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Abstract

The Drazin generalized inverse appears in a number of applica-
tions including the theory of linear time invariant differential-algebraic
equations (DAEs). In this paper we consider its robust computation.
Various methods are proposed all of them based on the determina-
tion of bases of invariant subspaces connected with the Drazin inverse.
We also include comparisons of our methods to some of the other ap-
proaches found in the literature.
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1 Introduction

In this paper we will be examining the question of computing the Drazin
inverse of a matrix E by exploiting its representation by some associated
invariant subspaces. The techniques applied include the use of the deriva-
tive array connected with the matrix E as well as the determination of the
Jordan structure of the zero eigenvalue of E. From this viewpoint one of the
prominent researchers in the area of matrix theory and connected compu-
tational methods has been Volker Mehrmann, see, e. g., the book [3] which
gives a then up-to-date list of all his publications and covers all his fields of
interest.
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Opposed to algebraic approaches such as [4], our interest here is in the
development of robust numerical methods. One potential advantage of using
the derivative array is that as shown by the work on the continuity properties
of the Drazin inverse [5, 6, 8] the derivative array can have a well conditioned
rank even if E does not. This robustness is the most important issue due to
unavoidable rank decisions in the approaches discussed.

In Section 2 we shall review some of the basic theory of the Drazin in-
verse. In Section 3 we shall present three methods for the computation of
the Drazin inverse based on the determination of certain invariant subspaces.
Section 4 lists several different methods from the literature and gives a sum-
mary of a number of numerical experiments comparing the various numerical
approaches. Finally there are conclusions in Section 5.

2 Preliminaries

Let K be either the field of real numbers R or the field of complex numbers C.
If not stated otherwise, the following known claims hold in both cases. We
include proofs since we need parts of the proofs in the algorithms that follow.

Definition 1 Let E ∈ K
n,n. The quantity

ν = min{k ∈ N0 | rankE
k = rankEk+1} (1)

is called the index of nilpotency of E. In what follows we write ν = indE.

Definition 2 Let E ∈ K
n,n. A matrix X ∈ K

n,n satisfying

(a) EX = XE,
(b) XEX = X,
(c) XEν+1 = Eν ,

(2)

is called a Drazin inverse of E.

In the following we use the notation

d = rankEν = dim rangeEν , a = n− d = dimkernelEν . (3)

The quantity d is sometimes called the core rank of E.

Lemma 3 Let E ∈ K
n,n. There is a nonsingular T ∈ K

n,n such that

T−1ET =

[

C 0
0 N

]

, (4)

with C ∈ K
d,d nonsingular and N ∈ K

a,a nilpotent.
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Proof:
We choose T to be the transformation to (real) Jordan canonical form col-
lecting the nonsingular Jordan blocks in C and the nilpotent Jordan blocks
in N .

Theorem 4 Every E ∈ K
n,n possesses a unique Drazin inverse which we

denote by ED.

Proof:
The matrix ED defined by

T−1EDT =

[

C−1 0
0 0

]

(5)

satisfies the axioms (2). Furthermore, if both X1 and X2 satisfy the axioms
(2), then we have

X1 = X1EX1 = X2
1E = · · · =

= Xν+1
1 Eν = Xν+1

1 Eν+1X2 =
= X1EX2 = —

= X1E
ν+1Xν+1

2 = EνXν+1
2 =

= · · · = EX2
2 = X2EX2 = X2.

Remark 5 Let E ∈ K
n,n and

K
n = rangeEν ⊕ kernelEν . (6)

Then (4) and (5) say that the linear mapping represented by E is bijective
as a mapping from rangeEν onto rangeEν and that the mapping repre-
sented by ED acts on a vector by taking its part in rangeEν according to
the splitting (6) and then applying the restricted inverse.

Proof:
From

T−1EνT =

[

Cν 0
0 0

]

,

it follows that

rangeEν = range
(

T

[

I
0

]

)

, kernelEν = range
(

T

[

0
I

]

)

,

and thus (6) holds.
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Theorem 6 Let E ∈ K
n,n with index ν = indE. Furthermore, let W ∈

K
n,d and K ∈ K

n,a with

rangeW = rangeEν , rangeK = kernelEν , (7)

and set T = [W K ]. Then

T−1EνT =

[

C 0
0 0

]

, (8)

with some nonsingular C ∈ K
d,d.

