
ABSTRACT 

SAXENA, SHEFALI. Adaptive Digital Pulse Processing for Real-time High-throughput High- 
resolution Gamma-ray Spectrometry. (Under the direction of Dr. Ayman I. Hawari). 

A high-resolution high-throughput real-time adaptive digital pulse processing system is 

developed for high count rate applications. High count rate applications in spent nuclear fuel assay, 

nuclear safeguards, and advanced reactors (e.g., pebble bed reactors) require high-resolution, high-

throughput gamma-ray spectrometry for the accurate estimation of quantities like the fuel isotopic 

content and burn-up. An advanced instrumentation technique is required to handle such high-count 

rates while preserving high spectroscopic performance. Traditional nuclear instrumentation 

designed for gamma-ray spectrometry is composed of analog signal processing modules that suffer 

from various issues such as pulse pile-up, dead-time, electronic noise, and temperature sensitivity, 

which degrade spectroscopic performance. Advances in digital systems make it possible to 

implement optimum filters to achieve improved signal to noise ratio as compared to traditional 

analog systems. Using the field programmable gate arrays (FPGAs), the system can operate in real 

time with more flexibility and considers the attributes of the generated signal on a pulse-by-pulse 

basis to enhance the spectroscopic performance. 

In this work, a high purity germanium detector (HPGe) was used for the measurements, which 

provides excellent energy resolution over a wide range of gamma-ray energies. At high count rate 

conditions, the considerations and requirements of signal to noise ratio, ballistic deficit, and pile-

up impose a trade-off between throughput rate and energy resolution using traditional pulse 

processing. Adaptive digital pulse processing algorithms were developed which include a pulse 

deconvolver, a trapezoid shaping filter with the adaption of shaping parameters, a timing filter, a 

baseline restorer and a pile-up rejecter. A digital pulse deconvolution technique was developed to 

reconstruct the original detector signal from the preamplifier signal, which reduces the resolution 



deterioration due to pulse pile-up. The radiation detector output pulses are distributed randomly 

following an exponential distribution. The trapezoid filter rise-time adaption algorithm was 

developed based on the given interval distribution which selects the rise time for each shaping 

filter from the optimum one to the lowest possible one based on the time interval determined by 

the timing filter zero-crossing detection (ZCD) between the successive pulses. The high purity 

Germanium detector signals consist of variable rise time, which depends upon charge collection 

time. Therefore, traditionally, the flattop time of the trapezoid filter is set to be more than the 

largest charge collection time to compensate the ballistic deficit. In the present work, the flattop 

time was made adaptive based on the ZCD time for each individual preamplifier pulse, which is 

correlated to the charge collection time. 

The developed adaptive digital pulse processing algorithms were implemented on a 

reconfigurable FPGA for real-time pulse processing. Experimental measurements were performed 

with a high-radioactivity 137Cs source under varying count-rate and pulse shaping conditions using 

HPGe detectors equipped with resistive feedback (RC) and transistor reset preamplifiers (TRP). 

The HPGe detector’s preamplifier pulses were sampled at a high frequency by a digitizer and 

digitally processed in real-time on a pulse-by-pulse basis using the developed algorithms. The 

results demonstrate that when using a TRP, adaptive digital signal processing allows handling 106 

counts/s (cps). Experimental results have shown that the implementation of the developed 

deconvolution approach limits resolution deterioration at high count rates and the adaptive shaping 

algorithm based on the charge collection time and time separation between input pulses enhances 

the throughput rates. The maximum throughput rate achievable is 458 kcps, which is 5-10 times 

better compared to the traditional analog and digital systems. In addition, the typical energy 

resolution of the HPGe detector is maintained with the high throughput performance. Thus, this 



work incorporates the physics of the radiation emission phenomenon with advanced 

instrumentation to develop a high-resolution high-throughput system capable of handling ultra-

high-count rates in various applications of nuclear science and technology.  
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Chapter 1   Introduction 

1.1   Introduction to Gamma-ray Spectrometry 

Gamma-rays represent electromagnetic radiation arising from the radioactive decay of atomic 

nuclei. They consist of photons having energies that are greater than tens of thousands of electron 

volts (𝑟𝑟𝑉𝑉). The energy spectrum of the gamma rays can be used to identify the decaying 

radionuclides and their properties, almost as a nuclear finger print. The basic mechanism for the 

detection of ionizing radiation is the transfer of energy to a detector material. Gamma-ray 

spectrometry is an aspect of radiation measurements which deals with the identification and 

quantification of radionuclides by analysis of the gamma-ray energy spectrum produced in a 

gamma-ray spectrometer. The gamma-ray spectrometer consists of a radiation detector (used to 

detect the radiation) followed by a pulse processing system. The function of the front-end 

electronics is to acquire the electrical charge pulses generated by the radiation detector, process 

them to extract the quantities of interest such as particle energy (proportional to the charge created 

by the particle in the detector), their time of arrival and count rates. The typical analog electronic 

chain for the gamma-ray spectrometry is shown in Fig. 1.1.  

The preamplifier is designed to integrate the induced current arising from the detector under 

the influence of an applied electric field. It converts the current pulses into voltage pulses whose 

height is proportional to the generated charge and then to the energy of the detected events. An 

amplifier is used to amplify and shape the preamplifier pulses. The pulse shape should be wide 

enough to allow sufficient time to collect all of the charge liberated by the interaction of the gamma 

ray in the detector. It also provides a signal-to-noise ratio that minimizes the variation in output 

pulse amplitude for a given quantity of charge deposited at the preamplifier input. The single 

channel analyzer (SCA) is used to eliminate the electronic noise and to reject unwanted signals. It 
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has two discriminators with independent thresholds. If the amplifier pulse amplitude exceeds the 

lower threshold and is less than the upper threshold, the SCA emits a logic pulse which is counted 

by the counter/timer unit.  

 

Fig. 1.1. A schematic block diagram of a typical detection system for gamma-ray spectrometry, comprising a radiation 
detector for the gamma-ray detection, a preamplifier which converts the current pulse to voltage pulse, an amplifier 
for the pulse shaping and a single-channel analyzer and a multi-channel analyzer for counting and measuring the 
energy spectrum. 

A particle energy spectrum is a function given by the distribution of particles in terms of their 

energy. The pulse height distribution is commonly displayed as a differential pulse height 

distribution, as shown in Fig. 1.2 (a), a plot of 𝑑𝑑𝑁𝑁 𝑑𝑑𝐶𝐶⁄  versus 𝐶𝐶, with 𝑑𝑑𝑁𝑁 as the number of counts 

and 𝑑𝑑𝐶𝐶 is the pulse height interval. A Multi-Channel Analyzer (MCA) records and stores pulses 

according to their height. It consists of several channels that correspond to a continuum of voltages 

partitioned equally. The distribution of pulses in the channels is a function of the distribution of 

particles in terms of their energies, known as energy spectrum. The standard electronics for nuclear 

instrumentation are defined in the Nuclear Instrumentation Modules (NIM) norm, which defines 

mechanical and electrical specifications for electronics modules used in experimental nuclear 

physics. NIM is the standard for setups for high-resolution measurements with analog electronics 

(amplifier, high-resolution analog to digital converter, timing electronics as well as for low/high 
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voltage supplies). The basic terminology used to define the performance of a gamma-ray 

spectrometry system are as follows, 

• Input count rate (ICR): Input events per unit time at the system, regardless of the energy of those 

events.  

• Throughput rate: The maximum rate at which the system can process or analyze events.  

• Energy resolution: A measure of the width (full-width half max, FWHM) of a single energy peak 

at a specific energy, expressed in absolute keV.  

 

(a) 

 

 

(b) 

Fig. 1.2. (a) Example of differential pulse height spectra in which the entire area under the spectrum is a measure of 
the number of all pulses that are recorded, (b) an ideal and an actual pulse height distribution for a single energy. 
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Ideally, the pulse height spectrum of a monoenergetic beam of particles interacting with a 

radiation detector will have a single spectral line. There are numerous factors which affect the 

measurement of the pulse amplitude and result in a Gaussian shaped distribution of amplitudes in 

the pulse height spectrum. The statistical fluctuations in number of charge carriers, electronic noise 

and system drifts cause a broadening of the spectral line. The broadening of the spectral line is 

measured by full width half maximum (FWHM). An ideal and actual pulse height distribution of 

the pulses for the same amount of energy deposition in a detector is shown in Fig. 1.2 (b). 

1.2   Migrating from Analog to Digital Pulse Processing 

Traditionally, the electronic systems used for gamma-ray spectrometry have been made of 

almost all analog chain, as shown in Fig. 1.1. The developments in digital techniques have 

facilitated a new kind of nuclear instrumentation. Digital pulse processing provides improvement 

in spectroscopic performance, reliability, compact size, versatility, and flexibility as compared to 

traditional analog systems. The primary goals of both the analog and the digital systems are to 

achieve high spectroscopic performance with reduction of dead time and the ballistic deficit to 

reduce the spectral distortions. An optimum filter to achieve the best signal to noise ratio is a 

primary prerequisite in the high-resolution gamma-ray spectrometry systems. The theory of 

optimal pulse shaping in high-resolution spectrometry has been well developed [1]-[8]. The 

optimum filter shape to use depends on the nature of the noise source (e.g. white noise, 1/f noise, 

series or parallel noise) and the noise power spectral density. The most commonly used filter 

shapes are cusp and flat-topped cusp, triangular, and trapezoidal. These optimum filters are 

generally not possible to implement using analog circuitry. The various shaping methods and their 

performance are listed in Table 1.1. 
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In digital pulse processing, the analog to digital conversion takes place as close as possible to 

the detector, i.e., just after the preamplifier or photo-multiplier tube (PMT). The continuous output 

voltage from the preamplifier is sampled and digitized at high frequency using a digitizer. A digital 

processor processes these digitized signals in real-time or offline. In real-time processing, the 

processing is done at the same time the digitized data is produced. In offline processing, the 

digitized data is stored and processed later. The digital processor performs numerical operations 

on digitized signals to extract energy, timing, type of particles etc. The digital recorders and 

oscilloscopes were used for digital pulse processing in the 1980’s [9], [10]. The digital techniques 

and algorithms for pulse processing were developed in the 1990’s which include the development 

of moving average filters, and recursive digital shaping algorithms for nuclear spectrometry [11]-

[15]. 

Jordanov et. al have developed the recursive algorithms for optimum shaping filters such as 

trapezoid, triangular and the finite cusp for real-time digital implementation [12], [15]. Personal 

computers, programmable logic devices (PLDs), fast transistor-transistor logic (TTL) circuits and 

application specific integrated circuits (ASICs) were used as digital pulse processing units in early 

digital spectrometry systems, which were limited by the maximum achievable throughput [16]-

[19]. With the advent of very large-scale technology and FPGAs with high processing speed, many 

radiation detection systems were designed to improve the performance of digital pulse processing 

[20]-[27]. A simplified block diagram of a digital pulse processing system is shown in Fig. 1.3. A 

digital filter is a recursive mathematical algorithm, operating on the stream of digitized values. A 

digital shaping filter, baseline restorer and pile-up rejecter are the part of digital pulse processing 

to obtain the energy, count rate, and timing information.  
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Table 1.1. Optimum shaping filters and their factor of demerit(ratio of obtainable resolution in terms of equivalent 
noise charge to the theoretically optimum resolution) to compare the energy resolution performance [1]-[8]. 

Shaping Noise Filtering Function Factor of demerit 
 

Infinite Cusp 

 

1 

Truncated Cusp 

 

1 

Gaussian 

 

 

1.359 

Triangular 

 

1.075 

Trapezoid 

 

1.075 

 

 

Fig. 1.3. A schematic block diagram of a digital pulse processing system for radiation measurements, consists of a 
detector for gamma-ray detection, a preamplifier, an ADC for analog to digital conversion, a digital signal processor 
for digital shaping and amplitude measurement and a computer which interacts with the DSP to extract energy and 
count rate information. 
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1.3   Gamma-ray Spectrometry at High Count Rates  

High count rate considerations arise in the case of intense sources and high incoming radiation 

rates (e.g., when dealing with samples of high radioactivity). At high count rates, problems like 

degradation of energy resolution, excessively long counting times, erroneous peak to background 

ratios, inaccurate counting statistics, or even system shutdown due to overload and saturation, start 

to appear. The high-count rate situation may be dealt with by invoking the inverse rule into the 

measurements, that is, to increase the source-detector distance to reduce the radiation intensity. 

