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ABSTRACT 

In a Nuclear Power Plant (NPP), seismic response analysis of unrestrained/unanchored components is 

required to prevent their interaction with neighbouring seismically qualified equipment. In certain cases, it 

is required to estimate the seismic response of rocking frames (e.g., unreinforced masonry walls supporting 

a rigid diaphragm). An analysis method for typical planar rocking frames consisting of two unanchored 

rectangular piers supporting a rectangular beam, where the beam is in full contact with the top surfaces of 

the piers in the undisplaced configuration, has been reported in literature. During rocking motion, the piers 

uplift at their base, and the beam rests on the top corners of the piers, opposite to the pivot corner at the 

base of each pier. The response of this rocking frame configuration is found to be more stable than that of 

a solitary pier. However, there are other configurations where the contact point between a pier and the top 

beam may be located somewhere between the top corner and the top centre of a typical pier. This paper 

investigates the pure planar rocking response of slender frames with varying eccentricity of the contact 

point under earthquake excitation. The paper demonstrates that the seismic response of such rocking frames 

is highly dependent on the location of the top contact point; and a top-heavy frame is not necessarily more 

stable than a solitary pier. 

INTRODUCTION 

A NPP contains several complex mechanisms consisting of a host of components, some of which (such 

as portable power supplies, transformers, nuclear waste containers, etc.) cannot be anchored to a civil 

structure due to their frequent movement. The rocking response of an unanchored component is not very 

well addressed in nuclear standards. The standard ASCE 43-05 (2005) recommends that it is preferable to 

anchor components in a NPP to avoid rocking and sliding in a seismic event. However, unanchored 

components are acceptable if they satisfy the requirements of the standard. ASCE 43-05 (2005) also allows 

evaluation of rocking and sliding as uncoupled modes of response. This standard also provides an 

approximate method to compute the pure planar rocking response of such components based on the 

assumption that a rocking object can be represented by an equivalent Single Degree of Freedom (SDOF) 

Oscillator. This method was evaluated and found to be unreliable by Dar et al. (2016a) confirming the 

conclusion given by Makris and Konstantinidis (2003) that a rocking object cannot be represented by a 

SDOF oscillator. The theoretical bases for methodologies such as the one given in ASCE 43-05 (2005) 

were proposed by Priestley et al. (1978) and Wesley et al. (1980). They employed the response spectrum 

(of a so-called equivalent SDOF oscillator) in order to predict the rocking response of an unanchored object. 

Makris and Konstantinidis (2003) evaluated the methodology provided by Priestley et al. (1978), and 

adopted in FEMA 356, and found it to be erroneous. Makris and Konstantinidis (2003) introduced the 

concept of rocking spectrum which can be readily utilized to predict the pure planar seismic response of a 

rigid rectangular block to base excitation. In a preliminary study, Dar et al. (2013) evaluated the 

methodology given by Wesley et al. (1980) and concluded that this method leads to inaccurate results.  
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In a NPP, on several occasions, it is required to ascertain the rocking response of block assemblages, 

especially in the case of stacked blocks (nuclear waste containers or fuel columns in a reactor) and rocking 

frames. The rocking response of a solitary rigid block can be readily obtained from a rocking spectrum 

(Makris and Konstantinidis, 2003). In order to obtain the rocking response of a frame from a rocking 

spectrum, it is essential to convert the frame into an equivalent solitary block whose response is the same 

as that of the frame.  

Figure 1: (a) Rocking frame moving to the left, relative to the ground, (b) equivalent rocking block, and 

(c) equivalent assembly of block with top lumped mass.  

There have been several studies of stacked blocks, including Lee (1975), Ikushima and Nakazawa 

(1979), Psysharis (1990), Spanos et al. (2001), Konstantinidis and Makris (2005), Kounadis et al. (2012) 

and Minafo et al. (2016), and references therein. None of these studies, however, attempted to find an 

equivalent rectangular block whose seismic response is the same as that of the assemblage.  

