
ABSTRACT 

WALKER, CHRISTOPHER CODY. Development of Accurate Coarse-grained Polymer 

Molecular Models and a Framework for Copolymer Sequence Characterization via the Kerr 

Effect. (Under the direction of Dr. Erik E. Santiso and Dr. Jan Genzer). 

 

Copolymers, macromolecules which contain more than one type of monomer chemical 

unit, are highly versatile materials in that control over the spatial arrangement of comonomers 

along the chains can lead to a wide range of thermophysical properties. To explore this vast 

design space and understand structure-property relationships, molecular simulation and 

theoretical models are invaluable tools. A fundamental challenge in polymer modeling is 

capturing in a reasonable timeframe the wide breadth of time and length scales relevant to 

polymer dynamics. Systematic coarse-graining approaches, in which several atoms are grouped 

into effective interaction sites, aim to efficiently reproduce a subset of key properties from high-

resolution simulations and/or experimental datasets. 

In chapter 2, a new approach for developing accurate coarse-grained polymer force fields 

for molecular dynamics (MD) simulations is presented, which combines a powerful and 

predictive group-contribution molecular equation of state (SAFT-γ Mie) with structural 

information from atomistic MD simulations. We first tested this approach on linear polyethylene 

(PE) and polyvinyl alcohol (PVA) homopolymers. To overcome structural limitations inherent in 

previous SAFT-γ Mie force fields, we used a fused-sphere version of SAFT-γ Mie which allows 

for manipulating bead overlap and effective bond distances using a shape factor parameter. A 

degeneracy in parameter space allows for tuning the shape factor parameter to match target 

polymer densities, given effective bonded potentials derived from an all-atom system, while 

maintaining a rigorous link to dimer vapor-liquid equilibria data used to fit the equation of state. 

The resulting coarse-grained force field reproduced radius of gyration and end-to-end distance 



distributions in excellent agreement with underlying all-atom models, and predicted Hildebrand 

solubility parameters and heat capacities with comparable or superior accuracy to all-atom 

models. 

In chapters 3 and 4, the fused-sphere SAFT-γ Mie approach is applied to a complex 

copolymer system, poly(vinyl butyral-co-vinyl alcohol) (PVB), which is widely used in 

laminated safety glass interlayers, due to a balance of adhesion of the vinyl alcohol monomers to 

hydroxylated silica surfaces and toughness imparted by the vinyl butyral monomers. A key goal 

of this work is to gain insight into the structure of the PVB-glass interface, and to investigate the 

role of comonomer sequence on PVB adhesion phenomena. To overcome a lack of experimental 

data, a group contribution approach was used to represent the VB monomer as a construct of 

chemical fragments from molecules with similar chemistries. Interactions with a realistic all-

atom hydroxylated amorphous silica slab were mapped to an external potential acting on the 

coarse-grained beads, and MD simulations were systematically run for a series of vinyl alcohol 

contents and block length distributions of VA and VB monomers. Results indicate that adhesion 

strength of random-blocky PVB copolymers is determined not only by the number of VA 

segments contacting the surface, but is also strongly influenced by the morphology above the 

contacting layer. Surface chemical heterogeneity was also found to play a critical role. In 

copolymers with moderate VA content, highly blocky, but not diblock, copolymers, provided 

maximal adhesion energy. 

An accompanying challenge in designing advanced polymer materials is the experimental 

characterization and validation of their sequences. While complete sequencing of biological 

copolymers has become commonplace, a great deal of progress is still needed to sequence 

synthetic copolymers of arbitrary chemical composition. A relatively underexplored technique 



for identifying long-range copolymer sequences, the Kerr effect (electric birefringence) of dilute 

polymer solutions, is the subject of chapter 5. We present a general framework for interpreting 

polymer Kerr effect measurements by calculation of theoretical molar Kerr constants as a 

function of comonomer sequence and stereosequence, using a statistical mechanical theory to 

compute conformationally averaged dipole moments and anisotropic polarizabilities of polymer 

chains. 
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CHAPTER 1 

Introduction and background 

Parts of this chapter have been published in Molecular Simulation 2019, 45 (14-15), 1223-1241 

 

1.1. Motivation 

Polymers, macromolecules made up of one or more types of monomer chemical units, 

have revolutionized the materials industry. Since the boom of the synthetic polymer industry in 

the mid-twentieth century, they have become ubiquitous in our everyday lives. Today, rapid 

progress is being made at the forefront of polymer synthetic chemistry in creating increasingly 

elaborate architectures and precise sequence patterns in copolymers for specialized 

applications.1–4 A world of opportunity exists for improving current copolymer materials, and 

creating new ones, by manipulating their chemical sequences and spatial arrangement of 

monomers. Newfound tools for materials design such as machine learning, combined with 

advances in molecular simulation, accelerate the pace at which optimal polymer sequences and 

structural motifs for a given application may be found, as well as offer guidance to 

experimentalists on how such copolymers might be physically realized. Yet, few studies to date 

have ventured beyond the realm of random, alternating, and diblock copolymers to determine 

structure-property relationships in synthetic copolymers with irregular sequences. 

Molecular simulation and theoretical approaches are essential tools in the investigation of 

structure-property relationships of polymeric materials. It is simply not feasible to synthesize and 

characterize the resultant physical properties of every possible sequence of even relatively short 

polymers, even if the means of doing so at the single chain level were possible. Moreover, the 

extremely wide range of time and length scales pertinent to different polymer phenomena 
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necessitates the use of multi-scale approaches to fully capture their behavior. This topic of multi-

scale polymer modeling has received a great deal of attention in recent years, and much progress 

has been made in bridging the gaps between quantum chemistry calculations, atomistic force 

fields, coarse-grained models, and macroscale models.5–8 However, further work in this area is 

still needed. In a 2017 National Science Foundation (NSF) report9 on frontiers in polymer 

science, the following grand challenge was posed: 

“To develop new tools – experimental and computational methods and theory – and 

leverage them in an integrated way across any relevant length scales and time scales to 

accurately measure, predict, and elucidate underlying connections among structure, 

properties, and dynamics of any macromolecular system.” 

Additionally, the importance of achieving sequence characterization with monomer-level 

precision was stressed:9 

“Advances in polymer synthesis have outpaced advances in characterizing monomer 

sequence at the single-chain level. An associated challenge, therefore, is the accurate 

determination of monomer sequence and topology in polymers. Indeed, the challenges go 

hand-in-hand – accurate determination of sequence will be a critically important 

analytical tool for efforts to control sequence precisely.” 

In this dissertation, we present a series of studies which address these two challenges. We 

report a new strategy for developing coarse-grained polymer force fields suitable for molecular 

dynamics simulations which are both thermodynamically accurate and transferable, as well as 

structurally consistent with real polymer molecules. We have utilized this coarse-grained force 

field extensively to investigate the influence of chemical composition and comonomer sequence 

on various thermophysical properties. In the latter part of this dissertation, we examine in detail a 
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potential method for identifying polymer microstructure by measurement of electric 

birefringence (Kerr effect) of polymer solutions, and interpretation of the results by a theoretical 

framework which relates polymer conformation, dipole moments, and polarizability at the 

atomic level, to macroscopic properties. 

 

1.2. Copolymer sequence dictates material properties 

 

Figure 1.1. Illustration depicting variables in the polymer materials design space, examples of 

different copolymer sequence arrangements, and physical properties which are highly dependent 

on polymer chemical structure. 

 

The spatial arrangement of how chemical subunits are connected in polymer chain 

affects, at some level, all of its physical properties.4 Examples include phase behavior, both in 

solution10–13 and in bulk,14–21 crystallinity,22–24 folding mechanisms in solution,25 adsorption 

behavior,26 glass transition temperature,14,16 mechanical properties,27,28 and reactivity.29,30 

Examples are different polymer sequences and architectures are illustrated in Figure 1.1. While 
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structure-property relationships in model systems such as diblock or random copolymers are now 

generally well understood, further studies are needed to achieve the same level of knowledge for 

new types of copolymers with complex sequences. 

 

1.3. Methods for characterizing copolymer sequences 

New characterization techniques are needed to accompany the advances in control over 

sequence, stereochemistry, and architecture of polymers. While identification of sequences in 

biological copolymers, such as DNA and polypeptides, is a relatively mature field,31 much work 

is needed for synthetic copolymer sequencing techniques to achieve a similar level of success. 

Sequencing of entire genomes is now commonplace, for example, whereas the standard method 

for synthetic copolymers, high-resolution 13C nuclear magnetic resonance (NMR), can only 

identify local sequence motifs.31 The reasons for this discrepancy are clear – while DNA, RNA, 

and polypeptides have perfectly defined sequences, which are often critical for exquisitely 

specific biological functions and thus of great interest to humankind, most synthetic copolymers 

have controlled distributions in sequence. In most applications, with the notable exceptions of 

molecular tagging,32,33 where a unique barcode comonomer sequence could be used to identify a 

single molecule, and information storage,34–38 perfect sequences are likely unnecessary for 

creating high-performance polymer materials. A certain degree of polydispersity may even be 

beneficial, as was found in a study comparing the morphological stability of monodisperse and 

polydisperse styrene-butadiene-styrene (SBS) triblock copolymers.39 Nonetheless, notable 

progress has been made in the synthesis of perfectly monodisperse copolymers by solid-state 

iterative methods, surpassing one-hundred monomers in length.35 Such advances prompted a 

distinction in nomenclature between sequence-controlled copolymers, in which the distribution 



   

5 

 

of comonomer placement is controlled through manipulation of reaction conditions, and 

sequence-defined copolymers, which have perfect sequences.40,41 

A combination of many tools will likely be needed to achieve complete sequencing of 

higher-molecular-weight synthetic copolymers. At the most basic level of characterization, the 

overall relative amounts of two or more types of monomer could be distinguished by elemental 

analysis if each contains a distinctive element – for example, if one monomer type is 

halogenated, and another type is not. In 13C NMR, identification of stereosequences up to pentad 

level, but comonomer sequences at only dyad or triad levels, is typical.31 This is possible in large 

part due to the γ-gauche effect, in which magnetic shielding differs depending on the rotational 

state of substituent groups.42 More nuanced NMR methods such as kinetic modeling during 

controlled radical polymerization,43 or clever design of the polymer chemistry such that signal 

may be enhanced by the presence of π-π stacking, for example,44 can provide additional insight 

for comonomer sequencing. Designing complementary strands which selectively bind to specific 

supramolecular motifs has even allowed for ‘frameshift reading’ of sequences,45 in mimicry of 

natural cellular machinery. 

Mass spectrometry (MS) methods, including electrospray ionization (ESI), matrix-

assisted laser desorption/ionization (MALDI), and tandem MS/MS have also played an important 

role in polymer sequence characterization. In general, mass spectrometry methods sort and 

measure mass-to-charge ratios (𝑚/𝑧) of ionized molecular fragments after a fragmentation 

reaction, which provides insight into the original molecules’ chemical structure.46 In ESI and 

MALDI, so-called ‘soft- ionization’ techniques which cause less fragmentation damage, 

information on the molecular weight distribution can also be obtained.46 In tandem MS/MS, 

molecules are first soft-ionized and separated by their 𝑚/𝑧 ratio in a first MS stage, and then 
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fragmented and analyzed in a second MS stage. Fragmentation patterns of oligomers of specific 

sequences can in principle be used to fingerprint them.47 Impressive progress has recently been 

reported in this area to read the sequences of non-natural sequence-defined oligomers.33,38 

However, further advances in the interpretation of the immensely complex MS/MS datasets are 

needed to parse long-range sequences.47 Advances in this emerging field of ‘polymeromics’, 

polymer science’s response to genomics and proteomics, are outlined in a recent review by 

Altuntaş and Schuberty.48 Tracking the degradation kinetics and products in certain copolymer 

systems may be another avenue to identifying sequences. For example, poly(lactic-co-glycolic 

acid) copolymers with different controlled comonomer sequences were found to exhibit 

dramatically different degradation behavior.29,30 

The Kerr effect, or electric birefringence of polymer solutions, is potentially an extremely 

useful tool for characterization of sequences. Electric birefringence is the difference in refractive 

indices of an anisotropic material parallel (𝑛∥) and perpendicular (𝑛⊥) to the direction of an 

applied electric field (𝐸): 

 𝛥𝑛 = 𝑛∥ − 𝑛⊥ = 𝐵𝜆𝐸2 (1.1) 

In Equation (1.1), 𝜆 is the wavelength of a laser light source, and 𝐵 is a proportionality constant 

called the Kerr constant, named after Scottish physicist John Kerr who first empirically observed 

this relation. Measurement of the Kerr constant of dilute polymer solutions under high electric 

field probes both the orientation and magnitude of the overall dipole moment and anisotropic 

polarizability of polymer chains. Several studies have concluded that the molar Kerr constant 

(𝑚𝐾) of a polymer analyte, given in Equation (1.2), is highly sensitive to its stereosequence, as 

well as comonomer chemical sequence.49–53 Moreover, measurements of 𝑚𝐾 of mixtures of 

polymers comprising the same overall chemical composition but differing in microstructure 
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showed promise for identifying the constituent components, a rather unique feat.54,55 The molar 

Kerr constant is related to macroscopic refractive index (𝑛), dielectric constant (휀), and density 

(𝜌), all at infinite dilution. 

 𝑚𝐾 =
6𝜆𝑀𝐵

(𝑛2 + 2)2(휀 + 2)2𝜌
 (1.2) 

To obtain this insight into polymer microstructure, the molar Kerr constant derived from 

the experiment must be interpreted by a theory that relates its conformational characteristics, 

local dipole moment, and local polarizability at the atomistic or monomer level, to observed 

birefringence. The theoretical molar Kerr constant is given by the following relation to overall 

polymer dipole moment (𝜇) and polarizability tensor (�̂�): 

 𝑚𝐾 = (
2𝜋𝑁𝐴

135𝑘𝐵𝑇
) [(

⟨𝜇𝑇�̂�𝜇⟩

𝑘𝐵𝑇
) + ⟨�̂�𝑅�̂�′𝐶⟩] (1.3) 

The bracketed quantities represent conformational averages which can be calculated 

using rotational isomeric state (RIS) theory,56 which describes rotational potentials along the 

polymer backbone, and a matrix multiplication scheme developed chiefly by Nobel Laureate 

Paul Flory.57 Superscripts R and C denote row and column representations of the polarizability 

tensor, and �̂�′ denotes the static polarizability tensor, distinguished from the optical 

polarizability tensor �̂�. The calculation of both the experimental and theoretical 𝑚𝐾’s, and the 

interpretation of Kerr effect results, will be discussed in detail in chapter 5. Though already 

powerful, the underlying theory and means for calculating 𝑚𝐾 has seen little changes in the past 

four decades since its initial development, and there is great opportunity for improving the 

accuracy of calculated 𝑚𝐾, and thereby the level of microstructural detail which can be obtained 

through Kerr effect experiments, by utilizing modern computational chemistry approaches. 
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1.4. Overview of molecular dynamics and force fields 

In molecular dynamics, the positions of interacting atoms or particles are tracked over 

finite time steps by numerical integration of Newton’s equations of motion. Though a variety of 

integrator schemes are commonly used in MD software packages, all are rooted in Taylor series 

approximations of position, velocity, and acceleration at time 𝑡 + 𝛥𝑡:58 

 𝑟(𝑡 + 𝛥𝑡) = 𝑟(𝑡) + 𝛥𝑡𝑣(𝑡) +
1

2
𝛥𝑡2𝑎(𝑡) +

1

6
𝛥𝑡3𝑏(𝑡) +

1

24
𝛥𝑡4𝑐(𝑡)… (1.4) 

 𝑣(𝑡 + 𝛥𝑡) = 𝑣(𝑡) + 𝛥𝑡𝑎(𝑡) +
1

2
𝛥𝑡2𝑏(𝑡) +

1

6
𝛥𝑡3𝑐(𝑡)… (1.5) 

 𝑎(𝑡 + 𝛥𝑡) = 𝑎(𝑡) + 𝛥𝑡𝑏(𝑡) +
1

2
𝛥𝑡2𝑏(𝑡) + ⋯ (1.6) 

In the above equation, 𝑏 and 𝑐 are the third and fourth derivatives of position with respect to 

time. One of the most widely used integration schemes is the velocity-Verlet method,59 which is 

favored for its high ratio of precision to computational cost, and the fact that it provides 

positions, velocities, and accelerations at every time step, unlike many earlier algorithms.58 

Interactions between particles are governed by a force field, usually taking a 

predetermined analytical form. This can range anywhere from simple hard-sphere repulsion 

(excluded volume) interactions, as was used in the very first MD simulation by Alder and 

Wainwright in 1957,60 to complex polarizable models.61 As the goal of a force field is to 

faithfully represent the underlying physics of a molecular system, force field parameters are 

usually fit to potential energy surfaces from quantum mechanical calculations and/or 

thermophysical properties such as density, crystal structure, or cohesive energy.62–68 

Contributions to total system energy are divided into terms for nonbonded and bonded 

interactions. Bonded potentials are further divided into terms for bond-stretching, bond angle-

bending, proper torsion, and improper torsion: 
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 𝑈𝑡𝑜𝑡𝑎𝑙 = 𝑈𝑛𝑜𝑛𝑏𝑜𝑛𝑑 + 𝑈𝑏𝑜𝑛𝑑 + 𝑈𝑎𝑛𝑔𝑙𝑒 + 𝑈𝑡𝑜𝑟𝑠𝑖𝑜𝑛 + 𝑈𝑖𝑚𝑝𝑟𝑜𝑝𝑒𝑟  (1.7) 

Bond stretching potentials describe the potential energy of a bond as a function of bond distance, 

and thus prescribe the restoring force that should be applied when a bond deviates from its 

equilibrium distance. Bond angle-bending potentials are similar but describe the potential energy 

of angles defined by a central atom and two atoms bonded to it. Torsions, also referred to as 

‘dihedrals,’ apply to groups of 4 atoms. For a group of atoms ijkl, defined by a central bond jk, a 

‘proper’ torsion describes the potential energy of the angle defined by two planes ijk and jkl. 

Improper torsions instead govern the relative positions of 3 atoms bonded to a central atom, 

quantified by the angles amongst the 3 planes. Proper torsions may be used to impose backbone 

rigidity in chain molecules, for example, while improper torsions are useful for enforcing 

planarity and orientation of side groups, such as the phenyl groups in polystyrene chains. 

Nonbonded potentials describe the interactions of all particles in the system, typically as 

a function of pairwise distances. A classic example, the Lennard-Jones 12-6 potential, includes a 

repulsive term which scales as 1/r12 and an attractive term which scales as 1/r6. 

 𝑈𝑖𝑗
𝐿𝐽 = 4휀𝑖𝑗 [(

𝜎𝑖𝑗

𝑟𝑖𝑗
)

12

− (
𝜎𝑖𝑗

𝑟𝑖𝑗
)

6

] (1.8) 

The well-depth parameter 휀𝑖𝑗 characterizes the attractive strength between particles 𝑖 and 𝑗, while 

the 𝜎𝑖𝑗 parameter defines the distance at which attractive and repulsive interactions are equal. To 

avoid calculating all 𝑛2 pairwise interaction energies, many of which are negligible at large 𝑟, 

nonbonded potentials are often truncated at a cutoff distance. This results in a discontinuity at the 

cutoff distance, which can be removed by shifting the potential or smoothing the potential to zero 

using a spline switching function, for example.58 
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A more general form of the LJ 12-6 function with variable repulsive (𝜆𝑟) and attractive 

(𝜆𝑎)  exponents, the Mie potential (Equation (1.9)), will be used extensively in this dissertation 

due to its improved versatility at describing interactions of real molecules. 

 𝑈𝑖𝑗
𝑀𝑖𝑒 = 휀𝑖𝑗𝐶𝑖𝑗 [(

𝜎𝑖𝑗

𝑟𝑖𝑗
)

𝜆𝑟

− (
𝜎𝑖𝑗

𝑟𝑖𝑗
)

 𝜆𝑎

 ]           𝐶𝑖𝑗 = (
𝜆𝑟

𝜆𝑟 − 𝜆𝑎
) (

𝜆𝑟

𝜆𝑎
)

(
𝜆𝑎

𝜆𝑟−𝜆𝑎
)

 (1.9) 

Nonetheless, many atomistic force fields still use the LJ 12-6 potential due to its historical 

prevalence. Nonbonded interactions are typically not applied to particles directly bonded 

together or separated by 1 particle, as these are instead described by bonded potentials. Various 

force fields have adopted different conventions for scaling 1-4 nonbonded interactions.62–68 For 

charged systems, coulombic interactions are added, commonly of the following form: 

 𝑈𝑖𝑗
𝑐𝑜𝑢𝑙 =

𝑞𝑖𝑞𝑗

𝜖𝑟𝑖𝑗
 (1.10) 

In Equation (1.10), 𝑞𝑖 is the charge assigned to particle 𝑖 and 𝜖 is the dielectric constant of the 

medium. Most all-atom force fields assign partial charges to each atom, which may also depend 

on other atoms to which they are bonded, to better reproduce potential energy surfaces 

determined from ab initio calculations. Coulombic interactions are much longer-range than the 

dispersion interactions described above, as evident by the 1/r scaling. An efficient means of 

capturing these long-range interactions is by solving the relevant equations in reciprocal space 

(‘k-space’) across infinitely many periodic images. Examples of this are Ewald summation58 and 

particle-particle-particle mesh (PPPM)69 solvers, both of which are widely implemented in 

molecular dynamics software packages. 

Three different force fields will be used in the course of this dissertation: Optimized 

Potentials for Liquid Simulations (OPLS),70 Condensed-phase Optimized Molecular Potentials 

for Atomistic Simulation Studies (COMPASS),63 and SAFT-γ Mie,71  a coarse-grained force 
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field based in statistical associating fluid theory. OPLS is a ‘class I,’ or quadratic, all-atom force 

field, which uses a harmonic form for bond and angle potentials: 

 𝑈𝑏𝑜𝑛𝑑 = 𝐾𝑏(𝑟 − 𝑟𝑜)
2 (1.11) 

 𝑈𝑎𝑛𝑔𝑙𝑒 = 𝐾𝜃(휃 − 휃𝑜)
2 (1.12) 

Proper torsions are described by a truncated Fourier series: 

 𝑈𝑡𝑜𝑟𝑠𝑖𝑜𝑛 =
𝐾𝜑,𝑖

2
[1 + 𝑐𝑜𝑠(𝜑 + 𝑓𝑖)] (1.13) 

In OPLS, nonbonded interactions are the sum of both the LJ 12-6 function and coulombic term 

described above. COMPASS, a ‘class II’ all-atom force field, includes anharmonic analytical 

forms for bonded interactions and uses a softer 9-6 LJ function for nonbonded interactions. In 

addition to quartic bond and angle potentials (Equation (1.14)), cross-coupling terms for bond-

bond, bond-angle, bond-torsion, angle-angle, angle-torsion, and angle-angle-torsion correlations 

are included. For example, the bond stretching potential and bond-angle coupling terms are given 

by the following: 

 𝑈𝑏𝑜𝑛𝑑 = 𝐾𝑏,2(𝑏 − 𝑏𝑜)
2 + 𝐾𝑏,3(𝑏 − 𝑏𝑜)

3 + 𝐾𝑏,4(𝑏 − 𝑏𝑜)
4 (1.14) 

 𝑈𝑏𝑜𝑛𝑑−𝑎𝑛𝑔𝑙𝑒 = 𝐾𝑏𝜃(𝑏 − 𝑏𝑜)(휃 − 휃𝑜) + 𝐾𝑏′𝜃(𝑏′ − 𝑏𝑜
′ )(휃 − 휃𝑜) (1.15) 

In Equation (1.15), 𝑏𝑜 and 𝑏𝑜
′  are the equilibrium bond distances for the two bonds making up 

angle 휃 with equilibrium angle of 휃𝑜. A more complete description of the form of the 

COMPASS force field is given in Appendix A and reference 63. Class II force fields were 

originally developed to model molecules with strained ring geometries,72–74 and in many cases 

the anharmonic terms are necessary to accurately predict vibrational spectra. They have also 

proved useful for modeling semiflexible polymers, whose complex intramolecular interactions 

are better described than with class I force fields.63,75–78 As one would expect, however, 

developing class II force fields that are transferable to many polymer chemistries is immensely 
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tedious, and requires large datasets from ab initio calculations and experimental thermophysical 

properties. Availability of class II force field parameters for many polymer chemistries remains 

limited, especially bonded parameters which involve two dissimilar comonomer types. 

In the SAFT-γ Mie coarse-grained force field,71 groups of atoms are represented by 

effective interaction sites. In the theory upon which SAFT-γ Mie is based, bonds are modeled as 

rigid and angle potentials are null, as in pearl necklace polymer models. A key goal of this work 

will be to incorporate realistic bond and angle potentials into SAFT-γ Mie polymer models, 

while preserving the link to thermodynamic data used to parameterize the SAFT-γ Mie equation 

of state. 

In its natural form, MD simulations sample the microcanonical ensemble, in which 

number of particles (N), simulation cell volume (V), and total energy (E) are conserved. In most 

applications, however, a constant temperature (T), constant pressure (P), or both, are desired. To 

sample the NVT (isothermal) ensemble, a thermostat must be applied. Similarly, to sample the 

NPT (isothermal-isobaric ensemble), both a thermostat and barostat are needed. The Nosé-

Hoover thermostat and barostat,79 which are widely accepted and implemented in most MD 

software packages, are used in this work. The Nosé-Hoover thermostat involves coupling the 

equations of motion to a heat bath, with artificial coordinates, velocities, and masses in an 

extended dimension allowing for sampling of the true canonical ensemble at a constant 

temperature. In addition, the deterministic nature of a MD simulation is preserved, in contrast to 

approaches which involve stochastic collisions with a heat bath.79 In the NVT ensemble, 

equilibration of a collection of molecules minimizes its Helmholtz free energy; in the NPT 

ensemble, Gibbs free energy is minimized. In the microcanonical ensemble with fixed total 

energy, entropy is maximized upon equilibration.58 
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To reduce the effects of finite size of the simulation cell, which at best may span tens to 

hundreds of nanometers in atomistic simulations, periodic boundary conditions are commonly 

applied. Thus, a particle passing through one edge of the simulation cell reappears at the opposite 

end, and interactions spanning the boundaries must be properly accounted for following the 

minimum image convention. Nonetheless, systems sizes should be chosen to be large enough to 

reduce, or ideally eliminate, the effect of finite size. Parallelization of MD codes, typically by 

spatial decomposition to distribute the computational load across numerous processors, have 

enabled the study of massive molecular systems. Much progress has also been made in the area 

of graphics processing unit (GPU)-accelerated molecular dynamics software, even in the last 5 

years since the start of the author’s research in this area. MD simulation of systems containing 

10’s to 100’s of thousands of atoms or particles is now commonplace using standard high-

performance computing platforms; with large-scale infrastructure, billion-atom simulations or 

millisecond time scales are achievable. 

 

1.5 Coarse-graining strategies or polymers 

Polymer dynamics span many orders of magnitude in both time and space, ranging from 

bond vibrations (femtoseconds, Angstroms) to macroscopic phenomena such as phase separation 

or self-assembly/folding (seconds, microns). With typical time steps for all-atom molecular 

dynamics simulations limited to approximately 1 fs by the frequencies of bond vibrations, it is 

not feasible even with modern supercomputing resources to capture these slower, larger-scale 

polymer phenomena in a reasonable timeframe. Coarse-graining approaches strive to improve 

computational efficiency by removing degrees of freedom compared to higher-resolution 

systems, while reproducing selected properties from this reference system and/or target literature 
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thermophysical data. Dramatic speedups are achieved by grouping atoms into effective 

interaction sites, often referred to as ‘beads.’ Simpler forms for potentials and a smoother 

potential energy landscape lead to additional speedup. This also leads to the artifact that 

diffusion of coarse-grained particles may be substantially faster than that in a corresponding 

analogous all-atom system.80–82 In other words, the time units in all-atom and coarse-grained 

simulations are not equivalent when comparing dynamic properties. A scaling relation can be 

approximated by comparing coarse-grained and atomistic trajectories,82–86 or an additional term 

for friction can be added to equations of motion.87 The development of systematic approaches to 

determine these effective interaction parameters, especially such that they are transferable to a 

range of thermodynamic state points and chemical environments, is a highly active field of 

research.5–8 Coarse-graining methods can be classified as ‘bottom-up,’ ‘top-down,’ or a hybrid of 

the two, as discussed in the following sections. Figure 1.2 summarizes the relations between 

simulation approaches at various time and length scales, and the connections bridged by top-

down and bottom-up strategies. 
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Figure 1.2. Depiction of simulation methods used for different time and length scales. The top-

down coarse-graining approach based on the SAFT-γ Mie equation of state, and Boltzmann 

inversion, a bottom-up approach, are used in this dissertation to bridge the time and length scales 

shown. Modified from reference 88. 

 

1.5.1. Bottom-up coarse-graining 

Bottom-up methods rely on data from high-resolution simulations to determine the 

coarse-grained potentials which best reproduce this data. All properties of the all-atom system 

cannot be preserved due to the reduction in the number of degrees of freedom, so target 

properties must be chosen carefully. The most widely used bottom-up coarse-graining 

approaches for polymer systems are (iterative) Boltzmann inversion (IBI)89 and force-matching 

(FM).90 In Boltzmann inversion, a potential of mean force (PMF) is derived from an all-atom 

trajectory and a mapping function. Coarse-grained beads are typically located at the centers of 

mass of the groups of atoms they represent. The coarse-grained potential is updated by the 

following scheme: 
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𝑈𝑖+1

𝐶𝐺 (𝑟) = 𝑈𝑖
𝐶𝐺(𝑟) − 𝛼𝑘𝐵𝑇𝑙𝑛 (

𝑔𝑖
𝐶𝐺(𝑟)

𝑔𝐴𝐴(𝑟)
) (1.16) 

In which 𝑈𝑖
𝐶𝐺(𝑟) is the interaction potential for the CG system at the ith iteration, kB is 

Boltzmann’s constant, T is the temperature, 𝑔𝑖
𝐶𝐺(𝑟) is the pair radial distribution function (RDF) 

of the CG trial simulation, and 𝑔𝐴𝐴(𝑟) is the target RDF mapped from the all-atom reference 

trajectory. A relaxation parameter α is often used to improve convergence. The same algorithm 

can be applied to bonded potentials, though a unique solution is only guaranteed for the 

nonbonded potentials.89 The IBI approach was first extended to polymers in a study by Reith et 

al.,89 in which bond stretching, bending, nonbonded, and torsion parameters were obtained for 

polyisoprene (PI) oligomers, by a series of IBI runs in that same order. This sequence has been 

recommended since the bond stretching is the strongest of the potentials, and least sensitive to 

changes in the other potentials, and so on. Both PI melts and dilute solutions of PI in 

cyclohexane, a good solvent, were treated separately, resulting in significantly different force 

field parameters, both bonded and nonbonded. Boltzmann inversion is a state dependent 

approach – potentials derived using it are valid only at the temperature, concentration, and 

solvent environment used for the all-atom reference system. Additionally, a pressure correction 

to the nonbonded potential is often needed to reproduce the pressure from the all-atom reference 

system.89 Attempts have been made to improve the transferability of potentials derived from IBI, 

notably the use of multiple temperature points in the iterative simulation procedure.91 

Boltzmann inversion has been used extensively in the development of polymer CG force 

fields, for both synthetic and naturally occurring polymers. A variety of mapping schemes for 

CG polystyrene (PS) were considered, using Boltzmann inversion to obtain both bonded and 

nonbonded potentials.84,92–95 Betancourt and Omovie96 developed a polypeptide CG model from 

Boltzmann inversion of the radial distribution functions of all pairs of standard amino acid 
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residues, using the GROMOS G43a1 all-atom force field as a reference system. The resulting 

force field rivalled the predictive capability for protein native states of knowledge-based 

potentials generated from analysing large protein structure databases. In a study by Li and 

Latour97, IBI was applied to a complex poly(DTB succinate) system, in which bonded potentials 

were derived from oligomer simulations, and nonbonded potentials from pure component liquid 

phase MD simulations of small molecules with analogous structures to the monomer fragments. 

Boltzmann inversion was also used by Padding and Briels98 to develop a ‘blob’ model for 

polyethylene with a high degree of coarse-graining, 20 carbons per bead. 

Force matching, an approach pioneered by Izvekov and Voth,90 uses forces from an all-

atom reference system, rather than structural distributions. A variational approach is used to 

calculate the pairwise CG potentials which satisfy the net forces mapped from the all-atom 

system. This formed the basis for the multiscale coarse-graining framework (MS-CG).99,100 

Markutsya and coworkers101 applied the FM approach to derive polysaccharide CG force fields 

(both bonded and nonbonded parameters) from CHARMM36 all-atom simulations, with several 

mapping schemes tested for glucose residues. 

Bottom-up methods in which CG structure is consistent with the underlying all-atom 

model are a prerequisite for reverse-mapping, the reinsertion of atomistic detail once a system 

has been equilibrated at the CG level. This is an efficient means for generating well-equilibrated 

all-atom configurations from which structural or transport properties can be calculated with 

greater accuracy than in mesoscale simulations. Most reverse-mapping algorithms employ a 

combination of rigid-body geometric optimization to insert all-atom monomer templates at the 

CG sites, and energy minimization in the form of short MD runs.102–105 This topic will be 

revisited in chapter 3. 
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Other bottom-up methods applicable to polymer systems have been developed, including 

the conditional reversible work (CRW) method,106,107 relative entropy minimization,108 and 

integral equation coarse-graining (IECG).109 In the CRW approach, a series of constrained all-

atom MD simulations with different fixed distances between a pair of molecules is performed. 

From the resulting potential of mean force (PMF), and the PMF from a separate set of 

simulations with the intermolecular interactions of the relevant atoms in the CG sites switched 

off, the effective CG potential is derived. The CRW method has been applied to develop 

polystyrene models of different tacticities.107 In relative entropy minimization, CG mapping 

functions and potentials are optimized to minimize the information lost from the high-resolution 

model. The relative entropy minimization framework has been successfully applied to chain 

molecules including homopolymer melts110 and polypeptide systems,111 and will likely find more 

use in future polymer coarse-graining studies. In IECG approaches, the Ornstein-Zernike integral 

equation is solved using a reference atomistic structure and mapping function as inputs along 

with an appropriate closure relation to obtain the coarse-grained potential.109,112 This approach 

has been shown to lead to structurally and thermodynamically consistent coarse-grained force 

fields compared with all-atom models, and does not require iterative simulations.113 Coarse-

grained models developed using polymer reference interaction site model (PRISM) theory follow 

this approach.114 The PRISM approach has been used to study homopolymer and copolymer 

melts, polymer solutions, polymer nanocomposites, and complex architectures such as star 

polymers and dendrimers.115,116 
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1.5.2. Top-down and hybrid coarse-graining 

In top-down coarse-graining, macroscopic experimental properties are used to determine 

the interactions between CG sites. Equations of state based on a molecular interaction potential 

are a means to efficiently obtain accurate top-down mesoscale force fields. These molecular 

potentials can be directly fit using an equation of state to reproduce experimentally observed 

thermodynamic properties, typically vapor pressure and saturated densities, without any costly 

iterative molecular simulations. This type of approach is employed in SAFT-γ Mie, which forms 

the basis of the coarse-grained models presented in chapters 2-4. Due to its importance in this 

dissertation, we devote a separate section (1.6) to an explanation of SAFT-γ Mie. The majority of 

CG polymer force fields in literature that include thermodynamic properties in their development 

are hybrid, in that they also include structural information from higher-resolution simulations. 

Given structural constraints, nonbonded parameters are typically adjusted based on simulation 

output to match target thermophysical properties. Table 1.1 summarizes recent approaches for 

incorporating thermodynamic and structural data into coarse-grained force fields. 

There are several examples of nonbonded potentials being refined through simulation to 

match vapor-liquid equilibria (VLE) data, bearing some semblance to the SAFT-γ Mie 

parameterization to vapor pressure and saturated density curves. However, most of these require 

numerous MC or MD simulations in the parameter optimization procedure. A Lennard-Jones 

(LJ) 12-6 function in the transferable potentials for phase equilibria (TraPPE) family of force 

fields117 has been developed to match vapour-liquid equilibria curves computed from Gibbs 

Ensemble Monte Carlo (GEMC) simulations. A newer TraPPE-CG force field for alkanes118 uses 

VLE data generated from the higher resolution TraPPE-UA. The force field by Cao and Sun 

which uses a free-energy based temperature-dependent LJ 12-6 potential was similarly 
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parameterized to reproduce experimental VLE curves and heats of vaporization.119,120 Their 

model was able to reproduce multicomponent VLE for mixtures of hydrocarbons and CO2 with 

accuracy comparable to that of SAFT-γ Mie, when binary interaction parameters were 

included.120 

Coarse-grained force fields have also been developed using machine learning approaches. 

These models can be optimized using a purely bottom-up approach121–125 or by a hybrid approach 

also including macroscopic data in the fit.126,127 Deep learning approaches using artificial neural 

networks have been applied to coarse-graining strategies, aiming to reproduce properties from 

atomistic or quantum mechanical models.123–125 However, such approaches require large data 

sets from the high-resolution models, or many coarse-grained simulations when a trial function 

quantifying error against experimental properties must be evaluated. Machine learning 

optimization techniques such as genetic algorithms and particle swarm optimization (PSO) have 

also proved useful in the fitting of force field parameters. In one study, PSO was used to develop 

coarse-grained alkane force fields by fitting both nonbonded and bonded potentials to 

experimental density, heat of vaporization, surface tension, and self-diffusion coefficient at 300 

K.127 All-atom reference simulations were used only to specify the bounds for optimization of 

the bonded parameters. 
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Table 1.1. Summary of data used to develop various top-down and hybrid CG force fieldsa 

Force Field Thermodynamic data Structural data Remarks 

 
V

a
p

o
r 

p
re

s
s
u
re

 

S
a
tu

ra
te

d
 d

e
n
s
it
ie

s
 

S
u
rf

a
c
e
 /

 i
n
te

rf
a
c
ia

l 
te

n
s
io

n
 

B
u
lk

 l
iq

u
id

 /
 s

o
lid

 d
e
n
s
it
y

 

H
v
a

p
 o

r 
U

v
a
p
 

O
th

e
r 

B
o
n

d
s
 f
ro

m
 A

A
 m

o
d

e
l 

A
n
g

le
s
 f

ro
m

 A
A

 m
o

d
e

l 

T
o
rs

io
n
s
 f
ro

m
 A

A
 m

o
d
e
l 

R
g

 

 

SAFT-γ Mie 
(Corresponding 

states) 128,129 
     

TC, 
acentric 
factor 

    Rigid bonds. Only ρliq at T/Tc=0.7 is used 

SAFT-γ Mie 
(Conventional) 130–136 

          
Rigid bonds. Harmonic angles mapped 
from UA in 135,136. Multicomponent VLE 

data used when available. 

SAFT-γ Mie 
(fused-sphere) 137 

          
Mie parameters optimized to match AA 

oligomer density 

MARTINI 138–141      
KOW, free 
energy of 
hydration 

    

Rg used in PS model 139. 
Rg, torsions, melt density used in PE, PP 
models 140. Torsion used in PEO, PEG 

models 141. 

Nielsen alkane FF 142           
Mean and standard deviation of bond, 

angle distributions (CHARMM) 

SDK 143      
Free 

energy of 
hydration 

    Bonds, angles from BI (CHARMM) 

NERD (UA alkane) 
144 

     
2nd virial 

coefficient 
    Bonds, angles, torsions from OPLS 145 

SKS 146,147           Bonds, angles, torsions from OPLS 

Shelley Phospholipid 

FF 148 
          

Mean and standard deviation of bond, 
angle distributions matched to AA. AA 

RDF used to derive phospholipid 
nonbond potential. 

Chiu Scott 

Jakobsson CG water 
and alkanes FF 149 

          
Angles from MARTINI, bonds optimized 

to match AA RDF (GROMOS 43A1-S3) 

TraPPE-UA 117           Bonds, angles, torsions from OPLS 

TraPPE-CG 118      
Transfer 

free 
energies 

    
Bonds, 1-3 distance potential derived 
from multi-state IBI. All fitting data is 

generated from TraPPE-UA simulations. 

Cao Sun free energy 
based CG FF 119,120 

          
Temperature-dependent LJ12-6 function 

used for nonbonded potential 

CG GROMOS alkane 
FF 150 

          Bonds, angles from BI (GROMOS 45A3) 

An Bejagam 

Deshmukh CG 
alkane FF 127 

     
Diffusion 

coefficient 
    

All FF parameters determined from 
particle swarm optimization 

Hsu Xia Arturo Keten 

PS FF 151 
     

Elastic 

modulus, Tg 
    

Bonds, angles, torsions from BI 

(DREIDING) 

 

a Shaded green boxes indicate the data is used to generate force field parameters. Shaded gray 

boxes indicate that the data was used only in some cases.  
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1.6. The SAFT-γ Mie Equation of State 

Statistical associating fluid theory (SAFT)152 is a general method based on Wertheim's 

thermodynamic perturbation theory (TPT)153–157 that has been used to develop a variety of EoS 

forms. SAFT uses TPT to partition residual Helmholtz free energy into contributions from the 

segment (monomer), chain formation, and association interactions:152 

 𝐴𝑡𝑜𝑡𝑎𝑙

𝑁𝑘𝐵𝑇
=

𝐴𝑖𝑑𝑒𝑎𝑙 𝑔𝑎𝑠

𝑁𝑘𝐵𝑇
+

𝐴𝑚𝑜𝑛𝑜𝑚𝑒𝑟

𝑁𝑘𝐵𝑇
+

𝐴𝑐ℎ𝑎𝑖𝑛

𝑁𝑘𝐵𝑇
+

𝐴𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑜𝑛

𝑁𝑘𝐵𝑇
 (1.17) 

The monomer term is itself a perturbation expansion about a reference fluid, which can be a 

hard-sphere fluid, square-well fluid, etc. For more details, see reference 158 or Appendix B. The 

association contribution is used to model directional hydrogen-bonding interactions, typically by 

a square-well donor/acceptor scheme. Chain formation is essentially modeled as association in 

the strong limit.159 There are many different flavors of SAFT which vary in the descriptions of 

these reference segment, chain, and association contributions.71 Variations amongst these forms 

include the description of the reference fluid, the form of the intermolecular potential, the level 

of perturbation theory used, and the treatment of chain formation. Excellent reviews of the SAFT 

approach can be found in references 71,159–161 which chronicle the development and 

applications of the many SAFT forms. In this work we will focus solely on SAFT-γ Mie,158 a 

molecular group-contribution equation of state considered to be the state-of-the-art for modeling 

complex chemical mixtures.  

The utility of SAFT equations of state is two-fold: they can be used to directly model 

polymer phase equilibria from calculated Helmholtz free energies,162–166 and also be used to 

generate force field parameters for coarse-grained molecular simulations,71 from which dynamic 

properties and more complex phenomena can be studied. In versions of SAFT that consider 

spherical segments as the reference fluid (i.e., all but Perturbed-Chain SAFT (PC-SAFT),167 
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which uses instead a hard-chain reference fluid), the intermolecular potential form (hard-sphere, 

square-well, Lennard-Jones, Mie, etc.) can be applied directly in a molecular simulation.160 It is 

notable, however, that PC-SAFT has become the most widely accepted SAFT EoS form in 

polymer process modeling due to its accuracy at predicting polymer-solvent phase 

equilibria.162,166,168–170 PC-SAFT interaction parameters are typically fit to cloud point curves 

along with polymer liquid density data.169 

The rigorous statistical mechanical basis of the molecular potentials in SAFT equations 

of state provides an important advantage over traditional cubic equations of state, for example.160 

MD or Monte Carlo (MC) simulations can be used to validate the theoretical predictions from 

the EoS, and in turn lead to improvements in the EoS. In SAFT-γ Mie, well-defined chemical 

fragments are represented as effective interaction sites, with the versatile Mie potential (equation 

1.9) used to describe nonbonded interactions. Mie parameters are typically fit to reproduce 

experimental vapor-liquid equilibria and vapor pressure curves, imparting excellent state-point 

transferability into coarse-grained molecular force fields which employ these same Mie 

parameters. A corresponding states correlation developed for SAFT-γ Mie128,129 offers an 

alternative to the standard multidimensional Mie parameter optimization to best reproduce a 

target VLE dataset, in that only critical temperature, acentric factor, and liquid density at a 

reduced temperature of 0.7 are needed. These data are input into simple empirical equations 

developed for a series of molecular topologies,128,129 allowing for instant generation of Mie 

parameters. The corresponding states correlation is also particularly useful when limited 

thermodynamic data is available. 

