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INTRODUCTION 
 
It is expected that, under strong seismic input motions, civil structures as well as mechanical components 
experience seismic responses that bring them beyond their elastic limit, resulting in a more or less large 
ductility demand. The purpose of this paper is to discuss the frequency dependence of this seismically 
induced ductility demand by considering, for the sake of simplicity, the case of a Single Degree Of Freedom 
(SDOF) system, or oscillator. Frequency dependence means that we discuss how much the ductility demand 
might be sensitive to the eigenfrequency of the oscillator. Actually, some non-dimensional analyses that 
are not presented here give evidence that a driving parameter is the eigenfrequency of the oscillator relative 
to the frequency content of the seismic input motion, as already illustrated by Labbé (1994) in a non-
systematic manner.  
 

In the present paper, frequency dependence of the seismically induced ductility demand is 
systematically examined by considering a series of SDOF, from very flexible to very stiff equipped with a 
range of constitutive relationships from purely damage to purely plastic model and different hardening 
stiffnesses.  
 
INPUT SIGNALS 
 
Considered input motions are samples of a filtered white noise stochastic process. The filter consists of a 
Kanai-Tajimi filter (Tajimi, 1960) and a high-pass filter described for instance by Clough and Penzien 
(1975). Numerical values of filter parameters are presented in Table 1. A time-envelope curve of -type 
(Jennings, et al., 1968) is used. One thousand samples of this process are generated, so called filtered white 
noise input signals, designated by {gj(t), j=1…1000}. A sample is presented in Figure 1, as well as its 
normalized Power Spectral Density (PSD). 
 

In order to describe the frequency content of the generated filtered input signals, their central 
frequencies are determined by using the Rice Formula (Equation 1), where Ω  and Ω  are the first and third 
spectral moments of the PSD of the considered signal. The central frequency of the jth signal is denoted fc,j. 
The descriptive statistics of the 1000 fc,j set is presented in Table 2. Similarly, we determined the non-
dimensional bandwidth using Equation 2, where, Ω  is the second spectral moment. According to the 
descriptive statistics presented in Table 2, these 1000 generated signals are of wide band type.  

 

 f =  (1) 

 

 δ = 1 −   (2) 



 
25th Conference on Structural Mechanics in Reactor Technology 

Charlotte, NC, USA, August 4-9, 2019 
Division V 

 

Table 1: Numerical parameters for generating input signals. 

Parameter Notation Value Unit 
Frequency step Δ  0.05 Hz 

Number of cosines k  1000 [-] 
Frequency range f -f  0.05-50 Hz 

Filter 
Kanai-Tajimi, 

f  2.5 Hz 
β  50 % 

High-pass filter 
f  0.125 Hz 
β  100 % 

Low-pass filter 
f  10 Hz 
β  100 % 

Time-envelope curve -type  
a  1.33 [-] 
a  2.50 [-] 
a  0.50 [-] 

 
 

 
Figure 1: A sample of input signal (left) and its PSD (right). 

 

Table 2: Descriptive statistics of the 1000 generated input signals. 

Statistic terms Central frequency, Hz Non-dimensional bandwidth 
Average 3.38 0.63 
Median 3.32 0.63 

Standard deviation 0.22 0.03 
Min 2.77 0.53 
Max 4.18 0.73 

 
 
HYBRID MODELS 
 
Two most-considered models (or constitutive relationships) in earthquake engineering are: elastoplastic 
model and damage model sketched in Figure 2. The elastoplastic model is representative of metal structure 
behaviour, while the damage model introduced by Mazars (1986) is suitable for concrete structures and has 
been afterwards developed by Mazars et al. (2015). Their internal variables, exemplified in Figure 4, are 
the plastic displacement, designated by xp(t), for elastoplastic model and the preceding maximum 
displacement, Y(t) such that Y(t)=Max[|x()|, 0<<t], where x(t) is the displacement time response of the 
oscillator. 
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Figure 2: Elastoplastic behaviour with kinematic hardening (left) and damage behaviour (right) 

 
In order to consider both plasticity and damage in the structure, we introduce a Hybrid model that 

consists in an assemblage in parallel of the two models described previously, as schemed in Figure 3, with 
respective weights  for the elastoplastic model and 1- for the damage model. In addition, we assign the 
same k , k  and X  values to both models. It implies that the elastic response of the Hybrid model, and 
consequently the natural frequency of an oscillator equipped with such a Hybrid model, does not depend 
on . Beyond the elastic regime, the force applied by the Hybrid model on the mass reads as per Equation 3, 
where f (t) and f (t) are calculated as a function of the state variables of the elastoplastic model and of 
the damage model. 

 
 f(t) =  χ f (t) + (1 − χ)f (t),  (3) 

 
We designate as a Hybrid oscillator an oscillator equipped with such a Hybrid model. Its dynamic 

equilibrium equation reads according to Equation (4), where f(t) is calculated as per Equation (3). 
 

