ABSTRACT

FREEDMAN, BENJAMIN NATHANIEL. Existence and Qualitative Description of Solutions to Nonlinear
Boundary Value Problems. (Under the direction of Jestis Rodriguez.)

The focus of this work is to study the existence and qualitative properties of solutions to nonlinear
boundary value problems. We analyze boundary value problems on continuous time intervals in
the context of differential equations as well as ones arising in the context of difference equations.
Criteria for the existence of solutions involves nonlinearities satisfying certain size, growth, or
geometric constraints. In each of these sets of results, our analysis of nonlinear problems is guided
by properties of a set of corresponding linear problems. In certain cases, the corresponding linear
problem is invertible. However, many of the results that follow concern cases where it is not. These
cases are much more delicate to analyze mathematically.

We start our analysis by looking at a set of nonlinear scalar problems in the differential equation

setting. That is, problems on [0, 1] of the form
an(0)x"(0)+ a1 ()" D(0) 4+ ag(£)x(£)+1p(x(1)) = G(x)(1)

subject to the generalized boundary conditions

noprl
2 f Uy (1) 4+7:(x)= §i(x)
j=10

where w; ; represents a function of bounded variation for all 1 <i <n and 1 < j < n. We assume here
that the associated linear problem is invertible, and results involve applications of classical fixed
point theorems from functional analysis.

Next, we focus on discrete-time systems on [a, b]NZ of the form
x(k+1)—A(k)x(k)+y(x)(k)= f(x)(k)

subject to the multipoint boundary conditions:

b+1

D Cix(+n(x)= ().

j=a

We give a set of results that can be used when the associated linear problem is invertible, and these
results again rely on applications of fixed point theorems. Then we give results that can be applied
when this is not the case, and make use of topological degree theoretic arguments.

We then investigate nonlinear perturbations of the classical Legendre boundary value problem.



That is, problems on (—1, 1) of the form,

(1= () +ux(t)=¢ f(x(1))
subject to the condition that the following limits exist and are finite

lim x(f), lim x(¢)
t——1+ t—1-

lim x/(¢)  lim x'(¢).

t——1+ t—1-

First, we fix ¢ =1 and investigate the cases where the associated linear problem is and is not invertible.
Finally, we allow ¢ to vary and investigate the case of weakly nonlinear problems. Results in this
case do not require invertibility of the corresponding linear problem and involve an application of
the Lyapunov-Schmidt procedure as well as the implicit function theorem for Banach spaces. We
provide a qualitative description of the solutions for sufficiently small values of €.

Finally, we investigate a set of weakly nonlinear problems on infinite intervals both in the differ-
ential equations and discrete-time settings. First we present the results concerning the continuous
setting, then present the results pertaining to the discrete-time analogs. In both cases, our analysis
involves a projection scheme somewhat similar to the Lyapunov-Schmidt procedure as well as an
application of the implicit function theorem for Banach spaces. Solutions guaranteed using this
framework emanate from a certain solution of the corresponding linear problem.
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CHAPTER

INTRODUCTION

This paper is devoted to the study of nonlinear boundary value problems in both the continuous and
discrete settings. In particular, we analyze the existence and qualitative properties of solutions. The
size and geometric properties of nonlinearities involved as well as their interplay with corresponding
linear problems determine the conditions under which we can guarantee solutions in different
cases.

In chapter 2, we analyze nonlinear scalar problems in the continuous setting with nonlinearities
in the boundary conditions as well as the dynamics. Results of this type were studied by [3] and [29]
, but were limited in that they could only be used for second-order problems with a very specific
structure. Results in chapter 2 pertain to a larger set of problems on [0, 1] of the form

an ()X 1)+ @,y (£)x D)4+ ag(£)x () +p(x(2)) = G(x)(¢)

subject to the generalized boundary conditions

n 1
ZJ U (D) dw; (1) +17;(x) = ¢(x)
=Jo

where ¢, G, n; and ¢; for 1 <i < n are nonlinear maps and w;; :[0,1] — R is a function of bounded
variation for all 1 <i <7 and 1 < j < n. Expressing the linear boundary conditions in this way allows
for a lot of flexibility, as any bounded linear functional on %4[0,1] can be represented uniquely by a
Riemann-Stieltjes integral with respect to a function of bounded variation. We split the nonlinearities
in this way in order to impose qualitatively different conditions on each component. For 1 <i < n,
the functions a; :[0,1] — R are continuous and a,,(t)# 0 for all £ €[0,1]. We assume in this chapter



that the corresponding linear problems are invertible, or rather that
an(0)x"(0)+ a1 ()" () -+ ao()x(t) = h(1)

subject to

1
ZJ x(j*”(t)da),-j(t)z v
0

j=1

has a unique solution for any continuous function & and v € R”. We impose size and growth
conditions on the nonlinearities involved, and utilize fixed point theorems to provide our main
results.

In chapter 3, we focus on discrete-time systems on [a, b|NZ of the form
x(k+1)—A(k)x(k)+y(x)(k)= f(x)(k)

subject to the multipoint boundary conditions:

b+1

D Cix(PD+n(x)= ().

j=a

where C; is an n x n real-valued matrix for all a < j < b+1. The matrix A(k) is an n x n real-valued
matrix for all integers k €[a, b], and ¢ and f represent nonlinearities in the dynamics and 1 and
¢ represent nonlinearities in the boundary conditions. We investigate cases where the associated
linear problem is invertible as well as others where it is not. Cases where it is not invertible involve
degree theoretic arguments as we impose certain geometric conditions on nonlinearities involved,
and provide advantages over similar results in [20] and [37] by allowing for nonlinearities in the
boundary conditions which grow significantly large in magnitude.

In chapter 4, we study nonlinear perturbations of the classical Legendre boundary value problem.
That is, problems on (—1, 1) of the form

(1= )" ()] +ux(t) = f(x(1))
subject to the condition that the following limits exist and are finite

lim x(f), lim x(¢)
f——1+ r—1-

lim x/(¢)  lim x'(¢).

t——1+ t—1-

Here f :R— R is nonlinear and continuous and € € R. We first investigate the case where ¢ =1, then
allow ¢ to vary in order to determine when we can guarantee solutions for sufficiently small values of



¢. In these cases, the solutions guaranteed emanate from a particular solution to the corresponding
linear problem. Results involve an application of the Lyapunov-Schmidt procedure as well as the
implicit function for Banach spaces.

In chapter 5, we investigate weakly nonlinear boundary value problems on infinite intervals first
in the continuous case then in the context of discrete-time systems. Existing work on this topic (
[15], [31], [32]) is significantly more limited than the results we now present since it requires that the
corresponding linear problems be invertible. In the continuous case, we analyze problems on[0, c0)
of the form

x'(£)—A()x(t)=h(t)+ef(t,x(t))

subject to

I'(x)= u+€f g(t,x(t)dt
0

where A is a continuous n x n matrix-valued function on [0,00), f and g are continuously dif-
ferentiable maps from R”**! into R”, and I is a bounded linear map from the space of bounded,
continuous functions on [0, 00) into R"”. In the discrete case, we consider problems on k=0,1,2,...
of the form

x(k+1)—A(k)x(k)=h(k)+ef(k,x(k))

subject to

Z Cex(k)=u +32g(k, x(k))
k=0 k=0

where Cy is an n x n real-valued matrix for all nonnegative integers k. Denoting the nonnegative
integers by Z,, we have that the maps f:Z, xR" = R"” and g:Z, xR"” — R" are continuous, ¢ is a
real parameter, and A(k) is a nonsingular n x n real-valued matrix for all k €Z, . In both cases, we
provide a framework which allows us to guarantee solutions for sufficiently small values of € where

the solutions guarantees emanate from a particular solution to the corresponding linear problem.



CHAPTER

2

ON THE SOLVABILITY OF NONLINEAR
DIFFERENTIAL EQUATIONS SUBJECT TO
GENERALIZED BOUNDARY
CONDITIONS

2.1 Preliminaries

In this paper, we study nonlinear scalar boundary value problems which we approach by reformu-
lating as an operator equation of the form

Yx=H(x) (2.1

where ¥ is a linear operator, H is a nonlinear operator and both map from a subspace of ¢ into
% xR" where 6 denotes the space of continuous functions on [0, 1]. Suppose that £ has an inverse,
and H =¥+ G where ¥ and G satisfy two separate conditions. The strategy we will employ is to
first give conditions under which . —W is guaranteed an inverse. That is, we give conditions under
which we can uniquely solve the equation

Lx—V¥(x)=y (2.2)




for any point y in the space that ¥ and ¥ map into. Given a result of this type, we then study condi-
tions under which (2.1) has a (possibly non-unique) solution by studying the operator (£ —%)~'G
and determining conditions under which it has a fixed point. This will rely on a Schauder’s fixed
point theorem argument. Throughout this chapter, when we refer to solution we mean a classical
solution to the n-th order problems we consider. That is, an n-times continuously differentiable

function that satisfies both the differential equation and the boundary conditions.

The literature concerning the study of boundary value problems is extensive. In [35] and [38]
the authors analyze boundary value problems subject to linear constraints. The use of projection
schemes appears in [22], [27], [35] and [38]. In [2], and [3] the authors obtain existence results based
on a global inverse function theorem. The work in [3] and [29] analyzes problems in the continuous
setting where nonlinearities are present in both the dynamics and boundary conditions and these
nonlinearities satisfy size and growth conditions. However, these results require a corresponding
linear problem with a very specific structure which does not allow for flexibility if there are linear
terms that don't fit into this structure. This has the effect of making the size and growth conditions
impossible to satisfy in many cases. In the results in this paper, we allow for more flexibility in
terms of what can be considered part of the linear problem and therefore can establish existence of

solutions for many problems for which this closely related previous work is inconclusive.

2.2 Main Results

We consider nonlinear differential equations on the interval [0, 1] of the form
an(£)x " (0)+ a1 ()" (E) 4+ ag(£)x(1)+(x(2) = G(x)(1) (2.3)

subject to the boundary conditions

n 1
>, f I dw; (0 +1i(x)= pi(x) (2.4)
j=1Jo

for1<i<n.

Here ¢ :R— R, the maps 1; and ¢; for 1 <i < n are nonlinear real-valued maps from ¢ =
(C[0,1],R,|]*]lco) into R where ||:||co denotes the supremum norm. Further G : 6 — % is a contin-
uous map, dag,dy,...,a, €6 and a,(t)# 0 for all £t €[0,1]. We use 6" to denote the subspace of
% consisting of all n-times continuously differentiable functions on [0,1]. For 1<i<n, 1< j<n,
wij: [0,1]— R is a real-valued function of bounded variation. We will determine conditions under
which we can guarantee at least one solution in 6 to (2.3)—(2.4).

To do so, we first consider a closely related problem. That is, we seek conditions under which we



can uniquely solve

an(O)x"( 1)+, (£)x D8+ + ag(1)x () +(x(2)) = h(2)

subject to

—
Zf x(]'—l)(t)da)ij(t)-l-ﬂi(x):Vi
j=1J0

for1<i<nandforany h€ % and v eR".

Define L: 6" — %6 by
[Lx)()=a,(£)x" (1) + a1 (0)x" ()4 +ao()x(2)
and B: 6" —R" by
] 1f0 ]1 dwl](t)

Blo)=| - o1 Jo XUy (0

zﬁzlféx“—”(r)dwnj(r)

The map £ : 6" — ¢ xR" will be defined as
L
Y= .

Before proceeding, we state the following remark which illustrates an important special case of
(2.3)—(2.4) that can be dealt with using the framework of this section.

Remark 1. Let t,€[0,1], B €R and let the function w:[0,1] — R be the step function

0, t<ty,
w(x)=
B, t>t,

So for any x € 6, the Riemann-Stieltjes of x with respect to w is given by

1
j x(t)dw(t)= B x(ty).
0



Therefore, the boundary value problem (2.3)—(2.4) includes problems of the form
an(O)x(0) 4 ()20 ag(0)x (1) +1p(x(1) = G(x)(1)
subject to the multipoint boundary conditions

n1(x) ¢1(x)
q
ZBiJ_C(ti)"' n2(x) _ ¢o(x)
=
Nn(x) Pn(x)

where

x(n—l)(t)

t; €[0,1], and B; is a real-valued n x n matrix forall1<i<gq.

It is well known from the theory of linear differential equations that ker(L) is n-dimensional.
Without loss of generality, choose a basis {u;, u,,..., u,} for the kernel of L such that || ;|| +]||uz ||+
~+|lu,ll<1andlet

Suppose that the functions of bounded variation w;; :[0,1] =R for i, j €{1,2,...,n} appearing
in the boundary conditions are such that the n x n real-valued matrix 8 =[Bu;|Bu,|...|Bu,] is
invertible.

Note that one set of relevant examples where this condition on 23 is the case of alinear regular Sturm-
Liouville problem perturbed away from an eigenvalue. Results in [3] and [29] analyzed nonlinear
perturbations of such problems. One specific example is when L is of the form

[Lx](t)=x"(t)+px(t)

B is of the form

Bx=

ax(0) ]
rx(1)

where u # n?n? for any positive integer n. For more details regarding Sturm-Liouville theory in



general, the reader can consult [4].

