ABSTRACT

YADAVALLI, ANILA. Darboux Transformations and Fay Identities of the Extended Bigraded
Toda Hierarchy. (Under the direction of Bojko Bakalov).

An integrable hierarchy is an infinite set of nonlinear evolution equations that can be
solved simultaneously. They arise by starting with a base differential equation that models a
physical process and then adding evolution equations that are symmetries of it and each other.
Some classical examples are the Kadomstev-Petviashvili (KP), Korteweg-de Vries (KdV), and
Toda hierarchies. The extended Toda hierarchy (ETH), was introduced as a hierarchy that
governs the Gromov-Witten invariants of CP!. Its generalization, the extended bigraded Toda
hierarchy (EBTH), was introduced as a hierarchy that would encode the relations between the
Gromov-Witten invariants of some CP! orbifolds.

A special feature of integrable hierarchies is that there exist soliton solutions, or solutions
whose motion can be described by (solitary) waves that maintain their shape as they travel
through a narrow channel. An n-soliton solution is expressed as a polynomial in exponentials
with n distinct exponents. Darboux transformations were introduced in 1882 as an algebraic
method of generating new solutions to nonlinear evolution equations from existing ones, and
can be used to find soliton solutions to integrable hierarchies.

We begin by reviewing some standard but nontrivial facts about integrable hierarchies in
general. In particular we will review the KP hierarchy and its Darboux transformations and
Fay identities. Next, we introduce the EBTH in Lax form. We write a bilinear equation for the
EBTH in terms of the tau function using notation that is more convenient than that of the
existing bilinear equation and requires a shorter proof. We use the bilinear equation to write
two Fay identities for the EBTH. We then review Darboux transformations on the EBTH and
show that the action of the Darboux transformations on a tau function of the EBTH is given
by certain vertex operators. Finally, we use the aforementioned vertex operators and bilinear

equation to provide generalized Fay identities for the EBTH.
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CHAPTER 1

INTRODUCTION AND
PRELIMINARIES

1.1 Introduction

Integrable hierarchies arise by starting with a differential equation that models a physical process
and constructing a system of infinitely many symmetries of the equation. They admit soliton
solutions, or solutions whose motion can be described by a (solitary) wave that maintains its shape
as it travels through a narrow canal. Some classical examples of integrable hierarchies are the
KP, KdV and Toda hierarchies. Such systems can be studied using methods from representation
theory [34], combinatorics [6, 48], and algebraic geometry [48]. Studying integrable hierarchies
has led to algebraic methods of finding soliton solutions to nonlinear differential equations and
has also led to numerous applications in other areas of mathematics such as random matrices
and representation theory.

The main focus of this thesis is the use of Darboux transformations to generate soliton
solutions of the extended Toda hierarchy (ETH) and the extended bigraded Toda hierarchy
(EBTH). The Toda hierarchies arise from the Lax form of the Toda lattice equation [59] which
describes the motion of charged particles on an infinite lattice. In 1984, Ueno and Takasaki
introduced the 2D Toda hierarchy and its reduction, the 1D Toda hierarchy [60]. In 1986, ten
Kroode and Bergvelt used the representation theory of slo(C) to show that the KAV and 1D
Toda hierarchies were closely related on an algebraic level [57].

The extended Toda hierarchy (ETH) was originally introduced by Getzler [30] and Zhang

[63] in its bihamiltonian form, and later in its Lax form by Carlet, Dubrovin and Zhang [16].



It is obtained by adding an extra set of commuting flows to the 1D Toda hierarchy, which are
given in terms of a “logarithm” of the Lax operator. It was shown in [30, 24, 45, 50] that the
Gromov—Witten total descendant potential of CP! is a tau-function of the ETH.

The extended bigraded Toda hierarchy (EBTH) was introduced by Carlet [15] as a gener-
alization of the extended Toda hierarchy related to the Frobenius manifolds from [23]. The
EBTH is defined for every pair (k,m) of positive integers, and it coincides with the ETH for
k = m = 1. The total descendant potential of CP' with two orbifold points of orders k and m is
a tau-function of the EBTH (see [47, 18]). The EBTH contains the bigraded Toda hierarchy,
which is a reduction of the 2D Toda hierarchy (see [54, 60]).

Various applications of the Toda hierarchies, including matrix factorization problems for
7 x 7, matrices and a connection between solutions to the Toda hierarchies and partition functions
for melting crystal models are discussed in [55].

In this thesis, we investigate how Darboux transformations of the EBTH affect the tau-
function. We start by using the approach of Takasaki [54] to derive a bilinear equation for the
EBTH, which is equivalent to the one from [18] after a change of variables. From this we obtain
a difference Fay identity, similar to what was done in [53, 58] for the the 2D Toda hierarchy.
Some Fay identities for the EBTH were given in [41], but writing the Fay identity in our notation
allows us to study the action of Darboux transformations on the tau-function. In [14], Carlet
defined Darbouz transformations on the wave functions for the ETH, and in [42], Li and Song
generalized them to the EBTH.

Our main result is that the action of Darboux transformations on the tau-function is given

by applying the vertex operators

and
o A > 0 .
I_(z) = 2% exp(— Z sz_]) exp( iz])
j=1 =1/
Thus, new tau-functions for the EBTH can be obtained from existing ones by applying a product
of I'y and I'_ evaluated at different values z; € C*. As an application, we derive generalized Fay
identities for the EBTH.
The outline of this thesis is as follows.
In the remainder of Chapter 1, we provide some background on vertex operators and Darboux
transformations which will be important for stating the main results of this thesis.
In Chapter 2, we define pseudo-differential operators and use the KP and KdV hierarchies as

examples to introduce the concept of an integrable hierarchy. We define the wave function, wave



operators, and tau function for the KP hierarchy. Then, following [61], we review Fay identities
and Darboux transformations for the KP hierarchy.

In Chapter 3, we define the main subject of this thesis, the extended bigraded Toda hierarchy
(EBTH). We give an explicit bilinear equation for the EBTH that is equivalent to the one from
[18], in the notation introduced by Takasaki. We provide a shorter proof than what was done
in [18]. From the bilinear equation written in this form, we get two difference Fay identities
satisfied by the tau function of the EBTH (cf. [53]). This is similar to what was done in [41],
but we are following Takasaki’s notation, and our proof is shorter.

In Chapter 4 we review the Darboux transformations on L and ¢ from [42]. We apply
results from [13] to factoring difference operators, and use this to provide an alternate proof
of [42], Theorem 3.4. Then we show the main result of this thesis: the action of the Darboux
transformations on the tau-function is given by the vertex operators I'; (z) and I'_(z). This
result is new even in the case k = m = 1 corresponding to the extended Toda hierarchy. We use
it to conclude that new tau-functions can be found by acting on an existing tau-function 7 with
a product of I'y(z;) and I'_(z;) for certain z; € C*. As an application, we derive generalized Fay
identities for the EBTH.

Finally, Chapter 5 contains concluding remarks and future directions.

1.2 Vertex Operators

The main results presented in this thesis rely on the use of vertex operators to produce new
solutions to integrable hierarchies starting from known ones. Vertex operators were discovered by
physicists in string theory, but they appear in the representation theory of infinite dimensional
Lie algebras and as an application, the theory of integrable hierarchies (see [34, Chapter 14]). In

general, a vertex operator is an operator of the form

oo oo
I'(a,b) = exp Z ajzr; | exp | — Z bjO;
j=1 j=1

0
where a = (a1,a2,a3...), b= (b1,b2,b3,...) and 9;, = Fr Using the property that
Ly

e f(z) = f(z +¢),

we have that the action of the vertex operator I'(a, b) above on a function f(x) = f(z1,z2,x3,...)

is

I'(a,b)f(x) = exp Zajmj flxy —b1,x0 — ba,x3 — b3, . ..).
j=1



The product of two vertex operators is itself a vertex operator. To multiply two vertex operators,

we will use the well known Campbell-Baker-Hausdorff formula

eAeB — (B pAAB]

for operators A and B such that [A, B] commutes with A and B. Here, [A, B] refers to the

commutator bracket
[A,B] = AB — BA.
We will also use the property of formal power series

o0

Z ”+1 = log(l +a)

n=1

to write
exp | — Z — | =exp(log(l—a))=1-a.
=17
Example 1.2.1. Let
' (2) =exp Zz]xj exp —QZ 78xj
j=1 7=1

I_(z) =exp ZZJZL'J exp 22

The product T'_(z1)T'1+(22) is defined for z1 # zo and is given by

I (21)04 (22)

= exp Zzlx] exp 22—21

o0 oo
fE —
X exp E 223:] exp | —2 E —Lz ]
i=1 =
2 00 oo
1 j
ol Epp— exp | — > zzj | exp E 25T
2~ j=1 j=1
o oo
— x —
x exp | 2 E —2277 | exp [ -2 E —2;7
J=1 Jj=1

(1.2.1)



2
We can see that because of the appearance of the term <_1> , this product is not
— 222,

defined when 21 = 29.
When writing vertex operators, or differential operators in general, we use normal ordering,
in which all differentiation operators appear on the right and multiplication operators appear

on the left. The notation : p : is used to denote the normal product. For example,
2 Tp 0y, t = 1 Oy, Ty : = TpO0y,

Normal ordering is important in ensuring that a product of operators is well defined. For instance,
consider the Euler operator > | nz,d,, acting on weighted homogenous polynomials f(x),

where deg(z,) = n. Then
(Z nxa> f(@) = deg(f)f ().
n=1

However, if we apply instead the operator Y > | n0y,x, to f(x), using the product rule from
calculus, we get
oo (o]
<Z n@xnxn> flx) = (Z n(1+ xnﬁmn)> f(x).
n=1 n=1

In the case, of f(x) = 1, this gives 0o, so we see that this operator is not well defined.

1.3 Darboux Transformations

Another important tool used in this thesis are Darboux transformations. Darboux transformations
were originally introduced by Darboux in 1882 and later generalized by Crum. Matveev and
Salle realized that Darboux’s theorem could be applied to nonlinear differential equations as a
completely algebraic tool to generate new solutions starting from known ones. In this section,
we provide an overview of Darboux transformations and then review the original Darboux

transformations and its generalization following [44].

1.3.1 Darboux transformations for a differential operator

Classically, a Darboux transformation for a differential operator L is defined by factoring L = QR
and defining a new differential operator L by switching the two factors: L) = RQ. Notice

that if ¥ is an eigenfunction for L, then
LY(RW) = RQ(RY) = R(QRY) = RAY = ARV

so that the new function Wl = RW is an eigenfunction for L.



The following lemma gives a condition for when such a factorization is possible (see e.g. [38]).

Lemma 1.3.1. A differential operator L can be factorized as L = QR if and only if ker(R) C
ker(L).

We provide a sketch of the proof here since it will be useful in later sections. For more details,
see [38, Section 5.4].

Proof. If L = QR and Ry = 0, then clearly Ly = QR = Q(0) = 0. On the other hand, we will
suppose Ry = 0 implies Ly = 0. Suppose the order of L is n and the order of R is m (where
m < n). Then we can find some @ and P such that

L=QR+P

where @ is of order n — m and P is of order at most m — 1. Suppose P is not identically
zero. By assumption, every ¢ € ker(R) must also satisfy Py = 0, so that P has at least m
linearly independent solutions. This is a contradiction since P can have at most m — 1 linearly

independent solutions. O

Such an R can be found using the Wronskian determinant

fi f2r o fa
1 fa "
Wr(f17f27"'7fn): . . .
fl(nfl) f2(n71) o fénfl)
Suppose VU is a function satisfying LW = A\W. Then letting ¥ = ¥(x, \) s for some fixed Aq,
we define R by -
v, f
Rf = = WI‘(\I/l, f)
vof

Since ¥y € ker R and ¥; € ker(L — A\1I), we can write L — \;I = QR, where Q = (L — X\ I)R™%.

