ABSTRACT

WANG, TIANHENG. Hybrid Impulsive and Mean Field Control Systems. (Under the direction
of Negash Medhin.)

This dissertation deals with hybrid impulsive optimal control problems and mean field
game/control problems. In addition to continuous control which is well studied in optimal
control theory, the system in our study is also influenced by impulsive control which changes
the state of the system in discrete time. Hybrid impulsive control problems receive considerable
attention for their wide applications in epidemiology, economy and sociology.

We will discuss impulsive optimal control in both deterministic version and stochastic ver-
sion. Perturbation methods will be used to derive the Pontryagin Minimum Principle which
characterizes the necessary conditions for the optimal control and trajectory. In stochastic
problems the necessary conditions involve coupled forward and backward stochastic differential
equations(FBSDE). The solution to the coupled forward backward stochastic differential equa-
tion with jump conditions will be provided. Dynamic programming is also discussed and the
comparison between Hamilton-Jacobi-Bellman(HJB) Equation and Minimum Principle will be
illustrated. A Multi-group SIR with Vaccination model will be studied as an example in detail
and numerical results will be given at the end of the chapters.

Mean field game/control is an extension of stochastic optimal control which deals with a
control problem involving a large number of interacting agents. Because the evolution of the
system satisfies a measure valued SDE, the Minimum Principle or HJB equation characterizing
the optimal control will be coupled with the Fokker-Planck equation which describes the evolu-
tion of the probability distribution of the state process. We will discuss an interesting problem
of mean field game with a dominating player, where the dominating player make decisions based
on the behavior of a representative player rather than individual minor players. At the end we

will discuss impulsive mean field control problems.
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Chapter 1

Deterministic Impulsive Control

Problems

In this chapter we study deterministic impulsive optimal control problems. In many control
problems changes in the dynamics occur unexpectedly or are applied by a controller as needed.
The times at which changes occur are not necessarily known a priori, or they are probabilistic.
In manufacturing systems and flight operations changes in the control system may be auto-
matically implemented as needed in response to possibly unexpected external factors affecting
the operations of the system. In health-care it is necessary to launch a reasonably effective and
timely policy to deal with infectious disease epidemics long-term and short-term([2], [3], [12],
[15], [18], [19], [25]). Thus, impulsive control problems have received considerable attention for

their wide applications in engineering, epidemiology, economics and sociology.

Multi-group SIR model is important in studying the spreading of diseases. Taking migra-
tion into consideration, the rate of level of interactions between groups and within groups are
important features of the model. Stability of the dynamic system and reproduction number are
different with the single-group SIR model([16], [26], [31]). The positive preserve of the state

variables needs justification.

In Section 1.1, we introduce a multi-group SIR model and discuss its stability properties. We
will introduce a vaccination strategy and formulate the SIR model as a combined continuous
and discrete control problem. In Section 1.2 we give detailed statement of the general impulsive
optimal control problem and obtain the necessary conditions characterizing the optimal control

and trajectory. In Section 1.3, we give numerical results for the impulsive SIR model.



1.1 Deterministic Multi-group SIR Model

Let us begin this chapter by considering a situation where a disease is spreading in the Triangle
region, i.e. Raleigh, Durham and Chapel Hill. One could get infected by contacting infectious
people at work, at school, at restaurants, at grocery stores and all public places. Taking into
account the large group of commuters, a person from Raleigh cannot ignore the possibility of

getting infected by infectious people from the other two cities.

We denote by Si, I and Ry, the size of the susceptible, infectious and recovered population
of city k, respectively. Let (i; be the transmission rate between city k and city j, and B, 5k 1;
represent the new infections in city k£ caused by coming into contact with infectious people of
city j. We let Ag, di, v denote the birth rate, death rate and recovery rate of city k, respectively.
Thus, we could describe the spread of the disease by the following SIR model:

Sk = A — X0 BrpSily — diSi,
Iy = 327_4 BrjSuly — (di + ) Ik, (1.1)

Ry, = vl — di Ry,

To simplify the model, we assume that once an infected individual recovers, he or she will
be immune to this disease. Under this assumption the size of the susceptible and infectious
population will not be affected by the size of the recovered population. Thus, we will focus on
the reduced SIR model:

Sk =M — Y0y BrjSkly — diSk,
Ly =320 BriSidy — (dy, + i) I

in the rest of the thesis.

1.1.1 Stability

In this section we will study the stability of the SIR system (1.2). It is clear that the system
always has a disease free solution {SY = 2—:,]2 = 0}7_,. We call E° = [S,0,59,0,...,52,0]

the disease free equilibrium.

In the study of epidemiology, the reproduction number represents the number of cases



generated by one infected person over the course of his infectious period. The reproduction
number R of system (1.2), which is defined to be the greatest eigenvalue of the matrix B,

where

Brj A
Bkj o kjirk

 di(di + W)’ 3

plays a role of threshold in the long term qualitative behavior of the SIR system. When Rg > 1,
Guo, Li and Shuai [16] proved that there exists an endemic equilibrium E* = [ST, I, ..., Sk, I7]

n' n

other than the disease free equilibrium, where {S; > 0, I} > 0}}_, satisfies

Ak =Y BeiSiI; — diSi =0, (1.4)
j=1

> BrpSkI; — (di + )y = 0. (1.5)

j=1

The stability regarding the reproduction number is described in the following
Theorem 1.1.1.
1. If Ro < 1, then the disease free equilibrium E° of the system (1.2) is globally stable.
2. If Ry > 1, then the endemic equilibrium E* of the system (1.2) is globally stable.
We will use the following lemmas to prove the theorem.
Lemma 1.1.2. Let A be a matriz where each column sums to zero. Then

1. the cofactors C;; of a given column are equal, i.e.,

Cij == ij, 1 S i,j, k S n, (16)

2. if the off-diagonal entries of A are all negative, then there exists a vector w with all positive

entries which solves Aw = 0.

Lemma 1.1.3. The system (1.2) will have a nonnegative solution {Sk(t), Ix(t)}x, t € (0,00).



Proof of Lemma 1.1.2.

1. We will prove the result for the first column, and the same applies to the other columns.
Denote by /Lj the submatrix of A with i¢th row and jth column removed. It is obvious
that Ay; differs from Ail in the top ¢ — 1 rows. We have



a12

a22

= (=1)7"" det aj—12

a22
=(-1)~""d
=(-1) et ;1,2
Aj41,2
L an2
a2 a;3
a22 as3
_ —i
= (—1)""det ai—12 @i—13
Ai+1,2 Ai+1,3
L an2 an3
a2 a23
a;—12 a;—-1.3
= det a;2 a3
ai+12 41,3
L QGn2 an3

Aj41,2

an2

[ — 22:2 ak2  — ZZ:2 ak3

azs
a;i—1,3
aiv1,3
an3
Qin
a2n
Qi—1n
Air1n
Gnn
a2n
Qi—1,n
Qin
Qi+1,n
Gnpn

ai3 G1n
a3 a2n
aj—1,3 ... Qi—1n
@i+13 - Qitln
an3 Ann |
J— n ]
Zk:Q Afn
a2n
ai—1,n
Ai+1,n
Gnn |

= det(flll) =C41.

Using the same reason we will have C; = Cj;, for every column j.

2. for any : = 1,2,...,n, we have




Zai]’ij = ZaijCij = det(A) = O, (18)
j=1 j=1

where the second equation is the cofactor expansion for det(A) in terms of ith row. So
the vector w = [C11 Caz ... Cpy]? solves Aw = 0. If all the off diagonal entries of A are
negative, then each diagonal entry of A equals the sum of absolute value of all the other

entries of the column. We could see that fl;‘gk is diagonally dominant matrix, then

Crr = (=% det(Agy) = det(AL) > 0. (1.9)

Proof of Lemma 1.1.3. Let 7. = inf{t : ||S(t)|| = oo or ||I(t)|| = oo} denote the explosion time,
and we know that the system (1.2) has unique continuous solution {Sk(t), I (t)} on t € (0, 7).
We define

Ton = inf{t : min{Sy(¢), Ix(t),k = 1,...,n} <m ™! or max{Sy(t), Ix(t),k = 1,..n} > m}.
(1.10)

We know that m < n implies 7, < 7, < 7, for sufficiently large m and n. Now we claim that
lim 7, = co. Otherwise, we assume that lim 7,, =T < oco. Clearly it is true that ,,, < T,
m—00 m—o0

Vm > 0. Using the fact that g(z) =2 — 1 —Inx > 0, we define

S
Zakg —l—g [k) Z(Sk—ak—aklna—:)—i-(fk—l—lnIk), (1.11)
k

where ay’s are nonnegative coefficients to be determined. Differentiating V' (¢) with respect to

time, we have



=2 ((1 - %’;)(Ak — > BrySkli — diS) + (1 — i)(Z BrjSilj — (di + ’mﬂk))
j J

k
apA BriSkL;
=> (Ak — Sk — gkk +ar Yy Brily + ard, — (di + ) Tk — % + dy + ’Yk)
k J J
(1.12)
Now we choose a;, satisfying Z arBr; < dj + 4, yielding
k
Zak Zﬁkﬂj - Z(dk + i)k = Z (Zakﬁkj —dj — ’Yj)fj <0, if I; > 0.
k J k J k

We integrate the equation (1.12) from 0 to 7,,, then we have

a

Ay
S, + ag ZJ: @ijj

V(1) = V(0) + /O TS (e s -
k

BrjSk1;

tagdy, — (dp + )k — Y A

J

+dj, + ’yk) de

< V(O) + / Z(Ak + apdy + di + 'Yk)dt
0 %

=V(0) + 7 Z(Ak + agdy; + di + Vi)
k

< V(O) + TZ(Ak + akdk + dk + 'Yk)-
k

1

At time 7, we know at least one of {Sk, I} has the value m or m™", so we will have

V(T) = max{m — ay — lnﬁ,nf1 —ap —Inmag,m —1—Inm,m ' —14+Inm}. (1.13)
ak

The right hand side of (1.13) could be arbitrarily large if m — oo. Since V(7,,,) < V(0) +
Ty (Mg + apdy + di, + i), we will have a contradiction unless lim 7, = T = oco. Thus the

m—r0o0



solution {Sk(t), Ix(t)} to system (1.2) is nonnegative on t € (0, 00).

Proof of Theorem 1.1.1.

1. First let us consider the system

Xy = Mg — di X, (1.14)
X5(0) = Si(0)

By the comparison principle we have Si(t) < Xj(t). Then, we consider the Lyapunov

function V (t) as follows

— - Yk
V(t) = ; 7 +7klrk(zs), (1.15)

where v = [v1,...,v,]T is the left eigenvector of the matrix defined in (1.3). We need
to justify that {v;}}_, are positive numbers such that the function defined in (1.15) is a
valid Lyapunov function. Perron Frobenius Theorem states that a matrix with all positive
components has a positive eigenvalue, and the eigenvector corresponding to that eigen-
value has all positive components. Thus V(¢) is a nonnegative function. Differentiating
V(t) along the solution of (1.2), we have that



n n

V=3 5 (jl By Sk (DL (1) — (A + ) Ix(1))
< §:j sy PO~ S ek
_ jz:ROvaj(t) + ggvk dkﬁfw 1) (X(t) - 2:) - é”kfk(t)
- jz: [évk&(xk(t) - 2}’:) + (Ro = 1)u; | (1)

A .

We know that tlim Xi(t) = d—k With the assumption that Ry < 1, we will have V(t) <0
—00 k

when ¢ is sufficiently large, and the equality holds only if I; = 0. Thus the disease free

equilibrium E° is globally stable.

. Now we suppose that Rg > 1, in which case there exists an endemic equilibrium E* =
[ST,S5, ..., Sk I I, ... I

Define Bk’j = Br; Sp1;, and

| >t Bij  —Ba P B ]
—Brz > 42 Boj  —Ba2 .. — P2
B= —Pi3 — 3 > 43 B3j - — B3 . (1.16)
_Bln _8271 _8371 R Zj;én an ]

We notice that each column of B sums to zero and all the off-diagonal entries of B are
negative. By Lemma 1.1.2, the linear equation Bw = 0 has a positive solution w =

[wi, ..., wy)T. The kth row of the equation Bw = 0 is equivalent to



Z Bkjwk = Z Bjkwj. (117)
7j=1 7j=1

We define g(x) = z — 1 — Inx. By checking the derivative of g(x) we easily get g(z) > 0
for x > 0 and ¢g(1) = mig g(x) = 0. We define the Lyapunov function
x>

V(t):é [Skg(ssit))+fz§g(1’}%t))} -
- gwk [Sk(t) - S —S;In (SS(*t)> + () - I —Ifln (I;}%t)ﬂ

Differentiating V' (¢), and using the equilibrium condition (1.4, 1.5), we have

V(t) = Zn:wk [(1 - ;’z) (Eﬂk]SkI* + dy S — Z@kjskl - dkSk)

k=1 J=1

(1_7)(2 B Sklj — dkﬂk)fk)]

- Jk=1 J
Sl ool —g<§’:§z;?’,i> &
g,k J k™j k

< Zn: wkﬁkﬂ(ﬁ) - Zn: wk/Bkjg(I*)
J,k=1 J gk=1 k

— En: wk5k39<%> —Zn: (ﬁi) n Bixw;
Jik=1 J k=1 j=1

=0,

10



where the second to last equality is a result of (1.17). So we have that V() < 0 and
equality holds if Si(t) = S}, I(t) = I};. Therefore, the endemic equilibrium E* is globally
stable.

1.1.2 Vaccination

In this subsection we introduce the vaccination strategy. Periodical repetition of vaccinations
are provided to a certain portion of the susceptible group. Those who receive vaccination will

be immune to the disease. Introducing vaccination into the system (1.2), we have

Sy = Ay, — Zﬁkjskfj — d Sk,

. J te (ti,ti+1), (1.19)
Lo = BriSily — (di + ) I,
J

with impulse condition

Sk(th) = Se(t;)(1 = cra),

(1.20)
Li(t) = L(t7),

where ¢y; is the portion of the susceptible from group ¢ who receive vaccination at time t;. We
call the system (1.19,1.20) impulsive SIR model.

1.2 Deterministic Impulsive Control Problem

In this section we will discuss the main part of the first chapter. We will give a detailed statement
of the impulsive optimal control problem, and study the necessary conditions that the optimal
control must satisfy. We consider the system whose evolution satisfies the following ordinary

differential equation:
z(t) = fr(z(t),u(t),t), t € (tg,trr1)- (1.21)

At time t = t, k =1,2,..., N — 1, the system satisfies the following jump condition

11



2(t)) = ge(@(ty); cr)- (1.22)

We call 2(t) € R" the state variable, u(t) € R™ the continuous control variable, and ¢, € RM
the impulsive control variable. The impulsive optimal control problem is to find a law for the

control u(t) and ¢ such that the following cost functional

N—-1 N—-1 thi1
Jw(),0) = 3 onlaltp) ) + S / Li(ar,u, £)dt + o (), (1.23)
k=1 k=0 Ytk

R™ x R™ x R — R",
R™ x RM — R".
R" x R™ x R — R,

R" x RM — R.

are smooth functions which have continuous derivatives of all orders.

1.2.1 Necessary Conditions by Methods of Variation of Calculus

In this subsection, we will study the necessary condition for the impulse optimal control prob-
lem. We introduce a small perturbation to the control and derive the variation for the cost
functional. The adjoint variable is defined and the adjoint equation is obtained, which will lead

us to the variational inequalities. We conclude this part with the maximum principle.

We assume that {a(-), ¢} is the optimal control set and Z(t) is the state corresponding to
{a(-),ér}. Let {u(-,0),¢x(0)} be another set of controls where

12



a(t,0) = a(t) + 0u(t), (1.24)

ék(0) = ¢ + ey, k=1,...,N—1 (1.25)

v(+), ¢k are arbitrary perturbations, and 0 < 6§ < 1. Let Zy(t) be the state corresponding to
{a(-,0),¢,(0)}. Define

y(t) = 5(6(t) — 2(t)). (1.26)

The function y(t) in the interval (¢, t;11) satisfies

90 = T30, 000, 0y + L (o), 20, )0 +0n() (1.27)
and

() = S5, ault) + T ) eu)en + 0. (1.29)
Then,

(0) = it ) (21, et + 2 (e, e

Ox 0
+/t <I>k(t,s)%(ﬁ:(s),ﬂ(s),s)v(s)ds+0<<I>k(t, tk)C+/t @k(t,s)n(s)d:s), t € (thythr1),

(1.29)

where @ (¢, s) is the fundamental solution for the linear system

13



(1.30)
z(s) =1L
We have the following fact.

Lemma 1.2.1. There is a function p(t) € L(to,tn; R™), satisfying the differential equation

() = (Do), (). 9)) + (P2 s),i5),9)) ps) s € (ten), (131

and the jump condition

(1.33)
N—-1 N-—1 thi1 8H
- 0 agcy + 6 Z / Tk(fc(s), (s),p(s),s)v(s)ds + o(6),
k=1 k=0 tk u
where
0y, , . . 09k . R
I = E(»’U(tk), )+ T(tz)g(l’(tk)?%)a (1.34)
Hk(a:,u,p,t) :Lk(x,u,t)+prk(lL‘,u,t) (135)

Proof. To prove the lemma, we compute the difference between the perturbed cost and the
minimal cost:

14



o o tet1 9L oL
= 0{ %ck + ( qg;ﬂy(t;H) + /tk Bu(t) + Ea(t )dt)} + o(6)

Pt Pt O ou
0N -1 dpN ogn-1 ,,_ dgN -1
= 9{ De CN_1+ 87 ((I)N—l(tN;tN—l)( py y(thl) + TCN_l)

1(tny s )afa]\;_l v(s)ds)

of, o
/ [8LN ! (q)N—l(tatN—l) (f)galey(t]_Vl) + agévchN—l)
of,

afN_lv(s)ds) + aLaZ _1v(t)dt]

s ou

N-
i OPk+1 / et 9Ly, 0Ly
kz oot Z( 5 W) + | G0+ v(t)dt) ¢ +o(6)
N—1 8¢N Ogn—1 /tN OLN_1 Ogn—1
= — 0 _ _ _
9{( N-1(tn tN—1) 5 T . om Py 1(t,tn-1) oy dt Jen—1
N OLN_1 Ofn-1 OLN_1
/ [ 7‘I)N 1(tny s )+/s B (I)Nfl(tas)dt) 0 v(s) + U U(S)} ds
dpN OgN -1 N OLn_y OgN -1 _
87 Oy (tn,tN—1) oz +/,5N_1 7 Dy (t, ty—1)dt oz )y(tN_l)
NZ¢ Pty [ 2w+ nar) L+ ot0)
22 e (B ., ox Bu © ¢

N—
Z

= H{O‘N 1CN— 1+/ % afN - (5)+8LN_1U(8)>ds+5%—1y(tz_v_1)
Z

ou
N—
oJo 0P +1 k1 OLy, OLy,
kz e O 2 ( y(tp,) + /tk oY+ = v(t)dt)} + 0(0).

