
ABSTRACT 

LI, QINMIAO. Control Schemes for Photovoltaic Systems to Provide Frequency Support to the 

Electric Power System. (Under the direction of Dr. Mesut Baran). 

 

This thesis focuses on control schemes that can utilize photovoltaic (PV) generation 

systems to provide frequency support to the electric power systems. A series of work involving 

PV penetration impact studies, PV system modeling, and controller design have been carried out 

in this thesis. 

Currently, growing level of PV penetration is challenging the conventional generation 

control scheme in electric power system. The inverter-based PV systems do not possess rotating 

inertia or governor systems. Thus, the frequency response capability in a power system degrades 

when more PV systems are introduced in replace of synchronous generation. To identify and assess 

the corresponding impact on frequency response, two simulation testbeds are developed. One 

testbed is based on PSCAD and can be used for time-domain simulations of small systems, while 

the other one adopts co-simulation algorithms and suits for phasor-domain simulations of very-

large-scale systems. Using the two testbeds, simulations of the frequency event under different PV 

penetration clearly indicate the negative impact of higher PV penetration on the frequency 

response, in terms of frequency nadir, rate of change of frequency, and settling frequency. 

Then, to enable frequency support functions from PV and improve the frequency response, 

we first consider the large-scale PV plant which consists of identical subsystems. To design the 

control functions, a new small-signal model (SSM) for a three-phase two-stage PV system is 

proposed. Comparing to existing models, this SSM includes full dynamics of PV system and is 

also suitable for designing frequency support controls. Using this SSM, we propose a novel 

frequency support control method which is different than other approaches which only focus on 



emulating droop and inertial responses of local PV. The proposed method uses a tracking linear 

quadratic regulator (LQR) based controller to help the system frequency effectively track that of a 

designed reference system with given inertia and droop constants. To design this LQR, an 

unknown input observer (UIO) is adopted to estimate the system states, as well as the unknown 

disturbance. The proposed SSM is validated against the detailed nonlinear PV system model, and 

the effectiveness of the proposed controller is demonstrated using a standard test system. Test 

results also show that the proposed method achieves the desired frequency response more 

effectively than the alternative method from literature, while the later method is liable to over-

compensation of frequency response at the price of requiring more power reserve in PV. 

As the other popular type of installation, distributed PV represent a considerable portion of 

the growing PV integration. Comparing to large-scale PV plants, distributed PV are usually smaller 

in size and have diversities in working conditions and parameters. To enable frequency support 

functions, existing approaches for large-scale PV plants may not be adopted for distributed PV. 

Therefore, based on our work on large-scale PV plants, we also propose a novel control scheme 

for the same purpose but focusing on distributed PV. To address the diversities among distributed 

PV, a reduced-order aggregate model is proposed to represent their overall dynamic behavior. 

Then, using this model, we adopt the UIO-based tracking LQR to supervise a group of distributed 

PV to provide frequency support. In addition, considering practical implementation, we also 

propose an inversion method for the controller to invert the control signals for aggregate model 

back to each individual PV’s. The proposed reduced-order model is validated against a group of 

distributed PV systems represented by detailed nonlinear model. We also demonstrate the 

effectiveness of the control scheme, as well as the inversion method, through time-domain 

simulations using standard test system.  
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CHAPTER 1 : INTRODUCTION 

Frequency regulation is of vital importance to electric power system operation and stability. 

Under normal conditions, frequency in a large interconnected power system should be maintained 

within ±0.036 Hz [1] from its nominal value, which is 60 Hz. Abnormal frequency deviations will 

not only affect the stability of whole power system, but also degrade the performance of load-end 

machines and even damage system equipment [2]. In an alternate current (AC) power system, the 

frequency is affected by the real power balance, which is the balance between real power 

generation and the demand. Any mismatches on the real power can cause deviations of system 

frequency from the nominal value. Therefore, maintaining proper system frequency in response to 

disturbances is essentially the same as maintaining the real power balance, which is achieved 

predominantly by the generation control of synchronous generators [3].  

Nowadays, renewable energy based generation systems such as wind and photovoltaic 

(PV) systems are expected to grow, due to its sustainability and economic benefits. As a result, a 

considerable amount of conventional generation, which has been the dominant resource for 

controlling system frequency, is to be replaced by the renewable generation [4, 5]. Unlike 

synchronous generators, PV systems interface with the grid through electronic converters and thus 

do not possess physical inertia. In addition, as PV are normally operating at maximum power point 

tracking (MPPT) mode, their power output does not respond to the system frequency change [6]. 

Therefore, increasing penetration of PV in replacement of conventional generation will inevitably 

cause the loss of system frequency response capability and degrade the frequency response 

performance [7-12].  

Therefore, enabling frequency support functions of PV systems has now become 

imperative. Policy-wise, many system operators and regulatory authorities around the world have 
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initiated grid codes or orders to ensure adequate system frequency response capability under high 

penetration of renewables [13-16]. Technically, lots of research have been carried out focusing on 

the frequency support of PV systems [17-29]. However, the existing methods from literature are 

still liable to two main limitations: 1) most of the methods aim at making a PV system behave like 

a synchronous generator and are designed based on local PV only. Therefore, the actual overall 

system frequency response will not necessarily be that of a desired conventional system; 2) most 

of the methods are proposed for large-scale PV plants and thus not suitable for distributed PV, 

which also share a large portion of the total penetration [30, 31] and are more difficult to manage 

due to the diversity among each individual units.   

To address the above limitations, this paper proposes control schemes for both large-scale 

PV plants and distributed PV. Different from the current methods, the proposed control schemes 

focus on the overall system frequency response. A frequency reference is first constructed from a 

reference system which have the desired inertia and frequency droop constants, with the help of a 

disturbance observer, namely, the unknown input observer (UIO). Then, linear quadratic regulator 

(LQR) based controllers are designed to adjust the PV’s output power to make the system 

frequency track the reference. By doing so, the close-loop system frequency response capability is 

as desired (the same as that of the reference system). 

In rest of this chapter, conventional generation control scheme is first reviewed in Section 

1.1. Section 1.2 discusses in detail the impact from PV integration on the generation control 

performance. Then, we review the state-of-art methods for frequency control methods of PV in 

Section 1.3. In the end, the proposed new control schemes are briefly introduced in Section 1.4. 
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1.1 Overview of Conventional Generation Control 

1) Basic Concepts 

Conventional generation control, often referred to as load frequency control, usually takes 

synchronous generators as the control plant with the control objective of dynamically following 

the system load. As mentioned, the balance of generation and load is reflected in frequency. 

Therefore, frequency measurement is used as an effective feedback signal to adjust generator’s 

set-point. This feedback control scheme involves two layers of control: 

• Governor at generator (primary control) 

• Automatic Generation Control (AGC) at interconnection control center (secondary 

control) 

The governor, or speed governing system, is widely implemented locally at generators. It 

introduces a feedback loop where the frequency deviation is measured and converted to adjustment 

of turbine valve position and then the mechanical power. The feedback loop contains a 

proportional gain 
1

𝑅
, where 𝑅 determines the change of power output corresponding to a given 

change in frequency in steady-state. This relationship is called frequency droop characteristics 

which can be illustrated by Figure 1.1. 

 

Figure 1.1. Governor steady-state frequency droop characteristics [32]. 
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However, the generation control implemented in power system operation does not solely 

rely on the local governor system because of its limitations [3]: 

• Cannot recover frequency to nominal value, due to its droop characteristics 

• Cannot achieve economic dispatch considering generation cost 

• Cannot maintain power interchange schedule between areas 

• Performance is restricted by dead-bands 

 

Figure 1.2. AGC control diagram for one generator [32]. 

To tackle the limitations of governor control, the automatic generation control (AGC) is 

introduced. AGC applies a reset (integral) control on top of governor to regulate the frequency. 

The classical type of controller, as shown in Figure 1.2, is an integral controller taking the feedback 

from measured frequency deviation. A more complete use of proportional, integral, and derivative 

(PID) controller is often utilized in practice. There are also adaptive state-space controller under 

research but not commonly implemented [3, 33]. 

AGC is a centralized control scheme as it is implemented at the control center for 

controlling the system within one balancing authority (BA) area. In order to adjust all generation 

units economically, the AGC control signal sent to each generator is proportionally scaled with 

corresponding participation factor [34]. In addition, the tie-line bias control incorporated to AGC 

can effectively maintain the power interchange schedule between different BAs. The basic idea of 
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tie-line bias control is to calculate a synthesized error for the integral controller. This error should 

contain not only the frequency deviation, but also the tie-line interchange error from its scheduled 

value, such that both of the errors will be eliminated. This synthesized error is referred to as area 

control error (ACE) and defined in Equation (1). 𝑁𝐼𝐴 and 𝑁𝐼𝑆 are the actual and scheduled net 

interchange (MW); 𝑓𝐴 and 𝑓𝑆 are the actual and scheduled system frequency. 𝐵 is called frequency 

bias setting. The frequency bias setting is typically fine-tuned to be as close as possible to the 

area’s frequency response, such that each area’s generation only responds its own load change and 

the participation for external load disturbance is minimized. However, in reality, it is very difficult 

to obtain accurate values of areas’ frequency response.  

 𝐴𝐶𝐸 = (𝑁𝐼𝐴 − 𝑁𝐼𝑆) − 10𝐵(𝑓𝐴 − 𝑓𝑆) (1) 

2) Evaluation of Generation Control Performance 

The performance of generation control is evaluated by the frequency response. Below, 

Figure 1.3 illustrates a frequency response to a loss of generation. People often define three periods 

to analyze the response curve [35]: 1) Arresting period. This is the first period for the first 

frequency drop, from the beginning of disturbance to the minimum frequency point; 2) 

Rebounding period. This period follows the end of arresting period and last till the end of first 

frequency swing; 3) Recovery period. This period is for when frequency eventually recovers to its 

nominal value. Usually, the first two periods have to be controlled within half-minute after 

disturbance, while the recovery period can take minutes to complete.  
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Figure 1.3. Typical frequency response to a loss of generation [35]. 

Some other numerical metrics are also used to evaluate the frequency response 

performance. Rate of change of frequency (RoCoF) describes how fast the frequency changes. 

This is often measured in the arresting period. Frequency nadir represents the lowest frequency 

value during the disturbance. Another metric is the settling time, which means the time spent for 

the system to recover its frequency to a steady-state value, which is the settling frequency. 

Referring to the control diagram in Figure 1.2, generation control performance in terms of 

abovementioned metrics are strongly related to the generator parameters. RoC is mainly 

determined by the mechanical inertia, 𝐻; frequency nadir is greatly affected by the combination 

of inertia response, 𝐻, and governor response, 
1

𝑅
; after the frequency decline has been arrested, 

secondary control, AGC, will stabilize frequency at a steady-state level and then determines the 

settling time and frequency. However, if no AGC or other secondary control is present, the settling 

frequency will not be equal to the nominal frequency, which is 60 Hz.  
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1.2 Impacts of PV Penetration on Generation Control 

In the near past, tremendous effort has been put on the integration of PV. According to [36-

38], in 2015, 13.44% of domestically produced electricity in the United States is renewable energy, 

among which 25 GW of solar PV capacity has been installed, with an additional 1.8 GW of 

concentrating solar power plant. In the state of California, which is a leading state for integrating 

renewable energy resources and initiating renewable portfolio standards, even approximately 29% 

of its electricity is provided from renewable sources [39]. In addition, the penetration level of PV 

systems to power system continues to grow, as wind and PV generation are the fastest growing 

electricity resources in the United States and in the U.S. East Interconnection. The U.S. Energy 

Information Administration (EIA) estimates that renewable electric sources account for more than 

61% of all new U.S. electricity capacity installations in 2013, up from 57% in 2008 and 4% in 

2004 [40]. Study in [41] also estimates that PV generation has the potential to generate up to 40% 

of the nation’s total electricity demand by 2030 and 27% by 2050. 

PV generations are commonly interfaced with grid through power electronics. Since PV 

array generates direct current (DC) power and in order to transmit it to the AC grid, converters are 

needed. This is inherently different from conventional synchronous generators, which are electro-

magnetic systems. Therefore, the difference on the energy conversion technologies leads to 

unavoidable issues for conventional power system to accept high penetration of PV. Serious 

challenges can arise, especially for generation control, due to the lack of rotating inertia and 

governor control in common power electronics. The following discusses the impact from PV 

penetration on the generation control performance. 

In [7], authors study the frequency response in eastern interconnection (EI) in U.S. at 

different penetration level of PV. It is demonstrated that the frequency RoCoF and nadir both 
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become worse as percentage of PV integration increases from 5% to 65%. This result is given in 

Figure 1.4. A similar study on the frequency response of EI is performed in [8] using an accurate 

dynamic EI model. The simulation results indicate that a minimum level of generation with 

governor-type controller must be maintained to accommodate high-level PV penetration in the 

system. Reference [12] investigates the impact of high PV penetration on bulk system frequency 

dynamics. Different than other work, the authors adopt a co-simulation approach to simulate the 

complete power system with details of both transmission and distribution. Simulation results also 

reveals negative impact of increasing PV penetration on the frequency dynamics during both 

generator tripping and transmission fault events. In [10], a similar study has been carried out for 

ERCOT system, and the results are presented in Figure 1.5. It can be seen that, for the same 

generator loss event, the frequency drops significantly fast and low when the PV penetration 

increases from 60% to 80%. 

 

Figure 1.4. EI frequency response change due to renewable integration [7]. 
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Figure 1.5. ERCOT frequency response during a 2700 MW generator loss [10]. 

1.3 Frequency Support Control Functions of PV 

In face of the aforementioned challenges from high PV penetration on the generation 

control, utilizing the increasing PV generation as a resource to provide support to the system 

frequency during disturbances has become a great need. In this regard, globally, many system 

operators and regulatory authorities have initiated grid codes or orders to ensure adequate system 

frequency response capability under high penetration of renewables [13-16]. For example, as the 

issuing of FERC Order 842 [14], all new generation resources in North America connecting to the 

grid must equip a functioning governor or equivalent controls. Furthermore, ERCOT monitors the 

on-line system inertia and deploy additional resources to avoid falling below the critical inertia 

system operating limit [16]. Research work in [42] has also studied the minimum system inertia 

required by frequency control under the penetration of renewable generations. 

Meanwhile, from technical perspective, lots of research have also been carried out focusing 

on the frequency support of PV systems. Specifically, governor-like control (frequency droop 

characteristic) and inertial response are the two functions within the research scope. One of the 

approaches is to keep PV operating in MPPT mode and equip energy storage systems (ESS) to 
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achieve variable power output level [17-19]. However, as discussed in [20], a more cost-effective 

approach is the deloading control without ESS, which is to curtail some PV generation by setting 

the operating point below maximum power point (MPP).  

For governor-like control, authors in [21] propose a Newton quadratic interpolation (NQI) 

based algorithm to adjust PV system active power to a given level other than MPP. Using this 

algorithm, droop control is implemented to provide frequency regulation. A lookup-table method 

is introduced in [22] to achieve fast deloading control for higher-level functions designed for PV 

systems, such as droop control. Both [21, 22] address only droop control in PV systems, but no 

inertial response. In [23], inertia is emulated along with droop control by the deloading of PV array. 

However, a piece-wise linearization based dynamic resistance method is used for deloading and 

the linearization error is not addressed. In addition, the simulation only considers a small-islanded 

network. Reference [24] investigates the benefit on bulk system frequency quality from large-scale 

PV plants with active power reserves (APR). Both droop and inertia functions are considered. 

However, details about realizing APR and primary controls inside PV system are not provided. A 

synchronous power controller is used in [25] to make PV plants behave similarly as synchronous 

generators. The controller emulates inertia and droop and generates current references for inverters. 

Another voltage controller is designed to regulate DC-link voltage within the stable region. 

However, effectiveness of the voltage controller is not discussed and shown in the case studies. 

Other than the deloading approach, another potential for providing frequency support is to 

utilize the energy stored in DC-link capacitors. Reference [26, 27] have well-studied this method 

for emulating inertia in wind turbine systems. Similarly, this approach is also applicable for PV 

and especially suitable for two-stage PV systems where the DC-link voltage is decoupled from PV 

array’s voltage. In [28], the voltage reference for DC-link voltage control is adjusted to rapidly 
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release and absorb power to emulate inertial response. Separately, droop control is achieved by 

deloading. However, the amount of emulated inertia is very limited when solely utilizing the 

capacitor power. Another strategy, as introduced in [29], is to combine deloading and DC-link 

voltage control for inertia emulation, but droop control is not considered. 

As indicated, most of the current methods aim at making PV system behave like a 

synchronous generator. One shortcoming is that these controller designs are based on local PV 

only. Thus, the actual system frequency response will not necessarily be that of a conventional 

system with desired equivalent inertia and droop constants, especially during the initial a few 

seconds. However, an accurate estimate of the frequency response capability is indeed very 

important to system operators in order to maintain it at a proper level. The other limitation is that, 

these methods only consider one single PV system or PV plants consist of identical subsystems. 

For distributed PV systems, however, they are different in ratings, control parameters, as well as 

working conditions. Applying above methods to each one will inevitably incur high 

communication cost and computational complexity. Thus, the preferable solution is to design one 

controller at the aggregator-level for a group of distributed PV while addressing their variations. 

To the best of authors’ knowledge, literature about frequency support control methods for a group 

of distributed PV systems are very limited. Reference [43] presents a fuzzy controller for this 

purpose considering different insolation. However, the PV system model is simplified to only PV 

modules without control dynamics. Thus, variations among the control parameters are neglected. 

1.4 Proposed Control Schemes for Distributed PV 

To overcome the above limitations in previous work, we first propose a novel frequency 

support controller for large-scale PV plant, whose objective is to control the PV power output such 

that, under a unknown load disturbance, the system frequency response can effectively track that 
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of a reference system with desired equivalent inertia and droop constants which are provided by 

the system operators. This objective implies that, by closely following the reference system 

frequency with the help of proposed controller, the frequency response of the whole system (close-

loop system) will be improved to as desired, i.e. close to that of the reference system. Since we 

only focus on improving the primary frequency response performance, secondary generation 

control, e.g. AGC, is not considered in this work. 

In addition to the controller design, we also propose a small-signal model (SSM) for large-

scale PV plant. The model is different than other models from [23, 44-47] in that, it does not only 

consider full dynamics including PV array, DC-link, and converter control, but also incorporates 

control inputs with which PV system output power can be controlled. We then interface this SSM 

for PV plants with the load frequency control (LFC) model to form a combined system model 

which can describe the dynamic relationship between PV system input and system frequency. The 

combined system model is then used as the plant model for designing proposed controller.  

To address the frequency support functions from distributed PV, we propose an aggregate 

model to represent the overall dynamic behaviors of a group of distributed PV with different 

  

Figure 1.6. Diagrams for proposed control schemes for (a) large-scale PV plant; (b) 

distributed PV. 
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control parameters, solar irradiance, and capacity. Then, we adopt the proposed controller for 

large-scale PV plant and extend it to distributed PV by using the aggregate model and proposing 

an inversion method. The inversion method aims at obtaining the individual control input for each 

distributed PV from the controller’s aggregate control signal. The control schemes for both cases: 

large-scale PV plant and distributed PV are illustrated in Figure 1.6. 

The rest of this thesis is organized as follows: Chapter 2 focuses on the evaluation of high 

PV penetration impact on frequency response. In Chapter 3, we present the proposed control 

scheme for large-scale PV plants. Chapter 4 introduces the control scheme for distributed PV 

Chapter 5 summarizes the contributions of this work and discusses the future work. 
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CHAPTER 2 : IMPACT OF HIGH PV PENETRATION ON FREQUENCY RESPONSE 

As discussed in Chapter 1, the increasing penetration of PV is placing great impact on 

power system stability, especially in terms of generation control performance. From the basic 

concepts of power system operation, we also learned that frequency response can be used to 

evaluate the generation performance with several numerical metrics, such as frequency nadir, RoC, 

and settling time. In this chapter, we present the detailed results to demonstrate and evaluate the 

high PV penetration impact on frequency response. Section 2.1 introduces three methods to model 

a single-phase PV system. Using these methods, one small and one large testbed are developed in 

Section 0. Simulations are then carried out to evaluate the impact of high PV penetration on 

frequency response. Section 2.3 is for the simulation results and discussion. 

2.1 PV Modeling 

The proposed control schemes focus on both large-scale PV plant which mainly consists 

of three-phase PV systems, and distributed PV which are mainly single-phase. Since modeling of 

both types of PV systems are very similar and distributed single-phase PV systems are slightly 

more complex, we choose to model distributed PV in our testbed and thus introduce the three 

corresponding modeling methods in this chapter, which are average model, 2-dq average model, 

and PVD1 model. Models for three-phase systems can be easily obtained following the presented 

methods with minor changes.  

2.1.1 Average Model 

In Figure 2.1, the diagram for a two-stage single-phase PV system is illustrated. The PV system 

contains multiple PV arrays as the energy source. A two-stage power conversion stage has one 

DC-DC boost converter and one single-phase inverter. The adoption of boost converter can 

effectively adjust PV array’s output voltage, such that appropriate level of DC voltage can be 
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guaranteed and provided for inverter. Another advantage of two-stage topology over single-stage 

is that the control of PV array’s operating point can be separated from DC-link control. After the 

inverter, a simple R-L filter is modeled to interface with the distribution system. Another 

component, which is not illustrated in the diagram is the phase-lock loop controller. In the scope 

of this work, we assume an ideal PLL and do not model it with any dynamic details. Other 

controllers also include an MPPT controller and an inverter controller. The MPPT controller 

considered here uses the classical perturb & operate algorithm in [48]. The controller at inverter 

has one outer voltage loop and one inner current loop. Additional decoupling compensation is 

applied in the current loop to decouple the inverter current control from network and interfacing 

filter. The goal of this inverter controller is to regulate the DC-link voltage. 

 

Figure 2.1. Diagram for a two-stage single-phase PV system. 

  



16 

 

1) PV array 

The PV array is described by its current-voltage characteristic function from [48].  

