
 

 

ABSTRACT 

DABA, ABRAHAM FEYISSA. Ultrasonic Imaging of Concrete for Rebar Detection  

(Under the direction of Drs. Rudolf Seracino, Abhinav Gupta, and Greg Lucier). 

 

In recent years, non-destructive testing (NDT) has gained significant attention in the field 

of civil engineering. NDT is playing an essential role in structural health assessment and 

monitoring. Specifically, ultrasonic testing is effective in revealing hidden materials and internal 

flaws, surface and subsurface defects, and more. For concrete, like other heterogeneous materials, 

scattering of waves from internal discontinuities results in attenuation of the signal. Low-frequency 

ultrasonic sound waves are used to improve the ability to inspect such heterogeneous materials. 

However, low-frequency signals affect the resolution of the ultrasonic image and make it difficult 

to interpret the results. Reconstruction techniques, such as the total focusing method (TFM), can 

significantly improve the quality of the image. This research uses the TFM reconstruction 

technique for rebar detection in concrete. The parameters that influence the TFM are studied using 

the concept of modeled assisted probability of detection (MAPOD). The appropriate threshold to 

reduce unwanted noise is defined by using the probability of detection curves obtained from the 

MAPOD. Experiments are conducted on a reinforced concrete block, and rebar detection is 

achieved using the concept of TFM and MAPOD.   
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1. General 

In recent years, non-destructive testing (NDT) has gained significant attention for 

structural health assessment and monitoring. In the United States, many existing structures 

(such as bridges, buildings, dams, nuclear facilities, etc.) are deteriorating, and there is a need 

for reliable NDT methods. NDT plays an essential role to ensure the structural safety and 

predict the remaining life of structures. Currently, there are many types of NDT techniques 

that are used to evaluate structures. Some of the commonly used techniques are a visual 

inspection, ultrasonic testing, acoustic emission testing, electromagnetic testing, radiograph 

testing, and penetrant testing. Ultrasonic testing is widely used for concrete subsurface imaging 

(flaw detection, rebar detection, etc.).  

Ultrasonic testing uses high-frequency sound waves to evaluate internal properties of 

materials. This testing method is heavily dependent on signal reflection from the acoustic 

boundary between two mediums. In heterogeneous materials like concrete, many internal 

material discontinuities exist due to voids, aggregates, and reinforcing bars. Such heterogeneity 

in concrete renders ultrasonic imaging challenging and sometimes unreliable. Researchers 

continue to propose new methods to improve imaging techniques particularly to reduce the 

unwanted noise due to scattering of waves from aggregates and small voids. Quantifying 

structural noise and coming up with a strategy for dealing with it requires extensive numerical 

modeling and controlled experimentation. Numerical modeling and experimentation help to 

study uncertainties in signal detection and probabilistically avoid noise. In this research, 

numerical models and experimentation are used to study an effective and reliable way of 

imaging concrete for rebar detection.   
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2. Organization  

 This thesis is divided into four parts. The first part gives an introduction to the topic, 

the current state of the art, and objective of the research. The second part covers the background 

of ultrasonic testing, ultrasonic transducers, wave propagation principles, and finite difference 

time domain modeling of concrete.  The third part covers ultrasonic imaging of concrete for 

rebar detection. In this section, the Total Focusing Method (TFM) is further investigated. 

Uncertainties within the TFM imaging parameters are studied and a probabilistic threshold 

definition is introduced. Finally, the fourth part provides a summary and conclusions of the 

research work. In addition, recommendations for future work are provided. 

3. Literature Review 

Ultrasonic wave propagation is widely used in non-destructive testing methods to 

determine the properties of concrete. Significant improvement in ultrasonic imaging 

techniques has been achieved in the last couple of decades. The conventional A-scan (received 

signals at one transducer location) signal presentation is now extended to a two-dimensional 

and three-dimensional image that has significantly improved the visualization. Several studies 

have shown different ways of image reconstruction techniques for ultrasonic testing. The 

widely used concrete imaging techniques are traditional B-scan imaging, Synthetic Aperture 

Focusing Technique (SAFT), Phased Array Technique (PA), Total Focusing Method (TFM), 

Tomographic Reconstruction Technique, and Reverse Time Migration (RTM). These methods 

use time domain or frequency domain to reconstruct the image.  

3.1. Time-Domain B-Scan Imaging  

Time-domain B-scan is a traditional imaging technique with a  slight improvement over 

the A-scan (which is received signal at one transducer location). The B-scan image is obtained 
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by combining multiple A-scan signals and lining them to get a cross-sectional view of the 

object. The time of arrival of the signal is converted to depth by using the velocity of the wave. 

According to Schickert et al. (2003), if the scattering of wave is less (such as in homogenous 

materials), time-domain B-scan provides sufficient information about internal properties. 

However, for heterogeneous material, the accuracy of conventional B-scan reduces due to 

scattering of waves and attenuation of signals. In order to tackle these challenges, other 

imaging techniques are required which are discussed in the subsequent sections.   

3.2.  Frequency-Domain B-scan imaging  

One of the most conventional noise reduction techniques is to convert the time-domain 

signal into the frequency-domain. This technique is widely used in impact-echo testing (Liu 

and Yeh, 2009; Liu and Yeh 2011; Liu et al. 2017; and Schubert et al. 2004). The time domain 

signal is changed to the frequency domain by using the Fast Fourier Transform (FFT). The 

resonance peaks are then related to thickness using the signal wave velocity. Sadri and 

Mirkhani (2009) and Liu et al. (2017) show that concrete-air interface and concrete-steel 

interface have a significantly different resonant frequency for the same depth. The resonance 

frequency for a concrete-air interface is twice the resonance frequency for a concrete-steel 

interface. This is a significant challenge for concrete imaging as the internal characteristics are 

not known. However, if the targeted characteristics are pre-determined (such as detecting rebar 

inside concrete) the method can be easily applied by assuming reflections are only coming 

from the targeted material (rebar).  

Liu and Yeh (2009) proposed a vertical spectral tomogram technique which uses the 

frequency domain to detect voids inside concrete.  By using numerical and experimental data, 
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they have shown the effectiveness of the method to detect a relatively large void. Liu and Yeh 

(2011) extended the technique to three-dimensional image tomography for void detection.  

So far, spectral tomography is only applied on larger voids. The application of this 

method for detecting small voids or rebar is not well studied. The method also relies on 

applying thresholds by defining upper and lower bound amplitudes, which is very complicated 

to apply on reinforced concrete.  

3.3. Synthetic Aperture Focusing Technique (SAFT)  

SAFT is commonly used as a reconstruction method for concrete imaging. This method 

uses the time-domain signal received at multiple aperture points by selectively superposing the 

signals to generate a reconstructed image (Schickert et al., 2003). Many researches (Tong el 

al. 2014; Hoegh and Khazanovich, 2016; and Schickert et al., 2003) applied this method on 

concrete and showed the effectiveness of this method for detection of flaws, honeycombing, 

metallic objects (such as rebar), and back-wall thickness.  

Kovalev et al. (1990), Krause et al. (1992), Muller (1994), and Schickert (1995) 

extensively investigated the application of one-dimensional, two-dimensional, and three-

dimensional SAFT on concrete structures. Schickert et al. (2003) show the three-dimensional 

planer aperture SAFT reconstruction technique has a potential for revealing embedded 

reinforcements, ducts, honeycombing, and back-wall. As an alternative thickness detection 

method, Schickert et al. (2003) presented one-dimensional SAFT that can be used to detect 

thickness up to 2 m. Schickert et al. (2003)  concluded that the minimum detectable size using 

SAFT is 10 mm with an accuracy of localization of 20 mm laterally and 10 mm axially. 

Tong et al. (2014) used SAFT for detection of voids in reinforced concrete structures. 

They studied the influence of rebar on SAFT imaging by numerical simulation as well as by 
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conducting an experiment. They showed that increasing the wavelength of the dominant wave 

reduces the influence of rebar. However, the resolution of the image decreases as the 

wavelength decreases. To optimize the wavelength and resolution of the image, they have 

introduced a numerical correlation function (coherence function). They concluded that a 

wavelength approximately 20 times greater than the diameter of rebar is required to avoid the 

influence of rebar in void detection.   

Overall, SAFT provides a significantly improved image compare to the conventional 

B-scan image. However, Schickert et al. (2003) showed that the method is limited in only 

detecting objects greater than 10 mm. In addition, Due to the limited aperture, the lateral 

resolution of conventional SAFT is poor compared to modern imaging techniques such as TFM 

and PA (Tseng el al. 2017). In recent years, the revolution of transducers being able to transmit 

and receive from the same location has led to a modification of SAFT into the modern total 

focusing method (TFM). 

3.4. Total Focusing Method (TFM) 

TFM is a modern reconstruction technique in the field of ultrasonic imaging. This 

method shows a major improvement over conventional reconstruction techniques such as 

SAFT (Tseng et al., 2017; and Baniwal et al., 2016). TFM uses the time domain array of signals 

obtained from multiple transmit-receive combinations. The combination of the array of signals 

is also known as Full Matrix Capture (FMC) data. Using FMC data, TFM provides quality 

images compared with most traditional imaging technique (Carcreff and Braonnier, 2015; and 

Tsend et al., 2017). Ozawa et al. (2017), Baniwal et al. (2016), and Tseng et al. (2017) applied 

the TFM for concrete imaging and they showed the effectiveness of the method in detecting 

rebar and voids in a concrete structure. 
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Ozawa et al. (2017) used the TFM reconstruction technique for detecting rebar and 

holes in relatively deep locations (500 mm). They used composite PZT transducers with a 

central frequency of 50 kHz (which is a low ultrasonic frequency). The back-wall at 700 mm  

also shows in the reconstructed TFM image, which makes the method promising for thickness 

detection at a deeper depth.         

Beniwal et al. (2016) introduced two TFM enhancement techniques: weighted sum and 

statistical technique. Both techniques assume the transmitted compression wave reflect as a 

compression wave (CC wave) or shear wave due to mode conversion (CS wave). The TFM 

method is used to reconstruct two different images by assuming CC and CS modes. The 

weighted sum and statistical technique are then used to reconstruct the enhanced image by 

combining the common spatial information. Beniwal et al. (2016) concluded that both methods 

enhance the quality of the image significantly, and the weighted sum technique shows a slightly 

improved performance over the statistical technique. 

Total focusing method requires high computational cost, so it is difficult to use for a 

real-time application. TFM is not suited for complex geometry, and it also requires a high 

signal to noise ratio. These limitations can be addressed by a phased array (PA) technique 

which is discussed in the next section.   

