
 

ABSTRACT 

EL GAALY, ASHRAF AHMED ALI. Optimization Models for Melting Patterns in Powder Bed 
Fusion Additive Manufacturing. (Under the direction of Dr. Russell King, Dr. Timothy Horn, and 
Dr. Christopher Rock). 
 
Powder Bed Fusion (PBF) is an Additive manufacturing (AM) process where metal powder is 

spread, melted, and fused layer upon layer using a heat sources, electron beam or laser, to produce 

fully dense and complex 3D which is usually not achievable by traditional manufacturing 

technologies. PBF has attracted different industries such as aerospace and biomedical because of 

the ability of developing new materials and superalloys. Yet, there are some disadvantages of PBF 

that limit its applications. One of these disadvantages is thermal deformation results from uneven 

heat distribution during melting and solidification. The melting patterns in which the heat source 

melts the metal powder plays a crucial role in controlling the heat distribution and evolution during 

the process. The aim of this work is to optimize the melting patterns in PBF in way that reduces 

thermal deformation. There is no direct mathematical representation of thermal deformation in 

terms of melting patters, therefor the optimization model is developed using finite element 

modeling (FEM). FEM’s for thermal deformation in PBF require both thermal and mechanical 

analysis which is computationally expensive. To overcome this challenge, a thermal metric that is 

highly correlated to thermal deformation is defined and used as a surrogate decision variable for 

controlling thermal deformation. This approach only relies on thermal analysis of FEM. The 

thermal metric defined in this work is the total number of times the nodal temperatures of the FEM 

mesh fall below a specific threshold. This thermal metric is utilized to formulate a mathematical 

optimization model as a modification of the classic Traveling Salesman Problem. Finally, a 

heuristic optimization algorithm is developed to solve this modified Traveling Salesman Problem 

(MTSP). The utility of this algorithm is tested using different geometries and shapes, and the 



 

algorithm is shown to reduce thermal deformation significantly over other melting patterns in the 

literature.  
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CHAPTER 1. INTRODUCTION 

Additive Manufactured parts experience rapid heat cycles of heating, melting, cooling down, and 

solidification that often result in the formation and evolution of residual stresses in the parts being 

fabricated. Alloys sensitive to residual stress may crack or warp. Conventionally in Metal Additive 

Manufacturing (AM), a heat source (electron beam or laser) scans and melts the material (powder) 

in linear raster pattern (Figure 2), which is the major reason for the formation and distribution of 

residual stresses in the parts, (Babu et al. [1]).  

As the heat source is scanning the powder, the material in that region is exposed to high 

temperature and melts while the rest of the material is not, and underlying solid layers are heated 

slowly by conduction. Once the heat source leaves that region, the melted material cools and 

solidifies quickly causing it to shrink. Meanwhile a new region of the material is being melted. 

These thermal gradients between different regions in the part while melting and cooling result in 

thermal deformation and residual stresses.  

The aim of this study is to optimize the scanning and melting pattern in a way that can mitigate 

the effect of heat cycles and minimize the thermal gradients, and therefore the resultant thermal 

deformation. An existing finite element analysis model (we will use the acronym FEA vs. the 

equivalent FEA) that simulates the powder bed fusion AM process is used to evaluate potential 

melt patterns. Then we develop optimization search algorithms to generate melting patterns that 

minimize thermal deformation and other thermal defects. In this chapter, an overview of AM, and 

the characteristics of thermal models are presented, followed by detailed literature survey to 

identify the research gaps we are trying to address in this dissertation. 
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1.1. Additive manufacturing 

ASTM has defined additive manufacturing (AM) as ‘‘a process of joining materials to make 

objects from 3D model data, usually layer upon layer, as opposed to subtractive manufacturing 

methodologies”, ASTM [2] and ASTM [3].  AM is accelerating fast growing area since it allows 

creating complex, free-form objects and parts directly from design files with no need for tooling. 

Empowered by information technology, AM evades many of the costly steps of conventional 

manufacturing, equipment, and skills, allowing 3D computer designs to be transformed into near 

net-shaped objects with just a click of a key. Furthermore, AM is better known for the variety of 

materials that can be used. In metal-based AM, materials include but are not limited to stainless 

steels, aluminum, nickel, cobalt chrome and titanium alloys and these materials come in form of 

powder. 

Metal parts can be fabricated using AM directly or indirectly. In direct methods a high energy 

source (electron beam/laser) is used to fully melt the metal powder and produce fully dense metal 

parts. One of the widely used is Powder Bed Fusion where the powder is fed to a bed as in electron 

beam melting (EBM), selective laser melting (SLM). In other direct AM methods, the metal 

powder is continuously fed into the melt pool such as laser metal deposition (LMD), and laser 

engineered net shaping (LENS). 

On the other hand, indirect AM methods fabricate parts by partially melting the metal particles, or 

by melting the low-melting-point binder to bond the metal particles together. The binders used can 

be polymer, such as phenolic polymer, or low-melting-point metal, such as SnS. The metal parts 

fabricated using these processes require post-processing to achieve a fully dense part. Figure 1.1 

classifies metal AM processes [4] 
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Metal AM Methods

Indirect Methods

Selective laser 
sintering (SLS)

Fused deposition 
modeling (FDM)

Stereolithography 
(SLA)
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manufacturing 
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Electron Beam 
(EBM)

Selective Laser 
Melting (SLM)

Laser metal 
deposition (LMD) 

Laser engineered 
net shaping (LENS)

 

Figure 1.1. Metal AM classification 

AM was developed in the 1980’s for creating models and prototype objects, and therefore was 

known as rapid prototyping. Presently, AM has (more concise) become a more generally applied 

technology to create finished products. According to Wong and Hernandez [5], the growth rate for 

AM in 2010 was 24.1%, whereas the compound annual growth rate for the industry’s history, until 

2010, was 26.2 percent. This growth can be shown by the tremendous number of applications of 

AM in many industries. In the case of metal AM, some of those applications are: 

 Aerospace 

 Automotive 

 Energy, Oil and Gas 

 Engineered Structures and Materials 

 Medical and Dental 
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Wong and Hernandez [5] and Gong et al. [6] provide a thorough review on AM and the various 

processes it entails. For the rest of the document, we will refer to metal AM or only AM. 

1.2. Thermal models  

In electron beam melting (EBM) - which is the focus of this study - the machine layers the 

powdered material across the build platform and then an electron beam scans the material in a 

specific path. The material in that region where the beam is passing is exposed to high temperature 

and melted, while the rest of the material on that layer and the underlying solid layers are heated 

slowly by conduction. Once the beam leaves that region, the melted material cools down and 

solidifies quickly causing it to shrink while a new region of the layer is being melted. This rapid 

heat cycle that the material undergoes has a significant impact on the mechanical properties and 

quality of the final parts (Mercelis and Kruth [7], Kruth [8], Lee el al. [9]). Therefore, a large 

number of studies have been conducted to analyze, control, and optimize the heat input and thermal 

profile during part fabrication.  

1.3. Finite element analysis 

Finite element analysis (FEA) is a powerful numerical method used to study thermal, mechanical, 

and physical phenomena in every engineering discipline. In FEA, finite element models are built 

and used to simulate engineering processes without the need for conducting physical experiments, 

which is a great saving in cost and time. In FEA models an object is discretized into a finite number 

of elements forming a mesh. This discretization reduces the problem with a continuous geometry 

to a finite number of unknowns in a systems of partial differential equations (PDE’s).  
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FEA is a common tool used in AM for simulating the melting and heat transfer of the process and 

predicting the mechanical properties of fabricated parts. This is done in two stages. First is the 

preprocessing stage where the geometry, mesh, boundary and initial conditions, and material 

properties are determined. In this stage the PDE governing heat source-material interaction is 

discretized into equations for each element in the mesh, forming a system of PDE’s. The output of 

this stage is a spatial and temporal thermal profile on the geometry. The second is the post 

processing stage where the thermal profile computed in stage one is applied as a load to predict 

the resultant mechanical properties such as distortion, residual stress, microstructure, etc. The two 

stages are coupled.  

This thermo-mechanical analysis can be coupled or uncoupled. In coupled analysis, the thermal 

and mechanical analyses are performed simultaneously, and the heat generation results from 

plastic deformation of the material impacts the calculation of the thermal profile. On the other 

hand, uncoupled analysis is performed sequentially with no interactions between thermal profile 

and deformation considered. The latter method has the advantage of reducing the computation cost 

significantly, nonetheless, it lacks some accuracy, Schoinochoritis et al. [10]. 

1.4. Literature review  

Finite element analysis is a powerful and widely used approach for the numerical modeling and 

simulation of powder bed fusion processes. FEA provides an understanding and characterization 

of PBF and helps with the selection of materials and their properties, the setting of process 

parameters. The downside of FEA is the high computational time and cost. This limits the 

application of FEA to a few numbers of melting tracks in the order of millimeters. Therefore, 
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researchers have been trying to develop simple, yet smart, ways to model PBF using FEA in order 

to reduce the computation cost without compromising the accuracy and usefulness of the results.  

In this section, we survey the literature to classify the different ways FEA’s have been developed 

and used in PBF and use this survey to identify the research gaps we try to bridge in this study. 

The studies reviewed in this section are divided into three parts. Firstly, the thermal FEA’s aiming 

at characterizing temperature profiles and distribution. Secondly, the thermo-mechanical FEA’s 

using thermal results to describe the mechanical properties of parts. Thirdly, we look into how 

melting patterns have been studied in the literature, whether using FEA for that purpose or rely 

solely on experimentation.  

The preprocessing FEA is purely thermal and is used to obtain results characterizing the heat 

distribution and evolution during PBF, and the resultant temperature field and profile. One of the 

approaches used to improve the computation effort of FEA for thermal models is dynamic 

meshing. The finer the mesh, the more accurate the results are, but that comes with the burden of 

increasing the computational time of the model drastically. In dynamic meshing, a fine mesh is 

used in the areas where accuracy matters the most, while a coarse mesh is used where accuracy 

can be compromised.  

Shresthaa and Choub [11] and Contuzzi at al. [12] use dynamic meshing in their studies. Shresthaa 

and Choub [11] build a thermo-fluid FEA model to study the melt pool shape and the resultant 

surface roughness of Ti-6Al-4V during EBM. In addition, the authors study the beam velocity and 

its effect on the model and surface roughness. The dimensions of the part used in the simulation is 

8x4x2mm, with mesh resolution of 0.3x0.3x0.14mm in the scan area, and more coarse resolution 

farther away from it. The simulation and experimental results show that the surface roughness 



   

7 
 

increases as the beam speed increases. Also, the surface roughness in the build direction is found 

to be lower compared to the transverse direction. The authors suggest optimizing the hatch spacing 

to reduce the surface roughness in the transverse direction.  Contuzzi at al. [12] develop a thermal 

FEA model for SLM to characterize the powder to liquid to solid interface, and study the process 

parameters that influence it. Then the result of the simulation model is compared to the 

experimental results. The geometry considered for this FEA is 6x9x0.3mm with a fine mesh in the 

center of the part, and more coarse mesh elsewhere to reduce the computation time. Temperature 

dependent material properties have two values, one for powder and solid when the nodal 

temperature on the mesh is less than the material, 316L, melting point. The other values are for the 

liquid state whenever the nodal temperature is greater than the melting point. The FEA results are 

found to be accurate compared to the experiment, with only 7.5% error in the melt pool depth, and 

1% error in its width.  

Another approach to lower the computation time of FEA of PBF that has been used in Contuzzi at 

al. [12] and others is mesh elements death and birth. Similar to dynamic meshing, the unknowns 

of the PDE’s only represent the elements of the area where the heat source is passing. All elements 

are considered inactive, dead, at the beginning of the simulation, and elements then successively 

activated along the areas of heat source path. Using this approach 

Fu and Gau [13] develop a thermal FEA model to predict the shape and size of the melt pool and 

the temperature gradient and history in parts built using SLM. To reduce the computation time of 

the FEA, all the elements in the mesh are set to be inactive except for the element of the layer 

being fabricated. The part used in the study is 1x4x0.5 mm in size. Michaleris [14] propose new 

FEA’s for heat transfer analysis in for both, EBM and SLM, to study the sources of error in the 

analysis while improving the computation requirements. The conventional FEA method, i.e. quiet 

https://www.researchgate.net/profile/Nicola_Contuzzi
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method, is used in most commercial packages and accounts for temperature dependent material 

properties. In this method, all elements are created from the start of the analysis. However, they 

are assigned properties, so they do not affect the analysis until they are activated. The number of 

equations in this method is constant throughout the analysis, but the running time is long. The 

geometry used in this simulation is a single 38.1 mm bead of material that is 12.6 mm high (62 

layers of 0.2032 mm thick each). 

