ABSTRACT

BOULWARE, NAOMI GRACE. Hyperplane Arrangements and g-Varchenko Matrices. (Under the direction
of Kailash C. Misra and Naihuan Jing.)

A hyperplane is an (n — 1)-dimensional subspace of an n-dimensional space. Each hyperplane divides
the underlying space into two half-spaces. Any real arrangement of hyperplanes partitions the underlying
space into disjoint open sets, called regions. The study of hyperplane arrangements has a long history with
early origins in questions regarding how many partitions of space a certain number of hyperplanes can form.
Arrangements have emerged independently as important objects in various fields of mathematics such as
combinatorics, geometry, representation theory, reflection groups, and computer science.

If R and R’ are two regions in a hyperplane arrangement, then #sep(R,R’) counts the number of hyper-
planes separating the two regions. This combinatorial information about the hyperplane arrangement is
recorded in a square matrix called the g-Varchenko matrix. The Smith normal form of the ¢g-Varchenko
matrix is the unique matrix that reveals the combinatorial structure of the hyperplane arrangement: if the g-
Varchenko matrices for two hyperplane arrangements have the same Smith normal form, then the hyperplane
arrangements have the same combinatorial structure.

It is well known that the Smith normal form of a g-Varchenko matrix for a hyperplane arrangement exists
over a principal ideal domain such as Q[g]. However, very little is known about when the ¢-Varchenko matrix
associated with a hyperplane arrangement has a Smith normal form over the ring Z[g|. Previous work on this
topic focused on hyperplane arrangements in two dimensions. Cai, Chen, and Mu considered several special
cases of hyperplane arrangements in the plane, and showed that the g-Varchenko matrices associated with
them had a Smith normal form over Z[q].

In this thesis, we investigate the g-Varchenko matrices for some hyperplane arrangements with symmetry
in two and three dimensions, and prove that they have a Smith normal form over Z[g]. In particular, we
examine the hyperplane arrangement for a regular n-gon in the plane, which we call the cyclic model. In R,
we examine the hyperplane arrangement which we define to be the dihedral model; also we investigate the
hyperplane arrangements for several polytopes. In each case, we prove that the g-Varchenko matrix associated
with the hyperplane arrangement has a Smith normal form over Z[q], give the transition matrices, and

determine the Smith normal form which reveals the combinatorial structure of the hyperplane arrangement.
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CHAPTER

INTRODUCTION

A hyperplane is an (n — 1)-dimensional subspace in an n-dimensional space. For example, in the plane, a hy-
perplane is a line. Every hyperplane divides the underlying space into two half-spaces. Any real arrangement
of hyperplanes partitions the underlying space into open sets, called regions. If &7 = {h;,hy,... I} is a real
hyperplane arrangement, then for two regions R, R', sep(R, R') ={h € o/ : h separates R and R'}. Then it
follows that #sep(R, R') =#{h € </ : h separates R and R'}, and #sep(R, R') forms a metric on the set of
regions of 7. Hyperplane arrangements have a rich and beautiful variety of structures; they have attracted
the attention of researchers in geometry, combinatorics, and algebra.

The study of hyperplane arrangements has a long history with many applications. One of the early papers
on hyperplane arrangements was published in 1826 by J. Steiner (see [PS09]); the topic focused on obtaining
bounds on the number of cells in arrangements of hyperplanes and circles in the plane, and hyperplanes
and spheres in R3. Later, in [OT92], one of the earliest comprehensive books on the topic, Orlik and Terao
presented the origins of the study of hyperplane arrangements as a problem in a 1943 monthly journal: "Show
that n cuts can divide a cheese into as many as (n+ 1)(n* —n+6)/6 pieces." The solution to this particular
problem demonstrated that the maximum number of pieces could be obtained only if the arrangement of
planes was in general position: every pair of planes intersects in a line, and only one pair of planes intersects
in each line; every set of three planes intersect in a point, and only one set of three planes intersects in each
point. In 1971, B. Griinbaum wrote a couple of papers summarizing much of what was known at the time (see
[OT92]). Here we quote from the introduction to his paper [Grii71]: "...I would like to survey the somewhat
related field of arrangements of hyperplanes, which I expect to become increasingly popular during the
next few years...the theory of arrangements may be developed, much like topology, in rectilinear or curved
versions as well as in discrete and continuous variants, and that in these developments it impinges upon many

aspects of convexity, topology, and geometry which seemed to be quite unrelated."



In 1993, Alexandre Varchenko defined the Varchenko matrix associated with a hyperplane arrangement in
[Var93]. The Varchenko matrix has rows and columns indexed by the regions of the hyperplane arrangement.
Each hyperplane in the arrangement is assigned an indeterminate, ay. Then the (i, ) entry of the Varchenko
matrix is obtained by taking the product over all ay such that H € sep(R;, R;).

More recently, in [GZ18], Gao and Zhang determined the necessary and sufficient conditions for the
Varchenko matrix associated with a hyperplane arrangement to have a diagonal form. The Varchenko matrix
V(47) has a diagonal form if and only if <7 is in semigeneral form: for any k hyperplanes in <7 that intersect
in one place x, either codim(x) = k or x = 0. In [Stal6], Stanley noted that Gao and Zhang proved this result
for pseudosphere arrangements, which are a generalization of hyperplane arrangements.

g-Varchenko matrices come from these Varchenko matrices. The (i, j) entry of the g-Varchenko matrix
is g"eP(Ri» Rj) n [Shi04], Shiu discussed how the invariant factors of these matrices are of interest to many
researchers. The invariant factors of these g-Varchenko matrices are the diagonal entries of their Smith
normal form. A square matrix A over a ring R has a Smith normal form if there exist transition matrices P
and Q with determinants that are units in R such that PAQ = D where D = diag(d;,d,, ...,d,) is a diagonal
matrix whose entries satisfy the condition that d; divides d;;; for all 1 <i < n. Significantly, the Smith
normal form provides a factorization of the determinant of the matrix A. While the Smith normal form of a
matrix is guaranteed to exist over a principal ideal domain such as Q[qg] and a standard algorithm for finding
it exists, the algorithm is not always computationally practical. In [DH97], Denham and Hanlon illustrate the
two problems with directly applying the algorithm: one is that the size of the g-Varchenko matrix becomes
extremely large very quickly in proportion to the number of hyperplanes in the arrangement; the second is
that the degrees of the polynomial matrix entries "blow up during the intermediate stages in the computation".

There is very little known about the existence of a Smith normal form of a matrix over rings that are not
principal ideal domains. Since Z[q] is not a principal ideal domain, a Smith normal form for a ¢g-Varchenko
matrix may or may not exist over Z[g|. Most recently, in [CCM16], Cai, Chen, and Mu studied the g-
Varchenko matrices for several specific types of hyperplane arrangements in R2, and showed that they had a
Smith normal form over Z[g]. In particular, they defined a peelable hyperplane arrangement, and showed that
it has a Smith normal form over Z|g]; they also examined the case of a hyperplane arrangement in R? where
all of the lines went through the same point, proved that the g-Varchenko matrix had a Smith normal form
over Z[q], and gave the Smith normal form. Then they presented their results in the case of a regular n-gon
hyperplane arrangement in R?: the form of the g-Varchenko matrix, the steps to transform it into its Smith
normal form, and the Smith normal form over Z]g].

The Smith normal form of the g-Varchenko matrix for a hyperplane arrangement uniquely represents
the combinatorial structure of the hyperplane arrangement. Therefore if the Smith normal form of the
g-Varchenko matrices for two hyperplane arrangements is the same, we know that the arrangements have the
same combinatorial structure regardless of their distinguishing features. In this thesis, we focus on determining
the Smith normal form over Z[q| of g-Varchenko matrices associated with hyperplane arrangements in R?
and R? with symmetry. First we revisit the hyperplane arrangement of a regular n-gon in R? which we call
the cyclic model; we formulate an algorithm that allows us to use the symmetry of the arrangement to obtain

its g-Varchenko matrix and determine the Smith normal form over Z[q| for an arbitrary n. Then we move



into R3 and define the dihedral model hyperplane arrangement; we obtain its g-Varchenko matrix using the
symmetry of the arrangement and determine the Smith normal form over Z|g| for an arbitrary n. We also
give the transition matrices for the Smith normal form. Next, in chapters four and five, we consider the
hyperplane arrangements in R® corresponding to a tetrahedron and a cube. Using two different methods, we
determine the Smith normal form over Z|g]| for each of these arrangements and give the transition matrices.
Then in chapter six we investigate the g-Varchenko matrix for the hyperplane arrangement corresponding to
an octahedron. Using the symmetry of the arrangement, we give the transition matrices and determine its
Smith normal form over Z[g|. In chapter seven, the methods used in the study of the ¢g-Varchenko matrix
for the octahedron arrangement are then modified and applied to show that the g-Varchenko matrix for a
hyperplane arrangement corresponding to a pyramid with a square base also has a Smith normal form over
Z|q]. Lastly, we consider the hyperplane arrangement corresponding to a pyramid with a regular pentagonal
base and show that its g-Varchenko matrix has a Smith normal form over Z[g|. In each case, we give the

transition matrices and determine the Smith normal form.



CHAPTER

2
PRELIMINARIES

If o7 = {hy,hy,...,h} is a real hyperplane arrangement, the set of regions of </ is denoted by Z(<7).
#sep(R, R') forms a metric on Z(</).

Definition 2.0.1. [Sta04] If we fix a base region Ry, then the distance enumerator of .7 with respect to Ry is

Dorm(t)= Y, 1100,
ReZ ()

Figure 2.1 Regions of a Hyperplane Arrangement in R?

Example 2.0.2. The distance enumerator for <7 shown in Fig. 2.1 is Do/ g, (t) = 1+ 3t + 412 413,

Definition 2.0.3. [Sta04] The weak order (with respect to Rj) of 7 is the partial order W, on the set of



regions, Z (<), given by R < R’ if sep(Ry,R) C sep(Ro,R’). It is a partial ordering of % (/) and it is graded
by distance from Ry.

Example 2.0.4. R; < Rg < Rg in W, for the arrangement in Fig. 2.1. The weak order for the arrangement
&/ shown in Fig. 2.1 is illustrated below in Fig. 2.2.

RS

R6 R4 RS R7

R R2 I'R3

RO

Figure 2.2 The Weak Order for .« in Fig. 2.1.

Definition 2.0.5. [Sta04] The intersection poset (.<7) is the set of all nonempty intersections of hyperplanes
in 7, including the underlying space itself as the intersection over the empty set. x < y in the intersection

poset if y C x. Therefore the underlying space is the minimal element, 0.

Figure 2.3 Hyperplane Arrangement in R?: . = {hy,hy,h3,hs}.

Example 2.0.6. Let y = h3 N hg which is labelled as 34 in Fig. 2.3. Then 3 <y and hy <yin L(</).
Definition 2.0.7. The Mébius function i (x,y) is defined recursively on the interval [x,y] = {z:x <z < y}:
I u(x,x)=1.

2. Forx<y, Y u(xz)=0.

z€[xy]

Example 2.0.8. The Mobius function values on the intersection poset L(.<7) for the arrangement <7 in

Fig. 2.3 are shown in Fig. 2.4.



1311 124] 2 3411

h1j-1 |[h2}-1 h3|-1 |h4}-1

\

R 2} 1

Figure 2.4 L(.</) with Mobius function values for the arrangement in Fig. 2.3.

The intersection poset L(.2/') and the Mobius function provide a way of counting the number of regions

in a hyperplane arrangement.

Definition 2.0.9. The characteristic polynomial for an arrangement 7 is defined to be

x(.q)= Y w(0x)qg"™.
x€L()

Example 2.0.10. The characteristic polynomial for the arrangement shown in Fig. 2.3 with the intersection

poset L(.<7) and Mobius function values shown in Fig. 2.4 is
2 .q) =" —4q+4.

Theorem 2.0.11. [Sta04] Let <f be an arrangement in an n-dimensional real vector space. Then the number
of regions of <f is given by (—1)"x(</,—1).

Example 2.0.12. For the arrangement shown in Fig. 2.3 with the characteristic polynomial x(</,q) =
g* —4q+4, we can see that (—1)"y(o/,—1) = (—=1)*((—1)> —4(—1) +4) = 1 + 4+ 4 = 9 which indeed

equals the number of regions of 7.
Definition 2.0.13. [Sta04] o7, is a subarrangement of o7 defined as .o, = {h € & : x C h}.

Example 2.0.14. Take x to be the element in L(.<7) in Fig. 2.3 labelled as 124: x = (hy Nhy N hy). Then the

subarrangement o714 is shown in Fig. 2.5.



124

h4

Figure 2.5 o7,

Definition 2.0.15. [Sta04] An arrangement <7~ is a hyperplane arrangement in the affine space x € L(</)
defined by * ={xNh#0 : he o —a}.

Let &/ = {hy,h,...,h,} be a hyperplane arrangement. If we take x = /1, then .7"* is an arrangement in
the affine subspace /:
A = Nhi #0:h € of —{hy}}. (2.0.1)

Example 2.0.16. Take x to be the element /3 in L(.</) where 7 is the arrangement in Fig. 2.3. Then the
arrangement 7’3 is the hyperplane arrangement of two points in the line 43 shown in Fig. 2.6.

h3
34 13

Figure 2.6 o/~

Definition 2.0.17. [CCM16] Let .o/ be a finite hyperplane arrangement and let /2 be a hyperplane in .<7. Then
h is peelable (from .<7) is there is one half-space i of & such that if R is a region of .»7 and R € hy, then
RN h is the closure of a region of .o7,.

Definition 2.0.18. [CCM16] Let o« = {h;,h,...,h,} be a finite hyperplane arrangement. <7 is inductively
defined to be a peelable arrangement as follows:

1. If m =1 then o/ = {h;} is peelable.

2. If there is one peelable hyperplane & € o7 such that both 7 — {h} and ., are peelable, then <7 is
peelable.

Example 2.0.19. The hyperplane /3 in Fig. 2.1 is peelable from ./ because the intersection of /3 with the

closure of each of the regions Ry, Ry, Rs is the closure of a region of <73 shown in Fig. 2.6. However, <7 is



not a peelable arrangement since .27 — {h3} (which is the same as .27],4 in this case) shown in Fig. 2.5 has no

peelable hyperplanes.

Let Ay be a hyperplane in o7 = {hy,ha,...,hy}. o' = o/ —{l} is called the deleted arrangement.
The arrangement in / defined by /" = {h; N\ hy : h; € o/'} is called the restricted arrangement. Then the
triple (<7, o', /") can be used to recursively solve the problem of counting the number of regions of <"

the number of regions of .7 equals the number of regions of .7’ plus the number of regions of .«7” [0T92].

Example 2.0.20. Take .7 to be the arrangement shown in Fig. 2.3, and choose A to be h3. Then .&/' =
o/ — {hs} is shown in Fig. 2.5 and /" is shown in Fig. 2.6. Observe that the number of regions of
&/ =9 = 6+ 3 = the number of regions of .&7’ plus the number of regions of .&".

The q-Varchenko matrix for a hyperplane arrangement was defined in the introduction.

Example 2.0.21. The g-Varchenko matrix for the hyperplane arrangement shown in Fig. 2.1 is

[3%]
[3]
[3%]
(3]
[958}

L' 9 9 9 9 ¢ 9 q ¢
g 1 ¢ ¢ q ¢ q ¢ ¢
g ¢ 1 ¢ q 9 ¢ ¢ ¢
9 ¢ ¢ 1 ¢ q ¢ q ¢
¢ 9 9 ¢ 1 ¢ ¢ ¢ 7
¢ ¢ 9 9 ¢ 1 ¢ ¢ ¢
¢ 9 ¢ ¢ ¢ 4 1 ¢ q
¢ ¢ ¢ q 4 ¢ ¢ 1 q
e ¢ 4 ¢ ¢ ¢ g q 1



CHAPTER

3
SYMMETRY MODELS

3.1 The Cyclic Model

The Smith normal form for the g-Varchenko matrix associated with the hyperplane arrangement of a regular
n-gon, &/ = {hy,hy,... h,}, was presented in [CCM16]. Here we refer to their method as the cyclic model.
The Cyclic Model, C,: Take the base region Ry to be the center n-gon region. #sep (Ro,Ro) = 0.

By Definition 2.0.1, when .7 is arrangement of a regular n-gon and Ry is the n-gon’s central region,

n+1

— - (3.L.1)

Dy g,(t) =1+ i nt*, where p = |
k=1
For 1 <k < p, there are n regions R such that #sep (Ro,R) = k.

The form of the g-Varchenko matrix, the steps to transform the g-Varchenko matrix into Smith normal
form, and the Smith normal form were given in [CCM16]. Here we prove their results. To do so, we present
the following algorithm to label the n hyperplanes and index the regions in such a way that their separating
sets can be specified.

The algorithm is based on the existence of n disjoint saturated chains of length p in the weak partial
ordering of the set of regions, % (), given by W,, as it was defined in 2.0.3. Recall that R < R’ if
sep(Ro,R) C sep(Ro,R').

Algorithm 3.1.1.

1. Label the n hyperplanes 1, ... h, so that each i, forms an edge of the n-gon that shares vertices with the
edges formed by /1,11 (;noq n)» and so that iy follows 7; moving along the edges in a counter-clockwise

direction.



2. Label the central region Ry.
3. For 1 <x <n, label the region R such that sep (R, R) = hy as R,.

4. Then, label the remaining regions according the following pseudo-code:

Setk=1.
While k < n{
Setm = 0.

While (m+1) < p—1{
Choose R’ such that sep (Ro, Ryt ((k+1) mod(n))) = 5P (Rmn+i>R') -
Label it as R4 1)n4£-
m=m+1.}

k=k+1.}

For I <x<n:Ry <Ry <Ryix <Ropix < ... < R(p_ 1) These saturated chains provide a partition of
the poset of regions. The k = 1 loop of the algorithm uses:

sep(Ro,Ro) C sep(Ro,R1) C sep(Ro,Ru+1) C sep(Ro,Rant1) C ... € sep(Ro, R(p—1)nt1)-

To illustrate the algorithm, the steps are as follows. Once the n regions R’ with #sep (Rg,R') = 1 have
been labelled, choose the region R’ such that sep (Ry,R;) = sep (R;,R’) and label it as R, ;.

Next choose the region R’ such that sep (Ry,R3) = sep (Ry+1,R’) and label it as R,,+1. Continue until the
region R(,_1),4+1 has been labelled.

Then, choose the region R’ such that sep (R, R3) = sep (R2,R’) and label it as R, . Next choose the
region R’ such that sep (Ro,R4) = sep (Ry12,R’) and label it as Ry, 1. Continue until the region R(,_y,12
has been labelled.

Repeat the process until regions Ry, R+ 1, .-, R(p—1)ny1,R2, Rnt2, R(p—1)n 42, - - - Ry have been labelled.

Then choose the region R’ such that sep (Ry, R1) = sep (R,,R’) and label it as R,,. Next choose the region
R’ such that sep (Ry,R;) = sep (Ry,,R') and label it as R3,. Continue until the region R(p_1)n+n has been
labelled.

10



Ilustration after step 3 of Algorithm 3.1.1

h,

h,
Ry
m 7N
R Ro Ry
A A hg

he

Figure 3.1 The Cg hyperplane arrangement after step 3 of Algorithm 3.1.1.
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Illustration of a loop in step 4 of Algorithm 3.1.1: k=1,m+1=p—1.

h; h,
h,
Ry
.,4 ZER
R R R, Ry7
Ry
R, R, h8
Rg
hs
h;
h

Note: Before the following steps:
Choose R’ such that sep (Ro,2+ ((1+1) mod(n))) = sep (Rys)+1,R’).
Label it as R(3)g1-
m=m+1.

Figure 3.2 The Cg hyperplane arrangement in step 4 of Algorithm 3.1.1, where k = 1, at the beginning of the loop
when m = 2.

12



Illustration of a loop in step 4 of Algorithm 3.1.1: k=1,m+1 = p.

h3 h2
h;
R25
Ry
m 7N
Re R
\IA A hg
Rg
hs
h;
hg

Figure 3.3 The Cg hyperplane arrangement in step 4 of Algorithm 3.1.1, where k = 1, at the end of the loop when
m = 2 is re-assigned to m = 3.

13



Ilustration of a loop in step 4 of Algorithm 3.1.1: k=2, m+ 1 = p.

h; h,
Rog
hy
Rig Ros
R4
m 7
R Ry
\l% A hg
Rg
hs

he

h;

Figure 3.4 The Cg hyperplane arrangement in step 4 of Algorithm 3.1.1, where k = 2 and m = 3.

14



Ilustration of a loop in step 4 of Algorithm 3.1.1: k=n—1,m+1=p.

h, h;
R27 R26
h,
Rog Ros
hy
Ry
hg
Ry
hs

he

h;

Figure 3.5 The Cg hyperplane arrangement in step 4 of Algorithm 3.1.1, where k =n— 1 and m = 3.

15



Iustration of a loop in step 4 of Algorithm 3.1.1: k =n,m = 1.

h, h,
R27 R26
h,
Rog Rys
hy
hg
Ry
hs
R
Rig 31
h;

h()

Note: After the m = 0 loop which performed the following steps:
Choose R’ such that sep (Ro,0+ ((8 +1) mod(n))) = sep (Ro(s)+s,R’).
Label it as R(1)gs-
m=1.
Figure 3.6 The Cg hyperplane arrangement in step 4 of Algorithm 3.1.1, where k = 8, at the beginning of the loop
when m = 1.

16



Ilustration of Algorithm 3.1.1 at the end of step 4: k=n,m+ 1 = p.

h;

h,

hy
Rog Rys
hy
hg
Rzg R32
hs

he

h,

Figure 3.7 The Cg hyperplane arrangement in step 4 of Algorithm 3.1.1, where k = 8 and m = 3.

17



Proposition 3.1.2.

sep (R,R’) = sep(Ro,R)Usep (RO,R’) — (sep (RO,R’) ﬂsep (RO,R)> .

Proof. (C): Let h € sep (R,R'). Then either R is on the — side of 4 while R’ is on the + side of A, or vice
versa. Rg must be in one of the two half-spaces defined by 4. Without loss of generality, suppose Ry is
on the + side of 4. Then h € sep (Ry,R) and h ¢ sep (Ry,R'). Therefore, h € sep (Ry,R)Usep (Ro,R) —
(sep (Ro,R")Nsep (Ry,R)).

