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ABSTRACT 

 

Within the field of reinforced concrete structures and more specifically, at the design of non-flexural 

elements such as corbels, nibs, and deep beams, the rational procedure of conception and justification 

referred as strut-and-tie method (STM) has shown some advantages over classical algorithms of 

reinforcement computation based on FE analysis (eg. Wood-Armer or Capra&Maury).  

The STM remains a suitable alternative for the design of concrete structures presenting either elastic or 

plastic behaviour whose application framework is well defined in concrete structures’ design codes like the 

EuroCode2 and the AASHTO-LRFD Bridge Design Specifications. Nevertheless, this method has the main 

inconvenient of requiring a high amount of resources investment in terms of highly experienced personal 

or in terms of computational capacity for, respectively, its manual application or an automatic approach 

through topology optimization. 

The document proposes a lighter alternative, in terms of required iterations, to the automation of the STM, 

which starts from the statement that the resultant struts and ties for the ST model will be distributed 

according to the direction of the principal stresses, 𝜎𝐼𝐼𝐼 and 𝜎𝐼 , obtained from a plane FE model. Hence, 

the prismatic section and the position of each individual strut is associated to the field of principal direction 

of 𝜎𝐼𝐼𝐼  and the compressive strain energy, while the ties are placed connecting the struts and the zones 

undergoing tensile stresses in order to achieve structural stability. The reinforcement is then obtained by 

applying a truss optimization, which assure that the constructive, durability, and resistance criteria are 

satisfied. 

 

INTRODUCTION 

 

In the industrial context of structural engineering, most of the structural elements in reinforced concrete 

structures are conceived under the Bernoulli and Navier's hypotheses. Nevertheless, these solutions face 

problems when treating the regions of the structure where the strain distribution is significantly nonlinear 

(corbels, openings, gussets or near the surroundings of concentrated loads). These regions are denominated 

D-regions (where D stands for discontinuity, disturbance or detail). 

The work of Schlaich et al. (1987) describes in detail the use of ST models as a reliable solution to treat 

such D-regions. In brief, this procedure proposes that the real structure should be replaced by a fictitious 

skeletal structure whose geometry allows keeping the boundary conditions and load case, of the real 

structure, in such a way that it complies with the Bernoulli hypothesis. This can be achieved by imposing 

an idealized truss-like distribution of inner forces, where the compressive forces are taken by inner concrete 

bar-type elements (struts) and the tensile forces are taken by the steel reinforcement (ties); a third type of 

elements, the nodes, connect the struts and ties at their extremities to assure the interaction between different 
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elements. One of the shortcomings of the ST models is that, in most of the cases the model should be carried 

out through a manual procedure by a highly experienced engineer. However, the models can be also 

established through an elastic FE analysis of the whole structure by considering the direction of the principal 

stresses along the geometry or, in recent years, by powerful structural optimizations. 

 

Commonly applied structural optimizations 

 

There are two main classes of techniques applied to structural systems: 

1. Discrete optimization of the structural system; 

2. Continuum optimization of the structural system. 

In the discrete optimization, the structure is represented by skeletal systems. Most of the available literature 

stablish the problem of truss optimization as a ground structure approach, Bendsoe (2003), where a group 

of 𝑛 joints is proposed and a set, or the totality, of all the 𝑚 possible elements connecting the joints are 

going to be considered to form the initial truss system. Then, the optimization process can be stablished 

inside an iterative algorithm were the chosen structure gradually evolves according to predefined criteria 

and active constraints at each step (fig. 4). At each step, the cross sections can vary and take a value from 

a given list (discrete variables) or take any possible value between a range (continuous variables) . 

Even though the ground structure approach has been proved a powerful tool for computing ST models 

allowing the optimization to be seen as a relatively simple sizing problem, it arises many difficulties 

principally related to: 1) the singularity of the stiffness matrix, 𝐾, 2) the stability of the optimized structure, 

and 3) the optimality of the structure per se. 