DeJong and Dimitrakopoulos (2014) compared the properties of equivalent solitary blocks 

representing various types of assemblages. Makris and Vassiliou (2013) studied frames such as the one 

shown in Figure 1(a), where, in rocking motion, the top rigid beam maintains point contacts with the top 

corners of the piers. The authors  established the parameters of an equivalent rocking block whose response 

to a seismic event is the same as that of the rocking frame. As shown in Figure 1(a), under rocking motion 

from right to left (or counterclockwise rotation of the piers), the top right corners of both piers support the 

beam above. Similarly, for rocking motion from left to right, the top left corners of the piers support the 

beam above. Makris and Vassiliou (2013) concluded that such rocking frames can be represented by an 

equivalent rectangular rocking block which has the same slenderness as that of a solitary pier but larger 

size, as shown in Figure 1(b).  

Dar et al. (2017) (following their preliminary studies; Dar et al. (2015, 2016b) showed that the seismic 

response of a single block (having the same size and slenderness as one of the piers of the frame)  with a 

top lumped mass, equal to the half the top-beam mass (Figure 1(c)), is the same as that of the rocking frame 

and, the size and slenderness parameters of such an assemblage are the same as those of the equivalent 

block established by Makris and Vassiliou (2013). As shown in Figure 1(c), upon impact, the top lumped 

mass shifts instantly from the right to the left top corner in clockwise rotation and vice versa for the 

anticlockwise rotation. Thus, the center of gravity of the pier and top-mass assembly always remain on the 

pier diagonal. Hence, the slenderness parameter, angle α, defined by the angle of the line joining the pivot 

point and the center of gravity of a rocking block, in Figure 1(c), remains the same as that of the solitary 

pier in Figure 1(a). Since the center of gravity of the assembly in Figure 1(c) is always higher than that of 

a solitary pier, the assembly in Figure 1(c) is perceived as a block having the same slenderness as that of a 

solitary pier but larger size (Figure 1(b)). Makris and Vassiliou (2013) reported that the seimsic response 

of such top-heavy frames is lesser than that of a solitary pier. They also reached a generalized conclusion 

that the top-heavy structures are more stable than their lighter counterparts supported by other similar 
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studies (Makris and Vassiliou, 2014; Makris and Kampas, 2016). This conclusion, however, as shown by 

Dar et al. (2017) and in this paper, is not necessarily true for frames where the top-mass is located anywhere 

but at the top pier corner. Two such configurations are shown in Figure 2 as applications of rocking frames 

in a NPP.  

Figure 2(a) shows a masonry enclosure under rocking motion with its schematic representation shown 

in Figure 3(a) with the idealized support conditions, where, the top lumped mass would be at the top centre 

of the pier. This type of rocking frame was studied by Dar et al. (2015) and was revisited in Dar et al. 

(2016b). It was found that the top-heavy frame shown in Figure 3(a) was less stable than a solitary pier for 

some well-known earthquake records. Figure 2(b) shows a turbine rotor on pedestals having top stems. 

Ignoring the stems leads to the top mass being transferred to piers at locations in between their top corners 

and centers as shown in Figure 3(b), which is an idealized representation of Figure 2(b). Dar et al. (2017) 

analyzed such type of rocking frames with the typical pier and top-mass configuration illustrated in Figure 

3(c). The authors established the parameters of the equivalent rocking block, which depend on the ratio of 

the top lumped mass to that of the pier, q, and the eccentricity parameter, η (the ratio of the top mass distance 

from the pier center and the half-width, b). Thus, η = 0 corresponds to the top center support condition 

shown in Figure 3(a), and η = 1 corresponds to the top corner support configuration in Figure 1(a).  

 

Figure 2: Applications of rocking frames in NPPs: (a) masonry enclosure, (b) turbine rotor on pedestals. 

