
ABSTRACT 

AFIAT MILANI, ALIREZA. Modeling, Control and Power Sharing Methods for 

Distribution Systems Driven by Solid-State Transformers: A Nonlinear Dynamical 

Approach. (Under the direction of Dr. Iqbal Husain and Dr. Aranya Chakrabortty.) 

 

Intrusion of new intermittent generation sources such as wind and solar generators 

with associated power electronic converters, and highly stochastic loads such as plug-in 

electric vehicles in the distribution-end results in some technical challenges in the 

conventional power grid. One of the major challenges of this intrusion is the increase in the 

system node voltages when power generated by the renewable resources flows back to the 

grid. This regenerative power flow results in instability issues in the system. To minimize 

these problems, the Future Renewable Electric Energy Delivery and Management 

(FREEDM) system is proposed recently which consists of an energy router, i.e., the solid-

state transformer (SST). SST is a controllable transformer with communication and 

intelligent control layers integrated with it that provides power and energy management, 

voltage and power factor control and low voltage and low frequency ride-through 

functionality. Another key feature that distinguishes the SST from a traditional transformer is 

its ability to decouple and buffer medium-voltage distribution grids from the low-voltage 

feeder sections where distributed renewable energy resources (DRER), distributed energy 

storage devices (DESD) and local loads are connected. 

In this research, a physics-based nonlinear dynamic model for the SST using the 

state-space averaging technique is developed. The model is next extended to present a multi-

SST FREEDM system. This aggregated model is used to find the feasible operational bounds 

(safe zone of operation) of the system. It has been proved that the feasible range of the SST 

system can be expanded by appropriately tuning its corresponding input references. Next, 



two power sharing methods are discussed which can be used to maintain the feasibility of the 

system in case there is a change in the load of one of the SSTs. In these methods, the other 

SSTs in the network help the SST in need by appropriately tuning their references. 

In order to keep the system operational, aside from maintaining its feasibility, the 

operating point also needs to be stable. Based on the derived dynamic model, a globally 

asymptotically stabilizing controller for a multi-SST based FREEDM system using 

Lyapunov stability theory is proposed. The designed controller is centralized; however, by 

proper selection of controller gains, it can be simplified to be implemented in either a sparse 

or decentralized way. The performance of the controller under several load conditions and 

incorrect references in controller gains is studied. 

As an intelligent power network, one of the key features of the FREEDM system is its 

ability to operate in the islanded mode where the SST with the highest energy storage 

capacity acts as the master while the other SSTs in the system act as slaves. A set of 

analytical conditions that guarantee the feasibility of the FREEDM system in the islanded 

mode of operation are derived. 
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CHAPTER 1 

INTRODUCTION 

1.1. Research Background 

The electrical energy consumption is rising globally. According to the United States 

Energy Information Administration, total US energy consumption in 2017 was over 97.4 

quadrillion Btu (28.5 trillion kWh) [1]. Electric energy production heavily relies on coal, oil 

and natural gas; however, since these resources are finite and are destructing the earth, the 

need for new types of energy resources is increasing. Renewable energy resources are 

becoming more popular due to their reduced system costs and 𝐶𝑂2 emission. Since 2009, 

system cost of onshore wind and solar photovoltaics (PV) have reduced by 14% and 61%, 

respectively [1]. Moreover, compared with natural gas, which emits between 0.6 and 2 and 

coal, which emits between 1.4 and 3.6 pounds of 
𝐶𝑂2

𝑘𝑊ℎ⁄ , wind emits only 0.02 to 0.04 

pounds of 
𝐶𝑂2

𝑘𝑊ℎ⁄  and solar emits 0.07 to 0.2 
𝐶𝑂2

𝑘𝑊ℎ⁄  [3, 4]. 

Another advantages of using distributed renewable energy resources are reducing 

system losses [5] and providing electricity in areas that conventional power grid is not 

available or it is expensive through using microgrids (localized grids with the capability of 

independent operation from the traditional grid) [6]. A key feature of microgrids is 

integration of renewable energy resources and local loads through them. Even in the on-grid 

locations, using microgrids has advantages such as reducing the power demand from the 

traditional grid and reducing losses in the transmission and distribution lines [7]. However, 

this increase in the use of renewable energy resources also leads to high penetration of 
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variable and unmanaged power sources which impacts the stability, reliability and efficiency 

of the power grid [8].  Some of the technical challenges of high PV penetration into the 

traditional power grid are reverse power flow from the feeder to the substation which results 

in overvoltage and higher loss in the lines [9, 10, 11], voltage fluctuations due to the change 

in solar irradiance [12] and voltage/current unbalance in multi-phase systems. Among these 

problems, voltage rise is the major issue due to unstabilizing the distribution network [13]. A 

lot of research has been conducted to solve this issue and solutions such as using static 

synchronous compensator (STATCOM), static VAR compensator (SVC), Volt-Var control 

(VVC), DC transmission and distribution systems, Volt-Watt control (VW) and storage 

systems have been proposed [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26]. VAR 

compensators mitigate the voltage rise by injecting reactive power through switching 

capacitors into the system [14, 15]. Volt-Var control (VVC) is another method that can be 

used to reduce the voltage rise along the feeder by injecting reactive power and minimize the 

losses in the system which would increase the system efficiency and lifetime of the 

equipment [16, 17]. In volt-Watt control (VW), a high level of power may be curtailed in 

order to keep the voltage within the required limits [18]. Storage systems have lately been a 

popular solution to mitigate the voltage rise in distribution feeders. They can help buffer 

renewable energy generation, capturing a portion of the energy produced during light load 

and exporting it back to the network when required and therefore, no power curtailment will 

be necessary [19]. 

A future electric power distribution system that is suitable for plug-and play of 

distributed renewable energy resources (DRER) and distributed energy storage systems 

(DESD) is proposed by the NSF Future Renewable Electric Energy Delivery and 
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Management (FREEDM) systems center [27]. The one node FREEDM system consists of a 

solid-state transformer (SST), a DC microgrid and an AC microgrid. Each microgrid can 

consist of solar or wind DRERs, a DESD system and local loads. SST serves as an energy 

router and its voltage transformation is achieved through using a high frequency transformer 

which results in a smaller and lighter transformer compared with traditional transformers. 

Moreover, the SST system provides some functionalities that cannot be obtained using 

traditional transformers such as decoupling the low voltage side from the grid side, voltage 

sag restoration, power factor correction, fault current monitoring, power flow control, etc. 

[27, 28, 29]. 

The control of the FREEDM system is much more complicated than the traditional 

power distribution system. In the traditional system, automatic generation control (AGC) 

adjusts the output power of the generators in the system by maintaining the frequency level at 

a desired value; however, this control method does not work perfectly with power systems 

that generation exists in the distribution side [30, 31]. In the FREEDM system, several 

control layers exist. First layer is the intelligent energy management (IEM) layer which 

implements the time-insensitive energy management control objectives of the FREEDM 

system such as optimal utilization of DRERs and DESDs based on weather forecast and 

economic data, and minimizing the net cost and circuit losses of the system through solving a 

constrained power flow problem. Second layer is the intelligent power management (IPM) 

layer that regulates the DC and AC link voltages and controls the active/reactive power of the 

microgrids. The last layer is the intelligent fault management (IFM) unit and its primary 

function is to identify and isolate faults and reclose the fault isolation devices (FID) when 

required [27]. 
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Several research has been done on the functionalities, performance and application of 

SSTs in power distribution systems [27, 28, 29, 32, 33, 34, 35, 36, 37]. In [27, 28, 29], the 

concept of FREEDM system is proposed and advantages of this new generation of 

transformers compared to traditional transformers are explained. In [32], an average model of 

a single-phase SST using state-space averaging is derived and a control strategy for the SST 

is proposed. In [33], a power management strategy for a single SST system in presence of 

renewable energy systems is proposed. In [34], black start performance of a lab scale single 

SST system is investigated. In [35], some failures in the operation of a SST-based power 

distribution network is observed; however, the reason behind the failure is unknown. Unlike 

the traditional transformers, the SST system is modelled with differential equations and, 

therefore, aside from the physical bounds of the system dictated by its component ratings, 

there are some mathematical bounds on the system that define the feasible operational range 

of it. No study has been done on the mathematical operational bounds of the SST system. 

Moreover, in [36], a detailed model of a SST is derived and a stabilizing controller for the 

system based on its linearized model is designed. This controller does not guarantee 

asymptotic stability of the system (modelled through nonlinear dynamic equations). 

Furthermore, the controller may not work in a multi-SST based power distribution system. 

Feasibility analysis and an asymptotically stabilizing controller design for a multi-SST based 

power distribution network have been studied in this dissertation. 

1.2. Research Motivation 

The idea of the “solid-state transformer” was proposed in 1970s for the first time [38]. 

However, limitations on voltage/current ratings of the power device components at the time 

did not allow this system to be implementable especially in the distribution level. With 
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improvements in the design of wide-band gap semiconductor devices, replacing the 

traditional transformers with SSTs is a valid option. Moreover, due to reduced use of copper 

and laminated steel in SSTs compared to traditional transformers, these systems are more 

cost-effective [32]. SST is an energy router that consists of three stages: 

1. The front-end rectifier stage which is used to convert the grid side AC voltage into a 

DC voltage. 

2. The dual-active bridge (DAB) converter that converts the high DC voltage at the 

output of the rectifier into a low DC voltage through a high frequency transformer. 

This low DC voltage is used as the common feeder for the DC microgrid. 

3. The voltage source inverter which inverts the DC voltage at the output of the DAB 

into an AC voltage which is used as the common feeder for the AC microgrid. 

In a multi-SST FREEDM system where several power electronic stages with nonlinear 

dynamic models exist, grid operators need to know the “safe zone” of operation of the system 

to be able to operate it in this safe zone at all times [39]. Aside from the limits dictated on the 

system by its component voltage/current ratings, its dynamic model poses some limits on the 

feasible operational range of the system. In other words, system model must have a solution 

in the steady state at all times. Therefore, a feasibility analysis is necessary to find the 

operational bounds of the system and select system parameters and references based on the 

desired operational range of the system. In some extreme cases where the load of the system 

goes beyond the allowable feasible range; i.e., system becomes infeasible, tuning its 

references can expand the feasible operational range and therefore, maintain its feasibility. 

Therefore, a study on how to expand the feasible operation range seems necessary. 

Moreover, in case there is an unexpected change in the load of an SST in a multi-SST 
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FREEDM system, power flow equations must be resolved to find the new operating point of 

the system and update its references accordingly to maintain the feasibility. Therefore, 

knowledge about the power flow equations of the system seems necessary. Also, when the 

system enters the islanded mode of operation, one SST acts as the master and is responsible 

to regulate the common feeder voltage of the system while the other SSTs act as slaves and 

are responsible to deliver the required power to their corresponding loads. In this case, 

system references must be selected such that feeder voltage and power flow requirements are 

met while system maintains its feasibility constraints. Therefore, feasibility analysis on the 

islanded mode of operation needs to be studied. It should be noted that feasibility is a 

necessary but not sufficient condition to guarantee that the system will maintain its operation. 

Aside from providing feasible references to the system, the operating point also needs to be 

stable. Therefore, a controller must be designed for the system that would stabilize its 

operating point. Moreover, a region of attraction of the controller needs to be derived so that 

the operating point of the system is always chosen in that range. 

1.3. Contribution 

Main contributions of the work presented in this dissertation are listed below: 

1. Nonlinear dynamical models for three stages of an SST (front-end rectifier, dual-

active bridge converter and voltage source inverter) are developed. 

2. Feasible operating bounds of each stage of an SST are found based on the developed 

dynamic model. A method to increase the feasible operating range of the SST system 

is proposed. The feasibility analysis is then extended to a multi-SST based power 

distribution network and a power flow analysis on how to update system references in 
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presence of a change in the system is conducted. This analysis is validated in a three 

SST power distribution network. 

3. A centralized controller based on the Lyapunov stability theory is proposed that 

guarantees asymptotic stability of a multi-SST based power distribution network. The 

controller is then simplified to design a decentralized controller where each SST only 

takes feedback from its own system states to stabilize the global system. A 

comparison on the performance of the centralized vs decentralized controller is 

provided. Moreover, stability of the system in presence of incorrect references in the 

controller is studied. This controller is validated in a three SST power distribution 

network.  

4. Feasibility analysis of the FREEDM system in the islanded mode of operation is 

studied to provide feasible references for the “master” and “slave” SSTs. Moreover, 

the performance of the designed controller on the system in islanded mode of 

operation is investigated. 

1.4. Dissertation Outline 

The outline of the dissertation is as follows: 

Chapter 2 

Nonlinear dynamic model of each sub-stage of the SST system including the front-

end rectifier, dual-active bridge DC/DC converter and the voltage source inverter is derived 

using the state-space averaging technique. Singular perturbation has been used to reduce the 

complexity of the model and make it more tractable. These dynamic models are then linked 

together through algebraic constraints. A three SST power distribution network based on the 
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developed model is built and different case studies such as changes in input grid voltage, load 

and microgrid output current are studied. 

This analysis was presented in the IEEE Energy Conversion Congress and Expo 

(ECCE)’2016 and is also accepted in the IEEE Transactions on Industrial Applications 

Society (IAS) [40, 41]. 

Chapter 3 

Based on the developed dynamic model, the feasible operating bounds of each sub-

stage of the SST model is derived. A method to increase the feasible operating range of the 

SST is proposed based on its dynamic model and system parameters. These results are then 

extended for a multi-SST based power distribution system. To maintain system feasibility in 

presence of a system parameter/load change, a power flow analysis is conducted which 

facilitates updating the references in the system. These results are verified in a three SST 

power distribution system. 

Results presented in this chapter are accepted in the IEEE Transactions on Power 

Systems (TPWRS) [39]. 

Chapter 4 

Finding the feasible operational bounds of the system is a necessary but not sufficient 

condition to keep the system running. It should be guaranteed that any operating point 

provided to the system is also stable. In this chapter, a global asymptotically stabilizing 

controller for the multi-SST power distribution system is proposed. The designed controller 

is centralized; however, it can be simplified as a decentralized controller where each SST in 

the system only feedbacks its own states to stabilize the system. A comparison on the 

performance of the centralized vs decentralized controller is provided. Moreover, stability of 
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the system in presence of incorrect references in the controller is studied. This controller is 

validated in a three SST power distribution network. 

The analysis in this chapter is drafted to submit to the IEEE Transactions on power 

systems (TPWRS). 

Chapter 5 

Feasibility of the FREEDM system in the islanded mode of operation is studied in 

this chapter. When the grid gets disconnected from the FREEDM system, one SST will 

operate as the master and it will be responsible to maintain the feeder voltage at a desired 

value while the other SSTs will operate as slaves and continue their operation as in the grid-

tied case. Finding proper references for the system to maintain its feasibility when it gets 

disconnected from the grid is the main focus of this chapter. Moreover, the performance of 

the proposed controller in Chapter 4 on the FREEDM system in islanded mode of operation 

is studied. 

The analysis in this chapter is drafted to submit to IEEE Energy Conversion Congress 

and Expo (ECCE). 

Chapter 6  

Contributions of this dissertation and future work are summarized in this chapter. 
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CHAPTER 2 

DYNAMIC MODELING OF A SOLID-STATE 

TRANSFORMER BASED POWER DISTRIBUTION SYSTEM 

2.1. Introduction 

In this chapter, a physics-based dynamic model for a solid-state transformer (SST) 

based power distribution system is presented. The future distribution-level power system is 

envisioned to have SST as its centerpiece, as described in the Future Renewable Electric 

Energy Delivery and Management (FREEDM) system architecture [27]. The FREEDM 

system design is based on an energy router, i.e., the SST which connects distributed 

renewable energy resources (DRER), distributed energy storage devices (DESD) and local 

loads on the low voltage AC and DC side with the distribution grid. SST is a power 

electronics-based transformer where several layers of control, communications and 

intelligence are integrated into it for demand-side management, control of voltage and power 

factor, elimination of customer-side harmonics, and for providing low-voltage ride-through 

and low-frequency ride-through functionalities [42]. A key feature that distinguishes the SST 

from a traditional transformer is its ability to decouple and buffer medium-voltage 

distribution grids from the low-voltage feeder sections which is possible through a high 

frequency transformer [43]. 

SST has three power electronics conversion stages which are the front-end rectifier, 

dual-active bridge converter and the voltage-source inverter. The rectifier stage is used to 

convert the grid side high AC voltage into a high DC voltage which is then converted to a 

low DC voltage using the dual-active bridge DC-DC converter. This low DC voltage is used 
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as the common feeder for DC microgrid applications. The inverter is used to inverter the low 

DC voltage into a low AC voltage which is used as the common feeder for AC microgrid 

applications [44]. 

In this chapter, dynamic model for each of these stages are derived using the state-

space averaging technique. Averaging provides a simpler way to model systems [45, 46]. 

Especially in power electronic converters, it helps avoid the need to include the high 

frequency PWM switching harmonics for system dynamic analysis [47, 48]. The complete 

model of a SST can be found by relating these individual stage models together through 

algebraic equations. This accumulated final model is used in the later chapters for feasibility 

study and controller design. 

2.2. Solid-State Transformer Dynamic Model 

In this section, dynamic model of a solid-state transformer using the state-space 

averaging technique is presented. The detailed circuit diagram of the SST is shown in Fig. 

2.1. As it was discussed previously, SST consists of three power conversion stages, the front-

end rectifier, the dual-active bridge converter and the voltage-source inverter. Dynamic 

model of each subsystem is derived separately using the state-space averaging technique and 

then, these models are connected together through algebraic equations. Due to the wide 

variety of time-scales of the different states, singular perturbation techniques are used to 

reduce the model order, and represent it in a more tractable form. Using singular 

perturbation, system dynamics are divided into slow and fast dynamics and the states that 

have little or no effect on system performance are eliminated [49]. 
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Figure 2.1 Solid-state transformer circuit model. 

2.2.1. Front-end Rectifier 

The first stage in the SST system is the front-end rectifier which is used to connect 

the SST to the grid. This stage converts the high AC grid voltage into a high DC voltage. The 

proposed rectifier model has a LCL filter in its AC side and its circuit model is shown in Fig. 

2.2. As it can be seen in this figure, states of the system are the currents of the grid-side and 

inverter-side inductors, voltage across the LCL filter capacitor and the output voltage of the 

rectifier across the DC side capacitor. Using the state-space averaging technique, the 

differential equations below represent the system in the phase domain. 

𝐿𝑟𝑒𝑐1

𝑑𝑖𝐿𝑟𝑒𝑐1

𝑑𝑡
(𝑡) = −𝑅𝑟𝑒𝑐1𝑖𝐿𝑟𝑒𝑐1

(𝑡) + 𝑣𝐶𝑓
(𝑡) − 𝑣𝑖𝑛(𝑡)                                                              (2.1) 

𝐶𝑓

𝑑𝑣𝐶𝑓

𝑑𝑡
(𝑡) = 𝑖𝐿𝑟𝑒𝑐2

(𝑡) − 𝑖𝐿𝑟𝑒𝑐1
(𝑡)                                                                                                  (2.2) 

𝐿𝑟𝑒𝑐2

𝑑𝑖𝐿𝑟𝑒𝑐2

𝑑𝑡
(𝑡) = −𝑅𝑟𝑒𝑐2𝑖𝐿𝑟𝑒𝑐2

(𝑡) − 𝑣𝐶𝑓
(𝑡) + 𝑑𝑟𝑒𝑐(𝑡)𝑣𝐶𝑟𝑒𝑐

(𝑡)                                             (2.3) 

𝐶𝑟𝑒𝑐

𝑑𝑣𝐶𝑟𝑒𝑐

𝑑𝑡
(𝑡) = −

1

𝑅𝐿,𝑟𝑒𝑐(𝑡)
𝑣𝐶𝑟𝑒𝑐

(𝑡) − 𝑑𝑟𝑒𝑐(𝑡)𝑖𝐿𝑟𝑒𝑐
(𝑡)                                                           (2.4) 
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Figure 2.2 Front-end rectifier circuit. 

 

In order to make the analysis simpler, d-q transformation can be used to represent the AC 

states by two DC components. For single phase d-q transformation, first, an imaginary phase 

which is lagging the original phase by 90 degrees is defined (denoted by m) and then, d-q 

transformation given in equation (2.5) is used to find the transformed dynamic model [50]. 

The final rectifier model in the new coordinates is presented in equations (2.7)-(2.13). In 

these equations, the time argument components have been eliminated for simplicity. 

[
𝑥𝑑

𝑥𝑞
] = [

sin(𝜃) −cos(𝜃)
cos (𝜃) sin(𝜃)

] [
𝑥𝑎

𝑥𝑚
]                                                                                                  (2.5) 

�̇� = 𝜔                                                                                                                                                    (2.6) 

𝐿𝑟𝑒𝑐1

𝑑𝑖𝐿𝑟𝑒𝑐1,𝑑

𝑑𝑡
= −𝑅𝑟𝑒𝑐1𝑖𝐿𝑟𝑒𝑐1,𝑑 + 𝜔𝐿𝑟𝑒𝑐1𝑖𝐿𝑟𝑒𝑐1,𝑞 + 𝑣𝐶𝑓,𝑑 − 𝑣𝑖𝑛,𝑑                                             (2.7) 

𝐿𝑟𝑒𝑐1

𝑑𝑖𝐿𝑟𝑒𝑐1,𝑞

𝑑𝑡
= −𝜔𝐿𝑟𝑒𝑐1𝑖𝐿𝑟𝑒𝑐1,𝑑 − 𝑅𝑟𝑒𝑐1𝑖𝐿𝑟𝑒𝑐1,𝑞 + 𝑣𝐶𝑓,𝑞 − 𝑣𝑖𝑛,𝑞                                            (2.8) 

𝐶𝑓

𝑑𝑣𝐶𝑓,𝑑

𝑑𝑡
= 𝑖𝐿𝑟𝑒𝑐2,𝑑 − 𝑖𝐿𝑟𝑒𝑐1,𝑑 + 𝜔𝐶𝑓𝑣𝐶𝑓,𝑞                                                                                     (2.9) 

𝐶𝑓

𝑑𝑣𝐶𝑓,𝑞

𝑑𝑡
= 𝑖𝐿𝑟𝑒𝑐2,𝑞 − 𝑖𝐿𝑟𝑒𝑐1,𝑞 − 𝜔𝐶𝑓𝑣𝐶𝑓,𝑑                                                                                  (2.10) 

𝐿𝑟𝑒𝑐2

𝑑𝑖𝐿𝑟𝑒𝑐2,𝑑

𝑑𝑡
= −𝑅𝑟𝑒𝑐2𝑖𝐿𝑟𝑒𝑐2,𝑑 + 𝜔𝐿𝑟𝑒𝑐2𝑖𝐿𝑟𝑒𝑐2,𝑞 − 𝑣𝐶𝑓,𝑑 + 𝑑𝑟𝑒𝑐,𝑑𝑣𝐶𝑟𝑒𝑐

                              (2.11) 
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𝐿𝑟𝑒𝑐2

𝑑𝑖𝐿𝑟𝑒𝑐2,𝑞

𝑑𝑡
= −𝜔𝐿𝑟𝑒𝑐2𝑖𝐿𝑟𝑒𝑐2,𝑑 − 𝑅𝑟𝑒𝑐2𝑖𝐿𝑟𝑒𝑐2,𝑞 − 𝑣𝐶𝑓,𝑞 + 𝑑𝑟𝑒𝑐,𝑞𝑣𝐶𝑟𝑒𝑐

                               (2.12) 

𝐶𝑟𝑒𝑐

𝑑𝑣𝐶𝑟𝑒𝑐

𝑑𝑡
= −

1

2
𝑑𝑟𝑒𝑐,𝑑𝑖𝐿𝑟𝑒𝑐2,𝑑 −

1

2
𝑑𝑟𝑒𝑐,𝑞𝑖𝐿𝑟𝑒𝑐2,𝑞 −

1

𝑅𝐿,𝑟𝑒𝑐
𝑣𝐶𝑟𝑒𝑐

+
1

2
(𝑑𝑟𝑒𝑐,𝑞𝑖𝐿𝑟𝑒𝑐2,𝑞 − 𝑑𝑟𝑒𝑐,𝑑𝑖𝐿𝑟𝑒𝑐2,𝑑) cos(2𝜃)

−
1

2
(𝑑𝑟𝑒𝑐,𝑑𝑖𝐿𝑟𝑒𝑐2,𝑞 + 𝑑𝑟𝑒𝑐,𝑞𝑖𝐿𝑟𝑒𝑐2,𝑑) sin(2𝜃)                                                   (2.13) 

As shown in Fig. 2.2, 𝑅𝑟𝑒𝑐1, 𝐿𝑟𝑒𝑐1, 𝑅𝑟𝑒𝑐2, 𝐿𝑟𝑒𝑐2, 𝐶𝑓 and 𝐶𝑟𝑒𝑐 represent the rectifier grid 

side LCL filter resistor, grid side LCL filter inductor, inverter side LCL filter resistor, 

inverter side LCL filter inductor, LCL filter capacitor and DC side capacitor, respectively. 