 Ẍ(t) + 2ξ ω ẋ(t) +
( )

=  −g(t) (4) 

 

 
Figure 3. Scheme of Hybrid oscillator 

 

Such a Hybrid oscillator, of which an example of response is displayed in Figure 4, is characterized 
by five parameters: 

- natural frequency, f ,  
- damping ratio, ξ , 
- yielding displacement, X , 
- second stiffness ratio or hardening ratio, α = k /k , 
- Hybridity index, χ. 

 



 
25th Conference on Structural Mechanics in Reactor Technology 

Charlotte, NC, USA, August 4-9, 2019 
Division V 

 
Figure 4. Example of response of a ξ0 = 5% Hybrid oscillator, calculated for the configuration 

{p} = {1.0; 0.1; 0.5}, under =2.97, resulting in µ=3.31. 
 
 
NUMERICAL PARAMETRIC ANALYSIS 
 
Configurations of Hybrid oscillators 
 
When establishing the inelastic response spectrum for the NRC, Newmark & Hall (1978) observed a 
frequency dependence effect on the seismic response of elastoplastic oscillators. Later on, evidences were 
more precisely given about the role of the ratio between the natural frequency of the oscillator and the 
central frequency of the input motion (Gantenbein and Hoffmann 1986; Labbé 1994). Therefore, instead of 
reasoning on f0, we introduce the non-dimensional frequency of the oscillator, , such that =f0/fc. 
Consequently, in the performed numerical experiments, we first calculate the central frequency f , , of every 
input signal g (t), and for every of them, seven linear oscillators {f , ; ξ } are considered such that: 
 

-  takes values 0.1; 0.5; 1.0; 1.5; 2.0; 5.0; 10 
- 𝜉  is fixed to 5%. 

 
For every elastic oscillator f , ;  ξ , we calculate its response x , (t) to the input signal g (t). Then 

we assign its maximum response to the yield displacement: 
 

 X , =  max  x , (t)  , j = 1....1000 (5) 

 
Afterwards, 15 different Hybrid oscillators are considered resulting from the combination of p and 

 where: 
 

- p takes values 0.0; 0.1; 0.2, 
- takes values 0.00; 0.25; 0.50; 0.75; 1.00. 

 
In the following, a configuration, denoted {; p; }, is a set of Hybrid oscillators, which have in 

common the same values of these three parameters. There are in total 7 x 3 x 5 = 105 configurations. 
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Investigation of non-linear responses 
 
Once X ,  has been calibrated, we increase the level of the input signal by applying on it a factor λ , such 
that it becomes g , (t) =   λ g (t). It means that  is a non-dimensional level of seismic input motion,  = 1 
corresponding to the level that just brings the oscillator to its elastic limit. In practice we consider  values 
that range between 1 and λ  , the retained λ  value corresponding to the case where the median value 
of ductility demand is equal to 20. Once λ  is established, ten values of  λ are considered, evenly 
distributed between 1 and λ . Then, for each input level g , (t), we calculate the response x , (t) of the 
Hybrid oscillator under consideration (β - Newmark scheme, with = ¼ et = ½). Eventually, for every 
configuration, we get 10,000 time-responses: {x , (t), =1…max, j = 1…1000}. 

