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In previous contributions the authors examined the performance of the Discrete Element Method (DEM) 
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approach predicts the increase of the strength observed 

but overestimating the effect of the confining stresses.
random distribution of concrete local stiffness on DEM predictions of material response under 3D 

was previously examined, confirming evidence concerning the marginal influence of this 
In those applications it was assumed that elements in the basic DEM lattice model fail only when 

subjected to tension, which implies an inconsistency with DEM pr
to compression, that fail due to indirect tension. In order to avoid violating a principle known in 

invariant imbedding, new constitutive criteria for concrete in DEM 
e herein proposed. Other factors responsible for the prediction errors mentioned above are 

Discrete Element Method (DEM), Concrete, 3D compression.

The Lattice DEM formulation used in this paper was proposed by Riera (1984) to predict the 
dynamic response of concrete plates and shells under impact loading. The constitutive criterion was based 
on Hillerborg’s model (1978). DEM applications in studies o

(2010) and Riera 
Power Plant containments and other engineering structures were described by Riera and Iturrioz (1998) 

(2014). The behavior of quasi-fragile materials under simple tension, which is 
governed by fracture, is better known than under confined compression, which involves more complex 
phenomena. Although the DEM approach is characterized by an intrinsic
influence of confining pressures, its performance in the prediction of concrete response under 3D 
compression required further assessment. Riera et al. (2015) presented DEM numerical simulations of the 

smatic concrete samples subjected to 3D compression tested by Van Geel 
(2016) extend the study to include available experimental results of cylindrical 

samples subjected to confined compression obtained by Candappa 
Predictions of the peak compressive stresses and of the rupture configurations were found to be 
compatible with experimental results for low confining pressures, although the strength increase was 

t and underestimated for higher confinement. Introduction of 

SMiRT-25 
Charlotte, NC, USA, August 4-9, 2019

Mechanics of Materials) 

REVISED CONSTITUTIVE CRITERIA FOR CONCRETE IN 
APPLICATIONS OF THE DISCRETE ELEMENT METHOD (DEM)

adel Miguel2 and Ignacio Iturrioz

Federal do Rio Grande do Sul, RS, Brazil.
Federal do Rio Grande do Sul, RS, Brazil.

Federal do Rio Grande do Sul, RS, Braz
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The resulting equations of motion may be written in the well-known form: 

    0rx x F t P t   M C
   
   (2) 

in which x  represents the vector of generalized nodal displacements, M the diagonal mass matrix, C the 
damping matrix, also assumed diagonal,  rF t


and  P t


 the vectors of internal forces acting on the nodal 

masses and the vector of external forces. Obviously, if M and C are diagonal, Eq. (2) is not coupled. Then 
the explicit central finite differences scheme may be used to integrate it in the time domain. Since the 
nodal coordinates are updated at every time step, large displacements can be easily accounted for. 
Structural response for static loads can be determined by employing a sufficiently small loading rate, for 
which any dynamic amplification can be neglected. For fracture analysis, the softening law for quasi-
fragile materials proposed by Hillerborg (1978) was adopted. It is thus assumed that the force-strain 
relation for elements subjected to tension is defined by the triangular constitutive relationship presented in 
Figure 1(b), which allows accounting for the irreversible effects of crack nucleation and propagation. The 
area under the force vs. strain curve (the area of the triangle OAB) is related to the energy density 
necessary to fracture the area of influence of the element. Thus, for a given point P on the force vs. strain 
curve, the area of the triangle OPC quantifies the energy density dissipated by damage. Once the damage 
energy density equals the fracture energy, the element fails and loses its load carrying capacity. On the 
other hand, under compression the material was assumed linearly elastic. Thus, failure in compression is 
induced by indirect tension. Constitutive parameters and symbols are defined below: the element axial 
force F depends on the axial strain ε. An equivalent fracture area Ai

* of each element is defined in order to 
satisfy the condition that the energy dissipated by fracture of the continuum and by its discrete 
representation are equivalent. With this purpose, fracture of a cubic sample of dimensions LLL is 
considered. The energy dissipated by fracture of a continuum cube due to a crack parallel to one of its 
faces is Γ = Gf Λ = Gf L2, in which Λ is the actual fractured area, i.e., L2. On the other hand, the energy 
dissipated when a DEM module of dimensions LLL fractures in two parts consists of the contributions 
of five longitudinal elements (four coincident with the module edges and an internal element) and four 
diagonal elements. The energy dissipated by a cubic DEM module and its distribution in the various 
elements were examined by Iturrioz et al. (2014) and will not be reproduced here on account of space 
limitations. 

