
ABSTRACT 

MALONEY, RYAN COLIN. Computer Simulations of Binary Mixtures of Colloidal Particles. 

(Under the direction of Dr. Carol K. Hall). 

 

Mixtures of colloidal particles can assemble into complex structures that could be useful 

for making multifunctional or reconfigurable materials for biotechnology and electronics 

applications. The goal of this work is to understand how colloidal particle attributes, such as 

particle shape and activity, affect the self-assembly behavior of the mixture. We are also 

interested in understanding how the assembled structures differ from those found in single 

component systems. Our focus is on mixtures that contain at least one dipolar component. To 

examine these systems, we use discontinuous molecular dynamics (DMD) and Brownian 

dynamics (BD) simulation techniques. 

In our first study, we simulate mixtures of two dimensional (2-D) colloidal rods and 

discs. Our simulations show that the mixture composition has a large effect on the phase 

behavior of the systems. We compare the phases formed by the mixtures to those formed by the 

associated single component systems. Phase diagrams in the area fraction-reduced temperature 

plane are constructed that delineate the boundaries between isotropic fluid, string-fluid, and 

percolated network phases. We show that the two species of particles often exist in different 

states. For instance, the dipolar rods can form a percolated network while the dipolar discs 

remain in a fluid phase. This suggests that such mixtures could be useful for creating bifunctional 

materials. 

In our second study, we simulate mixtures of passive dipolar particles and active soft 

spheres. Our results show that the mixture composition and active particle velocity strongly 

affect the types of structures formed. These results offer insight into how colloidal mixtures can 

be harnessed to provide control during the self-assembly process. We construct phase diagrams 



in the active particle fraction-Péclet number plane that delineate the boundaries between 

isotropic fluid, dipolar string-fluid, percolated dipolar network, and phase separated states. 

Results from this work could aid in the fabrication of out-of-equilibrium structures. 

Finally, we present work that investigates the behavior of mixtures of passive dipolar 

particles and active soft spheres in an external magnetic field. We construct phase diagrams in 

the active particle fraction-Péclet number plane that delineate the boundaries between isotropic 

fluid, dipolar string-fluid, percolated dipolar network, and phase separated states. We also 

compare the phases formed by the mixture in an external field to the phases formed when no 

field is applied and examine the key differences between the two. Interestingly, we find that the 

mixture exhibits phase separation behavior at lower Péclet number when in an external field than 

when not in a field. Results from this work aid in our understanding of directed assembly of 

colloidal particles. 
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Figure 3.1: Fraction of particles in the largest cluster versus Péclet number for dipolar 

colloids (blue triangles), active colloids (red squares), and all colloids (black 

‘x’) for (a) 𝛷 = 0.15, 𝑥𝐴 = 0.4 (b) 𝛷 = 0.15, 𝑥𝐴 = 0.8 (c) 𝛷 = 0.45, 𝑥𝐴 =

0.4 and (d) 𝛷 = 0.45, 𝑥𝐴 = 0.8. Note that (a) and (b) are plotted on a log scale 

for clarity.................................................................................................................. 75 

Figure 3.2: Percolation probability, 𝛱𝐷, (top) and extent of polymerization, 𝐸𝐷
𝑝𝑜𝑙𝑦

, (bottom) 

versus Péclet number for (a) 𝛷 = 0.15 and (b) 𝛷 = 0.45 and active fractions 

𝑥𝐴 = 0.2 (blue triangles), 𝑥𝐴 = 0.4 (red squares), 𝑥𝐴 = 0.6 (black ‘x’), and 

𝑥𝐴 = 0.8 (purple circles). The dashed black line in each figure marks where 

𝛱𝐷 = 0.75 or 𝐸𝐷
𝑝𝑜𝑙𝑦

= 0.75. Results that lie above this line indicate that the 

system is percolated or polymerized, respectively. ................................................. 76 

Figure 3.3: Representative simulation snapshots. (a) Dipolar percolated network at 𝛷 =

0.15, 𝑥𝐴 = 0.2, and 𝑃𝑒 = 10. (b) Dipolar string-fluid at 𝛷 = 0.15, 𝑥𝐴 = 0.2, 

and 𝑃𝑒 = 20. (c) Dipolar percolated network at 𝛷 = 0.45, 𝑥𝐴 = 0.2, and 𝑃𝑒 =

10. (d) Dipolar string-fluid at 𝛷 = 0.45, 𝑥𝐴 = 0.6, and 𝑃𝑒 = 50. Dipolar 

particles are blue and active particles are red. ......................................................... 77 

Figure 3.4: Probability distribution of the time-average local area fraction 𝑃 (�̅�𝑙𝑜𝑐(𝑥, 𝑦)) 

versus time-average local area fraction �̅�𝑙𝑜𝑐(𝑥, 𝑦) for 𝛷 = 0.45, 𝑥𝐴 = 0.8, and 

𝑃𝑒 = 5 (blue circles), 𝑃𝑒 = 25 (black ‘x’), 𝑃𝑒 = 50 (red squares), 𝑃𝑒 = 100 

(purple triangles) and 𝑃𝑒 = 150 (orange diamonds). Lines are drawn between 

points to help guide the eye. .................................................................................... 78 

Figure 3.5: Examples of phase separated systems and interface boundary analysis for 𝛷 =

0.45, 𝑃𝑒 = 150, and for (a) 𝑥𝐴 = 0.4 and (b) 𝑥𝐴 = 0.8. The top image shows a 
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simulation snapshot for these systems. Dipolar colloids are blue and active 

particles are red. The middle image shows the interfacial boundary (black 

squares) between the dense and gas-like phase which was obtained by 

averaging over a short time span, ∆𝜏 = 0.5. The top image is one of the 

snapshots used to generate the interfacial boundary in the middle image. The 

bottom image shows the plot of local area fraction 𝜙(𝑑) versus distance from 

the boundary 𝑑 𝜎⁄  for dipolar colloids (blue triangles), active colloids (red 

squares), and all colloids (black ‘x’). The red line is the curve fitted by eqn (7) 

with (a) 𝜙𝑑𝑒𝑛𝑠𝑒 = 0.7329, 𝜙𝑔𝑎𝑠 = 0.2958, 𝑑𝑜 = −0.4825, and 𝑤 = 3.5459 

and (b) 𝜙𝑑𝑒𝑛𝑠𝑒 = 0.7390, 𝜙𝑔𝑎𝑠 = 0.1797, 𝑑𝑜 = −1.2204, and 𝑤 = 3.1011. ...... 79 

Figure 3.6: Area fractions corresponding to coexistence densities 𝜙𝑑𝑒𝑛𝑠𝑒 (high area fraction 

branch) and 𝜙𝑔𝑎𝑠 (low area fraction branch) plotted on the Péclet number 

versus area fraction plane for 𝛷 = 0.45 and 𝑥𝐴 = 0.4 (red squares), 𝑥𝐴 = 0.6 

(black ‘x’), 𝑥𝐴 = 0.8 (purple circles), and 𝑥𝐴 = 1 (orange diamonds). .................. 80 

Figure 3.7: Phase diagrams for constant 𝛷 = 0.05 − 0.55 in the 𝑥𝐴 versus 𝑃𝑒 plane. The 

phases exhibited are the percolated dipolar network phase (blue triangles), 

dipolar string-fluid phase (red squares), isotropic fluid phase (black ‘x’), and 

phase separated state (orange diamonds). Dashed lines are drawn between 

phases to help guide the eyes ................................................................................... 81 

Figure 3.8: Probability distribution of the hexagonal bond-orientational order parameter, 

𝑃𝛹6, for 𝛷 = 0.55, 𝑥𝐴 = 0.2, and 𝑃𝑒 = 5 (blue circles), 𝑃𝑒 = 25 (black ‘x’), 

𝑃𝑒 = 50 (red squares), 𝑃𝑒 = 100 (purple triangles) and 𝑃𝑒 = 150 (orange 

diamonds). Lines are drawn between points to help guide the eye. ........................ 82 
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Figure 4.1: Fraction of particles in the largest cluster versus Péclet number for dipolar 

colloids (blue triangles), active colloids (red squares), and all colloids (black 

‘x’) for (a) 𝛷 = 0.15, 𝑥𝐴 = 0.4 (b) 𝛷 = 0.15, 𝑥𝐴 = 0.8 (c) 𝛷 = 0.45, 𝑥𝐴 =

0.4 and (d) 𝛷 = 0.45, 𝑥𝐴 = 0.8. Note that we plot (a) and (b) on a log scale for 

clarity. Lines are drawn between points to guide the eyes. ................................... 110 

Figure 4.2: Percolation probability, 𝛱𝐷, (top) and extent of polymerization, 𝐸𝐷
𝑝𝑜𝑙𝑦

, (bottom) 

versus Péclet number for (a) 𝛷 = 0.15 and (b) 𝛷 = 0.45 and active fractions 

𝑥𝐴 = 0.2 (blue triangles), 𝑥𝐴 = 0.4 (red squares), 𝑥𝐴 = 0.6 (black ‘x’), and 

𝑥𝐴 = 0.8 (purple circles). The dashed black line in each figure marks where 

𝛱𝐷 = 0.75 or 𝐸𝐷
𝑝𝑜𝑙𝑦

= 0.75. Results that lies above this line indicate that a 

percolated or polymerized system, respectively. Lines are drawn between 

points to guide the eyes. ......................................................................................... 111 

Figure 4.3: Probability distribtuion of the time-average local area fraction 𝑃 (�̅�𝑙𝑜𝑐(𝑥, 𝑦)) 

versus time-average local area fraction �̅�𝑙𝑜𝑐(𝑥, 𝑦) for 𝛷 = 0.45, 𝑥𝐴 = 0.8, and 

𝑃𝑒 = 5 (blue circles), 𝑃𝑒 = 25 (black ‘x’), 𝑃𝑒 = 50 (red squares), 𝑃𝑒 = 70 

(purple triangles) and 𝑃𝑒 = 100 (orange diamonds). Lines are drawn between 

points to help guide the eye. .................................................................................. 112 

Figure 4.4: Phase diagrams for constant field strength �̃� = 10 and area fractions (𝑎) 𝛷 =

0.15 and (𝑏) 𝛷 = 0.45 in the 𝑥𝐴 versus 𝑃𝑒 plane. The phases exhibited are the 

percolated dipolar network phase (blue triangles), dipolar string-fluid phase 

(red squares), isotropic fluid phase (black ‘x’), and phase separated state 

(orange diamonds). Dashed lines between phases help guide the eye. A triangle 

within a circle is a system that forms a dipolar network in a field but do not 
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Chapter 1: Introduction 

1.1 Motivation 

 

Colloidal particles are solid particles that are suspended in a fluid phase. They range in 

size from a few nanometers to tens of micrometers. The small size of these particles means that 

they can be suspended in a fluid by thermal or Brownian motion. By controlling the interactions 

between particles, it is possible to control their assembly behavior. Colloidal particles are a 

valuable model system for understanding atomic or molecular systems. The phase dynamics of 

atomic systems can be difficult to measure using traditional microscopic techniques due to their 

small size. Colloidal systems, on the other hand, are in a size range that makes probing their 

behavior much easier. At the same time, colloids experience similar interparticle interactions and 

thermal fluctuations as atomic systems. This means colloidal particles are a powerful tool for 

understanding fundamental collective behavior of matter.1 

Anisotropic interactions between particles, that is interactions that are not spherically 

symmetric, can be introduced into colloidal particles through creating non-spherical particles, 

introducing an internal charge distribution,2-5 or applying patches,6-10 or surface coatings.11 

Through careful selection of particle interactions, colloids can self-assemble into micelles and 

open lattices.12 Their assembly can also be directed using external means such as electric or 

magnetic fields.13 Anisotropic colloidal particles can be employed in a variety of fields such as 

biotechnology, electronics, and photonics. 

Understanding the collective behavior of self-propelling or “active” colloidal particles is 

an emerging field that offers insight into fundamental particle science.14-17 Active particles 

inherently exist outside of equilibrium as they continuously harvest energy from their 

environment to produce translational or rotational motion. Because of this, active particle 
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systems exhibit novel behaviors such as motility-induced phase separation, swarming, swirling, 

and lane formation. These systems can serve as model systems to understand fundamental 

physics concepts and can also be used to describe the movement of biological systems such as 

birds and bacteria. Research is underway to explore how active particles can be utilized as 

microrobots,18 in biomedical applications,19 and in soft materials.20 

Computer simulations can help us gain fundamental understanding of colloidal 

aggregation that can in turn be used to help experimentalists identify which colloidal particles 

hold the most promise for creating new materials. Experimental techniques used to synthesize 

colloidal particles have advanced greatly and it is now possible to create a wide variety of 

particles of different shapes, surface coatings, and other modifications to control particle 

interactions. However, many fabrication techniques require expensive or lengthy procedures 

which means creating a large quantity of particles remains a challenge. In silico investigation 

offers a powerful way to screen for the most promising new colloidal material. It also gives 

insight into the colloidal aggregation process, which can be difficult to capture using microscopic 

techniques. 

This thesis describes the results of simulations designed to investigate how binary 

mixtures of colloidal particles assemble. Colloidal mixtures can exhibit phase behavior that is 

vastly different from that of single component systems. In addition, species in the mixtures can 

be imbued with different properties to create multi-functional material, with each component 

providing different functionality. We focus on mixtures that contain at least one dipolar 

component as these particles exhibit unique optical and electronic properties. 

1.2 Overview 

 

In this section, we give a summary of the chapters presented in the rest of the thesis. All 
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chapters have their own literature review and references. 

1.2.1 Phase diagrams of mixtures of dipolar rods and discs 

 

Chapter 2 describes our results from discontinuous molecular dynamic simulations of 

mixtures of dipolar rods and discs with an embedded, extended dipole in two dimensions. We 

investigated two different mixture compositions, one in which the number of rods and discs are 

equal, and one in which the areas occupied by rods and by discs are equal. We construct phase 

diagrams in the area fraction vs. temperature plane that delineate percolation and polymerization 

boundaries. We find that generally the dipolar rods polymerize and percolate at higher 

temperatures than the dipolar discs, which leads to states in which the rods and discs exhibit 

different phase behaviors. In addition, we compare the phase boundaries in the mixtures to those 

found in single component systems and find that the mixture composition greatly impacts phase 

behavior. 

1.2.2 Clustering and phase separation in mixtures of dipolar and active particles 

 

Chapter 3 describes the results from Brownian dynamics simulations of mixtures of 

passive dipolar spheres and active soft spheres. We varied the mixture composition, active 

particle velocity, and total area fraction to determine the phase behavior of the system. We 

construct phase diagrams in the active particle fraction vs. Péclet number plane that outline the 

transitions between dipolar percolation, dipolar string-fluid, isotropic fluid, and phase-separated 

states. We find that at low Péclet number (or low active particle velocity), clusters of head-to-tail 

aligned dipolar particles form readily. When the Péclet number increases, the active particles 

push the dipolar particles into denser clusters or break apart the dipolar chains. At high Péclet, 

motility-induced phase separation is present, with the active particles separating into a dense and 

dilute phase, while the dipolar particles distribute more evenly between the two phases. 
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1.2.3 Clustering and phase separation in mixtures of dipolar and active particles in an 

external magnetic field 

 

Chapter 4 describes the results from Brownian dynamics simulations of mixtures of 

passive dipolar spheres and active soft spheres in an external magnetic field. The dipolar 

particles interact with the external field, but the active particles do not. We construct phase 

diagrams in the active particle fraction vs. Péclet number plane that outline the transitions 

between dipolar percolated, dipolar string-fluid, isotropic fluid, and phase-separated states. We 

compare the phase transitions of the mixtures in an external field to the results found in Chapter 

3 and find two key differences. The first is that the mixtures form a percolated dipolar network at 

higher values of the Péclet number when there is an external field than when there is not, due to 

the dipolar particles aligning with the field. The second is that phase separation occurs at lower 

values of Péclet number when there is an external field than when there is not. When no external 

field is present, small amorphous clusters of dipolar particles form in the dilute phase. Active 

particles collide with these clusters, slowing down their effective velocity. In the external field, 

the particles in these small dipolar clusters are generally aligned in the direction of the field. This 

means that the active particles can move parallel to the axis of the field relatively unobstructed 

and thus have a higher effective velocity than when no field is present. 

1.2.4 Conclusions and future work 

 

Finally, in Chapter 5 we provide a summary of the material presented in this thesis and 

outline future work on the simulations of mixtures of colloidal particles. We suggest ways to 

direct particle assembly by dynamically altering external fields, such as switching the field on 

and off, or having both the active and dipolar particles interact with the external field. We also 

suggest investigating the behavior of mixtures that contain passive dipolar particles and circular 

swimming active particles. Finally, we are interested in systems in which the active and dipolar 
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particles have an attractive component to their interactions. 

1.3 Publications 

 

Chapters 2-4 are based on the following publications: 

Chapter 2: R. C. Maloney, C. K. Hall, “Phase diagrams of mixtures of dipolar rods and 

discs” Soft Matter, 2018. 

Chapter 3: R. C. Maloney, G.-J. Liao, S. H. L. Klapp and C. K. Hall, “Clustering and 

phase separation in mixtures of dipolar and active particles” Soft Matter. Submitted. 
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Chapter 2: Phase diagrams of mixtures of dipolar rods and discs 

2.1 Abstract 

 

Self-assembly of binary mixtures that contain anisotropic, interacting colloidal particles 

have been proposed as a way to create new, multi-functional materials. We simulate binary 

mixtures of dipolar rods and dipolar discs in two-dimensions using discontinuous molecular 

dynamics to determine how the assembled structures of these mixtures differ from those seen in 

single component systems. Two different binary mixtures are investigated: a mixture of an equal 

number of dipolar rods and dipolar discs (“equal number”), and a mixture where the area fraction 

of dipolar rods is equal to the area fraction of dipolar discs (“equal area”). Phase boundaries 

between fluid, string-fluid, and “gel” phases are calculated and compared to the phase 

boundaries of the pure components. Looking deeper at the underlying structure of the mixture 

reveals a complex interplay between the rods and discs and the formation of states where the two 

components are in different phases. The mixtures exhibit phases where both rods and discs are in 

the fluid phase, where rods form a string-fluid while discs remain in the fluid phase, a rod string-

fluid coexisting with a disc string-fluid, a “gel” that consists primarily of rods while the discs 

form either a fluid or string-fluid phase, and a “gel” that contains both rods and discs. Our results 

give insight into the general assembly pathway of binary mixtures, and how complex aggregates 

can be created by varying the mixture composition, strength of interaction between the two 

components, and the temperature. By manipulating the properties of one of the components it 

should be possible to fabricate bifunctional, thermally responsive self-assembled materials. 

2.2 Introduction 

 

Colloid self-assembly can, in principle, be precisely controlled, resulting in a variety of 

structures that have proposed applications in biotechnology,1-3 photonics,4-7 and electronic 
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devices.8-10 The wide variety of colloidal particles that can be created yields systems with unique 

rheological, viscoelastic, and gelation behavior. Concentrated colloidal gels have been used as 

inks in 3-D printing to create precise periodic structures.11 Long chains of colloidal particles 

have been used as nanowires for light-emitting diodes,12 and chemical/biological sensors.13 

Ferromagnetic nanoparticles have been used to create artificial cilia.14 New fabrication 

techniques allow for precise control over the size, permeability, and elasticity of colloidal 

capsules that can be used for drug delivery.15 The numerous potential applications drive the 

desire to study systems of ever-increasing complexity. 

Colloids that contain one or more sources of anisotropy, either through shape, surface 

coating, or internal charge distribution, are of interest because the asymmetric interaction 

between particles gives rise to complex behavior. One of the most extensively studied 

anisotropic colloids is the dipolar colloidal sphere. Experiments,16-18 analytical theories,19-23 and 

computer simulations24-30 have been used to evaluate the self-assembly behavior of these 

particles. Dipolar spheres in 2-D have been shown to assemble into chains, gels, rings, and 

branched structures at low volume fraction in addition to forming crystalline phases at high 

volume fraction.31 The specific phase that forms, and its stability, are related to the concentration 

of particles and the temperature. More complex 2-D structures can be achieved through the 

application of external magnetic or electric fields. Application of a homogenous field in one 

direction causes dipolar spheres to align into chains of finite length.32 Dipolar spheres in a 

rotating field assemble in layers rotating with either synchronous or asynchronous behavior.33 

Rod-shaped particles have also been widely investigated due to their tendency to form 

nematic and smectic phases that can be used for display devices. Monte Carlo simulations with 

Gibbs-Duhem integration found that the phases formed by rod-shaped colloids depend on their 
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aspect ratio and concentration.34 Additionally, rod-shaped particles can be fabricated with patchy 

surfaces or asymmetric charge distribution, thereby adding an additional source of anisotropy to 

gain further control and complexity over the self-assembled structures. External electric fields 

have been used to induce a dipole in rods that causes them to assemble into rings35 or chains 

aligned in a head-to-tail or side-by-side orientation in 2-D36,37 depending on the fabrication 

techniques and the materials used in their preparation. Gold nanorods coated with cetyl trimethyl 

ammonium bromide on the sides and polystyrene on the ends have been assembled into both 

head-to-tail and side–side oriented chains, rafts, and spherical structures, depending on solvent 

quality.38 Rods with permanent dipoles oriented in the direction of the short axis can assemble 

into ribbons and rings.39 To the best of our knowledge, the fabrication of rods with a permanent 

dipole oriented in the direction of the long axis has yet to be achieved, but with the rapid 

advancement in fabrication techniques in recent years, it is only a matter of time before such 

particles are created. In the meantime, discontinuous molecular dynamics simulations of 2-D 

rods with an extended dipole have shown that the charge separation of the dipole moment plays a 

key role in determining if rods align with predominately head-to-tail or side–side orientation.40 

In addition to creating colloidal particles with new anisotropy, studies have been done on 

mixing particles to create new materials. Monte Carlo simulations of binary mixtures of colloidal 

spheres of many different diameters and interaction energies have shown that these mixtures 

always form a percolated network at a lower density than that required for percolation of either 

pure system.41 Experiments on mixtures of oppositely-charged spherical colloids show that they 

form crystalline arrays when the charge is low, but irreversibly aggregate into fractal structures 

when the charge is high.42,43 The aggregation of oppositely charged colloids can be directed by 

using an AC electric field to form chains in two dimensions.44 Discontinuous molecular 
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dynamics (DMD) simulations of mixtures of dipolar colloidal spheres have shown that the 

spheres assemble into bicontinuous gels.45 Mixtures of rod-shaped liquid crystals and spherical 

colloids have been of particular interest. Monte Carlo simulations46 and experiments47 have 

shown that mixtures of hard rods and hard spheres undergo entropically-driven phase separation 

into lamellar, columnar, and miscible phases, depending on the overall colloid concentration and 

the relative concentrations and sizes of the rods and spheres. Theoretical predictions48 from four 

decades ago which predicted that large spherical magnetic particles suspended in nematic liquid 

crystals could produce macroscopic ferromagnetic phases have recently been experimentally 

realized.49 Molecular dynamics (MD) simulations have been used to expand upon these results, 

focusing on the organization and dynamics of magnetic spheres of similar or smaller size than 

the width of the rods in the liquid crystal.50–52 

In this paper, we present results from DMD simulations of two-dimensional mixtures of 

dipolar rods and dipolar discs. Two mixtures are simulated: one with an equal number of rods 

and discs (“equal number mixture”), and the other where the areas occupied by rods and discs 

are equal (“equal area mixture”). The dipolar rods have a length to width ratio of 4 : 1, which is 

lower than the aspect ratio at which rods form nematic and smectic phases in two dimensions.53 

By limiting the possibility of forming liquid crystalline phases, we focus our attention on those 

aspects of the phase behavior due to the dipolar interactions between rods, between discs, and 

between rods and discs. We perform simulated annealing simulations, which involves running 

fixed area fraction simulations at a high temperature and then lowering the temperature in 

discrete steps, allowing the system to equilibrate at each temperature. We compute extent of 

polymerization and percolation probability to determine when the mixtures transition from a 

fluid to string-fluid and string-fluid to percolated network respectively. The string-fluid to 
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percolated network transition is of particular interest because percolation is a necessary criterion 

for gelation. Additionally, we compare the phase transitions found in the mixtures to the phase 

transitions found in the constituent single component systems. 

