
ABSTRACT

PONGPRASERT, SUCHADA. D(1)
6 -Geometric Crystal Corresponding to the Dynkin Spin

Node i = 6 and Its Ultra-discretization. (Under the direction of Dr. Kailash C. Misra).

Kac-Moody Lie algebras were discovered independently by Victor G. Kac and Robert V.
Moody around 1968. These algebras are infinite dimensional analogs of finite dimensional
semisimple Lie algebras. There are three types of Kac-Moody Lie algebras: finite type, affine
type, and indefinite type. These algebras, especially affine Lie algebras, have various applica-
tions in physics and mathematics. In 1985, Michio Jimbo and Vladimir G. Drinfeld introduced
the notion of the quantum group which are deformations of the universal enveloping algebras
of symmetrizable Kac-Moody Lie algebras. In 1988, George Lusztig showed that the represen-
tation theory of a Kac-Moody Lie algebra is parallel to that of its quantum group in the generic
case. In 1990, Masaki Kashiwara developed the crystal basis as a nice combinatorial tool to
study the irreducible highest weight modules over a quantum group. Then, in 1999, the notion
of geometric crystal is introduced by Arkady Berenstein and David Kazhdan as a geometric
analog to Kashiwara’s crystal (or algebraic crystal). A remarkable relation between positive
geometric crystals and algebraic crystals is the ultra-discretization functor UD between them.
Applying this functor, positive rational functions are transferred to piecewise linear functions.

In 2008, Masaki Kashiwara, Toshiki Nakashima and Masato Okado gave a conjecture
that for each affine Lie algebra g and each Dynkin index i ∈ I \ {0}, there exists a posi-
tive geometric crystal V(g) = (X, {ei}i∈I , {γi}i∈I , {ε i}i∈I) whose ultra-discretization UD(V)
is isomorphic to the limit B∞ of a coherent family of perfect crystals {Bl}l≥1 for the Lang-
lands dual gL. So far this conjecture has been proved for the Dynkin index i = 1 and
g = A(1)

n , B(1)
n , C(1)

n , D(1)
n , A(2)

2n−1, A(2)
2n , D(2)

n+1 by Masaki Kashiwara, Toshiki Nakashima and
Masato Okado in 2008, g = G(1)

2 by Toshiki Nakashima in 2010, g = D(3)
4 by Mana Igarashi,

Kailash C. Misra and Toshiki Nakashima in 2012. For g = A(1)
n , i > 1, Kailash C. Misra and

Toshiki Nakashima showed the conjecture to be true in 2018. For g = D(1)
5 , this conjecture has

been shown to hold for i = 5 by Mana Igarashi, Kailash C. Misra and myself in 2019.
In this thesis we prove the conjecture for g = D(1)

6 and Dynkin index i = 6, the spin node.
We construct a positive geometric crystal V(D(1)

6 ) in the level zero fundamental spin module
W(v6), and for l ≥ 1, we coordinatize the perfect crystal B6,l for D(1)

6 given by Seok-Jin
Kang, Masaki Kashiwara, Kailash C. Misra, Tetsuji Miwa, Toshiki Nakashima and Atsushi
Nakayashiki in 1992 and define an explicit 0-action. Then we show that the family of perfect
crystals {B6,l}l≥1 is a coherent family and determine its limit B6,∞. Finally, we ultra-discretize
the positive geometric crystal V(D(1)

6 ) and show that it is isomorphic to B6,∞ as crystals.
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CHAPTER

1

INTRODUCTION

In the late eighteenth century, Sophus Lie was trying to develop a Galois theory for
differential equations. This led to his discovery of continuous transformation groups and
infinitesimal groups which today are what we call Lie groups and Lie algebras, respectively.
By 1893, Lie (together with Friedrich Engel) had completed the final, third volume of the
massive treatise Theorie der Transformationsgruppen. Also by 1890, William Killing had
succeeded in classifying the finite dimensional complex simple Lie algebras. Killing’s work
was rigorously treated and extended in Élie Cartan’s 1894 thesis. The finite dimensional
simple Lie algebras over C fall into four families An (n ≥ 1), Bn (n ≥ 2), Cn (n ≥ 3), Dn (n ≥ 4)
respectively corresponding to the groups SL(n + 1, C), SO(2n + 1, C), Sp(2n, C), SO(2n, C),
and five exceptional ones denoted by G2, F4, E6, E7, E8 with dimensions 14, 52, 78, 133, 248
respectively. Later, Claude Chevalley extended this classification to algebras over fields of
characteristic 0 (cf. [2]). Through the works of Chevalley and Jean-Pierre Serre, we learn that
we can realize these algebras in terms of generators and relations (cf. [6], [10], [16]).

An n× n integral matrix A = (aij) is a generalized Cartan matrix (GCM) if aii = 2, aij ≤ 0
if i 6= j, and aij = 0 if and only if aji = 0. A GCM A is indecomposable if it is not equivalent
to a matrix in block form and A is symmetrizable if there exists a nonsingular diagonal
matrix D such that DA is symmetric. Indecomposable symmetrizable GCMs are classified
into three types: finite, affine, and indefinite. If we delete the first row and the first column
of an indecomposable affine GCM A, the remaining matrix is a Cartan matrix for a finite
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dimensional simple Lie algebra. In 1967-1968, Victor Kac ([14], [15]) and Robert Moody ([31],
[32]) independently defined Lie algebras associated with any GCM A via generators and
relations that we now call Kac-Moody algebras. Finite type GCMs are positive definite and
produce finite dimensional simple Kac-Moody algebras while the other types are positive
semidefinite and negative definite GCMs and yield infinite dimensional Kac-Moody algebras.
Kac-Moody algebras have grown into an important field due to their numerous applications
in physics, including conformal field theory and statistical physics, as well as in various fields
of mathematics, including combinatorics, algebraic geometry and number theory.

In this thesis, we focus on the affine Kac-Moody algebra D(1)
6 = ŝo(12, C) = so(12, C)⊗

C[t, t−1]⊕Cc⊕Cd where c is the canonical central element and d is a degree derivation [16].
The index set is I = {0, 1, 2, 3, 4, 5, 6} and its GCM is A = (aij)i,j∈I where aii = 2, aj,j+1 = −1 =

aj+1,j for j = 1, 2, 3, 4, a02 = a20 = a46 = a64 = −1 and aij = 0 otherwise. In Chapter 2, we
review some of the fundamental definitions and theorems of Lie algebras, Kac Moody algebras
as well as their representation theory.

In 1985, Michio Jimbo [13] and Vladimir Drinfel′d [3] independently introduced the notion
of the quantum group Uq(g) as a q-deformation of the universal enveloping algebra U(g) of
a symmetrizable Kac-Moody algebra g. Then in 1988, George Lusztig [27] showed that for
the generic q, the Uq(g) representation theory parallels that of U(g) representation theory
and hence provides a new tool for studying representations of Kac-Moody algebras. Around
1990, Masaki Kashiwara [22] (also see ([23], [28])) introduced the notion of crystal bases which
can be viewed as a basis at q = 0 and provide combinatorial tools to study the structure of
integrable Uq(g)-module. In Chapter 3, we review some basic definitions and properties about
quantum groups and crystal bases.

For a dominant weight λ of level l = λ(c), Kashiwara defined the crystal base (Lq(λ), Bq(λ))

[22] for the integrable highest weight Uq(g)-module Vq(λ). As shown in [20], the crystal Bq(λ)

can be realized as a set of paths in the semi-infinite tensor product · · · ⊗ Bl ⊗ Bl ⊗ Bl where Bl

is a perfect crystal of level l. This is called the path realization of the crystal Bq(λ). A perfect
crystal is indeed a crystal for certain finite dimensional module called Kirillov-Reshetikhin
module (KR-module for short) of the quantum affine algebra Uq(g) ([7], [8], [26]). The KR-
modules are parametrized by two integers (i, l) where i ∈ I \ {0} and l any positive integer.
Let {v}i∈I\{0} be the set of level 0 fundamental weights [24]. Goro Hatayama et al ([7], [8])
conjectured that any KR-module W(lvi) admit a crystal base Bi,l in the sense of Kashiwara
and Bi,l is perfect if l is a multiple of max(1, 2

(αi ,αi)
) where αi ∈ Π, the set of simple roots of g.

This conjecture has been proved for quantum affine algebras Uq(g) of classical types ([4], [5],
[36]). When {Bi,l}l≥1 is a coherent family of perfect crystals [19], we denote its limit by Bi,∞.
In Chapter 4, we recall the concepts of quantum affine algebra, perfect crystals and the path
realization.
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In 1999, the notion of geometric crystal was introduced by Arkady Berenstein and David
Kazhdan [1] as a geometric analog to Kashiwara’s crystal (or algebraic crystal) [22]. In fact,
geometric crystal is defined in [1] for reductive groups and is extended to general Kac-Moody
groups in [33]. Let I be the index set of simple roots of g. A geometric crystal consists of
a variety X, rational C×-actions ei : C× × X −→ X and rational functions γi, ε i : X −→ C

(i ∈ I) which satisfy certain conditions (see Definition 5.2.2). A geometric crystal is said to be
a positive geometric crystal if it admits a positive structure (see Definition 5.3.2).

The positive geometric crystals are related to Kashiwara crystals via the ultra-discretization
functor UD ([1], [33]) which transforms positive rational functions to piecewise-linear functions
by the simple correspondence:

x× y 7−→ x + y,
x
y
7−→ x− y, x + y 7−→ max{x, y}.

It was conjectured in [25] that for each affine Lie algebra g and each Dynkin index i ∈
I \ {0}, there exists a positive geometric crystal V(g) = (X, {ei}i∈I , {γi}i∈I , {ε i}i∈I) whose
ultra-discretization UD(V) is isomorphic to the limit B∞ of a coherent family of perfect crystals
for the Langlands dual gL. If g is simply laced then the Langland dual is g itself. So far this
conjecture has been proved for the Dynkin index i = 1 and g = A(1)

n , B(1)
n , C(1)

n , D(1)
n , A(2)

2n−1, A(2)
2n ,

D(2)
n+1 [25], g = D(3)

4 [11] and g = G(1)
2 [35]. For i > 1 , this conjecture has been shown to hold

for g = A(1)
n ([29], [30]). For g = D(1)

5 , we showed the conjecture to be true for i = 5 [12].
In this thesis we prove the conjecture in [25] for g = D(1)

6 and Dynkin idex i = 6, the
spin node. Let gi denote the subalgebra of g with index set Ii = I \ {i}. In Chapter 6,
we construct a positive geometric crystals V1 = {V1(x), ec

k, γk, εk | k = 1, 2, 3, 4, 5, 6} and
V2 = {V2(y), ēk

c, γ̄k, ε̄k | k = 0, 2, 3, 4, 5, 6} for D6 = g0, g1 respectively in the fundamental
representation W(v6). Then we define a birational isomorphism σ̄ between V1 and V2, and
using this isomorphism we define the 0-action on the geometric crystal V1 and show that it is a
positive geometric crystal V(D(1)

6 ) for the quantum affine algebra Uq(D(1)
6 ) (Theorem 6.2.6). In

Chapter 7, for l ≥ 1 we coordinatize the perfect crystal B6,l for D(1)
6 given in [21] and define an

explicit 0-action. Then we show that the family of perfect crystals {B6,l}l≥1 is a coherent family
and determine its limit B6,∞ (Theorem 7.0.1). Finally in Chapter 8, we ultra-discretize the
positive geometric crystal V(D(1)

6 ) and show that it is isomorphic to B6,∞ as crystals (Theorem
8.0.1). This proves the conjecture of Masaki Kashiwara, Toshiki Nakashima and Masato Okado
[25] in this case.
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CHAPTER

2

KAC-MOODY ALGEBRAS AND
INTEGRABLE REPRESENTATIONS

We begin this chapter with the definition of a Lie algebra, and recall background informa-
tion about Lie algebra representation theory. We then review the basic theory of a particular
class of Lie algebras called Kac-Moody algebras and their representation theory.

2.1 Lie algebras

Definition 2.1.1. A Lie Algebra L is a vector space over the field C together with an operation
(called the bracket), [ , ] : L× L→ L such that for all x, y, z ∈ L and a, b ∈ C,

1. [ax + by, z] = a[x, z] + b[y, z] and [x, ay + bz] = a[x, y] + b[x, z],

2. [x, x] = 0,

3. [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 (Jacobi identity).

Note that the first two axioms in Definition 2.1.1 imply that the bracket operation is
anticommutative:

[x, y] = −[y, x] for all x, y ∈ L.
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A subspace L′ of a Lie algebra L is a (Lie) subalgebra of L if [x, y] ∈ L′ for all x, y ∈ L′.
A subalgebra I of L is an ideal of L if [x, y] ∈ I for all x ∈ L, y ∈ I. If I is an ideal of L, the
quotient space L/I becomes a Lie algebra with the bracket defined by

[x + I, y + I] = [x, y] + I for all x, y ∈ L.

A Lie algebra L is simple if it is nonabelian, i.e. [L, L] 6= {0}, and its only ideals are {0}
and itself. A Lie algebra L is solvable if L(m) = {0} for some m ∈ Z≥0 where L(0) = L and
L(m) = [L(m−1), L(m−1)] for m ∈ Z>0. The L(m) are ideals of L and the series

L ⊇ L(1) ⊇ L(2) ⊇ L(3) ⊇ · · ·

is called the derived series of L. If L contains no nonzero proper solvable ideals, then we say
L is semisimple. Equivalently, L is semisimple if we can write it as a direct sum of simple
ideals. Note that a simple Lie algebra is also a semisimple Lie algebra but the converse is not
necessarily true.

Let L and L′ be Lie algebras. A homomorphism of L into L′ is a linear map φ : L → L′

satisfying
φ([x, y]) = [φ(x), φ(y)] for all x, y ∈ L.

The kernel of φ, kerφ = {x ∈ L | φ(x) = 0} is an ideal of L. Note that every ideal of L is the
kernel of the canonical homomorphism π : L→ L/I.

Definition 2.1.2. An associative algebra A over C is a ring A which can also be viewed as a
vector space over C, such that the underlying addition and the zero element 0 are the same in
the ring and vector space, and a(x · y) = (ax) · y = x · (ay) for all x, y ∈ A, a ∈ C.

Example 2.1.3. 1. Let A be an associative algebra over C and define the bracket on A by

[a, b] = ab− ba for all a, b ∈ A.

Then the bracket operation satisfies the anticommutativity and the Jacobi identity and
hence the pair (A, [ , ]) becomes a Lie algebra.

2. Let V be a vector space over C. Then the set of all linear transformations on V denoted
by End V with the bracket defined by

[x, y] = xy− yx for all x, y ∈ End V

is a Lie algebra called the general linear Lie algebra and is denoted by gl(V). If V = Cn,
the general linear Lie algebra is denoted by gl(n, C).
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3. Let L be a subspace of gl(n, C) consisting of n× n, trace-zero matrices. Then L is a Lie
subalgebra of gl(n, C) called special linear Lie algebra. This Lie algebra is simple and
denoted by sl(n, C) (or An−1). Note that the set {Eii − Ei+1,i+1, Ejk | 1 ≤ i ≤ n− 1, 1 ≤
j 6= k ≤ n}, where Eij denote the n× n matrix with a one in the (i, j)-entry and zeros
elsewhere is a basis for sl(n, C) and

[Eij, Ekl ] = δjkEil − δilEkj, where δij =

1 if i = j,

0 if i 6= j.

4. Let n = 2l and J =

(
0 Il

Il 0

)
. Then

L = {A ∈ gl(n, C) | JA + AT J = 0}

with [A, B] = AB− BA for all A, B ∈ L is a Lie algebra which is denoted by so(2l, C) (or
Dl) and called (even) special orthogonal Lie algebra

2.2 Representations of Lie algebras

Definition 2.2.1. Let L be a Lie algebra and let V be a vector space over C.

1. A representation of L on V is a Lie algebra homomorphism ϕ : L→ gl(V).

2. A vector space V is called an L-module if there is an operation L×V → V, denoted by
(x, v) 7→ x · v, such that for all x, y ∈ L, u, v ∈ V and a, b ∈ C

(a) x · (au + bv) = a(x · u) + b(x · v),

(b) (ax + by) · v = a(x · v) + b(y · v),

(c) [x, y] · v = x · (y · v)− y · (x · v).

3. A subspace W of an L-module V is called a submodule of V if

x ·W ⊂W for all x ∈ L.

4. An L-module V is irreducible if the only submodules of V are {0} and V itself.

5. Let V and W be two L-modules. A linear transformation φ : V → W is a L-module
homomorphism if φ(x · v) = x · φ(v) for all x ∈ L, v ∈ V.
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Suppose V is an L-module. Then the map ϕ : L→ gl(V) defined by ϕ(x)(v) = x · v for all
x ∈ L and v ∈ V is a representation. Conversely, if ϕ : L→ gl(V) is a representation, then by
defining x · v = ϕ(x)(v) for all x ∈ L and v ∈ V, we see that V is an L-module. Due to this
equivalence, representations and L-modules can be used interchangeably.

Example 2.2.2. 1. Let L = gl(n, C) be the general linear Lie algebra and V = Cn. Define a
map L×V → V, (x, v) 7→ xv, by matrix multiplication. Then V is an L-module called
the vector representation of gl(n, C).

2. Let L be a Lie algebra. Define a map ad : L→ gl(L) by

ad x(y) = [x, y] for all x, y ∈ L.

Then ad is a Lie algebra homomorphism called the adjoint representation of L.

3. Let V and W be L-modules, then V ⊕W is an L-module with action given by

x · (v + w) = x · v + x · w for all x ∈ L, v ∈ V, w ∈W.

4. Let V and W be L-modules, then V ⊗W is an L-module with action given by

x · (v⊗ w) = (x · v)⊗ w + v⊗ (x · w) for all x ∈ L, v ∈ V, w ∈W.

5. Let V be an L-module over field C, and consider the dual space V∗ = { f : V → C |
f is linear}. Then V∗ is an L-module under the action x · f satisfying

(x · f )(v) = − f (x · v) for all v ∈ V, x ∈ L, f ∈ V∗.

Note that not every Lie algebra is an associative algebra. However, we can construct an
associative algebra from a Lie algebra, called a universal enveloping algebra.

Definition 2.2.3. Let L be a Lie algebra. A universal enveloping algebra of L is a pair (U(L), ι)

such that U(L) is an associative algebra over C with unity, ι : L → U(L) is a linear map
satisfying

ι([x, y]) = ι(x)ι(y)− ι(y)ι(x) for all x, y ∈ L

and satisfying the following universal property. For any associative algebra A and any linear
map j : L→ A satisfying

j([x, y]) = j(x)j(y)− j(y)j(x) for all x, y ∈ L,

7



there exists a unique homomorphism of associative algebra φ : U(L)→ A such that φ ◦ ι = j
The universal property of U(L) can be shown in the commutative diagram as follows.

Figure 2.1: The universal property of the universal enveloping algebra

The universal enveloping algebra can be constructed as U(L) = T (L)/I where T (L) =⊕∞
k=0 L⊗k is the tensor algebra of L and I is the two-sided ideal of T (L) generated by the

elements of the form x⊗ y− y⊗ x− [x, y], x, y ∈ L. The linear map ι : L→ U(L) is constructed
by composing the natural maps L ↪−→ T (L) and π : T (L)→ U(L). Thus, we can view U(L)
as the maximal associative algebra over C with unity generated by L satisfying the relation

xy− yx = [x, y] for all x, y ∈ L.

The following theorem known as the Poincare-Birkhoff-Witt (PBW) Theorem proves that ι is
injective which allows us to view L as a subspace of U(L) and also provides a basis for U(L).

Theorem 2.2.4. [9]

1. The map ι : L→ U(L) is injective.

2. Let {xi | i ∈ I} be an ordered basis for L where I is an index set. Then the set {xi1 xi2 · · · xik |
i1 ≤ i2 ≤ · · · ik, k ≥ 0} forms a basis for U(L).

Suppose V is an L-module. We can define the action of U(L) on V inductively by setting

(x1x2 · · · xr) · v = x1 · ((x2 · · · xr) · v) = x1 · (x2 · · · (xr · v))

for all x1, . . . , xr ∈ L, v ∈ V which implies that a representation of L naturally extends to that
of U(L). Conversely, by PBW Theorem, a representation of U(L) is also a representation of L.
Hence, the representation theory of a Lie algebra L is parallel to the representation theory of
its universal enveloping algebra U(L).

2.3 Kac-Moody algebras

In this section, we discuss Kac-Moody algebras which are generalization of finite dimen-
sional semisimple Lie algebras and may or may not be infinite dimensional. These algebras
can be constructed from a special matrix called a generalized Cartan matrix.
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Definition 2.3.1. Let I be a finite index set. A square matrix A = (aij)i,j∈I with integer entries
is a generalized Cartan matrix (GCM) if it satisfies

1. aii = 2 for all i ∈ I,

2. aij ≤ 0 if i 6= j,

3. aij = 0 if and only if aji = 0.

Definition 2.3.2. 1. A GCM A is symmetrizable if there is a diagonal matrix D = diag (di)i∈I

such that di ∈ Z>0 and DA is symmetric.

2. A GCM A is indecomposable if for every pair of nonempty subsets I1, I2 ⊂ I such that
I1 ∪ I2 = I, there exists some i ∈ I1 and j ∈ I2 with aij 6= 0.

Theorem 2.3.3. [9] Let A = (aij)i,j∈I be an indecomposable n× n GCM. Then one and only one of
the following three possibilities hold for both A and AT.

(Finite) det A 6= 0; there exists u > 0 such that Au > 0; Av ≥ 0 implies v > 0 or v = 0.

(Affine) corank A = 1; there exists u > 0 such that Au = 0; Av ≥ 0 implies Av = 0.

(Indefinite) There exists u > 0 such that Au < 0; Av ≥ 0 and v ≥ 0 implies v = 0.

Here u, v are column vectors in Rn and we say u > 0 (respectively, u ≥ 0) if ui > 0 (respectively,
ui ≥ 0) for all i = 1, . . . , n. Also, A is said to be finite (respectively, affine or indefinite) type if A
satisfies the corresponding condition.

Definition 2.3.4. Let A be an indecomposable GCM. The Dynkin diagram of A is the diagram
consists of vertices indexed by I and edges defined using the following rule, for i 6= j

• If aijaji ≤ 4 and |aij| ≥ |aji|, then the vertices i and j are connected with |aij| edges and
has an arrow pointing toward i if |aij| > 1.

• If aijaji > 4, then the vertices i and j are connected with a bold edge labeled with the
ordered pair (|aij|, |aji|).

Definition 2.3.5. The Cartan datum associated with the symmetrizable GCM A = (aij)i,j∈I is
a quintuple (A, Π, Π̌, P, P̌) where

P̌ = spanZ{{α̌1, . . . , α̌n} ∪ {ds|s = 1, . . . , |I| − rank A}} is a free abelian group

of rank 2|I| − rank A called the coweight lattice,

Define t = C⊗Z P̌ to be the complex extension of P̌ called the Cartan subalgebra,
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P = {λ ∈ t∗|λ(P̌) ⊂ Z} is called the weight lattice,

Π̌ = {α̌1, . . . , α̌n} ⊂ t is called the set of simple coroots, and

Π = {α1, . . . , αn} ⊂ t∗ is called the set of simple roots which satisfy αj(α̌i) = aij and
αj(ds) = δsj.

Definition 2.3.6. The fundamental weights Λi ∈ t∗ are linear functionals on t given by

Λi(α̌j) = δij and Λi(ds) = 0

for i, j ∈ I and s = 1, 2, . . . , |I| − rank A.

With the Cartan datum, we can construct a Kac-Moody algebra as follows.

Definition 2.3.7. The Kac-Moody algebra g = g(A) associated with the Cartan datum
(A, Π, Π̌, P, P̌) is a Lie algebra with generators ei, fi (i ∈ I) and h ∈ P̌ satisfying the fol-
lowing relations.

1. [h, h′] = 0 for h, h′ ∈ P̌,

2. [ei, fi] = δijα̌i,

3. [h, ei] = αi(h)ei for h ∈ P̌,

4. [h, fi] = −αi(h) fi for h ∈ P̌,

5. (ad ei)
1−aij(ej) = 0 for i 6= j,

6. (ad fi)
1−aij( f j) = 0 for i 6= j.

The generators ei and fi are called Chevalley generators. Also, the relation (1)-(4) are
known as the Weyl relations and relation (5)-(6) are known as the Serre relations.

If A is a GCM of finite (respectively, affine, indefinite) type, then we call the quintuple
(A, Π, Π̌, P, P̌) an finite (respectively, affine, indetermiate) Cartan datum and to each Cartan
datum we can associate the finite (respectively, affine, indefinite) Kac-Moody algebra g.

Definition 2.3.8. Let g be an affine Kac-Moody algebra with index set I = {0, 1, . . . , n}. Then
there exists a vector u = (a0, a1, . . . , an)T such that Au = 0, ai ∈ Z>0 and gcd(a0, a1, . . . , an) =

1. The element δ = ∑n
i=0 aiαi is called the null root. Dually, there exists a vector v =

(ǎ0, ǎ1, . . . , ǎn)T such that ATv = 0, ǎi ∈ Z>0 and gcd(ǎ0, ǎ1, . . . , ǎn) = 1. The element
c = ∑n

i=0 ǎiα̌i is called the canonical central element.
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Example 2.3.9. The special linear algebra An−1 = sl(n, C) is a Kac-Moody algebra and has the
following GCM and corresponding Dynkin diagram.

Figure 2.2: Generalized Cartan Matrix and Dynkin diagram for An−1

The Chevalley generators are {ei = Ei,i+1, fi = Ei+1,i | 1 ≤ i ≤ n− 1} and the Cartan
subalgebra t is span{hi = Eii − Ei+1,i+1 | 1 ≤ i ≤ n− 1}.

Example 2.3.10. The special affine linear algebra A(1)
n−1 = ŝl(n, C) = sl(n, C)⊗C[t, t−1]⊕Cc⊕

Cd where c is the canonical central element and d is a degree derivation is a Kac-Moody
algebra and has the following GCM and corresponding Dynkin diagram.

Figure 2.3: Generalized Cartan Matrix and Dynkin diagram for A(1)
n−1

The free abelian Q = ⊕i∈IZαi is called the root lattice, Q+ = ⊕i∈IZ≥0αi is called the
positive root lattice and Q− = −Q+ is called the negative root lattice

Definition 2.3.11. For each α ∈ Q, let

gα = {x ∈ g | [h, x] = α(h)x for all h ∈ t}.

If α 6= 0 and gα 6= {0}, then α is called a root of g and gα is called the root space attached to
α. The dimension of gα is called the root multiplicity of α. We denote the set of all roots by
∆ and denote the set of positive (respectively, negative) roots by ∆+ = ∆ ∩Q+ (respectively,
∆− = ∆ ∩Q−). The subalgebra g′ = [g, g] is called the derived subalgebra.

Denote by g+ (respectively, g−) the subalgebra of g generated by the element ei (respec-
tively, fi) with i ∈ I. The basic properties of Kac-Moody algebras are given in the following
proposition.
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Proposition 2.3.12. [16]

1. We have the triangular decomposition

g = g− ⊕ t⊕ g+ (direct sum of vector spaces).

2. g+ (respectively, g−) is the Lie algebra generated by the element ei, (i ∈ I) (respectively,
fi, (i ∈ I)) with the defining relation (5) (respectively, (6)) in Definition 2.3.7.

3. There exists an involution ω : g→ g, called the Chevalley involution, such that ei 7→ fi, fi 7→
ei and h 7→ −h.

4. We have the root space decomposition

g =
⊕
α∈Q

gα with dim gα < ∞ for all α ∈ Q.

5. If the generalized Cartan matrix A is indecomposable, then every ideal of the Kac-Moody algebra
g either contains its derived subalgebra g′ or is contained in its center Z(g) = {h ∈ t | αi(h) =
0 for all i ∈ I}.

The triangle decomposition given in Proposition 2.3.12 implies that if α is a positive root,
then we have gα ∈ g+ and if α is a negaive root, then gα ∈ g−. Also, by the Chevalley involution,
we have the multiplicity of α equals to the multiplicity of −α.

Definition 2.3.13. Let Aut t be the set of all automorphisms on t. For each i ∈ I, define the
simple reflections si ∈ Aut t by

si(h) = h− αi(h)α̌i.

The group W generated by all simple reflections is called the Weyl group. It induces the action
of W on t∗ by si(λ) = λ− λ(α̌i)αi.

Definition 2.3.14. Let w ∈W and choose l to be the smallest integer such that w = si1 si2 · · · sil .
Then l is called the length of w and the expression w = si1 si2 · · · sil is called the reduced
exprssion of w.

Definition 2.3.15. A root α ∈ ∆ is a real root if it is Weyl group conjugate to a simple root, i.e.
if there exists w ∈W such that w(αi) = α for some i ∈ I. Otherwise, α is called an imaginary
root.

Denote the set of real roots as ∆re and the set of imaginary roots as ∆im. Then we have
∆ = ∆re ∪ ∆im.
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Corresponding to a Kac-Moody algebra g, we can construct its universal enveloping algebra
U(g) as follows.

Definition 2.3.16. The universal enveloping algebra U(g) of g is the associative algebra over
C with unity generated by ei, fi (i ∈ I) and t satisfying the following relations.

1. hh′ = h′h for h, h′ ∈ t,

2. ei f j − f jei = δijhi for i, j ∈ I,

3. hei − eih = αi(h)ei for h ∈ t, i ∈ I,

4. h fi − fih = −αi(h) fi for h ∈ t, i ∈ I,

5. ∑
1−aij
k=0 (−1)k

(
1− aij

k

)
e

1−aij−k
i ejek

i = 0 for i 6= j,

6. ∑
1−aij
k=0 (−1)k

(
1− aij

k

)
f

1−aij−k
i f j f k

i = 0 for i 6= j.

Let U+ (respectively, U0 and U−) be the subalgebra of U(g) generated by the elements ei

(respectively, t and fi) for i ∈ I. We define the root space of U(g) as follows.

Uβ = {u ∈ U(g) | hu− uh = β(h)u for all h ∈ t} for β ∈ Q,

U±β = {u ∈ U± | hu− uh = β(h)u for all h ∈ t} for β ∈ Q±.

Using the PBW Theorem, we can extend the triangular decomposition and the root space
decomposition to the universal enveloping algebra U(g) of g as follows.

Proposition 2.3.17. Let g be a Kac-Moody algebra and let U(g) be the associated universal enveloping
algebra. Then we have

1. U(g) ∼= U− ⊗U0 ⊗U+,

2. U(g) =
⊕

β∈Q Uβ,

3. U± =
⊕

β∈Q± U±β .

2.4 Representation theory of Kac-Moody algebras

For this section, let g be a symmetrizable Kac-Moody Lie algebra and let V be a g-module.
Recall that, by the PBW Theorem, the representation theory of g is parallel to the representation
theory of its universal enveloping algebra U(g). Thus, the definitions and properties in this
section can be extended for U(g).
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Definition 2.4.1. For any µ ∈ t∗, the µ-weight space is

Vµ = {v ∈ V | hv = µ(h)v for all h ∈ t}.

If Vµ 6= {0}, µ is called a weight of V and the vector v ∈ Vµ is called a weight vector of
weight µ. The dimension of Vµ is called weight multiplicity of µ and the set of weights of the
g-module V is denoted by wt(V).

Definition 2.4.2. A g-module V is a weight module if it admits a weight space decomposition

V =
⊕
µ∈t∗

Vµ.

Recall the positive root lattice Q+ = ∑i∈I Z≥0αi. Define a partial ordering on t∗ by

λ ≥ µ if and only if λ− µ ∈ Q+

for λ, µ ∈ t∗. For λ ∈ t∗, set D(λ) = {µ ∈ t∗ | λ ≥ µ}.

Definition 2.4.3. [Category O]

Objects: weight modules V over g with dimVλ < ∞ for all λ ∈ t∗ and for which there
exists a finite number of elements λ1, λ2, . . . , λs ∈ t∗ such that

wt(V) ⊂ D(λ1) ∪ · · · ∪ D(λs).

Morphisms: g-module homomorphisms

Closure: the category is closed under finite direct sums or finite tensor products

The important examples of g-modules in the category O are highest weight modules given
in the following definition.

Definition 2.4.4. A weight module V is a highest weight module of highest weight λ ∈ t∗ if
there exists a nonzero vector vλ ∈ V, called a highest weight vector, satisfying

eivλ = 0 for all i ∈ I,

hvλ = λ(h)vλ for all h ∈ t,

V = U(g)vλ.

We now consider a specific type of highest weight module called a Verma module given in
the following definition.
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Definition 2.4.5. Fix λ ∈ t∗ and let J(λ) be the left ideal of U(g) generated by all ei and
h− λ(h)1 (i ∈ I, h ∈ t). Set M(λ) = U(g)/J(λ) and give M(λ) a U(g)-module structure by
left multiplication. Then M(λ) is called Verma module.

Proposition 2.4.6. [9]

1. M(λ) is a highest weight g-module with highest weight λ and highest weight vector vλ =

1 + J(λ).

2. Every highest weight g-module with highest weight λ is a homomorphic image of M(λ).

3. As U−-module, M(λ) is free of rank 1, generated by the highest weight vector vλ = 1 + J(λ).

4. M(λ) has a unique maximal submodule.

Definition 2.4.7. Let M(λ) be a Verma module and N(λ) be its unique maximal submodule.
Then M(λ)/N(λ) is the irreducible highest weight module denoted by V(λ).

Proposition 2.4.8. [16] Every irreducible g-module in the category O is isomorphic to V(λ) for some
λ ∈ t∗.

Definition 2.4.9. A weight module V over a Kac-Moody Lie algebra g is called integrable if
all ei and fi (i ∈ I) are locally nilpotent on V, i.e. for each i ∈ I, there exist positive integer
N1, N2 such that eN1

i · v = 0 and f N2
i · v = 0 for all v ∈ V.

We call the elements in the weight lattice P = {λ ∈ t∗|λ(P̌) ⊂ Z} integral weights and the
set of dominant integral weights is denoted by

P+ = {λ ∈ P | λ(α̌i) ∈ Z≥0 for all i ∈ I}.

Definition 2.4.10. [Category Oint] The objects in this category are integrable g-modules in
category O such that wt(V) ⊂ P.

Note that, by the definition, any g-module V in the category O has a weight space
decomposition

V =
⊕
λ∈P

Vλ, where Vλ = {v ∈ V | hv = λ(h)v for all h ∈ P̌}.

Also, we have the following property.

Proposition 2.4.11. [16] Let V(λ) be the irreducible highest weight g-module with highest weight
λ ∈ t∗. Then V(λ) is in the category Oint if and only if λ ∈ P+.
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We end this section with a complete reducibility theorem of g-modules in the category
Oint.

Theorem 2.4.12. [16] Let g be a symmetrizable Kac-Moody algebra associated with a Cartan datum
{A, Π, Π̌, P, P̌}. Then every g-module in the category Oint is isomorphic to a direct sum of irreducible
highest weight modules V(λ) with λ ∈ P+.
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CHAPTER

3

QUANTUM GROUPS AND CRYSTAL
BASES

In this chapter, we introduce quantum deformations of the universal enveloping algebra of
a Kac-Moody algebra g. These deformations are known as quantum groups and denoted by
Uq(g). We also review the crystal basis theory which provides a very powerful combinatorial
tool for studying the structure of integrable representations of quantum groups in the category
Oq

int.

3.1 Quantum groups

For m, n ∈ Z and q any indeterminate, define the following:

• [n]q =
qn−q−n

q−q−1 is a q-integer,

• [n]q! = [n]q[n− 1]q · · · [1]q (n > 0) and [0]q! = 1 are q-factorials,

•

[
m
n

]
q

=
[m]q !

[n]q ![m−n]q ! (m ≥ n ≥ 0) is the q-binomial coefficient.

Let A = (aij)i,j∈I be a symmetrizable GCM with a symmetrizing matrix D = diag (di)i∈I

such that di ∈ Z>0 and let (A, Π, Π̌, P, P̌) be a Cartan datum associated with A.
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Definition 3.1.1. The quantum group or the quantized universal enveloping algebra Uq(g)

associated with a Cartan datum (A, Π, Π̌, P, P̌) is the associative algebra over C(q) with 1
generated by the elements ei, fi (i ∈ I) and qh (h ∈ P̌) satisfying the following relations.

1. q0 = 1, qhqh′ = qh+h′ for h, h′ ∈ P̌,

2. ei f j − f jei = δij
qdi α̌i−q−di α̌i

qdi−q−di
for i, j ∈ I,

3. qheiq−h = qαi(h)ei for h ∈ P̌, i ∈ I,

4. qh fiq−h = q−αi(h) fi for h ∈ P̌, i ∈ I,

5. ∑
1−aij
k=0 (−1)k

[
1− aij

k

]
qi

e
1−aij−k
i ejek

i = 0 for i 6= j,

6. ∑
1−aij
k=0 (−1)k

[
1− aij

k

]
qi

f
1−aij−k
i f j f k

i = 0 for i 6= j.

Note that Uq(g)→ U(g) as q→ 1.

Example 3.1.2. Let g = sl(2, C). Then the quantum group Uq(sl(2, C)) is the associative algebra
generated by {e, f , qh} such that the following relations hold.

1. qheq−h = q2e,

2. qh f q−h = q−2 f ,

3. e f − f e = qh−q−h

q−q−1 .

Since the defining relations for a quantum group Uq(g) are analogous to those for the uni-
versal enveloping algebra U(g), the quantum group Uq(g) has the triangular decomposition

Uq(g) ∼= U−q ⊗U0
q ⊗U+

q

where U+
q (respectively, U−q ) is the subalgebra of Uq(g) generated by the elements ei (respec-

tively, fi) for i ∈ I and U0
q is the subalgebra of Uq(g) generated by qh (h ∈ P̌), and the root

space decomposition
Uq(g) =

⊕
β∈Q

(Uq)β

where (Uq)β = {u ∈ Uq(g) | qhuq−h = qβ(h)u for all h ∈ P̌}.
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3.2 Representation theory of quantum groups

In this section, we study the representation theory of quantum group which is quite
parallel to that of Kac-Moody algebras discussed in the previous chapter.

Definition 3.2.1. Let Vq be a Uq(g)-module. For any µ ∈ P, the µ-weight space is

Vq
µ = {v ∈ Vq | qhv = qµ(h)v for all h ∈ P̌}.

If Vq
µ 6= {0}, µ is called a weight of Vq and the vector v ∈ Vq

µ is called a weight vector of
weight µ. The dimension of Vq

µ is called weight multiplicity of µ and the set of weights of the
Uq(g)-module Vq is denoted by wt(Vq).

Definition 3.2.2. A Uq(g)-module Vq is a weight module if it admits a weight space decompo-
sition

Vq =
⊕
µ∈P

Vq
µ .

For λ ∈ P, set D(λ) = {µ ∈ P | λ ≥ µ}.

Definition 3.2.3. [Category Oq] The objects in this category are weight modules Vq over
Uq(g) with dimVq

λ < ∞ for all λ ∈ P and for which there exists a finite number of elements
λ1, λ2, . . . , λs ∈ P such that

wt(Vq) ⊂ D(λ1) ∪ · · · ∪ D(λs).

As is the case with Kac-Moody algebras, the important examples of Uq(g)-modules in the
category Oq are highest weight modules given in the following definition.

Definition 3.2.4. A weight module Vq is a highest weight module of highest weight λ ∈ P if
there exists a nonzero vector vλ ∈ Vq, called a highest weight vector, satisfying

eivλ = 0 for all i ∈ I,

qhvλ = qλ(h)vλ for all h ∈ P̌,

Vq = Uq(g)vλ.

Consider a specific type of highest weight module called a Verma module given in the
following definition.

Definition 3.2.5. Fix λ ∈ P and let Jq(λ) be the left ideal of Uq(g) generated by all ei and
qh− qλ(h)1 (i ∈ I, h ∈ P̌). Set Mq(λ) = Uq(g)/Jq(λ) and give Mq(λ) a Uq(g)-module structure
by left multiplication. Then Mq(λ) is called Verma module.
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Proposition 3.2.6. [9]

1. Mq(λ) is a highest weight Uq(g)-module with highest weight λ and highest weight vector
vλ = 1 + Jq(λ).

2. Every highest weight Uq(g)-module with highest weight λ is a homomorphic image of Mq(λ).

3. As U−q -module, Mq(λ) is free of rank 1, generated by the highest weight vector vλ = 1 + Jq(λ).

4. Mq(λ) has a unique maximal submodule.

Definition 3.2.7. Let Mq(λ) be a Verma module and Nq(λ) be its unique maximal submodule.
Then Mq(λ)/Nq(λ) is the irreducible highest weight module denoted by Vq(λ).

Definition 3.2.8. A weight module Vq over the quantum group Uq(g) is called integrable if
all ei and fi (i ∈ I) are locally nilpotent on Vq.

Definition 3.2.9. [Category Oq
int] The objects in this category are integrable Uq(g)-modules in

category Oq.

Proposition 3.2.10. [16] Let Vq(λ) be the irreducible highest weight Uq(g)-module with highest
weight λ ∈ P. Then Vq(λ) is in the Oq

int if and only if λ ∈ P+.

Also, similar to category Oint, any Uq(g)-module in the category Oq
int is completely re-

ducible and has a weight space decomposition.

3.3 Crystal bases

The crystal basis theory for quantum groups was introduced by Kashiwara around 1990
[22]. Crystal bases can be viewed as bases at q = 0 and they have nice combinatorial features
reflecting the internal structure of integrable Uq(g)-module Vq in the category Oq

int.

Lemma 3.3.1. [9] Let Vq =
⊕

λ∈P Vq
λ be a Uq(g)-module in the category Oq

int. For each i ∈ I, every
weight vector v ∈ Vq

λ (λ ∈ wt(Vq)) may be written in the form

v = v0 + fiv1 + · · ·+ f (N)
i vN ,

where N ∈ Z≥0 and vk ∈ Vq
λ+kαi

∩ kerei and f (k)i =
f k
i

[k]q ! . Furthermore, vk in the above expression is
uniquely determined by v and vk 6= 0 only if λ(α̌i) + k ≥ 0.

Definition 3.3.2. The Kashiwara operators ẽi and f̃i (i ∈ I) are endomorphisms on Vq such
that, for v ∈ Vq,

ẽiv =
N

∑
k=1

f (k−1)
i vk, f̃iv =

N

∑
k=0

f (k+1)
i vk.
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Note that ẽiV
q
λ = eiV

q
λ ⊂ Vq

λ+αi
and f̃iV

q
λ = fiV

q
λ ⊂ Vq

λ−αi
for all i ∈ I and λ ∈ P. Let

A0 =

{
g(q)
h(q)

∣∣∣∣g(q), h(q) ∈ C[q], h(0) 6= 0
}

.

Then A0 is a principal ideal domain with C(q) as its field of quotients.

Definition 3.3.3. Let Vq be a Uq(g)-module in the category Oq
int. A crystal lattice L is a free

A0-submodule of Vq satisfying the following relations.

1. L generates Vq as a vector space over C(q),

2. L =
⊕

λ∈P Lλ where Lλ = L ∩Vq
λ for all λ ∈ P,

3. ẽiL ⊂ L, f̃iL ⊂ L for all i ∈ I.

Remark 3.3.4. Let J0 be the unique maximal ideal of A0 generated by q. Then there exists
an isomorphism of fields from A0/J0 to C given by g(q)

h(q) + J0 7→ g(0)
h(0) and hence C⊗A0 L ∼=

L/J0L = L/qL.

Definition 3.3.5. [9] Let Vq be a Uq(g)-module in the category Oq
int. A crystal base of Vq is a

pair (L, B) such that

1. L is a crystal lattice for Vq,

2. B is a C-basis of L/qL ∼= C⊗A0 L,

3. B = tλ∈PBλ where Bλ = B ∩ (Lλ/qLλ),

4. ẽiB ⊂ B ∪ {0}, f̃iB ⊂ B ∪ {0} for all i ∈ I,

5. f̃ib = b′ if and only if b = ẽib′ for any b, b′ ∈ B and i ∈ I.

Theorem 3.3.6. [9] Let λ ∈ P+ be a dominant integral weight and Vq(λ) be the irreducible highest
weight Uq(g)-module with highest weight λ and highest weight vector vλ. Let

L(λ) = ∑
r≥0,ik∈I

A0 f̃i1 f̃i2 · · · f̃ir vλ,

and set
B(λ) =

{
f̃i1 f̃i2 · · · f̃ir vλ + qL(λ) ∈ L(λ)/qL(λ) | r ≥ 0, ik ∈ I

}
\{0}.

Then the pair (L(λ), B(λ)) is a crystal base for Vq(λ).
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Definition 3.3.7. Given a crystal base (L, B) for Vq ∈ Oq
int, we can define a crystal graph for

Vq in the following way. The vertex set consists of all elements of B and the edge set consists
of i-colored arrows. Two vertices b, b′ ∈ B are joined by an i-colored arrow, b i−→ b′, if and only
if f̃ib = b′ for i ∈ I.

For i ∈ I, we define the maps ε i, ϕi : B→ Z by

ε i(b) = max{k ≥ 0 | ẽk
i b ∈ B}, ϕi(b) = max{k ≥ 0 | f̃ k

i b ∈ B}.

Then ε i denotes the number of i-colored arrows coming into the vertex b and ϕi denotes the
number of i-colored arrows going out of the vertex b. Hence we have ϕi(b)− ε i(b) = λ(α̌i).

Next we will develop the tensor product rule which is one of the nicest features of crystal
bases.

Definition 3.3.8. [9] Let Vq
j be A Uq(g)-module in the category Oq

int and let (Lj, Bj) be a crystal
base of Vq

j (i = 1, 2). Set L = L1 ⊗A0 L2 and B = B1 × B2. Then (L, B) is a crystal base of
Vq

1 ⊗C(q) Vq
2 where the action of Kashiwara operators ẽi and f̃i on B (i ∈ I) are given as follows.

ẽi(b1 ⊗ b2) =

ẽib1 ⊗ b2 if ϕi(b1) ≥ ε i(b2),

b1 ⊗ ẽib2 if ϕi(b1) < ε i(b2),

f̃i(b1 ⊗ b2) =

 f̃ib1 ⊗ b2 if ϕi(b1) > ε i(b2),

b1 ⊗ f̃ib2 if ϕi(b1) ≤ ε i(b2).

Hence we have

wt(b1 ⊗ b2) = wt(b1) + wt(b2),

ε i(b1 ⊗ b2) = max{ε i(b1), ε i(b2)− 〈α̌i, wt(b1)〉},

ϕi(b1 ⊗ b2) = max{ϕi(b2), ϕi(b1) + 〈α̌i, wt(b2)〉}.

Here we understand b1 ⊗ 0 = 0⊗ b2 = 0 and we write b1 ⊗ b2 instead of (b1, b2). Also we
denote the crystal graph of Vq

1 ⊗Vq
2 as B1 ⊗ B2.

Definition 3.3.9. [9] Let I be an finite index set and let A = (aij)i,j∈I be a GCM with the Cartan
datum (A, Π, Π̌, P, P̌). A crystal associated with the Cartan datum (A, Π, Π̌, P, P̌) is a set B
together with the maps wt : B → P, ẽi, f̃i : B → B ∪ {0} and ε i, ϕi : B → Z ∪ {−∞} (i ∈ I)
satisfying the following properties.

1. ϕi(b) = ε i(b) + 〈α̌i, wt(b)〉 for all i ∈ I,

2. wt(ẽib) = wt(b) + αi if ẽib ∈ B,
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3. wt( f̃ib) = wt(b)− αi if f̃ib ∈ B,

4. ε i(ẽib) = ε i(b)− 1, ϕi(ẽib) = ϕi(b) + 1 if ẽib ∈ B,

5. ε i( f̃ib) = ε i(b) + 1, ϕi( f̃ib) = ϕi(b)− 1 if f̃ib ∈ B,

6. f̃ib = b′ if and only if b = ẽib′ for any b, b′ ∈ B and i ∈ I,

7. if ϕi(b) = −∞ for b ∈ B, then ẽib = f̃ib = 0.

Definition 3.3.10. Let B1, B2 be crystals associated with the Cartan datum (A, Π, Π̌, P, P̌). A
crystal morphism Ω : B1 → B2 is a map Ω : B1 ∪ {0} → B2 ∪ {0} such that

1. Ω(0) = 0,

2. if b ∈ B1 and Ω(b) ∈ B2, then wt(Ω(b)) = wt(b), ε i(Ω(b)) = ε i(b) and ϕi(Ω(b)) = ϕi(b)
for all i ∈ I,

3. if b, b′ ∈ B1, Ω(b), Ω(b′) ∈ B2 and f̃ib = b′, then f̃i(Ω(b)) = Ω(b′) and Ω(b) = ẽi(Ω(b′))
for all i ∈ I.

A crystal morphism is called strict if it commutes with all ẽi and f̃i (i ∈ I). Also, a crystal
morphism Ω : B1 → B2 is called an isomorphism if it is both one-to-one and onto from
B1 ∪ {0} → B2 ∪ {0}.
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CHAPTER

4

QUANTUM AFFINE LIE ALGEBRAS
AND PERFECT CRYSTALS

For this chapter, we introduce the notion of a perfect crystal for a quantum affine algebra.
We begin by recalling basic definition related to quantum affine algebras.

4.1 Quantum affine algebras

Let g be an affine Kac-Moody algebra with affine Cartan datum (A, Π, Π̌, P, P̌) and index
set I = {0, 1, · · · , n} where A = (aij)i,j∈I is the affine GCM, Π = {αi | i ∈ I} is the set of
simple roots, Π̌ = {α̌i | i ∈ I} is the set of simple coroots, P and P̌ are the affine weight lattice,
and coweight lattice respectively. Let t = C⊗Z P̌, c, δ, and {Λi | i ∈ I} denote the Cartan
subalgebra, the canonical central element, the null root and the set of fundamental weights
respectively. Note that αj(α̌i) = aij and Λj(α̌i) = δij and t = spanC{α̌i, d | i ∈ I} where d is a
degree derivation. Then

P = ⊕j∈IZΛj ⊕Zδ ⊂ t∗ and P̌ = ⊕i∈IZα̌i ⊕Zd ⊂ t.
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Note that the set of affine dominant integral weights is

P+ = {λ ∈ P | λ(α̌i) ∈ Z≥0 for all i ∈ I}.

The quantum group associated with the affine Cartan datum (A, Π, Π̌, P, P̌) is called a quantum
affine algebra, denoted by Uq(g).

Definition 4.1.1. Let U′q(g) be the subalgebra of Uq(g) generated by {ei, fi, q±di α̌i | i ∈ I}. This
subalgebra is also called a quantum affine algebra. Let

Pcl = ⊕j∈IZΛj and P̌cl = ⊕i∈IZα̌i.

The set Pcl is called the classical weight lattice and the elements of Pcl are called the classical
weights. The quintuple (A, Π, Π̌, Pcl , P̌cl) is called a classical Cartan datum and the quantum
affine algebra U′q(g) can be regarded as the quantum group associated with the classical
Cartan datum. Define

P+
cl = {λ ∈ Pcl | λ(α̌i) ∈ Z≥0 for all i ∈ I}.

The elements of P+
cl are called the classical dominant integral weights and we say that λ ∈ P+

cl

has level l = λ(c). We denote (P+
cl )l to be the set of classical dominant integral weights of

level l.

Note that U′q(g) can have finite dimensional irreducible modules while all the nontrivial
irreducible Uq(g)-modules are infinite dimensional.

4.2 Perfect crystals

Definition 4.2.1. A classical crystal is a crystal associated with the classical Cartan datum
(A, Π, Π̌, Pcl , P̌cl). This crystal is also known as a U′q(g)-crystal.

Let B be a classical crystal. For b ∈ B, define

ε(b) = ∑
i

ε i(b)Λi and ϕ(b) = ∑
i

ϕi(b)Λi.

Definition 4.2.2. [9] For a positive integer l, a finite classical crystal Bl is a perfect crystal of
level l if it satisfies the following properties.

1. there exists a finite dimensional U′q(g)-module with a crystal basis whose crystal graph
is isomorphic to Bl .
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2. Bl ⊗ Bl is connected,

3. there exists a classical weight λ0 ∈ Pcl such that

wt(Bl) ⊂ λ0 + ∑
i 6=0

Z≤0αi, #(Bl
λ0
) = 1,

4. for any b ∈ Bl , we have 〈c, ε(b)〉 ≥ l

5. for each λ ∈ (P+
cl )l , there exist unique vectors bλ ∈ Bl and bλ ∈ Bl such that ε(bλ) = λ

and ϕ(bλ) = λ.

For a perfect crystal Bl , we define

(Bl)min = {b ∈ Bl | 〈c, ε(b)〉 = l}.

Then the maps ε, ϕ : (Bl)min → (P+
cl )l are bijections.

We now present a crystal isomorphism theorem that is essential for understanding path
realization which we discuss in the next section. For the rest of the chapter, assume that g is
an affine Kac-Moody algebra, l ∈ Z>0, Bl is a perfect crystal of level l, λ ∈ (P+

cl )l is a classical
dominant integral weights of level l, bλ is a unique vector in Bl such that ϕ(bλ) = λ, V(λ) is
the highest weight U′q(g)-module with highest weight λ and B(λ) is the crystal graph of V(λ).

Theorem 4.2.3. The map

Ψ : B(λ)→ B(ε(bλ))⊗ Bl given by uλ 7→ uε(bλ) ⊗ bλ,

where uλ is the highest weight vector of B(λ) and uε(bλ) is the highest weight vector of B(ε(bλ)), is a
strict crystal isomorphism.

4.3 Path realization of crystal graphs

In this section, we will use Theorem 4.2.3 to develop path realization. We first set

λ0 = λ, λk+1 = ε(λk); b0 = bλ, bk+1 = bλk+1 .

