ABSTRACT
DIXIT, RENUKA ARUN. A Technique for Designing Reduced Weight Two-Dimensional
Structures Using Principal Stress Trajectories and Internal Load Paths. (Under the direction of Dr.
John Strenkowski).
Additive Manufacturing (AM) technology continues to improve in terms of the
precision, variety of materials, build time and mechanical properties of the final part. Due to the
nature of the process, the time required to manufacture a design is only dependent on its dimensions
and independent of the complexity of the geometry. Additive manufacturing is now extensively
used in various industries including aerospace and biomedical industries. Lattice structures that are
difficult to manufacture with conventional techniques can now be made using this technology. In
this thesis, a new method for designing lattice type structures is introduced using finite element
analysis in conjunction with identifying stress trajectories and internal load paths. As compared
with topology optimization techniques, the method developed in this thesis is a more direct
approach that identifies either the principal stress trajectories or the internal load paths that transmit
loads within a structure. With this approach, minimal design iterations are required to determine a
reduced weight design. This approach is not only more computationally efficient, but it also offers
intuitive insight as to where non-load carrying material can be eliminated from a structure.
This direct approach was used to analyze two types of two-dimensional problems. The
first type involved structures subjected to bending loads. Using principal stress trajectories, a
reduced weight lattice was designed that could be manufactured with additive manufacturing.
The second type involved structures subjected to pure tensile or compressive loads. For these
loads, load path contours were identified and used to eliminate unnecessary material. Four
illustrative examples were provided that demonstrate that this direct approach offers a
computationally efficient technique for designing structures with significant weight reduction.
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1. INTRODUCTION
The traditional approach for designing structures and components provides solid geometry
designs. Depending on the loading and boundary conditions applied to these structures, the stresses
are non-uniform. Some regions experience stress concentrations with large stresses, while there
exist regions in the component where the stresses are insignificant in comparison to highly stressed
regions. Over the last few decades, researchers have dedicated their efforts to find ways to remove
the material in these low-stressed regions to get a more uniform distribution of stresses throughout
the component. This would save material and provide light-weight structures to perform the same
function, which would increase the efficiency and improve the performance of the structure.
Doubrovski [1] stated that a principal objective of engineering is to develop the stiffest structure
possible by using the least amount of material. Michell [2] laid the foundations for such a structure
by stating that all elements must follow paths of maximum strain so that the topology is the stiffest
for a given mass. A technique called topology optimization has been developed to address this
objective.
Topology optimization is a mathematical approach that modifies an existing topology for
predefined loads and boundary conditions with a particular design objective under consideration.
This objective can be minimum weight, minimum compliance, or a fully stressed topology or even
a combination of multiple objectives. This objective is subjected to a set of constraints that usually
include limiting the maximum stress in the structure to the yield strength of the material and
confining the design space to within the geometrical boundaries of the original solid structure.
More constraints might be necessary depending on the particular application. Figure 1.1 shows the
conceptual flow of the topology optimization process as described by A. W. Gebisa [3].
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Figure 1.1 The process of topology optimization [3].

It can be observed that the final geometry can be very different from the original design
while performing the same design function. It is also apparent that the resulting topology from
such a structure can be very complex and difficult to manufacture with traditional techniques such
as milling. However, with the use of additive manufacturing it is now possible to design and
manufacture such structures quickly and at no cost.
The advent of high speed computers and the availability of finite element analysis (FEA)
tools have provided researchers with the resources to advance topology optimization approaches.
The increase in computational speed and the capacity of computers have allowed previously
tedious calculations to be performed in a matter of seconds. Thus, it is possible to conduct
thousands of iterations and finite element analyses in a typical topology optimization. However,
due to the requirements of such large computations, the cost of resources and computational time
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required to complete such an optimization is still high.
In this thesis, a methodology is developed that would eliminate hundreds of iterations,
while still achieving a reduced-weight structure. This structure is not expected to be completely
optimized or fully stressed. However, a non-optimized reduced-weight geometry can still increase
efficiency and performance in many everyday applications. In such cases, the resources and time
required to calculate a fully optimized geometry using topology optimization can be then saved.
For applications where optimized geometry is absolutely necessary, the output of the method
described in this thesis can be used as the starting geometry for an optimization algorithm. A
starting geometry that already is a reduced weight structure can significantly reduce the number of
iterations required in an optimization algorithm to achieve an optimum geometry.
Two different approaches are described in this thesis, which can be applied to two different
types of problems. The first problem involves two-dimensional structures that undergo bending
due to applied loads. The approach for such structures uses stress trajectories in the original
structure to achieve a reduced-weight geometry. The second type of problem involves structures
that are subjected to purely tensile or compressive loads. The approach for solving these problems
uses load path contours to identify regions with no load flow, and that do not contribute in the
transfer of load from the point of application to the support. Two-dimensional plane stress
problems can be solved by either of these methods, depending on the type of loading.
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2. ADDITIVE MANUFACTURING INDUSTRY
2.1.

Introduction to Additive Manufacturing
Additive manufacturing is an emerging manufacturing technology that has the potential to

replace conventional manufacturing approaches [3]. The term “Additive Manufacturing”(AM)
was coined as a more technical term for what was earlier known as “Rapid Prototyping” or is still
called “3D printing”. Using additive manufacturing, a 3D CAD (three-dimensional Computer
Aided Design) model can be manufactured without the need of the complex process of production
planning. Other traditional manufacturing processes need a detailed plan to define the operations
to be performed on the base material, the order in which they are to be performed and the tooling
and processes to be used. For AM, however, only the geometry, material and AM operational
parameters are required. Figure 2.1 shows some examples of products manufactured by additive
manufacturing.

Figure 2.1 Examples of Metal parts Manufactured by AM

The operational principle behind additive manufacturing is that parts are made by adding
material in layers. Each layer is a thin cross section of the CAD model. The thinner the layer, the
higher the accuracy of the manufactured part [4]. Additive manufacturing technology has unique
capabilities. It can produce complex shapes, process multiple materials, manufacture products with
internal structures ranging from the mesoscale to the macroscale, and even produce multiple parts
together as a single functional product [3]. Although the process of layer-by-layer material addition
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is simple in theory, it involves highly advanced technologies. The next section describes the
different types of additive manufacturing processes that can be used for manufacturing metal parts.

2.2.

Methods of Additive Manufacturing
Powder Bed Fusion (PBF) is a broad category of additive manufacturing processes that can

manufacture a metal component. All PBF processes share a basic set of characteristics. These
include one or more thermal sources for inducing fusion between powder particles, a method for
controlling powder fusion to a prescribed region of each layer, and mechanisms for adding and
smoothing powder layers. The most common thermal sources for PBF are lasers [4].
One of the PBF methods that uses lasers as the thermal source is called Laser Sintering.
This method fuses thin layers of powder (typically 0.075–0.1 mm thick) which have been spread
across the build platform using a counter-rotating powder leveling roller. The part building process
takes place inside an enclosed chamber, where a focused laser beam is directed onto the powder
bed and is moved in such a way that it thermally fuses the material to form the slice cross section.
Surrounding powder remains loose and serves as support for subsequent layers. After completing
a layer, the build platform is lowered by one layer thickness and a new layer of powder is laid and
leveled using a roller. The beam scans the subsequent slice cross section. This process is repeated
until the complete part is built.
Another type of widely used PBF method is Electron beam melting (EBM). In contrast to
laser-based systems, EBM uses a high-energy electron beam to induce fusion between metal
powder particles. There are a number of differences between LS and EBM processes, due to the
fact that EBM has an energy source of electrons. Laser beams heat the powder when photons are
absorbed by powder particles. Electron beams, however, heat powder by transfer of kinetic energy
from incoming electrons into powder particles. As powder particles absorb electrons they gain an
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increasingly negative charge. Thus, if the repulsive force of neighboring negatively charged
particles overcomes the gravitational and frictional forces holding them in place, there will be a
rapid expulsion of powder particles from the powder bed, creating a powder cloud. As a result, the
conductivity of the powder bed in EBM must be high enough that powder particles do not become
highly negatively charged [4].
There are many other AM methods that can be used to manufacture metal parts, such as
Laminated Object Manufacturing (LOM), in which paper-thin sheets of metal are cut into shapes
of the layer cross-section and then clamped together to produce the final part. Another method is
the Direct Energy Deposition (DED) method, in which the material is melted as it is being
deposited in the shape of the layer cross-section [4].

2.3.