Moreover, 𝑣𝑖𝑛 and 𝑅𝐿,𝑟𝑒𝑐 represent the SST input voltage and net load seen by the rectifier, 

respectively. Equation (2.6) presents a part of the dynamics of the phase-locked loop (PLL) 

monitoring the grid frequency. The time constant of the PLL is assumed to be faster 

compared to that of the rectifier, and thereby 𝜔 is approximated to be constant at the 

synchronous values of 377 𝑟𝑎𝑑/𝑠𝑒𝑐 (assuming a 60 𝐻𝑧 power system). Accordingly, 𝜃(𝑡) is 

approximated as 𝜃(𝑡) = 𝜃(𝑡 = 0) + 𝜔𝑡. Depending on more complex dynamic models of 

the PLL, 𝜃(𝑡) may be approximated by more complicated functions than just a simple 

straight line. However, the important point to note is that although 𝜃(𝑡) by itself is an 

unbounded function, it enters the rectifier dynamic equations through trigonometric 

functions. The implications of these unbounded time-varying terms for judging the 

equilibrium properties of the derived model will be made clear in the next chapter. It should 

also be noted that the last two terms in equation (2.13) model the second harmonic effect of 

the grid voltage on the dynamics of 𝑣𝐶𝑟𝑒𝑐
. 
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Conventionally, the output DC voltage of the rectifier is controlled using the duty 

cycle of the H-bridge in the rectifier circuit using an outer-loop voltage controller and an 

inner-loop d-axis current controller. Moreover, reactive power flow through the rectifier can 

be controlled by controlling the q-axis input current [51, 52]. A unity power factor can be 

achieved by setting the reference for the q-axis input current equal to zero [53]. The dynamic 

model of the aforementioned controller using PI controllers is presented below: 

ξ̇1 = 𝑣𝐶𝑟𝑒𝑐,𝑟𝑒𝑓 − 𝑣𝐶𝑟𝑒𝑐
                                                                                                                      (2.14) 

ξ̇2 = 𝐾𝑃1(𝑣𝐶𝑟𝑒𝑐,𝑟𝑒𝑓 − 𝑣𝐶𝑟𝑒𝑐
) + 𝐾𝐼1ξ1 − 𝑖𝐿𝑟𝑒𝑐2,𝑑                                                                          (2.15) 

ξ̇3 = 𝑖𝐿𝑟𝑒𝑐2,𝑞,𝑟𝑒𝑓 − 𝑖𝐿𝑟𝑒𝑐2,𝑞                                                                                                                (2.16) 

The output signals of this control system are the d-axis and q-axis duty cycle of the 

rectifier and their equations are given below. 

𝑑𝑟𝑒𝑐,𝑑 = 𝐾𝑃2(𝐾𝑃1(𝑣𝐶𝑟𝑒𝑐,𝑟𝑒𝑓 − 𝑣𝐶𝑟𝑒𝑐
) + 𝐾𝐼1ξ1 − 𝑖𝐿𝑟𝑒𝑐2,𝑑) + 𝐾𝐼2ξ2                                         (2.17) 

𝑑𝑟𝑒𝑐,𝑞 = 𝐾𝑃3 (𝑖𝐿𝑟𝑒𝑐2,𝑞,𝑟𝑒𝑓 − 𝑖𝐿𝑟𝑒𝑐2,𝑞) + 𝐾𝐼3ξ3                                                                              (2.18) 

The control system gains must be designed such that ∀𝑡 ≥ 0, the following condition 

is satisfied. 

𝑑𝑟𝑒𝑐,𝑑
2 + 𝑑𝑟𝑒𝑐,𝑞

2 ≤ 1                                                                                                                          (2.19) 

The control system presented above is shown in Fig. 2.3. 
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Figure 2.3 Rectifier nested PI controller scheme. 

An approximate model for the rectifier model can be achieved by eliminating the 

dynamics of the LCL filter capacitor. Since 𝐶𝑓 is very small, singular perturbation can be 

used to simplify the model and represent the filter as an inductor in series with a resistor. 

Therefore, by defining 𝐿𝑟𝑒𝑐 = 𝐿𝑟𝑒𝑐1 + 𝐿𝑟𝑒𝑐2 and 𝑅𝑟𝑒𝑐 = 𝑅𝑟𝑒𝑐1 + 𝑅𝑟𝑒𝑐2, the model can be 

simplified as: 

𝐿𝑟𝑒𝑐

𝑑𝑖𝐿𝑟𝑒𝑐,𝑑

𝑑𝑡
= −𝑅𝑟𝑒𝑐𝑖𝐿𝑟𝑒𝑐,𝑑 + 𝜔𝐿𝑟𝑒𝑐𝑖𝐿𝑟𝑒𝑐,𝑞 + 𝑑𝑟𝑒𝑐,𝑑𝑣𝐶𝑟𝑒𝑐

− 𝑣𝑖𝑛,𝑑                                         (2.20) 

𝐿𝑟𝑒𝑐

𝑑𝑖𝐿𝑟𝑒𝑐,𝑞

𝑑𝑡
= −𝜔𝐿𝑟𝑒𝑐𝑖𝐿𝑟𝑒𝑐,𝑑 − 𝑅𝑟𝑒𝑐𝑖𝐿𝑟𝑒𝑐,𝑞 + 𝑑𝑟𝑒𝑐,𝑞𝑣𝐶𝑟𝑒𝑐

− 𝑣𝑖𝑛,𝑞                                         (2.21) 

𝐶𝑟𝑒𝑐

𝑑𝑣𝐶𝑟𝑒𝑐

𝑑𝑡
= −

1

2
𝑑𝑟𝑒𝑐,𝑑𝑖𝐿𝑟𝑒𝑐,𝑑 −

1

2
𝑑𝑟𝑒𝑐,𝑞𝑖𝐿𝑟𝑒𝑐,𝑞 −

1

𝑅𝐿,𝑟𝑒𝑐
𝑣𝐶𝑟𝑒𝑐

+
1

2
(𝑑𝑟𝑒𝑐,𝑞𝑖𝐿𝑟𝑒𝑐,𝑞 − 𝑑𝑟𝑒𝑐,𝑑𝑖𝐿𝑟𝑒𝑐,𝑑) cos(2𝜃)

−
1

2
(𝑑𝑟𝑒𝑐,𝑑𝑖𝐿𝑟𝑒𝑐,𝑞 + 𝑑𝑟𝑒𝑐,𝑞𝑖𝐿𝑟𝑒𝑐,𝑑) sin(2𝜃)                                                      (2.22) 
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2.2.2. Dual-Active Bridge Converter 

Dual-active bridge (DAB) converter is the second stage of a SST system. In this 

stage, the high DC voltage at the output of the rectifier is converted to a low DC voltage 

which can be used for DC microgrid applications. The circuit diagram of a DAB is shown in 

Fig. 2.4. As it can be seen in this figure, DAB consists of two H-bridges with a high 

frequency transformer in between these two bridges. In order to transfer the power from one 

side to the other, phase difference must exist between the switching of these bridges. The 

states of the DAB system are input capacitor voltage, output capacitor voltage and current of 

the transformer inductor. However, since the inductor current state is much faster than the 

two capacitor voltage states, singular perturbation can be used to present the system using 

only two states. The inductor current of DAB is approximated linearly as a function of two 

capacitor voltage states and DAB parameters [54, 55]. This would result in the following 

dynamic model for DAB: 

𝐶𝐷𝐴𝐵,𝑖𝑛

𝑑𝑣𝐶𝐷𝐴𝐵,𝑖𝑛

𝑑𝑡
=

1

𝑅𝑠1
𝑣𝐶𝑟𝑒𝑐

−
1

𝑅𝑠1
𝑣𝐶𝐷𝐴𝐵,𝑖𝑛

−
𝑑𝐷𝐴𝐵(1 − 𝑑𝐷𝐴𝐵)𝑁

2𝑓𝑠𝐿𝐷𝐴𝐵
𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡

                     (2.23) 

𝐶𝐷𝐴𝐵,𝑜𝑢𝑡

𝑑𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡

𝑑𝑡
=

𝑑𝐷𝐴𝐵(1 − 𝑑𝐷𝐴𝐵)𝑁

2𝑓𝑠𝐿𝐷𝐴𝐵
𝑣𝐶𝐷𝐴𝐵,𝑖𝑛

−
1

𝐿𝐷𝐶
𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡

                                      (2.24) 

In the equations above, 𝐶𝐷𝐴𝐵,𝑖𝑛, 𝐶𝐷𝐴𝐵,𝑜𝑢𝑡, 𝑅𝑠1, 𝑁, 𝑓𝑠 and 𝐿𝐷𝐴𝐵 represent the DAB input 

capacitor, output capacitor, resistor connecting rectifier and DAB, turns ratio of the high 

frequency transformer, switching frequency and transformer inductance, respectively. 

Moreover, 𝐿𝐷𝐶 represents the net load seen by the DAB. 
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Figure 2.4 Dual-active bridge circuit. 

 

The output DC voltage of DAB is controlled using the phase shift between the H-

bridges in the system [56]. The control system equations for this purpose using a PI 

controller are given below. 

ξ̇4 = 𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡,𝑟𝑒𝑓 − 𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡
                                                                                                        (2.25) 

𝑑𝐷𝐴𝐵 = 𝐾𝑃4(𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡,𝑟𝑒𝑓 − 𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡
) + 𝐾𝐼4ξ4                                                                        (2.26) 

The control system gains must be designed such that ∀𝑡 ≥ 0, the following inequality 

is satisfied. 

−1 ≤ 𝑑𝐷𝐴𝐵 ≤ 1                                                                                                                                (2.27) 

The control system for DAB system is presented in Fig. 2.5. 

PI-+vCDAB,out,ref dDAB

vCDAB,out  

Figure 2.5 DAB PI controller scheme. 
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2.2.3. Voltage Source Inverter 

Inverter is the last stage of the SST system which is used to invert the output DC 

voltage of the DAB into an AC voltage which can be used for AC microgrid applications. 

The circuit diagram of the inverter stage is shown in Fig. 2.6. Inductor current and capacitor 

voltage of the output filter are the states of this subsystem. Similar to the front-end rectifier 

stage, d-q transformation can be used to derive the dynamic model of the inverter. 

+
-

Vin,inv

Rs2

Linv

AC

MG
Cinv

 

Figure 2.6 Voltage source inverter circuit. 

 

𝐿𝑖𝑛𝑣

𝑑𝑖𝐿𝑖𝑛𝑣,𝑑

𝑑𝑡
= 𝑑𝑖𝑛𝑣,𝑑𝑣𝑖𝑛,𝑖𝑛𝑣 − 𝑅𝑠2𝑖𝐿𝑖𝑛𝑣,𝑑

+ Ω𝐿𝑖𝑛𝑣𝑖𝐿𝑖𝑛𝑣,𝑞
− 𝑣𝐶𝑖𝑛𝑣,𝑑

                                         (2.28) 

𝐿𝑖𝑛𝑣

𝑑𝑖𝐿𝑖𝑛𝑣,𝑞

𝑑𝑡
= 𝑑𝑖𝑛𝑣,𝑞𝑣𝑖𝑛,𝑖𝑛𝑣 − Ω𝐿𝑖𝑛𝑣𝑖𝐿𝑖𝑛𝑣,𝑑

− 𝑅𝑠2𝑖𝐿𝑖𝑛𝑣,𝑞
− 𝑣𝐶𝑖𝑛𝑣,𝑞

                                         (2.29) 

𝐶𝑖𝑛𝑣

𝑑𝑣𝐶𝑖𝑛𝑣,𝑑

𝑑𝑡
= 𝑖𝐿𝑖𝑛𝑣,𝑑

−
1

𝐿𝑎𝑐
𝑣𝐶𝑖𝑛𝑣,𝑑

+ Ω𝐶𝑖𝑛𝑣𝑣𝐶𝑖𝑛𝑣,𝑞
                                                                 (2.30) 

𝐶𝑖𝑛𝑣

𝑑𝑣𝐶𝑖𝑛𝑣,𝑞

𝑑𝑡
= 𝑖𝐿𝑖𝑛𝑣,𝑞

− Ω𝐶𝑖𝑛𝑣𝑣𝐶𝑖𝑛𝑣,𝑑 −
1

𝐿𝑎𝑐
𝑣𝐶𝑖𝑛𝑣,𝑞

                                                                  (2.31) 
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In the equations above, 𝐿𝑖𝑛𝑣, 𝐶𝑖𝑛𝑣, Ω and 𝑅𝑠2 represent the inverter output filter 

inductor, output filter capacitor, output signal frequency and the resistor connecting DAB and 

inverter, respectively. 

The inverter controller regulates its output voltage at a desired level by controlling the 

d-axis and q-axis output voltage [57]. Dynamic equations representing the PI based controller 

for the inverter are shown below. 

ξ̇5 = 𝑣𝐶𝑖𝑛𝑣,𝑑,𝑟𝑒𝑓 − 𝑣𝐶𝑖𝑛𝑣,𝑑                                                                                                                (2.32)  

ξ̇6 = 𝑣𝐶𝑖𝑛𝑣,𝑞,𝑟𝑒𝑓 − 𝑣𝐶𝑖𝑛𝑣,𝑞                                                                                                                (2.33)  

𝑑𝑖𝑛𝑣,𝑑 = 𝐾𝑃5(𝑣𝐶𝑖𝑛𝑣,𝑑,𝑟𝑒𝑓 − 𝑣𝐶𝑖𝑛𝑣,𝑑) + 𝐾𝐼5ξ5                                                                               (2.34) 

𝑑𝑖𝑛𝑣,𝑞 = 𝐾𝑃6(𝑣𝐶𝑖𝑛𝑣,𝑞,𝑟𝑒𝑓 − 𝑣𝐶𝑖𝑛𝑣,𝑞) + 𝐾𝐼6ξ6                                                                                (2.35) 

The control system gains must be designed such that ∀𝑡 ≥ 0, the following condition 

is satisfied. 

𝑑𝑖𝑛𝑣,𝑑
2 + 𝑑𝑖𝑛𝑣,𝑞

2 ≤ 1                                                                                                                          (2.36) 

The PI based controller for the inverter system is presented in Fig. 2.7. 

PI-+vCinv,d,ref dinv,d

vCinv,d

PI-+vCinv,q,ref dinv,q

vCinv,q  

Figure 2.7 Inverter PI controller scheme. 
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2.2.4. Overall SST Model 

Let 𝑥𝑝 ∈ 𝑅19 denote the vector of state variables for all three stages of an SST. From 

circuit calculations, 𝑅𝐿,𝑟𝑒𝑐 can be expressed as: 

𝑅𝐿,𝑟𝑒𝑐 =
𝑣𝐶,𝑟𝑒𝑐

2

𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡

2

𝐿𝐷𝐶
+

(𝑣𝐶,𝑟𝑒𝑐 − 𝑣𝐶𝐷𝐴𝐵,𝑖𝑛
)2

𝑅𝑠1

                                                                                   (2.37) 

The expression above accumulates for the losses and net loads seen by the SST 

system. Based on equations (2.1)-(2.36), the overall SST model can be written in a compact 

form as: 

�̇�𝑝(𝑡) = 𝑓1(𝑥𝑝(𝑡), 𝛼1, 𝛼2, 𝐿𝑑𝑐 , 𝐿𝑎𝑐) + 𝑓2(𝑥𝑝(𝑡), cos(𝜃(𝑡)) , sin(𝜃(𝑡)))                              (2.38) 

𝑔(𝑥𝑝(𝑡), 𝛼1, 𝛼2, 𝐿𝑑𝑐 , 𝐿𝑎𝑐) ≤ 0                                                                                                       (2.39) 

Where 𝛼1 and 𝛼2 represent the set of system parameters and references, respectively. 

The function 𝑓2(. ) models the second harmonic effect of 𝑥𝑝(𝑡) following from the last two 

terms in equation (2.13). Moreover, function 𝑔(. ) models the three duty cycle equations 

given for each subsystem. 

2.2.5. DC and AC Microgrids 

In order to facilitate the integration of distributed renewable energy resources 

(DRER) and distributed energy storage devices (DESD) into the grid, the SST system 

provides two feeders: a DC feeder which is at the output of the DAB stage and an AC feeder 

which is at the output of the inverter stage. Each of these feeders can get connected to solar 

or wind DRERs, DESD systems and local loads through appropriate interface circuits [58]. 
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Each of these interface circuits are responsible for voltage rectifying, inverting or boosting 

[59, 60]. For example, the interface circuit that connects solar DRER to the DC feeder is a 

boost converter that guarantees DRER operation at its maximum power point [61]. The SST 

system should operate in a plug-and play manner meaning that connecting/disconnecting any 

of these microgrid subsystems should not have any effect on the operation of the system and 

the system must keep running. In Fig. 2.8, a single SST system with its DC and AC 

microgrids are shown. 

GRID

DESD

Battery

SST

1

DRER

WIND

PV LOAD

DESD

Battery

DRER

WIND

PV LOAD

DC LINK

AC LINK

gridZ
1Z

PCC

 

Figure 2.8 Single SST FREEDM system. 

2.3. Multi-SST FREEDM Dynamic Model 

The envisioned structure of the FREEDM distribution system, interfaced with SSTs 

connected in a tree topology is shown in Fig. 2.9. Tree topology means that multiple SSTs 

along with their corresponding DC and AC microgrids are connected to the main distribution 

feeder through switches in the form of branches. The dynamic model of each SST system can 

be presented as shown in equations (2.1)-(2.36) or in compact form as shown in equations 

(2.38) and (2.39). In a multi-SST FREEDM system, Kirchhoff’s voltage and current laws can 
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be used to relate each SST’s model to the other ones. Equations for d-axis and q-axis input 

voltage of the 𝑖𝑡ℎ SST is shown in equations (2.40) and (2.41), respectively. In these 

equations, 𝑍𝑘 = 𝑅𝑘 + 𝑗𝑋𝑘 represents the impedance of the distribution line between the 

(𝑘 − 1)𝑡ℎ and 𝑘𝑡ℎ SST, respectively (𝑍1 represents the impedance of the distribution line 

between the grid and first SST in the network). 
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SST

3
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WIND
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PV LOAD
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2
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PV LOAD
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Battery
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DC LINK

AC LINK
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DRER

WIND
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Figure 2.9 Multi-SST FREEDM system. 

 

𝑣𝑖𝑛,𝑑𝑖 = ∑ 𝑅𝑘

𝑖

𝑘=1

∑𝑖𝐿𝑟𝑒𝑐1,𝑑𝑗

𝑛

𝑗≥𝑘

− ∑ 𝑋𝑘

𝑖

𝑘=1

∑𝑖𝐿𝑟𝑒𝑐1,𝑞𝑗

𝑛

𝑗≥𝑘

                                                                     (2.40) 

𝑣𝑖𝑛,𝑞𝑖 = ∑ 𝑋𝑘

𝑖

𝑘=1

∑𝑖𝐿𝑟𝑒𝑐1,𝑑𝑗

𝑛

𝑗≥𝑘

+ ∑ 𝑅𝑘

𝑖

𝑘=1

∑𝑖𝐿𝑟𝑒𝑐1,𝑞𝑗

𝑛

𝑗≥𝑘

                                                                     (2.41) 

2.4. Case Studies and Simulation Results 

In this section, several case studies are conducted based on the developed SST model 

in this chapter to evaluate the effect of changes in load, DC/AC microgrid, input voltage or 

grid impedance on the performance of the system. SST parameters are based on SST Gen-II 

parameters [34]. Each microgrid in the system has been modelled as a current source. The 
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goal of the local controller is to regulate the output voltage of rectifier, DAB and inverter 

along with the input current of SST. Fig. 2.10 shows the rectifier, DAB and inverter output 

voltages when the DC link load is 80 𝛺 and the AC link is 50 < 53𝑜 𝛺. Moreover, Fig. 2.11 

shows the SST input current. At first, there is no current from the microgrids. As it can be 

seen in the figure, local controllers are able to regulate the voltages and input current to their 

steady state value. At 𝑡 = 1 𝑠𝑒𝑐, DC microgrid current changes from 0 𝐴 to 5 𝐴 (can be 

regarded as discharging of the battery or increase in renewable energy power). The extra 

current from the DC microgrid results in a reduction in the input current from the grid. 

Moreover, there is an increase in the rectifier and DAB output voltage. However, the local 

controllers are able to regulate the voltages back to their steady-state. At 𝑡 = 2 𝑠𝑒𝑐, the AC 

link microgrid current changes from 0 𝐴 to −15 𝐴 (can be regarded as charging of the battery 

or decrease in renewable energy power). After a sag in the voltages, the controllers regulate 

the voltage and current values back to their references. As it can be seen in the figures, the 

effect of these changes on inverter voltage is very small. Fig. 2.12 shows the resulting 

dynamics in the input current at 𝑡 = 1 𝑠𝑒𝑐 (left) and 𝑡 = 2 𝑠𝑒𝑐 (right) more precisely. 

 

Figure 2.10 SST Dynamic performance under microgrid current variation. 



 

25 

 

Figure 2.11 SST input current under microgrid current variation. 

 

Figure 2.12 SST input current dynamics under microgrid current variation. 

 

Fig. 2.13 shows the system response when the DC microgrid load changes from 80 𝛺 

to 50 𝛺. Due to the decrease in the load, an undershoot in the rectifier and DAB voltage 

occurs but the controllers are able to regulate them back to their desired value.  
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Figure 2.13 SST dynamic performance under load variation. 

 

The performance of the model is also observed for a change in grid impedance. Fig. 

2.14 and Fig. 2.15 show the response of the system after a 50% increase in grid impedance at 

𝑡 = 1 𝑠𝑒𝑐 and a 10% increase in grid voltage at 𝑡 = 2 𝑠𝑒𝑐. Moreover, in order to see the 

dynamic effect of each SST on the other SSTs in the system, a two SST system is simulated. 

The load of 𝑆𝑆𝑇1 is 10 𝑘𝑊 and changes to 50 𝑘𝑊 at 𝑡 = 1 𝑠𝑒𝑐. The load of 𝑆𝑆𝑇2 is 60 𝑘𝑊. 

Moreover, the line impedance connecting the grid to 𝑆𝑆𝑇1 and the line impedance between 

the two SSTs has been assumed to be 𝑍 = 0.7 + 𝑗 ∗ 2𝜋 ∗ 60 ∗ 0.7𝑒 − 3 𝛺. Fig. 2.16 shows 

the dynamic behavior of the system when the change in the load happens. A large undershoot 

in the output rectifier voltage of 𝑆𝑆𝑇1 is observed. Moreover, due to this load change in 𝑆𝑆𝑇1, 

there is a small undershoot in the rectifier output voltage of 𝑆𝑆𝑇2. Local controllers are able 

to regulate these voltages back to their references. 
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Figure 2.14 SST dynamic performance under grid variation. 

 

 
Figure 2.15 SST input current under grid variation. 
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Figure 2.16 SST dynamic performance under changes in other SSTs. 

2.5. Conclusion 

In this chapter, nonlinear dynamical model of a solid-state transformer (SST) based 

power distribution system is derived. First, dynamic model of a single SST is found. SST 

consists of three stages: front-end rectifier, dual-active bridge converter and voltage source 

inverter. Differential equations representing each of these stages are derived using the state-

space averaging technique. These differential equations are then linked together using 

algebraic equations to form the single SST dynamic model. The analysis is next extended to 

find the dynamic model representing a multi-SST distribution system. This model is utilized 

in the next chapters for feasibility analysis to define the feasible operational bounds and to 

design a globally asymptotically stabilizing controller for the FREEDM system. 
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CHAPTER 3 

Feasibility Analysis of the FREEDM System 

3.1. Introduction 

As it was shown in the previous chapter, the average dynamic model of a SST is 

described by significantly nonlinear dynamics. Because of these nonlinearities, determining 

the “safe zones of operation” of distribution system models integrated with SSTs is an 

important problem. Unlike the traditional electric power system where automatic generation 

control (AGC) is used to adjust the power output of multiple generators at different power 

plants to match the changes in the load, in the concept of FREEDM system, the active and 

reactive power balances are realized through control of converters with appropriate choices 

for voltage and current references [62]. These references parametrize the nonlinear model of 

the SST, and therefore, it is critically important for grid operators to know the suitable 

combinations of voltage and current references that result in a feasible equilibria. Motivated 

by this interest, in this chapter, a set of analytical conditions that determine the feasibility 

conditions for the equilibria of SST models when they are connected to the distribution grid 

is derived. The analysis is first presented for a single SST system, and then, extended to 

systems with multiple SSTs connected in a tree topology. In some extreme cases, where the 

load of an SST goes beyond the allowable feasible range, tuning the system references will 

expand the feasibility range of the SST and therefore, make this new operating point, a 

feasible one. In this chapter, a method to expand the feasible operating range of the SST is 

proposed. 

When there is a change in the load of an SST in the FREEDM system, a new power 

https://en.wikipedia.org/wiki/Power_station
https://en.wikipedia.org/wiki/Power_station
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flow must be solved to find the new operating point of the system and provide appropriate 

references, accordingly. An analysis on the power flow solution of the FREEDM system is 

provided in this chapter. Based on this analysis, several methods can be proposed by which 

multiple SSTs can share a given change in load by generating an appropriate set of feasible 

references. Two of these methods which are proposed in [39] are discussed in this chapter. 

The approach is comparable to maintaining transient stability in transmission-level power 

systems. Transient stability analysis of a single machine infinite-bus power system, for 

example, shows that a synchronous generator has two feasible equilibria for a given load 

where one of these equilibria is stable and the other one is unstable. The system is always 

ensured to operate at the stable equilibrium by maintaining the system frequency at the 

synchronous value using Automatic Generation Control (AGC). The equilibrium conditions 

for distribution system models driven by SSTs, however, are far more complicated than in 

AGC; this is because the turbine references in synchronous generator models enter only as 

exogenous inputs whereas the references in SST models enter the dynamics directly through 

the states. This analysis is validated in a 3 SST power distribution system.  

3.2. Single SST Feasibility Analysis 

As it was discussed in chapter 2, the overall SST dynamic model can be written in a 

compact form as: 

�̇�𝑝(𝑡) = 𝑓1(𝑥𝑝(𝑡), 𝛼1, 𝛼2, 𝐿𝑑𝑐 , 𝐿𝑎𝑐) + 𝑓2(𝑥𝑝(𝑡), cos(𝜃(𝑡)) , sin(𝜃(𝑡)))                                (3.1) 

𝑔(𝑥𝑝(𝑡), 𝛼1, 𝛼2, 𝐿𝑑𝑐 , 𝐿𝑎𝑐) ≤ 0                                                                                                         (3.2) 

Where 𝛼1 and 𝛼2 represent the set of system parameters and references, respectively. 

As 𝑡 → ∞, the magnitude of every element of the vector 𝑥𝑝(𝑡) can be approximated by that 
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of a time-varying sinusoidal function superimposed on top of a DC value. These DC values, 

in order, are given by the equilibrium of the vector 𝑥𝑓 ∈ 𝑅19 that satisfies: 

�̇�𝑓(𝑡) = 𝑓1(𝑥𝑓(𝑡), 𝛼1, 𝛼2, 𝐿𝑑𝑐, 𝐿𝑎𝑐)                                                                                                 (3.3) 

𝑔(𝑥𝑓(𝑡), 𝛼1, 𝛼2, 𝐿𝑑𝑐 , 𝐿𝑎𝑐) ≤ 0                                                                                                          (3.4) 

The subscript f  in the equation above stands for “fundamental” frequency component 

of the signals. For equilibrium analysis, only this fundamental component is of interest. Our 

discussion, therefore, is based on the model given in equations (3.3) and (3.4). 

