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Abstract—Osteoporosis affects porosity in cortical bone. Quan-
tifying levels of osteoporosis by inferring the micro-architectural
properties from ultrasonic wave attenuation in cortical bone has
yet to be done. In this work we use a phenomenological, power
law model to describe the frequency dependent attenuation in
non-absorbing porous media mimicking a simplified cortical bone
structure. We optimize this model to fit data generated using
a finite-difference, time domain (FDTD) numerical simulation.
Model parameters are estimated using an ordinary least squares
(OLS) formulation of the inverse problem. With these we de-
termine linear, functional relationships between the model pa-
rameter estimates and the micro-architectural parameters, pore
density and pore diameter. These relationships allow us to infer
ranges of porosity from simulated attenuation data. Repeating
this process for attenuation data collected from cortical bone
samples could allow one to characterize the micro-architectural
properties of bone.

Index Terms—cortical bone, porosity, attenuation, inverse
problem

I. INTRODUCTION

Osteoporosis is a prevailing bone disease, occurs due to ag-
ing, menopause, certain medications etc. and is characterized
by deterioration of bone tissue, consequently increasing bone
susceptibility to fracture. The involvement of cortical bone
in many osteoporotic fracture, its link to bone strength and
load-bearing capacities of cortical bone make it an important
target of further research [1–6]. Currently the most common
method for the evaluation of osteoporosis is bone mineral
density (BMD) measurement using dual X-ray absorptiometry
(DXA) [7]. The correlation between increased fracture risk and
the loss in bone mass makes BMD a useful diagnostic factor
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[8]; however, due to the large overlap between bone density
of individuals who develop a future fracture and the ones who
do not [9], BMD is considered sub-optimal for screening. It
is common for women with high fracture risk to be under-
diagnosed due to fairly high BMD [10].

Osteoporosis affects the micro-structure of cortical bone and
is associated with changes in the microstructure of cortical
porosity including pore diameter and pore density [11], [12].
The mechanical competence of cortical bone strongly depends
on these two parameters [13]. Knowledge of cortical bone
microarchitecture is crucial for understanding the osteoporosis
pathophysiology and to improve its treatment and diagnosis
[14].

Quantitative ultrasound (QUS) is a non-invasive modality
that has been used increasingly in osteoporosis assessment
[15]. Many studies have been conducted to address the micro-
architectural properties of bone using ultrasonic parameters in
cortical bone [16–21]. Among all the parameters, ultrasonic
attenuation, and its frequency dependence have been investi-
gated the least in cortical bone. Yousefian et al. [22] proposed a
phenomenological model to estimate the frequency-dependent
attenuation as a function of pore diameter and pore density in
structures mimicking simplified cortical bone.

This study focuses on using the phenomenological model
to solve an inverse problem and estimate the pore density and
diameter from the frequency-dependent ultrasonic attenuation
in numerical structures of simplified cortical bone. We begin
by explaining the methodology for the data collection process.
Next, we introduce the mathematical and statistical models,
followed by the formulation of the inverse problem using these
models. We conclude with the results and related conclusions.



II. METHODOLOGY FOR DATA COLLECTION

A finite-difference, time domain (FDTD) research freeware,
SimSonic (www.simsonic.fr) [18] is used to simulate elastic
waves propagating in porous media resembling cortical bone
[23–25]. The media contains a distribution of fluid-filled pores
(with material properties of water) within solid slabs (with
material properties of pure bone) [26]. The ability of defining
independently tuneable material properties at all points in
space enables an understanding of the exclusive effect of
the different parameters of the porosity, including pore size
and density (number of pores per unit area). The range of
pore diameter (φ) and density (ρ) are respectively chosen as
ρ ∈ [3, 16] pore/mm2 and φ ∈ [20, 100] µm according to
values found in the literature [27–29]. Using a Monte Carlo
method, the porous structures mimicking simplified cortical
bone is generated for a given pore diameter and density. Pores
are randomly distributed within the solid bone matrix until the
desired pore density is reached. Spectroscopy is performed
with 0.5 MHz frequency intervals in the 1-8 MHz range
with the emitted plane wave as Gaussian ultrasonic pulses
with a central frequency within the spectroscopy range and
-6dB bandwidth of 20 percent. In order to take the effect
of randomness into account, for the same pore density and
diameter different realizations are generated and tested for
each central frequency.

