
 

ABSTRACT 

CHANG, YUSHENG. Damage Detection and Localization under Ambient Environment via 
Green’s Function Reconstruction. (Under the direction of Dr. Fuh-Gwo Yuan). 

 
This thesis documents three techniques that has been developed over the past few years at 

National Institute of Aerospace. These techniques are researched and have been shown applicable 

for passive sensing scheme in the structural health monitoring on the aircraft structures, such as 

metallic panels or composite panels with strengthening features. The concept of these techniques 

is based on Green’s function extraction from the structure, i.e., impulse response of the structure, 

coupled with the damage imaging algorithms to detect and locate the defect in the structure. The 

first one is auto-correlation based Green’s function extraction method. The second one is Random 

decrement method, and the third one is cross-correlation based technique. The damage imaging 

algorithm is composed of a statistical method to evaluate the possibility of presence of the defect, 

and a strategy to present this possibility on the color map.  

For the first part, the Green’s function reconstructed from auto-correlation of the sensing 

signals was used to detect and isolate the simulated damage whose intensity is mapped based on a 

damage imaging condition using mean square error between the pristine and damaged signals. 

Compressed air is used as an excitation source. This uncontrolled type of source with inherent 

broadband poses challenges on implementing structural health monitoring (SHM) in real world. 

Nevertheless, this study shows that the reconstructed Green’s function (RGF) from long time auto-

correlation could be extracted from uncontrollable environment with arbitrary excitation 

disturbance and used as an inspection tool. 

The second part of thesis showed that the RD signature can be linked to Green’s function 

reconstruction through auto-correlation, provided well-distributed sources or long-time recording 

of the signal. Simulation was conducted on a 300 mm × 300 mm × 2.4 mm aluminum panel and a 



 

programmed uniform white noise is the excitation source. The RD signature matches well with the 

auto-correlation function after approximately 10,000 averages of the RD signatures, in which the 

duration of the signal is about 0.23 second. 

A few highlights have been shown in this study. First, the random decrement (RD) has 

been often used in civil structure at low frequency range to assess structural properties, such as 

damping coefficient, and to detect potential damage. While in this study, the RD was used to 

reconstruct transient waves (i.e. GFs) from the sensing signals in an operational environment 

ranging from 5 kHz to 15 kHz to detect and localized the damage in the aircraft structure, based 

on a damage imaging condition. This enables RD technique to inspect smaller damage. 

Second, in comparison with the auto-correlation, the time executed experimentally using 

the automated system is reduced to about half (8 hours to 3.5 hour) of that using manually scanning. 

The post-processing time for a damage map is approximately one hour for auto-correlation, and 

half hour for RD. The merit of RD (e.g. data storage) could be shown distinct advantage in the 

wireless sensor work application.   

For the third part, results show that 20 seconds cross-correlation and well-distributed 

excitation may give stable and symmetric Green’s function. Accurate damage imaging was 

achieved, and the inspection area was increased by 1/3 comparing to auto-correlation and random 

decrement. For the stiffened panel, damage location matches well with the real one, despite two 

stiffeners are within the inspection area. Artifact is visible, and possibly caused by wave scattering 

from the damage and interacting with the stiffeners. Nevertheless, the amplitude is small and can 

be mitigated by using a second threshold. In conclusion, the inspection area using GF extraction 

technique was enlarged and sensing point density was greatly reduced compared with SGF method. 

Also, cross-correlation method shows accurate damage imaging result for the complex structure.  
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1. INTRODUCTION 

1.1. Structural Health Monitoring 

Traditionally, material testing methods such as tensile test, compression test, torsion test, 

impact test and bending test, etc. are all destructive in nature. These tests are all carried out on 

small number of samples (i.e. lot quality assurance sampling) to determine the material properties, 

e.g. Young’s modulus, yield and ultimate tensile strength, fatigue strength, fracture toughness and 

impact resistance, etc. To inspect the parts without compromising the structure serviceability, 

nondestructive testing (NDT) was introduced. 

Nondestructive testing (NDT) have been used to inspect structures, including civil 

structures and aircraft structures, for their structural integrity. According to The American Society 

for Nondestructive Testing, nondestructive testing is defined as the process of “inspecting, testing, 

or evaluating materials, components or assemblies for discontinuities, or differences in 

characteristics without destroying the serviceability of the part or system.” In other words, the parts 

should remain the integrity when the nondestructive testing is completed.  

Nondestructive testing (NDT) is often used interchangeably with nondestructive evaluation 

(NDE) or nondestructive inspection (NDI).  

There are many types of NDT techniques and they are often referred to the type of 

equipment or of penetrating medium used in the test. These methods include, to name a few, visual 

inspection, acoustic emission testing, thermal-infrared testing, ultrasonic testing, vibration analysis, 

guided wave testing, electromagnetic testing, and radiographic testing, etc. 

The advantages of NDT include but not limited to, inspecting structure without destroying 

the structure, locating and quantifying the defects in the structures, and highly accurate. NDT can 

provide a thorough inspection for structures, however, to conduct NDT, aircraft must be on the 
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ground and drew into the hangar. It may require to disassemble or remove aircraft parts to conduct 

the NDT techniques. This significantly increase the airplane downtime, and thus reduce profit. 

Moreover, NDT is labor-intensive and thus increase the maintenance cost. Due to above reasons, 

NDT is often limited to the aircraft periodic maintenance checks or when defect or material 

degradation is suspected. 

Structural health monitoring (SHM) offers the possibility to monitor the integrity of in-

service aircraft in real-time. It often requires pre-installed on-board sensors to collect structural 

response from the environment (e.g. pressure change, turbulent flow), and operation loading (e.g. 

impact loading due to landing), or signals from the embedded actuators. 

The advantages are multi-folds: 1) Increase the safety by detecting structure defects before 

a catastrophic failure happens. 2) It changes the scheduled and periodic maintenance to condition 

based maintenance, which reduces aircraft downtime and the maintenance cost, avoids dismantling 

the parts without defects, and involvement of human labor can be minimized. 3) optimize use of 

the aircraft structure1.  

SHM technology is not simply to detect the abnormality in the structure, but also to localize 

the defect, provide the severity, and predict the remained useful life of the structure. These four 

stages of the SHM functions are depicted in the Figure 1. In addition, the early warning provided 

by the system can be used as an indicator and remedial strategies can be applied.  
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Figure 1.1 Structural health monitoring system provides four levels of function accessing the 

structural information. 

 

A comprehensive structural health monitoring system consists of actuators, sensors, power 

supply and data processing center. Traditional wired sensors posts challenges on the application 

of SHM system, particularly for dense deployment of sensors on large-scale structures. High 

equipment costs, wiring and cabling and long installation time are main issues. Smart sensors have 

been proven to be able to solve these issues. Despite power consumption and reliability issues, 

smart sensors are defined with four advantages2: [1] on-board computing capability, [2] small size, 

[3] wireless communication, [4] low cost. Researchers have proved that smart sensors could be 

potentially used for SHM with dense sensor array system3,4.    

To build a long-term structural health monitoring system, power management is crucial for 

the battery-powered smart sensors. Several energy harvesting methods have been introduced, 

including solar energy5, and vibration energy harvesting5,6. Despite these advances, reducing the 

power-consumed source, e.g. wireless communication, remains an issue. Alternatively, different 
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SHM techniques can be applied to efficiently inspect the structure without costing too much energy, 

e.g., passive sensing techniques. 

1.2. Passive Sensing 

In the field of structural health monitoring (SHM), monitoring techniques can be broadly 

divided into two schemes: active and passive. Active scheme7,8 refers to the techniques involving 

using any form of actuators as sources and sensors to receive signal. The development of the active 

sensing technique for an autonomous structural health monitoring system usually requires a large 

amount of power consumption. While passive scheme is to use sensors only and without actuators, 

and it offers an opportunity to conduct real-time monitoring of the structure without the need of 

power-consuming system. More importantly, random and nonstationary environmental loading 

could be used to monitor the aircraft during the operation of the flight, minimizing the risks of the 

structural failure while maximizing the use of the machine. 

Passive sensing have been researched to detect the impact locations or structural change9-

14. However, impact location algorithm, e.g., triangulation method, is not suitable for the damage 

caused by fatigue or static loading, and studies in structural change identification is for global 

damage detection only. To compensate this drawback, imaging algorithms commonly used in 

active sensing15-17 can been incorporated to show possible damage locations. 

Reconstructed Green’s function (RGF) through correlation has been studied and shown 

great potential for helioseismology18,19, seismology20-23 and ocean tomographic imaging24-26. 

Duvall et al.14 first used cross-correlation to obtain direct and reflected acoustic waves between 

two points in helioseismology at 1993. They applied cross-correlation technique to observe the 

acoustic wave propagation from the surface of the sun to the bottom of the cavity and back. They 

cross-correlated the signal with frequency range under 40 µHz between a center point and the 
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annulus surrounding it. Up to three reflected waves were observed. The study also showed that 

higher frequency (frequency range over 6.5 mHz) component of the acoustic wave contains little 

information about reflected wave because the cutoff frequency of the acoustic wave for the 

atmosphere is about 5.4 mHz. Besides cross-correlation, the study also applied auto-correlation in 

wave traveling time/distance measurement. These concepts in fact are Green’s function 

reconstruction techniques, in which auto-correlation and cross-correlation correspond to self-

Green’s function and Green’s function between two locations, respectively. In addition, Rickett 

and Claerbout19 compared the impulse response on the surface of the sun using cross-correlation 

and Kolmogorov spectral factorization. The noise from the sun was recorded with Michelson 

Doppler Imager (MDI) and Acoustic wave propagation over 1.5 MHz frequency range was 

preserved. Although the focus is introducing spectral factorization in helioseismology, the study 

shows that by cross-correlating the noise traces recorded at two locations, impulse response 

between these two locations was constructed. Not only direct wave, but up to five multiple 

reflected waves were clearly visible. 

The physics underlying Green’s function via cross-correlation is extracting coherent wave 

component buried in the spatially and temporally incoherent noise field from the receivers 

(sensors). Because even in the wavefield where wave propagation is omnidirectional, still there is 

wave propagating successively through the receivers. This process is recorded in the time domain 

signal and can be extracted through correlation or sufficient time averaging. In seismology, studies 

have shown that coherent impulse response arrival emerges after cross-correlating seismic signal. 

Campillo and Paul20 applied the cross-correlation technique in seismic data recorded in three 

stations in Mexico, where the region is seismically active and the Green’s functions between the 

stations are known factor. The recorded data was processed without filtering, i.e. broadband GF 



 

 

6 

was obtained. Correlation window is 100 seconds which was cut from a few hundreds of data with 

25 seconds overlap. 595 normalized cross-correlation functions (Green’s function) were acquired 

and stacked together. The results showed that stacking cross-correlation functions increases the 

amplitude of the coherent part of the wave, and originally non-visible coherent pulse of the wave 

emerges due to its in-phase in the correlation function. Stacking process also minimizes the 

incoherent part of the wave (i.e. noise). The coherent pulse shown in the reconstructed Green’s 

function matches the one in theoretical Green’s function well in terms of arrival time. The study 

investigated the vertical, radial and transvers components and showed that the correlation function 

contains Rayleigh wave and Love wave. Another study by Shapiro et al.21 used cross-correlation 

of ambient seismic noise to rebuild surface wave (Green’s function) for mapping geological units 

of California. They first reconstructed Green’s functions via cross-correlation from 62 seismic 

stations from different length of seismic recording (1 month and 1 year), and Green’s functions 

were compared with surface waves excited by earthquakes. The periods chosen are 5 s to 20 s, 

which corresponds to 0.05-0.2 Hz frequency range. The results show that the cross-correlation of 

seismic noise is very similar to the surface waves originated from earthquakes. Due to different 

group-speed in different geological features, group-speed maps were created and were able to 

indicate various units in the crust. These features include shallow crustal structures no deeper than 

about 10 km and middle crust about 20 km deep. For example, sedimentary basins in the Central 

Valley, the Salton Trough in the Imperial Valley, the Los Angeles Basin, Sierra Nevada, the 

Mojave Desert region, etc. The authors suggested that cross-correlation is advantageous for 

temporary seismic arrays since useful information still can be extracted even earthquakes do not 

occur. Such method also provides an alternative for external earth probing via active sources (e.g. 

explosions). Besides, Sabra et al.22 used time derivative of cross-correlation of ocean microseisms 
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to create a velocity map for the seismic tomography. Vertical component of surface response was 

recording from a seismic array of 148 stations for 18 days. The arrays are distributed in Southern 

California. The recorded signal was clipped to reduce the influence of large events. The frequency 

range was chosen at 0.1 – 0.2 Hz. The results show that GFs from station pairs oriented 

perpendicular to the coastline tend to be more stable than those from station pairs oriented parallel 

to the coastline and have higher signal-to-noise ratio (SNR). The velocity map shows difference 

of the arrival time at different regions, and the map correlates well with several geological features 

in Southern California.  

A study in Green’s function extraction for the civil structure was conducted by Snieder and 

Safak23. Deconvolution was used to extract Green’s function from a library in California. The 43.9 

m tall building with additional 4.3m deep basement was subjected to an seismic event and 10 floors 

of the structural response were recorded. Fundamental theory was established for the building’s 

basic response (Green’s function) extraction avoiding the ground coupling. Derivation of the 

normal modes of the building was also obtained for the intrinsic attenuation and the shear wave 

velocity estimation. It shows that deconvolution with the top floor rendered upgoing and 

downgoing waves, while deconvolution with the basement gave upgoing wave only and the 

fundamental mode of the building. The results showed that the Green’s function extracted was 

independent with the excitation source. Wave arrival times of the Green’s functions from different 

floors gave a fairly good estimation of shear wave velocity comparing to the theory. Whereas the 

ratio of the amplitude of the Green’s functions for floor 1-3 was used to estimate the attenuation 

of the structure, and is in good agreement with the theoretical value. 

In ocean exploration, Roux et al.24 derived Green’s function reconstruction for both volume 

and surface distributed sources. Following the theory, simulation and experimental verification 



 

 

8 

using vertical hydrophones in the ocean were conducted. The 20 mins of data from hydrophone 

arrays was recorded and further filtered between 70 and 130 Hz. The result shows that the 

deterministic wave fronts can be recovered through the cross-correlation of the signal under 

environmental acoustic noise (e.g. a collapsing of bubble), provided long-time correlation. The 

study suggests that the signal-to-noise ratio (SNR) of the Green’s function is related to the noise 

sources position, in which attenuation of the wave propagation in the medium and the transmission 

angle between noise and two receivers are important. Correlation time and frequency bandwidth 

were also shown to affect the SNR. In another study, Siderius et al.25 utilized passive imaging via 

cross-correlation to determine water depth and seabed sub-bottom layering. In the first experiment, 

a fixed array of 33 hydrophones with 0.5 m spacing in 200 – 1500 Hz frequency range was used 

to measure the distance between the hydrophone and the water depth. The estimation from the 

ambient noise cross-correlation matches well with the one from the geo-acoustic inversion 

experiment. In the second experiment, 32 hydrophones spaced 0.18 m drifting freely in the ocean, 

and 70 seconds data in 50 – 4000 Hz range was used for a single fathometer time trace. A seismic 

boomer (sonar) was used to profile the seabed sub-bottom and the strongest relfectors from the 

seabed. The fathometer processing through cross-correlation from ambient ocean noise produced 

a bathymetry very closed to the one created by the sonar. 

For the smaller scale of the experiment, the same phenomenon was also observed. Lobkis 

and Weaver27 derived normal modes based theory for cross-correlation of the signals from the 

ultrasonic diffusive wavefield in an enclosed media. Diffusive wavefield refers to the energy 

equiparition for all wave propagation modes. The importance of the long time correlation was 

mentioned so that the unwanted signal oscillation in Green’s function can be reduced. Spatial 

average of the sources was also assumed to cancel the high peaks (spurious arrival) in Green’s 
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function from a single mode. Deconvolution was used to decouple the source function. In the 

experiment, ultrasonic acoustic signal was generated in an irregular aluminum alloy block and it 

was proved that waveform from averaging cross-correlation could be similar to that from direct 

pitch-catch result. The link between the study and the work by Roux et al.24  is volume distributed 

sources were used by Weaver and Lobkis for experiments on metal block, while the application in 

Roux et al.’s study was for naval passive tomographic imaging. 

Snieder28 derived detailed theory for cross-correlation passive sensing based on wave 

constructive interference from the defects. Cross-correlation of the scattered waves radiated from 

the defects sensed at two receiver locations results in a waveform including the ballistic wave (the 

first arrival wave) between two receivers. In this study, theory was extended from ballistic wave 

to surface wave, and relaxed the condition from closed medium to open medium. Stationary phase 

approximation was incorporated in the theory to cancel the oscillatory term, which is contributed 

due to the scatterer (wave source) present far away from the straight line between two receivers. 

This proves that the constructive part of the cross-correlation eventually forms the ballistic part in 

Green’s function. The similar concept was also appeared in other studies25,26, which states that the 

source firing direction has to overlap with the direction between two receivers to extract the 

Green’s function. The artifacts (spurious arrival of wave) may appear if the source firing direction 

is not overlap with any of the wave propagation path between the receivers29,30. 

Wapenaar31 showed that elastodynamic Green’s function between two locations can be 

extracted from cross-correlation of waves received at these two locations in a wavefield in any 

inhomogeneous medium (enclosed and arbitrary shape), random or deterministic. In the theory, a 

correlation-type reciprocity theorem was used without assumption of the distribution of the sources. 

Furthermore, it was assumed uncorrelated noise sources and noise spectrums from different source 
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positions are all the same, which leads to that no separate measurements are needed to correlate 

the response from all the sources to obtain the Green’s function, relaxing the condition indicated 

in the study by Van Wijk29. The band-limited source leads to the band-limited Green’s function 

was also implicitly derived. It was shown that diffusive wavefield is not a requirement for 

reconstructing a perfect Green’s function, especially for the ballistic wave (the first arrival).  

The maturity of the theory of Green’s function extraction via cross-correlation28,31,32 and 

its deployment in multiple research fields leaded it to the initial exploring of passive sensing in 

structural health monitoring33-37. Sabra et al.33 reconstructed Green’s function from a pair of 

accelerometers mounted in a flat plate (12.9 m ´ 3.05 m ´ 18.4 cm) with stainless steel skins and 

a bronze hydrofoil (2.134 m ´ 3.05 m ´ 17.1 cm) subjected to vibration noise caused by turbulent 

flow (flow speed 20 m/s). Impulse response from the active sensing was compared with that from 

the cross-correlation on the first plate. Signal whitening for estimated GF on 900 – 1200 Hz 

frequency band component was compared and the match between two GFs was good. For the 

hydrofoil, GFs in low frequency 100 - 250 Hz showed identical trend, however, GFs in 800 – 1500 

Hz frequency range were different in character and magnitude due to changes in mounting 

conditions. In another study, Moulin et al.36 used localized (fixed) acoustic sources from a 

loudspeaker rather than distributed sources for Green’s function extraction, which could be 

possibly used in the case where operational loading is caused by the engine. The wave path was 

then not covering the whole structure, causing some “partially” reconstructed Green’s function. 

The experimental results from a  200 mm ´ 100 mm ´ 6 mm aluminum panel with a simulated 

defect shows that partially reconstructed Green’s function is still able to be used in damage 

detection provided the baseline is available. Duroux et al.37 applied the cross-correlation method 

in an aluminum panel to investigate the influence of 1) signal clipping, 2) number of sources, 3) 
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source distribution types to the SNR ratio of the extracted Green’s function. The panel was cut 

intentionally into an irregular shape to expedite the formation of diffusive wavefield. A laser 

Doppler vibrometer (LDV) was used to extract out-of-plane velocity of the panel at 610 sensing 

points, and two PZT actuators were used to excite a short sinusoidal pulse, respectively. The results 

shows that the level of signal clipping around 15 times of the noise level gave the best of SNR 

ratio for the Green’s function. The number of the excitation sources and duration of the signal time 

for cross-correlation positively correlated with the SNR of the Green’s function. The source 

distribution types affected little to the Green’s function as fully diffusive wavefield was achieved. 

Phase and group velocity from the reconstructed Green’s function (RGF) matched the predicted 

value given sufficient amount of sources. The RGF through cross-correlation was shown providing 

a new way for remotely and passively monitoring a local area in complex structures.  

Cross-correlation for Green’s function extraction only provides an alternative to 

reconstruct wave signal between two points. For damage detection purpose in structural health 

monitoring, Green’s function comparison between the pristine and damaged structures is needed, 

and often statistical tool for quantitively assessment is necessary38. On the other hand, for damage 

localization purpose, imaging algorithm or strategy is required on top of the tools required for 

damage detection39-44. In the studies by Chehami et al.39,40, flexural wave based theory for RGF 

was derived, which consider out-of-plane displacement based on Kirchhoff-Love equation and a 

limited number of sources. In numerical experiment, identical short pulses of noise were generated 

in an aluminum panel and the cross-correlation technique was applied. The RGF from pristine 

structure was subtracted by that from damaged structures to produce scattered wave signal only, 

which represents the wave from the damage only. Time-reversal imaging41 was used to map the 

damage and the damage location was precisely shown in color map. Experiments on a 1000 mm 
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´ 500 mm ´ 3 mm aluminum plate was conducted for damage localization with 8 piezoelectric 

transducers as sensors covering a circular area (300 mm in diameter). Sinusoidal 20 kHz pulse 

from 20 piezoelectric transducers, friction noise from the scrubbing pad and acoustic noise from 

the loudspeaker were the sources. Signal-processing tool included pulse-compression, 

normalization prior to cross-correlation, and signal whitening for signal duration from 40 ms to 60 

seconds. Four types of simulated damage were tested: hole, neodymium cylinder inclusion, surface 

crack and through-crack. Same imaging condition (Time-reversal) was applied to accurately map 

the damage location. To apply passive sensing through cross-correlation in aircraft structure, the 

dynamic nature of the excitation source must be taken into account. Hence, stably GFs in different 

measurements with random source are necessary for such technique. Scalea et al.43 inspected a 

railroad track with fully non-contact, passive-only system mounted on a running train which 

continuously generates random and non-stationary signal. Two air-coupled receivers separated by 

about 45 cm were used to capture the noise centered at 120 kHz for inspection purpose. The system  

Deconvolution operator added in cross-correlation was proposed to extract Green’s function from 

dynamic excitation to the rail to remove the coupling (or transfer function) of receivers and the 

section between the noise source and the receiver. A damage index provided a quantitative way to 

show the discontinuity in the rail, including welds, joints and defects. Since the rail can be 

considered as a 1-D problem, defect locations were shown once the damage indices were created.  

