
ABSTRACT

ZHU, LIANGYU. Statistical Methods for Optimal Dose Finding. (Under the direction of
Wenbin Lu and Rui Song.)

Statistical methods are becoming increasingly popular for optimizing drug doses in

clinical trials. In a typical dose-finding trial, a single optimal dose is decided at the end

of the trial and is recommended to all future patients. However, patients might respond

differently to the same dose of a drug due to differences in their physical conditions,

genetic factors, environmental factors and medication history. Taking patient heterogeneity

into consideration when making dose decisions is essential for achieving better treatment

results. Traditionally, personalized treatment finding process requires repeating clinical

visits of the patient and frequent adjustments of the dosage. Thus the patient is constantly

exposed to the risk of underdosing and overdosing during the process. Data driven methods

for finding optimal personalized dosage have the potential to shorten the process and lower

the risk for the patient. Existing statistical methods for finding personalized treatments

are mostly restricted to a finite number of treatment options. In this dissertation, we

study the statistical methods for finding the optimal personalized treatment when the

treatment options are continuous. The problem is studied under the single-stage setting

and the mobile health setting.

In Chapter 2, we study the statistical methods for finding optimal personalized doses

under the single-stage setting. We review the existing statistical methods for personalized

treatment finding. A kernel-assisted learning method is then proposed for estimating the

optimal personalized dosage. Theoretical results and simulation studies are provided for

the proposed method. This method is then applied to a wafarin dataset.

In Chapter 3, we study the methodologies for providing personalized dose suggestions

using the data collected by health monitoring mobile applications. We are interested in

evaluating the causal effect of the time-varying treatments and providing dose suggestions

which minimizes the risk of adverse events in a short time period in the future. We

review the existing methods for estimating treatment effects with longitudinal data and

discuss the limitations of these methods when applied to mobile health data. We extend

the definition of the lagged treatment effect by Boruvka et al. (2018) to continuous

doses and provide a kernel based estimation method for estimating this lagged treatment

effect. We then define a weighted advantage for the doses and estimate the optimal dose

which optimizes this weighted advantage. Theoretical results and simulation studies are

presented. The proposed method is then applied to a type 1 diabetes dataset collected by



health monitoring applications.
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CHAPTER

1

INTRODUCTION

The goal of dose-finding is to come up with safe and efficient drug administration in

humans given a certain medical condition. Typical dose-finding trials happen at early

phases of clinical experiments where different doses of a new drug are evaluated. An ideal

dose-finding study is conducted by a double-blind randomized trial where each patient is

randomly assigned a dose among a few safe dose levels for a candidate drug (Chevret 2006).

At the end of the trial, a single dose leading to the best average response is determined

as a recommendation for future patients. Here, the response is defined as an outcome of

interest, it can include measurements of the therapeutic effect of the treatment and the

negative symptoms that appear under the clinical or the laboratory settings due to the

toxicity of the treatment. Therefore, dose-finding is the art of maximizing the therapeutic

effect of the drug while managing the toxicity of the drug at an acceptable level.

However, the toxic effects and the therapeutic effects of the doses usually vary sub-

stantially among patients. Patients might respond differently to the same dose of a drug

due to differences in their physical conditions, genetic factors, environmental factors and

medication histories. The recommended single dose from traditional dose-finding trials

might not be the optimal dosage for each individual patient. Taking patients’ difference

into consideration when making dose decisions is essential for achieving better treatment

results. Traditionally, personalized treatment finding process requires repeating clinical

1



visits of the patient and frequent adjustments of the dosage. Thus the patient is constantly

exposed to the risk of underdosing and overdosing during the process. Data driven methods

for finding the optimal personalized dosage have the potential to tremendously shorten

the process and lower the risk for the patient.

1.1 Motivation

Statistical methods are becoming increasingly popular for optimizing drug doses in clinical

trials. However, existing methods for finding the optimal personalized treatments are

mostly restricted to the scenario where there are a finite number of treatment options. In

particular, people are interested in finding individualized treatment rules (ITR), which

output a treatment option within a finite number of available treatments based on patient

level information. Such treatment rules can thus be used to guide treatment decisions

aiming to maximize the expected clinical outcome of interest, also known as the expected

reward or value. An optimal treatment rule is defined to be the one that maximizes the

value in the population among a class of treatment rules. Various statistical learning

methods have been proposed to infer optimal individualized treatment rules using data

from randomized trials or observational studies. Existing methods include model-based

approaches, such as Q-learning (Watkins and Dayan 1992; Zhao et al. 2009; Qian and

Murphy 2011; Schulte et al. 2014) and A-learning (Murphy 2003; Robins 2004; Henderson

et al. 2010; Schulte et al. 2014), and direct value search methods by maximizing a

nonparametric estimator of the value function (e.g. Zhang et al. 2012a,b; Zhao et al.

2012).

The above methods, however, are not directly applicable when the number of treatment

levels is large. Let us illustrate with warfarin, which is an anticoagulant drug commonly

used for the prevention of thrombosis and thromboembolism. Establishing the appropriate

dosage for warfarin is known to be a difficult problem because the optimal dosage can

vary by a factor of 10 among patients, from 10mg to 100mg per week (Consortium 2009).

Incorrect dosages contribute largely to the adverse effects of warfarin usage. Underdosing

will fail to alleviate symptoms in patients and overdosing will lead to catastrophic

bleeding. In this case, an individualized dose rule (IDR), where a dose level is suggested

within a continuous safe dose range according to each individual’s physical conditions,

would be better at tailoring to patient heterogeneity in drug response. Traditionally, the

individualized warfarin dosage for a single patient is decided by repeated clinical visits. A

safe initial dosage is given to the patient. The dosage is then adjusted every few weeks

while the adverse events are closely monitored by the clinician. During the dose-finding
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process, which lasts from weeks to months, the patient is constantly under the risk of

overdosing or underdosing. Nowadays, there are organizations gathering an abundant

amount of data associated with individual warfarin therapies, including the medical

history, the demographic information, the genetic factors, and the therapeutic dosage

of the patients. Data-driven methodologies for finding personalized dosages are made

possible by the availability of these datasets. A data-driven dosage estimation method has

the potential to greatly speed up the dosing process and exempt the patients from the

risks of incorrect dosages. Therefore, in this dissertation, we study the statistical methods

for providing personalized dosage suggestions which optimize the outcome of interest.

Data-driven treatment recommendations are also obtaining attention with the develop-

ment of health-monitoring mobile applications. The emergence of electronic technologies

such as fetal heart rate monitors, portable hemoglobin meters, self-powered pulse oximeters

and continuous glucose monitors allows low-cost monitoring and detection of diseases.

Physical conditions of the patients can thus be recorded in real-time. Mobile communi-

cation with smart phone devices also improve the process of healthcare by facilitating

monitoring and alerting for adverse events and enhancing the interaction between the

patients and the doctors (Silva et al. 2015). Important findings have been contributed by

mobile health apps for diseases such as cardiology (Mart́ınez-Pérez et al. 2013b; Bisio et al.

2015), diabetes(Arnhold et al. 2014; Sieverdes et al. 2013; Kirwan et al. 2013), obesity

(Lopes et al. 2011; Zhu et al. 2010), and alcohol cessation (Carrà et al. 2016; Gustafson

et al. 2011). Making treatment adjustments based on the real-time data collected by

the mobile applications has the potential to lead to better treatment results and reduce

unnecessary over-treatments. For example, diabetes is a chronic disease that requires

continuing medical care to reduce the long-term risk caused by high blood glucose. The

effectiveness of the medical process largely depends on the patient’s self management in

daily life, including frequent blood sugar checks, regular insulin use, diet management and

consistent exercise (Hood et al. 2016). However, even if the patient successfully adheres to

this complex treatment regime, calculating the correct insulin dosage can still be challeng-

ing. Hypoglycemia or hyperglycemia due to incorrect insulin dosages may lead to serious

side effects in short term and chronic health issues in long term. Both the dosage and the

timing of the premeal insulin will largely affect the effectiveness of the treatment. Mobile

technologies have presented unique potential to support the self-management process for

diabetes patients. Thousands of diabetes apps are available on different mobile operating

systems (Mart́ınez-Pérez et al. 2013a). Typical features include self-monitoring for insulin

usage, blood glucose, food intake and exercise. Dose suggestions for rapid-reacting insulin

are available in part of the applications, most of which are limited to dose suggestions
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with simple mathematical operations using planned carbohydrate intake and measured

blood glucose (Arnhold et al. 2014). However, the insulin dosage calculation varies largely

among patients according to their personal insulin sensitivity factor and carbonhydrate

factor (Huckvale et al. 2015). These simple dose rules fail to adapt to the variability

among patients and might lead to incorrect dosage suggestions. In addition, the insulin

absorption rate can be influenced by other factors including patients’ physical activity

level and the temperature of the environment. An ambient temperature of 30 Celsius

degrees can speed up the insulin absorption by two to four times compared to an ambient

temperature of 10 Celsius degrees (Zisser et al. 2008). Therefore, an individualized dose

recommendation system based on the time-varying physical condition of the patient is

needed for an accurate estimation of the optimal personalized dosage. However, analyzing

mobile health data can be challenging because there are typically a large number of time

points, time-varying treatments, and a non-definite time horizon (Luckett et al. 2019). In

this dissertaton, we also study the statistical methodologies for providing individualized

dose suggestions using mobile health data. A detailed outline of the dissertation is given

below.

1.2 Outline

The structure of the dissertation is as follows.

In Chapter 2, we focus on statistical methodologies for optimal dose finding. We

first review the existing statistical methods for finding optimal individualized treatment

rules. The limitations of these methods when applied to continuous dose suggestions are

discussed. We then present existing methodologies for finding optimal individualized dose

rules (IDR), which output dose suggestions within a safe dose range based the information

of the patients. These methodologies are either limited by strict model assumptions for

the expected outcome, or have provided no statistical inference for the estimated optimal

dose rules. Therefore, we propose a kernel-assisted learning (KAL) method which requires

no model assumption for the expected outcome and is capable of providing statistical

inference for the estimated dose rules. Theoretical results and simulation studies are

presented for the proposed method. It is then applied to a warfarin dataset collected by

Consortium (2009).

In Chapter 3, we focus on statistical methods for mobile health data. We are in-

terested in evaluating the causal effect of the time-varying treatments and providing

dose suggestions using the data collected by the mobile applications. We first review

the existing methods for estimating treatment effects with longitudinal data and discuss
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the limitations of these methods when applied to mobile health data. Then we extend

the definition of lagged treatment effects by Luckett et al. (2019) to continuous doses

under the mobile health setting. A kernel-assisted learning method based on structural

nested models (Robins 1994, 2004) is proposed for estimating this lagged treatment effect.

Next, we focus on providing dose recommendations based on the estimated lagged treat-

ment effects. Existing treatment recommendation strategies under infinite time horizons

typically aim at maximizing an accumulated long-term reward. However, for diseases

such as high blood pressure or hyperglycemia, the mobile health interventions actually

aim at monitoring adverse events in a short term (Haller et al. 2004; Heron and Smyth

2010). Maximizing the cumulative reward might not be the optimal criteria for providing

treatment suggestions under this scenario. Therefore, we define a weighted advantage for

the doses as a measurement of the treatment effect over a short period of time. We then

estimate the optimal dose which maximizes this weighted advantage. Theoretical results

and simulation studies are presented for this estimation method. Finally, we apply the

proposed method to the Ohio type 1 diabetes dataset and estimate the optimal dosage

for the rapid-reacting insulin doses. Results are presented and discussed at the end of

Chapter 3.

1.3 Notations

In this dissertation, we use capital letters such as A,X, Y to denote random variables and

lowercase letters such as a, x, y to denote specific values taken by the random variables.

The probability mass function of a discrete random variable X is written as pX(·). The

probability density function of a random variable X is written as fX(·). For any one-

variable function g(·), the first, second and third order derivative of g(·) are written as

ġ(·), g̈(·),
...
g (·). We use I(·) to denote the indicator function. For example I(X > 0) is

equal to 1 if X > 0 and is equal to 0 if X ≤ 0. For a matrix Σ, |Σ| is used to denote

the determinant of the matrix. Under the mobile health setting where data are collected

at multiple time points t = 1, . . . T . We use X̄t to denote the history of a variable X

up to time point t: X̄t = {X1, . . . , Xt}. X t denotes the the random variable from time

t to T : X t = {Xt, Xt+1, . . . , XT}. Let X̄ denotes the complete history of variable X:

X̄ = {X1, . . . , XT}. For any function g(·) of a random variable X, Png(X) is used to

denote the empirical average of the function: Png(X) =
∑n

i=1 g(Xi).
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CHAPTER

2

KERNEL ASSISTED LEARNING FOR

SINGLE-STAGE PERSONALIZED DOSE

FINDING

2.1 Introduction

In this chapter, we explore the statistical methodologies for single-stage personalized dose

finding. Here, ”single-stage” means that the treatment decision is made only once for each

patient and the chosen treatment (or dosage) will be followed by the patient thereafter.

There is plenty of literature on methodologies for finding individualized treatment rules

(ITR), where one treatment is suggested among a finite number of treatment options

based on patient level information. We define the optimal treatment rule as the one

which maximizes the expected reward in the population among a class of treatment

rules. Individualized treatment rules can thus provide guidance for treatment decisions

by selecting the treatment which leads to the most desirable results. Existing methods

for finding optimal treatment rules include model-based approaches, such as Q-learning

(Watkins and Dayan 1992; Zhao et al. 2009; Qian and Murphy 2011) and A-learning

(Murphy 2003; Robins 2004; Henderson et al. 2010), and direct value search methods
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(Zhang et al. 2012a,b; Zhao et al. 2012).

The above methods, however, are not directly applicable when the number of possible

treatment levels is large. Using continuous individualized dose rules (IDR), where a dose

level is suggested within a safe dose range, can better adapt to patient heterogeneity in

drug response. Extending the above methods for finding optimal individualized treatment

rules to continuous treatment options is non-trivial. Several methods have been proposed

for finding optimal individualized dose rules. One way of extending existing methods to

the continuous dose case is to discretize the dose levels. Laber and Zhao (2015) proposed

a tree-based method and turned the problem into a classification problem by dividing

patients into subgroups and assigning a single dose to each subgroup. Chen et al. (2018)

extended the outcome weighted learning method (Zhao et al. 2012) from binary treatment

settings to ordinal treatment settings. However, in cases where patient responses are

sensitive to dose changes, a discretized dose rule with a small number of levels will fail

to provide dose recommendations leading to optimal clinical results. On the other hand,

a discretized dose rule with a large number of levels may result in limited observations

within each subgroup, and thus may be at risk of overfitting.

Alternatively, Rich et al. (2014) extended the Q-learning method by modeling the

interactions between the dose level and covariates with both linear and quadratic terms in

doses. However, such a parametric approach is sensitive to model misspecification and the

estimated individualized dose rule might be far away from the true optimal dose rule. In

addition, it cannot be guaranteed that the estimated optimal dose falls into the safe dose

range. More recently, Chen et al. (2016) extended the outcome weighted learning method

proposed by Zhao et al. (2012) and transformed the dose-finding problem into a weighted

regression with individual rewards as weights. The optimal dose rule is then obtained by

optimizing a non-convex loss function. This method is robust to model misspecification

and has appealing computational properties, however, the associated statistical inference

for the estimated dose rule is challenging to determine.

Therefore, we propose a kernel assisted learning method is proposed to infer the

optimal individualized dose rule in a manner which enables statistical inference. The

proposed method can be viewed as a direct value search method. Specifically, we first

estimate the value function with a kernel based estimator. Then we search for the optimal

individualized dose rule within a prespecified class of rules where the suggested doses

always lie in the safe dose range. The proposed method is robust to model misspecification

and is applicable to data from both randomized trials and observational studies. We

establish the consistency and asymptotic normality of the estimated parameters in the

obtained optimal dose rule. In particular, the asymptotic covariance of the estimators is
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derived based on nontrivial calculations of the expectation of a U-statistic.

The remainder of the chapter is organized as follows. In Section 2.2, we present

the problem setting and the notations for optimal dose finding. In Section 2.3, existing

methods for finding the optimal ITR and the optimal IDR are reviewed. Our proposed

method is presented in Section 2.4. The theoretical results of the estimated parameters

are established in Section 2.5. In Section 2.6, we demonstrate the empirical performance

of the proposed method via simulations. In Section 2.7, the proposed method is further

illustrated with an application to a warfarin study. Some discussions and conclusions are

given in Section 2.8. Proofs of the theoretical results are provided in Section 2.9.

2.2 Problem Setting

We first present the single-stage personalized dose-finding problem with a statistical

framework. Assume that the observed data consist of n independent and identically

distributed observations {(Xi, Ai, Yi)}ni=1, where Xi ∈ X is a q-dimensional vector of

covariates for the ith patient, Ai ∈ A is the dose assigned to the patient with A being

the safe dose range (if A is a set of finite number of treatment options, then the problem

transform into finding the optimal individualized treatment rule), and Yi ∈ R is the

observed outcome of interest after the treatment Ai is given to the patient. Without

loss of generality, we assume that larger Y means better outcome. Let π(X) denote an

individualized dose rule, which is a deterministic mapping function from X to A. To define

the value function of an individualized dose rule, we use the potential outcome framework

(Rubin 1978). Specifically, let Y ∗(a) be the potential outcome that would be observed

when a dose level a ∈ A is given. Define the value function as the expected potential

outcome in the population if everyone follows the dose rule π, i.e. V (π) = E[Y ∗{π(X)}].
The optimal individualized dose rule is defined as πopt = arg maxπ∈G V (π), where G is a

class of interested dose rules. For example, a linear class of dose rules can be written as:

G = {πβ(X) = βTX : β ∈ Rq}.
In order to estimate the value function from the observed data, we need to make the

following three assumptions similar to those adopted in the causal inference literature

(Robins 2004).

• Y =
∫
A δ(A = a)Y ∗(a)da, where δ(·) is the Dirac delta function. This corresponds

to the stable unit treatment value assumption (also known as the consistency

assumption). This assumption assumes that the observed outcome is the same

as the potential outcome had the dosage given to the patient be the actual dose.
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This assumption implies that there is no interference among patients. In the case

where the treatment options are discrete, this assumption can be written as: Y =∑
a∈A I(A = a)Y ∗(a).

• The potential outcomes {Y ∗(a) : a ∈ A} are conditionally independent of A given X,

which is also known as the no unmeasured confounders assumption. This assumption

can be naturally satisfied by the design of a randomized dose trial. However, it

cannot be validated in an observational study.

• There exists a c > 0 such that fA|X(A = a|X = x) ≥ c for all a ∈ A, x ∈ X , where

fA|X(a|x) is the conditional density of A = a given X = x. In the discrete treatment

case, the assumption can be written as: pA|X(A = a|X = x) > 0 for all a ∈ A, x ∈ X .

This assumption ensures that V (π) can be estimated using the observed data for all

π : X → A. This is also known as the positivity assumption.

Under these assumptions, we can show that V (π) can be estimated with the observed

data :

V (π) = E[Y ∗(π(X))]

= EX [E{Y ∗(π(X))|X}]

= EX [E{Y ∗(π(X))|A = π(X), X}]

= EX [E{Y |A = π(X), X}].

The second equation above is based on the basic property of conditional densities. The

third equation above is valid because of the no unmeasured confounder assumption. The

fourth equation is based on the consistency assumption. The positivity assumption ensures

that the right side of the last equation can be estimated empirically.

2.3 Literature Review

2.3.1 Methods for Finding Discrete Optimal Treatment Rules

Regression Based Method

We first consider the special case where there are only two treatment options, A = {0, 1}.
One straightforward approach is the Q-learning method (Watkins and Dayan 1992; Sutton

et al. 1998; Zhao et al. 2009; Schulte et al. 2014), which first posits a parametric regression

model for µ(A,X) = E(Y |A,X), say µ(A,X; β), where β are the related parameters. If
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this model is correctly specified, then there exists some β̃ where µ(A,X) = µ(A,X; β̃).

The optimal treatment rule would be πopt(X) = arg maxπ µ(π(X), X) = I{µ(1, X; β̃) >

µ(0, X; β̃))}. Therefore, we can estimate the optimal dose rule by obtaining an estimate

of the parameters from the data, β̂. Then π̂opt(X) = I{µ(1, X; β̂) > µ(0, X; β̂)}. The

estimation of the parameters can be achieved through standard ordinary least squares

(OLS) or weighted least squares (WLS). An estimate of the maximum value function

V (πopt) = E{Y ∗(πopt)} would be:

1

n

n∑
i=1

[
µ(1, Xi, β̂)π̂opt(Xi) + µ(0, Xi, β̂){1− π̂opt(Xi)}

]
.

Extension of this method to more than two treatments is straightforward. However, an

obvious drawback of this method is that the estimated treatment rule may be far away

from the optimal rule when the posited model is not correct. The estimated maximum

value function might not converge to the true maximum value function in such cases.

Notice that the optimal treatment rule in this case πopt(X) = I{µ(1, X) > µ(0, X))}
only depends on the contrast, which is the difference of the expected reward between the

treatments given the patient’s information, C(X) = µ(1, X)− µ(0, X). The A-learning

method (Blatt et al. 2004; Robins 2004; Moodie et al. 2009; Henderson et al. 2010; Wallace

and Moodie 2015) utilizes this idea by positing a model for the contrast function, say

C(X;ψ). The original µ-function can be written as µ(A,X) = h(X)+A×C(X;ψ), where

the form of h(X) = µ(0, X) does not need to be specified. The optimal treatment rule

would thus be πopt = I{C(X) > 0}). Let p̃(X) = p(A = 1|X) be the propensity score of

receiving treatment A = 1. Robins (2004) shows that the parameters ψ can be estimated

consistently by the following estimation equation:

n∑
i=1

λ(Xi)
{
Ai − p̃(Xi)

}
×
{
Yi − AiC(Xi;ψ)− θ(Xi)

}
= 0. (2.1)

where λ(Xi) is an arbitrary function with the same dimension as ψ and an arbitrary

function θ(X). This method is also referred to as g-estimation. Robins (2004) also shows

that, if the model C(X;ψ) is correct and var(Y |X) is constant, the optimal choice of

λ(X;ψ) will be ∂C(A,X;ψ)/∂ψ, and the optimal choice of θ(X) will be h(X).

In order to apply Equation (2.1) to obtain the estimated the parameters ψ, we can

posit models for θ(X), say h(X; β). If the data are not from a randomized trial, we

also need to posit model for the propensity score, say p̃(X; γ). Robins (2004) also shows

that the g-estimation method has double robustness, meaning that Equation (2.1) yields
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a consistent estimator of ψ as long as one of these two models is correctly specified.

After the estimated parameter ψ̂ is obtained, the estimated optimal dose rule would be

π̂opt(X) = I{C(X; ψ̂) > 0}.
Compared to the Q-learning method, the A-learning method is more robust to model

misspecification because the exact form of the expected reward function does not need

to be specified. Extensions to more than two-treatments (see Robins 2004; Moodie et al.

2007) are possible with more complicated formulations. However, the performance of the

method still largely depends on the correct specification of the model for the contrast

function C(X). Schulte et al. (2014) also show that when the models for Q-learning and

A-learning are both correctly specified, the A-learning might yield relatively inefficient

inference for ψ without an optimal choice of λ. Furthermore, extensions to the continuous

dose finding problem are not feasible because the contrast function cannot be easily

defined with an infinite number of treatment options.

Inverse Probability Weighted Estimation Method

In certain cases, the treatment rule can be defined by a simplified class of rules involving

only a subset of the covariates (Zhang et al. 2012b). For example, if µ(A,X; β) =

β1X1 +A(β2X2 +β3X3), then the optimal treatment rule would be I{X2 +(β3/β2)X3 > 0}
or I{X2 + (β3/β2)X3 < 0]} depending on the sign of β2. Therefore, the optimal treatment

can be defined by the parameter space {η : η = β2/β3}. Let the class of treatment rules

of the form πη(X) = π(X, η) = I(X2 + ηX3 > 0) or I(X2 + ηX3 < 0) be Gη. Zhang

et al. (2012b) proposed a more robust method by directly searching for the optimal

treatment rule within the class Gη without assuming any models for µ(A,X). The goal

thus becomes to find ηopt = arg maxη E{Y ∗(πη)}. This can be achieved by first obtaining

a nonparametric approximation of E{Y ∗(πη)}, then find the η̂ which maximizes the

approximated value function.

However, for a specific treatment rule πη, the potential outcome Y ∗(πη(x)) is probably

not observed for some x ∈ X . Thus, estimating the value function can be regarded as a miss-

ing data problem, where {Y ∗(πη)(X), X} is the full dataset and {I(A = πη(X)), Y I(A =

πη(X)), X} is the observed dataset. Zhang et al. (2012b) proposed to estimate the value

function with an inverse probability weighted estimator (IPWE). Assume that the data

come from a randomized trial where the propensity score p̃(X) = p(A = 1|X) is known.

