
ABSTRACT 

LIU, CHENGXIANG. Molecular Modeling of Crystallization from Solution. (Under the direction 
of Dr. Erik E. Santiso). 
 

Crystallization from solution is a solid-liquid separation technique that is critical in 

controlling many chemical processes. Typically, crystallization occurs in two major steps: 

nucleation and crystal growth. Nucleation describes the initial aggregation of molecules and the 

formation of the new phase, which plays a key role in determining the structure, size and 

morphology of the crystalline product. It is known to be a stochastic process that makes it difficult 

for experiments to capture. Crystal growth, on the other hand, is observable in experiments, but it 

could become labor-intensive to select the effective agent that controls the growth rate, orientation 

and size distribution. This dissertation is focused on the application of molecular modeling to study 

crystallization from solution. Modeling crystallization is challenging, especially for nucleation 

which is a “rare event” occurring on time scales far beyond those accessible to simple molecular 

simulation methods. The primary goal of this dissertation is to develop efficient modeling methods 

that can correctly predict crystallization behaviors in the pharmaceutical industry, including 

polymorph selection, nucleation kinetics and crystal growth inhibition. 

Polymorphism has strong impact on physical/chemical properties of drug products, and the 

effect of solvents on polymorph selection is significant with a particular polymorph being 

preferable in a specific solvent. We select sulfamerazine as the target drug molecule in the solvents 

of acetonitrile, methanol and water. We explore the minimum free energy pathway (MFEP) of 

nucleation by using String Method in Collective Variables (SMCV) in combination with order 

parameters obtained from a pair correlation function. Nucleation energy barriers are calculated 

from the MFEP. We show that Form I of sulfamerazine has lower energy barriers than Form II in 

the three different solvents, indicating Form I is the favorable form to nucleate. Experimental 



studies using powder X-ray diffraction to characterize the structures of crystals obtained from the  

same solvent systems show consistent results with simulations.  

The efficiency of drug manufacturing is affected by the kinetics of nucleation, which varies 

in different solvents. We select sulfadiazine as the target drug molecule to study the nucleation 

kinetics in acetonitrile, water and methanol. We first use SMCV to explore the MFEP of nucleation, 

and then implement Markovian Milestoning with Voronoi Tessellation to obtain the nucleation 

rates from simulations. Results show that the order of nucleation rate for sulfadiazine in different 

solvents is: acetonitrile > water > methanol. We then perform detailed crystallization induction 

time measurements to calculate nucleation rates from experiments, and the results show the same 

order in the three different solvents. From Classical Nucleation Theory (CNT), we calculate the 

thermodynamic parameter B using experimental data, and the B values show the same trend as the 

nucleation energy barriers obtained from the simulations. 

Supersaturation control is difficult for modeling nucleation from solution. We present a 

new approach that uses SMCV in the osmotic ensemble to obtain minimum free energy pathways 

for nucleation at constant supersaturation. This method does not require using an explicit reservoir 

of solute molecules, or making additional assumptions about the activity coefficients in the 

solution. The results show a modest decrease in the nucleation barrier (estimated using the 

potential of mean force) when accounting for solute depletion.  

Calcium pyrophosphate (CaPP) deposition disease is a rheumatologic disorder caused by 

the accumulation of CaPP crystals in joints. Additives absorbed on the crystal surfaces are potential 

inhibitors for CaPP crystal growth, but screening effective ones is time consuming. We use 

Adaptive Biasing Force (ABF) method to calculate the binding free energies of several ions (Ca2+, 

Mg2+, Na+ and Cl-) on crystal surfaces of different CaPP hydrates. Results show that Mg2+ binds 



more strongly than Ca2+ to the (011) face of m-CPPT-β, while Ca2+ binds more strongly to the (001) 

face of t-CPPD and (010) face of m-CPPT-β. This suggests that the addition of Mg2+ may inhibit 

the growth of the (011) face of m-CPPT-β. The binding energies of all the ions are low on the (100) 

face of m-CPPT-β and (010) face of m-CPPT-α. 

  



 

 

 

 

 

 

 

 

 

 

 

© Copyright 2018 by Chengxiang Liu 

All Rights Reserved



Molecular Modeling of Crystallization from Solution 
 

 

by 
Chengxiang Liu 

 

 

A dissertation submitted to the Graduate Faculty of 
North Carolina State University 

in partial fulfillment of the  
requirements for the degree of 

Doctor of Philosophy 
 

 

Chemical Engineering 
 

 

Raleigh, North Carolina 

2018 

 

APPROVED BY: 

 

 

_______________________________                       _______________________________ 
Dr. Erik E. Santiso                                                                Dr. Keith E. Gubbins 
Committee Chair 
 
_______________________________                       _______________________________ 
Dr. Carol K. Hall                                                           Dr. Douglas L. Irving  
 
_______________________________                       
Dr. Srikanth Patala                                                               



 

ii 
 

DEDICATION 

        I dedicate this dissertation to my parents, Xiaochun Liu and Sulan Zhou, who have 

encouraged me through my life while I am pursuing my dream. I would not be where I am today 

without their support. They educated me to stay curious, work hard and seek my passion. 

Whether I succeed or fail, they are always my strongest partner. I am eternally grateful to them. 

 

 
 
 
 
 
 
 
 
 
 
 
 



 

iii 
 

BIOGRAPHY 

Chengxiang Liu was born in Taizhou, China to his parents, Xiaochun Liu and Sulan Zhou, 

and he is their only child. He spent his childhood life in a small county called Jiangyan, about 150 

miles away from Shanghai. In the elementary school, he became interested in Chinese history and 

spent most of his spare time reading history books. He attended Jiangyan High School later and 

started to show his capability in physics and chemistry. 

In 2006, Chengxiang was successfully admitted to Tsinghua University which had been a 

dream for him since his childhood. He selected chemical engineering as his major in the freshman 

year. In the junior year, he won the election and became the president of student body in the 

department. He and his team organized multiple activities to help undergraduate students build 

connections, learn about research labs and participate in sport & art competitions. In the senior 

year, he started to work on a project dealing with the problem of waste oil in rural area of China 

under the supervision of Dr. Dehua Liu. Chengxiang and his team won the first prize during the 

Rio +20 conference in Rio de Janeiro after they presented their research on this project. 

Chengxiang joined Dr. Lan Xiang’s group at Tsinghua in 2010 as a Masters student and 

started to work on the synthesis of 1-D nano materials from industrial raw materials. This was his 

first experience working in the field of crystallization. He got the opportunity to attend multiple 

international conferences, after which he started to plan on going abroad for the PhD degree. 

During the time in graduate school at Tsinghua, he also worked as the vice president of the 

association of student entrepreneurs. He and his team organized several national competitions for 

student entrepreneurs where he met many friends and expanded his vision into many other areas 

outside chemical engineering. 



 

iv 
 

In 2013, Chengxiang went to NC State and joined Dr. Erik Santiso’s group. With the 

experimental experience in crystallization, he was very excited to start on studying crystallization 

using computational methods. His first project was screening potential inhibitors for the crystal 

growth of calcium pyrophosphate crystals which are the causes of “pseudo-gout”. He learned the 

theoretical background of crystallization and grabbed practical skills for computational modeling. 

Two years later, he started to work on the project of nucleation for pharmaceutical molecules in 

solution. It was a collaboration between Pfizer and Dr. Santiso’s group. After completing the 

modeling work on this project, he went to Pfizer and conducted the experiments to compare with 

the simulations. At Pfizer, he also learned a lot about the pharmaceutical industry, including the 

technology, regulations and company management. 

In his spare time, Chengxiang loves playing basketball and traveling around the world. He 

and his girlfriend, Yuejiao, traveled to multiple countries in Asia, Europe, North and South 

America, and enjoyed every one of those trips where they could meet new friends and learn about 

different cultures. 

 



 

v 
  

ACKNOWLEDGMENTS 

I first want to thank my advisor, Dr. Erik Santiso, for so many reasons. Without his fully 

support, I would not have this opportunity to learn and develop professionally both inside and 

outside the lab. As a beginner in the field of computational modeling, he taught me the fundamental 

knowledge and skills to kick off my research. His experience and accomplishments inspired me to 

study hard and be confident in tackling difficulties. He also supported me to attend multiple 

academic conferences, including FOMMS, AIChE and other research symposiums, where I met 

many outstanding researchers in this field and learned a lot from them. With his recommendation, 

I got the opportunity to go to Pfizer as a summer intern and gained the experience in the industry. 

When I injured my achilles and had a surgery for better recovery, he always comforted me and 

told me not to worry. From the beginning of my graduate school, I always had wonderful 

discussions with Dr. Santiso which led me further in the field of crystallization modeling. I am 

tremendously grateful for his help and support throughout my entire time as a graduate student. 

I also want to thank all my committee members. Dr. Keith Gubbins, I thank him for giving 

me the opportunity to become the teaching assistant in CHE 775. I never thought that I would be 

able to teach a class in English when I first came to NC state, but he trusted me and helped me 

prepare myself going into the class. I will never forget the emails from the students saying that I 

am a helpful and professional TA.  We always had casual but interesting talks before and after the 

class. He also invited me to his birthday party at his house where I met many pioneers and 

outstanding researchers who inspired me to continue my work into the unknown area. I want to 

thank Dr. Carol Hall, for her encouragements and advices throughout my time in graduate school. 

Her speech after she was awarded the medal in FOMMS 2015 was an inspiration for me, and I 

learned that the key to success is focusing on my professional work and enjoying what I do, 



 

vi 
 

regardless of what obstacles there might be. I want to thank Dr. Irving and Dr. Patala, for taking 

time to attend my second-year update and prelim exam and giving me valuable feedbacks. Their 

comments and advices helped me to be more rigorous in my research. 

I’d like to acknowledge members in the Santiso group. I want to thank Dr. Nathan Duff, 

who trained me hand by hand in scientific programming and numerical computing. Without him, 

I could never become familiar with the modeling techniques in such a short period of time. 

Whenever I had a question, I could always turn to Nathan and get useful suggestions. I’d like to 

thank Dr. Katherine Phillips and Dr. Cody Addington, for teaching me how to run a simulation 

from scratch in CHE 775. I also want to thank Dr. Laura Weiser, who helped me in several 

modeling methods including force field optimization and Well-tempered Metadynamics. I’d like 

to thank Jennifer Clark, who organized “Fat Tuesday” to educate me about all those wonderful 

local restaurants. I’m very grateful for the valuable feedbacks from Dr. Deepti Tilly, Mariah King, 

Amit Mishra, Amulya Pervaje and Christopher Walker every time we discussed together. I also 

want to thank Kaihang Shi and Matt Mansell for their help in CHE 775 when I was the TA.  

I’d like to thank multiple people in the department for their help since I arrived here at NC 

State, including Sandra Bailey, Saundra Doby and Angela Efimenko, to name a few. I was also 

very fortunate to meet so many friends in the Gym when I played basketball there. Especially when 

I got injured with my achilles, they often came to my place to see if I need any help. We usually 

went out for hiking, barbecue and road trip together. My life in graduate school became so much 

more colorful with all of them. 

Lastly, I would like to express my gratefulness to my family members. My parents, 

Xiaochun Liu and Sulan Zhou, are always confident in me whatever I want to do. Even though we 

are thousands of miles apart, I could always feel their love and support. I also want to thank my 



 

vii 
 

girlfriend, Yuejiao Ha, who has been my closest partner since undergraduate school. We watch 

each other growing up and enjoy every minute together. Our passports have recorded so many 

wonderful experiences travelling to different countries around the world. Talking to her always 

gives me insightful ideas on study, work and life. With her standing together with me, I feel 

stronger to face any challenges in my life. 



 

viii 
 

TABLE OF CONTENTS 

LIST OF TABLES ......................................................................................................................  xii 

LIST OF FIGURES ..................................................................................................................... xiv 

	

Chapter 1 Introduction .................................................................................................................... 1 

1.1 Crystallization: Principle and Impact ................................................................................... 1 

1.1.1 Nucleation ...................................................................................................................... 2 

1.1.2 Crystal Growth ............................................................................................................... 4 

1.2 Molecular Modeling of Crystallization ................................................................................. 6 

1.2.1 Nucleation Modeling ..................................................................................................... 6 

1.2.2 Crystal Growth Modeling .............................................................................................. 9 

1.3 Scope of Dissertation .......................................................................................................... 11 

1.4 References ........................................................................................................................... 13 

Chapter 2 Polymorph Selection of Drug Crystals in Solution ...................................................... 18 

2.1 Introduction ......................................................................................................................... 18 

2.2 Methods .............................................................................................................................. 20 

2.2.1 Force Field ................................................................................................................... 20 

2.2.2 Order Parameters ......................................................................................................... 22 

2.2.3 String Method in Collective Variables (SMCV) ......................................................... 24 

2.2.4 Computational Details ................................................................................................. 26 

2.2.5 Experimental Details .................................................................................................... 27 

2.3 Results and Discussions ...................................................................................................... 28 

2.3.1 Order Parameters ......................................................................................................... 28 

2.3.2 String Method in Collective Variables ........................................................................ 30 



 

ix 
 

2.3.3 Experimental Comparison ........................................................................................... 35 

2.4 Conclusions ......................................................................................................................... 36 

2.5 Acknowledgements ............................................................................................................. 36 

2.6 Appendix ............................................................................................................................. 37 

2.7 References ........................................................................................................................... 43 

Chapter 3 Nucleation Kinetics of Drug Molecules in Different Solvents .................................... 46 

3.1 Introduction ......................................................................................................................... 46 

3.2 Methods .............................................................................................................................. 48 

3.2.1 Force Field and Order Parameter ................................................................................. 48 

3.2.2 Markovian Milestoning with Voronoi Tessellations ................................................... 51 

3.2.3 Crystallization Induction Time Measurements ............................................................ 53 

3.2.4 Computational Details ................................................................................................. 55 

3.2.5 Experimental Details .................................................................................................... 57 

3.3 Results and Discussions ...................................................................................................... 58 

3.3.1 SMCV .......................................................................................................................... 58 

3.3.2 Markovian Milestoning with Voronoi Tessellation ..................................................... 61 

3.3.3 Comparison with Experimental Results ...................................................................... 62 

3.4 Conclusions ......................................................................................................................... 65 

3.5 Acknowledgements ............................................................................................................. 65 

3.6 Appendix ............................................................................................................................. 66 

3.7 References ........................................................................................................................... 71 

Chapter 4 Modeling Nucleation in the Osmotic Ensemble .......................................................... 74 

4.1 Introduction ......................................................................................................................... 74 



 

x 
  

4.2 Methods .............................................................................................................................. 75 

4.2.1 SMCV in the Osmotic Ensemble ................................................................................. 77 

4.2.2 Computational Details ................................................................................................. 80 

4.3 Results and Discussions ...................................................................................................... 82 

4.3.1 SMCV in the NPT ensemble ....................................................................................... 82 

4.3.2 SMCV in the Osmotic Ensemble ................................................................................. 84 

4.4. Conclusions ........................................................................................................................ 89 

4.5 Acknowledgements ............................................................................................................. 90 

4.6 References ........................................................................................................................... 91 

Chapter 5 Inhibition of Calcium Pyrophosphate Crystal Growth ................................................. 93 

5.1 Introduction ......................................................................................................................... 93 

5.2 Methods .............................................................................................................................. 95 

5.2.1 CaPP Crystal Structure and Surface ............................................................................ 95 

5.2.2 Force Field ................................................................................................................... 96 

5.2.3 Free Energy Calculation .............................................................................................. 98 

5.3 Results and Discussions ...................................................................................................... 99 

5.3.1 Force Field ................................................................................................................... 99 

5.3.2 Free Energy Landscape on the Surface ...................................................................... 100 

5.3.3 Binding Energy of Additives ..................................................................................... 102 

5.4 Conclusions ....................................................................................................................... 104 

5.5 Acknowledgements ........................................................................................................... 104 

5.6 Appendix ........................................................................................................................... 105 

5.7 References ......................................................................................................................... 109 



 

xi 
 

Chapter 6 Summary & Future Work ........................................................................................... 111 

6.1 Summary ........................................................................................................................... 111 

6.2 Future Work ...................................................................................................................... 113 

6.2.1 Role of Solvent on Nucleation from Solution ........................................................... 113 

6.2.2 Matching Molecular Pairs .......................................................................................... 114 

6.2.3 Nucleation of Calcium Pyrophosphate Crystals ........................................................ 116 

6.3 References ......................................................................................................................... 118 

 

 
 
 



 

xii 
 

LIST OF TABLES 

Table 2.1 Lattice constants for sulfamerazine obtained using the un-tuned and our 

optimized FF ................................................................................................................ 22 

Table 2.2 Nucleation energy barrier (kcal/mol) of sulfamerazine in different solvents 

obtained from PMF associated with the minimum free energy path ........................... 33 

Table 2.3 Parameters that are optimized for bonded contributions in CGenFF ........................... 38	

Table 2.4 Partial charges of the atoms in sulfamerazine molecule after optimization using 

FFTK ............................................................................................................................ 39	

Table 2.5 Average peak locations and parameters for sulfamerazine (Form II) at 295 K ........... 40	

Table 3.1 Lattice constants for sulfadiazine obtained using the un-tuned and our optimized 

FF ................................................................................................................................. 48	

Table 3.2 Comparison of nucleation energy barrier from SMCV and thermodynamic 

parameter B in the Classical Nucleation Theory .......................................................... 64 

Table 3.3 Parameters that are optimized for bonded contributions in CGenFF ........................... 67	

Table 3.4 Partial charges of the atoms in sulfadiazine molecule after optimization using 

FFTK ............................................................................................................................ 68 

Table 3.5 Average peak locations and parameters for sulfadiazine ............................................. 69	

Table 5.1 Lattice parameters of the three CaPP polymorphs ....................................................... 96	

Table 5.2 CaPP crystal sizes used for MD simulations ................................................................ 99	

Table 5.3 Relative errors in the cell parameters of the three polymorphs considered 

calculated using the original CHARMM parameters and our optimized force  

field. The errors are relative to the experimental crystal structure and expressed 

as a percentage ........................................................................................................... 100 



 

xiii 
 

Table 5.4 Binding energies (kcal/mol) between ions and crystal surfaces ................................ 104	

Table 5.5 Partial charges of the atoms in pyrophosphate molecule after optimization ............. 106	

Table 5.6 Parameters that are optimized for pyrophosphate in CGenFF ................................... 107	

Table 6.1 Nucleation rates of sulfamerazine and sulfadiazine in methanol ............................... 116	

 

 



 

xiv 
 

LIST OF FIGURES 

Figure 1.1 Nucleation pathway under the classical two-step model .............................................. 3	

Figure 1.2 Free energy change during nucleation under the classical nucleation description ....... 4	

Figure 1.3 Schematic description of lateral crystal growth and normal crystal growth ................ 5	

Figure 2.1 Crystal structure of sulfamerazine: Form I, 4´2´5 unit cells, looking from 

z-axis; Form II, 5´4´2 unit cells, looking from x-axis ............................................... 20 

Figure 2.2 The variables in equation (2.3) ................................................................................... 23	

Figure 2.3 Order parameter distributions of the melt sate and the crystal state for (a) 

Form I, (b) Form II. The horizontal axis is in log scale .............................................. 29 

Figure 2.4 Order parameter distributions of the two polymorphs using (a) Form I, (b) 

Form II as the reference structure. The horizontal axis is in log scale ....................... 30 

Figure 2.5 The potential of mean force and associated with the minimum free energy 

pathway for nucleation of sulfamerazine (Form I) in acetonitrile, methanol  

and water ..................................................................................................................... 31 

Figure 2.6 The potential of mean force and associated with the minimum free energy 

pathway for nucleation of sulfamerazine (Form II) in acetonitrile, methanol  

and water ..................................................................................................................... 32 