One of the factors that contributes the complexity and computation cost of FEA is accounting for 

material phase change during melting simulation. To capture the phase change, the values of 

material properties using the analysis changes rapidly depending on the temperature and the time 

that material stays at a temperature. To counter the impact of this in the analysis, researchers have 

proposed different methods to simplify the calculation such as: neglecting the phase change, using 

wide temperature intervals for material properties values, and limiting the ways the heat is 

transferred in the systems. Zhang et al. [15] use FEA to describe the effect of scan velocity, laser 

power, scan interval, and preheating process on temperature distribution during SLM. The model 

is simplified by only considering heat convection between the part boundaries and atmosphere. 

Moreover, material phase change is ignored. The material used is a W-Ni-Fe composition with 

geometry dimensions 1x2x0.05mm. The results show the tungsten particles are not melted with 

low laser energy, and therefore, the best parameter setting is high laser power, a low scan velocity, 

a narrow scan interval. Huang et al. [16] develop an FEA to study the effect of some SLM 

parameters on the heat distribution and melt pool size during Ti6Al4V melting. The parameters 

investigational are laser power, scan speed, scanning track length, time interval and hatch spacing 

between two neighboring tracks. In this FEA, the powder material is considered as a continuous 

medium, hence, when the temperature is lower than melting point, the material is in a powder state, 
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and otherwise the material is in a liquid state. Also, the vaporization and porosity of the material 

are ignored. A single layer of size 3x3x0.03 is considered. Furthermore, dynamic meshing is used 

where the mesh in the scanned area is fine and coarse everywhere else. 

FEA is commonly used for process parameters optimization. This is typically done by running a 

number of simulation instances for different parameter combinations. Cheng and Chou [17] take 

advantage of statistical inference to minimize the number of simulation runs needed for parameter 

optimization. They combine a numerical model with FE model to study the material properties 

that influence the characteristics of melt pool, melt pool length over depth ratio and cross-sectional 

area, in EBM. Multiple materials are considered, such as Ti64, IN718, AISI316L, and copper. Four 

factors are considered and varied in the simulation with two level of each factor. Next, an ANOVA 

is conducted to evaluate the characteristics of melt pool shapes for various conditions. The choice 

of a two-level factorial design is due to the computational intensity of the FEA model.  

A summary of all the above-mentioned studies in thermal FEA is given in Table 1.1 below. 
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Table 1.1.  Summary of the literature review on thermal FEA 
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Reference 
Shresthaa and Choub[11]         EBM Ti Dynamic mesh 

Contuzzi at al. [12]         SLM Steel Dynamic mesh, fixed material properties 

Fu and Gau [13]         SLM Ti Element death and birth 

Michaleris [14]         SLM Ti - 

Zhang et al. [15]         SLM Mix No heat loss to air, fixed material properties 

Cheng and Chou [17]         EBM Ti/Cu/IN Statistical inference  

Huang et al. [16]         SLM Ti Fixed material properties 

Figure 1.2
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After using thermal FEA’s to predict temperature profiles and study the factors and parameters 

affecting them, some studies take an extra step evaluate the resultant thermal deformation of these 

temperature profiles. As discussed in the previous section, most of the published mechanical 

FEA’s are not coupled with the thermal analysis. This means in order to calculate thermal 

deformation, residual stresses and distortions, a mechanical analysis is performed after the thermal 

analysis is done using the thermal profiles as a load input. Similar to thermal FEA, a number of 

assumptions are made to reduce the computation cost.  

 One of the ways to lower the computation time of the mechanical analysis is related to the dynamic 

meshing. The assumption here is ignoring or limiting the mechanical analysis away from the heat 

source path.  The following studies have formulated this assumption in a number of different ways: 

Matsumoto et al. [18] propose an FEA for a single layer in SLM. The model calculates the 

temperature distribution and stress within the solid layer. To simplify the computations in the 

thermal part of the simulation, the volumetric change during solidification is considered to cause 

only the thickness change, and thus the element areas are not changed. On the other hand, the 

mechanical analysis of thermal stress is simplified by using a very small Young’s modulus, 0.5% 

of the solid at a room temperature. Moreover, the values of Poisson’s ratios used are constant 

regardless of the state of the material. It is found that the solid layer warps as a result of the rapid 

heat cycles, and the stress distribution in the solidified part caused by the temperature change 

shows a stripe pattern of compressive and tensile stresses.  

Roberts et al. [19] develop an FEA for SLM to study the thermal interactions of adding successive 

layers and the resulting effects on temperature gradients and thermal stress development. The 

dimensions used in this study is 1x1x0.15mm.  A more coarse mesh is used for areas away from 
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the scan region in the thermal analysis, where in the stress analysis elements death and birth is 

used set the stiffness of elements away from the scan region to zero.  Furthermore, the computation 

cost is reduced by using a simplified generic relationship between the powder bed and solid 

material for temperature dependent material properties. The results show that the upper layers 

reach higher stable temperatures than the first layer in contact with the base plate.  

Hussein et al. [20] develop a coupled thermomechanical FEA to investigate the temperature and 

stress fields in single 316L stainless steel layer parts on SLM without support.  The layer used in 

this model is 12.2x3.2x0.1mm with a 0.75x0.75x0.75 mesh in the laser interaction area, and 

coarser mesh elsewhere. The analysis is divided into several load steps, and once the laser moves 

to next load step, the previous load step is deleted to reduce the computation cost.  

Keller and Ploshikhin [21] develop three microscopic scale FEA’s to predict distortion and residual 

stresses in powder bed AM. The advantage of the microscopic scale is to reduce the calculation 

time drastically reduced in two or more orders of magnitude, then mapping that into the large-scale 

structural analysis. The heat capacity and density of the material is considered constant for all 

temperatures. Other temperature dependent properties are set to two values, solid and liquid. At 

the beginning of the stress analysis, elements are deactivated, and only elements at the current laser 

position are activated. Moreover, the Young’s modulus used is slightly above zero for more 

computational efficiency. The three models study the effect of heat source parameters, hatch 

spacing and scanning patterns in distortion and residual stresses. The authors investigate three 

different scanning patterns, namely scanning in x-direction, scanning in y-direction and an island 

scanning strategy with rotated islands. The model is experimentally validated on a 316L stainless 

steel using SLM.  Denlinger et al. [22] develop an FEA for predicting the thermo-mechanical 

response of Ti-6Al-4V during EBM. A thermo-elasto-plastic analysis is conducted to investigate 
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both the in-situ distortion and post-process residual stress. The proposed FEA assumes the thermal 

and mechanical models are uncoupled and that the stress response has no effect on the thermal 

history. The mechanical analysis of this FEA accounts for the observed stress relaxation by 

resetting both stress and plastic strain to 0 when the temperature exceeds a prescribed stress 

relaxation temperature. Single bead wide, 16-layer-high thin wall built is used for model 

validation. The results show that failure to implement stress relaxation in the constitutive model 

leads to errors in the residual stress and the in-situ distortion predications of over 500% when 

compared with the experimental measurements. Cao et al. [23] develop a thermomechanical FEA 

to study the distortion and residual stress in EBM additive manufactured Ti-6Al-4V build plates. 

Then, the model is experimentally validated to investigate effects of preheat on the distortion and 

the residual stress. Single layer, 6-layer and 11-layer build plates are used for that purpose. 

Dynamic meshing is used in both the thermal and mechanical phases of the FEA. An et al. [24] 

develop an FEA for predicting residual stress distribution for an Inconel superalloy curved single 

track thin-walled, 50mm long and 2.5mm wide, structure manufactured by SLM. They call the 

approach to lower the computation time, layer by layer, where the only active elements are the 

ones of the layer being fabricated. Then they run an experiment to validate their model by 

measuring residual stresses in their specimens using neutron diffraction.  

Other studies like Vastola et al. [25] and Lee et al. [9] use different approaches to lower the 

computation effort by not considering temperature dependent material properties and phase change 

at every temperature value and time step. Vastola et al. [25] use FEA to simulate and analyze a 

single-pass scanning during EBM to study the effects of beam size, beam power, density, beam 

scan speed, and chamber bed temperature on the magnitude and distribution of residual stresses of 

Ti-6Al-4V. The part size in this study is 2× 1.5× 0.65mm. This model does not explicitly consider 
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the fluid dynamics of the melt pool, though, some process parameters are adopted from the 

literature to account for that implicitly. Lee et al. [9] develop a thermal framework to predict the 

hot cracking during of IN 718 during EBM. They study the effect of geometry, process parameters, 

and microstructure on eliminating cracking. The framework consists of uncoupled low fidelity 

heat transit model for the thermal analysis, and Multiphysics model for the mechanical analysis. 

These uncoupled thermomechanical models are used to study the relationship between process 

parameters, build geometry, on cracking, with the assumption that mechanical deformation of 

surfaces would not lead to changes in thermal properties and vice versa. In the thermal FEA, the 

temperature distribution and evolution over time is calculated. Then these spatial and temporal 

values used as a predefined temperature for the stress model. For the latter model, the temperature 

dependent material properties are sensitive only to temperature and not the time spent at each 

temperature for simplicity. The geometry used in this study is a cylinder of 7.5mm diameter, and 

3mm height. It is found that the cracking behavior is affected by the melting pattern, which can be 

optimized to diminish the crack formation. In the same way, Mukherjee et al. [26] use a 

thermomechanical FEA, but for modeling residual stress and distortion during SLM. In thermal 

analysis of this model, phase change and temperature dependent material properties are ignored, 

but are considered for the mechanical analysis. 

Zaeh and Branner [27] propose a simplified model that studies the effect of layer thickness on part 

deformation in SLM parts using FEA and experiments as well. A single 1mm layer is used in the 

FEA, as opposed to twenty 0.05mm layers in the experiment, so that the calculation cost is 

considerably reduced. In general, simulation results of deformation and residual stress show an 

adequate correlation with the experimental series. Another cost reduction approach is proposed by 

Paul et al. [28] by not using the preprocessing thermal FEA. The authors develop an analytical and 
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an FE models to calculate thermal deformation due shrinkage and thermal stress in both electron 

beam and laser AM. Thermal deformation is calculated in term of slice thickness, part orientation, 

scanning speed, and material properties. The analytical model is used to study deformation in the 

powder to liquid, and liquid to solid states. Then the simulation model is fed the analytical results 

and used to calculate deformation in the cooling down state. This reduces the excessive 

computational memory and time. The model is used to predict the thermal deformation and stress 

for four different instances: a single 1x1x0.3mm layer on a 3x3x0.3mm substrate; and two 

1x1x0.3mm layers on a 3x3x0.3mm substrate, a 3x3x0.5mm substrate, and 3x3x1mm substrate. 

The model’s results are compared to publish results in the literature. Li et al. [29] develop FEA’s 

to predict distortion and residual stresses in SLM faster, by scaling up the material deposition rate 

via increasing heat source dimension and layer thickness. Consequently, the computational time is 

reduced significantly. Table 1.2 shows a summary of these mechanical FEA studies and their main 

features. 
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Table 1.2. Summary of the literature review on mechanical FEA 
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Reference 

Matsumoto et al. [18]         SLM Nickel No material expansion with 
heating 

Small Young’s modulus, Possion’s 
ratio 

Roberts et al. [19]         SLM Ti Dynamic mesh Element death and birth, fixed 
material properties 

Hussein et al. [20]         SLM Steel Dynamic mesh Element death and birth 

Keller and Ploshikhin [21]    
  

 
  
 SLM/EB

M Steel Microscale layer, Element death 
and birth, fixed material properties 

Element death and birth, Small 
Young’s modulus, fixed material 
properties 

Denlinger et al. [22]         EBM Ti Single track  Stress relaxation  
Cao et al. [23]         EBM Ti Dynamic mesh Dynamic mesh 
An et al. [24]          SLM Nickel Single track Element death and birth 
Vastola et al. [25]         EBM Ti Single track Fixed material properties 
Lee et al. [9]         EBM Nickel - - 
Mukherjee et al. [26]         SLM Ti /IN - - 
Zaeh and Branner [27]         SLM Steel Layer lumping Layer lumping 

Paul et al. [28]      
   SLM/EB

M Ti/Steel Microscale layer Microscale layer 

Li et al. [29]         SLM Ti/Steel Dynamic mesh Layer lumping 
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For the remainder of this section, we review the research that have been conducting to control and 

study the impact of melting patterns in PBF processes. Scanning and melting tracks (the paths in 

which the heat source moves), play a crucial role in determining the mechanical properties and 

quality of fabricated parts because it affects the deposition and energy into the material, and the 

heat distribution across the layer. Conventionally in powder bed fusion, the heat source (electron 

beam or laser), rasters the material in parallel line as show in Figure 1.   