(In observational studies where the propensity score is unknown, it can be estimated by a

parametric model, say p̃(X; γ).) Let p̃c(X; η) = p̃(X)π(X, η) + {1− p̃(X)}{1− π(X, η)}
be the probability of observing the outcome given by treatment rule π(X, η). For a fixed
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η, the inverse probability weighted estimator of the value function is:

IPWE(η) =
1

n

n∑
i=1

YiI{Ai = πη(X)}
p̃c(Xi; η)

=
1

n

n∑
i=1

YiI{Ai = πη(X)}
p̃(Xi)Ai{1− p̃(Xi)}1−Ai

. (2.2)

This estimator is shown to be consistent for E{Y ∗(πη)} when p̃(X) is known or p̃(X; γ)

is a correctly specified model for p̃(X) (Cao et al. 2009) . Cao et al. (2009) also proposed

another estimator of the value function with improved robustness. It is known as the

augmented inverse probability weighted estimator (AIPWE):

AIPWE(η) =
1

n

n∑
i=1

{YiI{Ai = πη(Xi)}
p̃c(Xi; η)

− I{Ai = πη(Xi)} − p̃c(Xi; η)

p̃c(Xi; η)
m(Xi; η, β̂)

}
,

(2.3)

where,

m(X; η, β) = µ(1, X; β)π(X, η) + µ(0, X; β)
{

1− π(X, η)
}

is an approximation for E{Y ∗(πη)}; µ(A,X; β) is a working model for E(Y |A,X) with

parameters β; β̂ can be obtained using regular regression methods. The AIPWE is

consistent for E{Y ∗(πη)} as long as p̃(X) is known, or a correct model is specified for p̃(X),

or µ(A,X; β) is correctly specified. If the propensity score is known or can be approximated

with a correctly specified model, the estimation efficiency is improved when the working

model µ(A,X; β) is also correctly specified (Zhang et al. 2012b). Then the estimated

optimal treatment rule is π̂optη = π(X, η̂opt), where η̂opt maximizes the corresponding

estimator of the value function: η̂opt = arg maxη IPWE(η) or η̂opt = arg maxη AIPWE(η).

This type of methods, where the optimal treatment is estimated by directly searching

within a prespecified class of treatment rules to optimize a certain metric, are known as

direct methods. Zhang et al. (2012b) showed that the proposed direct method can achieve

comparable performance to the regression-based methods with the addition advantage of

robustness to model misspecification. One limitation of this method is that maximization

of the approximated value function might be complicated or computationally expensive

due to the nonsmoothness. Zhang et al. (2012b) resolved the optimization problem using

classification and regression tree (CART). Laber and Zhao (2015) further extended the

method by searching the optimal treatment rule directly within a nonparametric class of

rules that can be represented by decision trees.
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Outcome Weighted Learning

Another direct method is the outcome weighted learning (O-learning) method proposed

by Zhao et al. (2012). The optimal treatment rule is regarded as a classification problem

where the goal is to classify the patients into groups by their optimal treatments. Instead

of maximizing an approximate of the value function, the outcome weighted learning

method finds the optimal rule by directly minimizing a loss function which can be

interpreted as a classification error. Assume that the data is from a randomized trial

where p̃(X) = p(A = 1|X) is a constant p̃, and assume that there are only two treatment

options A = {0, 1}. The value function can thus be written as:

V (π) = E{Y ∗(π)} = E
{Y I(A = π(X))

p(A|X)

}
= E

{ Y I(A = π(X))

p̃A+ (1− p̃)(1− A)

}
. (2.4)

Maximizing Equation (2.4) is equivalent to minimizing:

E(Y |A = 1) + E(Y |A = −1)− V (π) = E
{ Y I(A 6= π(X))

p̃A+ (1− p̃)(1− A)

}
. (2.5)

If we regard π(X) as a classification of the patients into two groups corresponding to the

two treatment and weigh each misclassification event by Y/{p̃A+ (1− p̃)(1− A)}, the

right side of Equation (2.5) will be an expectation of the classification error and can thus

be estimated by the empirical classification error:

1

n

n∑
i=1

Yi
p̃Ai + (1− p̃)(1− Ai)

I{Ai 6= π(Xi)}.

Notice that with this method, we would prefer a classification which is consistent with the

assigned dose where the observed outcome is large. When the observed outcome is small, the

assigned treatment is less likely to be recommended by the treatment rule. Similar to the

robust method proposed by Zhang et al. (2012b), we search for the optimal treatment rule

within the class of treatment rules Gη in the form of πη(X) = π(X; η) = I{g(X; η) > 0},
where g(X; η) is a prespecified function of X indexed by parameter η. The optimization

problem thus becomes:

η̂opt = arg min
η

1

n

n∑
i=1

Yi
p̃Ai + (1− p̃)(1− Ai)

I
{
Ai 6= I(g(Xi; η) > 0)

}
. (2.6)

However, the nonsmoothness of the loss function (the function we aim to minimize in

Equation (2.6)) adds complexity to the optimization process. Zhao et al. (2012) resolved
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this issue by substituting the indicator function I{g(X; η) > 0} with a hinge loss function

{1− Ag(X; η)}+ where x+ = max(x, 0) (see Cortes and Vapnik 1995). A penalty term is

added for the complexity of the treatment rule to avoid overfitting. Then,

η̂opt = arg min
η

1

n

n∑
i=1

Yi
p̃Ai + (1− p̃)(1− Ai)

{1− Aig(Xi; η)}+ + λn‖πη‖2, (2.7)

where ‖π‖ is some seminorm for π (For example, when πη(X) = I{XTη > 0}, then ‖πη‖
can be the Euclidean norm of η), and λn is a tuning parameter which controls the strength

of the penalty on the complexity of the treatment rule.

Both Zhang et al. (2012b)’s method and Zhao et al. (2012)’s method are based on

finding an optimal treatment rule within a class of rules by optimizing an objective

function. Zhang et al. (2012a) further extended these methods by providing a framework

which unifies both of these methods into a weighted classification problem where the

class of treatment rules does not need to be prespecified. However, this classification

perspective is not feasible when the treatment options are continuous. Extensions of these

methods to continuous dose finding are nontrivial.

2.3.2 Methods for Finding Optimal Dose Rules

The methods discussed in Section 2.3.1 provide different approaches to the problem of

optimal treatment finding. However, when the number of possible treatment levels is

large, the application of these methods would be problematic. For example, the dosage

for the drug warfarin (as mentioned in Chapter 1) typically range from 10 mg to 100

mg weekly. Classifying the doses into 91 different levels and regarding this as a discrete

treatment finding problem would not be ideal because each level would be only assigned

to a small number of patients. Estimation of the value function might thus have large

variance. The information in the data would not be used efficiently either. Regarding the

treatment options as continuous doses is more appropriate in such cases. A randomized

dose trial, where each patient is randomly assigned a dose within a safe dose range, is

needed for finding optimal treatment rule with continuous doses. Such rules are also

known as individualized dose rules (IDR). In the following discussion, we assume that A
is an interval of the safe dose range. Without loss of generality, we assume that A = [0, 1].

Discretized Dose Rules

One approach to find an optimal treatment rule for continuous doses is to discretize

the feasible treatment options to a small number of dose levels. Laber and Zhao (2015)
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extended the AIPWE method of Zhang et al. (2012b) by first discretizing the treatment

levels into a finite number of treatments, and then transforming the optimal treatment

rule finding problem into a clustering problem among the patients. Similar to the method

proposed by Zhang et al. (2012b), Laber and Zhao (2015) proposed to directly search for

the optimal rule within a class of treatment rules, which is the class of treatment rules

that can be represented by decision trees in this case. The optimal rule is estimated by

maximizing an approximation of the value function. Within the context of a clustering

problem, the objective function to maximize (the approximated value function) can be

regarded as the purity measure for evaluation of the quality of the clustering (see Larson

2010). The optimal treatment rule within the class can thus be found by establishing a

decision tree, where the algorithm recursively partition the covariate space into rectangular

sets based on maximizing the total purity measure (see Breiman 1984; Hastie et al. 2009,

for details).

Methods like IPWE and AIPWE are not directly applicable for estimating the value

function, because the assigned doses to each patient are not restricted to the discretized

dose levels. The probability of observing the outcome of the dose levels suggested by the

corresponding rule would be 0. Laber and Zhao (2015) proposes a smoothed version of

the AIPWE by replacing the indicator function I{a = π(x)} in Equation (2.3) with a

kernel smoother: vπ,h(a|x) = h−1k
(
g(a) − g(π(x))}/h

)
ġ(a), where k(·) is a symmetric

density function, h is the bandwidth, g(·) is a prespecified one-to-one function from the

treatment space to R and ġ(·) is the derivative of the function g(·). One simple example

of the kernel smoother would be vπ,h(a|x) = (2h)−1ġ(a)I
{
|g(a) − g(π(x))| ≤ h

}
. The

treatment rule π(x) can thus be approximated by a class of distributions over A that has

the mass around π(x). A smoothed version of the value function V (π) = E{Y ∗(π)} can

be written as E
{
Y vπ,h(A|X)/fA|X(A|X)

}
. Here, the fA|X(a|x) is the conditional density

of A given X. A smoothed version of the AIPWE estimator in Equation (2.3) would be:

1

n

n∑
i=1

[{Yi −m(Xi; β)
}
vπ,h(Ai|Xi)

fA|X(Ai|Xi)
+m(Xi; β)

]
, (2.8)

where m(X; β) is a parametric model for µ(A,X) with parameters β. Maximizing Equation

(2.8) is equivalent to maximizing:

Ĉ(π) = n−1
[{Yi −m(Xi; β)}vπ,h(Ai|Xi)

fA|X(Ai|Xi)

]
.

The purity measure defined for the splitting of the nodes is based on Ĉ(π). Suppose
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that for a subset of the covariate space r ⊂ X , πr,a,a′ denotes the rule that assigns

treatment a for all x ∈ r and treatment a′ for all x ∈ rc, where a, a′ are within the

discretized treatment space. For a node defined with a subset of the covariate space r̃ ⊂ X
and another subset r ⊂ X , the purity measure of partitioning r̃ into r̃ ∩ r and r̃ ∪ rc is

defined as:

P(r̃, r) =[
Pn

{
Y −m(X, β̂)

}
I(X ∈ r̃)vπr,a,a′ ,h

{
A|X

}
fA|X(πr,a,a′(X)|X)

][
Pn
I(X ∈ r̃)vπr,a,a′ ,h

{
A|X

}
fA|X(πr,a,a′(X)|X)

]−1

. (2.9)

The algorithm starts from the root node defined by the whole parameter space. Each time

it finds the split of a node where the purity measure is maximized. The algorithm ends

when the maximal increase of purity measure is below a predefined threshold. The rule

that corresponds to the partition of the final tree is the estimated optimal treatment rule.

This tree-based method provides an approach to extension of an existing method to

finding optimal dose rules. However, when the number of discretized intervals is small,

the suggested dose rule may fail to provide a precise estimation of the optimal dosage for

the patients. As the number of discretized intervals increase, the variance of the purity

measure as defined in Equation (2.9) will increase tremendously because there are a

limited number of observations within each interval. Therefore, continuous dose rules

would better adapt to the complicated mechanisms of the drugs and the heterogeneous

needs of the patients.

Regression based method

Another natural approach is to establish regression models for µ(A,X) = E(Y |A,X)

just as when the treatment options are discrete. When the dose level is continuous, it is

essential to consider a nonlinear relationship between the dose and the outcome, because

overdosing often leads to toxicity while underdosing might result in inefficiency of the

medicine. Rich et al. (2014) applied this idea and used a linear regression model including

both quadratic terms and interaction terms between the covariates and the treatment. A

general form of the model can be written as follows (Laber and Zhao 2015):

µ(A,X; ρ, θ, γ) = XTρ+XT θ(A−XTγ)2. (2.10)

where ρ, θ, γ are the parameters to be estimated. If XT θ is positive, the optimal dose rule

is XTγ and can thus be estimated by π̂opt(X) = XT γ̂. The parameter γ can be easily
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interpreted as the effect of the covariates on the optimal IDR. It can be further extended

to LASSO regression by including penalties of L2 norms of the parameters in the loss

function while estimating the parameters (Chen et al. 2016). Other variations of the

regression based method include support vector regression (SVR; Vapnik 2013; Smola

and Schölkopf 2004) and regression trees (Breiman 1984).

The estimated optimal dose rule by this method depends on the correctness of the

model specified for µ(A,X). When the model is misspecified, the suggested dose rule

may be far away from the true optimal dose rule. If XT θ is not always positive, then the

suggested optimal dose rule will fall on the edges of the dose range, meaning that the

suggested dose is either the maximum feasible dose or no dose at all, which is not ideal in

practice. Even if XT θ̂ is positive, the optimal dose estimated by XT γ̂ may not fall into

the safe dose range and thus not applicable in practice.

Outcome Weighted Learning

To avoid model misspecification, Chen et al. (2016) proposed a direct method by extending

the outcome weighted learning method proposed by Zhao et al. (2012). Direct application

of O-learning method to the continuous dose finding problem is not feasible because

the probability of a certain dose a given covariates x ∈ X , denoted as pA|X(a|x) in

Equation (2.4), would be 0. Few subjects would satisfy Ai = π(Xi), which will make the

approximation of the value function unstable.

Chen et al. (2016) first extend Equation (2.4) by the replacing the I
{
A = π(X)

}
with

an indicator function I
{
A ∈

(
π(X)− φ, π(X) + φ

)}
, where φ is a bandwidth. They show

that the Ṽφ(π) defined below converges to the value function V (π) when φ converge to 0:

Ṽφ(π) =
1

2φ
E
[Y I{A ∈ (π(X)− φ, π(X) + φ

)}
fA|X(A|X)

]
, (2.11)

where fA|X here denotes the conditional density of A given X. As a result, the πopt, which

maximizes Ṽφ(π) and equivalently minimizes

E
[Y I{|A− π(X)| > φ

}
2φfA|X(A|X)

]
,

will approximately maximize V (π). Since the nonsmoothness induced by the indicator

function makes it difficult for optimization, the author used a continuous loss function to
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approximate the indicator function:

lφ

(
A− π(X)

)
= min

( |A− π(X)|
φ

, 1
)
. (2.12)

The function lφ can be written as the difference of two convex functions and thus the

difference of convex functions (DC) algorithm (see Le Thi Hoai and Tao 1997) can be used

for the optimization of the loss function. The function to be minimized thus becomes:

Rφ(π) = E
[Y lφ(A− π(X)

)
φfA|X(A|X)

]
, (2.13)

which can be estimated consistently with the empirical expectation:

R̂φ(π) = Pn
Y lφn [A− π(X)]

φnfA|X(A|X)
, (2.14)

where φn is some constant that goes to 0 as n goes to infinity. By including a term for

penalizing the complexity of π(X), the optimization problem is formalized as follows:

πopt = arg min
π

{
Pn
Y lφn [A− π(X)]

φnfA|X(A|X)
+ λn‖π‖2

}
, (2.15)

where λn is the tuning parameter which controls the complexity of the dose rule to avoid

overfitting.

The optimal dose rule which minimizes the loss function is searched directly within

a class of rules. The author considers two classes of dose rules. The first class is the

linear rules which can be written as π(X) = XTw + b. This method is also known as

the linear outcome weighted learning (L-O-Learning). The second class is the non-linear

rules defined in a reproducing kernel Hilbert space (RKHS) (see Vapnik 2013; Smola and

Schölkopf 2004). An RKHS HK associated with a symmetric continuous kernel function

K(·, ·) : X × X → R is the complete span of all functions K(·, X), X ∈ X . Then there

exists a function Φ(·) that Φ(Xi)
TΦ(Xj) = K(Xi, Xj). The dose rules from HK can

thus be represented by π(X) = wTΦ(X) + b (Vapnik 2013). The non-linear outcome

weighted learning is therefore also known as kernel-based outcome weighted learning

(K-O-Learning).

This method provides a highly flexible model for the optimal dose rule without defining

the relationship between the dose and the expected reward and is thus robust to model

misspecification. However, no statistical inference has been provided for the estimated

optimal dose. The suggested dose might be far from the actual optimal dose. Therefore,
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we propose a kernel assisted learning method in Section 2.4 and present the statistical

inference with this proposed method. This proposed method is also a direct method

which imposes no assumption on the form of the conditional expectaion of the outcome

E(Y |A,X).
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2.4 Kernel Assisted Learning

2.4.1 Method

In order to estimate the optimal IDR, we first estimate V (π) with a kernel based estimator

and then estimate πopt by directly maximizing the estimated value function V̂ (π). We

search for the optimal individualized dose rule within a class of dose rules of the form:

πβ(x) = π(x; β) ∈ G, where G = {g(βTx), β ∈ Rq}, and g : R → A is a predefined

link function to ensure that the suggested dosage is within the safe dose range. Let

β∗ = arg maxβ V (πβ), then the optimal IDR within G is:

πoptβ (X) = π(X; β∗) = arg max
π∈G

V (π).

If the true optimal IDR: πopt = arg maxπ V (π) ∈ G, then πoptβ (X) = πopt. To see this,

we illustrate with a toy example. If the true model for E(Y |A,X) takes the form:

E(Y |A,X) = µ̃(X) + Q{A − g(β̃TX)}H(X), where µ̃(X) is an unspecified baseline

function, H(X) is a non-negative function and Q(·) is a unimodal function which is

maximized at 0, then E(Y | A,X) is maximized at dose level A = g(β̃Tx) for patients

with covariates X = x. Thus, the true optimal individualized dose rule is:

πopt(X) = arg max
π

V (π)

= arg max
π

EX

[
E
{
Y | A = π(X), X

}]
= arg max

π
EX

[
µ̃(X) +Q

{
π(X)− g(β̃TX)

}
H(X)

]
= arg max

π
EX

[
Q
{
π(X)− g(β̃TX)

}
H(X)

]
= g(β̃TX) ∈ G.

The last equation above is true because Q{π(X)−g(β̃TX)}H(X) is maximized at g(β̃TX)

for each X ∈ X . If a unique maximizer of V (πβ) exists, then

β∗ = arg max
β

V (πβ) = arg max
β

EX

[
Q
{
g(βTX)− g(β̃TX)

}
H(X)

]
= β̃.

Therefore, πoptβ = g(β∗TX) = πopt. Notice that if πopt = arg maxπ V (π) /∈ G, then

πoptβ 6= πopt. However, πoptβ is still of interest as long as the form of G is flexible enough,

because it maximizes the value function among this set of treatment rules. Therefore, we

estimate β∗ using β̂ = arg max V̂ (πβ), and the optimal IDR within G can be estimated

with π̂optβ = π(X; β̂). Notice that we do not need any model assumption on the form of
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the conditional expectation E(Y |A,X) to apply this method.

Next, we propose a kernel based estimator for the value function. Let

M(β) = V
(
πβ
)

=

∫
x∈X

m
(
x, g(βTx)

)
fX(x)dx,

where m(x, a) = E(Y | X = x,A = a) and fX(x) is the marginal density of X. Thus,

β∗ = arg maxβM(β). The function m
(
x, g(βTx)

)
is estimated using the Nadaraya-Watson

method given:

m̂
(
x, g(βTx)

)
=

1
n

∑n
i=1 Yi

1
hqx
Kq(

x−Xi

hx
) 1
ha
K
{g(βT x)−Ai

ha

}
1
n

∑n
i=1

1
hqx
Kq(

x−Xi

hx
) 1
ha
K
{g(βT x)−Ai

ha

} , (2.16)

where K(·) is a univariate kernel function and Kq(·) is a q dimensional kernel function. Here,

hx and ha are bandwidths that go to 0 as n→∞. Note that for simplicity of notification,

we use the same bandwidth for all dimensions of X here. In practice, we can use different

bandwidths for different dimensions of X to increase the efficiency of the estimation.

Moreover, the marginal density of X is estimated by f̂X(x) = (1/n)
∑n

i=1Kq{(x −
Xi)/hx}/hqx. The estimated value function can thus be written as:

Mn(β) =

∫
x

1
n

∑n
i=1 Yi

1
hqx
Kq(

x−Xi

hx
) 1
ha
K
{g(βTX)−Ai

ha

}
1
n

∑n
i=1

1
hqx
Kq(

x−Xi

hx
) 1
ha
K
{g(βTX)−Ai

ha

} { 1

n

n∑
i=1

1

hqx
Kq(

x−Xi

hx
)
}
dx.

Then β∗ is estimated with β̂n = arg maxβ∈ΘMn

(
β
)
, where Θ is a compact subset of Rq

containing β∗.

2.4.2 Computational Details

To implement the proposed method, the R package optimr() is used for optimization of

the objective function (2.16). The integral in Mn(β) is estimated by taking the average of

Ng random grid points in the covariate space. In our implementation, we chose Ng = 3000.

In order to find the global maximizer of Mn(β), we start optimization from q different

initial points {(1, 0, ..., 0)T , (0, 1, 0, ..., 0)T , ..., (0, ..., 0, 1)T} and choose the one that leads

to the maximum objective function value. Denote the maximizer as β̂n. When there is

only one continuous covariate included, following the theoretical rate of the bandwidth

parameters, the bandwidths are chosen as hx = Cxsd(X)n−1/4.5, ha = Casd(A)n−1/4.5,

where Cx and Ca are constants arbitrarily taken between 0.5 and 3.5. When there are

multiple continuous covariates, different bandwidths are used for each dimension of X.
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Choosing the constants in the bandwidths is thus nontrivial. For the simulation setting

5, we arbitrarily choose the rate of the bandwidths as n−1/8 and then use 5-fold cross

validation to choose the constants Cx, Ca which minimize the mean squared error.

When the covariates consist of both continuous variables and categorical variables, the

categorical variables are stratified for estimation of the value function. In other words, the

kernel estimation is conducted within each subgroups classified by the categorical variables.

Specifically, assume that X = (XT
1 , X

T
2 )T ∈ X , where X1 is a q1 dimensional vector of

continuous variables and X2 ∈ D is a q2 dimensional vector of categorical variables. The

form of Mn(β) then becomes:

Mn(β) =
∑
x2∈D

∫
x1

1
n

∑n
i=1 YiK̃(x,Xi)

1
ha
K
{g(βTX)−Ai

ha

}
1
n

∑n
i=1 K̃(x,Xi)

1
ha
K
{
g(βTX)−Ai

ha

} { 1

n

n∑
i=1

K̃(x,Xi)
}
dx1,

where x = (xT1 , x
T
2 )T , Xi = (XT

i1, X
T
i2)

T , K̃(x,Xi) = (1/hq1x )Kq1{(x1 − Xi1)/hx}I(Xi2 =

x2).

2.5 Theoretical Results

In this section, we establish the asymptotic properties of β̂n. To prove these results, we

need to make the following assumptions. In the following expressions, ḟ(x), f̈(x) and
...
f (x) denote the first, second and third derivatives of the function f with respect to x;

κ0,2 =
∫
RK

2(v)dv and κ̇0,2 =
∫
R K̇

2(v)dv.

Assumption 2.1. 1 Assume that V is the set of v ∈ R where K̇(v), K̈(v) and
...
K(v) exist.

For h→ 0+ as n→∞ and constants l,u such that l < 0 < u,
∫

[l/h,u/h]∩V K(v)dv = 1−
O(h2),

∫
[l/h,u/h]∩V vK(v)dv = O(h),

∫
[l/h,u/h]∩V K̇(v)dv = O(h3),

∫
[l/h,u/h]∩V −vK̇(v)dv =

1−O(h2),
∫

[l/h,u/h]∩V K
2(v)dv = κ0,2 −O(h2),

∫
[l/h,u/h]∩V K̇

2(v)dv = κ̇0,2 −O(h2),∫
[l/h,u/h]∩V K̈(v)dv = O(h4),

∫
[l/h,u/h]∩V vK̈(v)dv = O(h3),

∫
[l/h,u/h]∩V v

2K̈(v)dv = 2 −
O(h2),

∫
[l/h,u/h]∩V

...
K(v)dv = O(h3),

∫
[l/h,u/h]∩V v

...
K(v)dv = O(h2),

∫
[l/h,u/h]∩V v

2
...
K(v)dv =

O(h),
∫

[l/h,u/h]∩V v
3
...
K(v)dv = O(1).

Assumption 2.2. The function M(β) = V (πβ) has a unique maximizer β∗.

Assumption 2.3. The function m(x, a) is uniformly bounded. The joint density function

of X and A, fX,A(x, a), is uniformly bounded away from 0. In addition, the first, second,

third and fourth order derivatives of m(X,A) and fX,A(X,A) with respect to X and A

exist and are uniformly bounded almost everywhere.