Figure 2.7 Snapshots of the images along the MFEP of sulfamerazine Form I (solvent 

molecules are deleted) (a) solution basin, (b) critical nuclei, (c) crystalline  

basin ............................................................................................................................ 33 

Figure 2.8 Snapshots of the images along the MFEP of sulfamerazine Form II (solvent  

molecules are deleted) (a) solution basin, (b) critical nuclei, (c) crystalline  

basin ............................................................................................................................ 34	



 

xv 
 

Figure 2.9 PXRD data of raw sulfamerazine compound and crystalline products from the  

crystallization experiments in acetonitrile, methanol and water ................................. 35	

Figure 2.10 Atom name assigned to each atom of sulfamerazine molecule in the 

simulations .................................................................................................................. 37	

Figure 2.11 Fréchet distance between two neighboring strings in SMCV for Form I ................. 41	

Figure 2.12 Fréchet distance between two neighboring strings in SMCV for Form II ............... 42	

Figure 3.1 Order parameter distributions of the melt sate and the crystal state ........................... 50	

Figure 3.2 (a) Induction time is calculated as the time between the moment the super- 

saturation is created and the moment the first crystal is detected; (b) The stochastic 

data from 100 crystallization induction time measurements of sulfadiazine in 

acetonitrile under the same experimental condition ................................................... 54 

Figure 3.3 The potential of mean force and associated with the minimum free energy 

pathway for nucleation of sulfadiazine in acetonitrile, water and methanol .............. 58 

Figure 3.4 Fréchet distance between two neighboring strings in the SMCV procedure ............. 59	

Figure 3.5 Snapshots of the images along the MFEP of sulfadiazine (solvent molecules are  

deleted) (a) solution basin, (b) critical nuclei, (c) crystalline basin ............................ 60	

Figure 3.6 Mean first passage time from each milestone to the solid milestone as a function 

of arc length along the MFEP ..................................................................................... 62 

Figure 3.7 Crystallization induction time measurements and fitting the data to classical  

nucleation theory equation in (a) acetonitrile (b) acetonitrile/water, aw=0.84 (c) 

methanol ...................................................................................................................... 63 

Figure 3.8 Atom name assigned to each atom of sulfadiazine molecule in the simulations ....... 66	

Figure 3.9 The effect of water activity on the solubility of sulfadiazine in acetonitrile and  



 

xvi 
 

methanol ...................................................................................................................... 70	

Figure 4.1 The potential of mean force (PMF) associated with the minimum free energy 

path (MFEP) for the nucleation of sulfamerazine in acetonitrile and methanol 

at 295 K and 1 atm. ..................................................................................................... 83 

Figure 4.2 Snapshots of the images along the MFEP in acetonitrile and methanol (solvent  

molecules are deleted) (a) solution basin, (b) critical nuclei, (c) crystalline basin ..... 84 

Figure 4.3 Radial distribution function g(r) of sulfamerazine in solution ................................... 85	

Figure 4.4 The potential of mean force (PMF) for the nucleation of sulfamerazine in 

acetonitrile and methanol. Solid lines represent the PMF obtained from the  

SMCV in the NPT ensemble (red squares) and in the osmotic ensemble (blue 

triangles). .................................................................................................................... 86 

Figure 4.5 Fitting equation (4.7) to SMCV results from NPT ensemble ..................................... 88	

Figure 4.6 The potential of mean force (PMF) for the nucleation of sulfamerazine in 

acetonitrile and methanol. Solid lines represent the PMF obtained from the 

SMCV in the NPT ensemble. Dash lines represent the PMF adding the corre- 

ction from equation (4.10) .......................................................................................... 89 

Figure 5.1 Depictions of unit cells of CaPP crystals, (a) t-CPPD  (b) m-CPPT-β  (c) 

m-CPPT-α ................................................................................................................... 96	

Figure 5.2 Free energy landscape while moving Mg2+ in a plane parallel to the crystal 

surface ....................................................................................................................... 101	

Figure 5.3 Potential of Mean Force associated with the distance between ions and 

surfaces ..................................................................................................................... 103	

Figure 5.4 Atom name assigned to each atom of pyrophosphate molecule in the 



 

xvii 
 

simulations ................................................................................................................ 105	

Figure 5.5 Surface region selected for calculations in Figure 5.2 .............................................. 108	

Figure 6.1 Order parameters of solvent molecules for pure solvent and supersaturated 

solution with sulfadiazine ......................................................................................... 114 

Figure 6.2 Molecular structure of sulfadiazine (left) and sulfamerazine (right) ........................ 115	

Figure 6.3 Transformation pathway between CaPP polymorphs .............................................. 116	

 



 

1 
 

Chapter 1  Introduction 

1.1 Crystallization: Principle and Impact 

Crystallization is the process of molecules or atoms organizing into solid forms either from 

gas phase, solution or melt1, 2. The new phase separated from the original phase is usually a highly 

ordered structure. Crystallization occurred as a two-step process. The first step, nucleation, 

represents the initial period of crystallization where a few molecules, normally in the order of 100-

1000, organize and aggregate together to trigger the formation of a critical nucleus from either a 

supercooled liquid or a supersaturated solution2. The second step, crystal growth, represents the 

period when more molecules attach to the initial nuclei and increase the size of the new phase. The 

properties of the final crystalline products, such as polymorphism, morphology and particle size, 

are directly controlled under specific conditions used in the two steps. 

Understanding crystallization is critical in controlling many chemical processes including 

pharmaceutical manufacturing3, food production4 and material synthesis5, 6, among others7-9. It is 

of significant interest for the pharmaceutical industry because the impact of crystallization on the 

design and manufacturing of drug products has been recognized through a series of high-profile 

cases in the past few decades. An example is ritonavir10 in 1998 when a new polymorph appeared 

18 months after the drug was introduced to the market. As the new polymorph caused failures in 

the solubility test, the company had to recall all the products on the market and suffered serious 

financial loss. In 2008, rotigotine11 (Neupro) was recalled in the US and in Europe due to the 

appearance of a new polymorph during storage. Even though the cause was quickly investigated, 

the interpretation of the phase behavior of rotigotine lacked in clarity. The US Food and Drug 

Administration (FDA) has set very strict regulatory standards to ensure the quality of 



 

2 
 

pharmaceutical products, as the variation in the crystalline properties would affect drug products 

in many aspects, including solubility, stability and bio-availability12, 13. 

 

1.1.1 Nucleation 

As the first stage of crystallization, nucleation involves fluctuations of local density or 

concentration that leads to the formation of a cluster of molecules from a phase which is 

metastable. In nature, most nucleation processes are considered as heterogeneous which means the 

new phase is initiated from external seeds, such as dust, surface of reactor, impurities and pre-

existing particles. On the other hand, homogeneous nucleation takes place directly from the 

original phase, where the cluster could form at anytime and anywhere in a stochastic manor14. 

Homogeneous nucleation could also lead to significant “supercooling” where the system does not 

freeze until it is far below the freezing point. For example, pure water is proved to be able to reach 

-45oC without freezing15. 

Although the impact of nucleation on the properties of crystals, including crystal structure, 

morphology and particle size, has been long recognized, an accurate description of the process is 

still missing. Current studies have revealed that solute precipitate nucleation can occur by 

following a one-step classical pathway or a two-step non-classical pathway16, 17. Figure 1.1 shows 

the mechanisms for the one-step and two-step nucleation pathways. In a classical nucleation theory 

pathway, molecules, sometimes building blocks consisted of a few molecules, aggregate and form 

an initial nuclei which has the same structure as the bulk crystal. For the non-classical nucleation 

path, however, the molecules form an amorphous cluster at the beginning without showing any 

ordered structure, and then the cluster will reorganize into an ordered structure. Typically, the 

classical path is called “one-step” nucleation, and the non-classical path is called “two-step” 
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nucleation. In both cases, the system needs to overcome the nucleation energy barrier in order to 

form the new phase.  

 

 

Figure 1.1 Nucleation pathway under the classical two-step model 

 
 

Classical Nucleation Theory (CNT)18, 19 is the commonly used theoretical framework in 

both experimental and theoretical studies. It is based on the condensation of vapor to a liquid which 

can be extended to other liquid−solid equilibrium systems such as crystallization from melts and 

solutions as well20. The nucleation energy barrier (Figure 1.2) is defined as: 

∆G = −
4
3πr

)ρ+RTlnS + 4πr2σ																																																	(1.1) 

The first term describes the difference of bulk free energy between the solution phase and the 

crystal phase, where r is the radius of the nucleus, ρ+  is the liquid density, S=p/ps is the 

supersaturation ratio with ps being the saturated vapor pressure at temperature T. The second term 

describes the interface free energy between the crystal phase and the solution phase, where 𝜎 is 

the surface tension. Thus, the overall free energy is a competition between the formation of an 

interface which has a free energy penalty and the formation of a more stable phase that is favorable. 
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The correlation between CNT and experimental results has been less than perfect21 due to its major 

assumptions which could simplify the description of nucleation process. It assumes the cluster as 

a spherical droplet that has uniform density and sharp interface, and it also neglects the curvature 

dependence of surface tension. During the formation of the initial nuclei, one monomer is added 

at a time and the possibility of breaking an existing nucleus is ignored. In addition, applying 

macroscopic properties of bulk phase to the microscopic system of a few molecules is not accurate. 

These assumptions have limited the applicability of the Classical Nucleation Theory in many 

cases16. For example, the prediction of nucleation rate for condensation of water is 1-2 orders of 

magnitude higher than the rate inferred from expansion cloud chamber experiments22. 

 

 

Figure 1.2 Free energy change during nucleation under the classical nucleation description 

 
 
1.1.2 Crystal Growth 

Crystal growth is a process when more molecules or ions attach to the pre-existing nuclei 

and make it extend in all three spatial dimensions. The mechanism of growth was generally defined 

in two major ways23, 24: non-uniform lateral growth and uniform normal growth (Figure 1.3). The 

non-uniform lateral growth describes the motion of a surface extending in the lateral dimension. 

G

Reaction Coordinate

∆G
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The uniform normal growth, on the other hand, is the mechanism where the surface advances to 

the normal direction. For a typical crystal growth process, it is a combination of both growth 

mechanisms, and the incoming molecule is required to fall into the correct position to form the 

same ordered structure of the crystal, otherwise the defect would appear within the bulk crystal. 

 

 

Figure 1.3 Schematic description of lateral crystal growth and normal crystal growth 

 
 

The driving force of crystal growth usually come from the supersaturation or supercooling, 

where the chemical potential µ of solute molecules is different from the equilibrium state (∆µ =

µ − µ;<). When the concentration around the crystal phase drops, a gradient in the concentration 

will occur. The arrival of new molecules near the crystal phase is governed by diffusion (D) 

following the gradient. However, when a diffusing molecule reaches the growth site (usually an 

edge step or a kink on the surface), there is an energy barrier (∆E) for the attachment to happen 

due to the reduced number of bonds available25. As a result, the kinetics of crystal growth is 

governed by the chemical potential difference ∆µ, diffusion D and the attachment energy barrier 

∆E. The growth rate is also affected by another factor26: the density of active growth sites on the 

Normal Growth

Lateral Growth
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interface between the crystal and the growth medium. When the crystal starts growing, the 

morphology of the crystal depends on the relative growing speed in each direction. A spherical 

shape will form if the crystal grows at the equal speed in all dimensions. Otherwise, the crystal 

surface will be dominated by the slowly growing face because the fast-growing faces will 

disappear in the course of crystal growth.  

The ability of additives to inhibit crystal growth has been recognized for many years. By 

absorbing on the active growth sites, additives can alter the interfacial energy27 and pin grow 

steps28, so the growth rate is slowed down. They may also regulate the formation of defects and 

imperfections29. Polymers30, 31 have been shown to adsorb onto the crystal surface and achieve a 

high degree of surface coverage, thus poisoning the surface and impeding the growth. 

Macromolecules like peptides, proteins and polysaccharides29, 32 can perturb the growth of various 

types of crystals, including calcium salts, ionic compounds and molecular crystals like ice. These 

macromolecules could be selectively adsorbed to different crystal surfaces used for the generation 

of defects. Foreign ions, such as Cu2+, Mn2+, Fe2+ and SeO4
2- can be incorporated at the growing 

step so that the growth is inhibited33-35. While experimental studies are able to observe the 

inhibition of crystal growth, it remains a difficult task to obtain accurate descriptions of the 

interaction between additives and the crystal surfaces. 

 

1.2 Molecular Modeling of Crystallization 

1.2.1 Nucleation Modeling 

It has been a challenging task for experimental approaches to capture crystallization that 

occurs in an extremely small scale, especially for nucleation. Molecular modeling could in 

principle deal with this problem and provide details during the formation of the new phase. To 
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directly reveal the evolution of the system, Molecular Dynamics (MD) is implemeted for 

simulating nucleation36. The “easiest” way is called Brute-Force MD simulations37, where the 

system is left to follow its time evolution until nucleation is observed. No enhanced method is 

applied during this process, meaning that spontaneous fluctuations leading to nucleation is needed. 

This is sometimes extremely difficult to complete, as the time needed for nucleation to happen 

could be much longer than the time we can afford14, 38. In the case of homogeneous nucleation of 

water36, the simulation time needed to observe nucleation in a system of 105 molecules and 105 

cm-3s-1 nucleation rate is around 1021 ns. Therefore, nucleation is considered as a rare event due to 

the long time range. Moreover, in Brute-Force MD simulations, collecting information from only 

one event is far from sufficient. The stochastic nature of nucleation determines that a large number 

of events are required to obtain the information of nucleation, and these collected samples should 

ideally follow a Poisson distribution39, 40. One always need to use a small system or a simplified 

model when applying Brute-Force MD simulations to study crystallization, if the computing 

resources are limited. 

To deal with the issue of long time scale, many enhanced-sampling methods have been 

developed to study crystallization and make it observable in a short range of time41-43. Generally, 

they can be divided into two categories: free energy methods and path sampling methods36. Free 

energy methods, such as metadynamics44-47 and umbrella sampling48, 49, use external bias 

potentials to modify the free energy profile during the phase transition, leading to faster sampling 

on the free energy land scape. A chosen set of order parameters or reaction coordinates are needed 

to calculate the free energy. One drawback of these methods is the loss of real mechanism with the 

modified free energy profile, which is sometimes the primary information we want to obtain from 

the simulations. Path sampling methods, on the other hand, could access the mechanism or kinetics 
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during the transition. Usually, the transition path is divided into a series of interfaces with respect 

to a chose set of order parameters, and the probability of the system crossing these interfaces could 

be extracted. Successful examples include transition interface sampling50-52 (TIS) and forward flux 

sampling53, 54 (FFS). Other path sampling methods, such as transition path sampling43, 55, 56 (TPS), 

perform the sampling on the full ensemble of the transition trajectories using Monte Carlo random 

walks. The mechanisms are not changed for path sampling methods, so that we could look further 

into the phase transition process. However, it could still be computationally expensive if the 

transition is very slow. 

For nucleation modeling, it is necessary to define a set of order parameters to differentiate 

one of the states from the other, sometimes between intermediate states57, 58. Finding order 

parameters that are sensitive to the system of interest may sometimes require a substantial amount 

of work. Usually, the parameters are defined to have the value of zero for one phase and a nonzero 

value for the other. Combinations of spherical harmonics were defined as order parameters for 

simple systems, such as monatomic fluids59-62 and highly symmetric molecules63, which interfere 

constructively when the system has the symmetry corresponding to the crystal and destructively 

when the system is disordered. However, it is difficult to apply such order parameters to more 

complex systems in typical industrial and technological applications. Quantities that measure the 

degree of mobility could serve as the indicators of solidification, such as self-diffusion 

coefficient64 and Lindemann index65, but they need the calculation of time averages which is not 

useful when studying the transition at a given time. It is also possible to directly use the atomic 

coordinates or combinations of coordinates66, 67 to define order parameters, but it may require trial 

and error for every new system. Defining order parameters for nucleation modeling is essential but 

needs to be carefully tested before usage. 
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One more challenge for modeling nucleation from solution is that it requires the ability to 

control the chemical potential driving force. The difficulties in controlling the chemical potential 

have limited most simulation studies to systems with constant number of molecules, i.e. “closed 

systems”, leading to artifacts in the free energy profiles and unrealistic estimates of nucleation 

rates68, 69. Molecular models are limited to small systems, where the size of the growing crystal 

nucleus is comparable to the size of the solution. As a result, an artificial gradient of chemical 

potential is created as molecules leave the solution phase in a closed system. Some prior studies 

have addressed this issue by calculating an approximate analytical correction to the free energy 

profile obtained from NPT-ensemble simulations, in order to estimate the profile at constant 

supersaturation38, 68, 69. However, such corrections either assume that the solution behaves ideally, 

or use activity coefficient models that are too simple for practical systems, leading to inaccurate 

estimates of the correction. Using more realistic multi-parametric activity coefficient models to 

estimate the correction would risk overfitting, as the parameters should be fit to the limited free 

energy data generated by the simulations. 

 

1.2.2 Crystal Growth Modeling 

Except for the simplified or idealized models, using theoretical equations, including 

elementary processes, is not sufficient to completely describe crystal growth25. Molecular 

modeling is useful to obtain more details for the analytical description. As standard Monte Carlo 

(MC) simulation is a method for the calculation of average values in an equilibrium ensemble, the 

kinetic Monte Carlo (kMC) is developed to obtain the dynamics in the growth process. In this 

approach, states in a space of configurations are generated and used for the calculation of quantities 

of interest, and The focus is on the convergence of series for the quantities calculated25. It has been 
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used to study crystal growth in solution for surface diffusion, micromorphology and growth 

kinetics70, 71. Molecular Dynamics (MD) simulations is a more generic method to study the 

kinetics, and it has been applied to investigate crystal growth under the molecular level in many 

cases72, 73. Single-component systems, such as Lennard-Jones (LJ) particles74, 75, metals76 and ice77-

79 have been of considerable interest for MD simulations. Without observing the crystal growth 

directly, MD simulations have also been used to study the solid-solution interface, including 

glycine-water80, 81 and LJ particles82, 83. However, due to the diffusion limits and energy barrier for 

the surface adsorption25, 72, the time scale needed for the formation of a new crystal layer could be 

much longer than affordable, which makes it challenging for modeling complex systems. 

As discussed in section 1.1.2, additives have strong influences on the crystal growth. 

Molecular modeling has been used to investigate the effect of different additives on controlling 

the crystal growth29, 30, 32, 33, 35, 73. MD simulations were employed to study the growth inhibiting 

effect of ions, including Fe2+, Mg2+, Cd2+ and Sr2+ on the calcite crystal growth, showing that the 

growth of impurity carbonates at the calcite steps is an energetically favorable process35. A coarse-

grained (CG) model was applied to investigate the inhibition of the crystal growth for 

pharmaceutical compounds, indicating the efficacy of polymers in slowing growth depends on the 

functional group substitution on the backbone84. MC simulations were used to study the inhibition 

of antifreeze proteins (AFPs) for ice growth, showing that the degree of inhibition is a function of 

the ice-binding position of AFPs relative to the underlying anisotropic growth pattern of ice85. 

However, since crystal growth covers a wide range of different types of crystals, one would expect 

variations of models to use for each new system. 

The inhibition of calcium pyrophosphate (CaPP) crystal growth is of great interest to us 

because CaPP deposition disease is a rheumatologic disorder caused by the accumulation of CaPP 
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crystals in joints. No cure is currently known. Only a few studies so far have applied modeling 

techniques to study CaPP crystallization. Wierzbicki et al.86 implemented an inhibitor-surface 

energy optimization procedure with the CeriusTM molecular modeling software to estimate the 

binding energies of phosphocitrate to (010), (011), (100), (01-1) and (001) faces of t-CPPD, and 

concluded that the growth of the direction perpendicular to the surfaces would be inhibited by the 

additive binding. They also used MD simulations to model the interaction between the CPPD (010) 

surface and extracellular phospholipid bilayers87, 88, and discovered that this interaction may lead 

to decoupling of the external layer from the intracellular side of the membrane due to electrostatic 

effects. The current lack of accurate force fields for CaPP also impedes the systematic study of 

CaPP crystallization by molecular simulation. 