Sometimes this may not be feasible in a given facility. The other solution is to use heavy shielding 

and collimation, which also worsens the counting statistics possibly to an unacceptable extent. 

Applications for homeland security, nuclear materials safeguards, and spent nuclear fuel assay 

demand high-resolution, high-throughput spectrometry of gamma rays under conditions of 

extreme event rates on the order of 1 million counts per second (cps). The basic components of an 

analog gamma-ray spectrometry system with high purity germanium detector and, together with 

their typical throughput limits, are given in Table 1.2. 

Table 1.2. Major analog gamma-ray spectrometry system components and their throughput limitations [28]. 

Component Limiting mechanism Dead Time 
(𝝁𝝁𝝁𝝁) 

Rate Limit 
(𝝁𝝁𝝁𝝁) 

Detector Charge collection time 0.2 – 0.5 7×105 - 2×106 

Preamplifier RC Type: Dynamic range - 4×104 - 2×105 

Transistor reset: reset time 0.2 2×106 

Amplifier 

 

Pulse width, 
Pile-up, 

Recovery from overload 

2 - 100 4×103 - 2×105 

ADC Wilkinson type 5 - 80 4×103 - 7×104 

Fixed conversion type 1 - 25 1.5×104 - 4×105 

MCA Data storage time 1 - 3 1×105 - 4×105 
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The physical count rate limit in the detector results from the time it takes to collect all the 

charge from an event. The charge collection time varies with the type of the detector and 

configuration. The statistical fluctuations in charge carriers, electronic noise, and incomplete 

charge collection are the factors responsible for the peak broadening in a detector. The resistive 

feedback preamplifier relies on the collected charge from the detector accumulating on the 

feedback capacitor and leaking away through the feedback resistor. The electronic components of 

preamplifier contribute to series and parallel noise, imposes restrictions on processing time in pulse 

processing. The energy rate limit of the preamplifier is defined as the number of events per unit of 

time and the energy of those events and its unit is MeV/sec. The energy rate limit is a function of 

the feedback resistor (𝑅𝑅𝑓𝑓) and dynamic range. With this type of preamplifier, the typical maximum 

energy-rate products for commercial detectors are in the range from 120 to 180 𝑇𝑇𝑟𝑟𝑉𝑉 per second. 

The transistor reset type preamplifier does not saturate at high count rates and provide the widest 

dynamic range of count rates (maximum energy-rate >1 𝐺𝐺𝑟𝑟𝑉𝑉/𝑓𝑓). Of all the elements in a gamma-

ray spectrometry system, the linear amplifier presents a variety of operational characteristics and 

most difficult choices. The considerations and requirements of signal to noise ratio, ballistic 

deficit, and pile-up imposes a trade-off between throughput rate and energy resolution. An example 

of this trade-off is shown in Fig. 1.4, where the effect of varying shaping time on energy resolution 

is shown for two different input count rates [29].  

In both the cases, there is an optimum shaping time to achieve a minimum value of full width 

half maximum (FWHM). At low shaping times, the FWHM is high due to the contribution of 

series noise which arises primarily due to the fluctuations in the channel current of the input stage 

FET. The FWHM decreases with the increase in shaping time, as the ballistic deficit and the 

contribution from the thermal noise decreases. At higher values of the shaping time, due to the 
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greater sensitivity of parallel noise, FWHM increases. For the high input count rate conditions, the 

effects of pulse pile-up and baseline shifts further deteriorates the energy resolution. 

 
Fig. 1.4. Variation of the energy resolution of a typical germanium detector system as the amplifier shaping time 
(processing time) is changed. The upper curve is for a relatively high rate (62,000/s) and the lower curve is for a low 
rate (2000/s) [29], [30]. 

Radioactive decay is a random process. The distribution of intervals between successive pulses 

depends on the rate of occurrence, i.e., input count rate (ICR). The distribution function to describe 

the intervals between adjacent random events is shown in Fig. 1.5 and can be given as, 

𝐼𝐼1(𝛿𝛿) = 𝐼𝐼𝐶𝐶𝑅𝑅 × 𝑟𝑟−𝐼𝐼𝐼𝐼𝐼𝐼×𝑡𝑡𝑑𝑑𝛿𝛿,                                                        (1.1) 

where 𝐼𝐼1(𝛿𝛿) is the interval distribution function [29]. The considerations of an optimum shaping 

time for energy resolution restricts the throughput rate as shown in Fig. 1.6. The relationship 

between the throughput rate and the shaping time can be given as, 

𝑇𝑇ℎ𝑟𝑟𝑇𝑇𝑟𝑟𝑟𝑟ℎ𝑝𝑝𝑟𝑟𝛿𝛿 = 𝐼𝐼𝐶𝐶𝑅𝑅 × 𝑟𝑟−2×𝐼𝐼𝐼𝐼𝐼𝐼×𝑆𝑆ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎  .                                          (1.2) 
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Fig. 1.5. Distribution function for intervals between adjacent random events to explain the time interval distribution 
of detector’s preamplifier pulses [29]. 

 

Fig. 1.6. Shaping time versus throughput rate, showing that at high count rates, the use of longer shaping times 
(preferable to achieve good energy resolution) reduces the throughput rate significantly. 

The extent of pile-up can be reduced by selecting the narrower amplifier pulse-widths. This 

implies a trade-off between the system energy resolution and throughput of pile-up-free data. 
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Relaxing the demands on the resolution will allow shorter shaping times to be used, with a 

consequent increase in pile-up-free throughput. This improves the detection limit, but the 

associated energy resolution deterioration may result in certain peaks becoming constituents of 

multiplets, which tends to degrade the detection limit [31].  

Two types of ADCs, Wilkinson, and successive-approximation (called fixed-conversion time, 

FCT), are commonly used in nuclear spectrometry systems [32]. In a traditional Wilkinson type 

ADC, the time required to convert a pulse is proportional to the amplitude (energy), thus they are 

energy rate limited. A successive approximation ADC examines the amplifier pulse with a series 

of analog comparators provides comparable differential linearity and are often faster than the 

Wilkinson type ADCs. ADC speed is an important consideration for high-count-rate gamma-ray 

spectrometry. For both the ADC types, the deadtime per event is the sum of the digitization time 

and the fixed processing time. The oscillators used in Wilkinson ADCs (4000 channels) require 

12 to 43 𝑝𝑝𝑓𝑓 to digitize and store a gamma-ray event whereas the successive-approximation ADCs 

(4096 channels) require 4 to 12 𝑝𝑝𝑓𝑓 to analyze a gamma-ray event. Thus, MCAs further limits the 

throughput rates. 

1.4   High Count Rate Applications 

1.4.1   Applications to Advanced Reactors 

Measurements in nuclear installations contribute to many aspects, such as advanced nuclear 

reactors, nuclear fuel cycle, safety and security, nuclear accident analysis, and environmental 

applications. Measurement devices and techniques for accurate measurements and monitoring of 

nuclear installations are of particular importance. For example, the Pebble Bed Reactor (PBR) is 

a helium-cooled, graphite-moderated high-temperature reactor. It consists of spherical fuel elements 

called pebbles. These pebbles are continuously cycled through the core and discarded if they reach the 
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end-of-life burnup limit (~80,000 – 100,000 MWD/MTU). The schematic of a pebble bed reactor and 

MCNP calculated gamma spectrum for a discharged pebble at the end-of-life is shown in Fig. 1.7 (a) 

and Fig. 1.7 (b) respectively.  

 

(a) 

 

(b) 

Fig. 1.7. (a) Schematic of a pebble bed reactor [33], (b) MCNP calculated gamma spectrum for a discharged pebble 
at the end-of-life (50,000 MWD/MTU). 
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The operation of the PBR greatly depends on a reliable online fuel burnup monitoring system. 

Using gamma-ray spectrometry, the burnup information is accurately known, on a pebble-by-pebble 

basis, thus tasks like fuel circulation, safeguards, and waste management can be performed [34]. For 

the accurate determination of burnup, high-resolution, high-throughput real-time gamma-ray 

measurements are required.  

1.4.2 Nuclear Safeguards and Spent Nuclear Fuel Assay  

Nuclear safeguard relies on gamma-ray based nondestructive assay for the verification of the 

special nuclear material. The measurement of gamma radiation from the spent nuclear fuel 

assemblies can be performed using gamma-ray spectrometry. Using this technique, parameters 

such as burnup and cooling time can be determined [35]. A typical experiment setup for spent 

nuclear fuel assay is shown in Fig. 1.8 (a) and gamma-ray measurements taken with ATM-109 

BWR fuel is shown in Fig. 1.8 (b).  

A spent nuclear fuel assembly is a high-intensity radioactive source with a large number of 

radioactive nuclei. The input count rate can reach up to 106 cps or higher after cooling of several 

years and the measurement electronic system can be completely saturated at such high-count rates. 

The non-destructive assay of a spent nuclear fuel assembly requires a high-resolution, high-

throughput measurement at high input count rates (106-107 cps) [36], [37]. To determine the 

isotropic concentrations of Pu, high-resolution gamma-ray spectrometry is often used for the burn-

up calculations. In these kinds of applications, a high purity germanium detector is often used to 

provide high peak to Compton ratio and good energy resolution. Many efforts are being devoted 

to developing gamma-ray spectrometry systems for high count rate applications which are 

discussed in the next section. 
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(a) 

 

(b) 

Fig. 1.8. (a) A typical experiment setup for spent nuclear fuel assay, (b) Gamma-ray measurements taken with ATM-
109 BWR fuel [36]. 
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1.5   State of the Art 

Various efforts have been made to develop a pulse processing system for nuclear 

instrumentation based on various platforms such as microprocessor, programmable logic devices 

(PLDs) and digital signal processors. The general idea of the signal processing system for various 

pulse-rate and noise requirement was discussed in reference [38]. In [39], V. Radeka proposed a 

trapezoid weighting function as an optimum filter when noise and charge collection variations are 

present. Discussion of optimal filters for nuclear radiation spectrometers was presented by H. 

Koeman [6], in which theoretical limitations of resolution and dead-time have been presented The 

methods of signal processing for semiconductor detectors were discussed in [40], in which general 

problems of pulse shaping to optimize resolution with constraints imposed by noise, counting rate 

and rise time fluctuations were discussed. The concept of optimum weighting function by 

exploiting experimentally measured noise was given in 1994 [5].  

A x-ray spectrometry system was developed in 1990 by T. Lakatos [17], which used a 12-bit 

analog to digital converter and a digital signal processor. A digital pulse processor based on a 

moving average technique was designed by Jordanov et al. which was built using high-speed PLDs 

and fast TTL integrated circuits [13]. The techniques for the synthesis of optimal pulse shapes 

(triangular and trapezoidal) were developed in 1994 for high-resolution high count rate pulse 

spectrometry [12], [15]. The real-time digital pulse processing method based on least-mean-square 

algorithms were presented in [41]. The studies show that digital signal processors have superior 

throughput and energy resolution performance at the high count rates as compare to the 

conventional analog systems [42]-[46].  

By the introduction of the advanced digital pulse processors which are capable of 

approximating the optimum filter shapes better than the traditional analog systems, digital pulse 
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processors were started to manufacture commercially from the last two decades.  The state of the 

art of the commercially available digital pulse processing systems is listed in Table 1.3. The first 

integrated DSP-based hardware-based systems DSPEC and DSPEC-Plus were developed by 

Ortec. In 1996, XIA LLC introduced the DXP-4C CAMAC module that offered DSP electronics 

for multi-channel X-ray detector arrays [47]. A modern digital signal analyzer was developed by 

Canberra and named as LYNX DSA, to provide superior performance, stability, resolution and 

acquisition modes that would be impossible to accomplish with analog processing methods alone 

[48].  