3.5. Phased Array Technique (PA) 

The phased array technique is commonly used in the medical industry for ultrasound 

imaging. The technique is well suited for real-time imaging, and it can also overcome complex 

geometry using skewed scan (Tseng et al., 2017). The phased array uses an array of several 

sensors that are controlled individually. The signals at transducers are delayed and the 

ultrasonic beams are focused to a specific point, which makes it possible to detect the desired 
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object easily. Studies have shown (Mielentz, 2008; Paris et al., 2005; and Tseng et al., 2017) 

that the PA technique can be applied to concrete imaging. Tseng et al. (2017) have shown the 

PA technique to be effective in overcoming attenuation of concrete and detecting smaller 

targets. Unlike the TFM and SAFT, the PA technique can work in a low signal to noise ratio 

environment by focusing the sound beam on the desired target. Tseng et al. (2017) also showed 

that the PA technique does not work as well as the TFM for detecting larger targets.  

3.6. Other Imaging techniques  

Recently, other imaging techniques such as Tomographic Reconstruction Technique 

and Reverse Time Migration (RTM) techniques have been used for concrete imaging (Beniwal 

and Ganguli, 2015; Mulleret al. 2012; Grohmann et la. 2015; and Choi et al. 2016). They 

provide a quality image with detail compared to the conventional SAFT technique. However, 

according to Beniwal el al. (2016), these techniques require more computational resources than 

TFM and SAFT. In addition, these two techniques are best suited for post-processing of 

ultrasonic data in the lab.  Therefore, for the purpose of this research, these techniques are not 

investigated for the application of rebar detection.    

4. Objective 

While past research shows significant improvement in ultrasonic imaging of concrete, 

there is still a need for further investigation for reliable and less computationally intensive 

methods. The objective of this research is to explore an effective ultrasonic imaging method 

for rebar detection. The parameters that affect the ultrasonic imaging method are investigated 

and used to define an appropriate threshold. In order to accomplish the research objective, the 

following tasks are undertaken:  
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 Develop a  numerical model to test ultrasonic testing method and to supplement 

possible experimental data. To do this, Finite Difference Time Domain (FDTD) 

model of reinforced concrete elements will be developed using MATLAB. 

 Use power spectrum density (PSD) to obtain a B-scan image of concrete, and show 

the limitation of the method. 

 Collect experimental data using the instrument available at the laboratory.  

 Write appropriate TFM algorithm in MATLAB for the test data.  

 Test the algorithm using numerical data obtained from FDTD. 

 Study the effect of different parameters (aggregate size, small voids, etc.) that 

influence signal detection in concrete.  

 Study the effect of using full matrix and half matrix data in the quality of TFM 

imaging.  

 Perform a probabilistic study using the probability of detection (POD) concept for 

defining an appropriate threshold and enhancing the quality of the B-scan image.  
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1. Ultrasonic testing 

Ultrasonic waves are high-frequency sound waves, which have a frequency greater than 

20 kHz. These waves are used by the medical field for ultrasound imaging and in the field of 

NDT for flaw detection, material characterization, thickness measurement, and more. 

Ultrasonic waves are generated on materials using transducers. The waves propagate in the 

material and reflect as they encounter discontinuity. The waves are then received by ultrasonic 

transducers which are on the same, or opposite face. In the through-transmission test, the 

transmitter and the receiver are on opposite faces. However, most of the time only one face of 

the element is available for testing, so testing heavily depends on the reflection property of 

waves. When one transducer is used as the transmitter and the receiver on the same face, this 

testing is called pulse-echo. There is also indirect- transmission testing where different 

transmitters and receivers are used on the same face. In this research, an array of ultrasonic 

transducers are used on the same face of the concrete elements as shown in Figure 1. The 

transducers used in this research are capable of transmitting and receiving from the same 

location. Having multiple transmitter and receiver combinations help to generate a better 

internal image of the element. Details of transducers used in an experiment program are 

discussed in the next part of this thesis.  
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Figure 1: Ultrasonic testing of concrete member 

2. Ultrasonic transducers  

Ultrasonic transducers are essential for ultrasonic testing because they control the 

ability to transmit and receiving signals. Ultrasonic transducers convert electrical energy into 

mechanical energy to transmit signals and convert mechanical energy to electrical energy when 

receiving signals. Piezoelectric transducers are widely used transducers for medical and NDT 

applications (Kulkarni, 2011). The main component that converts the electrical signal to 

mechanical vibration is the piezoelectric element. The vibration frequency of the piezoelectric 

element is controlled by the size of the element. To generate higher frequency vibration the 

piezoelectric element has to be cut smaller. According to Dineva et al. (2014), commonly used 

piezoelectric materials are quartz and PZT (lead zirconium titanate). Quartz is a natural single 

crystal material, and PZT is a manufactured piezoelectric ceramic material. A major 

Testing 
Equipment  

Propagated 
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Reflected wave 
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improvement of the piezoceramic material is a piezocomposite material, which is a 

composition of piezoelectric polymer or ceramic (Silva and Kikuchi, 1999). Piezocomposite 

materials are better than pizoceramic materials because they have a higher electromechanical 

coupling, which makes them more sensitive for measuring signals. Also, piezocomposite 

materials have lower acoustic impedance, which enables them to transmit signals in low 

acoustic impedance materials (Silva and Kikuchi, 1999; and Kulkarni, 2011).  

The main components that form piezoelectric transducers are the active element, 

backing, and wear plate (Olympus, 2006). The active element is the piezoelectric element that 

is described above. The backing is higher a density material that absorbs the vibration from the 

back face of the active element. The wear plate, or front layer, helps protect the active element 

from external damage. The wear plate also acts as a matching layer, which helps the transducer 

to match the acoustic impedance of the tested object. Figure 2 shows the general structure of a 

piezoelectric transducer.           

 

 

Figure 2: The general structure of a piezoelectric transducer (Olympus, 2006) 

For concrete material, a transducer with a central frequency of 50-200 kHz is used 

(Mielentz, 2008). The desired frequency for concrete testing is determined by the velocity of 
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the wave and the size of the discontinuity (void, rebar, etc) inside the concrete. The velocity of 

the wave is directly proportional to the wavelength of the signal. The wavelength dictates the 

size of the object that can be detected inside the material. The wavelength λ can be related to 

frequency f and velocity V by using Equation (1).  

 
𝜆 =

𝑉

𝑓
 

(1) 

3. Wave Propagation Principles 

In solid materials, there are three primary waves generated when stress is introduced 

into the medium. These three primary waves are longitudinal waves (p-waves), transverse 

waves (s-waves), and Rayleigh waves (r-waves). The three primary waves are shown in Figure 

3. These three waves propagate at a different speed in the same material. The particle motion 

for p-waves is parallel to the direction of propagation. On the other hand, the particle motion 

for s-waves is perpendicular to the direction of propagation. R-waves are surface waves that 

propagate along the surface with an elliptical particle motion. P-waves propagate at a higher 

speed compared to other primary waves. For normal concrete, the p-wave velocity ranges from 

3000 m/s to 5000 m/s and the dynamic elastic modulus ranges from 20 to 40 GPa (Chen et al. 

2009). P-waves are easier to identify when they reach the receiver location, as they are usually 

the first waves to arrive. S-waves propagate slower than p-waves but faster than r-waves. The 

velocity of s-waves for concrete with Poisson’s ratio of 0.21, which is typical for concrete, is 

close to 61% of the velocity of the p-waves. R-waves are the slowest waves, but they have the 

highest energy. R-waves are also easier to identify when they reach the receiver location as 

they have the highest magnitude of all primary waves. The velocity of r-waves for concrete 

with Poisson’s ratio of 0.21 is 55% of the velocity of the p-waves.  
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Figure 3: Elastic wave propagation in solid materials 

3.1. Reflection and Refraction of waves  

When waves travel from one material to another material there is reflected and refracted 

waves. The magnitude of the reflected and refracted waves depend on the material properties 

at the interface and the incident angle as shown in Figure 4. The magnitude of the reflected 

and refracted waves can be calculated using Eq. (2) and Eq. (3). In most cases, ultrasonic 

testing is done on one face of the concrete, so the testing is heavily dependent on the reflection 

property of waves. The reflected waves can be used to identify the location, property, size, and 

more about the material that causes the reflection. It can be noted from Eq. (2) that in concrete 

material the wave reflected from a void will have significantly higher magnitude compared to 

the wave reflected from the same size rebar because of the acoustic impedance difference.  

 
𝑅 =  

𝜌1 𝑉1 − 𝜌2  𝑉2

𝜌2 𝑉2 + 𝜌1 𝑉1
=
𝑍1 − 𝑍2
𝑍2 + 𝑍1

 (2) 

P-wave 

S-wave 

R-wave 
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𝑇 =

2 𝜌1 𝑉1

𝜌2 𝑉2 + 𝜌1 𝑉1
=

2 𝑍1
𝑍2 + 𝑍1

 (3) 

where R is the magnitude of the reflected wave, T is the magnitude of the refracted wave, ρ is 

the density of the material, and Z is acoustic impedance.   

 The acoustic impedance of a material is a product of density and wave velocity. The 

acoustic impedance is an important measure for determining how much energy can be 

transmitted or reflected at two materials’ interface. The acoustic impedance also helps to 

identify appropriate ultrasonic transducers for different materials. 

3.2.  Snell’s Law and Mode conversion  

When an incident occurs at a boundary of two materials with an angle, the angle of the 

reflected and refracted wave can be described using Snell’s Law. Snell's Law relates the 

material velocities to the angle of the incident ϴ and propagated wave. 

 

Figure 4: Reflected and refracted waves and mode conversion   
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 sin (𝛳1)

𝑉1
=
sin (𝛳2)

𝑉2
 

(4) 

At two materials’ interface, depending on the incident angle, p-wave velocity can be 

converted to s-wave velocity, and vice versa. This phenomenon is also known as mode 

conversion. Incident p-wave can be reflected as s-waves, or can be transmitted into the second 

medium as an s-wave as shown in Figure 4.  

The wave speed can be related to the angle form using Snell’s law as:  

 sin (𝛳1)

𝑉𝑐1
=
sin (𝛳3)

𝑉𝑐2
=
sin (𝛳2)

𝑉𝑆1
=
sin (𝛳4)

𝑉𝑆2
 

(5) 

where ϴ1 is the incident angle, Vc1 is the incident longitudinal wave of material one, ϴ3 is the 

angle of the longitudinal wave transmitted into the second material, Vc2 is the transmitted 

longitudinal wave of material two.  

  When waves travel from slower speed material to higher speed material, there is an 

angle that makes the longitudinal wave bend toward the interface of the material without being 

transmitted. This angle is known as the first critical angle. After the first critical angle, the only 

wave that is transmitted to the second material is the shear wave. There also exists an angle 

that makes the shear wave bend toward the interface. This is also known as the second critical 

angle. After the second critical angle, all the waves are reflected back or travel along the two 

materials interface.  

