ABSTRACT

PONGPRASERT, SUCHADA. Dél)—Geometric Crystal Corresponding to the Dynkin Spin
Node i = 6 and Its Ultra-discretization. (Under the direction of Dr. Kailash C. Misra).

Kac-Moody Lie algebras were discovered independently by Victor G. Kac and Robert V.
Moody around 1968. These algebras are infinite dimensional analogs of finite dimensional
semisimple Lie algebras. There are three types of Kac-Moody Lie algebras: finite type, affine
type, and indefinite type. These algebras, especially affine Lie algebras, have various applica-
tions in physics and mathematics. In 1985, Michio Jimbo and Vladimir G. Drinfeld introduced
the notion of the quantum group which are deformations of the universal enveloping algebras
of symmetrizable Kac-Moody Lie algebras. In 1988, George Lusztig showed that the represen-
tation theory of a Kac-Moody Lie algebra is parallel to that of its quantum group in the generic
case. In 1990, Masaki Kashiwara developed the crystal basis as a nice combinatorial tool to
study the irreducible highest weight modules over a quantum group. Then, in 1999, the notion
of geometric crystal is introduced by Arkady Berenstein and David Kazhdan as a geometric
analog to Kashiwara’s crystal (or algebraic crystal). A remarkable relation between positive
geometric crystals and algebraic crystals is the ultra-discretization functor 4D between them.
Applying this functor, positive rational functions are transferred to piecewise linear functions.

In 2008, Masaki Kashiwara, Toshiki Nakashima and Masato Okado gave a conjecture
that for each affine Lie algebra g and each Dynkin index i € I\ {0}, there exists a posi-
tive geometric crystal V(g) = (X, {ei}ier, {7Vi}ier, {€i}ier) whose ultra-discretization UD (V)
is isomorphic to the limit B® of a coherent family of perfect crystals {B'};>; for the Lang-
lands dual gl. So far this conjecture has been proved for the Dynkin index i = 1 and
g = A;l),Bﬁll) ,C,(ll) ,D,Sl) ,Aéi)_l,Aéi), Dr(12421 by Masaki Kashiwara, Toshiki Nakashima and
Masato Okado in 2008, g = Gél) by Toshiki Nakashima in 2010, g = Df’) by Mana Igarashi,
Kailash C. Misra and Toshiki Nakashima in 2012. For g = A;l), i > 1, Kailash C. Misra and
Toshiki Nakashima showed the conjecture to be true in 2018. For g = Dél), this conjecture has
been shown to hold for i = 5 by Mana Igarashi, Kailash C. Misra and myself in 2019.

In this thesis we prove the conjecture for g = D(()l) and Dynkin index i = 6, the spin node.
We construct a positive geometric crystal V(Dél)) in the level zero fundamental spin module
W(@s), and for I > 1, we coordinatize the perfect crystal B for Dél) given by Seok-Jin
Kang, Masaki Kashiwara, Kailash C. Misra, Tetsuji Miwa, Toshiki Nakashima and Atsushi
Nakayashiki in 1992 and define an explicit 0-action. Then we show that the family of perfect
crystals {B%'};>; is a coherent family and determine its limit B>®. Finally, we ultra-discretize

(1)

the positive geometric crystal V (D, ') and show that it is isomorphic to B®* as crystals.
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CHAPTER

1
INTRODUCTION

In the late eighteenth century, Sophus Lie was trying to develop a Galois theory for
differential equations. This led to his discovery of continuous transformation groups and
infinitesimal groups which today are what we call Lie groups and Lie algebras, respectively.
By 1893, Lie (together with Friedrich Engel) had completed the final, third volume of the
massive treatise Theorie der Transformationsgruppen. Also by 1890, William Killing had
succeeded in classifying the finite dimensional complex simple Lie algebras. Killing’s work
was rigorously treated and extended in Elie Cartan’s 1894 thesis. The finite dimensional
simple Lie algebras over C fall into four families A, (n > 1),B, (n > 2),C, (n > 3),D, (n > 4)
respectively corresponding to the groups SL(n+1,C), SO(2n+1,C), Sp(2n,C), SO(2n,C),
and five exceptional ones denoted by G, F4, Es, E7, Eg with dimensions 14,52,78,133, 248
respectively. Later, Claude Chevalley extended this classification to algebras over fields of
characteristic 0 (cf. [2]). Through the works of Chevalley and Jean-Pierre Serre, we learn that
we can realize these algebras in terms of generators and relations (cf. [6], [10], [16]).

An n x n integral matrix A = (aij) is a generalized Cartan matrix (GCM) if 4;; = 2,4;; <0
if i # j, and a;; = 0 if and only if a;; = 0. A GCM A is indecomposable if it is not equivalent
to a matrix in block form and A is symmetrizable if there exists a nonsingular diagonal
matrix D such that DA is symmetric. Indecomposable symmetrizable GCMs are classified
into three types: finite, affine, and indefinite. If we delete the first row and the first column
of an indecomposable affine GCM A, the remaining matrix is a Cartan matrix for a finite



dimensional simple Lie algebra. In 1967-1968, Victor Kac ([14], [15]) and Robert Moody ([31],
[32]) independently defined Lie algebras associated with any GCM A via generators and
relations that we now call Kac-Moody algebras. Finite type GCMs are positive definite and
produce finite dimensional simple Kac-Moody algebras while the other types are positive
semidefinite and negative definite GCMs and yield infinite dimensional Kac-Moody algebras.
Kac-Moody algebras have grown into an important field due to their numerous applications
in physics, including conformal field theory and statistical physics, as well as in various fields
of mathematics, including combinatorics, algebraic geometry and number theory.

In this thesis, we focus on the affine Kac-Moody algebra Dél) =50(12,C) =50(12,C) ®
C[t,t71] ® Cc & Cd where c is the canonical central element and d is a degree derivation [16].
The index setis I = {0,1,2,3,4,5,6} and its GCM is A = (uij)i,jel where a;; = 2,aj,,1 = —1 =
ajyyj for j =1,2,3,4, app = a0 = ag6 = ass = —1 and a;; = 0 otherwise. In Chapter 2, we
review some of the fundamental definitions and theorems of Lie algebras, Kac Moody algebras
as well as their representation theory.

In 1985, Michio Jimbo [13] and Vladimir Drinfel'd [3] independently introduced the notion
of the quantum group U,(g) as a g-deformation of the universal enveloping algebra U(g) of
a symmetrizable Kac-Moody algebra g. Then in 1988, George Lusztig [27] showed that for
the generic g, the U,(g) representation theory parallels that of U(g) representation theory
and hence provides a new tool for studying representations of Kac-Moody algebras. Around
1990, Masaki Kashiwara [22] (also see ([23], [28])) introduced the notion of crystal bases which
can be viewed as a basis at 4 = 0 and provide combinatorial tools to study the structure of
integrable U, (g)-module. In Chapter 3, we review some basic definitions and properties about
quantum groups and crystal bases.

For a dominant weight A of level I = A(c), Kashiwara defined the crystal base (L7(A), B1(A))
[22] for the integrable highest weight U, (g)-module V7(A). As shown in [20], the crystal B7(A)
can be realized as a set of paths in the semi-infinite tensor product - - - ® B! ® B! ® B! where B!
is a perfect crystal of level . This is called the path realization of the crystal B7(A). A perfect
crystal is indeed a crystal for certain finite dimensional module called Kirillov-Reshetikhin
module (KR-module for short) of the quantum affine algebra Uy,(g) ([7], [8], [26]). The KR-
modules are parametrized by two integers (i,1) where i € I\ {0} and I any positive integer.
Let {®@};c {0} be the set of level 0 fundamental weights [24]. Goro Hatayama et al ([7], [8])
conjectured that any KR-module W(I@;) admit a crystal base B/ in the sense of Kashiwara
and B is perfect if | is a multiple of max(1, ﬁ) where «; € I, the set of simple roots of g.
This conjecture has been proved for quantum affine algebras U, (g) of classical types ([4], [5],
[36]). When {B'},~; is a coherent family of perfect crystals [19], we denote its limit by B".
In Chapter 4, we recall the concepts of quantum affine algebra, perfect crystals and the path

realization.



In 1999, the notion of geometric crystal was introduced by Arkady Berenstein and David
Kazhdan [1] as a geometric analog to Kashiwara’s crystal (or algebraic crystal) [22]. In fact,
geometric crystal is defined in [1] for reductive groups and is extended to general Kac-Moody
groups in [33]. Let I be the index set of simple roots of g. A geometric crystal consists of
a variety X, rational C*-actions ¢; : C* x X — X and rational functions v;,&; : X — C
(i € I) which satisfy certain conditions (see Definition 5.2.2). A geometric crystal is said to be
a positive geometric crystal if it admits a positive structure (see Definition 5.3.2).

The positive geometric crystals are related to Kashiwara crystals via the ultra-discretization
functor UD ([1], [33]) which transforms positive rational functions to piecewise-linear functions
by the simple correspondence:

XXYr—>x+y, ;n—>x—y, x +y — max{x,y}.

It was conjectured in [25] that for each affine Lie algebra g and each Dynkin index i €
I'\ {0}, there exists a positive geometric crystal V(g) = (X, {e;}ic1, {7i}icr, {€i}ie1) whose
ultra-discretization D (V) is isomorphic to the limit B* of a coherent family of perfect crystals
for the Langlands dual g’. If g is simply laced then the Langland dual is g itself. So far this

conjecture has been proved for the Dynkin indexi = 1and g = Agl), Bﬁll), C,(f), D,Sl), A? A2

2n—17“"2n 7
Dfizl [25], g = Df) [11]and g = Gél) [35]. For i > 1, this conjecture has been shown to hold
for g = A,(ql) (129], [30]). For g = Dél), we showed the conjecture to be true for i = 5 [12].

In this thesis we prove the conjecture in [25] for g = Dél) and Dynkin idex i = 6, the
spin node. Let g; denote the subalgebra of g with index set I; = I\ {i}. In Chapter 6,
we construct a positive geometric crystals Vi = {Vi(x), e, v, & | k = 1,2,3,4,5,6} and
Vo = {Va(y), &, ¥r & | k = 0,2,3,4,5,6} for Dg = go, g1 respectively in the fundamental
representation W(@s). Then we define a birational isomorphism ¢ between V; and Vs, and
using this isomorphism we define the 0-action on the geometric crystal V; and show that it is a

positive geometric crystal V(Dél)) for the quantum affine algebra Uq(Dél)) (Theorem 6.2.6). In

Chapter 7, for | > 1 we coordinatize the perfect crystal B! for Dél) given in [21] and define an
explicit 0-action. Then we show that the family of perfect crystals {B®!},~; is a coherent family
and determine its limit B®® (Theorem 7.0.1). Finally in Chapter 8, we ultra-discretize the
positive geometric crystal V(Dél)) and show that it is isomorphic to B®® as crystals (Theorem
8.0.1). This proves the conjecture of Masaki Kashiwara, Toshiki Nakashima and Masato Okado

[25] in this case.



CHAPTER

2

KAC-MOODY ALGEBRAS AND
INTEGRABLE REPRESENTATIONS

We begin this chapter with the definition of a Lie algebra, and recall background informa-
tion about Lie algebra representation theory. We then review the basic theory of a particular
class of Lie algebras called Kac-Moody algebras and their representation theory.

2.1 Lie algebras

Definition 2.1.1. A Lie Algebra L is a vector space over the field C together with an operation
(called the bracket), [, ] : L x L — L such that for all x,y,z € Land a,b € C,

1. [ax + by, z] = a[x,z] + bly, z] and [x,ay + bz] = a]x,y]| + b[x, z],
2. [x,x] =0,
3. [x, [v,z]] + [y, [z x]] + [z, [x,y]] = 0 (Jacobi identity).

Note that the first two axioms in Definition 2.1.1 imply that the bracket operation is

anticommutative:
[x,y] = —[y,x] forall x,y € L.



A subspace L’ of a Lie algebra L is a (Lie) subalgebra of L if [x,y| € L’ for all x,y € L".
A subalgebra I of L is an ideal of L if [x,y] € [ forall x € L, y € I. If I is an ideal of L, the
quotient space L/I becomes a Lie algebra with the bracket defined by

[x+Ly+1I =[xy]+1 forall x,y € L.

A Lie algebra L is simple if it is nonabelian, i.e. [L,L] # {0}, and its only ideals are {0}
and itself. A Lie algebra L is solvable if L") = {0} for some m € Z>o where L(¥) = L and
L") = [L0m=1), L0"=D] for m € Z~¢. The L(™ are ideals of L and the series

LOoLWO>L@ oL o ...

is called the derived series of L. If L contains no nonzero proper solvable ideals, then we say
L is semisimple. Equivalently, L is semisimple if we can write it as a direct sum of simple
ideals. Note that a simple Lie algebra is also a semisimple Lie algebra but the converse is not
necessarily true.
Let L and L' be Lie algebras. A homomorphism of L into L' is a linear map ¢ : L — L'
satisfying
¢([x,y]) = [¢(x),¢(y)] forallx,y € L.

The kernel of ¢, ker¢p = {x € L | ¢(x) = 0} is an ideal of L. Note that every ideal of L is the
kernel of the canonical homomorphism 77 : L — L/1I.

Definition 2.1.2. An associative algebra A over C is a ring A which can also be viewed as a
vector space over C, such that the underlying addition and the zero element 0 are the same in
the ring and vector space, and a(x - y) = (ax) -y =x- (ay) forall x,y € A,a € C.

Example 2.1.3. 1. Let A be an associative algebra over C and define the bracket on A by
[a,b] = ab—ba for all a,b € A.

Then the bracket operation satisfies the anticommutativity and the Jacobi identity and
hence the pair (A, [, ]) becomes a Lie algebra.

2. Let V be a vector space over C. Then the set of all linear transformations on V denoted
by End V with the bracket defined by

[x,y] = xy —yx forall x,y € End V

is a Lie algebra called the general linear Lie algebra and is denoted by gl(V).If V = C",
the general linear Lie algebra is denoted by gl(n, C).



3. Let L be a subspace of gl(n,C) consisting of n x n, trace-zero matrices. Then L is a Lie

2.2

subalgebra of gl(n,C) called special linear Lie algebra. This Lie algebra is simple and
denoted by sl(n,C) (or A, _1). Note that the set {Ej; — Ejy141, Ex |1 <i<n—1,1<
j # k < n}, where E;; denote the n X n matrix with a one in the (i, j)-entry and zeros
elsewhere is a basis for sl(n,C) and

1ifi=j,

[Eij, Ex] = 6jxEil — 6i1Eyj, where 6;; = ¢~
0ifi #j.

Letn=2land | = 0 L . Then
I, 0

L={Acgl(nC)|JA+AT] =0}

with [A,B] = AB — BA for all A,B € L is a Lie algebra which is denoted by so0(21,C) (or
D)) and called (even) special orthogonal Lie algebra

Representations of Lie algebras

Definition 2.2.1. Let L be a Lie algebra and let V be a vector space over C.

1.

2.

A representation of L on V is a Lie algebra homomorphism ¢ : L — gl(V).

A vector space V is called an L-module if there is an operation L x V — V, denoted by
(x,v) = x-v,such thatforallx,y € L, u,v € Vanda,b e C

(@) x-(au+bv) =a(x-u)+b(x-v),
(b) (ax+by) -0 = a(x-0) + b(y-0),
© [xyl-o=x-(y-v)—y-(x-0).

A subspace W of an L-module V is called a submodule of V if

x-WCW forall x € L.

An L-module V is irreducible if the only submodules of V are {0} and V itself.

Let V and W be two L-modules. A linear transformation ¢ : V. — W is a L-module
homomorphism if $(x-v) = x-¢(v) forallx €L, v € V.



Suppose V is an L-module. Then the map ¢ : L — gl(V) defined by ¢(x)(v) = x - v for all
x € L and v € V is a representation. Conversely, if ¢ : L — gl(V) is a representation, then by
defining x - v = ¢(x)(v) for all x € L and v € V, we see that V is an L-module. Due to this
equivalence, representations and L-modules can be used interchangeably.

Example 2.2.2. 1. Let L = gl(n, C) be the general linear Lie algebra and V = C". Define a
map L x V =V, (x,v) — xv, by matrix multiplication. Then V is an L-module called
the vector representation of gl(n,C).

2. Let L be a Lie algebra. Define a map ad : L — gl(L) by
ad x(y) = [x,y] forall x,y € L.

Then ad is a Lie algebra homomorphism called the adjoint representation of L.

3. Let V and W be L-modules, then V & W is an L-module with action given by

x-(v+w)=x-v+x-w forallxeL,veV, weW.

4. Let V and W be L-modules, then V ® W is an L-module with action given by

x-(v@w)=(x-v)Q@w+v® (x-w) forallxeL, veV, weW.

5. Let V be an L-module over field C, and consider the dual space V* = {f : V — C |
f is linear}. Then V* is an L-module under the action x - f satisfying

(x-f)(v)=—f(x-v) forallveV, x €L, fe V"

Note that not every Lie algebra is an associative algebra. However, we can construct an
associative algebra from a Lie algebra, called a universal enveloping algebra.

Definition 2.2.3. Let L be a Lie algebra. A universal enveloping algebra of L is a pair (U(L), 1)
such that U(L) is an associative algebra over C with unity, : : L — U(L) is a linear map
satisfying

(([x,y]) = u(x)e(y) — 1(y)i(x) forall x,y € L
and satisfying the following universal property. For any associative algebra .4 and any linear
map j : L — A satisfying

j(lx,y]) = j(x)i(y) =i (y)i(x) forallx,y €L,



there exists a unique homomorphism of associative algebra ¢ : U(L) — A such that po1 =j
The universal property of U(L) can be shown in the commutative diagram as follows.

Figure 2.1: The universal property of the universal enveloping algebra

The universal enveloping algebra can be constructed as U(L) = T (L)/Z where T (L) =
Dy, L? is the tensor algebra of L and Z is the two-sided ideal of 7 (L) generated by the
elements of the form x @ y —y @ x — [x,y], x,y € L. The linear map : : L — U(L) is constructed
by composing the natural maps L < 7 (L) and 7 : 7 (L) — U(L). Thus, we can view U(L)
as the maximal associative algebra over C with unity generated by L satisfying the relation

xy —yx = [x,y| forall x,y € L.
The following theorem known as the Poincare-Birkhoff-Witt (PBW) Theorem proves that ¢ is
injective which allows us to view L as a subspace of U(L) and also provides a basis for U(L).
Theorem 2.2.4. [9]
1. The map 1 : L — U(L) is injective.

2. Let {x; | i € I} be an ordered basis for L where I is an index set. Then the set {x; x;, - - - x;, |
ih <ip < ---ig, k >0} forms a basis for U(L).

Suppose V is an L-module. We can define the action of U(L) on V inductively by setting
(xl_xz...xr>.v:xl.(<X2...xr).0> :xl.(xz...(xr.v)>

for all x1,...,x, € L, v € V which implies that a representation of L naturally extends to that
of U(L). Conversely, by PBW Theorem, a representation of U(L) is also a representation of L.
Hence, the representation theory of a Lie algebra L is parallel to the representation theory of

its universal enveloping algebra U(L).

2.3 Kac-Moody algebras

In this section, we discuss Kac-Moody algebras which are generalization of finite dimen-
sional semisimple Lie algebras and may or may not be infinite dimensional. These algebras

can be constructed from a special matrix called a generalized Cartan matrix.



Definition 2.3.1. Let I be a finite index set. A square matrix A = (a;;); ;jc; with integer entries

is a generalized Cartan matrix (GCM) if it satisfies
1. a; =2 foralli e,
2.a;; <0 ifi #7j,
3. a;; =0 if and only if a;; = 0.

Definition 2.3.2. 1. A GCM A is symmetrizable if there is a diagonal matrix D = diag (d;);e;
such that d; € Z~ and DA is symmetric.

2. A GCM A is indecomposable if for every pair of nonempty subsets I;, I, C I such that
Iy U I = I, there exists some i € I and j € I with a;; # 0.

Theorem 2.3.3. [9] Let A = (a;;);jer be an indecomposable n x n GCM. Then one and only one of
the following three possibilities hold for both A and AT.

(Finite) det A # 0; there exists u > 0 such that Au > 0; Av > 0 impliesv > 0or v = 0.
(Affine) corank A = 1; there exists u > 0 such that Au = 0; Av > 0 implies Av = 0.
(Indefinite) There exists u > 0 such that Au < 0; Av > 0and v > 0 implies v = 0.

Here u, v are column vectors in R" and we say u > 0 (respectively, u > 0) if u; > 0 (respectively,
u; > 0)foralli =1,...,n. Also, A is said to be finite (respectively, affine or indefinite) type if A
satisfies the corresponding condition.

Definition 2.3.4. Let A be an indecomposable GCM. The Dynkin diagram of A is the diagram

consists of vertices indexed by I and edges defined using the following rule, for i # j

e If a;a; < 4 and |a;j| > |aj;|, then the vertices i and j are connected with |a;;| edges and

has an arrow pointing toward i if |a;;| > 1.

* If ajja;; > 4, then the vertices i and j are connected with a bold edge labeled with the
ordered pair (|a;|, |a;i]).

Definition 2.3.5. The Cartan datum associated with the symmetrizable GCM A = (aij)i,je 7 is
a quintuple (A, 1], IT, P, P) where

P = span, {{#1,..., &} U{ds|s =1,...,|I| —rank A}} is a free abelian group
of rank 2|I| — rank A called the coweight lattice,

Define t = C ®z P to be the complex extension of P called the Cartan subalgebra,



P = {)X € t*|A(P) C Z} is called the weight lattice,
IT= {&,...,&,} C tis called the set of simple coroots, and

IT = {ay,..., 4y} C t"is called the set of simple roots which satisfy «;(&;) = a;; and
ch(ds) = (55]

Definition 2.3.6. The fundamental weights A; € t* are linear functionals on t given by
Al(ﬁc]) = 51] and Ai(ds) =0
fori,je Iands=1,2,...,|I| —rank A.
With the Cartan datum, we can construct a Kac-Moody algebra as follows.

Definition 2.3.7. The Kac-Moody algebra g = g(A) associated with the Cartan datum
(A, IL11,P,P) is a Lie algebra with generators e;, f; (i € I) and h € P satisfying the fol-

lowing relations.
1. [h, W] =0for h,i € P,
2. [El’,fi] = (Sijﬁfi/

. [h,e]] = a;j(h)e; for h € P,

W

4. [, f;] = —aj(h)f; forh € P,
5. (ad e;)'%i(e;) = 0 fori # j,

6. (ad f;)' "% (f;) = 0fori # j.

The generators ¢; and f; are called Chevalley generators. Also, the relation (1)-(4) are
known as the Weyl relations and relation (5)-(6) are known as the Serre relations.

If Ais a GCM of finite (respectively, affine, indefinite) type, then we call the quintuple
(A,T], IL, P, 15) an finite (respectively, affine, indetermiate) Cartan datum and to each Cartan
datum we can associate the finite (respectively, affine, indefinite) Kac-Moody algebra g.

Definition 2.3.8. Let g be an affine Kac-Moody algebra with index set I = {0,1,...,n}. Then
there exists a vector u = (ag,a1,...,a,)" such that Au =0, a; € Z~¢ and gcd(ag, a1, ...,a,) =
1. The element § = Y a;«; is called the null root. Dually, there exists a vector v =
(do, d1,...,0,)T such that ATv = 0, & € Z-o and gcd(do,d1,...,4,) = 1. The element
c =Y. d;; is called the canonical central element.

10



Example 2.3.9. The special linear algebra A,_1 = sl(n,C) is a Kac-Moody algebra and has the
following GCM and corresponding Dynkin diagram.

2 -1 0 0 0
-1 2 -1 0 0
0o -1 2 -1 0

A= ) *o—eo —  —0—0
0 o -1 2 ... 1 2 n—2n-—1
s ; 1
0 0 0o -1 2

Figure 2.2: Generalized Cartan Matrix and Dynkin diagram for A,

The Chevalley generators are {¢;, = E;;+1, fi = Eit1, | 1 <i < n—1} and the Cartan
subalgebra t is span{h; = E;j — Ej11,41 | 1 <i<n—1}.

Example 2.3.10. The special affine linear algebra Anlzl =sl(n,C) = sl(n,C) @C[t,t ] ® Cc P

Cd where c is the canonical central element and d is a degree derivation is a Kac-Moody
algebra and has the following GCM and corresponding Dynkin diagram.

2 o B B e 1 0
1 2 =I @ 0
0 -1 2 -1 0
A=1o 0o -1 2
" -1 1 2  n-2n-1
4 B g -1 2

Figure 2.3: Generalized Cartan Matrix and Dynkin diagram for AW

n—1
The free abelian Q = ®;c;Zu«; is called the root lattice, Q1 = ®jc;Z>ox; is called the
positive root lattice and Q_ = —Q is called the negative root lattice

Definition 2.3.11. For each &« € Q, let
g ={x€g|[hx]=alh)xforall h € t}.

If « # 0 and g, # {0}, then « is called a root of g and g, is called the root space attached to
«. The dimension of g, is called the root multiplicity of «. We denote the set of all roots by
A and denote the set of positive (respectively, negative) roots by A, = AN Q4 (respectively,
A_ = ANQ-). The subalgebra g’ = [g, g| is called the derived subalgebra.

Denote by g (respectively, g_) the subalgebra of g generated by the element e; (respec-
tively, f;) with i € I. The basic properties of Kac-Moody algebras are given in the following
proposition.

11



Proposition 2.3.12. [16]

1. We have the triangular decomposition

g=9- DtDg4 (direct sum of vector spaces).

2. g4 (respectively, g_) is the Lie algebra generated by the element e;, (i € I) (respectively,
fi, (i € I)) with the defining relation (5) (respectively, (6)) in Definition 2.3.7.

3. There exists an involution w : g — g, called the Chevalley involution, such that e; — f;, fi —
ejand h — —h.

4. We have the root space decomposition

g=EP g, withdim g, < coforalla € Q.
aeQ

5. If the generalized Cartan matrix A is indecomposable, then every ideal of the Kac-Moody algebra
g either contains its derived subalgebra g’ or is contained in its center Z(g) = {h € t | a;(h) =
0 foralli € I}.

The triangle decomposition given in Proposition 2.3.12 implies that if « is a positive root,
then we have g, € g4 and if « is a negaive root, then g, € g_. Also, by the Chevalley involution,
we have the multiplicity of & equals to the multiplicity of —a.

Definition 2.3.13. Let Aut t be the set of all automorphisms on t. For each i € I, define the
simple reflections s; € Aut t by
si(h) = h — a;(h)&;.

The group W generated by all simple reflections is called the Weyl group. It induces the action
of Won t* by s;(A) = A — A(&;)a;.

Definition 2.3.14. Let w € W and choose [ to be the smallest integer such that w = s;s;, - - - 5;,.

Then [ is called the length of w and the expression w = s;s;, - -s;, is called the reduced

1
exprssion of w.

Definition 2.3.15. A root a € A is a real root if it is Weyl group conjugate to a simple root, i.e.
if there exists w € W such that w(a;) = « for some i € I. Otherwise, « is called an imaginary
root.

Denote the set of real roots as A™ and the set of imaginary roots as A™. Then we have
A= A UA™,

12



Corresponding to a Kac-Moody algebra g, we can construct its universal enveloping algebra
U(g) as follows.

Definition 2.3.16. The universal enveloping algebra U(g) of g is the associative algebra over
C with unity generated by e;, f; (i € I) and t satisfying the following relations.

1. hh/ = W'h for h, I € t,
2. eifj —fjei = 51]1’11 for i,j el
3. he; —eih = wj(h)e; forhet, iel,

4 hfi— fih = —a;(h)f; forhet, i€l

1—a:\ 1-n_
5 Z:1 111]( )k ( kﬂl]) eil aij kejeéc =0 fori 7é],

1—a; 1—a;\ a-a;-
6. Lo (—1)F ( L )f TR =0 fori # ).
Let U™ (respectively, U and U~) be the subalgebra of U(g) generated by the elements e;
(respectively, t and f;) for i € I. We define the root space of U(g) as follows.
Ug = {u € U(g) | hu —uh = B(h)uforall h € t} for B € Q,
llﬁi ={u e U* | hu—uh=pB(h)uforallh €t} for B € Q.

Using the PBW Theorem, we can extend the triangular decomposition and the root space
decomposition to the universal enveloping algebra U(g) of g as follows.

Proposition 2.3.17. Let g be a Kac-Moody algebra and let U(g) be the associated universal enveloping
algebra. Then we have

1. Ul =2U U UT,
2. U(g) = Dpeg Up,

3. U* = @peq. uﬁi.

2.4 Representation theory of Kac-Moody algebras

For this section, let g be a symmetrizable Kac-Moody Lie algebra and let V be a g-module.
Recall that, by the PBW Theorem, the representation theory of g is parallel to the representation
theory of its universal enveloping algebra U(g). Thus, the definitions and properties in this
section can be extended for U(g).

13



Definition 2.4.1. For any u € t¥, the y-weight space is
Vi={v eV |hv=u(h)v forall h € t}.

If V, # {0}, u is called a weight of V and the vector v € V), is called a weight vector of
weight y. The dimension of V), is called weight multiplicity of y and the set of weights of the
g-module V is denoted by wt(V).

Definition 2.4.2. A g-module V is a weight module if it admits a weight space decomposition

Recall the positive root lattice Q4 = Y ;c; Z>on;. Define a partial ordering on t* by
A>pifandonlyif A —p € Q4

for A, pet". ForA et set D(A) ={p et |A>pu}
Definition 2.4.3. [Category O]

Objects: weight modules V over g with dimV), < oo for all A € t* and for which there

exists a finite number of elements A, Ay, ..., As € t* such that

wt(V) C D(A1)U---UD(As).

Morphisms: g-module homomorphisms
Closure: the category is closed under finite direct sums or finite tensor products

The important examples of g-modules in the category O are highest weight modules given
in the following definition.

Definition 2.4.4. A weight module V is a highest weight module of highest weight A c t* if

there exists a nonzero vector v, € V, called a highest weight vector, satisfying

ejvy =0 foralli eI,
hvy = A(h)vy forallh e t,
V= U(g)v;v

We now consider a specific type of highest weight module called a Verma module given in
the following definition.

14



Definition 2.4.5. Fix A € t* and let J(A) be the left ideal of U(g) generated by all ¢; and
h—Ah)1 (i€l het).Set M(A) = U(g)/J(A) and give M(A) a U(g)-module structure by
left multiplication. Then M(A) is called Verma module.

Proposition 2.4.6. [9]

1. M(A) is a highest weight g-module with highest weight A and highest weight vector v, =
1+J(A).

2. Every highest weight g-module with highest weight A is a homomorphic image of M(A).
3. As U~ -module, M(A) is free of rank 1, generated by the highest weight vector vy =1+ J(A).
4. M(A) has a unique maximal submodule.

Definition 2.4.7. Let M(A) be a Verma module and N(A) be its unique maximal submodule.
Then M(A)/N(A) is the irreducible highest weight module denoted by V(A).

Proposition 2.4.8. [16] Every irreducible g-module in the category O is isomorphic to V (A) for some
A et

Definition 2.4.9. A weight module V over a Kac-Moody Lie algebra g is called integrable if
all ¢; and f; (i € I) are locally nilpotent on V, i.e. for each i € I, there exist positive integer
Ni, N, such that elNl c0=0 emdfl.Nz cv=0forallveV.

We call the elements in the weight lattice P = {A € t*|A(P) C Z} integral weights and the

set of dominant integral weights is denoted by
Pt ={AeP|AM&) € ZsoforallieI}.

Definition 2.4.10. [Category Ojn] The objects in this category are integrable g-modules in
category O such that wt(V) C P.

Note that, by the definition, any g-module V in the category O has a weight space
decomposition

V=@V, whereV),={veV|h=A(h)vforallhe P}
AeP

Also, we have the following property.

Proposition 2.4.11. [16] Let V(A) be the irreducible highest weight g-module with highest weight
A € t*. Then V(M) is in the category Oin if and only if A € P™.

15



We end this section with a complete reducibility theorem of g-modules in the category
Oint-

Theorem 2.4.12. [16] Let g be a symmetrizable Kac-Moody algebra associated with a Cartan datum
{A,T1,11, P, P}. Then every g-module in the category O is isomorphic to a direct sum of irreducible
highest weight modules V (\) with A € P,

16



CHAPTER

3

QUANTUM GROUPS AND CRYSTAL
BASES

In this chapter, we introduce quantum deformations of the universal enveloping algebra of
a Kac-Moody algebra g. These deformations are known as quantum groups and denoted by
U, (g). We also review the crystal basis theory which provides a very powerful combinatorial
tool for studying the structure of integrable representations of quantum groups in the category

o!

int*

3.1 Quantum groups

For m,n € Z and g any indeterminate, define the following:

—— is a g-integer,

q
o [n],! = [n]g[n —1];---[1]; (n > 0) and [0],! = 1 are g-factorials,

.[’:

Let A = (a;j);je1 be a symmetrizable GCM with a symmetrizing matrix D = diag (d;);c;
such that d; € Z-( and let (A,T], IL P, 15) be a Cartan datum associated with A.

iy - (m >n > 0) is the g-binomial coefficient.

= Tl fm—n],!

q
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Definition 3.1.1. The quantum group or the quantized universal enveloping algebra U,(g)
associated with a Cartan datum (A,TII, I1, P,15) is the associative algebra over C(g) with 1
generated by the elements ¢;, f; (i € I) and q" (h € P) satisfying the following relations.

L g =1, 4"q" = ¢"" for b, € P,

2. eifj— f]el—&]# fori,j €I,

3. gleig" = qMe; forh € P, i €1,

4. q'fig " =g uWf forhe P, ic,

)k 1 - al']’ el—a,‘]‘—k

5. 21 a”( . ; ejef =0 fori#j,

1—a;—

6. Lo (—1)t fi T =0 fori # .

L m qi
Note that U,(g) — U(g) as g — 1.

Example 3.1.2. Let g = s((2,C). Then the quantum group U, (sl(2,C)) is the associative algebra
generated by {e, f,q"} such that the following relations hold.

2

1. q"eq™" = g%,

2. q"fq " =q7%f,
_fp— T=a"

3. ef — fe= .

Since the defining relations for a quantum group U,(g) are analogous to those for the uni-

versal enveloping algebra U(g), the quantum group Uy(g) has the triangular decomposition
Uy(g) = Uy @ U @ Uy

where U;’ (respectively, u; ) is the subalgebra of U,(g) generated by the elements e; (respec-
tively, f;) for i € I and Uy is the subalgebra of U, (g) generated by q" (h € P), and the root
space decomposition

uq(Q) = @ (uq)ﬁ
BeQ

where (U;)g = {u € Uy(g) | g"uqg™" = qP"" for all h € P}.

18



3.2 Representation theory of quantum groups

In this section, we study the representation theory of quantum group which is quite
parallel to that of Kac-Moody algebras discussed in the previous chapter.

Definition 3.2.1. Let V7 be a U, (g)-module. For any u € P, the y-weight space is
Vi={veVi|gv= g""v forall h € P}.

If VI # {0}, u is called a weight of V7 and the vector v € V! is called a weight vector of
weight y. The dimension of Vﬂ is called weight multiplicity of u and the set of weights of the
U,(g)-module V17 is denoted by wt(V7).

Definition 3.2.2. A U,(g)-module V1 is a weight module if it admits a weight space decompo-

vi=pV.

uep

sition

For A € P,set D(A) ={pu € P|A>u}.

Definition 3.2.3. [Category O7] The objects in this category are weight modules V4 over
U, (g) with dimV}] < oo for all A € P and for which there exists a finite number of elements
A1, Ay, ..., As € P such that

wt(V9) C D(A1) U---UD(As).
As is the case with Kac-Moody algebras, the important examples of Uj(g)-modules in the
category O7 are highest weight modules given in the following definition.
Definition 3.2.4. A weight module VY is a highest weight module of highest weight A € P if

there exists a nonzero vector v, € V1, called a highest weight vector, satisfying

eivy =0 foralli €,
g'vy = ¢*Mo, forallh e P,
V1 = U(g)vx.

Consider a specific type of highest weight module called a Verma module given in the
following definition.

Definition 3.2.5. Fix A € P and let J7(A) be the left ideal of U,(g) generated by all ¢; and
g"— M1 (iel, heP).Set MI(A) = U,(g)/]J7(A) and give M7(A) a U, (g)-module structure
by left multiplication. Then M7(A) is called Verma module.
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Proposition 3.2.6. [9]

1. MA(A) is a highest weight U, (g)-module with highest weight A and highest weight vector
o) = 1+ ]q()\)

2. Every highest weight U, (g)-module with highest weight A is a homomorphic image of M7(A).
3. As Uy -module, M(A) is free of rank 1, generated by the highest weight vector vy =1+ J1(A).