Green’s function extracted from cross-correlation can be considered as the active sensing 

with “pitch-catch” mode, in which source/receiver are in different locations. On the other hand, 

Green’s function reconstructed from the auto-correlation can be seen as the active sensing with 

“pulse-echo” mode, in which source and receiver collocate, i.e., one transducer excites as the 

source and acquire the signal itself. This concept, rarely found comparing to cross-correlation, has 
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been used in a few studies44-47. To distinguish, Green’s function from cross-correlation will be 

mentioned as Green’s function, and Green’s function from auto-correlation will be mentioned as 

self-Green’s function hereafter. Hadziioannous et al.46 compared the self-Green’s function 

extracted from auto-correlation (passive sensing) with the signal from the pulse-echo method 

(active sensing). A 64 mm ´ 80 mm bulk gel with large amount of air bubbles was used to mimic 

the seismology study and ultrasonic pulse (2.5 MHz) was emitted through transducers. Velocity 

variation in the late stage of wave propagation (coda wave) due to temperature change was 

obtained using signal stretching and doublet techniques. It was found that the velocity variation 

was the same for both active and passive sensing, although extracted self-GF was not converged 

to the true self-GF from the pulse-echo measurement. This study aimed to provide more insight 

for seismology through small-scale, controllable experiment. The auto-correlation sensitivity for 

the change of the medium state does show potential of such technique in structural health 

monitoring.  

Correlation-based Green’s function extraction method has been widely studied. Another 

technique that can be linked to Green’s function is Random decrement. Random decrement 

signature has been used in structural damage detection, damping coefficient estimation, modal 

analysis, etc.48-53 Cole48 at NASA introduced the random decrement technique based on a 

conceptual illustration of statistics instead of mathematical proof to assess damage in the aerospace 

structures. He concluded based on simulation and experiments that the random decrement signals, 

which gives a curve related to the free vibration decay of the structure with an initial displacement, 

are stable in the waveform and the scale given random ambient forces. With its stable feature, the 

obtained random decrement signals could be used for failure detection and damping measurement.  
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Vandiver et al.49 derived a rigorous mathematical proof for the random decrement 

technique. The author showed that for a Gaussian random excitation source, a random decrement 

signature of a measured long time signal is proportional to the auto-correlation function of that 

recorded signal. The triggering level and magnitude of the auto-correlation function at zero lag 

were found to be related to the proportion between the auto-correlation function and RD signal. 

Random decrement technique was tested on an offshore structure where acceleration response was 

measured. After averaging over 80 times of RD signatures, it was found the waveform of the 

random decrement signal approaches to the causal part of the auto-correlation function (i.e. auto-

correlation function in the positive time scale). 

Curadelli et al.51 used the random decrement to obtain free vibrational decay below 10 Hz 

for damping evaluation. Horizontal acceleration from the top floor of a one bay, six-storey 

aluminum 3-D frame model (0.5 m tall and 0.1 m wide) was processed with random decrement, 

and wavelet transform was used to acquire instantaneous damping coefficient for damage detection. 

The structure was subjected to Gaussian white noise using a shaking table to create unidirectional 

base motion. The study showed that parameters characterizing damping properties could be used 

as damage-sensitive features, and RD based structural response retrieval could assist damage 

detection process.   

Gul and Necati Catbas52 conducted experimental studies using random decrement to filter 

out the effect of the random loading and reconstruct the free decay response of the structures, and 

using auto-regressive modeling and Mahalanobis distance-based outlier detection algorithm to 

identify the damage in the structures. Different damage scenarios were applied on a simply 

supported steel beam and a steel grid. Acceleration was measured with 800 Hz and 400 Hz 

sampling frequencies for the beam and the grid, respectively, for 10 mins with hand-tapped 



 

 

15 

excitation. The RD was shown to consistently reconstruct the structural response and thus 

improves the outlier detection process. The author noted that the methodology is capable of 

detection changes in the structures for most of the cases.  

Sim et al.53 implemented random decrement in wireless sensor network for structural 

feature extraction. It was demonstrated that the RD technique with decentralized data aggregation 

reduces computational effort significantly comparing to Natural Excitation Technique (NExT). A 

simply supported truss model was simulated with 0-150 Hz band-limited white noise excitation. 

For experimental verification, a truss structure consisting of steel hollow circular tubes was tested 

with 0-100 Hz white noise. Mode shapes and natural frequency were reconstructed and calculated 

for both cases. It was found that the RD saves about 22% and 28% amount of data transferred 

which is required for structural properties calculation in simulation and experiment, respectively. 

This is because the RD only needs trigger information instead of the entire signal. 

1.3. Objective and Scope 

It is cleared from the literature review that correlation-based Green’s function extraction 

technique has been widely used in helioseismology, seismology and ocean tomographic imaging. 

However, the studies in the aircraft structures are still limited. Although the theoretical and some 

simulation works have been published, there are still gaps needed to be bridged for the aircraft 

structures. As for the Random decrement, the application of the RD in aircraft structure is rare, 

and the focus has been on vibration features at low frequencies. 

The purpose of this thesis is to document the potential of Green’s function extraction 

techniques (for both Green’s function and self-Green’s function) in passive sensing application. A 

comprehensive theoretical derivation will be reviewed, and a detailed simulation study will be 

shown for deeply understanding of the physics of such techniques. Experimental results from the 
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structures subjected to the turbulent flow (including aluminum and composite structures) will also 

be shown.  

The remainder of this thesis is divided into 5 sections. Section 2 will first summarize the 

theoretical proof of Green’s function extraction techniques. Two imaging conditions used in this 

study will also be introduced. Section 3 will show the simulation result for Green’s function 

reconstruction using ABAQUS software. Section 4, 5 and Section 6 are the results from the auto-

correlation, Random Decrement, and cross-correlation method, respectively. The conclusion will 

be drawn in the Section 7. 
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2. FORMULATIONS OF GREEN’S FUNCTION RECONSTRUCTION METHODS AND 

IMAGING CONDITION 

This chapter document the formulations of the Green’s function extraction techniques, 

including auto-correlation, cross-correlation, and random decrement, for the passive sensing 

application. The second part of this chapter will present the imaging conditions that was created 

from the other studies, or specifically developed for this research. 

2.1. Formulations of Green’s Function Reconstruction Methods 

The Green’s function extraction techniques was formulated based on the equation of 

motion, reciprocity theorem, and the representation theorem. This section will detail the 

derivations of each theory and concept. 

2.1.1. Equation of motion  

In this chapter, some fundamental results for time-reversal method used in impact 

identification and damage detection are derived. They are based on the integral representation of 

the solution of the elastic wave equation. The following section underlying the physics of the 

representation theorem in terms of Green’s functions based on linear elastodynamics is formulated. 

The time-reversal method is one of the most popular methods for optimally focusing the damage(s) 

from sensor data. The detailed proof can be seen from Aki and Richards1.  

Consider an initial-boundary value problem of generation of wave in an elastic material. 

The elastic property can be described by the elastic tensor (or material stiffness matrix)  

and density . The material properties (i.e. elastic tensor and density) considered here are only 

the functions of the position, instead of the time. The region of interest is in the domain D, 

enclosed by a surface S. The equation of motion in time domain is given below: 

 , ,  (2.1) 

Cijkl (x)

ρ(x)

(σ ij ), j + fi = ρ!!ui x ∈D t > 0.



 

 

25 

where , , and  are stress tensor, displacement and body force, respectively. The notation 

 is used to express spatial derivative , in the  direction,. Double dots over a variable 

indicate a second-order time derivative. In addition, stress tensor can be written as , 

where  is the strain tensor. Note that in the time domain,  is a function of the 

time  and the position , i.e., . 

An important property of the elastic tensor is that the elastic tensor is symmetric:     

  (2.2)  

The stress tensor  can be expressed as 

  (2.3) 

Using , Equation (2.3) becomes 

   

Exchange the notation l and k for the second term on the right-hand side,  

  

Finally, the stress tensor can be written as  

  

From above results, rewrite Equation (2.1) as 

  (2.4) 

σ ij ui fi

(),i
∂
∂xi

i

σ ij = Cijklε kl

ε kl =
1
2
(uk ,l + ul ,k ) u

t x u(x,t)

Cijkl = Cklij = Cijlk = Cjikl .

σ ij = Cijklε kl

Cijklε kl =
1
2
Cijkluk ,l +

1
2
Cijklul ,k .

Cijkl = Cijlk

1
2
Cijkluk ,l +

1
2
Cijklul ,k =

1
2
Cijkluk ,l +

1
2
Cijlkul ,k .

1
2
Cijkluk ,l +

1
2
Cijkluk ,l = Cijkluk ,l .

σ ij = Cijkluk ,l .

(Cijkluk ,l ), j + fi = ρ!!ui
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The equation shows that the particle movement (acceleration in this case) is caused by the 

disturbance in or outside of the medium. The medium can be excited from any one of the three 

sources of disturbance: body force, initial condition, and boundary condition. The elastic waves 

with wave front travel through the medium from the source of disturbance. The particle movement 

can be expressed by mathematical form of particle displacement  in the equation of motion, 

i.e. Equation (2.4). 

The body force term can be expressed simply by the notation , in which i is the 

direction of the force applied. The boundary condition can be divided into two groups, i.e., the 

displacement and the traction boundary conditions that are given at each point of the surfaces S, 

. For the displacement boundary condition,  for , where  

is the prescribed displacement. For the traction boundary condition,  for . 

The boundary condition can also be a combination of the two at part of the boundary. 

Initial condition needs to be considered. The particle displacement  and its derivative 

with respect to time are given at some starting value, . It gives that , and 

, for .    

One way to solve the wave problems is using partial differential equations. Another way 

to see the problem is through equivalent integral equation, representing the displacement response 

from the initial and boundary conditions and the body force. 

2.1.2. Reciprocity theorem 

The waveform excited at position B by an actuator received at position A by a sensor, is 

equal to the waveform excited at position A by an actuator received at position B by a sensor. This 

is called the principle of reciprocity. From the point of view of physics, it means that the energy 

u(x,t)

fi
( A) (x,t)

S = Su ∪ Sσ ui(x,t) = ui(x,t) x ∈Su ui(x,t)

ti = Cijkluk ,ln j x ∈Sσ

u(x,t)

t = t0 u(x,t0 ) = u0(x)

!u(x,t0 ) = v0(x) x ∈V
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absorption and particle interaction along the wave propagation path from A to B is the same as 

those from B to A.  

The principle of reciprocity is a powerful tool. It simplifies many of the mathematical 

derivations, and reduces significant amount of resources and time for some of time-consuming 

simulations and experiments. For example, it is common to use the combination of laser Doppler 

vibrometer (LDV) and Nd:YAG pulse laser to inspect the structural integrity. Laser Doppler 

vibrometer detects the out-of-plane velocity and is used to scanned the surface of the structure. 

Nd:YAG pulse laser system can focus a laser beam on the surface and heat up the surface in a 

short time, creating a thermal expansion in the local area and generating elastic wave in the 

structure. However, it is time-consuming to use LDV to scan the surface as sensor system while 

pulse laser acts as an actuator, which mimics a sensor array collecting signal excited from an single 

sensor, due to the fact that LDV system need to refocus every time it moves to a new position. The 

alternative way is to utilize reciprocity theorem, where pulse laser is used to excite at an array of 

points on the surface of the structure and LDV measures the same point continuously. Since pulse 

laser system does not require refocus, it reduces the experiment time significantly. 

This section deals with the derivation of the reciprocity theorem. 

Let two permissible states A and B occur in the same medium. Same as the previous 

assumption, here assume  is the particle displacement due to the body force , 

boundary conditions on the surface S and initial condition at . Assume another particle 

movement  caused by a different body force  , boundary conditions on the surface S 

and initial conditions at . The equation of motion for two states, using Equation (2.4), are 

given by: 

  (2.5) 

u( A) (x,t) f ( A)

t = 0

u(B) (x,t) f (B)

t = 0

(Cijkluk ,l
( A) ), j + fi

( A) = ρ!!ui
( A)
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  (2.6) 

Multiplying Equation (2.5) by   and Equation (2.6) by , subtracting two equations, 

rearranging and adding integral over volume V on two equations gives  

. (2.7)   

Using integral by parts, the first term of Equation (2.7) can be given by 

 , (2.8) 

and the second term can be expressed using the same method, 

 . (2.9) 

Note that due to symmetric property of elastic tensor, , the second term on the 

right-hand side of Equation (2.8) can be rewritten as 

 . 

It gives,  

  ,  

which is exactly the second term on the right-hand side of Equation (2.9). 

By inserting Equation (2.8) and Equation (2.9) back into Equation (2.7), and using Gauss’s 

theorem to convert volume integral into surface integral, and considering the symmetry of elastic 

tensor, Equation (2.7) leads to 

.(2.10) 

Equation (2.10) can be expressed in the vector form, 

(Cijkluk ,l
(B) ), j + fi

(B) = ρ!!ui
(B)

ui
(B) ui

( A)

ui
(B) (Cijkluk ,l

( A) ), j − ui
( A) (Cijkluk ,l

(B) ), j⎡⎣ ⎤⎦dV = − ui
(B) ( fi

( A) − ρ!!ui
( A) )− ui

( A) ( fi
(B) − ρ!!ui

(B) )dV
V
∫

V
∫

ui
(B) (Cijkluk ,l

( A) ), j dV
V
∫ = (ui

(B)Cijkluk ,l
( A) ), j dV

V
∫ − ui, j

(B)Cijkluk ,l
( A) dV

V
∫

ui
( A) (Cijkluk ,l

(B) ), j dV
V
∫ = (ui

( A)Cijkluk ,l
(B) ), j dV

V
∫ − ui, j

( A)Cijkluk ,l
(B) dV

V
∫

Cijkl = Cklij

ui, j
(B)Cijkluk ,l

( A) = ui, j
(B)Cklijuk ,l

( A)

ui, j
(B)Cklijuk ,l

( A) = uk ,l
( A)Cklijui, j

(B)

(ui
(B)Cijkluk ,l

( A) )− (ui
( A)Cijkluk ,l

(B) )⎡⎣ ⎤⎦nj dS
S
!∫ = − ui

(B) ( fi
( A) − ρ!!ui

( A) )− ui
( A) ( fi

(B) − ρ!!ui
(B) )dV

V
∫
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  , (2.11) 

where the ith component of the traction vector t is . This is so called the Betti’s 

reciprocity theorem. 

The above equations do not yet utilize the initial conditions. Further, Equation (2.11) holds 

when the states (A) and (B) are evaluated at different times. Set time in state (A) at  and 

time in state (B) at , and integrate Equation (2.11) over the time from 0 to , Equation 

(2.11) becomes  

  (2.12) 

Take the time integration first, then the acceleration term can be linked with the initial and 

final times,    

  (2.13) 

The integral cancel out with the derivative, and Equation (2.13) becomes 

   (2.14) 

Rearrange the equation and it gives   

   (2.15) 

(u(B)t ( A) )− (u( A)t (B) )dS
S
!∫ = − u(B) ( f ( A) − ρ!!u( A) )− u( A) ( f (B) − ρ!!u(B) )dV

V
∫

ti = Cijkluk ,ln j

t ( A) = t

t (B) = τ − t τ

u(B) (τ − t)t ( A) (t)⎡⎣ ⎤⎦ − u( A) (t)t (B) (τ − t)⎡⎣ ⎤⎦dS
S
!∫ dt

0

τ

∫
= − u(B) (τ − t) f ( A) (t)− ρ!!u( A) (t)⎡⎣ ⎤⎦ − u

( A) (t) f (B) (τ − t)− ρ!!u(B) (τ − t)⎡⎣ ⎤⎦dV
V
∫ dt.

0

τ

∫

−u(B) (τ − t)ρ!!u( A) (t)+ u( A) (t)ρ!!u(B) (τ − t)dt
0

τ

∫
= ρ ∂

∂t
−u(B) (τ − t) !u( A) (t)+ u( A) (t) !u(B) (τ − t)⎡⎣ ⎤⎦dt0

τ

∫ .

ρ ∂
∂t

−u(B) (τ − t) !u( A) (t)+ u( A) (t) !u(B) (τ − t)⎡⎣ ⎤⎦dt0

τ

∫
= ρ −u(B) (0) !u( A) (τ )+ u( A) (τ ) !u(B) (0)+ u(B) (τ ) !u( A) (0)− u( A) (0) !u(B) (τ )⎡⎣ ⎤⎦.

ρ −u(B) (0) !u( A) (τ )+ u( A) (τ ) !u(B) (0)+ u(B) (τ ) !u( A) (0)− u( A) (0) !u(B) (τ )⎡⎣ ⎤⎦
= ρ − !u( A) (τ )u(B) (0)+ u( A) (τ ) !u(B) (0)+ !u( A) (0)u(B) (τ )− u( A) (0) !u(B) (τ )⎡⎣ ⎤⎦.
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Note that the assumption here is the material properties do not change with time, i.e. 

material properties are time invariant, so the density can be moved to the outside of the integral. 

In some cases, the material properties may change with time, e.g. temperature effect, then the 

derivation here no longer valid.  

If there is a specific time  such that when , both  and  are zeros, then it is 

obvious that Equation (2.15) is zero. 

 .  (2.16) 

From the physical point of view, it shows that before  everything is quiescent, hence the 

displacement and the velocity are all zeros before this time.  

If instead, take integral over time from  to , Equation (2.11) becomes 

  (2.17) 

the acceleration term, from Equation (2.16), can be further inferred that  

 . 

 It gives 

   (2.18) 

Apply the definition of convolution , 

then Equation (2.18) can be expressed as 

τ 0 τ ≤ τ 0 ui
( A) ui

(B)

ρ − !u( A) (τ )u(B) (0)+ u( A) (τ ) !u(B) (0)+ !u( A) (0)u(B) (τ )− u( A) (0) !u(B) (τ )⎡⎣ ⎤⎦ = 0

τ 0

−∞ ∞

u(B) (τ − t)t ( A) (t)⎡⎣ ⎤⎦ − u( A) (t)t (B) (τ − t)⎡⎣ ⎤⎦dS
S
!∫ dt

−∞

∞

∫
= − u(B) (τ − t) f ( A) (t)− ρ!!u( A) (t)⎡⎣ ⎤⎦ − u

( A) (t) f (B) (τ − t)− ρ!!u(B) (τ − t)⎡⎣ ⎤⎦dV
V
∫ dt

−∞

∞

∫ ,

ρ − !u( A)u(B) + u( A) !u(B) + !u( A)u(B) − u( A) !u(B)⎡⎣ ⎤⎦ = 0

u(B) (τ − t)t ( A) (t)⎡⎣ ⎤⎦ − u( A) (t)t (B) (τ − t)⎡⎣ ⎤⎦dS
S
!∫ dt

−∞

∞

∫
= − u(B) (τ − t) f ( A) (t)− u( A) (t) f (B) (τ − t)dV

V
∫ dt

−∞

∞

∫ .

( f ⊗ g)(t) = f (τ )g(t −τ )dτ
−∞

∞

∫
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 .  (2.19) 

Equation (2.19) is often called Betti-Rayleigh reciprocity theorem of correlation type for 

displacement fields with a quiescent past (causal condition). This general expression is valid for 

any surface S enclosing a volume V, which is not necessary the entire volume of the elastic body 

in which the wave propagates. 

2.1.3. Green’s function in elastodynamics 

In different fields, there are different names for Green’s function, e.g. fundamental solution, 

impulse response, transfer function, to name a few. In elastodynamic theory, the Green’s function 

gives the displacement solutions given a unit force in a unit direction. Using the superposition 

principle for linear problems, if an arbitrary force is applied and can be represented as function 

, the displacement solution for this specific condition is simply the convolution of the 

Green’s function with . This shows that the advantage of having Green’s function as prior 

knowledge.    

The reciprocity theorem derived above provides the basis of deriving the representation 

theorem for the displacement, by choosing one of the solutions to be a Green’s function. Since 

both the force and the displacement are vectors with three components, the Green’s function is a 

 tensor. The force can be defined as a body force acting per unit volume on a position  at 

some reference time. 

Consider a special case of an impulsive force applied at a position  , at time , 

and if this force is exerted on the nth direction, it gives that  is proportional to the three-

dimensional delta function  specifying the spatial location; to the one-dimensional delta 

function  specifying the time of the applied impulsive force; and to the Kronecker delta 

(u(B)⊗ t ( A) )− (u( A)⊗ t (B) )dS
S
!∫ = − u(B)⊗ f ( A) − u( A)⊗ f (B) dV

V
∫

f (x)

f (x)

3× 3 x

x = ξ t = τ

f (x,t)

δ (x − ξ )

δ (t −τ )
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function , specifying the direction of the force so that  if . To represent the direction 

the body force is applied on, an additional subscript n is added. Then the body force can be 

expressed by , where A is a constant for the magnitude of the impulse.  

Note that the dimension of , function of   and , are force per unit 

volume, 1/(unit volume), and 1/(unit time), respectively. The Kronecker delta is dimensionless, 

thus A has a physical unit for an impulse (force × time). Here the additional index n refers to one 

specific direction, hence it does not follow the indicial notation rules. 

The displacement field generated from the point body force is well-known, and called as 

the elastodynamic Green’s function. The Green’s function can be expressed by , 

which represents the ith component of displacement at the point  at time  due to a unit impulse 

force (A = 1) applied at the position  at time  in the n-direction. Recall that the equation of 

motion shown in Equation (2.4) is  

 . 

It is clear that the Green’s function satisfies the equation of motion. Substitute the body 

force and the Green’s function representation in Equation (2.4), and it gives 

 .  

The representation theorem can be simplified by using Green’s function that satisfies the 

zero initial conditions; that is,  for  and . To specify 

Green’s function G uniquely, the boundary conditions on S need to be prescribed. If the boundary 

conditions do not vary with time, then the time reference can be specified arbitrarily, and the 

Green’s function can be expressed in terms of relative time scale . Hence, 

 . 