3.3.  Elastic Wave Equation  

To understand wave propagation in a solid material, the governing differential equation 

must be defined. The governing differential equation is helpful for numerical modeling of wave 

propagation problems. In this section, the governing three-dimensional elastic wave equation 
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is defined. The equation is expressed in displacement form by incorporating stress-stain and 

strain-displacement relations.  

   Consider a three-dimensional deformable element shown in Figure 5 with a body 

force F. Equilibrium of forces can be written in the x-direction, y-direction, and z-direction, 

respectively, as given in Eq. (6). This equation is obtained after canceling out the higher order 

terms and dividing by the differential volume terms (dx, dy, dz).  

 𝜕𝜎𝑥𝑥
𝜕𝑥

+
𝜕𝜎𝑥𝑦
𝜕𝑦

+
𝜕𝜎𝑥𝑧
𝜕𝑧

+ 𝐹𝑥 − 𝜌 𝑎𝑥 = 0 

𝜕𝜎𝑥𝑦
𝜕𝑥

+
𝜕𝜎𝑦𝑦
𝜕𝑦

+
𝜕𝜎𝑦𝑧
𝜕𝑧

+ 𝐹𝑦 − 𝜌 𝑎𝑦 = 0 

𝜕𝜎𝑥𝑧
𝜕𝑥

+
𝜕𝜎𝑦𝑧
𝜕𝑦

+
𝜕𝜎𝑧𝑧
𝜕𝑧

+ 𝐹𝑧 − 𝜌 𝑎𝑧 = 0 

(6) 

where σxx, σyy, and σzz are the normal stress component, and σxy, σxz, and σyz are the shear stress 

components. Fx, Fy, and Fz are forces per unit volume, and 𝑎𝑥 , 𝑎𝑦, and 𝑎𝑧 are accelerations.  
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Figure 5: Three-dimensional deformable element (Boresi and Schmidt, 2003) 

Equation (6) is also known as the dynamic equilibrium equation. The elastic wave 

equation is governed by this differential equation. For any magnitude of displacement (u,v,w), 

the strain displacement relation can be expressed as (Boresi and Schmidt, 2003)   

 
𝜖𝑥𝑥 =

𝜕𝑢

𝜕𝑥
+
1

2
[(
𝜕𝑢

𝜕𝑥
)
2

+ (
𝜕𝑣

𝜕𝑥
)
2

+ (
𝜕𝑤

𝜕𝑥
)
2

] 

𝜖𝑦𝑦 =
𝜕𝑣

𝜕𝑦
+
1

2
[(
𝜕𝑢

𝜕𝑦
)
2

+ (
𝜕𝑣

𝜕𝑦
)
2

+ (
𝜕𝑤

𝜕𝑦
)
2

] 

𝜖𝑧𝑧 =
𝜕𝑤

𝜕𝑧
+
1

2
[(
𝜕𝑢

𝜕𝑧
)
2

+ (
𝜕𝑣

𝜕𝑧
)
2

+ (
𝜕𝑤

𝜕𝑧
)
2

] 

 

(7) 

where 𝜖xx, 𝜖yy, and 𝜖zz are the normal strain component.   

 

F
y
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z
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𝜖𝑥𝑦 = 𝜖𝑦𝑥 =

1

2
[
𝜕𝑣

𝜕𝑥
+
𝜕𝑢

𝜕𝑦
+
𝜕𝑢

𝜕𝑥

𝜕𝑢

𝜕𝑦
+
𝜕𝑣

𝜕𝑥

𝜕𝑣

𝜕𝑦
+
𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝑦
] 

𝜖𝑥𝑧 = 𝜖𝑧𝑥 =
1

2
[
𝜕𝑤

𝜕𝑥
+
𝜕𝑢

𝜕𝑧
+
𝜕𝑢

𝜕𝑥

𝜕𝑢

𝜕𝑧
+
𝜕𝑣

𝜕𝑥

𝜕𝑣

𝜕𝑧
+
𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝑧
] 

𝜖𝑦𝑧 = 𝜖𝑧𝑦 =
1

2
[
𝜕𝑤

𝜕𝑦
+
𝜕𝑣

𝜕𝑧
+
𝜕𝑢

𝜕𝑦

𝜕𝑢

𝜕𝑧
+
𝜕𝑣

𝜕𝑦

𝜕𝑣

𝜕𝑧
+
𝜕𝑤

𝜕𝑦

𝜕𝑤

𝜕𝑧
] 

(8) 

where 𝜖xy, 𝜖xz, and 𝜖yz are the shear strain. 

For small displacement, the higher order terms in Equation (7) and Equation (8) can be 

ignored. The stress-strain relation for isotropic elastic materials can be obtained using Hook’s 

Law (Boresi and Schmidt, 2003). The stress-strain relation is     

 
𝜎𝑥𝑥 =

𝐸

(1 + 𝜈)(1 − 2 𝜈)
[(1 − 𝜈)𝜖𝑥𝑥 + 𝜈 (𝜖𝑦𝑦 + 𝜖𝑧𝑧)] 

𝜎𝑦𝑦 =
𝐸

(1 + 𝜈)(1 − 2 𝜈)
[(1 − 𝜈)𝜖𝑦𝑦 + 𝜈 (𝜖𝑥𝑥 + 𝜖𝑧𝑧)] 

𝜎𝑧𝑧 =
𝐸

(1 + 𝜈)(1 − 2 𝜈)
[(1 − 𝜈)𝜖𝑧𝑧 + 𝜈 (𝜖𝑥𝑥 + 𝜖𝑦𝑦)] 

𝜎𝑥𝑦 =
𝐸

(1 + 𝜈)
 𝜖𝑥𝑦,  𝜎𝑥𝑦 =

𝐸

(1 + 𝜈)
 𝜖𝑥𝑧,  𝜎𝑥𝑦 =

𝐸

(1 + 𝜈)
 𝜖𝑦𝑧  

(9) 

where E is Young's modulus and ν is the Poisson’s ratio.  

 Substituting strain-displacement Equations (7) and (8)) and stress-strain Equation (9) 

respectively, into the dynamic equilibrium, Equation (6), the following equation is obtained 

(Bedford and  Drumheller, 1994)  

 
(λ + µ)∇ (∇ ∙ 𝐮) + µ ∇2𝐮 + 𝐅 = ρ

∂2𝐮

𝜕𝑡2
 (10) 
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where 𝜆 =
𝜈𝐸

(1+𝜈)(1−2 𝜈)
 and µ =

𝐸

2 (1+𝜈)
 are Lame’s constants; ∇ is the gradient vector; u is the 

vector displacement relative to the reference state; and ∇2 is the vector Laplacian and can be 

written as (Bedford and  Drumheller, 1994).   

 ∇2𝐮 = ∇(∇ ∙ 𝐮) − ∇ × (∇ × 𝐮) 
(11) 

Substituting Equation (1111) into Equation (10), we get  

 
(λ + 2µ)∇ (∇ ∙ 𝐮) − µ ∇ × (∇ × 𝐮) + 𝐅 = ρ

∂2𝐮

𝜕𝑡2
 (12) 

As all the terms are now expressed in displacement form, Equation (12) is known as 

the displacement elastic wave equation.  Dividing Equation (12) by ρ, we get  

 (λ + 2µ)

ρ
∇ (∇ ∙ 𝐮) −

µ 

𝜌
∇ × (∇ × 𝐮) + 𝐅 =

∂2𝐮

𝜕𝑡2
 (13) 

Equation (13) can be expressed in terms of p-wave and s-wave velocity as 

 
𝑉𝑐
2∇ (∇ ∙ 𝐮) − 𝑉𝑠

2∇ × (∇ × 𝐮) + 𝐅 =
∂2𝐮

𝜕𝑡2
 (14) 

where 𝑉𝑐 = (
(λ+2µ)

ρ
)

1

2
, 𝑎𝑛𝑑 𝑉𝑠 = (

µ 

𝜌
)

1

2
   

If the material property is known, p-wave and s-wave velocities can be easily 

calculated. Then, any displacement can be calculated by solving the second order differential 

given by Equation (14). Equation (14) can also be approximated to give displacement directly 

using a finite difference time domain approximation, which is discussed in the next section.  

4. Finite Difference Time Domain Approximation of the Elastic Wave equation  

Finite difference time domain (FDTD) is a numerical method for solving differential 

equations by approximation. The approximation for the stress wave equation shown in 
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Equation (14) is needed in time as well as space. The FDTD approximation helps discretize 

the continuous material into a discrete system which is solved by a discrete time step.  

For the FDTD approximation, we assume the stress wave equation in Equation (15) 

modified to account for damping in the propagation of waves. 

 
𝑉𝑐
2∇ (∇ ∙ 𝐮) − 𝑉𝑠

2∇ × (∇ × 𝐮) + 𝐅 =
∂2𝐮

𝜕𝑡2
+ b

∂𝐮

∂t
 (15) 

where b is the damping coefficient.  

The FDTD approximation is obtained by incorporating Tylor expansion and central 

difference method (Abramo, 2011). The Tylor series expansion can be used to approximate the 

second-order derivative as shown in Equation (16). The central difference method is used to 

approximate the first-order derivative as shown Equation (17).   

 
𝑓(𝑥 + 𝛿𝑥) = 𝑓(𝑥) + 𝑓′(𝑥)𝛿𝑥 +

1

2!
 𝑓′′(𝑥)𝛿𝑥2 +⋯ (16) 

 

 
𝑓′(𝑥) =

𝑓(𝑥 + 𝛿𝑥) − 𝑓(𝑥 − 𝛿𝑥)

2𝛿𝑥
 (17) 

Combining Equations (16) and (17), we can approximate the second order derivative 

as  

 
𝑓′′(𝑥) =

𝑓(𝑥 + 𝛿𝑥) + 𝑓(𝑥 − 𝛿𝑥) − 2 𝑓(𝑥)

𝛿𝑥2
 (18) 

This approximation can be used in time as well as in space with multidimensional 

vector  (Abramo, 2011)  

 𝜕2𝑢𝑖𝑗𝑘
𝜕𝑥2

=
1

𝛿𝑥2
(𝑢𝑖+1,𝑗,𝑘 − 2 𝑢𝑖,𝑗,𝑘 + 𝑢𝑖−1,𝑗,𝑘) (19) 
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where u is a scalar displacement value in the x-direction, and (i,j,k) represent spatial grid 

location. Double partial with respect to two different directions can be obtained using the 

central difference method twice (Abramo, 2011) 

 𝜕2𝑢𝑖𝑗𝑘
𝜕𝑥𝜕𝑦 

=
𝑢𝑖+1,𝑗+1,𝑘 + 𝑢𝑖−1,𝑗−1,𝑘 − 𝑢𝑖−1,𝑗+1,𝑘 − 𝑢𝑖+1,𝑗−1,𝑘

4 𝛿𝑥 𝛿𝑦
 (20) 