(2): Let h € sep(Ro,R)Usep (Ro,R") — (sep (Ro,R')Nsep (Ro,R)). Then, either h € sep(Ro,R), or
h € sep (Ro,R’"). Without loss of generality, say & € sep (Ro,R) and h ¢ sep (Ro,R’). If R" is on the + side
of h then so is Ry; similarly, if R’ is on the — side of & then so is Ry. Without loss of generality, suppose
R’ is on the + side of & and therefore so is Ry. Since h € sep (Ro,R), R must be on the — side of . Hence
hesep(R,R). O

In the cyclic model, the relationship is that for 1 <x <n,

#sep (R(i—l)n+laR(j—l)n+x) = #sep (R(i—l)n-&-ZaR(j—l)n—i-(x-&-l mad(n)))
= #5ep (R(i—1)n+3> R(j= 1)n+ (v+2 mod(n)))
= - =#sep (R(i—l)n+n—1 vR(j—l)n+(x+n—2 mod(n)))
= fsep (R(ifl)nqtnaR(jfl)n+(x+n71 mod(n))) . (3.1.2)
The (14 np) x (1+np) g-Varchenko matrix for the C, arrangement can be written in the following block

form where E;; is an n x n circulant matrix, and Q, is a 1 x n row vector (¢’,...,q"). p is as defined in
Eq. 3.1.1.

I 01 O 03 ... O ... Op 1 01 O QO3 ... O ... 0Op
 Ey En Eys ... Eiy ... Ey ‘ By Epn Es ... Ey ... Ey
12 Eyy Exy Exy ... E ... Ezp le EiZ Ey Ex»x ... E ... Ezp
[3 Esy Ep Ezxz ... E3 ... E3p t3 Ei3 E§3 Eys ... E3 ... E3p
v, = . o= . .
Q. Ey Es Es .. E, .. E, Q. E.E. E_ .. E, .. E,
Q) Ep Ep Ep ... Ep ... Ep o, Ej, E, Ej E, E,p
(3.1.3)

Example 3.1.3. Forn =35,
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Figure 3.8 The Cs hyperplane arrangement.
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Theorem 3.1.4. For 1 <i < j, E;; is a circulant matrix defined by its first row.
Eij — C(qui’qui+2’qui+4’ . 7qj7i+2(i71)7qi+j, 7qt+J qj+i72,qj+i74, . 7qj+i72(i71) qui ,qui).
n+1—i—j Jj—i

Remark 3.1.5. Outline of the proof of Theorem 3.1.4: First we will show that the theorem holds for i = 1 and
Jj=1,2,3. Then we will show that the theorem is true when i = 1 where j is arbitrary. Next we will continue
to let j > i be arbitrary, and show that the theorem is true for i = 2, and then for i = 3. Finally we show that

the theorem is true for all i < j < p.

Proof. Letn > 3 be arbitrary and i < j.

First we show that the form is true for Ey;.

sep (Ro,R1) = {hi} and sep (Ro, Rx) = {hx}.

For 1 <x<n, sep(Ri,Ro) ﬂsep (Ry,Rp) = 0.
By Proposition 3.1.2, sep(R;,R;) = sep(R1,Ro) Usep Ro,R;) = {hi,h,} and #sep (R;,R,) =2.

0, forx=1, ) )
Therefore, #sep (R1,R;) = Hence E\1=C | 1,4°,...,q
2, forx#1. —

Next we determine Ej».

For 1 <x<mn, sep (RO, ) {hX} and sep (ROaRner) {hxahx-‘rl mod(n)}'

By Proposition 3.1.2, sep (Rl 7Rn+x {hl } U{hx,thrl mod(n ({hl}n{hX7hx+l mod ( )})

1, forxe{l,n}, 5 3
Therefore, #sep (Rl,R(,,H) = Hence E;» =C(q,q°,-..,q,q)-
3, forx¢ {l,n}. e

Now we determine Ej3 before moving onto the general case of Ej ;.

For1 <x<n, sep (R07 ) {h } and sep (R07R2n+x) {hX7hx+l mod(n)athrZ mnd(n)}'

By Proposition 3.1.2,

sep (R17R2n+x) = {hl}U{thhx—H mod(n)» hyeyn mod(n ({hl}ﬂ{hxvhx+l mod(n)» hyyo mod(n)}) .

2, forxe{l,n,n—1
Therefore, #sep (R17R(2n+x) = { } Hence Ei3 =C(¢%,q",....q% ¢*.¢%).

4, forx¢ {l,n,n—1}. ~ Y,
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Now consider Ej ;.

For 1<j<p and 1<x<n, sep(Ry,R;) ={h,} and
sep (R07R(j—l)n+x) = {hxa i mod(n)vhx-‘rZ mod(n)s -+ ahx—‘r(j—l) mod(n)}'

By Proposition 3.1.2,

sep (Rl 7R(j—1)n+x) = {hl } U{hxahx—i-l mod(n)ahx+2 mod(n)s+ -+ 7hx+(j—2) mod(n)vhx—i-(j—l) mod(n)}
- ({hl } m{ththrl mod(n)ahx+2 mod(n)»+ - - 7hx+(j72) mod(n)vthr(jfl) mod(n)}) :

j—1, xe{l,nun—1,....n—(j=3),n—(j—2)},

~~

Therefore, #sep (Rl,R( j—1)n+x) = j terms in the set
j+1, xé{lin,n—1,....n—(j—=3),n—(j—2)}.

Hence Ei;=C(¢' "¢, ....a/ g/ g/ ).

n—j j—1

Now consider E;.

For 2<j<p and 1 <x<n, sep(Ro,Ry+1)={h1,h2} and

sep (R07R(j71)n+x) - {hxahx+1 mod(n)athrZ mod(n) - - - 7hx+(j72) mod(n)ah)H»(jfl) mod(n)}'
By Proposition 3.1.2,

sep (Rn-H aR(jfl)n+x) = {hl 7h2} U{hX7hx+1 mod(n)7hx+2 mod(n)s« -+ 7hx+(j72) mod(n)yhx+(j71) mod(n)}
- ({hl ) hZ} ﬂ{hmthrl mod(n)ahx+2 mod(n)s+ -+ 7hx+(j72) mod(n)ahx+(j71) mod(n)}) :

There are three possibilities for #sep (Rn+1 R j,l)nﬂ).

j—2, hy,hy €sep (ROaR(j—l)rH—x)
#sep (Rus 1 7R(j71)n+x) =< hy € sep (RO,R(j,l)nH) but iy ¢ sep (RO;R(jfl)tH»x) (or vice versa),
j+2, hihy & sep (Ro,R(j-1nsx)

ji—=2, xe{l,n,n—1,....n—(j—3)},
Jj—2 terms

Therefore, #sep (R,11,R(;_ =
PR R =05t (-2),

j+2, otherwise.

i—2 i—2
g g g,
n+l—j—2 j—2

Hence E); = C(q/*{qf,qf”,_ j+2,
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Next consider E3;.

For 3<j<p and 1 <x<n, sep(Ro,Ro+1)={h1,h2,h3} and

sep (ROaR(j—l)n+x) = {hmhx—H mod(n)ahx+2 mod(n) *+ * 7hx+(j—2) mod(n)ahx—‘r(j—l) mod(n)}'

By Proposition 3.1.2,

sep (R2n+l 7R(j—1)n+x) = {h17h27h3} U{hxa hx-H mod(n)?hx-‘rZ mod(n)s+ -+ ahx+(j—2) mod(n)ahx+(j—l) mod(n)}

- <{hl yha, h3} m{h)mthrl mod(n)ahx+2 mod(n)s+ -+ 7hx+(j72) mod(n)vthr(jfl) mod(n)}> :

There are four possibilities for #sep (Ron+1,R(j—1)n4x)-

(j=3. {h1.haihs} C sep (Ro.R (s 1yrs)
j—1, exactly one of {hy,hy,h3} ¢ sep (RO,R(j_1)n+x) ,
#sep (R2n+laR(j—l)n+x) =4 j+1, eitheronly h; € sep (RO,R(j_l)n+x) oronly h3 € sep (R0>R(j—1)n+x) ,
Note: only hy € sep (Ro,R(j_1),+) is impossible since j > 3.
j+3, hihyhy & sep (Ro,R(j—1)nx) -

j—=3, xe{l,n,n—1,....n—(j—4)},
j—3 terms
Therefore, #sep (Ront1,R(j_1ynix) = /=1 X€ {2,n—(j—3)},
j+1, xe{3,n—(j—2)},
J+3; x€{4,....n—(j—1)}; equivalently, 3 <x <n—(j—2).

i3 i1 _j+l 43 i3l _j-1 _j-3 i3
Hence E3JZC(QJ 7qj 7qJ 7qJ 7""q] 7qj 7qj 7CIJ 7"‘7qJ )
—_———

ntl—j—3 i3

Now we consider E;; where i < j.
For i<j<p and 1<x<n,sep (RO,R(i,l)n+1) ={hy,hy,...,h;} and
sep (ROuR(jfl)ner) = {hX7hx+l mod(n)athrZ mod(n) - - 7hx+(j72) mod(n)ahxqt(jfl) mod(n)}'
By Proposition 3.1.2,
sep (Rii-1yn+ 1, R(j-1)nx)

= {hlah2’ o ,l’l,‘} U{hmhx+1 mod(n)vhx+2 mod(n)s - - - 7hx+(j72) m()d(n)’thr(jfl) mod(n)}
- ({hl yhas. . ahi} m{hxahx—i-l mod(n)ahx-‘r2 mod(n)s - -+ ahx+(j—2) mud(n)ahx+(j—1) mod(n)}) .

We will examine three cases (although all can be generalized into one by allowing 0 < k <i).
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Letl <k<i.

j—1i, {hi,ha,... . hi} Csep (Ro.R(j—1yn+x)

j—i+2k, kelements from sep (RO,R(i_1)n+1) ¢ sep (ROaR(j—l)n-i-x) ,
ie, exactly one of the following is true:
hi,ha,... hy & sep (RO,R(j_l)nﬂ) ;
hishi1y. .. hi_—1) & sep (RO7R(j71)n+x)

Jj+i, sep (RQ,R(I-,I),,H)ﬂsep (RO,R(j,l)nH) =0.

#sep (R(i—l)n-H )R(j—l)n-‘rx) =

Case 1: {h1,hy,...,hi} C sep (Ro,R(j—1)ntx) Occurs whenx = landn—(j—i—1) <x <n.

#sep (Ri—1yps 1, R(j_1yuix) = j—iforxe{ln,n—1,....n—(j—i—1)}.

Jj—iterms

TV
j—i+1 terms in set

Case 2: Exactly k of hy,hy,... h,..., h; are not in sep (RO,R(j,l)nH). This happens when x = k41 and
when x+ (j— 1) mod(n) =i—k.

#sep (Ri—1yns 1, R(j-1ynix) = j—i+2kforx e {k+1,n—(j—i)—k+1}.

Case 3: sep (R07R(i—l)n+l) Nsep (ROaR(j—l)n+x) = (. This happens when x > i and when x+ (j — 1) mod(n) <
Liie,x+(j—1)<n+1.

#sep (Ri—1yns 1, R(j1yuie) = j+iforxe{i+1,i+2,....n—(j—1)}.

-~

n+1—i— jterms in set
Therefore, for 1 <k <iandi < j,
Jj—1i, xe{l,n,n—1,....n—(j—i—1)},
#sep (Ri—1yur 1, R(j—1nix) = j—i+2k, xe{k+1ln—(j—i—1)—k}, (3.1.5)
Jj+i, xef{i+1,i+2,....n—(j—1)}.
This proves the theorem:
Ej= C(qj—i’qj—i+2’qj—i+4’ _ ‘.’qj—i+2(i—l)7qi+j7“"qi+j,qj+i—27qj+i—47“"qj+i—2(i—1)’qj—i"“’qj—i)‘
—_——
nHl—i—j j—i
O
Remark 3.1.6. E;; = C(co,c1,...,cp—1) is @ symmetric matrix.

Observe that for k > 1, ¢; = ¢,,— and therefore the first column equals the first row.
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We will refer to the row (or column) of the g-Varchenko matrix given by the vectors Oy (or @) with the

index i = 0 (or j = 0). The row beginning with E; will denote the index i =1, j = 1.
Proposition 3.1.7. V, for C, can be transformed into its Smith Normal Form over Z|q| in four steps.
The remainder of this section will prove this proposition.

Step. 1: Multiply V, on the left by matrices Py,... Py,... ’PP:L ey to obtain P, .. . Py...P1V,,

where
100 0 0 O 1 0 0 0O 1 00 0 00O
07, 0 0 0 O o1, 0 0 0O —ql,x1 I, 0 0 0 O
00177 0 O O 0 —ql, I, 0 00 0 0L 0 0O
P = , Ppoy = : Py =
000 . I, O 0O 0 0 .1I,0 0 00 .1, 0
00 0 ... —ql, I, 0O 0 0 ... 01, 0 00 ... 01

This sequence of left matrix multiplications performs the row operations of beginning with the last block
row, sequentially subtracting g times the previous block row from it, and then performing the same operation

on the second to last block row, and so on up to the first block row.
Remark 3.1.8. For 1 <k<p
Ok — 40— =0. (3.1.6)

The first row of the result of multiplying the g-Varchenko matrix by P,...P; on the left is given by

i1
Eij— g’ ones,xn.

Remark 3.1.9.
En—q01 = (1-¢)L

Definition 3.1.10.
01 0 O .0 00 0 0 1
00 1 O 0 1 0 O 0 0
: e : 01 0 00

J: . . . . , and Jt:
00 ... 010 o . .o
00 ... 0 01 0.. 0 1 00O
1 0 ... 0 O O 0O.. 0 O 1O
nxn nxn

J is the matrix associated to the permutation written in cycle notationas (nn—1 ... 2 1).

J' is the matrix associated to the permutation written in cycle notationas (12 ... n— 1 n).
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Proposition 3.1.11. At the end of the first step, the original E;; block matrices have the form

( j—-1

Fd - Y (M fori=1,

J—i i—1
Ej—qEi1 j=4 ¢ (1—-¢*) ((Z (J’)k> + (Z qz’"J’">> . forl<i<j (3.1.7)
m=1

i—1
¢ (1= Y, ¢, for j>i.
k=0

\ =
Before we can prove this proposition, we need the following lemmas.
Lemma 3.1.12. Let qQ; denote the n X n matrix with all entries g/
. -l
Eij—qQ;=¢""'(1-¢") Y ()"

k=0

Proof. Write J' = C(0,...,0,1). Note that J' = J"~!, and that (J')"* = J" = I,. For k > n, J* = Jk med(") _and
(Jt)k — J(nfl)k mod(n)'

For1 <k <n,
() =c(,...,0,1,0,...,0)
n—k k—1
El] = C(qj_lvqj+1a vqj+17qj_1 7qj_1)'
n—j j—1
Elj_qu = C(qj_l_qj+1a07"'a0>qj_l_qj+17"'aqj_l_qj+1)
~—— ~~
n—j j—1
= ¢ '1-45C(1,0,...,0,1,...,1)
~——
n—j Jj—1
‘ J=l
= ¢ (1= U
k=0

Lemma 3.1.13. Fori < j,
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Proof.

Eij =
C(qj—i’qj—i+2,qj—i+4,“.’qj—i+2(i—2),qj—i+2(i—1)7qi+j’“‘7qi+j’qj+i—2’qj+i—4’“‘7qj—i+2’qj—i’m7qj—i)'
n—i—j+1 j—i
Ei_1;=
C(qj7i+17qj7i+37qj7i+57.._,qj7i+172(i72)’qi+j71’ - 7qi+j717qj+i737qj+i75,.”7qui+37qj7i+17.._,quz#l)_
n—i—j+2 j—i+1

Eij—qEi 1

=Cl¢"(1-¢%), ¢ ™1 =), ¢ (1 =), ..., TPV =), g 20D (1—g2), 0,...,0

~——
n—i—j+1

0,....0,¢'(1-¢%),....¢" (1 - %))

= (1 - qz)C(qJ_l7q]_l+27q]_l+4? cee ’qj_l+2(l_2)7q]_l+2(l_l)7 0’ tet 70’ 07 tee ’O’qj_i’ tet 7q]_l)

N—_—— N—————
n—i—j+1 Jj—i
= qjil(l _q2)c(17q2,q4,'”’q2(i72)’q2(i71)70?”.707 17"”1,)
n—j Jj—i

= ¢71-¢) (1+ (q2J+q4JZ—|— . ..+q2("‘2>J"‘2+q2("‘1)J"‘1) + ()4 (J’)2+J’))

J=i i—1
= qj—l(lq2)<<Z(Jt)k>+<Zq2mJ111)>
k=0 m=1

Lemma 3.1.14. For j > i,

i—1 i—1
Eij—qEi1j=(1-¢") Y ¢/ "1 =g/7 (1= g1 Y. T
k=0

k=0 =
Equivalently,
NN ik itk i 2\ i N 2k gk
Fori< j, Ei[j—qu,j—l =(l—¢q )thH Ji—it =q¢(1—¢q )ijzzq Ju.
k=0 k=0

Proof. We will prove the equivalent statement:

i-1 i—1
Fori < j, Ejj—qE ;1 =(1-¢") ) ¢ "/ =g/7 (1 =)/} "
k=0 k=0
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FOI‘j> i, Ej,' :E;j
= C(qj—ivqj—i+27qj—i+47 o ’qj—i+2(i—1)7qi+j’ o 7qi+j’qj+i—2’qj+i—4’ o 7qj+i—2(i—1) qj—[ qj_,‘),'

n+1—i—j j—i

The proof follows from the definition of the circulant matrix E;; given in the case i < j, read as the first
column vector.
Write J = C(0,...,0,1)". Note that for k > 1, J* = C(0,...,0,1,0,...,0)".
——

k—1
C(quiyqj7i+2’qj7i+4" . ’qui+2(ifl)’qi+j7. B ’qurj’qj+i72’qj+i747qj+i767. . ’qj+i72(l'71)7qj7i’ L 7qui)t.
—_———
n—i—j+1 j—i
El[ 1= C(qj_i_laqj_i+l7qj_i+37' e aqj_i+2(i_1)_17qi+j_lv' . 7qi+j_17qj+i_3aqj+i_5a s
n—i—j+2
qj+i—2(i—1)+2—1’qj—i—&-l’qj—i—l’.“7qj—i—1)z'
J—i—1
Et qEz] 1=
C(0,...,0,0,...,0,(1—=¢*)g ™2, (1 =g, (1-*)g/ T C,... (0=’ 2, (1-¢*)¢’,0,...,0)
—— ——
Il—i—j+1 j—i—]
_ (1 _ c]Z)C(O, o ’0’qj—i+2(i—1)7qj—i+2(i—2)’qj—i+2(i—3)’ N q] l+2,q 0 ) ,O)I
~—— N
n—j+1 j—i—1
i—1
= (1= Y g i
k=0
o . '1;1
— quz(l _ (]2)]/71 Z (]ijk~

k=0

Proof. (Of Proposition 3.1.11):
Case 1 follows from Lemma 3.1.12. Case 2 follows from Lemma 3.1.13. Case 3 follows from Lemma
3.1.14. O

Example 3.1.15. In the case n = 5, after the first step, we have

01 O 03
(1= ql=g")Us+1)  F—g)(Is+I+I?)
q1—q*]  (1=g)Us+q*)  ql—g*)Is+J +4*T)
F(1=g"1? q—=)J+4q%*) (A=) Us+q*T+4"T%)

PP,PV, =

S O O

Step. 2: Multiply the new matrix on the right by P}, . .., P}, to get the matrix (Py,...,P1)V(Pp,...,Py)".

Proposition 3.1.16. A7 the end of the second step, all of the original E;; blocks have the form

(1 = g?)qli=7 gti=3) mod(n)
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ie, (Eij—qEi-1;)—q(Eij-1—qEi—1,j-1) = (1—g*)g~/1jli=d) medn),
Before we can prove the proposition, we need the following corollaries.

Corollary 3.1.17. For j > 1,

Eij—qQj—q(E1j-1—qQ;-1)=¢ '(1-¢*)(J' )"
Proof. By Lemma 3.1.12,

i1 j2
Eij—qQj—q(E1j-1—qQj1) = (1—612)61j_1Z(Jt)k—q<(1—6]2)6]j_22(1t)k>
k=0

k—0
= ¢ 1=

Corollary 3.1.18. For1 <i=j,
Eij—qEi1j—q(Eij-1—qEi1j1)=(1—¢")L.

Proof. Eiy —qQ1 = (1—¢*)I,and Q1 —qQo = 0, so step 2 leaves E1; = (1 —¢?)I.
For 1 <i=j, by Lemmas 3.1.13 and 3.1.14,

i1 i1
Ei—qEi1i—q(Eii-1—qEi—1-1) = (1-¢)Y ¢ —q ((1 - Y, 42k11k>
k=0 =1

i1 i1
- _qz) ZqZka_ <<] _qz) ZqZka>
k=0 k=1

= (1-4)1

Corollary 3.1.19. Fori < j,

Eij—qEi1j—q(Eij1—qEi1j1)=q¢' " (1=¢")(J)/".
Proof. By Proposition 3.1.11

Eij—qEi_1;—q(Eij-1—qEi-1,-1)
i i

—1 j—i—1 i—1
=(1=¢")q" (Z(J’)'”r Zlqz'"f’"> —q ((1 ~)g ! (JZ I+ Y qz"’J’”))

k=0 m k=0 m=1
[ i—1 j—i—1 i—1
:(l_qZ)q]—t Z(Jt)k+ ZQZme_ Z (Jt)k+ ZquJm
k=0 m=1 k=0 m=1

g (1=
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Corollary 3.1.20. Fori < j,
—qE{; \—q(El_\ ;—qEl_; 1) =4¢'(1 —q" )1

And so equivalently, for i > j

Eij—qEi1;—q(Eijo1—qEi—1j-1)=¢ /(1—¢*)J/.
Proof. We will prove the first statement,

fori<j, Ef; —qE};  —q(El_ ;—qE{_; ;1) =¢' "(1-¢*)J".
By Proposition 3.1.11,
Efj;—qE; —q(E_,;—qE ;1)

i—1 i—2
k=0 k=0

i—2
:(l_q le]l ZqQka _QZJZqZka
k=0
— i—2
— q]—l(l _qz)Jj—i (lz qQka _ IZ qZ(k-i-])Jk-'r])
k=0

k=0
' i 2k 7k f 2k 7k
=q/~ ’ JJ i JC=Y g7J
k=0 =1
=g (1=,
O
Proof. (Of Proposition 3.1.16):
After step 2, by Corollary 3.1.20, for i > j, the E;; block matrix has the form g (1—g*) g7
By Corollaries 3.1.17, 3.1.19, and 3.1.18, for i < j, the E;; block has the form ¢~ i(1—g?) (")
We have the following identities:
J' =71 and (J)F =" since JK=1) mod(n) — j—kmod(n) (3.1.8)

Fori < j, ¢/t = gli=Jl, and (J*)/ = = Ji=7 = gr+(i=)) = jli=j) mod(n) gince j* = 1.