The last equation above is obtained by defining
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dpn-—1 09N dgN-—1 /tN OLN-1 dgN-—1
[T ——0 Dy _
aN_1 9% + oy IN- 1(tn,tv-1) 9% + o N-1(t,tn—1) 5% dt,
(1.36)
o) N QL
pT(S) £ ;)N(I)N 1(tN, )+/ N 1(I)N_1(t,8)dt, S (tN—17tN)7 (137)
x s ox
OpN dgN—1 /tN OLN_1 IgN - L
T & =50 Dy 1.
Bn_1 oy ON- 1(tn,tn-1) . > N-1(t ty-1)dt o (1.38)
Now we use induction to prove the following claim for [= N —1,N —2,...,1:
J(U+ 0v, ¢+ 0c) — J(4,¢) (1.39)
= ) oL
_ T TYJE k T —
= 9{ ; (akcw/tk (P Su(s) + v <s>)ds> + Bl y(t;)
0Py, Obr41 et 9Ly, oLy
+ZeT k+2( tk+1)+/ o V() + 5 (t)dt) +o(6).
The | = N — 1 case is already shown. Assuming the case for [ = j, we compute
_ 8¢'_1 00, /tj OL;_q OoL;_4
T j j J J
Cy(ts i t. t t)dt
Bu) + e+ G+ | S0+ S5
_ (BT 4 0¢; dgj—1 ,,_ dg;-1 ti Ofj—1
= (B + ){(I)j—l(tjatj—l)<axy(tj1)+accj—l) +/tj1q)j_1(tj’s> 5, v(s)ds

0pj-1
Oc

8Lj_1
ox

89j—1
ox

11}(3)}dt

8Lj_1
ou

agj—l

Oc

+ [q’j—l(tvtj—l)(

Cj_l)

y(tj_—l) +

tj
Cj—1 —I—/ {
ti—1

t
ofi_
+/ (I)jfl(tj’s) Ji-1

ti1 ou

t; 8 1
a;‘-Flcj_1+/ <pT fi-
i

i ou

OL;_
ou

v(s)ds} +

u(s) + v(s))ds + BT y(t5y).
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The last equation is obtained by defining

o9 % OLj_4 dgj—1  O0dj1
O‘?—l £ [(ﬁ] J)(I)jl(tj,tjl)-i-/tj_l ajl’ (I)jfl(t,tjfl)dt] 8]6 + ajc ,
(1.40)
o) b OL;_
pT(S) = (BT gZ)J)(I)j*l(tjas) +/ ij 1(I)j*1(ta5)dt’ s € (tjflatj)’ (1.41)
) Y% 0L 4 g1
ijl 2 [(BT ]>(I)j_1<tj,tj_1)+/tjl a]x (I)j_l(t,tj_l)dt] 8].% . (1.42)

Then (1.39) could be written as

J(@+ Ov, &+ 0c) — J (@, é)

pley B0 oL
— 9{ Z <a%ck+/tk (pT a{fv(s)—i— 8ukv(s))ds> +ﬁf_1y(t;_1)

k=j—1

= Oy, = Odr+1 tet1 9Ly 0Ly,
+kZ:18 Z::( tk+1)+/tk Syt + S ()dt)} o(6),

which closes the induction. Then, we have
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J(U+6v, ¢+ 6c) — J(0,¢)

Tt
(afas [ (et + Gkute))as) + 8Tuter)

~1
>
k=1
2yt + [ G+ oo+ o0

to

N
9

09
tor Y

N

_ 9{ Zl <a{ck + / o (pT%’Z%(s) + %Lu’“u(s))ds>

k=1 tk

0 0
—i—(ﬁf—i—%) /to éo(tl,s)a—ﬁ)v(s)ds

t1 t t1
+/ 8L°/ Dy (t, s) —v (s)dsdt + OLo (t)dt} + 0(8)
to to to Ou
N-1 N-1 . P oL
= 0{ ol ey, + Z / (pTgv(s) + TUkU(s))ds} + 0(0).
k=1 k=0 'tk

The last equation is obtained by defining

5, h oL
p’(s) & (51 + %)%(tl, )+/S a—;q)o(t, s)dt, s (to,t1).
From (1.40-1.43), we will have that
09j_1 9951
aijl = 8]0 +P]T71(t;r—1) 8jc
9gj-1
ijl = (t;L 1) 6jx

40 = (%5) (%) p st

0 0 0
V) = B+l =)+

By defining the Hamiltonian Hy:

18
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(1.44)
(1.45)
(1.46)

(1.47)



Hy(z,u,p,t) = Li(2,u,t) + p' fe(z,u,t), t € (thsther), (1.48)

we have the result

J(U+ 0v, ¢+ 6c) — J(a,¢)

N-1 N-1 . OH,
= 0 a0y [ SR, () p(s) p(s)ds + o(0),
k=1 k=0 “tk

Assuming there is no constraint on the control variables, we have the following result.

Theorem 1.2.2. If &(t) is the solution of the impulse optimal control problem stated as above,

we have

é?:“(ﬁ:(tk), &) +pT(t;)%gC’“(@(tk),ék) =0, (1.49)
O (o(s),(s),p(s).9) = 0, s € (tistir). (1.50)

Remark 1.2.3. Although Pontryagin’s maximum principle gives a stronger set of necessary
conditions than Theorem 1.2.2, it is (1.49,1.50) that we will use in the sequel. In the following

we will prove the Pontryagin’s maximum principle by employing the “spike variation methods”.

Theorem 1.2.4. Let {u,¢} be optimal control pair, Z(-) be the optimal state variable cor-
responding to {u,¢}, p(-) be the adjoint variable defined by (1.31), and Hy(z,u,p,t) be the
Hamiltonian defined by (1.35). Then, we have

Hk(iﬁ(T),’L),p(T),T) > Hk(i‘(T),’IAL(T),p(T),T), TE (tk,tk+1). (1'51)

for any admissible control v.
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Proof. Let uc(-) be defined as

u(t) te

b, 7)

v te(r,7T+e¢)

(tk,

(
us(t) = ( (1.52)
(

€
a(t) te(r+etip)
€

a(t) te (tjtj+1), j#k

with 0 < € < 1, and z.(-) be the state variable corresponding to {u.,é}. We consider z* defined
by

k
djg %’Z“ (B, 0,0)2F,  te (T te), (1.53)
1 T+e
zf(r) = f(&(r),v,7) — 6/ f(z(s),u(s), s)ds, (1.54)

Then, by taking e — 0 and Gronwall’s Inequality, we have 2¥(t) — 0 for ¢ € (7,tx11). Then we
consider zZ defined by

dz2  Of; . .
T a—;(x,u,t)zg, t € (tj,tj41), (1.55)
. 9g; 4,

+ _ 99 i1

It could be proved that by induction that 2 (£) — 0, ¢ € (tj,tj+1)ase = O0for j=k+1,...,N—
1.

1
We let 9o (t) = = (xc(t) — 2(t) — ezF(t)), t € (T + €, tg41). Then, we have
5
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Qe [ [ (2 s rtne 3000~ Do)
a ~ ), o —— (& 4+ Mae — 2), 0, t)dAye + ; (&r (T 4+ Mxe — 2),10,t) pe (x,u,t))zadt,
(1.57)
1 T+€ . T+€ afk . %
ye(T+¢) = s/ fre(ze(t),v,t) — fr(@(7), v, 7)dt — / D ——(&,q,t)z dt, (1.58)

By Gronwall’s Inequality again we have y.(t) — 0 for t € (7 + €,tg41) letting € — 0.

1 .
Then, let y.(t) = g(%(t) —2(t) —ezl(t)), t € (tj,tj41) for j=k+1,...,N — 1, and we have

- i A >,a,t>dxys+/0 (%5664 Mwe = 20,00 - 2y e,
(1.59)
e 65) = [ 2005) 4 Awele7) 3007, )0 ) (1.60)

# [ (Bt + M)~ 20 0).) — oty 2 )

By using Gronwall’s Inequality it could be proved by induction that y.(t) — 0, t € (¢;,tj41) for
j=k+1,...,N—1,ase— 0.
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Then, we have

(J(ue) — J(u)) (1.61)

te+1
2 / L, i) — Ll i 0t + (B (e 1)) — D1 (3(05,1))

T+e
N-1 1 tit1 ) o 1 - B
DI / Lj(we, i, t) = Li(#, @, )dt + —(dj41(2=(t51)) = S (2(851))
j=k+1 i
1 T+e 1 T+e
= Lk(i'(T),’U,T)—E/ Lk(:i;,a,t)dtJrE/ Li(zc,v,t) — Li(2(7), v, 7)dt
trt oL . . 1 i+ A oL . .
/T o (@) fdt+E/T+€ Li(we, 0 t) = Li(#, 0, t) — e—=2 (2, 1, 1) kdt

T+€ 8L o 8¢ o )
_/ Ol . yehar+ 204 G, )2k, )

—i—1 (¢k+1($s(t;+1)) — Pr41(2()) — 5%@@%1)”&@;1))
+]zk;1 [/t'”l oL (2,0, t)zLdt + i/:“ (Lj(xg,fa,t) — Lj(&,0,t) — E%l;j(ﬁ?,ﬂ,t)zg)dt
PO G )285,0) + — (65 i) — 511 ((17,)) — 00 @“?H”Zg“?“)ﬂ |
Since
(‘)pTa(;)zg _ _(3&; 47 8J;J)Z€ Tp ‘?)J;Zg — —%ijzg t € (tj,tit1), (1.62)
we have
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w1 9L, . _ _—
[ a0k = ()20~ 9 )4 6 ) (103

T+e€
=) (0 -1 [ f@ ) T ()AL
1 [7te

A 0 0 _
[ i) - (760 + )k

=" () (F(a(r)v) - 2

€ T
tj+1 oL o
| G =t = T )eA) )2 ) (1.64)
095 - 9gj+1 | 0djt1 _
= P (N FA ) — (07 () T+ T ) ,)

Therefore, we have
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1 .
S (J(ue) = J(@) (1.65)
1 T+e 1 T+€
Lk(i‘(T)vvaT) - 6/ Lk(jaﬂvt)dt_*— 6/ Lk(ﬂl‘g,v,t) —Lk(i‘(T),U,T)dt
T . 1 T+€ o
() (£ o) = 2 [T @) <765 )
1 [t . . OLy . . .\ Y OLy . .k
+- /T+€ Ly(zz,0,t) — Li(z,a,t) — Ea(x,u,t)zadt - /T %(x,u,t)zgdt
OPp+1 OPr+1

_l’_

AL () ) = (101 (260) = D (305,1)) — €2 (0t 1) 2 1)

N-1 )
+ [pT(tf)Zé(t = ()2 ()

Jj=k+1
1 [l . . oL; . . ; 0bjt1, ., _
+€[ Lj(l's,u, t) - Lj(l',u, t) —667;($,U,t)zgdt+ 8‘715 ( (t]+1)) (tj+1)

J

P2 (B30 @l 0) — 511(0(05,0) — 22 (e, ))2 uy;n)]

1

T+¢€
Li(2(1),v,7) 4+ pL (7) fr(@(7),v,7) — ; / Li(Z,a,t) + p (t) fo(Z, 4, t)dt

™ | =

1 T+e
+ )T fro(@, 4, t)dt 4 = 5 / Ly(xe,v,t) — Lg(&(T),v,7)dt

T

s Ly e QL
(ze,U,t) — Lp(Z,4,t) —e—k, kdt — / okt
/T c Ox - or °

(6rer (el 1)) = bun () — <22 o) 2E )

+

M= M|

_l’_

N—

J+1 o oL: .
+ Z [/ j(xe, 0, t) — Lj(x,u,t)—aa—;zgdt

j=k+1

#2 (0t = 6501(6007,)) 2 @l )|

. 1 TTE R )
Hy(2(7),p(1),v,7) — 8/ Hy (&, p, 0, t)dt + X,

Hy(z(7),p(1),v,7) — Hp(2(7), pr(7), (1), 7) ase— 0,
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where we use the fact that

%(Lj(:ce,u,t) Ly unt) — %szg) (1.66)
LoL; 1 /OL; OL; :
— '} _ 9 _ _94 j
> (x 4+ Mae x),u,t)yad/\+/0 ( O (x + Mzxe — 2),u,t) 5 (x,u,t))zsd)\

— 0 ase—>0

and that y.(t), z%(t) — 0. Thus, the necessary condition for optimal control u satisfies

Hk(x(T)vv’pk(T)aT) > Hk(x(T)au(T)’pk(T)aT)a TE (tkatk+1)' (1'67)

for all admissible v in control domain.

1.3 Numerical Solution to SIR Model

In this section, we will apply the impulse control methodology to the SIR model. Previous works
[25] have provided a continuous and impulsive vaccination strategies to hold the epidemics in

a stable state. Here we consider the multi-group SIR model:

Si = Ny — diSi — Y0, BiiSilj,
I = > =1 BigSily — (di + i) I,
Sity) = Si(ty ) (1 — can),

L)) = Li(ty),

(1.68)

where S; and I; are the population of susceptible and infected in group i, A; and d; represent
the birth and death rates of the individuals in group 4, and ~y; represents the recovery rate of
the infected individuals in group ¢, f3;; is the infection rate in group ¢ caused by infected popu-
lation from group j, and ¢;; is the proportion of susceptible population in group ¢ receiving the
vaccination at time ;. We know that ¢, takes value in [0, 1]. To keep the disease under control,

each group will enforce a migration policy to restrict incoming populations from other groups,
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at the expense of retarding economic growth. We will define the infected rate ;; = Bij — Ujj,

where u;; € [0, B;;] represents the control of migration.

Now, we consider the cost function

n tr. n n
T2 (ewsitn) D / U w)a Y Ry (169

j=1 i=1

From the necessary condition (1.49, 1.50), we know that the optimal control has the form
Ui; = (i —&)Sil;, and the optimal impulsive control has the form ¢é;, = &;(t,,)/a, where [€, n]"
is the adjoint variable corresponding to the SIR system. For the numerical experiment, we set

the parameters of the model as follows:

A d I6] ~y al|l b le| T | At
4 4 1 .05 .05 D
.3 .3 05 1 .05 5 1120110 2
2 2 05 05 1 .5

and initial conditions

S(0) (x10%) | I(0) (x10%)
0.9 0.1
0.8 0.1
0.7 0.1

Here is the table showing the cost values in case of constant controls.

26



Table 1.1: List of Costs Tested by Varying Controls

U c J

0 0 | 3.4658
0.1 | 0 | 2.3479
0.1565 | 0 | 2.0632
0.26 | 0 | 1.9561
0.255 | 0 | 2.0133

0 |01 25498
0 |02 20776
0 |03]|1.8720
0 |0.4]1.8240
0 |05 1.8710

0.28 | 0.4 | 1.8602

0.28 | 0.3 | 1.7443

0.28 | 0.2 | 1.6906

0.28 | 0.1 1.7374

0.1 | 0.1 | 1.8430

0.1 | 0.2 | 1.6320

0.18 | 0.3 | 1.5877

0.13 | 0.4 | 1.6413
@ ¢ | 1.4626

Remark 1.3.1. The Table 1.1 lists the cost of the system driven by different control pairs. The
first row shows that the cost is 3.4658 if no controls are applied to the system. The second row
shows that the cost is 2.3479 if the migration rate is reduced by 10%. The last row shows that
the cost is 1.4626 if the system is driven by optimal control pair {u,¢}, which is derived by
solving the necessary conditions (1.49,1.50). The Table 1.1 shows that the cost of the system
under the optimal control pair is lower than the cost if the system is driven by other controls.
The Figure 1.1 shows the susceptible population if the system is driven by optimal control. The
jumps of the curves represents the effect of vaccination. Those people receiving vaccination are
removed from the susceptible group as they are immune to this disease. The Figures 1.3, 1.4
and 1.5 display the optimal migration restriction of the three cities. It is reasonable that the

restriction decreases as the sizes of the infected population is under control. The Figures 1.7
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shows that the size of the infected population increases for a period

applied.

Population of Susceptible -- Optimal
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Figure 1.1: Populations of Susceptibles in All Groups under Optimal Controls
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0.35

Optimal Control of City 1
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Figure 1.3: Optimal Control of City 1: 41; = (m1 — &1)S11;
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Optimal Control of City 2
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Figure 1.4: Optimal Control of City 2: dg; = (12 — &2)521;
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Optimal Control of City 3

03
\ Uss
‘\\\ U
025 \ Ugs |
A\
A\
\
\
\
02} \ J
\
\\\1 \

045 \ g
04} 1
0.05 | T 1
—_—

0 1 2 3 4 5 6 7 8 9 10

Figure 1.5: Optimal Control of City 3: d3; = (3 — &3)531;
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Figure 1.6: Populations of Susceptibles in All Groups under Zero Controls
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Population of Infected -- No Control
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Figure 1.7: Populations of Infected in All groups under Zero Controls
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Chapter 2
Stochastic Impulsive Control

In this chapter we study stochastic impulsive optimal control problems. In practice, the real
world is a world of uncertainty. We receive weather forecast telling the chance of rain, we gain
or lose money as the stock price goes up and down, and we hear the sounds of the radio, which
receives signals contaminated by noises. In the perspective of quantum physics, every particle
of the world behaves in a random manner. Stochastic model is more interesting and receives

more attention than deterministic model due to its wider applicability.

There are not many papers dealing with stochastic multi-group SIR models. The stability
properties depends on the reproduction number as is the case in deterministic model. In fact,
the diffusion coefficients are also critical to the stability([36]). We will give details and correc-

tions to some of the arguments in [36].

Stochastic optimal control problem is one of the hot topics in applied mathematics research([4],
[5], [35], [37]). The necessary condition of the optimal control involves solving a coupled system
of forward backward stochastic differential equations(FBSDEs). Solvability and explicit scheme
of FBSDEs were discussed in [27], [30], [35]. In general, FBSDEs might not necessarily have
a solution. There are solutions when the FBSDEs are derived as necessary conditions of an

optimal control problem.

We follow the same plan of action as the first chapter. In Section 2.1, we discuss the stochastic
multi-group SIR model and its stability properties. In Section 2.2, we give the statement of the
stochastic impulsive optimal control and derive the necessary conditions from two directions.
Solutions to the forward backward stochastic differential equations will be studied and the
relation between maximum principle and dynamic programming will be discussed. In Section

2.3 we give numerical results on the stochastic impulse SIR model. At the end of the chapter,
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we give a proof of a lemma which is used in discussion of stability.