By applying Equations (16) through (19) into the stress wave equation, Equation (15), 

we get the following approximation of displacement in x  

 
𝑢𝑖,𝑗,𝑘 =

2

2 + 𝑏 𝑑𝑡
[𝐹𝑥 + 2 𝑢𝑖𝑖,𝑗,𝑘 − 𝑢0𝑖,𝑗,𝑘 + 𝑏 

𝑑𝑡

2
 𝑢0𝑖,𝑗,𝑘

+ (𝑑𝑡)2(𝑣𝑐)2 (
𝑢𝑖𝑖+1,𝑗,𝑘 − 2 ∗ 𝑢𝑖𝑖,𝑗,𝑘 + 𝑢𝑖𝑖−1,𝑗,𝑘

𝑑𝑥2

+
(𝑣𝑖𝑖+1,𝑗+1,𝑘 + 𝑣𝑖𝑖−1,𝑗−1,𝑘 − 𝑣𝑖𝑖−1,𝑗+1,𝑘 − 𝑣𝑖𝑖+1,𝑗−1,𝑘)

4 𝑑𝑥 𝑑𝑦

+
𝑤𝑖𝑖+1,𝑗,𝑘+1 +𝑤𝑖𝑖−1,𝑗,𝑘−1 − 𝑤𝑖𝑖−1,𝑗,𝑘+1 −𝑤𝑖𝑖+1,𝑗,𝑘−1

4 𝑑𝑥 𝑑𝑧
)

− (𝑑𝑡)2(𝑣𝑠)2 (
𝑣𝑖𝑖+1,𝑗+1,𝑘 + 𝑣𝑖𝑖−1,𝑗−1,𝑘 − 𝑣𝑖𝑖−1,𝑗+1,𝑘 − 𝑣𝑖𝑖+1,𝑗−1,𝑘

4 𝑑𝑥 𝑑𝑦

+
𝑤𝑖𝑖+1,𝑗,𝑘+1 +𝑤𝑖𝑖−1,𝑗,𝑘−1 − 𝑤𝑖𝑖−1,𝑗,𝑘+1 −𝑤𝑖𝑖+1,𝑗,𝑘−1

4 𝑑𝑥 𝑑𝑧

−
𝑢𝑖𝑖,𝑗+1,𝑘 − 2 𝑢𝑖𝑖,𝑗,𝑘 + 𝑢𝑖𝑖,𝑗−1,𝑘

𝑑𝑦2
−
𝑢𝑖𝑖,𝑗,𝑘+1 − 2 𝑢𝑖𝑖,𝑗,𝑘 + 𝑢𝑖𝑖,𝑗,𝑘−1

𝑑𝑧2
)] 

(21) 

where u is the x displacement for the next time step, ui is the x displacement in the current time step, 

and u0 is the x displacement in the previous time step. The same logic applies in y, and z directions 

where v and w are the displacements, respectively. The node numbers are i in x direction, j in the y 

direction, and k in the z direction. Similarly, the displacement approximations in the y and z directions 

can be found by Equations (22) and (23).   
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𝑣𝑖,𝑗,𝑘 =

2

2 + 𝑏 𝑑𝑡
[𝐹𝑦 + 2 𝑣𝑖𝑖,𝑗,𝑘 − 𝑣0𝑖,𝑗,𝑘 + 𝑏 

𝑑𝑡

2
 𝑣0𝑖,𝑗,𝑘

+ (𝑑𝑡)2(𝑣𝑐)2 (
𝑣𝑖𝑖,𝑗+1,𝑘 − 2 ∗ 𝑣𝑖𝑖,𝑗,𝑘 + 𝑣𝑖𝑖,𝑗−1,𝑘

𝑑𝑦2

+
(𝑢𝑖𝑖+1,𝑗+1,𝑘 + 𝑢𝑖𝑖−1,𝑗−1,𝑘 − 𝑢𝑖𝑖−1,𝑗+1,𝑘 − 𝑢𝑖𝑖+1,𝑗−1,𝑘)

4 𝑑𝑥 𝑑𝑦

+
𝑤𝑖𝑖,𝑗+1,𝑘+1 + 𝑤𝑖𝑖,𝑗−1,𝑘−1 − 𝑤𝑖𝑖,𝑗−1,𝑘+1 −𝑤𝑖𝑖,𝑗+1,𝑘−1

4 𝑑𝑦 𝑑𝑧
)

− (𝑑𝑡)2(𝑣𝑠)2 (
𝑢𝑖𝑖+1,𝑗+1,𝑘 + 𝑢𝑖𝑖−1,𝑗−1,𝑘 − 𝑢𝑖𝑖−1,𝑗+1,𝑘 − 𝑢𝑖𝑖+1,𝑗−1,𝑘

4 𝑑𝑥 𝑑𝑦

+
𝑤𝑖𝑖,𝑗+1,𝑘+1 + 𝑤𝑖𝑖,𝑗−1,𝑘−1 − 𝑤𝑖𝑖,𝑗−1,𝑘+1 −𝑤𝑖𝑖,𝑗+1,𝑘−1

4 𝑑𝑦 𝑑𝑧

−
𝑣𝑖𝑖+1,𝑗,𝑘 − 2 𝑣𝑖𝑖,𝑗,𝑘 + 𝑣𝑖𝑖−1,𝑗,𝑘

𝑑𝑥2
−
𝑣𝑖𝑖,𝑗,𝑘+1 − 2 𝑣𝑖𝑖,𝑗,𝑘 + 𝑣𝑖𝑖,𝑗,𝑘−1

𝑑𝑧2
)] 
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𝑤𝑖,𝑗,𝑘 =
2

2 + 𝑏 𝑑𝑡
[𝐹𝑧 + 2 𝑤𝑖𝑖,𝑗,𝑘 − 𝑤0𝑖,𝑗,𝑘 + 𝑏 

𝑑𝑡

2
 𝑤0𝑖,𝑗,𝑘

+ (𝑑𝑡)2(𝑣𝑐)2 (
𝑤𝑖𝑖,𝑗,𝑘+1 − 2 ∗ 𝑤𝑖𝑖,𝑗,𝑘 + 𝑤𝑖𝑖,𝑗,𝑘+1

𝑑𝑧2

+
(𝑢𝑖𝑖+1,𝑗,𝑘+1 + 𝑢𝑖𝑖−1,𝑗,𝑘−1 − 𝑢𝑖𝑖−1,𝑗,𝑘+1 − 𝑢𝑖𝑖+1,𝑗,𝑘−1)

4 𝑑𝑥 𝑑𝑧

+
𝑣𝑖𝑖,𝑗+1,𝑘+1 + 𝑣𝑖𝑖,𝑗−1,𝑘−1 − 𝑣𝑖𝑖,𝑗+1,𝑘−1 − 𝑣𝑖𝑖,𝑗−1,𝑘+1

4 𝑑𝑦 𝑑𝑧
)

− (𝑑𝑡)2(𝑣𝑠)2 (
𝑢𝑖𝑖+1,𝑗,𝑘+1 + 𝑢𝑖𝑖−1,𝑗,𝑘−1 − 𝑢𝑖𝑖−1,𝑗,𝑘+1 − 𝑢𝑖𝑖+1,𝑗,𝑘−1

4 𝑑𝑥 𝑑𝑧

+
𝑣𝑖𝑖,𝑗+1,𝑘+1 + 𝑣𝑖𝑖,𝑗−1,𝑘−1 − 𝑣𝑖𝑖,𝑗+1,𝑘−1 − 𝑣𝑖𝑖,𝑗−1,𝑘+1

4 𝑑𝑦 𝑑𝑧

−
𝑤𝑖𝑖+1,𝑗,𝑘 − 2 𝑤𝑖𝑖,𝑗,𝑘 +𝑤𝑖𝑖−1,𝑗,𝑘

𝑑𝑥2

−
𝑤𝑖𝑖,𝑗+1,𝑘 − 2 𝑤𝑖𝑖,𝑗,𝑘 +𝑤𝑖𝑖,𝑗−1,𝑘

𝑑𝑦2
)] 

 

(23) 
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4.1. Boundary Condition  

Modeling the appropriate boundary condition is the most challenging part in FDTD. 

The FDTD approximation requires the previous nodal and current nodal displacements to 

predict the next nodal displacement. This requirement is problematic for the external 

boundaries as there is no displacement outside of the parameter. For free boundary conditions, 

adding two layers of zero displacements as shown in Figure 6 helps to numerically handle the 

problem.  

 

Figure 6: FDTD free boundary condition 

FDTD models are computationally expensive, especially to solve three-dimensional 

and infinite systems. For this reason, two-dimensional FDTD models with finite size are 

commonly used. To control the unwanted reflected wave from the boundaries, an absorbing 

boundary condition (ABC) is required. One of the most widely used techniques to implement 

ABC is using a perfectly matched layer (PML). The PML is applied by placing absorbing 

material around the outer boundaries of the FDTD computational domain (Prescott et al., 

1997). The waves that enter into the absorbing material gradually die out as they travel through 

the absorbing material. The acoustic impedance for the PML has to match the FDTD 

computational domain to avoid reflection at the interface. PML is extensively applied in 
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electromagnetic modeling; however, Hastings et al. (1995) have shown it can also be applied 

to elastic wave propagation problems.  

4.2. Stability Condition  

Satisfying numerical stability is required for the FDTD approximation to work 

effectively. Appropriate time stepping as well as special stepping must be selected to avoid 

numerical error. The smaller the mesh size and time stepping, the smaller the numerical error 

in the FDTD model. However, the computational cost of the finer mesh and smaller time 

stepping is highly dependent on the size of the model. For this reason, the stability conditions 

at least must be satisfied. The first numerical stability requirement is that the Courant condition 

must be satisfied in all cases. The Courant condition for one-dimensional, two-dimensional 

and three-dimensional problems is defined by (Yu, 2009) 

 
∆𝑡 =

1

𝑣√
1
∆𝑥2

+
1
∆𝑦2

+
1
∆𝑧2

 

(24) 

where ∆𝑥, ∆𝑦, 𝑎𝑛𝑑 ∆𝑧 are the mesh sizes in the FDTD grid, and v is the maximum wave 

velocity in the material. 

 In selecting the proper mesh size, at least 10 cells per wavelength is required as given 

by    

 
∆≤

𝜆

10
 (25) 

where Δ is the largest mesh size, and λ is the minimum wavelength.  

For numerical stability, the wavelength of the signal plays a critical role. When the 

exciting frequency increases (which is the case for ultrasonic testing), the wavelength 

decreases. Smaller wavelength requires a smaller mesh size and time step, which makes the 

FDTD model computationally expensive. The exciting frequency, discussed in the next 
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section, has to be tied to the numerical stability condition in the algorithm definition to get a 

numerically stable solution. 