Defining the constant By as:
By=137"]|
then we have that for any v e R"

T ;z2—1
lu” B~ v| < Bylvl.

m(x)

As a matter of notation, define n: ¢ = R" by n(x)= 72(x)

Mn(x)
In the following theorem, we give conditions under which we can solve a very closely related

nonlinear problem.

Theorem 1. The map (leer( B)) is a bijection from 6" onto 6 and its inverse is continuous. Suppose
the map Y :R — R is Lipschitz with constant Ky, n: ‘6 — R" is Lipschitz with constant K, and

AgKi+ByK, <1
where Ay = H(leer( B))_l H Then for each pair h€ 6, v eR", the boundary value problem

() x()+ @,y ()" () -+ ag(£)x () +(x(2)) = h(t)

subject to
1
Zf x(]fl)(t)dwij(t)_kni(x): v;, 1<i<n
j=1J0
has a unique n-times continuously differentiable solution.

Proof. Suppose Z(x,)=0 for some 0# xy€ 6" and {u;,..., u,} be the basis we chose for ker(L)
above. Since x; € ker(L) there exists a unique set of constants c,...,c, € R with ¢; # 0 for some

1<i < n such that x, :Z?ZI c; u;. Since x, € ker(B) we have that

OZBXO

)

i=1

n
= E c,-Bul-
i=1



contradicting the fact that {Bu;,..., Bu,} is a linearly independent set in R”. Therefore, x, =0 and
we conclude that £ : 6¢" — ¢ xR" is one-to-one.

Let h € ¢ and v €R”. By the general theory of linear scalar ODEs it is well known that the solution
Lx = h has at least one solution in ¢". Let x,, € 6" be the particular solution to this equation given

by variation of parameters. That is,

RN " h(s) Wil ..., 1, )(5)
Xp(t)—zuk(t)Jo dn(S)W[ul,...,un](S)dS

k=1

where W, denotes the determinant of the matrix obtained by replacing the k*”* column of the matrix
whose determinant is W with e,, (the standard basis vector with a 1 in the n'" slot and 0s everywhere
else).

By our assumption that {Bu;,..., Bu,} is a basis for R”, there exists a unique set of constants
dy,...,d,, such that

n
ZdiBui:v—B(xp).
i=1

Then we have that

n
L(xp+2diui):h+0:h
i=1

n n
B(xp+2diu,-):B(xp)+B( d,-ul-)
i=1 i=1

n
= B(x,)+ > d;Bu;

i=1

and further that

= B(x,)+(v—B(x,)).
Therefore, £ : 6" — ¢ xR" is a bijection with
L7, 0)T =(Llens))  h+u’ B v

where (leer( B)) is the map L restricted to the kernel of B. Consequently, we have that ||.£7!|| <
max{A, By} where Ay is an upper bound on the norm of the continuous linear map (leer( B))_l

—Y(x)

—n(x)
t —(¢)is Lipschitz with constant Kj, then the map from % to %6 defined by x — ) o x is Lipschitz

We now define¥: 6 — ¢ xR"” by ¥(x)= [ . Note that since the map from R to R given by




with constant K;. For each pair (h, v) € ¢ xR", we define the map H, ,): 6 — 6 by
Hipy(x)= L7 0(x)+ 27 (h,v)"].
Let x1, x, € 6. Then we have that

| Hop, vy (61)— Hp, o) (62)ll = 112710 (301) — 2710 ()|

< Aol (x1) =y (x2)l1+ By lln (1) — ()
<(AgK; + By Ky)l| x; — 2.

Then H, ;) is a contraction on 6 and so by Banach’s fixed point theorem it has a unique fixed
point xy € 6. Since .£~! maps into 6", we have that x, € 6". Therefore, there exists a unique
Xo € 6" satisfying £ (x)—W¥(x)=(h,v)". Since h € ¢ and v € R" were arbitrary, we conclude that the
operator (£ —V): ¢" — ¢ xR" is invertible. From this it follows that for each pair (h,v)e ¢ xR",
the boundary value problem

an ()X 1)+ @, (£)x "I+ ag()x () +(x(8) = h(t)

subject to

1
Zf x(]—l)(t)dwl](t)+r]l(x)= v, ISZSI’Z
0

j=1
has exactly one solution.

O

The following lemma establishes an important result regarding the map £~ : 6 xR" — 6. The
importance of this lemma will become apparent when we provide our conditions for the solvability
of (2.3)—(2.4).

Lemma 1. The operator £~ : 6 xR" — 6 is compact.

Proof. Let M >0 and define S={(h,v)e € xR":||h||+|v|<M}.Let (h,v)eS. Then

L=, )l < [ 27|l + 0
<max{Ay, Bo}(l|2[|+]v])
< maX{Ao,Bo}M.

Therefore the set {£~1(S)} is bounded. We now wish to show this set forms an equicontinuous set

of functions.

Lete>0,andleto = Then for any (h,v)€ ¢ xR" and #;, 1, €[0,1] with [t; —5,| < 0,

£
max{Ag,Bo}M *

10



L2, 0)](0)-[£7'(h, )] (1)

= \[(Lh(erw))‘l R () ~[(Llens)) " h](e2)+ 1" (0) B v(11)—u" (1) B v(12)

< \[(uker(m)‘lh](m—[(uker(m)‘lh](tz) +u" () B v(t)—u () B V(L)

<max{Agy, By} M |t; — |

<eé&.

Therefore the set of functions {.Z~1(S)} is equicontinous and we conclude that £~!: 6 xR" — €
is compact by the Arzeld—Ascoli theorem. O

Recall that in the proof of theorem 1, we established that the operator £ —W is a bijection from
%" onto 6 xR". We now state important properties of (£ —W)~! under the conditions of theorem
1. The proof of the first corollary follows directly from corollary 2.3.2 in [8].

Corollary 1. Suppose the conditions of theorem 1 hold. Then the map (£ —V) ! : 6 xR" —» 6" is
Lipschitz continuous with constant

max{Ay, By}

K .
1—(AK; + By K>)

Corollary 2. Under the conditions of theorem 1, the map (£ —%) "' : 6 xR — 6" is compact. This
follows from the fact that we can write

(=0 =2 (Wo(L—W) " +1).

Therefore it is clear from this representation that(£ —¥) ' is compact as the composition of a compact

operator with a continuous one.

We now proceed to establish conditions for the solvability of the boundary value problem
an(0)x"(0)+ @y ()" 7D() -+ ao( ) (1) +1p (x(1)) = G (x)(1)

subject to the boundary conditions

n 1
> f XU d ey j(0)+1:(x) = i(x)
j=1Jo

11



for1<i<n.

¢

G
We define ¢ : ¢ = R" by ¢ = 9> and%:(@ﬁ%xR”bygzld)l_

Pn

In doing so, we are now ready to state sufficient conditions under which we can guarantee the

existence of at least one solution to the nonlinear boundary value problem (3)—(4).

Before stating theorem 2, define M, as the norm of the unique solution to the boundary value
problem

an ()X 1)+ @, (£)x I+ ag(1)x (1) +(x(£)) =0

subject to the boundary conditions

n

1
ZJ U (@)dw; (1) +1:(x)=0
=1Jo

for1<i<n.

Theorem 2. Suppose the map ) : R— R is Lipschitz with constant K, and n: ¢ —R" is Lipschitz
with constant K,. Suppose that

AyKy+ByK, <1

and that there exists a constant M such that for || x|| < M, ||%(x)|| < K~'(M —M,). Then there exists a
solution to the boundary value problem

ap(O)x ")+ ()27 (0) -+ ag(0)x (1) +1(x(1)= G(x)(1)
subject to the boundary conditions

n 1
ZJ U (D) dw; (1) +0:(x) = ¢(x)
=1Jo

for1<i<n.

Proof. Note that the map (£ —¥)"1%: 6 — % is compact as the composition of a compact operator

12



with a continuous one. Define B={z <€ 6 :||z|| < M}. Let x € B. Then

(L =) () <L —P) " G (x)— Ml + M,
< K||9(x)Il+ Mo
< K(K™H(M—My))+M,
=M.

Since (£ —W¥)'¥(B) < B and B is clearly closed, bounded, and convex we have that (¥ —¥)~' ¥ has
atleast one fixed point in 6 by Schauder’s fixed point theorem. That is, there exists at least one xy € €
such that (£ —U)"19(x,) = x,. Since (£ —¥)~! maps into 6", we have that x, must be an element
of €. This is equivalent to there existing at least one xy € 6" such that £ (xg)—¥(xy)=%9(x). O

The following corollary is immediate:

Corollary 3. Suppose the map ) :R— R is Lipschitz with constant Ky and n: ¢ —R" is Lipschitz
with constant K. If

Aok +ByK, < 1

and

Il _,

Ixl—oo ||
then the boundary value problem (2.3)—(2.4) has a solution.

In the next section, we consider advantages this framework provides us in cases where we
attempt to analyze problems that are seemingly well-suited to using the framework outlined in [3]
and [29]. In these papers, the authors also gave criteria for the existence of solutions to boundary
value problems in the differential equation setting with nonlinearities in both the dynamics and the

boundary conditions.

2.3 Examples

To view advantages of using this framework as opposed to previous results, consider another set
of special cases of the general boundary value problem (2.3)—(2.4). That is, problems already in
self-adjoint form. This is a necessity if we are to attempt to use the analysis of [3] and [29].

Remark 2. Consider differential equations on[0,1] of the form:

(p()x" ()Y +q()x(t)+y(x(2)) = G(x(1)) (2.5)

13



subject to the boundary conditions

2 1
ax(0)+ﬁx’(0)+ZJ XUt dw, (1) +1,(x)=0
j=1J0

(2.6)
2

1
yx(1)+5x’(l)+2f xUD()d wy (1) +1(x)=0
j=1J0

where) : R — R is Lipschitz, @*>+ 32 #0, y?+ 6% #0, n, and 1), are nonlinear Lipschitz functions from
%? into R. The function w;j:[0,1]—R is a function of bounded variation fori=1,2 and j=1,2.
We assume that p,p’, and q are continuous, p(t)> 0 for all t €[0,1]. We assume the map G is a
continuous function from 6 into 6 satisfying

1G (%)

im
lIxll—oo||x]]

Using results from [3] and [29], we would have to treat the linear integral boundary conditions
appearing in (2.6) as part of the nonlinear component of the problem. Let K, be the Lipschitz constant
of the map defined by

>2 ) U 0)d ey (0)+m(x)
> o XU dws (1) +15(x)

X —

with respect to the norms used in those previous papers. Suppose {u., u,} is a basis for the solution

space of
(p()x'(£)Y +q(t)x(t)=0

and without loss of generality suppose that

1 3 1 3
U |u1(t)|2dt) +(f |u2(t)|2dt) <1.
0 0

auy(0)+ B uy(0),  au,(0)+p uy(0)

, ; ] is invertible. Then if
yu (1) +oui(1), yup(1)+0uy(1)

Further, suppose the 2 x 2 matrix B = l

(sup L@‘HA)I@Z 1

veR?

it would be impossible to establish the existence of solutions to (2.5)—(2.6) using any of the results

appearing in [3] or [29].

14



When we formulate (2.5)—(2.6) within the framework presented in section 3, it is clear that if the

map

(p()x'(2)) +q()x(t)
x| ax(0)+x(0)+ Y5, [y U (1)dw, (1)
rx(+6x'()+37, [y xU(1)dws;(1)

is a bijection from its domain onto 6 x R? then the boundary value problem would have a solution
provided the Lipschitz constants for n,1,, and y are sufficiently small. The magnitude of the linear

integral boundary conditions is completely irrelevant.

We would now like to point out that the map G that we have just described can be generated in

a variety of ways. For example G could be of the form
G(x)(1)=g(x(t))
where g :R — R is continuous or of the type
1
G(x)(t):f k(t,x(s)ds
0
where k:R?> - R.

In addition to the advantages that we have just discussed, we would like to point out that if the

nonlinearities 1); appearing above are of the form
N
ni=>_fi(x(t;)
j=1

then in order to use results appearing in [3] or [29] it must be assumed that the operator G is compact.

This restriction is no longer present when using the results that we have just presented.

15



CHAPTER

3

ON NONLINEAR BOUNDARY VALUE
PROBLEMS IN THE DISCRETE SETTING

3.1 Preliminaries

Let Z denote the set of integers and a, b € Z. We consider nonlinear discrete-time systems on
[a,b]NZ of the form

x(k+1)—A(k)x(k)+y(x)(k) = f(x)(k) (3.1)

subject to the multipoint boundary conditions:

b+1

D Cix(j)+n(x)=¢(x). (3.2)

j=a

Throughout this paper we will be working over the integers and subsets of the integers. Therefore,
for a,  €R where a < 8 we will use the notation [@, ] to denote the set {x €Z:a < x < f3}. Let a and
b be integers and let X denote the space of functions from [a, b+ 1] into R”. Let Y denote the space

of functions from [a, b] into R”. We endow X and Y with the norm ||-|| defined by
[l x[| = max|x (k)|
where the max ranges over the domain of the function. In (3.1)-(3.2) above, C; is an n x n real-valued

matrix for all @ < j < b+1. The matrix A(k) is an n x n real-valued matrix for all integers k €[a, b].