 𝑖𝑃𝑉 = 𝑁𝑃𝑉𝑛𝑝𝐼𝑝ℎ − 𝑁𝑃𝑉𝑛𝑝𝐼𝑟𝑠(𝑒
𝑞
𝑘𝑇𝐴

𝑣𝑃𝑉
𝑛𝑠 − 1) (2) 

where𝑁𝑃𝑉 is the number of PV panel connected in parallel, 𝐼𝑟𝑠 is the reverse saturation current 

of a 𝑝 − 𝑛 junction, 𝑞 (= 1.602 × 10−19𝐶) is the unit electric charge, 𝑘 (= 1.38 × 10−23𝐽/

𝐾) is Boltzman’s constant, 𝑇 is the 𝑝 − 𝑛 junction  temperature in (in Kelvin), 𝐴 is the ideality 

factor, and 𝐼𝑝ℎ is the short-circuit current of one string of the PV array, 𝐼𝑝ℎ, a function of the 

temperature , is a linear function of the solar irradiation level 𝑆, as 

 𝐼𝑝ℎ = [𝐼𝑠𝑐𝑟 + 𝑘𝑇(𝑇 − 𝑇𝑟)]
𝑆

100
  (3) 

where 𝑇𝑟 is the cell reference temperature, 𝐼𝑠𝑐𝑟 is the short-circuit current of one PV cell at the 

reference temperature and irradiation level, and 𝑘𝑇  is a temperature coefficient. Based on 

Equation (2), the power delivered by the PV array can be expressed as: 

 

𝑃𝑎𝑟𝑟𝑎𝑦 = 𝑁𝑃𝑉𝑓(𝑣𝑃𝑉, 𝑆, 𝑇) = 𝑁𝑃𝑉𝑖𝑃𝑉𝑣𝑃𝑉

= 𝑁𝑃𝑉𝑛𝑝𝐼𝑝ℎ𝑣𝑃𝑉 − 𝑁𝑃𝑉𝑛𝑝𝐼𝑟𝑠𝑣𝑃𝑉(𝑒
𝑞
𝑘𝑇𝐴

𝑣𝑃𝑉
𝑛𝑠 − 1) 

(4) 

2) DC-DC Boost Converter and DC-link 

Figure 2.2 shows the equivalent circuit of the DC-DC boost converter and the DC-link 

capacitor. Here we assume the converter to be lossless and use the average model to avoid 

switching details. The duty cycle is not explicitly expressed in this model and we assume the 

PV array voltage, 𝑣𝑃𝑉 , can be directly controlled by controller such as MPPT controller. 

However, limitation has to be placed on the duty cycle such that it does not exceed one. 
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Figure 2.2. Equivalent circuit of DC-DC converter and DC-link. 

The average model can be described by Equations (5) and (6).  

 𝑖𝑃𝑉𝑣𝑃𝑉 = 𝑖𝑑𝑐1𝑣𝑑𝑐                   (5) 

 
𝑑𝑣𝑑𝑐
𝑑𝑡

=
1

𝐶
(𝑖𝑑𝑐1 − 𝑖𝑑𝑐2) (6) 

3) Inverter 

Figure 2.3 plots the equivalent circuit for the single-phase inverter, along with the 

output filter. Similarly, to the converter model, the inverter is modeled as a lossless inverter 

without switching detail. A simple power balance equation in Equation (7) is used for the 

average model. In this inverter model, 𝑖𝑎𝑐 is treated as the control input. 

 

Figure 2.3. Equivalent circuit of DC-AC inverter and output filter. 

 𝑖𝑑𝑐2𝑣𝑑𝑐 = 𝑖𝑎𝑣𝑎𝑐 (7) 
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4) Filter 

In this case, we consider a simple 𝑅 − 𝐿 output filter to eliminate the harmonics 

from inverter to the grid. The filter can be modeled by Equations (8) and (9) in d-q frame. 

The reason of using d-q components is that the inverter control in based in d-q frame as 

later introduced. 

 𝐿
𝑑𝑖𝑎,𝑑
𝑑𝑡

= 𝑣𝑎𝑐,𝑑 − 𝑣𝑠,𝑑 − 𝑅𝑖𝑎𝑐,𝑑 + 𝐿𝜔𝑖𝑎,𝑞 (8) 

 𝐿
𝑑𝑖𝑎,𝑞

𝑑𝑡
= 𝑣𝑎𝑐,𝑞 − 𝑣𝑠,𝑞 − 𝑅𝑖𝑎,𝑞 − 𝐿𝜔𝑖𝑎,𝑑 (9) 

5) PLL 

An ideal PLL is shown in Figure 2.4. For simplicity, we do not model the PLL 

dynamics. Therefore, in our modeling of PV system, the transformation between d-q and 

𝑎𝑏𝑐  frame is directly available without any dynamics. Since the transformation is for 

single-phase, the signal delay method [49] is used where the 𝑎𝑏𝑐 component has to be 

delayed by 
𝜋

2
, which is 

1

4
 of its period. The transformation matrices between single-phase 

and d-q components are in Equation (10) and (11) . The specific transformations associated 

with PLL in this PV system model are shown in Equation (12) - (14). 

 

Figure 2.4. Diagram for an ideal PLL. 
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 [
𝑥𝑑
𝑥𝑞
] = [

−sin (𝜔𝑡) cos (𝜔𝑡)

cos (𝜔𝑡) sin (𝜔𝑡)
] [

𝑥
𝑥𝑑𝑒𝑙𝑎𝑦

]   (10) 

 [
𝑥

𝑥𝑑𝑒𝑙𝑎𝑦
] = [

−sin (𝜔𝑡) cos (𝜔𝑡)
cos (𝜔𝑡) sin (𝜔𝑡)

] [
𝑥𝑑
𝑥𝑞
]                 (11) 

 𝑖𝑎,𝑑 = −sin(𝜔𝑡) 𝑖𝑎 + cos(𝜔𝑡) 𝑖𝑎,𝑑𝑒𝑙𝑎𝑦 (12) 

 𝑖𝑎,𝑞 = cos(𝜔𝑡) 𝑖𝑎 + sin(𝜔𝑡) 𝑖𝑎,𝑑𝑒𝑙𝑎𝑦     (13) 

 𝑣𝑎𝑐 = −sin(𝜔𝑡) 𝑣𝑎𝑐,𝑑 + cos (𝜔𝑡)𝑣𝑎𝑐,𝑞 (14) 

6) Inverter Control 

An inverter controller with one outer voltage loop and one inner current loop is 

considered in this model and illustrated by the diagram in Figure 2.5. The control objective 

of this inverter controller is to regulate the DC-link voltage at its reference value, such that 

any amount of power generated from PV array can be stably delivered to the grid. In the 

outer voltage loop, DC-link voltage, 𝑣𝑑𝑐 , is measured and compared with the given 

reference, 𝑣𝑑𝑐𝑟𝑒𝑓. The voltage error is sent to a classical PI controller. The output from PI 

controller is taken as the reference value for 𝑖𝑎,𝑑, which is the d-axis component of inverter 

output current, 𝑖𝑎.  

 

Figure 2.5. Control diagram of inverter controller. 
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As mentioned in early sections, the current loop control is realized in d-q frame. 

Therefore, two independent PI controllers are utilized to regulate 𝑖𝑎,𝑑  and 𝑖𝑎,𝑞  to their 

references, respectively. In our scope, since no reactive power control function is 

considered, the reference for 𝑖𝑎,𝑞 is set to be zero to eliminate reactive power generation. 

After the PI controllers, decoupling compensation is adopted to decouple the current 

control of 𝑖𝑎,𝑑, 𝑖𝑎,𝑞  from network disturbance. The final control output after the 

compensation are the d-q components of inverter output voltage, 𝑣𝑎𝑐. Again, we assume 

the reference values for 𝑣𝑎𝑐,𝑑 and 𝑣𝑎𝑐,𝑞 can be achieved ideally without considering any 

switching detail. In this controller, 𝑣𝑑𝑐𝑟𝑒𝑓 is also an input where higher-level controller can 

adjust the nominal value of DC-link voltage. This controller can be analytically modeled 

by Equation (15) - (17). 

 𝑖𝑎,𝑑
𝑟𝑒𝑓

= (𝑣𝑑𝑐
𝑟𝑒𝑓
− 𝑣𝑑𝑐) (𝐾𝑃 +

𝐾𝐼

𝑠
)                                                                 (15) 

 𝑣𝑎𝑐,𝑑 = (𝑖𝑎,𝑑
𝑟𝑒𝑓

− 𝑖𝑎,𝑑) (𝐾𝑃
𝑖 +

𝐾𝐼
𝑖

𝑠
) + 𝑣𝑠,𝑑 − 𝐿𝜔𝑖𝑎,𝑞 (16) 

 𝑣𝑎𝑐,𝑞 = (𝑖𝑎,𝑞
𝑟𝑒𝑓

− 𝑖𝑎,𝑞) (𝐾𝑃
𝑖 +

𝐾𝐼
𝑖

𝑠
) + 𝑣𝑠,𝑞 + 𝐿𝜔𝑖𝑎,𝑑  (17) 

Considering the filter equations (8) and (9), the inverter current 𝑖𝑎,𝑑 and 𝑖𝑎,𝑞 are 

affected by network variables such as 𝑣𝑠,𝑑, 𝑣𝑠,𝑞, 𝐿𝜔𝑖𝑎,𝑞, and 𝐿𝜔𝑖𝑎,𝑑. Therefore, other than 

the controller terms, the additional compensation terms in Equation (16) and (17) can help 

decouple the inverter current control from distribution network. The resulted current 

control equations considering the interfacing filter are described by Equations (18) and 

(19). 
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 𝐿
𝑑𝑖𝑎,𝑑
𝑑𝑡

= (𝑖𝑎,𝑑
𝑟𝑒𝑓

− 𝑖𝑎,𝑑) (𝐾𝑃
𝑖 +

𝐾𝐼
𝑖

𝑠
) − 𝑅𝑖𝑎,𝑑 (18) 

 𝐿
𝑑𝑖𝑎,𝑞

𝑑𝑡
= (𝑖𝑎,𝑞

𝑟𝑒𝑓
− 𝑖𝑎,𝑞) (𝐾𝑃

𝑖 +
𝐾𝐼
𝑖

𝑠
) − 𝑅𝑖𝑎,𝑞  (19) 

In order to further decouple the current control from the interfacing filter resistor, 

[47] proposes a method where the PI controller parameters, 𝐾𝑃
𝑖  and 𝐾𝐼

𝑖, can be carefully set 

as follows to eliminate the filter terms in Equation (18) and (19). 

 

𝐾𝑃
𝑖 =

𝐿

𝜏
 

𝐾𝐼
𝑖 =

𝑅

𝜏
 

(20) 

where 𝜏 is the time-constant, which should be made sufficiently small for a fast current 

control response. Now the close-loop transfer function of the d- and q-axis current 

controller become in the simple first-order form: 

 
𝑖𝑎,𝑑(𝑠)

𝑖𝑎,𝑑
𝑟𝑒𝑓(𝑠)

=
𝑖𝑎,𝑞(𝑠)

𝑖𝑎,𝑞
𝑟𝑒𝑓(𝑠)

= 𝐺(𝑠) =
1

𝜏𝑠 + 1
 (21) 

Note that, in Equation (21), the dynamics of 𝑖𝑎,𝑑  and 𝑖𝑎,𝑞  are now completely 

decoupled from those of 𝜔 , 𝑣𝑠,𝑑 , 𝑣𝑠,𝑞 , 𝑅 , and 𝐿 . However, the reference for 𝑖𝑎,𝑑  is 

generated from voltage-loop controller. Therefore, we can write the complete state-space 

equations for the voltage- and current-loop controller, considering the filter dynamics, as: 

 
𝑑𝑖𝑎,𝑑
𝑑𝑡

= −
1

𝜏
𝑖𝑎,𝑑 −

𝐾𝑃
𝜏
𝑣𝑑𝑐 +

1

𝜏
𝑥 +

𝐾𝑃
𝜏
𝑣𝑑𝑐
𝑟𝑒𝑓

 (22) 

 
𝑑𝑖𝑎,𝑞

𝑑𝑡
= −

1

𝜏
𝑖𝑎,𝑞 +

1

𝜏
𝑖𝑎,𝑞
𝑟𝑒𝑓
                               (23) 

 
𝑑𝑥

𝑑𝑡
= −𝐾𝐼𝑣𝑑𝑐 + 𝐾𝐼𝑣𝑑𝑐

𝑟𝑒𝑓
                                  (24) 
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Because the final model contains second-order derivatives, an intermediate state 𝑥 is 

introduced to construct the state-space form.  

7) MPPT 

The MPPT controller controls the input voltage of the DC-DC converter to operate 

PV arrays at their MPP. In this work, we use the most commonly used MPPT algorithm 

which is the P&O from [48]. A flowchart for this algorithm is illustrated in Figure 2.6. 𝑣𝑟𝑒𝑓 

is the reference for 𝑣𝑃𝑉 and Δ𝑣𝑟𝑒𝑓 is the increment for the adjusting 𝑣𝑃𝑉. 

 

Figure 2.6. Flowchart of the P&O algorithm in MPPT controller. 
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2.1.2 2-dq Average Model 

A modeling method for single-phase single-state PV systems is proposed in [50] to 

eliminate the second-order harmonics in the inverter control and obtain linearized model. Here we 

extend this method to single-phase two-stage PV systems.  

This method is based on multiple reference frame theory, where in addition to the reference 

frame at the fundamental grid frequency 𝜔 , another reference frame at 2𝜔  is considered. 

Specifically, the single-phase d-q transformation at frequency 𝜔  is given in Equation (25). 

Therefore we can similarly obtain the d-q transformation at 2𝜔 in Equation (26).  

 𝑥 = −sin (𝜔𝑡)𝑥𝑑 + cos(𝜔𝑡) 𝑥𝑞          (25) 

 𝑥 = −sin (2𝜔𝑡)𝑥2𝑑 + cos(2𝜔𝑡) 𝑥2𝑞 (26) 

The derived model uses the same system topology as introduced in Section 2.1.1. Consider 

the inverter equation (7), if we substitute 𝑖𝑎𝑐 and 𝑣𝑎𝑐 with their d-q components, the inverter input 

current 𝑖𝑑𝑐2 can be expressed by: 

 

𝑖𝑑𝑐2 =
1

2𝑣𝑑𝑐
(𝑖𝑎𝑐.𝑑𝑣𝑎𝑐,𝑑 + 𝑖𝑎𝑐,𝑞𝑣𝑎𝑐,𝑞

+ cos(2𝜔𝑡) (𝑖𝑎𝑐,𝑑𝑣𝑎𝑐,𝑑 − 𝑖𝑎𝑐,𝑞𝑣𝑎𝑐,𝑞)

− sin(2𝜔𝑡) (𝑖𝑎𝑐,𝑑𝑣𝑎𝑐,𝑞 + 𝑖𝑎𝑐,𝑞𝑣𝑎𝑐,𝑑))  

(27) 

Equation (27) implies that 𝑖𝑑𝑐2 also contains harmonic components at the frequency of 2𝜔. 

Comparing (27) with (26), we can categorize 𝑖𝑑𝑐2 into two components: 

1) DC Component 

 𝑖𝑑𝑐2,𝑑𝑐 =
𝑖𝑎𝑐.𝑑𝑣𝑎𝑐,𝑑 + 𝑖𝑎𝑐,𝑞𝑣𝑎𝑐,𝑞

2𝑣𝑑𝑐
 (28) 

2) AC Components at 2𝜔 
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 𝑖𝑑𝑐2,2𝑑 =
𝑖𝑎𝑐.𝑑𝑣𝑎𝑐,𝑞 + 𝑖𝑎𝑐,𝑞𝑣𝑎𝑐,𝑑

2𝑣𝑑𝑐
 (29) 

 𝑖𝑑𝑐2,2𝑞 =
𝑖𝑎𝑐.𝑑𝑣𝑎𝑐,𝑑 − 𝑖𝑎𝑐,𝑞𝑣𝑎𝑐,𝑞

2𝑣𝑑𝑐
 (30) 

Since the inverter model is now modeled in the reference frame of 2𝜔, so must the DC side 

of the system. Because of the DC component in 𝑖𝑑𝑐2, the DC side variables of boost converter and 

PV array should be converted into the form of (31), instead of (26). Then the rest of the system 

can be modeled by equating the DC and 2𝜔 components, respectively. For the PV array, since it 

is an algebraic model and 𝑣𝑃𝑉 are usually controlled by DC reference signal, we assume that 𝑣𝑃𝑉 

and 𝑖𝑃𝑉 only have DC components. In addition, all the higher-order terms, harmonics at 3𝜔 and 

4𝜔, are ignored. The inverter control introduced in Section 2.1.1 can still be applied in this model 

since the inverter output voltage and current are still modeled in d-q frame at 𝜔. 

 𝑥 = 𝑥𝑑𝑐−sin (2𝜔𝑡)𝑥2𝑑 + cos(2𝜔𝑡) 𝑥2𝑞 (31) 

For the benefit of linearization, this model also aims at removing the time-varying terms. 

Therefore, special treatment has to be taken on the 
1

𝑣𝑑𝑐
 term in Equation (28) - (30), because 𝑣𝑑𝑐 is 

also in the form of (31) and has adds time-varying 𝑠𝑖𝑛𝑒 terms. A simple solution is to use 𝑣𝑑𝑐,𝑑𝑐 

to approximate 𝑣𝑑𝑐 in (28) - (30).  

Complete model equations are provided in Appendix I. 

2.1.3 PVD1 Model 

We use a modified version of the PVD1 [51] model to represent the single-phase PV plants. 

The original PVD1 model is for three-phase PV system but in our case, we can easily adopt it as 

single-phase PV system because this model eventually interfaces with grid by power injection, 

which is not phase-specific. As shown in Figure 2.7, the PVD1 model includes the constant active 

and reactive power reference and d-q current controllers with limiters. The current controller has 
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the same first-order transfer function as the one introduced in Section 2.1.1 for the current control 

with decoupling compensation. The time constant here, 𝑇𝑔, is equivalent to the aforementioned 

time constant 𝜏 . The current limits are determined based on the selected priority mode. For 

example, if it is in “P Priority” mode, the active current reference, 𝐼𝑝𝑐𝑚𝑑, is firstly satisfied without 

exceeding the composite current limit 𝐼𝑚𝑎𝑥. The reactive current limit is then calculated based on 

𝐼𝑚𝑎𝑥 and the desired 𝐼𝑝𝑐𝑚𝑑. Based on the original PVD1 model, the frequency trip function is not 

considered and the voltage trip function is revised with the low-voltage-ride-through (LVRT) 

characteristics, as per the IEEE 1547-2018 standard [52]. 

 

Figure 2.7. Diagram for the modified PVD1 model. 

Comparing to the other two PV models, this PVD1 model simplified the dynamics a lot by 

ignoring the PV array’s characteristics and event the DC-link. However, this model is the most 

advantageous for its simplicity and ease to implement in simulations. 

2.1.4 Comparison of PV Models 

In this section, we want to compare the three PV models in above with their advantages 

and disadvantages. A summary for the comparison is provided in Table 2.1.  
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Table 2.1. A Comparison Summary of PV Models. 

PV Model Advantages Disadvantages 

   

Average Model 

• PV array characteristics 

• Moderate number of equations 

• Easy to simulate 

• Time-variant 

2dq Average 

Model 

• PV array characteristics 

• Time-invariant 

• More dynamics 

• Too many equations 

• Computationally 

expensive 

PVD1 
• Least number of equations 

• Easiest to simulate 

• Less dynamics 

• No PV array 

The average model has the advantages over accuracy as it models the PV array in detail. 

The number of both dynamic and algebraic equations contained in this model is not too large. The 

only disadvantage is that there are time-variant terms in the model which are not favorable for 

obtaining the small-signal model. Similarly, the 2dq model also has the advantage on accuracy. In 

addition, as modified from the average model, it removes the time-variant terms. However, as the 

price in return, this model introduces additional dynamic states and equations and therefore 

becomes computationally expensive to simulate. The last PVD1 model has the least number of 

equations which make it easiest to simulate. However, it sacrifices the accuracy by only modeling 

the inverter control dynamics and ignoring both PV array characteristics and DC-link dynamics. 
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2.2 Testbed Development 

In this section, we introduce the development of two testbeds: PSCAD testbed and dynamic 

co-simulation testbed. The developed testbeds are used to evaluate the high PV penetration impact 

on frequency response and demonstrate the effectiveness of designed control scheme. The two 

testbeds are based on different simulation platforms. The test systems are also different in size. 

Section 2.2.1 and 2.2.2 detail the testbed and their test systems, respectively. 

2.2.1 PSCAD Testbed 

This testbed is developed in the commercial electro-magnetic transient program (EMTP) 

PSCAD [53]. PSCAD is an industry standard simulation tool for studying the transient behavior 

of electrical networks. In this testbed, we first model the single-phase PV system as a controlled 

voltage source. As shown in Figure 2.8, the 𝑣𝑎𝑐 is controlled by the average model Equations (2), 

(3), (5) - (7), (12) - (14), (22) - (24). An R-L filter is placed in between the voltage source and 

distribution grid. The values of 𝑅 and 𝐿 are also used in designing the inner current-loop controller 

of the average model. 

 

Figure 2.8. PV model in PSCAD testbed. 

The IEEE 34-bus test feeder [54] is used to model the distribution system. Seven buses at 

different locations are selected to connect PV systems. To demonstrate the impact of PV 

integration on the frequency response, we also need to model the transmission system which has 

the synchronous generators. However, since the electro-magnetic transient simulation for large-
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system is too time-consuming, we do not model the complete transmission and distribution 

systems. For distribution, we only model one representative test feeder in detail; for transmission, 

we scale down the system rating to be comparable to the representative test feeder and, instead of 

modeling the network detail, model only one equivalent synchronous generator. The schematic 

diagram for our test system is illustrated in Figure 2.9. 

 

Figure 2.9. Distribution test system connected to an equivalent synchronous generator. 

Different amount of PV are connected to the test feeder to simulate different levels (0%, 

40%, and 60%) of PV penetration. Meanwhile, the locations are kept the same as the seven marked 

buses in Figure 2.9. It is also assumed that, as the PV penetration increases, the synchronous 

generation capacity decreases, correspondingly. This is implemented by proportionally scaling 

down the power rating of equivalent synchronous generator but keeping the per-unit inertia 

constant the same. The same event of a 0.3 MW load increase is applied to scenario with each PV 

penetration level. Details of the system configuration can be found in Appendix II. 