The systems for high count rate gamma-ray spectrometry were discussed in [36], [37], [49]-

[57]. The ADONIS system developed by CEA was designed to balance the trade-off between 

energy resolution and throughput rate, using a bimodal Kalman smoother [49], [50]. At Pacific 

Northwest National Laboratory (PNNL), JE Fast et. al have developed an Ultra High Rate 

Germanium (UHRGe) system, which was able to achieve high throughput, but the energy 

resolution was degraded due to DC shift at high count rates [37], [53]. In [52], [56], Cooper et. al 

developed a prototype device, features a planar HPGe crystal with a reduced-capacitance strip 

electrode geometry, enables the use of short shaping time. The throughput rate per strip was limited 

to 62 kcps, as they used traditional digital trapezoid shaping. An approach based on maximum 

likelihood estimation was developed by P. Scoullar, in which rather than discarding the piled-up 

events, the corrupted events were decoded using a model-based approach [58], [59]. The 

algorithms were tested with x-ray detectors, but not feasible for long decay signals of the RC 

preamplifier.  
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Table 1.3. State of the art of the digital pulse processing system [31], [36], [37], [48]-[51], [53], [55], [57], [60]-[64] 

S. 
No. 

Organization/ 
Company 

Product/ 
System 

Specifications Capabilities Reported 
Throughput  

1. CAEN  

 

Digital Pulse Height 
Analyzer 

14-bit, 100 
Msps FPGA 

firmware 

Pulse height 
analysis, pulse 

shape 
discrimination 

 

Throughput: 
max. 80 kcps 

2. ORTEC 

 

DSPEC 
DSPEC-Plus 
DSPEC-Pro 

 Resolution 
enhancer, 
enhanced 

throughput 
mode, list mode 

Throughput: 
max. 100 kcps 

3. Canberra  

 

Lynx Digital Signal 
Analyzer 

32k channel 
integrated 

signal analyzer  

Pulse height, 
multichannel 
scaling, dual 

channel loss free 
counting,  

Throughput: max 
102 kcps 

4. AMPTEK 

 

DP5 OEM Digital 
Pulse Processor 

80 MHz ADC 
with DSP 

MCS Mode, 16 
SCA’s, List 
Mode 

Throughput: max 
60 kcps 

5.  CEA, France  

 

ADONIS 
(Algorithmic 
Development 

Framework for 
Nuclear 

Instrumentation & 
Spectrometry) 

14-bit ADC 10 
MHz, a PC, a 

PCI acquisition 
board for the 
digital part, 

with a 
standalone 
analog and 

digital front- 
end module 

Algorithm 
referred as 

bimodal Kalman 
smoother 
(Offline 
analysis) 

Throughput: 200 
kcps 

 

6.  Pacific Northwest 
National Laboratory 

 

Ultra-High Rate 
Germanium 

(UHRGe) System 

4DSP VP680 
VPX card with 

an FMC108 
digitizer (16-bit, 

250 MHz)  

Tested with 
HPGe detector 
with modified 
PGT RG-11 

Throughput: 400 
kcps 

with energy 
resolution of 8 

keV for 662 keV 
gamma peak 

7. Lawrence Berkeley 
National Laboratory 

 

Prototype HPGe 
detector with 10 

strips 

Standard digital 
trapezoid filter  

detector design 
features a 
reduced-
capacitance, 
single sided strip 
electrode with 
ten collecting 
strips 

Throughput: 62 
kcps per strip 

(input count rate 
220 kcps) with 

energy resolution 
of 4.1 keV 

FWHM at 662 
keV 
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Chapter 2   Gamma-ray Spectrometry: Signal Development and 
Digital Signal Processing 

This chapter discusses the various components of a gamma-ray spectrometry system. The 

radiation detector, its working principle, configurations, and operational characteristics are 

reviewed in detail with a focus on a high-purity germanium detector. The discussion of the 

electronics and electronic noise associated with the detector and preamplifier, their energy rate 

limitations are illustrated. Understanding the contributions of electronic noise, charge collection, 

energy-rate limits are necessary for the design and optimization of the pulse processing systems 

that are aiming to extract the useful information such as energy, timing, or position from the 

detector/preamplifier pulses. The traditional pulse processing systems including analog and digital 

pulse processing are discussed in detail. The factors affecting the performance of the radiation 

spectrometry system with the conventional analog and digital pulse processing and their 

limitations are also discussed. The components of a typical gamma-ray spectrometry system are 

shown in Fig. 2.1. The characteristics and physics of each component and factors affecting the 

spectroscopic performance will be discussed in the next sections.  

 

Fig. 2.1. Gamma-ray spectrometry components which includes a radiation source, radiation detector to detect the 
radiation, a pulse processing system for pulse shaping and time and to extract useful information. 
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2.1   Radiation Sources 

Radiation is emitted by a source, travels through a medium and then absorbed by matter. A 

gamma ray (𝛾𝛾) is a penetrating electromagnetic radiation with frequency about 1018 𝐶𝐶𝐻𝐻, 

wavelengths of less than 100 𝑝𝑝𝑝𝑝 and energy range of 10 𝑘𝑘𝑟𝑟𝑉𝑉 to 10 𝑇𝑇𝑟𝑟𝑉𝑉. There are characteristic 

energy gammas for each nucleus which are useful for identifying radionuclides. When an unstable 

nucleus dissipates excess energy by a spontaneous electromagnetic process, photons or packets of 

electromagnetic energy are radiated. Natural sources of gamma rays originating on earth are 

radioactive decay and secondary radiation from atmospheric interactions with cosmic-ray 

particles. The sources of gamma ray include beta decay, annihilation radiation, nuclear reactions, 

Bremsstrahlung, synchrotron radiations and characteristics x-rays. A form of beta decay leads to 

the population of the excited state in daughter nucleus, and gamma radiation is emitted by the 

excited nuclei in their transition to lower levels. The mutually annihilating coalescence of a 

particle and its antiparticle can generate two radiation quanta (gamma rays), which travel in 

opposite directions. Gamma decay can also follow nuclear reactions such as neutron capture, 

nuclear fission, or nuclear fusion. When fast electrons interact in matter, part of their energy is 

converted into electromagnetic radiation in the form of bremsstrahlung. Synchrotron radiation is 

the name given to the radiation which occurs when charged particles are accelerated in a curved 

path or orbit. The energy liberated in the transition from the excited to the ground state takes the 

form of a characteristic X-ray photon whose energy is given by the energy difference between the 

initial and final states. 

Radioactive decay is random process, thus measurement based on observing the radiation 

emitted in radioactive decay also follows the random behavior and possess some degree of 

statistical fluctuations. Basic mechanism for the detection of an ionizing radiation is transfer of 
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energy to the material. The key process of a gamma detection is ionization, where it gives up part 

or all of its energy to the charged particles. Gamma rays interact with matter via three primary 

ways, photoelectric absorption, Compton scattering, and pair production. The charge particles 

generated from the interaction, are transported through the detector and collected and produce an 

electrical signal, whose voltage is proportional to the energy deposited in the detecting medium. 

The radiation detectors used for gamma-ray detection are discussed in the next section. 

2.2   Radiation Detector  

The selection of radiation detector depends on the measurement requirements, the energy range 

of interest and the practical considerations such as energy resolution, efficiency, count rate 

performance, the suitability of the detector for timing experiments, and the cost of the detector. 

The basic terminology used to characterize a detector is as follows,  

1. Absolute Efficiency: The ratio of the number of counts produced by the detector to the number 

of gamma rays emitted by the source (in all directions).  

2. Intrinsic Efficiency: The ratio of the number of pulses produced by the detector to the number 

of gamma rays striking the detector.  

3. Relative Efficiency: Efficiency of one detector relative to another; commonly that of a 

germanium detector relative to a 3 in. diameter by 3 in. long sodium iodide (NaI) crystal, each 

at 25 cm from a point source, and specified at 1.33 𝑇𝑇𝑟𝑟𝑉𝑉 only.  

4. Full-Energy Peak (or Photopeak) Efficiency: The efficiency for producing full-energy peak 

pulses only, rather than a pulse of any size for the gamma ray. 

5. Detector Resolution: Resolution is a measure of the width (full-width half max) of a single 

energy peak at a specific energy, generally expressed in absolute 𝑘𝑘𝑟𝑟𝑉𝑉. 
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A detector can be used to study different types of radiation based on the interactions. Geiger 

Muller (GM) counters register all sorts of charged particles through ionization effects. Scintillator 

and semiconductor detectors detect gamma rays by photoelectric effect, Compton scattering and 

pair production depending on gamma-ray energy. The gas-filled detectors, scintillator detectors 

and semiconductor detectors are the most commonly used for radiation detection. The most 

important advantages of semiconductor detectors, compared to other types of radiation detectors, 

are their superior energy resolution, linear response over wide energy range, high efficiency for a 

given size, insensitive to magnetic fields and the possibility of special configurations make them 

suitable for gamma-ray spectrometry.  

Semiconductor detectors are solid-state devices, in which charge carriers are electrons and 

holes. In semiconductors, the valence band is full, and the conduction band is empty and the gap 

between the two bands is very small as shown in Fig. 2.2. At very low temperature 𝑇𝑇~0, the 

conductivity of semiconductors is zero. At any nonzero temperature, valence electron gains some 

thermal energy and moves to the conduction band. When an electron moves to the conduction 

band, an empty state left in the valence band is called a hole. The probability per unit time that an 

electron-hole pair is thermally generated is given by [29], 

𝑝𝑝(𝑇𝑇) = 𝐶𝐶𝑇𝑇3/2𝑟𝑟𝑒𝑒𝑝𝑝 �− 𝐸𝐸𝑔𝑔
2𝑘𝑘𝑎𝑎

�,                                                      ( 2.1) 

where 𝑇𝑇 = absolute temperature, 𝐶𝐶𝑎𝑎 = bandgap energy, 𝑘𝑘 = Boltzmann constant, 𝐶𝐶 = proportionality 

constant characteristic of the material. In a pure semiconductor, holes are generated due to thermal 

excitation only, and the number of electrons in the conduction band is exactly equal to the number 

of holes in the valence band. With the doping of impurities in pure semiconductors, they obtain 

extra electrons or holes, which increase the conductivity of the material. The semiconductor with 

donor atoms has a large number of electrons and a small number of holes is called an n-type of 
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semiconductor. The semiconductor with acceptor impurity has an excess of holes and known as a 

p-type semiconductor.  

 
Fig. 2.2. (a) Band structure of a semiconductor, (b) excitation of electrons to the conduction band, (c) after times of 
the order of 10-12s, electrons and holes tend to deexcite to the lower part of the conduction band and upper part of the 
valence band, respectively. 

Semiconductor detectors are semiconductor diodes having a p-i-n structure. The 

semiconductor diode structure is shown in Fig. 2.3. The operation of the detector is based on the 

properties of the p-n junction with the reverse bias. The electrons and holes are swept away under 

the influence of the electric field, which increases the width of depletion layer and the sensitive 

detector volume. For a semiconductor detector, the depletion depth is given as, 

 𝑑𝑑 = �2𝜖𝜖𝜖𝜖
𝑎𝑎𝑒𝑒
�
1/2

 =  �2𝜖𝜖𝜖𝜖
𝜌𝜌
�
1/2

,                                                 ( 2.2) 

where 𝑉𝑉 is the reverse bias voltage and 𝑁𝑁 is the net impurity concentration.  
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Fig. 2.3. Structure of p-n diode junction and creation of electron-hole pair when a gamma-ray interacts in the depletion 
region. 

When radiation interacts in a semiconductor, it transfers energy to valence electrons to be 

elevated to the conduction band. An equal number of charge carriers (holes and electrons) are 

created due to the energy deposition. The average energy required by charged particles to create 

one electron-hole pair is known as ionization energy (𝜖𝜖). The semiconductors require less 

ionization energy (2.96 𝑟𝑟𝑉𝑉) as compare to a typical gas filled detector (30 𝑟𝑟𝑉𝑉), thus the number of 

charge carriers is 10 times greater for the semiconductor case. The ideal semiconductor detector 

material should have a large absorption coefficient (high atomic number), generate a large number 

of electron-hole pairs per unit energy (low 𝜖𝜖), allow electron and hole mobility and be available in 

high purity as single crystals. Germanium possesses the most ideal electronic characteristics in this 

regard and is a widely used semiconductor material in solid-state detectors. 

2.2.1   Detector Physics  

2.2.1.1 Charge Collection, Measurement and Signal Formation 

The generated charge carries by gamma-ray interaction transports through diffusion or drift. 

In the presence of an electric field, the carriers move parallel to the applied field direction. The 

charge carrier velocity is a function of electric field and can be given as [65], 
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�⃗�𝑣 = 𝜇𝜇𝐶𝐶�⃗ ,                                                                    ( 2.3) 

where 𝜇𝜇 is the mobility of the charge carrier and its is a function of diffusion constant 

�𝜇𝜇 = 𝑎𝑎
𝑘𝑘𝑎𝑎
𝐶𝐶�. The time taken by charge carriers to reach the electrodes is known as the charge 

collection time. To understand the charge collection process, consider a planar detector and the 

movement of an electron-hole pair, created at distance 𝑒𝑒, from the 𝑝𝑝+ electrode, as shown in Fig. 