Highlights of our results include the following. Phase diagrams in the area fraction versus 

temperature plane were calculated for equal number and equal area mixtures of dipolar rods and 

discs, with particular focus on the fluid, string-fluid, and “gel” phases. For both mixtures at high 

temperature, rods preferentially form clusters with other rods, creating a rod string-fluid, while 

the discs remain in the fluid phase. After the formation of the rod string-fluid, the two mixtures 

behave differently as the temperature is lowered. In the equal number mixture, the onset of 

gelation is characterized by formation of a rod “gel” that encompasses nearly all the rods in the 

system and very few discs. Lowering the temperature results in a coarsening of the rod “gel” 

through side-by-side rod interactions, with the discs beginning to form small clusters in the voids 

of the rod network. Finally, at the lowest temperatures simulated, a rod and disc “gel” forms that 

is characterized by a large network of rods with discrete clusters of discs. In the equal area 

mixture, the onset of gelation is characterized by the formation of a rod “gel” that contains nearly 

all the rods in the system, but also many discs. Lowering the temperature results in the formation 

of small clusters of discs in the voids of the rod network, but the rod network does not coarsen as 

in the equal number mixture. Finally, at the lowest temperatures simulated, a rod and disc “gel” 

forms that is characterized by discrete clusters of rods that get connected to one another through 

clusters of discs. The rod and disc “gel” of both mixtures has a large number of rod–rod and 

disc–disc interactions, but a relatively small number of rod–disc interactions. The phase 

transitions found in the equal area mixture closely match to the phase transitions exhibited by 

pure dipolar discs, while the phase transitions in the equal number mixture are more like those 
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for pure dipolar rods. 

2.3 Model and methods 

 

2.3.1 Model 

 

We model each dipolar disc as a hard disc with diameter σ containing two oppositely-

charged small discs of diameter 0.3σ that are separated by a distance of 0.6σ, as shown in Figure 

2.1(a). The dipolar rods are modeled as spherocylinders with seven overlapping hard discs of 

diameter σ separated from their nearest neighbors by 0.5σ. The seven overlapping hard discs 

create a rod with a 4 : 1 aspect ratio, which is comparable to the aspect ratio of silica-coated gold 

nanorods created by Wu and Tracy.54 Two small, oppositely charged discs of diameter 0.3σ are 

imbedded in the end discs to represent charges on the extended dipole as shown in Figure 2.1(b). 

The distance between the two charged discs on the dipolar rods is 3.6σ. The overlapping hard 

discs on the same chain do not interact with each other, but are bonded to their nearest and next-

nearest neighbors using the Bellemans’ method.55,56 The length of the bond linking neighboring 

discs varies between (1 + 𝛿) 𝜎 2⁄ , and (1 − 𝛿) 𝜎 2⁄ . The length of the bond linking next-nearest 

neighboring discs is between (1 + 𝛿)𝜎 and (1 − 𝛿)𝜎. The Bellemans’ constant, 𝛿, defines how 

tightly the discs that make up the rod are bound to each other and is set equal to 0.02. This value 

ensures a relatively rigid rod, with the angle between the two end discs and the center disc on a 

rod greater than or equal to 170 degrees. 

The two small discs representing charges of an extended dipole are used to model the 

dipolar interaction instead of a point dipole. This is done to facilitate the use of the DMD 

technique, which requires isotropic interactions around each simulated structure. A dipole–dipole 

interaction potential between point dipoles is not isotropic, and therefore would not be suitable 

for DMD. We replace the point dipoles with two opposite charges and can then treat each charge 
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as being at the center of an isotropic square well and shoulder potential. The Bellemans’ method 

is then used to maintain the position of the two charges on the dipolar discs and dipolar rods. The 

small charged discs on a dipolar disc are bonded to each other with a bond length between 

(1 + 𝛿)0.6𝜎1 and (1 − 𝛿)0.6𝜎1. Each charged disc is also bonded to the main hard disc with 

bond lengths between (1 + 𝛿)0.3𝜎1 and (1 − 𝛿)0.3𝜎1. The small charged discs on the dipolar 

rod are bonded to each other with bond lengths of (1 + 𝛿)3.6𝜎1 and (1 − 𝛿)3.6𝜎1, and each 

charged disc is bonded to the hard disc at the end of the rod that they are closest to with a bond 

length between (1 + 𝛿)0.3𝜎1 and (1 − 𝛿)0.3𝜎1. 

The hard discs of a dipolar disc or rod interact with other colloids through the hard sphere 

potential (𝑈𝐻𝑆), defined as: 

𝑈𝐻𝑆( 𝑟1) = {
∞, 𝑖𝑓 𝑟1 < 𝜎
0, 𝑖𝑓 𝑟1 ≥ 𝜎

1 

where 𝑟1 is the distance between two hard discs. Charged discs on the same colloid do not 

interact. Charged discs 𝑖 and 𝑗 on different colloids interact via an attractive four-step square-

well potential if the charges are of opposite sign, or a repulsive four-step square-shoulder 

potential if the charges have the same sign. The four-step square-well and square-shoulder 

potentials are defined as: 

𝑈𝑟𝑜𝑑−𝑟𝑜𝑑(𝑟𝑖𝑗) =

{
 
 

 
 

∞, 𝑖𝑓 𝑟2 < 𝜎1
±휀1, 𝑖𝑓 𝜎1 ≤ 𝑟2 < 𝜎2
±휀2, 𝑖𝑓 𝜎2 ≤ 𝑟2 < 𝜎3
±휀3, 𝑖𝑓 𝜎3 ≤ 𝑟2 < 𝜎4
±휀4, 𝑖𝑓 𝜎4 ≤ 𝑟2 < 𝜎5
0, 𝑖𝑓 𝑟2 ≥ 𝜎5

2 

𝑈𝑑𝑖𝑠𝑐−𝑑𝑖𝑠𝑐(𝑟𝑖𝑗) =

{
 
 

 
 

∞, 𝑖𝑓 𝑟2 < 𝜎1
±휀5, 𝑖𝑓 𝜎1 ≤ 𝑟2 < 𝜎2
±휀6, 𝑖𝑓 𝜎2 ≤ 𝑟2 < 𝜎3
±휀7, 𝑖𝑓 𝜎3 ≤ 𝑟2 < 𝜎4
±휀8, 𝑖𝑓 𝜎4 ≤ 𝑟2 < 𝜎5
0, 𝑖𝑓 𝑟2 ≥ 𝜎5

3 
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𝑈𝑟𝑜𝑑−𝑑𝑖𝑠𝑐(𝑟𝑖𝑗) =

{
 
 

 
 

∞, 𝑖𝑓 𝑟2 < 𝜎1
±휀9, 𝑖𝑓 𝜎1 ≤ 𝑟2 < 𝜎2
±휀10, 𝑖𝑓 𝜎2 ≤ 𝑟2 < 𝜎3
±휀11, 𝑖𝑓 𝜎3 ≤ 𝑟2 < 𝜎4
±휀12, 𝑖𝑓 𝜎4 ≤ 𝑟2 < 𝜎5

0, 𝑖𝑓 𝑟2 ≥ 𝜎5

4 

where rij is the distance between two charges and the signs of the potential are negative for 

unlike charges and positive for like charges. The magnitudes of the energies, 휀1 = 2.244, 휀2 =

1.648, 휀3 = 1.088, 휀4 = 0.733, 휀5 = 1.195, 휀6 = 0.785, 휀7 = 0.303, 휀8 = 0.148, 휀9 = 1.556, 

휀10 = 1.063, 휀11 = 0.633, 휀12 = 0.192 as well as the locations for the well boundaries, 𝜎2 =

0.45𝜎, 𝜎3 = 0.595𝜎, 𝜎4 = 0.9𝜎, and 𝜎2 = 1.10𝜎 are chosen to approximate the Yukawa 

potential, which is the screened Coulomb potential. The Yukawa potential, 𝑈(𝑟∗), is the 

potential energy between a pair of charges of opposite signs,57 and is defined as: 

𝑈(𝑟∗) = −휀 𝑟∗⁄ 𝑒𝑥𝑝(−𝜅∗(𝑟∗ − 1)) 5

here 휀 is a constant related to the strength of interaction, 𝜅∗ is the reduced inverse Debye length, 

and 𝑟∗ is the reduced distance between charges and is defined as 𝑟∗ = 𝑟/𝜎. We chose parameters 

for the Yukawa potential based on 20 nm diameter gold nanorods synthesized by Kozek et al.58 

and Maity et al.36 and suspended in a 10−5 M NaCl solution. From these values, we calculate the 

Debye length, 1 𝜅⁄ , to be 96.1 nm using the formula for monovalent electrolytes 1 𝜅⁄ =

0.304 [𝑁𝑎𝐶𝑙]0.5⁄ , where [𝑁𝑎𝐶𝑙] is the concentration of NaCl. From the Debye length, the 

reduced Debye length, 𝜅∗ = 𝜎𝜅, is 0.208. The reduced temperature for our simulations is 𝑇∗ =

𝛼𝑘𝐵𝑇 휀⁄ , where 𝑘𝐵 is the Boltzmann constant, 휀 is the constant in the Yukawa potential, and 𝛼 is 

0.864. The value for 𝛼 is calculated by setting the Yukawa potential in eqn (5) equal to the 

simplified Coulomb potential, 𝑈𝑐(𝑟
∗) = 1 𝑟∗⁄ , at 𝑟∗ = 0.3 the distance of closest approach for 

two charged discs in our simulations. 
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The energy values 휀1 through 휀12 in eqn (2)-(4) were chosen to fit the continuous 

Yukawa potential in eqn (5). This was done by calculating the total Yukawa potential between 

the four charges on two colloids in the configurations shown in Table 1. The energy values of the 

discontinuous potentials were then selected so that the total discontinuous interaction energy 

matched as best as possible to the total Yukawa potential. Emphasis was placed on developing a 

discontinuous potential that would match the interaction energies of the small colloidal 

aggregates that have been seen in previous experimental and simulation investigations on single-

component systems (two colloids in head-to-tail and side-by-side orientations and three discs in a 

close packed staggered chain as shown in the first column of Table 1). Figure 2.2(a)–(c) show 

the charge–charge discontinuous potentials (black) as a function of the distance between charges 

(a) on two rods, (b) on two discs, or (c) on one rod and one disc. The total Yukawa potential 

(red) between the respective colloids aligned head-to-tail as a function of the distance between 

the closest charges is shown for comparison. The hashed-out regions of the potentials in Figure 

2.2 indicate the areas of the charged discs’ energy wells that are inaccessible due to the hard 

sphere boundary of the hard disc or hard rod on which the charge resides. 

The locations of the discontinuities in the potential energy were chosen to highlight 

structural features commonly seen in dipolar colloids. The first well distance, between 𝜎1 and 𝜎2, 

was chosen to allow the colloids to form head-to-tail chains. The second well distance, between 

𝜎2 and 𝜎3, gives a region where the colloids can come together at an angle and for the creation of 

“Y-shaped” junctions. The third well, between 𝜎3 and 𝜎4, describes the interaction between the 

dipoles in the close packed staggered chain configuration. The fourth well, between 𝜎4 and 𝜎5, 

describes the region where colloids can come together in a side-by-side orientation. 

We chose to compare the charge–charge discontinuous potential to the total Yukawa 
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potential between colloids because, for the majority of possible orientations and configurations 

between two colloids, the only charges that will “feel” each other in our discontinuous potential 

are the two charges nearest to each other. Therefore, we designed our discontinuous potential so 

that two interacting charges would well approximate the total interaction between colloids. 

However, when two colloids are in a configuration in which a charge on one colloid “feels” both 

charges on an adjacent colloid, the result is a total discontinuous energy of interaction that is not 

a monotonic function of the distance between the closest charges. This means that two colloids 

can become more attractive as they move further apart, falling into local energy minimums. This 

is particularly true for the dipolar discs because the range of the potential is longer than the 

diameter of discs. To create a monotonically increasing function of the discontinuous potential 

energy as a function of the distance between closest charges would have required that the 

discontinuous potential be cut off at a very short distance to prevent a charge on one colloid from 

interacting with both charges on an adjacent colloid. The short cutoff would have resulted in a 

potential that was unable to account for side-by-side and close packed staggered chain 

interactions. See Appendix A for a detailed discussion of this. To minimize the impact of these 

local energy minima we ran the simulations for a larger number of collisions to give the colloids 

time to escape local energy minimums. Additionally, we repeated simulations with a shorter-

range potential which minimized occurrence of these local minimums and found substantially the 

same results as we have presented here. 

2.3.2 Methods 

 

We performed simulations on two mixtures of dipolar rods and discs: one in which the 

numbers of rods and discs are equal (“equal number mixture,” or “EN”), and the other in which 

the area fractions of the rods (𝜙𝑅) and discs (𝜙𝐷) are equal (“equal area mixture,” or “EA”). In 
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the equal number mixture, there were 𝑁𝑅 = 500 dipolar rods and 𝑁𝐷 = 500 dipolar discs. In the 

equal area mixture, there were 𝑁𝑅 = 500 rods and 𝑁𝐷 = 2328 discs. Detailed discussion of the 

results for single component dipolar discs and dipolar rods can be found in the work by Schmidle 

et al.31 and by Rutkowski et al.,40 respectively. Because the discontinuous potentials used in 

those two papers were slightly different than is used in the current investigation, we have 

performed single-component simulations containing either 500 dipolar rods or 500 dipolar discs 

to allow for direct comparison of phase boundaries and structures formed by mixtures to those 

found in the single-component systems. 

Discontinuous molecular dynamics (DMD) simulations are carried out in a square 2-d 

simulation box with periodic boundary conditions in the NVT ensemble. DMD simulations 

proceed by calculating the forces acting on particles only when particles are separated by a 

distance that corresponds to a discontinuity in the potential, making DMD a fast alternative to 

traditional molecular dynamics. Constant temperature is achieved using the Andersen thermostat, 

which is implemented by periodically selecting a random particle to undergo a collision with a 

“ghost” particle.59 The collisions with the “ghost” particle create a system whose temperature has 

a Boltzmann distribution around the set temperature. The simulations are carried out by using a 

simulated annealing process. The simulated annealing process proceeds by heating colloids at a 

fixed area fraction (𝜙 ≡ 𝜙𝑅 + 𝜙𝐷) at a high temperature, 𝑇∗ = 0.6, for approximately four 

billion collisions to obtain a random configuration. After this, the random configuration is cooled 

in discrete temperature steps, each lasting for one billion collisions with data collected every five 

million collisions over the final seven hundred million steps before moving on to the next step. 

This sampling rate results in 140 configurations at each temperature, which are used in 

determining phase transitions. Large temperature steps are used at high temperature since the 
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colloids readily reach equilibrium when little or no aggregation is occurring. We use smaller 

temperature steps at lower reduced temperatures to allow the colloids to reach equilibrium. These 

small steps allow us to accurately capture the aggregation behavior. Three simulated annealing 

simulations were performed for each system, and data is averaged over these three runs. 

2.3.3 Data analysis parameters 

 

To quantify the extent of aggregation of the dipolar colloids in our simulations, we define 

polymerization and clustering criteria. A pair of colloids is considered to be polymerized if a 

charge on one colloid lies within 1.1𝜎 of an opposite charge on the other. This distance 

corresponds to the outermost energy well of our discontinuous potential. Two colloids 

polymerized in this manner would be considered a cluster of two particles. If a charge on a third 

colloid is also within 1.1𝜎 of an opposite charge on a colloid in a polymerized pair, then all three 

colloids will be in the same cluster. If the charges have the same sign they are not considered to 

be in a cluster since this would be a repulsive interaction. 

The extent of polymerization, 𝛷(𝑇∗), is a measure of how many colloids have 

polymerized with at least one other colloid. It is defined as the ensemble average of the number 

of colloids that have polymerized, 𝑁𝑎, divided by the total number of colloids in the simulation 

box, 𝑁. 

𝛷(𝑇∗) = 〈𝑁𝑎 𝑁⁄ 〉 6 

We define four parameters: 𝛷𝑅−𝑅(𝑇
∗), 𝛷𝐷−𝐷(𝑇

∗), 𝛷𝑅−𝐷(𝑇
∗), and 𝛷𝐷−𝑅(𝑇

∗) to calculate the 

extent that rods have polymerized with other rods, discs have polymerized with other discs, rods 

have polymerized with discs, and discs have polymerized with rods, respectively. 

𝛷𝑅−𝑅(𝑇
∗) = 〈𝑁𝑅−𝑅 𝑁𝑅⁄ 〉 7 

𝛷𝐷−𝐷(𝑇
∗) = 〈𝑁𝐷−𝐷 𝑁𝐷⁄ 〉 8 
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𝛷𝑅−𝐷(𝑇
∗) = 〈𝑁𝑅−𝐷 𝑁𝑅⁄ 〉 9 

𝛷𝐷−𝑅(𝑇
∗) = 〈𝑁𝐷−𝑅 𝑁𝐷⁄ 〉 10 

where 𝑁𝑅−𝑅 is the number of rods that polymerize with at least one other rod, 𝑁𝐷−𝐷 is the 

number of discs that polymerize with at least one other disc, 𝑁𝑅−𝐷 is the number of rods that 

polymerize with at least one disc and 𝑁𝐷−𝑅 is the number of discs that polymerize with at least 

one rod. Note that 𝑁𝑅−𝐷 is not the same as 𝑁𝐷−𝑅 as seen in Figure 2.3.  

We also define a fifth parameter: 𝛷𝐶(𝑇
∗) is the sum of the number of rods that have 

polymerized with discs and the number of discs that have polymerized with rods divided by the 

total number of particles, 

𝛷𝐶(𝑇
∗) = 〈(𝑁𝑅−𝐷 + 𝑁𝐷−𝑅 ) 𝑁⁄ 〉 11 

When the extent of polymerization in eqn (7)-(11) is close to zero it means that the colloids are 

in the fluid phase. When 𝛷(𝑇∗)is close to 1 it means the colloids have polymerized and have 

formed a string-fluid. 

We plot the extents of polymerization given in eqn (7) and (8) versus temperature at each 

area fraction to find the transition temperature between a fluid and string fluid as shown for 

example in the inset of Figure 2.4. The general trend for 𝛷𝑅−𝑅(𝑇
∗) and 𝛷𝐷−𝐷(𝑇

∗) at low 𝜙 is 

that at high temperatures the extent of polymerization is low, and as the temperature is lowered 

the extent of polymerization rises rapidly, plateauing near 1. The rod fluid to rod string-fluid 

transition temperature is defined to be the 𝑇∗ value at the inflection point in the curve fitted to 

the 𝛷𝑅−𝑅(𝑇
∗) versus 𝑇∗ data. The disc fluid to disc string-fluid transition temperature is defined 

to be the 𝑇∗ value at the inflection point in the curve fitted to the 𝛷𝐷−𝐷(𝑇
∗) versus 𝑇∗ data. At 

these temperatures, the colloids go from a disordered fluid to a string-fluid consisting of small 

clusters of rods (eqn (7)) or discs (eqn (8)). This definition for the fluid to string-fluid transition 
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temperature works well at low area fractions where the fluid phase (low extent of 

polymerization) is evident. At higher area fractions, however, the values of 𝛷𝑅−𝑅(𝑇
∗) and 

𝛷𝐷−𝐷(𝑇
∗) are large (> 0.8) even at high temperature, which indicates that most of the colloids 

are already clustered and no clear fluid phase can be discerned by examining the extent of 

polymerization. Therefore, instead of transitioning from a fluid to a string-fluid, the colloids 

undergo a transition from a state where most are clustered to a state where all are clustered at 

high area fractions. 

To determine when the colloids undergo a transition from a string-fluid phase to a “gel” 

phase, we measure the percolation probability, 𝛱(𝑇∗). The percolation probability gives the 

probability of finding a network that is percolated, where percolation is defined as a cluster that 

spans the simulation box and connects back to itself through the periodic boundaries. We note 

that percolation is a prerequisite for gelation, but it is not sufficient by itself to declare a system a 

gel (which also has specific dynamic properties).40 The percolation probability is defined as: 

𝛱(𝑇∗) = ⟨𝐶𝑝𝑒𝑟 𝐶⁄ ⟩ 12 

where 𝐶𝑝𝑒𝑟 is the number of percolated particle configurations at a temperature 𝑇∗ and 𝐶 is the 

total number of configurations measured at that temperature. The percolation temperature (the 

temperature at which a system undergoes a transition between a system that is not percolated and 

one that is percolated) is defined to be the 𝑇∗ value at the inflection point of a curve fitted to a 

plot of percolation probability versus reduced temperature.60 

2.4 Results 

 

2.4.1 Fluid phases 

 

At high 𝑇∗ the dipolar colloids form a disordered fluid phase as seen in simulations of 

hard sphere and hard rod models. We do not see any entropically driven phase separation into 
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rod-rich and disc-rich phases at the area fractions investigated. Additionally, the aspect ratio of 

the rods in our model are below the aspect ratio at which we would expect to see the liquid 

crystal nematic or smectic phases. As we will see below, the colloids begin to cluster as the 

temperature is lowered and the shape anisotropy and dipolar anisotropic interactions both 

become important. 

2.4.2 Disc-disc and rod-rod polymerization 

 

The first transition that the mixtures undergo as the temperature is lowered at fixed area 

fraction is from a disordered fluid to a string-fluid. The string-fluid phase consists of short chains 

of clustered colloids. We compare the mixtures’ fluid to string-fluid transition temperatures for 

each area fraction simulated to that of the single component reference systems in Figure 2.4. 

Looking first at the behavior of the dipolar discs (blue curves), we see that the transition from a 

fluid to a disc string-fluid occurs at an approximately constant 𝑇∗ as area fraction is increased for 

both mixtures considered in this paper. Additionally, the fluid to disc string-fluid transition 

occurs at lower reduced temperature in the mixtures than for single-component dipolar discs, 

particularly at high area fractions. From this we conclude that the addition of dipolar rods to a 

system of dipolar discs greatly suppresses the formation of the disc string-fluid. Next, we 

consider the behavior of the dipolar rods (red). For the equal area mixture, the fluid to rod string-

fluid transition occurs at an approximately constant 𝑇∗ as area fraction is increased, and this 𝑇∗ is 

significantly lower than the transition temperature for pure rods. The equal number mixture 

exhibits a fluid to rod string-fluid transition at lower 𝑇∗ than pure rods, but not as low as for the 

equal area mixture. The equal number fluid to rod string-fluid transition occurs at higher 𝑇∗ as 

area fraction increases, following a linear trend like that seen for dipolar rods. From this we 

conclude that a significant number of discs need to be added to dipolar rods to have a marked 
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impact on rod polymerization.  