 

1.3 Scope of Dissertation 

This dissertation is focused on the application of molecular modeling to study 

crystallization from solution in the pharmaceutical industry. To improve the efficiency of drug 

product design and manufacturing, we investigate the nucleation of small drug molecules in 

different solvents to predict the polymorph selection and nucleation kinetics. Experimental 

methods are also implemented in combination with the simulations. We also investigate additive 

effects on the inhibition calcium pyrophosphate (CaPP) crystal growth, aiming at the acceleration 

of drug discovery for CaPP deposition disease. 

The dissertation is organized as follows. In Chapter 2, we investigate the polymorph 

selection of sulfamerazine (an antibiotic drug) in different solvent systems, including acetonitrile, 

methanol and water. By comparing nucleation energy barriers of two different polymorphs of 

sulfamerazine, the favorable form is determined for each solvent. Powder X-ray diffraction is used 
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to characterize crystal structures obtained from experiments and compare with the simulations. In 

Chapter 3, nucleation kinetics of sulfadiazine (another antibiotic drug) in acetonitrile, methanol 

and water is studied, in order to determine the most favorable solvent for fast nucleation. 

Nucleation energy barriers and nucleation rates are calculated from the simulations for each 

solvent. Experimentally, crystallization induction time measurements are performed to obtain the 

nucleation rates, and they are used to compare with the simulations. Chapter 4 is focused on the 

supersaturation control in nucleation modeling. We present a new approach that obtains minimum 

free energy pathways for nucleation at constant supersaturation. This method does not require 

using an explicit reservoir of solute molecules, or making additional assumptions about the activity 

coefficients in the solution. In Chapter 5, we use binding free energy calculations to screen 

potential inhibitors for calcium pyrophosphate (CaPP) crystal growth. Three different hydrates of 

CaPP crystal and four ion additives are tested in our model. Chapter 6 includes a summary of this 

dissertation and a brief overview of future work in the related area.  

Overall, in spite of the limitations of current modeling techniques for crystallization, we 

present some successful applications of molecular modeling for pharmaceutical industry in this 

dissertation, and improvements on current modeling methods are also demonstrated. We hope to 

provide molecular models that can aid in pharmaceutical manufacturing and drug product design.  
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Chapter 2  Polymorph Selection of Drug Crystals in Solution 

2.1 Introduction 

The importance of polymorph selection in drug discovery and development has been well 

recognized. The several cases1, 2 with catastrophic results caused by the polymorphism has served 

as a warning to the pharmaceutical industry. Effects of polymorphism on multiple properties of 

drugs, such as physical/chemical stability, bioavailability and manufacturability, are summarized 

in multiple pharmaceutical technology reviews3, 4. In addition, the protection of intellectual 

property has led to significant efforts by pharmaceutical companies to patent unique polymorphs. 

The Ostwald’s rule stated that the polymorph with a lower nucleation energy barrier crystallizes 

first in general5, 6. Screening all possible polymorphs and measuring their stabilities have become 

a critical step for drug development, for which both experimental and computational approaches 

are developed7, 8. The effect of solvents on polymorph selection is also significant with a particular 

polymorph being preferable in a specific solvent9. Performing polymorph screening in various 

solvents is usually labor extensive10, and a large group of solvent parameters, such as polarity, 

hydrogen bond donor/acceptor propensity and viscosity, could affect the solute-solvent interaction 

that consequently gives rise to the formation of different polymorphs11. 

Nucleation is the first stage of crystallization that could determine the formation of a 

specific crystalline structure. It is difficult to study nucleation experimentally, because nucleation 

is a stochastic process and typically involves the order of only 100 to 1000 molecules12. Using 

computational approaches is also challenging, since nucleation is a typical example of rare event 

occurring on time scales far beyond those accessible to simple molecular simulation methods. 

There have been many attempts to use enhanced sampling methods to study nucleation in different 

systems both from the melt13-15 and from solution16-21. However, very limited work on molecular 
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modeling of polymorph selection for small organic molecules have been reported so far. Taraknath 

et al.22 used a coarse-graining method to predict growth of a crystalline slab from the melt of 

phenytoin and found a new polymorph that is meta-stable at ambient temperature and pressure. 

Biased Monte Carlo procedure was implemented23 to study the liquid-solid transition of a group 

of organic molecules. Solvent effect, which is important for practical crystallization of drugs, was 

not included in these studies. Philipp et al.24 applied a Monte Carlo-type procedure combined with 

Molecular Dynamics to determine the polymorph selection of benzamide in vapor and aqueous 

solution. However, this does not provide sufficient information related to the mechanism or 

kinetics of crystallization. Caroline et al25 carried out hybrid Monte Carlo combined with umbrella 

sampling and unconstrained molecular dynamics simulations for nucleation and  crystal growth, 

showing that favorable polymorphs could be achieved by modifying the crystallization conditions. 

But this is limited to several model systems, such as Lennard-Jones, exp-6, etc., rather than 

practical drug molecules. Salvalaglio et al26 observed two polymorphs (PI and PII) of urea in the 

early stages of nucleation in solution. PI is the most stable form for bulk crystal, while PII is more 

stable for small clusters in solution. The nucleation process includes the transition from PII to PI in 

agreement with the Ostwald’s rule of stages. Urea is highly soluble molecule with a small size, but 

many drug molecules have more complicated molecular structures and significantly lower 

solubility, which makes it more difficult to study nucleation from solution using molecular 

modeling techniques. 

In this Chapter, we developed a general modeling methodology to pre-screen the favorable 

polymorph of pharmaceutical compounds in different solvents. We selected sulfamerazine, an 

antibacterial agent, as the model molecule. Sulfamerazine has three known polymorphs27-29: Form 

I and II are commonly found in previous studies7, 30-33 with the latter being the thermodynamically 
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stable form30, 33; Form III is difficult to isolate33 and rarely reported. Therefore, we selected Form 

I and II for our study, as well as three solvents: acetonitrile, methanol and water. By implementing 

String Method in Collective Variables (SMCV)34 in combination with a set of order parameters 

(OPs)35, we were able to compare the nucleation energy barriers of different polymorphs in the 

same solvent and predict the favorable form. We used powder x-ray diffraction (PXRD) to 

characterize sulfamerazine crystals obtained from crystallization experiments to compare with our 

simulation results. 

 

2.2 Methods 

2.2.1 Force Field 

 

 
Figure 2.1 Crystal structure of sulfamerazine: Form I, 4´2´5 unit cells, looking from z-axis; Form 
II, 5´4´2 unit cells, looking from x-axis 
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The crystal structures of sulfamerazine (C11H12N4O2S) were taken from the Cambridge 

Crystallographic Data Centre36, where Form I is under the code SLFNMA02 and Form II is under 

the code SLFNMA01. Figure 2.1 shows the crystal structures of the two polymorphs. Form II is 

the thermodynamically stable form at 24oC (room temperature), while Form I is more stable at 

higher temperatures with the transition temperature from Form II to Form I at 51-54oC37. The 

presence of slip planes in Form I structure makes it more compressible and millable than Form 

II33. 

Since we were unable to find force field parameters for sulfamerazine in the literature, we 

used the framework of the CHARMM generalized force field (CGenFF), and initially generated 

the topology and parameter files by using the ParamChem utility38, 39. The CHARMM potential 

energy is a sum of bonded and nonbonded contributions, shown in equations (2.1) and (2.2): 

U? = k? b − bB 2

?CDEF

+ kG θ − θB 2

IDJK;F

+ kL 1 + cos nϕ − δ
ERS;ETIKF

											(2.1) 

UD? = 4εRW
σ
rRW

X2

−
σ
rRW

Y

+
qRqW
εXrRWDCD?CDE;E

																																		(2.2) 

Here, k?, kG and kL represent force constants for the bond, angle and dihedral interactions; bB and 

θB  denote the equilibrium bond length and bond angle; and n and δ define the symmetry and 

equilibrium conformations for dihedral angles. Nonbonded interactions are accounted for using 

Lennard-Jones pair potentials, and Coulombic interactions are calculated via pre-assigned partial 

charges. Following the fitting procedure described in the Force Field Toolkit38-40, we optimized 

partial charges (q), as well as bond (k? , bB ), angle (kG , θB ) and dihedral (kL , δ) potential 

parameters, using the values generated from ParamChem as an initial guess. Table 2.1 shows the 

improvement in the crystal structures of Form I and II of sulfamerazine obtained with the 

optimized parameters, as compared to the original ParamChem estimates. The cell angles omitted 
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in the table are all 90o before and after the optimization (except β is 88.3o for Form I using initial 

FF). A full set of optimized force field parameters is included in the appendix. Parameters for the 

solvents were directly obtained from CGenFF41. 

 

Table 2.1 Lattice constants for sulfamerazine obtained using the un-tuned and our optimized FF 

 Form I Form II 

 a(Å) b(Å) c(Å) a(Å) b(Å) c(Å) 
Expt. 14.47 21.95 8.20 9.15 11.70 22.88 

Initial FF 14.01 21.59 8.64 9.76 12.90 20.23 
%difference -3.19 -1.64 5.31 6.71 10.23 -11.61 

Optimized FF 14.41 21.37 8.28 9.13 11.92 22.74 
%difference -0.47 -2.67 0.96 -0.12 1.85 -0.62 

 

 

2.2.2 Order Parameters 

We developed and used OPs that can be defined for any crystal with a known structure by 

constructing a model for a generalized pair distribution function35, defined in equation (2.3). 

 

ς 𝐫, 𝑞 d𝐫d𝑞 =
Probability	that	a	molecule	has	a	neighbor	at	a	position
between	𝐫	and	𝐫 + d𝐫	with	an	orientation	between

q + dq, both	relative	to	the	first	molecule
        (2.3) 

 

In equation (2.3), r is the vector joining the center of mass of both molecules, and q is a quaternion 

representing the relative orientation of the second molecule with respect to the first as illustrated 

in Figure 2.2. Using this approach, we can factor this function into contributions from the center-

of-mass distance r between molecules, the orientation 𝐫 of the vector joining the centers of mass 

(“bond orientation”), and the relative orientation q. Each of these contributions is modeled using 

an appropriate probability distribution function. 
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Figure 2.2 The variables in equation (2.3) 

 
 

We selected to use the bond orientation as our order parameter, as it is able to correctly 

differentiate melt- and crystal-like structures which is shown in the results section. The distribution 

of the bond orientations is modeled as a von Mises-Fisher distribution: 

𝑓o𝐫 𝐫 ≈
κo

sinhκo
exp κo𝐫os𝐫 																																															(2.4) 

In equation (2.4), κo is a concentration parameter (equivalent to a reciprocal variance), 𝐫o is an 

average bond orientation, and the index α indicates a single peak in the distribution for the known 

crystal structure. There is one value of α for each neighbor of the central molecule, up to a pre-

specified cutoff. The parameters in the distribution (κo  and 𝐫o ) are obtained by fitting to a 

Molecular Dynamics (MD) simulation of the known crystal structure at the temperature of interest 

using likelihood maximization. Once fit, these probability density functions are sensitive to the 

structure of the original crystal, and thus they serve as order parameters. In this way, we use the 

pair distribution function as a “cast” to which we can compare any given structure, and calculate 
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a probability that the structure corresponds to the original crystal. We define bond orientation order 

parameters as: 

φv?C =
1
2πσo

κo
sinhκoo

exp −
𝑟vx − ro

2

2σo2xyv

exp κo𝐫os𝐫vx 																								(2.5) 

Here, the index i indicates the current molecule, ro and σα are the means and standard deviations 

of the center-of-mass Gaussian distributions, and the sums run over the peaks α in the distribution 

function and the neighbors j of the current molecule. Since the order parameters can be evaluated 

at every molecule, they are a measure of local crystalline order. More details on the definition and 

fitting of the order parameters are given in ref. 35. 

 

2.2.3 String Method in Collective Variables (SMCV) 

In previous work15, 42, 43, we have used the OPs described above in combination with the 

String Method in Collective Variables34 (SMCV) to study nucleation of pure components. The 

string method relies on the fact that the gradient of the free energy with respect to a vector of 

collective variables ξ can be estimated as the average restraining force from a simulation where a 

harmonic restraint is applied to the collective variables34. This result is exact in the limit of the 

force constant going to infinity: 

∇}F ξ = ξ∗ = lim
�→�

F� T;F� = − lim
�→�

k ξ − ξ∗ T;F� 																									(2.6) 

In this equation, the sub-index “rest” indicates the average is done over the restrained simulation. 

In practice, an appropriate value of k can be found by increasing k until the average restraint force 

becomes approximately independent of k. In this approach, we construct a series of replicas of the 

system spanning states from the liquid to the solid, and relax them by following the negative 

gradient of the free energy. After convergence, the string approximates the minimum free energy 
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path (MFEP) connecting the liquid and solid states. The liquid-side branch of this MFEP 

corresponds to the nucleation process. This method could be carried out following the steps below: 

1. Generate an initial set of replicas of the system, with one of the end replicas corresponding to 

a supersaturated solution at the desired concentration, and the other to a pre-equilibrated crystal 

in the solution. Calculate the values of the solute collective variables at every image, which 

will define the initial string. 

2. For every step in the SMCV: 

2.1. Run a MD simulation for each replica along the string, with the collective variables ξ 

restrained to the current values ξ∗ for the replica via harmonic potentials. 

2.2. Obtain new values of the collective variable targets ξ∗  by taking a short step (of pre-

specified length) downhill. 

2.3. Interpolate a B-spline through the new values of ξ∗, and use the B-spline to redistribute 

the collective variable targets so they are at constant arc-length from each other. The 

interpolated values will be the new ξ∗ for the next step. 

2.4. Select images from the restrained MD simulations in the previous step that are closest to 

each of the new values of ξ∗. 

2.5. Return to step 2.1 using the geometries obtained from step 2.4. The restraint centers 

typically have to be moved slowly from the previous to the new value when running the 

MD simulations to ensure numerical stability.  

3. After convergence, the replicas will define a string that approximates the minimum free energy 

path between the solution and solution + crystal phases. 

An attractive feature of the SMCV is that it does not require generating trajectories that 

explicitly follow the time evolution along the reaction path, in contrast with approaches like 
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Transition Path Sampling44, 45 or Aimless. Shooting46. More details on the SMCV approach used 

for nucleation are given in refs. 15, 42, 43. 

2.2.4 Computational Details 

To calculate the order parameters (OPs), we first defined the initial structure for each 

polymorph by exporting the experimental crystal structures of sulfamerazine in the CCDC27 

(4´2´5 unit cells for Form I; 5´4´2 unit cells for Form II). The initial structure was relaxed in a 

molecular dynamics (MD) simulation using the optimized force field at 295 K and 1 atm for 1 ns. 

Afterwards, the system was annealed to ~0 K and the final crystalline structure was used as the 

reference structure for OP calculations. Peaks in the pair distribution function were found from the 

reference structure with a cutoff of 9.5 Å. To obtain the parameters in equation (2.5), we used the 

structures from the previous 1 ns NPT simulation at 295 K and fit them to equation (2.4) following 

the method described in Santiso and Trout35. Using equation (2.5) with the resulting parameters, 

we can calculate OPs for any replica, crystalline or solution-like. The equilibrium melt-like 

structure was obtained by running NPT simulations at 295 K and 1 atm in the system of 120 single 

sulfamerazine molecules for 0.5 ns. 

In order to obtain an initial string, we first equilibrated a crystal solvated with 4000 

methanol, 3200 acetonitrile and 60000 water molecules, in the NPT ensemble at 295 K for 50 ns. 

Form I was 4´2´5, 4´2´5 and 3´2´4 unit cells in methanol, acetonitrile and water, respectively. 

Form II was 5´4´2, 5´4´2 and 4´3´2 unit cells in each of the solvents. The systems are under 

extreme supersaturation conditions due to the low solubility of sulfamerazine, and the 

computational cost could be extremely expensive if accessible supersaturation for experiments was 

used. Afterwards, we ran MD simulations in the NVT ensemble at 1000 K, and took snapshots 

during these simulations. We then took a few of the resulting snapshots and used them as starting 
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points for MD simulations at 295 K in the NPT ensemble for 4 ns. These trajectories were stitched 

together to form an initial string. In order to limit the number of OPs, we divided the system into 

4´4´4 subcells, and use the average OP values in each subcell, as described in ref. 35. This results 

in a 64-dimensional collective variable space. All the simulations were performed using the Large-

Scale Atomic/Molecular Massively Parallel Simulator (LAMMPS)47 software. In each step of the 

SMCV simulation, the OPs of each image were maintained close to their “target value” by adding 

a set of harmonic restraints. Short NPT simulations of 0.2 ns at 295 K and 1 atm were then run for 

each replica to calculate the mean force needed to keep it close to “target” value. Finally, each 

image was propagated by following the mean force. To avoid images clustering at the end points 

of the pathway, which is what would happen if each of them were to evolve indefinitely along the 

gradient vector, we then reinterpolated (“reparameterized”) the target order parameters to keep the 

distance between images in order parameter space constant. This procedure was repeated until the 

Fréchet distance48 between two neighboring strings was stabilized. We determined the SMCV to 

reach convergence when the difference between the Fréchet distances in two successive steps were 

< 4.0 (even for a converged string, the Fréchet distance between successive steps will remain finite 

due to thermal fluctuations). All the SMCV simulations were performed using a modified version 

of the NAMD49 software that included the implementations of the OPs and SMCV in C++ libraries. 

Periodic boundary conditions were applied in all dimensions. 

 

2.2.5 Experimental Details 

Sulfamerazine was purchased from Thermo Fisher Scientific and used as received. HPLC-

grade solvents were dried by using desiccants for over 2 weeks before usage. Powder X-ray 

diffraction analysis was conducted using a Bruker AXS D8 Endeavor diffractometer equipped with 
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a Cu radiation source. The divergence slit was set at 6 mm continuous illumination.  Diffracted 

radiation was detected by a PSD-Lynx Eye detector, with the detector PSD opening set at 4.104 

degrees. The X-ray tube voltage and amperage were set to 40 kV and 40 mA respectively. Data 

was collected in the Theta-Theta goniometer at the Cu wavelength from 3.0 to 40.0 degrees 2-

Theta using a step size of 0.020 degrees and a step time of 0.5 second. For the crystallization 

experiment, a 20 mL solution was prepared by dissolving sulfamerazine in the solvent. The 

solution was dispensed into 1 mL vials after all solids were dissolved and the solution was clear. 

We used the same procedure as the reference50 to perform the crystallization experiments using 

Crystal16R machine. The stirring speed was set as 700 rpm. The samples were stirred above their 

saturation temperature for 30 min to ensure all solids that possibly formed in the vials during 

sample storage were dissolved. To obtain the clear solution, the highest temperature for dissolving 

was 60oC for acetonitrile, 55oC for methanol and 80oC for water, while the low temperature for 

cooling was set as 25oC. The cooling rate was set as 5oC/min, and the heating rate was 0.3oC/min. 

Crystals were collected for characterization after they precipitated at the temperature of 25oC. 

 

2.3 Results and Discussions 

2.3.1 Order Parameters 

For each polymorph, we calculated the OPs for any crystalline structure based on the 

reference structure of that polymorph. In order for the OPs to be useful collective variables, they 

should be able to distinguish between “crystalline” and “melt” states. We plot the distribution of 

bond orientation OPs for melt and crystal structures of the two polymorphs in Figure 2.3. For Form 

I, the OPs of the melt state is between 1 and 40, while the OPs of the crystal state is between 80 

and 310. For Form II, the OPs of the melt state is between 3 and 80, while the OPs of the crystal 
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state is between 190 and 840. The results indicate that both states are well-separated in the OP 

space and are therefore appropriate to calculate the relative crystalline order in our simulations. 