Let 𝑥∗ ∈ 𝑅19 be an equilibrium of the nonlinear differential-algebraic model given in 

equations (3.3) and (3.4), which implies that: 

𝑓1(𝑥
∗, 𝛼1, 𝛼2, 𝛼3) = 0                                                                                                                        (3.5) 

𝑔(𝑥∗, 𝛼1, 𝛼2, 𝛼3) ≤ 0                                                                                                                         (3.6) 

Where 𝛼3 represents the net constant DC and AC loads, namely 𝐿𝑑𝑐 and 𝐿𝑎𝑐, 

respectively. For a given set of model parameters and loads, one would wish to determine the 

voltage and current references in 𝛼2 so that equations (3.5) and (3.6) admit a real solution for 

𝑥∗. Note that this solution may be non-unique, as discussed later. One would also wish to 

determine how the references in 𝛼2 should be tuned to maintain the feasibility of the 

equilibrium 𝑥∗ when the loads are changed. Accordingly, the two problems of interest are 

defined as follows: 

Problem 1:  

Derive the mathematical conditions that the parameter sets (𝛼1, 𝛼2, 𝛼3) must satisfy 

so that the nonlinear equations (3.5) and (3.6) have a real solution 𝑥∗. 
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Problem 2:  

Considering 𝛼1 to be fixed, derive an algorithm on how the reference references in 𝛼2 

must be tuned in response to both predicted and unpredicted changes in the loads in 𝛼3 for 

guaranteeing a real solution 𝑥∗ for equations (3.5) and (3.6). 

In order to answer these questions, the expressions for the equilibria for each stage of 

the SST are derived next. For simplicity, the symbol 𝑥𝑖 is used instead of 𝑥𝑖
∗ to denote the 

equilibrium value of the 𝑖𝑡ℎ state of the system. Note that this 𝑥𝑖 contains the equilibrium 

information of only the fundamental component of the phasor, and should not be confused 

with the 𝑖𝑡ℎ state of the model given in equations (3.1) and (3.2), which contains both 

fundamental and second harmonics. Also, 𝑥𝑖 can be non-unique, as will be seen in the 

following sections. 

3.2.1. Feasibility Analysis of Rectifier  

The dynamic model of the front-end rectifier stage was derived in chapter 2. By 

eliminating the second harmonic terms from the equations, the simplified dynamic model is 

as follows: 

𝐿𝑟𝑒𝑐1

𝑑𝑖𝐿𝑟𝑒𝑐1,𝑑

𝑑𝑡
= −𝑅𝑟𝑒𝑐1𝑖𝐿𝑟𝑒𝑐1,𝑑 + 𝜔𝐿𝑟𝑒𝑐1𝑖𝐿𝑟𝑒𝑐1,𝑞 + 𝑣𝐶𝑓,𝑑 − 𝑣𝑖𝑛,𝑑                                             (3.7) 

𝐿𝑟𝑒𝑐1

𝑑𝑖𝐿𝑟𝑒𝑐1,𝑞

𝑑𝑡
= −𝜔𝐿𝑟𝑒𝑐1𝑖𝐿𝑟𝑒𝑐1,𝑑 − 𝑅𝑟𝑒𝑐1𝑖𝐿𝑟𝑒𝑐1,𝑞 + 𝑣𝐶𝑓,𝑞 − 𝑣𝑖𝑛,𝑞                                            (3.8) 

𝐶𝑓

𝑑𝑣𝐶𝑓,𝑑

𝑑𝑡
= 𝑖𝐿𝑟𝑒𝑐2,𝑑 − 𝑖𝐿𝑟𝑒𝑐1,𝑑 + 𝜔𝐶𝑓𝑣𝐶𝑓,𝑞                                                                                     (3.9) 

𝐶𝑓

𝑑𝑣𝐶𝑓,𝑞

𝑑𝑡
= 𝑖𝐿𝑟𝑒𝑐2,𝑞 − 𝑖𝐿𝑟𝑒𝑐1,𝑞 − 𝜔𝐶𝑓𝑣𝐶𝑓,𝑑                                                                                  (3.10) 

𝐿𝑟𝑒𝑐2

𝑑𝑖𝐿𝑟𝑒𝑐2,𝑑

𝑑𝑡
= −𝑅𝑟𝑒𝑐2𝑖𝐿𝑟𝑒𝑐2,𝑑 + 𝜔𝐿𝑟𝑒𝑐2𝑖𝐿𝑟𝑒𝑐2,𝑞 − 𝑣𝐶𝑓,𝑑 + 𝑑𝑟𝑒𝑐,𝑑𝑣𝐶𝑟𝑒𝑐

                              (3.11) 
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𝐿𝑟𝑒𝑐2

𝑑𝑖𝐿𝑟𝑒𝑐2,𝑞

𝑑𝑡
= −𝜔𝐿𝑟𝑒𝑐2𝑖𝐿𝑟𝑒𝑐2,𝑑 − 𝑅𝑟𝑒𝑐2𝑖𝐿𝑟𝑒𝑐2,𝑞 − 𝑣𝐶𝑓,𝑞 + 𝑑𝑟𝑒𝑐,𝑞𝑣𝐶𝑟𝑒𝑐

                               (3.12) 

𝐶𝑟𝑒𝑐

𝑑𝑣𝐶𝑟𝑒𝑐

𝑑𝑡
= −

1

2
𝑑𝑟𝑒𝑐,𝑑𝑖𝐿𝑟𝑒𝑐2,𝑑 −

1

2
𝑑𝑟𝑒𝑐,𝑞𝑖𝐿𝑟𝑒𝑐2,𝑞 −

1

𝑅𝐿,𝑟𝑒𝑐
𝑣𝐶𝑟𝑒𝑐

                                           (3.13) 

ξ̇1 = 𝑣𝐶𝑟𝑒𝑐,𝑟𝑒𝑓 − 𝑣𝐶𝑟𝑒𝑐
                                                                                                                      (3.14) 

ξ̇2 = 𝐾𝑃1(𝑣𝐶𝑟𝑒𝑐,𝑟𝑒𝑓 − 𝑣𝐶𝑟𝑒𝑐
) + 𝐾𝐼1ξ1 − 𝑖𝐿𝑟𝑒𝑐1,𝑑                                                                          (3.15) 

ξ̇3 = 𝑖𝐿𝑟𝑒𝑐1,𝑞,𝑟𝑒𝑓 − 𝑖𝐿𝑟𝑒𝑐1,𝑞                                                                                                                (3.16) 

The equilibrium point of the rectifier system can be found by setting the right hand 

side of the equations above equal to zero. From dynamics of the controller equations in the 

steady state, 𝑣𝐶𝑟𝑒𝑐
= 𝑣𝐶𝑟𝑒𝑐,𝑟𝑒𝑓 and 𝑖𝐿𝑟𝑒𝑐1,𝑞 = 𝑖𝐿𝑟𝑒𝑐1,𝑞,𝑟𝑒𝑓. Moreover, from equations (3.11) and 

(3.12): 

𝑑𝑟𝑒𝑐,𝑑𝑣𝐶𝑟𝑒𝑐
= 𝑅𝑟𝑒𝑐2𝑖𝐿𝑟𝑒𝑐2,𝑑 − 𝜔𝐿𝑟𝑒𝑐2𝑖𝐿𝑟𝑒𝑐2,𝑞 + 𝑣𝐶𝑓,𝑑                                                                (3.17) 

𝑑𝑟𝑒𝑐,𝑞𝑣𝐶𝑟𝑒𝑐
= 𝜔𝐿𝑟𝑒𝑐2𝑖𝐿𝑟𝑒𝑐2,𝑑 + 𝑅𝑟𝑒𝑐2𝑖𝐿𝑟𝑒𝑐2,𝑞 + 𝑣𝐶𝑓,𝑞                                                                 (3.18) 

Using these results in equation (3.13) 

−
1

2
𝑑𝑟𝑒𝑐,𝑑𝑖𝐿𝑟𝑒𝑐2,𝑑 −

1

2
𝑑𝑟𝑒𝑐,𝑞𝑖𝐿𝑟𝑒𝑐2,𝑞 −

1

𝑅𝐿,𝑟𝑒𝑐
𝑣𝐶𝑟𝑒𝑐

= 0

→ 𝑑𝑟𝑒𝑐,𝑑𝑣𝐶𝑟𝑒𝑐
𝑖𝐿𝑟𝑒𝑐2,𝑑 + 𝑑𝑟𝑒𝑐,𝑞𝑣𝐶𝑟𝑒𝑐

𝑖𝐿𝑟𝑒𝑐2,𝑞 +
2

𝑅𝐿,𝑟𝑒𝑐
𝑣𝐶𝑟𝑒𝑐

2 = 0

→ (𝑅𝑟𝑒𝑐2𝑖𝐿𝑟𝑒𝑐2,𝑑 − 𝜔𝐿𝑟𝑒𝑐2𝑖𝐿𝑟𝑒𝑐2,𝑞 + 𝑣𝐶𝑓,𝑑) 𝑖𝐿𝑟𝑒𝑐2,𝑑

+ (𝜔𝐿𝑟𝑒𝑐2𝑖𝐿𝑟𝑒𝑐2,𝑑 + 𝑅𝑟𝑒𝑐2𝑖𝐿𝑟𝑒𝑐2,𝑞 + 𝑣𝐶𝑓,𝑞) 𝑖𝐿𝑟𝑒𝑐2,𝑞 +
2

𝑅𝐿,𝑟𝑒𝑐
𝑣𝐶𝑟𝑒𝑐

2 = 0       (3.19) 

Based on equations (3.9) and (3.10), the d-axis and q-axis LCL filter capacitor voltage are 

𝑣𝐶𝑓,𝑑 =
𝑖𝐿𝑟𝑒𝑐2,𝑞 − 𝑖𝐿𝑟𝑒𝑐1,𝑞

𝜔𝐶𝑓
                                                                                                                (3.20) 
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𝑣𝐶𝑓,𝑞 =
𝑖𝐿𝑟𝑒𝑐1,𝑑 − 𝑖𝐿𝑟𝑒𝑐2,𝑑

𝜔𝐶𝑓
                                                                                                                (3.21) 

By substituting these results into equation (3.19): 

𝑅𝑟𝑒𝑐2(𝑖𝐿𝑟𝑒𝑐2,𝑑
2 + 𝑖𝐿𝑟𝑒𝑐2,𝑞

2 ) −
1

𝜔𝐶𝑓
(𝑖𝐿𝑟𝑒𝑐1,𝑞𝑖𝐿𝑟𝑒𝑐2,𝑑 − 𝑖𝐿𝑟𝑒𝑐1,𝑑𝑖𝐿𝑟𝑒𝑐2,𝑞) +

2

𝑅𝐿,𝑟𝑒𝑐
𝑣𝐶𝑟𝑒𝑐

2 = 0       (3.22) 

Finally, from equation (3.7), (3.8), (3.9) and (3.10) 

[
𝑖𝐿𝑟𝑒𝑐2,𝑑

𝑖𝐿𝑟𝑒𝑐2,𝑞
] = [

1 − 𝜔2𝐿𝑟𝑒𝑐1𝐶𝑓 −𝜔𝑅𝑟𝑒𝑐1𝐶𝑓

𝜔𝑅𝑟𝑒𝑐1𝐶𝑓 1 − 𝜔2𝐿𝑟𝑒𝑐1𝐶𝑓

] [
𝑖𝐿𝑟𝑒𝑐1,𝑑

𝑖𝐿𝑟𝑒𝑐1,𝑞
] + [

0 −𝜔𝐶𝑓

𝜔𝐶𝑓 0
] [

𝑣𝑖𝑛,𝑑

𝑣𝑖𝑛,𝑞
]           (3.23) 

Considering all of the derived equations above, the final power flow equation is 

(𝑖𝐿𝑟𝑒𝑐1,𝑑 +
𝑀2

2𝑀1
)2 + (𝑖𝐿𝑟𝑒𝑐1,𝑞 +

𝑀3

2𝑀1
)2 =

𝑀2
2 + 𝑀3

2

4𝑀1
2 −

𝑀4

𝑀1
                                                      (3.24) 

Where the following expressions are defined. 

𝛼 = 1 − 𝜔2𝐿𝑟𝑒𝑐1𝐶𝑓 

𝛽 = 𝜔𝑅𝑟𝑒𝑐1𝐶𝑓 

𝛾 = 𝜔𝐶𝑓 

𝑀1 = 𝑅𝑟𝑒𝑐2(𝛼
2 + 𝛽2) + 𝑅𝑟𝑒𝑐1 

𝑀2 = (1 + 2𝑅2𝛽𝛾)𝑣𝑖𝑛,𝑑 − 2𝑅𝑟𝑒𝑐2𝛼𝛾𝑣𝑖𝑛,𝑞 

𝑀3 = 2𝑅𝑟𝑒𝑐2𝛼𝛾𝑣𝑖𝑛,𝑑 + (1 + 2𝑅𝑟𝑒𝑐2𝛽𝛾)𝑣𝑖𝑛,𝑞 

𝑀4 = 𝑅𝑟𝑒𝑐2𝛾
2(𝑣𝑖𝑛,𝑑

2 + 𝑣𝑖𝑛,𝑞
2 ) + 2

𝑣𝐶𝑟𝑒𝑐

2

𝑅𝐿
 

As it can be seen in equation (3.24), the power flow equation for the rectifier can be 

represented as a circle with a center of (−
𝑀2

2𝑀1
, −

𝑀3

2𝑀1
) and a radius of √

𝑀2
2+𝑀3

2

4𝑀1
2 −

𝑀4

𝑀1
. Aside 

from the power flow equation, the duty cycle equation needs to be satisfied. The duty cycle 
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equation is 𝑑𝑟𝑒𝑐,𝑑
2 + 𝑑𝑟𝑒𝑐,𝑞

2 ≤ 1. In a similar way, the rectifier equations in the steady state 

can be used to express this duty cycle equation as a circle. 

The analysis can be simplified if the reduced order model of the rectifier presented in 

the previous chapter is used for feasibility analysis. By eliminating the second harmonic 

terms from the equations, the simplified dynamic model is as follows: 

𝐿𝑟𝑒𝑐

𝑑𝑖𝐿𝑟𝑒𝑐,𝑑

𝑑𝑡
= −𝑅𝑟𝑒𝑐𝑖𝐿𝑟𝑒𝑐,𝑑 + 𝜔𝐿𝑟𝑒𝑐𝑖𝐿𝑟𝑒𝑐,𝑞 + 𝑑𝑟𝑒𝑐,𝑑𝑣𝐶𝑟𝑒𝑐

− 𝑣𝑖𝑛,𝑑                                         (3.25) 

𝐿𝑟𝑒𝑐

𝑑𝑖𝐿𝑟𝑒𝑐,𝑞

𝑑𝑡
= −𝜔𝐿𝑟𝑒𝑐𝑖𝐿𝑟𝑒𝑐,𝑑 − 𝑅𝑟𝑒𝑐𝑖𝐿𝑟𝑒𝑐,𝑞 + 𝑑𝑟𝑒𝑐,𝑞𝑣𝐶𝑟𝑒𝑐

− 𝑣𝑖𝑛,𝑞                                         (3.26) 

𝐶𝑟𝑒𝑐

𝑑𝑣𝐶𝑟𝑒𝑐

𝑑𝑡
= −

1

2
𝑑𝑟𝑒𝑐,𝑑𝑖𝐿𝑟𝑒𝑐,𝑑 −

1

2
𝑑𝑟𝑒𝑐,𝑞𝑖𝐿𝑟𝑒𝑐,𝑞 −

1

𝑅𝐿,𝑟𝑒𝑐
𝑣𝐶𝑟𝑒𝑐

                                              (3.27) 

The equilibrium point of this model can be found by setting the right hand side of the 

equations above equal to zero. By substituting 𝑑𝑟𝑒𝑐,𝑑 and 𝑑𝑟𝑒𝑐,𝑞 from equations (3.25) and 

(3.26) into (3.27), the following equation can be derived in the steady-state: 

(𝑖𝐿𝑟𝑒𝑐,𝑑 +
𝑣𝑖𝑛,𝑑

2𝑅𝑟𝑒𝑐
)
2

+ (𝑖𝐿𝑟𝑒𝑐,𝑞 +
𝑣𝑖𝑛,𝑞

2𝑅𝑟𝑒𝑐
)
2

=
𝑣𝑖𝑛,𝑑

2 + 𝑣𝑖𝑛,𝑞
2

4𝑅𝑟𝑒𝑐
2

−
2𝑣𝐶𝑟𝑒𝑐

2

𝑅𝑟𝑒𝑐𝑅𝐿,𝑟𝑒𝑐
                                (3.28) 

This equation represents a circle with a center of (−
𝑣𝑖𝑛,𝑑

2𝑅𝑟𝑒𝑐
, −

𝑣𝑖𝑛,𝑞

2𝑅𝑟𝑒𝑐
) and a radius of 

√
𝑣𝑖𝑛,𝑑

2 +𝑣𝑖𝑛,𝑞
2

4𝑅𝑟𝑒𝑐
2 −

2𝑣𝐶𝑟𝑒𝑐
2

𝑅𝑟𝑒𝑐𝑅𝐿,𝑟𝑒𝑐
. Since the right hand side must be strictly positive, it implies that the 

maximum mathematical power that can flow through the rectifier in steady-state is: 

𝑃𝑟𝑒𝑐,𝑚𝑎𝑥 = max {
𝑣𝐶𝑟𝑒𝑐

2

𝑅𝐿,𝑟𝑒𝑐
} =

𝑣𝑖𝑛,𝑑
2 + 𝑣𝑖𝑛,𝑞

2

8𝑅𝑟𝑒𝑐
                                                                                   (3.29) 

Furthermore, the d-axis and q-axis duty cycle must satisfy 𝑑𝑟𝑒𝑐,𝑑
2 + 𝑑𝑟𝑒𝑐,𝑞

2 ≤ 1, which can 

be equivalently written as: 
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(𝑖𝐿𝑟𝑒𝑐,𝑑 +
𝑅𝑟𝑒𝑐𝑣𝑖𝑛,𝑑 + 𝜔𝐿𝑟𝑒𝑐𝑣𝑖𝑛,𝑞

𝑅𝑟𝑒𝑐
2 + 𝐿𝑟𝑒𝑐

2 𝜔2
)
2

+ (𝑖𝐿𝑟𝑒𝑐,𝑞 +
𝑅𝑟𝑒𝑐𝑣𝑖𝑛,𝑞 − 𝜔𝐿𝑟𝑒𝑐𝑣𝑖𝑛,𝑑

𝑅𝑟𝑒𝑐
2 + 𝐿𝑟𝑒𝑐

2 𝜔2
)
2

≤
𝑣𝐶𝑟𝑒𝑐

2

𝑅𝑟𝑒𝑐
2 + 𝐿𝑟𝑒𝑐

2 𝜔2
                                                                                                  (3.30) 

The range of feasible equilibrium is, therefore, given by the intersection of the circle given 

in equation (3.29) with all the points in 𝑖𝐿𝑟𝑒𝑐,𝑑 − 𝑖𝐿𝑟𝑒𝑐,𝑞 plane that satisfies the inequality 

given in equation (3.30). In other words, all the points on the circle given in equation (3.29) 

that are on or inside the circle given in equation (3.30) are a feasible solution for the rectifier 

system. For the rectifier with parameters taken from SST Gen-II [34], Fig. 3.1 shows the 

feasibility circles for 𝑃𝑟𝑒𝑐 = 50 𝑘𝑊 and input AC voltage of 3.6 𝑘𝑉. The black circle 

represents the state circle while the red circle represents the duty cycle circle. Any point on 

the black circle that is on or inside the red circle can be a solution for the system. 

 

Figure 3.1 Rectifier feasibility circles for 𝑃𝑟𝑒𝑐 = 50 𝑘𝑊. 

3.2.2. Feasibility Analysis of DAB 

Dynamic model of the DAB stage is given in equations (3.16)-(3.18). As it was 

discussed in chapter 2, the DAB system has three states. However, since the inductor current 
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state is much faster than the other two states, a linear approximation has been used to reduce 

the system order. 

𝐶𝐷𝐴𝐵,𝑖𝑛

𝑑𝑣𝐶𝐷𝐴𝐵,𝑖𝑛

𝑑𝑡
=

1

𝑅𝑠1
𝑣𝐶𝑟𝑒𝑐

−
1

𝑅𝑠1
𝑣𝐶𝐷𝐴𝐵,𝑖𝑛

−
𝑑𝐷𝐴𝐵(1 − 𝑑𝐷𝐴𝐵)𝑁

2𝑓𝑠𝐿𝐷𝐴𝐵
𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡

                     (3.31) 

𝐶𝐷𝐴𝐵,𝑜𝑢𝑡

𝑑𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡

𝑑𝑡
=

𝑑𝐷𝐴𝐵(1 − 𝑑𝐷𝐴𝐵)𝑁

2𝑓𝑠𝐿𝐷𝐴𝐵
𝑣𝐶𝐷𝐴𝐵,𝑖𝑛

−
1

𝐿𝐷𝐶
𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡

                                      (3.32) 

ξ̇4 = 𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡,𝑟𝑒𝑓 − 𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡
                                                                                                        (3.33) 

By setting the right hand side of these equations equal to zero, substituting the 

expression for 𝑑𝐷𝐴𝐵 from equation (3.31) into equation (3.32) and setting 𝑃𝐷𝐴𝐵 =
𝑣𝑐𝐷𝐴𝐵,𝑜

2

𝐿𝐷𝐶
, 

after a few calculations, one can show that the following second-order polynomial hold true 

in the steady-state: 

𝑣𝐶𝐷𝐴𝐵,𝑖𝑛

2 − 𝑣𝐶𝑟𝑒𝑐
𝑣𝐶𝐷𝐴𝐵,𝑖𝑛

+ 𝑅𝑠1𝑃𝐷𝐴𝐵 = 0                                                                                     (3.34) 

Following from the discriminant of equation (3.34), it implies that the total power 

flowing through the DAB in steady-state must be less than or equal to: 

𝑃𝐷𝐴𝐵,𝑚𝑎𝑥 =
𝑣𝐶𝑟𝑒𝑐

2

4𝑅𝑠1
                                                                                                                             (3.35) 

Another constraint on the feasibility of the DAB is dictated by the duty cycle. From 

equation (3.31) and (3.32) in the steady-state: 

𝑑𝐷𝐴𝐵(1 − 𝑑𝐷𝐴𝐵) =
2𝑓𝑠𝐿𝐷𝐴𝐵𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡

𝑁𝑣𝐶𝐷𝐴𝐵,𝑖𝑛
𝐿𝐷𝐶

=
2𝑓𝑠𝐿𝐷𝐴𝐵𝑃𝐷𝐴𝐵

𝑁𝑣𝐶𝐷𝐴𝐵,𝑖𝑛
𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡

                                                 (3.36) 

Since the duty cycle represents the delay in the switching between two H-bridges in 

the DAB circuit, 𝑑𝐷𝐴𝐵 can be any value between +1 and −1. This restricts the upper and 

lower bound of the right hand side of equation (3.36) within −2 and +0.25. Since DAB is a 

bi-directional device, this boundary condition should be checked for both positive and 
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negative power flowing through it. For 𝑃𝐷𝐴𝐵 ≥ 0, the right hand side of equation (3.36) will 

be greater than zero, and therefore, the only condition  to be satisfied here is that 

2𝑓𝑠𝐿𝐷𝐴𝐵𝑃𝐷𝐴𝐵

𝑁𝑣𝐶𝐷𝐴𝐵,𝑖𝑛
𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡

≤ 0.25. After some algebra, positive power flow 𝑃𝐷𝐴𝐵 must satisfy: 

𝑃𝐷𝐴𝐵 ∈ [0,max {
𝑁𝑣𝐶𝑟𝑒𝑐

𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡

16𝑓𝑠𝐿𝐷𝐴𝐵
,
8𝑁𝑓𝑠𝐿𝐷𝐴𝐵𝑣𝐶𝑟𝑒𝑐

𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡
− 𝑅𝑠1𝑁

2𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡

2

64𝑓𝑠2𝐿𝐷𝐴𝐵
2 }]             (3.37) 

A similar approach can be followed to find the boundary for negative power flow. In 

this case, the condition to be satisfied is 
2𝑓𝑠𝐿𝐷𝐴𝐵𝑃𝐷𝐴𝐵

𝑁𝑣𝐶𝐷𝐴𝐵,𝑖𝑛
𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡

≥ −2, which results in: 

𝑃𝐷𝐴𝐵 ∈ [−max {
𝑁𝑣𝐶𝑟𝑒𝑐

𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡

2𝑓𝑠𝐿𝐷𝐴𝐵
,
𝑁𝑓𝑠𝐿𝐷𝐴𝐵𝑣𝐶𝑟𝑒𝑐

𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡
+ 𝑅𝑠1𝑁

2𝑣𝐶𝐷𝐴𝐵,𝑜𝑢𝑡

2

𝑓𝑠2𝐿𝐷𝐴𝐵
2 } , 0]          (3.38) 

Combining equations (3.35), (3.37) and (3.38), the final feasibility range for the 

equilibrium of the DAB stage can be found. 

3.2.3. Feasibility Analysis of Inverter 

The dynamic model for the third stage of the SST system, i.e., the voltage source 

inverter was derived in chapter 2 and is provided below. 

