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Abstract. The present paper examines, by Monte Carlo simulation employing the Discrete Element
Method (DEM), the occurrence of micro-fractures and the evolution of damage, as cracks coalesce in
larger fractures, in a plate subjected to increasing stresses. Results of the numerical simulations, which in
previous studies predicted with success acoustic emission (AE) in laboratory samples, are compatible with
the conclusions of the assessment of instrumental data in a Stable Continental Regions (SCR). The
locations of AE sources, which are strongly correlated with the growth of a diagonal fracture in the plate,
are numerically determined. Seismic activity, on the other hand, is higher along inter-plate boundaries,
decreasing markedly in intra-plate regions (SCR), in which its prediction for engineering purposes
presents great difficulties. The authors examined in previous papers instrumental seismic data for a
1200km square region in the South American SCR, showing that the distribution of amplitudes is not
exponential, as implicitly assumed in the Gutenberg-Richter law and also that the largest events do not
occur according to the distribution of small events. These contentions are also applicable to the numerical
simulations described in the paper, illustrating the striking similarity between the distributions of
simulated AE events in the plate and seismic activity within a SCR.

INTRODUCTION
Seismic activity is much higher along the boundaries of continental plates, decreasing perceptibly towards
the interior of the so-called intra-plate regions. In the latter, often labeled as Stable Continental Regions
(SCR), the largest events rarely exceed about Mw ≈ 7. The prediction for engineering purposes of future
seismic risk in intra-plate regions is then extremely difficult, due to the scarce instrumental evidence
available. This situation led to intensive research on the subject, which resulted, for instance, in EPRI
Reports (1994, 2006), and to the consolidation of the notion of SCR. In view of the scarce number of
instrumental records in SCRs, the identification of seismic sources is necessarily affected by large
uncertainties. As an immediate consequence, the diffuse seismicity model is usually adopted. Criteria to
accept or reject such assumption was examined by Riera & Iturrioz (2014), following a previous
contribution of Beauval et al (2006). The diffuse seismicity model justifies the adoption of a Poisson
process to describe the occurrence in time of seismic events in a SCR. Now, if in addition the probability
distribution of seismic events magnitudes in the region is an exponential distribution, the GutenbergRichter (G-R) law results. In such case, the annual frequency of occurrence of seismic events in the
region, with magnitudes larger than M, is a decreasing linear function of M, which is usually a poor
approximation to observed seismic data. In a previous paper, Riera & Iturrioz (2014) examine
instrumental data from a 1200 km sides square region within the South American SCR, showing that the
distribution of observed magnitudes is not exponential. A Weibull (type III, minimum) function
satisfactorily fits the data, and since the exponent is not 1.00, it leads to a relation that differs from the GR law and does not require the introduction of an artificial cut-off magnitude or a transition curve.
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On the other hand, recent developments in Solid Mechanics allow the prediction of fracture
processes in heterogeneous quasi-fragile materials subject to increasing applied loading, including robust
predictions of the process of damage localization. With such purpose, the authors applied extensively a
model consisting of nodal masses linked by nonlinear axial elements in an orthotropic 3D arrangement
that belongs in the group of Discrete Element Methods – (DEM). The approach was originally suggested
by Riera (1984) for the determination of fracture of concrete plates subjected to impact and later
employed in various applications, as the prediction of motion in the vicinity of a fault during fracture
propagation (Dalguer et al, 2001). Similar 2D and 3D models were proposed by other authors
(Krajcinovic, 1996).
Acoustic Emission (AE) techniques constitute a very powerful approach to monitor the process of
damage in structural systems, and have therefore found numerous applications in Civil, Mechanical,
Aeronautical and other engineering branches. Acoustic Emission (AE) refers to the process in which
micro fractures in the interior of a structural system cause elastic waves that propagate through the system
and are therefore susceptible to detection by means of sensors, usually located on free surfaces (Grosse &
Ohtsu, 2008). AE events typically produce waves with frequencies in the range between 1 kHz and 1
MHz and amplitudes that depend on the amount of energy liberated and on the distance from the fracture
to the sensor. The distribution of the amplitudes of AE signals in simulated DEM tests will be examined
in the paper. Various models, such as the G-R law previously mentioned have been used for this purpose,
as discussed for instance by Colombo et al. (2003), Shiotani et al. (1994), Carpinteri et al. (2009). The
DEM numerical AE predictions as well as available instrumental evidence of seismic data suggest that the
hypothesis of a uniform distribution of AE or seismic sources that justifies the Poisson process model, is
valid only at the beginning of the process and apply until damage localization takes place. Afterwards,
larger amplitude events along the damage localization regions tend to occur at more regular intervals, as
observed by Krajcinovic et al (1996) and Riera & Iturrioz (2012). These considerations lead to the
conclusion that AE or seismic events of large magnitude cannot be predicted on the basis of records of
small magnitude events.
THE DEM IN FRACTURE ANALYSIS OF QUASI BRITTLE MATERIALS
The DEM version employed herein was proposed by Riera (1984). In this formulation, the solid under
consideration is substituted by discrete nodal masses, linked by uniaxial elements (bars) with arbitrary
constitutive relations, disposed in a three dimensional array. The cubic basic cell, formed by 20 elements
and 9 nodes shown in Fig.1 (a) and (b), was selected in order to determine the initial elastic stiffness of
the longitudinal and diagonal elements to satisfy the properties of an orthotropic elastic material. Each
nodal point has three degrees of freedom, in correspondence to the displacements in a global coordinate
system.