 

Figure 1.3. Raster melting pattern in PBF 

 
Most of the studies conducted in this area focus on the line/vector length of the raster pattern as a 

variable to control thermal/mechanical properties of PBF processes. That is done by changing the 

orientation of the raster after the beam has traveled a specific length or using the island strategy 

where the layer is divided into smaller regions that is scanned one after another. FEA can assist 

with optimizing melting patterns and the effect of that in the final parts. However, melting pattern 

optimization usually require the evaluation of large number of simulation instances, which is 

computationally intense and taxing. Some studies skip the FEA, and only evaluate different 

melting patterns experimentally. Examples of those studies are described below, and a summary 

of these is presented in Table 3. 
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Kruth et al. [30] optimize processing parameters in SLM in order to obtain full density metal parts 

with no thermal deformations under six different scanning strategies. The first two scanning 

strategies, a regular raster in X and Y is used. For the other four strategies, the part area is divided 

in small rectangular sectors of 5mm×5mm for strategies (3) and (4) and 2.5mm×2.5mm for the 

last two strategies. The six scanning strategies are compared during two kinds of experiments: 

scanning directly on the base plate; and melting one powder layer on top of the base plate. The 

first two strategies result in smallest curvature in that scanning direction. The other four strategies 

result in less deformation with small curvatures along X- and Y-directions. The authors 

recommend strategy (5) and (6) because small sectors could be scanned with less energy input 

from the laser, which reduces temperature gradient. Carter et al. [31] study the effect of island 

scanning patterns in the microstructure in SLM and Hot Isostatically Pressed nickel superalloys. 

The island scanning patterns are compared experimentally to conventional raster scan. For island 

scan, a 20 mm x 20 mm layers are divided into small 5 mm x 5 mm regions. Each of these islands 

is then selectively melted in a random order. Within each of the islands, simple alternating scan 

vectors are used. The island scanning strategy result in bimodal grain structure with two distinct 

regions: columnar grains elongated in the build direction and fine-grained regions defining the 

repeating 1 mm square pattern. Catchpole-Smith et al. [32] use novel fractal scanning strategies 

based on Hilbert and Peano-Gosper space-filling curves. By using those curves with short vector 

length scans, the authors aim to reduce residual stresses and cracks in nickel superalloys via SLM. 

Space-filling curves provide a different approach to control the vector length, as opposed to 

islanding. Afterward, the stress and cracking caused by the two space-filling curves are compared 

to island raster. Results show that cracking occurs under both scanning strategies but with 

dependence on the laser scan vectors. Cracking follows scan vectors in island scanning with long 
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vector lengths, but with fractal scan strategies, cracks often propagate parallel to and at an angle 

to the scan vectors. Another way melting patterns are optimized is to study the impact of the angles 

in which complex structures are built. Mertens et al. [33] is an example of that. They optimize 

process parameters and scan strategies using trial and error for structures with downfacing areas, 

using both horizontal and inclined scanning tracks in SLM. downfacing area with Inclined angles 

of 60°, 45°, and 30° are considered in the study. The parameter values are chosen from the 

literature and optimized in terms of part density. Moreover, two scanning parameters are optimized 

along with scanning patterns: laser power and scan spacing. It is found that using a 60-degree angle 

with low power retains the best surface quality. 

On the other hand, line/vector length and islanding have been optimized using FEA instead of 

relying on experiments only. Cheng et al. [34] develop an FEA to investigate the effect of scanning 

strategy (eight strategies) on temperature, stress and deformation of part fabricated in SLM. 

Uncoupled thermal and mechanical FEA are performed with dynamic meshing for both analyses. 

Moreover, to lower the computation time, convection of liquid in the melt pool volume shrinkage 

due to solidification is ignored in the model. Three 6x6x0.03 mm layers are simulated. The eight 

scanning strategies were chosen arbitrary and not optimized, because the authors want to “provide 

engineers with broader scope on scanning strategy effect and can help them to improve the quality 

of SLM parts through scanning strategy selection”. All strategies except the horizontal line raster 

show no significant difference in the stress between X and Y directions.  Ali et al. [35] study the 

effect of scanning strategy, in term of scan vector length, rotation, and island strategy; and the 

effect of rescanning on residual stress and mechanical properties of Ti-6Al-4V using SLM. The 

investigated scanning strategy parameters are set to match results from the literature. An 

Uncoupled FEA is developed for predicting residual stress of a 1.04×0.33x0.05mm layer. They 
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find that scanning strategies influence the residual stress but find no direct correlation between 

them and the mechanical properties. Ganeriwala et al. [36] study the role of melting pattern 

orientation and vector length in residual stress during SLM of Ti-6Al-4V. A thermomechanical 

FEA is performed followed by an experimental validation. Layer activation is used to improve the 

computation time of the FEA, along with a layer agglomeration approach similar to that used in 

Zaeh and Branner [27]. In layer agglomeration, multiple layers are treated as one thicker layer. 

However, the melting patterns used in this study are 0° to 90° and −45°to +45° raster rotation 

between layers. These two rotation patterns are used with and without islanding for bridge-shaped 

specimens. The results of the thermomechanical model show good agreement with X-ray 

diffraction measurements of the specimens. However, the experimental measurements showed 

higher residual strains for the specimen built with islanding. 

The following studies aim to use melting patterns to control the microstructure of EBM parts. 

Though, controlling the texture and microstructure is out of scope of this study, controlling 

microstructure require controlling heat input and temperature distribution and thermal gradients. 

Moreover, these studies propose an interesting discrete melting technique which we utilize for our 

optimization strategy. With this melting pattern. i.e., spot melting, the heat source is turned on at 

a point with a specified power for a specific dwell time. Then the beam is moved to the next spot 

in the melting sequence.  

Of the studies using spot melt, only two use FEA, where the others skip the simulation step and 

run experiments directly. Raghavan et al. [37] develop a numerical simulation model as a function 

of electron beam parameters and spot melt scanning to control the microstructure of Inconel 718 

20mm cubes fabricated using EBM. The volumetric shrinkage of the material caused by the 

changes in temperature during melting and solidification are ignored. Also, the thermal 
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conductivity/heat flux on the boundary conditions of the cube faces, except the bottom face, are 

assumed to be zero. The model is capable of predicting the fraction of equiaxed grain formation 

as a function of beam diameter, beam current, beam ON time, and preheat temperature under spot 

melt scan. The results show that the volume fraction of equiaxed grains increases as those EBM 

parameters increase. Lee et al. [38] develop a low-fidelity FEA to simulate the rapid solidification 

conditions occurring in AM and use it to control microstructures of IN 718 using spot melt 

scanning strategy during EMB. Twelve instances of the of a single 20x20x1 mm layer are 

simulated by varying, beam power, spot time, and point offset (distance between neighboring 

spots). The ability of their low-fidelity model to predict solidification morphology (i.e. CET) in 

electron beam melting was verified by the experiments. 

A number of researchers report experimental results for spot melt strategies.  Dehoff et al. [39] 

study the effect of point source melting (spot melt) on crystallographic texture of Inconel 718 in 

EBM, as opposed to conventional line source melting (raster melt). The two melting patterns are 

evaluated experimentally using 10mm IN 718 cubes. The beam speed and power are optimized 

along with the melting pattern. Raster melt produces columnar grains parallel to the build direction. 

Under the new scanning strategy, the authors are able to generate equiaxed grains. Raghavan et al. 

[40] use spot melt scan for controlling the microstructure, namely the crystallographic texture, 

primary dendrite arm spacing (PDAS), and grain size during EBM using continuum finite 

difference. The authors achieve grain size (30 µm-150 µm) and PDAS (4 µm - 10 µm) in Inconel 

718 20x20x20mm parts. The reason for these results is that, spot melt is localized and allows for 

consistent solidification microstructure across the build. Kirka et al. [41] propose a spot melt 

strategy for controlling the texture in AM and being able to form either columnar or equiaxed grain 

structures upon solidification. The structure texture has great effect on the mechanical performance 
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of the fabricated parts. Plotkowski et al. [42] develop a semi-analytical heat conduction model to 

study heat transfer effects of scan strategy and geometry in metal additive manufacturing. Knapp 

et al. [43] investigate the role of fluid flow and vaporization during EBM of IN 718 alloy using a 

spot melt melting strategy, and its impact on melt pool geometry, temperature gradients and 

solidification rates.  

Finally, Lee et al. [44] explore the influence of a new melt pattern, namely, ghost beam on local 

microstructure by investigating melt pool shape, thermal gradient, and solidification rate for 20mm 

IN 718 cubes. In the ghost beam strategy, two beams are used, i.e. a primary beam followed by a 

secondary one. The parameters to control this melt strategy are, the dwell time of each beam, the 

delay time between the two beams, and the spacing between them. The authors consider different 

combinations of these parameters, and study their influence on the melt pool physics, thermal 

gradients and solidification rate. Finally, the ghost beam strategy is compared to both raster and 

spot melt strategies using both a finite volume method and through experimentation. The ghost 

beam is found to reduce both the thermal gradient and the solidification rate, as opposed to spot 

melt which reduces the former but increases the latter.  

A summary of the above literature review on PBF melting patterns is given in Table 1.3. 
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Table 1.3. Summary of the literature review on melting patterns 
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Reference 
Kruth et al. [30]         SLM Mix - - 

Carter et al. [31]         SLM Nickel - - 

Mertens et al. [33]         SLM Steel - - 

Dehoff et al. [39]         EBM Nickel - - 

Cheng et al. [34]         SLM Nickel No material expansion with heating Fixed material properties 

Raghavan et al. [37]         EBM Nickel No material expansion with heating No heat loss to air 

Catchpole-Smith et al. [32]         SLM Nickel - - 

Kirka et al. [41]         SLM/E
BM IN/Steel - - 

Lee et al. [38]         EBM Nickel Low fidelity heat distribution  - 

Plotkowski et al. [42]         EBM Nickel - - 

Raghavan et al. [40]         EBM Nickel - - 

Ali et al. [35]         SLM Ti Microscale layer Microscale layer 

Lee et al. [44]         EBM Nickel Low fidelity heat distribution Fixed material properties 

Ganeriwala et al. [36]         SLM Ti Layer lumping Element death and birth 

Knapp et al. [43]         EBM Nickel - - 
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This literature review reveals that, there have been a large number of attempts to model thermal 

and mechanical behavior of PBF AM using finite element methods. However, these models are 

always simplified and reduced in size. Finite element is a powerful bad sophisticated numerical 

analysis technique to study thermomechanical phenomena of PBF, it is still unsuitable for 

simulating and capturing the all thermos-physical properties and interactions of the material and 

the process. Furthermore, it is ill-suited for geometries with dimensions larger than few 

millimeters. Even simulating small geometries with simplified models requires long processing 

time, sometime days, to fully simulate the process.  

In addition to that, and as confirmed by Schoinochoritis et al. (2017), most of the published 

literature on studying PBF using FEA, has been conducted on laser processes rather than electron 

beam.  

1.5. Statement of the problem 

As explicitly pointed out in Dehoff et al. [39], Catchpole-Smith et al. [32], and Plotkowski et al. 

[42], the literature review reveals, the need for an optimization framework for melting strategies 

and patterns in AM to achieve particular thermal profile so as to control the mechanical properties 

of the fabricated parts. The literature review shows that few models have been proposed to 

optimize thermal deformation as a function of melting patterns. Furthermore, in these models a 

fixed set of patterns are generated either arbitrarily or analytically, then evaluated numerically or 

experimentally. In this study, we aim to build a mathematical optimization model for melting 

patterns in EBM to control the thermal profile and ensure uniform heat input and distribution which 

eventually minimizes thermal deformation. However, there is no closed form mathematical 
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representation of thermal deformation in terms of melting patterns. Therefore, the optimization 

model is built on finite element simulation.  

Although FEA provides a powerful tool to model and simulate melting patterns, it is established 

in the literature review section that high-fidelity multi-physics FEA capable of highly detailed 

calculation and prediction of the mechanical properties is computationally expensive. 

Simplification assumptions are typically used to lower that cost. However, low fidelity FEA is 

only capable of simulating the heat distribution and calculating temperature profile with high level 

of accuracy as shown in Lee et al. [38] and Lee et al. [9]. 