The strains  and  (see Figure 1b) are related to another material parameter, the characteristic 
length , by means of the equations: 

=   ,               =
∗

 (3) 

in which ∗ denotes the equivalent fracture area of each element defined to accomplish that the energy 
dissipated by fracture of the continuum and by its discrete representation are the same. The subindex  
identifies the type of element referenced (diagonal or normal). Unstable fracture propagation, requires 
that the characteristic length of the structure exceeds . In order to account for the nonhomogeneous 
nature of concrete or rocks, Miguel et al. (2010) modeled the random properties of these materials, 
defining the toughness Gf as a random field with a Type III (Weibull) extreme value distribution, given by 
Eq. (4): 

   1 expf fF G G


       
(4) 

in which β and γ are the scale and shape parameters, respectively. The mean value μ and the standard 
deviation s of Gf are given by: 

 1 1          
1 221 2 1 1s           

(5) 
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in which Γ(x) denotes the Gamma function. The latter was simulated using well known numerical 
procedures. In earlier applications of the DEM, taking the size of the elements (L) equal to the correlation 
length of the random field of the material property of interest, say lc, allowed the assumption that 
simulated values were uncorrelated, thus simplifying the computational scheme. This is an important 
restriction and procedures to generate DEM meshes that are independent from the correlation length of 
the random field were used later by Puglia et al. (2010). In samples subjected to unconfined compression 
in the vertical direction, fractures oriented in the direction of loading appear as the load intensity 
increases. These vertical fractures eventually lead to the formation of slender vertical columns within the 
material, which fail by elastic buckling, since the strength of compressed DEM elements was not limited, 
causing failure of the compressed body. In simulated samples subjected to controlled displacements, 
failure occurred suddenly, without the softening branch observed in laboratory experiments. To improve 
the predicting capability of the DEM model, small perturbations of the cubic arrangement were 
introduced in the DEM mesh, generated by small initial displacements of nodal points. These 
perturbations should also result in small changes in the stiffness of the elements, which should tend to 
zero as the initial nodal displacements vanish. Hence, it is herein assumed that the stiffness coefficients of 
the DEM model remain unaltered by small perturbations of the mesh. Moreover, the linear response of the 
model should remain unaltered within the range of interest, whose upper limit will be established later. 
Basically, it is assumed that the nodes in the perturbed model are displaced from their position in a perfect 
cubic arrangement, defined by nodal coordinates (xn,yn, zn), as indicated in Eq. (6): 

(xn+rxL, yn+ryL, zn+rzL) (6) 
in which rx, ry and rz are random numbers with a normal distribution with zero mean and coefficient of 
variation CVp. L denotes the length of the longitudinal elements in the cubic cell. The CVp value that best 
fits the experimental evidence was determined by numerical experimentation. 
 
 
INFLUENCE OF MESH ORIENTATION ON PREDICTIONS OF FRACTURE PROCESSES 
 

One of the factors that may introduce prediction errors in numerical analysis of fracture processes 
is obviously related to the restraints on the fracture paths introduced by numerical methods, such as DEM 
or FEM. In any procedure in which only a finite number of fracture paths are possible, the numerical 
solution may not coincide with the true path, leading to errors in the determination of the structural 
response. It may generally be expected that prediction errors will decrease as the mesh density increases, 
but this is not necessarily the case. Birck et al. (2018) determined a bound on model error in DEM 
numerical predictions, by examining the influence of the mesh orientation on simulations of fracture 
propagation in a quasi-brittle nonhomogeneous material subjected to a nominally homogeneous stress 
state. A 316mm square concrete plate was modeled by means of a DEM mesh with a basic cube length   

 = 4mm. Models and material parameters are indicated in Table 1. Nodal displacements that produce, 
in a homogeneous plate with elastic parameters  and , a strain field with principal strains ≠ 0, 

= = 0, were applied on the plate boundaries. The non-zero strain  is oriented in a direction that 
forms an angle  with the vertical axis. The mesh orientation was not modified, but the strain field was 
rotated an angle . Ten cases were simulated, with  varying, with 5 degrees intervals, between 0 and 45 
degrees. The boundary displacements increased linearly from zero, at a constant rate, sufficiently small to 
ensure that the global response was not significantly influenced by further reductions of the loading rate. 

Table 2 presents a summary of the numerical results, while Figure 2 shows views of the initial 
fracture for =30°, as well as the final fracture configuration. It may be seen that, due to the combined 
effects of the random distribution of material properties and DEM mesh orientation, the fracture path is 
irregular. 