By Theorem 4.2.3, we have a crystal isomorphism

Ψ : B(λj)
∼−→ B(λj+1)⊗ Bl given by uλj 7→ uλj+1 ⊗ bλj
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such that ϕ(bj) = λj and ε(bj) = λj+1. Composing the Ψ’s yields a sequence of crystal
isomorphisms

B(λ) ∼−→ B(λ1)⊗ Bl ∼−→ B(λ2)⊗ Bl ⊗ Bl ∼−→ · · ·

given by
uλ 7→ uλ1 ⊗ b0 7→ uλ2 ⊗ b1 ⊗ b0 7→ · · · .

Then we have two infinite sequences

wλ = (λk)
∞
k=0 = (. . . , λk+1, λk, . . . , λ1, λ0) ∈ ((P+

cl )l)
∞

and
pλ = (bk)

∞
k=0 = · · · ⊗ bk+1 ⊗ bk ⊗ · · · ⊗ b1 ⊗ b0 ∈ (Bl)⊗∞.

Since there are only finitely many elements in (P+
cl )l , there exist N > 0 and k ≥ 0 such that

λk+N = λk. Since φ and ε are bijective, we have

bk+N = ϕ−1(λk+N) = ϕ−1(λk) = bk

and the following equations

ε(bk−1) = λk = λk+N = ε(bk+N−1),

bk−1 = ε−1(ε(bk−1)) = ε−1(ε(bk+N−1)) = bk+N−1,

λk−1 = ϕ(bk−1) = ϕ(bk+N−1) = λk+N−1,
...

ε(b0) = λ1 = λ1+N = ε(bN),

b0 = ε−1(ε(b0)) = ε−1(ε(bN)) = bN ,

λ0 = ϕ(b0) = ϕ(bN) = λN ,

and

λk+1 = ε(bk) = ε(bk+N) = λk+N+1,

ϕ(bk+1) = λk+1 = λk+N+1 = ϕ(bk+N+1)

bk+1 = ϕ−1(ϕ(bk+1)) = ϕ−1(ϕ(bk+N+1)) = bk+N+1

...

Hence wλ and pλ are periodic sequences, each with the period N > 0.
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Definition 4.3.1. [9]

1. The sequence pλ = (bk)
∞
k=0 = · · · ⊗ bk+1 ⊗ bk ⊗ · · · ⊗ b1 ⊗ b0 is called the ground-state

path of weight λ.

2. A λ-path in Bl is a sequence p = (pk)
∞
k=0 = · · · ⊗ pk+1⊗ pk ⊗ · · · ⊗ p1⊗ p0 with pk ∈ Bl

such that pk = bk for all k� 0

Let P(λ) be the set of all λ-paths in Bl . We can define a crystal structure on P(λ) as shown
in the following proposition.

Proposition 4.3.2. [9] Let p = (pk)
∞
k=0 be a λ-path in Bl and let N > 0 be the smallest positive

integer such that pk = bk for all k ≥ N. For each i ∈ I, we define

wtclp = λN +
N−1

∑
k=0

wtclpk,

ẽip = · · · ⊗ pN+1 ⊗ ẽi(pN ⊗ · · · ⊗ p0),

f̃ip = · · · ⊗ pN+1 ⊗ f̃i(pN ⊗ · · · ⊗ p0),

ε i(p) = max{ε i(p′)− ϕi(bN), 0},

ϕi(p) = φi(p′) + max{ϕi(bN)− ε i(p′), 0},

where p′ = pN−1 ⊗ · · · ⊗ p1 ⊗ p0 and wtcl denoted the classical weights. Then the maps wtcl :
P(λ) → Pcl , ẽi, f̃i : P(λ) → P(λ) t {0}, ε i, ϕi : P(λ) → Z define a U′q(g)-crystal structure on
P(λ).

We can now present the main result of this section: the path realization of U′q(g)-crystal
B(λ).

Theorem 4.3.3. The map

Ψ : B(λ) ∼−→ P(λ) given by uλ 7→ pλ,

is a crystal isomorphism.
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CHAPTER

5

GEOMETRIC CRYSTALS AND
ULTRA-DISCRETIZATION

In this chapter, we review Kac-Moody groups and necessary definitions and facts about
geometric crystals and ultra-discretization.

5.1 Kac-Moody groups

Let g be an affine Kac-Moody algebra with affine Cartan datum (A, Π, Π̌, P, P̌) and index
set I = {0, 1, · · · , n} where A = (aij)i,j∈I is the affine GCM, Π = {αi | i ∈ I} is the set of
simple roots, Π̌ = {α̌i | i ∈ I} is the set of simple coroots, P and P̌ are the affine weight lattice,
and coweight lattice respectively. Let t = C⊗Z P̌, c, δ, and {Λi | i ∈ I} denote the Cartan
subalgebra, the canonical central element, the null root and the set of fundamental weights
respectively. There is the root space decomposition g =

⊕
α∈Q gα where Q = ⊕i∈IZαi is the

root lattice. The Weyl group W of g is generated by the simple reflections {si | i ∈ I}. The sets ∆,
∆+ = ∆ ∩Q+ = ∆ ∩∑i∈I Z≥0αi and ∆re = {w(αi)|w ∈W, i ∈ I} are the set of roots, positive
roots, and real roots respectively. We denote t∗cl = t∗/Cδ and (t∗cl)0 = {λ ∈ t∗cl | 〈c, λ〉 = 0}. We
also denote gi to be the subalgebra of g with index set Ii = I \ {i} which is a finite dimensional
semisimple Lie algebra.

Let g′ = [g, g] be the derived Lie algebra of g and G∗ be the free group generated by the

29



free product of the additive group gα (α ∈ ∆re), with the canonical inclusion iα : gα ↪→ G∗. For
any integrable g′-module (V, π), a homomorphism

π∗V : G∗ → AutC(V) is defined by π∗V(iα(e)) = exp π(e).

Set N∗ := ∩V:integrable ker(π∗V) and G := G∗/N∗ which is called a Kac-Moody group associated
with the Kac-Moody Lie algebra g′ ([18], [17]). Let ρ : G∗ → G be the canonical homomorphism.
For e ∈ gα (α ∈ ∆re), define exp e := ρ(iα(e)) and Sα := exp gα which is an one-parameter
subgroup of G. The group G is generated by Sα (α ∈ ∆re). Let S± be the subgroups generated
by S±α (α ∈ ∆re

+ := ∆re ∩Q+), i.e. S± := 〈S±α | α ∈ ∆re
+〉.

For any i ∈ I, there exist a unique homomorphism φi : SL(2, C)→ G such that

φi

((
c 0
0 c−1

))
= cα̌i , φi

((
1 t
0 1

))
= exp(tei), φi

((
1 0
t 1

))
= exp(t fi).

where c ∈ C× and t ∈ C. Set α̌i(c) := cα̌i , xi(t) := exp (tei), yi(t) := exp (t fi), Gi :=
φi(SL(2, C)), Hi := φi({diag(c, c−1) | c ∈ C×}). Let H be the subgroup of G generated
by Hi’s with the Lie algebra t. Then H is called a maximal torus in G, and B± = S±H
are called the Borel subgroups of G. The element s̄i := xi(−1)yi(1)xi(−1) ∈ normG(H) is a
representative of si ∈W = normG(H)/H. Define R(w) for each w ∈W by

R(w) := {(i1, i2, · · · , il) ∈ I l | w = si1 si2 · · · sil},

where l is the length of w. We can associate to each w ∈ W its standard representative
w̄ ∈ normG(H) by

w̄ = s̄i1 s̄i2 · · · s̄il ,

for any (i1, i2, · · · , il) ∈ R(w).

5.2 Geometric crystals

Definition 5.2.1. [33] A set X is an ind-variety over C if there exists a filtration X0 ⊂ X1 ⊂
X2 ⊂ · · · such that

1. ∪n≥0Xn = X,

2. Each Xn is a finite dimensional variety over C such that the inclusion Xn ↪→ Xn+1 is a
closed embedding.

The geometric crystal for the simply laced affine Lie algebra g is defined as follows.
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Definition 5.2.2. ([1],[33]) The geometric crystal for the simply laced affine Lie algebra g is a
quadruple V(g) = (X, {ei}i∈I , {γi}i∈I , {ε i}i∈I), where X is an ind-variety, ei : C× × X −→ X
((c, x) 7→ ec

i (x)) are rational C×-actions and γi, ε i : X −→ C (i ∈ I) are rational functions
satisfying the following:

1. {1} × X ⊂ dom(ei) for any i ∈ I where dom(ei) is the maximal open subset of C× × X
on which ei is defined.

2. γj(ec
i (x)) = caij γj(x).

3. {ei}i∈I satisfy the following relations :
ec1

i ec2
j = ec2

j ec1
i if aij = aji = 0,

ec1
i ec1c2

j ec2
i = ec2

j ec1c2
i ec1

j if aij = aji = −1,

4. ε i(ec
i (x)) = c−1ε i(x) and ε i(ec

j (x)) = ε i(x) if ai,j = aj,i = 0.

For fixed i ∈ I, let Gi be the reductive algebraic group with Lie algebra gi and Bi, W i be
its Borel subgroup, Weyl group respectively. We consider the flag variety Xi := Gi/Bi. For
w ∈ W i, the Schubert cell Xi

w associated with w has a natural gi-geometric crystal structure
[1, 33]. Let w = si1 si2 · · · sil be a reduced expression. For i := (i1, i2, · · · , il), set

B−i := {Yi(c1, c2, · · · , cl) := Yi1(c1)Yi2(c2) · · ·Yil (cl) | c1, c2, · · · , cl ∈ C×} ⊂ B−,

where Yj(c) := yj(
1
c )α̌j(c) = yj(

1
c )c

α̌j . Then we have the following result.

Theorem 5.2.3. ([1], [33]) The set B−i with the explicit actions of ec
k, εk, and γk , for k ∈ Ii, c ∈ C×

given by:

ec
k(Yi(c1, · · · , cl)) = Yi(C1, · · · , Cl)),

where

Cj := cj ·
∑

1≤m≤j,im=k

c

c
ai1,k

1 · · · c
aim−1,k

m−1 cm
+ ∑

j<m≤k,im=k

1

c
ai1,k

1 · · · c
aim−1,k

m−1 cm

∑
1≤m<j,im=k

c

c
ai1,k

1 · · · c
aim−1,k

m−1 cm
+ ∑

j≤m≤k,im=k

1

c
ai1,k

1 · · · c
aim−1,k

m−1 cm

,

εk(Yi(c1, · · · , cl)) = ∑
1≤m≤l,im=k

1

c
ai1,k

1 · · · c
aim−1,k

m−1 cm
,

γk(Yi(c1, · · · , cl)) = c
ai1,k

1 · · · cail ,k

l ,

is a geometric crystal isomorphic to Xi
w.
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The geometric crystal V(g) = (X, {ei}i∈I , {γi}i∈I , {ε i}i∈I) is said to be positive if it has a
positive structure ([1], [25], [33]). Roughly speaking this means that each of the rational maps
ec

i , ε i and γi are given by ratio of polynomial functions with positive coefficients. For example,
B−i is a positive geometric crystal.

5.3 Positive structure and Ultra-discretization

Set R := C(c) and define

v :R \ {0} → Z

f (c) 7→ deg( f (c)).

where deg is the degree of poles at c = ∞. For any algebraic torus T = (C×)l over C, let
X∗(T) := Hom(T, C×) ∼= Zl (respectively X∗(T) := Hom(C×, T) ∼= Zl) be the lattice of
characters (respectively co-characters) of T.

We define a category T+ whose objects are algebraic tori over C and whose arrows are
positive rational mappings. Let f : T → T′ be a positive rational mapping of algebraic tori T
and T′. We define a map f̂ : X∗(T)→ X∗(T′) by

〈χ, f̂ (ξ)〉 = v(χ ◦ f ◦ ξ),

where χ ∈ X∗(T′) and ξ ∈ X∗(T).

Lemma 5.3.1. [1] If T1, T2, T3 are algebraic tori and f ∈ Mor+(T1, T2) and g ∈ Mor+(T2, T3) are
positive rational mappings, then we have ĝ ◦ f = ĝ ◦ f̂ .

By Lemma 5.3.1, we obtain a functor

UD : T+ → Set

T 7→ X∗(T)

( f : T → T′) 7→ ( f̂ : X∗(T)→ X∗(T′)).

Definition 5.3.2. [1] Let χ = (X, {ei}i∈I , {γi}i∈I , {ε i}i∈I) be a geometric crystal, T′ an algebraic
torus and θ : T′ → X a birational mapping. The mapping θ is called a positive structure on χ

if it satisfies

1. for any i ∈ I, the rational functions γi ◦ θ : T′ → C and ε ◦ θ : T′ → C are positive.

2. for any i ∈ I, the rational mapping ei,θ : C××T′ → T′ defined by ei,θ(c, t) := θ−1 ◦ ec
i ◦ θ(t)

is positive.
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Let θ : T′ → X be a positive structure on a geometric crystal χ. Applying the functor UD
to positive rational mappings ei,θ : C× × T′ → T′ and γi ◦ θ, ε i ◦ θ : T′ → C (the notations are
as above), we obtain

ẽi := UD(ei,θ) : Z× X∗(T′)→ X∗(T′)

wti := UD(γi ◦ θ) : X∗(T′)→ Z

ε i := UD(ε i ◦ θ) : X∗(T′)→ Z.

Hence the quadruple (X∗(T′), {ẽi}i∈I , {wti}i∈I , {ε i}i∈I) is a free pre-crystal (see [1], Sections 7)
and we denote it by UDθ,T′(χ). We thus have the following theorem.

Theorem 5.3.3. ([1], [33]) For any geometric crystal χ = (X, {ei}i∈I , {γi}i∈I , {ε i}i∈I) and positive
structure θ : T′ → X, the associated pre-crystal UDθ,T′(χ) = (X∗(T′), {ẽi}i∈I , {wti}i∈I , {ε i}i∈I) is
a crystal.

Now, let GC+ be a category whose object is a triplet (χ, T′, θ) where χ = (X, {ei}i∈I , {γi}i∈I ,
{ε i}i∈I) is a geometric crystal and θ : T′ → X is a positive structure on χ, and morphism
f : (χ1, T′1, θ1)→ (χ2, T′2, θ2) is given by a rational map ϕ : X1 → X2 (χi = (Xi, · · · )) such that

ϕ ◦ eX1
i = eX2

i ◦ ϕ, γX2
i ◦ ϕ = γX1

i , εX2
i ◦ ϕ = εX1

i ,

and f := θ−1
2 ◦ ϕ ◦ θ1 : T′1 → T′2,

is a positive rational mapping. Let CR be the category of crystals. Then by the theorem above,
we have

Corollary 5.3.4. UD defines a functor

UD : GC+ → CR

(χ, T′, θ) 7→ X∗(T′)

( f : (χ1, T′1, θ1)→ (χ2, T′2, θ2)) 7→ ( f̂ : X∗(T′1)→ X∗(T′2)).

We call the functor UD ultra-discretization as in ([33], [34]), while it is called tropicaliza-
tion in [1].
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CHAPTER

6

AFFINE GEOMETRIC CRYSTAL
V(D(1)

6 )

From now on, we assume g to be the affine Lie algebra D(1)
6 with index set I = {0, 1, 2, 3, 4, 5, 6}

and the following GCM and corresponding Dynkin diagram.

Figure 6.1: Generalized Cartan Matrix and Dynkin diagram for g = D(1)
6

Let {α0, α1, α2, α3, α4, α5, α6}, {α̌0, α̌1, α̌2, α̌3, α̌4, α̌5, α̌6} and {Λ0, Λ1, Λ2, Λ3, Λ4, Λ5, Λ6} de-
note the set of simple roots, simple coroots and fundamental weights, respectively. Then
c = α̌0 + α̌1 + 2α̌2 + 2α̌3 + 2α̌4 + α̌5 + α̌6 and δ = α0 + α1 + 2α2 + 2α3 + 2α4 + α5 + α6 are the
central element and null root respectively. The sets Pcl = ⊕6

j=0ZΛj and P = Pcl ⊕Zδ are called
classical weight lattice and weight lattice respectively.
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We consider the Dynkin diagram automorphism σ defined by

σ : 0 7→ 6, 1 7→ 5, 2 7→ 4, 3 7→ 3, 4 7→ 2, 5 7→ 1, 6 7→ 0.

0

1

2 3 4

5

6

D6

σ

1

0

234

5

6 D6

Figure 6.2: g and σ(g) Dynkin diagrams

Let Ij = I \ {j} and gj (respectively σ(g)j)) be the subalgebra of g (resp. σ(g)) with index
set Ij. Then observe that g0 as well as g1 and σ(g)1 are isomorphic to D6.

6.1 Fundamental representation W(v6) for D(1)
6

Let W(v6) be the level 0 fundamental U′q(g)-module associated with the level 0 weight
v6 = Λ6 −Λ0 [24]. By ([24], Theorem 5.17), W(v6) is a finite dimensional irreducible inte-
grable U′q(g)-module and has a global basis with a simple crystal. Thus, we can consider the

specialization q = 1 and obtain the finite dimensional D(1)
6 -module W(v6), which we call the

fundamental D(1)
6 - module.

The fundamental D(1)
6 -module W(v6) is a 32-dimensional module with the basis

{(i1, i2, i3, i4, i5, i6)|ik ∈ {+,−}, i1i2i3i4i5i6 = +}.

The actions of ek, fk and α̌k(c) = cα̌k (c ∈ C×) on these basis vectors are given as follows [21].
For 0 ≤ k ≤ 6, we have

ek(i1, i2, i3, i4, i5, i6) =



(−,−, i3, i4, i5, i6) if k = 0, (i1, i2) = (+,+)

(i1, . . . ,+,−, . . . , i6) if k 6= 0, k 6= 6,
k k + 1 (ik, ik+1) = (−,+)

(i1, i2, i3, i4,+,+) if k = 6, (i5, i6) = (−,−)
0 otherwise.

fk(i1, i2, i3, i4, i5, i6) =



(+,+, i3, i4, i5, i6) if k = 0, (i1, i2) = (−,−)
(i1, . . . ,−,+, . . . , i6) if k 6= 0, k 6= 6,

k k + 1 (ik, ik+1) = (+,−)
(i1, i2, i3, i4,−,−) if k = 6, (i5, i6) = (+,+)

0 otherwise.
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α̌k(c)(i1, i2, i3, i4, i5, i6) =



c (i1, i2, i3, i4, i5, i6) if k = 0, (i1, i2) = (−,−)
or k 6= 0, k 6= 6,
(ik, ik+1) = (+,−)

or k = 6, (i5, i6) = (+,+)

c−1(i1, i2, i3, i4, i5, i6) if k = 0, (i1, i2) = (+,+)

or k 6= 0, k 6= 6,
(ik, ik+1) = (−,+)

or k = 6, (i5, i6) = (−,−)
(i1, i2, i3, i4, i5, i6) otherwise.

Note that in W(v6), we have (+,+,+,+,+,+) (respectively (−,+,+,+,+,−)) is a g0

(respectively g1) highest weight vector with weight v6 = Λ6−Λ0 (respectively v̌6 := Λ5−Λ1).
The crystal graph for W(v6) is explicitly shown below.

Figure 6.3: W(v6) U′q(g)-module crystal graph
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We define σ(Λk) = Λσ(k) for all k ∈ I. Then we define the action σ on W(v6) by σ(v) = v′

if σ(wt(v)) = wt(v′). Thus we have

σ(+,+,+,+,+,+) = (−,−,−,−,−,−), σ(+,+,+,+,−,−) = (+,+,−,−,−,−),

σ(+,+,+,−,+,−) = (+,−,+,−,−,−), σ(+,+,−,+,+,−) = (+,−,−,+,−,−),

σ(+,+,+,−,−,+) = (−,+,+,−,−,−), σ(+,−,+,+,+,−) = (+,−,−,−,+,−),

σ(+,+,−,+,−,+) = (−,+,−,+,−,−), σ(−,+,+,+,+,−) = (+,−,−,−,−,+),

σ(+,−,+,+,−,+) = (−,+,−,−,+,−), σ(+,+,−,−,+,+) = (−,−,+,+,−,−),

σ(−,+,+,+,−,+) = (−,+,−,−,−,+), σ(+,−,+,−,+,+) = (−,−,+,−,+,−),

σ(+,+,−,−,−,−) = (+,+,+,+,−,−), σ(−,+,+,−,+,+) = (−,−,+,−,−,+),

σ(+,−,−,+,+,+) = (−,−,−,+,+,−), σ(+,−,+,−,−,−) = (+,+,+,−,+,−),

σ(−,+,−,+,+,+) = (−,−,−,+,−,+), σ(−,+,+,−,−,−) = (+,+,+,−,−,+),

σ(+,−,−,+,−,−) = (+,+,−,+,+,−), σ(−,−,+,+,+,+) = (−,−,−,−,+,+),

σ(−,+,−,+,−,−) = (+,+,−,+,−,+), σ(+,−,−,−,+,−) = (+,−,+,+,+,−),

σ(−,−,+,+,−,−) = (+,+,−,−,+,+), σ(−,+,−,−,+,−) = (+,−,+,+,−,+),

σ(+,−,−,−,−,+) = (−,+,+,+,+,−), σ(−,−,+,−,+,−) = (+,−,+,−,+,+),

σ(−,+,−,−,−,+) = (−,+,+,+,−,+), σ(−,−,−,+,+,−) = (+,−,−,+,+,+),

σ(−,−,+,−,−,+) = (−,+,+,−,+,+), σ(−,−,−,+,−,+) = (−,+,−,+,+,+),

σ(−,−,−,−,+,+) = (−,−,+,+,+,+), σ(−,−,−,−,−,−) = (+,+,+,+,+,+).

6.2 Affine Geometric Crystal V(D(1)
6 ) in W(v6)

Now we will construct the affine geometric crystal V(D(1)
6 ) in W(v6) explicitly. Denote

t∗cl = t∗/Cδ and (t∗cl)0 = {λ ∈ t∗cl | 〈c, λ〉 = 0}. For ξ ∈ (t∗cl)0, let t(ξ) be the translation as in
([24], Sect 4). Define simple reflections sk(λ) := λ− λ(α̌k)αk, k ∈ I and let W = 〈sk | k ∈ I〉
be the Weyl group for D(1)

6 . We denote W j to be the Weyl group of gj with index set Ij. Let
w1 = s6s4s3s2s5s4s3s6s4s5s1s2s3s4s6 ∈ W0 and w2 = s5s4s3s2s6s4s3s5s4s6s0s2s3s4s5 ∈ W1. Then
we have the following propositions.

Proposition 6.2.1. t(v6) = σw1.

Proof. Let λ = λ0Λ0 + λ1Λ1 + λ2Λ2 + λ3Λ3 + λ4Λ4 + λ5Λ5 + λ6Λ6

= (λ0, λ1, λ2, λ3, λ4, λ5, λ6).
Then we have

s6(λ) = (λ0, λ1, λ2, λ3, λ4 + λ6, λ5,−λ6)

s4s6(λ) = (λ0, λ1, λ2, λ3 + λ4 + λ6,−λ4 − λ6, λ4 + λ5 + λ6, λ4)
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s3s4s6(λ) = (λ0, λ1, λ2 + λ3 + λ4 + λ6,−λ3 − λ4 − λ6, λ3, λ4 + λ5

+ λ6, λ4)

s2s3s4s6(λ) = (λ0 + λ2 + λ3 + λ4 + λ6, λ1 + λ2 + λ3 + λ4 + λ6,−λ2

− λ3 − λ4 − λ6, λ2, λ3, λ4 + λ5 + λ6, λ4)

s1s2s3s4s6(λ) = (λ0 + λ2 + λ3 + λ4 + λ6,−λ1 − λ2 − λ3 − λ4 − λ6, λ1,

λ2, λ3, λ4 + λ5 + λ6, λ4)

s5s1s2s3s4s6(λ) = (λ0 + λ2 + λ3 + λ4 + λ6,−λ1 − λ2 − λ3 − λ4 − λ6, λ1,

λ2, λ3 + λ4 + λ5 + λ6,−λ4 − λ5 − λ6, λ4)

s4s5s1s2s3s4s6(λ) = (λ0 + λ2 + λ3 + λ4 + λ6,−λ1 − λ2 − λ3 − λ4 − λ6, λ1,

λ2 + λ3 + λ4 + λ5 + λ6,−λ3 − λ4 − λ5 − λ6, λ3, λ3

+ 2λ4 + λ5 + λ6)

s6s4s5s1s2s3s4s6(λ) = (λ0 + λ2 + λ3 + λ4 + λ6,−λ1 − λ2 − λ3 − λ4 − λ6, λ1,

λ2 + λ3 + λ4 + λ5 + λ6, λ4, λ3,−λ3 − 2λ4 − λ5 − λ6)

s3s6s4s5s1s2s3s4s6(λ) = (λ0 + λ2 + λ3 + λ4 + λ6,−λ1 − λ2 − λ3 − λ4 − λ6, λ1

+ λ2 + λ3 + λ4 + λ5 + λ6,−λ2 − λ3 − λ4 − λ5 − λ6, λ2

+ λ3 + 2λ4 + λ5 + λ6, λ3,−λ3 − 2λ4 − λ5 − λ6)

s4s3s6s4s5s1s2s3s4s6(λ) = (λ0 + λ2 + λ3 + λ4 + λ6,−λ1 − λ2 − λ3 − λ4 − λ6, λ1

+ λ2 + λ3 + λ4 + λ5 + λ6, λ4,−λ2 − λ3 − 2λ4 − λ5

− λ6, λ2 + 2λ3 + 2λ4 + λ5 + λ6, λ2)

s5s4s3s6s4s5s1s2s3s4s6(λ) = (λ0 + λ2 + λ3 + λ4 + λ6,−λ1 − λ2 − λ3 − λ4 − λ6, λ1

+ λ2 + λ3 + λ4 + λ5 + λ6, λ4, λ3,−λ2 − 2λ3 − 2λ4

− λ5 − λ6, λ2)

s2s5s4s3s6s4s5s1s2s3s4s6(λ) = (λ0 + λ1 + 2λ2 + 2λ3 + 2λ4 + λ5 + 2λ6, λ5,−λ1 − λ2

− λ3 − λ4 − λ5 − λ6, λ1 + λ2 + λ3 + 2λ4 + λ5 + λ6,

λ3,−λ2 − 2λ3 − 2λ4 − λ5 − λ6, λ2)

s3s2s5s4s3s6s4s5s1s2s3s4s6(λ) = (λ0 + λ1 + 2λ2 + 2λ3 + 2λ4 + λ5 + 2λ6, λ5, λ4,−λ1

− λ2 − λ3 − 2λ4 − λ5 − λ6, λ1 + λ2 + 2λ3 + 2λ4 + λ5

+ λ6,−λ2 − 2λ3 − 2λ4 − λ5 − λ6, λ2)

s4s3s2s5s4s3s6s4s5s1s2s3s4s6(λ) = (λ0 + λ1 + 2λ2 + 2λ3 + 2λ4 + λ5 + 2λ6, λ5, λ4, λ3,−λ1

− λ2 − 2λ3 − 2λ4 − λ5 − λ6, λ1, λ1 + 2λ2 + 2λ3 + 2λ4

+ λ5 + λ6)
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s6s4s3s2s5s4s3s6s4s5s1s2s3s4s6(λ) = (λ0 + λ1 + 2λ2 + 2λ3 + 2λ4 + λ5 + 2λ6, λ5, λ4, λ3, λ2,

λ1,−λ1 − 2λ2 − 2λ3 − 2λ4 − λ5 − λ6)

σs6s4s3s2s5s4s3s6s4s5s1s2s3s4s6(λ) = (−λ1 − 2λ2 − 2λ3 − 2λ4 − λ5 − λ6, λ1, λ2, λ3, λ4, λ5,

λ0 + λ1 + 2λ2 + 2λ3 + 2λ4 + λ5 + 2λ6)

= λ + (−λ0 − λ1 − 2λ2 − 2λ3 − 2λ4 − λ5 − λ6, 0, 0, 0, 0, 0,

λ0 + λ1 + 2λ2 + 2λ3 + 2λ4 + λ5 + λ6)

= λ + (λ0 + λ1 + 2λ2 + 2λ3 + 2λ4 + λ5 + λ6)(Λ6 −Λ0)

= λ + (λ0 + λ1 + 2λ2 + 2λ3 + 2λ4 + λ5 + λ6)v6.

Proposition 6.2.2. t(v̌6) = σw2.

Proof. Let λ = λ0Λ0 + λ1Λ1 + λ2Λ2 + λ3Λ3 + λ4Λ4 + λ5Λ5 + λ6Λ6

= (λ0, λ1, λ2, λ3, λ4, λ5, λ6).
Then we have

s5(λ) = (λ0, λ1, λ2, λ3, λ4 + λ5,−λ5, λ6)

s4s5(λ) = (λ0, λ1, λ2, λ3 + λ4 + λ5,−λ4 − λ5, λ4, λ4 + λ5 + λ6)

s3s4s5(λ) = (λ0, λ1, λ2 + λ3 + λ4 + λ5,−λ3 − λ4 − λ5, λ3, λ4, λ4

+ λ5 + λ6)

s2s3s4s5(λ) = (λ0 + λ2 + λ3 + λ4 + λ5, λ1 + λ2 + λ3 + λ4 + λ5,−λ2

− λ3 − λ4 − λ5, λ2, λ3, λ4, λ4 + λ5 + λ6)

s0s2s3s4s5(λ) = (−λ0 − λ2 − λ3 − λ4 − λ5, λ1 + λ2 + λ3 + λ4 + λ5, λ0,

λ2, λ3, λ4, λ4 + λ5 + λ6)

s6s0s2s3s4s5(λ) = (−λ0 − λ2 − λ3 − λ4 − λ5, λ1 + λ2 + λ3 + λ4 + λ5, λ0,

λ2, λ3 + λ4 + λ5 + λ6, λ4,−λ4 − λ5 − λ6)

s4s6s0s2s3s4s5(λ) = (−λ0 − λ2 − λ3 − λ4 − λ5, λ1 + λ2 + λ3 + λ4 + λ5, λ0,

λ2 + λ3 + λ4 + λ5 + λ6,−λ3 − λ4 − λ5 − λ6, λ3 + 2λ4

+ λ5 + λ6, λ3)

s5s4s6s0s2s3s4s5(λ) = (−λ0 − λ2 − λ3 − λ4 − λ5, λ1 + λ2 + λ3 + λ4 + λ5, λ0,

λ2 + λ3 + λ4 + λ5 + λ6, λ4,−λ3 − 2λ4 − λ5 − λ6, λ3)

s3s5s4s6s0s2s3s4s5(λ) = (−λ0 − λ2 − λ3 − λ4 − λ5, λ1 + λ2 + λ3 + λ4 + λ5, λ0

+ λ2 + λ3 + λ4 + λ5 + λ6,−λ2 − λ3 − λ4 − λ5 − λ6, λ2

+ λ3 + 2λ4 + λ5 + λ6,−λ3 − 2λ4 − λ5 − λ6, λ3)
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s4s3s5s4s6s0s2s3s4s5(λ) = (−λ0 − λ2 − λ3 − λ4 − λ5, λ1 + λ2 + λ3 + λ4 + λ5, λ0

+ λ2 + λ3 + λ4 + λ5 + λ6, λ4,−λ2 − λ3 − 2λ4 − λ5

− λ6, λ2, λ2 + 2λ3 + 2λ4 + λ5 + λ6)

s6s4s3s5s4s6s0s2s3s4s5(λ) = (−λ0 − λ2 − λ3 − λ4 − λ5, λ1 + λ2 + λ3 + λ4 + λ5, λ0

+ λ2 + λ3 + λ4 + λ5 + λ6, λ4, λ3, λ2,−λ2 − 2λ3 − 2λ4

− λ5 − λ6)

s2s6s4s3s5s4s6s0s2s3s4s5(λ) = (λ6, λ0 + λ1 + 2λ2 + 2λ3 + 2λ4 + 2λ5 + λ6,−λ0 − λ2

− λ3 − λ4 − λ5 − λ6, λ0 + λ2 + λ3 + 2λ4 + λ5 + λ6,

λ3, λ2,−λ2 − 2λ3 − 2λ4 − λ5 − λ6)

s3s2s6s4s3s5s4s6s0s2s3s4s5(λ) = (λ6, λ0 + λ1 + 2λ2 + 2λ3 + 2λ4 + 2λ5 + λ6, λ4,−λ0

− λ2 − λ3 − 2λ4 − λ5 − λ6, λ0 + λ2 + 2λ3 + 2λ4 + λ5

+ λ6, λ2,−λ2 − 2λ3 − 2λ4 − λ5 − λ6)

s4s3s2s6s4s3s5s4s6s0s2s3s4s5(λ) = (λ6, λ0 + λ1 + 2λ2 + 2λ3 + 2λ4 + 2λ5 + λ6, λ4, λ3,−λ0

− λ2 − 2λ3 − 2λ4 − λ5 − λ6, λ0 + 2λ2 + 2λ3 + 2λ4 + λ5

+ λ6, λ0)

s5s4s3s2s6s4s3s5s4s6s0s2s3s4s5(λ) = (λ6, λ0 + λ1 + 2λ2 + 2λ3 + 2λ4 + 2λ5 + λ6, λ4, λ3, λ2,

− λ0 − 2λ2 − 2λ3 − 2λ4 − λ5 − λ6, λ0)

σs5s4s3s2s6s4s3s5s4s6s0s2s3s4s5(λ) = (λ0,−λ0 − 2λ2 − 2λ3 − 2λ4 − λ5 − λ6, λ2, λ3, λ4, λ0 + λ1

+ 2λ2 + 2λ3 + 2λ4 + 2λ5 + λ6, λ6)

= λ + (0,−λ0 − λ1 − 2λ2 − 2λ3 − 2λ4 − λ5 − λ6, 0, 0, 0,

λ0 + λ1 + 2λ2 + 2λ3 + 2λ4 + λ5 + λ6, 0)

= λ + (λ0 + λ1 + 2λ2 + 2λ3 + 2λ4 + λ5 + λ6)(Λ5 −Λ1)

= λ + (λ0 + λ1 + 2λ2 + 2λ3 + 2λ4 + λ5 + λ6)v̌6.

Associated with these Weyl group elements w1, w2 ∈ W, we define algebraic varieties
V1,V2 ⊂W(v6) as follows.

V1 =
{

V1(x) := Y6(x(3)6 )Y4(x(4)4 )Y3(x(3)3 )Y2(x(2)2 )Y5(x(2)5 )Y4(x(3)4 )Y3(x(2)3 )Y6(x(2)6 )Y4(x(2)4 )

Y5(x(1)5 )Y1(x(1)1 )Y2(x(1)2 )Y3(x(1)3 )Y4(x(1)4 )Y6(x(1)6 )(+,+,+,+,+,+)|x(l)m ∈ C×
}

,

V2 =
{

V2(y) := Y5(y
(3)
5 )Y4(y

(4)
4 )Y3(y

(3)
3 )Y2(y

(2)
2 )Y6(y

(2)
6 )Y4(y

(3)
4 )Y3(y

(2)
3 )Y5(y

(2)
5 )Y4(y

(2)
4 )

Y6(y
(1)
6 )Y0(y

(1)
0 )Y2(y

(1)
2 )Y3(y

(1)
3 )Y4(y

(1)
4 )Y5(y

(1)
5 )(−,+,+,+,+,−)|y(l)m ∈ C×

}
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where x = (x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 ) and y =

(y(3)5 , y(4)4 , y(3)3 , y(2)2 , y(2)6 , y(3)4 , y(2)3 , y(2)5 , y(2)4 , y(1)6 , y(1)0 , y(1)2 , y(1)3 , y(1)4 , y(1)5 ).

From the explicit actions of fk’s on W(v6), we observe that f 2
k = 0 for all k ∈ I. Therefore,

we have
Yk(c) = (1 +

fk

c
)α̌k(c) for all k ∈ I.

Thus we have the explicit forms of V1(x) and V2(y) as follows.

V1(x) = x(3)6 x(2)6 x(1)6 (+,+,+,+,+,+) +
(
x(2)6 x(1)6 +

x(4)4 x(3)4 x(1)6

x(3)6

+
x(4)4 x(3)4 x(2)4 x(1)4

x(3)6 x(2)6

)
× (+,+,+,+,−,−) +

(
x(3)4 x(1)6 +

x(3)3 x(2)5 x(1)6

x(4)4

+
x(3)4 x(2)4 x(1)4

x(2)6

+
x(3)3 x(2)5 x(2)3 x(1)4

x(4)4 x(3)4

+
x(3)3 x(2)5 x(2)4 x(1)4

x(4)4 x(2)6

+
x(3)3 x(2)5 x(2)3 x(1)5 x(1)3

x(4)4 x(3)4 x(2)4

)
(+,+,+,−,+,−) +

(
x(2)5 x(1)6 +

x(2)2 x(2)5 x(1)4

x(3)3

+
x(2)5 x(2)3 x(1)4

x(3)4

+
x(2)5 x(2)4 x(1)4

x(2)6

+
x(2)2 x(2)5 x(1)5 x(1)2

x(3)3 x(2)3

+
x(2)2 x(2)5 x(1)5 x(1)3

x(3)3 x(2)4

+
x(2)5 x(2)3 x(1)5 x(1)3

x(3)4 x(2)4

)
× (+,+,−,+,+,−) +

(
x(3)3 x(1)6 +

x(3)3 x(2)3 x(1)3

x(2)5

+
x(3)3 x(2)3 x(1)4

x(3)4

+
x(3)3 x(2)4 x(1)4

x(2)6

+
x(3)3 x(2)3 x(1)5 x(1)3

x(3)4 x(2)4

)
(+,+,+,−,−,+) +

(
x(2)5 x(1)4 +

x(2)5 x(1)5 x(1)1

x(2)2

+
x(2)5 x(1)5 x(1)2

x(2)3

+
x(2)5 x(1)5 x(1)3

x(2)4

)
(+,−,+,+,+,−) +

(
x(4)4 x(1)6 +

x(4)4 x(2)2 x(1)4

x(3)3

+
x(4)4 x(2)3 x(1)3

x(2)5

+
x(4)4 x(2)3 x(1)4

x(3)4

+
x(4)4 x(2)4 x(1)4

x(2)6

+
x(4)4 x(2)2 x(3)4 x(1)3

x(3)3 x(2)5

+
x(4)4 x(2)2 x(1)5 x(1)2

x(3)3 x(2)3

+
x(4)4 x(2)2 x(1)5 x(1)3

x(3)3 x(2)4

+
x(4)4 x(2)3 x(1)5 x(1)3

x(3)4 x(2)4

+
x(4)4 x(2)2 x(3)4 x(2)4 x(1)2

x(3)3 x(2)5 x(2)3

)
(+,+,−,+,−,+) + x(2)5 x(1)5

× (−,+,+,+,+,−) +
(

x(4)4 x(1)4 +
x(4)4 x(1)5 x(1)1

x(2)2

+
x(4)4 x(3)4 x(1)3

x(2)5

+
x(4)4 x(1)5 x(1)2

x(2)3

+
x(4)4 x(1)5 x(1)3

x(2)4

+
x(4)4 x(3)4 x(2)4 x(1)1

x(2)2 x(2)5

+
x(4)4 x(3)4 x(2)4 x(1)2

x(2)5 x(2)3

)
(+,−,+,+,−,+) +

(
x(3)6 x(1)6

+
x(3)6 x(2)2 x(1)3

x(4)4

+
x(3)6 x(2)2 x(1)4

x(3)3

+
x(3)6 x(2)3 x(1)3

x(2)5

+
x(3)6 x(2)3 x(1)4

x(3)4

+
x(3)6 x(2)4 x(1)4

x(2)6
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+
x(3)6 x(2)2 x(2)6 x(1)2

x(4)4 x(3)4

+
x(3)6 x(2)2 x(2)4 x(1)2

x(4)4 x(2)3

+
x(3)6 x(2)2 x(3)4 x(1)3

x(3)3 x(2)5

+
x(3)6 x(2)2 x(1)5 x(1)2

x(3)3 x(2)3

+
x(3)6 x(2)2 x(1)5 x(1)3

x(3)3 x(2)4

+
x(3)6 x(2)3 x(1)5 x(1)3

x(3)4 x(2)4

+
x(3)6 x(2)2 x(3)4 x(2)4 x(1)2

x(3)3 x(2)5 x(2)3

)
(+,+,−,−,+,+)

+
(

x(4)4 x(1)5 +
x(4)4 x(3)4 x(2)4

x(2)5

)
(−,+,+,+,−,+) +

(
x(3)6 x(1)4 +

x(3)6 x(3)3 x(1)3

x(4)4

+
x(3)6 x(1)5 x(1)1

x(2)2

+
x(3)6 x(3)4 x(1)3

x(2)5

+
x(3)6 x(1)5 x(1)2

x(2)3

+
x(3)6 x(1)5 x(1)3

x(2)4

+
x(3)6 x(3)3 x(2)4 x(1)1

x(4)4 x(2)2

+
x(3)6 x(3)3 x(2)6 x(1)2

x(4)4 x(3)4

+
x(3)6 x(3)3 x(2)4 x(1)2

x(4)4 x(2)3

+
x(3)6 x(3)4 x(2)4 x(1)1

x(2)2 x(2)5

+
x(3)6 x(3)4 x(2)4 x(1)2

x(2)5 x(2)3

+
x(3)6 x(3)3 x(2)3 x(2)6 x(1)1

x(4)4 x(2)2 x(3)4

)
× (+,−,+,−,+,+) +

(
x(1)6 +

x(2)2 x(1)2

x(3)6

+
x(2)2 x(1)3

x(4)4

+
x(2)2 x(1)4

x(3)3

+
x(2)3 x(1)3

x(2)5

+
x(2)3 x(1)4

x(3)4

+
x(2)4 x(1)4

x(2)6

+
x(2)2 x(2)6 x(1)2

x(4)4 x(3)4

+
x(2)2 x(2)4 x(1)2

x(4)4 x(2)3

+
x(2)2 x(3)4 x(1)3

x(3)3 x(2)5

+
x(2)2 x(1)5 x(1)2

x(3)3 x(2)3

+
x(2)2 x(1)5 x(1)3

x(3)3 x(2)4

+
x(2)3 x(1)5 x(1)3

x(3)4 x(2)4

+
x(2)2 x(3)4 x(2)4 x(1)2

x(3)3 x(2)5 x(2)3

)
(+,+,−,−,−,−) +

(
x(3)6 x(1)5 +

x(3)6 x(3)3 x(2)4

x(4)4

+
x(3)6 x(3)4 x(2)4

x(2)5

+
x(3)6 x(3)3 x(2)3 x(2)6

x(4)4 x(3)4

)
× (−,+,+,−,+,+) +

(
x(3)6 x(1)3 +

x(3)6 x(2)6 x(1)1

x(3)3

+
x(3)6 x(2)4 x(1)1

x(2)2

+
x(3)6 x(2)6 x(1)2

x(3)4

+
x(3)6 x(2)4 x(1)2

x(2)3

+
x(3)6 x(2)3 x(2)6 x(1)1

x(2)2 x(3)4

)
(+,−,−,+,+,+)

+
(

x(1)4 +
x(3)3 x(1)2

x(3)6

+
x(3)3 x(1)3

x(4)4

+
x(1)5 x(1)1

x(2)2

+
x(3)4 x(1)3

x(2)5

+
x(1)5 x(1)2

x(2)3

+
x(1)5 x(1)3

x(2)4

+
x(3)3 x(2)3 x(1)1

x(3)6 x(2)2

+
x(3)3 x(2)4 x(1)1

x(4)4 x(2)2

+
x(3)3 x(2)6 x(1)2

x(4)4 x(3)4

+
x(3)3 x(2)4 x(1)2

x(4)4 x(2)3

+
x(3)4 x(2)4 x(1)1

x(2)2 x(2)5

+
x(3)4 x(2)4 x(1)2

x(2)5 x(2)3

+
x(3)3 x(2)3 x(2)6 x(1)1

x(4)4 x(2)2 x(3)4

)
(+,−,+,−,−,−) +

(
x(3)6 x(2)4 +

x(3)6 x(2)2 x(2)6

x(3)3

+
x(3)6 x(2)3 x(2)6

x(3)4

)
× (−,+,−,+,+,+) +

(
x(1)5 +

x(3)3 x(2)3

x(3)6

+
x(3)3 x(2)4

x(4)4

+
x(3)4 x(2)4

x(2)5

+
x(3)3 x(2)3 x(2)6

x(4)4 x(3)4

)
× (−,+,+,−,−,−) +

(
x(1)3 +

x(4)4 x(1)2

x(3)6

+
x(2)6 x(1)1

x(3)3

+
x(2)4 x(1)1

x(2)2

+
x(2)6 x(1)2

x(3)4

+
x(2)4 x(1)2

x(2)3

+
x(4)4 x(3)4 x(1)1

x(3)6 x(3)3

+
x(4)4 x(2)3 x(1)1

x(3)6 x(2)2

+
x(2)3 x(2)6 x(1)1

x(2)2 x(3)4

)
(+,−,−,+,−,−) + x(3)6 x(2)6
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× (−,−,+,+,+,+) +
(

x(2)4 +
x(4)4 x(2)3

x(3)6

+
x(2)2 x(2)6

x(3)3

+
x(2)3 x(2)6

x(3)4

+
x(4)4 x(2)2 x(3)4

x(3)6 x(3)3

)
× (−,+,−,+,−,−) +

(
x(1)2 +

x(2)5 x(1)1

x(4)4

+
x(3)4 x(1)1

x(3)3

+
x(2)3 x(1)1

x(2)2

)
(+,−,−,−,+,−)

+
(

x(2)6 +
x(4)4 x(3)4

x(3)6

)
(−,−,+,+,−,−) +

(
x(2)3 +

x(2)2 x(2)5

x(4)4

+
x(2)2 x(3)4

x(3)3

)
(−,+,−,−,+,−)

+ x(1)1 (+,−,−,−,−,+) +
(
x(3)4 +

x(3)3 x(2)5

x(4)4

)
(−,−,+,−,+,−) + x(2)2

× (−,+,−,−,−,+) + x(2)5 (−,−,−,+,+,−) + x(3)3 (−,−,+,−,−,+) + x(4)4

× (−,−,−,+,−,+) + x(3)6 (−,−,−,−,+,+) + (−,−,−,−,−,−),

V2(y) = y(3)5 y(2)5 y(1)5 (−,+,+,+,+,−) +
(
y(2)5 y(1)5 +

y(4)4 y(3)4 y(1)5

y(3)5

+
y(4)4 y(3)4 y(2)4 y(1)4

y(3)5 y(2)5

)
× (−,+,+,+,−,+) +

(
y(3)4 y(1)5 +

y(3)3 y(2)6 y(1)5

y(4)4

+
y(3)4 y(2)4 y(1)4

y(2)5

+
y(3)3 y(2)6 y(2)3 y(1)4

y(4)4 y(3)4

+
y(3)3 y(2)6 y(2)4 y(1)4

y(4)4 y(2)5

+
y(3)3 y(2)6 y(2)3 y(1)6 y(1)3

y(4)4 y(3)4 y(2)4

)
(−,+,+,−,+,+) +

(
y(2)6 y(1)5 +

y(2)2 y(2)6 y(1)4

y(3)3

+
y(2)6 y(2)3 y(1)4

y(3)4

+
y(2)6 y(2)4 y(1)4

y(2)5

+
y(2)2 y(2)6 y(1)6 y(1)2

y(3)3 y(2)3

+
y(2)2 y(2)6 y(1)6 y(1)3

y(3)3 y(2)4

+
y(2)6 y(2)3 y(1)6 y(1)3

y(3)4 y(2)4

)
× (−,+,−,+,+,+) +

(
y(3)3 y(1)5 +

y(3)3 y(2)3 y(1)3

y(2)6

+
y(3)3 y(2)3 y(1)4

y(3)4

+
y(3)3 y(2)4 y(1)4

y(2)5

+
y(3)3 y(2)3 y(1)6 y(1)3

y(3)4 y(2)4

)
(−,+,+,−,−,−) +

(
y(2)6 y(1)4 +

y(2)6 y(1)6 y(1)0

y(2)2

+
y(2)6 y(1)6 y(1)2

y(2)3

+
y(2)6 y(1)6 y(1)3

y(2)4

)
(−,−,+,+,+,+) +

(
y(4)4 y(1)5 +

y(4)4 y(2)2 y(1)4

y(3)3

+
y(4)4 y(2)3 y(1)3

y(2)6

+
y(4)4 y(2)3 y(1)4

y(3)4

+
y(4)4 y(2)4 y(1)4

y(2)5

+
y(4)4 y(2)2 y(3)4 y(1)3

y(3)3 y(2)6

+
y(4)4 y(2)2 y(1)6 y(1)2

y(3)3 y(2)3

+
y(4)4 y(2)2 y(1)6 y(1)3

y(3)3 y(2)4

+
y(4)4 y(2)3 y(1)6 y(1)3

y(3)4 y(2)4

+
y(4)4 y(2)2 y(3)4 y(2)4 y(1)2

y(3)3 y(2)6 y(2)3

)
(−,+,−,+,−,−) + y(2)6 y(1)6 (+,+,+,+,+,+) +

(
y(4)4 y(1)4

+
y(4)4 y(1)6 y(1)0

y(2)2

+
y(4)4 y(3)4 y(1)3

y(2)6

+
y(4)4 y(1)6 y(1)2

y(2)3

+
y(4)4 y(1)6 y(1)3

y(2)4

+
y(4)4 y(3)4 y(2)4 y(1)0

y(2)2 y(2)6
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+
y(4)4 y(3)4 y(2)4 x(1)2

y(2)6 y(2)3

)
(−,−,+,+,−,−) +

(
y(3)5 y(1)5 +

y(3)5 y(2)2 y(1)3

y(4)4

+
y(3)5 y(2)2 y(1)4

y(3)3

+
y(3)5 y(2)3 y(1)3

y(2)6

+
y(3)5 y(2)3 y(1)4

y(3)4

+
y(3)5 y(2)4 y(1)4

y(2)5

+
y(3)5 y(2)2 y(2)5 y(1)2

y(4)4 y(3)4

+
y(3)5 y(2)2 y(2)4 y(1)2

y(4)4 y(2)3

+
y(3)5 y(2)2 y(3)4 y(1)3

y(3)3 y(2)6

+
y(3)5 y(2)2 y(1)6 y(1)2

y(3)3 y(2)3

+
y(3)5 y(2)2 y(1)6 y(1)3

y(3)3 y(2)4

+
y(3)5 y(2)3 y(1)6 y(1)3

y(3)4 y(2)4

+
y(3)5 y(2)2 y(3)4 y(2)4 y(1)2

y(3)3 y(2)6 y(2)3

)
(−,+,−,−,+,−) +

(
y(4)4 y(1)6 +

y(4)4 y(3)4 y(2)4

y(2)6

)
(+,+,+,+,−,−)

+
(
y(3)5 y(1)4 +

y(3)5 y(3)3 y(1)3

y(4)4

+
y(3)5 y(1)6 y(1)0

y(2)2

+
y(3)5 y(3)4 y(1)3

y(2)6

+
y(3)5 y(1)6 y(1)2

y(2)3

+
y(3)5 y(1)6 y(1)3

y(2)4

+
y(3)5 y(3)3 y(2)4 y(1)0

y(4)4 y(2)2

+
y(3)5 y(3)3 y(2)5 y(1)2

y(4)4 y(3)4

+
y(3)5 y(3)3 y(2)4 y(1)2

y(4)4 y(2)3

+
y(3)5 y(3)4 y(2)4 y(1)0

y(2)2 y(2)6

+
y(3)5 y(3)4 y(2)4 y(1)2

y(2)6 y(2)3

+
y(3)5 y(3)3 y(2)3 y(2)5 y(1)0

y(4)4 y(2)2 y(3)4

)
(−,−,+,−,+,−) +

(
y(1)5 +

y(2)2 y(1)2

y(3)5

+
y(2)2 y(1)3

y(4)4

+
y(2)2 y(1)4

y(3)3

+
y(2)3 y(1)3

y(2)6

+
y(2)3 y(1)4

y(3)4

+
y(2)4 y(1)4

y(2)5

+
y(2)2 y(2)5 y(1)2

y(4)4 y(3)4

+
y(2)2 y(2)4 y(1)2

y(4)4 y(2)3

+
y(2)2 y(3)4 y(1)3

y(3)3 y(2)6

+
y(2)2 y(1)6 y(1)2

y(3)3 y(2)3

+
y(2)2 y(1)6 y(1)3

y(3)3 y(2)4

+
y(2)3 y(1)6 y(1)3

y(3)4 y(2)4

+
y(2)2 y(3)4 y(2)4 y(1)2

y(3)3 y(2)6 y(2)3

)
(−,+,−,−,−,+)

+
(
y(3)5 y(1)6 +

y(3)5 y(3)3 y(2)4

y(4)4

+
y(3)5 y(3)4 y(2)4

y(2)6

+
y(3)5 y(3)3 y(2)3 y(2)5

y(4)4 y(3)4

)
(+,+,+,−,+,−)

+
(
y(3)5 y(1)3 +

y(3)5 y(2)5 y(1)0

y(3)3

+
y(3)5 y(2)4 y(1)0

y(2)2

+
y(3)5 y(2)5 y(1)2

y(3)4

+
y(3)5 y(2)4 y(1)2

y(2)3

+
y(3)5 y(2)3 y(2)5 y(1)0

y(2)2 y(3)4

)
× (−,−,−,+,+,−) +

(
y(1)4 +

y(3)3 y(1)2

y(3)5

+
y(3)3 y(1)3

y(4)4

+
y(1)6 y(1)0

y(2)2

+
y(3)4 y(1)3

y(2)6

+
y(1)6 y(1)2

y(2)3

+
y(1)6 y(1)3

y(2)4

+
y(3)3 y(2)3 y(1)0

y(3)5 y(2)2

+
y(3)3 y(2)4 y(1)0

y(4)4 y(2)2

+
y(3)3 y(2)5 y(1)2

y(4)4 y(3)4

+
y(3)3 y(2)4 y(1)2

y(4)4 y(2)3

+
y(3)4 y(2)4 y(1)0

y(2)2 y(2)6

+
y(3)4 y(2)4 y(1)2

y(2)6 y(2)3

+
y(3)3 y(2)3 y(2)5 y(1)0

y(4)4 y(2)2 y(3)4

)
(−,−,+,−,−,+) +

(
y(3)5 y(2)4 +

y(3)5 y(2)2 y(2)5

y(3)3

+
y(3)5 y(2)3 y(2)5

y(3)4

)
(+,+,−,+,+,−) +

(
y(1)6 +

y(3)3 y(2)3

y(3)5

+
y(3)3 y(2)4

y(4)4

+
y(3)4 y(2)4

y(2)6

+
y(3)3 y(2)3 y(2)5

y(4)4 y(3)4

)
(+,+,+,−,−,+) +

(
y(1)3 +

y(4)4 y(1)2

y(3)5

+
y(2)5 y(1)0

y(3)3

+
y(2)4 y(1)0

y(2)2

+
y(2)5 y(1)2

y(3)4
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+
y(2)4 y(1)2

y(2)3

+
y(4)4 y(3)4 y(1)0

y(3)5 y(3)3

+
y(4)4 y(2)3 y(1)0

y(3)5 y(2)2

+
y(2)3 y(2)5 y(1)0

y(2)2 y(3)4

)
(−,−,−,+,−,+) + y(3)5 y(2)5

× (+,−,+,+,+,−) +
(
y(2)4 +

y(4)4 y(2)3

y(3)5

+
y(2)2 y(2)5

y(3)3

+
y(2)3 y(2)5

y(3)4

+
y(4)4 y(2)2 y(3)4

y(3)5 y(3)3

)
× (+,+,−,+,−,+) +

(
y(1)2 +

y(2)6 y(1)0

y(4)4

+
y(3)4 y(1)0

y(3)3

+
y(2)3 y(1)0

y(2)2

)
(−,−,−,−,+,+)

+
(
y(2)5 +

y(4)4 y(3)4

y(3)5

)
(+,−,+,+,−,+) +

(
y(2)3 +

y(2)2 y(2)6

y(4)4

+
y(2)2 y(3)4

y(3)3

)
(+,+,−,−,+,+)

+ y(1)0 (−,−,−,−,−,−) +
(
y(3)4 +

y(3)3 y(2)6

y(4)4

)
(+,−,+,−,+,+) + y(2)2 (+,+,−,−,−,−)

+ y(2)6 (+,−,−,+,+,+) + y(3)3 (+,−,+,−,−,−) + y(4)4 (+,−,−,+,−,−) + y(3)5

× (+,−,−,−,+,−) + (+,−,−,−,−,+).