16



For Ae R™", we use the norm

llIAlll= sup|Av]

[v[=1

and for X:[a, b]— R"™", define the norm by
X[ =max|lIX (Il

where i ranges over the domain of the matrix-valued function. For (h, v)e Y xR", we use the norm
I(h, V)l =IRll+]v].

The functions ¥ and f are nonlinear maps from X to Y while 1) and ¢ are nonlinear maps from X
to R". We seek conditions under which we can find at least one solution to (3.1)—(3.2) in X.  In
the first section, we formulate our boundary value problem as an operator equation of the form
2 x =%(x)where .¢ islinear and ¥ is nonlinear. Results in the first section require the map . being
invertible, and rely on fixed point theorems as well as a global inverse function theorem. Conditions
are imposed that restrict the size and impose growth conditions for the nonlinearities involved in
both the dynamics and boundary conditions. For the use of similar framework in the analysis of
discrete problems, please see [26] and [1] for systems or [3] and [29] for scalar problems. For use of
this type of argument in the continuous setting, the reader is referred to [12], [3], and [29].

The second framework provides geometric conditions that can be used to guarantee solvability in
certain cases and doesn’t require a certain operator to be invertible. Results rely on useful properties
of the Brouwer degree of a continuous map between finite dimensional spaces. We impose geometric
conditions on the nonlinearities in this section. The reader can reference [20] and [37] for this type
of argument in the context of discrete systems. The work presented here is an improvement in
certain cases over results presented in these papers as here we allow for more generality in both the
dynamics and the boundary conditions. For the use of projection methods in the setting of discrete
problems see [10], [11], [19], [22], 28], [1], [34], and [37].

3.2 Main Results

3.2.1 Lipschitz/Growth Conditions

Define the map L: X — Y by

[Lx](k)= x(k+1)—A(k)x(k)

17



and the map B: X —R”" by

b+1

Bx =2ij(j).
Jj=a

L
Now define : X - Y xR" by £ = ( B ) We begin by stating some general theory regarding linear

difference equations. Throughout section 3.2.1, we make the assumption that the n x n matrix T’
defined by
b+1
r=> Cj%(ja)

j=a

is invertible where ®(k, [) is defined for any [ €[a, b], k > [ by
o(k,l)=Ak—1)A(k—2)---A(l), k>1I

and ®(k,l)=1 if k=1. There is a large class of discrete boundary value problems where this assump-
tion on the linear problem is satisfied. For any case where the matrix A is constant, this condition is

satisfied provided
b+1

oA
2.Cre
j=a

is nonsingular. One specific but important case where this condition may be satisfied is in the study
of the periodic behavior of discrete dynamical systems. This implies that . is a bijection from
X onto Y xR". Equivalently, for any h € Y and v € R” there exists a unique solution to the linear

boundary value problem

subject to

b+1

D Cix(j)=v
j=a

and this solution can be represented as,

b+1 j—1 k—1
x(k):cp(k,a)rl{u— > CJ-ZQ)(j,H1)h(l)}+2<1)(k,j+1)h(j).

j=a+l I=a j=a

For a proof of this fact, please consult lemma 2.1 in [26].
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Define the constants A; and A, by:

b+1 J k—1
Ar=| |ofar > ]Zq>( 1+1)||+ sup || ®(k,j+1)
j=a+1 I=a ke[a,b+1] j=a
Ay =], a)r .
Thenforany heY, kela,b+1],
b+1 Jj—1 k—1
—0(k,a)l™ > C; > B, 1+ D1+ > Bk, j+1h(j)| < Ayllhll
j=a+1 I=a j=a

and for any v eR",

1B, )T v|| < Ay |v).

Therefore it is clear from the representation of £ ~! above that for any (h,v)€ Y x R" we have

|7 (h,v)|| < ALllRI+ Az v]
and consequently
27| <max{A;, 4,}.

We now connect results concerning this closely related linear problem to the solvability of the
nonlinear boundary value problem (3.1)-(3.2).

Define the maps ¥: X — Y xR" by
W):l ~(x) l
—n(x)

g(x):l f(x) l
¢ (x)

The following result is the discrete time analog of a theorem appearing in [12]. Since [12] is

and Z : X — Y xR" by

devoted to differential equations, we have provided a proof of the theorem that follows for the sake

of completeness.

Theorem 3. Suppose that ) : X — Y is Lipschitz continuous with constant Ky and n: X - R" is
Lipschitz continuous with constant K,. Suppose further that K*=A, K1+ A, K, <1. Then £ -V isa
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bijection from X onto Y xR" and (¥ —V)"': Y xR" — X is Lipschitz continuous with constant

_ max{A;, Ay}
- 1-K*

K
Suppose further there exists a positive number M such that for || x|| <M
17 ()l < K (M~ —w) 0)])-
Then the boundary value problem
x(k+1)—A(k)x(k)+y(x)(k)= f(x)(k)

subject to the multipoint boundary conditions:

b+1
D Cix(j)+n(x)= ()
j=a

has a solution in X .

Proof. Let(h,v)e Y xR" and define
H(h'y):X_>X
by Hip,)(x)=L"1¥(x)+£7 (h,v). Let x;, X, € X. Then

[ Hen, ) (1) = Hig ) (%21l = 1127100y ) — 2710 ()|

< Aqllp ()= ()l + Az ln(x1) —n(x2)l
<A K +AK <1

So Hy,,) is a contraction on X and therefore is guaranteed a unique fixed point x, € X by Banach’s

fixed point theorem. That is, for any pair (h, v) € Y x R” there is a unique xy € X such that
(L —0)(x0) = (L —¥)(x0)= (R, v) .

By corollary 2.3.2 appearing in [8], the map (£ —W)™! is Lipschitz continuous with constant

AA
szaX{ 1 2}'
1—K*
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Nowlet S={z€ X :||z|| <M} andlet x €S. Then

I —0) " Z(0)l < N(L—0) " F(x)—(L =) (0)]|+]I(£ —T) " (0l
<K|Z(x)+]I(Z -1 o)
<K(KH(M—|(—o) " 0)])+](£—v) )
=M.
Note that S is compact and convex. We have now shown that (£ —¥)~'.%(S) ¢ S and therefore by
Brouwer's fixed point theorem (£ —¥)~'.7 is guaranteed at least one fixed point in S. Since (£ —V)

is invertible, this is equivalent to guaranteeing at least one solution in S to the boundary value
problem (3.1)—(3.2). O

The following remark points out that under certain cases, the theorem above can be used to

guarantee a unique solution to the boundary value problem (3.1)-(3.2).

Remark 3. Note that theorem 1 implies that if K* <1 then the boundary value problem
x(k+1)—A(k)x(k)+y(x)(k)=h(k)

subject to

b+1
D Cix(+n(x)=v
j=a

has a unique solution for any pair (h,v)e Y xR".

In the following remark, we point out that framework in this section can be used in certain cases
to establish existence of solutions to scalar boundary value problems in the discrete setting. For the
convenience of the reader, we present a general scalar boundary value problem and reformulate

this problem as the equivalent system in the form (3.1)-(3.2).

Remark 4. Leta,b,n€Z witha < b and n> 0. Consider discrete scalar boundary value problems on
[a, b +n] of the form

an(k)x(k+n)+a,(k)x(k+(n—1))+-+ao(k)x(k)+y(x)(k)= f(x)(k)

subject to the boundary conditions

> cijl@)x(j+a—1)+ Y ¢ la+x(j+a)+-+ D cij(b+1)x(j+b)+n;(x)=;(x)
= =1 =1
for1<i<n.
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Here ay,...,a, € Y ={f :[a,b] — R} with a,(k)#0 for all k € [a,b] The maps y and f are func-
tion valued and n; and ¢; are maps from X ={f :[a, b +n]— R} into R. Suppose we seek conditions
under which we can guarantee at least one solution to this scalar problem in the space X . Then define
y:la,b+1]—-R" by

x(k)
Jik) = x(k+1) ,
x(k+(n—1))
the n xn matrices C; fora<l<b+1 by
Cr=[c; j(1)]
the maps),g:X — Y by
A L B I P R A U
() g(n)
andn, ¢ : X —R" by
0
seerndD=| 0 [ $npeniD=|
n(n) »(n)

Define for all k €[a, b], the n x n matrix A(k) is defined by

0 1 0 0

0 0 1 0

A(k): e cee e
—B(k) LK) —L(k) - —L(k)

Then we could formulate this scalar boundary value problem as a first order system. That is, solving

the scalar problem above is equivalent to finding a solution y € X to the system

y(k+1)=A(k)y () +(y)(k)= F(y)(k)
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subject to
b+1

D CyD+0)= ().
I=a

In the introduction, we referred to existing results regarding existence of solutions to nonlinear
discrete scalar boundary value problems. Two of note are [3] and [29], which analyze nonlinearly
perturbed Sturm-Liouville equations in the discrete setting. The following set of examples illustrates
that framework in this section can be used to establish existence of solutions to problems for which

the results of these previous papers is inconclusive.

Example 1. Consider the following boundary value problem on[la—1,b—1],
Alp(k—1DAx(k—1)+q(k)x(k)+y(x)(k)= f(x)(k)

subject to
ax(a—1)+BAx(a—1)+ Y apx(ty)=¢(x)
k=1
q
rx(b)+5Ax(b)+ Y B;x(s)=pa(x)
j=1

where Ax(k)= x(k+1)—x(k). If any one of the constants ay, B; fork=1,2,...,m and j=1,2,...q is
sufficiently large in magnitude, we would have no chance of guaranteeing solutions using results
appearing in [12] or [29]. However, using the framework presented in this section we could guarantee

solutions independent of the sizes of ay,..., &, B1,..., By

3.2.2 Geometric Conditions

In this section, we present results regarding the existence of solutions to (3.1)—(3.2) under conditions
independent of the invertibility assumption made in the previous section. In this section, we denote
f—yY =g, p —n=q and rewrite the system (3.1)—(3.2) as

x(k+1)—A(k)x(k)=g(x)(k)

subject to the multipoint boundary conditions:
b+1
D Cix(H=q(x).

j=a

The reason for not splitting the nonlinearities like in section 2.1 will become clear when we state

our conditions. Throughout this section, we assume that G is generated by a continuous function g
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that maps from R” into R”. More specifically

g(x)(k)=G(x(k)).

We assume in this section that we can split g into the sum of two nonlinear operators ¢q; and g,.
Further, suppose there exists a positive number M such that for || x|| < M, g, satisfies ¢;(—x)=—q;(x).
Define L: X — Y as in last section and the nonlinear maps N : X — Y xR” by

N(x)=

Lx ]
Cpr1x(b+1)—qi(x)

and 9:X — Y xR" by

g(x)
9 =
&) l @)= Cx(l) l

Guaranteeing solutions to (3.1)-(3.2) is equivalent to guaranteeing solutions to the nonlinear

operator equation N(x)=%(x).

Lemma 2. Suppose)C X is an open bounded neighborhood of 0 € X such that that N(x)=0 has no
solutions on 02 and N(x)# A%(x) for every(x,A)€ 002 x(0,1). Then the equation (3.1)—(3.2) has at

least one solution in Q.

Proof. Consider the map 7 : X x[0,1]— Y xR" by
F(x,A)=1—=A)N(x)+A(N—9)(x).

Since N is odd and has no zeroes on 9%, d[N,,0]#0 and Z(x,0) # 0 for all x € Q. Note that
Z(x,A)=01is equivalent to N(x)=A%(x) which by assumption has no zeroes for x €99, A1€(0,1).
Suppose first that there exists an xy € 92 such that & (xy,1)=0. Then x; is a solution in 92 to (3.1)-
(3.2). If not, then & has no zeroes on 92 x[0,1]. Therefore by homotopy invariance of the Brouwer
degree established in [21],

d[(N—%9),Q,0]=d[N,Q,0]#0

and so (N —%) must have at least one zero in €. This of course is equivalent to (3.1)-(3.2) having at
least one solution in Q c X.
]

We are now ready to state the following theorem giving conditions for the solvability of (3.1)-(3.2).

Theorem 4. Suppose that for allv eR" and k €[a, b],

(v, Alk)v) = |v*.
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Then we can guarantee a solution to
x(k+1)—A(k)x(k)=g(x)(k)

subject to

b+1

D Cix()=q(x)
j=a
provided there exists a positive constant r < M such that,
e ForveR" with|v|=r,
(v,G(v))>0

and

e Forall x € X such that|x(b+1)|=r,

b+1
|1 ()1 > | g2 ()| + (Z'“Cl III) r.

I=a

Proof. Let Q) be the set
Q={ueX:|u(k)<r VYkela,b+1]}
and note that 2 is an open, bounded neighborhood around 0 € X. Further, note that
Q={ueX:|u(k)<r, Ykela,b+1]}
so then
0={ueQ:|u(ky)|=r, for some ky€[a,b+1]}.