2.4. Without any external field, the pair will move under the influence of thermal excitation. When 

the bias voltage 𝑉𝑉 is applied, due to the generated electric field, electrons will move to the positive 

collector with drift velocity (𝑣𝑣𝑎𝑎) and holes will migrate to the negative with velocity (𝑣𝑣ℎ). The 

mobility 𝜇𝜇, the ratio of 𝑣𝑣 𝐶𝐶⁄ , is different for electrons and holes in Germanium by 15% only. At 

high electric field intensity, the drift velocity increases and reaches a saturation velocity, and then 

becomes independent of electric field.  

 

Fig. 2.4. Charge carriers motion in a semiconductor under the influence of bias voltage 𝑉𝑉. 

The charge collection time depends upon the position of interaction and detector geometry. 

For an event close to the positive electrode, the electron collection time will be less the hole 

collection time. The shape and the rise time of the detector pulse is dependent on the charge 

collection time, thus to the position of the interaction. The charge collection uncertainties can be 

reduced by the high bias voltage. HPGe detectors can be manufactured in different geometries 
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suitable for different gamma-ray spectrometry applications. Fig. 2.5 shows the planar and coaxial 

configurations. The detector depleted region is formed by reverse biasing the 𝑛𝑛+ − 𝑝𝑝 junction. The 

𝑛𝑛+ contact is formed by several µm thick Lithium. The 𝑝𝑝+ layer is built by ion implantation of 

Boron acceptor atoms. The electric field for the planar geometry can be obtained using Poisson’s 

equation, 

|Ε(𝑒𝑒)| = 𝜖𝜖
𝑑𝑑

+ 𝜌𝜌
𝜖𝜖
�𝑑𝑑
2
− 𝑒𝑒� ,                                               ( 2.4) 

where 𝑒𝑒 is the distance from the 𝑝𝑝+ layer. The capacitance per unit area for planar configuration 

can be given as, 

𝐶𝐶 = �ϵρ
2𝜖𝜖
�
1/2

.                                                              ( 2.5) 

 

 (a) (b) 

Fig. 2.5. Configuration of HPGe detector, (a) planar configuration, (b) coaxial configuration. 

The maximum depletion depth for the planar detectors is limited to less than 1 or 2 𝑘𝑘𝑝𝑝 and 

total available volume cannot exceed 10-30 𝑘𝑘𝑝𝑝3. To produce a detector with a thicker depletion 

depth, and to employ it for the detection of 𝑇𝑇𝑟𝑟𝑉𝑉 energy photons, a coaxial configuration is more 

appropriate. In this configuration, one electrode is fabricated at the outer surface of a cylindrical 

crystal and the second contact is placed over the inner cylindrical surface. In a closed-ended 

configuration, the central core is removed, and the outer core is extended over one flat side surface. 
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The 𝑝𝑝 − 𝑛𝑛 junction of a coaxial detector can be placed either at the inner or outer surface. The 𝑝𝑝 −

𝑛𝑛 junction at the outer surface requires a much lower full depletion bias and therefore, is preferred. 

The electric field for the coaxial configuration can be given as, 

|Ε(𝑟𝑟)| = 𝑎𝑎𝑒𝑒𝐴𝐴
2𝜖𝜖

𝑟𝑟 + 𝜖𝜖−(𝑎𝑎𝑒𝑒𝐴𝐴 4𝜖𝜖⁄ )(𝑟𝑟22−𝑟𝑟12)
𝑟𝑟𝑟𝑟𝑎𝑎(𝑟𝑟2 𝑟𝑟1⁄ )

 ,                                 ( 2.6) 

where 𝑟𝑟1 and 𝑟𝑟2 are the inner and outer radii of the true coaxial detector. The plots of the pulse 

shape for the various interaction radii is given in Fig. 2.7 [66]. The capacitance per unit length of 

a fully depleted coaxial detector is given as, 

𝐶𝐶 = 2π𝜖𝜖
𝑟𝑟𝑎𝑎(𝑟𝑟2 𝑟𝑟1⁄ )

 .                                                          ( 2.7) 

The shape of the detector pulse and charge collection are extremely crucial factors for deciding 

the pulse processing. They influence the pulse processing parameters and important at high 

counting rates. The shape of the generated signal is dependent on the interaction locations due to 

the different electron-hole velocity. The shape of the pulses at different interaction locations in 

planar and coaxial geometry are demonstrated in Fig. 2.6 and Fig. 2.7, respectively.  

 

Fig. 2.6. Shape of the leading edge of the output pulse for planar configuration for various interaction points within 
the detector. 
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Fig. 2.7. Shape of the leading edge of the output pulse for coaxial configuration at different interaction points. 

2.2.1.2 Energy Resolution 

The most important characteristic of HPGe detectors is their excellent energy resolution, which 

allows the separation of many closely spaced gamma lines for the measurement of multi-gamma 

emitting radioactive sources such as radioactive nuclear fuel. The statistics of charge collection 

process, the completeness of the charge collection process and the electronic noise are the factors 

that influence the detector’s energy resolution. The full width at half maximum (𝜏𝜏𝐹𝐹𝐶𝐶𝑇𝑇, Γ ) can 

be given as, 

 Γ2 =  Γ𝑠𝑠2 +  Γ𝑋𝑋2 +  Γ𝐸𝐸2,                                                        ( 2.8) 

where Γ is full width half maximum, Γ𝑠𝑠 is the statistical fluctuations in the number of charge 

carriers, Γ𝑋𝑋 is the contribution due to incomplete charge-collection, and Γ𝐸𝐸 is the broadening due 

to electronic noise. The bandgap in single crystal germanium is about 0.7 eV, but an average 

energy of 2.96 eV is required to create an electron-hole pair [67]. The extra energy is used in the 

creation of lattice phonons. The average number of electron hole pairs created is 𝑁𝑁 = 𝐶𝐶 𝑟𝑟⁄ . The 

distribution of gamma-ray energy between different excitation modes statistically distributes the 

number of electron-hole pairs. The statistical fluctuations due to number of charge carriers can be 

given by, 
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 Γ𝑠𝑠2 = (2.35)2𝜏𝜏𝜖𝜖𝐶𝐶,                                                           ( 2.9) 

where 𝜏𝜏 is the Fano factor, 𝜖𝜖 is the ionization energy and 𝐶𝐶 is the gamma-ray energy. The Fano 

factor 𝜏𝜏, is a measure of the departure from the assumption of Poisson statistics in the generation 

of charge carriers (𝑛𝑛) and can be given as, 

𝜏𝜏 = 𝑜𝑜𝑜𝑜𝑠𝑠𝑎𝑎𝑟𝑟𝑜𝑜𝑎𝑎𝑑𝑑 𝑜𝑜𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑣𝑣𝑎𝑎 𝑎𝑎𝑎𝑎 𝑎𝑎
𝑃𝑃𝑜𝑜𝑎𝑎𝑠𝑠𝑠𝑠𝑜𝑜𝑎𝑎 𝑎𝑎𝑟𝑟𝑎𝑎𝑑𝑑𝑎𝑎𝑣𝑣𝑡𝑡𝑎𝑎𝑑𝑑 𝑜𝑜𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑣𝑣𝑎𝑎 𝑎𝑎𝑎𝑎 𝑎𝑎

 .                                         ( 2.10) 

For semiconductors, 𝜏𝜏 ≪ 1, which indicates that the detector gives better resolution. The 𝜏𝜏 is 

an experimentally determined factor, and for the Germanium, the measured value is between 0.057 

to 0.12. The 𝜖𝜖 is the ionization energy, an energy required to generate one electron-hole pair. The 

incomplete charge collection Γ𝑋𝑋 , is most significant in large volume detectors with the low average 

electric field. The term Γ𝐸𝐸, primarily depends upon the detector leakage current, its capacitance 

and noise from its associated electronics. This term is independent of the gamma-ray energy.  

2.3   Preamplifier 

The output of the detector is an electrical signal, proportional to the amount of gamma energy 

absorbed by the detector. The charge created by the detector is collected by the preamplifier. A 

detector’s preamplifier converts the charge pulse from the detector crystal into a voltage pulse to 

be processed by the main amplifier. The preamplifier is placed as close to the detector to improve 

the signal to noise ratio and to preserve the gamma-ray energy information. It also minimizes the 

capacitance at the preamplifier input, thereby reducing the output noise level. The preamplifier 

also serves as an impedance-matching device between the high-impedance detector and the low-

impedance coaxial cable that transmits the amplified detector signal to the main amplifier. There 

are two basic types of preamplifiers: voltage-sensitive and charge-sensitive. The voltage sensitive 

type preamplifier’s gain depends on the detector capacitance, and which in turn depends upon 

detector bias, thus it is not used for spectrometry. There are two types of charge sensitive 
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preamplifiers commonly used in gamma-ray spectrometry, resistive-capacitive feedback type (RC 

preamplifier) and transistor reset type preamplifier (TRP). With a modern semiconductor detector 

system, a charge sensitive type of preamplifier comes as an integral part of the detector system. 

The input stage of the preamplifier is made with a field-effect transistor (FET) and is cooled as the 

detector. The advantages of FETs over the vacuum tubes were discussed in [68]-[71]. The charge 

sensitive preamplifier integrates the charge on the feedback capacitor. It is well suited for 

spectrometry as, its gain is not sensitive to change in the detector capacitance, and the rise time of 

the output pulse is ideally equal to the width of detector’s current pulse. 

2.3.1   Resistive Feedback Preamplifiers 

The signal from a semiconductor detector is a quantity of charge, and this produces a current 

pulse from 10−9 to 10−5 sec., depending on the type of detector and its configuration [72]. 

Consider the charge sensitive preamplifier as shown in Fig. 2.8, to understand the basic features. 

𝐶𝐶𝑓𝑓 is the feedback capacitor and 𝑅𝑅𝑓𝑓 is the feedback resistor. The triangle with the letter 𝐴𝐴 is the 

first stage of the preamplifier, made up with an FET. The detector sees the FET stage as a large 

capacitor of magnitude 𝐴𝐴𝐶𝐶𝑓𝑓. The voltage output at the preamplifier, 𝑉𝑉𝑜𝑜𝑜𝑜𝑡𝑡 can be given as, 

𝑉𝑉𝑜𝑜𝑜𝑜𝑡𝑡 = 𝑄𝑄𝐷𝐷 
𝐼𝐼𝑓𝑓

,                                                                  ( 2.11) 

where 𝑄𝑄𝐷𝐷 is the charge produced by the detector and is given as, 

𝑄𝑄𝐷𝐷 = 𝑎𝑎𝐸𝐸
𝜖𝜖

,                                                                      ( 2.12) 

where 𝐶𝐶 is the energy of the gamma-ray, 𝑟𝑟 is the electronic charge and 𝜖𝜖 is the average energy 

required to generate one electron-hole pair. For RC feedback preamplifier, the output voltage is 

proportional to the total integrated charge, as long as the duration of the input pulse is short as 

compared to the time constant 𝑅𝑅𝑓𝑓𝐶𝐶𝑓𝑓. The output pulse is characterized by a fast rise time (~100-

700 𝑛𝑛𝑓𝑓) determined by the charge collection time of the detector, and long decay time (~ 50 µs) 

29 
 



   

determined by the time constant 𝑅𝑅𝑓𝑓𝐶𝐶𝑓𝑓 as shown in Fig. 2.9. The rise time constant is 𝜏𝜏𝐼𝐼 and the 

decay time constant is 𝜏𝜏𝐹𝐹. 

 

Fig. 2.8. A schematic diagram of RC feedback preamplifier, in which charge from the detector is collected on the 
feedback capacitor 𝐶𝐶𝑓𝑓 over a period of time, effectively integrating the detector current pulse. The output voltage is 
then proportional to the total integrated charge as long as the time constant 𝑅𝑅𝑓𝑓𝐶𝐶𝑓𝑓 is sufficiently longer than the duration 
of the input pulse. 