The SAFT-γ Mie EoS is powerful in its own right for direct prediction of phase 

equilibria. It has been applied to a wide variety of compounds including carbon dioxide, water, 
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acetone, alcohols, aromatics, alkanes, alkenes, carboxylic acids, and complex mixtures.171–176 

When modeling mixtures involving both polar and nonpolar compounds, deviations from 

standard mixing rules158 have led to the use of binary interaction parameters or the direct fitting 

of unlike interaction parameters to mixture VLE data.134,173,177 The association contribution in the 

SAFT-γ Mie EoS is necessary to accurately model certain molecular systems, particularly 

multicomponent mixtures which involve hydrogen-bonding interactions.171 Association effects 

are handled using 2 additional EoS parameters for a square-well association strength and 

range.158,171 The SAFT-γ Mie EoS with square-well association sites was reported to accurately 

predict the octanol/water partition coefficient of pharmaceutical compounds.176 However, the 

directional, discontinuous square-well association potentials are not amenable for incorporation 

in MD simulations with continuous potentials, a topic we will revisit in chapters 3 and 6. 

SAFT-γ Mie has been used successfully to generate coarse-grained force fields for a 

variety of small molecules including n-alkanes, alkenes, cycloalkanes, aromatics and 

polyaromatics, sulfides, fluorinated compounds, water, carbon dioxide, liquid crystals, ethers, 

siloxanes, surfactants, and various mixtures.71,130–136,177–187 SAFT-γ Mie in large part has focused 

on representing molecules as linear chains, using first-order thermodynamic perturbation theory 

(TPT1), which considers only the bond connections of tangent spheres.158 Second-order 

thermodynamic perturbation theory (TPT2),157 which in addition to rigid bonds considers rigid 

angles, has recently been applied to develop homonuclear ring SAFT-γ Mie models.129  Several 

different ring configurations were parameterized based on fused equilateral triangles, for which 

the necessary three-body correlation functions have been computed.129,188 These configurations 

were primarily intended to represent planar molecules such as polyaromatics.129 
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Given the success of both the SAFT-γ Mie EoS and coarse-grained force fields at 

predicting phase equilibria of complex systems, application of the group contribution approach 

to polymers, where monomer or oligomer VLE data is used to parameterize the Mie nonbond 

parameters, is a promising approach for developing accurate coarse-grained polymer force fields. 

However, serious structural limitations result from the use of rigid or stiff harmonic bonds with 

length 𝜎𝑖𝑗 and lack of angle potentials. Essential properties such as polymer density, glass 

transition temperature, and surface tension cannot be accurately predicted in many cases. Several 

SAFT-γ Mie simulation studies have incorporated bond angle-bending intramolecular 

interactions simply by adding bonded potentials to existing tangent SAFT-γ Mie models (i.e., 

independently of the parameterization procedure).134–136,177,182,185 These bonded potentials were 

obtained by bottom-up coarse graining from higher resolution molecular simulations or adopted 

from other force fields. Though these angle constraints are not defined in the SAFT-γ Mie EoS, 

the addition of angle potentials allows for improved accuracy at modeling interfacial and 

transport properties,136,177,182,185 while not significantly disrupting the ability to represent the 

thermodynamic data to which the flexible tangent models were fit. 

Though the addition of angle potentials has proven to be a successful strategy for 

imparting semi-flexibility, in order to accurately represent polymer structure the bead-bead bond 

distances of 𝜎𝑖𝑗 must also be modified. As we will demonstrate in chapter 2, this can be 

accomplished by using a fused-sphere formulation of the SAFT-γ Mie equation of state.189,190 

 

1.7. Chapter overviews 

In chapter 2, the development of a novel polymer coarse-graining approach is presented. 

A hybrid top-down/bottom-up framework combines the fused-sphere variant of the SAFT-γ Mie 

equation of state, with realistic structural detail implemented by bond and angle potentials 
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derived using Boltzmann inversion of all-atom polymer chains. Models for poly(vinyl alcohol) 

and poly(ethylene) in which each bead represents one monomer are presented, and comparisons 

made for the performance with two different underlying all-atom reference force fields.  

Though the fused-sphere SAFT-γ Mie approach is a straightforward and elegant solution 

to the issues encountered with applying conventional SAFT-γ Mie group contribution parameters 

to develop force fields for linear homopolymers, most applications of practical significance 

involve copolymers. Given the discussion above on the increasing complexity of polymer 

systems being used in commercial applications, it is important that the approach be extended to 

arbitrary copolymer architectures. In chapter 3, we discuss in detail the extension of the fused-

sphere SAFT-γ Mie approach to develop an accurate coarse-grained model for poly(vinyl 

butyral-co-vinyl alcohol) copolymers, which are widely used in commercial safety glass 

interlayers. PVB is an intriguing system for studying structure-property relationships, in that the 

vinyl alcohol monomers exhibits strong self-interactions and interactions with hydroxyl groups 

on glass surfaces, while the vinyl butyral monomers act as toughening agents. Additionally, PVB 

copolymer density and other physical properties vary widely with overall chemical composition. 

Limitations of the fused-sphere SAFT-γ Mie approach and the current state of SAFT-γ Mie for 

modeling copolymers are also discussed. Furthermore, we demonstrate the ability to reinsert 

atomistic detail and stereochemistry to a coarse-grained SAFT-γ Mie MD snapshot, using a 

simple geometric superposition of monomer templates followed by energy minimization. 

In chapter 4, the coarse-grained PVB model is applied to study the interfacial behavior of 

PVB with amorphous silica, in mimicry of the interface found in PVB/glass composite systems. 

A comprehensive study of the effects of copolymer blockiness on adhesion behavior and 

interfacial morphology is presented. Results indicate that blockiness has a dramatic and complex 
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effect on interfacial morphology, and that adhesion energy can be modulated not only by 

controlling vinyl alcohol content, but also by tuning the distribution of block lengths in a nearly 

orthogonal manner. 

As mentioned, an area where much progress is needed is the experimental 

characterization of copolymer sequences. In chapter 5, a promising technique for identifying 

comonomer sequences, the electro-optic Kerr effect combined with rotational isomeric state 

theory and monomer polarizabilities, is explored. A detailed description of the theoretical 

background for calculating molar Kerr constants is presented, and potential improvements to the 

approach are discussed. Theoretical molar Kerr constants calculated for various polymer systems 

are compared with those reported in the Kerr effect literature, with excellent agreement.  
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CHAPTER 2 

Development of a fused-sphere SAFT-γ Mie force field for poly(vinyl alcohol) and 

poly(ethylene) 

This chapter has been published in the Journal of Chemical Physics 2019, 150 (3), 034901 

 

2.1. Abstract 

SAFT-γ Mie, a group-contribution equation of state (EoS) rooted in Statistical 

Associating Fluid Theory, provides an efficient framework for developing accurate, transferable 

coarse-grained force fields for molecular simulation. Building on the success of SAFT-γ Mie 

force fields for small molecules, we address two key issues in extending the SAFT-γ Mie coarse-

graining methodology to polymers: 1) the treatment of polymer chain rigidity, and 2) the 

disparity between the structure of linear chains of tangent spheres and the structure of the real 

polymers. We use Boltzmann inversion to derive effective bond-stretching and angle-bending 

potentials mapped from all-atom oligomer molecular dynamics (MD) simulations to the coarse-

grained sites, and a fused-sphere version of SAFT-γ Mie as the basis for non-bonded 

interactions. The introduction of an overlap parameter between Mie spheres leads to a 

degeneracy when fitting to monomer vapor-liquid equilibria (VLE) data, which we resolve by 

matching polymer density from coarse-grained MD simulation with that from all-atom 

simulation. The result is a chain of monomers rigorously parameterized to experimental VLE 

data and with structural detail consistent with all-atom simulations. We test our approach on 

atactic poly(vinyl alcohol) and polyethylene, and compare the results for SAFT-γ Mie models 

with structural detail mapped from the OPLS-AA and COMPASS all-atom force fields. 
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2.2. Introduction 

The slow characteristic time scales and large length scales of polymer dynamics have led 

to the widespread use of coarse-graining methods for molecular simulation of polymers.1 

Grouping atoms into effective interaction sites reduces dramatically the number of interactions 

that need to be computed and leads to accelerated dynamics. Coarse-graining methods can be 

broadly categorized as either bottom-up or top-down.2 In bottom-up coarse-graining, data from 

more detailed simulations (i.e., all-atom or united-atom level) are employed as the basis for the 

force field parameterization. This data can be structural probability distributions, as used in 

iterative Boltzmann inversion,1 or forces, as used in force-matching.3 A more recent bottom-up 

approach, relative entropy minimization, aims to optimize the mapping function from the 

atomistic to coarse-grained level by minimizing information loss.3,4 In contrast, top-down coarse-

graining methods use experimental macroscopic data to parameterize the force field. 

Transferable force fields can be developed in this manner by, for example, fitting an equation of 

state (EoS) based on a molecular interaction potential to thermodynamic data over a range of 

state points. This is a significant advantage over Boltzmann inversion, which, strictly speaking, 

is valid only at the single temperature at which it is performed. 

Our approach utilizes a group-contribution EoS called SAFT-γ Mie, which is based on 

the Statistical Associating Fluid Theory (SAFT) framework.5,6 We chose this EoS as the basis for 

the force field due to its high accuracy at reproducing the thermodynamic properties of complex 

mixtures of chain molecules, and its strong predictive power as a group contribution theory. 

SAFT-γ Mie is a molecular-based EoS with intermolecular interactions represented by a Mie 

potential, a generalized form of the Lennard-Jones potential with variable exponents instead of 

the usual 12-6. Thus, parameters from the EoS can be used directly as force field parameters for 
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molecular simulation. To the best of our knowledge, the model developed in this work represents 

the first SAFT-γ Mie force field for poly(vinyl alcohol) (PVA). 

The group contribution approach of SAFT-γ Mie is particularly appealing for polymeric 

systems, since the parameters in the EoS can be fit to experimental thermodynamic data of small-

molecule analogues. However, issues with chain structure and over-flexibility arise when 

extending parameters in the EoS for small-molecule systems to long polymer chains. The chain 

contribution of SAFT-γ Mie is derived using first-order thermodynamic perturbation theory 

(TPT1);7 no structural information beyond bond connections is considered. As a result, SAFT-γ 

Mie chains are fully flexible. Recently, the notion of applying rigidity to SAFT-γ Mie chains via 

angle bending potentials was explored by Morgado et al.8 in a study featuring fluorinated 

alkanes. Here, we expand upon this approach, using a fused-sphere version of SAFT-γ Mie as the 

basis for non-bonded interactions amongst coarse-grained beads, and Boltzmann inversion to 

derive effective bonded potentials consistent with the fused-sphere model from all-atom 

simulations. 

The rest of this chapter is organized as follows: Section 2.3 describes the SAFT-γ Mie 

EoS; Section 2.4 describes the fused-sphere version of SAFT-γ Mie; Section 2.5 reviews 

approaches for extending SAFT-γ Mie to polymers; Section 2.6 details our method of 

parameterizing the SAFT-γ Mie EoS to experimental thermodynamic data; Section 2.7 discusses 

our Mie parameter validation results; Section 2.8 describes our Boltzmann inversion procedure 

for deriving effective bonded potentials from all-atom models; Section 2.9 introduces our 

method for determining optimal shape factor and Mie parameters consistent with all-atom 

structure; Section 2.10 discusses the validation of our PE and PVA coarse-grained models; and 

in Section 2.11 we present our  conclusions and future work. 
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2.3. The SAFT-γ Mie Equation of State 

SAFT is the underlying theoretical framework for the multitude of equations of state 

which share its name. These include EoS based on Perturbed-Chain SAFT (PC-SAFT),9 Group 

Contribution SAFT (GC-SAFT),10 and SAFT-γ11 approaches. GC-SAFT and SAFT-γ are subsets 

of the SAFT Variable Range (SAFT-VR)12 approach, in which the range of the attractive 

potential is an adjustable parameter. SAFT is based on work presented by Wertheim in a series 

of papers nearly two decades ago,13–17 using TPT1 to derive expressions for the Helmholtz free 

energy of associating chain fluids modeled as tangentially-bonded spheres. In SAFT, the residual 

Helmholtz free energy is expanded into contributions from a hard-sphere reference fluid, the 

monomeric fluid’s deviation from this reference, the formation of chain molecules via bonding 

of the monomeric spheres, and an additional contribution due to association. This contribution is 

modeled using acceptor and donor sites, which interact via a square-well potential to mimic 

hydrogen bonding. The expansion of the Helmholtz free energy in SAFT is summarized in 

Equation (2.1): 

 𝐴𝑡𝑜𝑡𝑎𝑙

𝑁𝑘𝐵𝑇
=

𝐴𝑖𝑑𝑒𝑎𝑙 𝑔𝑎𝑠

𝑁𝑘𝐵𝑇
+

𝐴𝑚𝑜𝑛𝑜𝑚𝑒𝑟

𝑁𝑘𝐵𝑇
+

𝐴𝑐ℎ𝑎𝑖𝑛

𝑁𝑘𝐵𝑇
+

𝐴𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑜𝑛

𝑁𝑘𝐵𝑇
 (2.1) 

in which 𝑁 is the number of molecules in the system, 𝑘𝐵 is Boltzmann’s constant, and 𝑇 is the 

absolute temperature. 

In the TPT1 formalism, each monomer possesses at most two bonds, and the bonding of 

one monomer to another is independent of existing bonds.5 Wertheim’s theory has been extended 

to form equations of state capable of modeling associating square-well18 and Lennard-Jones19 

fluids. Since these original formulations, SAFT EoS have undergone many improvements 

through the use of higher-order perturbation expansions of the monomer term,20 more accurate 

molecular interaction potentials,21 and extension to electrolyte solutions,22,23 to name a few.  
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The “gamma” (γ) distinction refers to a specific SAFT EoS, considered to be state-of-the-

art in group-contribution based equations of state. A defining feature is that SAFT-γ Mie 

averages the properties of a heterogeneous mixture of segments into an effective homogeneous 

mixture using the van der Waals 1-fluid mixing rules.24 As a result, the chain formation 

contribution to the Helmholtz free energy is evaluated using a single-pair radial distribution 

function for the effective homogeneous fluid. Thus, the connectivity of the beads does not 

influence the Mie parameters. 

The Mie potential is a generalized Lennard-Jones potential with variable repulsive and 

attractive exponents, λr and λa, and is given by Equation (2.2): 

 

𝑈(𝑟) = 휀𝐶 [(
𝜎

𝑟
)

𝜆𝑟

− (
𝜎

𝑟
)

𝜆𝑎

]           𝐶(𝜆𝑎 , 𝜆𝑟) = (
𝜆𝑟

𝜆𝑟 − 𝜆𝑎
) (

𝜆𝑟

𝜆𝑎
)

(
𝜆𝑎

𝜆𝑟−𝜆𝑎
)

 
(2.2) 

The Mie potential has been shown to provide a more accurate representation of 

thermodynamic properties of real molecules than the Lennard-Jones 12-6 potential. The 

repulsion exponent of 12 in the latter was originally used for mathematical convenience and has 

no physical basis.25 The attraction exponent of 6, however, encompasses several common 

attractive contributions, namely, the Debye, Keesom, and London forces.20,26 Furthermore, it has 

been demonstrated that the two Mie exponents are not independent parameters, and fixing the 

attraction exponent to 6 does not lead to a loss in accuracy at representing vapor-liquid 

equilibria.27 For these reasons, and the resulting reduction in parameter space, the attraction 

exponent is often kept at 6, and we follow this practice throughout this study. The exact form of 

the SAFT-γ Mie EoS used in this study is taken from reference 28. 

SAFT-γ Mie has attained much success in predicting vapor-liquid phase behavior of 

complex mixtures as well as second derivative thermodynamic properties not included in the 

fit.20,28,29 Building on the success of the theory, force field parameters obtained from SAFT-γ 
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Mie by fitting to experimental thermodynamic data have been developed for a variety of model 

compounds, including carbon dioxide,25 fluorinated alkanes,8,30 substituted benzenes,31 and even 

mixtures involving water.32,33 

 

2.4. Fused-sphere SAFT-γ Mie EoS 

While remarkably accurate at reproducing thermodynamic properties, tangent-sphere 

SAFT models are limited in their ability to reproduce structural features of real compounds.11 

Lymperiadis et al. introduced a fused-sphere formulation of SAFT-γ Mie which allows for the 

overlap of beads.11,34 A shape factor parameter scales the contribution of each segment to 

molecular volume, surface area, mean radius of curvature, and certain free energy terms in the 

monomer contribution.35 The shape factor is not purely geometric but rather an additional free 

energy parameter. A universal mathematical relationship between shape factor, simulation bond 

length, and Mie parameters has not yet been developed, hindering the development of fused-

sphere SAFT-γ Mie force fields. Bond length can be estimated by equating the second virial 

coefficient from SAFT-γ Mie with that from an equation of state based on scaled particle theory 

(SPT),34,36 but this approximation breaks down with increasing density and degree of overlap.37 

An empirical solution to linking the shape factor parameter to bond length has been 

investigated by Yaroson.37 This involves extensive vapor-liquid equilibria (VLE) simulation over 

a range of fixed bond lengths, and refitting of the Mie parameters to correlate Mie parameter 

sets, defined by set shape factors, with bond length. In this work we propose a new procedure for 

matching SAFT-γ Mie polymer molecular structure to that from all-atom molecular dynamics 

(MD) simulations using shape factor as an effective parameter of the chain. 
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2.5. Extending SAFT-γ Mie to rigid polymers 

SAFT-γ Mie can be extended to polymers through group contribution: Mie parameters 

are fit to thermodynamic data of small-molecule analogues, and the same parameters are used for 

polymers. Even for a polymer as simple as polyethylene (PE), however, the resulting force field 

parameters have been found to vary significantly with the chain length of the molecule used in 

the fit,38 in part due to chain end effects. For the alkane series, parameters have been extrapolated 

to infinite molecular weight for the PE model, but scarce few homologous series have enough 

data available to do so. 

The lack of structural detail beyond bond connections of the tangent spheres leads to 

unrealistic chain flexibility. Strictly speaking, for the consideration of angle potentials (i.e., 

3-body interactions) in ring compounds or rigid polymers, or the connectivity of branched 

molecules with more than two bonds on a single monomer, SAFT-γ Mie would need to be recast 

using a higher-order TPT. This would require knowledge of the many-body correlation functions 

involved, which have thus far only been computed for relatively simple geometries.39 Branching, 

however, has been considered in the square-well GC-SAFT models, where connectivity is 

explicit in the evaluation of the chain formation contribution to Helmholtz free energy.40 

A more practical strategy involves adding rigidity to SAFT-γ Mie chain molecules by 

means of harmonic bond and angle potentials derived from all-atom or united-atom 

simulations.41 This strategy was used by Morgado et al.8 to develop a SAFT-γ Mie force field for 

fluorinated alkanes with rigidity derived from the united-atom NERD42 (Nath, Escobedo, and de 

Pablo revised) force field. The bonded potentials are mapped to the coarse-grained sites, and act 

amongst neighboring beads. However, in their work, Morgado et al. used the tangent-sphere 

version of SAFT-γ Mie. In general, the bond distance mapped from the all-atom or united-atom 
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chains is not consistent with the bond distance σ as defined in the tangent-sphere SAFT-γ Mie 

equation of state, leading to a reduction in molecular volume. Another study by Ghobadi and 

Elliott43 took a different approach, in which the bond lengths and angles were fixed to those 

defined in the Transferable Potentials for Phase Equilibria (TraPPE) united-atom force field,44 

and the σ and ε force field parameters in the EoS were fit to Helmholtz free energy computed 

from Monte Carlo (MC) and MD simulations. In effect, the EoS was parameterized using 

simulation data rather than experimental thermodynamic data. In the present study, we use the 

shape factor parameter in the fused-sphere SAFT-γ Mie EoS to determine the bead overlap and 

appropriately scaled Mie parameters consistent with bonded distributions and density obtained 

from all-atom MD simulation. 

 

2.6. SAFT-γ Mie EoS parameterization 

The SAFT-γ Mie model relies on experimental thermodynamic data to parameterize the 

Mie potential molecular interactions. We follow the commonly used approach of minimizing the 

square deviation with respect to the experimental vapor pressure and saturated liquid density 

over a range of several temperatures. A more computationally efficient method based on 

corresponding states theory has recently been developed, in which only the critical temperature, 

acentric factor, and saturated liquid density at a reduced temperature of 0.7 are needed.27,45 

However, the Mie parameters are highly sensitive to errors in the experimental acentric factor 

and the method has not yet been extended to the fused-sphere SAFT-γ Mie model. 

We developed a Matlab46 program to compute the Helmholtz free energy for a given set 

of SAFT-γ Mie parameters and temperature. From the Helmholtz free energy, equilibrium 

pressure and saturated densities for each temperature are computed numerically using the 
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Maxwell equal area construction. The objective function for the minimization is defined in 

Equation (2.3): 

 
fmin = (

1

𝑁𝑃𝑣𝑎𝑝

) ∑ [
𝑃𝑣𝑎𝑝,𝑖

𝑒𝑥𝑝 (𝑇𝑖) − 𝑃𝑣𝑎𝑝,𝑖
𝑐𝑎𝑙𝑐 (𝑇𝑖 , 휀, 𝜎, 𝜆𝑟 , 𝜆𝑎)

𝑃𝑣𝑎𝑝,𝑖
𝑒𝑥𝑝 (𝑇𝑖)

]

2𝑁𝑃𝑣𝑎𝑝

𝑖=1

+ (
1

𝑁𝜌𝑠𝑎𝑡

) ∑ [
𝜌𝑠𝑎𝑡,𝑖

𝑒𝑥𝑝 (𝑇𝑖) − 𝜌𝑠𝑎𝑡,𝑖
𝑐𝑎𝑙𝑐(𝑇𝑖 , 휀, 𝜎, 𝜆𝑟 , 𝜆𝑎)

𝜌𝑠𝑎𝑡,𝑖
𝑒𝑥𝑝 (𝑇𝑖)

]

2𝑁𝜌𝑠𝑎𝑡

𝑖=1

 
(2.3) 

where 𝑁 is the number of experimental points used for each property; 𝑃𝑣𝑎𝑝  is vapor pressure; and 

𝜌𝑠𝑎𝑡  is saturated liquid density. 

Due to the multi-dimensional nature of the optimization and the abundance of local 

minima in the objective function, we first performed independent runs of a genetic algorithm-

based solver in Matlab’s global optimization toolbox46 to find candidates for the global 

minimum. Gradient-based minimization based on the interior point algorithm47 was then applied 

to fine-tune the results from the genetic algorithm. In all cases, the independent runs converged 

to the same set of Mie parameters, providing strong evidence that the global minimum was 

found. 

We developed group contribution models for PE and PVA based on the dimers n-butane 

and 1,3-butanediol, which have been well-studied experimentally. In each case, one monomer 

maps to one bead, as shown in Figure 2.1. We selected 1,3-butanediol over ethanol as the basis 

for the PVA model since ethanol is effectively more polar than the PVA monomer; we found that 

intramolecular interactions amongst hydroxyl moieties in the polymer are better captured in the 

butanediol fit. Parameterization to longer polyol oligomers would be expected to provide a better 

representation of PVA, but experimental data are scarce for such compounds. To be consistent 

with our use of the dimer for the PVA model, we used n-butane rather than higher alkanes for the 

polyethylene model. 
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Figure 2.1. Mapping scheme for PE and PVA dimers from n-butane and 1,3-butanediol, 

respectively. 

 

 

The results for the SAFT-γ Mie parameterization of n-butane and 1,3-butanediol tangent-

sphere beads using the experimental vapor pressure and saturated liquid density are listed in 

Table 2.1. The sources used for the experimental data are indicated in the table. The mapping of 

the polar PVA monomer to a symmetric sphere gives rise to a large ε and steep repulsive 

potential. For simplicity, our model does not include partial charges nor the square-well 

association sites used in the existing theoretical SAFT-γ Mie models for alcohols.20,28 

 

Table 2.1. Tangent SAFT-γ Mie parameters for PE and PVA monomers.a 

Molecular 

basis 

σ  

(Å) 

ε/kB  

(K) 
λr NPvap Nρsat 

Pvap % 

AAD 

ρsat % 

AAD 

Data 

Ref. 

n-butane 3.9652 249.54 12.417 16 6 0.0979 0.0435 48 

1,3-butanediol 4.3296 756.11 71.503 6 6 0.3438 0.3055 49 

a NPvap and Nρsat are the number of experimental vapor pressure and saturated liquid density points, 

respectively, used in the fit, and AAD is the average absolute deviation28 from the experimental 

data set. 

 

2.7. SAFT-γ Mie parameter validation by direct MD simulation of the vapor-liquid 

interface 

To validate the dimer Mie parameters, we computed the vapor pressure curve and vapor-

liquid phase envelope from direct MD simulation of the vapor-liquid interface,50 and compared 

the results to those predicted by the SAFT-γ Mie EoS. We first packed the molecules into a cubic 
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simulation cell at liquid density using Packmol51 software. After initial energy minimization and 

equilibration, the simulation cell was elongated in the z-direction by adding vacuum to make the 

aspect ratio of the cell 3:1. The system was further equilibrated in the NVT ensemble until a 

stable vapor-liquid interface formed. A Nosé-Hoover thermostat was used with a temperature 

damping parameter of 100 fs. Density profiles were obtained by spatial averaging and the 

saturated vapor and liquid densities calculated by fitting to a hyperbolic tangent function as 

described in reference 52. The vapor pressure was taken as the z diagonal component of the 

pressure tensor.31 All MD simulations in this work were performed using the Large-scale 

Atomic/Molecular Massively Parallel Simulator (LAMMPS).53 At each temperature, the density 

was averaged over 2 ns following an 18 ns equilibration period. We used a cutoff of 25 Å and 

time steps of 5 fs and 2 fs for the n-butane and 1,3-butanediol systems, respectively. A smaller 

time step for the 1,3-butanediol system was required due to the large repulsive exponent. In order 

to smoothly reduce the potential to zero at the cutoff, a spline switching function54 was used for 

the last 2 Å. Bond lengths were kept at distance σ using the SHAKE algorithm.55 Comparisons 

between saturated densities and vapor pressures from the MD simulations, SAFT-γ Mie EoS, and 

literature data used to parameterize the models are shown in Figure 2.2. Excellent agreement is 

obtained between the literature VLE data set, parameterized SAFT-γ Mie EoS, and MD 

simulations for the n-butane system. For 1,3-butanediol, MD simulations systematically 

overpredict vapor pressure and underpredict saturated liquid density. 
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Figure 2.2. Vapor pressure curve (a) and vapor-liquid phase envelope (b) for the tangent dimer 

SAFT-γ Mie n-butane system with 135,000 molecules. Vapor pressure curve (c) and vapor-liquid 

phase envelope (d) for the 1,3-butanediol system with 145,000 molecules. Error bars are smaller 

than the symbol size and are not shown. 

 

 

2.8. Deriving effective bonded potentials from all-atom simulations 

To add rigidity to the fully flexible SAFT-γ Mie polymer chains, we derived effective 

bond and angle potentials acting amongst the coarse-grained beads from two common all-atom 

force fields: Optimized Potentials for Liquid Simulations (OPLS-AA),56 hereon referred to as 

simply OPLS, and Condensed-phase Optimized Molecular Potentials for Atomistic Simulation 

Studies (COMPASS),57 a “polymer-consistent” class II force field. We used the 2008 version of 

OPLS distributed with the TINKER58 molecular dynamics package, and COMPASS parameters 
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taken from literature.57,59,60 Both were developed using a hybrid ab initio/empirical refinement 

procedure with an emphasis on reproducing experimental condensed-phase properties. OPLS 

uses a standard Lennard-Jones 12-6 function for non-bonded interactions with a coulombic term 

for partial charge interactions. Bond and angle potentials are given by harmonic functions and 

torsion potentials are represented by a truncated Fourier series. COMPASS uses instead a softer 

Lennard-Jones 9-6 function with a coulombic term for non-bonded interactions. Quartic bonds 

and angles, Fourier style torsions, and harmonic improper dihedrals make up the bonded 

potential, with additional cross-terms for bond-bond, bond-angle, angle-angle, bond-torsion, 

angle-torsion, and angle-angle-torsion interactions. The detailed functional forms of the OPLS 

and COMPASS force fields are given in the supplemental material. 

OPLS and COMPASS have been used successfully in atomistic studies of PVA and PE 

melts. Metatla and Soldera used the COMPASS force field for melts of 100-mer PE chains, and 

obtained values of density and bulk modulus in agreement with the experimental values.61 

Noorjahan and Choi employed the OPLS force field for atactic, syndiotactic, and isotactic PVA 

all-atom melts, and extracted glass transition temperatures and solubility parameters consistent 

with corresponding experimental values.62 Jawalkar et al. used COMPASS to study blend 

compatibility of PVA with several other polymers,63–65 made possible by excellent agreement 

between simulated and experimental solubility parameters. We chose COMPASS over the class 

II Polymer Consistent Force Field (PCFF) since the former corrected a finite temperature 

limitation of PCFF which led to incorrect condensed-phase PVT behavior.57 At present our goal 

is to test our methodology of incorporating all-atom structure into SAFT-γ Mie chains, and is not 

intended to be a complete survey of all-atom force fields for these systems. In principle, any all-

atom or united-atom force field can be used with our framework; thus, advances in these can 
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accordingly improve the coarse-grained models. The force field parameters used for the PE and 

PVA atomistic simulations are provided in the supplemental material. 

We employed iterative Boltzmann inversion to obtain the effective potentials that 

reproduced the bond and angle distributions from all-atom simulations at the coarse-grained 

level. The effective bond stretching and angle bending potentials are given by −𝑘𝐵𝑇𝑙𝑛(𝑃𝐴𝐴) 

where PAA is the probability distribution from the all-atom model mapped to the coarse-grained 

sites. We equilibrated an isolated polymer chain in vacuum using the all-atom force field in the 

NVT ensemble, and mapped the bonded distributions to the centers of mass of the corresponding 

coarse-grained sites. After binning the sampled bonds and angles, we fit the distributions using a 

cubic spline. The resulting potentials were implemented using a tabulated style in LAMMPS for 

an isolated coarse-grained polymer of equal chain length to the all-atom polymer. To reduce the 

effect of vacuum, which mimics a poor solvent, on polymer conformation, and capture the 

distributions in stereochemistry in the case of atactic PVA, we used chains 250 monomers in 

length. For both the all-atom and coarse-grained simulations, we obtained bonded distributions 

by sampling every 5 ps over a 50 ns trajectory, discarding an initial 10-20 ns equilibration 

period, determined from the convergence of total energy and the angle autocorrelation function.54 

For the all-atom isolated chain simulations, we used a time step of 0.5 fs without bond 

constraints on hydrogen atoms. We set the non-bonded pairwise cutoffs to 12.5 Å and 25 Å for 

the Lennard-Jones and coulombic terms, respectively. For the SAFT-γ Mie isolated chain 

simulations, we used a 1 fs time step, with the cutoff set to 25 Å with the switching function 

described above. 

We found that the coarse-grained polymer models, in general, did not reproduce the 

target angle distribution after direct inversion, likely a consequence of the mapping function 



   

57 

 

used. Moreover, iterative Boltzmann inversion (IBI) was needed to converge on the target 

distribution. This involves correcting the coarse-grained angle potential based on the error 

between the output of the previous iteration and the target distribution, summarized by Equation 

(2.4):66 

 
𝑈𝑖+1

𝐶𝐺 (𝜉) = 𝑈𝑖
𝐶𝐺(𝜉) + 𝑎𝑖𝑘𝐵𝑇 ln (

𝑃𝑖
𝐶𝐺(𝜉)

𝑃𝑡𝑎𝑟𝑔𝑒𝑡(𝜉)
) 

(2.4) 

in which 𝑎𝑖 is a convergence damping parameter set between 0 and 1. The accuracy of the 

potential in each iteration is evaluated by integrating the square of the error between the output 

distribution and the target distribution. Converged bond stretching and angle bending probability 

distributions for the PE and PVA models are shown in Figures 2.3 and 2.4, respectively. 

 

Figure 2.3. Bond stretching (a) and angle bending (b) distributions for PE 250-mers converged 

to all-atom targets using IBI at T=400 K. Solid black lines are the target distributions mapped 

from the OPLS force field and solid magenta lines are the target distributions mapped from the 

COMPASS force field. Dashed green lines are the converged CG bonded distributions for the 

OPLS targets after 8 iterations of IBI. Dashed blue lines are the converged CG distributions for 

the COMPASS targets after 10 iterations of IBI. The converged tabulated potentials are provided 

in the supplemental material. 
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Figure 2.4. Bond stretching (a) and angle bending (b) distributions for atactic PVA 250-mers 

converged to all-atom targets using IBI at T=400 K. Solid black lines are the target distributions 

mapped from the OPLS force field and solid magenta lines are the target distributions mapped 

from the COMPASS force field. Each target distribution is the average over three all-atom 

chains with independent stereochemistry distributions. Dashed green lines are the converged CG 

bonded distributions for the OPLS targets after 14 iterations of IBI. Dashed blue lines are the 

converged CG distributions for the COMPASS targets after 10 iterations of IBI. 

 

 

We note that a limitation of iterative Boltzmann inversion as applied to bonded 

distributions is that the converged potential is not guaranteed to be unique. Further, the use of 

state-dependent bonded potentials comes at a cost of transferability of the SAFT-γ Mie model. 

One strategy to resolve this is to use multiple state points simultaneously in the procedure. In this 

case, the target distribution is defined at multiple temperatures, and the average error over all 

states is used to iterate the potential.67 However, we found that the temperature dependence on 

the bond and angle distributions is sufficiently weak over the range of 300-500 K so that 

multistate Boltzmann inversion was not essential. 

A result of using both bond and angle distributions derived from the all-atom structure is 

that bonded Mie beads are in the steeply repulsive region of the potential. All 1-2 and 1-3 

intramolecular non-bonded interactions in the coarse-grained model are switched off and 

replaced by the bonded potentials derived from the all-atom models, while 1-4 or higher 
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intramolecular interactions and all intermolecular interactions retain the potentials from the 

SAFT-γ Mie parameterization to experimental data. The equilibrium bond lengths mapped from 

the all-atom models are nearly half of the size parameter σ in the tangent SAFT-γ Mie models. 

The following section describes our method of reconciling the all-atom structure with the SAFT-

γ Mie theory by means of the shape factor parameter. 

 

2.9. SAFT-γ Mie shape factor from polymer density matching 

For a fixed shape factor and experimental data set, there exists an optimal set of Mie 

parameters, and each optimized parameter set provides a nearly indistinguishable representation 

of the vapor pressure curve and vapor-liquid phase envelope. Using the fused-sphere SAFT-γ 

Mie EoS, we refit all of the molecular fragment Mie parameters for a series of shape factor 

values, and developed empirical correlations between shape factor and the standard Mie 

parameters σ, ε, and λr. In all cases, the optimized Mie parameters resulted in an average absolute 

deviation (AAD) of less than 1% against literature vapor pressure data, and less than 0.5% 

against literature saturated liquid density data. Detailed optimization results for the different 

models are provided in the supplemental material. 
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Figure 2.5. Optimized Mie parameters for fixed shape factors, normalized by the parameter 

values for the tangent model (S=1.0). Optimal σ Mie parameters (a) are fit to a power law in S, ε 

Mie parameters (b) are fit to a second-order polynomial in S, and repulsive exponent (λr) Mie 

parameters (c) are fit to a third-order polynomial in S. The normalized optimal σ Mie parameters 

for n-butane and 1,3-butanediol follow a nearly identical power law relationship in S. The 

coefficients for each of the empirical fits are reported in the supplementary information. 

 

To determine the value of shape factor most consistent with the molecular structure from 

the all-atom models, we chose the value that best reproduced the density of the polymer at 300 K 

and 1 atm. Since the bond distances and angle potentials are not inputs to the SAFT-γ Mie EoS, 

to find this density we ran coarse-grained polymer simulations in the NPT ensemble for each set 

of Mie parameters corresponding to the different shape factors, with the bond and angle 

potentials derived from the all-atom force field. It is critical that the ε interaction parameter be 
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multiplied by S2 for use in the force field for MD simulation, as derived from the SAFT-γ Mie 

EoS in the dissertation work of Yaroson37 and reiterated in the supplemental material. This 

scaling is an approximation, and is only exact in the absence of particle-particle correlations 

between beads. Additionally, we assume independence of non-bonded and bonded potentials, 

having used the tangent Mie parameters for the IBI. One could, in principle, iteratively repeat the 

IBI and density-matching until the results are self-consistent, but we found this to be 

unnecessary. Our algorithm is summarized in the flowchart in Figure 2.6. 

 

Figure 2.6. Algorithm for fused-sphere SAFT-γ Mie polymer force field parameterization. 

 

In our approach, the shape factor represents an effective overlap of beads throughout the 

polymer chain. Nonterminal beads have two neighbors and thus two regions of overlap, while the 

end beads have a single overlap region. Thus, the end effects on molecular volume are 

propagated throughout the chain, and the shape factor obtained from the density matching is 

chain-length dependent, asymptotically approaching the value for infinite molecular weight 

chains. For the dimers used in the parameterization, a value of S=1.0 represents tangent spheres, 
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and S=0.5 represents completely overlapping spheres. It is important to realize that in our 

approach, the EoS can only be directly used to predict thermophysical properties of the fused-

sphere dimers. For longer chains, the shape factor preserves the link to the dimer experimental 

VLE data, but it is effectively fit to the bonded potentials from Boltzmann inversion and all-atom 

oligomer density.  

 

Figure 2.7. Simulated polymer density of PE (a) and PVA (b) 24-mers at T=300 K and 1 atm 

with the Mie potential defined by the optimal parameters for each shape factor. All density 

values are the average of 3 independent simulations with different starting configurations. Error 

bars are smaller than the symbol size and not shown. For PVA, the S=0.6 parameter set was not 

used in the density matching due to numerical issues with the extremely high repulsive exponent. 

The all-atom systems for PE and PVA contain 100 and 90 chains, respectively, while the coarse-

grained systems are 4 times larger. 

 

MD simulations of polymer melts require a more robust equilibration procedure than 

small molecules, as polymer entanglements may trap the chains in metastable conformations. 

One must ensure that the choice of initial configuration does not influence the physical properties 

extracted from the simulation. To obtain equilibrated configurations, we first packed the polymer 

chains into a simulation cell at a given reduced density using the Packmol51 software, and ran an 

initial energy minimization in LAMMPS. Following this, we applied the compression-annealing 

algorithm developed by Abbott et al.68 This 21-step equilibration algorithm follows cycles of 



   

63 

 

high-temperature annealing in the NVT ensemble, equilibration at the target temperature in 

NVT, and compression at high pressure and the target temperature in NPT. With each 

compression step, the pressure is ramped up towards a set maximum value, and then decreased 

towards the target pressure. This algorithm has been shown to be effective for obtaining correct 

structural and thermal properties for a variety of glassy polymers. For all polymer melt NPT 

simulations, we used a maximum pressure of 20,000 atm and a maximum annealing temperature 

of 1000 K. We used a Nosé-Hoover thermostat and barostat, with damping parameters of 100 fs 

and 1 ps, respectively. For the all-atom simulations, long-range electrostatic interactions were 

computed using the particle-particle-particle mesh algorithm,69 and the long-range tail correction 

to energy and pressure was used. In all cases, each polymer density was taken as the average of 3 

simulations with independent starting configurations. Following the compression-annealing 

algorithm, the additional NPT simulation time needed to converge total energy and density 

autocorrelation function ranged from 40 ns to 200 ns depending on the shape factor and all-atom 

model used. For the coarse-grained systems, in order to reduce the energy drift due to the stiffer 

bonded potentials while maintaining larger time steps normally permissible with coarse-grained 

models, we used the reversible reference system propagator algorithm (rRESPA) of Tuckerman70 

with an inner time step of 1 fs for bonds and angles, and an outer time step of 2 fs (PVA) or 5 fs 

(PE) for pair interactions. A smaller time step was needed for PVA due to the very large 

repulsive exponent, which approaches the limit of hard-sphere repulsion. In all cases, we found 

that density decreased linearly with shape factor (cf. Figure 2.7), as expected, given the bonded 

potentials derived from the all-atom force fields.  

To save the considerable computational effort of obtaining the polymer density of the all-

atom model, one could alternatively match the coarse-grained polymer density to experimental 
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values, if such data is available. We chose not to do so to maintain consistence with the models 

used to obtain the bonded potentials. Nevertheless, the density values extracted from the all-atom 

NPT simulations were in satisfactory agreement with literature ranges at 298 K of 0.855-0.935 

g/cm3 for PE71 and 1.19-1.31 g/cm3 for PVA,72 with the higher values corresponding to higher 

degree of crystallinity and molecular weight. The all-atom target densities and optimal Mie 

parameters for our PE and atactic PVA models are given in Table 2.2. The disparity between the 

optimal parameters for models based on OPLS and COMPASS is small for PE, as expected for 

such a simple nonpolar system, but is significant for PVA. The equilibrium effective bond 

distance between PVA monomers is shorter in the COMPASS model than the OPLS model by 

~10 pm, leading to a lower value of S and more highly fused beads. Additionally, the effective 

angle potential for PVA from COMPASS is steeper than that from OPLS. 

 

Table 2.2. Fused-sphere SAFT-γ Mie parameters for PE and PVA 24-mers.a,b 

Polymer 
All-atom 

FF 

ρ300K  

(g/cm3) 
S 

σ  

(Å) 

ε/kB  

(K) 
λr 

PE OPLS-AA 0.8670(9) 0.76319(5) 4.4220 340.35 17.660 

PE COMPASS 0.8528(9)  0.74405(3) 4.4677 349.19 18.264 

atactic 

PVA 
OPLS-AA 1.1949(3) 0.81240(1) 4.7118 859.82 107.88 

atactic 

PVA 
COMPASS 1.144(1) 0.74272(1) 4.8862 907.56 132.89 

a The ε parameter listed here is the raw value from the SAFT-γ Mie EoS. The value used in the 

MD simulations is εS2.  

b Uncertainty associated with simulated density is the standard error from block averaging. 

Uncertainty in interpolated shape factor accounts for uncertainty in all simulated density points 

used, and uncertainty in the linear regression slope and intercept parameters. 
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To confirm that the SAFT-γ Mie parameters are transferrable to higher molecular weight 

chains, we investigated the chain length dependence of the optimal shape factor and Mie 

parameters. Using the bond and angle potentials derived from the all-atom 250-mers, we 

repeated the density-matching procedure for chains of 4, 6, and 12 monomers. As a test case, we 

present only the results for the atactic PVA SAFT-γ Mie model with the bond and angle 

potentials derived from the OPLS force field (cf. Figure 2.8). Similar behavior is expected for all 

fused-sphere SAFT-γ Mie linear homopolymers. 

 

Figure 2.8. Chain length (N) dependence of optimal shape factor for the atactic PVA model with 

bonded potentials and all-atom density from the OPLS force field. The total number of 

monomers in the system was kept constant over all chain lengths (8,640 for coarse-grained 

simulations, 2,160 for all-atom simulations). 