δ in fi = 0 i ≠ n

fi(x,t) = Aδ inδ (x − ξ )δ (t −τ )

fi δ (x − ξ ) δ (t −τ )

Gin(x,t;ξ ,τ )

x t

ξ τ

(Cijkluk ,l ), j + fi = ρ!!ui

(CijklGkn,l )+δ in(x − ξ )δ in(t −τ ) = ρ !!Gin

G(x,t;ξ ,τ ) = !G(x,t;ξ ,τ ) = 0 t ≤ τ x ≠ ξ

t −τ

G(x,t;ξ ,τ ) = G(x,t −τ ;ξ ,0) = G(x,−τ ;ξ ,−t)
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This is the temporal reciprocal theorem for actuator and sensor times. 

Further, if G satisfies the homogenous boundary conditions on S which is often the case in 

practice, that is, either displacement or the traction vanishes at every point on the surface S, then 

Equation (2.18) can be used to deduce an important spatial reciprocal theorem for actuator and 

sensor locations and will be used to derive the representation theorem. 

Let  be a unit impulse applied in the m-direction at the position  and time , 

and  be a unit impulse applied in the n-direction at position  and time . Then the 

corresponding displacement  and  at random location and time,  and , is 

 and , respectively. Recall that Equation (2.18) is 

 

Applying zero traction boundary condition, and substituting the displacement, and the body 

force into Equation (2.18) gives 

  

The shifting property of the Dirac delta function further gives 

 . 

Finally, since the integral is zero, it indicates the integrand is zero, 

 .   (2.20) 

Now choosing , Equation (2.20) becomes 

 , (2.21) 

f ( A) x = ξ1 t = τ1

f (B) x = ξ2 t = −τ 2

ui
( A) ui

(B) x t

ui
(A) = Gim(x,t;ξ1,τ1) ui

(B) = Gin(x,t;ξ2 ,−τ 2 )

u(B) (τ − t)t ( A) (t)⎡⎣ ⎤⎦ − u( A) (t)t (B) (τ − t)⎡⎣ ⎤⎦dS
S
!∫ dt

−∞

∞

∫ = − u(B) (τ − t) f ( A) (t)− u( A) (t) f (B) (τ − t)dV
V
∫ dt

−∞

∞

∫

Gin(x,τ − t;ξ2 ,−τ 2 )δ imδ (x − ξ1)δ (t −τ1)dt−∞

∞

∫⎡⎣⎢
⎤
⎦⎥V

∫

− Gim(x,t;ξ1,τ1)δ inδ (x − ξ2 )δ (τ − t +τ 2 )dt−∞

∞

∫ ⎤
⎦⎥
dV = 0.

Gmn(ξ1,τ −τ1;ξ2 ,−τ 2 )−Gnm(ξ2 ,τ +τ 2;ξ1,τ1)dV
V
∫ = 0

Gmn(ξ1,τ −τ1;ξ2 ,−τ 2 ) = Gnm(ξ2 ,τ +τ 2;ξ1,τ1)

τ1 = τ 2 = 0

Gmn(ξ1,τ ;ξ2 ,0 ) = Gnm(ξ2 ,τ ;ξ1,0 )
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which specifies a pure spatial reciprocity for actuator and sensor locations. On the other hand, 

choosing , Equation (2.20) gives 

 , (2.22) 

which specifies a space-temporal reciprocity. 

Notice that the assumption and physical meaning behind Equation (2.18), Equation (2.21) 

and Equation (2.22). The derivation of Equation (2.18) utilizes only time invariant of structural 

properties such as density. It’s the most general form of reciprocity theorem here. Equation (2.21) 

and Equation (2.22) come out from assuming that either displacement or traction vanishes on the 

surface S, and this boundary condition holds all the time, which practically is often the case. For 

example, if there is no prescribed displacement for the boundary condition of an aluminum plate, 

using spatial reciprocity, i.e. Equation (2.21), we can assure that with the same two excitation 

waveforms each from position A and position B, the waveform B receiving from position A equals 

to the waveform A receiving from the excitation at B.  

In the following the Green’s function can be expressed by relative time scale t and briefly 

expressed by .   

2.1.4. Representation theorem 

Choosing the state (B) as the Green’s functions and dropping the superscript for the state 

(A) displacement field, Equation (2.18) can be given by the following expression with minor 

arrangement: 

   (2.23) 

τ = 0

Gmn(ξ1,−τ1;ξ2 ,−τ 2 ) = Gnm(ξ2 ,τ 2;ξ1,τ1)

G(x,ξ ,t)

un(ξ ,τ ) = dt
−∞

∞

∫ Gin(x,ξ ,τ − t) fi(x,t)dV
V
∫

− dt
−∞

∞

∫ Gin(x,ξ ,τ − t)Cijkluk ,l (x,t)nj − ui(x,t)CijklGkn,l (x,ξ ,τ − t)nj⎡⎣ ⎤⎦dS
S
∫ .
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To give a physical interpretation of this equation more effectively, alter the role of  

accompanied by  and use the spatial reciprocal relation, Equation (2.21), Equation (2.23)

leads to the representation theorem in the space-time domain, 

  (2.24) 

Equation (2.24) can be interpreted as the sum of the displacements , due to the 

elementary point forces distributed as the force density through V, which is the volume integral on 

the right side. The first term of the surface integral on the right-hand side of the equation 

contributes to in the form of tractions on surface , arising from the surface distribution 

of point forces with magnitude . In a similar concept, the contribution to 

from the second term of the surface integral corresponds to the disturbance source at x due to the 

surface distribution of dipoles and couples at points   in  of the type in 

the k-direction with magnitude . 

Since the Fourier transform of a convolution of two functions is the product of the 

individual transforms, the representation theorem in the space-frequency domain can be expressed 

as 

   (2.25) 

Note that and other quantities denote the Fourier transformed variables. The  

as an argument for the transform is omitted for conciseness. Equation (2.24) and Equation (2.25) 

x↔ ξ

t↔ τ

ui(x,t) = dτ
−∞

∞

∫ Gin(x,ξ ,t −τ ) fn(ξ ,τ )dV (ξ )
V
∫

+ dτ
−∞

∞

∫ Gin(x,ξ ,t −τ )Cnjkluk ,l (ξ ,τ )nj − un(ξ ,τ )Cnjk lGik ,l (x,ξ ,t −τ )n j⎡⎣ ⎤⎦dS(ξ )
S
!∫ .

ui(x,t)

ui(x,t) Sσ

Cnjkluk ,l (ξ ,τ )nj ui(x,t)
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!∫ .

Gin(x,ξ ) ω
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state  that, assuming the Green’s function and its spatial derivative for every point in V or on the 

surface are known, we can obtain a complete displacement field if the applied force, traction and 

moment are known. This is so-called representation theorem.  

2.1.5. Reciprocity theorem of convolution type 

Assume two states (A) and (B) can occur in the same medium independently. The 

equilibrium equations in the frequency domain for two states are given by: 

  (2.26) 

  (2.27) 

where  and  are displacements for states (A) and (B), generated by body forces  and 

, respectively.  

By multiplying Equation (2.26) by  and Equation (2.27) by , subtracting the two 

expressions and integrating over a volume V, it gives 

 . (2.28) 

Using integration by parts, the volume integrals on the left-hand side of Equation (2.28) 

can be given by: 

 , (2.29) 

and the second term can be followed in a similar manner. Inserting these expressions and 

converting volume integrals to surface integrals using Gauss’s theorem leads to 

  (2.30) 

ρω 2ui
( A) + (cijkluk ,l

( A) ), j = − fi
( A)

ρω 2ui
(B) + (cijkluk ,l

(B) ), j = − fi
(B)

u( A) u(B) f ( A)

f (B)

ui
(B) ui

( A)

[ui
(B) (cijkluk ,l

( A) ), j
V
∫ − ui

( A) (cijkluk ,l
(B) ), j ]dV = − (

V
∫ fi( A)ui(B) − fi(B)ui( A) )dV

( ) ( ) ( ) ( ) ( ) ( )
, , , , , ,( ) ( )B A B A B A

i ijkl k l j i ijkl k l j i j ijkl k l
V V V

u c u dV u c u dV u c u dV= -ò ò ò

(ui
(B)cijkluk ,l

( A) − ui
( A)cijkluk ,l

(B) )nj dS
S
!∫ − (

V
∫ ui, j(B)cijkluk ,l( A) − ui, j( A)cijkluk ,l(B) )dV

= − (
V
∫ fi( A)ui(B) − fi(B)ui( A) )dV .
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Note that the second term on the left hand side vanishes due to symmetry of the elasticity 

tensor, . Thus one has 

 , (2.31) 

or expressed in the vector form: 

 .  (2.32) 

The above equation is often called Betti-Rayleigh reciprocity theorem. This general 

expression holds for any volume V, which is not necessary to the entire volume of the elastic body 

through which the wave propagates. Notice that the reciprocity theorem we have above are called 

“convolution-type” reciprocity theorem. 

2.1.6. Correlation type reciprocity theorem 

The other type is called reciprocity theorem of “correlation type” which will be derived as 

follow. Recall the equation of motion in Equation (2.26) and (2.27). Put complex conjugate to 

Equation (2.27) gives  

 .   

Multiplying this equation by  and Equation (2.26) by , subtracting the two 

equations and integrating over a volume V gives 

 . (2.33) 

Replicating the process from Equation (2.28) to (2.30),  

 . (2.34)  

Equation (2.34) can be expressed in the vector form   

cijkl = cklij

(ui
(B)cijkluk ,l
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S
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V
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V
∫

ρω 2ui
∗(B) + (cijkluk ,l

∗(B) ), j = − fi
∗(B)

( )A
iu

( )B
iu
*

ui
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∗(B) ), j⎡⎣ ⎤⎦dV
V
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V
∫ fi( A)ui∗(B) − fi∗(B)ui( A) )dV

(ui
∗(B)cijkluk ,l
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∗(B) nj )dS
S
!∫ = − (

V
∫ fi( A)ui∗(B) − fi∗(B)ui( A) )dV
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 . (2.35)  

This is the reciprocity theorem of correlation-type, since the product of a and b, , in 

the frequency domain is the convolution in the time domain , and  in the 

frequency domain is the correlation of two in the time domain . 

For the case wherein the Green’s function satisfies homogeneous boundary conditions on 

the bounding surface S. Since the time variable is irrelevant in the frequency domain, the Green’s 

function in the frequency domain is written as . Homogeneous boundary conditions 

indicates that either the Green’s function or its associated traction vanish on the boundary:

or  where x is located on the surface S. When the point force 

 and  excite the wavefields  and , these 

wavefields are by definition equal to the Green’s functions:  and 

.  

Applying shifting property of the Dirac delta function for this special excitation, the 

following identify holds:  

 .  (2.36) 

Recall that Equation (2.31) is 

 . 

Applying the homogeneous boundary condition, it becomes 

 . 

(u*(B) ⋅ t ( A) − u( A) ⋅ t*(B) )dS
S
!∫ = − ( f ( A) ⋅u*(B) − f *(B) ⋅u( A) )dV

V
∫

a ⋅b

a(t)⊗ b(t −τ )dτ
−∞

∞

∫ a ⋅b∗

a(t)⊗ b(t +τ )dτ
−∞

∞

∫

G(x,ξ )

Gin(x,ξ1) = 0 njcijklGln,k (x,ξ1) = 0

fi
( A) (x) = δ inδ (x − ξ1) fi

(B) (x) = δ imδ (x − ξ2 ) ui
( A) (x) ui

(B) (x)

ui
( A) (x) = Gin(x,ξ1)

ui
(B) (x) = Gim(x,ξ2 )

fi
( A)∫ ui

(B) (x)dV = δ in(x − ξ1)∫ Gim(x,ξ2 )dV = Gnm(ξ1,ξ2 )

(ui
(B)cijkluk ,l

( A) − ui
( A)cijkluk ,l

(B) )nj dS
S
!∫ = − (

V
∫ fi( A)ui(B) − fi(B)ui( A) )dV

(
V
∫ fi( A)ui(B) − fi(B)ui( A) )dV = 0
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Inserting the results from Equation (2.36) into above equation then gives the reciprocal 

principle: 

 . (2.37) 

This principle states that the displacement in the n-direction at  due caused by a point 

source excitation at  in the m-direction is identical to the displacement in the m-direction at  

due to a point source excitation in  in the n-direction. In other words, when the role of actuator 

and sensor is exchanged, exactly the same wavefield can be observed. Intuitively, the reciprocal 

principle can be interpreted as: energy propagates equally well along a give wave path in either 

direction. Regardless of the direction of the wave path, waves travel at the same speed with the 

same attenuation.  

2.1.7. Representation theorem in frequency domain 

The elastodynamic representation theorem can be then formulated by taking the state (B) 

where is a unit point force at location  in the n-direction:  and the 

resulting displacement is the Green’s tensor: . Inserting the state (B) into 

Equation (2.31), dropping the superscripts for state (A), and making no assumptions about the 

boundary condition yield: 

. (2.38) 

Finally, by applying reciprocity to Green’s functions and exchanging the variables  

and subscripts , it shows the elastodynamic representation theorem: 

. (2.39) 

1 2 2 1( ) ( )nm mnG , G ,=x x x x

ξ1

ξ2 ξ2

ξ1

f (B) ξ fi
(B) (x) = δ inδ (x − ξ )

ui
(B) (x) = Gin(x − ξ )

un(ξ ) = Gin(x,ξ ) fi(x)dV
V
∫ + Gin(x,ξ )njcijkluk ,l (x)− ui(x)njcijklGkn,l (x,ξ )⎡⎣ ⎤⎦dS

S
!∫

x↔ ξ

i↔ n

ui(x) = Gin(x,ξ ) fn(ξ )dV (ξ )
V
∫ + Gin(x,ξ )njcnjkluk ,l (ξ )− un(ξ )njcnjklGki,l (x,ξ )⎡⎣ ⎤⎦dS

S
!∫
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Equation (2.39) is the representation theorem in the space-frequency domain. It means that 

the wavefield  can be computed everywhere within the volume V once the body forces   

inside the volume, the wavefield , and associated traction  on the 

surrounding surface S are known. Note that the integration and differentiation are now performed 

over the x-coordinate. 

To time-reverse the wavefield in a volume V, the displacements and tractions measured at 

the surface S in the first step have to be time reversed on the surface, such that the time-reversed 

displacements radiated from the boundary can be written as 

,

 (2.40) 

where * denotes complex conjugation and the volume integral is ignored. Note that Equation (2.40) 

can be used to compute the time-reversed wavefield  (including all high-order interactions at 

any location, not just at an original source location). 

2.1.8. Green’s function reconstruction from auto-correlation 

To derive the relation for auto-correlation and Green’s function, again consider the 

Cartesian coordinate system, and the equation of motion for the state (A),  

  (2.41) 

  (2.42) 

Equation (2.41) and (2.42) are the equation of motions in the frequency domain, in which 

 is the i-th component of velocity at position A,  is the stress tensor, 𝜔 is the angular 

ui(x) fn(ξ )

un(ξ ) ti = njcijkluk ,l (ξ )

ui
*(x) = Gin(x,ξ ) fn

*(ξ )dV (ξ )
V
∫ + Gin(x,ξ )njcnjkluk ,l

* (ξ )− un
*(ξ )njcnjklGki,l (x,ξ )⎡⎣ ⎤⎦dS(ξ )

S
!∫

ui
*

jωρvi
( A) −σ ij , j

( A) = fi
( A)

− jωρvi
( A)* −σ ij , j

( A)* = fi
( A)*

vi
( A) σ ij
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frequency, 𝜌 is the material density, fi is the body force applied on i-th direction, and * is complex 

conjugate. 

By multiplying Equation (2.41) by complex conjugate particle velocity  and Equation 

(2.42) by particle velocity , and summing two equations, the first terms on the left side of the 

Equation (2.41) and Equation (2.42) cancel out. Take volume integral on both sides, 

 . (2.43) 

Using product rule of the derivative, the first term of the Equation (2.43) becomes 

 , (2.44) 

and the second term of the Equation (2.43) becomes  

 . (2.45) 

Using theorem of Gauss, the first term on the right-hand side of the Equation (2.44) and (2.45) can 

be further written as  

 , (2.46) 

 . (2.47) 

Combined above results, Equation (2.43) can be rewritten as 

  (2.48) 

The stress tensor can be expressed as 

 , 
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V
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( A)* ), j − vi, j

( A)σ ij
( A)* dV

V
∫
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V
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S
!∫ − (vi, j

( A)*σ ij
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∫ .
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 . 

Note that the stiffness matrix is symmetric, and hence . Use this property, the 

first product in the second integral in Equation (2.48) becomes 

 . 

Hence, the second integral is zero. Equation (2.48) becomes 

 . (2.49) 

Apply this result to the wavefield in a inhomogeneous medium, bounded by a free surface 

S, and choose the bounded surface S such that it consists of two surfaces S1 and S2, inside the 

medium. Moreover, it is assumed that there is no body force, so the right-hand side of equation is 

zero. It gives 

 . (2.50) 

Equation (2.50) can be expressed in a simpler form using traction notation, where 

 and . Then using this notation, Equation (2.50) becomes  

 . (2.51) 

Now assume that there is a traction force applied at position A ( ) on j-direction, apply 

the Green’s function to the displacement field (see detail in correlation type reciprocity theorem),  
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( A) = Gi,p
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and the traction force of the first term in Equation (2.51) can be written as 

  (2.52) 

The  is the Green’s function from  to  in the frequency domain; the 

superscripts represent that the received signal is in velocity form and applied source is in traction 

form; the subscripts represent the velocity is in i-direction and the applied traction is in p-direction.  

The sifting property of the Dirac function can be applied on the right-hand side of Equation 

(2.52) and it gives 

 (2.53) 

Now recall the reciprocity principle derived in Equation (2.37) 

 . 

Using reciprocity principle, Equation (2.53) gives 

  (2.54) 

ti
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This implies that the first term in Equation (2.51) is the Green’s function, received at 

position  in p-direction from a source at the same position  in p-direction, coupled with the 

source spectrum. On the other hand, assume the homogenous boundary condition for the surface 

,  

  

  

  

  

The second term in Equation (2.51) becomes 

  (2.55) 

The  is the Green’s function from  to  in the frequency domain; the 

superscripts represent that the received signal is in traction form and applied source is also in 

traction form; the subscripts represent the received traction is in i-direction and the applied traction 

is in p-direction.  

Note that  is the traction and hence can be represented by displacement 

according to the generalized Hooke’s law, which specifies that stress is proportional to strain. In 

the assumption that the material is homogeneous, which means the material property is constant, 

xA xA
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2
dS2

S2
!∫ .

Gi,p
t ,t (x,xA,ω ) xA x

Gi,p
t ,t (x,xA,ω )
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a constant  is introduced such that . Hence, Equation (2.55) 

becomes 

 (2.56) 

Equation (2.56) can be further simplified  

 (2.57) 

Using the reciprocity principle, then Equation (2.57) can be modified as 

  (2.58) 

This indicates that the second term in Equation (2.51) is the summation of the auto-

correlation of the velocity wavefield received at locations, convolved with the source spectrum 

with some constants.  

Finally, using the results from Equation (2.54) and (2.58) , it gives  

   (2.59) 

This final derivation shows that Green’s function from positions  to itself can be reconstructed 

through the summation of the auto-correlation of received wavefield at this position, given that the 
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source is well-distributed over the material surface. This Green’s function from auto-correlation 

can also be considered as “self-impulse response”.  

Note that there is no assumption for the material boundary, hence the derivation here can 

also be applied to the plate-like structures. As a result, guided-wave, generated in the plate-like 

structures, is suitable for Green’s function reconstruction process.  
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2.1.9. Green’s function reconstruction from cross-correlation 

To derive the relation for cross-correlation and Green’s function, the derivation process in 

the auto-correlation is repeated. The equations of motion for two states (A) and (B) are 

  (2.60) 

  (2.61) 

Equation (2.60) and (2.61) are the equation of motions in the frequency domain, in which 

 and are the i-th component of velocity at position A and B, respectively.  is the stress 

tensor, 𝜔 is the angular frequency, 𝜌 is the material density, fi is the body force applied on i-th 

direction, and * is complex conjugate. 

By multiplying Equation (2.60) by complex conjugate particle displacement  and 

Equation (2.61) by particle displacement , and summing two equations, the first terms on the 

left side of the Equation (2.60) and Equation (2.61) cancel out. Take volume integral on both sides, 

   (2.62) 

Using product rule of the derivative, the first term of the Equation (2.62) becomes 

 , (2.63) 

and the second term of the Equation (2.62) becomes  

   (2.64) 

Using theorem of Gauss, the first term on the right-hand side of the Equation (2.63) and 

(2.64) can be further written as  
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  (2.66) 

Combined above results, Equation (2.62) can be rewritten as 

  (2.67) 

The stress tensor can be expressed as 

 , 

 . 

Note that the stiffness matrix is symmetric, and hence . Use this property, the 

first product in the second integral in Equation (2.67) becomes 

 .  

Hence, the second integral in Equation (2.67) is zero. 

  (2.68)  

Apply this result to the wavefield  in a inhomogeneous medium, bounded by a free surface 

S, and choose the bounded surface S such that it consists of two surfaces S1 and S2 inside the 

medium. Moreover, it is assumed that there is no body force, so the right-hand side of Equation 

(2.68) is zero. It gives 

  (2.69) 

(vi
( A)σ ij

(B)* ), j dV
V
∫ = (vi

( A)σ ij
(B)* )nj dS

S
!∫ .

(vi
(B)*σ ij

( A) + vi
( A)σ ij

(B)* )nj dS
S
!∫ − (vi, j

(B)*σ ij
( A) + vi, j

( A)σ ij
(B)* )dV

V
∫

= − vi
(B)* fi

( A) + vi
( A) fi

(B)* dV .
V
∫

σ ij
( A) = 1

jω
Cijklvk ,l

( A)

σ ij
(B)* = − 1

jω
Cijklvk ,l

(B)*

Cijkl = Cklij

1
jω
vi, j
(B)*Cijklvk ,l

( A) = 1
jω
vk ,l
(B)*Cijklvi, j

( A)

(vi
(B)*σ ij

( A) + vi
( A)σ ij

(B)* )nj dS
S
!∫ = − vi

(B)* fi
( A) + vi

( A) fi
(B)* dV .