(a)
(b)
(c)
Figure 1: Cubic array adopted in DEM formulation: (a) Basic cubic cell, (b) DEM representation of a
prismatic body and (c) Load-displacement law of DEM elements.
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The equations that relate the initial stiffness of the DEM elements with the elastic constants of a linearly
elastic, isotropic solid are:
√
(1)
(
)
(
)
(
)
In which E and ν denote the local values of Young’s modulus and Poisson’s coefficient, respectively,
while An and Ad denote the cross-sectional areas of longitudinal and diagonal elements. Note that in the
analysis of heterogeneous materials, such as concrete, material properties may be assumed 3D random
fields without additional theoretical or numerical difficulties. The equations of motion are:
⃗̈

⃗̇

⃗( )

⃗⃗( )

(2)

In which ⃗ represents the vector of generalized displacements, M the diagonal mass matrix, C the
diagonal damping matrix, ⃗⃗⃗⃗( ) the vector of internal forces acting on nodal masses and ⃗⃗( ) the external
forces vector. Since M and C are diagonal matrices, Eqs. (2) are uncoupled and any explicit integration
scheme may be resorted to. Moreover, since the global nodal coordinates are updated at every time
increment, large displacements are accounted for without additional computational effort. Rocha et al
(1991) employed the DEM approach to determine the response of quasi fragile materials assuming the bilinear law shown in Fig. 1 (c). Note that when the specific fracture energy Gf., proportional to the area of
triangle OAP is exceeded, the element can no longer sustain any tensile load. On the other hand, under
compressive load DEM elements remain linearly elastic, so material failure occurs due to indirect tension.
To improve the predicting capability of the method under compression, a perturbation of the cubic
arrangement was introduced later with excellent results. Kosteski et al (2016) present a detailed
explanation of the method. Additional information may be found in the papers by Iturrioz et al (2013,
2014) concerning DEM prediction of AE events.

FRACTURE GENERATION AND FREQUENCY OF AE EVENTS
In order to illustrate the approach described above, the fracture process of a square plate subjected to
support displacements that induce a homogeneous pure shear excitation with linearly increasing
amplitude will be determined by means of numerical simulation. Attention will be centered on the DEM
predictions of acoustic emission. Dimensions and material properties of the plate, indicated next, were
chosen in order to allow a future experimental verification of the results. E= 32 GPa, ρ= 2400 kg/m3, Gf=
70 N/m and tensile strength ft = 5 MPa. The sides of the plate are 50 cm long and its thickness 4 cm. Fig.
2 shows a plan of the plate, the boundary conditions and the spatial distribution of virtual AE sensors. The
latter simulate accelerometers that register the motion in the direction normal to the middle plane of the
plate. The DEM model consisted of 125×125×10 cubic cells, 4mm long. The basic parameters are
indicated in Table 1. It should be mentioned that the coefficients of variation (CV) adopted for DEM
elements correspond to a CV of the solid under consideration (concrete), approximately 2.5 times smaller.
The parameters indicated in Table 1 lead to εp=3.34 × 10-4 and kr =3.3, which completely characterize the
constitutive law shown in Fig. 1(c).
Table 1: Parameters of DEM model of the plate.
L
μ(Gf)
μ(E)
CV(Gf) and CV(E)