Assumption 2.4. The covariate X has bounded first, second and third moments.
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Assumption 2.5. The derivatives for function g(·): ġ(βTX), g̈(βTX),
...
g (βTX) exist and

are bounded almost everywhere.

Assumption 2.1 are regularity assumptions to ensure that the kernel estimators

are unbiased. It is trivial to prove that it can be satisfied by most commonly used

kernel functions such as the Gaussian kernel function, polynomial kernel, splines and

all sufficiently smooth bounded kernel functions. Assumption 2.2 is an identifiability

condition for β∗. Assumptions 2.3–2.5 ensure the existence of the limit of the expectation

of Mn(β) and the existence of the covariance of the limiting distribution. In the following

two theorems, we establish the consistency and asymptotic normality of β̂n, respectively.

Theorem 2.1. Under assumptions 2.1–2.3, for hx, ha satisfying nh2q
x h

2
a →∞ as n→∞,

we have supβ∈Θ |Mn(β)−M(β)| converge in probability to 0, where Θ is a compact region

containing β∗. Thus, β̂n = arg maxβ∈ΘMn(β) converge in probability to β∗.

Theorem 2.2. Under assumptions 2.1–2.5, for hx, ha satisfying nh2q
x h

2
a → ∞ and

nhqxh
3
a →∞ as n→∞, we have

(nhqxh
3
a)

1/2(β̂n − β∗)→ N
{

0, D(β∗)−1ΣS(β∗)D−1(β∗)
}

in distribution as n→∞, where

D(β∗) =

∫
x

[
maa

{
x, g(βTx)

}
ġ2(βTx) +ma

{
x, g(βTx)

}
g̈(βTx)

]
fX(x)xxTdx,

ΣS(β∗) =

∫
x

ġ2(βTx)xxTκ0,2κ̇0,2f
2
X(x)

m2

{
x, g(xTβ)

}
−m2

{
x, g(xTβ)

}
fX,A

{
x, g(xTβ)

} dx,

and ma(x, a) = ∂m(x, a)/∂a, maa(x, a) = ∂2m(x, a)/∂a2, m2(x, a) = E(Y 2 | X = x,A =

a). Here, κ0,2 =
∫
Rq K

2
q (v)dv, κ̇0,2 =

∫
R K̇

2(v)dv.

Proofs of the above theorems are based on theory for kernel density estimators (Schuster

et al. 1969) and M-estimation (Kosorok 2008). Details of proofs are given in the Section

2.9. Note that the convergence rate is slower then n−1/2 due to the kernel estimation of

the value function.

2.6 Simulation Studies

In this section, we conduct simulations to show the capability of our proposed method in

identifying the optimal individualized dose rule. We first simulate some simple settings with
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only one covariate. X is generated randomly from the standard normal distribution. A is

generated from the uniform distribution on [0, 1]. We first generate X and A independently

to mimic a randomized dose trial where a random dose from the safe dose range is assigned

to each patient. The true optimal dose rule is generated as πopt(X) = g(β̃0 + β̃1X), where

g(s) = 1/{1 + exp(−s)}. Y is generated from a normal distribution with mean m(A,X)

and standard deviation 0.5, where m(A,X) = µ̃(X) − 10{A − πopt(X)}2. We use two

different baseline functions for µ̃(X) and two different sets of (β̃0, β̃1) as shown in Table

2.1. The sample sizes are n = 400 and n = 800 and each setting is replicated 500 times.

The average bias and the standard deviation of the estimated parameters from 500

simulations are summarized in the first half of Table 2.2. The estimated parameters

were close to the true parameters. The third column shows the average of the standard

errors estimated with the covariance function formula derived in Theorem 2.2 (see Section

2.9). 95% confidence intervals were calculated with the estimated standard errors. The

coverage probabilities are shown in the table. From the result, we can see that the bias

and standard deviation of the estimated parameters decreased with larger sample sizes.

The coverage probabilities of the confidence intervals were close to 95%, supporting the

convergence results given in Section 2.5.

We also study the performance of our method when the training data are from

observational studies, where the doses given to the patients may depend on the covariates

X. The simulation settings are the same as settings 1–4 except that A is generated from

the distribution beta
{

2 exp(β̃0 + β̃1X), 2
}

. The results are summarized in the second

half of Table 2.2. The proposed method was still capable of giving good estimates of the

parameters and the coverage of the confidence intervals were close to 95%. These simulation

implies that the proposed method performs well with data from both randomized trials

and observational studies.

Table 2.1: Summary of simulation settings

No baseline With baseline
µ̃(X) = 0 µ̃(X) = 1 + 0.5 cos(2πX)

β̃0 = 0, β̃1 = 0.5 Setting 1 Setting 3

β̃0 = 0, β̃1 = 1 Setting 2 Setting 4

Under settings 1–4, we compare our method with linear based O-learning (LOL) and
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Table 2.2: Simulation results from 500 replicates for randomized trials and observational
studies.

Randomized trials

β̃0 β̃1

n Bias1 SD1 SE1 CP Bias1 SD1 SE1 CP

S1 400 2.5 46.6 47.5 95.6 -17.3 53.5 54.5 92.8
800 2.4 33.7 33.4 95.8 -19.5 37.3 38.5 90.2

S2 400 2.1 52.2 54.4 95.6 38.9 91.0 93.7 94.6
800 1.5 39.1 38.1 93.8 33.0 63.0 65.9 95.8

S3 400 2.7 54.1 55.7 95.2 -20.4 64.5 64.1 90.8
800 1.6 38.8 39.3 95.0 -18.9 43.7 45.4 92.0

S4 400 2.4 61.8 63.4 95.4 39.4 103.5 111.2 96.2
800 -1.5 44.4 44.3 94.6 33.6 75.0 77.5 95.6

Observational studies

β̃0 β̃1

n Bias1 SD1 SE1 CP Bias1 SD1 SE1 CP

S1 400 13.9 80.5 82.4 96.0 32.4 97.7 102.1 94.6
800 8.5 47.3 47.0 94.6 -19.6 56.7 58.2 92.2

S2 400 21.9 83.3 88.1 96.4 7.6 146.4 150.4 95.2
800 17.8 63.4 60.9 93.0 0.6 94.0 103.2 98.2

S3 400 13.0 84.2 85.4 95.6 5.4 101.6 104.6 95.0
800 7.4 61.2 58.6 93.4 -4.6 68.4 71.8 96.2

S4 400 21.6 91.3 97.1 96.2 5.0 165.4 169.3 95.8
800 20.3 71.2 67.6 93.2 2.0 109.0 116.8 97.0

1 Note: These columns are in 10−3 scale
2 Note: SD refers to the standard deviation of the estimated parameters

from 500 replicates, SE refers to the mean of the estimated standard
errors calculated by our covariance function, CP refers to the coverage
probability of the 95% confidence intervals calculated using the estimated
standard errors.

3 Note: The worst case Monte Carlo standard error for proportions is 1.3%.
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Table 2.3: Value estimate V (π̂) from 500 simulations in settings 1-4

Randomized trials
n DQ LOL KOL KAL

S1 400 -38.1(1.9) -7.7(7.0) -16.5(8.2) -2.7(2.7)
800 -32.7(0.9) -3.9(3.7) -9.3(4.3) -1.9(1.8)

S2 400 -33.9(1.3) -18.1(10.5) -31.7(12.5) -3.3(3.7)
800 -20.0(0.8) -15.6(7.5) -20.4(7.4) -1.9(1.8)

S3 400 -41.6(11.4) -8.5(14.1) -17.2(14.2) -3.7(12.4)
800 -61.2(11.5) -4.3(12.1) -10.0(12.7) -2.4(11.7)

S4 400 -52.5(11.9) -21.3(17.7) -33.3(17.4) -4.2(12.5)
800 -23.3(11.9) -17.8(14.5) -22.4(13.9) -2.4(11.7)

Observational studies
n DQ LOL KOL KAL

S1 400 -29.5(1.2) -7.4(6.3) -15.6(7.7) -8.1(8.0)
800 -24.4(0.9) -5.5(4.3) -10.3(5.3) -3.1(3.1)

S2 400 -16.0(7.6) -14.1(6.6) -21.3(9.7) -8.2(8.3)
800 -32.0(1.1) -12.8(4.7) -12.2(4.5) -4.4(4.4)

S3 400 -29.1(11.6) -8.1(13.5) -11.7(14.6) -9.8(15.7)
800 -34.2(11.8) -6.2(12.4) -11.2(13.3) -3.5(12.0)

S4 400 -83.8(13.8) -14.7(13.0) -20.7(15.8) -10.0(15.8)
800 -34.1(11.3) -13.5(12.1) -11.2(12.3) -5.1(12.2)

1 Note: DQ refers to discretized Q-learning, LOL refers to linear O-learning,
KOL refers to kernel based O-learning, KAL refers to kernel assisted
learning.

2 All columns are in 10−3 scale. For settings 3 and 4, the numbers in the
table are the value estimate V (π̂)− 1 for the purpose of comparison with
the first two settings.
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kernel based O-learning (KOL) proposed in Chen et al. (2016) and a discretized dose

rule estimated using Q-learning. For discretized Q-learning, we divide the safe dose range

into 10 equally spaced intervals: A = A1 ∪ ... ∪ A10 and create an indicator variable

for each of the dose intervals I = (I1, I2, ..., I10), where Ij = I(A ∈ Aj), j = 1, . . . ., 10.

The covariates included in the regression models are (X,X2, I, IX, IX2). To this end, an

optimal dose range is selected for each individual and the middle point of the selected

interval is suggested to the patient. The results from 500 replicates are summarized in

Table 2.3. Each column is the average value function of the dose rule estimated by the

corresponding method. The value function is evaluated at a testing dataset. The numbers

in the parentheses are the standard deviation of the estimated value functions. From Table

2.3, we see that the proposed method performed the best under most settings. In the

simulation for observational studies, O-learning performed the best when the sample size

was small. However, the proposed method performed comparatively well and performed

better as the sample size increased. The discretized Q-learning method did not provide a

good dose suggestion in this case.

We then apply our method to a slightly more complicated setting with 3 covariates. X1,

X2, X3 are generated independently from a uniform(−1, 1) and A follows a uniform(0, 2)

and is independent of X. Y is generated as follows:

Setting 5:

β̃ = c(1, 0.5, 0.5, 0), X = (1, X1, X2, X3)T , πopt(X) = β̃TX,

m(A,X) = 8 + 4X1 − 2X2 − 2X3 − 25× {A− πopt(X)}2, Y ∼ N{m(A,X), 1}.

The rate of the bandwidths are chosen to be n−1/8.

The results of setting 5 are summarized in Table 2.4. The average bias of the estimated

parameters was small and decreased as the sample size increased. However, the estimated

standard error was not stable with increased number of parameters. Thus, the coverage

probabilities of the 95% confidence intervals were inaccurate for some of the parameters.

According to Horowitz (2001), the bootstrap can provide refinements to the estimation of

standard deviations for kernel density estimation. Therefore, we estimate the standard

error using the bootstrap with 100 repetitions and calculate the bootstrap confidence

interval. It appears that the bootstrap confidence intervals were more stable. The coverage

of the bootstrap confidence intervals were close to 95%.

Under setting 5, we compare our method with linear O-learning, kernel based O-

learning and the discretized Q-learning with covariates (X,X2, I, IX, IX2). The results

from 500 replicates are summarized in Table 2.5. Each column is the average value

27



function of the dose rule estimated by the corresponding method. The value function is

evaluated at a testing dataset. The numbers in the parentheses are the standard deviation

of the estimated value functions. From Table 2.5, we see that linear O-learning performed

comparatively well with our kernel assisted learning method (KAL). The discretized

Q-learning method did not provide a good dose suggestion in this case.

Table 2.4: Average β̂n from 500 replicates for setting 5

n Parameter Bias∗ SD ∗ SE ∗ CP Bootstrap CP

400 β0 0.9 18.8 17.8 92.0 90.6
β1 -13.0 32.8 32.9 92.6 92.4
β2 -15.7 32.6 33.5 91.4 90.8
β3 0.2 13.5 9.08 81.4 91.4

800 β0 0.0 15.2 13.1 91.4 90.4
β1 -7.2 26.5 24.4 89.9 91.0
β2 -6.0 24.8 24.3 93.6 93.6
β3 -1.1 12.1 7.9 81.4 92.4

1 Note: * columns are in 10−3 scale
2 Note: SD refers to the standard deviation of the estimated param-

eters from 500 replicates, SE refers to the mean of the estimated
standard error calculated by our covariance function, CP refers to
the coverage probability of the 95% confidence intervals calculated
using the estimated standard errors, Bootstrap CP refers to the
coverage probability of the 95% confidence intervals calculated using
the bootstrap estimated standard errors.

3 Note: The worst case Monte Carlo standard error for proportions is
1.8%.

Table 2.5: Value estimate V (π̂) from 500 simulations in setting 5

Discretized Q LOL KOL KAL
N=400 5.66(0.32) 7.85(0.14) 5.77(0.15) 7.96(0.10)
N=800 5.76(0.27) 7.92(0.11) 5.82(0.14) 7.97(0.09)
1 Note: Discretized Q refers to discretized Q-learning, LOL refers to

linear O-learning, KOL refers to kernel based O-learning, KAL refers
to kernel assisted learning.
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2.7 Warfarin Data Analysis

Warfarin is a widely used anticoagulant for prevention of thrombosis and thromboembolism.

Although highly efficacious, dosing for warfarin is known to be challenging because of the

narrow therapeutic index and the large variability among patients (Johnson et al. 2011).

Overdosing of warfarin leads to bleeding and underdosing diminishes the efficacy of the

medication. The international normalized ratio (INR) measures the clotting tendency of

the blood. An INR between 2–3 is considered to be safe and efficacious for patients.

Typically, the warfarin dosage is decided empirically: an initial dose is given based

on the population average, and adjustments are made in the subsequent weeks while the

INR of the patient is being tracked. A stable dose is decided in the end to achieve an INR

of 2–3 (Johnson et al. 2011). The dosing process may take weeks to months, during which

the patient is constantly at risk of bleeding or under-dosing. Therefore, a quantitative

method for warfarin dosing will greatly decrease the time, cost and risks for patients.

The following analysis uses the warfarin dataset collected by Consortium (2009). In

the original paper, a linear regression was used to predict the stable dose using clinical

results and pharmacogenetic information, including age, weight, height, gender, race, two

kinds of medications (Cytochrom P450 and Amiodarone), and two genotypes (CYP2C9

genotype and VKORC1 genotype). This prediction method is based on the assumption

that the stable doses received by the patients are optimal. However, later studies showed

that the suggested doses by the International Warfarin Pharmacogenetic Consortium were

suboptimal for elderly people, implying that the optimal dose assumption might not be

valid (Chen et al. 2016).

We apply the proposed method to this dataset to estimate the optimal individualized

dose rule for warfarin. Instead of using only the data of the patients with stablized

INR, we include all patients who received weekly doses between 6 mg to 95 mg. The

medication information is missing for half of the observations and is therefore excluded

from our analysis. Observations which are missing in the other variables are removed

from the dataset, resulting in a total of 3567 patients. The outcome variable is defined as

Yi = −(INRi − 2.5)2 for the i th observation. Stratification of the categorical variables

is needed for the kernel density estimation. In order to ensure that there are enough

observations in each stratified group, we consider only categorical variables that are

distributed comparatively even among different groups. In our analysis, we use three

variables: height, gender and the indicator variable for VKORC1 of type AG. Before we

apply the proposed the method, we normalize all the variables by Xi,j = (Xi,j−X̄j)/sd(Xj),

where j = 1, 2, 3, i = 1, . . . , n. X̄j =
∑n

i=1Xi,j/n and sd(Xj) is the standard deviation of
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the j-th variable.

The estimation results are shown in Table 2.6. The p-value is obtained for each of

the parameters. The result implied that the optimal dose for male is higher than the

optimal dose for female given all the other variables are the same. It was also implied

that the patients with genotype VKORC1=AG need higher doses than the patients with

VKORC16= AG. We use the same variables and compare our method with O-learning

and the discretized Q-learning method. For the discretized Q-learning method, we also

divide the dose range into 10 equally spaced intervals. The suggested doses by the three

methods are shown in Fig. 2.2. The result shows a tendency of the discretized Q-learning

to suggest extreme doses, which is not ideal in real application. This might be due to the

fact that the higher dose intervals contain small numbers of observations, and thus the

estimated models are dominated by a few subjects.

To evaluate the estimated dose rules of these methods, we randomly take two thirds of

the data as training data and the rest of the data as testing data. The optimal individualized

dose rule is estimated with the training data. The value function of the suggested

individualized dose rule V (π̂) is estimated with the average of the Nadaraya Watson

estimator for E{Y | X,A = π̂(X)} in the testing dataset. The tuning parameters for the

Nadaray-Watson estimators are taken as hx = 1.25sd(X)n
−1/4.5
test and ha = 1.75sd(A)n

−1/4.5
test ,

where ntest = 1189 is the size of the testing dataset. The process is repeated 200 times.

The distribution of the estimated value of the suggested dose is shown in Fig. 2.3. The

suggested individualized dose rule with our proposed method lead to better expected

outcomes in the population compared to the other methods. The performance of the

discretized Q-learning method was not stable as shown in the result. However, this result

was only based on the three variables selected, while in reality, the two medications

(Cytochrome P450 enzyme and Amiodarone) and the genotype CYP2C9 are also of

significant importance in warfarin dosing. The computation complexity of our proposed

method restricted its capability of handling higher dimensional problems.

Table 2.6: Estimated β̂ with warfarin data with kernel assisted learning

Variable Estimated Parameter SE p-value

Intercept -0.463 0.064 0.000
Height -0.263 0.101 0.005
Gender 0.268 0.134 0.023

VKORC1.AG -0.4682 0.094 0.000
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Figure 2.1: Distribution of the variables in the warfarin dataset.

(a)

(b)

Figure 2.2: Empirical distribution of suggested doses of several methods for the walfarin
dataset. In panel (a), the black line is the distribution of the original doses from the
dataset. The green line denotes the result from linear O-learning. The blue line denotes the
result from kernel based O-learning. The red line denotes the result from kernel assisted
learning. Panel (b) is the histogram of the suggested doses using discretized Q-learning.
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Figure 2.3: Empirical distribution of the estimated value function over 200 repetitions for
the warfarin dataset. The green line denotes the result from linear O-learning. The blue
line denotes the result from kernel based O-learning. The red line denotes the result from
kernel assisted learning. The pink line denotes the result from discretized Q-learning.

2.8 Discussion and Conclusion

The proposed kernel assisted learning method for estimating the optimal individualized

dose rule provides the possibility of conducting statistical inference with estimated dose

rules, thus providing insights on the importance of the covariates in the dosing process.

In our simulation settings, the proposed method was capable of identifying the optimal

individualized dose rule when the optimal dose rule was inside the prespecified class of

rules. In the warfarin dosing case, based on the three covariates selected, the suggested

dose appeared to lead to better expected clinical result compared to the other methods.

The proposed method has several possible extensions. Notice that the form of the

prespecified rule class can be extended to a link function with a nonlinear predictor

g{Ψ(X)Tβ} where Ψ(·) = {Ψ1(·), ...,Ψc(·)}T are some prespecified basic spline functions

and β ∈ Rc . The accuracy of the approximated value function might also be improved

by extending the multivariate kernel Kq(x/hx)/hx to |H|−1/2Kq(H
−1/2x) (Duong and

Hazelton 2005).

One weakness of the proposed method is that the accuracy of the estimated value

function is sensitive to the choice of bandwidth. The kernel density estimator in the

denominator of Mn(β) might lead to large bias when the bandwidths are not properly

chosen. As the dimension of X increases, the choice of the bandwidths is nontrivial. In

this article, we used cross validation to choose Cx and Ca for setting 5 by minimizing
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the mean squared error of the Nadaraya-Watson estimator. However, due to the complex

form of Mn(β), this method might not be optimal when the dimension of the covariates

further increases. The criteria for choosing bandwidths needs to be studied further.

In the future, we are interested in variable selection when dealing with high dimensional

data. Extensions to multi-stage dose finding problems is also of interest. Personalized Dose

Finding is still a relatively new problem. With the complicated mechanisms of various

diseases, there are many more problems to be tackled in this realm.
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2.9 Proof and Technical Details

2.9.1 Proof of Theorem 2.1

We first prove the uniform convergence of Mn(β) to M(β). For simplicity of notation,

let’s define:

mx(x, a) = ∂m(x, a)/∂x, m2x(x, a) = ∂m2(x, a)/∂x, m2a(x, a) = ∂m2(x, a)/∂a. Simi-

larly, fa(x, a) = ∂fX,A(x, a)/∂a, fx(x, a) = ∂fX,A(x, a)/∂x. We write Mn(β) as

Mn(β) =

∫
x

An(x; β)

Bn(x; β)
Cn(x)dx,

where

An(x; β) =
1

n

n∑
i=1

Yi
1

hqx
Kq(

x−Xi

hx
)

1

ha
K
{g(βTx)− Ai

ha

}
,

Bn(x; β) =
1

n

n∑
i=1

1

hqx
Kq(

x−Xi

hx
)

1

ha
K
{g(βTx)− Ai

ha

}
,

Cn(x) =
1

n

n∑
i=1

1

hqx
Kq(

x−Xi

hx
).

Notice that M(β) can be written as

M(β) =

∫
x

A(x; β)

B(x; β)
C(β)dx,

where A(x; β) = m{x, g(βTx)}fX,A{x, g(βTx)}, B(x; β) = fX,A{x, g(βTx)} and C(x) =

fX(x). Thus,

sup
β

∣∣∣Mn(β)−M(β)
∣∣∣ = sup

β

∣∣∣ ∫
x

{An(x; β)

Bn(x; β)
Cn(x)− A(x; β)

B(x; β)
C(x)

}
dx
∣∣∣

≤ sup
β

∣∣∣ ∫
x

{An(x; β)

Bn(x; β)
− A(x; β)

B(x; β)

}
Cn(x)dx

∣∣∣+ sup
β

∣∣∣ ∫
x

A(x; β)

B(x; β)

{
Cn(x)− C(x)

}
dx
∣∣∣

≤ sup
a,x

∣∣∣A∗n(x, a)

B∗n(x, a)
− A∗(x, a)

B∗(x, a)

∣∣∣{ ∫
x

Cn(x)dx
}

+ sup
a,x
|m
(
x, a)|

{∫
x

∣∣∣Cn(x)− C(x)
∣∣∣dx}
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where

A∗n(x, a) =
1

n

n∑
i=1

Yi
1

hqx
Kq(

x−Xi

hx
)

1

ha
K(

a− Ai
ha

),

B∗n(x, a) =
1

n

n∑
i=1

1

hqx
Kq(

x−Xi

hx
)

1

ha
K(

a− Ai
ha

),

and A∗(x, a) = m(x, a)fX,A(x, a), B∗(x, a) = fX,A(x, a). It is trivial to prove that∫
x
Cn(x)dx =

∫
x
C(x)dx = 1. Thus, under the boundedness of m(x, a), we only need to

show that: ∫
x

|Cn(x)− C(x)|dx = op(1)

sup
a,x

∣∣∣A∗n(x, a)

B∗n(x, a)
− A∗(x, a)

B∗(x, a)

∣∣∣→ 0 = op(1).

To prove the first equation, notice that
∫
x
|Cn(x)−C(x)|dx ≤

∫
x
Cn(x)dx+

∫
x
C(x)dx = 2.

By the dominated convergence theorem, it suffices to show the uniform convergence of the

kernel density estimate Cn(x) to C(x), which can be proved according to Schuster (1969).

For the second equation,

sup
a,x

∣∣∣A∗n(x, a)

B∗n(x, a)
− A∗(x, a)

B∗(x, a)

∣∣∣
= sup

a,x

∣∣∣{A∗n(x, a)− A∗(x, a)
}
B∗(x, a)− A∗(x, a)

{
B∗n(x, a)−B∗(x, a)

}
B∗n(x, a)B∗(x, a)

∣∣∣
≤ sup

x,a

∣∣∣A∗n(x, a)− A∗(x, a)

B∗n(x, a)

∣∣∣+ sup
x,a

∣∣∣{B∗n(x, a)−B∗(x, a)
}
A∗(x, a)

B∗(x, a)B∗n(x, a)

∣∣∣.
Under the boundedness of A∗(x, a) and the assumption that fX,A(x, a) is uniformly

bounded away from 0, it suffices to show that supa,x
∣∣A∗n(x, a) − A∗(x, a)

∣∣ = op(1), and

supa,x
∣∣B∗n(x, a)−B∗(x, a)

∣∣ = op(1).