Switching these two factors, we get
RQ=R(L—MIR'=RLR" — NI =0rLl_ )1,

and
LUl — RLRIRY = RAY = AW,

This process can by repeated N times to obtain a new LIN! and WM satisfying LINIWIN = \wIN,

A formula for LIV and W[V can be found in terms of the Wronskian of the original solution ¥



evaluated at various values \; (see Theorem 1.3.4 below).

1.3.2 The Original Darboux Transformation

ou
We continue using the notation from the previous subsection, and will let u, = —. Suppose
x

0
u(z) and ¥(x, \) satisfy the Sturm-Liouville equation

— U,y + u(z)¥ = AT, (1.3.1)

for some constant A. The equation (1.3.1) is equivalent to the eigenvalue problem LV = AW if L

is the Schrodinger operator

L=—-02+u(x). (1.3.2)

Remark 1.3.2. The coefficients of 0, and u(x) in L can be made arbitrary by rescaling. Later,
we will take both coefficients to be 1.

The Darboux transformation on L and ¥ is defined explicitly by:

QH\I;[I]:(a qjlfﬂ)quw

or U, U,
d2
u— ull = u—2@1n\111,

L LM =92 4 1,

We can now state Darboux’s theorem.

Theorem 1.3.3. The function W satisfies the differential equation

gl 4 gl =zl (1.3.3)

xT

The proof is by direct computation and can be found in [44]. A generalization of Darboux’s
theorem is obtained by applying the Darboux transformation to (1.3.1) N times for any N € Z>9.

For example, when N = 2, we obtain

gl _ (4 e\ (d W\
dzx \I/[;] dx \111

where \II[QH = wlll(z, ) for some fixed Ay, and

=)\2

2

d
w2 = 11— 2@ In (Wr(W¥y, ¥s)).



Then U2 and ul? satisfy the differential equation
—wl 4 Pwll = \gl2,

An important fact about such Darboux transformations is that a formula for ¥V can be
obtained completely in terms of the initial solution ¥ evaluated at various values A1, Ag,..., AN
(see e.g. [44]).

Theorem 1.3.4. The function

‘IJ[N] _ Wr(\Illa\Ij%"' 7\IIN7\II)
WT(\I’I,\I’Q,"-\I’N)

satisfies the differential equation

— OV 4 INTINT = AT, (1.3.4)

with
d2
ulM =y — 2 In(Wi(Wy, Wy, -+, W),
T [k—1]
Proof. Let R be the differential operator T 7% T | where prime denotes the derivative
7 /1
k

with respect to z. Then

Nl — pINT ... R Rl
— \I’(N) + SNfl\I’(Nil) + -+ SO\IJ. (135)

Observe that R ... REIRMF, = 0; for example, when N = 2, we have

REARMNw, = RRI(RMw,)

_ po (@1}’ >
A=M2

- R[Q}\I;[Ql]
=0.

Thus, we have that RV ... REIRIUW, = 0 for every k = 1,2,... N. This fact, along with (1.3.5)

can be used to obtain a system of linear algebraic equations of the form
U ooy N s 0 450 =0

fork=1...N.



Cramer’s rule can be used to explicitly find each coefficient s;. The rest of the theorem is

proved by substituting the expression (1.3.5) into (1.3.4) with the explicit s; and solving for

(V] 0
ul™,

1.3.3 Lax Pairs and the KdV Equation

To illustrate an application of how Darboux transformations can be applied to finding solutions
to nonlinear differential equations, we consider the Korteweg-de Vries (KdV) equation which
describes the motion of water waves in a narrow canal. For « = u(z,t) and any constants ¢; and
ca, the KAV equation is defined by:

Again, we note that the constants can be rescaled arbitrarily, but for convenience, we will
take ¢; = % and ¢ = i. Direct computation shows that the KdV equation is equivalent to the
Laz equation

oL
— =|[B,L 1.3.6
o = B.L) (13.6)

where B and L are the operators

3 3
B =09+ “ud, + =

bt QUOe T e (1.3.7)
L=0*+u

(see [48, Chapter 1]). We call B and L a Lax pair for the KdV equation. Again we can show

through direct calculation that a solution ¢ to the system of equations

L=\
p=A0 (1.3.8)
¢t = Bo
satisfies (¢gz)t = (¢4)as if and only if
ou_3 1
ot gte Ty tse

(cf. [33, 48]). In other words, the KdV equation is the compatibility condition for the system
(

(1.3.1) for which we defined Darboux transformations, we can conclude that if one knows

1.3.8). Observing that the first equation of (1.3.8) is equivalent to the Sturm-Liouville equation

a solution u to the KdV equation and therefore a solution ¢ to (1.3.8), then the Darboux



transformation can be applied successively to produce new solutions to the KdV equation [33]:
(u7 ¢) = (u[l]a (Z)[l]) = (u[2]7 ¢[2]) =

As a further application, we consider the following question posed in 1986 by Duistermaat
and Griinbaum [25]: for which linear ordinary differential operators L(x, d;) does there exist a

non-zero family of eigenfunctions ¥(z, z) such that

L(x,0,)¥(x,2) = f(2)V(x, 2),

(1.3.9)
M(z,0.)¥(x,z) = g(x)¥(z, 2)

for some other differential operator M (z,0.)? This question was initially studied due to its
applications to “limited angle tomography” [31], but eventually was shown to be connected to
integrable hierarchies and soliton mathematics [8, 9, 10]. When L is of order 2, the question can
be answered using the Darboux transformations discussed for the KdV equation. In this case, L
can be written in the Shrodinger form (1.3.2) and the potentials u(x) are found according to

the following theorem.

Theorem 1.3.5 ([25]). The potentials u(x) for which the equations 1.3.9 hold (for non-zero ¥

and M of positive order) are given by:

1. u(z)=ax+b, a,beC,

C

2. u(x) = Gar

+b, a,b,ceC,

3. u(x) obtained from finitely many Darboux transformations starting from u(x) = 0,

1

4. u(x) obtained from finitely many Darboux transformations starting from u(zx) = Pl
x

The first two cases correspond to the Airy and Bessel functions respectively. These results

were generalized in [10].

10



CHAPTER 2

THE KP HIERARCHY

In this chapter, we will introduce integrable hierarchies by presenting known results for the KP
hierarchy following [61, 48]. We start by defining the hierarchy in Laz form. We then introduce
the concepts of wave functions, wave operators, and tau functions, and finally show how Darboux

transformations can be used to generate soliton solutions to the KP Hierarchy.

2.1 Definition of the KP hierarchy

2.1.1 Pseudo-differential operators

If L is a differential operator, we can define LY/" for any n € Z in terms of pseudo-differential

operators. Such operators contain negative powers of 0 = 0,, and their action is defined on

kx

functions of the form f(x) = ¢"* using

an(ekm) — knekm
for n € Z.

Definition 2.1.1. A pseudo-differential operator (of order n € Z) is an operator of the

form

1=—00

for a; = a;(x) and a, # 0.

11



We will let D~ denote the space of pseudo-differential operators of the form
A= "ad'
—00

n
For any pseudo-differential operator A = Z ;0" we define the decomposition of A into its
1=—00
“plus” and “minus” parts by
n —1
Ap=> a0, A=) ad.
i=0

1=—00

Multiplication of pseudo-differential operators is defined according to the Leibniz rule:

of=3" <’Z> (9" f)om—.
=0

n
If A is a pseudo-differential operator of the form A = Z a;0", then there exists a unique A~}

1=—00
-n

of the form Z ;0" such that Ao A=' = A=Y o A = I. We also define the symbol of A by

1=—00

n
A i
A= g a; 2",

i=—00

or equivalently,
Ae™* = Ae®?.

Finally, the formal adjoint of A is given by

and satisfies the properties
(AB)* — B*A*, (A*)fl — (Ail)*, (A*)* — A

(here, B is some other pseudo-differential operator).

12



2.1.2 The KdV hierarchy

We can use pseudo-differential operators to compute the square root of the Shrodinger operator

L = 0? + u that appears in the Sturm-Liouville equation (1.3.1). If we let P = 0 + Z p; 0" for
=00
some unknown p; = p;(x), we can set P? = §? + u and compare coefficients to determine the p;

(see [48]). Notice we can use this to determine (8% 4 u)™/? = L™? for any positive, odd integer

n. One can show that the operator B from (1.3.7) can be expressed as

3 3

Thus, we can rewrite the Lax representation for the KdV equation as

oL
5 = [(L*?)4, L]. (2.1.1)
In general, we have that
L, (L"?) 4] = [L, L"? = (L"?) ] = =[L, (L"/?)]. (2.1.2)

To define the KdV hierarchy, we will introduce an infinite sequence of variables (¢1,t3,ts,...).

Definition 2.1.2. The system of Lax equations

oL

5 = (L") L, n=135.. (2.1.3)

18 known as the KdV hierarchy.

All of the equations in the KAV hierarchy are pairwise compatible, or can be solved simulta-

neously. When n = 1, we have

= (L), L = [0, 1] = O

oL
oty

so we can identify x with ¢;. Similarly when n = 3, using (2.1.1), we can identify ¢ with ¢3.

2.1.3 Lax form of the KP hierarchy

We can now proceed with the definition of the KP Hierarchy. Instead of the Schrodinger operator,
we start with a pseudo-differential operator L = 0 + a_10~' + a_20~2 + ---, where each

a; = ai(m,tl,tg, .. )

13



Definition 2.1.3. The system of Lax equations

oL

o =1L =12, (2.14)

1s known as the KP hierarchy.

Observe that
[(E™)4, L] = [L" — (E")-] = (L"), L] € & + D~

since [L™, L] = 0. If we impose the restriction that L? is a strictly differential operator, then the
system of equations (2.1.3) reduces to the KAV hierarchy. In this case L? = §? + u and

oL
87f2n

= (L)1) = [£%.1] =0,
If we consider the equation of the KP hierarchy corresponding to n = 1 and use

0,a,;07|f = (0 0a;0? —a;07 0d) f

— ‘Z(@jf) + ajaj“f _ ajajﬂf
. ﬁaj Vi
we have )
o [Ly, L] =1[0,L] = Z 27

j=—00
On the other hand, direct computation shows that
-1
oL _ S 9a; 5
oty ) oty
j=—00
so we can identify t; with z and write

aj(l’,tl,tg,. L) = aj(tl +x,ta,...) = aj(tl,tg, o).

From now on, we will use boldface notation to refer to the infinite sequence of variables indexed

by the integers; for instance, t = (t1, ta, t3, .. .).

2.1.4 Wave functions and bilinear equation

If L is a Lax operator for the KP hierarchy, there exists a wave operator W € I + D~ and a

o
tjz

wave function ¢ = WeXi=1 on which the equations (2.1.4) induce actions. The following

14



theorem summarizes these actions and gives an explicit definition of W and ¢ in terms of L.

First, we introduce the notation
o
E(t,z) = Ztizi.
i=1
Theorem 2.1.4 ([61]). The following are equivalent:

oL
(a) aTn_

(b) There exists a wave operator

[(L™)4, L] forn=1,2,...

oo
W=1+> wo? el+D", w;=uwjt)
j=1

such that L = WOW =1 and

37:_@mju n=1,23... (2.1.5)

(c) There ezists a wave function

Y =1(t,2) = Wetlh?)

satisfying
Lp = 29,
(2.1.6)
g;b = (L"), n=1,2,3,...

The wave function can be used to write a single bilinear equation that encodes the entire

system (2.1.4) into a single equation. First, we define the adjoint wave function * by
(b 2) = (W) e B

Following Theorem 1.1 from [61], we can determine if ¢ is a wave function for the KP hierarchy

from the following bilinear equation. Here we use the notation

dz . )
]{ o <Z aizl) = Res, Zaizz =a_q
to denote the residue of a formal power series (see e.g. [19]).