 

This study investigates the behavior of slender frames with normal height (~3m) with varying η. In 

this study, it is shown that the stability of the rocking frame, in comparison to that of a solitary pier, varies 

with η, concluding that the top-heavy rocking frames are not necessarily more stable than their lighter 

counterparts in all types of configurations. As proven in literature (Housner 1963, Makris and Roussos 

2000), to be stable, the right combination of slenderness and size is required for a particular excitation. If 

the solitary block was stable for the slenderness and size, represented by 𝛼 and 𝑅 respectively, then, to 

maintain stability, the new reduced slenderness, 𝛼𝑒𝑞, would require a new size. If this new required size is 

more than the size of the pier and top mass assembly, the equivalent block is likely to be unstable. The word 

“likely” is used here, because, as reported in the literature (e.g., Makris and Konstantinidis 2003), while 

larger blocks are generally more stable than smaller blocks, there are isolated exceptions, owing to the 

highly nonlinear nature of the rocking problem. Intuitively, it may seem that the variation in 𝜂 does not 

significantly impact the seismic response of frames with slender piers, i.e., with small 𝛼. However, this is 

not true, as seen later. This paper demonstrates that even for slender frames, where the reduction in 

slenderness (due to the location of the top mass on a typical pier) of an equivalent rocking block is small, 

there is significant difference between the seismic response of the frame and a solitary pier subject to the 

seismic excitation similar to the Design Basis Earthquake prescribed for the NPPs in the United States 

Nuclear Regulatory Commission’s Regulatory Guide 1.60 (USNRC 2014) based on Newmark et al. (1973).  

(a) (b) 
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Figure 3: (a) top beam resting at the pier centers, (b) piers supporting the top beam eccentrically  

(c) schematic of the pier with the lumped mass at any location.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4: Rectangular block  

REVIEW OF THE ROCKING BLOCK 

Figure 4(a) shows the schematics of a rigid rectangular block in rocking motion with clockwise rotation 

considered positive, with ℎ as the height of the Centre of Gravity (CG) and 𝑏 as the half width of the base. 

The parameter , represents the ratio of the full-height compared to the height of the CG. For a rectangular 

block  = 2. The distance of the CG from the pivot point is defined as 𝑅, the radius of rotation. Angle 𝛼 is 

known as the slenderness parameter. As seen in Figure 3(c), the center of gravity of the pier and top mass 

assembly, 𝐶𝐺̅̅̅̅ , would always be on the line joining the points 𝐶𝐺 (the center of gravity of the rectangle 

without the lumped mass) and the top lumped mass. Hence, the slenderness parameter of the assembly, 𝛼𝑒𝑞, 

will be less than 𝛼 for the top mass located away from the corner.  
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For a vertically symmetrical solitary block (without any top lumped mass), the equation of motion, 

subject to the horizontal excitation, 𝑥ሷ𝑔, given by Yim et al. (1980) is:  

 

 𝐼𝑜𝜃ሷ + 𝑚𝑔𝑅 sinሺ−𝛼 − 𝜃ሻ = −𝑚𝑥ሷ𝑔𝑅 cosሺ−𝛼 − 𝜃ሻ ,   𝜃 < 0 (1) 

 𝐼𝑜𝜃ሷ + 𝑚𝑔𝑅 sinሺ𝛼 − 𝜃ሻ = −𝑚𝑥ሷ𝑔𝑅 cosሺ𝛼 − 𝜃ሻ ,   𝜃 > 0 (2) 

where 𝑚 is the block’s mass, 𝑔 is the acceleration of gravity, and 𝐼𝑜 is the mass moment of inertia of the 

rigid block about pivot point O. The rest of the variables are as defined above including Figure 4. Equations 