𝐿𝑖𝑛𝑣

𝑑𝑖𝐿𝑖𝑛𝑣,𝑑

𝑑𝑡
= 𝑑𝑖𝑛𝑣,𝑑𝑣𝑖𝑛,𝑖𝑛𝑣 − 𝑅𝑠2𝑖𝐿𝑖𝑛𝑣,𝑑

+ Ω𝐿𝑖𝑛𝑣𝑖𝐿𝑖𝑛𝑣,𝑞
− 𝑣𝐶𝑖𝑛𝑣,𝑑

                                         (3.39) 

𝐿𝑖𝑛𝑣

𝑑𝑖𝐿𝑖𝑛𝑣,𝑞

𝑑𝑡
= 𝑑𝑖𝑛𝑣,𝑞𝑣𝑖𝑛,𝑖𝑛𝑣 − Ω𝐿𝑖𝑛𝑣𝑖𝐿𝑖𝑛𝑣,𝑑

− 𝑅𝑠2𝑖𝐿𝑖𝑛𝑣,𝑞
− 𝑣𝐶𝑖𝑛𝑣,𝑞

                                         (3.40) 

𝐶𝑖𝑛𝑣

𝑑𝑣𝐶𝑖𝑛𝑣,𝑑

𝑑𝑡
= 𝑖𝐿𝑖𝑛𝑣,𝑑

−
1

𝐿𝑎𝑐
𝑣𝐶𝑖𝑛𝑣,𝑑

+ Ω𝐶𝑖𝑛𝑣𝑣𝐶𝑖𝑛𝑣,𝑞
                                                                 (3.41) 

𝐶𝑖𝑛𝑣

𝑑𝑣𝐶𝑖𝑛𝑣,𝑞

𝑑𝑡
= 𝑖𝐿𝑖𝑛𝑣,𝑞

− Ω𝐶𝑖𝑛𝑣𝑣𝐶𝑖𝑛𝑣,𝑑 −
1

𝐿𝑎𝑐
𝑣𝐶𝑖𝑛𝑣,𝑞

                                                                  (3.42) 

ξ̇5 = 𝑣𝐶𝑖𝑛𝑣,𝑑,𝑟𝑒𝑓 − 𝑣𝐶𝑖𝑛𝑣,𝑑                                                                                                                (3.43)  
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ξ̇6 = 𝑣𝐶𝑖𝑛𝑣,𝑞,𝑟𝑒𝑓 − 𝑣𝐶𝑖𝑛𝑣,𝑞                                                                                                                 (3.44) 

By setting the right hand side of the equations above equal to zero, it can be seen that the 

system always has a solution. Therefore, the only constraint on the system will be the duty 

cycle constraint, i.e. 𝑑𝑖𝑛𝑣,𝑑
2 + 𝑑𝑖𝑛𝑣,𝑞

2 ≤ 1. By extracting 𝑖𝐿𝑖𝑛𝑣,𝑑
 and 𝑖𝐿𝑖𝑛𝑣,𝑞

 from equations 

(3.41) and (3.42) and substituting them in equations (3.39) and (3.40), a second order 

polynomial as shown in equation (3.45) can be derived where the coefficients of the 

polynomial are functions of system parameters and set-points. The AC load must be chosen 

in a range such that this polynomial has a solution. 

𝜌1𝐿𝑎𝑐
2 + 𝜌2𝐿𝑎𝑐 + 𝜌3 ≤ 0                                                                                                                (3.45) 

3.3. Expansion of Feasibility Region 

It can be shown that by proper choice of DAB and inverter parameters, the rectifier 

can be made the most dominant part of the SST model in terms of its feasibility 

requirements, meaning that if the operating point satisfies the rectifier feasibility constraints 

given in equations (3.24) or (3.28) and (3.30), they will also satisfy the feasibility constraints 

of the DAB and inverter system. Therefore, problem 2 defined in section 3.2 reduces to 

finding conditions for tuning the set 𝛼3 whenever there is a change in 𝑃𝑟𝑒𝑐. 

Considering the simplified rectifier feasibility equations given in equations (3.28) and 

(3.30), the distance between circle centers (𝐴) and their radii (𝑅1, 𝑅2) are given below: 

𝐴 =
√𝑣𝑖𝑛,𝑑

2 + 𝑣𝑖𝑛,𝑞
2

2𝑅𝑟𝑒𝑐
                                                                                                                          (3.46) 

𝑅1 = √
𝑣𝑖𝑛,𝑑

2 + 𝑣𝑖𝑛,𝑞
2

4𝑅𝑟𝑒𝑐
2

−
2𝑃𝑟𝑒𝑐

𝑅𝑟𝑒𝑐
                                                                                                         (3.47) 
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𝑅2 = √
𝑣𝐶𝑟𝑒𝑐

2

𝑅𝑟𝑒𝑐
2 + 𝐿𝑟𝑒𝑐

2 𝜔2
                                                                                                                    (3.48) 

System has a solution if: 

1. The distance between the circle centers is less than or equal to the sum of their radii 

(𝐴 ≤ 𝑅1 + 𝑅2). 

Or 

2. The distance between the circle centers is less than or equal to duty cycle constraint 

circle radius minus the state constraint circle radius i.e. duty cycle circle completely 

contains the state circle (𝐴 ≤ 𝑅2 − 𝑅1). 

Case 1: 

𝐴 ≤ 𝑅1 + 𝑅2 → 𝑅1 ≥ 𝐴 − 𝑅2                                                                                                       (3.49) 

In this case, 𝑅1 must be greater than or equal to the difference between 𝐴 and 𝑅2. 

Based on the expressions of these two given in equations (3.46) and (3.48), two subcases are 

possible. 

Subcase 1.1: 𝐴 ≥ 𝑅2 

By considering equation (3.49) and defining 𝐵 =
𝑣𝑖𝑛,𝑑

2 +𝑣𝑖𝑛,𝑞
2

4𝑅𝑟𝑒𝑐
2  and 𝐶 =

2

𝑅𝑟𝑒𝑐
: 

𝐵 − 𝐶𝑃𝑟𝑒𝑐 ≥ (𝐴 − 𝑅2)
2 → 𝑃𝑟𝑒𝑐 ≤

𝐵 − (𝐴 − 𝑅2)
2

𝐶
                                                                  (3.50) 

Subcase 1.2: 𝐴 < 𝑅2 

In this case, the right hand side of equation (3.49) is negative and therefore, the 

maximum allowable power that can flow through the rectifier system is as given in equation 

(3.29). 
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Case 2: 

𝐴 ≤ 𝑅2 − 𝑅1 → 𝑅1 ≤ 𝑅2 − 𝐴                                                                                                       (3.51) 

As it was discussed before, in this case, the duty cycle circle completely contains the 

state circle and therefore, the only possible option is 𝑅2 > 𝐴. 

𝐵 − 𝐶𝑃𝑟𝑒𝑐 < (𝑅2 − 𝐴)2 → 𝑃𝑟𝑒𝑐 >
𝐵 − (𝑅2 − 𝐴)2

𝐶
                                                                  (3.52) 

Table 3.1 summarizes the various possible ranges of operation and the corresponding 

values of the allowable power where 𝑃𝑟𝑒𝑐,𝑚𝑎𝑥 =
𝑣𝑖𝑛,𝑑

2 +𝑣𝑖𝑛,𝑞
2

8𝑅𝑟𝑒𝑐
 and 𝑃𝑟𝑒𝑐,𝑙𝑖𝑚𝑖𝑡 =

𝐵−(𝑅2−𝐴)2

𝐶
. 

Table 3.1 Positive and negative power bounds of rectifier. 

CASES MAX POSITIVE POWER MAX NEGATIVE POWER 

𝑨 ≤ 𝑹𝟏 + 𝑹𝟐 

𝑨 ≥ 𝑹𝟐 

𝑃𝑟𝑒𝑐,𝑙𝑖𝑚𝑖𝑡 ∞ 

𝑨 ≤ 𝑹𝟏 + 𝑹𝟐 

𝑨 < 𝑹𝟐 

𝑃𝑟𝑒𝑐,𝑚𝑎𝑥 ∞ 

𝑨 ≤ 𝑹𝟐 − 𝑹𝟏 𝑃𝑟𝑒𝑐,𝑚𝑎𝑥 𝑃𝑟𝑒𝑐,𝑙𝑖𝑚𝑖𝑡 

Depending on the load, situations may arise when the circles in equations (3.28) and 

(3.30) may not have an intersection point. One way to solve this problem would be to tune 

the rectifier DC output voltage reference so that the radius of the duty cycle circle increases, 

and makes the power flow fall within the feasible region again. Based on equation (3.34), this 

would result in a lower bound for 𝑣𝐶𝑟𝑒𝑐,𝑟𝑒𝑓 as: 

𝑣𝐶𝑟𝑒𝑐,𝑟𝑒𝑓 ≥ √𝑅𝑟𝑒𝑐
2 + 𝐿𝑟𝑒𝑐

2 𝜔2|√𝐵 − 𝐶𝑃𝑟𝑒𝑐 − 𝐴|                                                                         (3.53) 
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Maximum and minimum allowable limits of the positive and negative power are also 

shown in Fig. 3.2. The 𝑣𝐶𝑟𝑒𝑐,𝑚𝑎𝑥, 𝑃𝑚𝑎𝑥,𝑟𝑎𝑡𝑒𝑑 and 𝑃𝑚𝑖𝑛,𝑟𝑎𝑡𝑒𝑑 lines in the figure are based on 

the SST rating.  

vCrec,max

vCrec,ref

Pmin,rated Pmax,ratedPrec,max PrecPrec,limit Prec,limit

 

Figure 3.2 Rectifier feasibility zone for power flow. 

Fig. 3.3 shows the feasibility circles for 𝑃𝑟𝑒𝑐 = 65 𝑘𝑊 and SST Gen-II parameters 

[34]. As it can be seen in the left figure, with 𝑣𝐶𝑟𝑒𝑐,𝑟𝑒𝑓
= 4500 𝑉, the two circles do not have 

an intersection point and therefore, the system is infeasible. However, by increasing 𝑣𝐶𝑟𝑒𝑐,𝑟𝑒𝑓
 

to 6100 𝑉 (as seen in the right figure), the system will become feasible and therefore, any 

point on the state circle that is inside the duty cycle circle can be a solution for the system. 

 

Figure 3.3 Rectifier feasibility region expansion. 
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3.4. Equilibrium Analysis with Multiple SSTs 

Next, consider multiple SSTs to be connected to the distribution grid in a tree 

topology. In this case, a power flow algorithm is required to find the input current and input 

voltage of each SST and the references developed by this algorithm must maintain the 

feasibility of the equilibrium for each SST, i.e., the input voltage of each SST and its 

corresponding rectifier output DC voltage must satisfy the constraint given in equation (3.28) 

and (3.30). Hence, for a n-SST distribution system, in addition to the standard power flow 

equations, one needs to consider n additional constraints following from feasibility. It should 

be noted that the solution of the power flow, i.e., the input voltage of each SST is dependent 

on the net power of all of the SSTs which is the coupling effect of the loads on the input 

voltage. The feasibility constraints in this case are given by: 

(𝑖𝐿𝑟𝑒𝑐,𝑑𝑖 +
𝑣𝑖𝑛,𝑑𝑖

2𝑅𝑟𝑒𝑐,𝑖
)

2

+ (𝑖𝐿𝑟𝑒𝑐,𝑞𝑖 +
𝑣𝑖𝑛,𝑞𝑖

2𝑅𝑟𝑒𝑐,𝑖
)

2

=
𝑣𝑖𝑛,𝑑𝑖

2 + 𝑣𝑖𝑛,𝑞𝑖
2

4𝑅𝑟𝑒𝑐,𝑖
2 −

2𝑃𝐿,𝑟𝑒𝑐𝑖

𝑅𝑟𝑒𝑐,𝑖
                           (3.54) 

(𝑖𝐿𝑟𝑒𝑐,𝑑𝑖 +
𝑅𝑟𝑒𝑐,𝑖𝑣𝑖𝑛,𝑑𝑖 + 𝜔𝐿𝑟𝑒𝑐,𝑖𝑣𝑖𝑛,𝑞𝑖

𝑅𝑟𝑒𝑐,𝑖
2 + 𝐿𝑟𝑒𝑐,𝑖

2 𝜔2
)

2

+ (𝑖𝐿𝑟𝑒𝑐,𝑞𝑖 +
𝑅𝑟𝑒𝑐,𝑖𝑣𝑖𝑛,𝑞𝑖 − 𝜔𝐿𝑟𝑒𝑐,𝑖𝑣𝑖𝑛,𝑑𝑖

𝑅𝑟𝑒𝑐,𝑖
2 + 𝐿𝑟𝑒𝑐,𝑖

2 𝜔2
)

2

≤
𝑣𝐶𝑟𝑒𝑐,𝑖

2

𝑅𝑟𝑒𝑐,𝑖
2 + 𝐿𝑟𝑒𝑐,𝑖

2 𝜔2
                                                                                              (3.55) 

𝑣𝑖𝑛,𝑑𝑖 = ∑ 𝑅𝑘

𝑖

𝑘=1

∑𝑖𝐿𝑟𝑒𝑐,𝑑𝑗

𝑛

𝑗≥𝑘

− ∑ 𝑋𝑘

𝑖

𝑘=1

∑𝑖𝐿𝑟𝑒𝑐,𝑑𝑗

𝑛

𝑗≥𝑘

                                                                        (3.56) 

𝑣𝑖𝑛,𝑞𝑖 = ∑ 𝑋𝑘

𝑖

𝑘=1

∑𝑖𝐿𝑟𝑒𝑐,𝑑𝑗

𝑛

𝑗≥𝑘

+ ∑ 𝑅𝑘

𝑖

𝑘=1

∑𝑖𝐿𝑟𝑒𝑐,𝑑𝑗

𝑛

𝑗≥𝑘

                                                                        (3.57) 

The physical meaning of the states and parameters are the same as defined in chapter 

2; the subscript i denotes the 𝑖𝑡ℎ SST, where 𝑖 = 1,… , 𝑛 and 𝑅𝑘 and 𝑋𝑘 refer to line 

resistance and reactance adjoining the 𝑖𝑡ℎ SST. Fig. 3.4 shows the feasibility circles for a two 
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SST system using parameters of a Gen-II SST. In Fig. 3.4 (a) and (b), the loads of the SSTs 

are chosen as 𝑃𝑟𝑒𝑐,1 = 30 𝑘𝑊 and 𝑃𝑟𝑒𝑐,2 = −20 𝑘𝑊, while their respective rectifier output 

DC voltage references are 𝑣𝐶𝑟𝑒𝑐,1
= 1600 𝑉 and 𝑣𝐶𝑟𝑒𝑐,2

= 3000 𝑉. The equilibrium of the 

overall system is feasible since each SST individually satisfies the feasibility condition. 

However, if the load of the second SST suddenly changes to 𝑃𝑟𝑒𝑐,2 = 50 𝑘𝑊, then both SSTs 

fall into infeasible zones of operation. This is shown in Fig. 3.4 (c) and (d). If, on the other 

hand, the rectifier output DC voltage references are tuned to 𝑣𝐶𝑟𝑒𝑐,1
= 2000 𝑉 and 𝑣𝐶𝑟𝑒𝑐,2

=

4000 𝑉 (based on equation (3.53)), the system retains its feasible operation, as shown in Fig. 

3.4 (e) and (f). 

3.5. Power Flow Analysis in Presence of Changes in System Load 

 As it was discussed in the previous section, FREEDM system has three control 

layers: 

1. Intelligent energy management unit (IEM), which is responsible for energy 

management aspects of the FREEDM system based on economic constraints and 

weather forecast data. This unit provides voltage and current references to each SST 

on predetermined intervals (15-20 minutes). 

2. Intelligent power management unit (IPM), which is responsible for regulating the AC 

and DC voltages and input current of each SST based on the references provided from 

IEM. 

3. Intelligent fault management unit (IFM), which is responsible to locate the faults of 

the system and clear them using switches and re-closers. 
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(a)                                                                       (b) 

 
                                   (c)                                                                         (d) 

 

 

 

 

 

 

 

 

 

 

 

                                  (e)                                                                       (f) 

 

                                   (e)                                                                         (f) 

Figure 3.4 Feasibility Region in Multi-SST Distribution Systems. 
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 When the load of an SST changes, if the SST is able to locally handle the change in 

its power meaning that it can either use droop control [63] or its battery system can provide 

the change in the load, the power flow solution of the distribution system will not change and 

the system will continue to operate at its previous operating point. However, if these alternate 

methods are not available, power flow needs to be solved considering the change in the load, 

a new operating point for the system must be found and a set of new references must be 

provided to each SST. It should be noted that the new references must be provided to the 

system instantaneously as the system needs to maintain it feasibility. However, as the size of 

the FREEDM system increases, solving the power flow equations for the system becomes 

more complex and takes more time. Therefore, some power sharing methods must be 

proposed to compensate for the change in the load without much delay. The IPM unit 

provides the new references to each SST using these power sharing methods by overriding 

the IEM references. The interaction between IEM and IPM unit is shown in Fig 3.5. It has 

been assumed that IEM provides references for the system in 10 minute intervals. Two cases 

are considered: in the first case (top), the operating point of the system after the change in 

system is still in the feasible range of operation and therefore, no reference update is 

necessary. However, in the second case (bottom), the new operating point of the system falls 

outside of the feasible range and therefore, IPM overrides the IEM commands and provides 

new references to the system. In this section, an analysis on the power flow equations of the 

FREEDM system is provided and two power sharing methods are proposed that IPM can use 

to find the new references of the system based on them. 
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Figure 3.5 Control interaction between IEM and IPM. 

 As it was discussed in the previous section, by proper selection of SST parameters, 

equations (3.28) and (3.30) define the feasibility region for each SST in the system. 

Assuming that the load of the 𝑖𝑡ℎ SST in the system changes, the state circles before and after 

the load change are: 

(𝑖𝐿𝑟𝑒𝑐,𝑑𝑖 +
𝑣𝑖𝑛,𝑑𝑖

2𝑅𝑟𝑒𝑐,𝑖
)

2

+ (𝑖𝐿𝑟𝑒𝑐,𝑞𝑖 +
𝑣𝑖𝑛,𝑞𝑖

2𝑅𝑟𝑒𝑐,𝑖
)

2

=
𝑣𝑖𝑛,𝑑𝑖

2 + 𝑣𝑖𝑛,𝑞𝑖
2

4𝑅𝑟𝑒𝑐,𝑖
2 −

2𝑃𝐿,𝑟𝑒𝑐𝑖

𝑅𝑟𝑒𝑐,𝑖
                           (3.54) 

(𝑖𝐿𝑟𝑒𝑐,𝑑𝑖
′ +

𝑣𝑖𝑛,𝑑𝑖
′

2𝑅𝑟𝑒𝑐,𝑖
)

2

+ (𝑖𝐿𝑟𝑒𝑐,𝑞𝑖
′ +

𝑣𝑖𝑛,𝑞𝑖
′

2𝑅𝑟𝑒𝑐,𝑖
)

2

=
𝑣𝑖𝑛,𝑑𝑖

′2 + 𝑣𝑖𝑛,𝑞𝑖
′2

4𝑅𝑟𝑒𝑐,𝑖
2 −

2𝑃𝐿,𝑟𝑒𝑐𝑖
′

𝑅𝑟𝑒𝑐,𝑖
                           (3.55) 

By reducing equation (3.54) from (3.55) 

(𝛥𝑖𝐿𝑟𝑒𝑐,𝑑𝑖 +
𝛥𝑣𝑖𝑛,𝑑𝑖

2𝑅𝑟𝑒𝑐,𝑖
)(𝛥𝑖𝐿𝑟𝑒𝑐,𝑑𝑖 +

𝛥𝑣𝑖𝑛,𝑑𝑖

2𝑅𝑟𝑒𝑐,𝑖
+ 2𝑖𝐿𝑟𝑒𝑐,𝑑𝑖 +

𝑣𝑖𝑛,𝑑𝑖

𝑅𝑟𝑒𝑐,𝑖
)

+ (𝛥𝑖𝐿𝑟𝑒𝑐,𝑞𝑖 +
𝛥𝑣𝑖𝑛,𝑞𝑖

2𝑅𝑟𝑒𝑐,𝑖
)(𝛥𝑖𝐿𝑟𝑒𝑐,𝑞𝑖 +

𝛥𝑣𝑖𝑛,𝑞𝑖

2𝑅𝑟𝑒𝑐,𝑖
+ 2𝑖𝐿𝑟𝑒𝑐,𝑞𝑖 +

𝑣𝑖𝑛,𝑞𝑖

𝑅𝑟𝑒𝑐,𝑖
)

=
𝛥𝑣𝑖𝑛,𝑑𝑖(2𝑣𝑖𝑛,𝑑𝑖 + 𝛥𝑣𝑖𝑛,𝑑𝑖) + 𝛥𝑣𝑖𝑛,𝑞𝑖(2𝑣𝑖𝑛,𝑞𝑖 + 𝛥𝑣𝑖𝑛,𝑞𝑖)

4𝑅𝑟𝑒𝑐,𝑖
2 −

2𝛥𝑃𝐿,𝑟𝑒𝑐𝑖

𝑅𝑟𝑒𝑐,𝑖
    (3.56) 

10AM 10:10AM10:03AM

IEM

IPM

x Operating 
Point

x x x

10AM 10:10AM10:03AM

x x

x x

x
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Which results in 

𝛥𝑖𝐿𝑟𝑒𝑐,𝑑𝑖
2 + (

𝛥𝑣𝑖𝑛,𝑑𝑖

𝑅𝑟𝑒𝑐,𝑖
+ 2𝑖𝐿𝑟𝑒𝑐,𝑑𝑖 +

𝑣𝑖𝑛,𝑑𝑖

𝑅𝑟𝑒𝑐,𝑖
)𝛥𝑖𝐿𝑟𝑒𝑐,𝑑𝑖 +

𝑖𝐿𝑟𝑒𝑐,𝑑𝑖𝛥𝑣𝑖𝑛,𝑑𝑖

𝑅𝑟𝑒𝑐,𝑖
+ 𝛥𝑖𝐿𝑟𝑒𝑐,𝑞𝑖

2

+ (
𝛥𝑣𝑖𝑛,𝑞𝑖

𝑅𝑟𝑒𝑐,𝑖
+ 2𝑖𝐿𝑟𝑒𝑐,𝑞𝑖 +

𝑣𝑖𝑛,𝑞𝑖

𝑅𝑟𝑒𝑐,𝑖
)𝛥𝑖𝐿𝑟𝑒𝑐,𝑞𝑖 +

𝑖𝐿𝑟𝑒𝑐,𝑞𝑖𝛥𝑣𝑖𝑛,𝑞𝑖

𝑅𝑟𝑒𝑐,𝑖
= −

2𝛥𝑃𝐿,𝑟𝑒𝑐𝑖

𝑅𝑟𝑒𝑐,𝑖
(3.57) 

 This equation along with the change in voltage equations given in equations (3.58) 

and (3.59) can be used to find the new operating point of the system. 

𝛥𝑣𝑖𝑛,𝑑𝑖 = ∑ 𝑅𝑘

𝑖

𝑘=1

∑𝛥𝑖𝐿𝑟𝑒𝑐,𝑑𝑗

𝑛

𝑗≥𝑘

− ∑ 𝑋𝑘

𝑖

𝑘=1

∑𝛥𝑖𝐿𝑟𝑒𝑐,𝑞𝑗

𝑛

𝑗≥𝑘

                                                                (3.58) 

𝛥𝑣𝑖𝑛,𝑞𝑖 = ∑ 𝑋𝑘

𝑖

𝑘=1

∑ 𝛥𝑖𝐿𝑟𝑒𝑐,𝑑𝑗

𝑛

𝑗≥𝑘

+ ∑ 𝑅𝑘

𝑖

𝑘=1

∑𝛥𝑖𝐿𝑟𝑒𝑐,𝑞𝑗

𝑛

𝑗≥𝑘

                                                                (3.59) 

With a change in the load of 𝑆𝑆𝑇𝑖, assuming that its q-axis input current reference and 

input current references of other SSTs remains unchanged, the change in d-axis input current 

reference can be found from equations (3.57)-(3.59). 

(𝑅𝑟𝑒𝑐,𝑖 + ∑ 𝑅𝑘

𝑖

𝑘=1

)𝛥𝑖𝐿𝑟𝑒𝑐,𝑑𝑖
2 + {(2𝑅𝑟𝑒𝑐,𝑖 + ∑ 𝑅𝑘

𝑖

𝑘=1

) 𝑖𝐿𝑟𝑒𝑐,𝑑𝑖 + 𝑣𝑖𝑛,𝑑𝑖 + ∑ 𝑋𝑘

𝑖

𝑘=1

𝑖𝐿𝑟𝑒𝑐,𝑞𝑖}𝛥𝑖𝐿𝑟𝑒𝑐,𝑑𝑖

+ 2∆𝑃𝑟𝑒𝑐,𝑖 = 0                                                                                                       (3.60) 

 

Based on this second order polynomial, the d-axis input current reference of 𝑆𝑆𝑇𝑖 changes 

where the discriminant of this equation provides the maximum allowable change in the 

power that this method can handle. 

∆𝑃𝑟𝑒𝑐,𝑖 =
{(2𝑅𝑟𝑒𝑐,𝑖 + ∑ 𝑅𝑘

𝑖
𝑘=1 )𝑖𝐿𝑟𝑒𝑐,𝑑𝑖 + 𝑣𝑖𝑛,𝑑𝑖 + ∑ 𝑋𝑘

𝑖
𝑘=1 𝑖𝐿𝑟𝑒𝑐,𝑞𝑖}

2

8(𝑅𝑟𝑒𝑐,𝑖 + ∑ 𝑅𝑘
𝑖
𝑘=1 )

                                  (3.61) 
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Based on this change in the current of 𝑆𝑆𝑇𝑖, the input voltage of the SSTs in the system 

change. Since for every SST in the system except 𝑆𝑆𝑇𝑖, the input current stays constant but 

input voltage changes, their corresponding droop control/battery system must balance the 

power in them. Additionally, rectifier output DC voltage reference for each SST must satisfy 

equation (3.53) to guarantee feasibility for each individual SST. 

An alternative method for maintaining feasible operation of the system when the load of 

𝑆𝑆𝑇𝑖 changes is to keep the input voltage of the other SSTs in the network constant and 

change their input current references. Based on equations (3.58) and (3.59), the goal is to 

maintain 𝛥𝑣𝑖𝑛,𝑑𝑗 = 𝛥𝑣𝑖𝑛,𝑞𝑗 = 0 (𝑗 ≠ 𝑖) in the steady state. With a change in the load of 𝑆𝑆𝑇𝑖, 

assuming that its q-axis input current reference remains unchanged, equation (3.57) 

simplifies as 

(𝑅𝑟𝑒𝑐,𝑖 + {𝑅𝑖(1 − 𝛼) + 𝛽𝑋𝑖})𝛥𝑖𝐿𝑟𝑒𝑐,𝑑𝑖
2

+ ({2𝑅𝑟𝑒𝑐,𝑖 + 𝑅𝑖(1 − 𝛼) + 𝛽𝑋𝑖}𝑖𝐿𝑟𝑒𝑐,𝑑𝑖 + 𝑣𝑖𝑛,𝑑𝑖

+ {𝑋𝑖(1 − 𝛼) − 𝛽𝑅𝑖}𝑖𝐿𝑟𝑒𝑐,𝑞𝑖)𝛥𝑖𝐿𝑟𝑒𝑐,𝑑𝑖 + 2∆𝑃𝑟𝑒𝑐,𝑖 = 0                                  (3.62) 

where 𝛼 + 𝑗𝛽 =
𝑍𝑖

𝑍𝑖+𝑍𝑖+1
 (if the change is in the load of the last SST in the network, i.e., 𝑖 =

𝑛, 𝛼 = 𝛽 = 1).  