This proves the proposition that after the second step, each original E;; block has the form

g1 — ) Jti=1) modin).
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Therefore, by Proposition 3.1.16, after step 2 the (np+ 1) x (np + 1) g-Varchenko matrix has been

transformed into

(PP, 1 ... P)Vy(P,Py ... P) =

0 0
(1—-¢%)gJ"
(1 - qz)ln

0 (1 _q2)qr71Jr71 (1 _q2)qr72‘]r72

0 (1=g*)g" =t (1-¢*)g" 2=

(1 _qZ)qrfl(Jt)rfl
(1 _ qZ)qr—Z(Jt>r—2

(1=g*)g""Jr

0 0

(1 - .‘]2)111

Example 3.1.21. In the case n = 5, after the second step, the g-Varchenko matrix is transformed into

1 0 0 0
0 1— 21 1— 2 Jt 2 1— 2 Jt 2
PRSPV, (PRSP — ( qZS q( 612) q( q;( t)
0 q(l1-¢)J (1-¢)  q(1—g°)J
2 2\ 72 2 2
0 ¢ (1—qg°)J° q(l—g°)J (1—q°)Is Lox 16
1 0 0 0
B 0 (1-¢)is q—g»)J* ¢F(1—-¢*))
0 q(l-¢?)J (1-¢) q(1-¢*)J*
2 2\ 72 2 2
0 ¢ (1—qg°)J q(1—g°)J (1—q°)Is L6216
Step. 3: Multiply on the left by the matrices S¢, S;, ..., Sy
to obtain Sp—l . SZSIPp .. .Pqu(Pp .. .Pl)t,
where
10 0 0 ... 0 100 O ...0 1 0 00 ...0
017, 00 0 07 0 0 ...0 0 I, 0 O . 0
001 O 0 001 O .0 0 —qJ I, O .0
S1 = y S = s Spa=1 .. ;
0..00 I, O 0...0 —gJ I, O 0 0 0 I, 0
0...0 0 —gqJ I, 0...0 O 01, 0 0 0 0 I,

The resulting matrix is S,_1...S1P,...PiV,(P,...P;)". Note that this step does not affect the entries in the

first row.



Corollary 3.1.22. Fori> j,

Eij—qEi-1j—q(Eij—1 —qEi-1j-1) _qJ(Ei—l,j_qu—Z,j_Q(Ei—Lj—l —qu—z,j—l)) =0.

Proof. By Proposition 3.1.16,

Eij—qEi_1j—q(Eij-1—qEi-1,-1) —qJ<Ei—1,j —qEi 2 —q(Ei—1j-1— qu—z,j—1)>
=(1—-q")g I —qi(1-g*)g~ 1T =0.

Corollary 3.1.23. Fori=j> 1,

Ejj—qEj-1;—q(Ejj1—qEj1;-1)—q/ (Ej—l,j —qEj2j—q(Ej1j-1—4Ej2,-1) ) =(1—¢*)IL
Proof. By Proposition 3.1.16,
Ejj—4Ej-1,j—=4q(Ejj-1 —qEj-1j-1) —q/ (EHJ —4Ej-2;—q(Ej-1j-1~qEj-2,j-1) )

= (=) - gI(1— ) Uy
= (1=-)(I-g1")=(1—-¢)1

Corollary 3.1.24. For1 <i< j,
Eij—qEi-1j—q(Eij-1 —qEi-1j-1) —qJ (EH,j —qEi 2 —q(Ei1j-1— qu—Z,j—l)>
=g (1- P
Proof. By Proposition 3.1.16,

Eij—qEi_1j—q(Eij-1—qEi-1,-1) —C]J<Ei71,j —qEi 2 j—q(Ei—1,j-1— qufz,j71)>

¢ 1= —q) (1 =)~y 0Y)
(1=¢*) (¢ ") =g/ 2y )

= =) (U T+ Y

¢ =)
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Example 3.1.25. In the case n = 5, after the third step,

1 0 0 0
ssippev,epey — | 00 ) q(1=g*))" ¢(1-¢*)(J")
0 0 (1=g*?1  q(1—g*))
0 0 0 (1—¢*)?1
1 0 0 0
B 0 (1-¢)) q(1-g»)J* ¢(1-¢»)F
] o 0 (1=g*)*1  q(1—g»*1*
0 0 0 (1— g1

Since each entry above the diagonal is a multiple of the diagonal entry on its same row, the matrix can
easily be diagonalized by multiplying on the right by (S,—1...S1)". The transition matrix is Sy ...S1P,... Py,
and (Sp—1...81Py...P1)Vy(Sp—1...81P,...P;)" is in Smith Normal Form. To verify this, we include one last
additional step. Note that this step does not change the block diagonal entries of the matrix.

Step. 4: Multiply on the right by the transpose of the matrices S¢, S,, ..., S, 4
to obtain Spfl . S]Pp .. .PIVq(Sp,I cos S]Pp . .Pl)t,

Corollary 3.1.26. For1 <i < j,
Eij—qEi_1j—q(Eij-1 —qEi-1j-1) —q] (EFL j—qEi2,j—q(Ei-1,j-1 —qEi—2,j-1) ) -

<Ei,j1 —qEi_1j-1—q(Eij—o—qEi_1j—2)—qJ (Eifl,jfl —qEi2j-1—q(Ei-1,j—2—qEi_2j-2) >> (¢J")

=0.
Proof. By Corollary 3.1.24,
i—qEi—1j—q(Eij—1 —qEi-1j-1) —qJ(Ei—l,j —qEi 2 j—q(Ei-1,j—1 —qu—z,j—1)>—

E;
(Ei,j—l —qEi1j-1—q(Eij2>—qEi_1j-2)—qJ <Ei—1,j—1 —qEi 2 1—q(Ei-1j—2—qEi2j2) >> (¢J")

¢ (=) ()T =g T gl =0,
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For any n > 3, the Smith normal form of the g-Varchenko matrix is

1 0 0 0
0 (1-¢)I, 0 0
Sp 1. S1Py PVy(Sp1...51P,...P)) = | 0O 0 1=Vl ... 0
0 0 0 (1—¢%73I,
1 0 0
= 0 (1-¢)I, 0 (3.1.9)
0 0 (1 - qz)zln(pfl)

The left transition matrixis T = S,_1...51P,... P

and the right transition matrix is 7* = (Sp_;...S1P,...P)". (3.1.10)

Example 3.1.27. In the case n = 5, the Smith normal form of the Cs g-Varchenko matrix is

1 0 0 0
0 (1-¢*)s 0 0
t _
S$2S1PsP PV (S2S1PsPP) = 0 0 (1—q2)2I5 0
0 0 0 (1—q*)%Is
1 0 0
= 0 (1-g*)Is 0
0 0 (1—-4¢*)*ho
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3.2

The Dihedral Model, D,,;: Now we take the hyperplanes from the cyclic model and move them into R? so
that the lines forming edges of the regular n-gon become planes forming a regular n-gon shaped cylinder.
Then we add one hyperplane 4 that is perpendicular to Ay, h;y,...,h,. This doubles the number of regions.
From here on, we will refer to the regions above / as R and the regions below 4 as R ;. The R; regions are

labelled according to the cyclic model. Effectively, we label the minus regions by taking a reflection of the

The Dihedral Model

cyclic model regions along the axis of symmetry between R; and R,,.

Algorithm 3.2.1.

1.

2.

. For 1 <x < n, label the region R such that sep (R, ,R) = hy as R

Label the one hyperplane perpendicular to 4y, ..., A, as h.

Label the n hyperplanes Ay, ... h, so that each &, forms an edge of the n-gon that shares vertices with the

edges formed by 7,11 (;noq n)» and so that iy follows 7; moving along the edges in a counter-clockwise

direction.
Label the central region above /4 as R, and label the central region below £ as R, .

For 1 < x < n, label the region R such that sep (Ra’,R) =h, as R;r.

n+1—x*

Then, label the remaining regions according the following pseudo-code:

Setk=1.
While k < n{
Setm =0.
While (m+1) < p—1{
Choose R such that sep (Rg’Rjn_+((k+l) mod(n))) =sep (R}, - R™).
Label it as R(th)Hk.
Choose R'~ such that sep <R67R;;+((k+1) mod(n))) = sep (R;m%,R’*) .
Label it as R(m+l)n+k'
m=m+1.}
k=k+1.}

The distance enumerator for <7 (with respect to R(‘; ) is

n+1

p
Dy pe(t) = 1+1+ ) n(t“+15t1), where p=|
k=1

|.
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To illustrate the algorithm, we go through a couple of steps. Once all of the R* regions and R , R} , ... ,R;
regions R'~ with #sep (Ry,R’) = 1 have been labelled, choose the region R'~ such that sep (R, ,R; ) =

sep (R;,R'~) and label it as R, . Next choose the region R~ such that sep (R, ,R; ) =sep (R, |,R"~) and

label it as R;, ;. Continue until the region R(’pfl)n .1 has been labelled.
Then, choose the region R'~ such that sep (Ra Ry ) = sep (Rz_ R _) and label it as R, ,. Next choose
the region R'~ such that sep (Ry ,R, ) = sep (R, ,,,R'~) and label it as R;, ,,. Continue until the region

R(_p_l)n ., has been labelled. Repeat the process until regions

R R R

(pfl)nJrl’RZi’Ri R,

n+2> R

DR (iR
have been labelled. Then choose the region R~ such that sep (Ra ,Rl’) =sep (R, ,R'~) and label it as R, .
Next choose the region R'~ such that sep (R(; Ry ) =sep (Rz_n,R’ _) and label it as R5,. Continue until the
region R(*[Fl)n . has been labelled.

While the process is identical for the R and R~ regions, the hyperplane involved in each step is not. In
the first part of the algorithm, the hyperplane separating R; and RLI is hy, and the hyperplane separating
R;;_ | from R;rn +1 18 h3. In the second part of the algorithm, the hyperplane separating R, and R, is h,—,

and the hyperplane separating R, ; and R;, | is 2.

sep (Ry.Ry) Csep (Ry,R,,,) Csep (R),R3,.1) S ... Csep (R(T?Rz;fl)rwl) :

sep (Ra,Rf) Csep (Ra,R;H) C sep (R67R5n+1) C...Csep <R57R(p71)n+1) .

For i, j < p, we can write:

sep (RE)‘FuR?,—',l)ner) = {thhx+1 m()d(n)vhx+2 mod(n)s -+ ahx-‘r(i—l) m()d(n)}a (3.2.1)

sep (RavR(_j_l)n+x) = {hn+1—x7hn+lf(x+l) mod(n)vhn+lf(x+2) mod(n)s«++ 7hn+17(x+(j71)) mod(n)}' (3.2.2)
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Iustration of Algorithm 3.2.1

h,

hs

Note: after the steps:
Choose R'™ such that sep <R(J{,R’1fr((l+1) mod(n))) = sep (R;’(S)Jrl ,R’*).

: +
Label it as R(1+1)5+1'

Choose R~ such that sep <R(§’RI11((1+1) mod(n))> = sep (R*5)+1,R'*).
Label it as R(_1+1)5+1.
m=2.

Note: The hyperplane /4 is not labelled here - it is the hyperplane consisting of this page, where the + regions
are on the front side of the page, and the — regions are on the back side of the page.

Figure 3.9 The D5 hyperplane arrangement in step 6 of Algorithm 3.2.1, where k = 1, at the end of the loop when
m =1 is re-assigned to m = 2, which begins the k = 2 loop.
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Ilustration of results of Algorithm 3.2.1

Note: The hyperplane 4 is not labelled here - it is the hyperplane consisting of this page, where the + regions
are on the front side of the page, and the — regions are on the back side of the page.

Figure 3.10 The D5 hyperplane arrangement after step 6 of Algorithm 3.2.1.
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The g-Varchenko matrix for D, is a 2(np+ 1) x 2(np + 1) matrix with the following form:

1 q 01 O O O3 | oo | Ok Qi1 | - | Op  Opri

q 1 0> 01 03 Oy | ... | Okt Or | .- | Opr1 0y
tl tz Ei+1+ Er- | Ervor Epsp- | oo | By Epvg- | oo | Eprpr Epep-
04 | Ey v Eiy | Eige Era | oo |Evge Epg | oo | Evpe Epp
t2 g Eyii- Eyei- | Eripr Epto— | oo | Epspr Epsp— | ... E2+p+ E2+p—
L0 | Eyy Eyy |Eyoe Eyg | o | Eyp Eyi | o |Exp Eyp

v, = .
Q?{ §(+1 Exvi+ Epr1- | Exvor Epro- | oo | Eprr Eprpe | oo | Egrpr Egrp-
QZ_H Q;C Ei-1+ Er-1- | Bk B2 | oo | Exir Ejp- | oo | Expr Ejp-
tp ;Jrl Ep+1+ Ep+1— Ep+2+ Ep+2— Ep+k+ Ep*k* Ep+p+ Ep+p—
0 @ | Epv By | Epor Epo | oo | Epie Epie | oo | Eppr Epp
(3.2.3)

where Ejiii = E;iji, and EjTr[i = Elti];

Remark 3.2.2. As immediate consequences of the algorithm for indexing the regions, E;+ j+ = E;- j- = Ej; as

it was defined in 3.1.4, since for 1 < x < n we have relationships like those in the cyclic model:

#sep (RL)M»REAMH) = fep (RZE*UHTR@*UH(XH m()d(n))) N
= #sep (Rz;_l)mrn—l ’Rz;'—])n-‘r(x-l-"l—z mod(n)))
= #sep (RE;fl)n+n’RE;fl)n+(x+n71 mod("))> ’

and similarly,

#sep (R@l)nH,R(’jfl)nﬂ) = #sep <R671)n+27R(7j71)n+(x+1 mod(n))) =...
= f#sep (R&,U,ﬁn,l R Dnt(ean—2 mod(")))
= #sep <R6_1)n+n’R(_j—l)n+(x+n—l mod(”))) ’ B

n _ pt

Note: here when x+k = n for some 1 < k < n, R(jfl)w(ﬁk mod(n)) = R(J.fl)nﬂ.

Therefore, E;+ j+ and E;- ;- are circulant matrices.
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However, in the dihedral model we also have the relationships

#sep (RZA)HUR(}q)nﬂ) = fsep (Rannn’R(qu)nﬂxq mod(n))) =
= fsep (szl)nJrnfl ’R(_jfl)n+(x7(n72) mnd(n))>
_ _ (p+ -
= f#sep= (R(i—1)n+n’R(j—1)n+(x—(n—1) mod(n))) )
and similarly,
— + _ - + _
#sep (R(i—l)n+1’R(j—l)n+x> = fsep (R i—l)n+2’R(j—1)n+(x—l mod(n))) e
_ — +
= fsep (R(ifl)nJrnfl R Dt (- (n-2) mod(n))>
= #sep (Rgfl)nJrn’R?;‘fl)nJr(xf(nfl) mod(n))) ’ (3.2.5)
Note: here when x = (n — k) for some 1 < k < n, R?;._])H(x_(n_k) mod(n)) = RE—I)n-ﬁ-n'
Therefore E;+ ;- and E;- j+ are reverse circulant matrices.
Definition 3.2.3.
0 O 0 1
0 O 1 0
K = . .. . .« .
o 1 ... 0 O
1 0 ... 0 O
K is the matrix associated to the permutation written in cycle notation as (1n),(2,n—1),...,(k,n+1—k),...

n n

where the last term is (%,% + 1) if 7 is even, and the one-cycle (“£1) if n is odd.

Remark 3.2.4. For any 0 <m < n, J™ commutes with the matrices E;; because both are circulant matrices. K

does not commute with J, and K commutes with E;; only when i = j.
K*=J"=1, and KJ =J"'K.

Proposition 3.2.5. If M is any n X n circulant matrix, then KM is symmetric, and so is MK.

Proof. Tt is sufficient to show that KM is symmetric, since then KM = (KM)" = M'K and M" is circulant if

M is circulant. To show this, write the (7,¢) (row, column) entry of K as K. = Oy¢nt1-

n

n
(KM)VC = Z KMy = Z 6r+k,n+1Mkc = Mn—&-l—r,c- (3.2.6)
k=1 k=1

n n

t t t t

(M'K)e = Z M, Kie = Mrk5k+c,n+1 = Mr,n+1—c =Mpi1-cr
k=1 =

k=1
Since M is circulant, for any integer a we have Mij = M\ 4 mod(n),j+a mod(n)-

Mn-‘rl—nc = Mn7c+r—1 = Mn+1—c,r-

39



This shows that KM = (KM)'. O

Proposition 3.2.6. Furthermore, KM and MK are "reverse circulant” matrices: for an integer a, the (r,c)-

entry of KM equals the (r+a mod(n),c —a mod(n))-entry.
Proof. Using Equation 3.2.6, we have

n
(KM r+a,c—a = r+a kMk c—a — Z 8r+a+k,n+le,cfa - Mn+17r7a7cfa - Mn+17r,c - (KM)rc-
k=1

Remark 3.2.7. K is symmetric, and J'~'KE; ; 1s both symmetric and reverse circulant for all i, j.

The E;+ ;- block entries of the g-Varchenko matrix correspond to the number of separating hyperplanes

between the regions in R( , and the regions in R(

i—1)n+x Jj—Dn+x"

Theorem 3.2.8.
Ey+j- =Ei-j+ = qu_lKEij, where E;; is as defined in Theorem 3.1.4.

Proof. We proceed as before in the proof of Theorem 3.1.4 where we fixed X' = 1 and determined the
# (sep (R(i,l)nﬂ/,R(j,l)nﬂ)), but this time we will fix x' = n— (i — 1) rather than x’ = 1. This will give us
the n — (i — 1) row of E;+ ;- instead of the first row. However, as a result of the method used to index the
regions, we have the relations given in Eq. 3.2.5 which imply that the E;+ ;- blocks are reverse-circulant
matrices and therefore they are determined entirely by the first row, or equivalently, any one particular row.

For 1 < x < n, we have the following two equations:

sep (Rm (i— 1)t (i~ 1)) = { i1y Pu—(i=1) 15+ - s Pn— (= 1) =) } = Vs 1,25+ By i1y }-
(3.2.7)

sep <R0 ) (j 1)n+x) = {h7hn+l—x>hn+lf(x+1) mod(n)ahn+lf(x+2) mod(n)s -+ 7hn+17(x+(j71)) mod(n)}' (3.2.8)

Therefore by Proposition 3.1.2,

sep (R(l n+n—(i— l)’R(_jfl)nqu) =
{hnahnflvhnfza--'7hn—(i—1)}U{hahn+lfxvhn+l—(x+l)mod(n)ahn+l—(x+2) mod(n)a'--vhn+l (x+(j—1)) mod(n }_
({hnahnflahnfb e 7hn—(i—1)} ﬂ{hvhw»lf)mhn—&-l—(x—&-l) rn()d(n)vhn+1—(x+2) mod(n)s - -+ ahn+1—(x+(j—1)) m()d(n)})'

(3.2.9)
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Let 1 <k < i< j. We will examine three cases which can be generalized into one by allowing 0 < k <.

. .
fsep (R<i_1>n+n—(i—1>’R<j—1>n+x)

j+1—i, sep (R(J')_7R?;_1)n+n—(i—l)> < sep (RE)'_’R(_j—l)n—&-x)

=qj+1—i+2k, # (sep (Rg’Rz;—l)n+n—(i—l)) (sep (R(J)F’R(_j—l)nﬂ)) =i—k,

JH1+i, sep (R(T’R@l)nmf(ifl)) sep (RS’R(;'*I)"HC) =0.

Case 1:
+ + R
sep <R0 7Rz;71)n+n—(i71)> C sep (Ro 7R(j—1)n+x> )

This occurs when x = 1, and when n+1— (x+ (j— 1)) mod(n) <n—(i—1);ie,n—(j—i—1) <x<n.

Hence #sep (Rzgfl)rwnf(ifl)’R(jfl)n+x> =j+1—iforxe{l,nn—1,....n—(j—i—1)}.

Vv
j—iterms

Case 2:
# (sep (Rgfl)nmf(ifl)’R(J)r) ﬂsep (R(fjfl)nﬂ,Rg)) =i—k.

This happens when exactly i —k of ki, hy—1,...,hy—k,...,h, ;1) are in sep (Rg,R(*jfl)nH).
Equivalently, there exists
+ pt _ + p— _
S C5ep (R§RG 1) ns-1)) such that #S =k and S(Ysep (RYR(; 1)) = 0.

Whenx =k+1:
sep (R(J{,RG,I)HJ = {l ey g1y s Pon— (k325 -+ 5 P (k- (j—1)) -

S = {nyhutsee sy ey} C sep (RJ,R@I)HHHQ L #S=k, and S()sep (R(T,R(*jfl)nﬂ) —0.

Whenn+1—(x+(j—1))mod(n)=n+1—(i—k)sothatx=n—(j—i)—k+1=n+1—(j—i+k):
sep <R37R(j,1)n+x) = {1 itk mod(n)s Pj—ick—1 mod(n)s - + - s Pon—(i= 1) (k1) on—(i—1) %) } -

S ={lp—(i—1)+(k=1)>- - - Pn—(i=1) 2> Bn—(i=1) 41, In—(i=1) } € s€p (R{)F,Ra_l)nﬂ_(i_])) ;

#S=k, and S()sep (R(}L,R(*jfl)nﬂ) —0.

Hence #5ep (RY_ 0 1) R i) = J+1 =142k forx€ (ke Ln—(j—) —k+1}.
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Case 3:

{hnahnfl yhn—2,... ahn—(i—l)}m{hv Pt 1—x, hn+l—(x+1) mod(n)ahn+1—(x+2) mod(n)s - >hn+l—(x+(j—l)) mod(n)}
=0.
This happens when x > i and whenx <n— (j—2);ie,x+ (j—1) <n+1,orx+(j— 1) mod(n) < 1.