 

 

 
Figure 2.3 Order parameter distributions of the melt sate and the crystal state for (a) Form I, (b) 
Form II. The horizontal axis is in log scale 

 
 

In polymorphic systems, it is also important to differentiate between different polymorphs 

using appropriate order parameters. We plot the distribution of OPs for different polymorphs 

calculated from the same reference structure in Figure 2.4. Using the experimental data of Form I 

as the reference structure, the OPs of the Form I structures is between 80 and 310, while the OPs 

of the Form II structures is between 19 and 61. If we use the experimental data of Form II as the 

reference structure, the OPs of the Form I structures is between 1 and 40, while the OPs of the 

Form II structures is between 190 and 840. In this case, either using Form I or Form II as the 
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reference structure, the two polymorphs are always well separated, indicating that the OPs are 

sufficient to define the target polymorph structure in our simulations. 

 

 

 
Figure 2.4 Order parameter distributions of the two polymorphs using (a) Form I, (b) Form II as 
the reference structure. The horizontal axis is in log scale 

 
 
2.3.2 String Method in Collective Variables 

The potential of mean force (PMF) is the negative line integral of the restraint force along 

the string in the OP space. Figure 2.5 and 2.6 show the converged PMF obtained from the SMCV 

simulations for sulfamerazine in acetonitrile, methanol and water respectively. On the left hand 

side are the solution states, while on the right hand side are the crystal states. The highest values 

on the plots correspond to the critical nuclei state during the nucleation. The arclength is the 

cumulative distance between images in the OP space. We kept the arclength between images 
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constant initially, and interpolated additional images near the critical nucleus after the string started 

to converge. We monitored the Fréchet distance (see appendix) between neighboring strings and 

terminated the string method after the convergence of the string was observed (Figure 2.5 and 2.6 

include the last three steps).  

 

 

Figure 2.5 The potential of mean force and associated with the minimum free energy pathway for 
nucleation of sulfamerazine (Form I) in acetonitrile, methanol and water 
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Figure 2.6 The potential of mean force and associated with the minimum free energy pathway for 
nucleation of sulfamerazine (Form II) in acetonitrile, methanol and water 

 
 

While the converged string represents the minimum free energy path connecting the 

solution phase and solid phase, we can use it to estimate the nucleation energy barrier by 

comparing the potential of mean force data in the solution end (left-hand side) and the critical 

nuclei (highest point on the plot). Nucleation energy barriers were calculated from the SMCV and 

shown in Table 2.2. Note that the string will fluctuate near the minimum free energy pathway even 

after it is converged, so we selected last 5 converged strings to estimate the nucleation energy 

barrier in different systems. The nucleation energy barriers for Form I in acetonitrile, methanol 

and water are all lower than Form II, indicating that Form I is always preferable in the three 

solvents and is easier to nucleate in the experiments. More specifically, the order of nucleation 

energy barrier in different solvents of Form I is methanol < acetonitrile < water and Form II is 
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water < acetonitrile < methanol, showing that solvent effects on the nucleation of different 

polymorphs are also very different. 

 

Table 2.2 Nucleation energy barrier (kcal/mol) of sulfamerazine in different solvents obtained 
from PMF associated with the minimum free energy path 

 Acetonitrile Methanol Water 
Form I 13.7 ± 0.9 10.6 ± 1.6 17.7 ± 1.2 
Form II 23.5 ± 1.5 27.7 ± 0.9 20.7 ± 1.0 

 

 

 

Figure 2.7 Snapshots of the images along the MFEP of sulfamerazine Form I (solvent molecules 
are deleted) (a) solution basin, (b) critical nuclei, (c) crystalline basin 

 
 

Acetonitrile
(a) (b) (c)

Methanol
(a) (b) (c)

Water
(a) (b) (c)
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Figure 2.7 and 2.8 are snapshots taken from the restrained MD simulations corresponding 

to the first (solution), last (crystalline), and the critical nuclei images. The solvent molecules have 

been deleted for clarity, and the solute molecules are colored according to the order parameter 

values. Molecules colored red correspond to low values of OP (solution-like), and those colored 

blue correspond to high values (crystal-like). Gray indicates intermediate values. Starting from the  

disordered solution phase (Figure 2.7a and 2.8a), the sulfamerazine molecules form an ordered 

nucleus surrounded by a partially order layer (Figure 2.7b and 2.8b), and further progressing to the 

crystal state (Figure 2.7c and 2.8c). Because of the lower solubility for sulfamerazine in water, we 

used a smaller size of the initial crystal to have a feasible box size with solvents for our simulation. 

 

 

Figure 2.8 Snapshots of the images along the MFEP of sulfamerazine Form II (solvent molecules 
are deleted) (a) solution basin, (b) critical nuclei, (c) crystalline basin 

Acetonitrile
(a) (b) (c)

Methanol
(a) (b) (c)

Water
(a) (b) (c)
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2.3.3 Experimental Comparison 

We collected the product samples crystallized from acetonitrile, methanol and water, and 

used powder X-ray diffraction (PXRD) for characterization. Figure 2.9 shows the PXRD data, and 

based on the characteristic peaks reported7, 30, all the crystalline products are Form I. These results 

are consistent with our simulation predictions that Form I is the preferable polymorph in 

acetonitrile, methanol and water. Some other experimental results in previous studies7, 30 

demonstrated that Form II was very difficult to nucleate in these solvents from a clear solution, 

even though it is the thermodynamically more stable phase33. This also implies a direct observation 

of the Ostwald’s rule of stages5: the form with lower energy barrier is easier to crystallize from the 

solution. 

 

 

Figure 2.9 PXRD data of raw sulfamerazine compound and crystalline products from the 
crystallization experiments in acetonitrile, methanol and water 
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2.4 Conclusions 

We investigated polymorph selection of sulfamerazine (Form I and II) in acetonitrile, 

methanol and water. Order parameters (OPs) were first developed to quantitatively distinguish 

melt-like and crystal-like structures of sulfamerazine. We then used String Method in Collective 

Variables (SMCV) in combination of the OPs to explore the minimum free energy pathway for 

the nucleation process, where the solution basin and the crystalline basin were connected via the 

string. We calculated potential of mean force from the SMCV simulations and obtained the 

nucleation energy barrier of the two polymorphs in different solvents. Results showed that Form I 

has lower energy barriers than Form II in acetonitrile, methanol and water, indicating Form I is the 

favorable form in these solvents. Powder X-ray diffraction was implemented to characterize 

sulfamerazine crystals obtained from the experiments, and the results were consistent with our 

simulations with Form I being the only form discovered in all the solvents. This implies a direct 

observation of the Ostwald’s rule of stages that the polymorph with lower energy barrier is easier 

to crystallize from the solution. 
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2.6 Appendix 

Figure 2.10 shows the molecular structure of sulfamerazine. The atom index showing on 

each atom is used in the force field optimization process and the force field parameter files. 

 
Figure 2.10 Atom name assigned to each atom of sulfamerazine molecule in the simulations 
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Table 2.3 shows the parameters of bonds, angles and dihedrals after optimization. Note that 

only those parameters with penalty score over 10.0 in the ParamChem raw file are optimized, so 

not all the parameters are shown here. The name the atom types follows the style in CHARMM 

force field file. 

 
 

Table 2.3 Parameters that are optimized for bonded contributions in CGenFF1 

Bonds 

Atom Group k? bB 
CG2R64 NG311 465.84 1.4060 

   

Angles 

Atom Group kG θB 
CG331  CG2R61 NG2R62 58.60 115.88 
NG2R62 CG2R64 NG311 153.79 118.22 
CG2R64 NG311  SG3O2 96.24 126.32 
CG2R64 NG311  HGP1 169.86 118.67 

   

Dihedrals2 

Atom Group kL n δ 
NG2R62 CG2R61 CG331  HGA3 0.0030 6 0.00 

CG331  CG2R61 NG2R62 CG2R64 6.9550 2 180.00 
NG311  CG2R64 NG2R62 CG2R61 5.1840 2 180.00 
NG2R62 CG2R64 NG311  SG3O2 1.3810 2 180.00 
NG2R62 CG2R64 NG311  HGP1 1.4530 2 180.00 

CG2R64 NG311  SG3O2  CG2R61 0.9770 1 180.00 
CG2R64 NG311  SG3O2  OG2P1 0.1660 3 180.00 

     1. Units of parameters are the same as in CGenFF parameter files 
     2. Periodicity n is obtained from ParamChem without any optimization 
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Table 2.4 shows the partial charges after optimization. The atom index corresponds to the 

indexes in Figure 2.10, and the atom types follow the style defined in CHARMM force field. 

 

Table 2.4 Partial charges of the atoms in sulfamerazine molecule after optimization using FFTK 

 Atom Name Atom Type1 Charge 

ATOM S1 SG3O2 0.368 
ATOM O1 OG2P1 -0.397 
ATOM O2 OG2P1 -0.397 
ATOM N1 NG311 -0.439 
ATOM N2 NG2R62 -0.746 
ATOM N3 NG2R62 -0.656 
ATOM N4 NG2S3 -0.897 
ATOM C1 CG2R64 0.887 
ATOM C2 CG2R61 0.313 
ATOM C3 CG2R61 -0.248 
ATOM C4 CG2R61 0.424 
ATOM C5 CG2R61 0.315 
ATOM C6 CG2R61 -0.166 
ATOM C7 CG2R61 -0.121 
ATOM C8 CG2R61 0 
ATOM C9 CG2R61 -0.121 
ATOM C10 CG2R61 -0.166 
ATOM C11 CG331 -0.275 
ATOM H1 HGP4 0.425 
ATOM H2 HGP4 0.425 
ATOM H3 HGP1 0.334 
ATOM H4 HGR62 0.096 
ATOM H5 HGR61 0.091 
ATOM H6 HGR61 0.171 
ATOM H7 HGR61 0.164 
ATOM H8 HGR61 0.164 
ATOM H9 HGR61 0.171 
ATOM H10 HGA3 0.094 
ATOM H11 HGA3 0.094 
ATOM H12 HGA3 0.094 

                        1. Atom type follows the style in CGenFF 
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Table 2.5 Average peak locations and parameters for sulfamerazine (Form II) at 295 K 

r(Å) 1/𝜎2(Å-1) x y z  
First Group 

6.85 39.8 0.3849 -0.9214 0.0539 336.8 

6.85 39.5 0.3152 -0.0432 -0.9481 323.7 

6.91 61.7 -0.0576 0.7312 0.6797 386.4 

7.41 35.0 0.6786 0.6996 -0.2235 232.7 

7.41 35.1 -0.7402 0.0811 -0.6675 236.9 

7.62 38.2 0.7217 -0.1100 0.6834 295.4 

7.62 38.2 -0.6567 -0.7108 0.2518 228.7 

7.85 41.8 0.9759 -0.1441 -0.1636 311.2 

7.85 41.8 -0.3623 -0.7275 -0.5827 277.5 

8.35 32.5 -0.6492 -0.0144 0.7605 284.2 

8.35 32.5 -0.7061 0.7055 -0.0607 294.2 

9.14 25.0 0.0522 -0.6584 0.7508 292.5 

9.14 25.0 -0.0523 0.6582 -0.7510 276.9 

Second Group 

6.85 39.8 0.3151 -0.0431 0.9481 322.9 

6.85 39.5 0.3849 -0.9213 -0.0539 334.4 

6.91 61.7 -0.0575 0.7313 -0.6796 383.6 

7.41 35.0 -0.7404 0.0813 0.6672 235.9 

7.41 35.1 0.6784 0.6999 0.2233 233.2 

7.62 38.2 -0.6569 -0.7106 -0.2522 227.9 

7.62 38.2 0.7216 -0.1096 -0.6835 296.0 

7.85 41.1 -0.3626 -0.7274 0.5826 277.5 

7.85 41.1 0.9760 -0.1438 0.1635 311.5 

8.35 32.3 -0.6491 -0.0141 -0.7606 282.9 

8.35 32.3 -0.7061 0.7056 0.0605 294.4 

9.14 24.8 -0.0524 0.6581 0.7511 276.6 

9.14 24.8 0.0523 -0.6583 -0.7509 290.9 

 

κ
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Figure 2.11 and 2.12 are the Fréchet distances between two neighboring strings in SMCV 

calculations for Form I and II. The dramatic increases in the middle are due to the re-distribution 

of images. The Fréchet distance has large values in the beginning, and decreases with the 

simulation moving toward convergence. 

 

 

      

Figure 2.11 Fréchet distance between two neighboring strings in SMCV for Form I 

 

 

 

 

0

5000

10000

15000

20000

25000

30000

0 20 40 60

Fr
éc

he
t d

is
ta

nc
e 

Simulation Step

Acetonitrile

0

5000

10000

15000

20000

25000

30000

0 20 40 60

Fr
éc

he
t d

is
ta

nc
e 

Simulation Step

Methanol

0

5000

10000

15000

20000

25000

0 20 40 60

Fr
éc

he
t d

is
ta

nc
e 

Simulation Step

Water



 

42 
 

 

 

     

Figure 2.12 Fréchet distance between two neighboring strings in SMCV for Form II 
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Chapter 3  Nucleation Kinetics of Drug Molecules in Different Solvents 

3.1 Introduction 

Crystallization from solution is fundamental to drug production in pharmaceutical 

industries where about 90% of the products contain one or more crystalline materials1. Studies on 

the crystallization tendency have revealed that pharmaceutical ingredients could show various 

crystallization propensities, where some crystallize rapidly but some slowly2, 3. The time take to 

crystallize the small organic molecules in solution varies from minutes to months4. One major 

problem for slow crystallization is that the compounds remain predominantly amorphous in the 

solution, and the poorly crystallized crystals could lead to poor size distribution, extreme 

morphology such as needles, lack of improvement in purity and tendency of aggregation4. 

Understanding the kinetics of crystallization, is important for improving the efficiency of drug 

manufacturing processes5. 

Nucleation, the first stage of crystallization, plays the vital role in determining crystalline 

properties, including polymorphism and kinetics1, 5, 6. There are a lot of aspects of nucleation still 

poorly understood. For example, because nucleation is a stochastic process, it is extremely difficult 

to capture its initiation using design of experiments7. Several experimental methods have been 

reported to utilize the stochastic nature of nucleation and measure its kinetics, either based on 

crystallization induction time measurements8, 9 or the variations in metastable zone widths10. 

However, the difficulty of using such data to gain a molecular-scale interpretation of nucleation 

process remains11, 12. 

Molecular modeling has received considerable attention for providing predictive 

information on the control of conditions that will favor/unfavor crystallization. For example, 

Molecular Dynamics (MD) simulations were used to investigate the nucleation tendencies for 
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pharmaceutical molecules from the melt13, predicting the melting temperature and the interfacial 

energy of the crystal-liquid interface. However, with nucleation being a rare event, i.e. the time 

scale for nucleation to happen is usually much longer than the accessible time for molecular 

modeling, special rare event methods are always needed to study such phenomena14-18, but in some 

complex cases these methods also take long time to calculate. Free energy methods, such as 

metadynamics19-22 and umbrella sampling23, 24, use external bias potentials to modify the free 

energy profile during the phase transition, leading to faster sampling on the free energy land scape. 

A chosen set of order parameters or reaction coordinates are needed to calculate the free energy. 

One drawback of these methods is the loss of real mechanism with the modified free energy profile, 

which is sometimes the primary information we want to obtain from the simulations. Path sampling 

methods, on the other hand, could access the mechanism or kinetics during the transition. Usually, 

the transition path is divided into a series of interfaces with respect to a chose set of order 

parameters, and the probability of the system crossing these interfaces could be extracted. 

Successful examples include transition interface sampling25-27 (TIS) and forward flux sampling28, 

29 (FFS). Other path sampling methods, such as transition path sampling18, 30, 31 (TPS), perform the 

sampling on the full ensemble of the transition trajectories using Monte Carlo random walks. The 

mechanisms are not changed for path sampling methods, so that we could look further into the 

phase transition process. However, it could still be computationally expensive if the transition is 

very slow.  

In this chapter, we combined molecular modeling and experimental approaches together to 

study the nucleation kinetics of sulfadiazine (C10H10N4O2S) in different solvents (acetonitrile, 

methanol and water), as different solvent systems could have significant impact on 

crystallization32, 33. We used the modeling method reported in previous studies for benzene and 



 

48 
 

ionic liquids34-36. The minimum free energy pathway corresponding to the nucleation process was 

obtained by using String Method in Collective Variables (SMCV), and the nucleation rate was 

calculated using Markovian Milestoning with Voronoi Tessellation. We applied crystallization 

induction time measurements to calculate the nucleation rates from the experiments and compared 

the results with simulations. 

 

3.2 Methods 

3.2.1 Force Field and Order Parameter 

Force field parameters for sulfadiazine were optimized from CHARMM general force 

field37. The optimizing method is the same as that was described in section 2.2.138-40, and a full set 

of modified parameters is provided in the appendix. Table 3.1 shows the improvement in the 

crystal structures of sulfadiazine obtained with the optimized parameters, as compared to the 

original ParamChem39, 40 estimates. For Form I, the deviation from the experimental lattice 

constants decreased to 0.3-1.5%, while for Form II, the deviation decreased to 0.1-1.8%. 

 

Table 3.1 Lattice constants for sulfadiazine obtained using the un-tuned and our optimized FF 

 Form I Form II 

 a(Å) b(Å) c(Å) a(Å) b(Å) c(Å) 

Expt. 13.68 5.84 14.86 9.15 11.70 22.88 

Initial FF 13.24 5.90 16.06 9.76 12.90 20.23 

%difference -3.25 0.87 8.06 6.71 10.23 -11.61 

Optimized FF 13.81 5.86 14.63 9.13 11.92 22.74 

%difference 0.95  0.34  -1.54  -0.12  1.85  -0.62  
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We used the same method as in section 2.2.2 to define order parameters that can 

quantitatively distinguish crystal-like and melt-like structures of sulfadiazine. The parameters in 

the distribution equation (2.4) are obtained by fitting to a Molecular Dynamics (MD) simulation 

of the known crystal structure at the temperature of interest using likelihood maximization. Once 

fit, these probability density functions are sensitive to the structure of the original crystal, and thus 

they serve as order parameters. We use equation (2.5) to calculate the bond orientation order 

parameter. The distance and relative orientation order parameters are also calculated using the 

method described in previous work41. The distributions of OPs for melt and crystal structures of 

sulfadiazine are plot in Figure 3.1. For the bond orientation OPs, the value for melt states is 

between 0 and 6.2, while the value for crystal states is between 6.6 to 30. The results indicate that 

the melt and crystal states are well-separated in the bond orientation OP space, and therefore bond 

orientation OP is appropriate to calculate the relative crystalline order in our simulations. For the 

distance OP, there is an overlap in the interval between the value of 35 to 45, therefore it is not 

useful for distinguishing the two states in simulations. For the relative distance OP, both states are 

separated, but the distribution of crystal state is much wider than the melt which makes the 

sensitivity of the OPs lower than bond orientation. 
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Figure 3.1 Order parameter distributions of the melt sate and the crystal state 
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2. For every step in the SMCV: 

2.1. Run a MD simulation for each replica along the string, with the collective variables ξ 

restrained to the current values ξ∗ for the replica via harmonic potentials. 

2.2. Obtain new values of the collective variable targets ξ∗  by taking a short step (of pre-

specified length) downhill. 