Proof:
Splitting T−1EνT according to the splitting of T yields

T−1EνT =

[

E11 E12

E21 E22

]

.

From this we get

Eν [W K ] = [W K ]

[

E11 E12

E21 E22

]

and thus

[ EνW 0 ] = [W K ]

[

E11 E12

E21 E22

]

.

The second block column reads

[W K ]

[

E12

E22

]

= T

[

E12

E22

]

= 0

implying E12 = 0 and E22 = 0. For the first block column we obtain

EνW = WE11 +KE21.

Since the columns of EνW lie in rangeEν , the direct sum (6) yields KE21 =
0 and thus E21 = 0 since K is of full column rank. The matrix E11 ∈ K

d,d

then has the same rank as Eν which is d by definition. Hence, C = E11 is
nonsingular.
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3 Computation of the Drazin inverse

Theorem 6 shows that we can determine a suitable transformation T in the
form T = [W K ] for the representation (4) by constructing bases of rangeEν

and kernelEν . There are various methods for constructing W and K.
Restricting to the case K = R, the basic tool for the following is a rank-

revealing QR decomposition according to

QTAΠ =

[

R S
0 0

]

, (9)

with Q orthogonal, represented by a sequence of Householder transforma-
tions, and R nonsingular upper-triangular, followed by further Householder
transformations from the left to get the factorization

QTAQ̂ =

[

R̂ 0
0 0

]

, (10)

with Q̂ orthogonal and R̂ nonsingular upper-triangular. If A ∈ R
m,n and

r = rankA, then the last n− r columns of Q̂ form an orthonormal basis of
kernelA and the first r columns of Q form an orthonormal basis of rangeA.
In case of critical rank decisions, the rank-revealing QR decomposition can
be replaced by the singular value decomposition which has the same struc-
ture as (10) but with the diagonal matrix of the positive singular values
replacing R̂. For details see [11].

3.1 Kernel and range from the power of the matrix

The simplest way to obtain matrices W and K is to compute Eν by succes-
sive matrix multiplications and to determine the spaces by rank revealing
QR decomposition.

The disadvantage of this approach is that it easily fails for ill-conditioned
matrices E.

3.2 Kernel and range from the derivative array

In order to avoid the determination of powers of E we can build the deriva-
tive array M ∈ R

νn,νn according to

M =













E

−I
. . .
. . .

. . .

−I E













,
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see, for example, [7, 16]. Writing M in the form

M =

[

EUT 0
−(I − Y ) VE

]

, Y =













0 E
. . .

. . .

. . . E
0













, (11)

where
UT =

[

I 0 · · · 0
]

, V T =
[

0 · · · 0 I
]

,

we see that Y is nilpotent so that I − Y is invertible with

(I − Y )−1 =













I E · · · Eν−2

. . .
. . .

...
. . . E

I













.

Observe that
EUT (I − Y )−1VE = Eν .

Column operations on M yield

M →

[

EUT (I − Y )−1 0
−I VE

]

→

[

EUT (I − Y )−1 Eν

−I 0

]

.

Row operations on M yield

M →

[

EUT 0
−I (I − Y )−1VE

]

→

[

0 Eν

−I (I − Y )−1VE

]

.

Hence, the range and kernel of M have the form

Ŵ =

[

W ∗
0 ∗

]

, K̂ =

[

∗
K

]

,

where W and K are of full column rank. The matrix Ŵ is row compatible
with the original M in (11) and K̂ is column compatible with the original M
in (11). Thus, we can obtain W from a matrix whose columns span rangeM
by using column operations to produce the zero block according to the form
of Ŵ , and we can obtain K simply as the last block of K̂.
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3.3 Kernel and range from successive determination of the

generalized eigenvectors belonging to zero eigenvalues

The kernel of Eν is spanned by all generalized eigenvectors of E belonging
to zero eigenvalues. We therefore can use

Exm+1 = xm

to determine a generalized eigenvector xm+1 of orderm+1 from a generalized
eigenvector xm of order m. We can use the same approach to determine the
kernel of (ET )ν . The range of Eν is then given as the orthogonal complement
of the kernel of (ET )ν .