Summary
As 3D printing becomes an intrinsic part of manufacturing, the topology of a design can

undertake increasingly more complex shapes. Previously optimized topology designs that were
considered too complicated to manufacture can now be made q uickly and at low cost. From a
design engineer’s standpoint, this technology offers new and untapped possibilities. Threedimensional printing provides the ability to use multiple materials in different areas of a design
to create a seamless transition from one material to the other.
The objective of this thesis is to develop a new practical methodology for designing
“reduced-weight” topologies that are suitable for additive manufacturing. As compared with
subtractive manufacturing methods such as CNC Milling, there is significantly less material waste.
With additive manufacturing, only the amount of material required is used, thus saving material and
reducing cost.
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3. REVIEW OF MICHELL TRUSSES
3.1.

History of the Michell Truss
Material reduction and topology optimization has been a central theme of engineering for

many decades. In 1869, Maxwell described the amount of material needed to resist a set of
compressive and tensile forces for a given framework [ 5 ] . However, his theory could only be
applied to problems involving purely tensile and compressive loads. Michell further developed
Maxwell’s theorem to generalize it for any displacement input. The basic goal of these layouts
is to transmit point loads to supports with minimal material, without exceeding stress limits [2].
In 1904, A. G. M Michell [2] showed that the structure for a given design could be
stiffened by adding material along the paths of maximum strain magnitude. The optimization
for minimum-weight was solely for 2D structures now known as Michell trusses. These were
initially used as great inspiration for civil engineers for designing new shapes of buildings. Michell
trusses consist of orthogonal sets of members in tension and compression. These members are
called slip lines. Michell explained his theory using Figure 3.1, which shows the slip lines in a
point loaded cantilever beam. The trajectories moving upward and out of the center are in
compression while the trajectories moving downward out of the center are in tension. All the
spirals of one group originating at fixed point B, are orthogonal to the ones from the other group
and are enclosed within the region formed by the two spirals that intersect at the point of
application of force. Force ‘F’ at point of application A is balanced by a reaction moment at
point B, with value F × AB. Frames whose members coincide with these curves will represent a
structure with minimum required quantity of material. The dotted lines represent trajectories of
principal strain where material members are not required.
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Figure 3.1 Michell Truss Layout [2].

Cox and Hemp realized the importance of Michell’s findings and developed them further.
Cox found exact solutions to simple design problems by applying Michell’s theory [6]. Hemp
found a correlation between Michell’s truss layout and the plastic deformation of metals during
operations such as die casting [7]. He showed that the trajectories of plastic deformation which
naturally follow the path of least resistance coincide with Michell’s slip lines.

3.2.

Slip Lines
As mentioned in the previous section, the lines in the Michell truss layout are known as

the slip lines. The ones in tension are called alpha lines and the ones in compression are called
beta lines. Alpha and beta lines are always perpendicular to each other at their points of
intersection.

Figure 3.2 Slip Line Field [8].

In Figure 3.2, the α-lines are shown in red, and the β-lines are shown in blue. At the neutral
axis of continuous structures, the slip lines intersect at either a positive or negative angle of 45
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degrees with the neutral axis. In any given structure, there are an infinite number of slip lines, and
any number of these could be employed to construct a Michell truss. The coordinate system is
created with alpha and beta lines such that the angle of tangential stress τ is positive. The
angle of τ with respect to the alpha line is measured as θ. The relationship of θ with the
curvature of alpha and beta lines are described as
Alpha lines curvature:
Beta Lines curvature:

3.3.

dy
dx
dy
dx

= tanθ

= −cotθ

Correlation with Other Fields
As described above, once a correlation was found between slip line fields and the lines

of plastic deformation of metals, the interest in solving these topology problems grew. Hemp
developed an analytical method to derive slip line fields, but in general, complex analytical
expressions are needed especially when the geometry is complex.
It was found that these slip lines could be correlated with the plastic deformation field
around a crack tip in the study of fracture mechanics as explained by Hutchinson in 1968 [9].
He constructed a stress field centered at the crack tip. This field also resembled slip line fields
initially developed by Michell. Perfectly plastic behavior was assumed for these fields. Figure
3.3 below shows such a field for a plane strain case.
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Figure 3.3 Stress Field for Perfectly Plastic Material [9].

During the 1960’s, multiple numerical methods were derived to create slip line fields. This
coincided with the advent of computers and increased computing power. J. F. Ewing developed
a series method for constructing plastic slip line fields. He used a power series to numerically
approximate the slip line field [10]. He defined the radii of curvature across the field as a power
series function of the different parameters and developed a numerical solution. It was found
that inverting the resulting equations to find the unknown coefficients was difficult especially
for complicated problems.
Dewhurst and Collins developed another numerical technique to determine slip line field
layouts based on a matrix-operator technique [11]. This method reduces the problem of
determining slip line fields to a simple matrix inversion. It proved to be an efficient approach for
constructing slip line fields of an indirect type, which led to linear integral equations. Dewhurst
later adapted this technique for solving linear boundary value problems in slip line field theory,
enabling a wider class of problems to be solved than previously possible [12].
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3.4.

Michell Theory Shortcomings
In 1973, Hemp [13] described several modifications to Michell’s theory and called them

Michell’s optimality criteria in honor of the original work. However, Hemp assumed one
permissible stress value for both compressive and tensile stresses. Examples of solutions in which
different permissible stresses are present were not given. This was followed by Rozvany [14],
who demonstrated that Michell’s criteria are valid for all support conditions only if the
compressive and tensile permissible stresses are equal and if there is kinematic admissibility. For
most materials, Michell’s optimality conditions are valid merely for a restricted class of support
conditions, and also problems with statically indeterminate loading conditions. Michell’s truss
exclusively optimizes two- dimensional structures in a plane strain condition.

3.5.

Michell Truss Using Principal Stress Trajectories
The first step in determining the optimal topology using the Michell truss theory is

determining the slip line field in the structure. However, slip line fields are not simple to create. As
described in section 3.1, Hemp [7] and Chan [15] employed analytical techniques to determine slip
line fields, but their equations became too complex to solve when applied to complex geometries.
New and simpler numerical techniques such as the Matrix method [11] and the Ewing Power Series
[10] method were developed to reduce the complexity, but their calculations were still challenging
for certain geometries. Because of this, an even simpler method was required to define Michell truss
layouts for design problems.
Michell stated that an ideal structure must have members following the paths of principal
strain [2]. Barnett [16] confirmed this, stating that if the links did not follow the paths of principal
strain, the maximum magnitude of direct strain at a point in the member would occur in a direction
other than that along the length of the member. Timoshenko [17] derived principal stress trajectories
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for plane stress structures. These trajectories map the orientations of the principal stress directions
within two-dimensional structures. However, the magnitudes of the principal stresses, along a
trajectory path are not necessarily uniform. In plane stress problems, these principal stress
trajectories are coincident with the trajectories of principal strain. Thus, Michell truss structural
members must also follow the paths of principal stress for plane stress geometries. Michell states
that the members of an ideal frame should only be in tension or compression. Because of this, there
should exist no shear stress within the frame, implying that the members making up the frame must
lie tangent to the trajectories of principal stress [18].

Figure 3.4 Principal Stress Trajectories for simply Supported Beam [17].

Figure 3.4 shows examples of the principal stress trajectories of a simply-supported beam
under a uniform load. In this particular figure, the solid lines indicate tensile stress paths, and the
dotted lines indicate compressive stress paths. It should be noted, however, that stress
concentrations near the supports and near the concentrated loads, as well as the direct compressive
stresses caused by the uniform load bearing on the top of the beam, were disregarded in plotting
these trajectories [17].

3.6.

Stress Trajectories and Load Paths
As discussed in the previous section, stress trajectories are defined as vectors or contours

aligned with the principal stress directions. In two-dimensions, a vector oriented with σ1 usually
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defines the direction of principal tensile stress, and a vector oriented with σ2 usually defines the
direction of principal compressive stress. A property of the stress trajectories is that while they
indicate the local flow of stress, the region between two adjacent stress trajectories does not transfer
a constant load. [18].
A load path is defined as a path along which a constant force is being transferred. It is the
direction in which the load flows through the structure. The concept of load flow is widely used by
design engineers to describe the way a structure carries applied loads from the point of load
application to the point of reaction in the structure. Essentially, the load path is a statically
determinate path that can carry the applied load. Kelly showed that to successfully calculate and
plot the load paths, the load must be separated into a set of orthogonal components (x and y in two
dimensional problems) [19]. Thus, for every two-dimensional structure, we get two sets of load
paths which are similar to two sets of principal stress trajectories. These two sets represent the flow
of load in the x and y directions, respectively.
Kelly [20] has also discussed how to interpret these load paths to determine regions in the
structure that do not contribute significantly to carrying the load. In this thesis, it is shown that load
paths can be used in pure tensile/compressive problems to determine areas of the structure that carry
no load and that new reduced-weight topologies can be obtained by eliminating these regions from
the structure.
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4. PROBLEM DESCRIPTION
4.1.