 

Fig. 2.9. Shape of the output pulse from an RC feedback preamplifier, which is characterized by a short rise time 
determined by the charge collection characteristics of the detector, and long decay time constant (~ 50 µs). 
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2.3.2   Transistor Reset Preamplifier (TRP) 

The alternative reset method is transistor reset method, intended for high count rate 

applications [73], [74]. In the case of the transistor reset preamplifier, the basic charge sensitive 

preamplifier circuit remains the same, but the feedback resistor is eliminated. In transistor reset 

preamplifier, the feedback resistor is replaced by a transistor. Without the feedback resistor, the 

charge pulses from the detector are simply accumulated on the feedback capacitor. The output of 

the preamplifier steps in a random staircase fashion through the dynamic range at which time a 

transistor switch discharges the integrator abruptly. The schematic of a TRP and the shape of its 

output pulse are shown in Fig. 2.10 (a) and Fig. 2.10 (b), respectively. 

        

(a)   (b) 

Fig. 2.10. Transistor reset preamplifier, (a) circuit diagram, (b) preamplifier pulses shape, the output voltage grows in 
staircase pattern with each upward step corresponding to a separate pulse and it gets reset with the transistor reset 
circuit when the staircase approaches the maximum allowable voltage. 

In TRP, the voltage is reset using an active circuit with a transistor connected to the input stage. 

At moderate to high count rates (10 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓– 1000 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓), the TRP offers two distinct advantages in 

comparison to the traditional resistor-capacitor (RC) Feedback type preamplifiers [75], improved 

resolution and increased count rate capability. TRPs offer inherently better resolution and reduced 

spectrum broadening at high count rates, due to the reduction in the low-frequency noise by the 
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elimination of the feedback resistor. They provide a widest dynamic range of count rates 

(maximum energy-rate >1 𝐺𝐺𝑟𝑟𝑉𝑉/𝑓𝑓). 

2.4   Detector and Preamplifier’s Performance Limiting Factors 

2.4.1   Throughput Rate  

As mentioned earlier, the detector throughput rate is a function of charge collection time and 

the charge collection time is dependent on interaction location and geometry. The charge collection 

time imposes restriction on shaping time to eliminate the ballistic deficit, and limits the throughput 

rate, which will be discussed in detail in pulse processing. In normal operation with 𝑅𝑅𝐶𝐶 

preamplifier at low counting rates, the rising step caused by each detector event rides on the 

exponential decay of a previous event due to the long decay time, and the preamplifier output does 

not get a chance to return to the baseline. As the counting rate increases, the pile-up of pulses on 

the tails of previous pulses increases, and the excursions of the preamplifier output move further 

away from the baseline as shown in Fig. 2.11. The dc power supply voltages eventually limit the 

excursions and determine the maximum counting rate that can be tolerated without distortion of 

the output pulses. When the maximum counting rate condition is met, the preamplifier gets 

saturated and no pulses will be output. The saturation limit is dependent on both energy and count 

rate and is usually specified in terms of the energy/rate limit. The energy rate limit of the 

preamplifier is defined as the number of events per unit of time and the energy of those events and 

its unit is 𝑇𝑇𝑟𝑟𝑉𝑉/𝑓𝑓𝑟𝑟𝑘𝑘. The energy rate limit is a function of the feedback resistor (𝑅𝑅𝑓𝑓) and dynamic 

range 𝑉𝑉𝑃𝑃 = 𝐼𝐼𝐷𝐷 × 𝑅𝑅𝑓𝑓.  

𝐶𝐶𝑟𝑟𝛿𝛿𝑟𝑟𝑘𝑘𝛿𝛿𝑇𝑇𝑟𝑟 𝑘𝑘𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝛿𝛿 = 𝐶𝐶𝑛𝑛𝑟𝑟𝑟𝑟𝑟𝑟𝐸𝐸 𝑟𝑟𝑎𝑎𝛿𝛿𝑟𝑟 �
𝑟𝑟𝑉𝑉
𝑓𝑓
� ×

𝑘𝑘ℎ𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟(𝑄𝑄)
𝑟𝑟𝑛𝑛𝑟𝑟𝑟𝑟𝑟𝑟𝐸𝐸(𝑟𝑟𝑉𝑉) × 1.6 × 10−19

𝐶𝐶𝑇𝑇𝑟𝑟𝑣𝑣𝑇𝑇𝑝𝑝𝑏𝑏𝑓𝑓
𝑄𝑄

 ,   

𝐶𝐶𝑛𝑛𝑟𝑟𝑟𝑟𝑟𝑟𝐸𝐸 𝑟𝑟𝑎𝑎𝛿𝛿𝑟𝑟 𝑣𝑣𝑣𝑣𝑝𝑝𝑣𝑣𝛿𝛿 = 400000
1.6(𝐺𝐺𝛺𝛺)

= 250,000 𝑇𝑇𝑟𝑟𝑉𝑉/𝑓𝑓𝑟𝑟𝑘𝑘, 

32 
 



   

𝑤𝑤ℎ𝑟𝑟𝑟𝑟𝑟𝑟    𝑉𝑉𝑃𝑃 = 20𝑉𝑉,𝑅𝑅𝑓𝑓 = 1.6𝐺𝐺𝛺𝛺. 

The energy/rate limit can be increased by lowering the value of the feedback resistor, but this 

allows more noise to pass through the preamplifier, resulting in a degradation in the resolution 

[54]. 

 

Fig. 2.11. RC preamplifier pulse at low and high-count rates. At high count rates, the rising step caused by each 
detector event rides on the exponential decay of a previous event due to the long decay time. The dc power supply 
voltages eventually limit the excursions and determine the maximum counting rate. 

TRPs are not energy rate limited like RC type preamplifiers, so they virtually never shut down 

due to saturation. The reset frequency of TRP increases at high count rates, which contributes to 

dead-time. The electronic components of preamplifier are the sources of electronic noise and 

affects the energy resolution. The noise of the preamplifier is controlled by the three components, 

the input FET, the input capacitance and the resistance connected to the input. The details of the 

noise contributions are discussed in the next section. 
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2.4.2   Electronic Noise 

The electronic noise generates from the random fluctuations in a number of currents and 

voltages present in the circuit arising from the electronic components. Sources of electronic noise 

in spectroscopic measurements fall into two main categories: series noise and parallel noise. Ideal 

white noise has equal power per unit bandwidth, which results in a flat power spectral density 

across the frequency range of interest. The color of the noise refers to the frequency domain 

distribution of the noise signal power. Series and parallel noise are both “white” noise sources, i.e. 

power per unit bandwidth is constant. The intrinsic noise sources in the detector and preamplifier 

are shown in Fig. 2.12. The detector is modeled as a current source, producing a charge 𝑄𝑄, 

proportional to the energy of the incident gamma ray. The sources of the noise in a preamplifier 

can be combined and referred to the input of a noiseless preamplifier. The shot noise arises from 

the fluctuations in the number of charge carriers in conductors and contributes to the series noise. 

The series noise is proportional to the total capacitance 𝐶𝐶𝑎𝑎 which comprises of detector capacitance 

𝐶𝐶𝐷𝐷, preamplifier input capacitance 𝐶𝐶𝑃𝑃 and feedback capacitance 𝐶𝐶𝐹𝐹. The contribution of Johnson 

noise associated with series resistances and the thermal noise of the input FET are the sources of 

thermal noise. Thermal noise is the result of the random thermal motion of the electrons in a 

conducting material. The thermal noise is generated due to the random thermal motion of electrons 

in a conducting material like a resistor and contributes to the parallel noise. The detector leakage 

current also contributes to the parallel noise [8], [76]. Noise in charge-sensitive preamplifiers is 

generally controlled by the following four components:  

• The input field-effect transistor (FET).  

• The total capacitance of the input (detector capacitance, cables etc.).  

• The resistance connected to the input.  
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• Input leakage currents from the detector and FET. 

 

Fig. 2.12. The intrinsic noise sources for the semiconductor detector and charge sensitive preamplifier. 𝑄𝑄. 𝛿𝛿(𝛿𝛿) is the 
detector current signal provided by the capacitor 𝐶𝐶𝐷𝐷. 𝑎𝑎(𝑎𝑎) and 𝑏𝑏(𝑎𝑎) are the spectral densities of the series voltage 
generator and parallel current generator, respectively. 

The noise power density can be given as, 

𝑁𝑁(𝑎𝑎) = 𝑎𝑎2 + 𝑜𝑜2

𝜔𝜔2  .                                                                 ( 2.13) 

The series and parallel noise components are 𝑎𝑎2 = 2𝑘𝑘𝑎𝑎
𝑎𝑎𝑚𝑚

𝐶𝐶𝑎𝑎2, and 𝑏𝑏2 = �𝑟𝑟(𝐼𝐼𝐺𝐺 + 𝐼𝐼𝐿𝐿) + 2𝑘𝑘𝑎𝑎
𝐼𝐼𝑓𝑓
�, 

respectively [77]. The typical values of these parameters are listed in Table 2.1. In the case of TRP, 

the absence of a feedback resistor reduces the parallel noise (𝑏𝑏2 = [𝑟𝑟(𝐼𝐼𝐺𝐺 + 𝐼𝐼𝐿𝐿)]) whereas the reset 

transistor adds capacitance to the gate of FET, which enhances the series noise. A noise corner 

time constant (𝛼𝛼) is the ratio of the series noise to the parallel noise component and equated as, 

𝛼𝛼 = �𝑎𝑎2

𝑜𝑜2
= �

2𝑘𝑘𝑘𝑘
𝑔𝑔𝑚𝑚

�𝑎𝑎(𝐼𝐼𝐺𝐺+𝐼𝐼𝐿𝐿)+2𝑘𝑘𝑘𝑘𝑅𝑅𝑓𝑓
�
𝐶𝐶𝑎𝑎(𝑓𝑓),                                               ( 2.14) 

where 𝐶𝐶𝑎𝑎 = 𝐶𝐶𝐷𝐷 + 𝐶𝐶𝑃𝑃 + 𝐶𝐶𝐹𝐹, is the total capacitance. The value of 𝛼𝛼 can be calculated using the 

values from Table 2.1. For RC preamplifier with 𝑅𝑅𝑓𝑓 = 500 𝑇𝑇Ω,𝛼𝛼 = 1.45 × 105𝐶𝐶𝑎𝑎 (𝑓𝑓), and for 

TRP preamplifier, 𝛼𝛼 = 1.63 × 105𝐶𝐶𝑎𝑎 (𝑓𝑓). The values of 𝛼𝛼 for coaxial and planar HPGe 

configurations with RC feedback preamplifier is listed in Table 2.2. 
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Table 2.1. Typical values of noise components associated with the electronic noise [77]. 

Parameter Description Typical Value 
𝑘𝑘 Boltzmann constant            1.38 × 10−23 𝐽𝐽/𝑓𝑓 

𝑇𝑇 Operational temperature 77 𝑓𝑓 for liquid nitrogen 

𝑟𝑟𝑎𝑎 JFET trans-conductance 5 𝑝𝑝𝐴𝐴/𝑉𝑉 

𝐶𝐶𝐷𝐷 
 
 

Detector capacitance Coaxial HPGe ~30 𝑝𝑝𝜏𝜏 
Planar HPGe ~11 𝑝𝑝𝜏𝜏 

𝐶𝐶𝑃𝑃 Preamplifier capacitance ~10 𝑝𝑝𝜏𝜏 

𝐶𝐶𝐹𝐹 Feedback capacitance ~0.3 𝑝𝑝𝜏𝜏 

𝑅𝑅𝐹𝐹 Feedback resistance 500 𝑇𝑇Ω 𝛿𝛿𝑇𝑇 2000 𝑇𝑇Ω  

𝐼𝐼𝐺𝐺  𝑎𝑎𝑛𝑛𝑑𝑑 𝐼𝐼𝐿𝐿  Gate and leakage current 1 𝑝𝑝𝐴𝐴 and 100 𝑝𝑝𝐴𝐴 

Table 2.2. Values of noise corner time constant (𝛼𝛼). 