4.3.  Input Excitation Signal   

There are two types of pulse definition in ultrasonic testing: broadband and narrowband 

signals. The broadband signal has wider frequency bandwidth, and the narrowband signal has 

narrower frequency bandwidth. For pulse definition, the Gaussian-modulated sinusoidal pulse 

given by Equation (26) is used in this research. The Gaussian-modulated sinusoidal pulse 

definition is preferred in signal processing than rectangular or square pulses (Khan et al., 2017). 

The Gaussian-modulated sinusoidal pulse definition is practical for better spectral control 

(LaComb and Mileski, 2009). The pulse width can be easily controlled in Equation (26) which 

allows defining broadband or narrowband signals   

 
𝑓(𝑡) = e

−
𝑡2

2𝜎2  cos (2 𝜋 𝑓𝑐𝑡) (26) 

where fc is the central frequency and the pulse width is 2πσ.  

5. Conclusions  

In this part, basic backgrounds of ultrasonic testing are discussed. The main 

components of ultrasonic transducers, and  appropriate transducers for concrete inspection are 

shown. Wave propagation principles including the three primary waves, reflected and refracted 

behavior of waves, Snell’s Law, and Mode conversion are also discussed. The governing 

elastic wave equation, and the finite difference time domain (FDTD) approximation of this 

equation are also given. The FDTD approximate equation given in this thesis integrate a 

damping coefficient which helps to generate a more realistic response.  
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In the next part of this thesis, ultrasonic imaging of concrete will be presented. The 

FDTD solution method discussed in this part will be used to generate a numerical solution for 

studying an appropriate ultrasonic imaging technique.   
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1. Introduction 

Ultrasonic testing is an effective method for concrete internal imaging and material 

characterization. Over the past few decades, many researchers used this technique for detecting 

thickness, voids, honeycombing, rebar, and more in materials. For concrete like other 

heterogeneous materials, ultrasonic imaging can be challenging. Scattering of waves from 

voids and aggregates results in attenuation of the signal which makes it difficult to image 

internal properties of concrete. To overcome this challenge, researchers use different 

reconstruction techniques such as Synthetic Aperture Focusing Technique (SAFT), Phased 

Array Technique (PA), Total Focusing Method (TFM), Tomographic Reconstruction 

Technique, and Reverse Time Migration (RTM).  

The synthetic aperture focusing technique (SAFT) is extensively applied for concrete 

imaging (Tong el al. 2014; Hoegh and Khazanovich, 2016; and Schickert et al. 2003). This 

technique significantly improves visibility compare to conventional time domain B-scan. 

Recent improvements in ultrasonic transducers have led to the improvement of the SAFT 

technique into a modern total focusing method (TFM). This method uses an array of signals 

received from multiple transducers, which is also known as full matrix capture (FMC). The 

image is generated by delaying and summing signals corresponding to the specific pixel 

location. Research has shown that TFM enhances lateral resolution compared to the 

conventional SAFT (Carcreff and Braonnier, 2015; and Tseng et al. 2017). Baniwal et al. 

(2016) and Ozawa et al. (2017) have used the TFM for detecting rebar. Ozawa et al. (2017) 

used TFM for detecting 20 mm steel rebar at relatively deep depth.  Baniwal et al. (2016) 

introduced a TFM method that uses both shear and compression waves to reconstruct the 

image. The method assumes incident compressional waves reflect as compressional or shear 
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waves by mode conversion. Baniwal et al. (2016) also showed that the technique improves the 

imaging compared to using the compression wave alone (which is a widely used TFM 

technique).   

The application of frequency domain imaging in ultrasonic testing is not studied. There 

are also only limited researches available that used TFM for time domain concrete imaging. 

The parameters that influence the TFM reconstruction for concrete imaging are not well 

studied. In addition, the effect of using less aperture size (a size of transmit and receive 

combinations in a given scanned line) in the quality of TFM image is not investigated.   

In this part, the limitations of using frequency domain ultrasonic imaging are discussed. 

Then, the TFM reconstruction method for detecting rebar at a depth of 3 inches up to 10 inches 

is evaluated. Numerical data obtained from FDTD simulation is used to study different 

parameters that affect the TFM reconstruction technique. The parameters are then used to 

construct modeled based probability of detection (MAPOD) curves. An experiment is 

conducted on concrete block with rebar located at 6 inches. The MAPOD curves are used to 

define an appropriate threshold to numerical and experimental TFM reconstructed images. 

Finally, a conclusion is given at the end of this chapter.    

2. Problem Description 

For inhomogeneous materials such as concrete, ultrasonic imaging possesses many 

challenges. Attenuation due to scattering of signals from voids and aggregate can be very high 

even when using low-frequency ultrasonic waves. As described above, techniques such as 

TFM give a better resolution of the image by superimposing multiple signals acquired from an 

array of transmit-receive combinations. However, the structural noise created by pores and 

aggregates can have a significant influence in detecting smaller objects such as rebar inside 
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concrete. The study presented in this research gives a probabilistic way of assigning threshold 

to TFM reconstructed images for reducing structural noise.   

3. Measurement Equipment and Test Specimen 

. In Figure 7 the equipment and the test block used in this research is show.  The device 

shown in Figure 7 is equipped with 14 transducers spaced 1.5 inches. It has a built-in data 

acquisition system as well as screen that display recorded signals. The recorded signal are then 

transferred to a computer for further analysis. The concrete block has material properties given 

in Table 1.  

 

Figure 7: Test block and measurement equipment    

Table 1: Material parameters of the concrete block  

Block Size   2' x 3' x 3‘ 

Rebar Location 6 inches 

Compressive Strength 13.6 ksi 

Density  149 psf 

Modulus of Rupture  790 psi 

Modulus of Elasticity 6173 ksi 
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As described in part two of this thesis, transducers with a central frequency of 50-200 

kHz are suited for concrete testing (Mielentz, 2008). These frequencies are lower compare to 

transducers used for other purposes such as medical applications and steel weld inspection. 

PZT composite transducers with a central frequency of 50, 75, and 100 kHz were investigated 

to select the appropriate transducer to use for rebar detection. In addition, transducers with and 

without backing were examined. The transducers with 100 kHz central frequency are selected 

because the other lower 50 and 75 kHz frequency transducers have unwanted ringing signals. 

This is caused because the transducers have a fixed diameter of 1 inch, and the frequency is 

adjusted by varying the thickness of the active element. For the 1 inch diameter transducer 

size, the 100 kHz a transducer has a thickness that is more appropriate than the other lower 

frequency transducers. The schematic image of 1 inch diameter transducer is shown in Figure 

8.  

 

Figure 8: NLAD narrowband transducer 

As discussed in part two, a backing is an important component of ultrasonic 

transducers. However, adding backing reduces the sensitivity of the ultrasonic transducers. For 

Active 
element  

1” 
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this reason, 100 kHz transducers with and without backing were investigated. Figure 9 and 

Figure 10 show the response of a transducer without and with backing, respectively. The test 

was conducted on a concrete block above the rebar located at 6 inches from the surface.  

 

Figure 9: Response of 100 kHz transducers without backing 

 

Figure 10: Response of 100 kHz transducers with backing 

It can be observed that the two responses are quite different. The transducer without 

backing gives a response with greater pulse counts which makes rebar detection impossible. 

Very significant improvement is observed using a transducer with backing. The pulse count is 

less which improves the resolution. In Figure 10, the reflected signals for the rebar are shown 
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closed to 0.1 microseconds, and the back-wall reflections are shown around 0.4 microseconds.  

The backing makes the rebar more easily identifiable as shown in Figure 10. Therefore, the 

100 kHz transducer with backing is selected to conduct an experiment.  

The vertical resolution for rebar detection is still poor with the selected transducer. 

Rebar located near the surface of the concert, 0 to 3 inches, are quite difficult to detect with 

the current transducer. Further investigation of the backing material could further improve the 

resolution by reducing the pulse count. Also, rebar located further than 10 inches are difficult 

to detect with the current transducers because the reflected signals are very week due 

attenuation. Using a broadband transducers, which the frequency can be adjusted to reach 

different depth, is one possible solution which needs further investigation. In this thesis, rebar 

detections of 3 to 10 inches are only further studied using 100 kHz frequency.       

4. Frequency Domain Imaging  

A widely used technique to convert time domain signals into the frequency domain is 

Fourier transforms. Fourier transforms decompose a time domain waveform into sinusoidal 

frequencies that make it up. The Fourier transform is an extension of Fourier series, which is 

a mathematical way of representing a function as a sum of sinusoidal waves. The Fourier 

transform provides a simpler way of looking at a complicated time domain waveform. The 

Fourier transform of a time domain function f (t) is expressed as:   

 
𝐹(𝜔) = ∫ 𝑓(𝑡)𝑒− 2 𝜋 𝑖 𝜔 𝑡𝑑𝑡

∞

−∞

 
(27) 

where f(t) is a continuous time domain signal, ω is a frequency of the signal.   

A continuous time domain function f (t) is required to compute the integral in Equation 

(27). However, in NDT, only discrete recorded signal is available. Therefore, the discrete form 
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of Equation (27) is required to process this data, and this is known as the discrete Fourier 

transform (DFT), which is expressed as:  

 
𝐹𝑛 = ∑ 𝑓𝑘 𝑒

−2 𝜋 𝑖 𝑘 𝑛
𝑁

𝑁−1

𝑘=0

  (28) 

where N is the sample size and k= 0, 1, …, N-1.  

An efficient algorithm to calculate the discrete Fourier transform is the fast Fourier 

transform (FFT). The FFT factorize and reduce the complexity of the DFT. There are several 

FFT algorithms developed to evaluate DFT. In this research, the MATLAB built-in “fft” 

function is used to evaluate DFT.  

Another frequency domain representation of waveform is power spectrum density 

(PSD). The PSD shows the energy of the signal as a function of frequency. Unlike DFT, which 

shows the frequency content of a signal, PSD shows the power of the signal distributed over 

frequency. The PSD of a signal is calculated using  

 

𝑃𝑛 =
1

𝑁
 |∑ 𝑓𝑘 𝑒

−2 𝜋 𝑖 𝑘 𝑛

𝑁−1

𝑘=0

|

2

 (29) 

Frequency domain analysis is commonly used in impact-echo thickness detection test 

(ASTM C 1383). Several researchers (Liu and Yeh, 2009; Liu and Yeh 2011; Liu et al. 2017; 

and Schubert et al. 2004) show that this method can be extended to concrete imaging by having 

multiple transducers on the surface. When waves reflect back from a material interface, the 

reflected waves form a resonant frequency in the frequency domain. The resonant peak 

frequencies can be related to depth using (Liu and Yeh, 2009)  

 
𝑇 =

𝑉𝑐
2 𝑓𝑐

 
(30) 

where T is the thickness, Vc is the longitudinal wave velocity, and fc is the thickness frequency. 
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Sadri and Mirkhani (2009) and Liu et al. (2017) show that this equation is only effective 

in relating thickness reflected from a lower acoustic impedance boundary (such as a concrete-

air interface). The reflection from higher acoustic impedance boundary—such as concrete-

steel—has different features. Therefore, in this case, the thickness is related to frequency by  

 
𝑇 =

𝑉𝑐
4 𝑓𝑐

 
(31) 

The interest of this research is to detect rebar inside concrete; therefore, Equation (31) 

will be used for converting frequency signals to thickness to obtain the B-scan image. Liu and 

Yeh (2009) proposed a method for converting frequency to depth spectrum. In this method, a 

constant depth interval (Δd) is defined, and the corresponding frequencies are calculated for 

each depth interval (i Δd, where i=1,2,..) using equation (30) or (31). The magnitude 

corresponding to the frequencies (𝑎 (f)) is then plotted with i Δd to obtain the depth spectrum. 