Now for a given x we solve the equation

V2(y) = a(x)σ(V1(x)). (6.2.1)

where a(x) is a rational function in x and the action of σ on V1(x) is induced by its action
on W(v6). Though this equation is over-determined, it can be solved uniquely by comparing
the coefficients of the basis vectors of W(v6). We give the explicit solutions of a(x), and the
variables y(l)m below.

Lemma 6.2.3. The rational function a(x) and the complete solution of (6.2.1) is:

a(x) =
1

x(2)5 x(1)5

,

y(1)0 =
x(3)6 x(2)6 x(1)6

x(2)5 x(1)5

, y(1)6 =
1

x(2)5

, y(2)6 =
1

x(1)5

,

y(1)2 =
( x(2)5 x(1)5

x(3)6 x(2)6

+
x(1)6 x(2)5 x(1)5

x(3)6 x(2)4 x(1)4

+
x(2)6 x(1)6 x(2)5 x(1)5

x(4)4 x(3)4 x(2)4 x(1)4

)−1
,

y(2)2 =
x(4)4 x(3)4 x(2)4 x(1)4

(x(2)5 )2(x(1)5 )2

( x(2)5 x(1)5

x(3)6 x(2)6

+
x(1)6 x(2)5 x(1)5

x(3)6 x(2)4 x(1)4

+
x(2)6 x(1)6 x(2)5 x(1)5

x(4)4 x(3)4 x(2)4 x(1)4

)
,

y(1)3 =
( x(2)5 x(1)5

x(3)6 x(2)4

+
x(2)6 x(2)5 x(1)5

x(4)4 x(3)4 x(2)4

+
x(2)5 x(1)4

x(3)6 x(1)3

+
x(2)6 x(2)5 x(1)4

x(4)4 x(3)4 x(1)3

+
x(2)5 x(2)4 x(1)4

x(4)4 x(2)3 x(1)3

+
x(3)4 x(2)4 x(1)4

x(3)3 x(2)3 x(1)3

)−1
,
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y(2)3 =
x(3)3 x(2)3 x(1)3

(x(2)5 )2(x(1)5 )2

( x(2)5 x(1)5

x(3)6 x(2)4

+
x(2)6 x(2)5 x(1)5

x(4)4 x(3)4 x(2)4

+
x(2)5 x(1)4

x(3)6 x(1)3

+
x(2)6 x(2)5 x(1)4

x(4)4 x(3)4 x(1)3

+
x(2)5 x(2)4 x(1)4

x(4)4 x(2)3 x(1)3

+
x(3)4 x(2)4 x(1)4

x(3)3 x(2)3 x(1)3

)( x(3)3 x(2)3 x(1)3

x(4)4 x(3)4 x(2)4

+
x(1)4 x(3)3 x(2)3

x(1)5 x(4)4 x(3)4

+
x(2)4 x(1)4 x(3)3

x(2)6 x(1)5 x(4)4

+
x(1)6 x(3)3

x(1)5 x(4)4

+
x(3)4 x(2)4 x(1)4

x(2)6 x(2)5 x(1)5

+
x(1)6 x(3)4

x(2)5 x(1)5

)−1
,

y(3)3 =
x(3)3 x(2)3 x(1)3

x(4)4 x(3)4 x(2)4

+
x(1)4 x(3)3 x(2)3

x(1)5 x(4)4 x(3)4

+
x(2)4 x(1)4 x(3)3

x(2)6 x(1)5 x(4)4

+
x(1)6 x(3)3

x(1)5 x(4)4

+
x(3)4 x(2)4 x(1)4

x(2)6 x(2)5 x(1)5

+
x(1)6 x(3)4

x(2)5 x(1)5

,

y(1)4 =
( x(2)5

x(3)6

+
x(2)6 x(2)5

x(4)4 x(3)4

+
x(2)5 x(2)4

x(4)4 x(2)3

+
x(3)4 x(2)4

x(3)3 x(2)3

+
x(2)5 x(1)3

x(4)4 x(1)2

+
x(3)4 x(1)3

x(3)3 x(1)2

+
x(2)3 x(1)3

x(2)2 x(1)2

)−1
,

y(2)4 =
x(2)2 x(1)2

(x(2)5 )2(x(1)5 )2

( x(2)5

x(3)6

+
x(2)6 x(2)5

x(4)4 x(3)4

+
x(2)5 x(2)4

x(4)4 x(2)3

+
x(3)4 x(2)4

x(3)3 x(2)3

+
x(2)5 x(1)3

x(4)4 x(1)2

+
x(3)4 x(1)3

x(3)3 x(1)2

+
x(2)3 x(1)3

x(2)2 x(1)2

)
×
( x(2)2 x(1)2

x(1)5 x(4)4 x(2)3

+
x(3)4 x(2)2 x(1)2

x(2)5 x(1)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(1)5 x(4)4 x(2)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(1)5 x(2)4 x(3)3

+
x(1)4 x(2)2

(x(1)5 )2x(4)4

+
x(3)4 x(1)4 x(2)2

x(2)5 (x(1)5 )2x(3)3

+
x(2)3 x(1)3

x(2)5 x(1)5 x(2)4

+
x(1)4 x(2)3

x(2)5 (x(1)5 )2

)−1
,

y(3)4 =
( x(2)2 x(1)2

x(1)5 x(4)4 x(2)3

+
x(3)4 x(2)2 x(1)2

x(2)5 x(1)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(1)5 x(4)4 x(2)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(1)5 x(2)4 x(3)3

+
x(1)4 x(2)2

(x(1)5 )2x(4)4

+
x(3)4 x(1)4 x(2)2

x(2)5 (x(1)5 )2x(3)3

+
x(2)3 x(1)3

x(2)5 x(1)5 x(2)4

+
x(1)4 x(2)3

x(2)5 (x(1)5 )2

)( x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(1)5 x(3)3

+
x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(1)5 x(3)4

+
x(2)4 x(1)4

x(2)6 x(1)5

+
x(1)6

x(1)5

)−1
,

y(4)4 =
x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(1)5 x(3)3

+
x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(1)5 x(3)4

+
x(2)4 x(1)4

x(2)6 x(1)5

+
x(1)6

x(1)5

,

y(1)5 =
( x(2)5

x(4)4

+
x(3)4

x(3)3

+
x(2)3

x(2)2

+
x(1)2

x(1)1

)−1
,

y(2)5 =
x(1)1

x(2)5 x(1)5

( x(2)5

x(4)4

+
x(3)4

x(3)3

+
x(2)3

x(2)2

+
x(1)2

x(1)1

)( x(1)1

x(2)2

+
x(1)2

x(2)3

+
x(1)3

x(2)4

+
x(1)4

x(1)5

)−1
,

y(3)5 =
x(1)1

x(2)2

+
x(1)2

x(2)3

+
x(1)3

x(2)4

+
x(1)4

x(1)5

.
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Using Lemma 6.2.3 we define the map

σ̄ : V1 → V2,

V1(x) 7→ V2(y).

Now we have the following result.

Proposition 6.2.4. The map σ̄ : V1 → V2 is a bi-positive birational isomorphism with the inverse
positive rational map

σ̄−1 : V2 → V1,

V2(y) 7→ V1(x)

given by

x(1)1 =
y(3)5 y(2)5 y(1)5

y(2)6 y(1)6

, x(1)5 =
1

y(2)6

, x(2)5 =
1

y(1)6

,

x(1)2 =
(y(2)6 y(1)6

y(3)5 y(2)5

+
y(2)6 y(1)6 y(1)5

y(3)5 y(2)4 y(1)4

+
y(2)6 y(1)6 y(2)5 y(1)5

y(4)4 y(3)4 y(2)4 y(1)4

)−1
,

x(2)2 =
y(4)4 y(3)4 y(2)4 y(1)4

(y(2)6 )2(y(1)6 )2

(y(2)6 y(1)6

y(3)5 y(2)5

+
y(2)6 y(1)6 y(1)5

y(3)5 y(2)4 y(1)4

+
y(2)6 y(1)6 y(2)5 y(1)5

y(4)4 y(3)4 y(2)4 y(1)4

)
,

x(1)3 =
(y(2)6 y(1)6

y(3)5 y(2)4

+
y(2)6 y(1)6 y(2)5

y(4)4 y(3)4 y(2)4

+
y(2)6 y(1)4

y(3)5 y(1)3

+
y(2)6 y(2)5 y(1)4

y(4)4 y(3)4 y(1)3

+
y(2)6 y(2)4 y(1)4

y(4)4 y(2)3 y(1)3

+
y(3)4 y(2)4 y(1)4

y(3)3 y(2)3 y(1)3

)−1
,

x(2)3 =
y(3)3 y(2)3 y(1)3

(y(2)6 )2(y(1)6 )2

(y(2)6 y(1)6

y(3)5 y(2)4

+
y(2)6 y(1)6 y(2)5

y(4)4 y(3)4 y(2)4

+
y(2)6 y(1)4

y(3)5 y(1)3

+
y(2)6 y(2)5 y(1)4

y(4)4 y(3)4 y(1)3

+
y(2)6 y(2)4 y(1)4

y(4)4 y(2)3 y(1)3

+
y(3)4 y(2)4 y(1)4

y(3)3 y(2)3 y(1)3

)(y(3)3 y(2)3 y(1)3

y(4)4 y(3)4 y(2)4

+
y(1)4 y(3)3 y(2)3

y(1)6 y(4)4 y(3)4

+
y(2)4 y(1)4 y(3)3

y(1)6 y(2)5 y(4)4

+
y(1)5 y(3)3

y(1)6 y(4)4

+
y(3)4 y(2)4 y(1)4

y(2)6 y(1)6 y(2)5

+
y(1)5 y(3)4

y(2)6 y(1)6

)−1
,

x(3)3 =
y(3)3 y(2)3 y(1)3

y(4)4 y(3)4 y(2)4

+
y(1)4 y(3)3 y(2)3

y(1)6 y(4)4 y(3)4

+
y(2)4 y(1)4 y(3)3

y(1)6 y(2)5 y(4)4

+
y(1)5 y(3)3

y(1)6 y(4)4

+
y(3)4 y(2)4 y(1)4

y(2)6 y(1)6 y(2)5

+
y(1)5 y(3)4

y(2)6 y(1)6

,

x(1)4 =
(y(2)6

y(3)5

+
y(2)6 y(2)5

y(4)4 y(3)4

+
y(2)6 y(2)4

y(4)4 y(2)3

+
y(3)4 y(2)4

y(3)3 y(2)3

+
y(2)6 y(1)3

y(4)4 y(1)2

+
y(3)4 y(1)3

y(3)3 y(1)2

+
y(2)3 y(1)3

y(2)2 y(1)2

)−1
,

x(2)4 =
y(2)2 y(1)2

(y(2)6 )2(y(1)6 )2

(y(2)6

y(3)5

+
y(2)6 y(2)5

y(4)4 y(3)4

+
y(2)6 y(2)4

y(4)4 y(2)3

+
y(3)4 y(2)4

y(3)3 y(2)3

+
y(2)6 y(1)3

y(4)4 y(1)2

+
y(3)4 y(1)3

y(3)3 y(1)2

+
y(2)3 y(1)3

y(2)2 y(1)2

)
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×
( y(2)2 y(1)2

y(1)6 y(4)4 y(2)3

+
y(3)4 y(2)2 y(1)2

y(2)6 y(1)6 y(3)3 y(2)3

+
y(1)3 y(2)2

y(1)6 y(4)4 y(2)4

+
y(3)4 y(1)3 y(2)2

y(2)6 y(1)6 y(2)4 y(3)3

+
y(1)4 y(2)2

(y(1)6 )2y(4)4

+
y(3)4 y(1)4 y(2)2

y(2)6 (y(1)6 )2y(3)3

+
y(2)3 y(1)3

y(2)6 y(1)6 y(2)4

+
y(1)4 y(2)3

y(2)6 (y(1)6 )2

)−1
,

x(3)4 =
( y(2)2 y(1)2

y(1)6 y(4)4 y(2)3

+
y(3)4 y(2)2 y(1)2

y(2)6 y(1)6 y(3)3 y(2)3

+
y(1)3 y(2)2

y(1)6 y(4)4 y(2)4

+
y(3)4 y(1)3 y(2)2

y(2)6 y(1)6 y(2)4 y(3)3

+
y(1)4 y(2)2

(y(1)6 )2y(4)4

+
y(3)4 y(1)4 y(2)2

y(2)6 (y(1)6 )2y(3)3

+
y(2)3 y(1)3

y(2)6 y(1)6 y(2)4

+
y(1)4 y(2)3

y(2)6 (y(1)6 )2

)(y(2)2 y(1)2

y(3)3 y(2)3

+
y(1)3 y(2)2

y(2)4 y(3)3

+
y(1)4 y(2)2

y(1)6 y(3)3

+
y(2)3 y(1)3

y(3)4 y(2)4

+
y(1)4 y(2)3

y(1)6 y(3)4

+
y(2)4 y(1)4

y(1)6 y(2)5

+
y(1)5

y(1)6

)−1
,

x(4)4 =
y(2)2 y(1)2

y(3)3 y(2)3

+
y(1)3 y(2)2

y(2)4 y(3)3

+
y(1)4 y(2)2

y(1)6 y(3)3

+
y(2)3 y(1)3

y(3)4 y(2)4

+
y(1)4 y(2)3

y(1)6 y(3)4

+
y(2)4 y(1)4

y(1)6 y(2)5

+
y(1)5

y(1)6

,

x(1)6 =
(y(2)6

y(4)4

+
y(3)4

y(3)3

+
y(2)3

y(2)2

+
y(1)2

y(1)0

)−1
,

x(2)6 =
y(1)0

y(2)6 y(1)6

(y(2)6

y(4)4

+
y(3)4

y(3)3

+
y(2)3

y(2)2

+
y(1)2

y(1)0

)(y(1)0

y(2)2

+
y(1)2

y(2)3

+
y(1)3

y(2)4

+
y(1)4

y(1)6

)−1
,

x(3)6 =
y(1)0

y(2)2

+
y(1)2

y(2)3

+
y(1)3

y(2)4

+
y(1)4

y(1)6

.

Proof. The fact that σ̄ is a bi-positive birational map follows from the explicit formulas. The
rest follows by direct calculations.

It is known that V1 (respectively V2) has the structure of a g0 (respectively g1) positive
geometric crystal ([1], [25], [33]). Taking the sequence i = (6, 4, 3, 2, 5, 4, 3, 6, 4, 5, 1, 2, 3, 4, 6),
the explicit actions of ec

k, γk, εk on V1(x) for k = 1, 2, 3, 4, 5, 6 are given by Theorem 5.2.3 as
follows.

ec
k(V1(x)) =



V1(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , cx(1)1 , x(1)2 , x(1)3 ,

x(1)4 , x(1)6 ), k = 1,

V1(x(3)6 , x(4)4 , x(3)3 , c2x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , c
c2

x(1)2 ,

x(1)3 , x(1)4 , x(1)6 ), k = 2,

V1(x(3)6 , x(4)4 , c31 x(3)3 , x(2)2 , x(2)5 , x(3)4 , c32 x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 ,
c

c31 c32
x(1)3 , x(1)4 , x(1)6 ), k = 3,
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ec
k(V1(x)) =



V1(x(3)6 , c41 x(4)4 , x(3)3 , x(2)2 , x(2)5 , c42 x(3)4 , x(2)3 , x(2)6 , c43 x(2)4 , x(1)5 , x(1)1 ,

x(1)2 , x(1)3 , c
c41 c42 c43

x(1)4 , x(1)6 ), k = 4,

V1(x(3)6 , x(4)4 , x(3)3 , x(2)2 , c5x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , c
c5

x(1)5 , x(1)1 , x(1)2 ,

x(1)3 , x(1)4 , x(1)6 ), k = 5,

V1(c61 x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , c62 x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 ,

x(1)3 , x(1)4 , c
c61 c62

x(1)6 ), k = 6,

where

c2 =
cx(2)2 x(1)2 + x(2)3 x(1)1

x(2)2 x(1)2 + x(2)3 x(1)1

,

c31 =
cx(3)3 (x(2)3 )2x(1)3 + x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2

x(3)3 (x(2)3 )2x(1)3 + x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2

,

c32 =
cx(3)3 (x(2)3 )2x(1)3 + cx(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2

cx(3)3 (x(2)3 )2x(1)3 + x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2

,

c41 =
cc1

4 + c2
4 + c3

4 + c4
4

c1
4 + c2

4 + c3
4 + c4

4
,

c42 =
cc1

4 + cc2
4 + c3

4 + c4
4

cc1
4 + c2

4 + c3
4 + c4

4
,

c43 =
cc1

4 + cc2
4 + cc3

4 + c4
4

cc1
4 + cc2

4 + c3
4 + c4

4
,

c1
4 = x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 ,

c2
4 = x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 ,

c3
4 = x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 ,

c4
4 = x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 ,

c5 =
cx(2)5 x(1)5 + x(3)4 x(2)4

x(2)5 x(1)5 + x(3)4 x(2)4

,

c61 =
cx(3)6 (x(2)6 )2x(1)6 + x(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4

x(3)6 (x(2)6 )2x(1)6 + x(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4

,

c62 =
cx(3)6 (x(2)6 )2x(1)6 + cx(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4

cx(3)6 (x(2)6 )2x(1)6 + x(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4

.
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γk(V1(x)) =



(x(1)1 )2

x(2)2 x(1)2

, k = 1,

(x(2)2 )2(x(1)2 )2

x(3)3 x(2)3 x(1)3 x(1)1

, k = 2,

(x(3)3 )2(x(2)3 )2(x(1)3 )2

x(4)4 x(3)4 x(2)4 x(1)4 x(2)2 x(1)2

, k = 3,

(x(4)4 )2(x(3)4 )2(x(2)4 )2(x(1)4 )2

x(3)6 x(2)6 x(1)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

, k = 4,

(x(2)5 )2(x(1)5 )2

x(4)4 x(3)4 x(2)4 x(1)4

, k = 5,

(x(3)6 )2(x(2)6 )2(x(1)6 )2

x(4)4 x(3)4 x(2)4 x(1)4

, k = 6.

εk(V1(x)) =



x(2)2

x(1)1

, k = 1,

x(3)3

x(2)2

(
1 + x(2)3 x(1)1

x(2)2 x(1)2

)
, k = 2,

x(4)4

x(3)3

(
1 + x(3)4 x(2)2

x(3)3 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(3)3 (x(2)3 )2x(1)3

)
, k = 3,

x(3)6

x(4)4

(
1 + x(2)5 x(3)3

x(4)4 x(3)4

+
x(2)6 x(2)5 x(3)3 x(2)3

x(4)4 (x(3)4 )2x(2)4

+
x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

x(4)4 (x(3)4 )2(x(2)4 )2x(1)4

)
, k = 4,

x(4)4

x(2)5

(
1 + x(3)4 x(2)4

x(2)5 x(1)5

)
, k = 5,

1
x(3)6

(
1 + x(4)4 x(3)4

x(3)6 x(2)6

+
x(4)4 x(3)4 x(2)4 x(1)4

x(3)6 (x(2)6 )2x(1)6

)
, k = 6.

By taking the sequence i = (5, 4, 3, 2, 6, 4, 3, 5, 4, 6, 0, 2, 3, 4, 5), we also have the following
explicit actions of ēk

c, γ̄k, ε̄k on V2(y) for k = 0, 2, 3, 4, 5, 6 by Theorem 5.2.3.

ēk
c(V2(y)) =



V2(y
(3)
5 , y(4)4 , y(3)3 , y(2)2 , y(2)6 , y(3)4 , y(2)3 , y(2)5 , y(2)4 , y(1)6 , cy(1)0 , y(1)2 , y(1)3 ,

y(1)4 , y(1)5 ), k = 0,

V2(y
(3)
5 , y(4)4 , y(3)3 , c̄2y(2)2 , y(2)6 , y(3)4 , y(2)3 , y(2)5 , y(2)4 , y(1)6 , y(1)0 , c

c̄2
y(1)2 ,

y(1)3 , y(1)4 , y(1)5 ), k = 2,

V2(y
(3)
5 , y(4)4 , c̄31 y(3)3 , y(2)2 , y(2)6 , y(3)4 , c̄32 y(2)3 , y(2)5 , y(2)4 , y(1)6 , y(1)0 , y(1)2 ,
c

c̄31 c̄32
y(1)3 , y(1)4 , y(1)5 ), k = 3,

V2(y
(3)
5 , c̄41 y(4)4 , y(3)3 , y(2)2 , y(2)6 , c̄42 y(3)4 , y(2)3 , y(2)5 , c̄43 y(2)4 , y(1)6 , y(1)0 ,

y(1)2 , y(1)3 , c
c̄41 c̄42 c̄43

y(1)4 , y(1)5 ), k = 4,

V2(c̄51 y(3)5 , y(4)4 , y(3)3 , y(2)2 , y(2)6 , y(3)4 , y(2)3 , c̄52 y(2)5 , y(2)4 , y(1)6 , y(1)0 , y(1)2 ,

y(1)3 , y(1)4 , c
c̄51 c̄52

y(1)5 ), k = 5,

V2(y
(3)
5 , y(4)4 , y(3)3 , y(2)2 , c̄6y(2)6 , y(3)4 , y(2)3 , y(2)5 , y(2)4 , c

c̄6
y(1)6 , y(1)0 , y(1)2 ,

y(1)3 , y(1)4 , y(1)5 ), k = 6,
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where

c̄2 =
cy(2)2 y(1)2 + y(2)3 y(1)0

y(2)2 y(1)2 + y(2)3 y(1)0

,

c̄31 =
cy(3)3 (y(2)3 )2y(1)3 + y(3)4 y(2)3 y(1)3 y(2)2 + y(3)4 y(2)4 y(2)2 y(1)2

y(3)3 (y(2)3 )2y(1)3 + y(3)4 y(2)3 y(1)3 y(2)2 + y(3)4 y(2)4 y(2)2 y(1)2

,

c̄32 =
cy(3)3 (y(2)3 )2y(1)3 + cy(3)4 y(2)3 y(1)3 y(2)2 + y(3)4 y(2)4 y(2)2 y(1)2

cy(3)3 (y(2)3 )2y(1)3 + y(3)4 y(2)3 y(1)3 y(2)2 + y(3)4 y(2)4 y(2)2 y(1)2

,

c̄41 =
cc̄1

4 + c̄2
4 + c̄3

4 + c̄4
4

c̄1
4 + c̄2

4 + c̄3
4 + c̄4

4
,

c̄42 =
cc̄1

4 + cc̄2
4 + c̄3

4 + c̄4
4

cc̄1
4 + c̄2

4 + c̄3
4 + c̄4

4
,

c̄43 =
cc̄1

4 + cc̄2
4 + cc̄3

4 + c̄4
4

cc̄1
4 + cc̄2

4 + c̄3
4 + c̄4

4
,

c̄1
4 = y(4)4 (y(3)4 )2(y(2)4 )2y(1)4 ,

c̄2
4 = y(2)6 y(3)4 (y(2)4 )2y(1)4 y(3)3 ,

c̄3
4 = y(2)6 y(2)5 y(2)4 y(1)4 y(3)3 y(2)3 ,

c̄4
4 = y(2)6 y(1)6 y(2)5 y(3)3 y(2)3 y(1)3 ,

c̄51 =
cy(3)5 (y(2)5 )2y(1)5 + y(2)5 y(1)5 y(4)4 y(3)4 + y(4)4 y(3)4 y(2)4 y(1)4

y(3)5 (y(2)5 )2y(1)5 + y(2)5 y(1)5 y(4)4 y(3)4 + y(4)4 y(3)4 y(2)4 y(1)4

,

c̄52 =
cy(3)5 (y(2)5 )2y(1)5 + cy(2)5 y(1)5 y(4)4 y(3)4 + y(4)4 y(3)4 y(2)4 y(1)4

cy(3)5 (y(2)5 )2y(1)5 + y(2)5 y(1)5 y(4)4 y(3)4 + y(4)4 y(3)4 y(2)4 y(1)4

,

c̄6 =
cy(2)6 y(1)6 + y(3)4 y(2)4

y(2)6 y(1)6 + y(3)4 y(2)4

.

γ̄k(V2(y)) =



(y(1)0 )2

y(2)2 y(1)2

, k = 0,

(y(2)2 )2(y(1)2 )2

y(3)3 y(2)3 y(1)3 y(1)0

, k = 2,

(y(3)3 )2(y(2)3 )2(y(1)3 )2

y(4)4 y(3)4 y(2)4 y(1)4 y(2)2 y(1)2

, k = 3,

(y(4)4 )2(y(3)4 )2(y(2)4 )2(y(1)4 )2

y(2)6 y(1)6 y(3)5 y(2)5 y(1)5 y(3)3 y(2)3 y(1)3

, k = 4,

(y(3)5 )2(y(2)5 )2(y(1)5 )2

y(4)4 y(3)4 y(2)4 y(1)4

, k = 5,

(y(2)6 )2(y(1)6 )2

y(4)4 y(3)4 y(2)4 y(1)4

, k = 6.
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ε̄k(V2(y)) =



y(2)2

y(1)0

, k = 0,

y(3)3

y(2)2

(
1 + y(2)3 y(1)0

y(2)2 y(1)2

)
, k = 2,

y(4)4

y(3)3

(
1 + y(3)4 y(2)2

y(3)3 y(2)3

+
y(3)4 y(2)4 y(2)2 y(1)2

y(3)3 (y(2)3 )2y(1)3

)
, k = 3,

y(3)5

y(4)4

(
1 + y(2)6 y(3)3

y(4)4 y(3)4

+
y(2)6 y(2)5 y(3)3 y(2)3

y(4)4 (y(3)4 )2y(2)4

+
y(2)6 y(1)6 y(2)5 y(3)3 y(2)3 y(1)3

y(4)4 (y(3)4 )2(y(2)4 )2y(1)4

)
, k = 4,

1
y(3)5

(
1 + y(4)4 y(3)4

y(3)5 y(2)5

+
y(4)4 y(3)4 y(2)4 y(1)4

y(3)5 (y(2)5 )2y(1)5

)
, k = 5,

y(4)4

y(2)6

(
1 + y(3)4 y(2)4

y(2)6 y(1)6

)
, k = 6.

The following proposition shows the relation between σ̄, ec
2 and ē4

c which we use in the
proof of the next theorem

Proposition 6.2.5. The relations σ̄ec
2 = ē4

cσ̄ holds.

Proof. Set ec
2(V1(x)) = V1(z), σ̄(V1(z)) = V2(y′), σ̄(V1(x)) = V2(y) and ē4

c(V2(y)) = V2(w).
We need to show that y(l)

′
m = w(l)

m for (l, m) ∈ {(1, 0), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (2, 2), (2, 3),
(2, 4), (2, 5), (2, 6), (3, 3), (3, 4), (3, 5), (4, 4)}. The proof follows from straightforward calcula-
tions.

y(1)
′

0 =
z(3)6 z(2)6 z(1)6

z(2)5 z(1)5

=
x(3)6 x(2)6 x(1)6

x(2)5 x(1)5

= y(1)0 = w(1)
0

y(1)
′

2 =
( z(2)5 z(1)5

z(3)6 z(2)6

+
z(1)6 z(2)5 z(1)5

z(3)6 z(2)4 z(1)4

+
z(2)6 z(1)6 z(2)5 z(1)5

z(4)4 z(3)4 z(2)4 z(1)4

)−1

=
( x(2)5 x(1)5

x(3)6 x(2)6

+
x(1)6 x(2)5 x(1)5

x(3)6 x(2)4 x(1)4

+
x(2)6 x(1)6 x(2)5 x(1)5

x(4)4 x(3)4 x(2)4 x(1)4

)−1
= y(1)2 = w(1)

2

y(1)
′

3 =
( z(2)6 z(1)6

z(3)5 z(2)4

+
z(2)6 z(1)6 z(2)5

z(4)4 z(3)4 z(2)4

+
z(2)6 z(1)4

z(3)5 z(1)3

+
z(2)6 z(2)5 z(1)4

z(4)4 z(3)4 z(1)3

+
z(2)6 z(2)4 z(1)4

z(4)4 z(2)3 z(1)3

+
z(3)4 z(2)4 z(1)4

z(3)3 z(2)3 z(1)3

)−1

=
(y(2)6 y(1)6

y(3)5 y(2)4

+
y(2)6 y(1)6 y(2)5

y(4)4 y(3)4 y(2)4

+
y(2)6 y(1)4

y(3)5 y(1)3

+
y(2)6 y(2)5 y(1)4

y(4)4 y(3)4 y(1)3

+
y(2)6 y(2)4 y(1)4

y(4)4 y(2)3 y(1)3

+
y(3)4 y(2)4 y(1)4

y(3)3 y(2)3 y(1)3

)−1

= y(1)3 = w(1)
3

y(1)
′

4 =
( z(2)5

z(3)6

+
z(2)6 z(2)5

z(4)4 z(3)4

+
z(2)5 z(2)4

z(4)4 z(2)3

+
z(3)4 z(2)4

z(3)3 z(2)3

+
z(2)5 z(1)3

z(4)4 z(1)2

+
z(3)4 z(1)3

z(3)3 z(1)2

+
z(2)3 z(1)3

z(2)2 z(1)2

)−1

=
( x(2)5

x(3)6

+
x(2)6 x(2)5

x(4)4 x(3)4

+
x(2)5 x(2)4

x(4)4 x(2)3

+
x(3)4 x(2)4

x(3)3 x(2)3

+
x(2)5 x(1)3 (cx(2)2 x(1)2 + x(2)3 x(1)1 )

x(4)4 x(1)2 (cx(2)2 x(1)2 + cx(2)3 x(1)1 )
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+
x(3)4 x(1)3 (cx(2)2 x(1)2 + x(2)3 x(1)1 )

x(3)3 x(1)2 (cx(2)2 x(1)2 + cx(2)3 x(1)1 )
+

x(2)3 x(1)3

cx(2)2 x(1)2

)−1

= (cx(2)2 x(1)2 + cx(2)3 x(1)1 )
(( x(2)5

x(3)6

+
x(2)6 x(2)5

x(4)4 x(3)4

+
x(2)5 x(2)4

x(4)4 x(2)3

+
x(3)4 x(2)4

x(3)3 x(2)3

+
x(2)3 x(1)3

cx(2)2 x(1)2

)
(cx(2)2 x(1)2

+ cx(2)3 x(1)1 ) +
( x(2)5 x(1)3

x(4)4 x(1)2

+
x(3)4 x(1)3

x(3)3 x(1)2

)
(cx(2)2 x(1)2 + x(2)3 x(1)1 )

)−1

=
( x(2)5

x(3)6

+
x(2)6 x(2)5

x(4)4 x(3)4

+
x(2)5 x(2)4

x(4)4 x(2)3

+
x(3)4 x(2)4

x(3)3 x(2)3

+
x(2)5 x(1)3

x(4)4 x(1)2

+
x(3)4 x(1)3

x(3)3 x(1)2

+
x(2)3 x(1)3

x(2)2 x(1)2

)−1(( x(2)5

x(3)6

+
x(2)6 x(2)5

x(4)4 x(3)4

+
x(2)5 x(2)4

x(4)4 x(2)3

+
x(3)4 x(2)4

x(3)3 x(2)3

+
x(2)5 x(1)3

x(4)4 x(1)2

+
x(3)4 x(1)3

x(3)3 x(1)2

+
x(2)3 x(1)3

x(2)2 x(1)2

)
(cx(2)2 x(1)2 + cx(2)3 x(1)1 )

)
(( x(2)5

x(3)6

+
x(2)6 x(2)5

x(4)4 x(3)4

+
x(2)5 x(2)4

x(4)4 x(2)3

+
x(3)4 x(2)4

x(3)3 x(2)3

+
x(2)3 x(1)3

cx(2)2 x(1)2

)
(cx(2)2 x(1)2 + cx(2)3 x(1)1 ) +

( x(2)5 x(1)3

x(4)4 x(1)2

+
x(3)4 x(1)3

x(3)3 x(1)2

)
(cx(2)2 x(1)2 + x(2)3 x(1)1 )

)−1

= y(1)4

(
cy(4)4 (y(3)4 )2(y(2)4 )2y(1)4 + cy(2)6 y(3)4 (y(2)4 )2y(1)4 y(3)3 + cy(2)6 y(2)5 y(2)4 y(1)4 y(3)3 y(2)3

+ cy(2)6 y(1)6 y(2)5 y(3)3 y(2)3 y(1)3

)(
cy(4)4 (y(3)4 )2(y(2)4 )2y(1)4 + cy(2)6 y(3)4 (y(2)4 )2y(1)4 y(3)3

+ cy(2)6 y(2)5 y(2)4 y(1)4 y(3)3 y(2)3 + y(2)6 y(1)6 y(2)5 y(3)3 y(2)3 y(1)3

)−1
by Maple

= w(1)
4

y(1)
′

5 =
( z(2)5

z(4)4

+
z(3)4

z(3)3

+
z(2)3

z(2)2

+
z(1)2

z(1)1

)−1

=
( x(2)5

x(4)4

+
x(3)4

x(3)3

+
x(2)3 (x(2)2 x(1)2 + x(2)3 x(1)1 )

x(2)2 (cx(2)2 x(1)2 + x(2)3 x(1)1 )
+

x(1)2 (cx(2)2 x(1)2 + cx(2)3 x(1)1 )

x(1)1 (cx(2)2 x(1)2 + x(2)3 x(1)1 )

)−1

=
( x(2)5

x(4)4

+
x(3)4

x(3)3

+
x(2)3

x(2)2

+
x(1)2

x(1)1

)−1
= y(1)5 = w(1)

5

y(1)
′

6 =
1

z(2)5

=
1

x(2)5

= y(1)6 = w(1)
6

y(2)
′

2 =
z(4)4 z(3)4 z(2)4 z(1)4

(z(2)5 )2(z(1)5 )2

( z(2)5 z(1)5

z(3)6 z(2)6

+
z(1)6 z(2)5 z(1)5

z(3)6 z(2)4 z(1)4

+
z(2)6 z(1)6 z(2)5 z(1)5

z(4)4 z(3)4 z(2)4 z(1)4

)
=

x(4)4 x(3)4 x(2)4 x(1)4

(x(2)5 )2(x(1)5 )2

( x(2)5 x(1)5

x(3)6 x(2)6

+
x(1)6 x(2)5 x(1)5

x(3)6 x(2)4 x(1)4

+
x(2)6 x(1)6 x(2)5 x(1)5

x(4)4 x(3)4 x(2)4 x(1)4

)
= y(2)2 = w(2)

2

53



y(2)
′

3 =
z(3)3 z(2)3 z(1)3

(z(2)5 )2(z(1)5 )2

( z(2)5 z(1)5

z(3)6 z(2)4

+
z(2)6 z(2)5 z(1)5

z(4)4 z(3)4 z(2)4

+
z(2)5 z(1)4

z(3)6 z(1)3

+
z(2)6 z(2)5 z(1)4

z(4)4 z(3)4 z(1)3

+
z(2)5 z(2)4 z(1)4

z(4)4 z(2)3 z(1)3

+
z(3)4 z(2)4 z(1)4

z(3)3 z(2)3 z(1)3

)( z(3)3 z(2)3 z(1)3

z(4)4 z(3)4 z(2)4

+
z(1)4 z(3)3 z(2)3

z(1)5 z(4)4 z(3)4

+
z(2)4 z(1)4 z(3)3

z(2)6 z(1)5 z(4)4

+
z(1)6 z(3)3

z(1)5 z(4)4

+
z(3)4 z(2)4 z(1)4

z(2)6 z(2)5 z(1)5

+
z(1)6 z(3)4

z(2)5 z(1)5

)−1

=
x(3)3 x(2)3 x(1)3

(x(2)5 )2(x(1)5 )2

( x(2)5 x(1)5

x(3)6 x(2)4

+
x(2)6 x(2)5 x(1)5

x(4)4 x(3)4 x(2)4

+
x(2)5 x(1)4

x(3)6 x(1)3

+
x(2)6 x(2)5 x(1)4

x(4)4 x(3)4 x(1)3

+
x(2)5 x(2)4 x(1)4

x(4)4 x(2)3 x(1)3

+
x(3)4 x(2)4 x(1)4

x(3)3 x(2)3 x(1)3

)( x(3)3 x(2)3 x(1)3

x(4)4 x(3)4 x(2)4

+
x(1)4 x(3)3 x(2)3

x(1)5 x(4)4 x(3)4

+
x(2)4 x(1)4 x(3)3

x(2)6 x(1)5 x(4)4

+
x(1)6 x(3)3

x(1)5 x(4)4

+
x(3)4 x(2)4 x(1)4

x(2)6 x(2)5 x(1)5

+
x(1)6 x(3)4

x(2)5 x(1)5

)−1
= y(2)3 = w(2)

3

y(2)
′

4 =
z(2)2 z(1)2

(z(2)5 )2(z(1)5 )2

( z(2)5

z(3)6

+
z(2)6 z(2)5

z(4)4 z(3)4

+
z(2)5 z(2)4

z(4)4 z(2)3

+
z(3)4 z(2)4

z(3)3 z(2)3

+
z(2)5 z(1)3

z(4)4 z(1)2

+
z(3)4 z(1)3

z(3)3 z(1)2

+
z(2)3 z(1)3

z(2)2 z(1)2

)
×
( z(2)2 z(1)2

z(1)5 z(4)4 z(2)3

+
z(3)4 z(2)2 z(1)2

z(2)5 z(1)5 z(3)3 z(2)3

+
z(1)3 z(2)2

z(1)5 z(4)4 z(2)4

+
z(3)4 z(1)3 z(2)2

z(2)5 z(1)5 z(2)4 z(3)3

+
z(1)4 z(2)2

(z(1)5 )2z(4)4

+
z(3)4 z(1)4 z(2)2

z(2)5 (z(1)5 )2z(3)3

+
z(2)3 z(1)3

z(2)5 z(1)5 z(2)4

+
z(1)4 z(2)3

z(2)5 (z(1)5 )2

)−1

=
cx(2)2 x(1)2

(x(2)5 )2(x(1)5 )2

( x(2)5

x(3)6

+
x(2)6 x(2)5

x(4)4 x(3)4

+
x(2)5 x(2)4

x(4)4 x(2)3

+
x(3)4 x(2)4

x(3)3 x(2)3

+
x(2)5 x(1)3 (cx(2)2 x(1)2 + x(2)3 x(1)1 )

x(4)4 x(1)2 (cx(2)2 x(1)2 + cx(2)3 x(1)1 )

+
x(3)4 x(1)3 (cx(2)2 x(1)2 + x(2)3 x(1)1 )

x(3)3 x(1)2 (cx(2)2 x(1)2 + cx(2)3 x(1)1 )
+

x(2)3 x(1)3

cx(2)2 x(1)2

)( cx(2)2 x(1)2

x(1)5 x(4)4 x(2)3

+
cx(3)4 x(2)2 x(1)2

x(2)5 x(1)5 x(3)3 x(2)3

+
x(1)3 x(2)2 (cx(2)2 x(1)2 + x(2)3 x(1)1 )

x(1)5 x(4)4 x(2)4 (x(2)2 x(1)2 + x(2)3 x(1)1 )
+

x(3)4 x(1)3 x(2)2 (cx(2)2 x(1)2 + x(2)3 x(1)1 )

x(2)5 x(1)5 x(2)4 x(3)3 (x(2)2 x(1)2 + x(2)3 x(1)1 )

+
x(1)4 x(2)2 (cx(2)2 x(1)2 + x(2)3 x(1)1 )

(x(1)5 )2x(4)4 (x(2)2 x(1)2 + x(2)3 x(1)1 )
+

x(3)4 x(1)4 x(2)2 (cx(2)2 x(1)2 + x(2)3 x(1)1 )

x(2)5 (x(1)5 )2x(3)3 (x(2)2 x(1)2 + x(2)3 x(1)1 )
+

x(2)3 x(1)3

x(2)5 x(1)5 x(2)4

+
x(1)4 x(2)3

x(2)5 (x(1)5 )2

)−1

=
cx(2)2 x(1)2

(x(2)5 )2(x(1)5 )2
· 1

(cx(2)2 x(1)2 + cx(2)3 x(1)1 )

(( x(2)5

x(3)6

+
x(2)6 x(2)5

x(4)4 x(3)4

+
x(2)5 x(2)4

x(4)4 x(2)3

+
x(3)4 x(2)4

x(3)3 x(2)3

+
x(2)3 x(1)3

cx(2)2 x(1)2

)
(cx(2)2 x(1)2 + cx(2)3 x(1)1 ) +

( x(2)5 x(1)3

x(4)4 x(1)2

+
x(3)4 x(1)3

x(3)3 x(1)2

)
(cx(2)2 x(1)2 + x(2)3 x(1)1 )

)
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× (x(2)2 x(1)2 + x(2)3 x(1)1 )
(( cx(2)2 x(1)2

x(1)5 x(4)4 x(2)3

+
cx(3)4 x(2)2 x(1)2

x(2)5 x(1)5 x(3)3 x(2)3

+
x(2)3 x(1)3

x(2)5 x(1)5 x(2)4

+
x(1)4 x(2)3

x(2)5 (x(1)5 )2

)
× (x(2)2 x(1)2 + x(2)3 x(1)1 ) +

( x(1)3 x(2)2

x(1)5 x(4)4 x(2)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(1)5 x(2)4 x(3)3

+
x(1)4 x(2)2

(x(1)5 )2x(4)4

+
x(3)4 x(1)4 x(2)2

x(2)5 (x(1)5 )2x(3)3

)
× (cx(2)2 x(1)2 + x(2)3 x(1)1 )

)−1

=
x(2)2 x(1)2

(x(2)5 )2(x(1)5 )2

( x(2)5

x(3)6

+
x(2)6 x(2)5

x(4)4 x(3)4

+
x(2)5 x(2)4

x(4)4 x(2)3

+
x(3)4 x(2)4

x(3)3 x(2)3

+
x(2)5 x(1)3

x(4)4 x(1)2

+
x(3)4 x(1)3

x(3)3 x(1)2

+
x(2)3 x(1)3

x(2)2 x(1)2

)
×
( x(2)5

x(3)6

+
x(2)6 x(2)5

x(4)4 x(3)4

+
x(2)5 x(2)4

x(4)4 x(2)3

+
x(3)4 x(2)4

x(3)3 x(2)3

+
x(2)5 x(1)3

x(4)4 x(1)2

+
x(3)4 x(1)3

x(3)3 x(1)2

+
x(2)3 x(1)3

x(2)2 x(1)2

)−1

×
(( x(2)5

x(3)6

+
x(2)6 x(2)5

x(4)4 x(3)4

+
x(2)5 x(2)4

x(4)4 x(2)3

+
x(3)4 x(2)4

x(3)3 x(2)3

+
x(2)3 x(1)3

cx(2)2 x(1)2

)
(cx(2)2 x(1)2 + cx(2)3 x(1)1 )

+
( x(2)5 x(1)3

x(4)4 x(1)2

+
x(3)4 x(1)3

x(3)3 x(1)2

)
(cx(2)2 x(1)2 + x(2)3 x(1)1 )

)( x(2)2 x(1)2

x(1)5 x(4)4 x(2)3

+
x(3)4 x(2)2 x(1)2

x(2)5 x(1)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(1)5 x(4)4 x(2)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(1)5 x(2)4 x(3)3

+
x(1)4 x(2)2

(x(1)5 )2x(4)4

+
x(3)4 x(1)4 x(2)2

x(2)5 (x(1)5 )2x(3)3

+
x(2)3 x(1)3

x(2)5 x(1)5 x(2)4

+
x(1)4 x(2)3

x(2)5 (x(1)5 )2

)−1( x(2)2 x(1)2

x(1)5 x(4)4 x(2)3

+
x(3)4 x(2)2 x(1)2

x(2)5 x(1)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(1)5 x(4)4 x(2)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(1)5 x(2)4 x(3)3

+
x(1)4 x(2)2

(x(1)5 )2x(4)4

+
x(3)4 x(1)4 x(2)2

x(2)5 (x(1)5 )2x(3)3

+
x(2)3 x(1)3

x(2)5 x(1)5 x(2)4

+
x(1)4 x(2)3

x(2)5 (x(1)5 )2

)(( cx(2)2 x(1)2

x(1)5 x(4)4 x(2)3

+
cx(3)4 x(2)2 x(1)2

x(2)5 x(1)5 x(3)3 x(2)3

+
x(2)3 x(1)3

x(2)5 x(1)5 x(2)4

+
x(1)4 x(2)3

x(2)5 (x(1)5 )2

)
(x(2)2 x(1)2 + x(2)3 x(1)1 ) +

( x(1)3 x(2)2

x(1)5 x(4)4 x(2)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(1)5 x(2)4 x(3)3

+
x(1)4 x(2)2

(x(1)5 )2x(4)4

+
x(3)4 x(1)4 x(2)2

x(2)5 (x(1)5 )2x(3)3

)
(cx(2)2 x(1)2 + x(2)3 x(1)1 )

)−1

=
x(2)2 x(1)2

(x(2)5 )2(x(1)5 )2

( x(2)5

x(3)6

+
x(2)6 x(2)5

x(4)4 x(3)4

+
x(2)5 x(2)4

x(4)4 x(2)3

+
x(3)4 x(2)4

x(3)3 x(2)3

+
x(2)5 x(1)3

x(4)4 x(1)2

+
x(3)4 x(1)3

x(3)3 x(1)2

+
x(2)3 x(1)3

x(2)2 x(1)2

)
×
( x(2)2 x(1)2

x(1)5 x(4)4 x(2)3

+
x(3)4 x(2)2 x(1)2

x(2)5 x(1)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(1)5 x(4)4 x(2)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(1)5 x(2)4 x(3)3

+
x(1)4 x(2)2

(x(1)5 )2x(4)4

+
x(3)4 x(1)4 x(2)2

x(2)5 (x(1)5 )2x(3)3

+
x(2)3 x(1)3

x(2)5 x(1)5 x(2)4

+
x(1)4 x(2)3

x(2)5 (x(1)5 )2

)−1(( x(2)5

x(3)6

+
x(2)6 x(2)5

x(4)4 x(3)4

+
x(2)5 x(2)4

x(4)4 x(2)3

+
x(3)4 x(2)4

x(3)3 x(2)3

+
x(2)5 x(1)3

x(4)4 x(1)2

+
x(3)4 x(1)3

x(3)3 x(1)2

+
x(2)3 x(1)3

x(2)2 x(1)2

)
(x(2)2 x(1)2 + x(2)3 x(1)1 )

)−1(( x(2)5

x(3)6

+
x(2)6 x(2)5

x(4)4 x(3)4

+
x(2)5 x(2)4

x(4)4 x(2)3
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+
x(3)4 x(2)4

x(3)3 x(2)3

+
x(2)3 x(1)3

cx(2)2 x(1)2

)
(cx(2)2 x(1)2 + cx(2)3 x(1)1 ) +

( x(2)5 x(1)3

x(4)4 x(1)2

+
x(3)4 x(1)3

x(3)3 x(1)2

)
(cx(2)2 x(1)2

+ x(2)3 x(1)1 )
)(( x(2)2 x(1)2

x(1)5 x(4)4 x(2)3

+
x(3)4 x(2)2 x(1)2

x(2)5 x(1)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(1)5 x(4)4 x(2)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(1)5 x(2)4 x(3)3

+
x(1)4 x(2)2

(x(1)5 )2x(4)4

+
x(3)4 x(1)4 x(2)2

x(2)5 (x(1)5 )2x(3)3

+
x(2)3 x(1)3

x(2)5 x(1)5 x(2)4

+
x(1)4 x(2)3

x(2)5 (x(1)5 )2

)
(x(2)2 x(1)2 + x(2)3 x(1)1 )

)
×
(( cx(2)2 x(1)2

x(1)5 x(4)4 x(2)3

+
cx(3)4 x(2)2 x(1)2

x(2)5 x(1)5 x(3)3 x(2)3

+
x(2)3 x(1)3

x(2)5 x(1)5 x(2)4

+
x(1)4 x(2)3

x(2)5 (x(1)5 )2

)
(x(2)2 x(1)2 + x(2)3 x(1)1 )

+
( x(1)3 x(2)2

x(1)5 x(4)4 x(2)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(1)5 x(2)4 x(3)3

+
x(1)4 x(2)2

(x(1)5 )2x(4)4

+
x(3)4 x(1)4 x(2)2

x(2)5 (x(1)5 )2x(3)3

)
(cx(2)2 x(1)2

+ x(2)3 x(1)1 )
)−1

= y(2)4

(
cy(4)4 (y(3)4 )2(y(2)4 )2y(1)4 + cy(2)6 y(3)4 (y(2)4 )2y(1)4 y(3)3 + cy(2)6 y(2)5 y(2)4 y(1)4 y(3)3 y(2)3

+ y(2)6 y(1)6 y(2)5 y(3)3 y(2)3 y(1)3

)(
y(4)4 (y(3)4 )2(y(2)4 )2y(1)4 + y(2)6 y(3)4 (y(2)4 )2y(1)4 y(3)3

+ y(2)6 y(2)5 y(2)4 y(1)4 y(3)3 y(2)3 + y(2)6 y(1)6 y(2)5 y(3)3 y(2)3 y(1)3

)−1(
y(4)4 (y(3)4 )2(y(2)4 )2y(1)4

+ y(2)6 y(3)4 (y(2)4 )2y(1)4 y(3)3 + y(2)6 y(2)5 y(2)4 y(1)4 y(3)3 y(2)3 + y(2)6 y(1)6 y(2)5 y(3)3 y(2)3 y(1)3

)
×
(

cy(4)4 (y(3)4 )2(y(2)4 )2y(1)4 + cy(2)6 y(3)4 (y(2)4 )2y(1)4 y(3)3 + y(2)6 y(2)5 y(2)4 y(1)4 y(3)3 y(2)3

+ y(2)6 y(1)6 y(2)5 y(3)3 y(2)3 y(1)3

)−1
by Maple

= y(2)4

(
cy(4)4 (y(3)4 )2(y(2)4 )2y(1)4 + cy(2)6 y(3)4 (y(2)4 )2y(1)4 y(3)3 + cy(2)6 y(2)5 y(2)4 y(1)4 y(3)3 y(2)3

+ y(2)6 y(1)6 y(2)5 y(3)3 y(2)3 y(1)3

)(
cy(4)4 (y(3)4 )2(y(2)4 )2y(1)4 + cy(2)6 y(3)4 (y(2)4 )2y(1)4 y(3)3

+ y(2)6 y(2)5 y(2)4 y(1)4 y(3)3 y(2)3 + y(2)6 y(1)6 y(2)5 y(3)3 y(2)3 y(1)3

)−1
= w(2)

4

y(2)
′

5 =
z(1)1

z(2)5 z(1)5

( z(2)5

z(4)4

+
z(3)4

z(3)3

+
z(2)3

z(2)2

+
z(1)2

z(1)1

)( z(1)1

z(2)2

+
z(1)2

z(2)3

+
z(1)3

z(2)4

+
z(1)4

z(1)5

)−1

=
x(1)1

x(2)5 x(1)5

( x(2)5

x(4)4

+
x(3)4

x(3)3

+
x(2)3 (x(2)2 x(1)2 + x(2)3 x(1)1 )

x(2)2 (cx(2)2 x(1)2 + x(2)3 x(1)1 )
+

x(1)2 (cx(2)2 x(1)2 + cx(2)3 x(1)1 )

x(1)1 (cx(2)2 x(1)2 + x(2)3 x(1)1 )

)
×
( x(1)1 (x(2)2 x(1)2 + x(2)3 x(1)1 )

x(2)2 (cx(2)2 x(1)2 + x(2)3 x(1)1 )
+

x(1)2 (cx(2)2 x(1)2 + cx(2)3 x(1)1 )

x(2)3 (cx(2)2 x(1)2 + x(2)3 x(1)1 )
+

x(1)3

x(2)4

+
x(1)4

x(1)5

)−1

=
x(1)1

x(2)5 x(1)5

( x(2)5

x(4)4

+
x(3)4

x(3)3

+
x(2)3

x(2)2

+
x(1)2

x(1)1

)( x(1)1

x(2)2

+
x(1)2

x(2)3

+
x(1)3

x(2)4

+
x(1)4

x(1)5

)−1
= y(2)5 = w(2)