2.3. Interpolate a B-spline through the new values of ξ∗, and use the B-spline to redistribute 

the collective variable targets so they are at constant arc-length from each other. The 

interpolated values will be the new ξ∗ for the next step. 

2.4. Select images from the restrained MD simulations in the previous step that are closest to 

each of the new values of ξ∗. 

2.5. Return to step 2.1 using the geometries obtained from step 2.4. The restraint centers 

typically have to be moved slowly from the previous to the new value when running the 

MD simulations to ensure numerical stability.  

3. After convergence, the replicas will define a string that approximates the minimum free energy 

path between the solution and solution + crystal phases. 

 

3.2.2 Markovian Milestoning with Voronoi Tessellations 

After the MFEP string is converged, we may obtain the nucleation rate by using the method 

of Markovian Milestoning with Voronoi Tesselations42. A set of points in the order parameter 

space is used to the Voronoi tessellation with the edges of the tessellation being milestones for the 

transition between Voronoi cells42-44. We can use the replicas from the converged SMCV string to 

construct the Voromoi cells, and the transition between milestones are statistically independent in 
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this way. We may estimate the mean first passage time45 from the transition data and calculate the 

nucleation rate.  

We first ran a series of molecular dynamics simulations for a replica of the system per 

Voronoi cell while restraining each replica to stay within its cell. Then, the collisions with the 

edges within each cell were collected to compute the transition probabilities and the mean first 

passage time. The procedure is described as following34: 

1. Generate a set of order parameters 𝐳R R�X,…,�from the last step of MFEP, where N is the 

number of replicas. The edges of the Voronoi cells are approximate isocommittor surfaces in 

the neighborhood of the transition. 

2. For each order parameter vector 𝐳R: 

2.1. Run a MD simulation where the order parameters 𝛉(𝐫) are restricted within the Voronoi 

cell centered at 𝐳R. Here, we use harmonic half-well potentials to restrain the system within 

the Voronoi cell when it crosses the edges. Tuning the force constant of the harmonic 

potential is needed to avoid crossing between two neighboring cells. 

2.2. Generate statistics of the number NR,W  of the collisions with the boundary between the 

current cell and each adjacent cell j. The number of transitions between every two 

milestones a and b, NI,?R  and the total time TIR  for which the last milestone hit was 

milestone a is counted. 

3. Calculate the probabilities πR of finding the system in each Voronoi cell i from the balance 

equations46: 

dπR
dt = πWvW,R − πRvR,W

WyR

= 0,				i, j = 1,… , N																											(3.1) 



 

53 
 

Here, vR,W is the escape rate estimated by dividing the number of collisions NR,W by the total time 

TR spent within the cell. The probabilities should be normalized, i.e. πRR = 1. 

4. Obtain the rate matrix and mean first passage times for the transitions between the milestones. 

The rate matrix can be estimated from the quantities in steps 2.2 and 3 as: 

kI,? =

πRNI,?R
TRR

πRTIR
TRR

																																																									(3.2) 

In this equation, kI,? denotes the rate constant for the transition from milestone a to milestone 

b. The mean first passage times TI,�∗ to a given milestone 𝑏∗ from each of the other milestones 

𝑎 ≠ 𝑏∗ can then be estimated from the equation: 

kI,?T?,?∗ = −1
?y?∗

																																																									(3.3) 

We use the milestone of the solid-end Voronoi cell as the reference milestone (𝑏∗) in practice. 

The overall nucleation rate is then the reciprocal of the mean first passage time between the 

milestones adjacent to the solution-end Voronoi cell and 𝑏∗. 

 

3.2.3 Crystallization Induction Time Measurements 

We used crystallization induction time measurements to obtain the nucleation rates of 

sulfadiazine in acetonitrile, water and methanol. Figure 3.2(a) shows the way of measuring 

crystallization induction time which is defined as the time between the moment the supersaturation 

is created and the moment the first crystal is detected. The supersaturation was controlled by 

adjusting the temperature of the solution. Figure 3.2(b) shows the induction time measured under 

the same experimental condition for sulfadiazine in acetonitrile, and the fluctuation of results 

reflects the stochastic nature of nucleation. 
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Figure 3.2 (a) Induction time is calculated as the time between the moment the supersaturation is 
created and the moment the first crystal is detected; (b) The stochastic data from 100 crystallization 
induction time measurements of sulfadiazine in acetonitrile under the same experimental condition 

 
The nucleation rate was obtained by fitting the experimentally measured induction time 

data to the cumulative probability distribution function defined as: 

P t = 1 − exp −JV t − tg 																																																				(3.4) 

where J is the nucleation rate, V is the volume, t is the induction time and tg is the growth time 

accounting for the delay in detection due to the limitation of Crystal16 machine. We obtained the 

nucleation rates under a series of supersaturations (S) and fitted them to Classical Nucleation 

Theory which often expressed as: 
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J S = ASexp −
B
ln2S 																																																					(3.5) 

where A is the kinetic parameter and B is the thermodynamic parameter. Both A and B can be 

determined after fitting the variable of ln(J/S) against the value of ln-2S. 

 

3.2.4 Computational Details 

To calculate the order parameters (OPs), we first defined the initial structure for 

sulfadiazine by exporting the experimental crystal structures from the CCDC47 (3´7´3 unit cells). 

The initial structure was relaxed in a molecular dynamics (MD) simulation using the optimized 

force field at 295 K and 1 atm for 1 ns. Afterwards, the system was annealed to ~0 K and the final 

crystalline structure was used as the reference structure for OP calculations. Peaks in the pair 

distribution function were found from the reference structure with a cutoff of 7.4 Å. To obtain the 

parameters in equation (2.5), we used the structures from the previous 1 ns NPT simulation at 295 

K and fit them to equation (2.4) following the method described in Santiso and Trout41. Using 

equation (2.5) with the resulting parameters, we can calculate OPs for any replica, crystalline or 

solution-like. The equilibrium melt-like structure was obtained by running NPT simulations at 295 

K and 1 atm in the system of 120 single sulfadiazine molecules for 0.5 ns. 

In order to obtain an initial string, we first equilibrated a crystal (3´7´3 unit cells in 

methanol and acetonitrile, 2´4´2 unit cells in water) solvated with 4000 methanol, 3200 

acetonitrile and 55000 water molecules, in the NPT ensemble at 295 K for 50 ns. The systems are 

under extreme supersaturation conditions due to the low solubility of sulfadiazine, and the 

computational cost could be extremely expensive if accessible supersaturation for experiments was 

used. Afterwards, we ran MD simulations in the NVT ensemble at 1000 K, and took snapshots 

during these simulations. We then took a few of the resulting snapshots and used them as starting 
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points for MD simulations at 295 K in the NPT ensemble for 4 ns. These trajectories were stitched 

together to form an initial string. In order to limit the number of OPs, we divided the system into 

4´4´4 subcells, and use the average OP values in each subcell, as described in ref. 41. This results 

in a 64-dimensional collective variable space. All the simulations were performed using the Large-

Scale Atomic/Molecular Massively Parallel Simulator (LAMMPS)48 software. In each step of the 

SMCV simulation, the OPs of each image were maintained close to their “target value” by adding 

a set of harmonic restraints. Short NPT simulations of 0.2 ns at 295 K and 1 atm were then run for 

each replica to calculate the mean force needed to keep it close to “target” value. Finally, each 

image was propagated by following the mean force. To avoid images clustering at the end points 

of the pathway, which is what would happen if each of them were to evolve indefinitely along the 

gradient vector, we then reinterpolated (“reparameterized”) the target order parameters to keep the 

distance between images in order parameter space constant. This procedure was repeated until the 

Fréchet distance49 between two neighboring strings was stabilized. We determined the SMCV to 

reach convergence when the difference between the Fréchet distances in two successive steps were 

< 0.3 (even for a converged string, the Fréchet distance between successive steps will remain finite 

due to thermal fluctuations). We then took the replicas from the converged string and associated a 

Voronoi cell to each replica in the OP space. The Voronoi tessellation was then formed, where the 

edges served as the milestones. MD simulations was carried out for each replica at 295 K and 1 

atm, and we monitored the number of collisions with the boundary for of neighboring cells, as well 

as the number of transitions between different milestones. Here, we had to interpolate additional 

images to collect statistically relevant results. All the SMCV and Milestoning simulations were 

performed using a modified version of the NAMD50 software that included the implementations 
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of the OPs, SMCV and Milestoning in C++ libraries. Periodic boundary conditions were applied 

in all dimensions. 

 

3.2.5 Experimental Details 

Sulfadiazine was purchased from Thermo Fisher Scientific and used as received. HPLC-

grade solvents were dried by using desiccants for over 2 weeks before usage. For the induction 

time measurements at one supersaturation, a 20 mL solution was prepared by dissolving 

sulfadiazine in the solvent. The solution was dispensed into 1 mL vials after all solids were 

dissolved and the solution was clear. We used the same procedure as the reference9 to perform the 

induction time measurements using Crystal16R machine. The stirring speed was set as 700 rpm. 

The samples were stirred above their saturation temperature for 30 min to ensure all solids that 

possibly formed in the vials during sample storage were dissolved. To obtain the clear solution, 

the highest temperature for dissolving was 60oC for acetonitrile and acetonitrile/water mixture, 

and 55oC for methanol, while the low temperature for cooling was always 25oC. The cooling rate 

was set as 5oC/min, and the heating rate was 0.3oC/min. The induction time was measured as the 

period between when the solution temperature reached 25oC and when the transmission started to 

decrease due to the appearance of crystals. The cool-hold-heat cycle was repeated multiple times 

to obtain 128 induction time measurements for the same sample, and up to 8 hours of induction 

time was measured in each cycle. 
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3.3 Results and Discussions 

3.3.1 SMCV 

The potential of mean force (PMF) is the negative line integral of the restraint force along 

the string in the OP space. Figure 3.3 shows the converged PMF obtained from the SMCV 

simulations for sulfadiazine in acetonitrile, water and methanol, respectively. The arclength is the 

cumulative distance between images in the OP space. On the left hand side are the solution states, 

while on the right hand side are the crystal states. The highest point on the plots correspond to the 

critical nuclei states during the nucleation process. 

 

 

    

Figure 3.3 The potential of mean force and associated with the minimum free energy pathway for 
nucleation of sulfadiazine in acetonitrile, water and methanol 

 

-20

-10

0

10

PM
F 

(k
ca

l/m
ol

)

Arclength

Acetonitrile

59
60 -3

-2

-1

0

1
PM

F 
(k

ca
l/m

ol
)

Arclength

Water

31
32

-20

-10

0

10

PM
F 

(k
ca

l/m
ol

)

Arclength

Methanol

83
84



 

59 
 

Figure 3.4 shows the Fréchet distance between neighboring strings in the SMCV 

procedure, and the distance decreases dramatically in the first few steps during the simulation and 

then moves towards convergence slowly. We terminated the string method after the convergence 

of the string was achieved. The nucleation energy barrier was estimated by comparing the potential 

of mean force data in the solution end (left-hand side) and the critical nuclei (highest point on the 

plot). Energy barriers for sulfadiazine are 1.3±0.4 kcal/mol in acetonitrile, 2.2±0.1 kcal/mol in 

water and 11.0±1.8 kcal/mol, respectively. Note that the string will fluctuate near the minimum 

free energy pathway after it is converged, so we selected last 5 converged strings to estimate the 

nucleation energy barrier in different systems. 

 

 

                
Figure 3.4 Fréchet distance between two neighboring strings in the SMCV procedure 
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Figure 3.5 are snapshots taken from the restrained MD simulations corresponding to the 

first (solution), last (crystalline), and the critical nuclei images. The solvent molecules have been 

deleted for clarity, and the solute molecules are colored according to the order parameter values. 

Molecules colored red correspond to low values of OP (solution-like), and those colored blue 

correspond to high values (crystal-like). Gray indicates intermediate values. Starting from the 

disordered solution phase (Figure 3.5a), the sulfadiazine molecules form an ordered nucleus 

surrounded by a partially order layer (Figure 3.5b), and further progressing to the crystal state 

(Figure 3.5c). 

 

 

Figure 3.5 Snapshots of the images along the MFEP of sulfadiazine (solvent molecules are 
deleted) (a) solution basin, (b) critical nuclei, (c) crystalline basin 
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3.3.2 Markovian Milestoning with Voronoi Tessellation 

After obtaining the minimum free energy path for nucleation in different solvent systems, 

we used Markovian Milestoning with Voronoi Tessellation to collect statistics of the transition 

from the solution state to the crystal state. Equation (3.1) to (3.3) are used to calculate the mean 

first passage time (MFPT) during the transition process.  

Figure 3.6 shows the mean first passage times to reach the milestone on the solid side from 

each milestone along the path in acetonitrile, water and methanol. Each point in this plot represents 

the characteristic time for the transformation from that point along the string to the solid, in seconds. 

As expected, the figure exhibits a sharp increase in the MFPT as the system crosses the nucleation 

barrier. The average volume for the solution in the simulations was 349 nm3 for acetonitrile, 1639 

nm3 for water and 341 nm3 for methanol. The overall nucleation rate is then the reciprocal of the 

mean first passage time multiplied by the volume: 1.38´1034 m-3∙s-1 for acetonitrile, 3.10´1032 m-

3∙s-1 for water and 8.78´1030 m-3∙s-1 for methanol. 
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Figure 3.6 Mean first passage time from each milestone to the solid milestone as a function of arc 
length along the MFEP 

 
 
3.3.3 Comparison with Experimental Results 

From equation (3.4), the nucleation rate can be obtained by fitting data from crystallization 
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Figure 3.7 Crystallization induction time measurements and fitting the data to classical nucleation 
theory equation in (a) acetonitrile (b) acetonitrile/water, aw=0.84 (c) methanol 
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and the results are provided in the appendix. Under the same supersaturation S=2.3, the nucleation 

rate of sulfadiazine in acetonitrile is ~5920 m-3s-1, while in acetonitrile/water mixture is ~2400 m-

3s-1 and in methanol is ~232 m-3s-1. The order of nucleation rates for different solvents is consistent 

with results from Markovian Milestoning with Voronoi Tessellations (we assume that the 

nucleation rate in water is not within limited deviation from the mixture). However, we could not 

obtain the same data as the simulations. In fact, the nucleation rates from the simulations are many 

orders of magnitude higher than the experimental results. As we demonstrated in the method 

section, we used extremely high supersaturation in our simulations due to the low solubility of 

sulfadiazine in these solvents, in order to limit the computational cost. 

With nucleation rates measured under different supersaturations, we can also fit the data to 

both Classical Nucleation Theory (3.5) to calculate the kinetic parameter A and thermodynamic 

parameter B. In Figure 3.7, it is shown that the data in each solvent system are following linear 

relationship which is ideal for the fitting to equation (3.5). The thermodynamic parameter B 

describes energy barrier height from the Classical Nucleation Theory. We can in principle use B 

value as a comparison with the nucleation energy barrier obtained form the SMCV calculations. 

In Table 3.2, the order of solvent systems for nucleation energy barriers is consistent with the order 

of B parameter, showing the consistency between experiments and simulations. For sulfadiazine, 

acetonitrile is the fastest solvent system for nucleation and methanol is the slowest. 

 

Table 3.2 Comparison of nucleation energy barrier from SMCV and thermodynamic parameter B 
in the Classical Nucleation Theory 

Solvents Acetonitrile Water1 Methanol 
Nucleation Energy Barrier (kcal/mol) 1.3±0.4 2.2±0.1 11.0±1.8 

B parameter from Classical Nucleation Theory ~0.51 ~0.68 ~1.21 
1. Mixture of acetonitrile/water, aw=0.84 was used for B parameter calculation 
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3.4 Conclusions 

The nucleation kinetics of sulfadiazine was investigated in three solvent systems: 

acetonitrile, water and methanol. We used SMCV method to explore the minimum free energy 

pathway (MFEP) during the nucleation of sulfadiazine and obtained the nucleation energy barrier 

from the MFEPs. With the implementation of Markovian Milestoning with Voronoi Tessellation, 

we calculated the nucleation rates of sulfadiazine in different solvents by measuring the mean first 

passage time of transitions between neighboring Voronoi cells. We then applied crystallization 

induction time measurements to obtain nucleation rates. The results were consistent with the 

simulations in terms of the order of nucleation rates in different solvents (acetonitrile > water > 

methanol). By fitting the nucleation rates under different supersaturations to the Classical 

Nucleation Theory (CNT), we showed that the order of thermodynamic parameter B in CNT is 

also consistent with the nucleation energy barriers in our simulations. 
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3.6 Appendix 

Figure 3.8 shows the molecular structure of sulfadiazine. The atom index showing on each 

atom is used in the force field optimization process and the force field parameter files. 

 

Figure 3.8 Atom name assigned to each atom of sulfadiazine molecule in the simulations 
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Table 3.3 shows the parameters of bonds, angles and dihedrals after optimization. Note that 

only those parameters with penalty score over 10.0 in the ParamChem raw file are optimized, so 

not all the parameters are shown here. The name the atom types follows the style in CHARMM 

force field file. 

 
 
 

Table 3.3 Parameters that are optimized for bonded contributions in CGenFF 

Bonds 
Atom Group k? bB 

CG2R64 NG311 460.51 1.4070 
   

Angles 
Atom Group kG θB 

NG2R62 CG2R64 NG311 154.69 116.96 
CG2R64 NG311  SG3O2 59.22 123.85 
CG2R64 NG311  HGP1 131.90 115.26 

   
Dihedrals 

Atom Group kL n δ 
NG2R62 CG2R61 CG331  HGA3 0.0030 6 180.00 

CG331  CG2R61 NG2R62 CG2R64 3.1000 2 180.00 
NG311  CG2R64 NG2R62 CG2R61 4.9770 2 180.00 
NG2R62 CG2R64 NG311  SG3O2 1.3130 2 180.00 
NG2R62 CG2R64 NG311  HGP1 1.4980 2 180.00 

CG2R64 NG311  SG3O2  CG2R61 0.6140 1 180.00 
CG2R64 NG311  SG3O2  OG2P1 0.1200 3 180.00 
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Table 3.4 shows the partial charges after optimization. The atom index corresponds to the 

indexes in Figure 3.8, and the atom types follow the style defined in CHARMM force field. 

Table 3.4 Partial charges of the atoms in sulfadiazine molecule after optimization using FFTK 

 Atom Name Atom Type Charge 
ATOM N1 NG2R62 -0.604 
ATOM H1 HGR62 0.094 
ATOM H2 HGR61 0.102 
ATOM H3 HGR61 0.12 
ATOM H4 HGR61 0.102 
ATOM H5 HGR62 0.094 
ATOM H6 HGR61 0.12 
ATOM H7 HGR61 0.12 
ATOM H8 HGP4 0.335 
ATOM H9 HGP1 0.375 
ATOM H10 HGP4 0.335 
ATOM S SG3O2 0.427 
ATOM O1 OG2P1 -0.394 
ATOM O2 OG2P1 -0.394 
ATOM N2 NG2R62 -0.604 
ATOM C1 CG2R61 0.231 
ATOM N3 NG2S3 -0.751 
ATOM N4 NG311 -0.498 
ATOM C2 CG2R61 -0.101 
ATOM C3 CG2R64 0.714 
ATOM C4 CG2R61 0.078 
ATOM C5 CG2R61 0.228 
ATOM C6 CG2R61 -0.101 
ATOM C7 CG2R61 0.228 
ATOM C8 CG2R61 -0.056 
ATOM C9 CG2R61 -0.056 
ATOM C10 CG2R61 -0.144 
ATOM H10 HGA3 0.094 
ATOM H11 HGA3 0.094 
ATOM H12 HGA3 0.094 
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Table 3.5 Average peak locations and parameters for sulfadiazine 

First group 
      

r(Å) 1/𝜎2(Å-1) x y z  
6.37 32.3 -0.3483 0.5248 -0.7767 42.0 

6.37 32.3 0.3487 -0.5246 0.7767 42.1 

6.82 32.3 -0.6646 -0.7470 0.0171 7.9 

6.88 31.3 0.4909 -0.8389 -0.2352 5.1 

6.94 50.4 0.4250 -0.2980 -0.8547 6.5 

Second group 

6.37 32.3 0.3489 -0.5252 -0.7761 42.7 

6.37 32.3 -0.3487 0.5255 0.7761 42.3 

6.82 32.5 -0.6675 -0.7444 -0.0156 7.9 

6.88 30.9 0.4858 -0.8419 0.2350 5.1 

6.94 50.8 0.4249 -0.2961 0.8554 6.5 
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Figure 3.9 shows the measured solubility of sulfadiazine in acetonitrile, methanol, 

acetonitrile-water and methanol-water mixtures. The crystallization induction time measurements 

are based on the solubility data in this plot. We used the acetonitrile-water mixture for the 

comparison of nucleation rates, because the solubility of sulfadiazine in pure water is below the 

detection limit of Crystal16R machine. 