This allows the development of a two-dimensional B-scan image as shown in Figure 11  where 

the x-axis is the scanned line and y-axis is the depth of the reflector location. In Figure 11 a 

pulse with a central frequency of 10kHz is used. The frequency is selected to be closed to the 

depth frequency of the rebar, which is located at 6 inches from the surface. The magnitude near 

the rebar location is higher because of a resonance from the rebar reflection. The other 

approach is choosing a constant frequency interval (Δf ) and calculate the corresponding depth. 

However, this results in non-uniform imaging spatial grid points because of the inverse 

relationship between depth and frequency. For this reason, the method proposed by Liu and 

Yeh (2009) will be used in this research for obtaining the B-scan image. 
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Figure 11: Frequency domain B-scan image for exiting frequency of 10 kHz signal. 

  The frequency domain imaging for ultrasonic testing is not feasible because the 

ultrasonic signal is narrow banded and can only excite a small range of frequencies. The depth 

frequency has to be predetermined in order to detect the existence of the rebar at a given depth. 

This method is suited for impact echo testing because a range of frequencies are excited in a 

single hammer impact. Therefore, time domain ultrasonic imaging is further investigated in 

this research for rebar detection.   

5. TFM principles  

An array of signals from multiple transmitters (Ti) and receivers (Rj) combinations are 

used to generate a full matrix capture (FMC) data wi,j(t), where w is velocity or displacement 

response, i = j = 1,2,…,N  and N is the number of transducers used. The FMC data is then 

assigned to a defined pixel location I(x,y) using TFM equation (32) (Tseng et al. 2017). The 

definition of the pixel grid is shown in Figure 12. The extent of the pixel grid window in Figure 

12 is controlled by the time of the recorded signal for the FMC data, or the desired depth and 

width pre-specified. 
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𝐼𝑇𝐹𝑀(𝑥, 𝑦) =∑∑𝑤𝑖,𝑗

𝑁

𝑅𝑗

𝑁

𝑇𝑖

(

 
 
𝑡 =

√(𝑥𝑇𝑖 − 𝑥)
2
+ 𝑦2 +√(𝑥𝑅𝑗 − 𝑥)

2
+ 𝑦2

𝑉

)

 
 

 
(32) 

where 𝐼𝑇𝐹𝑀(𝑥, 𝑦) is the intensity at the pixel location, x and y are the pixel grid coordinates as 

shown in Figure 12, and V is the velocity of the wave.  

 

Figure 12: Total focusing method pixel grid 

Equation (32) assumes the transmitted and reflected waves have the same wave 

velocity. However, depending on the material interface causing the reflection and the wave 

angle, the wave may go through mode conversion. Baniwal et al. (2016) considered this 

phenomenon and proposed a method that assumes the incident compression wave C reflect as 

compression (CC) or shear (CS) modes. The intensity corresponding to CC mode takes the 

same form as Equation (32), where V is the compression wave velocity. The intensity 

corresponds to CS mode is given by:   
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𝑆𝑇𝐹𝑀(𝑥, 𝑦) =∑∑𝑤𝑖,𝑗

𝑁

𝑅𝑗

𝑁

𝑇𝑖
(

 𝑡 =
√(𝑥𝑇𝑖 − 𝑥)

2
+ 𝑦2

𝑉𝑐
+
√(𝑥𝑅𝑗 − 𝑥)

2
+ 𝑦2

𝑉𝑠
)

  (33) 

Both the CC and CS modes are then combined to give the intensity of the signal at the 

pixel location using a weighted sum technique proposed by (Baniwal et al. 2016) 

 
𝐼𝑇𝐹𝑀(𝑥, 𝑦) =

1

2
(√|𝐶𝑇𝐹𝑀(𝑥, 𝑦)||𝑆𝑇𝐹𝑀(𝑥, 𝑦)|) (

𝐶𝑇𝐹𝑀(𝑥, 𝑦)

|𝐶𝑇𝐹𝑀(𝑥, 𝑦)|

+
𝑆𝑇𝐹𝑀(𝑥, 𝑦)

|𝑆𝑇𝐹𝑀(𝑥, 𝑦)|
) 

(34) 

where 𝐶𝑇𝐹𝑀 and 𝑆𝑇𝐹𝑀 are the CC and CS modes respectively. The first part of the equation is 

the weight-part and the second part is the sum-part.  

6. Numerical Simulation  

A finite difference time domain (FDTD) concrete models with various rebar orientation 

is investigated in this section. Models that closely resemble the experimental blocks are also 

considered. Furthermore, the influence of aggregates and pores in TFM reconstruction is 

studied. The FDTD models are developed using MATLAB. For the boundary condition, the 

two layers as shown in Figure 6 is applied to the parameters of the concrete block along with 

the support condition discussed in Section 4.1 of the Part II.  Fourteen transmit and receive 

locations spaced at 1.5 inches are marked at the top surface of the concrete, which is defined 

by the device available for use in the experimental testing. A Gaussian-modulated sinusoidal 

pulse shown in Figure 13 is introduced at the transmitter locations. This pulse definition is 

preferred in signal processing compared to rectangular or square pulses (Khan et al. 2017). A 

narrowband signal that closely resembles the pulse used for the experiment and the frequency 
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(a) 

(b) 

bandwidth are shown in Figure 13. The pulse used for the experiment can be found in Figure 

10.  

When one marked location is used to transmit, the other 13 positions are used as 

receivers. This is repeated 14 times at each marked locations to get FMC data. The FMC data 

is then processed using the developed TFM MATLAB algorithm. The TFM equations 

proposed by (Baniwal et al. 2016) is incorporated in the algorithm. The material parameters 

used in the FDTD simulation are shown in Table 2. The p-wave and s-wave velocities shown 

 

Figure 13:  Excitation input 100 kHz central frequency signal in (a) time domain.  (b) 

frequency domain (PSD)  
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in the table are used for assigning deferent materials in the FDTD node locations. This enables 

studying parameters that influence rebar detection which are discussed in the next sections.  

Table 2: Material parameters used for FDTD simulation  

 

6.1. Influence of aggregate in TFM imaging  

 To study the effect of aggregate in the concrete, homogeneous concrete with only one 

rebar shown in Figure 14 is first considered. The percent fraction of coarse aggregate is 

obtained from a concrete design mix that is used in the experiment. To investigate the influence 

of aggregate size, models with maximum aggregate size ranging from ½ inch to 1½ inch are 

studied. The material parameters used for simulation are given Table 2.  

 

Figure 14: Concrete block with one reinforcing rebar 

Material 
P-wave velocity           

Vc (m/s) 
S-wave velocity 

Vs (m/s) 
Poisson’s 

ratio ν 
Density ρ 
(kg/m3) 

Percent fraction 
(%) 

Cement past 

and sand 
4100 2484 0.21 2400 58 

Steel 5800 3100 0.3 7800 - 

Coarse 

Aggregate 
4700 2727 0.21 2700 40 

Air 340 - - 1.2 2 
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The TFM reconstructed image shown in Figure 15 is a homogeneous concrete model 

without aggregate. Only the compression wave from the concrete is used in the TFM 

reconstruction. The rebar location at 6 inches is clearly shown. There are also higher magnitude 

signals shown between 0 to 2 inches from the surface, and these are the transmitted waves 

reaching the receiver by traveling along the surface. The pulse count significantly affects the 

extent the surface wave shows in the TFM reconstructed image. This surface wave influences 

detecting rebar near the surface. As the pulse count decreases, the bright strip corresponding 

to the surface wave shifts upward, which allows detecting rebar near the surface. However, in 

this research, detecting rebar from 3 inches to 10 inches is only desired, so the surface wave 

arrival up to 2 inches from the surface can be ignored. 

 

Figure 15 TFM reconstructed image of simulated homogeneous concrete with one rebar 

The influence of aggregates less than one inches in the TFM imaging is only significant 

near the surface as shown in Figure 16 and Figure 17. The intensity of the smaller aggregate 

in the TFM image is not as significant as the rebar even for aggregates located near the surface.  
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Figure 16: TFM reconstructed image of simulated concrete with ½-inch maximum 

aggregate size  

 

Figure 17: TFM reconstructed image of simulated concrete with ¾-inch maximum 

aggregate size 

. The aggregate influence increases as the size exceed 1 inches as sown in Figure 18 

and Figure 19. Especially, for the maximum aggregate size of 1.5 inches, the magnitude of the 

aggregate near the surface is the same as the magnitude of the rebar. This makes detecting 
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rebar in deeper depth difficult as scattering from larger aggregates near the surface saturate the 

TFM reconstructed image. The location of the aggregate inside the concrete block is not 

controlled in the casting process, so the presence of larger aggregate near the surface is possible 

for well made concrete members.      

 

Figure 18: TFM reconstructed image of simulated concrete with 1-inch maximum 

aggregate size 
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Figure 19: TFM reconstructed image of simulated concrete with 1½-inch maximum 

aggregate size   

6.2. Influence of voids in TFM imaging  

Unlike aggregate, the size of the voids in concrete is unknown. The influence of 

porosity in concrete is significant because the acoustic impedance difference between concrete 

and air is larger. The peak frequency used in the simulation is 100 kHz in which the minimum 

detectable size is larger compared to pores present in concrete. However, larger voids can also 

be found due to lack of adequate compaction in the casting process. To study the influence of 

larger voids, one void with the same size and half of the size of the rebar is considered. The 

void is located 4 inches to the left of the rebar and the same depth as the rebar. The TFM 

reconstructed image is shown in Figure 20 and Figure 21.   

As can be seen in Figure 20 and Figure 21, the influence of a larger void is significant 

in rebar detection. If the size of the void is the same or more as the rebar, it can completely 

hide the rebar location as shown in Figure 20. The influence of the void decreases as the size 
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is reduced to half of the rebar size as shown in Figure 21. It can be noted that the intensity 

corresponding to the void in Figure 21 is higher even if the size is half that of the rebar.  