5
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y(2)
′

6 =
z(3)6 z(2)6 z(1)6

z(2)5 z(1)5

=
x(3)6 x(2)6 x(1)6

x(2)5 x(1)5

= y(1)0 = w(2)
6

y(3)
′

3 =
z(3)3 z(2)3 z(1)3

z(4)4 z(3)4 z(2)4

+
z(1)4 z(3)3 z(2)3

z(1)5 z(4)4 z(3)4

+
z(2)4 z(1)4 z(3)3

z(2)6 z(1)5 z(4)4

+
z(1)6 z(3)3

z(1)5 z(4)4

+
z(3)4 z(2)4 z(1)4

z(2)6 z(2)5 z(1)5

+
z(1)6 z(3)4

z(2)5 z(1)5

=
x(3)3 x(2)3 x(1)3

x(4)4 x(3)4 x(2)4

+
x(1)4 x(3)3 x(2)3

x(1)5 x(4)4 x(3)4

+
x(2)4 x(1)4 x(3)3

x(2)6 x(1)5 x(4)4

+
x(1)6 x(3)3

x(1)5 x(4)4

+
x(3)4 x(2)4 x(1)4

x(2)6 x(2)5 x(1)5

+
x(1)6 x(3)4

x(2)5 x(1)5

= y(3)3 = w(3)
3

y(3)
′

4 =
( z(2)2 z(1)2

z(1)5 z(4)4 z(2)3

+
z(3)4 z(2)2 z(1)2

z(2)5 z(1)5 z(3)3 z(2)3

+
z(1)3 z(2)2

z(1)5 z(4)4 z(2)4

+
z(3)4 z(1)3 z(2)2

z(2)5 z(1)5 z(2)4 z(3)3

+
z(1)4 z(2)2

(z(1)5 )2z(4)4

+
z(3)4 z(1)4 z(2)2

z(2)5 (z(1)5 )2z(3)3

+
z(2)3 z(1)3

z(2)5 z(1)5 z(2)4

+
z(1)4 z(2)3

z(2)5 (z(1)5 )2

)( z(2)2 z(1)2

z(3)3 z(2)3

+
z(1)3 z(2)2

z(2)4 z(3)3

+
z(1)4 z(2)2

z(1)5 z(3)3

+
z(2)3 z(1)3

z(3)4 z(2)4

+
z(1)4 z(2)3

z(1)5 z(3)4

+
z(2)4 z(1)4

z(2)6 z(1)5

+
z(1)6

z(1)5

)−1

=
( cx(2)2 x(1)2

x(1)5 x(4)4 x(2)3

+
cx(3)4 x(2)2 x(1)2

x(2)5 x(1)5 x(3)3 x(2)3

+
x(1)3 x(2)2 (cx(2)2 x(1)2 + x(2)3 x(1)1 )

x(1)5 x(4)4 x(2)4 (x(2)2 x(1)2 + x(2)3 x(1)1 )

+
x(3)4 x(1)3 x(2)2 (cx(2)2 x(1)2 + x(2)3 x(1)1 )

x(2)5 x(1)5 x(2)4 x(3)3 (x(2)2 x(1)2 + x(2)3 x(1)1 )
+

x(1)4 x(2)2 (cx(2)2 x(1)2 + x(2)3 x(1)1 )

(x(1)5 )2x(4)4 (x(2)2 x(1)2 + x(2)3 x(1)1 )

+
x(3)4 x(1)4 x(2)2 (cx(2)2 x(1)2 + x(2)3 x(1)1 )

x(2)5 (x(1)5 )2x(3)3 (x(2)2 x(1)2 + x(2)3 x(1)1 )
+

x(2)3 x(1)3

x(2)5 x(1)5 x(2)4

+
x(1)4 x(2)3

x(2)5 (x(1)5 )2

)( cx(2)2 x(1)2

x(3)3 x(2)3

+
x(1)3 x(2)2 (cx(2)2 x(1)2 + x(2)3 x(1)1 )

x(2)4 x(3)3 (x(2)2 x(1)2 + x(2)3 x(1)1 )
+

x(1)4 x(2)2 (cx(2)2 x(1)2 + x(2)3 x(1)1 )

x(1)5 x(3)3 (x(2)2 x(1)2 + x(2)3 x(1)1 )
+

x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(1)5 x(3)4

+
x(2)4 x(1)4

x(2)6 x(1)5

+
x(1)6

x(1)5

)−1

=
1

(x(2)2 x(1)2 + x(2)3 x(1)1 )

(( cx(2)2 x(1)2

x(1)5 x(4)4 x(2)3

+
cx(3)4 x(2)2 x(1)2

x(2)5 x(1)5 x(3)3 x(2)3

+
x(2)3 x(1)3

x(2)5 x(1)5 x(2)4

+
x(1)4 x(2)3

x(2)5 (x(1)5 )2

)
× (x(2)2 x(1)2 + x(2)3 x(1)1 ) +

( x(1)3 x(2)2

x(1)5 x(4)4 x(2)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(1)5 x(2)4 x(3)3

+
x(1)4 x(2)2

(x(1)5 )2x(4)4

+
x(3)4 x(1)4 x(2)2

x(2)5 (x(1)5 )2x(3)3

)
× (cx(2)2 x(1)2 + x(2)3 x(1)1 )

)
(x(2)2 x(1)2 + x(2)3 x(1)1 )

(( x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(1)5 x(3)3

)
(cx(2)2 x(1)2 + x(2)3 x(1)1 )

+
( cx(2)2 x(1)2

x(3)3 x(2)3

+
x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(1)5 x(3)4

+
x(2)4 x(1)4

x(2)6 x(1)5

+
x(1)6

x(1)5

)
(x(2)2 x(1)2 + x(2)3 x(1)1 )

)−1
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=
( x(2)2 x(1)2

x(1)5 x(4)4 x(2)3

+
x(3)4 x(2)2 x(1)2

x(2)5 x(1)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(1)5 x(4)4 x(2)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(1)5 x(2)4 x(3)3

+
x(1)4 x(2)2

(x(1)5 )2x(4)4

+
x(3)4 x(1)4 x(2)2

x(2)5 (x(1)5 )2x(3)3

+
x(2)3 x(1)3

x(2)5 x(1)5 x(2)4

+
x(1)4 x(2)3

x(2)5 (x(1)5 )2

)( x(2)2 x(1)2

x(1)5 x(4)4 x(2)3

+
x(3)4 x(2)2 x(1)2

x(2)5 x(1)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(1)5 x(4)4 x(2)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(1)5 x(2)4 x(3)3

+
x(1)4 x(2)2

(x(1)5 )2x(4)4

+
x(3)4 x(1)4 x(2)2

x(2)5 (x(1)5 )2x(3)3

+
x(2)3 x(1)3

x(2)5 x(1)5 x(2)4

+
x(1)4 x(2)3

x(2)5 (x(1)5 )2

)−1(( cx(2)2 x(1)2

x(1)5 x(4)4 x(2)3

+
cx(3)4 x(2)2 x(1)2

x(2)5 x(1)5 x(3)3 x(2)3

+
x(2)3 x(1)3

x(2)5 x(1)5 x(2)4

+
x(1)4 x(2)3

x(2)5 (x(1)5 )2

)
(x(2)2 x(1)2

+ x(2)3 x(1)1 ) +
( x(1)3 x(2)2

x(1)5 x(4)4 x(2)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(1)5 x(2)4 x(3)3

+
x(1)4 x(2)2

(x(1)5 )2x(4)4

+
x(3)4 x(1)4 x(2)2

x(2)5 (x(1)5 )2x(3)3

)
(cx(2)2 x(1)2

+ x(2)3 x(1)1 )
)( x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(1)5 x(3)3

+
x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(1)5 x(3)4

+
x(2)4 x(1)4

x(2)6 x(1)5

+
x(1)6

x(1)5

)−1

×
( x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(1)5 x(3)3

+
x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(1)5 x(3)4

+
x(2)4 x(1)4

x(2)6 x(1)5

+
x(1)6

x(1)5

)
×
(( x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(1)5 x(3)3

)
(cx(2)2 x(1)2 + x(2)3 x(1)1 ) +

( cx(2)2 x(1)2

x(3)3 x(2)3

+
x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(1)5 x(3)4

+
x(2)4 x(1)4

x(2)6 x(1)5

+
x(1)6

x(1)5

)
(x(2)2 x(1)2 + x(2)3 x(1)1 )

)−1

=
( x(2)2 x(1)2

x(1)5 x(4)4 x(2)3

+
x(3)4 x(2)2 x(1)2

x(2)5 x(1)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(1)5 x(4)4 x(2)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(1)5 x(2)4 x(3)3

+
x(1)4 x(2)2

(x(1)5 )2x(4)4

+
x(3)4 x(1)4 x(2)2

x(2)5 (x(1)5 )2x(3)3

+
x(2)3 x(1)3

x(2)5 x(1)5 x(2)4

+
x(1)4 x(2)3

x(2)5 (x(1)5 )2

)( x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(1)5 x(3)3

+
x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(1)5 x(3)4

+
x(2)4 x(1)4

x(2)6 x(1)5

+
x(1)6

x(1)5

)−1(( x(2)2 x(1)2

x(1)5 x(4)4 x(2)3

+
x(3)4 x(2)2 x(1)2

x(2)5 x(1)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(1)5 x(4)4 x(2)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(1)5 x(2)4 x(3)3

+
x(1)4 x(2)2

(x(1)5 )2x(4)4

+
x(3)4 x(1)4 x(2)2

x(2)5 (x(1)5 )2x(3)3

+
x(2)3 x(1)3

x(2)5 x(1)5 x(2)4

+
x(1)4 x(2)3

x(2)5 (x(1)5 )2

)
(x(2)2 x(1)2

+ x(2)3 x(1)1 )
)−1(( cx(2)2 x(1)2

x(1)5 x(4)4 x(2)3

+
cx(3)4 x(2)2 x(1)2

x(2)5 x(1)5 x(3)3 x(2)3

+
x(2)3 x(1)3

x(2)5 x(1)5 x(2)4

+
x(1)4 x(2)3

x(2)5 (x(1)5 )2

)
(x(2)2 x(1)2

+ x(2)3 x(1)1 ) +
( x(1)3 x(2)2

x(1)5 x(4)4 x(2)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(1)5 x(2)4 x(3)3

+
x(1)4 x(2)2

(x(1)5 )2x(4)4

+
x(3)4 x(1)4 x(2)2

x(2)5 (x(1)5 )2x(3)3

)
(cx(2)2 x(1)2

+ x(2)3 x(1)1 )
)(( x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(1)5 x(3)3

+
x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(1)5 x(3)4

+
x(2)4 x(1)4

x(2)6 x(1)5

+
x(1)6

x(1)5

)
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× (x(2)2 x(1)2 + x(2)3 x(1)1 )
)(( x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(1)5 x(3)3

)
(cx(2)2 x(1)2 + x(2)3 x(1)1 ) +

( cx(2)2 x(1)2

x(3)3 x(2)3

+
x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(1)5 x(3)4

+
x(2)4 x(1)4

x(2)6 x(1)5

+
x(1)6

x(1)5

)
(x(2)2 x(1)2 + x(2)3 x(1)1 )

)−1

= y(3)4

(
y(4)4 (y(3)4 )2(y(2)4 )2y(1)4 + y(2)6 y(3)4 (y(2)4 )2y(1)4 y(3)3 + y(2)6 y(2)5 y(2)4 y(1)4 y(3)3 y(2)3

+ y(2)6 y(1)6 y(2)5 y(3)3 y(2)3 y(1)3

)−1(
cy(4)4 (y(3)4 )2(y(2)4 )2y(1)4 + cy(2)6 y(3)4 (y(2)4 )2y(1)4 y(3)3

+ y(2)6 y(2)5 y(2)4 y(1)4 y(3)3 y(2)3 + y(2)6 y(1)6 y(2)5 y(3)3 y(2)3 y(1)3

)(
cy(4)4 (y(3)4 )2(y(2)4 )2y(1)4

+ y(2)6 y(3)4 (y(2)4 )2y(1)4 y(3)3 + y(2)6 y(2)5 y(2)4 y(1)4 y(3)3 y(2)3 + y(2)6 y(1)6 y(2)5 y(3)3 y(2)3 y(1)3

)−1

×
(

y(4)4 (y(3)4 )2(y(2)4 )2y(1)4 + y(2)6 y(3)4 (y(2)4 )2y(1)4 y(3)3 + y(2)6 y(2)5 y(2)4 y(1)4 y(3)3 y(2)3

+ y(2)6 y(1)6 y(2)5 y(3)3 y(2)3 y(1)3

)
by Maple

= y(3)4

(
cy(4)4 (y(3)4 )2(y(2)4 )2y(1)4 + cy(2)6 y(3)4 (y(2)4 )2y(1)4 y(3)3 + y(2)6 y(2)5 y(2)4 y(1)4 y(3)3 y(2)3

+ y(2)6 y(1)6 y(2)5 y(3)3 y(2)3 y(1)3

)(
cy(4)4 (y(3)4 )2(y(2)4 )2y(1)4 + y(2)6 y(3)4 (y(2)4 )2y(1)4 y(3)3

+ y(2)6 y(2)5 y(2)4 y(1)4 y(3)3 y(2)3 + y(2)6 y(1)6 y(2)5 y(3)3 y(2)3 y(1)3

)−1
= w(3)

4

y(3)
′

5 =
z(1)1

z(2)2

+
z(1)2

z(2)3

+
z(1)3

z(2)4

+
z(1)4

z(1)5

=
x(1)1 (x(2)2 x(1)2 + x(2)3 x(1)1 )

x(2)2 (cx(2)2 x(1)2 + x(2)3 x(1)1 )
+

x(1)2 (cx(2)2 x(1)2 + cx(2)3 x(1)1 )

x(2)3 (cx(2)2 x(1)2 + x(2)3 x(1)1 )
+

x(1)3

x(2)4

+
x(1)4

x(1)5

=
x(1)1

x(2)2

+
x(1)2

x(2)3

+
x(1)3

x(2)4

+
x(1)4

x(1)5

= y(3)5 = w(3)
5

y(4)
′

4 =
z(2)2 z(1)2

z(3)3 z(2)3

+
z(1)3 z(2)2

z(2)4 z(3)3

+
z(1)4 z(2)2

z(1)5 z(3)3

+
z(2)3 z(1)3

z(3)4 z(2)4

+
z(1)4 z(2)3

z(1)5 z(3)4

+
z(2)4 z(1)4

z(2)6 z(1)5

+
z(1)6

z(1)5

=
cx(2)2 x(1)2

x(3)3 x(2)3

+
x(1)3 x(2)2 (cx(2)2 x(1)2 + x(2)3 x(1)1 )

x(2)4 x(3)3 (x(2)2 x(1)2 + x(2)3 x(1)1 )
+

x(1)4 x(2)2 (cx(2)2 x(1)2 + x(2)3 x(1)1 )

x(1)5 x(3)3 (x(2)2 x(1)2 + x(2)3 x(1)1 )
+

x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(1)5 x(3)4

+
x(2)4 x(1)4

x(2)6 x(1)5

+
x(1)6

x(1)5

=
1

(x(2)2 x(1)2 + x(2)3 x(1)1 )

(( x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(1)5 x(3)3

)
(cx(2)2 x(1)2 + x(2)3 x(1)1 ) +

( cx(2)2 x(1)2

x(3)3 x(2)3

+
x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(1)5 x(3)4

+
x(2)4 x(1)4

x(2)6 x(1)5

+
x(1)6

x(1)5

)
(x(2)2 x(1)2 + x(2)3 x(1)1 )

)
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=
( x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(1)5 x(3)3

+
x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(1)5 x(3)4

+
x(2)4 x(1)4

x(2)6 x(1)5

+
x(1)6

x(1)5

)(( x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(1)5 x(3)3

+
x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(1)5 x(3)4

+
x(2)4 x(1)4

x(2)6 x(1)5

+
x(1)6

x(1)5

)
(x(2)2 x(1)2 + x(2)3 x(1)1 )

)−1

×
(( x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(1)5 x(3)3

)
(cx(2)2 x(1)2 + x(2)3 x(1)1 ) +

( cx(2)2 x(1)2

x(3)3 x(2)3

+
x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(1)5 x(3)4

+
x(2)4 x(1)4

x(2)6 x(1)5

+
x(1)6

x(1)5

)
(x(2)2 x(1)2 + x(2)3 x(1)1 )

)
= y(4)4

(
cy(4)4 (y(3)4 )2(y(2)4 )2y(1)4 + y(2)6 y(3)4 (y(2)4 )2y(1)4 y(3)3 + y(2)6 y(2)5 y(2)4 y(1)4 y(3)3 y(2)3

+ y(2)6 y(1)6 y(2)5 y(3)3 y(2)3 y(1)3

)(
y(4)4 (y(3)4 )2(y(2)4 )2y(1)4 + y(2)6 y(3)4 (y(2)4 )2y(1)4 y(3)3

+ y(2)6 y(2)5 y(2)4 y(1)4 y(3)3 y(2)3 + y(2)6 y(1)6 y(2)5 y(3)3 y(2)3 y(1)3

)−1
by Maple

= w(4)
4 .

In order to give V1 a g = D(1)
6 -geometric crystal structure, we need to define the actions of

ec
0, γ0, and ε0 on V1(x). We use the g1-geometric crystal structure on V2 to define the action of

ec
0, γ0, and ε0 on V1(x) as follows.

ec
0(V1(x)) := σ̄−1 ◦ eσ(0)

c ◦ σ̄(V1(x)) = σ̄−1 ◦ ēc
6(V2(y)), (6.2.2)

γ0(V1(x)) := σ̄−1 ◦ γσ(0) ◦ σ̄(V1(x)) = σ̄−1 ◦ γ6(V2(y)), (6.2.3)

ε0(V1(x)) := σ̄−1 ◦ εσ(0) ◦ σ̄(V1(x)) = σ̄−1 ◦ ε6(V2(y)). (6.2.4)

Theorem 6.2.6. The algebraic variety V = V1 = {V1(x), ec
k, γk, εk | k ∈ I} is a positive geometric

crystal for the affine Lie algebra g = D(1)
6 with the ec

0, γ0, and ε0 actions on V1(x) given by:

γ0(V1(x)) =
1

x(2)2 x(1)2

,

ε0(V1(x)) = x(1)6 +
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(3)3

+
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(3)4

+
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(4)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+
x(2)3 x(1)3

x(2)5

,
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ec
0(V1(x)) = V1(x′) = V1(x(3)

′

6 , x(4)
′

4 , . . . , x(1)
′

6 ) where

x(1)
′

1 =
x(1)1

c
, x(1)

′

2 =
x(1)2

c
, x(2)

′

2 =
x(2)2

c
,

x(1)
′

3 = x(1)3
K

K31

, x(2)
′

3 = x(2)3
K31

cK32

, x(3)
′

3 = x(3)3
K32

cK
,

x(1)
′

4 = x(1)4
K

K41

, x(2)
′

4 = x(2)4
KK41

K42

, x(3)
′

4 = x(3)4
K42

cKK43

,

x(4)
′

4 = x(4)4
K43

cK
, x(1)

′

5 = x(1)5
K

K51

, x(2)
′

5 = x(2)5
K51

cK
,

x(1)
′

6 = x(1)6
K

K61

, x(2)
′

6 = x(2)6
K61

K62

, x(3)
′

6 = x(3)6
K62

cK
,

K = x(1)6 +
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(3)3

+
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(3)4

+
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(4)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+
x(2)3 x(1)3

x(2)5

,

K31 = cx(1)6 +
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+ c
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+ c
x(1)4 x(2)2

x(3)3

+ c
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+ c
x(1)4 x(2)3

x(3)4

+ c
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+ c
x(1)3 x(2)2

x(4)4

+ c
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+ c
x(2)3 x(1)3

x(2)5

,

K32 = cx(1)6 +
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(3)3

+ c
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+ c
x(1)4 x(2)3

x(3)4

+ c
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(4)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+ c
x(2)3 x(1)3

x(2)5

,

K41 = cx(1)6 +
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+ c
x(1)4 x(2)2

x(3)3

+
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+ c
x(1)4 x(2)3

x(3)4

+ c
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(4)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3
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+
x(2)3 x(1)3

x(2)5

,

K42 =
(
cx(1)6 + c

x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+ c
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+ c
x(1)4 x(2)2

x(3)3

+ c
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+ c
x(1)4 x(2)3

x(3)4

+ c
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+ c
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+ c
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+ c
x(1)3 x(2)2

x(4)4

+ c
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+ c
x(2)3 x(1)3

x(2)5

)(
cx(1)6 +

x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(3)3

+
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(3)4

+ c
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(4)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+
x(2)3 x(1)3

x(2)5

)
+ c2 x(2)4 x(1)4 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(1)4 x(2)2 x(1)2

x(4)4 x(3)4

− 2
x(2)4 x(1)4 x(2)2 x(1)2

x(4)4 x(3)4

= cx(1)6

(
cx(1)6 + c

x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+ c
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+ c
x(1)4 x(2)2

x(3)3

+ c
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+ c
x(1)4 x(2)3

x(3)4

+ c
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+ c
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+ c
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+ c
x(1)3 x(2)2

x(4)4

+ c
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+ c
x(2)3 x(1)3

x(2)5

)
+ c

x(2)4 x(1)4

x(2)6

(
cx(1)6 + c

x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+ c
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+ c
x(1)4 x(2)2

x(3)3

+ c
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+ c
x(1)4 x(2)3

x(3)4

+ c
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+ c
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+ c
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+ c
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+ c
x(1)3 x(2)2

x(4)4

+ c
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+ c
x(2)3 x(1)3

x(2)5

)
+

x(2)2 x(1)2

x(3)6

(
cx(1)6 +

x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(3)3

+
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(3)4

+ c
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(4)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+
x(2)3 x(1)3

x(2)5

)
+

x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

(
cx(1)6

+
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(3)3

+
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(3)4

+
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(4)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+
x(2)3 x(1)3

x(2)5

)
+
(
c

x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+ c
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+ c
x(1)4 x(2)2

x(3)3

+ c
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+ c
x(1)4 x(2)3

x(3)4

+ c
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3
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+ c
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+ c
x(1)3 x(2)2

x(4)4

+ c
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+ c
x(2)3 x(1)3

x(2)5

)
K,

K43 = cx(1)6 + c
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+ c
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+ c
x(1)4 x(2)2

x(3)3

+ c
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+ c
x(1)4 x(2)3

x(3)4

+ c
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+ c
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(4)4

+ c
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+ c
x(2)3 x(1)3

x(2)5

,

K51 = cx(1)6 + c
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+ c
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+ c
x(1)4 x(2)2

x(3)3

+ c
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+ c
x(1)4 x(2)3

x(3)4

+ c
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(4)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+
x(2)3 x(1)3

x(2)5

,

K61 = cx(1)6 +
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(3)3

+
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(3)4

+
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(4)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+
x(2)3 x(1)3

x(2)5

,

K62 = cx(1)6 + c
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+ c
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+ c
x(1)4 x(2)2

x(3)3

+ c
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+ c
x(1)4 x(2)3

x(3)4

+ c
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+ c
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+ c
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+ c
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+ c
x(1)3 x(2)2

x(4)4

+ c
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+ c
x(2)3 x(1)3

x(2)5

.

Proof. Since V = V1 is a positive geometric crystal for g0, to show that it is a positive geometric
crystal for g = D(1)

6 by Definition 5.2.2, it suffices to show that the following relations involving
the 0-action hold:

1. γ0(ec
k(V1(x))) = cak0 γ0(V1(x)) for all k ∈ I

2. γk(ec
0(V1(x))) = ca0k γk(V1(x)) for all k ∈ I
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3. ε0(ec
0(V1(x))) = c−1ε0(V1(x))

4. ec1
0 ec2

k = ec2
k ec1

0 for all k ∈ {1, 3, 4, 5, 6}

5. ec1
0 ec1c2

2 ec2
0 = ec2

2 ec1c2
0 ec1

2

Note that x(1)
′

1 = c−1x(1)1 , x(2)
′

2 x(1)
′

2 = c−2x(2)2 x(1)2 , x(3)
′

3 x(2)
′

3 x(1)
′

3 = c−2x(3)3 x(2)3 x(1)3 , x(4)
′

4 x(3)
′

4 x(2)
′

4 x(1)
′

4

= c−2x(4)4 x(3)4 x(2)4 x(1)4 , x(2)
′

5 x(1)
′

5 = c−1x(2)5 x(1)5 , x(3)
′

6 x(2)
′

6 x(1)
′

6 = c−1x(3)6 x(2)6 x(1)6 . Relations (1) and
(2) follows easily from the defined actions.

γ0(ec
0(V1(x))) =

1

x(2)
′

2 x(1)
′

2

=
1

c−2x(2)2 x(1)2

= c2γ0(V1(x)) = ca0,0 γ0(V1(x)),

γ0(ec
2(V1(x))) =

1

c2x(2)2 cc−1
2 x(1)2

= c−1γ0(V1(x))) = ca2,0 γ0(V1(x)),

γ0(ec
k(V1(x))) =

1

x(2)2 x(1)2

= c0γ0(V1(x))) = cak,0 γ0(V1(x)) for all k = {1, 3, 4, 5, 6},

γ1(ec
0(V1(x))) =

(x(1)
′

1 )2

x(2)
′

2 x(1)
′

2

=
(c−1)2(x(1)1 )2

c−2x(2)2 x(1)2

= c0γ1(V1(x)) = ca0,1 γ1(V1(x)),

γ2(ec
0(V1(x))) =

(x(2)
′

2 )2(x(1)
′

2 )2

x(3)
′

3 x(2)
′

3 x(1)
′

3 x(1)
′

1

=
(c−2)2(x(2)2 )2(x(1)2 )2

c−2x(3)3 x(2)3 x(1)3 c−1x(1)1

= c−1γ2(V1(x)) = ca0,2 γ2(V1(x)),

γ3(ec
0(V1(x))) =

(x(3)
′

3 )2(x(2)
′

3 )2(x(1)
′

3 )2

x(4)
′

4 x(3)
′

4 x(2)
′

4 x(1)
′

4 x(2)
′

2 x(1)
′

2

=
(c−2)2(x(3)3 )2(x(2)3 )2(x(1)3 )2

c−2x(4)4 x(3)4 x(2)4 x(1)4 c−2x(2)2 x(1)2

= c0γ3(V1(x))

= ca0,3 γ3(V1(x)),

γ4(ec
0(V1(x))) =

(x(4)
′

4 )2(x(3)
′

4 )2(x(2)
′

4 )2(x(1)
′

4 )2

x(3)
′

6 x(2)
′

6 x(1)
′

6 x(2)
′

5 x(1)
′

5 x(3)
′

3 x(2)
′

3 x(1)
′

3

=
(c−2)2(x(4)4 )2(x(3)4 )2(x(2)4 )2(x(1)4 )2

c−1x(3)6 x(2)6 x(1)6 c−1x(2)5 x(1)5 c−2x(3)3 x(2)3 x(1)3

= c0γ4(V1(x)) = ca0,4 γ4(V1(x)),

γ5(ec
0(V1(x))) =

(x(2)
′

5 )2(x(1)
′

5 )2

x(4)
′

4 x(3)
′

4 x(2)
′

4 x(1)
′

4

=
(c−1)2(x(2)5 )2(x(1)5 )2

c−2x(4)4 x(3)4 x(2)4 x(1)4

= c0γ5(V1(x)) = ca0,5 γ5(V1(x)),

γ6(ec
0(V1(x))) =

(x(3)
′

6 )2(x(2)
′

6 )2(x(1)
′

6 )2

x(4)
′

4 x(3)
′

4 x(2)
′

4 x(1)
′

4

=
(c−1)2(x(3)6 )2(x(2)6 )2(x(1)6 )2

c−2x(4)4 x(3)4 x(2)4 x(1)4

= c0γ6(V1(x))

= ca0,6 γ6(V1(x)).
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Now we consider relation (3). We have

ε0(ec
0(V1(x))) = x(1)

′

6 +
x(1)

′

5 x(2)
′

2 x(1)
′

2

x(3)
′

3 x(2)
′

3

+
x(1)

′

5 x(1)
′

3 x(2)
′

2

x(2)
′

4 x(3)
′

3

+
x(1)

′

4 x(2)
′

2

x(3)
′

3

+
x(1)

′

5 x(2)
′

3 x(1)
′

3

x(3)
′

4 x(2)
′

4

+
x(1)

′

4 x(2)
′

3

x(3)
′

4

+
x(2)

′

4 x(1)
′

4

x(2)
′

6

+
x(2)

′

2 x(1)
′

2

x(3)
′

6

+
x(2)

′

6 x(2)
′

2 x(1)
′

2

x(4)
′

4 x(3)
′

4

+
x(2)

′

4 x(2)
′

2 x(1)
′

2

x(4)
′

4 x(2)
′

3

+
x(3)

′

4 x(2)
′

4 x(2)
′

2 x(1)
′

2

x(2)
′

5 x(3)
′

3 x(2)
′

3

+
x(1)

′

3 x(2)
′

2

x(4)
′

4

+
x(3)

′

4 x(1)
′

3 x(2)
′

2

x(2)
′

5 x(3)
′

3

+
x(2)

′

3 x(1)
′

3

x(2)
′

5

= x(1)6 ·
K

K61

+
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

· K2

K51 K31

+
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

· K2K42

K51 K41 K32 K31

+
x(1)4 x(2)2

x(3)3

· K2

K41 K32

+
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

· K2K43

K51 K41 K32

+
x(1)4 x(2)3

x(3)4

· K2K43 K31

K42 K41 K32

+
x(2)4 x(1)4

x(2)6

· K2K62

K61 K42

+
x(2)2 x(1)2

x(3)6

· K
cK62

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

· K2K61

K62 K42

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

· K2K41 K32

K43 K42 K31

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

· K2K41

K51 K43 K31

+
x(1)3 x(2)2

x(4)4

· K2

K43 K31

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

· K2K42

K51 K43 K32 K31

+
x(2)3 x(1)3

x(2)5

· K2

K51 K32

= c−1K
(

x(1)6 ·
c

K61

+
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

· cK
K51 K31

+
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

· cKK42

K51 K41 K32 K31

+
x(1)4 x(2)2

x(3)3

· cK
K41 K32

+
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

· cKK43

K51 K41 K32

+
x(1)4 x(2)3

x(3)4

· cKK43 K31

K42 K41 K32

+
x(2)4 x(1)4

x(2)6

· cKK62

K61 K42

+
x(2)2 x(1)2

x(3)6

· 1
K62

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

· cKK61

K62 K42

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

· cKK41 K32

K43 K42 K31

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

· cKK41

K51 K43 K31

+
x(1)3 x(2)2

x(4)4

· cK
K43 K31

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

· cKK42

K51 K43 K32 K31

+
x(2)3 x(1)3

x(2)5

· cK
K51 K32

)
= c−1K

((
x(1)6 (cK62 K52 K51 K43 K42 K41 K32 K31) +

x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

(cKK62 K61 K52 K43 K42 K41 K32)

+
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

(cKK62 K61 K52 K43(K42)
2) +

x(1)4 x(2)2

x(3)3

(cKK62 K61 K52 K51 K43 K42 K31)

+
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

(cKK62 K61 K52(K43)
2K42 K31) +

x(1)4 x(2)3

x(3)4

(cKK62 K61 K52 K51(K43)
2(K31)

2)

+
x(2)4 x(1)4

x(2)6

(cK(K62)
2K52 K51 K43 K41 K32 K31) +

x(2)2 x(1)2

x(3)6

(K61 K52 K51 K43 K42 K41 K32 K31)
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+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

(cK(K61)
2K52 K51 K43 K41 K32 K31) +

x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

(cKK62 K61 K52 K51(K41)
2(K32)

2)

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

(cKK62 K61 K52 K42(K41)
2K32) +

x(1)3 x(2)2

x(4)4

(cKK62 K61 K52 K51 K42 K41 K32)

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

(cKK62 K61 K52(K42)
2K41) +

x(2)3 x(1)3

x(2)5

(cKK62 K61 K52 K43 K42 K41 K31)
)

×
(
K62 K61 K52 K51 K43 K42 K41 K32 K31

)−1
)

= c−1K
((

K62 K61 K52 K51 K43 K42 K41 K32 K31

)(
K62 K61 K52 K51 K43 K42 K41 K32 K31

)−1
)

by Maple

= c−1(x(1)6 +
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(3)3

+
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(3)4

+
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(4)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+
x(2)3 x(1)3

x(2)5

) = c−1ε0(V1(x)).

Next we show relation (4). Let k ∈ {1, 3, 4, 5, 6}, we need to show that

ec1
0 ec2

k (V1(x)) = ec2
k ec1

0 (V1(x)).

Set ec2
k (V1(x)) = V1(z), ec1

0 (V1(z)) = V1(z′), ec1
0 (V1(x)) = V1(x′) and ec2

k (V1(x′)) = V1(u). We
have to show that

z(l)
′

m = u(l)
m

for (l, m) ∈ {(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (2, 2), (2, 3), (2, 4), (2, 5), (2, 6), (3, 3), (3, 4),
(3, 5), (4, 4)}. Set

Kz = z(1)6 +
z(1)5 z(2)2 z(1)2

z(3)3 z(2)3

+
z(1)5 z(1)3 z(2)2

z(2)4 z(3)3

+
z(1)4 z(2)2

z(3)3

+
z(1)5 z(2)3 z(1)3

z(3)4 z(2)4

+
z(1)4 z(2)3

z(3)4

+
z(2)4 z(1)4

z(2)6

+
z(2)2 z(1)2

z(3)6

+
z(2)6 z(2)2 z(1)2

z(4)4 z(3)4

+
z(2)4 z(2)2 z(1)2

z(4)4 z(2)3

+
z(3)4 z(2)4 z(2)2 z(1)2

z(2)5 z(3)3 z(2)3

+
z(1)3 z(2)2

z(4)4

+
z(3)4 z(1)3 z(2)2

z(2)5 z(3)3

+
z(2)3 z(1)3

z(2)5

,

Kz31 = c1z(1)6 +
z(1)5 z(2)2 z(1)2

z(3)3 z(2)3

+ c1
z(1)5 z(1)3 z(2)2

z(2)4 z(3)3

+ c1
z(1)4 z(2)2

z(3)3

+ c1
z(1)5 z(2)3 z(1)3

z(3)4 z(2)4
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+ c1
z(1)4 z(2)3

z(3)4

+ c1
z(2)4 z(1)4

z(2)6

+
z(2)2 z(1)2

z(3)6

+
z(2)6 z(2)2 z(1)2

z(4)4 z(3)4

+
z(2)4 z(2)2 z(1)2

z(4)4 z(2)3

+
z(3)4 z(2)4 z(2)2 z(1)2

z(2)5 z(3)3 z(2)3

+ c1
z(1)3 z(2)2

z(4)4

+ c1
z(3)4 z(1)3 z(2)2

z(2)5 z(3)3

+ c1
z(2)3 z(1)3

z(2)5

,

Kz32 = c1z(1)6 +
z(1)5 z(2)2 z(1)2

z(3)3 z(2)3

+
z(1)5 z(1)3 z(2)2

z(2)4 z(3)3

+
z(1)4 z(2)2

z(3)3

+ c1
z(1)5 z(2)3 z(1)3

z(3)4 z(2)4

+ c1
z(1)4 z(2)3

z(3)4

+ c1
z(2)4 z(1)4

z(2)6

+
z(2)2 z(1)2

z(3)6

+
z(2)6 z(2)2 z(1)2

z(4)4 z(3)4

+
z(2)4 z(2)2 z(1)2

z(4)4 z(2)3

+
z(3)4 z(2)4 z(2)2 z(1)2

z(2)5 z(3)3 z(2)3

+
z(1)3 z(2)2

z(4)4

+
z(3)4 z(1)3 z(2)2

z(2)5 z(3)3

+ c1
z(2)3 z(1)3

z(2)5

,

Kz41 = c1z(1)6 +
z(1)5 z(2)2 z(1)2

z(3)3 z(2)3

+
z(1)5 z(1)3 z(2)2

z(2)4 z(3)3

+ c1
z(1)4 z(2)2

z(3)3

+
z(1)5 z(2)3 z(1)3

z(3)4 z(2)4

+ c1
z(1)4 z(2)3

z(3)4

+ c1
z(2)4 z(1)4

z(2)6

+
z(2)2 z(1)2

z(3)6

+
z(2)6 z(2)2 z(1)2

z(4)4 z(3)4

+
z(2)4 z(2)2 z(1)2

z(4)4 z(2)3

+
z(3)4 z(2)4 z(2)2 z(1)2

z(2)5 z(3)3 z(2)3

+
z(1)3 z(2)2

z(4)4

+
z(3)4 z(1)3 z(2)2

z(2)5 z(3)3

+
z(2)3 z(1)3

z(2)5

,

Kz42 =
(
c1z(1)6 + c1

z(1)5 z(2)2 z(1)2

z(3)3 z(2)3

+ c1
z(1)5 z(1)3 z(2)2

z(2)4 z(3)3

+ c1
z(1)4 z(2)2

z(3)3

+ c1
z(1)5 z(2)3 z(1)3

z(3)4 z(2)4

+ c1
z(1)4 z(2)3

z(3)4

+ c1
z(2)4 z(1)4

z(2)6

+
z(2)2 z(1)2

z(3)6

+
z(2)6 z(2)2 z(1)2

z(4)4 z(3)4

+ c1
z(2)4 z(2)2 z(1)2

z(4)4 z(2)3

+ c1
z(3)4 z(2)4 z(2)2 z(1)2

z(2)5 z(3)3 z(2)3

+ c1
z(1)3 z(2)2

z(4)4

+ c1
z(3)4 z(1)3 z(2)2

z(2)5 z(3)3

+ c1
z(2)3 z(1)3

z(2)5

)(
c1z(1)6

+
z(1)5 z(2)2 z(1)2

z(3)3 z(2)3

+
z(1)5 z(1)3 z(2)2

z(2)4 z(3)3

+
z(1)4 z(2)2

z(3)3

+
z(1)5 z(2)3 z(1)3

z(3)4 z(2)4

+
z(1)4 z(2)3

z(3)4

+

c1
z(2)4 z(1)4

z(2)6

+
z(2)2 z(1)2

z(3)6

+
z(2)6 z(2)2 z(1)2

z(4)4 z(3)4

+
z(2)4 z(2)2 z(1)2

z(4)4 z(2)3

+
z(3)4 z(2)4 z(2)2 z(1)2

z(2)5 z(3)3 z(2)3

+
z(1)3 z(2)2

z(4)4

+
z(3)4 z(1)3 z(2)2

z(2)5 z(3)3

+
z(2)3 z(1)3

z(2)5

)
+ c2

1
z(2)4 z(1)4 z(2)2 z(1)2

z(4)4 z(3)4

+
z(2)4 z(1)4 z(2)2 z(1)2

z(4)4 z(3)4

− 2
z(2)4 z(1)4 z(2)2 z(1)2

z(4)4 z(3)4

,

Kz43 = c1z(1)6 + c1
z(1)5 z(2)2 z(1)2

z(3)3 z(2)3

+ c1
z(1)5 z(1)3 z(2)2

z(2)4 z(3)3

+ c1
z(1)4 z(2)2

z(3)3

+ c1
z(1)5 z(2)3 z(1)3

z(3)4 z(2)4
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+ c1
z(1)4 z(2)3

z(3)4

+ c1
z(2)4 z(1)4

z(2)6

+
z(2)2 z(1)2

z(3)6

+
z(2)6 z(2)2 z(1)2

z(4)4 z(3)4

+
z(2)4 z(2)2 z(1)2

z(4)4 z(2)3

+ c1
z(3)4 z(2)4 z(2)2 z(1)2

z(2)5 z(3)3 z(2)3

+
z(1)3 z(2)2

z(4)4

+ c1
z(3)4 z(1)3 z(2)2

z(2)5 z(3)3

+ c1
z(2)3 z(1)3

z(2)5

,

Kz51 = c1z(1)6 + c1
z(1)5 z(2)2 z(1)2

z(3)3 z(2)3

+ c1
z(1)5 z(1)3 z(2)2

z(2)4 z(3)3

+ c1
z(1)4 z(2)2

z(3)3

+ c1
z(1)5 z(2)3 z(1)3

z(3)4 z(2)4

+ c1
z(1)4 z(2)3

z(3)4

+ c1
z(2)4 z(1)4

z(2)6

+
z(2)2 z(1)2

z(3)6

+
z(2)6 z(2)2 z(1)2

z(4)4 z(3)4

+
z(2)4 z(2)2 z(1)2

z(4)4 z(2)3

+
z(3)4 z(2)4 z(2)2 z(1)2

z(2)5 z(3)3 z(2)3

+
z(1)3 z(2)2

z(4)4

+
z(3)4 z(1)3 z(2)2

z(2)5 z(3)3

+
z(2)3 z(1)3

z(2)5

,

Kz61 = c1z(1)6 +
z(1)5 z(2)2 z(1)2

z(3)3 z(2)3

+
z(1)5 z(1)3 z(2)2

z(2)4 z(3)3

+
z(1)4 z(2)2

z(3)3

+
z(1)5 z(2)3 z(1)3

z(3)4 z(2)4

+
z(1)4 z(2)3

z(3)4

+
z(2)4 z(1)4

z(2)6

+
z(2)2 z(1)2

z(3)6

+
z(2)6 z(2)2 z(1)2

z(4)4 z(3)4

+
z(2)4 z(2)2 z(1)2

z(4)4 z(2)3

+
z(3)4 z(2)4 z(2)2 z(1)2

z(2)5 z(3)3 z(2)3

+
z(1)3 z(2)2

z(4)4

+
z(3)4 z(1)3 z(2)2

z(2)5 z(3)3

+
z(2)3 z(1)3

z(2)5

,

Kz62 = c1z(1)6 + c1
z(1)5 z(2)2 z(1)2

z(3)3 z(2)3

+ c1
z(1)5 z(1)3 z(2)2

z(2)4 z(3)3

+ c1
z(1)4 z(2)2

z(3)3

+ c1
z(1)5 z(2)3 z(1)3

z(3)4 z(2)4

+ c1
z(1)4 z(2)3

z(3)4

+ c1
z(2)4 z(1)4

z(2)6

+
z(2)2 z(1)2

z(3)6

+ c1
z(2)6 z(2)2 z(1)2

z(4)4 z(3)4

+ c1
z(2)4 z(2)2 z(1)2

z(4)4 z(2)3

+ c1
z(3)4 z(2)4 z(2)2 z(1)2

z(2)5 z(3)3 z(2)3

+ c1
z(1)3 z(2)2

z(4)4

+ c1
z(3)4 z(1)3 z(2)2

z(2)5 z(3)3

+ c1
z(2)3 z(1)3

z(2)5

,

Kx = x(1)6 +
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(3)3

+
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(3)4

+
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(4)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+
x(2)3 x(1)3

x(2)5

,

Kx31 = c1x(1)6 +
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+ c1
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+ c1
x(1)4 x(2)2

x(3)3

+ c1
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+ c1
x(1)4 x(2)3

x(3)4

+ c1
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3
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+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+ c1
x(1)3 x(2)2

x(4)4

+ c1
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+ c1
x(2)3 x(1)3

x(2)5

,

Kx32 = c1x(1)6 +
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(3)3

+ c1
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+ c1
x(1)4 x(2)3

x(3)4

+ c1
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(4)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+ c1
x(2)3 x(1)3

x(2)5

,

Kx41 = c1x(1)6 +
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+ c1
x(1)4 x(2)2

x(3)3

+
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+ c1
x(1)4 x(2)3

x(3)4

+ c1
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(4)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+
x(2)3 x(1)3

x(2)5

,

Kx42 =
(
c1x(1)6 + c1

x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+ c1
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+ c1
x(1)4 x(2)2

x(3)3

+ c1
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+ c1
x(1)4 x(2)3

x(3)4

+ c1
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+ c1
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+ c1
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+ c1
x(1)3 x(2)2

x(4)4

+ c1
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+ c1
x(2)3 x(1)3

x(2)5

)(
c1x(1)6

+
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(3)3

+
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(3)4

+ c1
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(4)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+
x(2)3 x(1)3

x(2)5

)
+ c2

1
x(2)4 x(1)4 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(1)4 x(2)2 x(1)2

x(4)4 x(3)4

− 2
x(2)4 x(1)4 x(2)2 x(1)2

x(4)4 x(3)4

,

Kx43 = c1x(1)6 + c1
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+ c1
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+ c1
x(1)4 x(2)2

x(3)3

+ c1
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+ c1
x(1)4 x(2)3

x(3)4

+ c1
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3
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+ c1
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(4)4

+ c1
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+ c1
x(2)3 x(1)3

x(2)5

,

Kx51 = c1x(1)6 + c1
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+ c1
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+ c1
x(1)4 x(2)2

x(3)3

+ c1
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+ c1
x(1)4 x(2)3

x(3)4

+ c1
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(4)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+
x(2)3 x(1)3

x(2)5

,

Kx61 = c1x(1)6 +
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(3)3

+
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(3)4

+
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(4)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+
x(2)3 x(1)3

x(2)5

,

Kx62 = c1x(1)6 + c1
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+ c1
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+ c1
x(1)4 x(2)2

x(3)3

+ c1
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+ c1
x(1)4 x(2)3

x(3)4

+ c1
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+ c1
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+ c1
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+ c1
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+ c1
x(1)3 x(2)2

x(4)4

+ c1
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+ c1
x(2)3 x(1)3

x(2)5

.

For k = 1, observe that there is no term involving z(1)1 in Kz, Kz31 , Kz32 , Kz41 , Kz42 , Kz43 , Kz51 ,
Kz61 and Kz62 . Similarly there is no term involving x(1)1 in Kx, Kx31 , Kx32 , Kx41 , Kx42 , Kx43 , Kx51 , Kx61

and Kx62 . Hence Kz = Kx, Kz31 = Kx31 , Kz32 = Kx32 , Kz41 = Kx41 , Kz42 = Kx42 , Kz43 = Kx43 , Kz51 =

Kx51 , Kz61 = Kx61 and Kz62 = Kx62 . Now we have the following.

• z(1)
′

1 =
z(1)1
c1

=
c2x(1)1

c1
= c2x(1)

′

1 = u(1)
1 .

• z(1)
′

2 =
z(1)2
c1

=
x(1)2
c1

= x(1)
′

2 = u(1)
2 .

• z(2)
′

2 =
z(2)2
c1

=
x(2)2
c1

= x(2)
′

2 = u(2)
2 .

• z(1)
′

3 = z(1)3
Kz

Kz31
= x(1)3

Kx
Kx31

= x(1)
′

3 = u(1)
3 .

• z(2)
′

3 = z(2)3
Kz31

c1Kz32
= x(2)3

Kx31
c1Kx32

= x(2)
′

3 = u(2)
3 .
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• z(3)
′

3 = z(3)3
Kz32
c1Kz

= x(3)3
Kx32
c1Kx

= x(3)
′

3 = u(3)
3 .

• z(1)
′

4 = z(1)4
Kz

Kz41
= x(1)4

Kx
Kx41

= x(1)
′

4 = u(1)
4 .

• z(2)
′

4 = z(2)4
KzKz41

Kz42
= x(2)4

KxKx41
Kx42

= x(2)
′

4 = u(2)
4 .

• z(3)
′

4 = z(3)4
Kz42

c1KzKz43
=

Kx42
c1KxKx43

= x(3)
′

4 = u(3)
4 .

• z(4)
′

4 = z(4)4
Kz43
c1Kz

= x(4)4
Kx43
c1Kx

= x(4)
′

4 = u(4)
4 .

• z(1)
′

5 = z(1)5
Kz

Kz51
= x(1)5

Kx
Kx51

= x(1)
′

5 = u(1)
5 .

• z(2)
′

5 = z(2)5
Kz51
c1Kz

= x(2)5
Kx51
c1Kx

= x(2)
′

5 = u(2)
5 .

• z(1)
′

6 = z(1)6
Kz

Kz61
= x(1)6

Kx
Kx61

= x(1)
′

6 = u(1)
6 .

• z(2)
′

6 = z(2)6
Kz61
Kz62

= x(2)6
Kx61
Kx62

= x(2)
′

6 = u(2)
6 .

• z(3)
′

6 = z(3)6
Kz62
c1Kz

= x(3)6
Kx62
c1Kx

= x(3)
′

6 = u(3)
6 .

For k = 3, we first observe that

x(1)4 x(2)2

x(3)3

(x(3)3 (x(2)3 )2x(1)3 ) =
x(1)4 x(2)2

x(3)3

(x(3)4 x(2)3 x(1)3 x(2)2 ),

x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

(x(3)4 x(2)3 x(1)3 x(2)2 ) =
x(1)3 x(2)2

x(4)4

(x(3)4 x(2)4 x(2)2 x(1)2 ).

Then we have

z(1)4 z(2)2

z(3)3

+
z(1)4 z(2)2

z(3)3

=
( x(1)4 x(2)2

x(3)3

(x(3)3 (x(2)3 )2x(1)3 + x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2 )

+
x(1)4 x(2)2

x(3)3

(c2x(3)3 (x(2)3 )2x(1)3 + c2x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2 )
)

×
(

c2x(3)3 (x(2)3 )2x(1)3 + x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2

)−1

=
(( x(1)4 x(2)2

x(3)3

+
x(1)4 x(2)2

x(3)3

)
(c2x(3)3 (x(2)3 )2x(1)3 + x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2 )

)
×
(

c2x(3)3 (x(2)3 )2x(1)3 + x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2

)−1
=

x(1)4 x(2)2

x(3)3

+
x(1)4 x(2)2

x(3)3

,
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and

z(2)4 z(2)2 z(1)2

z(4)4 z(2)3

+
z(1)3 z(2)2

z(4)4

=
( x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

(c2x(3)3 (x(2)3 )2x(1)3 + x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2 )

+
x(1)3 x(2)2

x(4)4

(c2x(3)3 (x(2)3 )2x(1)3 + c2x(3)4 x(2)3 x(1)3 x(2)2 + c2x(3)4 x(2)4 x(2)2 x(1)2 )
)

×
(

c2x(3)3 (x(2)3 )2x(1)3 + c2x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2

)−1

=
(( x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(1)3 x(2)2

x(4)4

)
(c2x(3)3 (x(2)3 )2x(1)3 + c2x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2 )

)
×
(

c2x(3)3 (x(2)3 )2x(1)3 + c2x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2

)−1
=

x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(1)3 x(2)2

x(4)4

.

We also have

z(1)5 z(2)2 z(1)2

z(3)3 z(2)3

+
z(1)5 z(1)3 z(2)2

z(2)4 z(3)3

+
z(1)5 z(2)3 z(1)3

z(3)4 z(2)4

=
( x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

(x(3)3 (x(2)3 )2x(1)3 + x(3)4 x(2)3 x(1)3 x(2)2

+ x(3)4 x(2)4 x(2)2 x(1)2 )(c2x(3)3 (x(2)3 )2x(1)3 + x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2 ) +
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

× (x(3)3 (x(2)3 )2x(1)3 + x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2 )(c2x(3)3 (x(2)3 )2x(1)3 + c2x(3)4 x(2)3 x(1)3 x(2)2

+ c2x(3)4 x(2)4 x(2)2 x(1)2 ) +
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

(c2x(3)3 (x(2)3 )2x(1)3 + c2x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2 )

× (c2x(3)3 (x(2)3 )2x(1)3 + c2x(3)4 x(2)3 x(1)3 x(2)2 + c2x(3)4 x(2)4 x(2)2 x(1)2 )
)(

(c2x(3)3 (x(2)3 )2x(1)3

+ x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2 )(c2x(3)3 (x(2)3 )2x(1)3 + c2x(3)4 x(2)3 x(1)3 x(2)2

+ x(3)4 x(2)4 x(2)2 x(1)2 )
)−1

=
(( x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

)
(c2x(3)3 (x(2)3 )2x(1)3 + x(3)4 x(2)3 x(1)3 x(2)2

+ x(3)4 x(2)4 x(2)2 x(1)2 )(c2x(3)3 (x(2)3 )2x(1)3 + c2x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2 )
)

×
(
(c2x(3)3 (x(2)3 )2x(1)3 + x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2 )(c2x(3)3 (x(2)3 )2x(1)3

+ c2x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2 )
)−1

by Maple

=
x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

,

and
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z(3)4 z(2)4 z(2)2 z(1)2

z(2)5 z(3)3 z(2)3

+
z(3)4 z(1)3 z(2)2

z(2)5 z(3)3

+
z(2)3 z(1)3

z(2)5

=
( x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

(x(3)3 (x(2)3 )2x(1)3 + x(3)4 x(2)3 x(1)3 x(2)2

+ x(3)4 x(2)4 x(2)2 x(1)2 )(c2x(3)3 (x(2)3 )2x(1)3 + x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2 ) +
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

× (x(3)3 (x(2)3 )2x(1)3 + x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2 )(c2x(3)3 (x(2)3 )2x(1)3 + c2x(3)4 x(2)3 x(1)3 x(2)2

+ c2x(3)4 x(2)4 x(2)2 x(1)2 ) +
x(2)3 x(1)3

x(2)5

(c2x(3)3 (x(2)3 )2x(1)3 + c2x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2 )

× (c2x(3)3 (x(2)3 )2x(1)3 + c2x(3)4 x(2)3 x(1)3 x(2)2 + c2x(3)4 x(2)4 x(2)2 x(1)2 )
)(

(c2x(3)3 (x(2)3 )2x(1)3

+ x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2 )(c2x(3)3 (x(2)3 )2x(1)3 + c2x(3)4 x(2)3 x(1)3 x(2)2

+ x(3)4 x(2)4 x(2)2 x(1)2 )
)−1

=
(( x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+
x(2)3 x(1)3

x(2)5

)
× (c2x(3)3 (x(2)3 )2x(1)3 + x(3)4 x(2)3 x(1)3 x(2)2

+ x(3)4 x(2)4 x(2)2 x(1)2 )(c2x(3)3 (x(2)3 )2x(1)3 + c2x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2 )
)

×
(
(c2x(3)3 (x(2)3 )2x(1)3 + x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2 )(c2x(3)3 (x(2)3 )2x(1)3

+ c2x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2 )
)−1

by Maple,

=
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+
x(2)3 x(1)3

x(2)5

.