The first complication derives from the fact that the element cross section,𝑎𝑖, could approach or even reach 

a zero value, which has obvious repercussion on the diagonal of the stiffness matrix. To solve it, the 

possibility of zero cross sections is no longer permitted and in most cases, an inferior limit, 𝑎𝑚𝑖𝑛, is imposed 

for 𝑎𝑖 (𝑎𝑖 > 0 or 𝑎𝑖 ≥ 𝑎𝑚𝑖𝑛). 

A non-zero lower bound will generally produce “secondary” elements whose only purpose is often only to 

guaranty the non-singularity condition on the stiffness matrix and to avoid inner mechanisms on the 

structure. Such elements are often erased or simply ignored at the last stage of the optimization, Ohsaki 

(2002). This decision implies that most optimal designs have a singular matrix and presents potential 

mechanisms when described as a part of the ground structure leading to the second listed complication. 

The third complication is related to the choice of the ground structure. The ground structure approach may 

or may not lead to the optimal structure according to the group of nodes proposed (quantity and position) 

and the set of allowed elements; the optimal structure appears to be limited by the original geometrical 

restrictions and possible connections. 

In the application of continuum optimizations, the structure is discretized into continuum finite 

elements such as plates, shells or bricks. The process focused on determining the optimal layout through 

the placement of the given isotropic material within the limits of a material domain 𝛺𝑚𝑎𝑡. 

Even if many researchers believe that optimal ST models can be found starting from continuum-type 

optimal topology, Bendsøe (1994), the characteristics of the discrete and continuum structures are very 

different, and there is no criteria for constructing truss topologies from the results of optimal finite element 

solutions Starčev-Ćurčin (2013). In addition, due to the characteristics presented by the interaction 

concrete-reinforcement and according to some studies, Swan (1999), a more adequate ST model would be 

found through a discrete optimization.  

The present document presents an algorithm that automatically proposes, analyses, and optimizes discrete 

ST models based on the direction of the principal stresses, 𝜎𝐼𝐼𝐼 and 𝜎𝐼 , obtained from a plane FE model.   

 

METHODS  

  

Illustrative example  
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In this document, with the aim of having a direct comparison with the existing approaches, it was chosen 

to apply the proposed algorithm to the classical problem of a corbel. The example was extracted directly 

from Shobeiri (2017) where a 10024-eight-node FE model was treated by a Bi-directional Evolutionary 

Structural Optimization (BESO). The structure was designed to support a concentrated load of 500 𝑘𝑁, 

being fixed at both ends of the column. An initial thickness of 60 cm, along the third direction, was assumed 

for the concrete element. The Young’s modulus of the model, 𝐸, of 28.5 GPa and the Poisson ratio, ν, was 

taken equal to 0.15 that corresponds to the concrete. For simplicity, only half structure is shown in the 

figures unless other is expressed. 

 

 

 

 

Figure 1. Procedure of the STM 

 

Elastic Model 

 

The reason of this initial elastic model is to compute the principal stresses and their associated directions. 

For this case, the software ANSYS was used to create and to solve the base finite element representation of 

the example case. A coarse mesh was preferred over the original one creating a model made by 1980 -eight-

node brick elements, nodal displacements constraints were placed in the zones of the supports, and finally, 

a concentrated load was placed according to figure 2. The material constants were also directly taken from 

the original model. 

 

Local maxima of stress fields 

 

a) Manual procedure b) Proposed procedure 
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Based on the fact that the nodes of the model ST could be placed on the stress concentrations, this step 

deals with the acquisition of the stress concentration points using the results from the FE model (figure 3a). 

The local maxima/minima are searched over parallel planes along the 𝑥, 𝑦 and 𝑧 axis through a numerical 

grid based interpolation algorithm. 