2.2.2 Dynamic Co-simulation Testbed 

The testbed based on PSCAD can perform detailed electro-magnetic transient simulation 

to demonstrate the dynamic behavior and impact of high PV penetration in distribution systems. 

However, this testbed is not suitable for time-efficient large system simulation. Therefore, as the 

compromise, the complete transmission-distribution system has to be greatly simplified. Only one 
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representative distribution feeder is simulated and the transmission system is modeled by an 

equivalent synchronous generator. To overcome these limitations, another testbed is developed 

using a dynamic co-simulation method which can simulate the dynamics of both transmission and 

distribution systems in detail. The test systems also upgrade to a 14-bus transmission system and 

IEEE 8500 node test feeders. 

1) Co-simulation Framework 

In this co-simulation testbed, we use separate transmission system simulator (TSS) and 

distribution system simulator (DSS). To link the TSS and DSS, we use the Hierarchical Engine 

for Large-Scale Infrastructure Co-simulation (HELICS) as the framework to exchange 

information and manage the time synchronization. HELICS [55] is an open-source tool that 

facilitates the co-simulation of heterogeneous simulators and provides message-exchanging 

and time-synchronization mechanisms. It can be used with a number of message-passing 

protocols including ZeroMQ, Sockets,TCP/IP, and MPI. The platform is portable across 

Windows, Linux, and MacOS, and users can write their co-simulation applications either in 

C++, C, Python, JAVA, or MATLAB. With a modular framework and an easy-to-use interface, 

HELICS provides the basic building blocks for co-simulation of transmission, distribution, and 

communication. 

2) System Modeling 

As studied and documented in literature, the power system can be mathematically 

modeled as a set of differential algebraic equations (DAEs) [56]. The differential equations 

represent dynamic components like synchronous generators and electronic converters while 

the algebraic equations model other static components and the coupling among these 

components which is the system network. Therefore, the nature of power system dynamic 

simulation is solving the set of DAEs with given initial conditions to obtain the time evolution 
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of interested states. Specifically, the transmission system model can be represented by 

equations (32) - (33) and we can also model the distribution system in the form of equations 

(34) - (35). 

 𝑥�̇� = 𝑓𝑇(𝑥𝑇 , 𝑦𝑇 , 𝑢𝑇) (32) 

 0 = 𝑔𝑇(𝑥𝑇 , 𝑦𝑇 , 𝑢𝑇) (33) 

 𝑥�̇� = 𝑓𝐷(𝑥𝐷 , 𝑦𝐷 , 𝑢𝐷) (34) 

 0 = 𝑔𝐷(𝑥𝐷 , 𝑦𝐷 , 𝑢𝐷) (35) 

As stated earlier, separate TSS and DSS are used for transmission and distribution 

simulations. The HELICS framework and the federation scheme enable synchronized 

interactions between the simulation instances to achieve co-simulation. For TSS, the lump load 

should no longer be preset and fixed; instead, it should reflect the dynamic behaviors of 

distribution feeders. This can be accomplished by updating the bus load power, 𝑢𝑇 , with the 

total power of corresponding feeders calculated from the simultaneous distribution simulation. 

On the other side, for DSS, the magnitude and angle of substation voltage, 𝑢𝐷, need to be 

synchronized with the calculated values from TSS throughout the co-simulation. Hence, every 

load bus that is to be replaced by distribution feeders is treated as a boundary bus and its voltage 

and load power become the boundary variables. The consistency of boundary variables for 

TSS and DSS are referred to as boundary conditions. They can be represented by equations 

(36) and (37) for transmission and distribution systems, respectively: 

 0 = ℎ𝑇(𝑢𝑇 , 𝑟(𝑦𝐷)) (36) 

 0 = ℎ𝐷(𝑢𝐷 , 𝑠(𝑦𝑇)) (37) 

where, 

 𝑟(𝑦𝐷) = 𝑆𝑇,+ (38) 
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 𝑠(𝑦𝑇) = 𝑉𝐷,𝑎𝑏𝑐 (39) 

𝑆𝑇,+ is the positive sequence apparent power of the boundary bus and 𝑉𝐷,𝑎𝑏𝑐 is the three-

phase voltage of the distribution substation bus. Transformation between the positive 

sequence and three-phase is carried out in (38) and (39) because TSS runs a positive 

sequence simulation and DSS is a three-phase simulator. The transmission and distribution 

system models described in equations (32) - (35) , along with two boundary conditions, 

equations (36) - (37), complete the modeling of our dynamic co-simulation. 

3) Interfacing Algorithm 

The goal of the proposed algorithm is to ensure the boundary conditions are met during 

the information exchange between TSS and DSS. The interfacing algorithm, as illustrated in 

Figure 2.10, is an iterative algorithm. At every time-step, the DAEs for the transmission and 

distribution systems are separately computed with the inputs from last time-step. The boundary 

condition for DSS, 0 = ℎ𝐷, is firstly solved to publish 𝑠(𝑦𝑇) to DSS and update the substation 

voltage 𝑢𝐷 . Then DSS will re-compute the distribution power flow with the new input. 

However, for the sake of simulation speed, only algebraic equations (35) are solved. 

Afterwards, the updated values of 𝑦𝐷  are used to calculate 𝑟(𝑦𝐷)  and then the new 

transmission input 𝑢𝑇  is subscribed from DSS by solving the other boundary condition (37). 

Next, the transmission algebraic states are updated. To ensure the boundary conditions are 

well-satisfied, the steps of solving algebraic equations in both TSS and DSS are repeated until 

the 2-norm of ℎ𝐷(𝑢𝐷 , 𝑠(𝑦𝑇)) is less than 𝜖.  
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Figure 2.10. Flowchart for the interfacing algorithm. 

4) Transmission System Simulator 

The transmission dynamic simulator used in this work is the Dynamic Security 

Analysis Toolkit (DSAT) package that simulates the fundamental frequency phasor dynamics 

of the power grid. DSAT is a high-performance parallel package that uses the portable, 

extensible toolkit for scientific computation (PETSc) [57] package as its numerical core. The 

detailed description of DSAT’s modeling and algorithmic capabilities can be found in [58]. 
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5) Distribution System Simulator 

The distribution system simulator used in this work is based on open-source OpenDSS 

software [59] interfaced with PV systems modeled by the dynamic PVD1 model. As illustrated 

in Figure 2.11, the PV system is modeled as an OpenDSS generator component in static 

simulation mode. The generator’s output power are completely determined by the PVD1 

model. 

 

Figure 2.11. PV model in the dynamic co-simulation. 

To interface the PVD1 dynamics (differential) equations with steady-state OpenDSS 

equations, we use a non-intrusive approach to add the dynamics on top of OpenDSS. This is 

akin to an alternating-explicit approach for solving DAEs where the differential equations are 

numerically integrated followed by the solution of the algebraic equations. For the numerical 

integration of the PV model differential equations, we use the PETSc package and its second-

order Runge-Kutta method, which is the same as the trapezoidal integration scheme. As 

illustrated in Figure 2.12, the static components and system network are modeled in an 

OpenDSS circuit, while the dynamic component, PV, is modeled by the set of differential 

equations in a standalone separate code that uses the PETSc package. PETSc controls the time-

stepping and performs the numerical integration of the PV differential equations, while 

OpenDSS solves the distribution power flow. The OpenDSS power flow solution is solved 

repeatedly to ensure the boundary conditions for PV bus voltage and power are consistent. 
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Figure 2.12. Distribution dynamic simulation using OpenDSS and PETSc. 

6) Test Systems 

The test system for transmission is the IEEE 14 bus system. Figure 2.13 shows the 

topology of this test system where 7 boundary buses are selected to be replaced with 

distribution feeders. The test feeder is IEEE 8500 node test feeder as shown in Figure 2.14. 

We choose ten different locations across the feeder to connect PV systems. All the PVs are 

assumed to be identical with the same power rating. The number of test feeder at each boundary 

bus is calculated such that the boundary bus total load stays unchanged. The total number of 

distribution feeder considered in this test feeder is 24. Details of the system configurations can 

be found in Appendix III. 
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Figure 2.13. IEEE 14 bus system. 

 

Figure 2.14. IEEE 8500-node test feeder. 
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2.3 Results and Evaluation of High PV Penetration Impact on Frequency Response 

Using the developed testbeds, we can evaluate the impact of high PV penetration on 

frequency response. For each testbed, the same system disturbance event is simulated under 

different PV penetration levels. The performance can be evaluated using numerical metrics like 

RoC, nadir. The settling time is not considered since it is mainly affected by secondary control, 

AGC, settling time, and settling frequency. 

2.3.1 Frequency Response in PSCAD 

In the PSCAD testbed, we simulate the test system with the same disturbance event under 

different PV penetration levels from 0% to 40%, and 60%. The event is a load increase of 0.12 

MW. The frequency response for each scenario is plotted in Figure 2.15 and the corresponding 

generation plot of synchronous generator and PV is in Figure 2.16. A summary of evaluation 

metrics for the frequency response is in Table 2.2. 

As we increase the PV penetration, the synchronous generator capacity is also adjusted. As 

described in (40), the adjusted capacity is equal to the subtraction of original capacity by the 

amount of PV penetration power. The penetration power is calculated by total load and penetration 

percentage. 

 𝐺𝑒𝑛𝐶𝑎𝑝𝑎𝑑𝑗𝑢𝑠𝑡𝑒𝑑 = 𝐺𝑒𝑛𝐶𝑎𝑝 − 𝐿𝑜𝑎𝑑𝑡𝑜𝑡𝑎𝑙 × 𝑃𝑒𝑛𝑒𝑡𝑟𝑎𝑖𝑜𝑛% (40) 
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Figure 2.15. Frequency response under different PV penetration levels in PSCAD testbed. 

Table 2.2. A Summary of Evaluation Metrics for PSCAD Testbed. 

PV Penetration 0% 40% 60% 

    
RoC (mHz/s) -323.5 -445.9 -527.8 

Frequency Nadir (Hz) 59.8287 59.7540 59.7226 

Settling Time (s) ~45 ~45 ~45 

Settling Frequency (Hz) 59.952 59.927 59.915 
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Figure 2.16. Generator and PV generation under different PV penetration levels in PSCAD 

testbed. 

From Figure 2.15, it is evident that, with higher PV penetration in the test system, the 

synchronous generation capacity shrinks and therefore the frequency drops faster and reaches 

lower nadir in its first swing. Affected by the degraded capability of governor control, settling 

frequency also becomes lower. The impact on frequency response is smaller when PV increases 

from 40% to 60%, than that of increasing from 0% to 40%. This observation is supported by the 

evaluation metrics recorded in Table 2.2. In the 40% PV case, the RoC becomes worse by 122.4 

mHz/s from 0% PV, while the change in RoC from 40% to 60% is only 81.9 mHz/s. For frequency 

nadir, 40% PV case drops 0.0747 Hz from base case, while 60% PV case drops another 0.0314 

Hz, which is almost half of that for 40% PV case. This relationship between the decrements is the 
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same as that of the penetration increment in percentage. Similar observation can also be found in 

the settling frequencies. Since no secondary control is simulated, the settling time is almost 

identical in each case, which is around 45 seconds. 

Figure 2.16 shows the power generation from synchronous generator and PV. From this 

figure, moving from 0% PV case to 60% PV case, we can clearly see the increased penetration 

level of PV generation, comparing to synchronous generation.  

2.3.2 Frequency Response in Dynamic Co-simulation 

To further evaluate the impact of PV penetration on the frequency response, the similar 

simulations are conducted in the dynamic co-simulation testbed with a much larger test system. In 

this testbed, we simulate a more practical disturbance event, which is a generator tripping. The 

same event is applied to three cases where the PV penetration increases from 0% to 20%, and 40%. 

The frequency response for each scenario is plotted in Figure 2.17 and the corresponding 

generation plot of synchronous generator and PV is in Figure 2.18. A summary of evaluation 

metrics for the frequency response is in Table 2.3. 
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Figure 2.17. Frequency response under different PV penetration levels in dynamic co-

simulation testbed. 

Table 2.3. A Summary of Evaluation Metrics for Dynamic Co-simulation Testbed. 

PV Penetration 0% 20% 40% 

    
RoC (mHz/s) -488.7 -593.7 -639.5 

Frequency Nadir (Hz) 59.6719 59.6531 59.6379 

Settling Time (s) ~16 ~16 ~16 

Settling Frequency (Hz) 59.913 59.912 59.911 
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Figure 2.18. Generator and PV generation under different PV penetration levels in dynamic co-

simulation testbed. 

In this simulation of a large test system that contains both network details of transmission 

and distribution systems, the observations are very similar to what we discussed in Section 2.3.1. 

From the plot in Figure 2.17, the higher PV penetration results in faster drop of frequency after the 

disturbance and lower nadir in the first swing. In addition, the increasing PV also leads to more 

oscillations and lower settling frequency. These observed impacts are well-supported by the 

numerical evaluation metrics in Table 2.3. Similar to the previous results, the decrements in 

frequency nadir and settling frequency are also proportionally related to the increments in PV 

penetration percentage. For example, the two differences in frequency nadir from 0% to 20% PV 

case and from 20% to 40% PV case are 0.0188 Hz and 0.0152 Hz, which are very close to each 

other. For the settling frequency, we also the same decrement of 0.001 Hz between two adjacent 

cases.  
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We also notice that, in this test case, the difference between each penetration level is not 

as large as that in PSCAD testbed case. The reason is that the two testbed have different original 

synchronous generation capacity. In PSCAD testbed, the original capacity is set to 4 MVA, which 

is not too much greater than the total load of 2.25 MW. However, in this case, the original capacity 

is 1000 MVA, while the total load is only 330 MW. Therefore, the PSCAD case demonstrates a 

worse case where not much of reserved capacity is available. As a result, serious impact can be 

observed from high PV penetration. In the co-simulation case, however, the greatly increased PV 

penetration leads to relatively less impact on the frequency response, because of the large amount 

of capacity reserve. 
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CHAPTER 3 FREQUENCY CONTROL SCHEME FOR LARGE-SCALE PV PLANTS 

As reviewed in Chapter 1, the growing level of PV generation challenges the conventional 

generation control in power systems, as the current PV systems do not possess inertia or governor 

system. Therefore, research efforts have been made to adopt new supervisory control for PV 

systems to provide frequency support the system, so that the output power of PV system will 

respond to any system disturbances and help maintain the real power balance. So far most of the 

existing methods focus on two main approaches: 1) de-loading control which is to first curtail PV 

array output power at a de-loaded level and then adjust its operating point [21-25]; and 2) DC-link 

voltage control which is to release/absorb power from DC-link capacitor by controlling its voltage 

[26-29]. 

However, as indicated before, most of the current methods aim at making PV system 

behave like a synchronous generator. One shortcoming is that these controller designs are based 

on local PV only. Thus, the actual system frequency response will not necessarily be that of a 

conventional system with desired equivalent inertia and droop constants, especially during the 

initial a few seconds. However, an accurate estimate of the frequency response capability is indeed 

very important to system operators in order to maintain it at a proper level. 

To overcome the above limitation, in this chapter, we propose a novel controller whose 

objective is to control the PV power output such that, under a load disturbance, the system 

frequency response can effectively track that of a reference system with desired equivalent inertia 
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and droop constants (𝐻𝑟𝑒𝑓 and 𝑅𝑟𝑒𝑓) which are provided by the system operator. To achieve this 

objective, the proposed controller comprises an LUT and a UIO-based tracking LQR, as illustrated 

in Figure 3.1. The LUT is introduced to compensate the nonlinearities in the PV plant model. Also 

for modeling purpose, we associate the LUT together with the transmission system and PV plant 

and refer to the combination as the combined system so that its model can be taken as the plant 

model for designing the UIO-based tracking LQR. To ensure the frequency tracking, the LQR is 

used to minimize the error between system frequency and its reference. Since the LQR requires 

full state information and the system disturbance is unknown, a UIO is used. As shown in Fig. 1, 

the UIO also provides disturbance estimation for the reference system to generate the tracking 

reference. The reference system is a virtually constructed system inside of the tracking LQR and 

serves as a “desired version” of the transmission system with desired frequency response 

capability. Therefore, by following the reference system frequency with help of proposed 

controller, the frequency response of the whole system (the close-loop system) will be improved 

to as desired, i.e., close to that of the reference system.  

 

Figure 3.1. Conceptual diagram of proposed controller. 
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To design the UIO and LQR, a linear combined system model containing the PV system 

model is needed. In addition, the PV system model should consider control inputs for designing 

the frequency support control. Models in [44, 45] neglect the DC-link dynamics and PV array 

characteristics and thus do not meet our need. Considering the DC-side dynamics, linear models 

are proposed in [46, 47] but without including supervisory control inputs. Reference [23] 

investigates the modeling of PV system with droop and inertia emulation. However, a linear model 

is only derived for the power control loop and does not include DC-link and inverter control. In 

this paper, we first propose a small-signal model (SSM) for the PV system. The main 

characteristics of this SSM, as it will be illustrated later, is that it captures the dynamics between 

the local controller set-points and the desired system output, which is the power output, and thus 

suits the design of frequency support functions. Then, the LUT in Figure 3.1 capturing the PV 

array characteristics is used to compensate the nonlinearity in the SSM so that the model for PV 

plant with the LUT becomes linear. Combining this linear model with the classical load frequency 

control (LFC) model that we used for the transmission system, we can obtain a linear combined 

system model for designing the UIO-based tracking LQR. 

The main contributions of this chapter’s work can be summarized as: 1) An SSM for the 

three-phase PV system which is suitable for designing frequency support controls; 2) A novel UIO-

based LQR controller for the PV system to provide frequency support. The controller assures that 

the frequency response of combined system can track that of a reference system with given inertia 

and droop constants and therefore assures desired system frequency response. Next section 

outlines the system models adopted for the controller design. Section 3.2 introduces the design of 

the proposed control scheme. Section 3.2 presents the test results. 
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3.1 System Modeling  

In this section, we introduce the models for the large-scale PV plant, transmission system, 

and the combined system. These models are used in the later section for the controller design. 

 

Figure 3.2. Block diagram of a two-stage three-phase PV system. 

3.1.1 Large-scale PV Plant 

For the large-scale PV plant, we assume that it consists of identical PV sub-systems, in 

which each one is a two-stage three-phase PV system as shown in Figure 3.2. For simplicity, we 

use the model for one PV system to represent the PV plant as it can be easily scaled up. In the 

following, we adopt the similar modeling approach as the average model introduced in Chapter 2 

for single-phase PV system to model its three-phase counterpart. To model the electrical part, we 

first model the PV array by its 𝑃 − 𝑉 characteristic function [48]. The parameters in (41) are listed 

in Appendix III. 

 𝑃𝑎𝑟𝑟𝑎𝑦 = 𝑓(𝑉𝑃𝑉, 𝑆, 𝑇) = 𝑛𝑝𝐼𝑝ℎ𝑉𝑃𝑉 − 𝑛𝑝𝐼𝑟𝑠𝑉𝑃𝑉(𝑒
𝑞

𝑘𝑇𝐴𝑖

𝑉𝑃𝑉
𝑛𝑠 − 1) (41) 

Then we use average models for the DC-DC boost converter and three-phase inverter. 

Therefore, by ignoring losses, we have the power balance equations as follows: 
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 𝑃𝑎𝑟𝑟𝑎𝑦 = 𝑃𝑑𝑐,   𝑃𝑖𝑛𝑣 = 𝑃𝑃𝑉 (42) 

where 𝑃𝑑𝑐 and 𝑃𝑖𝑛𝑣 are the power flowing into and out of the DC-link. 𝑃𝑃𝑉 is the power output 

injected to the grid. 

The DC-link dynamics can also be modeled in terms of the power balance: 

 
𝐶

2
(
𝑑𝑉𝑑𝑐

2

𝑑𝑡
) = 𝑃𝑑𝑐 − 𝑃𝑖𝑛𝑣 = 𝑃𝑎𝑟𝑟𝑎𝑦 − 𝑃𝑃𝑉 (43) 

where 𝑃𝑃𝑉 can be further expressed in d-q frame as: 

 𝑃𝑃𝑉 =
3

2
(𝑖𝑑𝑣𝑠𝑑 + 𝑖𝑞𝑣𝑠𝑞) =  

3

2
𝑖𝑑𝑣𝑠𝑑 (44) 

in which 𝑖𝑑, 𝑖𝑞 and 𝑣𝑠𝑑, 𝑣𝑠𝑞 are the d-q components of current and voltage at point of common 

coupling, respectively. They can be obtained from 𝑣𝑎𝑏𝑐  and 𝑖𝑎𝑏𝑐  through the 𝑎𝑏𝑐 − 𝑑𝑞 

transformation where 𝜔 and 𝜃 are provided by an ideal phase-locked loop (PLL). The PLL also 

regulates 𝑣𝑠𝑞 to zero and thus the simplification in (44) can be made. 