 

 

Figure 3.9 The effect of water activity on the solubility of sulfadiazine in acetonitrile and methanol 

  

0

0.5

1

1.5

2

2.5

3

0 0.5 1

So
lu

bi
lit

y 
(m

g/
m

l)

water activity

acetonitrile+water
methanol+water



 

71 
 

3.7 References 

1 B. Y. Shekunov, and P. York, J. Cryst. Growth 211 (2000) 122. 

2 B. Van Eerdenbrugh, J. A. Baird, and L. S. Taylor, J. Pharm. Sci. 99 (2010) 3826. 

3 J. A. Baird, B. Van Eerdenbrugh, and L. S. Taylor, J. Pharm. Sci. 99 (2010) 3787. 

4 M. B. Hursthouse, L. S. Huth, and T. L. Threlfall, Org. Process Res. Dev. 13 (2009) 1231. 

5 A. K. E. El-Yafi, and H. El-Zein, Asian J. Pharm. Sci. 10 (2015) 283. 

6 J. Chen et al., Cryst. Growth Des. 11 (2011) 887. 

7 S. L. Price, Int. Rev. Phys. Chem. 27 (2008) 541. 

8 S. F. Jiang, and J. H. ter Horst, Cryst. Growth Des. 11 (2011) 256. 

9 S. A. Kulkarni et al., Cryst. Growth Des. 13 (2013) 2435. 

10 S. S. Kadam, H. J. M. Kramer, and J. H. ter Horst, Cryst. Growth Des. 11 (2011) 1271. 

11 J. Maddox, Nature 378 (1995) 231. 

12 R. J. Davey, S. L. M. Schroeder, and J. H. ter Horst, Angew. Chem.-Int. Edit. 52 (2013) 2166. 

13 J. Gerges, and F. Affouard, J. Phys. Chem. B 119 (2015) 10768. 

14 M. Shah, E. E. Santiso, and B. L. Trout, J. Phys. Chem. B 115 (2011) 10400. 

15 G. T. Beckham, and B. Peters, J. Phys. Chem. Lett. 2 (2011) 1133. 

16 C. Abrams, and G. Bussi, Entropy 16 (2014) 163. 

17 T. S. van Erp, in Kinetics and Thermodynamics of Multistep Nucleation and Self-Assembly in 
Nanoscale Materials: Advances in Chemical Physics, Vol 151, edited by G. Nicolis, and D. Maes 
(Wiley-Blackwell, Malden, 2012), pp. 27. 

18 C. Dellago, and P. G. Bolhuis, in Advanced Computer Simulation Approaches for Soft Matter 
Sciences Iii, edited by C. Holm, and K. Kremer (Springer-Verlag Berlin, Berlin, 2009), pp. 167. 

19 A. Laio, and M. Parrinello, Proc. Natl. Acad. Sci. U. S. A. 99 (2002) 12562. 

20 F. Giberti, M. Salvalaglio, and M. Parrinello, IUCrJ 2 (2015) 256. 



 

72 
 

21 A. Laio, and F. L. Gervasio, Rep. Prog. Phys. 71, 126601 (2008) 22. 

22 A. Barducci, G. Bussi, and M. Parrinello, Physical Review Letters 100, 020603 (2008) 4. 

23 G. M. Torrie, and J. P. Valleau, Chem. Phys. Lett. 28 (1974) 578. 

24 S. Kumar et al., J. Comput. Chem. 13 (1992) 1011. 

25 T. S. van Erp, D. Moroni, and P. G. Bolhuis, J. Chem. Phys. 118 (2003) 7762. 

26 D. Moroni, T. S. van Erp, and P. G. Bolhuis, Physica A 340 (2004) 395. 

27 J. Juraszek et al., Physical Review Letters 110, 108106 (2013) 5. 

28 R. J. Allen, D. Frenkel, and P. R. ten Wolde, J. Chem. Phys. 124, 024102 (2006) 16. 

29 R. J. Allen, C. Valeriani, and P. R. ten Wolde, J. Phys.-Condes. Matter 21, 463102 (2009) 21. 

30 C. Dellago, P. G. Bolhuis, and P. L. Geissler, in Advances in Chemical Physics, Vol 123, edited 
by I. Prigogine, and S. A. Rice (John Wiley & Sons Inc, Hoboken, 2002), pp. 1. 

31 P. G. Bolhuis et al., Annu. Rev. Phys. Chem. 53 (2002) 291. 

32 C. H. Gu et al., Int. J. Pharm. 283 (2004) 117. 

33 K. Hosokawa, J. Goto, and N. Hirayama, Chem. Pharm. Bull. 53 (2005) 1296. 

34 E. E. Santiso, and B. L. Trout, J. Chem. Phys. 143, 174109 (2015) 9. 

35 X. X. He et al., J. Chem. Phys. 145, 211919 (2016) 12. 

36 X. He et al., J. Chem. Phys. 143, 124506 (2015) 14. 

37 K. Vanommeslaeghe et al., J. Comput. Chem. 31 (2010) 671. 

38 C. G. Mayne et al., J. Comput. Chem. 34 (2013) 2757. 

39 K. Vanommeslaeghe, and A. D. MacKerell, J. Chem Inf. Model. 52 (2012) 3144. 

40 K. Vanommeslaeghe, E. P. Raman, and A. D. MacKerell, J. Chem Inf. Model. 52 (2012) 3155. 

41 E. E. Santiso, and B. L. Trout, J. Chem. Phys. 134, 064109 (2011) 17. 

42 E. Vanden-Eijnden, and M. Venturoli, J. Chem. Phys. 130, 194101 (2009) 13. 



 

73 
 

43 A. K. Faradjian, and R. Elber, J. Chem. Phys. 120 (2004) 10880. 

44 L. Maragliano, E. Vanden-Eijnden, and B. Roux, J. Chem. Theory Comput. 5 (2009) 2589. 

45 E. Vanden-Eijnden et al., J. Chem. Phys. 129, 174102 (2008) 13. 

46 L. Maragliano et al., J. Chem. Phys. 125, 024106 (2006) 15. 

47 K. R. Acharya, K. N. Kuchela, and G. Kartha, Journal of Crystallographic and Spectroscopic 
Research 12 (1982) 369. 

48 S. Plimpton, J. Comput. Phys. 117 (1995) 1. 

49 A. F. Cook et al., Comput. Geom.-Theory Appl. 50 (2015) 1. 

50 J. C. Phillips et al., J. Comput. Chem. 26 (2005) 1781. 



 

74 
 

Chapter 4  Modeling Nucleation in the Osmotic Ensemble 

4.1 Introduction 

Different from nucleation from the melt, nucleation from solution presents unique 

challenges1, as it requires rare event methodologies along with the ability to control the chemical 

potential driving force. The difficulties in controlling the chemical potential have limited most 

simulation studies to systems with constant number of molecules, i.e. “closed systems”, leading to 

artifacts in the free energy profiles and unrealistic estimates of nucleation rates1, 2. Molecular 

models are limited to small systems, where the size of the growing crystal nucleus is comparable 

to the size of the solution. As a result, an artificial gradient of chemical potential is created as 

molecules leave the solution phase in a closed system. Some prior studies have addressed this issue 

by calculating an approximate analytical correction to the free energy profile obtained from NPT-

ensemble simulations, in order to estimate the profile at constant supersaturation1-3. However, such 

corrections either assume that the solution behaves ideally, or use activity coefficient models that 

are too simple for practical systems, leading to inaccurate estimates of the correction. Using more 

realistic multi-parametric activity coefficient models to estimate the correction would risk 

overfitting, as the parameters should be fit to the limited free energy data generated by the 

simulations. 

In spite of these difficulties, a few studies of nucleation in mixtures have been done with 

explicit control of the supersaturation4, 5. An early study4 considered crystal nucleation in a hard 

sphere mixture, and calculated the free energy barrier for nucleation using umbrella sampling and 

Monte Carlo simulations in the semigrand ensemble. Such an approach would be impractical for 

more complex systems, as the computational cost of umbrella sampling grows exponentially with 

the number of order parameters, and the systems we seek to study are considerably more complex 
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that hard spheres, requiring more variables to characterize the nucleation process. Furthermore, 

the insertion/deletion moves required would have very low probability of acceptance in most 

practical systems, leading to poor sampling. Other studies5, 6 have maintained constant 

supersaturation by contacting the solution with a reservoir of solute molecules. Of particular 

interest is the method recently developed by Perego5 et al., which they used to study the nucleation 

of urea at constant supersaturation. This method requires constructing an extended system 

containing a control region between the incipient crystal and the solute reservoir, and applying an 

external force to control the flux of molecules from the reservoir. The method, however, requires 

careful tuning of the simulation box size to maintain constant supersaturation over the time scale 

of interest.  

In this chapter, we propose a method that imposes constant supersaturation by construction 

and does not require defining an extended system, using a finite solute reservoir, or assuming an 

activity coefficient model for the solution. We achieve this by modifying a method we have 

successfully used in Chapter 2  and reformulating it in the osmotic ensemble. We test our method 

with a mid-sized pharmaceutical molecule, sulfamerazine (C11H12N4O2S), in commonly used 

organic solvents (acetonitrile and methanol). We compare the results from this new method to 

those obtained in the NPT ensemble and those obtained with the analytical correction proposed in 

previous work1-3. 

 

4.2 Methods 

The force field used for sulfamerazine and the solvents (methanol and acetonitrile) in this 

work are the same as described in Chapter 2. 
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For order paramters, we selected to use the bond orientation as our order parameter, as it 

is able to correctly differentiate melt- and crystal-like structures which is shown in the results 

section. The distribution of the bond orientations is modeled as a von Mises-Fisher distribution: 

𝑓o𝐫 𝐫 ≈
κo

sinhκo
exp κo𝐫os𝐫 																																															(4.1) 

In equation (4.1), κo is a concentration parameter (equivalent to a reciprocal variance), 𝐫o is an 

average bond orientation, and the index α indicates a single peak in the distribution for the known 

crystal structure. There is one value of α for each neighbor of the central molecule, up to a pre-

specified cutoff. The parameters in the distribution (κo  and 𝐫o ) are obtained by fitting to a 

Molecular Dynamics (MD) simulation of the known crystal structure at the temperature of interest 

using likelihood maximization. Once fit, these probability density functions are sensitive to the 

structure of the original crystal, and thus they serve as order parameters. In this way, we use the 

pair distribution function as a “cast” to which we can compare any given structure, and calculate 

a probability that the structure corresponds to the original crystal. We define bond orientation order 

parameters as: 

φv?C =
1
2πσo

κo
sinhκoo

exp −
𝑟vx − ro

2

2σo2xyv

exp κo𝐫os𝐫vx 																								(4.2) 

Here, the index i indicates the current molecule, ro and σα are the means and standard deviations 

of the center-of-mass Gaussian distributions, and the sums run over the peaks α in the distribution 

function and the neighbors j of the current molecule. Since the order parameters can be evaluated 

at every molecule, they are a measure of local crystalline order. 
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4.2.1 SMCV in the Osmotic Ensemble 

Another key aspect of the string method is that, formally, it can be used in any 

thermodynamic ensemble. In particular, for the purpose of modelling nucleation at constant 

supersaturation, it is convenient to use the osmotic ensemble7, 8, keeping the number of solute 

molecules fixed and letting the number of solvent molecules vary. Keeping the number of solute 

molecules fixed is convenient, as it avoids the possibility of inserting/deleting molecules in the 

incipient crystal. 

The string method relies on the fact that the gradient of the free energy with respect to a 

vector of collective variables ξ can be estimated as the average restraining force from a simulation 

where a harmonic restraint is applied to the collective variables9. This result is exact in the limit 

of the force constant going to infinity: 

∇}F ξ = ξ∗ = lim
�→�

F� T;F� = − lim
�→�

k ξ − ξ∗ T;F� 																												(4.3) 

In this equation, the sub-index “rest” indicates the average is done over the restrained simulation. 

In practice, an appropriate value of k can be found by increasing k until the average restraint force 

becomes approximately independent of k. The result above is ensemble independent as long as the 

correct free energy is used. 

The free energy in the osmotic ensemble as defined above is the Legendre transform of the 

Gibbs free energy G with respect of the number of solvent molecules, Ω ≡ G − µ2N2, where the 

index “2” in our case represents the solvent (“1” will be used for the solute). The corresponding 

Gibbs fundamental equation is dΩ = −SdT + VdP + µXdNX − N2dµ2, where T, P, V, S, µR	and	NR 

have their usual meaning as temperature, pressure, volume, entropy, and chemical potential and 

number of molecules of component i. Our software implementation of the SMCV allows us to 

estimate the average restraint force at constant temperature and pressure, and it would best to avoid 
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particle number fluctuations in the restrained MD simulations, as they are difficult to implement 

correctly. As shown below, it is possible to use NPT simulations to estimate the gradient of the 

osmotic free energy for a string at constant NX, µ2, P and T. This gradient can be expressed as: 

∂Ω
∂ξ ����s�

=
∂Ω
∂ξ ����s�

+
∂Ω
∂N2 }��s�

∂N2
∂ξ ����s�

																										(4.4) 

In (4.4), ξ  is the vector of collective variables, and derivatives with respect to ξ  should be 

interpreted as gradients in collective variable space, whereas derivatives at constant ξ correspond 

to simulations where the collective variables are constrained. The first term on the right hand side 

of equation (4.4) can be rewritten using the definition of Ω as: 

∂Ω
∂ξ ����s�

=
∂G
∂ξ ����s�

− N2
∂µ2
∂ξ ����s�

																															(4.5) 

The derivative of the chemical potential in (4.4) can be rewritten as: 

∂µ2
∂ξ ����s�

= −
∂µ2
∂N2 }��s�

∂N2
∂ξ ����s�

																																		(4.6) 

We can use the definition of Ω to rewrite its derivative with respect to N2 appearing in (4.4) as: 

∂Ω
∂N2 }��s�

= −N2
∂µ2
∂N2 }��s�

																																														(4.7) 

Combining equations (4.4)-(4.7), we get: 

∂Ω
∂ξ ����s�

=
∂G
∂ξ ����s�

																																																(4.8) 

Therefore, the gradient of the osmotic free energy with respect to the collective variables, 

in the osmotic ensemble, equals the gradient of the Gibbs free energy in the NXN2TP ensemble, 

with the number of molecules of solvent N2  fixed at the equilibrium value from the original 

osmotic ensemble. The latter free energy gradient is much easier to calculate in MD simulations, 

and can be obtained using the same procedure we have used in the past for the SMCV in the NPT 
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ensemble. Equation (4.8) provides a route to obtain the free energy gradient in the osmotic 

ensemble, allowing us to find the minimum free energy path in the osmotic ensemble using the 

SMCV as follows:  

1. Generate an initial set of replicas of the system, with one of the end replicas corresponding to 

a supersaturated solution at the desired concentration, and the other to a pre-equilibrated crystal 

in contact with a solution at the same concentration. Adjust the number of solvent molecules 

in each replica to ensure that the concentration of the solution phase is the same in all images. 

Calculate the values of the solute collective variables at every image, which will define the 

initial string. 

2. For every step in the SMCV: 

2.1. Run a MD simulation for each replica along the string, with the collective variables ξ 

restrained to the current values ξ∗ for the replica via harmonic potentials, as in the usual 

string method. The average restraint force at the replica will be the value of  ¡
 } ����s�

, 

which is the same as  ¢
 } ����s�

, as shown above. 

2.2. Obtain new values of the collective variable targets ξ∗  by taking a short step (of pre-

specified length) downhill in osmotic free energy. 

2.3. Interpolate a B-spline through the new values of ξ∗, and use the B-spline to redistribute 

the collective variable targets so they are at constant arc-length from each other. The 

interpolated values will be the new ξ∗ for the next step. 

2.4. Select images from the restrained MD simulations in the previous step that are closest to 

each of the new values of ξ∗ , and add or remove solvent molecules to keep the 

concentration of the solution phase at the desired (constant) value. Inserting solvent may 



 

80 
 

require expanding the simulation box, this is not a problem as the volume will be corrected 

by the MD barostat. 

2.5. Return to step 2.1 using the geometries obtained from step 2.4. The restraint centers 

typically have to be moved slowly from the previous to the new value when running the 

MD simulations to ensure numerical stability.  

3. After convergence, the replicas will define a string that approximates the minimum free energy 

path between the solution and solution + crystal phases in the osmotic ensemble. 

Steps 2.2-2.5 are essentially the same as in the original string method, with the only 

difference being that the number of solvent molecules is adjusted to maintain constant 

supersaturation (and therefore constant µ2). By inserting/removing solvent molecules in between 

steps of the method, we avoid the need for MD simulations at constant chemical potential. 

Furthermore, the insertion/deletion moves can be done regardless of density, since the system will 

be re-equilibrated during the MD simulation. For example, a solvent molecule can be inserted at a 

high-energy location, then the energy can be minimized and the new MD simulation started. It is 

also possible to expand the volume of the box to insert a solvent molecule, since the volume will 

be adjusted by the MD barostat during equilibration. The main difference is that, in this method, a 

longer equilibration time per step is needed. Another advantage of this approach is that it does not 

require knowing the value of µ2, since the chemical potential is implicitly imposed by maintaining 

a constant concentration in the solution phase. 

 

4.2.2 Computational Details 

To calculate the order parameters (OPs), we first defined an initial structure by exporting 

the experimental crystal structure of sulfamerazine in the CCDC10 (5´4´2 unit cells). Note that 
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sulfamerazine has three known polymorphs. For our calculations we used Form II, which is the 

thermodynamically stable form at ambient conditions11, 12. This initial structure was relaxed in a 

molecular dynamics (MD) simulation using the optimized force field at 295 K and 1 atm for 1 ns. 

Afterwards, the system was annealed to ~0 K and the final crystalline structure was used as the 

reference structure for OP calculations. Peaks in the pair distribution function were found from the 

reference structure with a cutoff of 9.5 Å. To obtain the parameters in equation (2.5), we used the 

structures from the previous 1 ns NPT simulation at 295 K and fit them to equation (2.4) following 

the method described in Santiso and Trout13. Using equation (2.5) with the resulting parameters, 

we can calculate OPs for any replica, crystalline or solution-like. The equilibrium melt-like 

structure was obtained by running NPT simulations at 295 K and 1 atm in the solvated system of 

120 single sulfamerazine molecules for 0.5 ns. 

In order to obtain an initial string, we first equilibrated a 5´4´2 unit cell crystal, both 

solvated with 4000 methanol and with 3200 acetonitrile molecules, in the NPT ensemble at 295 K 

for 50 ns. Afterwards, we ran MD simulations in the NVT ensemble at 1000 K, and took snapshots 

during these simulations. We then took a few of the resulting snapshots and used them as starting 

points for MD simulations at 295 K in the NPT ensemble for 4 ns. These trajectories were stitched 

together to form an initial string. In order to limit the number of OPs, we divided the system into 

4´4´4 subcells, and use the average OP values in each subcell, as described in ref. 13. This results 

in a 64-dimensional collective variable space. All the simulations were performed using the Large-

Scale Atomic/Molecular Massively Parallel Simulator (LAMMPS)14 software. 