 

Figure 20: Influence of void with the same size and depth as the rebar 

 

Figure 21: Influence of void with half of the rebar size and the same depth as the rebar  

 

 

Void Rebar 

Void 
Rebar 
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6.3. Influence of wave velocity estimate in TFM imaging 

The wave velocity inside concrete varies throughout the concrete block. However, in 

the TFM reconstruction only the average wave velocity is used. The TFM reconstruction 

technique depends on the wave velocity for delaying and assigning signals to specific pixel 

locations. The error in wave velocity estimate can lead to assigning the signal to the wrong 

pixel location.  

In the numerical simulation, the exact wave velocities are known. These wave 

velocities are varied by up to plus or minus 10% to simulate the effect in the TFM imaging. As 

we can observe from Figure 22 to Figure 26, increasing the actual wave speed by more than 

2% in the TFM reconstruction has a significant effect in detecting rebar inside concrete. The 

influence can be even more if the heterogeneous nature of concrete is considered. It can 

observed that as the difference in wave speed increases, the rebar location in the TFM image 

widens and forms a parabolic shape. The magnitude also decreases and spreads out to the 

broadened region.   

 

Figure 22: TFM reconstructed image by increasing the wave speed by 2% from the original 
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Figure 23: TFM reconstructed image by increasing the wave speed by 4% from the original   

 

 
Figure 24: TFM reconstructed image by increasing the wave speed by 6% from the original 
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Figure 25: TFM reconstructed image by increasing the wave speed by 8% from the 

original 

 

 

Figure 26: TFM reconstructed image by increasing the wave speed by 10% from the 

original 

The effect of decreasing the actual wave speed by up to 10% does not affect the TFM 

reconstruction as shown in Figure 27 through Figure 31. This shows that estimating a higher 
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bound wave velocity has a significant impact in the reconstruction of the TFM image compared 

to estimating a lower bound p-wave velocity. This is because the excitation pulse has multiple 

peaks arriving at slightly different times. Therefore, the wave speed used for TFM 

reconstruction can be delayed by the pulse width without causing a significant difference in 

the image resolution. As we can see from Figure 30 and Figure 31, the rebar reflection is even 

sharper than the image constructed by the actual wave speed. This is because the higher 

magnitude excitation pulse arrives at slower speed relative to the initial pulse time (0 seconds). 

 

Figure 27: TFM reconstructed image by decreasing the wave speed by 2% from the original 
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Figure 28: TFM reconstructed image by decreasing the wave speed by 4% from the 

original 

 

 

Figure 29: TFM reconstructed image by decreasing the wave speed by 6% from the original 
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Figure 30: TFM reconstructed image by decreasing the wave speed by 8% from the original 

 

 

Figure 31: TFM reconstructed image by decreasing the wave speed by 10% from the 

original 

6.4. Influence of aperture size in TFM imaging 

The TFM reconstruction technique requires the use of a full matrix captured data 

(FMC). However, there are some challenges encountered in obtaining a FMC data using the 



59 

 

equipment available for use in the experiment. In addition, the configuration that is shown in 

Figure 32 (a) requires far more computational resources than the configuration shown in Figure 

32 (b). Both configurations are investigated using numerically simulated data to see the 

influence it has on the resolution of the TFM image. A TFM algorithm that utilizes a half 

matrix capture data was developed.  

 

Figure 32: Collecting data using 14 elements (a) full matrix data (b) half matrix data   

The quality of the TFM image is almost identical for both configuration as can be seen 

in Figure 33. However, the algorithm runtime for the HMC data is four times faster than the 

FMC data. This is a significant finding as the cost related to developing an equipment that 

employs a FMC data is high. Therefore, a half matrix with 14 elements as shown in Figure 32 

(b) is used to collect experimental data in this research.  
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(a) 

 

(b) 

Figure 33: TFM reconstructed image with (a) FMC data and (b) HMC data 

7. Probabilistic threshold definition    

The influence of unwanted signals in the TFM imaging can be reduced by defining a 

threshold. The definition of an appropriate threshold requires a probabilistic assessment. The 

parameters that influence the TFM reconstruction are discussed in the previous section. In this 
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section, the influence of each parameter in the threshold definition will be addressed using the 

concept of probability of detection (POD) curves.    

7.1.  The Probability of Detection (POD) concept 

 The Probability of Detection (POD) concept was first introduced in 1973 (Raj et al. 2008). 

Since then, the POD concepts have gained acceptance in many detection processes. In most 

NDT, POD evaluates the probability of flaws that can be detected in a given NDT inspection 

technique.  POD calculation is a very powerful tool in measuring systems predicting response 

(Simola and Pulkkinen, 1998).  

POD can be modeled using two approaches. The first approach is modeling POD using 

hit/miss data. This approach only records whether a flaw was detected or not and can be 

assumed as a discrete modeling approach. The second approach is POD modeling using 

continuous response. This is widely used in NDT because in most NDT inspection signal 

response data are available. Signal response data are continuous and represented by â and the 

actual size is represented by a. In many studies, the natural logarithm of the sizes (ln (â) and ln 

(a)) are assumed to be linearly correlated, given by (Simola and Pulkkinen, 1998; Kurz et al. 

201; and Guan et al. 2014)  

 𝑙𝑛 â =  𝛼 + 𝛽 𝑙𝑛 𝑎 + 휀 
(35) 

where ε is normal random variable with zero mean and standard deviation σε. α and β are fitted 

parameters. 

By using the linear correlation and defining threshold, the POD curves are obtained using  
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𝑃𝑂𝐷(𝑎) = Pr(𝛼 + 𝛽 𝑙𝑛 𝑎 + 휀 > 𝑙𝑛 â𝑡ℎ) = Ф (
ln 𝑎 −

𝑙𝑛 â𝑡ℎ − 𝛼
𝛽

σε
𝛽

) 
(36) 

where Ф ( ) is the standard normal cumulative distribution and âth is the decision threshold. 

In most cases, it is very expensive to assume different cases that could influence the 

probability of rebar detection by conducting experiments. To avoid this problem, numerical 

simulation is used. Gratiet et al. (2016) presented four-step process to determine numerical 

based POD (also known as “Model Assisted Probability of Detection”). These steps are:  

1) Identify the set of parameters that significantly affect the NDT signal. 

2) Attribute a specific probability distribution to each of these parameters.  

3) Propagate the input parameters uncertainties through the NDT numerical model. 

4)  Finally, build the POD curves using the modeling approach discussed above.  

In this research, these four steps are undertaken to develop POD curves. The parameters 

that affect rebar detection are selected as aggregate size, wave velocity estimate, and voids.  

7.2.  Model Assisted Probability of Detection (MAPOD) 

As discussed in the previous section, three parameters that significantly affect rebar 

detection in concrete are selected as aggregate size, wave velocity estimate, and voids. Each 

of these parameters have their own probabilistic distributions. A test data obtained from a 

specific location of the concrete block can have a combined effect of these parameters. To 

study the combined effect, randomly generated aggregate size, voids, and wave velocity are 

simulated. The Latin hypercube sampling (LHS) is used to generate a random sample for each 

combination.  
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The concrete blocks that are used in the experiment consist of coarse aggregate sizes 

of AASHTO# 57, 67, and 78. The AASHTO standard size distribution is used to assign a 

probability distribution of aggregate size used for simulation. The AASHTO standard size 

distribution of the selected AASHTO products is listed in Table 3 (Note that size less than #4 

or 3/16 inches is ignored). The table gives percent passing of aggregates for each sieve size.   

Table 3: AASHTO standard sized of aggregate 

Product 

Name 

1-1/2”  1” 3/4”  1/2" 3/8”  #4 

57 100% 95-100%  25-60%  0-10% 

67  100% 90-100%  20-55% 0-10% 

78   100%  90-100% 40-75% 5-25% 

 

 Based on the AASHTO standard size distribution and the percentage of each 

product used in the mix design, the aggregate size distribution shown in Figure 34 is obtained. 

The mean and standard deviation of the selected distribution is 0.52 inches and 0.26 inches 

respectively. The mean and standard deviation is then used to generate random numbers using 

LHS.    
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Figure 34: Aggregate size distribution used in the experimental blocks  

It is very hard to predict the size distribution of voids in a concrete mix. The percentage 

volume fraction of voids relative to the other properties of concrete is very small, and most of 

the voids are in the micro scale which does not affect the wave propagation. Therefore, a 

constant size of 0.1 inch void randomly distributed throughout the model is used to simulate 

the effect of small voids. However, void size is not considered as a parameter in the POD 

curves.  

The compression wave velocity is also considered a parameter. This wave is used for 

the TFM reconstruction. The mean of the p-wave velocity is taken as 4100 m/s, which is 

selected from what is assigned to concrete in the simulation. A coefficient of variation of 0.05 

is selected based on what was observed by taking multiple measurements around a concrete 

block that is used in the experiment. This gives a standard deviation of 205 m/s which is used 

to generate random numbers.  

The Latin hypercube sampling (LHS) is used to generate controlled random samples of 

aggregate and p-wave velocity. LHS is an improved Monte Carlo sampling method that gives 
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better accuracy for a smaller sample size (Iman, 2014). The MATLAB function lhsnorm is 

used to generate the Latin hypercube sample from a normal distribution. The samples shown 

in Table 4 are obtained.  

Table 4: LHS generated random sample parameters used in the simulation 

   

  

 

 

   

 

 

 

 

 

 

 

 

 

The aggregate sizes shown in Table 4 are used in the FDTD simulations. The 

simulations are done for each increment of specified rebar depth, which gives 200 simulated 

cases. The random p-wave velocity is then used to get the TFM reconstructed image. The 

magnitude of the TFM reconstructed image is normalized with a maximum value of one as 

shown in Figure 35. The magnitude corresponding to the rebar is then defined as Arebar (drebar, 

Aggregate Size 

(in) 

P-wave velocity 

(m/s) 

0.286 4089 

0.389 4113 

0.599 4107 

0.082 4136 

0.224 4099 

0.453 4104 

0.199 4085 

0.808 4097 

0.487 4110 

1.035 4080 

0.665 4108 

0.696 4123 

0.636 4114 

1.202 4074 

0.944 4100 

0.754 4117 

0.419 4094 

0.537 4067 

1.432 4112 

0.120 4094 
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Agg, Vp), which is a function of the rebar depth, aggregate size, and p-wave velocity. The 

random variables of aggregate size (Agg) and p-wave velocity (Vp) give a random intensity 

value for each rebar depth increment.   

 

Figure 35: Normalized magnitude of TFM reconstructed image 

The intensity corresponding to the rebar (Arebar) is plotted with the depth of the rebar 

as shown in Figure 36. As the depth of the rebar increases, the intensity corresponds to the 

rebar in the TFM image decreases.  Linear regression is applied to the scatter plot using Markov 

chain Monte Carlo (MCMC) sampling and Bayesian inference method to fit Equation (37) 

with an error mean of zero. The standard deviation of the error σε,, and the fitted parameters α 

and β , are obtained from the fitted line shown in Figure 36. These parameters are shown in 

Table 5. 