Overview of the Thesis
As described in the Introduction, a technique to determine the reduced-weight topology of a

structure is developed in this thesis. This technique is inspired by both Michell truss layouts and
Kelly’s load paths. The goal of this thesis is to demonstrate that a set of principal stress trajectories
or load paths can be found numerically with a streamline-inspired derivation and then be effectively
utilized as a mapping tool to determine the layout of a reduced-weight structure. Two types of
design problems will be considered with this technique:
(1) Structures that are subjected to bending loads, which will be addressed using stress trajectories.
(2) Structures that are subjected to pure tensile or compressive loads, which will be addressed using
load paths.
The goal of this thesis is to develop a methodology that can be used to identify a reducedweight topology in a computationally efficient manner that can be completely automated in future
work. The final topology obtained using this method can also be used as a starting point for a
topology optimization algorithm to achieve the optimum in far fewer iterations than current
techniques.

4.2.

Determining Principal Stresses Trajectories Using Finite Element
Analysis
As discussed in the previous chapter, the principal stress trajectories for a plane stress

problem coincide with the slip lines for a given loading condition on a structure. As a result, the
topology for an optimal Michell structure can be developed from the orientation of principal stress
trajectories. This section explains the derivation of the expressions for finding the principal stress
direction, which are used in plotting the principal stress trajectories.
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Timoshenko [17] explained principal stresses in his analysis of stress and strain. He showed
that if the normal and shear stresses in the global axes are known at a point, the normal and shear
stress in any arbitrary direction inclined at an angle θ can be calculated. Consider an infinitesimally
small wedge shaped stress element, shown in Figure 4.1(a), where the base and height of the triangle
are parallel to the global co-ordinate axes, and the hypotenuse is normal to the inclined direction θ,
for which the normal stresses are to be calculated.

Figure 4.1 (a) Stresses in the wedge element [17].

Figure 4.1 (b) Forces in the wedge element [17].

To consider equilibrium, the forces on each face of the element need to be calculated. If the
area of the left vertical face is A0, and uniform thickness is assumed across the element, the area of
the bottom horizontal face comes out to be A0tan(θ), and that of the inclined face is
A0
cos(θ)

. The forces acting on the element faces are shown in the Figure 4.1(b).
For equilibrium, the net total of forces in the X1 and Y1 directions must be zero. Equilibrium

along the inclined co-ordinate axes is considered, since normal stress along this direction is to be
calculated. Thus, for the X1-direction, we have
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σx1 A0
cos(θ)

− σx A0 cos(θ) − τxy A0 sin(θ) − σy A0 sin(θ)tan(θ) − τyx A0 cos(θ)tan(θ) = 0

(1)

Similarly, for the Y1 direction, we have
τx1y1 A0
cos(θ)

+ σx A0 sin(θ) − τxy A0 cos(θ) − σy A0 cos(θ)tan(θ) − τyx A0 sin(θ)tan(θ) = 0

(2)

Simplifying and rearranging the first of these two equations, we get
σx1 =

σx +σy
2

τx1y1 = −

+

σx −σy

σx −σy
2

2

cos(2θ) + τxy sin(2θ)

sin(2θ)

(3)
(4)

This equation is called the transformation equation for plane stress, which transforms the
normal stress components from one set of co-ordinate axes to another. It is apparent from the above
equation that the normal stresses along any direction are dependent on the angle of inclination, θ.
Thus, if θ is varied from 0 to 360, the value of σx1 varies. The maximum and minimum values of
σx1 are important considerations in the design processes. These maximum and minimum normal
stresses are known as the principal stresses, and the angle at which the σx1 is maximum or minimum
is called the principal stress direction, θp. To calculate θp, the above transformation equation is
differentiated and the derivative is equated to zero. Thus, we get,
1

2τxy

2

σx −σy

θp = tan−1 (

) [17]

(5)

The subscript p indicates that the angle θp defines the orientation of the principal planes,
that is, the planes on which the principal stresses act. Two values of the angle 2θp in the range from
0 to 360° can be obtained from Eq. (5). These values differ by 180°, with one value between 0 and
180° and the other between 180° and 360°. Therefore, the angle θp has two values that differ by
90°, one value between 0 and 90° and the other between 90° and 180°. The two values of θp are
known as the principal angles. For one of these angles, the normal stress σx1 is a maximum principal
stress; for the other, it is a minimum principal stress. Because the principal angles differ by 90°, the
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principal stresses occur on mutually perpendicular planes [17].
Two geometries involving bending are covered in this thesis to determine a final reduced
material topology using this approach. For each of these problems a plane-stress finite element
model was built in ANSYS with corresponding loads and boundary conditions. Solving these
models in ANSYS, resultant normal and shear stresses at each node were obtained which were then
used to calculate the local principal stress direction at each node using equation (5).
ANSYS can be used to calculate the x and y components of both principal stresses σ1 and σ2
at each node. The principal stress vectors can also be visualized using ANSYS. However, ANSYS
does not provide the functionality of plotting streamtraces tangent to the vector field. For that
purpose, a tool called TECPLOT is used. TECPLOT requires vector components at each node as
input to plot stress trajectories in the vector field. Note that the calculation of the principal stress
direction at each node is provided by ANSYS.

4.3.

Determining Load Paths Using Finite Element Analysis
In the previous chapter, it was discussed that load paths in a structure with pure

tensile/compressive loads can be used to determine areas of the structure that carry negligible load.
These load paths, like the principal stress trajectories, can be calculated using a two-dimensional
plane stress finite element model.
Kelly [18] [19] defined a load path as the trajectory taken by a unit of applied load in a
prescribed direction within a structure beginning at a point of application and ending at an
equilibrating reaction. The separation of the load into a set of orthogonal components is the defining
step that makes the problem tractable. The passage of a component of force, in the x-direction for
example, can be mapped across a structure to define a path in which the component remains
constant. Figure 4.2 shows a segment of an X-direction load path. According to the definition of a

17

load path, a constant x-force should be transferred along this segment.

Figure 4.2 Segment of a load path [18].

This means that FA = FB. For this equation to be true, the net contribution from the normal
stress σn and shear stress τnt along the wall in the x-direction must be zero. Thus, we have,
σn sin(θ) = τnt cos(θ)

(6)

So that on the side wall of the segment, resultant force in x-direction, Fx is zero. Using equations
(3) and (4) to calculate σn and τnt, and substituting in equation (6), we get
(σy − σx )sinθcosθ + τxy (sin2 θ + cos2 θ)
tan(θ) =
σx sin2 θ + σy cos 2 θ − 2τxy sinθcosθ
Therefore,
σx (tan2 θ + 1) (tanθ −

τxy
σx

)=0

(7)

The above equation has only one real solution for tanθ which is, [18]
tanθ =

τxy
σx

(8)

Similarly, the direction angles for the load path of the Y-component of the load can be derived as
[18]
tanθy =

τxy
σy

(9)

In this thesis, two problems with pure tensile loading are discussed and are modified to
remove the areas that carry no loads.
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Figure 4.3 Calculating 𝜃 for x component load paths

For each of these problems a plane-stress finite element model was built in ANSYS with
corresponding loads and boundary conditions. Solving these models, resultant stresses at each node
were obtained. Using these results and equations (8) and (9) and the vector components for each set
of load paths were calculated as follows:
For load paths of the x component of the force:
Vx = σxx
Vy = τxy
For load paths of the y component of the force:
Vx = τxy
Vy = σyy
These components can be directly utilized in TECPLOT to plot the load paths using its builtin “Streamtrace” function.
In the subsequent chapters, reduced-weight topologies are developed in detail for four
different structures using principal stress trajectories for bending loads and load paths for tensile
loads.
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5. SIMPLY SUPPORTED BEAM
5.1.

Finite Element Model
The beam under consideration is 240 mm in length and 40 mm in height. This is a plane-

stress problem, for which the out-of-plane thickness does not affect the finite element results. A
thickness of 10 mm was assumed. The beam is pinned at the lower bottom corners and a vertically
downward force of 1000 N is applied at the midpoint along the top edge.
A model for this beam was generated in ANSYS using two-dimensional plane stress solid
elements. The element used was PLANE 182 with a plane stress thickness of 10 mm. The material
was steel with a Modulus of Elasticity, E= 200 GPa and a yield strength, σyield = 350 MPa, and a
Poisson ratio, ν = 0.3. Utilizing this material model and the finite element plane stress element, a
model of a continuous, rectangular simply supported beam was generated in ANSYS. Symmetry
along the central vertical axis was assumed with pin supports at the bottom corners. Because of the
symmetry assumption, a half-beam model was utilized with half of the load. The right edge of the
half beam is not allowed any deflection in the x direction. The mesh for the ANSYS model can be
seen in Figure 5.1.