Combing (41)-(44), the power balance becomes: 

 
𝐶

2
(
𝑑𝑉𝑑𝑐

2

𝑑𝑡
) = 𝑓(𝑉𝑃𝑉, 𝑆, 𝑇) −

3

2
𝑖𝑑𝑣𝑠𝑑 (45) 

As Figure 3.2 illustrates, there are two parts of local controllers. One is the boost converter 

control which is used to determine the operating point of the PV array. Normally an MPPT 

controller is used here. However, this controller needs to be revised so that we can operate PV 

below MPP. Therefore, we adopt the rapid active power control (RAPC) method from [22] for the 

controller. For a given irradiance𝑆, and temperature𝑡, the RAPC determines our default de-loading 

set-point 𝑉𝑃𝑉
85% (the voltage corresponding to 85% of the MPP). Then the PV array voltage will be 

determined as𝑉𝑃𝑉 = 𝑉𝑃𝑉
85% + Δ𝑉𝑃𝑉, where the control input Δ𝑉𝑃𝑉 is received from the supervisory 

controller. The other part refers to the revised conventional dual-loop current mode controller for 
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inverter. The voltage controller regulates DC-link voltage by generating the reference of 𝑖𝑑 for 

current controller through a PI controller. Here we also include Δ𝑉𝑑𝑐
𝑟𝑒𝑓

 for adjusting the DC-link 

voltage and being as the other control input with which we can control the power released (or 

absorbed) from the capacitor. For the current controller, two identical PI controllers are used to 

regulate inverter output currents to their references in dq-frame. Furthermore, a feedforward 

decoupling scheme from [47] is adopted to decouple the current control dynamics from grid 

voltage and also the output filter. By choosing the PI controller parameters as: 

 𝑘𝑃
𝑖 =

𝐿

𝜏
, 𝑘𝐼
𝑖 =

𝑅

𝜏
 (46) 

and combining with current dynamics at filter, the controller dynamics can be described as: 

 
𝑑𝑖𝑑
𝑑𝑡
= −

1

𝜏
𝑖𝑑 −

𝑘𝑃
𝜏
𝑉𝑑𝑐 +

𝑘𝑃
𝜏
𝑉𝑑𝑐
𝑟𝑒𝑓
+
1

𝜏
𝑥 (47) 

 
𝑑𝑖𝑞

𝑑𝑡
= −

1

𝜏
𝑖𝑞 +

1

𝜏
𝑖𝑞
𝑟𝑒𝑓 (48) 

 
𝑑𝑥

𝑑𝑡
= −𝑘𝐼𝑉𝑑𝑐 + 𝑘𝐼𝑉𝑑𝑐

𝑟𝑒𝑓
 (49) 

where 𝑥 is the controller state which we introduce to avoid second-order derivative of state. 

Equations (47)-(49), along with(45), represent the original nonlinear model of the PV system. 

Next, we derive the SSM through linearization of the original model. First, (45) can be 

written as: 

 𝐶𝑉𝑑𝑐 (
𝑑𝑉𝑑𝑐
𝑑𝑡

) = 𝑓(𝑉𝑃𝑉, 𝑆, 𝑇) −
3

2
𝑖𝑑𝑣𝑠𝑑 (50) 

Then we approximate the 𝑉𝑑𝑐 in the LHS coefficient and 𝑣𝑠𝑑 by their nominal values 𝑉𝑑𝑐,0
𝑟𝑒𝑓

 and 𝑉𝑠𝑑 

which are constants. Therefore, the linearization of (50) is given as: 
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𝑑𝛥𝑉𝑑𝑐
𝑑𝑡

=
1

𝐶𝑉𝑑𝑐,0
𝑟𝑒𝑓

𝑔(Δ𝑉𝑃𝑉, 𝑆, 𝑇)⏟        
𝛥𝑃𝑎𝑟𝑟𝑎𝑦

−
1

𝐶𝑉𝑑𝑐,0
𝑟𝑒𝑓

3

2
𝛥𝑖𝑑𝑉𝑠𝑑⏟    
𝛥𝑃𝑃𝑉

 
(51) 

For the PV array characteristic function𝑓(𝑉𝑃𝑉, 𝑆, 𝑇), analytic linearization is not used for 

accuracy concern as the function is highly nonlinear. Instead, we create a LUT which is similar to 

the one used in RAPC. The difference is that this LUT maps the change in voltage, Δ𝑉𝑃𝑉, with the 

change in power, Δ𝑃𝑎𝑟𝑟𝑎𝑦 . Figure 3.3 shows an example surface of the LUT at reference 

temperature and various solar irradiation. The nominal PV array voltage used for constructing the 

LUT is 𝑉𝑃𝑉
85%. We use a function 𝑔(Δ𝑉𝑃𝑉, 𝑆, 𝑇) to represent this LUT.  

In (51), we have the new state variable Δ𝑃𝑃𝑉  representing the variation of PV system 

power output around the 85% of MPP. This state is of our main interest when designing frequency 

support functions. Therefore, we want to transform the Δ𝑖𝑑 in (47) into Δ𝑃𝑃𝑉 as well. Multiplying 

both sides of (47) by 
3

2
𝑉𝑠𝑑 and linearize it, we have: 

 

Figure 3.3. LUT surface at reference temperature (𝑇 = 26.85℃) under different solar 

irradiance levels and 𝛥𝑉𝑃𝑉. 
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𝑑𝛥𝑃𝑃𝑉
𝑑𝑡

= −
1

𝜏
𝛥𝑃𝑃𝑉 −

3𝑘𝑃𝑉𝑠𝑑
2𝜏

𝛥𝑉𝑑𝑐 +
3𝑘𝑃𝑉𝑠𝑑
2𝜏

𝛥𝑉𝑑𝑐
𝑟𝑒𝑓
+
3𝑉𝑠𝑑
2𝜏

𝛥𝑥  (52) 

For (48), since the 𝑖𝑞 dynamics is independent to others and its reference is set to zero, we 

can ignore it in the SSM. For (49), it can be easily linearized as: 

 
𝑑Δ𝑥

𝑑𝑡
= −𝑘𝐼Δ𝑉𝑑𝑐 + 𝑘𝐼Δ𝑉𝑑𝑐

𝑟𝑒𝑓
 (53) 

Equations (51)-(53) complete our SSM for a two-stage three-phase PV system. However, 

this model still contains a nonlinear term, which is the LUT function. If we consider another LUT 

which is the inverse of function 𝑔: 

 Δ𝑉𝑃𝑉 = 𝑔
−1(Δ𝑃𝑃𝑉

𝑟𝑒𝑓
, 𝑆, 𝑇) (54) 

We can substitute (54) into (52) to get rid of the nonlinear term. Now a linear model for the PV 

plant with a reverse LUT is obtained and can be expressed by: 

  { 
�̇�𝑃𝑉 = 𝑨𝑃𝑉𝒙𝑃𝑉 + 𝑩𝑃𝑉𝒖𝑃𝑉        

𝒚
𝑃𝑉
= 𝑪𝑃𝑉𝒙𝑃𝑉

 (55) 

 

Figure 3.4. Block diagram of the system models. 
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3.1.2 Transmission System 

For the transmission system, we use the LFC model to model the real power generation 

and frequency dynamics by ignoring the network details and AGC. The block diagram of this 

model is illustrated in Figure 3.4. Let 𝒢 denote the set of all synchronous generators in this system. 

Then the equivalent inertia and droop constants in the multi-machine LFC model can be obtained 

as: 

 𝐻𝑔 =
∑ 𝑆𝑖𝐻𝑖𝑖∈𝒢

∑ 𝑆𝑖𝑖∈𝒢
 ,     

1

𝑅𝑔
=
∑ 𝑆𝑖/𝑅𝑖 𝑖∈𝒢

∑ 𝑆𝑖𝑖∈𝒢
 (56) 

For the governor and turbine dynamics, we assume the same time constants 𝑇𝑔 and 𝑇𝑡 for all 

generators in 𝒢. Therefore, the LFC model for transmission system can be written as:  

 { 
�̇�𝑔 = 𝑨𝑔𝒙𝑔 + 𝑩𝑔𝒖𝑔 +  𝑔𝒅𝑔

𝒚
𝑔
= 𝑪𝑔𝒙𝑔

 (57) 

where we treat the increment power Δ𝑃𝑃𝑉 from PV plant as an input (𝒖𝑔) to transmission system 

whereas the load change Δ𝑃𝐿 is taken as the disturbance (𝒅𝑔). 

For some large systems, the model described by (56) and (57) may not have very accurate 

representation of the system dynamics. In those cases, there are two approaches to enhance the 

model. One is to obtain more accurate estimations of system inertia and droop using methods such 

as [60, 61]. The other approach is to use a more detailed full-order multi-machine model [62] to 

represent the system frequency response dynamics. 

3.1.3 Combined System  

To design the UIO-based tracking LQR, we need a linear plant model which includes 

models for both the transmission system and the PV plant. Although the LFC model for 

transmission system is linear, the SSM derived for the PV plant still contains a nonlinear term, 



52 

 

which is the LUT function 𝑔(Δ𝑉𝑃𝑉, 𝑆, 𝑇). To address this, we consider another LUT which is the 

inverse of function 𝑔: 

 Δ𝑉𝑃𝑉 = 𝑔
−1(Δ𝑃𝑃𝑉

𝑟𝑒𝑓
, 𝑆, 𝑇) (58) 

We can substitute (58) into (51) to compensate the nonlinear term and obtain a linear model 

for the PV plant with an LUT. The resulted linear model can be expressed by: 

  { 
�̇�𝑃𝑉 = 𝑨𝑃𝑉𝒙𝑃𝑉 + 𝑩𝑃𝑉𝒖𝑃𝑉
𝒚
𝑃𝑉
= 𝑪𝑃𝑉𝒙𝑃𝑉

 (59) 

where the output is Δ𝑃𝑃𝑉. 

Next, if we define the combination of transmission system, PV plant, and the LUT 𝑔−1 as 

the combined system, the model for it can be derived by combing the models in (57) and (59) 

through the interfacing variable Δ𝑃𝑃𝑉, which is the output of PV plant but the input to transmission 

system. Since both models in (57) and (59) are linear, the combined system model is also linear 

and thus can be used as the plant model in the design of UIO-based tracking LQR. A block diagram 

for this model is illustrated in Figure 3.4 and the mathematical representation is as follows: 

[
�̇�𝑔

�̇�𝑃𝑉
]

⏟  
�̇�𝑐

= [
𝑨𝑔 𝑩𝑔𝑪𝑃𝑉

0 𝑨𝑃𝑉
]

⏟        
𝑨𝑐

[
𝒙𝑔

𝒙𝑃𝑉
]

⏟  
𝒙𝑐

+ [
0

𝑩𝑃𝑉
]

⏟  
𝑩𝑐

[𝒖𝑃𝑉]⏟  
𝒖𝑐

 

+[
 𝑔

0
]

⏟
 𝑐

[𝒅𝑔]⏟
𝒅𝑐

 

  

 

(60) 

𝒚
𝑐
= 𝑪𝑐𝒙𝑐                                     (61) 
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where the output 𝒚
𝑐
 is frequency deviation Δ𝜔. 

3.2 Controller Design 

In this section, we introduce the design of our proposed controller. As pointed out earlier, 

the control objective is to adjust the PV plant power output such that, under the same disturbance, 

the frequency response of the combined system (plant) can effectively track that of a reference 

system with given inertia and droop constants. This also implies that, by following the reference 

frequency, the frequency response of the combined system will be improved.  

Since this is a tracking problem, we adopt an LQR-based controller to minimize the 

tracking error. As one part of the controller, the LUT (𝑔−1) has already been discussed in Section 

3.1.3. Therefore, in the following, we focus on the other part of the proposed controller, which is 

the UIO-based tracking LQR. Comparing to other frequeny-domain tracking methods, the 

proposed method is in time-domain and has its advantages for dealing with multi-input multi-

output (MIMO) systems. 

 

Figure 3.5. Architecture and components of the UIO-based tracking LQR.. 
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As shown in Figure 3.5, the UIO-based tracking LQR consists of three components: an 

LQR, a reference system, and a UIO. Based on the plant model, we first construct an augmented 

system where the tracking error and its integral are introduced as new states. Then the LQR can 

be designed to minimize the error states. To implement such an LQR, the UIO is designed to 

provide estimation of both states and disturbance of the combined system. In rest of this section, 

we will discuss each component in detail. 

3.2.1 Unknown Input Observer 

The plant we have (combined system described by (60)) has a disturbance term, load 

variation, which cannot be measured directly. Therefore, conventional observers with Luenberger 

structure cannot be adopted as they require the knowledge of all input signals, including the 

disturbance, to estimate the plant states. However, the unknown input observer with a different 

structure can effectively address the above limitation by estimating state information without any 

prior knowledge of the disturbance [63-65]. For the combined system in (60), the UIO can be 

designed as: 

  { 
�̇� = 𝑭𝒛 + 𝑻𝑜𝑩𝑐𝒖𝑐 +𝑲𝑜𝒚𝑐
𝒙 𝑐= 𝒛 + 𝑯𝑜𝒚𝑐

 (62) 

where 𝒛 is the newly introduced state in the UIO and 𝒙 𝑐 is the estimated state of the combined 

system. As seen from (62), the UIO is essentially a dynamic system whose inputs are the input and 

output of combined system but no disturbance. The observer matrices can then be obtained as: 

 𝟎 = (𝑯𝑜𝑪𝑐 − 𝑰) 𝑐 (63) 

 𝑻𝑜 = 𝑰 − 𝑯𝑜𝑪𝑐 (64) 

 𝑨𝑜 = 𝑻𝑜𝑨𝑐 (65) 

 𝑭 = 𝑨𝑜 −𝑲𝑜
1𝑪𝑐 (66) 
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 𝑲𝑜 = 𝑲𝑜
1 + 𝑭𝑯𝑜 (67) 

where 𝑲𝑜
1 is the designed gain matrix such that all eigenvalues of 𝑭 are stable.  

According to [63], the necessary and sufficient conditions for the existence of a UIO are 

given as: 

(i) 𝑟𝑎𝑛𝑘(𝑪𝑐 𝑐) = 𝑟𝑎𝑛𝑘( 𝑐) 

(ii) (𝑪𝑐, 𝑨𝑜) is a detectable pair. 

It can be shown that (63) is solvable if and only if the Condition (i) is met. If this condition 

is not satisfied, then the UIO does not exist. For our combined system, both ranks in condition (i) 

are equal to 1. Next, Condition (ii) is required for the existence of gain matrix 𝑲𝑜
1 . For this 

condition, the observability can first be checked for the pair (𝑪𝑐, 𝑨𝑜). If this pair is observable, 

then it is also detectable and pole-placement techniques can be directly used to obtain 𝑲𝑜
1 . 

Otherwise, the detectability must be checked additionally. In our case, the pair (𝑪𝑐, 𝑨𝑜) is not 

observable but detectable. Therefore, a revised procedure is needed for calculating 𝑲𝑜
1. The idea 

[34] is to perform an observable canonical form decomposition of matrix 𝑨𝑜 and then do pole-

placement only for stabilizing the observable states. Other non-observable states should all 

correspond to stable eigenvalues as guaranteed by the detectability. 

In addition to estimating the plant states under the presence of unknown disturbance, 

another advantage of the UIO is that it can also estimate the disturbance. From [66], the estimated 

disturbance can be obtained as: 

𝒅 𝑐 = (𝑪𝑐 𝑐)
†(𝒚 ̇

𝑐
− 𝑪𝑐𝑨𝑐𝒙 𝑐 − 𝑪𝑐𝑩𝑐𝒖𝑐) (68) 

The disturbance estimation is indeed very important for our design. As shown in Figure 

3.5, the estimated disturbance is needed for the reference system to generate the “desired” 

frequency response which is used as the tracking reference in the LQR design. However, one 
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difficulty of obtaining the estimated disturbance is that (68) contains the derivative of 𝒚 
𝑐
. To 

address this problem, we implement a second-order filter 𝑯𝑤(𝑠) as: 

 𝒘 = 𝑯𝑤(𝑠)𝒚 𝑐 =
𝑠

(𝜏1𝑠 + 1)(𝜏2𝑠 + 1)
𝒚 
𝑐
 (69) 

where 𝜏1 and 𝜏2 can be designed sufficiently small such that 𝑯𝑤(𝑠) behaves very similar to the 

derivative at low frequencies. Therefore, 𝒘 can be used as 𝒚 ̇
𝑐
 to calculate 𝒅 𝑐. Equation (69) can 

also be written as: 

 { 
�̇�1 = −

𝜏1 + 𝜏2
𝜏1𝜏2

𝑤1 −
1

𝜏1𝜏2
𝑤2 +

1

𝜏1𝜏2
𝑦 
𝑐

�̇�2 = 𝑤1

 (70) 

Equations  (62), (68), and (70) represent our UIO. 

3.2.2 Reference System 

The reference system is also represented by the LFC model, but with desired inertia and 

droop constants (𝐻𝑟𝑒𝑓  and 𝑅𝑟𝑒𝑓).  Hence, similar to (57), the state-space model for reference 

system is: 

 { 
�̇�𝑔
𝑟 = 𝑨𝑔

𝑟𝒙𝑔
𝑟 +  𝑔

𝑟𝒅𝑔
𝑟

𝒚
𝑔
𝑟 = 𝑪𝑔

𝑟𝒙𝑔
𝑟  (71) 

where the input term is not included since reference system does not have PV. 

Note that the role of this reference system is to provide a reference frequency response, for 

the plant to track. Or in other words, it helps us to translate the design objective from achieving 

certain frequency response capability into tracking specific system trajectories. 

3.2.3 LQR 

The LQR is a well-known state feedback controller based on optimal control theory [67, 

68]. With the LQR gain, we can guarantee the stability of close-loop system while minimizing the 

cost function. Therefore, in this case, we can apply LQR to minimize the tracking error. To design 
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such an LQR, as mentioned earlier, an augmented system must be constructed as the plant model. 

Let us define the error state as: 

                 𝒆 = 𝒙𝑔 − 𝒙𝑔
𝑟  (72) 

�̇� = �̇�𝑔 − �̇�𝑔
𝑟  

    = 𝑨𝑔𝑥𝑔 + 𝑩𝑔𝒖𝑔 +  𝑔𝒅𝑔 − (𝑨𝑔
𝑟𝒙𝑔

𝑟 +  𝑔
𝑟𝒅𝑔

𝑟 ) 

    = 𝑨𝑔
𝑟𝑒 + (𝑨𝑔 − 𝑨𝑔

𝑟 )𝒙𝑔 + 𝑩𝑃𝑉𝑪𝑃𝑉𝒙𝑃𝑉 +  𝑔𝒅𝑔 −  𝑔
𝑟𝒅𝑔

𝑟
 

(73) 

 

Now we can form an initial augmented system as: 

[
�̇�

�̇�𝑐
] = [

𝑨𝑔
𝑟 [𝑨𝑔 − 𝑨𝑔

𝑟  | 𝑩𝑔𝑪𝑃𝑉]

𝟎 𝑨𝑐
] [
𝒆

𝒙𝑐
] 

+[
𝟎

𝑩𝑐
] [𝒖𝑐] + [

 𝑔

𝟎
] [𝒅𝑔] − [

 𝑔
𝑟

𝟎
] [𝒅𝑔

𝑟 ] 

(74) 

For the system in (74), we can design the LQR by minimizing the frequency tracking error, 

which is one of the states in 𝒆. However, one limitation of this design is that, under the presence 

of disturbances in (74), the steady-state values of states including the tracking error do not 

converge to zero. Therefore, zero tracking error is not guaranteed, even though the designed 

optimal state feedback gain still minimizes the error. To address this limitation, we can introduce 

another new state which is the integral of frequency tracking error 

 �̇�𝑖 = 𝑪𝑔𝒆 (75) 

and the augmented system becomes: 
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{
 
 
 
 
 

 
 
 
 
 
[

�̇�

�̇�𝑖

�̇�𝑐

]

⏟
�̇�𝑎

= [

𝑨𝑔
𝑟 𝟎 [𝑨𝑔 − 𝑨𝑔

𝑟  | 𝑩𝑔𝑪𝑃𝑉]

𝑪𝒈 𝟎 𝟎

𝟎 𝟎 𝑨𝑐

]

⏟                  
𝑨𝑎

[

𝒆

𝒆𝑖

𝒙𝑐

]

⏟
𝒙𝑎

        + [

𝟎

𝟎

𝑩𝑐

]

⏟
𝑩𝑎

[𝒖𝑐]⏟
𝒖𝑎

+ [

 𝑔

𝟎

𝟎

]

⏟

 𝑎
1

[𝒅𝑔]⏟

𝒅𝑎
1

− [

 𝑔
𝑟

𝟎

𝟎

]

⏟

 𝑎
2

[𝒅𝑔
𝑟 ]⏟

𝒅𝑎
2

      𝒚
𝑎
= 𝑪𝑎𝒙𝑎

 (76) 

 𝑪𝑎 = [
0 0 1 0
0 0 0 1

| 𝟎2×6  ] (77) 

With the choice of 𝑪𝑎, the output for augmented system only contains frequency tracking 

error and its integral. Now for system in (76), we can obtain the optimal control input 𝒖𝑎 = −𝑲𝒙𝑎 

by minimizing the cost function given as [67, 68]: 

 𝐽 =  (𝒚
𝑎
𝑇𝑸𝒚

𝑎
𝑇 + 𝒖𝑎

𝑇𝑹𝒖𝑎
𝑇)

∞

0

𝑑𝑡 (78) 

where 𝑸 and 𝑹 are the positive weighting matrices which represent the relative importance 

of output and control input in the cost function, respectively. Higher values of 𝑸 mean smaller 

transient regimes of output, whereas higher values of 𝑅 result in less control effort. The optimal 

feedback gain 𝑲 is calculated as: 𝑲 = 𝑹−1𝑩𝑎
𝑇𝑷, where 𝑷 is the solution to the algebraic Riccati 

equation: 

  𝑨𝑎
𝑇𝑷 + 𝑷𝑨𝑎 − 𝑷𝑩𝑎𝑹

−1𝑩𝑎
𝑇𝑷 + 𝑸 = 𝟎 (79) 

With the above LQR, we can guarantee zero tracking error in steady-state. Moreover, the 

tracking error is minimized by the optimization of objective function along the state trajectories 

towards the steady-state. 
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3.2.4 Analysis of Close-loop System 

In this subsection, we combine all the designed components together along with our plant 

model to obtain the complete close-loop system model, with which we can justify that the design 

of our controller can be done independently component-by-component.  

Recall that in the LQR design, all of the states are assumed to be known. Therefore, we 

first need to replace the states by their estimations from UIO. Specifically, the state feedback 

control input now becomes: 

 

𝒖𝑐 = 𝒖𝑎 = −𝑲𝒙 𝑎 

= −[𝑲1 𝑲2 𝑲3][𝒆 𝒆𝑖 𝒙 𝑐]
𝑇 

= −𝚪𝑯𝑜𝒚𝑐 − 𝚪𝒛 − 𝑲2𝒆𝑖 +𝑲1𝒙𝑔
𝑟  

(80) 

where 𝚪 = (𝑲1𝑻𝑠 +𝑲3) , 𝑻𝑠 = [𝑰3×3 𝟎3×3] , and �̇�𝑖 = 𝑪𝑔𝒆 = 𝑪𝑔(𝑻𝑠𝒙 𝑐 − 𝒙𝑔
𝑟 ) = 𝑪𝑔(𝑻𝑠(𝒛 +

𝑯𝑜𝒚𝑐) − 𝒙𝑔
𝑟 ).  