2.1 Stochastic Multi-group SIR Model

In this section we will include randomness into the SIR model. One option is to replace the death
rate dj, with dy + o, d By (). It is reasonable to consider this kind of replacement since there are
unpredictable natural disasters such as earthquake and tsunami that will cause unpredictable

number of deaths. Let us now consider the stochastic multi-group SIR model:

Ak = (Ax = 251 By Sely — diSi ) dt + p SpdWi(2),

(2.1)
Iy, = (Z?:1 BrjSklj — (di + ’Yk)Ik)dt + Ok Lkd By (1),

where Wy (t), Bi(t), 1 <k < n, are independent Brownian motions, and oy, pg, 1 < k < n, are

nonnegative numbers describing the volatility.

Because of the presence of random noise, the study of the long term behavior of the SIR
model becomes more complicated. In the rest of the section, we will address two questions:
first, does there exist a limit for the susceptible population and infected population? Second, if
there exists a limit, then in what sense does the population converge to that limit? Does it have
almost sure convergence, £? convergence, weak convergence or convergence in probability? As
we have seen in Theorem 1.1.1, the reproduction number R is the threshold regarding the long
term stability. One reasonable guess is that in case of low volatility, the stochastic process will

converge to the equilibrium of the deterministic model.

The following lemma is the stochastic version of Lemma 1.1.3, which will be used in the

discussion of stability of the stochastic SIR model.

Lemma 2.1.1. The system (2.1) will almost surely have a nonnegative solution {Sk(t), I.(t) },
t € (0,00).

Proof of Lemma 2.1.1. Let 7, denote the explosion time, and we know that the system (2.1)
has unique solution {Sk(t), Ix(t)} on t € (0,7.). We define the stopping time

Tm = inf{t : mkin{Sk(t), L)}y <m™or m}?X{Sk(t), I(t)} > m}. (2.2)
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For any w in sample space, we have 7,,(w) < 7,(w) if m < n. So the limit of 7,,, exists and we
define T' = li_r>n Tm. We claim that T' = oo almost sure. Otherwise assuming P(T < oo) > 0,
m—0o0

we will have
P(T<oo)=)» Pk—-1<T<k)>0. (2.3)
k=1

There exists K and € > 0 such that P(K — 1 < T < K) = . We define the set Ax = {w :
T(w) < K}, then we have 7, (w) < K for w € Ag, Vm. We define

V(t) = (Sk—ar—apln 5’;) + (I —1—1Inl), (2.4)
k

where ay’s are chosen in the same manner as in Lemma 1.1.3. By Ito’s lemma, we have

2
av = Z ( (1- 2 ZBkJSkI dy,Sy) + “’f;’“

2
—|—(1 — Ilk)(; BkjSkIj — (dk + ’yk)fk) + %)dt + ( .. )dW + ( .. )dB

ap g
=> (Ak — dpSy, — T +%Zﬂk31 + apdr — (di + i) Ik
k

Syl 02
- L/ R awp + 2 )dt+ (AW (. )dB
: I 2 2

We integrate the above equation from 0 to K A 7,,, and we will have
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KATm ag ak:pz
V(K A7) = V(0) + / > (1 Gk = 30 Byl — i) + 2
0 k J

1 02
+(1 - Ik)(zj: Brji Skl — (di + i) Ii) + f)dt + Mgpr,,

KAmm akﬂ2 92
< V(O)+/ Z(Ak+akdk+dk +’7k+Tk+?k)dt—l—MK/\Tm
0 k
apy 07
<V(0)+ K> (A + apdy + dy, + i + 5+ )+ Micnr,,- (2.6)
k
Taking expectation of the above inequality (2.6), we will have
ak,oi 9,%

EV(K A7) < EV(0) + K Y (Mg + agdy, + di + i + - T3 (2.7)

k

Since the function V' (¢) is always nonnegative, we have

EV(K AN Tp) > P(tm, < K)E[V (7)|mm < K] > P(T < K)E[V (1) |Tm < K] (2.8)

m
> emax{m —ay —In—,m ' —ap —Inmag,m —1 —Inm,m~ —1+Inm}.
ag

Combining (2.7) and (2.8) we have

1

m _
emax{m —ay —In —,m™ ' —ap —Inmag,m —1 —Inm,m "t —1+1Inm}
ag

2 02
SEV(O)—FKZ(Ak+akdk+dk+’yk+%+ k

k k), (2.9)

which leads to a contradiction since the left hand side of (2.9) could be arbitrarily large if we
take m — oo. Therefore we have lim 7, = oo and the the solution {Sk(t),Ix(t)} to system

m—0o0
(2.1) is nonnegative on t € (0, 00).
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2.1.1 Stability of Disease Free Equilibrium

In this part we consider the case when Ry < 1.

Consider the system:

4X, = (Ak _ dek)dt + e X dW,

(2.10)
X5(0) = Sk(0)
By the comparison principle, we have that Si(t) < Xp(t) almost surely.
Let v = [v1,...,v,]T be the same vector defined in Theorem 1.1.1, which satisfies
Bk
= Royv;. 2.11
Z " dio(di + ) o (211)
We consider the Lyapunov function V(¢ Z erly, where e, = . By Ito’s formula, we

pt dy, + Vi

have
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dlogV = V(Z 1B Silj — Zwklk> 2—‘1/2 N Goirde + % > eI dB;
k k
V(Zekﬁk]XkI — Zwklk>dt — V2 Z kgkjkdt + = v ZekﬁklkdBk
k.j
V(Zekﬁk] — ;wkfk)dt — &;eieﬁl,fdwr é;ekekfkdBk
+% [Z ekﬁkj (Xk — 1;:)%] dt
k.j
- %((Ro = wklk>dt — 2—‘1/2 > erbilpdt + % > e xdBy,
k k k
1 Ay
+V [Z ek Br; (Xk — d7k>lj] dt¢
k.j

Integrating the above equation, then computing time average, we have

logV(T) —logV(0) 1 [T1 IR
<= =Ro-1) S E e 1

+Z /ekaIkdBk—l—Z / Zekﬂk] )Idt

Now we look at the first integral on the right hand side. Notice that

I I I !
el _ el Rl o 2w g eg), (213)
Zj €jtj Ej dj+v; I max;{d;+7;} 2o il ’

So the first integral is bounded by
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1 T q (RO — 1) man{dj +’}/j}, Ro > 1,

-1 wipdt < . 2.14
T S e

TOV(

Looking at the second integral, we compute

IO W N . 3 SR VX < S ST

2 2 2 = 2 2712 —2 —2
4 <Zj ejIj> (Z] 6j(9j[j0j_1> Z] JQJIJ Zj ej Zk Hk

The second integral is bounded by

1
—= 0212dt < — . 2.16
/ 2 Zek Elk 23, 9’;2 (2.16)

Now we look at the third integral. Define a martingale M (t / —er0i1.dBy, . We will show
that

Th_r};o TM(T) =0 a.s. (2.17)
We define
AM) = {w: limp_, l|M(T)y > l} (2.18)
OOT m Y
A=Ue_ AM), (2.19)
1 -
B= {w : lim —M(T) = 0}. (2.20)

Let w ¢ A, then it is true for all m € N that
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— 1
g0 | M(T)] < — (2.21)

1
m

1
which implies Tlim TM(T) = 0. Then, we have A° = B. To show the almost sure convergence,
—00

we need to show

P(B)=1 < P(A) =0 < P(A™) =0, Vm (2.22)

For a fixed m, we define

1 1
Ay = {w. sup 7 IM(T)| > %}’ (2.23)

then we will have A(™) = N2, Am,. Notice that

Ami D Amita, (2.24)
we have
P(AM™) = Jim P(Ay, ). (2.25)
—00

By Doob’s Martingale Inequality, we have

P sup  [M(@)><) <P sup |M(T)] > <) < éE!M(Z”ﬂ (2.26)

or—ler<or - T<2r
1

< i[E(!M(QT)F)F _ 1{E[/02T %ezegfgdt} }5.

3
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Notice that

202712 202712
el e

2 — 2712
> ejfj> il

Wei&,%],% = ( = 62

We have that

P( s M) >e) <

2r—1<T<2r

We choose € = %2“1, then we have that

1 1 1
P( sup  =|M(T)| > —) = P( sup =
2r—laT<or T m 2r—loT<or T

< P( sup |M(T)\>s>

or—l<T<or
2mo;,
23

Then, we have that

P < S P( sp M@ > )< Y

v 2rlr<er

as | — 0o. Thus, the almost sure convergence is proved.

Now we look at the fourth integral under the limit T — oo.
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IM(T)| >

(2.27)

(2.28)

(2.29)

(2.30)



, 1 (T1 Ay
lim ZT i renBii i (Xe — d—k)dt (2.31)

. 1 exBrjl; Ay
< 1 - (X —‘dt
= Tl—rgon:T 0V dy
< Ze’i’“j lim — T‘X —ﬁ’dt
- . ej T—00 T 0 k dk
E,j
. oo A
- Z ) / ‘ZL‘ - —k‘u(:r)dm
vy G Jo d;
1
erBrj | [ Ap\2 2
< PR _ K
< Z o [/0 (w dk) v(z)dz

kj 7

In the fourth line of the we used the ergodic property of the process Xi(t), i.e. for any measurable

function f(z), we have

T
lim. % /O PO = [ @iz, as. (2.32)

where v(z) is the stationary distribution of X (¢). We will provide the proof of the ergodic
property in the end of this chapter. Using this property of X with function f(z) = (x— 2—:) Am,

we have

We can solve Xj(¢) in explicit form as
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2 t 2
Xp(t) = e~ @+ PIHrBeg, (o) + / el F)s=0Fp(Bi=Ba) g g5, (2.34)
0

By cumbersome calculation, which will be provided at the end of this chapter, we have

I E(X (T) A’“)z v (2.35)
11m - — = 55 .
Tooo A7 F dy, 2 (2dy, — p?)
Then, letting m — oo in (2.33) we have
>~ Ak>2 Pi
r—— ) viz)der < —"—r 2.36
/o ( dy, (z)dz < di(2dy, — p?) (2:36)
Then, the inequality (2.31) could be rewritten as
1 (71 Ay ek Brj Pk
lim ) / —enBil(Xp — )dt < Y = (2.37)
T—o00 kg T 0 V dk kg €j dk /2dk _ pz
_ max{ Pl } Wi Prj
l 2 — p?’ 45 di(di + i)ej
_ Pl } Row;
= max ]
: 2d; —p7” G
= max { P } Z Ro(dj + ’)/j)
! 2) &~
2dp —p;”

Therefore, we have the estimate
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1
lim T logV(T) < (Ro—1) m]?x{dj + v} — (2.38)

T—o00

b
237,67
+max{7pl }ZRo(dj —I-’)/j).

LoN2d -7

Remark 2.1.2. From the above proof we could see the limit in the estimate (2.38) is taken in the
almost sure sense. The first two terms on the right hand side of (2.38) are negative, the third
term is a small positive number with the assumption that the volatility p is small. Then, the
estimation (2.38) states that in case of Rg < 1, the Lyapunov function V' (¢), which is equivalent

to the infected population, decrease to zero exponentially almost surely.

2.1.2 Stability of Endemic Equilibrium

Now we consider the case when Ry > 1. By Theorem 1.1.1 we know that the deterministic
multi-group SIR system (1.2) has an endemic equilibrium E* = [S},S5,...,S5, IF, I3, ..., L],
and E* is globally stable. We have the equilibrium condition

Ak =D BeiSiI; — diSf =0, (2.39)
j=1
> BriSiIy = (dy + ) I; = 0. (2.40)
j=1
Let B and w = [wy, ..., w,] be defined as in Theorem 1.1.1, where

=D A1 Buj Bar Bs1 e Bn1

B2 — D jz2 Baj Bs2 e B2
B= Bis Bas - 2#3 Bzaj e Bns , (2.41)

L Bln /3211 B?m cee - Ej;én an i

and w satisfies
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Z Bkjwk = Z Bjkwj. (242)
j=1

=1

We define g(z) = 1 + Inz, and the fact that > g(z) will be used repeatedly.

We consider the function

N

Vi S unfsi (S0 - o (B50)) 4 gy (B0 g (200 (2.43)

k=1

Differentiating (2.43), we have
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S*
dv; = Zwk [Ak — dp Sy, — (di + i) Iy — ?Z(Ak - ZBkjSkIj — diSk)
k J

Ir 1, 1.5,
— 0 Byl = (d+ WIk) + 58S + SOTE| + ()dBy + ()dWk

J

S*
=3 w, [Z Biy SiTE + dyS§ — dSy, — ?:(Z BrpSEI + diSt) + Y By St
k J J j

+dyS; — 7 Z B Skl + Z ST + 45087 + ieifk] +()dBy + (.)dW;

Sk S v ISP L LIS
= wi|diS 2—7—7 Ej Spre— kg
k i S 5t 5 2 kS TR R N e

1 1
+5PESi + 59,%1,:} + (.)dBy + (-..)dWy,
. (o8 ey T LT
L SESE ISuly . IESul 1, 1.,
+Zwk5k]5k1 ( (§:)—§:+9([ks*l*) IkS*I*> +Zwk(§Psz+§9zIk)
K

+(..)dBy + (...)dWy. (2.44)

From (2.42) we have

o AN
> wnfuiSit; (9(72) - ) = S w1 (o 7)) (2.45)
k,j k k.j k
Therefore, we have
v <3 widy, S (2 L 7) Zwk P25} + 9,€Ik) (..)dB+(...)dW. (2.46)

k

Consider the function
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I,
I . 2.47
Zwkk[ -9 (247)
Then, we have

ave= Y w1 -7E) (Zﬁkjskf (e + ) ) + 5ORT5] + ()B4 ()W
k

= [Z BriSklj — Z > BriSily - z‘z > BriSkI+ Y BriSil + %9,31,:}
k J J J J

+(...)dBk + ()de
. (S LT I;;Skf

J

+(...)dBk + (.)dWy,

<Y w [Zﬁm -1 +Zﬁkjsk1* %Jri—%w 03T}
k J

. IS
ILTHE IkSZI;)} 4 ()dBg + () dWy,

L I

=X v [Zﬂk] 1) +Zﬁkjskf* ——l 5 Rl F)

(S SE1 .,
+> " BriSiI; gi—2+ (SZ))+§9,§I,€} +()dBy + (AW
J

<> wk[ E Brj (Sk — S — I7) + E BriSi1; Sfi + Sf 2) + 591311«
J J

k
+(.)dBy + () d W (2.48)

Consider the function
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Vs = Zwkw- (2.49)

Then, we have

Sk: — S /7252
avs = Ekjwk[ G (M= 3 BugSil = duSi) + ;S:] +(-)dBy + (L)dWi  (2.50)
J

=S A= St S

+(...)dBk + ()de

d * * *
5 2L (s, - s - 5 Zﬁm = S0’L = 3 Brs(Sk = SO — 1)
J

Skf + dp S, — ZBIC]S]CI — dkSk)

= wy, |: —
+pisﬂ + (.)dBy, + () d Wy,

di — P} *
S: E(Sk — 57)? Zﬁka Sk = Sp)(Ij — I )+pksk]

ka[—

+(..)dBy + (..)dWy. (2.51)

Consider the function

V4:Z(Sk—SZ+Ik—IZ)2. (2.52)
k

Then, we have
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AVi= > 2(Sk — S + Iy — I;) (Mg — dkSk — (dy + ) I) + (03 Sk + 02 17) (2.53)
k

+(...)dBk + ()de

= Z 2(Sk — S + Iy — I} ((die + v ) I* + dipSf — di Sy, — (di, + ) 1)
k

+(pESE + 031%) + (...)dBy, + (...)dW,,

=" =2 (Sk — S§)* = 2(dk + W) (T — I7)? — 2(2dx + &) (S — S7) (I — I})
k

+(piSE + O31%) + (...)dBy, + (...)AWy.

Note that

(2dy + i)?

S, —SP)?%, (254
de(k %) (2.54)

—2(2dy, + ) (Sk — Si) Uk — L) < (d +ve)(Le — I})?* +

Then, we have

2dy, + 2 * *
Cdie+ )" 2di, + 2p7) (S — S5)% — (d + v — 207) (I — I}})*  (2.55)

+2p2Si2 + 202 ;2 + (...)d By, + (...)dWy.

" . dr—p2 /(2d 2 _
Choose A = maxy{}_; Bk;I;/di} and ¢ < ming{ kszpk(% — 2di, + 2p2)'}. Now we

compute

AV + Vo + Vs + €Vy) (2.56)

<D —AR(Sk = S§)* = BilIy — I})* + Cipiy + Dy + (--)dBy, + (..)dW,
B
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where

di, — p} — e (2dy, + v1)?
Sy di + Yk

=e(dk + v — 29,%),

Ay, = — 2dy, + 2p),

1
Cr = ikwkSZ + wkS;; + 28522

1
Dy, = ixwkﬁ; +wi I + 212

Integrate (2.56) from 0 to T and then take expectation, we have

E\VL + Vo + V3 +eVy)(T) — E(AVL + Vo + V3 + V) (0)

T
<> E/ —Ap(Sk = Sp)? = Be(Ix — I;)*dt + (Crpi + Dr6{)T.
0

Divide (2.61) by T', we will have

1
E\V) + Vo + V3 + V) (T) — TE()\Vl + Va4 Va4 eV4)(0)

T

T
Z T/ —Ak(sk—S;:)Q—Bk(Ik—IZ)th+Ckpz+Dk(9,%.
k 0

Then, we have

ZE / Ak(Sk — Sk) + By(I, — Ik Z Ckpk + Dkek
k

EAV; + Vo + V3 +£V4)(0) — fE()\Vl + Va4 Va4 eVi)(T)

T
1
< (Crpi + Dib}) + FEOVL + Vo + V5 4 V1)(0).
k
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(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)



Assuming T' > 1, we know that the right hand side of (2.63) is bounded by constant. Then we
take T'— oo on both side of (2.63). By dominating convergence theorem, it is valid to exchange

limit operator and expectation. So we will have

1 T
E lim T/ Ag(Sk — S3)? + Bi(I — Ii)*dt <Y (Crpj, + Diby). (2.64)
k

T—o00 0

Remark 2.1.3. From the estimation (2.64) we could see that the limit is taken in the £2? sense.
With the assumption that the volatility {pg, 0} is small, the susceptible population and the in-
fected population [S1, I1,. .., Sy, I,] will be close to the endemic equilibrium [S}, I3, ..., S}, I'].

n’-n

2.1.3 Vaccination

We will apply pulse vaccination strategy to the stochastic SIR model. We have the following

system:

Sk = Ak — 271 BriSklj — di Sk + 0, SpdWi(t),

. te (tla ti+1)7 (265)
I, = 370 BrjSely — (di + i) I + prIrd Bi(t),

with vaccination condition

Si(ty") = Sk(t; ) (1 — cxi),

(2.66)
Li(t) = I(t7).

We will study the optimal strategy for vaccination and give numerical results in the later

sections.