Hence #sep (RZ;_I)HH_(I._]),R(_j_l)n+x) — 14 forxe {it1,it2,....n—(j—1)).

In summary:
j+1—i, xe{l,n,n—1,....n—(j—i—1)}.

R(‘j_l)m) = j+1—i+2k, xe{k+1l,n—(j—i—1)—k}. (3.2.10)
JH1+i, xe{i+1,i+2,...,n—(j—1)}.

+
#sep (R(i— n+n—(i—1)’

) > Therefore,
(i—Dn+172(j—1)n+x
the n — (i — 1) row of E;+ ;- equals g times the first row of E;; as it was defined in Theorem 3.1.4.

Comparing this to Equation 3.1.5, we see that this is precisely 1 4 #sep (RJr R

Left multiplication by J*~!K acting on the circulant matrix E;; takes the first row to the nth row, and
then takes the nth row to the n — (i — 1) row. Since both E;+ j- and qJ"*IKE,- ; are a reverse circulant matrices,
the equality of one row of each matrix is sufficient to determine the equality of the two matrices. Hence
qJKE;j = Ej+ j-. O

For D,,, we can write the 2(np+ 1) x 2(np + 1) g-Varchenko matrix in the block form:

1 q 01 q01 | ... Or q0r e Op q0p

q 1 q01 01 qQ; O CIQp Qp

0, q0)| Eun qKEn | ... Ey, gKE, Eyp gKE1,
thl tl qKEU E11 qKElr E]r qKElp Elp

V,=

Q. qQ.| E!  ¢KE, | ... E,, gJ"'KE,. | ... E,p ) E,,
q0. Q. | gKE,, Ei, qJ " 'KE,, E, ... | ¢J7'KE,, E,p

39 QQZ, E{p gKE, | ... Eﬁp qJ’*IKErp E,p quflKEpp
90, @, |qKE\, Ei, |...|J 'KE, Ef, ... | ¢J"'KEp, Eyp

(3.2.11)
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Example 3.2.9. The g-Varchenko matrix for D5 is

1 0 q01 (0)) q0> 03 903
q 901 0 q0> (0)) q03 03
o\ qQ) En gKE1 Epp gKE> En3 gKE13
v, — qQ7 0O} | ¢KEn  En gKE1» Ep gKE13 E3
0, q0, | E, q¢KEp Ex» qJKE>) Exs gJKE3
q0, 05, | gKEn»  Ej, | ¢JKEn  En qJKE»; En;
0y q0% El, gKE13 Ej, qJKEn; E33 qJ?KE33
q05 0% | gqKE3 El, qJKEn; Ej, qJ?KE33 E33

32x32

The blocks E11, E12, E13, E2n, E23 E33 and Qy for k = 1,2, 3 are as they were defined in Example 3.1.3.

gKE =

gKE 3 =

qJKE>; =

SIS EREES I
W oW W

BN

S

_Q
W

o ],

N
w

W W

ESTREES TR SRR S RN
9]

_Q

9
8]

L R

3

R

q
3

q
q3
q3
6]3

gKE> =

qJKEzz =

qJ*KE3; =

Q ],

Q
W

Q
193

_Q
W

o R

R
)

o R

ESTREDS
9

BN
W

o R

ESTRLSTRES
W

S

ESEEEES RN
< )

W

ESTRECS TS TGN

o R

RS Qw Qu] 'QU‘Q

_ R

(9,3

W

(95}

B

BN

Q8,88

=
)

Proposition 3.2.10. V, for D, can be transformed into its Smith normal form over Z[q| in seven steps.

The remainder of this section will prove this proposition.

Step. 1: Multiply V, on the left by matrices P{,P;,... ,Pp_l,Pp:L nit s to obtain P, ... PV,
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where

I,

I,

0 0j0 O

0 0j0 O

0 0j0 O

0 0|0 O

0 0|0 O

0 0j0 O

0 0j]0 O

0 0j0 O

Iy

0

0

0 0|0

0
0
0

0
0

Iy

I,

0
0
0

0 0
0

0
0
0
0
0
0

I,

I,

0
_qln

_qln

0

0
0

I,

0
I

0 0

0
I

I,

0 0j0 O

0(0 O

Iy

In

0 0j0 O

00 O

I,

I,

1 00 0[O0 O

1

0

0
0

0 0|0

0 0|0 O

0 0[O0 OO

0 0j]0O O[O O

0 0[O0 O0]0O0 O

0 0|0 O[O O

0 0[O0 0]0O0 O

0 0[O0 0]0O0 O

0 0j{0 O[O O

0j0 0]0 O

1

0

1

0
0

0 00

0 0[O0 O

0 0|0 O0]O

0 0[O0 0]0O0 O

0 0[O0 O[O O

0 0j]0 O[O0 O

0 0j]0 O[O0 O

0 0j]0 O[O O

0 0[O0 0]0O0 O

P =
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0
0

I

0
Iy

0 0j0 O

00 O

Iy

Iy

0
0

Iﬂ

0
I

0 0/j0 00 O
0 0j]0 0|0 O
0 0j]0 0|0 O
0 0/j0 00 O
0 0/j0 00 O
0 0/j0 00 O

0j0 00 O

I

I,

0
0

0

0 0]0

0 00 O

0 0[O0 0|0

0 0j]0 O

0(0 O

I,

I

0 0/{]0 0|0 O
0 0/j0 00 O
0 0/j0 00 O
0 0/j0 00 O
0 0/j0 00 O
0 0j]0 0|0 O

0/{0 0|0 O

I,

I

0
0

0

0 010

0 0(0 O

0 00 010

0
0
0
0

Iy

0

0
0
0

_qln

_qln

0
0
0

I

0
0

I,

0 00 O
0 0|0 O

I

Iy

0

0
0 0|0

0 0j0 O

0 0|0 O

0 0j]0 O

0 0,0 O
0 0,0 O
0 0j0 O

00

0

—-q
—ql

0

0
0

Example 3.2.11. For Ds, multiply V, on the left by

Is

0 I

Is

—qls

—qls

I5

0
—qls

—qls

0

_ql

0

PPP
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Proposition 3.2.12. At the end of the first step, the original gJ'~'KE; i block matrices have the form

i1
—q°) (jf,f"> K, fori=1,
k=0

o j—i i—1 ‘
=g 1-¢? (Z Jik Z q2m1m+]_1) K, for blocks on or above the block diagonal,
k=0 m=1

i-1
¢ (1 —¢%) (Z R 1) K, for blocks below the block diagonal.
k=0

Before we can prove this proposition, we need the following lemmas.

Lemma 3.2.13. Let ¢*Q ;j denote the n x n matrix with all entries g/t

gKEi;—q*Q; = (Z J")

Proof. Since all rows of gQ; are identical and left multiplication by K only changes the order of the rows of
a matrix, ¢Q; = KqQ;. From this, the relationships J' = JLr =1, (J)k =gk mod(n) gy — jn=1K and
Lemma 3.1.12,

gKE\;j —q*Q; = qKE\; — gKqQ; = gK (E1; — qQ))
—1 1\ -1

— gk <qf 1-g) Y ) g (1-PK ('ﬂ‘) s (W)K
k=0 k=0 k=0

Proposition 3.2.14. Fori < j,

¢ i
Proof. Note that
j—i =i j—it2 j—i+2(i—1) _j+i v j—i2(i—1 j—i+2
E;]:C(q] l)"'aq] l)q] o )"'7qj " (l )aq1+lv"'7q]+lvq] o (l )a"'vq] s )
S——— —
j—i+l1 ntl—i—j

Write Jye = 0,41 (mod n),c» and (J/7')e = rtj—ic:
n
j lElj Z JJ l rk 26}’-‘1—] zk lj = (Eij)r+j7i,c-

Since it is a circulant matrix, J/~'E; j can be written using the first row.

— j—i j—i j—i+2 —i+2(i—1 j+i j+i —i42(i—1 j—i+2 t
(Eij)1+j*i7C_C(qj l)"‘qu l7q] ! )"‘7qj ' (l )>qJ la--')ql lqu ' (l ),---761] ! ) Elj
R e N———
j—i+1 n+l—i—j
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(Eij)1+1. is given by "pushing" the (E;;)1, entry to the (E;;)21 entry. Since the (Ej;); ,—(j—;) through (Ei;)1,
entries are all equal to ¢/, (E;;)1+,_i. is given by taking the 1 + j — i row of E;; as the first row of an n x n

circulant matrix, which equivalently produces E! it O

Lemma 3.2.15. For1 <i<j,

q]l lKElj_qJI ZKEZ 1= q] z+1 (ZJ] 1- k+Z 2me+] 1>
Proof. By Lemma 3.1.13, Proposition 3.2.14, and commutativity of circulant matrices,

qJ 'KE;j — qJ"?KE;_\ ;= qJ" > (JKE;; — gKE;_1 ;) = qJ' *K (J'E;j — qEi_1))

= qu_zK<(JtEij—61Ei71J)t)t:qﬁ_zK( J—aEi 1)
= @K (P E T =gl T E )

' o i i—1 !
— q‘,leK <J/t+1(1 _qZ)quz (Z(Jt)k+ Z q2mjm>>
k=0

m=1

Ny = i1
_ q‘,172 <th+l(1 _qZ)qut (Z(Jt)k+ Z q2me>> K
k=0 =1
= ¢ =g (Z () + Z qz’”J’”>
k=0

m=1

— qj—i—l-l(l <ZJ] 1- k+ qum_]m-i-j 1>K

m=1

O
Lemma 3.2.16. For 1 <i< j,
. . . . i_l .
quflKEU _qzjlflKEiVj_l — q‘]fl(l _ q2) Z q2k+ljk+j*1 K
k=0
Proof. By Proposition 3.1.11,
qJ 'KE;j— ") 'KE; j = qJ' 'K (Eij —qEij-1) = ¢J 'K (El; —qEL; )’
i1 ' -
k=0 k=0
i—1
_ qui(l _qz) lthzkﬂjkﬂ'—l K.
k=0
O
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Proof. (Of Proposition 3.2.12): Case 1 is proved in Lemma 3.2.13. Case 2 is proved in Lemma 3.2.15. Case
3 is proved in Lemma 3.2.16. O

Example 3.2.17. Recalling Proposition 3.1.11, for Ds, after the first step we have

Voo | Vo1 | Vo2 | Vo3

Vio | Vi1 | V12 | V13
PPV, = , where

V2o | V21 | V22 | V23

V3o | V31 | V32 | V33

1 0 0 0
Voo = ) , V10 = V20 = V30 = 0 o ,
0 l-—g¢ 2%2 2nx2
_<Q1 qu) _<Q2 qu> _<Q3 qu>
Vo1 = , Vo2 = , Vo3 = ,
Q1 Q1 ), 9% O /, 903 Qs /,

Vi = ( (l—qz)l 61(1-&12)[{ > by = < q(l_ql)(1+J)t qz(l—qz)(l—i—J)K >
dl-@)K  (1-g)1 ) FA-P)I+NK  q(l=g)I+I) )

_— F1—PA)I+I+T?) FA—-P)I+T+IHK
P\ AU+ K U@ UHI+) )

[ a=a) @O=gVK (1-AU+¢*)  q(1-¢*)J+4* K
"o ;)T Lai= U@k (=Pi+q) )

e q1=F)I+T+q¢*)) F(-F)I+TP+P)K
P\ RU—PUP AP gl =PI +T + )

V31—< 7*(1-¢*)J? q3(1—qz)J2K>
Q1=K ¢(1-¢*)

; q1-A) U+ P - +4*P)K
32 —
71— P +PP)K  q(1—g*)(J+4%T%)
(1= I+qT+q"T)  q(1 =) P+~ P +4*THK
V33 = .
q1—PA)PP+@P +qIHK (1= +qT+4")?)

Step. 2: Multiply the new matrix on the right by P, ..., P}, to get the matrix (Py,...,P;)Vq(Pp,...,Py)".
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Proposition 3.2.18. At the end of the second step, we can make a general statement for the block matrix that

qJ7'KE; ;18 transformed into:

i—2
q]—l+1(1 _ql) ((1 _qZ) (ZQZka-i—]—l) _|_q2(1—1)J1+]—2> K.

k=0

Before we can prove this proposition, we need the following Corollaries.

Remark 3.2.19.
gKE\1 —q*Q1 = (1 —¢*)K, since gKE1 —q*Q1 = gKE11 — ¢°KQ1 = gK(E11 —qQ1) = q(1 — ¢*)K.
Corollary 3.2.20. For j > 1,
gKE1;—¢*Q;— q(gKE1 j1 —¢*Qj—1) = ¢'(1—¢*)J7'K.

Proof. By Lemma 3.2.13,

Jj—2

. J=1 .
gKE|j—q°Qj—q(¢KE1 j 1 —q°Qj 1) = ¢'(1—¢°) (ij> K=q (‘1’1(1 ~q) (Z]k> K>
k=0

k=0

. -l = | .
= J01-¢) (ka - ka> K=¢'(1-¢)J"'K.
k=0 k=0

Corollary 3.2.21. For1 <i <},

)" KE;j— q* )" ?KE; 1 j—q(q)" ' KEjj1 — ") T KEi1 1)

i—2
— qul'+1(] _qZ) (((1 _qZ) Zq2k1k+j1) +q2(i1)Ji+j2> K.
k=0

Proof. By Lemma 3.2.15,

)" 'KE;j — ") *KEi—1;—q ()" 'KE;j1 —¢*J " *KEi_1,j1)

j—i—1

. = il . . . il ,
:querl(] —C]2> (ijlk+ Z q2mjm+‘/l> K—C] <qjl(] _q2) ( Z J</*2*k+ Z quJerJZ) K)
k=0 m=1 k=0 m=1
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— j—i—1 i—1 i—1
_ j z+1 (Z j k—1 Jj7k72+ lz quJerjfl o ZZ q2mjm+j2> K
k=0 :0 — o
- i—1
— J Hrl Z J k—1 Jj k— 1+ Z quJerj 1 qZijl_ IZquJm+j72 K
k=0 1 m=1 m=2
j—2
_ / 1+1 Jj 1 2Jj 1+ ZquJm+/ 1 lZ qZ(m+1)Jm+j71 K
m=1 =
-2
_ / H—l Jj 1 2Jj 1+C] (i— I)JH-] 2+ ZQZme—O-j 1 ZquZme-i-j—l K
m=1 m=1
_ j l-‘r] ( J_] 1+ Z Zme+j l+q (i— ])JH-] 2>K
_ j l+1 (( ZqZka-i-j 1) +q 2(i— ])JH-] 2) K.

Corollary 3.2.22. For1 <i< j,
qJ' 'KE;j—q* )" 'KE; ;1 —q(q) *KEi_1;— q*J *KE;_1 j_1)
—2
_ qj—i+1(1 _qz) (1 _qz) lZQZka—i-j—l +q2(i—1)Ji+j—2 K.
k=0
Proof. By Lemma 3.2.16,

¢ KEij— ¢’ )" KE; j 1 —q () ?KEi1;— ¢*J KEi_y 1)

i—1 i—2
:q]—t(l _q2) <Zq2k+ljk+]—l> K—q <q]—(z—l)(1 _qZ) (Zq2k+l«]k+J_]> K>

k=0 k=0

i—1 i—2
k=0 k=0

y
——<

j l+1
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Corollary 3.2.23. For 1 <,

qJ 'KE; —q*J *KEi_1;—q (qu_zKEifl,i - qz-]i_2KEi71,ifl)

i—2
— L](l _q2) (((1 _qZ) ZqZka+il> +q2(il)J2(il)> K.
k=0

Proof. By Lemma 3.2.16,

qJ 'KE; — qui’zKEi_l,i —q (quizKEi—l,i — qz-]iizKEi—l,i—l)

i—1 i—2

k=0
1 Z 2 1 1_22 2k+2 yk+i—1
Jl q me—H q -+ J +i— K
k=0
Z 2 1 2qi-1 I_ZZ 2k+2 yk+i—1
— J qum+1 J17 o q =+ J+lf K
k=1
i—2

— (1 _ ) ((( Zq2kjk+l l) +q 2(i— 1)12(1 1)> K.
- U

Proof. (Of Proposition 3.2.18): For i = j = 1, the result is obvious, as noted in Remark 3.2.19. For i = 1 and
Jj > 1, the proof is given by Corollary 3.2.20.

There are three remaining cases based on the position of the original ¢J'~'KE; ; block in the g-Varchenko
matrix. The case when it lies above the block diagonal and i > 1 is proven in Corollary 3.2.21. The case
when lies below the block diagonal is proven in Corollary 3.2.22. The case when it lies on the block diagonal

and i = j > 1 is proven in Corollary 3.2.23. O

Remark 3.2.24. Therefore, by Proposition 3.1.16, at the end of the second step, the block matrices with the
original form E;; are given by
(1 — g?)qli=Il li=i) med(n), (3.2.12)

and the block matrices with the original form ¢J"~'KE; ; are given by
. . i_z . . . .
quﬁ*l(l _q2) (1 _q2) Z q2kjk+]*1 _’_q2(171)‘]l+]*2 K. (3213)
k=0

At this point, the g-Varchenko matrix for D, has been transformed into a block matrix form where each block
is given by Eq. 3.2.12 and Eq. 3.2.13.
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Example 3.2.25. For Ds, after the second step we

voo | O

have

0|0

Vit | V12 | V13

P3P, PV, (P3P, Py ) =

Va1 | V22 | V23

L[ e U)K
F(1-)PK  ¢(1-¢)]

q(1—q*)J

e ( (1= (1 - g2 + ¢ P)K

(1-¢*)1

T ( g1 =) (M=) +q* (1 - )P+ 4K

Step. 3: Multiply Pp,...P1Vy(Py...P;)! on the left by matrices Sy...., Sk, ...

to obtain Spfl NN S]Pp .. .PIVq(Pp .. .Pl)t,

V31 | V32 | V33
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where

I

0 0

Iy

—qJ | 0

0

0 0|0 O
0 0j0 O
0 0j0 O
0 0|0 O
0 0|0 O
0 0j0 O

0 0|0 O
0 0|0 O

I,

0 010

0

0
0
0

0
0

0
0

I

0
0
0

0

0 0
0

0

0

0
0
0

0
0

0
0

0
Iy

Iy

0

0

—qJ | 0

0

0
0

I,

0
I

0
0

I,

0
Iy

0 0/0 O

0/{0 O

I

I

0 0/0 O

00 O

I

I

00 010 O

1

0

1
0
0

0 00

0 0[O0 O

0 0[]0 OO

0 0[O0 0]0 O
0 0j]0O O[O0 O
0 0j]0O O[O0 O
0 0|0 0]0 O
0 0|0 0]0 O
0 0j]0O O[O0 O

S| =

1 0/{0 0|0 O

1

0

0
0

0 00

0 0[O0 O

0 0[]0 OO

0 0|0 0]0 O
0 0|0 0]0 O
0 0|0 0]0 O
0 0|0 0]0 O
0 0|0 0]0 O
0 0|0 0]0 O

Sy =
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1 0| O 0 |0 O 0 00 0|0 O
0 1] 0 0 [0 O 0 00 0|0 O
0 0| I 0 |0 O 0 0j]0 O0]0 O
0 0| O I, 10 O 0O 0/]0 0|0 O
0 0|—¢/ O |I, O 0O 0j]0 O0]0 O
0 0| 0 —¢qJ|0 I, 0 0j]0 00 O
Sp-1= : S : SRS AR
0 0| O 0 [0 O L, 0,0 0|0 O
0 0| O 0 |0 O 0 ,]O O0]0 O
0 0| O 0 [0 O 0 0|, 0]0 O
0 0| O 0 |0 O 0 0/0 L,]O0 O
0 0| O 0 [0 O 0 00 O, O
0 0| O 0 |0 O 0 00 0]0 I,
Example 3.2.26. For Ds,

1 0| O 0 0 0 |0 O

01| 0 0 0 0 |0 O

0 0| Is 0 0 0 [0 O

00| O Is 0 0 [0 0
S8 =

0 0|—¢gJ O Is 0 |00

00 0 —¢gJ| O Is 10 O

00| O 0 |—-¢J O |Is O

00| O 0 0 —gJ|0 I

Remark 3.2.27. At this point, we have shown that each block entry originally given in the g-Varchenko matrix
by ¢J7"'KE;; is given by

k=0

i—2
q]—H—l(l 7q2) (((1 7q2> Zqzkjk—i—j—l) +612(1—1)‘11-4—]—2> K.

We will refer to these block matrices as the qJ i‘IKEij -entry through the next step. Step 3, left multiplication
by the matrices S, ...S| has the effect of beginning with the last two rows and subtracting ¢J times the
previous two rows; then the same operation is repeated by subtracting ¢J times the third-to-last two rows from
the second-to-last two rows, and so on. The gKE| j-entries remain the same, ¢/ (1 —¢*)J7~'K, throughout
this step.

For all of the ¢J'~'KE; j-entries that are below the diagonal and for which i # j, the third step carries out
the operation of subtracting ¢J times the g.J iilKE,;/ j—1-entry from the gJ i-IKE; j-entry. In this case, the result
equals O.

For all of the ¢J'~! KE;;-entries that are either on or above the diagonal or for which i = j, the third step
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carries out the operation of subtracting gJ times the gJ' i_zKEi_17 j-entry from the gJ i-1KE; j-entry.

Corollary 3.2.28. For all of the qJ"'KE; j-entries that are below the diagonal and for which i # j, the
qu_lKEij—entiy minus qJ times the qJ"_lKEi,j,l—entry is zero.

Proof. By Proposition 3.2.18,
i—2
¢ (11— ¢?) <<(1 ) ZqZka+j—l> +q2(i—l)Ji+j—2> K

k=0
i—2
—qJ <qj—i(1 _q2) (((1 _ qz) Z qZka+j—2> +q2(i—l)Ji+j—3> K>
k=0

i—2
— g (1= ) (((1 ) IZqZkaJrjl) +q2(il)Ji+j2> K
k=0

i—2
¢ (14 ( ((1 ~) Y, q”‘J"*“) + qz(’”J’ﬂz> K=0.
k=0

O

Corollary 3.2.29. For all of the ¢J'"'KE; j-entries that are either on or above the diagonal or for which
i = j, the gJ""\KE;j-entry minus qJ times the qJ'"">KE;_; j-entry equals ¢/~ (1 — ¢*)2J/~'K.