In order to ignore the effect of reflection, Perfectly Matched
Layer (PML) boundary conditions are considered at both
ends of the geometry in the direction of wave propagation.
The PML thickness is of 15 times that of the wavelength.
Symmetry boundary conditions are applied in the direction
perpendicular to the wave propagation direction so that plane
wave conditions can be assumed and the effect of diffraction
can be avoided. The grid step is selected as 10µm in 2D
simulations, resulting in a spatial sampling of over 50 points
per wavelength [16].

The attenuation value for the propagated signal within the
porous structures is calculated through Time-Distance Matrix
Approach (TDMA) described in [26].

III. MATHEMATICAL AND STATISTICAL MODELS

Physical and biology systems can be represented using
mathematical models. These allow one to investigate hypothe-
ses regarding the underlying physical process. A mechanistic
model hypothesizes the relationships between physically inter-
pretable parameters and variables, while a phenomenological
model captures the qualitative trends of the desired dynamics.
Here, we are interested in the process of wave propagation in
highly porous structures.

We use a phenomenological model in the form of a power
law, developed in [26], to describe frequency dependent atten-
uation in porous, heterogeneous material mimicking cortical
bone. Here model parameters, a and b, are presumed to be
functions of the micro-architectural parameters, pore diameter

(φ) and pore density (ρ). Thus, our mathematical model for
the attenuation coefficient is

α(f) = a(φ, ρ)f b(φ,ρ) + c, (1)

where f is frequency, and model parameters are θ = [a b c].
Note here, only a and b are considered to be functionally
dependent on diameter and density as the model is most
sensitive to these estimates [26].

In order to use model parameter estimates to make mean-
ingful inferences, one must account for the error incurred in
the data collection procedure. This is done by specifying a
statistical model, which represents the observation process.
To account for observational error, we consider the following
statistical error model,

Y (f) = α(f,θ0) + E(f), (2)

where Y (f) is a random variable, θ0 is the nominal parameter
vector, and the E are assumed to be independent and identi-
cally distributed with mean 0 and variance σ2

0 . A realization
of this statistical error model is given by

y(f) = α(f,θ0) + ε(f), f ∈ [f0, fF ], (3)

where ε is a specific realization of the random variable E .
This absolute error specification is reasonable as the data is
numerically simulated, so one expects the errors in simulation
to be drawn from the same distribution. Correct specification
of both the mathematical and statistical model is neccessary to
ensure accuracy of the inferences made regarding parameter
estimates.

IV. INVERSE PROBLEM

We consider an absolute error model in (3). Therefore,
following [30], [31] we use an OLS formulation of the inverse
problem to attain parameter estimates. Solving this inverse
problem corresponds to minimizing the sum of squared errors
between the data and model output when data observations
are weighted equally.

A realization of the random variable OLS estimator is given
by

θ̂NOLS = argminθ

N∑
j=1

[yj − α(fj ,θ)]2, (4)

where the data, yj , is realization of the random variable
Yj , α(fj ,θ) is the model output, and N is the number of
frequency points.

V. RESULTS AND DISCUSSION

In order to infer micro-architectural properties using the
phenomenological model two inverse problems are solved.
First, one determines model parameter estimates, θ̂ = [â b̂ ĉ],
given simulated attenuation data. As mentioned above, this is
done using an ordinary least squares (OLS) formulation of the
inverse problem. A graph of the resulting parameter estimates
versus pore diameter and pore density is given in Figs. 1 and
2.



Fig. 1. Parameter a estimates versus pore diameter ([20 40 60 80 100] µm)
and pore density ([3 5 6 7 8 10 12 14 15 16] pore/mm2).

Fig. 2. Parameter b estimates versus pore diameter ([20 40 60 80 100] µm)
and pore density ([3 5 6 7 8 10 12 14 15 16] pore/mm2).

Secondly, the relationship between these model parameter
estimates, â and b̂, and the micro-architectural parameters,
pore density (ρ) and diameter (φ) is estimated. To begin, we
examine the relationship between the estimates, b̂, and pore
diameter, φ. Fig. 2 indicates that b̂ increases in a linear trend
as pore diameter decreases. As a result, we fit a linear model of
the average parameter estimate, b̂av (where we are averaging
over densities), as a function of pore diameter. This linear
model is given as

b̂av = −0.0269φ+ 3.8047, (5)

and the resulting fit is depicted in Fig. 3.
In order to get an idea of how well this linear relationship

predicts pore diameter, (5) is used on the parameter estimates
from our numerically generated datasets (where the true diam-
eter is known) in order to predict a diameter, φ̂. Note there are
ten datasets (for the 10 pore densities) for each pore diameter,
which results in ranges of predicted diameters for each true
diameter value. These results are given in Tab. I.