Using low fidelity FEA is attractive for our melting pattern optimization, except it is not directly 

suitable for this purpose since optimizing the melting pattern requires mechanical analysis these 

FEA’s cannot perform. With this in mind, we first identify some thermal metrics that can be 

calculated using a low fidelity FEA. Then using a limited experimentation, we examine how these 

thermal metrics are correlated to thermal deformation. Once we establish a high correlation 

between few metrics and thermal deformation, we can use these thermal metrics as a surrogate to 

control thermal deformation using low fidelity FEA. By doing so, we exploit the computation 

advantage of low fidelity FEA to control a thermomechanical property that requires mechanical 

analysis.  

A visual representation of the thesis statement, and the tasks to be achieved to address this problem 

is given in Figure 1.3.   
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Melting Patterns
• Line length 
• Line spacing
• Heat affected zone
• Return time

Thermal Metrics
• Thermal profile 
• Thermal gradient
• Cooling rate
• Solidification rate

Thermal Deformation
• Warpage
• Curling
• Cracking
• Thermal stress

Low fidelity FEM Experiment

Optimization  

Figure 1.4. Flowchart of the statement of the problem 

 
1.6. Low fidelity FEA 

First, we modify an existing low fidelity FEA, Lee et al [38], and test its capability and accuracy 

in simulating melting patterns for EMB. Next, we identify appropriate thermal metrics using this 

low fidelity FEA and prove their correlation to thermal deformation using a limited 

experimentation. Finally, we formulate an optimization model and build an algorithm that uses 

these defined thermal metrics as a surrogate to reduce thermal deformation and residual stress.  

Nomenclature 

T Temperature Ae effective absorption coefficient of electron 
beam 

t Time r Electron beam spot radius 

Tvac Vacuum Temperature   P Electron beam power 

ρ Density dp Electron beam penetration depth 

Cp Specific heat φ Stefan-Boltzmann constant  

k Thermal conductivity  ϵ Emissivity  

 

In this study, a low-fidelity heat transient FEA model is developed using the FEniCS project, a 

module based on the Python library (Alnaes et al., [45], and Langtangen, and Logg, [46]). In our 

model, the governing equation is: 
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In case of EBM, the energy conservation equation with a moving Gaussian energy source is used 

for material-heat source interaction. This energy conservation equation is: 
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In EBM most of the heat loss occurs through conduction, and some heat loss in vacuum occurs 

through radiation since there is no medium for heat convection. The heat loss through radiation is 

4 4( )rad vacq T Tϕε= −       (3) 

For the boundary conditions, we use the Neumann boundary condition (Langtangen and Logg, 

2016 and Lee et al., 2017) because we impose the flux of heat through that edge of our part. The 

Neumann boundary condition is given in the following general form  

( ) ( )u x g x
n

∂
=

∂
      (4) 

The left-hand side of equation 4 is the coefficient of the heat transfer on the boundary. In this low 

fidelity FEA it represents the coefficient of heat conduction on the boundaries of the layer.  

1.7. Structure of dissertation  

The problem of optimizing melting patterns to reduce thermal deformation and residual stresses in 

PBF EBM is the focus of this dissertation.  In Chapter 2, we assess the adequacy of our modified 

low fidelity FEA model by simulating different melting patterns, analyze their resultant thermal 
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profiles, and build an ad hoc multi-objective model study the effect of melting patterns parameters 

in the thermal profiles. In Chapter 3, and after showing the capability of the FEA model, we defined 

different thermal metrics, and experimentally demonstrate the correlation between these metrics 

and thermal deformation. In Chapter 4, we propose and formulate an optimization model for 

melting patterns using the thermal metrics defined in Chapter 3 and develop an algorithm to solve 

this model for different geometries and shapes. Finally, in Chapter 5, this study is concluded, and 

possible future extensions are proposed.  
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CHAPTER 2. A NOVEL MULTI-OBJECTIVE FINITE ELEMENT OPTIMIZATION 

MODEL FOR MELTING PATTERNS IN PBF EBM 

 
In this chapter, we test the ability of our FEA model to simulate different type of melting patterns, 

and accurately calculate their associated thermal profiles and characteristics.  

2.1. Spot melt patterns generation  

In this study we consider various spot melt patterns that vary slightly from the ones used in 

Raghavan et al. [37], and Raghavan et al. [40]. In spot melt strategy instead of moving the beam 

linearly, i.e., rastering, the beam melts and jumps from one point to another in specific sequence. 

When the beam moves to a point, it stays there for a predetermined interval of time, enough to 

melt the powder in the area, then instantaneously moves to the next point in the melting sequence. 

That is repeated until the entire layer is melted. The thought process behind this strategy is to, in 

theory, distribute the heat input evenly over the build area and therefore minimize the thermal 

distortion and thermal gradients throughout the part. The patterns generated under this strategy are 

defined by the sequence (Oh, Ov, Lh, Lv) where:  

 Oh is the horizontal distance between the centers of two adjacent points (overlap), 

 Ov is the vertical distance between the melted points (hatch), 

 Lh is the horizontal distance between melted points in each melting run, and 

 Lv is the vertical distance between the melted points in each melt run. 

Melting patterns under this strategy are generated as follows: 
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 Starting at the bottom left corner of the layer, the beam stays on that point for ton unit time, 

until the material is melted. 

 After ton elapses, the beam moves (assumed virtually instantaneously) horizontally Lh unit 

distance to the second point in the sequence and melts that area. When the end of that 

horizontal line is reached, the beam instantaneously jumps vertically Lv unit distance, and 

starting at the left-hand side of that new line, it starts melting in the same manner by moving 

horizontally Lh unit distance each time. (Figure 2.1-a) 

 When the end of the layer is reach (the upper right corner), the beam goes back to the first 

line in the sequence and starts melting the adjacent points to the ones that have already 

been melted. The distance between every two adjacent points is Ov unit distance. (Figure 

2.1-b) 

 This pattern is repeated until these lines that are Lh distance unit apart are entirely melted. 

(Figure 2.1-b) 

 Now the bean begins to melt the new set of lines that are Oh unit distance from the already 

melted line in the same manner. (Figure 2.1-c) 

 This pattern (clarity) is repeated until entire layer is melted. (Figure 2.1-d) 
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Figure 2.1.  Spot melt patterns generation 

 
We also simulate these spot melt patterns within an island scan strategy by dividing the layer into 

four equal discrete regions, then melt the corresponding spots sequentially counterclockwise using 

the same spot melt method for each individual island (Figure 2.2). 
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Figure 2.2. Illustration of the island scan strategy 
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2.2. Spot melt patterns generation  

The objective of this study is to determine melting patterns for PBF process that best ensures a 

uniform heat distribution throughout the fabricated parts, thus minimizing thermal distortion, and 

stress. To achieve that goal, we consider three different objective functions: the temperature 

variability; thermal gradient variability; and thermal gradient average across the entire part during 

fabrication. Since there is no known mathematically closed form of the three objective functions 

in terms of the input parameters, we employ a low fidelity FEA model, Lee et al. [38] and Lee et 

al. [9].  Using the model, we simulate the melting patterns and then iteratively adjust them in order 

to improve the incumbent objective function value by doing an extensive search over the melting 

patterns parameters.  

2.2.1. Initial melting patterns 

The initial set of melting patterns evaluated includes rastering, multiple spot melt patterns 

determined by varying the control parameters (Oh, Ov, Lh, Lv), and two different space-filling 

curves. A space-filling curve is a mapping of a multi-dimensional function into the one-

dimensional space. This mapping is done by creating a curve that passes through every element in 

the multi-dimensional space so that every cell is visited exactly once. The two space filling curves 

used in this study, Figure 2.3, are the 7th Order Hilbert curve (Hilbert, [47]), and Bartholdi curve 

(Bartholdi et al., [48]). After simulating these melting patterns, we evaluate the objective function 

values for each of them. There is no room of improvement in three of these initial patterns, namely, 

raster, 7th Order Hilbert curve and Bartholdi curve, since they are fixed. The objective function 

values of these three patterns are reported in Table 2.2. 
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On the other hand, for the spot melt patterns, and we generate and evaluate multiple spot melt 

patterns (Oh, Ov, Lh, Lv) as described above. For the spot melt patterns, we consider the following 

combinations of the parameters: Oh, and Ov set to 100µm or 200µm, where Lh and Lv are set to 0, 

0.5, 1, 1.5, 2, 3, 4, or 5 mm. These spot melt patterns are evaluated with and without using the 

island strategy. Note the only a four-island layer is used in this study. Next after evaluating the 

objective function values for each of these spot melt pattern, we try to improve the solutions. This 

improvement is done by studying and exploring the behavior of the objective function for each 

pattern, and then identifying a direction and step size for improvement.   

Using the FEA model, the melting of a single layer is simulated for each melting strategy 

considered. The dimensions of the layer are 10 mm (width) × 10 mm (length) × 1 mm (height). 

The layer is spatially discretized into a tetrahedral-cell mesh for the finite element computation, 

with mesh resolution of 100 µm, with total of 60,000 cells and 20,402 nodes. 

In this study, the material considered is Inconel 718. For the purpose of low fidelity FEA model 

used, the properties of IN718, given in Table 2.1, are assumed to be constant for all the phases, 

and the thermal expansion and solidification shrinkage are assumed to be negligible.  

Table 2.1. Material properties of IN718 used in simulation 

Property Value  Unit  
Preheat Temperature Tvac 1273 K 
Density ρ 7451 Kg/m3 
Specific heat Cp 600 J/Kg-K 
Thermal conductivity k 26.6 W/m-K 
Emissivity ϵ 0.6 - 
Beam radius r 100 µm 
Beam power P 1200 W 
Beam efficiency Ae 90% - 
Stefan-Boltzmann constant φ 5.67 × 10-8 W/m2 
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b) Bartholdi a) Hilbert  

Figure 2.3. Illustration of space-filling curves using the (a) 7th order Hilbert and (b) Bartholdi 

 
Table 2.2.  Objective function value of raster and space filling curve patterns 

  Pattern σ [σ(T)] K σ [σ(G)] K/m µ [µ(G)] K/m 

Raster 100.98 33,649.7 131,258.4* 

7th order Hilbert SFC 836.54 261,268.2 582,490.8 

Bartholdi SFC 76.45* 20,355.2* 147,619.8 

 

Each time the beam moves from a spot to another, the temperatures and thermal gradients are 

calculated in the mesh at every node and cell, respectively. From that, we calculate the following 

statistics: 

 Overall temperature standard deviation: the standard deviation of all temperature standard 

deviations of all nodes calculated over time  
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Where m is the total number of time steps  

To find the combinations of (Oh, Ov, Lh, Lv) that minimize each of the three objective functions for 

spot melt patterns, we use an ad hoc algorithm to evaluate the objective functions for a number of 

combinations, and visually study the convexity of these function to identify improvement 

directions as follows: 

1) For each combination of Oh and Ov, we evaluate the three objective functions for all the 

initial combinations of Lh and Lv, using step size of 0.5.  
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2) We create 3D plots for the initial objective function values to using the four pattern 

parameters.  

3) Identify any patterns in the 3D plots as where the function increases or decreases. By doing 

that we can identify local minimums and flip points. 

4) Use these local minimums and flip points to identify directions in which the function values 

might be improved. Then we reduce the step size from 0.5 to 0.1 in the intervals of Lh and 

Lv in these directions.  

This visual representation for one of the three objective functions, namely temperature standard 

deviation, and thermal gradient standard deviation are shown in Figure 2.4 and Figure 2.5, 

respectively. In these figures two types of 3D plots are used, namely, stem and surface plots. The 

stem plot is suitable for representing discrete data and study its behavior, where the surface plot is 

an interpolation of the discrete data into a continuous plot that helps to identify any peak and 

valleys the data has.  

To illustrate this algorithm, we consider the case where both Oh and Ov equal 100µm, and the 

temperature standard deviation objective function. Consider the 3D plots of this function – two 

figures in the upper left corner of Figure 2.4 - for different values of Lh and Lv, with step size of 

0.5. The function appears to be convex in Lh and Lv, with an overall minimum in the intervals of 

Lh = [0,1] and Lv = [0, 1.5]. In the next iterations, we intensify the search of the function minimum 

between these intervals using a smaller step size, in this case 0.1. The overall minimum value is 

found to be 2.87 °K, when Lh and Lv are 0.9, 0.3, respectively.  
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This algorithm is applied for all the combinations of Oh and Ov under consideration in order to find 

the best minimum values of our three objective functions. 

 

Figure 2.4. 3D representation of the first optimization iteration for the temperature standard 
variability objective function 

 

Figure 2.5. 3D representation of the first optimization iteration for the thermal gradient standard 
deviation objective function 
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2.3. Spot melt results  

After generating a set of spot melt pattern, and then improving their objective values as stated 

above, the lowest solutions attained for these objective functions are given in Table 2.3. 