4. M1(A) has a unique maximal submodule.

Definition 3.2.7. Let M7(A) be a Verma module and N%(A) be its unique maximal submodule.
Then M7(A)/N1(A) is the irreducible highest weight module denoted by V1(A).

Definition 3.2.8. A weight module V7 over the quantum group U,(g) is called integrable if

all ¢; and f; (i € I) are locally nilpotent on V4.
Definition 3.2.9. [Category O] ] The objects in this category are integrable U, (g)-modules in

category O1.

Proposition 3.2.10. [16] Let V1(A) be the irreducible highest weight U, (g)-module with highest
weight A € P. Then V() is in the O} if and only if A € P™.

int

q

int

Also, similar to category Ojn, any Uq(g)—module in the category O. . is completely re-

ducible and has a weight space decomposition.

3.3 Crystal bases

The crystal basis theory for quantum groups was introduced by Kashiwara around 1990

[22]. Crystal bases can be viewed as bases at ¢ = 0 and they have nice combinatorial features
q

int*

reflecting the internal structure of integrable U, (g)-module V7 in the category O

Lemma 3.3.1. [9] Let V1 = @, cp V, be a U, (g)-module in the category O . For each i € I, every

int’

weight vector v € VI (A € wt(V1)) may be written in the form

V=10 +f1'01+"'—|-fi(N)Z)N,

k
where N € Z~q and v, € V)'Z ko, kere; and fl.(k) = [I{]i .. Furthermore, vy in the above expression is
- 1 q-:

uniquely determined by v and vy # 0 only if A(&;) +k > 0.

Definition 3.3.2. The Kashiwara operators & and f; (i € I) are endomorphisms on V4 such
that, for v € V1,

N k) x N k)
éiv = Zfl v, fiv= Zfl V.
k=1 k=0
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Note that e}VX7 = eiV)? - V)'ZMZ_ and f:'VAL7 = fng - V;\lai foralli € Iand A € P. Let

_ [8(g)
Ao — {h(q)\gmh(q) € Clql, h(0) # o}.

Then Ay is a principal ideal domain with C(g) as its field of quotients.

Definition 3.3.3. Let V9 be a U;(g)-module in the category Ofm. A crystal lattice L is a free
Ap-submodule of V1 satisfying the following relations.

1. L generates V1 as a vector space over C(q),
2. L=@)cpLywhere Ly =LNV] forall A € P,
3. §L C L, fiL C Lforalli€ I

Remark 3.3.4. Let Jo be the unique maximal ideal of Ay generated by g. Then there exists
an isomorphism of fields from Ag/Jo to C given by % +Jo — % and hence C ®4, L =
L/JoL = L/qL.

Definition 3.3.5. [9] Let V7 be a U,(g)-module in the category O] . A crystal base of V7 is a
pair (L, B) such that

1. L is a crystal lattice for V1,

2. Bisa C-basis of L/qL = C ®4, L,

3. B=U)ecpB) where By = BN (Ly/qL,),

4. &B C BU{0},fiBC BU{0} foralli € I,

5. fib = V' if and only if b = &b’ for any b,b' € Band i € I.

Theorem 3.3.6. [9] Let A € P be a dominant integral weight and V(A be the irreducible highest
weight Uy, (g)-module with highest weight A and highest weight vector v,. Let

L()\) = Z Aoﬁ'lﬁz o 'firv/\r

FZO,l'kEI

and set
B(A) = {fifi - fioa +qL(A) € L(A)/gL(A) | 7 > 0, € 1}\{0}.

Then the pair (L(A), B(A)) is a crystal base for VI(A).
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Definition 3.3.7. Given a crystal base (L, B) for V7 € (’)?nt, we can define a crystal graph for
V1 in the following way. The vertex set consists of all elements of B and the edge set consists
of i-colored arrows. Two vertices b,b’ € B are joined by an i-colored arrow, b Ly , if and only
if f;b ="b'foricl.

For i € I, we define the maps ¢;, ¢; : B — Z by
gi(b) = max{k > 0| &b c B}, ¢;(b) =max{k>0] ffb € B}.

Then ¢; denotes the number of i-colored arrows coming into the vertex b and ¢; denotes the
number of i-colored arrows going out of the vertex b. Hence we have ¢;(b) —€;(b) = A(&;).

Next we will develop the tensor product rule which is one of the nicest features of crystal
bases.

int

base of qu (i =1,2). Set L = L1 ®a, Lo and B = Bj x By. Then (L, B) is a crystal base of
VY ®c(q) V3 where the action of Kashiwara operators & and f; on B (i € I) are given as follows.

Definition 3.3.8. [9] Let qu be A U, (g)-module in the category O7 and let (Lj, Bj) be a crystal

;b1 ® by if @;(b) > €;(by),
&i(by @ by) = e 1 Pilbr) = eilb)
h® éibz if g[)l(b1) < Si(bz),
s Fby @by if :(by) > €:(by),
filhy @ by) = Sib 3 ’ 1 Pilby) > ill)
b1 ® fiby if @i(b1) < €i(b2).

Hence we have

Wt(bl ® bz) = Wt(bl) + Wt(bz),
Si(bl ® bz) = max{si(bl),ei(bz) — <5€i,Wt(b1)>},
@i(b1 ® by) = max{g;(b2), ¢i(b1) + (&, wt(b2)) }-
Here we understand b; ® 0 = 0 ® b, = 0 and we write b; ® b, instead of (by, by). Also we
denote the crystal graph of V] ® V] as B; ® B,.

Definition 3.3.9. [9] Let I be an finite index set and let A = (aij)z-,]-e 1 be a GCM with the Cartan
datum (A,ITII, P, P). A crystal associated with the Cartan datum (A,IT,T1, P, P) is a set B
together with the maps wt: B — P,é, f; : B— BU{0} and ¢;,¢; : B — ZU{—o0} (i € I)
satisfying the following properties.

L @i(b) = &;(b) + (&;, wt(b)) for all i € I,

2. wt(&;b) = wt(b) + «; if &ib € B,
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6.

7.

wt(fib) = wt(b) — a; if f;b € B,

Si(éib) = Ei(b) -1, q)i(éz-b) = q)z(b) +1iféb € B,

ei(fib) = €i(b) + 1, ¢i(fib) = ¢i(b) — 1if fib € B,

fib =1 if and only if b = &}’ for any b,b’ € Band i € I,

if p;(b) = —co for b € B, then &;b = f;b = 0.

Definition 3.3.10. Let By, By be crystals associated with the Cartan datum (A,1], IT,P,P). A
crystal morphism () : By — By isamap Q) : By U {0} — B, U {0} such that

1.

2.

if b € By and Q(b) € By, then wt(Q)(b)) = wt(b), &;(Q(b)) = €;(b) and ¢;(Q(b)) = ¢;(D)
foralli e I,

if b,b' € By, Q(b),Q(V') € B, and f,-b = b/, then ﬁ(Q(b)) =Q(V') and Q(b) = &(Q(V))
foralli e I.

A crystal morphism is called strict if it commutes with all & and f; (i € I). Also, a crystal

morphism () : By — B is called an isomorphism if it is both one-to-one and onto from
B1U{0} — B, U{0}.
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CHAPTER

4

QUANTUM AFFINE LIE ALGEBRAS
AND PERFECT CRYSTALS

For this chapter, we introduce the notion of a perfect crystal for a quantum affine algebra.
We begin by recalling basic definition related to quantum affine algebras.

4.1 Quantum affine algebras

Let g be an affine Kac-Moody algebra with affine Cartan datum (A, 11, I, P, 15) and index
set [ = {0,1,---,n} where A = (a;j); e is the affine GCM, IT = {a; | i € I} is the set of
simple roots, I1= {a; | i € I} is the set of simple coroots, P and D are the affine weight lattice,
and coweight lattice respectively. Let t = C @z D, ¢, 5, and {A; | i € T} denote the Cartan
subalgebra, the canonical central element, the null root and the set of fundamental weights
respectively. Note that a;(&;) = a;; and A;(«;) = J;; and t = span{#&;,d | i € [} where d is a
degree derivation. Then

P=®jcZN®Z5Ct" and P =®ic/Z8;®Zd C t.
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Note that the set of affine dominant integral weights is
Pt ={AeP|A&) € Z>g foralli € I}.

The quantum group associated with the affine Cartan datum (A, IT, I, P, P) is called a quantum
affine algebra, denoted by U, (g).

Definition 4.1.1. Let U (g) be the subalgebra of U, (g) generated by {e;, f;, g*%% | i € I}. This
subalgebra is also called a quantum affine algebra. Let

P, = @JQIZA] and pcl = Bjc1Z4k;.

The set P, is called the classical weight lattice and the elements of P, are called the classical
weights. The quintuple (A,I1,11, P, P,) is called a classical Cartan datum and the quantum
affine algebra U, (g) can be regarded as the quantum group associated with the classical
Cartan datum. Define

Pl ={A€Py|A(&) € Zso foralli € I}.

The elements of P} are called the classical dominant integral weights and we say that A € P}
has level | = A(c). We denote (P}); to be the set of classical dominant integral weights of
level 1.

Note that Uj(g) can have finite dimensional irreducible modules while all the nontrivial

irreducible U,(g)-modules are infinite dimensional.

4.2 Perfect crystals

Definition 4.2.1. A classical crystal is a crystal associated with the classical Cartan datum
(A, 11,11, Py, B;). This crystal is also known as a Uy (g)-crystal.

Let B be a classical crystal. For b € B, define
e(b) = Zsi(b)/\i and ¢(b) = Zcpi(b)/\i.
i i

Definition 4.2.2. [9] For a positive integer /, a finite classical crystal B is a perfect crystal of
level | if it satisfies the following properties.

1. there exists a finite dimensional U (g)-module with a crystal basis whose crystal graph
is isomorphic to B'.
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2. B'® B! is connected,

3. there exists a classical weight Ag € P,; such that

wt(B)) C Ao+ Y Z<ow;, #(B)) =1,
i£0

4. for any b € B!, we have (c,e(b)) > |

5. for each A € (P);, there exist unique vectors b* € B! and b, € B such that ¢(b*) = A

cl

and ¢(b)) = A.
For a perfect crystal B!, we define
(B min = {b € B' | (c,e(b)) =1}.

Then the maps ¢, ¢ : (B!)min — (P:l“) ; are bijections.

We now present a crystal isomorphism theorem that is essential for understanding path
realization which we discuss in the next section. For the rest of the chapter, assume that g is
an affine Kac-Moody algebra, | € Z~, B' is a perfect crystal of level I, A € (P.}); is a classical
dominant integral weights of level I, b, is a unique vector in B! such that ¢(b,) = A, V(A) is
the highest weight U (g)-module with highest weight A and B(A) is the crystal graph of V(7).

Theorem 4.2.3. The map
¥ :B(A) — B(e(by)) ® B! given by uy Ug(p,) @ ba,

where u, is the highest weight vector of B(A) and uy,,) is the highest weight vector of B(e(by)), is a
strict crystal isomorphism.

4.3 Path realization of crystal graphs
In this section, we will use Theorem 4.2.3 to develop path realization. We first set
A=A, A1 = €(Ax); bo = by, bryr = by,
By Theorem 4.2.3, we have a crystal isomorphism

Y :B(Aj) = B(Aj1) ® B! given by Uy U, @by,

j+1
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such that ¢(b;) = A; and e(b;) = Ajy1. Composing the ¥’s yields a sequence of crystal
isomorphisms
B(A) & B(A) @B 5 B(A) @B @B & ...

given by
uAr—>uAl®bor—>uA2®b1®bor—>---.

Then we have two infinite sequences

W) = (Ak)]io:() = (...,)\k+1,)\k,...,)\1,/\0) € ((P;)l)oo

and
p/\:(bk);o:():"‘®bk+1®bk®"‘®b1®b0€ (Bl)®oo.

Since there are only finitely many elements in (P.),;, there exist N > 0 and k > 0 such that

Ak+N = Ag. Since ¢ and ¢ are bijective, we have

bien = @ H(Mean) = @1 (M) = b

and the following equations

e(bxk—1) = A = Myn = e(beyn—1),
b1 =€ '(e(bk1)) = € He(bran-1)) = brpn-1,

M—1 = @(bk—1) = ¢(brin-1) = Myn-1,

e(bo) = M = AN = e(bn),
bo =& (e(by)) = e (e(by)) = by,
Ao = ¢(by) = @(bn) = AN,

and

M1 = e(by) = e(brin) = ANt
?(brt1) = M1 = Meant1 = @(bern+1)
by = (Pfl((P(ka)) = G”fl(ﬁo(karNH)) = biiNt1

Hence w, and p, are periodic sequences, each with the period N > 0.
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Definition 4.3.1. [9]

1. The sequence py = (bx)pg = @ bry1 @b ® - - - ® by ® by is called the ground-state
path of weight A.

2. A A-pathin B is a sequence p = (px)$y = @ Prs1 O Pr ® - - - ® p1 ® po with py € B’
such that py = by for all k > 0

Let P(A) be the set of all A-paths in B'. We can define a crystal structure on P(A) as shown
in the following proposition.

Proposition 4.3.2. [9] Let p = (px)3>, be a A-path in B' and let N > 0 be the smallest positive
integer such that py = by for all k > N. For each i € I, we define

N-1
wtgp = AN + Z Wt Pk,
k=0
Gp="-QPN+1QE&(PND - @ Po),
fir=-@pnr®@filpN®--- @ po),
ei(p) = max{e;(p") — ¢i(bn),0},
¢i(p) = ¢i(p") +max{¢pi(bn) — &i(p’),0},

where p' = pn-1® -+ ® p1 @ po and wt. denoted the classical weights. Then the maps wt :
P(A) — Py, &, fi : P(A) = P(A) U{0}, &, @i : P(A) — Z define a Uy (g)-crystal structure on
P(A).

We can now present the main result of this section: the path realization of Uy (g)-crystal
B(A).

Theorem 4.3.3. The map
Y:B(A) = P(A) givenby uy +— py,

is a crystal isomorphism.
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CHAPTER

5

GEOMETRIC CRYSTALS AND
ULTRA-DISCRETIZATION

In this chapter, we review Kac-Moody groups and necessary definitions and facts about
geometric crystals and ultra-discretization.

5.1 Kac-Moody groups

Let g be an affine Kac-Moody algebra with affine Cartan datum (A, 11, I, P, 15) and index
set [ = {0,1,---,n} where A = (a;j); e is the affine GCM, IT = {a; | i € I} is the set of
simple roots, I1= {a; | i € I} is the set of simple coroots, P and D are the affine weight lattice,
and coweight lattice respectively. Let t = C @z D, ¢, 5, and {A; | i € T} denote the Cartan
subalgebra, the canonical central element, the null root and the set of fundamental weights
respectively. There is the root space decomposition g = @,cq g9« Where Q = ©;cZa; is the
root lattice. The Weyl group W of g is generated by the simple reflections {s; | i € I}. The sets A,
Ay =ANQ+ =ANYc; Z>on; and A™ = {w(a;)|w € W, i € I} are the set of roots, positive
roots, and real roots respectively. We denote tf; = t*/Cd and (t};)o = {A € t}; | (c,A) = 0}. We
also denote g; to be the subalgebra of g with index set I; = I'\ {i} which is a finite dimensional
semisimple Lie algebra.

Let g’ = [g, g] be the derived Lie algebra of g and G* be the free group generated by the
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free product of the additive group g, (v € A™), with the canonical inclusion i, : g, < G*. For
any integrable g’-module (V, 77), a homomorphism

my : G* — Autc(V) is defined by 7y (ix(e)) = exp 7t(e).

Set N* := Ny.integrable kKer(71y,) and G := G*/N* which is called a Kac-Moody group associated
with the Kac-Moody Lie algebra g’ ([18], [17]). Let p : G* — G be the canonical homomorphism.
For e € g, (v € A™), define expe := p(ix(e)) and S, := exp g, which is an one-parameter
subgroup of G. The group G is generated by S, (« € A™). Let S* be the subgroups generated
by Sin (@ € AT :=A®NQ.), ie. ST := (S | a € AT).

For any i € I, there exist a unique homomorphism ¢; : SL(2,C) — G such that

(5 2))-a((2 ) o[ 12))

where ¢ € C* and t € C. Set &;(c) = c%, x;(t) := exp (te;), yi(t) := exp (tf;), G;i =
$i(SL(2,C)), H; := ¢;({diag(c,c!) | ¢ € C*}). Let H be the subgroup of G generated
by H;’s with the Lie algebra t. Then H is called a maximal torus in G, and B* = S*H
are called the Borel subgroups of G. The element 5; := x;(—1)y;(1)x;(—1) € normg(H) is a
representative of s; € W = normg(H)/H. Define R(w) for each w € W by

R(w) = {(il,iz,' .- ,i]) S IZ | W = 8j,Sj, * 'Si,}/

where [ is the length of w. We can associate to each w € W its standard representative
W € normg(H) by

W = 5,5, 5,

for any (i1, iz, - -+ ,i;) € R(w).

5.2 Geometric crystals

Definition 5.2.1. [33] A set X is an ind-variety over C if there exists a filtration Xy C X; C
X, C - -+ such that

1. Upz0Xy = X,

2. Each X, is a finite dimensional variety over C such that the inclusion X,, — X,y1 is a
closed embedding.

The geometric crystal for the simply laced affine Lie algebra g is defined as follows.
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Definition 5.2.2. ([1],[33]) The geometric crystal for the simply laced affine Lie algebra g is a
quadruple V(g) = (X, {ei}ticr, {7i}ier, {€i}ier), where X is an ind-variety, ¢; : C* x X — X
((c,x) + €f(x)) are rational C*-actions and 7;,&; : X — C (i € I) are rational functions

satisfying the following:

1. {1} x X C dom(e;) for any i € I where dom(e;) is the maximal open subset of C* x X

on which e; is defined.

2. 7j(ei(x)) = c"ij(x).

3. {ei}ics satisfy the following relations :

Cc1 ,C2 2 ,C1 : e — .. —

ee]—e]e ifa;j=a; =0,
€162 ,C2 __ ,C2 ,C1C2 ,C1 3 R

e e] et = e’ej e, if a;j = aj; 1,

4. ei(ef(x)) = ¢ lei(x) and g;(¢f(x)) = &i(x)  ifa;; =a;; = 0.

For fixed i € I, let G' be the reductive algebraic group with Lie algebra g; and B, Wi be
its Borel subgroup, Weyl group respectively. We consider the flag variety X' := G'/B'. For
w € W', the Schubert cell X}, associated with w has a natural g;-geometric crystal structure

[1, 33]. Let w = s;;5;, - - - 5;, be a reduced expression. For i := (i1, ip,- -+ 1), set

B = {Yi(c1,c0,- -+ ,c1) := Yy (c1)Yi,(c2) - - Y (cr) |1 62,- -, €C} C BT,

1
where Yj( c) = y](%) i(c) = y](%) % _Then we have the following result.
Theorem 5.2.3. ([1], [33]) The set B, with the explicit actions of ey, e, and 7y , for k € I;,c € C*

given by:

er(Yi(cr, -+ ) =Yi(Cy, -+, C1)),

where
c 1

Z Gk Wiy gk T Z iy k fim—1k

C 1<m<jin=k €1+ C" " Cm j<m<kin=k C'" -+ C" Y Cm
jr= 6 c 1 '
Z Gk Wiy gk T Z iy k Tim -1k
1<m<jin=k C1'" =+ € Cm j<m<kin=k €' -+ C" Y Cm
1
ek(Yl(Cll e /Cl)) Z Cl, k aimfl'k !
1<m<l,i,=k Cl : Cmfl Cm

azl k ll k

Te(Yi(er, - - ,c)) =" -0,

is a geometric crystal isomorphic to Xi,.

31



The geometric crystal V(g) = (X, {ei}ic1, {7Vi}iel, {€i}ier) is said to be positive if it has a
positive structure ([1], [25], [33]). Roughly speaking this means that each of the rational maps
e, ¢; and 1y; are given by ratio of polynomial functions with positive coefficients. For example,

B, is a positive geometric crystal.

5.3 Positive structure and Ultra-discretization
Set R := C(c) and define

v:R\ {0} > Z
f(c) = deg(f(c)).

where deg is the degree of poles at ¢ = co. For any algebraic torus T = (C*)! over C, let
X*(T) := Hom(T,C*) = Z' (respectively X.(T) := Hom(C*,T) = Z') be the lattice of
characters (respectively co-characters) of T.

We define a category 7, whose objects are algebraic tori over C and whose arrows are
positive rational mappings. Let f : T — T’ be a positive rational mapping of algebraic tori T
and T’. We define a map f : X.(T) — X.(T') by

~

(X, f(§)) =v(xofoQ),

where x € X*(T') and ¢ € X.(T).

Lemma 5.3.1. [1] If Ty, Ty, T; are algebraic tori and f € Mor ™ (Ty, Tp) and ¢ € Mor™ (Tp, T3) are

positive rational mappings, then we have ;\f =go f

By Lemma 5.3.1, we obtain a functor

UD: T,  —  Set
T = X7
(f:T—=T) (f: X (T) = X.(T)).

Definition 5.3.2. [1] Let x = (X, {e;}ier, {7i}iel, {€i}icr) be a geometric crystal, T" an algebraic
torus and 0 : T" — X a birational mapping. The mapping 6 is called a positive structure on x
if it satisfies

1. for any i € I, the rational functions ;06 : T — C and ¢0 0 : T" — C are positive.

2. forany i € I, the rational mapping e;g : C* x T' — T’ defined by ¢;9(c, ) := 01 o€ 0 6(¢)

is positive.
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Let 6 : T" — X be a positive structure on a geometric crystal x. Applying the functor D
to positive rational mappings e;g : C* x T" — T' and 7; 00, ¢;0 60 : T — C (the notations are

as above), we obtain

é; = Z/{D(Eilg) 1 Z. X X*(T/) — X*(T/)
wt; :=UD(y;00) : X (T") = Z
g :=UD(g;00) : Xu(T') = Z.

Hence the quadruple (X.(T"), {&;}icr, {wti}ic1, {€i}ic1) is a free pre-crystal (see [1], Sections 7)
and we denote it by UDy 1 (x). We thus have the following theorem.

Theorem 5.3.3. ([1], [33]) For any geometric crystal x = (X, {e;}ic1, {7iticr, {€i}ier) and positive
structure 6 : T — X, the associated pre-crystal UDq 1 (x) = (Xu(T"), {&}icr, {wtiticr, {€i}tier) is
a crystal.

Now, let GC™ be a category whose object is a triplet (x, T/, 0) where x = (X, {e;}ic1, {7i}ic1,
{€i}ic1) is a geometric crystal and 6 : T" — X is a positive structure on yx, and morphism
f:(x1,T],61) = (x2, T}, 02) is given by a rational map ¢ : X3 — X (x; = (X, - - - )) such that

poeft =eog, y2op =11, 09 =g,

and f:=0,'0po0b: T| > T},

is a positive rational mapping. Let CR be the category of crystals. Then by the theorem above,
we have
Corollary 5.3.4. UD defines a functor
UD: gct — CR
(x,T,6) = X (T)
(f = (1, T1,61) = (x2, T3,62)) v (f 2 Xu(T7) — Xa(T3)).

We call the functor UD ultra-discretization as in ([33], [34]), while it is called tropicaliza-

tion in [1].
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CHAPTER

6

AFFINE GEOMETRIC CRYSTAL

V(DY)

From now on, we assume g to be the affine Lie algebra Dél) withindexset I = {0,1,2,3,4,5,6}
and the following GCM and corresponding Dynkin diagram.

2 0 -1 0 0 0 O

0 2 -1 0 0 0 0 0 5
1 -1 2 -1 0 0 0

A=l0 0 -1 2 -1 0 0 > o o
0 0 0 =1 2 =i =i
0O 0 0 0 -1 2 0 1 6
o 0 0 0 -1 0 2

Figure 6.1: Generalized Cartan Matrix and Dynkin diagram for g = Dél)

Let {IX(), n1,0%p,03,04, K5, 066}, {DZ/(), DZ&,DZz, DZ3, DZ4, lf5, DZ%} and {Ao, Al,Az, A3, A4, A5, A6} de—
note the set of simple roots, simple coroots and fundamental weights, respectively. Then
c =g+ &y +2ap + 203 + 204 + a5 + dg and 6 = ag + a1 + 20 + 203 + 204 + a5 + g are the
central element and null root respectively. The sets P,; = @?:OZA]- and P = P,; & Z¢ are called
classical weight lattice and weight lattice respectively.
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We consider the Dynkin diagram automorphism ¢ defined by

c:0—~6,1—52—+43—3,4—~25—1,6—0.

Figure 6.2: g and ¢(g) Dynkin diagrams

Let I; = I\ {j} and g; (respectively c(g);)) be the subalgebra of g (resp. ¢(g)) with index
set I;. Then observe that go as well as g; and o(g)1 are isomorphic to De.

6.1 Fundamental representation W(ws) for Dél)

Let W(ws) be the level 0 fundamental Uj(g)-module associated with the level 0 weight
@s = Ng — A [24]. By ([24], Theorem 5.17), W(@s) is a finite dimensional irreducible inte-
grable U (g)-module and has a global basis with a simple crystal. Thus, we can consider the
specialization 4 = 1 and obtain the finite dimensional Dél)-module W (@), which we call the
fundamental Dél)— module.

The fundamental Dél)-module W(wg) is a 32-dimensional module with the basis

The actions of e, fy and @ (c) = c* (c € C*) on these basis vectors are given as follows [21].
For 0 < k < 6, we have

(—,—,i3,14,15,1¢) ifk=0, (iy,i2) = (+,+)

(iyeee) by =0 yis) ifk A0, k #6,

ex(i1, iz, 13,14, 15,16) = k k+1 (it ixr1) = (= +)

(i1, 12, 13,14, 4, +) if k =6, (is,is) = (—, —)
otherwise.

0
( (4, +, 13,1, 5, 5) ifk=0, (i1,ir) = (—,—)
( ,

i,ee,—,+,...,06) ifk#0, k#6,
fili1, i, 13, 1a, 15, i) = k k+1 (ks k1) = (+,—)
(i1,12, 13,14, —, —) ifk=6, (is,ig) = (+,+)
0 otherwise.
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¢ (i, ip,i3,14,15,1)  if k=0, (i1,i2) = (=, —)
ork#0, k#6,
(ik/ Z'k+1) = (‘1“/ —)
ork =6, (is,ig) = (+,+)
ax(c) (i1, i, 13,14, i5,16) = { ¢ (i1, i, i3, 14, i5,16) if k=0, (i1,i2) = (+,+)
ork#0, k#6,
(ks ig1) = (=, +)
ork=6, (is,ig) = (—,—)
(i1, 12,13, 14,15, i) otherwise.

Note that in W(wg), we have (+,+,+,+, +, +) (respectively (—,+,+,+,+,—)) is a go
(respectively g;) highest weight vector with weight @s = Ag — A (respectively &g := As — A1).
The crystal graph for W(@s) is explicitly shown below.

(+,+,++,+,+)

4
(+é+,+,k,+,57)
0 / \ /

. (Cottt ) (T ()
N b N0 2 N8
(bt =) ) ()
0 4 3 2
(_’+’+}_'WJ+’+’+) (+ =+ == =)
3 3 0
0 (*,+,*,l+,+r>)6ﬁ+,*,7:7) - ,f,f,l ==
2 3 4
(7,7,+,l+,m—}+,—,47) (+i—,—,l—,+,57) 0
0
(=== @ }Jrff/ﬂ
N ¥
(_1_1_1+1_1+)
|4
(= ===+ )
|6

Figure 6.3: W (@) Ug(g)-module crystal graph

@
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We define 0(Ar) = Ay for all k € I. Then we define the action ¢ on W(@s) by o(v) = o'
if c(wt(v)) = wt(v’). Thus we have

o(++++++)=(=—————), o+ +++ - )= (+,+,— - =),
o+ ++ -+ -)=(+—-+-—-), ol++—-++-)=(—-- =),
cT(+ ++ ==t ==+t =), o) = (- ),
o(+, A==+ =), o= ) = (+,————,+),
a(+, —+H)=(—+——+-) ol++—-—++)=(-- -),
o(—,+ =) =(=+— ==+, o+ - +,+)=(—,— =+, =),
o(+,+, —,—)=(+,+,+,+,—,—), o(—+,+ =+ +)=(——+ - —+)
o(+,— —+++)=(-——++-) o+ —+—-—-)=(++—-+-)
o(—+, ,+,+,+):(—,—, =), o=+t o) = (H o ),
o(+,— =+ — =)= (++—++-), (- ,+,+,+,+) (= ===+ )
o(—+—+——)=(++—+—+), o+ - ,+,—):(+,—,+++, ),
o(— =+ +—=)=(++——++), o=+ ——+-)=(—++—+),
o+, ————+t)=(—++++-) ol——+—+-)=H—-+—-+ +),
o(—+———+t)=(—+++—-+), ol ,+,+,—):(+,— s+,
o(—, — = +)=(=++—++), o= )= (= + =+ ++),
o(—, -+ +)=(=—-++++) o= —,—,—,—,—) = (+,+ + + + +).

6.2 Affine Geometric Crystal V(Dél)) in W(w@e)

Now we will construct the affine geometric crystal V(D (1)) in W(ws) explicitly. Denote
th =t"/Cdand () = {A € ;| (c,A) =0}. For ¢ € (t))o, let £({) be the translation as in
([24], Sect 4). Define simple reflections si(A) := A — A(&;)ag, k € [ and let W = (s; | k € I)

(1)

be the Weyl group for D, ’. We denote W/ to be the Weyl group of g; with index set ;. Let

W1 = S6545352555453565455515253545¢ € WO and Wy = S55453525654535554565052535455 € Wl. Then
we have the following propositions.

Proposition 6.2.1. (@) = cw;.

Proof. Let A = AgAg + A A1 + Aoy + A3A3 + ANy + AsAs5 + AgAg

= (Ao, A1, Az, Az, Ay, As, Ag).
Then we have
s6(A) = (Ao, A, A2, A3, Ay + Ag, As, —Ae)

$456(A) = (Ao, A1, Ag, Az + As+ Ag, — Ay — Ag, Aa + As + Ag, Ag)
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$35456(A) = (Ao, A, A2 + Az + As+ A, — A3 — Ay — Ag, Az, Ay + As
+ e, Ag)
$2535456(A) = (Ao + A2+ A3+ As +Ag, A1+ Ao+ Az + Ay + A, — A2
— A3 — Ay — Ag, A2, Az, Ay + As + Ag, Ag)
5152835456 (A) = (Ao + A2 + A3 + Ay +Ag, —A1 — Ao — Az — Ay — Ag, Ay,
A2, A3, Ay + As 4 Ag, Ag)
$55152535456(A) = (Ag+ A2+ Az + Ay + A, —A1 — Ap — A3 — Ay — Ag, Aq,
A2, A3+ Ag+ As+ A, —Ay — As — Ag, Ag)
$4555152535456(A) = (Ao + A2+ A3+ As +Ag, —A1 — Ao — A3 — Ay — Ag, Ay,
A+ A3+ Ag+ A5+ Ag, —A3 — Ay — As — Ag, A3, A3
+2A4 + A5+ Ag)
5654555152535456(A) = (Ao + Ao+ A3+ Au+ A, —A1 — Ay — A3 — Ay — Ag, Ag,
A2+ A3+ A+ As+ Ag, Ay, Az, —A3 — 244 — A5 — Ag)
535654555152535456(A) = (Ao + Ao+ A3+ As+As, —A1 — A2 — A3 — Ay — A, g
+ A+ A3+ AL+ A5+ Ag, —Ar — A3 — Ay — As — Ag, Aa
+ Az +2A4 + A5 + Ag, Az, —A3 — 24 — A5 — Ag)
$4535654555152535456(A) = (Ao + Ao+ A3+ As+ A6, — A1 — Ao — A3 — Ay — A, g
+ A+ A3+ As+ A5+ Ag, Ay, —Aa — A3 —2A4 — A5
— A, A2+ 2A3 +2A4 4 As + Ag, A2)
$554535654555152835456(A) = (Ao + A2 + A3+ Ay 4+ Ag, —A1 — A2 — Az — Ay — Ag, Ay
+ A2+ A3+ Ays+ A5+ Ag, Ay, Az, — Az — 243 — 2M4
— A5 — Ag, A2)
$25554535654555152535456(A) = (Ao + A1+ 2A2 + 243 + 204 + A5 + 246, A5, — A1 — Ay
—A3—=Ag —As = Ag, A1+ A+ A3+ 204 + A5+ Ag,
A3, —Ap —2A3 —2A4 — A5 — Ag, A2)
$3525554535654555152535456(A) = (Ao + A1+ 2A2 +2A3 +2A4 + A5 + 246, A5, Ay, — Mg
— Ay — A3 —2A4 — A5 — Ag, A1+ Ap +2A3 + 204 + A5
+ A, —Ag —2A3 —2A4 — As — g, Ap)
5453525554535654555152535456(A) = (Ao + A1 +2A2 +2A3 + 244 + A5 + 246, A5, Ay, Az, — A
—Ap —2A3 —2A4 — A5 — Ag, A, A1 +2A2 + 243 + 27y
+ As + Ag)

38



S65453525554535654555152535456(A) = (Ao + A1 4 2A5 4+ 2A3 + 2A4 + A5 + 2A¢, As, Ay, A3, A,
A=A — 242 — 245 — 244 — As — Ag)
0565453525554535654555152535456(A) = (—A1 — 240 — 2A3 — 2A4 — A5 — Ag, A1, Ag, A3, Ay, As,

Ao+ A1+ 200 + 245 + 24 + A5 + 2A¢)

= A+ (=Ag— A1 —2A3 —2A3 —2A4 — A5 — A4,0,0,0,0,0,
Ao+ A 4245 +2A3 +2A4 + As + Ag)

= A+ (Ao + A1 +2A02 +2A3 +2A4 + A5 + Ag) (A — No)

= A+ (Ao + A1 +2A2 + 243 + 2A4 + A5 + Ag) @.

Proposition 6.2.2. t(&g) = cwy.

Proof. Let A = AgAg + A A1 + Aoy + A3A3 + ANy + AsAs5 + AgAg

= (Ao, A1, Az, Az, Ay, As, Ag).
Then we have
s5(A) = (Ao, A1, A2, A3, Ay + As, —As, Ag)

$455(A) = (Ao, A, Ao, Az + As+ As, — Ay — As, Ay, Ay + As + Ag)
$35455(A) = (Ao, A, A+ Az + Ay + As, —A3 — Ay — A5, Az, Ay, Ay
+ As + Ag)
$2535455(A) = (Ao + Ao+ A3+ A+ A5, A1 + A + A3+ As+ A5, — A
— A3 — Ay — As, A, A3, Ay, Ay + As + D)
$082535455(A) = (—Ao — A2 — Az — Ay — A5, Ay + Ao + A3 + Ay + As, Ag,
A2, A3, Mg, Ay + As + Ag)
$65052535455(A) = (—Aog — A2 — A3 — Ay — A5, Ay + Ao + A3 + Ay + As, Ao,
A2, A3+ Ay +As 4 Ag, Ay, — Ay — As — Ag)
$4565052835455(A) = (—Ao — A2 — Az — Ay — As, Ay + A2 + A3 + Ay + A5, Ao,
A4+ Az + AL+ A5+ Ag, —Az — Ay — A5 — Ag, Az + 274
+ A5+ Ag, A3)
$554565052535455(A) = (—=Ag — Ay — A3 — Ay — A5, A1 + Ao+ Az + Ay + As, Ao,
Ay + A3+ Ag+ A5+ Ag, Ay, —Az — 2A4 — As — Ag, A3)
$35554565052535455(A) = (—Ag — Ay — Az — Ay — A5, Ay + Ao+ A3+ Ay + As, A
F A+ A3+ A+ A5+ A, — A2 — Az — Ay — A5 — Ag, Ap
+ Az 4+ 2A4 + As + Ag, —Az — 244 — A5 — Ag, A3)

39



$4535554565052535455(A) = (—Ag — A2 — A3 — Ay — A5, A+ A+ Az + Ag + As, A
+ A+ A3+ Ay + A5+ Ag, Ay, —Aa — A3 —2A4 — A5
— Ao, Ao, Ao +2A3 +2A4 + A5 + Ag)
5654535554565052535455(A) = (—Ag — A2 — Az — Ay — A5, A1 + Ao+ A3+ Ay + A5, Ag
+ A2+ A3+ Ay + A5+ Ag, Ay, A3, Ap, —Ap — 243 — 24
— A5 — Ag)
$25654535554565052535455(A) = (Ag, Ao + A1 + 240 + 2A3 + 244 + 2A5 + A, —Ag — A2
—A3—=Ag = A5 —Ag, Ag + A2+ A3+ 244 + A5 + Ag,
A3, Ao, —Ap —2A3 —2A4 — A5 — Ag)
$3525654535554565052535455(A) = (Ag, Ao + A1 + 242 + 243 + 2A4 + 2A5 4+ Ag, Ay, —Ag
— A — A3 =204 — A5 — A, Ag + A2 +2A3 + 2A4 + A5
+ Ag, Ao, —Ap — 2A3 — 2A4 — A5 — Ag)
$453525654535554865052538455(A) = (Ae, Ao + A1 + 242 4+ 243 + 244 + 25 + Ag, Ay, A3, — Ao
g —2A3—2A4 — A5 — Ag, Ao 4+ 240 + 245 + 2A4 + As
+ Ag, Ao)
555453525654535554565052535455(A) = (A6, Ao + A1 4+ 242 +2A3 4+ 244 + 245+ Ag, Ay, Az, Ag,
— Ao — 242 — 243 — 244 — A5 — Ag, Ag)
0555453525654535554565052535455(A) = (Ao, —Ag —2A2 —2A3 — 2A4 — A5 — Ag, Ao, A3, Au, Ap + M
+ 25 + 223+ 2A4 + 2A5 + Ag, Ag)
=A+(0,—Ag— A1 —2A — 213 —2A4 — A5 — A,0,0,0,
Ao+ A1+ 242 + 243 + 224 + As + Ag, 0)
= A+ (Ao + A1+ 240+ 243 + 244 + A5 + Ag) (As — Aq)
= A+ (Ao + A1+ 240 + 245 + 24 + A5 + Ag)d¥s

O]

Associated with these Weyl group elements w;, w, € W, we define algebraic varieties
V1, V2 C W(w@s) as follows.