These imply Kz = Kx, Kz41 = Kx41 , Kz42 = Kx42 , Kz43 = Kx43 , Kz51 = Kx51 , Kz61 = Kx61 and
Kz62 = Kx62 . Now we have the following.

• z(1)
′

1 =
z(1)1
c1

=
x(1)1
c1

= x(1)
′

1 = u(1)
1 .

• z(1)
′

2 =
z(1)2
c1

=
x(1)2
c1

= x(1)
′

2 = u(1)
2 .

• z(2)
′

2 =
z(2)2
c1

=
x(2)2
c1

= x(2)
′

2 = u(2)
2 .

• z(1)
′

4 = z(1)4
Kz

Kz41
= x(1)4

Kx
Kx41

= x(1)
′

4 = u(1)
4 .

• z(2)
′

4 = z(2)4
KzKz41

Kz42
= x(2)4

KxKx41
Kx42

= x(2)
′

4 = u(2)
4 .

• z(3)
′

4 = z(3)4
Kz42

c1KzKz43
=

Kx42
c1KxKx43

= x(3)
′

4 = u(3)
4 .

• z(4)
′

4 = z(4)4
Kz43
c1Kz

= x(4)4
Kx43
c1Kx

= x(4)
′

4 = u(4)
4 .
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• z(1)
′

5 = z(1)5
Kz

Kz51
= x(1)5

Kx
Kx51

= x(1)
′

5 = u(1)
5 .

• z(2)
′

5 = z(2)5
Kz51
c1Kz

= x(2)5
Kx51
c1Kx

= x(2)
′

5 = u(2)
5 .

• z(1)
′

6 = z(1)6
Kz

Kz61
= x(1)6

Kx
Kx61

= x(1)
′

6 = u(1)
6 .

• z(2)
′

6 = z(2)6
Kz61
Kz62

= x(2)6
Kx61
Kx62

= x(2)
′

6 = u(2)
6 .

• z(3)
′

6 = z(3)6
Kz62
c1Kz

= x(3)6
Kx62
c1Kx

= x(3)
′

6 = u(3)
6 .

Also, note that

( c2x(3)3 (x(2)3 )2x(1)3 + c2x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2

x(3)3 (x(2)3 )2x(1)3 + x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2

)
Kz31

= Kx31

(
c1
−2c2x(3)3 (x(2)3 )2x(1)3 Kx31(Kx32)

−1 + c1
−3c2x(3)4 x(2)3 x(1)3 x(2)2 Kx42(Kx43 Kx32)

−1

+ c1
−3x(3)4 x(2)4 x(2)2 x(1)2 Kx41(Kx43)

−1)(c1
−2x(3)3 (x(2)3 )2x(1)3 Kx31(Kx32)

−1

+ c1
−3x(3)4 x(2)3 x(1)3 x(2)2 Kx42(Kx43 Kx32)

−1 + c1
−3x(3)4 x(2)4 x(2)2 x(1)2 Kx41(Kx43)

−1)−1 by Maple,( c2x(3)3 (x(2)3 )2x(1)3 + x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2

x(3)3 (x(2)3 )2x(1)3 + x(3)4 x(2)3 x(1)3 x(2)2 + x(3)4 x(2)4 x(2)2 x(1)2

)
Kz32

= Kx32

(
c1
−2c2x(3)3 (x(2)3 )2x(1)3 Kx31(Kx32)

−1 + c1
−3x(3)4 x(2)3 x(1)3 x(2)2 Kx42(Kx43 Kx32)

−1

+ c1
−3x(3)4 x(2)4 x(2)2 x(1)2 Kx41(Kx43)

−1)(c1
−2x(3)3 (x(2)3 )2x(1)3 Kx31(Kx32)

−1

+ c1
−3x(3)4 x(2)3 x(1)3 x(2)2 Kx42(Kx43 Kx32)

−1 + c1
−3x(3)4 x(2)4 x(2)2 x(1)2 Kx41(Kx43)

−1)−1 by Maple.

Thus we have

• z(1)
′

3 = z(1)3
Kz

Kz31
= x(1)3 ·

c2x(3)3 (x(2)3 )2x(1)3 +c2x(3)4 x(2)3 x(1)3 x(2)2 +c2x(3)4 x(2)4 x(2)2 x(1)2

c2x(3)3 (x(2)3 )2x(1)3 +c2x(3)4 x(2)3 x(1)3 x(2)2 +x(3)4 x(2)4 x(2)2 x(1)2

· Kx
Kz31

= x(1)3
Kx

Kx31

(
c1
−2c2x(3)3 (x(2)3 )2x(1)3 Kx31(Kx32)

−1 + c1
−3c2x(3)4 x(2)3 x(1)3 x(2)2 Kx42(Kx43 Kx32)

−1

+ c1
−3c2x(3)4 x(2)4 x(2)2 x(1)2 Kx41(Kx43)

−1)(c1
−2c2x(3)3 (x(2)3 )2x(1)3 Kx31(Kx32)

−1

+ c1
−3c2x(3)4 x(2)3 x(1)3 x(2)2 Kx42(Kx43 Kx32)

−1 + c1
−3x(3)4 x(2)4 x(2)2 x(1)2 Kx41(Kx43)

−1)−1

= x(1)
′

3 · c2x(3)
′

3 (x(2)
′

3 )2x(1)
′

3 +c2x(3)
′

4 x(2)
′

3 x(1)
′

3 x(2)
′

2 +c2x(3)
′

4 x(2)
′

4 x(2)
′

2 x(1)
′

2

c2x(3)
′

3 (x(2)
′

3 )2x(1)
′

3 +c2x(3)
′

4 x(2)
′

3 x(1)
′

3 x(2)
′

2 +x(3)
′

4 x(2)
′

4 x(2)
′

2 x(1)
′

2

= u(1)
3 ,

• z(2)
′

3 = z(2)3
Kz31

c1Kz32
= x(2)3 ·

c2x(3)3 (x(2)3 )2x(1)3 +c2x(3)4 x(2)3 x(1)3 x(2)2 +x(3)4 x(2)4 x(2)2 x(1)2

c2x(3)3 (x(2)3 )2x(1)3 +x(3)4 x(2)3 x(1)3 x(2)2 +x(3)4 x(2)4 x(2)2 x(1)2

· Kz31
c1Kz32

= x(2)3
Kx31

c1Kx32

(
c1
−2c2x(3)3 (x(2)3 )2x(1)3 Kx31(Kx32)

−1 + c1
−3c2x(3)4 x(2)3 x(1)3 x(2)2 Kx42(Kx43 Kx32)

−1

+ c1
−3x(3)4 x(2)4 x(2)2 x(1)2 Kx41(Kx43)

−1)(c1
−2c2x(3)3 (x(2)3 )2x(1)3 Kx31(Kx32)

−1

+ c1
−3x(3)4 x(2)3 x(1)3 x(2)2 Kx42(Kx43 Kx32)

−1 + c1
−3x(3)4 x(2)4 x(2)2 x(1)2 Kx41(Kx43)

−1)−1

= x(2)
′

3 · c2x(3)
′

3 (x(2)
′

3 )2x(1)
′

3 +c2x(3)
′

4 x(2)
′

3 x(1)
′

3 x(2)
′

2 +x(3)
′

4 x(2)
′

4 x(2)
′

2 x(1)
′

2

c2x(3)
′

3 (x(2)
′

3 )2x(1)
′

3 +x(3)
′

4 x(2)
′

3 x(1)
′

3 x(2)
′

2 +x(3)
′

4 x(2)
′

4 x(2)
′

2 x(1)
′

2

= u(2)
3 ,
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• z(3)
′

3 = z(3)3
Kz32
c1Kz

= x(3)3 ·
c2x(3)3 (x(2)3 )2x(1)3 +x(3)4 x(2)3 x(1)3 x(2)2 +x(3)4 x(2)4 x(2)2 x(1)2

x(3)3 (x(2)3 )2x(1)3 +x(3)4 x(2)3 x(1)3 x(2)2 +x(3)4 x(2)4 x(2)2 x(1)2

· Kz32
c1Kx

= x(3)3
Kx32
c1Kx

(
c1
−2c2x(3)3 (x(2)3 )2x(1)3 Kx31(Kx32)

−1 + c1
−3x(3)4 x(2)3 x(1)3 x(2)2 Kx42(Kx43 Kx32)

−1

+ c1
−3x(3)4 x(2)4 x(2)2 x(1)2 Kx41(Kx43)

−1)(c1
−2x(3)3 (x(2)3 )2x(1)3 Kx31(Kx32)

−1

+ c1
−3x(3)4 x(2)3 x(1)3 x(2)2 Kx42(Kx43 Kx32)

−1 + c1
−3x(3)4 x(2)4 x(2)2 x(1)2 Kx41(Kx43)

−1)−1

= x(3)
′

3 · c2x(3)
′

3 (x(2)
′

3 )2x(1)
′

3 +x(3)
′

4 x(2)
′

3 x(1)
′

3 x(2)
′

2 +x(3)
′

4 x(2)
′

4 x(2)
′

2 x(1)
′

2

x(3)
′

3 (x(2)
′

3 )2x(1)
′

3 +x(3)
′

4 x(2)
′

3 x(1)
′

3 x(2)
′

2 +x(3)
′

4 x(2)
′

4 x(2)
′

2 x(1)
′

2

= u(3)
3 .

For k = 4, we first observe that

x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

(x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 ) =
x(1)4 x(2)2

x(3)3

(x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 ),

x(1)3 x(2)2

x(4)4

(x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 ) =
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

(x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 ).

Then we have

z(1)5 z(1)3 z(2)2

z(2)4 z(3)3

+
z(1)4 z(2)2

z(3)3

=
( x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

(c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3

+ x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 ) +
x(1)4 x(2)2

x(3)3

(c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4

+ c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + c2x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + c2x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 )
)

×
(

c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + c2x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3

+ x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)−1

=
(( x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+
x(1)4 x(2)2

x(3)3

)
(c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3

+ c2x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 )
)(

c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4

+ c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + c2x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)−1

=
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+
z(1)4 z(2)2

z(3)3

,

and

z(1)3 z(2)2

z(4)4

+
z(3)4 z(1)3 z(2)2

z(2)5 z(3)3

=
( x(1)3 x(2)2

x(4)4

(x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3
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+ x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 ) +
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

(c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4

+ c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 )
)

×
(

c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3

+ x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)−1

=
(( x(1)4 x(2)2

x(3)3

+
x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

)
(c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3

+ x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 )
)(

c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4

+ x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)−1

=
x(1)3 x(2)2

x(4)4

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

.

We also have

z(1)5 z(2)3 z(1)3

z(3)4 z(2)4

+
z(1)4 z(2)3

z(3)4

+
z(2)4 z(1)4

z(2)6

=
( x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

(c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3

+ x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 )(c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4

+ c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 ) +
x(1)4 x(2)3

x(3)4

× (c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3

+ x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 )(c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3

+ c2x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + c2x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 ) +
x(2)4 x(1)4

x(2)6

(c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4

+ c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + c2x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 )

× (c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + c2x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3

+ c2x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 )
)((

c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3

+ x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)(
c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4

+ c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + c2x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

))−1
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=
(( x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(3)4

+
x(2)4 x(1)4

x(2)6

)
(c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3

+ c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 )

× (c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + c2x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3

+ x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 )
)((

c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3

+ x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)(
c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4

+ c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + c2x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

))−1

by Maple

=
x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+
x(1)4 x(2)3

x(3)4

+
x(2)4 x(1)4

x(2)6

,

and

z(2)6 z(2)2 z(1)2

z(4)4 z(3)4

+
z(2)4 z(2)2 z(1)2

z(4)4 z(2)3

+
z(3)4 z(2)4 z(2)2 z(1)2

z(2)5 z(3)3 z(2)3

=
( x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

(x(4)4 (x(3)4 )2(x(2)4 )2x(1)4

+ x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 )

× (c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3

+ x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 ) +
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

(x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3

+ x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 )(c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4

+ c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + c2x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 )

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

(c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3

+ x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 )(c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4

+ c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + c2x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 )
)

×
((

c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3

+ x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)(
c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3

+ x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

))−1
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=
(( x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

)
(c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4

+ x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 )

× (c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3

+ x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 )
)((

c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3

+ x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)(
c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4

+ c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

))−1

by Maple

=
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

.

These imply Kz = Kx, Kz31 = Kx31 , Kz32 = Kx32 , Kz51 = Kx51 , Kz61 = Kx61 and Kz62 = Kx62 . Now
we have the following.

• z(1)
′

1 =
z(1)1
c1

=
x(1)1
c1

= x(1)
′

1 = u(1)
1 .

• z(1)
′

1 =
z(1)1
c1

=
c2x(1)1

c1
= c2x(1)

′

1 = u(1)
1 .

• z(1)
′

2 =
z(1)2
c1

=
x(1)2
c1

= x(1)
′

2 = u(1)
2 .

• z(2)
′

2 =
z(2)2
c1

=
x(2)2
c1

= x(2)
′

2 = u(2)
2 .

• z(1)
′

3 = z(1)3
Kz

Kz31
= x(1)3

Kx
Kx31

= x(1)
′

3 = u(1)
3 .

• z(2)
′

3 = z(2)3
Kz31

c1Kz32
= x(2)3

Kx31
c1Kx32

= x(2)
′

3 = u(2)
3 .

• z(3)
′

3 = z(3)3
Kz32
c1Kz

= x(3)3
Kx32
c1Kx

= x(3)
′

3 = u(3)
3 .

• z(1)
′

5 = z(1)5
Kz

Kz51
= x(1)5

Kx
Kx51

= x(1)
′

5 = u(1)
5 .

• z(2)
′

5 = z(2)5
Kz51
c1Kz

= x(2)5
Kx51
c1Kx

= x(2)
′

5 = u(2)
5 .

• z(1)
′

6 = z(1)6
Kz

Kz61
= x(1)6

Kx
Kx61

= x(1)
′

6 = u(1)
6 .

• z(2)
′

6 = z(2)6
Kz61
Kz62

= x(2)6
Kx61
Kx62

= x(2)
′

6 = u(2)
6 .

• z(3)
′

6 = z(3)6
Kz62
c1Kz

= x(3)6
Kx62
c1Kx

= x(3)
′

6 = u(3)
6 .
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Also, note that, by Maple, we have

(
c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + c2x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3

+ x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)(
x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3

+ x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)−1Kz41

= Kx41

(
c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 Kx41(Kx43)

−1 + c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 Kx51 Kx41 Kx32(Kx43 Kx42)
−1

+ c2x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 Kx61 Kx51 Kx31(Kx62 Kx42)
−1 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 Kx61(Kx62)

−1)
×
(
x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 Kx41(Kx43)

−1 + x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 Kx51 Kx41 Kx32(Kx43 Kx42)
−1

+ x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 Kx61 Kx51 Kx31(Kx62 Kx42)
−1 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 Kx61(Kx62)

−1)−1,(
c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3

+ x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)(
x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3

+ x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)−1Kz42

= Kx42

(
c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 Kx41(Kx43)

−1 + c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 Kx51 Kx41 Kx32(Kx43 Kx42)
−1

+ x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 Kx61 Kx51 Kx31(Kx62 Kx42)
−1 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 Kx61(Kx62)

−1)
×
(
x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 Kx41(Kx43)

−1 + x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 Kx51 Kx41 Kx32(Kx43 Kx42)
−1

+ x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 Kx61 Kx51 Kx31(Kx62 Kx42)
−1 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 Kx61(Kx62)

−1)−1,(
c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3

+ x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)(
x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3

+ x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)−1Kz43

= Kx43

(
c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 Kx41(Kx43)

−1 + x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 Kx51 Kx41 Kx32(Kx43 Kx42)
−1

+ x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 Kx61 Kx51 Kx31(Kx62 Kx42)
−1 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 Kx61(Kx62)

−1)
×
(

x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 Kx41(Kx43)
−1 + x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 Kx51 Kx41 Kx32(Kx43 Kx42)

−1

+ x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 Kx61 Kx51 Kx31(Kx62 Kx42)
−1 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 Kx61(Kx62)

−1)−1.

Thus we have

• z(1)
′

4 = z(1)4
Kz

Kz41

= x(1)4

(
c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + c2x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3

+ c2x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)(
c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3

+ c2x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)−1 · Kx
Kz41

= x(1)4
Kx

Kx41

(
c1
−3c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 Kx41(Kx43)

−1

+ c1
−3c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 Kx51 Kx41 Kx32(Kx43 Kx42)

−1
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+ c1
−3c2x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 Kx61 Kx51 Kx31(Kx62 Kx42)

−1

+ c1
−3c2x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 Kx61(Kx62)

−1)(c1
−3c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 Kx41(Kx43)

−1

+ c1
−3c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 Kx51 Kx41 Kx32(Kx43 Kx42)

−1

+ c1
−3c2x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 Kx61 Kx51 Kx31(Kx62 Kx42)

−1

+ c1
−3x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 Kx61(Kx62)

−1)−1

= x(1)
′

4

(
c2x(4)

′

4 (x(3)
′

4 )2(x(2)
′

4 )2x(1)
′

4 + c2x(2)
′

5 x(3)
′

4 (x(2)
′

4 )2x(1)
′

4 x(3)
′

3 + c2x(2)
′

6 x(2)
′

5 x(2)
′

4 x(1)
′

4 x(3)
′

3 x(2)
′

3

+ c2x(2)
′

6 x(2)
′

5 x(1)
′

5 x(3)
′

3 x(2)
′

3 x(1)
′

3

)(
c2x(4)

′

4 (x(3)
′

4 )2(x(2)
′

4 )2x(1)
′

4 + c2x(2)
′

5 x(3)
′

4 (x(2)
′

4 )2x(1)
′

4 x(3)
′

3

+ c2x(2)
′

6 x(2)
′

5 x(2)
′

4 x(1)
′

4 x(3)
′

3 x(2)
′

3 + x(2)
′

6 x(2)
′

5 x(1)
′

5 x(3)
′

3 x(2)
′

3 x(1)
′

3

)−1

= u(1)
4 ,

• z(2)
′

4 = z(2)4
KzKz41

Kz42

= x(2)4

(
c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + c2x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3

+ x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)(
c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3

+ x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)−1 · KxKz41
Kz42

= x(2)4
KxKx41

Kx42

(
c1
−3c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 Kx41(Kx43)

−1

+ c1
−3c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 Kx51 Kx41 Kx32(Kx43 Kx42)

−1

+ c1
−3c2x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 Kx61 Kx51 Kx31(Kx62 Kx42)

−1

+ c1
−3x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 Kx61(Kx62)

−1)(c1
−3c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 Kx41(Kx43)

−1

+ c1
−3c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 Kx51 Kx41 Kx32(Kx43 Kx42)

−1

+ c1
−3x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 Kx61 Kx51 Kx31(Kx62 Kx42)

−1

+ c1
−3x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 Kx61(Kx62)

−1)−1

= x(2)
′

4

(
c2x(4)

′

4 (x(3)
′

4 )2(x(2)
′

4 )2x(1)
′

4 + c2x(2)
′

5 x(3)
′

4 (x(2)
′

4 )2x(1)
′

4 x(3)
′

3 + c2x(2)
′

6 x(2)
′

5 x(2)
′

4 x(1)
′

4 x(3)
′

3 x(2)
′

3

+ x(2)
′

6 x(2)
′

5 x(1)
′

5 x(3)
′

3 x(2)
′

3 x(1)
′

3

)(
c2x(4)

′

4 (x(3)
′

4 )2(x(2)
′

4 )2x(1)
′

4 + c2x(2)
′

5 x(3)
′

4 (x(2)
′

4 )2x(1)
′

4 x(3)
′

3

+ x(2)
′

6 x(2)
′

5 x(2)
′

4 x(1)
′

4 x(3)
′

3 x(2)
′

3 + x(2)
′

6 x(2)
′

5 x(1)
′

5 x(3)
′

3 x(2)
′

3 x(1)
′

3

)−1

= u(2)
4 ,

• z(3)
′

4 = z(3)4
Kz42

c1KzKz43

= x(3)4

(
c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3

+ x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)(
c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3

+ x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)−1 · Kz42
c1KxKz43

= x(3)4
Kx42

c1KxKx43

(
c1
−3c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 Kx41(Kx43)

−1

+ c1
−3c2x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 Kx51 Kx41 Kx32(Kx43 Kx42)

−1

+ c1
−3x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 Kx61 Kx51 Kx31(Kx62 Kx42)

−1

+ c1
−3x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 Kx61(Kx62)

−1)(c1
−3c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 Kx41(Kx43)

−1

+ c1
−3x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 Kx51 Kx41 Kx32(Kx43 Kx42)

−1

+ c1
−3x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 Kx61 Kx51 Kx31(Kx62 Kx42)

−1
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+ c1
−3x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 Kx61(Kx62)

−1)−1

= x(3)
′

4

(
c2x(4)

′

4 (x(3)
′

4 )2(x(2)
′

4 )2x(1)
′

4 + c2x(2)
′

5 x(3)
′

4 (x(2)
′

4 )2x(1)
′

4 x(3)
′

3 + x(2)
′

6 x(2)
′

5 x(2)
′

4 x(1)
′

4 x(3)
′

3 x(2)
′

3

+ x(2)
′

6 x(2)
′

5 x(1)
′

5 x(3)
′

3 x(2)
′

3 x(1)
′

3

)(
c2x(4)

′

4 (x(3)
′

4 )2(x(2)
′

4 )2x(1)
′

4 + x(2)
′

5 x(3)
′

4 (x(2)
′

4 )2x(1)
′

4 x(3)
′

3

+ x(2)
′

6 x(2)
′

5 x(2)
′

4 x(1)
′

4 x(3)
′

3 x(2)
′

3 + x(2)
′

6 x(2)
′

5 x(1)
′

5 x(3)
′

3 x(2)
′

3 x(1)
′

3

)−1

= u(3)
4 ,

• z(4)
′

4 = z(4)4
Kz43
c1Kz

= x(4)4

(
c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 + x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3

+ x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)(
x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 + x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3

+ x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 + x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3

)−1 · Kz43
c1Kx

= x(4)4
Kx43
c1Kx

(
c1
−3c2x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 Kx41(Kx43)

−1

+ c1
−3x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 Kx51 Kx41 Kx32(Kx43 Kx42)

−1

+ c1
−3x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 Kx61 Kx51 Kx31(Kx62 Kx42)

−1

+ c1
−3x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 Kx61(Kx62)

−1)(c1
−3x(4)4 (x(3)4 )2(x(2)4 )2x(1)4 Kx41(Kx43)

−1

+ c1
−3x(2)5 x(3)4 (x(2)4 )2x(1)4 x(3)3 Kx51 Kx41 Kx32(Kx43 Kx42)

−1

+ c1
−3x(2)6 x(2)5 x(2)4 x(1)4 x(3)3 x(2)3 Kx61 Kx51 Kx31(Kx62 Kx42)

−1

+ c1
−3x(2)6 x(2)5 x(1)5 x(3)3 x(2)3 x(1)3 Kx61(Kx62)

−1)−1

= x(4)
′

4

(
c2x(4)

′

4 (x(3)
′

4 )2(x(2)
′

4 )2x(1)
′

4 + x(2)
′

5 x(3)
′

4 (x(2)
′

4 )2x(1)
′

4 x(3)
′

3 + x(2)
′

6 x(2)
′

5 x(2)
′

4 x(1)
′

4 x(3)
′

3 x(2)
′

3

+ x(2)
′

6 x(2)
′

5 x(1)
′

5 x(3)
′

3 x(2)
′

3 x(1)
′

3

)(
x(4)

′

4 (x(3)
′

4 )2(x(2)
′

4 )2x(1)
′

4 + x(2)
′

5 x(3)
′

4 (x(2)
′

4 )2x(1)
′

4 x(3)
′

3

+ x(2)
′

6 x(2)
′

5 x(2)
′

4 x(1)
′

4 x(3)
′

3 x(2)
′

3 + x(2)
′

6 x(2)
′

5 x(1)
′

5 x(3)
′

3 x(2)
′

3 x(1)
′

3

)−1

= u(4)
4 .

For k = 5, we first observe that

z(1)5 z(2)2 z(1)2

z(3)3 z(2)3

+
z(3)4 z(2)4 z(2)2 z(1)2

z(2)5 z(3)3 z(2)3

=
( c2x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

)( x(2)5 x(1)5 + x(3)4 x(2)4

c2x(2)5 x(1)5 + x(3)4 x(2)4

)
=
( x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

)( c2x(2)5 x(1)5 + x(3)4 x(2)4

c2x(2)5 x(1)5 + x(3)4 x(2)4

)
=

x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

,

z(1)5 z(1)3 z(2)2

z(2)4 z(3)3

+
z(3)4 z(1)3 z(2)2

z(2)5 z(3)3

=
( c2x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

)( x(2)5 x(1)5 + x(3)4 x(2)4

c2x(2)5 x(1)5 + x(3)4 x(2)4

)
=
( x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

)( c2x(2)5 x(1)5 + x(3)4 x(2)4

c2x(2)5 x(1)5 + x(3)4 x(2)4

)
=

x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

,
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z(1)5 z(2)3 z(1)3

z(3)4 z(2)4

+
z(2)3 z(1)3

z(2)5

=
( c2x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+
x(2)3 x(1)3

x(2)5

)( x(2)5 x(1)5 + x(3)4 x(2)4

c2x(2)5 x(1)5 + x(3)4 x(2)4

)
=
( x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+
x(2)3 x(1)3

x(2)5

)( c2x(2)5 x(1)5 + x(3)4 x(2)4

c2x(2)5 x(1)5 + x(3)4 x(2)4

)
=

x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+
x(2)3 x(1)3

x(2)5

.

These imply Kz = Kx, Kz31 = Kx31 , Kz32 = Kx32 , Kz41 = Kx41 , Kz42 = Kx42 , Kz43 = Kx43 , Kz61 =

Kx61 and Kz62 = Kx62 . Now we have the following.

• z(1)
′

1 =
z(1)1
c1

=
x(1)1
c1

= x(1)
′

1 = u(1)
1 .

• z(1)
′

2 =
z(1)2
c1

=
x(1)2
c1

= x(1)
′

2 = u(1)
2 .

• z(2)
′

2 =
z(2)2
c1

=
x(2)2
c1

= x(2)
′

2 = u(2)
2 .

• z(1)
′

3 = z(1)3
Kz

Kz31
= x(1)3

Kx
Kx31

= x(1)
′

3 = u(1)
3 .

• z(2)
′

3 = z(2)3
Kz31

c1Kz32
= x(2)3

Kx31
c1Kx32

= x(2)
′

3 = u(2)
3 .

• z(3)
′

3 = z(3)3
Kz32
c1Kz

= x(3)3
Kx32
c1Kx

= x(3)
′

3 = u(3)
3 .

• z(1)
′

4 = z(1)4
Kz

Kz41
= x(1)4

Kx
Kx41

= x(1)
′

4 = u(1)
4 .

• z(2)
′

4 = z(2)4
KzKz41

Kz42
= x(2)4

KxKx41
Kx42

= x(2)
′

4 = u(2)
4 .

• z(3)
′

4 = z(3)4
Kz42

c1KzKz43
=

Kx42
c1KxKx43

= x(3)
′

4 = u(3)
4 .

• z(4)
′

4 = z(4)4
Kz43
c1Kz

= x(4)4
Kx43
c1Kx

= x(4)
′

4 = u(4)
4 .

• z(1)
′

6 = z(1)6
Kz

Kz61
= x(1)6

Kx
Kx61

= x(1)
′

6 = u(1)
6 .

• z(2)
′

6 = z(2)6
Kz61
Kz62

= x(2)6
Kx61
Kx62

= x(2)
′

6 = u(2)
6 .

• z(3)
′

6 = z(3)6
Kz62
c1Kz

= x(3)6
Kx62
c1Kx

= x(3)
′

6 = u(3)
6 .

We also have

c1
z(1)5 z(2)2 z(1)2

z(3)3 z(2)3

+ c1
z(1)5 z(1)3 z(2)2

z(2)4 z(3)3

+ c1
z(1)5 z(2)3 z(1)3

z(3)4 z(2)4

+
z(3)4 z(2)4 z(2)2 z(1)2

z(2)5 z(3)3 z(2)3

+
z(3)4 z(1)3 z(2)2

z(2)5 z(3)3

+
z(2)3 z(1)3

z(2)5
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=
( c1c2x(1)5 x(2)2 x(1)2

x(3)3 x(2)3

+
c1c2x(1)5 x(1)3 x(2)2

x(2)4 x(3)3

+
c1c2x(1)5 x(2)3 x(1)3

x(3)4 x(2)4

+
x(3)4 x(2)4 x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(3)4 x(1)3 x(2)2

x(2)5 x(3)3

+
x(2)3 x(1)3

x(2)5

) x(2)5 x(1)5 + x(3)4 x(2)4

c2x(2)5 x(1)5 + x(3)4 x(2)4

=
(
(c1c2x(2)5 x(1)5 + x(3)4 x(2)4 )

( x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(2)5 x(2)4 x(3)3

+
x(2)3 x(1)3

x(2)5 x(3)4 x(2)4

))( x(2)5 x(1)5 + x(3)4 x(2)4

c2x(2)5 x(1)5 + x(3)4 x(2)4

)
,

then,( c2x(2)5 x(1)5 + x(3)4 x(2)4

x(2)5 x(1)5 + x(3)4 x(2)4

)
Kz51 =

( c2x(2)5 x(1)5 + x(3)4 x(2)4

x(2)5 x(1)5 + x(3)4 x(2)4

)(
c1x(1)6 + c1

x(1)4 x(2)2

x(3)3

+ c1
x(1)4 x(2)3

x(3)4

+ c1
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(1)3 x(2)2

x(4)4

+
(
(c1c2x(2)5 x(1)5

+ x(3)4 x(2)4 )
( x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(2)5 x(2)4 x(3)3

+
x(2)3 x(1)3

x(2)5 x(3)4 x(2)4

))( x(2)5 x(1)5 + x(3)4 x(2)4

c2x(2)5 x(1)5 + x(3)4 x(2)4

))

=
( c2x(2)5 x(1)5 + x(3)4 x(2)4

x(2)5 x(1)5 + x(3)4 x(2)4

)(
c1x(1)6 + c1

x(1)4 x(2)2

x(3)3

+ c1
x(1)4 x(2)3

x(3)4

+ c1
x(2)4 x(1)4

x(2)6

+
x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

+
x(2)4 x(2)2 x(1)2

x(4)4 x(2)3

+
x(1)3 x(2)2

x(4)4

)
+
(
(c1c2x(2)5 x(1)5 + x(3)4 x(2)4 )

×
( x(2)2 x(1)2

x(2)5 x(3)3 x(2)3

+
x(1)3 x(2)2

x(2)5 x(2)4 x(3)3

+
x(2)3 x(1)3

x(2)5 x(3)4 x(2)4

))
= Kx51 ·

c2x(2)5 x(1)5 + x(3)4 x(2)4 Kx41(Kx43)
−1

x(2)5 x(1)5 + x(3)4 x(2)4 Kx41(Kx43)
−1

by Maple.

Thus we have

• z(1)
′

5 = z(1)5
Kz

Kz51
= x(1)5 ·

c2x(2)5 x(1)5 +c2x(3)4 x(2)4

c2x(2)5 x(1)5 +x(3)4 x(2)4

· Kx
Kz51

= x(1)5
Kx

Kx51
· c1

−1c2x(2)5 x(1)5 +c1
−1c2x(3)4 x(2)4 Kx41 (Kx43 )

−1

c1
−1c2x(2)5 x(1)5 +c1

−1x(3)4 x(2)4 Kx41 (Kx43 )
−1

= x(1)
′

5 · c2x(2)
′

5 x(1)
′

5 +c2x(3)
′

4 x(2)
′

4

c2x(2)
′

5 x(1)
′

5 +x(3)
′

4 x(2)
′

4

= u(1)
5 ,

• z(2)
′

5 = z(2)5
Kz51
c1Kz

= x(2)5 ·
c2x(2)5 x(1)5 +x(3)4 x(2)4

x(2)5 x(1)5 +x(3)4 x(2)4

· Kz51
c1Kx

= x(2)5
Kx51
c1Kx
· c1

−1c2x(2)5 x(1)5 +c1
−1x(3)4 x(2)4 Kx41 (Kx43 )

−1

c1
−1x(2)5 x(1)5 +c1

−1x(3)4 x(2)4 Kx41 (Kx43 )
−1

= x(2)
′

5 · c2x(2)
′

5 x(1)
′

5 +x(3)
′

4 x(2)
′

4

x(2)
′

5 x(1)
′

5 +x(3)
′

4 x(2)
′

4

= u(2)
5 .

For k = 6, we first observe that

z(1)6 +
z(2)4 z(1)4

z(2)6

= x(1)6 ·
c2x(3)6 (x(2)6 )2x(1)6 + c2x(2)6 x(1)6 x(4)4 x(3)4 + c2x(4)4 x(3)4 x(2)4 x(1)4

c2x(3)6 (x(2)6 )2x(1)6 + c2x(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4

83



+
x(2)4 x(1)4

x(2)6

·
c2x(3)6 (x(2)6 )2x(1)6 + x(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4

c2x(3)6 (x(2)6 )2x(1)6 + c2x(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4

= (c2x(3)6 (x(2)6 )2x(1)6 + c2x(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4 )−1

×
(

x(1)6 (c2x(3)6 (x(2)6 )2x(1)6 + c2x(2)6 x(1)6 x(4)4 x(3)4 + c2x(4)4 x(3)4 x(2)4 x(1)4 )

+
x(2)4 x(1)4

x(2)6

· (c2x(3)6 (x(2)6 )2x(1)6 + x(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4 )
)

= (c2x(3)6 (x(2)6 )2x(1)6 + c2x(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4 )−1

×
((

x(1)6 +
x(2)4 x(1)4

x(2)6

)
(c2x(3)6 (x(2)6 )2x(1)6 + c2x(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4 )

)
= x(1)6 +

x(2)4 x(1)4

x(2)6

,

z(2)2 z(1)2

z(3)6

+
z(2)6 z(2)2 z(1)2

z(4)4 z(3)4

=
x(2)2 x(1)2

x(3)6

·
x(3)6 (x(2)6 )2x(1)6 + x(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4

c2x(3)6 (x(2)6 )2x(1)6 + x(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

·
c2x(3)6 (x(2)6 )2x(1)6 + c2x(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4

c2x(3)6 (x(2)6 )2x(1)6 + x(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4

= (c2x(3)6 (x(2)6 )2x(1)6 + x(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4 )−1

×
( x(2)2 x(1)2

x(3)6

· (x(3)6 (x(2)6 )2x(1)6 + x(2)6 x(1)6 x(4)4 x(3)4 + c2x(4)4 x(3)4 x(2)4 x(1)4 )

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

· (c2x(3)6 (x(2)6 )2x(1)6 + c2x(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4 )
)

= (c2x(3)6 (x(2)6 )2x(1)6 + x(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4 )−1

×
(( x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

)
(c2x(3)6 (x(2)6 )2x(1)6 + x(2)6 x(1)6 x(4)4 x(3)4 + c2x(4)4 x(3)4 x(2)4 x(1)4 )

)
=

x(2)2 x(1)2

x(3)6

+
x(2)6 x(2)2 x(1)2

x(4)4 x(3)4

.

These imply Kz = Kx, Kz31 = Kx31 , Kz32 = Kx32 , Kz41 = Kx41 , Kz42 = Kx42 , Kz43 = Kx43 and
Kz51 = Kx51 . Now we have the following.

• z(1)
′

1 =
z(1)1
c1

=
x(1)1
c1

= x(1)
′

1 = u(1)
1 .

• z(1)
′

2 =
z(1)2
c1

=
x(1)2
c1

= x(1)
′

2 = u(1)
2 .

• z(2)
′

2 =
z(2)2
c1

=
x(2)2
c1

= x(2)
′

2 = u(2)
2 .
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• z(1)
′

3 = z(1)3
Kz

Kz31
= x(1)3

Kx
Kx31

= x(1)
′

3 = u(1)
3 .

• z(2)
′

3 = z(2)3
Kz31

c1Kz32
= x(2)3

Kx31
c1Kx32

= x(2)
′

3 = u(2)
3 .

• z(3)
′

3 = z(3)3
Kz32
c1Kz

= x(3)3
Kx32
c1Kx

= x(3)
′

3 = u(3)
3 .

• z(1)
′

4 = z(1)4
Kz

Kz41
= x(1)4

Kx
Kx41

= x(1)
′

4 = u(1)
4 .

• z(2)
′

4 = z(2)4
KzKz41

Kz42
= x(2)4

KxKx41
Kx42

= x(2)
′

4 = u(2)
4 .

• z(3)
′

4 = z(3)4
Kz42

c1KzKz43
=

Kx42
c1KxKx43

= x(3)
′

4 = u(3)
4 .

• z(4)
′

4 = z(4)4
Kz43
c1Kz

= x(4)4
Kx43
c1Kx

= x(4)
′

4 = u(4)
4 .

• z(1)
′

5 = z(1)5
Kz

Kz51
= x(1)5

Kx
Kx51

= x(1)
′

5 = u(1)
5 .

• z(2)
′

5 = z(2)5
Kz51
c1Kz

= x(2)5
Kx51
c1Kx

= x(2)
′

5 = u(2)
5 .

Also, note that

( c2x(3)6 (x(2)6 )2x(1)6 + c2x(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4

x(3)6 (x(2)6 )2x(1)6 + x(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4

)
Kz61

= Kx61

(
c1
−1c2x(3)6 (x(2)6 )2x(1)6 Kx61(Kx62)

−1 + c1
−2c2x(2)6 x(1)6 x(4)4 x(3)4 Kx42(KKx62)

−1

+ c1
−2x(4)4 x(3)4 x(2)4 x(1)4

)(
c1
−1x(3)6 (x(2)6 )2x(1)6 Kx61(Kx62)

−1

+ c1
−2x(2)6 x(1)6 x(4)4 x(3)4 Kx42(KKx62)

−1 + c1
−2x(4)4 x(3)4 x(2)4 x(1)4

)−1 by Maple,( c2x(3)6 (x(2)6 )2x(1)6 + x(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4

x(3)6 (x(2)6 )2x(1)6 + x(2)6 x(1)6 x(4)4 x(3)4 + x(4)4 x(3)4 x(2)4 x(1)4

)
Kz62

= Kx62

(
c1
−1c2x(3)6 (x(2)6 )2x(1)6 Kx61(Kx62)

−1 + c1
−2x(2)6 x(1)6 x(4)4 x(3)4 Kx42(KKx62)

−1

+ c1
−2x(4)4 x(3)4 x(2)4 x(1)4

)(
c1
−1x(3)6 (x(2)6 )2x(1)6 Kx61(Kx62)

−1

+ c1
−2x(2)6 x(1)6 x(4)4 x(3)4 Kx42(KKx62)

−1 + c1
−2x(4)4 x(3)4 x(2)4 x(1)4

)−1 by Maple.

Thus we have

• z(1)
′

6 = z(1)6
Kz

Kz61
= x(1)6 ·

c2x(3)6 (x(2)6 )2x(1)6 +c2x(2)6 x(1)6 x(4)4 x(3)4 +c2x(4)4 x(3)4 x(2)4 x(1)4

c2x(3)6 (x(2)6 )2x(1)6 +c2x(2)6 x(1)6 x(4)4 x(3)4 +x(4)4 x(3)4 x(2)4 x(1)4

· Kx
Kz61

= x(1)6
Kx

Kx61

(
c1
−1c2x(3)6 (x(2)6 )2x(1)6 Kx61(Kx62)

−1 + c1
−2c2x(2)6 x(1)6 x(4)4 x(3)4 Kx42(KKx62)

−1

+ c1
−2c2x(4)4 x(3)4 x(2)4 x(1)4

)(
c1
−1c2x(3)6 (x(2)6 )2x(1)6 Kx61(Kx62)

−1

+ c1
−2c2x(2)6 x(1)6 x(4)4 x(3)4 Kx42(KKx62)

−1 + c1
−2x(4)4 x(3)4 x(2)4 x(1)4

)−1

= x(1)
′

6 · c2x(3)
′

6 (x(2)
′

6 )2x(1)
′

6 +c2x(2)
′

6 x(1)
′

6 x(4)
′

4 x(3)
′

4 +c2x(4)
′

4 x(3)
′

4 x(2)
′

4 x(1)
′

4

c2x(3)
′

6 (x(2)
′

6 )2x(1)
′

6 +c2x(2)
′

6 x(1)
′

6 x(4)
′

4 x(3)
′

4 +x(4)
′

4 x(3)
′

4 x(2)
′

4 x(1)
′

4

= u(1)
6 ,
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• z(2)
′

6 = z(2)6
Kz61
Kz62

= x(2)6 ·
c2x(3)6 (x(2)6 )2x(1)6 +c2x(2)6 x(1)6 x(4)4 x(3)4 +x(4)4 x(3)4 x(2)4 x(1)4

c2x(3)6 (x(2)6 )2x(1)6 +x(2)6 x(1)6 x(4)4 x(3)4 +x(4)4 x(3)4 x(2)4 x(1)4

· Kz61
Kz62

= x(2)6
Kx61
Kx62

(
c1
−1c2x(3)6 (x(2)6 )2x(1)6 Kx61(Kx62)

−1 + c1
−2c2x(2)6 x(1)6 x(4)4 x(3)4 Kx42(KKx62)

−1

+ c1
−2x(4)4 x(3)4 x(2)4 x(1)4

)(
c1
−1c2x(3)6 (x(2)6 )2x(1)6 Kx61(Kx62)

−1

+ c1
−2x(2)6 x(1)6 x(4)4 x(3)4 Kx42(KKx62)

−1 + c1
−2x(4)4 x(3)4 x(2)4 x(1)4

)−1

= x(2)
′

6 · c2x(3)
′

6 (x(2)
′

6 )2x(1)
′

6 +c2x(2)
′

6 x(1)
′

6 x(4)
′

4 x(3)
′

4 +x(4)
′

4 x(3)
′

4 x(2)
′

4 x(1)
′

4

c2x(3)
′

6 (x(2)
′

6 )2x(1)
′

6 +x(2)
′

6 x(1)
′

6 x(4)
′

4 x(3)
′

4 +x(4)
′

4 x(3)
′

4 x(2)
′

4 x(1)
′

4

= u(2)
6 ,

• z(3)
′

6 = z(3)6
Kz62
c1Kz

= x(3)6 ·
c2x(3)6 (x(2)6 )2x(1)6 +x(2)6 x(1)6 x(4)4 x(3)4 +x(4)4 x(3)4 x(2)4 x(1)4

x(3)6 (x(2)6 )2x(1)6 +x(2)6 x(1)6 x(4)4 x(3)4 +x(4)4 x(3)4 x(2)4 x(1)4

· Kz62
c1Kx

= x(3)6
Kx62
c1Kx

(
c1
−1c2x(3)6 (x(2)6 )2x(1)6 Kx61(Kx62)

−1 + c1
−2x(2)6 x(1)6 x(4)4 x(3)4 Kx42(KKx62)

−1

+ c1
−2x(4)4 x(3)4 x(2)4 x(1)4

)(
c1
−1x(3)6 (x(2)6 )2x(1)6 Kx61(Kx62)

−1 + c1
−2x(2)6 x(1)6 x(4)4 x(3)4 Kx42(KKx62)

−1

+ c1
−2x(4)4 x(3)4 x(2)4 x(1)4

)−1

= x(3)
′

6 · c2x(3)
′

6 (x(2)
′

6 )2x(1)
′

6 +x(2)
′

6 x(1)
′

6 x(4)
′

4 x(3)
′

4 +x(4)
′

4 x(3)
′

4 x(2)
′

4 x(1)
′

4

x(3)
′

6 (x(2)
′

6 )2x(1)
′

6 +x(2)
′

6 x(1)
′

6 x(4)
′

4 x(3)
′

4 +x(4)
′

4 x(3)
′

4 x(2)
′

4 x(1)
′

4

= u(3)
6 .

Finally to show relation (5) we observe that ē6
c1 ē4

c1c2 ē6
c2 = ē4

c2 ē6
c1c2 ē4

c1 since V2 is a
g1-geometric crystal. Hence by Proposition 6.2.5, we have

ec1
0 ec1c2

2 ec2
0 = σ̄−1ē6

c1 σ̄ec1c2
2 σ̄−1ē6

c2 σ̄

= σ̄−1ē6
c1 ē4

c1c2 ē6
c2 σ̄ = σ̄−1ē4

c2 ē6
c1c2 ē4

c1 σ̄

= ec2
2 σ̄−1ē6

c1c2 σ̄ec1
2 = ec2

2 ec1c2
0 ec1

2 ,

which completes the proof.
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CHAPTER

7

PERFECT CRYSTALS OF TYPE D(1)
6

For a positive integer l, we consider the sets B6,l and B6,∞ as follows.

B6,l =


b = (bij) i ≤ j ≤ i + 5,

1 ≤ i ≤ 6

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

bij ∈ Z≥0,
i+5

∑
j=i

bij = l, 1 ≤ i ≤ 6,

6−t

∑
j=i

bij =
5+t

∑
j=i+t

bi+t,j, 1 ≤ i, t ≤ 5,

t

∑
j=i

bij ≥
t+1

∑
j=i+1

bi+1,j, 1 ≤ i ≤ t ≤ 5


,

B6,∞ =


b = (bij) i ≤ j ≤ i + 5,

1 ≤ i ≤ 6

∣∣∣∣∣∣∣∣∣∣∣
bij ∈ Z,

i+5

∑
j=i

bij = 0, 1 ≤ i ≤ 6,

6−t

∑
j=i

bij =
5+t

∑
j=i+t

bi+t,j, 1 ≤ i, t ≤ 5


.