In addition, the disturbance to the reference system, 𝒅𝑔
𝑟
, also needs to be substituted by its 

estimation given by (68): 

𝒅𝑔
𝑟 = (𝑪𝑐 𝑐)

†[𝒘 + 𝑪𝑐(𝑩𝑐𝚪 − 𝑨𝑐)(𝑯𝑜𝒚𝑐 + 𝒛) 

                +𝑪𝑐𝑩𝑐(𝑲2𝒆𝑖 −𝑲1𝒙𝑔
𝑟 )] 

(81) 

Now with (60)-(62), (69), (71), and (80) we can form the complete close-loop system in 

the form of: 

 �̇�𝑐𝑙 = 𝑨𝑐𝑙𝒙𝑐𝑙 +  𝑐𝑙𝒅𝑐𝑙 (82) 

where 𝑨𝑐𝑙,  𝑐𝑙, 𝒙𝑐𝑙, 𝒅𝑐𝑙 are given in (85) with 𝚲 =  𝑔
𝑟 (𝑪𝑐 𝑐)

†. The system in (82) does not have 

input term since we have closed the feedback loop by our controller. Therefore, there is only a 

disturbance term which represents the load change to the combined system (plant).  
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Now let us consider two transformation matrices as: 

𝑻1 =

 
 
 
 
 
 
𝑰 𝟎 𝟎 𝟎 𝟎 𝟎
𝟎 𝑰 𝟎 𝟎 𝟎 𝟎
𝟎 𝟎 𝑰 𝟎 𝟎 𝟎
𝟎 −𝑻𝑜 𝟎 𝑰 𝟎 𝟎
𝟎 𝟎 𝟎 𝟎 𝑰 𝟎
𝟎 𝟎 𝟎 𝟎 𝟎 𝑰 

 
 
 
 
 

, 𝑻2 =

 
 
 
 
 
 
𝑰 𝟎 𝟎 𝟎 𝟎 𝟎
𝟎 𝑰 𝟎 𝟎 𝟎 𝟎
𝟎 𝟎 𝑰 𝟎 𝟎 𝟎
𝟎 −𝑻𝑜 𝟎 𝑰 𝟎 𝟎
𝟎 𝟎 𝟎 𝟎 𝑰 𝟎
𝟎 𝑪𝑐𝑯𝑜𝑪𝑐 𝟎 𝟎 𝟎 𝑰 

 
 
 
 
 

 (83) 

With 𝑻1 and 𝑻2, we can perform a transformation of the close-loop system matrix 𝑨𝑐𝑙: 

 𝑨𝑐𝑙
′ = 𝑻1𝑨𝑐𝑙𝑻2 = [

𝑨𝑐𝑙11
′ 𝑨𝑐𝑙12

′

𝟎 𝑨𝑐𝑙22
′
] (84) 

where 𝑨𝑐𝑙
′  is a upper triangular matrix. Therefore the eigenvalues of 𝑨𝑐𝑙

′  are composed by the 

eigenvalues of 𝑨𝑐𝑙11
′  and 𝑨𝑐𝑙22

′ . As seen from (86), other than the combined and reference systems, 

𝑒𝑖𝑔(𝑨𝑐𝑙11
′ ) are only affected by the LQR gain whereas 𝑒𝑖𝑔(𝑨𝑐𝑙22

′ ) are only related to the design of 

UIO. In other words, none of the close-loop system modes is jointly determined by both LQR and 

UIO. Therefore, we can design the LQR and UIO separately and independently. 
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{
 
 
 
 

 
 
 
 

𝑨𝑐𝑙 =

 
 
 
 
 
 
 
 

𝑩𝑐𝑲1 𝑨𝑐 − 𝑩𝑐𝚪 −𝑩𝑐𝑲2 −𝑩𝑐𝚪 𝟎 𝟎

𝑨𝑔
𝑟 − 𝚲𝑪𝑐𝑩𝑐𝑲1 𝚲(𝑪𝑐𝑩𝑐𝚪 − 𝑪𝑐𝑨𝑐)𝑯𝑜𝑪𝑐 𝚲𝑪𝑐𝑩𝑐𝑲2 𝚲(𝑪𝑐𝑩𝑐𝚪 − 𝑪𝑐𝑨𝑐) 𝚲 𝟎

−𝑪𝑔 𝑪𝑔𝑻𝑠𝑯𝑜𝑪𝑐 𝟎 𝑪𝑔𝑻𝑠 𝟎 𝟎

𝑻𝑜𝑩𝑐𝑲1 𝑲𝑜𝑪𝑐 − 𝑻𝑜𝑩𝑐𝚪𝑯𝑜𝑪𝑐 −𝑻𝑜𝑩𝑐𝑲2 𝑭 − 𝑻𝑜𝑩𝑐𝚪 𝟎 𝟎

𝟎
1

𝜏1𝜏2
𝑪𝑐𝑯𝑜𝑪𝑐 𝟎

1

𝜏1𝜏2
𝑪𝑐 −

𝜏1 + 𝜏2
𝜏1𝜏2

−
1

𝜏1𝜏2
𝟎 𝟎 𝟎 𝟎 𝟏 𝟎  

 
 
 
 
 
 
 

 𝑐𝑙 = [ 𝑐 𝟎 𝟎 𝟎 𝟎 𝟎]𝑇                                                                                                

𝒙𝑐𝑙 = [𝒙𝑐 𝒙𝑔
𝑟 𝒆𝑖 𝒛 𝒘1 𝒘2]𝑇, 𝒅𝑐𝑙 = [𝒅𝑐]                                                                           

 (85) 

 
𝑨𝑐𝑙
′ =

 
 
 
 
 
 
 
 

𝑩𝑐𝑲1 𝑨𝑐 − 𝑩𝑐𝚪(𝑯𝑜𝑪𝑐 + 𝑰) −𝑩𝑐𝑲2 −𝑩𝑐𝚪 𝟎 𝟎

𝑨𝑔
𝑟 − 𝚲𝑪𝑐𝑩𝑐𝑲1 𝚲(𝑪𝑐𝑩𝑐𝚪 − 𝑪𝑐𝑨𝑐)(𝑯𝑜𝑪𝑐 + 𝑰) 𝚲𝑪𝑐𝑩𝑐𝑲2 𝚲(𝑪𝑐𝑩𝑐𝚪 − 𝑪𝑐𝑨𝑐) 𝚲 𝟎

−𝑪𝑔 𝑪𝑔𝑻𝑠𝑯𝑜𝑪𝑐 𝟎 𝑪𝑔𝑻𝑠 𝟎 𝟎

𝟎 𝟎 𝟎 𝑭 𝟎 𝟎

𝟎 𝟎 𝟎
1

𝜏1𝜏2
𝑪𝑐 −

𝜏1 + 𝜏2
𝜏1𝜏2

−
1

𝜏1𝜏2
𝟎 𝟎 𝟎 𝟎 𝟏 𝟎  

 
 
 
 
 
 
 

 

 

(86) 
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3.3 Test Results 

In this section, we first present the validation results to show that our proposed SSM can 

very well represent the small-signal dynamics of the PV system. Then we demonstrate the design 

of our controller for a test system and assess its effectiveness in accurately providing desired 

frequency support. In the end, we also discuss some practical concerns about the implementation 

of proposed controller. 

3.3.1 Model Validation 

To validate the proposed SSM, a PV plant as illustrated in Figure 3.2 is built in 

MATLAB/Simulink using the original nonlinear average model. We use this system as the 

benchmark and compare its dynamics with proposed SSM. Key parameters of the PV system are 

given in Appendix IV. Since the primary application of the SSM is to design the controller, we are 

particularly interested in the dynamics of two quantities: PV system output power and DC-link 

voltage, following a change in the control inputs. 

For testing, the benchmark system is set to be operating at 85% of its MPP (nominal de-

loading condition) with 𝑆 = 1 and 𝑇 = 300 𝐾. In the first test case, we decrease the PV array 

voltage by 10 V at 𝑡 = 1.5 s. Since 𝑉𝑃𝑉
85%  is greater than 𝑉𝑃𝑉

𝑀𝑃𝑃 , Δ𝑉𝑃𝑉 = −10  V moves the 

operating point closer to the MPP and causes the power generated by PV array to increase. Figure 

3.6 (b) shows this response and verifies that the response obtained from the SSM is very close to 

that of the detailed model. In the meantime, the absolute error, shown in Figure 3.6 (d) is also very 

small. Figure 3.6 (a) and (c) show the DC-link voltage profiles and the corresponding absolute 

error, respectively. These results show that Δ𝑉𝑑𝑐  from SSM is also a 
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Figure 3.6. When 𝛥𝑉𝑃𝑉 = −10 V, (a), (c) comparison of DC-link voltages and the absolute 

error; (b), (d) comparison of output power and the absolute error. 

. 

Figure 3.7. When 𝛥𝑉𝑑𝑐
𝑟𝑒𝑓

= −10 V, (a), (c) comparison of DC-link voltages and the absolute 

error; (b), (d) comparison of output power and the absolute error. 
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very accurate approximation to that of detail model and the associated absolute error is much 

smaller compared to the active power comparison.  

In the second test case, we perturb the other control input which is Δ𝑉𝑑𝑐
𝑟𝑒𝑓

. When we 

decrease the voltage reference by 10 V, we observe immediate power release from Figure 3.7 (b), 

and shortly after that, the power decreases to zero as the DC-link voltage shown in Figure 3.7 (a) 

settles to its steady-state. Figure 3.7 (a) and (b) show that the voltage and power profiles from SSM 

are again very close to those from the detailed model. The absolute errors for these two signals 

shown in Figure 3.7 (c) and (d) further confirm this with the maximum error being no greater than 

5%. 

3.3.2 Controller Performance 

In order to demonstrate the effectiveness of proposed controller, we considered the 

standard three-machine-nine-bus WECC system and modified it by connecting a 20-MW PV plant 

at bus 6. The one-line diagram of this test system is shown in Figure 3.8. The system total capacity 

has also be rescaled to 195 MVA such that the PV penetration level is around 10%. The test system 

is built in MATLAB/Simulink and time-domain simulations were run for the following cases with 

5 μs time resolution. 

To design the controller for this test system, we first need to determine the inertia and droop 

constants of the reference system. In this case, we assume that system inertia and droop constants 

have proportionally changed due to the integration of PV. Then, if we let the reference system 

represent the original system before adding PV, the 𝐻𝑟𝑒𝑓 and 𝑅𝑟𝑒𝑓 can be calculated as:  

𝐻𝑟𝑒𝑓 = 𝐻𝑔
(𝑆𝑏 + 𝑃𝑃𝑉

𝑟 )

𝑆𝑏
,

1

𝑅𝑟𝑒𝑓
=
1

𝑅𝑔

(𝑆𝑏 + 𝑃𝑃𝑉
𝑟 )

𝑆𝑏
  (87) 

where 𝑆𝑏 is the test system MVA base and 𝑃𝑃𝑉
𝑟  is the rated power of PV plant.  
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Figure 3.8. Modified WECC 9-bus system with PV plant. 

 

Figure 3.9. (a) Frequency response comparison under load disturbance; (b) Absolute error 

between test system frequency and reference system frequency. 
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The next important design parameters are the weighting matrices 𝑸 and 𝑹 in the objective 

function (78). As discussed in Section 3.2.3, we need to select relatively large values for 𝑸 in order 

to minimize the tracking error. We followed this guide and chose the weighting factors for 𝑸 to be 

much higher than those for 𝑹, as shown in TABLE 3.1. This selection also   

address the fact that the plant outputs in the model are in per unit while the control inputs are real 

values. With selected 𝑸 and 𝑹, the LQR is designed using 𝑙𝑞𝑟 function in MATLAB.  

For designing the UIO, since the plant model is only detectable but not observable, we used 

the MATLAB function 𝑜𝑏𝑠𝑣𝑓 to perform the observable canonical form decomposition. Then, 

Table 3.1. Controller Design Parameters 

𝑸 Output weighting matrix 𝑑𝑖𝑎𝑔(3 × 104 3 × 104) 

𝑹 Input weighting matrix 𝑑𝑖𝑎𝑔(0.01 5) 

𝜆 Eigenvalues of UIO, 𝑒𝑖𝑔(𝐹) 
−497.47 ± 𝑗472.22, 

−5.05,  −1.25,  −3.33,  −80 

𝜏1 𝜏2 Derivative filter time constants 0.001, 0.001 

𝐻𝑔 Test system inertia 5.9746 s 

𝑅𝑔 Test system droop 8% 

𝐻𝑟𝑒𝑓 Reference system inertia 6.5874 s 

𝑅𝑟𝑒𝑓 Reference system droop 7.26% 
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command 𝑝𝑙𝑎𝑐𝑒 is used to place poles only for the decoupled observable states. TABLE 3.1 shows 

the obtained eigenvalues. 

To test the performance of the designed controller, we consider a large disturbance by 

applying a load disturbance of 0.1 pu at bus 8. Figure 3.9 (a) plots the frequency profiles after load 

disturbance for three cases: (i) system with proposed controller; (ii) reference system; and (iii) 

system without controller. We can easily observe that the frequency of test system with proposed 

controller effectively tracks that of our desired reference system and the performance is so good 

that we can barely see any difference. In support of above observation, the absolute tracking error 

between frequencies from (i) and (ii) is plotted in Figure 3.9 (b). The tracking error reaches the 

maximum, which is no greater than 0.005%, right after the disturbance and then settles to zero at 

steady-state. Comparing the frequency responses of cases (i) and (iii), we can also see that the 

proposed controller improves the frequency response in terms of rate of change of frequency 

(RoCoF), nadir, and settling frequency.  

It is noted that the controller performance is also closely related to the estimation from the 

UIO. Figure 3.10 shows the comparison between real and estimated values from UIO. In Figure 

3.10 (a), we plot the real disturbance by measuring the sum of power increments at all generators 

(𝑑𝑐 = ∑Δ𝑃𝑔𝑒𝑛,𝑖), and compare it with the estimated disturbance from UIO. Clearly, the estimation 

of disturbance is very accurate from the figure. Therefore, the generated frequency response from 

the reference system can indeed be used as a proper tracking reference. Since the LQR relies on 

estimated state variables, we also plotted these values in comparison with measured values in 

Figure 3.10 (b) and (c) for Δ𝑉𝑑𝑐  and Δ𝑃𝑃𝑉 , respectively. Again, the UIO shows very good 

estimation performance.  
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Figure 3.10. (a) Comparison of 𝑑𝑐 and �̂�𝑐; (b) Comparison of Δ𝑉𝑑𝑐 and Δ�̂�𝑑𝑐; (c) Comparison of 

Δ𝑃𝑃𝑉 and Δ�̂�𝑃𝑉. 
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In the meantime, we are interested in the actual control input sent to the PV system from 

our controller. In Figure 3.11, the PV array voltage are controlled to be lower than its nominal 

deloaded level. Since the PV are operating on the right-hand-side of the MPP, the decrease is 

expected to provide more power in response to the frequency drop. Similarly, as plotted in Figure 

3.12, the DC-link voltage reference is also dropped to release instantaneous power from the 

capacitor. Both of the input signals are within reasonable range, without any spikes or unrealistic 

overshot.  
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Figure 3.11. Control input Δ𝑉𝑃𝑉 

 

Figure 3.12. Control input Δ𝑉𝑑𝑐
𝑟𝑒𝑓
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We also simulated an over-frequency event in which the load drops by 0.1 pu at bus 8. 

Figure 3.13 (a) plots the frequency responses. Similar to our observations in Figure 3.9, the 

frequency response of test system with proposed controller closely follows the reference frequency 

and is clearly improved when compared to (iii). The very good tracking performance is again 

supported by the absolute error shown in Figure 3.13 (b). Therefore, the proposed controller also 

performs very well under over-frequency events.  

3.3.3 Comparison with Alternative Method 

To compare the performance of the proposed method with an alternative method from 

literature, we adopted the method based on [23], where the PV is controlled to emulate a 

 

Figure 3.13. (a) Frequency response comparison with load drop; (b) Absolute error between 

test system frequency and reference system frequency. 
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generator’s response with given inertia and droop. In our implementation, instead of using PI 

controller, we use LUT-based approach for achieving desired Δ𝑃𝑃𝑉
𝑟𝑒𝑓

 in de-loading control, and the 

derivative filter 𝐻𝜔(𝑠) (69) to obtain �̇� for emulating inertial response. This alternative method is 

illustrated in Figure 3.14. To keep the same desired system equivalent inertia and droop as 𝐻𝑟𝑒𝑓 

and 𝑅𝑟𝑒𝑓 using this method, the inertia and droop that the PV needs to emulate should be:  

𝐻𝑎𝑙𝑡 = 𝐻𝑟𝑒𝑓 − 𝐻𝑔,
1

𝑅𝑎𝑙𝑡
=

1

𝑅𝑟𝑒𝑓
−
1

𝑅𝑔
 (88) 

where the 𝐻𝑎𝑙𝑡 and 𝑅𝑎𝑙𝑡 are with the same base 𝑆𝑏.  

Then we implement this alternative method on the test system and simulate under the same 

0.1 pu load disturbance. As seen from Figure 3.15, the frequency from alternative method does not 

accurately track the reference frequency response. It is also noted that, the alternative method 

actually results in over-compensation of the frequency response. Compared to the frequency 

response with proposed method, even though this over-compensation can slightly improve the 

RoCoF and nadir, it also comes with unnecessary cost. As illustrated in Figure 3.16, the alternative 

method requires 22.5% higher peak power response (0.45 MW) from PV than that of proposed 

method, which is 15% of the total available headroom (15% of MPP in this case). This difference 

is significant and can become more critical during worse events where the headroom is very 

limited. Therefore, if we consider the same desired frequency response capability under the same 

disturbance, the proposed method requires less power reserve to be de-loaded from the PV plant 
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than the alternative method. In other words, the proposed method demonstrates important 

economic advantage as well.  

 

Figure 3.14. Conceptual diagram of the alternative method. 

 

 

Figure 3.15. Frequency response comparison between proposed controller and alternative 

method. 
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3.3.4 Implementation 

In this subsection, we discuss about some implementation issues about the proposed 

controller. 

1) Frequency Measurement 

As illustrated in Figure 3.1, the proposed controller relies on the feedback of system 

frequency. In simulations above, we assume it can be ideally obtained from generator speeds, but 

in practice it may not be easily available. One of the approaches to obtain this information is to 

use PLL’s output frequency as an estimate of system frequency. However, since the input 

measurements are typically noisy, the output frequency from PLL is very likely to have noise. 

Noisy frequency can affect the performance of our controller, especially the UIO. As the common 

practice, a filter can be introduced for the controller to mitigate the noise impact. 

 

Figure 3.16. Comparison of ΔPPV from the cases (a) with proposed control and (b) 

with alternative method. 

(22.5% of the peak in (i),

15% of total headroom)

Total 
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To investigate the controller’s performance in noisy environment, we corrupt the input 

measurement of PLL block in Simulink with white noise at signal-to-noise ratio of 50 dB. This 

results in PLL frequency having a peak steady-state oscillatory error of 12 mHz, which is at the 

average level as reported in [69, 70]. The noisy frequency is then passed to the controller through 

a second-order low-pass filter. We then repeat the simulation in which the load increases by 0.1 

pu. As shown in Figure 3.17, the estimated disturbance does become noisy due to the noisy 

frequency. However, the estimation noise is not large and the estimated disturbance still closely 

follows the actual disturbance. For the controller performance, we can see from Figure 3.18 that 

the two system frequencies, both under the proposed controller but with and without noise, are 

very close to each other as the corresponding absolute error being less than 0.01%. Note that Figure 

3.18 (a) compares the actual system frequencies from the two cases, not the PLL frequency 

measurements. This comparison implies that the normal frequency noise from PLL will not greatly 

affect the controller’s performance. 
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Figure 3.17. Comparison between the estimated disturbance with noise and the actual 

disturbance. 

 

Figure 3.18. Under proposed controller, (a) comparison of system frequencies with and 

without noise; (b) corresponding absolute error. 

 



77 

 

2) Estimation of System Inertia 

In practice, the system inertia may be subject to change due to different system operating 

conditions. Therefore, knowing the system inertia is required not only in the design stage, but also 

in the operation stage of the proposed controller. In this paper, we assume that the system operators 

can continuously monitor the on-line units so that the system equivalent inertia can be calculated 

using (56). A practical example is reported in [16] where ERCOT takes a network-model-driven 

approach to track on-line status of all synchronous resources and thus monitor the system inertia 

in real-time. 

3) Scalability 

The proposed controller is introduced earlier for one PV plant. When there are multiple PV 

plants, the proposed controller can still be adopted separately for each PV plant. Specifically, the 

controller designed for a new PV plant should be based on the updated LFC model which can 

represent the frequency response capability of the current system with all the other existing 

controllers, and the reference system for the new controller will also have the updated desired 

inertia and droop constants. In the meantime, the existing controllers do not need to be revised. 

3.4 Conclusion 

In this chapter, we propose a novel control method, designed from bulk-system-level, for 

PV plants to provide frequency support. In order to achieve the desired frequency response, a 

tracking LQR is designed to help system frequency accurately follow that from a reference system 

under the same load disturbance. The controller also contains a UIO from which both the system 

states and disturbance can be estimated. Test results strongly indicate the effectiveness the 

proposed control method by the very good performance of both frequency tracking and variable 



78 

 

estimation. Test results also show that the proposed method requires less de-loading of PV plant 

than the conventional method, which is of great significance in term of economics.  

This chapter also introduces a new SSM for the three-phase two-stage PV system. This 

model is suitable for designing frequency support controls for PV and can be extended to a linear 

model for PV system with an LUT. Model validation results indicate that the SSM provides a close 

match of system dynamics with that of the detailed nonlinear PV system model. 