2.2 Stochastic Impulsive Control Problems

In this section we will give detailed description of the impulsive optimal control problem, and
study the necessary condition that the optimal controls must satisfy. We have two approaches:
methods of variation of calculus and dynamic programming. In addition we will discuss the

solutions to coupled forward backward stochastic differential equations.
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We look at the system whose evolution satisfies the following stochastic differential equation

d
do = fr(z,u,t)dt + > of (v, u, )dW;(t),  t € (th,trsn), (2.67)
j=1

where W(-) = (Wi(-),..., Wy(-))T is a standard d-dimensional Wiener process defined on a
complete probability space (Q,.%, P) with filtration .#! = o{W(s);0 < s < t}. Impulsive
control ci’s are applied to the system at time ¢, Kk = 1,..., N — 1, and the state variable

satisfies the following jump conditions
z(ty) = gr(a(ty), c)- (2.68)

The stochastic impulsive optimal control problem is to find a continuous control u(t) adapted

to .Z! and impulses ¢;’s , such that the cost functional

N-1 N-1

J(u(),¢) = LY dulett)en) + 3 / T L)t on(a(n) ) (269)

k=1 k=0 Uk

is minimized. We assume that
fe(zyu,t) : R" x R™ x R — R",
ge(z,c) : R* x RM s R™,
ai(:p,u,t) :R®" x R™ x R — R"™.
Li(z,u,t) : R" x R™ x R — R,

dr(z,c) : R* x RM — R.

are smooth functions which have continuous derivatives of all orders.
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2.2.1 Necessary Conditions by Methods of Variation of Calculus

As in the deterministic version, we derive the variational equation by adding a small perturba-
tion to the optimal control. An adjoint variable is defined by a backward stochastic differential
equation, and the optimal continuous control is found by minimizing the Hamiltonian, and the

optimal impulse is determined in the process.

Assume {4(-), ¢} is the optimal control pair and Z(-) is the state variable of the system

corresponding the control {a(-),é}. Let us define another set of control {u?(-),cf} by

where v(-), ¢ are arbitrary perturbations, and 0 < 6 < 1. Let x%(:) be the state variable
corresponding to {u?(t), c}}.

Let us consider zx(t),k = 0,... N — 1, which solves the system,

ol 80’j
az = (He ), a0 +—v)dt+z( st h )Wy, e (bt
(2.70)
Ok —\, 99k
2k (ty) = %(x(tk )s Ck)ze—1(ty, ) + B o (2.71)

for k=0,...,N —1. We define z_;(t; ) = 0 and ¢o = 0 just to ease the notation. Then, we will

have the following estimation.

Lemma 2.2.1. Let 2(-), 2%() and z(-) be defined as above, then we have

1. B{2%(t) — 2(t) — Oz (t)} = O(6?), t € (tg,trs1), and that
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0 0
dJ(Zéc )‘9 OZE{

+ /:ﬂ <E(i(5), i(s), s)zk(s) + %(f@% a(s), S)Zk(s)v(s))dt} }

Proof. 1. let

v (1) = 5601 = a() = 02(), € (tastan), (2.73)
then we have
dy? = ( 8f’“(A + Azl — &), 0+ )\Qv,t)yed)\)dt (2.74)
0 ax

+</0 (af’“( F A0 — 2), 0+ M, t)—%( A,t))zkd)\)dt

ox T

+</O (%{f( F 20 — &), 6+ Ao, t)—a—ﬁ“(ga,t))vdx)dt

+> ( 09, (# + Ma? — &), 0+ N t)yed)\) dw;
’ ) J

1 J j
+2 (/0 (%(;k(ﬁ?-i-)\(xe — &), + Av,t) — ?(:ﬁ,ﬁ,t))zkd)\)dwj

X

J

+Z</0 (8% + A2’ ),a+wv,t)—a;f(@,a,t)>vdA)de.

Now we refer to the useful fact (see [37] lemma 3.4.2) that if Y'(¢) is the solution of the

following
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j (2.75)
Y(O) - Y07
and |A(t)|,|B;j(t)| < L, a.e. t € [0,T]. Then,
T
sup E[Y(t)]? gK{E|Y(0)|2+E/ (|a(s)|2+Z|bj(s)|2)ds}. (2.76)
te(0,T) 0 J
Using the above result, we have
T .
sup B’ (O < K{EW ()P + B [ (o) + S BPMs} @7
te(to,t1) 0 j
where
! 0
an(t) = /0 (%(§:+)\(m9—£),a+)\0v,t) - a—JZ“(i:,a,t))zkd)\ (2.78)
YO 0 Afk
ZIk (A AN RCLYT) —0(0
+/0 (au (& + Aa” = &), i+ Mo, 1) = 5! (1) )vdr = O(6),
j ' oy 0 A\ o ool
b(t) = /O (%(x—i-)\(m — &), 0+ v, t) — a—x(x,u,t))zkdx)dwj (2.79)
L 9od . . do’ .
+/0 (8—;(36+)\(3:0—3:),u+)\9v,t)— a;(:v,u,t)>vd/\>de = 0(0).

Since y’(to) = 0, we have
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sup Ely’(1)]> = 0(6°) = sup El’(t) = 0(), (2.80)
tE(to,tl) te(to,tl)

by Holder’s Inequality.

Moving to the next interval (¢1,t2), we have that

) = (@) 6 4 ber) — o (7), 1) (2.81)

02 a0, e1)z0(17) — 052 (17 ), 1))

_ %@(@(t;),él)ye(t;HO(ﬁ)-

Then, we compute that
Ely’ (1)1 < KiBly’ (7)1 + K20 By (1) + K367, (2.82)
Using the estimation

T .
o EWOR < K{BWEHE+F [[(nGF + @R}, e
€(t1,t2 j

we will have that
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sp El’ (1) = O(6?), (2.84)
tE(tl,tz)

sup  Ely’(t)] = 0(0), (2.85)
tE(tl,tQ)
By induction, we have
sup - EJy’(1)]* = 0(6?), (2.86)
t€(tpothy1)
sup By’ (t)] = O0(6), (2.87)

tE(tk7tk+1)

for k=0,...,N — 1, which finishes the first part of the lemma.

. The second part of the lemma is proved by computing

N-1
o ) 9 B ter QL oL
J(u9,c9)—J(u,c)—0E{ > [ ;’c’“ck+ gglz:lzk(tk+1)+/t (8$kzk—|-8jv>dt}}
k=0 k
N-1 thet1 1
= E{/ " [ %(ﬁ;ﬂ(:ﬁ—@),aﬂev,t)ey@dA
t 0 833
k=0 k
1 aLk N 0 ~ ~ 8Lk; A A
—i—/o (E(ac—i-/\(x —x),u+)\0v,t)—W(w,u,t))c%kd)\
1 aLk ~ 0 ~ ~ 8Lk A A
+/0 (E(HA@ —x),u—k)ﬁv,t)—au(a:,u,t))«%d/\}dt
0 e\ s o
+ 2L {t0), i) 0il0) + O67) |
I, ) (RS0 O%kn - tert 9Ly 0Ly
= gl =1 ;) Do+ o Z’c“kﬂ”/tk (o =+ Gy )] }

O
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Let us define

Ok , 0pry1 /m1 dLy, oLy
= t — —wv |dt 2.
= ac b Ox lliep) ¥ tr ( oz * ou U) ’ (2.88)
which simplifies the lemma as
dJ(u?, )
=T oo = F{ X2} (2.89)

Now we consider the following backward stochastic differential equation:

apv(t) = (— (P20, 000.0) "~ (22220, 000.0) oyl (290)

4007
=3 (. a(0.0) oy (0)de+ ST 000t (vt

J=1

T
paltn) = 2 Gale)) 2.01)

By theory of BSDE, there exists a unique pair of processes {pn_1(t), ry_ 1( )} which are adapted
to the filtration .Z#°.

By Ito’s formula we will have

A1 2v-1) = = T (0 1), 201 (0) Py (0 P (@00, (1), )t

#3200 T @ (1), (), ()t + (... )AW. (2.92)

Integrating and taking expectation, we have that
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NCOOLn_1,
- (x(t),u(t),t)z]v_l(t)dt} (2.93)

{2 trevatty) + [
= B ) (P ) e )l )+ N ey ) ))ex )

J
r0oN_q

[ AR G0, 0,000 + Sk () 0. ale). o).

Then, we could get

B{In-1} = B{of_ieno1 + / (R0 ), a0 ) (2.94)

tN—1

doy_y OLN-1

+ Dk O @ (), b)) + @0, @le), 1) Ju(e)dt + By av—a(ty )
J

where

OpN_1, .., _ . IgN-1 ., R
O‘%—lz ¢(;Vc 1($(tN—1>vCN—1)+pz{7—1<tﬁ—1) gc 1($(tN—1>vCN—1) (2.95)
T o1 4+ O9N-1, .
ﬁN—1—PN—1(tN—1)7a$ (@(ty_1)sCN-1)- (2.96)

By induction we will conclude the result as follows.

Theorem 2.2.2. For k=N —1,N,...,0, let {pk(t),ri(t)} be the unique processes solving the
following BSDE
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ape(t) = [ = (T, a0),0)) "~ S0, a00), et (297)

_ O N Obpsr” . .
Dk (tk-i-l) = p£+1(t;r+1) 8;1 (x(tk+l), Cht1) + a;_ (x(tk+1), Ckt1)s (2.98)
then the variation of the cost function has the form:
d‘](uo)ce) N—-1 8¢k Afp—\ A T+ 891@ Nlp—\ A
d0 ‘6:0 = E{ k=0 {(%(x(tk))ck) + k(tk)a(ﬂj(t,ﬂ),(ﬁk))Ck (299)

0Pk .\ Ok ;.\ &
§($(tk ), k) +P;€(t}:)g(x(tk ),ér) =0, (2.100)
7 Of% r00] OLy,

2.2.2 Forward Backward Stochastic Differential Equations

By Theorem 2.2.2 the optimal control @ could be solved in a feedback form @ = a(z,p,r,t),

and we set

bi(t, @, pr, i) = [z, u(t, , pr, i), t),

. oL, T, 9, X N j

bi(t, z, pg, 1) = —8—; (z,a(t,x, pr, ), t) — %(w,u(..),t)pk(t) — Z e (z,a(..), t)r.(t),
J

5%(@ T, Pk, Tk) = O—i(xa ﬁ(t, T, Pk, Tk)a t)
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Then, the problem is to solve the following FBSDE

d
da(t) = b(t,w,pr,re)dt + Y &(t, 2, pr, i) AW, (2.101)
j=1
~ d .
dpk(t) = —bk(t, X, Pk, Tk)dt + Z T%de, tc (tk, tk+1), (2.102)
j=1

with jump conditions

w(ty) = grla(ty), ), (2.103)
_ dg _ Odpsr
ity ) = Pgﬂ(t;ﬂ)%(u’v(tkﬂ), Chy1) + 81?1 (@(tpr)s Cht1),s (2.104)

where ¢}, satisfies

0
OOk (wlty ) ) + 9 1)

9gr

5c (2, ) = 0. (2.105)

Previous works are done by Ma et al. [27] and the solvability of the adapted solution to the
FBSDE has been studied. In particular, a direct scheme, called the four step scheme is provided
to solve the FBSDE explicitly.

Then, our approach to solve the impulsive optimal control has the following steps.

1. Solve for ry_1 = ryn_1(t,z,y,2)

ZfN_l(t,.I‘,y,T’N_l) +ry-1=0. (2.106)

2. Solve the system
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0_, 1 0% d
2L Str( S et O (2,0, 5 O 1))EkL ) (2:107)

i
byv_1(t,z,On—1,7N-1(..)) + by_y (£, 2,08 -1,7Nn-1(..)) =0,

—+

o T
for t € [ty_1,tn], with the terminal condition On_1(tn,x) = % ().
x

3. Then for k=N —2,...,1,0, do the following steps:
(a) Solve for c(x) satisfying
99y

0
S (. ex) + O (trs g1 (. 00)) S (1) = 0. (2.108)

(b) Solve for ry, = ri(t, z,y, 2)

sz(t7x7y7rk) +7’]€ =0. (2109)

(c) Solve the system

0
lt, . 00, 1l 3,0, = 00)€] ) (2.110)

ot 0z2

o6, 1. ,0%]
ot 51«(

007 y
+87;bk(t7m7 9k77‘k()) + bljg(ta z, O, Tk()) =0

for t € [tg,tg+1] with terminal condition
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Ogisr " )
Ok (tiy1, ) = g@k;l (%Ck+1(if))9k+1(tk+1,gkz+1(l‘,Ck:+1($)))+%(% cp(r)f2.111)

4. Solve the FSDE

AXk(t) = be(t, X, Ot Xi), 7 (t, Xi, O (£, Xi), Oub(t, Xp)))dt  (2.112)

FEk(t, X, O (t, Xi), m(..) )dW (2)

Xip(tr) = ge(Xp—1(tx), ci(X—1(tk))) (2.113)

for k=0,1,....,. N — 1, and x_1(t9) = wo.

5. Compute the adjoint processes by

pr(t) = Or(t, Xi(t)), (2.114)

r(t) = ri(t, Xi, Op(t, Xi), 020k (t, Xi)). (2.115)

6. The optimal control is determined by

ek = cr(Xk(tr)), (2.116)

ug(t) = ug(t, X(t), pr, ) (2.117)

Remark 2.2.3. The realization of the scheme depends on the solvability of the pde in step (2)

and (3c), and the existence of the smooth function cx(x) in step (3a).
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2.2.3 Necessary Conditions by Dynamic Programming Approach

In the study of optimal control dynamic programming is another frequently used approach. How-
ever, we cannot find any study of dynamic programming applied to impulsive optimal control
problem. In this subsection, we set up the value function which involves the impulse cost and we
derive the Hamilton-Jacobi-Bellman equation which characterize the optimal control and value

function. The relation between the value function and the maximum principle will be discussed.

Consider the time interval ¢ € (t,, tm+1), and define the value function as follows

Vi(e,t) = inf E{/thLm(Y(s),u(s),s)ds (2.118)

u(s), t<s<tn_1
N—-1
{Ck}k:m+l

+ 3 avEa) [ L)), s)ds] +on(v i)}

k=m+1 23

where Y'(s) is the process defined by

dY(s) = fu(Y(s),u(s), s)ds + 3 0_y of (Y (s), u(s), )dW;(s),

s € (t7 tm+1) U ( éV:_n}L+1(tk7 thrl))a

(2.119)
Y(t5) = (Y (t7) er),  k=m+1,...,N—1

Assuming we use an arbitrary constant control w in a short time interval (¢,¢ + h), and then

guide the system by optimal control, we will have

Vin(z,t) < E{ /Hh Ly,(Y(s),u,t)ds + Vi (Y(t + h), t + h)} =

t+h
0 SE{/ Lm(Y(s),u,t)derVm(Y(t+h),t+h)—Vm(Y(t),t)}. (2.120)

Applying Ito’s formula to V,,,(X (¢),t), we have
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oV 6 oV, 1 0V,

dvy, = Wdt + fmdt + 5 G dW 22 p— cokidt. (2.121)
Then we have
E{Vm(Y(t FR),t+h) — V(Y (), t)} (2.122)
= E{ /tt+h % + %fm t3 2 gx:;k U”a’”ds}

We combine (2.122) and inequality (2.120), then

th Vi, Vi,
E{/t Lin(Y (s),u )+W(Y(s) s)+ 5 (Y(5),8)fm(Y(s),u, ) (2.123)

Z axzxk ). ) (Y (), 8) (Y (s), s)ds} > 0.

For s — t, we have Y (s) — Y (t) = x almost surely, thus we derive that

OV OV,
B Z

5 (x,t) + —— o (2, t) fn (T, us t) )0 (@, )0 (2, 1) + L (2, u,t) > 0

5‘wzwk

by taking h — 0. Equality will be reached when w is chosen to be optimal, i.e.

min
u

{‘W Vin (o ) (0, ) (2.124)

Z'm t
or @+ 50

= ol kj _
Z 8$z$k m (@ 1) (2, 8) + Ln(2, u, t)} 0.

The above equation is the Hamilton-Jacobi-Bellman Equation.
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Now we consider the jump condition of the value function at time t,,, and by definition (2.118)

we have

N-—1
Vim-1(z,t,,) = inf E{ > oY (ty), ck)

u(s), tim<s<tny-_1

_ k=m
{extom

N-1

£y / Lk<y<s>,u<s>,s>ds+¢N<Y<tN>>}-

k=m ” tk

We refer to the fact that
inf f(x,y) = inf{inf f(z,y)} (2.125)
Y T oy

where f(x,y) is smooth and minimum of f exists. Then, we have that

N-1
Vin_1(z,t;,) = inf inf E{ > oe(Y(t),cr)

Cm u(s), tm<s<tn_—1
N-1
{ck}k:m+1

N-1

£ / LY (s), uls), 5)ds + ¢N<Y<t;v>>}}

k=m "tk

N-1
— inf (T, Cm, inf > Y,
chrln {¢ (l' C )+u(s), twllris<tN71 { Z ¢k( (k;) Ck)
N-1 k=m-+1
{ekemman

N-1

£ / LY (s), u(s), s)ds + ¢N<Y<tN>>}}

k=m "tk

= inf {(bm(m, Cm) + vm(gk(x,cm),t;)}. (2.126)

For a regular optimal control problem, the necessary condition derived from Pontryagin’s
Maximum Principle is equivalent to HJB equation. In fact for the impulsive optimal control

problem, the two approaches are also equivalent.
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Proposition 2.2.4. If the value function Vy,(x,t), m = 0,..., N

— 1, is sufficiently smooth,
then we have that

P(t) = (aavx (3 <t>,t>)T, (2.127)
Z (rmawl ), o (&(t), 1), (2.128)

where {pm(t),rm(t)} are the processes adapted to F*, which solve the adjoint equation defined
in (2.97).

Proof. In this proof, we would use comma to indicate spatial derivatives. Ito’s formula gives

Apl, = (Vinj)edt + vaﬂ Frdt + " Vi jiothdW, + - va soitofar. (2.129)
il zlk

Taking derivative w.r.t. z; in the equation (2.124), we have

3f .
il _kl il _kl 3(0%0%) N OLy, .
+5 Z ( mijkOmOm + Vin,ik (00 0m) 5 + Vm,z‘kTu,j) t L+ — ;=0
ilk
Recalling (2.124) we know that @ satisfies
OVin Ofm 1= OV, oido® 9L,
—_— = =0 2.131
Ox Ou + 2;;6%3% ou + ou ’ ( )

which reduces (2.130) to
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;o 0V 1 i i
(Vm,j)t + E Vm,jz‘fm + 7895 mej + 5 E (Vm UkO'l ki + sz (O’ lakl)d‘) + Lm,j = 0(2.132)
% ilk

Then, substitute (2.132) in (2.129) and we have

: 1
—dply = (0" fns + 5D Vmalomok)g + Ling )dt = 3 Vi jioihdWi. (2.133)
ilk il

Define i} = Z Vinjioth, and the equation (3.114) could be rewritten as
i
OLnT  Ofm

dpm—(aw + 5 pm+zaﬁl )dt—rmdw, (2.134)

which is exactly the same equation as (2.97). Now we are going to check the variable p,, defined

OV, T
by (W(ﬁc(t),t)) satisfies the jump condition (2.98).