The discriminant of (3.62) gives the maximum allowable change in the power ∆𝑃𝑟𝑒𝑐,𝑖𝑚𝑎𝑥
 of 

𝑆𝑆𝑇𝑖 such that this method can help maintain system feasibility. 

∆𝑃𝑟𝑒𝑐,𝑖𝑚𝑎𝑥

=
({2𝑅𝑟𝑒𝑐,𝑖 + 𝑅𝑖(1 − 𝛼) + 𝛽𝑋𝑖}𝑖𝐿𝑟𝑒𝑐,𝑑𝑖 + 𝑣𝑖𝑛,𝑑𝑖 + {𝑋𝑖(1 − 𝛼) − 𝛽𝑅𝑖}𝑖𝐿𝑟𝑒𝑐,𝑞𝑖)

2

8(𝑅𝑟𝑒𝑐,𝑖 + {𝑅𝑖(1 − 𝛼) + 𝛽𝑋𝑖})
              (3.63) 

Using equations (3.58)and (3.59), the input current reference of other SSTs in the system 

change as: 
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𝛥𝑖𝐿𝑟𝑒𝑐,𝑑𝑚 + 𝑗𝛥𝑖𝐿𝑟𝑒𝑐,𝑞𝑚 = 0 (𝑚 ≥ 𝑖 + 2 & 𝑚 ≤ 𝑖 − 2)                                                             (3.64) 

𝛥𝑖𝐿𝑟𝑒𝑐,𝑑(𝑖+1) + 𝑗𝛥𝑖𝐿𝑟𝑒𝑐,𝑞(𝑖+1) = −
𝑍𝑙𝑖𝑛𝑒,𝑖

𝑍𝑙𝑖𝑛𝑒,𝑖 + 𝑍𝑙𝑖𝑛𝑒,𝑖+1
(𝛥𝑖𝐿𝑟𝑒𝑐,𝑑𝑖 + 𝑗𝛥𝑖𝐿𝑟𝑒𝑐,𝑞𝑖)                         (3.65) 

𝛥𝑖𝐿𝑟𝑒𝑐,𝑑(𝑖−1) + 𝑗𝛥𝑖𝐿𝑟𝑒𝑐,𝑞(𝑖−1)

= −(𝛥𝑖𝐿𝑟𝑒𝑐,𝑑𝑖 + 𝑗𝛥𝑖𝐿𝑟𝑒𝑐,𝑞𝑖)  − (𝛥𝑖𝐿𝑟𝑒𝑐,𝑑(𝑖+1) + 𝑗𝛥𝑖𝐿𝑟𝑒𝑐,𝑞(𝑖+1))                     (3.66) 

As it can be seen in the equations above, in this method, the input current references of 

𝑆𝑆𝑇𝑖−1, 𝑆𝑆𝑇𝑖 and 𝑆𝑆𝑇𝑖+1 change (the SST in need and its neighbors) and the input current 

references of other SSTs remain unchanged. 

3.6. Case Studies and Simulation Results 

In this section, simulation results of applying the two proposed power sharing 

methods to a three SST system is presented. The parameters of the SSTs are based on Gen-II 

SST [34]. The load data of SSTs are provided in Table 3.2. 

 

Table 3.2 Power sharing test system load data. 

System Net Load 

𝑆𝑆𝑇1 1 𝑘𝑊 (0 − 1 𝑠𝑒𝑐) 

10 𝑘𝑊 (1 − 2 𝑠𝑒𝑐) 

6 𝑘𝑊 (2 − 3 𝑠𝑒𝑐) 

𝑆𝑆𝑇2 10 𝑘𝑊 

𝑆𝑆𝑇3 1 𝑘𝑊 

Fig. 3.6, 3.7 and 3.8 show the simulation results of applying method one to the three 

SST system. Fig. 3.6 shows the net power flowing through each SST. As it was discussed, 

when the load changes in one of the SSTs, the other SSTs in the system adjust their power to 

maintain the feasibility of the system. However, the input current of the other SSTs in the 
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system remain unchanged as it can be seen in Fig. 3.7. Moreover, Fig. 3.8 shows the input 

voltages of each SST. Since the net power of the SSTs change while their input current 

remains unchanged (except for 𝑆𝑆𝑇1), input voltages of SSTs change to satisfy the power 

balance. 

 

Figure 3.6 Net power of each SST by applying power sharing with constant input current method. 

 

Figure 3.7 Input voltage of each SST by applying power sharing with constant input current method. 

 

Figure 3.8 Input current of each SST by applying power sharing with constant input current method. 

Fig. 3.9, 3.10 and 3.11 show the simulation results of applying method two to the 

three SST system. Fig. 3.9 shows the net power flowing through each SST. As it was 

discussed, when the load changes in one of the SSTs, the other SSTs in the system adjust 

their power to maintain the feasibility of the system. However, the node voltage of the other 
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SSTs in the system remain unchanged as it can be seen in Fig. 3.11. Moreover, Fig. 3.12 

shows the input current of each SST. Since the net power of the SSTs change while their 

node voltage remain unchanged (except for 𝑆𝑆𝑇1), input current references of 𝑆𝑆𝑇1 and its 

neighbor (𝑆𝑆𝑇2) change to satisfy the power balance and input current references of 𝑆𝑆𝑇3 

remains unchanged. 

 

Figure 3.9 Net power of each SST by applying power sharing with constant node voltage method. 

 

Figure 3.10 Input voltage of each SST by applying power sharing with constant node voltage method. 

Figure 3.11 Input current of each SST by applying power sharing with constant node voltage method. 

Theoretically speaking, other variants of power sharing is also possible. In short, any 

operating point that satisfies equations (3.57)-(3.59) is a solution for the system. However, 

deriving closed-form expressions for the necessary conditions for power sharing as the ones 

shown in equations (3.60) and (3.62) are much more challenging and sometimes intractable. 
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3.7. Conclusion 

In this chapter, feasibility analysis of the SST system is developed. Since the SST is 

modelled with nonlinear dynamic equations, having information about the feasible 

operational bounds of this system is essential. First, feasible bounds of each subsystem of 

SST are found. It has been shown that by proper selection of DAB and inverter parameters, 

the rectifier is the most dominant part of the SST system in terms of feasibility. Therefore, 

the feasible operating range of each SST is represented by two circles; a state (power flow) 

circle and a duty cycle circle. Any point on the state circle that is on or inside the duty cycle 

circle is a solution for the system. In the case that the system is infeasible (two circles do not 

have an intersection point), updating the rectifier output DC voltage reference can make the 

system feasible. A method is proposed to update this reference value based on changes in the 

load. The feasibility analysis is next extended to multi-SST systems and two power sharing 

methods are proposed to maintain the feasibility of the system in case there is a change in the 

load of one of the SSTs. It should be noted that the proposed methods guarantee the 

necessary power balance conditions assuming that the internal controllers satisfy the 

sufficient stability criteria. In the next chapter, a globally asymptotically stabilizing controller 

for a multi-SST FREEDM system is proposed. 
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CHAPTER 4 

Controller Design for a multi-SST FREEDM Distribution System 

4.1. Introduction 

As it was discussed in the previous chapter, feasibility analysis of the system is a 

necessary but not sufficient study to guarantee that the system will run without any problems. 

In order to make any feasible equilibrium point in the system operational, this point also 

needs to be stable. Several research has been done on the effect of connecting renewable 

energy systems to the transmission/distribution grid and their control [64, 65, 66, 67, 68, 69, 

70, 71]. In [64], capacity of a transmission system considering thermal constraints and 

frequency stability is studied. In [65, 68, 71], inter-area oscillation dynamics of a wind farm 

connected power system is studied where in [70], a distributed control system to damp these 

oscillations is proposed. In [66], optimal control policies that maximize the output power of a 

multi-wind farm connected power system are proposed. In [67], a control system for shaping 

the oscillation spectrum of a large radial power system is proposed where the control is 

through coordination of the wind farm and battery system. In [69], a robust controller to 

variation of the system operating point (resulting from variation in renewable energy system 

output power due to weather conditions) is proposed. Moreover, some research has been 

done on designing stabilizing controller for a SST-based power distribution system [32, 35, 

36, 51, 72, 73, 74, 75, 76, 77]. In [32], a decoupled d-q vector controller for a single SST 

system is proposed. However, no region of attraction for the designed controller is provided. 

In [35, 36], a nested PI controller based on the linearized SST dynamic model is developed. 

Eigenvalue analysis has been used to evaluate the stability of the system. However, there is 
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no indication of whether this controller can be used in a multiple SST-based power 

distribution network. In [51, 72], an impedance-based controller is designed for the SST 

system based on its linearized model. The nonlinear part of the model has been ignored in 

this approach and therefore, no asymptotic stability can be concluded. In [73], a nested loop 

PI controller based on dynamic phasor modeling of the SST and tuning controller gains based 

on internal model control design technique (IMC) is proposed. The controller has been 

verified on a single SST system with small variations on input voltage and load but stability 

analysis of the controller in a multi-SST system is missing. In [74, 78, 79], a hierarchical 

power and energy management control system for a SST-based microgrid is proposed but the 

region of attraction of the controller is missing. In [75], a sliding mode controller for the 

rectifier stage of a single SST distribution system is proposed. The controller of other stages 

of the SST is missing. Moreover, the design is only limited to a single SST system. In this 

chapter, an asymptotically stabilizing controller for a SST-based power distribution network 

is proposed where the controller design is based on the nonlinear dynamic model of the 

system. 

A Lyapunov function based on the energy of the system around its equilibrium point 

is chosen and a controller is proposed to guarantee that the Lyapunov function derivative will 

be negative definite which means that the system will be stable. Moreover, La Salle’s 

invariance principle has been used to prove that the system will asymptotically converge to 

its desired equilibrium point. 

4.2. SST-Based Distribution Network Dynamic Model 

In this section, the dynamic model used to design the controller is presented. The 

FREEDM system is assumed to be the same as shown in Fig. 2.9. As it can be seen in the 
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figure, SSTs are connected in a tree configuration meaning that each of them are connected 

to the main feeder through a switch. Each SST is connected to a DC and an AC microgrid. 

SST circuit consists of a front-end rectifier which converts the grid side high AC voltage to a 

high DC voltage which is then converted to a low DC voltage using a dual-active bridge 

converter. This low DC voltage is used as the main feeder for the DC microgrid. Moreover, 

an inverter is used to convert this low DC voltage to a low single-phase AC voltage which is 

used as the main feeder for the AC microgrid. Each microgrid can consist of distributed PV 

and wind renewable energy resources (DRER), distributed energy storage devices (DESD) 

and local loads along with their corresponding interface circuits [32]. Simplified circuit of 

each SST along with its corresponding microgrids connected to the main feeder is shown in 

Fig. 4.1. As it can be seen in the figure, the inverter along with the DC and AC microgrids 

are represented as a net resistor in parallel with a controlled current source. Dynamic model 

of this system was found using the state-space averaging technique in chapter 2. In order to 

simplify the DAB converter model, it is modeled as a natural gyrator, a two-port power 

preserving device [80, 81]. The nonlinear dynamical model of the 𝑖𝑡ℎ system can be 

presented as: 

𝐿𝑟𝑒𝑐1,𝑖

𝑑𝑖𝐿𝑟𝑒𝑐1,𝑑𝑖

𝑑𝑡
= −𝑅𝑟𝑒𝑐1,𝑖𝑖𝐿𝑟𝑒𝑐1,𝑑𝑖 + 𝜔𝐿𝑟𝑒𝑐1,𝑖𝑖𝐿𝑟𝑒𝑐1,𝑞𝑖 + 𝑣𝐶𝑓,𝑑𝑖 − 𝑣𝑖𝑛,𝑑𝑖                                (4.1) 

𝐿𝑟𝑒𝑐1,𝑖

𝑑𝑖𝐿𝑟𝑒𝑐1,𝑞𝑖

𝑑𝑡
= −𝜔𝐿𝑟𝑒𝑐1,𝑖𝑖𝐿𝑟𝑒𝑐1,𝑑𝑖 − 𝑅𝑟𝑒𝑐1,𝑖𝑖𝐿𝑟𝑒𝑐1,𝑞𝑖 + 𝑣𝐶𝑓,𝑑𝑖 − 𝑣𝑖𝑛,𝑞𝑖                                 (4.2) 

𝐶𝑓,𝑖

𝑑𝑣𝐶𝑓,𝑑𝑖

𝑑𝑡
= −𝑖𝐿𝑟𝑒𝑐1,𝑑𝑖 + 𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖 + 𝜔𝐶𝑓,𝑖𝑣𝐶𝑓,𝑞𝑖                                                                         (4.3) 

𝐶𝑓,𝑖

𝑑𝑣𝐶𝑓,𝑞𝑖

𝑑𝑡
= −𝑖𝐿𝑟𝑒𝑐1,𝑞𝑖 + 𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖 − 𝜔𝐶𝑓,𝑖𝑣𝐶𝑓,𝑑𝑖                                                                         (4.4) 
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𝐿𝑟𝑒𝑐2,𝑖

𝑑𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖

𝑑𝑡
= −𝑅𝑟𝑒𝑐2,𝑖𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖 + 𝜔𝐿𝑟𝑒𝑐2,𝑖𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖 − 𝑣𝐶𝑓,𝑑𝑖 + 𝑑𝑟𝑒𝑐,𝑑𝑖𝑣𝐶𝑟𝑒𝑐,𝑖                   (4.5) 

𝐿𝑟𝑒𝑐2,𝑖

𝑑𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖

𝑑𝑡
= −𝜔𝐿𝑟𝑒𝑐2,𝑖𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖 − 𝑅𝑟𝑒𝑐2,𝑖𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖 − 𝑣𝐶𝑓,𝑞𝑖 + 𝑑𝑟𝑒𝑐,𝑞𝑖𝑣𝐶𝑟𝑒𝑐,𝑖                    (4.6) 

𝐶𝑟𝑒𝑐,𝑖

𝑑𝑣𝐶𝑟𝑒𝑐,𝑖

𝑑𝑡
= −

1

2
𝑑𝑟𝑒𝑐,𝑑𝑖𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖 −

1

2
𝑑𝑟𝑒𝑐,𝑞𝑖𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖 − 𝑑𝐷𝐴𝐵,𝑖𝑣𝐶𝐷𝐴𝐵,𝑖                                  (4.7) 

𝐶𝐷𝐴𝐵,𝑖

𝑑𝑣𝐶𝐷𝐴𝐵,𝑖

𝑑𝑡
= −

1

𝑅𝐿𝑖
𝑣𝐶𝐷𝐴𝐵,𝑖 + 𝑑𝐷𝐴𝐵,𝑖𝑣𝐶𝑟𝑒𝑐,𝑖 + 𝑢𝑀𝐺,𝑖                                                            (4.8) 

+
-

vin,i

Rrec1,i Lrec1,i

C1i
uMG,i

iLrec1,i

CDAB,i
+
- RLiCf,i

+
-

drec,di, drec,qi dDAB,i

+

-

Rrec2,i Lrec2,i

Crec,i

iLrec2,i

 

Figure 4.1 Schematic representation of 𝑆𝑆𝑇𝑖  of FREEDM system. 

 

As it can be seen in the figure, 𝑖𝐿𝑟𝑒𝑐1,𝑑𝑖, 𝑖𝐿𝑟𝑒𝑐1,𝑞𝑖, 𝑣𝐶𝑓,𝑑𝑖 , 𝑣𝐶𝑓,𝑞𝑖, 𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖, 𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖, 𝑣𝐶𝑟𝑒𝑐,𝑖 

and 𝑣𝐶𝐷𝐴𝐵,𝑖 are the states of 𝑖𝑡ℎ system and represent the grid side rectifier d-axis input 

current, grid side rectifier q-axis input current, LCL filter capacitor d-axis and q-axis voltage, 

inverter side rectifier d-axis current, inverter side rectifier q-axis current, rectifier output DC 

voltage and DAB output DC voltage, respectively. Moreover, 𝑑𝑟𝑒𝑐,𝑑𝑖, 𝑑𝑟𝑒𝑐,𝑞𝑖, 𝑑𝐷𝐴𝐵,𝑖 and 𝑢𝑀𝐺,𝑖 

are the designable control inputs of the system and represent the rectifier d-axis duty cycle, q-

axis duty cycle, DAB duty cycle and reference for the energy cell input current to the SST, 

respectively. 𝑣𝑖𝑛,𝑑𝑖 and 𝑣𝑖𝑛,𝑞𝑖 are the d-axis and q-axis input voltage of the 𝑖𝑡ℎ SST, 

respectively. 
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When multiple SSTs are connected to the main feeder, the same model as shown in 

equations (4.1)-(4.8) can be used for each system; however, the d-axis and q-axis input 

voltage of each SST couples its dynamic model to the other SSTs in the system. The d-axis 

and q-axis input voltage of the 𝑖𝑡ℎ SST can be found using KCL/KVL as shown in equations 

(4.9) and (4.10). In these equations, 𝑅𝑖 and 𝑋𝑖 represent the resistance and reactance of the 

distribution line between the (𝑖 − 1)𝑡ℎ and 𝑖𝑡ℎ SST, respectively. For 𝑖 = 1, these parameters 

correspond to the resistance and reactance between the grid and closest SST to the grid. 

𝑣𝑖𝑛,𝑑𝑖 = 𝑣𝑑,𝑔𝑟𝑖𝑑 + ∑ 𝑅𝑘 ∑𝑖𝐿𝑟𝑒𝑐,𝑑𝑗

𝑛

𝑗≥𝑘

𝑖

𝑘=1

− ∑ 𝑋𝑘 ∑𝑖𝐿𝑟𝑒𝑐,𝑞𝑖

𝑛

𝑗≥𝑘

𝑖

𝑘=1

                                                         (4.9) 

𝑣𝑖𝑛,𝑞𝑖 = 𝑣𝑞,𝑔𝑟𝑖𝑑 + ∑ 𝑅𝑘 ∑𝑖𝐿𝑟𝑒𝑐,𝑞𝑗

𝑛

𝑗≥𝑘

𝑖

𝑘=1

+ ∑ 𝑋𝑘 ∑𝑖𝐿𝑟𝑒𝑐,𝑑𝑗

𝑛

𝑗≥𝑘

𝑖

𝑘=1

                                                      (4.10) 

4.3. Motivating Example 

As it was seen in chapter 2, for certain given sets of 𝛼1 and 𝛼3, the equilibrium point 

of the FREEDM nonlinear dynamic model ceases to exist leading to system breakdown 

(infeasible system). But even for certain choice of these parameter sets that guarantee 

feasibility, the system may be locally unstable. For a given set of system parameters (based 

on SST Gen-II) [34] and two different set of control parameters used in a nested PI 

controller, Fig. 4.2 shows the trajectory of two of the eigenvalues of the system as load 

increases. The system model has been linearized around each operating point and 

eigenvalues of the linearized system are used to decide on the local stability of that 

operating point. As it can be seen in the figure, increase in load results in these eigenvalues 

moving to the right side of the imaginary axis; and hence, making the system unstable.  
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Figure 4.2 Stability diagram for a given FREEDM system using nested PI controller. 

 

One benign approach for stabilizing every operating point would be to design a gain-

scheduled controller and switch them as load changes. For example, in Fig 4.2, PI set 1 has 

been able to stabilize the eigenvalues of the system. In [82], it has been claimed that their 

designed controller is more robust to load and input disturbances. However, global stability 

of their proposed control system has not been proved and implementation of this controller is 

complicated. 

As will be shown shortly, the cross-coupling terms in the right-hand side of the open 

loop dynamic model have a specific structure which allow for development of an easy to 

implement feedback controller that can guarantee global stability for the FREEDM power 

distribution system. 
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4.4. Controller Design 

In this section, an asymptotically stabilizing controller for a multi-SST based power 

distribution network is proposed where the circuit diagram of each SST in the network is 

shown in Fig. 4.1. In order to simplify the analysis, without loss of generality, the 

equilibrium point of the system presented in equations (4-1)-(4-8) is moved to zero using the 

transformation defined as �̃� = 𝑥 − 𝑥∗. In this transformation, �̃�, 𝑥 and 𝑥∗ represent the error 

state/input, the original state/input, and the equilibrium point of that state/input, respectively. 

The new equations representing the system under this transformation are provided in (4.11)-

(4.18). 

𝐿𝑟𝑒𝑐1,𝑖

𝑑𝑖̃𝐿𝑟𝑒𝑐1,𝑑𝑖

𝑑𝑡
= −𝑅𝑟𝑒𝑐1,𝑖𝑖̃𝐿𝑟𝑒𝑐1,𝑑𝑖 + 𝜔𝐿𝑟𝑒𝑐1,𝑖𝑖̃𝐿𝑟𝑒𝑐1,𝑞𝑖 + �̃�𝐶𝑓,𝑑𝑖 − �̃�𝑖𝑛,𝑑𝑖                              (4.11) 

𝐿𝑟𝑒𝑐1,𝑖

𝑑𝑖̃𝐿𝑟𝑒𝑐1,𝑞𝑖

𝑑𝑡
= −𝜔𝐿𝑟𝑒𝑐1,𝑖𝑖̃𝐿𝑟𝑒𝑐1,𝑑𝑖 − 𝑅𝑟𝑒𝑐1,𝑖𝑖̃𝐿𝑟𝑒𝑐1,𝑞𝑖 + �̃�𝐶𝑓,𝑑𝑖 − �̃�𝑖𝑛,𝑞𝑖                              (4.12) 

𝐶𝑓,𝑖

𝑑�̃�𝐶𝑟𝑒𝑐1 ,𝑑𝑖

𝑑𝑡
= −𝑖̃𝐿𝑟𝑒𝑐1,𝑑𝑖 + 𝑖̃𝐿𝑟𝑒𝑐2,𝑑𝑖 + 𝜔𝐶𝑓,𝑖�̃�𝐶𝑓,𝑞𝑖                                                                  (4.13) 

𝐶𝑓,𝑖

𝑑�̃�𝐶𝑟𝑒𝑐1 ,𝑞𝑖

𝑑𝑡
= −𝑖̃𝐿𝑟𝑒𝑐1,𝑞𝑖 + 𝑖̃𝐿𝑟𝑒𝑐2,𝑞𝑖 − 𝜔𝐶𝑓,𝑖�̃�𝐶𝑓,𝑑𝑖                                                                  (4.14) 

𝐿𝑟𝑒𝑐2,𝑖

𝑑𝑖̃𝐿𝑟𝑒𝑐2,𝑑𝑖

𝑑𝑡

= −𝑅𝑟𝑒𝑐2,𝑖𝑖̃𝐿𝑟𝑒𝑐2,𝑑𝑖 + 𝜔𝐿𝑟𝑒𝑐2,𝑖𝑖̃𝐿𝑟𝑒𝑐2,𝑞𝑖 − �̃�𝐶𝑓,𝑑𝑖 + �̃�𝑟𝑒𝑐,𝑑𝑖�̃�𝐶𝑟𝑒𝑐,𝑖 + �̃�𝑟𝑒𝑐,𝑑𝑖𝑣𝐶𝑟𝑒𝑐,𝑖
∗

+ 𝑑𝑟𝑒𝑐,𝑑𝑖
∗ �̃�𝐶𝑟𝑒𝑐,𝑖                                                                                                       (4.15) 

𝐿𝑟𝑒𝑐2,𝑖

𝑑𝑖̃𝐿𝑟𝑒𝑐2,𝑞𝑖

𝑑𝑡

= −𝜔𝐿𝑟𝑒𝑐2,𝑖𝑖̃𝐿𝑟𝑒𝑐2,𝑑𝑖 − 𝑅𝑟𝑒𝑐2,𝑖𝑖̃𝐿𝑟𝑒𝑐2,𝑞𝑖 − �̃�𝐶𝑓,𝑞𝑖 + �̃�𝑟𝑒𝑐,𝑞𝑖�̃�𝐶𝑟𝑒𝑐,𝑖 + �̃�𝑟𝑒𝑐,𝑞𝑖𝑣𝐶𝑟𝑒𝑐,𝑖
∗

+ 𝑑𝑟𝑒𝑐,𝑞𝑖
∗ �̃�𝐶𝑟𝑒𝑐,𝑖                                                                                                       (4.16) 
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𝐶𝑟𝑒𝑐,𝑖

𝑑�̃�𝐶𝑟𝑒𝑐,𝑖

𝑑𝑡
= −

1

2
(�̃�𝑟𝑒𝑐,𝑑𝑖𝑖̃𝐿𝑟𝑒𝑐2,𝑑𝑖 + �̃�𝑟𝑒𝑐,𝑑𝑖𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖

∗ + 𝑑𝑟𝑒𝑐,𝑑𝑖
∗ 𝑖̃𝐿𝑟𝑒𝑐2,𝑑𝑖)

−
1

2
(�̃�𝑟𝑒𝑐,𝑞𝑖𝑖̃𝐿𝑟𝑒𝑐2,𝑞𝑖 + �̃�𝑟𝑒𝑐,𝑞𝑖𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖

∗ + 𝑑𝑟𝑒𝑐,𝑞𝑖
∗ 𝑖̃𝐿𝑟𝑒𝑐2,𝑞𝑖)

− (�̃�𝐷𝐴𝐵,𝑖�̃�𝐶𝐷𝐴𝐵,𝑖 + �̃�𝐷𝐴𝐵,𝑖𝑣𝐶𝐷𝐴𝐵,𝑖
∗ + 𝑑𝐷𝐴𝐵,𝑖

∗ �̃�𝐶𝐷𝐴𝐵,𝑖)                                       (4.17) 

𝐶𝐷𝐴𝐵,𝑖

𝑑�̃�𝐶𝐷𝐴𝐵,𝑖

𝑑𝑡
= −

1

𝑅𝐿𝑖
�̃�𝐶𝐷𝐴𝐵,𝑖 + �̃�𝐷𝐴𝐵,𝑖�̃�𝐶𝑟𝑒𝑐,𝑖 + �̃�𝐷𝐴𝐵,𝑖𝑣𝐶𝑟𝑒𝑐,𝑖

∗ + 𝑑𝐷𝐴𝐵,𝑖
∗ �̃�𝐶𝑟𝑒𝑐,𝑖 + �̃�𝑀𝐺,𝑖  (4.18) 

Moreover, for the input voltages of each SST: 

�̃�𝑖𝑛,𝑑𝑖 = ∑ 𝑅𝑘 ∑𝑖̃𝐿𝑟𝑒𝑐1,𝑑𝑗

𝑛

𝑗≥𝑘

𝑖

𝑘=1

− ∑ 𝑋𝑘 ∑𝑖̃𝐿𝑟𝑒𝑐1,𝑞𝑗

𝑛

𝑗≥𝑘

𝑖

𝑘=1

                                                                     (4.19) 

�̃�𝑖𝑛,𝑞𝑖 = ∑ 𝑅𝑘𝑖̃𝐿𝑟𝑒𝑐1,𝑞𝑗

𝑖

𝑘=1

+ ∑ 𝑋𝑘 ∑𝑖̃𝐿𝑟𝑒𝑐1,𝑑𝑗

𝑛

𝑗≥𝑘

𝑖

𝑘=1

                                                                             (4.20) 

The new model can be written in a compact form as: 

�̇� = 𝑓(𝑥, 𝛼1, 𝛼2, 𝛼3)                                                                                                                         (4.21) 

where 𝛼1, 𝛼2, 𝛼3 represent system parameters, setpoints and local energy cell 

generation/load profile, respectively. This model is used to design the controller based on the 

global Lyapunov theorem. 