 

As shown in Figure 2.8, S increases linearly with inverse chain length. This is expected since the 

contribution of the end beads to molecular volume scales as N-1. With as few as N=24 

monomers, the shape factor obtained from density matching is within 1.25% of the extrapolated 

value (S=0.8025) for infinitely long chains. 
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2.10. Force field validation 

To test our fused-sphere SAFT-γ Mie models for PE and atactic PVA, we compared the 

solubility parameter and heat capacity determined from coarse-grained MD simulations against 

experimental values. Additionally, we checked the consistency of the radius of gyration 

distributions, end-to-end distance distributions, and persistence lengths of the SAFT-γ Mie 

models with those mapped from the all-atom models. For the PVA models, we also calculated 

the glass transition temperature of 250-mer systems from a series of NPT MD simulations. 

 

2.10.1. Hildebrand solubility parameter 

Hildebrand solubility parameters, a measure of cohesive energy density per volume of 

monomer, are widely used as predictors for polymer solubility and polymer-polymer miscibility 

in blend systems.73 As such, polymer force fields are often validated by computing solubility 

parameters from MD simulation. We computed Hildebrand solubility parameters from Equation 

(2.5): 

 

𝛿 = (
𝐸𝑐𝑜ℎ

𝑉𝑚𝑜𝑛𝑜
)

1
2
 

(2.5) 

in which 𝐸𝑐𝑜ℎ is cohesive energy, equivalent to the internal energy change upon vaporization to 

an ideal gas state. We approximated this quantity as the difference in the time-averaged sum of 

pairwise interaction energies between condensed-phase and hypothetical gas phase systems (i.e., 

isolated chains in vacuum).74 𝑉𝑚𝑜𝑛𝑜 is the volume of the monomer, which we estimated as: 

 𝑉𝑚𝑜𝑛𝑜 =
𝜋

6
𝑟𝑜

3𝑆 
(2.6) 
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where 𝑆 is shape factor and 𝑟𝑜 is the equilibrium distance for the Mie potential, i.e. the distance 

at which the Mie force is zero. The calculated Hildebrand solubility parameters for our PE and 

PVA models are listed in Table 2.3. 

For PE, our solubility parameter calculations over-predict the literature value71 of 

17.1 MPa1/2, but for PVA our results are in excellent agreement with the literature value71 of 

25.78 MPa1/2. These are comparable to values obtained using fully atomistic force fields. 

Jawalkar et al. calculated a value of 24.40 MPa1/2 using the COMPASS force field for PVA 80-

mers, in excellent agreement with our results from the coarse-grained model.64 Noorjahan and 

Choi reported a solubility parameter of 31.1 MPa1/2 for atactic PVA 30-mers using the OPLS-AA 

force field. They found that solubility parameter decreased with increasing chain length, 

reporting a value of 25.0 MPa1/2 for a 400-mer system. This makes physical sense since a higher 

proportion of the pairwise interactions will be intramolecular, leading to smaller values of 

calculated cohesive energy for a fixed total number of monomers. 

 

Table 2.3. Hildebrand solubility parameters for SAFT-γ Mie PVA and PE models at T=300 K. 

OPLS and COMPASS refer to the all-atom force field used to fit the bonded parameters. 

Polymer Model 
δ  

(MPa1/2)a 

Relative Error  

(%)b 

PE SAFT-γ Mie + OPLS 19.8712(6) +16.2 

PE SAFT-γ Mie + COMPASS 19.6044(4) +14.6 

PVA (atactic) SAFT-γ Mie + OPLS 25.5211(2) -1.00 

PVA (atactic) SAFT-γ Mie + COMPASS 24.2823(1) -5.81 

a Uncertainties were calculated from propagation of standard error of pairwise interaction energies, 

and the uncertainty in shape factor. 

b Compared to literature values taken from reference 71 
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For the PE models, we observed the formation of crystalline domains after the 

compression-annealing algorithm and equilibration at 1 atm and 300 K. To estimate the effect of 

semi-crystallinity on the calculated Hildebrand solubility parameter, we computed the solubility 

parameter for a perfect coarse-grained PE crystal mapped from the all-atom literature crystal 

structure,75 and degree of crystallinity (C) for the semi-crystalline system based on the local 〈𝑃2〉 

order parameter.76 The 〈𝑃2〉 order parameter is defined as follows: 

〈𝑃2〉 =
1

2
(3〈cos2(휃)〉 − 1) 

(2.7) 

In Equation (2.7) the angle θ is computed from the dot products between all 1-3 neighbor vectors 

in the system (i.e., for a sequence of beads i-j-k in a chain, the vector used is 𝑟𝑖𝑘). Following the 

protocol in reference 77 we divided the simulation box into cubic bins, and calculated a local 

〈𝑃2〉 from the chords whose center bead lies in that bin. Degree of crystallinity is then taken as 

the fraction of bins which have 〈𝑃2〉 > 0.6. For a perfect crystal, 〈𝑃2〉 = C = 1, and so the 

following relationship is assumed: 

𝛿𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑑
2 = 𝛿𝑐𝑟𝑦𝑠𝑡𝑎𝑙

2 𝐶 + 𝛿0
2(1 − 𝐶) (2.8) 

in which 𝛿𝑐𝑟𝑦𝑠𝑡𝑎𝑙  is the solubility parameter for a perfect crystal, and 𝛿0 is the solubility 

parameter for a completely disordered system. For the SAFT-γ Mie PE model based on OPLS, 

we computed C = 0.7926(3), 𝛿𝑐𝑟𝑦𝑠𝑡𝑎𝑙 = 21.0625(6) MPa1/2, and 𝛿0 = 14.44(1) MPa1/2. For the 

SAFT-γ Mie PE model based on COMPASS, we computed C = 0.7881(2), 𝛿𝑐𝑟𝑦𝑠𝑡𝑎𝑙  = 19.9292(4) 

MPa1/2, and 𝛿0 = 18.346(3) MPa1/2. Thus, semi-crystallinity is one explanation for the over-

prediction of Hildebrand solubility parameter for PE. However, the degree of crystallinity for 

experimental samples is seldom reported with solubility parameter measurements. 
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2.10.2. Heat Capacity 

Constant pressure heat capacity can be extracted from enthalpy fluctuations in the MD 

simulation using Equation (2.9):78 

 
𝐶𝑃 =

〈𝐻2〉 − 〈𝐻〉2

𝑘𝐵〈𝑇〉2
 

(2.9) 

in which H is enthalpy calculated using the barostat target pressure. Heat capacities for the 

SAFT-γ Mie PE and PVA models were computed from a 20 ns NPT trajectory at 300 K, and are 

given in Table 2.4. Uncertainties were assigned from block averaging. 

 

Table 2.4. Constant pressure heat capacity per monomer for SAFT-γ Mie PVA and PE models at 

300 K. OPLS and COMPASS refer to the all-atom force field used to fit the bonded parameters. 

Polymer Model 
Cp  

(J/mol/K) 

Relative Error  

(%)a 

PE SAFT-γ Mie + OPLS 36.6(2) +18.5 to +67.8 

PE SAFT-γ Mie + COMPASS 35.6(5) +15.3 to +63.4 

PVA (atactic) SAFT-γ Mie + OPLS 42.5(5) -37.5 

PVA (atactic) SAFT-γ Mie + COMPASS 37.8(1) -44.5 

a Compared to literature values taken from reference 79. For PE, experimental heat capacity varies 

widely from 21.81 J/mol/K for solid state at 300 K to 30.89 J/mol/K for melt state at 300 K. 

 

For atactic PVA, though our fused-sphere SAFT-γ Mie model under-predicts Cp, our 

results are much closer to experimental values71,79 than those reported by Noorjahan and Choi 

using the OPLS all-atom force field.62 Their MD simulations resulted in a Cp nearly 3 times 

larger than the literature value of 68.11 J/mol/K. Similarly, Ramos, Vega, and Martínez-Salazar 

reported80 Cp from united-atom (UA) polyethylene MD simulations 3-4 times higher than the 

literature values, for both the Paul, Yoon, and Smith (PYS) united-atom force field81 and the 
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Transferrable Potentials for Phase Equilibria (TraPPE-UA) force field.82 Cp and other 

thermodynamic second derivative properties is an area where SAFT-γ Mie excels,20,28,29 and this 

advantage is instilled in our force field.  

 

2.10.3. Radius of gyration and end-to-end distance distributions 

To check for structural consistency with the all-atom models, we computed radius of 

gyration and end-to-end distance of 24-mer melts using the optimized fused-sphere SAFT-γ Mie 

models at 500 K (PE) and 700 K (PVA), well above the glass transition temperatures and 

melting points. These high temperatures were used to avoid the formation of crystalline domains, 

which distort the distributions, and to improve sampling in the all-atom systems. Distributions in 

radius of gyration and end-to-end distance were computed by averaging over 5 ns trajectories in 

the NVT ensemble after equilibration in the NPT ensemble. Figures 2.9-2.12 compare the radius 

of gyration and end-to-end distance distributions of the coarse-grained and all-atom models 

mapped to the bead centers. With the exception of the SAFT-γ Mie PVA model based on OPLS, 

excellent agreement was observed between the optimized fused-sphere SAFT-γ Mie and the all-

atom systems from which the bonded potentials were obtained. The coarse-grained systems 

contained 400 (PE) or 360 (PVA) 24-mer chains, and the all-atom systems contained 100 (PE) or 

90 (PVA) 24-mer chains. 
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Figure 2.9. End-to-end distance (a) and radius of gyration (b) distributions for SAFT-γ Mie and 

OPLS all-atom PE 24-mer melts at 500 K. The lines are fits to a spline interpolant. 

 

 
 

Figure 2.10. End-to-end distance (a) and radius of gyration (b) distributions for SAFT-γ Mie and 

COMPASS all-atom PE 24-mer melts at 500 K. 
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Figure 2.11. End-to-end distance (a) and radius of gyration (b) distributions for SAFT-γ Mie and 

OPLS all-atom PVA 24-mer melts at 700 K. 

 

 
 

Figure 2.12. End-to-end distance (a) and radius of gyration (b) distributions for SAFT-γ Mie and 

COMPASS all-atom PVA 24-mer melts at 700 K. 

 

 

As expected, the results for both PE SAFT-γ Mie models are comparable, owing to the 

similarity of the effective angle potentials derived from the OPLS and COMPASS all-atom 

chains. For the PVA melt, the COMPASS model clearly better maintains the structural detail at 

high temperature. For the OPLS PVA model, the end-to-end distance and radius of gyration 

distributions are skewed toward shorter distances in the coarse-grained model. The OPLS 

effective angle potentials for PVA are weak over a broad range (i.e., less than 1 kcal/mol over 
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120-180 degrees), leading to the observed over-flexibility at high T. The stiffer effective angle 

potential in the COMPASS model makes it more transferable to high temperatures. 

 

2.10.4. Persistence length 

Persistence length, the characteristic distance at which bond-bond vectors along a 

polymer chain become decorrelated, is another key validation metric for polymer force fields, as 

it is a measure of chain stiffness. From an MD trajectory, persistence length (𝑙𝑝) can be 

calculated by fitting bond-bond correlation (𝐶(𝑛)) as a function of the number of bonds (n) 

separating the two bonds of interest to an exponential decay function, as in Equation (2.10).83 

 
𝐶(𝑛) = 〈𝑏𝑖 · 𝑏𝑖+𝑛〉 = exp (−

𝑛𝑙𝑜
𝑙𝑝

) 
(2.10) 

In Equation (2.10), 𝑏𝑖 and 𝑏𝑖+𝑛 are bond vectors within the same chain separated by 𝑛 bonds and 

𝑙𝑜 is average bond distance, which we take as the equilibrium value from the tabulated bond 

stretching potentials. Trajectories for 24-mer fused-sphere SAFT-γ Mie and atomistic polymer 

melts were generated in the same manner as for the end-to-end distance and radius of gyration 

calculations. For simplicity, we present here the results for only the atactic PVA models, which 

exhibited markedly different effective angle potentials depending on whether OPLS or 

COMPASS was used as the underlying all-atom reference force field. Persistence lengths at 

500 K and 700 K of the fused-sphere SAFT-γ Mie models and the all-atom force fields are 

compared in Table 2.5. 
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Table 2.5. Persistence lengths of SAFT-γ Mie and all-atom atactic PVA models at 500 K and 

700 K.a 

Model 𝒍𝒑(Å), 𝟓𝟎𝟎 𝑲 𝒍𝒑(Å), 𝟕𝟎𝟎 𝑲 

SAFT-γ Mie + OPLS 7.10(6) 5.61(3) 

OPLS all-atom 8.6(1.2) 7.5(9) 

SAFT-γ Mie + COMPASS - 9.7(1) 

COMPASS all-atom - 8.0(1.0) 

a Bond-bond correlation as a function of the number of separating bonds for the COMPASS 

models at 500 K exhibited nonexponential behavior due to the formation of highly ordered 

domains. 

 

The fused-sphere SAFT-γ Mie model based on OPLS slightly underpredicts persistence length 

compared to the all-atom OPLS melts at both 500 K and 700 K. However, it is encouraging that 

our calculated persistence lengths for atactic PVA are consistent with the value of 7.4 Å at 550 K 

reported83 by Jabbari-Farouji, who used a structure-based coarse-grained model rooted in the all-

atom PVA model of Müller-Plathe.84 The persistence length calculated using the fused-sphere 

SAFT-γ Mie model based on COMPASS is substantially larger than the corresponding OPLS 

model at 700 K, as expected due to a much steeper effective angle potential. This stiffer angle 

potential also exacerbates sampling problems at 500 K, which is just above the crystallization 

point of PVA. Due to the formation of crystalline domains, the exponential fitting analysis of the 

bond-bond correlation function is not appropriate for computing persistence length at 500 K for 

the COMPASS models. 

 

2.10.5. Glass transition temperature 

The glass transition, a second-order phase transition due to free volume effects, is 

characterized by a discontinuity in the derivative of specific volume with respect to temperature, 
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and is well known to depend on polymer molecular weight, crystallinity, and the thermal history 

of the polymer system. To calculate glass transition temperature (Tg), we ran a series of cooling 

NPT MD simulations for each of the SAFT-γ Mie polymer models. 

To hinder crystallization of the polymer melts, which obscures the true Tg, we used 

higher molecular weight chains comprising 250 monomers, consistent with the length used for 

iterative Boltzmann inversion. Based on the weak chain length dependence of optimal shape 

factor above N=24 for the SAFT-γ Mie PVA model with structural detail from OPLS (cf. Figure 

8), we used the 24-mer shape factors and Mie parameters in all cases. Orthorhombic simulation 

cells containing 38 250-mer chains were constructed using Enhanced Monte Carlo85 software, 

and equilibrated using the 21-step compression-annealing algorithm68 described above. The 

SAFT-γ Mie PE and PVA systems were then annealed for an additional 10 ns at 500 K or 700 K, 

respectively. To obtain efficiently volume versus temperature curves from NPT simulations run 

in parallel, the melts were cooled at a rate of 1 K/ps from 500 K (PE) or 700 K (PVA) to each 

temperature of interest and then equilibrated for 20 ns. Even with this high cooling rate, 

crystallization of the polymer chains during the equilibration period prevented us from 

calculating Tg for both the SAFT-γ Mie PE models based on OPLS and COMPASS. In that 

regard, our PE simulations face the same difficulties encountered with experimental 

determination of the Tg of amorphous linear PE. Due to the high crystallization rate, the Tg of PE 

is often predicted by extrapolation of polymer blend data, and a large discrepancy exists amongst 

experimental Tg values.86 The results of the cooling NPT simulations for the SAFT-γ Mie PVA 

models are shown in Figure 2.13. 
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Figure 2.13. Volume versus temperature data from the cooling NPT MD simulations for the 

SAFT-γ Mie PVA models based on structural detail from (a) OPLS and (b) COMPASS, fit to a 

hyperbolic switching function (Equation (2.11)). 

 

Specific volume vs. temperature data from the NPT simulations were fit to a 5-parameter 

hyperbolic switching function as described in reference 87 and given in Equation (2.11): 

 

𝑉(𝑇) = 𝑉𝑔 + 𝑎(𝑇 − 𝑇𝑔) + 𝑏 [
1

2
(𝑇 − 𝑇𝑔) + √(𝑇 − 𝑇𝑔)

2

4
+ 𝑒𝑐] (2.11) 

The slope of this hyperbolic function changes smoothly from 𝑎 to (𝑎 + 𝑏) with the transition 

centered at (𝑇𝑔, 𝑉𝑔), avoiding the need for separate (and often arbitrary) linear fitting of the lower 

and upper bounds. The c parameter in Equation (2.11) smooths the transition region. The 

hyperbolic fitting parameters for each of the PVA models are listed in Table 2.6. 

 

Table 2.6. Hyperbolic fitting parameters for PVA volume vs. temperature MD data 

Model Vg (cm3/g) Tg (K) 
a × 104 

(cm3/g/K) 

b × 104  

(cm3/g/K) 
C 

SAFT-γ Mie + OPLS 0.8029 324.2 1.492 3.880 8.003 

SAFT-γ Mie + COMPASS 0.8471 298.5 1.465 1.215 6.930 
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For the SAFT-γ Mie PVA model with structural detail from OPLS, the calculated Tg is 324.2 ± 

6.6 K, where the uncertainty is the 95 % confidence interval from the hyperbolic fit. For the 

model based on COMPASS, the calculated Tg is 298.5 ± 14.6 K. Both models slightly under-

predict the Tg compared to the experimental range of 348-358 K,72 and exhibit broad transition 

regions characteristic of coarse-grained glass transition simulations.87 

 

2.11. Conclusions and Future Work 

In this work we introduced a hybrid top-down/bottom-up coarse-graining methodology 

which combines the accuracy and group-contribution power of the SAFT-γ Mie EoS with 

structural detail from all-atom force fields. We demonstrated that the correct density and chain 

structure can be achieved for fused-sphere SAFT-γ Mie oligomers by determining the shape 

factor and Mie parameters most consistent with bonded potentials derived from all-atom force 

fields. At the crux of our approach is the assumption that fixing a value of S in the SAFT-γ Mie 

EoS does not affect the accuracy of the description of the small-molecule VLE. Indeed, 

optimized Mie parameters are strongly correlated with the fixed value of S. Our fused-sphere 

force field reproduces accurately the solubility parameters of PVA and PE at 300 K, and 

structural distributions mapped from the all-atom level for polymer melts. Without the use of 

partial charges or association sites, our model provides comparable accuracy to all-atom polymer 

MD simulations, and the rigorous basis for the non-bonded parameters leads to heat capacity 

values closer to the experimental values than all-atom models. Due to equilibrium angles close to 

180 degrees, and the isotropic representation of the monomers, crystallization of the system 

should be closely monitored.  
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Since our model preserves the overall chain structure from the all-atom force fields, an 

additional advantage is that back-mapping from SAFT-γ Mie to the atomistic level is plausible. 

Geometric minimization algorithms for reinserting atomistic detail have been used previously for 

other structurally consistent coarse-grained models, notably polystyrene.88 This is an efficient 

means for achieving highly equilibrated all-atom melts, which could then be used to extract 

dynamic properties such as melt viscosity. 

For linear homopolymers, the procedure to obtain the optimal shape factor and Mie 

parameter set is straightforward. Our algorithm for developing fused-sphere SAFT-γ Mie force 

fields (cf. Figure 2.6) is applicable to any homopolymer mapped to a linear chain of identical 

beads, provided that monomer VLE data and reasonable all-atom force field parameters are 

available. For short oligomers (i.e., less than ~12 monomers), we recommend performing the 

density matching procedure at the chain length of interest. However, many practical applications 

involve copolymers with nonlinear structures. In our next study, we will explore the extension of 

our fused-sphere SAFT-γ Mie approach to copolymers with more complex structure and 

arbitrary sequence. It is also interesting to consider how our approach could be extended to 

polymer solutions. Chain conformation depends highly on solvent environment, and thus the 

angle potentials would likely need refinement by repeating Boltzmann inversion for isolated 

chains in solution. Additionally, a recent SAFT-γ Mie study on polystyrene solutions89 found 

that non-standard mixing rules between polymer and solvent beads are needed to reproduce 

experimental polymer solubility data. These can be obtained by fitting the EoS directly to 

experimental mixture data. 
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CHAPTER 3 

Extending the fused-sphere SAFT-γ Mie force field parameterization approach to 

poly(vinyl butyral) copolymers  

This chapter has been accepted for publication in the Journal of Chemical Physics 

 

3.1. Abstract 

SAFT-γ Mie, a molecular group-contribution equation of state with foundations in the 

statistical associating fluid theory framework, is a promising means for developing accurate and 

transferable coarse-grained force fields for complex polymer systems. We recently presented a 

new approach for incorporating bonded potentials derived from all-atom molecular dynamics 

simulations into fused-sphere SAFT-γ Mie homopolymer chains by means of a shape factor 

parameter, which allows for bond distances less than the tangent-sphere value required in 

conventional SAFT-γ Mie force fields. In this study, we explore the application of the fused-

sphere SAFT-γ Mie approach to copolymers. In particular, we demonstrate its capabilities at 

modeling poly(vinyl alcohol-co-vinyl butyral) (PVB), an important commercial copolymer 

widely used as an interlayer in laminated safety glass applications. We found that shape factors 

determined from poly(vinyl alcohol) and poly(vinyl butyral) homopolymers do not in general 

correctly reproduce random copolymer densities when standard SAFT-γ Mie mixing rules are 

applied. However, shape factors optimized to reproduce the density of a random copolymer of 

intermediate composition resulted in a model which accurately represents density across a wide 

range of chemical compositions. Our PVB model reproduced copolymer glass transition 

temperature in agreement with experimental data, but heat capacity was underpredicted. Finally, 
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we demonstrate that atomistic detail may be inserted into equilibrated fused-sphere SAFT-γ Mie 

copolymer melts through a geometric reverse-mapping algorithm. 

 

3.2. Introduction 

Copolymers, i.e., macromolecules which contain multiple types of monomer units, are 

ubiquitous in many commercial products due to advantageous physical, chemical, or thermal 

properties. With a wide array of monomer building blocks available and advances in synthetic 

techniques, increasing levels of control over local chemical composition, stereochemistry, and 

polymer chain architecture is being achieved. Molecular dynamics (MD) simulation is an 

efficient means of exploring structure-property relationships in this complex design space. 

Various resolutions of molecular simulation have been used to study copolymer behavior. 

The choice involves a tradeoff between chemical accuracy and length and time scales which can 

be studied. Polymers may be represented by an explicit all-atom model; a united-atom model in 

which hydrogens are grouped into the interaction site of the heavy atom to which they are bound; 

or a coarse-grained model in which numerous atoms are grouped into an effective interaction site 

(‘bead’). All-atom models, often necessary for accurate calculation of many structural, transport, 

or mechanical properties, can become prohibitively expensive for the equilibration of large 

polymer systems. In addition, all-atom polymer force fields are still in the early stages of 

development relative to those for small molecules. In many cases, all-atom force field parameters 

are available for a small subset of possible chemical functional groups and structural motifs. A 

common approach is to simply use force field parameters fit to small-molecule (i.e., monomer) 

data to model polymers, with refinement of backbone torsion parameters, for example.1,2 Coarse-

graining reduces the number of particle-particle interactions, and a smoother potential energy 
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landscape allows for a larger time step to be used. This enables the study of more realistic 

polymer molecular weights, distributions in chemical composition or comonomer sequence, and 

macromolecular phenomena which occur on longer length and time scales. 

While early polymer bead-spring type models lacked a direct link to underlying chemical 

structure,3 a shift in focus from fundamental understanding of polymer physics to accurate 

representation of specific polymer systems has led to the development of more rigorous coarse-

graining methods. These include methods for deriving effective interaction potentials from all-

atom simulation data (bottom-up coarse-graining) or macroscopic thermophysical properties 

(top-down coarse-graining). To improve temperature transferability, a well-known limitation of 

bottom-up methods such as Boltzmann inversion, or to add structural information to top-down 

models informed solely by thermodynamic data, hybrid top-down/bottom-up methods are 

becoming increasingly common.4–6 A discussion of advances in systematic coarse-graining 

techniques for polymeric systems many be found in a number of recent reviews.7–12 

Numerous model systems including polyethylene,13–15 polypropylene,15 polystyrene,6,16–25 

polyamides,17,26 polyisoprene,27 polycarbonates,28 polysaccharides,29 and polypeptides30–32 have 

been the subject of systematic coarse-graining studies. Far less common are chemically-based 

coarse-grained models for synthetic copolymers,33,34 let alone those with complex structures35,36 

or irregular sequences. New coarse-graining methods are first tested on benchmark 

homopolymer systems, but few have been extended to copolymers of commercial relevance.  

We recently introduced37 a novel hybrid top-down/bottom-up coarse-graining 

methodology for developing polymer force fields in which nonbonded interactions are governed 

by a Mie potential fit using the fused-sphere SAFT-γ Mie Equation of State (EoS)38 to reproduce 

experimental vapor pressure and saturated liquid density of small-molecule analogues, while 
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bonded potentials are optimized to reproduce bond and angle distributions mapped from all-atom 

molecular dynamics (MD) simulations using Boltzmann inversion. The SAFT-γ Mie EoS is 

based on a perturbation expansion of Helmholtz free energy about a hard-sphere reference fluid. 

Molecules are represented by chains of associating spheres, with bonding modeled as strong 

association.39 Contributions to Helmholtz free energy arising from deviation of the monomeric 

molecular fragments from the hard-sphere reference fluid, bonding of these monomeric segments 

to form chains, and association between beads (mimicking hydrogen bonding) are considered: 

 𝐴𝑡𝑜𝑡𝑎𝑙

𝑁𝑘𝐵𝑇
=

𝐴𝑖𝑑𝑒𝑎𝑙 𝑔𝑎𝑠

𝑁𝑘𝐵𝑇
+

𝐴𝑚𝑜𝑛𝑜𝑚𝑒𝑟

𝑁𝑘𝐵𝑇
+

𝐴𝑐ℎ𝑎𝑖𝑛

𝑁𝑘𝐵𝑇
+

𝐴𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑜𝑛

𝑁𝑘𝐵𝑇
 (3.1) 

The underlying Mie potential, a generalized form of the Lenard-Jones 12-6 potential with 

variable repulsive and attractive exponents, allows for superior fidelity at representing the 

interactions of real molecules.40 Here, we fix the attractive exponent to 6, resulting in the 

following simplified form of the interaction potential: 

 

𝑈(𝑟) = 휀𝐶 [(
𝜎

𝑟
)

𝜆𝑟

− (
𝜎

𝑟
)

6

]           𝐶(𝜆𝑟) = (
𝜆𝑟

𝜆𝑟 − 6
) (

𝜆𝑟

6
)

(
6

𝜆𝑟−6
)

 (3.2) 

This simplification does not affect the accuracy of the SAFT-γ Mie EoS at representing a fluid, 

due to interdependence of the repulsive and attractive exponents.41 The development of the 

SAFT-γ Mie EoS and its detailed form are extensively documented elsewhere.38 Notable features 

which distinguish SAFT-γ Mie from other EoS in the SAFT family are the use of a third-order 

Barker-Henderson high temperature perturbation expansion42 for the monomer term, and the use 

of van der Waals 1-fluid theory43 to map a heterogeneous mixture of chemical fragments to an 

effective homogeneous one. 

Coarse-grained force fields based on a one-to-one correspondence between the Mie 

potential in the SAFT-γ Mie EoS and a Mie potential in MD simulation have modeled molecules 
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as tangentially bonded spheres at distance σ.44 For small, linear molecules this approach has 

proved highly capable of reproducing experimental thermodynamic data, including phase 

equilibria of complex mixtures45–50 and second-derivative properties such as heat capacity.51–53 

However, roots in first-order thermodynamic perturbation theory (TPT1) limit the accuracy of 

the SAFT-γ Mie EoS for modeling long-chain molecules; 3-body interactions which impart 

backbone stiffness are not considered. In a recent SAFT-γ Mie study by Rahman et al,13 Mie 

parameters were fit to reproduce VLE data of C9, C12, C15 n-alkanes, and the resulting model 

tested on C18, C60, and C900 (i.e., linear polyethylene). This fully flexible model was unable to 

accurately predict vapor pressure, saturated densities, or surface tension of the longer molecules 

not included in the fitting procedure. Another significant limitation of the SAFT-γ Mie EoS is 

that thermodynamic properties of branched molecules cannot be calculated directly from the EoS 

due to a maximum of 2 bonds per bead in the TPT1 formalism. 

The lack of 1-3 bonded interactions in the SAFT-γ Mie EoS can be partly overcome by 

‘decorating’ chain molecules with angle potentials after optimizing the Mie nonbonded 

parameters to reproduce saturated liquid density and vapor pressure data, assuming tangent 

bonds. In most cases these bonded potentials have been adopted from united atom force fields. 

This has been a successful strategy for improved prediction of interfacial and surface 

tension,48,54–56 phase behavior of aqueous mixtures,47 and transport properties, including 

viscosity and self-diffusion coefficient.13 In the case of the SAFT-γ Mie alkanes study mentioned 

above,13 the addition of harmonic angle-bending potentials greatly improved the transferability 

of the Mie parameters to longer chain lengths. In addition, the use of bonded potentials derived 

independently from the EoS did not significantly affect the ability to reproduce from MD 

simulations the VLE data to which the Mie parameters were fit.13 
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However, a modification to this strategy of adding bond and angle potentials is generally 

needed to reproduce polymer density and obtain true structural consistency with all-atom or 

united-atom models. In our previous study concerning the development of SAFT-γ Mie coarse-

grained models for polyethylene (PE) and poly(vinyl alcohol) PVA,37 we found that the bond 

distance σ of tangent beads far exceeds that mapped from the real polymer chains, and so the 

Mie parameters themselves require modification. The use of Mie parameters from the tangent 

SAFT-γ Mie EoS, with bonds mapped from an all-atom model, for example, leads to an artificial 

reduction in molecular volume. In the PE and PVA models,37 we combined effective bonded 

potentials mapped from all-atom chains with a fused-sphere version of the SAFT-γ Mie EoS57,58 

in which a shape factor parameter characterizing the degree of overlap between Mie beads scales 

the contribution of each segment to molecular volume and Helmholtz free energy. The 

introduction of this additional free energy parameter in the EoS leads to a degeneracy when 

fitting the SAFT-γ Mie EoS to experimental vapor pressure and saturated liquid density. We 

found that fixing the shape factor in the EoS to an arbitrary value did not lead to any significant 

loss of representability of VLE for the small-molecule dimer analogs n-butane and 1,3-

butanediol, and so empirical correlations could be developed relating the optimal Mie parameters 

ε, σ, and λ with shape factor. These correlations thus represent a locus of solutions for the 

monomer chemical fragments. Using polymer melt MD simulations in the NPT ensemble, we 

matched the density of the fused-sphere SAFT-γ Mie chains to that of the analogous all-atom 

system in order to determine which Mie parameter set is most consistent with the bond and angle 

potentials. The resulting model integrates the benefits of SAFT-γ Mie’s accuracy at reproducing 

experimental thermodynamic properties, and realistic structural detail from all-atom force fields. 

This structural consistency is advantageous over conventional SAFT-γ Mie force fields in that 
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atomistic detail can be reinserted to equilibrated coarse-grained systems through a reverse-

mapping procedure. 

As a group-contribution approach, SAFT-γ Mie is well-suited for the generation of 

coarse-grained force field parameters for complex systems, particularly those with limited 

availability of experimental data. In the present study we extend our fused-sphere approach 

beyond idealized linear homopolymers to copolymers with nonlinear structure and arbitrary co-

monomer sequence. Though branching cannot be explicitly defined in the SAFT-γ Mie EoS, 

using nonbonded Mie parameters for molecular fragment beads derived from VLE data of 

unbranched molecules, in combination with bond and angle potentials, is a promising approach 

for modeling nonlinear polymers. Here we present an exploratory case study on the copolymer 

poly(vinyl alcohol-co-vinyl butyral) (PVB), which has found widespread commercial use as the 

interlayer in laminated safety glass. The vinyl butyral (VB) monomer contains a 1,3-dioxane ring 

fused to the carbon backbone, with an alkyl side branch (cf. Fig. 3.1). PVB is thought to be 

responsible for the high fracture toughness of glass/PVB/glass composite materials due to an 

interplay between the flexible dioxane ring structures and hydrogen-bonding effects of vinyl 

alcohols. To the best of our knowledge this work represents the first particle-based molecular 

simulation study of PVB at any resolution. 

For copolymers, SAFT-γ Mie mixing rules for the unlike nonbonded interactions need to 

be considered, the number of effective bonded potentials may increase dramatically, and there is 

no guarantee of a unique set of shape factors which reproduce the density computed from a 

reference all-atom MD simulation. The rest of this chapter is organized as follows. In section 3.3, 

we introduce our group-contribution SAFT-γ Mie model for PVB. In section 3.4, we discuss 

validation of the Mie parameters by MD simulation of the vapor-liquid interface, and the effect 
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of adding a 3-body ring correction term for cyclic molecules. In section 3.5, we describe our 

iterative Boltzmann inversion (IBI) approach for obtaining effective bond and angle potentials of 

PVB copolymers. In section 3.6 we evaluate the performance of our PVB force field by 

comparing calculated and literature copolymer physical properties including glass transition 

temperature (Tg) and heat capacity. In section 3.7 we outline a reverse-mapping procedure from 

SAFT-γ Mie to the all-atom level. Finally, in section 3.8 we comment on the overall success of 

the model and the outlook for the SAFT-γ Mie EoS as a tool for polymer modeling. 

 

3.3. PVB SAFT-γ Mie group contribution model 

The monomeric form of PVB, 4-methyl, 2-propyl, 1,3-dioxane, is highly toxic and does 

not appear in the synthesis of PVB by post-polymerization modification of PVA. Additionally, 

due to the nature of the acetalization reaction, it is not possible to achieve complete 

conversion.59,60 Thus, thermophysical data for fully acetalized PVB does not exist in the 

chemical literature; it can only be estimated by extrapolation of PVB copolymer data. PVB also 

contains typically 1 mol % of residual acetate groups from PVA,61 which we will ignore for 

simplicity. We also assume purely head-to-tail polymerization of PVA, such that only 1-3 

glycols are present. 

In lieu of thermodynamic data for both the vinyl butyral monomer and pure PVB 

homopolymer, we devised a group contribution scheme to parameterize the PVB model from 

fragments of cyclic ether compounds which have vapor-liquid equilibria (VLE) data available. 

These fragments used to construct PVB are derived from 1,4-dioxane; 2,5-dimethyl-

tetrahydrofuran (DMTHF); paraldehyde; n-butane; and 1,3-butanediol. The mapping scheme is 

presented in Fig. 3.1, below.  
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Figure 3.1. Group contribution scheme for constructing the PVB copolymer (f) from compounds 

with sufficient data available. For paraldehyde (c) and 1,4-dioxane (d), halves of oxygen atoms 

are mapped to each bead. 

 

We chose this mapping due to the unambiguity of group definitions when pieced together 

to form the monomer, preservation of the stereocenters in separate beads, and preservation of the 

hydrophobic character of the alkyl side group. The 3-membered ring also allows for 

straightforward reverse-mapping from the coarse-grained to all-atom levels. 

Our parameterization procedure uses a Matlab62 program we developed for the fused-

sphere SAFT-γ Mie EoS to minimize the sum of the square of error against experimental vapor 

pressure and saturated liquid density over a range of temperatures. Since the objective function 

contains many local minima, we used a genetic algorithm solver in the global optimization 

toolbox62 followed by gradient-based minimization63 of the results for several independent 

starting populations. Experimental VLE data were taken from the Design Institute for Physical 
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Properties (DIPPR)64 database and the CAMEO chemical database curated by the National 

Oceanic and Atmospheric Administration (NOAA).65 The Mie parameter correlations with shape 

factor for 1,3-butanediol (PVA dimer) are taken from our previous work37 without modification. 

For n-butane, we expanded the range of the original correlation to span from S=0.5 (fully 

overlapping dimer) to S=1.0 (tangent dimer). We do not use any square-well association sites for 

the alcohol bead, which are incompatible with continuous MD simulations. 

The SAFT-γ Mie EoS, which is derived using TPT1, cannot rigorously model ring nor 

branched compounds.42 One approximation for modeling ring compounds is to simply add an 

additional bond in the chain formation term. In doing so, it is assumed that the many-body 

correlations between beads are negligible, a reasonable simplification for large rings. For 

example, a 6-membered benzene model based on this assumption has been used successfully to 

predict phase equilibria.46 However, for small rings, as in the case of the 4-membered 1,4-

dioxane and 3-membered paraldehyde molecules used here, the 3-body contribution to chain 

formation cannot be neglected. An effective 3-body correction to the chain formation 

contribution to Helmholtz free energy in the EoS was recently developed by Müller and Mejía 

for homonuclear ring molecules.66 This correction uses Monte Carlo (MC) simulation results of 

hard-sphere triatomics67 and second-order thermodynamic perturbation theory (TPT2) to 

explicitly account for triplet correlation. For homonuclear compounds made of a single bead 

type, the improved ring contribution to Helmholtz free energy, which replaces the 𝐴𝑐ℎ𝑎𝑖𝑛 term in 

Equation (3.1), takes the following form: 

 𝐴𝑟𝑖𝑛𝑔

𝑁𝑘𝐵𝑇
= −(𝑛𝑠𝑖𝑡𝑒𝑆 − 1 + 𝜉휁) ln[𝑔𝑀𝑖𝑒] (3.3) 

In Equation (3.3), 𝜉 is a correction factor dependent on ring geometry, 휁 is the molecular packing 

fraction, 𝑛𝑠𝑖𝑡𝑒  is the number of beads in the ring, and 𝑔𝑀𝑖𝑒
 is the pair correlation function. Müller 
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and Mejía developed 3-body corrections specifically for equilateral triangular rings, and fusions 

thereof to model large planar molecules.66 Marked improvement between VLE curves calculated 

from MD simulation and the modified SAFT-γ Mie EoS was demonstrated, compared to the EoS 

with no ring correction term. This approach has been tested on several cyclic and polyaromatic 

compounds,66 and was recently used in solubility studies of pyrene,68 phenanthrene,69 and 

asphaltenes.70 For paraldehyde we used ξ = 1.4938 corresponding to a 3-membered ring, and for 

1,4-dioxane we used ξ = 2.9833 corresponding to a 4-membered ring composed of 2 fused 

equilateral triangles. To our knowledge these are the first SAFT-γ Mie ring models for 

paraldehyde and 1,4-dioxane which include the 3-body correction. 

The explicit treatment of branching in SAFT-γ Mie for arbitrary geometry and 

heterogeneous ring structures would require a major overhaul of the EoS using TPT2, and an 

exhaustive amount of MD and MC simulations to compute the required correlation functions. At 

present the 3-body corrections need to be developed on a case-by-case basis. The vinyl butyral 

monomer is an asymmetric ring comprising 3 different bead types and with a side branch. In 

order to use the EoS to directly predict properties of the VB monomer, the relevant 

heterogeneous 3-body correlations would need to be computed. Without any thermodynamic 

data available for the monomeric form of PVB to refine the Mie parameters, this would add little 

benefit to our model. Since our goal is to develop a mesoscale force field for the polymeric form 

only, with bonded potentials derived from an all-atom force field replacing 1-2 and 1-3 

intramolecular interactions, we used the Mie parameters from the homogeneous small-molecule 

compounds. 

The results of the parameterization for each PVB molecular fragment are given in Table 

3.1. Each shows the best solution of at least 3 independent optimization runs with different 
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starting populations, with shape factor fixed at 1.0 (tangentially bonded beads). These were 

repeated for fixed shape factors of 0.5, 0.6, 0.7, 0.8, and 0.9 to develop the empirical correlations 

(Fig. 3.2). The fitting coefficients are listed in the supporting information (Appendix C). The σ 

parameter normalized by the tangent σ value appears to obey the same relationship with S for all 

dimers, regardless of chemical identity. The paraldehyde and 1,4-dioxane molecules deviate 

slightly due to the 3-body correction to the ring term. 

 

Table 3.1. Tangent SAFT-γ Mie parameters for PVB fragments 

Molecular 

basis 
nsite σ (Å) ε/kB (K) λr nPvap nρsat 

Pvap % 

AAD 

ρsat % 

AAD 

n-butane 2 3.9652 249.54 12.417 16 6 0.0979 0.0435 

1,3-butanediol 2 4.3296 756.11 71.503 6 6 0.3438 0.3055 

2,5-dimethyl-

tetrahydrofuran 
2 4.4240 387.22 16.697 11 4 0.0971 0.3479 

paraldehyde 3 4.0345 351.49 18.226 12 12 2.4814 0.0882 

1,4-dioxane 4 3.1052 171.06 8.2680 14 14 0.9560 0.3459 

a nPvap and nρsat are the number of experimental vapor pressure and saturated liquid density points 

used in the fit, and AAD is the average absolute deviation52 from the experimental data set. 
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Figure 3.2. PVB Mie parameter correlations based on a series of optimizations for fixed values 

of shape factor. (a) Optimized σ Mie parameters, normalized by the tangent values σ(S=1.0), fit 

to a power law in S. (b) Normalized ε Mie parameters fit to a second-order polynomial in S. (c) 

Normalized λ Mie parameters fit to a third-order polynomial in S.  

 

For the PVB copolymer simulations, we used the standard mixing rules for fused-sphere 

SAFT-γ Mie,38 with the epsilon (휀) Mie parameter used in the EoS rescaled by S2 for use in MD 

simulation as discussed elsewhere:37,71 

 
𝜎𝑖𝑗 =

𝜎𝑖𝑖 + 𝜎𝑗𝑗

2
 (3.4) 
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휀𝑖𝑗,𝑠𝑖𝑚 = 𝑆𝑖𝑆𝑗

(

 
√𝜎𝑖𝑖

3𝜎𝑗𝑗
3

𝜎𝑖𝑗
3

)

 √휀𝑖𝑖휀𝑗𝑗  (3.5) 

 
𝜆𝑖𝑗 = 3 + √(𝜆𝑖𝑖 − 3)(𝜆𝑗𝑗 − 3) (3.6) 

Note that the mixing rules for the ε parameter depend on the sizes of the beads. Cross-interaction 

parameters can be fit directly to experimental mixture VLE data to enhance accuracy,52 but we 

do not include these due to insufficient experimental data. 

 

3.4. Validation of SAFT-γ Mie parameters by MD simulation of the vapor-liquid interface 

To test the optimized Mie parameters and ring correction term for the molecules in the 

PVB group contribution scheme, we ran coarse-grained MD simulations of the vapor-liquid 

interface in the NVT ensemble using the Large-scale Atomic/Molecular Massively Parallel 

Simulator (LAMMPS).72 After initial packing with Packmol73 software, energy minimization, 

and equilibration of the system in an orthorhombic simulation cell, the cell was elongated to an 

aspect ratio of 3:1 by adding vacuum to promote the formation of 2 vapor-liquid interfaces. Upon 

stabilization of the interfaces, we computed the vapor pressure and saturated densities from the 

pressure tensor and spatial averaging, respectively. We extracted the saturated vapor and liquid 

densities from a hyperbolic tangent fit of the density profile.74 For the dimer molecules, the time 

step was set to 5 fs with bond lengths fixed at σ using the SHAKE75 method. For the paraldehyde 

planar ring model, we fixed the bond angles at 60 degrees using SHAKE. The 1,4-dioxane 

molecule additionally required torsion potentials to enforce the planarity that is assumed in 

deriving the modified ring contribution to Helmholtz free energy. We used simple harmonic style 

torsions with a force constant of 50 kcal/mol/rad2. As the SHAKE algorithm implemented in 
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LAMMPS cannot fully constrain the 4-membered ring geometry, we instead used stiff harmonic 

bonds with a force constant of 250 kcal/mol/Å2, consistent with the rigid bonds assumed in the 

SAFT theory. To maintain a large time step, we used the multiple time step reversible reference 

system propagator algorithm (rRESPA) of Tuckerman76 with an inner step of 1 fs for bonds and 

torsions, and an outer step of 5 fs for pair interactions. In all cases, tabulated Mie potentials were 

used with a cutoff of 25 Å, with a spline switching function77 smoothing the Mie potential to 

zero over the last 2 Å. The results of the vapor-liquid interface MD simulations are shown in 

Figures 3.3-3.5. 