Table 2.3. Optimal solution for the three objective functions 

Objective Function  Pattern Optimal objective 
value  

σ [σ(T)] K (100µm, 100µm, 0.7mm, 0.4mm) x 4 islands 2.370 

σ [σ(G)] K /m (100µm, 100µm, 1.3mm, 0.5mm) x 4 islands 2,324.903 

µ [µ(G)] K /m (100µm, 100µm, 0.4mm, 0.5mm) x 4 islands 66,426.099 

 

The results in Table 2.3 show that the three objective functions are conflicting, i.e. do not have the 

same best solution. Hence, we generate a set of Pareto best values obtained from all the evaluated 

patterns (Table 2.4). A solution i with three values for the objective function is dominated by 

another solution j if the values of each individual objective function under solution j is better than 

the values of the objective function under solution i. The set of Pareto best values contains all the 

non-dominance solutions among all the solution generated for spot melt.  

Table 2.4. Set of Pareto optimal. * Minimum value 

Pattern σ [σ(T)] K σ [σ(G)] 
K/m 

µ [µ(G)] 
K/m 

(100µm, 100µm, 0.4mm, 0.5mm) x 4 islands 2.842 2,669.930 66,426.099* 
(100µm, 100µm, 0.8mm, 0.5mm) x 4 islands 2.658 2,421.498 74,306.823 
(100µm, 100µm, 0.9mm, 0.5mm) x 4 islands 2.791 2,410.112 76,576.910 
(100µm, 100µm, 1.3mm, 0.5mm) x 4 islands 2.949 2,324.903* 88,860.304 
(100µm, 100µm, 0.7mm, 0.4mm) x 4 islands 2.370* 2,500.064 71,313.025 
(100µm, 100µm, 0.6mm, 0.4mm) x 4 islands 2.447 2,423.605 68,927.992 
(100µm, 100µm, 0.5mm, 0.4mm) x 4 islands 2.527 2,504.177 66,533.107 
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2.4. Discussion 

Under spot melt patterns, the beam moves and melts the material in a discrete manner. The goal is 

to move the beam to the next spot that keeps the overall temperature uniform across the part. The 

beam radius used in our FEA is 100 µm, but the heat affected zone is slightly larger than that 

(Figure 2.6). To uniformly distribute the heat and energy across the layer so that the variability in 

temperature and thermal gradient is minimized, the beam must create adjacent heat effected zones. 

On the other hand, thermal gradient accounts for the distance between the cell and the spot location. 

The unit for thermal gradient is unit temperature/unit distance, and therefore minimizing thermal 

gradient is a tradeoff between reducing the change in temperature by moving the beam short 

distances or increasing the melting distance while keeping the change in temperature as low as 

possible. That can be looked at through the heat flux, i.e., the rate of thermal energy flow per unit 

surface area.  

There results show that using an island strategy with spot melting minimizes the objective 

functions under consideration the most. The island strategy succeeds because alternating the beam 

between four islands creates four separated active melting regions, and thereby avoids localized 

heating of a large areas.  

For instance, the temperature profiles of the melting pattern (100µm, 100µm, 0.7mm, 0.4mm) with 

and without island scan is shown in Figure 2.7. For this pattern, the return time for the beam to the 

next point in the same line of a melted point without using islands is 0.0585 seconds, as opposed 

to only 0.0002 second when using islands. This large difference in the return time between the two 

strategies shows that the temperature at any given point decays less under the island strategy 

because the beam returns faster near the points that have already been melted.   
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Figure 2.6. a) The heat affected zone over time of a single node in the mesh. b) Temperature 
decay of a node as its immediate neighboring nodes being melted sequentially with some delay 

 
It should be noted that Carter et al. [31] and Catchpole-Smith et al. [32] reported lack of fusion 

porosity along the borders between the islands. However, in our model, island boarders are 

considered part of both adjacent islands, and therefore these boarders are melted twice which 

alleviates this issue.  

 

Figure 2.7. Comparison of the temperature profiles with and without using island strategy, using 
the node at the lower left corner of the layer as a reference 
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2.5. Conclusion 

In this chapter a large number of melting patterns were simulated using our low fidelity FEA 

model. Furthermore, a heuristic approach to optimizing different objective functions is developed 

and evaluated for using these simulated patterns. The results of this chapter show the capability of 

this model in, virtually, simulating any melting patterns and creating their associated thermal 

profile and filed. 

In the following chapters, we consider alternative thermal metrics which can be experimentally 

shown to be somehow correlated with thermal deformation.  
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CHAPTER 3. A CORRELATION MODEL FOR FINITE ELEMENT MODEL 

THERMAL CHARACTERISTICS AND THERMAL DEFORMATION IN PBF EBM  

 
In this chapter we use an alternative approach to try to generate a uniform heat distribution 

throughout layer fabrication in order to minimize thermal distortion and residual stress. The 

objective here is to generate a melting pattern in which the beam always returns to the heat effected 

zone of a previously melted node before the temperature of that node drops below a certain 

threshold. First, we evaluate multiple melting patterns with respect to this objective using our FEA. 

Then we evaluate these melting patterns experimentally and establish a relationship between the 

melting patterns parameters and the objective under consideration. Finally, we use that relationship 

to find good melting patterns.      

3.1. Objective function 

Residual stress is a natural result of the rapid heating and cooling that is inherent to the electron 

beam powder bed fusion process. Each new layer is created by moving the electron beam across 

the bed, melting the top layer of powder and fusing it to the layer below. Heat flows from the hot 

melt pool down into the solid metal below.  As the heat source leaves the area of molten material 

it cools and solidifies. This all happens very rapidly in a matter of micro-seconds. The goal is to 

reduce thermal deformation by reducing the number of times this rapid heating and cooling cycle 

occurs. In doing so, the temperature across the layer is more uniform and, ideally the layer is 

solidified as one unit. In this chapter we develop an optimization model to try to achieve this.   For 

a specified temperature threshold, the temperature profile at each node in the mesh in our FEA is 

observed during EBM. The objective is to minimize the number of times the temperature at every 

node crosses that threshold. Specifically, the metric is the number of switches defined as the 
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number of times the temperature at every node in the mesh falls below the define threshold 

temperature and rises above the threshold again over all nodes in the mesh. 

3.1.1. FEA results  

In this FEA, the melting of a single layer is simulated. The dimensions of the layer is 20 mm 

(width) × 20 mm (length) × 1 mm (height). The layer is spatially discretized into a tetrahedral-cell 

mesh for the finite element computation with a mesh resolution of 100 µm.  This results in a total 

of 240,000 cells and 80,802 nodes. 

For this model, the material considered is SAE 304 stainless steel. For the purpose of the low 

fidelity FEA used, the properties of SAE 304, given in Table 5, are assumed to be constant for all 

the phases, and the thermal expansion and solidification shrinkage are assumed to be negligible.  

Table 3.1. Material properties of SAE 304 used in simulation 

Property Value  Unit  

Preheat Temperature Tvac 300 (room temperature) k 

Density ρ 8000 Kg/m3 

Specific heat Cp 500 J/Kg-K 

Thermal conductivity k 16.2 W/m-K 

Emissivity ϵ 0.4 - 

Beam radius r 100 µm 

Beam power P 1200 W 

Beam efficiency Ae 90% - 

Stefan-Boltzmann constant φ 5.67 × 10-8 W/m2 
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3.2. Physical experimentation  

In order to correlate performance metrics obtained from the FEA model for a given melt pattern 

with resulting residual stress, we perform an experiment to determine the thermal deformation 

resulting from physically scanning a set of test melt patterns using an EBM platform.  As a 

surrogate for residual stress we measure the physical change (pre- to post-build) in terms of surface 

profile over the area scanned.  This is then compared to a number of thermal metrics obtained 

using the FEA model.  The goal is determined if there is a strong correlation between metrics from 

the FEA with the resulting observed distortion from the actual EBM process. A strong correlation 

motivates the use of an optimization algorithm based on the FEA model as a valid approach to 

minimize thermal distortion and residual stress and the resultant thermal deformation. 

3.2.1. Experiment setup  
 
A physical experiment is conducted by scanning cubical SAE 304 inserts, 25.4 mm (width) × 25.4 

mm (length) × 0.794 mm (height), with different melting patterns. A special 2-part plate is made 

for this experiment where the bottom part is designed to hold 8 inserts, and the upper part is 

designed to hold the inserts in place. The plate with the experimental units is shown in Figure 3.1. 

All the inserts are heat treated for stress relief before the experiment is started. 
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 Disassembled plate: 1) bottom part. 2) upper part. 3) experiment inserts Assembled plate

1 2

3
1 2 3

4 5

6 7 8

 

Figure 3.1. The setup used in the experiment 

 
After the heat treatment step, the inserts are analyzed using a Keyence VKx1100 confocal laser 

scanning microscope to measure their pre-scan surface profile. Then, an Arcam Q10 machine is 

utilized to scan the experimental inserts with different melting patterns. Finally, the inserts are 

remeasured to determine the change (post-scan) in surface profile resulting from each of the 

melting patterns tested.  

Three spot melt patterns are evaluated in this experiment.  Recall from Chapter 2 that a spot pattern 

is defined by four parameters (Oh, Ov, Lh, Lv) as defined below. 

 Oh is the horizontal distance between the centers of two adjacent points (overlap) 

 Ov is the vertical distance between the melted points (hatch) 

 Lh is the horizontal distance between melted points in each melting run 

 Lv is the vertical distance between the melted points in each melt run 
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The spot melt patterns used in the experiment differ only in the value of the fourth parameter (Lv).  

The specific parameter values are as follow.  

 Pattern A: (100µm, 100µm, 0mm, 0.5mm)  

 Pattern B: (100µm, 100µm, 0mm, 1.0mm) 

 Pattern C: (100µm, 100µm, 0mm, 2.0mm) 

Before conducting the physical experiment, each of the patterns is simulated using the FEA model 

to determine a number of performance metrics.  These metrics fall into two groups: those 

associated with the temperature crossing a given threshold and those associated with the measured 

temperature and temperature gradient.  The first group has the following metrics: (1) the number 

of times the temperature crosses a specified temperature threshold over all nodes (Total Switches); 

(2) the maximum of the number of switches observed at any one node (Max Switches); and (3) 

number of nodes that have the maximum number of switches (Max Frequency).  The second group 

includes: (1) overall standard deviation of the temperature over all nodes over the entire simulation 

σ(σ(T)); (2) the overall standard deviation of the thermal gradient σ(σ(G)); (3) the overall average 

thermal gradients µ(µ(G)); and (4) the overall standard deviation of the thermal gradient averages 

over the simulation σ(µ(G)) 

After computing these values, each of the patterns is physically scanned on two inserts on the build 

plate.  Namely, Pattern A is scanned on inserts 1 and 8, Pattern B is on inserts 3 and 6, and Pattern 

C is on inserts 2 and 7 as shown in Figure 3.1.   
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3.3. Results  

The mentioned above, three spot melt patterns are first simulated using the FEA model, and the 

heat distribution results are used to calculate statistics on the number of switches for each pattern. 

Six temperature thresholds are considered: 750 °K, 800 °K, 850 °K, 900 °K, 950 °K, and 1000 °K. 

For each threshold, the three metrics relating to number of switches is calculated. The results of 

the three melting patterns is reported in Table 3.2.  Notice that Pattern A gives the best results for 

the first two metrics (Total Switches and Max Switches) for all the thresholds considered.  

However, for Max Frequency, there is no consistently best pattern. 

Table 3.2. Results of the switches. * Minimum value 

Pattern Threshold Total Switches Max Switches Max Frequency  
A 

750 °K 
72,598* 4* 185 

B 95,038 6 28* 
C 93,374 7 212 
A 

800 °K 
70,469* 4* 14 

B 74,816 6 8* 
C 93,870 7 303 
A 

850 °K 
90,019* 4* 598 

B 99,349 6 238 
C 94,911 8 2* 
A 

900 °K 
85,978* 5* 1* 

B 86,070 6 3 
C 98,779 8 2 
A 

950 °K 
76,163* 5* 232 

B 100,412 6 23 
C 103,362 8 17* 
A 

1000 °K 
98,787* 5* 968 

B 99,944 7 1* 
C 104,862 8 17 

 
 
For the second group of metrics, Pattern A is again best for all but the first metric (see, Table 3.3). 

 



   

48 
 

Table 3.3. Results of heat distribution. * Minimum value 

Pattern σ [σ(T)] k σ [σ(G)] k/m µ [µ(G)] k/m σ [µ(G)] k/m 
A 18.175 6,636.415* 51,971.028* 3,916.193* 
B 8.265* 6,749.392 57,032.605 4,879.119 
C 11.863 7,002.140 76,736.105 7,891.347 

 

Next, the results on the warpage of the inserts before and after being scanned in the Arcam machine 

are calculated using a Keyence surface profile analyzer. Statistics on the height of each insert 

before and after the EBM scanning are shown in Table3.4.  