{Vl Y6(xé3
Ys(x{")va (2"

) (i) V3 ()Y () Vs () Ya () Y (257) Yo (27 Ya (27)
(x5 ) V3 () Ya () Yo () (+, +, +, +,+,+) [l € €7},

= (Va(y) = Vs () a(us ) 5 ) V2 (v Ve (0 Ya i) Y (03 Vs () Ya (v
Y6<y6 Wolys N2 (s () Ya i)Y (8) (=, +, 4, +,+ =)y € €}
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where x = (xé3),xf),x§3),xéZ),xéz),xf’),xéz),xé2),xf),xél),xgl),xél),xél),xf),xél)

4 1 1 1 1
s s s s v v v s s s s ).

From the explicit actions of fi’s on W(ws), we observe that fZ = 0 for all k € I. Therefore,
we have

) and y =

Yi(c) = (1+ ];k)oZk(c) forallk € I.
Thus we have the explicit forms of Vi (x) and V,(y) as follows.

(4),.(3) (1) (4),.(3).(2) (1)

Vi(x) = x5 P (b ) + (P T T S T
Xg Xg "Xg
3).() (1) (3)..(2).(1) 3).(2) . (2) (1)
X (4,4 b =)+ () BT e g T T T T e
Xy X Xy Xy
3),.(2).(2) (1) (3),.(2).(2) (1) (1) (2)..(2)..(1)
X3 X5 "Xy Xy X3 X5 X3 X5 X3 (2 .(1) X X5 Xy
Xy Xg Xy Xy Xy X3
2) (2) (1 2) (2) (1 2) (2) (1) (1 2) (2) (1) (1 2) (2) (1) _(1
NG N NG UGN NN
xi?)) xéZ) x§3)x§2) x§3)xi2) x£3)x£2)
(3,0,0  6.0.0 6,00
X (4, =+, =) + () + 22 ottt
5 Xy X6
(3,2 (1), (1) L2000 @ 00
+ X3 x?3)x?2)x3 )(+/ +/ +/ A +) + (Xéz)xil) + 5 ?2) 1 + 5 122) 2
Xy Xy 2 X3
(2 (1) (1) 4)_(2)..(1) 4) .(2)..(1)
X, xy 7 x X, xsx
BB (4 o) () R S
Xy X3 X5
xf)xéz)xf) xff)xff)xf) xf)xéz)xf)xél) xff)xéz)xél)xél) xf)xéz)xél)xél)
xf) xéz) xéB)xéz) xéB)xgz) x§3)x§2)
4)_(2).(1) (1) 4) .(2)..3) .(2)..(1)
Xy X3 X5 X3 Xy Xy Xy Xy Xy (2) (1)
e T eLeue ) ) T
Xy Xy X3 X5 X3
4) (1) (1) (4) .(3)..(1) “4) (1) (1)
X X X X X, X X, X X
X (=t b =)+ () e B2t S SSs S
X X5 X3
(4) (1) (1) 4).(3) (2) (1) (4).(3) . (2) (1)
X X X X X X, ' X X X X X 3 1
Xy Xy " X5 X5 " X3
+xé3)x§2)x§1) xéa)xéz)xil) xé3)x§2)x§1) xés)xéz)xil) xé3)xf)xf)
xf) x§3) xéz) xf) xéz)

41



xé?;)xéZ)xéz)xgl) xé3)x§2)x£2)x£1) xé?))xéz)xf)xgl) xé?,)xg)xél)xgl)

+
xf)xf') xf)xéz) x§3)x§2) xés)xéz)
3) (2) (1) (1 3) (2) (1) (1 3) (2)_(3)_(2) (1
B N N e NN N U
xgs)xgz) xf)xf) x§3)x§2)x§2)
4)_(3)..(2) (3).(3)..(1) (3) (1)
4) (1 Xy Xy X 3) (1 X X2 X X, xXe X
+ (xé(l )xé)+ 4 4(12) 4 )(_1+1+/+1_1+)+ (Xé )x‘(]:)—*— 6 ?4) 3 6 ?2) 1
X5 4 Xy
xé3)xf)x§1) x?)xél)xgl) xé3)x§1)x§1) x?)xf)xf)xgl) xé3)x§3)xé2)x£1)
xéz) xéz) xf) x§4)x§2) xf)xf)
3)_(3)_(2) (1 3)_(3)_(2)_(1 3)_3)_(2)_ (1 3) (3)_(2)_(2)_(1
LI OO Ol 000 >x§>)
xff)xéz) x;z)xéz) xéz)xéz) xff)xgz)xf)
2) (1 2) (1 2) (1 2) (1 2) (1
SRR T OO
NE) @ 0 NE) NE)
6 4 3 5 4
2) (1 2) (2)_(1 2) (2)_(1 2) (3) (1 2) (1)_(1 2) (1)_(1
B b e b L Db b
Nel NOMD MO NOME NONE NOME
(2) (1) (1) (2)..3)..(2) (1) (3)..(3)..(2)
X3 X5 X3 Xo "Xy Xy Xy 3),.(1) | Yo X3 X4
T 5.0 oo )t s e ) s =
Xy Xy X3 X5 X3 Xy
(3),.03) .(2) (3)..(3).,.(2) .(2) (8)..(2), (1)
x 7 x, x x. 7 xy xx x 3y (1) X xx
h 3] X (=t — ) + () et
X5 Xy Xy X3
xf)xf)xgl) xé3)xé2)x§1) xéc’)xf)xél) xé‘o’)xéz)xéz)xgl) )
) 3) @) ENCRENASEAANATATEY
X Xy X3 Xy "Xy
3) (1 3) (1 1) (1 3) (1 1. (1 1 (1 3) (2) (1
g DD DD O D0
4 xé3) xf) x£2) xéZ) +2) xf) xé3) x§2)
3)_(2) (1 3) (2)_ (1 3) (2) (1 3) (2)_ (1 3) (2) (1
R I L A L P
x§4)x£2) xf)xf’) xf)xéz) xéz)xéz) xéz)x§2)
) .(2)..(2) (1) (8),.(2),.(2) (3).,.(2),.(2)
X3 X3 Xg ' Xq (). , X6 X2 X¢ Xe X3 Xg
(4) (2) (3) )("_1 /+/ — /_) + (x6 -x4 + (3) + (3) )
Xy Xy Xy X3 Xy
(3)..(2) (3)..(2) (8) ..(2) 3).(2)..(2)
Xy x Xy x X, x X3 xyx
X (=4 =)+ () + 2P 2 s D )
X6 Xy X5 Xy Xy
4) (1) (2) (1) (2) (1) (2) (1) (2) (1)
X (=== =) + () + 2 (;C)Z 1 e (f)l 1 (f)l 1 e (;2 = (926)2
X6 X3 X Xy X3
4) _(3)_ (1 4 _(2).( 2) (2) (1
D 0L D
0.0 e e - %o
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Va(y)

(4)..(2) 2)..(2) 2)..(2) (4),.(2) .(3)

X, X X5 "X Xy ' X X; ' Xo "X
X (==t )+ () A R e T2 T

X X3 X Xe X3
(2)..(1) (3)..(1) (2)..(1)
X (=4 =)= =) + (xél)—i— X5 icl n Xy 93‘1 X3 ’251 )+ = — =+, —)
e (3) Me)
4 2
4)..(3) 2).,.(2) (2).,.3)
Xy X x5 x x5y x
+ (Xéz) + 4 (3)4 )<_1 — +/ +/ _;_> + (x:E)Z) + 2 (4)5 + 2 (3)4 )(_r +1 A +1_)
X6 Xy X3
1) o x5 o)
+x;(+,— == = +) + () + ) (= =+, =+ =) +x
Xy

(4),3) (1) (4),3),(2) (1)

3) (2) (1 y Y'Y Yo 'Yy 'Ys'Y
Ys Y5 'Ys
(3).(2), (1) 3),,2). (1) (3)(2),.(2). (1)
Y3 'Yg 'Y Ya'Ys 'Y Y3 Yo Y3 Y
X (=t =) + () + 222 TS 23 60 o
Yy Ys Yy 'Yy
(3).(2),.(2), (1) (3),(2), (2), (1), (1) (2),(2). (1)
+y3 Yo 'Yi Yy +3/3 Yo Y3 Vs Y3 )(_,+’+, )+ (yéZ)yél)+yz Yo Ysu
4),(2) (4).(3), (2) (3)
Yy 'Ys Yi 'Yy 'Yy Y3
O 0 e S 0 S0/ e +yéz)y§2)yé”y§”)
(3) (2) (3),,(2) (3),,(2) (3),,(2)
Yy Ys Y3'Y3 Y3 'Yy Ys 'Yy
(3),,(2) (1) (3),,(2) (1) (3),.(2),,(1)
% (=) =41+ 4) + (yé )yé) Y3 yaz Y3 i Y3 y33 Yy n Y3 y42 Ya
(2) (3) (2)
Ye Yy Ys
(3),(2) (1) (1) (2), (1) (1) 2),,(1) (1)
4 Y3 y33 y62 Y3 )(_,+,+,_,_,_) (yé )yf;) Yo y62 Yo +]/6 ]/62 Y2
(3),,(2) (2) (2)
Yq 'Yy Y Y3
(), (1), (1) (4),(2) (1) 4)(2) (1) 4), (2), (1)
+y6 Ye Y3 )(_,_,+’+,+,+)+ (y£4)yé1)+y4 Y2 ' Ya +]/4 Y3 Y3 +]/4 Y3 Yy
(2) (3) (2) (3)
Yy Y3 Ye Yy
O D e e R 0 0 - N /e
(2) (3).(2) (3)..(2) (3),,(2) (3),,(2)
Ys Y3 Ys Y3 Y3 Y3 'Yy Y'Yy
vy vy @, 1 @, ()
+ (3) (2) (2) )(_I+I_I+I_I_)+y6 y6 (+/+/+/+/+/+)+(y4 y4
Y3 Ye Y3
R e e R0 0 R VT
(2) (2) (2) (2) (2),(2)
Y2 Y Y3 Yy Y2 Ys
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@ (3).@ 1) G @0 .. 0
Yy Ys 'Yy X )(—, —,+,+,—,—)+(y§3)y§1)+y5 Y2 Y3 +y5 Y2 'Yy
ONe) @ @)
Y6 Y3 Ya Y3
3 2 1 3 2 1 3 2 1 3 2 2 1 3 2 2 1
RN N N 0 e S W 0 S 0 /e
@ @) o) ONE) @ @
Ys Yy Ys Ya 'Yy Ya'Y3
3 2 3 1 3 2 1 1 3 2 1 1 3 2 1 1
R N L R S N e
vy vy vy vy
3. (). (3). (2. 1) @, ().
y5 yz y4 y4 yZ )(_I +/ A +1_) + (]/4(14)]/8) + y4 y4 y4 )(+/ +1 +1 +/ _I_)
SNENE) @
Y3 Y6 Y3 Ye
B0 4 N I T T
+ (y5 4 + + + +
@ ) ) @ @
Yy Y Y Y3 Yy
3 3 2 1 3 3 2 1 3 3 2 1 3 3 2 1
ySySy Py +y§ Ly y Sy +yé LyPy Py +y§ Sy Py
vy iy iy vyl

3).(3)..(2), (1 2
vy Dy Py +y§3)y§3)y§2)y§2)yé”>(_ . R

_|_

_|_

_|_

_|_

+

+

)
= =)+ )+ +
vy yyPy ) y yyY
R R R T o e R L R
® T T T o TTwe oo T 6.0
Y3 Ye Yy Y5 Ya ' Ya Yg'Y3 Y3 'Yg
Py +y§2)yé”y§” +y§2)yé”y§” . iy D)
vy vy vy vy Py

3 3 2 3 3 2 3 3 2 2
oy s D D 9B
Ys Ye @ 5 @ _3)

Yy Ys Ya Y4
3 2 1 3 2 1 3 2 1 3 2 2 1
NCRG yé)yé)yé)+yé)y§)yé)+yé>yé)y§)+yé)yi)y§)+yé)y§)yé)yé))
T W53 ©) B) 6) B) BNE)
Y3 Y Y4 Y3 Yo 'Ys
GO @0 O @1 1) 1
() Y3 'Y Y3 Y3 Ys Yo Yy Y3 Ys Y2
X (_I A +1 +/ ) (y4 (3) + (4) + (2) + (2) + (2)
Ys Y4 Y Ys Y3
S 1 R e R U010 - Y0 70 - R A
vy e s vy vy Wyl
3 2 1 3 2 2 1 2
vy vy ot )+ (P 4 vy
D T owwe ) ) (s )
Y6 Y3 Yy 'Y 'Yy Y3
3 2 2 3 2 3 2 3 2
yé)yé)yé))(++_++_)+(yé1>+y§)y§)+y§)yi)+yi)y§)
vy yd v v
3. 2. @) @O @0 @0 @ 0
Y3 Y3 'Ys )(+,+,+,_, )+ (yg) Y4 Y2 +3/5 Yo +y4 Yo +y5 Y
ONE) ) © B @)
Yi Yy Ys Y3 Y Yy

+

+ )= 4 == =)

)(+/ +/ +/ — +/ _)

_|_

_|_

+

+
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(2), (1) 4),(3) (1) 4),(2), (1) (2),,(2) (1)

+y4 Y2 +y4 Y4 Yo +y4 Y3 Yo +y3 Y5 Yo )(—,—,—,+, _,+)+yé3)yé2)
(2) (3),,3) 3),,(2) (2), (3)
Y3 Y5 'Y3 Y5 Y2 Yo Yy
) (2) (2),,2) (2), (2) (4). (2). (3)
e Il ()
Ys Y3 Yy Y5 'Y3
(2), (1) 3), (1) (2), (1)
X (+/ +/ — +1 — +) + (ygl) + yé (Z)O + y4 (Z)O + yS (:Z)O )(_1 Y 2 ] +/ +)
Ya Y3 b))
(4), (3) (2), (2) (2),.3)
+ (yéZ) + y4 (:5)4 )(+1 s +/ +/ — +) + (y:(J)Z) + yz (Z)6 + yZ (2)4 )(+/ +/ A +/ +)
Ys Yy Y3
(3),,(2)

Y3 Ye
4
5

Y (= = ) 0 (o=t = =) ) (= = = ) )

X (+/ Ty Ty +/ _) + (+/ Ty T Ty +)

R G R ) (= =) YD (4 - = =)

Now for a given x we solve the equation

Va(y) = a(x)o (Vi (x)). (62.1)

where a(x) is a rational function in x and the action of ¢ on Vj(x) is induced by its action
on W(@g). Though this equation is over-determined, it can be solved uniquely by comparing
the coefficients of the basis vectors of W(wg). We give the explicit solutions of a(x), and the

(1)

variables yni below.

Lemma 6.2.3. The rational function a(x) and the complete solution of (6.2.1) is:

1
a(x) = ,
xéZ)xél)
I A N W I
0 xé2)xé1) ’ 6 xéz)’ 6 xél)’
= (2 ) )
2 xé?’)xéz) xés)xiz)xil) xi4)xi3)x£2)x£1) 4
4) (3) (2)_ (1 2) (1 1) _(2) (1 2) (1) _(2) (1
e 2 R N S e S
R L U e
G e N G W S e 7 e AE 7 e A
3 xé3)x£2) xff)xf)xf) xés)xél) x£4)x£3)x§1) xf)xéz)xél) xéS)xgz)xél) ’
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3)_(2) (1 2)_(1 2)_(2) (1 2) (1 2)_(2)_(1 2)_(2)_(1
I R e ML e O - M SO SO R

Y3 :( (2))2( (1))2 3 (2) (4)..(3) .(2) (3),.(1) (4)..(3) (1) (4)..(2) (1)

X5 X5 6 X4 Xy Xy Xy Xg X3 Xy Xy X3 Xy X3 X3
. x;iS)xiZ)x;(;l)) (X§3)X§2)X§1) xil)x§3)x§2) xﬁ(}Z)xz(ll)ngS) . Xél)X§3) Xf)xf)xgl)
ng)){éZ)xél) x£4)x£3)x£2) xél)x£4)x£3) xéZ)xél)xz(f) xél)xgl) xéZ)xéZ)xél)
xél)x£3)>_l
xéZ)xél) 4
o) D O O
SR N O N NN N NN N N NN DR N
2 2) (2 2) (2 3) (2 2) (1 3) (1 2) (1
M RO D T O
Yy Xé3) x‘(L4)xA(13) x£4)x§2) x:(‘)3)x:()’2) XA(;L)XS) x:(}’S)xél) x§2)x§1) 4
N N R MU N
Ya _(xéZJ)z(xél))2<xé3) NN RN N RN O N CINO NN O NN N
x§2)x§1) x£(1:3)x£2)x§1) x:())l)x§2) xi3)x§1)x§2) xz(ll)xg)
D, TR .00 T .0 T @ 0.0, (1),
x£3)x£1)x§2) xéz)xél) xil)xgz) -1
D)2 x P 1P ()2
o (O e
O D T B D D T
x£3)x£1)x£2) xéZ)xgl) xil)x§2) ) xéz)xél) xél)xg) xil)x§2)
e A A e R
2) (1 1) (2 2) (1 1
+x§)x§)+x§)x§)+x§)x§>+xé))—1
x4(13)x4(12) xél)xf) Xéz)Xél) xél)
N N O U
4 X§3)X§2) xf)xé?)) xél)x:(;)) x£3)x£2) xél)xf) Xéz)Xél) Xél),
(2) 3) (2) (OS]
1 _ (% Xy X3 X
ys) = (n + e+ 2 2
5 <x£4> NORING xgn)
1 2 3 2 1 1 1 1 1
A LI I PR
Ys xéZ)xél) xi4) xéS) xéZ) x&l) x;Z) x:(J)Z) xiZ) xél) 4
1 1 1 1
o A
2 2 2 1"
ROISNESN NG
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Using Lemma 6.2.3 we define the map
0:V — Vs,
Vl(x) — Vz(y)
Now we have the following result.

Proposition 6.2.4. The map ¢ : Vi — V), is a bi-positive birational isomorphism with the inverse
positive rational map
gl Vo =V,

Va(y) = Vi(x)

given by
3) (2),(1
£V = vs sy A= L D= -
2) (1) 7 2)’ 1)’
e e 0

2) (1 2). (1) (1 2) (1), (2) (1
A — ( oV | Yo Ye Vs | Ye vs Y5 )y§)>1,

Y Y R S T T

4),(3) () (1) _(2) (1) 2), @) (1) (2), 1) (2) (1)

~—

2 _Ya Vs Yy Ys (yé Ye Yo Yo Y5 | Yo Yo Y5 Y5 )
2z NPy Py Py By 20
2 1 2 1 2 2 1 2 2 1 2 2 1 3 2 1
L (yé lyY +yé Dy +yé ) +yé Py +yé Lyl +yi Pyl
GO . @0eo o0 a0 o0 .0.0.0)

Y5 'Yy Yy 'Yy 'Ys Y5 Y3 Yy 'Yy 'Y3 Y4 Y3'Y3 Y3 Y3 Y3

3) (2) (1 2) (1 2) (1) (2 2) (1 2) (2). (1 2) (2). (1

9 _ RN R R S0 SRR R -/ S 0 e 1
L ) N SV ) ) b S VA

3),,(2), (1) (3) (2), (1) (1), .(3),.(2) (2), (1), (3) (1), ,(3) (3),(2), (1)
Ys Y3

+3/4 Yy Yy )(ys Y3 Y3 +y4 Y3 Y3 +3/4 Yy Y3 + +y4 Yy Yy
3 2) (1 D 3 2 " (1@ 1) (2) (4 1) (4 2) (1) (2
e R ) ) ) ) S SR W ) S i
1,38 1
Ys Yy
+yéz)yé”) '
I N e R0 Y O S WS e e/ S - 1
3 = ,
S D B I T
MO (éz) . ]/éz)]/é2) N yéZ)y‘(f) N y£3)y£2) . yéz)yél) N yiS)yél) N yéZ)yél))1
4 (3) 4), (3) 4), (2) (3),,(2) 4), (1) (3), (1) (), (1) !

Ys Yi 'Yy Y4 Y3 Y3'Y3 Ys Y2 Y3 'Y Y2'Y>

2) (1 2 2) (2 2) (2 3) (2 2) (1 3) (1 2) (1
0 yé)y?)Z(yé) ve s yé)yi)+yi)yi)+yé)y§)+y£)y§)+y§)y§)>

= 2o 4 +
@20 @@ " @m " @ m " @ 0

vy Py Py Y Y Py
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2) (1 3).(2), (1 1) (2 3) (1), (2 1) (2
o R R/ e/ RS - D -0 A -
(

R S S T BT ) B T S (VS e

R A . vy )—1
2

() (1))2y(3) T 0,0 2) (.,
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Proof. The fact that 7 is a bi-positive birational map follows from the explicit formulas. The
rest follows by direct calculations. O

It is known that V; (respectively 1») has the structure of a gy (respectively g;) positive
geometric crystal ([1], [25], [33]). Taking the sequence i = (6,4,3,2,5,4,3,6,4,5,1,2,3,4,6),
the explicit actions of e}, 7k, & on Vi(x) for k =1,2,3,4,5,6 are given by Theorem 5.2.3 as
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V1 (Xég), Xi4), X:())3), Xéz), Xéz), XA(LS), xéz), Xéz), XA(LZ), Xél), ngl), xél), xél),

xz(ll),xél)), k=1,

V1 (Xés), Xi4), Xés), CzXéz), Xéz), XA(LS), X§2), Xéz), xf), Xél), Xgl), C%Xél),

er(Vi(x)) =
r(Vi(x)) xél),xil),xél))f k=2,

Vil 99,2, 282, 9, ), ), 2,0, 0,0,

)y ) g

[ Gy, 73 7Y%

48



(Vi e o, 0, ol e, ol 1P e o Y,
1) (1 c 1)
xé )’xé )’ C41C42C43 x‘(L )’xé ))’ k = 4’
e LR n® 40,42, D, 00
aME) =3 o) 0wy . _
x3,x4 x5 ), k=5,
Vi, 0, 9, 2, 52, 29, 0, 2, 0, 0, 1,

1) (1 1
\ xé ),xi ), Célc% xé )), k=6,

where

cxéz)xgl) + xéz)xgl)

xgz)xgl) + xéz)xil) '

Xl P D

I T 1 T AT

) (xD1261) 4 D@02 | 13),2),2) (1)

Cy) =

C3, = Cxz (X3 )"X3 4 X3 X3 % 4 X4 X %
’ cx§3) (xgz))zxgl) + xf)xéz) xél)xéz) + xf)xf)xéz) xél)
= cci—i—ci—i—ci—i—ci
Yo+ d+g+cg’
o — ccy + et 4+
o+ d+ g+
o — ccy + ccf + cci + ¢
el et 4+t
4), (3 2)\2.(1
i} = oY (P,
ENCINCIERONG

(2),.(2) (2) (1) (3), (2)

1
4
2 _

Cp = X5 Xy
S =xg xs xy xy xy x
4= % 5 g4 Mg A3 A3y
4

NN R RN N
1 s

O (@2 2,0 0.0) 0 37,0,
B N NN

D (D 1 T T

49



()2 _
(21) (1) 7 k= L,
2 0P )
() (x ) k=2
O :
(x§3))2 xgz))Z(xgl) 2 k—3
RONONCNONGNOE =3
Ye(Vi(x)) = x )2 (D)2 (D)2 (D2 s
DNORONONONONONOL =%
NONCNONCNONONCND
(2)y2(,.(1)y2
(x5 (x5 ) k=5
xy)xf)x%z)x(l) ’ ’
(x(()3))2 x62))2(xél))2 k—6
RONCNCNONY =6
(2)
x
%, k=1,
b @ (1
3
x xyx
5 (1+ 2 t), k=2,
4 3) 2 3)_(2)_ ). (1
SR i (3
(3) (3)..(2) (3)(,.(2)y2,.(1) /7 4
e (V (x)) _ ) x Xy Xy xy (x5 )%x5
k(1 = x((ja) . xéz)x(;) xgz)xézgxéa)xéz) Xéz)xéz)xél)x;3)xéz)xél) 4
O R T PR =
4) (3)..(2)
X, X X
1+, k=5,
X5 X5 " Xg
4)..(3) 4),.3)..(2) (1)
L(l_*_xz; Xy Xy Xy Xy Xy ) k=6.
el G craRe mormupl

By taking the sequence i = (5,4,3,2,6,4,3,5,4,6,0,2,3,4,5), we also have the following
explicit actions of ¢, ¥k, & on Va2(y) for k =0,2,3,4,5,6 by Theorem 5.2.3.
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The following proposition shows the relation between 7, ¢ and ¢;° which we use in the
g prop 2

proof of the next theorem

Proposition 6.2.5. The relations 0e5 = €47 holds.

Proof. Set e3(Vi(x)) = Va(z), (Vi(z)) = Va(y'), #(Vi(x)) = Va(y) and &°(Va(y)) = Va(w).
We need to show that y') = w'! for (I,m) € {(1,0), (1,2), (1,3), (1,4), (1,5), (1,6), (2,2), (2,3),
(2,4),(2,5),(2,6),(3,3),(3,4),(3,5),(4,4) }. The proof follows from straightforward calcula-
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xia)xél)xgz) xf)xg) x§3)x£1)x§2) §2)x§1) xf)xg) )(x(z)x(l)
D e R R )
2 3 2 1 2 1 1
) (P DA A
37 NONONORENONONONIINONONCINEINOYEE
1 2 3 1 2 1 2 3 1 2
TR A L Lt
I (0 2 T (e T )
1 1 2 1 2 2 1 1 2 2 1 1
) () A D O 00 A
3 4 x§3)x§2) xf)xf) xél)x§3) xia)xiz) Xél)Xf) Xéz)xél) xél)



1),.(2) (1),.(2) )

2),(1) 4 @) (1))><(x3 B N )( 2),(1) 4 ) (1))+(Cx2 )

CXH ' X
3 1 xz(f) xg3) xél) x§3) 2 72 3 1 xg:))) x:gz)
(2),.(1) (1),.(2) 2).(1) (1) .
Yo X3 XXy XMy X 2 (1), @) (1)
$ 3 T T T 76 ) (ot 4 (YY)
xf)xf) xél)xf) xéZ)xél) xél)) 2 2 3 M )

=y () PO + vy b P + Py

-1
V) (el A + vyl 2yl

+ vy + vy ) (er? 0 )Y

-1
vy (s )nyf)yf) I 4 v vy Y )

< (P + S WP+ y vy

+ye v s )yé ') by Maple

2 (o P Y+ D O P 2

+ 8y vy ) (en? )M + v v P )
+yDyEyD DO 1y 00,0, 1) _

6 Y5 Y4 Yy Y3 Y3 6 Yo Ys Y3 Y3 Y3 =Wy
1 1 1 1
O T S
zéz) Z§2) Z‘(LZ) zél)
_ G 1) el o@all)
e+ 1P PP+ ) T T
1) (1) (1) (1)
_ X o) X3 Xy (3 (3)
=@t ot @t m=Y =
X5 X3 Xy X5
2) (1 1)_(2 1)_(2 2) (1 1) (2 2) (1 1
B Y I
Ys Zés)zgz) z§2>z§3) zél)zgf’) 24(13)24(12) zél)sz) zéz)zél) Zél)
o) (el P aY) el (e + P a) | e
P TP B PR R R LI X
1) (2 2) (1 1
R Sy
xél)xis) xé2)xél) xél)
1) (2 1) (2 2) (1 2
_ 1 ( xg )xg ) N xi )xg ))<Cx§2)x§1) N xéz)x(l)) n (ng )xé ) xé )x3
T ) G T AR N
xil)ng) xiz)xil) xél) (2) (1) (2),.(1)
ORI N RN AR BRI )
5 Xy 6 X5 5
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_<x2 ) X3 X Xy X +x3 X3 _|_x4 X3 +x4 Xy _,_xL) (xz X

x§3)x§2) xz(12)x§3) xél)x§3) xé(f))@(f) xél)xfy) XéZ)Xél) Xél) ng)Xé2)
(1),.(2) 1),.(2) (2)..(1) (1)..(2) (2) (1) (1) 1
Xy X x, x Xy x X, x x,x x

B M BT S M < Ml T W M S’ —i—L(x(z)x(l)—kx(z)x(l))
Xf)x§3) xél)x§3) x§3)x£2) xél)xf) xéz)xél) xél)) 2 72 31 )

X<(x§1)x£2) xg)xg_))(ngz)x£1)+x§2)x(1))+(cxgugn O ORI OPIC
xf)x§3) él) (3) 1 x§3)x§2) xf)xf) xél)xis)
(2) (1) )

+ x%z)x?l) + %) (xgz)xgl) + x§2)x§1))>
x,x x
6 X5 5

=" (el W2+ P WP + vy

Py ) (v G PR + vy )y

1 -1
vy POy + vy YY) by Maple

.

O

In order to give V; a g = Dél)-geometric crystal structure, we need to define the actions of
e, vo, and go on V;(x). We use the gi-geometric crystal structure on V, to define the action of
e, 70, and g on Vi (x) as follows.

eh(Vi(x)) :=0"" o, 0 a(Va(x)) =0 ' ogg(Va(y)), 6.2.2)
Y(Vi(x)) := 07" oYy 0T(Va(x)) = 7 o 7(Va(y)), (6.2.3)
eo(Vi(x)) := 0" oEyg) 0 0(Vi(x)) = 0 ' o &(Va(y)). (6.2.4)

Theorem 6.2.6. The algebraic variety V = Vi = {Vi(x), e}, v, & | k € I} is a positive geometric
crystal for the affine Lie algebra g = Dél) with the ef, 7yo, and ey actions on Vi (x) given by:

1
W) =
xéZ)xgl)
1 2 1 1 1 2 1 2 1 2 1 1 2
O L L e RO N
x§3)x§2) xf)x§3) xé?:) xz(LS)xz(f) xf)
2 1 2 1 2 2 1 2 2 1 3 2 2 1
I A P
xéz) xéS) xiﬁl)xf’) x£4)x§2) xéz)xés)xéz)
1 2 3 1 2 2 1
A PR
x£4) xéz)x:(;o') xéz)
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1) X 1) be 2)/ X
S -t
' _ 1 K ) _ _(2) K3, @) _ _3)Ks,
X3 X3 K3, X3~ = X3 cKs,’ X3~ = X3 K’
L K [ _ @ KKy LB _ ) Ky
4 4 K41, 4 4 K42 4 4 4 CKK43
4y 0 Ky 1y 1 K 2/ 2) Ks
1 _ a1 K @ _ () Ke, @) _ (3)Ks,
Xg 6 Ko’ Xg Xg Ke," Xe & = Xg K’
1 2 1 1 1 2 1 2 1 2 1 1 2 2 1
TR0 e U S e IR U
xés)xéz) xz(LZ)x§,3) xés) xiS)xiz) xiS) xéZ)
2 1 2 2 1 2 2 1 3 2 2 1 1 2 3 1 2
+x§>x§> D3P @00 B@.@. 0 W)@ 60,0
<0 x50 oM NONONC < NONO
xc(}’z)x:())l)
&
(1) (2) (1) (1) (1) (2) (1) (2) (1) (2) (1) 1)) 2) (1)
_o1) X5 X X X5 X3 X, Xy X X5 X3 X3 Xy X3 Xy Xy
=t t 50 tCoe e Tt ewe T e T e
3 3 4 3 3 4 4 4 6
2 1 2 2 1 2 2 1 3 2 2 1 1 2 3 1 2
n xg )xg) xé )xg )XE) XA(L )xg )xg) xfl )xi )xé )xg) +Cx§ )xg) +Cx§ )xg )xé)
xéS) xz(;l)xz(f)) xf)xéz) xéz)x§3)x§2) xi4) xéz)x§3)
NONG
4B 3
&
1 2 1 1 1 2 1 2 1 2 1 1 2 2 1
B LA e e A L OO O O Gl
2 6 xé3)x§2) xf)xf) x§3) xiB)x‘(Lz) xiB) xéz)
2 1 2 2 1 2 2 1 3 2 2 1 1 2 3 1 2
+x§>x§> MMM O ONCONCORENCONONONS +x§>x£> MOMONC
xé3) x‘(;l)x‘(f) x‘(;L)xéZ) xéz)x§3)x§2) x‘(L4) xéZ)x§3)
NUNG
S S Eig
&
1 2 1 1 1 2 1 2 1 2 1 1 2 2 1
D I L L e U RN G LU
1 oM NONC) o NOp) < e
2 1 2 2 1 2 2 1 3 2 2 1 1 2 3 1 2
. 2P PP @@ 3D 2, @ 312
xés) xi4)x513) x£4)x§2) xéz)x§3)x§2) xf) xéz)x:(;;)
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+
xéz) ’
Ky = 1) (2
b= (ex) 4™ MM ONONC
el L G
2) (1) 3 xi Jx® 35— T Y5 X3 2V 1).(2)
Xy "X (2)..(2) 3 x() 3 4 Xy X (2) (1)
+ 2 Xo X D (2) 3 352 3 Xy X
3) 2 "2 @ @), (1) 4 Xy 3 T 4
Xe @, I T B MEMEMEINE Xy +2
o 4 NOME) R R R 6
N x3! (1 4 %3 +2,0),02) I B MOMMNE)
S ) (cxt) 2Vl 2V 5 %3743 @ T 4 *3 1
xé) 6 T (3)2 2 x5 xél)x(z) 0@ Xy MONG)
@) 0 ECH P+ 2 .00 @
e ) @, 1Py @) W) 2V
¢ (24 2P PPV N x ®).02) 4 73
xa) e 6 2 1 xi )22 (1) 3)_(2 Xy ¥
(3.0 6 W) =2 Y4 22 (25 (D (1 §
2PN PV 4 4 xff)x@) (2)4 Dl 1V
(2) (32 X3 X3 MOMOMO! ’ Y5 x§3)x(2) (42
X3 x3) B) ) 0 Xy Xy Xy xgl) 2)_ (1) 3 x4)
x (4)_.03) Y4 14 xz)x(l) (2) (1)
_ D)1 1) (2 Yy Xy (4) 25X X x4 ()
Cx6 (Cx() .x5 X x(l) (1) X x(3) ) xz
6 T (3)2 (22 X5 xgl)xéz) (1) _(2) 4 T4 x£4)x(3)
Xy x(l) @ _( Xy Xy 3) 5 X3 X3 x(l)x(z)
+c (2)4 Xy xz) xéz)x(z)x(l) o X3 3,2 4 (3)3
X 3 2 "2 X 2) (1) 4 X
(3)6 xy) MOME s X xf’)x(z)x(z) (1) 4
+ca x5 (2),.(1) e xg 1l (2)4 2 2 )
2 (3)2 LB (2),.(1) 3 X x§3)x(2) (42
X5 X3 ) )+ 8 (1) 1,2 ,.() 3 x4)
12 X5 2 (exg’ +c=2 Xy % 1, (1),2)
5 2Pl 1Dy @ 6( NONQ) +c=2 (’ZC)S ) xVa?
4 1
xis)x(Z) (3)3 4 Cx4 x4 ) x§2)x(1) (2; (2) x4 xé‘?’) x(3)
(3) (2 Yy x2 + 2 Y6 %2 2V 2)_(2) 3
+cx4 x4)x§2)x§1) 1. 6 (3) N (3)2 X, Xy xél)
x
xéz)x:gS)x(z) +c23 (Zz n xf)xél)xéﬂ @) (1‘)1 x xf‘)ng)
oM (2)3 x4) 2,0 + Y3 X3 ) xéz)xél) )
4+ 5 X3 Xy xil)x(z) 0@ 5 xéz) ©) ( él)—|—x5x£2)x(l)
x(2)x§3) + x(3)2 Y5 (xg xél) N xil)x(z) @) 6 x(S)x(z)z
3) 3 X 2 3 13
xiz)xéz)xg) 000 (% xiz) xis) +c-4 (32()4 +X£)x§1) xéz)xéz)x(l)
@) _(2) 4 %y Xy X MOMG) X6 NE) G 2
X, X (2.3 3 X2 x(3) (1) _(2) X )x(3)
2, 3),.(2) L X3 X (2) 4 Xy
xél)x(z) (1) (15 * Y (2)3 (32 3 xél) »@ 2, (1)
2 xz X ) (1) .(2) 4 Xe ' X ) 2 ) 6 2 x2
(3).(2 5 X3 % (D 2) > 3 P (4 (cx(l)
X3 X3 ) 2 .0 4 X5 x(l)x(Z) (1) . 9 )x(3) 6
(2) X3 (3) 5 %3 %3 xf} ) %2 ). y
NONCNURINC x NONE) O ) Pl
62 2 AP @) 9,0 4 Xy NE) (2)4 Xy Xy
xz(x )xf) (4) (2)2 a2 B! x§2)x§1) +10,2) ! %6 x®
(1) Y4 X3 2.0).2 W@ 2B Uy 6
+ (e 2P x DD 2) SR Y NE) S
1 : (32{)3 (336)2 0y 3y x(l)xé) (1) W ) )
Xy X3 3) 5 X3 X3 xD @
x 4 X (2) (2
3 NOME +c x(3)3 gL 22D
4 x§4)x§2)
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(3),.(2) .(2) (1) xgl)xgz) (3) (1) (2) (2) (1)