 

Figure 3.3. Vapor pressure curve (a) and vapor-liquid phase envelope (b) for DMTHF 2-site 

tangent-sphere SAFT-γ Mie model (108,000 molecules). 
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Figure 3.4. Vapor pressure curve (a) and vapor-liquid phase envelope (b) for paraldehyde 3-site 

tangent-sphere SAFT-γ Mie model with ring correction to the chain term (97,000 molecules). 

 

 

 

Figure 3.5. Vapor pressure curve (a) and vapor-liquid phase envelope (b) for 1,4-dioxane 4-site 

tangent-sphere SAFT-γ Mie model with ring correction to the chain term (18,900 molecules). 

Deviation from the EoS values are likely due to the weakening of the torsion potential relative to 

thermal energy. 

 

3.5. Adding bonded potentials from all-atom MD simulation 

We derived effective bond-stretching and angle-bending potentials acting amongst the 

coarse-grained beads from all-atom NVT MD simulations of isolated polymer chains in vacuum 

using iterative Boltzmann inversion.16 After testing potentials from direct inversion on the 

coarse-grained system, given by −𝑘𝐵𝑇𝑙𝑛(𝑃𝐴𝐴) in which 𝑃𝐴𝐴  is the probability distribution 
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mapped from the all-atom to coarse-grained level, the potentials are iteratively updated to 

converge on the target distributions: 

 
𝑈𝑖+1

𝐶𝐺 (𝜉) = 𝑈𝑖
𝐶𝐺(𝜉) + 𝑎𝑖𝑘𝐵𝑇 ln (

𝑃𝑖
𝐶𝐺(𝜉)

𝑃𝑡𝑎𝑟𝑔𝑒𝑡(𝜉)
) 

(3.7) 

In Equation (3.7), 𝑃𝑖
𝐶𝐺  is the probability distribution resulting from the potential 𝑈𝑖

𝐶𝐺 , and 𝑎𝑖 is a 

damping parameter used to control overshoot. Coarse-grained sites were placed at the center-of-

mass of the corresponding atoms. 

For the complex PVB copolymer, we used an additive approach: we first performed IBI 

for the PVB homopolymer, and then sequentially added the angles which include both vinyl 

alcohol (VA) and VB beads, with all previously converged potentials held constant. All possible 

bonds and angles in the CG PVB model are illustrated in Fig. 3.6. As the bonded potentials are 

subsequently used in CG density simulations, which, in turn, are used to optimize the nonbonded 

parameters, it is not practical to repeat the entire procedure with updated nonbonded parameters 

until self-consistency is rigorously achieved. Since the converged bond and angle potentials are 

only weakly dependent on the Mie parameters, we used the tangent Mie parameters for all CG 

trial simulations. 
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Figure 3.6. Effective bond and angle definitions shown for all possible copolymer sequences: (a) 

SAFT-γ Mie PVB dimer (b) 2 repeat units of PVB alternating AB copolymer (c) 2 repeat units of 

PVB alternating AAB copolymer (d) PVA trimer. 

 

For the PVB homopolymer, target distributions were taken as the average from 5 all-atom 

simulations of 125-mers with independent distributions in stereochemistry. All atomistic and 

coarse-grained MD simulations were performed in LAMMPS.72 For the all-atom simulations, we 

used the 2008 force field parameters in the Optimized Potentials for Liquid Simulations (OPLS-

AA)78, taken from the parameter files distributed with the TINKER79 molecular dynamics 

package. We chose this all-atom reference force field due to availability of parameters for a wide 

range of chemical functionalities, including the cyclic ether rings present in PVB, and robustness 

at predicting key condensed-phase properties such as density and cohesive energy. We used a 

time step of 0.5 fs and no bond constraints on hydrogens. We set the cutoffs for the Lenard-Jones 

12-6 and coulombic interactions to 12.5 and 25 Å, respectively. For the coarse-grained 

simulations, we used a time step of 1 fs and cutoff of 25 Å for the Mie potential, again 

employing the spline smoothing function over the last 2 Å. In all cases, we sampled bonds and 
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angles every 5 ps over a 30 ns trajectory following a 20 ns equilibration period, and fit the 

distributions using a cubic spline. The NVT isolated chain simulations were performed at 400 K, 

above the glass transition temperature of PVB,61 using a Nosé-Hoover thermostat with a 

temperature damping constant of 100 fs. 

1H NMR studies by Fernández et al.60 have found that the meso form of the dioxane rings 

in PVB is strongly favored. Therefore, we included a 3:1 bias favoring meso over racemic rings 

in generating the stereochemistry distributions of the all-atom chains. We otherwise assumed that 

the stereochemistry of the carbon-carbon linkages between monomers, and the configurations of 

the side chains, is randomly distributed. In our coarse-graining procedure, overall 

stereochemistry is considered implicitly in the effective bond and angle potentials, rather than 

using separate potentials dependent on local stereochemistry. The bonds and angles for the PVB 

homopolymer were first converged simultaneously to account for any correlations amongst them. 

The PVB homopolymer potentials were then kept constant for the copolymer IBI. We next 

performed IBI on AB alternating copolymers, and finally on AAB alternating copolymers to 

converge the remaining potentials. Target distributions for the additional angles, which involve 

both VA and VB beads, were taken from all-atom simulations of AB and AAB alternating 

copolymers (cf. Fig. 3.6). In all cases, chain length was fixed at 500 backbone carbons and the 

target distribution was taken as the average of 5 chains with independent stereochemistry 

distributions. Damping parameters (𝑎𝑖) used to update the potentials ranged from 0.3 to 0.7, and 

convergence was achieved within at most 18 iterations. 

We found that the overall convergence of the set of angle potentials was greatly improved 

if we excluded the two angles involving the alkyl side group (θ4 and θ5), and instead retained the 

relevant Mie nonbonded 1-3 interactions. This simplification is reasonable since our primary 
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interest is enforcing the backbone rigidity, and the potentials of the side chain angles are 

comparatively weak (cf. Figure C.2.2). Moreover, the peaks in the all-atom distributions for θ4 

and θ5 arise from stereochemical features eliminated in the coarse-graining procedure. The 

converged distributions for bonds and angles are shown in Figures 3.7 and 3.8. The 

corresponding converged bonded potentials are shown in the supporting information (Appendix 

C). 

 

 

Figure 3.7. Converged effective bond stretching distributions for the coarse-grained SAFT-γ 

Mie PVB chains after IBI at T=400 K. Each coarse-grained chain has a length corresponding to 

500 carbons. Targets mapped from OPLS-AA polymer chains are shown as solid black lines, and 

distributions resulting from the converged CG potentials are shown as dashed magenta lines. 
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Figure 3.8. Converged effective angle-bending distributions for the coarse-grained SAFT-γ Mie 

PVB chains after IBI at T=400 K. Side chain angles θ4 and θ5 are omitted, having been replaced 

by Mie nonbonded interactions to improve overall convergence. Targets mapped from OPLS-AA 

polymer chains are shown as solid black lines, and distributions resulting from the converged CG 

potentials are shown as dashed magenta lines. 

 

In principle, any combination of the optimal Mie parameter sets defined by the empirical 

correlations could be used to represent a mixture of the homogeneous compounds, provided that 

the standard SAFT-γ Mie mixing rules are obeyed. However, when considering the chemical 

fragments in copolymer chains with bonded potentials derived from an all-atom reference 

system, only a small subset of these combinations will reproduce the correct polymer density and 

microstructure. 

For linear homopolymer fused-sphere SAFT-γ Mie chains, density increases linearly with 

shape factor for given bond and angle potentials derived from all-atom chains, and a single 

parameter set gives rise to the correct molecular density.37 For polymers containing multiple 

bead types, the procedure for determining the optimal parameter set is less straightforward. For 

PVB, the matter is further complicated by the presence of the aliphatic side chain bead, which 
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has only one region of overlap, whereas the 3 beads in the ring each overlap with 3 neighbors. 

Since we lack a deeper understanding between shape factor and simulation bond length, and 

have connected the molecular fragments into a geometry which is not defined in the SAFT-γ Mie 

EoS, we have no grounds for determining an optimal solution in which all 4 shape factors are 

independent variables. The explicit treatment of heterogeneous 3-body overlap is also irrelevant, 

as we have replaced 1-2 and 1-3 interactions with bond and angle potentials from the all-atom 

model. We therefore simplified the problem by constraining the shape factors of the ring-type 

beads to be equal, and treating the side chain shape factor as a second independent variable. 

Ideally, the optimal shape factor set should reproduce all-atom PVB density over the entire range 

of vinyl alcohol mol fractions, and all possible sequence distributions. 

We first tested the feasibility of this 2-parameter density matching approach with a series 

of short NPT simulations equilibrated with the ‘polymatic’ 21-step compression annealing 

algorithm of Abbot et al.,80 sampling from the last 200 ps of the final NPT step at 300 K and 1 

atm. We performed bulk PVB NPT simulations using the rRESPA algorithm,76 with a 1 fs inner 

time step for bonds and angles and 2 fs outer step for pair interactions. Comparison with 

densities for the case of equal ring-type (S1) and side chain (S2) shape factors after 30-60 ns of 

additional equilibration confirmed that these initial estimates, averaged over 3 trials with 

independent comonomer sequences, are within 1% of the well-equilibrated values. The CG NPT 

simulations comprised 120 chains of fixed molecular weight (~3.4 kDa), while the AA NPT 

simulations contained 30 such chains. For each overall chemical composition, the copolymer 

chains are chemically monodisperse but contain independently generated random sequences. In 

all cases, the shape factor for the VA bead was fixed at the value which reproduces PVA 

homopolymer density, as determined from our previous study.37 Fig. 3.9 shows absolute error 
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between all-atom and coarse-grained densities as a function of the 2 vinyl butyral shape factors 

for PVB homopolymer and random PVB copolymer with 50 mol% VA monomers. Results for 

similar tests on random PVB copolymers containing 25 and 75 mol% VA monomers, and 

diblock copolymers containing 50 mol% VA monomers, are shown in the supporting 

information (Appendix C). Also plotted in the supporting information is the effect of the shape 

factors S1 and S2 on the Mie potential for several illustrative pairwise interactions. 

 

 
Figure 3.9. Absolute error against all-atom density (in g/cm3) for PVB SAFT-γ Mie 

homopolymer (a) and PVB SAFT-γ Mie random copolymer with 50 mol% VA monomers (b) as 

a function of the ring-type shape factor (S1) and side chain shape factor (S2), estimated from 

short MD simulations, fit to a 2D 2nd order polynomial. The sum of errors for (a) and (b) are 

given in (c), indicating that there is no solution for (S1,S2) which satisfies both PVB 

homopolymer and 50 mol% VA random copolymer target densities. The sum of all copolymer 

density errors (25, 50, 75 mol% VA random copolymers, and 50 mol% diblock copolymer) are 

given in (d), indicating excellent transferability of shape factors to various copolymer 

compositions. 
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From the asymmetry in Fig. 3.9, it is apparent that the variation of S1 has a greater impact 

on PVB density than does S2. This is expected as it scales the interactions of 3 beads as opposed 

to the single side chain bead. The lack of a solution which satisfies both PVA, PVB 

homopolymer densities and PVB copolymer densities is a consequence of not using association 

sites for the VA beads, which overestimates VA-VB interaction strength. Since the optimal set of 

(S1,S2) cannot be determined based on purely geometric arguments, and the global minimum 

gives the unphysical result of approximately (S1=1.0, S2=0.5), we instead set S1=S2 and 

concentrated on density matching for the 50 mol% PVA random copolymer only. The results for 

the 50:50 copolymer density matching are displayed in Fig. 10. Unlike for the PVA 

homopolymer density matching, dependence of copolymer density on shape factor is nonlinear. 

 

Figure 3.10. Density dependence on shape factor for PVB random copolymer with 50 mol% VA 

monomers and S1=S2, obtained from the average of 3 well-equilibrated (30-60 ns) NPT 

simulations comprising 120 PVB chains. The optimal shape factor for PVB is determined by 

interpolation of a quadratic fit to match the all-atom density, averaged over 3 independent 

simulations containing 30 PVB all-atom chains. 

 

Optimal parameters for the fused-sphere PVB model are listed in Table 3.2: 
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Table 3.2. Fused-sphere SAFT-γ Mie parameters for PVB fragmentsa,b 

Molecular basis nsite S σ (Å) ε/kB (K) λr 

n-butane 2 0.6874(17) 4.6135 376.71 20.005 

1,3-butanediol 2 0.81240(1) 4.7118 859.82 107.88 

2,5-dimethyl-

tetrahydrofuran 
2 0.6874(17) 5.1443 536.29 24.366 

paraldehyde 3 0.6874(17) 4.7248 499.51 31.237 

1,4-dioxane 4 0.6874(17) 3.6211 325.90 16.258 

a The ε parameter given here is in the unscaled form used in the EoS. For use in MD simulation, 

this value should be multiplied by 𝑆𝑖𝑆𝑗 
b Uncertainties for PVB shape factors are assigned based on uncertainties of the quadratic 

regression coefficients. 

 

3.6. PVB force field validation and discussion 

3.6.1. Glass transition temperature 

Glass transition temperature (Tg), the temperature at which a material undergoes a 

transition from melt to glassy states, is a critical property for polymer processing and commercial 

applications. Accurate prediction of the Tg of copolymers from molecular simulation would 

allow for valuable insight into how Tg changes with copolymer chemical composition, co-

monomer sequence distributions, stereochemistry, plasticizer content, molecular weight, etc. 

Investigation into sequence effects on Tg via molecular simulation is especially useful, as control 

over and characterization of comonomer sequences and their impact on Tg is challenging to carry 

out experimentally. 

To compute Tg from MD simulations, we follow the conventional approach of sequential 

cooling and equilibration at each temperature in the NPT ensemble.81 PVB glass transition 
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simulations comprised 240 chemically monodisperse chains of fixed molecular weight 

(~3.4 kDa), each with an independently generated random sequence. This larger system size was 

used to reduce uncertainty in the calculated Tg, which we found to be more sensitive to finite size 

effects than a single density calculation. For these large systems, we used the graphics processing 

unit (GPU) acceleration package82 in LAMMPS and ran the simulations on NVIDIA® Tesla 

P100 and K20c GPU’s with double precision. Starting configurations were taken as the result of 

applying the 21-step compression-annealing algorithm of Abbott et al,80 with an added 10 ns 

equilibration period at 500 K and 1 atm. Following this, the system was cooled at a rate of 10 

K/ns in increments of 10 K and equilibrated for 10 ns at each temperature in sequence. 

Temperature vs. density data from the simulations were fit to a hyperbolic switching function as 

described in reference 83: 

 

𝜌(𝑇) = 𝜌𝑔 + 𝑎(𝑇 − 𝑇𝑔) + 𝑏 [
1

2
(𝑇 − 𝑇𝑔) + √(𝑇 − 𝑇𝑔)

2

4
+ 𝑒𝑐] (3.8) 

In Equation (3.8), a transition between slopes of the glassy and melt regimes (𝑎 and 𝑎 +  𝑏, 

respectively) is smoothed by the parameter 𝑐. This approach circumvents separate linear fitting 

of the two bounds, which increases the uncertainty of the calculated Tg. Fig. 3.11 plots the 

volumetric data for 4 different copolymers with varying vinyl alcohol content. 
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Figure 3.11. Glass transition sequential cooling MD simulation results for random PVB 

copolymers containing various amounts of vinyl alcohol content. Solid lines are the 5-parameter 

hyperbolic fits given by Equation (3.8). 

 

Table 3.3 lists hyperbolic fitting parameters for each of the copolymers, along with 95% 

confidence intervals for the hyperbola center (𝑇𝑔, 𝜌𝑔). Fig. 3.12 compares our simulation results 

with experimental data from several differential scanning calorimetry (DSC) studies59,60,84 on 

PVB copolymers. 

 

Table 3.3. Hyperbolic fitting parameters for PVB density vs. temperature MD data 

Mol % 

VA 
ρg (cm3/g) Tg (K) 

a × 104 

(cm3/g/K) 

b × 104  

(cm3/g/K) 
c 

12 1.019(2) 300.2 ± 2.8 -3.043 -3.321 5.996 

25 1.043(4) 355.0 ± 4.7 -2.829 -3.732 6.923 

50 1.062(4) 374.5 ± 5.7 -2.911 -3.833 7.105 

75 1.102(4) 366.7 ± 5.1 -3.194 -3.644 6.82 
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Figure 3.12. Comparison of simulated glass transition temperatures of PVB copolymers with 

literature values.59,60,84 Error bars are the 95 % confidence interval from the hyperbolic fitting. 

 

Several factors should be considered when comparing our predicted Tg’s with the 

literature data. The experimental Tg measurements from DSC were performed on samples with 

vinyl acetate impurities, which we neglect; the cooling rates used in the experiments were ~10 

orders of magnitude slower than our simulations; and the molecular weights used in the DSC 

studies are significantly higher than in our simulations. The PVB samples used in the studies by 

Zhou59 and Cascone84 were synthesized from PVA with degree of polymerization (DP) 2000 and 

1 mol% vinyl acetate. In the Fernández60 study, the samples were synthesized from PVA with 

DP=1400 and 1.2 mol% vinyl acetate. Nonetheless, our systematic overprediction of Tg for all 

but the 12 mol% VA system is consistent with the well-known trend that observed Tg increases 

with cooling rate. The low Tg for the case of 12 mol% VA monomers is a consequence of fitting 

the PVB shape factors to reproduce 50 mol% VA random copolymer density: VB-VB 

interactions are weaker than are needed to reproduce the correct PVB homopolymer density, 

leading to artificially high free volume. This is most apparent in cases of high vinyl butyral 

content. We note that the datum point for pure PVA from our previous study (Tg = 324.2 ± 

6.6 K) is not directly comparable here, as we had used a different simulation protocol in order to 
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prevent crystallization. In that study, a 700 K melt of 250-mer chains was rapidly quenched to 

each temperature, with no sequential equilibration. 

  

3.6.2. Heat capacity 

Constant pressure heat capacity (CP), though straightforward to calculate from MD 

simulations,85 is challenging to predict accurately. The SAFT-γ Mie EoS, due to its foundations 

in statistical mechanics and use of sophisticated perturbation expressions for the monomer and 

chain terms, is capable of reproducing experimental second-derivative thermodynamic 

properties, such as speed of sound and CP, for complex chemical mixtures.52,53 Molecular 

simulation models parameterized using the SAFT-γ Mie EoS are similarly expected to enjoy 

these benefits. We have already demonstrated that the CP of PVA homopolymer calculated from 

fused-sphere SAFT-γ Mie coarse-grained MD simulations is much closer to the literature value 

than that extracted from OPLS-AA MD simulations.37 In this work we repeated the CP 

calculation for fused-sphere SAFT-γ Mie PVB copolymer systems of varying vinyl alcohol 

content at 300 K. Using the configurations from each of the Tg cooling simulations after the 10 

ns equilibration phase at 300 K, we added an additional 50 ns production period for the CP 

calculation. CP was computed from fluctuations in enthalpy (𝐻), using the barostat target 

pressure of 1 atm: 

 
𝐶𝑃 =

〈𝐻2〉 − 〈𝐻〉2

𝑘𝐵〈𝑇2〉
 

(3.9) 

Results for PVB copolymers and PVA homopolymer are shown in Fig. 3.13. Similar to 

the results for PVA and PE, the heat capacity of PVB computed from coarse-grained MD 

simulations is underpredicted in comparison with the only literature datum point known to us for 

unplasticized PVB.86 Further experimental thermal characterization studies on unmodified PVB 
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would be useful for a more comprehensive validation of the model, and provide insight into 

where the fused-sphere copolymer parameterization approach might be improved.  

 

Figure 3.13. Constant pressure heat capacity of PVB copolymers and PVA homopolymer37 at 

300 K, per mol of monomers, calculated from SAFT-γ Mie MD simulation (black circles), 

compared with literature data (blue diamonds).86,87 Uncertainties for the MD data points assigned 

based on block-averaging are smaller than the symbol size. 

 

3.7. Reverse-mapping 

A key advantage of maintaining consistency with all-atom structure using fused-sphere 

SAFT-γ Mie is that it is possible to reintroduce atomistic detail, including stereochemistry, to an 

equilibrated coarse-grained system. Since the PVB monomer is fairly rigid, we employed a 

geometric approach for inserting all-atom monomers along the coarse-grained chains. We started 

by generating stereochemistry distributions and translating the corresponding all-atom templates 

to the centers of mass of the coarse-grained monomers. The PVB reverse-mapping is essentially 

a rotational and translational optimization problem, in which the objective function is the sum of 

the square deviations between the CG bead centers and the corresponding centers of mass 

mapped from rigid all-atom monomers. Monomer templates for each possible stereochemical 

configuration were frozen in their equilibrium geometry as determined from the OPLS-AA force 

field. Since the stereochemistry is generated without regard to the side chain conformations in 
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the coarse-grained snapshot used for the reverse-mapping, we excluded the side chain bead in the 

reinsertion objective function. Matching the all-atom centers of mass with the 3 beads which 

form a triangle in the coarse-grained PVB model tightly constrains the backbone geometry such 

that each VB monomer can be optimized independently of the rest of the chain. For PVA, one 

monomer maps to one bead, and so the all-atom geometry of adjacent monomers must be 

considered. We found it sufficient to rotate the all-atom VA monomers about their centers of 

mass, with no additional translational displacement, to minimize the square deviation with the 

equilibrium bond length and backbone angles of one adjoining monomer. With the optimized all-

atom VB monomers imposing constraints for the backbone geometry, the remaining VA 

monomers can be optimized in sequence along the chain. Our reverse-mapping program, written 

in Python 3, computes 3D rotations using quaternions, similar to the approaches described in 

references 88–91. We used the pyquaternion92 Python module combined with the sequential least 

squares programming (SLSQP) minimization algorithm93 distributed with SciPy.94 

This approach of solving sequential rotational optimization problems provides a 

reasonable starting point for further energy minimization. To eliminate any steric overlap 

between the vinyl butyral side chains and relax the all-atom system, we used the fast inertial 

relaxation engine (FAST)95 of Bitzek and coworkers, as implemented in LAMMPS. We tested 

our reverse-mapping approach on a series of PVB copolymers with varying chemical 

compositions, inserting atomistic detail and the stereochemistry distributions described above to 

equilibrated CG melts. Following the energy minimization, we performed NVT simulations of 

the all-atom systems and compared the radii of gyration (Rg) chain-by-chain with the parent CG 

system. For the all-atom chains, Rg was computed after remapping to the CG sites. These 

comparisons, averaged over 500 ps trajectories following a 500 ps equilibration period, are 
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shown in Fig. 3.14. An example rendering of superimposed CG and reverse-mapped AA PVB 

copolymer chains is shown in Fig. 3.15. Even after the energy minimization of the all-atom 

system, a faithful representation of the equilibrated CG melt structure is maintained. 

 

 

Figure 3.14. Comparisons between radii of gyration at 300 K of fused-sphere SAFT-γ Mie PVB 

copolymer chains and reverse-mapped OPLS-AA systems after energy minimization. Red open 

circles represent each of the 240 PVB chains for a given copolymer composition, and dashed 

black lines represent equal Rg in the CG and AA systems. Root-mean-square deviation (RMSD) 

is shown to represent deviation from perfect Rg matching. 
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Figure 3.15. Illustration of superimposed SAFT-γ Mie and reverse-mapped OPLS-AA PVB 

copolymer chains with 50 mol% vinyl alcohol content. The chain configurations are taken from a 

bulk 240-chain system at 300 K, and the all-atom chain is shown after the energy minimization 

step. CG bonds are shown in black, AA bonds and atoms are shown in cyan, and CG beads 

represented by their Mie radii scaled by S1/3 are colored as in Fig. 3.6. 

 

3.8. Conclusions 

In this study, we applied the fused-sphere SAFT-γ Mie force field development approach 

to PVB copolymer systems. A group-contribution approach was used to represent the vinyl 

butyral monomer as a construct of chemical fragments from small molecules with similar 

chemistries. The fused-sphere SAFT-γ Mie EoS was used to parameterize each of these chemical 

fragments to reproduce experimental VLE data of its parent molecule. Optimal Mie nonbonded 

parameters as a function of the shape factor parameter in the SAFT-γ Mie EoS, in combination 

with bond and angle potentials derived from all-atom MD simulations, were used in NPT MD 



   

119 

 

simulations to compute polymer density as a function of shape factor. Due to the presence of 

both associating and non-associating monomers, the standard SAFT-γ Mie mixing rules without 

explicit association sites proved inadequate to represent PVB copolymer density across all 

chemical compositions using a single set of shape factors and corresponding Mie parameters. 

Given that 100% acetylated PVB homopolymer is a hypothetical compound, we chose to use fix 

the PVA shape factor to its optimal homopolymer value and vary only the PVB shape factors to 

best reproduce the density of PVB random copolymer with 50 mol% (~24 wt.%) vinyl alcohol 

monomers. This chemical composition is typical of PVB copolymers found in commercial resins 

used for laminated safety glass applications.61,96 Further testing of the fused-sphere SAFT-γ Mie 

approach on non-associating copolymers will be the subject of further study, to assess the degree 

to which monomer shape factors fit to a single reference density are transferable to copolymer 

chains differing in chemical composition and/or comonomer sequence. 

Overall, the fused-sphere SAFT-γ Mie approach is promising for developing predictive 

coarse-grained molecular models for complex polymer and macromolecular systems. The 

combination of group-contribution Mie parameters fit to experimental VLE data and effectively 

also to polymer or oligomer density, with bonded potentials fit to reproduce structural 

distributions of all-atom polymer chains, allows for prediction of polymer properties such as Tg 

even in the absence of homopolymer thermophysical data. However, considerable computational 

effort is needed to apply our approach to new nonlinear copolymers compared to other 

approaches for coarse-grained force field development, such as by force-matching from an all-

atom reference system.29,97 Integration of our parameterization approach into the corresponding 

states framework41,66 developed thus far for the tangent-sphere SAFT-γ Mie EoS would be a 

powerful means for improving efficiency. The corresponding states correlations relating the Mie 
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parameters σ, ε, and λr to critical temperature (Tc), liquid density at T=0.7Tc, and acentric factor 

(ω) would need to be developed for various values of shape factor, likely requiring very accurate 

critical data and acentric factor. The most significant bottleneck in developing fused-sphere 

models, however, is the density matching, especially if target density data is unavailable and 

must be computed from all-atom NPT simulations. For structurally complex copolymer systems, 

a higher-dimensional shape factor vs. density search may also be necessary. It is also clear that 

the incorporation of the association site scheme used in the SAFT-γ Mie EoS into continuous 

MD simulations would improve the representation of copolymer densities across the entire range 

of compositions, when one or both monomers are associating. 
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CHAPTER 4 

The effect of poly(vinyl butyral) co-monomer sequence on adhesion to amorphous silica: a 

coarse-grained molecular dynamics study 

 

4.1. Abstract 

Modulating comonomer sequence, in addition to overall chemical composition, may be 

the key to unlocking the true potential of many existing commercial copolymers. In this study we 

employ coarse-grained molecular dynamics (MD) simulations to study the behavior of random-

blocky poly(vinyl butyral-co-vinyl alcohol) (PVB) melts in contact with the amorphous silica 

surface. Our two-pronged coarse-graining approach utilizes both macroscopic thermophysical 

data and all-atom molecular dynamics simulation data. Polymer-polymer nonbonded interactions 

are described by the fused-sphere SAFT-γ Mie equation of state, while bonded interactions are 

derived using Boltzmann inversion to match bond and angle distributions from all-atom PVB 

chains. Spatially-dependent polymer-surface interactions are mapped from a hydroxylated all-

atom amorphous silica slab model and all-atom monomers to an external potential acting on the 

coarse-grained sites. We ran a series of interfacial coarse-grained MD simulations for PVB 

melts, systematically varying overall chemical composition and block length distribution. We 

discovered an unexpectedly complex relationship between blockiness parameter and adhesion 

energy. For intermediate vinyl alcohol (VA) content, adhesion strength to the silica slab was 

found to be maximal not for diblock copolymers, but rather random-blocky copolymers with a 

moderately high degree of blockiness. This we attribute to changes in morphology which 

dramatically alter the number of VA beads interacting with the surface, and a non-negligible 
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contribution of vinyl butyal (VB) monomers to adhesion energy, due to their preference to 

adsorb to low hydroxyl density zones on the heterogeneous silica surface. 

 

4.2. Introduction 

Copolymers can exhibit a diverse range of chemical and physical properties depending on 

the overall chemical composition and the sequence in which co-monomers are spatially arranged 

in the chain. Much of this astronomically large design space is unexplored, however, with the 

vast majority of previous studies focusing on “perfectly random,” alternating, or diblock 

copolymers. Few have investigated structure-property relationships in synthetic copolymers with 

sequences of various blocks which are randomly distributed or arranged in irregular patterns. 

Advances in synthetic polymer chemistry allowing for improved control over copolymer 

sequences and architectures,1–4 in combination with molecular simulation and machine-learning 

techniques, are giving rise to a new field of polymer sequence engineering in which it is 

becoming possible to design sequences which optimize target physical properties.5–17 The 

sequences of copolymers are already known to have dramatic effects on bulk morphology,18–24 

crystallinity,25–27 chain conformation and folding in solution,28–31 adsorption and interfacial self-

assembly behavior,17 compatibilizer and colloidal stabilizer performance,5,32 glass transition 

temperature,18,20 mechanical properties,32,33 and degradation kinetics.34 Exercising control over 

copolymer sequences has the potential to greatly improve the performance of existing 

commercial copolymers. 

Theoretical and simulation studies have played a key role in understanding the effect of 

sequence and chain architecture on copolymer phase behavior and interfacial phenomena. 

Whereas precise control over polymer sequence is tedious and limited to low molecular weight 
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chains or multiblock architectures in experiments, it is trivial in simulation methods such as 

molecular dynamics. Simulation approaches also allow for direct observation of nanoscopic 

detail at interfaces. However, studying polymer phenomena, which occur over large time and 

length scales, at atomistic resolution, such as adsorption of a polymer melt, remains a formidable 

challenge. The development of accurate and transferable coarse-grained polymer force fields, 

which aim to capture macroscopic thermophysical properties, structural properties of high-

resolution atomistic models, or ideally both, remains a highly active field of research. Numerous 

reviews have chronicled the development of such ‘systematic’ coarse-graining techniques for 

polymers.35–38 Apart from particle-based simulations of polymers, other theoretical methods 

including self-consistent field theory (SCFT)23,39,40 and integral-equation approaches such as 

polymer reference interaction site models (PRISM)41,42 have been used extensively to study 

copolymer morphology and interfacial behavior. 

Previous simulation studies have concentrated largely on polymer adsorption to flat or 

crystalline surfaces.17,43–50 However, surface roughness and chemical heterogeneity are expected 

to play critical roles in determining interfacial properties. Studies which have compared polymer 

adsorption on different surfaces have demonstrated marked differences in polymer-solid 

interfacial structure, such as local polymer density at the interface and orientation of vinyl 

functional groups.51 The cartoon in Fig. 4.1, below, depicting copolymer adsorption to a flat 

surface, thus represents a rather primitive view of copolymer adsorption in this regard. In this 

work, we investigate the interfacial structure and adhesion properties of random-blocky 

copolymers at a heterogeneous rough surface. This comprehensive study of the effects of both 

blockiness and composition on copolymer melt adhesion to amorphous silica is to our knowledge 

the first of its kind. 
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Figure 4.1. Expected influence of PVB blockiness on adhesion strength and interfacial 

toughness. 

 

Polymer adhesion to a solid substrate is fundamentally different than the case of small 

molecules, in that the adsorption of a functional group on one monomer to a substrate influences 

the chain conformation and thus the adsorption of other monomers. The classic tail, loop, train 

model52 is useful in describing both the thermodynamics and the statistics of the conformations 

of adsorbed polymers. In this model, trains represent contiguous stretches of adsorbed 

monomers, loops are stretches of non-adsorbed monomers between two trains, and tails are the 

portions of the chains that dangle away from the substrate and contain chain ends (Fig. 4.1). 

From a thermodynamic perspective, trains represent the primary enthalpic driving force for 

polymer adhesion. For trains, interaction energy between polymer and substrate must be strong 

enough to outweigh the severe penalty to configurational entropy that arises upon train 

formation. Loops and tails, in contrast, are much less restricted in the conformations available to 

them, and so they provide entropic driving force for adhesion. 

For a copolymer adsorbing on a flat, solid surface at a given temperature, the occurrence 

of loops and trains depends on 1) the interaction energies of each monomer type with the surface, 

2) the chemical composition of the copolymer, and 3) the co-monomer sequence of the 
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copolymer. Intuitively, monomers which possess strong attraction to the surface will promote 

formation of trains, and monomers which have weak or unfavorable interaction with the surface 

will promote the occurrence of loops. Also contained in the loops are monomers which favor the 

surface but are unable to adsorb due to conformational restrictions. Sequence effects add an 

additional layer of complexity. Jhon et al.17 reported that random-blocky copolymers of 

poly(styrene-co-p-bromostyrene) have higher adsorption from a good solvent onto silica than 

‘truly random’ copolymers with the same overall chemical composition. Interestingly, their 

results from both simulation and experiment suggest that diblocks do not provide maximum 

adsorption. Instead, adsorption improved with blockiness but only until a temperature-dependent 

threshold was reached, at which the entropic penalty prevents total adsorption of the blocks 

which favor the surface. 

The focus of this work is the copolymer poly(vinyl butyral-co-vinyl alcohol) (PVB), 

which is widely used in the automotive industry and in architectural applications as the principal 

component in the interlayer in laminated safety glass. PVB is valued for its ability to provide 

toughness to glass/PVB/glass panels. Upon an impact to the composite material, the adhesion of 

PVB to glass and the ability of PVB to dissipate energy prevent shattering of the glass into 

shards which may cause harm.53,54 Typical laminated safety glass is composed of one or more 

layers of polymer interlayer, roughly 0.5 mm in thickness, and glass panels approximately 2 mm 

in thickness.55 It is standard practice to add plasticizers or adhesion promoters to augment chain 

mobility or the strength of the adhesion between PVB and glass, respectively. For simplicity, we 

will consider only unmodified PVB copolymers in this work. PVB is synthesized by post-

polymerization modification of poly(vinyl alcohol). Intramolecular acetalization of the glycol 

groups along the PVA chain occurs upon the addition of butyraldehyde in the presence of acid 
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catalyst such as HCl. The overwhelming majority of acetal rings formed are 6-membered 

dioxanes, since most of the glycol groups in PVA are spaced on alternating carbons. Some 1-2 

glycol sequences may be present in PVA,56 which is most commonly synthesized by 

transesterification of poly(vinyl acetate), but these have been found to have a negligible effect on 

physical properties of PVA and are ignored for the purposes of this study. PVB typically 

contains 1-2 percent by weight of residual acetate groups from impurities in the parent PVA 

chains;56 these are also neglected here for simplicity. 

With one monomer (VA) providing strong interaction with silanol moieties on the glass 

surface via hydrogen-bonding, and the other (VB) providing energy dissipation properties, PVB 

copolymer presents an intriguing case for studying sequence-property relationships. We 

hypothesize that both VA content and comonomer sequence can be adjusted to optimize fracture 

toughness of the glass/PVB/glass composite materials. While it is already well-established that 

adhesion strength of random PVB copolymers to glass increases with VA content,57 

manipulation of the sequence distribution of VA and VB monomers could lead to substantial 

improvements in toughness. In addition to adhesion strength, fracture toughness is intimately 

related to local polymer chain stiffness and mobility. Limited deformation of a material in 

response to an impact is one of the hallmarks of fracture toughness.58 If a PVB copolymer with 

high VA content is used, adhesion strength will be high, but the glass/PVB composite material 

will be brittle since the strongly adsorbed chains are conformationally trapped. If the PVB 

contains too little VA content, the adhesion will be too weak to contain the fracturing glass 

shards upon an impact. 

Clearly a diblock copolymer and random copolymer will give rise to different adhesion 

properties (Fig. 4.1). Blocks of VA monomers will segregate towards the surface and provide 
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strong adhesion, but low mobility of the adsorbed VA blocks will again lead to a highly brittle 

PVB/glass composite. In contrast, a random PVB copolymer is expected to have a lower number 

of VA-silanol contact points, leading to lower adhesion but higher mobility in the vicinity of the 

interface. Of interest in this work is the effect of the degree of blockiness, the length of 

consecutive runs of the same monomer type, on the adhesion strength of PVB. As will be seen, 

the situation for copolymer adsorption to heterogeneous surfaces is more complex than Fig. 4.1 

suggests. Fig. 4.2 shows the chemical structure of PVB copolymer, and a representative 

sampling of sequences with difference degrees of blockiness (b), ranging from ‘truly random’ 

(b=0.00) to diblock (b=1.00). The procedure used to generate sequences with a given blockiness 

is described in section 2.3. 

 

 

Figure 4.2. Monomer chemical structures of PVB, and examples of comonomer sequences 

resulting from different blockiness parameters, with 50 mol% of each monomer type. 

 

In this work we use coarse-grained molecular dynamics (MD) simulations to study the 

PVB-glass interface for varying overall chemical composition and sequence distributions of PVB 

copolymers. Faster dynamics, a large reduction in the number of particles, and a simpler 

interaction potential dramatically improve computational efficiency compared to all-atom MD 

simulation. Our approach, outlined in the following section, combines the fused-sphere SAFT-γ 



   

136 

 

Mie group-contribution equation of state (EoS),59 structural data from all-atom MD simulations 

of polymer chains, and forces mapped from a realistic all-atom amorphous silica model. 

 

4.3. Simulation methodology 

4.3.1. Fused-sphere SAFT-γ Mie force field 

In a previous study,60 we developed a coarse-grained force field for PVB copolymers 

using the fused-sphere SAFT-γ Mie EoS.59 VA monomers are represented by a single spherical 

bead, and VB monomers are represented by four spherical beads arranged in a geometry which 

preserves both the ring character and a distinct hydrophobic tail (Fig. 4.3). Our hybrid top-

down/bottom-up coarse-graining strategy introduced in chapter 2 (ref. 61) and extended to PVB 

copolymers in chapter 3 (ref. 60) uses experimental vapor-liquid equilibria data to fit nonbonded 

parameters, and bond and angle potentials derived to reproduce the corresponding atomistic 

structural distribution. Inclusion of appropriate chain stiffness is critical for study of the PVB 

interfacial system. Several studies have found that the conventional fully-flexible tangent-sphere 

SAFT-γ Mie chains do not accurately reproduce properties such as surface and interfacial 

tension, but that this issue can be largely overcome by the addition of bond angle-bending 

potentials.62–66 Whereas these studies added angle potentials independently of the SAFT-γ Mie 

EoS to tangent-sphere chains, our fused-sphere approach incorporates bond and angle potentials 

into the nonbonded parameter optimization. From coarse-grained NPT MD simulations in which 

the bond and angle potentials derived from a higher-resolution reference system are used, the 

bead overlap parameter and its associated optimal Mie parameters are determined by matching to 

polymer or oligomer density. This target density can be taken from a literature database or 

computed using the fine-grained reference force field. 
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Figure 4.3. Coarse-grained SAFT-γ Mie model for PVB copolymers. The parent molecules of 

each bead and mapping function are given in chapter 3 (ref. 60). The coarse-grained beads are 

bonded at all points of co-tangency shown, and angle potentials are used for all possible angles 

except those involving the side chain alkyl bead shown in dark blue, which retains instead 

nonbonded interactions with 1-3 neighbors. For clarity, bead overlap is not depicted here. 

 

Optimal Mie parameters and shape factor for PVA were taken from the original 

homopolymer fused-sphere SAFT-γ Mie model.61 With the PVA parameters fixed, and standard 

SAFT-γ Mie mixing rules applied,59 the parameters for the vinyl butyral beads were optimized to 

reproduce the density of random PVB copolymer with 50 mol% VA monomers. Since the 

square-well association site scheme59 was not used to explicitly model directional hydrogen-

bonding interactions, a PVB model fit only to PVB homopolymer density did not provide an 

accurate representation of copolymer density as a function of VA content. VA-VB interactions 

were overestimated in that case, since hydrogen-bonding interactions were effectively included 

in the PVA standard Mie parameters. A model fit to 50:50 copolymer density provided a much-

improved representation of PVB-PVA cross interactions, resulting in excellent agreement with 

all-atom PVB copolymer density for all but the case of very low (i.e., less than ~10 mol%) VA 

content. Glass transition NPT MD simulations using the fused-sphere SAFT-γ Mie PVB 

copolymer model resulted in calculated Tg in agreement with experimental values for 

compositions ranging from 12 mol% to 75 mol% VA content. Further details on the PVB SAFT-
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γ Mie force field, including the Mie parameters, shape factors, and bonded potentials, may be 

found in chapter 3. 

 

4.3.2. Force-mapping silica-PVB interactions 

The SAFT-γ Mie EoS on its own cannot directly model interfacial systems, so surface-

polymer interactions must be derived from an additional model. SAFT equations of state have 

been coupled with classical density functional theory (DFT) to enable study of interfaces and 

polymer morphology without the need for MD simulation.67–69 However, due to the way that 

shape factors are used as an effective parameter of polymer chains in the fused-sphere SAFT-γ 

Mie polymer force field,60,61 Helmholtz free energy of the polymers is not directly calculable 

from the SAFT-γ Mie EoS. Moreover, shape factors are not well-defined in the SAFT+DFT 

framework.67 To capture surface roughness and spatial heterogeneity of silanol moieties on the 

silica surface, which are critical factors in influencing adhesion properties, we instead chose to 

map the interaction forces between a realistic all-atom amorphous silica slab model and all-atom 

VB and VA monomers.  

We used an all-atom amorphous silica slab model developed by Iacovella70 using the 

ReaxFF force field71 and surface-functionalized with silanols following the procedure outlined in 

ref. 70. Silanol surface density matches the experimental literature value72 of ~5 nm-2. 

Visualizations of the slab model, which is 50 Å × 50 Å in area and approximately 20 Å in 

thickness, are shown in Fig. 4.4. 
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Figure 4.4. Top-down (top) and cross-sectional (bottom) view of all-atom amorphous silica slab 

functionalized with silanols. Silicon atoms are represented by blue spheres, internal oxygens by 

red spheres, and hydroxyls by green spheres. 

 

The all-atom optimized potentials for liquid simulations (OPLS-AA) force field73 was 

used to represent the VB and VA monomers, and OPLS-AA parameters modified for silica74 

were used for the slab model. The all-atom force field parameters for PVB are provided in the 

supporting information for chapter 3 (Appendix C). To obtain configurationally averaged forces 

between the slab and VB, VA monomers, short MD simulations of all-atom monomers with 

OPLS-AA parameters were run with the coarse-grained particle center-of-mass fixed to each 

coordinate over a 3-dimensional (3D) grid. We implemented this in the Large-Scale 

Atomic/Molecular Massively Parallel Simulator (LAMMPS) software package,75 which was 

used for all MD simulations in this work, using a harmonic spring with a force constant of 500 
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kcal/mol/Å which applies a restoring force to the center of mass of groups of particles at each 

time step. Each bead of the VB monomer was fixed in separate simulations. The slab center of 

mass was constrained in a similar manner. Periodic boundary conditions were used in the plane 

of the slab, and fixed boundaries were used in the z direction (i.e., away from the 

substrate/polymer interface). Long-range electrostatic interactions for the slab were computed 

using the particle-particle-particle mesh (PPPM) algorithm.76 The time-step was set to 1 fs and a 

cutoff of 25 Å was used for both Lennard-Jones and electrostatic monomer-silica interactions 

(i.e., the maximum permissible cutoff for a 50 Å × 50 Å cell). For each grid point, forces were 

averaged over a 250 ps NVT simulation, sampling every 10 fs and discarding the first 50 ps as an 

equilibration period.  In some cases, smaller time steps (i.e., 0.2 fs) were needed close to the 

surface due to large repulsive forces. In the attractive region, we used a grid spacing of 2.5 Å in 

the z direction. In the steeper repulsive region, we used a finer spacing of 0.25 Å. In the x and y 

directions, a grid spacing of 5 Å was used. 