In more detail, we first determine K1 as a matrix whose columns form
a basis of kernelE. Given a matrix Km of full column rank, we determine
Km+1 as the upper part of a matrix whose columns form a basis of [E Km ]
according to

[ E Km ]

[

Km+1

Vm+1

]

= EKm+1 +KmVm+1 = 0.

Thus, if the columns of Km are generalized eigenvectors of order at most m,
the columns of Km+1 are generalized eigenvectors of order at most m + 1.
Moreover, the matrix Km+1 has full column rank. If there were a nonzero
vector y with Km+1y = 0 we would have KmVm+1y = 0 implying Vm+1y = 0
because of the full column rank of Km. But this is in contradiction to the
full column rank of [ KT

m+1 V T
m+1 ]

T . Since all generalized eigenvectors of
order at most m+ 1 are related in this way to the generalized eigenvectors
of order at most m, we get all possible generalized eigenvectors of order at
most m + 1 and the iterative process becomes stationary when we reach
the order of nilpotency of E. The final Kν then is K in the construction
of a suitable T . Accordingly, we can construct W by performing the same
procedure for ET instead of E to get the kernel of (ET )ν followed by the
determination of its orthogonal complement.

We should remark here that this procedure is in principle equivalent to
the approach in [12] for the determination of the Jordan structure of a given
eigenvalue in the Jordan canonical form.

4 Numerical experiments

We compared the above approaches for the determination of the Drazin
inverse with various methods suggested in the literature. Since not all of
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them are able to determine the index, we provided ν in addition to E. We
include a brief summary here of these other methods which is based on the
experience from our tests, some of which will be presented below.

4.1 Successive echelon form by elementary row operations

In [2] the following approach was suggested. Starting with the matrix M0 =
[E I ], the sequence of matrices Mk = [Ak Ik ] is defined by using elementary
row operations to bring Ak into echelon form according to

[Ak Ik ] →

[

Fk Gk

0 Hk

]

,

with Fk having full row rank, and defining Mk+1 by

Mk+1 = [Ak+1 Ik+1 ] =

[

Fk Gk

Hk 0

]

.

The process stops when k = ν with rankAν = n. We then have

ED = A−1
ν IνE

ν .

The main problem here is the use of Eν in the representation of ED

which can numerically lead to rank drops.

4.2 Successive echelon form by orthogonal row operations

The construction of Section 4.1 can also be performed by using orthogonal
transformations, see also [2]. All formulas and comments stay valid.

4.3 Finite sequence 1

In [13, 14] the following approach was suggested. Let B0 = I and

pk = trace(EBk)/(k + 1), Bk+1 = EBk − pkI,

as long as pk 6= 0. If pk+1 = 0 for the first time, then

ED = EνBν+1
k /pν+1

k .

With this approach the norm of EBk can get very large so that the
computation of the trace easily suffers from cancellation in which case the
decision on pk+1 = 0 is not reliable.
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4.4 Finite sequence 2

In [10] the following approach was suggested. Let D0 = I and

pk = trace(Eν+1Dk)/(k + 1), Dk+1 = Eν+1Dk − pkI,

as long as pk 6= 0. If pk+1 = 0 for the first time, then

ED = DkE
ν/pk.

Here the norm of Eν+1Dk can get very large so that the computation
of the trace easily suffers from cancellation in which case the decision on
pk+1 = 0 is not reliable. In comparison with the method in Section 4.3
the effects here are even more disastrous because the used trace depends on
Eν+1.

4.5 Convergent sequence 1

For sufficiently small α > 0 and odd κ ≥ ν, the sequence {Xk}k∈N0
defined

by
Xk+1 = Xk + α(I − EXk)E

κ, X0 = αEκ,

converges to ED provided the eigenvalues of E are real, see [19], or satisfy
some angle condition, see [17].

If Eκ is large in norm, the parameter α must be chosen very small.
Together with the linear convergence the method fails easily.