Theorem 2.1.5. A function ¢ is a wave function for the KP hierarchy if and only if

fdé¢WJWNt@:O (2.1.7)

27
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for allt and t'.

The proof of this theorem uses the Taylor expansion of 1 (t', z) about t; = ¢; along with the
following lemma (cf. [22, 61]).

Lemma 2.1.6. If A and B are two pseudo-differential operators, then
Res, ((Ae™) - (Be™™)) = Resy AB*.

2.1.5 Tau function

The final object that will be of use for us when studying integrable hierarchies is the tau function.
As defined, the KP hierarchy is an equation in infinitely many variables t1, ¢, ... for infinitely
many functions wi, wo, . . ..

Sato showed that the system (2.1.4) can be expressed in terms of a single unknown function
T = 7(t), called the tau function [51].

Theorem 2.1.7. There exists a function 7(t) such that the wave functions 1 and ¥* can be

represented as

00 4 g t— [z
P(t,z) = Weiz1tiz — wei(tz) (2.1.8)
" (t+ (=)
* _Tr 1z ) etz
Yr(t,z) = P (2.1.9)
where

9= (22

Based on this definition, it is helpful to define the vertex operator I'(z) by

[(z) = ef®) exp <— > Z; atz) (2.1.10)

=1

and write r
= (Z)T (2.1.11)
7‘

This allows us to explicitly solve for the first few coefficients of W in terms of 7 by expanding

(2.1.11) and comparing coefficients. For example,

—81517'
w1 = )
T

1 <8t217'—8t27'>
wy = - | —— ).
2 T

16



Using the equations (2.1.8) and (2.1.9), we can rewrite the bilinear equation (2.1.7) in terms

of only the tau function:
7{ di_ Tt — [Pt + [271)ef ) = g, (2.1.12)

giving us a single equation in a single function that is equivalent to the KP hierarchy. As with

the wave functions ¥ and 1*, we can state the following theorem.

Theorem 2.1.8 ([61]). A function T is a tau function for the KP hierarchy if and only if it
satisfies the bilinear equation (2.1.12) for all t,t'.

2.2 Fay identity for the KP Hierarchy

Using the bilinear equation (2.1.12), we can arrive at certain identities satisfied by any tau
function for the KP hierarchy, known as the Fay identities [6].
Shifting the variables ¢ and ¢’ in the bilinear equation and computing the residue, we obtain

the following Fay identity for the KP hierarchy, originally proved by Shiota [52].
Theorem 2.2.1. Any tau function for the KP hierarchy satisfies the identity
(s0 — s1)(s2 = 53)7(t + [s0] + [s1])7 (¢ + [s2] + [s3])

+(s0 — s2)(s3 — 51)7(t + [s0] + [s2])7 (¢ + [s3] + [s1]) (2.2.1)
+(s0 — s3)T(t + [s0] + [s3])7)7(t + [s1] + [s2]) = 0.

Proof. We start by letting ¢ =t — [s1] — [s2] — [s3] and ¢/ = ¢ + [so] in (2.1.12). Then by (1.2.1),

the bilinear equation becomes

fdz (1 —zs0)
2mi (1 — zs1)(1 — zs2)(1 — zs3) (2.2.2)
X T+ [s1] + [s2] + [s3] — [T )7 (E + [s0] + [z71]) = 0.

To compute this residue, we use partial fractions to write

(1 — zs0)g(z) _
(1 —2zs1)(1 — zs2)(1 — zs3)
(so—s1)s1 g(2) (so—s2)s2  g(2)
(s1 —s2)(s3—s1) 1—2zs1 (s1—s2)(s2—s3) 1—2zs9
(so—s3)ss  g(2)
(s3—s1)(s2 —s3) 1— 283’

17



o0
and then use the property that if g(z) = Zgiz*i, then
i=0

o0
Res, 19_( Z))\ = Reszijgogi)\Jz G

e 4 2.2.3
— ZgiAlfl ( )
i=0
=A"1g(A
g(A).
Doing so, we get
(51 — 59) 1(s2 — s3)1(s3 — 51) 7 x left hand side of (2.2.1) =0,

so we have proved the theorem.
O

Differentiating both sides of (2.2.1) and making a certain reduction, we can also prove the

following differential Fay identity satisfied by any tau function for the KP hierarchy [61].
Theorem 2.2.2. Any tau function 7(t) for the KP hierarchy satisfies
Wr(r(t—[s1]), 7(t—[s2])) = (57" —s57) (7(¢ — [s1])7(¢ — [s2]) = T(&)7(t — [s1] — [52])) . (2.2.4)
Conversely, the differential Fay identity was shown to be equivalent to the bilinear equation
(2.1.12) in [56).
2.3 Darboux Transformations of the KP Hierarchy

In this section, we use the ideas from Section 1.3.1 to define Darboux transformations for the
KP hierarchy. Further details and proofs of the theorems stated in this section can be found in
[6] (see also [61, 8]).

Recall that any wave function ¢ for the KP hierarchy satisfies

Lip = z1).

For a function ¢, let Ay be the operator defined by

18



A Darboux transformation on a wave function ¢ for the KP hierarchy and its corresponding

Lax operator L is defined by

_ Wr(o,
71 :A¢LA¢1, P = Ay = M

¢

Then just as with any classical Darboux transformation, we have
LMy = AGLAS Ayt = AgLip = Ag(atp) = 2450 = 29!,

so that ! is an eigenfunction for LY. If we pick ¢ = ¢ = MZZZI for some known wave

function v of the KP hierarchy, we have

1/)[1] _ A"/le _ Wr (1%1/)1) (2.3'1)

(0
also satisfies the equations (2.1.6), and is itself a wave function for the KP hierarchy. Furthermore,
one can show using the Fay identity (2.2.1) that the action of the above Darboux transformation

on the tau function is given by the vertex operator

X (¢, \) =exp (i ti)\i> exp <— i )\i_i 8,51.) i

i=1 i=1

In other words, we have the following theorem.

Theorem 2.3.1 ([6]). If ¢ is a known solution to the KP hierarchy with corresponding tau
function T, and YN is found as in (2.3.1), then

Tt —[71))

1] —
v = Tl (¢)

where T () = X (¢, 21)7(¢).

That 71! is a tau function for the KP hierarchy can be verified by plugging
e .
X(t,21)7(¢) = exp (Z m;) (t — [271])
i=1

into (2.1.12).
Since Darboux transformations can be repeated, we can explicitly find 7V, the tau func-

tion corresponding to the wave function ¥V obtained from N iterations of the Darboux
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transformation:

TN = X (8, 28v) X (&, 25 1) - - X (8, 21)7(2)

= ]I <1—>exp<zt Tt .+zNi)>T(t—[zl]—[ZQ]—..-—[zN]).

1<i<j<N

2.3.1 Generalized Fay identities

As a consequence of Theorem 2.3.1, we obtain the generalized Fay identities satisfied by any tau

function for the KP hierarchy. To state the theorem, we will use the notation consistent with [6]:

A(S1,...8,) = H (5;1—5;1).

1<j<i<n
Theorem 2.3.2 ([6]). Any tau function for the KP hierarchy satisfies the generalized Fay

identities

T(t —[s1] — [s2] — -+ — [sn])A(S1, ... $p)(T(t — [r1] = [r2] — -+ = [ru]) A(71, . . . ,7“71))"_1

n

= det[r(t — > [r] + [ri] — [s;)A1, - 7oty 85, Tir 1, - Ta)1<i j<n-
=1

We also state the differential version of the generalized Fay identities.

Theorem 2.3.3 ([6]). Any tau function for the KP hierarchy satisfies the generalized differential
Fay identities

Wi (4(t, 270), .t 2y1)) =

0 - iy | T —[=] — [zo] — - — [2n])
H (271 - z D | exp <; tizy " 42y )) ) . (2.3.2)
It is also useful to consider the vertex operator

f((t, —exp< th,u)exp (Z );

inverse” of the X. However it is not exactly an inverse since we see that

often referred to as an “

the expression X (¢, 1) X (¢, \) has a singularity at A = p (cf. Example 1.2.1). The function X7

is also a tau function for the KP hierarchy. Furthermore, for some tau function 7(t) of the KP
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hierarchy we have

X(t, )X (t, p)r =

i e (Z ti(p' — Ai)) T+ = [7)
=1

)\ = ) ) - —1 —1 8t7,’

—, o (Zti(u - )) exp (Z(A —n)= ) 7(t).
=1

=1

If we expand the last line about positive powers of (u — \) and all powers of A, we get

A i“ V* <ZA”“W )) (2.3.3)

k:O l=—00

(k)

where the operators W, are defined recursively with the first few given by

Wél) = Jr(bl) = atn + (_n)t—m t—n =0 forn>0,

w3 = g&) g(n +2)J2 + (n+1)(n+2)JY,
W = JD —2(n+3)J83) + (202 + 90+ 11)JP) — (n 4 1)(n 4 2)(n + 3)JY,

where
k) _ . () (1) 1) .
A D D A ST A
i11+i2+...+ip=n

To illustrate an application of Theorems 2.3.1 and 2.3.2, we introduce the Lie algebra
Weo = span{z“@f | o, € Z,6 >0}

of differential operators on the circle S', equipped with the commutator bracket. The central
extension of we is known as the Lie algebra Wi, and the operators Wl(k) above are generators
for it. The Fay identities can be used to show that the action of ws on the Lax operator
corresponds to the action of Wi on the tau function for the KP hierarchy [6, 3, 21].

The Fay identities can also be used to connect the theory of the KP hierarchy to Jacobian

varieties of smooth curves (see [52]).
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CHAPTER 3

THE EXTENDED BIGRADED
TODA HIERARCHY (EBTH)

3.1 Definition of the EBTH

The extended bigraded Toda hierarchy (EBTH) was introduced by Carlet in 2006 [15], and is
the main subject of this thesis. In this chapter, we introduce the EBTH following [12] and using
the notation from [54]. While this notation differs from the one originally presented in [15, 18],
that version can be obtained from a change of variables which we discuss below.

We begin this chapter by discussing the spaces of difference and differential-difference
operators. Then we present a definition of the EBTH, its Lax operator, wave operators, wave
functions, and tau-function. Next, we derive a bilinear equation for the EBTH using Takasaki’s
approach from [54]. Our equation is equivalent to the bilinear equation from [18], but we
provide a shorter proof. As a consequence, we obtain two difference Fay identities satisfied by
tau-functions of the EBTH.

3.1.1 Spaces of difference and differential-difference operators

Consider functions of a variable s, and the shift operator A = ¢% defined by (Af)(s) = f(s+1).

The space A of (formal) difference operators consists of all expressions of the form

A= Z ai(s)A".

1EL
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We have A = A, & A_ where A, (respectively, A_) consists of A € A such that a; = 0 for all
i < 0 (respectively, i > 0). For A € A, we define its projections

Ap=>as)N e Ay, A= a(s)A e A
i>0 i<0
We let Ay be the space of difference operators A € A such that a; = 0 for i < 0 (i.e.,
the powers of A are bounded from below), and A__ be the space of A € A such that a; =0
for i > 0 (i.e., the powers of A are bounded from above). Both A, and A__ are associative
algebras, where the product is defined by linearity and

(a(s)AY)(b(s)A7) = a(s)b(s + i) AT,

Let Agn, = Ay NA__. The product of a difference operator A € A by an element of Ag, is
defined, but in general, the product of an element of A, and an element of A__ is not well
defined.

We will also consider the space A[0s] of (formal) differential-difference operators, where
AJs = 0sA. Note that such operators depend polynomially on d,;. Again, there is a splitting
A[0s] = A4[0s] ® A_[0s], and we have the associative algebras A4 [0s] and A__[0s], where the
product is defined by linearity and

k 0sk

(NI BIN0T) = 3 (1 )ale) s+ Ao
k=0

Differential-difference operators can be applied to z° so that
(a(s)A'0™)2* = a(s)2'(log 2)™2°.