Look at the equation (2.126), the optimal impulsive control ¢, satisfies

OPm, A 0 . + 9gm, AN

dc (m7cm(m)) + %Vm(gm(xﬂcm)vtm) dc (ﬂ?,cm) =0 =

a¢m A T 4+ 8gm A _

00 @) + 015 22 (0, ) = 0 (2135)

Taking partial derivative w.r.t. z; in equation (2.126), we get

; . 0w, O 0¢ OV (0gm ~ Ogym OC
=) = . e 7, 2.136
P () = @ m) 4 =5 et (axj T e axj) (2.136)

which shows the variable defined in (2.127) satisfies the condition (2.98).
O
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2.3 Numerical Solution to Stochastic SIR Model

Here we consider the following SIR model, where the system is affected by stochastic perturba-

tion:

ds; = (Az —d;S; — Z(BU — uij)Sin)dt + w;S;dB;,
i,J
dl; = ((Bij — wig)I;Si — (di + 7o) L) dt + pi I dW,
1,7 (2.137)
Sz(t;:) = Sl(t,;)(l - Cik)7

Lith) = Li(ty),

with the cost function

aN—l n N2 N—-1 n g1 b ) 1 n ) o n b
J:E{2Z A (cikSi(tk)> +ZZ/t <§IZ» +§Zuij)dt+§z:]i (tN)}.
k=0 i=1 k=0 i=1""k j=1 =1
(2.138)
For the numerical experiment, we set the parameters of the model as follows:
d I} ~y P 7 a|lb|a|N|tg| t1 [ta]| t3
0.4 1.6 0.2 0.6 0.04 0.04
0105115
0.4 0.1 14 0.7 0.04 0.04

and initial conditions:

Here is the table showing the cost values in case of constant controls.

S(0) (x10%)

I1(0) (x10%)

(o)

()
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Table 2.1: List of Cost Tested by Varying Controls

U J

0 0 |0.3210

0 0.1 | 0.3087

0 0.2 | 0.3050

0 0.3 | 0.3092
0.18 0 |0.3297
0.026| 0 | 0.3169
0.033| 0 | 0.3158
0.045 | 0 | 0.3159
0.05656 | 0 | 0.3165
0.0656 | 0 |0.3178

0.033 | 0.2 | 0.3024
0.033 | 0.22 | 0.3024
0.033 | 0.21 | 0.3024
0.033 | 0.19 | 0.3023
0.033 | 0.18 | 0.3022
0.033 | 0.17 | 0.3022
i ¢ | 0.2037
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Figure 2.1: populations of susceptible in different groups under optimal controls
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Figure 2.2: populations of infected in different groups under optimal controls

70



07

0.65

0.6

0.55

0.5

0.45

0.4

0.35
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The Value Function when Sz(°)='75’ 1,(0)=.5

Figure 2.5: Value Function V(Sy, Sy = .75, 1, I, = .5)

The Value Function when I1 (0)=.5, I2(0)=.5

Figure 2.6: Value Function V (S, 52,1 = .5,I = .5)
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The Value Function when S1 (0)=.75, S, (0)=.5

Figure 2.7: Value Function V (S} = .75,S9 = .5, 11, I2)

2.4 Proof of A Lemma

This section serves as a supplement to the discussion of stability. We will give a proof to some

properties of the process X (¢), which is defined as the solution to the following system:

dX = (A - aX)dt + pXaW,

(2.139)
X(0) = X,
Lemma 2.4.1.
1.
. A2 p?
Jim B(X(T) =) = (2.140)

2. X(t) has a stationary distribution v(z).
3. The distribution of X (t) converges to v(x).

4. The ergodic property holds for X (t), i.e. for any measurable function f(x), we have
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1
lim — f(X@)dt = | f(z)v(x)dz, a.s.. (2.141)
T—oo T 0 R
Proof.
1. Recall the fact that

t
X(t) = e*<a+§>t+PBtX0 + / e<a+§>(8*t>+ﬂ(3t*Bs>Ads, (2.142)

0

and that the moment generating function for a normal random variable X ~ N (u, o) is

give as Mx (u) = E[eX%] = e#“T 2 . Then we compute

t
B(X(1) - é)2 = B|X3e20teW | 4 Bl2XoA / e(“+é)(s—%)e?p(&‘&w&ds}
a 0
t
_E[QéXoe(*afé)teth] —|—E{A/ e(a+é)(sft)+P(Bf*Bs)dsr

a 0

2t 2

N EPA* / e<a+§)(s—t)+p<3t—Bs>dS} LA

a 0 a2

t
_ Xge(72a+p2)t + 2X0A/ ea(sf2t)ep2(f%s+t)d8 _ %Xoefat
0 a

t 2 t 2
LB [ et nrBi-B) gg]° _ AT [T g 4 A
0 a Jo a?

(2.143)

With the assumption that —2a + p? < 0, the first and the third term converge to zero as

t — oo. Now we compute

t
2X0A/ e(s=20) p* (=G st) g = 2XoA (e(_a_é)t - e(_2“+92)t) — 0 (2.144)
0 2

a—ip
as t — oo, and

2 t 2 2
[ ate=0gs = £(1 —e ) & 2A° (2.145)

a Jo a?
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as t — oo. Then we compute

t
£[A / e<a+§><s—t>+p<8t—85>ds]z
0

_ AzE[/t /t o0+ 2 ) (s—1)+p(Bi—Ba) la+ 5 ) (u—t)+p(Bi—Bu) Qs | (2.146)
0o Jo
We split the above integral in two parts. We have the first part as
5 / ' / T (@t ) (st tp(Bi—BL) (ot ) ) +o(Bi—Ba) s
0 Jo
:E/t /S e(a+é)(eru—zt)egp(Bt—Bs)ep(Bs—Bu)duds
0o Jo

t s 2 2
_ / o0+ 2 ) (stu—20) 202(1-5) . 5 (5—) o
0
1

0
_ 1 (1 (—2a+p2)t) 1 ( —at (—2a+p2)t)
~ a\2q— p? - _a—p2e — e
L
a2a — p?’

(2.147)

and the second part as
t t 2 2
5 / / o0+ 5 ) (s—1)+p(Bi—By) a5 ) (u—1)+p(Bi—Bu) s
0 Js
t t 2
_ E/ / (a2 ) (stu=21) 2p(Bi—Bu) op(Bu—B:) quuds
0 Js
t t 2 2
= / / e(a—i—%)(s—l—u—%) e?pz(t—u)e%(u—s)duds
0 Js

- 1 - <1(1 _ e—at) 1 (1- e(fZapr)t))

a C 2a—p?

1 1 1 1
a—p2a a—p*22a—p

5. (2.148)

We substitute (2.144, 2.145, 2.146, 2.147, 2.148) to (2.143), then we have

AN2 A2 2A2 A2 A2 A2
lim E(X(t)-=) =5 — -
Jim B(X() - ) =~ Ta@a— D) @ @D

(2.149)
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2. To prove the existence of stationary distribution, we will introduce the idea of Fokker
Planck Equation, which is a main tool of the next chapter. Let us consider Xf which

denotes the solution to the system

dX = b(X, t)dt + o(X, t)dB,,

(2.150)
X(0) =¢,
and we denote by m(z,t) the distribution of Xf . By Ito’s formula, we have
to 102
BIf(X;) - f(X§)] = E[ af (X§,s) + 26—;;2(){3 s)ds] (2.151)

for any measurable function f(-). By definition of m(xz,t), we could write the equation
(2.151) into

fam(zde— [ fama0de= [ [ (Zoge,s)+ 2202w, )i, s)deds.
/]R /]R /0 /R <8x 2 Ox? )

(2.152)
Taking the derivative of equation (2.152) with respect to t, we have
om(x,t) . af 0*f
/Rf(x)atd:c - /IR (%b(:z t) + QT (x,t))m(:z;,t)d:c (2.153)
Integration by part on the right hand side of (2.153) gives
8m (, t 1 9
R ~ F(@)0 (bla, m (1)) + 1 (@)D (0% O, 1)
(2.154)
Since f(-) could be arbitrary measurable function, then we have
0 t 1
ma(f’) =~ 0, (b{a, ym(, 1)) + 5 0us (0”@, Ym(x, 1)) (2.155)

The above equation (2.155) is the Fokker Planck Equation for the system (2.150) and the
initial condition of m(x,t) is determined by the distribution of £. We assume the system
(2.150) is homogeneous, i.e. dX = b(X)dt + o(X)dB, and we assume that there exists a
function v(x) satisfying [, v(x)dz =1, and

—0y(b(z)v(x)) + %@x(az(x)y(:c)) =0. (2.156)
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We call v(z) the stationary distribution of the system (2.150). Assuming o(z) # 0 for

x € G C R, we can integrate the above differential equation and get

v(z) = Co~2(z) exp ( /0 ' ig(('?) dz), (2.157)
for [0, z] C G. Assuming o(x) # 0 for z € R, and
/_Z o~2(2) exp (/; ig((?) dz) dz < oo, (2.158)

then v(x) defined in (2.157) is the stationary distribution of the system (2.150), where
-1
—_ 2b(z
C= ( I o 2(z) exp ( ! dz) d:z) .

Since it is proved in Section 2.1 that the process defined in (2.139) is positive almost
surely, it will be valid to define Y (¢) = In X (¢). The process Y (t) will satisfy

1
dy = (Ae™¥ —a — 502)0115 + odB. (2.159)

Let b(z) = (Ae™® —a — 10?) and o(z) = o, it is not difficult to check that the integral in
(2.158) is finite. Therefore the process Y (¢) has a stationary distribution, so does X (t).

. If the process X (t) starts with the stationary distribution, i.e. m(x,0) = v(x), then we
have m(z,t) = v(z) for any ¢ > 0, and the equation (2.151) will lead to

BIf(XD)] = E[f(X§))]- (2.160)

Taking f(z) = 14(z) to be the indicator function of any measurable set A C R, then we

have
/ P(X} € A)v(z)dx = P(Xf €cA)=PeA= PO(A), Vit > 0, (2.161)
R

where P°(dx) = v(z)dx is the probability measure induced by the stationary distribution
v(z). Now we consider Xj and X/ be two copies of the process defined in (2.139) which
starts from z and y. We define Z(t) = X} — X/, then Z(t) satisfies

dZ = —aZdt + ¢ ZdB, (2.162)
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and the solution has the form
Z(t) = Ce~(@tao”)ttoB:. (2.163)

Recall the fact that

lim sup _B 1 a.s. (2.164)

t—soo V2tInlnt B

then we will have
li{n(th - X/)=0  as. (2.165)
Combine (2.165) with the equation (2.161) we could have

P%(A) = /RP(Xf € Av(z)dx

= [ [ 1xreat)aP@p(z)a

t—o00

= lim /Q /R 1 ea(w)v(z)dad P(w)

= tim [ [ L)@

t—o00

= lim [ 1(X} € A)(w)dP(w)

t—o00 Q

— T y
= tliglo P(X/ € A)

for any y € R. So the process X/ has a limiting distribution v(z) regardless of its ini-
tial distribution. The stationary distribution should be unique. Otherwise let P(dx) be
a stationary distribution, and let Xf have initial distribution P(Xg € A) = P(A). Since
the distribution of Xf is stationary, we will have P(A) = P(Xf € A) for all t. Then
P(4) = lim P(X$ € A) = P°(A).

Now we give another characterization for the stationary distribution. With the assumption
that the process is positive recurrent, i.e. Ty, L2inf{t >0: Xy =y, Xo =y} < o as.,

we will prove that the stationary distribution satisfies PY(A) = EJ(T’Z, where m(A) is the

mean time X; spend in set A before X; returns y, i.e.

m(A) = EY /0 "X, € Ayt (2.166)
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Let f(-) be arbitrary measurable function. Integration of f(-) with respect to measure m

gives
Tyy
/ZGR f(z)m(dz) = /ZER f(z)Ey/0 1(X, € dz)dt
= / f(z)EY /Oo 1(X; € dz,t < Ty)dt
z€eR 0

= EY /OO F(X)1(t < Ty )dt
0
Tyy

= EY F(X)dt. (2.167)
0

Now we check that m is a stationary measure. Define g(z) £ E?f(X,), we have
Tyy
/ E*f(Xs)m(dz) = / g(z)m(dz) = Ey/ g(Xy)dt
z€R z€R 0
Tyy 0
= Ey/ EXtf(X,)dt :/ EY[1(t < Tyy) B~ f(X,)]dt
0 0

- / BY[1(t < Ty B [f(Xi1.0)| 7] | dt = / EVEV[1(t < Tyy) f(Xo1s)|. 53] dt

0 0

o0 Tyy Tyy+s
— [ Bl <yl =B [ pd=E [ )
0 0 s

Tyy Tyy+s S
v [ (X)) du + BY / F(Xa)du — B / F(X.)du
0 Tyy 0
Tyy
_ p /O F(Xu)du = / L Em:) (2.168)

Substituting f(z) = 1(z € A) in (2.168) we have
/]l(z € A)ym(dz) = m(A). (2.169)
On the other hand we have

/ E*1(X, € A)m(dz) = / P(X? € Aym(dz). (2.170)
z€R z€R
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Equating (2.169) with (2.170) we conclude that m is a stationary measure. Notice that

Ty, 00
/ m(dz):/ Ey/ JIl(Xtedz)dt:/ EY1(t < T,,)dt = EYT,,, (2.171)
z€ER z€R 0 0
we define

P(dz) = (2.172)

and we will have P is stationary measure of X; and P(R) = 1. Then we know that P is

equivalent to the stationary distribution PY.

. To prove the ergodic property of the process X (t) defined in (2.150), it is sufficient to
prove the ergodic property of Y (¢) £ In X (t). We know that Y (¢) satisfies

dY = b(Y)dt + odB, (2.173)

where b(z) = (Ae™® — a — 10?). Let us define

o(zr) = /096 exp (/Oy —21;(22)dz> dy (2.174)

It is not difficult to check that le p(z) = oo and Er_n @(x) = —oo. Then let us define
Z(t) = ¢(Y(t)), and we have

Y (t)
dZ(t) = exp ( / _2() dz) od B,
0

o2

which implies Z(t) is a martingale. Assume Y (0) = y and a < y < b. Denote by T the
stopping time when Y'(¢) first hits a, and 7 = T, A Ty, we have

o(y) = Eo(Yy) = @(a)PY(T, < Tp) + o(b)(1 — PY(T, < Tp)), (2.175)

and solving we have

o(b) — ()
@(b) — p(a)’

Recall that lim ¢(z) = oo, we have PY(T;, < oo) = 1. Similarly we have PY(T} < o0) = 1.
T—00

PY(T, < Tp) = (2.176)

Since y, a, b are arbitrary, we know that the process Y (t) is recurrent and P(T,, < co) =1,
where T}, is the next time of Y (¢) hitting y after leaving y. Let 79 = 0, define 7, recursively
that 7, = inf{t : ¢t > 7,1, Y (t) = y}. We denote n;, = f::“ f(Y(t))dt and A = T41— Tk
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By strong Markov property of Y (¢), {nx } x>0 are i.i.d. and {Ag }x~o arei.i.d., and by Strong

Law of Large Numbers, we have

1
lim — Zm = Lo, lim ;Ak = ET,. (2.177)

n—oo n

Recall (2.167, 2.172) we have

T,
En=E' | f(Y(t)dt = / F(2)i(dz) = EVT,, / f(2)P(dz),  (2.178)

0

where P is the unique stationary distribution for the process Y;. Let K(T) = max{k : 1, <
T}, we claim that

. Tk(T)
1 =1 2.179
A = (2.179)
since
T, SN T)+1
1> lim 20 s g Oy 2o Bk MM L (2.180)
T—oo T T—o0 TH(T)-"-l T—00 H(T) Z(_71)+1 Ak

Then we have

| T LS -
T/O o= (Y /k f(Y(t))dtJr/Tﬁ(T)f(Y(t))dt), (2.181)

which leads to

k(T)—
1 T
— t))dt = 1li
Th—r>roloT 0 f(Y( )) Tl—rgoT(T) kz() M -

Z :

k
T~>oo K " 1 K
T 0
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Chapter 3

Mean Field Control

The concept of mean field comes from particle physics, which deals with a large number of
interacting particles. The enormous number of interaction makes it unreasonable to describe
the dynamics of each individual particle. So the “mean field” idea is brought up to reduce the
large system to a simple model by only considering an averaged influence from a representative

agent instead of interactions from every individual.

Mean field game studies the control problem of the representative agent, where the dynamic
system can be described as McKean-Vlasov equation([1], [6], [9], [10]). In particular, the linear
quadratic mean field control problem was studied by Yong [38], where a feedback form control

was explicitly solved and uniqueness of the solution was discussed.

In Section 3.1, we will introduce the Fokker-Planck equation by studying the evolution of
the probability distribution of stochastic SIR model. In Sections 3.2 and 3.3, we will study
the control problem of a large interacting system. When the number of players N — oo, the
problem turns to mean field game. We will study the multi-banks model given by Carmona [9],
and will give justification for his approach. In Section 3.4, an interesting problem of mean field
game with a dominating player is discussed. In Section 3.5 we will consider the impulse mean

field control problem.

3.1 Master Equation for the SIR Model

In this section we will look at the distribution of the SIR model. In general, the master equation
demonstrates the evolution of P(n,t), which represents the probability of finding the system in

state n at time ¢:
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n’#n n'#n

where T'(n’|n) represents the transition rate from state n to state n'.

Let us consider the single group SIR model. Assuming that the birth rate equals the
death rate, so that the population remains as a constant N. Let S,I, R denote the number
of people who are susceptible, infected and recovered, then we have R = N — S — I. So the
state of the population is determined by a two dimensional vector (S, 1), which takes value in
{(n,m) € N’|n +m < N}.

Consider the transition probabilities of the following type:

(1) Infection: a susceptible individual getting the disease by contact with infectious person,

resulting in an increase of infectious population and a decrease of susceptible population.

T(S:n—l,I:m+1|S:n,I:m):B%m.

(2) Recovery: an infectious individual is cured from the disease, results in an decrease of infec-
tious population.
T(S=nI=m-1S=n,I=m)=ym.

(3) Death of an infectious individual: with the assumption that birth rate and death rate
are equal, the total population is constant. With another assumption that all newborns are
susceptible, then a death of an infectious individual results in a decrease of infectious population

and an increase of susceptible population .
T(S=n+1,I=m—-1|S=n,I =m)=pum.