4.6 Convergent sequence 2

For sufficiently small α > 0 and odd κ ≥ ν, the sequence {Xk}k∈N0
defined

by
Xk+1 = Xk +Xk(I − EXk), X0 = αEκ,

converges to ED provided the eigenvalues of E are as in Section 4.5, see
again [19] and [17].

4.7 Convergent sequence 3

For sufficiently small α > 0 and odd κ ≥ ν, the sequence {Xk}k∈N0
defined

by
Xk+1 = Xk + Eκ(I − EXk)/(k + 2), X0 = Eκ,

converges to ED provided the eigenvalues of E are real, see once more [19].
Even for moderate norm of Eκ the intermediate iterates can easily get

very large. Additionally, the convergence rate can be very bad.
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4.8 Convergent sequence 4

For sufficiently small α > 0 and odd κ ≥ ν, the sequence {Xk}k∈N0
defined

by

Xk+1 = Xk+(2I−Eκ+1/(k+2))Eκ(I−EXk)/(k+2), X0 = (2I−Eκ)Eκ,

converges to ED provided the eigenvalues of E are real, see [19] for a last
time.

Even for moderate norm of Eκ the intermediate iterates can easily get
very large.

4.9 Convergent sequence 5

The sequence {Xk}k∈N0
defined by

Pk = EXk,
Qk = −29I + Pk(33I + Pk(−15I + 2Pk)),
Rk = PkQk,
Xk+1 = XkQk(243I +Rk(27I +Rk)),

X0 =
1

2‖Eν+1‖
Eν ,

converges with ninth order to ED, see [1].
Under round-off the method appears to be divergent quite often. We

therefore take the iterate that leads to the smallest correction as the result
provided by this method.

4.10 Successive squaring

For sufficiently small β > 0 the sequence {Xk}k∈N0
of the upper right blocks

of the matrices

Zk =

[

P Q
0 I

]2k

, P = I − βEν+1, Q = βEν ,

converges to ED, see [18].
Under round-off the method appears to be divergent quite often. We

therefore take the iterate that leads to the smallest correction as the result
provided by this method.

4.11 Polynomial representation via eigenvalues

According to [9] we can proceed as follows. Given all nonzero eigenvalues λi

of E with algebraic multiplicities ni, i = 1, . . . , r and let l be the multiplicity
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of the zero eigenvalue of E. Furthermore let p be the unique polynomial of
the form p(λ) = λl(α0 + α1λ+ · · ·+ αm−1λ

m−1), where m = n1 + · · ·+ nr,
satisfying

p(j−1)(λi) = (−1)j−1(j − 1)!/λj
i , j = 1, . . . , ni, i = 1, . . . , r.

Then the Drazin inverse of E is given by ED = p(E).
The eigenvalue problem may be ill-conditioned, especially when multiple

eigenvalues occur, which in the present application is typical for the zero
eigenvalue. Furthermore the use of powers in the representation of ED can
numerically lead to rank drops.

4.12 Bordering 1

In [20] the following approach was suggested. Perform the recursive process
of Section 4.1 to get the matrix

B =







H1
...

Hν






.

Do the same for ET instead of E to get a corresponding matrix C. Form
the matrix

M =

[

E CT

B 0

]

and determine M−1 by elementary row operations. The Drazin inverse ED

is then given as the n-by-n upper left submatrix of M−1.

4.13 Bordering 2

In [20] the following modification was also suggested. Determine B and C
as in Section 4.12. Apply elementary row operations on [BT I ] and [CT I ]
to get F with rangeF = kernelB and G with kernelG = rangeCT . We then
have ED = F (GTEF )−1GT .

4.14 Results

We constructed the examples by providing C and N in (4) and used a (well-
conditioned) random matrix for T . We then computed the reference solution
by (5) using quadruple precision.