To obtain continuous forces and potentials in three dimensions, we first fit the force 

components as a function of z coordinate. For each (x,y) line, the repulsive part was fit to a 

harmonic potential, and the attractive part to a cubic smoothing spline. For each z plane, 2-

dimensional (2D) Akima cubic Hermite interpolation,77 as implemented in the Matlab78 fitting 

library, was used to complete the 3D force field. We chose this interpolant instead of natural 

splines due to reduced oscillations between grid points. With an analytical form for force as a 

function of x,y and z coordinates which decays to zero at ~20 Å from the surface, integration to 

obtain the corresponding potential is straightforward. We found that the x and y components of 

the monomer-slab force vectors are several orders of magnitude weaker than the z component for 

most values of x and y, and so we only considered the z component of the force for the adhesion 
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simulations. To implement the force mapping in LAMMPS, we developed a C++ code in the 

context of the ‘fix external’ framework, which at each time step extracts atom type and 

coordinates, performs trilinear interpolation on tabulated bead-slab force and potential values, 

and adds the forces to each bead. 

 

4.3.3. Coarse-grained PVB adsorption MD simulation 

To generate copolymer sequences with tunable distributions in blockiness, we devised a 

simple algorithm with a single blockiness parameter, b, which varies from 0, representing a 

‘truly random’ copolymer with uncorrelated sequence, to 1, representing a diblock copolymer. 

First, a pool of monomers is created based on the target molecular weight and overall chemical 

composition of the copolymer. The first monomer is randomly selected from the pool. For each 

subsequent monomer, a random number r between 0 and 1 is generated. If r ≤ b, the next 

monomer in the sequence is the same as the previous, unless that monomer type is depleted from 

the pool. If r > b, the next monomer in the sequence is randomly selected from the pool. The 

result is a Poisson-like distribution in block length. 

To study the effect of overall composition and blockiness on adhesion strength, we 

systematically varied blockiness and overall chemical composition in interfacial MD 

simulations.  Each system contained 50 chains of molecular weight ~2.4 kDa with independently 

generated sequences. To maintain this molecular weight, the numbers of VA and VB monomers 

(NVA and NVB) varied as shown in Table 4.1. For each blockiness and chemical composition, we 

ran three simulations with independent sequence distributions. The mean block lengths of VA 

type and VB type for each case are shown in Fig. 4.5, and a visual representation of how the 

blockiness parameter affects the VA and VB block sequences is shown in Fig. 4.2. Illustrative 
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sequences were chosen by random selection of one of the 50 chains for a given blockiness. At 

first glance, even the ‘truly random’ 50 mol% VA copolymer appears to be surprisingly blocky. 

Its defining feature, however, is a high amount of isolated monomers (blocks of length 1). The 

b=0.25 chain has the most doublet blocks, while blocks with 1 or 2 monomers are increasingly 

rare at b=0.50 and above. 

 

Table 4.1. Chemical compositions of the PVB chains 

mol % 

VA 

wt % 

VA 

vol % 

VAa 
NVA NVB 

0 0 0 0 17 

25 9.36 8.45 5 15 

50 23.7 21.7 13 13 

75 48.2 45.4 27 9 

100 100 100 54 0 

a Volume percent is computed from approximating bead volume as (π/6)ro
3S, in which S is shape 

factor in the fused-sphere SAFT-γ Mie model and ro is equilibrium self-interaction distance 

defined in the Mie potential. 

 

 

Figure 4.5. Mean VA (a) and VB (b) block lengths for 25 mol% VA (blue), 50 mol% VA 

(black), and 75 mol% VA (red) copolymer chains of fixed molecular weight ~2.4kDa. Error bars 

are the standard deviation of the 3 independent trials. 
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In the adhesion simulations, chains were first packed79 into an elongated simulation cell 

with dimensions 50 Å x 50 Å x 370 Å and migrated towards the interfacial region over a short 

NVT simulation by adding an artificial force in the -z direction. The simulation box was then 

cropped in the z dimension to 150 Å. To remove dependence on the initial configuration, the 

system was annealed at 1000 K for 20 ns. Further simulated annealing was then performed for 20 

ns each at 800 K, 700 K, 600 K, and 40 ns at 500 K with cooling intervals defined by a rate of 20 

K/ns. An artificial biasing force of -0.05 kcal/mol/Å was added to all beads at each 1 fs timestep 

to promote adsorption and removed after cooling to 500 K. After the annealing period at 500 K, 

each copolymer system was cooled to 400 K and equilibrated for 150 ns. Convergence criteria 

included total system energy, adhesion energy, interfacial train/loop/tail statistics, and 

morphology as a function of 10 ns blocks. 

 

4.4. Results and discussion 

It is first useful to review the overall morphologies that resulted from the MD simulations 

of each of the 15 different copolymers studied (Fig. 4.6). In these 3D representations, the PVB-

silica interface is located at low z, and the PVB-vacuum interface is located at high z. Beads are 

represented by their Mie volumes, as discussed in the Table 1 footnote. It is clear that for each of 

the 3 different overall VA monomer fractions, with increasing blockiness, phase segregation 

away from the interface becomes more pronounced. For diblocks, lamellae of alternating VA and 

VB blocks form for only the case of approximately equal volume fractions of VA and VB 

monomers (75 mol%), as expected. For the 50 mol% VA diblock, a cylindrical domain of VA 

monomers forms below a thin layer of VB monomers near the top of the melt. For the lowest VA 

monomer fraction (25 mol% or 8.45 vol% VA), small spherical domains of VA are observed. In 
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all cases, VB is highly enriched at the vacuum interface, as expected due to its substantially 

lower surface energy compared to the VA beads, which have stronger self-interaction. For 50 

and 75 mol% VA systems of intermediate blockiness (b=0.25 to b=0.75), the morphology is 

more complex and warrants further analysis. In particular, b=0.75 and 75 mol% VA resembles 

partially formed lamellae. 

Several trends are also apparent at the PVB-silica interface. At 25 mol% VA content, 

there is not enough VA present near the interface to allow for full coverage by VA monomers, 

even for the diblock case. For 50 mol% VA content, manipulation of blockiness allows for a 

wide breadth of VA contact fractions to be achieved (Fig. 4.7 and Fig. 4.9). The diblock system 

features nearly exclusively VA monomers contacting the surface (~94% VA contacts averaged 

across the 2D contact fraction histograms), while the random copolymer has only ~32 % VA 

contacts. In the case of 75 mol% VA, even the random copolymer (b=0.00) exhibits strong 

enrichment of VA at the silica interface (~80% VA contact fraction). At b=0.25, the contact 

fraction is comparable to that of the 50 mol% VA diblock. 
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Figure 4.6. Visualization of 3D morphology for PVB copolymers at the interface with silica 

(located at the lower region at approximately z = 20 Å), as function of VA content and 

blockiness parameter used to generate the comonomer sequences. One of the three independent 

trials is shown as a representative example of each VA content and blockiness. Red beads 

represent VA monomers, and semi-transparent cyan beads represent VB monomers. All beads 

are depicted as spheres with diameters equal to their equilibrium Mie self-interaction distance, 

scaled by their shape factors, and all simulation snapshots are taken after 150 ns of equilibration 

at 400 K. 

 

From the 2D contact fractions in Fig. 4.7, the surface heterogeneity, and preference of 

VA monomers and VB monomers for different regions of the amorphous silica model, are 

apparent. In each of the 3 independent trials for each overall VA content and blockiness, very 



   

146 

 

similar behavior was observed. Shown here are the contact maps for one of the trials in each 

case. The patches and bands of dark red for 50 mol% VA at low blockiness and 25 mol% VA at 

moderate and high blockiness correspond to regions with a high density of surface hydroxyls in 

the all-atom model. Regions with lowest hydrophilicity are manifested by the dark blue zones in 

the contact maps for 75 mol% VA at low blockiness, and 50 mol% VA at moderate blockiness. 

 
Figure 4.7. Contact fraction of VA monomers on the force-mapped silica surface as a function 

of x, y, VA content, and blockiness, histogrammed over a 100 ns sampling period at 400 K. The 

2D colormaps correspond to the same selected trials as the 3D morphologies in Fig 4.6. We 

considered a monomer as contacting if it contains a bead whose lowest point lies within a 1 Å 

cutoff distance from a surface map. 

 

Keeping in mind both the morphology away from the surface, and the contact fraction 

maps, we now move on to the interaction energy between the PVB copolymer melts and silica, 

quantifying the adhesion strength. Fig. 4.8 shows this total interaction energy in terms of energy 

per mol of beads, interaction energy per contact area, and numbers of contributing VA and VB 

beads, as a function of blockiness and VA content. We approximated the contact area of the 

rough surface as the solvent-accessible surface area,80 computed in Visual Molecular Dynamics 
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(VMD)81 using a probe radius of 1.75 Å, approximately the radius of the smallest of the SAFT-γ 

Mie PVB beads. Adhesion simulations of PVA and PVB homopolymers were also run for 

comparison, which as expected provide the strongest and weakest overall interaction energies, 

respectively. One should note that the PVB homopolymer interaction energy is likely 

underestimated here, as the PVB fused-sphere SAFT-γ Mie model underestimates the density of 

PVB bulk homopolymer, and thus the number of PVB beads interacting with the surface. The 

coarse-grained PVB model was optimized to accurately reproduce copolymer densities over the 

range of copolymer compositions studied here, at the expense of PVB homopolymer properties 

which are of little interest in the laminated safety glass interlayer application. Importantly, 

however, the density of diblock PVB copolymers was found to be correctly predicted. One 

should also realize that this PVB-silica interaction energy is merely an approximation for the true 

work of adhesion, in that it neglects the entropic contribution to free energy of adhesion. As we 

are interested in exploring the trends of adhesion strength with copolymer blockiness and VA 

content, and a quantitative comparison with commercial PVB resin data cannot be made with our 

simplified coarse-grained model, we chose not to perform more rigorous free energy calculations 

for each of the PVB copolymer melts. Despite neglection of the entropic component, and our use 

of a coarse-grained model which does not account for polarization effects or explicitly represent 

PVB stereochemistry, remarkable agreement is obtained with experimental work of adhesion 

results57 for commercial PVB resins with different VA contents. The presence of additives in 

those samples precludes a more quantitative comparison with our results and thus a deduction of 

their blockinesses. 

At low VA content (25 mol%), adhesion energy in terms of kcal per mol of interacting 

beads increases monotonically with blockiness, and it is nearly insensitive to blockiness when 
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converted to energy per unit area. From Fig. 4.8, the numbers of contributing VA and VB beads 

mirror this. Interestingly, the effect of the increased coverage of VA with blockiness (Fig. 4.7) 

on the adhesion energy is negated by changes in morphology away from the surface (Fig. 4.6). 

At 50 mol% and 75 mol% VA content, maxima in adhesion energy are observed not for 

diblocks, but for the case of moderately high blockiness. Surprisingly, in terms of J/m2, the 

diblocks exhibit the weakest interaction energy with the silica slab, despite nearly complete 

coverage of the surface by the strongly interacting VA monomers. Morphology away from the 

surface is again largely responsible. Upon an increase in blockiness from b=0.75 to b=1.00, there 

is a significant drop in the number of VA beads contributing to adhesion energy, while the 

number of contributing VB beads is roughly constant. Yet, the overall contributions from both 

VA monomers and VB monomers to adhesion energy fall sharply. While the decrease in 

contribution from the VA monomers is a clear consequence of increased phase segregation, the 

decrease in contribution from the VB monomers is a more subtle consequence of the much 

weaker interactions between the VB monomer and the silica slab, and the decrease in local 

density in purely VB regions. Recall that the densities of PVA and PVB homopolymers are 

predicted to be approximately 1.19 g/cm3 and 0.92 g/cm3, respectively, by our fused-sphere 

SAFT-γ Mie model.60 Higher molecular weight PVB diblocks would be expected to exhibit 

stronger adhesion energy, but it remains to be seen if these would approach the PVA 

homopolymer limit and surpass the adhesion energy of the highly blocky copolymers considered 

here. 

Variation in hydroxyl site density also contributes to the unexpectedly weak adhesion of 

the 50 mol% VA and 75 mol% VA diblocks. Regions of low hydroxyl density, where VB 

monomers contribute appreciably to adhesion, are populated almost entirely by VA monomers, 
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while the VB monomers displaced farther from the surface contribute almost negligibly to the 

adhesion energy. Moderately blocky chains have the advantage that both VA and VB beads can 

migrate to their optimal adsorption zones. This phenomenon bears clear similarities to the 

concept of pattern recognition82 – future work will involve correlating the blockiness associated 

with the hydroxyl sites with the adsorbing sequences of random-blocky copolymers. 

 

Figure 4.8. Adhesion energy, in (a) kcal per mol of beads and (b) J/m2, for the PVB-silica 

interface as a function of blockiness for varying amounts of VA, and the numbers of (c) VA and 

(d) VB monomers contributing to the PVB-silica interaction energy. The numbers of 

contributing beads were defined by an energy cutoff of 1E-3 cal/mol. The value of adhesion 

energy for PVA homopolymer (417.9 ± 0.6 J/m2) is omitted from the J/m2 plot for clarity of the 

copolymer data. Likewise, omitted from plot (c) is the number of interacting VA monomers for 

the PVA homopolymer (1089 ± 1). In all cases averages are computed over the last 10 ns of the 

150 ns simulation period at 400 K, and error bars represent the standard deviation amongst the 3 

independent trials. 
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Figure 4.9. (a) Scalar contact fractions corresponding to the 2D contact area plots in Fig. 4.7, 

averaged over all 3 independent trials. (b) Fractional contribution from the VA beads to overall 

adhesion energy, using an energy per mol of beads basis. 

 

Fig. 4.9 shows the overall contact fraction scalar values calculated from the 2D contact 

maps (Fig. 4.7), and contribution of the VA monomers to the adhesion energies (Fig. 4.8). The 

contact fraction and contribution from VA beads mirror each other, indicating that the contacting 

layer of beads is dominant in determining the overall adhesion energy. The VA beads are nearly 

entirely responsible for the PVB-silica interaction energy at b=0.75 and 75 mol% VA, which 

exhibits the highest adhesion energy of any of the copolymers studied. The weak attraction of 

VB beads attracted to certain surface regions is negated by repulsive interactions of VB beads 

located in other regions. 

We now turn to the loop, train, and tail statistics of the adsorbing PVB melts. Recall that 

a train is a continuous run of adsorbed monomers, loops are stretches of non-adsorbed monomers 

between two trains, and tails are non-adsorbed monomers comprising the chain ends. Fig. 4.10 

shows the average number of chains with at least 1 adsorbed monomer, and Fig. 4.11 the average 

numbers of VA and VB monomers in loops, trains, and tails per adsorbed chain, as functions of 

VA content and blockiness parameter. Compositions of the trains, loops, and tails in terms of 
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volume fraction of VA monomers are shown in Fig. 4.12. The average numbers of trains, loops, 

and tails per adsorbed chain, are also plotted in the supporting information (Fig. D.5). 

Surprisingly, for a given VA content, the length distributions of trains were found to be affected 

very little by blockiness (Fig. D.4). Loop length distributions were similarly unaffected by 

blockiness, with the exception of the 50 mol% VA and 75 mol% VA diblocks, which exhibited a 

strong preference for short loops. As evident from Fig. 4.12, these short loops are made up nearly 

exclusively of VA monomers, while the VB monomers are instead concentrated in tails. In 

general, for a given VA content, VA volume fraction in trains and loops increase with 

blockiness, and VA volume fraction in tails decreases with blockiness, consistent with the 

morphologies shown in Fig. 4.6. The numbers of VA and VB monomers in loops per adsorbed 

chain also reflect the morphology in the vicinity of the surface. For all VA fractions, the average 

number of VA monomers in trains per adsorbed chain increases with blockiness, while the 

number of VB monomers in trains decreases with increasing blockiness. This is consistent with 

the VA contact fractions shown in Fig. 4.9. 

 
 

Figure 4.10. Average number of chains containing at least 1 adsorbed monomer as a function of 

blockiness for given VA monomer contents. Averages are taken over the last 100 ns at 400 K, 

and over the 3 independent trials. 
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For 25 mol% VA, the number of adsorbed chains increases monotonically with 

increasing blockiness, which can again be explained by the 3D morphology in Fig. 4.6.  The 

small blocks of VA monomers in each chain near the surface can migrate to the surface with 

relatively little competition from other VA monomers for the high hydroxyl density regions on 

the surface. With increasing blockiness, fewer VB monomers interfere with the adsorption of the 

VA blocks. For 50 mol% VA and 75 mol% VA, the number of adsorbed chains drops sharply 

upon increasing blockiness from b=0.75 to b=1.00, likely a consequence of increased 

competition for the high hydroxyl density regions. In spite of this, the overall number of VA 

monomers involved in trains per adsorbed chain increases. Given that train length distributions 

are not appreciably affected by blockiness, this means that more trains are present. The short 

lengths of these trains could be related to the hydroxyl site spatial distribution on the surface – 

the presence of relatively hydrophobic patches likely lead to the short VA loops discussed in the 

preceding paragraph, with small voids in these hydrophobic regions in the case of the 75 mol% 

VA diblock. 
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Figure 4.11. Average numbers of VA monomers in (a) trains, (c) loops, (e) tails and VB 

monomers in (b) trains, (d) loops, (f) tails per adsorbed chain (i.e., normalized by the data in Fig. 

4.10) as a function of blockiness for given VA monomer contents. Averages are taken over the 

last 100 ns at 400 K, and over the 3 independent trials. 



   

154 

 

 

 

Figure 4.12. Average overall volume fraction of VA monomers within all (a) trains, (b) loops, 

and (c) tails as a function of blockiness for given VA monomer contents. Averages are taken 

over the last 100 ns at 400 K, and over the 3 independent trials. Monomer volumes are defined 

by their Mie radii as described earlier. 

 

4.5. Conclusions 

Coarse-grained molecular dynamics simulations of PVB copolymers at a force-mapped 

realistic hydroxylated amorphous silica surface were performed for a series of VA contents and 

co-monomer blockiness. While PVB adhesion energy increased with overall VA content as 

expected, a complex dependence of adhesion energy and interfacial structure on the blockiness 

parameter was discovered, particularly for the cases of comparable volume fractions of VA and 

VB monomers. For 50 mol% and 75 mol% VA monomers, PVB copolymers with a moderately 
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high blockiness (b=0.50-0.75) exhibited higher adhesion strength than the corresponding 

diblocks. This we attribute to the following underlying causes: 1) The nontrivial contribution of 

VB monomers to adhesion energy, 2) variation in hydroxyl site density on the amorphous silica 

surface, and 3) the disparity in self-interaction strengths of the VA and VB monomers which 

drives phase segregation. 

The use of a chemically heterogeneous surface allows for both VA and VB monomers in 

non-diblock copolymers to adsorb to their preferred sites and provide maximal contributions to 

adhesion energy. In the diblocks with high VA content, formation of VA lamellae at the interface 

with silica not only eliminates the contribution of VB monomers to adhesion energy, but reduces 

the total number of VA monomers interacting with the surface as well. Non-obvious trends in the 

numbers of adsorbed chains and loop/train/tail statistics as a function of blockiness indicate that 

what is understood about polymer adsorption in terms of simple uniform surface models may no 

longer apply for chemically heterogeneous substrates. Repetition of this study on random-blocky 

PVB adsorption with a crystalline silica surface, such quartz or cristobalite, would clarify which 

of the behaviors observed here originates from the surface heterogeneity, and which of the 

behaviors stems from the polymer-polymer and polymer-surface interactions. This will be a topic 

of future work. 

While we have systematically varied overall blockiness with the aim of understanding 

trends in interfacial behavior, further optimization of PVB adhesion strength could be performed 

by varying individual VA and VB monomer positions in the sequences. In a study by 

Zheligovskaya et al.,16 an inverse design strategy was used to create adsorption-tuned A/B 

copolymers. The resulting optimal sequences were so-called ‘protein-like copolymers’ 

characterized by highly disperse, non-Poisson distributions in block lengths, and exhibited a 
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higher concentration of the monomer type which interacts more strongly with the surface in the 

middle of the chain sequences than at the ends. Similar conclusions as to the importance of high 

block polydispersity in adsorption behavior were made by Jhon et al. from Monte Carlo 

simulations17 of single-chain adsorption of blocky poly(styrene-co-p-bromostyrene) copolymers 

from solution, and by Meenakshisundaram et al.5  from optimal A/B compatibilizer sequences 

found using a genetic algorithm and MD simulations. Such optimal sequences for the PVB 

system could in principle be discovered using inverse design and/or machine learning 

approaches. This would, however, require a herculean computational effort due to the simulation 

time needed to equilibrate the interfacial PVB systems, and the solution would likely be 

dependent on the precise distribution of hydroxyl groups on the amorphous silica model. 

Future studies on the effects of finite size of the simulation cell, and the effect of 

molecular weights of the PVB chains, would also be informative. Clearly, the feature sizes of the 

morphologies shown in Fig. 4.6 would change with box size and the amount of PVB chains in 

the simulation cell. Ideally, enough chains and a large enough silica slab model should be used 

such that morphology away from the surface converges to that of bulk PVB. It would be 

interesting to test if high molecular weight PVB chains exhibit similar trends in adhesion energy 

as a function of blockiness, and whether high molecular weight diblock PVB chains approach the 

performance of PVA homopolymer. 

Copolymer blockiness is a key parameter for tuning adhesion properties and interfacial 

structure, and can have as much as an effect as changing the chemical composition. As a deeper 

understanding of structure-property relationships for random-blocky and other sequence-

controlled polymers is developed, and synthetic techniques for controlling copolymer sequences 
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progress further, performance of copolymer materials can be improved by tailoring their 

sequences. 
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CHAPTER 5 

A framework for copolymer sequence characterization via calculation of the theoretical 

molar Kerr constant 

 

5.1. Introduction and motivation 

To accompany advances in polymer synthetic chemistry and design of new polymer 

materials, new tools are necessary to validate increasingly elaborate features of such polymers, 

including precision placement of functional or side groups, control over monomer sequence, and 

control over stereochemistry distributions. While the sequencing of biological polymers has been 

intensely studied for nearly four decades, with resounding success, the development of similar 

techniques which can be applied to copolymers of arbitrary chemical composition is lagging 

considerably. Sequencing of DNA and polypeptides (proteins) has been possible due to the 

importance of perfectly defined sequences, and clever characterization techniques (genomics, 

proteomics, etc.). The current state-of-the-art for obtaining polymer microstructural information 

in high-resolution 13C NMR. NMR can provide details such as the relative amounts of short 

stereochemical or chemical sequences, but not where they are located spatially along the chain. 

In systems that are not monodisperse in chemical or stereochemical sequences, which is nearly 

always the case for copolymers used in practical applications, NMR spectra cannot be used to 

fully determine individual polymer chain sequences. As discussed in chapter 1, Additional 

techniques are generally needed to supplement the information from NMR and other techniques 

in order to sequence synthetic copolymers. 

In this chapter we will explore in detail one such promising technique, the electro-optic 

Kerr effect of dilute polymer solutions. The Kerr effect is the phenomenon by which anisotropic 
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materials exhibit electric birefringence in response to high electric field. John Kerr first 

observed1 in 1875 that birefringence is related to wavelength of incident monochromatic light 𝜆 

and the square of electric field 𝐸 by a proportionality constant (B) now known as the Kerr 

constant: 

 𝛥𝑛 = 𝑛∥ − 𝑛⊥ = 𝐵𝜆𝐸2 (5.1) 

In Equation (5.1),  𝑛∥ and 𝑛⊥ are the refractive indices parallel and perpendicular to the 

direction of the electric field, respectively. It should be noted that the Kerr effect is also the name 

given to the analogous magneto-optic effect. Though the magnetic analog is also useful for 

materials characterization applications, we will focus only the electro-optic Kerr effect here. This 

seemingly simple Kerr constant contains a wealth of information about polymer microstructure, 

which can be tapped into by interpretation with an appropriate theory describing polymer 

intramolecular interactions and polarizability. An overview of the development and application 

of this theory will be discussed in section 5.3. 

 

5.2. Measuring the Kerr constant of polymer solutions 

A typical experimental setup for measuring the Kerr constant of polymer solutions is 

depicted in Fig. 5.1. Plane polarized monochromatic laser light is directed through a Kerr cell 

containing the polymer solution, perpendicular to an electric field applied across the Kerr cell. 

The Kerr constant is calculated from the ellipticity of the light exiting the Kerr cell, which is 

measured using an analyzer and compensating unit. For further information, we refer the reader 

to an in-depth description of all components in a Kerr effect setup provided by Riande and Saiz.2 
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Figure 5.1. Schematic for polymer solution Kerr effect experimental setup. Image is taken from 

reference 3. 

 

In a Kerr effect experiment on polymer solutions, the desired output is B of the polymer 

at infinite dilution, for consistency with the theory explained in section 5.3, which does not 

consider polymer-polymer interactions.4 B at infinite dilution can be extracted from a series of 

Kerr effects runs on polymer solutions of several different concentrations. Typical concentrations 

are of the order of 1% by weight, but values as dilute as 0.01% have been reported.5 From B, 

along with other physical parameters of the system, the molar Kerr constant (𝑚𝐾) of component 

𝑖 in a solution is given by the following: 

 
𝑚𝐾𝑖 =

6𝜆𝑀𝑖𝐵𝑖

(𝑛𝑖
2 + 2)2(휀𝑖 + 2)2𝜌𝑖

 (5.2) 

In Equation (5.2), 𝜆 is wavelength of the light source, 𝑀 is molecular weight, 𝑛 is 

refractive index, 휀 is dielectric constant, and 𝜌 is density. In the dilute regime, the dependence of 

dielectric constant, density, refractive index, and Kerr constant of the solution can each be 

approximated as linear functions of weight fraction of polymer (𝑤2):6 

 휀12 = 휀1(1 + 𝛼𝑤2) (5.3) 

 𝜌12 = 𝜌1(1 + 𝛽𝑤2) (5.4) 

 𝑛12 = 𝑛1(1 + 𝛾𝑤2) (5.5) 

 𝐵12 = 𝐵1(1 + 𝛿𝑤2) (5.6) 
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In which 𝛼, 𝛽, 𝛾, and 𝛿 are linear fitting parameters. In some cases, the mass-based specific Kerr 

constant (𝑠𝐾) is reported instead of 𝑚𝐾: 

 
𝑠𝐾𝑖 =

6𝜆𝐵𝑖

(𝑛𝑖
2 + 2)2(휀𝑖 + 2)2𝜌𝑖

 (5.7) 

Where each quantity takes on the same meaning as in Equation (5.2). By the lever rule, the 

observed molar Kerr constant of the polymer solution 𝑚𝐾12 can be expanded into contributions 

from the solvent (component 1) and solute (component 2) as such: 

 𝑚𝐾12 = 𝑚𝐾1𝑥1 + 𝑚𝐾2𝑥2 (5.8) 

In which 𝑥𝑖 is mol fraction of component 𝑖. Similarly, for the specific Kerr constant: 

 s𝐾12 = 𝑠𝐾1𝑤1 + 𝑠𝐾2𝑤2 (5.9) 

LeFèvre and LeFèvre have shown6 that the desired quantity, 𝑠𝐾2, is given by: 

 
s𝐾2 = 𝑠𝐾1 + [

𝑑(𝑠𝐾12)

𝑑𝑤2

]
𝑤2=0

 (5.10) 

Which when evaluated results in the following expression: 

 s𝐾2 = 𝑠𝐾1 [1 − 𝛽 + 𝛿 + 𝛾 (1 −
4𝑛1

2

𝑛1
2+2

) −
2𝛼𝜀1

𝜀1+2
] (5.11) 

From s𝐾2, 𝑚𝐾2 can be trivially obtained by multiplication with polymer molecular weight. In 

many cases, the dominant term will be 𝛽, the departure of the polymer Kerr constant at infinite 

dilution from that of the solvent. In practice, changes in dielectric constant, density, and 

refractive index due to the presence of dilute polymer are often assumed negligible but their 

effects should still be tested. 

Literature conventions of using two different but equivalent sets of archaic centimeter-

gram-second (CGS) units to report 𝑚𝐾 warrants further explanation. In Système International 

(SI) units, 𝑚𝐾 is defined in terms of 𝑚5𝑉−2𝑚𝑜𝑙−1. In the CGS system, the units are either 
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𝑐𝑚7𝑆𝐶−2𝑚𝑜𝑙−1 or 𝑐𝑚5𝑆𝑉−2𝑚𝑜𝑙−1, in which 𝑆𝐶 and 𝑆𝑉 are statcoulombs and statvolts, 

respectively. These units are in fact equivalent and are used interchangeably in the Kerr effect 

literature. The statcoulomb is defined to be 1 𝑐𝑚√𝑑𝑦𝑛𝑒. That is, two point charges with a charge 

magnitude of 1 SC exert 1 dyne of electrostatic force when separated by a distance of 1 cm. The 

statvolt is defined as 1 𝑒𝑟𝑔/𝑆𝐶, or equivalently, 1 𝑑𝑦𝑛𝑒 𝑐𝑚/𝑆𝐶. Applying the definition of a 

dyne as 1𝑆𝐶2𝑐𝑚−2, it also apparent that 1 𝑆𝐶 = 1 𝑆𝑉 𝑐𝑚. It should be noted that statcoulombs 

are not dimensionally equivalent to coulombs in base units, but statvolts can be directly 

converted to volts in the context of electric field strength. A statvolt is equal to 299.792458 volts, 

and so the following conversion factor may be used to convert between CGS and SI molar Kerr 

contants:2 

 𝑚𝐾(𝑐𝑚5𝑆𝑉−2𝑚𝑜𝑙−1) = 1.1126 × 10−15 𝑚𝐾(𝑚5𝑉−2𝑚𝑜𝑙−1) (5.12) 

 

5.3. Theoretical background 

Kerr constants for a series of polymer samples only provide insight into polymer 

microstructure once interpreted with a microscopic polymer conformational theory. A theoretical 

molar Kerr constant in terms of overall dipole moment and polarizability tensor of a polymer 

chain is given by Equation (5.13):4,7 

 
𝑚𝐾 = (

2𝜋𝑁𝐴

135𝑘𝐵𝑇
) [

⟨𝜇𝑇�̂�𝜇⟩

𝑘𝐵𝑇
+ ⟨�̂�𝑅�̂�′𝐶⟩] (5.13) 

In which 𝑁𝐴 is Avogadro’s number, 𝑘𝐵 is Boltzmann’s constant, non-superscript 𝑇 is absolute 

temperature, superscript 𝑇 denotes the transpose operator, 𝜇 is dipole moment, �̂� is the traceless 

electro-optic polarizability tensor, and �̂�′ is the traceless electrostatic polarizability tensor. 

Superscript 𝑅 denotes a row vector (1 × 9) representation of the polarizability tensor, and 𝐶 
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denotes a column vector (9 × 1) representation. The row and column representations were 

formulated simply to make matrix multiplication operations more tractable, as will be explained 

in subsequent sections. The traceless electro-optic polarizability tensor is calculated as follows:8 

 
�̂� = 𝛼 −

1

3
𝑡𝑟𝑎𝑐𝑒(𝛼)𝐸3 (5.14) 

Where 𝛼 is the full polarizability tensor and 𝐸3 is the identity tensor of order 3. We note in 

passing that the prefactor in the expression for 𝑚𝐾 (Equation (5.13)) is sometimes reported as 

2/15, rather than 2/135, and so the appropriate conversion should be applied when making 

quantitative comparisons between different studies in the literature.2,9  

The (frequency-dependent) electro-optic polarizability arises from electrons, whereas the 

electrostatic polarizability arises from both electrons and atoms.2 It is commonly assumed that 

the electrostatic polarizability is 10% greater than electro-optic polarizability,2,10,11 or even that 

electrostatic and electro-optic polarizabilities are equal.12,13 To more rigorously distinguish 

between the two polarizabilities, Nagai and Ishikawa have derived4 a relation between 

electrostatic and electro-optic polarizabilities in terms of the refractive indices of light at infinite 

wavelength and the wavelength of interest. Critically, in Equation (5.13), the angular bracket 

notation denotes a conformational average. In polymer chains which do not have freely rotating 

backbone bonds (i.e., all real polymer systems), appropriate weights must be given to 

conformations which are favored over others. A framework for performing such conformational 

averages, rotational isomeric state (RIS) theory, is described in section 5.3.2. 

 

5.3.1. Bond polarizability additivity (valence optical scheme)  

The polarizability of anisotropic molecules may be thought of as an ellipsoid with 3 

principle semi-axes. In the calculation of the theoretical molar Kerr constant, it is assumed that 
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polarizability tensors are bond-additive. This bond polarizability additivity is referred to as the 

valence optical scheme.2,11 Due to inductive effects of neighboring bonds, bond polarizability is 

in reality not additive. Nevertheless, the bond polarizability additivity model has proved useful 

for many polymer Kerr effect studies, and as noted by Riande and Saiz,2 corrections to 

polarizability due to bond-bond interactions could be made either empirically, or in principle, 

derived from quantum chemical calculations. 

To determine the polarizability ellipsoid of a molecule from experiments, three 

independent measurements are generally needed – refractive index, light scattering 

depolarization,14 and Kerr constant.2,11 If bond polarizabilities are assumed to have axial 

(cylindrical) symmetry, only 2 measurements are needed. This assumption was used by 

Denbigh,15,16 whose bond polarizabilities deduced from a large set of molecules have been used 

in many of the polymer Kerr effect studies to date. More in-depth discussions of the validity of 

bond polarizability additivity scheme, and critical analyses of reported bond polarizabilities, are 

provided by Le Fèvre11 and Volkenstein.17 A mathematical framework for deriving the 

polarizability tensor for backbone bonds which incorporate the effects of substituent chemical 

groups is given by Smith and Mortensen.18 

 

5.3.2. Polymer rotational isomeric state theory 

In classical statistical mechanics, a partition function is formulated to determine the 

probability of a finding a specific state in molecular systems and is thus the basis for generating 

conformational averages. If we suppose that bonds and angles are fixed at their equilibrium 

values, and the conformation of an isolated molecule with 𝑛 backbone bonds is a function of its 
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𝑛 − 2 internal torsion angles (𝜑𝑖), the conformational partition function would be the following 

integral:9,19,20 

 
𝑍 = ∫ ∫ ⋯

2𝜋

0

2𝜋

0

∫ exp (−
𝐸(𝜑2, 𝜑3, … , 𝜑𝑛−1)

𝑘𝐵𝑇
)

2𝜋

0

𝑑𝜑2𝑑𝜑3 …𝑑𝜑𝑛−1 (5.15) 

In which E is a potential of mean force with respect to the internal torsional degrees of freedom. 

In the rotational isomeric state approach, torsional potentials are discretized into ν states 

representative of minima in the potential, allowing for the high-dimensional integrals over all 

internal degrees of freedom in the polymer to be replaced with sums over the ν states:19 

 
𝑍 = ∑∑⋯ ∑ exp (−

𝐸(𝜑2, 𝜑3, … , 𝜑𝑛−1)

𝑘𝐵𝑇
)

𝜑𝑛−1𝜑3𝜑2

 (5.16) 

Moreover, these sums can be performed with extreme efficiency through a matrix multiplication 

scheme developed chiefly by Flory.9 In addition to simple torsional potentials as a function of a 

single dihedral angle, longer-range steric interactions can and should be included. A statistical 

weight matrix (𝑈) is formulated to represent conditional probabilities of a bond rotation 𝑖 being 

in state j, given that adjacent bond (𝑖 − 1) has a state k. For example, suppose an RIS model 

contains 3 states representing gauche+ (𝑔 +), gauche- (𝑔 −), and trans (𝑡) conformations. The 𝑈 

matrix would be the following, in which the rows represent the state of current bond 𝑖, and 

columns represent the state of the previous bond (𝑖 − 1): 

 

𝑈𝑖 = [

휁𝑡,𝑡 휁𝑡,𝑔+ 휁𝑡,𝑔−

휁𝑔+,𝑡 휁𝑔+,𝑔+ 휁𝑔+,𝑔−

휁𝑔−,𝑡 휁𝑔−,𝑔+ 휁𝑔−,𝑔−

] (5.17) 

In which equal conditional probability is given by a Boltzmann factor (Equation (5.18)). For 

example, the probability of bond 𝑖 being in the trans state, given that bond (𝑖 − 1) is in the 

gauche+ state would be the following: 
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휁𝑡,𝑔+ = 휁𝑜 exp (−

𝐸𝑡,𝑔+

𝑘𝐵𝑇
) (5.18) 

Typically, 𝑈 matrices are normalized such that the most probable set of states is assigned a value 

of unity. It is useful to consider the 𝑈 matrix as a product of a matrix representing unconditional 

first-order interactions (backbone torsion potential), and a matrix representing conditional 

second-order interactions (bond-bond interdependence). Again using the 3-state example, the 

first order matrix (𝐷) would be the following: 

 

𝐷𝑖 = [

𝜎𝑡 0 0
0 𝜎𝑔+ 0

0 0 𝜎𝑔−

] (5.19) 

In which 𝜎𝑗 is the normalized weight for the unconditional probability that bond 𝑖 is in rotational 

state 𝑗. The second-order weight matrix contains second-order weights (𝜔𝑗𝑘) which are 

determined from the energies of the conformations defined by two adjacent dihedral angles: 

 
𝑉𝑖 = [

𝜔𝑡,𝑡 𝜔𝑡,𝑔+ 𝜔𝑡,𝑔−

𝜔𝑔+,𝑡 𝜔𝑔+,𝑔+ 𝜔𝑔+,𝑔_

𝜔𝑔−,𝑡 𝜔𝑔−,𝑔+ 𝜔𝑔−,𝑔−

] (5.20) 

The form of U matrices commonly reported is thus: 

 
𝑈𝑖 = 𝑉𝑖𝐷𝑖 = [

𝜎𝑡𝜔𝑡,𝑡 𝜎𝑔+𝜔𝑡,𝑔+ 𝜎𝑔−𝜔𝑡,𝑔−

𝜎𝑡𝜔𝑔+,𝑡 𝜎𝑔+𝜔𝑔+,𝑔+ 𝜎𝑔−𝜔𝑔+,𝑔_

𝜎𝑡𝜔𝑔−,𝑡 𝜎𝑔+𝜔𝑔−,𝑔+ 𝜎𝑔−𝜔𝑔−,𝑔−

] (5.21) 

The weight factors for each state can be determined from either a classical interatomic 

potential, or more accurately, by ab initio or electronic density function theory (DFT) 

calculations.21,22 The first-order weights are now easily obtainable using a torsional energy scan 

in quantum software packages. The second-order weight parameters require a 2d scan. For most 

systems, considering up to second order is sufficient. If desired, higher-order interactions can 

also be incorporated into the model.22 A large compendium of RIS models for a wide variety of 
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polymer systems, including naturally occurring polymers, has been compiled by Rehahn, 

Mattice, and Suter,22 which encompasses the literature up to 1997. 

 

5.3.3. Matrix multiplication scheme 

Once an appropriate rotational isomeric state model is chosen, configurationally averaged 

quantities of a polymer may be obtained using matrix multiplication methods, which is extremely 

efficient on even a simple desktop computer. The configurational partition function (𝑍) is needed 

in all such calculations, which is given by the serial product of all 𝑈 matrices along the polymer 

backbone, multiplied in the order they appear spatially: 

 
𝑍 = ℐ∗ (∏𝑈𝑖

𝑛

𝑖=1

) ℐ (5.22) 

In which ℐ∗ and ℐ are row and column vectors which collect the appropriate terms to generate a 

scalar representing the sum of all possible conformational states: 

 ℐ∗ = [1 0 ⋯0] (5.23) 

 
ℐ = [

1
⋮
1
] (5.24) 

One of the simplest quantities extractable from an RIS model is the second moment of 

the end-to-end vector ⟨𝑟2⟩. One will find that, conceptually, the calculation of the 

conformationally averaged dipole moment and polarizability terms needed for the molar Kerr 

constant, is very similar to this simple illustrative example. ⟨𝑟2⟩ can be calculated from serial 

multiplication of generator matrices (𝐺), which contain all necessary information about each 

bond in the polymer chain. Again, it is critical that the multiplication be performed in the order 

in which the bonds are located: 
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⟨𝑟2⟩ = 2𝑍−1ℐ∗ (∏𝐺𝑖

𝑛

𝑖=1

) ℐ (5.25) 

In Equation (5.25), ℐ∗ and ℐ are 1 × 5𝜈 and 5𝜈 × 1 row and column vectors, respectively. The 

generator matrix for ⟨𝑟2⟩ contains information about torsional potentials and intramolecular 

interactions (contained in 𝑈), bond lengths, and bond angles: 

 
𝐺𝑖 = [

𝑈 (𝑈 ⊗ 𝑚𝑇)‖𝑇‖ (𝑚2 2⁄ )𝑈

0 (𝑈 ⊗ 𝐸3)‖𝑇‖ 𝑈 ⊗ 𝑚
0 0 𝑈

]

𝑖

 (5.26) 

In the above generator matrix, ⊗ is the Kronecker (direct) product operator, and 𝑚 is the first 

bond moment vector: 

 
𝑚 = ℓ [

1
0
0
] (5.27) 

In the generator matrix, 𝑚2 is the scalar magnitude of the bond moment squared. Bond lengths 

(ℓ) and bond angles (휃) are generally assumed fixed at their equilibrium values. Note that the 

subscript 𝑖 applies to all applicable quantities within. ‖𝑇‖ is a block diagonal super matrix of size 

3𝜈 × 3𝜈 constructed from transformation matrices (𝑇) evaluated at each of the possible 

rotational states in the order they appear in 𝑈: 

 
‖𝑇‖ = [

𝑇1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑇𝑣

] (5.28) 

The role of the transformation matrices is to perform a series of coordinate 

transformations to bring all bonds to a common reference coordinate system, typically the first 

bond. For example, the following matrix transforms coordinates from bond reference frame 𝑖 + 1 

to bond reference frame 𝑖: 
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𝑇𝑖 = [

cos (휃𝑖) sin(휃𝑖) 0

sin(휃𝑖) cos (𝜑𝑖) −cos(휃𝑖) cos (𝜑𝑖) sin(𝜑𝑖)

sin(휃𝑖) sin (𝜑𝑖) −cos(휃𝑖) sin(𝜑𝑖) −cos (𝜑𝑖)

] (5.29) 

Where 휃𝑖 is the supplement of the bond bending angle formed by bonds 𝑖 + 1 and 𝑖, and 𝜑𝑖 is the 

torsion angle of bond 𝑖. Unfortunately, two different literature conventions are each commonly 

used to set the reference values for the torsion angles: Flory took the trans torsion angle 𝜑𝑡 to be 

zero, whilst others have set 𝜑𝑡 to 180 degrees.9 Equation (5.29) is constructed using the Flory 

convention. The transformation matrices are robust in that they can be used to transform scalars, 

bond vectors, or bond tensors (such as polarizability). In fact, the generator matrix and procedure 

for computing the square of the dipole moment ⟨𝜇2⟩ is identical to that of ⟨𝑟2⟩, but with the bond 

dipole vector used as 𝑚 rather than the bond vector itself. Each distinct bond type is assigned its 

own generator matrix, and the transformation matrix within may differ depending on the bending 

angle and rotational states for that bond. This is especially important for the consideration of 

stereochemistry in vinyl polymers, which will be discussed in section 5.3.4.  