(4) Death of a recovered individual: with the same reasoning as in the last scenario, a death of a
recovered individual results in a decrease of recovered population and an increase of susceptible
population.

T(S=n+1,I=m|S=n,1=m)=puR=pu(N—n—m).

Substituting the transition probabilities into the master equation, we have
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P t —1
8(%’;”’) =Pn+1,m— 1,t)ﬂmN (n+1) + P(n,m+1,t)y(m + 1)
+Pn—1,m+ 1, t)u(m+1)+ Pn—1,m,t)u(N —n—m+1)

—P(n,m,t)w%n +ym 4 pm 4 p(N —n —m))

, and define

=213

Y =

=2l=

Now, we let = =

p(x,y,t) = P(n,m,t) = P(Nxz, Ny,t),

then we can rewrite the master equation of SIR model (3.2) as

Op(xz,y,t) 1 1 1 1 1 1
5 =p(z+ Ny N,t)Nﬁ(y— N)(x+N)+p(fv,y+N,t)N7(y+ N)

1 1 1 1 1
- — — )N — — — yNp(l—z — 9+ —
+p(x N,y+N7) u(y+N)+p(w N,y,) u(l—z y+N)

—p(z,y, t)N(Bry + vy + py + p(l —x —y))

1 1 1 1

= [P+ 5 (P = Py) + 53z (e — 2Py + Py INB(zy + (Y = 2) = 775)
1 1 1 1 1 1

+(p+ Pyt Wpyy)N'Y(y + N) +[p+ v W(pm — 2Py + Pyy)IN pu(y + N)

1 1 1
— — 4+ —pee]Nu(l — 2 —y — —) — pN 1—z—
tlp— 5+ oyaleelNu(l =2 —y — =) = pN(Bay + 7y + py + u(l —z —y))

:pﬁ(y—:r)+m+2pu—p%+pz(6w‘y—u(1—w)+%(y—w) - ﬁ)

g

p 1 1
+oy(=Bry +yy + uy — 5y —2) + 5+ )+ grpPee(Bry + py +p(l 2 —y))

N
1 1
- pry(ﬁxy + ny) + ﬁpyy(ﬂwy + vy + py)

= By — (1 — 2o+ o~ By + vy + )y + 5By + (1 — )]s

- %[p(ﬁwy + 1)y + %[p(ﬁwy + vy + 1Y)y,
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where we have neglected the higher order term of % With the notation x = [z, y], the above

equation could be written as

£ plx,t) = ~divlf(pCx, ] + 5 - 3L [AGIR(x, D), (3.3
where
—Bry + p(l — )
f(x) = , (3.4)
Bry — vy — py

Bry +p(l—2x)  —Bry— py
Alx) = + : (3.5)

—Bxy —py  Bry+yy+py

The equation (3.3) is in the form of the Fokker Planck equation, where p(x, t) characterizes the

density of the stochastic process
dX = f(X)dt + o(X)dW. (3.6)
T

where o(x) satisfies A(x) = o(x)o(x)".

Remark 3.1.1. The Fokker Planck equation gives information on the evolution of the probability
distribution of a stochastic process based on the stochastic differential equation which describes
the dynamics of the stochastic process. The Fokker Planck equation is widely used in the mean

field problem.

3.2 Stochastic Interacting System

In this section we study the control problem for an interacting system, where the evolution of

system satisfies a measure valued stochastic differential equation.
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3.2.1 Terms and Notations

Let £(R) denote the set of all integrable functions defined in R. We suppose that

ft,z,mou) [0, T] x R x L(R) x R™ — R
o(t,z,m,u):[0,T] xR x L(R) x R™ — R
L(t,xz,m,u) : [0,T] x R x L(R) x R™ — R

d(x,m) : Rx L(R)x — R

are differentiable with respect to all arguments, where the argument m represents the measure

0
term. In case of differentiability with respect to m, We use the notation 8—f(t, x,m,u,§) and
m
it is the unique function [0,7] x R x L(R) x R™ x R +— R, such that

(fef(thrH—Gmu]go /8 (t,z,m,u,&)m(&)d¢ (3.7)

for all m € L(R).

In this section we will consider the case when m is the empirical distribution u,{v , where

| N
=% D 0 (3.8)
k=1
The dynamics of agent i satisfies
dzy = f(t,zp, pp" ui)dt + ot oy, pp ui)dWy,  1<i<N, (3.9)

where u! is the strategy he takes to minimize his cost functional:
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T
Pty = B{ [ Dol wd)at + ol ) ) (3.10)

To ease the discussion, the equation (3.9) depends on the empirical measure only through the

mean. Thus we rewrite the dynamics in the form:

dat = f(t, 2}, T, ul)dt + o(t, i, Ty, ul)dW}, 1<i<N. (3.11)

N
where z; = Z z]. The game is for each agent to work out a strategy ui to minimize his cost
j=1

L
N

functional
. T . . .
T, ) = E{/ Lt 2,7, )+ 6o, 7r) ). (3.12)
0

Keep in mind the fact that the cost J? depends on all the controls {u{ }<j<n through the mean
Z¢. To find the equilibrium, we assume all players except player ¢ are already taking the optimal
strategy, and player ¢ is still in search for his optimal strategy. When N — oo, the dynamics of
all the other players will not be affected by a single player xi. That is to say, Z; will remain the
same regardless of the behavior of player x;. So the equilibrium could be worked out by solving
the optimal control problem of one single player z;, while all the other players x;’s keep staying

at their optimal paths.

3.2.2 Inter-Banks Lending and Borrowing

We consider the following inter-bank lending and borrowing model. Assume z?, the reserve

assets of bank ¢, has the following dynamics:
dz} = (a(zy — 2%) + ul)dt + od W}, (3.13)
where u! represents the rate of bank i lending to (if u¢ < 0) and borrowing from (if u} > 0) the
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central bank. Bank i controls the rate u} in order to minimize

. . - i g ,_ i Cc, _ i
Jiut, . ul) = E</o 5(24)2 — quy (T — xy) + 5(3:15 —zi)?dt + E(I‘T - l‘T)2>. (3.14)

Assuming all banks except bank i are taking the optimal strategy. Solving the optimization for
bank i via dynamic programming approach, the value function V(t,z) will satisfy the HJB

equation:

where we use the notation z = (#! + --- + 2V)/N and with the terminal condition V(T,z) =
(¢/2)(z — %)% The infimum in the HJB equation (3.15) can be solved

: o ovh 1, o
52{% {(a(m —z')+u) D + Ju” qu(Ty — xt)} (3.16)
vt 1

=a(x — xz)

g~ (0= 55)°

and the optimal strategy of bank i is

(3.17)

Then, the HJB equation could be rewritten as:
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oV ov'i p OVEy o2 ov'i
o GRS WA R A - 3.18
ot +zk:ag;k (a+ )@~ G|+ 5 9 OaF (3.18)
1 oo v Loaving
+gle-a@—a+5(55) =0
Assume the value function Vi(x,t) has the form
i Lo iy
Viz,t) = 5@ = 2)"n(t) + u(t), (3.19)
with undetermined functions 7(t), p(t). Then, we have
ov? a1
5uf = 10@ =25 = o), (8:20)
O*V? 1 1
) (= — 6 (= — 8ip). 3.21
awigah — 105 =) (5 — din) (3.21)
Then, the HJB equation would be simplified as
~_iy2 (1 N -1 1 ) 12N—12> . o*!N-1
- 7 A S (= g =0, (3.22
(2 =" (F = nlat g+ =)+ 5(c = ) + 57 (——)?) + o+ T = 0. (3.22)
Notice that the equation (3.22) holds for all z = (z!,...,2") € RY. Therefore, we have
_ ) -t 2
n=2ma+q+—5—n) —(—a) = (=) (3.23)
2N -1
)= ——— 3.24
f=— (3.24)

with terminal conditions n(T) = ¢ and u(7T) = 0. Substituting (3.20) to (3.17), the optimal
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strategy could be written as
, N1 ,
i = (q + Tn(t)) (& — ). (3.25)

3.2.3 Multi-Objective Problem

In the previous inter-banks model, Carmona solves the optimal control by minimizing each
bank’s cost function as if no one pays attention to the cost of the other banks. However,
multi-objective problem might not generally have a solution that achieves minimum for all the
cost functions. In this subsection, we will give a justification for Carmona’s approach. Here we
assign weight wy, to the cost functional of player k, therefore the multi-objective optimal control

problem could be solved by minimizing one weighted averaged cost functional:

N T
1 . i i e, _ ) c,_ i
J(ul, ... 7UN) = ZwiE</0 5(“@)2 — qui(ZTy — xy) + 5(% - xi)zdt + i(xT - xT)Q)'
i=1

(3.26)
N N
In this case let z denote Z wia®, where Z wy, = 1. Then, by the usual dynamic programming
k=1 k=1
approach we will have the HJB equation:
OV . [V
o + 1ka [W (a(‘ —a*) + uk> + (u*)? — wrquP (T — :ck)] (3.27)
0'2 oV g k
2 Ozkak 5( z) =0,

Solving the infimum of the equation (3.27), the optimal control u* should have the feedback

form:

uf =gz —2F) - ——— (3.28)
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Then, (3.27) could be rewritten as

N N
ov ov i 1 oV o2 OV
ad A T —ah) - — 2 o 2
ot + ; Oxk ((a—i— 9@ =) Wy, 3mk) + kZ:l 2 Oxkoxk (3.29)
N N
Wk (- _ (7 — o . oV ) =
+Z 2(6 ¢)F —a7) + 2wy, \ Oxk ’
k=1 k=1
(t) 5
In this problem, we assume that the value function has the form V(z,t) = % Zwk(i‘ —
k=1
)% 4 pu(t). We compute
ov _
ork —n(t)wk(Z — f'?k)§ (3.30)
8V
After substituting the expression for V(z,t) to (3.29), we will end up with
N 0 772 0_2 N
Zwk(a? — zF) [5 —(a+qn— o+~ qQ)} + 4+ 777(1 - Zw%) =0. (3.32)
k=1 k=1
It implies that the solution to the HJB equation (3.29) is
n(t) 5
Ve, t) =72 ) wn(@ —a") + pt), (3.33)
k=1

where n(t) and u(t) satisfies
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i =2n(a+q) — (e —¢*) + 17, (3.34)

2 N
i = —%n(l - Zw,%) (3.35)

k=1

We assume that wy, = O(%) Then we could see that taking N — oo in equations (3.23,
3.24) and (3.34, 3.35), the two systems of Riccati equations has the same limit. In the situation
when each bank minimize its own cost functional, the optimal strategy of bank k is given in
(3.25) as

uF = (q+n(1 - %)) (@ — 2¥), (3.36)

and in the situation when all the banks cooporate to minimize a single total cost functional,
the strategy for bank k can be derived from (3.28) and (3.30):

ub = (q+n) (T —2"). (3.37)

Remark 3.2.1. Tt shows that when the number N is large, then the strategy for minimizing the
total cost functional is the same as that of each player minimizing its cost functional individually.
Thus it gives the justification for Carmona’s approach. Every individual can just deal with his
cost functional with the size of the group being large, and it will turn out a minimized total

cost functional as if everyone is cooperating with each other.

3.3 Mean Field Game

Mean field games deal with a system consisting of a large number of interacting players who
make their decisions under the mean behavior of the group of agents rather than the behavior
of an individual. The idea of mean field was first brought up by physicists, and later, works
done by French mathematicians Lasry and Lions laid a basis for this field and was followed by

a lot of studies in economics, finance, social dynamics and etc.
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3.3.1 Limit of Empirical Distribution

Consider that the dynamics of agent ¢ satisfies

dap = f(t,xp, 1 up)dt + o (t,op, ) up)dWY,  1<i<N. (3.38)

Assume that for each player i, the control u} has the feedback form wui = u(xi, ul¥,t). For any
test function f(z) € C*°(R), we have

d(¢(2), ' (x)) =

Assume that [|¢'(x)]| -

1 & N
N Zdﬁb(xt)
k=1
1 N
N 2 O @t af, u e, 1))dt
k=1
1 N
+2Nkz_;cb”(:vf)fo(t,:vf,uiV,U(wf,uiV,t))dt
1
S S abyoltab ek ) AW
k=1

(6 @)t 1wl ol 0) 0" o, i ular ), il ()

1
+—

~ 2ot af, ul ulaf, ) £)dWE

1M

lo(t,z,m,u)|| < C, we have that

1
N Z¢’(xk(t))a(t,xf,ui\],u(xf,uiv,t))thk — 0 almost surely, as N — oc. (3.39)

The proof of (3.39) follows the same steps we take to prove (2.17). Then we will have the limit

of the empirical distribution p satisfying

93



QD). ) = (&' () 0,2, 1)) + 50 (2)o 2,y (e 1)), ()}t (3.40)

By integration by parts, we know from (3.40) that the measure p;(x) is the weak solution to
the PDE:

x 2
8/;7(5 ) — _f?x(f(t’x’ut’ u(, pit, t)) pe(z)) + ;ijﬁ(g?(t,x,ut, u(x, p, t)) e (x)). (3.41)

From the Fokker Planck Equation, p¢(x) is the probability distribution of the process X; , where
X; satisfies

dXt = f(t7 Xt7 Ht, U(Xt7 Mt t))dt + U(tv Xt7 Mt u(Xtv Mt t))dW(t) (342)

In the study of mean field games, the process X; is called the representative player, who
characterizes the average behavior of the community. The mean field game theory studies the
control problem of the representative player. For any pair {ug, i1}, we let ; be the solution to

the stochastic differential equation

d

dx; = f(t,a:t,,ut,ut)dt—l—Zaj(t,m,ut,ut)de, (3.43)
j=1

o = 57

and then we could associate to the pair {us, p¢} a cost defined as

T
J(u, ) :E[ /0 L(we, e, ue)dt + d(zp, pr)]. (3.44)

The objective is to find a law of control variable u; such that u; is the probability distribution
of x4, Vt € [0,T], and
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J(uy ) < J(v, pt), Yo. (3.45)

3.3.2 Methods of Variation of Calculus

We assume that 4; is the optimal control for the mean field game (3.45) and & is the state
variable of the system corresponding to the control @;. Define uf to be a perturbation of the
optimal control i;:

u? £ Gy + Ouy,
where v; is arbitrary and 0 < 6 < 1. Let

of & &y + 0,

denote the state corresponding to u’. We have

QG = (00 (1 o, W) + Ouf (10, o, )y )

d
+ Z (axaj(t, o, put, ) Ey + 00 (, B4, it ﬁt)’l)t)th, (3.46)
j=1

o = 0, (3.47)
and
T
= E{/ Op L(&¢, Uy, p14) Ty + OuL (Tt U, pig)vedt + Op (&7, pir)Tr|.  (3.48)
= 0

We define the process {pt,rg } to be the unique solution to the following backward stochastic

differential equation
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dp: = { - (gi(itvﬁtaﬂt)>T - ((lf(t»@t,ﬁt,ut))ippt

ox
¢ 007 T . ,
_Z(%(t,xt,w,ut)) ri}dt—er{de, te (0,7), (3.49)
96T
pr = % (JiT)

By Ito’s formula we have

T . .
Oz (&7, pir)TT = E[/ DL Ouf (L, &, g, i) vr + E (r)) T 0u0? (t, g, g,y pe ) vy — Oy L(¢, G, Mt)!i‘tdt]'
0 .
J

(3.50)
Therefore, we have

T . ,
= E[/ OuL (&, tig, o) ve + f Ouf (t, Bt e, pue) vy + Z(Ti)TauUJ (t, g, Uy, Nt)Utdt}
= 0 .
j

T . .
=F |:/ (auL(i.ta ’&'ta Mt) + p?auf(t; i‘ta at: /Lt) + Z(ri)T&m] (tv jjtv ,atv /Lt))'l)tdt]
0 -

J
(3.51)
Theorem 3.3.1. The optimal control 4z of the mean field game satisfies
OuL (&, i, 1) + Pf Ouf (e, i, o) + Y (r]) w0 (£, &0, A, 1) = 0 (3.52)

J

where {py, ri} is the pair of the adjoint processes solves (3.49), and the measure p; satisfies the

Fokker-Planck equation:

—_

()
ot

d n aQ
= —dZ'U(f(t, j;tv ﬁtv Mt)ﬂt) +

2 Okl <(‘7kjalj)(ta Ty, Uy, Mt)ut). (3.53)

j=1k,l=1



3.4 Solution to Multi-Objective Problem and the Representa-

tive Player

In the last section, we construct the representative player by the empirical distribution of a
large interacting system. Intuitively, the evolution of representative player should represent
averaged evolution of the community. In this section, we will revisit the inter-bank lending and
borrowing model and solve the problem of the representative bank. Recall that the process z°,

which stands for the reserve assets of bank ¢, has the following dynamics:
dai = (a(zy — 2%) + ub)dt + od W}, (3.54)

Bank 4 controls u!, which stands for the rate of lending to (if ui < 0) and borrowing from

(if ul > 0) the central bank, in order to minimize
Jiul, .. uN) = E(/ i(ui)z — qui(zy — ) + g(it —zh)2dt + g(ﬂ?T - 93171)2) (3.55)
0

From the discussion of empirical distribution and representative player, we know that the

reserve assets x; of the representative bank of the system (3.54) should satisfy

dzy = (a(my — x¢) + ug)dt + odWr, (3.56)

where my = [ &uy(€)d€, and g (+) is the probability distribution of the process x;. By Theorem

3.3.1 in the last section, the optimal control u; could be solved as:

up = q(my —x) —p (3.57)

where p is the adjoint variable satisfying
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—dp = ¢*(my — x¢) — (¢ + a)p + e(xs — my) + redWy,

p(T) = c(zr — m7).

We assume that the adjoint variable has the form

p(t) = 7(t)(zr —my).

Using Ito’s formula to the equation (3.59), we will have

dp = (ﬁ(t)(xt —my) +i((a + q)(me — ) — 7z —my) — mt))dt + 7(t)odWr.

In equation (3.40) from last section, taking ¢(z) = x, we will have

rivy = ((a +q)(ms — ) = 7(t) (€ — my), pu()) = 0.

From (3.58,3.60,3.61), we could determine 7(t), which solves

i(t) = 0(t)* + 2(a + q)i(t) + (¢* — ¢)
n(T) = c.

The optimal strategy for the representative bank could be written as

Uy = (g +7(t))(me — z¢).
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Recall that in the multi-objective problem, the optimal strategy for the kth agent is

if = (q+n)(® — 7). (3.64)

The function 7 and 7 appearing in the two formulas are almost identical since they solve
the same ODE with identical terminal condition. So the representative bank behaves the same

as the banks in the multi-objective problem.

Remark 3.4.1. The ODE satisfied by 7j differs with the ODE of 1 by a O(3;) term. We neglect
this difference by assuming N is sufficiently large and the ODE is well posed.