V
∫

(vi
(B)*σ ij

( A) + vi
( A)σ ij

(B)* )nj dS1
S1
!∫ + (vi

(B)*σ ij
( A) + vi

( A)σ ij
(B)* )nj dS2

S2
!∫ = 0.



 

 

49 

Equation (2.69) can be expressed in a simpler form using traction notation, where 

 and . Then using this notation, Equation (2.69) becomes  

  (2.70) 

In region S1, the traction force ,  applied on p-direction and q-direction, and particle 

velocity  and  in i-direction can be written as (apply the Green’s function condition),  

  

  

  

  

and the first term in Equation (2.70) can be written as 

  (2.71) 

The  is the Green’s function from  to  in the frequency domain; the 

superscripts represent that the received signal is in velocity form and applied source is in traction 

form; the subscripts represent the velocity is in i-direction and the applied traction is in q-direction.  

The sifting property of the Dirac function can be applied on the right-hand side of Equation 

(2.71) and it gives 
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  (2.72) 

Now recall the reciprocity principle derived in Equation (2.37) 

 . 

Using reciprocity principle, Equation (2.72) gives 

   (2.73) 

This implies that the first term in Equation (2.70) is the Green’s function, received at 

position  in p-direction from a source at position  in q-direction, coupled with the source 

spectrum.  

On the other hand, assume the homogenous boundary condition for the surface , the 

traction force  and , and particle velocity  and  due to the excitation in region S1 

can be written as  

  

  

  

  

the second term in Equation (2.70) becomes 
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  (2.74) 

The  is the Green’s function from  to  in the frequency domain; the 

superscripts represent that the received signal is in traction form and applied source is also in 

traction form; the subscripts represent the displacement is in i-direction and the applied traction is 

in p-direction.  

Note that  is the traction and hence can be represented by velocity according 

to the generalized Hooke’s law, which specifies that stress is proportional to strain. In the 

assumption that the material is homogeneous, which means the material property is constant, a 

constant  is introduced such that . Hence, Equation (2.74) 

becomes 

  (2.75) 

Using the reciprocity principle, then Equation (2.75) can be modified as 

 . (2.76) 
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This indicates that the second term in Equation (2.70) is the summation of the cross-

correlation of two displacement wavefield received at  and  locations, respectively, 

convolved with the source spectrum with some constants.  

Finally, using the results from Equation (2.73) and (2.76), it gives  

  (2.77) 

This final derivation shows that Green’s function coupling with any source at positions  from 

the excitation at  can be extracted through the summation of the cross-correlation of received 

wavefield at these two positions, given that the source is well-distributed over the material surface. 

Notice that there is no assumption for the material boundary, hence the derivation here can also be 

applied to the plate-like structures. As a result, guided-wave, generated in the plate-like structures, 

is suitable for Green’s function reconstruction process. Also the extracted Green’s function is not 

really a “impulse response” between two locations, instead it is determined by . For example, 

if the sources over the material surface is a band-limited type of signa, then the Green’s function 

extracted is also band-limited.  

2.1.10. Green’s function extraction via random decrement method 

As mentioned earlier, structural health monitoring techniques aims to provide a solution to 

transform schedule based maintenance for aircraft to condition based maintenance. The real-time 

monitoring system is one of the most favorable benefits of such system. The targeted structure is 

assumed to be subjected to never-ending ambient random excitation. For example: random and 

continuous wind loading for the aircraft structures, wave impact for offshore platforms, wind 

loading, micro-tremors from the earth and the traffic for the buildings and the bridges.  This type 

of random input posts difficulty to measure the input loading and thus it is hard to infer the structure 
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properties change through input, system transfer function and output relation. Researchers found 

that the random decrement technique is an easy and powerful tool to extract useful signal from the 

random structural response3,4. Random decrement technique is used to obtain structural free decay 

response by averaging time segments from certain triggering condition in a time series signal from 

structural response.  

A Random decrement signature is from averaging several pieces of short signal segments 

from an measured long signal. The short signal segments are selected in such a way that the initial 

conditions of them are the same. The initial conditions can be set in any values, thus there are 

infinite possible initial conditions, and it results in infinite possible random decrement signature.   

There are two types of random decrement signatures: one is auto random decrement 

signature and the other is cross random decrement signature. The first one, i.e. auto random 

decrement signature, equals to the reconstructed Green’s function obtained from auto-correlation, 

which is a “self-impulse response”. As described before, physical interpretation of the 

reconstructed Green’s function from auto-correlation is: auto-correlation of the structural response 

under random and distributed sources received at point A, is as point A received the structural 

response under an impulse loading at point A. 

The second one, i.e. cross random decrement signature, corresponds to the reconstructed 

Green’s function from cross-correlation. Physical interpretation of the reconstructed Green’s 

function from cross-correlation is: cross-correlation of the structural response under random and 

distributed sources received at point A and point B, is as point B received the structural response 

under an impulse loading at point A. 

The derivation of the auto random decrement method is described in the following. 
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In probabilistic point of views, the whole process is to find the expected value of a short 

random signal , due to the random signal crossed the triggering level, . It can be written 

as 

 , (2.78) 

where the left tern is the random decrement signal, and the right term is the expected value of 

 given . 

According to Crandall and Mark5, the auto-correlation of a random signal  can be 

expressed as follows 

 .   

It also can be written as 

 .  (2.79) 

 and  are the random signals.  is the joint probability density function of  and  

, which can be also expressed as a product of a conditional probability density function and a 

first order probability density function, 

 . (2.80) 

Insert Equation (2.80) into (2.79) and it gives 

 .   

Rearrange the equation to obtain 

 .  (2.81) 

X (t2 ) X0

Dx0 (t1,t2 ) ≡ E X (t2 ) | X (t1) = X0⎡⎣ ⎤⎦

X (t2 ) X (t1) = X0

X (t)

RXX (t1,t2 ) = E X (t1)X (t2 )⎡⎣ ⎤⎦

E X (t1)X (t2 )⎡⎣ ⎤⎦ = X1X2 p(X1,X2 )dX1X2
∫ dX2X1

∫

X1 X2 p(X1,X2 ) X1

X2

p(X1,X2 ) = p(X2 | X1)p(X1)

RXX (t1,t2 ) = X1p(X1)X2 p(X2 | X1)dX1X2
∫ dX2X1

∫

RXX (t1,t2 ) = X1p(X1) X2 p(X2 | X1)dX2X2
∫ dX1X1

∫



 

 

55 

Take  as the triggering level, then the integral over  is the expected value of  given the 

 triggering condition. This is the definition of the Random decrement signature as shown in 

Equation (2.78). Replace the integral over  with the expected value, 

 , 

which leads to   

 . (2.82) 

This represents that the auto-correlation function computed between two instants in time 

  and , is a weighted sum of all possible random decrement signals of . The weighting 

factor is the product of its triggering level   and its probability of occurrence  at time . 

To be more applicable in the structural health monitoring field, assume a linear, time-

invariant system excited by a zero-mean, stationary, but not necessarily white, Gaussian random 

noise. The system response in this case would be also zero-mean, stationary, and Gaussian random.  

The probability of occurrence  at time  can be expressed by5 : 

 ,  (2.83) 

and 

  . (2.84) 
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 , 

 , 

 . 

Then, Equation (2.83) and Equation (2.84) become 

 ,   (2.85) 

  . (2.86) 

The conditional probability density function of  given  is 

  .  (2.87) 
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 .  (2.89) 

Rearrange the Equation (2.89) 

 .  (2.90) 

Recall that the definition of the random decrement signal is 

 .  

Insert Equation (2.90) into the definition, then 

 .  (2.91) 

Since the integral is the expected value of a Gaussian probability distribution, it can be 

inferred that 

 .  (2.92) 

It shows that the random decrement signal from a zero-mean, stationary, Gaussian 

excitation is the auto-correlation of the collected long signal with two factors, which are the 

triggering level and the zero-lag auto-correlation value. This is true for the case of the Gaussian 

white noise input. However, a band limited spectrum often yields the accurate results considering 

sharply tuned system, such as a lightly damped single degree of freedom system. Also this applies 

to band-pass filtered signal. 
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The above derivation relates random decrement signature to the auto-correlation function 

of a random signal. The derivation includes only the definitions of the auto-correlation and the 

random decrement signal so the result is also general. 

2.2. Formulations of Imaging Conditions 

The Green’s function reconstruction methods are ways to extract system information. To 

detect and localize the damage, statistical tools and imaging conditions help transform such system 

information into valuable indicator or damage map. Some of the imaging conditions incorporate 

statistics to evaluate the uncertainty and random nature of the experimental process. This section 

provides three methodologies that will be used in the following chapters.   

2.2.1. Mean square error method 

The reconstructed self-Green’s functions from the pristine and the damaged structure are 

compared using mean square error (MSE) between pristine and damaged structures at a given 

location. Before calculating the MSE, the autocorrelation function is first normalized.  

  

where  is the discrete auto-correlation function and N is the length of the auto-correlation 

function since the signal is in discrete time, e.g. if there are 3,000 data points in the signal, then N 

is 3,000.  

The MSE imaging condition used in this study is expressed as 
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where xk, yl are the discrete scanned point positions.  is the auto-correlation result from 

the damage case, and  is the reference auto-correlation function, i.e., the self-GF from the 

pristine structure. For example, if a 13 ´ 13 two-dimensional array is measured for both pristine 

and damaged structures, k = 1 ⋯ 13 and l = 1 ⋯ 13, a 13 ´ 13 matrix of mean square deviation is 

created. Note that N could be different for normalization process and imaging process due to wave 

propagation phenomenon. 

2.2.2. Auto-correlation function at maximum point value vector 

Auto-Correlation Function at Maximum Point Value Vector (AMV) was created by Zhang 

and Schmidt6 for damage detection in structure subjected to vibration source. Relative change 

between the normalized maximum values in auto-correlation functions from the pristine and the 

damaged structures was shown sensitive to the local stiffness change. It can be formulated from 

taking the maximum value from each auto-correlation function 

  

and normalization for all maximums are conducted  

  

and the final damage index is 

  

where the superscript damage denotes the AMV from the damaged structure and ref denotes the 

AMV from the pristine structure. Note that this method only accounts for the difference between 

maximum values of the auto-correlation functions, instead of accumulated mean square error. This 
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indicates that AMV focuses on the local change in the structure, i.e. the change closer to the point 

where Green’s function is extracted is more responsive on damage map, while MSE is more 

sensitive to the global change. 
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3. FINITE ELEMENT SIMULATION OF GREEN’S FUNCTION RECONSTRUCTION 

TECHNIQUES  

3.1. Introduction 

The literature review in the first chapter shows that although Green’s function 

reconstruction has been researched for decades, there are few articles showing the simplicity of 

Green’s function reconstruction technique through simulation. 

Given the comprehensive theoretical derivation of the Green’s function reconstruction 

using auto-correlation, cross-correlation and Random Decrement (RD) technique, this chapter 

aims to provide, from the simulation point of view, a solid foundation of Green’s function 

reconstruction in the structures with simple geometry. The simulation is mainly for 2-D geometry, 

and hence wave propagation is also 2-D. However, for thin plate geometry, guided wave (Lamb 

wave) is formed due to the vicinity of the upper and lower boundary. Therefore, analysis of the 

signal features, such as the time of arrival, frequency and the wave speed, will be from the point 

of view of Lamb wave.  

With that, the reconstructed Green’s function can be further used in structural health 

monitoring technique on the aircraft structures. 

3.2. Green’s Function Reconstruction Using Auto-Correlation 

This section includes the feasibility study with ABAQUS simulation software for self-

Green’s function extraction via auto-correlation. This is the basis of the three Green’s function 

extraction methods in the thesis.  

3.2.1. Simulation layout 

Consider a 2-D aluminum structure with dimension 30 cm × 0.6 cm (shown in Figure 3.1). 

Left end (wall) is fixed (zero degree of freedom is allowed). The material properties are set as the 
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typical aluminum material. The elastic modulus is 70 GPa, and the Poisson’s ratio is 0.3. The 

geometry indicates that transient wave propagating in the structure will be in the longitudinal 

direction, which falls into the guided wave (Lamb wave) criteria. Therefore, the wave speed and 

wave modes can be derived through the theory.  

Note that in this study only A0 mode is considered, since that for the given frequency range, 

i.e., 80 kHz – 120 kHz in the simulation and 5 kHz - 15 kHz in the experiments, the amplitude for 

A0 mode is significantly greater than the amplitude of S0 mode. For the higher modes such as A1, 

A2, or S1, and S2, higher frequency is needed. 

 

Figure 3.1 Simulation layout for Green’s function reconstruction using auto-correlation and 

cross-correlation. 

 

The beam is meshed into 300 × 6 element. The sensing point A is set at 12 cm from the 

wall. There are additional 300 nodes at the bottom of the beam that will be used in the simulation. 

To simplify the term, Node 1, Node 2 … Node 300 is used hereafter. Also response A1 refers to 

the signal receive at Node 1 from the excitation at point A, and response 1A is the signal receive 

at point A from the excitation at Node 1. 
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The first simulation is for validation of reconstructed Green’s function between A and itself, 

i.e. self-impulse response of A. The goal is to see the effect of the distributed sources on GF 

extraction method.  

Point A is set to be the excitation location with a rectangular pulse, shown in Figure 3.2. 

The signal received at A is shown in Figure 3.3. The excitation is input as nodal force and the 

receiving signal is in the displacement form. Since the purpose of this thesis is for small defect 

detection, the signal is further filtered and keep 80 kHz - 120 kHz frequency bandwidth. Figure 

3.4 shows the filtered signal.  

 

Figure 3.2 A rectangle pulse generated from MATLAB as the input signal at A. 

 

Figure 3.3 The received signal at Node 1 from the impulse source at A. 
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Figure 3.4 The 80 kHz - 120 kHz filtered signal at Node 1 from the impulse source at A. 

 

After Green’s function reconstruction using auto-correlation is verified, the next stage is to 

test if such technique can be used in structural health monitoring. Recall that there are four 

categories in structural health monitoring, i.e. detection of the damage, localization of the damage, 

characterization of the damage type and severity and estimation of remaining useful life. This 

study aims to validate the correlation based techniques in damage detection and localization. 

Figure 3.5 shows the same beam structure with identical mesh and sensing point setup, except that 

a 0.1 cm × 0.1 cm defect is made at 17.1 cm from the left wall. The excitation signal and the 

Green’s function reconstruction process remain the same as those in the pristine case. The RGF 

from the damaged beam should be different than the RGF from the pristine beam due to the fact 

that wave scattering takes place at the damage location on the excitation wave hitting the defect. 
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Figure 3.5 Simulation layout for damage detection and localization using auto-correlation.  

 

The strategy for damage localization using auto-correlation is to set up multiple sensors 

along the beam structure. Mean square deviation (or mean square error, MSE) and AMV methods 

are utilized for quantify the comparison between RGF and the true Green’s function. 11 sensing 

points are placed along the beam and each of them is marked as S1, S2, … and S11 and with 1 cm 

gap between each two sensors. The S1 is at 12 cm from the left wall and S11 is at 8 cm from the 

right wall. The damage position remains the same, 17.1 cm from the left wall, which is 

approximately under S6. 

According to the auto-correlation theory, long time recording or well-distributed sources 

are two crucial factors in order to reconstruct Green’s function that matches the true Green’s 

function. In simulation, because it would be a transient simulation with very short time step, long 

time recording of the signal is time-consuming. In addition, to deploy Green’s function 

reconstruction method in well-distributed sources case, one would need to input signal at Node 1, 

retrieve signals from A, auto-correlate the signal to get partial RGF, and then repeat the process at 

Node 2, Node 3, … at Node 300. The final process is to sum over all 300 partial RGFs to get the 

complete RGF. This is also labor-intensive and hence is not favored here.  

To conduct the simulation more efficiently, recall the reciprocity principle, i.e. Equation 

(2.37). The signal received at sensing point A subjected to a disturbance from Node 1 is exactly 
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the same as the signal received at Node 1 subjected to the same disturbance from sensing point A. 

In this case, simply apply the force at sensing point A, and extract the response from all 300 nodes, 

i.e. A1, A2, … A300. Auto-correlate the response A1, A2, … and A300, and sum over the results 

to get the complete RGF.  

3.2.2. Simulation results 

To demonstrate how distributed sources affect the reconstructed Green’s function, Figure 

3.6  shows an example of RGF from well distributed sources and non-well distributed sources. 

This result is from the 100 cm × 0.6 cm because the wave packets are separated further for clear 

view. Point A is located 45 cm from the wall.  

The Figure 3.6 (b) is the case where sources are all concentrated in the left side of the point 

A (Figure 3.1). Figure (c) shows the case where sources are all concentrated in the right side of the 

point B (Figure 3.1). Whereas Figure 3.1 (a) shows the case that sources are uniformly distributed 

across the geometry. Comparing to the well reconstructed Green’s function, there are ghost wave 

packets in other two cases, which caused by non-well distributed sources.  

These ghost wave packets could be detrimental to structural health monitoring purpose. 

The successful damage detection and localization depends on the damage imaging conditions, 

which rely on the accurate information from the signal, i.e. extracted Green’s function in this case. 

The ghost signals can either cause the system to detect the damage in the pristine condition (false 

positive), or to determine the structure is defect-free in the damaged condition (false negative).    
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Figure 3.6 RGFs from (a) well-distributed sources, (b) sources in the left region, and (c) sources 

in the right region. 

 

To quantitatively validate the Green’s function extraction via auto-correlation process, 

Figure 3.7 (a) shows the comparison between true Green’s function and the reconstructed Green’s 

function. The blue line is the true Green’s function while the red line is from the summation of the 

auto-correlation functions. The numbering indicates the number of the arrived wave packets except 

the first impulse, and can corresponds to the Figure 3.7 (b). Figure 3.7 (b) shows the wave path of 

three reflection waves, with the arrow indicating the outgoing direction and reflecting direction. 

Figure 3.7 (b) also indicates that the third reflection includes two overlaping waves, one originally 

propagates to the left and one originally goes to the right. The reconstructed Green’s function is 

almost identical to the true one, except small discrepancy which is possibly due to limited 

excitation source (300 in this case), and the element size. The amplitude difference at the beginning 

of the signal depends on the time length used for auto-correlation. With longer correlation time 

length, the initial amplitude of reconstructed Green’s function becomes larger. 

Note that the third reflection wave packet is larger than the previous two, this is due to the 

overlap of the two reflections.  
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Figure 3.7 (a) Comparison between true Green’s function and reconstructed Green’s function 

from 300 partial reconstructed Green’s function. (b) Corresponding wave paths from point A to 

itself after Green’s function extraction. 

 

To further quantify the match between true Green’s function and RGF, the arrival time of 

the first four wave packets were extracted and compared in the Table 3.1, along with the difference 

percentage. The largest difference of wave arrival time between true Green’s function and RGF is 

within 1%, which indicates that RGF from auto-correlation is almost identical with the real one. 

 

Table 3.1 Time of arrivals for the first four wave packets from sensing point A to itself. 
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After verifying reconstructed Green’s function is in perfect match with the real Green’s 

function, the next step is to see the damage detection ability of the auto-correlation technique. 

Shown in Figure 3.5, an 1 mm × 1 mm crack is introduced in the beam structure. The Green’s 

function reconstruction process is implemented again and it is compared with the RGF from the 

pristine beam case. Figure 3.8 shows the causal parts of the RGFs as a function of correlation time 

in the structure. Blue line is the RGF from pristine beam and red line is the RGF from damaged 

beam structure.  

 

Figure 3.8 The causal parts of the RGFs as a function of correlation time in the structure. Blue 

line for pristine case and red line for damaged case. 

 

As mentioned above, the crack acts as another wave source, and hence the waveform 

received from the damaged structure is different. With this result, the damage localization method 

can be further tested. 

As shown in the Figure 3.5, 11 sensing points was placed in the upper side of the structure 

and wave signal is extracted from each of point using the established auto-correlation procedure. 
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AMV and MSD index are used for comparing the signal difference level and creating the damage 

map. The assumption is the index should be higher for the points closest to the damage because 

the waveform is distorted from the beginning of the signal.  

Figure 3.9 (a) shows the damage localization results using AMV, and Figure 3.9 (b) shows 

the results using MSD index. Point 5 shows the peak value in the AMV method, and it shows the 

minimum at points 5 for MSD method. Note that for the AMV and MSD method, derivative is 

taken for original 11 points, hence it indicates that the damage position is around 16.5 cm from the 

left wall of the beam. This is close to real damage location at the 17.1 cm, considering that the 

density of the sensor is 1 per cm and the size of the damage is 0.1 cm.  

In addition, only A0 mode is considered because of the excitation frequency. The theoretical 

Lamb wave speed and wave length for the given frequency, structure geometry, and material 

properties is 2663 m/s and 20 mm, respectively. The wave length is somewhat out of the range 

comparing to two times of the damage size. Also, the time step in the simulation is about 

 seconds, and the product of the wave speed and time step is the corresponding spatial 

resolution 0.39 mm. In other words, about three time steps in the signal determine the existence of 

the damage, which could potentially affect the damage localization results if there is noise in the 

signal. Nevertheless, Figure 3.9 proves the feasibility of using Green’s function extraction method 

combined with the damage index for damage localization. 

Notice that the results shown here is from simulation, and hence noise condition is 

minimized, excitation source is 80 kHz – 120 kHz. In real world, it is hard to excite such high 

frequency except using specialized tool, causing the wave length larger, and hence the detectable 

damage size becomes larger. 

1.45×10−7
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To implement this method in a more practical situation, e.g., in the ambient environment 

with strong noise such as air flow or vibration, input noise as the excitation source must be 

considered. A uniform white noise is programmed using Matlab and input into ABAQUS for 

transient wave analysis. The same auto-correlation procedure was followed.  

 

Figure 3.9 Damage localization using (a) AMV and (b) MSD methods in the simulation. 

 

 

Figure 3.10 Uniform white noise programmed with Matlab as the excitation source. 
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Figure 3.11 shows the comparison result of the RGF from the summation of the auto-

correlation functions and the true Green’s function. The times of arrival for each wave are the 

same. The discrepancy in the waveform can be inferred from Equation (2.59), which shows that 

the reconstructed Green’s function is coupled with the source spectrum. This results in the wider 

waveform for each single wave packet in the reconstructed version.   