  𝐴𝑟𝑒𝑏𝑎𝑟 =  𝛼 + 𝛽 𝑑𝑟𝑒𝑏𝑎𝑟 + 휀 (37) 
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where Arebar is the intensity corresponding to the rebar; 𝑑𝑟𝑒𝑏𝑎𝑟 is the rebar depth from the 

concrete surface; and α,β, and ε are the fitted parameters. 

 

Figure 36: Linear regression of rebar depth vs. intensity of the rebar signal. 

Table 5: Parameters obtained from the fitted line 

Parameters Mean SD 

α 0.95471 0.02561 

β -0.0647 0.00343 

σε 0.11808 0.00631 

 

By using the fitting parameter shown in Table 5 and defining a decision threshold, the 

POD equations shown below are obtained 
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𝑃𝑂𝐷(𝑑𝑟𝑒𝑏𝑎𝑟) = Ф ( 

𝑑𝑟𝑒𝑏𝑎𝑟 − 11.67

−1.83
)    For decision threshold of 0.2 

𝑃𝑂𝐷(𝑑𝑟𝑒𝑏𝑎𝑟) = Ф ( 
𝑑𝑟𝑒𝑏𝑎𝑟 − 10.13

−1.83
)    For decision threshold of 0.3 

𝑃𝑂𝐷(𝑑𝑟𝑒𝑏𝑎𝑟) = Ф ( 
𝑑𝑟𝑒𝑏𝑎𝑟 − 8.58

−1.83
)    For decision threshold of 0.4 

(38) 

The magnitude obtained from a rebar depth of 12 inches is very low and consumed by 

the noise. Therefore, the probability of detection at that depth is assumed to zero. Using the 

POD Equations (Error! Reference source not found.), the POD curves shown in Figure 37 

are obtained. 

 

Figure 37: POD curves for the decision threshold of 0.2, 0.3, and 0.4 

7.3. Using POD curves for assigning threshold to numerically simulated data  

A numerical model with two rebar located at 6 and 10 inches from the concrete surface 

is considered. Internal discontinuity such as aggregates and small pores are applied to the 

FDTD model. A maximum aggregate size of 1 inch with a distribution that closely resembles 
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the experimental block is considered. A p-wave velocity of 4100 m/s, which is the wave 

velocity used in the simulation, is used in the TFM reconstruction. The original TFM 

reconstructed image is shown in Figure 38.  

 

Figure 38: Original TFM reconstructed image without threshold 

The surface wave influence that is shown between 0 to 2 inches from the surface can 

be reduced by using a higher frequency transducers or transducers with larger backing. 

However, the backing will affect the sensitivity of transducers as discussed in section three. 

The high frequency waves also suffer from scattering and attenuation before reaching the 

transducer. Broadband transducers that have adjustable frequency can improve the ability of 

detecting rebar at different depth. The readability of Figure 38 can be improved by ignoring 

the surface wave arrival before 3 inches from the surface. In addition, threshold of 0.2, 0.3, 

0.4, and 0.5 are used to reduce the unwanted noise. The results are shown Figure 39 to Figure 

41.  



70 

 

 

Figure 39: TFM reconstructed image with 0.2 threshold  

 

 

Figure 40: TFM reconstructed image with 0.3 threshold 
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Figure 41: TFM reconstructed image with 0.4 threshold 

The rebar location at 6 inches is visible for all the threshold values shown. This is 

expected because according to Figure 37 the probability detection at that depth is more than 

90 percent for threshold values of 0.2, 0.3, and 0.4. However, the rebar located at 10 inches is 

not well visible and as the threshold increases, the rebar is almost undetected. This is expected 

from the POD curves in Figure 37 as the probability of detection for 10 inch deep rebar is 22, 

53, and 82 percent for 0.4, 0.3, and 0.2 thresholds, respectively. In this case, the appropriate 

threshold for detecting rebar at 10 inches is 0.2 by accepting more structural noise.   

8. Experiment study 

In this section, the TFM reconstruction technique and the probabilistic threshold 

definition presented above is applied to the experimental block. The concrete block and 

equipment described in section three are used to conduct experiment. The recorded data from 

the experiment is used to generate a TFM reconstructed image. The results obtained from TFM 

reconstruction are presented in this section. Finally, the appropriate threshold for the given 

concrete block is confirmed with the one that is obtained from the POD curves.    
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8.1. Experimental results  

Concrete block with one rebar located 6 inches from the concrete surface is used for 

experimental investigation. The experimental block properties shown in Table 1 are closely 

matches to the one used in the previous simulations. The actual concrete block that is being 

evaluated is shown in Figure 7. In the TFM reconstruction, the average p-wave and s-wave 

velocity is used. The TFM reconstruction method proposed by Baniwal et al. (2016) was used 

to study the combined effect of the p-wave and s-wave velocity. The resulting images are 

shown in Figure 42, Figure 43, and Figure 44.  

 

 

Figure 42: TFM reconstructed image assuming CC mode 
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Figure 43: TFM reconstructed image assuming CS mode 

 

 

Figure 44: TFM reconstructed image using the weighted sum technique 

It is observed that the combined CC and CS mode using the weighted sum technique 

reduce some of the unwanted signal by looking at the correlation between the two modes. This 

improves resolution of the experimental image as shown in Figure 44. The probabilistic 
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threshold is then applied to the image reconstructed by the weighted sum technique. The results 

are shown in . Figure 45 Figure 46.  

 

Figure 45: TFM reconstructed image of experimental block with 0.2 threshold 

  

 

Figure 46: TFM reconstructed image of experimental block with 0.3 threshold 
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Figure 47: TFM reconstructed image of experimental block with 0.4 threshold 

Compared to the numerical solution, the pulse count for the experimental solution is 

more. This longer pulse count results in the surface wave extending beyond the 2 inches that 

is observed in the numerical solution. As shown in Figure 44, the unwanted surface wave effect 

extends slight by beyond 3 inches. The minimum detectable depth with the current transducer 

used for the experiment is 3.5 inches. The concrete block used in the experiment has rebar 

located at 6 inches from the surface. Therefore, if the signal up to 3.5 inches is ignored in 

Figure 47, the image shown in Figure 48 is obtained. It is also noted that the back-wall 

reflection in Figure 45 is visible with the 0.2 threshold, but the structural noise is more. On the 

contrary, with 0.4 threshold, the back-wall reflection is not visible, but the structural noise is 

less.  
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Figure 48: Improved image with 0.4 threshold 

For the rebar location of 6 inches, the probability of detection from the POD curves in 

Figure 37 are 92 and 99 percent for 0.4 and 0.2 threshold, respectively. Thus, 0.4 threshold is 

appropriate to apply here as it gives more than a 90 percent chance of detecting the rebar with 

significantly improved visibility.  

9.  Conclusions   

In this part, ultrasonic imaging is investigated for rebar detection. FDTD simulated and 

experimental data are used to study the appropriate imaging method. Simulated data is used to 

study the parameters that affect TFM imaging of concrete. The MAPOD technique is used to 

define POD curves that are then used in the numerical and experimental data. Based on the 

study, the following important conclusions are drawn.  

 Frequency domain imaging is not suited for the ultrasonic testing method because the 

method requires exciting a frequency that is closed to the depth frequency. This can 

only be achieved in impact-echo testing as a range of frequencies are exited in this 

method.  
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  TFM is an effective reconstruction method for concrete imaging and the method gives 

a better resolution over the conventional SAFT reconstruction.  

 Parameters such as aggregate size, voids, and the average wave velocity can 

significantly influence rebar detection.  

 The full matrix capture data numerically gives the same result as the half matrix 

capture data with less computational cost.  

 The MAPOD technique can be used to study some parameters that affect the TFM 

reconstruction. The POD curves that are obtained using MAPOD can help to identify 

an appropriate threshold for a desired rebar depth detection.  
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1. Summary 

Ultrasonic testing is an effective method for concrete internal imaging. However, 

attenuation of signals can be significant even after using low-frequency sound waves. In this 

research, different ultrasonic imaging techniques are explored, and the total focusing method 

(TFM) is further investigated. Finite difference time domain models are used to evaluate 

parameters the significantly influence the TFM imaging technique. The parameters are 

propagated into the numerical models, and their influence is studied for different rebar depth. 

Probability of detection (POD) curves are constructed for rebar depth increments, and they are 

used to define an appropriate threshold. Numerical and experimental models are used to justify 

the suitability of the POD curves.  

2. Conclusions 

From this research, the following important conclusions are drawn:.  

 Low-frequency ultrasonic sound waves with a central frequency of 50-200 kHz are 

used for concrete imaging. The low-frequency waves are capable of traveling in 

heterogeneous materials such as concrete.   

 Wave propagation principles are essential for understanding the behavior of waves and 

define a governing differential equation. Finite difference time domain approximation 

can be used to evaluate the governing differential equation.   

 In the FDTD solution, appropriate boundary conditions and stability conditions have 

to be implemented. For the force boundary condition, the Gaussian-modulated 

sinusoidal pulse resembles the actual pulse that is observed from experimental data.  
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 Frequency domain imaging is not suited for ultrasonic imaging because the signals 

generated from ultrasonic transducers are narrow banded to a specific frequency which 

do not excite the desired depth frequency.  

 The TFM is a modern and effective reconstruction method for ultrasonic concrete 

imaging. TFM gives an improved quality image compared to the widely used SAFT 

reconstruction technique.   

 Parameters that significantly influence the TFM reconstructions for rebar detection  are 

maximum aggregate size, voids, and wave speed.  

 The MAPOD concept can be used to numerically study the influence of parameters that 

affect TFM reconstruction. POD curves can be generated by incorporating the 

parameters in the numerical model.  

 Appropriate thresholds for specific rebar depths can be selected using POD curves, and 

the threshold significantly reduces the unwanted structural noise.  

3. Recommendations for Future Research 

The framework in this research can be used to study more parameters that influence 

ultrasonic imaging. The MAPOD method undertaken in this research can be further extended 

to include probabilistic distribution of voids, surface roughness, ultrasonic transducer 

variability and more. A further experimental investigation is recommended to validate the 

technique for various rebar depth as well as multiple rebars. It is also recommended to further 

evaluate the influence of HMC data and FMC data in the actual experiment. The equipment 

used in the experiment also need further improvements. Therefore, more studies are needed to 

investigate an appropriate backing element that reduce unwanted ringing of the active element 
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and increase the sensitivity. Finally, it is also recommended to investigate broadband frequency 

ultrasonic transducers to be able to detect rebars in deeper depth as well as near the surface.  