 

Division of the Geometry 

 

Based on the premise that a good ST model should mimic the elastic distribution of stresses of the original 

structure, the struts are proposed to be placed inside the geometry following the local predominant direction 

of the third principal stress. Considering the coordinates of the local picks of stresses as the seeds for a 

Voronoi division, this division allows to delimit zones, 𝛺, were the direction field of the principal minor 

stress of the contained nodes, tends to present a preponderant   direction.  

 

 

Figure 2. Illustrative example (whole element) 

 

The punctual concentrations of stresses are taken as the seeds for a Voronoi division (figure 3b). In order 

to assure that these seeds will be placed at the limits of a region once the clipping has been performed, a 

small disturbance is introduced over the position of the seeds generated by concentration of stresses. This 

disturbance is included by replacing the original coordinates of the selected seeds by two new seeds result 

from the intersection of an infinitesimal circle, centred at the original seed's coordinates, with the boundaries 

of the geometry. 

Next, the clipped Voronoi division is achieved by computational binary solid geometry operations giving 

as a result the regions delimited by both the internal triangulation from the Voronoi algorithm and the 

analysed geometry’s boundaries.  
 

Struts' direction assessment  
Considering that the elements in compression shall approach the distribution and direction of the minor 

principal stress, 𝜃𝐹, the inclination of each strut is calculated at the centre of a zone trough regressions 

applied on the direction field of the principal minor stresses,𝜎𝐼 , resulting from the FE analysis. 

The chosen approximation, eq. 5, is based on a locally weighted least square regression (LWLSR) where a 

centred kernel function affects the selected subset data by a weight computed according to their distance 

a) Domain design of a corbel [cm] b) Elastic FE discretization 
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from the centre of the regression zone (eq. 1). This kernel function is used to reduce or even eliminate the 

“noise” that the nodal results surrounding the concentration points could bring to the regression. 

Placing the kernel function over a cuboid zone of dimensions 𝑙𝑥 , 𝑙𝑦, 𝑙𝑧 by (sides measured along 𝑥, 𝑦, and 𝑧 

axis respectively) and centred at the coordinates (𝑐𝑥, 𝑐𝑦, 𝑐𝑧), the local weight of the data subsets within the 

zone 𝛺𝑖  is given, according to their spatial positions on the geometry (𝑥, 𝑦, 𝑧), by the product of the 

parabolic distributions (eq. 2 to 4) . 

 

𝑊𝑖 = 𝑊𝑥,𝑖𝑊𝑦,𝑖𝑊𝑧,𝑖 

 

𝑊𝑥,𝑖 = 1 − 3 (
𝑥𝑖 − 𝑐𝑥

𝑙𝑥
)

2

− 2 |
𝑥𝑖 − 𝑐𝑥

𝑙𝑥
|
3

 

𝑊𝑦,𝑖 = 1 − 3 (
𝑦𝑖 − 𝑐𝑦

𝑙𝑦
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2

− 2 |
𝑦𝑖 − 𝑐𝑦
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3

 

𝑊𝑧,𝑖 = 1 − 3 (
𝑧𝑖 − 𝑐𝑧

𝑙𝑧
)

2

− 2 |
𝑧𝑖 − 𝑐𝑧

𝑙𝑧
|

3

 

𝐴 = (𝑃 𝑃−1)−1𝑃𝜃𝐹 

 

 

where 𝑊 is the vector containing the coefficients of the regression, 𝑃 is the matrix containing the ordered 

data of the explanatory variables and 𝐴 corresponds to the vector of the explained variable. 

For this approximation to be implemented there are some conditions that the data must satisfy: 

 Cuboid base subsets. Since the base-shape of the chosen kernel function presents a cuboid 

projection, this function can only be applied on this type of zones. 

 Singularities located at the boundaries of the regression zones. Regarding the kernel function 

as a filter, the aim of this filter is to reduce the weight that the singularities could have on the 

regression, which can be only done if those points are at the boundaries. 

 Small angular dispersion coefficient. A small angular dispersion allows applying the current 

model of regression over the selected angular data. This aspect results advantageous inasmuch as 

is not necessary to apply a sort of angular regression that could imply a heavy iterative procedure 

Fisher (1995). 