 

Figure 3.11 Comparison between true Green’s function and reconstructed Green’s function from 

300 partial reconstructed Green’s function in the noise case. 

 

3.3. Green’s Function Reconstruction using Cross-Correlation Method 

This section provides the simulation from ABAQUS software for validation of Green’s 

function extraction through cross-correlation method. The simulation layout and material 

properties are the same as those in the auto-correlation. 

3.3.1. Simulation Layout 

Consider a 2-D structure with dimension 30 cm × 0.6 cm (shown in Figure 3.1). The left 

end is fixed (0 degree of freedom is allowed) and the right end is free. The beam is meshed into 
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300 × 6 element. The sensing point A is set at 12 cm from the wall and the sensing point B is set 

10 cm right from the point A.  

The material properties are set as the typical aluminum material. The elastic modulus is 70 

GPa, and the Poisson’s ratio is 0.3. The geometry indicates that transient wave propagating in the 

structure will be in the longitudinal direction, which falls into the guided wave (Lamb wave) 

criteria. Therefore, the wave speed and wave modes can be derived through the theory. The time 

step is automatically calculated in the simulation process, which is , for the stability 

reason. The element size is 1 mm to save the computational effort.  

Note that in this study only A0 mode is considered, since that for the given frequency range, 

i.e., 80 kHz – 120 kHz in the simulation and 5 kHz - 15 kHz in the experiments, the amplitude for 

A0 mode is significantly greater than the amplitude of S0 mode. For the higher modes such as A1, 

A2, or S1, and S2, higher frequency is needed. The corresponding wave speed is 2663 m/s and the 

wavelength is 20 mm, which is the suggested 20 times of the element size. 

There are 300 nodes at the bottom of the beam in the simulation. To simply the term, Node 

1, Node 2 … Node 300 is used hereafter. Also response A1 refers to the signal receive at Node 1 

from point A, and response 1A is the signal receive at point A from Node 1. 

The first set of simulation is for true Green’s function between A and B, i.e. impulse 

response from A to B. The input signal at A is a rectangular pulse, shown in Figure 3.2.  

According to the theory, long time recording or well-distributed sources are two crucial 

factors in order to reconstruct Green’s function that matches true Green’s function. In simulation, 

because it would be a transient simulation with very short time step, long time recording of the 

signal is time-consuming. In addition, to deploy Green’s function reconstruction method in well-

distributed sources case, one would need to input signal at Node 1, retrieve signals from A and B, 

1.452×10−7
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correlate two signals to get partial RGF, and then repeat the process at Node 2, Node 3, … at Node 

300. The final process is to sum over all 300 partial RGFs to get the complete RGF. This is also 

labor-intensive and hence is not favored here.  

To conduct the simulation more efficiently, recall the reciprocity principle, i.e. Equation 

(2.37). The signal received at sensing point A subjected to a disturbance from Node 1 is exactly 

the same as the signal received at Node 1 subjected to the same disturbance from sensing point A. 

In this case, simply apply the force separately at sensing point A and B, and extract the response 

from all 300 nodes, i.e. A1, A2, … A300 and B1, B2, … B300. Correlate the response A1 with 

B1, A2 and B2, … and A300 with B300, and sum over the results to get the complete RGF.  

3.3.2. Simulation results of the cross-correlation method 

Figure 3.12 shows the comparison between true Green’s function and the reconstructed 

Green’s function. The blue line is the true Green’s function from the impulse from position A to 

position B. The result shows perfect match between the true Green’s function and the reconstructed 

version of the Green’s function from the cross-correlation function. The small variation between 

two waveform could be due to the short time cross-correlation (0.1 second in this case), or large 

element size resulting in the converging issue of the simulation software. 

Figure 3.13 indicates the number of the arriving wave packets corresponding to Figure 3.12. 

These times are listed in the Table 3.2. Table 3.2 shows the quantitative evaluations for the cross-

correlation method, including three arrival times for the RGF and the true Green’s function, and 

the error percentage. The largest difference of wave arrival time between true Green’s function 

and the RGF is within 3%. This could be due to the combination of (1) the temporal resolution of 

the simulation, and (2) the cross-correlation effect. Recall that the time step for the simulation is 

 second. It is observed that during correlation process, the matched peak values often 1.45×10−7
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fall within five data points. For example, the peak value from the correlation process should be at 

350 in 1000 data points. It is common that the peak value falls in the range of 348-352. This is 

common for both auto-correlation and cross-correlation.  

 

Figure 3.12 Comparison between the true Green’s function and the reconstructed Green’s 

function from position A to position B. Blue line indicating the true GF. Red line indicating the 

GF from the summation of the cross-correlation functions. 

 

 

Figure 3.13 Diagram showing the number of arriving wave packets, corresponding to the Figure 

3.12. 
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Table 3.2 Time of arrivals for the first three wave packets from sensing point A to point B. 

 

 

3.4. Green’s Function Reconstruction using Random Decrement 

3.4.1. Layout and method 

To show the equivalence of GFs calculated from the random decrement and from the auto-

correlation, a 0.5 second simulation on an aluminum panel is first conducted to validate the concept. 

The simulation is conducted using Abaqus explicit. The structure is a flat aluminum panel with 

dimension 300 mm × 300 mm × 2.4 mm, shown in Figure 3.14. Elastic modulus is set at 69 GPa 

and the Poisson’s ratio is 0.33. The boundary is fully clamped at four corners of the panel. A 

uniform white noise source, programed using MATLAB, was input as the excitation source in the 

form of nodal displacement at a randomly determined location. Figure 3.15 (a) shows a 10 ms 

representative uniform white noise signal and its Fourier transform in frequency domain. The 

signal is input as vertical displacement. 

The mesh size is 2 mm due to the following reasons: the frequency of interest in the 

experiments ranges from 5 kHz to 15 kHz due to equipment constraints and avoidance of the 

harmonics of the laser Doppler vibrometer (LDV). For a 2.4 mm thick aluminum panel, the 
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corresponding smallest wavelength is about 40 mm. To be able to accurately model the wave 

propagation correctly, a factor 20 is chosen to lead to the final mesh size 2 mm.  

After the vertical displacement of the structure is extracted from the designated location 

(shown in Figure 3.14), the signal is band filtered for 5 kHz to 15 kHz, shown in Figure 3.15 (b), 

and post-processed with RD and auto-correlation to reconstruct the Green’s functions. The 

triggering level for RD method is set at 1.5. This study tests RD under different average numbers 

in four cases: 1,000, 2,500, 5,000 and 10,000. In addition, the GFs from RD and auto-correlation 

are further normalized to eliminate any effect that causes the amplitude variation.  

 

Figure 3.14 Schematic diagram of a flat aluminum panel used in simulation. The red dot 

showing the location of the excitation source; the blue dot showing the location of signal 

retrieval. 
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Figure 3.15 (a) A uniform white noise signal input as the excitation source in the duration of 10 

ms and its frequency spectrum shown in the upper right corner. (b) The extracted vertical 

displacement from the sensing location shown in Figure 3.14. 

 

3.4.2. Comparisons 

Figure 3.16 shows the comparison between two GFs from the RD and the auto-correlation 

function for 7 ms from four averages of the RD signatures: 1,000, 2,500, 5,000 and 10,000. The 

Y-axis has no unit since the RD signature and the auto-correlation signal are all normalized. It is 

clear from the figure that the RD signature start to converge toward the auto-correlation function 

after 5,000 of averages, and at 10,000 of averages the waveform of RD signature is identical with 

that of the auto-correlation function, except some minor amplitude difference. Note that the 

number of average is related to the signal recording length. The corresponding time length to 

10,000 averages in this simulation is approximately 0.23 second. With shorter signal, the number 

of average is insufficient to achieve perfect match between the RD signature and the auto-

correlation function. As a result, the damage detection and localization capability of this method 

could no longer be guaranteed. 
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In this study, as shown above, the time length required for successful RD signature and 

auto-correlation function is 0.23 second. In fact, the suitable time length for the RD depends on 

the dimension of the structure, excitation and triggering level. For example, as the length and the 

width of the structure increase, the time for wave propagating across the structure also increases, 

causing the span between each RD triggering point grow. Hence, the total triggering points 

decreases and so as the number of averages, which could cause imperfect match between the RD 

signature and the auto-correlation function. Note that longer time length can guarantee RD 

signature for structure inspection purpose, but the computational effort and storage space also 

increase. This suggests appropriate signal time length, or number of averages, should be verified 

prior to performing every experiment.  
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Figure 3.16 The comparison between the auto-correlation functions and the RD signatures. The 

blue lines for RD signature and red lines for the auto-correlation function. (a) 1,000 (b) 2,500 (c) 

5,000 (d) 10,000 averages for the RD signature. 

Equation Section 4 
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4. DAMAGE DETECTION AND ISOLATION VIA AUTOCORRELATION: A STEP 

TOWARD PASSIVE SENSING 

Y.S. Chang1,2 and F.G. Yuan1,2 

1Department of Mechanical and Aerospace Engineering, 

North Carolina State University, Raleigh, NC 27695 

2National Institute of Aerospace, Hampton, Virginia, 23666 

Passive sensing technique may eliminate the need of expending power from actuators and 

thus provide a means of developing a compact and simple structural health monitoring system. 

More importantly, it may provide a solution for monitoring the aircraft subjected to environmental 

loading from air flow during operation. In this paper, a non-contact auto-correlation based 

technique is exploited as a feasibility study for passive sensing application to detect damage and 

isolate the damage location. Its theoretical basis bears some resemblance to reconstructing Green’s 

function from diffusive wavefield through cross-correlation.  

Localized high pressure air from air compressor are randomly and continuously applied on 

the one side surface of the aluminum panels through the air blow gun. A laser Doppler vibrometer 

(LDV) was used to scan a 90 mm ´ 90 mm area to create a 6 ´ 6 2D-array signals from the opposite 

side of the panels. The scanned signals were auto-correlated to reconstruct a “self-impulse 

response” (or Green’s function). The premise for stably reconstructing the accurate Green’s 

function requires long sensing times. For a 609.6 mm ´ 609.6 mm flat aluminum panel, the sensing 

times roughly at least four seconds is sufficient to establish converged Green’s function through 

correlation. For the integral stiffened aluminum panel, the geometrical features of the panel 

expedite the formation of the diffusive wavefield and thus shorten the sensing times. The damage 

is simulated by gluing a magnet onto the panels. Reconstructed Green’s functions (RGFs) are used 
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for damage detection and damage isolation based on an imaging condition with mean square 

deviation of the RGFs from the pristine and the damaged structure and the results are shown in 

color maps.  

The auto-correlation based technique is shown to consistently detect the simulated damage, 

image and isolate the damage in the structure subjected to high pressure air excitation. This 

technique may be transformed into passive sensing applied on the aircraft during operation. 

4.1. Introduction 

In the field of structural health monitoring (SHM), monitoring techniques can be broadly 

divided into two schemes: active and passive1. Active scheme refers to the techniques involving 

using any form of actuators as sources2-5 and sensors to receive signal, while passive scheme is to 

use sensors only and without actuators, for example, acoustic emission (AE)6-8 and strain/load 

monitoring9,10. Passive scheme offers an opportunity to conduct real-time monitoring of the 

structure without the need of power-consuming system. More importantly, it may provide a 

solution for monitoring the aircraft subjected to environmental loading from air flow during 

operation. This attractive feature allows monitoring the aircraft in the air and thus, reducing 

maintenance downtime and the cost. 

Among the techniques, passive sensing using reconstructed Green’s function (RGF) 

through cross-correlation has been shown potential for damage detection and localization11-14. 

It has been shown both in theory and experiment that the impulse response between two 

locations in a solid can be estimated through cross-correlation of wave received at two locations 

provided that wavefield in the solid is diffusive11-12. Lobkis and Weaver11 derived normal modes 

based theory for cross-correlation of the signals from diffusive wavefield in an enclosed media. 

Diffusive wavefield refers to the energy equiparition for all wave propagation modes. Ultrasonic 
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acoustic signal was generated in an irregular aluminum alloy block and it was proved that 

waveform from averaging cross-correlation could be similar to that from direct pitch-catch result.  

Snieder12 derived detailed theory for cross-correlation passive sensing based on wave 

constructive interference from the defects. Cross-correlation of the scattered waves radiated from 

the defects sensed at two receiver locations results in a waveform including the ballistic wave (first 

arrival wave) between two receivers. In this study, theory was extended from ballistic wave to 

surface wave, and relaxed the condition from closed medium to open medium. Stationary phase 

approximation was incorporated in the theory to prove that the constructive part of the cross-

correlation eventually forms the ballistic wave Green’s function.  

Wapenaar13 showed that elastodynamic Green’s function between two locations can be 

extracted from cross-correlation of waves received at these two locations in a wavefield in any 

inhomogeneous medium, without assumption for the distribution of the defects. Furthermore, it 

was assumed uncorrelated noise sources and noise spectrums from different source positions are 

all the same. It was shown that diffusive wavefield is not a requirement for reconstructing Green’s 

function.  

Sabra et al.14 applied the cross-correlation method in an aluminum panel. The panel was 

cut intentionally into an irregular shape to expedite the formation of diffusive wavefield. A laser 

Doppler vibrometer (LDV) was used to extract out-of-plane displacements of the panel, and a Nd-

YAG laser was used to excite a short pulse, respectively. In homogeneous medium, the number of 

the excitation sources positively correlates with the convergence of the Green’s function. Phase 

and group velocity from the reconstructed Green’s function (RGF) matched the predicted value. 

The RGF through cross-correlation was shown having potential application in SHM in aircraft 

structure.  
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In a study done by Chehami et al.15, flexural wave based theory for RGF was derived, 

which consider out-of-plane displacement based on Kirchhoff-Love equation and a limited number 

of sources. In numerical experiment, identical short pulses of noise were generated in an aluminum 

panel and the cross-correlation technique was applied. The RGF from pristine structure was 

subtracted by that from damaged structures to produce scattered wave signal only, which 

represents the wave from the damage only. Time-reversal imaging16 was used to map the damage 

and the damage location was precisely shown in color map.  

To apply passive sensing through cross-correlation in aircraft structure, the dynamic nature 

of the excitation source must be taken into account. Hence, stably RGFs in different measurements 

with random source are necessary for such technique. Scalea et al.17 inspected a railroad track with 

fully non-contact, passive-only system mounted on a running train which continuously generates 

random and non-stationary signal. Deconvolution operator added in cross-correlation was 

proposed to extract Green’s function from dynamic excitation to the rail. A damage index provided 

a quantitative way to show the discontinuity in the rail, including welds, joints and defects. The 

proposed method enables stably reconstructed Green’s function even in a system subjected to 

random excitation sources. 

Using the cross-correlation method for passive sensing, it is important to have good 

synchronization between two sensors so that traveling time of the wave can be extracted accurately 

through correlation. In this study, an auto-correlation method is proposed to avoid synchronization 

issue and reconstruct stable Green’s function. This technique can be considered as reconstruction 

of the “self-impulse response”. Different from the cross-correlation method, auto-correlation does 

not require two sensors to be activated simultaneously.  
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4.2. Theory and Experiment Setup 

4.2.1. Theory 

The reconstructed Green’s function (RGF) through cross-correlation can be expressed by 

Equation (2.77)13 

   

where  and  denotes two sensor locations, x is the position of the excitation sources,  

is the excitation source and  is the particle velocity of the medium. is the Green’s 

function from a excitation source at location  in the traction form in the q-direction, to the 

sensor located at  receiving the velocity in p-direction. The equation illustrates the concept that 

cross-correlation of the particle velocities recorded at two locations subjected to disturbance from 

x, is the approximation of the causal and the anti-causal part of the Green’s function between the 

two locations convolving with the excitation source.  

By changing  to , the above equation becomes 

   (4.1) 

This equation shows that auto-correlation of the received signal at  is the convolution of the 

excitation source and the Green’s function from  to itself, which can be called as “self-impulse 

response”. Note that because auto-correlation guarantees the causal part identical to the anti-causal 

part of the Green’s function, only the causal part of Green’s function is shown and used for damage 

detection and localization in this study. The merits of Equation (4.1) are twofold: only one sensor 
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is required to detect the state change in a structure. In addition, the measurement can be taken at 

different times if the system with multiple sensors is used. 

4.2.2. Experiment setup 

A Laser Doppler vibrometer (LDV) is utilized as a sensing device and high air pressure 

pumped from air compressor is the excitation source. The LDV is comprised of a OFV-505 sensor 

head and a OFV-5000 vibrometer controller from Polytec Inc. The sensor head is mounted on a 

two-axis step motor (shown in Figure 4.1) to control sensing position. A reflective tape bonded on 

a smooth surface of the panel was used to enhance laser beam reflection and increase signal to 

noise ratio (SNR). The air compressor has 793 kPa air pressure with 1491 watts, 15 liters capability. 

The flow rate is 156 liters per minute at 276 kPa or 99 liters per minute at 621 kPa respectively. 

The nozzle used with the air compressor is the HUSKY 6.35 mm high flow air blow gun. Figure 

4.1 shows the diagram for the experimental setup with an integral stiffened aluminum panel. Note 

that in the actual experiment the air blow gun is hand-held and moved in arbitrary locations and 

directions at the opposite side of the panel (e.g., the side with the stiffeners if the stiffened panel 

is tested). 
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Figure 4.1 Experiment setup using the air blow gun to excite the integral stiffened aluminum 

panel and the laser Doppler vibrometer (LDV) to sense the response for long times. In actual 

experiments, the air blow gun was hand-held and the air pressure was randomly spread in all 

locations and angles. 

 

Two aluminum panels were examined in this paper. The first one is a 6066 T6 flat 

aluminum panel with dimension 610 mm × 610 mm × 2.25 mm. The second one is a 6013 

aluminum panel with six integral stiffeners and the dimension is 753 mm × 612 mm × 5 mm. 

Figure 4.2 (a) shows the isometric view and the detail dimensions of the stiffened aluminum panel 

are shown in Figure 4.2 (b).  

Two separate measurements are conducted at the same point for testing convergence 

correlating to the sensing times for the reconstructed Green’s function (RGF) as a function of the 

correlation time. Note that the sensing time refers to the sensing time lengths from the LDV used 

to conduct auto-correlation, while the correlation time refers to the time in x-axis of the RGF, e.g. 

the correlation time shown in Figure 4.3. 
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A stable and converged RGF guarantees successful damage detection and isolation. Figure 

4.3 shows the comparison between two RGFs from four different sensing times: 0.01, 0.2, 4 and 8 

seconds. The inserts in each subfigure show the zoom-in waveform from 0.5 to 4 ms. Note that the 

unit (mm) is due to normalizing the RGFs from 0 to 10 ms. In relatively short sensing times, 0.01 

and 0.2 seconds, the two RGFs are quite dissimilar, while the RGFs for long sensing time, 4 and 

8 seconds, are very similar. Longer sensing time can further improve reconstructed Green’s 

function, however, since the sensing time correlates to the time running the program, the LDV 

sensing time is set at 4 second and is used here after.  

 

Figure 4.2 Schematic diagram of an integral stiffened aluminum panel used in experiment. (a) 

Isometric view of the panel, (b) the geometry and the dimensions of the panel, and (c) a 6 × 6 

LDV scanned array in a 90 mm ´ 90 mm area which covers the simulated damage location 

marked by a shaded rectangle. 
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Figure 4.3 Comparisons of the causal parts of two RGFs as a function of correlation time 

generated from auto-correlation of two separate measurements under different sensing time 

lengths at scanned position 8 in flat aluminum panel. (a) 0.01 (b) 0.2 (c) 4 (d) 8 seconds. The 

inserts showing zoom-in waveform from 0.5 to 4 ms correlation time. 
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Figure 4.4 Cross-correlation for RGFs of different sensing times with respect to RGF from eight 

seconds sensing time. Cross-correlation result shown in blue dots and fitting curve in red line. 

The equation represents the mathematical fit with the curve. 

 

Figure 4.5 Frequency response of air pressure blasting on the stiffened aluminum panel. 20.71 

kHz and 45.74 kHz from harmonics of the LDV system. 
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To show the convergence of the Green’s function, cross-correlation between the RGF of 8 

seconds sensing time and the RGFs of other sensing times were conducted. Figure 4.4 shows the 

cross-correlation result in blue line. The minimum sensing time considered is 0.01 second, 

corresponding to 0.46 correlation value. Red curve in Figure 4.4 indicates the curve fitting for the 

cross-correlation result and the fitting function is shown in the figure. 

After the sensing time required for reaching stable and converged RGFs was determined, 

the LDV was used to scan the structure in the pristine condition. Out-of-plane velocity at each 

point was measured while high pressure air was sprayed on the other side of the structure in random 

pattern to mimic randomly distributed sources.  

To alter the state of the structure, a 12 mm ´ 25 mm magnet is glued onto the panel to 

simulate an artificial flaw. To isolate the damage location, a 6 ´ 6 two-dimensional array was form 

by scanning a 90 mm ´ 90 mm area, shown in Figure 4.2 (c). The distance between the LDV sensor 

head and the panel is around 762 mm. The spacing between each neighboring points is 18 mm. 

The red dots correspond to the LDV scanned points. Note that the laser beam diameter from LDV 

is around 1mm. To increase the signal to noise ratio (SNR), the scanned area was covered by 

reflective tape. 

Figure 4.5 shows a frequency spectrum of air pressure blasting on the integral stiffened 

aluminum panel. The high amplitude region of the frequency spectrum mostly falls in the acoustic 

range below 20 kHz. The harmonics from the LDV (20.71 kHz and 45.74 kHz) are in the higher 

frequency spectrum. To avoid these harmonics from the LDV, 5 kHz to 15 kHz frequency response 

was chosen in this study. The wavelength of the dominant A0 guided wave mode given the 

frequency and the structure property is 50 mm, which is the same order as the damage size. To 



 

 

92 

achieve the best resolution of the signal while speeding up the experiment, the LDV sampling 

frequency is set at 512 kHz.  

4.2.3. Imaging Condition 

The reconstructed Green’s functions from the pristine and the damaged structure are 

compared using mean square deviation between pristine and damaged structures at a given location. 

The imaging condition used in this study is expressed as 

  

where xk, yk are the scanned point positions, k = 1 ⋯ 6, Adamage(t) is the auto-correlation result from 

the damage case, and Aref(t) is the reference RGF, i.e., the RGF from the pristine structure. Recall 

that the 6 ´ 6 two-dimensional array was taken by the LDV (Figure 4.2 (c)), thus a 6 ´ 6 matrix of 

mean square deviation between the pristine and the damaged RGFs was created.  