+c +c +c +c K,
P T TEp )
(1) .(2) (1) (1) (1) (2) 1.2 1.(2).(1) 1.2 2 ..(1)
() X5 X3 X X5 X3 X Xy X X5 X3 X3 Xy X3 Xy Xy
Ky, =cx;’ +c¢ c +c +c +c +c
3 6 xéS)x§2) xiZ)x§3) x§3) xf)xf) xi3) xéz)
+x§2)x§1) xéz)xg)xgl) xf)xgz)xg_l) fo)xf)xéz)xé” xgl)xéz) xf)xél)xf)
xés) xf)xf) x£4)x§z) xéz)xf)xéz) xi4) xéz)x§3)
2,
4¢3 73 ,
x&
(1) _(2) (1) (1) _(1)_(2) 1,2 (1) _(2) (1) 1.2 2.1
_ .M X5 "Xy "Xy X5 X3 X Xy %o X5 X3 X3 Xy X3 Xy Xy
Ks, =cx;’ +¢ +c +c +c +c
1 6 x§3)xé2) xf)xé“o’) x§3) xf)xf) xf)) xéz)
+x§2)x§1) xéz)xéz)xél) x(z)xéz)xél) xf)xf)xgz)xél) xgl)xf) xf)xgl)xéz)
xé3) MO Xf) MO x§2) +2 x§3) x§2) (4) xéZ) 3
x§2)x§1)
0
1) _(2) (1 1) (1) (2 1) (2 1) _(2) (1 1) (2 2) (1
ot AP OO DD 0 0 O
1 6 x§3)x§2) xf)x;(f) x§3) xf)xiz) xf) xéz)
+x§2)x§l) xéz)xéz)xél) xf)xéz)xgl) xf)xf)xéz)xél) xél)xgz) xf')xél)xéz)
xé3) x§‘4)x4(13) xff)xéz) xéz)xf)xéz) e xéz)x§3)
xéz)xél)
NORK
1) () @ 1) (1) @2 1) (2 1) () (1 1) (2 2) (1
I N X N R N N N
N NONG NONG %) RONC %) x2
2) (1 2) (2)_(1 2) (2) (1 3) (2) _(2)_(1 1) (2 3) (1) (2
B L e o L L
xé3) xf)xf) xf)xgz) xéz)x§3)x§2) xf) xéz)xf’)
2,1
Lt s
x&

Proof. Since V = V) is a positive geometric crystal for go, to show that it is a positive geometric
crystal for g = Dél) by Definition 5.2.2, it suffices to show that the following relations involving
the 0-action hold:

L yo(ef(Vi(x))) = c™0yo(Vi(x)) forall k € I

2. y(e§(Vi(x))) = "k (Vi(x)) forall k € I
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3. eo(ef(Va(x))) = ¢ teo(Vi(x))

4. ejler = eley forall k € {1,3,4,5,6}

€1 0162 €2 __ ,C2 ,C1C2 ,C1
5. eyey) ey = ey’ey Ce,

Note that xgl)/

-1, (2) (1) —2,(2),.(1) ,6) (2 1) _ —2.03).2) 1) (4 (3) (2) (1)

=CTX) 0, Xy Xy =Xy Xy, Xy Xy Xg ) =C Xy Xy Xy, Xy Xy X, Xy
= c*2x£4)xf)xf)xil), xéz) xél) = cilxéz)xél), xé3) xéz) xél) = cilxég)xéz)xél). Relations (1) and

(2) follows easily from the defined actions.

T0(e5(Va(x))) =
10(e3(V1(x))) =

ro(ei(V1(x))) =

1a(e6(V1(x))) =

15(e6(V1(x))) =

Y6(ep(Va(x))) =

2 (e

1 = 1 — 2 — 70,0
2 g a c-2x) V) = r(Vi(x)) = r0(Vi(x)),
1 - a
—a o = ¢ () = 0 (V(x),
cxy ey xy

1
OO Py (Vi(x))) = c™oyo(Vy(x)) forall k = {1,3,4,5,6},
)

_ 0 __ A,
ST = i = O = (),
P2 (PP
/ / / ! = =c 'YZ(Vl(X)) = C“O,Z,)/Z(Vl(x)),
x§3) x§2) xgl) xgl) C*2x§3)x§2)x§1)cflx§1)
! i ! _ 1
(x§3) )Z(xgz) )2(x§1) )2 _ (c 2)2(x§3))2(x§2))2(x§ ))2 _ C073(V1(x))
xf)/xf) xf) Xil) xéz) xgl) c—zxf)xf)xiz)xil)c—zxéz)xél)
¢ y3(Vi(x)),
TR R D C D N (o & WG AR C W W0
xé3)’xé2)’xél)’xéz)’xél)’x§3)’xé2)’x§1)' c*lxég')xéz)xél)c*lxéz)xél)c*zx:gS)xéz)x;l)

ra(Va(x)) = c™ys(Va(x)),
(P2 (P )

xz(f‘)'xi?’)'xiz)'xil)' B c72xi4)x£3)x£2)xil) = M15(Vi(x) = s (Vi(),

(6 PP (TP PEEPE )
RONONONOE N ONON MY ot

" y6(V1(x)).
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Now we consider relation (3). We have

'@ 1 ' @ @) (1 .(2) (1) () (1) (1) .(2)

/ X' X5 X X' Xq ' X X X X X X X X
o) =% + =Gt S et gt S e gy
0 6 X§3) ng) xf) xéS) xé?:) xiS) xiZ) x4(13)
2/ 1/ 2/ 1/ 2/ 2/ 1/ 2/ 2/ 1/ 3/ 2/ 2/ 1/ 1/ 2/
+x£)x£) xé)xé) xé)xg)xg) xi)xg)xg) xi)xi)xg)xg) xé)xé)
xéZ)/ xé3)’ x£4)’x£3)’ x4(14)/x§,2), xéZ)’xg?))’ng)’ J61(14)’
x£3)’xél)/x§2)’ xéZ)/xél)/
xéZ)/x§3)/ xéZ)/
S L SR L R O T LI <
o Ke, x§3) xgz) K5,K3, xf) xéB) Ks,K4,K3,K3, xé3) K4, K3,
N xél) xéz) xél) ‘ K%Ky, xfll)xgz) . K%Ky,K3, xf)xf) ‘ K%K, x§2>x§” K
xz(f’) xz(12) K51 K41 K32 xf) K42 K41 K32 xéz) K61 K42 xég’) CK62

xéz)xéz)xél) I<2K61 n xf)xgz)xgl) K2K41K32 xf)xf)xgz)xgl) K2K4l
(4)..(3) Ke, K4, xf)xéz) Ky, K4,Ks3, xéz)x§3)x§2) K5, K4, K3,

Xy Xy
xgl)xéz) K? N xf’)xél)xéz) K2Ky, xéz)xél) K?
2P KK @y K5 KK, Ks, o D K5 K,
1).(2)..(1 1),.(1),.(2) (1) .(2)
_ c’lK(xél) o c L xé Xy )xz ) ~ K X )x3 )xé ' cKKy, Xy X K
Koy 3PP KsKs o 4,080 K5 Ky Ks,Ks — 0 (¥ Ky Ks,
n Xél)X§2)xgl) CKK43 xil)xéz) CKK43K31 xf)xf) CKK62 xéz)xél) L
X 513) xf) Ks, Ky, K3, xf) Ky, Ky, K3, X éz) K, Ky, X é?’) Ks,
xéz)xgz)xél) . cKKe, xgz)xéz)xél) . cKKy, K3, xf)xf)xéz)xél) . cKKy,
xff) xf’) Ko, Ky, xf) Xéz) Ky3Ky, K3, xéz) x:(;’) Xéz) Ks, Ky, K3,
n xél)xgz) cK n xf)xél)xgz) cKKy, xg )xé ) cK )
wP KuKs o x4y K5 KKaKs, D K5Ks,
W D4 (2),(1)
= c—1K<(x6 (cKe,Ks,Ks, K4, Ky, Ky, K3,K3,) + %(CKKQKQ Ks,Ky,Ky, Ky, K3,)
X3 X3
MOMOMO! 1,2
% (CKK62 K¢, Ks, K43 (K42 )2) + % (CKKﬁz Ke,Ks,Ks, K43 Ky, K3, )
x4 X5 X5
D2, (1) , D42 , )
+ 5 (7)3 ( )3 (CKK62K61K52(K43) K42K31) + 4 (3)3 (CKK62K61K52K51 (K43) (K31) )
Xy X Xy
x(2)x(1) ) x( ) ()
+ =2 (2)4 (CK(Kéz) K52K51K43K41K32K31> ( )2 (K61K52K51K43K42K41K32K31)
Y6
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(2),.(2).(1) (2),.(2) (1)

Xe "Xy "X Xy "Xy "X
+ 0222 (oK (Ke,) Ko, Ks, Kay Ky, KoK, ) + 42272 (cKKe, Ko, K, K, (Ky, 2 (K, )?)
Xy Xy *y X3
(3),.(2),.(2) (1) (1),.(2)
Xg "Xy "Xy "X Xa "X
+ 5 G (cKKe,Ke, K, Ky, (Ky,)*Ka,) + =22~ (cKKe, Ko, K5, K5, K, K, Ks,)
X5 X3 X3 Yy
NONGNG ), ()

X7 X
@ (cKKe,Ke, K5, (Ks,)* Ky, ) + ZT; (cKKe, Kg, K5, K4, K4, Ky, K3, )>
5

FENO

X3
-1
X (K62K61 K52K5l K43K42K4] K32K31) >

= CilK ( (K62 K61 K52 K51 K43 K42 K41 K32 K31) (K62 K61 K52 K51 K43 K42 K41 K32 K31) 71) by Maple
(1),.(2) 1) 1,.(1),.(2) (1),.(2) (1),.(2) (1) (1),.(2) (2) (1)

:C71<x(1)+x5 Y2 % Y5 X3 X M 1 Y5 X3 X3° | X4 13 Xy Xy
6 xéS)J(éZ) x£2)x§3) x:gS) xé(f))}@(f) xf) xéZ)
2) (1 2)_(2) (1 2)_(2)_(1 3)2).2). (1) (1)@ 3)_(1)_(2
B e R N N R
XéS) x£4)xi3) xi4)x§2) Xéz)X§3)Xé2) xi4) xéZ)xéS)
L2 (1)
Sov—) = ¢ leg(Va(x)).
e
5

Next we show relation (4). Let k € {1,3,4,5,6}, we need to show that
eg'e2(Vi(x)) = e2eg (Vi(x)).
Set e (Vi(x)) = Vi(2), g (Vi(2)) = Va(2'), e (Vi(x)) = Va(x') and > (Vi (x')) = Vi(u). We

have to show that

for (I,m) € {(1,1),(1,2),(1,3),(1,4), (1,5),(1,6), (2,2),(2,3), (2,4),(2,5), (2,6), (3,3), (3,4),
(3,5), (4,4)}. Set
W@ 1 00 0@ 100,00 1.

(1) | %5 29 %y Z5 23 'Z Zy %y Z5 Z3 Z3 Z4 Z3
K. =z + + +
6 Zg3)2§2) 24&2)2&3) Zé3) 24(13)24(12) 2513)
2) (1 2) (1 2) (2)_(1 2) (2)_(1 3)_(2)_(2)_(1
)P DL 000
ZéZ) Zé?;) 24(14)24(13) 24(14)252) ZgZ)ZgB»)ZgZ)
1)_(2 3)_(1)_(2 2) (1
e ey
2514) ZéZ)Z:(;)) ZéZ)
1,2 (1) (1), (1)_(2) 1,2 1),(2)_(1)
R € ) I s ) 25 23 'Zy Z4 29 Z5 23 'Z3
Kz, = c1zg ' + +c1 +c +c
1 6 ZgS)ZéZ) 2512)253) ZgS) 24(5)24(12)
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#1),(2) (2), (1) (), 1) (2),(2), (1) (2),(2),(1)

Z Z, 'z Zs 'Z Z; 'Zs ' Z Zy 'Zs ' Z
—|—C1 4 3 —|—C1 4 4 + 2 2 + 6 2 2 4 2 2
20 20 20 20,0 20,0
3 2 2 1 1 2 3 1 2 2 1
I v s
sz)zgs)zgz) 224) z§2)2§3) zéz)
1 2 1 1 1 2 1 2 1 2 1 1 2
B L Y R X R X U
: 20,0 20,0 20 20,0 ,0)
2 1 2 1 2 2 1 2 2 1 3 2 2 1
+clz£)zi) . >Z§)+Zé>zg 2 D050 6,000
zéz) Zés) 24(14)2513) sz)zéz) zéz)z:(f’)zgz)
1 2 3 1 2 2 1
+Z§ 23 )Z§)+clz§ )20
@ 20,0 20
1 2 1 1 1 2 1 2 1 2 1 1 2
o o) A DD D 0l 0
: ONC 20,0 ,0) 20,0 20
2)_ (1 2) (1 2) (2)_(1 2) (2)_(1 3)_(2)_(2)_(1
+clz‘(*)z‘(*) 0,0 @00 @00 60 00
zéz) zé3) sz)zf) z‘(f)zgz) z§2>z§3>z§2)
1 2 3 1 2 2 1
+Z§ 2@ D00 @0
@ 20,0 20
(1) _(2) (1) (1)_(1)_(2) (1)_(2) (1)_(2) (1)
_ 1) Z5 Zp 'Zp Z5 Z3 'Zp 2y %y Z5 Z3 'Z3
Kz42—(C126 “+C1 Z§3)Z§2) + 1 Ziz)zg}’) +C1 Z§3) +C1 Zf)zf)
1 2 2 1 2 1 2 2 1 2 2 1
B O O L PP L
sz’) Zéz) 223) Zf)Zf) Z£4)Zgz)
3 2 2 1 1 2 3 1 2 2 1
B O O LI X
1 z§2)2§3)z§2) 1 Zf) 1 zéz)zf) 1 zéz) 1#6
1 2 1 1 1 2 1 2 1 2 1 1 2
Zé )Zg)Z§)+Zé )Zg )Z§)+ZA(1 )Zg) Zé )Zé )zg)_i_zi )Zé)_’_
20,2 20,0 NE) 20,0 20
2 1 2 1 2 2 1 2 2 1 3 2 2 1
D DD B0 D00 9,000
zéz) zéS) 24(14)24(;3) 2514)2%2) sz)zgs)zgz)
B R e 8 X g B
zf‘) Zéz)zés) zéz) 1 sz)zf) Zz(f)zz(f)
2 1 2 1
_ZZ§ )20 720
2514)24(13)
1 2 1 1 1 2 1 2 1 2 1
o +CZ§>Z§>Z§> 2000 W@ w0
SRR ON L0 T T 6,0
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#1),(2) (2), (1) (), 1) (2),(2), (1) (2),(2),(1)

Z Z, 'z Zs 'Z Z; 'Zs ' Z Zy 'Zs ' Z
+C1 4 3 +c 4 4 + 2 2 + 6 2 2 4 2 2
Zf) zéz) zé3) 2(4)2513) Zf)zg)
3 2 2 1 1 2 3 1 2 2 1
B e AN N O O NP
zgz)zf)zgz) 224) zé2)2§3) »2)
1 2 1 1 1 2 1 2 1 2 1
BT e L O O
1 Z(S)Z§2) Zf)ng') 23 Zf)zf)
1 2 2 1 2 1 2 2 1 2 2 1
+Clz£ )zé) +Clz§1 )Zi) . zé )Zg) . zé )zg )zg) Zi )zg )zg)
zf’) zéz) z?) 24(14)2513) 24(14)2(2)
3 2 2 1 1 2 3 1 2 2 1
Zi )ZL(; )Zg )Zg) . zg )zg) Zz(; )Zg )Zg) Zé )zg)
zéz)z§3)z§2) sz) Zéz)zés) zéz)
1 2 1 1 1 2 1 2 1 2 1 1 2
O e e e P U
1 6 Z(3)Zé2) Zf) (3) Z§3) Zf)zf) sz)
2 1 2 1 2 2 1 2 2 1 3 2 2 1
. Zi )24(1) . zg )zé) Zé )Zg )Zg) Zi )z§ )Zg) ZA(1 )Zi )Zg )Zé)
zéz) Zés) sz)zf) 24(14)Z§2) ZéZ)Z§3)Z:(J)2)
1 2 3 1 2 2 1
. Zé )zé) Zi )Zé )Zg) Zg )Z:(%)
,4) Zé2)2§3) ZéZ)
(1),(2)_(1) (1), (1)_(2) (1),(2) (1),_(2)_(1)
(1) Z5 Zp 'Zp 25 Z3 "% Zy %y Z5 Z3 'Z3
Kz, = C125 " + 1 +01 +0 +a
262 6 z§3)z§2) Ziz)zg_%) ng) ZA(L3)ZA(12)
1 2 2 1 2 1 2 2 1 2 2 1
+c1Zi )Zg ) +Clz§1 )ZA(L ) 4 Zg )Zé ) +Clzé )Zé )Zg ) +C12§1 )Zg )Zé )
sz’) Zéz) 223) 224)2513) 2(4)z§2)
3 2 2 1 1 2 3 1 2 2 1
I L U L
1 z§2)2§3)z§2) 1 Zf) 1 zéz)zf) 1 zéz) ’
1 2 1 1 1 2 1 2 1 2 1 1 2
U G L0 N O o N U
x§3)x§2) xf)xés) x§3) xf)xf) xff’)
2 1 2 1 2 2 1 2 2 1 3 2 2 1
n xi )XA(L ) xg )xé ) Xé )xé )xé ) xfl )xé )Xg ) xi )XA(L )xg )xg )
xéZ) xéS) x§4) £ x£4) x§2) x§2) x§3) x§2)
1 2 3 1 2 2 1
PR A TR
xf) xéZ)x§3) xéz)
1 2 1 1 1 2 1 2 1 2 1
RN e U O P O
1 x§3) xéz) xf) x§3) 3 xf) xff)
1 2 2 1 2 1 2 2 1 2 2 1
+C1x£)xé) Clxi)xi) xé)xé) xé )xé )xé) xfl)xé)xg)
xf) xéz) xé3) xf)xf) x£4)x§z)

68



3).(2).(2) .1 1) (2 3).(1) (2 2) (1
NONUNCNG x§)§>+ xi)xé)x§)+clx§,)x§)

+ NOMONG ta N ! NONS NOB
X3 X3 Xy X3 X3 Xy Xy
Ta xil)(;g i “ XL(IZ)(JZC;(L . xg)(;g i Xéztf)g 2)<33»C>£ : xf)(? 2):265§~ :
Xy Y6 X6 Xy Xy Xy X3
xf)xf)xéz)xgl) xgl)xéz) xf)xél)xéz) xéz)xél)
xéz)xég’)xéz) xff) xéz)x§3) 1 xéz) ’
Ky, = Clxél) + xél)(;c)g 2)(326)é ’ xgl)(gchg U(fé ’ +a xff)(;c)g ’ xél)(;é 2)(ch)él)
X3 X3 Xy X3 X3 Xy Xy
+C1xi1)x§z) Clelz)xil) xéz)xgl) xéz)xéz)xél) xf)xf)xgl)
xf) xéz) xéa) xf)xf) xf)xéz)
xf)xf)xf)xém xél)xgz) xf)xél)xf) xéz)xél)
xéz)x§3)x§2) xi4) xéz)x§3) xéz) ’
ORPIION. e LIR .  S .
X3 X3 Xy X3 X3 Yy Xy
+c1x‘(*1)x§2) Cle)xil) NONORENO NS +Clx§2>x§2)x§1>
xf’) xéz) xé3) xf)xf’) x§4)x§z)
B L R NN R N N
xéz)x§3)x§2) xf) xéz)xgg’) xéz) 6
N e e PR A T A i &
X3 X3 Xy X3 X3 Xy Xy Xy
e xf)xgl) xéZ)xél) N xéz)xéz)xgl) xf)xg)xél) xf)xf)xéz)xgl)
xéZ) xé?’) xf) xf) xf)xg) xéZ) x§3) x§2)
S e A S WP, s - e A Y s s
xf) xéZ)xés) xéZ) 1 xf)xf) xf)xf)
- 2x£2) xil)xg)xél)
xi4)xi3) !
X3 Xy X, %y X3 x, %,
+C1x£1)xéz) Clxiz)xil) x§2)x§1) xéz)xéz)xél) xf)xéz)xgl)
xia) xéz) xé3) xff)xf) xff)xg)
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Xy "Xy "Xy "X Xy X X; " Xa X Xy X
+ 0 4 "4 "2 72 3 2 +0 4 "3 2 +c 3 3 ,
xéz)x§3)x§2) x£4) xé2)x§3) xé2)
1) .(2)..(1 1)..(1) (2 1), (2 1).(2)..(1
B L L L A0 2
' NONG) 2,06) %2 NONG
L. xff)xgz) . xz(lz)xil) xéz)xgl) xéz)xg)xgl) xA(LZ)xgz)xél)
1 1
) @ x2) OO NONQ
Xf)xf)xéz)xgl) xél)xéz) xis)xél)xéz) xéz)xél)
xéz)x§3)x§2) xiﬁl) xéz)x§3) Xéz)
1).(2)..(1 1)..(1)..(2 1) (2 1).(2)..(1 1) (2
o e ) D DD
o = % RONG RONO %) RONC %)
2) (1 2) (1 2).(2).(1 2) (2) (1 3).(2).(2)..(1
A A e e T ey
x2 x2) NONO NONG NONONG
1), (2 3) (1) .2 2) (1
+x§>x§> NMOMONC xé>x§>’
x‘(;l) xéz)x§3) xéz)
1).(2)..(1 1).(1)..(2 1) (2 1) (2).(1
et g o ) OO e
2 NONG NONO NE) RONO
. xil)xéz) . xf)xz(}l) xgz)xgl) xéz)xg)xél) xiz)xgz)xél)
1 1 1 1
x2) @ x) RONO RONG
L. xf)xf)xéz)xél) xél)xéz) xf’)xél)xf) x§2)x§1)
1 1 1 1
NONONC) D %250 2

For k = 1, observe that there is no term involving zg) in K, K3, Kz3,, Kz4,, K24y, Kz45, Ko5,,
K6, and Kg,. Similarly there is no term involving xgl) in Ky, Ky3,, Ki3,, Kxay, Kiayr Kyt Kis,, Kys,
and Kx62- Hence KZ = KXI KZ31 = Kx3HKz32 - Kx321 KZ41 = Kx411 KZ42 = Kx42/ KZ43 = Kx43/ K251 =

Kys,, K6, = Ky6, and Ky, = Ky6,- Now we have the following.

* Zgl)/ = % = %}1) = czx%l)/ = u§1>.
A e

¢ Zgl)l = Zél)KIE; él)Klj; - xél), = “gl)
R R
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Z(S)/ _ B Kz, (8) K, B) _ nos
3 3 k. 3 oKy 3 3
A =l =l = =l
=P PR )
D = oty = et = =l
A = =0 ol =)
R
£ =~ = D,
£ =l =l =l )
L )
£ =0 =0 = =D,

For k = 3, we first observe that

Then

Zil)Z§2)

xiz)xéz X,

(4)

) (1)

(2) (

Xy X3

we have

S

1) (2
S

(x

Z3

_|_

(3) ©)

Z3

xil)xéz)

MO

(c2x§3)

(57

MORRE

)2x§1)

(e )+ P

(1),.(2)

(1),.(2)

Xy x xXy'x

(O A i
X3 X3

X (C2x§3)(x§2))zx§1) + xf’)xgz)xgl)xgz)

x£3)x§2)x§1)x§2)

+ CQxf)xéz) xél)xgz)

+x

(1)
3

+x

+ X, X3 Xy Xy

_ Xy X% (3)
)_ x(3) (X
3
1) _.(2)
Xy X
=By
Xy

(3),.(2) (1)

3)..(2) (2) (1
(3) 2 (2, (1)

X

(3),.(2),.(1) (2)

4 Xy Xy X

(3).(2) (2) (1))*1 _
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)2x§1)+x4 X3 X3 xf)

+ xf)xf)xg)xgl)

)

(3)..(2)

)

(2),.(2)

)

+xf)x4 X xél)

+ X,y xgz)xgl)

)

xil)xéz)

)

D

(3)

X3

7



and

2) (2) (1 1) _(2 2) (2) (1
Zi)Zé)Zg) zg)zg) (xi)xé)xg)
4),.(2)

21(14)2&2) 2514) a Xy " Xg

N R N NN N CNCN)

Y3 % (czxéa)(xéz) )ngl) + szf)xéz) xél)xéz) + szf)xf) xgz)xél)))

X (czx§3)(x§2))2x§1)+czx4 Xy X3 Xy

_ xf)xf)xél) xgl)xéz) (3) (2)y2,.(1) (3),.2) (1) (2)  ,08).(2) () (1)
_( .0 + NEY J(cax3” (x5 )2xy ) 4 coxy x5 xy xy ) A xy Xy Xy Xy ))
4 X3 4

(3,2 (1), 2) +x§3>x£z>x§z>x§1>)*l

(3) (,(2)y2..(1) 3),.(2),.(1) (2) 3).2) @ 1)) xf)xgz)xél) xél)xgz)
X (02x3 (x5 ) x5 4 coxy 3 xg s x0T T xy Xy ) = NENG NG
4 X3 4

We also have

1)_(2)_(1 1) _(1)_(2 1)_(2)_(1 1) (2) (1
e N R e R S (xé )X§)XE)( QIFCIENOINCNCNONG
Z§3)Z§2) ZZ(}Z)%S) Z£3)Z§2) x§3)x§2)

(1 (1) _(2)
2 1 3) (2) (1) (2 3)_(2) (2) (1 X5 "Xz "X
())2x§)—i—xf} )xg)xé)x§)+xi)xf} )xg )xé)) 5 (2)3 (3)2
Xy X3
) ) 8 )
(1) ,.(2) (1)
+c2x£3)xi2)x§2)x£1)) + %(sz?)(xf))zxél) +ooxy xy Xy Xy
Xy Xy

O (2P + a2+ P D) (2ol o el

X (24
PP 4 D) D (el + D)o

1
+ xf) xiz) xgz)xgl) ))
(1),.(2),.(1) (1),.(1),.(2) (1),.(2) (1)
_ (x5 Y2 X% Y5 X3 X Y5 X3 X3 )(czx§3)(x§2))2x§1)+x§3)x§2)x§1)x§2)
NONE 2.0 NONE
3 X3 4 X3 4 Xy
N N N NN NCNNC NN CNCN

% (e ()2 + V) P P P ) (0l ()2

-1
+ czxgg)xgz)xél)xgz) + xf)xf)xéz)xgl))) by Maple

(1) ,.(2) (1) (1,.(1) (2) (1),.2) (1)

+ 1P x0) (eaxd? (x

(3)2) 0,2 | (),2),2) (1)

_ X5 X% X% X5 X3 X X5 X3 X3
3)..(2) [NE) 3.2 7
X3 X3 Xy X3 Xy Xy
and
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3) (2)_(2)_(1 3) (1) _(2 2) (1 3 2 2 1
DL DD 0 I e,
Zé2)2§3)2§2) Zéz)zg?)) ZéZ) x§2)x§3)x§2)

xA(IS)xél)XEZ)

+2),3)
5 X3
X (xéa)(xéz))2x§1) + xf)xéz)xél)xgz) + xf)xf)xéz)xél))(czxga)(xéz))zxél) + czxf)xéz)xé])xéz)
(2 .(1)
Xy x
e+ 8 o
X5
X (czx§3)(x§2))2x§1) + czxf)xgz)xgl)xg) + czxf)xf)xgz)xél))) ((sz§3)(x§2))2x§1)

+ 3,2, 12 6),(2),(2) (1))( (3)( (2))2x(1) (3),.(2),.(1) (2)

N N R NN N RN NCN

SINCRCNUNCNCN NN

4 X3 X3 X 4 Xy Xy Xy )(CoXz (X3 ) Xy A CoXy X X Xy
-1
D)
(3),2),2,0  0),01). 2 2.1
Xy X, "Xy "X Xy 'Xq X Xy ' X 3 2 1 3) (2) (1) (2
(G aia o ) (e )
Y5 X3 X3 X5 X3 Y5

N N e NN NN NI N NN

x ((e2x8? (2! + e Ve 1P 1Y) (e (172!

-1
+ czxf) xéz)xgl)xéz) + xf)xf) xéz)xgl))> by Maple,

B x4(13)x4(12)x§2)x§1) xi3)x§1)x§2) xéz)xgl)

xéz) x§3)x:(32) xéz)xf) xéz)

These imply K; = Ky, Kz, = Ky, Kagy = Kiagy, Koay = Kiay, Kos;, = Kis,, Kz, = Kie, and
K6, = Kx6,- Now we have the following.

R T Ty T T

. 252)/ _ Z{Ej) _ %2) _ xéz)’ _ ugz)

o ) = Zz(ll)KIZl - z(Ll)Kli; = =,

¢ P =P 2
* 24(13), = Zf’) 611155}243 - cﬂij%g - x4(13), = ”4(;3)-
N Sk R
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) MK _ 0K _ 0 _ 01

% TI5 ks Y5 K, %5 T U5
P P
T )
N TN T )
N T )

Also, note that

CE e GNPV N
D)l 4 2P,D,0.0 16 0.0 1)
= Kaa, (0172205 (x§) 28 Ko, (Kiay) ™+ 1 3eox P el 2V 28 Ko, (K Ki,) !

+ o0 1 o Ky (Kaag) ™) (17208 (222 Kos, (Ksa,) !

4+ _3xi3)x§2)x§1)x§2) Kia, (I(,C43K;(32)_l +c _3xi3)x£2) xéz) xgl)szh (Kx43)_1) ! by Maple,

@ (@2 4 0,20, 0,000

C2Xg
Pl g g

) K3,

= Ky, (C172C2x§3) (x57) 28 Kia, (Kaa,) ™" 4 e3P 2 6l 18P K, (Kra K, ) ™!
+ e 2 PP Ky (Kaay) 1) (07208 (68 22V Ko, (Kia,) !

+c *3x§3)xgz)x§1)x§2)1<x4z (Kya,Kazy) 1+ c1’3xf)xf) xgz) xgl)Kﬂh (Kygy) ™) - by Maple.

Thus we have

. Z(l)/ _ Z(l)& _ (1) C2x§3)(x§2)) a )+C x(3)x§2)x§1)x( )+62x£3)x512>x§2)x;1) e
3 3 K, 3 ( ) +C x(3>x§2)x§]) §Z)+xf)xf)x§2)x§]> Kz,
1) K _ 3).(2) (1) (2 _
= Xé )K; ( C x3 ( é ) X31 (Kx32) ! + Cl 3C2x4(1 )x:g )xé )xg )KX42 (KX43KX32) 1
3)..(2 1 3 2 1 _
+c173%¢ xi )xi )xz x2 oy ( x43) DIG! Zczxé )(xé ))Zxé )Kx31(Kx32) 1
3 3).(2) (2. _1\—1
e e P (i) ter 5P (o))
. x(l)’ ) széS)/(xéz),)z (a +c x(s)’xgz)’xg v’ (2>l+c x( )/xiz)/xgz)/xél)/ o M(l)
3 szé3)/(x§2) )2x ( ) Yo x( ) x§2)/xé) @/ +x£3)/xf)/x§2)/x§1)/ 3
N Z(z) (2) Z31 (2 . czx?)(xgz)) ()+c x(3)x§2)xé1>x§2)+xf)xf)x§2)x£1) . K231
3 ?E )ClKﬁ2 3 (Cz)x E )( iy (( 1) xf>xg”x§1>x§2>+x§3>xf>xgz>x;(1 )) (Cl)KZEZ) ()
3 -2 3).(2) (1) (2 1
= X3 cllz ;2 (Cl C2X3 ( ) X3 KX31(KX32> +C1 3¢y 2Xy X3 X3 Xy Ky, (Kx43Kx32)

+ 031D 1 18 Ky (Kia) ™) (12022 (28208 Kas, (Kay) !