Proof. By Proposition 3.2.18,

i—2
qj—H—l(l _q2) <<(1 _q2) Z qZka+]—1> +q2(1—1)_]z+j—2> K

k=0

i—3
_qJ <qj—(i—1)+1(1 _q2) (((1 _qZ) Z q2ka+j—1> +q2(i—2)Ji+j—3> K>
k=

0

i—2
— <Z q2k+j—l+1(1 7q2)2Jk+j—1 +ql+]—1(1 qZ)Jz—i—]—Z) K
k=0

i—3
_q-] <IZ q2k+j*i+2(1 _q2)2jk+]'*1 _'_ql'+j*2(l _q2)Jl'+j3> K
k=0

)
_ <qj—i+1(1 PRI qu2k+j—i+1(1 Y +qi+j—1(1 _qZ)JH-j—Z) K
k=1

i—3
i (Z P (L= @I g (1 q2>f’“_2> ‘
k=0
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quiJrl(l _q2)2jj71K+(1 _q2)2 <

quiJrl(l _q2)2jj71K+ (1 _q2)2 <

q] l+1( )2]] IK

i

k

i

k

2

(.
D=

I
—

q

q

i—3
2kt j—it] phetj—1 _ IZ qz(k+l)+ji+1J(k+l)+jl> K

Dbt j=it1 phetj—1

Example 3.2.30. For Ds, after the third step we have

SlePg,PzP] Vq(P3P2P1 )t =

k=0

k=1

i—2
. Z q2k+jl+ljk+jl> K

Step. 4: Multiply the new matrix on the right by St ...

Remark 3.2.31. This step has the effect of beginning with the last two columns and subtracting the previous
two columns times ¢J'; then the same operation is repeated by subtracting the third-to-last two columns times
qJ" from the second-to-last two columns, and so on.

The gKE;-entries remain the same throughout this step, and more generally, the ¢J'~! KE;;-entries

remain g(1 — ¢°

Corollary 3.2.32. For i > j, the current qgJ'~'KE; j-entry minus the current q]i_lKEi7 j—1-entry times qJ'

equals zero.

(Sp_1...S1Pp, ..,

Proof. Using Corollary 3.2.28 and the identity KJ’

C]] H—l(

)ZJ] lK (q(] 1)— H—l(

P1)Vq(Sp-1

=JK,

)2]] 2K)q.]t _q] l+1(1
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.SiPp,...

,S;Fl to get the matrix

7P1)t'

)2Ji=1K, since the corresponding entries to the left of them are zeros.

@I IK—JKI) =

10 0 0 0 0 0 0

0 1—¢° 0 0 0 0 0 0

0 0 | =) q(-@)K| q1—=)I* F(U-@WK| ¢F(1-)P ¢ (1-¢*)J°K
0 0 |q(l-g)K (1-¢)I |- VK q(1=¢)I" | PU-)PK  ¢(1-¢)]
0 0 0 0 (1=¢*)1  q(1=¢)IK| q(1-¢*)*T* ¢(1-¢*)*IK
0 0 0 0 g1 =K (=) |@F1-¢)K q(1-¢)*"
0 0 0 0 0 0 (1-g»1  q(1-¢*)**K
0 O 0 0 0 0 q(1—¢*)?*J*K (1-¢»%

0.




Example 3.2.33. For Ds, after the fourth step we have

SzS]PngP] Vq(SQS]P}PZP])t =

Step. 5: Multiply the new matrix on the left by the matrices T1,T,,..., T, to obtain

Tp...T1Sp-1---S1Pp...P1Vg(Sp_1...S1Pp...Py)!, where

1 0lo olo o 0 0 0 0
0 1[0 0[0 O 0 0 0 0
0 0(, 0[O0 O 0 0 0 0
0 0/0 I, O 0 0 0 0 0
0 0[O0 0], O 0 0 0 0
7= 0 0l0 0|0 I 0 0 0 o |
0 0[O0 0|0 O I, 0 0 0
0 0[O0 0[O0 O I 0 0
0 0[O0 0[O0 O 0 I 0
0 0[O0 0[O0 O 0 0| —q/’ 'K I,
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1 0 0 0 0 0 0 0

0 1—¢° 0 0 0 0 0 0

0 0 | (1-¢) q(l-¢*>)K 0 0 0 0

0 0 |ql—-¢)K (1-¢>)Is 0 0 0 0

0 0 0 0 (1—-¢*)?Is  q(1—q¢*)%*JK 0 0

0 0 0 0 q(1—g>)?IK (1 —q*)°Is 0 0

0 0 0 0 0 0 (1—-¢»%s  q(1-¢*)?J’K
0 0 0 0 0 0 g(1—g>)?I’K  (1—¢*)°Is




0

0

Iy

—qJP’K

I,

0 010 O
0 010 O
0 0|0 O
0 010 O
0 010 O
0 0|0 O

0 010

0

0

0
0

In

0
I,

0

0
0
0
0

0
0
0
0

0

0

0
I

Iy
—qJK

0
0
0
0

0

0

0

Il’l

Iy

I,

00 O

1

0
0 00

0 0/]0 O

0 0j]0 O

0 0]0 O

0 0j]0 O

0 00 O

0 0]0 O

T, =

070 O

1

0 0|0

0 00 O

0 0,0 O

0 00 O

0 00 O

0 00 O

0 0,0 O

I

0 0
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Example 3.2.34. For Ds,

1 0| 0 O 0 0 0 0
0 1| 0 0 0 0 0 0
0 0| I 0 0 0 0
0 0| —gK Is 0 0 0 0

T =
0 0| 0 O Is 0 0 0
0 0| 0 O|—-qK I 0 0
0 0| 0 O 0 0 Is 0
0 0] 0 O 0 0| —gl’K Is

Remark 3.2.35. This step has the effect of beginning with the last two rows, subtracting ¢J”~'K times the
second to last row from the last row; then the same operation is repeated by subtracting ¢J” 2K times the
fourth to last row from the third to last row, and so on. The ¢J'~!KE;;-entries above the diagonal remain the
same throughout this step, and the ones below the diagonal become zero since each ¢J'~! KE;;-entry equals
¢J~'K times the corresponding Ej;-entry which is (1 —g?)I for Ey; and (1 —¢*)?I fori > 2.

Along the diagonal, we get (1 —¢?)I in the first E1; position and (1 — ¢?)?I in the second E|; position

since
(1= —gK (q(1—-¢g")K) = (1-¢)—q*(1-¢")K*
= (1= —q*(1-¢")I
= (1-¢*)
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At this point, the g-Varchenko matrix for D,, is transformed into

1 0 0 0 0 0 0 0
0 1—¢° 0 0 0 0 0 0
0 0 |(1-¢)I, q(1—-¢>K 0 0 0 0
0 0 0 (1—4¢*), 0 0 0 0
0 0 0 0 (1—-¢>)21, q(1—¢*)%JK 0 0
0 0 0 0 0 (1-¢%)°1, 0 0
0 0 0 0 0 0 (1—-¢»?%1, q(1—g¢*)*Pr~'K
0 0 0 0 0 0 0 (1—¢*)’1,
Example 3.2.36. For Ds, after the fifth step we have
BTT1S:S1PsPaP Vy(S2S1 P PPy ) =
1 0 0 0 0 0 0 0
0 1-—¢4° 0 0 0 0 0 0
0 0 |(1-¢) q(1—-¢»K 0 0 0 0
0 0 0 (1—q*)%Is 0 0 0 0
0 0 0 0 (1-¢*)?Is q(1—q¢*)?JK 0 0
0 0 0 0 0 1—¢*)Is 0 0
0 0 0 0 0 0 (1-¢*)%s q(1—¢*)*’K
0 0 0 0 0 0 0 (1—¢*)%Is

Step. 6: Multiply the new matrix on the right by Ti, .. ,T:, to get the matrix

(Tp...T1Sp-1---S1Pp,...,P1)Vq(Tp... T1Sp-1...S1Pp, ..., P1)".

Remark 3.2.37. This step has the effect of beginning with the last column and subtracting the previous column

times ¢(J?~'K)" = ¢JP~'K; then the same operation is repeated by subtracting the fourth-to-last column

times ¢J?~'K from the third-to-last column, and so on.

The ¢J'~' KE;;-entries above the diagonal become zero since each ¢J'~ ! KE;;-entry equals ¢J" 'K times
the corresponding Ej;-entry which is (1 —¢?)I for Ey1 and (1 — ¢?)*I for i > 2. Now the matrix is in diagonal

form.

At this point, the g-Varchenko matrix for D,, is transformed into

Ty...TiSp 1...81Py...PVy(Ty... TiSp 1 ...S1Py...P)) =
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1 0 0 0 0 0 0 0
0 1—¢° 0 0 0 0 0 0
0 0 |(1-¢)I 0 0 0 0 0
0 0 0 (1—g*)I, 0 0 0 0
0 0 0 0 (1—¢*), 0 0 0
0 0 0 0 0 (1—¢*)°1, 0 0
0 0 0 0 0 0 (1—4¢*), 0
0 0 0 0 0 0 0 (1—¢)1,
Example 3.2.38. For Ds, after the sixth step we have
BLTS:81 P3Py P Vy (T Th 115281 P PPy ) =
1 0 0 0 0 0 0 0
0 1—¢2 0 0 0 0 0 0
0 0 |[(1-¢)Is 0 0 0 0 0
0 0 0 (1—q*)%Is 0 0 0 0
0 0 0 0 (1—¢?)Is 0 0 0
0 o0 0 0 0 (1—¢*)%Is 0 0
0 0 0 0 0 0 (1—¢%)Is 0
0 0 0 0 0 0 0 (1—¢*)Is

Step. 7: Multiply on the left by the permutation matrix R and on the right by R to put the diagonal

matrix into Smith Normal Form.
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For D,,,

0
0
0
0

0 0 0 O

0 0 O

I,

0

0 O

I,

0
0
0
0
0

0

I,

0
0

I,

0

Iﬂ

0
0
0
0

0
0
0
0

1000j0 O O O
010 0j0 O 0 O
0014 0j0 O O O

000

I

000 O

000O0j0 O O O

000 O0]O0

000 O0]0 O O O

000 O0]0 O

00000 O O O

000 0|0 O O

000 O0j0 O O O

000 O0]O0

000 O0]O0

000 O0]O0

000 00

R—=

2np+2x2np+2

Ap

The permutation matrix is R

) for2 <j<p.
2nxnp

0
I,

0

The Smith Normal Form for the D,, arrangement is

P

S1Py...PiVy(RT,... TSy 1 ...S1P,..

TSy

RT,..

0

(1= ¢*) i1
0
0

— O O O
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Example 3.2.39. For Ds,

Is

Is

Is

0 0

RTS8 P3P, Py Vq (RT3 LTSS PsP,P )t

The Smith Normal Form is

(1—¢*)%Is5

(1—4q*)%Is
0

0

(1-¢*)°I5

(1—q*)%Is

(1—4*)°Is
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o o o &%
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w
~
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N
o w;OO
oy
N—

— o O O
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CHAPTER

4
TETRAHEDRON

4.1 Peelability

Let o/ = {hy,ha,h3,hs} be a hyperplane arrangement in R3 that forms a regular tetrahedron. The definition
of a peelable hyperplane arrangement was given in [CCM16]. Here, each hyperplane in <7 is peelable; we
arbitrarily choose to begin by peeling /;. First, assign the regions of the tetrahedron hyperplane arrangement
according to their sign vectors here, where a region R is uniquely identified by the vector (+ 4+ ++) that
indicates whether it lies on the + or — side of /; for 1 <i <4,

Ri=(-——) R=(-—+-), Rs=(——++), Re=(—+—), RBs = (—++-),
Ro=(—+++), R7=(—+—+), Rs=(+———), Ry = (+—+—), Rio = (+ —++),
Ry = (++——), R = (+++—), Ri3 = (++++), Ry = (++—+),R15 = (+— —+).
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Tetrahedron

The top side of A is the + side; the right side of &, is the + side; the back side of &3 is the + side; and the

right side of hy is the + side.

Figure 4.1 Tetrahedron hyperplane arrangement with labelled hyperplanes.
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(4.1.2)
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A
Aj

We can write V, in the block form V, = (



R10
rRs Rl / R9Y R2 h4 R3

These are the lower and upper regions of the tetrahedron hyperplane arrangement whose intersection with /1,
is nonempty. h; is the hyperplane of this page; the regions R; — R7 are on the — side of /; and the regions
Rg — R4 are on the + side of ;.

Figure 4.2 Two Layers of the Peelable Tetrahedron Hyperplane Arrangement.

4.1.1 Triangle

Here A is the 7 x 7 g-Varchenko matrix for the hyperplane arrangement of a regular triangle in R?. This can
be "seen" from a viewpoint on the — side of /; by viewing the intersection of the hyperplanes in R* on the —
side of h; as hyperplanes in the space h;. Define </’ = {h}, I}, k) }, where I is the intersection of &; with h;.
On the — side of the hyperplane h, <7’ is the hyperplane arrangement of a regular triangle. In [CCM16]
it was shown that the hyperplane arrangement <7’ is peelable and the first step of block diagonalizing the
g-Varchenko matrix for the A; block was given. We will include the full process here. To avoid ambiguity,
we will denote the g-Varchenko matrix for the regular triangle arrangement <7’ as V,; and break A; into a

block matrix form using ’ notation for the block and transition matrices.
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h2

R7

R4 R6

RS

RI R2 N\ R3
/ h4

This is 7™ ; ie, the view of the hyperplane arrangement from underneath the hyperplane #; in the

tetrahedron hyperplane arrangement .« projected onto /.

Figure 4.3 Triangle hyperplane arrangement with labelled hyperplanes and regions.

L g ¢&lq & |8
g |1 ¢ q 4|7
¢ g9 1|¢ ¢ q|4 Ay B
Vg = g ¢ |1 q ¢|q |[=| 4 B
¢ g9 ¢|aqa 1 q|q Ay B
e ¢ ql|qd g 1|q
¢ ¢ ¢la ¢ q|1
where A5 = qA), [B) C] =q[B, (3], and [A} A3)' =¢q[B) B3]'.
We multiply V,/ on the left by
—ql3 031
03><3 L 035
01x3  O1x3 1
to obtain
0 0
PV, = B, ¢
By G
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G
G

(4.1.3)

(4.1.4)



Then we multiply PV, on the right by (P])" to obtain

(I—g5H)A, 0 0 B
PV, (P) = 0 B, () |, where < B’2 C% ) is the g-Varchenko matrix for .o’ —{h}}.
0 B, C} >0
(4.1.5)
A] is the g-Varchenko matrix of the hyperplane arrangement consisting of two points on a line (ie, the
intersections with /), and with A, on h%).

Next we re-index the regions using the following permutation matrix

Lo 0361 O03x1 03x1 031
01x3 1 0 0 0

R=| 0,3| 0 1 0 0 (4.1.6)
Oi1x3| O 0 0 1
O1x3 | O 0 1 0
(1—=¢*A] | O3x1 O3xq | O3x1 O3y
01x3 1 q q q’
RPVy(RP) = 013 g 1 | & q 4.1.7)
O1x3 q q* 1 q
01x3 ¢ q q 1
(1—-¢»)A, 0 o) @A, 00
= 0 Dy E Dy gD,
0 D, E gD| D)

L 030 032
Multiply on the leftby P, = | 0»,3 L —qgb 4.1.8)

053 0ax2 b

(1—¢*)A] 0 0
to obtain PyR'P{V,(R'P|) = 0 (1-¢*)D; 0
0 gD} D)

Then multiply P;R'P|V,(R'P{)'on the right by (P5)" to obtain

(1—g*)A] 0 0
P.RPV,(PR'P)) = 0 (1-¢»)D; 0 |. (4.1.9)
0 0 D
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We have: Aj=| ¢ q |, (4.1.10)
¢ q 1
1 —g O
Si=1 0 1 —g |, and 4.1.11)
0 0 1
1—g? 0 0
S1AL(S)) = 0 1-¢* 0 |. (4.1.12)
0 0 1
! 1 —q NP 1—612 0
For S, = , wehave S,D(S;)" = . (4.1.13)
0 1 0o 1
S0 0 (1—¢*)A] 0 0 S0 0
Therefore, 0 S 0 0 (1-¢*)D; 0 0 (S o
0 0 S 0 0 D] 0 0 ()
(1—¢?)? 0 0 0 0 0 0
0 (1-¢*> 0 0 0 0 0
0 0 1—¢* 0 0 0 0
= 0 0 0 | (1-¢»)* 0 0 0
0 0 0 0 1—g? 0 0
0 0 0 0 0 1—-¢> 0
0 0 0 0 0 0o 1

Since the matrix is in diagonal form it can easily be put into Smith normal form by re-arranging the diagonal
entries.
4.1.2 Tetrahedron continued

Now back to the tetrahedron: we will proceed to block-diagonalize V, as it was given in Eq. 4.1.1 and
Eq. 4.1.2.

A B (G
Vo= A2 By C, |, where A =V, asitwas defined in Eq. 4.1.3.
A3 By G
I —ql; 07x (1-¢»)A; 0 0
First, multiply on the leftby Pi=| 0747 I 074 to obtain PV, = As B, G
O1x7 Oix7 1 Az By G
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Since we have [A; As)' = [B, B3]’ right multiplication by P} gives us

P, Vqu = 0 B G

1—¢»)A; 0 O
( q°)A ( B, O
, Where
0 B; C;

is as defined in Eq. 4.1.1 and Eq. 4.1.2;
By G

it is the ¢g-Varchenko matrix for the hyperplane arrangement in R* given by {h,h3,h4}.

We can repeat the process of peeling a hyperplane from 7 — {h, } after re-arranging the g-Varchenko
matrix for the regions Rg, Ry, ..., R;s via left multiplication by a permutation matrix R and right multiplication
by R'. R and R’ re-arrange the regions according to the following map:

Rg — Rg, Rg — R10, Rio —+ Ri1, Ri1 — Ri2, R12 — Ria, Ri4 — Ri3, Ri5 — Ro.

L 1071 07x1 071 O7x1 O7x1 O7x1 O7x1 O7x
O1x7| 1 0 0 0 0 0 0 0
Oi1x7| O 0 0 0 0 0 0 1
O1x7| O 1 0 0 0 0 0 0
R=1| 01x7|] O 0 1 0 0 0 0 0 4.1.14)
Oi1x7| O 0 0 1 0 0 0 0
O1x7| O 0 0 0 0 0 1 0
O1x7| O 0 0 0 1 0 0 0
O1x7| O 0 0 0 0 1 0 0
With the new indexing,
Ry=(+——+), Ro=(+———), Rio=(+—++), Ru = (+—+-),

Ro=(++—+), Riz=(++——), Riu = (++++), Ris = (+++-).

The re-indexing step here is unavoidable, since we needed to arrange the g-Varchenko matrix in such a way
that all regions on one side of a chosen hyperplane preceded all regions on the other side of the chosen
hyperplane. Now we can peel h; from o7 — {h;} since regions Rg,R9,R10, R are on the — side of A, and
the rest of the regions are on the 4+ side of /&,. Looking one step further ahead, we see that we will be able

to peel i3 next without any further re-indexing of the regions since Rj,,R3 are on the — side of /3 while
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R14,R;5 are on the + side of &3.

(1—=¢»A1 | 071 0751 O7x1 O7x1 | O7x1 O7x1 O7x1 O7g
01x7 1 9 q ¢ | 9 ¢ ¢4
017 q 14 ¢ 9 ¢ &
017 g ¢ 1 g | ¢ 9 ¢ &
RP\V,(RP,)" = 017 ¢ g9 q 1| & ¢ ¢ g
017 9 ¢ ¢ ¢ | 1 9 9 ¢
017 ¢ 9 ¢ ¢ | q 1 ¢ g
017 ¢ 9 ¢ ¢ | qa ¢ 1 q
017 ¢ ¢ ¢ 9 | ¢ g9 q 1
(I-¢)A 0 0 (1-¢)4, 0 0
Write RP\V,(RP;) = 0 D, E |= 0 Dy gD
0 D, E, 0 gDy D
L 0744 O7x4
Multiply on the leftby o= | 0447 L4 —qly
O4x7 O4xa Iy
(1—g*A, 0 0
to obtain P,RP,V,(RP;)" = 0 (1-¢*)D; 0O
0 gD Dy
Then multiply on the right by P} to obtain
(1—¢*)A; 0 0
P.RPV,(PRP)" = 0 (1-¢>)D; 0
0 0 D,
(1-¢*)A, 07x4 0751 O7x1 | 0751 O7x1
047 (1—=g*)D1 | O4s1 Oascr | Oax1 Oux
B O1x7 O1xa 1 q q s
a 01x7 O1x4 q 1 q* q
01x7 O1x4 q 4 1 q
01x7 014 q* q q 1
(1—¢*)A, 0 0 0
Write PARP\V,(P;RP;)' = (1=gD1 0 0
0 F G
0 £ G
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F
The g-Varchenko matrix for {h3,hs} = o/ —{h1,h2} is D; = ( Fl
2
Ir 07x4 O7x2  O7x2
0 I 0 0
Multiply on the left by P; = 4x7 4 4x2  V4x2
02x7  Ozxa 1) —ql,

02x7 Oaxa Oxx2 Db

(1-¢*A
. / 0
to obtain P3P,RP; Vq(PzRP1) = 0
0

Then multiply on the right by P} to obtain
(1-¢*)A; 0
0 1-¢*)D

PyPyRPV,,(PsPyRP, )’ = (1=4)Di
0 0
0 0

Gy
Gy

_ F gk
gFi  F

0 0
(1-¢*)Dy 0

0 (1-¢*F

0 qF1

0 0

0 0
(1-¢)F 0

0 F

1
The g-Varchenko matrix for o7 — {h,ha,h3} = {ha} is F1 = < 611 > .
q

Now we can diagonalize the g-Varchenko matrix addressing one block at a time.