4.3. Experimental Results 

4.3.1. Damage detection and imaging on the flat aluminum panel 

Figure 4.6 shows the RGFs for 10 ms from the pristine and damaged structure. It shows 

that introducing the geometric discontinuity, a 12 mm ´ 25 mm magnet in this case, does alter the 

state of the structure. The damage acts as a scattering source and wave traveling through is 

diffracted and reflected, causing distortion in received waveform. Figure 4.6 (a) shows the RGFs 

from the scanned point 7, which is far from the defect, and Figure 4.6 (b) shows the RGFs from 

the scanned point 22, which is in the vicinity of the defect. Both points are shown in the Figure 4.7 

(a). The closer between scanning location and damage position, the more distorted waveforms are. 

It was observed that as the simulated damage was added onto the flat panel, all thirty-six 

waveforms of RGFs show certain degree of changes and can be observed easily. This indicates the 

technique implemented in this paper is very effective for damage detection. 

I(xk , yk ) =
1
N

Axk ,yk
damage(t)− Axk ,yk

ref (t)⎡⎣ ⎤⎦
2

t=0

N

∑
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Figure 4.7 is the image intensity of the 6 ´ 6 two-dimensional array for the flat aluminum 

panel using the auto-correlation technique. High values of altered signal intensity correspond to 

the red parts, which are possible damage locations, while low values correspond to the blue region, 

indicating less possibility for damage present at the location. The white shaded rectangle is the real 

location of the damage. It is clear that there is a good match between the damage imaging and the 

real damage location.  

 

Figure 4.6 The causal parts of the RGFs as a function of correlation time from different 

locations in the flat aluminum panel. Blue line for pristine case and red line for damaged case. 

(a) Scanned point 7. (b) Scanned point 22 to be shown in Figure 7. 
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Figure 4.7 Image intensity of a 90 mm × 90 mm region (represented by a 6 ´ 6 2-D array) for 

the flat aluminum panel with simulated damage marked in white shaded area. Scanned point 7 

and 22 corresponding to Fig. 6 (a) and (b) RGF positions. 

 

4.3.2. Damage detection and imaging on the stiffened aluminum panel  

To show the practicality of this method, experiments were conducted on an integral 

stiffened aluminum panel. Figure 4.8 (a) and (b) show the RGFs extracted from the scanned points 

11 and 20, respectively, for both pristine and damaged panel. The waveform distortion is obvious 

for scanned point 11, which proves the damage detection ability of this technique in the complex 

structure. While for the scanned point 20, the RGFs are almost identical, indicating that the 

stiffening ribs may dampen the wave traveling through. 

Figure 4.9 shows imaging results with dark grey area indicating the stiffening rib. The 

damage location is in agreement with the position of the simulated defect. Notice that on the left 

side of the stiffener, the indices show lower values, while on the right side of the stiffener the 

indices are much higher, indicating possible damage location. Again, this may result from the 
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stiffener acting as a fence which separate different regions and prevent waves from traveling 

through. The scattered wave trapped in the same region with the damage could interact with the 

defect much longer, causing higher mean square deviation values.  

A finer scan was conducted in an attempt to show more detail about the damage location. 

Figure 4.10 is the intensity image from a 12 ´ 12 two-dimensional array for the stiffened aluminum 

panel, with the damage location same as the one in Figure 4.8. The damage position is slightly 

improved as expected. 

Note that stiffened panel is generally considered as structure with complex geometry and 

it is difficult to detect and locate the damage in such structure. This study demonstrates the 

potential of using RGF by auto-correlation to inspect structure, and could pave a path for future 

passive sensing. 

 

Figure 4.8 The causal parts of the RGFs as a function of correlation time from different 

locations in the stiffened aluminum panel. Blue line for the pristine case and red line for the 

damaged case. (a) Scanned point 20. (b) Scanned point 11 to be shown in Fig. 9. 
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Figure 4.9 Image intensity of a 90 mm ´ 90 mm area (represented by a 6 ´ 6 2-D array) in the 

stiffened aluminum panel. The grey area indicating the geometry and location of the stiffener. 

The artificial damage location shown in white shaded rectangle region. Scanned point 11 and 20 

corresponding to Fig. 6 (a) and (b) RGF positions. 

    

Figure 4.10 Image intensity of a 90 mm ´ 90 mm area (represented by a 12 ´ 12 2-D array) in 

the stiffened aluminum panel. The grey area indicating the geometry and the location of the 

stiffener. The artificial damage location shown in the white shaded rectangle. 
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4.4. Conclusions 

This paper explores a new inspection technique to be potentially used in passive sensing in 

structural health monitoring. The Green’s function reconstructed from auto-correlation of the 

sensing signals was used to detect and isolate the simulated damage whose intensity is mapped 

based on a damage imaging condition using mean square deviation between the pristine and 

damaged signals. The air blow gun is used as an excitation source randomly and continuously 

spraying localized high pressure air on the aluminum panels. This uncontrolled type of source with 

inherent broadband poses challenges on implementing structural health monitoring (SHM) in real 

world. Nevertheless, this study shows that the reconstructed Green’s function (RGF) from long 

time auto-correlation could be extracted from uncontrollable environment with arbitrary excitation 

disturbance and used as an inspection tool.  

It was found that the reconstructed Greens’ function (RGF) from long time auto-correlation 

is repeatable and well converged for both pristine and damaged structures in the laboratory setting. 

For the flat aluminum panel (610 mm ´ 610 mm ´ 2.25 mm), sensing time duration of at least four 

seconds is sufficient to establish converged Green’s function through correlation. The simulated 

damage (12 mm ´ 25 mm) was successfully detected and isolated in a 90 mm ´ 90 mm area, 

represented by a 6 ´ 6 two-dimensional scanning array from the laser Doppler vibrometer (LDV). 

It is worth mentioning that waveform distortion can be observed for all thirty-six points in the 

array, indicating damage detection may be achieved by single sensing point.  

For the integral stiffened aluminum panel (753 mm × 612 mm × 5 mm), the stiffeners 

acting as geometric discontinuity expedite the formation of the diffusive wavefield and thus the 

signal sensing time can be shorter. Damage detection is affected by the stiffener position. In the 

region on the other side of the stiffener with respect to the damage, the differences of the RGFs 
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between pristine and damaged case are very small, comparing to those in the region on the same 

side of the stiffener with respect to the damage. The imaging results are promising and shown in a 

6 ´ 6 and a 12 ´ 12 arrays. While damage imaging is quite successful, there were some points 

showing false positive in the region at the same side with respect to the damage. It is suspected 

that small phase difference from correlation and waveform overlap due to mutual wave reflection 

from the damage and the boundaries may be the two major causes.   

The data acquisition time needs to be long to reach stable and converged RGFs. Localized 

air pressure is randomly spraying at the area by the hand-held air blow gun and the LDV is not 

automated to scan the region. For this reason, this paper only scans up to a 12 ́  12 two-dimensional 

array in a 90 mm ´ 90 mm area.  In addition, due to long time recording, data storage and 

processing time are the limitations in this study. The authors are working on a fully automated 

inspection system that can significantly reduce the sensing time. 

The proposed non-contact auto-correlation technique for damage detection and isolation 

under unknown random excitation overcomes many inherent limitations of traditional bonded 

actuator/sensor SHM systems. It is shown that the technique might use only one sensor to detect 

the defect in the flat aluminum panel and it could be used to inspect large and complex structure. 

This technique has potential to detect, isolate, and image damage using naturally occurring laminar 

or turbulence flow during operation of an aircraft, which is considered a new method to be explored 

in passive sensing. 
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5.1. Abstract 

Technique with the capability of detecting and localizing damage of structures using 

naturally operating environments can provide a possibility of developing more efficient and 

simpler structural health monitoring systems. This passive sensing technique would eliminate the 

need of active actuation which requires power either from battery or ambients to generate 

controlled excitation source. In a recent study, self-Green’s functions (GF) were reconstructed 

using auto-correlation (AC), combined with a damage index by comparing the differences in GFs 

between damaged and pristine metallic panels to locate the damage. In this paper, random 

decrement (RD) technique is proposed to reconstruct GF with computational efficiency. While the 

RD has been widely used for damage detection and structure parameter extraction in civil 

structures, in the frequency usually below 1 kHz; this study explores using RD up to 15 kHz for 

transient wave reconstruction and then damage localization. The concept is first validated through 

simulation for a plate structure, and the results show that the reconstructed self-Green’s function 

match well with the one from the auto-correlation technique after approximately 10,000 averages 

of the RD signatures. 

For experimental verification, a flat aluminum panel and an integral stiffened aluminum 

panel were subjected to localized high-pressure air from the air compressor. A laser Doppler 
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vibrometer (LDV) was automated to scan a 150 mm ´ 150 mm area to create a 13 ´ 13 2-D array 

signals for the pristine and damaged structures. GFs were reconstructed using RD and mean square 

deviation (MSD) was used for creating the damage imaging map.  

The result shows that the waveforms of GFs from the damaged panel are distinct from 

those from the pristine panel, provided the scanning positions belong to the same region with the 

damage. The waveform deviation was observed rather easily, indicating its damage detection 

capability. The result also shows that damage imaging results are in agreement with the real 

damage locations, which proves damage can be localized via proposed technique.  

The proposed automation and RD technique reduce inspection time by half in comparison 

with the one using auto-correlation and manually inspection. It was found that for future structural 

design, stiffening ribs could be installed in the structure not only to strengthen the structure but 

also to assist damage detection with fewer monitoring locations.  

5.2. Introduction 

The safety of an aircraft has been enhanced by means of more frequent inspection. 

Traditional nondestructive inspection (NDI) is conducted in scheduled maintenance, which 

grounds the aircraft from continuing service and thus reducing profit of this aircraft. An on-board 

warning system and a real-time inspection technique, i.e. structural health monitoring (SHM), 

could be developed to detect the incipient damage and then manage the inspection interval for each 

vehicle. In the field of SHM, monitoring techniques can be broadly divided into two schemes: 

active and passive sensing1. The active sensing refers to the techniques involving using any form 

of actuators as sources2 for active excitation on a structure and sensors at specific locations to 

receive signal. The damage can be detected by comparing the sensor signals with those in the 

pristine structure. The passive sensing is to use sensors only and without actuators, for example, 
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acoustic emission (AE)3 and strain/load monitoring4. The passive sensing can also include the case 

where the only excitation that is sensed is the one caused by a sudden external unknown load (e.g., 

impact force). The sensor response is to locate the force and determine the force history and then 

characterize the damage. The passive scheme offers an opportunity to conduct real-time 

monitoring of the structure without the need of power-consuming system. More importantly, it 

may provide a solution for monitoring the aircraft subjected to operational and environmental 

loading from air flow during operation. This attractive feature allows monitoring the aircraft in the 

air and thus, reducing maintenance downtime and the cost. 

Among the techniques, passive sensing using reconstructed Green’s function (GF) through 

correlation based technique has been shown potential for damage detection and localization for 

aircraft and civil structure5-7. It has been shown both in theory and experiment that the impulse 

response between two locations in a solid can be estimated through cross-correlation of waves 

received at two locations provided that wavefield in the solid is diffusive. Lobkis and Weaver5 

derived normal modes based theory for cross-correlation of the signals from diffusive wavefield 

in an enclosed media. Diffusive wavefield refers to the energy equiparition for all wave 

propagation modes. Ultrasonic acoustic signal was generated in an irregular aluminum alloy block 

and it was proved that the waveform from averaging cross-correlation could be similar to that from 

direct pitch-catch result.  

To apply passive sensing through cross-correlation in aircraft structure, the dynamic nature 

of the excitation source must be taken into account. Hence, stably GFs in different measurements 

with random source are necessary for such technique. Scalea et al.6 inspected a railroad track with 

fully non-contact, passive-only system mounted on a running train which continuously generates 

random and non-stationary signal. Deconvolution operator added in cross-correlation was 
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proposed to extract Green’s function from dynamic excitation to the rail. A damage index provided 

a quantitative way to show the discontinuity in the rail, including welds, joints and defects. The 

proposed method enables stably reconstructed Green’s function even in a system subjected to 

random excitation sources. 

In addition, Chang and Yuan7 showed that the auto-correlation consistently reconstruct 

self-Green’s function (‘self-impulse response’) under random excitation, given sufficient long 

time measurement. By comparing GFs from the pristine structure and GFs from the structure with 

simulated damage, it is suggested that the technique may use only one sensor to detect the damage 

in the flat aluminum panel and stiffened aluminum panel, since GFs were shown to be very 

sensitive to the change of the structures. With multiple sensors, auto-correlation method could be 

used to inspect large and complex structure. However, for the auto-correlation, due to long data 

recording time to be able to reach stable and converged GFs, it was time-consuming to scan an 

area using two-dimensional array manually, and data storage and post-processing were also 

strenuous tasks. To tackle this problem, a random decrement technique is proposed in this study 

to significantly reduce the amount of the data to detect and locate the damage in the aluminum 

panels.  

Random decrement signature has been used in structural damage detection, damping 

coefficient estimation, modal analysis, etc.8-13 Cole8 at NASA introduced the random decrement 

technique based on a conceptual illustration of statistics instead of mathematical proof to assess 

damage in the aerospace structures. He concluded based on simulation and experiments that the 

random decrement signals, which gives a curve related to the free vibration decay of the structure 

with an initial displacement, are stable in the waveform and the scale given random ambient forces. 



 

 

106 

With its stable feature, the obtained random decrement signals could be used for failure detection 

and damping measurement.  

Vandiver et al.9 derived a rigorous mathematical proof for the random decrement technique. 

The author showed that for a Gaussian random excitation source, a random decrement signature 

of a measured long time signal is proportional to the auto-correlation function of that recorded 

signal. The triggering level and magnitude of the auto-correlation function at zero lag were found 

to be related to the proportion between the auto-correlation function and RD signal. Random 

decrement technique was tested on an offshore structure where acceleration response was 

measured. After averaging over 80 times of RD signatures, it was found the waveform of the 

random decrement signal approaches to the causal part of the auto-correlation function (i.e. auto-

correlation function in the positive time scale). 

Curadelli et al.11 used the random decrement to obtain free vibrational decay below 10 Hz 

for damping evaluation. Horizontal acceleration from the top floor of a one bay, six-storey 

aluminum 3-D frame model (0.5 m tall and 0.1 m wide) was processed with random decrement, 

and wavelet transform was used to acquire instantaneous damping coefficient for damage detection. 

The structure was subjected to Gaussian white noise using a shaking table to create unidirectional 

base motion. The study showed that parameters characterizing damping properties could be used 

as damage-sensitive features, and RD based structural response retrieval could assist damage 

detection process.   

Gul and Necati Catbas12 conducted experimental studies using random decrement to filter 

out the effect of the random loading and reconstruct the free decay response of the structures, and 

using auto-regressive modeling and Mahalanobis distance-based outlier detection algorithm to 

identify the damage in the structures. Different damage scenarios were applied on a simply 
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supported steel beam and a steel grid. Acceleration was measured with 800 Hz and 400 Hz 

sampling frequencies for the beam and the grid, respectively, for 10 mins with hand-tapped 

excitation. The RD was shown to consistently reconstruct the structural response and thus 

improves the outlier detection process. The author noted that the methodology is capable of 

detection changes in the structures for most of the cases.  

Sim et al.13 implemented random decrement in wireless sensor network for structural 

feature extraction. It was demonstrated that the RD technique with decentralized data aggregation 

reduces computational effort significantly comparing to Natural Excitation Technique (NExT). A 

simply supported truss model was simulated with 0-150 Hz band-limited white noise excitation. 

For experimental verification, a truss structure consisting of steel hollow circular tubes was tested 

with 0-100 Hz white noise. Mode shapes and natural frequency were reconstructed and calculated 

for both cases. It was found that the RD saves about 22% and 28% amount of data transferred 

which is required for structural properties calculation in simulation and experiment, respectively. 

This is because the RD only needs trigger information instead of the entire signal. 

The application of the RD in aircraft structure is rare, and the focus has been on vibration 

features at low frequencies. The following section couples auto-correlation based Green’s function 

reconstruction with random decrement technique. As such, the RD is used in transient wave 

analysis in 5 kHz to 15 kHz range to detect and localize the damage in the aircraft structures (i.e. 

metallic panels). The rest of the paper is organized as follows: the following section introduces the 

equations for GF reconstruction via auto-correlation and the equations for RD. This is followed by 

a section on simulation to further validate the proposed idea. The experimental results on the flat 

and integral aluminum panels demonstrate the feasibility of the idea and conclusion is made at last.  
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5.3. Equations 

The equation of Green’s function reconstruction from the auto-correlation is simply shown 

in Equation (5.1)7 

  (5.1) 

where  is the Green’s function from  to  in the frequency domain; the 

superscripts u and t represent that the received signal is in displacement form and applied source 

is also in traction form; the subscripts i and p represent the displacement is in i-direction and the 

applied traction is in p-direction.  is the source spectrum of the excitation and  is a 

constant relating to material properties.  

Equation (5.1) shows that the Green’s function from positions  to itself (left side of the 

equation), called self-Green’s function, can be reconstructed through the summation of the auto-

correlation of received wavefield at this position (right side of the equation), given that the source 

is well-distributed over the material surface S or sufficient long time correlation. This Green’s 

function from auto-correlation can also be considered as “self-impulse response”. Note that 

because auto-correlation guarantees the causal part identical to the anti-causal part of the Green’s 

function, only the causal part of Green’s function is shown and compared with the RD signature.  

Equation (5.2)9 shows the random decrement (RD) signature  in frequnecy domain 

equals to the auto-correlation fucntion  times with some constant   

  (5.2) 
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is the auto-correlation function at zero lag and  is the triggering level. The auto-

correlation function  can be linked to the right side of  Equation (5.1) 

   

Hence, the relationship between self-Green’s function and RD signature can be derived  

  (5.3) 

Note that  are all constants and can be replaced using any constant.  

  (5.4) 

Equation (5.4) shows that Green’s function can also be reconstructed through random 

decrement techniques provided well-distributed sources or sufficient long time sensing. The merit 

of Equation (5.4) compared to Equation (5.1) is that during computing process, auto-correlation 

needs long time signal to achieve converged Green’s function, and hence the correlation takes 

excessive time and memory space, while RD signature in programming involves only determining 

triggering level and averaging.  

5.4. Simulation  

5.4.1. Layout and method 

To show the equivalence of GFs calculated from the random decrement and from the auto-

correlation, a 0.5 second simulation on an aluminum panel is first conducted to validate the concept. 

The simulation is conducted using Abaqus explicit. The structure is a flat aluminum panel with 

dimension 300 mm × 300 mm × 2.4 mm, shown in Figure 5.1. Elastic modulus is set at 69 GPa 

and the Poisson’s ratio is 0.33. The boundary is fully clamped at four corners of the panel. A 

uniform white noise source, programed using MATLAB, was input as the excitation source in the 
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form of nodal displacement at a randomly determined location. Figure 5.2 (a) shows a 10 ms 

representative uniform white noise signal and its Fourier transform in frequency domain. The 

signal is input as vertical displacement. 

The mesh size is 2 mm due to the following reasons: In the last study7, the frequency of 

interest in the experiments ranges from 5 kHz to 15 kHz due to equipment constraints and 

avoidance of the harmonics of the laser Doppler vibrometer (LDV), which can be seen in Figure 

5.5. The frequency of the excitation source falls below 20 kHz, and 20.7 kHz and 45.7 kHz are the 

harmonics from the LDV. For a 2.4 mm thick aluminum panel, the corresponding smallest 

wavelength is about 40 mm. To be able to accurately model the wave propagation correctly, a 

factor 20 is chosen to lead to the final mesh size 2 mm.  

After the vertical displacement of the structure is extracted from the designated location 

(shown in Figure 5.1), the signal is band filtered for 5 kHz to 15 kHz, shown in Figure 5.2 (b), and 

post-processed with RD and auto-correlation to reconstruct the Green’s functions. The triggering 

level for RD method is set at 1.5. This study tests RD under different average numbers in four 

cases: 1,000, 2,500, 5,000 and 10,000. In addition, the GFs from RD and auto-correlation are 

further normalized to eliminate the effect of the factors on the right side of the Equation (5.4).  
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Figure 5.1 Schematic diagram of a flat aluminum panel used in simulation. The red dot showing 

the location of the excitation source; the blue dot showing the location of signal retrieval. 

 

Figure 5.2 (a) A uniform white noise signal input as the excitation source in the duration of 10 

ms and its frequency spectrum shown in the upper right corner. (b) The extracted vertical 

displacement from the sensing location shown in Fig. 1. 

 

5.4.2. Simulation results 

Figure 5.3 shows the comparison between two GFs from the RD and the auto-correlation 

function for 7 ms from four averages of the RD signatures: 1,000, 2,500, 5,000 and 10,000. The 
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Y-axis has no unit since the RD signature and the auto-correlation signal are all normalized. It is 

clear from the figure that the RD signature start to converge toward the auto-correlation function 

after 5,000 of averages, and at 10,000 of averages the waveform of RD signature is identical with 

that of the auto-correlation function, except some minor amplitude difference. Note that the 

number of average is related to the signal recording length. The corresponding time length to 

10,000 averages in this simulation is approximately 0.23 second. With shorter signal, the number 

of average is insufficient to achieve perfect match between the RD signature and the auto-

correlation function. As a result, the damage detection and localization capability of this method 

could no longer be guaranteed. 

In this study, as shown above, the time length required for successful RD signature and 

auto-correlation function is 0.23 second. In fact, the suitable time length for the RD depends on 

the dimension of the structure, excitation and triggering level. For example, as the length and the 

width of the structure increase, the time for wave propagating across the structure also increases, 

causing the span between each RD triggering point grow. Hence, the total triggering points 

decreases and so as the number of averages, which could cause imperfect match between the RD 

signature and the auto-correlation function. Note that longer time length can guarantee RD 

signature for structure inspection purpose, but the computational effort and storage space also 

increase. This suggests appropriate signal time length, or number of averages, should be verified 

prior to performing every experiment.  
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Figure 5.3 The comparison between the auto-correlation functions and the RD signatures. The 

blue lines for RD signature and red lines for the auto-correlation function. (a) 1,000 (b) 2,500 (c) 

5,000 (d) 10,000 averages for the RD signature.  