 

 

Figure 3. Treatment of the geometry 

(1) 

(2) 

(3) 

(4) 

(5) 

a) Local maxima b) Voronoi division c) Direction field of 𝜎𝐼𝐼𝐼 

𝜎𝐼 

𝜎𝐼𝐼𝐼 
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Strut Path Generation 

 

Once the predominant directions have been computed at each zone, 𝛺𝑖, an iterative branch-like algorithm 

is implemented for the generation of the struts. Starting from the coordinates of the local stress 

concentrations, the algorithm takes an initial node, , and projects a straight line, following the correspondent 

slope of the contouring zone , to the limits of the current zone to generate a final node, . The next iteration 

starts from the last node, and proceeds to calculate the node and so on. This procedure continues for all the 

seeds until the boundaries of the geometry have been reached by the generated “branches”. 

The strut generation algorithm produces branches that start at the coordinates of concentrated loads and 

compressive stress concentrations, and diffuses throughout the structure. Even though two or more branches 

could pass through common zones, until this step, these branches do not necessarily interact one another 

nor conform to a suitable strut system. Therefore, a two-step merging procedure has been implemented at 

this state. 

 

Ties 

Similarly to the case of struts, the ties are expected to approximate the distribution of the major principal 

tensile stress. Besides, these elements should also be adapted to the already existing strut path. 

Starting from the premise that the punctual concentration of major stress provides a reliable index of the 

position of the ST nodes in pure traction, the distribution of the ties is obtained by considering each 

concentration point as a birth node which is attached by a straight line to every existent node contained by 

the closest local minima. 

 

Truss optimization 

 

An initial configuration built by a total of elements can be now stated based on the strut path and the tie 

distribution. A linear- elastic behaviour law is assumed with Young's moduli, 𝐸, and Poisson coefficient, ν 

, assigned according to the idealized materials ( 𝐸 = 2.1GPa , 𝜈 = 0.3 for the ties and 𝐸 = 0.28GPa , 𝜈 =
0.15 for the struts). 

At this point, the problem can be threaten as a ground structure optimization with a relatively low number 

of potential structural elements where the objective function pretends to reduce the volume of the sum of 

all the elements: 𝑉 = ∑ 𝑎𝑖𝑙𝑖
𝑚
𝑖=1  .  

The treatment of the problem is proposed to be done through a tree-part truss optimization 

 Sizing problem. Cross-section area of each element is applied as a design variable with a non-

zero lower bound condition, Li (1990).  

𝑚𝑖𝑛 ∑ 𝑎𝑖𝑙𝑖

𝑚

𝑖=1

 

𝑠. 𝑡.      𝐾𝑈 = 𝐹, 

𝑎𝑖 =
𝑓𝑖

𝜎𝐸
 , 

�̅�𝑖 ≤ 𝑎𝑖 ≤ �̂�𝑖 
 

Where the upper bar and the hat indicate prescribed minimum and maximum values. 

 Topology optimization. A dichotomous optimization is applied to the elements included in the 

percentile with the less important cross section. The elements included in this percentile that are 

not required to maintain equilibrium for that particular geometry and loaded condition are 

eliminated, Kirsh (1989).   

 

 

(6) 
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Figure 4. Simplified optimization strategy 

 

 

 Geometric optimization.  At this state, the resultant topologies can be very sensitive to the layout 

of nodal points. This makes it natural to consider an extension of the ground structure approach 

and to include the optimization of the nodal point location for a given number and connectivity of 

nodal points, Bendsoe (1994).  