3.1.2 Definition of the EBTH

The EBTH is defined similarly to the KP hierarchy, but in terms of difference operators instead
of pseudo-differential operators.

For fixed, positive integers k and m, consider a Lax operator of the form

L=Afu (A" bu p(s)A™™ € A, u_m(s) #0.

23



There exist wave operators (also called dressing operators):

W=1+Y wi(s)A"el+A CA _,

L (3.1.1)
W=> wi(s)A" € Ay,  wo(s) #0,
i=0
such that
L=WAWl=wA w1 (3.1.2)
This allows us to define fractional powers of L for any integer n by
Li =WA"WleA__, Lm=WA"W'leA, (3.1.3)

which commute with L and satisfy

(L¥) = (L=)" = L",  neZs

However, observe that L% % Lm unless ¢ = L € Z>o. We define log L € A by
1 0l e 1OW 1OW
logL—QVV@SW —QWGSW =3 aSW —1—2 83W

Then log L commutes with all L™ for n € Z>q, but the composition of log L with a fractional

power of L is not well defined in general.

Definition 3.1.1 ([15]). The extended bigraded Toda hierarchy (abbreviated EBTH) in Laz

form is given by:

= [(L*)4, L], n>1,
[(L%)Jrv ]7 n > 1, (3.1.4)
8an =[(2L"log L), L], n > 0.

The first two equations in (3.1.4) describe the bigraded Toda hierarchy, which is a reduction
of the 2D Toda hierarchy (see [54, 60]). For k = m = 1, the EBTH is equivalent to the extended
Toda hierarchy (ETH) [16, 54].

The flows of the EBTH induce flows on the dressing operators:

By, W = —(L%)_W, 8y, W = (L¥), W,
0p, W = —(Lm)-W, 0p, W = (L'm) W, (3.1.5)
8p, W = —(2L"log L)_W, 0p, W = (2L log L), W.
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Remark 3.1.2. Since 0,, — 05 and 0, — 0, act trivially on L, W and W, it follows that L,
W and W depend on xo + s and tpy, + tpm for n > 1. Without loss of generality, we can assume

2o =5 and tup = toym.

Remark 3.1.3. To compare our version of the EBTH to the one from [18], we need to change
there € — —e, which leads to A — A~! and ¢ — (™' (z here), and then apply the following

change of variables:

T = €s,

_ [0

fﬁﬂzem(n—l-é) t_nm—i-ﬂ) 6:172,...,7’”—17
m/ n+1

_ 1 1
gt = em(n +1)! (t(nJrl)k T tnt1ym + Cnpl (E + E)xk“)’

qﬁ =en! x,, n > 0.

Here ¢, are the harmonic numbers
0 1+ L + L +- 4 !
cn = C,, = — — o —
0 oo 2 3 n’

and (p)y, denotes the Pochhammer symbol,

(Po =1,
(p)n:ﬁ(p—i—i-l), n>1,
T 1
(p)-—n = iL[H(p —it )T =

Due to Remark 3.1.2, from now on we will always assume zg = s and t,; = t,, for n > 1.

Recall that in our notation,
t:(tl,tg,...), t_:(t_l,t_Q,...), w:(xl,xg,...),

and

E(t, z) = i t; 2.
i=1
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We will also introduce the new notation

o0 o)
&k(t, z) = Ztnkz”k = Z trm ™.
n=1 n=1

Then
o o
Em(t,z7Y) = Zt_nmz_"m = Ztnkz_”m.
n=1 n=1
We let
y = 25 HE@2) £t - 36k(2)
g = 2@ €@ )3 Em (BT

Observe that, by definition,

8tiX = ZZ'X’ 81%)2 = _Zijg if k J( 7;7 mjf.]a

nk = 1 —nm -

1 —
Do X = O X = 52X, By X =0, X = =52 "%

2 2

The wave functions 1 and v of the EBTH are defined by:

/(/} = 1/](87t7£’ m’ Z) = WX = wX’

Y =19(s,t,t, @, 2) = Wx = wyx,

where

oo o0
w=1+ Zwi(s)zﬂ'? W= Zwi(s)zi
=1 i=0

(3.1.6)

(3.1.7)

(3.1.8)

(3.1.9)

are the (left) symbols of W and W respectively. Here we view w and w as formal power series

of 2z~ and z; however, when we state our results, we will assume that w(z) is convergent for z

in some domain ¢ C C.

The wave functions satisfy

Ly = 2%, Ly = 27 ™).
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‘We have:

Optp = (L*) 40, n € Zs1 \ k2,
O 1b = —(Lm)_, n € Zx1 \ mZ,
O tp = 0; = A, n € Zsi,
Oz, = (L"0s + Py)t, n € Z>o,

and exactly the same equations hold for 1;, where
1 1 1 1
A, ==Ly —=(L")_= L")y —=L"==-L"— (L")_
5 (L")+ = (L")- = (L")+ — 5 5 (L")

and

oW oW
Pn - _ Lni —1 o Lni —1
( s W )+ ( s W )_
= L"Wo,W ! — (2L"log L)_ — L0,
= L"Wo,W ! 4+ (2L"log L), — L"0;.

Observe that, due to (3.1.1) and (3.1.3), we have
(L%)—H (L%)—7 Ana PneAﬁna Py =0.

Finally, by [18, 41], there exists a tau-function T such that

_ T(s,t —[z7Y,t,x)
t,t = -
Y(s, bt x,z) Tetta
- _ T(s+1,t,t+ [2], ) _
tt = = .
P(s, bt x,2) Tstha)

(3.1.11)

(3.1.12)

(3.1.13)

(3.1.14)

(3.1.15)

Remark 3.1.4. Since t,; = tpm, we need to specify how to do the shifts t — [z71] in (3.1.14)
and t+[z] in (3.1.15). Here and further, our convention is that in (3.1.14), t — [z™Y] includes all
variables t1,to, ..., while t only includes t; such that m {i. Similarly, in (3.1.15), all t1,t2, . ..

are shifted, while t only includes t; such that k1 i.
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3.2 Bilinear equation for the EBTH

3.2.1 Dual wave functions
Just as in the case of pseudo-differential operators, we can define the formal adjoint of a difference
operator A =", , a;(s)A" € A by
A* = ZA‘i oai(s) = Z ai(s —i)A™"
i€Z i€Z

It satisfies the properties:

(AB)* = B*A*, (A")" = A, (A’l)* = (A*)’l. (3.2.1)

For given wave operators W and W, we define the dual wave functions ¥* and ¢* by:

T;Z)* _ (W*)—lx—l _ (W*)—lz—s—ﬁ(m,zk)e—§(f,z)+%£k(t,z)7
_ _ 3.2.2
P = (W) Lyt = (W) e s @) b —gbm(2), (322)

If W and W satisfy (3.1.2), (3.1.5), then it is easy to derive equations satisfied by 1* and *.

For example, observing that
— (W—l)*(Ak)*W*
— (W*)—lA—kw*7
we have
L*w* — (W*)flAfk(W*)(W*)fIXfl
— (W*)flAkafl
= Ry
Doing the same for ¢*, we have (cf. (3.1.10)):
L*y* = 2Ry, L¥* = 27, (3.2.3)

We will not list all the other equations, which are similar to (3.1.11), but we will need the

following lemma.
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Lemma 3.2.1. For every solution of the EBTH, the dual wave functions satisfy

(Or,, — 2"005) 0" = —Prop*,
(&vn - anmas),&* - —P;”LZJ*,

for all n € Z>1, where P, is given by (3.1.13).
Proof. First, since (0, — 2™ 0,)x = 0, we have

(O, — 2"%0) 0" = ((axn - zn’fas)(w*)—l) L (3.2.4)
Using (3.1.5) and the product rule on WW~! = 1, we find

D, Wt = W 1o, WYW ! =Ww~1(2L"log L) _,
W =0, W =W (2logL)_.

Note that taking formal adjoint commutes with taking derivative with respect to z,, because

the latter is done coefficient by coefficient. Hence,
(8% — z"kag)(W*)_1 = (2L log L)* (W*)~! — 2"%(21og L)* (W*) !
Using (3.2.4) and (3.2.3), we can write

(O, — 2™ 05) 00" = (2L™log L)* — z"¥(2log L)* ¢*

( )z
(2L log L)* ¥* — (2log L)* z"F4*
(2L"log L)Z 4" — (2log L)~ (L")"¢*
( )Lt —

(

2L"log L)* ¢* — (2L"(log L))" v*
(2L™log L) — 2L™(log L))" *. (3.2.5)

Finally, using (3.1.13) and observing that Py = 0 we get
—(2logL)_ = —Wa,W~! + 8,
so that (3.2.5) becomes
((2L™log L)_ — L"WO,W ' + L"9,) " ¢* = —Piy™.

The equation for ¢)* is proved in the exact same way. O
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3.2.2 Bilinear equation for the wave functions

The next result provides bilinear equations satisfied by the wave functions and dual wave
functions of the EBTH.

Theorem 3.2.2. The wave functions 1 = Wy and 1) = Wx solve the EBTH if and only if

they satisfy the bilinear equation

d _ _
% ) ziznk¢(5/ - é(aa Zk)a t/a tlv T+ a, Z)’QZ)*(S - g(ba Zk)? t7 t7 T+ ba Z)
T
dz

— Tz_”md_}(s’ —&(a,z7"),t ',z +a,z) (3.2.6)
i

X (s —&(b,z27™),t, t,x+ b, 2)

for all @ = (a1,az,...), b= (b1,b2,...), n € Z>o and s — s’ € Z.

Remark 3.2.3. By Taylor expansions of ¥ and ¢ about t' = t, t' = t, the bilinear equation
(3.2.6) is equivalent to:

§ o @00 ~ €l bt + a,2)0 (s - €b ) bt +b.2)
d I —
:7{2;(821851”3’ —¢(a, z_m>,t,t,:n—|-a7z))

X P*(s —&(b, 27 bt @ + b, 2)

for all multi-indices o, B, where 0f = 0,05, -+ and 3? = 3£1 8?;2 e

Remark 3.2.4. By taking a linear combination of equations (3.2.6) for different n € Z>q, we
can replace 2™ by f(2*) on the left side of (3.2.6) and z~™™ by f(z~™) on the right side, for
any formal power series f(z) € C[[z]].

The following lemma from [49] will be useful in the proof of the above theorem. In this
lemma and below, we will use the notation (A); = a;(s) for the coefficient of A7 in a difference
operator A=}, aj(s)A.

Lemma 3.2.5. Let A and B be difference operators such that the product BA* is well defined.
Then

i

(BA*); = }’{ ;Z (M Az%)(Bz~%), jeZ.

In particular, suppose that A, B are two other difference operators such that BA* is well defined.
Then

?{de,(AjAzs)(st) = %;Z,(Aj/_lzs)(l?zs)

1 1
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for all j € Z, if and only if BA* = BA*.