Table 3.4. Results of the surface profile 

Pattern Insert Sa 
µm 

Sz 
µm 

Sq 
µm 

Sp 
µm 

Sv 
µm 

A 
 

1 
Before scanning 4.20 196.57 5.63 85.21 111.36 
After scanning 98.27 560.19 117.81 309.22 250.97 

Deviation  94.07 363.62 112.18 224.01 139.61 

8 
Before scanning 2.50 62.69 3.21 30.81 31.88 
After scanning 83.26 535.72 97.48 231.35 304.37 

Deviation 80.77 473.03 94.27 200.53 272.50 
Average deviation 94.82 417.09 110.8 242.18 174.92 

 
B 

3 
Before scanning 2.56 71.93 3.32 37.36 34.57 
After scanning 97.38 489.02 114.12 279.54 209.49 

Deviation 94.82 417.09 110.80 242.18 174.92 

6 
Before scanning 2.20 81.07 2.97 39.01 42.06 
After scanning 123.86 578.50 146.00 323.59 254.92 

Deviation 121.65 497.44 143.03 284.58 212.86 
Average deviation 108.24 457.27 126.92 263.38 193.89 

C 

2 
Before scanning 2.89 72.29 3.71 37.47 34.81 
After scanning 144.30 715.69 173.64 470.17 245.51 

Deviation 141.41 643.40 169.93 432.70 210.70 

7 
Before scanning 2.60 94.63 3.36 33.57 61.06 
After scanning 130.82 654.01 155.71 370.50 283.51 

Deviation 128.23 559.38 152.36 336.93 222.45 
Average deviation 134.82 601.39 161.15 384.82 216.58 

where 
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 Sa: The arithmetical mean of the absolute height of the surface. 

 Sz: The height difference between the highest point and the lowest point on the surface. 

 Sq: The root mean square of the height at each point on the surface. It is equivalent to the 

standard deviation of height. 

 Sp: The height of the highest point in definition area 

 Sp: The depth of the lowest point in definition area 

The surface profile of vertical and horizontal lines passing through the center of the scanned inserts 

is shown in Figure 3.2. 

Insert: 1 
Pattern: (100µm, 100µm, 0mm, 0.5mm)

Insert: 8 
Pattern: (100µm, 100µm, 0mm, 0.5mm)

Insert: 3 
Pattern: (100µm, 100µm, 0mm, 1.0mm)

Insert: 6 
Pattern: (100µm, 100µm, 0mm, 1.0mm)

Insert: 2 
Pattern: (100µm, 100µm, 0mm, 2.0mm)

Insert: 7 
Pattern: (100µm, 100µm, 0mm, 2.0mm)

a) Optical image   b) Height heat 
map

c) Vertical profile (cyan line 
on the image)

d) horizontal profile (yellow line 
on the image)  

Figure 3.2. Surface profile of scanned inserts 
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3.4. Discussion 

The results in Table 3.4 show that the smaller the vertical spot melt spacing, i.e., Lv, the lower the 

deviation in thermal deformation and curvature. The patterns in ascending order of maximum, 

mean, and standard deviation the change in height and the average of these statistics is: Pattern A, 

Pattern B, and Pattern C. On the other hand, the simulation results on the number of switches, 

Table 4.2, show that Pattern A has the smallest number of switches with respect to all temperature 

thresholds. For the other two patterns, the number of switches for Pattern B are always less than 

Pattern C, except for two thresholds, 750 °K and 850 °K. 

Furthermore, the three patterns are ranked the same in term of thermal gradient metrics; σ(σ(G)), 

µ(µ(G)), σ(µ(G)); where Pattern A always minimizes these matrices. For temperature standard 

deviation σ(T), the minimum values occur under Pattern B and Pattern A has lower values that 

Pattern C. This is consistent with the results from Section 2 that smaller spot melt spacing 

parameters produce more uniform heat input and distribution.   

3.5. Conclusion 

In this chapter we investigated different thermal metrics that can be directly and easily calculated 

using our low fidelity FEA. These thermal metrics are experimentally shown to have a high 

correlation with thermal deformations in EBM. With the findings of chapters 2 and 3, we conclude 

that this low fidelity FEA can be used to build a melting patter optimization model to minimize 

thermal deformation in EBM by using the number of switches over a given threshold temperature 

and the thermal gradient as decision variables. These surrogate metrics allow us to take advantage 

of the lower computation requirement of the low fidelity FEA model to control thermal 

deformation.     
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CHAPTER 4. AN OPTIMIZATION MODEL FOR MELTING PATTERNS IN PBF EBM 

USING LOW FIDELITY FINITE ELEMENT MODEL 

 
In this chapter we develop an optimization approach to find melting patterns that minimize thermal 

metrics from the FEA model that have been shown in the Chapter 3 to have a good correlation 

with thermal deformation.   

4.1. Problem description 

When the electron beam is directed at a node in the mesh and melts it, the temperature of that node 

rises to the material melting point.  In addition, the temperature of the adjacent nodes in the heat 

affected zone increase significantly as well. As the beam moves away from that node, the 

temperature of all the nodes in that region starts cooling down until the beam returns to this region. 

This is the effect of the heat cycle in EBM which can cause thermal deformation in the fabricated 

parts, as described in Chapter 1.  

Consider the heating/cooling cycles in terms of the switches defined in Chapter 3. When a node is 

melted the temperature of all the nodes in the heat affected zone is increased. The goal is for the 

electron beam to return to that zone and melt another node before the temperature of the nodes in 

that region fall below the threshold. Based on this observation, we develop an optimization 

approach that determines the number of active zones to try to maintain and then sequentially 

alternates melting one node in each zone with the goal of maintaining the temperature of these 

zones above the threshold.  
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4.2. Investigation of the return region and time  

In a 100 µm resolution mesh, consider a node and its eight immediate neighbors (within 200 µm 

square). If that node is melted, then its eight neighbors (heat affected zone) are also heated to a 

lesser degree for this dwell time of the beam (assumed to be 50 microseconds in this work). In 

order to develop the algorithm, in this section we investigate the temperature of each node in this 

heat affected zone for varying amounts of time between melting a node in this region (termed the 

return time).  Specifically, we consider return times of 50, 100, 150, 200, and 250 microseconds.  

Figure 4.2-1 shows the recorded temperature of the node of interest for the five different return 

times. 

From Figure 4.1 we can see that for a threshold of 1700 °K, the five delay times result in 0, 1, 1, 

2, 3 switches, respectively, whereas for an 1800 °K threshold they result in 1, 2, 1, 1, 2 switches, 

respectively.  

From this we can see that the number of switches the nodes have is a function of the return time 

and how far is the new beam spot from the beam spot returning to. Note that the return time can 

be expressed in term of number of nodes that can be visited before the beam return, as opposed to 

the amount of time. Specifically, if the melting time is 50 microseconds, the five delay times 

considered in Figure 4.2-1 can be expressed as 1, 2, 3, 4, or 5 nodes being melted away from the 

heat affected zone of interest before the beam return to this region. 
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Figure 4.1. Temperature profile under deferent relay times 

 
4.3. Model formulation  

The problem of melting all nodes in a given mesh has the same constraints as the classical 

Traveling Salesman problem (TSP). Each node must be visited exactly once, and node subtours 

are not allowed.  

The feasible region of the TSP is mathematically given by: 
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where: 

 

1   if node  is visted immediately after node 
   ,  = 1, 2, 3, ..., 

0   otherwise    i j

j i
x i j n

= 


 

 the sequence position of node  in the final tour:      = 1, 2, 3, ..., iu i i n= . 

In the above formulation, constraints 1 and 2 ensure that each node is visited exactly once. 

Constraints 3 and 4 eliminate subtours. 

The task now is to modify the classical TSP by adding new constraint(s) which incorporate the 

return time constraints and make sure the beam moves from one region to another in way that 

minimizes the number of switches. The new problem is called Modified Traveling Salesman 

Problem (MTSP). We achieve this goal by forcing the beam to go back and melt a new node in the 

neighborhood of the previously melted node before its temperature falls below a specific threshold, 

T °k. That neighborhood can be defined as a circle of radius d from this currently melted node. 

Now assume the time required to visit the neighborhood of the currently melted node before its 

temperature decays below T °k is τ seconds. Since the dwell time of the beam to melt a node is 

known and fixed, and the jump time to a new node is negligible, we can express τ in term of the 

number of nodes that can be melted before returning to a region, e.g., m nodes. Now we can 

formulate our return constraint by forcing the beam to melt every other m node within d distance 

from the currently melted node as follows  

( ( 1))  ( )     :      = ,  1,  2,  ...,                               (5)u i m u id d i m m m n− + ≤ + +  

where 
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  the distance between node  and node :     ,  = 1, 2, 3, ..., i jd i j i j n= . 

Constraint 5 forces the node selected for melting at step u(i) to be within d unit distance from the 

node that has been melted in step u(i-(m+1)) 

4.4. Greedy algorithm for MTSP 

A solution to the classical TSP is any visitation sequence for all nodes that visits each node exactly 

one time. Notice that since the time to move (distance) between any two nodes is assumed 

instantaneous, any of the n! possible visitation (melting) sequences have the same objective 

function value for the classical TSP (i.e. the time to complete a tour). In the MTSP on the other 

hand, the objective function is to minimize the total number of switches with respect to the feasible 

region expressed by constraints 1-5 above. This objective function cannot be expressed 

mathematically, and therefore multiple feasible solutions (patterns) are created by varying some 

parameters, and then evaluated analytically in the FEA. However, there are few issues that arise 

when attempting to solve the MTSP. The new constraint, constraint 5, does not specify which node 

to select and melt once the beam moves back to a previously melted node’s neighborhood. Another 

issue that might be realized when attempting to solve the MTSP is the feasibility of the new added 

constraint. More than that, this constraint will only be active after the first m+1 nodes have been 

melted, and therefore we need to study the effect of the starting set of melted nodes in the final 

solution. For the sake of addressing all of these issues, we developed a greedy algorithm to satisfy 

all the MTSP constraints and avoid any of the abovementioned issues.  
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Below a pseudo code of the developed greedy algorithm   

 

This algorithm starts by melting m+1 nodes according to one of the following initialization 

schemes (initial_rule): 

 Adjacent m+1 nodes at one of the mesh corners 

 Adjacent m+1 nodes the mesh center 

 Scattered nodes across the mesh, e.g., the corners of the mesh 

init = initial_rule (m+1) 
 
tour(init) = melted 
 
for i = m+2 to n: 
 
 rtrn = i – (m+1) 
  
 neibors = find [ dist(rtrn,k) <= d & tour(k) ≠ melted] 
 
                                         if neibors is not empty: 
 
      mlt = select_rule(neibors) 
 
 elseif neibors is empty 
 
    mlt = min [dist(rtrn,k) & tour(k) ≠ melted] 
 
 end if 
tour(mlt) = melted 
 
end for 
 
return tour 
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After melting the initial set of nodes to melt, the algorithm finds the unmelted nodes in the 

neighborhood of the node that was melted m+1 steps back. If there are more than one unmelted 

node in the neighborhood, the algorithm selects one of them according to one of the following 

selection rules (select_rules): 

 Default: the node with minimum index. Note that the nodes are ordered from left to right, 

starting at the bottom left corner. 

 Random: a node is selected randomly from the list of candidate node for melting randomly 

 Max effect: the node that has been the greatest number of times within r µm from other 

melted nodes, selected by minimum index or randomly  

 Min effect: the node that has been the smallest number of times within r µm from other 

melted nodes, selected by minimum index or randomly  

Finally, if the beam returns to a neighborhood where all the nodes have been previously melted, 

then the beam melts the closest unmelted node to that neighborhood. 

4.5. Illustrative example 

In this example, we apply the greedy algorithm, with all the different rules, to the same mesh we 

considered in Chapter 3. The problem has a set of nodes specified by an area of size 20 mm (width) 

× 20 mm (length) × 1 mm (height) spatially discretized into a tetrahedral-cell mesh of 100 µm 

resolution. The material used in this example is IN 718 with material properties listed in Table 2 

of Chapter 2.  