  

5.5. Automated Experimental Layout and Testing Method  

5.5.1. Experimental layout 

Figure 5.4 shows the experimental setup with a stiffened aluminum panel. A Laser Doppler 

vibrometer (LDV) from Polytec Inc. was used for sensing out-of-plane velocity. The LDV is 

comprised of an OFV-505 sensor head and an OFV-5000 vibrometer controller from Polytec Inc. 

The sensor head was mounted on a two-axis translation stage to control sensing position. 

Compressed air pumped from the air compressor is the excitation source. A customized, 3-D 

printed nozzle with 4.85 mm diameter at the opposite side of the panel, shown in Figure 5.4 (b), is 

connected with hoses and valves to a large air compressor (Powerex OTS 100441) mounted in the 
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National Institute of Aerospace facility, Figure 5.4 (c). The nozzle is mounted on a 2-D rotation 

stage and controlled through the computer to spray air in a random pattern to mimic randomly 

distributed sources. The automated LDV scan and nozzle rotation is achieved using MouseRobot 

automation program (http://www.mouserobot.com). 

Figure 5.5 shows the frequency spectrum of compressed air blasting on the integral 

stiffened aluminum panel. The high amplitude region of the frequency spectrum mostly falls in 

the acoustic range below 20 kHz. The harmonics generated from the LDV (20.7 kHz and 45.7 kHz) 

are in the higher frequency spectrum. To avoid these harmonics from the LDV, 5 kHz to 15 kHz 

frequency response is chosen in this study. The wavelength of the dominant A0 guided wave mode 

given the frequency and the material/geometric properties is around 50 mm, which is the same 

order as the damage size (12 mm ´ 25 mm). To achieve the best resolution of the signal while 

speeding up the experiment, the LDV sampling frequency is set at 512 kHz.  

Two aluminum panels are investigated in this paper. The first one is a 6066 T6 flat 

aluminum panel with dimensions 610 mm × 610 mm × 2.25 mm. The second one is a 6013 

aluminum panel with six integral stiffeners and the dimensions are 753 mm × 612 mm × 5 mm. 

Figure 5.6 (a) shows the isometric view and the detail dimensions of the stiffened aluminum panel 

are shown in Figure 5.6 (b).  

To alter the state of the structure, a 12 mm ´ 25 mm magnet is glued onto the panel to 

simulate an artificial flaw. To locate the damage position, a 13 ´ 13 two-dimensional array was 

form by scanning a 150 mm ´ 150 mm area, shown in Figure 5.6 (c). The red dots correspond to 

the LDV scanned points. The distance between the LDV sensor head and the panel is around 762 

mm to achieve the best sensitivity. The spacing between each neighboring points is 12.5 mm. To 

increase the signal to noise ratio (SNR), the scanned area is covered by a reflective tape. 
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5.5.2. Imaging condition 

The reconstructed Green’s functions using RD from the pristine and the damaged structure 

are compared using mean square deviation (MSD) between pristine and damaged structures at a 

given location. GF from RD is first normalized with Euclidean norm 

, 

 is the discrete RD signature at time t = tn and N is the length of the RD signature since the 

signal is in discrete time, e.g. if there are 3,000 data points in the signal, then N is 3,000. The 

imaging condition used in this study is based on mean square deviation (MSD) and can be 

expressed as 

 

where MSD will be used as the image intensity for damage localization, and xk, yk are the scanned 

positions, k = 1 ⋯ 13.   is the normalized GF from random decrement result for the 

damage case, and is the normalized reference GF, i.e., the GF from the pristine structure. 

In this study, a 13 ´ 13 two-dimensional array is taken for both pristine and damaged structures, 

thus a 13 ´ 13 matrix of mean square deviation is created.  
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Figure 5.4 (a) Experiment setup with compressed air emitted from the 3-D printed nozzle to 

excite the integral stiffened aluminum panel, and the laser Doppler vibrometer (LDV) to sense 

the response. (b) 3-D printed nozzle with diameter 4.85 mm (black) clamped in the housing 

(white). (c) The air compressor mounted in the facility. 

 

Figure 5.5 Frequency response of compressed air blasting on the stiffened aluminum panel. 20.7 

kHz and 45.7 kHz responses from harmonics of the LDV system. 
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Figure 5.6 Schematic diagram of an integral stiffened aluminum panel used in experiment. (a) 

Isometric view of the panel, (b) the geometry and the dimensions of the panel, and (c) a 13 × 13 

LDV scanned array in a 150 mm ´ 150 mm area which covers the simulated damage location 

marked by a shaded rectangle marked in yellow. 

 

5.6. Experimental Results  

5.6.1. Damage detection and imaging on a flat aluminum panel 

Figure 5.7 shows the GFs for 7 ms from the pristine and damaged structure. It shows that 

introducing the geometric discontinuity, a 12 mm ´ 25 mm magnet in this case, does alter the state 

of the structure. The damage acts as a scattering source and wave traveling through is diffracted 

and reflected, causing distortion in received waveform.  

Figure 5.7 (a) shows the GFs from the scanning point #23, which is far from the defect. 

Figure 5.7 (b) shows the GFs from the point #32, which is closer to the defect than point #23. 
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Figure 5.7 (c) shows the GFs from the point #43 which is in the vicinity of the defect. The positions 

of all three points are shown in the Figure 5.8 (a). It is clear that the closer the distance between 

the scanning location and the damage position, the more distorted the waveforms.  

It was observed that as the simulated damage was added onto the flat panel, all 169 

waveforms of GFs show certain degree of changes and can be observed rather easily. While for 

the aluminum panel with integral stiffeners, only those GFs in the same region with the artificial 

damage show significant waveform distortion. This indicates this reconstructing self-Green’s 

function technique is very effective for damage detection. 

Figure 5.8 is the image intensity of the 13 ´ 13 two-dimensional array for the flat aluminum 

panel using random decrement Green’s function reconstruction technique combined with mean 

square deviation (MSD) damage index. The dark shaded rectangle is the real location of the 

damage. High values of altered signal intensity correspond to the red parts, which are possible 

damage locations, while low values correspond to the blue region, indicating less possibility for 

damage present at the location. It is clear that there is a good match between the damage imaging 

and the real damage location. Again, it proves that self-Green’s function combined with the 

damage index method is efficient for damage localization.   

 

 

 



 

 

119 

 

Figure 5.7 The GFs from the random decrement (RD) obtained at different locations in the flat 

aluminum panel. The blue lines for pristine case and red lines for damaged case. (a) Scanning 

point #23. (b) Scanning point #32. (c) Scanning point #43 to be shown in Figure 8. 

 

Figure 5.8 Image intensity of a 150 mm × 150 mm region (represented by a 13 ´ 13 2-D array) 

for the flat aluminum panel with simulated damage marked in dark shaded area with black 

dashed line. Scanning points #23, #32, and #43 corresponding to Fig. 7 (a), (b) and (c) GF 

positions, respectively. 
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5.6.2. Damage detection and imaging on a stiffened aluminum panel  

To show the practicality of this method, experiments are conducted on an integral stiffened 

aluminum panel. Figure 5.9 (a), (b) and (c) show the Green’s function reconstructed using RD 

technique extracted from the scanning points #1, #32 and #55, respectively, for both pristine and 

damaged panel. The waveform distortion is evident for #32 and #55, which are in the Region I 

(shown in Figure 5.10), the same region with the simulated damage. For scanning point #1, the 

GFs are almost identical. It is worth noting in the region outside the two stiffeners (e.g., Region II 

and Region III), the indices are lower, while in Region I there are more scanning points with higher 

indices, indicating possible damage location. This is in agreement with the previous study7, and 

the phenomenon may result from the stiffeners acting as “fences” which separate different regions 

and prevent waves from traveling across the stiffeners. The scattered wave trapped in the same 

region with the damage could interact with the damage much longer, causing higher mean square 

deviation.  

This observation can be incorporated for future smart structure design. For example, the 

“fence” feature could be installed in the area subjected to higher loading and prone to have growing 

damage. Damage detection for large area could be achieved with just a few monitoring points 

using self- Green’s function reconstruction.   

Figure 5.10 is the image result of the 13 ´ 13 two-dimensional (2-D) array for the stiffened 

aluminum panel using RD Green’s function reconstruction technique and mean square deviation 

(MSD) damage index method. The shallow white area with black dash line indicates the stiffening 

rib and the dark shaded rectangle is the real damage location. The damage location conform to the 

position of the simulated defect, which proves the damage localization ability of the technique in 

the complex structure.  
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Figure 5.11 is another image result of the 13 ´ 13 2-D array for the stiffened aluminum 

panel with a tilted damage with the same size as that in Figure 10. Again, the red, high possibility 

region agrees with the real damage location.  

Note that the stiffened panel is generally considered as structure with complex geometry 

and it is difficult to detect and locate the damage in such a structure. This study demonstrates the 

potential of using self-Green’s function reconstruction by random decrement, together with a 

damage index to inspect structure, and could pave a way for future passive sensing.   

 

Figure 5.9 The GFs using RD from different locations in the stiffened aluminum panel. The blue 

lines for the pristine case and red line for the damaged case. (a) Scanning point #1. (b) Scanning 

point #32. (c) Scanning point #55 to be shown in Figure 5.10. 
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Figure 5.10 Image intensity of a 150 mm ´ 150 mm area (represented by a 13 ´ 13 2-D array) in 

the stiffened aluminum panel. The shallow white area with black dashed line indicating the 

geometry and location of the stiffener. The whole area is separated into three regions. The 

artificial damage location shown in dark shaded rectangle region. Scanning points #1, #32 and 

#55 correspond to Figure 5.9 (a), (b) and (c) GF positions, respectively. 
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Figure 5.11 Image intensity of a 150 mm ´ 150 mm area (represented by a 13 ´ 13 2-D array) in 

the stiffened aluminum panel with a tilted damage shown in dark shaded rectangle. The shallow 

white area with black dashed line indicating the geometry and location of the stiffener. Whole 

image separated into three regions. 

 

5.7. Conclusions 

In the recent study7, it was found that the reconstructed self-Green’s function (GF) from 

long time auto-correlation is repeatable and well converged for both pristine and damaged 

structures in the laboratory setting. However, experimental time, data storage and post-processing 

time are issues that need to be resolved. This paper explores a new inspection technique based on 

random decrement (RD), with automated inspection process, which could be potentially used in 

passive sensing in structural health monitoring in aircraft structures. 

This study first showed in equations that the RD signature can be linked to Green’s function 

reconstruction through auto-correlation, provided well-distributed sources or long-time recording 
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of the signal. Secondly, simulation was conducted on a 300 mm × 300 mm × 2.4 mm aluminum 

panel and a programmed uniform white noise is the excitation source. The RD signature matches 

well with the auto-correlation function after approximately 10,000 averages of the RD signatures, 

in which the duration of the signal is about 0.23 second. Note that the suitable time length for the 

RD depends on the dimensions of the structure, excitation and triggering level. 

Following that, a flat aluminum panel (610 mm ´ 610 mm ´ 2.25 mm) and an integral 

stiffened aluminum panel (753 mm × 612 mm × 5 mm) were tested with an automated system, 

using high-pressure air from the air compressor to impact the panel, and laser Doppler vibrometer 

(LDV) to scan a 2-D array (13 ´ 13) in a 150 mm ´ 150 mm area. A total of 169 signals were 

recorded, and after an artificial defect (12 mm ´ 25 mm) was attached onto the panel, another 169 

signals were recorded again. The signals were post-processed with RD to reconstruct GFs. The 

result shows that differences between the GFs from the pristine structure and the GFs from the 

damaged structure are evident for all 169 points in the array, indicating that damage detection may 

be achieved by single sensing point. The simulated damage was successfully located using the GFs 

with an imaging condition formed from a mean square deviation.  

For the integral stiffened aluminum panel, damage detection capability can be influenced 

by where the stiffeners are located. The inspected area is divided into three regions (Region I, II 

and III), and the simulated damage is in the center Region I. The differences of the GFs in Region 

II and III between pristine and damaged case are very small, comparing to those in the Region I. 

This suggests that GF is very sensitive to the change of the structure as long as the change is in the 

same region with the scanning point, bounded by the stiffeners. This may result from the stiffener 

acting as a “fence” which separate different regions and dampen the waves traveling through the 

fence. This observation can be incorporated for future smart structure design. For example, the 
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“fence” feature could be installed in the area prone to have damage, and damage detection could 

be achieved with just a few monitoring points using self-Green’s function reconstruction. Finally, 

two imaging results were demonstrated and the damage locations match very well. While the 

damage imaging has shown to be quite successful, there were some points showing false positive 

in the region at the same side with respect to the damage. It is suspected that the waveform overlap 

due to mutual wave reflection from the damage and the boundaries may be the major causes.  

A few highlights have been shown in this study. First, the random decrement (RD) has 

been often used in civil structure at low frequency range to assess structural properties, such as 

damping coefficient, and to detect potential damage. While in this study, the RD was used to 

reconstruct transient waves (i.e. GFs) from the sensing signals in an operational environment 

ranging from 5 kHz to 15 kHz to detect and localized the damage in the aircraft structure, based 

on a damage imaging condition. This enables RD technique to inspect smaller damage. 

Second, the localized high-pressure air was continuously randomly sprayed on the 

aluminum panels as an excitation source through a 3-D printed air nozzle. This uncontrolled type 

of source with inherent broad bandwidth poses challenges on implementing structural health 

monitoring in real world. Nevertheless, this study shows that the reconstructed self-Green’s 

function (GF) from RD could be extracted from uncontrollable environment with arbitrary 

excitation disturbance and used as an inspection tool.  

Third, in comparison with the recent study7, the time executed experimentally using the 

automated system is reduced to about half (8 hours to 3.5 hour) of that using manually scanning. 

The post-processing time for a damage map is approximately one hour for auto-correlation, and 

half hour for RD. The merit of RD (e.g. data storage) could be shown distinct advantage in the 

wireless sensor work application13.   
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In conclusion, this study proposed a non-contact, self-Green’s function reconstruction 

technique via random decrement technique combined with the imaging condition for damage 

detection and localization. The capability of damage detection and localization under unknown 

random excitation overcomes many inherent limitations of traditional bonded actuator/sensor 

SHM systems. It is shown that this technique could potentially use only one sensor to detect the 

defect in the aluminum panel and to inspect large and complex structures. Most importantly, this 

technique has potential to detect, locate, and image damage using naturally occurring  turbulence 

flow during operation of an aircraft, which is considered a new method to be explored in passive 

sensing.  
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6.1. Abstract 

Detecting and localizing damage of aircraft structures using naturally occurring air flow 

provide a viable means of developing more efficient structural health monitoring systems. Such 

passive sensing techniques eliminate the need for acquiring power either from the battery or 

ambients to generate controlled excitation.  

In a recent study, high-pressure air was randomly sprayed on metallic panels via air blow 

gun to mimic nonstationary and randomly distributed nature of turbulent flow occurred during 

operation of the flight. Self-Green’s functions (SGF) were reconstructed using auto-correlation 

(AC) at 169 (13 × 13) sensing points covering a 150 mm ´ 150 mm area. Mean square error (MSE) 

of SGFs between damaged and pristine metallic panels was able to map the damage location in the 

panel.  

To inspect a larger area with fewer sensing points, a damage imaging technique based on 

cross-correlation (CC), reconstruction algorithm for probabilistic inspection of damage (RAPID), 

and image fusion is proposed in this paper. A flat aluminum panel was tested to validate the 

proposed idea, and an integrally stiffened aluminum panel was studied. Green’s functions (GF) 

were extracted between sparsely distributed sensor arrays. Eight sensors were attached to each of 

the aluminum panels to cover an enclosed area (up to 200 mm ´ 200 mm) to record the structural 
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response for the pristine and damaged panel. Compressed air was manually swept the panel in 

arbitrary directions to create nonstationary and random excitation. GFs were reconstructed using 

cross-correlation, and RAPID and image fusion were used for generating the image of the damage 

location.  

The result indicates that the stability of GFs is the key to accurately pinpoint the damage. 

At least 20 seconds of long-time recording from sensor guarantees such stability, and well-

distributed air impact locations results in symmetric GFs. Damage images are in good agreement 

with the real damage locations. The proposed technique may detect and localize damage utilizing 

turbulent flow, and it enlarges the inspection region while significantly reduces the sensing points. 

6.2. Introduction 

The aircraft structural safety has been safeguarded by means of scheduled maintenances 

via traditional nondestructive inspection (NDI). During the maintenance, grounding the aircraft 

from continuing service is necessary and is often time-consuming, which reduces the profit of the 

ownership of the aircraft. Alternatively, structural health monitoring (SHM) system, e.g., an 

onboard warning system with a real-time inspection technique, can detect incipient abnormality 

without interrupting the service of the flight, and manage the inspection interval for each vehicle.  

SHM techniques can be broadly divided into two schemes: active and passive sensing1. 

Active sensing refers to the techniques involving using actuators as excitation sources2 and sensors 

to receive signal at specific locations on a structure. The damage can be detected by comparing the 

signals from the damaged and pristine structures. Imaging algorithm can be applied to locate the 

damage3,4. 

Passive sensing is to use sensors only and without controlled sources, for example, acoustic 

emission (AE)5, strain/load monitoring6, and Green’s function (GF) extraction from operational 



 

 

131 

loading7-10. The passive scheme offers an opportunity to monitor the structure without the need for 

a power-consuming system. More importantly, it may take advantages of operational and 

environmental loading from air flow during operation (Figure 1), which allows real-time 

monitoring the aircraft in the air and thus, reduces maintenance downtime and the cost. 

GF extraction via correlation method has been widely used in helioseismology11,12, 

seismology13, and ocean passive tomographic imaging14. Studies also showed the potential of GF 

extraction for damage inspection for aerospace and civil structure7-10.  

In a study by Chehami et al.7, flexural wave based theory for GF extraction was derived, 

which consider out-of-plane displacement based on the Kirchhoff-Love equation and a limited 

number of sources. In a numerical study, identical short pulses of noise were generated in an 

aluminum panel and the cross-correlation technique was applied. The GF from the pristine 

structure was subtracted by that from damaged structures to produce scattered wave signal, which 

represents the wave scattered from the damage only. Time-reversal imaging15,16 was used to map 

the damage and the damage location was precisely shown in the color map.  

 

 

Figure 6.1 Passive sensing scheme via exploiting environmental loading from air flow without 

much power consumption and recording structural responses using the embedded sensors to 

detect incipient abnormality. 
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To apply passive sensing through GF extraction in aircraft structure, the dynamic nature of 

the excitation source must be taken into account. Scalea et al.8 inspected a railroad track with fully 

non-contact, passive-only system mounted on a running train which continuously generates 

random and non-stationary signal. Deconvolution operator added in cross-correlation in the 

frequency domain was proposed to extract Green’s function from dynamic excitation to the rail. 

Damage index was used to show the discontinuity in the rail, including welds, joints, and defects.  

Stable GFs in different measurements with random sources are necessary for  accurate and 

firm damage inspection. In addition, Chang and Yuan9 showed that the auto-correlation 

consistently reconstruct self-Green’s function (‘self-impulse response’) under random excitation, 

given sufficient long time measurement, i.e. at least four seconds. A Laser Doppler vibrometer 

(LDV) was used to record the signal and high-pressure air from the air compressor was manually 

sprayed onto the structure. It shows that the waveforms of the self-GFs change obviously, provided 

that a simulated damage is added onto the pristine structures, indicating the technique may use 

only one sensor to detect the damage in the flat aluminum panel and stiffened aluminum panel. Up 

to a 12 ´ 12 array of GFs in a 90 mm ´ 90 mm region were reconstructed, and mean square error 

(MSE) of self-GFs were calculated to create a color map to show the damage location.  

In a recent study, Chang and Yuan10 tackled the inspection time, data storage and 

computational effort issues for auto-correlation by using an automated scanning and air spraying 

system, along with Random Decrement technique to extract self-Green’s function. A 13 ´ 13 array 

of self-GFs in a 150 mm ´ 150 mm area were created and MSE was used for damage localization 

on flat and stiffened aluminum panels. LDV scanning period and post-processing time for self-

GFs extraction were reduced by half. However, the inspection area is still limited by the number 

of sensing points and damage size. If the inspection area becomes larger, to locate the same size 
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of the damage, the number of sensing points must also be increased, which inevitably increase 

total inspection time.   

Furthermore, studies on damage inspection using Green’s function extraction on complex 

structures, such as built-up aluminum or composite panels with stiffeners and/or frames, are very 

limited due to the following reasons. First, the complex geometry poses an issue for damage 

imaging due to multiple wave reflections and refractions. Among the imaging techniques, 

RAPID17 shows potential for imaging complex structures. Second, wave damping in complex 

structures decreases signal-to-noise ratio and makes GF extraction under randomly distributed 

sources extra tricky. To the author’s knowledge, only self-Green’s function extracted using 

random excitation source on the complex structure has been reported9,10. 

Consequently, there are three goals in this study: 1. To relax the scanning area constraint 

for damage inspection under self-GF extraction technique. 2. To extract Green’s function using 

random excitation source in an integrally stiffened aluminum panel. 3. To pinpoint the damage 

location with RAPID and use image fusion to improve accuracy and suppress noise. 

The rest of the paper is organized as follows: the next section shows the equations of cross-

correlation based Green’s function reconstruction, followed by experimental setup and 

methodology. The result shows the damage image for the flat and integrally stiffened aluminum 

panels, demonstrating the practicability of the idea. The conclusions are made at last. 

6.3. Equations 

Green’s function extraction from cross-correlation is simply shown in Eq. (1)18 
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where  is the Green’s function from  to  in the frequency domain; the 

superscripts v and t represent that the received signal is in velocity form and applied source is in 

traction form; the subscripts p and q represent the velocity is in p-direction and the applied traction 

is in q-direction.  is the excitation source spectrum and   is a constant relating to material 

properties. Eq. (1) shows that the Green’s function from positions  to  (left side of the 

equation), can be reconstructed through the summation of the cross-correlation of received 

wavefield at this position, given that the source is well-distributed over the material surface S. 

There is no assumption for the material boundary, hence the derivation here can also be applied to 

the plate-like structures. As a result, guided-wave in the plate-like structures, is suitable for Green’s 

function extraction process.  