Global Lyapunov Theorem [83]: 

Suppose that 𝑥∗ = 0 is an equilibrium point of �̇� = 𝑓(𝑥)  𝑥 ∈ 𝑅𝑛. Let 𝑉: 𝑅𝑛 → 𝑅 be a 

continuously differentiable function such that: 

𝑉(𝑥) > 0, ∀𝑥 ≠ 0 and 𝑉(0) = 0 

‖𝑥‖ → ∞ ⇒ 𝑉(𝑥) → ∞ (radially unbounded) 

If �̇� < 0, ∀𝑥 ≠ 0, then 𝑥 = 0 is globally asymptotically stable. 
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For our system, if the Lyapunov function is defined as the sum of total energy of each 

SST around its equilibrium point, the goal is to design the controller such that the derivative 

of this Lyapunov function is negative. 

𝑉 =
1

2
∑𝐿𝑟𝑒𝑐1,𝑖(𝑖̃𝐿𝑟𝑒𝑐1,𝑑𝑖

2 + 𝑖̃𝐿𝑟𝑒𝑐1,𝑞𝑖
2 ) + 𝐶𝑓,𝑖 (�̃�𝐶𝑓,𝑑𝑖

2 + �̃�𝐶𝑓,𝑞𝑖
2 ) + 𝐿𝑟𝑒𝑐2,𝑖(𝑖̃𝐿𝑟𝑒𝑐2,𝑑𝑖

2 + 𝑖̃𝐿𝑟𝑒𝑐2,𝑞𝑖
2 )

𝑛

𝑖=1

+ 2𝐶𝑟𝑒𝑐,𝑖�̃�𝐶𝑟𝑒𝑐,𝑖
2 + 2𝐶𝐷𝐴𝐵,𝑖�̃�𝐶𝐷𝐴𝐵,𝑖

2                                                                       (4.22) 

The derivative of the Lyapunov function defined above will be: 

�̇� = ∑𝐿𝑟𝑒𝑐1,𝑖(𝑖̃𝐿𝑟𝑒𝑐1,𝑑𝑖𝑖̃̇𝐿𝑟𝑒𝑐1,𝑑𝑖 + 𝑖̃𝐿𝑟𝑒𝑐1,𝑞𝑖𝑖̃̇𝐿𝑟𝑒𝑐1,𝑞𝑖) + 𝐶𝑓,𝑖 (�̃�𝐶𝑓,𝑑𝑖 �̇̃�𝐶𝑓,𝑑𝑖 + �̃�𝐶𝑓,𝑞𝑖�̇̃�𝐶𝑓,𝑞𝑖)

𝑛

𝑖=1

+ 𝐿𝑟𝑒𝑐2,𝑖(𝑖̃𝐿𝑟𝑒𝑐2,𝑑𝑖𝑖̃̇𝐿𝑟𝑒𝑐2,𝑑𝑖 + 𝑖̃𝐿𝑟𝑒𝑐2,𝑞𝑖𝑖̃̇𝐿𝑟𝑒𝑐2,𝑞𝑖) + 2𝐶𝑟𝑒𝑐,𝑖�̃�𝐶𝑟𝑒𝑐,𝑖 �̇̃�𝐶𝑟𝑒𝑐,𝑑𝑖

+ 2𝐶𝐷𝐴𝐵,𝑖�̃�𝐶𝐷𝐴𝐵,𝑖 �̇̃�𝐶𝐷𝐴𝐵,𝑖                                                                                       (4.23) 

The expression above can be simplified to the form shown below. 

�̇� = ∑{−𝑅𝑟𝑒𝑐1,𝑖(𝑖̃𝐿𝑟𝑒𝑐1,𝑑𝑖
2 + 𝑖̃𝐿𝑟𝑒𝑐1,𝑞𝑖

2 ) − 𝑅𝑟𝑒𝑐2,𝑖(𝑖̃𝐿𝑟𝑒𝑐2,𝑑𝑖
2 + 𝑖̃𝐿𝑟𝑒𝑐2,𝑞𝑖

2 ) −
2

𝑅𝐿𝑖
�̃�𝐶𝐷𝐴𝐵,𝑖

2

𝑛

𝑖=1

+ �̃�𝑟𝑒𝑐,𝑑𝑖(𝑣𝐶𝑟𝑒𝑐,𝑖
∗ 𝑖̃𝐿𝑟𝑒𝑐2,𝑑𝑖 − 𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖

∗ �̃�𝐶𝑟𝑒𝑐,𝑖)

+ �̃�𝑟𝑒𝑐,𝑞𝑖(𝑣𝐶𝑟𝑒𝑐,𝑖
∗ 𝑖̃𝐿𝑟𝑒𝑐2,𝑞𝑖 − 𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖

∗ �̃�𝐶𝑟𝑒𝑐,𝑖)

+ 2�̃�𝐷𝐴𝐵,𝑖(𝑣𝐶𝑟𝑒𝑐,𝑖
∗ �̃�𝐶𝐷𝐴𝐵,𝑖 − 𝑣𝐶𝐷𝐴𝐵,𝑖

∗ �̃�𝐶𝑟𝑒𝑐,𝑖) + 2�̃�𝑀𝐺,𝑖�̃�𝐶𝐷𝐴𝐵,𝑖 − �̃�𝑖𝑛,𝑑𝑖𝑖̃𝐿𝑟𝑒𝑐1,𝑑𝑖

− �̃�𝑖𝑛,𝑞𝑖𝑖̃𝐿𝑟𝑒𝑐1,𝑞𝑖}                                                                                                    (4.24) 

Using equations (4.19) and (4.20), it can be seen that the last two terms in equation 

(4.24) are always negative. 
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∑{−�̃�𝑖𝑛,𝑑𝑖𝑖̃𝐿𝑟𝑒𝑐1,𝑑𝑖 − �̃�𝑖𝑛,𝑞𝑖𝑖̃𝐿𝑟𝑒𝑐1,𝑞𝑖}

𝑛

𝑖=1

= −∑𝑅𝑙𝑖𝑛𝑒,𝑖 {(∑𝑖̃𝐿𝑟𝑒𝑐1,𝑑𝑗

𝑛

𝑗=𝑖

)

2

+ (∑𝑖̃𝐿𝑟𝑒𝑐1,𝑑𝑗

𝑛

𝑗=𝑖

)

2

}

𝑛

𝑖=1

                                 (4.25) 

Therefore, the only non-negative terms in equation (4.24) are: 

∑{�̃�𝑟𝑒𝑐,𝑑𝑖(𝑣𝐶𝑟𝑒𝑐,𝑖
∗ 𝑖̃𝐿𝑟𝑒𝑐2,𝑑𝑖 − 𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖

∗ �̃�𝐶𝑟𝑒𝑐,𝑖) + �̃�𝑟𝑒𝑐,𝑞𝑖(𝑣𝐶𝑟𝑒𝑐,𝑖
∗ 𝑖̃𝐿𝑟𝑒𝑐2,𝑞𝑖 − 𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖

∗ �̃�𝐶𝑟𝑒𝑐,𝑖)

𝑛

𝑖=1

+ 2�̃�𝐷𝐴𝐵,𝑖(𝑣𝐶𝑟𝑒𝑐,𝑖
∗ �̃�𝐶𝐷𝐴𝐵,𝑖 − 𝑣𝐶𝐷𝐴𝐵,𝑖

∗ �̃�𝐶𝑟𝑒𝑐,𝑖) + 2�̃�𝑀𝐺,𝑖�̃�𝐶𝐷𝐴𝐵,𝑖}

= ∑{�̃�𝑟𝑒𝑐,𝑑𝑖(𝑣𝐶𝑟𝑒𝑐,𝑖
∗ 𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖 − 𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖

∗ 𝑣𝐶𝑟𝑒𝑐,𝑖)

𝑛

𝑖=1

+ �̃�𝑟𝑒𝑐,𝑞𝑖(𝑣𝐶𝑟𝑒𝑐,𝑖
∗ 𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖 − 𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖

∗ 𝑣𝐶𝑟𝑒𝑐,𝑖)

+ 2�̃�𝐷𝐴𝐵,𝑖(𝑣𝐶𝑟𝑒𝑐,𝑖
∗ 𝑣𝐶𝐷𝐴𝐵,𝑖 − 𝑣𝐶𝐷𝐴𝐵,𝑖

∗ 𝑣𝐶𝑟𝑒𝑐,𝑖) + 2�̃�𝑀𝐺,𝑖�̃�𝐶𝐷𝐴𝐵,𝑖}                   (4.26) 

The goal of the controller is to eliminate these terms from the Lyapunov function 

derivative. By adding four PI controllers for each SST system as shown in equations (4.27)-

(4.30) and using their output signals as the four control inputs as shown in equations (4.31)-

(4.34), the input signals to these four PI controllers are designed such that the nonnegative 

terms in the Lyapunov function derivative are cancelled. 

𝑑𝑧1𝑖

𝑑𝑡
= −𝐴𝑖                                                                                                                                         (4.27) 

𝑑𝑧2𝑖

𝑑𝑡
= −𝐵𝑖                                                                                                                                        (4.28) 

𝑑𝑧3𝑖

𝑑𝑡
= −𝐶𝑖                                                                                                                                        (4.29) 

𝑑𝑧4𝑖

𝑑𝑡
= −𝐷𝑖                                                                                                                                        (4.30) 
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𝑑𝑟𝑒𝑐,𝑑𝑖 = −𝐾𝑃1𝑖𝐴𝑖 + 𝐾𝐼1𝑖𝑧1𝑖                                                                                                          (4.31) 

𝑑𝑟𝑒𝑐,𝑞𝑖 = −𝐾𝑃2𝑖𝐵𝑖 + 𝐾𝐼2𝑖𝑧2𝑖                                                                                                          (4.32) 

𝑑𝐷𝐴𝐵,𝑖 = −𝐾𝑃3𝑖𝐶𝑖 + 𝐾𝐼3𝑖𝑧3𝑖                                                                                                           (4.33) 

𝑢𝑀𝐺,𝑖 = −𝐾𝑃4𝑖𝐷𝑖 + 𝐾𝐼4𝑖𝑧4𝑖                                                                                                            (4.34) 

In order to make the controller model in equations (4.27)-(4.34) compatible with the 

error system model in equations (4.11)-(4.18), the equilibrium point of the controller system 

is also moved to the origin. This results in the following model: 

𝑑�̃�1𝑖

𝑑𝑡
= −𝐴𝑖                                                                                                                                         (4.35) 

𝑑�̃�2𝑖

𝑑𝑡
= −𝐵𝑖                                                                                                                                        (4.36) 

𝑑�̃�3𝑖

𝑑𝑡
= −𝐶𝑖                                                                                                                                        (4.37) 

𝑑�̃�4𝑖

𝑑𝑡
= −𝐷𝑖                                                                                                                                        (4.38) 

�̃�𝑟𝑒𝑐,𝑑𝑖 = −𝐾𝑃1𝑖𝐴𝑖 + 𝐾𝐼1𝑖�̃�1𝑖                                                                                                          (4.39) 

�̃�𝑟𝑒𝑐,𝑞𝑖 = −𝐾𝑃2𝑖𝐵𝑖 + 𝐾𝐼2𝑖�̃�2𝑖                                                                                                          (4.40) 

�̃�𝐷𝐴𝐵,𝑖 = −𝐾𝑃3𝑖𝐶𝑖 + 𝐾𝐼3𝑖�̃�3𝑖                                                                                                           (4.41) 

�̃�𝑀𝐺,𝑖 = −𝐾𝑃4𝑖𝐷𝑖 + 𝐾𝐼4𝑖�̃�4𝑖                                                                                                            (4.42) 

The controller of each SST in the error coordinates can be written in a compact form as: 

𝑑�̃�𝑖

𝑑𝑡
= −𝑀𝑖                                                                                                                                        (4.43) 

�̃�𝑖 = −𝐾𝑃𝑖𝑀𝑖 + 𝐾𝐼𝑖�̃�𝑖                                                                                                                      (4.44) 

Where �̃�𝑖 = [�̃�1𝑖 �̃�2𝑖 �̃�3𝑖 �̃�4𝑖]
𝑇, �̃�𝑖 = [�̃�𝑟𝑒𝑐,𝑑𝑖 �̃�𝑟𝑒𝑐,𝑞𝑖 �̃�𝐷𝐴𝐵,𝑖 �̃�𝑀𝐺,𝑖]

𝑇
, 𝑀𝑖 =

[𝐴𝑖 𝐵𝑖 𝐶𝑖 𝐷𝑖]
𝑇 , 𝐾𝑃𝑖 = 𝑑𝑖𝑎𝑔{𝐾𝑃1𝑖, 𝐾𝑃2𝑖, 𝐾𝑃3𝑖, 𝐾𝑃4𝑖}, 𝐾𝐼𝑖 = 𝑑𝑖𝑎𝑔{𝐾𝐼1𝑖, 𝐾𝐼2𝑖, 𝐾𝐼3𝑖, 𝐾𝐼4𝑖}. 
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Based on this definition, the system controller can be written as: 

𝑑�̃�

𝑑𝑡
= −𝑀                                                                                                                                           (4.45) 

�̃� = −𝐾𝑃𝑀 + 𝐾𝐼�̃�                                                                                                                            (4.46) 

Where �̃� = [�̃�1 �̃�2 … �̃�𝑛]𝑇, �̃� = [�̃�1 �̃�2 … �̃�𝑛]𝑇, 𝑀 = [𝑀1 𝑀2 … 𝑀𝑛]𝑇 , 𝐾𝑃 =

𝑑𝑖𝑎𝑔{𝐾𝑃1, 𝐾𝑃2, … , 𝐾𝑃𝑛}, 𝐾𝐼 = 𝑑𝑖𝑎𝑔{𝐾𝐼1, 𝐾𝐼2, … , 𝐾𝐼𝑛}. 

The Lyapunov function for the control system is defined as: 

𝑊 =
1

2
�̃�𝑇𝑃�̃�                                                                                                                                     (4.47) 

Where 𝑃 is a symmetric positive definite matrix. The derivative of this Lyapunov function is: 

�̇� =
1

2
�̇̃�𝑇𝑃�̃� +

1

2
�̃�𝑇𝑃�̇̃� = −𝑀𝑇𝑃𝐾𝐼

−1�̃� − 𝑀𝑇𝑃𝐾𝐼
−1𝐾𝑃𝑀                                                      (4.48) 

If matrices 𝑃,𝐾𝑃 and 𝐾𝐼 are chosen such that 𝑃𝐾𝐼
−1𝐾𝑃 is positive definite, by 

comparing equation (4.48) with (4.26), it can be seen that by setting the equality below, all 

the nonnegative terms in the derivative of the total system Lyapunov function (V+W) cancel. 

∑{�̃�𝑟𝑒𝑐,𝑑𝑖(𝑣𝐶𝑟𝑒𝑐,𝑖
∗ 𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖 − 𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖

∗ 𝑣𝐶𝑟𝑒𝑐,𝑖) + �̃�𝑟𝑒𝑐,𝑞𝑖(𝑣𝐶𝑟𝑒𝑐,𝑖
∗ 𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖 − 𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖

∗ 𝑣𝐶𝑟𝑒𝑐,𝑖)

𝑛

𝑖=1

+ 2�̃�𝐷𝐴𝐵,𝑖(𝑣𝐶𝑟𝑒𝑐,𝑖
∗ 𝑣𝐶𝐷𝐴𝐵,𝑖 − 𝑣𝐶𝐷𝐴𝐵,𝑖

∗ 𝑣𝐶𝑟𝑒𝑐,𝑖) + 2�̃�𝑀𝐺,𝑖�̃�𝐶𝐷𝐴𝐵,𝑖} = 𝑆𝑆𝑇∗𝑋�̃�

= 𝑀𝑇𝑃𝐾𝐼
−1�̃� 

From this equation, it can be concluded that 

𝑀 = 𝑃−1𝐾𝐼𝑆𝑆𝑇∗𝑋                                                                                                                            (4.49) 

Where 𝑋 = [𝑋1 𝑋2 … 𝑋𝑛]𝑇, 𝑋𝑖 = [𝑖𝐿𝑟𝑒𝑐1,𝑑𝑖 𝑖𝐿𝑟𝑒𝑐1,𝑞𝑖 𝑣𝐶𝑟𝑒𝑐,𝑖 𝑣𝐶𝐷𝐴𝐵,𝑖]𝑇, 𝑆𝑆𝑇∗ =

𝑑𝑖𝑎𝑔{𝑆𝑆𝑇1,∗, 𝑆𝑆𝑇2,∗, … , 𝑆𝑆𝑇𝑛,∗} and 𝑆𝑆𝑇𝑖,∗ =

[
 
 
 
 
𝑣𝐶𝑟𝑒𝑐,𝑖

∗ 0 −𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖
∗ 0

0 𝑣𝐶𝑟𝑒𝑐,𝑖
∗ −𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖

∗ 0

0 0 −𝑣𝐶𝐷𝐴𝐵,𝑖
∗ 𝑣𝐶𝑟𝑒𝑐,𝑖

∗

0 0 0 1 ]
 
 
 
 

. 
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Based on this selection, the total Lyapunov function derivative for the system is 

negative semidefinite. Moreover, based on La Salle’s theorem, it can be concluded that the 

system will converge to its equilibrium point at the origin. Therefore, the original system will 

converge to its desired steady state point. 

La Salle’s Invariance Theorem [83]: 

Given Ω ∈ 𝐷 as a compact set that is positively invariant with respect to �̇� = 𝑓(𝑥). 

Let 𝑉:𝐷 → 𝑅 be a continuously differentiable function such that �̇� ≤ 0  ∀𝑥 ∈ Ω. 𝜀 is the set 

of all points in Ω where �̇� = 0 and 𝛭 is the largest invariant set in 𝜀, then every solution in Ω 

approaches 𝛭 as 𝑡 → ∞. 

In addition, if 𝑉: 𝑅𝑛 → 𝑅 is radially unbounded, then the origin is globally asymptotically 

stable. 

Therefore, the following algorithm can be used to design the controller for a multi-SST 

FREEDM system. 

1. Solve the power flow equation to find the operating point of the system and form 

𝑆𝑆𝑇∗. 

2. Choose a positive definite symmetric matrix 𝑃 (the size of the matrix must be 4𝑛 ∗

4𝑛 where 𝑛 is the number of SSTs in the system). 

3. Control system is 

𝑑𝑧

𝑑𝑡
= −𝑃−1𝐾𝐼𝑆𝑆𝑇∗𝑋                                                                                                          (4.50) 

𝑢 = −𝐾𝑃𝑀 + 𝐾𝐼𝑧                                                                                                               (4.51) 

Where 𝐾𝑃 and 𝐾𝐼 are diagonal positive definite matrices. 
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A similar approach can be used to prove that the system can be asymptotically 

stabilized if PID controllers are used instead of PI controllers. In this case, the control system 

would be: 

𝑑𝑧

𝑑𝑡
= −𝑀                                                                                                                                           (4.52) 

𝑢 = −𝐾𝑃𝑀 + 𝐾𝐼𝑧 + 𝐾𝐷�̇�                                                                                                              (4.53) 

Where 𝑀 is as defined before in equation (4.49). 

Different implementations are possible based on the selection of M. The control system is 

centralized if matrix M does not include any zero block matrices. If zero block matrices exist 

in M, the control system is sparse. If matrix M is chosen as a block diagonal matrix, the 

control system is decentralized. These three control schemes are shown for a three SST 

system in Fig. 4.3. 

 

 

 

Figure 4.3 Controller implementation schemes. 
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4.4.1. Decentralized Controller Design 

As it was shown in the previous section, an asymptotically stabilizing centralized 

controller for a multi-SST FREEDM distribution network was proposed. The designed 

controller can be simplified to derive a decentralized controller for the system where each 

SST only takes feedback from its own states to stabilize the system. By choosing 𝑃 = 𝐾𝐼
−1 in 

equation (4.50), the controller for each SST simplifies to: 

𝑑𝑧1𝑖

𝑑𝑡
= −(𝑣𝐶𝑟𝑒𝑐,𝑖

∗ 𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖 − 𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖
∗ 𝑣𝐶𝑟𝑒𝑐,𝑖)                                                                                  (4.54) 

𝑑𝑧2𝑖

𝑑𝑡
= −(𝑣𝐶𝑟𝑒𝑐,𝑖

∗ 𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖 − 𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖
∗ 𝑣𝐶𝑟𝑒𝑐,𝑖)                                                                                  (4.55) 

𝑑𝑧3𝑖

𝑑𝑡
= −(𝑣𝐶𝑟𝑒𝑐,𝑖

∗ 𝑣𝐶𝐷𝐴𝐵,𝑖 − 𝑣𝐶𝐷𝐴𝐵,𝑖
∗ 𝑣𝐶𝑟𝑒𝑐,𝑖)                                                                                   (4.56) 

𝑑𝑧4𝑖

𝑑𝑡
= −(𝑣𝐶𝐷𝐴𝐵,𝑖 − 𝑣𝐶𝐷𝐴𝐵,𝑖

∗ )                                                                                                         (4.57) 

𝑑𝑟𝑒𝑐,𝑑𝑖 = −𝐾𝑃1𝑖(𝑣𝐶𝑟𝑒𝑐,𝑖
∗ 𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖 − 𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖

∗ 𝑣𝐶𝑟𝑒𝑐,𝑖) + 𝐾𝐼1𝑖𝑧1𝑖                                                    (4.58) 

𝑑𝑟𝑒𝑐,𝑞𝑖 = −𝐾𝑃2𝑖(𝑣𝐶𝑟𝑒𝑐,𝑖
∗ 𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖 − 𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖

∗ 𝑣𝐶𝑟𝑒𝑐,𝑖) + 𝐾𝐼2𝑖𝑧2𝑖                                                    (4.59) 

𝑑𝐷𝐴𝐵,𝑖 = −𝐾𝑃3𝑖(𝑣𝐶𝑟𝑒𝑐,𝑖
∗ 𝑣𝐶𝐷𝐴𝐵,𝑖 − 𝑣𝐶𝐷𝐴𝐵,𝑖

∗ 𝑣𝐶𝑟𝑒𝑐,𝑖) + 𝐾𝐼3𝑖𝑧3𝑖                                                      (4.60) 

𝑢𝑀𝐺,𝑖 = −𝐾𝑃4𝑖(𝑣𝐶𝐷𝐴𝐵,𝑖 − 𝑣𝐶𝐷𝐴𝐵,𝑖
∗ ) + 𝐾𝐼4𝑖𝑧4𝑖                                                                             (4.61) 

An implementation diagram of the designed controller for the 𝑖𝑡ℎ SST is shown in 

Fig. 4.4 below.  
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Figure 4.4 Block diagram of the controller implementation. 

4.5. System Operation in Presence of Incorrect References in the 

Controller 

As it was shown in the previous section, a centralized asymptotically stabilizing 

controller for a multi-SST power distribution network is proposed. The controller is next 

simplified to develop a decentralized controller for the system where each SST only takes 

feedback from its own states to stabilize the system. Based on equations (4.45) and (4.46), 

the controller is dependent on the operating point of the system (denoted by matrix 𝑆𝑆𝑇∗ in 

the equations). The IEM unit provides appropriate references to the controller to drive the 

system to a desired operating point based on a constrained power flow in predetermined 

intervals (10-15 minutes). However, cases may occur when there is a change in the loads of 

system or output power of the renewable energy systems in between these IEM intervals. In 

these cases, the system will go to a new operating point. Moreover, cyberattacks to the 

control system may occur where the data provided to the SSTs are manipulated [84, 85, 86]. 
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In this section, feasibility of the closed-loop system and stability of the system using the 

designed controller under incorrect references in the controller is studied. Therefore, the 

controller is assumed to be: 

𝑑𝑧

𝑑𝑡
= −𝑃−1𝐾𝐼𝑆𝑆𝑇𝑟𝑒𝑓𝑋                                                                                                                    (4.62) 

𝑢 = −𝐾𝑃𝑀 + 𝐾𝐼𝑧                                                                                                                            (4.63) 

Where 𝑆𝑆𝑇𝑟𝑒𝑓 = 𝑑𝑖𝑎𝑔{𝑆𝑆𝑇1,𝑟𝑒𝑓, 𝑆𝑆𝑇2,𝑟𝑒𝑓 , … , 𝑆𝑆𝑇𝑛,𝑟𝑒𝑓} and 𝑆𝑆𝑇𝑖,𝑟𝑒𝑓 =

[
 
 
 
𝑣𝐶𝑟𝑒𝑐,𝑖,𝑟𝑒𝑓 0 −𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖,𝑟𝑒𝑓 0

0 𝑣𝐶𝑟𝑒𝑐,𝑖,𝑟𝑒𝑓 −𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖,𝑟𝑒𝑓 0

0 0 −𝑣𝐶𝐷𝐴𝐵,𝑖,𝑟𝑒𝑓 𝑣𝐶𝑟𝑒𝑐,𝑖,𝑟𝑒𝑓

0 0 0 1 ]
 
 
 
. 