 

  



79 

 

CHAPTER 4 : FREQUENCY SUPPORT CONTROL SCHEME FOR DISTRIBUTED PV  

In Chapter 3, we propose a frequency control scheme for large-scale PV plants. However, 

apart from large-scale PV plants, a considerable portion of the increasing PV installation are the 

small-size distributed PV in distribution systems which are projected to continue growing [30, 31]. 

Meanwhile, leveraging distributed PV for grid services has also become imperative, especially for 

small-scale power systems with high penetration of distributed PV. For example, the Hawaiian 

Electric is seeking frequency support from aggregators of distributed rooftop PV [71]. 

In this chapter, we focus on the use of small-scale distributed PV (such as rooftop PV) to 

provide similar frequency support function. Since distributed PV systems are easier to manage by 

aggregators (at community or distribution level), we consider a control scheme for a large group 

of distributed PV. The goal is to aggregate the small PV together to act like a large-scale PV plant 

with which control scheme can be designed to provide effective frequency support. In addition, 

aggregating distributed PV for control purpose can also simplify the control design and reduce the 

communication requirements. Following this approach, a fuzzy controller is proposed in [43] to 

regulate system frequency using distributed PV. However, the PV system model is simplified by 

neglecting control dynamics and only the insolation difference is considered among the PV 

systems. 

The main challenge in aggregating a group of distributed PV, which are mainly single-

phase, is the variation in their capacities, control parameters and working conditions. In this paper, 

we first propose a new reduced-order aggregate model to represent the overall dynamic behavior 

of a group of distributed PV by considering the variation among individual PV. Then, using this 

model, we adopt a frequency-tracking controller proposed in Chapter 3 to provide supervisory 

control for these distributed PV. This controller contains an unknown input observer (UIO) based 
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tracking LQR and an LUT. The main motivation of choosing this method is that it can assure the 

overall system frequency response to be as desired. In this proposed control scheme, which is 

illustrated in Figure 4.1, we also propose an effective inversion method to invert the aggregate 

control signal to individual ones for each PV system. 

In the literature, however, there is limited work on aggregate models for PV systems. An 

aggregate model for distributed PV with synchronous power controllers is proposed in [72]. 

However, the electrical part of PV system is modeled as just a current source with a first-order 

filter. Considering full components, study in [73] derives an aggregate model but only for multiple 

identical PV systems. For the case with different parameters, order reduction techniques are only 

suggested but no further details or examples are provided. In this paper, we derive a reduced-order 

aggregate model which addresses the above shortcomings. The obtained aggregate model is very 

similar to the small-signal model (SSM) for one PV system and with the same order. Thus, the 

advantages are that, 1) model variables still have physical meanings which greatly facilitate control 

design and its implementation to real systems; 2) computation effort is reduced by retaining the 

same order as one PV system model.  

The contributions of this chapter can be summarized as: 1) An aggregate model that can 

represent the dynamics of a group of distributed PV; 2) An aggregate-model-based control scheme 

for distributed PV to provide frequency support to the grid.  
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Section 4.1 of the paper introduces the new aggregate model. Section 4.2 summarizes the 

proposed controller and Section 0 provides the test results. Conclusions are included in Section 

4.4. 

4.1 System Modeling 

In this section, we first introduce the SSM for one single-phase PV system. Then we derive 

its aggregate version for a group of distributed PV with different power ratings, control parameters, 

and solar irradiation. Then, a linear model for the combined system (plant for the controller) is 

presented in the last subsection.  

4.1.1 The Single-phase Two-stage PV System 

For one of the single-phase distributed PV, we consider it as a two-stage PV system whose 

topology is suitable for utilizing DC-link capacitor’s energy as its control of DC-link voltage and 

 

Figure 4.1. Conceptual diagram of proposed control scheme. 
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PV array voltage are decoupled. In Figure 4.2, we illustrate the diagram for this PV system. For 

the electrical part, starting from the left, we assume the PV array consists of 𝑁𝑃𝑉 identical PV 

panels connected in parallel. Its terminal voltage 𝑉𝑃𝑉 is raised by a boost converter. The DC-link 

serving as the energy buffer is in between of the converter and a single-phase inverter. An 𝑅 − 𝐿 

filter is then used to interface with grid at point of common coupling (PCC).   

 We model the PV panel by its 𝑃 − 𝑉 characteristic curve described by the function as [47]:  

𝑃𝑎𝑟𝑟𝑎𝑦 = 𝑁𝑃𝑉𝑓(𝑉𝑃𝑉, 𝑆, 𝑇) = 𝑁𝑃𝑉(𝑛𝑝𝐼𝑝ℎ𝑉𝑃𝑉 − 𝑛𝑝𝐼𝑟𝑠𝑉𝑃𝑉(𝑒
𝑞

𝑘𝑇𝐴𝑖

𝑉𝑃𝑉
𝑛𝑠 − 1)) (89) 

For the DC-DC boost converter and single-phase inverter, we use average models without 

considering switching details. Therefore, by ignoring losses, we have the average power balance 

equations as follows: 

 𝑃𝑎𝑟𝑟𝑎𝑦 = 𝑃𝑑𝑐,   𝑃𝑖𝑛𝑣 = 𝑃𝑃𝑉 (90) 

where 𝑃𝑑𝑐 and 𝑃𝑖𝑛𝑣 are the power flowing into and out of the DC-link. 𝑃𝑃𝑉 is the power output 

injected to the grid. Note that, at bulk system level, the frequency is determined by the average 

power balance. If we consider the group of PV to be evenly distributed among three phases, their 

 

Figure 4.2. Diagram for one single-phase two-stage PV system. 
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impact to the frequency also depends on the total average power, which is equivalent to the sum 

of average power from each phase. Therefore, for each single-phase PV, we focus on the average 

power, instead of instantaneous power, to capture its link to the system frequency. 

Similarly, we can model the DC-link dynamics in terms of the power balance as: 

𝐶

2
(
𝑑𝑉𝑑𝑐

2

𝑑𝑡
) = 𝑃𝑑𝑐 − 𝑃𝑖𝑛𝑣 = 𝑃𝑎𝑟𝑟𝑎𝑦 − 𝑃𝑃𝑉 (91) 

where the DC-link voltage is also the averaged value over the same period (
1

12 
 𝑠). For notational 

simplicity, we still denote this averaged voltage as 𝑉𝑃𝑉. In (91), 𝑃𝑃𝑉 can be further expressed in d-

q frame as: 

 𝑃𝑃𝑉 =
1

2
(𝑖𝑑𝑣𝑠𝑑 + 𝑖𝑞𝑣𝑠𝑞) =  

1

2
𝑖𝑑𝑣𝑠𝑑 (92) 

in which 𝑖𝑑, 𝑖𝑞 and 𝑣𝑠𝑑, 𝑣𝑠𝑞 are the 𝑑𝑞 components of current and voltage at point of common 

coupling, respectively. Different than three-phase, single-phase 𝑑𝑞 transformation often requires 

creating an imaginary 𝛽 component which is orthogonal to the system voltage [74]. Then 𝛼𝛽 − 𝑑𝑞 

transformation is performed with the help of the phase-locked loop (PLL). Here in the modeling, 

we assume the ideal PLL and the 𝑑𝑞 components can be directly obtained. The PLL also regulates 

𝑣𝑠𝑞 to zero and thus the simplification in (92) can be made.  
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Combing (89)-(92) and expanding the left-hand-side (LHS) derivative term, the power 

balance equation becomes: 

 𝐶𝑉𝑑𝑐 (
𝑑𝑉𝑑𝑐
𝑑𝑡

) = 𝑁𝑃𝑉𝑓(𝑉𝑃𝑉, 𝑆, 𝑇) −
1

2
𝑖𝑑𝑣𝑠𝑑 (93) 

For the local control of PV system, we adopt the same control scheme as used for three-

phase two-stage PV system in Chapter 3. In this control scheme, as shown in Figure 4.2, the rapid 

active power control (RAPC) method from [22] is used at boost converter to determine the 

operating point of PV array. Other than commonly used MPPT control, RAPC sets the default 

operating voltage of PV at a de-loaded level (corresponding to 85% of the MPP in our case). Then 

we include control input Δ𝑉𝑃𝑉 from supervisory control which can be used to adjust the PV power 

output. Since RAPC is an LUT-based approach and we neglect switching details of converter, we 

assume the final voltage set-point 𝑉𝑃𝑉
𝑟𝑒𝑓

 can be ideally achieved without any dynamics. For the 

inverter control, a revised dual-loop current mode controller is adopted and illustrated in Figure 

4.3. Δ𝑉𝑑𝑐
𝑟𝑒𝑓

 is included in this controller as the control input with which we can control the power 

released (or absorbed) from the capacitor. The feedforward compensation scheme from [47] is 

used at inner current control loop to decouple the current control dynamics from grid voltage and 

 

Figure 4.3. Diagram of the dual-loop current mode controller. 
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also the output filter. Following the derivation in Chapter 3 and choosing the PI controller 

parameters for current loop as 

 𝑘𝑃
𝑖 =

𝐿

𝜏
, 𝑘𝐼
𝑖 =

𝑅

𝜏
 (94) 

we can describe the controller dynamics by: 

 
𝑑𝑖𝑑
𝑑𝑡
= −

1

𝜏
𝑖𝑑 −

𝑘𝑃
𝜏
𝑉𝑑𝑐 +

𝑘𝑃
𝜏
𝑉𝑑𝑐
𝑟𝑒𝑓
+
1

𝜏
𝑥 (95) 

 
𝑑𝑖𝑞

𝑑𝑡
= −

1

𝜏
𝑖𝑞 +

1

𝜏
𝑖𝑞
𝑟𝑒𝑓 (96) 

 
𝑑𝑥

𝑑𝑡
= −𝑘𝐼𝑉𝑑𝑐 + 𝑘𝐼𝑉𝑑𝑐

𝑟𝑒𝑓
 (97) 

where 𝜏 is the current control time constant which we choose to be sufficiently small and 𝑥 is the 

controller state which we introduce to avoid second-order derivative of the state. Equations (95)-

(97), along with (93), represent the original nonlinear model of one single-phase two-stage PV 

system. 

Next, we derive the SSM through linearization of the original model. Let us consider (93) 

and approximate the 𝑉𝑑𝑐 in LHS coefficient and 𝑣𝑠𝑑 by their nominal values 𝑉𝑑𝑐,0
𝑟𝑒𝑓

 and 𝑉𝑠𝑑 which 

are constants. Therefore, the linearization of (93) is given as: 

𝑑𝛥𝑉𝑑𝑐
𝑑𝑡

=
1

𝐶𝑉𝑑𝑐,0
𝑟𝑒𝑓

(𝑁𝑃𝑉𝑔(Δ𝑉𝑃𝑉, 𝑆, 𝑇)⏟          
𝛥𝑃𝑎𝑟𝑟𝑎𝑦

−
1

2
𝛥𝑖𝑑𝑉𝑠𝑑⏟    
𝛥𝑃𝑃𝑉

) 
(98) 

where the function 𝑔(Δ𝑉𝑃𝑉, 𝑆, 𝑇) represents for a LUT which maps the change of PV array voltage 

to the change of PV panel’s output power under given conditions. The reason of using LUT is that 

function 𝑓 is highly nonlinear and analytical linearization can result in considerable error. 
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Following the same idea as in Chapter 3, we want to modify the state Δ𝑖𝑑 into Δ𝑃𝑃𝑉 as we 

are more interested in the increment of power. Therefore, we multiply both sides of (95) by 
1

2
𝑉𝑠𝑑 

and linearize it, we have: 

𝑑𝛥𝑃𝑃𝑉
𝑑𝑡

= −
1

𝜏
𝛥𝑃𝑃𝑉 −

𝑘𝑃𝑉𝑠𝑑
2𝜏

𝛥𝑉𝑑𝑐 +
𝑘𝑃𝑉𝑠𝑑
2𝜏

𝛥𝑉𝑑𝑐
𝑟𝑒𝑓
+
𝑉𝑠𝑑
2𝜏
𝛥𝑥 (99) 

Equation (96) is ignored as the 𝑖𝑞 dynamics is independent of others and its reference is set 

to zero. For (97), it can be easily linearized as: 

 
𝑑Δ𝑥

𝑑𝑡
= −𝑘𝐼Δ𝑉𝑑𝑐 + 𝑘𝐼Δ𝑉𝑑𝑐

𝑟𝑒𝑓
 (100) 

Equations (98)-(100) complete our SSM for a two-stage single-phase PV system. 

4.1.2 The Reduced-order Aggregate Model 

Let 𝒫 = {1,2,3, … ,𝑁} denote the set of distributed PV in an area of distribution system. 

For one PV system 𝑖 ∈ 𝒫, we have its SSM in the form of: 

𝑑𝛥𝑉𝑑𝑐,𝑖
𝑑𝑡

=
1

𝐶𝑖𝑉𝑑𝑐,0,𝑖
𝑟𝑒𝑓

(
𝑃𝑟,𝑖
𝑃𝑝𝑎

𝑔
𝑖
(Δ𝑉𝑃𝑉,𝑖, 𝑆𝑖, 𝑇𝑖) − Δ𝑃𝑃𝑉,𝑖) (101) 

𝑑𝛥𝑃𝑃𝑉,𝑖
𝑑𝑡

= −
1

𝜏𝑖
𝛥𝑃𝑃𝑉,𝑖 −

𝑘𝑃,𝑖𝑉𝑠𝑑,𝑖
2𝜏𝑖

𝛥𝑉𝑑𝑐,𝑖 +
𝑘𝑃,𝑖𝑉𝑠𝑑,𝑖
2𝜏𝑖

𝛥𝑉𝑑𝑐,𝑖
𝑟𝑒𝑓
+
𝑉𝑠𝑑,𝑖
2𝜏𝑖

𝛥𝑥𝑖   (102) 

 
𝑑Δ𝑥𝑖
𝑑𝑡

= −𝑘𝐼,𝑖Δ𝑉𝑑𝑐,𝑖 + 𝑘𝐼,𝑖Δ𝑉𝑑𝑐,𝑖
𝑟𝑒𝑓

 (103) 

where 𝑃𝑟,𝑖 and 𝑃𝑝𝑎,𝑖 are the rated power of the PV system and one PV panel, respectively, and 

𝑁𝑃𝑉,𝑖 = 𝑃𝑟,𝑖/𝑃𝑝𝑎,𝑖. Before aggregating the SSMs for all PV systems in 𝒫, we need to make a few 

assumptions on the parameters in the above model.  

a.1) PV Panel 

It is assumed that the basic unit of PV array, PV panel, is the same for all PV systems in 

𝒫. Therefore, for the rated power and characteristic functions, we have ∀𝑖 ∈ 𝒫: 
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 𝑃𝑝𝑎,𝑖 = 𝑃𝑝𝑎 (104) 

 𝑔
𝑖
(Δ𝑉𝑃𝑉,𝑖, 𝑆𝑖, 𝑇𝑖) = 𝑔(Δ𝑉𝑃𝑉,𝑖, 𝑆𝑖, 𝑇𝑖) (105) 

a.2) Environment 

Since the distributed PV are within the same area of distribution system, the ambient 

temperature for PV array does not vary a lot. So, ∀𝑖 ∈ 𝒫: 

 𝑇𝑖 = 𝑇 (106) 

For solar irradiance, however, we keep the variance among each PV system because the 

cloud distribution can be different within the area. 

a.3) System Voltage 

To ensure proper functionality of the connected equipment, the voltage in a distribution 

system needs to be regulated within a close range around its nominal value. For example, the ANSI 

C84.1 standard [75] requires voltage range in distribution to be 0.95 p.u. – 1.05 p.u.. In this case, 

we assume the system voltage is well-regulated across the distribution network and thus neglect 

the small variations. Therefore, ∀𝑖 ∈ 𝒫: 

 𝑉𝑠𝑑,𝑖 = 𝑉𝑠𝑑 (107) 

a.4) Control Parameters 

The first control parameter under assumption is the 𝑉𝑑𝑐,0,𝑖
𝑟𝑒𝑓

, which sets the nominal value of 

DC-link voltage. The choice of this voltage mainly depends on the magnitude of inverter output 

voltage. Since all the PV systems are in the same distribution system with the same voltage level, 

we assume identical DC-link voltage references for each one and ∀𝑖 ∈ 𝒫: 

 𝑉𝑑𝑐,0,𝑖
𝑟𝑒𝑓

= 𝑉𝑑𝑐,0
𝑟𝑒𝑓

 (108) 

The other parameter is the current control loop time constant 𝜏𝑖. According to [47], 𝜏𝑖 has 

to be chosen as a very small value (e.g. 0.001) such that the current loop is sufficiently fast to 
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incorporate with outer voltage loop. Therefore, comparing to the parameters in the slower voltage 

loop (𝑘𝑃,𝑖, 𝑘𝐼,𝑖), we decide to neglect the variations on the fast current loop time constants because 

the former ones are more dominant in system dynamics. So, ∀𝑖 ∈ 𝒫: 

 𝜏𝑖 = 𝜏 (109) 

a.5) DC-link Capacitor 

The DC-link capacitor also serves as the output capacitor for the boost converter. A 

common practice of choosing the capacitance is to stabilize DC-link voltage such that the voltage 

ripples are within a desired range [76, 77]. Following the design in [77], ∀𝑖 ∈ 𝒫, we have: 

 
𝐶𝑖 = 𝑃𝑟,𝑖

 𝑖
𝑚𝑎𝑥 × 𝑇𝑠,𝑖

𝑚𝑎𝑥

𝛼𝑖%× 𝑉𝑑𝑐,𝑖
2 = 𝑃𝑟,𝑖

 𝑚𝑎𝑥 × 𝑇𝑠
𝑚𝑎𝑥

𝛼% × (𝑉𝑑𝑐,0
𝑟𝑒𝑓
)
2

 ⏟          
𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

= 𝑃𝑟,𝑖 × 𝐶𝑑 
(110) 

where  𝑖
𝑚𝑎𝑥 × 𝑇𝑠,𝑖

𝑚𝑎𝑥 are the maximum values of the boost converter’s duty cycle and switching 

period, respectively, which we assume to be the same for each PV system. The maximum voltage 

ripple level, 𝛼𝑖%, is also chosen to be the same. Moreover, if we use its nominal value, 𝑉𝑑𝑐,0
𝑟𝑒𝑓
, to 

represent the DC-link voltage, as shown in (110), the capacitance, 𝐶𝑖, for the 𝑖-th PV system can 

be written as a product of the rated power, 𝑃𝑟,𝑖, and a constant unit capacitance, 𝐶𝑑. 

Now with aforementioned assumptions (104)-(110), the SSM described in (101)-(103) 

becomes: 

𝑃𝑟,𝑖
𝑑𝛥𝑉𝑑𝑐,𝑖
𝑑𝑡

=
𝑃𝑟,𝑖

𝐶𝑑𝑉𝑑𝑐,0
𝑟𝑒𝑓
𝑃𝑝𝑎

𝑔
𝑖
(Δ𝑉𝑃𝑉,𝑖, 𝑆𝑖, 𝑇𝑖) −

1

𝐶𝑑𝑉𝑑𝑐,0
𝑟𝑒𝑓

Δ𝑃𝑃𝑉,𝑖 (111) 

     
𝑑𝛥𝑃𝑃𝑉,𝑖
𝑑𝑡

= −
1

𝜏
𝛥𝑃𝑃𝑉,𝑖 −

𝑘𝑃,𝑖𝑉𝑠𝑑
2𝜏

𝛥𝑉𝑑𝑐,𝑖 +
𝑘𝑃,𝑖𝑉𝑠𝑑
2𝜏

𝛥𝑉𝑑𝑐,𝑖
𝑟𝑒𝑓
+
𝑉𝑠𝑑
2𝜏
𝛥𝑥𝑖   (112) 

      
𝑑Δ𝑥𝑖
𝑑𝑡

= −𝑘𝐼,𝑖Δ𝑉𝑑𝑐,𝑖 + 𝑘𝐼,𝑖Δ𝑉𝑑𝑐,𝑖
𝑟𝑒𝑓

 (113) 

 Next, to obtain the aggregate model, we first define some aggregate variables as: 
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𝑃𝑟
𝑎 =∑𝑃𝑟,𝑖

𝑖∈𝒫

,   Δ𝑃𝑃𝑉
𝑎 =∑Δ𝑃𝑃𝑉,𝑖

𝑖∈𝒫

,   Δ𝑥𝑎 =∑Δ𝑥𝑖
𝑖∈𝒫

 

 Δ𝑉𝑑𝑐
𝑎 =

∑ 𝑃𝑟,𝑖Δ𝑉𝑑𝑐,𝑖𝑖∈𝒫

∑ 𝑃𝑟,𝑖𝑖∈𝒫
,    Δ𝑉𝑑𝑐

𝑟𝑒𝑓,𝑎
=
∑ 𝑃𝑟,𝑖Δ𝑉𝑑𝑐,𝑖

𝑟𝑒𝑓
𝑖∈𝒫

∑ 𝑃𝑟,𝑖𝑖∈𝒫
 

Δ𝑉𝑃𝑉
𝑎 =

∑ 𝑃𝑟,𝑖Δ𝑉𝑃𝑉,𝑖𝑖∈𝒫

∑ 𝑃𝑟,𝑖𝑖∈𝒫
,  𝑆𝑎 =

∑ 𝑃𝑟,𝑖𝑆𝑖𝑖∈𝒫

∑ 𝑃𝑟,𝑖𝑖∈𝒫
   

Then by summing up the SSMs of all PV systems in 𝒫  and replacing some summations by the 

aggregate variables, we can obtain: 

   
𝑑Δ𝑉𝑑𝑐

𝑎

𝑑𝑡
=

1

𝐶𝑑𝑉𝑑𝑐,0
𝑟𝑒𝑓
𝑃𝑝𝑎

∑ 𝑃𝑟,𝑖𝑔(Δ𝑉𝑃𝑉,𝑖, 𝑆𝑖, 𝑇)𝑖∈𝒫

𝑃𝑟
𝑎

⏟              
𝑆.1

−
1

𝐶𝑑𝑉𝑑𝑐,0
𝑟𝑒𝑓
𝑃𝑟
𝑎
Δ𝑃𝑃𝑉

𝑎  (114) 

  
𝑑𝛥𝑃𝑃𝑉

𝑎

𝑑𝑡
= −

1

𝜏
𝛥𝑃𝑃𝑉

𝑎 −
𝑉𝑠𝑑
2𝜏
∑𝑘𝑃,𝑖𝛥𝑉𝑑𝑐,𝑖
𝑖∈𝒫⏟        

𝑆.2

+
𝑉𝑠𝑑
2𝜏
∑𝑘𝑃,𝑖𝛥𝑉𝑑𝑐,𝑖

𝑟𝑒𝑓

𝑖∈𝒫⏟        
𝑆.3

+
𝑉𝑠𝑑
2𝜏
𝛥𝑥𝑎  

 (115) 

𝑑Δ𝑥𝑎

𝑑𝑡
= −∑𝑘𝐼,𝑖𝛥𝑉𝑑𝑐,𝑖

𝑖∈𝒫⏟        
𝑆.4

+∑𝑘𝐼,𝑖Δ𝑉𝑑𝑐,𝑖
𝑟𝑒𝑓

𝑖∈𝒫⏟        
𝑆.5

 
(116) 

In (114)-(116), there are still some summation terms (S.1-S.5) on the right-hand-side 

(RHS) which mean that the model’s order has not been fully reduced. Therefore, we want to further 

represent these summation terms with aggregate variables to reduce the order. In the following, 

we will discuss about the corresponding treatments for each of them. 

b.1) S.1 

Considering the variables in this summation and their defined aggregate versions, we 

approximate S.1 as: 

∑ 𝑃𝑟,𝑖𝑔(Δ𝑉𝑃𝑉,𝑖, 𝑆𝑖, 𝑇)𝑖∈𝒫

𝑃𝑟
𝑎 ≈ 𝑔(Δ𝑉𝑃𝑉

𝑎 , 𝑆𝑎, 𝑇) (117) 
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The original summation on the LHS of (117) is basically taking the weighted average of each 

PV’s 𝑔 function value with respect to their power ratings. So the idea of this approximation is to 

move the weighted averaging into 𝑔 on the variables Δ𝑉𝑃𝑉,𝑖 and 𝑆𝑖. Since the function 𝑔 represents 

an LUT, it is very difficult to mathematically evaluate the error of this approximation. Therefore, 

we take the numerical approach, which is Monte Carlo simulation (MCS), to demonstrate the error 

level. 