Proof of Theorem 3.2.2. First, following the approach of [54], we will prove that the equations
of the EBTH imply the bilinear equation (3.2.6). By (3.1.8), (3.2.2) and Lemma 3.2.5, we have

d . _ _
% 72 (A]¢(Sa tv ta Z, Z>)¢*(37 ta ta Z, Z)
2mi
d» (3.2.7)
N 74zm(W(s,t,t,x,z))w*<s,t,t,w,z>
for all j € Z. Therefore,
d _ _
% i-w(sla tv tv €, Z)¢*(3a ta t7 €, Z)
27
(3.2.8)
dz -, , . - — _
—74_ (s',t, t,x, )" (s, ¢, t,x, 2)
2mi

for all s, s’ with s — s’ € Z.
Now applying L™ as a difference operator with respect to s’ to both sides of (3.2.8) and
using (3.1.10), we obtain

d _
fZz”kw(s',t,t,m,z)¢*(s,t,t,w,z)

2mi

(3.2.9)

= }{;l;z_”m&(s’,t,t,w,z)@z*(s,t,t,a:,z)
for all n € Z>o and s — s’ € Z. Recall that the action of the derivatives with respect to ¢ and ¢ on
the wave functions is given by difference operators (see (3.1.11)). We can apply the generating
function exp(zioi1 ciati) to 1 and 1) in the above equation, thus shifting ¢ by a constant c. Let
us denote t + ¢ by t'. Doing the same for £, we get

d _ ) .
- 7{Zz_"mw(s’,t',t',m,z)ﬂ)*(s,t,t,m,z). (3.2.10)

27

Notice that, by (3.1.10) and (3.1.11),

(O, — 2%05) 0 = Qe

¢
(02, — 27M05) Y = Qo Q=P — AL

Os ’

where Py is given by (3.1.13). We can apply the difference operator @, to the variable s’ on
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both sides of (3.2.10) to obtain

fdzznk((axz - ZZkas’)¢(Slv t,> t77 z, Z))W(S, ttx, z)

2mi

B % ﬁz_nm((a‘rg - Z_ema‘g/)qz)(sl’t/’tilvm’z))d_}*(s,tvam,Z)

2mi

for all n > 0, £ > 1. Using the generating function

[e.9]

eXp(Z a¢ (0, — zgkasf))w(s’, 't x 2)

/=1
= 7/)(5/ - g(aﬂ Zk)a t,7 t7a T +a, Z)a

we get

d _
%2 Z, z"kz/)(s' —{(a, zk), .t x+a, )0 (st tx2)
i

d _ _ _ _
= % i 27"(s — E(a, 2T, + a, 2)Y (s, T, 2).

2mi

Similarly, by acting with —FP; on s in both sides of this equation and using Lemma 3.2.1, we
obtain the bilinear equation (3.2.6).

Conversely, we have to prove that if 1) and 1 satisfy the bilinear equation (3.2.6), then they
obey the equations of the EBTH. More precisely, suppose that the functions

w = WXa w* = Txila 1; = WXv w* = TXil
satisfy (3.2.6), where W, W, T, T are difference operators such that
W, T el1+ A_, W, T*c A,

(cf. (3.1.1), (3.1.6), (3.1.8), (3.2.2)). Then we will prove that 1, 1 are the wave functions and
W*, ¥* are the dual wave functions of a solution of the EBTH.

First, settinga=b=0,t =1, t =1t in (3.2.6), we obtain (3.2.9) as a special case. Then
putting n = 0 gives (3.2.8), and equivalently, (3.2.7). By Lemma 3.2.5, equation (3.2.7) implies
that TW* = TW*. Since (TW*)* = WT* € 1 + A_ and (TW*)* = WT* € A, we conclude
that

T=W), T =)

and (3.2.2) holds.
Second, we define L = WAFW =1 and want to prove (3.1.2). Notice that Ly = WAFW Wy =
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zF4p. Applying L with respect to s’ to both sides of (3.2.8) and using (3.2.9) for n = 1, we get

74 B L 4, E w2 (5, 8, 2)

27

dz . - _ - _
= 2777_12 m¢(s’,t,t,m,z)z/)*(s,t,t,m,z).

For s’ = s+ j with j € Z, we have:
L‘s:s’dj(S/’ t, E’ T, Z) = AJLW)Z?
(S, 2) = NTATY,

From Lemma 3.2.5, it follows that

from which we can conclude
By (3.2.1), this is equivalent to

which simplifies to
L=WA "W

thus proving (3.1.2) and (3.1.10).
Next, we will show that we can identify t,;, with £, in L, W and W for n € Z>1 (cf. Remark
3.1.2). Observe that, by (3.1.7) and (3.1.8),

oy oW op oW 1

1. I
— - n. W — o an —
o o X Tt X Ote  Otpt 27 X
0 oW 1 o oW 1 -
—w =7 Xt *anWXa —w = X =52 WX

Otnm  Otpm 2 Otnm — Otum 2

hence,

) )
(8tnk B a{nmﬂ

) )
<8tnk B 8t_nm>

e,
oy

SN
I

X-
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By Remark 3.2.3, we can apply 0, — 9, to 1 and v in the bilinear equation (3.2.8) to obtain

P (G = S ) ) )
= f o (G~ o JE0) 7))

for s — s’ € Z. Using Lemma 3.2.5 as before, we get

ow oW \"* - ow oW \"
*\—1 o — *\—1 _ 2
(W ) ( atnk 8t_nm ) (W ) ( 8tnk 8tnm ) ’

ow ow 1 oW OW \ - 1
(8tnk 3tnm> W= <atnk 8tnm> W

By (3.1.1), the left-hand side of this equation lies in A_, while the right-hand side in Aj.
Therefore, both sides vanish.

To finish the proof of the theorem, it is left to show that if ) and ¢ satisfy the bilinear
equation (3.2.6), then they satisfy (3.1.11). First, consider the derivatives with respect to t,
and ¢y, for n € Z>1. As above, we have

or equivalently,

oy oW 1,
= _n W =
ot o X Tt MXT g Xty

which implies

(&ik —An)w = (8W + (L”)—W)x,

where A, is given by (3.1.12). Similarly,

(3~ )= (G- )

We can apply the operator d; , — A, to 1 and v in the bilinear equation (3.2.8). By Lemma
3.2.5 again, we obtain

ow oW
8tnk B aznm

ow _ ow
Otnk N Otnm

= (W,

= (L")4+W,

as claimed.
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Next, let n be such that k does not divide n. Using (3.1.10), we get

(a(zn - (L%)+)¢ = (?::x + 2" Wy — (L%)+Wx)
_ @Z F(LE)-W)x,
and similarly,
(o -ty )i= (2~ ah)w)x

Applying the operator 9, — (L% )4 to ¢ and ¢ in (3.2.8) and using Lemma 3.2.5 gives

Finally, consider the derivatives with respect to the logarithmic variables z,. By (3.1.13)
and ¢ = Wy, we see that

(i — (L9 + P, ))1/;

Oxy,
B 8W ox n -1 n
= ou X WaTcn (L"Wo,W (2L™log L) )¢
aW nk nk n
=5 —x + 2" log(2)Wx — 2" log(2)Wx + (2L" log L)Wy
ow "
( Gu (2L g L) W)

Similarly,

(a‘zn (L, + P, ))zp @Z

Applying the operator 9,, — (L"05 + P,) to ¢ and 1 in (3.2.8) gives

— (2L log L)+W> %

j{j;((gzer(zL"logL)_W) (s ))(W*) "X7(s)
~ § 52 ((Ga — LM o8 L)) ) 7)1 X o)

2mi

By Lemma 3.2.5, this implies
oW oW A
— + (2L logL) W | W™t = ( =— — (2L™log L), W | WL,
o0z, o0z,

Since the left side is in .A_ and the right side is in A4, both sides must vanish. This completes
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the proof of Theorem 3.2.2. O

3.2.3 Bilinear equation for the tau-function

In this subsection, we will derive a bilinear equation satisfied by the tau-function 7 of the EBTH.
Recall that the wave functions ¢ and 1) can be expressed in terms of 7 by (3.1.14), (3.1.15).
Next, we do it for the dual wave functions defined by (3.2.2).

Proposition 3.2.6. The dual wave functions ¥* and ¥* of the EBTH can be expressed in

terms of the tau-function 7 as follows:

r _ T(S,t+ [271],'[?,%) -1

*(s,t,t = 3.2.11
QJZ) (57 ) ,QZ,Z) T(S,t,t,m) ’ ( )
T - 7'(8 - 1)t>£_ [ZLm) ——1

t,t = = 3.2.12
QJZ) (57 ) ,QZ,Z) T(S,t,t,a)) X ( )

where we use the convention of Remark 3.1.4.
Proof. Let us write

Yp=wx, Y=wx, P=wx, PT=w%",
for some functions w,w,w*, w* (cf. (3.1.8), (3.2.2)). Then we can rewrite the bilinear equation
(3.2.6) as ;
%27’Zznk+s’sef(t’t,z)%{k(t’t,z)
x w(s' —&(a,25), ¢, T, x + a, z)

x w*(s — E(b, 2%), t, t, & + b, 2)
(3.2.13)
_ % %aners’fsef{(f’ff,z_l)+%§m(f’ft_,z_1)

2mi

xw(s' —¢(a,z7"),tt x+a,z2)

xw(s —&(b,27"), bt @+ b, 2)

for all @ = (a1, ag,...), b= (b1,b2,...), n € Z>p and s — s’ € Z. Setting s =s,a=b=0in
(3.2.13), we get
dz

7{ rz”’“eﬁ“’—m—%ék“’—%(s', t, @, 2)w (s, b, t,x,2)
1

_%de'z_nme_g(t/_tvz1)+§5m(ﬂ_t’z1)1D(s',t',t_’,x,z)w*(s,t,t,w,z).
1

According to Remark 3.2.4, we can replace z"* in the left-hand side by f(z*), and z=™" in the
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right-hand side b z~™), for an z) € C||z]]. If we do it for
g y f(z7™), y f(2) € Cl[z]]

o0 oo
By _ et — 1 k 1 - k
F(2F) = e28(F=82) — exp 3 Zl(t%k —tpk) 2™ = exp 5 zzl(f'nm — tam) 2",
n= n—=

then f(z7™) = eégm(flft’z_l), and we obtain

dZ ’ —
7{%165“ “tAw(s T, x, 2)w (s, t, T, x, 2)

. dz £ FNa—t N\ (o ¢! F — %
= Tmexp(— ;(ti—ti)z )w(s,t,t,m,z)w (s,t,t,x, 2).
m1t

Now setting #, = ¢; for m i, ' =t + [u~!] and using

—1 . > u_i i _ E
§(lu™],2) = Z_; —2'=—log (1 u) (3.2.14)
(cf. (1.2.1)), we get
dz -1 1 . _
fﬂi(l_z) w(s,t+ [u" |, t,x, z)w* (s, t,t, x,2)
—j{dzw(s t+ [l t, @, 2)w* (s, .t x, 2)
- 27_“ ) ) @y s Uy Ly by

Notice that w and w* are formal power series of z, while w — 1 and w* — 1 are formal power
series of 27! (see (3.1.9)). Hence, the right-hand side of this equation vanishes. For the left-hand

side, we can use Cauchy’s formula: for f(z) = Z fiz",
€L

Res, L)l = Res, Z Z fiuTh kit = Z fopu = uf(u)_.

1—zu™ ‘
k>0 i€Z k>0

Applying this formula, we obtain
u(w(s,t + [, E x, u)w* (s, t, t x, u) — 1) =0.

From this and (3.1.14), we can derive (3.2.11). Equation (3.2.12) is proved similarly; we start
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by setting ' =s—1,a=b=0 in (3.2.13) and get

fdz nk—1 §(t/ tz)——gk(t —t,2) (
2mi

w*(s,t,t,x,2)
i

We then replace 2%

-1, t x,2)

w*(s,t,t,x,z).
on the left hand side with

o oo
By _ —let— 1 k 1 - k
F(F) = em 28t —t2) :exp_Qzl(t;k—tnk)zn :exp_§Z(ﬁnm—tnm)zn
n=

n=1
then f(z7™) = e~ 26mF—827) 56 we get

el t’~ — 1)t
27‘[‘1 P ( i)z
ki

2 hw(s — LY, ¥, z, 2)w*(s,t,T,x, 2)

d _F o _ _
—742.6 §E-tz 1),2_1117(3 —1,t,t, x, 2)w* (s, t,t,x, 2)
2mi
Finally, setting ¢; = ¢; for k{4, and ' =t — [u] gives

dz

—1,t,t— *(s,t,t.
9% w(s —1,¢, [u], &, 2)w*(s,t, t, x, 2)

d 1 _

27;:12 ! <1—uz_1> w(s—1,t,t — [u],z, 2)w*(s, ¢, t, x,2).