+ c1*3xf)x§2) xél)xgz)K,Az (K1, Kiz,) "L+ 01 *3x£3) xf)xgz)xél)Kﬂl (Kyay) ™) -

. x(2)’ ) czxf)/(xéz)l)ngl),Jrczxf)/xgz)/xél)/xf)/ +xf)/xf)/x§2>/x§l>l . u(Z)
— ! I I ! ! I ! ! ! ! ! -
3 czx§3) (xg2> )zxgl) +xi3) xéz) xél) xgz) +x§3) xiz) xgz) xgl) 37
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U ?) A
z ( V2xy  4xy T xg xgy y Axy xy xy xy 18
g ( é ) é )) xg )Kx31(Kx32)71 I C173x£3)x§2)x§1)x£2)1<x42 (Kya,Kxs,) !
40 %% ( )xfl) xS ( % Kag, (Kysy)™ )( *2x§3)(x§2))2x§1)Kx31 (KxSZ)il
o Kok 3+ S o))
_ L0 e <>) N P N S Lo
3 ( ) ( ) 3

xés),(x )2x ( ) xéwxéz),+x£3),x£2),x§2>,x§1>,

For k = 4, we first observe that

xél)xgl)xg) (2),.(2) () (1) (3), (2) xil)xéz) (2),.(2),.(1) (3) (2) (1)
W(’% X5 Xy Xy X3 X3 ):T(’% X5 X5 X3 X3 X3),
Yy X3 X3
xél)xéz) (4) ((32(,.(2)y2,.(1) xia)xgl)xg) (2),.(3) ((2)2,.(1) .(3)
@) (g (g ") (g7 )2y ) = 2.0 (x5 2y ()72, x5 7).
9} X5 Xy

Then we have

1, 1)_2) (1), (2) 1),.1).(2)

%5 23 % Z4 2y _ (X5 X3 X (czxf)(xf’))z(xf))zxfﬁ)+czxéz)xf)(xf))zxf)xg)
,0.0) L0 NENE)
4 %3 3 4 X3

1) .,.(2)
DD 4 D) 0
X3
+ czxéz) xf) (xf))zxfll)x?) + czxéZ)xéz) xf)xil)xég')xéz) + czxéz)xéz)xél)xS) xéz)xgl)))
(e P P+ o P+ e

-1
+ xéZ)xgz)xél)xés)xg)xél))

xél)xél)xéz) xgl)xgz)

= (( 2)_03) 3)

Xy X3 X3

(2),.(2),.(2) (1) (3) (2) (2),.(2) (1) (3) (2) (1)))( (4)( (3))2( (2))2 (1)

) (eay (e (Vg eax? ) (e Pt

—|—62x6 Xg "Xy "Xy X3 X3 +x6 X5 "Xg X3 X3 X3 CoXy "Xy Xy Xy

(2) (3)( (2))2 (1),.(3) (2),(2),(2), (1), 3),2) | (2,2, 1,06, 02 (1)>71

FCoXxg Xy (X)X X3 A CoXg TXe Xy Xy Xy Xp 6 X5 X5 X3 X3 Xy
A
xf)xég) z§3) ¢
and
(1)) (3)_(1)_(2) 1),.(2)
= Z4Z§>32§>2 = (xf‘xifff (g (22 ) (2l
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(3),.(1),(2)
T B e A I NG UM I C N ) e L D e e
X5 X3

N NN NN NCIRNCNCRUNENCN Y

v (czxf“)(xf))z(xf))zxf)+xé2)xi3)(xi2))2xf)x§3)—|—xéz)xéz)xf)xf)x?)xg)
-1
+ xéz)x?)xél)xéS)xgz)xél))
(1),.(2) (1),.(1),.(2)

Xy X X5 "Xz "X 4 3 2 1 2) (3 2 1) (3
= (5 ot 0 )+ P
X3 Xy X3
+ xéz)xéz)xf) xil)x?)xéz) + xé2)xé2) xél)x§3)x§2)xél))> (c2x‘(14) (xf))z(xf))zxil)
-1
A ) ¢ ) 4 Do)
RGN NN
JCA(:L) xéZ)xéi%)
We also have
(1),_(2),_(1) (1)_(2) (2) (1) (1),.(2) (1)
Ze 237z z,z 2,7z X2/ xa U x
5 %3 %3 4 *3 4 4 :( 5 %3 X3 (czxff)(xf))z(xf))zxf)+x§2)x§3)(xf))2xf)x§3)
Z(3)2(2) Z(3) Z(2) x(3)x(2)
4“4 4 6 4 M4

+ xéz)xéz) xgz)xil)x§3)x§2) + xéz) xéz) xél)x§3)x§2) xél))(czxf) (xz(f’))z(x4 )2x4
12

xXy'x
epP 2 e 4 e DD ¢ (P B
X

4

TN N NN NN NCINCNCNCNINCNC
(3)

+ xgx Vel (e ()2 ()2l + ol ()2
(2),.(1)
X, x
+czxéz)xéz)xf)xf)x§3)x§2) +czxéz)xéz)xél)xgg’)xgz)xgl)) + 4 (2)4 (czx44)(xi3))2(xf))2x4
Xg

+ czxéz) xf) (xf))zxil)xf) + czxéz) xéz)xf)xf)xf) xéz) + xéz) xéz)xél)xgg’) x§2)x§1))

X (czxf)( + czxéz) xf) (xf) )inl)xf) + czxéz) xéz) xf)xfll)xég')xéz)

e 2l 2ol ((czxf’ (7P P 4 oY ()

R

e

AP D) (e o P

et P 4 et )
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xél)xéz)xgl) xil)x? xf)xf) (4) (,(3)2(,(2)y2..(1) (2).(3) (,.(2)2..(1) _(3)
- <( 5.0 e .0 Jeaxy (a7 )2 (2,7 )y + coxs xy (7 )% xy oy
x4 X4 X4 x6
+ széZ) xf) (x£2))zxil)x§3) + xg2)x§2) x4(12) xi”Xé”xéz) + xéz) xéz) xg(;l)x§3)x§2) xél))

X (czxf)(xf))z(xiz))inl) + czxéz)xf)(xf))zxil)xg‘o’) + c2xé2)xéz)xf)xf)xés)xgz)
PP ((od? G PP+ oD P o0

4 1D XD D01 4 D300 DY (D (2 22D

(2) (3)(x(2))2 1),.03)

-1
+ epxx 020 4 px@ @D, 1,00 L @,0),1),0),0) <1>)>

6 X5 X5 X3 X3 X3

4
by Maple
Al
x£3)x£2) xz(13) xéz) ’
and
S A U UL O LN
270 22 23237 A Hy® T S T
22 R 4 xR 4 Ol
x (e ()2 P+ 2P (Dol 1P P a2l

() .(2)..(1)
—I—xéz)xéZ)xél)xgg)xgz)xél)) Yo Y (16)2 (32()2 (xf)(xf))z(xf))zxil) + x
Xy X3

RN N N N N NN NN N N IR ORI

oo (P + x4 e )
x‘(L?)) xf) xéz) xél)

0.0 @
5 73 73
222 (1,0) 2 | 2),02) (1,0) 2,0y 0B 2,0

+ X X5 Xy Xy X3 Xy
+ czxéz) xf’) (xf) )foll)xf’) + czxéz) xéz)xf)xil)xf) xéz) + xéz) xéz)xél)xég’) xéz)xgl))>

(21,08 ()21 ©)

- (e (2 ()2 + e 2 (Pl

4 4

" ((szgx)(xf))z(xp)zxil) +xD20) (@)2040) 4 (22,2, (1,6), 2

(2),.(1).(3) .(2) (1) (4)

+xé2)x5 X5 X3 X3 X3 )<C2x4 (xf))z(x(z))zx(l) (2) )

4 4 T CX5 Xy (xf))z D)

Xy X3

-1
N N N D)

77



2 2 1 2 2 1 3 2 2 1
_ ((xé )xg )xg ) xi )xg )xé ) xfl )xf1 )xg )xg ))(sz(4)(x(3))2(x(2)>2 (1)
MO NN RCNORI S

B et X NN NG NN NN

X (czxf)(xf))z(xiz))inl) + czxéz)xf)(xf))zxil)xg‘o’) + xéz)xg)xf)xil)xé?’)xéz)
XA ( (PP 1P P

+ xDxD22 003D 4 D400 DY (D (2 (222D

~1
(2) (3)( (2))2 D0 4 x@,2,2,0,6),2) 2,2, 0),06), 02 (1)>>

+CaX5 Xy (X)X, X 6 X5 X4 X4 X3°X3 6 X5 X5 X3 X3 X3
by Maple
RN N NN
xff)xf) xf)xéz) xéZ)x§3)x§2)

These 1mp1y Kz = Kx, K231 = Kx31,KZ32 = Kxgz,KZ51 = Kx51,Kz61 = Kx61 and Kz62 = Kx62- Now
we have the following.

o a0

z) === =
. zgl)’ _ @ _ 522‘51) czxg ) — ugl)
L
. Zgz)' _ % _ %2) _ xgz)' _ ugz)

o e = )
R
o Pl D )
o = = A =l =l
- T )
AV D e
R )
L R AT
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Also, note that, by Maple, we have

(e ()2 (Vs o+ eax? ol () P Y e i a l?

P ) (1 ()2 ()2 + 2 (1) )
NCNCNCRUNCNCINENENONONCN ISP
= K, (czxff) (xf))z(xf))zxil)Kﬂl (Kx43)’1 + czxéz)xf) (xf))zxil)xf)Kxg;lel Ky3, (Kx43Kx42)*1
+ czxéz) xéz)xf)xil)xg‘o’) xgz)Kx6le5] Ky3, (Kxész42)_1 + xg)xéz) xél)x§3)x§2)x§1)Kx6] (Kx(,z)_l)
x () (2 (e ey K, (K)o 387 ()2 Ko Ky Koy (K K ™!
2P P el 6 K, K, Ko, (K Kiety) ™ 207 2 e el 2 eV Ko, (Koe) 1) 7
(e ()2 ()2 + axl 2 () 2Vl + P P PVl
P V) (1 ()2 ()2 + 2P (1) )
NCNCN R NC NN ENCNON NN
= Ky, (czxf)(xf))z(xf))zxil)Kﬂl (Kygy) '+ czxéz)xf)(xf‘))2xi1)x§3)Kx5le4le32 (Kya; Kyg,)
2P P el 6 Ko, K, K, (K Kiety) ™1 207 2 e 2 6 VKo, (Ksey) 1)
x () (2 (e ey K, (K)o 387 ()2 Ko Ky Koy (Kt K ™!
+ 2P P el 6 Ko, K, Ko, (K Kity) ™1 202 e 2l 2 eV Ko, (Ko 1) 7
(czxf) (xf))z(xf))inl) i xéz)xf’) (xf))z (1) ( ) 4 x( )x(z)xiz)xil)x§3)x§2)
BN NCNUNCNCNON (xf)(xz(f))z(xf))zxzﬁ NCHOINCENONG
1 PP e+ PV x) Tk
= Ky, (czxf)(xf))z(xf))zxil)Kﬂl (Kygy) '+ xé2)x£3) (xf))inl)x§3)Kx5le4le32(Kx43Kx42)’1
+ 2 P P el 6 Ko, Ko, K, (K Kity) ™1+ 207 2 0 2 2 eV Ko, (Ksey) 1)
x () (e (e ey K, (K)o 387 Y ()2 Ko Ky Koy (K K ™!

+ xéZ)xéz) xiz)xil)X§3)X§2)Kx6le5l Kia, (Kx62Kx42)*1 + xéz)x§2)xél)xéS)xéz)xél)K%l (Kxez)’l) -1

Thus we have

1y (1) K,
R i B
_ o) (o ()2 (2 2 ©) £3)(x£2))2 1,0, 2.0, 0.1 6) 0

X x4 x3 +C2x6 XS x4 x4
) ( x§ ) x‘(ll)_i_széZ)x‘(f)(x‘(f)) x()

1) _(3).(2) (1)1
NUNRACRRN

( C2Xg X3 X3
to xéz>xé>xé>x§)x<> (>)( ( (0 ©
INCRUNCNONONCIN <> Nl

= & <cf3czx§4><x£3>>2<x£2>)2xi”f<x4l (Kugs) ™!

_ 2 3 2 1 3 _
+ e 730 27 (62 37 Kos, Ko Ko, (Kot Kio,) !
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2 3)_(2
+o1” czxé xé xfl )xfl )xé )xg )Kx(,le5le3l(Kx62Kx42) -1

)..(2)
+ 01 3coxg )x5 )xé )xé )xéz)xél)Kml(Kx@) D) (er™ 3c2xi4)(xf))z(xf))Zxél)Kﬂl(Kx43)*1
+ o1 Pean ) ()2 ol Kis, Ky Koy (Kot Ko )~
) .(2)
) (
(

4
+ a1 %ex ) w3 x Y 1 K, Kus, K, (Koo Kiay) ™
-1

e -
— xil) /c2x4/4) (x/f) )/ (xfl/) )2x ( )y +c x5 x4 (x ) x —|—c x( )y éz) /xf) xél) xé/g') xéz)
+@¢¢9¢2@¢9¢DWW9uP>wﬁv9+cﬁu9a9v¢u9
+czxé2) xéz) xf) xil) x(3) (2) —|—x(2) (2)' xé ) ( ) g ) é ) )
— 4

4 7

2)! 2) KK,
° Zz(l) Zi) Kz4241

- x‘(;) (czxf)(xf))(z(xf))zxf) +c xé ( N2 4 o, xéz)xéz)xf)xf)xgg’)xgz)

é )xéz)xél)xf)x;)xél)) (szff)( ) ( ) 1) + c xé )xf)(xf))zxf)xé‘?‘)
(

62)xé2)xf)x£1)x§3)x§ ) +xé )X§2)xé1)x§ )xgz)xé )) Rk,
= xiz) % (C1 *3czx£4) (xi3))2(x‘(12))2x4(11)1<x4l (Kx43)71
(2)y2..(1) .(3)

+ o1 3P 6l (222N 6V K5, Ko, K, (Kiay Koy ) !

+c17 3¢ xéz)xéz)xf)xil)xés)xéz)KxélKﬁleg,l(Kx62Kx42)*1
H”&@@@WW%W%WWﬁWWWH@Wﬁ%%M4
+c1 C xéz) Xy ( ) i )Kx51Kx41Kx32(Kx43Kx42>71
N N NN PO ST
fo? é)x( )x( )xg) é) é)Kml(sz)fl)—l
D el o ol o o
)

Kz42

= x4 X
a0 T +qﬁﬁuﬁwwuﬁ
ORI S N O NN YR

(2)

_u4 ,
3) 3) K
° Zfl) _Zé(L)clK;(zAs
= 27 (e ()22l 4 ol ald ()2l o x Pl Dl

-w?#%%ﬁﬁ%%@ﬁMPwdh<”w?§w?w9$>
T I O P ).

K. -
— X (Cl C2X 4(1)<xz(1 ))2(x£2)>2x4(11)Kx41(KX43) '
(2)y2

4 CleKY43
+c1 C x X ( ) ?4 (3)Kx51Kx41Kx32 (Kx43Kx42>71

X3
+ a2 D2 Ko Ko, (oK)
a2 3 e 3 K, (Kae) ) (@0 ()2 )2 Ko, (K ) ™!
1202 ()2 2 Ko, Ko, Ko, (K, Koay)
+o3xPx & 222 VB DK 6 Ko, Kia, (Keoy Ky ) 71
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o O ()

2 (caxt (R )2l eox o (e 2 Y D P 1

_ 2
4 x@ D §>x§z>/x§1>,)(czx$> (D )z(xf)) (1’ +x() () (5@ 2,1 (0
Hé)x() SN OO NN TN NN CIN O

3)
=1u,’,

(&) _ () Ky

4 ClKZ
B i IR UM RO N NUNLN
0 ) 0 (P ) L o

A D) K

(4) Ky (Cl 3¢ xi )(xf))Z(xf))sz(ll)szh(Kx43)*1

=Xy c11<
+ o3P (2 2V 2 Kis, Kua, Ky (Kt Kay) ™!
+ o3P () 2PV x P Ko Ko, Kea, (KeoyKiay )~
o () é)x( )x§>x§)x§1)Kx61(Kx62) 1) (o2 (682 (2 2l Ko, (Kog)
. 2) ) (222 2 Kis, K, Ky (Kt Kiay) ™!
+c1- ( ) (2)36( )Xi )xé )x§2)Kx61Kx51Kx31 (Kygy Kay) 1
bo3 é) ()x( )xé>x§>x§1)Kx6](Kx62)_1)f1
— ' (>( Y2 122 2 (02 2 2O 5 o
T B e B
+xg>xg)xg> N S BN xézyxéwxgwxézyxél)')—1
)
For k = 5, we first observe that
Zél)Zgz)Zél) ZA&B)ZEIZ)Z&Z)ZS) B (szél)xgz)xél) XEL3)X£2)X§2)X§1)>( Xé2)Xél) +x4(13)x4(12) )
NONCIRNNCRONE NONE NENONCRYAWNENORNONE
B (xél)xgz)xgl) XA(LB)XA(LZ)XEZ)XS)) (széz)x( ) + X(3)XA(L2)
NONE NERONCRVASNENOINONE
RGN N
NONE) NERON
Zél)zél)zgz) ZA(S)Z:()})ZEZ) . (CQXél)Xél)xgz) XA(LS)Xél)xgz))( xéz)xél) +x4(13)x4(L2) )
ZSLZ)Z:(S) Zé2)Z:())3) xf)xgg) xéz)x§3) CZXéZ)Xél) + X‘(S)XA(LZ)

xél)xél)xf) X‘(S)X:())DX£2) C2Xé2) Xél) + xf)xf)
-Com o)l ENOENE )

Xy X3 X5 X3 C2X5 4 Xy
IRCNINCRNONNG
xf)xé‘g) xéz)xg:s) ’
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(1),(2), (1) (2), (1) (1),.(2) (1) (2),.(1) 2,1, ,03).2)

= (z)3 (5)3 + = (‘z)3 - (C2x5(3f3(2§3 . (JZC)3 XS(2?5(1)+ x4(3§C4(2)>
Zy "2y Zg Xy "Xy Xg C2 X5 " Xg +x4 Xy
() ()
Xy Xy Xg C2Xg " Xg +x4 Xy
) Al
x4(13)x4(12) xéz)

These lmply KZ = KX/ KZ31 - KX311KZ32 - Kx32/ KZ41 - Kx41/Kz42 - Kx42/Kz43 - Kx43/KZ61 =
Ky, and K6, = Kyg,- Now we have the following.

R T e L |
. Zgn/ _ % _ %” _ xél)’ _ ug)
. Zgz)' _ % _ %” _ xgz)' _ ugz)
e )
S R P
D D )
R e
e
o =D = oy = =
L )
A e e )
s L )
D = D =)

We also have

AL PP D0 D0 200 00
2323 24 %3 2y 2y Z5 23 23 Z5 23 Z5
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B (Clcﬂémx@xéw B N N N N N N N O MO

Xy Xy Xy Xy Xy X3 %
xéS)xgz) xiz)x§3) xf’)xf) xéZ)x§3)x§2) XéZ)ng)
n xgz)x§1)> xéz)xél) + xf)xf)
xéz) czxéz)xél) + xf’)xf)
(2),.(1) (1),.(2) 2),.1) (2),.(1) 3).,.(2)
_|_
= (“lcﬂéz)xél)”‘(13)3“‘(12))( (;2 (ff Ol <§>3 <ch>2 Ol <32C>3 (;3 ) )( X5<z§c5<1> x4(39)c4(2) /
X5 Xy Xy X5 Xy X3 Xs X4 X, CoXs ' Xs | Xy X,
then,
(széZ)xél) +X£3)x£2)>K 5 = (CzXéZ)xgl) +x4(13)x4(12)) (Clx(l) +C1 xil)xéz) +C1 xz(ll)xéZ)
xéZ)xél) + xff’)xflz) ! xéz)xél) + xf)xf) ¢ xgg’) xf)
(2),.(1) (2)..(1) (2).,.2) (1) (2)..(2) (1) 1),.2)
x 7 x x5 x x 7 xy x x; 7 xy x Xy X 2) (1)
—|—c144+22+622+422+32+(c1czx(x
xéZ) xé?)) xi4)xi3) xf)xéz) xf) ( 5 75
+x(3)x(2))( xéZ)xél) N xél)xéz) X§2)x§1) )( xéZ)xél)—l—xf)xiZ) )>
4 "4 éZ)x§3)x§2) xéz)xf)x:(;a) xéz)xé(f)xf) széz)xé1)+xi3)xi2)
2) (1 3) (2 1) (2 1) (2 2) (1 2) (1
(@ O
xéz)xél)—l—xf)xf) e ! xés) ! xf) xéz) x(s)
(2)..(2) (1) (2).,.(2) (1) (1).,.(2)
x 7 xy x xy xy x Xy X 2) (1) 3)_(2)
426 "2 2 4 "2 "2 32+(c1czx(x+xx)
x‘(f)xf) xf)xéz) x‘(;l) ) ( 5 75 4 74
2) (1 1) (2 2) (1
><( xé)xg) n xé)xg) N xg)xé) ))
xéz)xé?))xéz) xéz)xf)xg?)) xéz)xf)xf)
(2).,.(1) 3)..(2) -1
. coxs xs '+ Xy Xy Kyay (Kyay)
—Kx51 : 2) (1) 3).(2) - 2 by Maple.

-1
x5 x5 4 xy xy Ky (Kiay)

Thus we have

N N O MNP Sl & LN
251 cox xg T xy 251 x5 cf]czxéZ)xél)+cf]xf)xf)Kx4l (K_,C43)*1
_ xél)/ ' czxéz(ll)zcél(zl)jrcza(cgjlJ(Cg,)' _ ugl),
coxs x5’ +x; X,

) o@xix®® Ky !

(@) _ (2K,

. @ @ K (@)K, o lex? e 1 x P Ky (Kuy) !
5 5 Gk ~ %5 LB BLE ke T Y5 ake L@ Pk ()

_ x(z)/ ' CZxézyx(S1>l+xff)/xf)/ _ u(z)

5 xéz)’xél)’+xis)’x§2)’ 5

For k = 6, we first observe that

(1) zf)zil) ) czxés)(xéz))zxél)+C2xé2)xél)xfl4)x£3)+czx4(14)xf)xf)x£1)
Zg + D Xg

2 e (v P! oY P Pl
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o) e D 1 2R 4 00

g ) czxés)(xéz))zxé ) +c xé2)xé1)x£4)xi ) + xi )xf’)xf)xil)
3)

(2),.(1) (4 (3) | ,(4),(3),(2) (1))—1

+

) Yt o@D ax®®) x5 05(

(x
(c2xg )zxé ) + czxéz)xél)xf)xf) + czxf)xf)xf)xim)
(

= (c2x{
x (x{
2) (1)

(2)
5 <czxé3><xéz’>2xé”+xé2>xé”xi4’xf>+x§4’xf>xf)x§”>>

() (x@Dy21) | DD (B,0) | @),0) ), (1)1

(625 2D+ a2 1 02

D0 0,00 0L @0 00,000 | 0,00

Zy 24 xé3) czxé3)(xéz))2xél) + xéZ)xél)xf)xf) + xf)xf)xiz)xf)

Xg Xy Xy szé3)(xé2))2 Q. x(z)xél)xf)x(?’) + x(4)x£3)x£2)xil)

x4 X43 (8)) é?)) (Xéz)) (1) + Xé )xél)xf)xi ) + xi )xf’)xf)xil)

X
= (c2xg) (P2 5 )xél)xz(fl)xf; P

< NE) ) P + P+ eox P Pxl)
6
xé2)x§2)x£1) (3)/_(2)\2.(1) 2)_(1)_(4) _(3) @) _(3)_(2)_ (1)
+W'(C2x6 (xg )y 4 coxg/xg xy xy A xy xy xy %))
4 4
= (eoxg” ()2 4 2PV 2 4 P PP )

x§2)x£1) xé2)x£2)x§l) (3) (232 () (2),.(1) .(4) .(3) (4),.(3) .(2) (1)
X <( + Y(caxg  (xg )oxg | +xg xg ' xy xy 4 coxy  xy %y Xy ))

These lmply KZ = KX/ KZ3] = K.X31IKZ32 = Kx32/Kz41 = Kx41/Kz42 = Kx42/Kz43 = Kx43 and
K5, = Ky5,. Now we have the following.

¢ Zl - C1 - C1 - xl - ul
(1) 1) ,

O _zn _x (1) _ (1)

L Eo T TR T
2) @) ,

2 _z' % 2y _ (2)

Ly =Ty TR T,
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() WKk 0K _ 0 _ 1

%3 TR, M Ky %3 T U3
L )
A )
A e
. zf)’ _ Zf) KKI;? _ xf) KIX<I:241 _ xf), _ %(12)-
¢ Z‘(LS)/ - Z‘(13) CIII<<ZZAI}<2243 - 01115.:}?%3 - x‘(f)/ - u‘(ﬁ’)'
o e B
A g )
P

Also, note that

zx?) (xéZ))zxél) + czxéz) xél)xff) xf’) + xf) xf’) xf)xf)
(

c
( (D)0 0,00, 0) 0.0),0, 0

) Kz61

= Kye, (cflczxég')(xéz))zxél)K%l(Kxéz) 4+ % xéz)xél)xf)xf)Kﬂz (KKyg,) !
+ _fo)xf)xf) xil)) (cl_lx?) (xéz))zxél)l<x61 (Kys,)?
+c ’2xéz)xél)x£4) xf)Kxé}2 (KKys,) L+ 1 ’zxf)xf)xf)xf))fl by Maple,
It R NN N
RN L NN R IR
= K, (cl_lczxé3)(xéz))Zxél)K%] (Kys,) 1+ cl_zxéZ)xél)xf)xf)Kﬂz(KKxﬁz)_l
o 2 ) (7w (g K, (Kee) ™

+c1 ’2xé2)xé1)x£4) xf)Kﬂz (KK,@)’1 +c1 ’fo) xf)xf)xfll))*l by Maple.

) KZ62

Thus we have

o 1 _ 1)k, _ (1) czxé3)(xéz)) <)+czxéz)xél)xi4) (>+c x() f x4)x‘(1) Ky
S D el N O N x<z>xémx§4>x< JAC >x< D Kay
1) K, 3 -
= xé )K - (1™ 1c2xé (xg 2 )) xé )Kx61 (Kxgy) 141 szé )x6 )xz(l )xz(l )Kx42(KKx6z) !
1 _ 3),.(2 1 _
oo e e P )
-1 -2 -
+ 017 20oxg xg Xy X, Kx42(KK/x62? /+ €1y Xy Xy )
_ x(l)l ( )’ g ( )! 2 ( ) tey x( ) ,él) ic‘(f) JICP ,JFC2XA(}4,) xfj xf,) xil,) _ u(l)
6 C2x§’3) (Xé2> ) ( ) +C x(z) Xél) XE;I) xf) +XL(14) xf) xiz) Xil) 6 7
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. Z(Z)/ _ Z(z) Kz, _ (2) ' szé3)(xéz))2x21)+chéz)xél) (4) (3)+ (4 )x(3)xi) i) ' K6,
6 6 Kz, 6 22 (22D +xg2>xg1>x;4>xf> e y ZO D0 Kagy
2)Kugy ¢ _ 3),.(2 1 _ 2) (1) (4) (3 _
= xf(j )K o (1 1C2xé )(xé ))2xé 'Kze, (Kxey) ™+ 017 szé )xé )xi )xi JKya, (KKyg,)

" c1_2x£4)x£3)x§2)xi1)) (C1—162xé3) (XéZ))zxél)K%] (Kxe,) L

+ szxéz) xél)xf)xf)KMz (KKys,) ' +c1 *2x§4)xf)xf) xil)) !

PN L e P O
caxg’ (xg V2xg ) Hxg xg Xy xg Axy ) Xy Xy Xy
o Y Dl ) B R
Y By 6(1+>x6 P _+1x4 N 0w o -
=X of (e1 Teaxg (g )2xg ' Kygy (Kyey) ™1+ c172xg g x4 %y Kya, (KK e, )
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I SCORCRONIE
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Finally to show relation (5) we observe that é5“1é, 12652 = €426512¢,“! since V; is a
g1-geometric crystal. Hence by Proposition 6.2.5, we have
el e Pe? = e 1aes 2o e

—F 6—661 e—4c1c2€—6025. — (7716_4(:23_66162@_461

_ —15ci005,01 __ C1C2
—620' €6 120€, e ‘e e2

which completes the proof. ]

86



CHAPTER

7

PERFECT CRYSTALS OF TYPE D"

For a positive integer I, we consider the sets B and B®* as follows.

i+5
bijEZZO/ Zbij:l/1§i§6/
J=t
l 5+t
6o B ,
B¥ = qb=(bij) ;j<iys Zb”_ L binj 1<0<5, o,
1<i<6 j=i+t
t+1
Zbu> Y biyj, 1<i<t<5
j=i+1
i+5
bij € Z, Zbl]—O 1<i<e6,
6,00 _ — (b.. J=i
B¥® = qb=(bij) ;iciys |6, 5it
1<i<6 Y bij= Y by, 1<it<5
j=i j=itt

For B = B% or B we define the maps &, f, : B — BU {0}, &, ¢x : B— Z,0 < k < 6 and
wt : B — P, as follows. First we define conditions (E]-), 1<) <14

(E1) —biz — bya — bis + by > bss,
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— b1z — bia — b1s + bo > —b13 — byz + baa + bas,
— b1z — b1a — b1s + byo > —b13 — bag + baa + bas,
— b1z — b1y — 15 + bo > —D13 + by,
— b1z — b1a — b15s + bop > —bog — b3a + bas + bas,
— b1z — by — bis + b > —boy + by,
— b1z — b1y — bis + b > —bszs + by,
— b1z — b1a — bis + byn > —b13 — b1a — baz — bos + b3z + bas + b3s,
— b1z — b1a — bis +bn > —b13 — bia — baz + bz + b3y,
— b1z — b1a — bis + bn > —b13 — baz — bas + bz + bag,
— b1z — bia — bis + by > —biz — bia + bss,
— bz — b1a — bis + b > —b1z — bas + b33,
— b1z — b1a — bis + byo > —bag — bos + b33,
(E2) — b1z — b1a — baz — bog + b3z + bag + bas > bss,
— b1z — b1a — boz — boa + bzz + baa + bzs > —b1z — bas + bas + bus,
— b1z — b1a — bos — boa + baz + bag + bzs > —b1z — bag + bas + bus,
— b1z — b1a — boz — boa + bz + baa + bzs > —b13 + bay,
— b1z — b1a — boz — boa + bzz + baa + bzs > —bos — bag + bas + bus,
— b1z — b1a — baz — bos + b3z + bas + bas > —bos + bag,
— b1z — b1a — baz — boa + b3z + bas + bas > —bss + bag,
— b1z — b1s — baz — bps + b3z + bag + bzs > —by1z3 — by — bis + bay,
— b1z — bia — baz — bpa + b33 + bag + bss > —b13 — b1a — boz + b3z + bag,
— b1z — bia — baz — bpa + b3z + baa + bss > —biz — baz — bos + b3z + bag,
— b1z — b1 — baz — bpa + b33 + baa + bss > —biz — bia + bas,
— b1z — bia — baz — bpa + b3z + baa + bss > —biz — b5 + bas,
— b1z — b1 — baz — bpa + b33 + baa + bss > —bpa — b5 + bas,
(Es) — b1z —b1g — bos + bas + bsg > bss,
— b1z — b1 — baz + bz + bzg > —b13 — bos + bas + bus,
— b1z — b1a — bas + bz + bag > —b13 — bag + bas + bus,
— b1z — b1a — boz + baz + b3a > —b13 + baa,
— b1z — b1a — boz + bz + bag > —bos — bag + bas + bus,
— b1z — b1a — boz + baz + bsa > —boa + bua,
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— b1z — b1g — byz + b3z + by > —b3s + by,
— b1z — b1g — bz + b3z + bzg > —b13 — big — bis + by,
— b1z — big — boz + b3z + b3y > —b13 — b1y — boz — bog + b3z + b3y + bss,

— b1z — b1a — bas + b33 + bsa > —b13 — bag — bas + baz + bag,
— b1z — b1ga — baz + b3z + b3a > —b13 — b1a + bas,
— b1z — b1a — baz + baz + bsa > —b13 — bas + bas,
— b1z — big — baz + baz + bsa > —bpa — bas + bas,

(E4) — b1z — b — bps + baz + bsg > bss,
— b1z — bas — bas + bag + bzs > —b13 — bas + bas + bus,
— b1z — bos — bos + b3z + by > —biz — bag + baa + bas,
—b13 — bas — bas + baz + bag > —biz + bug,
— b1z — bas — bas + bz + bag > —bos — bag + bag + bus,
— b1z — bys — bas + baz + bsa > —boa + bua,
— b1z — bys — bos + baz + bsa > —bss + bua,
— b1z — bys — bos + bz + bag > —b13 — bia — b5 + bay,

— b1z — bys — bos + baz + bsa > —b1z — b1a — bys — boa + baz + bsa + bas,
— b1z — bys — bos + baz + bsa > —biz — b1a — boz + b33 + bag,
— b1z — bys — bos + baz + b3 > —biz — bia + bas,
— b1z — bas — bas + b33 + bsa > —b13 — bos + b,
— b1z — bys — bas + baz + bsa > —bpg — bas + bas,
(Es) — b1z —big + baz > bss,
— b1z — bia + bsz > —b13 — baz + bas + bus,

v

v

— b1z — bia + bsz > —b13 — bzs + bas + bus,

— b1z — bia + bsz > —b13 + bus,

— b1z — bia + bsz > —boa — bzs + bag + bys,

— b1z — bia + bzz > —bos + bua,

— b1z — bia + bsz > —bss + bua,

— b1z — b1a + b3z > —b1z — b1y — b1s + b,

— b1z — bia + bsz > —b1z — b1a — bys — boa + baz + bsa + bas,
— b1z — bia + b3z > —b1z — b1a — bz + b33 + bag,

— b1z — b1g + bz > —b13 — bpz — bos + bzz + b3y,
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— b1z — bia + b3z > —biz — bos + bas,
— b1z — bia + b3z > —bag — b5 + bas,
(E6) — b1z — o3 + bag + bas > bss,
— b1z — bo3 + baa + bas > —b13 — b3a + bas + bas,
— b1z — boz + byg + bys > —b1z + by,
— b1z — bz + baa + bays > —bog — bag + bas + bss,
— b1z — bz + baa + bas > —bos + bug,
— b1z — bz + baa + bss > —bss + bug,
— b1z — bz + baa + bys > —b1z — b1 — b1s + b,
— D13 — bo3 + bag + bas > —biz — brg — bz — boa + b3z + bss + 35,
—b13 — bas + baa + bas > —biz — big — bos + b3z + bag,
— b1z — bz + baa + bas > —b13 — baz — bos + bz + bag,
— b1z — bz + baa + bas > —b1z — bia + b33,
— b1z — bz + baa + bas > —b1z — bos + b33,
— b1z — b3 + baa + bas > —bog — bos + b33,
(E7) — b1z — bos + baz > bss,
— b1z — bys + baz > —b13 — bos + bas + bus,
— b1z — bas + b3z > —b13 — b3 + baa + bas,
— b1z — bas + b3z > —b13 + baa,
— b1z — bas + baz > —bos — b3g + bag + bss,
— b1z — bas + bsz > —bos + buy,

— b1z — bys + bsz > —bss + bug,

— b1z — bys + bsz > —b13 — bia — bis + ba,

— b1z — bys + bsz > —b13 — b1a — bys — boa + baz + b3a + bas,
— b1z — bos + bzz > —b1z — big — by + bas + bag,

— b1z — bas + bsz > —b1z — baz — bys + bz + bag,

— b1z — bys + b3z > —bi3 — bia + bas,
— b1z — bys + bsz > —boa — b5 + bas,
(Es) — bas — bos + baz > bss,
— bog — bys + bsz > —b13 — bos + baa + s,
— bog — b5 + baz > —b13 — bas + bas + bus,
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— bog — bys + b3z > —b13 + bua,
— bog — b5 + baz > —bos — bag + bag + bus,
— boa — bos + b33 > —bos + baa,
— boa — bos + b3z > —b35 + baa,
— byg — bys + b3z > —b1z — b1y — b1s + b,

— bag — bys + bsz > —b13 — b1a — bys — boa + b3z + b3a + bas,
— bag — bys + bsz > —b13 — b1a — bys + b3z + bag,

— bag — bys + bsz > —b13 — baz — bas + b3z + bag,

— byg — bys + b3z > —byz — b1y + b33,

— bag — bys + bsz > —b13 — bas + bas,

(E9) — b1z — b3y + bag + bys > bss,

— b1z — baa + baa + bas > —b13 — baz + baa + bas,
— b1z — baa + baa + bas > —b13 + bua,
— b1z — baa + baa + bas > —bog — bag + baa + bss,
— b1z — baa + baa + bas > —bog + bua,
— b1z — bag + baa + bas > —b35 + bua,
— b1z — b3a + baa + bys > —b13 — b1a — b5 + b,
— b1z — b3a + baa + bss > —b13 — D1a — baz — bos + baz + bag + b3s,
— b1z — bag + bag + bas > —b1z — b1a — baz + bz + b3y,
— b1z — bag + bag + bas > —b13 — baz — bas + baz + bag,
— b1z — bag + bag + bas > —b1z — b1a + bss,
— b1z — bag + baa + bys > —b1z — bys + b3,
— b1z — bag + baa + bas > —bog — bys + b33,

(E1o) — b1z + bag > bss,
— D13+ baa > —b13 — boz + bag + bus,
— b1z +bag > —b13 — bag + baa + bss,
— b1z + bag > —bog — bag + baa + bss,
— b1z + bag > —bog + b,
— b1z + bag > —b35 + by,
— b1z + byg > —b13 — b1a — b1s + b,
— b1z +bag > —b13 — b1a — bos — bog + b3z + by + b3s,
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— b1z +bag > —b1z — b1a — bos + baz + bsa,
— b1z +bas > —b13 — boz — bos + bz + bag,
— b1z + by > —b13 — b1a + b3,
— b1z + bag > —b13 — bas + bs3,
— b1z + byg > —bog — bos + b33,
(E11) — bag — by + bag + bys > bss,
— bog — bag + baa + bys > —b1z — by + baa + bys,
— bog — bag + baa + bys > —b13 — bag + baa + bss,
— bog — bag + baa + bys > —b13 + bug,
— bog — bag + baa + bas > —bog + bug,
— bog — bag + baa + bas > —bs5 + bua,
— bog — b3g + byg + bys > —b13 — b1y — b5 + b,
— bog — b3g + baa + bas > —b13 — b1a — baz — boa + b3z + bas + b3s,
— bog — bag + baa + bas > —b13 — bra — bos + bz + bag,
— bog — bag + baa + bas > —b13 — baz — bos + bz + bag,
— bog — b3y + bag + bas > —b1z — bra + b33,
— bog — b3a + bag + bas > —b13 — bos + b33,
— bpa — b3a + by + bas > —bog — b5 + b3,
(E12) — bog + byy > bss,
— bog + by > —b13 — bz + bag + bss,
— bog +bag > —b13 — b3y + baa + bss,
—bog + by > —b13 + by,
— bog +bag > —bog — bag + baa + bss,
— bog + bag > —bss + by,
— bog +bag > —b1z — b1a — b1 + b,
— bog +bag > —b13 — b1a — bas — boa + b3z + bas + b3s,
— bog +bag > —b1z — bra — baz + baz + bsa,
— bog +bag > —b13 — bys — bos + baz + bsa,
— bog +bag > —b1z — b1a + b33,
— bog + bag > —b13 — bos + b33,
— bog +bag > —bog — bos + b33,
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(E13) — bss + bag > bss,
— bzs + bag > —b1z — boz + bag + bys,
— b3s + bag > —b1z — bag + bag + bys,
— bas +byg > —b13 + by,
— b3s +bag > —bogy — b3y + bag + bss,
—b3s + byy > —bog + by,
— bzs +bag > —b1z — b1s — b1s + b,
— bas + bag > —b13 — b1a — baz — bos + baz + bas + b3s,
— bas + bag > —b1z — bia — baz + baz + bsa,
— bas + bag > —b13 — bas — bas + baz + bsa,
— bzs +bag > —b1z — b1a + b33,
— bzs + bag > —b1z — bas + b33,
— bas + bag > —bog — bos + b33,