In order to conduct MCS, we first assume that all the variables (𝑃𝑟,𝑖 , Δ𝑉𝑃𝑉,𝑖 and 𝑆𝑖) follow 

normal distributions with certain means and variances. Moreover, to enhance the credibility of 

MCS, we consider the means and variances to be random samples from corresponding uniform 

distributions. Details about the distributions are summarized in Table 4.1. Note that, for Δ𝑉𝑃𝑉,𝑖, we 

choose the distribution of 𝜇𝑉 and 𝜎𝑉 such that most of the Δ𝑉𝑃𝑉,𝑖 samples are within [Δ𝑉𝑃𝑉
+15%, 0], 

where Δ𝑉𝑃𝑉
+15% is the voltage change corresponding to 15%𝑃𝑀𝑃𝑃 in Δ𝑃𝑎𝑟𝑟𝑎𝑦. In addition, we only 

 

Figure 4.4. Probability distribution of the absolute percentage approximation error from MCS. 
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sample from either[Δ𝑉𝑃𝑉
+15%, 0] or [0, Δ𝑉𝑃𝑉

−15%] because, with the considered frequency support 

control function, it is not likely to have certain PV systems increase power while others decrease 

power at the same time. Since [0, Δ𝑉𝑃𝑉
−15%] is shorter than[Δ𝑉𝑃𝑉

+15%, 0], here we consider the later 

one as the worst case and conduct MCS. 

In the MCS, we set the number of trials to be 500,000. At each trial, we sample 50 sets of 

the three variables and compute the approximation error for (117). Figure 4.4 shows the probability 

distribution of calculated absolute percentage error, as well as the cumulative probability density 

curve. From the plot, the error is very small for most of the cases, and we have the probability of 

84% to get an error below 5%. Therefore, (117) is a good approximation with satisfactory 

accuracy. 

b.2) S.2-S.5 

Summation terms S.2-S.5 are discussed together because they share the same structure, as 

well as their corresponding aggregate variables. Therefore, the same treatment can be applied to 

all of them. Taking S.2 as an example and we have: 

Table 4.1. Variable Distributions and Corresponding Parameters. 

𝑃𝑟,𝑖 𝑃𝑟,𝑖~𝓝(𝜇𝑃, 𝜎𝑃
2) 

                     𝜇𝑃~𝒰(150000, 250000),

 𝜎𝑃~𝒰(10, 30)  

Δ𝑉𝑃𝑉,𝑖 Δ𝑉𝑃𝑉,𝑖~𝓝(𝜇𝑉, 𝜎𝑉
2) 

  𝜇𝑉~𝒰(−30,−7.5), 

 𝜎𝑉~𝒰(2,7)  

𝑆𝑖 𝑆𝑖~𝓝(𝜇𝑆, 𝜎𝑆
2) 

  𝜇𝑆~𝒰(40, 70),  

 𝜎𝑆~𝒰(1, 10)  
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∑𝑘𝑃,𝑖Δ𝑉𝑑𝑐,𝑖
𝑖∈𝒫

=∑
𝑘𝑃,𝑖
𝑃𝑟,𝑖

𝑃𝑟
𝑎Δ𝑉𝑑𝑐

𝑎

𝑖∈𝒫

−∑( ∑
𝑘𝑃,𝑗

𝑃𝑟,𝑗
𝑗∈𝒫,𝑗≠𝑖

)𝑃𝑟,𝑖Δ𝑉𝑑𝑐,𝑖
𝑖∈𝒫

 (118) 

From (118), we wish that ∑
𝑘𝑃,𝑗

𝑃𝑟,𝑗
𝑗∈𝒫,𝑗≠𝑖1 = ∑

𝑘𝑃,𝑗

𝑃𝑟,𝑗
𝑗∈𝒫,𝑗≠𝑖2 , ∀𝑖1, 𝑖2 ∈ 𝒫. If the desired equation 

holds, it implies that  

  
𝑘𝑃,𝑖
𝑃𝑟,𝑖

= 𝑐𝑃, ∀𝑖 ∈ 𝒫 (119) 

where 𝑐𝑃 is a constant parameter. However, equation (119) may not hold in practice. Therefore, 

we want to find the value of 𝑐𝑃 which can minimize the Euclidean norm of the error between each 

𝑘𝑃,𝑖

𝑃𝑟,𝑖
 and 𝑐𝑃. To achieve this, we may construct an optimization problem to determine 𝑐𝑃 as follows: 

 𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒
𝑐𝑃

∑(𝑐𝑃 −
𝑘𝑃,𝑖
𝑃𝑟,𝑖
)

2

𝑖∈𝒫

 (120) 

Solving the optimization problem in (120), we can obtain: 

 
𝑐𝑃 =

∑ (
𝑘𝑃,𝑖
𝑃𝑟,𝑖
)𝑖∈𝒫

|𝒫|
 

(121) 

where |𝒫| is the cardinality of set 𝒫. Substitute (119) into (118) to obtain:  

 ∑𝑘𝑃,𝑖Δ𝑉𝑑𝑐,𝑖
𝑖∈𝒫

≈ 𝑐𝑃𝑃𝑟
𝑎Δ𝑉𝑑𝑐

𝑎  (122) 

where S.2 has been successfully expressed by the aggregate variables. The same treatment can also 

be adopted on S.3-S.5 to have: 

 ∑𝑘𝑃,𝑖Δ𝑉𝑑𝑐,𝑖
𝑟𝑒𝑓

𝑖∈𝒫

≈ 𝑐𝑃𝑃𝑟
𝑎Δ𝑉𝑑𝑐

𝑟𝑒𝑓,𝑎
 (123) 

 ∑𝑘𝐼,𝑖Δ𝑉𝑑𝑐,𝑖
𝑖∈𝒫

≈ 𝑐𝐼𝑃𝑟
𝑎Δ𝑉𝑑𝑐

𝑎     (124) 
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 ∑𝑘𝐼,𝑖Δ𝑉𝑑𝑐,𝑖
𝑟𝑒𝑓

𝑖∈𝒫

≈ 𝑐𝐼𝑃𝑟
𝑎Δ𝑉𝑑𝑐

𝑟𝑒𝑓,𝑎
 (125) 

where 

 
𝑐𝐼 =

∑ (
𝑘𝐼,𝑖
𝑃𝑟,𝑖
)𝑖∈𝒫

|𝒫|
 

(126) 

 Now we have the reduced-order aggregate model as: 

      
𝑑Δ𝑉𝑑𝑐

𝑎

𝑑𝑡
=

1

𝐶𝑑𝑉𝑑𝑐,0
𝑟𝑒𝑓
𝑃𝑝𝑎

𝑔(Δ𝑉𝑃𝑉
𝑎 , 𝑆𝑎, 𝑇) −

1

𝐶𝑑𝑉𝑑𝑐,0
𝑟𝑒𝑓
𝑃𝑟
𝑎
Δ𝑃𝑃𝑉

𝑎    (127) 

  
𝑑𝛥𝑃𝑃𝑉

𝑎

𝑑𝑡
= −

1

𝜏
𝛥𝑃𝑃𝑉

𝑎 −
𝑉𝑠𝑑
2𝜏
𝑐𝑃𝑃𝑟

𝑎Δ𝑉𝑑𝑐
𝑎 +

𝑉𝑠𝑑
2𝜏
𝑐𝑃𝑃𝑟

𝑎Δ𝑉𝑑𝑐
𝑟𝑒𝑓,𝑎

+
𝑉𝑠𝑑
2𝜏
𝛥𝑥𝑎   (128) 

𝑑Δ𝑥𝑎

𝑑𝑡
= −𝑐𝐼𝑃𝑟

𝑎Δ𝑉𝑑𝑐
𝑎 + 𝑐𝐼𝑃𝑟

𝑎Δ𝑉𝑑𝑐
𝑟𝑒𝑓,𝑎

    (129) 

We can notice that, comparing to the SSM of one PV system (51)-(53), the derived aggregate 

model in (127)-(129) is in a very similar structure and also with the same order. In other words, 

the collective dynamics of a group of distributed PV can be viewed as that of one large-scale PV 

system described by the reduced-order aggregate model. Furthermore, the aggregate states and 

input correspond to physical quantities which can facilitate the later control design, such as 𝛥𝑃𝑃𝑉
𝑎 , 

which is the total increment power of the distributed PV. The state 𝛥𝑃𝑃𝑉
𝑎 , which is chosen as the 

model’s output, can also represent for the coupling among individual PVs. 
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4.1.3 Transmission System 

We use the classical load frequency control (LFC) model to describe the real power and 

frequency dynamics in transmission system. Here since we focus on primary frequency response, 

the automatic generation control (AGC) system is not included. We also revised the LFC model 

to incorporate distributed PV, as shown in Figure 4.5. 

 Define 𝒢 as the set of all synchronous generators in this system. Then the equivalent inertia 

and droop constants for the multi-machine LFC model can be obtained as: 

 𝐻𝑔 =
∑ 𝑆𝑖𝐻𝑖𝑖∈𝒢

∑ 𝑆𝑖𝑖∈𝒢
 ,     

1

𝑅𝑔
=
∑ 𝑆𝑖/𝑅𝑖 𝑖∈𝒢

∑ 𝑆𝑖𝑖∈𝒢
 (130) 

where 𝑆𝑖 denotes the capacity of generator 𝑖. For the governor and turbine dynamics, we assume 

the same time constants 𝑇𝑔 and 𝑇𝑡 for all generators in 𝒢. Therefore, the LFC model shown in for 

transmission system can be written as:  

 { 
�̇�𝑔 = 𝑨𝑔𝒙𝑔 + 𝑩𝑔𝒖𝑔 +  𝑔𝒅𝑔

𝒚
𝑔
= 𝑪𝑔𝒙𝑔

 (131) 

where we treat the increment power Δ𝑃𝑃𝑉 from distributed PV as an input (𝒖𝑔) to the transmission 

system whereas the load change Δ𝑃𝐿 is taken as the disturbance (𝒅𝑔).  

 

 

Figure 4.5. LFC model including distributed PV. 
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4.2 Proposed Control Scheme 

In this section, we introduce the proposed control scheme which contains three main 

components: a UIO-based tracking LQR, an LUT, and an inversion function, as illustrated in 

Figure 4.1. The tracking LQR is designed to assure that the system frequency can effectively track 

that of a reference system with given inertia and droop constants (𝐻𝑟𝑒𝑓 and 𝑅𝑟𝑒𝑓), under the same 

unknown disturbance. So that the desired close-loop frequency response capability is achieved. 

The LUT is introduced to remove the nonlinearity in the aggregate PV system model and thus 

obtain a linear plant model for designing the tracking LQR. At last, the inversion function inverts 

the aggregate control signal, which corresponds to the aggregate model, to individual ones for each 

distributed PV.  

This control scheme is similar to the one in Chapter 3 where the UIO-based tracking LQR 

is proposed for frequency support from the large-scale PV plant. However, the differences between 

our work and Chapter 3 are that, 1) a new reduced-order aggregate model is developed and adopted 

in the tracking LQR for frequency support from distributed PV; 2) an inversion method is 

developed to obtain the individual control input. In the following subsections, we discuss each 

component in detail. 

4.2.1 LUT and the Combined System Model 

The derived reduced-order aggregate model in (127)-(129) still contains a nonlinear term 

which is the LUT function 𝑔(Δ𝑉𝑃𝑉
𝑎 , 𝑆𝑎, 𝑇). However, for the LQR design, a linear plant model is 

preferred. Therefore, consider another LUT function which is the inverse of 𝑔: 

 Δ𝑉𝑃𝑉
𝑎 = 𝑔−1(Δ𝑃𝑃𝑉

𝑟𝑒𝑓,𝑎
, 𝑆𝑎, 𝑇) (132) 

We can substitute (132) into (127) to get rid of the nonlinearity and obtain a linear model which 

can be written in the state-space form as: 
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  { 
�̇�𝑃𝑉 = 𝑨𝑃𝑉𝒙𝑃𝑉 + 𝑩𝑃𝑉𝒖𝑃𝑉
𝒚
𝑃𝑉
= 𝑪𝑃𝑉𝒙𝑃𝑉

 (133) 

where 𝒙𝑃𝑉 = [Δ𝑉𝑑𝑐
𝑎   Δ𝑃𝑃𝑉

𝑎   Δ𝑥𝑎]𝑇, 𝒖𝑃𝑉 = [Δ𝑃𝑃𝑉
𝑟𝑒𝑓,𝑎

  Δ𝑉𝑑𝑐
𝑟𝑒𝑓,𝑎

]
𝑇

, and 𝒚
𝑃𝑉
= [Δ𝑃𝑃𝑉

𝑎 ].  

Now we can combine the two linear models for both transmission system (57) and 

distributed PV (with an LUT) (133) through the interfacing variable Δ𝑃𝑃𝑉
𝑎 . The obtained model is 

referred to as the combined system model, which is used as the plant model for the following 

design of tracking LQR. The combined system model can also be described in state-space as: 

[
�̇�𝑔

�̇�𝑃𝑉
]

⏟  
�̇�𝑐

= [
𝑨𝑔 𝑩𝑔𝑪𝑃𝑉

0 𝑨𝑃𝑉
]

⏟        
𝑨𝑐

[
𝒙𝑔

𝒙𝑃𝑉
]

⏟  
𝒙𝑐

+ [
0

𝑩𝑃𝑉
]

⏟  
𝑩𝑐

[𝒖𝑃𝑉]⏟  
𝒖𝑐

 

+[
 𝑔

0
]

⏟
 𝑐

[𝒅𝑔]⏟
𝒅𝑐

 

  

 

(134) 

𝒚
𝑐
= 𝑪𝑐𝒙𝑐                                     (135) 

where the output 𝒚
𝑐
 is frequency deviation Δ𝜔.  

 

 

Figure 4.6. Architecture and components of the UIO-based tracking LQR. 
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4.2.2 The UIO-based Tracking LQR 

As noted earlier, the control objective is to let the system frequency track that of a reference 

system under the same load disturbance. Since this is essentially a tracking problem, we can adopt 

LQR to minimize the tracking error. However, to obtain the proper tracking reference in this case, 

the load disturbance must be estimated. To address this difficulty, the adopted method uses a UIO, 

and the resulting control architecture is shown in Figure 4.6, which also contains the reference 

system, an augmented system, and an LQR.  

Different than the conventional observers with Luenberger structure, the UIO can 

effectively estimate the system states with the presence of unknown disturbances. Moreover, the 

disturbance can also be estimated from UIO with the input and output information [63, 64]. The 

estimated disturbance, 𝒅 𝑐 , is sent to a reference system to generate tracking reference. The 

reference system represents a “desired version” of the transmission system with desired inertia and 

droop constants. Therefore, by following the frequency of this reference system, the close-loop 

system frequency response can be improved to the desired level. With the reference state, 𝒙𝑔
𝑟 , and 

estimated plant states, 𝒙 𝑐, the augmented system can be formed, which contains the tracking error 

and its integral. Then, a standard LQR can be designed based on this augmented system to 

minimize and eventually eliminate the tracking error. Further details about the design can be found 

in Chapter 3. 

4.2.3 Inversion of Control Signal 

As illustrated in Figure 4.6, the UIO-based tracking LQR is designed for the combined 

system (plant). Therefore, the control signals should also correspond to the inputs of the combined 
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system model. From (134), the control input 𝒖𝑐  is actually 𝒖𝑃𝑉  which comprises two inputs: 

Δ𝑃𝑃𝑉
𝑟𝑒𝑓,𝑎

 and Δ𝑉𝑑𝑐
𝑟𝑒𝑓,𝑎

, where Δ𝑃𝑃𝑉
𝑟𝑒𝑓,𝑎

 is to be converted to Δ𝑉𝑃𝑉
𝑎  by the LUT function 𝑔−1 . So 

eventually, the control signals 𝒖𝑐 are mapped to aggregate inputs (𝒖𝑎 = [Δ𝑉𝑃𝑉
𝑎   Δ𝑉𝑑𝑐

𝑟𝑒𝑓,𝑎
]
𝑇

) in the 

aggregate model. However, to implement the controller, we need to obtain the individual control 

input (𝒖𝑖 = [Δ𝑉𝑃𝑉,𝑖  Δ𝑉𝑑𝑐,𝑖
𝑟𝑒𝑓
]
𝑇

) for each of the distributed PV.  

Unfortunately, there is no unique way of inverting 𝒖𝑎 back to 𝒖𝑖, by the definition of 𝒖𝑎. In other 

words, any inversion would work, as long as satisfying the definition of 𝒖𝑎. However, since the 

amount of power support that a distributed PV can make in practice mainly depend on its capacity 

and solar irradiance, a good strategy is to have the PV systems with higher capability to contribute 

with more power. Adopting this objective, we propose the following inversion rule: 

 𝛥𝑉𝑃𝑉,𝑖 = Δ𝑉𝑃𝑉
𝑎 , Δ𝑉𝑑𝑐,𝑖

𝑟𝑒𝑓
= Δ𝑉𝑑𝑐

𝑟𝑒𝑓,𝑎
 (136) 

 

Figure 4.7. Inversion of control signals. 
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which corresponds to setting all the individual inputs equal to the aggregate input. This inversion 

is also illustrated in Figure 4.7. We can easily verify that the definition of 𝒖𝑎 still holds with (136). 

Furthermore, we will show that this simple, easy-to-implement method ca also achieve the 

aforementioned objective. 

c.1) 𝚫𝑽𝑷𝑽,𝒊 

𝛥𝑉𝑃𝑉,𝑖 determines the new operating point and thus the steady-state power output of the 

PV system. Considering several PV systems with different capacities, since their PV arrays all 

consist of identical PV panels connected in parallel (as shown in Figure 4.2), the same 𝛥𝑉𝑃𝑉,𝑖 will 

result in different 𝛥𝑃𝑃𝑉,𝑖, which are in proportion to the number of PV panels, or equivalently, the 

rated power. 

Solar irradiance 𝑆 is the other main variable that effects the power support capability of a 

PV system. The LUT surface plotted in Figure 4.8 describes the relationship among Δ𝑃𝑝𝑎𝑛𝑒𝑙, Δ𝑉𝑃𝑉, 

and 𝑆. We can easily observe that, for the same value of Δ𝑉𝑃𝑉, the Δ𝑃𝑝𝑎𝑛𝑒𝑙 increases as the 𝑆 

 

Figure 4.8. The LUT surface of 𝑔(𝛥𝑉𝑃𝑉, 𝑆, 𝑇) for a 5695 W PV panel at 26.85 °C. 
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becomes higher. Therefore, with the same 𝛥𝑉𝑃𝑉,𝑖, PV systems under higher 𝑆 will have more 

power change in each of their PV panel and thus in the total output as well.  

c.2) 𝜟𝑽𝒅𝒄,𝒊
𝒓𝒆𝒇

 

The other control input 𝛥𝑉𝑑𝑐,𝑖
𝑟𝑒𝑓

 adjusts the DC-link voltage to obtain power from the 

capacitor. According to (91), this power is proportionally related to the capacitance. We also know 

that the capacitance should be chosen in proportion to the PV system rated power. Therefore, with 

the same 𝛥𝑉𝑑𝑐,𝑖
𝑟𝑒𝑓

, the PV system with larger capacity, and thus capacitance, will have more power 

released, or absorbed, from its DC-link capacitor. 
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4.3 Test Results 

In this section, we first validate that the reduced-order aggregate model can effectively 

represent the dynamics of a group of distributed PV. Then we demonstrate that the aggregate model 

can be successfully applied in the UIO-based tracking LQR to provide frequency support during 

frequency event. Moreover, we also illustrate the effectiveness of proposed inversion method. 