𝑚𝑖𝑛 ∑ 𝑎𝑖𝑙𝑖

𝑚

𝑖=1

 

𝑠. 𝑡.      𝐾𝑈 = 𝐹, 
𝑙𝑖 ≥ 0, 

�̅�𝑗
𝑘 ≤ 𝑥𝑗

𝑘 ≤ 𝑥𝑗
𝑘  , 𝑗 = 1, … , 𝑛, 𝑘 = 1,2,3, 

(7) 

ȁ𝑉𝑖 − 𝑉𝑖−1ȁ

𝑉𝑖−1

𝑥100 < 1𝑥10−9 

ȁ𝑉𝑖 − 𝑉𝑖−1ȁ

𝑉𝑖−1

𝑥100 < 0.01 

ȁ𝑉𝑖 − 𝑉𝑖−1ȁ

𝑉𝑖−1

𝑥100 < 0.001 

ȁ𝑉𝑖 − 𝑉𝑖−1ȁ

𝑉𝑖−1

𝑥100 < 1𝑥10−7 
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It can be observed that is the same previous optimization but this time depending on the nodal 

positions 𝑥𝑗,  𝑗 =  1, . . . , 𝑛. The nodal positions are restricted to lie within the geometry 

 

Figure 5. Initial ST model 

 

 

Results 

 

The final system was obtained starting from the ground structure (figure 4b) consisting in 628 elements that 

was iteratively optimized 66 times until satisfying the chosen criterion of convergence. The resultant ST 

system is a self-supporting truss composed of 95 elements that respects the original geometry, boundary 

conditions and load system as required in the EuroCodes.  

 

Figure 6. Truss optimization 

 

a) Initial strut path b) Strut path plus linking 

ties (ground structure) 

a) Optimized truss 

(whole 3D view) 

b) Optimized truss 

(struts; side view) 

c) Optimized truss 

(ties; side view) 
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Comparative and discussion 

 

Convergence  

 

The chosen optimization algorithms show a fast convergence for the treated case. Only 66 iterations were 

enquired in order to achieve the desired results. As stated before, the optimizations were sequenced allowing 

to: 1) compute the required sections, 2) reduce the ground structure by eliminating unnecessary 

elements/nodes, and 3) optimize some nodal positions. 

At some iterations, the process allows to reduce the time of calculation for the upcoming iterations by 

decreasing the size of the stiffness matrix and by reducing de quantity of elements during the assemblage.    
 

 

 

Figure 7. Model convergence 

 

Obtained geometry 

 

 

Figure 8. ST models 
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For this document, only the geometry of the proposed ST models is commented. In fig. 8 it can be seen the 

similarities and differences between the ST model proposed by Shobeiri (fig 8b), a ST model result from 

an Evolutionary Structural Optimization (ESO) over a 2D geometry presented by Almeida (fig. 8c), and 

the model obtained for this document (fig 8a). Even if the number of elements differ from one model to 

another, it can be remarked that the three of them present patterns with strong similarities in the distribution 

and inclination of the struts and the ties in the planar view but significantly differences can be found in the 

side views. In this particular case, the models obtained by continuum optimization seem to work as planar 

trusses while the proposed represent a spatial one which is not permitted for a 3D ST model according to 

the EuroCodes. Analogously, the model in 8a presents geometric similarities but its spatial nature allows a 

more realistic tridimensional distribution of forces, attended for real a tridimensional structure.  

The proposed procedure achieves similar results to those obtained through BESO with the advantages such 

as its applicability over coarse meshes (approximately 30 times the size of the elements used for the BESO 

procedure), the need of only one linear analysis of the FE model using BRICK elements and presenting a 

highly reduced ground structure for the final topology optimization. 

Further results such a comparison of the total real reinforcement cannot be done due to the lack of final 

construction blueprints in the literature reviewed.   

 

Conclusions 

 

This article extends the implementation of the ground structure method for truss optimization to Strut and 

tie modelling of 3D structures. The present methodology attaches the current rational criteria to the truss 

optimization problem for the automatic generation of truss-like designs for STM. Furthermore, the results 

obtained are consistent with accepted continuum optimizations but with an advantageous reduction in time 

of calculation while being consistent with the base ST theory. 
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