For B = B6,l or B6,∞ we define the maps ẽk, f̃k : B −→ B ∪ {0}, εk, ϕk : B −→ Z, 0 ≤ k ≤ 6 and
wt : B −→ Pcl , as follows. First we define conditions (Ej), 1 ≤ j ≤ 14:

(E1) − b13 − b14 − b15 + b22 > b55,
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− b13 − b14 − b15 + b22 > −b13 − b23 + b44 + b45,

− b13 − b14 − b15 + b22 > −b13 − b34 + b44 + b45,

− b13 − b14 − b15 + b22 > −b13 + b44,

− b13 − b14 − b15 + b22 > −b24 − b34 + b44 + b45,

− b13 − b14 − b15 + b22 > −b24 + b44,

− b13 − b14 − b15 + b22 > −b35 + b44,

− b13 − b14 − b15 + b22 > −b13 − b14 − b23 − b24 + b33 + b34 + b35,

− b13 − b14 − b15 + b22 > −b13 − b14 − b23 + b33 + b34,

− b13 − b14 − b15 + b22 > −b13 − b23 − b25 + b33 + b34,

− b13 − b14 − b15 + b22 > −b13 − b14 + b33,

− b13 − b14 − b15 + b22 > −b13 − b25 + b33,

− b13 − b14 − b15 + b22 > −b24 − b25 + b33,

(E2) − b13 − b14 − b23 − b24 + b33 + b34 + b35 > b55,

− b13 − b14 − b23 − b24 + b33 + b34 + b35 > −b13 − b23 + b44 + b45,

− b13 − b14 − b23 − b24 + b33 + b34 + b35 > −b13 − b34 + b44 + b45,

− b13 − b14 − b23 − b24 + b33 + b34 + b35 > −b13 + b44,

− b13 − b14 − b23 − b24 + b33 + b34 + b35 > −b24 − b34 + b44 + b45,

− b13 − b14 − b23 − b24 + b33 + b34 + b35 > −b24 + b44,

− b13 − b14 − b23 − b24 + b33 + b34 + b35 > −b35 + b44,

− b13 − b14 − b23 − b24 + b33 + b34 + b35 ≥ −b13 − b14 − b15 + b22,

− b13 − b14 − b23 − b24 + b33 + b34 + b35 > −b13 − b14 − b23 + b33 + b34,

− b13 − b14 − b23 − b24 + b33 + b34 + b35 > −b13 − b23 − b25 + b33 + b34,

− b13 − b14 − b23 − b24 + b33 + b34 + b35 > −b13 − b14 + b33,

− b13 − b14 − b23 − b24 + b33 + b34 + b35 > −b13 − b25 + b33,

− b13 − b14 − b23 − b24 + b33 + b34 + b35 > −b24 − b25 + b33,

(E3) − b13 − b14 − b23 + b33 + b34 > b55,

− b13 − b14 − b23 + b33 + b34 > −b13 − b23 + b44 + b45,

− b13 − b14 − b23 + b33 + b34 > −b13 − b34 + b44 + b45,

− b13 − b14 − b23 + b33 + b34 > −b13 + b44,

− b13 − b14 − b23 + b33 + b34 > −b24 − b34 + b44 + b45,

− b13 − b14 − b23 + b33 + b34 > −b24 + b44,

88



− b13 − b14 − b23 + b33 + b34 > −b35 + b44,

− b13 − b14 − b23 + b33 + b34 ≥ −b13 − b14 − b15 + b22,

− b13 − b14 − b23 + b33 + b34 ≥ −b13 − b14 − b23 − b24 + b33 + b34 + b35,

− b13 − b14 − b23 + b33 + b34 > −b13 − b23 − b25 + b33 + b34,

− b13 − b14 − b23 + b33 + b34 > −b13 − b14 + b33,

− b13 − b14 − b23 + b33 + b34 > −b13 − b25 + b33,

− b13 − b14 − b23 + b33 + b34 > −b24 − b25 + b33,

(E4) − b13 − b23 − b25 + b33 + b34 > b55,

− b13 − b23 − b25 + b33 + b34 > −b13 − b23 + b44 + b45,

− b13 − b23 − b25 + b33 + b34 > −b13 − b34 + b44 + b45,

− b13 − b23 − b25 + b33 + b34 > −b13 + b44,

− b13 − b23 − b25 + b33 + b34 > −b24 − b34 + b44 + b45,

− b13 − b23 − b25 + b33 + b34 > −b24 + b44,

− b13 − b23 − b25 + b33 + b34 > −b35 + b44,

− b13 − b23 − b25 + b33 + b34 ≥ −b13 − b14 − b15 + b22,

− b13 − b23 − b25 + b33 + b34 ≥ −b13 − b14 − b23 − b24 + b33 + b34 + b35,

− b13 − b23 − b25 + b33 + b34 ≥ −b13 − b14 − b23 + b33 + b34,

− b13 − b23 − b25 + b33 + b34 > −b13 − b14 + b33,

− b13 − b23 − b25 + b33 + b34 > −b13 − b25 + b33,

− b13 − b23 − b25 + b33 + b34 > −b24 − b25 + b33,

(E5) − b13 − b14 + b33 > b55,

− b13 − b14 + b33 > −b13 − b23 + b44 + b45,

− b13 − b14 + b33 > −b13 − b34 + b44 + b45,

− b13 − b14 + b33 > −b13 + b44,

− b13 − b14 + b33 > −b24 − b34 + b44 + b45,

− b13 − b14 + b33 > −b24 + b44,

− b13 − b14 + b33 > −b35 + b44,

− b13 − b14 + b33 ≥ −b13 − b14 − b15 + b22,

− b13 − b14 + b33 ≥ −b13 − b14 − b23 − b24 + b33 + b34 + b35,

− b13 − b14 + b33 ≥ −b13 − b14 − b23 + b33 + b34,

− b13 − b14 + b33 > −b13 − b23 − b25 + b33 + b34,
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− b13 − b14 + b33 > −b13 − b25 + b33,

− b13 − b14 + b33 > −b24 − b25 + b33,

(E6) − b13 − b23 + b44 + b45 > b55,

− b13 − b23 + b44 + b45 > −b13 − b34 + b44 + b45,

− b13 − b23 + b44 + b45 > −b13 + b44,

− b13 − b23 + b44 + b45 > −b24 − b34 + b44 + b45,

− b13 − b23 + b44 + b45 > −b24 + b44,

− b13 − b23 + b44 + b45 > −b35 + b44,

− b13 − b23 + b44 + b45 ≥ −b13 − b14 − b15 + b22,

− b13 − b23 + b44 + b45 ≥ −b13 − b14 − b23 − b24 + b33 + b34 + b35,

− b13 − b23 + b44 + b45 ≥ −b13 − b14 − b23 + b33 + b34,

− b13 − b23 + b44 + b45 ≥ −b13 − b23 − b25 + b33 + b34,

− b13 − b23 + b44 + b45 > −b13 − b14 + b33,

− b13 − b23 + b44 + b45 > −b13 − b25 + b33,

− b13 − b23 + b44 + b45 > −b24 − b25 + b33,

(E7) − b13 − b25 + b33 > b55,

− b13 − b25 + b33 > −b13 − b23 + b44 + b45,

− b13 − b25 + b33 > −b13 − b34 + b44 + b45,

− b13 − b25 + b33 > −b13 + b44,

− b13 − b25 + b33 > −b24 − b34 + b44 + b45,

− b13 − b25 + b33 > −b24 + b44,

− b13 − b25 + b33 > −b35 + b44,

− b13 − b25 + b33 ≥ −b13 − b14 − b15 + b22,

− b13 − b25 + b33 ≥ −b13 − b14 − b23 − b24 + b33 + b34 + b35,

− b13 − b25 + b33 ≥ −b13 − b14 − b23 + b33 + b34,

− b13 − b25 + b33 ≥ −b13 − b23 − b25 + b33 + b34,

− b13 − b25 + b33 ≥ −b13 − b14 + b33,

− b13 − b25 + b33 > −b24 − b25 + b33,

(E8) − b24 − b25 + b33 > b55,

− b24 − b25 + b33 > −b13 − b23 + b44 + b45,

− b24 − b25 + b33 > −b13 − b34 + b44 + b45,

90



− b24 − b25 + b33 > −b13 + b44,

− b24 − b25 + b33 > −b24 − b34 + b44 + b45,

− b24 − b25 + b33 > −b24 + b44,

− b24 − b25 + b33 > −b35 + b44,

− b24 − b25 + b33 ≥ −b13 − b14 − b15 + b22,

− b24 − b25 + b33 ≥ −b13 − b14 − b23 − b24 + b33 + b34 + b35,

− b24 − b25 + b33 ≥ −b13 − b14 − b23 + b33 + b34,

− b24 − b25 + b33 ≥ −b13 − b23 − b25 + b33 + b34,

− b24 − b25 + b33 ≥ −b13 − b14 + b33,

− b24 − b25 + b33 ≥ −b13 − b25 + b33,

(E9) − b13 − b34 + b44 + b45 > b55,

− b13 − b34 + b44 + b45 ≥ −b13 − b23 + b44 + b45,

− b13 − b34 + b44 + b45 > −b13 + b44,

− b13 − b34 + b44 + b45 > −b24 − b34 + b44 + b45,

− b13 − b34 + b44 + b45 > −b24 + b44,

− b13 − b34 + b44 + b45 > −b35 + b44,

− b13 − b34 + b44 + b45 ≥ −b13 − b14 − b15 + b22,

− b13 − b34 + b44 + b45 ≥ −b13 − b14 − b23 − b24 + b33 + b34 + b35,

− b13 − b34 + b44 + b45 ≥ −b13 − b14 − b23 + b33 + b34,

− b13 − b34 + b44 + b45 ≥ −b13 − b23 − b25 + b33 + b34,

− b13 − b34 + b44 + b45 ≥ −b13 − b14 + b33,

− b13 − b34 + b44 + b45 ≥ −b13 − b25 + b33,

− b13 − b34 + b44 + b45 > −b24 − b25 + b33,

(E10) − b13 + b44 > b55,

− b13 + b44 ≥ −b13 − b23 + b44 + b45,

− b13 + b44 ≥ −b13 − b34 + b44 + b45,

− b13 + b44 > −b24 − b34 + b44 + b45,

− b13 + b44 > −b24 + b44,

− b13 + b44 > −b35 + b44,

− b13 + b44 ≥ −b13 − b14 − b15 + b22,

− b13 + b44 ≥ −b13 − b14 − b23 − b24 + b33 + b34 + b35,
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− b13 + b44 ≥ −b13 − b14 − b23 + b33 + b34,

− b13 + b44 ≥ −b13 − b23 − b25 + b33 + b34,

− b13 + b44 ≥ −b13 − b14 + b33,

− b13 + b44 ≥ −b13 − b25 + b33,

− b13 + b44 > −b24 − b25 + b33,

(E11) − b24 − b34 + b44 + b45 > b55,

− b24 − b34 + b44 + b45 ≥ −b13 − b23 + b44 + b45,

− b24 − b34 + b44 + b45 ≥ −b13 − b34 + b44 + b45,

− b24 − b34 + b44 + b45 > −b13 + b44,

− b24 − b34 + b44 + b45 > −b24 + b44,

− b24 − b34 + b44 + b45 > −b35 + b44,

− b24 − b34 + b44 + b45 ≥ −b13 − b14 − b15 + b22,

− b24 − b34 + b44 + b45 ≥ −b13 − b14 − b23 − b24 + b33 + b34 + b35,

− b24 − b34 + b44 + b45 ≥ −b13 − b14 − b23 + b33 + b34,

− b24 − b34 + b44 + b45 ≥ −b13 − b23 − b25 + b33 + b34,

− b24 − b34 + b44 + b45 ≥ −b13 − b14 + b33,

− b24 − b34 + b44 + b45 ≥ −b13 − b25 + b33,

− b24 − b34 + b44 + b45 ≥ −b24 − b25 + b33,

(E12) − b24 + b44 > b55,

− b24 + b44 ≥ −b13 − b23 + b44 + b45,

− b24 + b44 ≥ −b13 − b34 + b44 + b45,

− b24 + b44 ≥ −b13 + b44,

− b24 + b44 ≥ −b24 − b34 + b44 + b45,

− b24 + b44 > −b35 + b44,

− b24 + b44 ≥ −b13 − b14 − b15 + b22,

− b24 + b44 ≥ −b13 − b14 − b23 − b24 + b33 + b34 + b35,

− b24 + b44 ≥ −b13 − b14 − b23 + b33 + b34,

− b24 + b44 ≥ −b13 − b23 − b25 + b33 + b34,

− b24 + b44 ≥ −b13 − b14 + b33,

− b24 + b44 ≥ −b13 − b25 + b33,

− b24 + b44 ≥ −b24 − b25 + b33,
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(E13) − b35 + b44 > b55,

− b35 + b44 ≥ −b13 − b23 + b44 + b45,

− b35 + b44 ≥ −b13 − b34 + b44 + b45,

− b35 + b44 ≥ −b13 + b44,

− b35 + b44 ≥ −b24 − b34 + b44 + b45,

− b35 + b44 ≥ −b24 + b44,

− b35 + b44 ≥ −b13 − b14 − b15 + b22,

− b35 + b44 ≥ −b13 − b14 − b23 − b24 + b33 + b34 + b35,

− b35 + b44 ≥ −b13 − b14 − b23 + b33 + b34,

− b35 + b44 ≥ −b13 − b23 − b25 + b33 + b34,

− b35 + b44 ≥ −b13 − b14 + b33,

− b35 + b44 ≥ −b13 − b25 + b33,

− b35 + b44 ≥ −b24 − b25 + b33,

(E14) b55 ≥ −b13 − b23 + b44 + b45,

b55 ≥ −b13 − b34 + b44 + b45,

b55 ≥ −b13 + b44,

b55 ≥ −b24 − b34 + b44 + b45,

b55 ≥ −b24 + b44,

b55 ≥ −b35 + b44,

b55 ≥ −b13 − b14 − b15 + b22,

b55 ≥ −b13 − b14 − b23 − b24 + b33 + b34 + b35,

b55 ≥ −b13 − b14 − b23 + b33 + b34,

b55 ≥ −b13 − b23 − b25 + b33 + b34,

b55 ≥ −b13 − b14 + b33,

b55 ≥ −b13 − b25 + b33,

b55 ≥ −b24 − b25 + b33.
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Then we define conditions (Fj) (1 ≤ j ≤ 14) by replacing > (resp. ≥) with ≥ (resp. >) in (Ej).
Let b = (bij) ∈ B. Then for ẽk(b) = (b′ij) where

k = 0 :



b′11 = b11 − 1, b′16 = b16 + 1, b′22 = b22 − 1, b′27 = b27 + 1, b′36 = b36 − 1,

b′38 = b38 + 1, b′47 = b47 − 1, b′49 = b49 + 1, b′59 = b59 − 1, b′5,10 = b5,10 + 1,

b′69 = b69 − 1, b′6,11 = b6,11 + 1 if (E1)

b′11 = b11 − 1, b′15 = b15 + 1, b′22 = b22 − 1, b′26 = b26 + 1, b′35 = b35 − 1,

b′38 = b38 + 1, b′46 = b46 − 1, b′49 = b49 + 1, b′58 = b58 − 1, b′5,10 = b5,10 + 1,

b′69 = b69 − 1, b′6,11 = b6,11 + 1 if (E2)

b′11 = b11 − 1, b′15 = b15 + 1, b′22 = b22 − 1, b′24 = b24 + 1, b′25 = b25 − 1,

b′26 = b26 + 1, b′34 = b34 − 1, b′38 = b38 + 1, b′46 = b46 − 1, b′47 = b47 + 1,

b′48 = b48 − 1, b′49 = b49 + 1b′57 = b57 − 1, b′5,10 = b5,10 + 1, b′69 = b69 − 1,

b′6,11 = b6,11 + 1 if (E3)

b′11 = b11 − 1, b′14 = b14 + 1, b′22 = b22 − 1, b′26 = b26 + 1, b′34 = b34 − 1,

b′37 = b37 + 1, b′46 = b46 − 1, b′49 = b49 + 1, b′57 = b57 − 1, b′5,10 = b5,10 + 1,

b′69 = b69 − 1, b′6,11 = b6,11 + 1 if (E4)

b′11 = b11 − 1, b′15 = b15 + 1, b′22 = b22 − 1, b′23 = b23 + 1, b′25 = b25 − 1,

b′26 = b26 + 1, b′33 = b33 − 1, b′38 = b38 + 1, b′46 = b46 − 1, b′47 = b47 + 1,

b′48 = b48 − 1, b′49 = b49 + 1b′57 = b57 − 1, b′58 = b58 + 1, b′59 = b59 − 1,

b′5,10 = b5,10 + 1, b′68 = b68 − 1, b′6,11 = b6,11 + 1 if (E5)

b′11 = b11 − 1, b′14 = b14 + 1, b′22 = b22 − 1, b′25 = b25 + 1, b′34 = b34 − 1,

b′36 = b36 + 1, b′45 = b45 − 1, b′49 = b49 + 1, b′56 = b56 − 1, b′5,10 = b5,10 + 1,

b′69 = b69 − 1, b′6,11 = b6,11 + 1 if (E6)

b′11 = b11 − 1, b′14 = b14 + 1, b′22 = b22 − 1, b′23 = b23 + 1, b′24 = b24 − 1,

b′26 = b26 + 1, b′33 = b33 − 1, b′37 = b37 + 1, b′46 = b46 − 1, b′48 = b48 + 1,

b′57 = b57 − 1, b′58 = b58 + 1, b′59 = b59 − 1, b′5,10 = b5,10 + 1, b′68 = b68 − 1,

b′6,11 = b6,11 + 1 if (E7)

b′11 = b11 − 1, b′13 = b13 + 1, b′22 = b22 − 1, b′26 = b26 + 1, b′33 = b33 − 1,

b′37 = b37 + 1, b′46 = b46 − 1, b′48 = b48 + 1, b′57 = b57 − 1, b′5,10 = b5,10 + 1,

b′68 = b68 − 1, b′6,11 = b6,11 + 1 if (E8)

b′11 = b11 − 1, b′14 = b14 + 1, b′22 = b22 − 1, b′23 = b23 + 1, b′24 = b24 − 1,

b′25 = b25 + 1, b′33 = b33 − 1, b′36 = b36 + 1, b′45 = b45 − 1, b′49 = b49 + 1,

b′56 = b56 − 1, b′58 = b58 + 1b′59 = b59 − 1, b′5,10 = b5,10 + 1, b′68 = b68 − 1,

b′6,11 = b6,11 + 1 if (E9)

94



k = 0 :



b′11 = b11 − 1, b′14 = b14 + 1, b′22 = b22 − 1, b′23 = b23 + 1, b′24 = b24 − 1,

b′25 = b25 + 1, b′33 = b33 − 1, b′34 = b34 + 1, b′35 = b35 − 1, b′36 = b36 + 1,

b′44 = b44 − 1, b′49 = b49 + 1b′56 = b56 − 1, b′57 = b57 + 1, b′59 = b59 − 1,

b′5,10 = b5,10 + 1, b′67 = b67 − 1, b′6,11 = b6,11 + 1 if (E10)

b′11 = b11 − 1, b′13 = b13 + 1, b′22 = b22 − 1, b′25 = b25 + 1, b′33 = b33 − 1,

b′36 = b36 + 1, b′45 = b45 − 1, b′48 = b48 + 1, b′56 = b56 − 1, b′5,10 = b5,10 + 1,

b′68 = b68 − 1, b′6,11 = b6,11 + 1 if (E11)

b′11 = b11 − 1, b′13 = b13 + 1, b′22 = b22 − 1, b′25 = b25 + 1, b′33 = b33 − 1,

b′34 = b34 + 1, b′35 = b35 − 1, b′36 = b36 + 1, b′44 = b44 − 1, b′48 = b48 + 1,

b′56 = b56 − 1, b′57 = b57 + 1b′58 = b58 − 1, b′5,10 = b5,10 + 1, b′67 = b67 − 1,

b′6,11 = b6,11 + 1 if (E12)

b′11 = b11 − 1, b′13 = b13 + 1, b′22 = b22 − 1, b′24 = b24 + 1, b′33 = b33 − 1,

b′36 = b36 + 1, b′44 = b44 − 1, b′47 = b47 + 1, b′56 = b56 − 1, b′5,10 = b5,10 + 1,

b′67 = b67 − 1, b′6,11 = b6,11 + 1 if (E13)

b′11 = b11 − 1, b′13 = b13 + 1, b′22 = b22 − 1, b′24 = b24 + 1, b′33 = b33 − 1,

b′35 = b35 + 1, b′44 = b44 − 1, b′46 = b46 + 1, b′56 = b56 − 1, b′5,10 = b5,10 + 1,

b′67 = b67 − 1, b′6,11 = b6,11 + 1 if (E14)

k = 1 : b′11 = b11 + 1, b′12 = b12 − 1, b′6,10 = b6,10 + 1, b′6,11 = b6,11 − 1

k = 2 :

b′12 = b12 + 1, b′13 = b13 − 1, b′59 = b59 + 1, b′5,10 = b5,10 − 1 if b12 ≥ b23

b′22 = b22 + 1, b′23 = b23 − 1, b′69 = b69 + 1, b′6,10 = b6,10 − 1 if b12 < b23

k = 3 :



b′13 = b13 + 1, b′14 = b14 − 1, b′48 = b48 + 1, b′49 = b49 − 1

if b13 ≥ b24, b13 + b23 ≥ b24 + b34

b′23 = b23 + 1, b′24 = b24 − 1, b′58 = b58 + 1, b′59 = b59 − 1

if b13 < b24, b23 ≥ b34

b′33 = b33 + 1, b′34 = b34 − 1, b′68 = b68 + 1, b′69 = b69 − 1

if b13 + b23 < b24 + b34, b23 < b34

k = 4 :



b′14 = b14 + 1, b′15 = b15 − 1, b′37 = b37 + 1, b′38 = b38 − 1

if b14 ≥ b25, b14 + b24 ≥ b25 + b35, b14 + b24 + b34 ≥ b25 + b35 + b45

b′24 = b24 + 1, b′25 = b25 − 1, b′47 = b47 + 1, b′48 = b48 − 1

if b14 < b25, b24 ≥ b35, b24 + b34 ≥ b35 + b45
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k = 4 :



b′34 = b34 + 1, b′35 = b35 − 1, b′57 = b57 + 1, b′58 = b58 − 1

if b14 + b24 < b25 + b35, b24 < b35, b34 ≥ b45

b′44 = b44 + 1, b′45 = b45 − 1, b′67 = b67 + 1, b′68 = b68 − 1

if b14 + b24 + b34 < b25 + b35 + b45, b24 + b34 < b35 + b45, b34 < b45

k = 5 :



b′25 = b25 + 1, b′26 = b26 − 1, b′36 = b36 + 1, b′37 = b37 − 1

if b25 + b44 + b45 ≥ b33 + b34

b′45 = b45 + 1, b′46 = b46 − 1, b′56 = b56 + 1, b′57 = b57 − 1

if b25 + b44 + b45 < b33 + b34

k = 6 :



b′15 = b15 + 1, b′16 = b16 − 1, b′26 = b26 + 1, b′27 = b27 − 1

if b15 + b33 + b34 + b35 ≥ b22 + b23 + b24,

b15 + b33 + b34 + 2b35 + b55 ≥ b22 + b23 + b24 + b44

b′35 = b35 + 1, b′36 = b36 − 1, b′46 = b46 + 1, b′47 = b47 − 1

if b15 + b33 + b34 + b35 < b22 + b23 + b24, b35 + b55 ≥ b44

b′55 = b55 + 1, b′56 = b56 − 1, b′66 = b66 + 1, b′67 = b67 − 1

if b15 + b33 + b34 + 2b35 + b55 < b22 + b23 + b24 + b44, b35 + b55 < b44

and b′ij = bij otherwise.

Also f̃k(b) = (b′ij) where

k = 0 :



b′11 = b11 + 1, b′16 = b16 − 1, b′22 = b22 + 1, b′27 = b27 − 1, b′36 = b36 + 1,

b′38 = b38 − 1, b′47 = b47 + 1, b′49 = b49 − 1, b′59 = b59 + 1, b′5,10 = b5,10 − 1,

b′69 = b69 + 1, b′6,11 = b6,11 − 1 if (F1)

b′11 = b11 + 1, b′15 = b15 − 1, b′22 = b22 + 1, b′26 = b26 − 1, b′35 = b35 + 1,

b′38 = b38 − 1, b′46 = b46 + 1, b′49 = b49 − 1, b′58 = b58 + 1, b′5,10 = b5,10 − 1,

b′69 = b69 + 1, b′6,11 = b6,11 − 1 if (F2)

b′11 = b11 + 1, b′15 = b15 − 1, b′22 = b22 + 1, b′24 = b24 − 1, b′25 = b25 + 1,

b′26 = b26 − 1, b′34 = b34 + 1, b′38 = b38 − 1, b′46 = b46 + 1, b′47 = b47 − 1,

b′48 = b48 + 1, b′49 = b49 − 1, b′57 = b57 + 1, b′5,10 = b5,10 − 1, b′69 = b69 + 1,

b′6,11 = b6,11 − 1 if (F3)

b′11 = b11 + 1, b′14 = b14 − 1, b′22 = b22 + 1, b′26 = b26 − 1, b′34 = b34 + 1,

b′37 = b37 − 1, b′46 = b46 + 1, b′49 = b49 − 1, b′57 = b57 + 1, b′5,10 = b5,10 − 1,

b′69 = b69 + 1, b′6,11 = b6,11 − 1 if (F4)
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k = 0 :



b′11 = b11 + 1, b′15 = b15 − 1, b′22 = b22 + 1, b′23 = b23 − 1, b′25 = b25 + 1,

b′26 = b26 − 1, b′33 = b33 + 1, b′38 = b38 − 1, b′46 = b46 + 1, b′47 = b47 − 1,

b′48 = b48 + 1, b′49 = b49 − 1b′57 = b57 + 1, b′58 = b58 − 1, b′59 = b59 + 1,

b′5,10 = b5,10 − 1, b′68 = b68 + 1, b′6,11 = b6,11 − 1 if (F5)

b′11 = b11 + 1, b′14 = b14 − 1, b′22 = b22 + 1, b′25 = b25 − 1, b′34 = b34 + 1,

b′36 = b36 − 1, b′45 = b45 + 1, b′49 = b49 − 1, b′56 = b56 + 1, b′5,10 = b5,10 − 1,

b′69 = b69 + 1, b′6,11 = b6,11 − 1 if (F6)

b′11 = b11 + 1, b′14 = b14 − 1, b′22 = b22 + 1, b′23 = b23 − 1, b′24 = b24 + 1,

b′26 = b26 − 1, b′33 = b33 + 1, b′37 = b37 − 1, b′46 = b46 + 1, b′48 = b48 − 1,

b′57 = b57 + 1, b′58 = b58 − 1, b′59 = b59 + 1, b′5,10 = b5,10 − 1, b′68 = b68 + 1,

b′6,11 = b6,11 − 1 if (F7)

b′11 = b11 + 1, b′13 = b13 − 1, b′22 = b22 + 1, b′26 = b26 − 1, b′33 = b33 + 1,

b′37 = b37 − 1, b′46 = b46 + 1, b′48 = b48 − 1, b′57 = b57 + 1, b′5,10 = b5,10 − 1,

b′68 = b68 + 1, b′6,11 = b6,11 − 1 if (F8)

b′11 = b11 + 1, b′14 = b14 − 1, b′22 = b22 + 1, b′23 = b23 − 1, b′24 = b24 + 1,

b′25 = b25 − 1, b′33 = b33 + 1, b′36 = b36 − 1, b′45 = b45 + 1, b′49 = b49 − 1,

b′56 = b56 + 1, b′58 = b58 − 1b′59 = b59 + 1, b′5,10 = b5,10 − 1, b′68 = b68 + 1,

b′6,11 = b6,11 − 1 if (F9)

b′11 = b11 + 1, b′14 = b14 − 1, b′22 = b22 + 1, b′23 = b23 − 1, b′24 = b24 + 1,

b′25 = b25 − 1, b′33 = b33 + 1, b′34 = b34 − 1, b′35 = b35 + 1, b′36 = b36 − 1,

b′44 = b44 + 1, b′49 = b49 − 1b′56 = b56 + 1, b′57 = b57 − 1, b′59 = b59 + 1,

b′5,10 = b5,10 − 1, b′67 = b67 + 1, b′6,11 = b6,11 − 1 if (F10)

b′11 = b11 + 1, b′13 = b13 − 1, b′22 = b22 + 1, b′25 = b25 − 1, b′33 = b33 + 1,

b′36 = b36 − 1, b′45 = b45 + 1, b′48 = b48 − 1, b′56 = b56 + 1, b′5,10 = b5,10 − 1,

b′68 = b68 + 1, b′6,11 = b6,11 − 1 if (F11)

b′11 = b11 + 1, b′13 = b13 − 1, b′22 = b22 + 1, b′25 = b25 − 1, b′33 = b33 + 1,

b′34 = b34 − 1, b′35 = b35 + 1, b′36 = b36 − 1, b′44 = b44 + 1, b′48 = b48 − 1,

b′56 = b56 + 1, b′57 = b57 − 1b′58 = b58 + 1, b′5,10 = b5,10 − 1, b′67 = b67 + 1,

b′6,11 = b6,11 − 1 if (F12)

b′11 = b11 + 1, b′13 = b13 − 1, b′22 = b22 + 1, b′24 = b24 − 1, b′33 = b33 + 1,

b′36 = b36 − 1, b′44 = b44 + 1, b′47 = b47 − 1, b′56 = b56 + 1, b′5,10 = b5,10 − 1,

b′67 = b67 + 1, b′6,11 = b6,11 − 1 if (F13)

b′11 = b11 + 1, b′13 = b13 − 1, b′22 = b22 + 1, b′24 = b24 − 1, b′33 = b33 + 1,

b′35 = b35 − 1, b′44 = b44 + 1, b′46 = b46 − 1, b′56 = b56 + 1, b′5,10 = b5,10 − 1,

b′67 = b67 + 1, b′6,11 = b6,11 − 1 if (F14)
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k = 1 : b′11 = b11 − 1, b′12 = b12 + 1, b′6,10 = b6,10 − 1, b′6,11 = b6,11 + 1

k = 2 :

b′12 = b12 − 1, b′13 = b13 + 1, b′59 = b59 − 1, b′5,10 = b5,10 + 1 if b12 > b23

b′22 = b22 − 1, b′23 = b23 + 1, b′69 = b69 − 1, b′6,10 = b6,10 + 1 if b12 ≤ b23

k = 3 :



b′13 = b13 − 1, b′14 = b14 + 1, b′48 = b48 − 1, b′49 = b49 + 1

if b13 > b24, b13 + b23 > b24 + b34

b′23 = b23 − 1, b′24 = b24 + 1, b′58 = b58 − 1, b′59 = b59 + 1

if b13 ≤ b24, b23 > b34

b′33 = b33 − 1, b′34 = b34 + 1, b′68 = b68 − 1, b′69 = b69 + 1

if b13 + b23 ≤ b24 + b34, b23 ≤ b34

k = 4 :



b′14 = b14 − 1, b′15 = b15 + 1, b′37 = b37 − 1, b′38 = b38 + 1

if b14 > b25, b14 + b24 > b25 + b35, b14 + b24 + b34 > b25 + b35 + b45

b′24 = b24 − 1, b′25 = b25 + 1, b′47 = b47 − 1, b′48 = b48 + 1

if b14 ≤ b25, b24 > b35, b24 + b34 > b35 + b45

b′34 = b34 − 1, b′35 = b35 + 1, b′57 = b57 − 1, b′58 = b58 + 1

if b14 + b24 ≤ b25 + b35, b24 ≤ b35, b34 > b45

b′44 = b44 − 1, b′45 = b45 + 1, b′67 = b67 − 1, b′68 = b68 + 1

if b14 + b24 + b34 ≤ b25 + b35 + b45, b24 + b34 ≤ b35 + b45, b34 ≤ b45

k = 5 :



b′25 = b25 − 1, b′26 = b26 + 1, b′36 = b36 − 1, b′37 = b37 + 1

if b25 + b44 + b45 > b33 + b34

b′45 = b45 − 1, b′46 = b46 + 1, b′56 = b56 − 1, b′57 = b57 + 1

if b25 + b44 + b45 ≤ b33 + b34

k = 6 :



b′15 = b15 − 1, b′16 = b16 + 1, b′26 = b26 − 1, b′27 = b27 + 1

if b15 + b33 + b34 + b35 > b22 + b23 + b24,

b15 + b33 + b34 + 2b35 + b55 > b22 + b23 + b24 + b44

b′35 = b35 − 1, b′36 = b36 + 1, b′46 = b46 − 1, b′47 = b47 + 1

if b15 + b33 + b34 + b35 ≤ b22 + b23 + b24, b35 + b55 > b44

b′55 = b55 − 1, b′56 = b56 + 1, b′66 = b66 − 1, b′67 = b67 + 1

if b15 + b33 + b34 + 2b35 + b55 ≤ b22 + b23 + b24 + b44, b35 + b55 ≤ b44

and b′ij = bij otherwise.
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For b ∈ B6,l if ẽk(b) or f̃k(b) does not belong to B6,l , then we assume it to be 0. The
maps εk(b), ϕk(b) and wtk(b) for k = 0, 1, 2, 3, 4, 5, 6 are given as follows. We observe that
wtk(b) = ϕk(b)− εk(b), ϕ(b) = ∑6

k=0 ϕk(b)Λk, ε(b) = ∑6
k=0 εk(b)Λk and wt(b) = ϕ(b)− ε(b).

ε0(b) =



l + max{−b56 − b57 − b58 − b59 − b5,10,−b13 − b23 − b46 − b47 − b48 − b49,

−b13 − b34 − b46 − b47 − b48 − b49,−b13 − b45 − b46 − b47 − b48 − b49,

−b24 − b34 − b46 − b47 − b48 − b49,−b24 − b45 − b46 − b47 − b48 − b49,

−b35 − b45 − b46 − b47 − b48 − b49,−b13 − b14 − b15 − b23 − b24 − b25

−b26 − b27,−b13 − b14 − b23 − b24 − b36 − b37 − b38,−b13 − b14 − b23

−b35 − b36 − b37 − b38,−b13 − b23 − b25 − b35 − b36 − b37 − b38,−b13

−b14 − b34 − b35 − b36 − b37 − b38,−b13 − b25 − b34 − b35 − b36 − b37

−b38,−b24 − b25 − b34 − b35 − b36 − b37 − b38} if b ∈ B5,l ,

max{−b56 − b57 − b58 − b59 − b5,10,−b13 − b23 − b46 − b47 − b48 − b49,

−b13 − b34 − b46 − b47 − b48 − b49,−b13 − b45 − b46 − b47 − b48 − b49,

−b24 − b34 − b46 − b47 − b48 − b49,−b24 − b45 − b46 − b47 − b48 − b49,

−b35 − b45 − b46 − b47 − b48 − b49,−b13 − b14 − b15 − b23 − b24 − b25

−b26 − b27,−b13 − b14 − b23 − b24 − b36 − b37 − b38,−b13 − b14 − b23

−b35 − b36 − b37 − b38,−b13 − b23 − b25 − b35 − b36 − b37 − b38,−b13

−b14 − b34 − b35 − b36 − b37 − b38,−b13 − b25 − b34 − b35 − b36 − b37

−b38,−b24 − b25 − b34 − b35 − b36 − b37 − b38} if b ∈ B5,∞,

ε1(b) = b12,

ε2(b) = max{b13,−b12 + b13 + b23},

ε3(b) = max{b14,−b13 + b14 + b24,−b13 + b14 − b23 + b24 + b34},

ε4(b) = max{b15,−b14 + b15 + b25,−b14 + b15 − b24 + b25 + b35,

− b14 + b15 − b24 + b25 − b34 + b35 + b45},

ε5(b) = max{b11 + b12 + b13 + b14 − b22 − b23 − b24 − b25,

b11 + b12 + b13 + b14 − b22 − b23 − b24 − 2b25 + b33 + b34 − b44 − b45},

ε6(b) =


l + max{−b11 − b12 − b13 − b14 − b15,−b11 − b12 − b13 − b14 − 2b15

+b22 + b23 + b24 − b33 − b34 − b35,−b11 − b12 − b13 − b14 − 2b15

+b22 + b23 + b24 − b33 − b34 − 2b35 + b44 − b55} if b ∈ B6,l ,
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ε6(b) =


max{−b11 − b12 − b13 − b14 − b15,−b11 − b12 − b13 − b14 − 2b15

+b22 + b23 + b24 − b33 − b34 − b35,−b11 − b12 − b13 − b14 − 2b15

+b22 + b23 + b24 − b33 − b34 − 2b35 + b44 − b55} if b ∈ B6,∞,

ϕ0(b) =



l + max{−b11 − b12 + b23 + b24 + b25 + b26 + b27 − b56 − b57 − b58 − b59 − b5,10,

−b11 − b12 − b13 + b24 + b25 + b26 + b27 − b46 − b47 − b48 − b49,

−b11 − b12 − b13 + b23 + b24 + b25 + b26 + b27 − b34 − b46 − b47 − b48 − b49,

−b11 − b12 − b13 + b23 + b24 + b25 + b26 + b27 − b45 − b46 − b47 − b48 − b49,

−b11 − b12 + b23 + b25 + b26 + b27 − b34 − b46 − b47 − b48 − b49,

−b11 − b12 + b23 + b25 + b26 + b27 − b45 − b46 − b47 − b48 − b49,

−b11 − b12 + b23 + b24 + b25 + b26 + b27 − b35 − b45 − b46 − b47 − b48 − b49,

−b11 − b12 − b13 − b14 − b15,−b11 − b12 − b13 − b14 + b25 + b26 + b27 − b36 − b37

−b38,−b11 − b12 − b13 − b14 + b24 + b25 + b26 + b27 − b35 − b36 − b37 − b38,

−b11 − b12 − b13 + b24 + b26 + b27 − b35 − b36 − b37 − b38,−b11 − b12 − b13

−b14 + b23 + b24 + b25 + b26 + b27 − b34 − b35 − b36 − b37 − b38,

−b11 − b12 − b13 + b23 + b24 + b26 + b27b34 − b35 − b36 − b37 − b38,

−b11 − b12 + b23 + b26 + b27 − b34 − b35 − b36 − b37 − b38} if b ∈ B6,l ,

max{−b11 − b12 + b23 + b24 + b25 + b26 + b27 − b56 − b57 − b58 − b59 − b5,10,

−b11 − b12 − b13 + b24 + b25 + b26 + b27 − b46 − b47 − b48 − b49,

−b11 − b12 − b13 + b23 + b24 + b25 + b26 + b27 − b34 − b46 − b47 − b48 − b49,

−b11 − b12 − b13 + b23 + b24 + b25 + b26 + b27 − b45 − b46 − b47 − b48 − b49,

−b11 − b12 + b23 + b25 + b26 + b27 − b34 − b46 − b47b48 − b49,

−b11 − b12 + b23 + b25 + b26 + b27 − b45 − b46 − b47 − b48 − b49,

−b11 − b12 + b23 + b24 + b25 + b26 + b27 − b35 − b45 − b46 − b47 − b48 − b49,

−b11 − b12 − b13 − b14 − b15,−b11 − b12 − b13 − b14 + b25 + b26 + b27 − b36 − b37

−b38,−b11 − b12 − b13 − b14 + b24 + b25 + b26 + b27 − b35 − b36 − b37 − b38,

−b11 − b12 − b13 + b24 + b26 + b27 − b35 − b36 − b37 − b38,−b11 − b12 − b13

−b14 + b23 + b24 + b25 + b26 + b27 − b34 − b35 − b36 − b37 − b38,

−b11 − b12 − b13 + b23 + b24 + b26 + b27 − b34 − b35 − b36 − b37 − b38,

−b11 − b12 + b23 + b26 + b27 − b34 − b35 − b36 − b37 − b38} if b ∈ B6,∞,

ϕ1(b) = b11 − b22,
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ϕ2(b) = max{b22 − b33, b12 + b22 − b23 − b33},

ϕ3(b) = max{b33 − b44, b23 + b33 − b34 − b44, b13 + b23 − b24 + b33 − b34 − b44},

ϕ4(b) = max{b44 − b55, b34 + b44 − b45 − b55, b24 + b34 − b35 + b44 − b45 − b55,

b14 + b24 − b25 + b34 − b35 + b44 − b45 − b55},

ϕ5(b) = max{b45, b25 − b33 − b34 + b44 + 2b45},

ϕ6(b) =



l + max{−b56 − b57 − b58 − b59 − b5,10, b35 − b44 + b55 − b56 − b57

−b58 − b59 − b5,10, b15 − b22 − b23 − b24 + b33 + b34 + 2b35 − b44

+b55 − b56 − b57 − b58 − b59 − b5,10} if b ∈ B6,l ,

max{−b56 − b57 − b58 − b59 − b5,10, b35 − b44 + b55 − b56 − b57

−b58 − b59 − b5,10, b15 − b22 − b23 − b24 + b33 + b34 + 2b35 − b44

+b55 − b56 − b57 − b58 − b59 − b5,10} if b ∈ B6,∞,

wt0(b) = −b11 − b12 + b23 + b24 + b25 + b26 + b27,

wt1(b) = b11 − b12 − b22,

wt2(b) = b12 − b13 + b22 − b23 − b33,

wt3(b) = b13 − b14 + b23 − b24 + b33 − b34 − b44,

wt4(b) = b14 − b15 + b24 − b25 + b34 − b35 + b44 − b45 − b55,

wt5(b) = −b11 − b12 − b13 − b14 + b22 + b23 + b24 + 2b25 − b33 − b34 + b44 + 2b45,

wt6(b) = b11 + b12 + b13 + b14 + 2b15 − b22 − b23 − b24 + b33 + b34 + 2b35 − b44 + b55

− b56 − b57 − b58 − b59 − b5,10.

Choose elements b0
0, b0

1, b0
2, b0

3, b0
4, b0

5, b0
6 where

(b0
0)ij = 1 if (i, j) = (1, 6), (2, 7), (3, 8), (4, 9), (5, 10), (6, 11),

(b0
1)ij = 1 if (i, j) = (1, 1), (2, 6), (3, 7), (4, 8), (5, 9), (6, 10),

(b0
2)ij = 1 if (i, j) = (1, 1), (1, 5), (2, 2), (2, 6), (3, 6), (3, 8), (4, 7), (4, 9), (5, 8), (5, 10),

(6, 9), (6, 11),

(b0
3)ij = 1 if (i, j) = (1, 1), (1, 4), (2, 2), (2, 5), (3, 3), (3, 6), (4, 6), (4, 9), (5, 7), (5, 10),

(6, 8), (6, 11),

(b0
4)ij = 1 if (i, j) = (1, 1), (1, 3), (2, 2), (2, 4), (3, 3), (3, 5), (4, 4), (4, 6), (5, 6), (5, 10),

(6, 7), (6, 11),

(b0
5)ij = 1 if (i, j) = (1, 2), (2, 3), (3, 4), (4, 5), (5, 6), (6, 11),

(b0
6)ij = 1 if (i, j) = (1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6),
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and (b0
k)ij = 0 otherwise, for 0 ≤ k ≤ 6.

As shown in [21], the crystal B6,l is a perfect crystal with the set of minimal elements:

(B6,l)min = {b ∈ B6,l | 〈c, ε(b)〉 = l}

=

{
6

∑
k=0

akb0
k | ak ∈ Z≥0, a0 + a1 + 2a2 + 2a3 + 2a4 + a5 + a6 = l

}
.

For λ ∈ Pcl , consider the crystal Tλ = {tλ} with

ẽk(tλ) = f̃k(tλ) = 0, εk(tλ) = ϕk(tλ) = −∞,

wt(tλ) = λ,

for k = 0, 1, 2, 3, 4, 5, 6. Then for λ, µ ∈ Pcl , Tλ ⊗ B6,l ⊗ Tµ is a crystal with the structure given
by

ẽk(tλ ⊗ b⊗ tµ) = tλ ⊗ ẽkb⊗ tµ, f̃k(tλ ⊗ b⊗ tµ) = tλ ⊗ f̃kb⊗ tµ,

εk(tλ ⊗ b⊗ tµ) = εk(b)− 〈α̌k, λ〉, ϕk(tλ ⊗ b⊗ tµ) = ϕk(b) + 〈α̌k, µ〉,

wt(tλ ⊗ b⊗ tµ) = λ + µ + wt(b)

where tλ ⊗ b⊗ tµ ∈ Tλ ⊗ B6,l ⊗ Tµ.
The notion of a coherent family of perfect crystals and its limit is defined in [19]. In the

following theorem we prove that the family of D(1)
6 crystals {B6,l}l≥1 form a coherent family

with limit B6,∞ containing the special vector b∞ = 0 (i.e. (b∞)ij = 0 for i ≤ j ≤ i + 5, 1 ≤ i ≤ 6).

Theorem 7.0.1. The family of the perfect crystal {B6,l}l≥1 forms a coherent family and the crystal
B6,∞ is its limit with the vector b∞.

Proof. Set J = {(l, b)|l ∈ Z>0, b ∈ (B6,l)min}. By ([19], Definition 4.1), we need to show that

1. wt(b∞) = 0, ε(b∞) = ϕ(b∞) = 0,

2. for any (l, b) ∈ J, there exists an embedding of crystals

f(l,b) : Tε(b) ⊗ B6,l ⊗ T−ϕ(b) −→ B6,∞

where f(l,b)(tε(b) ⊗ b⊗ t−ϕ(b)) = b∞,

3. B6,∞ = ∪(l,b)∈J Im f(l,b).
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Since εk(b∞) = 0, ϕk(b∞) = 0, 0 ≤ k ≤ 6, we have ε(b∞) = 0, ϕ(b∞) = 0 and hence
wt(b∞) = 0 which proves (1).

Let l ∈ Z>0 and b0 = (b0
ij) be an element of (B6,l)min. Then there exist ak ∈ Z≥0, 0 ≤ k ≤ 6

such that a0 + a1 + 2a2 + 2a3 + 2a4 + a5 + a6 = l and

b0
11 = a1 + a2 + a3 + a4 + a6, b0

12 = a5, b0
13 = a4, b0

14 = a3, b0
15 = a2, b0

16 = a0,

b0
22 = a2 + a3 + a4 + a6, b0

23 = a5, b0
24 = a4, b0

25 = a3, b0
26 = a1 + a2, b0

27 = a0,

b0
33 = a3 + a4 + a6, b0

34 = a5, b0
35 = a4, b0

36 = a2 + a3, b0
37 = a1, b0

38 = a0 + a2,

b0
44 = a4 + a6, b0

45 = a5, b0
46 = a3 + a4, b0

47 = a2, b0
48 = a1, b0

49 = a0 + a2 + a3,

b0
55 = a6, b0

56 = a4 + a5, b0
57 = a3, b0

58 = a2, b0
59 = a1, b0

5,10 = a0 + a2 + a3 + a4,

b0
66 = a6, b0

67 = a4, b0
68 = a3, b0

69 = a2, b0
6,10 = a1, b0

6,11 = a0 + a2 + a3 + a4 + a5, and

ε(b0) = a6Λ0 + a5Λ1 + a4Λ2 + a3Λ3 + a2Λ4 + a1Λ5 + a0Λ6,

ϕ(b0) = a0Λ0 + a1Λ1 + a2Λ2 + a3Λ3 + a4Λ4 + a5Λ5 + a6Λ6.

For any b = (bij) ∈ B6,l , we define a map

f(l,b0) : Tε(b0) ⊗ B6,l ⊗ T−ϕ(b0) −→ B6,∞

by f(l,b0)(tε(b0) ⊗ b⊗ t−ϕ(b0)) = b′ = (b′ij) where b′ij = bij − b0
ij for all i ≤ j ≤ i + 5, 1 ≤ i ≤ 6.

Then it is easy to see that

εk(b′) = εk(b)− a6−k = εk(b)− 〈α̌k, ε(b0)〉 for 0 ≤ k ≤ 6,

ϕk(b′) = ϕk(b)− ak = ϕk(b) + 〈α̌k,−ϕ(b0)〉 for 0 ≤ k ≤ 6.

Hence we have

εk(b′) = εk(b)− 〈α̌k, ε(b0)〉 = εk(tε(b0) ⊗ b⊗ t−ϕ(b0)),

ϕk(b′) = ϕk(b) + 〈α̌k,−ϕ(b0)〉 = ϕk(tε(b0) ⊗ b⊗ t−ϕ(b0)),

wt(b′) =
6

∑
k=0

(ϕk(b′)− εk(b′))Λk = wt(b) +
6

∑
k=0
〈α̌k,−ϕ(b0)〉Λk +

6

∑
k=0
〈α̌k, ε(b0)〉Λk

= wt(b)− ϕ(b0) + ε(b0) = wt(tε(b0) ⊗ b⊗ t−ϕ(b0)).

For 0 ≤ k ≤ 6, b ∈ B6,l , it can be checked easily that the conditions for the action of ẽk on
b′ = b− b0 hold if and only if the conditions for the action of ẽk on b hold. Hence from the
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defined action of ẽk, we see that ẽk(b′) = ẽk(b)− b0, 0 ≤ k ≤ 6. This implies that

f(l,b0)(ẽk(tε(b0) ⊗ b⊗ t−ϕ(b0))) = f(l,b0)(tε(b0) ⊗ ẽk(b)⊗ t−ϕ(b0))

= ẽk(b)− b0 = ẽk(b′) = ẽk( f(l,b0)(tε(b0) ⊗ b⊗ t−ϕ(b0))).

Similarly, we have f(l,b0)( f̃k(tε(b0) ⊗ b⊗ t−ϕ(b0))) = f̃k( f(l,b0)(tε(b0) ⊗ b⊗ t−ϕ(b0))). Clearly the
map f(l,b0) is injective with f(l,b0)(tε(b0) ⊗ b0 ⊗ t−ϕ(b0)) = b∞. This proves (2).

We observe that ∑i+5
j=i b′ij = ∑i+5

j=i bij −∑i+5
j=i b0

ij = l − l = 0 for all 1 ≤ i ≤ 6. Also,

b′11 = b11 − b0
11

= b66 + b67 + b68 + b69 + b6,10 − a1 − a2 − a3 − a4 − a6

= b′66 + b′67 + b′68 + b′69 + b′6,10,

b′11 + b′12 = b11 − b0
11 + b12 − b0

12

= b55 + b56 + b57 + b58 + b59 − a1 − a2 − a3 − a4 − a5 − a6

= b′55 + b′56 + b′57 + b′58 + b′59,

b′11 + b′12 + b′13 = b11 − b0
11 + b12 − b0

12 + b13 − b0
13

= b44 + b45 + b46 + b47 + b48 − a1 − a2 − a3 − 2a4 − a5 − a6

= b′44 + b′45 + b′46 + b′47 + b′48,

b′11 + b′12 + b′13 + b′14 = b11 − b0
11 + b12 − b0

12 + b13 − b0
13 + b14 − b0

14

= b33 + b34 + b35 + b36 + b37 − a1 − a2 − 2a3 − 2a4 − a5 − a6

= b′33 + b′34 + b′35 + b′36 + b′37,

b′11 + b′12 + b′13 + b′14 + b′15 = b11 − b0
11 + b12 − b0

12 + b13 − b0
13 + b14 − b0

14 + b15 − b0
15

= b22 + b23 + b24 + b25 + b26 − a1 − 2a2 − 2a3 − 2a4 − a5 − a6

= b′22 + b′23 + b′24 + b′25 + b′26,

b′22 = b22 − b0
22

= b66 + b67 + b68 + b69 − a2 − a3 − a4 − a6

= b′66 + b′67 + b′68 + b′69,

b′22 + b′23 = b22 − b0
22 + b23 − b0

23

= b55 + b56 + b57 + b58 − a2 − a3 − a4 − a5 − a6

= b′55 + b′56 + b′57 + b′58,

b′22 + b′23 + b′24 = b22 − b0
22 + b23 − b0

23 + b24 − b0
24

= b44 + b45 + b46 + b47 − a2 − a3 − 2a4 − a5 − a6
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= b′44 + b′45 + b′46 + b′47,

b′22 + b′23 + b′24 + b′25 = b22 − b0
22 + b23 − b0

23 + b24 − b0
24 + b25 − b0

25

= b33 + b34 + b35 + b36 − a2 − 2a3 − 2a4 − a5 − a6

= b′33 + b′34 + b′35 + b′36,

b′33 = b33 − b0
33

= b66 + b67 + b68 − a3 − a4 − a6 = b′66 + b′67 + b′68,

b′33 + b′34 = b33 − b0
33 + b34 − b0

34

= b55 + b56 + b57 − a3 − a4 − a5 − a6 = b′55 + b′56 + b′57,

b′33 + b′34 + b′35 = b33 − b0
33 + b34 − b0

34 + b35 − b0
35

= b44 + b45 + b46 − a3 − 2a4 − a5 − a6 = b′44 + b′45 + b′46,

b′44 = b44 − b0
44 = b66 + b67 − a4 − a6 = b′66 + b′67,

b′44 + b′45 = b44 − b0
44 + b45 − b0

45 = b55 + b56 − a4 − a5 − a6 = b′55 + b′56,

b′55 = b55 − b0
55 = b66 − a6 = b′66.

Hence we have B6,∞ ⊇ ∪(l,b)∈J Im f(l,b). To prove (3) we also need to show that B6,∞ ⊆ ∪(l,b)∈J

Im f(l,b). Let b′ = (b′ij) ∈ B6,∞. By (2), we can assume that b′ 6= b∞. Set

a1 = max{−b′11 + b′22,−b′11 − b′12 + b′22 + b′23,−b′11 − b′12 − b′13 + b′22 + b′23 + b′24,

− b′11 − b′12 − b′13 − b′14 + b′22 + b′23 + b′24 + b′25, 0},

a2 = max{−b′22 + b′33,−b′22 − b′23 + b′33 + b′34,−b′22 − b′23 − b′24 + b′33 + b′34 + b′35,

− b′15,−b′26 − a1, 0},

a3 = max{−b′33 + b′44,−b′33 − b′34 + b′44 + b′45,−b′14,−b′25,−b′36 − a2, 0},

a4 = max{−b′44 + b′55,−b′13,−b′24,−b′35,−b′46 − a3, 0},

a5 = max{−b′12,−b′23,−b′34,−b′45,−b′56 − a4, 0},

a6 = max{−b′11 − a1 − a2 − a3 − a4,−b′22 − a2 − a3 − a4,−b′33 − a3 − a4,−b′44 − a4,−b′55, 0},

a0 = max{b′11 − a2 − a3 − a4 − a5, b′11 + b′12 − a2 − a3 − a4, b′11 + b′12 + b′13 − a2 − a3,

b′11 + b′12 + b′13 + b′14 − a2, b′11 + b′12 + b′13 + b′14 + b′15, 0}.

Let l = a0 + a1 + 2a2 + 2a3 + 2a4 + a5 + a6. Let b0 = (b0
ij) where

b0
11 = a1 + a2 + a3 + a4 + a6, b0

12 = a5, b0
13 = a4, b0

14 = a3, b0
15 = a2, b0

16 = a0,

b0
22 = a2 + a3 + a4 + a6, b0

23 = a5, b0
24 = a4, a0

25 = a3, b0
26 = a1 + a2, b0

27 = a0,

b0
33 = a3 + a4 + a6, b0

34 = a5, b0
35 = a4, b0

36 = a2 + a3, b0
37 = a1, b0

38 = a0 + a2,
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b0
44 = a4 + a6, b0

45 = a5, b0
46 = a3 + a4, b0

47 = a2, b0
48 = a1, b0

49 = a0 + a2 + a3,

b0
55 = a6, b0

56 = a4 + a5, b0
57 = a3, b0

58 = a2, b0
5,9 = a1, b0

5,10 = a0 + a2 + a3 + a4,

b0
66 = a6, b0

67 = a4, b0
68 = a3, b0

69 = a2, b0
6,10 = a1, b0

6,11 = a0 + a2 + a3 + a4 + a5.

Then ε(b0) = a6Λ0 + a5Λ1 + a4Λ2 + a3Λ3 + a2Λ4 + a1Λ5 + a0Λ6 and ϕ(b0) = a0Λ0 + a1Λ1 +

a2Λ2 + a3Λ3 + a4Λ4 + a5Λ5 + a6Λ6. It is easy to see that b0 ∈ (B6,l)min.
Set b = (bij) where bij = b′ij + b0

ij. Then ∑i+5
j=i bij = ∑i+5

j=i b′ij + ∑i+5
j=i b0

ij = 0 + l = l, 1 ≤ i ≤ 6
and we observe that

b11 = b′11 + b0
11 = b′11 + a1 + a2 + a3 + a4 + a6 ≥ 0, since a6 ≥ −b′11 − a1 − a2 − a3 − a4,

b12 = b′12 + b0
12 = b′12 + a5 ≥ 0, since a5 ≥ −b′12,

b13 = b′13 + b0
13 = b′13 + a4 ≥ 0, since a4 ≥ −b′13,

b14 = b′14 + b0
14 = b′14 + a3 ≥ 0, since a3 ≥ −b′14,

b15 = b′15 + b0
15 = b′14 + a2 ≥ 0, since a2 ≥ −b′15,

b16 = b′16 + b0
16 = b′15 + a0 = −b′11 − b′12 − b′13 − b′14 − b′15 + a0 ≥ 0,

since a0 ≥ b′11 + b′12 + b′13 + b′14 + b′15,

b22 = b′22 + b0
22 = b′22 + a2 + a3 + a4 + a6 ≥ 0, since a6 ≥ −b′22 − a2 − a3 − a4,

b23 = b′23 + b0
23 = b′23 + a5 ≥ 0, since a5 ≥ −b′23,

b24 = b′24 + b0
24 = b′24 + a4 ≥ 0, since a4 ≥ −b′24,

b25 = b′25 + b0
25 = b′25 + a3 ≥ 0, since a3 ≥ −b′25,

b26 = b′26 + b0
26 = b′26 + a1 + a2 ≥ 0, since a2 ≥ −b′26 − a1,

b27 = b′27 + b0
27 = b′27 + a0 = −b′22 − b′23 − b′24 − b′25 − b′26 + a0 ≥ 0,

since a0 ≥ b′11 + b′12 + b′13 + b′14 + b′15 = b′22 + b′23 + b′24 + b′25 + b′26,

b33 = b′33 + b0
33 = b′33 + a3 + a4 + a6 ≥ 0, since a6 ≥ −b′33 − a3 − a4,

b34 = b′34 + b0
34 = b′34 + a5 ≥ 0, since a5 ≥ −b′34,

b35 = b′35 + b0
35 = b′35 + a4 ≥ 0, since a4 ≥ −b′35,

b36 = b′36 + b0
36 = b′36 + a2 + a3 ≥ 0, since a3 ≥ −b′36 − a2,

b37 = b′37 + b0
37 = b′37 + a1 ≥ 0, since a1 ≥ −b′11 − b′12 − b′13 − b′14 + b′22 + b′23 + b′24 + b′25

= −b′33 − b′34 − b′35 − b′36 − b′37 + b′33 + b′34 + b′35 + b′36

= −b′37,

b38 = b′38 + b0
38 = b′38 + a0 + a2 = −b′33 − b′34 − b′35 − b′36 − b′37 + a0 + a2 ≥ 0,

since a0 ≥ b′11 + b′12 + b′13 + b′14 − a2
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= b′33 + b′34 + b′35 + b′36 + b′37 − a2,

b44 = b′44 + b0
44 = b′44 + a4 + a6 ≥ 0, since a6 ≥ −b′44 − a4,

b45 = b′45 + b0
45 = b′45 + a5 ≥ 0, since a5 ≥ −b′45,

b46 = b′46 + b0
46 = b′46 + a3 + a4 ≥ 0, since a4 ≥ −b′46 − a3,

b47 = b′47 + b0
47 = b′47 + a2 ≥ 0, since a2 ≥ −b′22 − b′23 − b′24 + b′33 + b′34 + b′35

= −b′44 − b′45 − b′46 − b′47 + b′44 + b′45 + b′46 = −b′47,

b48 = b′48 + b0
48 = b′48 + a1 ≥ 0, since a1 ≥ −b′11 − b′12 − b′13 + b′22 + b′23 + b′24

= −b′44 − b′45 − b′46 − b′47 − b′48 + b′44 + b′45 + b′46 + b′47

= −b′48,

b49 = b′49 + b0
49 = b′49 + a0 + a2 + a3 = −b′44 − b′45 − b′46 − b′47 − b′48 + a0 + a2 + a3 ≥ 0,

since a0 ≥ b′11 + b′12 + b′13 − a2 − a3

= b′44 + b′45 + b′46 + b′47 + b′48 − a2 − a3,

b55 = b′55 + b0
55 = b′55 + a6 ≥ 0, since a6 ≥ −b′55,

b56 = b′56 + b0
56 = b′56 + a4 + a5 ≥ 0, since a5 ≥ −b′56 − a4,

b57 = b′57 + b0
57 = b′57 + a3 ≥ 0, since a3 ≥ −b′33 − b′34 + b′44 + b′45

= −b′55 − b′56 − b′57 + b′55 + b′56 = −b′57,

b58 = b′58 + b0
58 = b′58 + a2 ≥ 0, since a2 ≥ −b′22 − b′23 + b′33 + b′34

= −b′55 − b′56 − b′57 − b′58 + b′55 + b′56 + b′57 = −b′58,

b59 = b′59 + b0
59 = b′59 + a1 ≥ 0, since a1 ≥ −b′11 − b′12 + b′22 + b′23

= −b′55 − b′56 − b′57 − b′58 − b′59 + b′55 + b′56 + b′57 + b′58

= −b′59,

b5,10 = b′5,10 + b0
5,10 = b′5,10 + a0 + a2 + a3 + a4

= −b′55 − b′56 − b′57 − b′58 − b′59 + a0 + a2 + a3 + a4 ≥ 0,

since a0 ≥ b′11 + b′12 − a2 − a3 − a4

= b′55 + b′56 + b′57 + b′58 + b′59 − a2 − a3 − a4,

b66 = b′66 + b0
66 = b′66 + a6 ≥ 0, since a6 ≥ −b′55 = −b′66,

b67 = b′67 + b0
67 = b′67 + a4 ≥ 0, since a4 ≥ −b′44 + b′55 = −b′66 − b′67 + b′66 = −b′67,

b68 = b′68 + b0
68 = b′68 + a3 ≥ 0, since a3 ≥ −b′33 + b′44 = −b′66 − b′67 − b′68 + b′66 + b′67 = −b′68,

b69 = b′69 + b0
69 = b′69 + a2 ≥ 0, since a2 ≥ −b′22 + b′33

= −b′66 − b′67 − b′68 − b′69 + b′66 + b′67 + b′68 = −b′69,

b6,10 = b′6,10 + b0
6,10 = b′6,10 + a1 ≥ 0, since a1 ≥ −b′11 + b′22
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= −b′66 − b′67 − b′68 − b′69 − b′6,10 + b′66 + b′67 + b′68

+ b′69 = −b′6,10,

b6,11 = b′6,11 + b0
6,11 = b′6,11 + a0 + a2 + a3 + a4 + a5

= −b′66 − b′67 − b′68 − b′69 − b′6,10 + a0 + a2 + a3 + a4 + a5 ≥ 0,

since a0 ≥ b′11 − a2 − a3 − a4 − a5.

