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ABSTRACT 

CLASSI and SASSI are two sub-structuring approaches to analyze the phenomena of soil-structure 

interaction (SSI) with extensive applications in the nuclear power industry.  Many similarities exist in the 

two methods; both approaches treat the SSI problem as a linear problem (soil and structure are modeled 

as behaving linearly), solve the problem in the frequency domain, and treat complex free-field wave 

propagation mechanisms, including incoherence of ground motion.  SASSI has distinct advantages in 

modeling embedded foundations of irregular shapes, including foundation flexibility.  Standard versions 

of CLASSI treat the foundation of the structures as behaving rigidly with respect to earthquake motions 

and the calculation of overall response.  Structures are modeled in CLASSI using their fixed-base eigen-

system.  This permits very detailed structure models of 100,000s of degrees of freedom represented by 

1000s of fixed-base modes to be incorporated directly into the SSI analysis.  Other advantages of CLASSI 

are the ability to interrogate sub-structure elements of the problem efficiently, and the ability to cost-

effectively perform probabilistic response analyses of soil-structure systems.  The limitation of CLASSI 

is its inability to treat embedded foundations of complex geometry and its assumption of rigid foundation 

behavior.   

A Hybrid approach has been developed which combines the advantages of SASSI in the 

development of impedance and scattering functions for flexible embedded foundations, with the response 

analysis advantages of CLASSI by enforcing rigid-body constraints to the SASSI foundation model.  This 

is performed by the computer program RIGID, which has been validated and verified against published 

results. 

This paper summarizes the general CLASSI approach to the SSI problem followed by a 

description of an extension of the Hybrid approach in the program RIGID2017 to include embedded 

foundations that are partially bonded to the soil.  This extension is accomplished by performing a 

condensation of the complex-valued frequency-dependent dynamic stiffness matrix from SASSI to 

eliminate the degrees of freedom that are not part of the foundation that is bonded to the soil followed by 
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the application of rigid-body constraints to the bonded degrees of freedom.  This extension of RIGID is 

verified against published results, examples of which are included in this paper.   

INTRODUCTION 

Several different sub-structuring methods for the treatment of soil-structure interaction (SSI) phenomena 

exist, Johnson (2003).  Two very popular methods are CLASSI (Continuum Linear Analysis for Soil-

Structure Interaction), Wong and Luco (1980) and SASSI (A System for Analysis of Soil-Structure 

Interaction), Ostadan and Deng (2010).  Descriptions of the approaches and program manuals are 

contained in the references.  Each method approaches the SSI problem in a slightly different way.  SASSI 

uses linear finite element modeling to represent the soil and structure.  The soil is modeled as a uniform or 

horizontally layered, elastic or viscoelastic medium overlying a uniform half-space.  SASSI has distinct 

advantages for modeling embedded foundations of irregular shapes, including foundation flexibility.  In 

addition, backfill conditions may be modeled as appropriate.  Limitations are in the degree of 

sophistication and detail permitted in the idealization of the structure model.   

The CLASSI approach is described in detail in Wong and Luco (1980) and key elements are also 

found in Johnson et al. (2010b).  A brief summary is included here.  The standard versions of CLASSI 

model the soil as semi-infinite layers overlying a half space – material models include elastic or 

viscoelastic representations.  Although, specialized versions of CLASSI treat flexible surface foundations, 

generally foundations are assumed to behave rigidly.  Four elements comprise the CLASSI solution:  (a) 

Complex-valued, frequency-dependent SSI parameters (impedance and scattering matrices) about a 

defined foundation reference point (FRP) represent the behavior of the soil and massless foundation.   (b) 