(E14) bss > —biz — bos + bag + bus,
bss > —byz — b3a + bag + by,
bss > —b13 + baa,
bss > —bog — bag + bas + bus,
bss > —boy + buy,
bss > —Db35 + by,
bss > —b1z — by — bys + by,
bss > —b13 — b1a — baz — bog + b3z + bza + bss,
bss > —b1z — bia — bz + baz + bag,
bss > —b1z — baz — bas + baz + bag,
bss > —b1z3 — bia + b33,
bss > —b1z — bas + b3,
bss > —bos — bys + bss.
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Then we define conditions (F;) (1 < j < 14) by replacing > (resp. >) with > (resp. >) in (E;).

j
Let b = (bjj) € B. Then for é(b) = (bj;) where

,

b = by — b = big+1,bhy = bay — 1,b5, = byy +1, by = bag — 1,
Dhe = bag +1, bl = by — 1, bl = bag + 1, by = bsg — 1, ;g = bs 10 +1,
bio = beo — 1, bé,ll =bg11 + 1if (Ep)

bj; = bin — 1,b)s = bys + 1,bhy = byp — 1,bhg = bog + 1,035 = bas — 1,
Dhg = bsg + 1, bl = bag — 1,bjg = bag + 1,blg = bsg — 1, bl 1y = bs10 + 1,
bgg =bg — 1, bé,n = bg11 + 1if (Ez)

by = by —1,bl5 = bis + 1,0, = by —1,b, = bos + 1,b55 = bos — 1,
b§6 =by+1, bg4 =b3y —1, bgs =b3g+1, bfm = by — 1, bi7 =by +1,
byg = bag — 1,byg = bag + 1b5; = bsy — 1, b5 1y = bs 10 + 1, bgg = beo — 1,
bg,ll = bg11 + 1if (E3)

b = by —1,b, = by + 1,05 = by — 1, b = by + 1,5, = bzg — 1,
by, = by + 1,46 = bag — 1, bl = bag +1,b;, = bsy — 1,0, 1o = bs 10 +1,
bgo = beo — 1, bé,n = bg11 + 1if (Ey)

by = b1 — 1,05 =bi5+ 1,0y =bop — 1, b5y = bz + 1,055 = bps — 1,
bhe = bog+1,b45 = b3z — 1,bg = bag +1,b)g = by — 1,b);, = byy + 1,
k=0:q blg=bag— 1,09 = bag + 1bL, = bsy — 1,bkg = bsg + 1, blg = bsg — 1,

bs 19 = bsj0 +1,bgg = bes — 1,bg 11 = be11 + 1 if (Es)

by, = by — 1,0}, = bia+ 1,0y = by —1,bys = bps + 1,05, = by — 1,
bhe = bze +1,bys = bys — 1, bflg =by +1, bf% =bsg — 1, bé,lo =bs10+1,
bgo = beo — 1, bé,n = bg11 + 1if (Eg)

b = by —1,b), = big + 1,0y, = byy — 1, by = by + 1,5, = boy — 1,
bhe = bag + 1, bk = b3z — 1,0y, = bay + 1, b} = byg — 1, = byg +1,
by, = bsy — 1, bl = bsg + 1, by = bsg — 1, b 19 = bs 10 + 1, b = bes — 1,
bé,n = bg11 + 1if (Ey)

by = b1 —1,b)3 = b1+ 1,by = by — 1,bhe = bog + 1, b33 = b3z — 1,
by = bs7 + 1, by = bys — 1,bjg = byg +1,b5;, = bsy — 1, b5 1y = bs10 + 1,
bis = beg — 1, bé,u = b 11 + 1if (Eg)

by = by — 1,004 = big + 1,0y = by — 1,b53 = boz + 1,05, = by — 1,
bhs = bos + 1,04 = b3z — 1,04 = bzg + 1,b)5 = bys — 1,bjg = byo + 1,
bie = bse — 1,blg = bsg + 1bgy = bsg — 1, b’5,10 =bs10+1, bég =bgg — 1,
bé,n = b 11 + 1if (E9)
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by, = b1 — 1,0, =biu+1,bh =byp — 1, b5y = by +1,b5, =bps — 1,
bhs = bos +1,b45 = baz — 1,0}, = bag +1,b55 = bzs — 1,05, = byg + 1,
byy = bag —1,bjg = bag + 1bg = bseg — 1, b, = bsy + 1, b5y = bsg — 1,

B 1o = bs10 + 1, by = by — 1, b} 11 = b 11 + 1if (Egp)

by = by — by = bz +1,bhy = boy — 1,055 = bys +1,by; = bz — 1,
bhe = bze + 1, b5 = bys — 1,b)g = byg + 1, b, = bse — 1,bé,10 =bs10+1,
bgs = bes — 1, bé,ll =bg11 + 1if (Eqq)

iy = b1 —1,b)3 = b1+ 1,by = by — 1,bhs = bos + 1,043 = byz — 1,
k=0:qbhy =bsa+1,b4 =bss —1,bh =bsg+ 1,0y =bu—1,bjg=0bsg+1,
bi, = bse — 1,bL, = bsy + 1btg = bsg — 1, bé,lo =bs10+1,bg; =bey — 1,
bé,ll = bg11 + 1if (Epp)

by = b1 —1,b)3 = b1z +1,by = by — 1,by, = bos + 1,043 = byz — 1,
bf% =b3s+1, bfl4 =by — 1, bfg =byy +1, béé =bse — 1, bé,lo =bs10+1,
by, = bey — 1, bé,ll = bg11 + 1if (Eg3)

bjy = b1 — 1,05 =biz+ 1,05 =byp —1,b5, = bpy + 1,045 = b3z — 1,
Vis = b3s +1,byy = bag — 1, = bye +1,b5 = bse — 1, bé,lo =bsio+1,
bi; = be7 — 1, bélu = be11 + 1if (E1a)

k=1:by =bn+1,b5 =bip—1,bg19=beio+1,bs11 = be11 — 1

biz = b12 + 1, bi?) = b13 — 1,bé9 = b59 + 1,b/5,10 = b5,10 —1if blz > b23

=2 By = br + 1, by = byy — 1, by = beg +1,b], 1 = b1 — 1 if bra < b
by =biz+1,bjy =biys—1,bjg =bsg+1,bjg = by — 1
if b1z > bog, b1z + bz > bog + b3y
(g )= b L by = by — 1, bl = b 1,y = bso — 1
if b1z < bpa, boz > by
By = bss +1,by, = by — 1, blg = bes + 1, by = bgo — 1
if D13 + bz < bog + b3y, boz < b3y
by =bia+ 1,05 =bi5 — 1,0, =bsy+1,blg = byg — 1
e if b1y > bs, b1g + bog > bas + bss, big + bog + b3y > bys + bzs + bys
bhy = bos+1,bhs = bps — 1,b); = bay +1,bjg = bag — 1
if b1a < b2s, bos > 35, b24 + bag 2> b3s + bus
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if D14 + bos < bos + bas, bog < b3s, b3y > bys

= By = bas+1,bls = bys — 1, by = bey + 1, bl = bes — 1
if D14 + boa + b3a < bos + b3s + bas, boa + bas < bas + bas, bsa < bys
Bs = bas + 1, by = b — 1, by = bag + 1, by = byy — 1
. if b5 + bag + bas > bsz + bsa

B = bys + 1, bl = bag — 1, by = bsg + 1, bl = bsy — 1

if bos + byy + bys < bzsz + by
Bl = bis +1,b} = by — 1, bhg = bag + 1, by = byy — 1

if b15 + b3z + baa + bas > bap + bz + bag,

bis + b3z + b3y + 2b3s + bss > by + boz + bog + bag

k=6:qb5 =bss+1,b5 =bse—1,b) = bag+1,b); =bsy — 1

if b15 + b33 + bsa + bas < bap + bos + bog, b3s + bss > bas
ble = bss + 1, by = bsg — 1, bl = beg + 1, bl = by — 1

if bis + b33 + b3y + 2bss + bss < boo + bos + bog + bag, bzs + bss < byy
and bl/»]- = bjj otherwise.

Also fi(b) = (bj;) where

by; = by + 1,0} = big — 1,b = by +1,by, = boy — 1,03 = bzs + 1,
bhy = bsg — 1, bl = byy + 1, bl = bag — 1, by = bsg +1,b 1y = bs 10— 1,
by = beo +1, b} 11 = bg11 — 1 if (F)

by = by + 1,05 = bys — 1,bhy) = bop + 1, b = bog — 1, bl = b3s + 1,
bhg = bg — 1, bl = bag + 1, bl = bag — 1, bl = bsg +1,b 1 = bs 10— 1,
by = beo +1, b} 11 = bg11 — 1 if (F2)

k=0: b}, =big+1,bjs=bis—1,bhy = byp +1,bh, = byg — 1, bhs = bys + 1,
bhe =boe — 1,05y = b3y + 1,0} = bag — 1, b, = bae +1,b), = byy — 1,
Dyg = bag + 1, bhy = bao — 1, bl; = bsy + 1, b} 19 = bs 10 — 1, bgg = beo + 1,
by 11 = be — 1if (F3)

biy = b1 + 1,00, = by — 1,bhy = byp +1,bhg = bog — 1, b5, = baa + 1,
by, = by — 1, b = bag + 1, bl = bsg — 1, b, = bsy + 1,0 1o = bs 10— 1,
| bho = Do + 1,5 1y = be1 — 1 if (Fa)
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by = b1 +1,b)5 =bis — 1,0y = bop 4+ 1,bhy = by — 1,b)s = bps +1,
by = bag — 1, b3 = bsg + 1, byg = bsg — 1, by = bag + 1,0}, = bay — 1,
biyg = bag + 1,byg = bag — 1b5; = bsy + 1, bsg = bsg — 1,bsg = bso + 1,

b5 10 = bs10 — 1, bgg = bes + 1, b 1y = be1 — 1 if (Fs)

by, = by +1,b), = big — 1,0y = by +1,bhs = bps — 1,05, = bss + 1,
By = bz — 1, by = bys + 1, bl = bag — 1, b = bsg + 1, 1 = b 10— 1,
bgg =bg +1, bé,u =bgy1 — 1if (F)

by = by +1,b, = by — 1,05 = by + 1,bly = bys — 1, b5, = boy +1,
bhe = bpe — 1,045 = b3z + 1,05, = bsy — 1, b, = bye +1,bjg = byg — 1,
bg; = bsy +1,b55 = bsg — 1,bgg = bso + 1, b5 1 = b5 10 — 1, bgg = bes + 1,
bé,ll =be11 — 1if (Fy)

biy = b1 +1,b)5 = b1z — 1,0, = bop +1,b5g = bps — 1,b43 = b3z + 1,
by, = byy —1,by, = bae +1,b)g = byg — 1,b5, = bsy + 1, bé,lo =bs10—1,
bés =beg+1, bé,ll = bgy1 — 1if (Fg)

by, = b1+ 1,0, =biu— 1,0 =byp+1,b5; =bys — 1,05, =bps+1,
béS =by; — 1, bé3 =b33+1, bé6 =b3— 1, bZLS =bys+1, bfw =by — 1,
bl = bss + 1, by = bsg — by = bso + 1, 10 = bs 10 — 1, blg = bes + 1,
bé,n =bg11 — 1if (Fy)

by, = by + 1,0, = by —1,bhy = by +1,bhy = bog — 1,05, = bpg +1,
Bhs = bys — 1, b = bz + 1, b, = bas — 1, b = bas + 1, by, = bag — 1,
biy = baa +1,bjg = bag = 1b5s = bsg +1,bs; = bsy — 1, byg = bso + 1,
bé,m = bs10 — 1'b/67 = by + 1'b/6,11 = be11 — 1if (Fpp)

iy = b +1,b3 =biz — L by =bn+1,bp5 =bs — 1, by = bz + 1,
Vi = bz — 1, by = bus + 1, by = byg — 1, b = bsg + 1, 1 = bs 10— 1,
bés =beg+1, bé,ll =bg11 — 1if (Fpq)

Bl = biy +1,b) = bis — 1, By = byy +1,bhg = bps — 1, By = bs + 1,
by =bag — 1,04 = b3s + 1,05 = b3g — 1, by = bag +1,bjg = bgg — 1,
bl = bss + 1, by, = bsy — sy = bsg + 1, 10 = bs 10 — 1, by = bey + 1,
bé,ll = bg11 — 1if (Fp2)

iy =bi+1,bj5 =biz— 1,0y = b+ 1,byy = by —1,b55 = bz + 1,
Ve = bz — 1,byy = bag +1,b); = byy — 1,b; = bsg +1, bé,lo =bs10—1,
by, = bey + 1, bg,ll = bg11 — 1if (Fi3)

biy = b1 +1,bi5 = b1z — 1,0 = bop + 1,0y, = bpg — 1,b33 = bz +1,
béS =b35— 1, bfm =by+1, bfw = by — 1, béé =bs¢ + 1, bé,lo =bs10—1,
by = by + 1,6, 11 = berr — 1if (Fug)
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k=1:bly = by — 1,y = b+ 1,b} 10 = bg 1o — 1, b1y = b1 + 1
k=2: {biz = b2 =1 by = bia + 1, bsg = bsg =1, b0 = 5o +1if biz > b
by, = bx — 1,bhy = bos + 1, by = beo — 1, b} 1o = be 1o + 1 if bya < bns
bly = b1z — 1,0}y = bis+1,bjg = by — 1, by = byo + 1
if b1z > bog, bz + bz > by + by
bhy = bos — 1,b,, = boy + 1, bl = bsg — 1, by = bsg + 1

k=3
if b1z < bos, baz > b3a
Vs = b3z — 1,05, = b3y +1,bg = beg — 1, byg = beg + 1
if b13 + baz < boa + b3s, bas < b3y
B, = bis — 1,65 = bys +1,b = by — 1, blg = bag + 1
if 14 > bos, b1a + bpa > bos + bss, b1a + boa + bz > bas + bas + bus
by =bos — 1,bhs = bps + 1,0}, = bay — 1,bjg = byg +1
e 4 if b1a < bos, bog > 35, b2a + bag > bas + bus
by = by — 1,bhs = bas +1,bl;, = bsy — 1,blg = bsg + 1
if D14 + boa < bos + bss, bas < b3s5,b34 > bus
by = bag — 1,bjs = bys + 1,0}, = bey — 1, byg = beg + 1
if b1g + bog + b3y < bos + bss + bas, bog + b3y < bas + bys, bag < bys
bis = bys — 1,b5 = bog + 1,05 = bzg — 1,b%, = b3y + 1
P if bos + byg + bys > bz + b3y

Bl = s — 1, By = bsg + 1, bl = bsg — 1, bl = bsy + 1

if b5 + baa + bas < bsz + bsa
bis = bis — 1,bj = big + 1, b = bog — 1, 0%, = by + 1

if bis + b33 + bza + bzs > by + bos + bys,

bis + b3z + bag + 2b35 + bss > boo + baz + boa + baa

k=6:qb,=0bss—1,bh =bse+1,b) =bsg—1,b); =byy +1

if 15 + b33 + bag + bas < bap + bz + bog, bss + bss > by
bis = bss — 1,bgy = bsg + 1, b = bes — 1, by; = b7 + 1

if b15 + b3z + b3s + 2b35 + bss < bap + baz + bog + bag, bss + bss < bag

and bl/-j = b;; otherwise.
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For b € B® if &(b) or fi(b) does not belong to B®, then we assume it to be 0. The
maps €(b), ¢x(b) and wtx(b) for k = 0,1,2,3,4,5,6 are given as follows. We observe that

wte(b) = ge(b) — ex(b), p(b) = X5_o pr(b) Ay, e(b) = X3 ex(b) Ax and wi(b) = p(b) — (b).

1+ max{ —bse — bsy — bsg — bsg — bs 10, —b13 — b23 — bag — bay — bag — buo,

—b13 — b3s — bag — ba7 — bag — bag, —b13 — bss — bag — ba7 — bag — buo,
—boa — b3s — bag — ba7 — bag — bag, —bs — bss — bag — ba7 — bag — buo,
—bas — bys — bag — ba7 — bag — bag, —b13 — b1g — bys — baz — by — bas
—bae — b2y, —b13 — b1a — bys — bog — bae — b3y — bag, —b13 — b1a — b2a
—bas — b3 — by — bsg, —b13 — baz — bys — bss — bag — b3y — bas, —b13
—b1a — b3s — bas — bz — bay — bsg, —b13 — bas — baa — bss — bzg — 37
—bsg, —boy — bys — by — bss — bzs — bs; — bsg} if b € B,

ol) = max{ —bss — bsy — bsg — bsg — bs 10, —b13 — b2s — bas — bay — bag — buo,
—b13 — bas — bag — bay — bag — bag, —b13 — bas5 — bag — bay — bag — bay,
—boa — b3s — bag — bay — bag — bag, —boa — bss — bag — ba7 — bag — buo,
—bas — bas — bag — bay — bag — bag, —b13 — b1a — bis — baz — bpa — bos
—boe — ba7, —b13 — b1a — bys — baa — bae — b3y — bas, —b13 — b1a — bas
—bas — b3 — bz — bsg, —b13 — baz — bys — bss — bag — bs7 — bas, —b13
—b14 — b3g — bas — bz — bay — bg, —b13 — bas — bag — bss — bzg — 37

| D38, —ba — b5 —b3s — bys — bg — bsy — b} if b € B>,
e1(b) = by,

— byg + bis — bog + bys — bag + bss + bys },
e5(b) = max{by1 + b2 + b1z + b1a — bay — b3 — boy — bos,
b11 + bia + b1z + b1y — bap — baz — by — 225 + b3z + bzg — bag — bas},
I +max{—bi1 — bip — b1z — b1a — bi5, —=b11 — b1 — b1z — big — 2bs5
e6(b) = +b22 + baz + baa — bsz — bag — bss, —b11 — b1z — b1z — bia — 2015
+b2 + Doz + by — b3z — bag — 2bss + bay — bss } if b € B,
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Eé(b)

@o(b)

(
max{—bi1 — b1y — b1z — big — b1s, —b11 — b1a — bz — bis — 2Dy
+b2p + bys + bog — bz — b3y — bas, —b11 — bip — bz — b1y — 2bs5
+b2 + bys + bog — bzz — by — 2bzs + bag — bss } if b € B,

I + max{—bi1 — bip + bz + bas + bos + by + bpy — bsg — bsy — bsg — bsg — bs 1,
—b11 — b1 — b1z + boa + bas + bog + o7 — bag — bay — bag — buo,
—b11 — b1o — b1z + baz + bog + bos + bog + bay — bag — bys — bay — bag — by,
—b11 — b1a — b1z + baz + bog + bos + bog + bay — bys — bys — bay — byg — by,
—b11 — b1z + bas + bas + bag + bay — bas — bag — bay — bag — buo,
—b11 — b1z + bos + bas + bog + baz — bas — bag — bay — bag — bao,
—b11 — b1o + bos + bog + bas + bag + bay — bss — bys — bys — bay — bag — by,
—b11 — b1y — b1z — b1 — bis, —b11 — b1 — b1z — bra + b5 + boe + boy — bze — b3y
—bag, —b11 — b1o — b1z — big + bog + bos + bog + byy — bas — bzs — by — bss,
—b11 — b1y — b1z + boa + boe + bay — bas — bz — by — bzg, —b11 — bip — bz
—b1a + b3 + boa + bos + bog + bay — bag — bss — bag — bsy — bag,
—b11 — b1y — b1z + bz + boa + bag + baybas — bss — bsg — bs7 — bas,
—b11 — b1y + bo3 + bog + by — by — bss — bag — bay — bag} if b € B,
max{—b11 — b1z + ba3 + bas + bas + bag + bay — bse — bsy — bsg — bsg — bs 19,
—b11 — b1a — b1z + bog + bas + bog + boy — bag — baz — bag — by,
—b11 — b1a — b1z + baz + bog + bos + bog + boy — by — byg — bay — bag — by,
—b11 — b1y — b1z + bz + boa + bos + bog + bay — bas — bag — bay — bag — bao,
—b11 — b1o + bos + bas + bag + bay — b3y — bag — bazbsg — by,
—b11 — b1z + bas + bos + boe + b2y — bas — bag — bay — bag — buo,
—b11 — b1z + bas + boa + bas + bag + oy — bss — bas — bag — bag — bag — buo,
—b11 — b1y — b1z — bia — bis, —b11 — bio — b1z — bia + b5 + boe + bay — bze — b3y
—bas, —b11 — b1a — b1z — b1a + bag + bas + bag + bay — bzs — bae — bs7 — bas,
—b11 — b1y — b1z + bas + bog + bay — bas — bz — bay — bzg, —b11 — bip — bz
—b14 + bp3 + bpg + bos + bog + bay — b3y — b3s — bzg — bay — b,
—b11 — b1 — b1z + D23 + boa + bog + boy — bsa — bas — bz — bay — bss,

—byy — b1 + bos + bog + bay — bsa — bss — bsg — bay — bag} if b € BO™,

¢1(b) = b1 — by,
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¢2(b) = max{bxn — bss, b1z + by — bz — b33},

@3(b) = max{bsz — baa, bos + b3z — b3y — bag, b13 + baz — boy + b3z — bzg — bus },

@4(b) = max{byy — bss, b3y + bag — bys — bss, bog + bag — b3s + bag — bys — bss,

b1g + bog — bys + bzg — b5 + bag — bys — bss },

¢5(b) = max{bys, bos — b3z — b3y + bag + 2bs5},

I 4+ max{—bse — bs7 — bsg — bsg — bs10, bas — bag + bss — bse — bsy
—bss — bsg — bs,10, b15 — bao — bz — baa + baz + bsa + 2035 — baa
+bs5 — bsg — bsy — bsg — bsg — bs 10} if b € B,

po(b) =
max{ —bsg — bsy — bsg — bsg — b5 10, b35 — bag + bss — bsg — bsy
—bss — bsg — bs,10, b15 — boo — bz — boa + bas + bsa + 2035 — baa
+bss — bse — bsy — bsg — bsg — bs 19} if b € B®™,
wto(b) = —b11 — bia + b3 + bog + bos + bag + bay,
wty(b) = by — b1z — bao,
wta(b) = b1z — b1z + b — bz — bss,
wt3(b) = b1z — bia + baz — bog + baz — bay — bua,
wty(b) = b1y — b1s + bag — bos + bag — b5 + bag — bas — bss,
wts(b) = —b11 — b1a — b1z — big + bap + baz + bog + 2b25 — bz — by + bag + 2bss,
wte(b) = bi1 + b1 + b1z + big + 2b15 — byo — boz — bog + baz + bzg + 2b35 — byg + bss

— bse — bsy — bsg — bsg — b5 10.
Choose elements b)), b3, b3, b3, b3, b2, bY where

0 6),(2,7),(3,8),(4,9),(5,10), (6,11),
(bg)i]’ =1 if (i/j) = (1/ 1)/ (2/ 6)/ (31 7)/ (4/ 8)/ (5/ 9)/ (61 10)/
(2) 1 (2, 2), (2, 6), (3,6), (3, 8), (4, 7), (4,9), (5, 8), (5, 10),

(6,9),(6,11),

3 =1 if (i,j) = (1,1),(1,4),(2,2),(2,5),(3,3),(3,6), (4,6),(4,9),(57),(510),
(6,8),(6,11),

(=1 if (i) = (1,1),(1,3),(2,2),(2,4),(3,3),(3,5), (4,4), (4,6),(5,6), (5,10),
(6,7),(6,11),

(B9 =1 if (i,)) = (1,2),(2,3),(3,4),(4,5),(5,6),(6,11),
(be)ij =1 if (i,j) = (1,1),(2,2),(3,3),(4,4),(5,5),(6,6),
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and (bﬂ)ij =0 otherwise, for 0 < k < 6.

As shown in [21], the crystal B®'isa perfect crystal with the set of minimal elements:

(B*)min = {b € B | {c,e(b)) =1}

6
= {Zakbﬁwkezm, a0+a1+2a2+2a3+2a4+a5+a6:l}.
k=0

For A € P,, consider the crystal T) = {t,} with

é(tr) = fi(ta) =0, ex(tr) = gr(tr) = —oo,
Wt(t/\) = A,

fork=0,1,2,3,4,5,6. Then for A,y € Py, T\ ® B ® T, is a crystal with the structure given

by

G(ta@bRt,) =t REbDty, i @bet,) =t fibot,
ek(tr @b @ ty) = ep(b) — (&, A), Pr(ta @b @ ty) = @i(b) + (1),
WHE, @b @ 1,) = A + p+ wi(b)

where t) @ b®t, € Ty ® B¥ @ T,.

The notion of a coherent family of perfect crystals and its limit is defined in [19]. In the

following theorem we prove that the family of Dél) crystals {B%},~; form a coherent family

with limit B&* containing the special vector b = 0 (i.e. (b*);; =0fori <j<i+5,1<i<6).

Theorem 7.0.1. The family of the perfect crystal {B%'},~, forms a coherent family and the crystal
B is its limit with the vector b*.

Proof. Set | = {(1,b)|l € Z~0,b € (B )min}. By ([19], Definition 4.1), we need to show that
1. wt(b®) =0,e(b®) = @(b™) =0,
2. for any (I,b) € ], there exists an embedding of crystals

fup : Tepy ® B @ T_ g4y — B

where f(l,b) (ts(b) Rb® t,(’](h)) = b%,

3. B6’Oo = U(l,b)e] Im f(l,b)’
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Since & (b®) = 0, ¢ (b®°) = 0,0 < k < 6, we have ¢(b®) = 0,¢(b*) = 0 and hence
wt(b*) = 0 which proves (1).

Let] € Z-gand 1° = (b?j) be an element of (B%')in. Then there exist a, € Z>0,0 < k <6
such that ag + a1 + 2a; + 2a3 + 2a4 + a5 + ag = [ and

b?l =a1+ay + az+ ag + ag, b?z = as, b?3 =y, b(1)4 = as, b(1)5 = ap, b(l)6 = a,

bgz =ay +az + a4 + ag, bg3 = as, bg4 =y, ng = as, b86 = a1+ ay, b87 = a,

bgg = a3+ a4 + ag, bg4 = as, bg5 =y, bgé =ay + as, bg7 =a, bgs =ag + ap,

b24 = a4 + ag, b25 = as, bgé = a3 + ag, b27 = a, b28 =, b29 =dag+ap +as,

b55 ae, b56 = a4 + as, b57 as, b58 ar, b59 ai, b5 10 = a0 +az +az +ay,

b66 ag, b67 ag, b68 as, b69 a», b6 10 = a1, b6 11 = a0 +az + a3+ as +as, and
E(bo) = ag/\g + asA\1 + ag\o + azA3 + ar Ay + a1 As + ag\g,
(p(bo) = a9\ + a1 /A1 + a2 Ao + az A3 + ag g + asAs + agAg.

For any b = (b;j) € B®, we define a map
f(l’bO) : Te(bo) ® B ® T,(P(hO) — B

by fiip0) (tewo) @b & t_y40)) = b = (bj;) where bj; = bi]-—b% foralli <j<i+5 1<i<eé.
Then it is easy to see that

ex(b) = ex(b) —ag_i = ex(b) — (&, e(B°)) for 0 <k <6,
Pe(b') = pi(b) — ax = @i(b) + (d, — (%)) for 0 <k <.

Hence we have
€k(b/) = €k(b) — <5£k,8(b0)> = Ek(tg(bO) Rb® t,(P(bO)),
Pe(b') = @i(b) + (g, —@(°)) = @(teny @ DR E_y40)),
wt(b') = Y (e (b') — e (b)) A = )+ E p(b°)) A + Z b)) Ay
k=0 =

= Wi(B) = p(b") + (%) = Whlteun) Db D E_g00))

For 0 < k < 6,b € B, it can be checked easily that the conditions for the action of &, on
b' = b — 1 hold if and only if the conditions for the action of & on b hold. Hence from the

103



defined action of &, we see that & (b') = é&(b) — b°,0 < k < 6. This implies that
fiap0) (G (tepoy @b @ t_g401)) = fia,p0) (Eepoy @ 8k (D) @ t_g0))

= &(b) — 0% = & (V') = & (fiup) (be0) @D @ t_pp0)))-

Similarly, we have f; 4o (fr(t, W) ®b®t_g40))) = fk(fzbo (teo) @b @ t_g0)). Clearly the
map f ) is injective with f{; y0) (£, (0) ® Wt _p(0)) = b™. This proves (2).

We observe that 27'15 b:] ZZ+5 bij — Z;Jrf b?] =]l—1=0foralll <i<6.Also,

bil = b — b?l
= bee + b7 + bes + beo + be,10 — a1 — a2 — az — as — de
= bge + by + g + beo + g 10,
11+ 1o = buy — by + by — b,
= bss + bse + bsy + bsg + bsg — a1 — ax — a3 — ag — as — de
= bss + bse + sy + bsg + bso,
by + by + bi3 = biy — by + bia — b + biz — bis
= byy + bys + by + byy + byg — a1y — ay — a3 — 2a4 — as — ag
= biy + blys + b + by + big,
b1y + bip + big + Uiy = by — by + biy — b9, + biz — b + brg — by
= b33 + b3a + b35 + bzg + b3y — a1 — ap — 2a3 — 2a4 — as — ag
= by + b3y + b5 + b3 + gy,

11 4 bio + D13 + by + bl = by — by + big — by + b1z — by + brg — by + b1s — by
= by + boz + bog + bos + bog — ay — 2a; — 2a3 — 2a4 — as — ag
= by + b3 + by + b5 + by,

by, = b — b
= bee + b7 + bes + beo — a2 — az — as — ae
= bge + by + bgg + beo,
by, + by = by — b3, + by3 — b3
= bss + bse + bsy + bsg — ap — a3 — ag — a5 — ae
= bss + bse + s + bg,
by + bs + byy = boo — b3y + bos — b5 + bos — by,

= byg + bys + bae +byy —a — a3 —2a4 — as — ag
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= by + by + by + b,
Dy + bl + by + b5 = bop — b3y + bas — b5 + bog — by, + bas — b
= b33 + b3s + b3s + bse — ap — 2a3 — 2a4 — a5 — ag
= bgs + b3y + 35 + b,
b = bss — b33
= bes + b7 + beg — a3 — a4 — a6 = byg + by + beg,
bls + by = bz — b33 + bas — b3y
= bss + bse + bsy — a3 — ag — a5 — ag = bss + bsg + bsy,
bls + by + bas = bys — b3y + bag — b5, + s — b3
= by + bas + by — a3 — 2a4 — a5 — as = by, + b5 + big,
by = byy — b3, = bes + bey — ag — ag = blgg + by,
by + bis = bas — by + bys — bls = bss + bse — a4 — a5 — ag = bis + b,

/ 0 /
b55 = b55 — b55 = b6(, — g = b66~

Hence we have B®® D Upyes Im f ). To prove (3) we also need to show that B> C Uip)er
Im f(; ). Let b' = (blf].) € B%®. By (2), we can assume that b’ # b™. Set

ay = max{—byy + by, —byy — by + by + bis, —byy — by — bl + by + bys + by,
— byy — byy — by — by + by + b + by + b5, 0},
ay = max{—by, + bs3, —byy — byy + b3 + b3y, —by — b3 — by + bis + by + b35,
— b5, —by — a1,0},
a3 = max{ —bs + by, —b33 — by + bjy + bls, —biy, —bds, —b3s — 02,0},
ay = max{—by + bss, —by3, —byy, —bis, by — a3,0},
as = max{ —biy, —bh3, by, —bls, —bss — a4,0},
ag = max{—bj; —a; —ar — az — ay, —bby — ay — a3 — ay, —bi; — a3 — ay, —b}, — ay, —bks, 0},
ap = max{bj; — ap — az — ay — as, b}y + by, — as — az — ay, by + bi, + b5 —ax — as,

11+ bio + b3 + by — az, byy + by + big + by + b5, 0}
Let | = ag+ ay + 2ay + 2a3 + 2a4 + as + ag. Let 10 = (b%) where

0 0 0 0 0 0
0 0 0 0 0 0
b22 = az + a3 + a4 + a6, b23 — a5, b24 — a4,a25 — ﬂ3, b26 - al + az, b27 — ﬂo,

0 0 0 0 0 0
b33 = a3 + as + ae, b34 = a5, b35 = ly, b36 =ap + as, b37 =daq, b38 =4dy + az,
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0 0 0 0 0 0

by, = a4 +ae, bys = as, byg = az +ay, by = az, byg = a1, by = ap + a> + as,
0 0 0 0 0 0

bss = ae, bsg = a4 + as, bs; = as, bsg = a, b5,9 = a1, b5,1o =ap +ax +az + ay,

0 0 0 0 0 0

Then 8(170) = ae\g + asA\1 + as\y + a3As3 + ar Ay + a1 A5 + ap/Ae and (p(bo) = apA\o + a1\ +
a3y + azA3 + ag\g + asAs + agAg. It is easy to see that b0 € (B)in.
Set b = (bj;) where b;; = bj; + bg.. Then zl+5 bij zl+5 by, 21+5 bO =04+1=1,1<i<6

and we observe that

by = by + b9, = bl +a; +ax +az+ag+ag >0, since ag > —by; —a; —ay — a3 — ay,
bip = by, +b), = b}, +as > 0, since a5 > —b},,
biz = by + b); = b3 +ay > 0, since ay > —bl,,
by = by, +b), = b, +az >0, since az > —bl,,
bis b15+b5—b +a220,sincea22—i5,
bis = big + big = bis + a0 = —byy — bly — bjs — by —bis +a9 > 0,
since ag > b§1+b2+b 5+ by + s,
byy = by + 1Y, = by, +ay +az +ay +ag > 0, since ag > —bhy, — ar — a3 — ay,
bog = by + b9y = bhy + a5 > 0, since a5 > —bb,,
boy = bhy + b9, = bhy + a4 > 0, since ay > —bb,,
bos = bhs + b9 = bhs + a3 > 0, since a3 > —bbs,
bag = bhe + b9 = bhe + a1 +ay > 0, since ay > —bhg — ay,
ba7 = byy + b3y = by + a9 = —byy — byg — by — bys — byg + a9 > 0,
since ag > by + by + b3 + by + bis = by + b + by + b5 + b,
bss = by + b3y = by + a3 +ag +ag > 0, since ag > —bly — a3 — ay,
byy = bl + b3, = b, +as > 0, since a5 > —b},,
bss = bl + b3 = bhs +ay > 0, since ay > —bjs,
bse = bhg + b3 = bl +ay +a3 > 0, since a3 > —bhy — az,
byy = by + b3, = by +a1 > 0, since @y > —byy — byp — bz — by + by + by + by + bys
= —byg — b3y — b5 — byg — by + b3 + by + b5 + b
= —b§7r
bsg = by + b3g = bbg + ag + ap = —bly3 — b, — b5 — bs — by, +ap +ax > 0,
since ag > by, + bl + b5 + bly — a2
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= bas + by + Vs + b3 + by — a2,

by = by + b3, = bly +ag+ag >0, since ag > —bjy, — ay,
bys = bjs + b3 = bls +as > 0, since a5 > —bjs,
by = bjg + b3 = bl +az +ay >0, since ag > —bjg — as,
byy = by, + b3, = by, +a, > 0, since ap > —bhy — by — by + b3 + by + bhs

= —bjy — bis — biys — by + by + bis + b = —b,
byg = bjg + bl = bhg + a1 > 0, since a; > —bl; — bjy — bjs + by, + bhs + bb,