We also have

b11 = b′11 + b0
11

= b′66 + b′67 + b′68 + b′69 + b′6,10 + a1 + a2 + a3 + a4 + a6

= b66 + b67 + b68 + b69 + b6,10,

b11 + b12 = b′11 + b0
11 + b′12 + b0

12

= b′55 + b′56 + b′57 + b′58 + b′59 + a1 + a2 + a3 + a4 + a5 + a6

= b55 + b56 + b57 + b58 + b59,

b11 + b12 + b13 = b′11 + b0
11 + b′12 + b0

12 + b′13 + b0
13

= b′44 + b′45 + b′46 + b′47 + b′48 + a1 + a2 + a3 + 2a4 + a5 + a6

= b44 + b45 + b46 + b47 + b48,

b11 + b12 + b13 + b14 = b′11 + b0
11 + b′12 + b0

12 + b′13 + b0
13 + b′14 + b0

14

= b′33 + b′34 + b′35 + b′36 + b′37 + a1 + a2 + 2a3 + 2a4 + a5 + a6

= b33 + b34 + b35 + b36 + b37,

b11 + b12 + b13 + b14 + b15 = b′11 + b0
11 + b′12 + b0

12 + b′13 + b0
13 + b′14 + b0

14 + b′15 + b0
15

= b′22 + b′23 + b′24 + b′25 + b′26 + a1 + 2a2 + 2a3 + 2a4 + a5 + a6

= b22 + b23 + b24 + b25 + b26,

b22 = b′22 + b0
22

= b′66 + b′67 + b′68 + b′69 + a2 + a3 + a4 + a6

= b66 + b67 + b68 + b69,

b22 + b23 = b′22 + b0
22 + b′23 + b0

23

= b′55 + b′56 + b′57 + b′58 + a2 + a3 + a4 + a5 + a6

= b55 + b56 + b57 + b58,

b22 + b23 + b24 = b′22 + b0
22 + b′23 + b0

23 + b′24 + b0
24

= b′44 + b′45 + b′46 + b′47 + a2 + a3 + 2a4 + a5 + a6

= b44 + b45 + b46 + b47,
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b22 + b23 + b24 + b25 = b′22 + b0
22 + b′23 + b0

23 + b′24 + b0
24 + b′25 + b0

25

= b′33 + b′34 + b′35 + b′36 + a2 + 2a3 + 2a4 + a5 + a6

= b33 + b34 + b35 + b36,

b33 = b′33 + b0
33

= b′66 + b′67 + b′68 + a3 + a4 + a6 = b66 + b67 + b68,

b33 + b34 = b′33 + b0
33 + b′34 + b0

34

= b′55 + b′56 + b′57 + a3 + a4 + a5 + a6 = b55 + b56 + b57,

b33 + b34 + b35 = b′33 + b0
33 + b′34 + b0

34 + b′35 + b0
35

= b′44 + b′45 + b′46 + a3 + 2a4 + a5 + a6 = b44 + b45 + b46,

b44 = b′44 + b0
44 = b′66 + b′67 + a4 + a6 = b66 + b67,

b44 + b45 = b′44 + b0
44 + b′45 + b0

45 = b′55 + b′56 + a4 + a5 + a6 = b55 + b56,

b55 = b′55 + b0
55 = b′66 + a6 = b66.

In addition, we have

b11 = b′11 + b0
11 ≥ b′22 + b0

22 = b22, since b0
11 − b0

22 = a1 ≥ −b′11 + b′22,

b22 = b′22 + b0
22 ≥ b′33 + b0

33 = b33, since b0
22 − b0

33 = a2 ≥ −b′22 + b′33,

b33 = b′33 + b0
33 ≥ b′44 + b0

44 = b44, since b0
33 − b0

44 = a3 ≥ −b′33 + b′44,

b44 = b′44 + b0
44 ≥ b′55 + b0

55 = b55, since b0
44 − b0

55 = a4 ≥ −b′44 + b′55,

b11 + b12 = b′11 + b0
11 + b′12 + b0

12 ≥ b′22 + b0
22 + b′23 + b0

23 = b22 + b23,

since b0
11 + b0

12 − b0
22 − b0

23 = a1 ≥ −b′11 − b′12 + b′22 + b′23,

b22 + b23 = b′22 + b0
22 + b′23 + b0

23 ≥ b′33 + b0
33 + b′34 + b0

34 = b33 + b34,

since b0
22 + b0

23 − b0
33 − b0

34 = a2 ≥ −b′22 − b′23 + b′33 + b′34,

b33 + b34 = b′33 + b0
33 + b′34 + b0

34 ≥ b′44 + b0
44 + b′45 + b0

45 = b44 + b45,

since b0
33 + b0

34 − b0
44 − b0

45 = a3 ≥ −b′33 − b′34 + b′44 + b′45,

b11 + b12 + b13 = b′11 + b0
11 + b′12 + b0

12 + b′13 + b0
13

≥ b′22 + b0
22 + b′23 + b0

23 + b′24 + b0
24 = b22 + b23 + b24,

since b0
11 + b0

12 + b0
13 − b0

22 − b0
23 − b0

24

= a1 ≥ −b′11 − b′12 − b′13 + b′22 + b′23 + b′24,

b22 + b23 + b24 = b′22 + b0
22 + b′23 + b0

23 + b′24 + b0
24

≥ b′33 + b0
33 + b′34 + b0

34 + b′35 + b0
35 = b33 + b34 + b35,

since b0
22 + b0

23 + b0
24 − b0

33 − b0
34 − b0

35
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= a2 ≥ −b′22 − b′23 − b′24 + b′33 + b′34 + b′35,

b11 + b12 + b13 + b14 = b′11 + b0
11 + b′12 + b0

12 + b′13 + b0
13 + b′14 + b0

14

≥ b′22 + b0
22 + b′23 + b0

23 + b′24 + b0
24 + b′25 + b0

25 = b22 + b23 + b24 + b25,

since b0
11 + b0

12 + b0
13 + b0

14 − b0
22 − b0

23 − b0
24 − b0

25

= a1 ≥ −b′11 − b′12 − b′13 − b′14 + b′22 + b′23 + b′24 + b′25.

Thus b ∈ B6,l . Since f(l,b0)(tε(b0) ⊗ b⊗ t−ϕ(b0)) = b′, we have b′ ∈ ∪(l,b)∈J Im f(l,b) which proves
(3).
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CHAPTER

8

ULTRA-DISCRETIZATION OF V(D(1)
6 )

It is known that the ultra-discretization of a positive geometric crystal is a Kashiwara’s
crystal ([1], [33]). In this chapter we apply the ultra-discretization functor UD to the positive
geometric crystal V = V(D(1)

6 ) constructed in Chapter 6. Then we show that as crystal it is
isomorphic to the crystal B6,∞ given in Chapter 7 which proves the conjecture in [25] for this
case.

As a set X = UD(V) = Z15. We denote the variables x(l)m in V by the same notation x(l)m in
UD(V) = X .

Let x = (x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 ) ∈ X . By ap-
plying the ultra-discretization functor UD to the positive geometric crystal V in Chapter 6, we
have,

UD(γk)(x) =



−x(2)2 − x(1)2 , k = 0,

2x(1)1 − x(2)2 − x(1)2 , k = 1,

−x(1)1 + 2x(2)2 + 2x(1)2 − x(3)3 − x(2)3 − x(1)3 , k = 2,

−x(2)2 − x(1)2 + 2x(3)3 + 2x(2)3 + 2x(1)3 − x(4)4 − x(3)4 − x(2)4 − x(1)4 , k = 3,
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UD(γk)(x) =



−x(3)3 − x(2)3 − x(1)3 + 2x(4)4 + 2x(3)4 + 2x(2)4 + 2x(1)4 − x(2)5 − x(1)5

−x(3)6 − x(2)6 − x(1)6 , k = 4,

−x(4)4 − x(3)4 − x(2)4 − x(1)4 + 2x(2)5 + 2x(1)5 , k = 5,

−x(4)4 − x(3)4 − x(2)4 − x(1)4 + 2x(3)6 + 2x(2)6 + 2x(1)6 , k = 6.

UD(εk)(x) =



max{x(1)6 , x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , x(2)2 − x(3)3 + x(1)3

−x(2)4 + x(1)5 , x(2)2 − x(3)3 + x(1)4 , x(3)3 + x(2)3 − x(3)4 − x(2)4

+x(1)5 , x(2)3 − x(3)4 + x(1)4 , x(2)4 + x(1)4 − x(2)6 , x(2)2 + x(1)2 − x(3)6 ,

x(2)2 + x(1)2 + x(2)6 − x(4)4 − x(3)4 , x(2)2 + x(1)2 − x(2)3 − x(4)4

+x(2)4 , x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 , x(2)2 + x(1)3

−x(4)4 x(2)2 − x(3)3 + x(1)3 ,+x(3)4 − x(2)5 , x(2)3 + x(1)3 − x(2)5 }, k = 0,

−x(1)1 + x(2)2 , k = 1,

max{−x(2)2 + x(3)3 , x(1)1 − 2x(2)2 − x(1)2 + x(3)3 + x(2)3 }, k = 2,

max{−x(3)3 + x(4)4 , x(2)2 − 2x(3)3 − x(2)3 + x(4)4 + x(3)4 ,

x(2)2 + x(1)2 − 2x(3)3 − 2x(2)3 − x(1)3 + x(4)4 + x(3)4 + x(2)4 }, k = 3,

max{−x(4)4 + x(3)6 , x(3)3 − 2x(4)4 − x(3)4 + x(2)5 + x(3)6 , x(3)3 + x(2)3

−2x(4)4 − 2x(3)4 − x(2)4 + x(2)5 + x(3)6 + x(2)6 , x(3)3 + x(2)3 + x(1)3

−2x(4)4 − 2x(3)4 − 2x(2)4 − x(1)4 + x(2)5 + x(1)5 + x(3)6 + x(2)6 }, k = 4,

max{x(4)4 − x(2)5 , x(4)4 + x(3)4 + x(2)4 − 2x(2)5 − x(1)5 }, k = 5,

max{−x(3)6 , x(4)4 + x(3)4 − 2x(3)6 − x(2)6 , x(4)4 + x(3)4 + x(2)4 + x(1)4

−2x(3)6 − 2x(2)6 − x(1)6 }, k = 6.

We define

c̆2 = max{c + x(2)2 + x(1)2 , x(2)3 + x(1)1 } −max{x(2)2 + x(1)2 , x(2)3 + x(1)1 },

˘c31 = max{c + x(3)3 + 2x(2)3 + x(1)3 , x(2)2 + x(2)3 + x(1)3 + x(3)4 , x(2)2 + x(1)2 + x(3)4 + x(2)4 }

−max{x(3)3 + 2x(2)3 + x(1)3 , x(2)2 + x(2)3 + x(1)3 + x(3)4 , x(2)2 + x(1)2 + x(3)4 + x(2)4 },

˘c32 = max{c + x(3)3 + 2x(2)3 + x(1)3 , c + x(2)2 + x(2)3 + x(1)3 + x(3)4 , x(2)2 + x(1)2 + x(3)4 + x(2)4 }

−max{c + x(3)3 + 2x(2)3 + x(1)3 , x(2)2 + x(2)3 + x(1)3 + x(3)4 , x(2)2 + x(1)2 + x(3)4 + x(2)4 },

˘c41 = max{c + x(4)4 + 2x(3)4 + 2x(2)4 + x(1)4 , x(3)3 + x(3)4 + 2x(2)4 + x(1)4 + x(2)5 , x(3)3 + x(2)3

+ x(2)4 + x(1)4 + x(2)5 + x(2)6 , x(3)3 + x(2)3 + x(1)3 + x(2)5 + x(1)5 + x(2)6 } −max{x(4)4

+ 2x(3)4 + 2x(2)4 + x(1)4 , x(3)3 + x(3)4 + 2x(2)4 + x(1)4 + x(2)5 , x(3)3 + x(2)3 + x(2)4 + x(1)4
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+ x(2)5 + x(2)6 , x(3)3 + x(2)3 + x(1)3 + x(2)5 + x(1)5 + x(2)6 },

˘c42 = max{c + x(4)4 + 2x(3)4 + 2x(2)4 + x(1)4 , c + x(3)3 + x(3)4 + 2x(2)4 + x(1)4 + x(2)5 , x(3)3

+ x(2)3 + x(2)4 + x(1)4 + x(2)5 + x(2)6 , x(3)3 + x(2)3 + x(1)3 + x(2)5 + x(1)5 + x(2)6 }

−max{c + x(4)4 + 2x(3)4 + 2x(2)4 + x(1)4 , x(3)3 + x(3)4 + 2x(2)4 + x(1)4 + x(2)5 ,

x(3)3 + x(2)3 + x(2)4 + x(1)4 + x(2)5 + x(2)6 , x(3)3 + x(2)3 + x(1)3 + x(2)5 + x(1)5 + x(2)6 },

˘c43 = max{c + x(4)4 + 2x(3)4 + 2x(2)4 + x(1)4 , c + x(3)3 + x(3)4 + 2x(2)4 + x(1)4 + x(2)5 ,

c + x(3)3 + x(2)3 + x(2)4 + x(1)4 + x(2)5 + x(2)6 , x(3)3 + x(2)3 + x(1)3 + x(2)5 + x(1)5 + x(2)6 }

−max{c + x(4)4 + 2x(3)4 + 2x(2)4 + x(1)4 , c + x(3)3 + x(3)4 + 2x(2)4 + x(1)4 + x(2)5 ,

x(3)3 + x(2)3 + x(2)4 + x(1)4 + x(2)5 + x(2)6 , x(3)3 + x(2)3 + x(1)3 + x(2)5 + x(1)5 + x(2)6 },

c̆5 = max{c + x(2)5 + x(1)5 , x(3)4 + x(2)4 } −max{x(2)5 + x(1)5 , x(3)4 + x(2)4 },

˘c61 = max{c + x(3)6 + 2x(2)6 + x(1)6 , x(4)4 + x(3)4 + x(2)6 + x(1)6 , x(4)4 + x(3)4 + x(2)4 + x(1)4 }

−max{x(3)6 + 2x(2)6 + x(1)6 , x(4)4 + x(3)4 + x(2)6 + x(1)6 , x(4)4 + x(3)4 + x(2)4 + x(1)4 },

˘c62 = max{c + x(3)6 + 2x(2)6 + x(1)6 , c + x(4)4 + x(3)4 + x(2)6 + x(1)6 , x(4)4 + x(3)4 + x(2)4 + x(1)4 }

−max{c + x(3)6 + 2x(2)6 + x(1)6 , x(4)4 + x(3)4 + x(2)6 + x(1)6 , x(4)4 + x(3)4 + x(2)4 + x(1)4 },

K̆ = max{x(1)6 , x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 , x(2)2

− x(3)3 + x(1)4 , x(3)3 + x(2)3 − x(3)4 − x(2)4 + x(1)5 , x(2)3 − x(3)4 + x(1)4 , x(2)4 + x(1)4 − x(2)6 ,

x(2)2 + x(1)2 − x(3)6 , x(2)2 + x(1)2 + x(2)6 − x(4)4 − x(3)4 , x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 , x(2)2 + x(1)3 − x(4)4 , x(2)2 − x(3)3 + x(1)3

+ x(3)4 − x(2)5 , x(2)3 + x(1)3 − x(2)5 },

Then we have

UD(ec
k)(x) =



(x(3)
′

6 , x(4)
′

4 , x(3)
′

3 , x(2)2 − c, x(2)
′

5 , x(3)
′

4 , x(2)
′

3 , x(2)
′

6 , x(2)
′

4 , x(1)
′

5 ,

x(1)1 − c, x(1)2 − c, x(1)
′

3 , x(1)
′

4 , x(1)
′

6 ), k = 0,

(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 + c,

x(1)2 , x(1)3 , x(1)4 , x(1)6 ), k = 1,

(x(3)6 , x(4)4 , x(3)3 , x(2)2 + c̆2, x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 ,

x(1)1 , x(1)2 + c− c̆2, x(1)3 , x(1)4 , x(1)6 ), k = 2,

(x(3)6 , x(4)4 , x(3)3 + ˘c31 , x(2)2 , x(2)5 , x(3)4 , x(2)3 + ˘c32 , x(2)6 , x(2)4 ,

x(1)5 , x(1)1 , x(1)2 , x(1)3 + c− ˘c31 − ˘c32 , x(1)4 , x(1)6 ), k = 3,
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UD(ec
k)(x) =



(x(3)6 , x(4)4 + ˘c41 , x(3)3 , x(2)2 , x(2)5 , x(3)4 + ˘c42 , x(2)3 , x(2)6 , x(2)4

+ ˘c43 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 + c− ˘c41 − ˘c42 − ˘c43 , x(1)6 ), k = 4,

(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 + c̆5, x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5

+c− c̆5, x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 ), k = 5,

(x(3)6 + ˘c61 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 + ˘c62 , x(2)4 ,

x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 + c− ˘c61 − ˘c62), k = 6,

where

x(1)
′

3 = x(1)3 + K̆−max{c + x(1)6 , x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , c + x(2)2

− x(3)3 + x(1)3 − x(2)4 + x(1)5 , c + x(2)2 − x(3)3 + x(1)4 , c + x(3)3 + x(2)3 − x(3)4

− x(2)4 + x(1)5 , c + x(2)3 − x(3)4 + x(1)4 , c + x(2)4 + x(1)4 − x(2)6 , x(2)2 + x(1)2

− x(3)6 , x(2)2 + x(1)2 + x(2)6 − x(4)4 − x(3)4 , x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 , c + x(2)2 + x(1)3 − x(4)4 , c

+ x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 , c + x(2)3 + x(1)3 − x(2)5 },

x(2)
′

3 = −c + x(2)3 + max{c + x(1)6 , x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , c + x(2)2

− x(3)3 + x(1)3 − x(2)4 + x(1)5 , c + x(2)2 − x(3)3 + x(1)4 , c + x(3)3 + x(2)3 − x(3)4

− x(2)4 + x(1)5 , c + x(2)3 − x(3)4 + x(1)4 , c + x(2)4 + x(1)4 − x(2)6 , x(2)2 + x(1)2

− x(3)6 , x(2)2 + x(1)2 + x(2)6 − x(4)4 − x(3)4 , x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 , c + x(2)2 + x(1)3 − x(4)4 ,

c + x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 , c + x(2)3 + x(1)3 − x(2)5 } −max{c

+ x(1)6 , c + x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , x(2)2 − x(3)3 + x(1)3 − x(2)4

+ x(1)5 , x(2)2 − x(3)3 + x(1)4 , c + x(3)3 + x(2)3 − x(3)4 − x(2)4 + x(1)5 , c + x(2)3

− x(3)4 + x(1)4 , c + x(2)4 + x(1)4 − x(2)6 , c + x(2)2 + x(1)2 − x(3)6 , c + x(2)2

+ x(1)2 + x(2)6 − x(4)4 − x(3)4 , c + x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 , c + x(2)2

+ x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 , x(2)2 + x(1)3 − x(4)4 , x(2)2 − x(3)3

+ x(1)3 + x(3)4 − x(2)5 , c + x(2)3 + x(1)3 − x(2)5 },

x(3)
′

3 = −c + x(3)3 + max{c + x(1)6 , c + x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , x(2)2

− x(3)3 + x(1)3 − x(2)4 + x(1)5 , x(2)2 − x(3)3 + x(1)4 , c + x(3)3 + x(2)3 − x(3)4

− x(2)4 + x(1)5 , c + x(2)3 − x(3)4 + x(1)4 , c + x(2)4 + x(1)4 − x(2)6 , c + x(2)2

+ x(1)2 − x(3)6 , c + x(2)2 + x(1)2 + x(2)6 − x(4)4 − x(3)4 , c + x(2)2 + x(1)2
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− x(2)3 − x(4)4 + x(2)4 , c + x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ,

x(2)2 + x(1)3 − x(4)4 , x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 , c + x(2)3 + x(1)3

− x(2)5 } − K̆,

x(1)
′

4 = x(1)4 + K̆−max{c + x(1)6 , x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , x(2)2 − x(3)3

+ x(1)3 − x(2)4 + x(1)5 , c + x(2)2 − x(3)3 + x(1)4 , x(3)3 + x(2)3 − x(3)4 − x(2)4

+ x(1)5 , c + x(2)3 − x(3)4 + x(1)4 , c + x(2)4 + x(1)4 − x(2)6 , x(2)2 + x(1)2 − x(3)6 ,

x(2)2 + x(1)2 + x(2)6 − x(4)4 − x(3)4 , x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 , x(2)2

+ x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 , x(2)2 + x(1)3 − x(4)4 , x(2)2 − x(3)3

+ x(1)3 + x(3)4 − x(2)5 , x(2)3 + x(1)3 − x(2)5 },

x(2)
′

4 = x(2)4 + K̆ + max{c + x(1)6 , x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , x(2)2 − x(3)3

+ x(1)3 − x(2)4 + x(1)5 , c + x(2)2 − x(3)3 + x(1)4 , x(3)3 + x(2)3 − x(3)4 − x(2)4

+ x(1)5 , c + x(2)3 − x(3)4 + x(1)4 , c + x(2)4 + x(1)4 − x(2)6 , x(2)2 + x(1)2 − x(3)6 ,

x(2)2 + x(1)2 + x(2)6 − x(4)4 − x(3)4 , x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 , x(2)2

+ x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 , x(2)2 + x(1)3 − x(4)4 , x(2)2 − x(3)3

+ x(1)3 + x(3)4 − x(2)5 , x(2)3 + x(1)3 − x(2)5 } −max{c + x(1)6 + max{c

+ x(1)6 , c + x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , c + x(2)2 − x(3)3 + x(1)3

− x(2)4 + x(1)5 , c + x(2)2 − x(3)3 + x(1)4 , c + x(3)3 + x(2)3 − x(3)4 − x(2)4

+ x(1)5 , c + x(2)3 − x(3)4 + x(1)4 , c + x(2)4 + x(1)4 − x(2)6 , x(2)2 + x(1)2 − x(3)6 ,

x(2)2 + x(1)2 + x(2)6 − x(4)4 − x(3)4 , c + x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 , c

+ x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 , c + x(2)2 + x(1)3 − x(4)4 ,

c + x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 , c + x(2)3 + x(1)3 − x(2)5 }, c + x(2)2

+ x(1)2 − x(3)3 − x(2)3 + x(1)5 + K̆, c + x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5

+ K̆, c + x(2)2 − x(3)3 + x(1)4 + K̆, c + x(3)3 + x(2)3 − x(3)4 − x(2)4 + x(1)5

+ K̆, c + x(2)3 − x(3)4 + x(1)4 + max{x(1)6 , x(2)2 + x(1)2 − x(3)3 − x(2)3

+ x(1)5 , x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 , x(2)2 − x(3)3 + x(1)4 , x(3)3 + x(2)3

− x(3)4 − x(2)4 + x(1)5 , x(2)3 − x(3)4 + x(1)4 , x(2)4 + x(1)4 − x(2)6 , x(2)2 + x(1)2

− x(3)6 , x(2)2 + x(1)2 + x(2)6 − x(4)4 − x(3)4 , c + x(2)2 + x(1)2 − x(2)3 − x(4)4

+ x(2)4 , x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 , x(2)2 + x(1)3 − x(4)4 ,

x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 , x(2)3 + x(1)3 − x(2)5 }, c + x(2)4 + x(1)4
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− x(2)6 + max{c + x(1)6 , c + x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , c + x(2)2

− x(3)3 + x(1)3 − x(2)4 + x(1)5 , c + x(2)2 − x(3)3 + x(1)4 , c + x(3)3 + x(2)3 − x(3)4

− x(2)4 + x(1)5 , c + x(2)3 − x(3)4 + x(1)4 , c + x(2)4 + x(1)4 − x(2)6 , x(2)2 + x(1)2

− x(3)6 , x(2)2 + x(1)2 + x(2)6 − x(4)4 − x(3)4 , c + x(2)2 + x(1)2 − x(2)3 − x(4)4

+ x(2)4 , c + x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 , c + x(2)2 + x(1)3

− x(4)4 , c + x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 , c + x(2)3 + x(1)3 − x(2)5 }, x(2)2

+ x(1)2 − x(3)6 + max{c + x(1)6 , x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , x(2)2

− x(3)3 + x(1)3 − x(2)4 + x(1)5 , x(2)2 − x(3)3 + x(1)4 , x(3)3 + x(2)3 − x(3)4 − x(2)4

+ x(1)5 , x(2)3 − x(3)4 + x(1)4 , c + x(2)4 + x(1)4 − x(2)6 , x(2)2 + x(1)2 − x(3)6 ,

x(2)2 + x(1)2 + x(2)6 − x(4)4 − x(3)4 , x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 , x(2)2

+ x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 , x(2)2 + x(1)3 − x(4)4 , x(2)2 − x(3)3

+ x(1)3 + x(3)4 − x(2)5 , x(2)3 + x(1)3 − x(2)5 }, x(2)2 + x(1)2 + x(2)6 − x(4)4

− x(3)4 + max{c + x(1)6 , x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , x(2)2 − x(3)3

+ x(1)3 − x(2)4 + x(1)5 , x(2)2 − x(3)3 + x(1)4 , x(3)3 + x(2)3 − x(3)4 − x(2)4 + x(1)5 ,

x(2)3 − x(3)4 + x(1)4 , x(2)4 + x(1)4 − x(2)6 , x(2)2 + x(1)2 − x(3)6 , x(2)2 + x(1)2

+ x(2)6 − x(4)4 − x(3)4 , x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 , x(2)2 + x(1)2 − x(3)3

− x(2)3 + x(3)4 + x(2)4 − x(2)5 , x(2)2 + x(1)3 − x(4)4 , x(2)2 − x(3)3 + x(1)3 + x(3)4

− x(2)5 , x(2)3 + x(1)3 − x(2)5 }, c + x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 + K̆,

c + x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 + K̆, c + x(2)2 + x(1)3

− x(4)4 + K̆, c + x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 + K̆, c + x(2)3 + x(1)3

− x(2)5 + K̆},

x(3)
′

4 = −c + x(3)4 + max{c + x(1)6 + max{c + x(1)6 , c + x(2)2 + x(1)2 − x(3)3 − x(2)3

+ x(1)5 , c + x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 , c + x(2)2 − x(3)3 + x(1)4 , c

+ x(3)3 + x(2)3 − x(3)4 − x(2)4 + x(1)5 , c + x(2)3 − x(3)4 + x(1)4 , c + x(2)4

+ x(1)4 − x(2)6 , x(2)2 + x(1)2 − x(3)6 , x(2)2 + x(1)2 + x(2)6 − x(4)4 − x(3)4 , c

+ x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 , c + x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4

+ x(2)4 − x(2)5 , c + x(2)2 + x(1)3 − x(4)4 , c + x(2)2 − x(3)3 + x(1)3 + x(3)4

− x(2)5 , c + x(2)3 + x(1)3 − x(2)5 }, c + x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5

+ K̆, c + x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 + K̆, c + x(2)2 − x(3)3 + x(1)4
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+ K̆, c + x(3)3 + x(2)3 − x(3)4 − x(2)4 + x(1)5 + K̆, c + x(2)3 − x(3)4 + x(1)4

+ max{x(1)6 , x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , x(2)2 − x(3)3 + x(1)3 − x(2)4

+ x(1)5 , x(2)2 − x(3)3 + x(1)4 , x(3)3 + x(2)3 − x(3)4 − x(2)4 + x(1)5 , x(2)3 − x(3)4

+ x(1)4 , x(2)4 + x(1)4 − x(2)6 , x(2)2 + x(1)2 − x(3)6 , x(2)2 + x(1)2 + x(2)6 − x(4)4

− x(3)4 , c + x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 , x(2)2 + x(1)2 − x(3)3 − x(2)3

+ x(3)4 + x(2)4 − x(2)5 , x(2)2 + x(1)3 − x(4)4 , x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ,

x(2)3 + x(1)3 − x(2)5 }, c + x(2)4 + x(1)4 − x(2)6 + max{c + x(1)6 , c + x(2)2

+ x(1)2 − x(3)3 − x(2)3 + x(1)5 , c + x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 , c

+ x(2)2 − x(3)3 + x(1)4 , c + x(3)3 + x(2)3 − x(3)4 − x(2)4 + x(1)5 , c + x(2)3 − x(3)4

+ x(1)4 , c + x(2)4 + x(1)4 − x(2)6 , x(2)2 + x(1)2 − x(3)6 , x(2)2 + x(1)2 + x(2)6

− x(4)4 − x(3)4 , c + x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 , c + x(2)2 + x(1)2 − x(3)3

− x(2)3 + x(3)4 + x(2)4 − x(2)5 , c + x(2)2 + x(1)3 − x(4)4 , c + x(2)2 − x(3)3

+ x(1)3 + x(3)4 − x(2)5 , c + x(2)3 + x(1)3 − x(2)5 }, x(2)2 + x(1)2 − x(3)6 + max{c

+ x(1)6 , x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 ,

x(2)2 − x(3)3 + x(1)4 , x(3)3 + x(2)3 − x(3)4 − x(2)4 + x(1)5 , x(2)3 − x(3)4 + x(1)4 ,

c + x(2)4 + x(1)4 − x(2)6 , x(2)2 + x(1)2 − x(3)6 , x(2)2 + x(1)2 + x(2)6 − x(4)4

− x(3)4 , x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 , x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4

+ x(2)4 − x(2)5 , x(2)2 + x(1)3 − x(4)4 , x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 , x(2)3

+ x(1)3 − x(2)5 }, x(2)2 + x(1)2 + x(2)6 − x(4)4 − x(3)4 + max{c + x(1)6 , x(2)2

+ x(1)2 − x(3)3 − x(2)3 + x(1)5 , x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 , x(2)2 − x(3)3

+ x(1)4 , x(3)3 + x(2)3 − x(3)4 − x(2)4 + x(1)5 , x(2)3 − x(3)4 + x(1)4 , x(2)4 + x(1)4

− x(2)6 , x(2)2 + x(1)2 − x(3)6 , x(2)2 + x(1)2 + x(2)6 − x(4)4 − x(3)4 , x(2)2 + x(1)2

− x(2)3 − x(4)4 + x(2)4 , x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 , x(2)2

+ x(1)3 − x(4)4 , x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 , x(2)3 + x(1)3 − x(2)5 }, c

+ x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 + K̆, c + x(2)2 + x(1)2 − x(3)3 − x(2)3

+ x(3)4 + x(2)4 − x(2)5 + K̆, c + x(2)2 + x(1)3 − x(4)4 + K̆, c + x(2)2 − x(3)3

+ x(1)3 + x(3)4 − x(2)5 + K̆, c + x(2)3 + x(1)3 − x(2)5 + K̆} − K̆−max{c

+ x(1)6 , c + x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , c + x(2)2 − x(3)3 + x(1)3 − x(2)4

+ x(1)5 , c + x(2)2 − x(3)3 + x(1)4 , c + x(3)3 + x(2)3 − x(3)4 − x(2)4 + x(1)5 , c
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+ x(2)3 − x(3)4 + x(1)4 , c + x(2)4 + x(1)4 − x(2)6 , x(2)2 + x(1)2 − x(3)6 , x(2)2

+ x(1)2 + x(2)6 − x(4)4 − x(3)4 , x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 , c + x(2)2

+ x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 , x(2)2 + x(1)3 − x(4)4 , c + x(2)2

− x(3)3 + x(1)3 + x(3)4 − x(2)5 , c + x(2)3 + x(1)3 − x(2)5 },

x(4)
′

4 = −c + x(4)4 + max{c + x(1)6 , c + x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , c + x(2)2

− x(3)3 + x(1)3 − x(2)4 + x(1)5 , c + x(2)2 − x(3)3 + x(1)4 , c + x(3)3 + x(2)3

− x(3)4 − x(2)4 + x(1)5 , c + x(2)3 − x(3)4 + x(1)4 , c + x(2)4 + x(1)4 − x(2)6 , x(2)2

+ x(1)2 − x(3)6 , x(2)2 + x(1)2 + x(2)6 − x(4)4 − x(3)4 , x(2)2 + x(1)2 − x(2)3 − x(4)4

+ x(2)4 , c + x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 , x(2)2 + x(1)3

− x(4)4 , c + x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 , c + x(2)3 + x(1)3 − x(2)5 } − K̆,

x(1)
′

5 = x(1)5 + K̆−max{c + x(1)6 , c + x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , c + x(2)2

− x(3)3 + x(1)3 − x(2)4 + x(1)5 , c + x(2)2 − x(3)3 + x(1)4 , c + x(3)3 + x(2)3 − x(3)4

− x(2)4 + x(1)5 , c + x(2)3 − x(3)4 + x(1)4 , c + x(2)4 + x(1)4 − x(2)6 , x(2)2 + x(1)2

− x(3)6 , x(2)2 + x(1)2 + x(2)6 − x(4)4 − x(3)4 , x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 , x(2)2 + x(1)3 − x(4)4 , x(2)2

− x(3)3 + x(1)3 + x(3)4 − x(2)5 , x(2)3 + x(1)3 − x(2)5 },

x(2)
′

5 = −c + x(2)5 + max{c + x(1)6 , c + x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , c + x(2)2

− x(3)3 + x(1)3 − x(2)4 + x(1)5 , c + x(2)2 − x(3)3 + x(1)4 , c + x(3)3 + x(2)3 − x(3)4

− x(2)4 + x(1)5 , c + x(2)3 − x(3)4 + x(1)4 , c + x(2)4 + x(1)4 − x(2)6 , x(2)2 + x(1)2

− x(3)6 , x(2)2 + x(1)2 + x(2)6 − x(4)4 − x(3)4 , x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 , x(2)2 + x(1)3 − x(4)4 , x(2)2

− x(3)3 + x(1)3 + x(3)4 − x(2)5 , x(2)3 + x(1)3 − x(2)5 } − K̆,

x(1)
′

6 = x(1)6 + K̆−max{c + x(1)6 , x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , x(2)2 − x(3)3

+ x(1)3 − x(2)4 + x(1)5 , x(2)2 − x(3)3 + x(1)4 , x(3)3 + x(2)3 − x(3)4 − x(2)4 + x(1)5 ,

x(2)3 − x(3)4 + x(1)4 , x(2)4 + x(1)4 − x(2)6 , x(2)2 + x(1)2 − x(3)6 , x(2)2 + x(1)2

+ x(2)6 − x(4)4 − x(3)4 , x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 , x(2)2 + x(1)2 − x(3)3

− x(2)3 + x(3)4 + x(2)4 − x(2)5 , x(2)2 + x(1)3 − x(4)4 , x(2)2 − x(3)3 + x(1)3 + x(3)4

− x(2)5 , x(2)3 + x(1)3 − x(2)5 },

x(2)
′

6 = x(2)6 + max{c + x(1)6 , x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , x(2)2 − x(3)3 + x(1)3
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− x(2)4 + x(1)5 , x(2)2 − x(3)3 + x(1)4 , x(3)3 + x(2)3 − x(3)4 − x(2)4 + x(1)5 , x(2)3

− x(3)4 + x(1)4 , x(2)4 + x(1)4 − x(2)6 , x(2)2 + x(1)2 − x(3)6 , x(2)2 + x(1)2 + x(2)6

− x(4)4 − x(3)4 , x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 , x(2)2 + x(1)2 − x(3)3 − x(2)3

+ x(3)4 + x(2)4 − x(2)5 , x(2)2 + x(1)3 − x(4)4 , x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ,

x(2)3 + x(1)3 − x(2)5 } −max{c + x(1)6 , c + x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ,

c + x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 , c + x(2)2 − x(3)3 + x(1)4 , c + x(3)3

+ x(2)3 − x(3)4 − x(2)4 + x(1)5 , c + x(2)3 − x(3)4 + x(1)4 , c + x(2)4 + x(1)4 − x(2)6 ,

x(2)2 + x(1)2 − x(3)6 , c + x(2)2 + x(1)2 + x(2)6 − x(4)4 − x(3)4 , c + x(2)2 + x(1)2

− x(2)3 − x(4)4 + x(2)4 , c + x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ,

c + x(2)2 + x(1)3 − x(4)4 , c + x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 , c + x(2)3

+ x(1)3 − x(2)5 },

x(3)
′

6 = −c + x(3)6 + max{c + x(1)6 , c + x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , c + x(2)2

− x(3)3 + x(1)3 − x(2)4 + x(1)5 , c + x(2)2 − x(3)3 + x(1)4 , c + x(3)3 + x(2)3 − x(3)4

− x(2)4 + x(1)5 , c + x(2)3 − x(3)4 + x(1)4 , c + x(2)4 + x(1)4 − x(2)6 , x(2)2 + x(1)2

− x(3)6 , c + x(2)2 + x(1)2 + x(2)6 − x(4)4 − x(3)4 , c + x(2)2 + x(1)2 − x(2)3

− x(4)4 + x(2)4 , c + x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 , c + x(2)2

+ x(1)3 − x(4)4 , c + x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 , c + x(2)3 + x(1)3

− x(2)5 } − K̆.

As shown in ([1], [33]), X with maps ẽk, f̃k : X −→ X ∪ {0}, εk, ϕk : X −→ Z, 0 ≤ k ≤ 6
and wt : X −→ Pcl is a Kashiwara’s crystal where for x ∈ X ,

ẽk(x) = UD(ec
k)(x)|c=1, f̃k(x) = UD(ec

k)(x)|c=−1,

wt(x) =
6

∑
k=0

wtk(x)Λk where wtk(x) = UD(γk)(x),

εk(x) = UD(εk)(x), ϕk(x) = wtk(x) + εk(x).

In particular, the explicit actions of f̃k and ẽk for 1 ≤ k ≤ 6 on X is given as follows.

f̃1(x) = (x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 − 1, x(1)2 , x(1)3 , x(1)4 , x(1)6 ),
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f̃2(x) =



(x(3)6 , x(4)4 , x(3)3 , x(2)2 − 1, x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

if x(2)2 + x(1)2 > x(1)1 + x(2)3 ,

(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 − 1, x(1)3 , x(1)4 , x(1)6 )

if x(2)2 + x(1)2 ≤ x(1)1 + x(2)3 ,

f̃3(x) =



(x(3)6 , x(4)4 , x(3)3 − 1, x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

if x(3)3 + x(2)3 > x(2)2 + x(3)4 , x(3)3 + 2x(2)3 + x(1)3 > x(2)2 + x(1)2 + x(3)4 + x(2)4 ,

(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 − 1, x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

if x(3)3 + x(2)3 ≤ x(2)2 + x(3)4 , x(2)3 + x(1)3 > x(1)2 + x(2)4 ,

(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 − 1, x(1)4 , x(1)6 )

if x(2)3 + x(1)3 ≤ x(1)2 + x(2)4 , x(3)3 + 2x(2)3 + x(1)3 ≤ x(2)2 + x(1)2 + x(3)4 + x(2)4 ,

f̃4(x) =



(x(3)6 , x(4)4 − 1, x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

if x(4)4 + x(3)4 > x(3)3 + x(2)5 , x(4)4 + 2x(3)4 + x(2)4 > x(3)3 + x(2)3 + x(2)5 + x(2)6 ,

x(4)4 + 2x(3)4 + 2x(2)4 + x(1)4 > x(3)3 + x(2)3 + x(1)3 + x(2)5 + x(1)5 + x(2)6 ,

(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 − 1, x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

if x(4)4 + x(3)4 ≤ x(3)3 + x(2)5 , x(3)4 + x(2)4 > x(2)3 + x(2)6 ,

x(3)4 + 2x(2)4 + x(1)4 > x(2)3 + x(1)3 + x(1)5 + x(2)6 ,

(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 − 1, x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

if x(4)4 + 2x(3)4 + x(2)4 ≤ x(3)3 + x(2)3 + x(2)5 + x(2)6 ,

x(3)4 + x(2)4 ≤ x(2)3 + x(2)6 , x(2)4 + x(1)4 > x(1)3 + x(1)5 ,

(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 − 1, x(1)6 )

if x(2)4 + x(1)4 ≤ x(1)3 + x(1)5 , x(3)4 + 2x(2)4 + x(1)4 ≤ x(2)3 + x(1)3 + x(1)5 + x(2)6 ,

x(4)4 + 2x(3)4 + 2x(2)4 + x(1)4 ≤ x(3)3 + x(2)3 + x(1)3 + x(2)5 + x(1)5 + x(2)6 ,

f̃5(x) =



(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 − 1, x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

if x(2)5 + x(1)5 > x(3)4 + x(2)4 ,

(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 − 1, x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

if x(2)5 + x(1)5 ≤ x(3)4 + x(2)4 ,
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f̃6(x) =



(x(3)6 − 1, x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

if x(3)6 + x(2)6 > x(4)4 + x(3)4 , x(3)6 + 2x(2)6 + x(1)6 > x(4)4 + x(3)4 + x(2)4 + x(1)4 ,

(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 − 1, x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

if x(3)6 + x(2)6 ≤ x(4)4 + x(3)4 , x(2)6 + x(1)6 > x(2)4 + x(1)4 ,

(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 − 1)

if x(2)6 + x(1)6 ≤ x(2)4 + x(1)4 , x(3)6 + 2x(2)6 + x(1)6 ≤ x(4)4 + x(3)4 + x(2)4 + x(1)4 .

ẽ1(x) = (x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 + 1, x(1)2 , x(1)3 , x(1)4 , x(1)6 ),

ẽ2(x) =



(x(3)6 , x(4)4 , x(3)3 , x(2)2 + 1, x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

if x(2)2 + x(1)2 ≥ x(1)1 + x(2)3 ,

(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 + 1, x(1)3 , x(1)4 , x(1)6 )

if x(2)2 + x(1)2 < x(1)1 + x(2)3 ,

ẽ3(x) =



(x(3)6 , x(4)4 , x(3)3 + 1, x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

if x(3)3 + x(2)3 ≥ x(2)2 + x(3)4 , x(3)3 + 2x(2)3 + x(1)3 ≥ x(2)2 + x(1)2 + x(3)4 + x(2)4 ,

(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 + 1, x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

if x(3)3 + x(2)3 < x(2)2 + x(3)4 , x(2)3 + x(1)3 ≥ x(1)2 + x(2)4 ,

(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 + 1, x(1)4 , x(1)6 )

if x(2)3 + x(1)3 < x(1)2 + x(2)4 , x(3)3 + 2x(2)3 + x(1)3 < x(2)2 + x(1)2 + x(3)4 + x(2)4 ,

ẽ4(x) =



(x(3)6 , x(4)4 + 1, x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

if x(4)4 + x(3)4 ≥ x(3)3 + x(2)5 , x(4)4 + 2x(3)4 + x(2)4 ≥ x(3)3 + x(2)3 + x(2)5 + x(2)6 ,

x(4)4 + 2x(3)4 + 2x(2)4 + x(1)4 ≥ x(3)3 + x(2)3 + x(1)3 + x(2)5 + x(1)5 + x(2)6 ,

(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 + 1, x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

if x(4)4 + x(3)4 < x(3)3 + x(2)5 , x(3)4 + x(2)4 ≥ x(2)3 + x(2)6 ,

x(3)4 + 2x(2)4 + x(1)4 ≥ x(2)3 + x(1)3 + x(1)5 + x(2)6 ,

(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 + 1, x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

if x(4)4 + 2x(3)4 + x(2)4 < x(3)3 + x(2)3 + x(2)5 + x(2)6 ,

x(3)4 + x(2)4 < x(2)3 + x(2)6 , x(2)4 + x(1)4 ≥ x(1)3 + x(1)5 ,

(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 + 1, x(1)6 )

if x(2)4 + x(1)4 < x(1)3 + x(1)5 , x(3)4 + 2x(2)4 + x(1)4 < x(2)3 + x(1)3 + x(1)5 + x(2)6 ,

x(4)4 + 2x(3)4 + 2x(2)4 + x(1)4 < x(3)3 + x(2)3 + x(1)3 + x(2)5 + x(1)5 + x(2)6 ,
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ẽ5(x) =



(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 + 1, x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

if x(2)5 + x(1)5 ≥ x(3)4 + x(2)4 ,

(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 + 1, x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

if x(2)5 + x(1)5 < x(3)4 + x(2)4 ,

ẽ6(x) =



(x(3)6 + 1, x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

if x(3)6 + x(2)6 ≥ x(4)4 + x(3)4 , x(3)6 + 2x(2)6 + x(1)6 ≥ x(4)4 + x(3)4 + x(2)4 + x(1)4 ,

(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 + 1, x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

if x(3)6 + x(2)6 < x(4)4 + x(3)4 , x(2)6 + x(1)6 ≥ x(2)4 + x(1)4 ,

(x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 + 1)

if x(2)6 + x(1)6 < x(2)4 + x(1)4 , x(3)6 + 2x(2)6 + x(1)6 < x(4)4 + x(3)4 + x(2)4 + x(1)4 .

To determine the explicit action of f̃0(x) we define conditions (F̆1)− ( ˘F14) as follows.

(F̆1) x(2)2 + x(1)2 − x(3)6 ≥ x(1)6 ,

x(2)2 + x(1)2 − x(3)6 ≥ x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ,

x(2)2 + x(1)2 − x(3)6 ≥ x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 ,

x(2)2 + x(1)2 − x(3)6 ≥ x(2)2 − x(3)3 + x(1)4 ,

x(2)2 + x(1)2 − x(3)6 ≥ x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 ,

x(2)2 + x(1)2 − x(3)6 ≥ x(2)3 − x(3)4 + x(1)4 ,

x(2)2 + x(1)2 − x(3)6 ≥ x(2)4 + x(1)4 − x(2)6 ,

x(2)2 + x(1)2 − x(3)6 ≥ x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ,

x(2)2 + x(1)2 − x(3)6 ≥ x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ,

x(2)2 + x(1)2 − x(3)6 ≥ x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ,

x(2)2 + x(1)2 − x(3)6 ≥ x(2)2 + x(1)3 − x(4)4 ,

x(2)2 + x(1)2 − x(3)6 ≥ x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ,

x(2)2 + x(1)2 − x(3)6 ≥ x(2)3 + x(3)3 − x(2)5 ,

(F̆2) x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ≥ x(1)6 ,

x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ≥ x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ,

x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ≥ x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 ,

x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ≥ x(2)2 − x(3)3 + x(1)4 ,
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x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ≥ x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 ,

x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ≥ x(2)3 − x(3)4 + x(1)4 ,

x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ≥ x(2)4 + x(1)4 − x(2)6 ,

x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 > x(2)2 + x(1)2 − x(3)6 ,

x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ≥ x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ,

x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ≥ x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ,

x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ≥ x(2)2 + x(1)3 − x(4)4 ,

x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ≥ x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ,

x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ≥ x(2)3 + x(3)3 − x(2)5 ,

(F̆3) x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ≥ x(1)6 ,

x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ≥ x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ,

x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ≥ x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 ,

x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ≥ x(2)2 − x(3)3 + x(1)4 ,

x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ≥ x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 ,

x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ≥ x(2)3 − x(3)4 + x(1)4 ,

x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ≥ x(2)4 + x(1)4 − x(2)6 ,

x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 > x(2)2 + x(1)2 − x(3)6 ,

x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 > x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ,

x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ≥ x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ,

x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ≥ x(2)2 + x(1)3 − x(4)4 ,

x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ≥ x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ,

x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ≥ x(2)3 + x(3)3 − x(2)5 ,

(F̆4) x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ≥ x(1)6 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ≥ x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ≥ x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ≥ x(2)2 − x(3)3 + x(1)4 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ≥ x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ≥ x(2)3 − x(3)4 + x(1)4 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ≥ x(2)4 + x(1)4 − x(2)6 ,
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x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 > x(2)2 + x(1)2 − x(3)6 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 > x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 > x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ≥ x(2)2 + x(1)3 − x(4)4 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ≥ x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ≥ x(2)3 + x(3)3 − x(2)5 ,

(F̆5) x(2)2 + x(1)3 − x(4)4 ≥ x(1)6 ,

x(2)2 + x(1)3 − x(4)4 ≥ x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ,

x(2)2 + x(1)3 − x(4)4 ≥ x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 ,

x(2)2 + x(1)3 − x(4)4 ≥ x(2)2 − x(3)3 + x(1)4 ,

x(2)2 + x(1)3 − x(4)4 ≥ x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 ,

x(2)2 + x(1)3 − x(4)4 ≥ x(2)3 − x(3)4 + x(1)4 ,

x(2)2 + x(1)3 − x(4)4 ≥ x(2)4 + x(1)4 − x(2)6 ,

x(2)2 + x(1)3 − x(4)4 > x(2)2 + x(1)2 − x(3)6 ,

x(2)2 + x(1)3 − x(4)4 > x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ,

x(2)2 + x(1)3 − x(4)4 > x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ,

x(2)2 + x(1)3 − x(4)4 ≥ x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ,

x(2)2 + x(1)3 − x(4)4 ≥ x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ,

x(2)2 + x(1)3 − x(4)4 ≥ x(2)3 + x(3)3 − x(2)5 ,

(F̆6) x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ≥ x(1)6 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ≥ x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ≥ x(2)2 − x(3)3 + x(1)4 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ≥ x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ≥ x(2)3 − x(3)4 + x(1)4 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ≥ x(2)4 + x(1)4 − x(2)6 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 > x(2)2 + x(1)2 − x(3)6 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 > x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 > x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 > x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ,
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x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ≥ x(2)2 + x(1)3 − x(4)4 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ≥ x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ,

x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ≥ x(2)3 + x(3)3 − x(2)5 ,

(F̆7) x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ≥ x(1)6 ,

x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ≥ x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ,

x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ≥ x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 ,

x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ≥ x(2)2 − x(3)3 + x(1)4 ,

x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ≥ x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 ,

x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ≥ x(2)3 − x(3)4 + x(1)4 ,

x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ≥ x(2)4 + x(1)4 − x(2)6 ,

x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 > x(2)2 + x(1)2 − x(3)6 ,

x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 > x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ,

x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 > x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ,

x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 > x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ,

x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 > x(2)2 + x(1)3 − x(4)4 ,

x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ≥ x(2)3 + x(3)3 − x(2)5 ,

(F̆8) x(2)3 + x(3)3 − x(2)5 ≥ x(1)6 ,

x(2)3 + x(3)3 − x(2)5 ≥ x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ,

x(2)3 + x(3)3 − x(2)5 ≥ x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 ,

x(2)3 + x(3)3 − x(2)5 ≥ x(2)2 − x(3)3 + x(1)4 ,

x(2)3 + x(3)3 − x(2)5 ≥ x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 ,

x(2)3 + x(3)3 − x(2)5 ≥ x(2)3 − x(3)4 + x(1)4 ,

x(2)3 + x(3)3 − x(2)5 ≥ x(2)4 + x(1)4 − x(2)6 ,

x(2)3 + x(3)3 − x(2)5 > x(2)2 + x(1)2 − x(3)6 ,

x(2)3 + x(3)3 − x(2)5 > x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ,

x(2)3 + x(3)3 − x(2)5 > x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ,

x(2)3 + x(3)3 − x(2)5 > x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ,

x(2)3 + x(3)3 − x(2)5 > x(2)2 + x(1)3 − x(4)4 ,

x(2)3 + x(3)3 − x(2)5 > x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ,
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(F̆9) x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 ≥ x(1)6 ,

x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 > x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ,

x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 ≥ x(2)2 − x(3)3 + x(1)4 ,

x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 ≥ x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 ,

x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 ≥ x(2)3 − x(3)4 + x(1)4 ,

x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 ≥ x(2)4 + x(1)4 − x(2)6 ,

x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 > x(2)2 + x(1)2 − x(3)6 ,

x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 > x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ,

x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 > x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ,

x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 > x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ,

x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 > x(2)2 + x(1)3 − x(4)4 ,

x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 > x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ,

x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 ≥ x(2)3 + x(3)3 − x(2)5 ,

( ˘F10) x(2)2 − x(3)3 + x(1)4 ≥ x(1)6 ,

x(2)2 − x(3)3 + x(1)4 > x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ,

x(2)2 − x(3)3 + x(1)4 > x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 ,

x(2)2 − x(3)3 + x(1)4 ≥ x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 ,

x(2)2 − x(3)3 + x(1)4 ≥ x(2)3 − x(3)4 + x(1)4 ,

x(2)2 − x(3)3 + x(1)4 ≥ x(2)4 + x(1)4 − x(2)6 ,

x(2)2 − x(3)3 + x(1)4 > x(2)2 + x(1)2 − x(3)6 ,

x(2)2 − x(3)3 + x(1)4 > x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ,

x(2)2 − x(3)3 + x(1)4 > x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ,

x(2)2 − x(3)3 + x(1)4 > x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ,

x(2)2 − x(3)3 + x(1)4 > x(2)2 + x(1)3 − x(4)4 ,

x(2)2 − x(3)3 + x(1)4 > x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ,

x(2)2 − x(3)3 + x(1)4 ≥ x(2)3 + x(3)3 − x(2)5 ,

( ˘F11) x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 ≥ x(1)6 ,

x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 > x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ,

x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 > x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 ,
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x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 ≥ x(2)2 − x(3)3 + x(1)4 ,

x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 ≥ x(2)3 − x(3)4 + x(1)4 ,

x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 ≥ x(2)4 + x(1)4 − x(2)6 ,

x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 > x(2)2 + x(1)2 − x(3)6 ,

x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 > x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ,

x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 > x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ,

x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 > x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ,

x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 > x(2)2 + x(1)3 − x(4)4 ,

x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 > x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ,

x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 > x(2)3 + x(3)3 − x(2)5 ,

( ˘F12) x(2)3 − x(3)4 + x(1)4 ≥ x(1)6 ,

x(2)3 − x(3)4 + x(1)4 > x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ,

x(2)3 − x(3)4 + x(1)4 > x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 ,

x(2)3 − x(3)4 + x(1)4 > x(2)2 − x(3)3 + x(1)4 ,

x(2)3 − x(3)4 + x(1)4 > x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 ,

x(2)3 − x(3)4 + x(1)4 ≥ x(2)4 + x(1)4 − x(2)6 ,

x(2)3 − x(3)4 + x(1)4 > x(2)2 + x(1)2 − x(3)6 ,

x(2)3 − x(3)4 + x(1)4 > x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ,

x(2)3 − x(3)4 + x(1)4 > x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ,

x(2)3 − x(3)4 + x(1)4 > x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ,

x(2)3 − x(3)4 + x(1)4 > x(2)2 + x(1)3 − x(4)4 ,

x(2)3 − x(3)4 + x(1)4 > x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ,

x(2)3 − x(3)4 + x(1)4 > x(2)3 + x(3)3 − x(2)5 ,

( ˘F13) x(2)4 + x(1)4 − x(2)6 ≥ x(1)6 ,

x(2)4 + x(1)4 − x(2)6 > x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ,

x(2)4 + x(1)4 − x(2)6 > x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 ,

x(2)4 + x(1)4 − x(2)6 > x(2)2 − x(3)3 + x(1)4 ,

x(2)4 + x(1)4 − x(2)6 > x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 ,

x(2)4 + x(1)4 − x(2)6 > x(2)3 − x(3)4 + x(1)4 ,
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x(2)4 + x(1)4 − x(2)6 > x(2)2 + x(1)2 − x(3)6 ,

x(2)4 + x(1)4 − x(2)6 > x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ,

x(2)4 + x(1)4 − x(2)6 > x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ,

x(2)4 + x(1)4 − x(2)6 > x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ,

x(2)4 + x(1)4 − x(2)6 > x(2)2 + x(1)3 − x(4)4 ,

x(2)4 + x(1)4 − x(2)6 > x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ,

x(2)4 + x(1)4 − x(2)6 > x(2)3 + x(3)3 − x(2)5 ,

( ˘F14) x(1)6 > x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 ,

x(1)6 > x(2)2 − x(3)3 + x(1)3 − x(2)4 + x(1)5 ,

x(1)6 > x(2)2 − x(3)3 + x(1)4 ,

x(1)6 > x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 ,

x(1)6 > x(2)3 − x(3)4 + x(1)4 ,

x(1)6 > x(2)4 + x(1)4 − x(2)6 ,

x(1)6 > x(2)2 + x(1)2 − x(3)6 ,

x(1)6 > x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 ,

x(1)6 > x(2)2 + x(1)2 − x(2)3 − x(4)4 + x(2)4 ,

x(1)6 > x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(3)4 + x(2)4 − x(2)5 ,

x(1)6 > x(2)2 + x(1)3 − x(4)4 ,

x(1)6 > x(2)2 − x(3)3 + x(1)3 + x(3)4 − x(2)5 ,

x(1)6 > x(2)3 + x(3)3 − x(2)5 ,

Then we define conditions (Ĕj) (1 ≤ j ≤ 14) by replacing > (resp. ≥) with ≥ (resp. >) in (F̆j).