The set €2 is simply the open ball of radius r in X.

First we will show that N(x)=0 has no solution on 9. Suppose to the contrary that there is such
a solution and call it x,. Since || Xo|| = r, there exists some k €[a, b +1] such that |xo(k)| = r. Suppose
that k €[a, b] and that |xo(k +1)| < r. Then

(x0(k), A()x0 () = (x0(k), x0(K +1))
<o (F)l| o+ 1)

<r?
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a contradiction to condition i) above. Therefore, |x(k)| = r for all k> k. In particular |xo(b +1)|=r.

By condition iii),
|01 (x0)— Cps Xo(b + 1| = 1 (x0) — 11| Cp Il 7
>0.
Next we will show that
N(x)=A%(x)

has no solutions for A €(0,1) and x € 9. Suppose there does exist such a pair (y,A)€ 92 x(0,1)
satisfying this equation. Then for all k €[a, b]

y(k+1)—A(k)y (k) =AG(x(k))

and further

b
Cb+1y(b+1)—q1(y)=71lqz(y)—z Cy()
l=a

Since y € 012 there exists some ky € [a, b + 1] with |y(ky)| = r. First suppose that ky €[a, b]. Since
y €9, it follows that (y(ky), y (k)—y (ko)) <0 for all k €[a, b +1]. However,

(ko) y(ko+1)—y(ko)) = (y(ko), y (ko +1)—A(ko)y (ko))
:My(ko)rG(J’(ko)»
>0

which is a contradiction. (Note that the first to the second line follows from i) and the third to fourth

line follows from the first part of ii)). Now suppose that ky = b +1. Then we have from above that

ly(k)l<r

for all k €[a, b]. Therefore by the second part of condition i),
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|Co1y(b+1)=a1(y)| 2|1 (y)| = Cpalllr

b+1

> |q2(.V)|+(Z|HCl”|) r=[l1Cpsalllr
l=a

b
=|q2(y)|+(2|ucl|||)r

I=a

b
>|qu(y)= > Cry(D)
l=a
} b
> A aa(y)=D, Ciy(l)

l=a

which is a contradiction as well. Therefore, by the previous lemma we can guarantee at least
one solution to (3.1)—(3.2) in 2. O

3.3 Examples

Example 2. As a special case of (3.1)-(3.2) are multipoint boundary value problems on[a, b +1] of
the form

x(k+1)—A(k)x(k)=G(x(k))

subject to

b+1

> Cix(l)=q(x(a),q(a+1),...,x(b+1))
l=a

Let N be the number of integers between a and b +1. Suppose q :RN" —R" is nonlinear and that

q=q+q, where—q,(81,5,...,SN)=qg1(—81,—S2,...,—Sn) for all (s, S, ...s,) €ER" such that

max |[s;|=M.
i=1,2,...n

Further suppose that there exists r < M such that for (sy, S,, ..., Sy) satisfying |sy|=r1,
b+1
(51, 825, 53)] > |q2(s1,s2,...,sN)|+(Z|||cl|||) r
l=a

Then if A satisfies the conditions of condition i) and (f(v),v) > 0 for all |v| = r we can guarantee solu-

tions to this two-point boundary value problem. Examples of g :RN" —R" satisfying this requirement
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include

G($1, 820, SN) = Go(S1,525-» Sn—1)+ Blsw [P sy
for B sufficiently large or alternatively

G(51, 52, r SN) = Go(S1, 525+, Sy_1 )+ 0 €N sy

for 6 sufficiently large.

Using the framework appearing in [37], we would be unable to guarantee solutions in cases where
the magnitude of q(sy,...,Sy) grows very quickly as one of sy,..., sy grows in magnitude. However,
results presented in this paper allow us to guarantee solutions in certain cases to problems where this

happens to be the case.

Example 3. Consider discrete systems on [a, b +1] of the form
x(k+1)—A(k)x(k)=G(x(k))

subject to the multipoint boundary conditions:

b+1

D Cixli=q(x)
j=a

where q itselfis an odd function on all of X . Then letting q, = q and g, =0 using the above construction,

we get that condition iii) of theorem 2 is satisfied provided

b+1

lim >
llx]l— oo ||x|| Zl” Cilll

Example 4. We now discuss the case of completely linear boundary conditions. For previous results
involving geometric conditions for the solvability of nonlinear discrete time systems subject to linear
boundary conditions, the reader is referred to [20]. Here, we consider discrete systems on[a, b +1] of
the form

x(k+1)—A(k)x(k)=G(x(k))

subject to the multipoint boundary conditions:

b+1

D Cix(j)=0
j=a

1
b+C

where C; eR"*". Then letting q,(x)= Zj:a ;x(J) and g»(x)=0 we have that condition i ii) is satisfied
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provided

b+1

D Cix())
j=a

forall x € X satisfying||x|| < r and |x(b +1)|=r. Using results appearing in [20], we would be unable

>0

to establish existence of solutions for such problems unless Cy,,; is invertible and

b
-1 _
> ChGi=1.
l=a
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CHAPTER

4

ON NONLINEAR LEGENDRE BOUNDARY
VALUE PROBLEMS

4.1 Preliminaries

The classical Legendre eigenvalue-eigenfunction problems consists of finding the scalars ¢ and
functions x :(—1,1) — R such that

[(1—£2)x(0)] +ux(£)=0

for all t €(—1,1) where

lim x(t), lim x(t)
t——1+ t—1-
lim x’(¢), lim x/(¢).

t——1+ r—1-

all exist and are finite. It is well-known that nontrivial solutions of this problem exist if and only if
u=k(k+1)where k is a nonnegative integer [4]. If u = k(k + 1), the only solutions are the constant
multiples of the k‘* Legendre polynomial. In this paper, we consider a nonlinear perturbation of
the differential equation subject to the same boundary conditions. That is, the existence of finite
limits of x(¢) and x’(¢) at 1 and —1.

Approaches similar to the ones appearing in this paper have been used in a variety of settings
in the study of nonlinear boundary value problems. For the use of arguments similar to those in
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section 4.2.1 in the continuous and discrete cases, the reader is referred to [12], [17], [28], [2], and
[29]. For the general theory of projection methods in nonlinear boundary value problems we suggest
[32]. For the use of projection methods similar to those in subsections 4.2.2 and 4.2.3, see [10], [24],
[25], [34], [36], and [38]. For results involving topological degree theory arguments in the analysis of
discrete boundary value problems, the reader may consult [5] and [9].

4.2 Main Results

4.2.1 The Case of Invertible L

Even though in this paper we are mainly interested in the cases where the parameter u in the
equation below is an eigenvalue of the associated linear Legendre equation, we devote this first
section to the case where u # k(k + 1) for any nonnegative integer k. We consider boundary value
problems on (—1, 1) of the form,

[(1—2)x" ()] +px(r) = f(x(1)) (4.1)
subject to the condition that the following limits exist and are finite

lim x(1), lim x(¢)
t——1t r—1-

4.2)

lim x/(¢)  lim x'(¢).

t——1+ t—1-

Throughout this paper, we assume that f : R — R is Lipschitz. Let £? denote the space of functions
£?=(£?—1,1],|-1l»), X be defined as the subspace of functions in .¥? where the limits appearing
in (4.2) exist and are finite and

D(L)={x e X : x’is absolutely continuous and x” € £?}.

This implies that f o x € ¥ for all x € £2. We seek conditions under which we can guarantee
the existence of a solution to the boundary value problem (4.1)-(4.2).

We now present some basic results regarding a closely related linear boundary value problem. If
u# k(k+1)for all k, the equation

[(1—2%)x" ()] +px(t)=h(z)
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has exactly one solution satisfying the condition that the following limits exist and are finite

lim x(¢), lim x(t)

r——1+ r—1-

lim x'(¢)  lim x'(¢).

t——1+ t—1-

Define the map L:D(L)— ¥? by
[Lx](6)=[(1—*)x"(2)] +px(2).

Clearly, if u # k(k +1) for all k then L is a bijection from D(L) onto .£2.

Let P, denote the k'"-degree Legendre polynomial and p(t)=(1—t?). From general Sturm-
Liouville theory, the equation (p x”) + Ax =0, subject to the condition that the limits in (4.2) exist and
are finite, has countably many simple eigenvalues Ay = k(k + 1) with corresponding eigenfunctions
Py for k > 0. It is also well-known that L is self-adjoint and that the graph of L is closed [4]. Further,
the unique solution x;, € D(L) to Lx = h guaranteed above can be represented by the eigenfunction
expansion,

= ) h, Pk
kz [u— k(lc + 1)

where (-,-) denotes the standard .#? inner product. From this is follows that L™ is continuous and

that
)1 /2

This information, as well as more on the general theory of Legendre polynomials and the Legen-

1
(—k(k+1)2(k+3)

EH

k=0

dre differential equation can be found in [4].
Before presenting the next corollary, we first must introduce some notation. Let ¢ denote the
space of continuous functions on [—1,1], and ||-||sc denote the standard norm on this space. That is,

for a continuous function x on [—1,1],

llxlloo = max [x(z)].
te[—1,1]

In the following corollary, we establish the continuity of L™! by giving a bound on its operator norm

that will be useful later.

Corollary 4. Thereexists K >0 such that forallh € Im(L)C £?, the unique solution xy, to the equation
Lx = h satisfies

1 %hlloo < K| 7]l
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and
I3 lloo < KI2]l.
Proof. Define the map L:D(L)— Im(L) by
[Lx](0)=[1— )" (0)) +ux(z)

where D(L) consists of the same set of functions as D(L) but is endowed with the norm ||-||;;2 given

by
21l 2 = llzlloo + 112" ll oo + 112 II.

Note that the map L is a continuous, linear bijection onto %2, and that D(L) and Im(L) are Banach
spaces. Therefore, by a consequence of the open mapping theorem, L~! is continuous. This means
there exists a K > 0 such for any h € 22 the unique solution x;, to Lx = h satisfies:

Kbl = xpll g2 2 | x4l 0o
and
KAl = llxpllg2 = 1% lloo

as required. O

Now we are ready to provide the following lemma which establishes an important property of
the map L.

Lemma 3. The map L™': Im(L)— %2 is compact.

Proof. Consider the map L:D(L)— Im(L) defined by
[Lx](6)=[(1—)x"(2)] +ux(t)

where D(L) consists of the same set of functions as D(L) but endowed with the norm || ||o. Note
that L is invertible due to the fact that L is invertible. We wish to show that L is compact using the
Arzela-Ascoli theorem. Let M > 0 and define S to be the set S={zeIm(L):||z|| < M}.Let h€ S and
observe that

1L Rlloo < K 1A
<KM.

Therefore, the L7(S) is a uniformly bounded set of functions in 6. We now wish to show that this

set is equicontinuous.
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Let h €S and let £ > 0. By the previous corollary along with the mean value theorem, for any h € £?
L7'h is Lipschitz on S with constant KM. Let 6 =¢/KM and |t; —t,| < 6. Then we have that

I h(t))— L' h(5)| < KM |t — 1,

<Eé.

Therefore, L~1(S) is an equicontinuous set of functions in %. By the Arzel4-Ascoli theorem, L' :
Im(L)— D(L)is compact. Therefore, it follows that L™!: Im(L)— D(L) is a compact operator. [

We now discuss the issue of whether we can guarantee a solution to the nonlinear boundary

value problem
[(1—2)x ()] +px(2) = f(x(1))
where x satisfies the condition that limits in (4.2) exist and are finite. Define F : £? — 42 by
F(x)=fox.

It is evident that the boundary value problem (4.1)-(4.2) is equivalent to the operator equation
Lx = F(x). Now we are ready to state the following theorem in which we establish our main result of

this subsection.

Theorem 5. Suppose that f :R — R is Lipschitz and that u # k(k +1) for all nonnegative integers k.
Then if

lim M:O

Is|soo |$|

there exists a solution to the boundary value problem
[(1—2)x" ()] +ux(r) = f(x(2)

subject to the condition that the limits in (4.2) exist and are finite.

The proof of this theorem is a standard application of Schauder’s fixed point theorem applied to
the operator L™! F. We omit the details. Note that results in this subsection depended heavily on
L having an inverse, which is only the case if we assume u # k(k +1) for any k € N. The following

subsections analyze situations where L is not invertible.

4.2.2 The Case of Non-Invertible L

We will now assume that y = k(k+1) for some k €{0,1,2,...}. As a consequence of the general

Sturm-Liouville theory outlined in the previous section, u = k(k + 1) implies that the kernel of L is
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one-dimensional and spanned by Py. Further, as stated in [13], we have that & € Im(L) if and only if
(h,P.)=0.

Therefore, it follows that Im(L)=[Ker(L)]'. In this section we will assume that lim,_,., f(s) and
lim;_, o f(s) exist and are finite. We denote these values by

f(oo)= lim f(s) and  f(~c0)= lim_f(s)

§——00

We employ the Lyapunov-Schmidt procedure. For the readers convenience, we now outline the
basic elements of this process.
First define U : £% — %2 by

[Ux](t)z(k+%)(x,Pk)Pk(t).