= —bjy — bis — by — by — byg + biy + bjs + bys + by
= —byg,
byo = bl + b3 = bl +ag + ax + as = —bly — b5 — bl — by, — bl +ao +az +a3 >0,

since ag > by, + bi, + bl —a; — a3
= bjy + bz + by + byy + byg — ar — az,

bss = bls + b2 = bls +ag > 0, since ag > —bks,
bsg = b + b2 = bie 4+ a4 +as > 0, since a5 > —bk, — ay,
bsy = bs; + b3; = bi; + a3 > 0, since a3 > —bi; — by + by + b

= —bs5 — bse — by + bss + by = —bs7,
bss = b + by = bkg + a2 > 0, since ay > —bh, — bhy + by + bl

—bss — bse — bs7 — bgg + bss + bsg + bs; = —big,

bsg = b + by = bky + a1 > 0, since a; > —bi; — bi, + bhy + bhy
—bss — bse — bsy — bsg — bsg + bss + b5 + bs7 + bsg

= —bs,
bs,10 = bk 1o+ 6219 = by 19+ a0 + a2 + a3 + ay
= —bs5 — bse — by — bsg — bgo +ag +az +az +as >0,
since ag > by, +bl, —ax —az —ay
= bgs + g + by + bsg + bsg — a2 — a3 — ay,

bes = bige + b2s = blye +ag > 0, since ag > —blhs = —Dbj,
bey = by + bY = by +ag > 0, since ag > —bly + bls = —bjg — by + bgg = —bly,
bes = bg + b = big + a3 > 0, since ag > —blg + by, = —bis — by — blsg + by + by = —Dblg,
beo = b + b0 = bl +az > 0, since ay > —by, + b,

= —bgs — by — beg — bgo + b + b7 + bgg = —bio,
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= —bgs — bz — bes — bgo — b 10 + b + by + bgg
+ bgo = —bg 10,
b1 = bg 11 + bg,n = bg11 + a0 +az +az +as +as
= —bgs — by — beg — bgg — b 10 + a0 + a2 + a3 +ag +as > 0,

since ag > by, — a» — az — aq — as.
We also have

biy = by + b9,

= by + by + bgg + bgo + b 19 + a1 + a2 + a3 + as + ae
= bee + be7 + bes + beo + bs 10,

buy + bip = byy + b9y + b, + b))
= b5 + bsg + bsy + bsg + bag + a1 + a2 + az + as + as + ae
= bss + bsg + bsy + bsg + bso,

biy + big + by = byy + b9y + by + by + bi5 + by
= by + by + bl + by + big + a1 + az + a3 + 2a5 + as + ae
= baa + bas + bag + bay + bus,
b1 + bia + b1z + big = biy + b)) + biy + b, + bl + b5 + by + b,
= b3 + b3y + bis + b3 + b3y + a1 + az + 243 + 2a4 + a5 + ae
= b33 + bay + b3s + bz + b3y,
by + bz + b3 + bua + bis = by + bYy + b + B, + Dig + By + by + by + bis + bis
= by + b + byy + bs + byg + a1 + 2ap + 2a3 + 2a4 + a5 + ae
= by + bps + bog + bas + b,
by = b, + b3,

= g + by + bgg + bgo + a2 + a3 + as + ae
= b + be7 + bes + beo,

bo + b3 = by + b3 + by + b3
= b5 + bsg + by + bsg + a2 + a3 + as + as + ae
= bss + bsg + bsy + bsg,

byy + boz + bys = by + b3, + by + b33 + by + b3,

= by + bjs + bjg + bl + a2 + a3 + 2a4 + as + ae
= bya + bas + bag + baz,
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by + b3 + by + bys = by + b3, + b + b3 + by, + b9y + bs + b3s
= bhs + by + bl + bl + ax + 2a3 + 2a4 + a5 + ag
= bag + b3a + b3s + b3e,
bys = by + b5
= bgg + bgy + beg + a3 + ag + as = bes + be7 + bes,
b33 + by = blg + b3 + by + b3,
= b5 + big + bs; + a3 + ag + as + as = bss + bse + bsy,
ba3 + by + bss = bz + b3y + by + b3 + biss + b5
= bjy + b5 + by + a3 + 2a4 + a5 + ag = bag + bas + bug,
bag = by + b3y = bl + by + as + ag = bes + b7,
bag + bas = by + b3y + b5 + b5 = bls + bk + ag + as + ag = bss + bse,

bss = bé5 + ng = bé6 + ag = beg.
In addition, we have

by = by + b9 > bhy + b9, = by, since b9, — b9, = a;

v

—bjy + by,
—by + by,

bys = by + U35 > biy + by = by, since b — by = a3 > —biy + by,

boy = bhy + b9, > bl + b3y = bsz, since by, — b, = ay

v

byy = by + b3y > bls + bl = bss, since by — b5 = ag > —bjy + b,
bin + by = biy + b3y + bl + by > bhy + b, + by + b3 = bap + bos,
since by} + b, — b3, — b3y = a1 > —byy — by, + by + b,
by + by = by, + b3, + by + b3y > bl + b5 + by + b3y = baz + baa,
since b9, 4+ by — b33 — b3y = ay > —bby — bhy + bl + by,
bz + by = bz + b33 + bhy + b9y > bly + b, + b + bls = bag + bus,
since b3; + b3y — bYy — bl = a3 > b3 — by + by + bis,
bir + b1y + bz = byy + b9y + by + by + by5 4 by
> by + b9y + bhy + b + bhy + b9, = byy + bz + bog,
since by + b, + b5 — b3, — b3, — b,
= a1 > —byy — byp — biz + by + b3 + by,
byy + byz + byy = by + b3, + by + 135 + by + b3,
> Dy + D35 + b3y + b3y + bl + B35 = bas + bag + bss,

since b3, + b3; + by, — b35 — b3, — bl
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=ay > —by — byy — by, + byg + by, + b,
b1y + bia + big + big = by + by + bip + b, + by + b + by + by
> by + b3 + by + by + bhy + Dy + bls + bs = bo + b3 + bay + bos,
since by + by + b5 + bYy — b3, — b3 — b3, — b5

= a1 > —byy — by — by — by + by + bys + by + bys.

Thus b € B%. Since fupo) (tepo) @b @ t_py40)) = ', we have b’ € Uy p)e; Im f(; ) which proves
3). 0

110



CHAPTER

8

ULTRA-DISCRETIZATION OF V(DY)

It is known that the ultra-discretization of a positive geometric crystal is a Kashiwara’s
crystal ([1], [33]). In this chapter we apply the ultra-discretization functor UD to the positive
geometric crystal V = V(Dél)) constructed in Chapter 6. Then we show that as crystal it is
isomorphic to the crystal B given in Chapter 7 which proves the conjecture in [25] for this
case.

As aset X = UD(V) = Z'®. We denote the variables xr(,i) in V by the same notation x,(,i) in
UDWV) = X.

Let x = ( G) (4 6 (2) (2 .0B)  2) (2) (2 1) 1) (1) (1) (1) (1)

X Xy Xy Xy Xs Xy Xy X Xy Xy, Xy Xy, Xy, Xy, X ) € XL By ap-

plying the ultra-discretization functor D to the positive geometric crystal V in Chapter 6, we

have,
_xgz) — xgl), k=0,
1) (2) (1) —
2x3 — x5 — x5, k=1,
UD(y)(x) =91 2,
e 2?2l ) i2
_x§2) = xél) + 2x§3) + 2x§2) + 2x§1) — xf) — xf) — xiz) - xil), k=3,
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P 2 2?4 2 2 o) )

®3) (2) (1) =
_ —x6 — x6 - x6 7 k - 4,
_xff*) _ xf) — xf) — xil) + 2xé3) + ZXéz) + Zxél), k=6

R I R IR I

—xf) + xél),xgz) — x§3) + xil),x?) + xéz) — xf) — xf)

x4 )+ — ) - ¥ ) - Y

+x£2), x§2) + xél) — xé“o’) - x§2) + xf) + xf) - xéz), xgz) + xgl)

—xf’) xé‘z) - x§3) + xél), +xi3) — xé2), xé‘z) + xél) — xéZ)}, k=0,

—x 42, k=1,
UD(e0) (x) = max{—xéz) + xz(f),xgl) - 2x§2) - xél) + xés) + xéz)}, k=2,
max{—x 1, 1) 22 1 4 2 10

o ) — 22 —2xl® — (D W ) Py k=3,
max{—xf) + xé3), xéa) — fo) — xf’) + xéz) + xé‘q’), x§3) + xéz)

—fo) — fo) — xiz) + xéz) + xés) + xéz), x§3) + xéz) + xél)

—fo) — 2x§3) — 2x£2) — xil) + xéZ) + xél) + xé3) + xéz)}, k=4,
max{xf) — xéz),xff) + xf) + xf) — 2xé2) — xél)}, k=25,
max{—x, 1 + 2 22 1@ 1 4 1) 440

—2xé3) — 2xéz) — xél)}, k=6.

We define

9

¢ = max{c + 2 + x5, 2 + 1V} — max{x + 23", 2P + x{V},

¢, = max{c+ x§3) + 2x§2) 4 xél),xgz) + xéz) 4 xél) + xis)’xgz) + xﬁl) + xis) + xiz)}

— max{x{ + 26 + 2, P 4 2P V2, p xPp xPy

¢, = max{c + x§3) Jrzxéz) + x§1)’c n xgz) + xéZ) + xél) + xia)’xgz) + xél) + x£3) + xiz)}

— max{c + x§3) + 2x§2) + xgl), xgz) + xéz) + xél) + xf'), x§2) + xgl) + xf) + xf) 1,
(3

ci, = max{c+ xf) + 2x£3) + fo) + xfll), xé‘o’) +x, ) + 2xf) + xil) + xéz), x§3) + xéz)

+ 2+ ol ) + Py - maxx?

(2

+2xY 422 42, 2P + 2 422 4+ 2V 4 22, 2P 2P 4 2P 4 2
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a2 4 ) P ol 2P,

1, = max{c+ xf) + 2xi3) + Zxé(f) + xil), c+ x§3) + xf) + inz) + xil) + xéz), x§3)

(2)

+x37 + xf) + xil) + xéz) + xéz), xéa) + x§2> + xgl) + xéz) + xél) + xéz)}

— max{c+ xffl) + fo) + fo) + xfll), xgs) + xf) + fo) + xil) + xéz),

N e N O TN I TN )}

%

¢z, = max{c + 2\ + 2x(¥ + 22 + xlV, e 4 2P 4 2P 42l 4V 422,

e+ 27+ o b b b o b ) b 4 xY)

—max{c+ 2! + 26 426 41tV e 2P 42 4 ox@ 4 D 4 1@

x§3) + xéz) + xf) + xil) + xéz) + xéz), xég) + xéz) + xgl) + xéz) + xél) + x(z)},

6
¢5 = max{c+ xéz) + xél), xf) + xf)} — max{xéz) + xé]), xf) + xf)},

= max{c+ 2 +2x 4 2D, 2 428 p x® D W 8D Dy

Co
— max{xé3) + 2xé2) + xél), xf) + xf) + xéz) + xél), xf) + xf) + xf) + xil) H

g, = max{c+ xé3) + 2xéz) + xél), c+ xff)

— max{c + xég) + Zxéz) + xél), xf) + xf) + xéz) + xél), xf) + xf) + xf) + xf) }

K = max{xél),xgz) + xél) - xés) — xéz) + xél),xéz) — x§3) + xél) — xf) + xél),xéz)

. xé?;) + xil), xé?)) + xéZ) . xf;) . xf) + xél), x§2) . xf;) + xil), xiZ) + xil) . xéz),

+ xf’) + xéz) + xél), xf) + xf’) + xf) + xf)}

xgz) + xgl) — x?), xgz) + xgl) + xéz) — xff) — xf), xgz) + xgl) — x:,(f) — xf) + xf),

xéz) + xél) — X§3) — Xéz) -+ XL(;)) + JCA(LZ) — Xéz), xéz) + Xgl) — x4(14)’ xéz) - X§3) + x(l)

3
F ) = 20 af) )

Then we have

(xéB),/ x4(14),/ x§3)/’ x£2) —C xéZ),/ xiB),l x:(J,Z),/ xéz),’ x‘(LZ),, xél),/

xgl) —C xgl) -G xi(%l),/ xz(Ll),’ xél),)/ k= 0’

(xés), xf), x:(f), xéz), xé2), xf), xéz), xéz), xf), xél), xgl) +c,

xgl),xgl),xf),xél)), k=1,
(xé3) 4) .(3) x§2) s xé2), xf), xgz), xé2), xf), xél),

/x4 Ix3 7
(1) (1) 1 (1 (1)

X, ,% Fo—a,x3 0, x,0,x50), k=2,

(9,09 + 5,202 20229, 2D 4 5, 22,2,

xél),xil), xgl), xél) +c—c3 — 3, xfll), xél)), k=3,

UD(ep)(x) =
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((3) (4) ¢ .(2) .(2) () (2) .(2) .(2)

Xo s Xy FCa, X3, Xy, Xs Xy Cay Xy, Xy, Xy

+ci3,xé1),x§1), xél),xél),xil) +c—cy —ci, — cZS,xél)), k=4,

(xé3)/ x4(14)/ x§3)/ xgz)r xéZ) + G5, xé(LS)’ xCE)Z)’ xéZ)’ Xf), xél)

(o —
UDLei)(x) = +c— s, xgl),xél),xél),xfll),xél)), k=5,
(xé3) + ¢6,, xff),xé?’), xéz), xéz), xf), x§2),xé2) + C6,, xf),
xél), xil), xél), xél), xfll), xél) +c—Co, — Cy), k=6,
where

©) (2) (1

xgl), = x_g,l) + K — max{c + xél)/ X§2) + xél) X3 X3 X Lot x§2)

B x§3) + xél) o xiz) + xél),c + x;z) B x§3) + xf),c + x§3) + xéZ) B xf)
- xf) + xél), c+ xgz) - xf’) + xfll),c + xf) + xil) - xéz), xéz) + xél)

B O P B B C R C B O B C R B )

2 6
xéZ) + xgl) — x§3) — xéZ) + xf) + xf) — xéz), c+ x&z) + xgl) — xf),c

+ xgz) — x§3) + xgl) + xf’) — xéz), c+ xgz) + xgl) — xéz)},

xgz), =—c+ xgz) + max{c + xél), x§2) + xgl) - x§3) - x§2) + xi(sl)' ¢+ xgz)

B x§3) + xél) o xiz) 4 xél),c + x;z) B x§3) + xf),c + xéS) + xéZ) B xf)

= x® e 2 2l ok 1 4 1) = x, 1 4 1)

S U P P P P i I o R )

) + xgl) — x§3) — xéZ) + xf) + xf) — xéz), c+ xgz)

c+ xgz) - x§3) + xél) + xf) - xéz), c+ xéz) + xgl) - xéz)} — max{c

+ xél),c + xgz) + xél) — xéS) — xéZ) + xél),xéz) — x§3) + xél) — xf)

a0~ 2 a0 2+ = 1 1 2D, 2

- xf) + xil), ¢+ xf) + xil) — xéz),c + x§2) + xél) — xé3), c+ xéz)

™, 2 _ @ _ 0 (2

. x£4) + xiz)’

(1) _ (4

2
X5 X3 X,

N R N

T xg Xy XX
+ xél) - x§3) - xéz) + xf}) + xiz) - xéz)r x§2) + x:(z)l) - xff), x§2) - xi(%g)
) o) ) ),

W = e x o maxfet o x4 ) =2 @ g 2l 1)

_ x§3) + xgl) - xf) + xél), xf) - x§3) + xz(ll), c+ xga) + xgz) - xf)

- xf) + xgl), c+ xéz) — xf) + xil),c + xiz) + xil) — xéz), c+ xéz)

+ xgl) — xée’), c+ xgz) + xgl) + xéz) — xf) - xf’), ¢+ xgz) + xgl)
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— x§2) — xf) + xf), c+ x£2) + xgl) — xé‘o’) — x§2) + xf’) + xf) — xéz),

xéZ) + xél) - xf[), xg) - x§3) + xél) + Xf) - xéZ)’ ¢+ x§2) - xél)
— xéZ)} - K,

xil), _ xfll) + R — max{c+ xél)/xgz) i xgl) B xés) B xéz) + xél)/xgz) _ x§3)
) a1 ) )l

+ xél), c+ xéz) — xf) + xil), c+ xiz) + xil) - xéz), xéz) + xgl) - xé3),

xéz) + xgl) + xéz) - xffl) - xf'), x§2) + xgl) - x§2) - xz(fl) T xiz)l xf)

R R S R o R . o T W St

+ xél) + xf’) - xéz), x§2) + xél) - xéz)},

A — ) ot mac{e-t x40 — 1) 2l o)
LT NP N N NN S

+ xél), c+ xéz) - xf) + xil), c+ xiz) + xil) - xéz), xgz) + xgl) - xé3),

xéz) + xgl) + xéz) - xz(fl) - xf'), xgz) + xgl) - x§2) - xz(fl) + xf)' x§2)

- xél) — x§3) — xéz) + xf}) + xiz) - xéZ)r x§2) + xél) - x4(14)' x§2) - xég)

+ xél) + xf’) - xéz), xéZ) + xél) - xéz)} — max{c + xél) + max{c

+ xél), ¢+ xéz) + xél) — xé‘o’) - xéz) + xél),c + xéz) — x§3) + xél)
B P N S
+ xél),c + xéz) — xf) + xf), c+ xiz) + xf) - xéz), xéz) + xél) - xé?’),

4 7
+ x§2) + xgl) - x§3) - xéz) + xf’) + xf) - xéz)/ ¢+ xéz) + xgn - x4(14)'

c+ xgz) — x§3) + xél) + xf) - xéz)r c+ x§2) + xél) - xéZJ}' ¢+ x§2)

T ¢ e OO BT G R N

(1

+K,c+ xéz) - x§3) +xy V4K, c+ x§3) + X§2) - xf’) - xf) + xél)

Ko =Y ) b maxdag!), o g — ) - o

+ xél), xéz) - x§3) + xél) - xf) + xg(;l), xgz) - x§3) + xz(;l)r x§3) + x§2)

— ) =Pl - Y Y Y ) - 4
_ xéS), xéz) + xél) + xéZ) - x£4) - xf)/ c+ xéz) + xél) - x§2) - xf)
+ xf), x£2) + xél) - x§,3) - xgz) + xf’) + xf) - xéz)r xéz) + xél) - xff),

0 =+l ) = ) ) e 4 Y
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©)

— xé2) + max{c + xél), c+ xéz) + xél) — X3 — xéz)

+ xél), c+ xgz)

— x§3) + xgl) — xf) + xél), c+ xéz) — x§3) + xil), c+ x§3) + xéZ) — xf)

— xf) + xél), c+ xéz) — xf) + xfll),c + xf) + xil) — xéz), xéz) + xél)
— xés), xgz) + xél) + xéz) — xf) - xf), c+ xéZ) + xél) - xgz) — xf)

+ xf), c+ xgz) + xgl) — x§3)

_ xff*), c+ xéz) — x§3) + xg,l) + xf’) - xéz)’ c+ xéz) + xgl) - xéZ) I x§2)

SN N BN P C B )

+ ) — 2+ max{e + 2!, 6 + ) — 2 — 1P a2

— x§3) + xél) - xf) + xg(;]), x§2) - x§3) + xf), X§3) + xgz) - xf) - xf)

+ xél), xéz) — xf) + xil), c+ xf) + xil) — xéz), xéz) + xél) — xé3),
xgz) + xgl) + xéz) — xf) — xf), xéz) + xgl) — xgz) — xf) + xf), xgz)

bl = ) 240 ) Do ) 0

+ xgl) + xf) — xéz), xgz) + xél) — xéz)}, xéz) + xgl) + xéz) — xf)
- Xf) + max{c + xél), xéz) + xél) - xgg’) - x;z) + xél), xéZ) - x§3)

+ xz())l) . x‘(12) + xé])’ x§2) . x:(J)B) + x‘(ll)’ x:(J)B) + x:(J)Z) . xiS) . xiz) + xél)’

2@ — 2P 421, 2P 4 2 — 2P 2P 2D — 2B D 4 KD

+ xéz) — xf) — xf’), xéz) + xgl) — x§2) - xf) + xiz), xéz) + xgl) - xgg)
— xgz) + xf) + xf) — xé2), x§2) + xél) — xf), x§2) — x:(f) + xél) + xf’)
T R I - S | W R O S SN S ¢
c+ xéz) + xél) - x§3) — xéz) + xf) + xf) - xéz) + K, c+ xéZ) + xs(,)l)
- xf) +K,c+ xgz) - xéa) + xgl

— xéz) + K},

) 4 xf’) — xff) +Kc+ xgz) + xgl)

—c+ xf) + max{c + xél) + max{c + xél),c + xéz) + xél) — x§3) - xéz)
+ xél),c + x§2> - x§3) + xél) — xf) + xél),c + xgz) - xéS) + xfll), c

+ x§3) + xgz) — xf’) — xf) + xél), c+ xgz) — xf’) + xil), c+ xf)
+ x‘(il) — xéz), xf) + xél) — xé3), xf) + xél) + xéz) — xf) — xf), c
+ x§2) + xgl) — xgz) — xf) + xf), c+ xf) + xgl) — x§3) - xgz) + xf’)
+ xf) - xé‘z), c+ xéZ) —+ xél) — x‘(;"), c+ xé‘z) — x§3) + xél) + xf)

- xéZ),c + xéz) + xél) - xéz)},c + xéz) + xgl) — xgs) — xéz) + xél)

+K,c+ xéz) - xéa) + xgl) - xf) + xél) +K,c+ xéz) - xé‘o’) + xf)
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+ Kot x4+ 5P ¥ —xP 1 xV L ke 2P - 2P 2V

+ max{xél), xéZ) + xél) — x§3) — x§2) + xél), xéz) — x§3) + x(l) — xf)

3
+ xél)’x£2) . x§3) + xil)’x§3) + x§2) . xiS) . Xf) + Xél), x§2) . xiB)

+ xf), xf) + xf) - xéz), xg) + x§1) - xés), x§2) + xél) + xéz) - xf)

. xiB)’ o+ xgz) + xgl) . x:())Z) . xi4) + xé(f),x;Z) + x;l) . x:())B) . xéz)

+ xf) + xf) - xéz), xgz) + xgl) - xf), xgz) - x§3) + xgl) + xf’) - xéz),
xéZ) + xél) — xéz)}, c+ xf) + xil) — xéz) + max{c + xél), c+ xéz)

+ xél) — x§3) — xgz) + xél), c+ xgz) — x§3) + xél) — xf) + xé]), c

+x® x§3) n xfll),c i x§3) n x§2) B xf) B x‘(LZ) n xél),c 4 xéz) B Xf)

25 e b 1 b — a1 ) = a1 Y

— xff) — xf’), c+ xéz) + xél) — xgz) — xf) + xf), c+ xéz) + xél) — xf)

4 e ) gl D

+ xél) + xf’) - xéz), c+ x§2) + xgl) - xéz) % xéz) + xgl) - xé3) + max{c
n xél),xéz) n xél) _ x§3) _ xgz) n xél),xgz) _ x§3) n xél) _ xiz) n xél)’
xéz) — x§3) + xfll), xé‘o’) + xéz) — xf) — xf) + xél), xéz) — xf) + xfll),

c+ xf) + xil) — xéz), xéz) + xél) — xé‘%), xéz) + xél) + xéz) - xf)

— xf),xéz) + xgl) — xéz) — xf;l) + xf), xéz) + xgl) — x:(f) — x§2) + xf’)

+ xf) - xéz), xéz) + xgl) - xf)f xgz) - x§3) + xgl) + xf) - x&(sz)r xgz)

+ xgl) - xéz)}, xf’ + xél) + xéz) - xA(f) - xf) + max{c + x((jl), xéz)

m_ 06 _ .2 2 _ .0 2) (D

+ X, — X3 — X3 +xél),x2 — X3 +x§l)—x4 + X5 ©)

x(z) — X
72 3
B C T B C B C BN N RN C N N N

5 4 4 1%y 4
2 .2 (1) ®) .2 (1) (2) (4) ) 2 (1)

—Xg Xy Xy X Xy Xy Xy Xy Xy, Xy Xy
— xéz) — xf) + xf), x§2) + xé” - xgs) - xéz) + xf) + xz(IZ) - xéz), xgz)
n xgl) B xf),xf) _ x§3) n xél) n xf) _ xéz),x§2) + xél) _ xéZ)}/C
V= 2Pl P R e x4 ) — Y 1P

+ xf) + xf) — xéz) +K,c+ xg) + Xél) - Xf) +K,c+ xéz) - xég)

+ xél) + xf) — xéz) +K,c+ xéz) + xél) - X5(32) + K} — K — max{c
e o) D 2 2l ) P o)
+ xél),c + xéz) — x§3) + xil), c+ xés) + xéz) - xf’) — xflz) + xél), c
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i — 2P Y e a1 o ) -1
(2)

+ xgl) + xé‘z) — xf) — xf), xé‘z) + xél) — xéz) — xf‘) + xf), c+x,

gt — ¥ — ) ) ) - 2 ) e

— xgs) +M 4 xf) — xéz), c+ xéz) + xgl) — xéz)},

3
xff)' el xff) + max{e + xél),C n xéz) i xél) _ x§3) _ xgz) I xgﬂ,c + xéZ)
S I O NN PN RSN B BN CU RIS O BN

3
Y =2 e 1P 2P Y e a1

+ xgl) — xéa), xéz) + xgl) + xéz) — xf‘) — xf), xéz) + xél) — xéz) — xf“)

(2) (2)

+x,7,c+x + xél) — x§3) — xéz) + xf’) + xf) — xéz), x§2) + xgl)

— xf), c+ xgz) — x§3) + xél) + xf’) — xéz),c + xgz) + xél) — xéz)} —K,

(1) @ 10 _ 06 ) 4 (D) (2)

A =2V + K —max{e + 2 o+ 27 + 6V =2 — 6l a4 2]

B x:_(,)g) + xél) o xiz) + xél),c + xéz) B xg())3) + xf),c + x§3) + xéZ) B xia)

T R PG P L R S R R ST A e
_ x?), xéz) + xél) + xéz) - xf) - xia)’ x§2) + xél) - xéz) - xz(f) + xELZ)’
R S I WP Y P N EPY P S P

Y O B ORI C B N C I O ]

3
xéz), =—c+ xéz) + max{c + xél), c+ xéz) + xél) - x§3) - x§2) + xél), ¢+ xéz)

B x:_(,)g) + xél) . xiz) + xél),c + xéz) B xg3) + xf),c + x§3) + xéZ) B xia)

— xf) + xél), c+ xgz) — xf’) + xfll),c + xf) + xil) - xéz), xéz) + xél)

B P B B C O C B O B C R I )

2 6
U T PP % S o G i o

— xg‘o’) + K + xf’) — xéz), xgz) + xél) - xéz)} —K,

3
(1 (1) (1 () H_ .0

x6 = x6 + K — max{c _|_ x6 , x2 + xé _ x3 (1) (2) (3)

- xéz) +X57,% " — X3
+ xgl) . xf) + xél)’xéz) . x§3) + xil),x?) + xéz) . xi3) . xf) 4 xél),

xéz) - xf’) + xf;l), xf) + xil) - xéz)/ xgz) + xgl) - xé?))f xgz) . xél)

= 2,2 1 19 2 04 1,0 4 ) 2

— xéZ) + xf) + xf) — xéz), xéz) + xgl) - xf), xgz) - x§3) + xén + xf’)
NN N N ORI

xéz), _ xéz) + max{c + xén’xgz) n xél) _ x§3) _ xéz) i xél),xéz) _ x§3) i xgl)
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G L@ _ B0

S N B B N (1) @

3 — X4 - X4 + x5 7 x3
— xf) + xf;]), xiz) + xil) - xéZ)’ xéz) + xgl) - xéB)f xéz) + xgl) T xéZ)
4 _ .06 (2

— Xy — Xy, Xy F xél) — xéz) — xf) + xf),xgz) + xgl) — xés) — x:gz)

+ xf) + xf) — xéz), x§2) + xgl) — xf), xgz) — xf’) + xgl) + xf’) - xéz),

xéz) + xél) — xéZ)} — max{c + xél), c+ xéz) + xél) — xéS) — xéz) + xél),
(2)

o+ 2 — 2P 4l P 4l e ) -l i D e alY

2 4 3
+af) = — P o P ) D o 2P ) -2,
xéz) + xgl) - xg), ¢+ xgz) + xgl) + xéz) - xf) - xf’), c+ xéz) + xél)

— xgz) — xf) + xf), c+ xéz) + xgl) — x§3) — x§2) + xf) + xiz) — xéz),

c—+ xéz) + xél) — xff), c+ x§2> — xés) + xél) + xf’) — xéz), c+ xgz)
+ xgl) - xéz)},

(2

2 = e+ 2P+ max{c + 2V, e+ 2 + 1V — P — 2P

)+x2 — X3 — X5 +x§1),c+x§2)

B x§3) + xél) . xf) + xél),c + xéz) B x§3) + xf),c + x§3) + xéZ) B x‘(LS)
(1)

— xf) +x5°,c+ xgz) — xf’) + xfll),c + xf) + xf) — xéz), xéz) + xgl)
— a2 c+ 2P + 2V 41 — W 22 P x Y - P
— xff) + xf), c+ xgz) + xgl) — x§3) — xéz) + xff) + xf) — xéz), c+ xéz)
N I R o e
- xéz)} - K.
As shown in ([1], [33]), X with maps &, fy : X — X U{0}, e, 9 : X — Z, 0<k <6
and wt : X — P, is a Kashiwara’s crystal where for x € &,

e(x) = UD(ef) (x)]e=1, fi(x) = UD(ef) (x)]e=1,
wt(x) = i wig(x) Ax where wig(x) = UD (k) (x),
k=0
ex(x) = UD (k) (x), pr(x) = wig(x) + g (x).
In particular, the explicit actions of f; and & for 1 < k < 6 on X is given as follows.

filx) = (2,29 xB) £ 0 0 @) @) @) 1)

1 . 1 1)
Xe Xy Xy Xy Xa Xy Xy Xe Xy, X, X ),

—1,x7, %37, %7, x¢
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;

®)

(4)

©)

(2

)

(3)

2

2)

(2)

(1)

(1)

(1)

(1)

(1)

(g 2", 7 g — 1,0

ifx(2)+ (1) 1’ 5 s Xy s X3, Xg X x

6 X4 s X3 ’x§2) x(Z) 3) _(2) e

@ s X5, Xy, Xy ,x(z), 2) (1

if x2 12 < 2D 4 @ @ 32 20 0 D g ) 0 0
() 5B 0 > i %)

6 +*a s*3 —1,x§2) 2,06 2

a2 P )P, w1, a
X1 Xy T, X3, Xy ’xél))

if 2 1 x?
3 X3 > @ 4,3
SCINCINCINCING x(;*) ({;3 20?1 5 6@ ) 1)y 4D
if ¢ 4 @ 5 /X4 /%3 —1,xé2) MEARMEORM(Y 2| T XX,
3 X3 <x(2)+x(3) 2 Xy X5 T, Xq x(l) x(l) 1) (1
~ 4 s P )
(x), 2, 2, 2 Ji(z) > ) + x> x4 xf? SRR
if x(2)+ (1)2 ’ f , Xy ,xé )’xéz),xiz),x(l) (1)4 (1) 1
( 3 T3 §x§)+xi2) NONPWC) > (’1?1 %2 /xé)—1 xfll) MON
3 743 X 74
(3 18 1,29 12 2 P+ < x4 "6
32Xy, X (3) _(2) 2 X _|_x()
. (4) 5 ’x4 , X x(z) (2) (1 4 4 7
if x, +x® (3) 3 X6 s Xy X ) (1) (1)
4 =X +x@ @ 3) 5 /%1 /% ,xgl),x(l) MO
D 4 2xP) 4 2xl? & o ) > o 4ol § 0% )
(9 0 (3)4 +20@ 4V > 2 4y ’ 0 O - S
6 7% %3 @ 2 ) 3 T + x4 ¢
‘ S Xy Xs Xy — (2) 3 5 TX (2)
if x4 x(¥ <x(§’) ‘) 1,x%, 2@ 2@ 2 £ 4V 5(1;”26 ’
® +af, Y 42 > 2 ROCRE T
MONT, MOV 4 4 > X3+ () 6
3) O 22 ) > 2l ) ] 3o
o
W42 4 2P < ¥ 4 2 5N ,xfD, 2, 1 Y
8 P <o a4 x5 %))
) 2 < 2?4 5P o e, 6
(2, 2, 2, 2 (36) ,(3264 +xi > g+ 2
£y (1)2 , f Xy, X )/xéz)/xiz)/x(l) " 5(1,)
L Ty §x§)+x(1) O b 5 /%1 /X /xél),x(l)—l (1)
2P+ 2x®) 2 W, 2+ 2l +al) < x4l ! %)
3) ) . +2x4)+x4(11) < x¥ 42 ' 1) i +x3)+xél)+x(2)
= 1 s
(Y P 1P -1, (23) o+ g 6
. X5 - — L X 2 ’
it x® 42D > 0 ®),4@ 4@ @ 0 O 0 4 6
(@, 1@ (3§ > o) a1 x)
6 X4 X ’x(Z) (2) .3 e
if xéz) +3x(1) 2 JE; , X4 ),x§2),xéz),xi2)’xé1) _1 1) (1)
M < x4 2 B S O P o))
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(5 = 1,50, 1,22, 52,20, 12,2, 2,10, 0, 200, 0,100
if xéB) + xéZ) > xf) + xf), xé3) + Zxéz) + xél) > xf‘) + xff) + xf) + xfll),
3) _(4) _(3) (2 (2 (3 _(2) (2 2) (1) (1) 1) (1) (1) (1
P L e SR R S U U M )
if xé3) + xéz) < xf) + xf), xéz) + xél) > xflz) + xfll),

R L U R U e L AR
if xéz) -+ xél) < xf) + xil), xé3) + Zxéz) + xél) < xf) + xf) + xf) + xfll).

~ 3 4 3 2 2 3 2 2 2 1 1 1 1 1 1
15) = 80, 249,29, 2,2, 9, 2, 2 22,200,200 11,0, 0 10D 100

( (xé3), xf), xgj), xéz) +1, xéz), xf), xéz), xéz), xf), xél), xgl), xgl), xél), xil), xél))

. if xéz) + xél) > xgl) + xéz),

PN (0, 0, 9,2, 2,9, 0) 28) 20 200,200,200 41,0 ) 200
if xéz) + xél) < xgl) + xéz),
0,240, 10 +1,52, 52, 50,2, 50, 52,200, 10, 10,280, 10, 1)
if x§3) + xéz) > xéz) + xf), x§3) + 2x§2) + x:gl) > x§2) + xél) + xf’) + xf),
oy ) 82 0 2l )
if x§3) + xéz) < xéz) + xf), xéz) + xgl) > xél) + xf),

(xé3), xf), x§3), xéz), xéz), xf’), xéz), xéz), xf), xél), x%l), xél), xél) +1, xil), xél))

if xéz) + xél) < xél) + xf), x§3) + 2x§2) + xél) < xéz) + xél) + xf) + xf),

(xé3), xf) +1, x§3), xéz), xéz), xf), xgz), xéz), xf), xél), xgl), xgl), xgl), xfll), xél))

if xf‘) + xf) > xég) + xéz), x‘(;l) + fo) + xiz) > x§3) + xgz) + xéz) + xéz),

xf) + 2x£3) + fo) + xil) > x§3) + xéz) + xél) + xéz) + xél) + xéz),

(00, 1,2, 2,2, ), ), ), 0 )

if xf) + xf’) < x§3) + xéz), xff’) + xf) > xéz) + xéz),

R 29 Y b o N R

éy(x) =
(xé3), xf), xég), xéz), xéz), xf’), xéz), xéz), xf) +1, xél), x%l), xgl), xél), xfll), xél))

if xf) + fo) + xf) < x§3) + xéz) + xéZ) + xéz),
xf) + xf) < xéz) + xéz), xf) + xil) > xél) + xél),

(0,00, 2,2, 2,2, 0,1, ), ) 1,20

i 120 < 1D 40, 2 42 4 < 1@ oD D)

A 42 2x 4l < a4 a4l 4l D 1,
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(x) if xéZ) + xél) > xf) + xf),
e5(X) =
0,209,102, 22 10,2, 52,200 41,50, 10,200, 10, 1)
if xéz) + xél) < xf) + xf),

(9 41,59, 50, 52, 5@ 1O {O LD L 10 1 1 0 ) )

if x) + 27 > 2 2, 1+ 22 4 al) > 2l F 2l F 2P sl
. (e, 2y, 28 P P Y P 41, Y Y Y, Y, )
EelX) =
if xé‘o’) + xéz) < xf) + xf’), xéz) + xél) > xf) + xil),

((3) 4 .6 (2,2 .06 .2 2 2 1 1O 1) (1) (1) (1)+1)

Xe 1 Xy s X3 "y Xy X5 "y Xy, Xy Ty X, Xy T, Xy T, X T, Xy T, Xy T Xy T X

if xéZ) + xél) < xf) + xfll), xé3) + Zxéz) + xél) < xf‘) + xf) + xf) + xil).