). (4.1.15)

To begin with, we can diagonalize the block F; by multiplying on the left by S} and on the right by S

where S} is as it was defined in Eq. 4.1.13.

see= (o ) (D) (L)

(

1—-¢> 0
0 1)

Therefore,
(1-¢ 0 0
S, 0 (1-¢>)F 0 CYS L _ 0 1-¢* 0
0 S 0 F 0 (85)" 0 0 1—¢°
0 0 0
2 . . . 2 (1 - CIZ)FI
Therefore, by Eq. 4.1.15, (1 — ¢*)D; an be first block diagonalized into (1 — g*) 0
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. o (1—¢*)? 0 0
then diagonalized into .
0 (1—g%) 0
0 0 0 e

L | O7x2 07x2 | O7x2 O7x2

0«7 | L —qbh | 022 0O2x2
Define P4=| 047 | O2x2 L | O2x2 0O2x2

0257 | O2x2 O2x2 | b O2x2

027 | O2x2 O2x2 | O2x2 b

Multiply on the left by P4 and on the right by P; to obtain

(1—¢*)A 0 0 0 0

0 (1-¢*)?2FR 0 0 0

PyPsPyRPV, (PyPsPoRP,) = 0 0 (1-¢*F 0 0
0 0 0 1-¢>)F 0

0 0 0 0 Fi

P R'P| 0O7x4 O7x4
Let S = 047 I O4xq |,

O4x7  O4xs It

where P;,R’, P| are as they were defined in in Eq. 4.1.8, Eq. 4.1.6, Eq. 4.1.4 when considering V.

S1PsPsPRP\V,(S1PsP3P,RP, )
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Define R; to be the permutation matrix that puts the diagonal form of V,, into Smith normal form:

1515, 214, 311, 4—13, 557, 636, 75,

8§12, 959, 1010, 11 =4, 128, 133, 142, 15— 1.

— o O
S — O
SO -
(=Nl
S OO
[N e
S OO
(= Ne e
SO O
S OO
S OO
S OO
S OO
S OO
S OO

000000O00OO0O0O1O0O0OO0O
000000100O0OO0OO0O0OO0O
0000010000O0OO0O0OO0O
000010000O0OO0OO0O0OO0O
000000O00OO0OO0OTOO0OO
000000O00O1O0O0OO0O0OO0O
000000O0O0OO0O1O0O0O0OO0O
001 000000O0OO0O0O0OO0O
000000O01000OO0O0OO0O

000100000O0O0OO0O0OO0O

0000O0O0OO0O0OO
0000O0O0O0O0OO

Ry =

0 Oqaﬂ4)

(1—¢*)I

(1=¢*)a

- o O O

Ry$>S1PyPsPsRPV,(R2S2S 1 PAPsPoRP; ) = (
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4.2 Symmetry

Here we use a different approach to indexing the regions. The region originally indexed as R, = (+++—)
using peelability becomes the central region, which we label Ry.
The hyperplane arrangement for the tetrahedron consists of four hyperplanes in R? arranged so that each

hyperplane intersects all other three hyperplanes, and they divide R* into 15 regions. .7 = {hy,ha,h3,hs}.
The distance enumerator with respect to Ro is D g, (t) = 1+ 4t + 61> +41°.

Labelling the central region of the convex polytope as R, we then label the remaining regions R" according
to the separating sets sep(R,R’) as follows:

Sep(Ro,Rl) = {h]}, S€p(Ro,R5) = {hl,hz}, Sep(Ro,Rll) = {h],hz,h3},
sep(Ro,Ry) = {hy}, sep(Ro,Re¢) = {ha,h3}, sep(Ro,R12) = {hy,h3,hs},
sep(Ro,R3) = {h3}, sep(Ro,R7) ={hs,ha}, sep(Ro,Ri3)={hi,h3,hs},
Sep(R(),R4) = {h4} Sep(Ro,Rg) = {hl,h4} S€p(R0,R14) = {hl,hz,h4}.
sep(Ro,Ro) = {hy,h3},
sep(Ro,R10) = {ha,ha},
Then the g-Varchenko matrix has the following form:

g 9 q q|¢ & ¢ ¢\ ¢\ @& ¢ ¢

g |1 ¢ ¢ ¢\qa ¢ ¢ q9|a ¢ |¢ ¢ ¢ &
g\ 1 ¢ ¢ \q a9 ¢ ¢|¢ qa|¢ ¢ ¢ &
9| ¢ 1 ¢\¢ 9 9 @|q ¢|¢F ¢ ¢ 4
9|\ ¢ ¢ V¢ ¢ q q|¢ q9|qd ¢ ¢ &
?lq 9 ¢ |1 & ¢ ¢\ ¢ Fla & ¢ q
¢ 9 9 ¢\ V¢ ¢E Fla g9 ¢ 4
Vio=| ¢ ¢ @& a aqal|ld ¢ 1V ¢\ ¢ a q ¢
Flg ¢ @ q|d ¢ ¢ V| F|\d @ qa q
Flg ¢ 9 ¢\ ¢ ¢ ¢ ¢ lqg @ g9 ¢
e a9 ¢ qa|d ¢ ¢ Fld V| ¢ g ¢ g
e\ ¢ g 9 ¢ g |1 F ¢
Sl ¢ ¢ 7P\ 9 9 |\ ql|ld 1 ¢
cl\¢ ¢ ¢ Fle ¢ 9 q|la ¢ ¢
e\ g P q|d qal|d ¢

V, has a Smith Normal Form over Z[g]. The left and right transformation matrices are (respectively)

SlR2R1P3P2P1 and (SlR2R1P3P2P1 )l.

76



0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O

0 0 O

1

1

0
0
0
0
0
0
0
0
0
0

1

0

0
-q

—q|0 0 0

—-q
—-q

—-q

0
—-q
—-q

—-q
—-q

14)

—-q
—-q

-q
0

—-q
—-q

—-q

I

0

Iy
—q(I+J)

—q(hL | 1)

q2

SIRR P3P Py

—q1

¢*1
¢*1

4.2.1)

77



01]0
14)

0[(0/0

I

00| L

I

o
o
o
—
(
Il
0]
=
0]
=
2
<
ol o| o & Clele =
N
ol o w| o ol o| Q| o
= ol I o] ©
OI40W
<| =
~
IR
S| o] O] © L
oco|lo| ol o oco|lo| ol o
Il Il
— (Q\]
U &

P

78



/~

o,

S

o,

S

o,

S

o,

S

N—

<

=3

-~

/~

S\

S

S\

S

—

_

[3a)

=

=

/N

Q)

)

IS\

)

IS\

)

IS\

)

—

I

I

=]

-

/~

S

)

S

S

N—

I

1S

=

]

=

L

=

B
\J
| S| S S| =
S|l —=| Q| o] &
~l A~ 2] &~ »
Nl ol ol o o
S| —~| & | =
~l A~ 2] &~ »
Al O g g «a
S| —~| Q| & =
~| >~ 2] | »
S| 2| 8| & ¥
~| >~ 2] | »
— oo |Oo| O

{

PPV,

T O &

N A A

SIS IS

© '

R

SO e ™

=IO I

O

S SO

(1-¢%)

Vi4

(1-¢%)

V24

SO O
) — O O
Ju (\
N
N oo
_ S
— _
~—
—
__ ~—
= Il
-~ N
N
a
S O O — S O O
S O - O S "o O
S — O O SO O O
— o O O S O o ™
—~ —~
N S
N S
_ _
— —
~— ~—

Vi1

V21

[ S

[ s

L A

79



PP, PV, (PsPP) =

1 0 0 0 0

0| (1—g)l |q(1—g*)J> V13 ¢ (1-¢*)J

0] g(1-¢*)J | (1-¢*)4 V23 q(1—¢*)J°

0 V31 V32 (1-¢*)h V34

0| ¢?(1—g>)J* | q(1—¢*)J V43 (11— +q¢*(1—g*)J?

where v31 = Vi3, v32 = Vb3, V34 = Vi3, J is as defined in Equation 4.2.1, and

0 0 0 & .
0 ¢ 7 0 P 0 q(1—q?)
V13:(1_q2) ) V23:(1—q2) V43:(1—q )
q 0 0 0 q(1—-¢*)
0 0 0O O 0
110 0 010
0| L 0 0|0
Ry = olo| L [o0]o0 [
00 0 L |0
00| -/ |01
1 0 01010
0 n 07010
0 1 0
R, = 0| —¢J |, |00 , wWhere Hp =
0 0 O
0| —gH | 0| L |0
ol o |ololn
1 0 0 0 0
0| (1—g")l | g(1—g*)J> Vi3 F(1—g?)J?
RyR\PsPPV,(PsPP) = | 0 0 (1—g*)l 0 g(1— )2
0 0 0 (1-¢*)°h V34
0 0 0 V43 (1—q*) L+ q* (1 — ¢*)2J?
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where

0 0 1 0
B [ 01 B sl 01 B ,of 1 0 1 0
viz=¢q(l—¢°) Lo | va3 = q(1 —q°) Lo | via=q(1—-q~) (O Lo 1)
0 0 0 1
1 0 0 0
0| (1-¢*L 0 0|0
RoR\PsP P Vy(RoR PsPyP ) = | 0 0 (1-¢>1, | 0 | 0 |, where
0 0 0 V33 | V34
0 0 0 Va3 | Vaa
(1-¢*)° 0 q(1—¢*)? 0 q(1—-¢*)? 0
0 (1-¢*) 0 q(1-¢°)? 0 q(1-¢*)?
viz v\ | q(1—¢%)? 0 (1—-¢*) 0 7(1-¢*)? 0
( V43 | vas > - 0 a(1—¢*)? 0 (1—¢?) 0 P (1—4*)?
q(1—¢*)? 0 7 (1-¢*) 0 (1-¢*)? 0
0 q(1-¢*)? 0 *(1-¢°)? 0 (1-¢°)?
100 0 0
0|0 0 0
Si=1 00| 0 0 |, where (I, | L) isas defined in 4.2.1.
0[0]0 L 0
0/0[0|—¢n|L) L
1 0 0
0| (1-¢*)L 0 0| 0
SIRR\ PsPP Vo (R:R P3P P ) = | 0 0 (1-¢>)?1 , where
0 0 0 V33 | V34
0 0 0 V43 | Vag
(1-¢*)? 0 q(1—¢*)? 0 q(1—¢*)? 0
0 (1-¢%)? 0 q(1-¢*) 0 q(1-¢*)
vas [ vag | 0 0 (1—4%)? 0 0 0
( Va3 | vag ) B 0 0 0 (1-¢)? 0 0
0 0 0 0 (1-4%)3 0
0 0 0 0 0 (1—¢*)?
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CHAPTER

5
CUBE

5.1 Peelability

This time we will begin in R? with the hyperplane arrangement for a square before moving onto the cube in
R3.

5.1.1 Square

The hyperplane arrangement for a square in R? has nine regions, and is given by
/" = {h1,ha,h3,ha}.

The regions are
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Square Hyperplane Arrangement

hl h2
R1 R2 R3
h3
R4 RS R6

h4
R7 RS R9

Figure 5.1 Square hyperplane arrangement with labelled hyperplanes and regions.

The g-Varchenko matrix for the square is

g9 ¢\q9 & ¢©|¢ ¢ ¢
g ' q|¢ 9 ¢|\¢ ¢ ¢
¢ q 1| & q|¢d ¢ ¢
a9 ¢ |1 q ¢|la & 7 Al By € Al A
Ve=| @ a ¢ |a 1 q|d q ¢ |=| 4 B G |=| ¢4 A
¢ ¢ q9|d q 1|¢ ¢ q Ay By G TA}  gA]
¢ ¢ ¢la ¢ |1 q &
¢ ¢ ¢|¢ a9 ¢a 1 g
¢ ¢ ¢\e ¢ a4 q |1
L —qh 0
Define P| = 0 I —ql;
0 0 &L
(1—¢*)A] 0 0
P Vg (P))' = 0 (1-¢)Ay 0
o A
1 —q 0 S 0 0
Define = 0 1 —¢ |,and Si=| 0 § 0
0 0 1 0 0 &

Then, as was shown in the case of the tetrahedron by Equation 4.1.12,

0
S'AL(S) = 0 1-¢> 0
1
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qgA]
A

(5.1.1)

(5.1.2)

(5.1.3)

(5.14)



Therefore S1P/Vy(S1P))

=D

(1-¢%)?

(5.1.5)

R’ is the permutation matrix that rearranges the rows and columns so that:

1-49,2—-8,3—>54—-7,5-56,6>4,7—-3,8—2,9—1.

(5.1.6)

1

0
0

0 00 OO0 0 0O

1

0 00 00 0O
0 00 0 0 O 0
0 0 0 0 O

0

1

0 0 O

1

0 00 00 O

1

0

0 0 001 0 0 O0O0
0 0 O 00 0 0 O

0

1

1

0 0 0 00 0O
0O 0000 0 0O

1

R/

S O O O

(1-¢%)?

0

(1-¢%)?

0

(1-¢*)?

0

(1-¢%)?

0

~~
o
—
w
N
=z
|
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~
(V]
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o
o o
_
o
S~—
~
~~
N
On_qO
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— o o

R/D/(R/)t
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5.1.2 Cube

Now we consider the cube as an extension of the square. We can take the four hyperplanes of the square
arrangement, extend them into planes in R3, then add two additional planes perpendicular to those four to
make a cube. Re-labelling the four hyperplanes from the square arrangement as {h3,h4, hs,he} and then
adding {h;,hy} gives us o = {hy,hy,h3,hs,hs,he} and the regions defined by

Ri=(————++), R=(——+—++), Ry=(——++++),
Ry=(————— +), Rs=(——+—-—+), Re=(——++—+),
Ry=(-————- ) Re=(——+-——7), Ro=(-—++—),
Rio=(+———++), Ru=(+—+—++), Ro=(+—++++),
Ry=(+————+) Ru=(+—+—-—+) Ris=(+—++—+),
Rig=(+————— ), Rip=(HH—-+—-—), Rg=(+—++-——),
Rig=(++——++), Ro=(+++—++), Ru=(++++++),
Ryp=(++—-——+), Ry=(+++——+), Ru=(++++-1),
Rys=(++—-——=), Rp=(+++—-———), Ry=(++++-——).

Cube Hyperplane Arrangement

h2
h3 h5 h4
ho6
//l
Vs hi
£

Labels of added hyperplanes h;, h, are underlined. The hyperplanes hy, hy, hg are visible from this point of

view. The hyperplanes are labelled in italics, k1, h3, ks are not visible from this point of view.

Figure 5.2 Peelable cube with re-labelled hyperplanes.

Let V, be as it was defined in Eq. 5.1.1. The g-Varchenko matrix for the cube is

Vq/ qVql qZVql
Vo= qvy Vg qVy |- (5.1.8)
qzvq/ qVq/ Vq/
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Here S, P{, D', R’ and N’ are as they were defined in Eq. 5.1.4, Eq. 5.1.2, Eq. 5.1.5, Eq. 5.1.6 and Eq. 5.1.7.

ly —qly 0 (1—¢*)Vy 0 0
Let A= 0 Iy —gly |. Then PV,P|= 0 (1-¢*)Vy 0
0 O Iy 0 0 Vo
SP 00 (1—ghD" 0 0
Let S; = 0 SP 0 . Then S|PV, (S\P) = 0 (1-¢*)D" 0
0 0 SP 0 o D
R 0 0 (1-¢*)N' 0 0
Let Rr=| 0 R 0 |. Then RiS\PV,(RiS\P) = 0 (I-g*)N" 0
0 0 R 0 o N
1—g 0 0 0 0 0 0 0 0
0 (1-@)Ph 0 0 0 0 0 0 0
0 0 (1-¢2)L 0 0 0 0 0
0 0 0 1 _qz 0 0 0 0 0
_ 0 0 0 0 (1-¢*L 0 0 0 0
0 0 0 0 0 (1-¢)’L |0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 (1-¢*)L 0
0 0 0 0 0 0 |0 0 (1—¢})
0/0]0|O0O]O]O]1]0]O0
0/0]O0|1]0]0]0]O0]|O0
1{0]0|0]0]0]O0 0
0/0]0]|0]0]0]|0|L|O
Let P=| 00|00 |L|0|0]0]0
O/ L4|O0O]|]O0O|O0O]O|O0O|O0]|O
0010|000 |0|O0|L
0/0l0|0][O0|L|O]O]O
0|0 |[Llolo]o]0]0]o0

Now left and right multiplication by the permutation matrix P will arrange RSPV, (R1S1P,)" into its Smith
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PR1S1P1Vq(PR1S1P1)t
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5.2 Symmetry

Let Ry denote the central region of the hyperplane arrangement. We number the hyperplanes in o7 by first
viewing the cube from a fixed direction so that one hyperplane is between our viewpoint and the central
region. This is the front of the cube. Label the hyperplane on the top of the cube /;. Then shift the cube
forwards 90 degrees so that the back hyperplane becomes the top. Label this one /;. Next, shift the cube
left 90 degrees and label the hyperplane on top A3. This was originally the hyperplane forming the right side
of the cube. Next shift the cube forwards 90 degrees and label the hyperplane on top of the cube A4. This
hyperplane originally formed the bottom of the cube, so /; and A4 are parallel. Shift the cube left 90 degrees
and label the top of the cube hs. This was the front of the cube, so &, and ks are parallel. Then shift the cube
forwards 90 degrees and label the top of the cube hg. This was originally the left side of the cube, so 43 and
he are parallel.

hl

hl

h5

The hyperplanes hy, hs, hg are visible from this point of view. The hyperplanes labelled in italics, A, h3, hy

are not visible from this point of view.

Figure 5.3 Cube with labelled hyperplanes.

% - {hlahZah3ah4ah57h6}‘
The distance enumerator with respect to R is D g, (t) = 1 +6¢ + 126% + 8¢,

Define each of the 6 regions R; such that sep(R;,Ry) = h; for 1 <i < 6. Define the remaining regions by their
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separating sets as follows:

sep(Ro,R7) = {h1,h, }, sep(Ro,R13) = {hy,h3}, sep(Ro,R19) = {hy,h2,h3},
sep(Ro,Rg) = {ha,h3}, sep(Ro,R14) = {h2,h4}, sep(Ro,Rx0) = {h2,h3,hs},
sep(Ro,R9) = {h3,hs}, sep(Ro,R15) = {h3,hs}, sep(Ro,R21) = {h3,ha,hs},
sep(Ro,R10) = {ha,hs}, sep(Ro,R16) = {ha,he}, sep(Ro,R2) = {ha,hs,he},
sep(Ro,R11) = {hs,he}, sep(Ro,R17) = {h1,hs}, sep(Ro,R23) = {hy,hs,he},
sep(Ro,R12) = {h1,h¢}, sep(Ro,R13) = {h2,he}, sep(Ro,Ra4) = {h1,h2,he},
sep(Ro,Ras) = {hy,h3,hs},

sep(Ro,Ra6) = {h2,ha,he}.

The 27 regions are indexed in the following order, and denoted by the hyperplanes in sep(R,Ry):

0123 456[1223 344556 16|13 24 35 46 15 26\123 234 345 456 156 126\135 246
(5.2.1)

126 123
hi ' :..
1 15
156 -
h2 ,
hb E h3
hs
I R, .k E
246 .,
frd
450 345

Figure 5.4 Cube with labelled hyperplanes and separating set hyperplane numbers for regions corresponding to
vertices.
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The g-Varchenko matrix is V,

SRS W s W s |
DR RN BN AN AN
[ N S N S N ¢
ST

e e e e o
ST

. N e n o
ST

S e

S S W s N s
SEERS ERN BERN A EEAN AN

IS N S N S N ¢
ST

A
qqqqqq
qqqqqq
S A s RS S
T T
A A S NS S
ST
S S S I
SRS RN BN AN A

ST
qqqqqq

e

RIS I SO S

RS SIE NI S IR TV
e T

RS B T SV I Y

S e T Y

RTINS VIR SV VIS
RS ICTRS B EV
BESSIRES VIS R VR R
o o o wy o

SRS TR TR TR

S N e Y

I T T
o e o —
SIS IS B )
= %~ o s
RIS T T S

S -
RS IR N N

B T R S ISV
ST T S VT
o e
B TN R SR
& T e &

[ N
qqqqqq

qqqqqq

S S S N NS
ST
S NS NS S T
ST

IS TS NS NS N A
ST ™

<. <. A
qqqqqq

o o T B T — |7
T T —
= T~ e &
S R S
= e o T &

S N S
MRS BN IR BN R

TR T TR
(s} w) o o o
SIS IS TS AN
e T
o o q o o )
ST SRS TINY

S N T Y

ST N N T
B N R R
B T e T A
BT ST T SV
BTN N RS

< S
qqqqql

qqqqlq

<t < A o <
SRS TR R RN

<t <
= & — & v

a S
ST

SR !
T ™

[S T A S
qqqqqq

qqqqqq
S S S S N
T
[ TS NS NS N
ST
SRS NS W A S|
ST

<. <. A
qqqqqq

BT e S TR
R N T A I
S AN R e
BV AN ST ST
S R Y

S I TR )

9 9 9 q q qqzqzqzqzqzqzqzqzqzqzqzqzq3q3q3q3q3q3613613

(o' (o'l [\
R I T T
BT T Y VR

SIS
S

S

S
a S s
ST
a A AL AL A
ST ™

S S
RS I RS RS RN

BTV SRS

RTINS N T Y

S T Y

S I TR )

B S T ST A~V
B T O S
& T T
S o T s o %
B R I

S o S %

LS A S
qqqqqq

qqqqqq
A WS S W A
ST

<t < <
qqqqqq
qqqqqq

A
qqqqqq

1

ST

IS NS NS S S S
ST

IS TS NS NS NS NS
S

qqqqqq

The left transition matrix is

UsUsUsU3U, Uy

and the right transition matrix is

(UsUsUsUsUU, ).

UsUsUsU3UL Uy
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(5.2.2)

0
1

1
0

0
1

1
0

0
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:(é

where (L | L | L)
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(5.2.3)

(d" 4.

(¢" 4" ¢ ¢" ¢* ¢") and Q) =

, where Qy
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vit = (1—¢*)le,
vis =q*(1—q*)(ls+J*+J°),

var = q(1—g*)J,

vae =q(1—=¢*)Is +q* T + 1),

vii = q(1—¢*)J?,

vis =q(1 = ¢*)(ls +q°T +4°J?),
var =¢*(1—¢*)J%,

vag = (1= ¢*)(Is +¢*T +4*J%),

vsi=q*(1—¢*) (010 | h),

vi2 =q(1—¢*) (I +J°), vis=q(1—¢*)(le+J%),
vis=q*(1-¢*) (L | L | b)".

v = (1-¢*)(Is +¢*J), vz = q2(1 —g>)(J+ 1),

010101
VZS:q3(1_q2)<1 0101 0>’

v =q¢*(1—-¢*)(J+J?), vz = (1—¢*)(ls +¢*J?),
vis=q(1—¢*) (L | L | L)
vip =q(1—¢*)(J+4*J?), vaz = q(1—q*)(Is + ¢*J?),

vus=q*(1-¢*) (L | L | hL) .