Note that U is a projection onto Ker(L)= span{P.}. Define the projection E : ¥? — ¥? onto
[Ker(L)]* =Im(L) by E =I—U. Note that the map L restricted to D(L)N Im(L) is a bijection onto
Im(L)=Im(E). Therefore, it follows that there exists a linear map M :Im(E)— D(L)NIm(L) satisfying
LMh=hforall helm(L)and MLx =E x=(I—U)x for all x< D(L). In fact, we can represent this
map M with the eigenfunction expansion,

), P,)
[Mh(t)= P(t).
; l(l+1)

Note that M : Im(L)— Im(L)NnD(L) is a compact operator as a consequence of the argument
appearing in lemma 3 along with the fact that Im(L) is a closed subspace of 2. Using these
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projections, we analyze the operator equation Lx = F(x) in the following way:

Lx=F(x)<

where w(x)=ME F(x).

‘

E(Lx—F(x))=0

and

(I—E)Lx—F(x))=0

(I-U)x—MEF(x)=0
and

F(x)eIm(L)

x=Ux+MEF(x)

and

[ F(x(0)P0)d =0

x=aP.+w(x)
and

[ FlaP(t)+ w(x()IP(t)d =0

Define the constants J; and J, as follows:

]1=f(00)J Pk(t)df-i'f(—OO)J Pi(r)dt
{t:P(£)>0} {:Pe(£)<0}

fz=f(0°)f Pk(t)dt+f(—00)f Pu(t)dt.
(£:P(1)<0} (£:P(1)>0)

Note that if k =0, then J; =g(oo) and J, =g(—00).If k> 1, then

7 =(f P(t)d r)[f(oo)—f(—oo)]
{t:P.(t)>0}

fzz(f Pk(r)dr)[f(—oo)—f(oon.
{t:P(t)>0}

Theorem 6. Suppose that f :R — R is continuous and that f(—00) and f(o0) exist and are finite.

Then we can guarantee a solution to the boundary value problem (4.1)-(4.2) in either of the following

cases:
(i) Ifk=0and f(—o0)f(00)<0
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(i) Ifk > 1 and f(—00)# f(00).

Proof. We begin by noting that,

1
f flaP(t)+w(x()Pc(t)dt
-1

=f flaP(t)+ W(x(t))]Pk(t)dHf flaP(t)+w(x(2)]Pc(t)dt.
{£:Pc(1)<0}

{:Pc(1)>0}

Since w is bounded, we have by the Lebesgue Dominated Convergence Theorem that

Pk(l‘)dHf(—OO)f P(t)dr=],

{t:P(1)<0}

1
alillolof flaPe(t)+w(x(2)]Pc(t)d t = f(oo)
-1

{t:P.(t)>0}

and

1
aglpoof f[aPk(t)+W(X(l‘))]Pk(l‘)dt=f(00)f Pi(t)dt+ f(—o0) P(t)dt=J,.
-1

{£:P,(£)<0} {£:P()>0}

Condition iii) implies that J; J, <0, and we proceed by supposing without loss of generality that

J> <0< ;.
Therefore there exists g > 0 such that for ¢ > a,),

1
f flaPe(t)+w(x(r)]Pc(2)dt >0 (4.3)
—1

and for a < —a,

1
f flaP(t)+w(x(t))]P(t)dt <O0. (4.4)
-1
Note that M is a compact linear map from Im(L) onto D(L)NIm(L) and E is a projection so w is a
nonlinear compact mapping.
Define H; : £?> xR — %2 by

H(x,a)=aP.+ w(x)

and H,: £?xR— R by

1
Hz(x,a)=a—J flaP(t)+w(x(2)]P(r)dt.
-1

Let H: 2?2 xR — %2 xR be defined by

H(x,a)=(H(x,a), H,(x,a)).
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Guaranteeing a fixed point for H is equivalent to guaranteeing a solution to (4.1)-(4.2). We endow
the space .£? x R with the norm

[I(x, )|l = max{|| x||,|al}.
Define

r=sup|f(z)].
teR

The existence of r is guaranteed by the continuity of f : R — R along with the fact that f(oo) and
f(—o0) exist and are finite. Choose oy > r so that (4.3) and (4.4) are satisfied and let 6 =g+ 7. As
stated in [4], | P(#)| <1 for all £ €[—1,1]. We know that f and M E are bounded, so there exists b; >0
such that for any x € £?, a €R,

| H,(x, @)l < by.
Let & be the set
B={(x,a)e L*xR:||x||< by,|a| < 5}

Clearly | Hi(x,a)|| < b, for all (x,a) € 9 by construction, so it suffices to show that ||Hy(x,a)|| <  for
all (x,a) € 2B in order to show that H(%)cC A.
Suppose that a €[ag,6]. Then

1
f flaP.(t)+w(x(1))]P.(t)dt >0
-1

and therefore H,(x,a) < a < 6. Further, since f_ll flaP(t)+w(x(1))]P(t)d t| < r it follows that

1
a—J flaP(t)+w(x()]P(t)dt = ay—r =>0.
-1

Therefore if @ €[ay, 6] then |Hy(x,a)| €[0,6]. Suppose that @ €[0,a,). Then

1

a— | flaP(t)+w(x(2))]Pc(t)d
-1

|H2(X, a)' =

<aptr

=0.

Therefore, if (x,a)e B and a €[0,0] then |Hy(x,a)| < 6.
A symmetric argument can be used to show that if (x, ) € 9 and ¢ €[—6,0] then |Hy(x,a)| < 6.
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Therefore, H(%)C 4. Since H : £? xR — 2% xR is compact (following from the compactness of M)
and 4 is closed, bounded, and convex it follows that H is guaranteed a fixed point by Schauder’s
Fixed Point Theorem. O

4.2.3 The Case of Weak Nonlinearities

In this subsection, assume that our nonlinearity is of the form ¢ f(x(t)) where ¢ is a real parameter
and f :R—Ris continuously differentiable. That is, we now examine boundary value problems of
the form

[(1—2)x" () +px(t)=e f(x(1))

subject to the condition that the limits appearing in (4.2) exist and are finite. Due to the fact that we
will impose differentiability conditions on the function-valued operator representing our nonlinear-
ity, we consider operators defined on the space of continuous functions. Again let ¢ denote the
space of continuous functions on [—1, 1] endowed with the supremum norm and let

2=(C*[-1,1)|I'lloo) C €

where C?[—1,1] denotes the set of twice continuously differentiable functions on [—1,1]. In this
section, denote ¥ : 2 — 6 by

[Zx]()=[1—t*)x"(t)] +px(2)
and F: %6 xR— %6 by
[F(x,8)](t)=¢f(x(1)).

Suppose again that u=k(k+1).
In this section, for x € ¢ and [ € N we denote

1

(l-i—%)J_lPl(t)x(t)dt].

X =

Define the projections U : 4 — 6 by
(Ux](t)=xi Pi(1)

and E: 6 — ¢ by E=I1—-U. Note that the map .Z restricted to 2N Im(L) is a bijection onto
Im(L)=Im(E). Therefore, it follows that there exists a linear map M :Im(E)— 2N Im(L) satisfying

Y£LMh=h
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for all h € Im(L) and
MYx=Ex=(1-U)x

for all x € 9. Note that M is simply

[g |@r11m(L)]_1

and observe further that M is continuous. We note that solving
YLx=F(x,¢)

is equivalent to solving the system

(I-U)x—MEF(x,e)=0
and

U(fox)=0.
Define the map G : 2 xR — Im(L)x Ker(L) by

(I-U)x—MEF(x,e¢)

G(x’g):[ U(fox)

It is well known that F is continuously differentiable with respect to x and for any x € ¢, ¢ €R,

OF ,
(E(x,e)h)(t)ﬂf (x(eDh(D)

From that it follows that

oG
E(X,E)

exists for all (x,£) € ¢ xR and is given by

oG [ [(I-U)—eME(fox)]w ]
—(x,8)w= .
dx U(f'ox)w

Let x =aP, for a €R. For (X,0)and w € 6:

oG _ _ (I-U)w
E(x’o)w_[ U(f o ¥)w ]

Since F € C! and M is continuous, it follows that G € C'. For w € 6, we can decompose w as
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w = u+v where

u= kak
vV=w—wP.

With this in mind, we can rewrite the previous expression as

oG

_ B v
E(x,o)(u+ V)=

[ U(flox)u+v) I

Define the maps H; :Ker(L)— R by

1
H1(u)=f P(t)f(u(t)dt,
-1

H, :R—Ker(L) by Hy(a)=aP; and finally H :R — R by H = H, o H,. That is,

1
H(a):f Pe(t)f(aPc(t))dt.

-1

Therefore for any number in R, H’: Ker(L) — R exists and for  €R,

1
[H’(a)](ﬁ)=f P(t)f (P (DB P(2))d
-1

We are now ready to give conditions for the solvability of our boundary value problems examined
this section.

Theorem 7. Suppose that there exists ay € R such that H(ay) =0 and H'(ay)# 0. Then there exists
and open neighborhood I C R of 0 such that for any € € I there exists a solution to

[(1—*)x ()] +px(t)=ef(x(1))

satisfying the condition that the limits appearing in (4.2) exist and are finite.

Proof. Recall that G € C! and let X = ayP,. Then (I—U)x—M E F(%,0)=0 and

1
UF(J'C)=J P(t)f(aoPi(t))dt
-1

= H(aoP(t))
=0.

Therefore G(x,0)=0. We now wish to show that Z—ij(x,O) is a bijection from % onto Im(L)x

Ker(L). Since g—g(fc,o) is linear, in order to show this map is injective it suffices to show that it has a
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trivial kernel. Suppose that Z—ﬁ(;‘c,ox u+v)=0.Then

and so

1

0= U(f'OJ'C)u=U P(t) f (aoPe(tDlu(t)d t

-1

implying that u =0 due to our assumption that H’(ey)# 0. Note that since H'() is a nonzero linear
map from R — R, then it is a bijection from R onto R. This implies that the map U(f’o X) restricted
to Ker(L) is a bijection onto Ker(L). Given h; €Im(L) and h, € Ker(L), we have that

oG

5 (X,0)(7y + Fp) = (hy, hy)
X

where h, is the unique element of Ker(L) that maps to h, under U(f’o X). So %()‘C,O) is surjective
and therefore a bijection from % onto Im(L)xKer(L). By the implicit function theorem [16], there

exists a neighborhood V;; € R of 0 on which there exists a continuous function ¢ : V) — 2 satisfying
G(p(e),8)=0
for all £ € V4. Denoting ¢ (&)= x, we have that

0=G(gp(e),¢)
= G(xs» 6)
=% x,—F(x,,¢€).

In other words for any ¢ € V; we can guarantee a solution to

[(1—2)x ()] +px(t)=ef(x(1))

satisfying the condition that the limits in (4.2) exist and are finite. O

Remark 5. Let x, denote the solution in 9 guaranteed by the implicit function theorem to
[(1—2)x" () +ux(r)=¢ f(x(1).
Note that

where this limit is in the sense of uniform convergence. That is, solutions guaranteed by the above
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theorem are ones that emanate from a certain solution to the linear homogeneous problem.

4.3 Examples

Example 5. Consider the boundary value problem

(1= )" (1)) =& f(x(2)

on (—1,1) subject to the condition that the limits in (4.2) exist and are finite.
Suppose that there exists a number a such that f(ay)=0 and f’(ay)#0. Then since the constant
Legendre polynomial is Py(t)=1, fora eR,

1 1
f By(t)f(aR(1))dt =f fla)dt
-1

-1

so then f_ll Py(t)f(agPy(t))d t =0. However, provided 3 #0,

1 1
J By()f (aoP(t)IBPRy(t))d t = f flagdt
1 -1

so then [ R(0)Lf /(o Py(t)I(BP(1))d £ £0.

Example 6. Consider the boundary value problem
[(1=2%)x"(0)) +2x(2) =& f(x(1))

subject to the condition that the limits in (4.2) exist and are finite The constant Legendre polynomial
is P|(t)=t, so the condition in theorem 7 is satisfied provided there exists a number o, satisfying

1
J tflagt)dt=0

-1

and f(ao)# f(—ay).
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CHAPTER

5

ON WEAKLY NONLINEAR BOUNDARY
VALUE PROBLEMS ON INFINITE
INTERVALS

5.1 Preliminaries

We first consider continuous nonlinear boundary value problems on the infinite interval [0, c0) of

the form
x'(6)—A(t)x(t)=h(t)+ef(t,x(1)) (5.1)

subject to

F(x)=u+£f g(t,x(t))dt (5.2)
0

where A is a continuous n x n matrix-valued function on [0,00), f and g are continuously dif-
ferentiable maps from R*! into R”, and I is a bounded linear map from the space of bounded,
continuous functions on [0,00) into R”. Our main focus will be on the case where the bounded,

continuous function h and vector u € R" are such that the linear problem

xX'()—At)x(t)=h(t) (5.3)
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subject to

I'(x)=u (5.4)
has a solution.
Then we will investigate
x(k+1)—A(k)x(k)=h(k)+ef(k,x(k)) (5.5)
subject to
ZCkx(k): u+€Zg(k,x(k)). (5.6)
k=0 k=0

where Cy is an n x n real-valued matrix for all nonnegative integers k. Denoting the nonnegative
integers by Z,, we have that the maps f:Z, xR"” -R" and g:Z, xR"” — R" are continuous, ¢ is a
real parameter, and A(k) is a nonsingular n x n real-valued matrix forall k € Z, .