128



Let x ∈ X . Then f̃0(x) = UD(ec
0)(x)|c=−1 given by

f̃0(x) =



(x(3)6 + 1, x(4)4 + 1, x(3)3 + 1, x(2)2 + 1, x(2)5 + 1, x(3)4 + 1, x(2)3 + 1, x(2)6 , x(2)4 ,

x(1)5 , x(1)1 + 1, x(1)2 + 1, x(1)3 , x(1)4 , x(1)6 ) if (F̆1),

(x(3)6 , x(4)4 + 1, x(3)3 + 1, x(2)2 + 1, x(2)5 + 1, x(3)4 + 1, x(2)3 + 1, x(2)6 + 1, x(2)4 ,

x(1)5 , x(1)1 + 1, x(1)2 + 1, x(1)3 , x(1)4 , x(1)6 ) if (F̆2),

(x(3)6 , x(4)4 + 1, x(3)3 + 1, x(2)2 + 1, x(2)5 + 1, x(3)4 , x(2)3 + 1, x(2)6 + 1, x(2)4 + 1,

x(1)5 , x(1)1 + 1, x(1)2 + 1, x(1)3 , x(1)4 , x(1)6 ) if (F̆3),

(x(3)6 , x(4)4 , x(3)3 + 1, x(2)2 + 1, x(2)5 + 1, x(3)4 + 1, x(2)3 + 1, x(2)6 + 1, x(2)4 + 1,

x(1)5 , x(1)1 + 1, x(1)2 + 1, x(1)3 , x(1)4 , x(1)6 ) if (F̆4),

(x(3)6 , x(4)4 + 1, x(3)3 + 1, x(2)2 + 1, x(2)5 + 1, x(3)4 , x(2)3 , x(2)6 + 1, x(2)4 + 1,

x(1)5 , x(1)1 + 1, x(1)2 + 1, x(1)3 + 1, x(1)4 , x(1)6 ) if (F̆5),

(x(3)6 , x(4)4 , x(3)3 + 1, x(2)2 + 1, x(2)5 , x(3)4 + 1, x(2)3 + 1, x(2)6 + 1, x(2)4 + 1,

x(1)5 + 1, x(1)1 + 1, x(1)2 + 1, x(1)3 , x(1)4 , x(1)6 ) if (F̆6),

(x(3)6 , x(4)4 , x(3)3 + 1, x(2)2 + 1, x(2)5 + 1, x(3)4 + 1, x(2)3 , x(2)6 + 1, x(2)4 + 1,

x(1)5 , x(1)1 + 1, x(1)2 + 1, x(1)3 + 1, x(1)4 , x(1)6 ) if (F̆7),

(x(3)6 , x(4)4 , x(3)3 , x(2)2 + 1, x(2)5 + 1, x(3)4 + 1, x(2)3 + 1, x(2)6 + 1, x(2)4 + 1,

x(1)5 , x(1)1 + 1, x(1)2 + 1, x(1)3 + 1, x(1)4 , x(1)6 ) if (F̆8),

(x(3)6 , x(4)4 , x(3)3 + 1, x(2)2 + 1, x(2)5 , x(3)4 + 1, x(2)3 , x(2)6 + 1, x(2)4 + 1,

x(1)5 + 1, x(1)1 + 1, x(1)2 + 1, x(1)3 + 1, x(1)4 , x(1)6 ) if (F̆9),

(x(3)6 , x(4)4 , x(3)3 + 1, x(2)2 + 1, x(2)5 , x(3)4 + 1, x(2)3 , x(2)6 + 1, x(2)4 ,

x(1)5 + 1, x(1)1 + 1, x(1)2 + 1, x(1)3 + 1, x(1)4 + 1, x(1)6 ) if ( ˘F10),

(x(3)6 , x(4)4 , x(3)3 , x(2)2 + 1, x(2)5 , x(3)4 + 1, x(2)3 + 1, x(2)6 + 1, x(2)4 + 1,

x(1)5 + 1, x(1)1 + 1, x(1)2 + 1, x(1)3 + 1, x(1)4 , x(1)6 ) if ( ˘F11),

(x(3)6 , x(4)4 , x(3)3 , x(2)2 + 1, x(2)5 , x(3)4 + 1, x(2)3 + 1, x(2)6 + 1, x(2)4 ,

x(1)5 + 1, x(1)1 + 1, x(1)2 + 1, x(1)3 + 1, x(1)4 + 1, x(1)6 ) if ( ˘F12),

(x(3)6 , x(4)4 , x(3)3 , x(2)2 + 1, x(2)5 , x(3)4 , x(2)3 + 1, x(2)6 + 1, x(2)4 + 1,

x(1)5 + 1, x(1)1 + 1, x(1)2 + 1, x(1)3 + 1, x(1)4 + 1, x(1)6 ) if ( ˘F13),

(x(3)6 , x(4)4 , x(3)3 , x(2)2 + 1, x(2)5 , x(3)4 , x(2)3 + 1, x(2)6 , x(2)4 + 1,

x(1)5 + 1, x(1)1 + 1, x(1)2 + 1, x(1)3 + 1, x(1)4 + 1, x(1)6 + 1) if ( ˘F14).
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And, ẽ0(x) = UD(ec
0)(x)|c=1 given by

ẽ0(x) =



(x(3)6 − 1, x(4)4 − 1, x(3)3 − 1, x(2)2 − 1, x(2)5 − 1, x(3)4 − 1, x(2)3 − 1, x(2)6 , x(2)4 ,

x(1)5 , x(1)1 − 1, x(1)2 − 1, x(1)3 , x(1)4 , x(1)6 ) if (Ĕ1),

(x(3)6 , x(4)4 − 1, x(3)3 − 1, x(2)2 − 1, x(2)5 − 1, x(3)4 − 1, x(2)3 − 1, x(2)6 − 1, x(2)4 ,

x(1)5 , x(1)1 − 1, x(1)2 − 1, x(1)3 , x(1)4 , x(1)6 ) if (Ĕ2),

(x(3)6 , x(4)4 − 1, x(3)3 − 1, x(2)2 − 1, x(2)5 − 1, x(3)4 , x(2)3 − 1, x(2)6 − 1, x(2)4 − 1,

x(1)5 , x(1)1 − 1, x(1)2 − 1, x(1)3 , x(1)4 , x(1)6 ) if (Ĕ3),

(x(3)6 , x(4)4 , x(3)3 − 1, x(2)2 − 1, x(2)5 − 1, x(3)4 − 1, x(2)3 − 1, x(2)6 − 1, x(2)4 − 1,

x(1)5 , x(1)1 − 1, x(1)2 − 1, x(1)3 , x(1)4 , x(1)6 ) if (Ĕ4),

(x(3)6 , x(4)4 − 1, x(3)3 − 1, x(2)2 − 1, x(2)5 − 1, x(3)4 , x(2)3 , x(2)6 − 1, x(2)4 − 1,

x(1)5 , x(1)1 − 1, x(1)2 − 1, x(1)3 − 1, x(1)4 , x(1)6 ) if (Ĕ5),

(x(3)6 , x(4)4 , x(3)3 − 1, x(2)2 − 1, x(2)5 , x(3)4 − 1, x(2)3 − 1, x(2)6 − 1, x(2)4 − 1,

x(1)5 − 1, x(1)1 − 1, x(1)2 − 1, x(1)3 , x(1)4 , x(1)6 ) if (Ĕ6),

(x(3)6 , x(4)4 , x(3)3 − 1, x(2)2 − 1, x(2)5 − 1, x(3)4 − 1, x(2)3 , x(2)6 − 1, x(2)4 − 1,

x(1)5 , x(1)1 − 1, x(1)2 − 1, x(1)3 − 1, x(1)4 , x(1)6 ) if (Ĕ7),

(x(3)6 , x(4)4 , x(3)3 , x(2)2 − 1, x(2)5 − 1, x(3)4 − 1, x(2)3 − 1, x(2)6 − 1, x(2)4 − 1,

x(1)5 , x(1)1 − 1, x(1)2 − 1, x(1)3 − 1, x(1)4 , x(1)6 ) if (Ĕ8),

(x(3)6 , x(4)4 , x(3)3 − 1, x(2)2 − 1, x(2)5 , x(3)4 − 1, x(2)3 , x(2)6 − 1, x(2)4 − 1,

x(1)5 − 1, x(1)1 − 1, x(1)2 − 1, x(1)3 − 1, x(1)4 , x(1)6 ) if (Ĕ9),

(x(3)6 , x(4)4 , x(3)3 − 1, x(2)2 − 1, x(2)5 , x(3)4 − 1, x(2)3 , x(2)6 − 1, x(2)4 ,

x(1)5 − 1, x(1)1 − 1, x(1)2 − 1, x(1)3 − 1, x(1)4 − 1, x(1)6 ) if ( ˘E10),

(x(3)6 , x(4)4 , x(3)3 , x(2)2 − 1, x(2)5 , x(3)4 − 1, x(2)3 − 1, x(2)6 − 1, x(2)4 − 1,

x(1)5 − 1, x(1)1 − 1, x(1)2 − 1, x(1)3 − 1, x(1)4 , x(1)6 ) if ( ˘E11),

(x(3)6 , x(4)4 , x(3)3 , x(2)2 − 1, x(2)5 , x(3)4 − 1, x(2)3 − 1, x(2)6 − 1, x(2)4 ,

x(1)5 − 1, x(1)1 − 1, x(1)2 − 1, x(1)3 − 1, x(1)4 − 1, x(1)6 ) if ( ˘E12),

(x(3)6 , x(4)4 , x(3)3 , x(2)2 − 1, x(2)5 , x(3)4 , x(2)3 − 1, x(2)6 − 1, x(2)4 − 1,

x(1)5 − 1, x(1)1 − 1, x(1)2 − 1, x(1)3 − 1, x(1)4 − 1, x(1)6 ) if ( ˘E13),

(x(3)6 , x(4)4 , x(3)3 , x(2)2 − 1, x(2)5 , x(3)4 , x(2)3 − 1, x(2)6 , x(2)4 − 1,

x(1)5 − 1, x(1)1 − 1, x(1)2 − 1, x(1)3 − 1, x(1)4 − 1, x(1)6 − 1) if ( ˘E14).
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The following theorem gives an affirmative answer to the conjecture in [25] for D(1)
6 and

Dynkin index i = 6.

Theorem 8.0.1. The map

Ω : B6,∞ → X ,

b = (bij)i≤j≤i+5, 1≤i≤6 7→ x = (x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 ,

x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

defined by

x(l)m =


∑m

j=m−l+1 bm−l+1,j, for m = 1, 2, 3, 4,

∑m
j=m−2l+1 bm−2l+1,j, for m = 5,

∑m−1
j=m−2l+1 bm−2l+1,j, for m = 6.

is an isomorphism of crystals.

Proof. First we observe that the map Ω−1 : X → B6,∞ is given by Ω−1(x) = b where

b11 = x(1)1 , b12 = x(2)2 − x(1)1 , b13 = x(3)3 − x(2)2 , b14 = x(4)4 − x(3)3 ,

b15 = x(3)6 − x(4)4 , b16 = −x(3)6 , b22 = x(1)2 , b23 = x(2)3 − x(1)2 ,

b24 = x(3)4 − x(2)3 , b25 = x(2)5 − x(3)4 , b26 = x(3)6 − x(2)5 , b27 = −x(3)6 ,

b33 = x(1)3 , b34 = x(2)4 − x(1)3 , b35 = x(2)6 − x(2)4 , b36 = x(2)5 − x(2)6 ,

b37 = x(4)4 − x(2)5 , b38 = −x(4)4 , b44 = x(1)4 , b45 = x(1)5 − x(1)4 ,

b46 = x(2)6 − x(1)5 , b47 = x(3)4 − x(2)6 , b48 = x(3)3 − x(3)4 , b49 = −x(3)3 ,

b55 = x(1)6 , b56 = x(1)5 − x(1)6 , b57 = x(2)4 − x(1)5 , b58 = x(2)3 − x(2)4 ,

b59 = x(2)2 − x(2)3 , b5,10 = −x(2)2 , b66 = x(1)6 , b67 = x(1)4 − x(1)6 ,

b68 = x(1)3 − x(1)4 , b69 = x(1)2 − x(1)3 , b6,10 = x(1)1 − x(1)2 , b6,11 = −x(1)1 .

Hence the map Ω is bijective. To prove that Ω is an isomorphism of crystals we need to show
that for b ∈ B6,∞ and 0 ≤ k ≤ 6 we have:

Ω( f̃k(b)) = f̃k(Ω(b)),

Ω(ẽk(b)) = ẽk(Ω(b)),

wtk(Ω(b)) = wtk(b),

εk(Ω(b)) = εk(b).
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Hence ϕk(Ω(b)) = wtk(Ω(b)) + εk(Ω(b)) = wtk(b) + εk(b) = ϕk(b). We first observe that the
conditions for the action of f̃k on Ω(b) in X hold if and only if the corresponding conditions
for the action of f̃k on b in B6,∞ hold for all 0 ≤ k ≤ 6. Let b ∈ B6,∞. Suppose Ω(b) = x. Then
we have the followings.

• If x satisfies condition (F̆1), then b satisfies condition (F1) and f̃0(x) = (x(3)6 + 1,
x(4)4 + 1, x(3)3 + 1, x(2)2 + 1, x(2)5 + 1, x(3)4 + 1, x(2)3 + 1, x(2)6 , x(2)4 , x(1)5 , x(1)1 + 1, x(1)2 + 1, x(1)3 , x(1)4 ,
x(1)6 ) = Ω( f̃0(b)).

• If x satisfies condition (F̆2), then b satisfies condition (F2) and f̃0(x) = (x(3)6 , x(4)4 + 1,
x(3)3 + 1, x(2)2 + 1, x(2)5 + 1, x(3)4 + 1, x(2)3 + 1, x(2)6 + 1, x(2)4 , x(1)5 , x(1)1 + 1, x(1)2 + 1, x(1)3 , x(1)4 ,
x(1)6 ) = Ω( f̃0(b)).

• If x satisfies condition (F̆3), then b satisfies condition (F3) and f̃0(x) = (x(3)6 , x(4)4 + 1,
x(3)3 + 1, x(2)2 + 1, x(2)5 + 1, x(3)4 , x(2)3 + 1, x(2)6 + 1, x(2)4 + 1, x(1)5 , x(1)1 + 1, x(1)2 + 1, x(1)3 , x(1)4 ,
x(1)6 ) = Ω( f̃0(b)).

• If x satisfies condition (F̆4), then b satisfies condition (F4) and f̃0(x) = (x(3)6 , x(4)4 ,
x(3)3 + 1, x(2)2 + 1, x(2)5 + 1, x(3)4 + 1, x(2)3 + 1, x(2)6 + 1, x(2)4 + 1, x(1)5 , x(1)1 + 1, x(1)2 + 1, x(1)3 , x(1)4 ,
x(1)6 ) = Ω( f̃0(b)).

• If x satisfies condition (F̆5), then b satisfies condition (F5) and f̃0(x) = (x(3)6 , x(4)4 + 1,
x(3)3 + 1, x(2)2 + 1, x(2)5 + 1, x(3)4 , x(2)3 , x(2)6 + 1, x(2)4 + 1, x(1)5 , x(1)1 + 1, x(1)2 + 1, x(1)3 + 1, x(1)4 ,
x(1)6 ) = Ω( f̃0(b)).

• If x satisfies condition (F̆6), then b satisfies condition (F6) and f̃0(x) = (x(3)6 , x(4)4 ,
x(3)3 + 1, x(2)2 + 1, x(2)5 , x(3)4 + 1, x(2)3 + 1, x(2)6 + 1, x(2)4 + 1, x(1)5 + 1, x(1)1 + 1, x(1)2 + 1, x(1)3 , x(1)4 ,
x(1)6 ) = Ω( f̃0(b)).

• If x satisfies condition (F̆7), then b satisfies condition (F7) and f̃0(x) = (x(3)6 , x(4)4 ,
x(3)3 + 1, x(2)2 + 1, x(2)5 + 1, x(3)4 + 1, x(2)3 , x(2)6 + 1, x(2)4 + 1, x(1)5 , x(1)1 + 1, x(1)2 + 1, x(1)3 + 1, x(1)4 ,
x(1)6 ) = Ω( f̃0(b)).

• If x satisfies condition (F̆8), then b satisfies condition (F8) and f̃0(x) = (x(3)6 , x(4)4 ,
x(3)3 , x(2)2 + 1, x(2)5 + 1, x(3)4 + 1, x(2)3 + 1, x(2)6 + 1, x(2)4 + 1, x(1)5 , x(1)1 + 1, x(1)2 + 1, x(1)3 + 1, x(1)4 ,
x(1)6 ) = Ω( f̃0(b)).

• If x satisfies condition (F̆9), then b satisfies condition (F9) and f̃0(x) = (x(3)6 , x(4)4 ,
x(3)3 + 1, x(2)2 + 1, x(2)5 , x(3)4 + 1, x(2)3 , x(2)6 + 1, x(2)4 + 1, x(1)5 + 1, x(1)1 + 1, x(1)2 + 1, x(1)3 + 1, x(1)4 ,
x(1)6 ) = Ω( f̃0(b)).
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• If x satisfies condition ( ˘F10), then b satisfies condition (F10) and f̃0(x) = (x(3)6 , x(4)4 ,
x(3)3 + 1, x(2)2 + 1, x(2)5 , x(3)4 + 1, x(2)3 , x(2)6 + 1, x(2)4 , x(1)5 + 1, x(1)1 + 1, x(1)2 + 1, x(1)3 + 1, x(1)4 + 1,
x(1)6 ) = Ω( f̃0(b)).

• If x satisfies condition ( ˘F11), then b satisfies condition (F11) and f̃0(x) = (x(3)6 , x(4)4 ,
x(3)3 , x(2)2 + 1, x(2)5 , x(3)4 + 1, x(2)3 + 1, x(2)6 + 1, x(2)4 + 1, x(1)5 + 1, x(1)1 + 1, x(1)2 + 1, x(1)3 + 1, x(1)4 ,
x(1)6 ) = Ω( f̃0(b)).

• If x satisfies condition ( ˘F12), then b satisfies condition (F12) and f̃0(x) = x(3)6 , x(4)4 ,
x(3)3 , x(2)2 + 1, x(2)5 , x(3)4 + 1, x(2)3 + 1, x(2)6 + 1, x(2)4 , x(1)5 + 1, x(1)1 + 1, x(1)2 + 1, x(1)3 + 1, x(1)4 + 1,
x(1)6 ) = Ω( f̃0(b)).

• If x satisfies condition ( ˘F13), then b satisfies condition (F13) and f̃0(x) = (x(3)6 , x(4)4 ,
x(3)3 , x(2)2 + 1, x(2)5 , x(3)4 , x(2)3 + 1, x(2)6 + 1, x(2)4 + 1, x(1)5 + 1, x(1)1 + 1, x(1)2 + 1, x(1)3 + 1, x(1)4 + 1,
x(1)6 ) = Ω( f̃0(b)).

• If x satisfies condition ( ˘F14), then b satisfies condition (F14) and f̃0(x) = (x(3)6 , x(4)4 ,
x(3)3 , x(2)2 + 1, x(2)5 , x(3)4 , x(2)3 + 1, x(2)6 , x(2)4 + 1, x(1)5 + 1, x(1)1 + 1, x(1)2 + 1, x(1)3 + 1, x(1)4 + 1,
x(1)6 + 1) = Ω( f̃0(b)).

• f̃1(x) = (x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 − 1, x(1)2 , x(1)3 , x(1)4 , x(1)6 )

= Ω( f̃1(b)).

• If x(2)2 + x(1)2 > x(1)1 + x(2)3 , then b11 + b12 + b22 > b11 + b22 + b23, hence f̃2(x) = (x(3)6 , x(4)4 ,
x(3)3 , x(2)2 − 1, x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 ) = Ω( f̃2(b)).

• If x(2)2 + x(1)2 ≤ x(1)1 + x(2)3 , then b11 + b12 + b22 ≤ b11 + b22 + b23, hence f̃2(x) = (x(3)6 , x(4)4 ,
x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 − 1, x(1)3 , x(1)4 , x(1)6 ) = Ω( f̃2(b)).

• If x(3)3 + x(2)3 > x(2)2 + x(3)4 and x(3)3 + 2x(2)3 + x(1)3 > x(2)2 + x(1)2 + x(3)4 + x(2)4 , then b11 + b12

+ b13 + b22 + b23 > b11 + b12 + b22 + b23 + b24 and b11 + b12 + b13 + 2b22 + 2b23 + b33

> b11 + b12 + 2b22 + b23 + b24 + b33 + b34, hence f̃3(x) = (x(3)6 , x(4)4 , x(3)3 − 1, x(2)2 , x(2)5 , x(3)4 ,
x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 ) = Ω( f̃3(b)).

• If x(3)3 + x(2)3 ≤ x(2)2 + x(3)4 and x(2)3 + x(1)3 > x(1)2 + x(2)4 , then b11 + b12 + b13 + b22 + b23

≤ b11 + b12 + b22 + b23 + b24 and b22 + b23 + b33 > b22 + b33 + b34, hence f̃3(x) = (x(3)6 , x(4)4 ,
x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 − 1, x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 ) = Ω( f̃3(b)).

• If x(3)3 + 2x(2)3 + x(1)3 ≤ x(2)2 + x(1)2 + x(3)4 + x(2)4 and x(2)3 + x(1)3 ≤ x(1)2 + x(2)4 , then b11

+ b12 + b13 + 2b22 + 2b23 + b33 ≤ b11 + b12 + 2b22 + b23 + b24 + b33 + b34 and b22 + b23 + b33

≤ b22 + b33 + b34, hence f̃3(x) = (x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 ,
x(1)3 − 1, x(1)4 , x(1)6 ) = Ω( f̃3(b)).
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• If x(4)4 + x(3)4 > x(3)3 + x(2)5 , x(4)4 + 2x(3)4 + x(2)4 > x(3)3 + x(2)3 + x(2)5 + x(2)6 , and x(4)4 + 2x(3)4

+ 2x(2)4 + x(1)4 > x(3)3 + x(2)3 + x(1)3 + x(2)5 + x(1)5 + x(2)6 , then b11 + b12 + b13 + b14 + b22

+ b23 + b24 > b11 + b12 + b13 + b22 + b23 + b24 + b25, b11 + b12 + b13 + b14 + 2b22 + 2b23

+ 2b24 + b33 + b34 > b11 + b12 + b13 + 2b22 + 2b23 + b24 + b25 + b33 + b34 + b35, b11 + b12

+ b13 + b14 + 2b22 + 2b23 + 2b24 + 2b33 + 2b34 + b44 > b11 + b12 + b13 + 2b22 + 2b23 + b24

+ b25 + 2b33 + b34 + b35 + b44 + b45 + b46, hence f4(x) = (x(3)6 , x(4)4 − 1, x(3)3 , x(2)2 , x(2)5 , x(3)4 ,
x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 ) = Ω( f̃4(b)).

• If x(4)4 + x(3)4 ≤ x(3)3 + x(2)5 , x(3)4 + x(2)4 > x(2)3 + x(2)6 , and x(3)4 + 2x(2)4 + x(1)4 > x(2)3 + x(1)3

+ x(1)5 + x(2)6 , then b11 + b12 + b13 + b14 + b22 + b23 + b24 ≤ b11 + b12 + b13 + b22 + b23 + b24

+ b25, b22 + b23 + b24 + b33 + b34 > b22 + b23 + b33 + b34 + b35, and b22 + b23 + b24 + 2b33

+ 2b34 + b44 > b22 + b23 + 2b33 + b34 + b35 + b44 + b45, hence f4(x) = (x(3)6 , x(4)4 , x(3)3 , x(2)2 ,
x(2)5 , x(3)4 − 1, x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 ) = Ω( f̃4(b)).

• If x(4)4 + 2x(3)4 + x(2)4 ≤ x(3)3 + x(2)3 + x(2)5 + x(2)6 , x(3)4 + x(2)4 ≤ x(2)3 + x(2)6 , and x(2)4 + x(1)4

> x(1)3 + x(1)5 , then b11 + b12 + b13 + b14 + 2b22 + 2b23 + 2b24 + b33 + b34 ≤ b11 + b12 + b13

+ 2b22 + 2b23 + b24 + b25 + b33 + b34 + b35, b22 + b23 + b24 + b33 + b34 ≤ b22 + b23 + b33

+ b34 + b35, and b33 + b34 + b44 > b33 + b44 + b45, hence f4(x) = (x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 ,
x(3)4 , x(2)3 , x(2)6 , x(2)4 − 1, x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 ) = Ω( f̃4(b)).

• If x(4)4 + 2x(3)4 + 2x(2)4 + x(1)4 ≤ x(3)3 + x(2)3 + x(1)3 + x(2)5 + x(1)5 + x(2)6 , x(3)4 + 2x(2)4 + x(1)4

≤ x(2)3 + x(1)3 + x(1)5 + x(2)6 , and x(2)4 + x(1)4 ≤ x(1)3 + x(1)5 , then b11 + b12 + b13 + b14 + 2b22

+ 2b23 + 2b24 + 2b33 + 2b34 + b44 ≤ b11 + b12 + b13 + 2b22 + 2b23 + b24 + b25 + 2b33 + b34

+ b35 + b44 + b45 + b46, b22 + b23 + b24 + 2b33 + 2b34 + b44 ≤ b22 + b23 + 2b33 + b34 + b35

+ b44 + b45, and b33 + b34 + b44 ≤ b33 + b44 + b45, hence f4(x) = (x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 ,
x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 − 1, x(1)6 ) = Ω( f̃4(b)).

• If x(2)5 + x(1)5 > x(3)4 + x(2)4 , then b22 + b23 + b24 + b25 + b44 + b45 > b22 + b23 + b24 + b33 + b34,
hence f̃5(x) = (x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 − 1, x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

= Ω( f̃5(b)).

• If x(2)5 + x(1)5 ≤ x(3)4 + x(2)4 , then b22 + b23 + b24 + b25 + b44 + b45 ≤ b22 + b23 + b24 + b33 + b34,
hence f̃5(x) = (x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 − 1, x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

= Ω( f̃5(b)).

• If x(3)6 + x(2)6 > x(4)4 + x(3)4 and x(3)6 + 2x(2)6 + x(1)6 > x(4)4 + x(3)4 + x(2)4 + x(1)4 , then b11 + b12

+ b13 + b14 + b15 + b33 + b34 + b35 > b11 + b12 + b13 + b14 + b22 + b23 + b24 and b11 + b12 + b13

+ b14 + b15 + 2b33 + 2b34 + 2b35 + b55 > b11 + b12 + b13 + b14 + b22 + b23 + b24 + b33 + b34

+ b44, hence f̃6(x) = (x(3)6 − 1, x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 ,
x(1)6 ) = Ω( f̃6(b)).
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• If x(3)6 + x(2)6 ≤ x(4)4 + x(3)4 and x(2)6 + x(1)6 > x(2)4 + x(1)4 , then b11 + b12 + b13 + b14 + b15

+ b33 + b34 + b35 ≤ b11 + b12 + b13 + b14 + b22 + b23 + b24 and b33 + b34 + b35 + b55

> b33 + b34 + b44, hence f̃6(x) = (x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 − 1, x(2)4 , x(1)5 , x(1)1 ,
x(1)2 , x(1)3 , x(1)4 , x(1)6 ) = Ω( f̃6(b)).

• If x(3)6 + 2x(2)6 + x(1)6 ≤ x(4)4 + x(3)4 + x(2)4 + x(1)4 and x(2)6 + x(1)6 ≤ x(2)4 + x(1)4 , then b11

+ b12 + b13 + b14 + b15 + 2b33 + 2b34 + 2b35 + b55 ≤ b11 + b12 + b13 + b14 + b22 + b23 + b24

+ b33 + b34 + b44 and b33 + b34 + b35 + b55 ≤ b33 + b34 + b44, hence f̃6(x) = (x(3)6 , x(4)4 , x(3)3 ,
x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 − 1) = Ω( f̃6(b)).

Hence Ω( f̃k(b)) = f̃k(Ω(b)) for all 0 ≤ k ≤ 6. Similarly, we have

• If x satisfies condition (Ĕ1), then b satisfies condition (E1) and ẽ0(x) = (x(3)6 − 1, x(4)4 − 1,
x(3)3 − 1, x(2)2 − 1, x(2)5 − 1, x(3)4 − 1, x(2)3 − 1, x(2)6 , x(2)4 , x(1)5 , x(1)1 − 1, x(1)2 − 1, x(1)3 , x(1)4 ,
x(1)6 ) = Ω(ẽ0(b)).

• If x satisfies condition (Ĕ2), then b satisfies condition (E2) and ẽ0(x) = (x(3)6 , x(4)4 − 1,
x(3)3 − 1, x(2)2 − 1, x(2)5 − 1, x(3)4 − 1, x(2)3 − 1, x(2)6 − 1, x(2)4 , x(1)5 , x(1)1 − 1, x(1)2 − 1, x(1)3 , x(1)4 ,
x(1)6 ) = Ω(ẽ0(b)).

• If x satisfies condition (Ĕ3), then b satisfies condition (E3) and ẽ0(x) = (x(3)6 , x(4)4 − 1,
x(3)3 − 1, x(2)2 − 1, x(2)5 − 1, x(3)4 , x(2)3 − 1, x(2)6 − 1, x(2)4 − 1, x(1)5 , x(1)1 − 1, x(1)2 − 1, x(1)3 , x(1)4 ,
x(1)6 ) = Ω(ẽ0(b)).

• If x satisfies condition (Ĕ4), then b satisfies condition (E4) and ẽ0(x) = (x(3)6 , x(4)4 ,
x(3)3 − 1, x(2)2 − 1, x(2)5 − 1, x(3)4 − 1, x(2)3 − 1, x(2)6 − 1, x(2)4 − 1, x(1)5 , x(1)1 − 1, x(1)2 − 1, x(1)3 , x(1)4 ,
x(1)6 ) = Ω(ẽ0(b)).

• If x satisfies condition (Ĕ5), then b satisfies condition (E5) and ẽ0(x) = (x(3)6 , x(4)4 − 1,
x(3)3 − 1, x(2)2 − 1, x(2)5 − 1, x(3)4 , x(2)3 , x(2)6 − 1, x(2)4 − 1, x(1)5 , x(1)1 − 1, x(1)2 − 1, x(1)3 − 1, x(1)4 ,
x(1)6 ) = Ω(ẽ0(b)).

• If x satisfies condition (Ĕ6), then b satisfies condition (E6) and ẽ0(x) = (x(3)6 , x(4)4 ,
x(3)3 − 1, x(2)2 − 1, x(2)5 , x(3)4 − 1, x(2)3 − 1, x(2)6 − 1, x(2)4 − 1, x(1)5 − 1, x(1)1 − 1, x(1)2 − 1, x(1)3 , x(1)4 ,
x(1)6 ) = Ω(ẽ0(b)).

• If x satisfies condition (Ĕ7), then b satisfies condition (E7) and ẽ0(x) = (x(3)6 , x(4)4 ,
x(3)3 − 1, x(2)2 − 1, x(2)5 − 1, x(3)4 − 1, x(2)3 , x(2)6 − 1, x(2)4 − 1, x(1)5 , x(1)1 − 1, x(1)2 − 1, x(1)3 − 1, x(1)4 ,
x(1)6 ) = Ω(ẽ0(b)).

• If x satisfies condition (Ĕ8), then b satisfies condition (E8) and ẽ0(x) = (x(3)6 , x(4)4 ,
x(3)3 , x(2)2 − 1, x(2)5 − 1, x(3)4 − 1, x(2)3 − 1, x(2)6 − 1, x(2)4 − 1, x(1)5 , x(1)1 − 1, x(1)2 − 1, x(1)3 − 1, x(1)4 ,
x(1)6 ) = Ω(ẽ0(b)).
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• If x satisfies condition (Ĕ9), then b satisfies condition (E9) and ẽ0(x) = (x(3)6 , x(4)4 ,
x(3)3 − 1, x(2)2 − 1, x(2)5 , x(3)4 − 1, x(2)3 , x(2)6 − 1, x(2)4 − 1, x(1)5 − 1, x(1)1 − 1, x(1)2 − 1, x(1)3 − 1, x(1)4 ,
x(1)6 ) = Ω(ẽ0(b)).

• If x satisfies condition ( ˘E10), then b satisfies condition (E10) and ẽ0(x) = (x(3)6 , x(4)4 ,
x(3)3 − 1, x(2)2 − 1, x(2)5 , x(3)4 − 1, x(2)3 , x(2)6 − 1, x(2)4 , x(1)5 − 1, x(1)1 − 1, x(1)2 − 1, x(1)3 − 1, x(1)4 − 1,
x(1)6 ) = Ω(ẽ0(b)).

• If x satisfies condition ( ˘E11), then b satisfies condition (E11) and ẽ0(x) = (x(3)6 , x(4)4 ,
x(3)3 , x(2)2 − 1, x(2)5 , x(3)4 − 1, x(2)3 − 1, x(2)6 − 1, x(2)4 − 1, x(1)5 − 1, x(1)1 − 1, x(1)2 − 1, x(1)3 − 1, x(1)4 ,
x(1)6 ) = Ω(ẽ0(b)).

• If x satisfies condition ( ˘E12), then b satisfies condition (E12) and ẽ0(x) = x(3)6 , x(4)4 ,
x(3)3 , x(2)2 − 1, x(2)5 , x(3)4 − 1, x(2)3 − 1, x(2)6 − 1, x(2)4 , x(1)5 − 1, x(1)1 − 1, x(1)2 − 1, x(1)3 − 1, x(1)4 − 1,
x(1)6 ) = Ω(ẽ0(b)).

• If x satisfies condition ( ˘E13), then b satisfies condition (E13) and ẽ0(x) = (x(3)6 , x(4)4 ,
x(3)3 , x(2)2 − 1, x(2)5 , x(3)4 , x(2)3 − 1, x(2)6 − 1, x(2)4 − 1, x(1)5 − 1, x(1)1 − 1, x(1)2 − 1, x(1)3 − 1, x(1)4 − 1,
x(1)6 ) = Ω(ẽ0(b)).

• If x satisfies condition ( ˘E14), then b satisfies condition (E14) and ẽ0(x) = (x(3)6 , x(4)4 ,
x(3)3 , x(2)2 − 1, x(2)5 , x(3)4 , x(2)3 − 1, x(2)6 , x(2)4 − 1, x(1)5 − 1, x(1)1 − 1, x(1)2 − 1, x(1)3 − 1, x(1)4 − 1,
x(1)6 − 1) = Ω(ẽ0(b)).

• ẽ1(x) = (x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 + 1, x(1)2 , x(1)3 , x(1)4 , x(1)6 )

= Ω(ẽ1(b)).

• If x(2)2 + x(1)2 ≥ x(1)1 + x(2)3 , then b11 + b12 + b22 ≥ b11 + b22 + b23, hence ẽ2(x) = (x(3)6 , x(4)4 ,
x(3)3 , x(2)2 + 1, x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 ) = Ω(ẽ2(b)).

• If x(2)2 + x(1)2 < x(1)1 + x(2)3 , then b11 + b12 + b22 < b11 + b22 + b23, hence ẽ2(x) = (x(3)6 , x(4)4 ,
x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 + 1, x(1)3 , x(1)4 , x(1)6 ) = Ω(ẽ2(b)).

• If x(3)3 + x(2)3 ≥ x(2)2 + x(3)4 and x(3)3 + 2x(2)3 + x(1)3 ≥ x(2)2 + x(1)2 + x(3)4 + x(2)4 , then b11 + b12

+ b13 + b22 + b23 ≥ b11 + b12 + b22 + b23 + b24 and b11 + b12 + b13 + 2b22 + 2b23 + b33 ≥ b11

+ b12 + 2b22 + b23 + b24 + b33 + b34, hence ẽ3(x) = (x(3)6 , x(4)4 , x(3)3 + 1, x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 ,
x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 ) = Ω(ẽ3(b)).

• If x(3)3 + x(2)3 < x(2)2 + x(3)4 and x(2)3 + x(1)3 ≥ x(1)2 + x(2)4 , then b11 + b12 + b13 + b22 + b23

< b11 + b12 + b22 + b23 + b24 and b22 + b23 + b33 ≥ b22 + b33 + b34, hence ẽ3(x) = (x(3)6 ,
x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 + 1, x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 ) = Ω(ẽ3(b)).
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• If x(3)3 + 2x(2)3 + x(1)3 < x(2)2 + x(1)2 + x(3)4 + x(2)4 and x(2)3 + x(1)3 < x(1)2 + x(2)4 , then b11 + b12

+ b13 + 2b22 + 2b23 + b33 < b11 + b12 + 2b22 + b23 + b24 + b33 + b34 and b22 + b23 + b33 < b22

+ b33 + b34, hence ẽ3(x) = (x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3

+ 1, x(1)4 , x(1)6 ) = Ω(ẽ3(b)).

• If x(4)4 + x(3)4 ≥ x(3)3 + x(2)5 , x(4)4 + 2x(3)4 + x(2)4 ≥ x(3)3 + x(2)3 + x(2)5 + x(2)6 , and x(4)4 + 2x(3)4

+ 2x(2)4 + x(1)4 ≥ x(3)3 + x(2)3 + x(1)3 + x(2)5 + x(1)5 + x(2)6 , then b11 + b12 + b13 + b14 + b22 + b23

+ b24 ≥ b11 + b12 + b13 + b22 + b23 + b24 + b25, b11 + b12 + b13 + b14 + 2b22 + 2b23 + 2b24 + b33

+ b34 ≥ b11 + b12 + b13 + 2b22 + 2b23 + b24 + b25 + b33 + b34 + b35, b11 + b12 + b13 + b14 + 2b22

+ 2b23 + 2b24 + 2b33 + 2b34 + b44 ≥ b11 + b12 + b13 + 2b22 + 2b23 + b24 + b25 + 2b33 + b34

+ b35 + b44 + b45 + b46, hence e4(x) = (x(3)6 , x(4)4 + 1, x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 ,
x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 ) = Ω(ẽ4(b)).

• If x(4)4 + x(3)4 < x(3)3 + x(2)5 , x(3)4 + x(2)4 ≥ x(2)3 + x(2)6 , and x(3)4 + 2x(2)4 + x(1)4 ≥ x(2)3 + x(1)3

+ x(1)5 + x(2)6 , then b11 + b12 + b13 + b14 + b22 + b23 + b24 < b11 + b12 + b13 + b22 + b23 + b24

+ b25, b22 + b23 + b24 + b33 + b34 ≥ b22 + b23 + b33 + b34 + b35, and b22 + b23 + b24 + 2b33

+ 2b34 + b44 ≥ b22 + b23 + 2b33 + b34 + b35 + b44 + b45, hence e4(x) = (x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 ,
x(3)4 + 1, x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 ) = Ω(ẽ4(b)).

• If x(4)4 + 2x(3)4 + x(2)4 < x(3)3 + x(2)3 + x(2)5 + x(2)6 , x(3)4 + x(2)4 < x(2)3 + x(2)6 , and x(2)4 + x(1)4

≥ x(1)3 + x(1)5 , then b11 + b12 + b13 + b14 + 2b22 + 2b23 + 2b24 + b33 + b34 < b11 + b12 + b13

+ 2b22 + 2b23 + b24 + b25 + b33 + b34 + b35, b22 + b23 + b24 + b33 + b34 < b22 + b23 + b33 + b34

+ b35, and b33 + b34 + b44 ≥ b33 + b44 + b45, hence e4(x) = (x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 ,
x(2)6 , x(2)4 + 1, x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 ) = Ω(ẽ4(b)).

• If x(4)4 + 2x(3)4 + 2x(2)4 + x(1)4 < x(3)3 + x(2)3 + x(1)3 + x(2)5 + x(1)5 + x(2)6 , x(3)4 + 2x(2)4 + x(1)4

< x(2)3 + x(1)3 + x(1)5 + x(2)6 , and x(2)4 + x(1)4 < x(1)3 + x(1)5 , then b11 + b12 + b13 + b14 + 2b22

+ 2b23 + 2b24 + 2b33 + 2b34 + b44 < b11 + b12 + b13 + 2b22 + 2b23 + b24 + b25 + 2b33 + b34

+ b35 + b44 + b45 + b46, b22 + b23 + b24 + 2b33 + 2b34 + b44 < b22 + b23 + 2b33 + b34 + b35 + b44

+ b45, and b33 + b34 + b44 < b33 + b44 + b45, hence e4(x) = (x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 ,
x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 + 1, x(1)6 ) = Ω(ẽ4(b)).

• If x(2)5 + x(1)5 ≥ x(3)4 + x(2)4 , then b22 + b23 + b24 + b25 + b44 + b45 ≥ b22 + b23 + b24 + b33 + b34,
hence ẽ5(x) = (x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 + 1, x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

= Ω(ẽ5(b)).

• If x(2)5 + x(1)5 < x(3)4 + x(2)4 , then b22 + b23 + b24 + b25 + b44 + b45 < b22 + b23 + b24 + b33 + b34,
hence ẽ5(x) = (x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 + 1, x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 )

= Ω(ẽ5(b)).
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• If x(3)6 + x(2)6 ≥ x(4)4 + x(3)4 and x(3)6 + 2x(2)6 + x(1)6 ≥ x(4)4 + x(3)4 + x(2)4 + x(1)4 , then b11 + b12

+ b13 + b14 + b15 + b33 + b34 + b35 ≥ b11 + b12 + b13 + b14 + b22 + b23 + b24 and b11 + b12 + b13

+ b14 + b15 + 2b33 + 2b34 + 2b35 + b55 ≥ b11 + b12 + b13 + b14 + b22 + b23 + b24 + b33 + b34

+ b44, hence ẽ6(x) = (x(3)6 + 1, x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 ,
x(1)6 ) = Ω(ẽ6(b)).

• If x(3)6 + x(2)6 < x(4)4 + x(3)4 and x(2)6 + x(1)6 ≥ x(2)4 + x(1)4 , then b11 + b12 + b13 + b14 + b15

+ b33 + b34 + b35 < b11 + b12 + b13 + b14 + b22 + b23 + b24 and b33 + b34 + b35 + b55 ≥ b33

+ b34 + b44, hence ẽ6(x) = (x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 , x(3)4 , x(2)3 , x(2)6 + 1, x(2)4 , x(1)5 , x(1)1 , x(1)2 ,
x(1)3 , x(1)4 , x(1)6 ) = Ω(ẽ6(b)).

• If x(3)6 + 2x(2)6 + x(1)6 < x(4)4 + x(3)4 + x(2)4 + x(1)4 and x(2)6 + x(1)6 < x(2)4 + x(1)4 , then b11 + b12

+ b13 + b14 + b15 + 2b33 + 2b34 + 2b35 + b55 < b11 + b12 + b13 + b14 + b22 + b23 + b24 + b33

+ b34 + b44 and b33 + b34 + b35 + b55 < b33 + b34 + b44, hence ẽ6(x) = (x(3)6 , x(4)4 , x(3)3 , x(2)2 , x(2)5 ,
x(3)4 , x(2)3 , x(2)6 , x(2)4 , x(1)5 , x(1)1 , x(1)2 , x(1)3 , x(1)4 , x(1)6 + 1) = Ω(ẽ6(b)).

Therefore Ω(ẽk(b)) = ẽk(Ω(b)) for all 0 ≤ k ≤ 6. We also have

• wt0(x) = −x(2)2 − x(1)2 = −b11− b12− b22 = −b11− b12 + b23 + b24 + b25 + b26 + b27 = wt0(b).

• wt1(x) = 2x(1)1 − x(2)2 − x(1)2 = 2b11 − b11 − b12 − b22 = b11 − b12 − b22 = wt1(b).

• wt2(x) = −x(1)1 + 2x(2)2 + 2x(1)2 − x(3)3 − x(2)3 − x(1)3

= −b11 + 2b11 + 2b12 + 2b22 − b11 − b12 − b13 − b22 − b23 − b33

= b12 − b13 + b22 − b23 − b33 = wt2(b).

• wt3(x) = −x(2)2 − x(1)2 + 2x(3)3 + 2x(2)3 + 2x(1)3 − x(4)4 − x(3)4 − x(2)4 − x(1)4

= −b11 − b12 − b22 + 2b11 + 2b12 + 2b13 + 2b22 + 2b23 + 2b33 − b11 − b12 − b13 − b14 − b22

− b23 − b24 − b33 − b34 − b44

= b13 − b14 + b23 − b24 + b33 − b34 − b44 = wt3(b).

• wt4(x) = −x(3)3 − x(2)3 − x(1)3 + 2x(4)4 + 2x(3)4 + 2x(2)4 + 2x(1)4 − x(2)5 − x(1)5 − x(3)6 − x(2)6 − x(1)6

= −b11 − b12 − b13 − b22 − b23 − b33 + 2b11 + 2b12 + 2b13 + 2b14 + 2b22 + 2b23 + 2b24

+ 2b33 + 2b34 + 2b44 − b22 − b23 − b24 − b25 − b44 − b45 − b11 − b12 − b13 − b14 − b15 − b33

− b34 − b35 − b55

= b14 − b15 + b24 − b25 + b34 − b35 + b44 − b45 − b55 = wt4(b).

• wt5(x) = −x(4)4 − x(3)4 − x(2)4 − x(1)4 + 2x(2)5 + 2x(1)5

= −b11 − b12 − b13 − b14 − b22 − b23 − b24 − b33 − b34 − b44 + 2b22 + 2b23 + 2b24 + 2b25

+ 2b44 + 2b45

= −b11 − b12 − b13 − b14 + b22 + b23 + b24 + 2b25 − b33 − b34 + b44 + 2b45 = wt5(b).
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• wt6(x) = −x(4)4 − x(3)4 − x(2)4 − x(1)4 + 2x(3)6 + 2x(2)6 + 2x(1)6

= −b11 − b12 − b13 − b14 − b22 − b23 − b24 − b33 − b34 − b44 + 2b11 + 2b12 + 2b13 + 2b14

+ 2b15 + 2b33 + 2b34 + 2b35 + 2b55

= b11 + b12 + b13 + b14 + 2b15 − b22 − b23 − b24 + b33 + b34 + 2b35 − b44 + 2b55

= b11 + b12 + b13 + b14 + 2b15 − b22 − b23 − b24 + b33 + b34 + 2b35 − b44 + b55 − b56 − b57

− b58 − b59 − b5,10

= wt6(b).

Hence, wtk(Ω(b)) = wtk(b) for all 0 ≤ k ≤ 6. Also,

• ε0(x) = max{x(1)6 , x(2)2 + x(1)2 − x(3)3 − x(2)3 + x(1)5 , x(1)3 + x(2)2 − x(2)4 − x(3)3 + x(1)5 , x(2)2 − x(3)3

+ x(1)4 , x(2)3 + x(1)3 − x(3)4 − x(2)4 + x(1)5 , x(2)3 − x(3)4 + x(1)4 , x(2)4 + x(1)4 − x(2)6 , x(2)2 + x(1)2 − x(3)6 ,
x(2)2 + x(1)2 − x(4)4 − x(3)4 + x(2)6 , x(2)2 + x(1)2 − x(2)3 + x(2)4 − x(4)4 , x(2)2 + x(1)2 − x(3)3 − x(2)3

+ x(3)4 + x(2)4 − x(2)5 , x(2)2 + x(1)3 − x(4)4 , x(2)2 + x(1)3 − x(3)3 + x(3)4 − x(2)5 , x(2)3 + x(1)3 − x(2)5 }
= max{−b56 − b57 − b58 − b59 − b5,10,−b13 − b23 − b46 − b47 − b48 − b49,−b13 − b34 − b46

− b47− b48− b49,−b13− b45− b46− b47− b48− b49,−b24− b34− b46− b47− b48− b49,−b24

− b45− b46− b47− b48− b49,−b35− b45− b46− b47− b48− b49,−b13− b14− b15− b23− b24

− b25− b26− b27,−b13− b14− b23− b24− b36− b37− b38,−b13− b14− b23− b35− b36− b37

− b38,−b13− b23− b25− b35− b36− b37− b38,−b13− b14− b34− b35− b36− b37− b38,−b13

− b25 − b34 − b35 − b36 − b37 − b38,−b24 − b25 − b34 − b35 − b36 − b37 − b38}
= ε0(b).

• ε1(x) = x(2)2 − x(1)1 = b12 = ε1(b).

• ε2(x) = max{−x(2)2 + x(3)3 , x(1)1 − 2x(2)2 − x(1)2 + x(3)3 + x(2)3 }
= max{b13,−b12 + b13 + b23} = ε2(b).

• ε3(x) = max{−x(3)3 + x(4)4 , x(2)2 − 2x(3)3 − x(2)3 + x(4)4 + x(3)4 , x(2)2 + x(1)2 − 2x(3)3 − 2x(2)3 − x(1)3

+ x(4)4 + x(3)4 + x(2)4 }
= max{b14,−b13 + b14 + b24,−b13 + b14 − b23 + b24 + b34} = ε3(b).

• ε4(x) = max{−x(4)4 + x(3)6 , x(3)3 − 2x(4)4 − x(3)4 + x(2)5 + x(3)6 , x(3)3 + x(2)3 − 2x(4)4 − 2x(3)4 − x(2)4

+ x(2)5 + x(3)6 + x(2)6 , x(3)3 + x(2)3 + x(1)3 − 2x(4)4 − 2x(3)4 − 2x(2)4 − x(1)4 + x(2)5 + x(1)5 + x(3)6

+ x(2)6 }
= max{b15,−b14 + b15 + b25,−b14 + b15 − b24 + b25 + b35,−b14 + b15 − b24 + b25 − b34

+ b35 + b45}
= ε4(b).

• ε5(x) = max{x(4)4 − x(2)5 , x(4)4 + x(3)4 + x(2)4 − 2x(2)5 − x(1)5 }
= max{b11 + b12 + b13 + b14 − b22 − b23 − b24 − b25, b11 + b12 + b13 + b14 − b22 − b23 − b24
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− 2b25 + b33 + b34 − b44 − b45}
= ε5(b).

• ε6(x) = max{−x(3)6 , x(4)4 + x(3)4 − 2x(3)6 − x(2)6 , x(4)4 + x(3)4 + x(2)4 + x(1)4 − 2x(3)6 − 2x(2)6 − x(1)6 }
= max{−b11 − b12 − b13 − b14 − b15,−b11 − b12 − b13 − b14 − 2b15 + b22 + b23 + b24 − b33

− b34 − b35,−b11 − b12 − b13 − b14 − 2b15 + b22 + b23 + b24 − b33 − b34 − 2b35 + b44 − b55}
= ε6(b).

Thus εk(Ω(b)) = εk(b) for 0 ≤ k ≤ 6 which completes the proof.
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