4.5.1. Feasibility Analysis of the Closed-Loop System 

By considering the controller dynamics given in equation (4.62) in the steady state, 

since matrices 𝑃 and 𝐾𝐼 are full rank, the only solution is 𝑆𝑆𝑇𝑟𝑒𝑓𝑋 = 0 which results in: 

𝑣𝐶𝑟𝑒𝑐,𝑖,𝑟𝑒𝑓𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖 − 𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖,𝑟𝑒𝑓𝑣𝐶𝑟𝑒𝑐,𝑖 = 0 → 𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖 =
𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖,𝑟𝑒𝑓

𝑣𝐶𝑟𝑒𝑐,𝑖,𝑟𝑒𝑓
𝑣𝐶𝑟𝑒𝑐,𝑖                          (4.64) 

𝑣𝐶𝑟𝑒𝑐,𝑖,𝑟𝑒𝑓𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖 − 𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖,𝑟𝑒𝑓𝑣𝐶𝑟𝑒𝑐,𝑖 = 0 → 𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖 =
𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖,𝑟𝑒𝑓

𝑣𝐶𝑟𝑒𝑐,𝑖,𝑟𝑒𝑓
𝑣𝐶𝑟𝑒𝑐,𝑖                          (4.65) 

𝑣𝐶𝑟𝑒𝑐,𝑖,𝑟𝑒𝑓𝑣𝐶𝐷𝐴𝐵,𝑖 − 𝑣𝐶𝐷𝐴𝐵,𝑖,𝑟𝑒𝑓𝑣𝐶𝑟𝑒𝑐,𝑖 = 0 → 𝑣𝐶𝐷𝐴𝐵,𝑖 =
𝑣𝐶𝐷𝐴𝐵,𝑖,𝑟𝑒𝑓

𝑣𝐶𝑟𝑒𝑐,𝑖,𝑟𝑒𝑓
𝑣𝐶𝑟𝑒𝑐,𝑖                             (4.66) 

𝑣𝐶𝐷𝐴𝐵,𝑖 − 𝑣𝐶𝐷𝐴𝐵,𝑖,𝑟𝑒𝑓 = 0 → 𝑣𝐶𝐷𝐴𝐵,𝑖 = 𝑣𝐶𝐷𝐴𝐵 ,𝑖,𝑟𝑒𝑓                                                                     (4.67) 

As it can be seen from the equations above, regardless of the load/renewable energy 

output power change, there always exists a solution for the system. The only difference 

between the new operating point of the system and the old one is the steady-state value of 

𝑢𝑀𝐺,𝑖. The stability of the system is independent of the steady-state value of 𝑢𝑀𝐺,𝑖 and 

therefore, the system will continue its operation without any problems. 



 

71 

4.6. FREEDM System Control in Absence of DESD Systems 

As it was shown in the previous sections, an asymptotically stabilizing controller for a 

multi-SST FREEDM system was proposed where the controller is dependent on the 

operating point of the system. If there is a change in the load of an SST, without changing the 

controller gains, the operating point of the system will not change; however, the battery 

system of the corresponding SST is responsible to compensate for that change. In this 

section, control system is extended to the case where no battery system exists in the 

FREEDM system. 

The dynamic model of this system is similar to the model shown in equations (4.1)-

(4.8) and the only difference is that no 𝑢𝑀𝐺,𝑖 exists in the model. Therefore, the system only 

has three controllable inputs. Using a similar approach as shown in section 4.4, it can be 

shown that the following controller stabilizes the system. 

𝑑𝑧

𝑑𝑡
= −𝑃−1𝐾𝐼𝑆𝑆𝑇∗𝑋                                                                                                                        (4.68) 

𝑢 = −𝐾𝑃𝑀 + 𝐾𝐼𝑧                                                                                                                            (4.69) 

Where 𝑋 = [𝑋1 𝑋2 … 𝑋𝑛]𝑇, 𝑋𝑖 = [𝑖𝐿𝑟𝑒𝑐1,𝑑𝑖 𝑖𝐿𝑟𝑒𝑐1,𝑞𝑖 𝑣𝐶𝑟𝑒𝑐,𝑖 𝑣𝐶𝐷𝐴𝐵,𝑖]𝑇, 𝑆𝑆𝑇∗ =

𝑑𝑖𝑎𝑔{𝑆𝑆𝑇1,∗, 𝑆𝑆𝑇2,∗, … , 𝑆𝑆𝑇𝑛,∗} and 𝑆𝑆𝑇𝑖,∗ = [

𝑣𝐶𝑟𝑒𝑐,𝑖
∗ 0 −𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖

∗ 0

0 𝑣𝐶𝑟𝑒𝑐,𝑖
∗ −𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖

∗ 0

0 0 −𝑣𝐶𝐷𝐴𝐵,𝑖
∗ 𝑣𝐶𝑟𝑒𝑐,𝑖

∗

]. 

In a similar manner, the controller can be simplified to derive a decentralized 

controller for the system as: 

𝑑𝑧1𝑖

𝑑𝑡
= −(𝑣𝐶𝑟𝑒𝑐,𝑖

∗ 𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖 − 𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖
∗ 𝑣𝐶𝑟𝑒𝑐,𝑖)                                                                                  (4.70) 

𝑑𝑧2𝑖

𝑑𝑡
= −(𝑣𝐶𝑟𝑒𝑐,𝑖

∗ 𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖 − 𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖
∗ 𝑣𝐶𝑟𝑒𝑐,𝑖)                                                                                  (4.71) 
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𝑑𝑧3𝑖

𝑑𝑡
= −(𝑣𝐶𝑟𝑒𝑐,𝑖

∗ 𝑣𝐶𝐷𝐴𝐵,𝑖 − 𝑣𝐶𝐷𝐴𝐵,𝑖
∗ 𝑣𝐶𝑟𝑒𝑐,𝑖)                                                                                   (4.72) 

𝑑𝑟𝑒𝑐,𝑑𝑖 = −𝐾𝑃1𝑖(𝑣𝐶𝑟𝑒𝑐,𝑖
∗ 𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖 − 𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖

∗ 𝑣𝐶𝑟𝑒𝑐,𝑖) + 𝐾𝐼1𝑖𝑧1𝑖                                                    (4.73) 

𝑑𝑟𝑒𝑐,𝑞𝑖 = −𝐾𝑃2𝑖(𝑣𝐶𝑟𝑒𝑐,𝑖
∗ 𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖 − 𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖

∗ 𝑣𝐶𝑟𝑒𝑐,𝑖) + 𝐾𝐼2𝑖𝑧2𝑖                                                    (4.74) 

𝑑𝐷𝐴𝐵,𝑖 = −𝐾𝑃3𝑖(𝑣𝐶𝑟𝑒𝑐,𝑖
∗ 𝑣𝐶𝐷𝐴𝐵,𝑖 − 𝑣𝐶𝐷𝐴𝐵,𝑖

∗ 𝑣𝐶𝑟𝑒𝑐,𝑖) + 𝐾𝐼3𝑖𝑧3𝑖                                                      (4.75) 

In the case that there is a change in the load/renewable output power in one of the 

SSTs but the operating point of the system is not updated based on this change (or it is 

updated with a delay), it is important for the system to maintain its operation in presence of 

incorrect references. Considering the controller to be of the form shown in equations (4.62) 

and (4.63), it can be seen that in the steady-state, equations (4.64)-(4.66) are linearly relating 

the dq components of input current of each SST to its rectifier and DAB output DC voltage. 

By considering these extra constrains alongside with the feasibility analysis equations from 

Chapter 3, the following power flow equation for each SST is derived. 

𝐴𝑖 [
𝑖𝐿𝑟𝑒𝑐1,𝑑𝑖

𝑖𝐿𝑟𝑒𝑐1,𝑞𝑖
] = [

𝑣𝑖𝑛,𝑑𝑖

𝑣𝑖𝑛,𝑞𝑖
]                                                                                                                    (4.76) 

Where 

𝐴𝑖 =

[
 
 
 −𝑅𝑟𝑒𝑐1,𝑖 −

𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖,𝑟𝑒𝑓
2

𝛼𝑖𝜔
2𝐶𝑓,𝑖

2

𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖,𝑟𝑒𝑓𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖,𝑟𝑒𝑓

𝛼𝑖𝜔
2𝐶𝑓,𝑖

2 − (
1

𝜔𝐶𝑓,𝑖
− 𝜔𝐿𝑟𝑒𝑐1,𝑖)

𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖,𝑟𝑒𝑓𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖,𝑟𝑒𝑓

𝛼𝑖𝜔
2𝐶𝑓,𝑖

2 + (
1

𝜔𝐶𝑓,𝑖
− 𝜔𝐿𝑟𝑒𝑐1,𝑖) −𝑅𝑟𝑒𝑐1,𝑖 −

𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖,𝑟𝑒𝑓
2

𝛼𝑖𝜔
2𝐶𝑓,𝑖

2 ]
 
 
 

 

and 𝛼𝑖 = {𝑅𝑟𝑒𝑐2,𝑖(𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖,𝑟𝑒𝑓
2 + 𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖,𝑟𝑒𝑓

2 ) +
2

𝑅𝐿,𝑖
𝑣𝐶𝐷𝐴𝐵,𝑖

2 }. 

4.6.1. Single SST FREEDM System 

For a single SST system, based on d-axis and q-axis input voltage, equation (4.76) 

can be written as 
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𝐴1 [
𝑖𝐿𝑟𝑒𝑐1,𝑑1

𝑖𝐿𝑟𝑒𝑐1,𝑞1
] = [

𝑣𝑑,𝑔𝑟𝑖𝑑

𝑣𝑞,𝑔𝑟𝑖𝑑
]                                                                                                                (4.77) 

Where 

𝐴1 =

[
 
 
 
 −(𝑅𝑟𝑒𝑐1,1 + 𝑅𝑙𝑖𝑛𝑒,1) −

𝑖𝐿𝑟𝑒𝑐2,𝑞1,𝑟𝑒𝑓
2

𝛼1𝜔2𝐶𝑓,1
2

𝑖𝐿𝑟𝑒𝑐2,𝑑1,𝑟𝑒𝑓𝑖𝐿𝑟𝑒𝑐2,𝑞1,𝑟𝑒𝑓

𝛼1𝜔2𝐶𝑓,1
2 − (

1

𝜔𝐶𝑓,1
− 𝜔(𝐿𝑟𝑒𝑐1,1 + 𝐿𝑙𝑖𝑛𝑒,1))

𝑖𝐿𝑟𝑒𝑐2,𝑑1,𝑟𝑒𝑓𝑖𝐿𝑟𝑒𝑐2,𝑞1,𝑟𝑒𝑓

𝛼1𝜔2𝐶𝑓,1
2 + (

1

𝜔𝐶𝑓,1
− 𝜔(𝐿𝑟𝑒𝑐1,1 + 𝐿𝑙𝑖𝑛𝑒,1)) −(𝑅𝑟𝑒𝑐1,1 + 𝑅𝑙𝑖𝑛𝑒,1) −

𝑖𝐿𝑟𝑒𝑐2,𝑑1,𝑟𝑒𝑓
2

𝛼1𝜔2𝐶𝑓,1
2

]
 
 
 
 

  

The system will have a solution if matrix 𝐴1 is full rank. 

det(𝐴1) = (𝑅𝑟𝑒𝑐1,𝑖 + 𝑅𝑙𝑖𝑛𝑒,1)
2
+ (𝑅𝑟𝑒𝑐1,𝑖 + 𝑅𝑙𝑖𝑛𝑒,1) (

𝑖𝐿𝑟𝑒𝑐2,𝑑1,𝑟𝑒𝑓
2 + 𝑖𝐿𝑟𝑒𝑐2,𝑞1,𝑟𝑒𝑓

2

𝛼1𝜔2𝐶𝑓,1
2 )

+ (
1

𝜔𝐶𝑓,1
− 𝜔(𝐿𝑟𝑒𝑐1,1 + 𝐿𝑙𝑖𝑛𝑒,1))

2

≠ 0 

Therefore, there always exists a solution for a single SST system even if the provided 

references to the controller do not match with the load profile. 

4.6.2. Multi-SST FREEDM System 

In the case of a multi-SST FREEDM system, by combining equation (4.77) with 

equations (4.9) and (4.10), the power flow equation for the system can be simplified as: 

𝐴 [
𝑖𝐿𝑟𝑒𝑐1,𝑑

𝑖𝐿𝑟𝑒𝑐1,𝑞
] = 𝐵 

Where 𝑖𝐿𝑟𝑒𝑐1,𝑑 = [𝑖𝐿𝑟𝑒𝑐1,𝑑1 𝑖𝐿𝑟𝑒𝑐1,𝑑2 … 𝑖𝐿𝑟𝑒𝑐1,𝑑𝑛]𝑇, 𝑖𝐿𝑟𝑒𝑐1,𝑞 =

[𝑖𝐿𝑟𝑒𝑐1,𝑞1 𝑖𝐿𝑟𝑒𝑐1,𝑞2 … 𝑖𝐿𝑟𝑒𝑐1,𝑞𝑛]𝑇, 𝐵 = [𝑣𝑑,𝑔𝑟𝑖𝑑 𝑣𝑞,𝑔𝑟𝑖𝑑 … 𝑣𝑑,𝑔𝑟𝑖𝑑 𝑣𝑞,𝑔𝑟𝑖𝑑]𝑇 and: 

𝐴𝑖𝑖 =

[
 
 
 
 
 
 

−(𝑅𝑟𝑒𝑐1,𝑖 + ∑ 𝑅𝑙𝑖𝑛𝑒,𝑚

𝑖

𝑚=1

) −
𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖,𝑟𝑒𝑓
2

𝛼𝑖𝜔
2𝐶𝑓,𝑖

2

𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖,𝑟𝑒𝑓𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖,𝑟𝑒𝑓

𝛼𝑖𝜔
2𝐶𝑓,𝑖

2 − (
1

𝜔𝐶𝑓,𝑖

− 𝜔 (𝐿𝑟𝑒𝑐1,𝑖 + ∑ 𝐿𝑙𝑖𝑛𝑒,𝑚

𝑖

𝑚=1

))

𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖,𝑟𝑒𝑓𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖,𝑟𝑒𝑓

𝛼𝑖𝜔
2𝐶𝑓,𝑖

2 + (
1

𝜔𝐶𝑓,𝑖

− 𝜔 (𝐿𝑟𝑒𝑐1,𝑖 + ∑ 𝐿𝑙𝑖𝑛𝑒,𝑚

𝑖

𝑚=1

)) −(𝑅𝑟𝑒𝑐1,𝑖 + ∑ 𝑅𝑙𝑖𝑛𝑒,𝑚

𝑖

𝑚=1

) −
𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖,𝑟𝑒𝑓
2

𝛼𝑖𝜔
2𝐶𝑓,𝑖

2

]
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𝐴 𝑖𝑘
𝑖≠𝑘

= −

[
 
 
 
 
 

∑𝑅𝑙𝑖𝑛𝑒,𝑗

𝑘

𝑗=1

−𝜔 ∑𝐿𝑙𝑖𝑛𝑒,𝑗

𝑘

𝑗=1

𝜔 ∑𝐿𝑙𝑖𝑛𝑒,𝑗

𝑘

𝑗=1

∑𝑅𝑙𝑖𝑛𝑒,𝑗

𝑘

𝑗=1 ]
 
 
 
 
 

 

Similar to the single SST case, the system will have a solution if matrix 𝐴 is full rank. 

Aside from having a solution, the new system also needs to be stable at the new 

operating point. Stability of the system under presence of incorrect references in the 

controller gains are studied next. By considering equations (4.70)-(4.72) in the steady-state, it 

can be seen that: 

𝑆𝑆𝑇𝑖,𝑟𝑒𝑓 = [

𝑣𝐶𝑟𝑒𝑐,𝑖,𝑟𝑒𝑓 0 −𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖,𝑟𝑒𝑓 0

0 𝑣𝐶𝑟𝑒𝑐,𝑖,𝑟𝑒𝑓 −𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖,𝑟𝑒𝑓 0

0 0 −𝑣𝐶𝐷𝐴𝐵,𝑖,𝑟𝑒𝑓 𝑣𝐶𝑟𝑒𝑐,𝑖,𝑟𝑒𝑓

]

=
𝑣𝐶𝑟𝑒𝑐,𝑖,𝑟𝑒𝑓

𝑣𝐶𝑟𝑒𝑐,𝑖
∗

[
 
 
 
 
𝑣𝐶𝑟𝑒𝑐,𝑖

∗ 0 −𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖
∗ 0

0 𝑣𝐶𝑟𝑒𝑐,𝑖
∗ −𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖

∗ 0

0 0 −𝑣𝐶𝐷𝐴𝐵,𝑖
∗ 𝑣𝐶𝑟𝑒𝑐,𝑖

∗

0 0 0 1 ]
 
 
 
 

=
𝑣𝐶𝑟𝑒𝑐,𝑖,𝑟𝑒𝑓

𝑣𝐶𝑟𝑒𝑐,𝑖
∗ 𝑆𝑆𝑇𝑖,∗       (4.78) 

Therefore: 

𝑆𝑆𝑇𝑟𝑒𝑓 = 𝑑𝑖𝑎𝑔 (
𝑣𝐶𝑟𝑒𝑐,1,𝑟𝑒𝑓

𝑣𝐶𝑟𝑒𝑐,1
∗ ,

𝑣𝐶𝑟𝑒𝑐,2,𝑟𝑒𝑓

𝑣𝐶𝑟𝑒𝑐,2
∗ , … ,

𝑣𝐶𝑟𝑒𝑐,𝑛,𝑟𝑒𝑓

𝑣𝐶𝑟𝑒𝑐,𝑛
∗ ) ∗ 𝑆𝑆𝑇∗ 

As long as the new operating point of the system is such that for every SST in the 

system 
𝑣𝐶𝑟𝑒𝑐,𝑖,𝑟𝑒𝑓

𝑣𝐶𝑟𝑒𝑐,𝑖
∗ > 0, matrix 𝑃 in equation (4.47) can be chosen such that a similar proof as 

shown in section 4.4 can be used to prove stability of the system under incorrect references. 

4.7. Case Studies and Simulation Results 

In this section, simulation results of applying the proposed controller on a three SST 

power distribution system as shown in Fig. 4.5 is presented. The controller is implemented 
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on the circuit diagram of the system built in PLECS. Line impedances, grid data and load 

data are provided in Table 4.1. 

Vgrid

Rgrid Lgrid

SST1

R12 L12

SST2

R23 L23

SST3

 

Figure 4.5 Three SST test system. 

Table 4.1 Test system data 

System/load data  Value 

Input grid 3.6 𝑘𝑉 𝑟𝑚𝑠, 60 𝐻𝑧 

𝑅𝑔𝑟𝑖𝑑 = 0.7 𝛺, 𝐿𝑔𝑟𝑖𝑑 = 0.7 𝑚𝐻 

Line impedances 𝑅12 = 0.8 𝛺, 𝐿12 = 1 𝑚𝐻 

𝑅23 = 0.6𝛺, 𝐿23 = 0.7 𝑚𝐻 

SST loads 𝑆𝑆𝑇1: 40 𝑘𝑊 

𝑆𝑆𝑇2: 20 𝑘𝑊 (𝑡 = 0 − 2.5 𝑠𝑒𝑐) 

           40 𝑘𝑊 (𝑡 = 2 − 6 𝑠𝑒𝑐) 

𝑆𝑆𝑇3: 16 𝑘𝑊 

First, the performance of the decentralized controller is studied. The initial power 

flow analysis of the system based on drawing zero current from the DESD systems and 

ensuring that the q-axis input current of each SST is zero results in the references shown in 

Table 4.2. Moreover, the references for rectifier output DC voltage and DAB output DC 

voltage for each SST are 6100 𝑉 and 400 𝑉, respectively. These references are provided to 

the controller for system initiation. 
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Table 4.2 Test system current references 

SST # References 

1 𝑖𝐿𝑟𝑒𝑐2,𝑑,𝑟𝑒𝑓 = −19.31 𝐴, 𝑖𝐿𝑟𝑒𝑐2,𝑞,𝑟𝑒𝑓 = 0.06 𝐴 

2 𝑖𝐿𝑟𝑒𝑐2,𝑑,𝑟𝑒𝑓 = −8.61 𝐴, 𝑖𝐿𝑟𝑒𝑐2,𝑞,𝑟𝑒𝑓 = 0.07 𝐴 

3 𝑖𝐿𝑟𝑒𝑐2,𝑑,𝑟𝑒𝑓 = −6.77 𝐴, 𝑖𝐿𝑟𝑒𝑐2,𝑞,𝑟𝑒𝑓 = 0.07 𝐴 

It has been assumed that the grid impedance drops by 50% at 𝑡 = 2.5 𝑠𝑒𝑐. Moreover, 

at 𝑡 = 3.5 𝑠𝑒𝑐, the d-axis reference of 𝑆𝑆𝑇3 changes from 𝑖𝐿𝑟𝑒𝑐2,𝑑,𝑟𝑒𝑓 = −6.8 𝐴 to 

𝑖𝐿𝑟𝑒𝑐2,𝑑,𝑟𝑒𝑓 = 3 𝐴 (regenerative mode). Figures 4.6, 4.7 and 4.8 show the DAB output voltage 

for 𝑆𝑆𝑇1, 𝑆𝑆𝑇2 and 𝑆𝑆𝑇3, respectively. As it can be seen in the figures, the system is 

successful in regulating the voltage to its desired reference point. 

 

Figure 4.6 DAB output DC voltage of 𝑆𝑆𝑇1. 
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Figure 4.7 DAB output DC voltage of 𝑆𝑆𝑇2. 

 

Figure 4.8 DAB output DC voltage of 𝑆𝑆𝑇3. 

Moreover, Fig. 4.9 and Fig. 4.10 show the input current and microgrid current of 

𝑆𝑆𝑇2 when the load change happens. Since the current references of 𝑆𝑆𝑇2 do not change, 
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steady-state value of its input current stays constant and the extra load is fed by the microgrid 

system. 

 

Figure 4.9 Input current of 𝑆𝑆𝑇2. 

 

Figure 4.10 Microgrid current of 𝑆𝑆𝑇2. 



 

79 

Moreover, Fig. 4.11 shows the input current of 𝑆𝑆𝑇3 when the d-axis current 

reference changes from load feeding mode to regenerative mode. Due to this change in the 

input current of the SST, its battery system is responsible to provide the extra power to the 

system as shown in Fig. 4.12. 

 

Figure 4.11 Input current of 𝑆𝑆𝑇3. 

 

Figure 4.12 Microgrid current of 𝑆𝑆𝑇3. 
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Moreover, Fig. 4.13, 4.14 and 4.15 show the rectifier DC output voltage for the 

system. Regardless of the changes in the system, the controller is able to successfully 

regulate the DC voltage to its reference value. It should be noted that as the controller is 

implemented on the circuit model of the FREEDM system, these three waveforms contain 

the second harmonic of the grid voltage as described in the dynamic modeling of the SST in 

chapter 2. 

When the grid impedance decreases by half, the voltage drop on this impedance 

decreases and therefore, with the same set of references for input currents of SSTs, some 

extra power is supplied to each SST from the grid side. This extra power is used to charge the 

battery system of each SST. However, the stability of the system is not harmed in this case 

and the system continues to run without any problems. 

 

Figure 4.13 Rectifier output DC voltage of 𝑆𝑆𝑇1. 
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Figure 4.14 Rectifier output DC voltage of 𝑆𝑆𝑇2. 

 

Figure 4.15 Rectifier output DC voltage of 𝑆𝑆𝑇3. 

The performance of the controller when the maximum current of the microgrid is 

limited is studied next. As it was shown in Fig. 4.10, when the load of 𝑆𝑆𝑇2 increases, its 

battery system current reference increases to compensate for the extra load. However, if the 



 

82 

maximum current of the battery system is limited, the dynamics of the system will be 

affected by this saturation block. In this case, it is important for the system to update the 

references in the controller to reduce the current needed from the battery system. Fig. 4.16, 

4.17 and 4.18 show the DAB output DC voltage, battery current and input current of 𝑆𝑆𝑇2 

when the maximum current from the microgrid is limited at 𝑢𝑀𝐺,2,𝑚𝑎𝑥 = 30𝐴, respectively. 

It is assumed that the load change occurs at 𝑡 = 1 𝑠𝑒𝑐 and d-axis input reference current of 

the SST changes from −8.61 𝐴 to −15 𝐴 at 𝑡 = 1.1 𝑠𝑒𝑐 to reduce the current needed from 

the battery system. 

 

Figure 4.16 DAB output DC voltage of 𝑆𝑆𝑇2 in presence of saturation in microgrid current. 

In some extreme cases where the load of an SST increases by a big margin, there is a 

possibility of an overshoot in the duty cycle of the power electronic stages beyond the 

allowable limit. For example, in the test system described above, if the load on 𝑆𝑆𝑇2 changes 

from 20 𝑘𝑊 to 80 𝑘𝑊 at 𝑡 = 0.5 𝑠𝑒𝑐, Fig. 4.19 shows the rectifier duty cycle (without 

considering the saturation block). In the circuit model, the duty cycle needs to be limited 
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using a saturation block to avoid getting the duty cycle go beyond +1. This would add extra 

complexity to the model and it may unstabilize the system. Using centralized control may 

mitigate these overshoots in the system as shown in the figure where a centralized controller 

with a similar closed-loop performance as the decentralized controller is used. 

 

Figure 4.17 Microgrid current of 𝑆𝑆𝑇2 in presence of saturation in microgrid current. 

 

Figure 4.18 Input current of 𝑆𝑆𝑇2 in presence of saturation in microgrid current. 
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Figure 4.19 Duty cycle of the rectifier stage of 𝑆𝑆𝑇2 with centralized/decentralized controller. 

Finally, the performance of the controller under the black start condition is analyzed 

[87]. As it was shown in equation (4.76), the system will always have a solution. Therefore, 

based on a desired amount of power that is used to charge the battery system, the references 

for the controller can be chosen. Fig 4.20 and Fig. 4.21 shows the black start of an SST when 

d-axis input current reference is chosen to be −1 𝐴 and the q-axis input current reference is 

chosen to be 0 𝐴. As it can be seen, the controller is able to successfully regulate the voltage 

and current of the SST to the desired value. 
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Figure 4.20 Input current of 𝑆𝑆𝑇1 in black start mode. 