  RC preamplifier 

(𝑹𝑹𝒇𝒇 = 𝟓𝟓𝟓𝟓𝟓𝟓 𝑴𝑴𝛀𝛀) 

Transistor reset preamplifier 

Detector 

Type 

Capacitance 

(𝐶𝐶𝑃𝑃 = 10 𝑝𝑝𝜏𝜏,𝐶𝐶𝐹𝐹 = 0.3 𝑝𝑝𝜏𝜏) 

𝛼𝛼 = 1.45 × 105𝐶𝐶𝑎𝑎  (𝜇𝜇𝑓𝑓) 𝛼𝛼 = 1.63 × 105𝐶𝐶𝑎𝑎(𝜇𝜇𝑓𝑓)  

(𝐶𝐶𝑎𝑎 + 0.3) 

Coaxial 

HPGe 

𝐶𝐶𝐷𝐷 = 30 𝑝𝑝𝜏𝜏, 𝐶𝐶𝑎𝑎 = 40.3 𝑝𝑝𝜏𝜏 5.8 6.62 

Planar 

HPGe 

𝐶𝐶𝐷𝐷 = 11 𝑝𝑝𝜏𝜏, 𝐶𝐶𝑎𝑎 = 21.3 𝑝𝑝𝜏𝜏 3 3.52 

2.5   Radiation Pulse Processing Systems 

The signal from the radiation detector carries the information pertaining to the energy, time 

and intensity of the incident radiation. The charge sensitive preamplifier integrates the charge 𝑄𝑄 

and produces a voltage pulse, whose height is proportional to the energy of the gamma-ray. The 

components of an analog pulse processing system are described in the in Fig. 2.13. The analog 

shaper amplifies the preamplifier pulse, as well as shape it to increase the signal to noise ratio. The 

amplifier output goes to a differential discriminator, which selects pulses with an amplitude 

between some lower and upper threshold value and a counter can be used to count the selected 
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pulses over a finite period. Alternately, a multi-channel analyzer (MCA) can be used, which 

produces a pulse height spectrum by measuring the pulse height of a series of selected events and 

keeps the track of the number of pulses of each amplitude.  

 

Fig. 2.13. A schematic of an analog pulse processing chain. 

Historically, the front-end electronics for nuclear radiation measurement consisted of analog 

components. Digital pulse shaping techniques allow synthesis of pulse shapes that have been 

difficult to realize using the traditional analog methods. The electronic noise is a contributing 

factor to the energy resolution. To reduce the total noise component, the preamplifier pulses are 

shaped with an optimum shape. Using real-time digital shapers cusp, triangular/trapezoidal filters 

can be synthesized in real time or in quasi-real time. In digital pulse processing, the detector’s 

preamplifier signals are digitized and processed using a digital pulse processor to extract quantities 

of interest. The various components of a digital pulse processing system are illustrated in Fig. 2.14. 

The pulse processing performed by analog devices, such as spectroscopic amplifiers, fast 

amplifiers, constant fraction discriminators, etc. is performed digitally, after the sampling of the 
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preamplifier pulse. Optimum filtering and algorithms that can be implemented more efficiently 

using digital processing, will be described in the later subsection. Since measurement data is 

digitized early, the loss in signal quality due to noise is minimized. This results in equal or better 

amplitude resolution, and higher throughput, when compared to analog techniques. 

 

Fig. 2.14. A block diagram for radiation spectrometry using traditional digital pulse processing system. 

2.5.1   Analog to Digital Conversion 

An analog signal is a continuous signal that contains time-varying quantities. The detector’s 

preamplifier signal is an analog voltage signal, and the pulse amplitude is proportional to the 

energy of incoming radiation. For the digital pulse processing, the preamplifier signal has to be 

sampled at regular time intervals to convert it into a digital signal. A digital signal is a signal that 

is being used to represent data as a sequence of discrete values; at any given time, it can only take 

on one of a finite number of values. The analog signal can be converted into a digital stream using 

an analog to digital converter (ADC). The conversion process is usually triggered by a periodic 

logic signal (clock) with a fixed sampling frequency (𝐶𝐶𝑠𝑠). The time interval between two 

38 
 



   

successive conversion is fixed known as the sampling interval (𝑇𝑇𝑠𝑠 = 1 𝐶𝐶𝑠𝑠⁄ ). The digital output 

from the ADC can have a finite set of values, depending upon the bit resolution of the ADC. 

The conversion of analog to digital signal consists of two processes; sampling and 

quantization. Sampling is a process of obtaining signal values at regular interval from a continuous 

signal. Here, assume 𝑛𝑛 as the index of sampling and then the sampled sequence can be represented 

as 𝑒𝑒[𝑛𝑛]. The sampled discrete time sequence has values at all integer multiple of 𝑇𝑇𝑠𝑠, and can be 

given as, 

𝑒𝑒[𝑛𝑛] = 𝑒𝑒(𝑛𝑛𝑇𝑇𝑠𝑠).                                                                   ( 2.15) 

The Sampling rate is the frequency at which an ADC converts the analog input waveform to 

digital data. The Nyquist Sampling Theorem explains the relationship between the sample rate and 

the frequency of the measured signal. It states that the sample rate 𝐶𝐶𝑠𝑠 must be greater than twice 

the highest frequency component of interest in the measured signal. This frequency is often 

referred as the Nyquist frequency, 𝐶𝐶𝑒𝑒, 

𝐶𝐶𝑠𝑠 > 2 × 𝐶𝐶𝑎𝑎𝑎𝑎.                                                                        ( 2.16) 

If a signal is sampled at a sampling rate smaller than twice the Nyquist frequency, false lower 

frequency components appear in the sampled data. This phenomenon is referred to as aliasing. The 

signal 𝑒𝑒[𝑛𝑛] is not completely digital, as it has a continuous range of values. The quantization is 

used to convert the continuous values to discrete values. In this process, the value of each signal 

sample is represented by a value from a finite set of quantization levels. The quantization step also 

known as amplitude resolution, is the difference between two successive quantization levels. The 

amplitude resolution is limited by the number of quantization levels, which can be calculated as, 

# 𝑇𝑇𝐶𝐶 𝑞𝑞𝑟𝑟𝑎𝑎𝑛𝑛𝛿𝛿𝑣𝑣𝐻𝐻𝑎𝑎𝛿𝛿𝑣𝑣𝑇𝑇𝑛𝑛 𝑣𝑣𝑟𝑟𝑣𝑣𝑟𝑟𝑣𝑣𝑓𝑓 = 2𝑜𝑜 ,                                                ( 2.17) 
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where 𝑏𝑏 is the number of bits used to represent a sample in the ADC. The minimum detectable 

voltage change, or code width can be calculated as follows, 

𝐶𝐶𝑇𝑇𝑑𝑑𝑟𝑟 𝑤𝑤𝑣𝑣𝑑𝑑𝛿𝛿ℎ(∆) = 𝐴𝐴𝐷𝐷𝐼𝐼 𝑎𝑎𝑎𝑎𝑎𝑎𝑜𝑜𝑡𝑡 𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
2𝑏𝑏

.                                                   ( 2.18) 

The code width is also referred to as the least significant bit (LSB). The processes of sampling 

and quantization are illustrated in Fig. 2.15.  

 

 (a) (b) 

Fig. 2.15. (a) Analog preamplifier signal, (b) Digitized preamplifier signal with sample frequency 𝐶𝐶𝑠𝑠 . 

The quantization is an approximation and thus, it introduces an error between the digitized 

value and the original analog value. An ideal ADC with infinite resolution has an infinite number 

of quantization levels, and it converts each analog value to a unique digitized value. The transfer 

function of an ideal ADC can be described as a straight line as shown in Fig. 2.16. A practical 

quantizer will have a finite number of quantization levels, and in the absence of noise and other 

distortions, the transfer function will be a staircase. The quantization error (𝑟𝑟𝑞𝑞) between the 

quantized signal (𝑒𝑒𝑞𝑞) and original signal 𝑒𝑒 can be given as, 

𝑟𝑟𝑞𝑞(n) =   𝑒𝑒𝑞𝑞[n]− x[n] .                                                                   ( 2.19) 

The quantization error cannot be larger than half of the quantization step size (∆) and is limited 

by, 
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−∆
2
≤ 𝑟𝑟𝑞𝑞(n) ≤  ∆

2
 .                                                                   ( 2.20) 

 

Fig. 2.16. Transfer function of an ideal and a practical ADC considering the offset, gain, and linearity of the ADC. 

When the signal to be sampled has no specific relationship to the sampling process, it can be 

assumed, that this quantization error is an additive white noise with equal probability for all error 

values in the range −∆
2

 𝛿𝛿𝑇𝑇 ∆
2
. Mathematically, the error signal is a random signal with a uniform 

probability density function between −∆
2
 and + ∆

2
, and given as, 

𝑝𝑝�𝑟𝑟𝑞𝑞� = �
1
∆

     𝐶𝐶𝑇𝑇𝑟𝑟 − ∆
2
≤ 𝑟𝑟𝑞𝑞(n) ≤  ∆

2
 

0                           𝑇𝑇𝛿𝛿ℎ𝑟𝑟𝑟𝑟𝑤𝑤𝑣𝑣𝑓𝑓𝑟𝑟
  .                                     ( 2.21) 

The signal-to-noise ratio is defined as the ratio between the rms value of the wanted signal and 

the rms value of the noise expressed in decibels as, 

𝑓𝑓𝑁𝑁𝑅𝑅 = 20𝑣𝑣𝑇𝑇𝑟𝑟10
𝑥𝑥𝑟𝑟𝑚𝑚𝑟𝑟
𝑎𝑎𝑞𝑞,𝑟𝑟𝑚𝑚𝑟𝑟

 ,                                                                 ( 2.22) 

𝑓𝑓𝑁𝑁𝑅𝑅 = 10𝑣𝑣𝑇𝑇𝑟𝑟10
𝑃𝑃𝑥𝑥
𝑃𝑃𝑒𝑒𝑞𝑞

 ,                                                              ( 2.23) 
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where 𝑃𝑃𝑥𝑥 is the power of the signal and 𝑃𝑃𝑎𝑎𝑞𝑞 is the power of the error signal. The power of the 

quantization error is given by the variance of the associated continuous random variable and given 

as, 

𝑃𝑃𝑎𝑎𝑞𝑞 = ∫ 1
∆

 𝑟𝑟𝑞𝑞2𝑑𝑑𝑟𝑟𝑞𝑞
∆
2
−∆2

= ∆2

12
 .                                                           ( 2.24) 

In general, the maximum achievable signal to noise ratio is expressed for an input sine wave 

of unit amplitude with average signal power 𝑃𝑃𝑥𝑥 = 1/2, then,  

𝑓𝑓𝑁𝑁𝑅𝑅 = 10𝑣𝑣𝑇𝑇𝑟𝑟10
1 2⁄
∆2 12⁄ ≈ 6. b ,                                                       ( 2.25) 

which means, each additional bit increases the signal-to-noise ratio by 6 𝑑𝑑𝑑𝑑. Analog-to-digital 

converters (ADCs) are devices that sample continuous analog signals and convert them into digital 

words. ADCs comprise many categories among which are sigma-delta ADCs, high-resolution 

ADCs, and high-speed ADCs. For digital pulse processing of detector’s pulses, a high-speed ADC 

is required. Fig. 2.17 provides the basic block diagram and functionality of an ADC. An analog 

signal applied to the input of the ADC, which then is converted to digital signal at the sampling 

frequency (𝐶𝐶𝑠𝑠) applied to the ADC clock. 

 

Fig. 2.17. The basic block diagram and functionality of ADCs, the input range, the number of bits and the sampling 
frequency are the basic parameter of the ADC. 
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The factors deciding the ADC are listed as follows, 

• Bandwidth describes the range of frequencies a digitizer can read. It is defined as the frequency 

at which a sinusoidal input signal is attenuated to 70.7 percent of its original amplitude, which 

is also known as the -3 𝑑𝑑𝑑𝑑 point. Bandwidth is the difference between the corner frequencies. 

It is recommended that the bandwidth should be 3 to 5 times the highest frequency component 

of interest in the measured signal to capture the signal with minimal amplitude error.  

• Amplitude error is a percentage that is the ratio of the bandwidth to the input signal frequencies 

that assists with determining the noise in a system.  

• Sample rate is the frequency at which the ADC converts the analog input to digital data. The 

sample rate should be at least twice the highest frequency of interest in the signal.  

• Aliasing is when false frequency components appear in sampled data.  

• Bits of resolution refers to the number of unique vertical levels that a digitizer can use to 

represent a signal.  

• Code width (∆) or the minimum detectable voltage change, is a function of bit resolution and 

ADC input range. 

2.5.2   FPGAs, ASICs and DSP Processor 

DSP processors are a specialized form of a reprogrammable microprocessor, while FPGAs 

contains a matrix of reconfigurable gate array logic circuitry that may be reconfigured according 

to the application requirements. In a DSP processor, different resources like processor core 

registers, internal and external memory, DMA engine and I/O peripherals are all shared by all the 

tasks, which are usually referred to as threads. Due to the shared resources, the threads interact 

sometimes in unexpected or unusual ways, which can result in unexpected delays and latencies 

and can lead to system failures in real-time applications. FPGAs have flexible and reconfigurable 
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hardware architecture, and they allow large-scale parallel processing and pipelining of data flow. 