(1) and (2) remain valid for vertically symmetrical blocks of any geometry. The above two equations can 

be written in a combined form as,  

where 𝑝 = √𝑚𝑔𝑅/𝐼𝑜  is the so-called frequency parameter, and sgnሺ∙ሻ  is the signum function. For a 

rectangular block,  𝐼𝑜 = ሺ4/3ሻ𝑚𝑅2 which leads to 𝑝 = √ሺ3𝑔ሻ/ሺ4𝑅ሻ. The above equation can be solved in 

state-space form employing standard ODE solvers. The coefficient of restitution (Housner, 1963) accounts 

for the energy lost due to the impact. Multiplying the pre-impact velocity, �̇�1 , by the coefficient of 

restitution, 𝑒, gives the post impact velocity, �̇�2. The coefficient of restitution (Housner, 1963) was revisited 

by Dar et al. (2017) in its generalized form for any vertically symmetrical geometry as: 

 

where, 𝐼𝑜
𝑛 is defined as normalized moment of inertia ( 𝐼𝑜

𝑛 = 𝐼𝑜/ሺ𝑚𝑅2ሻ, or  𝐼𝑜
𝑛 = 𝑟𝑜

2/𝑅2, where 𝑟𝑜 is the 

radius of gyration of the block about O). For a rectangular block, substituting the normalized moment of 

inertia, 𝐼𝑜
𝑛 = 4/3, leads to the coefficient of restitution given by Housner (1963): 

 𝑒 = 1 −
3

2
 sin2 𝛼 (5) 

EQUATION OF MOTION OF A ROCKING FRAME 

We consider the rocking frame with rectangular piers, as shown in Figure 3(b). As shown by Dar et al. 

(2017), for positive rotation, the equation of motion of the frame is  

where, 𝑚𝑡 is the mass of the top beam divided by the number of piers which is the top point mass in the 

pier-mass assembly in Figure 3(c), 𝑅1 is the distance of the top mass from the pivot point O’, and 𝛽 is the 

angle between 𝑅1 and the longer side of the rectangle. Resolving Equation (6) leads to  

 
𝜃ሷ = −𝑝2 {sin[𝛼 sgnሺ𝜃ሻ − 𝜃] +

𝑥ሷ𝑔

𝑔
cos[𝛼 sgnሺ𝜃ሻ − 𝜃]} (3) 

 
𝑒𝐺 =

�̇�2

�̇�1

 =  1 −
2

𝐼𝑜
𝑛 sin2 𝛼 (4) 

 
𝜃ሷሺ𝐼𝑜 + 𝑚𝑡𝑅1

2ሻ = −[𝑚𝑔𝑅 sinሺ𝛼 − 𝜃ሻ + 𝑥ሷ𝑔𝑅 cosሺ𝛼 − 𝜃ሻ] + ⋯

−[𝑚𝑡𝑔𝑅1 sinሺ𝛽 − 𝜃ሻ + 𝑥ሷ𝑔𝑅1 cosሺ𝛽 − 𝜃ሻ]

 
(6) 

 𝜃ሷ = 𝑝𝑒𝑞
2 [− sin(𝛼𝑒𝑞 − 𝜃) −

𝑥ሷ𝑔

𝑔
cos(𝛼𝑒𝑞 − 𝜃)] (7) 
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where, the equivalent block parameters, 𝛼𝑒𝑞 and 𝑝𝑒𝑞, derived by Dar et al. (2017) for any 𝜂, are as given in 

Table 1 (reproduced from Dar et al. 2017) along with the parameters by Dar et al. (2016b) and Makris and 

Vassiliou (2013) for 𝜂 = 0 and 1 respectively. Equation (7) is the same as Equation (3) for positive rotation. 

If  𝑁 = number of piers, 𝑚 = mass of one pier, and 𝑀= the mass of the top beam, then 𝑞 = 𝑀/ሺ𝑁𝑚ሻ.  

MAXIMUM COEFFICIENT OF RESTITUTION 

Dar et al. (2017) derived the expression for the maximum equivalent coefficient of restitution for the 

pier-top mass assembly representing the rocking frame in Figure 3(b) as:  

The above coefficient of restitution is given in the last row of Table 1. Substituting 𝜂 = 0  in Equation (8) 

leads to the expression derived by Dar et al. (2016b) and 𝜂 = 1 to the expression given by Makris and 

Vassiliou (2013). 