All the above methods have been carefully implemented and checked. For
some methods we experienced bad behavior even for quite simple examples.
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Remark 7 In the case of the approaches that generate infinite convergent
sequences in theory, convergence was lost under round-off. Using C =
diag(1, 12) and N ∈ R

2,2 as the standard Jordan block for the zero eigenvalue,
the method of Section 4.6 shows a behavior given in the second column of
Table 1. The reason for this behavior is that convergence takes place in a
special subspace of Rn,n. Choosing the initial iterate as stated we start in this
subspace and theoretically we stay there. But under round-off this can no
longer be guaranteed. In the present example this does not seem crucial since
the effect becomes only visible when we already have an approximation of the
Drazin inverse of some quality. But for more complicated test examples we
may see no convergence behavior at all. To substantiate this interpretation
we modified the method of Section 4.6 by projecting every correction from the
left and from the right with EDE determined by the method of Section 3.3.
The corresponding results are given in the third column of Table 1. We see
that there is no crucial difference in the beginning but this time the iteration
settles down with an accurate solution. Of course, in practice such a mod-
ification does not make sense since we use the quantity which we actually
want to compute. Note that the same observation applies to all of the above
methods which theoretically generate a convergent sequence.

Table 1: Norm of the corrections for the method of Section 4.6

iteration norm for norm for
original method projected method

1 3.322e-03 3.322e-03

2 6.635e-03 6.635e-03

3 1.323e-02 1.323e-02
...

...
...

16 3.202e+00 3.202e+00

17 6.396e-01 6.396e-01

18 1.917e-02 1.917e-02

19 1.626e-05 1.626e-05

20 1.185e-11 1.169e-11

21 2.447e-12 9.159e-15

22 4.894e-12 5.829e-15

23 9.788e-12 2.165e-15

24 1.957e-11 5.940e-15
...

...
64 2.983e+00
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Remark 8 We also experienced problems with the methods using the trace
of some matrices. Taking C = diag(100, 10, 1, 0.1, 0.01) and N ∈ R

4,4 as the
standard Jordan block for the zero eigenvalue without random transformation
the method of Section 4.3 yields the sequence pk as given in the second
column of Table 2. We observe an increase in the modulus leading to a
perturbed value p6 which here was accepted to vanish. Applying a random
transformation theoretically leaves the ocurring traces unchanged. But under
round-off we here lose three orders of magnitude in the size of p6, see the
third column of Table 2. The main problem therefore is that like with a
rank decision, we must decide whether a quantity is zero or not. But unlike
with a rank decision, orthogonal transformations are not used so that the
intermediate quantities are not bounded by the original data.

Table 2: Values pk for the method of Section 4.3

k value of pk value of pk
original problem transformed problem

0 1.000e+00 1.000e+00

1 1.111e+02 1.111e+02

2 -1.122e+03 -1.122e+03

3 1.122e+03 1.122e+03

4 -1.111e+02 -1.111e+02

5 1.000e+00 1.000e+00

6 1.023e-07 -3.457e-04

7 -2.500e-02

8 -1.891e+00

9 -1.479e+02

Taking into account that an unsymmetric eigenvalue problem has to be
solved in the method of Section 4.11, we expect difficulties for the methods
of Section 4.3 through Section 4.11. In the following numerical comparisons
we therefore include only those methods which gave the best results. All the
following tests are on parametrized families of problems. The corresponding
diagrams show the relative errors of the obtained approximation for the
Drazin inverse as a function of the parameter.

Example 9 Taking C = diag(ε−2, ε−1, 1, ε, ε2), ε ∈ (0, 1], and N ∈ R
4,4 as

single Jordan block for the zero eigenvalue, the conditioning of C becomes
worse with decreasing ε. The diagrams of Figure 1 show that the best methods
are those of Section 3.3, Section 4.12, and Section 4.13 performing quite
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similarly. Actually, the methods using bordering are not distinguishable. It
follows the method of Section 3.2 based on the derivative array. All other
methods are significantly less robust.
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Figure 1: Relative error in ED for C = diag(ε−2, ε−1, 1, ε, ε2), N ∈ R
4,4

single Jordan block for the zero eigenvalue. Horizontal axis is ǫ.