The expression for computing the molar Kerr constant in terms of the conformational 

partition function (𝑍) is the following: 

 
𝑚𝐾 = (

2𝜋𝑁𝐴

135𝑘𝐵𝑇
) [(2𝑍−1

(𝜇𝑇�̂�𝜇)

𝑘𝐵𝑇
) + 𝑍−1(�̂�𝑅�̂�′𝐶)] (5.30) 

Now, both bond vectors (𝜇) and bond tensors (�̂�) must be transformed and weighted using the U 

matrices, leading to substantially larger generator matrices. Each of the 2 terms is calculated by 

serial multiplication of the generator matrices, as before: 

 
(�̂�𝑅�̂�′𝐶) = 𝒥𝐴

∗ (∏𝐴𝑖

𝑛

𝑖=1

)𝒥𝐴 (5.31) 
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(𝜇𝑇�̂�𝜇) = 𝒥𝑄

∗ (∏𝑄𝑖

𝑛

𝑖=1

)𝒥𝑄 (5.32) 

In Equation (5.31), the 1 × 20𝜈 row vector 𝒥𝐴
∗  contains a first element of 1, with the rest of the 

elements 0. The 20𝜈 × 1 column vector 𝒥𝐴 contains 19𝜈 zeros, followed by 𝜈 ones. Likewise, 

the 1 × 26𝜈 row vector 𝒥𝑄
∗  in Equation (5.32) contains a 1 followed by 26𝜈 − 1 zeros, and the 

26𝜈 × 1 column vector 𝒥𝑄 contains 25𝜈 zeros, followed by 𝜈 ones. The generator matrix 𝐴𝑖 for 

the polarizability term contains the statistical weight matrix, transformation matrices, and bond 

polarizability tensor: 

 

𝐴𝑖 =

[
 
 
 𝑈 (𝑈 ⊗ �̂�𝑅) × ‖𝑇 ⊗ 𝑇‖ (𝑈 ⊗ �̂�′𝑅) × ‖𝑇 ⊗ 𝑇‖ (�̂�

𝑅
�̂�′𝐶) × 𝑈

0 (𝑈 ⊗ 𝐸9) × ‖𝑇 ⊗ 𝑇‖ 0 𝑈 ⊗ �̂�′𝐶

0 0 (𝑈 ⊗ 𝐸9) × ‖𝑇 ⊗ 𝑇‖ 𝑈 ⊗ �̂�𝐶

0 0 0 𝑈 ]
 
 
 

𝑖

 (5.33) 

In which 𝐸9  is the identity tensor of order 9, and ‖𝑇 ⊗ 𝑇‖ is constructed similarly to that of the 

‖𝑇‖ super matrix: 

 
‖𝑇 ⊗ 𝑇‖ = [

𝑇1 ⊗ 𝑇1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑇𝑣 ⊗ 𝑇𝑣

] (5.34) 

A simplified version of Ai is sometimes encountered in the Kerr effect literature, valid if a 

polymer chain has end-for-end symmetry, in which case a factor of 2 is needed in front of the 

𝑍−1(�̂�𝑅�̂�′𝐶) term:9 

 

𝐴𝑖 = [
𝑈 (𝑈 ⊗ �̂�𝑅) × ‖𝑇 ⊗ 𝑇‖ (�̂�

𝑅
�̂�′𝐶) × 𝑈

0 (𝑈 ⊗ 𝐸9) × ‖𝑇 ⊗ 𝑇‖ 𝑈 ⊗ �̂�′𝐶

0 0 𝑈

]

𝑖

 (5.35) 

Note that the only difference is this smaller 11𝜈 × 11𝜈 matrix is that the third row and column 

have been eliminated from the full 20𝜈 × 20𝜈 form. Naturally, the size of the 𝒥𝐴
∗  and 𝒥𝐴 vectors 

must be modified accordingly. The condensed form of 𝐴𝑖 may be used for homopolymers or 
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alternating copolymers with equivalent termini, for example. The generator matrix for the 

(𝜇𝑇�̂�𝜇) term is the following: 

𝑄𝑖 =

[
 
 
 
 
 
 
 
 𝑈 (𝑈 ⊗ 𝜇𝑇) × ‖𝑇‖ (𝑈 ⊗ �̂�𝑅) × ‖𝑇 ⊗ 𝑇‖

1

2
(𝑈 ⊗ 𝜇𝑇 ⊗ 𝜇𝑇) × ‖𝑇 ⊗ 𝑇‖ 𝑈 ⊗ [�̂�𝑅 × (𝜇 ⊗ 𝐸3)] × ‖𝑇‖

1

2
𝑈 × [�̂�𝑅 × (𝜇 ⊗ 𝜇)]

0 (𝑈 ⊗ 𝐸3) × ‖𝑇‖ 0 (𝑈 ⊗ 𝐸3 ⊗ 𝜇𝑇) × ‖𝑇 ⊗ 𝑇‖ (𝑈 ⊗ �̂�) × ‖𝑇‖ 𝑈 ⊗ [(𝐸3 ⊗ 𝜇𝑇) × 𝛼𝐶]

0 0 (𝑈 ⊗ 𝐸3) × ‖𝑇 ⊗ 𝑇‖ 0 (𝑈 ⊗ 𝜇 ⊗ 𝐸3) × ‖𝑇‖
1

2
(𝑈 ⊗ 𝜇 ⊗ 𝜇)

0 0 0 (𝑈 ⊗ 𝐸3) × ‖𝑇 ⊗ 𝑇‖ 0 𝑈 ⊗ �̂�𝐶

0 0 0 0 (𝑈 ⊗ 𝐸3) × ‖𝑇‖ 𝑈 ⊗ 𝜇
0 0 0 0 0 𝑈 ]

 
 
 
 
 
 
 
 

𝑖

 

  (5.36) 

The size of the 𝑄𝑖 super matrix is 26𝜈 × 26𝜈. Though seemingly daunting at first glance, once 

coded into a computer program these matrix operations remain quite tractable even for polymers 

containing 3 rotational isomeric states and thousands of backbone bonds. 

 

5.3.4. Calculation of mK for vinyl polymers 

In this section, we will describe the additional complexity which must be incorporated 

into the RIS model when stereochemistry is present, as in vinyl polymers, one of the most 

widespread and useful classes of polymers. In vinyl polymers, side groups on adjacent 

stereocenters may be on the same side of a plane defined by the 3 backbone carbons, forming a 

meso dyad, or on opposite sides, forming a racemic dyad (Fig. 5.2). Another way of defining 

stereochemistry in vinyl polymers is through the l and d nomenclature, named after the Latin 

laevus and dexter, referring to left and right ‘handedness’. A pair of adjacent l centers or d 

centers thus form a meso dyad, while a mixed pair form a racemic dyad. When considering the 

statistical weight matrices with first and second order contributions, it is clear that the bond pair 𝑖 

and (𝑖 − 1) is distinct from the bond pair 𝑖 and (𝑖 + 1) in the illustration below. 
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Figure 5.2. Depiction of a segment of a vinyl polymer chain exhibiting different side chain 

stereochemistries. Adapted from reference 23. 

 

The former does not involve second-order interactions of the R side groups, whereas the latter 

does. This can be treated by using different U matrices for the two different bond types C-Cα and 

Cα-C, with Cα denoting the carbon with the side group. Let U’ be the statistical weight matrix for 

the Cα-C bond, which includes the weights for the R-C-Cα-C-R torsion pair, and let 𝑈’’ be the 

weight matrix for the C-Cα bond, corresponding to the R-Cα-C-Cα-R torsion pair. A further 

distinction must be made between 𝑈’’ for a racemic pair of adjacent Cα stereocenters, which we 

will call 𝑈𝑟
′′, and a meso pair of adjacent Cα stereocenters, which we will denote 𝑈𝑚

′′ . In some 

cases, separate matrices for each 𝑈 in terms of each possible pair of 𝑙 and 𝑑 are reported in an 

RIS model, and great care must be taken to use the appropriate right and left-handed 

transformation matrices when using such models. Use of incorrect transformation matrices is 

perhaps the most likely source of error when performing a calculation of the theoretical 𝑚𝐾 of 

vinyl polymers. We will follow the method of 𝑈 matrices based on dyads in the remainder of this 

chapter, as it is not only more succinct and less prone to user error, but eliminates the artificial 

distinctions between Ull, Udd, and Uld, Udl. Serial multiplication of the weight matrices in the 

order of the bonds of each type can be carried out, as for any simpler polymer system. For 

example, in a vinyl polymer which contains alternating meso and racemic dyads and a relatively 

small side group, the conformational partition function would be the following:19 
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𝑍 = 𝐽∗ ( ∏ 𝑈′𝑈𝑚
′′𝑈′𝑈𝑟

′′

(𝑥−2)/2

𝑖=1

)𝐽 (5.37) 

In which x is the number of repeat units in the chain. It is also possible to treat long ‘articulated’ 

branches in vinyl polymers with rotational isomeric state theory. We refer the reader to the text 

by Mattice and Suter19 describing the treatment of such systems. 

When the stereochemistry of a polymer chain is not perfectly controlled in its synthesis, a 

distribution of stereochemical sequences is present in a polymer sample. This requires that any 

quantities generated from the RIS model and matrix multiplication scheme, including 𝑚𝐾, be an 

average taken over many polymers with stereochemistry sequences generated according to the 

relevant distribution function. 

 

5.4. A brief history of modern polymer Kerr effect literature 

Beginning in the 1950’s the research group of Le Fèvre based in Sydney, Australia 

measured the Kerr constants of hundreds of chemical compounds, including numerous polymers 

in solution. A sampling of these are given in references 6,24–30, and a table summarizing insight 

into molecular structure gained through Kerr effect studies is presented in a 1965 book chapter 

by Le Fèvre.11 

Evidence that the Kerr effect could be a valuable tool for identification of polymer 

stereochemistry and comonomer sequence was presented by Tonelli in 1977 in a Kerr effect 

study8 involving a wide sampling of polymer systems, including polypropylene, poly(vinyl 

chloride), polystyrene, poly(p-methylstyrene), poly(p-chlorostyrene), and the copolymers 

poly(propylene-co-vinyl chloride), poly(styrene-co-p-chlorostyrene), and poly(p-methylstyrene-

co-chlorostyrene). The rotational isomeric state model, along with the polarizability values from 
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Denbigh,15,16 were used to calculate mK for the above systems as a function of stereoregularity 

and, where applicable, comonomer sequence. Tonelli expanded upon the earlier attempts by 

Mark31 to characterize polymer sequences and stereochemistry by their overall dipole moments, 

and found that 𝑚𝐾 is a far more sensitive probe of polymer microstructure. The molar Kerr 

constant was found to be sensitive to stereochemistry only for the polar polymers poly(vinyl 

chloride) and poly(p-chlorostyrene), but sensitive to monomer sequence for all copolymers 

studied. In the decade that followed, the Kerr effect was applied to numerous other polymers 

reported in a series of papers primarily out of Bell Laboratories. These included 

poly(oxyethylenes)10 (now more commonly known as poly(ethylene oxides)), dibromoalkane 

oligomers of various lengths,32 poly(oxyethylene glycols),13 poly(styrene-co-p-halogenated-

styrene) copolymers,33 poly(vinyl chloride) oligomers of various lengths,12 poly(vinyl bromide) 

oligomers,34 and poly(ethylene-co-vinyl chloride) copolymers.35 

In the study involving poly(ethylene-co-vinyl chloride), so-called ‘E-V’ copolymers, 

Tonelli and Valenciano demonstrated35 that calculations of mK, combined with 13C NMR 

spectra, could provide even more insight into polymer microstructure, a step towards 

identification of complete comonomer sequences. Two different methods of generating 

comonomer sequence were compared. In the first, E and V monomers were placed randomly 

along the chain, with the stereochemistry distribution of meso and racemic dyads of adjacent 

vinyl chloride monomers matching that from experiment. In the second, comonomer sequence 

was constrained to also satisfy triad-level distributions from NMR spectra (i.e., the relative 

amounts of EEE, VVV, VEE, VVE, VEV, and EVE local sequences). While the two approaches 

did not lead to significant differences in the calculated dipole moment ratio (〈𝜇2〉/𝑥 ) as a 
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function of vinyl chloride monomers, 𝑚𝐾 as a function of chemical composition was in better 

agreement with experimental values when calculated using the second method. 

The Kerr effect study on poly(oxyethylenes)10 exposed one significant limitation of the 

approach: if the 𝜇𝑇�̂�𝜇 and �̂�𝑅�̂�′𝐶  terms are of similar magnitude and opposite sign, thus 

canceling each other out, other contributions to mK such as hyperpolarizabilities and frequency 

dependence of  the bond polarizability may become significant. Equation (5.13) was derived by 

truncating the expansion of the dipole response to electric field to the first term given below:36 

 
𝜇 = 𝛼𝐸 +

1

2
𝛽𝐸2 +

1

6
𝛾𝐸3 + ⋯ (5.38) 

Accounting for the first (𝛾) and second (𝛽) hyperpolarizabilities, the expression for 𝑚𝐾 has been 

derived to be the following:32 

 
𝑚𝐾 = (

4𝜋𝑁𝐴

810
) [10〈𝛾〉 +

20〈𝜇𝛽〉

3𝑘𝐵𝑇
+

3⟨𝜇𝑇�̂�𝜇⟩

𝑘𝐵
2𝑇2

+
3⟨�̂�𝑅�̂�′𝐶⟩

𝑘𝐵𝑇
] (5.39) 

The inclusion of first and second hyperpolarizabilities were considered in the studies on 

poly(oxyethylene glycols)13 and dibromoalkanes.32 The authors estimated that the contribution 

from hyperpolarizability to 𝑚𝐾 was approximately 4% for the dibromoalkanes, but as high as 

20% for the poly(oxyethylene glycols). The generator matrices for the calculating the 〈𝛾〉 and 

〈𝜇𝛽〉 terms using rotational isomeric state theory were not been reported, however. In the 

dibromoalkanes study, another novel feature was the consideration of dipole-dipole interactions 

between the terminal bromines. This had a minor effect on the calculated 𝑚𝐾 as a function of 

chain length, but reduced an unphysical oscillatory behavior in calculated 𝑚𝐾 for alternating 

even and odd numbers of backbone carbons. 

After this flurry of activity, the Kerr effect as a polymer characterization tool all but 

disappeared from the polymer literature for more than two decades. Then, with the installation of 



   

183 

 

a state-of-the-art Kerr effect instrument in the Genzer Laboratory at NC State University in the 

mid 2000’s, the poly(styrene-co-p-bromostyrene) system was revisited in a series of more 

comprehensive studies.37–42  In a 2007 paper, Semler et al.37 reported the synthesis of PS-PBrS 

copolymers of varying ‘blockiness’ by post-polymerization modification in different solvent 

conditions, a physical manifestation of the design strategy for protein-like copolymers proposed 

in the Monte Carlo studies of Khokhlov and Khalatur.43,44 This was accomplished using a series 

of chloroalkanes of different chain lengths, ranging from C10 to C12, the longest chain length 

being the poorest solvent for PS. Semler et al. showed that the Kerr constant of PS-PBrS 

copolymers with fixed brominated monomer content decreases with blockiness. Additionally, 

𝑚𝐾 was sensitive to the brominated monomer fraction. Dewetting kinetics of thin films of 

varying blockiness from solid substrates in nitrogen atmosphere were also studied. It was 

concluded that blocky copolymers prepared in the C12 solvent dewet significantly slower than 

random copolymers prepared in the C10 solvent. This insight was possible because the Kerr effect 

could distinguish between the samples of varying blockiness, a feat which 13C NMR on its own 

could not achieve. Another study by Jhon et al.42 investigated the adsorption isotherms of PS-

PBrS copolymers of various blockiness distributions onto silica surfaces. At low enough 

temperatures (near or below the critical adsorption temperature), blockier copolymers adsorbed 

more than random copolymers. The experimental findings were corroborated by Monte Carlo 

simulation results using both a generic coarse-grained model and an all-atom force field. 

Additional insight from the simulations demonstrated that block polydispersity was also 

important in determining adsorption behavior. Copolymers with a higher dispersity of block 

lengths were found to have higher critical adsorption temperatures and thus stronger adsorption 

than alternating block copolymers with the same mean block length. Moreover, protein-like 
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copolymers were found to have higher adsorption than random-block copolymers for this same 

reason, a higher dispersity in block lengths. These findings parallel optimal AB copolymer blend 

compatibilizer sequences found by Meenakshisundaram et al. in an molecular dynamics study.45 

Hardrict et al.38 used the Kerr effect to distinguish between two triblock copolymers of 

PS and PBrS with the same overall amounts of PS and PBrS monomers but different block 

arrangements. More interestingly, it was found that in the synthesis of gradient PS-PBrS 

copolymers by reversible addition fragmentation chain-transfer (RAFT) polymerization, in 

which the local compositions of PS and PBrS monomers vary along of the chain, a parallel 

gradient in stereochemistry was discovered by comparing experimental mK and theoretical mK 

calculated for different stereochemistry patterns. In particular, the amount of racemic dyads 

correlated with local PBrS monomer content. Note that the RAFT polymerization is not a post-

polymerization modification, in which the stereochemistry of the parent PS polymer is fixed, but 

rather a synthesis from styrene and bromostyrene monomers. A follow-up study41 elucidated that 

this stereochemical gradient was unique to gradient RAFT polymerization, and no 

stereochemical bias was found for gradient PS-PBrS copolymers synthesized from an alternate 

approach, controlled atom-transfer free-radical polymerization (ATRP), which produced roughly 

equal amounts of meso and racemic dyads. Moreover, this gradient in stereochemistry was found 

to provide enhanced adsorption properties to silicon surfaces,40,41 attributed to the higher 

accessibility of adjacent PBrS monomers in a racemic dyad to the surface, compared to two PBrS 

in a meso dyad. Mixtures of PS-PBrS copolymers of two different overall chemical compositions 

were also studied, to determine whether the Kerr effect could identify the constituent 

components in a such a mixture, given mK of the mixture and that of a homogeneous system 

with the same average composition.39,40 Indeed, the Kerr constant of PS-PBrS copolymer 
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containing a 50:50 molar ratio of the styrene and bromostyrene monomers, was distinguishable 

from an equal mixture of 20:80 and 80:20 copolymers. This is another area where the Kerr effect 

has a clear advantage over short-range characterization techniques. 

In the case of the PS-co-PBrS heterogeneous mixtures, it was deemed39 that the chains of 

differing composition aligned independently in the electric field. A different polymer system 

which does form complexes in certain solvent conditions, 2:1 molar mixtures of syndiotactic-

poly(methyl methacrylate) (PMMA):isotactic-PMMA, was also studied.40,46 Such a mixture is 

known to form complexes in tetrahydrofuran (THF), but not in dioxane. The molar Kerr constant 

of a 2:1 mixture of s-PMMA:i-PMMA measured in dioxane was nearly the same as the weighted 

average of the mK’s of neat single-component solutions, while the mK of the 2:1 mixture 

measured in THF was clearly distinguishable from the weighted average of the individual 

solutions. This hints that the Kerr effect can also provide insight into polymer secondary 

structure and polymer-solvent interactions. Gurarslan et al.40,46 looked at one other example, 

precision linear vinyl acetate/ethylene (VAE) copolymers, which contained acetoxy functional 

groups placed precisely every eighth backbone carbon. Isotactic or atactic VAE polymers were 

synthesized, depending on whether racemic or single-enantiomeric acetoxycyclooctene reagent 

was used.40 The Kerr constants of the precision atactic and isotactic VAE polymers were 

different in sign with approximately the same magnitude, though precise and random atactic 

VAE copolymers could not be distinguished by their Kerr constants. 

Most recently, Li et al.5 measured the Kerr constants of nine different polyesters 

comprising various ratios of four types of diacid or diester monomer precursors. 13C NMR 

spectra on the nine polyester samples provided little insight into their comonomer sequence 

distributions, but the Kerr constants were distinct in all cases. Theoretical calculations for mK of 
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these systems have not yet been reported, but a plan was presented for undertaking such a 

challenging task. The polyester study also served to provide motivation for further development 

of the framework for theoretical Kerr constant calculations. Insight into copolyester 

microstructure, and the discovery of any biases towards certain sequence motifs in the syntheses, 

would be of great value for determining structure-property relationships and thereby potential 

improvements to commercial polyester products. 

 

5.5. Methods and Matlab code validation 

5.5.1. Overview of Matlab code 

An outline of the basic structure of our Matlab algorithm for generating theoretical mK 

generalizable to any copolymer system is shown in the flowchart in Fig. 5.3.  

 

Figure 5.3. Flowchart illustrating the information required by the RIS/matrix multiplication 

Matlab program, and algorithm for calculation of the theoretical molar Kerr constant. 
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5.5.2. Validation of literature <r2> values 

The second moment of the end to end vector 〈𝑟2〉, is one of the simplest quantities 

calculable using RIS theory and the matrix multiplication scheme. This can be used to the 

calculate a polymer chain’s characteristic ratio 〈𝑟2〉∞/𝑛𝑙, in which 𝑛 is the number of backbone 

bonds, each with length 𝑙. As such, it is the starting point for validation of our matrix 

multiplication code. Recall that the theoretical molar Kerr constant calculation uses the same 

transformation matrices (𝑇) as this much simpler calculation. 

 

5.5.2.1. Polyethylene 

Flory and Jernigan in 1965 presented values of the characteristic ratio of linear polyethylene (PE) 

as a function of the number of backbone bonds using a simple RIS model.47 These values are 

particularly useful for validating the treatment of chain ends, given the simplicity of the PE 

system. The results from Flory and Jernigan are compared with our calculations in Table 5.1. 

Small discrepancies are likely due to numerical error, given that the partition function for the 

higher molecular weights considered is so large that it cannot be represented in double precision 

computing. We used 32-digit precision in Matlab, whereas Flory and Jernigan used matrix 

normalization methods to make the calculation tractable.47 
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Table 5.1. Comparison between calculated characteristic ratios of polyethylene chains with 

varying amounts of backbone bonds. 

Number of backbone 

bonds 

〈𝒓𝟐〉/𝒏𝒍𝟐 

(Flory and Jernigan) 

〈𝒓𝟐〉/𝒏𝒍𝟐 

(our calculation) 

263 7.183 7.179 

519 7.261 7.257 

1031 7.300 7.296 

16391 7.338 7.334 

 

5.5.2.2. Poly(ethylene terephthalate) (PET) 

Using the RIS model of Williams and Flory48, we calculated the characteristic ratio of 

poly(ethylene terephthalate) (PET) as a function of the number of repeat units. The repeat unit is 

shown in Fig. 5.4, below. Several features of the PET RIS model are noteworthy. First, the rigid, 

planar, aromatic ring is represented as a single ‘virtual bond’ (labeled bond 2 in Fig. 5.4) 

connecting the two neighboring ester carbons. With this representation, it is more prudent to 

define the characteristic ratio in terms of molar mass of the chain, rather than the number of 

backbone bonds. Second, the sp2 hybridized ester carbons simplify the possible rotational states 

to two possibilities: cis or trans. When 2-state and 3-state backbone bonds (or virtual bonds) are 

adjacent, the statistic weight matrices (U) are rectangular. A comparison between the 

characteristic ratios of PET chains from our calculation and the original results of Williams and 

Flory are shown in Figure 5.5. Quantitative agreement is achieved for the characteristic ratio as a 

function of number of repeat units, including the limiting value for infinitely long chains, which 

we approximated as x=1000. 
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Figure 5.4. Repeat unit of PET, shown with parameters for the RIS model of Williams and 

Flory,48 reproduced from the entry in reference 22. The physical significance and values of the γ 

and σ RIS parameters are described therein. 

 

 
 

Figure 5.5. Comparison of our calculated characteristic ratio for PET (left) with the original 

results of Williams and Flory (right).48 

 

5.5.2.3. Generic 3-state vinyl substituted polymers 

Vinyl polymers are a critical test, as the appropriate transformation matrices are needed 

for each type of dyad. We validated our program against generic vinyl polymer RIS model 

calculations by Flory, Mark, and Abe in a 1966 paper.49 Parameters varied were the isotactic 

replication probability (𝜔𝑖𝑠𝑜), which is the probability that the next monomer generated in a 

sequence forms a meso dyad with the previous monomer; a statistical weight parameter 𝜔 which 

represents the second-order interactions (cf. Equation (5.20)) between carbons separated by 4 



   

190 

 

bonds; and the 𝛥𝜑 parameter, which represents the deviations of the trans and gauche torsion 

angles from 180 and 60 degrees, respectively.9 

 
Figure 5.6. Comparison of our calculated characteristic ratios (right) for various vinyl polymer 

models studied by Flory, Mark, and Abe9,49 with their original results (left). In each case, the 

vinyl polymers contain 100 repeat units. In our calculations, averages were taken over 10,000 

chains with independent stereosequences. 

 

We also successfully reproduced a curve for characteristic ratio for a similar vinyl polymer 

model presented by Tonelli9 as a function of 𝜔𝑖𝑠𝑜  and 𝛥𝜑, shown in Fig. 5.7. 
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Figure 5.7. Comparison of our calculated characteristic ratios (right) for various vinyl polymer 

models with the original results of Tonelli (left).9 In each case, chains contain 400 repeat units. 

In our calculations, averages were taken over 500 chains with independent stereosequences. The 

averages in the figure by Tonelli are taken over either 10 or 20 chains. 

 

 

5.5.2.4. Poly(vinyl chloride) 

Next, we move onto a real vinyl polymer system, poly(vinyl chloride). Repeating the 

calculations of Mark,50 we reproduced the original results for characteristic ratio as a function of 

isotactic replication probability (𝜔𝑖𝑠𝑜). 
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Figure 5.8. Comparison of our calculated characteristic ratios (right) for PVC against the results 

of Mark (left).50 In each case the PVC chains are 100 repeat units in length. We used 500 chains 

with independent stereosequences to generate the averages. The plot by Mark also depicts the 

results for a polypropylene model. The nomenclature used for isotactic replication probability by 

Mark (𝑝𝑟) is synonymous with the 𝜔𝑖𝑠𝑜  parameter. 

 

 

5.5.3. Validation of literature <μ2> values 

Polymer dipole moment ratios (<μ2> normalized by the number of backbone bonds), are 

calculated in a very similar manner to the second moment of the end-to-end vectors. For dipole 

moments of vinyl polymers, the direction of the dipole vector does not in general align with the 

backbone bond, as was the case for the bond vectors. Thus, the additional validation gained from 

reproducing <μ2> values as a function of stereoregularity is the correct representation of the 

directions of the bond dipole moments. 

 

5.5.3.1. Poly(vinyl chloride) 

We reproduced dipole moment ratios for several different poly(vinyl chloride) models in 

quantitative agreement with results reported by Mark50 and Khanarian et al,12 shown in figures 

5.9 and 5.10, respectively. 
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Figure 5.9. Comparison of our calculated dipole moment ratios (right) for PVC as a function of 

isotactic replication probability with the original results of Mark (left).50 As in Fig 5.8, chain 

lengths are 100 repeat units, and we averaged over 500 chains. 
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Figure 5.10. Comparison of our calculated dipole moment ratios for PVC (right) as a function of 

racemic replication probability against the results of Khanarian et al12 (left). Chain lengths are 

200 repeat units, and we averaged over 500 chains. Note that in the plot by Khanarian, dipole 

moment ratio is shown on the right y axis, while the Kerr constant of PVC (which we compare in 

section 5.5.4.2) is on the left y axis. Models A and B are represented by solid and dashed lines, 

respectively. In this case, the notation Pr is used to represent racemic replication probability (i.e., 

the probability of adding a monomer with opposite chirality to the previous). The units for the 

dipole moment ratio axes are equivalent in the two plots. The RIS parameter 휂 varied in the two 

different models is a first-order parameter representing the propensity of the backbone carbon 

atoms for the trans conformation,50 and 𝛥𝜑 is as described above. 

 

5.5.3.2. poly(styrene-co-p-bromostyrene) 

Khanarian et al. in a 1982 study reported the dipole moment ratio for poly(styrene-co-p-

bromostyrene) copolymers, the chemical structure of which is shown in Figure 5.11. The 

situation of vinyl copolymers is more complex, in that transformation matrices must be defined 

for every possible pair of dyad chemical sequences in addition to stereosequences, and matrix 
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multiplication must be carried out according to the comonomer sequence. In the case of 

poly(styrene-co-p-bromostyrene), however, RIS models are the same for the un-halogenated and 

halogenated monomers – only the dipole moment vectors differ. The independence of 

conformational characteristics on the styrene substituent is one of the reasons why poly(styrene-

co-p-bromostyrene) is such a useful model system for Kerr effect studies. Figure 5.11 compares 

the results of Khanarian with our calculations of dipole moment ratio for varying fractions of 

brominated PS monomers, with a fixed racemic replication probability of 0.55. 

 
Figure 5.11. Comparison of our calculated dipole moment ratios (right) for poly(styrene-co-p-

bromostyrene) as a function of the fraction of brominated monomers, with the results of 

Khanarian et al. (left). In each case, chains with 200 repeat units were generated such that they 

contained 55% racemic dyads. In the plot by Khanarian, dipole moments are in units of Debyes, 

black squares represent experiment dipole moment measurements for PS-co-PBrS, and white 

squares represent experimental results for the chlorinated analog, poly(styrene-co-p-

chlorostyrene). Our values were taken as the average over 5,000 independently generated chains. 
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5.5.4. Validation of literature molar Kerr constants 

5.5.4.1. poly(styrene-co-p-bromostyrene) 

The most comprehensive test for our theoretical Kerr constant Matlab program is the 

poly(styrene-co-p-bromostyrene) system. Values of the molar Kerr constant have been reported 

as a function of both overall chemical composition (brominated monomer fraction) and 

stereochemistry distribution in terms of the racemic dyad replication probability. In addition, the 

RIS model and bond dipole and polarizability values are supported by experimental results on 

the PS-co-PBrS system. The racemic dyad fraction of 0.55 deduced from comparison of 

experimental and theoretical 𝑚𝐾 was later confirmed by high-resolution 13C NMR 

measurements on ‘atactic’ polystyrene.51 Comparisons between the plot generated by Khanarian 

et al. for PS-co-PBrS copolymers and our results indicate excellent, quantitative agreement. 
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Figure 5.12 Calculated molar Kerr constants of poly(styrene-co-p-bromostyrene) copolymers of 

varying brominated monomer fraction and fraction of racemic dyads (pr), with degree of 

polymerization of 200 repeat units. Left: results from our Matlab code, with each point taken as 

the average of 5,000 independently generated chains. Right: the original results reported by 

Khanarian et al.33 Units of mK on the y axes are equivalent. Our calculations are in quantitative 

agreement with those of Khanarian, using the same polystyrene RIS model,52 bond dipole 

moments, and bond polarizability tensors. Black squares in the plot of Khanarian correspond to 

experimental Kerr constant measurements. 

 

The ratios of mK for various multiblock PS-co-PBrS copolymers, to the mK value for the 

corresponding random copolymer, have been reported by Semler et al.37 We successfully 

reproduced these theoretical molar Kerr constant ratios, within the uncertainty bounds reported 

by Semler (Table 5.2). Our calculations are taken as the average over 5,000 chains. 
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Table 5.2. Comparison between calculated theoretical molar Kerr constant ratios for various 

sequences of multiblock PS-co-PBrS copolymers. 

 

Monomer sequence 
𝒎𝑲/𝒎𝑲𝒓𝒂𝒏𝒅𝒐𝒎 

(Semler et al.)37 

𝒎𝑲/𝒎𝑲𝒓𝒂𝒏𝒅𝒐𝒎 

(our calculation) 

(PS2-b-PBrS3)60 0.773 ± 0.14 0.785 

(PS4-b-PBrS6)30 0.621 ± 0.14 0.608 

(PS10-b-PBrS15)12 0.363 ± 0.15 0.341 

(PS20-b-PBrS30)6 0.216 ± 0.15 0.307 

 

In addition, we calculated the theoretical mK of the polystyrene homopolymer for various 

racemic dyad fractions, as a function of molecular weight. Previous Kerr effect studies on PS 

solutions have reported conflicting or inconclusive results regarding the molecular weight 

dependence of mK and mK/x.25,53 Our calculations, based on the RIS model used in the study by 

Khanarian and all subsequent works on PS systems discussed above, indicate that mK/x of PS 

convergences rapidly with molecular weight, reaching a constant value at approximately 10 kDa. 

For PS chains with intermediate racemic dyad fractions, mK/x is nearly constant for all polymer 

molecular weights considered. Carefully conducted Kerr effect measurements on PS standards 

with well-defined molecular weights will be needed to validate these results. 
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Figure 5.13. Calculated molar Kerr constants of PS homopolymers of varying racemic dyad 

fractions as a function of molecular weight. For each molecular weight, averages are taken over 

5,000 chains with independent stereosequences. 

 

5.5.4.2. poly(vinyl chloride) 

As additional validation for the mK calculation on a different vinyl polymer system, we also 

calculated the theoretical mK for poly(vinyl chloride) polymers as a function of isotactic dyad 

replication probability, following the RIS model used by Khanarian et al.12 Comparisons 

between our calculations and those of Khanarian are shown in Fig. 5.14. Quantitative agreement 

is obtained for one RIS model, but not the other. 
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Figure 5.14. Comparison of our calculated theoretical mK for PVC (right) as a function of 

racemic replication probability against the results of Khanarian et al12 (left). Chain lengths are 

200 repeat units, and we averaged over 500 chains. Models A and B are represented by solid and 

dashed lines in the left plot, respectively. The units for the mK axes are equivalent in the two 

plots. The RIS parameters 휂 and 𝛥𝜑 are as in Fig 5.10. 

 

5.5. Conclusions and future directions 

In this chapter, we have presented a summary of the calculation of the theoretical molar 

Kerr constant for polymers using rotational isomeric state theory and matrix multiplication 

scheme of Flory, and described the basic procedure for obtaining polymer molar Kerr constants 

from an electric birefringence experiment. A brief historical overview of the last five decades of 

Kerr effect literature was given, with emphasis on polymer microstructural information which 

was obtained by judicious comparisons between experiment and theoretical molar Kerr 

constants. The development of a Matlab program for calculating the theoretical mK of polymers 

was presented and validated against several key literature calculations. 
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While a great deal of progress has been made in this area, several aspects of the 

theoretical calculation of mK should be reexamined, with mindfulness of the capabilities of 

modern quantum chemistry software. Before any studies using the Kerr effect on new polymers 

are undertaken, the assumption of bond polarizability additivity should be more thoroughly 

tested, and the polarizability model improved if necessary, such as by accounting for bond-bond 

or even higher-order corrections. Throughout the history of the Kerr effect as applied to polymer 

microstructure characterization, the bond polarizability values from the 1940’s studies of 

Denbigh15,16 have been used almost ubiquitously, even though their accuracy has been much 

debated.17,54 This validation will necessarily require careful Kerr effect measurements on a 

variety of well-defined oligomers and polymers. Potential test systems may include multiblock 

copolymers, sequence-defined peptoids (non-hydrogen-bonding analogs of peptides which lack 

secondary structure),55 and sequence-defined copolymers such as those synthesized by solid-state 

iterative methods.56 

The Matlab program developed here will be an important tool in performing this series of 

tests, as no software for calculation of 𝑚𝐾 from RIS models has been available in the past. As 

mentioned, it is now straightforward to accurately calculate the requisite statistical weight 

matrices from energies of different conformers in oligomeric systems using ab initio or 

electronic DFT calculations. One strategy for representing the bond dipole moments which has 

been successfully applied in many all-atom force fields is by assigning point charges to each 

atom, which are fit to reproduce the electrostatic potential energy surface obtained from quantum 

calculations.57,58 Once a dipole model is defined, polarizabilities can be calculated by applying 

an external electric field to the simulation cell, though monomer polarizability tensors should 

also be converged with respect to chain length, necessitating system sizes approaching the limits 
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of computational feasibility. In addition, even with a high level of theory and large basis sets 

including polarization functions, an uncertainty in molecular polarizability on the order of 10% 

can be expected. Existing polarizable force fields could also be leveraged to generate estimates 

for the bond polarizability tensors.59,60 Advances in ab initio polarizability calculations will 

likely eventually lead to accurate prediction of 𝑚𝐾. Construction of a database of rotational 

isomeric state models in a standardized format (Rehahn, Mattice, and Suter22 have already done 

the brunt of the work needed to construct this), along with bond dipole moments, and bond 

polarizability tensors, would be highly impactful for making the Kerr effect a more accessible 

technique for copolymer microstructural characterization. 

On the experimental side, development of a robust, standard operating procedure for 

performing Kerr effect experiments is also needed. Throughout the literature there are reports 

that the Kerr constant changes dramatically with time, converging to a steady value after 

approximately one hour.12,33 Khanarian et al. concluded that these effects were not due to heating 

of the solution.12,33 The time-dependence of the measured Kerr constant warrants further 

investigation, and the underlying cause of this phenomenon needs to be uncovered. Another 

possible factor contributing to disagreement amongst experimental mK results is the uniqueness 

of each of the few Kerr effect instruments in existence. 

The effects of temperature on 𝑚𝐾 have been reported mostly for small molecules.61 An 

understanding of how 𝑚𝐾 changes with temperature could be useful for studies of polymer 

conformational changes with temperature. On the theoretical side, temperature explicitly appears 

in the Boltzmann factors in the statistical weight matrices, though capturing the temperature 

dependence of the bond dipole moments and polarizability would be highly nontrivial. 
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In a similar vein, the Kerr effect could be utilized to probe secondary structure and 

polymer-solvent interactions, if appropriate RIS models accounting for these effects are 

developed. Much work has already been done in developing RIS models for complex 

biopolymers,22 and several studies have reported theoretical mK calculations for peptides.62,63 

A Holy Grail in polymer science is the characterization of the complete chemical 

sequence and stereosequence of individual polymer chains, at the level to which DNA and 

polypeptides can be characterized. Though single-molecule sequence characterization via the 

Kerr effect alone remains a rather lofty goal, the combination of experimental Kerr effect data 

interpreted using the theory outlined here, with high-resolution 13C NMR spectra, elemental 

analysis, and tandem mass spectrometry (MS/MS) fragmentation patterns, is a promising means 

for identifying both stereosequences and comonomer sequences. Advances in machine-learning 

and optimization techniques will also help to determine the most probable sequences which 

match the theoretical and experimental Kerr constants. 
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CHAPTER 6 

Conclusions and outlook 

 

6.1. Modeling polymers with fused-sphere SAFT-γ Mie coarse-grained models 

In this work, we presented a hybrid top-down/bottom-up coarse-graining approach for 

developing accurate, transferable polymer molecular models. Our method imparts structural 

accuracy into molecular force fields generated using the SAFT-γ Mie equation of state by using a 

shape factor parameter which is effectively fit to both all-atom bonded distributions and polymer 

density. We first tested this approach on linear homopolymers poly(ethylene) (PE) and 

poly(vinyl alcohol) (PVA), and then applied it to a more complex system of interest, poly(vinyl 

alcohol-co-vinyl butyral). Results from coarse-grained molecular dynamics (MD) simulations 

testing the PE and PVA models indicate that both thermodynamic properties (density, heat 

capacity, solubility parameter), and structural properties (radius of gyration, end-to-end distance) 

are accurately represented. Moreover, the state-point transferability of the fused-sphere SAFT-γ 

Mie EoS was not significantly compromised by including bond and angle potentials fit using 

iterative Boltzmann inversion at a single temperature. An added benefit of preserving structural 

consistency with all-atom polymer chains is that atomistic detail, including stereochemistry, can 

be reinserted into equilibrated fused-sphere SAFT-γ Mie systems using a geometric reverse-

mapping scheme. 

The PVB copolymer SAFT-γ Mie study (chapter 3), while ultimately successful for our 

intended application of studying the PVB-silica interface, highlights limitations of the approach 

and where future improvements can be made. The most pressing issue encountered was the 

inability of the model to represent all PVB copolymer densities (ranging from PVB 
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homopolymer, to PVA homopolymer, and encompassing all possible comonomer sequences), 

using the standard SAFT-γ Mie mixing rules1 and a single set of shape factors. The underlying 

cause of this is the incorporation of hydrogen-bonding interactions into the Mie nonbonded 

potential of the vinyl alcohol monomers, rather than using the square-well association site 

scheme used for directional interactions in the SAFT formalism. When Mie nonbonded 

parameters of vinyl alcohol (VA) and vinyl butyral (VB) beads were fit to reproduce their 

corresponding homopolymer densities, a severe overestimation of interactions between VA and 

VB beads resulted from the standard mixing rules. Fitting the VA-VB cross interactions to 

reproduce copolymer density, with the VA parameters fixed at those which accurately reproduce 

PVA density, proved to be a more effective strategy for our purposes, given the unimportance of 

PVB homopolymer in the laminated safety glass application. Mapping the square-well 

association scheme to a continuous potential suitable for use in continuous MD simulations 

would be of great interest, and indeed, this is an active topic of research in the SAFT community. 

Further assessment as to the transferability of shape factor parameters is also needed. A 

starting point to a more thorough evaluation might be to study non-associating (i.e., without 

hydrogen-bonding functional groups) homopolymer blends. Given that the representation of 

target vapor-liquid equilibria data is nearly invariant of the value of shape factor used when 

parameterizing the fused-sphere SAFT-γ Mie EoS, one would expect the behavior of non-

associating blends to be captured quite well with our approach. For copolymer systems, a deeper 

understanding of the relations between simulation bond length, Mie parameters, and shape 

factor, could be gained by studying a variety of non-associating model copolymers. 
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6.2. Interfacial behavior of PVB copolymers with complex sequences 

In chapter 4, the fused-sphere SAFT-γ Mie PVB copolymer model was used to study 

interfacial behavior with amorphous silica. Interactions between PVB and a realistic amorphous 

silica model were mapped from an all-atom force field. A complex dependence of PVB 

blockiness (i.e., the distribution in lengths of runs of monomers of the same type) on adhesion 

energy and loop/train/tail statistics was discovered. Studies on the effects of molecular weight 

and finite size of the simulation cell would provide further insight. 

Future work for the PVB-silica interfacial system will involve testing the reverse-

mapping procedure used on the PVB bulk copolymers in chapter 3. The trends in adhesion 

energy and loop/train/tail statistics can then be compared between the all-atom model and the 

coarse-grained model, at the same time providing validation for our force-mapping procedure. 

Moreover, effects of stereochemistry, and orientation of the all-atom vinyl alcohol and vinyl 

butyral monomers at the interface could be measured. For other complex copolymer systems in 

general, fused-sphere SAFT-γ Mie could be used as a surrogate model for rapid equilibration, 

and then reverse-mapped to the all-atom level. 

To truly optimize the fracture toughness of PVB/glass composite materials, several 

additional steps need to be taken. Methods for controlling (and characterizing) the sequence 

distribution of VB copolymers are of course needed to physically realize the random-blocky 

sequences studied in this work. A simulation study investigating the effect of copolymer 

blockiness on mechanical properties, such as modulus computed from non-equilibrium 

molecular dynamics simulations, would also help to guide experimentalists in improving PVB 

performance.  
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6.3. Future work for the Kerr effect 

In chapter 5, we provided an overview for the calculation of the theoretical molar Kerr 

constant of polymers, using rotational isomeric state theory2,3 and the matrix multiplication 

methods of Flory4 to perform configurational averaging. This incorporates rotational potentials 

for backbone bonds, interactions between vinyl substituents, etc., bond dipole moments, and 

bond polarizabilities. We developed a Matlab program for calculation of theoretical molar Kerr 

constants, and quantitatively reproduced values from the literature for copolymers of various 

chemical composition and stereoregularity. 