In our analysis, we use a scheme somewhat similar to the Lyapunov-Schmidt procedure and
results are obtained through an application of the implicit function theorem for Banach spaces. We
provide a framework which allows us to determine cases when for ¢ sufficiently small in magnitude,

(5.1)-(5.2) has solutions which emanate from a particular solution to (5.3)-(5.4).

5.2 Main Results

5.2.1 Differential Equations

We use %6 to denote the space of bounded, continuous functions from [0, o0) into R”, and pair this
space with the norm || x||cc =sup,q|x(£)|. It is clear that (¢, ]| - || ) is @ Banach space. We use |-| to
denote the Euclidean norm on R” and ||-|| for the standard operator norm on the space of n xn
real-valued matrices. Throughout this section, we assume that I': ¢ —R" is a bounded linear map
and write

ICl= sup |T(x).
lxllco=1

For previous results establishing existence of solutions to boundary value problems on infinite
intervals the reader is referred to [15] in the continuous case and [27],[31], and [32] in the discrete case.
In all of these results, it is assumed that a certain corresponding linear problem is invertible. In
these results, we remove this assumption and the situation gets more delicate mathematically.

Let ®(t) denote the fundamental matrix for x’(¢)—A(t)x(¢)=0 such that ®(0)=I and ®; denote
the i*" column of ® for 1 <i < n. As mentioned in the introduction, our analysis will include a

discussion of a set of closely related linear problems. Throughout the paper, the reader will see that
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conditions we will impose on A guarantee that for any ¢ € 6, <I>(~)f(; O (s)Y(s)ds€ 6.

We define A as the n x n matrix
A=[T(@, ()T @)+ T(@y ()]
Note that a function x € €6 is a solution to
x'(t)—A(t)x(t)=0
subject to
I['(x)=0

if and only if x(0) e ker(A). Given ¥ € ¢ and w € R"”, we know by variation of parameters that any
solution to x’(t)—A(t)x(t)=1(t) is of the form

t
x(t) :<I>(t)x(0)+<1>(t)f o (s)(s)ds.
0

Imposing the condition that I'(x) = w we get that

Ax(0)= w—F((I)(J f .<I>_1(s)lp(s)ds).
0

Let p denote the dimension of ker(A) for some integer 0< p < n. If p =0, it is clear that (5.3)-(5.4)
has a unique solution. The bulk of our results concern the case where p > 1. In this case, we let W
be a matrix whose columns form a basis for [ker(AT)]*. Note that there exists a solution to the linear

boundary value problem
x'(6)—A(t)x(1)=1(1)

subject to

if and only if

wt [w—F(@(-)J‘Q_l(s)w(s)ds)] =0.
0

Throughout this paper we will mainly be studying the structure of the solution set to (5.1)-(5.2)
in the cases when the matrix A is singular and the corresponding linear problem (5.3)-(5.4) has a
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solution, or equivalently where h and u satisfy

WT[u—f(@(-)fqu(s)h(s)ds)]:o.
0

Based on the discussion above, it is clear that there exists a solution to the nonlinear boundary
value problem

X' ()= A()x(t)=h(t)+ef(t,x(1))

subject to

I'(x)= u+£J g(t,x(t))dt
0

for £ #0 if there exists x € ¢ and v € ker(A) satisfying

t

x(t) :¢(t)v+<1>(t)f <I>_1(s)[h(s)+3f(s, x(s))]ds

0

and

wT U g(f,X(t))dt—r((I)(,)J'(I)_l(s)f(s,x(s))ds)] N
0 0

Remark 6. If should be observed that the problems we're considering include ones of the form

x(t)—A(t)x(t)=ef(1,x(t))

subject to

f B(t)x(t)dt+z Ckx(tk)zsf g(t,x(t)dt
0 0

k=0

where B is a function-valued matrix whose entries are integrable functions from[0,00) intoR". and
Cy for k=0 is an n x n matrix with

oo
D lICklI < 0.
k=0

We now list the following set of conditions which we will impose in our first theorem.

I) There exists positive constants K, such that

[®(2)d" (s)]| < K e =)
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forall t>s>0.

of +

II) For any compact subset S CR", 7

is uniformly continuous on [0,00) x S and

sup
20

ax

III) For any compact subset S C R", & a < is uniformly continuous on [0,00) x S and

J, [

dt < oo.

IV) Forall he 6,
f lg(t,h(t))dt < oo.
0
V) There exists an integrable s : [0, 00) — R satisfying

s(0)lx1—x

H L, x 1)——(t X)|| <

forall t >0 and x;, x, e R".

Note that for x € ¢, v €ker(A), € €R, and ¢ >0 we have that,

x(t)—cb(t)v—q)(t)f <1>_1(s)[h(s)+€f(s, x(s))]ds
0

<lxlloo +sup|B(s) +f I1B(2)0~" (s)llI(s)+ef (s, x(s))ld s
0

$>0

oo
< 1% lloo +sup |®(s)||+ || lloo +|€lsup | £ (s, x(s)I1K f e =g
0

$>0 §20

=|xlloo +sup @) +[ll 2ll oo + e supl £ (s, x(s 1K @™
$>0 $=0

Also observe that
‘WTU g(t»x(l‘))dt—F(ﬂ')J.<I>_1(S)f(8,x(5))d8)”
0 0
SIIWTIIJ Ig(t,X(t))ldt—llrll(f ||<I>(t)<1>I(S)IIIf(S,X(S))IdSﬂ
LJO 0

suwTuJ |g(t,x(t))|dr—||r||(su13|f(s,x(s))|1< f e—““—”ds)]
L Jo §> 0

=||WT||f |g(r,x(t))|dr—||r||(sug|f(s,x(s))u<a—1)]<oo_
LJ O §2>
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From this is follows that H given by

Hl((xr l}),&‘)
HZ((x) V), 8)

x(1)=@()v—&() [, @ (s)[h(s)+ef (s, x(s)d s
H((x,v),s)z[ ]
W[ gt x(0)d =T (@() [;@ () (s, x(s))ds)]

is a well-defined map from ¢ xker(A) xR to 6 xRP

Our main result will involve an application of the implicit function theorem for Banach spaces
[16]. This requires continuous Fréchet differentiability of H.

In the following lemma, for i =1,2 we use a? to denote the partial (Fréchet) derivative of H;
with respect to (x, v).

Lemma 4. Suppose that [)—V) hold. Then for any ((x,v),e) € 6 xker(A) xR, the bounded linear

maps H)((x V), )and%((x,v),e‘) exist and are given by

[, 0w =y~ w‘g(‘b(”ﬁ o i misas)
and
JH, T ooa_g _ . -1 3_f
[3(x,v)((x’v)'8)](¢,W)_W [L 8x(t’x(t))¢(t)dt F(Q()Lq) (s)ax(s,x(s))lp(S)ds)].

Further, H, and H, are continuously (Fréchet) differentiable.

Proof. For x,y € ¢ and v, w eker(A) we have that

Hi(x+y,v+w),e)—H((x,v),e)—y(t)+9(1)w +£(<I>(t)f ¢_1(S)Z—£(S, x(s))w(s)ds)

0

! F
=s(¢(t) f <I>‘1(s)[f(s,(x+h)(s))—f(s,x(s))—%(s,x(s))w(s)]ds)-
0

For a,b €R", let L(a, b) denote the straight line segment connecting a and b. Note that by the
mean value theorem, for all £ >0 we have that

0
e fo]s s af (6, (1)
AL x(),(x+y)(1))| € X
3
and st ey -glexol|s sup (B,
L(DeL(x(e)(x+y)1)| € X
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Then we have that for t >0,

- of
(1)o7 (5) £ (5,4 h) = (5,105 S5, x5 s
0

o o o
[%(s,v(s))—%(s,x(s))muo |)<I>(t)¢—1(s)|)ds)||¢||oo
of

S ox

< sup
Y(s)eL(x(s),(x+)(s))

< sup
Y(s)eL(x(s),(x+)(s))

of -1
[a(s,v(s)) (s,x(s))]HKa W¥lloo

and SUD gersto) x| S5 78D = S5, (5] | Kt = 0 as [yloo — 0 by 11,

We also have that

Hy((x+y,v+w),e)—Hy)((x,v),&)—

T Ooag .—1 af
W [ L a(zr,x(r))w)dr—r(«po)L<1> (S)E(s,x(s))w(s)ds)”
=‘WT( L [g(s,(x+w)(s))—g(s,x(s))—j—i(s,x(s))w(s)]ds
‘o of
—r{ 0l0) | &7 )] s, L+ )=, K5 S5, x5 s |
0

oo
<(iw J sup dsllles
0 S(s)eL(x(s),(x+y)(s))

28 (5 21D~ 25 (5, x(5)
X

ox
2 ] * B
Awtin s | 2w xts) f le(e) l(s)Hdr)nwnw
WseL(x(s)(x-+y)s) | @ X dx 0
0 _
s||WT||(||s||L1||¢||oo+||r|| swp || P sots)- L s, x5 K@ l)uwnm
WseL(x(s),x+y)s) || € X Ix
where ||-||;1 denotes the standard norm on L![0, c0). Note that
0 17 _
||WT||(||s||L1||¢||oo+||r|| swp || 2L o)=L s, xs)| ka I)Ho
seL(x(s)(x+p)s) || @ % Ix

as ||YY]lco — 0 by IT). Now we will show that the map

JH;
a(x,v)

(x,v)—

is continuous for i =1,2. Note that for ||t)||c0 =1,
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o H, o H,
H[—a(x,v)(xl, e ”2)]¢"oo

_ SN r- _of
—tes[l(igo)‘(ﬁ) o(1)® (S)[ax(s,xl(S)) ax(s,xz(s))]lp(s)ds)

of U ||<I>(t)<I>_1(s)Hdt)
0

1%
s me)-L 5wt
0 1%
_K"%(s,xl(s))—é(s,xz(sn o

<

and K Hg—g(s,xﬂs))—?—ﬁ(s,xﬂs))”a‘l —0as ||x;—X,||co — 0. We also have that

J0H, J0H,
Ha(x, v)(xb vl)_—é’(x, V)(xz, Vz)]l//"

“le o
sann(JO Hg(s,xl(sn—g(s,xz(s)) ds

+||r||ﬁ||q>(. 1(s)l ‘ L a ‘“D)‘

(s,x; S))_ax
T 1 af
SIWENL e —X2lloolls I + Ka™ [T E(s,xl(s))_

(s, x5(s))

%}
st

0
Note that ||wT||( 11— %alloo sl + Ka T || 2 s, xl(s))—ﬁ(s,xz(s))u)ﬂo as |11 — slloo — 0,
proving our desired result. O

Remark 7. The most interesting case and the one we will focus mostly on is the case where A is singular.
In this case, solving the nonlinear boundary value problem (5.1)-(5.2) is equivalent to solving the
operator equation H,((x,v), €)= H,((x, v),€)=0. For the sake of completeness in our analysis it is worth
mentioning the case where A is invertible. If A is invertible, then (5.3)-(5.4) has a unique solution and
the matrix W does not exist. The nonlinear boundary value problem (5.1)-(5.2) is then equivalent to
finding a continuous function x and v e R" satisfying

x(t)—d)(t)v—(l)(t)f Cb_l(s)[h(s)+£f(s, x(s))]ds=0
0

where

v=A"!

u+£f g(t,x(t))dt—l"((l)(-)f. YSNh(s)+ef(s,x(s ]ds)]
0 0
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DefineW: ¢ xR™! — € xR" by[U,,U,]T where

t

U ((x,v),€)(t) = x(t)—‘b(t)v—@(t)f O~ (s)h(s)+ef (s, x(s)ds

0

and

Uy ((x,v),8)(t)=v—A""

u+£f g(t,x(t))d t—F((I)(-)f.(I>_1(s)[h(s)+£f(s, x(s))]ds)].
0 0

and note that ¥((x, vp),0)=0 where X denotes the unique solution to x'(t)—A(t)x(t)= h(t) satisfying

uozA—l[u—f(@(-)f¢—1(s)h(s)ds)].
0

Further note that by an analogous argument to the one appearing in the previous lemma, ¥ is

x(0)= vy where

continuously differentiable at each point in 6 x R"*! under conditions I)— V) and

0 T— . . T
3(x,y)((x,vo),0)[¢,w] =[()+0()w, w]

which is clearly a bijection from 6 xR" to 6 xR". Therefore by the implicit function theorem for
Banach spaces, there exists a solution to (5.1)-(5.2) for sufficiently small ¢ and those solutions converge
uniformly to X as ¢ goes to 0.