The residue to of the left-hand side is 1. We apply a second version of Cauchy’s formula for
f(z) = 2

Z fiz" to compute the residue of the right-hand side
€L

Res. f(ZL = f(u)4+.

Using this, we get

w(s—1,t t x, 2)w
from which (3.2.12) follows.

O
Theorem 3.2.7. A function T is a tau-function of the EBTH if and only if it satisfies the
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following bilinear equation:

% dZ. znk-{—s’—se{(t’—t,z)—%{k (t'—t,2)
27i

x (s —&(a,2%), ¢ — [71],¥, x4+ a)
x (s — &(b,2"), t+ [z7'], £, @ + b)

_ dz anm+s’fsef(fff’,z*1)7% m(E—t 27 1)
2mi

(3.2.15)

x (s’ +1-¢&(a,27"), ¢t + 2],z + a)
X 7-(8 —-1- f(b7 Z_m)atvi_ [ZLm + b)7
for all @ = (aj,az,...), b= (b1,ba,...), n € Z>p and s — s’ € Z.

Proof. First, we plug in (3.2.6) the expressions for v, v, ¥*, ¥* in terms of 7 (see (3.1.14),
(3.1.15), (3.2.11), (3.2.12)). Then, by Remark 3.2.4, we can replace z"¥ on the left-hand side of

(3.2.6) by
an’i'(S/ — &(a, zk), 't x+a)r(s— &b, zk), t,t,x+b),

and z7™" on the right-hand side by
27" (s = &(a, 27, e+ a)T(s — £(b, 27 ™), t, t,x + b).

Therefore, (3.2.6) is equivalent to (3.2.15). O

If we apply the change of variables from Remark 3.1.3, we get the bilinear equation from
[18] (see (85)—(87) there) as a special case of (3.2.15) after setting * = 0, a = ', b = " in
(3.2.15). Conversely, we can obtain (3.2.15) from the bilinear equation of [18] by observing that

if 7(s,t,t,x) is a tau-function for the EBTH, then so is 7(s, ¢, ¢, x + ¢) for any constant c.

3.3 Two difference Fay identities for the EBTH

From Theorem 3.2.7, we can derive the following difference Fay identities for the EBTH (cf.
[53]). We will again use the shift convention of Remark 3.1.4.

Theorem 3.3.1. If 7 is a tau-function of the EBTH, then for any A\, u € C*, we have

A= p)r(s, t,t,x)m(s — 1,6t — [N — [ 1], , )
=A7(s,t — [\t x)r(s — 1,t — [ Y], x) (3.3.1)
—pur(s,t—[p Yt x)r(s — 1, t — [A\71), L, )
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and

A=—pw)r(s+1,t,t+ [N + [y
=A7(s+ 1, t,t+ [\, z)7(s, t, t + [u], @) (3.3.2)
—ut(s+1,t,t+ [u],2)T(s, t,t+ [\, x).

~ &
\]
—~
\.CI:}
V@I—
\.@I-
&

Proof. Using the same trick as in the proof of Proposition 3.2.6, we can rewrite the bilinear
equation (3.2.15) as

fdz znk+s —s 5( '—t,2)
2mi

7(s' —&(a, 28), ' — [z, 8, x +a)r(s — &b, 2%), t + [ 7], E, 2+ b)

dz —nm-+s'—s - N\ —i
= fmz exp(— Z(tl —ti)z )

(' +1—¢&(a,z7™),t ' + [2],x+a)r(s —1 - &b,z ™), t,t — [2],x +b).

Then setting

for m 1 i gives

dz z
7{ 2mi (1— A ) (1 — 2 1)
(8+1,t+[>\_1]+[u_1] — ) r(s,t+ [t )

To compute the residue in the left side, we use

z S (—prh) (=X
(T=2A (A =zt~ (1= A (1 - pa)
_ (A )
Tl A D1 —pz D) (3.3.3)

1 1 1
D T S W T S R B
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and the property that if

f2)=> fiz",
=0

then

o0

f(z) iy—ipe —1
Res, 11 Res. ijz:o PN fiz

= AT
; fin (3.3.4)
=A Z fipaA ™!
=0

= Af(N) = fo).

We obtain

which gives (3.3.1) after the shift s s — 1, t — ¢t — [\71] — [u71].

Similarly, to prove (3.3.2), we begin by multiplying the left side of the bilinear equation
(3.2.15) by f(2%) = —1&,(t — ¢, z) and equivalently, the right side by f(z™™) = 1, (E—¢,271)
and rewrite it as

jédzz"k“/ﬂ exp (Z(t; — tz)zl)

2mi -
kfi
T(S/ - g(av Zk)at/ - [Z_l]?flvm + G,)T(S - g(bv Zk)at + [2_1]’ ia T+ b)

_ f diz‘z—nm—&-s’—sei(f—f’,z’l)
27

x7(s +1—&(a,z7™), 't +[z],z+a)T(s—1—&(b,27™),t, t— [2],z + b).

Next we set
n=0, s—s§=1, a=b=0, t'=t—[\—[u t =t
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for k14 in (3.2.15) to obtain

2617;2_17'(8 — 1, t— [z_l],f— [)\} — [M]a Jf)T(S,t + [Z_l],f’ .T)
_ dz _4 1

7 = uz—l)T(s’t’t — [\ = [p] + [2],2)7(s — 1,¢, T

The residue on the left hand side is computed using

Res, 2 ' f(2) = fo, if f(z2)=) fiz
=0

and the residue on the right side is computed by applying (3.3.3) and using

Res, (1_9()2_1) = Ag(N), if g(z) = Zgizi

i>0

(cf. (3.3.4)) to obtain

. MT(S —1,t,t— [\, x)1(s — 1,t,t — [u], z).

This gives (3.3.2) if we make the shift s — s+ 1,€ — € + [\] + [y
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CHAPTER 4

DARBOUX TRANSFORMATIONS
OF THE EBTH

In this chapter, we begin by reviewing results from [13], which can be applied to factoring
difference operators, and will be useful for understanding Darboux transformations of the
EBTH. Next, we will review results from [15, 42] which state explicitly how to do Darboux
transformations for a Lax operator and wave function of the EBTH. We will use this to obtain
our first main result, which states that the action of a Darboux transformation on a wave
function for the EBTH amounts to acting on the corresponding tau function with a vertex

operator.

4.1 Darboux Transformations of the EBTH

4.1.1 Factoring difference operators

Let R be a unital ring, and o an endomorphism of R. Following [13], we define the skew

polynomial ring R[x; o] as the set of polynomials
f(x)=ap+ a1z + -+ apz",
where ag, ...,a, € R. We use the usual definition of addition, and define multiplication by

xa =o(a)x
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for all a € R.

Definition 4.1.1. If f(x) is a skew-polynomial, then its o-evaluation is defined by
ft;0) = an(to(t)--- o™ (1)) + an_1(to(t)--- o™ 2(t)) + - - - + aa(to(t)) + art + ag

fort e R.
The following theorem from [13] provides a way to factor skew polynomials.

Theorem 4.1.2. Let R be a ring and f(x) € R[z;0]|. Then for some q(x), f(z) = q(z)(x —t)
if and only if f(t;o0) = 0.

The theorem is originally stated for a K[z;o]| where K is a field, for later results. However,
because the proof relies on the division algorithm to write f(x) = q(z)(z — t) + r(x), for our
purposes, we do not require R to be a field as we would only need to divide the leading coefficient
of f(x) by 1.

Let R be the ring of functions in the variable s, and o = A = €%, then any A € Ag, N Ay is
a skew polynomial over R. The following corollary is a special case of Theorem 4.1.2 (cf. Lemma
1.3.1).

Corollary 4.1.3. Let a =a(s) € R and R = (A — al). Suppose ¢ is some function in R such

that ¢ € ker(R). A difference operator A = Z a; A" can be factored as A = QR if and only if
i=0
¢ € ker(A).

Proof. If ¢ € ker R and A = QR, then A¢p = Q(R¢$) = 0. On the other hand, suppose that
¢ € ker(R) and ¢ € ker(A). Then since

Rp = (A—al)p =0,

we can write a = . We first evaluate, for any n € Z=°,

(A9)
¢

e 6 (%) (A9 (A7)
alAa)--- (A" 0) = =R (g (A 1)
(A7)

¢
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Next, letting 0 = A and f(A) = A = Z a;A’, we see that

=0 ¢
1 n
=0
1
— A
(b ¢

since we assumed ¢ € ker(A). Hence, by Theorem 4.1.2 we can conclude that A = Q(A —al) =
QR. O

Remark 4.1.4. If A € Ag, is of the form A = a;A™" + as A"t + ... 4 a1, A, the result
still holds. Observe that A"A € Ay and for ¢ € ker(A),

(A" A)6 = A"(Ag) = 0.

Thus, by Corollary 4.1.3, if R = (A — al) with ¢ € ker(R), we can write A"A = QR, and
A= (A""Q)R. By similar reasoning, we can use an operator R of the form R = (1 —aA~1).

4.1.2 Darboux transformations of L and v

Darboux transformations for the ETH were first considered by G. Carlet in [14], and a gen-
eralization to the EBTH was given in [42]. The following theorem is equivalent to Theorem
3.4 from [42] and gives a formula for the wave function, YNl and Lax operator, LIV, after N
iterations of the Darboux transformation. In order to state the theorem, we need to introduce
some notation.

We will suppose that & C C is an open set such that the wave function (s, t,t,x, z) is
defined for z € U, i.e., the formal power series w(z) from (3.1.9) is convergent for z € Y. Then
for z; € U, we will denote ¢; = 9|,—,. We define the discrete Wronskian of functions f; = f;(s)
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fi f2 In

A—l A—l A—l -
Wer (oo oy — :<f1> :<f2> :(f)
AT () AT () e AT ()

We would like to establish a few facts about the discrete Wronskian for later use.

Lemma 4.1.5. The functions fi, fa,..., fn (where f; = fi(s)) are linearly independent if and
OTLly ifWI"A(fl, f27 cee fn) 7é 0.

Proof. Suppose fi, fa,..., fn are linearly independent. Then for every s, the equation

c1fi(s) +eafa(s) + - +enfn(s) =0

has only the trivial solution ¢; = ¢ = --- = ¢y = 0. In particular, the system
fi(s) fa(s) I (s) c1 0
fl(S:— 1) fz(S:— - fN(S'_l) 0.2 _ 0 (4.11)
fl(s—.N—i-l) f2(s—'N+1) o fn(s —.N+1) c;v O

has only the trivial solution. Since the N x N matrix in (4.1.1) is the discrete Wronskian matrix,
we have shown that its determinant, Wrp (f1, f2,- -, fn), is nonzero. On the other hand, we

suppose that Wrp (f1, fo, -+, fn) # 0 for every s, but the equation

c1fi(s) +cafo(s) +---enfn(s) =0

holds for every s. Then the system (4.1.1) has a solution other than the trivial solution, which

contradicts our assumption. ]

The following theorem provides an explicit formulation for Darboux transformations on any
wave function ¥ and Lax operator L of the EBTH.

Theorem 4.1.6 ([42]). Let ¢ be a wave function for the EBTH and L its corresponding Lax
operator. For fixted N > 1 and z1,...,zny € U, consider the difference operator RWI defined by

[N] —(_ N WrA(wlw"aqvbNaf)
B = ) St ), A (o)
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where ; = 1P|,—,,. Then
LIV = RINMIL(RIND 1, PN = RNl

are a Lax operator and wave function for the EBTH, which are obtained from L and 1 after N

Darboux transformations.