4mm
70 N/m
32 GPa
1,0

deq
ν
ρ

20mm
0.25
2400 kg/m3
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Results of one simulation of the fracture process and subsequent AE events are described next. The time is
normalized with respect to time t* at which the elastic energy attains its maximum value, regarded as the
instant when the plate fails. Fig. 3 shows 4 the evolution of damage at normalized times t/t*= 0.6, 0.9, 1,
1.2, in which DEM elements partially damaged are plotted in grey and broken DEM elements are plotted
in green.. Before t/t*= 0.6 only micro-cracks may be seen, mainly in regions close to the edges of the
plate. At normalized time t/t*= 0.9 development of a second fracture may be observed. Finally, when
t/t*= 1, a large fracture is dominant, which results in a Mode I tensile failure. Fig. 4(a) presents the energy
balance during the process. It may be seen that the elastic strain energy increases monotonically until the
peak load is reached and the unstable propagation of the large diagonal fracture begins. Before the peak
load the kinetic energy remains

Figure 2: Plate dimensions, boundary condition, applied loading and position of sensors.

Figure 3: Evolution of damage in the plate: location of damaged DEM elements showed in grey, while
broken elements are indicated in green.
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Fig. 5 (a) shows the critical strain (Fig. 1c) at which DEM elements begin to suffer damage and the
normalized time when this event occurs. AE events are detected only after a normalized time t/t*= 0.26.
Note also that in the interval between t/t*=0.26 and t/t*= 0.6, the times of occurrence of AE events may
be modeled as a Poisson process. On the other hand, after about t/t*= 0.6, clusters begin to appear, that is,
events consisting in several elements failing in sequence, which tend to be more uniformly distributed in
time. Fig. 5b illustrates the damage distribution in the upper right- hand sector of the plate at t/t*= 1. Grey
dots represent the location of damaged elements and green dots the location of failed elements, showing
the development of a fracture at the brink of unstable propagation. The last part of the acoustic emission
vs. time diagram may be seen in Fig. 6(a). In the interval between t/t* = 0.6 and 1.0, few very large
magnitude events occur. Virtual records at sensor 41, located at the center of the plate, are shown in
Figure 6 (a).

Figure 4: (a) Evolution with normalized time of the elastic strain energy, the kinetic energy and the
energy dissipated by damage and (b) view of the upper right- hand sector of the plate at t/t*= 1, in which
broken DEM elements are shown in green.

(a)
(b)
Figure 5: (a) Value of the critical strain in failing DEM elements at normalized times t/t* and (b)
coordinates (x, y) of the centres of failed DEM elements at time t/t*= 1.2, showing the spatial distribution
of damage
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The distribution of amplitudes recorded at the 81 sensors for the event identified by the red ellipse in Fig.
6 (a) is shown in Fig. 6 (b), which allows the identification of the source of the event. Finally, Fig.7
shows plots of observations of the frequency of occurrence of acoustic emission events against a measure
M of the magnitude, defined herein as the logarithm of the peak amplitude of the AE record, determined
by simulation. The ordinates define the logarithm of the number of events with magnitudes equal or larger
than M for sensor 17 (left) and sensor 71 (right). Both data sets clearly suggest the existence of two or
more distinct populations, outlined by the red dotted curves.

Figure 6: Numerical simulations of AE events: (a) AE events at the centre of the plate (sensor 41) shown
in grey, while records of sensor 63 are shown in black, (b) Amplitudes observed at all sensors locations of
the AE event identified in figure (a) with a red ellipse.

(a)
(b)
Figure 7: Relations between the magnitude and the logarithm of the number of AE events with
magnitudes equal or larger than M, (a) at location of sensor 17, (b) at location of sensor 71.
This issue will be discussed later in connection with the AE results for the plate subject to shear and
isotropic compression and with instrumental observations of seismic activity at a SCR. In the latter case,
there is often at least one observation that are clearly outliers in relation to the G-R law (or other models)
fitted to the background seismicity, similarly to the observations for M= 7 (Fig.7 left) and M= 8 (Fig. 7
right) in relation to the evidence for lower magnitudes. The issue was thoroughly examined by Scholtz
(1968).
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SHEAR AND COMPRESSION TEST
A uniformly distributed (isotropic) compression was added on all faces of the model analyzed previously
under pure shear, as shown in Figure 8. The compressive stress (σ) is applied with amplitude increasing
linearly with time, before 10% of the total test duration, and thereafter the amplitude is held constant at its
maximum level, that is, 1 MPa or 3 MPa. The pure shear excitation is applied with linearly increasing
amplitude with the same rate of previously analyzed model. The damage distribution over time is
presented in Figure 9 for the shear and additional isotropic compressions of 1 MPa and 3 MPa.