To determine the explicit action of fo(x) we define conditions (F1) — (F14) as follows.

(ﬁl) xéz) + xél) — xég) > xél),
xéz) + xél) — x?) > xgz) + xél) — xés) — xéz) + xél),

x§2) + xgl) — xé?’) > xgz) - x§3) + xgl) — xf) + xél),

xgz) + xél) . xé3) > x;z) . xé?;) 4 xﬁ(}l)/

NI G S I SN C SN B )

@ _ 6 0

xgz) + xgl) - xés) X3 — Xy 4 7

v

xéz) + xél) — xéS) xf) + xf) — xéz),

v

x§2) + xgl) — xf) — xf’) —+ xéz),

x§2> + xél) — xéz) — xff) + xf),

xgz) —+ xél) — xé3)

xgz) + xgl) — x?)

Y

v

xéz) + xél) — xé‘o’) > x§2> + xél) — xgs) — xéz) + xff’) + xf) — xéZ),
xéz) I x§1) B xé3) > xéz) I xél) _ xff),
xéz) + xél) — xéS) > xf) — x§3) + xgl) + xf’) — xéz),

xéz) i xél) B xé3) > x§2) n x§3) B xéz)’
) 4 (D) (4) )

+x =Xy — xf’ +xé2) > 2

6 7
xgz) + xgl) — xf) — xf) + xéz) > xéz) + xél) — x§3) — xéz) + xél),

x§2) + xgl) . x£4) . xf) + xéZ) > xéz) . xéS) + xél) . x1(12) _'_xél),

xéz) + xél) — xf) — xf) + xéz) > xéz) — x§3) + xil),

2
Xy
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P+ x
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Then we define conditions (Ej) (1 < j < 14) by replacing > (resp. >) with > (resp. >) in (Fj).
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Let x € X. Then fo(x) = UD(e§)(x)|.~—1 given by

(x?) +1, xf) +1, x§3) +1, xéz) +1, xéz) +1, xf) +1, xéz) + 1,xé2), xflz),
xél),xgl) +1, xgl) - 1,x§1),xgl),xél)) if (F1),

(xé?’), xf) +1, x§3) +1, xgz) +1, xé2) +1, xf) +1, xéZ) +1, xéz) +1, xf),
xél),xgl) +1, xgl) + 1,x§1),x£1),xél)) if (F2),

(x?), x£4) +1, x§3) +1, xgz) +1, xéz) +1, xf), xéz) +1, xéz) +1, xf) +1,
xél),xgl) +1, xgl) - 1,x§1),xgl),xél)) if (F3),

(xé?’), xf), x§3) +1, xéZ) +1, xéz) +1, xf) +1, xgz) +1, xéz) +1, xf) +1,
xél),xgl) +1, xgl) + 1,x§1),x£1),xél)) if (F4),

(x?), x£4) +1, x§3) +1, xgz) +1, xéz) +1, xf), xgz)’ xéZ) +1, xf) +1,
xél),xgl) +1, xgl) + 1,x§1) +1, xil),xél)) if (F5),

(xé?’), xf), x§3) +1, xéZ) +1, xéz), xf) +1, xéz) +1, xé2) +1, xf) +1,
xél) + 1,x§1) + 1,x£1) +1, xél),xil),xél)) if (F6),

(x?), xf), x:(f) + 1,x£2) +1, xéz) +1, xf) +1, xgz), xéz) +1, xf) +1,

1) (1) (1) (1) 1) (1)

[ xs % +1Lx +1,x3) +1,x, 0, %) if (E7),
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(a1, 6P 11,20 1, 1, 1,2 4

xél),xil) +1, xgl) + 1,x§1) + 1,x§1),xé1)) if (F8),
(x?), xf), xéS) + 1,x£2) +1, xéz), xf) +1, xéz), xéz) +1, xf) +1,
xél) + 1,x§1) + 1,x£1) +1, xgl) + 1,x£1),xé1)) if (F9),

(xé?’), xf), x§3) +1, xéZ) +1, xéz), xf) +1, x§2), xéz) +1, xf),
2+ 1,6 1,V 1, 1,20 41,40y i (Flo),
(x?), xf), x:(f), xéz) +1, xéz), xf) + 1,x§2) +1, xéz) +1, xf) +1,
2 1, 1,V 1, 1Y 1,8, 1Yy if (P,

(xé?’), xf), x§3), xgz) +1, xéz), xf) +1, xgz) +1, xéz) +1, xf),
2 1,6 1,V 1, 1,2V 41,40y i (F12),

(x?), xf), x:(f), xéz) +1, xéz), xf), xéz) +1, xéz) +1, xf) +1,
2 1,2V 1,260 41, 41,68 + 1,6y i (F13),

(xé?’), xf), x§3), xéz) +1, xéz), xf), xgz) +1, xéz), xf) +1,

1 1)+ 1,0 1 1, 1) if (FL).
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And, &(x) = UD(ef)(x)|c=1 given by
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x5 ,x — 1,0, —1,x5
(2) 1,

x5 —Lx;  —1,x" —1,x
(2) 1

x5 —1,x —1,x —1,x

x5 ' —Lxy  —1,x7" —1,x
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xs,xy — 1,0y = 1,057, 0,7, X
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xél) — 1,x§1) — 1,x§1) — 1,x§1)
(2, 8,0, 12,0,
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The following theorem gives an affirmative answer to the conjecture in [25] for Dél) and
Dynkin index i = 6.

Theorem 8.0.1. The map

Q: B6> - X,
2)

b= (bij)i<j<its, 1<i<e > X = (xf’),xff”,xg ),x ( ) xé ),xéz),xéz),xff),
)

MIRDRONOAS

defined by

;'n:m—l-i-l bu-141, for m=1,2,3,4,

(0 _
X' = Litm—oi41 bm—2141,j, for m =5,

m—1
j=m—21+1 bm—21+1,j/ for m = 6.

is an isomorphism of crystals.

Proof. First we observe that the map Q! : X — B%® is given by Q~!(x) = b where

b1 =x; 7, bip=x," —x7/, biz =x3" — x5, by =x," — x5/,
bis = xé‘a’) — xf), b1 = —xés), by = xgl), bys = xéz) — xgl),
by = xf) — xéZ) , bys = xé‘z) — xf) , by = xéa) — xéz), by; = —xé3),
bss = xél), b3y = xf) — x:gl), b3s = xéz) — xf), b3 = xéz) — xg2),
bsy = xf) — xéz), bsg = —x4(14), by = xf), bys = xél) — xfll),
by = xéz) — xél), by = xf) — xéz), byg = x§3) — xf), by = —x§3),
bss = xél), bsg = xél) — xél), bsy = xf) — xél), bsg = xéz) — xf),
bsg = xéz) - x§2)l bs0 = —xéz), bes = Xél), be7 = xil) - xél),
bes = xgl) — xil), beo = xél) — xél), be10 = xgl) — xgl), be11 = —xgl).

Hence the map () is bijective. To prove that () is an isomorphism of crystals we need to show
that for b € B®® and 0 < k < 6 we have:

Qfe(b)) = fu(Q(b)),

Q(e& (b)) = & (Q(b)),
wi(Q(b)) = wi(b),

er(Q(b)) = & (b)
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Hence ¢ (Q(1)) = wip(Q(b)) + e (Q(b)) = wig(b) + ex(b) = @k (b). We first observe that the
conditions for the action of f; on Q(b) in X hold if and only if the corresponding conditions
for the action of f; on b in B®* hold for all 0 < k < 6. Let b € B>®. Suppose Q(b) = x. Then
we have the followings.

e If x satisfies condition (F1), then b satisfies condition (F;) and fo(x) = (xég') +1,
xf) +1, x§3) +1, x§2> +1, xéz) +1, xff’) +1, xf) +1, xé2), xf), xél), xgl) +1, xgl) +1, xgl), xff),
xg) = Q(fo(®)).

e If x satisfies condition (F2), then b satisfies condition (F,) and fo(x) = (xé3), xf) +1,
xé?’) +1, xéz) +1, xéz) +1, xf) +1, xgz) +1, xé2) +1, xf), xél), xgl) +1, xél) +1, xgl), xil),
%) = Q(fo(v)).

o If x satisfies condition (F3), then b satisfies condition (F3) and fo(x) = (xéa), x[(f) +1,
xés) +1, xgz) +1, xéz) +1, xf), xz(f) +1, xéz) +1, xf) +1, xél), x%l) +1, xgl) +1, xél), xf),
%) = Qfo(b)).

e If x satisfies condition (F4), then b satisfies condition (F;) and fo(x) = (xés), xf),
xéa) +1, xgz) +1, xéz) +1, xf) +1, xéz) +1, xé2) +1, xiz) +1, xél), xgl) +1, xél) +1, xél), xil),
%)) = Q(fa(0)).

e If x satisfies condition (F5), then b satisfies condition (Fs) and fo(x) = (xé3), xff) +1,
x§3) + 1,x§2) + 1,xé2) +1, xf),xgz),xéz) +1, xf) + 1,xé1),x§1) + 1,x§1) + 1,x§1) + 1,x£1),
%)) = Q(fo(b)).

e If x satisfies condition (F6), then b satisfies condition (Fg) and fo(x) = (xég’), xf),
xf’) +1, xéz) +1, xéz), xf’) +1, xf) +1, xéz) +1, xff) +1, xél) +1, x§1) +1, xél) +1, xél), xff),
x) = Qfo(®)).

e If x satisfies condition (F7), then b satisfies condition (F;) and fo(x) = (xé3), xf) ,
xéi’) +1, xéz) +1, xff) +1, xf’) +1, xgz), xéz) +1, xf) +1, xél), xgl) +1, xgl) +1, xél) +1, xil),
%) = Qfo(b)).

e If x satisfies condition (F8), then b satisfies condition (Fg) and fo(x) = (xéa), xf),
xéj), x5 + L D+ 10 + 1,6 + 1,0 1,2 1, o+ 1Y 1,2 1,
%) = Q(fo(b)).

e If x satisfies condition (F9), then b satisfies condition (Fy) and fo(x) = (xés), xf),
xéa) +1, x§2)~+ 1, xéz), xf) +1, xéz), xéz) +1, xf) +1, xél) +1, xgl) +1, xél) +1, xél) +1, xil),
%)) = Q(fa(b).
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If x satisfies condition (F10), then b satisfies condition (Fyy) and fo(x) = (xés), xf),
xf) +1, xgz) +1, xéz), xf) +1, xéz), xéz) +1, xiz), xél) +1, xgl) +1, xél) +1, xél) +1, xil) +1,
%)) = Q(fa(0)).

G (4

If x satisfies condition (F11), then b satisfies condition (Fy1) and fo(x) = (x¢”, x, ",
x§3), xéz) +1, xéz), xf) +1, xéz) +1, xéz) +1, xf) +1, xél) +1, xgl) +1, xgl) +1, xél) +1, xil),
%) = Qfo(b)).

(4)

If x satisfies condition (F12), then b satisfies condition (Fj,) and fo(x) = xé3),x4 ,

SRR L U B SIS E% S BRSNS PP o P ST BPSuES P T I SIS BP9 S §
1 ~

xg') = Q(fo(b)).

If x satisfies condition (F13), then b satisfies condition (Fj3) and fo(x) = (xé?’), xf),

xéS), xéZ) +1, xéz), xf), xéz) +1, xéz) +1, xf) +1, xél) +1, xgl) +1, xél) +1, xél) +1, xil) +1,
1 ~

%)) = Q(fa(b)).

If x satisfies condition (F14), then b satisfies condition (F4) and fo(x) = (xé3) , x‘(;l),

x§3), xgz) +1, xéZ), xf), xgz) +1, xéz), xf) +1, xél) + 1,x§1) +1, xél) +1, xgl) +1, xf) +1,
1 ~

x +1) = Q(fo(v)).

fil) = (g, 2?1 6, D )

= Q(A (b))

1f 2 + 2V > Y 4+ %) then by + b1 + baa > by + by + b3, hence fo(x) = (x), x(Y,
B, 4@ 21, 4O (@ @) 0 1) 000 0 Wy,

Xy, X JXy Xe Xy X Xy Xy Xy, Xy, X

A

If xéz) + xél) < xgl) + x( ) then byy + byp + bas < byy + byy + bos, hence fox) = (x6 ,xf),

20,8, 500,20 200 00 T30 0 ) 07,),

If x§3) + x§2) > xéz) + xf’) and xg‘o’) + 2x§2) + xg ) > xé ) + xé ) + xi ) + xf), then by + by
+ b3 4+ byo 4+ boz > by + b1p + by + bos + byy and by + bya + biz + 2o + 2by3 + bss
> b11 + b1o + 2byy + bog + by + b3z + bzy, hence f3(x) = (xé?)), xf), xé‘o’) -1, xgz), xéz), xf’),

o200, 0, 0500, 20,20, 5) _ 7).

If x§3) + xgz) < xéz) + Xf) and xgz) + Xgl) > xél) + XA(Lz), then bll + b12 + b13 + bzz + b23
< D11+ bia + boo + bog + boa and byp + bz + bz > by + b3z + b34, hence f3(x) = (x\”, %},
¢) (2) (2  .6) (2 —1, x@ 2 ) (1) 1) (1) 1) ) = Q(fs(b)).

X3 Xy ", X5 T, Xy T, X3 6 rXy s X5 X Xy X3, Xy 'x6

If xg:a) + 2x§2) + xél) < xé ) + xé ) + xi ) + xi ) and xé ) + xé ) < xgl) + xflz), then bq;

+ b1 + b1z 4 2byo + 2bp3 + baz < byg + bip + 2bop + bos + bps + bz + bzg and bop + byz + bz
< by + b3z + bay, hence f3(x) = (xé3), x‘(;l), xéa), xéz), xéz), xf), xéz), xéz), xf"), xél), xgl), xgl),
x5 = 1,5, x) = Q(f(0).
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o Ifx( )—i—xi) >x§)+xé ), x§)+2x£)+x£) >x§)+x§)+xé)+xé),andx£)+2x£)
+2x4(1)+x‘(;) > x§)+x§) é)—l-xé)—FXé)—i—xé ), then byy + by + big + big + b

+ ba3 + bag > b1y + bip + b1z + bop + baz + bog + bos, b1y + bia + b1z + big + 2b2n + 2bo3

+ 2byg + bag + bza > b1y + bip + big + 2byn + 2by3 + bos + bos + bsg + bsa + bss, bip + bin
+ D13 + b1 + 2b2p + 2023 + 2bog + 2b33 + 2b34 + byg > b1y + b1 + b1z + 2bpo + 2bp3 + bog
+ bos + 2b3z + baa + bss + bag + bas + bag, hence fi(x) = (xé3), xf) -1, x§3), xéz), xéZ), xf),

2,0, 0,0 50,2020 ) _ 7,0,

If x( ) 4 xi ) < xé ) 4 xé ), xi ) 4+ xi S xgz) + xéz), and xf) + fo) + xil) > xéz) + xél)
+ xg )+ x?) then by + bys + bug + brg + bop + bas + bog < byy + by + by + bay + boz + bog
+ a5, bop + baz + bog + bsz + b3y > by + Doz + baz + bag + bss, and byp + bos + bog + 2b33
+2b34 + bay > by + boz + 2b33 + bzg + bas + bag + bys, hence fy(x) = (xé?)), xf), x§3), xéz),

1) = 107w P g B D x ) = ).

Ifxf) +2x£3) +x£2) < x§3) —l—xéz) —l—xé ) +xé ), xfl ) +x4(1) < xé ) —I—xé ), and xfl ) —I—xi)
> 6l + 2V then by + by + by + big + 262 + 2bs3 + 2y + bs + bag < by + bia + bz
+ 2b2 + 2b23 + bag + bos + b3z + by + bss, by + bz + bog + b3z + bag < bap + bz + b33
by + bas, and bys + by + bag > bag + byy + b45, hence fy(x) = (x'¥,x(¥, x(Y, x{?, x?,
xf), xéz), xéz), xf) 1, xél), xgl), xgl), xél), xil), Xg ) = Q(fs(b)).

1l + 22 4+ 207 4+ 1l <o 2P ) ol x?, a2 4 a
< xéz) + xél) + xél) + xéz), and xf) + xil) < xé ) + xé ), then b11 + b1y + b1z + b1a + 2b2
+ 2bo3 + 2bpy + 2b3z + 2b3g + byy < bi1 + bio + b1z + 2byp + 2bas + by + bos + 2b33 + b3y
+ D35 + byg + bys + bag, baz + bos + bog + 2bsz + 2b3y + bag < ba + bas + 2bsz + b3y + bss
+ by + bys, and b3 + bay + bay < bsz + bag + b45, hence fy(x) = (x'¥, 2%, x(Y, x{?, x?,

-xg(f)/x:g,Z)lxéz)/xg(}Z)/xél)l-xgl)/xgl)/xél)/xz(}) 1 xﬁ ) - (f4( ))

If xé )+xé ) ( )—{—X(Z) then byy + byz + bog + bos + bag + bgs > boo + boz + bog + baz + bag,

hence f5( ) = (x6 ,xf),xf),xg),xéz) —1,xf’),x§2),xéz),xf),xgl),xgl),xél),xgl),xil),xél))
= Q(f5(b)).

If X )+x§1) <x ( ) ( ) , then byy + oz + bog + bos + by + bas < bop + bz + bog + b3z + bag,

hence fi(x) = ( G 00 ) ) o) ) (1)~ 1 20 ) 0 1) (1)
)-

= Q(fs(b)
(4) (3)

If xé3) + xéz) >x, +x, and xé3) + 2xé2) + xél) > xf) + xf’) + xf) + xfll), then b11 + bro
+ b13 + b1g + bis + b3z + bag + bss > big + bip + b1z + big + by + byz + bog and byg + bip + b3
+ D14 + bis + 2b33 + 2b34 + 2b35 + bss > byy + bio + b1z + b1y + bao + boz + bog + b3z + bag

+ byy, hence fo(x) = (xé3) -1, xf), x§3), xéZ), xéz), xf), xéz), xéz), xf), xél), x%l), xél), xél), xil),

*M) = Q(f(0)).

x6 ,x4 7 Xy Xy Ty Xg T, Xy Ty Xy, Xg Ty Xy, Xy 1 Xq Xy Xy, Xy, X
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1 xY + 2P < ol 4 1 and x4 1V > 2@ 42U, then by + biy + bis + bis + bis
+ bzz + b3y + b3s < byg + bip + bz + big + bop 4 boz + bog and bz + bag + bzs + bss

> bsz + b3y + by, hence f(,(x) = (xéS), xff), xéS), xéz), xff), xf), xgz)/ xéz) —1, xf), xél), xgl),
xg x5, 24, ) = fs ().

If xé3) + Zxéz) + xél) < xf) + xf) + xf) + xfll) and xéZ) + xél) < xf) + xil), then by
+ b1p + b13 + big + bis + 2bzz + 2b3yg + 2b3s + bss < byg + b1y + biz + big + by + boz + by

+ b3z + b3y + byy and bzz + bzg + b3s + bss < bzz + bz + byg, hence f6(x) = (xé3), xf), x§3),

o)) 0, 22,0, 800 0,0 1) = (),

Hence Q(f(b)) = f(Q(b)) for all 0 < k < 6. Similarly, we have

If x satisfies condition (E1), then b satisfies condition (E;) and &(x) = ( és) -1, xf) -1,

xé?’) -1, xéz) — 1,xé2) -1, xf’) — 1,x§2) -1, xg),xf),xél),xgl) — 1,x§1) -1, xgl),xf),
1) = Q@ (b)).
If x satisfies condition (E2), then b satisfies condition (E;) and éy(x) = (xé3), xf) -1,
xéa) -1, xéz) — 1,xé2) -1, xf) — 1,xé2) -1, xéz) — 1,x£2),xé1),x§1) — 1,x£1) — 1,x§1),x£1),
xg)) = Q@ ().
If x satisfies condition (E3), then b satisfies condition (E3) and éy(x) = (xég'),xf) -1,
xf) — 1,x§2) — 1,xé2) -1, xf),xgz) — 1,xéz) -1, xf) — 1,xél),x§1) — 1,x§1) — 1,x§1),x511),
xg)) = Q(@(b)).
If x satisfies condition (E4), then b satisfies condition (E4) and é&y(x) = (xé3), xf) ,
x§3) -1, xéz) -1, xéZ) -1, xf’) -1, xéz) -1, xéz) -1, xf) -1, xél), xgl) — 1,x§1) -1, xél), xf),
%) = Q@ (b)),

G) (4

If x satisfies condition (E5), then b satisfies condition (Es) and &(x) = (x¢, x,~ — 1,
xéS) -1, xéz) — 1,xé2) -1, xf),xéz), xéz) -1, xf) — 1,xé1),x§1) — 1,x§1) — 1,x§1) -1, xf),
%)) = Q@ ().

If x satisfies condition (E6), then b satisfies condition (Eg) and &y(x) = (xéB), xf),

xéa) -1, xéz) -1, xéz), xf) -1, xéz) -1, xéz) -1, xf) -1, xél) -1, x§1) -1, xél) -1, xél), xfll),
xg)) = Q(@(b)).

If x satisfies condition (E7), then b satisfies condition (E7) and &(x) (xé3), xf),

x§3) -1, xéz) -1, xéz) -1, xf) -1, xéz), xéz) -1, xf) -1, xél), xgl) -1, xél) — 1,x§1) -1, xil),

1 5
%) = Qe (b)).
If x satisfies condition (E8), then b satisfies condition (Eg) and éy(x) = (xé?’), xf),
x§3), xéz) -1, xéz) -1, xf) -1, xéZ) -1, xéz) -1, xf) -1, xél), xgl) -1, xgl) -1, xél) -1, xil),

M) = Qe (b)).
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If x satisfies condition (E9), then b satisfies condition (Eg) and éy(x) = (xé?’), xf),

xf) -1, xgz) -1, xéz), xf) éZ), xéz) -1, xiz) —1, xél) —1, xgl) -1, xgl) —1, xél) -1, xil),

M) = Q& (b)).

—1,x

If x satisfies condition (E10), then b satisfies condition (Ejg) and &y(x) = (xé3), xf),

x§3) -1, x£2) -1, xéz), xf’) —1, xéz), xéz) -1, xf), xél) -1, xgl) —1, xél) -1, xgl) -1, xil) -1,

1 -
x5)) = Q@ ().
If x satisfies condition (E11), then b satisfies condition (Ej;) and &y(x) = (xé3), x£4),
xég’),xgz) -1, xéz), xf’) -1, xéz) -1, xéZ) -1, xf) -1, xél) -1, xgl) -1, xél) — 1,x§1) -1, xil),
xg)) = Q@ (b):
If x satisfies condition (E12), then b satisfies condition (Ej;) and &y(x) = xé3), xf),
x§3),x§2) -1, xéz), xf’) -1, xéz) -1, xéz) -1, xf), xél) -1, x§1) -1, xgl) -1, xgl) - 1,x£1) -1,
1 g
xg)) = Q@ (b))-
If x satisfies condition (E13), then b satisfies condition (E;3) and é&y(x) = (xé?’), xf),

x:,(f), xf) -1, xéz), xf), x§2) -1, xéz) — 1,x£2) -1, xél) -1, xgl) —1, xgl) -1, xél) —1, xil) -1,

M) = Qe (v)).

If x satisfies condition (E14), then b satisfies condition (Eq4) and é&y(x) = (xé?’), xf),

x:,(f),xéz) -1, xéz),xf),xéz) -1, xéz),xf) — 1,xé1) -1, x%l) -1, xgl) — 1,x§1) -1, xf) —1,
2 — 1) = Q(&(b)).

£106) = (580,50, 9, 2 22, 9,22, 2, D20 41,0, 0,200,200

= Q(&1(b)).

If x§2) + xél) > xgl) + xgz), then by1 + b1 + boy > by + by + bys, hence éz(x) = (xé3), xf),

xéa),xéz) +1, xéz),xf),xéz),xéz),xf),xél),x%l),xél),xél),xil),xél)) = Q(&(b)).

If xéZ) + xél) < x%l) + xéZ), then b1y + b1z + bap < byg + by + bos, hence & (x) = (xé3), xff”,

o920, 8, 500,220 00110 0 0] — e,

If x:gS) + xéz) > xéz) + xff) and xés) + 2x§2) + xgl) > xgz) + xél) + xf) + xf), then by + b2

+ b1z + byy + bog > b1y + by + bop + bog + by and byq + bip + b1z + 2boo + 2bo3 + bzz > by

+ b1p 4+ 2bp + bas + bpg + b3z + bag, hence &3(x) = (xg), xff), x§3) +1, xéz), xéz), xf), xéZ), xéz),
@0 1) 0 0 1) Wy qe g

Xg X5, X, Xy T, X5, Xy T, X

If X§3) + ng) < JC£2) + XA(L?)) and ng) + xgl) Z xél) + Xf), then bll + b12 —+ b13 —+ b22 —+ b23
< b1 + bia + bap + bos + bpa and byo + bz + bz > bop + baz + baa, hence &3(x) = (xég),

o929, 0,8, 9 2 41,2, 2 o0, 0020050 S0y — 0,
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o If x§3) + 2x§2) + xgl) < xéz) + xgl) + xf’) + xf) and xgz) + xél) < xél) + xf), then by1 + by

+ b1z + 2bop + 2b3 + bz < by + bip + 2bxp + bos + bog + baz + bzg and by + boz + bz < boo

+ b3z + by, hence &3(x) = (xé?’), xf), x§3), xgz)’ xé2),x£3), xéz), xéz), xf), xél),xgl), xél), xél)
+1,5",xg)) = Q(@(0)).

o Tl + 20 > x4 2 6l 122 4 2P > 2B P 41 P and 2P 424
2 x> 2P 4 2P 1V 1l 22 then byy + bry + bis + bug + bap + bos
+ boy > b11 + b1a + b1z + boo + bz + bog + bos, byg + bio + b1z + big + 2byp + 2bos + 2boy + b33
+ b3y > b1y + bia + D13 + 2022 + 2023 + bog + bos + b33 + bag + bss, b1y + b1 + b1z + big + 2
+ 2bo3 + 2bpg + 2b33 + 2b3g + bygy > bi1 + bio + b1z + 2byp + 2bos + by + bos + 2b33 + b3y
+ b35 + bag + bas + bag, hence eq(x) = ( 23),x£4) +1, xéB), xéz), xéz), xf), xéz), xéz), xf), xél),
Y, 8l ) = Q@ ).

o If xff) + xf) < xg?’) + xéz), xf’) + xf) > x§2) + xéz), and xf’) + fo) + xfll) > xgz) + xgl)
+ Xél) + Xéz), then by1 + bio + biz + bia + bop + bz + bps < byg + bio + b1z + bop + bz + by
+ bas, bop + baz + bpg + b3z + b3y > b + baz + baz + bag + bss, and byp + bos + bog + 2b33
+2b34 + bag > bop + bz +2b33 + b3y + b3s + by + bas, hence ey (x) = (XéB), XA(;L), X§3), x§2), xéZ),

XA(LS) +1, X§2), xéZ), xz(LZ)/ xél)/ xgl)/ xél)’ xél)’ xé(Ll)’ xél)) = Q<é4(b))

o If xf;l) + fo) + xiz) < x§3) + xéz) + xéz) + xéz), xf) + xf) < xéz) + xéz), and xf) + xfll)
> x4+ xlY, then by + bya + biz + brg + 2b2y + 2bas + 2byy + baz + bag < byy + byy + by
+2bp3 + 2bp3 + bog + bos + b3z + bag + bs, bap + bz + bog + bss + bag < bap + bz + baz + bag
+ bss, and b3z + bsg + byg > b3z + byg + bys, hence eg(x) = (xé?’), xf), x§3), xéz), xéz), xf), xéz),

x4 1,280, 20, 0 1 D Dy — ey ().

o If xf) + fo) + 2x‘(12) + xil) < x§3) + xéz) + xél) + xéz) + xél) + xéz), xf) + fo) + xfl])
BN AT T S I T A A A S Y
+ 2bp3 + 2bp4 + 2b33 + 2b34 + byg < b1y + bio + biz + 2020 + 2023 + boyg + bos + 2b33 + by
+ b3s + bag + bys + bas, bop + baz + bog +2b33 +2b34 + by < bap + boz +2b33 + bag + bzs + byg
+ bys, and bz + bag + by < b3z + by + bys, hence eg(x) = (xéB), xf‘), x§3), xéz), xéz), xf), xé‘z),

22,10, ) 0,20 41,50 = 00

o If xéZ) + xél) > xf’) + xf), then by + baz + bog + bos + bag + bas > boo + boz + bog + b3z + bag,

hence &(x) = (xé3), x£4), x§3), xgz), xéz) 11, x£3), xéz), xéz), xiz), xél), xgl), xél), x;l), xil), xél))

= Q(&5(b)).

o If xé2) + xél) < xf) + Xf) , then by + bos + bog + bos + bag + bys < boo + bz + bpg + b3z + by,
hence &5(x) = (xé?’),xf),xé?’),xéz),xéZ),xff’),xgz),xéz),xf),xél) + 1,x§1),xél),xél),xfll),xél))

= Q(e5(b)).
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o If xé3) + xéz) > xf) + xf) and xé3) + 2xé2) + xél) > xf) + xf’) + xf) + xfll), then by1 + by

+ b1z + b1+ bis + bz + bag + bzs > b1y + bio + b1z + big + by + boz + bpg and byg + bio + by
+ b1g + bis + 2bz3 + 2b3g + 2b35 + bss > biy + bio + b1z + bia + by + bz + bog + b3z + bsg
+ byy, hence &5 (x) = (xég') +1, x‘(;}), x§3), xéz), xéz), xf), xgz)’ xéz), xf), xél), xgl), xgl), xgl), xfll),
1) = (e (b)).

o If xé‘%) + Xéz) < xf) + xf) and Xéz) + Xél) > xf) + Xil), then by1 + bip + b1z + bia + b1s
+ b3z + bzg + bss < byy + bip + b1z + big + byo + boz + byy and bzz + bzg + bzs + bss > bas

+ b3s + bag, hence é5(x) = (xéS), xff), xés), xéz), xéz),xf), xéz), xéz) +1, xf), xél), xgl), xgl),

Y, 20,10y = (es(v)).
4) 2)

o If xé3) + Zxéz) + xél) < xfl + xff’) + xf) + xfll) and xéz) + xél) < xfL + xf), then by1 + by

+ b1z + b1y + bis + 2b33 + 2b34 + 2b3s5 + bss < byy + bio + biz + big + by + boz + boy + b33
+ b3q + byg and bz + bzq + bss + bss < bsz + bzq + byg, hence &g (x) = (xé3), xf), x§3), xéz), xéz),

x4(13)/x§2)/xéZ)lxé(LZ)/xél)rxil)/ xgl)’xl(’)l)’xé(ll)’xél) + 1) = Q(é6(b))

Therefore Q(é;(b)) = é,(Q(D)) for all 0 < k < 6. We also have

. Wto(x) = —xéz) — xél) = —b11 — bip — by = —by1 — b1p + bog + bog + bos + bog + by = Wto(b).

* wt (X) = 2x§1) — X£2) — Xgl) = 2b11 — bll — b12 — bzz = b]l — blz — bzz = th(b).

e wi(x) = —xgl) + 2x£2) + 2x§1) — x§3) — xéz) — xél)
= —by1 + 2b11 + 2b12 + 2byo — b1y — by — b1z — by — boz — b33

= bip — b1z + byp — by — b3z = wir(b).

wis(x) = _xgz) — xél) + 2x§3) + 2x§2) + 2x§1) — xf) — xf) - xf) - xil)
= —by1 — byp — by + 2by1 + 2byp + 2by3 + 2by + 2byz + 2bsz — by — by — bz — by — by
— by — bog — b3z — b3y — by

= b1z — b1a + boz — bog + bz — bag — bay = wiz(b).

wiy(x) = —x§3) - xéz) — xgl) + 2xi4) + fo) + 2x£2) + 2xf) - xéz) - xél) - xé?’) - xéz) - xél)
= —b11 — b1a — b1z — bap — bz — b3z + 2b11 + 2b1p + 2b13 + 2b14 + 2bpo + 2bo3 + 2byy
+ 2b3g + 2b3g + 2byy — by — baz — bog — bys — bag — bys — by — bip — b1z — by — bys — bas
— b3y — b3s — bss

= b1y — b15 + bog — bos + by — bas + bay — bys — bss = wiy(b).

wts(x) = —xff” - xf) - xf) - xf) + 2xé2) + Zxél)
= —by1 — bip — b1z — bia — by — boz — bog — b3z — b3y — bag + 2b2p + 2b23 + 2bog + 2bos
+ 2byy + 2bys5

= —by1 — big — b1z — by + boy + bz + bog + 2bps — baz — bag + by + 2bys = wis(b).
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e wig(x) = —xf) — xf’) — xf) — xil) + 2xé3) + Zxéz) + 2xél)

* go(x) = max{x

= —by1 —bio — b1z — by — by — by — byg — b3z — bag — byg + 2b11 + 2b1p + 2b13 + 2by4

+ 2b15 + 2b33 + 2b34 + 2b35 + 2bss

= by1 + b1o + b1z + b1a + 2b15 — byo — boz — bog + b3z + bag + 2b3s5 — byy + 2bss
= by1 + bio + b1z + b1g + 2b15 — o — boz — by + b3z + bag + 2b3s5 — byg + bss — bsg — bsy

— bsg — bsg — bs,10

= Wt(,(b).

Hence, wt;(Q(b)) = wty(b) for all 0 < k < 6. Also,

N N N U ) ST C B C BV O B N T )

, X s
N S B N R R S R
NN N N N TN e O A e B R

e T e LN A R R D

= max{—bse — bsy — bsg — bsg — b5 10, —b13 — baz — bag — bay — bag — bag, —b13 — b3s — bag

— by7 — byg — by, —b13 — bys — bys — byy — byg — byg, —bog — b3g — by — by — byg — bag, —boyg
— bys — bys — by — byg — byg, —b3s — bys — byg — bay — byg — byg, —b13 — b1y — b15 — bz — by
— bys — bag — bz, —b13 — b1y — bys — bog — bz — by — bag, —b13 — b1g — baz — bzs — bzg — b3y
— bag, —b13 — bys — bos — bss — bag — b3y — bag, —b13 — b1y — b3g — b3s — bag — b3y — bzg, —b13
— bas — b3y — bys — bg — bay — bag, —bog — bos — bag — b3s — bag — b3y — bag}
= EQ(b).

81(x) = xéz) — xgl) = b]z = El(b).

ex(x) = max{—xéz) + x§3),x§1) - 2x§2) - xél) + x§3) + xéz)}

= max{bi3, —b1p + b1z + baz} = e2(b).

e3(x) = max{— x33) + xf),xg) - 2x§3) - x§2) + x§4) + xf’),xf) + xél) - 2x§3) - 2x§2) - xgl)

+xi)+xi)+x£ )}
= max{bia, —b13 + b1a + boa, —b13 + b1a — boz + bpa + b3s} = e3(b).

° gyx) = max{—xf) + xé‘o’),xé‘o’) - fo) - xf’) + xéz) + xé3),x§3) + xgz) - 2xfl4) - fo) — xf)

* es(x) = max{xf) —X5,x 0+ xf) +xg = 2x§2) — x5}

+ xéz) + xé3) + xéz), x§3) + xéz) + xél) — fo) — 2xi3) — fo) — xil) + xéz) + xél) + xég)

+ xéz)}

= max{bis, —bia + b15 + bos, —b1s + b15 — bos + bos + bzs, —b14 + bis — bpg + bos — bay
+ bss + b45}

= S4(b).

(1)

(2) ,.(4) (2)

= max{b11 + b1y + b1z + b1a — byy — baz — bpg — bas, b1y + bip + b1z + big — b — bz — boy
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— 2bo5 + b3z + b3g — bag — bas }
= 85([9).
3) .(4) 2)

* g(x) = max{—xé X, + xf) - 2xé3) - xéz),xf) + xf) + xf) + xil) - 2xé3) — Zxé - xél)}
= max{—b11 — b1y — b1z — b1a — b15, —b11 — b1o — b1z — b1a — 2b15 + bop + bz + bpa — b33
— bsy — b3s, —b11 — b1p — b1z — big — 2b15 + by + bz + bog — b3z — by — 2b35 + bay — bss }
= 66(b).

Thus &, (Q(b)) = €, (b) for 0 < k < 6 which completes the proof. O
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