To prove the uniform convergence of A∗n(x, a), notice that:

sup
a,x

∣∣∣A∗n(x, a)−A∗(x, a)
∣∣∣ ≤ sup

a,x

∣∣∣A∗n(x, a)−E
{
A∗n(x, a)

}∣∣∣+ sup
a,x

∣∣∣E{A∗n(x, a)
}
−A∗(x, a)

∣∣∣.
(2.17)
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We prove the convergence of the two parts on the right side separately. First we obtain,

E
{
A∗n(x, a)

}
=∫

xi,ai

∫
yi

{
yi

1

hqx
Kq(

x− xi
hx

)
1

ha
K(

a− ai
ha

)
}
fY |X,A(yi|xi, ai)fX,A(xi, ai)dyidxidai

=

∫
xi,ai

{
m(xi, ai)

1

hqx
Kq(

x− xi
hx

)
1

ha
K(

a− ai
ha

)
}
fX,A(xi, ai)dxidai

=

∫
u

∫ a/ha

v=(a−1)/ha

m(x− uhx, a− vha)Kq(u)K(v)fX,A(x− uhx, a− vha)dvdu

=

∫
u

∫ a/ha

v=(a−1)/ha

{
m
(
x, a
)
− uhxmx

(
x, a
)
− vhama

(
x, a
)

+O(h2
x) +O(hxha) +O(h2

a)
}

K(u)K(v)
{
fX,A

(
x, a
)
− uhxfx

(
x, a
)
− vhafa

(
x, a
)

+O(h2
x) +O(hxha) +O(h2

a)
}
dvdu

= m
(
x, a
)
fX,A

(
x, a
)

+O(h2
x) +O(h2

a)

= A∗(x, a) +O(h2
x) +O(h2

a),

where the third equality is achieved by letting u = (x−X)/hx and v = {g(βTx)−A}/ha.
The fourth equation is from Taylor expansion and the fifth equation is based on Assumption

(A1) that
∫
u
uKq(u)du = 0,

∫ g(β′x)/ha
{g(β′x)−1}/ha K(v)dv = 1−O(h2

a) and
∫ g(β′x)/ha
{g(β′x)−1}/ha vK(v)dv =

O(ha). By the assumption of uniform boundedness of the second order derivatives of

m(x, a) and fX,A(x, a), we have supx,a |E
{
A∗n(x, a)

}
− A∗(x, a)| → 0.

Then we prove the convergence of the first part of Equation (2.17):

sup
x,a

∣∣∣A∗n(x, a)− E
{
A∗n(x, a)

}∣∣∣
=

1

hqxha
sup
x,a

∣∣∣ ∫
X,A

m(X,A)Kq(
x−X
hx

)K(
a− A
ha

)d
{
Fn(X,A)− F (X,A)

}∣∣∣
=

1

hqxha
sup
x,a

∣∣∣∣∣[{Fn(x, a)− F (x, a)
}
m(X,A)Kq(

x−X
hx

)K(
a− A
ha

)
]∞
−∞

−
∫
X,A

{
Fn(x, a)− F (x, a)

}
d
{
m(X,A)Kq(

x−X
hx

)K(
a− A
ha

)
}∣∣∣∣∣

≤ C3

hqxha
sup
x,a

∣∣∣Fn(x, a)− F (x, a)
∣∣∣,

where C3 is a constant, F (X,A) is the cumulative joint distribution of X and A and

Fn(x, a) = {
∑n

i=1 I(Xi ≤ x,Ai ≤ a)}/n. Here Xi ≤ x means that each term of Xi is

less than or equal to the corresponding term of x. The last inequality can be obtained

by the boundedness of m(x, a), Kq(u) and K(v). By Lemma 2.1 of Schuster (1969)
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we know that there exists a universal constant C4 such that for any n > 0, εn > 0,

PF

{
supx,a

∣∣Fn(x, a)− F (x, a)
∣∣ > ε

}
≤ C4 exp(−2nε2). For n sufficiently large:

P
{

sup
x,a

∣∣A∗n(x, a)− A∗(x, a)
∣∣ > ε

}
≤ P

{
sup
x,a

∣∣∣A∗n(x, a)− E
{
A∗n(x, a)

}∣∣∣ > ε

2

}
≤ P

{
sup
x,a

∣∣Fn(x, a)− F (x, a)
∣∣ > hqxhaε

2C3

}
≤ C4 exp

(
− 2n

h2q
x h

2
aε

2

C2
3

)
.

If nh2q
x h

2
a →∞ then P

{
supx,a

∣∣A∗n(x, a)−A∗(x, a)
∣∣}→ 0. Thus the uniform convergence

of A∗n(x, a) is proved. The uniform convergence of B∗n(x, a) can be proved similarly. Thus,

we can obtain supβ∈Θ

∣∣Mn(x; β)−M(x; β)
∣∣ p−→ 0. By Theorem 2.10 of Kosorok (2008), we

now obtain that β̂n
p−→ β∗.

2.9.2 Proof of Theorem 2.2

Since β̂n and β∗ are maximizers of Mn(β) and M(β), they are solutions of Sn(β) = 0 and

S(β) = 0, where, S(β) = ∂M(β)/∂β and Sn(β) = ∂Mn(β)/∂β. By Taylor expansion, we

have

0 = Sn(β̂n) = Sn(β∗) +Dn(β∗)(β̂n − β∗) +
1

2
(β̂n − β∗)T

∂2

∂β∂βT
Sn(β̃)(β̂n − β∗)

= Sn(β∗) +
{
Dn(β∗) +

1

2
(β̂n − β∗)T

∂2

∂β∂βT
Sn(β̃)

}
(β̂n − β∗),

where β̃ is on the line segment connecting β̂n and β∗, Dn(β) = ∂2Mn(β)/(∂β∂βT ),

D(β) = ∂2M(β)/(∂β∂βT ). To prove the weak convergence of β̂n, we can first prove that:

(nhqxh
3
a)

1/2
{
Sn(β∗)− S(β∗)

}
→ N

{
0,ΣS(β∗)

}
, (2.18)

in distribution as n→∞,

Dn(β∗)−D(β∗) = op(1), (2.19)

1

2
(β̂n − β∗)T

∂2

∂β∂βT
Sn(β̃) = op(1). (2.20)

Then we obtain:

(nhqxh
3
a)

1/2(β̂n − β∗) = −
{
Dn(β∗) +

1

2
(β̂n − β∗)T

∂2

∂β∂βT
Sn(β∗)

}
(nhqxh

3
a)

1/2Sn(β∗)

→ N
{

0, D(β∗)−1ΣS(β∗)D(β∗)−1
}
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in distribution as n→∞.

Proof of Equation (2.18)

To prove Equation 2.18, we first write Sn(β) as:

Sn(β) =
∂Mn(β)

∂β
=

∫
x

Ãn(x; β)Bn(x; β)− An(x; β)B̃n(x; β)

Bn(x; β)2
Cn(x)dx,

where

Ãn(x; β) =
∂

∂β
An(x; β) =

1

n

n∑
i=1

Yi
1

hqx
Kq(

x−Xi

hx
)

1

h2
a

K̇
{g(βTx)− Ai

ha

}
ġ(βTx)x,

B̃n(x; β) =
∂

∂β
Bn(x; β) =

1

n

n∑
i=1

1

hqx
Kq(

x−Xi

hx
)

1

h2
a

K̇
{g(βTx)− Ai

ha

}
ġ(βTx)x.

Since Sn(β) is of the integration form, to calculate the limiting distribution of Sn, we

can first calculate the limiting distribution of the part inside the integral for a fixed x.

Let the parts inside the integral of Sn(β) and S(β) be:

Gn(x; β) =
Ãn(x; β)Bn(x; β)− An(x; β)B̃n(x; β)

Bn(x; β)2
Cn(x),

G(x; β) =
Ã(x; β)B(x; β)− A(x; β)B̃(x; β)

B2(x; β)
C(x),

where Ã(x; β) =
[
m
{
x, g(βTx)

}
fa
{
x, g(βTx)

}
+ma

{
x, g(βTx)

}
fX,A

{
x, g(βTx)

}]
ġ(βTx)x

and B̃(x; β) = fa{x, g
(
βTx)

}
.

To prove the limit distribution of Gn(β)−G(β), we need the following lemma:

Lemma 2.3. If {An}∞n=1 and {Bn}∞n=1 are two sequences of random variables and cn(An−
A) → N(0,ΣA) in distribution and dn(Bn − B) → N(0,ΣB) in distribution, where

cn/dn → 0 as n→∞. Then:

cn(AnBn − AB) = cn(An − A)B + op(1).

Proof. Notice that: cn(AnBn − AB) = (cn/dn)An{dn(Bn − B)} + cn(An − A)B, where

dn(Bn − B) converges to a normal distribution, An converge in probability to A and

cn/dn → 0. Thus the first term is op(1). Then we have cn(AnBn −AB) = cn(An −A)B +

op(1).
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Under the assumption of the boundedness of the first three derivatives of m(x, a) and

f(x, a), we can prove that E
{
Ãn(x; β)

}
= Ã(x; β) +O(h2

x + h2
a). Together with the law

of large numbers, we obtain that Ãn(x; β)
p−→ Ã(x; β). Since Ãn(x; β) is the sum of n

i.i.d variables, with the central limit theorem we can obtain that (nhqxh
3
a)

1/2{Ãn(x; β)−
Ã(x; β)} converges to a normal distribution if nhqxh

3
aVar{Ãn(x; β)} converges to a constant

covariance matrix. Notice now that,

Var
{
Ãn(x; β)

}
=

1

n
Var
[
Yi

1

hqx
Kq(

x−Xi

hx
)

1

h2
a

K̇
{g(βTx)− Ai

ha

}
ġ(βTx)x

]
=

1

n
ġ2(βTx)xxT

{
E
[
Y 2
i

1

h2q
x

Kq
2
(x−Xi

hx

) 1

h4
a

K̇2
{g(βTx)− Ai

ha

}]
− E2

[
Ãn(x; β)

]}

=
1

n
ġ2(βTx)xxTE

[
Y 2
i

1

h2q
x

Kq
2(
x−Xi

hx
)

1

h4
a

K̇2
{g(βTx)− Ai

ha

}]
+O(

1

n
),

where the expectation in the last equation can be calculated similarly as before:

E
[
Y 2
i

1

h2q
x

Kq
2(
x−Xi

hx
)

1

h4
a

K̇2
{g(βTx)− Ai

ha

}]
=

1

hqxh3
a

[
m2

{
x, g(βTx)

}
fX,A

{
x, g(βTx)

}
κ0,2κ̇0,2 +O(h2

x) +O(h2
a) +O(hxha)

]
.

Thus,

nhqxh
3
aVar

{
Ãn(x; β)

}
= ġ2(βTx)xxTm2

{
x, g(βTx)

}
fX,A

{
x, g(βTx)

}
κ0,2κ̇0,2 +O(hqxh

3
a).

Therefore, for nhqxh
3
a →∞ as n→∞, we have:

(nhqxh
3
a)

1/2
{
Ãn(x; β)− Ã(x; β)

}
→

N
[
0, g2(βTx)xxTm2

{
x, g(βTx)

}
fX,A

{
x, g(βTx)

}
κ0,2κ̇0,2

]
in distribution as n→∞.

Similarly, we can obtain that, as n → ∞, (nhqxh
3
a)

1/2
{
B̃n(x; β) − B̃(x; β)

}
con-

verges in distribution to N
[
0, ġ2(βTx)xxTfX,A

{
x, g(βTx)

}
κ0,2κ̇0,2

]
, (nhqxh

3
a)

1/2
{
An(x; β)−

A(x; β)
}

converges in distribution to N
[
0,m2

{
x, g(βTx)

}
fX,A

{
x, g(βTx)

}
κ0,2κ̃0,2

]
, where

κ̃0,2 =
∫
K2(s)ds . (nhqxh

3
a)

1/2
{
Bn(x; β) − B(x; β)

}
converges in distribution to N

[
0,

fX,A
{
x, g(βTx)

}
κ0,2κ̃0,2

]
.
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By Lemma 2.3 and the above convergence results, we obtain that:

(nhqxh
3
a)

1/2
{
Ãn(x; β)Bn(x; β)− B̃n(x; β)An(x; β)

}
= (nhqxh

3
a)

1/2
{
Ãn(x; β)B(x; β)− B̃n(x; β)A(x; β)

}
+ op(1)

= (nhqxh
3
a)

1/2
{ 1

n

n∑
i=1

Φi(x; β)
}

+ op(1),

where

Φi(x; β) =
{
YiB(x; β)− A(x; β)

} 1

hqx
Kq(

x−Xi

hx
)

1

h2
a

K̇
{g(βTx)− Ai

ha

}
ġ(βTx)x.

Similar to previous calculations, by the central limit theorem we can prove that (nhqxh
3
a)

1/2

{
∑n

i=1 Φi(x; β)/n} converge to a normal distribution, where the covariance of the asymp-

totic distribution is ΣΦ(x; β):

ΣΦ(x; β) = ġ2(βTx)xxTκ0,2κ̇0,2

[
m2

{
x, g(x′β)

}
−m2

{
x, g(x′β)

}]
f 3
X,A

{
x, g(x′β)

}
.

Notice that

(nhqxh
3
a)

1/2Gn(x; β) = (nhqxh
3
a)

1/2
{ 1

n

n∑
i=1

Φi(x; β)
} Cn(x)

B2
n(x; β)

+ op(1).

Together with Cn(x)
p−→ C(x), Bn(x; β)

p−→ B(x; β), and Slusky’s theorem, we now obtain

that:

(nhqxh
3
a)

1/2{Gn(x; β)−G(x; β)} → N
{

0,ΣG(x; β)
}
,

where:

ΣG(x; β) = ġ2(βTx)xxTκ0,2κ̇0,2f
2
X(x)

m2

{
x, g(x′β)

}
−m2

{
x, g(x′β)

}
fX,A

{
x, g(x′β)

} .

Now let us calculate the covariance of Sn(x; β). By the tightness of Gn(x; β) and G(x; β),

(nhqxh
3
a)

1/2{Gn(x; β)−G(x; β)} converges weakly to a Gaussian process G(x)with mean 0
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and covariance function ΣG(β), where ΣG(x1, x2; β) is the limit of

Cov
{

(nhqxh
3
a)

1/2Gn(x1; β), (nhqxh
3
a)

1/2Gn(x2; β)
}

=
hqxh

3
a

n

n∑
i=1

n∑
j=1

Cov
{

Φi(x1; β),Φj(x2; β)
} C(x1)C(x2)

B2(x1; β)B2(x2; β)
+ op(1)

=
hqxh

3
a

n

n∑
i=1

Cov
{

Φi(x1; β),Φi(x2; β)
} C(x1)C(x2)

B2(x1; β)B2(x2; β)
+ op(1)

= hqxh
3
aCov

{
Φ1(x1; β),Φ1(x2; β)

} C(x1)C(x2)

B2(x1; β)B2(x2; β)
+ op(1)

= T (x1, x2; β)
{∫

u

Kq(u)Kq(u+
x2 − x1

hx
)du
}[ ∫

v

K̇(v)K̇
{
v +

g(βTx1)− g(βTx2)

ha

}
dv
]

+ op(1),

for x1, x2 ∈ X , where

T (x1, x2; β) =[
m2

{
x1, g(βTx1)

}
B(x1; β)B(x2; β)−m

{
x1, g(βTx1)

}{
A(x2; β)B(x1; β)+

A(x1; β)B(x2; β)
}

+ A(x1; β)A(x2; β)
]
ġ(βTx1)ġ(βTx2)x1x

T
2

C(x1)C(x2)

B2(x1; β)B2(x2; β)
.

When x1 6= x2,
∫
u
Kq(u)K{u+(x2−x1)/hx}du and

∫
v
K̇(v)K̇[v+ {g(βTx1)− g(βTx2)}

/ha]dv will converge to 0 as hx, ha → 0. Thus ΣG(x1, x2; β) = 0 for x1 6= x2. Therefore,

(nhqxh
3
a)

1/2
{
Sn(β∗)− S(β∗)

}
=

∫
x

(nhqxh
3
a)

1/2
{
Gn(x; β∗)−G(x; β∗)

}
dx→ N

{
0,ΣS(β∗)

}
,

in distribution, where ΣS(β) =
∫
x1

∫
x2

ΣG(x1, x2; β)dx1dx2 =
∫
x

ΣG(x; β)dx.

Proof of Equation (2.19)

First, write Dn(β) as:

Dn(β) =
∂2

∂β∂βT
Mn(β)

=

∫
x

{ ∂2

∂β∂βT An(x; β)

Bn(x; β)
− 2

∂
∂β
An(x; β) ∂

∂β
Bn(x; β)

B2
n(x; β)

−
An(x; β) ∂2

∂β∂βT Bn(x; β)

Bn(x; β)2

+ 2
An(x; β) ∂

∂β
Bn(x; β) ∂

∂βT Bn(x; β)

Bn(x; β)3

}
Cn(x)dx.
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Similar to previous calculations, under the assumption of boundedness of the first three

order derivatives of m(x, a) and fX,A(x, a), we obtain that ∂2An(x; β)/(∂β∂βT ) converges

in probability to:

2
[
maa

{
x, g(βTx)

}
fX,A

(
x, g(βTx)

)
+ma

{
x, g(βTx)

}
fa
{
x, g(βTx)

}
+

m
{
x, g(βTx)

}
faa
{
x, g(βTx)

}]
ġ2(βTx)xxT

+
[
ma

{
x; g(βTx)

}
fX,A

{
x; g(βTx)

}
+m

{
x, g(βTx)

}
fa
{
x; g(βTx)

}]
g̈(βTx)xxT ,

and ∂2Bn(x; β)/(∂β∂βT ) converges in probability to

2faa
{
x, g(βTx)

}
ġ2(βTx)xxT + fa

{
x, g(βTx)

}
g̈(βTx)xxT .

Together with the previous convergence results for Ãn(x; β), B̃n(x; β), An(x; β),

Bn(x; β), Cn(x), we obtain that Dn(β) converge in probability to∫
x

[
maa

{
x, g(βTx)

}
ġ2(βTx) +ma

{
x, g(βTx)

}
g̈(βTx)

]
fX(x)xxTdx = D(β).

Proof of Equation (2.20)

For notation, let xl be the l th component of the vector x, and βj and βk are the j th

and k th component of vector β, j, k, l ∈ {1, ...d}. Let Sn,l(β) be the l th component of

vector Sn(β). Since we have proved that β̂n − β∗ converge in probability to 0, to prove

Equation (2.20) it suffices to show that: ∂2Sn,l(β)/(∂β∂βT ) = Op(1), By calculation, for

j, k, l ∈ {1, ..., d}:

∂2

∂βj∂βk
Sn,l(β)

=

∫
x

{
∂2

∂βj∂βk
Ãn,l(x; β)

Bn(x; β)
− 3

B̃n,k(x; β) ∂
∂βj
Ãn,l(x; β)

B2
n(x; β)

− 3
Ãn,l(x; β) ∂

∂βk
B̃n,j(x; β)

B2
n(x; β)

−
An(x; β) ∂2

∂βj∂βk
B̃n,l(x; β)

B2
n

+ 6
Ãn,l(x; β)B̃n,j(x; β)B̃n,k(x; β)

B3
n

+ 2
An(x; β)

(∂B̃n,l

∂βk
B̃n,j +

∂B̃n,j

∂βk
B̃n,l +

∂B̃n,l

∂βj
B̃n,k

)
B3
n

− 6
An(x; β)B̃n,l(x; β)B̃n,j(x; β)B̃n,k(x; β)

B4
n(x; β)

}
Cn(x)dx,
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where Ãn,j(x; β) is the j th component of vector Ãn(x; β) and B̃n,j(x; β) is the j th

component of vector B̃n(x; β). With similar calculation as before, under the assumption

that the first four orders of derivatives of m(x, a) and fX,A(x, a) are bounded, we obtain

that: ∂2Sn,l(β)/(∂βj∂βk) = Op(1). Thus ∂2Sn,l(β)/(∂β∂βT ) = Op(1).

2.9.3 Estimation of Covariance

From above, the covariance of the asymptotic distribution for (nhqxh
3
a)

1/2(β̂n−β∗) is given

by:

D(β∗)−1ΣS(β∗)D(β∗)−1.

First, D(β) can be estimated with Dn(β). Then for the estimation of ΣS(β), notice that

ΣS(β) =
∫
x1

∫
x2

ΣG(x1, x2; β)dx1dx2 =
∫
x

ΣG(x; β)dx, and

(nhqxh
3
a)

1/2Gn(x; β) = (nhqxh
3
a)

1/2
{ 1

n

n∑
i=1

Φi(x; β)
} Cn(x)

B2
n(x; β)

+ op(1).

Therefore, ΣG(x; β) = ΣΦ(x; β)C2
n(x)/B4

n(x; β) where ΣΦ(x; β) can be estimated empiri-

cally by the sample covariance of Φi(x; β). Φi(x; β) is approximated by plugging in the

An(x; β), Bn(x; β), Cn(x) for A(x; β), B(x; β) and C(x). Finally, we plug in β̂n for β∗ to

obtain the estimated covariance.
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CHAPTER

3

CAUSAL EFFECT ESTIMATION AND

OPTIMAL DOSE SUGGESTIONS IN

MOBILE HEALTH

3.1 Introduction

With the development of mobile applications and portable health monitoring devices, a

large amount of data from the patients are becoming available for the purpose of disease

monitoring and healthcare interventions. Mobile applications for diseases such as obesity,

high blood pressure, cardiology are gaining popularity by providing real-time tracking of

the physical status of the patients and sending alerts for high risk events. For diseases such

as diabetes, dose suggestions based on the collected data of the patient is also becoming a

common feature for the mobile health applications. Healthcare interventions using mobile

applications have the great potential to deliver low-cost healthcare services with more

accuracy regardless of time and location. However, there is limited literature on evaluating

the effect of the treatments under the mobile health setting. Statistical methodologies for

recommending dosages using mobile health data are also of great interest to researchers.

Analyzing mobile health data can be challenging because there are typically a large
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number of time points, time-varying treatments, and a non-definite time horizon (Luckett

et al. 2019).

In this chapter, we first study the statistical methodologies for evaluating the causal

effect of mobile health interventions. Generalized estimating equations (GEE) are com-

monly used for studying dependence of an outcome variable on a set of covariates observed

over time (Liang and Zeger 1986; Zhao and Prentice 1990; Liang et al. 1992; Schafer

2006). GEE enhance the efficiency of the generalized linear models by including into

the estimation equations the correlations among repeated observations of a subject over

time. Such approaches typically require a full working correlation model and will be

computationally expensive as the time points get larger. Application of GEE in mobile

health data has been limited to time-invariant treatments(Evans et al. 2012; Carrà et al.

2016). Liao et al. (2015) proposed the micro-randomized trial design for estimating the

causal effect of just-in-time treatments under the mobile health setting (Klasnja et al.

2015; Liao et al. 2016; Dempsey et al. 2015). Liao et al. (2016) and Boruvka et al. (2018)

defined the proximal and lagged treatment effects for time-varying treatments with data

from micro-randomized trials. A centered and weighted estimation method based on

inverse probability of treatment-estimators (Robins et al. 2000; Murphy et al. 2001) is

then proposed for estimating these causal effects.

Providing personalized treatment suggestions based on mobile health data is also

of great interest. Dynamic treatment regimes (DTR) have been proposed for providing

sequential treatment suggestions based on longitudinal data from randomized trials

or observational data (Murphy 2003; Moodie et al. 2007; Kosorok and Moodie 2015;

Chakraborty and Moodie 2013). A dynamic treatment regime is a set of decision rules

that decide which treatments to assign to the patients according to patients’ time-varying

measurements during the ongoing treatment process. An optimal DTR is the one that

yields the most favourable expected mean outcome over a fixed period of time. Optimal

dynamic treatment regimes are typically estimated by backward induction based on

parametric models for the expected outcome (Q-learning) (Watkins and Dayan 1992;

Sutton et al. 1998; Murphy 2005; Schulte et al. 2014). Robustness of these methods

can be further enhanced by using semi-parametric models (Murphy 2003; Robins 2004;

Moodie et al. 2007; Tang and Kosorok 2012; Schulte et al. 2014) or non-parametric models

(Zhao et al. 2009). Zhao et al. (2015) avoid the risk of model misspecification by directly

maximizing a nonparametric estimation of the cumulative reward among a predefined

class of treatment regimes.