Figure 5.1 Finite Element Mesh for Simply Supported Beam.

The ANSYS results for the von-Mises stresses are shown in Figure 5.2. Plotting the normal
stresses in the X direction would provide a better idea of the stress distribution in the beam.
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However, von-Mises stresses were chosen because the final reduced weight design is not solid and
von-Mises stresses in the final design would provide better understanding. Thus von-Mises stresses
were chosen for a common basis for comparison between the original beam and the final reducedweight beam. It can be seen that the maximum stress in the beam is at the pin support, which is
approximately 115 MPa.

Figure 5.2 von Mises Stresses in Simply Supported Beam.

The highest stress areas occur at the pin support and the point of load application. The
stresses are much lower in other areas of the beam. The stresses in the left uppermost triangular
region are less than 3 MPa. These increase towards the center of the beam. However, apart from
the point of load application and the pinned support, the maximum stress in the beam is at the
lower right corner, with a magnitude of 15 MPa. Note that the maximum stress is well within the
yield strength limit of the material, which is 350 MPa.

5.2.

Principal Stress Trajectories
As discussed in the previous chapter, the ANSYS results for the stress vectors are used as

input to TECPLOT to plot the stress trajectories. A vector plot generated in ANSYS is shown in
Figure 5.3. The white vectors are the maximum principal stress vectors (σ1), and the blue vectors
represent the minimum principal stress (σ2). Although these vectors can be visualized, ANSYS
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does not provide a streamtrace function which could be used to plot streamtraces tangent to these
vectors.

Figure 5.3 Stress Vector plot in ANSYS.

For this purpose, the x and y components of both of these two sets of vectors are input to
TECPLOT to plot the streamtraces along these vectors. Figure 5.4 shows a sample of the principal
stress vectors provided by ANSYS for four typical nodes.

Figure 5.4 ANSYS vector data

Every node has values for 3 principal stresses (s1,s2,s3), and corresponding direction
vectors in the X, Y and Z directions for each of these stresses. This data was arranged in a format
compatible with TECPLOT. Table 5.1 shows a sample of the data used as TECPLOT input to
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create the streamtraces. The columns Rx1and Ry1 represent the X and Y components of the
principal stress 1 vectors, while Rx2 and Ry2 represent these for the principal stress 2 vectors.
Table 5.1 TECPLOT Vector Input

Node
1
2
3
4
5

X
0
240
2
4
6

Y
0
0
0
0
0

SX
-973.22
-973.22
-644.41
-336.34
-210.57

SY
-509.03
-509.03
-111.88
-53.076
-16.167

SXY
-451.63
451.63
-118.74
-42.993
-25.185

Rx1
-0.5210
0.5210
-0.2082
-0.1468
-0.1264

Ry1
0.8535
0.8535
0.9780
0.9891
0.9919

Rx2
0.8535
0.8535
0.9780
0.9891
0.9919

Ry2
0.5210
-0.5210
0.2082
0.1468
0.1264

The streamtraces represent the principal stress trajectories, which satisfy equation (5)
derived in Chapter 4. These vectors and the stress trajectories as plotted from TECPLOT are shown
in Figure 5.5.

D

A

F

C

E

B

Figure 5.5 Vectors and Stress Trajectories in TECPLOT.

Consider 3 points at the top, bottom and center of the beam as points A, B and C,
respectively, near the center of the beam. Also consider points D, E and F which are located farther
away from the center of the beam as shown in Figure 5.5. The vector values at these points are
shown in Table 5.2.
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Table 5.2 Vectors at top, bottom and center of the beam

Point

Node

X

Y

Rx

Ry

rx2

Ry2

A
B
C
D
E
F

52
212
1221
32
232
841

100
100
100
60
60
60

0
40
20
0
40
20

-1.000
-0.009
-0.501
-0.998
-0.024
-0.493

0.017
1.000
0.865
0.066
1.000
0.870

0.017
1.000
0.865
0.066
1.000
0.870

1.000
0.009
0.501
0.998
0.024
0.493

Angle in
degrees(S1)
179.036
90.490
120.075
176.200
91.352
119.511

Angle in
degrees(S2)
89.036
0.490
30.075
86.200
1.352
29.511

As seen in Table 5.2, the S1 vector is almost horizontal at the top of the beam with angles
close to 180 ̊ and almost vertical at the bottom with angles close to 90 ̊. These angles are reversed
for the S2 vectors. However, at the center of the beam, where the neutral axis is located, the
expected angles are 45̊ with the neutral axis for both S1 and S2 vectors, as explained by
Timoshenko [17]. However, the actual angles are close to 120̊ and 30̊ respectively. This can be
due to the elevated stresses near the supports and near the concentrated loads, which were
disregarded in plotting these trajectories by Timoshenko. These stress trajectories will be used
subsequently to define the new topology.
A more detailed and enlarged view of the vectors in the region enclosed in the red square
are shown in Figures 5.6 and 5.7, respectively. It is seen that the vectors in both ANSYS and
TECPLOT match, and thus the streamtraces in TECPLOT are accurately plotted.
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Figure 5.6 Enlarged region to show vectors in ANSYS

Figure 5.7 Enlarged region to show vectors in TECPLOT.

5.3.

New finite element model with BEAM3 Elements
As discussed previously, in order to find a new reduced-volume topology, the material in

the new structure should follow the stress trajectories of the original structure. The user must
decide the number of stress trajectories to use. The next step involves calculating the in-plane
width of material along each of these trajectories. Using the trajectories shown in Figure 5.5, the
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in-plane width for each of the streamtraces is calculated as follows. The elements required for this
purpose are beam elements, for which the width can be easily varied for the analysis. Note that
truss elements cannot be used for this structure, as truss elements do not support bending moment
transfer. A finite element model with line BEAM3 elements along the trajectories was created and
solved. The initial in-plane width of all these elements was arbitrarily chosen to be 5mm. The
resulting model for the simply-supported beam is shown in Figure 5.8.

Figure 5.8 Finite Element model with BEAM3 Elements.

Using the same boundary conditions and loads as for the original structure, an ANSYS
model was created and used to calculate the axial stress in each of the elements, as shown in Figure
5.9. Comparing these figures, it can be seen that the overall range for the maximum stress in each
element is from -30 MPa to 12 MPa.
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Figure 5.9 Axial element stresses.

The in-plane width of each element can then be modified in proportion to the maximum
stress (tensile or compressive whichever is greater). For this, the values of axial stress for each
element were extracted from ANSYS. Then the maximum allowable width for an element was
determined based on the maximum axial element stress and the overall dimensions of the original
beam.
For example, the entire width of the beam under consideration is 40 mm, and the maximum
axial element stress has a magnitude of 30 MPa. Since this stress occurred in an element with a
width of 5 mm, it was decided that an in-plane width of 8 mm would be sufficient for this element.
Note that using a smaller value than 8 mm would cause the elements with lower stresses to become
too thin when changed proportionally. Conversely, a higher width than 8 mm would add
unnecessary material to all elements that are already within stress limits.
Then, a proportionality factor was then calculated based on the maximum stress and the
maximum allowable width, so that the remaining element widths were modified by simply
dividing the stress in these elements by this factor. For the problem under consideration, the
proportionality factor was 30.39/8 (Max element stress/max allowed element width), which is 3.8.
Thus the stress in all the remaining elements was divided by 3.8 to find corresponding element
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widths.
Once the in-plane width of each element was modified, a new finite element model was
built with these newly calculated element widths. For this model, the axial element stresses are
plotted as shown in Figure 5.10.

Figure 5.10 Axial element stresses in the new model.

As can be observed from the figures above, the maximum stress range in the modified
elements is -23 MPa to 18 MPa, as compared to -30 MPa to 12 MPa in the structure with equal
element widths. Although the ranges are similar, it can be seen that the magnitude of the maximum
element stress has reduced. In summary, although the structure was found to be safe with equal
areas, some element stresses might be too close to, or exceed the material yield strength while
achieving volume reduction in other elements. In such a case, the modification of element width
becomes an important step in the method.

5.4.

Results
Once the in-plane width was calculated for each element as described in the previous

section, the final topology was modeled in SolidWorks. All the elements were modified based on
the BEAM3 model and were fine-tuned to remove sharp edges and corners formed due to adjacent
elements having different widths. This was done to ensure a seamless lattice structure. The

28

SolidWorks model with the final volume is shown in Figure 5.11, along with the volume of the
topology as calculated by SolidWorks.