2.4.3 Rod-disc polymerization 

 

The rod–disc extent of polymerization for both mixtures displays much more complex 

behavior than seen in either the rod–rod or disc–disc extents of polymerization. See for example 

the comparison of the 𝛷𝑅−𝐷(𝑇
∗), 𝛷𝐷−𝑅(𝑇

∗), 𝛷𝐶(𝑇
∗), and 𝛷𝐷−𝐷(𝑇

∗) versus 𝑇∗ curves in Figure 

2.5(a) for the equal number mixture. At high 𝑇∗ the rod–disc extent of polymerization is greater 

than the disc–disc extent of polymerization. The rod–disc extent of polymerization increases at 

𝑇∗ decreases until it reaches a local maximum value, which occurs when 𝛷𝑅−𝐷(𝑇
∗) ≅

𝛷𝐷−𝐷(𝑇
∗). Thereafter, 𝛷𝐷−𝐷(𝑇

∗) rises rapidly as 𝑇∗ decreases, while 𝛷𝑅−𝐷(𝑇
∗) decreases until 

it reaches a local minimum which occurs at approximately the same temperature as the inflection 

point in the disc–disc extent of polymerization. After this, 𝛷𝑅−𝐷(𝑇
∗) again grows as 𝑇∗ is 

lowered until the end of the simulated annealing procedure. In the equal number mixture, the 

values of 𝛷𝐷−𝑅(𝑇
∗) and 𝛷𝐶(𝑇

∗) closely match those of 𝛷𝑅−𝐷(𝑇
∗). 

The behavior of the rod–disc extent of polymerization in the equal number mixture can 

be explained by examining snapshots of simulations as temperature is reduced. The snapshot in 

Figure 2.5(b) depicts an equal number mixture at the temperature at which 𝛷𝑅−𝐷(𝑇
∗) is a 

maximum. In this figure, we see a loose network of chains of dipolar rods that are aligned head-

to-tail. Most rod–disc polymerized pairs observed at this temperature have the rods and discs at a 

distance that corresponds to the third energy well, indicating that the discs have polymerized at 

the junctions between two head-to-tail aligned rods. Below this temperature, as shown in Figure 

2.5(c), the clustering between rods and discs is reduced in favor of coarse strands of rods that 

come together through side-by-side interactions. The formation of coarse chains of head-to-tail 

aligned rods limits the number of sites available for forming head-to-tail aligned rod–disc pairs, 
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even though this interaction is stronger than head-to-tail aligned discs. At this temperature, the 

beginning of the formation of a disc–disc string-fluid phase in the voids between the chains of 

rods is also apparent. As the temperature is reduced to that at which 𝛷𝑅−𝐷(𝑇
∗) is a minimum, 

Figure 2.5(d), just below the formation of the disc-string-fluid, we can see a large number of 

short disc–disc chains with a few of these disc strings tethered to a network primarily formed by 

rods. 

The behavior of the rod–disc polymerization in the equal area mixture, shown in Figure 

2.6(a), mirrors that of the rod–disc polymerization in the equal number mixture with the notable 

exception that significantly more of the rods are polymerized with at least one disc. The 

snapshots in Figure 2.6(b–d) show that as the equal area system cools, the dipolar rods exhibit 

chain formation and coarsening behavior that is similar to that seen in the equal number system, 

but to a lesser extent. This leaves many sites available for the formation of head-to-tail aligned 

rod–disc pairs. The sum of the number of rod-to-disc and disc-to-rod polymerizations, 𝛷𝐶(𝑇
∗), 

remains low due to the large number of discs in the system. 

The complex behavior exhibited by 𝛷𝑅−𝐷(𝑇
∗) makes it difficult to define when the 

mixtures exhibit rod–disc polymerization as we did for rod–rod and disc–disc polymerization 

where we looked for inflections points in 𝛷𝑅−𝑅(𝑇
∗) and 𝛷𝐷−𝐷(𝑇

∗). There is no clear string-fluid 

phase where the strings are composed of small chains of rods and discs bonded to each other. 

Instead we use 𝛷𝐶(𝑇
∗) to gain information about the structure of the percolated networks. We 

define the transition from a percolated network made primarily of rods to a percolated network 

that consists of large numbers of rods and discs. The temperature at which this transition occurs 

is found by finding the inflection point in a curve fit to 𝛷𝐶(𝑇
∗) in the region between 𝑇∗ = 0.1 

and the local minimum. 
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2.4.4 “Gel” phases and percolation 

 

We compare area fraction vs. percolation temperature curves of the two mixtures to those 

of the two single-component references in Figure 2.7(a). All four systems follow the general 

trend that at low area fraction the systems percolate at low 𝑇∗, and as area fraction increases, the 

percolation temperature also increases. For low area fractions, 𝜙 < 0.4, 𝑇𝑝𝑒𝑟𝑐(pure rods) >

𝑇𝑝𝑒𝑟𝑐(EN) > 𝑇𝑝𝑒𝑟𝑐(EA) > 𝑇𝑝𝑒𝑟𝑐(pure discs). Additionally, each system has a characteristic area 

fraction above which it is not possible to calculate a percolation phase transition (𝜙𝑚𝑎𝑥) because 

the system percolates even at high temperatures. This point occurs at 𝜙𝑚𝑎𝑥 = 0.45 for the pure 

dipolar discs, 𝜙𝑚𝑎𝑥 = 0.50 for the equal area mixture, 𝜙𝑚𝑎𝑥 = 0.60 for the equal number 

mixture, and 𝜙𝑚𝑎𝑥 = 0.70 or the pure dipolar rods. These values suggest that a mixture will 

have a lower value of 𝜙𝑚𝑎𝑥 as the area occupied by discs increases relative to the area occupied 

by rods, or, to put it conversely, 𝜙𝑚𝑎𝑥 increases as rods are added to a system. 

We gain more insight into the structure of the percolated networks formed by the 

mixtures when we analyze the composition of the first percolated chain at each area fraction (in 

each run). We define 𝐹𝑅(𝐹𝐷) as the number of rods (number of discs) in the first percolated chain 

divided by the total number of colloids in the first percolated chain. We compare the percolation 

temperatures of the pure rod reference to the equal number mixture. We see that for 𝜙 < 0.55 

the systems percolate at similar 𝑇∗, but above 𝜙 = 0.55 the percolation temperatures diverge 

with the mixture percolating at a higher 𝑇∗ Figure 2.7(a). The plot of 𝐹𝑅 and 𝐹𝐷 versus area 

fraction for the equal number mixture, Figure 2.7(b, top), shows that for 𝜙 ≤ 0.50, the first 

percolated network is primarily composed of rods, but above 𝜙 = 0.55, 𝐹𝐷 > 𝐹𝑅. Next, we 

compare the percolation temperatures of the pure disc reference to the equal area mixture. We 

see that for 𝜙 < 0.35 the systems percolate at similar 𝑇∗, but above 𝜙 = 0.35 the percolation 
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temperatures diverge with the pure discs percolating at a higher 𝑇∗. The plot of 𝐹𝑅 and 𝐹𝐷 versus 

area fraction for the equal number mixture, Figure 2.7(b, bottom), shows that 𝐹𝐷 > 𝐹𝑅 for all 

area fractions. 

From the above observations, we draw two conclusions about the percolation behavior of 

mixtures. The first conclusion that we make is that rods play a key role in percolation at low area 

fraction. A mixture in which rods are present in abundance (𝜙𝑅 ≫ 𝜙𝐷) will percolate at higher 

𝑇∗ then a mixture where 𝜙𝑅 = 𝜙𝐷. When rods make up the bulk of the occupied area, there is a 

greater chance for pairs of rods to interact, and these interactions are more likely to form clusters 

because of the stronger energy of interaction between pairs of rods then between rods and discs 

or pairs of discs. This results in system-spanning clusters that contain many rods and few discs as 

seen in the equal number mixture. The second conclusion we make is that discs play a key role in 

percolation at high area fractions. At high 𝜙 in both mixtures, the first percolated network was 

primary composed of discs. This could be due to the dipolar discs having a smaller excluded area 

than the dipolar rods, which makes it easier for the discs to arrange in attractive configurations at 

high area fraction where jamming could occur. An analysis of the pore size distribution in the 

“gel” phases below percolation shows that at constant area fraction, the probability of finding a 

given pore size decreases monotonically with pore size, with no characteristic pore size. 

Additionally, as 𝜙 increases, there is a decreased probability of finding large pores. 

2.4.5 Phase diagram: equal number case 

 

The phase transitions for the equal number mixture are summarized in a phase diagram in 

the area fraction versus temperature plane, Figure 2.8. As the system is slowly cooled starting 

from a reduced temperature of 6.0, the first transition that occurs is from a fluid (labeled “I” in 

Figure 2.8) to a rod string-fluid (II) which is characterized by small clusters of dipolar rods, 



   

26 

 

arranged primarily in head-to-tail orientations. There are very few clusters of discs with other 

discs, or of rods and discs. Next the rod string-fluid transitions to a rod “gel,” (III) a percolated 

network that is primarily composed of dipolar rods clustered to each other in a head-to-tail 

orientation. As discussed in the section on rod–disc polymerization there are some discs 

incorporated into the percolated network, primarily serving as junctions between clusters of rods 

or as the terminating colloid in a chain of rods. As the system is further cooled, the rod “gel” 

begins to coarsen through side-by-side chain interactions, and the discs that were clustered with 

rods begin to break away from the rod “gel” and form their own clusters; a disc string-fluid (IV). 

The final transition occurs when the disc string-fluid gets incorporated into the rod “gel” to form 

a rod and disc “gel” (V). When this rod and disc “gel” initially forms it is characterized by short 

chains of dipolar discs attached to a large, coarse network of dipolar rods. Upon further cooling 

the short chains of dipolar discs condense into clusters of discs with hexagonal order. 

2.4.6 “Gel” phases and percolation 

 

The phase transitions for the equal area mixture are summarized in a phase diagram in the 

area fraction versus temperature plane, Figure 2.9. Note that there are ∼4.5 times as many discs 

as rods in this system. Most of the phases seen in this mixture are similar to those in the equal 

number mixture, although there are noticeable differences. The rod “gel” that forms in regions III 

and IV of the equal area phase diagram contains a significantly greater number of dipolar discs 

than in the corresponding regions for the equal number mixture. The rod and disc “gel” (V) that 

forms at very low temperature consists of discrete clusters of rods connected to each other 

through clusters of discs instead of the large, system-spanning rod cluster in the equal number 

mixture. Finally, the equal area mixture has an additional phase (VI) that occurs at low area 

fractions and consists of both a rod string-fluid and a disc string-fluid, with few of the strings 
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containing both rods and discs. 

2.5 Discussion and conclusions 

 

We have calculated phase diagrams for equal-area and equal-number mixtures of dipolar 

colloidal rods and dipolar colloidal discs using discontinuous molecular dynamics simulations 

where the charge–charge discontinuous potential approximates the Yukawa potential. The 

structures displayed by these mixtures included fluid, string-fluid, and “gel” phases. 

Additionally, we see separation between the two species: rods preferring to polymerize with 

other rods, discs polymerizing with other discs, but significantly fewer instances of rods 

polymerizing with discs. This gives rise to states where dipolar rods exist primarily in one 

structure and dipolar discs in a second structure, for instance state III in Figure 2.8 and 2.9 where 

the rods form a “gel” while the discs remain interspersed as a fluid. We compare the transitions 

of the two mixtures to those found for pure dipolar rods and pure dipolar discs. Through this 

comparison we see that the addition of a small number of dipolar rods to pure dipolar discs 

suppresses dipolar disc polymerization, however the addition of a small number of dipolar discs 

to pure dipolar rods does not significantly impact dipolar rod polymerization. Dipolar rod 

polymerization is suppressed only when a large number of dipolar discs are added to the pure rod 

system. 

Our results reveal complex phase behavior that arises in mixtures of mutually attractive 

colloidal particles. We have focused on the case where the rods and discs are of similar size so 

that structure formation is driven by dipolar interactions and not entropic effects. We find that 

mixtures of dipolar rods and discs follow a general assembly pathway that begins with the 

formation of energetically favorable head-to-tail chains of rods. Once the rods form long chains 

with each other, there are a limited number of sites available to form chains of mixed rods and 
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discs aligned head-to-tail. Because of this, the next step in the assembly pathway is that discs 

begin to form head-to-tail aligned chains with other discs. The final step in the general assembly 

pathway is that chains of rods and discs interact through side-by-side and close packed staggered 

chain interactions, which causes branching and coarsening of chains. Knowledge of this general 

pathway helps us to understand how the assembly of mixtures is impacted by the mixture 

composition, strength of interaction between species, and the temperature. Mixtures that have a 

large area fraction of rods relative to the area fraction of discs could be used to form gels that 

encapsulate the discs, and this could be useful for drug delivery applications. Mixtures with an 

equal area fraction of rods and discs could have interesting rheological properties as they could 

form gels that contain separate domains for rod rich and disc rich clusters. 

The phase diagrams calculated in this work can aid experimentalists in understanding the 

complex aggregation behavior seen in colloidal mixtures. The phase separation induced through 

different strengths of attractive and repulsive interactions exhibited between colloids of different 

shapes in our model could offer a new avenue to control colloidal aggregation. Dipolar particles 

can be created from different shapes and materials that, when mixed together, could create novel 

temperature-sensitive surface coatings that take advantage of the fact that different particle types 

form clusters at different temperature. In three dimensions these mixtures could form networks 

similar to the bicontinuous gels seen in mixtures of dipolar spheres of different sizes,45 however 

it is difficult to predict how head-to-tail aligned chains of dipolar rods would form side-by-side 

interactions with each other. Further study in this area would be of interest. 

Our use of DMD was driven by our desire to quickly explore the phase space for these 

mixtures so as to provide insight to experimentalists about the conditions necessary to form 

phases that may be of interest. The advantage of DMD is that we can simulate many systems 
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with modest computational resources compared to the traditional techniques such as molecular 

dynamics used with a continuous potential. Our choice of a short-range potential was driven by 

our focus on replicating the environment found in high salt concentrations where charge–charge 

interactions are screened by electrolytes. Simulation results using similar short-range 

discontinuous potentials have shown good qualitative agreement with both experimental results 

for dipolar spheres and results from simulations on dipolar spheres that account for true dipolar 

interactions more rigorously. An additional benefit of the short-range discontinuous potential is 

that accounting for long-range interactions is often the most time-consuming part of a simulation 

involving a continuous potential. Several other sets of discontinuous potentials were designed 

and used in simulations to verify the results obtained using the potentials summarized by eqn (2)-

(4). These potentials varied from the one reported in this paper by changing the number of steps 

in the potential, the location of boundaries between steps, and the energy values of each step. 

The phase diagrams calculated based on these other potentials largely agree with the above 

results. There were, however, some differences in the local structures formed by these other 

potentials. If the first well (representing the strongest interaction energy) was broad, the colloids 

would form more “Y-shaped” junctions and fewer head-to-tail chains, resulting in the dipolar 

rods forming a structure similar to that of a triangular truss instead of the structures depicted in 

Figure 2.8 and 2.9. If additional steps were included beyond 1.1𝜎, the colloids formed 

“staggered chains,” such as those found in magnetic Janus particles, where adjacent beads on the 

same side of the chain do not touch.61 
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Figure 2.1: Model of (a) dipolar disc of diameter 𝜎 and (b) 4𝜎: 1𝜎 aspect ratio dipolar rod. 
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Figure 2.2: Plot of the discontinuous interaction potential between two charged discs (black) 

versus the distance between the center of two charges of opposite sign for interactions between 

charges (a) on two rods, (b) on two discs, or (c) on a rod with a charge on a disc. The total 

Yukawa potential for the interactions between the four charges on two colloids in a head to tail 

orientation (red) is shown for comparison.



   

37 

 

  

Figure 2.3: Examples of 𝛷𝑅−𝐷, 𝛷𝐷−𝑅, and 𝛷𝐶 calculations for a simple four particle system. 
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Figure 2.4: Transition from fluid to string-fluid as 𝑇∗ decreases for dipolar rods (red) and dipolar 

discs (blue) for simulations of an equal number of rods and discs (squares), an equal area of rods 

and discs (diamonds), only discs (triangles) or only rods (circles). The inset shows the curve 

fitted to extent of rod-rod polymerization versus temperature data (black squares) for an equal 

number mixture at 𝜙 = 0.20; this curve is characteristic of all the rod-rod and disc-disc extents 

of polymerization seen in the mixtures. The inflection point of the fitted curve is marked (red 

circle).
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Figure 2.5: (a) Comparison between disc-disc (blue), rod-disc (brown), disc-rod (green), and 

combined (purple) extent of polymerization for an equal number mixture at 𝜙 = 0.3. DMD 

simulation snapshots at (b) 𝑇∗ = 0.19, the maximum in 𝛷𝑅−𝐷, (c) 𝑇∗ = 0.13, the inflection point 

in 𝛷𝐷−𝐷, and (d) 𝑇∗ = 0.11, the minimum in 𝛷𝑅−𝐷. Dipolar rods are shown in green and dipolar 

discs are shown in purple.
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Figure 2.6: (a) Comparison between disc-disc (blue), rod-disc (brown), disc-rod (green), and 

combined (purple) extent of polymerization for an equal area mixture at 𝜙 = 0.3. DMD 

simulation snapshots at (b) 𝑇∗ = 0.17, the maximum in 𝛷𝑅−𝐷, (c) 𝑇∗ = 0.12, the inflection point 

in 𝛷𝐷−𝐷, and (d) 𝑇∗ = 0.11, the minimum in 𝛷𝑅−𝐷. Dipolar rods are shown in green and dipolar 

discs are shown in purple.
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Figure 2.7: (a) Transition from non-percolated network to percolated network as temperature is 

reduced for dipolar rods (red), equal number rods and discs (blue), equal area rods and discs 

(purple) and dipolar discs (black). (b) The fraction of rods (red), and the fraction of discs (blue) 

in the first percolated chain at each area fraction for the equal number mixture (top) and the equal 

area mixture (bottom).
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Figure 2.8: Phase diagram for a mixture of equal number of dipolar rods and discs plotted in the 

area fraction vs. temperature plane. Fluid (I), rod string-fluid with disc fluid (II), rod “gel” with 

disc fluid (III), rod “gel” with disc string-fluid (IV), and rod and disc “gel” (V) phases are 

present. Zoomed-in sections of the full simulation cell are shown to highlight the structural 

differences between the phases. See Appendix A for images of the full simulation cell. 
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Figure 2.9: Phase diagram for a mixture of equal area of dipolar rods and discs plotted in the 

area fraction vs. temperature plane. Fluid (I), rod string-fluid with disc fluid (II), rod “gel” with 

disc fluid (III), rod “gel” with disc string-fluid (IV), rod and disc “gel,” (V) and rod and disc 

string-fluid (IV) phases are present. See Appendix A for images of the full simulation cell. 
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Table 2.1: Total interaction energy, 𝑈𝑖𝑗, between all pairs of charges for the two- and three- 

particle configurations shown in the first column. The second column gives the energy of the 

corresponding configuration based on the Yukawa potential for the four charge-charge 

interactions between pairs of charges on different colloids. The third column shows the 

expression for the total discontinuous potential for each configuration based on the energy well 

cut-offs described by eqn (2)-(4). The fourth column gives the resulting total DMD interaction 

potential between the four charges based on the expressions in column three.
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Chapter 3: Clustering and phase separation in mixtures of dipolar and active particles 

3.1 Abstract 

 

The self-assembly of colloidal particles in dynamic environments has become an 

important field of study because of potential applications in fabricating out-of-equilibrium 

materials. We investigate the phase behavior of mixtures of passive dipolar colloids and active 

soft spheres using Brownian dynamics simulations in two dimensions. The phase behaviors 

exhibited include dipolar percolated network, dipolar string-fluid, isotropic fluid, and a phase-

separated state. We find that the clustering of dipolar colloids is enhanced in the presence of 

slow-moving active particles compared to the clustering of dipolar particles mixed with passive 

particles. When the active particle motility is high, the chains of dipolar particles are either 

broken into short chains or pushed into dense clusters. Motility-induced phase separation into 

dense and dilute phases is also present. The area fraction of particles in the dilute phase increases 

as the fraction of active particles in the system decreases, while the area fraction of particles in 

the dense phase remains constant. Our findings are relevant to the development of reconfigurable 

self-assembled materials. 

3.2 Introduction 

 

The collective behavior of self-propelled (active) matter – materials that convert energy 

from an internal or external source into translational or rotational motion1,2 – is of interest across 

a broad range of sciences. From a biological perspective, the study of active matter aids in the 

understanding of the movement of bacteria colonies,3,4 fish schools,5,6 bird flocks,7 and even 

pedestrian traffic.8-10 From a fundamental physics perspective, the study of active matter has 

yielded insights into phase separation dynamics,11-13 meso-scale turbulence,14-16 swarming,17-20 

swirling,21 and laning.22,23 Computer-simulated and artificial active colloidal particles are an 
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ideal model system for studying the collective behavior of active matter because we have greater 

control over the interactions between constituent particles in these systems than we do over 

interactions in biological systems.24-31 Mixtures of active and passive particles, in particular, 

display interesting collective behavior including active-passive segregation,32-34 flocking,35 and 

facilitation of attraction-induced phase separation.36 

Perhaps the most well studied model for simulating systems of active particles is the 

active Brownian particle (ABP) model.37,38 The traditional ABP model consists of spheres that 

experience self-propulsive forces, Brownian motion, and short-range interparticle repulsive 

forces, but neglects other interactions such as phoretic and hydrodynamic forces.39 Despite these 

simplifications, the ABP model offers insight into the interplay between activity, random motion, 

and excluded volume interactions. The traditional ABP model has been used to characterize 

motility-induced phase separation (MIPS),11,31,39-41 in which a sufficiently dense system of ABPs 

undergoes a transition from a homogeneous isotopic fluid at low Péclet number to a large dense 

cluster in coexistence with a dilute gas-like phase at high Péclet number. Motility-induced phase 

separation is analogous to the equilibrium liquid-gas phase separation exhibited by passive 

particles with attractive interactions; however, MIPS occurs even in the absence of attractive 

interactions in the ABP model which contains only repulsive interactions. The observation of 

MIPS in the absence of attractive interactions, which normally drive phase separation, is instead 

explained through either a kinetic theory or continuum mean-field theory. The kinetic theory of 

MIPS posits that clusters arise via a self-trapping mechanism.42,43 In this explanation, a pair of 

colliding particles remain in contact until rotational diffusion leads them to orient away from one 

another, allowing them to move apart. If additional particles collide with the pair during the 

reorientation time, the cluster will grow. Continuum mean-field theory for MIPS explains phase 
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separation as resulting from a reduction in the particle effective speed due to an increase in local 

density.12,44,45 An attractive feature of the ABP model is that it readily lends itself to the 

investigation of more complex systems such as rod-shaped particles,46,47 hydrodynamically-

interacting particles,48-50 particles with short-range attractive interactions,51 anisotropic 

interactions,52,53 and eccentric (or circle) swimmers.54 

Modeling mixtures of active and passive particles is of particular interest given that real 

world systems often contain one or more active components. Some examples of such systems are 

swimming bacteria moving around nutrient granules,55 dynamic processes within cells,56 and 

predator-prey behavior.57,58 Many of the simulations of colloidal mixtures with active 

components that have been reported thus far are so called “tracer particle” experiments in which 

a single passive particle is placed in an active medium.59-63 Recently there has been a shift to 

investigating systems where the number of constituent particles is more equitable. These include 

simulations of active and passive repulsive spheres,33,64-68 mixtures of active particles with 

different motilities,32,69 and mixtures of chiral (clockwise and counterclockwise circle swimmers) 

active particles.34 We add to this body of work by characterizing the phase behavior of a mixture 

consisting of passive dipolar spheres and ABPs. 