Thus, the estimates b̂ have been used to infer pore diameter.
However, porosity is characterized by both pore density and
diameter. In order to address this, we next consider the
relationship between the estimates, â and pore density, ρ. In
doing this, we assume accurate knowledge of pore diameter
(derived from the linear relationship of b̂av to φ). Again, we see
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Fig. 3. Linear fit of average b̂ values versus pore diameter ([20 40 60 80
100] µm).

TABLE I
ESTIMATED PORE DIAMETER, φ̂, USING b̂AV VERSUS TRUE PORE

DIAMETER, φ0

φ0 (µm) φ̂ (µm)
20 13 - 36
40 24 - 50
60 36 - 66
80 62 - 102
100 75 - 111
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Fig. 4. Linear fit of â values for diameter = 20µm versus pore density ([3
5 6 7 8 10] pore/mm2).

that within a given diameter, estimates of a increase linearly
as density increases (Fig. 1). The linear fits for pore diameters
of 20µm, 60µm, and 100µm are depicted in Figs. 4 - 6,
with a similar trend noticed for diameters of 40 and 80µm.
One should note that in fitting these linear functions, only
the main densities of interest, which range from 3-10mm2,
were considered as higher densities did not follow the linear
trend. Again, to better understand the precision of pore density
prediction, these linear models are used on the numerically
generated data (where true density is known). These results
are given in Tab. II, where one can compare the true density,
ρ0, to the estimated density, ρ̂ for each diameter considered.
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Linear fit of â for Diameter (φ) 60 µm

r
2
 = 0.9539

Fig. 5. Linear fit of â values for diameter = 60µm versus pore density ([3
5 6 7 8 10] pore/mm2).
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Fig. 6. Linear fit of â values for diameter = 100µm versus pore density ([3
5 6 7 8 10] pore/mm2).

VI. CONCLUSIONS

The goal of this research was to explore the use of a
phenomenological model to infer micro-architectural proper-
ties of cortical bone-like structures given frequency dependent
attenuation data. We used numerically simulated data from
a finite-difference, time domain SimSonic research freeware
package, which simulates elastic waves propagating in a het-
erogeneous media. We determined model parameter estimates
by optimizing our model to this data under an OLS formulation
of the inverse problem. With these estimates, we then opti-
mized linear functions of our micro-architectural parameters to

TABLE II
ESTIMATED PORE DENSITY, ρ̂, USING â VERSUS TRUE PORE DENSITY, ρ0

FOR PORE DIAMETERS φ = [20 40 60 80 100]µm

ρ0 ρ̂
φ = 20 φ = 40 φ = 60 φ = 80 φ = 100

3 2.9949 3.3198 2.9329 3.7231 3.2078
5 5.5752 4.4730 5.1080 4.8623 3.9335
6 5.4306 5.8182 5.2660 5.6542 6.4005
7 7.2120 8.1121 7.8744 6.6417 8.2448
8 7.4006 6.8936 8.1212 7.0425 7.2708

10 10.3866 10.3833 9.6974 11.0762 9.9426

these parameter estimates to quantify the relationship between
them. Doing so allowed us to infer ranges of porosity given
ultrasonic attenuation data.

We determined that model parameter estimates are depen-
dent on the micro-architectural properties of the heteroge-
neous, porous material. Furthermore, we found that when
using numerically generated attenuation data for samples with
constant pore size and a given concentration, we could in-
fer ranges of porosity by solving an inverse problem using
the phenomenological model. These ranges provide a low
resolution way of quantifying porosity in structures mimick-
ing cortical bone. However, the relevance of these ranges
for clinical diagnosis remains to be determined. The use
of the phenomenological model in this work was based on
simulations on 2D structures. Results from 3D simulations
in comparison with 2D were used to validate the use of
data from 2D simulations. Furthermore, absorption was not
considered in the simulations and mathematical model, rather
attenuation was considered to be exclusively due to wave
scattering. Moreover, all the structures studied were mono-
disperse random geometries and the relevance of the obtain
ranges for pore diameter and density to clinical diagnosis
remains to be determined. Future work could incorporate
information regarding absorption by altering the numerical
simulation for data or by collecting data in vitro.
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