Figure 5.11 SolidWorks model and volume results.

To ensure that the new topology is safe, a finite element analysis was performed to check
the stresses in the structure. The boundary conditions and loads were the same as those for the
original structure. Figures 5.12 and 5.13 show the finite element mesh of the new topology and the
von-Mises stresses, respectively.

Figure 5.12 Finite element mesh of final topology.

Figure 5.13 von-mises Stress in the final topology.

As can be seen in Figure 5.13, the maximum stress away from the support is approximately
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63 MPa in the new structure, which is slightly higher than that in the original beam, due to material
removal. and it is still well within the yield strength of the material with a factor of safety about
5.5.
Note that, there are still regions with negligible stresses in the remainder of the beam that
could have been removed. However, as mentioned in the previous chapter, this method does not
fully optimize a structure, but it provides a moderately-reduced weight structure with no more than
5 finite element analyses. The volume of the new structure was calculated in SolidWorks as 21609
mm2. The volume of the original half beam is 48000 mm3. Thus, there has been a 55% reduction
in volume, as well as weight.

5.5.

Effect of different number of stream-traces
The final topology depends on the number of streamtraces or stress trajectories taken into

consideration. For the topology achieved in the previous section, only 4 σ2 trajectories were
considered. The engineer who uses this approach would initially choose the number and placement
of stress trajectories. Thus, it is important to understand how this would affect the final topology
and the stresses induced in it. In this section, a beam with more trajectories of σ2 as shown in
Figure 5.14 was considered.

Figure 5.14 Stream-trace layout with more stress trajectories.

The steps to find the final topology were repeated for this layout of stress trajectories. The
resultant ANSYS mesh of the final topology and the corresponding von-Mises stresses are shown
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in Figure 5.15 and 5.16 respectively.

Figure 5.15 ANSYS Mesh for topology with more trajectories.

Figure 5.16 Von-mises Stresss in topology with more trajectories.

The material reduction achieved in this topology was 37% as compared with the original
beam. As can be seen in Figure 5.16, the stress results in this structure are reduced compared to
the previous topology with fewer trajectories. The maximum overall stress in the beam apart from
the support and point of load application is 24 MPa, and this topology also contains regions that
have very insignificant stress values that could be removed. It can also be seen that since there are
more lattices of material available for stress distribution, the in-plane width required for each one
is comparatively less, but the overall material required in the topology is more.
Tables 5.3 compares the maximum von-Mises stress for the three designs in regions away
from the point of load application and the support.
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Table 5.3 Simply Supported Beam Results.

Structure (left half)
Solid Simply Supported Beam
New Topology with 4 ‘σ1’ trajectories
New Topology with 7 ‘σ1’ trajectories

Max Stress
15 MPa
63 MPa
24 MPa

It can be seen that in general, the maximum stress in the structure increases with material
removal. However, the more stress trajectories are used, lesser is the rise in maximum stress.
Table 5.4 Volume reduction results

Structure (left half)
Solid Simply Supported
Beam
New Topology with 4 ‘σ1’
trajectories
New Topology with 7 ‘σ1’
trajectories

Volume

Volume Reduction

48000 mm3

--

21609 mm3

55%

30125 mm3

37%

Table 5.4 shows the volume reduction results. It can be seen that a reduced material topology
can be successfully achieved regardless of the number of trajectories in consideration. However,
the amount of material reduced varies. If a very dense layout of trajectories is chosen to create a
topology, the final structure volume might be almost equivalent to the original structure and less
material would be removed. However, if too few trajectories are taken into consideration, the width
required for the structure to not violate stress limits could be so large, that some parts of the new
structure might exceed the original structure dimensions. Thus, the user must choose the number
and placement of the considered trajectories within these limits.
Finally, the topology obtained by the methodology developed in this thesis can be
compared with topologies obtained by other published topology optimization methods. Figures
5.17 and 5.18 show two such topologies as compared with the topology obtained in this thesis
shown in Figure 5.19.
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Figure 5.18 Stephen Daynes's Algorithm [22].

Figure 5.17 Chau Le's Algorithm [21].

Figure 5.19 Topology obtained in this Thesis.

When compared with other optimized topologies using approaches, it can be seen that the
layout of the final topology obtained in this thesis is very similar. Note that the amount of material
along the layout lines is different for different algorithms. Table 5.5 compares the amount of
material reduction and number of finite element analyses required to obtain these three topologies.
Table 5.5 Comparison of Topologies

Algorithm
Chau Le's Algorithm [21]
Stephen Daynes's Algorithm [22]
Present work

Volume
Reduction
62%
75%
55%

Number of FEAs
(iterations)
160
Not Reported
4

In summary, the volume reduction obtained with the technique developed in this thesis is
comparable to other optimization methods, but with far fewer computational iterations. As a result,
an engineer could identify a reduced material structure in less time while also gaining insight as to
the best placement of lattices within a structure.

33

6. L-BRACKET
6.1.

Finite Element Model
The optimization methodology of this thesis was next applied to an L-shaped bracket shown

in Figure 6.1. The bracket is fixed along the top horizontal edge and a point load of 1000 N is
applied at the rightmost corner in the downward direction as shown.

1000 N

Figure 6.1 L-Bracket loading.

A finite element model for the above bracket was built in ANSYS using PLANE 182
elements with a plane stress thickness of 10 mm. Figure 6.2 shows the ANSYS mesh for the Lbracket that consists of 400 elements.

Figure 6.2 ANSYS Mesh for L-Bracket.

Figure 6.3 Von-Mises stress in L-Bracket
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Figure 6.3 shows the computed von-Mises stresses for the L-bracket. Examination of the
von-Mises stresses reveals that apart from the point of load application, there are two high stress
areas in the bracket. The first is at the inner corner of the bracket where there is a stress
concentration due to a sharp corner. The von-Mises stress at this corner is 50 MPa. The second
high stress areas occur along the vertical edges below the support. To better visualize these, an
enlarged view of the area enclosed in the red rectangle in Figure 6.3 is shown in Figure 6.4. The
stress range in Figure 6.4 has been modified to include only the stresses in the enlarged region.

Figure 6.4 Stresses in the enlarged region.

As seen in Figure 6.4, the maximum stress in this region is 34 MPa. The other low stress
areas in the bracket can be eliminated to achieve a reduced-weight design.

6.2.

Principal Stress Trajectories
The principal stress vector components were calculated from ANSYS and they were then

used to plot the stress trajectories in TECPLOT. These stress trajectories and the vectors are shown
in Figure 6.5. The red lines indicate the σ1 trajectories (tension), whereas the blue lines indicate σ2
trajectories (compression). As seen in the case of the simply-supported beam, the user can choose
the number and placement of stress trajectories. For this model, the stress trajectories were
considered with starting points equidistant from each other along the edge of the original structure.
Note that the inner trajectory follows a curved path near the corner of the bracket. This trajectory
can be used to eliminate the sharp corner in the original design and thus reduce the stress
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concentration at the corner.

Figure 6.5 Stress Vectors and Trajectories.

6.3.

New Finite Element model with BEAM3 Elements
A new ANSYS model was built using BEAM3 elements along the stress trajectories as

shown in Figure 6.6. This model was used to calculate the maximum tensile and maximum
compressive stresses in a similar way as was done for the simply-supported beam.

Figure 6.6 Finite element model with Beam3 elements.
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Figure 6.7 shows maximum axial stresses in the equal area elements. As can be seen, the
stress-range for elements with equal in-plane widths is -24 to 45 MPa. Note that the maximum
stress of 45 MPa is at the corner and this stress can be reduced by introducing a fillet that follows
the inner stress trajectory as discussed in the previous section.

Figure 6.7 Axial stress in elements with equal width.

The in-plane width for all the elements was calculated using a similar procedure as was done
for the simply supported beam. For this structure, the maximum allowable element width was
determined to be 12 mm. The proportionality factor for this maximum width was calculated to be
3.77(max stress/max width). Using this factor, the in-plane widths of the elements were modified
to be proportional to the maximum stress. The new axial stresses in these modified elements were
then recalculated with the ANSYS model, and these stresses are shown in Figure 6.8.
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Figure 6.8 Axial stress in elements with modified widths.