In each step of the SMCV simulation, the OPs of each image were maintained close to their 

“target value” by adding a set of harmonic restraints. Short NPT simulations of 0.2 ns at 295 K 

and 1 atm were then run for each replica to calculate the mean force needed to keep it close to 
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“target” value. Finally, each image was propagated by following the mean force. To avoid images 

clustering at the end points of the pathway, which is what would happen if each of them were to 

evolve indefinitely along the gradient vector, we then reinterpolated (“reparameterized”) the target 

order parameters to keep the distance between images in order parameter space constant. This 

procedure was repeated until the Fréchet distance15 between two neighboring strings was 

stabilized. We determined the SMCV to reach convergence when the difference between the 

Fréchet distances in two succesive steps were < 4.0 (even for a converged string, the Fréchet 

distance between successive steps will remain finite due to thermal fluctuations). All the SMCV 

simulations were performed using a modified version of the NAMD16 software that included the 

implementations of the OPs and SMCV in C++ libraries. Periodic boundary conditions were 

applied in all dimensions. 

 

4.3 Results and Discussions 

4.3.1 SMCV in the NPT ensemble 

The potential of mean force (PMF) is the negative line integral of the restraint force along 

the string in the OP space. Figure 4.1 shows the converged PMF obtained from the SMCV 

simulations for sulfamerazine in acetonitrile and methanol, respectively. The arclength is the 

cumulative distance between images in the OP space. We observed the convergence of the string 

after 65 steps in acetonitrile and 68 steps in methanol (Figure 4.1 includes the PMFs for the last 

two steps). While the converged string represents the minimum free energy path connecting the 

solution phase and solid phase, we can use it to estimate the nucleation energy barrier by 

comparing the PMF in the solution end and the critical nuclei (highest point on the plot). The 

nucleation free energy barrier is 23.5±1.5 kcal/mol in acetonitrile and 27.7±0.9 kcal/mol in 
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methanol. Note that these are likely overestimates of the nucleation barrier, as the SMCV restraints 

more degrees of freedom than just the reaction coordinate. However, the trends obtained from the 

PMF usually correspond with those in the free energy along the reaction coordinate17-19. 

 

 

Figure 4.1 The potential of mean force (PMF) associated with the minimum free energy path 
(MFEP) for the nucleation of sulfamerazine in acetonitrile and methanol at 295 K and 1 atm. 

 
 

Figure 4.2 shows snapshots taken from the restrained MD simulations corresponding to the 

first (solution) and last (crystalline) images, as well as the critical nuclei, for the simulations in 

acetonitrile and methanol. The solvent molecules have been deleted for clarity, and the solute 

molecules are coloured according to the order parameter values in their subcell. Molecules 

coloured red correspond to low values of OP (solution-like), and those coloured blue to high values 

(crystal-like), with gray indicating intermediate values. Starting from the disordered solution phase 

(Figure 4.2a), the sulfamerazine molecules form an ordered nucleus surrounded by a partially order 

layer (Figure 4.2b), and further progressing to the crystal state (Figure 4.2c). The figure also shows 

that, as the crystalline nucleus grows, the number of molecules in the solution phase changes 

appreciably: there is more “empty” space in the snapshots containing the nucleus; this is 

particularly evident in the case of methanol. Therefore, the level of supersaturation of the solution 
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changes significantly as the crystalline nucleus grows, which is known to result in a distorted free 

energy profile3, 20.  

 

 

 

Figure 4.2 Snapshots of the images along the MFEP in acetonitrile and methanol (solvent 
molecules are deleted) (a) solution basin, (b) critical nuclei, (c) crystalline basin 

 
 
4.3.2 SMCV in the Osmotic Ensemble 

As derived in section 4.2.1, the gradient of the osmotic free energy with respect to the 

collective variables in the osmotic ensemble equals the gradient of the Gibbs free energy in the 

NXN2TP ensemble. Thus, we can adjust the number of solvent molecules in between steps of the 

string method to keep the supersaturation constant along the path, while the mean forces are still 

calculated in the NPT ensemble. In order to do this, we need a criterion to identify the number of 

solute molecules in the crystalline and solution phases in the simulation box. As Figure 4.2 

Acetonitrile

(c)(b)(a)

Methanol

(c)(b)(a)
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suggests, it is appropriate to assign molecules to the crystalline phase by clustering. To this end, 

we used an algorithm similar to the one used by Salvalaglio et al.3: For each solute molecule, if it 

is connected with at least 5 other solutes within a cutoff of 8.0 Å, all of them are included in the 

cluster. We selected the coordination number of 5 and the cutoff of 8.0 Å by calculating the center-

of-mass radial distribution function of the crystal in the solution and finding its first minimum 

(Figure 4.3). The molecules not belonging to the cluster are then counted to calculate the 

concentration of the solution. When carrying out the SMCV iterations, the concentration of the 

solution in each image was adjusted to match that of the solution end of the string (left-hand side 

in Figure 4.1) by adding or removing solvent molecules. As a result, the total number of solvent 

molecules decreases as the solid nucleus grows. 

 

 

Figure 4.3 Radial distribution function g(r) of sulfamerazine in solution 

 
 

The PMFs obtained after convergence in the osmotic ensemble are shown in Figure 4.4. 

For comparison, the figure includes the PMFs in the NPT ensemble (same as Figure 4.2), and those 

obtained using the analytical free energy correction from Ref. 9, as explained below. In both 

solvents, the nucleation branch of the string shows a relatively small change when accounting for 
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solute depletion, whereas the crystalline branch exhibits a more marked decrease in PMF as the 

nucleus grows. This effect is more marked in methanol, in agreement with the qualitative 

observation from Figure 4.2 that the concentration of the solution in the NPT ensemble changes 

more rapidly along the string for this solvent. For this particular example, the nucleation barrier 

(as obtained from the PMF) only changed ~0.6 kcal/mol in acetonitrile and ~0.2 kcal/mol in 

methanol when accounting for depletion, a modest decrease. We speculate that the small difference 

in this case is related to the very low solubility of sulfamerazine in both solvents, which leads to a 

very high level of supersaturation in the simulations (unfortunately, decreasing the supersaturation 

to more realistic levels would require a much larger number of solvent molecules, which would 

make the computational cost prohibitive). Since the supersaturation is very high, the relative 

change in supersaturation during nucleation is small, and the barrier obtained using the NPT 

ensemble is a good approximation. We expect the difference to be more marked as the 

supersaturation decreases. 

 

 

Figure 4.4 The potential of mean force (PMF) for the nucleation of sulfamerazine in acetonitrile 
and methanol. Solid lines represent the PMF obtained from the SMCV in the NPT ensemble (red 
squares) and in the osmotic ensemble (blue triangles). 
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We compared our results with the method discussed in Ref. 3, where the free energy change 

during the nucleation process is written as: 

∆G l → c = −N£k?Tln
γx
γ∗x∗ + σ¥N£

2
) + N�C�k?Tln

γx
γBxB

+ NFk?Tln
γF 1 − x
γF,B 1 − xB

		(4.9) 

In equation (4.9), N£ is the number of solute molecules in the solid phase, N�C� is the total 

number of solute molecules, and NF  is the number of solvent molecules. k?  is the Boltzmann 

constant, γ is the activity coefficient of the solute, x is the mole fraction of the solute in the solution 

phase, and γF is the activity coefficient of the solvent. The superindex “*” indicates the values in 

a saturated solution, the subindex “0” indicates the values in the original supersaturated solution, 

and σ¥ represents the surface tension. Since there is no available data for the activity coefficients 

of sulfamerazine, we used the 1-parameter Margules equation21 to estimate them, as shown in 

equation (4.10) and (4.11): 

lnγX = Ax22                                                       (4.10) 

lnγ2 = AxX2                                                       (4.11) 

Under this assumption, only two parameters are unknown for our calculation: the Margules 

constant A and surface tension σ¥. These values can be estimated by fitting equation (4.9) to the 

data from the SMCV simulations in the NPT ensemble3. Figure 4.5 shows the fitted curves, where 

σ¥ equals 12.3 kcal/mol and 12.6 kcal/mol, and A equals 6.2 and 6.6 in acetonitrile and methanol, 

respectively. The fit is not very close, particularly for methanol. This is likely due to the solution 

deviating substantially from the symmetric Margules model. However, this is likely a better 

approximation than assuming an ideal solution, and using a better, multiparametric model would 

lead to overfitting given the small amount of data available to fit.  
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Figure 4.5 Fitting equation (4.7) to SMCV results from NPT ensemble 

 
We used the parameter A to estimate the free energy correction for depletion as shown in 

equation (4.12)3: 

∆G£CTT = − N�C� − N£ k?Tln
γx
γBxB

− NFk?Tln
γF 1 − x
γF,B 1 − xB

													(4.12) 

The dashed lines in Figure 4.6 show the PMFs obtained by adding this correction to our 

results from the SMCV method in the NPT ensemble. Since the symmetric Margules model is not 

a very accurate model for this system, we tested the sensitivity of the analytical correction to the 

parameters A and σ¥. As an example, Figure 4.6 shows the PMF curves obtained using values of 

σ¥ increased and decreased by 0.2 kcal/mol from the original fitted value, a variation of  ~1.5% (A 

was adjusted automatically during the fitting to equation 4.7 with σ¥ fixed). This resulted in a shift 

of the nucleation barrier of ±0.8 kcal/mol in acetonitrile and ±1.4 kcal/mol in methanol, which 

indicates that the correction method is very sensitive to the values of the activity coefficients. This 

illustrates an advantage of using the SMCV in the osmotic ensemble, as it does not require using 

an activity coefficient model and imposes constant concentration by construction.  
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Figure 4.6 The potential of mean force (PMF) for the nucleation of sulfamerazine in acetonitrile 
and methanol. Solid lines represent the PMF obtained from the SMCV in the NPT ensemble. Dash 
lines represent the PMF adding the correction from equation (4.10) 

 
4.4. Conclusions 

We have proposed and implemented a new version of the string method in collective 

variables (SMCV) in the osmotic ensemble, suitable for modelling solute precipitate nucleation at 

constant supersaturation. As an example, we used this new method to study the nucleation of 

sulfamerazine in acetonitrile and methanol, and compared it to the results using the SMCV in the 

NPT ensemble. The results show a modest decrease in the nucleation barrier (estimated using the 

potential of mean force) when accounting for solute depletion. We expect this difference to be 

more marked for lower values of supersaturation. Finally, we compared the results using the new 

method to those obtained with the analytical correction used in previous studies3 and found that, 

although the trends are similar, the results from the analytical correction are very sensitive to errors 

in the estimation of activity coefficients. Using the SMCV in the osmotic ensemble eliminates the 

need to assume a particular model for the activity coefficients in the solution, eliminating this 

potential source of error.  
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Chapter 5  Inhibition of Calcium Pyrophosphate Crystal Growth 

5.1 Introduction 

Calcium pyrophosphate (CaPP) crystals are involved in several rheumatologic disorders1-

3, including CaPP deposition disease (pseudogout) and osteoarthritis, which affect nearly 50% of 

the population over age 85 in the US4. The acute gout-like symptoms of CaPP deposition disease 

have been revealed by in vivo studies to be connected to molecular-level interactions between 

CaPP crystal surfaces and cell membranes5, whereas the chronic inflammatory response involves 

the phagocytosis of the CaPP crystals by polymorphonuclear leukocytes with the release of 

lysosomal enzymes6. To date, the crystallization mechanism of CaPP crystals in human joints is 

still poorly understood, and there is no clinical method to halt or reverse the progress of CaPP 

crystal deposition7, 8. 

The lack of understanding for CaPP crystal formation is a result of its complex solid phase 

diagram9. Over 30 different crystalline forms of Ca or mixed Ca pyrophosphate have been 

discovered from in vitro experiments9, 10. Only two of these crystal forms, however, have been 

observed in vivo: triclinic CaPP dihydrate (t-CPPD) and monoclinic CaPP dihydrate (m-CPPD)11, 

with the former being the thermodynamically stable phase. A number of experimental studies have 

focused on controlling CaPP crystal growth, and found that additives like ions and small molecules 

showed strong effects on transforming the crystal structure or morphology. G.S. Mandel et al.12 

synthesized different CaPP polymorphs via controllable in vitro methods. With MgCl2 added in a 

solution of calcium dihydrogen pyrophosphate, m-CPPD formed after a 24 h stirring period, while 

t-CPPD was observed after 7 days stirring with only calcium dihydrogen pyrophosphate and water. 

R.M. Bennett et al.13 systematically studied additive effects on t-CPPD solubility, indicating that 

the addition of NaCl would cause a moderate increase of solubility. Besides, Mg2+, citrate and 
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albumin all have an influence on the solubility of t-CPPD. Other molecules have also been shown 

to affect the crystal growth. The binding of CaP2O7
2- chelates and phosphocitrate could inhibit the 

growth of CaPP crystals10, and auto-inhibition by P2O7
4- was reported in the precipitation of m-

CPPT8. However, screening effective inhibitors for CaPP crystal growth is challenging for 

experimental studies with a large number of possible candidates need to be tested. 

Molecular modeling could in principle aid in the screening of  potential inhibitors for CaPP 

crystal growth14. To our knowledge, only a few studies have applied modeling techniques to study 

CaPP crystallization. Wierzbicki et al.10 implemented an inhibitor-surface energy optimization 

procedure with the CeriusTM molecular modeling software to estimate the binding energies of 

phosphocitrate to (010), (011), (100), (01-1) and (001) faces of t-CPPD, and concluded that the 

growth of the direction perpendicular to the surfaces would be inhibited by the additive binding. 

They also used molecular dynamics (MD) simulations to model the interaction between the CPPD 

(010) surface and extracellular phospholipid bilayers14, 15, and discovered that this interaction may 

lead to decoupling of the external layer from the intracellular side of the membrane due to 

electrostatic effects.  

Unfortunately, no force field parameters specifically used for CaPP have been reported in 

previous work. Furthermore, no attempts were made to validate the CaPP force field used in 

previous work. Ideally, a good atomistic potential for CaPP would reproduce the structures of the 

known polymorphs accurately, as well as correctly predict their relative stabilities. The current 

lack of accurate force fields for CaPP impedes the systematic study of CaPP crystallization by 

molecular simulations. In addition, while previous studies were focused on the crystal forms 

observed in vivo, the crystal forms that are not seen in vivo, but might be intermediate states for 

the formation of the thermodynamically stable form are also important to investigate. 
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In this chapter, we studied the binding of additive ions (Ca2+, M2+, Na+, Cl-) on CaPP crystal 

surfaces, and used the binding energy results as the benchmark for screening effective inhibitors 

for CaPP crystal growth. Mg2+ is of great interest as an additive, not only because it has been tested 

in many in vitro experiments, but also due to its strong clinical association with CaPP deposition 

disease13-14. We also selected Na+ and Cl-, which have shown an influence on t-CPPD solubility 

and are important physiological electrolytes. Ca2+ was also included in the study to understand 

how other ions compete with Ca2+ for binding to the crystal surfaces. We first presented an 

optimized force field fitted to accurately reproduce the known CaPP crystal structures using 

CGenFF16, 17 as initial values. We then calculated binding energies between the ions and different 

CaPP crystal surfaces by carrying out Adaptive Biasing Force (ABF)18 calculations. This work is 

a first step toward the goal of developing treatments for pseudogout and CaPP-triggered 

osteoarthritis.  

 

5.2 Methods 

5.2.1 CaPP Crystal Structure and Surface 

Three CaPP crystal hydrates were selected in this study: triclinic CaPP dihydrate 

(Ca2P2O7·2H2O, t-CPPD), monoclinic α-CaPP tetrahydrate (α-Ca2P2O7·4H2O, m-CPPT-α) and 

monoclinic β-CaPP tetrahydrate (β-Ca2P2O7·4H2O, m-CPPT-β). The t-CPPD hydrate is observed 

in vivo, and it is the dominant polymorph in menisci12. The m-CPPT-α and m-CPPT-β hydrates 

are commonly observed in vitro while preparing CaPP precipitates19, 20, and they are probable 

precursors for t-CPPD formation12. Table 5.1 shows the experimental lattice parameters of the 

three CaPP polymorphs19-21, and Figure 5.1 illustrates their unit cells. We selected the (001) face 

of t-CPPD, the (010), (011) and (100) faces of m-CPPT-β, and the (010) face of m-CPPT-α for 
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binding studies, as they have been identified experimentally10, 12, 22 to be important in determining 

the growth and morphology of CaPP crystals. 

 

Table 5.1 Lattice parameters of the three CaPP polymorphs 

Polymorph Cell setting a (Å) b (Å) c (Å) α (o) β (o) γ (o) 

t-CPPD triclinic 7.365 8.287 6.691 102.96 72.73 95.01 

m-CPPT-α monoclinic 6.008 25.034 6.837 90 109.7 90 

m-CPPT-β monoclinic 12.287 7.511 10.775 90 112.54 90 
 

 

 

Figure 5.1 Depictions of unit cells of CaPP crystals, (a) t-CPPD  (b) m-CPPT-β  (c) m-CPPT-α 

 
 
5.2.2 Force Field 

Force field parameters for pyrophosphate were developed using the CHARMM general 

force field (CGenFF)17 functional form, in order to maintain compatibility with the large set of 

existing CHARMM-based molecular force fields. The CHARMM potential energy function used 

in this work to build the pyrophosphate force field is shown in equation (5.1) and (5.2): 

Ca
P
O
H
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U? = k? b − bB 2

?CDEF

+ kG θ − θB 2

IDJK;F

+ kL 1 + cos nϕ − δ
ERS;ETIKF

											(5.1) 

UD? = 4εRW
σ
rRW

X2

−
σ
rRW

Y

+
qRqW
εXrRWDCD?CDE;E

																																		(5.2) 

Here, k?, kG and kL represent force constants for the bond, angle and dihedral interactions; bB and 

θB  denote the equilibrium bond length and bond angle; and n and δ define the symmetry and 

equilibrium conformations for dihedral angles. Nonbonded interactions are accounted for using 

Lennard-Jones pair potentials, and Coulombic interactions are calculated via pre-assigned partial 

charges. The initial parameters to be optimized for the pyrophosphate molecule were taken from 

previous work on pyrophosphate groups in lipids23. The partial charge on the central oxygen was 

modified slightly to enforce charge neutrality on the pyrophosphate molecule. Water was modeled 

with the TIP3P model24, which is generally used with CGenFF. Parameters for the calcium ion 

were also taken from the CGenFF23. 

Based on the initial validation of these initial force field parameters against the 

experimental t-CPPD crystal structure, we carried out a further refinement of the force field. Bond 

(𝑘�, 𝑏B), angle (𝑘¨, 𝜃B) and dihedral (𝑘∅, 𝛿) parameters were refit to reproduce energies from plane 

wave density functional theory calculations of a 2×2×2 unit cell crystal of t-CPPD in Quantum 

Espresso25. Finally, the LJ parameters (𝜎) and partial charges (𝑞) were refined by minimizing the 

root mean square deviation (RMSD) between experimental structures and NPT MD simulations 

using the Powell algorithm26. As a test of the transferability of the parameters obtained, we tested 

their ability to reproduce the structures of m-CPPT-β, and m-CPPT-α, as the parameters were only 

fit for t-CPPD. 