The greedy algorithm is tested with the following combinations of parameters: 
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 m = 1, 2, 3, 4, 5, and 6 

 d = sqrt (10,000) µm and sqrt(40,000) µm 

 Five different initial_rules: adjacent to a corner, adjacent to the center, the layer corners, 

the centers of the quadrants after dividing the layer into four 10x10mm quadrants, and 

scattered 

 Four different select_rules: smallest index, random, most affected, and least affected [r = 

sqrt (10,000) µm and sqrt(40,000) µm]  

Nine temperature thresholds are considered. The minimum number of switches for each threshold 

value is shown in Table 4.1 below. 

Table 4.1. Minimum number of switches for nine different temperature thresholds 

Threshold Label m d µm initial_rule select_rule Switches 
1500 °K 

MTSP A 4 sqrt(40,000) Adjacent 
corner 

Max affected, r = 
sqrt(40,000) µm 

0 
1550 °K 2 
1600 °K 55 
1650 °K 393 
1700 °K 2,118 

1750 °K MTSP B 3 sqrt(40,000) Adjacent 
corner 

Max affected, r = 
sqrt(40,000) µm 4,261 

1800 °K 
MTSP C 5 sqrt (10,000) Adjacent 

corner 
Max affected, r = 
sqrt (10,000) µm 

9,014 
1850 °K 14,167 
1900 °K 21,392 

 

For the select_rule there is no difference between max effect and min effect. On the other hand, 

random select_rule is significantly worse in term of number of switches than the other rules. Heat 

maps are used for comparing the number of switches across all nodes under different select_rule. 
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Figure 4.2 and Figure 4.3 compare the two max effect and random roles for 1700 °K and 1900 °K 

thresholds, respectively. 

 

Figure 4.2. Heat map for the number of switches across all nodes from the MTSP with max 
effect and random select_rule for threshold of 1700 °K 

 

 

Figure 4.3. Heat map for the number of switches across all nodes under MTSP with max effect 
and random select_rule for a threshold of 1900 °K 

 
The results of the greedy algorithm are then compared against results from a large number of spot 

melt patterns of different parameters combinations (Oh, Ov, Lh, Lv) with and without islanding.  
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Using nine temperature thresholds, the MTSP successfully minimizes the total number of switches 

comparing the raster and spot melt patterns. A comparison of the number of switches between the 

MTSP, raster, and best spot melt patterns is presented in Table 4.2, and between the MTSP and 

Hilbert and Bartholdi space filling curves is in Table 4.3.  

Table 4.2. Comparison between MTSP, raster, spot melt, and Bartholdi SFC patterns in terms of 
number of switches 

Threshold MTSP Raster Reduction Spot 
Melt Reduction Bartholdi  Reduction 

1500 °K 0 693 100.00% 3,396 100.00% 814 100.00% 
1550 °K 2 1,063 99.81% 5,835 99.97% 1,955 99.90% 
1600 °K 55 1,425 96.14% 7,933 99.31% 3,173 98.27% 
1650 °K 393 2,257 82.59% 10,426 96.23% 4,811 91.83% 
1700 °K 2,118 4,434 52.23% 13,612 84.44% 6,810 68.90% 
1750 °K 4,261 7,631 44.16% 18,277 76.69% 9,122 53.29% 
1800 °K 9,014 15,573 42.12% 22,702 60.29% 11,948 24.56% 
1850 °K 14,167 24,717 42.68% 26,333 46.20% 15,168 6.60% 
1900 °K 21,392 31,654 32.42% 30,977 30.94% 18,716 14.30% 

 

The results in Table 4.2 can also be see through heat maps of the nodes and their corresponding 

number of switches. Two heat maps for comparing the number of switches for 1700 °K threshold 

between the best MTSP and raster, and best MTSP and spot melt patterns is given in Figure 4.4 

and Figure 4.5, respectively. The same two comparison for 1900 °K threshold are given in Figure 

4.6 and Figure 4.7. 
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Figure 4.4. Heat map for the number of switches across all nodes under MTSP and raster for a 
threshold of 1700 °K 

 

 

Figure 4.5. Heat map for the number of switches across all nodes under MTSP and spot melt for 
a threshold of 1700 °K 
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Figure 4.6. Heat map for the number of switches across all nodes under MTSP and raster for a 
threshold of 1900 °K 

 

 

Figure 4.7. Heat map for the number of switches across all nodes under MTSP and spot melt for 
a threshold of 1900 °K 

 
Moreover, we compare the best solutions obtained from MTSP with two of the patterns evaluated 

in the experiment of Chapter 3, namely, pattern A (100µm, 100µm, 0mm, 0.5mm) and patterns B 

(100µm, 100µm, 0mm, 1mm). As stated in Table 4.3, there is a significant difference between the 

numbers of switches for these two patterns vs. the MTSP. 



   

63 
 

Table 4.3. Comparison between MTSP and two spot melt patterns from the experiment reported 
in Chapter 3 

Temperature threshold MTSP Pattern A Pattern B 
1500 °K 0 43,438 69,914 
1550 °K 2 39,516 57,007 
1600 °K 55 80,480 79,338 
1650 °K 393 65,503 89,078 
1700 °K 2,118 61,680 73,860 
1750 °K 4,261 94,958 88,418 
1800 °K 9,014 73,960 97,970 
1850 °K 14,167 70,720 88,693 
1900 °K 21,392 104,581 93,104 

 

The above results show how the MTSP algorithm is capable of generating melting patterns with 

fewer number of switches compared to the raster and spot melt patterns. Recalling the relationship 

between thermal deformation and the number of switches of a melting pattern from Chapter 3, it 

can be concluded that the MTSP can be used to reduce thermal deformation significantly. 

Moreover, the setting of the MTSP parameters, namely, the return time, neighborhood size, 

initial_rule, and select_rule, play the crucial role in the resulting total number of switches a melting 

pattern can have. In the next section, we explore the effect of the part geometry and shape on the 

number of switches and investigate adjusting the MTSP parameters to account of the influence of 

the geometry and shape.  

4.6. MTSP for different shapes 

In this section we use the greedy algorithm from Section 4.4 to generate melting patterns with 

reduced number of switches for a few various shape parts. The layer shapes we consider are: a 

circle, thin walled parts, and a star. Figure 4.8. 
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Figure 4.8. Shapes and geometries used to test the utility of the MTSP 

 
For each of these shapes, we simulate the melting process using MTSP, raster, spot melt, and 

Bartholdi space-filling curve; and compare the number of switches for each shape.  

The results of a layer with thin walls in the x-axis direction is shown in Table 4.4, followed by 

comparison of the MTSP results with the same thin walls shape but flipped 90° (the thin walls are 

in y-axis direction) 
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Table 4.4. Minimum number of switches for an x-axis thin walled layer under MTSP, raster, 
spot melt, and Bartholdi SFC patterns 

Threshold MTSP Raster Reduction Spot 
Melt Reduction Bartholdi  Reduction 

1500 °K 33 2,653 98.76% 34,789 99.91% 1,475 97.76% 
1550 °K 146 3,439 95.75% 32,431 99.55% 3,346 95.64% 
1600 °K 338 4,381 92.28% 45,014 99.25% 4,433 92.38% 
1650 °K 1,246 5,716 78.20% 45,366 97.25% 5,574 77.65% 
1700 °K 3,002 7,491 59.93% 41,396 92.75% 7,044 57.38% 
1750 °K 4,825 10,552 54.23% 50,110 90.36% 8,606 43.93% 
1800 °K 6,494 12,623 47.27% 46,964 85.83% 10,449 37.85% 
1850 °K 10,232 20,031 48.64% 44,124 76.69% 12,496 18.12% 
1900 °K 13,313 24,879 20.82% 49,343 60.08% 14,674 9.27% 

 

Moreover, flipping the thin wall layer by 90°, melting along y-axis instead of x-axis (Figure 4.9), 

is also shown to have a significant effect on the number of switches as shown in Table 4.5.   

 

Figure 4.9. Melting the thin wall layer in two different orientations 
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Table 4.5. Comparison of the minimum number of switches for a y-axis thin walls layer vs x-
axis thin walls layer 

Temperature threshold x-axis y-axis  Difference 
1500 °K 33 881 96.25% 
1550 °K 146 1,668 91.25% 
1600 °K 338 2,251 84.98% 
1650 °K 1,246 3,377 63.10% 
1700 °K 3,002 5,290 43.25% 
1750 °K 4,825 7,582 36.36% 
1800 °K 6,494 11,059 41.28% 
1850 °K 10,232 15,561 34.25% 
1900 °K 13,313 21,460 37.96% 

 

The results shown above indicate that the number of switches is influenced by both shape and 

orientation. First, Tables 4.5 confirms that the MTSP minimizes the number of switches 

significantly comparing the raster and spot melt. Note that the thin walls layer here is the same as 

the squared layered used in building the model but with a 10x18 mm rectangle subtracted from it, 

yet the results for the three patterns are different that the ones for the complete square layer. 

Second, the results in Table 4.6 show that the number of switches is affected by the orientation of 

the layer as well as the shape. 

Next, a comparison of the MTSP, raster, spot melt, and Bartholdi space-filling curve is conducted 

for a circular and star layer and shown in Table 4.6 and 4.7, respectively. 
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Table 4.6. Minimum number of switches for a circle-shaped layer under MTSP, raster, spot 
melt, and Bartholdi SFC patterns 

Threshold MTSP Raster Reduction Spot 
Melt Reduction Bartholdi  Reduction 

1500 °K 122 472 74.15% 40,427 99.70% 1,218 89.98% 
1550 °K 274 864 68.29% 48,306 99.43% 2,100 86.95% 
1600 °K 624 1,511 58.70% 64,424 99.03% 3,228 80.67% 
1650 °K 1,498 2,824 46.95% 61,300 97.56% 5,001 70.05% 
1700 °K 3,422 4,911 30.32% 77,039 95.56% 7,298 53.11% 
1750 °K 5,694 6,948 18.05% 76,667 92.57% 10,164 43.98% 
1800 °K 13,622 18,063 24.59% 69,651 80.44% 14,087 3.30% 
1850 °K 20,056 20,619 2.73% 82,830 75.79% 20,287 1.14% 
1900 °K 31,673 35,745 11.39% 79,062 59.94% 26,446 19.76% 

 

Table 4.7. Minimum number of switches for a star-shaped layer under MTSP, raster, spot melt, 
and Bartholdi SFC patterns 

Threshold MTSP Raster Reduction Spot 
Melt Reduction Bartholdi  Reduction 

1500 °K 225 937 75.99% 28,289 99.20% 4,026 94.41% 
1550 °K 437 1,476 70.39% 31,215 98.60% 5,280 91.72% 
1600 °K 845 2,230 62.11% 38,474 97.80% 6,519 87.04% 
1650 °K 2,289 4,532 49.49% 43,108 94.69% 7,837 70.79% 
1700 °K 5,239 8,445 37.96% 44,601 88.25% 9,407 44.31% 
1750 °K 8,609 11,097 22.42% 46,129 81.34% 11,028 21.94% 
1800 °K 11,813 15,601 24.28% 45,646 74.12% 13,151 10.17% 
1850 °K 13,750 17,352 20.76% 43,783 68.60% 15,576 11.72% 
1900 °K 16,315 22,608 27.84% 35,722 54.33% 17,187 5.07% 

 
 

4.7. MTSP for multiple subdomains within a single layer 

In this section we use the MTSP to optimize the melting patterns with parts with multiple 

subdomains. A subdomain represents an area of the part or layer that is treated differently than the 

rest of the part either because it contains different material, melted differently, etc. Physically in 

PBF AM, this can be viewed as parts with overhangs that extend outward, beyond the previous 
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layer, without any direct support as the part is immersed in the powder bed. However, the thermo-

physical model of melting parts with overhangs is complex because of powder surrounding the 

melted and solidified material, and therefore there is variability in the heat conductivity at these 

different areas.  

A part with overhangs is created for the analysis (Figure 4.10). This design is similar to the original 

shape of square layer used in Section 4.5, but the heat conduction is significantly lower in the 

middle of the part.  

 

Figure 4.10. Sketch of part with overhangs immersed in the powder bed 
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We use the same three patterns that results in the fewest the number of switches for the square-

shaped layer from Section 4.5, namely, MTSP A, MTSP B, and MTSP C. The results of the number 

of switches of these three patterns on the original square layer and the layer with overhangs are 

compared in Table 4.8. 