Colloidal particles with induced or permanent dipoles exhibit complex behavior due to 

the anisotropic and long-ranged nature of dipole-dipole interactions. A polarizable colloidal 

particle placed in an AC field will experience an internal charge separation in the direction of the 

field, effectively creating an induced dipole in the particle. Application of a homogenous field in 

one direction will cause particles with induced dipoles to assemble into chains. This has been 

used to assemble flexible nano- and micro- wires and chains,70,71 crystals,72 and other responsive 

materials.73,74 Colloidal particles with permanent dipoles have also been extensively studied by 



   

48 

 

simulations75-77 Such particles form rings, small chains, gels, and branched networks at low and 

intermediate density, and crystalline phases at high density. While we focus on the behavior of 

passive dipolar particles, we note that there has recently been interest in active dipolar 

particles,53,78-81 including studies that characterize the behavior of magnetotatic bacteria that 

move with or against the earth’s magnetic field.82-85 

In this paper, we present results from Brownian dynamics simulations of two-

dimensional mixtures of passive dipolar spheres and active repulsive particles. We explore how 

the interplay between particle area fraction, the fraction of total particles that are active colloids, 

and the active particle Péclet number affects the phases formed by the mixture and the local 

structure of those phases. We have simulated systems with low and intermediate area fractions 

between 0.05 and 0.55, but do not consider high area fraction systems where crystalline phases 

would be expected. The active particle fractions considered are 0.2, 0.4, 0.6, and 0.8. In addition, 

we simulate all-active and all-dipole systems to serve as a point of comparison for our mixtures. 

We compute the extent of polymerization and the percolation probability to characterize the 

behavior of the dipolar particles. In addition, we measure the largest cluster size for dipolar 

colloids, active colloids, and both colloids combined. Finally, we take local area fraction 

measurements to determine the conditions under which phase separation is present. 

Highlights of our results include the following. Phase diagrams at constant area fraction 

were calculated in the active particle fraction-Péclet number plane. The mixtures form percolated 

networks of dipolar colloids, dipolar string-fluids, and isotropic fluids; they can also phase 

separate into a dense and a dilute phase, depending on the area fraction of the system, the ratio 

between the number of active and dipolar particles, and the Péclet number of the active particles. 

The mixtures display an interesting interplay between the two types of particles in which the 
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dipolar colloids tend to form chains or clusters and the active particles either assist or hinder the 

formation of these supracolloidal structures. At low active particle Péclet number, the phases 

formed are similar to those formed in single component dipolar systems, with the active particles 

pushing dipolar particles together. At high Péclet number, the phases formed are similar to those 

formed by single-component active systems, but the distribution of the two species of particles 

between the two phases is unequal. 

3.3 System and methods 

 

3.3.1 Model 

 

We perform Brownian dynamics simulations in two dimensions (2D) on a binary mixture 

of colloidal particles. Particles in the mixture are either passive dipolar soft-spheres or active 

soft-spheres. The motion of particle 𝑖 with position 𝒓𝑖 and orientation 𝒖𝑖 is calculated by solving 

the coupled overdamped Langevin equations:86,87 

�̇�𝑖(𝑡) = 𝛽𝐷𝑡[𝑓𝑖 ∙ 𝒖𝑖(𝑡) + 𝑭𝑖] + √2𝐷𝑡𝝃𝑖(𝑡), 1 

�̇�𝑖(𝑡) = [𝛽𝐷𝑟𝑻𝑖 +√2𝐷𝑟𝜞𝑖(𝑡)] × 𝒖𝑖(𝑡). 2 

In eqn (1) and (2), �̇� and �̇� are the time (t) derivatives of the position and orientation of particle 𝑖 

respectively, 𝑭𝑖 and 𝑻𝑖 are the forces and torques acting on particle 𝑖 respectively, 𝐷𝑡 is the 

translational diffusion constant, and 𝐷𝑟 is the rotational diffusion constant. The thermal energy is 

𝛽 = 1 𝑘𝐵𝑇⁄  (with 𝑘𝐵 as Boltzmann’s constant and 𝑇 as temperature), and 𝑓𝑖 is a constant self-

propulsive force for the active particles. For passive particles, such as the dipolar colloids in our 

mixtures, 𝑓𝑖 = 0. Translational (𝝃𝑖(t)) and rotational (𝜞𝑖(t)) thermal noise terms represent 

random collisions between the colloidal particles and solvent. These are Gaussian white noise 

terms that fulfill the relations 〈𝝃𝑖(t)〉 = 〈𝜞𝑖(t)〉 = 0, 〈𝜉𝑖,𝑣(𝑡)𝜉𝑗,𝑤(𝑡′)〉 = 2𝛿𝑖𝑗𝛿𝑣𝑤𝛿(𝑡 − 𝑡′)/

(D𝑡𝛽
2), and 〈𝛤𝑖,𝑣(𝑡)𝛤𝑗,𝑤(𝑡′)〉 = 2𝛿𝑖𝑗𝛿𝑣𝑤𝛿(𝑡 − 𝑡′)/(D𝑟𝛽

2), where 𝛿𝑚𝑛 is the Kronecker delta, the 
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angle brackets denote ensemble average, and 𝜉𝑖,𝑣(𝑡) and  𝛤𝑖,𝑣(𝑡) denote the 𝑣 (x or y) component 

of 𝝃𝑖(𝑡) and  𝛤𝑖(𝑡) for the 𝑖th particle, respectively. 

The forces (𝑭𝑖) and torques (𝑻𝑖) acting on particle 𝑖 are computed as 

𝑭𝑖 = −𝛻𝒓𝑖𝑈, 3 

𝑻𝑖 = −𝒖𝑖 × 𝛻𝒖𝑖𝑈. 4 

In eqn (3) and (4), 𝑈 is the total potential energy of the system, which is the sum of all inter-

particle pairwise interactions. Particles interact via a combination of the Weeks-Chandler-

Anderson (WCA) potential88 and the dipole-dipole potential. The WCA potential (𝑈𝑊𝐶𝐴) 

accounts for steric repulsion between all colloids, and the dipole-dipole potential (𝑈𝐷) accounts 

for dipolar interactions between pairs of dipolar colloids. The equations for 𝑈𝑊𝐶𝐴 and 𝑈𝐷 are 

𝑈𝑊𝐶𝐴(𝑟𝑖𝑗) = {
4휀 [(

𝜎

𝑟𝑖𝑗
)

12

− (
𝜎

𝑟𝑖𝑗
)

6

+
1

4
] , 𝑟𝑖𝑗 < 21 6⁄ 𝜎

0                                              , 𝑟𝑖𝑗 ≥ 21 6⁄ 𝜎

, 5 

𝑈𝐷(𝒓𝑖𝑗, 𝝁𝑖, 𝝁𝑗) =
𝝁𝑖 ∙ 𝝁𝑗

𝑟𝑖𝑗
3 − 3

(𝝁𝑖 ∙ 𝒓𝑖𝑗)(𝝁𝑗 ∙ 𝒓𝑖𝑗)

𝑟𝑖𝑗
3 , 6 

where 𝜎 is the unit of length, 𝑟𝑖𝑗 is the distance between particle 𝑖 and particle 𝑗, 𝒓𝑖𝑗 = 𝒓𝑗 − 𝒓𝑖 is 

the vector connecting the center of the two particles, and 𝝁𝑖 is the dipole moment of particle 𝑖. 

We set the repulsive strength 휀∗ = 𝛽휀 = 100 to minimize particle overlap. We fix the dipole 

moment to the particle orientation, so 𝝁𝑖 = 𝜇𝒖𝑖 where 𝜇 is the magnitude of the dipole moment. 

Ewald summation is used to account for the long-range nature of the dipole-dipole potential.89-92 

For a description of the Ewald summation equations used, please refer to the Appendix of Ref. 

53. The values for the Ewald summation parameters we use (convergence parameter 𝛼 = 7/𝐿, 

truncation wave number 𝑚 = 15, and cut-off radius for the real part of the dipolar interactions 

𝑟𝑐 = 𝐿 2⁄ ,with 𝐿 as the box length) match those used in a similar system of active dipolar 
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particles.53 All simulations were performed with a coupling strength 𝜆 = 𝛽𝜇2 𝜎3⁄ = 10 between 

dipoles to ensure strongly coupled dipolar colloids. 

The rotational diffusion coefficient 𝐷𝑟 and translation diffusion coefficient 𝐷𝑡 are related 

via the Stokes-Einstein relationship which says that 𝐷𝑟 = 3𝐷𝑡 𝜎ℎ
2⁄  for a hard sphere with particle 

diameter 𝜎ℎ. Since the particles in our model are soft-spheres, we define an effective hard-sphere 

diameter in terms of the unit of length 𝜎 from eqn (5) as described by Liao and Klapp,54 

following the work of Barker and Henderson93 via 𝜎ℎ = ∫ (1 − exp [−𝛽𝑈𝑊𝐶𝐴(𝑟)])𝑑𝑟
∞

0
. With 

our choice of 휀∗ = 100, the resulting effective hard-sphere diameter is 𝜎ℎ ≈ 2
1/6𝜎. Substituting 

this result into the Stokes-Einstein relationship, we obtain 𝐷𝑟 = 3 × 2
−1/3𝐷𝑡 𝜎

2⁄ . 

3.3.2 Simulation parameters 

 

Simulations are performed on 𝑁 = 2000 total colloids in an 𝐿 × 𝐿 square box with 

periodic boundary conditions. There are 𝑁𝐷 dipolar colloids and 𝑁𝐴 active colloids for a total 

number of colloids 𝑁 = 𝑁𝐷 + 𝑁𝐴. The fraction of particles that are active is 𝑥𝐴 = 𝑁𝐴 𝑁⁄ . The 

area fraction of the box occupied by colloids is 𝛷 = 𝑁𝜋σ2 4𝐿2⁄ . Simulations consist of at least 

1.5 × 106 time steps with the maximum time between each step of ∆𝑡 = 5 × 10−5𝜏, where 𝜏 =

𝜎2 𝐷𝑡⁄  is the unit of time. This resulted in simulations that are at least of time 75𝜏. Simulation 

“snapshots” containing particle position and orientation data are collected every 0.01𝜏, and data 

over the last 25𝜏 of each simulation is analyzed to obtain steady-state results. Results are 

presented in non-dimensionalized units, where an active particle with self-propulsive force 𝑓𝑖 has 

a Péclet number of 𝑃𝑒 = 𝛽𝜎𝑓𝑖. 

To ensure that our simulations achieved a non-equilibrium-steady state, we calculated the 

average cluster sizes of dipolar particles, of active particles, and of all particles. The system was 

said to be in a steady-state when these values plateaued over time, which for most systems 
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required between 25𝜏 and 50𝜏. Simulations at low density with a low fraction of active particles 

and low Peclet number required at least 75𝜏 to achieve steady-state, therefore these simulations 

were run for 100𝜏 or longer. The simulations discussed in this work were started from 

randomized particle positions and orientations, which allowed the system to achieve a steady-

state rapidly. Additional simulations were performed starting from fully segregated initial 

configurations to determine the effects of the initial configuration. Most of these segregated 

system achieved a steady-state that was largely identical with that achieved from the random 

initial configuration, though these required longer simulation times. The exception to this was 

systems where the Péclet number of the active particles was zero (a fully passive system), or 

very low. In this case the dipolar particles formed denser clusters then the corresponding system 

starting from a random configuration. A full analysis of this behavior was beyond the scope of 

this work. 

3.3.3 Data analysis parameters 

 

In this section we describe the analysis techniques that we use to characterize the 

mixtures. We use subscript “D” to denote quantities that are associated only with dipolar 

colloids, and subscript “A” to denote quantities that are associated only with active colloids. No 

subscript is used for quantities associated with all of the colloids in the system regardless of type. 

At the end of this section we introduce the parameters used to describe the phases present in the 

mixtures based on these analyses. 

3.3.3.1 Clustering behavior 

 

The clustering behavior of both passive dipolar systems and active repulsive sphere 

systems is well established. Eqn (6) tells us that two particles will have a minimum energy of 

𝑈𝐷 = −2𝜇2𝜎−3 when they are separated by a distance of 𝜎 and aligned in a head-to-tail 
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configuration. This energetically favorable configuration drives the dipolar particles to form 

chains. We refer our readers to the introduction for explanations of the mechanisms that lead to 

phase separation in ABPs and here we add that the critical density below which phase separation 

will not occur, 𝛷𝑐𝑟𝑖𝑡, has been reported to be a range of values depending on the system size and 

persistence length ℓ𝑝.94-96 The persistence length is the distance over which an active particle 

retains information about its initial orientation, and is related to the particle velocity 𝑣𝑜 and 

rotational diffusion constant via ℓ𝑝 = 𝑣𝑜/𝐷𝑅. For two dimensions and in the ballistic regime 

(𝐷𝑅 → 0, ℓ𝑝 ≫ 𝜎), the lower limit for the critical density has been reported as 𝛷𝑐𝑟𝑖𝑡 ≈ 0.28.97 

When the rotational diffusion constant increases, the persistence length decreases and clusters 

break apart more rapidly, causing the value of 𝛷𝑐𝑟𝑖𝑡 to rise. When the translational diffusion 

coefficient is zero and rotational diffusion is the only source of noise, 𝛷𝑐𝑟𝑖𝑡 ≈ 0.4.98 Based on 

this, we predict that the critical density for phase separation in our simulations will be 0.28 ≲

𝛷𝑐𝑟𝑖𝑡 ≲ 0.40. 

To quantify clustering in our systems, we use two criteria to determine if a pair of 

colloids are clustered with each other. First, if colloids 𝑖 and 𝑗 are both active soft spheres or if 

one is an active soft sphere and the other is a dipolar soft sphere, then they will be in a cluster if 

𝑟𝑖𝑗 < 21 6⁄ 𝜎. This criterion corresponds to colloids that are within the repulsive part of the WCA 

potential. Second, if both colloids 𝑖 and 𝑗 are dipolar soft spheres, then the colloids will be in a 

cluster if 𝑟𝑖𝑗 < 1.5𝜎 and 𝑼𝐷 < 0.99 The distance 𝑟𝑖𝑗 = 1.5𝜎 is the average position of the first 

minimum in the radial distribution function, 𝑔(𝑟), which was found by performing simulations 

containing only dipolar colloids over many area fractions. The position of the first minimum of 

𝑔(𝑟) has been found to be relatively insensitive to changes in temperature or density.99 The 

internal energy criterion ensures that only attractive configurations are considered for clustering. 
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A cluster is defined to be the set of colloids in which each individual particle satisfies the above 

criteria with at least one other colloid in that cluster; 𝑛 will refer to the total number of colloids 

in the cluster. If a colloid does not meet these criteria with any of the other colloids in the 

system, then that colloid forms its own cluster of size one. 

We calculate the ensemble average largest cluster size 〈𝑛𝑙𝑐〉 to gain an overall picture of 

the clustering behavior of the mixtures. We defined the fraction of colloids in the largest cluster 

as 〈𝑛𝑙𝑐〉/𝑁. Small values of this fraction indicate that a state without any large clusters is present. 

Large values of 〈𝑛𝑙𝑐〉/𝑁 indicate a state where many particles in the system have come together 

in a large cluster. When this value equals one, all particles have been incorporated in a single 

cluster. 

The extent of polymerization 𝐸𝐷
𝑝𝑜𝑙𝑦

 is useful for characterizing the behavior of the dipolar 

colloids at low area fractions. The extent of polymerization is the fraction of dipolar particles that 

are in clusters, and is defined as 〈𝑁𝐷
𝑝𝑜𝑙𝑦(𝑡)〉/𝑁𝐷, where 𝑁𝐷

𝑝𝑜𝑙𝑦(𝑡) is the total number of dipolar 

colloids that are in a cluster of at least three particles at time 𝑡. An extent of polymerization at or 

near 1 means that all, or nearly all, of the dipolar particles exist in clusters, while an extent of 

polymerization near zero means that few dipolar clusters are present. The extent of 

polymerization cannot distinguish between a state that contains many intermediate size clusters 

and one that contains one large cluster. 

We use percolation probability to measure the formation of networks by the dipolar 

colloids in the mixtures. A percolated network is a cluster that spans the simulation box and 

connects back to itself.100 This definition of percolation can be broadly satisfied by clusters that 

either contain primarily dipolar colloids aligned in a head-to-tail orientation or contain both 

dipolar and active colloids in a large, dense domain. This second type of cluster is more likely to 
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occur in a phase separated system and will be treated in a different manner as described in 

section 2.3.2. Here we will focus our analysis of percolated clusters on those dominated by 

dipolar colloids. Percolation probability is defined as 𝛱𝐷 = 〈𝑠(𝑡)〉, where 𝑠 characterizes the 

state of the configuration of particles at each time 𝑡 and is assigned a value of 1 if a percolated 

cluster exists in the system and a value of zero if no such cluster is found. 

3.3.3.2 Phase separation 

 

As mentioned previously, active colloids can undergo motility-induced phase separation 

(MIPS) resulting in a large, densely-packed cluster in equilibrium with freely moving particles. 

The fraction of particles in the largest cluster gives a rough estimate for determining if phase 

separation exists; however, more precise determination of the conditions necessary for phase 

separation require additional analysis methods. One well documented method is through the 

analysis of the local area fraction.42 This method not only provides information on phase 

separation; it allows us to gain insight into the distribution of dipolar and active colloids in the 

dense and gas-like phases. To calculate the local area fraction, we begin by performing Voronoi 

tessellation on the system configuration at any time 𝑡. The simulation cell is divided into 

Voronoi cells such that each cell contains one colloid plus all the space in the simulation box that 

is closer to that colloid than to any other colloid. The area of the 𝑖th Voronoi cell is 𝐴𝑖, and the 

local area fraction of the particle in each Voronoi cell is 𝜙𝑖
𝑙𝑜𝑐 = 𝜋𝜎2/(4𝐴𝑖). After the Voronoi 

tessellation is completed, we need to determine if the particles have phase separated into a dense 

region and a dilute region.  

To determine if a dense and dilute region exist in the system, we overlay a finely-spaced 

square grid with mesh size ∆𝐿𝑝𝑚~1.0𝜎 on the simulation cell. Each box on this grid is identified 

by a set of coordinates, (𝑥, 𝑦). The position-resolved local area fraction in each grid box, 
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𝜙𝑙𝑜𝑐(𝑥, 𝑦), is the weighted average of 𝜙𝑖
𝑙𝑜𝑐 for those Voronoi cells that lie within each box. If a 

system is not phase separated, the values of 𝜙𝑙𝑜𝑐(𝑥, 𝑦) will be uniformly distributed through the 

simulation cell and the probability distribution 𝑃(𝜙𝑙𝑜𝑐(𝑥, 𝑦)) will have a single peak. If a system 

has phase separated, there will be a contiguous region where 𝜙𝑙𝑜𝑐(𝑥, 𝑦) is high, corresponding to 

the dense phase, and a second contiguous region where 𝜙𝑙𝑜𝑐(𝑥, 𝑦) is low, corresponding to the 

dilute phase. In a phase separated system, the probability distribution 𝑃(𝜙𝑙𝑜𝑐(𝑥, 𝑦)) will have 

two distinct peaks. As has been reported elsewhere, this method can produce broad tails in the 

peaks of the probability distribution due to clusters formed in the dilute phase.48 Therefore, the 

local area fraction for each grid box is averaged over a short time interval, ∆𝜏 = 0.5𝜏, to obtain 

the time-averaged, position-resolved local area fraction, �̅�𝑙𝑜𝑐(𝑥, 𝑦). Once we find �̅�𝑙𝑜𝑐(𝑥, 𝑦), we 

can calculate the probability distribution for the local area fraction 𝑃 ( �̅�𝑙𝑜𝑐(𝑥, 𝑦)), and recover 

the two distinct peaks for the phase separated states. 

In addition to allowing us to determine if a system exhibits phase separation, the local 

area fraction gives us information about how the active and dipolar colloids are distributed 

between the two phases. To extract this information, we locate the interface separating the 

coexisting states. To find the interface, we define the parameter 𝛼(𝑥, 𝑦), which quantifies the 

number of colloids in the neighborhood of the grid box at (𝑥, 𝑦), 

𝛼(𝑥, 𝑦) ≡ (∆𝐿𝑝𝑚)
2
∑ �̅�𝑙𝑜𝑐(𝑥 + 𝑗∆𝐿𝑝𝑚, 𝑦 + 𝑘∆𝐿𝑝𝑚).

1

𝑗,𝑘=−1

 

In the above equation, (𝑥, 𝑦) refers to the coordinates that identify a grid box on the coarse, 

particle-resolved grid and the sum is over the �̅�𝑙𝑜𝑐(𝑥, 𝑦) of the eight grid boxes surrounding that 

central grid box (omitting the term where j = k = 0). We calculate 𝛼(𝑥, 𝑦) for each of the 
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particle-resolved grid boxes. The interface is the set of boxes that satisfy the selection criteria 

|𝛼(𝑥, 𝑦) − 𝛼𝑡ℎ𝑟𝑒𝑠| ≤ 𝛿𝛼𝑡ℎ𝑟𝑒𝑠 where 𝛼𝑡ℎ𝑟𝑒𝑠 = 4.0 and 𝛿𝛼𝑡ℎ𝑟𝑒𝑠 = 0.4. This choice means that the 

interfacial grid points have a time-averaged number of neighbors equal to 4; it creates an 

interface that matches well with the interface seen in simulation snapshots. Once the set of 

interfacial boxes is found, we can measure the local area fraction as a function of the distance 

from the interface 𝜙(𝑑) and fit the data with the Cahn-Hillard ansatz:101 

𝜙(𝑑) =
𝜙𝑑𝑒𝑛𝑠𝑒 + 𝜙𝑔𝑎𝑠

2
+
𝜙𝑑𝑒𝑛𝑠𝑒 − 𝜙𝑔𝑎𝑠

2
tanh (

𝑑 − 𝑑𝑜
𝑤

) , 7 

where 𝑑𝑜 is the location of the midpoint between dense and dilute phases and 𝑤 is related to the 

width of the interface between these regions. From this we can extract the local area fraction in 

the dense phase 𝜙𝑑𝑒𝑛𝑠𝑒 and in the gas-like phase 𝜙𝑔𝑎𝑠. 