Figure 8: Shear test (on the left) and shear and compression test (on the right).

(a)
(b)
Figure 9: Damage distribution in combined shear and compression tests: (a) 1MPa initial isotropic
compression and (b) 3MPa initial isotropic compression.
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ACOUSTIC EMISSION
The relations between M and the natural logarithm of the number of AE events with magnitude equal to or
greater than M are shown in Figure 10 for the three simulated tests. Also, the Weibull curves fitted to the
AE data are shown in this figure. The parameters of the curves are indicated in Table 2. Note that in case
of the pure shear test, two curves are required, as shown in Figure 11.

Figure 10: Relations between M and the natural logarithm of the number of AE events with magnitude
equal to or greater than M for pure shear loading (red) and in presence of initial isotropic compression
(blue and black).
Table 2: Parameters of the equation (y = β xγ + c) fitted to simulated data
Constants
Fitting
β
γ
c

Pure Shear
-6.857e-07
-3.172e-12
10.95
17.25
0.1459
-0.6701

Shear and Compression
1MPa

Shear and
Compression
3MPa

-6.988e-06

-6.913e-05

10.08

7.67

0.01964

-0.06726

FREQUENCY OF SEISMIC EVENTS IN SCRs
In a previous contribution, Riera & Iturrioz (2016) examined models commonly employed in the
determination of seismic risk within so-called Stable Continental Regions (SCR), paying special attention
to the limitations of the well-known Gutenberg-Richter (G-R) law. The authors contend that since the GR law implies the applicability of a model in which seismic events occur as a Poisson process, with
exponentially distributed amplitudes, the latter is an entirely unnecessary simplification. Instrumental data
for an approximately 106 km2 within the South American stable continental region show that a Weibull
type III distribution, which includes the exponential distribution as a special case, satisfactorily fits the
data of the background seismicity, as shown in Figure 11, and in addition helps in the identification of
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data that belongs in a different group, eliminating the need to resort to an arbitrary cut-off magnitude,
always introduced in seismic risk studies that a priori adopt the G-R law, to avoid the prediction of large
magnitude events
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Figure 11: Relation between Log (pa) and Mw, in which pa denotes the annual probability of exceedance
of the moment magnitude Mw in a south-american SCR with area AT ≈ 106 km2, for background
seismicity pa (1) and larger seismic events pa (2) (Riera e Iturrioz, 2016)
The striking similarity between the AE simulation of the pure shear test and the instrumental observations
of seismic events in a large SCR provide additional arguments concerning the inadequacy of the G-R law
in seismic risk assessments. Moreover, in the numerical simulations of shear excitation with initial
isotropic compressions of 1 MPa and 3 MPa, no AE event with magnitude larger than 4 occurs, which
does not mean that magnitudes larger than 4 cannot occur, although with less frequency.

CONCLUSIONS

The paper examined, by Monte Carlo simulation employing the Discrete Element Method (DEM), the
occurrence of micro-fractures and the evolution of damage, as cracks coalesce in larger fractures, in a
plate subjected to increasing pure shear stresses, as well as the influence of an initial isotropic
compression. The locations and amplitudes of Acoustic Emission (AE) sources, which are strongly
correlated with the growth of a diagonal fracture in the plate, are numerically determined. It is shown that
the Gutenberg-Richter law is not applicable to assess the frequency of occurrence of AE during damage
growth. The striking similarity between the distributions of simulated AE events in the plate and seismic
activity within a SCR provides additional evidence on the limitations of the G-R law in seismic risk
assessments.

REFERENCES
Aki, K. (1967) “Scaling law of seismic spectrum”, Journal of Geophysical Research, vol. 72 (4), p. 1217–
1231.