Recent development in FPGAs makes them able to provide plenty of processing resources, on-

chip RAM memory, and high-speeds. Due to high I/O capability, FPGAs can access multiple RAM 

banks simultaneously which improves performance and efficiency. ASICs (Application Specific 

Integrated Circuits) are specific chips used to implement both analog and digital functionalities in 

high density with small physical size. They are designed for one sole purpose and their 

functionality remain the same for their whole operating life. Their logic function cannot be 

changed to anything else because its digital circuitry is made up of permanently connected gates 

and flip-flops in silicon. Although ASICs offer higher densities, low production cost, low power 

consumption per channel and small physical size, they are limited in terms of performance and 

flexibility. In the case of radiation spectrometry, with the development of ADCs and FPGAs, it is 

now possible to digitize pulses after the preamplifier and digitally process them in real-time.  

Field-programmable gate array (FPGA) is a device that contains a matrix of reconfigurable 

gate array logic circuitry. Ross Freeman, co-founder of Xilinx, invented the first FPGA in 1985. 

FPGAs use dedicated hardware to process the logic and they have the same flexibility of software 

running as a processor-based system, but it is not limited by the number of processing cores 

available. FPGA chip adoption across all industries is driven by the fact that FPGAs combine the 

best parts of application-specific integrated circuits (ASICs) and processor-based systems. FPGAs 

are a key device for implementing the digital pulse processing algorithms. The FPGAs are 

basically a very large array of logical elements (gates) arranged in logic cell, RAM memory blocks, 

adders, and multipliers, that can be interconnected in order to perform a specific task. The internal 

resources of an FPGA chip consist of a matrix of configurable logic blocks (CLBs) surrounded by 

a periphery of I/O blocks shown in Fig. 2.18. The configurable logic blocks (CLBs) are the basic 
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logic unit of an FPGA, known as slices or logic cells. CLBs are made up of two basic components: 

flip-flops and lookup tables (LUTs). Various FPGA families differ in the way flip-flops and LUTs 

are packaged together.  

Flip-flops: A flip-flop is a primitive storage device that can store a single bit of information. 

Flip-flops are binary shift registers used to synchronize logic and save logical states between clock 

cycles within an FPGA circuit. A flip-flop symbol is shown in Fig. 2.19.  

 

Fig. 2.18. Internal structure of an FPGA, consists of a matrix of configurable logic blocks (CLBs) surrounded by a 
periphery of I/O blocks. 

 

Fig. 2.19. A flip-flop symbol which can be used to store state information. At rising edge of the clock, it registers the 
data from input to output. 
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On every clock edge, a flip-flop latches a 1 or 0 (TRUE or FALSE) value on its input and holds 

that value constant until the next clock edge. Each slice contains eight of these storage elements. 

Four are available exclusively as flip-flops (synchronous storage) and the other four can be 

configured either as a standard flip-flop or as a latch (asynchronous storage). 

Look-up Tables: The logic in a CLB is implemented using very small amounts of RAM in the 

form of look-up tables (LUTs). All combinatorial logic (ANDs, ORs, NANDs, XORs, and so on) 

is implemented as truth tables within LUT memory. A truth table is a predefined list of outputs for 

every combination of inputs. The LUTs in an FPGA (Xilinx 7 series) are designed with six inputs 

and two outputs as illustrated in Fig. 2.20.  

 

Fig. 2.20 Look-up table, (a) Two-four input commands with two shared inputs, (b) Two-four input commands with 
no shared inputs. 

Block RAMs: Memory resources are key specification to consider when selecting FPGAs. User-

defined RAM, embedded throughout the FPGA chip, is useful for storing data sets or passing 

values between parallel tasks. Depending on the FPGA family, one can configure the onboard 

RAM in blocks of 16 or 36 kb. Digital signal processing algorithms often need to keep track of an 

entire block of data or the coefficients of a complex equation, and without onboard memory, many 

processing functions do not fit within the configurable logic of an FPGA chip. Onboard memory 

is often used to smooth out the data-transfer between logic running at different rates using first-in-

first-out (FIFO) memory buffers. 
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2.5.3   Digitized Preamplifier Pulses and their Filtering 

A preamplifier output pulse is a convolution of the detector charge distribution function and 

preamplifier response function. A preamplifier output signal can be given as [78], 

𝑣𝑣𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝛿𝛿) = ∫ 𝑟𝑟(𝛿𝛿′)ℎ𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝛿𝛿 − 𝛿𝛿′)𝑑𝑑𝛿𝛿′∞
−∞ ,                                       ( 2.26) 

where 𝑣𝑣𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝛿𝛿) is a preamplifier output signal, 𝑟𝑟(𝛿𝛿) is a detector current signal and 

ℎ𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝛿𝛿) is preamplifier’s impulse response. 𝑅𝑅𝐶𝐶 preamplifier pulses typically exhibit rapid rise 

time and slow decay time. The pulse height of the preamplifier pulse is proportional to the energy 

deposition by the incident gamma-ray into the detector. The pre-amplifier pulse can be 

mathematically represented as, 

𝑣𝑣𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝛿𝛿) = 𝐶𝐶(𝑟𝑟−
𝑡𝑡
𝜏𝜏𝐹𝐹 − 𝑟𝑟−

𝑡𝑡
𝜏𝜏𝑅𝑅),                                                 ( 2.27) 

where 𝐶𝐶 is the preamplifier pulse height, 𝜏𝜏𝐼𝐼 is rise time constant and 𝜏𝜏𝐹𝐹 is decay time constant of 

the exponentially decaying pulse. The digitized preamplifier pulse is shown in Fig. 2.21.  

 

Fig. 2.21. Digitized preamplifier pulses with 𝜏𝜏𝐼𝐼 = 0.3 𝜇𝜇𝑓𝑓 and 𝜏𝜏𝐹𝐹 = 50 𝜇𝜇𝑓𝑓 and 𝐶𝐶𝑠𝑠 = 125 MHz. 

For the digital filtering, it is preferred to use linear 𝐻𝐻 transformation. The 𝐻𝐻 transform and its 

properties are given in Appendix B. In 𝐻𝐻 transformation, the preamplifier signal can be represented 

as, 
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𝑉𝑉𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝐻𝐻) = 𝐶𝐶 � 𝑧𝑧
𝑧𝑧−𝛽𝛽𝐹𝐹

− 𝑧𝑧
𝑧𝑧−𝛽𝛽𝑅𝑅

�,                                                 ( 2.28) 

where 𝛽𝛽𝐹𝐹 = 𝑟𝑟−
𝑘𝑘𝑟𝑟
𝜏𝜏𝐹𝐹 and 𝛽𝛽𝐼𝐼 = 𝑟𝑟−

𝑘𝑘𝑟𝑟
𝜏𝜏𝑅𝑅 with 𝑇𝑇𝑠𝑠 as the sampling period. The sampling frequency is 𝐶𝐶𝑠𝑠 and 

𝑇𝑇𝑠𝑠 = 1 𝐶𝐶𝑠𝑠⁄ . In digital pulse shaping, the accumulation of noise causes baseline drifts in the shaped 

signal. Filtering the original preamplifier signal before shaping increases signal to noise ratio 

(SNR) and reduces the baseline drifts in the shaped signal. The analog S-K filter is widely used in 

nuclear pulse processing which was proposed by R. P. Sallen and E. L. key in 1955. In [79], [80], 

it was shown that digital S-K filter can be used to achieve high performance in signal processing 

and nuclear spectrum smoothing. The analog circuit of S-K filter is shown in Fig. 2.22. The transfer 

function of the digital S-K filter can be written as, 

𝑉𝑉𝑜𝑜𝑜𝑜𝑡𝑡(𝐻𝐻) =
(𝐶𝐶𝑆𝑆𝑆𝑆(3 − 𝑎𝑎𝑆𝑆𝑆𝑆) + 2𝐶𝐶𝑆𝑆𝑆𝑆2 )𝑉𝑉𝑜𝑜𝑜𝑜𝑡𝑡(𝐻𝐻−1)

1 + 𝐶𝐶𝑆𝑆𝑆𝑆(3 − 𝑎𝑎𝑆𝑆𝑆𝑆) + 𝐶𝐶𝑆𝑆𝑆𝑆2
−
𝐶𝐶𝑆𝑆𝑆𝑆2 × 𝑉𝑉𝑜𝑜𝑜𝑜𝑡𝑡(𝐻𝐻−2) + 𝑎𝑎𝑆𝑆𝑆𝑆𝑉𝑉𝑎𝑎𝑎𝑎(𝐻𝐻)

1 + 𝐶𝐶𝑆𝑆𝑆𝑆(3 − 𝑎𝑎𝑆𝑆𝑆𝑆) + 𝐶𝐶𝑆𝑆𝑆𝑆2
    𝐻𝐻 > 0 

        𝑉𝑉𝑜𝑜𝑜𝑜𝑡𝑡(𝐻𝐻) = 0.                   𝐻𝐻 ≤ 0.                                                     ( 2.29) 

 

Fig. 2.22. Equivalent circuit of the analog Sallen-Key low pass filter. 

𝑉𝑉𝑎𝑎𝑎𝑎 is the pre-amplifier signal serves as input to digital S-K filter and 𝑉𝑉𝑜𝑜𝑜𝑜𝑡𝑡 is the output of S-K 

filter. The factors 𝐶𝐶𝑆𝑆𝑆𝑆 and 𝑎𝑎𝑆𝑆𝑆𝑆 play an important role in the regulation of the output signal. 
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Correspondingly, the factor 𝐶𝐶𝑆𝑆𝑆𝑆 is defined as the frequency filter factor which can adjust the width 

of the output signal and factor 𝑎𝑎𝑆𝑆𝑆𝑆 is defined as amplitude filter factor which can adjust the 

amplitude of the output signal. The block diagram of the digital S-K low pass filter is shown in 

Fig. 2.23. The parameters 𝐶𝐶𝑆𝑆𝑆𝑆 and 𝑎𝑎𝑆𝑆𝑆𝑆 are optimized to increase the signal to noise ratio, and the 

result of their implementation is shown in Fig. 2.24. 

 

Fig. 2.23. Block diagram of the digital S-K low pass filter with a factor 𝐶𝐶𝑆𝑆𝑆𝑆 as the frequency filter factor, which adjusts 
the width of the output signal and 𝑎𝑎𝑆𝑆𝑆𝑆 is the amplitude filter factor. 

 

Fig. 2.24. Result of the implementation of the digital S-K filter using MATLAB, (𝐶𝐶𝑆𝑆𝑆𝑆=0.30, 𝑎𝑎𝑆𝑆𝑆𝑆=0.051).  
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2.5.4   Digital Shaping Filter 

A shaping filter is needed to achieve a high signal to noise ratio (SNR), to minimize the pulse 

overlap and to measure the pulse amplitude accurately. Shaping filter is a linear network to achieve 

an optimum SNR in counting applications with transfer function 𝐶𝐶(𝑗𝑗𝑎𝑎). The general form of a 

shaping circuit is shown in Fig. 2.25. The detector signal can be assumed as a voltage step function 

of a magnitude 𝑄𝑄 𝐶𝐶𝑎𝑎⁄  with a noise power spectral density of 𝑁𝑁(𝑎𝑎). 𝑣𝑣(𝛿𝛿) is the preamplifier signal. 

The root mean square (r.m.s.) noise at the output of a shaping network with a transfer function 

𝐶𝐶(𝑗𝑗𝑎𝑎) is defined as [81], [82], 

〈𝑣𝑣𝑎𝑎2〉
1
2 = �∫ 𝑁𝑁(𝑎𝑎)|𝐶𝐶(𝑗𝑗𝑎𝑎)|2𝑑𝑑𝑎𝑎∞

−∞ �
1
2 .                                             ( 2.30) 

Signal to noise ratio (SNR) is the ratio of the signal pulse peak amplitude to the r.m.s. noise 

voltage, 

�𝑆𝑆
𝑒𝑒
� = 𝜂𝜂 = 𝑜𝑜(𝑡𝑡)𝑚𝑚𝑚𝑚𝑥𝑥

〈𝑜𝑜𝑛𝑛2〉
1
2

= 𝑜𝑜(𝑡𝑡)𝑚𝑚𝑚𝑚𝑥𝑥

�∫ 𝑒𝑒(𝜔𝜔)|𝐻𝐻(𝑗𝑗𝜔𝜔)|2𝑑𝑑𝜔𝜔∞
−∞ �

1
2
 .                                        ( 2.31) 

 

Fig. 2.25. General form of a shaping network with 𝑣𝑣(𝛿𝛿) as the preamplifier signal, 𝑁𝑁(𝑎𝑎) as noise power spectral 
density. 