4.3.1 Reduced-order Aggregate Model Validation 

To validate the proposed reduced-order aggregate model, we first built an IEEE 34 node 

test feeder in MATLAB/Simulink to represent an area of distribution system. Then, 10 single-

phase PV systems are connected to different locations. Each PV system is as illustrated in Figure 

4.2. We use this test feeder as the benchmark system and compare its overall dynamics with that 

from the aggregate model. Key parameters of the PV system are given in Appendix V, where we 

assume the basic parameters are the same for all the distributed PV. But for the solar irradiance, 

capacity, and control parameters, they vary from each PV system. 

Since the aggregate model is primarily derived for designing frequency support control 

functions, we are particularly interested in the dynamics of two relevant quantities: total PV system 

output power (Δ𝑃𝑃𝑉
𝑎 ) and aggregate DC-link voltage (Δ𝑉𝑑𝑐

𝑟𝑒𝑓,𝑎
), following the changes in the control 

inputs. To test, the distributed PV in the benchmark system are set to be operating at 85% of their 

MPPs (nominal de-loading condition). In the first test case, at t = 1.5 s, we decrease the PV array 

voltages by different values as listed in Appendix V. In this case, we consider that the distributed 

PV are expected to output more power. Therefore, all the 𝛥𝑉𝑃𝑉,𝑖 are negative. In the meantime, we 

calculate the corresponding aggregate control input (𝛥𝑉𝑃𝑉
𝑎 ) and inject it to the aggregate model. 

Finally, we can compare the dynamics of the aggregate model with calculated aggregate dynamics 

from the benchmark system. In Figure 4.9 (a), the total increment power from the aggregate model 
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provides very good approximation to that calculated from original distributed PV. There is slight 

difference in the steady-state value which is caused by the LUT approximation we made in b.1). 

Figure 4.9 (b) shows the aggregate DC-link voltage profiles and verifies that the response obtained 

from the aggregate model is very close to that of the benchmark system. 

In the second test case, we perturb the other control input which is Δ𝑉𝑑𝑐,𝑖
𝑟𝑒𝑓

. Similarly, we 

want to obtain power from DC-link, and thus decrease the voltage references by different values. 

We observe immediate total power release from Figure 4.10 (a), and shortly after that, the power 

decreases to zero as the aggregate DC-link voltage shown in Figure 4.10 (b) settles to its steady-

state. Figure 4.10 (a) and (b) show that the voltage and power profiles from the aggregate model 

are again very close to those from the original distributed PV.  
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Figure 4.9. When 𝛥𝑉𝑃𝑉
𝑎 = −12.775 𝑉, (a) comparison of total increment power 𝛥𝑃𝑃𝑉

𝑎 ; (b) 

comparison of aggregate DC-link voltage 𝛥𝑉𝑑𝑐
𝑎 . 

 

Figure 4.10. When 𝛥𝑉𝑑𝑐
𝑟𝑒𝑓,𝑎

= −7.730 𝑉, (a) comparison of total increment power 𝛥𝑃𝑃𝑉
𝑎 ; (b) 

comparison of aggregate DC-link voltage 𝛥𝑉𝑑𝑐
𝑎 . 
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4.3.2 Controller Performance 

To demonstrate the effectiveness of proposed control scheme, we consider the standard 

three-machine-nine-bus WECC system but modify its capacity down to 116 MVA (𝑆𝑏) to represent 

a small-scale power system. Then we add four of the IEEE 34 node test feeders at bus 6, as shown 

in Figure 4.11, with each feeder having 10 distributed PV. Each feeder has 10 distributed PV. So 

in this test system, we have 40 distributed PV whose basic parameters are listed in Appendix V 

and other parameters with variations are listed in Appendix VI, and their total capacity is 8.189 

MW (𝑃𝑟
𝑡𝑜𝑡 ). The test system is built in MATLAB/Simulink where we conduct time-domain 

simulations with 5 μs time resolution for the following study. 

To design the UIO-based tracking LQR, we follow the design steps in Chapter 3. The same 

design parameters are chosen, except for 𝐻𝑟𝑒𝑓 and 𝑅𝑟𝑒𝑓 of the reference system as they should be 

related to the PV penetration level. In this case, the calculated inertia and droop constants for 

reference system are provided in Table 4.2, along with those for the original test system without 

proposed control. 

For the test case, we apply a large load disturbance of 0.086 pu at bus 8. In Figure 4.12 (a), 

we plot and compare the frequency responses obtained from (i) system with proposed control 

scheme; (ii) reference system; and (iii) system with no frequency support control from distributed 

PV. From the figure we can clearly see that the frequency with proposed control effectively tracks 

that of the reference system frequency. The figure also indicates that, by closely following the 

reference system frequency, the frequency response of the system is improved as desired, 

specifically in terms of nadir, RoCoF, and settling frequency, compared to that of the original 

system without control. Therefore, we can confirm that the distributed PV under proposed control 

scheme can provide frequency support to improve the frequency response as designed. To support 
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the very good tracking performance observed in Figure 4.12 (a), we also plot the absolute tracking 

error between frequencies from (i) and (ii) in Figure 4.12 (b). We can see that the error is very 

small with the maximum value being still less than 0.005%. 

Next, we want to verify that the proposed inversion method can achieve its design 

objective. In order to do this, we first select 4 distributed PV systems from the above simulation 

with the same rated power but different solar irradiance, and plot their power responses in Figure 

4.13 (a). Per the control signal inversion in (136), they all share the same control inputs. But as 

shown in the plot, the PV system with higher solar irradiance generate more power as expected, 

under the same event. In the second case, we choose another set of 4 PV systems with the same 

irradiance but different rated power. Again, we can see from Figure 4.13 (c) that the increment 

power output are positively correlated to the PV systems’ capacities. In addition, as indicated in 

Figure 4.13 (b) and (d), both of the positive correlations between steady-state Δ𝑃𝑃𝑉 and solar 

irradiance 𝑆 are almost linear. 

  

Table 4.2. Part of the Control Design Parameters 

 Test System Reference System 

Inertia 𝐻𝑔 5.9746 s 𝐻𝑟𝑒𝑓 6.2365 s 

Droop 𝑅𝑔 8% 𝑅𝑟𝑒𝑓 7.66% 
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Figure 4.11. Modified WECC 9-bus system with distributed PV. 
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Figure 4.12. (a) Frequency response comparison under load disturbance; (b) Absolute error 

between frequencies of (i) and (ii). 
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Figure 4.13. For PV systems with the same rated power (200 KW), but different solar 

irradiance: (a) comparison of power responses; (b) correlation between steady-state 𝛥𝑃𝑃𝑉 and 

𝑆. 
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Figure 4.14. For PV systems with the same solar irradiance (S=70), but different rated power: 

(c) comparison of power responses; (b) correlation between steady-state 𝛥𝑃𝑃𝑉 and rated 

power. 
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4.4 Conclusion 

This chapter focuses on utilizing distributed PV to provide primary frequency support to 

the bulk system. For this purpose, we first propose a reduced-order aggregate model to represent 

the overall dynamic behaviors of a group of distributed PV with different capacities, irradiance, 

and control parameters. The derived model preserves the same structure and order as those of the 

SSM for one PV system. Moreover, supervisory control inputs are also considered in the aggregate 

model. The above features greatly facilitate the design of frequency support control.  

Based on the proposed aggregate model, the UIO-based tracking LQR method from 

literature is adopted and revised to incorporate distributed PV for providing frequency support. 

Filling the gap between this model-based controller and the practical systems, we also propose an 

inversion method to obtain individual control input for each distributed PV from the aggregate 

control signal. Test results have indicated the effectiveness of both frequency tracking and 

improvement of the test system frequency response. It is also demonstrated that, with the proposed 

inversion method, PV systems with higher potential (larger capacity or higher irradiance) respond 

with more power under the same event. Therefore, the proposed control scheme can indeed be 

adopted by distribution system operators or aggregators for providing frequency support service, 

especially to small-scale systems with high penetration of distributed PV. 
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CHAPTER 5 : SUMMARY AND FUTURE WORK 

5.1 Summary of Current Work 

In this dissertation, under the challenges of PV penetration on the conventional generation 

control, new control schemes that can enable PV systems to provide frequency support to the 

electric power systems are proposed.  

To identify and assess the impact of increasing PV penetration on system frequency 

response, two simulation testbeds are developed in PSCAD and dynamic co-simulation 

environment, respectively. The testbed in PSCAD is suited for time-domain simulations of small 

systems, while the co-simulation testbed shows its advantage for phasor-domain simulations of 

very large scale systems. Using these two testbeds, we simulated frequency events under 

increasing levels of PV penetration. Simulations results clearly reveal the negative impacts from 

higher PV penetration on the system frequency response, in terms of frequency nadir, RoCoF, and 

settling frequency. 

In order to enable frequency support functions from PV, we first consider large-scale PV 

plants and propose a novel control method which is designed from bulk-system-level. In order to 

achieve the desired frequency response, a tracking LQR is designed to help system frequency 

accurately follow that from a reference system under the same load disturbance. The controller 

also contains a UIO from which both the system states and disturbance can be estimated. Test 

results strongly indicate the effectiveness the proposed control method by the very good 

performance of both frequency tracking and variable estimation. Test results also show that the 

proposed method requires less de-loading of PV plant than the conventional method, which is of 

great significance in term of economics. To facilitate the design of this control method, we also 

propose a new SSM for the three-phase two-stage PV system. This model is suitable for designing 
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frequency support controls for PV and can be extended to a linear model for PV system with an 

LUT. Model validation results indicate that the SSM provides a close match of system dynamics 

with that of the detailed nonlinear PV system model. 

Other than large-scale PV plants which consist of identical subsystems, distributed PV are 

also under the scope of this dissertation. In order to utilize distributed PV to provide the frequency 

support to the bulk system, we first propose a reduced-order aggregate model to represent the 

overall dynamic behaviors of a diverse group of distributed PV with varying capacities, solar 

irradiance, and control parameters. The derived model preserves the same structure and order as 

that of one PV system. Moreover, inputs needed for the supervisory control are also preserved in 

the aggregate model. These features greatly facilitate the design of frequency support control. Test 

results show that the model provides a very close approximation of the response, even under quite 

large diversity among the distributed PV systems. 

Then, we show that the UIO-based tracking LQR method can be tailored for a group of 

distributed PV to achieve supervisory frequency support control. An inversion method is also 

proposed to obtain individual control input for each distributed PV from the aggregate control 

signal. Simulation results on the test system confirm the effectiveness of both frequency tracking 

and improvement of the test system frequency response. It is also demonstrated that the proposed 

inversion method provides an effective way to allocate the total control effort to individual PV 

systems.  

These results also indicate that the proposed control scheme can indeed be adopted by 

distribution system operators or aggregators for providing frequency support service from 

distributed PV, especially to small-scale systems with high penetration of distributed PV. 
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5.2 Future Work 

• Limitation of power reserve from PV 

The proposed control methods assume sufficient power reserves in PV systems in order to 

achieve desired frequency response performance. However, this assumption may be difficult to 

hold in practice. When more power is needed than the current reserve, control performance will 

be inevitably affected. A potential solution is to consider the presence of energy storage systems 

in the control to coordinately assure desired frequency response capability. 

• Uncertainties in PV system modeling 

The PV system models used in the control design, especially the reduced-order aggregate 

model for distributed PV, requires information such as rated power and control parameters. In 

practice, these information may not be available and are also subject to changes. Therefore, models 

with exact parameters may be very difficult to obtain and thus affect control performance. One 

solution is to use the adaptive control theory to bypass the need of exact information of model 

parameters, as the model structures are fixed and known. 

• Communication requirements for distributed PV 

The proposed control method for distributed PV assumes communication links from each 

PV to the controller to receive the control signals. This way of communication is simple but liable 

to high cost considering the distributed geographical locations and vulnerability as one link’s 

failure will fail the control objective. The potential solution is to exploit distributed control 

techniques, such as consensus control, to implement the individual control signals for each 

distributed PV.  
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Appendix I: Equations for 2dq PV System Model 

1) PV Array 

 𝑖𝑃𝑉 = 𝑛𝑝𝐼𝑝ℎ − 𝑛𝑝𝐼𝑟𝑠(𝑒
𝑞
𝑘𝑇𝐴

𝑣𝑃𝑉
𝑛𝑠 − 1) (137) 

 𝐼𝑝ℎ = [𝐼𝑠𝑐𝑟 + 𝑘𝑇(𝑇 − 𝑇𝑟)]
𝑆

100
         (138) 

 𝑖𝑃𝑉,2𝑑 = 0, 𝑖𝑃𝑉,2𝑞 = 0  (139) 

 𝑣𝑃𝑉,2𝑑 = 0, 𝑣𝑃𝑉,2𝑞 = 0 (140) 

2) DC-DC Converter 

 𝑖𝑑𝑐1,𝑑𝑐 =
𝑣𝑃𝑉,𝑑𝑐𝑖𝑃𝑉,𝑑𝑐
𝑣𝑑𝑐,𝑑𝑐

 (141) 

 𝑖𝑑𝑐1,2𝑑 =
𝑖𝑃𝑉,𝑑𝑐𝑣𝑃𝑉,2𝑑 − 𝑖𝑑𝑐1,𝑑𝑐𝑣𝑑𝑐,2𝑑 

𝑣𝑑𝑐,𝑑𝑐
 (142) 

 𝑖𝑑𝑐1,2𝑞 =
𝑖𝑃𝑉,𝑑𝑐𝑣𝑃𝑉,2𝑞 − 𝑖𝑑𝑐1,𝑑𝑐𝑣𝑑𝑐,2𝑞 

𝑣𝑑𝑐,𝑑𝑐
 (143) 

3) DC-link 

 
𝑑𝑣𝑑𝑐,𝑑𝑐
𝑑𝑡

=
𝑖𝑑𝑐1,𝑑𝑐 − 𝑖𝑑𝑐2,𝑑𝑐

𝐶
  (144) 

 
𝑑𝑣𝑑𝑐,2𝑑
𝑑𝑡

=
𝑖𝑑𝑐1,2𝑑 − 𝑖𝑑𝑐2,2𝑑

𝐶
+ 2𝜔𝑣𝑑𝑐,2𝑞 (145) 

 
𝑑𝑣𝑑𝑐,2𝑞

𝑑𝑡
=
𝑖𝑑𝑐1,2𝑞 − 𝑖𝑑𝑐2,2𝑞

𝐶
+ 2𝜔𝑣𝑑𝑐,2𝑑 (146) 

 

4) Inverter 

 𝑖𝑑𝑐2,𝑑𝑐 =
𝑖𝑎𝑐,𝑑𝑣𝑎𝑐,𝑑 + 𝑖𝑎𝑐,𝑞𝑣𝑎𝑐,𝑞

2𝑣𝑑𝑐
 (147) 

 𝑖𝑑𝑐2,2𝑑 =
𝑖𝑎𝑐,𝑑𝑣𝑎𝑐,𝑞 + 𝑖𝑎𝑐,𝑞𝑣𝑎𝑐,𝑑

2𝑣𝑑𝑐
 (148) 
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 𝑖𝑑𝑐2,2𝑞 =
𝑖𝑎𝑐,𝑑𝑣𝑎𝑐,𝑑 − 𝑖𝑎𝑐,𝑞𝑣𝑎𝑐,𝑞

2𝑣𝑑𝑐
 (149) 

5) Inverter Control 

 
𝑑𝑖𝑎𝑐,𝑑
𝑑𝑡

= −
1

𝜏
𝑖𝑎𝑐,𝑑 −

𝐾𝑃
𝜏
𝑣𝑑𝑐,𝑑𝑐 +

1

𝜏
𝑥 +

𝐾𝑃
𝜏
𝑣𝑑𝑐,𝑟𝑒𝑓 (150) 

 
𝑑𝑖𝑎𝑐,𝑞

𝑑𝑡
= −

1

𝜏
𝑖𝑎𝑐,𝑞 +

1

𝜏
𝑖𝑎𝑐,𝑞,𝑟𝑒𝑓                               (151) 

 
𝑑𝑥

𝑑𝑡
= −𝐾𝐼𝑣𝑑𝑐,𝑑𝑐 + 𝐾𝐼𝑣𝑑𝑐,𝑟𝑒𝑓                           (152) 
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Appendix II: System Configurations of PSCAD Testbed 

System Parameters 
PV Penetration Level 

0% 40% 60% 

Generator Rated Voltage (KV) 13.78 

Generator Rated Current (KA) 0.167  0.129 0.110 

Generator Rated Power (MVA) 4 3.1 2.65 

Total Load (MW) 2.25 

Inertia Constant (s) 2 

Droop Constant (p.u.) 0.04 

PV Rating (KW)  

836.a - 30 

844.a – 135 

844.b – 135 

844.c – 135 

860.a – 16 

860.b – 20 

890.a – 150 

890.b – 150 

890.c - 150 

 

822.a - 135 

836.a – 30 

836.b – 10 

836.c – 42  

844.a – 135 

844.b – 135 

844.c – 135 

858.b – 20  

858.c – 110 

860.a – 16 

860.b – 20 

860.c – 110  

888.a – 150 

888.b – 150 

888.c – 150  

890.a – 150 

890.b – 150 

890.c - 150 
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Appendix III: System Configurations of Co-simulation Testbed 

System Parameters 14-bus System 8500-node Feeder 

   Total Load (MW) 287.17 12.005 

Number of Buses 14 4877 

Number of Boundary Buses 7 N/A 

Number of Feeders 24 N/A 

Number of Generators/PVs 5 10 

PV Rating (KW) 

0% N/A 0 

20% N/A 2.393 

40% N/A 4.786 
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Appendix IV: PV System Parameters 

𝑞 Unit electric charge 1.602 × 10−19 C 

𝑘 Boltzmann’s constant 1.38 × 10−23 J/K 

𝑇 𝑝 − 𝑛 junction temperature 300 K 

𝑇𝑟 Reference temperature 300 K 

𝑘𝑇 Temperature coefficient 0.0017 A/K 

𝐴 Ideality factor 1.92 

𝐼𝑠𝑐𝑟 Cell short-circuit current 8.03 A 

𝐼𝑟𝑠 Reverse saturation current 1.2 × 10−7 A 

𝑆 Solar irradiation level 1 

𝑛𝑠 # of PV cells per string 500 

𝑛𝑝 # of PV strings 70 

𝑃𝑃𝑉
𝑟  PV system rated power 200 KW 

𝐶 DC-link capacitance 20000 μF 

𝑅 Filter resistance 0.001 Ω 

𝐿 Filter inductance 2e-5 H 

𝑉𝑠𝑑 Nominal system voltage in d-axis 317 V 

𝑉𝑑𝑐,0
𝑟𝑒𝑓

 Nominal DC-link voltage 500 V 

𝑘𝑃  20 𝑘𝑃
𝑖
 0.02 

𝑘𝐼 100 𝑘𝐼
𝑖
 1 
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Appendix V: Distributed PV System Parameters 

Basic Parameters 

𝑇 Environment temperature 300 K 

𝑛𝑠 # of PV cells per string 500 

𝑛𝑝 # of PV strings 70 

𝑃𝑟 PV system rated power 200 KW 

𝐶𝑑 Unit DC-link capacitance 2 × 10−7 F 

𝑅 Filter resistance 0.001 Ω 

𝐿 Filter inductance 2e-5 H 

𝑉𝑠𝑑 Nominal system voltage in d-axis 317 V 

𝑉𝑑𝑐,0
𝑟𝑒𝑓

 Nominal DC-link voltage 500 V 

𝜏 Current loop time constant 0.001 

𝑘𝑃
𝑖
 Current loop control parameter 0.02 

𝑘𝐼
𝑖
 Current loop control parameter 1 

Parameters with variations 

𝑆𝑖 Solar irradiance [100, 70, 65, 80, 85, 90, 92, 75, 83, 90] 

𝑃𝑟,𝑖 Rated Power (KW) [200, 250, 220, 175, 200, 200, 250, 220, 175, 190] 

𝑘𝑃,𝑖 Voltage loop control 

parameters 

[10 15 20 20 17 10 15 20 20 17] 

𝑘𝐼,𝑖 [50 100 150 80 50 50 100 150 80 50] 

Control Inputs 

Δ𝑉𝑃𝑉,𝑖 
Change of PV array 

voltage (V) 
[-10, -12, -15, -11, -8, -5, -18, -20, -17, -10] 

Δ𝑉𝑑𝑐,𝑖
𝑟𝑒𝑓

 
Change of DC-link 

voltage (V) 
[-10, -5, -8, -7, -5, -4, -9, -11, -6, -12] 

Δ𝑉𝑃𝑉
𝑎  -12.775 V Δ𝑉𝑑𝑐

𝑟𝑒𝑓,𝑎
 

-7.730 V 
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Appendix VI: Distributed PV System Parameters 

Parameter Feeder # Value 

𝑆𝑖 

1 

2 

3 

4 

[100, 90, 65, 85, 80, 90, 92, 75, 83, 70] 

[95, 85, 90, 70, 77, 75, 88, 83, 96, 100] 

[60, 70, 80, 75, 86, 95, 98, 68, 70, 83] 

[80, 80, 85, 86, 87, 95, 89, 70, 73, 65] 

𝑃𝑟,𝑖 (KW) 

1 

2 

3 

4 

[200, 250, 220, 175, 200, 200, 250, 220, 175, 200] 

[250, 220, 230, 180, 190, 220, 200, 240, 190, 195] 

[165, 200, 185, 200, 195, 200, 210, 200, 220, 190] 

[195, 190, 178, 196, 220, 210, 190, 240, 170, 250] 

𝑘𝑃,𝑖 

1 

2 

3 

4 

[10, 15, 20, 20, 17, 10, 15, 20, 20, 17] 

[20, 20, 17, 15, 20, 22, 25, 15, 10, 12] 

[10, 25, 25, 22, 19, 15, 10, 12, 17, 20] 

[17, 19, 16, 20, 25, 23, 22, 20, 20, 17] 

𝑘𝐼,𝑖 

1 

2 

3 

4 

[50, 100, 150, 80, 50, 50, 100, 150, 80, 50] 

[100, 100, 120, 200, 150, 150, 100, 50, 80, 200] 

[50, 80, 80, 95, 120, 110, 100, 100, 80, 75] 

[75, 75, 90, 150, 180, 200, 200, 220, 150, 100] 

 