To illustrate the theorem, consider the case of a single Darboux transformation. Then

Pl = Wra(g,9) 1 Y1 Y
Wen(A— ()~ A1) (A ) A1) w1
Y _
:q/;_AT(lwl)A L), where 1 = Y|,—.,.
Hence, s
M _j_ 7L p-1
re=1 A_l(%bl)A ’

where I denotes the identity operator (cf. [14]). Notice that Lty = z1¢; and R4 = 0. Hence,
by Corollary 4.1.3, the difference operator L — z11 factors as

L —z 1 = QMR

for some difference operator QY. Then the new Lax operator LU is obtained from the Darboux
transformation

LM — 1 = rMHQM,

and will have a wave function ¥}, The next Darboux transformation is done the same way, by
starting from LI, ¢ and 2z, in place of L, 1 and 21, respectively. The significance of Theorem
4.1.6 is that, after N steps, the Lax operator LV and wave function 1/J[N I can be expressed only

in terms of the initial L and 1.

Lemma 4.1.7. If L and 1 are solutions to the EBTH, then LY and ¢! defined as in Theorem
4.1.6 are also solutions to the EBTH.

Proof. We prove this lemma using Corollary 4.1.3 and the product rule from calculus. Since
1 is assumed to be a solution to the EBTH, it must satisfy the equations (3.1.11). To show
that 1] = Ry is also a solution to the EBTH, as was shown in the proof of Theorem 3.2.6
it suffices to show that ¥ also satisfies these equations for some difference operators. For
n € Z>1 \ kZ, we have
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_ 1]
o (REY)
ORM o
_ 1 9%
o, VT
[1]
= O R
SR
= ( 3 +R[1](L”/k)+> Y. (4.1.3)

Since the operator being applied to ¢ in (4.1.3) is an element of Agy, we also check that

ORI

(@+MWU”M>%=@AHW®=O

By Corollary 4.1.3 we can conclude that (4.1.3) can be rewritten as
BU Ry

for some difference operator Bl € Ag,. Specifically, we have shown that

ot
o = Bl

Similarly, we have that

oyl _ R[llal N AR

Ot Otnr,  Otyk 4
ORI
- (14
(R o ) v
— AE}RD%
= Al

1]

for some difference operator Ay°, using the same argument as above. Finally, we check that the

derivative with respect to the x,, variables amounts to acting on ¥ with a differential-difference
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operator (cf. (3.1.11)):

oyl ) 0v oy ORW
Or, =R Oxy, + Oxy, v
(1]
= RMN(L 9, + Py + aazz P

(4

Ln

(1] (1
= R (RY)™! ( L(Rly) - O w) +Rpy 4 20

[1]
= ¢+ RUPW+ o
ox

(8

n

= (L0, (R — Y ()1 O

0.

n

If we let ¥ = 11 above, we get from the the last line that

ORI ORI
0

(L[ll)nas(R[l}wl) _ R[I]Ln(R[l])flTwl + R[I]Pnllq + o Y1 = 0.

n

Clearly, (LM)"9,(RM4p1) = 0, so that

y 1y
(-RML”(RUJ)—“@ L RUp 4 %R ) by =0

Tn

Again, by Corollary 4.1.3 we can conclude that the operator

ORI ORI
_RMprpihy—1224 - lp
i (™) Os RS oz,

can be factored as PJLHR[” for some difference operator PT[}], giving us the desired result,

oyl
oxy,

— ((L[”)”as + Pg”) B,
This completes the proof of the lemma. O

Before we proceed with our proof of Theorem 4.1.6, we introduce the following lemmas.

Lemma 4.1.8. Let ¢1,v9,...,%N be such that Li; = zip; for i = 1,2,...N. Let h(L) =
(L—21I)(L—29I) -+ (L—2nI). Then h(L) = QR for some R = I+a;A~ ' +asA"2+- - -+ayA~.

Proof. Construct a difference operator Ry = I + a3 A~! with 1 € ker Ry. Then h(L) = Q1 R,
by Corollary 4.1.3. Similarly, construct an operator Ry = I + aaA~! such that Ryto € ker(Ry).
Then since h(L)s = Q1(R112) = 0, using Corollary 4.1.3, we can write 1 = Q2R for some
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other difference operator Qq. It follows that h(L) = Q2R2R;. Repeating this process for each
remaining 1);, we get that h(L) = QNRy - - - RoR1 = QR where

R= ﬁ[—i—al )=I+a A +aA? +- +anyA™ .
i=1
O]
Lemma 4.1.9. The operator R from Lemma 4.1.8 is unique and is given by
RS = " et T )
Proof. Using the fact that Riy; = 0 for each i, we have N equations of the form
i+ ar A + -+ ayA Ny =0
yielding the matrix equation
A A% o AN e —th
A—:% A_:2¢2 A_].Vlbz a.2 _ —sz ‘ (4.15)
A_l.i/)N A_2'¢N A‘WN ‘]:n _¢N

Since the v; were eigenfunctions of L corresponding to distinct eigenvalues, they are linearly
independent. Hence by Lemma 4.1.5, the N x N matrix in (4.1.5) is invertible, and we can find
unique a; satisfying the system. Observe that the operator in (4.1.4) is also an operator of the
form 14 by A= + byA™2 + -« + by A~ with kernel span(¢y, 49, - - - ,¥n), so by uniqueness, it
is equal to R. ]

Now we are in a position to prove Theorem 4.1.6. Our proof differs from the one originally

presented in [42] and resembles what is done in [§].

Proof of Theorem 4.1.6. We will use induction on N. For N =1, let Ry = (I + aA~!) be such
that Rﬂ/]l = 0. Then

Vi a1 pf
Ry=1--—21 A-1=RW
1 (A1)

Applying the Darboux transformation once gives

LW = Rr,Q, = RMQ, = RML (RN
ylth = Ry,
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We assume the statement is true for the first NV > 1 iterations of the Darboux transformation.
Then
PN = RINIYIN=1 = RNy Ry_1 -+ RoR1t

]
where R; = I — %Afl and
(A1)
LIV = RINI (RN,
Observe that Rﬂ/}m = 0. To complete the (N + 1)-th step of the Darboux transformation,
Z=Zi+1

we use Corollary 4.1.3 and the property that LNV = 29N to write

LN — 2T = Qi Ry

where
[NV]

RNH:[_AA*{

1IN
(a=ei)
Then we obtain

LIV _ o1 = Ryi1Qnt

= Ry41 (LN — 2y ) (Ryvg1) ™
= Ry41Ry - ReR\LRT'Ry' -+ Ry Ry, — ana ]

By the inductive hypothesis, we have that span{iy, 9, -+ , N} C ker(Ry 1Ry -+ - RaR1). We

also see that by construction,

0= Ry 1yl

2Z=ZN 41

= Ryt BN -+ RoRqy

Z=ZN+1

= Ry Ry - - RoRi1Yn4

so that ¥y11 € ker(Ry 1Ry -+ - RaR1). By Lemma 4.1.9, R+ is the unique operator whose
kernel is span{in, ¥, ..., ¥Un41}- O

The authors of [42] also provide the following similar theorem corresponding to Darboux
transformations on . This time, we will suppose that & C C is an open set such that the wave
function (s, t,,x,2) is defined for z € U, i.e., the formal power series w(z) from (3.1.9) is

convergent for z € U. Then for z; € U, we will denote 151 = 1ﬁ| 2=z, We also need to define a
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different analog of the Wronskian of functions f; = f;(s) by

fi fo In

A A A(f,
Wi (s oo ) = | O A (7

A f) AN () e AMTH(fR)

Theorem 4.1.10 ([42]). Let v be a wave function for the EBTH and L its corresponding Laz
operator. For fited N > 1 and z1,...,zxy € U, consider the difference operator R defined by

NWI'X(’IZ)L...,&N,f)
Wrk (¢1,...,9N)

where ¥; = |,—,,. Then
LIVl — ]?3[1\7}[/(]?{[1\7])*17 q/j[N} — R[N]@

are a Lax operator and wave function for the EBTH, which are obtained from L and v after N

Darboux transformations.

In this case, we have

Since
by Corollary 4.1.3

for some difference operator QIY, and
L Zl_l_[ = rHQM o = Ry

are a new Lax operator and wave function for the EBTH. This can be verified by a process

similar to what was done in Theorem 4.1.6 for 1.

4.1.3 Action of Darboux transformations on 7

We can now state the main results of this thesis. Using Theorem 4.1.6, Theorem 4.1.10, and the

Fay identity (3.3.1), we will prove that the actions of a Darboux transformation corresponding
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to both v and v on the tau-function is given by the vertex operators

- 4 - 8 n . —Nn
I (z) = e Pet® )exp(— Z %z ), (4.1.6)
n=1
and -
I'_(2)= 2P e~ exp (Z 8;’%”), (4.1.7)
n=1

0o Oty
n=1 n

e 9% = A~ acts as the shift s — s — 1.

respectively. Note that exp(— > z_”) acts as the shift operator t +— ¢t — [27!], while

Theorem 4.1.11. Let v be a wave function for the EBTH, and %M be the wave function
after one Darbouz transformation on 1 (see (4.1.2)). Let 7 and 7! be their corresponding
tau-functions. Then 70 =T (21)7, i.e.,

(s, t, 8, @) = EB) (s — 1,8 — [27Y), 8, ). (4.1.8)

Proof. Using (4.1.2), (3.1.14) and A~'(x) = 2z~ 'y, we express ¥[1} in terms of 7 as follows:

P = _ X _
(s, t,t,2)7(s — 1,t — [27 1], L, )

X (T(S,t — )t ) (s —1,t — [Zfl],t_, x) (4.1.9)

— 2l r(s,t— [7 Y G ) (s — 1t — [, 1, m)).

On the other hand, again by (3.1.14),

Substituting 711 = '} (2;)7 into the right side of this equation gives

(1—z7tz)r(s—1,t—[z71] — [zfl],t, x)
(s —1,t — [27 '], 1, )

X, (4.1.10)

where we used that, by (3.2.14),

eS@=lz71m1) — pE(tz) =€z z) — eg(t’zl)(l — 2_121). (4.1.11)

If we set A = z, = z; in the Fay identity (3.3.1), we see that the above two expressions (4.1.9)
and (4.1.10) are equal. Therefore, 711 = T'; (2)7. O
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If we do N Darboux transformations of 7, we can apply Theorem 4.1.11 repeatedly to obtain
the tau-function
TN =Ty (zn) - Ty (22)D4 (21)7, (4.1.12)

which corresponds to the Lax operator LIV and wave function ) from Theorem 4.1.6.
Multiplying these vertex operators, it follows that

N(s,t,t,2) = VNeZililg(t’Zi)T(s ~N,t—[7Y = = ) tx), (4.1.13)

where

vw= ]I (1_;) (4.1.14)

1<i<j<N

We can verify directly that, for any tau-function 7 of the EBTH, the function 7!V given by
(4.1.13) satisfies the bilinear equations (3.2.15) and hence is a tau-function of the EBTH as well.

Here, we illustrate this for the case when N = 1. Given a solution 7 to the EBTH, we have
(e}
M =T, (2))7 = exp (Z tn2?> (s —1,t — [27 1], t, ).
n=1

If we plug 71 into the bilinear equation, the left side becomes

fdz'znk—l—s’—sef(t’—t,z)—égk (t'—t,2)
2mi

< exp (Z (t-20) ) (s = 1= gla )t~ 5 = ) Fa + )

n=1

X exp (Z <tn + Zn) z?) (s —1—&(b,2%),t — [z7Y) + 271, 8,z + b)

n=1

and the right side becomes
f df’z.zfners’fsef(fff’,z’l)féém(fff’,z’l)
2mi
X exp (Z tiﬂ?) (s = &(a,z7™), 8 = [z 1], + [2], 2 + a)
n=1
X exp (Z tnz?> (s —2—&(b,z27™),t — [27'], £ — [2],x + b).
n=1

We can see that these are equal if we start with the fact that 7 already satisfies (3.2.15), multiply
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o0 o0
both sides by exp (Z tnz?> exp (Z t;lz?>, and then make the shifts s’ — s’ — 1, s+ s —1,

test—[z7'), ¢ =t — [27"]. Thus 71 satisfies the bilinear equation and is a solution to the
EBTH.
By a similar procedure, we obtain the following result for Darboux transformations done on

a wave function 1.