However, mobile health data usually have infinite time horizons. Sequential decision

making process in infinite horizon can be modeled as a Markov decision process (Puterman
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2014). Ertefaie and Strawderman (2018) defined the optimal DTR in the infinite horizon

as the one which maximizes the expected cumulative discounted reward. To estimate the

optimal DTR, a parametric model is first posited for the maximum expected cumulative

discounted reward. Least square estimation equations are then constructed based on

the Bellman equation (Sutton et al. 1998). The optimization is achieved through greedy

gradient Q-learning (Maei et al. 2010). Luckett et al. (2019) proposed the V-learning

method for finding the optimal DTR. They first posit a model for the expected cumulative

discounted reward of a specific treatment regime. Then they search for the treatment

regime which maximizes the estimated cumulative discounted reward function within a

prespecified class of treatment regimes. However, both of these two methods are limited

to discrete states(covariates) and treatments.

In this chapter, we extend Boruvka et al. (2018)’s definition of lagged effect to

continuous treatments and use a kernel-based structural nested model for estimating

causal effects of continuous treatments based on mobile health data. Then, the key interest

is to find the treatment regime which optimize the outcome or minimize the risk of adverse

events within a time period in the near future. We define a weighted advantage function as

a measurement of the treatment effect over a time period in the near future. The optimal

treatment at a certain time point is defined as treatment which maximizes this weighted

advantage. The rest of the chapter is structured as follows. In Section 3.2, we formalize

the problem in a statistical framework. Existing methods for evaluating treatment effects

with longitudinal data are reviewed in Section 3.3. We then define the lag k treatment

effect for continuous doses and present the proposed methodology for estimating this

lagged effect in Section 3.4. A weighted advantage is also defined. The strategy for making

dose suggestions is discussed based on the proposed framework. Theoretical results related

to the proposed method are given in Section 3.5. Section 3.6 presents the simulation

study. In Section 3.7, we apply the proposed method to the Ohio type 1 diabetes dataset.

Discussions and conclusions are in Section 3.8. Finally, the detailed proof of the theoretical

results and additional results for the simulation studies and the real data application are

given in Section 3.9.

3.2 Problem Setting

We assume that for each individual, the measurements are taken at time points with

fixed time intervals, t = 1, ..., T . Let At ∈ A denotes the treatment at decision time

t, where A is a continuous interval of possible values of doses. Xt ∈ Rq are covariates

measured at time t. Yt ∈ R denotes the outcome measured at time t following the
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decision At−1, t > 1. Without loss of generality, we assume that higher values of Yt denote

better outcomes. We assume that Xt and Yt are observed simultaneously and At is a

decision made after observing Xt and Yt. Thus, the observed data for one subject are

{(X1, A1),(Y2, X2, A2), . . . , (YT , XT , AT ), (YT+1, XT+1)}. Assume that the data consist of

n subjects. For the i-th subject, the observed data are denoted as {(X i
1, A

i
1),(Y i

2 , X
i
2, A

i
2),

. . . , (Y i
T , X

i
T , A

i
T ), (Y i

T+1, X
i
T+1)}, i = 1, . . . , n. Let the overbar denotes the history of a

random variable, X̄t = (X1, ..., Xt). All information accrued up to time t can be represented

by Ht = (X̄t, Ȳt, Āt−1). To illustrate this model with an example, in a type 1 diabetes

study, At could be the rapid-reacting insulin dose at time t. Yt could be the stability of

the blood glucose between time t− 1 and t. Xt could include the food intake, exercise

and blood glucose levels.

To define the treatment effects, we adopt the potential outcome framework by Rubin

(1974). The potential outcomes include treatments expressed as potential outcomes of

past treatments. Xt(āt−1) and Yt(āt−1) are the potential measurements of covariates and

potential outcomes at time t had the sequence of treatments āt−1 been allocated to the

patient, āt−1 ∈ At−1. At(āt−1) is defined as the potential treatment at t had the sequence

of āt−1 be allocated. This notation implicitly assumes that the potential outcomes are

not influenced by future treatments and the outcome of one subject is not affected by

the treatments received by other subjects. The latter is also known as the stable unit

treatment value assumption (SUTVA; see Rubin (1974)). For simplicity, we denote A2(A1)

by A2, At(Āt−1) by At. Then Ht(Āt−1) = {X1, A1, Y2(A1), X2(A1), A2(A1), . . . , Yt(Āt−1),

Xt(Āt−1)}.
A dynamic treatment regime π = (π1, ..., πT ) is a set of rules that outputs a distribution

of treatment options at each time point based on past history πt = {fπ,t(a|ht), a ∈ A};
fπ,t here denotes the conditional density of choosing treatment a given history ht at time

t. Let Ht be the space of all possible histories. A treatment regime is deterministic if

fπ,t(a|ht) = δ(a = gt(ht)), for some gt : Ht → A, where δ(·) is the Dirac delta function.

Then for simplicity of notation, we write πt as πt = gt(ht).

To use the observed data to estimate the treatment effect, we make the following

assumptions(Robins 2004):

• Consistency: The potential outcomes had the treatments given to the patient equal to

the observed treatment history ĀT are equal to the observed data. More specifically,

for āt−1 = Āt−1, Ȳt(āt−1) = Ȳt, X̄t(āt−1) = X̄t and Āt(āt−1) = Āt for 2 ≤ t ≤ T ,

where the left sides of the equations are the potential outcomes and the right sides

are the observed variables; At time T + 1, ȲT+1(āT ) = ȲT+1, and X̄T+1(āT ) = X̄T+1

for āt−1 = Āt−1.
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• Positivity: For any treatment a ∈ A and past history ht ∈ Ht, fA|H(At = a|Ht =

ht) > 0, where fA|H(At|Ht) denotes the conditional distribution for treatment

assignments from the dataset. In other words, all treatments a ∈ A can possibly

be observed given ht for any ht ∈ Ht. In randomized trials, this assumption can

be ensured by the design of the study. However, in observational studies, the set

of possible treatments may differ with different treatment history. In such cases,

the expected outcomes of a treatment regime π cannot be estimated from the

observed data when it has a non-zero probability of suggesting treatments where

fπ,t(a|ht) > 0 and fA|H(At = a|Ht = ht) = 0. Such treatment regimes are regarded as

non-identifiable treatment regimes (Robins 2004). We could then limit our attention

to identifiable treatment regimes by adding constraints to the suggested treatments.

In practice, when A is unknown, this assumption would be hard to examine. In

such scenarios, causal inference for treatments that are uncommon in the observed

dataset should be made with caution.

• Sequential ignorability: The potentials outcomes {Yt+1(āt), Xt+1(āt), At+1(āt), ...,

YT+1(āT ), XT+1(āT )} are independent of At conditional on Ht, for t ≤ T and āt ∈ AT .

This assumption is also known as the no unmeasured confounder assumption. It

is naturally satisfied in a sequentially randomized study, where treatments are

randomized for each time point. In an observational study, this assumption cannot

be verified and is often assumed.

3.3 Literature Review

In this section, we review the existing methods for evaluating treatment effects with

longitudinal data. In particular, we are interested in methods that evaluate the treatment

effects of time-varying treatments.

Generalized Estimating Equations

The most naive approach for estimating the effect of treatments on a response variable is

using generalized linear models. Assuming that the covariates, treatments and outcomes

at different time points (Xt, At, Yt+1) are independent from each other (notice that in our

setting, the outcome is at the next time point), then the generalized linear models can be

used to estimate µ(Xt, At) = E(Yt+1|Xt, At). The treatment can be regarded as a covariate

and the effect of the treatment can be estimated by the estimated parameter corresponding

to the treatment in the linear component. Let X̃t = (XT
t , At)

T . The marginal density of
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Yt+1 is modeled as a distribution from the exponential family with conditional mean:

E(Yt+1|X̃t) = µ(X̃t; β) = g(βT X̃t).

where g(·) is a known function, β is a vector of parameters to be estimated. Under the

assumption that all the observations are independent from each other (meaning that the

observations of the same subject taken at different time points are also independent from

each other), the parameters can be consistently estimated by the score equation:

U(β) = Pn
∂µ̄(X̃; β)

∂β
{Ȳ − µ̄(X̃; β)} = 0,

where µ̄(X̃; β) = (µ(X̃1; β), µ(X̃2; β), ..., µ(X̃T ; β))T , Ȳ = (Ȳ2, Y3..., YT+1)T . However, the

independence assumption is likely to be unvalid with longitudinal data because the

repeated observations from the same objects are usually correlated with each other. For

example, the blood glucose of a person throughout the day should be changing continuously.

If we measure the blood glucose every 10 minutes, two continuous measurements are likely

to be close to each other. Failing to model the correlation among repeated observations of

the same subject would lead to incorrect inference of the parameters, even if the proposed

model is correct.

To take the correlation between repeated observations into account, Liang and Zeger

(1986) proposed the generalized estimating equations. They used a working correlation

matrix R(α) for the T observations of one subject, where α is a parameter to be estimated.

For i ∈ {1, . . . , n}, let var(Yt+1)= a{µ(X̃t)}φ, where a(·) is a known function defined

by the distribution from the exponential family and φ is the dispersion parameter that

needs to be estimated as well. Let Ai = diag
(
a{µ(X̃ i

1)}, a{µ(X̃ i
2)}, . . . , a{µ(X̃ i

T )}
)

be a

T × T diagonal matrix and define V i = Ai
1/2
R(α)Ai

1/2
φ. Notice that if R(α) is the true

correlation matrix for Yi,2, ..., Yi,T+1, then V i is the true covariance matrix for Yi,2, ..., Yi,T+1.

The general estimation equation for the parameters then becomes:

U(β, φ, α) =
n∑
i=1

∂µ̄(X̃ i;α)

∂β
V i(α, φ)

−1{Ȳ i − µ̄(X̃ i; β)} = 0.

To estimate β, we can first obtain the moment estimation of α and φ: α̂ and β̂. Then β̂

can be obtained by solving the estimation equation by U(β, α̂, φ̂) = 0.

The weakness of the model is that it assumes the treatment effect to be constant

across time. Furthermore, the model assumes that the treatments in the past do not have

any impact on the future responses (for example, the treatment at time t do not influence
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the response at time t + 2), which is usually unvalid for dynamic treatments regimes.

With a dynamic treatment regime, the treatment effect of the current decision will further

influence the decisions and responses in the future. Therefore, alternative methods are

needed to estimate the treatment effect for dynamic treatment regimes.

3.3.1 Marginal Mean Models

To evaluate the time-varying treatment effect of a dynamic treatment regime, it is essential

to estimate the counterfactual responses (also referred to as the potential outcome), which

are the responses that would have been observed had the patient followed a treatment

regime of interest. In this section, we first consider a single response at the end of the

medical process Y and binary treatment optionsAt ∈ {0, 1}, t = 1, . . . T . Thus the observed

data for one subject are {(X1, A1), (X2, A2), . . . , (XT , AT ), Y } and Ht = (X̄t, Āt−1). We are

interested in estimating E{Y (π1, . . . , πT )} where Y (π1, . . . , πT ) is the potential outcome

had the treatments followed the treatment regime π. More specifically, when the treatments

follow the treatment regime π, A1 = π1(H1), A2 = π2{H2(A1)}, . . . , AT = πT{HT (ĀT−1)}.
Let S indicate certain subpopulation we are interested in. For simplicity of notation,

we assume that S is included in X1. Let πobs be the actual treatment regime that generates

the observed dataset, so πobst (a|x) = pAt|Xt(a|x) for a ∈ A and x ∈ Rq. For a treatment

regime π, define

Wπ,t(Ht) = Πt
j=1

pπ,j(Aj|Hj)

pπobs,j(Aj|Hj)
.

which is the ratio of the probability of the treatment history {A1, . . . At} under the

treatment regime π versus the probability under the treatment regime πobs given Ht. It

can be shown that if a treatment regime π is identifiable from the observed data, then

under the sequential ignorability assumption, E[Y (π1, . . . , πT )|S] can be estimated with:

E
[
Y (π1, . . . , πT )|S = s

]
= E

[
Wπ,T (HT )Y |S = s

]
=
∑
āT∈Ā

∫
x̄T−1

∫
y

[{
ΠT
t=1pπ,t(at|ht)

}
yfY |ĀT ,X̄T

(y|āT , x̄T )
{

ΠT−1
t=2 fXt|Āt−1,X̄t−1

(xt|āt−1, x̄t−1)
}

fX1|S(x1|s)

]
dydx̄T−1(Murphy et al. 2001).

The Ā in the equation above denotes the space for Ā = {A1, . . . , AT}. This is also referred
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to as the G-computation formula (Robins 1986). However, calculation of the items on

the right side of the above formula needs the knowledge of the complete distributions

of fY |ĀT ,X̄T
and fXt|Āt−1,X̄t−1

for t = 1, . . . , T − 1, which is usually not available in real

application. To obtain E{Y (π1, . . . , πT )|S} directly from the above equation is thus not

feasible. Nonetheless, given a parametric model for E[Y (π1, . . . , πT )|S], say µ(S; βπ), a

weighted version of the generalized linear regression estimation equation gives an unbiased

estimation for the parameters (Robins 1999):

Pn
[
Wπ,T (HT )

∂µ(S; βπ)

∂βπ
{Y − µ(S; βπ)}

]
= 0.

Estimation equations with improved efficiency are given in Murphy et al. (2001).

This method is also referred to as marginal mean models. It allows us to evaluate

the effect of a specific dynamic treatment regime on a single outcome variable. However,

this equation above requires a full model for the conditional expectation of the response

given the treatment regime, while we are really more interested in the comparison of the

treatment effects between different treatments. Murphy (2003) and Robins (2004) thus

proposed methods that are more robust to model misspecification by directly modeling

the difference between the expected outcomes given different treatment regimes.

Blip Effect Estimation Using Structural Nested Models

Robins (2004) defined a blip treatment effect. This treatment effect is also defined under

the setting where the goal is to optimize a single response at the end of the medical process.

Given two treatment regimes π = (π1, ..., πT ), π∗ = (π∗1, . . . , π
∗
T ) and a treatment history

āt−1, let the potential response Y under the regime {āt−1, π
∗, πt} to be Y (āt−1, π

∗, πt).

Here, {āt−1, π
∗, πt+1} denotes a regime which follows āt−1 till t − 1, follows π∗ at time

t and then follows the regime π from time t+ 1 to T . π∗ is usually taken as a baseline

regime. Common choices for π∗ can be π∗ ≡ 0 or π∗ ≡ πobs . The blip effect is defined as:

γπ,π
∗

t (x̄t, āt) = E{Y (āt, πt+1)− Y (āt−1, π
∗
t , πt+1)|X̄t = x̄t, Āt = āt}. (3.1)

This blip function measures the effect of treatment at versus π∗t (x̄t, āt−1) at time t. When

π∗ = π, γπ,πt (x̄t, āt−1) measures the effect of the treatment at versus πt(x̄t, āt−1). To

estimate this blip effect, we need to first propose a parametric model for γπ,πt (x̄t, āt), say
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γπt (x̄t, āt;ψ), which satisfies γπt (x̄t, āt;ψ) = 0 if at = πt(x̄t, āt−1). Let:

Uπ
t (ψ) = Y −

T∑
j=t

{
γπt (X̄t, Āt;ψ)

}
.

The author showed that, under the sequential randomization assumption, an efficient

estimation equation for the parameters ψ would be:

Pn
T∑
t=1

[
Uπ
t (ψ)− E

{
Uπ
t (ψ)|Āt−1, X̄t−1

}][
dt(Āt, X̄t)− E

{
dt(Āt, X̄t)|Āt−1, X̄t

}]
= 0

(3.2)

where dt(Āt, X̄t) is a vector of functions with the same dimension as the parameter ψ,

arbitrarily chosen by the researcher. Robins (2004) also showed that the above equation

is most efficient when dt(Āt, X̄t) = ∂Uπ
t (ψ)/∂ψ. To obtain E{Ut(ψ)|Āt−1, X̄t−1} and

E
{
dt(Āt, X̄t)|Āt−1, X̄t

}
, we need to know the conditional density fAt|Āt−1,X̄t

(at|āt−1, x̄t)

and the conditional expectation E{Y |Āt−1, X̄t}. In an observational study, fAt|Āt−1,X̄t
is

usually unknown. Therefore, working models need to be posited for fAt|Āt−1,X̄t
(at|āt−1, x̄t)

and E{Y |Āt−1 = āt−1, X̄t = x̄t−1}, say f̃t(āt−1, x̄t−1;α) and m(āt−1, x̄t; ξ). To apply the

estimation method, we first need to obtain estimators for α and ξ: α̂ and ξ̂. Then ψ̂(α̂, ξ̂)

can be calculated by solving Equation (3.2). This method is also referred to as structural

nested models. Robins (2004) proved that under the sequential ignorability assumption

and a correctly specified model for γπt (x̄t, āt), the above estimation equation leads to

consistent and asymptotic normal estimators for ψ if either f̃t(āt−1, x̄t−1;α) or m(āt−1, x̄t; ξ)

is correctly specified. This property is also referred to as the double robustness of the

estimation equations. For more details, please refer to Robins (2004).

Proximal Treatment Effect and Lagged Treatment Effect

Boruvka et al. (2018) further extended the above method to the mobile health setting

where a response is observed at each time point {Y2, . . . , YT+1}. The treatments considered

in this setting are alert messages sent by the applications to the patients to encourage

certain behaviors or to prevent high-risk events. Examples include exercise reminders for

obese patients, and mindfulness messages for stress management applications. The goal is

then to examine the effect of these messages on these responses through out time. For

example, for weight control applications, we would want to evaluate the effect of workout

reminder messages on the amount of workout done by the application user. Data from

micro-randomized trials (MPT; Klasnja et al. 2015; Liao et al. 2015; Dempsey et al. 2015)
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can be used for this purpose. In micro-randomized trials, each participant is sequentially

randomized to the treatments (receiving message or not receiving message at time t,

t = 1, . . . , T ) for a large number of times. Measurements of the covariates of interest are

taken intensively throughout the trial. This can be modeled under a binary treatment

setting where At = 1 for a message sent and 0 for no messages sent. Let Yt be the total

amount of mobile-tracked movements from time t− 1 to t. Boruvka et al. (2018) proposed

a lag k treatment effect for treatments at time t on the future outcome Yt+k:

E
{
Yt+k(Āt−1, 1, A

at=1
t+1 , . . . , A

at=1
t+k−1)− Yt+k(Āt−1, 0, A

at=0
t+1 , . . . , A

at=0
t+k−1)|St(Āt−1)

}
, (3.3)

where Aat=at+1 denotes the potential treatment At+1(Āt−1, At = a), Aat=at+l denotes At+l(Āt−1,

At = a, Aat=at+1 , ..., A
at=a
t+l−1), for l = 2, . . . , k − 1; St(Āt−1) is a summary statistic of the

potential history Ht(Āt−1). Using our notation from previous sections, we can also write

it as:

E
{
Yt+k(Āt−1, 1, π

obs
t+1, . . . , π

obs
t+k−1)− Yt+k(Āt−1, 0, π

obs
t+1, . . . , π

obs
t+k−1)|St(Āt−1)

}
. (3.4)

Notice that this definition of treatment effect is marginalized over all information of

Ht(Āt−1) that is not included in St(Āt−1). When St = Ht, Equation (3.4) is a generalization

of the blip treatment effect in Equation (3.1) when π∗ is taken to be the constant regime

π∗ ≡ 0 and π is taken to be the actual treatment regime that generates the dataset :

πobst (at|ht) = pAt|Ht(At = at|Ht = ht). To see this connection more clearly, let us define:

γπ,π
∗

t,t+k(ht, āt) = E{Yt+k(Āt, πt+1)− Yt+k(Āt−1, π
∗
t , πt+1)|Ht(Āt−1) = ht, Āt = āt}

When St = Ht, under the consistency and the sequential ignorability assumption, this lag

k treatment effect is equal to the blip effect with the form:

γπ,π
∗

t,t+k(ht, āt−1, at = 1) =

E
{
Yt+k(Āt, π

obs
t+1)− Yt+k(Āt−1, π

∗
t = 0, πobst+1)|Ht(Āt−1) = ht, Āt = āt, at = 1

}
.

By conditioning on St instead of the complete covariate history Ht, this definition allows

the possibility of addressing specific scientific questions during micro-randomized trials by

using only the summary information we are interested in. For example, if we are interested

in the average treatment effect marginalized on all previous information, we can take

St = ∅. If we interested in the average treatment effect for patients in different stages

of the disease, we can take St as the variable indicating the stage of the disease. Notice,
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for treatments Al (l ≤ t − 1) not included in St(Āt−1), the treatment effect defined in

Equation (3.3) depends on the distribution of Al. This treatment effect is causal only for

the variables contained in St(Āt−1).

Under the assumptions of consistency and sequential ignorability, it can also be shown

that:

E
{
Yt+k(Āt−1, 1, A

at=1
t+1 , . . . , A

at=1
t+k−1)− Yt+k(Āt−1, 0, A

at=0
t+1 , . . . , A

at=0
t+k−1)|St(Āt−1)

}
= E

[
E{Yt+k|At = 1, Ht} − E{Yt+k|At = 0, Ht}|St

]
.

Boruvka et al. (2018) proposed a method for estimating this lag k treatment effect. First,

a model is posited for the lag k treatment effect in the following form:

E
[
E{Yt+k|At = 1, Ht} − E{Yt+k|At = 0, Ht}|St

]
= gkt(St)

Tβk,

where gkt(·) is a vector of functions. Assuming that the treatments are sequentially

randomized with a known probability pAt|Ht(At = 1|Ht) , the parameters can then be

estimated with the following estimation equation:

0 =

T−k+1∑
t=1

[
Yt+k − ckt(Ht)

Tαk −
{
At − p̃(1|St)

}
gkt(St)

Tβk

]
Wt

[
ckt(Ht)

{At − pAt|St(1|St)}gkt(St)

]
,

(3.5)

where Wt = p̃(At|St)/pAt|Ht(At|Ht) and p̃(At|St) is an arbitrary probability mass function

that depends on Ht only through St. ckt(Ht)
Tαk is a working model for E[WtYt+k|Ht],

thus αk are nuisance parameters. Equation (3.5) has a similar form as Equation (3.2). The

use of the weighting allows the estimation equation to be unbiased when the treatment

effect is conditional on St instead of Ht. This method provides us with a tool for evaluating

treatment effects of mobile health interventions for binary treatments.
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3.4 Causal Effect Estimation for Continuous Doses

with Mobile Health Data

There is great potential for mobile applications to provide dose suggestions for diseases

which require frequent medication administration, such as type 1 diabetes. In such cases,

the treatment options lie in a continuous dose range. In this section, we extend the above

definition of the lag k treatment effect to continuous dose settings At ∈ A, t = 1, . . . , T .

We are interested in making causal inference of the treatments conditional on the past

history Ht ∈ Ht and provide dose suggestions based on the treatment effects. We do not

assume that our data come from micro-randomized trials because such trials would not

be feasible for actual medications such as insulin doses. Therefore, the distribution of the

treatments At|Ht is assumed to be unknown.

3.4.1 Lag k Treatment Effect

Define the conditional lag k treatment effect of treatment a with respect to a specific

treatment a0 at time t as:

τt,k(a, a0, Ht(Āt−1)) =

E
{
Yt+k(Āt−1, a, A

at=a
t+1 , . . . , A

at=a
t+k−1) −Yt+k(Āt−1, a0, A

at=a0
t+1 , . . . , Aat=a0

t+k−1)|Ht(Āt−1)
}
(3.6)

where k ≥ 1 and a0 is a baseline dosage. The expectation in equation (3.6) is taken over

all the possible future treatments from time t to t+ k− 1. Notice that when the reference

treatment a0 = 0 and Ht = St, this definition of lag k treatment effect is same as the

treatment effect defined by Boruvka et al. (2018).

Under the assumptions of positivity, consistency and sequential ignorability, we can

estimate the conditional lag k treatment effect with the observed data for any a ∈ A (See

Section 3.9 for the proof):

E
{
Yt+k(Āt−1, a, A

at=a
t+1 , . . . , A

at=a
t+k−1)− Yt+k(Āt−1, a0, A

at=a0
t+1 , . . . , Aat=a0

t+k−1)|Ht(Āt−1)
}

= E(Yt+k|At = a,Ht)− E(Yt+k|At = a0, Ht). (3.7)
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3.4.2 Lag K Weighted Advantage

In addition to evaluation of the treatment effect, we also aim to find the treatment regime

which maximizes this outcome over a short period of time in the future. Assume that we

are interested in finding the dosage at time t which maximizes the outcome from time

t+ 1 to t+K, then the optimal treatment regime at time t is defined as:

πoptt =

arg max
πt:Ht→P(A)

K∑
k=1

wkE

{
Yt+k

(
Āt−1, at = πt{Ht(Āt−1)}, Aat=πt{Ht(Āt−1)}

t+1 , . . . ,

A
at=πt{Ht(Āt−1)}
t+k−1

)∣∣∣∣∣Ht(At−1)

}

= arg max
πt:Ht→P(A)

K∑
k=1

wkτt,k

(
πt{Ht(Āt−1)}, a0, Ht(Āt−1)

)
,

where w1, . . . , wK are predefined non-negative weights and w1 + · · ·+ wK = 1. Thus, we

define the lag K weighted advantage to be:

τ̃t,K(a, a0, Ht(Āt−1)) =
K∑
k=1

wkτt,k(a, a0, Ht(Āt−1))

=
K∑
k=1

wk

{
Yt+k(Āt−1, a, A

at=a
t+1 , . . . , A

at=a
t+k−1)−

Yt+k(Āt−1, a0, A
at=a0
t+1 , . . . , Aat=a0

t+k−1)|Ht(Āt−1)
}
.