The structure model is represented by its fixed-base eigensystem.  (c) The earthquake excitation is defined 

by time histories of free-field accelerations defined on the soil free surface or within the soil profile as 

specified for SASSI.  The seismic environment may consist of an arbitrary three-dimensional 

superposition of inclined body and surface waves.  (d) The SSI problem is solved about the FRP and the 

resulting motions in the structure are calculated, including all effects of SSI and the dynamic response of 

the structure.  The steps in the process to generate the SSI parameters are: (i) The foundation is 

discretized into rectangular sub-regions; complex-valued, frequency-dependent Green's functions are used 

to obtain sets of forces and displacements at the sub-region centroids.  The foundation impedances are 

developed by imposing rigid-body constraints to the sub-region centroidal displacements corresponding 

to unit displacements at the FRP.  (ii) The scattering matrix is developed in a second stage where the free-

field ground motions are imposed on the assumed rigid, massless foundation, yielding the foundation 

input motion and, thereby, the scattering matrix.   

The advantages of CLASSI include the ability to analyze very detailed structure models with 

100,000s of degrees of freedom represented by 1000s of fixed-base modes, Johnson et al. (2010a), the 

ability to interrogate the sub-structure elements of the problem efficiently, and the ability to cost-

effectively perform probabilistic analyses of soil-structure systems, Nakaki et al. (2010).  The limitation 

of CLASSI is its limited ability to treat embedded foundations of complex geometry and the assumption 

of rigid foundation behavior.  Both methods solve the problem in the frequency domain for seismic input 

motions defined by acceleration time histories.  Complicated wave field representations are permitted, 

including incoherence of ground motion, Johnson et al. (2007) and Johnson et al. (2010a).   

SSI PARAMETERS BY THE HYBRID APPROACH (CLASSI-SASSI2010-RIGID2017) 

In the Hybrid Method, the advantages of CLASSI and SASSI are combined for generation of foundation 

impedance and scattering functions.  The hybrid approach, which eliminates one of the two limitations of 

CLASSI, i.e. the treatment of complicated embedded foundations, has been documented in Johnson et al. 

(2010b).  In this approach, the unconstrained flexible foundation impedance matrix is generated with 
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SASSI for complicated embedded foundation shapes.  Foundation impedance and scattering functions are 

then developed applying rigid-body constraints to the foundation as is done for CLASSI.  This paper 

presents an extension of the hybrid approach to include embedded foundations which are only partially 

bonded to the surrounding soil.  This approach is developed herein, including presentation of verification 

problems.  This is another step in unifying the approaches to SSI analysis using CLASSI and SASSI.   

The link between SASSI and CLASSI, which applies rigid-body constraints to the flexible 

foundation impedance functions from SASSI, has been developed in a program named RIGID2017.  The 

method used in RIGID2017 is described first for fully bonded foundations and then for the extension to 

partially bonded foundations.   

Foundation Impedance Matrix 

The foundation impedance matrix for the rigid, massless foundation, [Ks(ω)], at any given 

frequency, ω, is derived from the SASSI flexible impedance matrix as described below.  For each 

frequency of interest, assume the unconstrained flexible impedance matrix is generated by SASSI.  Figure 

1 shows the foundation and free-field schematically.  The unconstrained SASSI flexible impedance 

matrix, [k(ω)], relates the displacements, {u(ω)}, occurring at the n degrees of freedom on the foundation 

to the forces, {f(ω)}, being applied to them.  This relationship is only dependent on the properties of the 

soil and the geometry of the n degrees of freedom.  (Note that when the frequency term, (ω), is omitted in 

the following equations, it is implied.)   

{f(ω)} = [k(ω)] {u(ω)} (1) 

For a rigid foundation the impedance functions can be obtained by enforcing the constraint that all 

displacements, {u(ω)}, are related to each other by rigid-body motion.   

{u(ω)} = [a] {U(ω)} (2) 

where [a] is a rigid-body transformation matrix, independent of frequency, which relates the 

displacements at each degree of freedom, {u(ω)}, to the six degrees of freedom, {U(ω)}, at the foundation 

reference point (FRP).   