To estimate the degree of hexagonal ordering present in the simulations we calculate the 

hexagonal bond-orientational order parameter.102 The hexagonal bond-orientational order 

parameter for the 𝑗th particle is 

𝛹𝑗,6 =
1

𝑁𝑗
𝑛𝑏𝑟 |∑ 𝑒𝑖6𝜃𝑗𝑘𝑘∈𝑁𝑗

𝑛𝑏𝑟 |, 

where the sum is over 𝑁𝑗
𝑛𝑏𝑟 neighbors of the 𝑗th particle and 𝑘 identifies the neighboring 

particle. The angle 𝜃𝑗𝑘 is formed between the vector 𝒓𝑗𝑘 (that is, the vector connecting the center 

of particles 𝑗 and 𝑘) and a fixed but arbitrary vector. The neighbors of a particle are defined to be 

the colloids that reside in the Voronoi cells adjacent to the cell that contains that particle. When 

𝛹𝑗,6 = 1 for all particles, the system is in a perfect hexagonal configuration. A disordered system 

will have small values of 𝛹𝑗,6 for all particles. 

3.3.3.3 Phase definitions and criteria 

 

Using the above analysis techniques, we can identify four different types of phase 
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behavior that our mixtures exhibit: motility-induced phase separation (MIPS), dipolar 

percolation, dipolar string-fluid, and isotropic fluid. The MIPS phase has both a large dense 

cluster and a sparsely populated region of freely moving colloids. This phase is characterized by 

two distinct peaks in 𝑃 ( �̅�𝑙𝑜𝑐(𝑥, 𝑦)), as well as a clear boundary between the dense and dilute 

regions. The remaining three types of behavior do not exhibit phase separation. The dipolar 

percolation phase has a cluster of dipolar particles that spans across the periodic boundary of the 

simulation box and connects back to itself in at least one dimension. This phase is defined to 

occur when the dipolar percolation probability 𝛱𝐷 ≥ 0.75. The dipolar string-fluid phase is one 

in which there is large amount of polymerization between dipolar particles, but the system 

neither percolates nor exhibits MIPS. This phase is defined to occur when the dipolar percolation 

probability 𝛱𝐷 < 0.75 and the extent of polymerization 𝜙𝐷
𝑝𝑜𝑙𝑦

> 0.75. The isotropic fluid phase 

is one in which there is little polymerization between dipolar particles and no MIPS. This phase 

is defined to occur when both the percolation probability 𝛱𝐷 < 0.75 and the extent of 

polymerization 𝜙𝐷
𝑝𝑜𝑙𝑦

< 0.75. 

3.4 Results and discussion 

 

In the following sections, we present the results of our simulations of mixtures of dipolar 

soft spheres and active soft spheres. We first analyze clustering of the colloids, focusing our 

discussion on the results from simulations at 𝛷 = 0.15, which is representative of a low-density 

system where MIPS does not occur, and 𝛷 = 0.45, which is representative of a high-density 

system that does exhibit MIPS. Next, we will analyze the phase separation that occurs at 𝛷 =

0.45. Following this, we present the phase diagram in the active fraction versus Péclet number 

(𝑥𝐴 𝑣𝑠. 𝑃𝑒) plane for constant values of the area fraction between 𝛷 = 0.05 and 𝛷 = 0.55. 

Finally, we discuss in more detail the underlying structure of the phases summarized in the phase 



   

59 

 

diagrams. 

3.4.1 Cluster formation 

 

We first turn our attention to the clustering behavior of the mixtures. Figure 3.1 shows 

the fraction of colloids of type 𝑘 (where 𝑘 is “D” for dipolar particles, “A” for active particles, or 

“All” for all particles) in the largest cluster of type 𝑘, 〈𝑛𝑘
𝑙𝑐〉 𝑁𝑘⁄ , versus Péclet number. Figure 

3.1(a) shows these results for the system at area fraction 𝛷 = 0.15 and active particle fraction 

𝑥𝐴 = 0.4. In this figure we see that at Péclet number 𝑃𝑒 = 0, the fraction of dipolar particles in 

the largest dipolar cluster, 〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷⁄ ≈ 0.57. When 𝑃𝑒 = 5, this value increases slightly to 

〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷⁄ ≈ 0.6. When Péclet number is increased above 𝑃𝑒 = 5, the value of 〈𝑛𝐷

𝑙𝑐〉 𝑁𝐷⁄  

decreases rapidly, approaching zero. The behavior of the fraction of particles in the largest 

cluster of all particles, 〈𝑛𝐴𝑙𝑙
𝑙𝑐 〉 𝑁⁄ , mirrors that seen in 〈𝑛𝐷

𝑙𝑐〉 𝑁𝐷⁄ . Finally, we see that the fraction 

of active particles in the largest active particle cluster, 〈𝑛𝐴
𝑙𝑐〉 𝑁𝐴⁄ , increases slightly as 𝑃𝑒 

increases but is near zero for all Péclet numbers simulated. Figure 3.1(b) shows these results for 

the system at area fraction 𝛷 = 0.15 and active particle fraction 𝑥𝐴 = 0.8. In this figure we see 

the values of 〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷⁄  at 𝑥𝐴 = 0.8 are much smaller than they were at 𝑥𝐴 = 0.4, which indicates 

that much less clustering occurs in these systems. We can see that as Péclet number increases 

from 𝑃𝑒 = 0 to 𝑃𝑒 = 10 the value 〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷⁄  increases, but decreases when the Péclet number 

increases above 𝑃𝑒 = 10. This follows the same general trend seen for dipolar particles at 𝑥𝐴 =

0.4 in Figure 3.1(a). The behavior 〈𝑛𝐴𝑙𝑙
𝑙𝑐 〉 𝑁⁄  mirrors the behavior of 〈𝑛𝐷

𝑙𝑐〉 𝑁𝐷⁄  up until 𝑃𝑒 = 60. 

Unlike the largest dipolar cluster, the largest cluster of all particles begins to increase slowly 

when the Péclet number increases above 𝑃𝑒 = 60. Finally, Figure 3.1(b) shows that 〈𝑛𝐴
𝑙𝑐〉 𝑁𝐴⁄  

increases as 𝑃𝑒 increases but, as in Figure 3.1(a), remains small. The small increase in 〈𝑛𝐴
𝑙𝑐〉 𝑁𝐴⁄  

in both Figure 3.1(a) and (b) corresponds to the dynamical finite-sized clustering of ABPs at low 
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densities reported elsewhere.11,39,54 The results for low area fraction mixtures shown in Figure 

3.1(a) and (b) suggest that (1) at low Péclet number, clustering is primarily done by dipolar 

colloids, (2) slow moving active particles aid in the formation of dipolar colloidal clusters as 

seen in the initial increase of 〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷⁄  at low 𝑃𝑒, and (3) fast moving active particles disrupt the 

formation of dipolar colloidal clusters. 

Figures 3.1(c) and (d) show the fraction of particles in the largest cluster for mixtures at 

area fraction 𝛷 = 0.45 and active particle fraction 𝑥𝐴 = 0.4 and 𝑥𝐴 = 0.8, respectively. For 

Figure 3.1(c), 〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷⁄  is a monotonically decreasing function with increasing Péclet number. 

This contrasts with the low area fraction systems, where the largest dipolar cluster increases for 

small Péclet number values above 𝑃𝑒 = 0. For the active particles in this system, Figure 3.1(c) 

shows that 〈𝑛𝐴
𝑙𝑐〉 𝑁𝐴⁄  is small for all values up to 𝑃𝑒 ≈ 120, above which 〈𝑛𝐴

𝑙𝑐〉 𝑁𝐴⁄  begins to rise. 

The behavior of the fraction of particles in the largest cluster of all particles, 〈𝑛𝐴𝑙𝑙
𝑙𝑐 〉 𝑁⁄ , is more 

complex. At low Péclet number, 〈𝑛𝐴𝑙𝑙
𝑙𝑐 〉 𝑁⁄  increases as 𝑃𝑒 increases until 𝑃𝑒 = 15. Since at low 

𝑃𝑒 all the dipolar colloids are already incorporated into a single cluster (〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷⁄ = 1), this 

increase in 〈𝑛𝐴𝑙𝑙
𝑙𝑐 〉 𝑁⁄  can be attributed to active particles colliding with the large dipolar cluster. 

Above 𝑃𝑒 = 15, 〈𝑛𝐴𝑙𝑙
𝑙𝑐 〉 𝑁⁄  decreases as the active particles begin to break apart the dipolar 

cluster. This continues until 𝑃𝑒 = 40, after which 〈𝑛𝐴𝑙𝑙
𝑙𝑐 〉 𝑁⁄  begins to rise again. This increase is 

noteworthy because there isn’t a significant increase in 〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷⁄  or 〈𝑛𝐴

𝑙𝑐〉 𝑁𝐴⁄ ; the likely 

explanation is that the active and dipolar particles are forming a mixed cluster without any large 

domain containing one type of particle. In Figure 3.1(d), once again 〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷⁄  is a monotonically 

decreasing function with increasing Péclet number. For active particles in this system, we see a 

sharp increase in 〈𝑛𝐴
𝑙𝑐〉 𝑁𝐴⁄  at 𝑃𝑒 = 70 that is characteristic of motility-induced phase separation. 

The behavior of 〈𝑛𝐴𝑙𝑙
𝑙𝑐 〉 𝑁⁄  mirrors that of the dipolar particle largest cluster fraction at low values 
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of 𝑃𝑒, and that of the active particle largest cluster fraction at high values of 𝑃𝑒. The results for 

intermediate area fraction mixtures shown in Figure 3.1(c) and (d) suggest that (1) at low Péclet 

number, clustering is primarily done by dipolar colloids as was the case for low area fraction 

mixtures, (2) at low 𝑥𝐴 and high Péclet number, large mixed clusters form that contain both 

types of particles, and (3) at high 𝑥𝐴 and high Péclet number, a large active particle cluster 

forms. 

At low Péclet number for both the low and intermediate density systems, the clusters that 

form consist primarily of dipolar particles. To further quantify this behavior, we plot the 

percolation probability, 𝛱𝐷, and extent of polymerization, 𝐸𝐷
𝑝𝑜𝑙𝑦

, versus Péclet number, 𝑃𝑒, for 

area fractions 𝛷 = 0.15 and 𝛷 = 0.45 in Figure 3.2(a) and (b), respectively. The percolation 

probability in the top panel of Figure 3.2(a) shows that 𝛱𝐷 = 1 for 𝑥𝐴 = 0.2 and 𝑃𝑒 = 0, 5, 10. 

This indicates that these are the only systems that meet our criteria for the dipolar percolation 

phase at 𝛷 = 0.15. In addition, Figure 3.2(a) shows small but non-zero values of 𝛱𝐷 for the 

systems at 𝑥𝐴 = 0.4 and 𝑃𝑒 = 0, 5. These two points represent the same systems for which 

〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷⁄ ≈ 0.6 in Figure 3.1(a). Taken together, this indicates that the large dipolar clusters that 

form at low area fractions consist of long chains of head-to-tail aligned dipolar colloids as 

opposed to a compact cluster of these particles. An example of this dipolar network can be seen 

in the snapshot in Figure 3.3(a). The extent of polymerization for area fractions 𝛷 = 0.15 in the 

bottom panel of Figure 3.2(a) shows that increasing the Péclet number of the active colloids 

decreases the number of dipolar colloids in clusters, which is in agreement with the trends seen 

in 〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷⁄ . This can be seen by comparing the snapshots in Figure 3.3(a) and (b). These two 

snapshots represent similar systems, but in Figure 3.3(a) (𝑃𝑒 = 10) a large dipolar network 

forms, while in Figure 3.3(b) (𝑃𝑒 = 20) a dipolar string-fluid forms where the dipolar colloids 
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have assembled into small clusters, short chains, and rings. Additionally, the extent of 

polymerization, 𝐸𝐷
𝑝𝑜𝑙𝑦

, shows a rapid decrease for 𝑥𝐴 = 0.8 with increasing Péclet number, but 

this decay is less pronounced as the fraction of active particles, 𝑥𝐴, in the system is reduced. This 

behavior suggests that the active particles in the mixtures have a similar effect on dipolar 

clustering as temperature does on pure systems of passive dipolar particles. Both increasing 𝑥𝐴 

and increasing the Péclet number can be viewed as analogous to increasing the temperature in a 

passive dipolar system.77,103 A similar effect can be seen in simulations of active dipolar 

particles, where increasing particle velocity results in reduced chaining of the active dipolar 

colloids.53 For the system at 𝛷 = 0.45 shown in Figure 3.2(b), the values of both 𝛱𝐷 and 𝐸𝐷
𝑝𝑜𝑙𝑦

 

are larger than those for 𝛷 = 0.15. Indeed, 𝛱𝐷 > 0.75 for all values of 𝑃𝑒 simulated for the 

systems at 𝑥𝐴 = 0.2, and even when 𝑥𝐴 = 0.6 some systems exhibit dipolar percolation. The 

snapshot in Figure 3.3(c) shows an example of a percolated system at 𝛷 = 0.45, while Figure 

3.3(d) shows an example of a dipolar-string fluid. 

3.4.2 Phase separation 

 

As we noted earlier, systems at high area fraction exhibit a sharp increase in the largest 

cluster size of active particles when the Péclet number is high. This behavior is characteristic of 

motility-induced phase separation, but 〈𝑛𝐴
𝑙𝑐〉 𝑁𝐴⁄  alone does not fully describe MIPS. To 

determine the onset of phase separation, we plot the probability distribution of the time average 

local area fraction 𝑃 (�̅�𝑙𝑜𝑐(𝑥, 𝑦)) at 𝛷 = 0.45 and 𝑥𝐴 = 0.8 for various values of 𝑃𝑒, an 

example of which is shown in Figure 3.4. (We consider both species of colloids regardless of 

whether they are active or passive in these initial local area fraction calculations; later we will 

look at what insights can be gained by measuring the local area fractions of dipolar and active 

colloids independently.) At low Péclet number (𝑃𝑒 = 5), the probability distribution exhibits 
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only one peak, which is centered on the simulation area fraction 𝛷 = 0.45, as would be expected 

in a homogeneous system. This single peak broadens as the Péclet number increases 

(𝑃𝑒 = 25, 50). When the Péclet number is 𝑃𝑒 = 100, two peaks in 𝑃 (�̅�𝑙𝑜𝑐(𝑥, 𝑦)) appear, 

indicating that the mixture phase separates into a dense phase and a dilute phase. The area 

fractions of particles in these two coexisting phases (𝜙𝑑𝑒𝑛𝑠𝑒 for the dense phase and 𝜙𝑔𝑎𝑠 for the 

dilute phase) correspond to the locations of the two local maxima of 𝑃 (�̅�𝑙𝑜𝑐(𝑥, 𝑦)). When 𝑃𝑒 =

150, the dilute phase peak shifts to a lower value of �̅�𝑙𝑜𝑐(𝑥, 𝑦), but the location of the dense 

phase peak remains unchanged. 

To calculate 𝜙𝑑𝑒𝑛𝑠𝑒 and 𝜙𝑔𝑎𝑠 more exactly, we find the boundary between the dense and 

dilute phase in the simulation cell, plot the local area fraction versus distance from the boundary, 

and then fit this data to the Cahn-Hillard ansatz described earlier. Examples of this process are 

shown in Figure 3.5 for 𝛷 = 0.45, 𝑃𝑒 = 150, and (𝑎) 𝑥𝐴 = 0.4 and (𝑏) 𝑥𝐴 = 0.8. In this figure, 

the top row shows a representative snapshot of the simulation and the middle row shows the 

corresponding interface between the dense and gas-like phase. The bottom row of Figure 3.5 

shows the plot of local area fraction, 𝜙(𝑑), versus distance from the boundary, 𝑑 𝜎⁄ . In this 

figure, 𝑑 𝜎⁄ < 0 denotes the dilute region while 𝑑 𝜎⁄ > 0 denotes the dense region. From the 

fitted line, we can then extract the coexistence area fractions of the dense and dilute phases. 

We plot the coexistence area fractions, 𝜙𝑑𝑒𝑛𝑠𝑒 and 𝜙𝑔𝑎𝑠, in the Péclet number versus the 

local area fraction (𝑃𝑒, 𝜙) plane at various values of 𝑥𝐴 and constant system area fraction 𝛷 =

0.45 in Figure 3.6 to show how the presence of dipolar particles influences these coexistence 

area fractions. In the limiting case of 𝑥𝐴 = 1, our data agrees well with previously published 

results for the low-area fraction branch 𝜙𝑔𝑎𝑠 over the range of Péclet numbers considered.13 The 
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values for 𝜙𝑑𝑒𝑛𝑠𝑒 in the high-area fraction branch is close to that for hexagonally close-packing 

(cp) spheres with a diameter equal to the effective hard sphere diameter 𝜎ℎ of the spheres in our 

system, that is 𝜙𝑐𝑝 = 𝜋𝜎
2√3 (6𝜎ℎ

2)⁄ ≈ 0.72.104 The coexistence area fraction of the dilute phase, 

𝜙𝑔𝑎𝑠, shifts towards higher area fractions for each successive decrease in 𝑥𝐴. This may be 

attributed to the dipolar particles forming clusters in the gas-like phase as can be seen for the low 

𝑥𝐴 system in the top image in Figure 3.5(a). In the middle image of Figure 3.5(a), a few of the 

small clusters in the gas-like phase have been denoted as part of the interface between the two 

phases, despite these clusters not lying on the contiguous boundary. Since the interface was 

obtained by averaging over ∆𝜏 = 0.5𝜏, the presence of these “boundary” areas in the dilute phase 

indicates that some of the clusters formed in the gas-like phase are long lasting, which would 

contribute to higher values of 𝜙𝑔𝑎𝑠. These clusters are largely absent in the high 𝑥𝐴 system in 

Figure 3.5(b), resulting in lower values of 𝜙𝑔𝑎𝑠. 

We can gain more insight into the distribution of active and dipolar particles in the dense 

and dilute phases by further examining the local area fraction of the two species independently. 

To do this, we preform separate Voronoi tessellations on each component of the mixture 

independently to obtain a local area fraction for dipolar particles, 𝜙𝐷 and a local area fraction for 

active particles 𝜙𝐴. We plot the local area fractions 𝜙𝐷(𝑑) and 𝜙𝐴(𝑑) versus 𝑑 𝜎⁄  in the bottom 

images of Figure 3.5(a) and (b), where we are measuring 𝑑 in relation to the same interface 

boundary found by considering both species. Here we see that the local area fraction of both 

species is low in the dilute phase (where 𝑑 𝜎⁄ < 0). As we approach the interface at 𝑑 𝜎⁄ = 0 

from the dilute regime, we see that 𝜙𝐴(𝑑) begins to rise rapidly and reaches a plateau near 

𝑑 𝜎⁄ ≈ 2.5. On the other hand, 𝜙𝐷(𝑑) increases more gradually than 𝜙𝐴(𝑑) in the dilute regime. 

Taken together, this leads us to conclude that the interfacial layer is rich in active particles. When 
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𝑑 𝜎⁄  is high, both 𝜙𝐷(𝑑) and 𝜙𝐴(𝑑) begin to fluctuate, indicating small single component 

domains within the dense phase. 

3.4.3 Phase diagrams 

 

Combining all this information, we plot the phase diagrams for 𝛷 =

0.05, 0.15, 0.25, 0.35, 0.45, and 0.55 in the 𝑥𝐴 versus 𝑃𝑒 plane shown in Figure 3.7(a)-(e), 

respectively. Starting with 𝛷 = 0.05, the system is not dense enough to form a percolated 

network, and the only phases present are the string-fluid and isotropic fluid phases. This agrees 

with results from simulations of two-dimensional dipole-like colloids which show that low 

density systems will not percolate.77 At 𝛷 = 0.15 the percolated dipolar network phase forms at 

low Péclet number, and 𝑥𝐴 = 0 and 0.2, while the rest of the phase diagram closely matches that 

at 𝛷 = 0.05. The results at 𝑥𝐴 = 0 agree with previous simulations which show that at low 

temperatures a pure system of dipolar particles will percolate above 𝛷 ≈ 0.10.77 At 𝛷 = 0.25, 

the percolated network now forms at 𝑥𝐴 = 0.4, and the string-fluid phase persists at higher 

values of 𝑃𝑒. At 𝛷 = 0.35, this trend continues, with the percolated network and string-fluid 

persisting at higher 𝑃𝑒. In addition, we begin to see the two-phase state at high 𝑃𝑒 when 𝑥𝐴 is 

high. At 𝛷 = 0.45, the two-phase region begins to form at lower 𝑃𝑒 and 𝑥𝐴. Finally, at 𝛷 =

0.55, the percolated network phase persists when 𝑥𝐴 = 0.2 for all values of 𝑃𝑒 considered in this 

study, although at high Péclet number this percolated network consists of large domains of 

hexagonal close packed dipolar discs instead of the head-to-tail aligned chains found at lower 

values of 𝑃𝑒. This can be seen in Figure 3.8, which shows the probability distribution of the 

hexagonal bond-orientational order parameter 𝑃(𝛹6). From this figure we can see the 

development of a peak near 𝛹6 = 1 as the Péclet number increases, but this peak is absent at low 

values of 𝑃𝑒. 
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We did not find any Péclet number at which very low 𝑥𝐴 systems form a two-phase state. 

This contrasts with what has been seen in simulations of active and passive repulsive discs, in 

which systems with as little as 15% active particles can phase separate.64 However we did not 

investigate the behavior at very high Péclet number (𝑃𝑒 ≈ 500) where this behavior has been 

found. There are two possible results that could be seen at very high Péclet number. The first 

possibility is that phase separation in the dipolar and active mixture at low 𝑥𝐴 would require a 

lower Péclet number to achieve phase separation than is found in the passive/active mixture 

because the dipolar interactions would act as a stabilizing force to keep clustered dipolar 

particles together. This has been checked by running two brief simulations (data not shown) 

starting from the last configuration of the 𝛷 = 0.55, 𝑥𝐴 = 0.2, 𝑃𝑒 = 150, and dipolar coupling 

strength 𝜆 = 10 system. In the first simulation we set the dipolar coupling strength as 𝜆 = 10 

and the Péclet number as 𝑃𝑒 = 0 and observe that the structure undergoes very little 

rearrangement, largely maintaining the shape found in the initial configuration. In the second 

simulation we set the dipolar coupling strength as 𝜆 = 0 and the Péclet number as 𝑃𝑒 = 0 and 

observe that the particles quickly disperse into a homogenous, isotropic fluid. The second 

possibility is that phase separation in the dipolar and active mixture at low 𝑥𝐴 would require a 

higher Péclet number to achieve phase separation, or indeed phase separation may not be 

possible at low 𝑥𝐴. Investigations into strongly coupled equilibrium dipolar fluids77 and active 

dipolar fluids53 show that strongly coupled dipolar particles prefer forming head-to-tail aligned 

chains and resist phase separation. 

3.5 Conclusion 

 

We have calculated phase diagrams for mixtures of dipolar spheres and active spheres 

using Brownian dynamics. These mixtures form percolated dipolar networks, string-fluids, 
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isotropic fluids, or phase separate into a dense and dilute phase based on the system parameters. 

When the motility of the active particles is small, as measured by the Péclet number, the dipolar 

particles form rings or short chains at low area fractions, and long chains or percolated networks 

at high area fractions. When the motility of the active particles is increased, the long chains of 

dipolar particles are disrupted and are either broken apart into short chains or pushed into denser 

clusters. These short dipolar chains arise when the number of active particles is large, or when 

the area fraction of the system is low. Large area fractions with low numbers of active particles 

result in dense clusters of dipolar chains. When the motility of the active particles reaches a 

certain threshold and the area fraction is sufficiently high, the system undergoes motility-induced 

phase separation. 