Table 4.8. Comparison of the number of switches for parts with and without overhangs 

Threshold 

MTSP A MTSP B MTSP C 
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1500 °K 0 4,671 100% 1 5,576 99.98% 35 5,919 99.41% 

1550 °K 2 7,428 99.97% 6 8,732 99.93% 257 8,015 96.79% 

1600 °K 55 10,977 99.50% 59 12,454 99.53% 769 11,284 93.19% 

1650 °K 393 15,195 97.41% 431 15,978 97.30% 1,199 13,921 91.39% 

1700 °K 2,118 19,703 89.25% 3,087 19,533 84.20% 2,779 17,423 84.05% 

1750 °K 4,769 22,596 78.89% 4,261 23,188 81.62% 5,153 21,648 76.20% 

1800 °K 10,479 30,643 65.80% 10,460 27,987 62.63% 9,014 27,321 67.01% 

1850 °K 16,458 37,417 56.01% 16,847 35,279 52.25% 14,167 36,376 61.05% 

1900 °K 26,108 63,198 58.69% 24,771 59,094 58.08% 21,392 54,507 60.75% 

 

It is obvious that having overhangs, i.e., different heat conduction coefficients, plays a crucial role 

in the resultant temperature profile of the melting process and, thus, the number of switches. 
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CHAPTER 5. CONCLUSION 

 
In this chapter we summarize the findings and significance of this research.  We also identify 

possible future extensions of this work.  

5.1. FEA significance  

Laws of physics for space and time dependent additive manufacturing (AM) problems are usually 

expressed in terms of partial differential equations (PDE’s), and difficult be solved analytically. 

Instead, finite element analysis provides a very capable tool for solving these problems 

numerically. In FEA, geometries under consideration are discretized into a number of elements. 

These elements are then used to create a set of partial differential equations involving a finite 

number of variables. The solution to the numerical model equations is, in turn, an approximation 

of the real solution to the PDE’s. Detailed models that consider all the physical properties and 

changes the material undergoes during the build process are computationally intractable for even 

small problems. To overcome this, FEM’s are simplified in terms of size and geometry, material 

properties, meshing, and other simplification assumptions. These simplifications compromise 

some of the solution accuracy, but, and as it has shown experimentally, FEA solutions are accurate 

enough to model certain behaviors during the actual AM process. In this work, we use an FEA 

model to find melting patterns that reduce thermal deformation in PBF. Generally, building an 

FEM for thermal deformation requires both, thermal and mechanical analysis, but the nature of 

this work makes it unwarranted to do so. That is because solving an optimization model requires 

a large number of iterative runs to systematically improve the solution. That being so, it is 

necessary to simplify the FEM as much as possible. This simplification is done in two steps. First, 

a low fidelity FEM is developed for the thermal analysis of the melting process. In low fidelity 
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FEM’s, conduction is assumed to be the dominant method for heat transfer. Furthermore, phase 

changes and latent heat are ignored in the calculation, and temperature dependent material 

properties are not taken into account. Consequently, low fidelity FEM’s have more error than 

multi-physics high fidelity FEM’s. Nevertheless, it is shown in Lee et al. (2017) and Lee et al. 

(2018) that low fidelity FEM’s are capable of predicting temperature profiles and heat distribution 

and delivering insight about the interrelationship between them and process parameters in a 

computationally efficient manner. Second step to simplify the analysis is eliminating the 

mechanical phase wholly and depend only on the thermal analysis. This is done by defining 

thermal metrics, can be calculated using the developed low fidelity FEM, which is highly 

correlated to thermal deformation. This allows for using those metrics to indirectly control thermal 

deformation. The thermal metric defined in this work is the total number of switches. A switch is 

defined at a node as the time in which the nodal temperature falls below a specific threshold. The 

total number of switches across all the nodes is an indicator of whether the temperature distribution 

across the mesh is uniform or not. The lower the total number of switches, the less variation in the 

nodal temperatures, and therefore less thermal deformation. In Chapter 3 it was shown 

experimentally that the total number of switches is correlated to thermal deformation. 

The advantage of the developed low fidelity FEM is not only the reduced computation cost, but 

also the simplicity of the model itself. All model inputs can be easily adapted for different 

materials, alternative process parameters, and even different heat source types and shapes. In this 

model the material properties are not temperature dependent, and therefore they have fix values. 

Hence, it is straightforward to change these values for different materials. Moreover, only the size 

and the power of the heat source is required, hence, the model can be used for either laser or 
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electron beam. Finally, the shape of the heat source and its interaction with the material can be 

changed to such shapes as Gaussian, elliptic, flat top, etc. 

 The fact that this FEM is developed using Python libraries is another advantage of this mode. The 

solutions can be easily obtained in multiple formats and analyzed quickly because of the ease with 

which Python deals with vectors and matrices, beside reading and writing in a large number of 

formats. Moreover, simulating different melting patterns is done without difficulty in different 

ways, such as generating sequence of coordinate points, reading them from an external source, 

specifying paths within smaller boundaries and then automatically apply that to larger areas. 

5.2. MTSP significance  

A thermal metric, i.e. number of switches across a defined temperature threshold, is defined and 

used as a surrogate for thermal deformation. This thermal metric is correlated to thermal 

deformation, thus minimizing this surrogate thermal metric leads to minimizing thermal 

deformation as well. One way of accomplishing that, minimizing the number of switches, is 

exploiting the fact that once a node is melted, the temperature of the neighboring nodes within the 

heat affected zone increases consequently. Thus forcing the heat source to melt nodes in the heat 

affected zones of nodes have already been melted slows the rate in which these nodes lose 

temperature. Thereby, the essence of this optimization model is carefully identifying the size of 

these heat affected zones, and the rate of temperature decay. These two features are studied in 

terms of the size of a node’s neighborhood after it is melted, and the time for the heat source to 

return to that neighborhood before the temperature at that area is below the threshold. This idea is 

formulated as a new constraint to the classical formulation of the traveling Salesman Problem 

(TSP). The melting process of PBF has the same constraints, feasible region, as the TSP, where 
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each node must be melted exactly once, and the heat sources must not have subtours. Therefore, 

the proposed optimization model is a modified version of the TSP. In this modified problem 

(MTSP) the concern is the feasibility of the solution, rather than the optimality of it, because the 

heat source moves fast enough to make the total melting time negligible.  

One benefit of the MTSP that is can be virtually used for any PBF process and material. The reason 

is, this model only requires two inputs, namely, the size of the neighborhood and the return time. 

These two parameters can be easily estimated from any heat profile or temperature distribution 

model. 

5.3. Future extensions 

As stated in the previous sections of this chapter, this optimization model has the capabilities of 

being used for, virtually, any type of material and PBF process. This current optimization model 

can be extended in a few different ways to include controlling either specific type of thermal 

deformation such as residual stress, or other features beside thermal deformation such as 

microstructure. Controlling the heat distribution has a significant effect on the change in section 

modulus and thermal stresses formed in the fabricated parts, especially tensile stress. This can be 

done by extending the model to include mechanical analysis, or further study of the relationship 

between the number of switches and residual stress. On the other hand, this model can be used to 

control the solidification conditions and morphology, i.e. Columnar to Equiaxed Transition (CET). 

This help producing specific type of microstructure for specific applications. In both of these 

extensions, other factors might be optimized such as heat sources power, speed, size, etc.  

Another possible extension in this model is tailoring it to particular geometries and shapes. As it 

is shown in Chapter 4, the geometry’s shape and orientation influence the number of switches. 
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Therefore, a further study of the model parameters, e.g., return time, neighborhood size, heat 

effected zone, initial_rule, select_rule; and their relationship to the thermal behavior of the material 

under consideration and the geometry of interest can improve the algorithm results. Finally, more 

complex geometries, e. g., overhangs and arches, built using PBF are more prone to suffer from 

thermal deformation due to their complex heat conduction models as shown in Chapter 4. Hence, 

this proposed mode can be improved with more analysis.    

Finally, one possible improvement is relaxing some of the MTSP constrains. For the return 

constraint, the return time can be increased as more nodes have been melted and the average 

temperature across the part gets higher. That can be done by developing a relationship between the 

return time and the average temperature of the layer being fabricated. On the other hand, the 

assignment constraint of the MTSP can be relaxed by allowing more than one visits to a node 

(multiple melting). We investigate the effect of multiple melting using the 7th and 8th order Hilbert 

space-filling curves. In Chapter 4, the MTSP greedy algorithm is developed for a mesh of size 

20x20x1 mm, and has 40,401 nodes, and each node is melted exactly once. The 7th order Hilbert 

space-filling curve has 16,384 nodes, 40.6% less than the original mesh. On the other hand, the 8th 

order Hilbert space-filling curve has 65,536 nodes, 62.2% more than the original mesh. Therefore, 

when the 7th order curve is applied to melt the mesh, some nodes do not get melted, whereas, using 

the 8th order curve melts some nodes more than once. Hence, the results cannot be compared 

directly with the MTSP where all nodes are melted and melted exactly once. Results of the number 

of switches for these two Hilbert space-filling cures for all layer shapes from Chapter 4 are given 

below.  
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Table 5.1. Minimum number of switches for a square layer under MTSP, and 7th and 8th order 
Hilbert space-filling curves 

Threshold MTSP 7th Hilbert  Reduction 8th Hilbert  Reduction 
1500 °K 0 8,971 100.00% 178 100.00% 
1550 °K 2 19,137 99.99% 291 99.31% 
1600 °K 55 43,144 99.87% 543 89.87% 
1650 °K 393 45,042 99.13% 948 58.54% 
1700 °K 2,118 46,134 95.41% 1,484 42.72% 
1750 °K 4,261 46,248 90.79% 2,199 93.77% 
1800 °K 9,014 45,582 80.22% 3,121 188.82% 
1850 °K 14,167 43,267 67.26% 4,160 240.55% 
1900 °K 21,392 39,390 45.69% 5,426 294.25% 

 

Table 5.2. Minimum number of switches for a circle layer under MTSP, and 7th and 8th order 
Hilbert space-filling curves 

Threshold MTSP 7th Hilbert  Reduction 8th Hilbert  Reduction 
1500 °K 122 12,988 99.06% 394 69.04% 
1550 °K 274 23,130 98.82% 809 66.13% 
1600 °K 624 33,682 98.15% 1,375 54.62% 
1650 °K 1,498 34,864 95.70% 2,072 27.70% 
1700 °K 3,422 35,676 90.41% 2,979 14.87% 
1750 °K 5,694 35,879 84.13% 3,985 42.89% 
1800 °K 13,622 35,296 61.41% 5,333 155.43% 
1850 °K 20,056 33,592 40.30% 7,124 181.53% 
1900 °K 31,673 30,983 2.23% 9,518 232.77% 

 

Table 5.3. Minimum number of switches for a star layer under MTSP, and 7th and 8th order 
Hilbert space-filling curves 

Threshold MTSP 7th Hilbert  Reduction 8th Hilbert  Reduction 
1500 °K 225 10,121 97.78% 1,940 88.40% 
1550 °K 437 14,337 96.95% 2,397 81.77% 
1600 °K 845 17,395 95.14% 2,896 70.82% 
1650 °K 2,289 18,787 87.82% 3,747 38.91% 
1700 °K 5,239 18,959 72.37% 4,654 12.57% 
1750 °K 8,609 19,176 55.11% 5,686 51.41% 
1800 °K 11,813 18,757 37.02% 7,003 68.68% 
1850 °K 13,750 17,780 22.67% 9,519 44.45% 
1900 °K 16,315 16,191 0.77% 12,213 33.59% 
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Table 5.4. Minimum number of switches for a thin wall layer under MTSP, and 7th and 8th 
order Hilbert space-filling curves 

Threshold MTSP 7th Hilbert  Reduction 8th Hilbert  Reduction 
1500 °K 33 5,608 99.41% 130 74.62% 
1550 °K 146 10,906 98.66% 241 39.42% 
1600 °K 338 23,542 98.56% 417 18.94% 
1650 °K 1,246 24,288 94.87% 726 71.63% 
1700 °K 3,002 25,188 88.08% 1,170 156.58% 
1750 °K 4,825 25,276 80.91% 1,789 169.70% 
1800 °K 6,494 24,844 73.86% 2,483 161.54% 
1850 °K 10,232 23,459 56.38% 3,364 204.16% 
1900 °K 13,313 20,994 36.59% 4,363 205.13% 

 

The results show that the MTSP outperforms the 7th order Hilbert space-filling curve, which can 

be intuitive since less nodes are melted, and therefore, less energy is put into the material that leads 

to lower the average temperature across all nodes over time. On contrary, the 8th order curve melts 

many nodes more than once, and that means more energy and high average temperature across the 

nodes over time. As the results above show, the minimum number of switches is obtained with the 

8th order curve for temperature thresholds more than 1700 °K for all shapes, except for the thin 

wall layer where the 8th order is better starting at 1650 °K. A further investigation should be done 

to answer the following questions: How many times can the nodes be remelted? And should all 

the nodes be remelted or only a subset of the nodes? The answers to these questions will determine 

how the assignment constraint of the MTSP can be relaxed and modified.  
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