The new stress range in the modified structure is -20 MPa to 20 MPa. This new range has
been reduced from -24 MPa to 45 MPa that was seen in the structure with equal width elements.
Thus, it is seen that the stresses are not only more uniformly distributed after modifying the
element widths to be proportional to the axial stresses, but also the maximum stress has been
reduced from 45 MPa to 20 MPa. Note that while modifying the element widths, it was found that
for the central region of the vertical part of the bracket, the elements had very small values of
width. Many of these were less than 1 mm thick, and still the stresses in these were observed to be
very small as seen in Figure 6.8. For this reason, these elements were eliminated altogether from
the final topology that was next modelled in SolidWorks.
Note that the beam elements in the lower left region required larger widths, which resulted
in extremely small gapes between them. These elements were merged to form a solid wide region
in order to avoid stress concentrations in the structure due to extremely thin gaps. In contrast, larger

38

width struts were used for elements that aligned with the stress trajectories in the lower region of
the bracket.
The SolidWorks model is shown in Figure 6.9, which also shows the volume of the
topology as determined by SolidWorks. This SolidWorks model was then imported into ANSYS
to create a new plane stress model as shown in Figure 6.10.

Figure 6.9 SolidWorks model of final topology with volume results.
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Figure 6.10 Final Topology Mesh in ANSYS.

The beam elements in the lower left region required larger widths, leaving extremely small
gapes between then. I order to avoid stress concentration in the structure due to extremely thin
crack-like gaps, these elements were merged to form a solid wide region that gets divided into
different material paths on the right.

6.4.

Results
Using the ANSYS model shown in Figure 6.9, a plane stress analysis was conducted with

4879 elements to ensure that the stresses in this structure were within material strength limits.
Figure 6.11 shows the von-Mises stress distribution in the final structure.
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Figure 6.11 Stresses in final topology

It can be seen that the stresses in the lower portion of the bracket are fairly uniform. In the
vertical region of the beam, the stress ranges between 0 MPa to 45 MPa as shown in the enlarged
view in Figure 6.12.

Figure 6.12 Stresses in enlarged region.

As seen in the Figure 6.12, the maximum stress in this region has increased to 45 MPa as
opposed to 37 MPa in the original bracket. The stress at the inner corner has also increased from
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50 MPa to 70 MPa. This increase in stresses can be attributed to the material reduction. Note that
this topology also has regions with very low stresses, which could be eliminated in future iterations
of this bracket to achieve additional weight reduction. Ultimately, this could lead to a more fully
stressed design.
The L- bracket stress results summarized below in Table 6.1.
Table 6.1 L-Bracket results.

Structure
Solid L-Bracket
Final topology

Max stress in Vertical
region
34 MPa
45 MPa

Stress at the innermost
corner
50 MPa
70 MPa

Table 6.2 Volume reduction in L-Bracket

Structure

Volume

Volume Reduction

Solid L-Bracket

64000 mm3

--

New Topology obtained using stress
trajectories

42309 mm3

34%

Table 6.2 compares the volume of the new design with that of the original bracket. The
stress trajectory field of the L-bracket has not been reported in the published literature. However,
optimization of the L-Bracket has been reported using topology optimization techniques. The
figures below compare the L-bracket topology obtained in this thesis with those optimized
topologies obtained by other methods.
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Figure 6.14 Kelly's Algorithm [20].

Figure 6.13 Chau Le's Algorithm [21].

Figure 6.15 Topology obtained in this thesis.

Comparing Figures 6.13, 6.14 and 6.15, it can be seen that there are many similarities
between the optimized geometries and the topology obtained in this thesis. Table 6.3 compares the
volume reduction and number of FEAs required to achieve these topologies.
Table 6.3 Comparison of topologies.

Algorithm

Volume Reduction

No. of FEAs (Iterations)

Chau Le’s Algorithm [23]

64%

37

Kelly’s Algorithm [21]

70%

49

Present Work

34%

4

Note that more material could possibly be removed from the bracket design shown in Figure
6.13 by using fewer stress trajectories. A similar material reduction was demonstrated in the
previous chapter for the case of a simply-supported beam by changing the number of stress
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trajectories.
Finally, the volume of the new structure is 42308 mm3 as calculated by SolidWorks. This
compares with the volume of the original structure which was 64000 mm3. This represents a total
volume reduction of 34%. This is a significant reduction in both volume and weight of the original
structure. Note that this topology could also be used as a starting point in a full- fledged topology
optimization algorithm rather than the original solid L-bracket, which would reduce the total
iterations and computational time.
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7. RECTANGULAR PLATE WITH CIRCULAR HOLE
This problem is an example in which the structure is subjected to pure tension. No bending is
involved in the structure’s deformation. As discussed in previous chapters, lines of force or load
paths for purely tensile and compressive problems can be used to identify areas that do not transmit
any load, and thus, are redundant.
In his paper on load paths and load flow in finite element analysis [19], Kelly developed the
load paths for a rectangular plate with circular hole subjected to uniaxial tension. However, the
load paths were not used to obtain a reduced-weight design. In this thesis, load paths are identified
for this plate problem for the purpose of reducing the weight. This chapter describes a method to
identify regions that do not transmit any load and as such, can be eliminated to reduce the overall
weight of the structure that is subject to uniaxial loads.

7.1.

Finite element model
The rectangular plate under consideration is 100 mm long, 50 mm wide and 1 mm thick. It

has a circular hole in the center with a radius of 10 mm. This plate is made of steel with same
properties as that of the previous two examples. The yield strength is 350 MPa, modulus of
elasticity is 200 GPa and a Poisson’s ratio of 0.3. The plate is loaded along its length with
uniformly distributed axial force of 50 N/mm.
Consider a flat plate with a circular hole at the center of the plate. Both the geometry and
the loading is symmetric about two axes. As a result, only one quarter of the plate needs to be
considered. The finite element mesh for this plane stress problem is shown in Figure 7.1. This
mesh consists of 1160 PLANE182 elements.
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Figure 7.1 Finite Element Mesh of rectangular plate with circular hole.

A uniformly distributed load was applied along the right edge of the plate. Figure 7.2 shows
the von-Mises stress distribution as computed from the ANSYS model. As can be seen, the
maximum stress of 183.4 MPa occurs at the upper edge of the circular hole. An enlarged view of
this region is shown in Figure 7.3. A similar plot of the Sx stresses in the structure and an enlarged
view of the high stress region are shown in Figures 7.4 and 7.5, respectively.

Figure 7.2 Von Mises Stresses in the plate.

To understand the distribution of stress in region with maximum stress, Figure 7.3 shows
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the stress distribution in the region enclosed by the rectangle in Figure 7.2

Figure 7.3 Von-Mises Stresses in Magnified region

Figure 7.4 Sx in Plate with circular hole

Figure 7.5 Sx stress in magnified region

The highest Sx stress of 189 MPa also occurs at the upper edge of the circle. Because the
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applied load is only in the X-direction, the normal stress in the X-direction is the dominant stress.
The range of normal stress is -6 MPa to 189 MPa. This range of stresses will be compared with
the stress range for the optimized structure later in this chapter.

7.2.

Load Paths
As discussed in chapter 4, the angle tangent to a load path passing through a point is given
𝜏𝑥𝑦

by 𝜃𝑥 = 𝑡𝑎𝑛−1 (

𝜎𝑥

). In order to plot these load paths as stream-traces in TECPLOT, the x and

y components of the tangent vectors are needed. From the above equation, it can be seen that the X
component is 𝜎𝑥 and the Y component is 𝜏𝑥𝑦 .
Since the loading on the plate is solely in X-direction, only the X load paths considered.
Figure 7.6 shows the load paths plotted with TECPLOT.

Figure 7.6 Load paths in the plate (dimensions in mm).

As can be seen in Figure 7.6, the region immediately to the right of the circular hole does
not transfer any load since no load paths pass through this region. Thus, the material in this region
can be removed. For this purpose, the hole can be modified to be an ellipse that includes the nonload transferring region on the right. As shown by the red line in the figure, the hole is elongated
to have a horizontal semi-major axis of 14mm.
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7.3.

New Plate Design with Elliptical Hole
Since the applied load is uni-axial, only the X-component of the load path contours are

considered. Note that these load path contours are approximately parallel as seen at the local level.
Using these lines, material can be removed in regions where there is an absence of these lines since
no load is being transferred through these regions.
Figure 7.7 shows the new finite element mesh with an elliptical hole. This mesh consists
of 1135 PLANE182 elements. The loading and boundary conditions are the same as those for the
plate with circular hole.

Figure 7.7 ANSYS Mesh of Plate with Elliptical Hole.

7.4.