Then the optimal treatment regime can be written as:

πoptt = arg max
πt:Ht→P(A)

τ̃t,K

(
a = πt(Ht(Āt−1)), a0, Ht(Āt−1)

)
For example, if we have hourly data of diabetes patients and we want to minimize the

amount of time the blood sugar being outside 80-140 mg/dL range within four hours after

the dose injection, we could define Yt as the percentage of time when the blood sugar is

inside the optimal range at the t-th hour. Take K = 4 and w1 = w2 = w3 = w4 = 0.25. An

optimal dose suggestion at time t would be the one which maximizes the lag K weighted

advantage at time t. Therefore, we define the optimal treatment regime at time t to be:

πoptt = arg max
πt

τ̃t,K

(
πt{Ht(Āt−1)}, a0, Ht(Āt−1)

)
,
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where the expectation is taken overHt(Āt−1). Notice that the choice of a0 does not affect the

optimal treatment regime. In this article, we take a0 = 0, which is a meaningful reference

dosage. For simplicity of notation, we write τt,k

(
a, 0, Ht(Āt−1)

)
as τt,k

(
a,Ht(Āt−1)

)
the

rest of this article.

3.4.3 Estimation Method

We use a kernel-based structural nested models to estimate the lag k treatment effect.

We first assume a quadratic model for the lag k treatment effects. The following model

assumes that the lag k treatment effects for k = 1, . . . , K depend on Ht only through St,

where St ∈ S are some summary statistics of the past history.

E(Yt+k|At = a,Ht)− E(Yt+k|At = 0, Ht) = τt,k(a, a0, Ht)

= τk(a, St;αk, βk) = αka
2 + {βTk gk(St)}a, (3.8)

where gk is a q dimensional function of St. Boruvka et al. (2018) showed that the models

for the lag k effects for different k do not constrain one another. Notice that we assume

that St for t = 1, . . . , T are from the same vector space S so that the parameters in this

model do not vary across different t. The motivation for using a quadratic model is that

both underdosing and overdosing might lead to unfavorable outcomes in practice. Let

α = (α1, . . . , αK)T , β = (β1, . . . , βK)T , and w = (w1, ..., wK)T . Without loss of generality,

we assume that g1(·) = .̇ = gK(·). (If g1(·), . . . , gK(·) are not equal, there exists g(·) which

includes all the functions from the terms of {g1(·), . . . , gK(·)}. Thus we can substitute

g1(·), . . . , gK(·) with g(·) and model (3.8) will still be correct.) Then the weighted lag K

advantage is:

τ̃K(a, St;α, β) =
K∑
k=1

wkτk(a, St, αk, βk)

= {wTα}a2 + {wTβ}Tg(St)a

= α̃Ka
2 + β̃TKg(St)a,

where α̃K = wTα, β̃K = wTβ. The lag K weighted advantage thus also follows a quadratic

form. Notice that under the model above, τ̃t,K
(
a, a0, Ht(Āt−1)

)
= τ̃K(a, St;α, β) also

depends on Ht only through St. Thus the optimal treatment regime which maximizes the
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lag K weighted advantage:

πoptt = arg max
πt

τ̃t,K(a = πt, a0, Ht)

= arg max
πt

τ̃K(a = πt, St;α, β)

also depends on Ht only through St. When α̃K < 0, the optimal dose at time t would be a

deterministic treatment regime: πoptt = −{β̃TKg(St)}/2α̃K . The parameter −β̃K,j/α̃K can

be interpreted as the difference of the optimal dosage for patients with one unit difference

in the j-th term of g(St) while having all the other covariates the same, j = 1, . . . , q where

q is the dimension of g(St). When α̃K ≥ 0, the optimal treatment falls on the edge of A.

Now we present the method for estimating the lag k causal effect under the proposed

model. Let Ut+k = Yt+k − τk(At, a0, Ht). Under the proposed model,

Ut+k(αk, βk) = Yt+k − τk(At, St;αk, βk) = Yt+k − αkA2
t − βTk gk(St)At.

According to Theorem 3.3 in Robins (2004), under the assumption of sequential random-

ization and consistency, we can obtain:

E

[{
d(At, Ht)− E(d(At, Ht)|Ht)

}
×
{
Ut+k − E(Ut+k|Ht)

}]
= 0, (3.9)

where d(·, ·) is an arbitrary function and t ∈ {1, . . . , T + 1− k}.
Assume that the data consist of n independent subjects {H1

T+1, . . . , H
n
T+1}, where

H i
T+1 = (X i

1, Y
i

1 , A
i
1, . . . , X

i
T+1, Y

i
T+1), i = 1, . . . , n. Then we can estimate αk, βk with

the following equation:

0 = Pn
T−k+1∑
t=1

{
dt+k(At, Ht)− E

(
dt+k(At, Ht)|Ht

)}
×{

Ut+k(αk, βk)− E
(
Ut+k(αk, βk)|Ht

)}
, (3.10)

where

dt+k(At, Ht) = −∂Ut+k(αk, βk)
∂(αk, βk)

=

(
A2
t

Atgk(St)

)
. (3.11)

Since dt+k(·) depends on Ht only through St, we can write it as dt+k(At, St). Notice that
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E(Ut+k|Ht) = E(Yt+k|Ht) − τk(At, St). To apply the estimation equation, we need to

obtain E{dt+k(At, St)|Ht} and E(Yt+k|Ht). The traditional approach is to use regression

models to estimate these conditional expectations. However, as t increases, the complexity

of the model increases as well. Thus, there is a high risk of model misspecification for

both of these conditional expectations when t gets large. Instead of using parametric

models for these conditional expectations, we estimate these expectations using kernel

density estimators. However, the high dimension of Ht can induce large variance to

the nonparametric estimators as t gets larger. Therefore we show that, if the following

assumption is satisfied:

At ⊥ Yt+k(āt+k−1)|St for āt+k−1 ∈ At+k−1, (3.12)

then we can obtain the following equation for an arbitrary function d(·) : A× S → Rqk+1

where qk is the dimension of gk(St), (see Section 3.9 for proof):

E

[{
d(At, St)− E(d(At, St)|St)

}
×
{
Ut+k − E(Ut+k|St)

}]
= 0. (3.13)

Therefore we can use the estimation equation below to estimate αk, βk:

0 =

Pn
T−k+1∑
t=1

{
dt+k(At, St)− E

(
dt+k(At, St)|St

)}
×
{
Ut+k(αk, βk)− E

(
Ut+k(αk, βk)|St

)}
,

where dt+k(At, St) is taken to be the same as Equation (3.11). The advantage of this

estimation equation is that the dimension of St does not increase with t. Therefore it

is possible to use kernel estimations for E(Ut+k|St) and E(d(At, St)|St) and no model

assumptions need to be imposed on At|St and Yt+k|St. The above equation can thus be

written as:

0 =
n∑
i=1

T−k+1∑
t=1

(
Ait

2 − E(Ait
2|Sit)

{Ait − E(Ait|Sit)}gk(Sit)

){
Y i
t+k − E(Y i

t+k|Sit)

−

(
Ait

2 − E(Ait
2|Sit)

{Ait − E(Ait|Sit)}gk(Sit)

)T (
αk

βk

)}
.

Let Bt(s) = E(A2
t |St = s), Ct(s) = E(At|St = s), Dt,k(s) = E(Yt+k|St = s).

Bt(s), Ct(s), Dt,k(s) are estimated with the kernel estimators: B̂t(s) =
∑n

i=1 A
i
t
2
KΛ(s−
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Sit)/{
∑n

i=1KΛ(s − Sit)}, Ĉt(s) =
∑n

i=1A
i
tKΛ(s − Sit)/{

∑n
i=1 KΛ(s − Sit)}, D̂t,k(s) =∑n

i=1 Y
i
t+kKΛ(s − Sit)/{

∑n
i=1KΛ(s − Sit)}, where K(·) is a multivariate kernel function

and KΛ(u) = |Λ|−1/2K(Λ−1/2u), Λ is a symmetric and positive definite bandwidth matrix.

From the estimation equation above, we can derive the estimated parameters:

(
α̂k

β̂k

)
=

[
n∑
i=1

T−k+1∑
t=1

(
Ait

2 − B̂t(S
i
t)

{Ait − Ĉt(Sit)}gk(Sit)

)⊗2 ]−1

[
n∑
i=1

T−k+1∑
t=1

(
Ait

2 − B̂t(S
i
t)

{Ait − Ĉt(Sit)}gk(Sit)

){
Y i
t+k − D̂t,k(S

i
t)
}]

=

[
n∑
i=1

T−k+1∑
t=1

 Ait
2 −

∑n
j=1 A

j
t

2
KΛ(Sj

t−Si
t)∑n

j=1KΛ(Sj
t−Si

t)

(Ait −
∑n

j=1 A
j
tKΛ(Sj

t−Si
t)∑n

j=1 KΛ(Sj
t−Si

t)
)fk(S

i
t)


⊗2 ]−1

[
n∑
i=1

T−k+1∑
t=1

 Ait
2 −

∑n
j=1 A

j
t

2
KΛ(Sj

t−Si
t)∑n

j=1KΛ(Sj
t−Si

t)

(Ait −
∑n

j=1 A
j
tKΛ(Sj

t−Si
t)∑n

j=1KΛ(Sj
t−Si

t)
)fk(S

i
t)

(Y i
t+k −

∑n
j=1 Y

j
t+kKΛ(Sjt − Sit)∑n

j=1KΛ(Sjt − Sit)

)]
.

The estimated α̃K and β̃K can thus be calculated by ˆ̃αK =
∑K

k=1wkα̂k,
ˆ̃βK =∑K

k=1wkβ̂k. When ˆ̃αK < 0, the optimal treatment regime which maximizes the lag

K weighted can thus be estimated by π̂optt = −{ ˆ̃βTKg(St)}/2ˆ̃αK . When ˆ̃α > 0, the esti-

mated optimal treatment regime would be either 0 or the maximum possible dosage. We

can also estimate the parameters for the lag K weighted advantage directly by letting

Ũt+K(α̃K , β̃K) =
∑K

i=1wkYt+k − α̃KA2
t − {β̃TKg(St)}At and estimate α̃K , β̃K with:

0 =
n∑
i=1

T−K+1∑
t=1

{
dit+K(At, St)− E

(
dit+K(At, St)|Sit

)}
×
{
Ũ i
t+K(β̃K)− E

(
Ũ i
t+K(β̃K)|St

)}
,

where E
(
Ũ i
t+K(β̃K)|St) can be estimated similarly with kernel estimation. It is trivial to

prove that estimated α̃K and β̃K are the same with these two approaches.

Since in model (3.8), the parameters αk and βk are invariant across time, the estimation

equation can thus be summed over the time index t. Also notice that the kernel estimation

in our method averages over the n observations but not over the time index t. If we

include enough information in St, then it might be possible to assume that the conditional
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distributions Yt+k|St and At|St are invariant across time. Thus we can let:

B̂t(s) = {
n∑
i=1

T∑
t=1

Ait
2
KΛ(s− Sit)}/{

n∑
i=1

T∑
t=1

KΛ(s− Sit)}

Ĉt(s) = {
n∑
i=1

T∑
t=1

AitKΛ(s− Sit)}/{
n∑
i=1

T∑
t=1

KΛ(s− Sit)}

D̂t,k(s) = {
n∑
i=1

T∑
t=1

Y i
t+kKΛ(s− Sit)}/{

n∑
i=1

T∑
t=1

KΛ(s− Sit)}

This would be more preferable when we only observe the data of a small number of

patients and each patient has a large number of observations over time.

The validity of our estimation equation is mainly based on assumptions (3.8) and

(3.12). In other words, we assume that the summary statistics of the past history St

contains all the information which influences the lag k treatment effect for k = 1, . . . , K

and the dependence between At and Yt+k(Āt−1, a, A
at=a
t+1 , . . . , A

at=a
t+k−1). In our simulation

study, we will also examine the performance of the model when assumption (3.12) is not

valid.

3.5 Theoretical Results

In this section, we derive the consistency and asymptotic normality of the estimated

parameters. For simplicity of notation, let B = {B1(S1), . . . , BT (ST )}, C = {C1(S1), . . . ,

CT (ST )}, D = {D1(S1), . . . , DT−k+1(ST )}, and B̂ = {B̂1(S1), . . . , B̂T (ST )}, Ĉ = {Ĉ1(S1),

. . . , ĈT (ST )}, D̂ = {D̂1(S1), . . . , D̂T−k+1(ST )} and H = HT+1. Then the solution to the

estimating equation can be written as:

(
α̂k

β̂k

)
=

[
PnL1(H; B̂, Ĉ)

]−1[
PnL2(H; B̂, Ĉ, D̂)

]
,

where,

L1(H;B,C) =
T−k+1∑
t=1

(
At

2 −Bt(St)

{At − Ct(St)}gk(St)

)⊗2

,

L2(H;B,C,D) =
T−k+1∑
t=1

(
At

2 −Bt(St)

{At − Ct(St)}gk(St)

){
Yt+k −Dt(St)

}
.
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Let φ̂k = (α̂k, β̂k)
T , and φ∗k = (α∗k, β

∗
k)
T , where:

(
α∗k
β∗k

)
=
{
E
[
L1(H;B,C)

]}−1

E
[
L2(H;B,C,D)

]
.

To derive the asymptotic normality of the estimators, we need the following regularity

assumptions:

Assumption 3.1. The marginal density of St, fSt, is uniformly bounded away from 0

for all t: infs∈S fSt(s) > 0 . This assumption is to ensure that the kernel estimators B̂t(s),

Ĉt(s), D̂t(s) do not diverge to infinity because of f̂St(s) = 1
n

∑n
i=1KΛ(s − Sit), which

converges in probability to fSt(s) (see Section 3.9 for the proof), on the denominator.

Assumption 3.2. As Λ → 0, the kernel function satisfies the following equations:

infs{
∫
Vs K(v)dv} = 1 − O(Λ

1
2 ); sups{

∫
Vs vK(v)dv} = O(1); sups{

∫
Vs K

2(v)dv} = O(1);

sups{
∫
Vs vK

2(v)dv} = O(1), where Vs = {v : s− Λ
1
2v ∈ S} for s ∈ S and v is a vector

with the same number of dimensions as s. The first equation in this assumption is to

ensure the unbiasedness of the kernel estimator. When S = Rd, this assumption is satisfied

by most of the commonly used kernel functions. However, when S is bounded, a kernel

function defined on Rd might fail to satisfy this assumption. The rest three equations are

to ensure that the limit distributions of the kernel estimators exist. See Section 3.9 for

more details.

Assumption 3.3. E(At|St = s), E(A2
t |St = s), E(A4

t |St = s), E(Yt+k|St = s),

E(Y 2
t+k|St = s), fSt(s) as functions of s are uniformly bounded for s ∈ S. The first

derivatives of these functions are also uniformly bounded. These assumptions are to ensure

that the higher order terms of the Taylor expansion of the kernel estimators converge to

zero.

Then we prove the following theorem.

Theorem 3.1. Under the assumptions (3.8), (3.12) and the regularity assumptions 3.1-

3.3, if Λ satisfies n|Λ| → ∞ and Λ → 0 as n → ∞, then
√
n(φ̂k − φ∗k) converges to a

normal distribution with mean 0 and variance

E−1
{
H;L1(B,C)

}
Σ(H;φ∗k, B, C,D)E−1

{
L1(H;B,C)

}
,
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where,

Σ(H;φ∗k, B, C,D) =

Var
{
PnL1(H;B,C)φ∗k − PnL2(H;B,C,D)

}
.

The variance covariance function above can be estimated consistently with:

P−1
n

{
L1(H; B̂, Ĉ)

}
Σ(H;φ∗k, B̂, Ĉ, D̂)P−1

n

{
L1(H; B̂, Ĉ)]

}
.

The theorem above provides us with the asymptotic distribution of the estimated

parameters α̂k and β̂k. For the proof of the theorem, see Section 3.9.

3.6 Simulation Studies

We evaluate the proposed method using a simulation study. The following generative model

simulates an observational study where the treatment at each time point is correlated

with past treatments and covariates. For each individual, data (X1, A1, ..., XT+1, YT+1)

are generated as follows:

X1 ∼ Normal(0, σ2),

A1 ∼ Uniform(0, 1);

For t ≥ 1,

Xt+1 ∼ Normal(η1Xt + η2At, σ
2),

At+1 ∼ Normal(τ1Xt+1 + τ2At, σ
2);

Yt+1 = θ1Xt + θ2At−1 − At(At − β0 − β1Xt) + εt+1,

where εt ∼ Normal(0, σ2) and the correlation between εt1 and εt2 for any t1, t2 ∈ {2, . . . , T+

1} is σ|t1−t2|/2. Here we assume that the data is observed starting from t = 1 and the

dosages have been transformed so that At ∈ A = R. (σ, θ1, θ2, η1, η2, τ1, τ2, β0, β1) are

predefined constants.

Notice that when St = Xt and θ2 = 0, assumption (3.12) is satisfied (Proofs are

provided in Section 3.9.6).Under the simulation setting above, the true value for the

lag 1 treatment effect is: τt,1(a, St) = −a2 + (β0 + β1St)a. We can prove that for

k ≥ 2, the lag k effect under this generative model also follows a quadratic form:

τt,k(a, St) = αka
2 + (βk,0a+ βk,1St)a (See Section 3.9 for details). In our simulation study,
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Table 3.1: Simulation results from 200 replicates for observational studies.

αk βk,0 βk,1
k n Bias1 SD1 SE1 CP Bias1 SD1 SE1 CP Bias1 SD1 SE1 CP

1 100 0.9 16.5 14.8 93.0 0.9 9.3 9.3 95.0 1.1 39.6 35.0 95.0
200 -0.4 11.1 10.4 93.5 0.3 6.8 6.3 91.0 -0.3 25.7 24.0 92.0
400 0.4 7.9 7.4 91.5 -0.1 4.5 4.3 92.0 -0.1 18.3 16.7 93.5

2 100 1.7 31.6 29.0 92.5 -1.0 23.0 22.3 93.0 -3.1 79.7 67.9 92.0
200 0.2 23.5 20.8 91.5 -0.3 16.5 15.7 93.5 -0.6 54.7 47.6 92.0
400 -1.8 14.5 14.7 95.5 0.7 11.8 11.1 92.5 -1.2 33.6 33.0 94.5

3 100 2.0 32.2 26.9 88.5 4.1 22.1 21.0 93.5 3.1 74.8 67.3 91.0
200 -3.3 19.6 18.9 94.5 0.6 15.3 14.6 92.0 5.8 50.5 45.6 91.5
400 1.0 15.9 13.4 89.5 0.7 10.6 10.2 93.0 -2.2 36.8 31.6 91.0

1 Note: These columns are in 10−3 scale
2 Note: SD refers to the standard deviation of the estimated parameters from 200 replicates, SE refers

to the mean of the estimated standard errors calculated by our covariance function, CP refers to the
coverage probability of the 95% confidence intervals calculated using the estimated standard errors.

3 Note: The worst case Monte Carlo standard error for proportions is 2.3%.

we take σ = 0.5, θ1 = 0.8, θ2 = 0, η1 = −0.2, η2 = 0.2, τ1 = 1, τ2 = −0.5, β0 = 0,

β1 = 2 and St = Xt. The true parameters for the lag 1, lag 2, lag 3 treatment effects

can thus be calculated: (α1, β1,0, β1,1) = (−1, 0, 2); (α2, β2,0, β2,1) = (−0.21, 0.16,−0.08);

(α3, β3,0, β3,1) = (−0.0125,−0.08,−0.03). The true parameters for the lag 3 weighted

advantage with w1 = w2 = w3 = 1/3 are (α̃3, β̃3,0, β̃3,1) = (−0.4075, 0.0267, 0.63).

We generate the dataset according to the above setting with T = 50 and sample size n =

100, 200, 400. Then we use the proposed method to estimate the treatment effects for lag 1, 2

and 3 when St = Xt. We use the Gaussian kernel KΛ(s) = (2π)−q/2|Λ|−1/2 exp(−sTΛs/2),

where q = 1 is the dimension of St, Λ is a q × q diagonal matrix with Λj,j = λ2
j . We take

λj = 0.305× n−1/3sd(St,j), j = 1, . . . , q. The simulation is replicated for 200 times with

each sample size. The estimation results are presented in Table 3.1.

As presented in Table 3.1, the proposed method was able to estimate the parameters

with small bias. Both the bias and the standard deviation of the estimated parameters

showed a tendency to decrease with the sample size increasing. The standard errors

estimated with our covariance function provided a close estimate of the standard deviation.

The 95% confidence intervals provided a coverage of the true parameters close to 95%

in most cases. However, the estimated standard errors tended to slightly underestimate

the standard deviation and thus leading to an under-coverage for the confidence intervals.

From the proof of Theorem 3.1 in the Section 3.9, we see that the variance of the
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Table 3.2: Estimated Parameters for Lag 3 Weighted Advantage from 200 Replicates

n α̃3 β̃3,0 β̃3,1 τ̃K(π̂optt , St)
100 -40.6 (2.1) 2.8 (1.1) 63.0(4.7) 64.7(0.27)
200 -40.9 (1.4) 2.7 (0.8) 63.3(3.2) 64.8(0.13)
400 -40.7 (1.1) 2.7 (0.5) 62.9(2.3) 64.9(0.06)

1 Note: Columns 2-4 are in 10−2 scale; column 5 is in 10−3

scale.
2 Note: The numbers in the parenthesis are the standard devi-

ations.
3 Note: The last column τ̃K(π̂opt

t , St) =
∑T

t=1 τ̃t,K(a =

π̂opt
t , St)/T .

Table 3.3: Simulation results from 200 replicates when θ2 = −0.1.

αk βk,0 βk,1
k n Bias1 SD1 SE1 CP Bias1 SD1 SE1 CP Bias1 SD1 SE1 CP

1 100 1.2 16.6 14.8 92.0 73.5 9.4 9.5 0.0 0.0 36.3 35.3 94.0
200 -0.4 11.1 10.4 92.0 71.7 7.2 6.3 0.0 0.5 26.0 24.1 92.5
400 1.5 7.9 7.4 93.0 71.5 4.5 4.3 0.0 -2.1 19.0 16.8 93.5

1 Note: These columns are in 10−3 scale
2 Note: SD refers to the standard deviation of the estimated parameters from 200 replicates, SE

refers to the mean of the estimated standard errors calculated by our covariance function, CP
refers to the coverage probability of the 95% confidence intervals calculated using the estimated
standard errors.

3 Note: The worst case Monte Carlo standard error for the non-zero proportions is 1.9%.

Table 3.4: Estimated Parameters for Lag 3 Weighted Advantage from 200 Replicates
When θ2 = −0.1

n α̃3 β̃3,0 β̃3,1 τ̃K(π̂optt , St)
100 -40.6 (2.1) 2.9 (1.1) 62.9(4.7) 63.9(0.46)
200 -40.9 (1.4) 2.7 (0.8) 63.3(3.2) 64.0(0.25)
400 -40.7 (1.0) 2.8 (0.5) 62.9(2.3) 64.1(0.17)

1 Note: Columns 2-4 are in 10−2 scale; column 5 is in 10−3

scale.
2 Note: The numbers in the parenthesis are the standard devi-

ations.
3 Note: The last column τ̃K(π̂opt

t , St) =
∑T

t=1 τ̃t,K(a =

π̂opt
t , St)/T .
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estimated parameters consist of two parts, the variance from the estimation equation and

the variance from the kernel estimation of the conditional expectation. The latter part of

the variance converges to 0 as n goes to infinity and is thus not included in the asymptotic

variance formula. However, when the sample size is not large enough, excluding this part

of the variance may lead to underestimation of the variance, which was supported by the

simulation results.