Remark 3.4.2. The result m; = 0 is not surprising. In the multi-objective problem, we could

show that Vt, ; = Zo almost surely, if N — oo. Since the dynamics of Z; could be written as

N
_ 1
diy = > A, (3.65)
k=1
which has the solution
1 N
T =T+ ; Wk (3.66)

By the law of large numbers we have z; = T almost surely if N — oo.

3.5 Mean Field Game with a Dominating Player

Let zo(t) € R and zx(t) € R denote the state variables for the dominating player and the
minor players, respectively. Suppose the dynamics for z(t) and xy(t) are given by the following

stochastic differential equations,
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N
deo(t) = [Apaolt) + BO% S 25() + Couo(t)| dt + o0d W), (3.67)
7=1
N
dag(t) = [Axk Z ) + Cug(t) + D:co(t)} dt + odWi(t).  (3.68)

Suppose the cost functional of the dominating player and the cost functionals of the minor

players are given as follows:

][ ot S0+ B

+% (20(T) - a(% S (1) - 50)2} (3.69)
5= | "9 (at) - o X ) Bolt) — (1)) + R vy

2 (00(T) — a3 () Baol) ~ )] (3.70)

3.5.1 Representative Player

Now we investigate the evolution of the empirical distribution p (z,¢) for the minor players,
where ¢V (z,t) = & Z,]X:l Oz, (1) (7). Assuming that xo(t) is a known process, and that the control
uy(t) for the player k has the homogeneous feedback form uy(t) = u(zy(t), + > x(t),t) we

have
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A7 (@), 1 (1)) = - S df )
= P ) [Ars(t) + B 3 5(0) + Cula(t), 6wV (6,1)), 1) + Daro()]

+% 3 f”(xk(t))502dt + 5 LS Plan(t)odWi(t)
= (f'(x)[Az + B(&, u" (£,1)) + CU(I (& 1" (&,1)),8) + Dao(t)], p™ (2, 1)) dt

+{"(@ ); i () dt + Zf (zx(£)) o dWi(t). (3.71)

Assuming that ||f'(x)|| < C, we have that

— Zf (xk(t))odWi(t) — 0 almost surely, as N — oo. (3.72)

The proof of (3.39) follows the same steps we take to prove (2.17). Then we will have the limit

of the empirical distribution p satisfying

d(f (@), p(z,1)) (3.73)
= (f'(2)[Az + B(&, u(&, 1)) + Culz, (§, u(&, 1)), t) + Dao(t)], p(z, t))dt

+<f”(x)%<72, (z,t))dt.

From the Fokker Planck Equation, u(x,t) is the conditional distribution of the process X(t)
under the filtration .%; = o{W(s), s < t}, where X (t) satisfies

AX(t) = [AX(t) + Bz(t) + Cu(X (1), 2(t), t) + Dao(t)]dt + odW (¢), (3.74)

where z(t) = (x, u(x,t)). By taking f(x) = z in equation (3.73), the dynamic of z(t) is given as
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dz(t) = [(A+ B)z(t) + C(u(z, 2(t), t), pu(x, t)) + Dxo(t)]dt. (3.75)

3.5.2 Optimal Control for the Representative Player and the Dominating
Player

Instead of considering N minor players’ game, we will just look at the process X(t) as a

representative player with a cost function

J(u) = E[/OT % <X(t) — az(t) — Bro(t) — C(t)>2 + §u2(t)dt
+§ (X(T) — ax(T) — Bao(T) — g’) 2] (3.76)

By Theorem 3.3.1, the optimal control of the representative player could be computed using
equation (3.52), which implies @(t) = —R~!Cn(t), where n(t) is the adjoint variable which

satisfies the backward stochastic equation

—dn(t) = [An(t) + Q(X(t) — az(t) — Bao(t) — C(£)))dt
—Zno(t)dWy — Zy(t)dW, (3.77)

n(T) = Q(X(T) — az(T) — Bao(T) — ¢). (3.78)

By assuming n(t) = P, X (t) + g(t), and differentiating n(t), we derive that

P, +2P,A— P?C*R '+ Q =0, (3.79)

Pr=Q, (3.80)

and
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—dg(t) = [(A = C*R™'P)g(t) + (P:B — Qa)z(t) + (P:D — QB)wo(t) — Q¢]dt

—Zno(t)dWo,

9(T) = Q(=a=(T) — Bao(T) = Q).

Therefore, the optimal control has the feedback form

a(t) = u(X(8), 2(t),t) = ~R'C(PX () + g(t))-

Substituting (3.83) into (3.75) we have

dz(t) = [(A+ B)z(t) — R'C*(Pz(t) + g(t)) + Do) dt.

Now, the problem becomes minimizing the cost functional for the dominating player:

R02

Jo(ug) = E[/OT % (mo(t) — agz(t) — Co(t))2 + ud(t)at

+ D (ap(T) ~ d02(1) - &)
subject to

dzo(t) = [Aozo(t) + Boz(t) + Coug(t)]dt + oodWo(t),
dz(t) = [(A+ B)z(t) — R™'C?(Pi2(t) + g(t)) + Dao|dt,

- nO(t)dWO - Zn(t)dI/Va
9(T) = Q(=az(T) — Bao(T) — Q).
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—dg(t) = [(A = C*R7'P)g(t) + (P.B — Qa)z(t) + (P:D — QB)xo(t) — Q¢]dt

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)



We consider the following general forward backward optimal control problem:

T
Minimize J(u) = £ / L (1), (), u(®))dt + W (x(T))] (3.87)
0
subject to
dz(t) = f(z(t),y(t),u(t), t)dt + odW, z(0) = zo, s
—y(6) = gla(), y(0) u(t), )t — Z, (AW, y(T) = (a(T)). (3:55)

Let us make a perturbation for the control u(t) — u(t) + 6u(t) for small 6, then we will have
{z(t) + 0z(t),y(t) + 0y(t)} as the solution to the system (3.88) corresponding to the control
u(t) + 0u(t). And we have

dz(t) = fol(z,y,u, )3(t) + fy(@,y,u, OFE) + fulz,y,u, t)a(t), -
—dji(t) = gu(, y, u, () + gy(2, y, u, )F(E) + gul@, y, u, )A(t) — Z,(£)dW, (359
with boundary condition
#0) =0, (3.90)
Y(T) = ha(x(T))a(T)

Now,

d _ T 3 _ _
@J(u +0a) = E[/O Ly(z,y,u,t)Z(t) + Ly(x,y,u, t)y(t) + Ly(z,y, u, t)a(t)dt
P, (2(T))E(T) (3.91)

We consider the adjoint system
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—dp(t) = [ £ (2, g, u Op(t) + 9T (2,9, 0, ) () + LT (2, 0, )| dt = Z,(£)aW,

dr(t) = [f:;f(x, y, u, )p(t) + g (z,y,u, t)r(t) + L (2, y, u, t)] dt

(3.92)
p(T) = W (2(T)) + hy («(T))r(T)
L 7(0) =0.
We compute that
A"z —r"g) =p" (ol + fyi + full) = (0 fo + 7" go + Lo)T (3.93)
+77 (927 + gy7 + gutt) — (" fy + 17 gy + Ly)g + (... )dW
= Ly — Lyg+p" futt +r5guii + (...)dW.
Integrating the above equation and taking expectation we have
T
E[w, (x(1)#(T)] = B / (= Lt — Ly + 0" fuii + 17 gt ] (3.94)
0
Then, we have
d ~ T T ~
—J(u+6u) = E[ <p fut7r" g+ Lu) udt} . (3.95)
dé 0
Since 4(t) is arbitrary, the optimal control u(¢) should satisfy
' fulw,y,ut) + 17 gu(e,y,u,t) + Lu(z,y,u,t) = 0. (3.96)

Recall the system (3.86), the optimal control for the dominating player g should satisfy
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p(t)Co + Rotp =0, (3.97)

which gives 1g(t) = —R'Cop(t). Then, to solve the dominating player game, we have the

following forward backward system:

dao(t) = [ong(t) + Boz(t) — CgRalp(t)} dt + oodWo(t),
dz(t) = [(A+ B)z(t) — R'C*(Pz(t) + g(t)) + Do dt,
—dg(t) = [(A = C*R™'R)g(t) + (BB — Qa)z(t) + (PD — QB)wo(t) — Q¢]dt
— Zo(£)dWo,
—dp(t) = [Aop(t) + Da+ (PiD = QB)r(t) + Qo(wo(t) — aw=(t) — Go(#) |t
— Zpod Wy
(3.98)
—dq(t) = [Bop(t) + (A + B — R™'C*R)q(t) + (RB - Qa)r(t)
—aoQo(zo(t) — apz(t) — Co(t))| — ZgpdWo
dr(t) = —R-1C%(t) + (A — C?R™'P)r(t),
(T) = Q(—az(T) = pzo(T) - C).
p(T) = Qo(zo(T) — aoz(T) — o) — BQr(T)
q(T) = —aoQo(zo(T) — aoz(T) — o) — aQr(T)

g(T

Ma, Protter and Yong have some work on the explicit scheme for forward backward stochastic

equations. We rearrange the above equations as follows:

dx = (Ax — Bp)dt + odW,
—dp = (Cx + Dp + k)dt — ZdW, (3.99)
p(T) = Qx(T) + h

where
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[ 2 P Ao By 0
x=| z |, p=1|q |, A=| D A+ B-RC?P, 0 ,
T g 0 0 A—C?’R7'P,
C3Ry* 0 0 Qo —00Qo PD-Qp
B = 0 0 R1C? |, C= —apQo a¢Qy  PB-Qa |,
0 R71C? 0 P,D - QB P,B - Qo 0
Ap D 0 —QoCo —Qolo
D=| By A+B- R71C?P, 0 ) k=1 apQolo | h = 5&0@05{)
| 0 0 A—C?’R7'P, -QC —-QC
[ Q0 —Qoas —BQ oo 0O Zpo Ly
Q= _@OQO 0_4()@0 _0_4(2 ) 0 = 0 0|, Z = ZqO Zq )
| —QB8 —Qa 0 0 0 Zno  Zn

To solve the system (3.99), we assume p = Syx +n(t). We could derive the evolution for S; and
n(t), which satisfy

Sy + S A+ DS, — SiBS, +C =0,
n—SBn+Dn+k=0, (3.100)

Then, the forward backward system becomes a forward SDE:

dx = (Ax — B(Six + n))dt + odW. (3.101)
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3.5.3 Numerical Experiment

Consider the system

dzo = (Aozo + Boz + Coug)dt + oodWy
dz = (Az + Bz + Cu + Dxg)dt + odW

(3.102)

with the following set of parameters

AO BO CO (s} A B C D g
01-005|1 02]02|-005|1)0.01]0.3

and the cost functional

Jo = E{ /0 ' %(xo(t) _102(0)2 + %uo(t)th + %(xg(T) - 1oZ(T))2} (3.103)

T
1 1 1
J = E{ / 5(33(75) —2(t))? + §u(t)2dt + §($(T) - z(T))Q} (3.104)
0

From the cost functional, we could see that the dominating player will keep track of the
average of the minor players. He thinks 10 times as large as the average is the good size for him
to remain the dominant position, and to avoid the market turning monopolistic. The minor
players intend to stay close to the average for a safe environment of growth. The following table

shows the cost of the representative player and the dominating player under different controls.

Table 3.1: List of Cost of the Representative Agent

[ J
0 0 | 1.947
0.1 | 0 | 2.014
-0.1] 0 | 1.910
-0.2 | 0 | 2.064
U 0 | 0.271
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Table 3.2: List of Cost of the Dominating Agent

u | U Jo

| 0 | 243.44
@ | 0.1 | 226.56
o | 0.2 | 211.09
a | ag | 22.13

Remark 3.5.1. We could see from Table (3.1) that in the scenario when the dominating agent
takes a constant control strategy, the cost of the representative agent is minimized by taking the
optimal control 4. The Table (3.2) displays that in the scenario when the representative agent
sticks to his optimal control @, the dominating player could minimize his cost Jy by taking his

optimal strategy ug.

Optimal Control of Representative Player
0.6 T T T T T T T T T

0.4

A, 4

-0.4

N

S}

-0.6 -

-0.8

Figure 3.1: Path/State of Optimal Control of Repr. Player:
at) = _C(Ptm(;%)—kg(t))
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Optimal Control of Dominating Player
0.4 T T T T T T T
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0.05 - b

Figure 3.2: Path/State of Optimal Control of Dominating Player:
ao(t) = =R~ Cop(t)

Path of a Minor Player
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Figure 3.3: Optimal Path/State of Representative Player

110



Path of the Dominating Player

35 T
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25 1
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Figure 3.4: Optimal Path/State of Dominating Player

3.6 Impulsive Mean Field Control

In this section we will discuss the topic of impulsive mean field control. In case of the multi-banks
game, we consider the the banks are controlling their portfolio to optimize their payoffs. Then
fixed assets could be modeled as impulsive control, where changes are made only at discrete
times. We will study the necessary conditions for the optimal continuous control and impulsive

control of mean field control problems.

3.6.1 Mean Field Type Control

Before we discuss the impulsive mean field control problem, consider the process x,(t) whose

evolution satisfies the following SDE:

d
dxu(t) = f(tv xu(t)a ,uu(tv ')7 u(t))dt =+ Z O'(t, xu(t)a ,uu(tv ')7 U(t))de, (3105)
Jj=1

where i, (¢, -) is the probability distribution of x,(¢). We use the notation x,, i, to identify the
dependence of the states and the distributions on the control process u(t). Then we define the

cost:

111



T
J(u) = E[ /O L(@u(t), pu(t, ), u(®))dt + ¢(2u(T), (T, -))] (3.106)

The mean field type control problem is defined as follows: find a control process u(t), such that
J(u) < J(v), V.

Remark 3.6.1. It is important to distinguish between mean field type control and mean field
games(Section 3.3). For the mean field games, the state process satisfies (3.43) and the cost is
defined as (3.45). Notice that the cost (3.45) depends on the control u and measure m, because
the measure m is known to be external to (3.43). In the mean field type control problem, the
measure [, in (3.105) is required to be the probability of the process x; defined by (3.105), so
the cost (3.106) only depends on the control w.

We could write the cost (3.106) as follows:

T
70 = B[ [ L@a(0): (e u()dt + 62 (7). (T )

T
= /(; /n L(-T, ,U/u(ﬁ7 ~), u(t)),uu(t, :L‘)dl‘dt + - (;5(1‘, Mu(T, '))Mu(T, x)d$ (3.107)

We approach the problem using dynamic programming. Consider the family of control problems

indexed by initial condition (¢, u):

dzy = f(8, Ty, pu(s, ), u(s))ds + Zaj(s,xu,uu(s, -),u(s))de, se(t,T)

j (3.108)
Nu(tvx) = ,u(x),
with cost functional
T
Vi) = inf {B[ [ Lu(s)pulo ) udds + o) plT. )] . (3.100)

Let
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v, t<s<t+e

v(s) = (3.110)
optimal control, t+e<s<T
Then using the dynamic programming approach we have
t+e
Vit ) < E{/ L(wo(s), (s, ), 0)ds } + V(42 (i +,) (3.111)
t

where the state x,(t) satisfies

dl’v = f(saxva :uv(sa ')71_)>d8 + U(Saxvaﬂv(sa ')a E)dWSa

in the interval s € (¢,t + ¢). Keep in mind that the Fokker Planck equation in time interval
(t,t 4 ¢) has the form

T 2
R RIS SRS BF el CHUENRUS TR

Bt 2 — €T;
2,J
(3.112)
where a = oo’ Then, p,(t + ¢,-) could be approximated by
ot + £,2) = pla) + | = div(f(t 2, o), 0)u())
1 9* _
-, Z 5o (46610, D) & + 0fe), (3.113)

Next,
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%(V(t e bt +e,0)) = V(T bt ‘»)

= é(v(t +e, Mv(t +e, )) — V(t + ¢, ,uv(t, )) + V(t + 5’M(')) . V(t, M()))

ov ov
= | om — (b, ) (o (t + €,2) — py(t, x))da + E(N’t) + O(e)
ov ) 1
- R a (t n, )|:_ dlv(f(tvxau7 + Z 8:61893]< aZJ t T, 1, )M(J?))}d%
ov
+5r (B n) + Ofe),
8 0? ov _
- / 87 t Ky ))f(t T, [,V Z 8x18x3< t y My T ))aij(t,x,u, U),U,(LIZ)dI‘
ov
+5; () + 0e). (3.114)
Then, from (3.111, 3.114) and let ¢ — 0 we have
ov _ 0 oV _
G+ [ pepou@a+ [ (G ) o))
0? ov _
/Rd 5 Z J2i0z, \ 0 ( (t,p,x ))aij(t,x,,u, v)u(x)dz > 0. (3.115)

Equality will hold when optimal control ¢ is chosen, which minimizes the left hand side of
(3.115). The optimal control has the feedback form (¢, z, u, V¥, V2 ‘W) where

om?

o(t, @, p,p, P) = argmin{L(x,u, v) +p" f(t, 2, v ZP”% t, T, p,v )} (3.116)
v

Then, we have
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oV oV _,0V

G+ [ it Vo V() da (3.117)
9 oV v oV
[ e (G b)) F(tn 60t 0. ¥ 5 P uta)da
| 02 v vV _,av
+/Rd2 (%Zax](am(t o) )iy 0, D002, Y o 2O () = 0.

oV
Define U(t, u,z) = — (¢, 1), and taking derivative with respect to p in equation (3.117), we
0
m

have

O t,0.) + L g, 04, 2,1, VU, V°0)

oL
+ /]Rd %(67 ,u> @(t7 5» ,ua VUa VQU)¢ x)#(ﬁ)dg

+ (U0 0)) £ (12,1000, 2,1, VU, V0))

+/Rn§$(U(u,t,£>)§f

U
an Om

(t, & 1, 0(t, & p, VU, V2U), 2)p(€)dE

St 6, 2)V - (F(1 € D€, VU, VPU)(€) ) d

82
895,-8353»

1
+ D 5t w, p, 0(t 3, 0, VU, V2U)) Ul(t, p,x)
i

ou

1
] Gltmen Za 836]( aig(t,€ 1,0t €, 1, VU, V2U)u(€) ) €

/ﬂ§d220$18x]( H ’@) (1€ 1, 01, €, 1, VU, VU a)p(€)dE = 0.
(3.118)

Let ps(s, x) solve
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%g?m) =-V- (f(t,:c,u@(t, ), 0(t, @, pa(t, ), VU, VZU))N@(t,g;)) (3.119)
—l—Z 89028:5]( aij(t, z, po(t, ), 0(t, x, us(t,-), VU, VQU))M(t,a:)>, te (0,7T),

1o(0,2) = po (). (3.120)

We define U(t, x) = U(t, ps(t, -), ), then we compute

oU 1
éi’x) = lim ~(U(t +e st +¢,), 2) —U(t, ps(t, ), x))
ou 1 ou
= E(tnuf)( ) ) +21_I>I[1) = S 8m(t ,LLfU( ),x,f)(ﬂf,(t+g,§) — ,Uff;(t,f))dé
oUu oU

- g(taﬂﬁ(ta ),%) - - om (t Ko, T, 5) (f(tvgalufnﬁ(t:gaﬂﬁaVIL VQU))Mﬁ(t7€)>d§

oU 1
+ om (t Moy T 75 Z 8 ( Zj(t gmu"m (t7§7,uf)7VU7 VQU))M@(t,f))df

R’l’b
(3.121)
Under sufficient smoothness we have
o*V o2V oU oU
t — = — . .
amQ( M ) 75) m ( M? 57 ) ﬁ am(t7 M? aj? g) am(t7 /‘L7 67 aj) (3 122)

Comparing (3.121) and (3.118), we have
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%(tw) + L(z, us(t, ), 0(t, x, po(t, ), v, VQﬁ))
+885L‘<U(t’ Mﬁ(t,-)7x)>f(t,x,u@(t ) /f)(t T Nv( ) VU VQU))
2

axiaxj

+Z;azj<t,x,uﬁ<t,-> o(t, 2, o, ), VO, V20)) U (1, 2)

b [ P a(t )06t ), VO, V), )€
R4

+/]R" (‘i’( (t 6)) f (t f ,U/v( )7®(tﬂ§7ﬂﬁ(t7')7Vﬁ,v20),$)u@(t,§)d§

Oa; . N N
/Rdzzaxzaxj< ) oL 8., ot ), 5(t, & aolt, ), VU, V20, ) pag(£,€)E = 0.