Now we shift our focus back to the case where A is singular. For the sake of notation, for any
¥ €R” we define the function x,(t)=@(t)[y +T(@() [;@'(s)f (s, x(s))ds)]+&(¢) [, @ '(s)h(s)ds.
We also write

5H1

OH B a(x,v)
a(x,v) oH,
a(x,v)

Theorem 8. Suppose that 1)— V') hold and that there exists y € ker(A) such that

WT[ f g(t»xy(t))dt—F(d)(-) J '¢-1(s)f(s,xy(s))ds)]=o
0 0

and ¢ :ker(A)— RP given by

¢(w)=wT[ L Z—i(axy(rn@(t)dt—f(@(-)Jﬂé—l(s)%(s,xy(sn@(s)ds)]w

is a bijection from ker(A) CR" onto RP. Then there exists &, such that for all |¢| < &y, the boundary
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value problem
x'(t)=A(t)x(t)=h(t)+ef(t,x(1))

subject to

T'(x)= u+sJ g(t,x(t))dt.
0

is guaranteed a solution x,. Moreover || x, — X ||co — 0 as € — 0.

Proof. We have shown that H is continuously differentiable. Note that H, ((xy, y),0)=0= Hy((x,, y),0).
Suppose that %((xy, ¥),0)(z,v)=0.Then z(t)=®(¢)v for all £ >0 and therefore

T Ooag .—1 of _
w U:) ﬂ(s,xy(s))d)(s)ds—F((I)(-)JO(I) (s)a(s,xy(s))d)(s)ds)]v—o

implying that v =0. Therefore %((xy ,¥),0)is one-to-one. Let (1, #) € ¢ xRP. Then by assumption

there exists a unique w €ker(A) satisfying

WT[J Z—i(s,xy(S))<1>(S)ds—l"(q)(-)f'q,—l(s)ﬁ(&xy(s))cb(s)ds)] w=7>0—uv,.
0

0 Jx

where v, denotes the vector

v*:WT[ f a—g(s,xy(s))fl(s)ds—l“(tb(-) J |
0 Jx

0 Q_l(s)g—i(s,xy(s))ﬁds)].

Therefore
OH, R -
|:a(x’ U)((xy»J’),O)](h—l-q)(.)w’ w)(l’)_ h(l’)
and
[affzv)((xy’J’),O)](fl+¢(-)w, w)(£)=(0—v,)+v,= D

and %((xy, ¥),0) is a bijection from % x ker(A) onto ¢ xRP. Our result follows from the implicit

function theorem for Banach spaces. O

In results up to this point, we assume that h is simply an element of 4. In the following set of
results, we investigate problems where we know that h € ¢ N L![0,00). In this case, we impose the

following set of conditions.
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I') There exists positive constant K such that
le(£)d~ (s)I < K

forall t>s>0.

Ir ) 1s uniformly continuous on [0,00) x R” and

—2(¢,0
J, [0

dt<oo.

I1I') Forall he 6,

J lg(t,h(t))dt < oo.
0

IV’ ) 1s uniformly continuous on [0, 00) x R" and

J, [

V') There exists s € L'[0, 00) satisfying

dt < oo,

s(1)lx;—x

H—(t xl)__(t X)|| <

for all + >0 and x;, x, € R".

VI’) There exists h; € L'[0,00) such that for every compact subset S of R” there exists a constant
C satisfying

|f(z, x)| < Ciy(r)
forall t>0and x €S and
|2, 1) = (£, %) < I (2)| %1 — X
for all x;,x,€S and ¢ >0.

VII’) There exists h, € L'[0,00) such that for any compact subset S ¢ R”,

H—(k, 1)——(k,x2) < hy(k) X — x|

forall £ >0 and x;, x, €8S.
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Before stating the main theorem in this section, it is worth mentioning for the sake of completeness
thatif A is invertible, an analogous argument to the one appearing in remark 2 holds. This is because
U is continuously differentiable on 6 x R”*! under conditions I’)— V I I’) and satisfies the conditions
of the implicit function theorem at the point ((x, v),0) where X and v, are defined the same as in
remark 2. Therefore, we can guarantee solutions to (5.1)—(5.2) for ¢ sufficiently small and these

solutions converge uniformly to % as the absolute value of ¢ goes to zero.

Theorem 9. Suppose that I’)—V I1I') hold and that there exists y € ker(A) such that

wT [J g(t,x,(t))d t—l"((l)(-)f.tb_l(s)f(s, xy(s))ds)] =0
0 0

and ¢ :ker(A) — RP defined by

<0 ‘ of
o (w)= WT[ L g(r,xy(rm(t)dr—r(@(-)ﬁ ¢l(s)ﬂ(s,xy(sn¢(s)ds)] w
is a bijection from ker(A) C R" onto RP. Then there exists &y such that for all |¢| < &y, the boundary
value problem
x'(£)—A(t)x(t)=h(t)+ef(t,x(1))
subject to

I'(x)= u+£f g(t,x(t))dt.
0

is guaranteed a solution x,. Moreover || x, — Xy ||co — 0 as € — 0.

Proof. We wish to show that H is continuously differentiable under this new set of conditions. Recall
that

! i
Hl((x+¢,v+W),£)(t)—H1((x,v),E)(t)—[l/J(t)—<I>(t)w+8(<I>(t)J 4)_1(8)%(8,36(8))1/)(8)618)]
0
t i af
=€(¢(t)f ) (S)[f(s,(x+¢)(8))—f(s,x(8))—ﬂ(s,x(S))w(S)D-
0

We have that

' 0
H@(-)f 80| F5 = (51X S, w55 s
0

oo
2 2
<K f sup || 2L s o)=L s, x(s)
0 MS)EL(x(s)(x+y)s) dx
< K|l 1z,

oo

dsllYlleo

Jx
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and K |||l 1] ]lco — 0 as |30 || oo — 0. Note also that for ||Y)]|co =1,
oo [ ] s x-S fuoas)

<|le(z) S)Ilf

< K|lhyl[ 1]l % —X]lco — O

(e)

ds

i
‘ (s, :1(5)~ s, )

as || x; — x,|| oo — 0. We also have that

Hy((x+y,v+w),e)—Hy((x,v),€)—

T 0058 N
w UO %(t,x(t))guu)dt—r(@(qﬁ@ (s)55 (s x(s ))w(s)ds)”

> 0
‘WTJ [g(s,(xw)(s»—g(s,x(sn—%(s,x(s))w(s)]ds

0
—r( r)J )[f(s,(x+¢)(s))—f(s,x(s))—£(s,x(s))w(s)]ds)”

IIW IIJ SUP
s)eL(x(s),(x+y)(s

o8
|55 s 2t SE s ) st
0 0 0
W s a—i(s,v(sn—a—fsx(s)) Kfo Lisoto-ZLisixtsn|ae il

s||WT||(||s||L1||w||oo+||r||K||w||oo||h2||L1|)||¢||oo.

and “WT”(“S”U 1V lleo +ITMY lloo P2l 1 IK)—>0 as |1 lloo — 0. Also note that for [|t)[|loo =1

o H, o H,
H a(x,v)(xl,vl)——a(x,v)(xz,vz)]w‘

T og g
<l ||(JO Hax(s, 5(5)- 55 (5, 2:(5)

+||F|||I<I>(-)f o (s)l
0

ds

0 0
-Gt

o))

T —1
<Iw ||(||x1—x2||oo||s||y+a ||r||||x1—x2||oo||h2||u).

It is clear that || WTll( 11— X2 lloo ISl 21+ T %1 — X2 lloo | A2l 21 | — 0 @s || x; — X2l o — 0. Therefore,
H, and H, is continuously differentiable and so H is as well. It follows that H satisfies the conditions

of the conditions of the implicit function theorem for Banach spaces by an analogous argument to

the one appearing in theorem 1. O
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5.2.2 Discrete-Time Systems

In this section, we consider discrete time systems on k=0, 1,2,... of the form

x(k+1)—A(k)x(k)= h(k)+e f (k, x(k)) (5.7)
subject to
ZCkx(k): u+52g(k,x(k)). (5.8)
k=0 k=0

Throughout the section, we will denote the set of nonnegative integers as Z, . Here Cy. is an n x n real-
valued matrix for all integers k €Z,. The maps f:Z, xR" - R" and g :Z, xR" —R" are continuous,
€ is a real parameter, and A(k) is a nonsingular n x n real-valued matrix for all k € Z,. We seek
conditions under which we can guarantee bounded solutions to problems of the form (5.7)-(5.8).

In this section, we use || for the Euclidean norm on R” and ||-|| to refer to the induced operator
norm on the space of n x n real-valued matrices. We denote [, as the space of bounded R"-valued
sequences on Z, and || x||oo as the norm

1]l oo =sup|x(k)|.

k>0

We let

o0
h={y:Z,~R": ) ly(k)l<oo}
k=0

and for elements x € [;, we use the norm

xlly = lx(k).
k=0

Note that (I, ||:/lco) and (13, ]| :||;) are Banach spaces.

We start by recalling some general theory in order to discuss the homogeneous linear system
x(k+1)—A(k)x(k)=0

subject to

ZCkx(k):O.
k=0

The fundamental matrix for the equation x(k +1)=A(k)x(k) is given by

O(k,1)=A(k)---A(l)
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for k> 1 and ®(k,)=1 if k = l. For the sake of notation, for k € Z* we denote ®(k,0) as simply ®(k). In
this paper, we focus on the study nonlinear boundary value problems. As we have started to indicate,
part of our analysis involves discussing a set of corresponding linear problems. Properties imposed in
each context on A will guarantee that t .o, C;®(k) converges and that 2, Cx Z;:ol ®(k,l+1)h(])
is a vector in R” for all & in an appropriate sequence space. Define the matrix A by

AEZCk<I>(k).
k=0

We know x € [, is a solution to

x(k+1)—A(k)x(k)

I
o

subject to

ZCkx(k):O.
k=0

if and only if x(0) € ker(A).
Given Y € [, and v € R", we know by variation of parameters that any solution to

x(k+1)—A(k)x(k)=y(k)

is of the form

k—

1
x(k) :<I>(k)x(0)+Z<I>(k, I+1)y(1).
1=0

Imposing the condition that

D Cex(k)=v
k=0

we have that

(%] k—1
Ax(0)=v—> G > @k, I+ 1)y(0).
=0

k=0 =i

Therefore, there exists a unique solution to the linear problem above ifand only if v— 2, Cx Z;:ol o(k, 1+
1)h(1) lies in the image of A. Let p denote the dimension of ker(A). If p =0, it is clear that Let the
columns of the matrix W be a basis for ker(AT). We know that Im(A)=[ker(AT)]*, so there exists a
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unique bounded solution to the linear boundary value problem above if and only if

WT[v—gckgd) (k,1+1)y ]:o.

Throughout this paper we will mainly be studying the structure of the solution set to (5.7)-(5.8)
in the cases when the matrix A is singular and the corresponding linear problem has a solution, or

equivalently where h and u satisfy

WT[u—l"(@(-)J.Q_l(s)h(s)ds)]z
0

With this in mind, we note that the nonlinear boundary value problem
x(k+1)—A(k)x(k)=h(k)+ef(k,x(k))

subject to

D Cexlk)=¢ ) gk, x(k)
k=0 k=0

is equivalent (for £ #0) to solving

x(k)—(k)v—e (310 @(k, I+ DAL+ (L, x(D)])=0
and

W[ 355 8L x(D)— X520 Ce Sy @k, 1+ 1) £ (L, x(1)| =0

For the sake of notation, we now state conditions which will be imposed in the first part of our
first theorem in this section.

D) 32, lICkll < oo.

DII) There exists positive constants K, a such that
Bk, I +1)|| = ||A(k)A(k—1)---A(D)|| < K e~ @k=D

forall k>1>0.

of

DIII) For every compact subset S of R”, = exists and is uniformly continuous on Z, x S. Further

sup
keZ,

0
—f( )
X
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DIV) There exists s € [ such that

< selx—xp

H - (k, 1)— (kxz)

for all k>0 and x;, x, € R".

DV) a—g(k 0) exists for all k>0 and

g
ox

(k,0)

e

DVI) For all (i) € lo,

D lgk, Bl < co.
k=0

Note that for x € [, v €ker(A), £ €R, and k > 0 we have that,

k—1
x(k)—@(k)v—(ztb(k, I+1)[h(D)+ef(1, x(l))])‘

=0
k—1
<||x||oo+Slup||‘1’(l ||+Z||‘I> (k, L+ DlI[h(D)+ef (1, x(D)]
20 1=0

<Ileloo+SUPII<I>(1)II+[IIh||oo+|€|SUP|f (2, x( )I]Kz -
n=0
—||x||oo+Slup||q)(l)”+[”h”oo+|€|Slup|f (Lx(Ke ™.

‘WT[Zg(lxl)) ZCkZ<I>kl+1)f(l x(1)) |
k=0 =0
|g<l,x(ln|+(2||ck||)(chb(k,H1>|||f(l,x(zn|

k=0 =0

Also observe that

<Iwh

(ee]

<Iwi

k=0
00

=Iw

Mg IMe LIM%%'

~
Il
o

k=0
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Ig(l,x(l))|+(ZIICkll)(sluglf(l,x(l))mze—an)]
= n=0
g(0, x(D)1= (Z'lckll)(§u§|f(l,x(l))|Ka—l)l<oo.