Future work with involve packaging the Matlab program into a graphical user interface 

(GUI), such that it can be used by researchers conducting the Kerr effect experiments without in-

depth knowledge of the matrix multiplication scheme for generating conformational averages. 

Ideally, the program would be able to load in a rotational isomeric state (RIS) model from a 

standardized database. Once quantum chemistry progresses to a point where accurate theoretical 

molar Kerr constants of oligomers can be computed from first principles, this could be coupled 

with the matrix multiplication code. A sophisticated optimization suite will be also needed if the 

Kerr effect is to be used to identify complete sequences. 

For the electro-optic Kerr effect to become a robust and widely accepted tool for 

copolymer microstructural characterization, collaboration between computational chemists, 

developing the means for accurate ab initio prediction of the molar Kerr constant, and 

experimentalists, synthesizing sequence-defined copolymers and performing Kerr effect 

measurements on them, will be essential. Only by testing the Kerr effect characterization 

procedure on sequence-defined copolymers, can its true potential (and limitations) be elucidated. 
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Appendix A 

Supporting information for chapter 2 

This appendix includes complete tables of OPLS-AA and COMPASS all-atom force field 

parameters used for PE and PVA; temperature dependence of the effective bond and angle 

potentials for the PE and PVA SAFT-γ Mie models; detailed results for optimization of the 

SAFT-γ Mie EoS with different fixed shape factors; and fitting coefficients for the Mie 

parameter empirical correlations with shape factor. 

 

A.1. Force field parameters for OPLS-AA and COMPASS simulations 

Total energy of the OPLS force field is given by the following:1 

𝑈𝑂𝑃𝐿𝑆 = {∑∑ 4휀𝑖𝑗 [(
𝜎𝑖𝑗

𝑟
)
12

− (
𝜎𝑖𝑗

𝑟
)

6

]

𝑗𝑖

 + ∑∑
𝑞𝑖𝑞𝑗

𝜖𝑟
𝑗𝑖

+ ∑ 𝐾𝑏(𝑟 − 𝑟𝑜)
2

𝑏𝑜𝑛𝑑𝑠

+ ∑ 𝐾𝜃(휃 − 휃𝑜)
2

𝑎𝑛𝑔𝑙𝑒𝑠

+ ∑ ∑
𝐾𝜑,𝑖

2
[1 + 𝑐𝑜𝑠(𝜑 + 𝑓𝑖)]

𝑖=1,4𝑑𝑖ℎ𝑒𝑑𝑟𝑎𝑙𝑠

} 

 

Total energy of the COMPASS force field is given by the following:2,3 

𝑈𝐶𝑂𝑀𝑃𝐴𝑆𝑆 = {𝑈𝑛𝑜𝑛𝑏𝑜𝑛𝑑 + 𝑈𝑏𝑜𝑛𝑑 + 𝑈𝑎𝑛𝑔𝑙𝑒 + 𝑈𝑡𝑜𝑟𝑠𝑖𝑜𝑛 + 𝑈𝑖𝑚𝑝𝑟𝑜𝑝𝑒𝑟 + 𝑈𝑏𝑜𝑛𝑑−𝑏𝑜𝑛𝑑

+ 𝑈𝑏𝑜𝑛𝑑−𝑏𝑜𝑛𝑑13 + 𝑈𝑏𝑜𝑛𝑑−𝑎𝑛𝑔𝑙𝑒 + 𝑈𝑏𝑜𝑛𝑑−𝑡𝑜𝑟𝑠𝑖𝑜𝑛 + 𝑈𝑎𝑛𝑔𝑙𝑒−𝑎𝑛𝑔𝑙𝑒

+ 𝑈𝑎𝑛𝑔𝑙𝑒−𝑡𝑜𝑟𝑠𝑖𝑜𝑛 + 𝑈𝑎𝑛𝑔𝑙𝑒−𝑎𝑛𝑔𝑙𝑒−𝑡𝑜𝑟𝑠𝑖𝑜𝑛} 

𝑈𝑛𝑜𝑛𝑏𝑜𝑛𝑑 = ∑∑ 휀𝑖𝑗 [2 (
𝜎𝑖𝑗

𝑟
)

9

− 3(
𝜎𝑖𝑗

𝑟
)

6

]

𝑗𝑖

 + ∑∑
𝑞𝑖𝑞𝑗

𝜖𝑟
𝑗𝑖

 

𝑈𝑏𝑜𝑛𝑑 = ∑ 𝐾𝑏,2(𝑏 − 𝑏𝑜)
2 + 𝐾𝑏,3(𝑏 − 𝑏𝑜)

3 + 𝐾𝑏,4(𝑏 − 𝑏𝑜)
4

𝑏𝑜𝑛𝑑𝑠
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𝑈𝑎𝑛𝑔𝑙𝑒 = ∑ 𝐾𝜃,2(휃 − 휃𝑜)
2 + 𝐾𝜃,3(휃 − 휃𝑜)

3 + 𝐾𝜃,4(휃 − 휃𝑜)
4

𝑎𝑛𝑔𝑙𝑒𝑠

 

𝑈𝑡𝑜𝑟𝑠𝑖𝑜𝑛 = ∑ {𝐾𝜑,1[1 − 𝑐𝑜𝑠(𝜑)] + 𝐾𝜑,2[1 − 𝑐𝑜𝑠(2𝜑)] + 𝐾𝜑,3[1 − 𝑐𝑜𝑠(3𝜑)]}

𝑑𝑖ℎ𝑒𝑑𝑟𝑎𝑙𝑠

 

𝑈𝑖𝑚𝑝𝑟𝑜𝑝𝑒𝑟 = ∑ 𝐾𝜒(𝜒 − 𝜒𝑜)
2

𝑖𝑚𝑝𝑟𝑜𝑝𝑒𝑟𝑠

 

𝑈𝑏𝑜𝑛𝑑−𝑏𝑜𝑛𝑑 = ∑ 𝐾𝑏𝑏′(𝑏 − 𝑏𝑜)(𝑏
′ − 𝑏𝑜

′ )

𝑎𝑛𝑔𝑙𝑒𝑠

 

𝑈𝑏𝑜𝑛𝑑−𝑏𝑜𝑛𝑑13 = ∑ 𝐾𝑏𝑏′′(𝑏 − 𝑏𝑜)(𝑏
′′ − 𝑏𝑜

′′)

𝑑𝑖ℎ𝑒𝑑𝑟𝑎𝑙𝑠

 

𝑈𝑏𝑜𝑛𝑑−𝑎𝑛𝑔𝑙𝑒 = ∑ {𝐾𝑏𝜃(𝑏 − 𝑏𝑜)(휃 − 휃𝑜) + 𝐾𝑏′𝜃(𝑏′ − 𝑏𝑜
′ )(휃 − 휃𝑜)}

𝑎𝑛𝑔𝑙𝑒𝑠

 

𝑈𝑏𝑜𝑛𝑑−𝑡𝑜𝑟𝑠𝑖𝑜𝑛 = ∑ {(𝑏 − 𝑏𝑜)(𝐾𝑏𝜑,1 cos(𝜑) + 𝐾𝑏𝜑,2 cos(2𝜑) + 𝐾𝑏𝜑,3 cos(3𝜑))

𝑑𝑖ℎ𝑒𝑑𝑟𝑎𝑙𝑠

+ (𝑏′ − 𝑏𝑜
′ )(𝐾𝑏′𝜑,1 cos(𝜑) + 𝐾𝑏′𝜑,2 cos(2𝜑) + 𝐾𝑏′𝜑,3 cos(3𝜑))

+ (𝑏′′ − 𝑏𝑜
′′)(𝐾𝑏′′𝜑,1 cos(𝜑) + 𝐾𝑏′′𝜑,2 cos(2𝜑) + 𝐾𝑏′′𝜑,3 cos(3𝜑))} 

𝑈𝑎𝑛𝑔𝑙𝑒−𝑎𝑛𝑔𝑙𝑒 = ∑ 𝐾𝜃𝜃′(휃 − 휃𝑜)(휃′ − 휃𝑜
′ )

𝑖𝑚𝑝𝑟𝑜𝑝𝑒𝑟𝑠

 

𝑈𝑎𝑛𝑔𝑙𝑒−𝑡𝑜𝑟𝑠𝑖𝑜𝑛 = ∑ {(휃 − 휃𝑜)(𝐾𝜃𝜑,1 cos(𝜑) + 𝐾𝜃𝜑,2 cos(2𝜑) + 𝐾𝜃𝜑,3 cos(3𝜑))

𝑑𝑖ℎ𝑒𝑑𝑟𝑎𝑙𝑠

+ (휃′ − 휃𝑜
′ )(𝐾𝜃′𝜑,1 cos(𝜑) + 𝐾𝜃′𝜑,2 cos(2𝜑) + 𝐾𝜃′𝜑,3 cos(3𝜑))} 

𝑈𝑎𝑛𝑔𝑙𝑒−𝑎𝑛𝑔𝑙𝑒−𝑡𝑜𝑟𝑠𝑖𝑜𝑛 = ∑ 𝐾𝜃𝜃′𝜑(휃 − 휃𝑜)(휃′ − 휃𝑜
′ ) 𝑐𝑜𝑠(𝜑)

𝑑𝑖ℎ𝑒𝑑𝑟𝑎𝑙𝑠

 

 

OPLS force field parameters are taken from parameter files distributed with the TINKER4 

molecular dynamics package developed by the Jay Ponder Lab. These are updated parameters 
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from the 2008 version of OPLS developed by Jorgensen et al. COMPASS force field parameters 

are taken from literature.2,3,5 Force field parameters for the PE and PVA models are listed in 

Tables S1.1.1-S1.4.13. 

 

A.1.1. Poly(ethylene) OPLS parameters 

 
 

Table A1.1.1. Atom types and non-bonded parameters for OPLS PE.   

Atom Type q  

(e) 

LJ12-6 σ  

(Å) 

LJ 12-6 ε  

(kcal/mol) 

Alkane –CH3 -0.18 3.50 0.066 

Alkane –CH2 -0.12 3.50 0.066 

Alkane H-C 0.06 2.50 0.030 

 

Table A.1.1.2. Bond parameters for OPLS PE. 

Bond Type Kb  

(kcal/mol/Å2) 

bo  

(Å) 

C-C  268.00 1.529 

C-H 340.00 1.090 

 

Table A.1.1.3. Angle parameters for OPLS PE. 

Angle Type Kθ  

(kcal/mol/rad2) 

θo  

(deg) 

C-C-C 58.35 112.70 

C-C-H 37.50 110.70 

H-C-H 33.00 107.80 

 

Table A.1.1.4. Torsion parameters for OPLS PE. 

Dihedral Type K1  

(kcal/mol) 

K2  

(kcal/mol) 

K3  

(kcal/mol) 

K4  

(kcal/mol) 

C-C-C-C 1.300 -0.050 0.200 0.000 

C-C-C-H 0.000 0.000 0.300 0.000 

H-C-C-H 0.000 0.000 0.300 0.000 
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A.1.2. Poly(vinyl alcohol) OPLS parameters 

 
 

Table A.1.2.1. Atom types and non-bonded parameters for OPLS PVA.   

Atom Type q  

(e) 

LJ12-6 σ  

(Å) 

LJ 12-6 ε  

(kcal/mol) 

Alkane –CH3  -0.180 3.50 0.066 

Alkane –CH2 -0.120 3.50 0.066 

Alkane H-C +0.060 2.50 0.030 

Alcohol -OH -0.683 3.12 0.170 

Alcohol -OH +0.418 0.00 0.000 

Alcohol RCH2OH +0.145 3.50 0.066 

Alcohol R2CHOH +0.205 3.50 0.066 

 

Table A.1.2.2. Bond parameters for OPLS PVA. 

Bond Type Kb  

(kcal/mol/Å2) 

bo  

(Å) 

C-C  268.00 1.529 

C-H 340.00 1.090 

C-O 320.00 1.410 

H-O 553.00 0.945 

 

Table A.1.2.3. Angle parameters for OPLS PVA. 

Angle Type Kθ  

(kcal/mol/rad2) 

θo  

(deg) 

C-C-C 58.35 112.70 

C-C-H 37.50 110.70 

C-C-O 50.00 109.50 

H-C-H 33.00 107.80 

H-C-O 35.00 109.50 

C-O-H 55.00 108.50 
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Table A.1.2.4. Torsion parameters for OPLS PVA. 

Dihedral Type K1  

(kcal/mol) 

K2  

(kcal/mol) 

K3  

(kcal/mol) 

K4  

(kcal/mol) 

C-C-C-C 1.300 -0.050 0.200 0.000 

C-C-C-H 0.000 0.000 0.300 0.000 

C-C-C-O -1.552 0.000 0.000 0.000 

H-C-C-H 0.000 0.000 0.300 0.000 

H-C-C-O 0.000 0.000 0.468 0.000 

C-C-O-H -0.356 -0.174 0.492 0.000 

H-C-O-H 0.000 0.000 0.352 0.000 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



   

220 

 

A.1.3. Poly(ethylene) COMPASS parameters 

 
 

Table A.1.3.1. Atom types and non-bonded parameters for COMPASS PE. 

Atom Type LJ9-6 σ  

(Å) 

LJ 9-6 ε  

(kcal/mol) 

Reference 

Generic sp3 carbon c4 3.854 0.062 Sun 1998 

Nonpolar hydrogen h1 2.878 0.023 Sun 1998 

 

Table A.1.3.2. Atom type equivalences for COMPASS PE. 

Atom Type Bond  

Equivalence 

Angle  

Equivalence 

Torsion 

Equivalence 

Improper 

Equivalence 

Reference 

Generic sp3 carbon c4 c4 c4 c4 c4 Sun 1998 

Nonpolar hydrogen h1 h1 h1 h1 h1 Sun 1998 

 

Table A.1.3.3. Bond increment parameters for COMPASS PE. 

Bond Type (i-j) δij  

(e) 

δji  

(e) 

Reference 

c4-c4 0.000 0.000 Sun 1998 

c4-h1 -0.053 +0.053 Sun 1998 

 

  



   

221 

 

Table A.1.3.4. Quartic bond parameters for COMPASS PE. 

Bond Type Kb2  

(kcal/mol/Å2) 

Kb3  

(kcal/mol/Å3) 

Kb4  

(kcal/mol/Å4) 

bo  

(Å) 

Reference 

c4-c4 299.67 -501.77 679.81 1.530 Sun 1998 

c4-h1 345.00 -693.89 844.60 1.101 Sun 1998 

 

Table A.1.3.5. Quartic angle parameters for COMPASS PE. 

Angle Type Kθ2 

(kcal/mol/rad2) 

Kθ3  

(kcal/mol/rad3) 

Kθ4  

(kcal/mol/rad4) 

θo  

(deg) 

Reference 

c4-c4-c4 39.5160 -7.44300 -9.5583 112.67 Sun 1998 

c4-c4-h1 41.4530 -10.6040 5.1290 110.77 Sun 1998 

h1-c4-h1 39.6410 -12.9210 -2.4318 107.66 Sun 1998 

 

Table A.1.3.6. Bond-bond parameters for COMPASS PEa. 

Angle Type (i-j-k) Kbb’  

(kcal/mol/Å2) 

bo, i-j  

(Å) 

bo, j-k  

(Å) 

Reference 

c4-c4-c4 0.0000 1.530 1.530 Sun 1998 

c4-c4-h1 3.3872 1.530 1.101 Sun 1998 

h1-c4-h1 5.3316 1.101 1.101 Sun 1998 
a Bond-bond 1-3 potential is null for the PE model 

 

Table A.1.3.7. Bond-angle parameters for COMPASS PE. 

Angle Type  

(i-j-k) 

Kbθ,ij  

(kcal/mol/Å/rad) 

Kbθ,jk  

(kcal/mol/Å/rad) 

bo, i-j  

(Å) 

bo, j-k  

(Å) 

Reference 

c4-c4-c4 8.016 8.016 1.530 1.530 Sun 1998 

c4-c4-h1 20.754 11.4210 1.530 1.101 Sun 1998 

h1-c4-h1 18.103 18.103 1.101 1.101 Sun 1998 
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Table A.1.3.8. Torsion parameters for COMPASS PE. 

Dihedral 

Type 

Kφ1 

(kcal/mol) 

φ1  

(deg) 

Kφ2  

(kcal/mol) 

φ2  

(deg) 

Kφ3  

(kcal/mol) 

φ3  

(deg) 

Reference 

c4-c4-c4-c4 0.0000 0 0.0514 0 -0.1430 0 Sun 1998 

c4-c4-c4-h1 0.0000 0 0.0316 0 -0.1681 0 Sun 1998 

h1-c4-c4-h1 -0.1432 0 0.0617 0 -0.1530 0 Sun 1998 

 

Table A.1.3.9. Middle-bond-torsion parameters for COMPASS PE. 

Dihedral Type 

(i-j-k-l) 

Kmbt,1  

(kcal/mol/Å) 

Kmbt,2  

(kcal/mol/Å) 

Kmbt,3  

(kcal/mol/Å) 

bo, j-k  

(Å) 

Reference 

c4-c4-c4-c4 -17.7870 -7.1877 0.0000 1.530 Sun 1998 

c4-c4-c4-h1 -14.8790 -3.6581 -0.3138 1.530 Sun 1998 

h1-c4-c4-h1 -14.2610 -0.5322 -0.4864 1.530 Sun 1998 

 

Table A.1.3.10. End-bond-torsion parameters for COMPASS PE. 

Dihedral 

Type  

(i-j-k-l) 

Kebt,1 

(kcal/mol/

Å) 

Kebt,2 

(kcal/mol/

Å) 

Kebt,3 

(kcal/mol/

Å) 

Kebt,4 

(kcal/mol/

Å) 

Kebt,5 

(kcal/mol/

Å) 

Kebt,6 

(kcal/mol/

Å) 

bo, i-j  

(Å) 

bo, k-l  

(Å) 

Reference 

c4-c4-c4-c4 -0.0732 0.0000 0.0000 -0.0732 0.0000 0.0000 1.530 1.530 Sun 1998 

c4-c4-c4-h1 0.2486 0.2422 -0.0925 0.0814 0.0591 0.2219 1.530 1.101 Sun 1998 

h1-c4-c4-h1 0.2130 0.3120 0.0777 0.2130 0.3120 0.0777 1.101 1.101 Sun 1998 
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Table A.1.3.11. Angle-torsion parameters for COMPASS PE. 

Dihedral 

Type  

(i-j-k-l) 

Kθφ,1 

(kcal/mol/

rad) 

Kθφ,2 

(kcal/mol/

rad) 

Kθφ,3 

(kcal/mol/

rad) 

Kθφ,4 

(kcal/mol/

rad) 

Kθφ,5 

(kcal/mol/

rad) 

Kθφ,6 

(kcal/mol/

rad) 

θo,i-j-k 

(deg) 

θo,j-k-l 

(deg) 

Reference 

c4-c4-c4-c4 0.3886 -0.3139 0.1389 0.3886 -0.3139 0.1389 112.67 112.67 Sun 1998 

c4-c4-c4-h1 -0.2454 0.0000 -0.1136 0.3113 0.4516 -0.1988 112.67 110.77 Sun 1998 

h1-c4-c4-h1 -0.8085 0.5569 -0.2466 -0.8085 0.5569 -0.2466 110.77 110.77 Sun 1998 

 

Table A.1.3.12. Angle-angle-torsion parameters for COMPASS PE. 

Dihedral Type (i-j-k-l) Kθθ’φ  

(kcal/mol/rad2) 

θo,i-j-k  

(deg) 

θo,j-k-l  

(deg) 

Reference 

c4-c4-c4-c4 -22.0450 112.67 112.67 Sun 1998 

c4-c4-c4-h1 -16.1640 112.67 110.77 Sun 1998 

h1-c4-c4-h1 -12.5640 110.77 110.77 Sun 1998 

 

Table A.1.3.13. Angle-angle parameters for COMPASS PEa. 

Improper 

Type (i-j-k-

l) 

Kθθ’,1 

(kcal/mol/rad2) 

Kθθ’,2 

(kcal/mol/rad2) 

Kθθ’,3 

(kcal/mol/rad2) 

θo,i-j-k  

(deg) 

θo,i-j-l  

(deg) 

θo,k-j-l  

(deg) 

Reference 

c4-c4-c4-h1 -1.3199 0.1184 -1.3199 112.67 110.77 110.77 Sun 1998 

h1-c4-c4-h1 -0.4825 0.2738 0.2738 110.77 107.66 110.77 Sun 1998 

h1-c4-h1-h1 -0.3157 -0.3157 -0.3157 107.66 107.66 107.66 Sun 1998 

a Improper potential is null. However, the impropers must be defined since the angle-angle potentials act amongst the three angles that 

make up each improper dihedral. The center atom in the impropers is atom j, and the angle-angle potential acts among (i-j-k), (i-j-l), 

and (k-j-l) angles. 
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A.1.4. Poly(vinyl alcohol) COMPASS parameters 

 
 

Table A.1.4.1. Atom types and non-bonded parameters for COMPASS PVA. 

Atom Type LJ9-6 σ  

(Å) 

LJ 9-6 ε  

(kcal/mol) 

Reference 

Generic sp3 carbon c4 3.854 0.062 Sun 1998 

Sec. alcohols sp3 carbon c43o 3.670 0.0498 Rigby 2004 

Alcohol and ether alpha carbon c4o 3.815 0.068 Rigby 1997 

Nonpolar hydrogen h1 2.878 0.023 Sun 1998 

Hydrogen bonded to O,F h1o 1.087 0.008 Rigby 1997 

Hydroxyl oxygen o2h 3.580 0.096 Rigby 1997 

 

Table A.1.4.2. Atom type equivalences for COMPASS PVA. 

Atom Type Bond  

Equivalence 

Angle  

Equivalence 

Torsion 

Equivalence 

Improper  

Equivalence 

Reference 

Generic sp3 carbon c4 c4 c4 c4 c4 Sun 1998 

Sec. alcohols sp3 carbon c43o c4 c4 c4 c4 Rigby 2004 

Alcohol and ether alpha carbon c4o c4 c4 c4 c4 Rigby 1997 

Nonpolar hydrogen h1 h1 h1 h1 h1 Sun 1998 

Hydrogen bonded to O,F h1o h1 h1 h1 h1 Rigby 1997 

Hydroxyl oxygen o2h o2h o2 o2 o2 Rigby 1997 
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Table A.1.4.3. Bond increment parameters for COMPASS PVA. 

Bond Type (i-j) δij  

(e) 

δji  

(e) 

Reference 

c4-c4 0.000 0.000 Sun 1998 

c4-h1 -0.053 +0.053 Sun 1998 

c4-o2h +0.160 -0.160 Rigby 1997 

h1-o2h +0.420 -0.420 Rigby 1997 

 

Table A.1.4.4. Quartic bond parameters for COMPASS PVA. 

Bond Type Kb2  

(kcal/mol/Å2) 

Kb3  

(kcal/mol/Å3) 

Kb4  

(kcal/mol/Å4) 

bo  

(Å) 

Reference 

c4-c4 299.67 -501.77 679.81 1.530 Sun 1998 

c4-h1 345.00 -693.89 844.60 1.101 Sun 1998 

c4-o2h 400.3954 -835.1951 1313.0142 1.420 Rigby 1997 

h1-o2h 540.3633 -1311.8663 2132.4446 0.9494 Rigby 1997 

 

Table A.1.4.5. Quartic angle parameters for COMPASS PVA. 

Angle Type Kθ2  

(kcal/mol/rad2) 

Kθ3  

(kcal/mol/rad3) 

Kθ4  

(kcal/mol/rad4) 

θo  

(deg) 

Reference 

c4-c4-c4 39.5160 -7.44300 -9.5583 112.67 Sun 1998 

c4-c4-h1 41.4530 -10.6040 5.1290 110.77 Sun 1998 

c4-c4-o2 54.5381 -8.3642 -13.0838 111.2700 Rigby 1997 

h1-c4-h1 39.6410 -12.9210 -2.4318 107.66 Sun 1998 

h1-c4-o2 58.5446 -10.8088 -12.4006 108.7280 Rigby 1997 

c4-o2-h1 52.7061 -12.1090 -9.8681 105.8000 Rigby 1997 
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Table A.1.4.6. Bond-bond parameters for COMPASS PVAa. 

Angle Type  

(i-j-k) 

Kbb’  

(kcal/mol/Å2) 

bo, i-j  

(Å) 

bo, j-k  

(Å) 

Reference 

c4-c4-c4 0.0000 1.530 1.530 Sun 1998 

c4-c4-h1 3.3872 1.530 1.101 Sun 1998 

c4-c4-o2 11.4318 1.530 1.420 Rigby 1997 

h1-c4-h1 5.3316 1.101 1.101 Sun 1998 

h1-c4-o2 23.1979 1.101 1.420 Rigby 1997 

c4-o2-h1 -9.6879 1.420 0.9494 Rigby 1997 
a Bond-bond 1-3 potential is null for the PVA model 

Table A.1.4.7. Bond-angle parameters for COMPASS PVA. 

Angle Type  

(i-j-k) 

Kbθ,ij  

(kcal/mol/Å/rad) 

Kbθ,jk  

(kcal/mol/Å/rad) 

bo, i-j  

(Å) 

bo, j-k  

(Å) 

Reference 

c4-c4-c4 8.016 8.016 1.530 1.530 Sun 1998 

c4-c4-h1 20.754 11.4210 1.530 1.101 Sun 1998 

c4-c4-o2 2.6868 20.4033 1.530 1.420 Rigby 1997 

h1-c4-h1 18.103 18.103 1.101 1.101 Sun 1998 

h1-c4-o2 4.6189 55.3270 1.101 1.420 Rigby 1997 

c4-o2-h1 28.5800 18.9277 1.420 0.9494 Rigby 1997 

 

Table A.1.4.8. Torsion parameters for COMPASS PVA. 

Dihedral Type 

(i-j-k-l) 

Kφ1 

(kcal/mol) 

φ1 

(deg) 

Kφ2 

(kcal/mol) 

φ2 

(deg) 

Kφ3 

(kcal/mol) 

φ3  

(deg) 

Reference 

c4-c4-c4-c4 0.0000 0 0.0514 0 -0.1430 0 Sun 1998 

c4-c4-c4-h1 0.0000 0 0.0316 0 -0.1681 0 Sun 1998 

c4-c4-c4-o2 0.7137 0 0.2660 0 -0.2545 0 Rigby 1997 

h1-c4-c4-h1 -0.1432 0 0.0617 0 -0.1530 0 Sun 1998 

h1-c4-c4-o2 -0.1435 0 0.2530 0 -0.0905 0 Rigby 1997 

c4-c4-o2-h1 -0.6732 0 -0.4778 0 -0.1670 0 Rigby 1997 

h1-c4-o2-h1 0.1863 0 -0.4338 0 -0.2121 0 Rigby 1997 
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Table A.1.4.9. Middle-bond-torsion parameters for COMPASS PVA. 

Dihedral Type 

(i-j-k-l) 

Kmbt,1  

(kcal/mol/Å) 

Kmbt,2  

(kcal/mol/Å) 

Kmbt,3  

(kcal/mol/Å) 

bo, j-k  

(Å) 

Reference 

c4-c4-c4-c4 -17.7870 -7.1877 0.0000 1.530 Sun 1998 

c4-c4-c4-h1 -14.8790 -3.6581 -0.3138 1.530 Sun 1998 

c4-c4-c4-o2 -21.8842 -7.6764 -0.6868 1.530 Rigby 1997 

h1-c4-c4-h1 -14.2610 -0.5322 -0.4864 1.530 Sun 1998 

h1-c4-c4-o2 -16.7975 -1.2296 -0.2750 1.530 Rigby 1997 

c4-c4-o2-h1 1.2472 0.0000 0.7485 1.420 Rigby 1997 

h1-c4-o2-h1 0.0000 0.9241 -0.5889 1.420 Rigby 1997 

 

Table A.1.4.10. End-bond-torsion parameters for COMPASS PVA. 

Dihedral 

Type  

(i-j-k-l) 

Kebt,1 

(kcal/mol/ 

Å) 

Kebt,2 

(kcal/mol/ 

Å) 

Kebt,3 

(kcal/mol/ 

Å) 

Kebt,4 

(kcal/mol/ 

Å) 

Kebt,5 

(kcal/mol/ 

Å) 

Kebt,6 

(kcal/mol/ 

Å) 

bo, i-j  

(Å) 

bo, k-l 

(Å) 

Reference 

c4-c4-c4-c4 -0.0732 0.0000 0.0000 -0.0732 0.0000 0.0000 1.530 1.530 Sun 1998 

c4-c4-c4-h1 0.2486 0.2422 -0.0925 0.0814 0.0591 0.2219 1.530 1.101 Sun 1998 

c4-c4-c4-o2 -0.3190 0.4411 -0.7174 1.1538 0.8409 -0.9138 1.530 1.420 Rigby 

1997 

h1-c4-c4-h1 0.2130 0.3120 0.0777 0.2130 0.3120 0.0777 1.101 1.101 Sun 1998 

h1-c4-c4-o2 0.9681 0.9551 0.0436 0.5903 0.6669 0.8584 1.101 1.420 Rigby 

1997 

c4-c4-o2-h1 -0.5800 0.9004 0.0000 0.0000 0.5343 0.9025 1.530 0.9494 Rigby 

1997 

h1-c4-o2-h1 -1.7554 1.3145 0.2263 0.2493 0.6803 0.0000 1.101 0.9494 Rigby 

1997 
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Table A.1.4.11. Angle-torsion parameters for COMPASS PVA. 

Dihedral 

Type  

(i-j-k-l) 

Kθφ,1 

(kcal/mol/

rad) 

Kθφ,2 

(kcal/mol/

rad) 

Kθφ,3 

(kcal/mol/

rad) 

Kθφ,4 

(kcal/mol/

rad) 

Kθφ,5 

(kcal/mol/

rad) 

Kθφ,6 

(kcal/mol/

rad) 

θo,i-j-k 

(deg) 

θo,j-k-l 

(deg) 

Reference 

c4-c4-c4-c4 0.3886 -0.3139 0.1389 0.3886 -0.3139 0.1389 112.67 112.67 Sun 1998 

c4-c4-c4-h1 -0.2454 0.0000 -0.1136 0.3113 0.4516 -0.1988 112.67 110.77 Sun 1998 

c4-c4-c4-o2 0.5623 -0.3041 -0.4015 0.9672 -0.7566 -1.2331 112.67 111.27 Rigby 1997 

h1-c4-c4-h1 -0.8085 0.5569 -0.2466 -0.8085 0.5569 -0.2466 110.77 110.77 Sun 1998 

h1-c4-c4-o2 2.3668 2.4920 -1.0122 -0.1892 0.4918 0.7273 110.77 111.27 Rigby 1997 

c4-c4-o2-h1 -3.5903 2.5225 0.4888 0.8726 -0.3577 0.3888 111.27 105.80 Rigby 1997 

h1-c4-o2-h1 -3.4060 1.6396 0.0737 0.0000 -0.2810 -0.5944 108.728 105.80 Rigby 1997 

 

Table A.1.4.12. Angle-angle-torsion parameters for COMPASS PVA. 

Dihedral Type (i-j-k-l) Kθθ’φ  

(kcal/mol/rad2) 

θo,i-j-k  

(deg) 

θo,j-k-l  

(deg) 

Reference 

c4-c4-c4-c4 -22.0450 112.67 112.67 Sun 1998 

c4-c4-c4-h1 -16.1640 112.67 110.77 Sun 1998 

c4-c4-c4-o2 -29.0420 112.67 111.27 Rigby 1997 

h1-c4-c4-h1 -12.5640 110.77 110.77 Sun 1998 

h1-c4-c4-o2 20.2006 110.77 111.27 Rigby 1997 

c4-c4-o2-h1 -12.1038 111.27 105.80 Rigby 1997 

h1-c4-o2-h1 -10.5093 108.728 105.80 Rigby 1997 
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Table A.1.4.13. Angle-angle parameters for COMPASS PVA. 

Improper 

Type (i-j-k-l) 

Kθθ’,1  

(kcal/mol/rad2) 

Kθθ’,2 

(kcal/mol/rad2) 

Kθθ’,3  

(kcal/mol/rad2) 

θo,i-j-k  

(deg) 

θo,i-j-l  

(deg) 

θo,k-j-l 

(deg) 

Reference 

c4-c4-c4-h1 -1.3199 0.1184 -1.3199 112.67 110.77 110.77 Sun 1998 

c4-c4-c4-o2 -0.8330 -3.5744 -0.8330 122.670 111.270 111.270 Rigby 1997 

h1-c4-c4-h1 -0.4825 0.2738 0.2738 110.77 107.66 110.77 Sun 1998 

h1-c4-c4-o2 2.5926 0.1689 3.9177 110.770 108.728 111.270 Rigby 1997 

h1-c4-h1-h1 -0.3157 -0.3157 -0.3157 107.66 107.66 107.66 Sun 1998 

h1-c4-o2-h1 2.1283 2.4259 2.4259 108.728 107.660 108.728 Rigby 1997 

a Improper potential is null. However, the impropers must be defined since the angle-angle potentials act amongst the three angles that 

make up each improper dihedral. 
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A.2. Temperature dependence of effective bond and angle distributions 

 
 

Figure A.2.1. Temperature dependence of the (a) effective bond stretching and (b) effective 

bond bending angle distributions for PE SAFT-γ Mie monomers, mapped from a PE OPLS 250-

mer in vacuum. Distributions are averaged over a 40 ns production period following 10 ns 

equilibration, fit to a spline interpolant. 

 

 
 

Figure A.2.2. Temperature dependence of the (a) effective bond stretching and (b) effective 

bond bending angle distributions for PE SAFT-γ Mie monomers mapped from a PE COMPASS 

250-mer in vacuum. Distributions are averaged over a 40 ns production period following 10 ns 

equilibration, fit to a spline interpolant. 

 



   

231 

 

 
 

Figure A.2.3. Temperature dependence of the (a) effective bond stretching and (b) effective 

bond bending angle distributions for PVA SAFT-γ Mie monomers mapped from the average of 3 

atactic PVA OPLS 250-mers in vacuum with independent distributions in stereochemistry. 

Distributions are averaged over a 30 ns production period following 20 ns equilibration, fit to a 

spline interpolant. 

 

 
 

Figure A.2.4. Temperature dependence of the (a) effective bond stretching and (b) effective 

bond bending angle distributions for PVA SAFT-γ Mie monomers mapped from the average of 3 

atactic PVA COMPASS 250mers in vacuum with independent distributions in stereochemistry. 

Distributions are averaged over a 30 ns production period following 20 ns equilibration, fit to a 

spline interpolant. 
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A.3. Testing bonded potentials for optimal fused-sphere SAFT-γ Mie models 

 
 

Figure A.3.1. Ability of the optimized PE SAFT-γ Mie + OPLS model to capture temperature 

dependence of (a) effective bond stretching and (b) effective bond bending angle distributions of 

isolated 250-mers is vacuum. Note that the Boltzmann inversion was performed only at T=400 K 

using the tangent SAFT-γ Mie parameters. Distributions are averaged over a 40 ns production 

period following 10 ns equilibration, fit to a spline interpolant. Remarkably, the non-bonded 

potential allows the model to accurately capture the sharpening of the peak at ~175 degrees at 

300 K. 

 

 
 

Figure A.3.2. Ability of the optimized PE SAFT-γ Mie + COMPASS model to capture 

temperature dependence of (a) effective bond stretching and (b) effective bond bending angle 

distributions of isolated 250-mers is vacuum. Note that the Boltzmann inversion was performed 

only at T=400 K using the tangent SAFT-γ Mie parameters. Distributions are averaged over a 40 

ns production period following 10 ns equilibration, fit to a spline interpolant. 

(a) 

(a) 

(b) 

(b) 
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Figure A.3.3. Ability of the optimized PVA SAFT-γ Mie + OPLS model to capture temperature 

dependence of (a) effective bond stretching and (b) effective bond bending angle distributions of 

isolated 250-mers is vacuum. Note that the Boltzmann inversion was performed only at T=400 K 

using the tangent SAFT-γ Mie parameters. Distributions are averaged over a 30 ns production 

period following 20 ns equilibration, fit to a spline interpolant. Each distribution is the average 

from 3 250mers with independent distributions in stereochemistry. A deviation of the observed 

angles from the target distribution is due to the weak, broad angle potential. 

 

 
 

Figure A.3.4. Ability of the optimized PVA SAFT-γ Mie + COMPASS model to capture 

temperature dependence of (a) effective bond stretching and (b) effective bond bending angle 

distributions of isolated 250-mers is vacuum. Note that the Boltzmann inversion was performed 

only at T=400 K using the tangent SAFT-γ Mie parameters. Distributions are averaged over a 30 

ns production period following 20 ns equilibration, fit to a spline interpolant. Each distribution is 

the average from 3 250mers with independent distributions in stereochemistry. 

 

 

 

 

 

(a) 

(a) 

(b) 

(b) 
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A.4. Converged effective bond and angle potentials from iterative Boltzmann inversion 

 
 

Figure A.4.1. Converged (a) effective bond stretching and (b) effective bond bending angle 

potentials for the SAFT-γ Mie PE model at T=400 K with target distributions mapped from the 

OPLS all-atom 250-mer MD simulations. The potentials are bounded by harmonic wells to deal 

with ranges of values not sampled in the MD simulations. 

 

 
 

Figure A.4.2. Converged (a) effective bond stretching and (b) effective bond bending angle 

potentials for the SAFT-γ Mie PE model at T=400 K with target distributions mapped from the 

COMPASS all-atom 250-mer MD simulations. 
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Figure A.4.3. Converged (a) effective bond stretching and (b) effective bond bending angle 

potentials for the SAFT-γ Mie PVA model at T=400 K with target distributions mapped from the 

OPLS all-atom 250-mer MD simulations. 

 

 
 

Figure A.4.4. Converged (a) effective bond stretching and (b) effective bond bending angle 

potentials for the SAFT-γ Mie PVA model at T=400 K with target distributions mapped from the 

COMPASS all-atom 250-mer MD simulations. 
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A.5. Detailed fused-sphere SAFT-γ Mie parameterization results 

Table A.5.1. Fused-sphere SAFT-γ Mie parameterization results for 2-site n-butanea 

Shape Factor 
σ  

(Å) 

ε/kB  

(K) 
λr 

Pvap % 

AAD 

ρsat % 

AAD 

1.0 3.9652 249.54 12.417 0.0979 0.0435 

0.9 4.1357 280.92 13.949 0.3769 0.3141 

0.8 4.3372 324.82 16.629 0.1990 0.3819 

0.7 4.5785 371.56 19.658 0.5208 0.3926 

0.6 4.8760 422.11 23.164 0.9811 0.4399 

a Each result listed is the best solution from at least 4 independent runs of the genetic algorithm 

solver with gradient-based refinement. The same literature data set taken from reference 6 (16 

vapor pressure points, 6 saturated liquid density points) is used for all fixed values of shape 

factor.  

 

Table A.5.2. Fused-sphere SAFT-γ Mie parameterization results for 2-site 1,3-butanediola 

Shape Factor 
σ  

(Å) 

ε/kB  

(K) 
λr 

Pvap % 

AAD 

ρsat % 

AAD 

1.0 4.3296 756.11 71.503 0.3438 0.3055 

0.9 4.5209 808.32 88.041 0.3092 0.2040 

0.8 4.7431 868.12 112.98 0.2716 0.0977 

0.7 5.0060 937.88 154.29 0.2032 0.1245 

0.6 5.3257 1022.0 237.43 0.2020 0.2343 

a Each result listed is the best solution from at least 3 independent runs of the genetic algorithm 

solver with gradient-based refinement. The same literature data set taken from reference 7 (6 

vapor pressure points, 6 saturated liquid density points) is used for all fixed values of shape 

factor. We note that the extremely high repulsive exponent for S=0.6 is well outside the range to 

which the higher-order terms in the SAFT-γ Mie EoS were fit to MD and MC simulation data. 

Further, we encountered numerical difficulties in the molecular dynamics simulations with such 

a high exponent, and so excluded the S=0.6 data points from the PVA density matching. 
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A.6. Mie parameter empirical correlations with shape factor 

𝜎(𝑆)

𝜎(𝑆 = 1)
= 𝑎𝑆𝑏 

 

Table A.6.1. Fitting coefficients for normalized sigma parameter correlation  

Molecule a b 

n-butane 0.9996 -0.4049 

1,3-butanediol 1.0004 -0.4053 

 

휀(𝑆)

휀(𝑆 = 1)
= 𝑎𝑆2 + 𝑏𝑆 + 𝑐 

 

Table A.6.2. Fitting coefficients for normalized epsilon parameter correlation  

Molecule a b c 

n-butane 1.1783 -3.6316 3.4492 

1,3-butanediol 0.6974 -1.9905 2.2940 

 

𝜆(𝑆)

𝜆(𝑆 = 1)
= 𝑎𝑆3 + 𝑏𝑆2 + 𝑐𝑆 + 𝑑 

 

Table A.6.3. Fitting coefficients for normalized repulsive exponent correlation  

Molecule a b c d 

n-butane 4.5080 -8.3477 2.3566 2.4820 

1,3-butanediol -38.950 108.42 -102.93 34.458 
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A.7. Density profiles from vapor-liquid equilibria MD simulation 

 
 

Figure A.7.1. Density profiles for tangent SAFT-γ Mie dimers extracted from vapor-liquid 

equilibria MD simulations for (a) 135,000 n-butane molecules and (b) 145,000 1,3-butanediol 

molecules. For each temperature, spatial averages are taken over the last 2 ns of a 20 ns NVT 

simulation of the vapor-liquid interface. Density profiles are fit to a 4-parameter hyperbolic 

tangent function as described in reference 8. The density profiles for the two vapor-liquid 

interfaces are fit separately, and the final values of saturated vapor and liquid density are taken as 

the average of both fits. Shown here are the averaged profiles reflected about z=0. 
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Appendix B 

Fused-sphere SAFT-γ Mie Equation of State governing equations 

 

B.1. Overview 

In the SAFT framework, the Helmholtz free energy is expanded into contributions from 

the ideal gas; deviation of the monomer from ideal gas behavior; chain formation (i.e., bonding 

of the monomers), and association acting at square-well acceptor and donor sites. This is 

summarized by Equation (A.1):1 

 𝐴𝑡𝑜𝑡𝑎𝑙

𝑁𝑘𝐵𝑇
=

𝐴𝑖𝑑𝑒𝑎𝑙 𝑔𝑎𝑠

𝑁𝑘𝐵𝑇
+

𝐴𝑚𝑜𝑛𝑜𝑚𝑒𝑟

𝑁𝑘𝐵𝑇
+

𝐴𝑐ℎ𝑎𝑖𝑛

𝑁𝑘𝐵𝑇
+

𝐴𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑜𝑛

𝑁𝑘𝐵𝑇
 (B.1) 

In Eq. (B.1) N is the number of molecules in the system, kB is Boltzmann’s constant, and 

T is system temperature. The Helmholtz free energy of the system is dependent on the four Mie 

parameters (repulsion exponent (λr), attraction exponent (λa), energy well depth (ε), and 

separation distance (σ) at which the Mie potential is zero); the shape factor parameter (S) which 

defines group overlap; and the group definitions. Chemical groups are defined by the number of 

groups of each type per molecule (ν) and the number of segments that make up each group (ν*). 