The resultant force vector at the FRP, {F(ω)}, is:  

{F(ω)} = [a]
T 

{f(ω)} (3) 

= [a]
T
 [k(ω)] {u(ω)} 

= [a]
T 

[k(ω)] [a] {U(ω)} 

Define  [Ks(ω)] = [a]
T
 [k(ω)] [a].  Then, {F(ω)} = [Ks(ω)] {U(ω)} (4) 

 [Ks(ω)] is the impedance matrix of the rigid, massless foundation. 

Foundation Input Motions (FIMs) 

Let {u'} be the vector of the unconstrained foundation input motions (FIMs), defined at the n 

degrees of freedom of the foundation.  The unconstrained FIMs are defined by the given free-field 

motion, {ug}, i.e. the control motion (amplitude and frequency content at the control point) and the 

spatial variation of motion over the depth and width of the embedded foundation.  At this stage, the 

foundation node points are unconstrained by any foundation stiffness.  The vector {u'} is the same as the 

free-field motion at the node points defining the foundation.  If the amplitude of {ug} is unity, then {u'} 

can be thought of as the unconstrained scattering vector, {s'}.  Let {U*} be the unknown FIMs at the 
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FRP, assuming the foundation behaves rigidly.  Let {u*} be the rigid FIMs transformed to the degrees of 

freedom of the flexible foundation.   

{u*} = [a] {U*} (5) 

where [a] is defined in Equation. 2.  

The difference between the displacements of the unconstrained flexible foundation and the assumed rigid 

foundation is:   

{du} = {u’} - {u*}     (6) 

The force pattern required to produce {du} is {df} where:   

{df} = [k] {du}      (7) 

This force pattern must be self-equilibrating and therefore its resultant at the FRP, {dF}, must equal zero.  

{dF} = [a]
T
 {df} 

= [a]
T
 [k] {u’ - u*} = {0}    (8) 

Therefore: [a]
T
 [k] [a] {U*} = [a]

T
 [k] {u’}

And {U*} = [Ks(ω)]
-1

 [a]
T
 [k] {u’} (9) 

For a unit amplitude free-field motion at frequency ω, {u'} = {s'}, and {U*(ω)} is the scattering vector, 

{S(ω)}. 

Extension to Partially Bonded Foundations 

Assume that the flexible foundation model has only a portion of its nodes bonded to the rigid 

foundation, as in Figure 2.  The flexible foundation stiffness matrix, [k], can be partitioned into bonded 

and unbonded degrees of freedom.  Then Equation 1, {f} = [k]{u}, can be written as:   

│fb │  │ kbb  kbu │  │ub │   │fb │ 

│fu │   =  │ kub  kuu │  │uu │   = │ 0 │ (10) 

where the subscripts b and u refer to bonded and unbonded degrees of freedom respectively.  

The above relationship in Equation 10 can be rewritten as 

  {fb}   =   [kbb]{ub}  +  [kbu]{uu} (11) 

  {fu}   =   [kub]{ub}  +  [kuu]{uu}  =  {0} (12) 

{uu} can be eliminated from Equations 11 and 12 by condensation.  This consists of solving (12) for {uu} 

in terms of [kuu], [kub] and {ub} and substituting it into (11) to get 

  {fb}   =  [ [kbb]  -  [kbu][kuu]
-1

[kub] ] {ub}

or   {fb}   =   [kbb*] {ub} (13) 

where [kbb*]  =  [kbb]  -  [kbu][kuu]
-1

[kub]



25
th

 Conference on Structural Mechanics in Reactor Technology 
Charlotte, NC, USA, August 4-9, 2019 

Division III 

The remainder of the solution consists of solving Equation 13 in the same manner as for the fully bonded 

foundation.  

{F} =   [ab
T
][kbb*][ab]{U} (14) 

or {F} =   [K*]{U}

where [ab] is that portion of the rigid-body transformation matrix associated with the bonded degrees of 

freedom.   

The Foundation Input Motions are obtained in the same manner. 

{U*} = [K*]
-1

[ab
T
][kbb*]{u’} (15) 

VERIFICATION OF THE FOUNDATION IMPEDANCE MATRIX, [Ks(ω)] 

Two problems are presented here which verify the methodology and its implementation in RIGID2017.  