Note that long-time signal has been suggested in past studies for Green’s function 

reconstruction9,19. This is due to recorded signal containing noise, e.g.  

 ,   (2) 

 ,  (3) 

where  and  represent real structural response at location  

and  caused by the excitation, and can be replaced by  and   for simplicity.  

and  are noise from the equipment or unknown source. Cross-correlate two signals gives  

 .  (4) 

Experiments showed that the coherent part  dominating over other incoherent 

parts requires  in the scale of millisecond. However, to successfully and consistently detect and 
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map the damage, GFs have to be extremely stable over different measurements, and thus  in the 

scale of second or more is needed9,10. 

6.4. Experimental Setup and Methodology  

A flat aluminum panel (610 mm × 610 mm × 2.25 mm, 6066 T6) and an integrally stiffened 

aluminum panel (753 mm × 612 mm × 5 mm, 6013) were tested in this study. Figure 2 (a) shows 

the schematic view of the experimental setup. A 150 mm × 150 mm region of the flat panel and a 

200 mm × 200 mm region of the integrally stiffened panel were each covered by 8 APC 850 type 

piezoelectric transducers in a rectangular pattern. Figure 2 (b) shows the detail dimension of the 

stiffened panel along with the sensor number and wave paths of GFs used for damage localization. 

Yellow rectangle is the enlarged damage. Sensors were connected to the Tektronix MDO3014 

oscilloscope with 250 kHz sampling rate for 20 seconds. Compressed air pumped from the air 

compressor (Powerex OTS 100441, mounted in the National Institute of Aerospace facility) was 

manually swept the opposite side of the panel with an air blow gun (HUSKY 6.35 mm). Sweep of 

compressed air in random directions covering the panel creates nonstationary, well-distributed 

excitation. To alter the state of the structure, a 12 mm ´ 25 mm magnet was glued onto the panel 

to simulate an artificial flaw after the signal was recorded from the pristine structure.  

There were 28 wave paths of GFs in 5 kHz - 15 kHz range extracted using cross-correlation 

of signals received from 8 sensors. Experiments were conducted 3 times for each of pristine and 

damaged structures, and hence 9 mean square deviation (MSE) were calculated for each wave path 

of GF. MSE was further processed with RAPID17 for damage imaging and pixel resolution was 

set at 1 mm.   is set at 1.025 to cover inspection area while preserving the accuracy of damage 

localization. 9 damage images were generated for each flat and stiffened panel. The images were 

first filtered using Tukey window with 0.3 cosine fraction to remove high MSE values due to the 

t

β
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overlap of wave paths near sensor locations. 85% threshold and normalization by the peak value 

was used to remove low amplitude MSE and achieve the maximum value 1 for each image, and 

then image fusion for 9 maps was conducted. The final image was then normalized by the 

maximum value again. 

 

Figure 6.2 (a) Experiment setup with 8 sensors and compressed air emitted from the spraying 

nozzle to excite the integrally stiffened aluminum panel. (b) Detail dimension of the panel with 

the sensor number and wave paths of GFs used for damage localization. Yellow rectangle 

indicating the enlarged damage. 

 

6.5. Experimental Results 

Figure 3 (a) shows three Green’s functions extracted using cross-correlation of sensor #1 

and sensor #3 from three different 20 seconds measurements on the integrally stiffened aluminum 

panel. The symmetry of the waveforms (causal and acausal part of GF) can be observed easily 

since high-pressure air is sprayed uniformly at the structures. Small amplitude variation could be 

from the change of the distance between nozzle and panel during manually spraying. Note that 



 

 

137 

symmetry of Green’s function does not guarantee damage imaging. The overlap of these 

waveforms indicates that GFs from long-time cross-correlation are stable because the coherent 

part  is large enough to neglect the incoherent part in Eq. (4). Figure 3 (b) shows GFs 

from the same sensor pair from 20 seconds measurements. GF in blue is from the pristine structure 

and GF in red is from the damaged structure. Distinct amplitude and phase changes due to the 

simulated damage are observed.  

Provided GFs are stable, RAPID algorithm can be implemented. Figure 4 (a) shows a 150 

mm × 150 mm damage image for the flat aluminum panel. The simulated damage location agrees 

with the actual damage location, shown in the white shaded rectangle. The light blue region is the 

artifact possibly due to reflected wave from the damage. The size of the damage is larger than the 

actual damage, which is typical for RAPID, because the elliptical sub-regions between each sensor 

pair (  ) has to cover the inspection region17. The successful imaging in flat aluminum 

panel proves the proposed technique to be used practically in a more complex structure. 

Figure 4 (b) shows a 200 mm × 200 mm damage image for the stiffened aluminum panel. 

The dark shaded strips with solid black lines indicate the positions of two stiffeners. The imaged 

damage location conforms to the actual damage location in the white shaded rectangle. Artifact 

with higher amplitude is observed in the middle of the inspected area, possibly caused by the 

interaction of scattered wave from the damage to the sensor pair #1 and #5 with two stiffeners. 

This is considered trivial given that the amplitude is small and may be mitigated by implementing 

a second threshold. This result shows that despite complex geometry, i.e., two stiffeners in this 

case, proposed GF extraction via cross-correlation combined with RAPID and imaging fusion can 

successfully detect and locate the damage. 

rA(t)⊗ rB(t)

β = 1.025
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Figure 6.3 (a) The GFs of the sensor pair #1 and #3 from three measurements using 20 seconds 

recording signal. Waveform in negative time is the acausal part of the GF. (b) Comparison of 

GFs from the pristine and the damaged stiffened panel. 

 

Figure 6.4 (a) Damage image of a 150 mm × 150 mm region for the flat aluminum panel with 

the simulated damage in the white shaded area. (b) Damage image of a 200 mm × 200 mm 

region for the integrally stiffened aluminum panel with the simulated damage. Stiffeners shown 

as the dark shaded strips with solid black lines. 

 

6.6. Conclusions 

Green’s function (GF) extraction from cross-correlation in simple structure shows the 

potential for application in more complex structure7,8. In the recent study9,10, it was found that the 
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self-Green’s function (SGF) extraction from long-time auto-correlation is quite repeatable for both 

simple and complex structures in the laboratory setting. This paper explores a damage imaging 

technique based on cross-correlation, reconstruction algorithm for probabilistic inspection of 

damage (RAPID) and image fusion, which could be potentially used in passive sensing in 

structural health monitoring in aircraft structures.  

Piezoelectric transducers were mounted on the aluminum panels to receive excitation from 

manually spraying compressed air. Nature of this source is unknown and sweeping in random 

directions gives a uniformly and well-distributed excitation. After 28 GFs were reconstructed 

through cross-correlation of signals from 8 sensors for the pristine and damaged structures, mean 

square deviation (MSE) was used as damage index. 9 damage images generated from RAPID were 

normalized and 85% threshold was set. The final image was obtained by fusion of 9 images.  

Results show that 20 seconds correlation and well-distributed excitation may give stable 

and symmetric Green’s function. Accurate damage imaging was achieved for both panels and the 

inspection area was increased by 1/3 comparing to the previous study9,10. For the stiffened panel, 

damage location matches well with the real one, despite two stiffeners are within the inspection 

area. Artifact is shown in the middle of the image, possibly caused by wave scattering from the 

damage and interacting with the stiffeners. Nevertheless, the amplitude is small and can be 

mitigated by using a second threshold. 

In conclusion, the inspection area using GF extraction technique was enlarged and sensing 

point density was greatly reduced compared with SGF method9,10. Also, the proposed method 

shows accurate damage imaging result for the complex structure. This is suitable for future passive 

sensing application in structural health monitoring.  
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7. CONCLUSION AND FUTURE WORKS 

This thesis documents three techniques that has been developed over the past few years at 

National Institute of Aerospace. These techniques are researched and have been shown applicable 

for passive sensing scheme in the structural health monitoring on the aircraft structures, such as 

metallic panels or composite panels with strengthening features. The concept of these techniques 

is based on Green’s function extraction from the structure, i.e., impulse response of the structure, 

coupled with the damage imaging algorithms to detect and locate the defect in the structure. The 

damage imaging algorithm is composed of a statistical method to evaluate the possibility of 

presence of the defect, and a strategy to present this possibility on the color map.  

The following section will conclude each explored technique. The first one is auto-

correlation based Green’s function extraction method. The second one is Random decrement 

method, and the third one is cross-correlation based technique. 

7.1. Auto-Correlation 

A new inspection technique has been explored to be potentially used in passive sensing in 

structural health monitoring. The Green’s function reconstructed from auto-correlation of the 

sensing signals was used to detect and isolate the simulated damage whose intensity is mapped 

based on a damage imaging condition using mean square deviation between the pristine and 

damaged signals. The air blow gun is used as an excitation source randomly and continuously 

spraying localized high pressure air on the aluminum panels. This uncontrolled type of source with 

inherent broadband poses challenges on implementing structural health monitoring (SHM) in real 

world. Nevertheless, this study shows that the reconstructed Green’s function (RGF) from long 

time auto-correlation could be extracted from uncontrollable environment with arbitrary excitation 

disturbance and used as an inspection tool.  
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It was found that the reconstructed Greens’ function (RGF) from long time auto-correlation 

is repeatable and well converged for both pristine and damaged structures in the laboratory setting. 

For the flat aluminum panel (610 mm ´ 610 mm ´ 2.25 mm), sensing time duration of at least four 

seconds is sufficient to establish converged Green’s function through correlation. The simulated 

damage (12 mm ´ 25 mm) was successfully detected and isolated in a 90 mm ´ 90 mm area, 

represented by a 6 ´ 6 two-dimensional scanning array from the laser Doppler vibrometer (LDV). 

It is worth mentioning that waveform distortion can be observed for all thirty-six points in the 

array, indicating damage detection may be achieved by single sensing point.  

For the integral stiffened aluminum panel (753 mm × 612 mm × 5 mm), the stiffeners 

acting as geometric discontinuity expedite the formation of the diffusive wavefield and thus the 

signal sensing time can be shorter. Damage detection is affected by the stiffener position. In the 

region on the other side of the stiffener with respect to the damage, the differences of the RGFs 

between pristine and damaged case are very small, comparing to those in the region on the same 

side of the stiffener with respect to the damage. The imaging results are promising and shown in a 

6 ´ 6 and a 12 ´ 12 arrays. While damage imaging is quite successful, there were some points 

showing false positive in the region at the same side with respect to the damage. It is suspected 

that small phase difference from correlation and waveform overlap due to mutual wave reflection 

from the damage and the boundaries may be the two major causes.   

The data acquisition time needs to be long to reach stable and converged RGFs. Localized 

air pressure is randomly spraying at the area by the hand-held air blow gun and the LDV is not 

automated to scan the region. For this reason, this paper only scans up to a 12 ́  12 two-dimensional 

array in a 90 mm ´ 90 mm area.  In addition, due to long time recording, data storage and 
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processing time are the limitations in this study. The authors are working on a fully automated 

inspection system that can significantly reduce the sensing time. 

7.2. Random Decrement 

The proposed non-contact auto-correlation technique for damage detection and isolation 

under unknown random excitation overcomes many inherent limitations of traditional bonded 

actuator/sensor SHM systems. It is shown that the technique might use only one sensor to detect 

the defect in the flat aluminum panel and it could be used to inspect large and complex structure. 

This technique has potential to detect, isolate, and image damage using naturally occurring laminar 

or turbulence flow during operation of an aircraft, which is considered a new method to be explored 

in passive sensing. 

In the recent study, it was found that the reconstructed self-Green’s function (GF) from 

long time auto-correlation is repeatable and well converged for both pristine and damaged 

structures in the laboratory setting. However, experimental time, data storage and post-processing 

time are issues that need to be resolved. This paper explores a new inspection technique based on 

random decrement (RD), with automated inspection process, which could be potentially used in 

passive sensing in structural health monitoring in aircraft structures. 

This study first showed in equations that the RD signature can be linked to Green’s function 

reconstruction through auto-correlation, provided well-distributed sources or long-time recording 

of the signal. Secondly, simulation was conducted on a 300 mm × 300 mm × 2.4 mm aluminum 

panel and a programmed uniform white noise is the excitation source. The RD signature matches 

well with the auto-correlation function after approximately 10,000 averages of the RD signatures, 

in which the duration of the signal is about 0.23 second. Note that the suitable time length for the 

RD depends on the dimensions of the structure, excitation and triggering level. 



 

 

146 

Following that, a flat aluminum panel (610 mm ´ 610 mm ´ 2.25 mm) and an integral 

stiffened aluminum panel (753 mm × 612 mm × 5 mm) were tested with an automated system, 

using high-pressure air from the air compressor to impact the panel, and laser Doppler vibrometer 

(LDV) to scan a 2-D array (13 ´ 13) in a 150 mm ´ 150 mm area. A total of 169 signals were 

recorded, and after an artificial defect (12 mm ´ 25 mm) was attached onto the panel, another 169 

signals were recorded again. The signals were post-processed with RD to reconstruct GFs. The 

result shows that differences between the GFs from the pristine structure and the GFs from the 

damaged structure are evident for all 169 points in the array, indicating that damage detection may 

be achieved by single sensing point. The simulated damage was successfully located using the GFs 

with an imaging condition formed from a mean square deviation.  

For the integral stiffened aluminum panel, damage detection capability can be influenced 

by where the stiffeners are located. The inspected area is divided into three regions (Region I, II 

and III), and the simulated damage is in the center Region I. The differences of the GFs in Region 

II and III between pristine and damaged case are very small, comparing to those in the Region I. 

This suggests that GF is very sensitive to the change of the structure as long as the change is in the 

same region with the scanning point, bounded by the stiffeners. This may result from the stiffener 

acting as a “fence” which separate different regions and dampen the waves traveling through the 

fence. This observation can be incorporated for future smart structure design. For example, the 

“fence” feature could be installed in the area prone to have damage, and damage detection could 

be achieved with just a few monitoring points using self-Green’s function reconstruction. Finally, 

two imaging results were demonstrated and the damage locations match very well. While the 

damage imaging has shown to be quite successful, there were some points showing false positive 
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in the region at the same side with respect to the damage. It is suspected that the waveform overlap 

due to mutual wave reflection from the damage and the boundaries may be the major causes.  

A few highlights have been shown in this study. First, the random decrement (RD) has 

been often used in civil structure at low frequency range to assess structural properties, such as 

damping coefficient, and to detect potential damage. While in this study, the RD was used to 

reconstruct transient waves (i.e. GFs) from the sensing signals in an operational environment 

ranging from 5 kHz to 15 kHz to detect and localized the damage in the aircraft structure, based 

on a damage imaging condition. This enables RD technique to inspect smaller damage. 

Second, the localized high-pressure air was continuously randomly sprayed on the 

aluminum panels as an excitation source through a 3-D printed air nozzle. This uncontrolled type 

of source with inherent broad bandwidth poses challenges on implementing structural health 

monitoring in real world. Nevertheless, this study shows that the reconstructed self-Green’s 

function (GF) from RD could be extracted from uncontrollable environment with arbitrary 

excitation disturbance and used as an inspection tool.  

Third, in comparison with the recent study, the time executed experimentally using the 

automated system is reduced to about half (8 hours to 3.5 hour) of that using manually scanning. 

The post-processing time for a damage map is approximately one hour for auto-correlation, and 

half hour for RD. The merit of RD (e.g. data storage) could be shown distinct advantage in the 

wireless sensor work application.   

In conclusion, this study proposed a non-contact, self-Green’s function reconstruction 

technique via random decrement technique combined with the imaging condition for damage 

detection and localization. The capability of damage detection and localization under unknown 

random excitation overcomes many inherent limitations of traditional bonded actuator/sensor 
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SHM systems. It is shown that this technique could potentially use only one sensor to detect the 

defect in the aluminum panel and to inspect large and complex structures. Most importantly, this 

technique has potential to detect, locate, and image damage using naturally occurring  turbulence 

flow during operation of an aircraft, which is considered a new method to be explored in passive 

sensing. 

7.3. Cross-Correlation 

Green’s function (GF) extraction from cross-correlation in simple structure shows the 

potential for application in more complex structure. In the recent study, it was found that the self-

Green’s function (SGF) extraction from long-time auto-correlation is quite repeatable for both 

simple and complex structures in the laboratory setting. This paper explores a damage imaging 

technique based on cross-correlation, reconstruction algorithm for probabilistic inspection of 

damage (RAPID) and image fusion, which could be potentially used in passive sensing in 

structural health monitoring in aircraft structures.  

Piezoelectric transducers were mounted on the aluminum panels to receive excitation from 

manually spraying compressed air. Nature of this source is unknown and sweeping in random 

directions gives a uniformly and well-distributed excitation. After 28 GFs were reconstructed 

through cross-correlation of signals from 8 sensors for the pristine and damaged structures, mean 

square deviation (MSE) was used as damage index. 9 damage images generated from RAPID were 

normalized and 85% threshold was set. The final image was obtained by fusion of 9 images.  

Results show that 20 seconds correlation and well-distributed excitation may give stable 

and symmetric Green’s function. Accurate damage imaging was achieved for both panels and the 

inspection area was increased by 1/3 comparing to the previous study9,10. For the stiffened panel, 

damage location matches well with the real one, despite two stiffeners are within the inspection 
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area. Artifact is shown in the middle of the image, possibly caused by wave scattering from the 

damage and interacting with the stiffeners. Nevertheless, the amplitude is small and can be 

mitigated by using a second threshold. 

In conclusion, the inspection area using GF extraction technique was enlarged and sensing 

point density was greatly reduced compared with SGF method. Also, the proposed method shows 

accurate damage imaging result for the complex structure. This is suitable for future passive 

sensing application in structural health monitoring. 

7.4. Suggestions 

Although a wide range of excitation have been put in the experiments for auto-correlation, 

RD, and cross-correlation, e.g., acoustic noise, friction noise, impact and turbulent flow, only 

turbulent flow shows the most promising results.  

It was found that the success of the experiments is due to the signal-to-noise ratios results 

from the excitation sources, and if the sources are well-distributed or the location falls in the 

sensor-damage-sensor wave path. For the auto-correlation and cross-correlation, it was found that 

the time needed for convergence of the correlation function depends heavily on signal-to-noise 

ratio, structural geometry, and the selected correlation process. For example, in the 5 kHz – 15 

kHz range, the signal is about 20 times larger than the noise from the electronics, this results in 4 

seconds – 20 seconds correlation time that can render a converged correlation function for a 650 

mm  650 mm  2 mm panel. If the signal is 5 – 10 times higher than the noise, then the 

correlation time has to be increased to over a minute. On the other hand, if the experiment is 

conducted on a smaller panel, e.g., 200 mm  200 mm  2 mm panel, then the correlation time 

can be shortened to less than a second. 

× ×

× ×
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Auto-correlation function converges faster than cross-correlation does as a function of 

correlation time, considering same geometry. This could possibly due to that the cross-correlation 

is an extraction of Green’s function between two locations, and to satisfy the stationary phase of 

this two location, the source has to be well-covered the area. Also, cross-correlation process 

includes two channel signals, which could receive more noise. 

The sampling frequency and the structure properties affect the temporal resolution and the 

guided-wave speed, and hence affect the spatial resolution of the experiment. The spatial resolution 

can be referred to two things: The first one is the detectable damage size, which is tunable and 

mainly depends on the wavelength of the guided-wave. In the past wavelength is suggested no 

larger than two times of the damage size, however, it was found that as long as the damage causes 

waveform distortion, the damage is detectable and can be located.  

The second one is the damage position sensitivity. This can be calculated through the 

product of the wave speed and the inverse of the sampling frequency (i.e., period). The resulting 

product unit is in length (e.g., mm or centimeter, or meter). The product indicates how much offset 

it has  in the damage map if the data point in the signal move up or down one point. For example, 

if the sampling frequency is 250 kHz and the wave speed is 1000 m/s (  mm/s) for the selected 

geometry and material property, then the damage position sensitivity in this case would be 

, with final unit in mm. Therefore, if in the signal the damage is at the 

350th data point, and is misaligned to the 351st data point, the defect shown in the damage map will 

have 4 mm offset. This effect can cause significant error for damage localization if the experiment 

is miscalculated.    
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7.5. Future Works 

Auto-correlation, Random decrement, and cross-correlation based Green’s function 

extraction methods have been shown potential and applicable in passive sensing on the aircraft 

structures in this thesis. There are a few things that still can be improved, or enhanced in the future. 

First, the damage used in these studies are simulated damage, i.e., a magnet glued onto the 

structure to simulate the change of structure geometry or material property. The reason for using 

the simulated damage is that it is more economical and time-saving. If the real damage is to put in 

the structure, either two exact same panels have to be used (one with the damage and one without 

the damage), or the process will include inspection, introducing damage, and re-inspection. The 

sensor position has to be aligned perfectly to be able to extract the Green’s function at the same 

location. Boundary conditions have to be maintained the same as well, since it shows in the theory 

that change in the material property or boundary conditions both will change the reconstructed 

Green’s function. In the future study, real damage can be introduced if the inspection table can 

guarantee perfect alignment and the same boundary condition. 

Second, the detectable size of the damage in this thesis is kept at about 10 mm – 20 mm 

region, due to the excitation frequency of the compressed air. This is a somewhat stringent criteria 

as a couple of tests have been conducted using 1 mm – 5 mm damage. The results are not 

satisfactory, which possibly because the damage signal in the extracted Green’s function is trivial 

or comparable the noise. In the future, higher frequency excitation from the environment may be 

researched to overcome the signal-to-noise ratio. 

Third, the inspected region for now is still limited due to the amount of the sensors used in 

the experiment. To increase the number of sensors, wiring and labor work have to be considered. 

The experiment time and effort could be significantly reduced if a compact sensor network can be 
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directly apply onto the structure. This will require some commercial solution from other company 

should the funding be increased. 

Last but not least, the thesis includes several studies over the stiffened aluminum panel and 

stiffened composite panel. It was found that the Green’s function extracted over the structures with 

the extra strengthening features could be affected, and especially the damage information could be 

less visible. For wave path that cover one stiffener, the damage information can still be obtained 

and damage localization is still accurate. However, the damage information needs to be amplified 

once the wave path covers more than two stiffeners. This is from trial and error method and should 

be subjected for more detailed investigation. 

 

 

 

 

 

 

 

 

 

 

 