Example 10 Let H ∈ R
4,4 be the Hilbert matrix of the stated size, i. e., the

matrix with entries 1
i+j+1 , i, j = 1, . . . , 4, and let D be the diagonal matrix

with corresponding entries. Taking C = αD+ (1−α)H with α = 1− 2−20t,
t ∈ [0, 1], to emphasize the ill-conditioned part, and N ∈ R

3,3 as single
Jordan block for the zero eigenvalue, we get the diagrams of Figure 2. Again
the best methods are those of Section 3.3, Section 4.12, and Section 4.13
performing quite similarly. The next best methods are those of Section 3.1
and Section 3.2 also performing quite similarly.
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Figure 2: Relative error in ED, morphing into the Hilbert matrix in R
4,4

combined with N ∈ R
3,3 single Jordan block for the zero eigenvalue. Hori-

zontal axis is morphing parameter t.

Example 11 Taking C ∈ R
3,3 as the Hilbert matrix of the stated size and

N =

[

0 ϕ(t)
ϕ(−t) 0

]

, ϕ(t) =

{

e−1/t for t 6= 0,
0 for t = 0,

t ∈ [−1, 1],

we have a rank change at the origin in E but not in Eν , and ED is smooth
and of constant rank. The diagrams of Figure 3 show that quite a number of
the methods suffer from problems concerning reliable rank decision. Although
the method of Section 3.2 is also based on successive rank decisions it seems
to be unaffected in this example and performs best. In contrast to the previous
examples, the method of Section 4.3 is nearly as good as the best method.
The methods of Section 3.1 and Section 3.3 as well as that of Section 4.11
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seem to behave independently of t but suffer from the ill-conditioning of the
core in combination with the high index.
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Figure 3: Relative error in ED, Hilbert matrix in R
3,3 combined with N ∈

R
2,2 exhibiting a rank change in parameter t. Horizontal axis is t.

Example 12 Taking C ∈ R
3,3 again as the Hilbert matrix of the stated size

but choosing

N =









0 sin2(12πt) 0 0
0 0 sin2(32πt) 0
0 0 0 sin2(52πt)
0 0 0 0









exhibiting several rank changes, we get the diagrams of Figure 4. We see
here that all methods using successive rank decisions now have problems near
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the rank changes. Again the methods of Section 3.1 and Section 3.2 as well
as that of Section 4.11 seem to behave independently of t but suffer from the
ill-conditioning of the core in combination with the high index.
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Figure 4: Relative error in ED, Hilbert matrix in R
3,3 combined with N ∈

R
4,4 exhibiting multiple rank changes in terms of parameter t. Horizontal

axis is t.

Example 13 Here we choose the matrix C according to

C =















k 1
1 k − 1 1

. . .
. . .

. . .

1 −k + 1 1
1 −k















(12)
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combined with N ∈ R
4,4 as a single Jordan block for the zero eigenvalue. It

is known from [15] that the matrices of the form of C have a rank drop of one
but that the pivots met in Gaussian elimination will not get small for large k
due to round-off. This means that rank decisions on the basis of elementary
operation are not reliable in this case. The effect is clearly visible in the
diagrams of Figure 5. All methods presented in Section 3 behave well. Note
especially the difference of the methods of Section 4.1 and Section 4.2 which
both transform on echelon form but the first using elementary operations
while the second using orthogonal transformations.
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Figure 5: Relative error in ED, matrix (12) with rank deficiency one com-
bined with N ∈ R

4,4 single Jordan block for the zero eigenvalue. Horizontal
axis is size of the matrix (12).

Remark 14 There is no significant difference in the tested examples when
we replace rank-revealing QR by the more robust singular value decomposi-
tion.
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5 Conclusions

We suggested three different methods for the computation of the Drazin
inverse of a given matrix E. All of them are based on different procedures
for the determination of certain invariant spaces connected with E. We
compared our approaches with various approaches taken from the literature.
Our observations were as follows. The most robust methods are those of
Section 3.2 and Section 3.3 as well as those of Section 4.12 and Section 4.13
when rank decisions on the basis of elementary operations are not critical.
In the latter case one should base the approach of bordering on orthogonal
transformations in the spirit of [12] as has been done for the methods of
Section 3.3 and Section 4.2. In the case of rank changes in the nilpotent
part the methods of Section 3.1 and Section 3.2 may be preferable.
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