Theorem 4.1.12. Let ¢ be a wave function for the EBTH and ¥ the wave function after one
Darbouz transformation (see Theorem 4.1.10). Let T and 7 be their corresponding tau-functions.

Then 1 =T'_(2))1 where

I'_(z) = 2P e €2 exp (i %z”) (4.1.15)

n=1

Proof. The proof is similar to that of Theorem 4.1.6. We use Theorem 4.1.10, (3.1.15) and
A(x) = zx, to write the wave function after a single Darboux transformation as

= _ X _
T(s+1,t,t,x)r(s+ 1,t, t + [21], x)
x (ar(s+ 2.t 8+ (), @)r(s + 1,8, + 2], @) (4.1.16)
—27(s+ 2,4, t+ [2],x)T(s + 1, t, T + [21],33).
On the other hand, again by (3.1.14),
Sl — s+ 1,8t +[2], )
N (s, t,t, x)
Substituting 71! = I'_(21)7 into the right side of this equation gives
(21 — 2)7(s + 2, t,t + [21] + [2], @) (41.17)

T(s+ 1,t,t+ [21], @)

If we set A = 21, p = z in the Fay identity (3.3.2), we see that the above two expressions (4.1.16)
and (4.1.17) are equal. Therefore, 711/ =T (z;)7.
O

We can again use the bilinear equation (3.2.15) to show directly that if 7 is a tau-function
for the EBTH, then

M = Gonz) [ (ai— z)e@im S5 (s £ Nt E 4 [21] - + [an]2) (4.1.18)
1<i<j<N
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is also a tau-function. We will illustrate it here in the case of 71}, Plugging
oo
[_(21)T = 2] exp (— Z fnzl_”> T(s+1,t, t+ [21], )
n=1

in to the left side of (3.2.15), gives

7{ 2 ks —s (.2~ 36 (¢ —t,2)

Plugging into the right side gives

% dz z—nm+s’—se§(f—f’,z*1)—%{m (t—t,271)

2mi
F1-g(az) N Z
X zf a,z exp | — Z <Fn + n> Zl_n

x7(s'+2—¢&(a,z7™),t

s—1—&(b,z™™) (. "
X 24 ’ exp —Z tn—g 2"

(4.1.20)

\.l
_I_
o
_I_
)
8

_I_
&

Starting with the fact that 7 already satisfies (3.2.15), we can use Remark 3.2.4 to multiply
k k —m —m
the left side by f(2*) = zl_g(a’z )=¢®=) and the right side by f(z=™) = zl_g(a’z L
We also multiply both sides by exp (— ngzf ") exp <— anzl_ " | and make the shifts
n=1 1

= n=

s s+ 1,8 = +1,t—t+ 1], — t' + [21], we see that (4.1.19) and (4.1.20) are equal.
Therefore 7! satisfies the bilinear equation and is a solution to the EBTH.

Combining the above two results, we can conclude that
Ley (ZN) Ly (zl)T

is a tau-function for the EBTH for any choice of signs ¢; = £ (cf. [34, Chapter 14]).
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4.2 Generalized Fay identities

In this section, as an application of Theorems 4.1.6 and 4.1.11, we derive generalized difference

Fay identities for the EBTH similar to what was done in [2] for the case of KP hierarchy.

Theorem 4.2.1. Let v be a wave function for the EBTH with a corresponding tau-function T,
and let V; = Y|z=z,. Then

Wea(¥r, .. vn) =x1-xnv [ & -2
1<i<j<N

1 e (4.2.1)
T(s =N+1Lt—[z; |- —[2y]tx)
7(s — N +1,t,t,x) ’
where X; = X|2=z -
In this theorem, z1,..., 2y are complex numbers in a certain domain &4 C C, in which ¢

is defined. Alternatively, equation (4.2.1) makes sense as an identity of formal power series in
27t 2y, if we write ¢ = wy for a formal power series w in 27! (see (3.1.9)), while the

exponentials in x are not expanded.

Proof of Theorem 4.2.1. We will prove the claim by induction on N. The case N = 1 reduces
to (3.1.14) for z = 21, since Wrp(¢1) = ¢1. Now suppose that (4.2.1) holds for some N > 1. By

Theorem 4.1.6, we have

P = ()N Wrp (Y1, ...,%N, 1)
WrA(A_l(w1)7 <. 7A_1(1/}N)) '

After setting z = zy11, we obtain

N Wra(Yr, ... UN, YN 1)

[N]
v Wen (A (1), -, A1 (en))

—(-1)

Z=ZN41

By the inductive assumption, the denominator is given by (4.2.1) after shifting s +— s — 1:

Win (A @) AT ) = 2t aytxa o [T G =D
1<i<j<N
(s — Nt —[z7] — = [25' ) E, @)
(s — N,t,t,x) )

On the other hand, again by (3.1.14),

w[N}(‘% t7 t_a T, Z) =
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Let us plug here the formula (4.1.13) for 71N and set z = 2z, 1. Using (4.1.11) as before, we see
that

N .
T[N](Sa t— [21:7_,_1 =Vy H ZZZN—H Zi:l &(t2:)
X T(s = Nt — [z} = — [ZITerl]at_?w)
Hence,
-t e = g o).
[N] _ T(s =Nt — [z vl
1/) |z ZN+1 = XN+1 H ZzZNJrl) 7'(8 _ N,t . [zl—l] . _ [ ] 'E )

Comparing the above two expressions for 1] 2=zn41, We obtain (4.2.1) with N + 1 in place of

N. This completes the proof of the theorem. O

Furthermore, from Theorems 4.1.10 and 4.1.12, we obtain generalized Fay identities with

respect to t.

Theorem 4.2.2. Let ¥ be a wave function for the EBTH with a corresponding tau-function T,
and let 1; = |,—,,. Then

WI.X(’(ZIM"?Q;N):)ZI"'XN H (Z]—ZZ)
1<i<j<N
T(s+ Nt t+ 2]+ + [an] 2)
7(s,t,t, ) ’

(4.2.2)

where Xi = X|z=z;-
Proof. We will prove this claim by induction on N as well. When N = 1, we have

7, - 1,t,t

by (3.1.15). Next, we suppose that (4.2.2) holds for some N > 1. By Theorem 4.1.10, we have

NWI.;‘{(’&L' . '71/_}]\[71;)

BIN]
=0 Wri (¢1,...,0n)

After setting z = zy11, we obtain

NWI'X(QEl,., . 71;N177/_}N+1) '

= e o)

&[N] }Z:ZN+1
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By the inductive assumption, the denominator is given by (4.2.2). On the other hand, again by

(3.1.15),

- ~ N(s +1,t,t+ [2], )
NI(s, 8, —_ DT ELE) o
v bt e, 2) (st b))

We will now plug in the formula (4.1.18) for 7IV¥) and set z = zy 1. Using (4.1.11) as before, we
see that

N+1
TN (s + 1,8t + [zng1]), ) =(zng1 - 21)" H (zi — 2j) H (1—2nt12 1)
1<i<j<N i=1

X €Z£V:1 —5({,2;1)7.(5 —+ N —+ ]_’t,f—{— [Zl] + -+ [ZN])

Hence,

N
HIN| = XN+1 H(zi — ZN+1)

2=2ZN41
i=1

T(s+ N+ 1Lt t+ [z1]+ -+ [ent1], @)
T(s+ N, t,t+ 1]+ + [en] )

Comparing these two expressions and writing
WL (01, s One) = (DY Wil (¢, .. )Y

z=zN41’

we obtain (4.2.2) with N+1 in place of N. Thus, we have completed the proof of the theorem. []

59



CHAPTER 5

CONCLUSION

5.1 Conclusion

In this thesis, we proved a bilinear equation for the extended bigraded Toda hierarchy (EBTH),
which is equivalent to the bilinear equation of Carlet and van de Leur [18] after a change of
variables but uses Takasaki’s more convenient notation from [54]. Our proof is also shorter
than the one originally presented in [18]. From the bilinear equation, we derived difference Fay
identities for the EBTH and showed that the action of the Darboux transformations on the
wave functions v, 1) corresponds to acting on the tau-function by certain vertex operators I'y,

I"_. As an application, we obtained generalized Fay identities for the EBTH.

5.2 Future Directions

In this section we provide an overview of possible projects to which the results presented in this

thesis can be applied.

5.2.1 Tau function for the EBTH

A natural question is to determine explicitly the initial tau-function corresponding to the
trivial Lax operator L = A*¥ + A~™, from which we can generate other solutions of the EBTH
with Darboux transformations. Wave functions for this Lax operator were given in [14, 42] in
the cases k = m = 1 and £ = m = 2, but they correspond to a wave function ¢ satisfying
Lo = (2% + 27™)¢, not Lyp = zF1). We would like to determine the initial tau-function for the
version of the EBTH presented here.
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5.2.2 Equivalence of Fay identities to ETH and EBTH

In [56] it was shown that if a function satisfies certain Fay identities for the KP hierarchy, then it
is a tau function for the hierarchy; in other words, the Fay identities are equivalent to the entire
system. Analogous results for the 2D Toda hierarhcy were obtained in [58]. These results are
quite useful, because, in general, showing that a function satisfies the Fay identities is simpler
than showing that it satisfies the bilinear equation. An interesting follow up to this thesis would
be to obtain similar results for the ETH and EBTH.

5.2.3 W-Algebras

Another interesting question is whether one can generate a W-algebra from the vertex operators
'y and I'_, as was done for the KP hierarchy in [5, 6, 21]. One can construct a Virasoro algebra
based on [12, 24|, but it would be interesting to try to construct a more general W-algebra of

symmetries by modifying the vertex operators I'y and I'_ (cf. [7, 11, 46]).

5.2.4 Bispectral problem

Recall the bispectral problem discussed in Subsection 1.3.3. An algebra A of differential operators
is called bispectral if there exists an eigenfunction ¥(z, z) for which (1.3.9) holds for every L € A.
In [8, 9, 10], the bispectral problem was considered for the eigenfunctions ¥(z, z) corresponding
to wave functions of the KP hierarchy. Bispectral operators were obtained by applying Darboux
transformations to specific wave functions known as the Bessel and Airy wave functions. We
would like to use our results about Darboux transformations to find solutions to the bispectral
problem [25] for the EBTH (cf. [8, 9, 10]). The bispectral problem was first extended to difference
operators in the case of the discrete KP hierarchy in [37] and then expanded upon in [32].

5.2.5 Cluster Algebras

Cluster algebras were introduced in 2002 by Fomin and Zelevinsky as a method of understanding
dual canonical bases and total positivity in semisimple groups [26, 27, 28]. They have connections
to many fields, including, but not limited to, Poisson geometry [29], combinatorics [17], string
theory [1], and algebraic geometry [36]. In [29], Gekhtman, Shapiro, and Vainshtein construct
Bécklund-Darboux transformations of the 2D Toda hierarchy in terms of cluster algebras using
standard facts about the Poisson-Lie structure of GL,. A possible future direction would be to
extend these results to the ETH and EBTH.
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5.2.6 Random Matrices

A random matriz is an N x N matrix whose entries are random variables. They most commonly
arise in probability, statistics, and physics, but due to Jimbo, Miwa, Mori and Sato [39, 40] have
been shown to be connected to the theory of integrable hierarchies. For example, in [4], Adler,
Shiota and van Moerbeke use the vertex operator corresponding to Darboux transformations
for the KP hierarchy and some combinatorics to develop techniques in random matrix theory.
Another possible future direction would be to establish connections between the ETH and EBTH

and random matrices using some of the results presented in this thesis.
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