 

Table 3 Values of λ  

φ =
f

f
 

p=0 p=0.2 

=1.00 =0.75 =0.50 =0.25 =0.00 =1.00 =0.75 =0.50 =0.25 =0.00 

0.1 17.80 17.52 17.15 16.15 14.80 18.75 18.03 17.40 16.81 16.20 

0.5 12.54 12.46 11.84 10.80 9.35 16.69 15.93 15.22 14.27 13.10 

1.0 8.60 8.59 8.29 7.55 6.26 12.46 11.80 10.93 10.16 9.25 

1.5 5.04 4.93 4.58 4.08 3.43 12.46 11.80 10.93 10.16 9.25 

2.0 3.64 3.48 3.13 2.73 2.28 6.00 5.67 5.34 4.97 4.56 

5.0 1.73 1.63 1.51 1.42 1.35 4.25 4.25 4.33 4.30 4.20 

10.0 1.34 1.28 1.24 1.23 1.23 4.42 4.50 4.50 4.51 4.50 

 
The λ  values are displayed in Table 3 for 70 out of the 105 configurations. (Configurations with 

p=0.1 do not carry significant information in addition to p=0.0 and p=0.2; they are not reported in the 
table but are presented by Nguyen (2017).) It is worth making a note of the strong dependence of max on 
, in contrast with the relatively weaker dependence on p and the very small dependence on . 
 
RESULTS 
 
The sensitivity of the ductility demand, µ, to the non-dimensional frequency,  is illustrated in Figure 5. 
Both Figures 5-a and 5-b exemplify that µ is of the order of  for flexible oscillators (typically  < 1) while 
it takes much larger values for stiff oscillators. All the other parameters being fixed, Figure 5-a shows that 
p does not play a significant role for flexible oscillators while, on the opposite, the ductility demand is 
very much p dependant for stiff oscillators. Figure 5-b illustrates that the ductility demand is less dependent 
on the type of constitutive relationship, although the effect may be not negligible as discussed hereunder. 
 

As anticipated from Figure 5-a, the ductility demand as a function of  is very much  dependent. 
The global picture is presented in Figure 6. It appears that µ is approximately proportional to  for flexible 
oscillators. More precisely, µ is approximately equal to  for the elasto-plastic behaviour (=1) and to 1.3 
for the damage behaviour (=0). On the opposite the ductility demand increases very fast versus  for stiff 
oscillators. The intermediate case =0.5 is presented in the Appendix. Other cases, =0.25 and =0.75, 
investigated by Nguyen (2017), are not presented here.   
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Figure 5. Sensitivity to p (Fig. 5-a, left) and to  (Fig. 5-b, right) of the ductility demand  
as a function of , illustrated for two values of . 

 
 

 

 
Figure 6. Sensitivity to  and p of the ductility demand, µ, as a function of . 

 
 

In most practical situations, engineers have to deal with relatively small values of , typically of 
the order of 2 or 3. For this purpose, Figure 7 presents a focus of Figure 6 on  values that do not exceed 4. 
It can be observed that, although their global pictures look similar in Figure 6, plasticity model (=1) and 
damage model (=0) may present some significant differences. For instance, in case = 1.5, the ductility 
demand for =2 and p=0.1 is around 6 for =0, while it is only around 2.5 for =1.  
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Figure 7. Same as Figure 6 with a focus on relatively small values 

 
CONCLUSION 
 
It is frequent in earthquake engineering that response of structures and/or components under beyond design 
input motions should be considered. Typically, the resulting ductility demand, µ, should be evaluated under 
input motions that could be  times the design input motion. This paper provides evidence that in such 
situations, a key parameter is the non-dimensional frequency of the predominant natural mode, expressed 
as the ratio, , between this natural frequency and the central frequency of the seismic input motion. Small 
[large] values of  represent relatively flexible [stiff] structures.  
 

The most significant output is that for flexible structures, µ is of the order of , while on the opposite 
it increases much faster that  for stiff structures. For instance, in case of plastic constitutive relationship 
with 10% hardening stiffness, and for =3, we get µ=3 for =0.5 and µ=7.5 for =2. 
 

In addition, the ductility demand is very dependent on the hardening stiffness for stiff structures, 
while it is not for flexible structures. For instance, in case again of plastic constitutive relationship, and for 
=3, the ductility demand is µ=3 for =0.5 regardless the p value, while for =2, it jumps from µ=6 for 
p=20% to µ=12 for p=0.0 (perfect plasticity). 

 
Eventually, the ductility demand is relatively less dependent on the type of constitutive relationship, 

although it might have some significant effect as above discussed. 
 
In conclusion, the seismically induced ductility demand is very much sensitive to the relative 

frequency content of the seismic input motion, as compared to the natural frequencies of the structure or 
component under consideration. This frequency dependence should be properly considered when 
investigating seismic design margins.  
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Figure A1. Sensitivity to  and p of the ductility demand, µ, as a function of  for. 
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