Results
This model was solved in ANSYS to obtain the von-Mises and normal stresses in the new

plate. Figure 7.8 shows the von-Mises stress distribution as computed from the ANSYS model.
An enlarged view of this region is shown in Figure 7.9. A similar plot of the Sx stresses in the plate
and an enlarged view of the high stress region are shown in Figures 7.10 and 7.11, respectively.
Note that while the location of the maximum stress in the structure has remained the same, the
magnitude has decreased after the shape of hole was changed from a circle to an ellipse.
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Figure 7.8 Von-Mises Stress in Plate with Elliptical Hole.

Figure 7.9 Von-Mises Stress in magnified region.

Figure 7.10 Sx in plate with elliptical hole.
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Figure 7.11 Sx Stress in magnified region

The new maximum von-Mises stress is 159 MPa as compared with 183 MPa for the
original plate. The range for Sx in the new plate is also smaller than that for the original plate. It
now ranges between -8 MPa to 162 MPa which compares with a stress range in the original plate
of -6 MPa to 189 MPa. Thus, the stress range has been reduced by changing the hole from a circle
to an ellipse, which means that the stress distribution is slightly more uniform in the plate.
This reduction in maximum stresses can be verified by considering the stress concentration
factor at the edge of the hole. The stress concentration factor, K is defined as

𝐾𝑡 =

𝜎𝑚𝑎𝑥
𝜎

where, σ is the applied load (50 N/mm2). [23]
The stress concentration factor for a plate with an elliptical hole is given by Peterson [23],
as shown in Figure 7.8. For the problem under consideration,
w = 50. For a circular hole, a = b = 20 mm. For an elliptical hole, however, a = 28 mm and
b = 20 mm.
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Figure 7.12 Plate with elliptical hole [23].

Figure 7.13 shows the variation of Kt with respect to b/a. It can be seen that Kt decreases
significantly with a deccrease in b/a.

Figure 7.13 Variation of Kt with respect to b/a [23].
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Changing the shape of the hole from a circle to an ellipse effectively decreases the
magnitude of b/a from 1 to approximately 0.7, which in turn causes Kt to decrease. Since the
applied load σ is unchanged, a decrease in Kt ultimately causes a decrease in the maximum stress,
σmax. This result is consistent with the decrease in stress that occurs for a plate with an elliptical
hole that was found using the technique developed in this thesis.
Table 7.1 shows a comparison of the von-Mises and axial stresses for the rectangular plate
with both a circular and an elliptical hole in the center subjected to a uniaxial tensile load. It can
be seen that stress ranges for both von-Mises and axial stresses are reduced by elongation of the
hole. This reduction represents a more uniform distribution of stresses in the new plate.
Table 7.1 Stress results for plate with circular hole in center.

Structure (upper right
quarter)

Von-mises stress
Range

Sx Stress Range

Plate with circular hole.

14 to 183 MPa

-6 to 189 MPa

Plate with elliptical hole.

15 to 159 MPa

-8 to 162 MPa

Table 7.2 shows a comparison of the total volume for the rectangular plate with a circular
hole versus an elliptical hole.
Table 7.2 Volume results for plate with circular hole in center.

Structure (upper right
quarter)

Volume

Volume Reduction

Plate with circular hole.

936 mm3

--

Plate with elliptical hole.

810.4 mm3

13.4%

It can be seen that the volume or equivalently, the weight, is reduced by 13% by replacing
the circular hole with an elliptical hole. Moreover, the maximum stresses in the new design are
reduced by approximately 14% as compared with the original plate. Finally, the technique
developed in this thesis also provides a useful tool for designers to visualize internal load paths for
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possible further material removal.
The new plate design with an elliptical hole can be compared with an optimized hole
geometry as shown in the Figure 7.14 as reported by Yu-Deok-Seo [24]. In this paper, a technique
was used in which a predetermined number of control points were placed along the edge of the
hole. In every iteration of an optimization algorithm, positions of these control points were
changed, and these new control points were used to trace a B-Spline curve through them to
represent the new shape of the hole. The objective of the optimization algorithm was to minimize
stress along the hole with the original circular shape of the hole as a design constraint. A stress
reduction of 51% was achieved, however, a large number of iterations were required to achieve
this result and the resultant volume reduction. For comparison, Figure 7.15 shows the plate with
elliptical shape as obtained in this thesis. It can be seen that hole geometries are similar in that the
hole is elongated in the direction of the loading.

Figure 7.14 Optimized Hole by Yu-Deok Seo's [24]

Figure 7.15 Elliptical hole obtained in this thesis
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8. PLATE WITH OFFSET HOLE AND NON-UNIFORM LOADING
In this chapter, the technique developed in this thesis for reducing structural weight using
internal load paths is applied to a plate with an offset hole and non-uniform loading conditions.
No results for this example have been published in the open literature. The following sections
describe how the load flow contours are determined and then used to identify areas where no load
transfer occurs, which can then be removed from the plate to reduce its weight.

8.1.

Finite Element Model
The plate under consideration is 100 mm long, 60 mm wide and 1 mm thick. It has a circular

hole with a diameter of 15 mm and its center is located on the horizontal axis of the plate, 30 mm
away from the left edge, as shown in Figure 8.1.

Figure 8.1 Plate with offset hole and non-uniform loading.

Figure 8.1 also shows the loading and boundary conditions. Along the left edge, the plate
is constrained in the X-direction for a width of 30 mm at the center of the edge. The plate is
subjected to tension by applying a tensile force along the right edge. However, the force is not
uniformly distributed along the edge. A load of 25N/mm each is applied along both the top and
bottom 20 mm of the edge with no force in the middle. These boundary and loading conditions
were chosen to study the effect of such non-traditional loading conditions on the resultant load
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paths.
A finite element model was built in ANSYS for this problem using the same material
properties as for the previous problems. The elements used in the model are PLANE182, with a
plane stress thickness of 1 mm. Also note that the loads and geometry are symmetric along the
horizontal axis of the plate, so that only the top half of the plate was modelled in ANSYS. The
ANSYS mesh for this model consists of 2078 elements and is shown in Figure 8.2.

Figure 8.2 ANSYS Mesh of plate with offset hole.

Figure 8.3 shows the von-Mises stresses that were obtained by solving this model. As can
be seen, apart from the boundary condition, the area just above the hole is a high stress region,
with a maximum stress of 70 MPa. An enlarged view of this region is shown in Figure 8.4. A
similar plot of the Sx stresses in the structure and an enlarged view of the same region are shown
in Figures 8.5 and 8.6, respectively.

Figure 8.3 Von-Mises Stresses in the plate.
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Figure 8.4 Stresses in Enlarged region.

Figure 8.5 Sx in plate with offset hole.

Figure 8.6 Sx Stress in enlarged region.

As shown in Figure 8.6, the highest Sx stress of 70 MPA also occurs at the upper edge of
the circle. The range of normal stress is -3.5 MPa to 70 MPa. This range of stresses will be
compared with the stress range for the optimized structure later in this chapter.
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8.2.

Load Paths
Figure 8.7 shows the load paths or lines of force in the structure which were determined by

using the technique described in the previous chapter. The angle of the path was found by using
equation (8) where the X-component is 𝜎𝑥𝑥 and the Y-component is 𝜏𝑥𝑦 .
Since the loading on the structure is solely in the X-direction, only the X load paths were
taken into consideration The load paths shown in Figure 8.5 were plotted as streamtraces in
TECPLOT.

Figure 8.7 Load paths in the plate (dimensions in mm).

As can be seen from in Figure 8.7, the regions in the upper left and lower right corners do
not transfer any load, since no load paths pass through these regions. The same is true for the
horizontal areas on both sides of the hole. Thus, the material in these regions can be removed from
the plate to get the final structure. The new modified shape of the plate is shown enclosed by the
red curves in Figure 8.7.

8.3.

New Plate Design with Modified Geometry
A new model was built in SolidWorks that included only the region that transfers load, as

discussed in the previous section. This SolidWorks model was imported in ANSYS to build a finite
element mesh with PLANE 182 elements and the same material properties, boundary conditions
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and loading as those used for the original plate. Figure 8.8 shows the ANSYS mesh for the new
model which consists of 2401 elements.

Figure 8.8 ANSYS Mesh for new Model.

8.4.

Results
This model was solved in ANSYS to obtain the von-Mises and normal stresses in the new

plate. Figure 8.9 shows the von-Mises stress distribution as computed from the ANSYS model.
An enlarged view of this region is shown in Figure 8.10. A similar plot of the Sx stresses in the
plate and an enlarged view of the high stress region at the top of the hole are shown in Figures 8.11
and 8.12, respectively. Note that the magnitude of stress in the region just above the hole has
decreased as compared with the original plate design with a circular hole.

Figure 8.9 Von Mises stresses in the final structure.
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Figure 8.10 von-Mises stresses in the enlarged region.