Table 3.2 presents the average of the estimated parameters for the lag 3 weighted

advantage with w1 = w2 = w3 = 1/3 from 200 replicates for each sample size. For each

replicate, we obtain the estimated optimal treatment regime at time t: π̂optt = − ˆ̃βTKSt/(2ˆ̃αK)

and calculate the lag 3 weighted advantage of this suggested treatment regime. The lag

3 weighted advantage is calculated on a test dataset with 5000 subjects each with

observations from time t = 1, . . . , T + 3 (We generated extra two time points for the

purpose of evaluating the lag 3 weighted advantage for time t = T − 1 and T ). Table

3.2 presents the mean and standard deviation of the average lag 3 weighted advantage

across time,
∑T

t=1 τ̃t,K(a = π̂optt , St)/T . The average lag 3 weighted advantage of the true

optimal treatment regime
∑T

t=1 τ̃t,K(a = πoptt , St)/T is 65.0× 10−3. As the result shows,

the treatment regimes estimated by the proposed method was close to optimal.

In order to see how the model performs when assumption (3.12) is not satisfied, we

take the same parameters except that θ2 = −0.1. When St = Xt, assumption (3.12)

is not satisfied for k = 1 under this setting (see Section 3.9.6 for details). The true

parameters for k = 1 under this setting are still (α1, β1,0, β1,1) = (−1, 0, 2). The result

of the simulation for k = 1 is presented in Table 3.3. The estimated parameters for β1,0

were biased using the proposed estimation equation, thus leading to wrong statistical

inference of the parameters. Since for k = 2, 3, assumption (3.12) is still satisfied, the

result remained unbiased. The estimated parameters for k = 2, 3 under this setting are

presented in Section 3.9.7. In Table 3.3, we also present the lag 3 weighted advantage

of the optimal treatment regime estimated by the biased estimation equation, where

w = (1/3, 1/3, 1/3). The actual lag 3 weighted advantage of the optimal treatment regime

is 64.7 × 10−3. In this particular setting, the recommended treatment regime was still

close to optimal. However, when a different w is taken, it might not be the case. One

solution to the bias is to include more information in St. Under this specific setting, it

is trivial to prove that Yt+k, At|Xt, At−1. Therefore, by taking St = (Xt, At−1), we could

obtain unbiased estimates of the parameters using the same estimation equation. The

estimated results are given in Section 3.9.7.
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3.7 Type 1 Diabetes Data Analysis

According to American Diabetes Association, there are approximately 1.25 million Ameri-

can adults and children with type 1 diabetes in the United States in year 2015. Large

intervention trials have shown that hyperglycemia among diabetes patients could be better

managed by a tight glycemic control (Torrent-Fontbona and López 2018). Rapid-reacting

insulin are frequently used for diabetes patients before meals to prevent hyperglycemia

events. However, the patients under the insulin therapies may be constantly under the risk

of hypoglycemia or hyperglycemia due to overdosing or underdosing. Mobile technologies

can be used to collect data on physical activity, glucose, and insulin of the patients and

thus facilitates the dose adjustments to prevent adverse events (Maahs et al. 2012). How-

ever, there is a lack of literature on methodologies for providing dose suggestions which

aims at maximizing short-term outcomes based on data collected by mobile applications.

We apply our method to the Ohio type 1 diabetes dataset collected by Marling and

Bunescu (2018) to estimate the lagged treatment effects of the doses and provide dose

suggestions which maximize the weighted advantage.

This dataset contains six patients, each with eight weeks of data, including: continuously

monitored blood glucose; insulin dosages, including rapid reacting insulin taken before

meals (bolus insulin doses), and long-term insulin infused continuously through out the

day (basal insulin doses); sensor-collected physiological measurements including heart rate,

body temperature and steps; and self-reported life-events including carbonhydrates intake

and exercises. Through exploratory analysis, we found that each patient has distinct

patterns in recorded covariates and blood glucose fluctuations. Therefore, we illustrate

with the data of one of the patients and assume that the data from each day of this

patient are independent from each other. Results for the other patients will be presented

in Table 3.8 in Section 3.9. Figure 3.1 provides a visualisation of 7 days of 3 patients

recorded data.

There are 54 days of data available. We further take the first 44 days as the training

data and the last 10 days as the testing data. Thus n = 44 for the training dataset.

We summarize the measurements every 30 minutes, resulting in T = 48 time intervals

each day. For each 30-minute time interval, the covariates we consider include total

carbonhydrates intake, planned total carbonhydrates intake in the next time interval,

average glucose level, average heart rate, basal insulin level. We denote these covariates

as: Xt = (Carbt, Carb-Plannedt, Glucoset,Heartratet,Basalt)
T . Since education of meal

planning is typically incorporated as a part of the insulin therapy for diabetes patients

(Bantle et al. 2008), we assume that all the carbonhydrates intake within 30 minutes are
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Figure 3.1: Data of 3 Patients for 7 Days
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planned ahead of time and the actual carbonhydrates intake is the same as the planned

intake: Carb-Plannedt = Carbt+1. The treatment At is the total bolus injection within

the time interval from t− 1 to t. Let Amax be the maximal observed dose across all days

and time. We estimate A with the interval [0, Amax]. The outcome Yt is taken to be the

average of the index of glycemic control (IGC) between time t− 1 and t calculated by:

IGC = −I(G < 80)|80−G|2

30
− I(G > 140)|G− 140|1.35

30
,

where G is the blood glucose level measured in mg/dL (See Rodbard (2009) for var-

ious criterias for glycemic control evaluation). Higher Yt indicates a better glycemic

control within the time interval. We take St = (XT
t , Basal-4-8-hourt, At−1)

T , where

Basal-4-8-hourt =
∑15

l=8 Basalt−l/8. These covariates are chosen because they are signifi-

cantly correlated with At with exploratory analysis. To support assumption (3.12), it is

preferable to include all covariates that are correlated with At into St. We predict the

treatment effect of the dosage within two hours, k = 1, 2, 3, 4. For predicting the causal

effect, we take g(St) = (Carbt,Carb-Plannedt,
∑15

k=8 Basalt−k/8, At−1). Thus the model

for the lag k causal effect can be written as:

τk(a, St) =

αka
2 + (βk,0 + βk,1Carbt + βk,2Carb-Plannedt + βk,3Basal-4-8-hourt + βk,4At−1)a.

When the proposed method is applied, we still use Gaussian kernel. The bandwidth Λ is

chosen to be a q× q diagonal matrix with Λj,j = λ2
j and λj = 0.305× n−1/8sd(St,j), where

j = 1, ..., q and q = 7.

Table 3.5: Estimated variables with the Ohio type 1 diabetes dataset

k 1 2 3 4 Weighted
αk (×10−2) -12.7(9.0) -20.6(14.8) -13.7(12.8) -5.2(12.1) -13.0(11.0)
βk,0 (×10−1) 15.8(8.2) 45.6(14.7) 50.0(11.1) 33.8(17.8) 36.9 (10.9)
βk,1 (×10−3) 21.8(10.8) 17.4(15.5) 15.3(18.7) 25.3(20.3) 15.2 (13.7)
βk,2 (×10−3) 25.1(10.1) 18.8(13.8) 8.8(14.5) 6.5(16.5) 13.8(11.9)
βk,3 (×10−1) -15.6(9.7) -40.5(14.8) -47.4(12.5) -35.2(18.7) 34.9(11.8)
βk,4 (×10−2) -6.1(11.6) -15.4(19.6) -8.2(24.9) -14.3(25.8) -9.1(18.3)
1 Note: The numbers in the parenthesis are the estimated standard errors calculated

by the covariance formula.
2 Note: The last column presents the estimated parameters for the lag 4 weighted

advantage with w1 = w2 = w3 = w4 = 1/4.
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The estimated parameters are presented in Table 3.5. The numbers in the parenthesis

are the estimated standard errors for the parameters based on our covariance function. Thus

the optimal treatment would be the one which maximizes the expected weighted advantage

for the next two hours. The estimated parameters αk are negative for k = 1, 2, 3, 4 resulting

in a negative value for the estimated α̃K . Thus, the optimal treatment regime at time t

can be estimated by π̂optt = −{ ˆ̃βTKSt}/(2ˆ̃αK) when −{ ˆ̃βTKSt}/(2ˆ̃αK) ∈ [0, Amax]; 0 when

−{ ˆ̃βTKSt}/(2ˆ̃αK) < 0; Amax when −{ ˆ̃βTKSt}/(2ˆ̃αK) > Amax. Since ˆ̃αK < 0, the parameters
ˆ̃βK,j can be interpreted as the units of increase in optimal insulin with −2α̃K extra units

in the St,j had the other covariates held constant. The results implied that the optimal

dose should increase when the carbonhydrates intake is higher over the last half an hour

or in the next half an hour ( ˆ̃βK,1,
ˆ̃βK,2 > 0); the optimal dose should decrease when the

average basal insulin rate 4 to 8 hours ago was higher or the dose in the last half an hour

was higher ( ˆ̃βK,3,
ˆ̃βK,4 < 0). These results are consistent with the fact that carbonhydrates

intake increases the blood glucose and past insulin injections lower the blood glucose. The

most significant effects estimated in the result were Carb-Plannedt and At−1. We then

estimate the lag K weighted advantage on the test dataset using the estimated parameters

ˆ̃τt,K(a, St) = ˆ̃αKa
2 + ˆ̃βKg(St). The mean of the estimated average lag 4 weighted advantage∑T

t=1 τ̃t,K(a, St)/T is 0.63 for the suggested treatment regime and 0.13 for the original

doses. If the model was correct, this method could be used to provide dose suggestions

which enhance the stability of the blood glucose for diabetes patients within a short time

period.

3.8 Discussion and Conclusion

In this chapter, we defined the lag k treatment effects for continuous treatments following

the framework by Boruvka et al. (2018). Nonparametric structural nested models with a

quadratic form are used for estimating the causal effects of continuous treatments based

on mobile health data. We also defined the weighted lag K advantage to measure the effect

of the treatments within a short time period in the future. The optimal treatment regime

is defined to be the one which maximizes this advantage. The proposed method provides

dose suggestions which maximizes short-term outcome. The semiparametric model is

robust against model misspecification. Compared to other infinite horizon methods where

stationarity or Markovian property is required, this method imposes minimal assumptions

on the data generating process. Statistical inference was also be provided for the estimated

parameters. The simulation studies showed that the method was capable of estimating

the parameters accurately and the variance could be approximated comparatively well
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with our covariance function. The estimated treatment regime was close to maximize the

weighted lag K advantage. Application to the Ohio type 1 diabetes dataset showed that

this method could provide meaningful insights for dose suggestions based on observed

history of the patients. In practice, to ensure the unbiasedness of proposed estimation

equation, it is essential to include all confounders which influence both At and Yt+k into

St.

The proposed method is an extension of Boruvka et al. (2018)’s method to continuous

dose settings. However, there are several major differences in our works. First, although

both works are under the mobile health setting, our work actually addresses a different

research question. Boruvka et al. (2018)’s method deals with binary interventions and

assumes that the data come from micro-randomized trials where the conditional density

of the treatment given the covariate history p(At|Ht) is known. The type of treatments

considered for these trials are mobile interventions such as sending alerts or reminders.

However, micro-randomized trials are not available when the treatment options are actual

medications, considering the ethical issue and the infeasibility of enforcing drug usage

through mobile apps. Therefore, Boruvka et al. (2018)’s estimation method is not directly

applicable in this case. Under our setting, the mobile application functions as strategy

recommendation system based on health tracking data rather than an intervention party.

Second, although both our estimation equations are conditional on a summary statistics

St of the full past history Ht, the motivations behind this approach are different. Boruvka

et al. (2018) aim to address specific scientific questions by conditioning on subgroups of

the subjects, while our interest lies in estimating the exact lag k treatment effect given

the full history, but basing the estimation equations only on factors which are influential

to the treatment effects and the actual treatment decision process. Conditioning on St

also allows a time-invariant dynamic treatment regime π1(·) = π2(·) = · · · = πT (·) which

can be applied to data with infinite horizons. The complexity of the suggested optimal

dosage would not increase tremendously as T increases since the dimension of St is fixed.

Notice that assumption (3.12) is a weaker assumption than the stationarity assumption

and the Markovian assumption typically used in decision making literature under infinite

horizon. Third, we defined the proximal advantage, which is a concept that has not been

proposed in previous research works. This definition allows decision making strategies

under the mobile health setting where the goal is to optimize an outcome (or minimize

the possibility of adverse events) in a short term. The proposed work fills the research

gap of methodologies on sequential decision making for the purpose of optimizing short

term outcomes.

One drawback of this method is that it is not applicable when the dimension of St
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gets large due to the nonparametric nature of the kernel estimation. From the real data

application, we also noticed that this method tend to suggest none-zero doses for all time

points which would not be feasible for patients to do manually in reality. In addition, a

slight underestimate of the quadratic effects of the doses may lead to a large overestimate

of the optimal dose due to the form of the suggested treatment regime. Possible future

work would include extending the method to avoid overestimation in doses. The proposed

method is also limited to estimating the causal effect of a one-time change in the treatment

history. Estimating the cumulative treatment effects if all future treatments follow the

suggested treatment regime would be the direction for our future research.
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3.9 Proof and Additional Results

3.9.1 Proof of Equation (3.7)

First, for the first term in equation (3.7), we can derive:

E
[
Yt+k(Āt−1, a, A

at=a
t+1 , . . . , A

at=a
t+k−1)|Ht(Āt−1)

]
= E

[
Yt+k(Āt−1, a, A

at=a
t+1 , . . . , A

at=a
t+k−1)|Ht(Āt−1), At = a

]
= E

[
Yt+k(Āt−1, At, A

at=a
t+1 , . . . , A

at=a
t+k−1)|Ht(Āt−1), At = a

]
= E

[
E
{
Yt+k(Āt−1, At, A

at=a
t+1 , . . . , A

at=a
t+k−1)|Ht(Āt−1), At = a,At+1 = Aat=at+1 , . . . ,

At+k−1 = Aat=at+k−1

}
|Ht(Āt−1), At = a

]
= E

[
E
{
Yt+k|Ht(Āt−1), At = a,At+1 = Aat=at+1 , . . . , At+k−1 = Aat=at+k−1

}
|Ht(Āt−1), At = a

]
= E

[
Yt+k|Ht(Āt−1), At = a

]
= E

[
Yt+k|Ht, At = a

]
,

where the first equation is based on the sequential ignorability assumption; The second,

the third and the fifth equations are based on the property of the conditional expectation;

The fourth and the last equations are based on the consistency assumption. Equation

(3.7) can thus be proved.

3.9.2 Proof of Equation (3.13)

We need to show that under assumptions (3.8) and (3.12) :

E

[{
d(At, St)− E(d(At, St)|St)

}
×
{
Ut+k − E(Ut+k|St)

}]
= 0.

By the property of conditional expectation, it is trivial to obtain that:

E
[{
d(At, St)− E(d(At, St)|St)

}
× E(Ut+k|St)

]
= E

(
E

[{
d(At, St)− E(d(At, St)|St)

}
× E(Ut+k|St)

∣∣∣∣∣St
])

= E
[
E
{
d(At, St)|St

}
− E

{
d(At, St)|St)

}
× E(Ut+k|St)

]
= 0.
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Thus Equation (3.13) is equivalent to: E
[{
d(At, St)− E(d(At, St)|St)

}
× Ut+k

]
= 0. By

the property of conditional expectation, it is sufficient to show that:

E
[{
d(At, St)− E(d(At, St)|St)

}
× Ut+k

∣∣∣St] = 0,

which is equivalent to:

E
[
d(At, St)Ut+k|St

]
= E

[
d(At, St)|St

]
E
[
Ut+k|St

]
. (3.14)

From the definition of Ut+k, we can obtain that:

Ut+k = Yt+k − τk(At, a0, St).

With consistency assumption, Yt+k = Yt+k(Āt−1, a = At, A
a=At
t+1 , . . . , Aa=At

t+k−1). Thus,

Ut+k = Yt+k(Āt−1, at = At, A
at=At
t+1 , . . . , Aat=At

t+k−1)− τk(At, a0, St).

By the consistency assumption , it is trivial to prove that St(Āt−1) = St

E(Ut+k|St, At) = E

[
Yt+k(Āt−1, at = At, A

at=At
t+1 , . . . , Aat=At

t+k−1)− τk(At, a0, St)|St(Āt−1), At

]

= E

[
Yt+k(Āt−1, at = At, A

at=At
t+1 , . . . , Aat=At

t+k−1)− E
{
Yt+k(Āt−1, at = At, A

at=At
t+1 , . . . , Aat=At

t+k−1)−

Yt+k(Āt−1, at = a0, A
at=a0
t+1 , . . . , Aat=a0

t+k−1)
∣∣∣Ht(Āt−1), At

}∣∣∣St(Āt−1), At

]
.

We first take the conditional expectation with respect to Ht(Āt−1), At. Then the first

term and the second term are both

E{Yt+k(Āt−1, at = At, A
at=At
t+1 , . . . , Aat=At

t+k−1)|Ht(Āt−1), At}

and can be canceled. Thus the right side of the above equation is equal to:

E
[
E{Yt+k(Āt−1, at = a0, A

at=a0
t+1 , . . . , Aat=a0

t+k−1)|Ht(Āt−1), At}|St(Āt−1), At

]
= E

[
Yt+k(Āt−1, at = a0, A

at=a0
t+1 , . . . , Aat=a0

t+k−1)|St(Āt−1), At

]
= E

[
Yt+k(Āt−1, at = a0, A

at=a0
t+1 , . . . , Aat=a0

t+k−1)|St(Āt−1)
]
,
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where the last equation is based on assumption (3.12). Therefore,

E(Ut+k|St, At) = E
[
Yt+k(Āt−1, at = a0, A

at=a0
t+1 , . . . , Aat=a0

t+k−1)|St(Āt−1)
]

Take expectation with respect to St for both sides, we obtain that:

E(Ut+k|St) = E
[
Yt+k(Āt−1, at = a0, A

at=a0
t+1 , . . . , Aat=a0

t+k−1)|St(Āt−1)
]

= E(Ut+k|St, At).

Therefore,

E
[
d(At, St)Ut+k|St

]
= E

[
E{d(At, St)Ut+k|St, At}

∣∣∣St]
= E

[
d(At, St)E{Ut+k|St, At}

∣∣∣St]
= E

[
d(At, St)E{Ut+k|St}

∣∣∣St]
= E

{
d(At, St)|St

}
E
{
Ut+k|St

}
.

Thus Equation (3.14) can be proved. Therefore, Equation (3.13) is proved.

3.9.3 Proof of Theorem 3.1

First of all,

√
n(φ̂k − φ∗k)

=

[
PnL1(H; B̂, Ĉ)

]−1[
√
nPn

{
L2(H; B̂, Ĉ, D̂)− L1(H; B̂, Ĉ)φ∗k

}]
.

The second part on the right side can be written as:

√
nPn

{
L2(H; B̂, Ĉ, D̂)− L1(H; B̂, Ĉ)φ∗k

}
=
√
n
[
Pn{L2(H; B̂, Ĉ, D̂)− L1(H; B̂, Ĉ)φ∗k} − Pn{L2(H;B,C,D)− L1(H;B,C)φ∗k}

]
+
√
n
[
Pn{L2(H;B,C,D)− L1(H;B,C)φ∗k} − E{L2(H;B,C,D)− L1(H;B,C)φ∗k}

]
.
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Therefore, to prove Theorem 3.1, it is enough to show the following three equations:

PnL1(H; B̂, Ĉ)
p−→ E[L1(H;B,C)], (3.15)

√
n
[
Pn{L2(H; B̂, Ĉ, D̂)− L1(H; B̂, Ĉ)φ∗k} − Pn{L2(H;B,C,D)− L1(H;B,C)φ∗k}

]
= op(1) (3.16)

√
n
[
Pn{L1(H;B,C)φ∗k − L2(H;B,C,D)} − E{L1(H;B,C)φ∗k − L2(H;B,C,D)}

]
d−→ N

{
0,Σ(φ∗k;B,C,D)

}
. (3.17)

Then with Slutsky’s theorem, we can obtain that
√
n(φ̂k−φ∗k) converges in distribution

to a mean zero normal random vector with variance-covariance matrix given by:

E−1
{
L1(H;B,C)

}
Σ(H;φ∗k, B, C,D)E−1

{
L1(H;B,C)

}
.

Proof of Equation (3.15)

First, we can obtain:

PnL1(H; B̂, Ĉ)− E[L1(H;B,C)]

= {PnL1(H; B̂, Ĉ)− PnL1(H;B,C)}+ {PnL1(H;B,C)− E[L1(H;B,C)]}

The second part on the right is op(1) by the law of large numbers. Therefore, we just

need to prove that the first part is op(1). With Taylor expansion and the mean value

theorem, we can obtain: ∣∣∣PnL1(H; B̂, Ĉ)− PnL1(H;B,C)
∣∣∣

=
∣∣∣Pn{∂L1(H;B,C)

∂B

∣∣∣
B′

(B̂ −B) +
∂L1(H;B,C)

∂C

∣∣∣
C′

(Ĉ − C)
}∣∣∣

≤
∣∣∣Pn{∂L1(H;B,C)

∂B

∣∣∣
B′

(B̂ −B)
}∣∣∣+

∣∣∣Pn{∂L1(H;B,C)

∂C

∣∣∣
C′

(Ĉ − C)
}∣∣∣

for some B′ between B̂ and B, and C ′ between Ĉ and C.

∣∣∣Pn{∂L1(H;B,C)

∂B

∣∣∣
B′

(B̂ −B)
}∣∣∣ ≤ Pn

∣∣∣∣∣∂L1(H;B,C)

∂B

∣∣∣
B′

∣∣∣∣∣ sup
s∈S

∣∣∣B̂ −B∣∣∣ (3.18)
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Notice that:

E

∣∣∣∣∣∂L1(H;B,C)

∂Bt

∣∣∣
B′

∣∣∣∣∣
= E

(
2|B′t − A2

t | |Ct − At|fk(St)
|Ct − At|fk(St) 0

)

By assumption 3.3, we can obtain that E{|Ct−At|fk(St)} <∞. Furthermore, E|B′t−A2
t | ≤

E|B′t −Bt|+ E|Bt − A2
t | ≤ E|B̂t −Bt|+ E|Bt − A2

t |. By assumption 3.3, we can obtain

that E{Bt − A2
t} <∞. Thus, If we can prove that:

sup
s
|B̂t(s)−Bt(s)| = op(1), (3.19)

then E
∣∣∣∂L1(H;B,C)

∂B
|B′
∣∣∣ <∞. Since

Pn

∣∣∣∣∣∂L1(H;B,C)

∂B

∣∣∣
B′

∣∣∣∣∣ p−→ E

∣∣∣∣∣∂L1(H;B,C)

∂Bt

∣∣∣
B′

∣∣∣∣∣,
we obtain that:

Pn

∣∣∣∣∣∂L1(H;B,C)

∂B

∣∣∣
B′

∣∣∣∣∣ = Op(1).

Together with Equation (3.19), we obtain that the right side of Equation (3.18) is op(1).

Similarly, if we can prove that:

sup
s
|Ĉt(s)− Ct(s)| = op(1), (3.20)

and we can obtain:

Pn

∣∣∣∣∣∂L1(H;B,C)

∂C

∣∣∣
C′

(Ĉ − C)

∣∣∣∣∣ = op(1).

Then we can obtain that:∣∣∣PnL1(H; B̂, Ĉ)− PnL1(H;B,C)
∣∣∣ = op(1).

Together with PnL1(H;B,C)− E[L1(H;B,C)]
p−→ 0 by the law of large numbers, we can

finish the proof for equation (3.15).

Below, we prove equation (3.20). Proof of equation (3.19) can be derived similarly. First,

let the density of St be fSt and f̂St(s) = {
∑n

i=1Kλ(s− Sit)}/n. Write Ĉt(s) as: Ĉt(s) =
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Ĉt,1(s)/f̂St(s), where Ĉt,1(s) = {
∑n

i=1A
i
tKλ(s − Sit)}/n. Also let Ct,1(s) = Ct(s)fSt(s),

then:

sup
s
|Ĉt(s)− C(s)| = sup

s
|Ĉt,1(s)

f̂St(s)
− Ct,1(s)

fSt(s)
| =

sup
s

∣∣∣{Ĉt,1(s)− Ct,1(s)
}
fSt(s)− Ct,1(s)

{
f̂St(s)− fSt(s)

}
f̂St(s)fSt(s)

∣∣∣
≤ sup

s

∣∣∣Ĉt,1(s)− Ct,1(s)

f̂St(s)

∣∣∣+ sup
s

∣∣∣Ct,1(s)
{
f̂St(s)− fSt(s)

}
f̂St(s)fSt(s)

∣∣∣.
Under the boundedness of Ct,1(s) and the assumption that pSt(s) is uniformly bounded

away from 0, it suffices to show that:

sup
s
|Ĉt,1(s)− Ct,1(s)| → 0 (3.21)

sup
s
|f̂St(s)− fSt(s)| → 0 (3.22)

We demonstrate the proof for equation (3.21). Equation (3.22) can be proved similarly.