RESPONSE TO EARTHQUAKE RECORDS 

Table 2 shows the details of a solitary masonry pier 0.29m wide and 3m high. A rocking frame 

consisting of such piers with 𝑞 = 1.25 and the top support conditions shown in Figure 3(b) is investigated 

for varying values of the eccentricity parameter, 𝜂. Table 3 shows equivalent block parameters 𝑝𝑒𝑞 and 𝛼𝑒𝑞 

along with the equivalent coefficient of restitution, 𝐸𝑒𝑞. Table 4 shows three earthquake records, chosen 

from the suite of records in Newmark et al. (1973), which established the seismic design basis for NPPs. 

The records were chosen based on their Peak Ground Accelerations (PGAs) that were slightly or moderately 

higher than those required to initiate rocking (> tan 𝛼𝑒𝑞 𝑔). The seismic response of the equivalent block 

has been calculated by numerically solving Equation (3) by utilizing the AdamsBDF hybrid solver (PTC 

2012). The overturning condition is assumed to occur when the normalized rotation 𝜃/𝛼 = 1, although 

rocking blocks are known to occasionally survive rotations 𝜃 𝛼⁄ > 1 (Zhang and Makris 2001).  

Figure (5) shows the rocking response of a solitary pier and rocking frames (represented by equivalent 

blocks) for five values of 𝜂 (Table 3) for the three earthquake records given in Table 4. The top diagram in 

Figure 5 shows the response to the San Francisco 1957 GGP100 record. The responses of the solitary block 

and the rocking frames for 𝜂 = 0.95 and 1 are practically zero. The rocking frames with values of  𝜂 = 0, 

0.2 and 0.5 experience rocking, out of which 𝜂 = 0.2 leads to the maximum response. This shows that the 

response of the top-heavy frames corresponding to these three values of 𝜂 (0, 0.2 and 0.5) is more than that 

of the solitary pier. The maximum response corresponds to the rocking frame with 𝜂 =0.2. 

Similarly, in the middle diagram of Figure 5, the seismic response of rocking frames with 𝜂 = 0, 0.2 

and 0.5, to the Helena record, is more than that of the solitary pier. The rocking frame with 𝜂 = 0 leads to 

the maximum response. The response of the rocking frame with 𝜂 = 0.95 is found to be somewhat similar 

to that with 𝜂 = 1, which is found to be the most stable. In this case, too, the top-heavy frame for the three 

values of 𝜂 (0, 0.2 and 0.5) are found to be less stable than the solitary pier. In this case 𝜂 =0 leads to the 

maximum response.  

The bottom diagram in Figure 5, shows the response to the El Centro 1940 ELC270 record. In this 

diagram, all rocking frames eventually overturn including the solitary pier. However, the rocking frames, 

with 𝜂 = 0, 0.2 and 0.5, are found to provide the least resistance before overturning. The solitary block is 

found to be the most resistant before overturning. The rocking frame with 𝜂 = 0.95 overturns just before 

the solitary block. Even the rocking frame with 𝜂 = 1, with the same parameters as given by Makris and 

Vassiliou (2013), overturns 2 s before the solitary block.  