This work builds upon previous simulation and theoretical results for mixtures of 

colloidal particles that interact via isotropic steric repulsion forces only.32-34,64-69 These previous 

papers have focused on phase separation and demixing behavior. By simulating mixtures that 

contain passive dipolar colloids, we have introduced particles with an anisotropic interaction in 

addition to steric repulsion. This additional interaction leads to enhanced clustering and chain 

formation at lower Péclet numbers compared to the clustering that occurs in the active/passive 

mixtures that have previously been studied. 

The phase diagrams calculated in this work can aid experimentalists in understanding the 

complex aggregation behavior seen in colloidal mixtures. In particular, the mixture of dipolar 

colloids and active colloids shows an interplay between the two species of particles. The dipolar 

colloids prefer to form head-to-tail aligned chains, and the active particles either break up the 

chains of dipolar particles or phase separate, causing the dipolar particles to adopt a hexagonal, 

close-packed structure. These mixtures could be useful in creating novel materials that can adopt 
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different configurations by adjusting the motility of the active particles. 

We have investigated systems with a high dipolar coupling strength 𝜆 so that the 

attractive dipolar interactions are sufficiently strong compared to the repulsive interactions 

induced by fast moving active particles. We predict that a lower dipolar coupling strength would 

cause dipolar clusters to break apart at lower active particle Péclet number. When the coupling 

strength is sufficiently low, these mixtures would exhibit little dipolar clustering and instead 

behave like the mixtures of active and passive particles that have been investigated by others.64,66 

 One intriguing area for future study of these mixtures would be to introduce an isotropic 

attractive force between the dipolar colloids, such as the capillary force that is present in lipid 

coated magnetic nanoparticles studied by Bharti et al.105 The capillary force in their system was 

estimated to be ≈ 25 times stronger than the magnetic force, which would serve to keep the 

dipolar particles in clusters even in the presence of high Péclet number active particles. Colloidal 

particles that combine the strong capillary force with orientation-dependent dipolar interactions 

could lead to interesting interactions between these particles and active colloids. A second area 

of future research would be to see if active colloids can be used to induce long range 

ferromagnetic clusters in the passive dipolar particles. This may be possible by introducing 

another source of anisotropy, such as rod-shaped dipolar particles or circular swimming active 

particles, both of which could encourage separation between the two species. 
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Figure 3.1: Fraction of particles in the largest cluster versus Péclet number for dipolar colloids 

(blue triangles), active colloids (red squares), and all colloids (black ‘x’) for (a) 𝛷 = 0.15, 𝑥𝐴 =
0.4 (b) 𝛷 = 0.15, 𝑥𝐴 = 0.8 (c) 𝛷 = 0.45, 𝑥𝐴 = 0.4 and (d) 𝛷 = 0.45, 𝑥𝐴 = 0.8. Note that (a) 

and (b) are plotted on a log scale for clarity. 
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Figure 3.2: Percolation probability, 𝛱𝐷, (top) and extent of polymerization, 𝐸𝐷
𝑝𝑜𝑙𝑦

, (bottom) 

versus Péclet number for (a) 𝛷 = 0.15 and (b) 𝛷 = 0.45 and active fractions 𝑥𝐴 = 0.2 (blue 

triangles), 𝑥𝐴 = 0.4 (red squares), 𝑥𝐴 = 0.6 (black ‘x’), and 𝑥𝐴 = 0.8 (purple circles). The 

dashed black line in each figure marks where 𝛱𝐷 = 0.75 or 𝐸𝐷
𝑝𝑜𝑙𝑦

= 0.75. Results that lie above 

this line indicate that the system is percolated or polymerized, respectively. 
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Figure 3.3: Representative simulation snapshots. (a) Dipolar percolated network at 𝛷 = 0.15, 

𝑥𝐴 = 0.2, and 𝑃𝑒 = 10. (b) Dipolar string-fluid at 𝛷 = 0.15, 𝑥𝐴 = 0.2, and 𝑃𝑒 = 20. (c) Dipolar 

percolated network at 𝛷 = 0.45, 𝑥𝐴 = 0.2, and 𝑃𝑒 = 10. (d) Dipolar string-fluid at 𝛷 = 0.45, 

𝑥𝐴 = 0.6, and 𝑃𝑒 = 50. Dipolar particles are blue and active particles are red. 
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Figure 3.4: Probability distribution of the time-average local area fraction  𝑃 (�̅�𝑙𝑜𝑐(𝑥, 𝑦)) versus 

time-average local area fraction �̅�𝑙𝑜𝑐(𝑥, 𝑦) for 𝛷 = 0.45, 𝑥𝐴 = 0.8, and 𝑃𝑒 = 5 (blue circles), 

𝑃𝑒 = 25 (black ‘x’), 𝑃𝑒 = 50 (red squares), 𝑃𝑒 = 100 (purple triangles) and 𝑃𝑒 = 150 (orange 

diamonds). Lines are drawn between points to help guide the eye. 
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Figure 3.5: Examples of phase separated systems and interface boundary analysis for 𝛷 = 0.45, 

𝑃𝑒 = 150, and for (a) 𝑥𝐴 = 0.4 and (b) 𝑥𝐴 = 0.8. The top image shows a simulation snapshot 

for these systems. Dipolar colloids are blue and active particles are red. The middle image shows 

the interfacial boundary (black squares) between the dense and gas-like phase which was 

obtained by averaging over a short time span, ∆𝜏 = 0.5. The top image is one of the snapshots 

used to generate the interfacial boundary in the middle image. The bottom image shows the plot 

of local area fraction 𝜙(𝑑) versus distance from the boundary 𝑑 𝜎⁄  for dipolar colloids (blue 

triangles), active colloids (red squares), and all colloids (black ‘x’). The red line is the curve 

fitted by eqn (7) with (a) 𝜙𝑑𝑒𝑛𝑠𝑒 = 0.7329, 𝜙𝑔𝑎𝑠 = 0.2958, 𝑑𝑜 = −0.4825, and 𝑤 = 3.5459 

and (b) 𝜙𝑑𝑒𝑛𝑠𝑒 = 0.7390, 𝜙𝑔𝑎𝑠 = 0.1797, 𝑑𝑜 = −1.2204, and 𝑤 = 3.1011.  
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Figure 3.6: Area fractions corresponding to coexistence densities 𝜙𝑑𝑒𝑛𝑠𝑒 (high area fraction 

branch) and 𝜙𝑔𝑎𝑠 (low area fraction branch) plotted on the Péclet number versus area fraction 

plane for 𝛷 = 0.45 and 𝑥𝐴 = 0.4 (red squares), 𝑥𝐴 = 0.6 (black ‘x’), 𝑥𝐴 = 0.8 (purple circles), 

and 𝑥𝐴 = 1 (orange diamonds). 
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Figure 3.7: Phase diagrams for constant 𝛷 = 0.05 − 0.55 in the 𝑥𝐴 versus 𝑃𝑒 plane. The phases 

exhibited are the percolated dipolar network phase (blue triangles), dipolar string-fluid phase (red 

squares), isotropic fluid phase (black ‘x’), and phase separated state (orange diamonds). Dashed 

lines are drawn between phases to help guide the eye. 
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Figure 3.8: Probability distribution of the hexagonal bond-orientational order parameter, 𝑃(𝛹6), 
for 𝛷 = 0.55, 𝑥𝐴 = 0.2, and 𝑃𝑒 = 5 (blue circles), 𝑃𝑒 = 25 (black ‘x’), 𝑃𝑒 = 50 (red squares), 

𝑃𝑒 = 100 (purple triangles) and 𝑃𝑒 = 150 (orange diamonds). Lines are drawn between points 

to help guide the eye. 
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Chapter 4: Clustering and phase separation in mixtures of dipolar and active particles in 

an external field 

4.1 Abstract 

 

Directing the assembly of colloidal particles through the use of external electric or 

magnetic fields shows promise for the creation of reconfigurable materials. Self-propelled 

particles can also be used to dynamically drive colloidal systems to nonequilibrium steady-states. 

We investigate colloidal systems that combine both of these methods of directed assembly, 

simulating mixtures of passive dipolar colloids and active soft spheres in an external magnetic 

field using Brownian dynamics in two dimensions. In these systems, the dipolar particles align in 

the direction of the external field but the active particles are unaffected by the field. The phase 

behaviors exhibited included percolated dipolar-network, dipolar string-fluid, isotropic fluid, and 

a phase-separated state. We find that the external field allows the dipolar particles to form a 

percolated network more easily compared to when no external field is present. Additionally, the 

mixture phase separates at lower active particle velocity in an external field than when no field is 

present. Our results suggest that combining multiple methods of directing colloidal assembly 

could lead to new pathways to fabricate reconfigurable materials.  

4.2 Introduction 

 

Self-propelled or active matter is comprised of materials that can convert energy from an 

internal or external source into translational or rotational motion.1,2 Many of the early efforts to 

describe the collective behavior of active matter focused on the self-organization of groups of 

organisms, including bacterial suspensions,3,4 fish schools,5,6 bird flocks,7 and pedestrian traffic.8-

10 Recent breakthroughs in nano- and micro-particle fabrication have allowed for the creation of 

artificial or man-made active systems based on colloidal particles.11-18 The desire to understand 
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such active particle systems has reignited an interest in the physics underlying nonequilibrium 

dynamic behavior such as clustering,19 swarming,20-23 swirling,24 and lane formation.25,26 Despite 

the inherent complexity of these phenomenon, minimal models can be employed to accurately 

reproduce the diverse behavior exhibited by a broad range of active materials. For example, the 

Viscek model describes active particles that align their velocity with that of their neighbors and 

has been used to characterize collective motion of large groups of biological organisms.27 

Another common model, the Active Brownian Particle (ABP) model, describes active particles 

interacting via isotropic steric repulsion and has been used to characterize motility-induced phase 

separation (MIPS).28,29 

Simulations of colloidal mixtures that contain at least one active component are a 

growing area of interest. In a previous paper, we investigated the phase behavior exhibited by 

passive dipolar particles mixed with active soft repulsive particles.30 Brownian dynamics was 

used to explore how system area fraction, active particle fraction, and active particle velocity 

impact particle assembly. We found that these three parameters dictated when the particles 

would form a percolated network of dipolar particles, a dipolar string-fluid consisting of small 

clusters of dipolar particles, an isotropic fluid consisting of little-to-no clustering, or a two-phase 

system consisting of a dense phase and a gas-like phase. In this paper, we expand on our 

previous finding to consider the phase behavior of these same mixtures in an external magnetic 

field.  

We perform Brownian dynamics simulations of two-dimensional mixtures of passive 

dipolar spheres and active soft spheres in an external field. In these mixtures, the dipolar 

particles interact with the field, but the active particles do not. The systems investigated include 

mixtures at area fractions of 0.15 and 0.45, with active particle fractions of 0.2, 0.4, 0.6 and 0.8. 
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In addition, simulations of all-active and all-dipole systems are performed to serve as a point of 

reference for our mixtures. Analysis reveals how factors such as system area fraction, fraction of 

active particles, active particle velocity, and external field strength influence the phases formed 

by the mixture. Computing the fraction of particles in the largest cluster provides a general 

picture of clustering in our system. The extent of polymerization and percolation probability 

further characterize the dipolar clustering. We perform local area fraction analysis to determine 

the conditions under which phase separation is present, and to determine how a particle’s 

environment influences its velocity.  

Highlights of our results include the following. Phase diagrams in the active particle 

fraction-Péclet number plane are calculated at area fractions of 0.15 and 0.45 for a fixed value of 

the external magnetic field strength. The mixtures form percolated networks of dipolar colloids, 

dipolar string-fluids, and isotropic fluids; they can also phase separate into a dense and a dilute 

phase, depending on the area fraction of the system, the ratio between the number of active and 

dipolar particles, and the Péclet number of the active particles. Interestingly, these mixtures 

phase separate into a dense and dilute phase at lower values of Péclet number in an external field 

than when no field is present. Analysis shows that this occurs because of collisions between the 

active particles and the small dipolar clusters that form in the dilute phase. When there is no 

external field, the dipolar particles in the dilute phase form amorphous clusters that the active 

particles collide with, thus slowing their motion. When there is an external field, the dipolar 

particles in the dilute phase form head-to-tail aligned chains that orient in the direction of the 

field. The active particles collide with these clusters if they are moving perpendicular to the field, 

but their motion is relatively unobstructed parallel to the field. This causes the active particles to 

have a higher effective velocity in an external field, which promotes phase separation. Finally, 
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we explore how the active particle velocity and external field strength influence the dipolar 

orientation. The dipolar alignment is maximum at low Péclet number when the system percolates 

and at high Péclet number when the system phase separates. Dipolar alignment is lowest at 

intermediate Péclet number when the dipolar string-fluid or isotropic fluid phases form. 

4.3 Model and methods of investigation 

 

4.3.1 Model system 

 

Following the methods outlined in our previous work,30 we perform Brownian dynamics 

simulations in two dimensions (2D) on a binary mixture of colloidal particles in an external 

magnetic field. There are 𝑁𝐷 passive dipolar soft-spheres and 𝑁𝐴 active soft-spheres, for a total 

number of colloids 𝑁 = 𝑁𝐷 + 𝑁𝐴. The total potential energy, 𝑈, of the 𝑁 particles is:31 

𝑈 =
1

2
∑𝑈𝑖𝑗

𝑁

𝑖≠𝑗

−∑𝑯

𝑁

𝑖=1

∙ 𝝁𝑖. 1 

In eqn (1), 𝑈𝑖𝑗 is the interaction potential of two particles 𝑖 and 𝑗, 𝑯 is the external magnetic 

field, and 𝝁𝑖 is the dipole moment of particle 𝑖. Particles interact via a combination of the 

Weeks-Chandler-Anderson (WCA) potential32 and the dipole-dipole potential. The WCA 

potential, 𝑈𝑊𝐶𝐴, provides an excluded-volume repulsive force between all colloids. The dipole-

dipole potential, 𝑈𝐷, accounts for dipolar interactions between pairs of dipolar colloids. The 

equations for 𝑈𝑊𝐶𝐴 and 𝑈𝐷 are  

𝑈𝑊𝐶𝐴(𝑟𝑖𝑗) = {
4휀 [(

𝜎

𝑟𝑖𝑗
)

12

− (
𝜎

𝑟𝑖𝑗
)

6

+
1

4
] , 𝑟𝑖𝑗 < 21 6⁄ 𝜎

0                                              , 𝑟𝑖𝑗 ≥ 21 6⁄ 𝜎

, 2 

𝑈𝐷(𝒓𝑖𝑗, 𝝁𝑖, 𝝁𝑗) =
𝝁𝑖 ∙ 𝝁𝑗

𝑟𝑖𝑗
3 − 3

(𝝁𝑖 ∙ 𝒓𝑖𝑗)(𝝁𝑗 ∙ 𝒓𝑖𝑗)

𝑟𝑖𝑗
3 . 3 

In eqn (2) and (3), 𝑟𝑖𝑗 = |𝒓𝑖𝑗| = |𝒓𝑗 − 𝒓𝑖| is the distance between particles 𝑖 and 𝑗 with positions 
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𝒓𝑖 and 𝒓𝑗 , respectively, 휀 is the repulsive interaction strength, and 𝜎 is the nominal particle 

diameter, which is set to be the unit of length for the simulations. We fix the dipole moment, 𝝁𝑖, 

to align with the particle orientation, 𝒖𝑖, so 𝝁𝑖 = 𝜇𝒖𝑖, where 𝜇 is the magnitude of the dipole 

moment.  

We calculate the motion of particle 𝑖 with position 𝒓𝑖 and orientation 𝒖𝑖 by solving the 

coupled overdamped Langevin equations:33,34  

�̇�𝑖(𝑡) = 𝛽𝐷𝑡[𝐹𝑝 ∙ 𝒖𝑖(𝑡) − 𝛻𝒓𝑖𝑼] + √2𝐷𝑡𝝃𝑖(𝑡), 4 

�̇�𝑖(𝑡) = [𝛽𝐷𝑟(−𝒖𝑖 × 𝛻𝒖𝑖𝑼) + √2𝐷𝑟𝜞𝑖(𝑡)] × 𝒖𝑖(𝑡). 5 

In eqn (4) and (5), �̇� and �̇� are the time (t) derivatives of the position and orientation of particle 𝑖 

respectively, 𝐹𝑝 is the magnitude of the constant self-propulsive force, and 𝛽 = 1 𝑘𝐵𝑇⁄  is the 

thermal energy (with 𝑘𝐵 as Boltzmann’s constant and 𝑇 as temperature). The active particle 

motility is related to the self-propulsive force via 𝑣𝑜 = 𝛽𝐷𝑡𝐹𝑝. The rotational diffusion 

coefficient, 𝐷𝑟, and the translational diffusion coefficient, 𝐷𝑡, are related via 𝐷𝑟 =

3 × 2−1/3𝐷𝑡 𝜎
2⁄ . 𝝃𝑖(t) and 𝜞𝑖(t) are translational and rotational Gaussian thermal noise terms 

with zero mean and unit-variance. 

4.3.2 Simulation parameters 

 

We perform simulations on 𝑁 = 2000 total colloids in an �̃� × �̃� square box with periodic 

boundary conditions, where �̃� = 𝐿/𝜎 is the reduced box length. The unit of time is 𝜏 = 𝜎2 𝐷𝑡⁄ . 

The reduced active particle velocity is 𝑣𝑜
∗ = 𝜎𝑣𝑜𝐷𝑡

−1. The strength of the repulsive force is 휀∗ =

𝛽휀 = 100 to ensure strongly repulsive particles, which minimizes particle overlap. We fix the 

non-dimensional dipolar coupling strength, 𝜆 = 𝛽𝜇2 𝜎3⁄ , at 𝜆 = 10 for dipolar particles and set 

𝜆 = 0 for active particles. This assumes that the dipolar particles are permanent magnets and that 

the strength of the dipole moment is independent of the external magnetic field. The external 
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magnetic field is 𝑯 = 𝐻�̂�𝑥, where 𝐻 is the strength of the magnetic field and �̂�𝑥 is the unit 

vector in the positive 𝑥 direction. The system is characterized by four dimensionless parameters: 

area fraction (𝛷), Péclet number (𝑃𝑒), fraction of active particles (𝑥𝐴), and magnetic field 

strength (�̃�). The area fraction of colloids in the simulation cell is 𝛷 = 𝑁𝜋 4�̃�2⁄ . We focus on 

results from simulations at area fractions of 𝛷 = 0.15 and 𝛷 = 0.45. Results are reported in 

terms of the nondimensional Péclet number, 𝑃𝑒 = 𝛽𝜎𝐹𝑝 = 𝜎𝑣𝑜𝐷𝑡
−1, which is the reduced active 

particle velocity. We vary the Péclet number from zero to 100 for active particles, while 𝑃𝑒 = 0 

for the dipolar particles in all simulations. The fraction of particles that are active is 𝑥𝐴 = 𝑁𝐴 𝑁⁄ . 

We simulate values of 𝑥𝐴 = 0, 20, 40, and 80. The non-dimensionalized magnetic field strength 

is �̃� = 𝛽𝜇𝐻. We simulate values of �̃� = 5, 10, 20, and 50 (results for these mixtures when no 

field is present are detailed in our previous work30). Starting from randomized particle positions 

and orientations, simulations consisted of at least 1.5 × 106 time steps with the time between 

each step being ∆𝑡 = 5 × 10−5𝜏 at the largest. Particle positions and orientation data are 

collected every 0.01𝜏. The data from the last 25𝜏 of each simulation are used to compute steady-

state parameters. 

4.3.3 Data analysis parameters 

 

In this section we describe the analysis techniques that we use to characterize the 

mixtures. In this and all future sections, we use subscript “D” to denote quantities calculated 

based only on dipolar colloids and subscript “A” to denote quantities calculated based only on 

active colloids. The subscript “All” or no subscript is used to denote quantities calculated based 

on all particles in the system. At the end of this section is a description of the phase behaviors 

exhibited by the mixtures and the criteria used to determine these phases. 



   

89 

 

4.3.3.1 Clustering behavior 

 

To quantify clustering in our system, we use the criteria set forth in our previous work to 

determine if neighboring particles are clustered. To summarize, if a pair of colloids 𝑖 and 𝑗 are 

both active soft spheres or if one is an active soft sphere and the other is a dipolar soft sphere, 

then they will be in a cluster if they are within the repulsive part of the WCA potential, that is if 

𝑟𝑖𝑗 < 21 6⁄ 𝜎. If colloids 𝑖 and 𝑗 are both dipolar particles, then the colloids will be clustered if 

they are within 𝑟𝑖𝑗 < 1.5𝜎 with 𝑼𝐷 < 0. The distance 𝑟𝑖𝑗 = 1.5𝜎 is the average position of the 

first minimum in the radial distribution function, 𝑔(𝑟). This value is relatively insensitive to 

changes in temperature or density35 and was calculated by performing simulations containing 

only dipolar colloids over many area fractions. The internal energy criterion ensures that 

clustering only includes attractive configurations. We define a cluster as the set of colloids in 

which each individual particle satisfies the above criteria with at least one other colloid in that 

cluster; 𝑛 refers to the total number of colloids in the cluster. A cluster of size 𝑛 = 1 is therefore 

a colloid that does not meet these criteria with any of the other colloids in the system. 

The ensemble average largest cluster size 〈𝑛𝑙𝑐〉 gives an overall picture of the clustering 

behavior. The fraction of colloids in the largest cluster, 〈𝑛𝑙𝑐〉 𝑁⁄  is small for a system without 

any large clusters present, is large when many particles form a cluster, and is equal to 1 if all 

colloids in the system form one large cluster. This quantity is a good starting point from which to 

consider clustering but does not provide detailed enough information to distinguish between 

phases formed by the mixtures. 

The extent of polymerization, 𝐸𝐷
𝑝𝑜𝑙𝑦

, is a measure of the fraction of dipolar particles that 

are in clusters. It is defined as 〈𝑁𝐷
𝑝𝑜𝑙𝑦(𝑡)〉/𝑁𝐷, where 𝑁𝐷

𝑝𝑜𝑙𝑦(𝑡) is the total number of dipolar 

colloids that are in a cluster of at least three particles at time 𝑡. The value of the extent of 
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polymerization is low if little or no dipolar clustering is present in the system and is high if many 

dipolar particles are clustered. This quantity cannot distinguish between a system with one large 

cluster or many smaller clusters, but used in conjunction with the fraction of colloids in the 

largest dipolar cluster, 〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷⁄ , helps us to extract this information. 

The percolation probability, 𝛱𝐷, is a measure of network formation by the dipolar 

colloids. A percolated network is a cluster of dipolar particles that spans the simulation box and 

connects back to itself.36 Percolation probability is defined as 𝛱𝐷 = 〈𝑠(𝑡)〉, where 𝑠 characterizes 

the state of the configuration of particles at each time 𝑡 and is assigned a value of 1 if a 

percolated cluster exists in the system and a value of zero if no such cluster is found. Therefore, a 

percolation probability of 1 indicates a system that always percolates, while a percolation 

probability of 0 indicates a system that never percolates. 