 



 

98 
 

5.2.3 Free Energy Calculation 

We estimated the binding free energies of the individual ions using the adaptive biasing 

force (ABF) method18. ABF works by applying a force to the atoms in the system based on the 

value of one or more collective variables that describe the transformation under study, and 

adaptively adjusting the force to achieve uniform sampling on the collective variable space. The 

free energy as a function of a set of collective variables ξ is defined from the canonical distribution 

of ξ: 

𝐴 𝜉 = −
1
𝛽 𝑙𝑛𝑃 𝜉 + 𝐴B																																																	(5.1) 

In the TI formalism, the free energy is obtained from its gradient, which is generally calculated 

in the form of the average of a force Fξ exerted on ξ: 

∇²𝐴 𝜉 = − −𝐹² ²																																																					(5.2) 

Then, the biasing force applied along the collective variable ξ to overcome free energy barriers is 

calculated as: 

𝐹´µ¶ = ∇·𝐴 𝜉 																																																							(5.3) 

where ∇·𝐴 𝜉  denotes the current estimate of the free energy gradient at the current point ξ in the 

collective variable subspace. The external force F opposes the mean force is applied, and the net 

result of this procedure is that, after a brief equilibration, the average force acting on ξ is close to 

zero and the system undergoes barrierless diffusionlike motion along the order parameter. As 

sampling of the phase space proceeds, the estimate ∇·𝐴 𝜉  is progressively refined. Figure 5.2 

shows the schematic description of using ABF to calculate the binding energy of additives on the 

crystal surfaces with the distance of additives to the surface being the collective variable 𝜉. 
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Figure 5.2 Schematic description of calculating bind energy of additives on the crystal surfaces 

 
MD simulations were performed using LAMMPS26, with our optimized CHARMM-based 

force field. CaPP crystals were built based on the crystal data in table 5.1. Table 5.2 shows the size 

of the crystals in each calculation that we used in the simulations. The water layer above each 

surface in all our simulations was 50 ± 5 Å high. Periodic boundary conditions were applied in 

order to mimic a semi-infinite crystal slab. The initial position of the additive ion was 2 to 3 Å 

above the surface. All simulations were carried out at 300 K and 1 atm. The normal distance ξ 

between the ion and crystal surface was used as the collective variable for ABF. The ABF 

simulation was carried out in the NPT ensemble for at least 15 ns, which was usually enough to 

achieve uniform sampling along the collective variable. 

 

Table 5.2 CaPP crystal sizes used for MD simulations 

 t-CPPD m-CPPT-α m-CPPT-β m-CPPT-β m-CPPT-β 

crystal size 
(unit length) 4×4×10 5×2×5 3×9×3 3×9×3 6×4×3 

 

 

5.3 Results and Discussions 

5.3.1 Force Field 

A set of optimized force field parameters is provided in the appendix. Table 5.3 shows the 

relative errors in the cell parameters for both t-CPPD, m-CPPT-α, and m-CCPT-β after optimizing 

additive
additive

ξ
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both the bonded and nonbonded parameters. This resulted in a reduction in the average relative 

error from 8% using the original CHARMM parameters, to less than 3% after optimization. 

Furthermore, although the nonbonded parameters were fitted using only the experimental structure 

of t-CPPD, the optimized force field was able to reproduce the experimental structures of m-CPPT-

α and m-CPPT-β with similar accuracy, indicating that the parameters are transferrable between 

different hydrates of CaPP. 

 

Table 5.3 Relative errors in the cell parameters of the three polymorphs considered calculated 
using the original CHARMM parameters and our optimized force field. The errors are relative to 
the experimental crystal structure and expressed as a percentage 

  a b c α β γ 

t-CPPD Initial FF -1.04 -5.87 -6.92 -1.07 -3.42 -1.12 
Optimized FF 2.94 -2.29 -2.16 -0.11 -1.33 -1.01 

m-CPPT-α Initial FF -4.74 -5.01 -6.76 0.00 -0.69 -0.02 
Optimized FF -1.21 -1.15 -2.27 -0.04 -0.43 0.00 

m-CPPT-β Initial FF -2.79 -0.51 -8.40 0.00 1.08 0.00 
Optimized FF 1.45 -1.26 -2.69 0.00 0.00 0.00 

 

 

5.3.2 Free Energy Landscape on the Surface 

One important information on surface binding for additives is the binding site. Obtaining 

the free energy landscape on the surface could provide detailed understanding of the interaction 

between the additive and the surface. We carried out ABF calculations to find the free energy as a 

function of position for a Mg2+ ion in vacuum on a plane parallel to the crystal surface at a fixed 

distance of 5 Å. This distance was chosen to be far enough from the surface to avoid very large 

free energy barriers, but close enough to show the features of the free energy surface. The area of 

each free energy map (Figure. 5.3) is larger than one unit cell of the corresponding crystal, so that 
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Figure 5.3 Free energy landscape while moving Mg2+ in a plane parallel to the crystal surface 

 
 
the periodic structure on the surface can be reflected. The free energy is strongly related to the 

surface structure of the crystal. The (011) face of m-CPPT-β and the (001) face of t-CPPD exhibit 

t-CPPD, (001) m-CPPT-β, (010)

m-CPPT-β, (011) m-CPPT-β, (100)

m-CPPT-α, (010)
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clear free energy minima, which are likely to be the favorable binding sites of the Mg2+ ion. The 

(010) face of m-CPPT-α and the (100) face of m-CPPT-β do not show clear periodicity following 

the underlying crystal. This is because water molecules are more dominant on these two surfaces, 

and they could affect the interaction between Mg2+ and the surface. It could also lead to weaker 

binding energy as discussed in the next section. 

 
5.3.3 Binding Energy of Additives 

Figure 5.4 shows the potentials of mean force (PMF) as a function of normal distance to 

the surface for the additive ions and crystal surfaces. The binding energies were obtained from the 

PMF and shown in table 5.4. Ca2+ has the highest binding energy on the (001) face of t-CPPD and 

the (010) face of m-CPPT-β, indicating that the additives would not be strong enough to bind on 

these surfaces and affect the growth. Mg2+ shows a higher binding energy than Ca2+ on the (011) 

face of m-CPPT-β, so Mg2+ is likely to compete with Ca2+ and inhibit the growth of the m-CPPT-

β (011) face. This is could be connected to previous experimental results12 where Mg2+ inhibits the 

formation of t-CPPD. The binding energy of the ions are low for the (100) face of m-CPPT-β. As 

discussed in the previous section, this is caused by the dominance of the layer of lattice water 

molecules on this face, which attenuates significantly the interactions between the additive ions 

and the surfaces. Na+ has the highest binding energy on the (010) face of m-CPPT-α, indicating 

that Na+ could be an effective candidate for growth inhibition of m-CPPT-α (010). The two 

polymorphs, m-CPPT-α and m-CPPT-β, are metastable forms before the transition of crystal 

structure towards t-CPPD, and the inhibition of the metastable forms by the potential additives 

(Mg2+, Na+) could be helpful in the control of CaPP deposition disease. 
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Figure 5.4 Potential of Mean Force associated with the distance between ions and surfaces 
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Table 5.4 Binding energies (kcal/mol) between ions and crystal surfaces 

 t-CPPD 
(001) 

m-CPPT-β 
(010) 

m-CPPT-β 
(011) 

m-CPPT-β 
(100) 

m-CPPT-α 
(010) 

Ca2+ -4.57±0.13 -17.88±0.06 -16.75±0.06 -0.44±0.19 -0.82±0.08 

Mg2+ -0.84±0.05 -3.26±0.09 -22.49±0.08 -0.40±0.16 -1.05±0.06 

Na+ -2.34±0.04 -0.89±0.10 -1.07±0.11 -0.87±0.05 -3.36±0.05 

Cl- -2.52±0.17 -0.92±0.13 -0.58±0.13 -0.70±0.05 -0.36±0.08 
 

 
5.4 Conclusions 

Molecular modeling was applied to screen potential inhibitors for calcium pyrophosphate 

(CaPP) crystal growth. We first optimized parameters in CGenFF framework to obtain the force 

field that can reproduce CaPP crystal structures more accurately. We then calculated the binding 

free energies of additive ions (Ca2+, Mg2+, Na+ and Cl-) on crystal surfaces of different CaPP 

polymorphs by Adaptive Biasing Force (ABF) method. Our results show that Mg2+ binds more 

strongly than Ca2+ to the (011) face of m-CPPT-β, and Na+ binds more strongly that Ca2+ on the 

(010) face of m-CPPT-α. Ca2+ binds more strongly to the (001) face of t-CPPD and (010) face of 

m-CPPT-β. The binding energies are low for ions on the (100) face of m-CPPT-β. Results 

suggested that the addition of Mg2+ and Na+ may inhibit the growth of the metastable forms of m-

CPPT-α and m-CPPT-β. 
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5.6 Appendix 

Figure 5.5 shows the molecular structure of pyrophosphate molecule. The atom index 

showing on each atom is used in the force field optimization process and the force field parameter 

files. 

 

 

Figure 5.5 Atom name assigned to each atom of pyrophosphate molecule in the simulations 
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Table 5.5 shows the partial charges after optimization. The atom index corresponds to the 

indexes in Figure 5.4, and the atom types follow the style defined in CHARMM force field. 

 

Table 5.5 Partial charges of the atoms in pyrophosphate molecule after optimization 

 Atom Name Atom Type1 Charge 
ATOM P1 PG2 1.1266 
ATOM P2 PG2 1.1266 
ATOM O11 OP1 -0.9558 
ATOM O13 OP1 -0.9558 
ATOM O14 OP1 -0.9558 
ATOM O12 OPP -0.5184 
ATOM O22 OP1 -0.9558 
ATOM O23 OP1 -0.9558 
ATOM O24 OP1 -0.9558 
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Table 5.6 shows the parameters of bonds, angles and dihedrals after optimization. Note that 

only those parameters with penalty score over 10.0 in the ParamChem raw file are optimized, so 

not all the parameters are shown here. The name the atom types follows the style in CHARMM 

force field file. 

 

Table 5.6 Parameters that are optimized for pyrophosphate in CGenFF 

Bonds 
Atom Group k? bB 

OPP PG2 242.01 1.6731 
OP1 PG2 444.13 1.5436 

   
Angles 

Atom Group kG θB 
OP1 PG2 OP1 109.97 112.40 
OP1 PG2 OPP 110.37 106.83 

   
Dihedrals 

Atom Group kL n δ 
PG2 OPP PG2 OP1 0.0300 3 0.00 

    
Nonbonded 

Atom Group 𝜀 𝜎 
PG2 -0.5850 2.2156 
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Figure 5.6 shows the region selected for the calculation of surface free energy landscape 

on different crystal surfaces, corresponding to the data of Figure 5.2. 

 

                                          

                               

                 

Figure 5.6 Surface region selected for calculations in Figure 5.2 
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Chapter 6  Summary & Future Work 

6.1 Summary 

We applied molecular modeling to study crystallization from solution, particularly aiming 

at problems in the pharmaceutical industry. We investigated the nucleation of small drug 

molecules in different solvents to predict polymorph selection and nucleation kinetics, and also 

studied screening additives for CaPP crystal growth inhibition. 

In Chapter 2, we investigated polymorph selection of sulfamerazine (Form I and II) in 

acetonitrile, methanol and water. Order parameters (OPs) were first developed to quantitatively 

distinguish melt-like and crystal-like structures of sulfamerazine. We then used String Method in 

Collective Variables (SMCV) in combination of the OPs to explore the minimum free energy 

pathway for the nucleation process, where the solution basin and the crystalline basin were 

connected via the string. We calculated potential of mean force from the SMCV simulations and 

obtained the nucleation energy barrier of the two polymorphs in different solvents. Results showed 

that Form I has lower energy barriers than Form II in acetonitrile, methanol and water, indicating 

Form I is the favorable form in these solvents. Powder X-ray diffraction was implemented to 

characterize sulfamerazine crystals obtained from the experiments, and the results were consistent 

with our simulations with Form I being the only form discovered in all the solvents. This implies 

a direct observation of the Ostwald’s rule of stages that the polymorph with lower energy barrier 

is easier to crystallize from the solution.  

In Chapter 3, the nucleation kinetics of sulfadiazine was investigated in three solvent 

systems: acetonitrile, water and methanol. We used SMCV method to explore the minimum free 

energy pathway (MFEP) during the nucleation of sulfadiazine and obtained the nucleation energy 

barrier from the MFEPs. With the implementation of Markovian Milestoning with Voronoi 
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Tessellation, we calculated the nucleation rates of sulfadiazine in different solvents by measuring 

the mean first passage time of transitions between neighboring Voronoi cells. We then applied 

crystallization induction time measurements to obtain nucleation rates. The results were consistent 

with the simulations in terms of the order of nucleation rates in different solvents (acetonitrile > 

water > methanol). By fitting the nucleation rates under different supersaturations to the Classical 

Nucleation Theory (CNT), we showed that the order of thermodynamic parameter B in CNT is 

also consistent with the nucleation energy barriers in our simulations.  

In Chapter 4, we proposed a new version of the string method in collective variables 

(SMCV) in the osmotic ensemble, suitable for modelling solute precipitate nucleation at constant 

supersaturation. As an example, we used this new method to study the nucleation of sulfamerazine 

in acetonitrile and methanol, and compared it to the results using the SMCV in the NPT ensemble. 

The results show a modest decrease in the nucleation barrier (estimated using the potential of mean 

force) when accounting for solute depletion. We expect this difference to be more marked for 

lower values of supersaturation. Finally, we compared the results using the new method to those 

obtained with the analytical correction used in previous studies and found that, although the trends 

are similar, the results from the analytical correction are very sensitive to errors in the estimation 

of activity coefficients. Using the SMCV in the osmotic ensemble eliminates the need to assume 

a particular model for the activity coefficients in the solution, eliminating this potential source of 

error.  

In Chapter 5, molecular modeling was applied to screen potential inhibitors for calcium 

pyrophosphate (CaPP) crystal growth. We first optimized parameters in CGenFF framework to 

obtain the force field that can reproduce CaPP crystal structures more accurately. We then 

calculated the binding free energies of additive ions (Ca2+, Mg2+, Na+ and Cl-) on crystal surfaces 
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of different CaPP polymorphs by Adaptive Biasing Force (ABF) method. Our results show that 

Mg2+ binds more strongly than Ca2+ to the (011) face of m-CPPT-β, and Na+ binds more strongly 

that Ca2+ on the (010) face of m-CPPT-α. Ca2+ binds more strongly to the (001) face of t-CPPD 

and (010) face of m-CPPT-β. The binding energies are low for ions on the (100) face of m-CPPT-

β. Results suggested that the addition of Mg2+ and Na+ may inhibit the growth of the metastable 

forms of m-CPPT-α and m-CPPT-β. 

 

6.2 Future Work 

6.2.1 Role of Solvent on Nucleation from Solution 

Most simulation studies of crystal nucleation use order parameters to describe the structure 

of the crystal, while overlooking the structure of the solvent. However, it is well known that the 

solvent often plays a crucial role in determining the outcome of a crystallization process (a recent 

review of relevant studies is provided in Ref. 1). Recent molecular simulation work has shown 

how solvents can directly change the nucleation mechanism of a given solute2, from a “classical” 

to a “two-step” mechanism, but the reason for this effect is not well understood. We hypothesize 

that, given the important role of entropy in the nucleation process, these results can be explained 

by studying how the solute molecules and incipient nucleus distort the structure of the solvent 

around it. Thus, developing general order parameters sensitive to solvent structure, and explicitly 

including them in the description of nucleation, is crucial to provide a complete description of the 

crystallization mechanism.  

Preliminary evidence supporting this hypothesis is presented below. Figure 6.1 shows the 

order parameters of solvent molecules for pure solvents and supersaturated solutions with 

sulfadiazine. Note that there is no nucleus in the supersaturated solution and the solutes and 
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solvents are fully mixed. We show that under the supersaturated state, acetonitrile is most distorted 

with little overlap between the distribution of pure and solution systems. Methanol exhibits large 

overlap between the distribution of pure and solution, indicating that the structure of methanol 

molecules is not affected by the sulfadiazine solute as significantly as acetonitrile. There could be 

a large driving force of entropy for acetonitrile to separate sulfadiazine out of the current phase, 

leading to a lower nucleation energy barrier than methanol. This is consistent with the calculations 

in Chapter 3 where acetonitrile has a much lower energy barrier than methanol, and more details 

of the contribution of solvent molecules could be discovered in this method.  

 

   

Figure 6.1 Order parameters of solvent molecules for pure solvent and supersaturated solution 
with sulfadiazine 

 
6.2.2 Matching Molecular Pairs  

A particularly intriguing puzzle in the study of solute precipitation involves the 

crystallization of “matched molecular pairs”, such as sulfadiazine (SFD) and sulfamerazine 

(SMZ), shown in Figure 6.2. These are pairs of molecules with very similar chemical structures 

that exhibit vastly different crystallization behavior. SFD and SMZ are medium-sized molecules 

exhibiting the same functional groups, with the only difference being the methylation of the 
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pyrimidine ring. Table 6.1 shows the nucleation rates measured in our experiments, and SMZ has 

much faster nucleation rate than SFD in methanol even with lower supersaturation. Besides 

SFD/SMZ, other examples3 include Benzocaine and Procaine, Ibuprofen and Felbinac, and 

Sulfathiazole and Sulfamethoxazole. Apart from a pure theoretical interest, the differences in the 

behavior of these molecules create difficulties in developing tools to predict the crystallization 

behavior of new drug candidates. Often, when drug developers use computational tools to discover 

new active pharmaceutical ingredients, they find multiple candidates, and the choice of which 

one(s) will be developed often boils down to manufacturing issues, such as how easy the new drug 

will be to crystallize and process. Since predicting crystal structures and crystallizability is 

extremely difficult from a theoretical point of view4, drug developers often rely on statistical tools 

trained on extensive databases of experimental data for this purpose5. Matched molecular pairs 

pose a challenge for these tools since, based on most molecular descriptors, the molecules are very 

similar to each other, and therefore models predict them to have similar behavior. In combination 

with the method proposed in section 6.2.1, we may understanding the reasons for their different 

behavior and help in identifying additional descriptors that can be used to improve these statistical 

models. 

 

 

Figure 6.2 Molecular structure of sulfadiazine (left) and sulfamerazine (right) 
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Table 6.1 Nucleation rates of sulfamerazine and sulfadiazine in methanol 

 Sulfamerazine (Form I) Sulfadiazine 
Supersaturation 1.6 2.3 

Nucleation rate (m-3s-1) ~2265 ~232 

 

6.2.3 Nucleation of Calcium Pyrophosphate Crystals  

One of the key pieces of information that will help in the future development of inhibitors 

for the formation of CaPP crystals is an understanding of the nucleation of the various crystal 

forms that developed both from solution and from the amorphous phase. Figure 6.3 shows the 

possible transition pathway between different CaPP polymorphs. 

 

Figure 6.3 Transformation pathway between CaPP polymorphs 

 
Similar to the methods described in Chapter 2, this consists two steps: 1) Determining order 

parameters (OPs)6 that are sensitive to the structure of the crystal under consideration by 

constructing models for the probability distributions of relative positions and orientations of the 

molecules in the crystal; 2) Using these OPs in combination with the String Method in Collective 

Variables (SMCV)7, 8 to obtain minimum free energy paths connecting the liquid (or amorphous 

phase) state with the crystal form of interest. For the first step, MD simulations of the different 
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crystalline forms at physiological temperature is performed, and the corresponding models for the 

relative distance and orientation distributions of pyrophosphate anions in the crystals are 

constructed. The second step involves carrying out multiple MD simulations of replicas of the 

system for which the OPs are restricted to different values characteristic of the liquid (or 

amorphous solid), crystal, and intermediate states. The restraint force required to keep the OPs 

close to the target values is used to obtain a potential of mean force that is then relaxed to obtain a 

minimum free energy path between the two states. 
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