000 ¢@(1-¢*) ¢(1—g% 0
V52 = 3 2 3 ' E
000 0 e(1-q°) ¢(1-q°)

vs3=q(1-¢*) (0| L | ),

vss = (1 —¢*)b,

00 ¢(1—-¢*) q*(1—4%)
Vsq =
00 0

7*(1—¢*)

(1—¢%) 0 )
Y- ¢#-¢%) )

where (0|0 |h),(0| L |L),(lx | I |I,) are defined according to Eq. 5.2.2.

1 0 0 0 0 0
0| (1=l | q1—¢g»)P | q1—=g*)J* | *(1—¢*»)J* Vis
0| g(1—¢*)J 1—gMIs | ¢(1—g») P | q(1—¢>)F V25
UsULULV, (UsUU, ) = ( 2) : (2 )2 ( : ) ( 2)
0| ql—q?)J° | ¢(1—q°)] | (1—-q)s | q(1—q")ls V35
0| F(1—¢»)7* | q1—=g>)J | q1—g*)ls | (1—q")s V45
0 Vs Vs2 V53 Vs4 (1-g»h
where
0 0 0 ¢*(1—-¢% 0
V51 = 5
0 0 0 *(1—q¢?)
B 0 7(1-4%) 0
V5) = )
0 0 0 (1—4¢%
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0 0 ¢(1—g% 0 q(1—q¢*)* 0
V53 = 5
0 0 0 q(1—q?) 0 q(1—q¢*)*
0 0 ¢(1-4¢% 0 q*(1—¢*)? 0
V54 = )
0 0 0 *(1—4%) 0 g*(1—¢*)?
and vlszvgl,vzszvgz, V35:vg3, V45:v’54.
1lol o 0 010
0| 0 0 00
0ol 1 0 0|0 1 0|0 0
Uy = 6 where (0L |0)=
0olo]| o Is 0|0 0lo 1/0 0
00| —q/ 0 Is | O
00| 0 | —q0|L]0)| 0|5
1| o |olololo
0| 1, |ololo]o
0| =g/ |I,|0]0]0
Us = q. 6
0| —g)>| 0| |00
ol 0o [o0]|o|L]|oO
ol o |olololn
UsUsUsU> ULV, (UsULU, ) =
1 0 0 0 0 0
0 (1-¢*) | g(1—¢*)J q(1—g*)J* *(1—g»)J* 7*(1—¢*) (00| L)
0 0 (1—¢*)I 0 q(1—g*)%J3 0
0 0 0 (1—¢*)%Is q(1—¢*)*Is q(1—¢*)*(0 | L | )
0 0 0 q(1—¢*)*Is (1—¢*)Is 7(1—¢*)*(0| L | bL)
0 0 0 q(1—¢*)?(01]0]h) | ¢*(1—¢*)*(0]|0| L) (1-¢*)’h
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1100 0 00
0|0 0 00
010 |5 0 010 , where (0]0|hL)= 00
0[0|0 Is 00 0 0
0[0|0 —qls Is | 0
0[0|0]|—q(0|0|L)|0|L
UsUsUsUs Uy UV, (Us U Uy )!
1 0 0 0 0 0
0] (=g | (=) | (1 =g*)* | (1 =g*)* | ¢*(1=¢")(0[0]2)'
|0 0 (1—-¢°)1s 0 q(1—¢*)>P 0
o] o 0 (1=g*Pls | q(1—a*)le | q(1—g*>(0|a|b)
0 0 0 0 (1-¢*)Is 0
0 0 0 0 0 (1-4¢*)°hL
UsUsUsUs Uy U3V, (UsUsUsUs U Uy )!
1 0 0 0 0 0
0| (1—¢* 0 0 0 0
| o 0 (1—¢%)Is 0 0 0
oo 0 0 (1— )2 0 0
0 0 0 0 (1—-¢*)Is 0
0 0 0 0 0 (1-4¢*)°hL
1 0 0 0
o (=g 0 0
| oo 0 (1= )2l 0
0 0 0 (1-¢*)°L
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CHAPTER

6
OCTAHEDRON

o = {hlahZah3ah4ah57h67h77h8}‘

The distance enumerator with respect to Ry is Do/ g, () = 1+ 81+ 1262 + 2483 + 141,

Figure 6.1 Octahedron.
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The hyperplanes h3, hy, hs, h7 are visible from this point of view. Italicized labels on &y, hy, kg, hg indicate

that the hyperplanes are not visible from this point of view.

Figure 6.2 Octahedron with labelled hyperplanes.

The hyperplanes 1 — 8 are labelled according to the order of the regions corresponding to the vertices (ie,
regions R such that #sep(Ry, R) = 3) in the ¢-Varchenko matrix for the cube hyperplane arrangement shown
in Fig. 5.4, and the last six regions in the octahedron hyperplane arrangement are ordered according to the

labelling of the hyperplanes in the cube arrangement corresponding to the one shown in Fig. 5.3 indexed in
the order given in Eq. 5.2.1.

The 59 regions are indexed in the following order, and denoted by the hyperplanes in sep(R,Ry):

()Hl 2345 6‘7 8H16 122334 45 56‘17 28 37 48 57 68H

167 128 237 348 457 568‘ 157 268 137 248 357 468‘567 168 127 238 347 458‘ 156 126 123 234 345 456

H 1267 1238 2347 3458 4567 1568‘ 1357 2468‘1567 1268 1237 2348 3457 4568
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Figure 6.3 Correspondences between indexing of the regions in the cube and octahedron hyperplane arrangements.

The regions R in the octahedron hyperplane arrangement such that #sep(Ro,R) = 2 are indexed in
the exact order of their counterparts in the cube hyperplane arrangement. For example, the region in the
octahedron arrangement whose separating set from Ry is {h;,he} is listed first because its counterpart in
the cube hyperplane arrangement that had its separating set from Ry as {h;,h,} was listed first. All twelve
regions R in the octahedron hyperplane arrangement such that #sep(Ro,R) = 2 have counterparts in the cube
hyperplane arrangement.

The last fourteen regions R in the octahedron hyperplane arrangement have #sep(Ro,R) = 4. The first
eight of these lie directly above the hyperplanes 4y, ..., hs, and they are indexed in that order. The remaining
six regions correspond to the vertices of the octahedron, and they are indexed in the order corresponding to
the hyperplanes in the cube hyperplane arrangement.

The remaining 24 regions R in the octahedron hyperplane arrangement that have #sep(Ro,R) = 3 have
no corresponding regions in the cube hyperplane arrangement. They are indexed instead into four blocks
by choosing one of the four regions adjacent to each of the six regions that correspond to the octahedron’s
vertices, in the same order that those regions are listed in the last block of the g-Varchenko matrix.

In the first of these four blocks, the labelled hyperplane omitted goes in the order 561234; in the second,
it goes in the order 612345; in the third, it goes in the order 123456; in the fourth, it goes in the order 787878.
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11O Q| @ O | O3 03 03 03 | Q4 0, O4

!
1 Vi1 V12 Vi3 Vig V15 Vie V17 V18 V19 V1,10 V1,11

/t
11 var vaa | vz vaqa | Va5 Vg Va7 V28 | Va9 V210 V2l

¢
2 V31 V32 V33 V3q V35 V36 V37 V3g V39 V310 V311

t
05 | var V42 V43 Va4 V45 V46 V47 V48 V49 V410 V4,11

3
Vo= )
3 V61 V62 V63 Vo4 V65 V66 V67 V68 V69 V6,10 V6,11

!
3 V71 V12 Vi3 V14 V75 V76 V717 V78 V79 V7,10 V7,11

V51 V52 Vs3 V54 Vss V56 V57 V58 V59 V5,10 V5,11

!
3 V81 V82 V83 Vg4 V85 V86 Vg1 V88 V89 V8,10 V8,11

t
Oy | voi Vop | Vo3 Vo4 | Vg5  Vgg V97  Vog | Vg9 V910 V911

s
Q vVio,1 V10,2 | V10,3 V104 | V10,5 V1o, V10,7 V10,8 | V10,9 V10,10 V10,11

Oy | virg V2 | Vil Viia | ViLs Vile V117 Viis | Vile  ViLio Vil
Ok is a 1 x 6 row vector and Q) is a 1 x 2 row vector. Oy = (q" 7 ¢ ¢ ¢ q"), and Q§(:<qk qk).
For all v;j, v;; = v . Each v;; is a circulant matrix.
vit =C(1,¢%¢*.4°,4*,4°)ox6; vi2 = C(¢%,¢%)6x2, vi3 =C(4:9:00 0,4 )ox6:
vis =C(q,4,¢> ¢, @)exs  vis=Cla*4*.q¢", 4", 4", q")sxs, vie =C(a*.4*,4%. 4", 4", q")6x6.
vir =C(q*,¢%,4%,4" 4" d exe,  vis =C(¢* 0 0",q" ", d )exe: V19 =C(0,6*.4.@,@,@ )oxs;
vi0 =C(q,q )6x2, viin =C(@ ¢, 4,444 )6xe;
var =C(1,¢*)2x2, vi3 =C(, 0,4, 4,4, ¢ )2xe, V24 =C(q,4°,4,4°,4,4°)2x6;
vas =C(¢*,q%, 0%, 4", 4%, 4" )axe, v2e =C(0*,q",¢*,q", 4%, 4" )2xe, v21 =C(q*.q4".4*.4".4%.4")2x6:
4 4 4 4 4

V28 C(CI qd 59,9 -9 Q)2><6a V29:C(q3,q5,q3,q5,q3,615)2x6, V2,1o:C(q3,q5)2x2,

211 = C(q3aq5aq3aq5aq3aq5)2x6a

=C(¢*,q" q" 4%, %, Pexe:  vis =C(4, 880,70, @ )oxo,

vi3 =C(1,¢% 4% 4", 4",a%)ox6, V34
V36:C(q3aq37q37q5)q5)q3)6><65 V37 :C(q37Qaq3aq5’q5’q5)6X6u V38 :C(q5Q7q3q55q55q3)6X67

v30 = C(¢*.q*,4% 4%, 4%, ¢*)exe; v3.10 = C(g*,¢")6x2, vii =C(q*, 4% 4% 4% 4% q*)exes
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Va4 = C(17q47q27q47q25q4)6x67
Va7 = C(q37q37q7q57q3aq5>6><67

v4.10 = C(¢%,4%)6x2,

4 6 4 4

vss =C(1,4*,4%,¢°.4*,¢*)oxe,

V58 = C<q27 427614761675]675]4)6x6a

vs 11 =C(40.4°,4°.4", 44" )66,

6 2 6 2 6

V66:C(1,q 49,959 )6><67

V69 = C(q3aq5aq5aq5aq3aq3)6><6a

4 4 6 4 4

vi7 =C(1,4%,4".4°,4",4" )6x6>

v7.10 = C(¢*. 4% )62,

2.q*,q% ¢*.q°

vgg =C(1,q )6x65
vs11 =C(q.4°.4°.4".4° 4" )66,
V99 = C(l)q4)q4)q8)q47q4)6><67

vi0.10 = C(1,¢%)2x2,

virin =C(1,q% ¢*,4%, ¢*.q*)6xe-

Throughout the rest of this chapter,

- o O O O O
S O O O O
S O o O = O
S O O = O O
S O = O O O
S = O O O O

vas =C(4,9°, 4. 4° . ¢°,4° )66,

V48 = C(‘]37‘]37q37q57q57q5)6x67

2 A2 6 4
va11 =Cl(g

2 4 2 6 4 4

V56:C(q qd 49,9 9,4 )6><67

vso =C(0.4°.4°.4",4°, 4" )6x6s

ve1 = C(¢*,q%,4%,4%,4%, 4" J6xs,
V6,10 = C(‘]7q7)6><2a
V18 = C(q27q47q67q67q47q2)6><67

v =C(4.4°.4°.4".4°.4" )oxe,

Vg9 = C<q37q57q77q57q37q)6><67

v9.10 = C(q*,q*)ox2:

V10.11 = C(q27q67q27q67q27q6)2><67

S =75 and (121212)=<1 0

6x6

qd 9,9 59 7q6)6><67

vae = C(4, 4,0, 9°, 7>+ 4° )66

V49 = C(q27q47q47q67q4aq4

)6><67
V57 = C(qzv q27 qzu q67 q47 q6)6><67

vs10=C(q*. 4% )6x2,

2 4 4 6 4 4

V68:C(q 459,49 5,9 -9 )6><67

vo11 =C(4,4.4%,4".4°.4° )6x6

vio =C(0*,4".4°,¢°,4.4° )66,

vs.10 = C(q*,q°)6x2,

V9711 - C(q27 qza qza qéa q6a q6)6><67

1 0
0 1

1 0
0 1

0 1

>2><6

The first part of the left multiplication transition matrix U which has U’ as a corresponding right transition

matrix is

U = UoUgUsU7UsUsUs Uz UL U
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Let the numbers of the labelled hyperplanes in sep(Ro,R) denote the rows of the block matrix in V,, which
begins with that region indexed there. For example, 167 indicates the 5" block row of V,; similarly, 1567
indicates the 11" block row of V,. Then the steps taken by multiplying V, on the left by the matrices
UoUsUgUrUgUsU4Us U, Uy can also be described by the set of operations listed below each of these matrices:

110 00 0 0 0/0 0 O
0| Is 0|0 0 0 0|0 0 O
010 b 00 0 0 0/0 0 O
0/0 0|k 010 0 0 0/0 0 O
0/0 0[0 I|O 0 0 0/0 0 O
Ul — 00 0|0 0|1 0 0 0/0 0 O
0/0 0[O0 010 Is 0 0/0 0 O
0/0 0[O0 010 0 Ik 00 0 O
0/0 0[O0 010 0 0 It|/0 0 O
0/0 0[O0 010 0 —q)* 0|l 0 O
0/0 0|0 0|0 —ghOoO) 0 0|0 L O
0/0 0[O0 010 —ql 0 0 0 I
1567 — qI(157),
1267 — qJ*(567), (6.0.2)
1357 —q (1, | 0| 0) (157).
110 0 |0 0 0 0|0 0 O
0| 1Is 0 |0 0 0 0|0 0 O
0|0 b 0 |0 0 0 0|0 0 O
0/0 0 Is 0 |0 0 0 0|0 0 O
0/0 0 0 Ik |0 0 0 0/0 O O
U, — 0/0 0 —ql |Is 0 0 0|0 0 O
0/0 0 0 ~qJ*10 It 0 0|0 0 O
00 0| —qW—-J —g/*|0 0 Ib 0/0 0 O
0/0 0 —ql 0 |0 0 0 It|0 0 O
0/0 0 0 |0 0 0 0|k O O
0[0 0 0 |0 0 0 0 L 0
00 0 0 |0 0 O 0 I
167 —qI(17),
157 — qJ*(17), 6.03)
567 —qJ*(17) and 567 — q(J' — J*)(16),
156 —qI(16).
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0 0 0

0 0

Is

0

0 0 0 00 0 O

0O 0 0 0j]0 0 O
0O 0 0 00 0 O
0O 0 0 00 0 O
0 0 0 00 0 O

0O 0 0|0 O O

Is

0O 0j0 0 O

Is

0

00 O O

0 0 Ik

0 0 0 I
0 0 0 0

0 0 0 0]0 L

0 0 0 0|0 0 I

0
0
0

0
0
0

Is

0 I

0 O

0
0
0
0
0
0

0
0
0
0
0

Ig

b

0

—q(L|L|L)

~
<
<
O
N
—
\l./
~
~—
-
q/)
)’A.L
\an
N—
3 <
s
o =
- >
|
o~
—
{

0 0 O

0O 0
L

Is

0 00 O O
0O 00 O O
0 00 0 O
0O 00 O O
0 00 0 O
0O 0j0 O O
0 00 0 O

0
0
0

0

0

0
Is

Is

0
0
0

00 0 O

Is

Is
0 O

—ql
0

0 010

—q(0|12|0)

0 0[0 0 I
)'}

0

0 O
Is

0 0j0 O

0j]0 O

Is

0

010 b

00 O

00 0|0 I

0j0 0]0 O

0,0 0]0 O

0j0 0]0 O

0j0 0]0 O

00 0]0 O

0j0 0]0 O

0,0 0]0 O

(6.0.5)

1567 — qI(167),
1267 — gI(167),
1357—¢ (0| L | 0) (157

|
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0 0 0

0 0

Is

0

0 0 0 00 0 O
0O 0 0 0j]0 0 O
0 0 0 00 0 O
0O 0 0 0j]0 0 O
0O 0 0 00 0 O

0 0 0|0 O O

Is

0 0j]0 0 O

00 0 O

0 0 Ik

0 0 0 I
0 0 0 0

0 0 0 0]0 L

0 0 0 0|0 O I

0
0
0
0

Is

0
Is

—ql
0
_q_]4
_q_]5

—ql | 0 I

0
0
0
0
0

Is

010 &L

00 O

010 O

Us =

)
o
=)
)
N’
ol o|lc olo o ©o ojlo o o
olo o|lo ol © o oo W o
olo o|lo ol © © o] o ©
oloc o|lo ol © © W o o o
—_—  oO|o o|lo o|lo ©o ¥ o|lo o o
= g @ ©|o oo ojlo ¥wo o|loc o o
SRS
T T L S oloc olo ol o o olo oo
~ O~ X w5
wﬁWq
77__0000160000000
o n = ¥
oloc ol ol © o o|lo o ©
olo Y|o ol ©o o o|lo o o
ol o|lc ol ©o ©o o|lo o o
— p—
lﬁﬁOOOOOOOOO
Il
\O
=)

(6.0.7)
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0 0 0

0

0

0 0 0

0

0

0 0 0
0 0 0
0 0 0

0

0

0 0 0

0 O

Is

0 L O
0 0 Ik

0 0 0 O

0 0 O

Is

0 O

0

0O 0j0 O O O

0O 00 O O O

0O 00 O O O

00 O O O

Is

Is

0

0 O

0 0|0 I

0 0|0 O I

0 0/0 0 0 I

0O 00 O O O

0 0j0 O O O

0O 00 O O O

0

Is

b

0

—qJS

0
0

0

0

0

Uy =

(6.0.8)

—
Z =
N~
s
_
© =
——

0 O
L
0 0 I

0

Is

Ig

Is

Is

—qJ | Is

0
0

—q(0[0[1)

0

0 0|0

010

Is

0 O

0 010

{

0

0

0

0

010 &b

070 O

Ug =

(6.0.9)

)

1267 — qJ (156),
1357—q(0 0| k) (157
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OO OO0 Ol ©O O oo O ¥
SO OO OO0 O O oo g o
OO OO0 OO0 © O O o o
O|lO Ol Ol © O ¥Y|o o o
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O|lO Ol Ol ¥ O o|oc o o
SO OO O O © o|o o ©
SO OO | o o o oo o ©

"

_
SO Lo oo © © oo o O
O|IL Ol Ol © © ol © o
— o OO OO0 O O oo o O

Uy =

(6.0.10)

{1567 —¢*J'(16).}
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UgUsUr;UsUsUUzUrUn

107

1 0 0 0 0 0 0 0 0 |0 0 o
—ql Is 0 0 0 0 0 0 |0 0 0
—ql 0 L 0 0 0 0 0 [0 0 0
@1 | —q(I+J°) 0 Is 0 0 0 0 0 |0 0 0
q*1 —ql —q(L|L|L) 0 Is 0 0 0 0O |0 0 O
0 g1 0 —ql —ql Is 0 0 0O |0 0 O
0 0 P (bL|bL|bL) 0 —q(I+J% | 0 Is 0 0 |0 0 o
0 g J* 0 —q —qJ* 0 0 Is 0O |0 0 O
0 PP 0 —q(I+J3) 0 0 0 Is |0 0 O
0 —g’I 0 G (I+J) ¢’ —ql 0 —ql* —ql |l 0 0
0 0 —¢’h 0 #bLlblL) | 0  —q(blhlb) 0 0 |0 L O
—g*l | FUH+D) 0 —¢* 7 1 —ql —ql 0 0 |0 0 I




After multiplying V, on the left by UsUsU;UsUsU4UsU,U; and on the right by the transpose, the g-Varchenko matrix is transformed into

UsUgUzUsUsUsUsUr U, V,y (UgUs U7 Us UsUsUs Ur Uy ) =

1l 0 0 0 0 0 0 0 0 0 0 0
of(1—¢>)ls 0O 0 0 0 0 0 0 0 0 0

o0 0 (1-¢*h 0 0 0 0 0 0 0 0 0

of o0 0 |(1-¢>°I 0 0 0 0 0 0 0 0

o 0 0 0 (1-¢*%s 0 0 0 0 0 0 0

of o0 0 0 0 (1—q)%Is 0 7> (1 —q*)%I 0 0 0 0

o 0 0 0 0 0 (1—¢*)%Is 0 P1—g*)?ls 0 0 0

of o0 0 0 0  |¢*(1—¢*)Is 0 (1—¢*)%Is 0 0 0 q(1—q¢*)%Is

o o0 0 0 0 0 > (1 —q*)%Is 0 (1—q*)%Is 0 0 q(1—¢*)3Is

of o0 0 0 0 0 0 0 0 (1—¢*)°Is 0 0

o 0 0 0 0 0 0 0 0 0 (1-¢)°hL 0

o 0 0 0 0 0 0 91 =¢*)Is q(1-¢*)’Is| 0 0 (14+¢)(1-¢*)l

(6.0.11)
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110 0[0 O] O 0O 0 0|0 0 O

0/l O 0| 0 0O 0 0|0 0 O

00 L|O O] 0 0 0 0|0 0 O

00 0L O] O 0O 0 0|0 0 O

0[]0 0|0 I| O 0O 0 0|0 0 O

Ui — 00 0[]0 0] I 0 0 0|0 0 O

0[O0 0[O0 O] O Itk 0 0[O0 0 O

00 0[O0 O|—¢)21 0 I, 0[O0 O O

0/0 0|0 O] 0 —¢1 0 Ik|0O O O

00 0[O0 O] O 0 0 0| 0 O

0[O0 0[O0 O] O 0 0 0 L 0

0[]0 0[O0 O] O 0 0 0|0 0 I

567 — ¢*1(167
{ 156—321&57;? } (6012
U10UoUgUrUgUsUsU3 U Uy =

1 0 0 0 0 0 0 0 01/000
—ql Is 0 0 0 0 0 0O 0 /000
—ql 0 L 0 0 0 0 0 01000
71 | —q(I+7) 0 Is 0 0 0 0 0 /000
7’1 —ql —q(bL|L|L) 0 Is 0 0 0 01000
0 ¢’ 0 —ql —ql Is 0 0 01000
0 0 P (L|L|L) 0 —q(I+J%] 0 Is 0 0 1/000
0 |—g*I1+4*J* 0 Pl—ql  FPl—ql* |—¢*1 0 It 0 (000
0 s —¢*(L|L|L) | —qI+T°) FU+T*) | 0 —q¢*1 0 I |000
0 —g’1 0 F(I+J) g1 —ql 0 —qJ*> —ql|Is 0 0
0 0 —¢’h 0 F(L|blL)| 0 —qLlLblk) 0 0 (0L O
—¢*1| G +D) 0 —q* ¢’ —ql —ql 0 0 0 Is
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After multiplying V, on the left by U;oUgUgU;UsUsU4Uz U Uy and on the right by the transpose, the g-Varchenko matrix is transformed into

U10UgUsUrUcUsUsU3Ur UV, (U1gUgUs U7 UsUsUsUsUp Uy ) =

1 0 0 0 0 0 0 0 0 0 0 0
0(1—¢*)Is O 0 0 0 0 0 0 0 0 0

0 0 (1-¢»)b 0 0 0 0 0 0 0 0 0

0 0 0 |(1-¢*)%s O 0 0 0 0 0 0 0

0 0 0 0 (1-¢*% 0 0 0 0 0 0 0

0 o0 0 0 0 [(1-¢»)s O 0 0 0 0 0

0 0 0 0 0 0 (1-¢*%I 0 0 0 0 0

0 o0 0 0 0 0 0 (1+)(1—¢*)3 0 0 0 q(1—q*)Is

0 o 0 0 0 0 0 0 1+ (1-¢») 0 0 q(1=¢*)ls

o o 0 0 0 0 0 0 0 (1-¢*°ly 0 0

0 0 0 0 0 0 0 0 0 0 (1-¢*)°L 0

0 0 0 0 0 0 0 q(1—q*)Is a(1—4¢*)*l 0 0 (1+¢)(1-¢*)l

(6.0.13)
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Now the problem of transforming V, into Smith Normal form is reduced to transforming the following

3 x 3 matrix M into Smith Normal form.