(3.123)
By defining
H(tv xa /'La P7 Q) = L(x7 ,LL, /[)(tv flf, /'La P7 Q)) +pr(t7 CU, ua @(ta fL', /'L7 P7 Q))
1 .
+§ Z Ql]al](ta Z, W, U(t7 Z, [, Pa Q))7
4,J

(3.124)

equation (3.123) will be reduced to

R ) ) o ) )
aaltj(t,x) + H(t,z, ps(t,-), VU, V2U) + / g (t,x, us(t, ), VU, VU, E) s (t, €)dé = 0.
Rd

(3.125)

For the terminal condition of U(t, x), we have
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U(T,z) = a‘;V(T, 1s(T, ), ) (3.126)

o
= am/Rd¢(y,uﬁ(T, Nio(t, y)dy
09

d 8m(y po(T, ), ) o (T, y)dy.

= s () + |

To sum up the mean field type control problem, we have to solve the coupled forward backward
PDEs:

Oy (t, . ~ A
M) (0 o0, ), 08 2,101, VO, VD))
3 ~ . J 2 d ~
P> 8%8%( sy (b, ot ), 5(t, . o (8, ), VO, V20) o (t.)) (3.127)
% )+ 12,100,590, 50) + [ 40, 90,920 it = 0
R
(3.128)
with boundary conditions
wy(t, ) = po(x), (3.129)
. 0
O(T2) = ol ) + [ 52 oms(T ) 0us(T)dy. (3.130)
Ra OM
3.6.2 Impulsive Mean Field Control
We consider the system
dCE(t) = f(tvx(t)vu(t7 ')7 ut)dt + U(t,fl?(t),,u,(t, ’)7ut)th7 te (077—) U (7—7 T)v
(3.131)
z(17) = g(z(m7), 0),

where ¢ € R! is the impulse control, and g(z, ¢) defined on R? x R! represents the jump condition
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of the state when the impulse is applied. The problem is to find a pair {u, ¢} in order to minimize

the cost functional

T
T = B{ [ La(t). (e ) ut+ 9(a().0) +0(a(T). (T, ) .

(3.132)

In mean field control problems, the probability distribution p(t,-) plays an important role.

Suppose the impulse control is of the form ¢ = ¢(z(77)). Then this impulsive control does not

only gives the jump condition of the state, but it also gives the change in the distribution. Let

h(z) be an arbitrary smooth function defined on R?, then we compute
Eh(z(tT)) = / h(z)p(r™, z)dz.
R4

On the other hand we have

Bh(a(r)) = Ehlala(r)oca(r)) = [ hlato. )t 9)dy.

Assuming an implicit function y = y(x) is defined by =z = g(y, c(v)),

/ hg(y, c(y))n(ry)dy = / W), y(@))lys (@)]dz,
R4 d

R

which implies

where |y, (z)| is the determinant of the Jacobian matrix.

(3.133)

(3.134)

(3.135)

(3.136)

Remark 3.6.2. In the jump condition, the function y(x) plays a central role in the measure
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jump, which depends on the choice of the feedback impulse strategy c(z).

As we did in the previous section, we consider a family of control problems indexed by initial

condition (¢, p):

dz = f(s,x, u(s,),vs)ds + o(s,z, u(s, ), vs)dWs, s € (t,T)
if 1>, (3.137)
:u(tv ) = M()7

dr = f(s,a:,,u(s, -),Us)ds + U(Svl'wu(s’ ')7 'Us)dWSa s € (taT) U (7—7 T)
ift <, plts ) = (), (3.138)

with cost functional

(3.139)

Keep in mind that the flow of the measure p(s,-) depends on the control {us, c}. Particularly,
the jump of measure from p(77,-) to u(r™,-) is determined by the impulse control ¢(z). We

use the notation p.(7T,-) to specify the dependency of the measure on the impulse.

We compute

= inf { Y(,c(z))u(rz)dz + V(T pe(r™, ))} (3.140)
R4

Suppose ¢ = ¢(x) is the optimal impulse strategy, then it is true that

d

@{ » V(2 é(x) + Oc(x))p(r™, 2)de + V(71 peyoe(t7, .))}‘0:0 =0, (3.141)
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for any function ¢(z). The derivative (3.141) is computed by

o1
lim —
6—0 0 Rd

(¥(@, &(@) + V(@) — (e, () ) u(r~, @)da (3.142)

. + + + +
+$1_r>%§{v<7— nU/chGc(T ,-))—V(T HuC(T 7))}

It is clear that

a

Rd oc

lim (W, () + fec(x)) — b(z, é(x))) (=, z)dz = (z,8(z))e(x) u(r™, z)dz.

(3.143)

For any fixed function ¢(x), the implicit function defined by x = g(y, é(y) + fc(y)) depends on
6. Therefore, we will use the notation y = y(x,6). We consider the one dimensional case for

computing the second term of (3.147):
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lim %(V(#, pesoe(r*, ) =Vt (e, ) (3.144)

o1 151%
= lim 7(7_4_7 Mé(T—’_v ')7 .7)) [ME-}-GC(T—‘F? .%') - Mé(7—+7 CC)} dz

=
O
—~~
9
T
8
~

(e (@, )y (w,0) = pl(ry(w, 0)ya(2,0) | da

0

= [ G et ) )l 0y (. 0) = 5 (5 (), @) (.0) ) (7 g, 0)d

— [ i (Gl ) Y Oy, 0

oU gcC
ou )y - <
gy + gcC

Julr ™ y(, 0)dz

= | == pe(th, ), 9(y, é(y)))( s ?:Cgcé,)M(Ti Y)(gy + gc¢)dy

= [ (T (7T, ), g, 6(2)))ge(, &) e(@)u(r ™, x)da,

where we used the fact that

z = g(y(z,0), &(y(x,0)) + Oc(y(x,0))), (3.145)
differentiate with respect to 0,

(gcc)
gy + Jopred

— 0=gyyo + 9e(&yo + c+0cyy) = yo(x,0) = — (3.146)

Therefore the equation (3.141) could be written as

/R (90 o)) + G ), ), o) el a)da = 0. (3.147)
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Since ¢(z) is an arbitrary function, (3.147) implies that

oy

() + S (e, ), g ) el é(2) = 0. (3.148)

ox

With U(t, x) defined as U(t, u(t,-), ), we have

) ou

o (2,6(2)) + (7 gl @) gel, 6(2) = 0. (3.149)

As long as we obtained the optimal impulse from (3.149), the equation (3.140) can be written

V(T,,u(T,-)):/Ri/}(x,é(x))u(t,a:)dx+V(T+,u@(T+,-)). (3.150)

Taking the derivative of the equation (3.150) with respect to u in the direction of fi, the left

hand side equals

v o
Raae ,-),x)u(:c)dx:/RU(T @)jile)de, (3.151)

and the derivative of the right hand side splits into two parts, where the first term equals

< /R 9, @) (e ) + 0())dx )| (3.152)

0=0

~ [ v cla)itoaa,
R

while the second term equals
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%(vw, (n+ 0. N) | (3.153)
= S(ver G om e O]
= S(VEr ) 086yl
_ R%(T+,Mé<f+,->,x>ﬂ<f—,y<x>>|yxrdx

= A gﬁr‘;(fr’ M6(7'+, ), 9y, e) (™, y)dy

_ /R O(r*, gy, &(y)))i(r=, y)dy

Since the direction [i could be arbitrary, it gives that

U(t™,x) = Y(z,é(x)) + U(rT, g(x, é(x))). (3.154)

Therefore we summarize the necessary condition for the impulse mean field control problem
(3.131, 3.132) as

Theorem 3.6.3. The optimal control {0, ¢} minimizing the cost (3.132) should satisfy

X : ou 1« U

v = argmvln {L(%’,M,U)+%f(t,$,[t,v)+§ — axiaxjaij(tvxnuav)}a (3155)
o, ou . . o

B¢ (@ 6@) + 5 (77, g(@, &(2)))ge (2, E(x)) = 0, (3.156)

where u(t, ) and U(t,z) satisfy
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op(t, z)

==V (St plt, )it @, k), VO, V20 ult, @)

ot
+28x18x (1% toa, (), 0tz ult, ), VO, V2O))u(t, :1:)), (3.157)
%[t](t )+ H(t 2, u(t, ), VU, V20) + /Rd gH(t 2o plt, ), VU, V20, )u(t, €)dé = 0.
(3.158)
with jump conditions
p(rt,w) = p(r™, y(@)|ya ()], (3.159)
Ut x) = ¢(x, é(x) + UrT, gz, é(x))), (3.160)

where y(x) is defined by the implicit function x = g(y, c(y)).

3.7 Numerical Result

Example 3.7.1. We consider the problem: find continuous control u(¢) and impulsive control

¢ to minimize
J = E[(/t S(X()? + u(t)D)dt + ¢ ) + X(Tﬂ, (3.161)

where X (t) is the process satisfying

dX =aEX - (1 —w)dt +odW, te (to,7)U(r,T)
(3.162)

X(r7) = X(r7) —a(X(77)).

By Theorem 3.6.3, the feedback control u(x) has the form
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AV (z,1)

u(r) = aEX (3.163)
x
The control problem becomes the forward backward PDE
W) 1 @28 L WV aEX(1— aBX W) + L(a? + («EXIY)?)
o fy a8 (6,0 (1- aBX L (€ 1) )mit,€)dg =0, LE (to,7) U (r.T),
) — — 2 (aBX - (1 - aBX Jim(t,2))) + 5 2552,
(3.164)

with initial condition m(top,x) = mo(z) and terminal condition V (z,ty) = %x2. The impulsive

control c(x) satisfies

%(:U —c(x), 7+) = ac(x). (3.165)

The jump of value function V' (z,t) and the density m(t, z) at time 7 will satisfy

Ve, 77) =V(z —c(x),7") + Sc(x)? (3.166)

m(tt,z) =m(r7, 2(x))|2:(2)], (3.167)

where y = z(x) is the implicit function of z =y — ¢(y).
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Choose a =30, a = 0.1, 0 = 1, mp(x) =

_ 1
27-(0.2)2

(z

exp(—ﬁ), and tog =0, 7 =0.5, T = 1.

Table 3.3: List of Cost Tested by Varying Controls

U c J

0.0 | 0.0 | 42.6538
0.0 | 0.1 | 42.5056
0.1 | 0.0 | 42.0284
0.5 ] 0.0 | 39.7232
1.0 | 0.0 | 37.2850
2.0 | 0.0 | 33.8410
3.0| 0.0 | 32.1914
4.0 | 0.0 | 32.2042
3.5 0.0 | 31.9975
3.4 | 0.0 | 32.0037
3.6 | 0.0 | 32.0037
3.5 | 0.05 | 31.3606
3.5 1 0.04 | 31.3095
3.5 | 0.03 | 31.3477
U ¢ | 30.8517

Remark 3.7.2. In this table, we test the system by using different constant continuous control

u and different impulse ¢, and list the cost corresponding to the control pair. The last row of

the table gives the cost under the optimal control. The evolution of the distribution under the

optimal control is shown in Figure 3.5 and the jump of the distribution is shown in Figure 3.6.

A particular path of optimal control and the corresponding trajectory are shown in Figure 3.8

and Figure 3.7. In Figure 3.10 and Figure 3.9, we give the expected value of optimal control

and the expected path of the optimal trajectory.

127



Evolution of Distribution
2 T T

Figure 3.5: Evolution of Distribution

Shift of Distribution

0.7

Figure 3.6: Shift of Distribution
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A Particular Path of Control

oV, |

35 i

251 MMM |

Figure 3.7: A Particular Path of Optimal Control:
a(t) = aEX, Vel

A Particular Path of State

6.5
55+ |

Ly |
451 /VWMW | ,

gy

| TALYE

3.5 L L 1 L |
0 0.2 0.4 0.6 0.8 1 1.2

Figure 3.8: An Optimal Path of State
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Expected Value of Control

45 b
4+ 4
35 B
sl 1
25r- B
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Figure 3.9: Expected Optimal Control
. Expected Path of State
55 4
51 ]
4.5 L - 1 1 |
0 0.2 0.4 0.6 0.8 1 1.2

Figure 3.10: Expected Optimal Trajectory:
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Example 3.7.3. Now we introduce an impulse to the bank model. Consider the process

dz(t) = [a(m(t) — x(t)) + ue]dt + odW,; (3.168)
and the impulse is applied to the system at time 7 in the following manner:

() =2(7) —c (3.169)

We consider the problem of finding the control {u(-), ¢} to minimize the following cost functional:

T
J(ut, c) = E[/O %uf — qui(my () — x4 (t)) + g(mu(t) — 1, (1))?dt (3.170)

1 o
58 + S (my(T) - xu(T))Q]

By Theorem 3.6.3, we know that the problem is translated into solving the system of the
FBPDEs

O 0ul(mt) ~ 2)(a+ 0) — 0.0)p] + LoD (3.171)
O @t )20 (m(1) — 2) + 5 (e~ P)m(t) ~ 2 — SO0 + 500l (3172)

+ [ la+ 200009 + (6 = ) m(e) = utt. 6 = 0

in the interval ¢ € (0,7)U (7, T). We already know that U (¢, z) = (1/2)n(t)(m(t) —z)%+(t)
satisfies (3.172) for ¢t € (7,T'), where n(t), ((t) solves
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(3.173)

with terminal condition n(7T) = «, ((T) = 0. The equation which optimal impulse satisfies is

written as

Be+n(r7)(m(rT) — (x —c)) =0,

where the optimal impulse could be obtained as

could be solved out as

Then the the jump condition of the value function could be written as:

0, 2) = 556() + yn(r) () = (o — &) +C(r)
_ Bn(r™) m(rT) — )2 ++
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(3.175)

(3.176)

(3.177)

(3.178)



We expect m(r1) = m(r~), such that U(7~, z) has the form

U(r™2) = gn(r)(m(r™) - )” + (). (3.179)

In fact

yu(r™,y)dy (3.180)

%\%\

Therefore we conclude that U(t, z) = In(t)(m(t) — )2 +((t) solves (3.172) , where n(t) satisfies

() = 2(a+qn(t) +0t)* — (e —¢*),  te(0,7)uU(r,T), (3.181)
n(T) =« (3.182)
_y_ Bn(rt)
n(t™) = 3+ (3.183)
and
Ty,
¢(t) :/t 39 n(s)ds. (3.184)

Following is a table shows that how the control process u; and the impulse ¢ works to minimize

the cost functional. The coefficient are chosen as: a =0.1,¢=0.1,6=0.1,a=1,e=1,0 =2,

po(z) = = exp{~a?/2}.
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Table 3.4: Value of Cost Function

u=0,c=0|u =14, c=0 | up =1Us, c=2¢
J(ug, c) 7.972162 3.839801 3.524391

3.8 Summary and Future Work

3.8.1 Summary

In this thesis three types of impulsive optimal control problems are considered. Our primary
motivation is control of epidemics models. There are some works in the literature dealing with
deterministic impulsive control problems. However, papers that deal with stochastic impulsive
control problems are rare. Mean field control problems have recently been dealt with by many
authors. To our knowledge impulsive mean field control has not been studied before. In this
thesis, the three different types of impulsive control problems have been dealt with in a coherent
manner. In each case necessary conditions to characterize the optimal control, and numerical

examples to validate the necessary conditions are presented.

Stability properties of SIR models have been studied by many authors. We studied stability
properties of both deterministic and stochastic multi-group SIR models. When dealing with
migration, the positivity of the populations are ignored by many papers, and the validity of
the Lyapunov function also needs justification. In the discussion of the stochastic version, we

proved the law of large numbers in two particular forms:

T
Tlgréo T ), f(t)dB; =0, as
1 T
lim — f(X@)dt = | f(z)v(x)dz, a.s
T—oo T 0 R

when the function f(-) and the process X (t) satisfy some conditions. We applied impulsive
optimal controls to SIR models, where migration restriction and vaccination are modeled as

continuous and impulsive controls respectively.

Mean field controls often arise in studying large numbers of interacting agents. We studied

inter-banks lending and borrowing model and we compared Carmona’s solution [9] with the
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solution to the weighted multi-objective control problem and the solution of the representative
bank. The solutions to the first two problems converges to the solution of the representative
bank when the number of banks tends to infinity. When dealing with the control problem of the
dominating player and the representative player, we developed a general conclusion of coupled
forward backward optimal control problem. We applied the dominating player game to the

inter-banks model and displayed the numerical results.

3.8.2 Future Work

Control problems where impulsive controls are applied at random times are very interesting and
need to be considered. Unlike vaccination models, there are many problems where impulsive
controls are not applied at known times. In some cases, the time to apply impulsive controls
could be considered as a control variable. It will be necessary to find the best timing and opti-

mal control to apply.

In future work we plan to consider epidemic models with large real data. The control strat-
egy could be more than migration restriction and vaccination, and the cost function should be

properly modeled.

In mean field problems we are interested in opinion dynamic in social networks. People have
to balance seeking consensus and sticking to their own opinions and decisions as they relate
to individuals within their own group as well as outside of their group. We also plan to study
mean field problems to study problems in economics. Finally we have interest in studying these

problems in the framework of variational problems in abstract spaces.
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