 

Figure 4.21 DAB output DC voltage of 𝑆𝑆𝑇1 in black start mode. 
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 4.8. Conclusion 

In this chapter, a globally asymptotically stabilizing controller for a multi-SST based 

power distribution network is proposed. The design is based on the nonlinear dynamic model 

of the system using Lyapunov stability theory. The designed controller is centralized; 

however, it has been shown that by proper selection of control system gains, the controller 

can be implemented in a decentralized way meaning that each SST controller needs feedback 

from its own voltage and current states. The controller has been verified in a three SST 

distribution network. 
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CHAPTER 5 

FREEDM System in the Islanded Mode of Operation 

5.1. Introduction 

As it was discussed in the previous chapters, the dynamic model of the SST-based 

FREEDM system is described by significantly nonlinear dynamics. Because of these 

nonlinearities, two major study has been done on this system. The first one is the feasibility 

analysis of the system which determines its “safe zones of operation”. In other words, based 

on the dynamic model of the FREEDM system, operating range of the system is where it has 

a solution in the steady state. Finding feasible operating range of the system is a necessary 

but not sufficient condition to guarantee that the system will continue its operation. The 

operating point of the system also needs to be stable which is the second study on the system. 

In chapter 4, a globally asymptotically stabilizing controller for a multi-SST based power 

distribution network was proposed that guarantees stability of any feasible operating point in 

the system. The feasibility results and the proposed controller were verified in a three SST 

distribution network. 

One of the key features of the FREEDM system is its ability to operate in the islanded 

mode [88]. In case of a failure in the grid, if there is enough energy in the distributed energy 

storage devices (DESD), the FREEDM system can operate in the islanded mode of operation 

using either the droop mode or the master-slave mode [89]. Since FREEDM system is an 

intelligent power network, the latter is a more suitable choice [90]. In the islanded mode, the 

SST with the highest energy storage capacity acts as the master system and is responsible for 

regulating the feeder voltage to a desired value and providing the power needed from other 
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SSTs while the other SSTs in the system act as slaves. The references of the system must be 

chosen such that all the mentioned goals are satisfied. 

Previously, some research has been done on the operation of the FREEDM system in 

the islanded mode. In [91], a hierarchical control system for a storage-based smart grid 

distribution scheme is developed. In [92, 93, 94], power management for DC microgrids in a 

single SST-based distribution network using droop control in the DESD system is studied. In 

[95], a control design method for the FREEDM system in the islanded mode is proposed. 

However, no analysis on the feasible range of operation of system is provided. Motivated by 

this interest, in this chapter, a set of analytical relationships that determine the feasibility 

conditions for the equilibria of the FREEDM system in the islanded mode of operation are 

derived. Moreover, the performance of the proposed controller in the previous chapter on the 

FREEDM system in the islanded mode of operation is studied. 

 5.2. FREEDM System Dynamic Model in the Islanded Mode 

In this section, the dynamic model of the FREEDM system is revisited. Based on Fig. 

2.9 and 4.1, the FREEDM system in the islanded mode of operation is shown in Fig. 5.1. 

Dynamic model of 𝑆𝑆𝑇𝑖 in the system is: 

𝐿𝑟𝑒𝑐1,𝑖

𝑑𝑖𝐿𝑟𝑒𝑐1,𝑑𝑖

𝑑𝑡
= −𝑅𝑟𝑒𝑐1,𝑖𝑖𝐿𝑟𝑒𝑐1,𝑑𝑖 + 𝜔𝐿𝑟𝑒𝑐1,𝑖𝑖𝐿𝑟𝑒𝑐1,𝑞𝑖 + 𝑣𝐶𝑓,𝑑𝑖 − 𝑣𝑖𝑛,𝑑𝑖                                (5.1) 

𝐿𝑟𝑒𝑐1,𝑖

𝑑𝑖𝐿𝑟𝑒𝑐1,𝑞𝑖

𝑑𝑡
= −𝜔𝐿𝑟𝑒𝑐1,𝑖𝑖𝐿𝑟𝑒𝑐1,𝑑𝑖 − 𝑅𝑟𝑒𝑐1,𝑖𝑖𝐿𝑟𝑒𝑐1,𝑞𝑖 + 𝑣𝐶𝑓,𝑑𝑖 − 𝑣𝑖𝑛,𝑞𝑖                                 (5.2) 

𝐶𝑓,𝑖

𝑑𝑣𝐶𝑓,𝑑𝑖

𝑑𝑡
= −𝑖𝐿𝑟𝑒𝑐1,𝑑𝑖 + 𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖 + 𝜔𝐶𝑓,𝑖𝑣𝐶𝑓,𝑞𝑖                                                                         (5.3) 

𝐶𝑓,𝑖

𝑑𝑣𝐶𝑓,𝑞𝑖

𝑑𝑡
= −𝑖𝐿𝑟𝑒𝑐1,𝑞𝑖 + 𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖 − 𝜔𝐶𝑓,𝑖𝑣𝐶𝑓,𝑑𝑖                                                                         (5.4) 
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𝐿𝑟𝑒𝑐2,𝑖

𝑑𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖

𝑑𝑡
= −𝑅𝑟𝑒𝑐2,𝑖𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖 + 𝜔𝐿𝑟𝑒𝑐2,𝑖𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖 − 𝑣𝐶𝑓,𝑑𝑖 + 𝑑𝑟𝑒𝑐,𝑑𝑖𝑣𝐶𝑟𝑒𝑐,𝑖                   (5.5) 

𝐿𝑟𝑒𝑐2,𝑖

𝑑𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖

𝑑𝑡
= −𝜔𝐿𝑟𝑒𝑐2,𝑖𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖 − 𝑅𝑟𝑒𝑐2,𝑖𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖 − 𝑣𝐶𝑓,𝑞𝑖 + 𝑑𝑟𝑒𝑐,𝑞𝑖𝑣𝐶𝑟𝑒𝑐,𝑖                    (5.6) 

𝐶𝑟𝑒𝑐,𝑖

𝑑𝑣𝐶𝑟𝑒𝑐,𝑖

𝑑𝑡
= −

1

2
𝑑𝑟𝑒𝑐,𝑑𝑖𝑖𝐿𝑟𝑒𝑐2,𝑑𝑖 −

1

2
𝑑𝑟𝑒𝑐,𝑞𝑖𝑖𝐿𝑟𝑒𝑐2,𝑞𝑖 − 𝑑𝐷𝐴𝐵,𝑖𝑣𝐶𝐷𝐴𝐵,𝑖                                  (5.7) 

𝐶𝐷𝐴𝐵,𝑖

𝑑𝑣𝐶𝐷𝐴𝐵,𝑖

𝑑𝑡
= −

1

𝑅𝐿𝑖
𝑣𝐶𝐷𝐴𝐵,𝑖 + 𝑑𝐷𝐴𝐵,𝑖𝑣𝐶𝑟𝑒𝑐,𝑖 + 𝑢𝑀𝐺,𝑖                                                            (5.8) 
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Figure 5.1 FREEDM system in the islanded mode of operation. 
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As it can be seen in the figure, 𝑆𝑆𝑇1 (closest SST to the grid) has been labeled as the 

master SST and its goal is to regulate the feeder voltage to a predetermined desired value 

while the other SSTs are the slave SSTs. 

 5.3. FREEDM System Feasibility Analysis in the Islanded Mode 

In this section, feasibility analysis of the FREEDM system in the islanded mode of 

operation is studied. As the goal of the master SST is to regulate the common feeder voltage, 

in the steady state: 

𝑣𝐶𝑓,𝑑1 = 𝑣𝐶𝑓,𝑑1,𝑑𝑒𝑠𝑖𝑟𝑒𝑑                                                                                                                       (5.9) 

𝑣𝐶𝑓,𝑞1 = 𝑣𝐶𝑓,𝑞1,𝑑𝑒𝑠𝑖𝑟𝑒𝑑                                                                                                                     (5.10) 

Based on equations (5.9) and (5.10) and considering the dynamic model of the master 

SST (equations (5.2)-(5.8) for 𝑖 = 1), the following power flow equation is derived: 

(𝑖𝐿𝑟𝑒𝑐2,𝑑1 +
𝑣𝐶𝑓,𝑑1,𝑑𝑒𝑠𝑖𝑟𝑒𝑑

2𝑅𝑟𝑒𝑐2,1
)

2

+ (𝑖𝐿𝑟𝑒𝑐2,𝑞1 +
𝑣𝐶𝑓,𝑞1,𝑑𝑒𝑠𝑖𝑟𝑒𝑑

2𝑅𝑟𝑒𝑐2,1
)

2

=
𝑣𝐶𝑓,𝑑1,𝑑𝑒𝑠𝑖𝑟𝑒𝑑

2 + 𝑣𝐶𝑓,𝑞1,𝑑𝑒𝑠𝑖𝑟𝑒𝑑
2

4𝑅𝑟𝑒𝑐2,1
2 +

2𝑢𝑀𝐺,1𝑣𝐶𝐷𝐴𝐵,1

𝑅𝑟𝑒𝑐2,1
−

2

𝑅𝑟𝑒𝑐2,1𝑅𝐿1
𝑣𝐶𝐷𝐴𝐵,1

2    (5.11) 

As it can be seen from equation (5.11), the steady state value of the current from the 

battery system must be such that: 

𝑢𝑀𝐺,1 ≥
1

𝑅𝐿1
𝑣𝐶𝐷𝐴𝐵 ,1 −

𝑣𝐶𝑓,𝑑1,𝑑𝑒𝑠𝑖𝑟𝑒𝑑
2 + 𝑣𝐶𝑓,𝑞1,𝑑𝑒𝑠𝑖𝑟𝑒𝑑

2

8𝑅𝑟𝑒𝑐2,1𝑣𝐶𝐷𝐴𝐵,1
                                                              (5.12) 

Moreover, based on equations (5.3) and (5.4) for the master SST: 

𝑖𝐿𝑟𝑒𝑐1,𝑑1 = 𝑖𝐿𝑟𝑒𝑐2,𝑑1 + 𝜔𝐶𝑓,1𝑣𝐶𝑓,𝑞1,𝑑𝑒𝑠𝑖𝑟𝑒𝑑                                                                                    (5.13) 

𝑖𝐿𝑟𝑒𝑐1,𝑞1 = 𝑖𝐿𝑟𝑒𝑐2,𝑞1 − 𝜔𝐶𝑓,1𝑣𝐶𝑓,𝑑1,𝑑𝑒𝑠𝑖𝑟𝑒𝑑                                                                                    (5.14) 

By combining equations (5.11), (5.13), (5.14), (5.15) and (5.16): 
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(𝑖𝐿𝑟𝑒𝑐1,𝑑1 +
𝑣𝐶𝑓,𝑑1,𝑑𝑒𝑠𝑖𝑟𝑒𝑑

2𝑅𝑟𝑒𝑐2,1
− 𝜔𝐶𝑓,1𝑣𝐶𝑓,𝑞1,𝑑𝑒𝑠𝑖𝑟𝑒𝑑)

2

+ (𝑖𝐿𝑟𝑒𝑐1,𝑞1 + 𝜔𝐶𝑓,1𝑣𝐶𝑓,𝑑1,𝑑𝑒𝑠𝑖𝑟𝑒𝑑 +
𝑣𝐶𝑓,𝑞1,𝑑𝑒𝑠𝑖𝑟𝑒𝑑

2𝑅𝑟𝑒𝑐2,1
)

2

=
𝑣𝐶𝑓,𝑑1,𝑑𝑒𝑠𝑖𝑟𝑒𝑑

2 + 𝑣𝐶𝑓,𝑞1,𝑑𝑒𝑠𝑖𝑟𝑒𝑑
2

4𝑅𝑟𝑒𝑐2,1
2 +

2𝑢𝑀𝐺,1𝑣𝐶𝐷𝐴𝐵,1

𝑅𝑟𝑒𝑐2,1
−

2

𝑅𝑟𝑒𝑐2,1𝑅𝐿1
𝑣𝐶𝐷𝐴𝐵,1

2    (5.15) 

For the slave SSTs, the dynamic model is as shown in equations (5.1)-(5.8). 

Feasibility analysis of the slave SSTs in the system is exactly similar to the grid connected 

case and therefore, the power flow circle for each slave SST is (𝑖 ≥ 2): 

(𝑖𝐿𝑟𝑒𝑐1,𝑑𝑖 +
𝑀2𝑖

2𝑀1𝑖
)2 + (𝑖𝐿𝑟𝑒𝑐1,𝑞𝑖 +

𝑀3𝑖

2𝑀1𝑖
)2 =

𝑀2𝑖
2 + 𝑀3𝑖

2

4𝑀1𝑖
2 −

𝑀4𝑖

𝑀1𝑖
                                              (5.16) 

Where the following expressions are defined. 

𝛼𝑖 = 1 − 𝜔2𝐿𝑟𝑒𝑐1,𝑖𝐶𝑓,𝑖 

𝛽𝑖 = 𝜔𝑅𝑟𝑒𝑐1,𝑖𝐶𝑓,𝑖 

𝛾𝑖 = 𝜔𝐶𝑓,𝑖 

𝑀1𝑖 = 𝑅𝑟𝑒𝑐2,𝑖(𝛼𝑖
2 + 𝛽𝑖

2) + 𝑅𝑟𝑒𝑐1,𝑖 

𝑀2𝑖 = (1 + 2𝑅𝑟𝑒𝑐2,𝑖𝛽𝑖𝛾𝑖)𝑣𝑖𝑛,𝑑𝑖 − 2𝑅𝑟𝑒𝑐2,𝑖𝛼𝑖𝛾𝑖𝑣𝑖𝑛,𝑞𝑖 

𝑀3𝑖 = 2𝑅𝑟𝑒𝑐2,𝑖𝛼𝑖𝛾𝑖𝑣𝑖𝑛,𝑑𝑖 + (1 + 2𝑅𝑟𝑒𝑐2,𝑖𝛽𝑖𝛾𝑖)𝑣𝑖𝑛,𝑞𝑖 

𝑀4𝑖 = 𝑅𝑟𝑒𝑐2,𝑖𝛾𝑖
2(𝑣𝑖𝑛,𝑑𝑖

2 + 𝑣𝑖𝑛,𝑞𝑖
2 ) + 2

𝑣𝐶𝐷𝐴𝐵 ,𝑖
2

𝑅𝐿𝑖
− 2𝑣𝐶𝐷𝐴𝐵,𝑖𝑢𝑀𝐺,𝑖 

The d-axis and q-axis input currents of the master SST are related to input currents of 

the slave SSTs using Kirchhoff’s current law as: 

𝑖𝐿𝑟𝑒𝑐1,𝑑1 = −∑𝑖𝐿𝑟𝑒𝑐1,𝑑𝑗

𝑛

𝑗=2

                                                                                                                (5.17) 
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𝑖𝐿𝑟𝑒𝑐1,𝑞1 = −∑𝑖𝐿𝑟𝑒𝑐1,𝑞𝑗

𝑛

𝑗=2

                                                                                                                (5.18) 

Therefore, the references of the system in the islanded mode must be chosen such that 

equations (5.13), (5.14), (5.15) and (5.16) are satisfied. It should be noted that aside from the 

power flow circles, the duty cycle circles for each SST can be derived as shown in chapter 3. 

Feasibility circles for the master SST when 𝑖𝐿𝑟𝑒𝑐1,𝑑1 = 0.1 𝐴, 𝑖𝐿𝑟𝑒𝑐1,𝑞1 = 0 𝐴 and 𝑅𝐿1 = 20 𝛺 

is shown in Fig. 5.2 which is similar to the feasibility circles in the grid connected case. The 

SST parameters are based on the low-voltage scaled SST testbed model for the islanded 

mode of operation [60]. 

 

Figure 5.2 Feasibility circles of the master SST. 

All of the point on the feasibility circle that are within the duty cycle circle are a 

solution for the system. It is interesting to observe that the feasibility range is much more 

constrained in the islanded mode due to absence of the grid. 
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Cases may arise where the feasibility circle and the duty cycle circle do not have an 

intersection point. In these cases, increasing the radius of the duty cycle circle by updating 

the reference value of the rectifier output DC voltage will help maintain the feasibility of the 

system (as shown in chapter 3). Fig. 5.3 shows the feasibility circles for the master SST when 

𝑖𝐿𝑟𝑒𝑐1,𝑑1 = 0.1 𝐴, 𝑖𝐿𝑟𝑒𝑐1,𝑞1 = 0 𝐴 and 𝑅𝐿1 = 50 𝛺. The two circles do not coincide as shown 

in the left figure when the rectifier output DC voltage reference is 250 𝑉. However, by 

increasing the reference to 600 𝑉, the circles will coincide again and the system will be 

feasible. 

Figure 5.3 Feasibility region expansion of the master SST. 

 5.4. FREEDM System Stability Analysis in the Islanded Mode 

In chapter 4, a globally asymptotically stabilizing controller for the FREEDM 

distribution system in the grid connected mode of operation was proposed. As it was shown, 

the design was based on the nonlinear dynamic model of the system using Lyapunov stability 

theory. The controller stabilizes any operating point of the system based on the references 

provided to it by the IEM unit (in predetermined intervals) or by IPM unit (in case there is a 
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change in the system, the IPM re-computes system references based on a power flow analysis 

or power sharing methods). 

System model in the islanded mode of operation for each SST is as shown in 

equations (5.1)-(5.8) and therefore, a similar proof as shown in chapter 4 can be used to show 

that the same controller will stabilize the system in the islanded mode of operation. It should 

be noted that the steady state operating point of the system is dependent on the references 

that are provided to the system. 

5.5 Case Studies and Simulation Results 

In this section, simulation results of using the proposed feasibility bounds on the low-

voltage scaled SST testbed shown in Fig. 5.4 are presented where the distribution system 

parameters and loads are shown in Table 5.1 and SST system parameters are based on [94]. 

As it can be seen in the figure, each SST is connected to a DESD system and local loads. 

In the grid connected mode of operation, if the goal is to avoid using DESD power in any of 

the SSTs and maintain the power factor of the grid equal to one (q-axis input current 

reference of each SST is equal to zero), d-axis input current reference of the SSTs are 

−10.61 𝐴, −8.4 𝐴 and −6.85 𝐴, respectively. When the system enters the islanded mode, 

𝑆𝑆𝑇1 will become the master SST and provide the power needed by other microgrids by 

discharging its corresponding DESD; therefore, the d-axis input current reference of this SST 

changes accordingly. Fig. 5.5, 5.6 show the response of the slave SST states when the grid 

gets disconnected and the master SST is unable to provide sufficient current to the system to 

maintain the feeder voltage. As it can be seen in the figures, the voltage and current 

regulation fails in both of the slave SSTs as input voltage starts to decay. 
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Figure 5.4 Low-voltage scaled SST testbed. 

Table 5.1 Low-voltage scaled SST testbed system parameters. 

Parameter Value 

Grid voltage/frequency 120 𝑉𝑟𝑚𝑠, 60 𝐻𝑧 

Load 𝑅𝐿1 = 30 𝛺 

𝑅𝐿2 = 40 𝛺 

𝑅𝐿3 = 50 𝛺 

Line impedances 𝑍1 = 0.5 + 𝑗0.48 𝛺 

𝑍2 = 0.7 + 𝑗065 𝛺 

𝑍3 = 0.7 + 𝑗0.65 𝛺 

 

Figure 5.5 Operation of 𝑆𝑆𝑇2 in the islanded mode without help from master SST. 
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Figure 5.6 Operation of 𝑆𝑆𝑇3 in the islanded mode without help from master SST. 

However, as the master SST restores the feeder voltage and provides the required 

current to the slave SSTs, the system restores its operation in the islanded mode. Fig. 5.7 and 

5.8 shows the slave SST states after the system enters the islanded mode. The system is able 

to maintain its feasibility and regulate the voltage and current sattes of each SST. 

 

Figure 5.7 Operation of 𝑆𝑆𝑇2 in the islanded mode with help from master SST. 
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Figure 5.8 Operation of 𝑆𝑆𝑇3 in the islanded mode with help from master SST. 

5.6. Conclusion 

One of the key features of the FREEDM system is its ability to operate in the islanded 

mode. In case of a failure in the grid, if there is enough energy in the distributed energy 

storage devices (DESD), the FREEDM system can operate in the islanded mode of operation 

using either the droop mode or the master-slave mode. Since FREEDM system is an 

intelligent power network, the latter is a more suitable choice. In the islanded mode, the SST 

closest to the grid acts as the master system and is responsible for regulating the feeder 

voltage to a desired value and providing the power needed from other SSTs while the other 

SSTs in the system act as slaves. The references of the system must be chosen such that all 

the mentioned goals are satisfied. In this chapter, a set of analytical relationships that 

determine the feasibility conditions for the equilibria of the FREEDM system in the islanded 

mode of operation are derived. Moreover, the performance of the proposed controller in 

chapter 4 on the FREEDM system in the islanded mode of operation is studied. 
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CHAPTER 6 

SUMMARY AND FUTURE WORK 

6.1. Summary 

This section summarizes the dissertation to highlight the findings and contributions. 

1. Nonlinear dynamic model of the FREEDM power distribution network is developed. 

FREEDM system comprises of solid-state transformers (SSTs) that are used to 

connect distributed renewable energy resources (DRER), distributed energy storage 

devices (DESD) and local loads on the low voltage side to medium voltage 

distribution grid through a high frequency transformer. Each SST has three stages: 

front-end rectifier, dual-active bridge (DAB) converter and voltage source inverter. 

Dynamic model of each of these stages are developed using the state-space averaging 

technique. These models are then related to each other through algebraic equations 

which define the power balance of the system. 

2. The developed dynamic model of each stage of SST is used to define its feasible 

operating range. It has been shown that by proper selection of DAB and inverter 

parameters, the feasible operating range of the rectifier stage defines the operating 

range of its corresponding SST. Two circles are used to show the operating range of 

each SST, one is the power flow circle and the other one is the duty cycle circle. Any 

operating point on the power flow circle that is on or inside the duty cycle circle is a 

feasible solution. In the case that for a given load, the feasibility circles of its 

corresponding SST do not have an intersection point, its rectifier output DC voltage 
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reference can be increased to increase the radius of the duty cycle circle and make 

that operating point feasible. 

3. In case there is a change in the load of an SST, the FREEDM system references must 

be updated such that the new operating point of the system is guaranteed to be 

feasible. As the size of the FREEDM system increases, solving the power flow 

equations will become more complex and take more time which is not favorable as 

FREEDM system is considered a plug-and-play system and needs to continue its 

operation independent of the changes in the system. Power flow analysis of the 

FREEDM system is simplified and two power sharing methods are proposed that 

provide the updated references to the system which guarantees power balance and 

feasibility constraints of the system. It should be noted that both of these methods are 

dependent on the availability of stored energy in system SSTs (DESD systems). In 

one method, the change in load is compensated by all DESDs in the system while in 

the other method, only neighbor SSTs help the SST in need by adjusting their DESD 

power reference. 

4. Feasibility analysis is a necessary but not sufficient study to guarantee that the system 

will operate at its desired operating point (which is dictated using reference signals to 

each SST). It must also be ensured that the control system is able to stabilize this 

operating point. A globally asymptotically stabilizing control system for a n-SST 

FREEDM distribution network is proposed to guarantee stability of any operating 

point in the system. The designed controller is centralized; however, by proper 

selection of control system gains, it can be simplified to a decentralized controller 

where each SST only needs feedback from its own DC bus voltages and AC input 
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current to stabilize the whole system. The controller is dependent on the references 

that are provided by IEM/IPM units. As it was discussed before, in case there is a 

change in the system, these references must be updated. Stability of the system with 

incorrect references is studied and it is shown that the system will maintain its stable 

operation even with incorrect references while it waits for new references to be 

provided to it.  

5. In case of a failure in the grid, if there is enough energy in the distributed energy 

storage devices (DESD), the FREEDM system can operate in the islanded mode of 

operation. In the islanded mode, the SST closest to the grid acts as the master system 

and is responsible for regulating the feeder voltage to a desired value and providing 

the power needed from other SSTs while the other SSTs in the system act as slaves. 

The references of the system must be chosen such that all the mentioned goals are 

satisfied. A set of analytical relationships that determine the feasibility conditions for 

the equilibria of the FREEDM system in the islanded mode of operation are derived. 

Moreover, the performance of the proposed controller on the FREEDM system in the 

islanded mode of operation is studied. 

6.2. Future Work 

This section provides an insight of the achievable future works out of this research work. 

1. Feasible operating range of the FREEDM system is defined by its SST parameters. 

The SST input filter components play an important role in its feasible range and its 

operation. For SSTs that are further from the grid, the voltage drop in the feeder lines 

limits their feasible operating range; therefore, their corresponding input filter 

components must be selected accordingly. However, these components must also 
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satisfy some hardware performance constraints. An algorithm/standard to design 

these components needs to be developed [96]. 

2. In this work, the DC and AC microgrid of each SST are simply modeled as a current 

source. However, the dynamic model of these systems may affect the stability of the 

distribution system [97]. An analysis on the effect of microgrids on system stability 

performance needs to be done. 

3. All of the analysis in this work is based on the assumption that the grid voltage 

consists only of a single fundamental frequency. The effect of extra harmonics in the 

input voltage of the FREEDM system on its feasibility and stability must be studied 

[98]. 

4. The proposed power sharing algorithms are dependent on availability of enough 

energy in the DESD systems of the SSTs in the system. Optimized power sharing 

algorithms that are dependent on the state of charge of DESD systems will be an 

interesting study [99]. 

5. The DESD sizing based on the operational range of the system is an interesting 

problem. Moreover, storage sizing for the master SST in the islanded mode of 

operation needs to be studied [68, 69, 70]. 

6. In this dissertation, the input grid has been assumed to be infinite. Feasibility and 

stability of the FREEDM system in presence of a weak grid where the grid is not able 

to provide any amount of power needs to be analyzed [71]. 

7. The designed controller is based on the assumption that the system is working in a 

constant frequency. An interesting study will be on designing an external control loop 

which is used for frequency regulation [72]. 
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8. Design of communication system for efficient implementation of power sharing 

methods and controller is required. 
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