(1+4%)(1-¢%)? 0 q(1—-¢*)?
M= 0 (1+¢*)(1—¢*)? q(1—¢*)3 : (6.0.14)
q(1-¢*)° q(1—¢*)? (1+¢*)(1-¢*)
Left multiplication by
1 00 1 ¢*> 0 1 00 1 0 —gq 1 ¢ —q
L'=]1010 010 0 10 01 0 |=| 0 1 0 (6.0.15)
0 ¢ 1 00 1 —q 0 1 00 1 —q ¢ (1+¢%

1 0 0 1 —¢* 0 10 0 1 —¢* ¢
R=]10 1 0 0 0 01 —g|=]0 1 —q (6.0.16)
0 —q 1 0 0 00 1 0 —q (14+4%)

transform M into its Smith Normal form:

(1-¢*) 0 0
0 (1-¢%)? 0 : (6.0.17)
0 0 (1= (1+¢*)(1+4¢")

Therefore, the last part of the left transformation matrix for V, is

1] o olo o o oo o 0
0l 0 olo o o o0 |0 o0 0
0/0 L]0 0|0 0O 0 00 0 0
olo ol 0o0|lo o o o lo o 0
0[0 0/0 k|0 O 0 0|0 0 0

| ofo ofo of 0 o 0o o0 0
olo 0|0 0|0 Ik 0 0|0 0 0
0[0 0]0 0|0 0 I ¢IL|0 0 —gl
0lo 0|0 0|0 0O 0 I |0 O 0
olo olo olo o o o |k O 0
0[o0 0|0 0|0 0O 0 0|0 b 0
00 0/0 0|0 0 —gls ¢L|0 0 (1+¢)
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and the last part of the right transformation matrix for V is
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Then, using Equation 6.0.1 we have that the Smith normal form of V is

(LUYV,(U'R) =

(1-¢*)*(1—4")s
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CHAPTER

7

PYRAMIDS

7.1 Square Base (n=4)

Let .o/ = {hy,ha,h3,ha,hs} be a hyperplane arrangement in R? of a pyramid with a square base, where s is
the hyperplane that forms the base. Then the g-Varchenko matrix for ./ has a Smith normal form over Z[g].

Here the regions are indexed in the following order by the hyperplanes in their separating sets from Ry:

5|15 25 35 45)125 235 345 145|1235 2345 1345 1245 | 12345
0| 1 2 3 4[12 23 34 41| 123 234 341 412 | 1234

Since s is peelable from o7, by [CCM16] there exists a matrix P with entries in Z[g| such that det(P) = 1

and

11—V, (e 0
PV, ()P = (1= )V (™) . (7.1.1)
0 Vo(o —{hs})
19 —qlg 0
In this case, P = 0 Iy 0
0 0 I
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The hyperplanes hy, h4 are visible from this point of view. The hyperplanes labelled in italics, h;, k3, hs are

not visible from this point of view.

Figure 7.1 Square base pyramid with labelled hyperplanes.

By Egq. 2.0.1, V,(&/"s) =V, for the C4 hyperplane arrangement.

llq9 9 9 9|d & ¢ ¢|¢ ¢ ¢ ¢|4q
g |1 ¢ ¢ ¢lq ¢ ¢ q|¢ ¢ ¢ 7|7
9| 1V ¢ ¢lq 9 ¢ ¢\¢ ¢ ¢ |7
9\ ¢ 1V ¢|\e 9 9 ¢\ ¢ ¢ 4P
9|\ ¢ ¢ 1V|¢ ¢ qa q|qd ¢ ¢ ¢|
¢lq 9 ¢ ¢V ¢ ¢ ¢la ¢ ¢ q|&
V(e — {hs}) = qi qz 1 4 7’ qj 12 7 q;‘ 7 4 q’ qj qi
‘e ¢ qa q|ld ¢ 1 F|\T a g ¢4
g ¢ ¢ 9|l ¢ ¢ V|¢ ¢ g q|¢
¢ ¢ ¢ g g ¢ ¢l ¢ P g
e I A Ll I B B A N7 S U
A I e A Ll I L L B I 7 O A W S
¢ ¢ 9 g ¢ ¢ ql|ld ¢ ¢ 1 |g¢
i\ ¢ ¢ Pl ¢ a9 g qfl

Here the regions are indexed in the following order by the hyperplanes in their separating sets from Ry:

01 2 3 4]12 23 34 41123 234 341 412 | 1234
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The first part of the left transition matrix for V(o7 — {hs}) is UoU; and the first part of the right transition
matrix for V(& — {hs}) is (U>U;)", where

1{0 o 0O O[O0 O O O[O O 000
—q|1 0 0 0[O0 O O 0|0 O 000
—4¢|0 1 0 0[O0 O O 0|0 0 000
—4¢|0 0 1 0[O0 O O 0|0 0 000
—4¢|0 0 0 1[0 O 0 0|0 0 000
¢ |l-¢g ¢ 0 01 0 0 0|0 0 000
10 —gq —q 0|0 1 O 0|0 0 000
U2U1: )
10 0 —g —q|0 0 1 0|0 0 000
?¢l-¢g 0 0 —q|0 0O O 1,0 0 000
0|0 4 0O|l—¢qg —¢g 0 0| 1 0 000
0/0 0 ¢ 0]/0 —g—q 0|0 1 000
010 —¢* 0 ¢|¢ ¢& —q —q|—¢* 0 10]|0
04 0 —¢* 0|—q ¢ ¢ —q| 0 —¢*01|0
—q4*| ¢° 0 ¢]0 ¢ 0 —¢*|—q —q 00]|1
1{0 0 0 0|0 O O O[O0 O 0O|O
—¢|1 0 0 0|0 O O O[O0 0 0O|0
—4¢|0 1 0 0|0 O O O[O0 O 0O|O
—4¢|/0 0 1 0[0 0O O O[O0 O O0O|O
—4¢|0 0 0 1/0 0O O O[O0 0 0O|0 110{0] 0 0]0
2l—g—¢ 0 0|1 O O OO0 O 0O|0 o[L{0| 0 0]0
U, = |10 —g—q 0|0 1 0 0[]0 0 00|0 U, = 0/0(I4] 0 010
¢ 10 0 —gq—q|0 0 1 0|0 0 00[0] olojo| L 0]0
¢ |l-¢g 0 0 —g/0 0 O 1 |0 0 000 0(0[0|—¢’L L|0
0/0 ¢ 0 0|l—g—q O O |1 0 000 olojo| 0o 01
0[]0 0 ¢ 0/0 —g—q 0|0 1 000
0/0 0 0 ¢*/0 0 —g —g |0 0 100
0|l¢g> 0 0 0|—gq 0 0 —g|0 O 010
—q*¢® 0 0 4|0 ¢ 0 —¢*|—q —q 00]1

Let the numbers of the labelled hyperplanes in sep(Ro,R) denote the rows of the block matrix in V,, which
begins with that region indexed there. Then the steps taken by multiplying V,, on the left by the matrices U,U,

can also be described as follows:
1.

1234 — ¢(123). (7.1.2)

Note: here (123) means only the 123 row, and not the entire block matrix.
2.

123 — gI(12). (7.1.3)
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12—gqlI(1). (7.1.4)
4.
1—4(0). (7.1.5)
Note: here (0) means the Ry row.
3.
1234 — g(234). (7.1.6)
Note: here (234) means only the 234 row, and not the entire block matrix.
6.
123 —gqJ(12). (7.1.7)
7.
12—qJ(1). (7.1.8)
8.
1234 — ¢*(14). (7.1.9)

Note: here (14) means only the 14 row, and not an entire block matrix; ie, this is the last row of the 12

region block.

(341 412) —g?1(123 234). (7.1.10)

Note: here (341 412) denotes the 2 x 2 lower right corner block of 123; (123 234) denotes the 2 x 2
upper left corner block of 123.

Here, Eq. 7.1.2 corresponds to the first part of Eq. 6.0.2 and Eq. 7.1.6 corresponds to the first part of Eq. 6.0.5;
the correspondences can be seen by viewing the 1234 region of the pyramid arrangement as the 1567 region
of the g-Varchenko matrix for the octahedron arrangement. Then the 123 and 234 regions of the pyramid
arrangement correspond to the regions 157 and 167, respectively, in the octahedron arrangement. Eq. 7.1.9
corresponds to Eq. 6.0.10. U, is the last step given in Eq. 7.1.10, and it corresponds to Eq. 6.0.12, which gave
the step Ujg in Eq. 6.0.1 for the octahedron hyperplane arrangement.
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Note the similarity of this matrix to Equation 6.0.11
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Note the similarity of this matrix to Equation 6.0.13
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Recalling Equations 6.0.14 and 6.0.17, and the definitions of L’ given in Eq. 6.0.15 and R’ given in Eq. 6.0.16,
we see that the last part of the left and right transformation matrices for V, (.7 — {hs}) are

1 0 0 0 0 1 0 0 0 O
0 I, 0 0 O 0 Ib, 0 0 O
L=l 0 0 I4b 0 0 |,andR=| 0 0 I 0 O
0 0 0 L O 0 0 0 L O
0 0 0 0 L 0 0 0 0 R
L(U2UN)Vy( —{hs})(U2U1)'R
1 0 0 0 0 0
0 (1-¢*L 0 0 0 0
_|o 0 (1—¢*)°1 0 0 0 (.L11)
0 0 0 (1-¢*)*hL 0 0
0 0 0 0 (1-¢*)°hL 0
0 0 0 0 0 (1-¢*)*(1—-¢%)

To tie everything together, let 73, 4 be the left transformation matrix for V,, (. hsy = V,, for Cy as it was defined
in Equation 3.1.10.

T 0 Iy 0 Iy O Iy O
Let T = , let U = , L1 = , andlet R} = .
0 Ii4 0 UU 0 L 0 R

Then, by Equations 3.1.9 and 7.1.11, Ly (UTP)V,(</)(UTP)'R,

(1—¢4%) 0 0 0 0 0 0 0
0 (1-¢>)?1, 0 0 0 0 0 0
0 0 (1-¢>)31 |0 0 0 0 0
B 0 0 0 1 0 0 0 0
B 0 0 0 0 (1-¢>)L 0 0 0
0 0 0 0 0 (1—¢*)%s 0 0
0 0 0 0 0 0 (1-¢*)°hL 0
0 0 0 0 0 0 0 (1—-¢*)*(1—-¢%)
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Then left and right multiplication by the permutation matrix

o(o0ojo0oj1|0]0]0/|O0
1{10[0]0O0]O0]O0]O0]O
00|00 L]|O0O|0]|0O0
S O Lt | O]O0O]O0O]0]O0]O
0]0]0]0]0]|ZL |00
0,0 | L |O0O]O0O]O0|O0]O0
0j]0]0]0]0]0 | 5L |O
00| 0O0]O0O|0O]O0]O0]|1

arranges the diagonal matrix L (UTP)V,(/)(UTP)'R, into its Smith normal form:

1 0 0 0 0
0 (1—¢*)Is 0 0 0
SLy(UTP)V, (/) (UTP)R;S'=| 0 0 (1—¢*)%Io 0 0
0 0 0 (1—-¢%)°I 0
0 0 0 0 (1-¢*)*(1-¢%
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7.2 Pentagonal Base (n=5)

Let o7 = {hy,hy,h3,h4,hs,he} be a hyperplane arrangement in R? of a pyramid with a regular pentagonal
base, where hg is the hyperplane that forms the base. Then the g-Varchenko matrix for &7 has a Smith normal
form over Z[q|.

Since hg is peelable from o7, by [CCM16] there exists a matrix P with entries in Z[g| such that det(P) = 1

and

(7.2.1)

PV, (/)P = ( (1= Walr™) 0 )

0 Vo(/ —{he})

Here the regions are indexed in the following order by the hyperplanes in their separating sets from Ry:

6\16 26 36 46 56\126 236 346 456 156
0\1 2 3 4 5\12 23 34 45 15

‘1236 2346 3456 1456 1256 ‘ 12346 23456 13456 12456 12356‘123456
‘ 123 234 345 145 125 ‘ 1234 2345 1345 1245 1235 ‘ 12345

In this case,

Le —qlis O
P=| 0 ILs O
0 0 I

The hyperplanes hy, ha4,hs are visible from this point of view. The hyperplanes labelled in italics, A3, h3, hg

are not visible from this point of view.

Figure 7.2 Pentagonal base pyramid with labelled hyperplanes.

V,(&/"s) =V, for the Cs hyperplane arrangement.

Vo( —{hs}) =
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Here the regions are indexed in the following order by the hyperplanes in their separating sets from Ry:
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The first part of the left and right transition matrices for V, (&7 — {h¢}) are UpU; and (U,U, )", where

Uy =
10 o 0 0O 0|0 O O O O[O O O O O[O0 O O0O0O|0
—4|1 0 0 0 0|0 O O O O[O O O O 0|0 O O0O00O|0
-4/ 0 1 0 0 0|0 O O O O[O O O O 0|0 O O0O00O|0
-4/ 0 0 1 0 0|0 O O O O[O O O O 0|0 O O0O0O|0
-4/ 0 0 O 1 0|0 O OO O[O O O O 0|0 O O0O00O|0
-4/ 0 0 0O 0 1/0 0 0 O O[O O O O O[O0 O O0O00O|0
¢!l-¢g —¢ 0 0 0|1 0 0 0O O|0 O O O O[]0 0O000O0|0
10 —g —¢q 0 00 1 0 0 OO0 O O O O[]0 0 O000O0|0
7 0 —g —¢g 0|0 0O 1 0 O[O O O O 0|0 O 0O00O|0
10 0 O —q —q|0 O O I O/0 O O O O[]0 0 000O0|0
¢l-¢g 0 0 0 —4q|0 O 0O 0O 1,0 O O O 0[]0 0O000O0|0
00 ¢ 0 0 O0|—g—-q 0 0O O[1 O O 0O 0[]0 0 0O00O|0
00 0 ¢ 0 0|0 —g—-4q 0 0[O0 1 0 0 0[]0 0 O000O|0
00 0 0 ¢ 0|0 0 —g—q O[O0 O 1 0 0[]0 0 000O|0
00 0 0 0 &0 0 0 —g —¢|0 0 0 1 0[]0 0O000|0
0ls# 0 0 0 O0|—-g 0 0 0 —| 0 O O 0 1[0 0 O000O0|0
0 0 0 0 0 —°l0 ¢> 0 ¢ ¢*|—q —q 0 —¢> 0|1 0 0000
0|—¢> 0 0 0 O0|¢g* 0 42 0 ¢ |0 —g —q 0 —4*{0 1 0000
0 0 —¢> 0 0 0|4 ¢ 0 ¢ 0|—¢ 0 —q —q 0|0 0 1000
0|0 0 —¢ 0 0[]0 ¢ ¢ 0 |0 —¢ 0 —q —q|0 00100
0|0 0 0 —¢ 0|¢ 0 ¢* ¢ 0|—q 0 —¢* 0 —q|[0 00010
@l q¢* 0 0 0 ¢|0 0 0 0 —¢* 0 ¢ 0 0 0 |—g—q000]|1
10 010
0 Is 010
and U, = 8 g Ig 2 8 8 , Where u:( 0 0 0 _qZ(l_qZ) —qz(l—q2) )
0/0[0|0]|L]|0
000 |ul|O0]1

Let the numbers of the labelled hyperplanes in sep(Ry,R) denote the rows of the block matrix in V,, which

begins with that region indexed there. Then the steps taken by multiplying V,, on the left by the matrices U,U;

can also be described as follows:

1.

12345 — ¢(1234).

Note: here (1234) means only the 1234 row, and not the entire block matrix.
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10.

11.

12.

1234 — gI(123).
123 —¢I(12).
12— ¢(1).

1—¢4(0).

Note: here (0) means the Ry row.

12345 — g(2345).

Note: here (2345) means only the 2345 row.

1234 — qJ(123).
123 —gJ(12).
12—4J(1).
1234 — >3 (123).

12345 — ¢*(15).

Note: here (15) means only the last row of the (12) block.

12345 — ¢*(1 — ¢*)(145) and 12345 — ¢*(1 — ¢*)(125).

Note: here (145) and (125) mean only the last two rows of the (123) block.
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DU V(o = {he})(UaUy)' =

1l o0 0 0 0 0 0 0 0
o[(1—g?)1s| 0 0 0 0 0 0

o 0 |[(1—¢*)%no 0 0 0 0 0 0

o o0 0 |(1-¢)*(1-¢% 0 7(1-¢*) 7(1-¢*) 0 ¢ (1-¢*)

o 0 0 0 (1—-¢*)*(1—¢°) 0 ¢(1-¢*)? 7(1-¢*) - (1-¢*)

o 0 0 7(1-¢*)° 0 (1-¢*)*(1-¢° 0 7 (1-¢*)° q(1-¢*)°

o 0 0 (-7 FU-¢) 0 (1-¢*)*(1—-¢°) 0 q(1—¢*)*

0o o0 0 0 ¢(1-q") ¢(1-¢") 0 (1-¢*)*(1-¢° q(1-¢*)°

o 0 0 -¢(1-¢*)P  —¢(-¢)P  q-¢) q(1—¢*)* q(1-¢*)  |(1-¢*)’(1+¢*—q"+24°)

Now the problem of putting V, (<7 — {hs}) into Smith normal form has been reduced to putting M, which is defined to be the lower right corner 6 x 6

matrix, into Smith normal form. This can be done over Z[q].

1 0 —1 —q? 0 0
0 0 0 —(1+4?) 0
Lefi—| © 7 L =(+q") —¢*(1+4°) 7 —q
eji = 0 3 9, 5, 3 s, 3 P
q 9 —P+P+d+q ¢ +q @+ +
0 —¢*(1+4*) —¢ F(1-¢"—¢%) ¢+2¢(1+¢*)+1 —¢*(1+4¢%)
- 24 0 1+¢—¢* *(1+4¢*) +1 —q(1+4*)
1 ¢* ¢*(1+¢)+1+¢" q(¢"*+2¢"”+2¢"0+ ¢ +3¢°+2¢* +2) ¢"°+2¢8+24°—1 1-¢*+4°
0 1 (14 4¢%) PP +2¢°+q*(1+4%)+2) C+a1+)+1 —g*(1+4%)
Right 00 1 q' +q q*—1 g +1
0 0 0 0 -1 g +1
0 0 0 —q(1—q*) 1-¢* ¢
00 0 1 q —q(2+4%)
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We present the matrices Le ft and Right as one possible set of left and right transition matrices with determi-

nants both equal to —1 and entries in Z[g]. Simpler, more elegant transition matrices may exist. Nonetheless,

(1%L 0 )

2.14
0 (1-¢*)*(1—¢")5 7219

Left M Right = (

To tie everything together, let 7|, , be the left transformation matrix for V(. he) = V, for Cs as it was
defined in Equation 3.1.10.

T 0 L 0 I3 0 Iz 0
Let T = , U= , L= , and R = .
0 In 0 U,U; 0 Left 0 Right

Then, by Equations 3.1.9 and 7.2.14, Ly (UTP)V, (<7 )(UTP)'R; =

(1—¢%) 0 0 0 0 0 0 0
0 (1—¢%)°Is 0 0 0 0 0 0
0 0 (1-¢*)35 | 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 (1—¢*)s 0 0 0
0 0 0 0 0 (1—¢*)ho 0 0
0 0 0 0 0 0 (1-¢*)’°n 0
0 0 0 0 0 0 0 (1-¢*)*(1—¢'n
0,0j0(1,0]0]0]0O0
1{0|0{0J0] 0|00
0/,0]0|0|L| 0 ]0]O0
) e ) ) O|L[{0|0]O0O| 0 ]0]O
Then left and right multiplication by the permutation matrix S =
0/]0[0|0|O0|Lip|O0]O
0|0 |{0]O0O|O0]0]O
0/0[0|0]O0O| 0 |L]|O
0/]0[0|0|O0)|0]0]|Kh
arranges the diagonal matrix L;(UTP)V,(</)(UTP)'R, into its Smith normal form:
1 0 0 0 0
0 (1-¢*)s 0 0 0
SLi(UTP)V,(«/)(UTP)'R;S'=| 0 0 (1—-¢*)0Ls 0 0
0 0 0 (1-¢*)°KL 0
0 0 0 0 (1—¢2(1—¢")15
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