From this is follows that H given by

x(k)—(k)v—( 310 @(k, I+ )[A(1)+ef(1, x(1)])

H((x’v)’g):l H((x,v),€) ]:

LT | w502 gl x (-3 Ce St atk, 1+ 1) £, x(1)]

is a well-defined map from /o, xker(A) xR to [, x RP

Remark 8. An example of a case where condition HII) is satisfied is the case where A is a constant

matrix whose eigenvalues are each less than 1 in magnitude.

Like in the section regarding differential equations, our main result in this section will involve
an application of the implicit function theorem for Banach spaces. The following lemma establishes

the differentiability of the map H above.

Lemma5. Assume HI)—H V) hold. Then the maps F : lo — loo defined by F(x)(k)= f(k, x(k)) and
G:leo—R"byG(x)= Z;iog(k, x(k)) are continuously differentiable.

Proof. For the sake of notation, for a, b e R" we denote L(a, b) as the straight line segment connect-
ing a and b. Note that by the mean value theorem, for all k > 0 we have that

17
| e+ ) (k) —fk,x(k)| < sup a—f(k, v(knw(k)‘
(k) (k) (x+y)(k)) | € X
d
and gk, (x+y)k)—g(k, x(k)|<  sup a—g(k,ak))w(k)‘.
L) L(x(k),(x+p)(k) | € X

Note that for h € l,,

1% 0
sup F(x+h)(k)—F(X)(k)—%(k,X(k))h(k) af

k>0

<sup
k>0

6
k,Bi)— k))HHh“oo

It is clear that sup; %(k,/}k)—%(k,x(k))ﬂ —0as aconsequence of DII1I).So for any x € [,

of

7, e x(K)h(k).

OF
—(x)h](k)=
X

For x;, x, € R" and ||h||=1,

0 i
H ——(xz)] H <sup|| 7Lk, xa() SL k)

oo k>0

—0

as || x; — x;]lco — 0 as a consequence of DI1T7). Note that by the mean value theorem, for all k>0 we
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have that there exists { € L(x(k),(x + h)(k)) satisfying

0
g(k,(x +h)(k))—g(k, x(k))= %(k,ik)h(k)-

Now observe
08 0 0
GLr+h(K)=GLak)— Y 5k, x(kDhl)| < Y | S5k, 2= E (ke x k))thnoo
k=0

sZskn:—xuoonhuoo
k=0
=[Is/111Z = Xlloo 12l co-

It is clear that ||s||;]|{ — x||co goes to 0 as || h]|co — 0. So for any x, h € [,

o0

)
= > ZE ke xtkn(e)
k=0
and for || h||so =1 we have that
oG 8G —||dg og
——(x)— ( 2) h‘s -k, x1(k)—5=(k, x (k))H
‘ 1 ] ; Jx ! ox 2

<lIslhllx—=X2lloo —0

as ||x; —x|lco — 0. O

Let x(k)=®(k)y +Z;:01 ®(k,l+1)h(l) for some y €ker(A). Then

H((x’”'o):[ WIS gl x, (D)-3° OCkZ ok, L+1)f (1, x,(1)] ]

and
oH _ h(k)—2(k)w
a(x,v)((x’y)’o)](h’w)_l W52 S5 xy (D)D)= 352 Ci X1y (K, L+ 1) 2L (1, x, (1) h(D)] ]

Remark 9. As mentioned in the introduction, the nonlinear boundary value problem (5.7)-(5.8) above
can be viewed as an operator equation of the form £ x = ¢ 7 (x) where £ is linear and F =[F,G]"
nonlinear. For the sake of completeness in our analysis, it is worth mentioning that in the case where
A is invertible, this operator equation can be rewritten as

x—eL YT (x)=

LetW: oo xR — loo by ¥(x,8)= x—£2£7 .7 (x) and by the lemma above, 4 5x 22 (x) exists for all x € I,
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and is given by

o ey
E(X)—I—S.fg E(X)

It is clear that ¥(0,0)=0 and that

ov

%(0) 0) =

which is clearly a bijection from I, to lo . Therefore, we have by the implicit function for Banach
spaces that there exists £, > 0 such that for all |e| < &, there exists a unique solution to the nonlinear
boundary value problem (5.7)-(5.8). Moreover, if we denote this solution by x, we have that|| x;||co — 0
as € — 0. In the results that follow, we make the assumption that the matrix A is not invertible.

For the sake of notation, for any y € R" we define the function x, (k)=®(k)y +Z ®(k,l+1)h(]).

Theorem 10. Assume DI)—DVI) hold and suppose that there exists y € ker(A) c R" such that

WTlZg(l,xy(l ZC,CZq)(le lxy(l))]
1=0 k=0 =

and that the map U : ker(A) — R” defined by

Za—glxy(l (- chZcb(km) Lz (l)]

k=0 1=0

is a bijection from ker(A) CR" onto RP. Then there exists &, such that for all |¢| < &y, the boundary
value problem

x(k+1)=A(k)x(k)+ef(k,x(k

subject to

D Cex(k)=¢Y glk, x(k)).
k=0 k=0

is guaranteed a solution x,. Further, we have that|| x,— X ||cc — 0 as &€ — 0.

Proof. Note that H is continuously differentiable as a consequence of lemma 1. Then we have that
H((xy,y),0)=0 so we wish to show that

0H

m((xy»y),o)

is a bijection from I, x R” onto lo, xRP. Let fi € Io, and 1 € RP. By assumption, there exists a
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unique w €ker(A) cR” such that

o og oo k-1 of A
wT ;a(l,xy(l))(b(l)—;clc;q)(k,l+l)a(1,xy(l))q,(l) W=,

Choosing h(k)= h(k)+®(k)w we have that

H A
0x, U)((xer/),O)(h, w)=(h,w).

Therefore, by the implicit function theorem for Banach spaces (see [16]), there exists a &y such that

for all |¢| < gy there exists a bounded solution x, to the boundary value problem
x(k+1)=A(k)x(k)+ef(k,x(k))

subject to

ZCkx(k):e‘Zg(k,x(k)).
k=0 k=0

O

In our results up to this point, we assume that # is simply an element of /. In the next set
of results, we will investigate problems where we know that 4 is an element of /;. We impose the

following set of conditions.

DI) Y2, ICkI < oo.

DII’) There exists positive constant K such that
[@(k, I+l =lA(k)A(k—1)---A(DII < K

forall k>1>0.

DIII') There exists h; € [; such that for each compact subset S ¢ R”, there exists a constant C
satisfying | f(k, x)| < Chy(k) forall k>0, x eR" and |f(k, x1)— f (k, x5)| < hy(k)| %, — x| for all

k >0 and x;, x, € R™. Further, there exists h, € [; such that
f

0
Haf(erl)_ (er2)
X

EP < hy(k)lx; —x,

for all k>0 and x;,x, €R"”.
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DIV’) There exists s, ¢ € [; such that

H —(k, 1)— (k Xo)|| < sklxi—xp

and

|g(k)x1)_g(kr x2)| < tklxl_
for all k>0 and x;, x, € R".

DV’) g—i(k,o) exists for all k and

oo

2

k=

g
akO

DVI') Forall (Bi) € oo,

oo

D lglk, Bl < co.

k=0

Theorem 11. Suppose that DI’')—DV I’) hold and that there exists y € ker(A) such that

WTlZg (1, x,(1) icquwc 1+1)f(l xy(l))]
k=0 =0

and that the map ) : ker(A) — RP defined by

o0 a o
T Z%(l,xy(l ()— chZcp(k l+1) (l x, (1)@ (l)lw
=0 k=0 =0

is a bijection from ker(A) CR" toR”. Then there exists &, such that for all |¢| < &y, the boundary value
problem

x(k+1)=A(k)x(k)+e f(k, x(k

subject to

chx(k)zszg(k,x(k)).
k=0 k=0

is guaranteed a solution x,.

Further, we have that|| x,— X ||cc — 0 as & — 0.

65



Proof. The fact that H, is continuously differentiable under this new set of conditions can be shown
using an almost identical argument to the one showing H, is continuously differentiable. We wish
to show that H : I, x R"*! — [, is continuously differentiable.

Recall that

k—1 2
Hy((x+h,v+w)(k),e)—H((x, v)(k),s)—lh(k)—@(k)w—s((P(k)ztb_l(l)é(l, x(l))h(l))l

1=0

k-1 27
:g(gcb(k,l)[f(l,(x+h)(l))—f(l,x(l))—a(z,x(l))h(l)])_

Note further that

k—
(Z () £ G X110 = S0 I)D'

=0

k=L a

gz kl)[—(l Bi)— l))] 0
=0

s i

s; (k,1)[E(l,ﬂl)—£(l,x(zn]u||h||oo

0

<[> Zap-La x(l))H)nhnoo

k=0

S KRl 11 = xllool 2]l oo

and K||h||11|8 —x|lco — 0 as || 2]|co — 0. Note also that for x;, x, € [, that

o

=l of of of of
; (k, 1)[ Lt~ 0 ]h(z ;cb(k,l)[a(z,xl(l))—a(z,xz(l))”
< (1, a)- 2L, x0)
Z;[ N ox 2 ]

< KAy 1% — X2l 00

—0

as || x;—x»||co — 0. Therefore, H; is continuously differentiable and therefore H is as well. It follows
that H satisfies the conditions of the implicit function theorem by the same argument as the one
appearing in the first part of this theorem, establishing our desired result.

O
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5.3 Examples

Example 7. Consider the boundary value problem
x(t)—Ax(t)=ef(t,x(2))
subject to
(o] o
ZCkx(tk):f:f g(t,x()dt
k=0 0

where x : ZT —R", f :R® - R? is twice continuously differentiable, C;. is an 2 x 2 real-valued matrix
and t;. >0 for all k > 0. We assume that

_ < Alk
A= Cee
k=0

is singular. Suppose that the matrix A is diagonalizable. That is, there exists an invertible matrix

p— pr P2
Ps Pa
and diagonal matrix
| a 0
= 4 p
satisfying
A=PBP™.
Therefore, we have that
AF=pBFp~!
and so
o 1
At _ 2 pkk|p-1
e =p ;k!B k(P

As mentioned above, we assume that A is singular, which implies that the second row is a scalar
multiple of the first. Suppose that the second row of A is k times row one for some x €R. It is clear that
A and AT have a one-dimensional kernel and that the kernel of AT is spanned by the vector [—k,1]".
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Write g as g =[g1,82]- Suppose that there exists y € ker(A) that satisfies for all t >0,

of oAl Ofr,  a
0= flte y) fte y)= ax(z‘ y)= ax(z‘,e ¥)
=gi(t, e y)=g(t,e*y)

and

—K‘J et dt;éf —22(t, e y)dt.
0

Under these assumptions, we have

[ele) [ee] t o0 (e’e] t
WT[J g(t,etAy)dt—ZCkeAskf eAtkf(s,eAsy)dslszU (O)dt—ZCkeAskf eAtk(O)ds]
0 0 0 k=0 0

k=0
=0

and that

[oe] t af
‘WTlJ —(t e'y) Z:C eA”‘f eSAyﬂ(s,eSAy)dsdtl
0 0

k=0

©og 2g
f a—xl(t,eAty)—K(a—xz(t,eAty))dt
0

£0.

Thus for ¢ sufficiently small in absolute value, we are guaranteed solutions to the nonlinear
boundary value problem above.
Alternatively, suppose for the problem above that the rows of A are identical, that A is the matrix

and that f : R3 - R? and g :R® — R? are given by

(x,—e1/2)?
3

— t
f(t'xl’xZ)—[ (x—e /22 43(x,—e /2t +1))? l
18

and

2_ ,—t
Xy—e

g(t)xlyx2)= 5(1‘97”2—87”2—)62)
12
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Then y =[1,—1]eker(A) satisfies the conditions imposed in theorem 1. That is,

oo
WTlf g(t,e™? e 2(1—1 dt+ZC eAt’Cf A(s“)f(s,e_s/z,e_s/z(s—l))dsdt]:O,
0
and

[ere] t [ee) t
17
wT E CkeAth e_A(S“)—f(s,e_s/z,e_s/z(s—l))dsdt=WT E CkeAtkf e A5 0)dsdr=0
k=0 0 0

Jx par

so we have
T Ooag —t/2 —t/2 ~ At ' fA(erl)af —s/2 _—s/2
w O (te 2 e (t—l))dt—ZCke cf e (5,672,672 (s—1))dsdt
0o 9% k=0 0 0 x
T Ooag —t/2  —t)2
=W —(t,e” "% e (t—1))dt
0 90X

*ro i
=‘WTJ [aixl(t,e—f/z,e—f/z(t—l))dt—a—iz(r,e—f/z,e—f/z(t—l))]dt
0

£0.

Therefore, by results in section 5.2.1 we can guarantee solutions to the nonlinear boundary value

problem in this example for ¢ sufficiently close to zero.
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