The first problem is taken from Luco et al. (1978), which used a combination of finite element modeling 

and integral equation approaches.  The second problem is taken from Sieffert & Cevaer (1991), which 

presented results based on a synthesis of finite element analyses.   

Luco et al. (1978) 

Luco et al. (1978) present torsional impedances for a cylindrical foundation embedded in a 

uniform visco-elastic half-space having a Poisson's ratio of 0.25 and material damping of 1%.  The 

foundation has an embedment ratio (embedment depth to radius, E/R) of 2.0.  Impedance functions were 

calculated for four cases of separation of the foundation from the soil: 0% separation (fully bonded to the 

soil), and the upper soil unbonded 25%, 50% and 75% from grade.   

Figure 3 shows impedance functions for the frequency range of a0 from 0 to 6, where a0 is a 

dimensionless frequency, a0 = ωR/VS, ω is the natural frequency, R is the foundation radius and VS is 

the shear wave velocity of the soil medium.  As can be seen from the figure, the agreement between 

SASSI2010/RIGID2017 and Luco et al. (1978) is excellent.   

Sieffert & Cevaer (1991) 

The second problem is taken from Sieffert & Cevaer (1991), which presents horizontal, vertical, 

rocking and torsional impedances for a cylindrical foundation embedded in a uniform visco-elastic soil 

layer, having a Poisson's ratio of 1/3 and a material damping ratio of 5%, overlying a rigid substratum.  

The thickness of the soil layer is twice that of the embedment depth.  The foundation has an embedment 

ratio (total embedment depth D to radius R) of 1.0. Impedances were calculated for three cases of partial 

embedment.   

Figures 4 through 6 show comparisons of results by SASSI2010/RIGID2017 and Sieffert & 

Cevaer (1991).  The impedances in the figures are denoted by the ratio d/D, where d is that portion of the 

embedment depth that is bonded and D is the total embedment depth.  The impedances presented by 

Sieffert & Cevaer are normalized by their static values and, therefore, the effects of partial bonding on 

amplitude are not apparent in the comparison.  From the figures it can be seen that large variations occur 

with change of frequency, presumably due to the presence of the rigid substratum underlying the soil.  

Good agreement between SASSI/RIGID and the published values can be seen in the figures.   
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Figure 1.  Schematic of Fully Bonded 

Foundation Node Points 
Figure 2.  Schematic of Partially Bonded 

Foundation Node Points 
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Figure 3a. Comparison of Torsional Impedance, Ktt, (real) 

SASSI2010/RIGID2017 vs. Luco et al. (1978) 

Figure 3b:  Comparison of Torsional Impedance, Ctt, (imaginary) 

SASSI2010/RIGID2017 vs. Luco et al. (1978) 



25
th

 Conference on Structural Mechanics in Reactor Technology 
Charlotte, NC, USA, August 4-9, 2019 

Division III 

Figure 4a.  Comparison of horizontal impedance, Kh, (Real) 

 SASSI2010/RIGID2017 vs. Sieffert & Cevaer (1991)  

Figure 4b. Comparison of horizontal impedance, Ch (Imaginary) 

 SASSI2010/RIGID2017 vs. Sieffert & Cevaer (1991)  
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Figure 5a. Comparison of vertical impedance, Kv (Real) 

SASSI2010/RIGID2017 vs. Sieffert & Cevaer (1991) 

Figure 5b. Comparison of vertical impedance, Cv (Imaginary) 

SASSI2010/RIGID2017 vs. Sieffert & Cevaer (1991) 
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Figure 6a. Comparison of rocking impedance, Kr (Real) 

SASSI2010/RIGID2017 vs. Sieffert & Cevaer (1991)  

Figure 6b. Comparison of rocking impedance, Cr (Imaginary) 

SASSI2010/RIGID2017 vs. Sieffert & Cevaer (1991) 