Finally, Figure 3 illustrates the influence of the DEM mesh orientation on the peak of the elastic 
energy, for different seeds in each simulation. The effect appears jointly with the influence of the random 
fracture energy distribution, but the simulations suggest that the peak values of the elastic energy are 
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The coefficients determined for Equation (7) suggest that the peak value of the elastic energy for 
the case considered ( > 0, = = 0) is around 10% higher along symmetry lines of the DEM mesh 
(0 and 45°) than for  around 22°. Since the error should be smaller in case of nonhomogeneous nominal 
strain states and the difference between the initial fracture orientation and nominal principal strains, 
shown in Table 2, is also small, it is concluded that the errors due to the mesh orientation would be 
tolerable in most engineering applications. 
 
 
INFLUENCE OF CONCRETE ANISOTROPY 
 

In reinforced concrete structural analysis and design, it is usually assumed that the material is 
globally isotropic and homogeneous. Local departures from this assumption generally exert a minor 
influence on observed response and are therefore disregarded. There is overwhelming evidence, however, 
that in standard concrete there is some degree of meso-scale orthotropic behavior, which results from 
gravitational effects during concrete casting and hardening. This anisotropic behavior may affect 
structural response predictions in some special situations, as discussed by Kosteski et al. (2018). 

Ozyildirim and Carino (2010) observe that weak interfacial regions tend to occur more frequently 
under coarse aggregate particles, due to bleeding and other causes. As a consequence, in standard 
concrete, horizontal initial fractures - not produced by load applications - may be expected to be more 
numerous than fractures in other orientations, resulting in a smaller compressive strength in the 
orientation parallel to the predominant orientation of the cracks, that is, the horizontal plane, in relation to 
the compressive strength in the vertical direction (Neville, 1996; Suprenant, 1985). This fact has been 
widely verified in pavement and highway construction: AASHTO T124 (2005) instructions clearly state 
that the strength of cores drilled in directions parallel to a horizontal plane tends to be lower than the 
strength of cores drilled in the vertical direction. The previous considerations lead to two important 
conclusions: first, horizontal cracks tend to close when subjected to vertical compression and therefore 
their presence should not influence either experimental nor DEM numerical determinations of the 
(vertical) unconfined compressive strength. On the other hand, these horizontal cracks should cause a 
reduction of the influence of confining stresses on the vertical strength, in relation to the effect that might 
be expected in an isotropic material. The effect cannot be simulated by reducing the specific fracture 
energy Gf of DEM elements oriented during casting in the vertical direction by a previously established 
ratio, because experimental results employing cubic concrete samples suggest that the frequency of 
occurrence of approximately horizontal initial fractures differs from the frequency of occurrence and 
probability distribution of fractures on arbitrarily oriented planes (Kosteski et al., 2018). Thus, no attempt 
is made in this paper to include anisotropy in the present formulation because reliably accounting for 
concrete anisotropy in the simulation of concrete properties in DEM models requires additional 
experimental research. 
 
 
INVARIANT IMBEDDING AND DEM CONSTITUTIVE RELATIONS 
 

As underlined before, the analysis of quasi-brittle materials was performed with success in 
applications of the 3D truss-like DEM model assuming that failure occurs due to tensile fracture only. 
Thus, structural elements subjected to compression fail by indirect tension, induced by the so-called 
Poisson effect. The constitutive relations for DEM element (see Fig. 1b) account for fracture under tensile 
forces, but admit linear elastic response under compression. This assumption may also contribute to the 
model error observed in DEM predictions of systems subjected to 3D compression discussed in previous 
sections 

The argument, based on the notion of invariant imbedding, is the following: if DEM models 
predict failure of a concrete column subjected to uniaxial compression, then individual DEM elements 
subjected to uniaxial compression should also fail for a sufficiently high compression load. It was initially 
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CONCLUSIONS 
 

The authors continued the study of the performance of the Discrete Element Method (DEM) in 
simulations of the response of concrete elements subjected to 3D compression, in order to determine the 
causes that lead to overestimating the effect of the confining stresses. The influence of the mesh 
orientation, previously assessed, may lead to prediction errors significantly smaller than those observed in 
DEM simulations. Herein the relevance of concrete anisotropy, which may cause smaller tensile strengths 
in the vertical direction, is also pointed out as a possible contribution to differences between experimental 
and numerical results. Finally, limitations of the assumption that under compression concrete elements 
remain indefinitely elastic, adopted in previous DEM applications, are critically assessed. This 
assumption violates the notion of invariant imbedding, which led to the revision of the constitutive 
criteria proposed in this paper. A preliminary assessment, in which DEM predictions are compared with 
experimental evidence shows a remarkable improvement in the prediction capability of the approach. 
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