Thus, 

 𝐴𝑡𝑜𝑡𝑎𝑙 = 𝑓(𝑇, 𝑉, 𝜆𝑟 , 𝜆𝑎 , 휀, 𝜎, 𝑆, 𝜈, 𝜈∗)  (B.2) 

where V is system volume. Unlike-pair interaction parameters are computed using standard 

mixing rules for SAFT-γ Mie:1 

 
𝜎𝑖𝑗 =

𝜎𝑖𝑖 + 𝜎𝑗𝑗

2
 (B.3) 
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휀𝑖𝑗 =

(

 
√𝜎𝑖𝑖

3𝜎𝑗𝑗
3

𝜎𝑖𝑗
3

)

 √휀𝑖𝑖휀𝑗𝑗 (B.4) 

 
𝜆𝑖𝑗 = 3 + √(𝜆𝑖𝑖 − 3)(𝜆𝑗𝑗 − 3) (B.5) 

 

B.2. Ideal Gas Contribution 

The ideal gas contribution is derived from statistical mechanics. For a single-component 

system this is given by: 

 𝐴𝑖𝑑𝑒𝑎𝑙 𝑔𝑎𝑠

𝑁𝑘𝐵𝑇
= ln(𝜌𝛬) − 1 (B.6) 

 
𝛬 =

ℎ

√2𝜋𝑚𝑘𝐵𝑇
 (B.7) 

where ρ and Λ are the number density and thermal de Broglie wavelength of the molecule, 

respectively. In Equation (B.7), h is Planck’s constant and m is molecular mass. Physically, this 

ideal term accounts for translational kinetic energy. 

 

B.3. Monomer Contribution 

The monomer term is taken as a third-order high-temperature Barker-Henderson 

perturbation expansion2 about a hard-sphere reference fluid: 

 𝐴𝑚𝑜𝑛𝑜𝑚𝑒𝑟

𝑁𝑘𝐵𝑇
=

𝐴𝐻𝑆

𝑁𝑘𝐵𝑇
+

𝐴1

𝑁𝑘𝐵𝑇
+

𝐴2

𝑁𝑘𝐵𝑇
+

𝐴3

𝑁𝑘𝐵𝑇
 (B.8) 

The monomer term accounts for interactions between the Mie segments. The AHS term represents 

hard-sphere repulsion energy, the first perturbation term represents mean attractive energy, the 

second perturbation term represents fluctuations in the mean attractive energy due to 
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compressibility arising from the attractions;3 and the third term is an empirical correction 

obtained from simulation data of several reference Mie fluids.4 This last term effectively 

accounts for all higher-order terms in the expansion. The specific formulation used here is the 

one presented by Papaioannou et al in 2014.5 

 

B.3.1. Hard Sphere Monomer Term 

The hard sphere reference has an effective diameter d that depends on both temperature 

and the Mie parameters. For heterogeneous molecules composed of different groups, each group 

k will have its own hard sphere reference: 

 
𝑑𝑘𝑘 = ∫ (𝑒𝑥𝑝 (−𝛽𝑈𝑘𝑘

𝑀𝑖𝑒(𝑟)) − 1) 𝑑𝑟
𝜎𝑘𝑘

0

 (B.9) 

where β is the Boltzmann factor and Ukk is the potential with the Mie parameters for interactions 

between two groups of type k. (cf. Equation (B.1) above). The hard sphere term has been by 

derived by Boublik6 and Mansoori7, and is given by the following: 

 𝐴𝐻𝑆

𝑁𝑘𝐵𝑇
= (

6

𝜋𝜌𝑠
) [(

휁2
3

휁3
2 − 휁0) ln(1 − 휁3) +

3휁1휁2

1 − 휁3
+

휁2
3

휁3(1 − 휁3)2
] (B.10) 

where ζm is a reduced density defined by: 

 

휁𝑚 = (
𝜋𝜌𝑠

6
)∑ 𝑥𝑠,𝑘

𝑁𝐺

𝑘=1

𝑑𝑘𝑘
𝑚  (B.11) 

in which NG is the number of group types and ρs is segment number density, related to 

molecular number density ρ as follows: 

 

𝜌𝑠 = 𝜌 (∑𝜈𝑘𝑆𝑘

𝑁𝐺

𝑘=1

) (B.12) 

In Equation (B.11), xs,k is the mole fraction of spheres of type k: 
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𝑥𝑠,𝑘 =

𝜈𝑘𝜈𝑘
∗𝑆𝑘

∑ (𝜈𝑙𝜈𝑙
∗𝑆𝑙)

𝑁𝐺
𝑙=1

  (B.13) 

 

B.3.2. First Perturbation Monomer Term 

The first order term in the perturbation expansion is obtained by summing the pairwise 

contributions over all group-group attractive interactions. Note that the shape factor scales the 

contribution of each fused bead to the free energy: 

 𝐴1

𝑁𝑘𝐵𝑇
=

1

𝑘𝐵𝑇
(∑ 𝜈𝑘𝜈𝑘

∗𝑆𝑘

𝑁𝐺

𝑘=1

)𝑎1 (B.14) 

 

𝑎1 = ∑ ∑𝑥𝑠,𝑘𝑥𝑠,𝑙𝑎1,𝑘𝑙

𝑁𝐺

𝑙=1

𝑁𝐺

𝑘=1

 (B.15) 

The a1,kl pairwise contribution is a function of the segment density, Mie exponents, and 

the ratio of the σ Mie parameter to the temperature-dependent hard-sphere diameter: 

 𝑎1,𝑘𝑙 = 𝐶𝑘𝑙 [𝑥0,𝑘𝑙

𝜆𝑘𝑙
𝑎

(𝑎1,𝑘𝑙
𝑠 (𝜌𝑠, 𝜆𝑘𝑙

𝑎 ) + 𝐵𝑘𝑙(𝜌𝑠, 𝜆𝑘𝑙
𝑎 ))

− 𝑥0,𝑘𝑙

𝜆𝑘𝑙
𝑟

(𝑎1,𝑘𝑙
𝑠 (𝜌𝑠, 𝜆𝑘𝑙

𝑟 ) + 𝐵𝑘𝑙(𝜌𝑠, 𝜆𝑘𝑙
𝑟 ))] 

(B.16) 

 𝑥0,𝑘𝑙 =
𝜎𝑘𝑙

𝑑𝑘𝑙
 (B.17) 

where Ckl is the Mie potential prefactor, and the mixing rule for the temperature-dependent hard-

sphere diameter d is identical to that for σ. The Bkl term is given by Equation (B.18): 

 

𝐵𝑘𝑙(𝜌𝑠 , 𝜆𝑘𝑙) = 2𝜋𝜌𝑠𝑑𝑘𝑙
3 휀𝑘𝑙 [

1 −
휁𝑥

2
(1 − 휁𝑥)3

𝐼(𝜆𝑘𝑙) −
9휁𝑥(1 + 휁𝑥)

2(1 − 휁𝑥)3
𝐽(𝜆𝑘𝑙)] (B.18) 

 
𝐼(𝜆𝑘𝑙) =

1 − 𝑥0,𝑘𝑙

(3−𝜆𝑘𝑙)

𝜆𝑘𝑙 − 3
 (B.19) 
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𝐽(𝜆𝑘𝑙) =

1 − 𝑥0,𝑘𝑙

(4−𝜆𝑘𝑙)(𝜆𝑘𝑙 − 3) + 𝑥0,𝑘𝑙

(3−𝜆𝑘𝑙)(𝜆𝑘𝑙 − 4)

(𝜆𝑘𝑙 − 3)(𝜆𝑘𝑙 − 4)
 (B.20) 

where in Equation (B.18) ζx is the packing fraction for a hypothetical homogeneous fluid 

obtained from van der Waals 1-fluid mixing rules: 

 

휁𝑥 =
𝜋

6
𝜌𝑠 ∑ ∑𝑥𝑠,𝑘𝑥𝑠,𝑙𝑑𝑘𝑙

3

𝑁𝐺

𝑙=1

𝑁𝐺

𝑘=1

 (B.21) 

The 𝑎1
𝑠 term is the monomer first perturbation term mapped from a Sutherland fluid using 

mean-value theorem:4 

 

𝑎1,𝑘𝑙
𝑠 (𝜌𝑠 , 𝜆𝑘𝑙) = −2𝜋𝜌𝑠 (

휀𝑘𝑙𝑑𝑘𝑙
3

𝜆𝑘𝑙 − 3
)(

1 −
휁𝑥

𝑒𝑓𝑓

2

(1 − 휁𝑥
𝑒𝑓𝑓)

3) (B.22) 

where 휁𝑘𝑙
𝑒𝑓𝑓

 is an effective packing fraction: 

 휁𝑘𝑙
𝑒𝑓𝑓

= 𝑐1,𝑘𝑙휁𝑥 + 𝑐2,𝑘𝑙휁𝑥
2 + 𝑐3,𝑘𝑙휁𝑥

3 + 𝑐4,𝑘𝑙휁𝑥
4 (B.23) 

The ckl coefficients depend on the range λkl of the attractive interaction; these have been 

obtained from a correlation between the effective packing fraction, actual packing fraction, and 

the attractive range.3,4 The ckl values are given in reference 5. 

As demonstrated in the derivation of the first version of the fused-sphere SAFT-γ Mie 

EoS,8 for a homogeneous dimer, the monomer first order term is given by Equation (B.24): 

 𝐴1

𝑁𝑘𝐵𝑇
= −

8𝜋𝜌

𝑘𝐵𝑇
𝑆2 ∫ 𝑔𝑑

𝐻𝑆(𝑟)𝑈𝑀𝑖𝑒(𝑟)𝑟2𝑑𝑟
∞

𝜎

 (B.24) 

The S2 scaling for ε is obtained exactly only in the case that the pair correlation function 

𝑔𝑑
𝐻𝑆(𝑟) is unity, i.e., that there are no particle-particle correlations at the mean-field level.9 This 

evaluates to the expression given by Equation (B.25): 
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𝐴1

𝑁𝑘𝐵𝑇
= −

8𝜋

𝑘𝐵𝑇
(𝑆2휀)𝑑3𝐶 {𝑥0

𝜆𝑎
[(

1

3 − 𝜆𝑎
)(

1 −
휁𝑥

𝑒𝑓𝑓

2

(1 − 휁𝑥
𝑒𝑓𝑓)

3)

+ (
1 −

휁𝑥

2
(1 − 휁𝑥)3

𝐼(𝜆𝑎) −
9휁𝑥(1 + 휁𝑥)

2(1 − 휁𝑥)3
𝐽(𝜆𝑎))]

− 𝑥0
𝜆𝑟

[(
1

3 − 𝜆𝑟
) (

1 −
휁𝑥

𝑒𝑓𝑓

2

(1 − 휁𝑥
𝑒𝑓𝑓)

3)

+ (
1 −

휁𝑥

2
(1 − 휁𝑥)3

𝐼(𝜆𝑟) −
9휁𝑥(1 + 휁𝑥)

2(1 − 휁𝑥)3
𝐽(𝜆𝑟))]} 

 

(B.25) 

Note that we have omitted the k and l subscripts. From the prefactor, we see that the 휀 Mie 

parameter is scaled by S2. In fact, it can be shown that for the general heterogeneous case, the 

shape factor scaling for any pairwise 휀𝑖𝑗 is 𝑆𝑖𝑆𝑗. 

 

B.3.3. Second Perturbation Monomer Term 

The second term for the monomer contribution is similarly obtained by pairwise summation: 

 𝐴2

𝑁𝑘𝐵𝑇
= (

1

𝑘𝐵𝑇
)

2

(∑𝜈𝑘𝜈𝑘
∗𝑆𝑘

𝑁𝐺

𝑘=1

)𝑎2 (B.26) 

 

𝑎2 = ∑ ∑ 𝑥𝑠,𝑘𝑥𝑠,𝑙𝑎2,𝑘𝑙

𝑁𝐺

𝑙=1

𝑁𝐺

𝑘=1

 (B.27) 

The 𝑎2,𝑘𝑙 term has been derived using the “improved” macroscopic compressibility 

approximation (MCA) introduced by Zhang:10  
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𝑎2,𝑘𝑙 =

1

2
𝐾𝐻𝑆(1 + 𝜒𝑘𝑙)휀𝑘𝑙𝐶𝑘𝑙

2 {𝑥0,𝑘𝑙

2𝜆𝑘𝑙
𝑎

[𝑎1,𝑘𝑙
𝑠 (𝜌𝑠, 2𝜆𝑘𝑙

𝑎 ) + 𝐵𝑘𝑙(𝜌𝑠, 2𝜆𝑘𝑙
𝑎 )]

− 2𝑥0,𝑘𝑙

(𝜆𝑘𝑙
𝑎 +𝜆𝑘𝑙

𝑟 )
[𝑎1,𝑘𝑙

𝑠 (𝜌𝑠, 𝜆𝑘𝑙
𝑎 + 𝜆𝑘𝑙

𝑟 ) + 𝐵𝑘𝑙(𝜌𝑠, 𝜆𝑘𝑙
𝑎 + 𝜆𝑘𝑙

𝑟 )]

+ 𝑥0,𝑘𝑙

2𝜆𝑘𝑙
𝑟

[𝑎1,𝑘𝑙
𝑠 (𝜌𝑠, 2𝜆𝑘𝑙

𝑟 ) + 𝐵𝑘𝑙(𝜌𝑠, 2𝜆𝑘𝑙
𝑟 )]} 

(B.28) 

KHS is the isothermal compressibility taken from a hard-sphere equation of state developed by 

Carnahan and Starling:11 

 
𝐾𝐻𝑆 =

(1 − 휁𝑥)
4

1 + 4휁𝑥 + 4휁𝑥
2 − 4휁𝑥

3 + 휁𝑥
4
 (B.29) 

χkl in Equation (B.28) is an empirical correction factor fit to Monte Carlo (MC) vapor-liquid 

equilibria simulation data for a variety of Mie fluids.4 The authors found the following form to 

provide the best fit: 

 𝜒𝑘𝑙 = 𝑓1(𝛼𝑘𝑙)휁𝑥
∗ + 𝑓2(𝛼𝑘𝑙)(휁𝑥

∗)5 + 𝑓3(𝛼𝑘𝑙)(휁𝑥
∗)8 (B.30) 

In Equation (B.30) αkl, the van der Waals constant, depends only on the Mie exponents:12 

 
𝛼𝑘𝑙 =

1

휀𝑘𝑙𝜎𝑘𝑙
3 ∫ 𝑈𝑘𝑙

𝑀𝑖𝑒
∞

𝜎

𝑟2𝑑𝑟 = 𝐶𝑘𝑙 (
1

𝜆𝑘𝑙
𝑎 − 3

−
1

𝜆𝑘𝑙
𝑟 − 3

) (B.31) 

The Mie exponent-dependent coefficients fm are represented by Padé approximants given by: 

 
𝑓𝑚(𝛼𝑘𝑙) =

∑ 𝜑𝑚,𝑛𝛼𝑘𝑙
𝑛3

𝑛=0

1 + ∑ 𝜑𝑚,𝑛𝛼𝑘𝑙
𝑛−36

4

 (B.32) 

The φm,n coefficients are provided in reference 5. Note that in Equation (B.30), the 

packing fraction used is a temperature-independent one, which uses the σ Mie parameter as 

particle diameter: 

 

휁𝑥
∗ =

𝜋

6
𝜌𝑠 ∑ ∑𝑥𝑠,𝑘𝑥𝑠,𝑙𝜎𝑘𝑙

3

𝑁𝐺

𝑙=1

𝑁𝐺

𝑘=1

 (B.33) 
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For a homogeneous dimer, the expression for the second perturbation term is of the 

following form:9 

 𝐴2

𝑁𝑘𝐵𝑇
= −2𝐾𝐻𝑆(1 + 𝜒)𝜌 (

1

𝑘𝐵𝑇
)
2

× 휀𝑆2 (∫ 𝑈𝑀𝑖𝑒(𝑟)𝑔𝑑
𝐻𝑆(𝑟)𝑟2𝑑𝑟

∞

𝜎

)(𝑔𝑜
𝐻𝑆 + 휁3

𝜕𝑔𝑜
𝐻𝑆

𝜕휁𝑒𝑓𝑓

𝜕휁𝑒𝑓𝑓

𝜕휁3
) 

(B.34) 

where 𝑔𝑜
𝐻𝑆 is the pair correlation function for a hard-sphere fluid of diameter σ evaluated at 휁𝑒𝑓𝑓. 

 

B.3.4. Third Perturbation Monomer Term 

The third perturbation term for the monomer contribution is an empirical correction, also 

obtained from MC simulation data:4 

 𝐴3

𝑁𝑘𝐵𝑇
= (

1

𝑘𝐵𝑇
)

3

(∑𝜈𝑘𝜈𝑘
∗𝑆𝑘

𝑁𝐺

𝑘=1

)𝑎3 (B.35) 

 

𝑎3 = ∑ ∑ 𝑥𝑠,𝑘𝑥𝑠,𝑙𝑎3,𝑘𝑙

𝑁𝐺

𝑙=1

𝑁𝐺

𝑘=1

 (B.36) 

 𝑎3,𝑘𝑙 = −휀𝑘𝑙
3 𝑓4(𝛼𝑘𝑙)휁𝑥

∗exp[𝑓5(𝛼𝑘𝑙)휁𝑥
∗ + 𝑓6(𝛼𝑘𝑙)(휁𝑥

∗)2] (B.37) 

The functions fm take the same form as above, cf. Equation (S.32). 

 

B.4. Chain Contribution 

For a linear chain, the contribution to Helmholtz free energy for chain formation is the following: 

 𝐴𝑐ℎ𝑎𝑖𝑛

𝑁𝑘𝐵𝑇
= − ∑(𝜈𝑘𝜈𝑘

∗𝑆𝑘 − 1) ln[𝑔𝑀𝑖𝑒(�̅�, 휁𝑥)]

𝑁𝐺

𝑘=1

  (B.38) 
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The pair radial distribution function 𝑔𝑀𝑖𝑒 is evaluated at contact for a hypothetical fluid 

described by average Mie parameters (denoted by an overbar) obtained from van der Waals 1-

fluid mixing rules: 

 

�̅�3 = ∑ ∑𝑥𝑠,𝑘𝑥𝑠,𝑙𝜎𝑘𝑙
3

𝑁𝐺

𝑙=1

𝑁𝐺

𝑘=1

 (B.39) 

 

�̅�3 = ∑ ∑ 𝑥𝑠,𝑘𝑥𝑠,𝑙𝑑𝑘𝑙
3

𝑁𝐺

𝑙=1

𝑁𝐺

𝑘=1

 (B.40) 

 

휀̅ = ∑ ∑ 𝑥𝑠,𝑘𝑥𝑠,𝑙휀𝑘𝑙

𝑁𝐺

𝑙=1

𝑁𝐺

𝑘=1

 (B.41) 

 

�̅� = ∑ ∑𝑥𝑠,𝑘𝑥𝑠,𝑙𝜆𝑘𝑙

𝑁𝐺

𝑙=1

𝑁𝐺

𝑘=1

 (B.42) 

This pair radial distribution function is taken as a second-order perturbation expansion 

about a reference system of hard-spheres of diameter 𝑑̅ contacting at a distance �̅�: 

 
𝑔𝑀𝑖𝑒(�̅�, 휁𝑥) = 𝑔𝑑

𝐻𝑆(�̅�) exp [𝛽휀̅ (
𝑔1(�̅�)

𝑔𝑑
𝐻𝑆(�̅�)

) + (𝛽휀)̅2 (
𝑔2(�̅�)

𝑔𝑑
𝐻𝑆(�̅�)

)]  (B.43) 

The hard-sphere reference term has been derived by Lafitte:4 

 𝑔𝑑
𝐻𝑆(�̅�) = exp(𝑘0 + 𝑘1�̅�0 + 𝑘2�̅�0

2 + 𝑘3�̅�0
3) (B.44) 

 
�̅�0 =

�̅�

𝑑̅ 
(B.45) 

In Equation (B.44) coefficients km are functions of the packing fraction of the hypothetical 

homogeneous fluid: 

 
𝑘0 = − ln(1 − 휁𝑥) +

42휁𝑥 − 39휁𝑥
2 + 9휁𝑥

3 − 2휁𝑥
4

6(1 − 휁𝑥)3
 (B.46) 
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𝑘1 =

휁𝑥
4 + 6휁𝑥

2 − 12휁𝑥

2(1 − 휁𝑥)3
 (B.47) 

 
𝑘2 =

−3휁𝑥
2

8(1 − 휁𝑥)2
 (B.48) 

 
𝑘3 =

−휁𝑥
4 + 3휁𝑥

2 + 3휁𝑥

6(1 − 휁𝑥)3
 (B.49) 

The first order term in Equation (B.43) has been derived by equating the pressure obtained from 

the virial and free energy methods:5 

 𝑔1(�̅�) ≈ 𝑔1(𝑑̅)

=
1

2𝜋휀�̅̅�3
[3 (

𝜕�̅�1

𝜕𝜌𝑠
) − 𝐶̅�̅�𝑎�̅�0

�̅�𝑎
(
�̅�1

𝑠(𝜌𝑠, �̅�
𝑎) + �̅�(𝜌𝑠, �̅�

𝑎)

𝜌𝑠
) 

+ 𝐶̅�̅�𝑟 �̅�0
�̅�𝑟

(
�̅�1

𝑠(𝜌𝑠, �̅�
𝑟) + �̅�(𝜌𝑠, �̅�

𝑟)

𝜌𝑠
) ] 

(B.50) 

Here, the Sutherland and B terms use the same equations as for the monomer terms, but 

are evaluated using the averaged Mie parameters. Note that the partial derivative of the first 

monomer perturbation term with respect to segment density is needed; this is evaluated 

numerically in the Matlab code used in this work.   

The second order term in Equation (B.43) is based on the macroscopic compressibility 

approximation (MCA),2 and uses an empirical correction γc to the radial distribution function fit 

to molecular dynamics simulation data of Lennard-Jones fluids:4 

 𝑔2(�̅�) ≈ 𝑔2(𝑑̅) = (1 + 𝛾𝑐)𝑔2
𝑀𝐶𝐴(𝑑̅) (B.51) 

 𝛾𝑐 = 𝜑0(− tanh[𝜑1(𝜑2 − �̅�)]

+ 1)[휁𝑥
∗(exp(𝛽휀)̅ − 1) exp(𝜑3휁𝑥

∗ + 𝜑4(휁𝑥
∗)2)] 

(B.52) 
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𝑔2

𝑀𝐶𝐴(�̅�) =
1

2𝜋휀̅2𝑑̅3
[
3𝜕

𝜕𝜌𝑠
(

�̅�2

1 + �̅�
)

− 휀�̅�𝐻𝑆𝐶̅2�̅�𝑟�̅�0
2�̅�𝑟

(
�̅�1

𝑠(𝜌𝑠, 2�̅�𝑟) + �̅�(𝜌𝑠, 2�̅�𝑟)

𝜌𝑠
)

+ 휀�̅�𝐻𝑆𝐶̅2(�̅�𝑟

+ �̅�𝑎)�̅�0

(�̅�𝑟+�̅�𝑎)
(
�̅�1

𝑠(𝜌𝑠, �̅�
𝑟 + �̅�𝑎) + �̅�(𝜌𝑠, �̅�

𝑟 + �̅�𝑎)

𝜌𝑠
)

− 휀�̅�𝐻𝑆𝐶̅2�̅�𝑎 �̅�0
2�̅�𝑎

(
�̅�1

𝑠(𝜌𝑠, 2�̅�𝑎) + �̅�(𝜌𝑠, 2�̅�𝑎)

𝜌𝑠
)] 

(B.53) 

The association term in the SAFT-γ Mie framework is not relevant for the force field 

development in the present study, since the square-well donor-acceptor scheme cannot be 

implemented with conventional molecular dynamics. However, such association schemes have 

been successful from a purely theoretical standpoint in modeling the phase behavior of 

hydrogen-bonding compounds.13–15 
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Appendix C 

Supporting information for chapter 3 

 

This appendix includes complete tables of OPLS-AA all-atom force field parameters used for 

PVB copolymers, detailed results for the SAFT-γ Mie EoS parameterization for different values 

of shape factor, supplementary results for PVB copolymer density matching, PVB solubility 

parameter calculations, and tabulated bonded potentials for the coarse-grained PVB model. 

 

C.1. Force field parameters for OPLS-AA simulations 

Total energy of the OPLS force field is given by the following: 

 

𝑈𝑂𝑃𝐿𝑆 = {∑∑ 4휀𝑖𝑗 [(
𝜎𝑖𝑗

𝑟
)
12

− (
𝜎𝑖𝑗

𝑟
)

6

]

𝑗𝑖

 + ∑∑
𝑞𝑖𝑞𝑗

𝜖𝑟
𝑗𝑖

+ ∑ 𝐾𝑏(𝑟 − 𝑟𝑜)
2

𝑏𝑜𝑛𝑑𝑠

+ ∑ 𝐾𝜃(휃 − 휃𝑜)
2

𝑎𝑛𝑔𝑙𝑒𝑠

+ ∑ ∑
𝐾𝜑,𝑖

2
[1 + 𝑐𝑜𝑠(𝜑 + 𝑓𝑖)]

𝑖=1,4𝑑𝑖ℎ𝑒𝑑𝑟𝑎𝑙𝑠

} 

(C.1) 

 

OPLS-AA force field parameters are taken from parameter files distributed with the TINKER1 

molecular dynamics package developed by the Jay Ponder Lab. These are updated parameters 

from a 2008 version of OPLS presented by Jorgensen et al. 
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Table C.1. Atom types and nonbonded parameters for OPLS PVB   

Atom Type q (e) LJ12-6 σ (Å) LJ 12-6 ε 

(kcal/mol) 

Bonded typea 

Alkane –CH3 -0.180 3.50 0.066 13 

Isopropyl ether >CHOR +0.170 3.50 0.066 13 

Alkane –CH2 -0.120 3.50 0.066 13 

Ethyl ether –CH2ORb +0.140 3.50 0.066 13 

Alkane H-C +0.060 2.50 0.030 46 

Alkyl ether H-COR +0.030 2.50 0.030 46 

Dialkyl ether –O- -0.400 2.90 0.140 20 

Acetal RO-CHR-OR +0.300 3.50 0.066 51 

Acetal RO-CHR-OR +0.100 2.50 0.030 46 

Alcohol –OH -0.683 3.12 0.170 5 

Alcohol –OH +0.418 0.00 0.000 7 

Alcohol RCH2OH +0.145 3.50 0.066 13 

Alcohol R2CHOH +0.205 3.50 0.066 13 

a Bonded equivalences in OPLS 2008 as taken from parameter files distributed with TINKER1 
b Ethyl ether carbon atom type used for terminal PVB monomers (not pictured) 
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Table C.1.2. Bond parameters for OPLS PVB 

Bond Type Kb (kcal/mol/Å2) ro (Å) 

C-C (13-13)  268.00 1.529 

C-C (13-51) 268.00 1.529 

C-H (13-46) 340.00 1.090 

C-H (51-46) 340.00 1.090 

C-O (13-20) 340.00 1.410 

C-O (51-20) 320.00 1.380 

C-O (13-5) 320.00 1.410 

H-O (7-5) 553.00 0.945 

 

Table C.1.3. Angle parameters for OPLS PVB 

Angle Type Kθ (kcal/mol/rad2) θo (degrees) 

C-C-C (13-13-13) 58.35 112.70 

C-C-C (13-13-51) 58.35 112.70 

C-C-H (13-13-46) 37.50 110.70 

C-C-H (13-51-46) 37.50 110.70 

C-C-H (46-13-51) 37.50 110.70 

C-C-O (13-13-20) 50.00 109.50 

C-C-O (13-51-20) 50.00 109.50 

H-C-H (46-13-46) 33.00 107.80 

H-C-O (46-13-20) 35.00 109.50 

H-C-O (46-51-20) 35.00 109.50 

O-C-O (20-51-20) 92.60 111.55 

C-O-C (13-20-51) 60.00 109.50 
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Table C.1.4. Torsion parameters for OPLS PVBa,b 

Dihedral Type Kφ,1 

(kcal/mol) 

Kφ,2 

(kcal/mol) 

Kφ,3 

(kcal/mol) 

Kφ,4 

(kcal/mol) 

C-C-C-C (13-13-13-13) 1.300 -0.050 0.200 0.000 

C-C-C-C (13-13-13-51) 1.300 -0.050 0.200 0.000 

C-C-C-H (13-13-13-46) 0.000 0.000 0.300 0.000 

C-C-C-H (13-13-51-46) 0.000 0.000 0.300 0.000 

C-C-C-H (51-13-13-46) 0.000 0.000 0.300 0.000 

C-C-C-O (5-13-13-13) -1.552 0.000 0.000 0.000 

C-C-C-O (13-13-13-20) 1.300 -0.050 0.200 0.000 

H-C-C-H (46-13-13-46) 0.000 0.000 0.300 0.000 

H-C-C-O (46-13-13-5) 0.000 0.000 0.468 0.000 

H-C-C-O (46-13-13-20) 0.000 0.000 0.468 0.000 

H-C-C-O (46-13-51-20) 0.000 0.000 0.468 0.000 

C-C-O-C (13-51-20-13) 0.650 -0.250 0.670 0.000 

C-C-O-H (7-5-13-13) -0.356 -0.174 0.492 0.000 

H-C-O-C (46-13-20-51) 0.000 0.000 0.760 0.000 

H-C-O-H (7-5-13-46) 0.000 0.000 0.352 0.000 

H-C-O-C (46-51-20-13) 0.000 0.000 0.760 0.000 

O-C-O-C (20-51-20-13) -0.375 -1.358 0.004 0.000 

a
 Standard ether carbons (bonded type 13) used for (13-13-20-51) and (13-13-51-20) torsions 

b Standard alkane carbon (bonded type 13) used for (46-51-13-46) torsion 
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C.2. Converged effective bond and angle potentials from iterative Boltzmann inversion 

 

 
 

Figure C.2.1. Converged effective bond stretching potentials for the SAFT-γ Mie PVB 

copolymer model at T=400 K with target distributions mapped from the OPLS all-atom MD 

simulations. Bond types are defined in Figure 3.6. The potentials are bounded by harmonics to 

deal with ranges of values not sampled in the MD simulations. These harmonics are 

parameterized to be C2 continuous with the splines.  
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Figure C.2.2. Converged effective angle bending potentials for the SAFT-γ Mie PVB copolymer 

model at T=400 K with target distributions mapped from the OPLS all-atom MD simulations. 

Angle types are defined in Figure 3.6. The potentials are bounded by harmonics to deal with 

ranges of values not sampled in the MD simulations. These harmonics are parameterized to be C2 

continuous with the splines. 
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Figure C.2.3. Angle bending distributions at T=400 K for CG angle types 4 and 5 (cf. Figure 

3.6) resulting from Mie 1-3 nonbond interactions, with all other PVB homopolymer bonded 

potentials converged. We were unable to converge these angles using iterative Boltzmann 

inversion, due to the the removal of the stereochemical features which give rise to the peaks in 

the distributions mapped from OPLS-AA simulations. For θ4, the potential from direct inversion 

of the all-atom distribution leads to poor sampling in the high-angle region. The application of 

steep potentials to shift θ4 towards larger angles resulted in numerically unstable simulations. For 

θ5, direct inversion fails to capture the largest peak, while much improvement is made by instead 

using the Mie 1-3 interactions. 
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C.3. Detailed fused-sphere SAFT-γ Mie parameterization results 

Table C.3.1. Fused-sphere SAFT-γ Mie parameterization results for 2-site n-butanea,b 

Shape Factor σ (Å) ε/kB (K) λr 
Pvap % 

AAD 

ρsat % 

AAD 

1.0 3.9652 249.54 12.417 0.0979 0.0435 

0.9 4.1357 280.92 13.949 0.3769 0.3141 

0.8 4.3372 324.82 16.629 0.1990 0.3819 

0.7 4.5785 371.56 19.658 0.5208 0.3926 

0.6 4.8760 422.11 23.164 0.9811 0.4399 

0.5 5.2494 481.94 27.780 1.6041 0.4757 

a Each result listed is the best solution from at least 3 independent runs of the genetic algorithm 

solver with gradient-based refinement. Literature data set taken from reference 2 (16 vapor 

pressure points, 6 saturated liquid density points). 
b AAD is absolute average deviation3 

 

 

Table C.3.2. Fused-sphere SAFT-γ Mie parameterization results for 2-site 1,3-butanediola 

Shape Factor σ (Å) ε/kB (K) λr 
Pvap % 

AAD 

ρsat % 

AAD 

1.0 4.3296 756.11 71.503 0.3438 0.3055 

0.9 4.5209 808.32 88.041 0.3092 0.2040 

0.8 4.7431 868.12 112.98 0.2716 0.0977 

0.7 5.0060 937.88 154.29 0.2032 0.1245 

0.6 5.3257 1022.0 237.43 0.2020 0.2343 

a Each result listed is the best solution from at least 3 independent runs of the genetic algorithm 

solver with gradient-based refinement. Literature data set taken from reference 4 (6 vapor 

pressure points, 6 saturated liquid density points). Note that the S=0.6 datum point was excluded 

from the PVA density matching. 

 

 

 

 



   

261 

 

Table C.3.3. Fused-sphere SAFT-γ Mie parameterization results for 2-site 2,5-

dimethyltetrahydrofurana 

Shape Factor σ (Å) ε/kB (K) λr 
Pvap % 

AAD 

ρsat % 

AAD 

1.0 4.4240 387.22 16.697 0.0971 0.3479 

0.9 4.6179 430.14 18.883 0.2652 0.3467 

0.8 4.8461 477.26 21.483 0.1033 0.3483 

0.7 5.1103 526.68 23.914 0.1310 0.3579 

0.6 5.4338 588.00 27.476 0.1142 0.3706 

0.5 5.8381 664.16 32.336 0.1209 0.3857 

a Each result listed is the best solution from at least 4 independent runs of the genetic algorithm 

solver with gradient-based refinement. Literature data set taken from reference 2 (11 vapor 

pressure points, 6 saturated liquid density points). 

 

 

Table C.3.4. Fused-sphere SAFT-γ Mie parameterization results for 3-site paraldehydea 

Shape Factor σ (Å) ε/kB (K) λr 
Pvap % 

AAD 

ρsat % 

AAD 

1.0 4.0345 351.49 18.226 2.4814 0.0882 

0.9 4.2243 395.18 21.725 2.6392 0.0672 

0.8 4.4338 437.49 25.191 2.6051 0.3485 

0.7 4.6855 494.06 31.832 3.5616 1.0273 

0.6 5.0040 548.34 37.606 3.3714 0.3719 

0.5 5.4002 630.70 53.293 3.3899 0.5022 

a With the 3-body ring correction term5 applied in the SAFT-γ Mie EoS. Each result listed is the 

best solution from at least 4 independent runs of the genetic algorithm solver with gradient-based 

refinement. Literature data set taken from reference 2 (12 vapor pressure points, 12 saturated 

liquid density points). 
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Table C.3.5. Fused-sphere SAFT-γ Mie parameterization results for 4-site 1,4-dioxanea 

Shape Factor σ (Å) ε/kB (K) λr 
Pvap % 

AAD 

ρsat % 

AAD 

1.0 3.1052 171.07 8.2680 0.9560 0.3459 

0.9 3.2344 207.57 9.6817 0.8176 0.0617 

0.8 3.3892 258.61 12.182 0.7524 0.2753 

0.7 3.5834 318.73 15.809 0.7444 0.3999 

0.6 3.8326 387.33 21.049 0.7889 0.4899 

0.5 4.1481 464.23 29.386 0.8598 0.6678 

a With the 3-body ring correction term5 applied in the SAFT-γ Mie EoS. Each result listed is the 

best solution from at least 4 independent runs of the genetic algorithm solver with gradient-based 

refinement. Literature data set taken from reference 6 (14 vapor pressure points, 14 saturated 

liquid density points). 

 

 

C.4. Mie parameter empirical correlations with shape factor 

 

 𝜎(𝑆)

𝜎(𝑆 = 1)
= 𝑎𝑆𝑏 (C.2) 

 

Table C.4.1. Fitting coefficients for normalized sigma parameter correlation  

Molecule a b 

n-butane 0.9996 -0.4049 

1,3-butanediol 1.0004 -0.4053 

2,5-dimethyltetrahydrofuran 1.0009 -0.4001 

paraldehyde 1.0007 -0.4197 

1,4-dioxane 0.9967 -0.4189 
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 휀(𝑆)

휀(𝑆 = 1)
= 𝑎𝑆2 + 𝑏𝑆 + 𝑐 (C.3) 

 

Table C.4.2. Fitting coefficients for normalized epsilon parameter correlation  

Molecule a b c 

n-butane 1.1783 -3.6316 3.4492 

1,3-butanediol 0.6974 -1.9905 2.2940 

2,5-dimethyltetrahydrofuran 1.0285 -2.9504 2.9271 

paraldehyde 1.2257 -3.3928 3.1742 

1,4-dioxane 2.8417 -7.7119 5.8637 

 

 

 𝜆(𝑆)

𝜆(𝑆 = 1)
= 𝑎𝑆3 + 𝑏𝑆2 + 𝑐𝑆 + 𝑑 (C.4) 

 

Table C.4.3. Fitting coefficients for normalized repulsive exponent correlation  

Molecule a b c d 

n-butane 4.5080 -8.3477 2.3566 2.4820 

1,3-butanediol -38.950 108.42 -102.93 34.458 

2,5-dimethyltetrahydrofuran -4.6158 12.228 -12.140 5.5257 

paraldehyde -19.107 49.865 -45.190 15.421 

1,4-dioxane -12.895 38.857 -40.827 15.859 
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C.5. Extended PVB copolymer density results 

 

 

 
 

Figure C.5.1. Colormaps depicting absolute error (in g/cm3) between SAFT-γ Mie coarse-

grained density and OPLS-AA density from NPT simulations, as a function of the ring bead 

shape factors (S1) and the alkyl side chain bead shape factor (S2). For both OPLS-AA and SAFT-

γ Mie, densities are the average over 3 simulations with independent stereochemistry and starting 

configurations. SAFT-γ Mie densities are sampled from the final 200 ps in the polymatic 

compression-annealing algorithm.7 
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To produce figure C.5.1, simulation data points located at increments of 0.1 over the span of  

(0.6,0.6) to (1.0,1.0) were fit to a 2d 2nd order polynomial: 

 |𝜌(𝑆1, 𝑆2) − 𝜌𝑡𝑎𝑟𝑔𝑒𝑡| = 𝑎00 + 𝑎10𝑆1 + 𝑎01𝑆2 + 𝑎20𝑆1
2 + 𝑎11𝑆1𝑆2 + 𝑎02𝑆2

2 (C.5) 

With increasing PVA content, the breadth of the optimal solution ‘valley’ becomes wider, as 

expected since the PVA shape factor is fixed at S=0.8124. The effect of varying the shape factors 

S1 and S2 on the Mie potential is shown for several illustrative cases in Fig. C.5.2. Note that these 

are the Mie potentials used in the MD simulations which include the scaling factor of SiSj for the 

휀𝑖𝑗 parameter. In all cases, increasing one or both shape factors leads to a smaller equilibrium 

interaction distance, and a deeper attractive well at that distance. 
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Figure C.5.2. The effect of the two vinyl butyral shape factor parameters (S1,S2) on the Mie 

potential for intermolecular interactions involving the side chain bead: (a) Mie potential for 

interactions between n-butane and DMTHF bead types with S1 = S2; (b) Mie potential for 

interactions between n-butane and DMTHF bead types with S1 ≥ S2; (c) Mie potential for 

interactions between n-butane and DMTHF bead types with S1 ≤ S2; (d) Mie potential for 

interactions between n-butane and paraldehyde bead types with S1 = S2; (e) Mie potential for 

interactions between n-butane and 1,4 dioxane bead types with S1 = S2. 
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C.6. PVB solubility parameter calculation 

Solubility parameters are useful a metric for validating polymer force fields, as they are 

predictors of polymer-polymer miscibility and polymer solubility. Hansen solubility parameters 

have been reported8 for several commercial PVB resins. In the Hansen model, solubility 

parameters are represented by three separate terms for dispersion, polar, and hydrogen-bonding 

contributions. For polymer samples, these are typically determined by chemical group 

contribution correlations in combination with a series of experimental solubility observations for 

a diverse array of solvents.9 Since we cannot deconstruct the cohesive energy from the coarse-

grained Mie potential into the 3 contributions, we compare the total (mean-squared) solubility 

parameters, shown in Figure C.5. We calculated solubility parameter from cohesive energy and 

molecular volume: 

 
𝛿 = (

𝐸𝑐𝑜ℎ

𝑉𝑚𝑜𝑛𝑜
)

1
2
 

(C.6) 

in which 𝐸𝑐𝑜ℎ is cohesive energy and 𝑉𝑚𝑜𝑛𝑜 in molecular volume of the monomer. Following a 

similar procedure as we used for PE and PVA,10 we approximate the cohesive energy as the 

difference between total pairwise interaction energies in the bulk solid phase and isolated chains 

in vacuum. The molecular volume of the fused-sphere PVB monomer is not well-defined in the 

SAFT-γ Mie EoS. However, it can be approximated by scaling the contributions from each bead 

by its shape factor: 

 𝑉𝑚𝑜𝑛𝑜 =
𝜋

6
∑𝑟𝑜,𝑖

3 𝑆𝑖  (C.7) 

This approach for estimating molecular volume led to excellent agreement between calculated 

and literature Hildebrand solubility parameter of PVA homopolymers.10. In Equation (C.7), 𝑆𝑖  is 

shape factor of bead 𝑖, and 𝑟𝑜,𝑖  is the equilibrium distance defined by the Mie potential of bead 𝑖. 
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Figure C.6.1. Comparison of solubility parameters calculated from MD (black diamonds), 

literature data for commercial PVB resins (red squares), and group contribution estimates11 with 

various vinyl alcohol contents. MD simulations were performed at 300 K, and the Hansen group 

contribution correlations for the commercial resins were developed at 298 K. 

 

Given the wide spread of solubility parameters for the different resins with the same vinyl 

alcohol content, other factors such as molecular weight, processing conditions, and (proprietary) 

additives appear to have significant influence on the reported Hansen solubility parameters. 

Nonetheless, our calculated values are in reasonable agreement with the literature values, and 

they produce the nonlinear increase with vinyl alcohol content that is expected. 
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 Appendix D 

Supporting information for chapter 4 

 

D.1. Contact maps of PVB coarse-grained beads with the silica surface 

 
Figure D.1. Contact maps of each of the 5 PVB coarse-grained bead types with the force-

mapped silica surface. VB bead types 1,2,3 and 4 correspond to the chemical fragments based on 

2,5-dimethyltetrahydrofuran, paraldehyde, 1,4-dioxane, and n-butane, respectively. In the lower 

right, a hard contact map of the solvent-accessible all-atom surface is shown for reference, 

computed using a spherical probe of radius 1.75 Å. Colors represent lowest points in the z 

direction (i.e., normal to the PVB-silica interface) sampled by a PVB bead, in Angstroms. For 

the coarse-grained contact maps, these were obtained from MD simulations of adsorbed PVB or 

PVA homopolymer melts at 400 K. The base of the silica slab model is located near z = 0. The 

coarse-grained bead contact maps are smoothed using the user-created Matlab smoothn function 

available through the Matlab File Exchange. 
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D.2. Additional PVB adhesion simulation results 

 

 
 

Figure D.2. One-dimensional volume fraction profiles of VA monomers as a function of z 

coordinate (i.e., distance from the silica surface) and blockiness for (a) 25 mol% VA, (b) 50 

mol% VA, and (c) 75 mol% VA. Averages are taken over 100 ns at 400 K, and the average of 

the 3 trials is shown. 
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Figure D.3. Contributions from the (a) VA and (b) VB monomers to the total adhesion energy 

shown in Fig. 4.8. 
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Figure D.4. Loop length distributions for (a) 25 mol% VA, (c) 50 mol% VA, (e) 75 mol% VA, 

and train length distributions for (b) 25 mol% VA, (d) 50 mol% VA, (f) 75 mol% VA as a 

function of blockiness (100 ns average at 400 K over 3 trials). The length distributions of tails, of 

which there are far fewer than trains and loops, are not sufficiently sampled to be of use. 



   

274 

 

 

 
Figure D.5. Average numbers of (a) trains, (b) loops, and (c) tails per adsorbed chain as a 

function of blockiness (100 ns average at 400 K over 3 trials). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