First notice:

sup
s
|Ĉt,1(s)− Ct,1(s)| ≤ sup

s
|Ĉt,1(s)− E{Ĉt,1(s)}|+ sup

s
|E{Ct,1(s)} − Ct,1(s)| (3.23)

We prove the uniform convergence of the two parts on the right separately. First, we

obtain:

E{Ĉt,1(s)} = E{AtKΛ(s− St)}

=

∫
at

∫
st

atKΛ(s− st)fAt|St(at|st)fSt(st)dstdat

=

∫
st

Ct(s)|Λ−1/2|K
(
Λ−1/2(s− st)

)
fSt(st)dst.

Let v = Λ−1/2(s− st), then st = s− Λ1/2v. Let Vs = {v : s− Λ−1/2v ∈ S}, then the
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above equation is equal to:∫
Vs
Ct(s− Λ1/2v)K(v)fSt(s− Λ1/2v)dv

=

∫
Vs

{
Ct(s)− vTΛ1/2Ċt(s

′)
}
K(v)

{
fSt(s)− vTΛ1/2ḟSt(s

′′)
}
dv

= Ct(s)fSt(s)
{∫
Vs
K(v)dv

}
−
{
Ct(s)ḟSt(s

′′)T + fStĊt(s
′)T
}

Λ
1
2

{∫
Vs
vK(v)dv

}
,

where the first equation above is obtained by Taylor expansion; s′ and s′′ are vectors

on the segment connecting s and St; for any function g(s), ġ(s) = ∂g(s)/∂s. From the

assumptions, Λ → 0 as n → ∞, thus infs Vs → S. infs{
∫
Vs K(v)dv} = 1 − O(Λ1/2).∫

Vs vK(v)dv ≤
∫
S vK(v) = O(1). Thus E{Ĉt,1(s)} = Ct,1(s) + O(Λ1/2). Next, we prove

the uniform convergence of the first part of equation (3.23).

sup
s
|Ĉt,1(s)− E{Ĉt,1(s)}|

= sup
s
| 1
n
{

n∑
i=1

AitKΛ(s− Sit)} − E{AitKΛ(s− Sit)}|

= sup
s

∣∣∣ ∫
st

Ct(st)|Λ−
1
2 |K

(
Λ−

1
2 (s− st)

)
d
{
Fn(st)− F (st)

}∣∣∣,

where Fn(st) and F (st) denote the empirical cumulative distribution and the cumulative

distribution of St. Then with integration by part, the above equation is less or equal to:

|Λ−
1
2 | sup

s,st

∣∣∣Ct(st)K(Λ− 1
2 (s− st)

){
Fn(st)− F (st)

}∣∣∣
+ sup

s

∣∣∣ ∫
S

[{
Fn(st)− F (st)

}
dCt(st)K

(
Λ−

1
2 (s− st)

)]∣∣∣
≤ ξ1|Λ−

1
2 | sup

st

|Fn(st)− F (st)|,

where ξ is a constant and the last inequality can be derived by the assumption for

the boundedness of Ct(st) and K(·). By lemma 2.1 of Schuster et al. (1969), we obtain
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that:PSt{supst |Fn(st)− F (st)| > ε} ≤ ξ2 exp(−2nε2). Then:

P (sup
s
|Ĉt,1(s)− E{Ĉt,1(s)}| > ε)

≤ P (ξ1|Λ−
1
2 | sup

st

|Fn(st)− F (st)| > ε)

= P (sup
st

|Fn(st)− F (st)| >
ε|Λ 1

2 |
ξ1

)

≤ ξ2 exp(−2nε2|Λ|
ξ2

1

)

Thus, if 2n|Λ| → ∞ as n → ∞, then the first part of equation (3.23) converges to 0.

Equation (3.21) is then proved. With similar proof for equation (3.22), we can obtain

formula (3.20). This ends the proof for formula (3.15).

Proof of Equation (3.16)

First we write the left side of the equation as:

√
nPn

[{
L2(H; B̂, Ĉ, D̂)− L1(H; B̂, Ĉ, D̂)φ∗k

}
−
{
L2(H;B,C,D)− L1(H;B,C,D)φ∗k

}]

=
√
nPn

[ T−k+1∑
t=1

{M̂t,1M̂t,2 −Mt,1Mt,2}
]

=
T−k+1∑
t=1

√
nPn

[
{Mt,1(M̂t,2 −Mt,2) +Mt,2(M̂t,1 −Mt,1) + (M̂t,1 −Mt,1)(M̂t,2 −Mt,2)}

]
,

where,

M̂t,1 =

(
A2
t − B̂t(St)

{At − Ĉt(St)}gk(St)

)

M̂t,2 = Yt+k − D̂t(St)−

(
A2
t − B̂t(St)

{At − Ĉt(St)}gk(St)

)T

φ∗k

Mt,1 =

(
A2
t −Bt(St)

{At − Ct(St)}gk(St)

)

Mt,2 = Yt+k −Dt(St)−

(
A2
t −Bt(St)

{At − Ct(St)}gk(St)

)T

φ∗k.
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Thus, it is sufficient to show that:

√
nPnMt,1(M̂t,2 −Mt,2) = op(1) (3.24)
√
nPnMt,2(M̂t,1 −Mt,1) = op(1) (3.25)

√
nPn(M̂t,1 −Mt,1)(M̂t,2 −Mt,2) = op(1) (3.26)

We first prove equation (3.24). Let Gt,1 = A2
t −Bt(St), Gt,2 = {At−Ct(St)}fk(St), Gt,3 =

Yt+k −Dt(St) and Ĝt,1 = A2
t − B̂t(St), Ĝt,2 = {At − Ĉt(St)}fk(St), Ĝt,3 = Yt+k − D̂t(St).

Then equation (3.24) can be written as:

√
nPn

(
Gt,1

Gt,2

){
Ĝt,3 −Gt,3 +

(
Ĝt,1 −Gt,1

Ĝt,2 −Gt,2

)T

φ∗k

}
= op(1)

Therefore, it is equivalent to show all the following equations :

√
nPnGt,1{Ĝt,3 −Gt,3} = op(1)
√
nPnGt,2{Ĝt,3 −Gt,3} = op(1)
√
nPnGt,1{Ĝt,1 −Gt,1} = op(1)
√
nPnGt,2{Ĝt,2 −Gt,2} = op(1)
√
nPnGt,1{Ĝt,2 −Gt,2} = op(1)
√
nPnGt,2{Ĝt,1 −Gt,1} = op(1) (3.27)

We show the proof of the last equation above. The rest of the equations can be proved

similarly. First write it as:

√
nPnGt,2{Ĝt,1 −Gt,1}

= −
√
nPn{At − Ct(St)}{B̂t(St)−Bt(St)}

Let B̂t,1(s) =
∑n

j=1A
j
t

2
KΛ(Sjt − s)/n, Bt,1(s) = Bt(s)fSt(s). Then B̂t(s) = B̂t,1(s)/f̂St(s).

If we can obtain that

lim
n→∞

Var
{√

n|Λ1/2|
(
B̂t,1(s)−Bt(s)f̂St(s)

)}
<∞, (3.28)

then from appendix B.1 of Zhu et al. (2019), we obtain that: under the assumptions:√
n|Λ1/2|

(
B̂t,1(s)−Bt(s)f̂St(s)

)
converge in distribution to a mean 0 normal distribution.

Together with equation 3.22 and the assumption that fSt(s) is bounded away from 0, we
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can obtain that, √
n|Λ| 12{B̂t(St)−Bt(St)}

=

√
n|Λ| 12

{B̂t,1(St)−Bt(St)f̂St(St)

fSt(St)

}
+ op(1)

=

√
n|Λ| 12

{ 1

n

n∑
j=1

B̃j
t (St)KΛ(Sjt − St)

}
+ op(1)

where B̃j
t (s) = {A2

t − E(A2
t |St = s)}/fSt(s).

Then:

√
nPnGt,2{Ĝt,1 −Gt,1}

= −
√
nPn{At − Ct(St)}{B̂t(St)−Bt(St)}

= − 1

n

√
|Λ 1

2 |

n∑
i=1

{
Ait − Ct(Sit)

}[√
n|Λ 1

2 |
{
B̂t(S

i
t)−Bt(S

i
t)}
]

= − 1

n

√
|Λ 1

2 |

n∑
i=1

{
Ait − Ct(Sit)

}[√
n|Λ 1

2 |
{ 1

n

n∑
j=1

B̃j
t (S

i
t)KΛ(Sjt − Sit)

}
+ op(1)

]

= −
√
n

n2

n∑
i=1

{
Ait − Ct(Sit)

}{ n∑
j=1

B̃j
t (S

i
t)KΛ(Sjt − Sit)

}
+ op(1)

= −
√
n

n2

n∑
i=1

n∑
j=1

{
Ait − Ct(Sit)

}
B̃j
t (S

i
t)KΛ(Sjt − Sit) + op(1)

The third equation above is based on

√
n|Λ 1

2 | → ∞ and
√
n
n

∑n
i=1(A

i
t − Ct(Sit))

d−→
N(0, E{Var(At|St}). Thus we just need to prove that the first term is op(1). The first

term above is a
√
n times a U-statistic plus an op(1) term when written as:

√
n

n2

n∑
j=1

∑
i<j

[
B̃j
t (S

i
t)KΛ(Sjt − Sit){Ait − Ct(Sit)}+ B̃i

t(S
j
t )Kλ(S

j
t − Sit)

{
Ajt − Ct(S

j
t )
}]

+
1

n

[√
n

n

n∑
i=1

B̃i
t(S

i
t)
{
Ait − Ct(Sit)

}]
.

The second term above is op(1) because of the law of large numbers. The expectation
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of the U-statistics is equal to :

n− 1

n
E
[
B̃j
t (S

i
t)KΛ(Sjt − Sit)

{
Ait − Ct(Sit)

}]
=
n− 1

n
E
[Ajt 2 − E(A2

t |St = Sit)

fSt(S
i
t)

KΛ(Sjt − Sit)
{
Ait − E(At|St = Sit)

}]
=
n− 1

n
E

(
E
[{
Ait − E(At|St = Sit)

}∣∣∣Sit , Ajt , Sjt ]Ajt 2 − E(A2
t |St = Sit)

fSt(S
i
t)

Kλ(S
j
t − Sit)

)
= 0.

By the properties of U-statistics, the variance of
√
n times the U-statistics converge

to:

Var
{
E
[
B̃j
t (S

i
t)KΛ(Sit − S

j
t ){Ait − Ct(Sit)}+ B̃i

t(S
j
t )KΛ(Sjt − Sit){A

j
t − Ct(Sit)}

∣∣∣Sit , Ait]}.
We can obtain:

E
[
B̃j
t (S

i
t)KΛ(Sjt − Sit){Ait − Ct(Sit)}+ B̃i

t(S
j
t )Kλ(S

i
t − S

j
t ){A

j
t − Ct(S

j
t )}
∣∣∣Sit , Ait]

= E
[
B̃j
t (S

i
t)KΛ(Sjt − Sit){Ait − Ct(Sit)}|Sit , Ait

]
= E

[
{Ajt

2 −Bt(S
i
t)}KΛ(Sjt − Sit)|Sit , Ait

]Ait − Ct(Sit)
fSt(S

i
t)

From calculation in section 3.9.3, we can obtain that:

sup
s
|E{Ajt

2
KΛ(Sjt − s)} −Bt(s)fSt(s)| = O(|Λ

1
2 |)

sup
s
|E{KΛ(Sjt − s)} − fSt(s)| = O(|Λ

1
2 |).

Thus,

E
[
{Ajt

2 −Bt(S
i
t)}KΛ(Sjt − Sit)|Sit , Ait

]
≤ ξ3|Λ|

1
2

for some constant ξ3. Thus,

Var
{
E
[
B̃j
t (S

i
t)KΛ(Sit − S

j
t ){Ait − Ct(Sit)}+ B̃i

t(S
j
t )KΛ(Sjt − Sit){A

j
t − Ct(Sit)}

∣∣∣Sit , Ait]}
≤ ξ2|Λ|Var{A

i
t − Ct(Sit)
fSt(S

i
t)
}

Then as long as Var{(Ait−Ct(Sit))/fSt(S
i
t)} <∞, the variance of the U-statistics converges
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to 0. Since we assumed that fSt(s) is bounded away from 0 and E(A2
t |St = Sit) <∞, this

conditional can be satisfied. Thus, both the expectation and the variance of the
√
n times

the U-statistics converge to 0, so
√
n times the U-statistic converges in probability to 0.

Thus equation (3.27) can be proved. With similar proof for the other equations above

equation (3.27), we can obtain equation (3.24). Equation (3.25) can be proved similarly.

Equation (3.26) can be proved with similar calculation. We omit the details here due to

the length of the proof. This completes the proof for equation (3.16).

3.9.4 Proof for Equation (3.17)

Equation 3.17 can be simply obtained with the central limit theorem. Thus the proof for

theorem is completed.

3.9.5 Form for lag k effect under the simulation setting

The true value for the lag 2 effect is:

E(Yt+2|At = a, St)− E(Yt+2|At = 0, St) =

− (τ1η2 + τ2 − β1η2)(τ2 + τ1η2)a2 +
{
θ1η2 + θ2 + β0(τ1η2 + τ2)

}
a

+
{

(τ1η2 + τ2)(−2τ1η1 + β1η1) + β1τ1η1η2

}
aXt.

For k ≥ 3: If we have:

E(Yt+k−1|At = a, St) = αk−1,1Xt + αk−1,2X
2
t + αk−1,3A

2
t + αk−1,4At + αk−1,5AtXt.

Then

E(Yt+k|At = a, St)

= αk−1,1Xt+1 + αk−1,2X
2
t+1 + αk−1,3A

2
t+1 + αk−1,4At+1 + αk−1,5At+1Xt+1

= αk−1,1(η1Xt + η2At) + αk−1,2(η1Xt + η2At)
2 + αk−1,3

{
τ1η1Xt + (τ1η2 + τ2)At

}2

+ αk−1,4

{
τ1η1Xt + (τ1η2 + τ2)At

}
+ αk−1,5

{
τ1η1Xt + (τ1η2 + τ2)At

}
(η1Xt + η2At)

= αk,1Xt + αk,2X
2
t + αk,3A

2
t + αk,4At + αk,5AtXt,
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where

αk,1 =
{
αk−1,1 + αk−1,4τ1

}
η1,

αk,2 =
{
αk−1,2 + αk−1,3τ

2
1 + αk−1,5τ1

}
η2

1,

αk,3 =
{
αk−1,2η

2
2 + αk−1,3(τ1η2 + τ2)2 + αk−1,5(τ1η2 + τ2)η2

}
,

αk,4 =
{
αk−1,1η2 + αk−1,4(τ1η2 + τ2)

}
,

αk,5 =
{

2η1η2αk−1,2 + αk−1,32τ1η1(τ1η2 + τ2)+

αk−1,5

[
τ1η1η2 + η1(τ1η2 + τ2)

]}
.

Then lag k effect is:

αk,3A
2
t + αk,4At + αk,5AtXt.

3.9.6 Proof of Assumption (3.12) under the Simulation Setting

According to the data generation model for our simulation setting,

Yt+1(Āt−1, at = a) = θ1Xt + θ2At−1 − a(a− β0 − β1Xt) + εt+1.

At ∼ Normal(τ1Xt + τ2At−1).

When θ2 = 0,

Yt+1(Āt−1, at = a) = θ1Xt − a(a− β0 − β1Xt) + εt+1.

is independent of At given St = Xt. Thus assumption (3.12) is satisfied for k = 1. However,

when θ2 6= 0, this assumption is not satisfied for k = 1.

For k = 2, first since Xt+1(Āt−1, at = 2) ∼ Normal(η1Xt + η2At, σ
2), it is trivial to see

that:

Xt+1(Āt−1, at = a) ⊥ At|Xt. (3.29)

Since

At+1(Āt−1, at = a) ∼ Normal
(
τ1Xt+1(Āt−1, at = a) + τ2at, σ

2
)
,

we can obtain that

At+1(Āt−1, at = a) ⊥ At|Xt. (3.30)
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Table 3.6: Simulation results from 200 replicates when θ2 = −0.1.

αk βk,0 βk,1
k n Bias1 SD1 SE1 CP Bias1 SD1 SE1 CP Bias1 SD1 SE1 CP

2 100 1.9 31.4 29.2 91.5 -1.2 23.4 22.4 93.5 -4.7 79.1 68.3 93.0
200 -1.0 23.8 20.9 91.5 -0.1 16.6 15.8 93.0 3.6 56.3 47.9 90.5
400 -1.1 14.8 14.8 95.5 1.0 11.9 11.1 93.5 1.0 33.6 33.2 95.0

3 100 2.0 32.2 26.8 88.5 4.2 22.2 21.1 94.0 2.9 75.1 67.1 90.5
200 -3.1 19.5 18.8 93.0 0.6 15.6 14.7 91.5 5.3 50.8 45.7 92.0
400 1.1 15.7 13.3 89.5 0.7 10.8 10.3 94.0 -2.5 36.7 31.5 92.0

1 Note: These columns are in 10−3 scale
2 Note: SD refers to the standard deviation of the estimated parameters from 200 replicates, SE refers

to the mean of the estimated standard errors calculated by our covariance function, CP refers to the
coverage probability of the 95% confidence intervals calculated using the estimated standard errors.

3 Note: The worst case Monte Carlo standard error for proportions is 2.3%.

Therefore,

Yt+2(Āt−1, at = a,Aat=at+1 ) =

θ1Xt+1(Āt−1, at = a) + θa− At+1(Āt−1, at = a)
{
At+1(Āt−1, at = a)− β0−

β1Xt+1(Āt−1, at = a)
}

+ εt+2

is independent of At given Xt based on Equation (3.29) and (3.30). This is true even

when θ2 6= 0.

Using induction, we can also prove that for any k ≥ 3,

Yt+k(Āt−1, at = a,At+1, . . . , At+k−1) ⊥ At|Xt.

3.9.7 Additional Simulation Results

The true parameters for k = 2, 3 when θ2 = −0.1 are : (α2, β2,0, β2,1) = (−0.21, 0.06,−0.08);

(α3, β3,0, β3,1) = (−0.0125,−0.05,−0.03). Table 3.6 presents the result for the estimated

parameters when St = Xt. As shown in the table, the estimated parameters appeared to

be unbiased.

For k = 1, we can correct the bias by estimating the parameters with St = (Xt, At−1).

The model for the lag 1 treatment effect is thus: τt,1 = α1a
2 + (β1,0a+ β1,1Xt + β1,2At−1)a.

The true parameters are: (α1, β1,0, β1,1, β1,2) = (−1, 0, 2, 0). Since the dimension of St

has increased, we use the bandwidth λj = n−1/4sd(St,j). The estimated parameters are
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Table 3.7: Simulation results from 200 replicates when θ2 = −0.1.

k n Parameter Bias1 SD1 SE1 CP

1 100 αk 18.3 23.4 21.8 83.5
βk,0 11.7 15.9 14.8 82.0
βk,1 -20.5 59.3 54.5 91.5
βk,2 12.8 32.9 31.2 90.5

200 αk 9.2 13.8 15.0 92.5
βk,0 6.6 12.2 10.3 85.5
βk,1 -5.2 35.5 37.5 97.0
βk,2 4.6 21.1 21.3 95.5

400 αk 5.3 11.0 10.5 92.0
βk,0 3.4 8.1 7.3 88.0
βk,1 -2.6 28.4 26.1 93.0
βk,2 1.7 14.5 14.9 96.0

1 Note: These columns are in 10−3 scale
2 Note: SD refers to the standard deviation of the es-

timated parameters from 200 replicates, SE refers to
the mean of the estimated standard errors calculated
by our covariance function, CP refers to the coverage
probability of the 95% confidence intervals calculated
using the estimated standard errors.

3 Note: The worst case Monte Carlo standard error
for proportions is 2.3%.

presented in Table 3.7. From the results we see that the estimated parameters appeared

to be unbiased. However, the estimated standard deviation was smaller than the actual

standard deviation, leading to lower coverage probability when sample size was small.

This implies that when the dimension of covariates increases, the estimated standard

error converges slower to the actual standard deviation.

3.9.8 Additional Results for Ohio Type 1 Diabetes Dataset

We applied the proposed method for the Ohio Type 1 Diabetes Dataset. The dataset

consists of data from 6 patients. The result for patient 6 has been presented in Section

3.7. In Table 3.8, we present the additional results from the other patients. It is likely

that the decision process for insulin dosage is different for each patient. Thus using the

same set of St for all patients might not be the optimal choice.
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Table 3.8: Estimated variables with the Ohio type 1 diabetes dataset

Patient 1
k 1 2 3 4 Weighted
αk 17(7.6) 21.8(10.6) 16.6(10.6) 10.9(12.7) 16(9.1)
βk,0 -172.3(73.1) -92.3(103.9) -11(112.4) -50(116.4) -63.2(86.3)
βk,1 1.4(0.7) 3.1(1.4) 3.6(1.6) 3.3(1.7) 3.1(1.3)
βk,2 -0.8(3.1) 2.1(4.7) 5.9(4.8) 3.9(5.9) 2.9(3.6)
βk,3 -9.1(51.5) -104.4(80.4) -93.7(88.3) 34.9(66.7) -59.6(56.9)
βk,4 12.9(8.9) 2.6(19.2) -11.6(23) -170(35.2) -110.4(33.6)

Patient 2
k 1 2 3 4 Weighted
αk 0.2(0.7) 0.5(0.8) 0.6(1) -0.8(1.1) 0.1(0.8)
βk,0 -8.8(11.1) 14.1(18) 18(22.6) 14.7(24.2) 10.7(17.8)
βk,1 0.6(0.3) -0.2(0.2) 0(0.2) -0.1(0.5) 0.1(0.2)
βk,2 0.4(0.1) 0.2(0.3) 0.1(0.3) 0.3(0.3) 0.3(0.2)
βk,3 -2.6(6.8) -19.1(16.1) -22.2(22.5) -5.3(23.8) -13.1(16.9)
βk,4 -2.1(2.2) -3(4) -4.6(4.5) -6.3(5.2) -4.2(4)

Patient 3
k 1 2 3 4 Weighted
αk 0.6(1) -2.2(1.8) -5(2.6) -4.6(2.9) -2.9(1.9)
βk,0 -14(39.7) 69.2(57.3) 159.8(81.9) 173.5(88.3) 98.8(63.9)
βk,1 0.1(0.1) 0.4(0.3) 0.6(0.4) 0.7(0.4) 0.4(0.3)
βk,2 0.1(0.1) 0.2(0.2) 0.4(0.3) 0.3(0.3) 0.3(0.2)
βk,3 -11.2(46.6) -78.1(67.3) -148.4(93.1) -166(98.1) -103.3(74.8)
βk,4 2.3(2.5) 3.4(2.9) 5.9(3.3) 7.5(3.2) 4.8(2.7)

Patient 4
k 1 2 3 4 Weighted
αk -1.2(5.1) -7.4(5.9) -6.5(4.8) -5.8(4.6) -6.2(4.4)
βk,0 -129(138.1) 162.5(95.5) 154.2(124.4) 167.4(104.2) 97.8(72.4)
βk,1 0.2(0.4) 0.1(0.5) -0.8(0.7) -0.4(1) -0.1(0.5)
βk,2 0.4(0.5) 1.3(0.9) 1.2(0.8) 1.2(0.8) 0.7(0.6)
βk,3 130.6(169.5) -173.4(130.2) -146.4(162.6) -182.3(143.9) -96(97)
βk,4 1.2(3.5) -8.2(10.1) -13.9(12.3) -21.2(9.7) -10.3(7.7)

Patient 5
k 1 2 3 4 Weighted
αk 2.7(2.9) 6.7(4.4) 6.6(4.9) 2.7(5.2) 3.9(3.7)
βk,0 -271(110.8) -514.8(139.1) -321(160.8) -110.6(151.9) -303.4(127.8)
βk,1 0.4(0.3) 1.2(0.7) 0.1(0.7) -0.6(0.8) 0.3(0.6)
βk,2 0.6(0.3) 0.5(0.6) 0.5(0.7) 0.8(0.7) 0.6(0.5)
βk,3 173.1(87.1) 324.2(119.8) 201.9(134.1) 78.7(125.6) 198.1(103.7)
βk,4 28.8(13) 12.4(10.8) -5.1(6) -1.6(13.2) 8.4(7.8)
1 Note: These columns are in 10−2 scale .
2 Note: The numbers in the parenthesis are the estimated standard errors calculated by

the covariance formula.
3 Note: The last column presents the estimated parameters for the lag 4 weighted

advantage with w1 = w2 = w3 = w4 = 1/4.
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