Figure 8.11 Sx Stresses in the final structure.

Figure 8.12 Sx Stresses in enlarged region.

The new maximum von-Mises stress in the vicinity of the hole is 61 MPa as compared with
70 MPa for the original plate. The Sx stress in the new plate now ranges from -22MPa to 61 MPa,
as compared with the range of -3.5 MPa to 70 MPa in the original plate. Although the range is
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larger than that in the original structure, Figure 8.11 shows that the stress distribution is much more
uniform than that in the original plate because the previously unstressed regions have been
removed.
Table 8.1 summarizes the stress results for the plate problem under consideration. It can be
seen that the maximum stress in the new structure is approximately 13% lower than that in the
original plate.
Table 8.1 Stress results for plate with offset circular hole.

Sx Stress Range

Von-Mises
Stress above
the hole

Sx Stress
above the hole

0 to 70 MPa

-3.5 to 70 MPa

70 MPa

70 MPa

0 to 61 MPa

-22 to 61 MPa

61 MPa

61 MPa

Structure (top
half)

Von-Mises
Stress Range

Plate with offset
circular hole.
Final Structure

Table 8.2 shows a comparison of the total volume for the rectangular plate with an offset
hole versus the modified plate.
Table 8.2 Volume results for plate with offset circular hole.

Structure (top half)

Volume

Volume Reduction

Plate with offset circular
hole.

3000 mm3

--

Final Structure

2331.68 mm3

22.3 %

It can be seen that the volume or equivalently, the weight, is reduced by 22.3% by
eliminating the non-load transferring regions in the plate. This leads to both a significant volume
reduction and reduced stress around the hole with no significant change in the maximum stress at
the support. Both the von-Mises and the normal stresses are well within the yield limit of the
material giving the factor of safety 4.
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9. CONCLUSIONS
A methodology was developed in this thesis that uses principal stress trajectories and load
path contours to determine a reduced weight layout for an arbitrary two dimensional plane-stress
structure. A positive correlation between principal stress trajectories and the material layout in
Michell structures was demonstrated. A fluid streamline-inspired technique was used to
successfully map principal stress trajectories using principal stresses derived from a plane stress
finite element analysis. In addition, a technique for identifying load path contours for a twodimensional structure under tensile or compressive loads was also developed.
Two types of problems were analyzed in this thesis. The first type involved structures that
are subjected to bending loads. A method to achieve weight reduction in these structures was
developed. This method involves calculating the in-plane widths of lattices along these stress
trajectories from which a lattice-type structure of reduced weight can be identified that can be
manufactured with additive manufacturing. The effect of the number of stress trajectories on the
weight of the structure was also analyzed. The second type of problem involved structures that are
subjected to pure tensile or compressive loads. For these problems, load path contours were
identified and used to eliminate material that carries no load.
As compared with other topology optimization techniques, the direct approach developed
in this thesis has the advantage of requiring far fewer iterations to achieve a reduced weight design.
The reduced weight design can also be used as a starting point to determine a fully optimized
design so that fewer overall design iterations would be necessary. Finally, the technique developed
in this thesis also provides a useful tool for designers to visualize internal load paths and identify
regions of a structure that carry no load which can be removed for further weight reduction.
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10. RECOMMENDATIONS FOR FUTURE WORK
This thesis describes a direct technique to achieve a reduced weight structural design that
can be manufactured by additive manufacturing. Although this direct technique does not identify
a fully optimized design, it can be used to identify regions that carry negligible load that can be
eliminated from the structure to reduce weight.
Future work should focus on automating the procedure for identifying both stress
trajectories and the internal load paths. For example, the in-plane widths of the lattices could be
computed automatically and lattice widths below a prescribed threshold could be eliminated from
the final design.
Further research should be directed towards developing an optimization algorithm in which
the objective would be the minimum weight and the design variables would be the number and
placement of the trajectories and the proportionality factor for the in-plane lattice widths. Design
constraints could include that the overall outer dimensions of the original structure not be changed
and that the material strength not be exceeded.
These changes if incorporated successfully in the currently developed method would result
in a

fully optimized structure with minimum weight.

63

11. REFERENCES
[1] C. J. J. G. Z. Doubrovski, "Optimal design for additive manufacturing: Opportunities and
challanges," Proceedings of the ASME Design Engineering Technical Conference., vol. 9,
no. 10.1115/DETC2011-48131, 2011.
[2] A. Michell, "The limits of economy in frame structures," The London, Edinburgh, and
Dublin Philosophical magazine and journal of science, vol. series 6, no. 589-597, 1904.
[3] H. L. A.W. Gesiba, "A case study on topology optimization for additive manufacturing,"
IOP converence series: material science anf engineering, vol. 276, no. 012026, 2017.
[4] D. R. B. T. Iam Gibson, Additive Manufacturing Technologies, 2015.
[5] C. Maxwell, Scientific papers II,, Cambridge University Press, 1890.
[6] C. H. L, Theory of Design, Aeronautical Research Council, 1958.
[7] W. S. Hemp, "Theory of Structural Design," in Conference of Structures and Material
Panel of A.G.A.R.D, Copenhagen, 1958.
[8] A. Bower, "Analytical techniques and solutions for plastic solids," in Applied Mechanics of
Solids.
[9] J. W. Hutchinson, "Plastic stress and strain fields at a crack tip," Journal of Mechanics and
Physics of solids, vol. 16, no. 5, 1968.
[10] D. J. F. Ewing, "A series method for constructing plastic slipline fields," Journal of
mechanics and physics of solids, vol. 15, no. 2, 1967.
[11] P. C. I. Dewhurst, "A matrix technique for constructing slip‐line field solutions to a class of
plane strain plasticity problems," Numerical methods in engineering, 1973.
[12] P. Dewhurst, "A general matrix operator for linear boundary value problems in slip-line

64

field theory.," International Journal for Numerical Methods in Engineering, 1985.
[13] H. W. S., Optimum Structures (Oxford engineering science series), Clarendon Press, 1973.
[14] G. I. N. Rozvany, "Some shortcomings in Michell's truss theory," Structural optimization,
vol. 12, no. 4, 1996.
[15] C. A, "The design of Michell optimum structures: Report no. 142," Aeronautical research
Council Reports and Memoranda, 1960.
[16] B. R. L., "Survey of optimum structural design," Experimental Mechanics, vol. 6, no. 12,
1966.
[17] T. S. P. Gere J. M, Mechanics of Materials, Thomson Learning Inc, 2004.
[18] M. W. T. D.W. Kelly, "Interpreting load paths and stress trajectories in elasticity,"
Engineering computations, vol. 17, no. 2, 2000.
[19] P. H. M. A. D. W. Kelly, "Load paths and load flow in finite element analysis,"
Engineering Computations, 2001.
[20] C. A. G. M. D. Kelly, "On Interpreting load paths and identifying a load bearing topology
from finite element analysis," Finite elements in Analysis and design , 2011.
[21] J. N. T. B. C. H. D. T. Chau Le, "Stress-based topology optimization for continua,"
Structural and Multidisciplinary Optimization, vol. 41, no. 4, 2010.
[22] S. F. W. F. L. J. W. Stephen Daynes, "Optimization of functionally graded lattice structures
using isostatic lines," Materials and design, 2017.
[23] R. E. Peterson, Stress Concentration Design Factors. Charts and Relations Useful in
Making Strength Calculations for Machine Parts and Structural Elements, Chapman and
Hall, 1953.

65

[24] H.-J. K. S.-K. Y. Yu-Deok Seo, "Shape optimization and its extension to topological
design based," International Journal of Solids and Structures, 2010.
[25] P. Dewhurst, "Analytical solutions and numerical procedures for minimum- weight michell
structures," ournal of the Mechanics and Physics of Solids, 2000.
[26] C. A. R. M. C. L. Donald W. Kelly, "An algorithm for defining load paths and a load
bearing topology in finite element analysis," Engineering Computations, vol. 28, no. 2,
2011.
[27] D. A. I. &. H. R. Brackett, "Topology optimization for additive manufacturing.," Paper
presented at the 22nd Annual International Solid Freeform Fabrication Symposium, 2011.
[28] A. S. Krishnan, "Using Michell Truss Principles to find an Optimal Structure Suitable for
Additive Manufacturing," Master's thesis, North Carolina State University,2014, 2014.
[29] W. M., "Determining Optimal Geometries of Plane Stress Truss Structures using
Numerically Mapped Principal Stress Trajectories," Master's Thesis North Carolina State
University, 2016, 2016.
[30] L. T. I. P. F. R. F. G. a. G. E. Rozvany G. I. N, "Topology optimization in structural and
continuum mechanics".

66