24th Conference on Structural Mechanics in Reactor Technology
BEXCO, Busan, Korea - August 20-25, 2017
Division S4 Earthquake sources and size characterization

Beauval, C., S. Hainzl and F. Scherbaum (2006): “The Impact of the Spatial Uniform Distribution of
Seismicity on Probabilistic Seismic-Hazard Analysis”, Bulletin of the Seismological Society of
America (BSSA), Vol.96, No. 6, pp. 2465 - 2471, doi: 10.1785/0120060073.
Carpinteri, A., Lacidogna, G, Puzzi, S. (2009): “From criticality to final collapse: evolution of the b-value
from 1.5 to 1.0”; Chaos, Solutions and Fractals, 41, 843–853.
Colombo, I. S.; Main, I.; Forde, M. (2003) “Assessing damage of reinforced concrete beam using "bvalue” analysis of acoustic emission signals”, Journal of materials in civil engineering, vol. 15(3),
p. 280–286.
Dalguer L. A., Irikura K., Riera J. D., Chiu H. C. (2001): “The importance of the dynamic source effects
on strong ground motion during the 1999 Chi-Chi, Taiwan, earthquake: Brief interpretation of the
damage distribution on buildings”. Bulletin Seismological. Society of America. (BSSA); 91(5):
11121127.
Electric Power Research Institute-EPRI (1994): “The earthquakes of stable continental regions”, Edited
by J.F. Schneider, EPRI-TR-102261-V1-V5, Dec.1994.
Electric Power Research Institute-EPRI (2006): “CEUS SSC – The Central and Eastern United States
Seismic Source Characterization for Nuclear Facilities”.
Grosse, C. U.; Ohtsu, M. (2008) “Acoustic Emission Testing”. Springer Berlin Heidelberg.
Iturrioz, I.; Lacidogna, G.; Carpinteri, A. (2013) “Experimental analysis and truss-like discrete element
model simulation of concrete specimens under uniaxial compression”, Engineering Fracture
Mechanics, vol. 110, p. 81–98.
Iturrioz, I.; Lacidogna, G.; Carpinteri, A. (2014) “Acoustic emission detection in concrete specimens:
Experimental analysis and lattice model simulations”, International Journal of Damage
Mechanics, vol. 23(3), p. 327–358.
Kosteski, L.; Iturrioz, I.; Cisilino, A.P.; Barrios D’Ambra, R.; Pettarin, V.; Fasce, L.; Frontini, P. (2016):
“A lattice discrete element method to model the falling-weight impact test of PMMA specimens”.
International Journal of Impact Engineering. , v.87, p.120-131, 2015. 2016, Pages 120–131.
https://doi.org/10.1016/j.ijimpeng.2in015.06.011.
Krajcinovic D.: “Damage Mechanics” (1996), Elsevier, Amsterdam.
Riera, J.D. (1984) “Local effects in impact problems on concrete structures”, in: Proceedings of the
Conference on Structural Analysis and Design of Nuclear Power Plants, Vol. 3, Porto Alegre,
Brazil, 1984, pp. 57–79.
Riera, J.D. and Iturrioz, I. (2012): “The Gutenberg-Richter and similar laws and their relation with
numerical and experimental laboratory results”, 15th World Conf. on Earth. Eng., Lisboa, Portugal
(in CD).
Riera, J.D. and Iturrioz, I. (2014): “Considerations on the diffuse seismicity assumption in Stable
Continental Regions”, International J. of Advanced Seismology, Vol 1, Issue 1, pp. 16-28, Cloud
Publications.
Riera, J.D. and Iturrioz, I. (2016): “Considerations on the diffuse seismicity assumption and the validity
of the G-R Law in Stable Continental Regions (SCR)”, Revista Sul Americana de Engenharia
Estrutural, (press), Editora da UPF, Brazil.
Scholz C. H.: “The frequency-magnitude relation of microfracturing in rock and its relation to
earthquakes”. Bull of the Seism. Soc of Am. 1968; 58: 99–415.
Rocha, M. M.; Riera, J. D.; Krutzik, N. J. (1991) “Extension of a model that aptly describes fracture of
plain concrete to the impact analysis of reinforced concrete”. In International Conference on
Structural Mechanics Reactor Technology (SMIRT 11).
Shiotani T., Fujii K., Aoki T., Amou K. (1994): “Evaluation of progressive failure using AE sources and
improved b-value on slope model tests”. Prog Acoustic Emission, 7:529–34.
Turcotte D. L., Newman W.I. and Sherbakov R. (2003): “Micro and macroscopic models of rock
fracture”, Geophys J. Int., 152:718–28.