 

 

𝐸𝑒𝑞 =
�̇�2

�̇�1

=
𝑒 +

3
4 𝑞ሺ4 cos2 𝛼 − ሺ𝜂 + 1ሻ2 sin2 𝛼ሻ

1 +
3
4

𝑞ሺ4 cos2 𝛼 + ሺ𝜂 + 1ሻ2 sin2 𝛼ሻ
 (8) 
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Table 1: Equivalent block parameters for the rocking frame in Figure 3(b) 

 

Parameter 
Dar et al. (2017) 

0 ≤ 𝜂 ≤ 1 

Dar et al. (2016b) 

𝜂 = 0 

*M&V (2013) 

𝜂 = 1 

𝛼𝑒𝑞 tan−1 (
1 + ሺ𝜂 + 1ሻ𝑞

1 + 2𝑞
tan 𝛼) tan−1 (

1 + 𝑞

1 + 2𝑞
tan 𝛼) 𝛼 

𝑝𝑒𝑞
2  𝑝2

√ሺ 1 + ሺ𝜂 + 1ሻ𝑞ሻ2 sin2 𝛼 + ሺ1 + 2𝑞ሻ2 cos2 𝛼

1 +
3
4

𝑞[ሺ𝜂 + 1ሻ2 sin2 𝛼 + 4 cos2 𝛼]
 𝑝2

√ሺ1 + 𝑞ሻ2 sin2 𝛼 + ሺ1 + 2𝑞ሻ2 cos2 𝛼

1 +
3
4

𝑞ሺ1 + 3 cos2 𝛼ሻ
 𝑝2

 1 + 2𝑞

1 + 3𝑞
 

**𝐸𝑒𝑞 
𝑒 +

3
4

𝑞ሺ4 cos2 𝛼 − ሺ𝜂 + 1ሻ2 sin2 𝛼ሻ

1 +
3
4

𝑞ሺ4 cos2 𝛼 + ሺ𝜂 + 1ሻ2 sin2 𝛼ሻ
 

𝑒 +
3
4

𝑞ሺ5 cos2 𝛼 −1ሻ

1 +
3
4

𝑞ሺ1 + 3 cos2 𝛼ሻ
 

𝑒 + 3𝑞 cos 2𝛼

1 + 3𝑞
 

*Makris and Vassiliou (2013).        ** 𝑒 is defined in Eq (5).  
 

 

Table 2: Details of block wall and diaphragm system 

 

ℎ 
(mm) 

𝑏 

(mm) 

𝑅 

(mm) 
𝑞 

𝛼  

(rad) 

𝑝  

(rad/s) 
𝑒  

1500 145 1507 1.25 0.096 2.209 0.986 

 

 

Table 3: Equivalent block parameters and 𝐸𝑒𝑞 for various values of 𝜂 

 

𝜂  
𝑝𝑒𝑞  

(rad/s) 

𝛼𝑒𝑞 

(rad) 
𝐸𝑒𝑞 

0 1.899 0.062 0.993 

0.2 1.8987 0.069 0.992 

0.5 1.898 0.079 0.989 

0.95 1.8966 0.095 0.983 

1 1.8964 0.096 0.982 

 

 

Table 4: Details of Earthquake Records 

 
 

 
Earthquake Year Station Record PGA (g) 

San Francisco, Calif. 1957 Golden Gate GGP100 0.112 

Helena 1935 Carroll College A-HMC-270 0.173 

Imperial Valley, Calif. 1940 El Centro I-ELC270 0.215 



 

24th Conference on Structural Mechanics in Reactor Technology 

BEXCO, Busan, Korea - August 20-25, 2017 

Division VII 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5: Normalized response to San Francisco (top), Helena (middle) and El Centro (bottom) records 
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CONCLUSIONS 

This paper demonstrates that the seismic response of rocking frames depends on the location of the 

contact point between the top beam and the piers, defined by the eccentricity parameter 𝜂. Response of the 

rocking frames for various values of 𝜂, defined by the parameters given by Dar et al. (2017), is obtained 

for three earthquake records. It is noted that the seismic response of the rocking frames, for different values 

of 𝜂, does not follow a consistent order in terms of stability. The maximum response of the rocking frame 

for a particular 𝜂 subject to the excitation by a given earthquake record, does not ensure the same for other 

records. A solitary pier is found to be the most stable in two out of three cases of seismic excitation. It is 

concluded that the top-heavy frames are not necessarily more stable than a solitary pier.  
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