4.3.3.2 Local area fraction 

 

The local area fraction of the 𝑖th particle, 𝜙𝑖
𝑙𝑜𝑐, and the time-averaged, position-resolved 

local area fraction, �̅�𝑙𝑜𝑐(𝑥, 𝑦), are both useful quantities for characterizing the behavior of active 

particles.37-43 We calculate the local area fraction, which is a measure of the area fraction around 

an individual particle, based on a Voronoi tessellation. From this, we calculate the time-

averaged, position-resolved local area fraction, a measure of the area fraction in a specific region 

of the simulation cell, by dividing the simulation cell into a finely-spaced square grid and then 

taking the weighted average of the values of 𝜙𝑖
𝑙𝑜𝑐 that lie within each grid box over a short time 

frame ∆𝜏 = 0.5𝜏. Our previous work details the methods to calculate these quantities.30 

We use �̅�𝑙𝑜𝑐(𝑥, 𝑦) to determine if a system exhibits motility-induced phase separation 

(MIPS). MIPS refers to a state in which active soft spheres form a large dense cluster that 

coexists with a dilute gas-like phase.19,44-47 This state occurs via a self-trapping mechanism even 
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if attractive interactions are not present in the model. The self-trapping mechanism can be 

thought of as a balance between the flux of particles approaching a cluster (which is a function of 

system area fraction and active particle motility) and the flux of particles escaping a cluster 

(which is a function of the rotational diffusion coefficient). If the area fraction and motility are 

high relative to the rotational diffusion coefficient, then clusters will grow. To determine if MIPS 

occurs, we plot the probability distribution 𝑃 ( �̅�𝑙𝑜𝑐(𝑥, 𝑦)). A system that has phase separated 

will have two distinct peaks in the probability distribution.  

We use 𝜙𝑖
𝑙𝑜𝑐 to analyze how the local area fraction around a particle impacts the speed of 

that particle. The speed of the 𝑖th particle is 𝑣𝑖
∗ = |(∆𝒓𝑖 𝜎⁄ ) (∆𝑡𝑠 𝜏⁄ )⁄ |, where ∆𝑡𝑠 = 10−2𝜏 is a 

short time span.38,42,48 We compute the normalized speed 𝑣𝑖
∗ 𝑣𝑜

∗⁄  of each active particle and then 

average this value over the 𝑁𝐴 active particles for the last 25𝜏 of each simulation. A value of 

𝑣𝑖
∗ 𝑣𝑜

∗⁄  at or near 1 indicates that a particle is moving with a velocity equal to 𝑣𝑜
∗, the reduced 

active particle motility. A value of 𝑣𝑖
∗ 𝑣𝑜

∗⁄  at or near zero indicates that a particle is moving much 

slower than 𝑣𝑜
∗. 

4.3.3.3 Mean squared displacement 

 

The mean squared displacement (MSD) is a measure of the translational diffusion 

behavior of the particles.49 The MSD for the active particles is calculated via 

∆𝐴
2(𝑡) = 〈|𝒓(𝑡) − 𝒓(𝑡𝑜)|〉 =

1

𝑁𝐴
∑(𝒓𝑖(𝑡) − 𝒓𝑖(𝑡𝑜))

2
𝑁

𝑖=1

 𝑖𝑓 𝑡ℎ𝑒 𝑖𝑡ℎ 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑖𝑠 𝑎𝑐𝑡𝑖𝑣𝑒. 

We use the shorthand notation 〈|𝒓(𝑡) − 𝒓(𝑡𝑜)|〉 = ∆𝐴
2(𝑡) and 𝑡𝑜 is the initial time. It is also useful 

to consider the mean squared displacement of the particles in only the 𝑤 (𝑥 or 𝑦) direction. In 

this case, the MSD is calculated via 
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∆𝐴,𝑤
2 (𝑡) = 〈|𝑟𝑤(𝑡) − 𝑟𝑤(𝑡𝑜)|〉 =

1

𝑁𝐴
∑(𝑟𝑖,𝑤(𝑡) − 𝑟𝑖,𝑤(𝑡𝑜))

2

 𝑖𝑓 𝑡ℎ𝑒 𝑖𝑡ℎ 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑖𝑠 𝑎𝑐𝑡𝑖𝑣𝑒.

𝑁

𝑖=1

 

where 𝑟𝑖,𝑤 is the 𝑤 component of the 𝑖th particle position. 

4.3.3.4 Dipolar orientation 

 

The global polarization of the dipolar particles, 𝑃𝐷, is a measure of the ordering of the 

dipolar particle orientations.42,50 The global polarization corresponds to the magnitude of the 

average dipolar orientation and is defined as:  

𝑃𝐷 =
1

𝑁𝐷
⟨|∑𝒖𝐷,𝑖

𝑁𝐷

𝑖=1

|⟩, 

where 𝒖𝐷,𝑖 is the orientation of the 𝑖th dipolar particle. This parameter is one if all particles align 

in the same direction and is zero if the dipolar particles are randomly oriented or in a completely 

antiferromagnetic state. 

4.3.3.5 Phase definitions and criteria 

 

We use the same phase definitions and criteria as we used in our previous work to 

facilitate comparison between the behavior of mixtures in an external field to that when no field 

is present.30 We identify four different types of phase behavior that our mixtures exhibit: 

motility-induced phase separation (MIPS), dipolar percolation, dipolar string-fluid, and isotropic 

fluid. The MIPS phase has both a large dense cluster and a sparsely populated region of freely 

moving colloids. A system is in the MIPS phase when there are two distinct peaks in 

𝑃 ( �̅�𝑙𝑜𝑐(𝑥, 𝑦)). The remaining three types of behavior do not exhibit phase separation. The 

dipolar percolation phase has a cluster of dipolar particles that spans across the periodic 

boundary of the simulation box and connects back to itself in at least one dimension. A system is 

in the dipolar percolated phase when the percolation probability 𝛱𝐷 ≥ 0.75. The dipolar string-
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fluid phase is one in which a large amount of polymerization between dipolar particles takes 

place, but the system neither percolates nor exhibits MIPS. A system is in the dipolar string-fluid 

phase when the dipolar percolation probability 𝛱𝐷 < 0.75 and the extent of polymerization 

𝜙𝐷
𝑝𝑜𝑙𝑦

> 0.75. The isotropic fluid phase is one in which there is little polymerization between 

dipolar particles and no MIPS. A system is in the isotropic fluid phase when both the percolation 

probability 𝛱𝐷 < 0.75 and the extent of polymerization 𝜙𝐷
𝑝𝑜𝑙𝑦

< 0.75. 

4.4 Results and discussion 

 

The following sections detail the results of simulations of mixtures of dipolar soft spheres 

and active soft spheres in an external magnetic field. In section 3.1 we focus on the general 

clustering behavior of the mixtures. Section 3.2 provides more detail for systems that display 

motility-induced phase separation. Section 3.3 describes the phase diagram for these mixtures in 

the active fraction versus Péclet number (𝑥𝐴 𝑣𝑠. 𝑃𝑒) plane for constant values of area fraction of 

𝛷 = 0.15 and 𝛷 = 0.45. Section 3.4 compares the phase behavior of the mixture when there is 

an external field and when there is not. Simulations in these first four sections use a fixed 

external field strength of 𝐻 = 10. Section 3.5 explores how variation in the active particle Péclet 

number and external field strength, �̃�, affect the orientation of dipolar particles.  

4.4.1 Cluster formation 

 

The fraction of particles in the largest cluster gives a general understanding of the 

clustering behavior of the mixtures. Figure 4.1 shows the fraction of colloids of type 𝑘 (where 𝑘 

is “D” for dipolar particles, “A” for active particles, or “All” for all particles) in the largest 

cluster, 〈𝑛𝑘
𝑙𝑐〉 𝑁𝑘⁄ , versus Péclet number. We present data for fixed external field strength, �̃� =

10, and two values of area fraction, 𝛷 = 0.15 and 0.45, which are representative of systems that 

are respectively below and above the critical density required for motility-induced phase 
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separation. We focus on two values of active fraction, 𝑥𝐴 = 0.4 and 0.8, which are representative 

of systems that contain mostly active particles and mostly dipolar particles, respectively.  

First, we focus on the fraction of dipolar particles in the largest dipolar cluster, 〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷⁄ . 

In Figure 4.1(a), (b), and (d) we see that going from a passive system (𝑃𝑒 = 0) to a system 

where 𝑃𝑒 = 5, the value of 〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷⁄  increases. When the Péclet number is above 𝑃𝑒 = 5, the 

value of 〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷⁄  decreases monotonically. Figure 4.1 (c) does not show this initial increase in 

〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷⁄  from 𝑃𝑒 = 0 to 𝑃𝑒 = 5 since at both of these values of 𝑃𝑒 the largest dipole cluster 

comprises all the dipolar particles in the system. The value of 〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷⁄  decreases monotonically 

above 𝑃𝑒 = 5, however, following the same trend as it did in Figure 4.1 (a), (b), and (d). These 

results for the dipolar largest cluster fraction suggest that slow moving active particles aid in the 

formation of dipolar clusters, but that fast-moving active particles break up dipolar clusters. This 

agrees with results from simulations of dipolar and active colloidal mixtures in the absence of an 

external field.30  

Next, we turn our attention to the fraction of active colloids in the largest active cluster, 

〈𝑛𝐴
𝑙𝑐〉 𝑁𝐴⁄ . Figure 4.1 (a), (b), and (c) show that increasing the Péclet number causes 〈𝑛𝐴

𝑙𝑐〉 𝑁𝐴⁄  to 

increase; however, the value remains small. The behavior of 〈𝑛𝐴
𝑙𝑐〉 𝑁𝐴⁄  in Figure 4.1 (a) and (b) 

agrees with the dynamical finite-sized clustering behavior of active Brownian particles at low 

densities reported elsewhere.19,43,46 The behavior of 〈𝑛𝐴
𝑙𝑐〉 𝑁𝐴⁄  in Figure 4.1 (c) likely results from 

the small number of active particles in the system, which makes it difficult for a large active 

particle cluster to grow. In Figure 4.1 (d), we see a rapid increase in 〈𝑛𝐴
𝑙𝑐〉 𝑁𝐴⁄  at 𝑃𝑒 = 50, which 

begins to plateau around 𝑃𝑒 = 80, and is characteristic of motility-induced phase separation 

(which will be described more fully later). 

Finally, we consider the fraction of all colloids in the largest cluster in the system, 
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〈𝑛𝐴𝑙𝑙
𝑙𝑐 〉 𝑁⁄ . In Figure 4.1Figure 3.1(a) we see that the behavior of 〈𝑛𝐴𝑙𝑙

𝑙𝑐 〉 𝑁⁄  closely mirrors that of 

〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷⁄ . In Figure 4.1 (b), the trend in 〈𝑛𝐴𝑙𝑙

𝑙𝑐 〉 𝑁⁄  closely mirrors that of 〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷⁄ , but the values 

of the two parameters are different due to the small value of 𝑁𝐷 in this system. Taken together, 

Figure 4.1 (a) and (b) indicate that in low area fraction systems, clustering primarily takes place 

between dipolar colloids. In Figure 4.1(c), the value of 〈𝑛𝐴𝑙𝑙
𝑙𝑐 〉 𝑁⁄  remains relatively constant, with 

〈𝑛𝐴𝑙𝑙
𝑙𝑐 〉 𝑁 ≈ 0.6⁄  for Péclet number up to 𝑃𝑒 = 60 and 〈𝑛𝐴𝑙𝑙

𝑙𝑐 〉 𝑁 ≈ 0.7⁄  abov 

e 𝑃𝑒 = 60. Up to about 𝑃𝑒 = 15, we see that nearly all of the dipolar particles are incorporated 

into one cluster (〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷 ≈ 1⁄ ), which corresponds to 〈𝑛𝐴𝑙𝑙

𝑙𝑐 〉 𝑁 ≈ 0.6⁄ . This means that at low 

Péclet number the largest cluster is comprised mainly of a large cluster or network of dipolar 

particles, with few active particles. Above 𝑃𝑒 = 15, the value of 〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷⁄  begins to decline 

significantly; however, there is no significant decline in 〈𝑛𝐴𝑙𝑙
𝑙𝑐 〉 𝑁⁄ . This indicates that the largest 

cluster in the system does not contain a large domain of any one type of particle and instead 

contains a mixture of both types of particles. In Figure 4.1 (d), we once again see 〈𝑛𝐴𝑙𝑙
𝑙𝑐 〉 𝑁⁄  

mirrors the behavior of 〈𝑛𝐷
𝑙𝑐〉 𝑁𝐷⁄  at low Péclet number. At high Péclet number, on the other 

hand, 〈𝑛𝐴𝑙𝑙
𝑙𝑐 〉 𝑁⁄  mirrors the behavior of 〈𝑛𝐴

𝑙𝑐〉 𝑁𝐴⁄ , and the largest cluster in the system contains a 

large cluster of active particles. 

To analyze the behavior of the dipolar particles further, we plot the percolation 

probability, 𝛱𝐷, and extent of polymerization, 𝐸𝐷
𝑝𝑜𝑙𝑦

, versus Péclet number, 𝑃𝑒, for area fractions 

𝛷 = 0.15 and 𝛷 = 0.45 with �̃� = 10 in Figure 4.2(a) and (b), respectively. These plots 

generally trend toward a high percolation probability or extent of polymerization when the Péclet 

number and fraction of active particles are both low. When either 𝑃𝑒 or active fraction, 𝑥𝐴, 

increase, there is a corresponding decrease in percolation probability and extent of 

polymerization. This once again indicates that the active particles disrupt chaining and cluster 
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formation of dipolar particles. There are two exceptions to this general trend. The first exception 

is that in the top image in Figure 4.2(b) we see that the percolation probability increases from 

𝛱𝐷 = 0 to 𝛱𝐷 ≈ 0.5 for the 𝑥𝐴 = 0.8 system. This agrees with what we saw in Figure 4.1(a), (b), 

and (d), where at low 𝑃𝑒 the largest cluster size of the dipolar particles increases. The second 

exception is that in Figure 4.2(a), the system at 𝑃𝑒 = 0 and 𝑥𝐴 = 0.6 has a percolation 

probability of 𝛱𝐷 ≈ 0.9, while the system at 𝑃𝑒 = 0 and 𝑥𝐴 = 0.4 does not percolate. This runs 

counter to expectations and could be due to finite size effects given the small number of particles 

in our system. A larger system size may be necessary to get an accurate calculation of 

percolation probability; however, we expect the general trend for 𝛱𝐷 mentioned above to hold 

true. 

4.4.2 Phase separation 

 

We saw in Figure 4.1(d) that the largest cluster size of active particles displays a sharp 

increase when the Péclet number increases, which is consistent with motility-induced phase 

separation. To gain further information on MIPS in the mixture with an external field, we 

calculate the position-resolved local area fractions, �̅�𝑙𝑜𝑐(𝑥, 𝑦), based on Voronoi tessellation. To 

determine the onset of phase separation, we plot the probability distribution of the time average 

local area fraction 𝑃 (�̅�𝑙𝑜𝑐(𝑥, 𝑦)). Figure 4.3 shows an example of this for 𝛷 = 0.45, 𝑥𝐴 = 0.8, 

�̃� = 10, and various values of 𝑃𝑒. (We consider both species of colloids regardless of whether 

they are active or passive in these initial local area fraction calculations.) At low Péclet number 

(𝑃𝑒 = 5), the probability distribution exhibits only one peak centered on the simulation area 

fraction 𝛷 = 0.45, characteristic of a homogeneous system. This single peak broadens and shifts 

towards a higher value of �̅�𝑙𝑜𝑐(𝑥, 𝑦) as the Péclet number is increased to 𝑃𝑒 = 25, indicating 

that the particles have begun to form dense clusters. When the Péclet number is 𝑃𝑒 = 50, two 
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peaks in 𝑃 (�̅�𝑙𝑜𝑐(𝑥, 𝑦)) appear, indicating that the mixture phase separates into a dense phase 

and a dilute phase. The area fractions of particles in these two coexisting phases (𝜙𝑑𝑒𝑛𝑠𝑒 for the 

dense phase and 𝜙𝑔𝑎𝑠 for the dilute phase) correspond to the locations of the two local maxima 

of 𝑃 (�̅�𝑙𝑜𝑐(𝑥, 𝑦)). When the Péclet number is increased above 𝑃𝑒 = 50 (𝑃𝑒 = 70, 100), the 

location of the dilute phase peak shifts to a lower value of �̅�𝑙𝑜𝑐(𝑥, 𝑦), and the location of the 

dense phase peak shifts to higher values of �̅�𝑙𝑜𝑐(𝑥, 𝑦). 

4.4.3 Phase diagrams 

 

Combining the phase separation and clustering information, we plot the phase diagrams 

for 𝛷 = 0.15 and 0.45 with �̃� = 10 in the 𝑥𝐴 versus 𝑃𝑒 plane in Figure 4.4(a) and (b), 

respectively. Starting with 𝛷 = 0.15, the percolated dipolar network forms at low values of both 

𝑥𝐴 and 𝑃𝑒. As mentioned in section 3.1, at 𝑃𝑒 = 0 the system percolates at 𝑥𝐴 = 0.6 but not at 

𝑥𝐴 = 0.4, which may be due to finite size effects. Examples of these percolated networks are 

shown in Figure 4.5(a) and (b). In these snapshots we can see that at 𝑥𝐴 = 0.2 there are many 

long chains of dipolar particles that span the simulation cell, while at 𝑥𝐴 = 0.6 most of the 

dipolar particles are in short chains and there is only one long chain that spans the cell. As the 

Péclet number increases, the system goes from a percolated network to a dipolar string-fluid, 

with active particles breaking the long chains of dipolar particles into smaller chains. Eventually, 

increasing 𝑃𝑒 causes even these smaller chains to break apart, and the system forms an isotropic 

fluid. At 𝛷 = 0.45, we again see that the percolated dipolar network forms at low values of both 

𝑥𝐴 and 𝑃𝑒, but persists to higher values of 𝑃𝑒 at each 𝑥𝐴 than at 𝛷 = 0.15. An example of this is 

shown in Figure 4.5(c) for 𝑥𝐴 = 0.2, 𝑃𝑒 = 70, where we can see the percolated phase exhibits 

much more clustering and crosslinking between dipolar chains than seen at the lower area 
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fraction. Likewise, the dipolar string-fluid persists to higher values of 𝑃𝑒 at each 𝑥𝐴. Figure 

4.5(d) shows an example of a dipolar string-phase, where we can see many short chains of 

dipolar particles in addition to small clusters of active particles. Finally when the Péclet number 

is high, the dipolar-string phase either breaks into an isotropic fluid (as is the case at 𝑥𝐴 = 0.8) or 

exhibits phase separation behavior (as is the case at 𝑥𝐴 = 0.6). At high values of both 𝑥𝐴 and 𝑃𝑒, 

the system exhibits phase separation behavior. 

4.4.4 Comparison of phases in and out of an external field 

 

The phases exhibited by the 𝛷 = 0.15 and 𝛷 = 0.45 mixtures at each value of 𝑃𝑒 and 𝑥𝐴 

studied largely match those exhibited by the mixtures in the absence of an external field, with a 

few exceptions.30 These exceptions fall broadly into three classes: (1) forming dipolar percolated 

networks at higher 𝑃𝑒 in a field than in the absence of a field, (2) breaking dipolar string-fluids 

into isotropic fluids at lower 𝑃𝑒 in a field than in the absence of a field, and (3) exhibiting phase 

separation behavior at lower 𝑃𝑒 in a field than in the absence of a field. Systems that fall under 

the first exception form a percolated dipolar network in a field but do not in its absence. These 

systems are depicted as blue triangles within a black circle in the phase diagrams in Figure 4.4. 

The likely reason for this is that the external field aligns all the dipoles with the field, making it 

easier to form a single strand of particles that stretches linearly through the simulation cell. This 

linear chain requires relatively few dipolar particles to form a percolated network (a cluster of 

particles that spans the simulation cell across one of the periodic boundaries and connects back 

to itself), thus the network forms more easily. When no external field is applied, there is no 

global alignment of the orientations of the dipoles. The dipolar chains that form adopt a tortuous 

or bent configuration and thus require more particles to span the simulation cell than when a field 

is applied.51-54 
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Systems that fall under the second exception form an isotropic fluid in a field but a 

dipolar string-fluid in the absence of the field. These systems are depicted as a black ‘x’ within a 

black square in the phase diagrams in Figure 4.4. This indicates that it may be easier to break 

apart small dipolar clusters in an external field than when no field is applied. At present, we do 

not have an explanation for why this occurs. We do note, however, that the transition between 

the string-fluid phase and the isotropic fluid phase is very gradual because the value of the extent 

of polymerization (upon which we base our definition for the boundary between the dipolar 

string-fluid and isotropic fluid) tends to decrease slowly with increasing Péclet number, as shown 

in bottom images of Figure 4.2(a) and (b). In other words, the distinction between the dipolar 

string-fluid and isotropic fluid phases may be poorly defined. 

Systems that fall under the third exception exhibit two-phase behavior at lower values of 

Péclet number in the external field than when we do not apply an external field. We depict these 

systems with an orange diamond within a black triangle in Figure 4.4. To determine why this 

occurs, we examine the self-trapping mechanism that leads to active particle cluster growth and 

phase separation, the presumption being that there is more self-trapping in a field than in its 

absence. Self-trapping can be thought of as a balance between the rate of particles entering and 

leaving a cluster.37, 46 The rate of particles leaving a cluster is proportional to the rotational 

diffusion coefficient, while the rate of particles entering a cluster is proportional to the velocity 

of the active particles. The rotational diffusion coefficient remains the same for simulations with 

and without an external field, so the rate of particles leaving the cluster should be the equal. This 

seems to suggest that the rate of particles entering a cluster is higher in an external field than in 

its absence. We, therefore, examine the active particle velocity of these two mixtures, our 

expectation being that the active particle velocity is higher in a field than in its absence. We plot 
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the normalized active particle speed, 𝑣𝐴
∗(𝜙𝑖) 𝑣0

∗⁄ , versus the local density, 𝜙𝑖(𝑟𝑖), in Figure 4.6 

for the systems with and without an external field at 𝛷 = 0.45, 𝑥𝐴 = 0.6, and 𝑃𝑒 =

70 and for the system with all-active particles (no dipolar particles), 𝛷 = 0.45, 𝑥𝐴 = 1, 𝑃𝑒 =

70. (The particles in the latter system do not interact with the external field.) At high values of 

𝜙𝑖, the values of 𝑣𝐴
∗(𝜙𝑖) 𝑣0

∗⁄  are low and approximately equal for all three systems. This 

indicates that the active particles move slowly in dense regions, as expected. Additionally, the 

passive dipolar particles do not impact the active particle velocity in dense regions. At low 

values of 𝜙𝑖, the system that contains only active particles has the highest values of 𝑣𝐴
∗(𝜙𝑖) 𝑣0

∗⁄  

(and thus the greatest rate of particles entering a cluster), followed by the mixture in a field; the 

slowest is the mixture when no field is present. The behavior seen in 𝑣𝐴
∗(𝜙𝑖) 𝑣0

∗⁄  predicts that the 

all-active system and the mixture in the field should phase separate more readily than the mixture 

when no field is present. 

To determine why the active particle velocity at low 𝜙𝑖 is different in the three systems 

plotted in Figure 4.6, we consider the impact that the small dipolar clusters have on the active 

particles. For the system with only active particles, very few small clusters form in the dilute 

region, and those that do are short-lived. This means that the active particles in the dilute region 

move along an unobstructed path. On the other hand, dipolar particles do form long lived clusters 

in dilute regions of the mixtures. The snapshot in the top image of Figure 4.7(a) shows that the 

system at 𝛷 = 0.45, 𝑥𝐴 = 0.6, and 𝑃𝑒 = 70 in an external field has phase separated into a dense 

and dilute phase. In this image we can see that small clusters of dipolar particles form in the 

dilute phase. The bottom image of Figure 4.7(a) shows the same snapshot as the top image, but 

the active particles have been removed and the dipolar particles are colored according to their 

orientation. This image shows that the dipolar particles align primarily in the direction of the 
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field. Taking these two images together we can see that the dipolar clusters that form in the dilute 

phase are generally head-to-tail chains that point in the direction of the field. We predict that the 

active particles collide with these field aligned clusters when they are moving perpendicular to 

the field (in the y direction), but their motion parallel to the field is relatively unobstructed. The 

snapshot in the top image in Figure 4.7(b) is the same system without an external field. This 

snapshot shows that significant clustering does occur. Analysis shows, however, that only one 

peak is present in 𝑃 (�̅�𝑙𝑜𝑐(𝑥, 𝑦)) for this system and, therefore, it does not meet the criteria for a 

phase separated system.30 The dipolar clusters that form in the more dilute regions of Figure 

4.7(b) take on a more amorphous configuration than the corresponding head-to-tail chains in 

Figure 4.7(a). In the bottom image of Figure 4.7(b), we see that the dipolar particles adopt 

random orientations. We predict that, unlike the field aligned clusters in Figure 4.7(a), which 

only hinder active particle motion perpendicular to the field, these amorphous dipolar clusters 

will slow down the active particles in both the x and y directions due to collisions between the 

small clusters and the active particles. 

To verify our predictions about the impact of this structural difference between the dilute-

phase dipolar clusters in and out of a field (head-to-tail chains aligned in the direction of the field 

versus amorphous clusters for no field), we plot the mean squared displacement (MSD) of the 

active particles, 𝛥𝐴
2 , as well as the x and y components of the MSD, 𝛥𝐴,𝑥

2  and 𝛥𝐴,𝑦
2 , respectively, 

for these systems in Figure 4.8. We can see that active particles in the system with an external 

field have a greater MSD than the active particles when there is no field. This indicates that the 

active particles travel further in an external field than in the absence of a field. When we look at 

the MSD in the x and y directions, we see that 𝛥𝐴,𝑥
2  and 𝛥𝐴,𝑦

2  are approximately equal for the 

system without an external field. This indicates that the active particles travel equally as far in 
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the x and y directions. For the system in an external field, the value of 𝛥𝐴,𝑦
2  is approximately 

equal to that of 𝛥𝐴,𝑥
2  and 𝛥𝐴,𝑦

2  in the system without a field. The value of 𝛥𝐴,𝑥
2 , however, is greater 

than that of 𝛥𝐴,𝑦
2  for the system in a field. This indicates that the active particles move more 

freely in the x direction than in the y direction when a field is applied. This agrees with the 

expected behavior of the active particles based on our predictions. When no field is present, 

collisions between the active particles and the amorphous dipolar clusters are equally likely in 

both the x and y direction. These collisions, in turn, reduce the mean squared displacement of the 

active particles and result in a reduced active particle velocity in the dilute phase, as seen in 

Figure 4.6. When an external field is present, collisions between the active particles and the 

field-aligned dipolar chains are more likely to occur when the active particles move 

perpendicular to the field (in the y direction), than when they move parallel to the field. The 

collisions between the active particles and the field-aligned chains reduce the mean squared 

displacement in the y direction, but not in the x direction. This freer path in the x direction means 

that the active particles in the dilute phase have a greater velocity when in the external field than 

when there is no field, as seen in Figure 4.6.  

To summarize, when there is no external field, the dipolar particles in the dilute phase 

form amorphous clusters that the active particles collide with, thus slowing their motion and 

hindering phase separation. When there is an external field, the dipolar particles in the dilute 

phase form head-to-tail aligned chains that orient in the direction of the field. The active particles 

collide with these clusters if they are moving perpendicular to the field, but their motion is 

relatively unobstructed parallel to the field. This causes the active particles to have a higher 

effective velocity in an external field, which promotes phase separation compared to when there 

is no field. 
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4.4.5 Dipolar orientation 

 

We conclude our discussion by examining how the orientation of the dipolar particles 

changes as we change Péclet number and the strength of the external field. We plot the global 

polarization of the dipolar particles, 𝑃𝐷, versus Péclet number for the system at 𝛷 = 0.45 and 

constant �̃� = 10 in Figure 4.9(a). In this figure we see that as the value of 𝑥𝐴 increases the 

global polarization decreases. This is likely caused by additional collisions between active and 

dipolar particles that disrupt dipolar chaining as 𝑥𝐴 increases. In addition, we see that the value 

of 𝑃𝐷 generally decrease as 𝑃𝑒 increases, with the notable exception at 𝑥𝐴 = 80 above 𝑃𝑒 = 40 

and 𝑥𝐴 = 0.6 above 𝑃𝑒 = 70. For these systems, increasing 𝑃𝑒 results in an increase in global 

polarization. This occurs at the same values of Péclet number where these systems transition to a 

phase separated state. This indicates that the phase separated state results in more ordered dipolar 

particles than the isotropic fluid or dipolar-string fluid phase. This is caused by the dipolar 

particles getting “locked” in the dense cluster and having less frequent collisions with fast 

moving active particles. In Figure 4.9(b) we plot the global polarization versus Péclet number for 

the system at 𝛷 = 0.45 and 𝑥𝐴 = 0.6 and various values of the field strength, �̃�. In this figure 

we see that increasing the value of �̃� increases the global polarization, as expected based on an 

analysis of eqn (1) and (5). More research into this area is planned so as to understand the full 

scope of how the external field strength impacts phase behavior. 

4.5 Conclusion 

 

We have calculated phase diagrams for mixtures of passive dipolar spheres and active 

soft spheres in an external field using Brownian dynamics. When the Péclet number of the active 

particles is low, the dipolar particles form percolated dipolar networks with long head-to-tail 

chains that orient in the direction of the external field. When the Péclet number of the active 
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particles is high, the dipolar chains break into smaller clusters and the system forms dipolar 

string-fluids or isotropic fluids at low area fraction and phase separate at high area fraction. 

Interestingly, the phase separation of these mixtures in an external field occurs at a lower value 

of Péclet number than in identical systems without an external field. 

This work builds upon previous results of the assembly of colloidal particles in an 

external field, as well as results of mixtures that contain active particle. Numerous studies have 

investigated how to direct the assembly of colloidal particles using external fields.14,18,55,56 Our 

results offer an additional tool to this area, as the active particles can disrupt the field-aligned 

chains of dipolar particles, possibly providing a way to create low area fraction cross-linked gels. 

Relatively few studies of the collective behavior of mixtures of active and passive particles exist 

currenlty,39,57-64 but this area is starting to grow. Our simulations offer a unique insight into a 

system where the passive dipolar particles have their rotation constrained by an external 

magnetic field. Our results suggest that passive particles play a large role in active particle 

clustering and should be a rich area for further research. 

In the current work we only consider repulsive interactions between the two particle 

species. One area that would be of interest for future simulations would be systems in which the 

active and passive particles have an attractive component to their interactions. This would allow 

us, for example, to simulate mixtures that contain passive dipolar particles and active particles 

that are either charged or dipolar. If we simulated dipolar active particles, these particles would 

align with the field and interact with the dipolar particles, possibly creating ferromagnetic states. 

If we simulated charged active particles, these particles would experience an attractive 

interaction with one end of the dipolar particle in addition to an electrophoretic force from the 

field that would drive their motion. This complex environment could display lane formation or 
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demixing behavior. An additional area of interest would be to consider time-dependent external 

fields, such as turning a field on and off, or changing the direction of the field. This could result 

in several different behaviors such as creating micromotors for mixing or forming small discrete 

clusters of controllable size. 
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Figure 4.1: Fraction of particles in the largest cluster versus Péclet number for dipolar 

colloids (blue triangles), active colloids (red squares), and all colloids (black ‘x’) for (a) 𝛷 =
0.15, 𝑥𝐴 = 0.4 (b) 𝛷 = 0.15, 𝑥𝐴 = 0.8 (c) 𝛷 = 0.45, 𝑥𝐴 = 0.4 and (d) 𝛷 = 0.45, 𝑥𝐴 = 0.8. 

Note that we plot (a) and (b) on a log scale for clarity. Lines are drawn between points to 

guide the eye. 
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Figure 4.2: Percolation probability, 𝛱𝐷, (top) and extent of polymerization, 𝐸𝐷
𝑝𝑜𝑙𝑦

, (bottom) 

versus Péclet number for (a) 𝛷 = 0.15 and (b) 𝛷 = 0.45 and active fractions 𝑥𝐴 = 0.2 (blue 

triangles), 𝑥𝐴 = 0.4 (red squares), 𝑥𝐴 = 0.6 (black ‘x’), and 𝑥𝐴 = 0.8 (purple circles). The 

dashed black line in each figure marks where 𝛱𝐷 = 0.75 or 𝐸𝐷
𝑝𝑜𝑙𝑦

= 0.75. Results that lies 

above this line indicate that a percolated or polymerized system, respectively. Lines are drawn 

between points to guide the eye. 
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Figure 4.3: Probability distribtuion of the time-average local area fraction  𝑃 (�̅�𝑙𝑜𝑐(𝑥, 𝑦)) 

versus time-average local area fraction �̅�𝑙𝑜𝑐(𝑥, 𝑦) for 𝛷 = 0.45, 𝑥𝐴 = 0.8, and 𝑃𝑒 = 5 (blue 

circles), 𝑃𝑒 = 25 (black ‘x’), 𝑃𝑒 = 50 (red squares), 𝑃𝑒 = 70 (purple triangles) and 𝑃𝑒 =
100 (orange diamonds). Lines are drawn between points to help guide the eye. 
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Figure 4.4: Phase diagrams for constant field strength �̃� = 10 and area fractions (𝑎) 𝛷 = 0.15 

and (𝑏) 𝛷 = 0.45 in the 𝑥𝐴 versus 𝑃𝑒 plane. The phases exhibited are the percolated dipolar 

network phase (blue triangles), dipolar string-fluid phase (red squares), isotropic fluid phase 

(black ‘x’), and phase separated state (orange diamonds). Dashed lines between phases help 

guide the eye. A triangle within a circle is a system that forms a dipolar network in a field but do 

not when there is no field. An ‘x’ within a square is a system that forms an isotropic fluid in a 

field but a dipolar string-fluid when there is no field. A diamond within a triangle is a system that 

phase separates in a field but does not when there is no field. 
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Figure 4.5: Representative simulation snapshots. (a) Dipolar percolated network at 𝛷 = 0.15, 

𝑥𝐴 = 0.2, 𝑃𝑒 = 10. (b) Dipolar percolated network at 𝛷 = 0.15, 𝑥𝐴 = 0.6, 𝑃𝑒 = 0. (c) Dipolar 

percolated network at 𝛷 = 0.45, 𝑥𝐴 = 0.2, 𝑃𝑒 = 70. (a) Dipolar string-fluid at 𝛷 = 0.45, 𝑥𝐴 =
0.6, 𝑃𝑒 = 30. Dipolar particles are blue and active particles are red. The arrow indicates the 

direction of the magnetic field. 
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Figure 4.6: Normalized active particle velocity versus local area fraction for  𝛷 = 0.45, 𝑥𝐴 =
0.6, 𝑃𝑒 = 70 and (black ‘x’) an external magnetic  field or (red square) no external magnetic 

field. Also shown is the 𝛷 = 0.45, 𝑥𝐴 = 1, 𝑃𝑒 = 70 system (blue triangle) for comparison. 

Lines are drawn between points to guide the eye. 
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Figure 4.7: Snapshots for simulations at 𝛷 = 0.45, 𝑥𝐴 = 0.6, 𝑃𝑒 = 70 and (a) with an external 

magnetic  field or (b) without an external magnetic field. The arrow indicates the direction of the 

magnetic field. In the top image, the dipolar particles are colored blue and the active particles are 

colored red. In the bottom image we remove the active particles and color the dipolar particles 

according to their dipole orientations as indicated by the color bar. An orientation that points in 

the +𝑥 direction (in the direction of the field) has an angle of 0 radians, while an orientation that 

is in the −𝑥 direction has an angle of 𝜋 or −𝜋. 
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Figure 4.8: Mean squared displacement of the active particles for 𝛷 = 0.45, 𝑥𝐴 = 0.6, and 𝑃𝑒 =
70. The black lines represent the system in an external magnetic field, and the red lines represent 

the system with no external magnetic field. The dashed lines signify the MSD in the x direction, 

the dotted lines signify the MSD in the y direction, and the solid lines signify the total MSD. 
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Figure 4.9: Global polarization of dipolar particles, 𝑃𝐷, versus Péclet number, 𝑃𝑒, for 𝛷 = 0.45. 

(a) Results for constant external field strength �̃� = 10 with active fractions 𝑥𝐴 = 0.2 (blue 

triangles), 𝑥𝐴 = 0.4 (red squares), 𝑥𝐴 = 0.6 (black ‘x’), and 𝑥𝐴 = 0.8 (purple circles). (b) Results 

for constant 𝑥𝐴 = 0.6 with �̃� = 50 (red squares), �̃� = 20 (black ‘x’), �̃� = 10 (blue triangles), 

and �̃� = 5 (purple circles). Lines are drawn between points to guide the eye. 
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Chapter 5: Conclusions and Future Work 

5.1 Conclusions 

 

In the preceding chapters, we investigated the assembly behavior of mixtures of colloidal 

particles in two dimensions. First, we investigated the phase behavior of mixtures of dipolar 

colloidal rods and discs using discontinuous molecular dynamics. Then we shifted focus to 

investigate out-of-equilibrium structures formed by mixtures of passive dipolar particles and 

active soft spheres. Finally, we considered the effect of an external magnetic field on the 

assembly of the mixture of dipole and active particles. Some of the key results are summarized 

below. 

Chapter 2: Using DMD simulations we determined that composition has a large effect on 

the structures that mixtures of dipolar colloidal rods and discs form. We calculated phase 

diagrams for mixtures where the number of rods and discs in the system are equal and where the 

area occupied by rods and discs are equal. We determined that the dipolar rods begin to form 

chains and networks at higher reduced temperature than the dipolar discs, which causes the 

formation of states where the two components are in different phases. The mixtures exhibit 

phases where both rods and discs are in the fluid phase, where rods form a string-fluid while 

discs remain in the fluid phase, a rod string-fluid coexisting with a disc string-fluid, a “gel” that 

consists primarily of rods with the discs forming either a fluid or string-fluid phase, and a “gel” 

that contains both rods and discs. Additionally, we compared the mixtures to the corresponding 

single component systems and found generally that polymerization and percolation occur at 

lower temperatures in the mixture than in the pure component system. These simulations give 

insight into the general assembly pathway of binary particle mixtures and how varying the 

mixture composition, strength of interaction between components, and temperature impact 
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aggregation. 

Chapter 3: We used Brownian dynamics simulations to investigate the behavior of 

mixtures containing passive dipolar particles and active soft spheres. We calculated phase 

diagrams for the mixtures which delineate the boundaries between a dipolar percolated network, 

dipolar string-fluid, isotropic fluid, and a two-phase state. We found that slow moving active 

particles push dipolar particles together, allowing the dipolar particles to form larger clusters 

than they would in the absence of activity. As the activity is increased, the active particles begin 

to break up the dipolar clusters. At low area fractions, this causes the system to form a dipolar 

string-fluid or isotropic fluid. At high area fractions, the system forms large, amorphous clusters 

or phase separates into dense and dilute phases. These simulations offer insight into out-of-

equilibrium dynamics and can help guide the creation of reconfigurable self-assembled materials.  

Chapter 4: We built upon the results in Chapter 3 by simulating mixtures of passive 

dipolar particles and active soft spheres in an external magnetic field. The results from these 

simulations reveal key differences in the phase behavior of the mixture in an external field versus 

when no field is present. The first is that dipolar chains remain percolated at higher Péclet 

number when there is an external field than when there is not due to the dipolar particles aligning 

with the external field. The second is that phase separation behavior occurs at lower Péclet 

number when there is an external field than when there is not. These systems phase separate at 

different Péclet numbers because of collisions between active particles and small clusters of 

dipolar particles in the dilute phase. When no external field is applied, active particles collide 

with small, amorphous clusters of dipolar particles, lowering their velocity. When an external 

filed is applied, the small dipolar clusters in the dilute phase align head-to-tail in chains along the 

direction of the field. Active particles moving perpendicular to the field will collide with these 
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small chains, but active particles moving parallel to the field will be able to move with little 

restriction. The result is the active particles have a higher effective velocity when the field is not 

present than when there is a field, and the higher velocity encourages phase separation. 

5.2 Future Recommendations 

 

In this thesis, we have investigated and discussed the assembly behavior of mixtures of 

colloidal particles. The results can serve as a starting point to investigate even more complex 

systems. Recommendations for future work are summarized below. 

5.2.1 Simulations in more complex external field environments 

 

In Chapter 4 we simulated the assembly of a mixture of dipolar and active particles in a 

constant external magnetic field. We focused on a system in which only the dipolar particles 

interact with the field, while the active particles do not. There are two directions in which we can 

extend this work: time-dependent fields can be implemented to dynamically direct particle 

assembly, or we could consider mixtures in which both types of particles interact with the field. 

Time dependent fields can be implemented by either changing the direction of the field 

periodically1,2 or by switching a field on and off.3,4 Previous work on dipolar particles in time 

dependent fields has shown that dynamically altering the field can create clusters of controllable 

size or rotating chains.5-7 Adding active particles to these systems could offer a way to aid the 

dynamics, driving cluster formation or disrupting the systems and leading to new structures. 

Mixtures in which both the active and passive particles interact with the field are of interest 

because they could exhibit lane formation8, demixing, or other complex behavior. This would be 

of particular interest if a system could be assembled that has alternating bands of stationary 

dipolar chains and swimming active particles, both aligned in the direction of the field. 
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5.2.2 Mixtures that include circular swimming active particles 

 

Circular swimming particles are active particles in which the propulsion force does not 

coincide with the particle center of mass. This offset introduces a propulsive torque that causes 

particles to move in a circular manner in the absence of thermal fluctuations. Understanding the 

behavior of such particles is important because many bacteria9 and proteins10 exhibit circular 

motion. Artificial particles such as “L” shaped particles11 and particles with asymmetric 

coating12,13 can also display this type of motion. In simulations, counterclockwise rotating 

circular swimming particles phase separate into a dense and dilute phase. The novel aspect is that 

the particles in the dense phase move in a clockwise direction while the particles in the dilute 

phase move in a counterclockwise direction.14 In simulations of passive particles and circular 

swimmers, the mixture undergoes a demixing process where all the passive particles move in a 

clockwise direction in a large, dense cluster while the active circular swimmers move in a 

counterclockwise direction.15 Mixing dipolar particles with these circular swimmers, instead of 

the purely repulsive particles considered by others, could add a driving force to encourage 

demixing of the dipolar particles into a rotating dense phase, which could have interesting 

electronic properties. 

5.2.3 Mixtures of active and passive particles that experience attractive interactions 

 

A final area that would be of interest for future work would be systems in which the 

active and passive particles have an attractive interaction component. This could be achieved by 

having an external field induce a charge or dipole in the active particles. Recent simulations of 

active particles that interact via a short-range attractive and long-range repulsive potential exhibit 

a range of clustering behavior beyond what is seen for the active soft spheres used in this work.16 

Additionally, there has been growing interest in studying active dipolar particles that can form 
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micro-flocking or ferromagnetic states where all of the dipoles are aligned in one direction.17 

Mixtures that contain passive and active dipolar particles, or mixtures of passive dipolar particles 

and charged active particles could encourage the long-range formation of ferromagnetic states, 

even in the absence of external fields.  
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Appendix A. Supplementary Information for Chapter 2 

To create a discontinuous potential that would result in a monotonically increasing 

function would have required the potential to be cut off at a range that would prevent a charge on 

one colloid from interacting with both charges on a neighboring colloid. The maximum cut off 

distance for a monotonically increasing function was calculated to be 0.762𝜎 by placing two 

dipolar discs adjacent to each other with perpendicular dipoles, as shown in Figure A.1. 

A second option for developing a potential that would be monotonically increasing as a 

function of the distance between charges would be to have only the closest charges on two 

neighboring colloids interact during the dynamics simulations. This could be accomplished by 

performing a check on every charge-charge interaction that occurs between two colloids: 

calculating the distance between all charges on the two interacting colloids, and then neglecting 

the charge-charge interaction if there is a closer pair of charges for those two colloids. There are 

two drawbacks to this method. The first is the computational cost that is added by calculating the 

charge-charge distance for each collision. The second drawback is that this method would 

overestimate the interaction energy of discs arranged in a staggered chain or a hexagonal close 

packed lattice. This can be seen in the work by Schmidle et al.1, where the cut-off range chosen 

for the discontinuous potential used (0.99𝜎) effectively serves to limit the interactions occurring 

between colloids to attractive interactions only for two dipolar discs arraigned head-to-tail, or 

three discs in a staggered chain. The effect is that the discs have a greater tendency to arrange in 

staggered chains in the simulations, as opposed to what would be seen in experiments.  

If we relax our constraint of trying to create a monotonically increasing function for the 

total interaction energy of two colloids calculated from the discontinuous potential (𝑈𝑡𝑜𝑡𝑎𝑙,𝐷𝑀𝐷) 

as a function of the distance between nearest charges, we create a potential that can more 
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accurately capture the equilibrium behavior of small clusters of colloids. The angle average total 

interaction energy 𝑈𝑡𝑜𝑡𝑎𝑙  is plotted below in Figure A.2 as a function of the distance between 

nearest attractive charges as calculated by the discontinuous potential (green) defined in eqn (2)-

(4) and the Yukawa potential (blue) defined in eqn (5). Also shown are the total interaction 

energy for two colloids aligned in a head to tail configuration as a function of the distance 

between nearest attractive charges as calculated by the discontinuous potential (purple) and 

Yukawa potential (red). 

1. H. Schmidle, C. K. Hall, O. D. Velev and S. H. L. Klapp, Soft Matter, 2012, 8, 1521-

1531. 
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Figure A.1: Maximum discontinuous potential range to create a monotonically increasing 

function. 



   

129 

 

  

Figure A.2: a) Total interaction energy between two colloids for all possible orientations and 

distances between the center of the colloids verses the distance between the closest attractive 

charges on (top) two discs, (middle) one rod and one disc, or (bottom) two rod as calculated by 

the discontinuous potential (green) and the Yukawa potential (blue). (b) Total interaction energy 

between two colloids in a head-to-tail configuration verses the distance between the closest 

attractive charges on (top) two discs, (middle) one rod and one disc, or (bottom) two rods as 

calculated by the discontinuous potential (purple) and the Yukawa potential (red). 
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Figure A.3: Snapshots of the simulation cell showing the various phases in Figures 2.6 and 2.7 

for Area Fraction = 0.10. 
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Figure A.4: Snapshots of the simulation cell showing the various phases in Figures 2.6 and 2.7 

for Area Fraction = 0.35. 
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Figure A.5: Snapshots of the simulation cell showing the various phases in Figures 2.6 and 2.7 

for Area Fraction = 0.50. 