The signal to noise ratio in a given system is dependent on the magnitude of the noise and the 

preamplifier signal amplitude, thus on the energy of the incoming particle. Equivalent noise charge 
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(ENC) can be defined as the charge required to obtain the same output signal in a noiseless model 

as that obtained from a noisy circuit. In terms of SNR, the ENC can be obtained as, 

𝐶𝐶𝑁𝑁𝐶𝐶 = 𝑄𝑄
𝜂𝜂

.                                                                     ( 2.32) 

The ideal optimum filter is an infinite cusp with 𝜂𝜂 = 𝑄𝑄 𝐶𝐶𝑎𝑎√2𝜋𝜋𝑎𝑎𝑏𝑏⁄ . This filter cannot be realized 

in practical digital systems. In [83], Bertolaccini et al. have proposed a finite cusp filter as a 

practically realizable optimum shaping filter. Finite cusp filter provides the best resolution for the 

noise consideration, but it is not appropriate in the case of ballistic deficit due to the charge 

collection variations associated with the semiconductor detectors. For semiconductor detectors, 

the optimum filter is a trapezoid filter with a flattop larger than the charge collection time [12], 

[39]. The various shaping filters, their transfer function and SNR are listed in Table 2.3. 

Table 2.3. Comparison of signal to noise ratio for various shapes of shaping filters [1]-[8]. 
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The recursive digital algorithms for the synthesis of optimal pulse shaping were described in 

[12] and the algorithms are presented in Table 2.4. The potential advantages of recursive trapezoid 

pulse shaping algorithms were explained in past [12], [15]. The trapezoidal filter known as moving 

average deconvolution is the commonly used filter in the digital pulse processing of the high purity 

germanium detectors pulses. It transforms the charge sensitive preamplifier long-tailed 

exponential pulses into a trapezoid whose height is proportional to the incident gamma-ray energy. 

The trapezoid shaping algorithm in discrete z transformation was discussed in [11], [84]. 

Table 2.4. Digital recursive shaping algorithms for a step input pulse [12]. 

Input 

𝑒𝑒(𝑛𝑛) 

Shaping Recursive Shaping Algorithm Delay 

𝑑𝑑 

Output Pulse 
Shape 

𝐸𝐸(𝑛𝑛) 

 

 

 

 

 

Traingular 𝐸𝐸(𝑛𝑛) = 𝐸𝐸(𝑛𝑛 − 1) + 𝑒𝑒(𝑛𝑛) 

               −2𝑒𝑒(𝑛𝑛 − 𝑘𝑘) + 𝑒𝑒(𝑛𝑛 − 2𝑘𝑘) 

 

 

Trapezoid 𝐸𝐸(𝑛𝑛) = 𝐸𝐸(𝑛𝑛 − 1) + 𝑒𝑒(𝑛𝑛) − 𝑒𝑒(𝑛𝑛 − 𝑘𝑘)  

          −𝑒𝑒(𝑛𝑛 − 𝑑𝑑) + 𝑒𝑒(𝑛𝑛 − 𝑑𝑑 − 𝑘𝑘) 

𝑘𝑘 + 𝑝𝑝 

 

Cusp 𝑤𝑤(𝑛𝑛) = 𝑤𝑤(𝑛𝑛 − 1) + 𝑒𝑒(𝑛𝑛) − 𝑒𝑒(𝑛𝑛 − 𝑣𝑣)  

𝐸𝐸(𝑛𝑛) = 𝐸𝐸(𝑛𝑛 − 1) + 𝑤𝑤(𝑛𝑛)  − 𝑒𝑒(𝑛𝑛 − 𝑘𝑘) 𝑣𝑣 

2𝑘𝑘 + 1 

 

Cusp with 
flattop 

𝑤𝑤(𝑛𝑛) = 𝑤𝑤(𝑛𝑛 − 1) + 𝑒𝑒(𝑛𝑛) − 𝑒𝑒(𝑛𝑛 − 𝑘𝑘) 

           −𝑒𝑒(𝑛𝑛 − 𝑣𝑣) − 𝑒𝑒(𝑛𝑛 − 𝑣𝑣 − 𝑘𝑘) 

𝐸𝐸(𝑛𝑛) = 𝐸𝐸(𝑛𝑛 − 1) + 𝑤𝑤(𝑛𝑛) 

                 −[𝑒𝑒(𝑛𝑛 − 𝑘𝑘) + 𝑒𝑒(𝑛𝑛 − 𝑣𝑣)]𝑘𝑘 

                 −𝑒𝑒(𝑛𝑛 − 𝑣𝑣) + 𝑒𝑒(𝑛𝑛 − 𝑣𝑣 − 𝑘𝑘) 

𝑘𝑘 + 𝑝𝑝 

 

The rise-time of the preamplifier pulses corresponds to the charge collection time of the HPGe 

detector. The amplifier shaping time must be large enough to accommodate the variable charge 
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collection time and should preserve the pulse amplitude. This variability in the charge collection 

time constraints the use of short shaping time in the shaping amplifier. If the shaping time is not 

large enough, the amplitude of the shaped pulse can sometimes be slightly less than that attainable 

with very long time constants. The degree to which the infinite time constant amplitude has been 

decreased by the shaping process is called the ballistic deficit, as shown in Fig. 2.26. Ballistic 

deficit variations are the main contributing factor at high count rate conditions, where shorter 

shaping time is preferred to reduce pulse pile-up, thus increase the throughput rate. 

 

Fig. 2.26. Demonstration of amplitude ballistic deficit when using shaping time less than the charge collection time 
[29]. 

In this work, the digital trapezoid shaping filter is used as a shaping filter with 𝑇𝑇𝑀𝑀 as the rise 

time and 𝑇𝑇𝑂𝑂 as the flattop time of the trapezoid filter. The flattop time of the trapezoid filter can 

be adjusted to eliminate the ballistic deficit. The trapezoid pulse (as shown in Fig. 2.27) can be 

synthesized using the following equations, 

                                                            𝑉𝑉𝑎𝑎𝑃𝑃𝑇𝑇(𝛿𝛿) = ∑ 𝑉𝑉𝑎𝑎(𝛿𝛿),                        4
𝑎𝑎=1   

𝑉𝑉1(𝛿𝛿) = �
𝐶𝐶
𝛿𝛿1
� 𝛿𝛿,     𝑉𝑉1(𝐻𝐻) =

𝐶𝐶
𝑇𝑇𝑀𝑀

𝐻𝐻
(𝐻𝐻 − 1)2

 , 

𝑉𝑉2(𝛿𝛿) = −𝑉𝑉1(𝛿𝛿 − 𝛿𝛿1),      𝑉𝑉2(𝐻𝐻) = −𝑉𝑉1(𝐻𝐻) ∗ 𝐻𝐻−𝑎𝑎𝑀𝑀      
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𝑉𝑉3(𝛿𝛿) = −𝑉𝑉1(𝛿𝛿 − 𝛿𝛿2),        𝑉𝑉3(𝐻𝐻) = −𝑉𝑉1(𝐻𝐻)  ∗ 𝐻𝐻−(𝑎𝑎𝑀𝑀+𝑎𝑎𝑜𝑜), 

𝑉𝑉4(𝛿𝛿) = −𝑉𝑉1(𝛿𝛿 − 𝛿𝛿3),        𝑉𝑉4(𝐻𝐻) = −𝑉𝑉1(𝐻𝐻)  ∗ 𝐻𝐻−(𝑎𝑎𝑀𝑀+𝑎𝑎𝑜𝑜+𝑎𝑎𝑀𝑀), 

where 𝛿𝛿1 =  𝑇𝑇𝑀𝑀 × 𝑇𝑇𝑠𝑠, 𝛿𝛿2 =  (𝑇𝑇𝑀𝑀 + 𝑇𝑇𝑜𝑜) × 𝑇𝑇𝑠𝑠, 𝛿𝛿3 =  (𝑇𝑇𝑀𝑀 + 𝑇𝑇𝑜𝑜 + 𝑇𝑇𝑀𝑀) × 𝑇𝑇𝑠𝑠  with 𝑇𝑇𝑠𝑠 as the sampling 

period. The trapezoid transmittance function can be derived as, 

 𝑉𝑉𝑎𝑎𝑃𝑃𝑇𝑇(𝛿𝛿) = �
𝐶𝐶
𝛿𝛿1
� 𝛿𝛿 − 𝑉𝑉1(𝛿𝛿 − 𝛿𝛿1) − 𝑉𝑉1(𝛿𝛿 − 𝛿𝛿2) − 𝑉𝑉1(𝛿𝛿 − 𝛿𝛿3), 

 𝑉𝑉𝑎𝑎𝑃𝑃𝑇𝑇(𝐻𝐻) = � 𝐸𝐸
𝑎𝑎𝑀𝑀
� �1 − 𝐻𝐻−𝑎𝑎𝑀𝑀 − 𝐻𝐻−(𝑎𝑎𝑀𝑀+𝑎𝑎𝑜𝑜) + 𝐻𝐻−(𝑎𝑎𝑀𝑀+𝑎𝑎𝑜𝑜+𝑎𝑎𝑀𝑀)� 𝑧𝑧

(𝑧𝑧−1)2
 , 

                                𝑉𝑉𝑎𝑎𝑃𝑃𝑇𝑇(𝐻𝐻) = � 𝐸𝐸
𝑎𝑎𝑀𝑀
� (1 − 𝐻𝐻−𝑎𝑎𝑀𝑀)�1 − 𝐻𝐻−(𝑎𝑎𝑀𝑀+𝑎𝑎𝑜𝑜)� 𝑧𝑧−1

(1−𝑧𝑧−1)2
     .                ( 2.33) 

 

Fig. 2.27. Synthesis of trapezoid shaped pulse with 𝑇𝑇𝑀𝑀 as the rise time and 𝑇𝑇𝑜𝑜 as the flattop time of the trapezoid filter. 

The z-transform representation of the pre-amplifier signal from Eq. (2.28) after neglecting the 

rise time, can be represented as, 

𝑉𝑉𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝐻𝐻) = 𝐶𝐶 � 𝑧𝑧
𝑧𝑧−𝛽𝛽𝐹𝐹

�,                                                 ( 2.34) 

The transfer function for the digital trapezoid filter can be given as, 

 𝐶𝐶𝑎𝑎𝑃𝑃𝑇𝑇(𝐻𝐻) =  𝜖𝜖𝑘𝑘𝑇𝑇𝑇𝑇(𝑧𝑧)
𝜖𝜖𝑝𝑝𝑟𝑟𝑒𝑒𝑚𝑚𝑚𝑚𝑝𝑝(𝑧𝑧) = 1

𝑎𝑎𝑀𝑀
(1 − 𝐻𝐻−𝑎𝑎𝑀𝑀)�1 − 𝐻𝐻−(𝑎𝑎𝑀𝑀+𝑎𝑎𝑜𝑜)� (1−𝛽𝛽𝐹𝐹𝑧𝑧−1)

(1−𝑧𝑧−1)
𝑧𝑧−1

(1−𝑧𝑧−1) .                ( 2.35) 
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The block diagram of trapezoid pulse shaping algorithm is shown in Fig. 2.28 (a). The recursive 

digital trapezoid shaping algorithm was implemented in the MATLAB and tested with an actual 

digitized HPGe preamplifier pulse. 

 

(a) 

 

(b) 

Fig. 2.28. (a) Block diagram of conventional digital trapezoid shaping algorithm, (b) results of trapezoid shaping using 
the conventional algorithm 

The simulation was performed with the conventional algorithm and it can be observed from 

Fig. 2.28 (b), that the flattop of the trapezoid shaped pulse is distorted at the start of the flattop. It 

is also observed from Fig. 2.28 (b) that a typical pre-amplifier pulse of germanium detector consists 

of two decay constants. The trapezoid shaping algorithm is modified to incorporate two decay 

constants of the HPGe preamplifier pulse and the modified transfer function can be derived as, 

𝑉𝑉𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝐻𝐻) = 𝐶𝐶 � 𝑧𝑧
𝑧𝑧−𝛽𝛽𝐹𝐹1

+ 𝑧𝑧
𝑧𝑧−𝛽𝛽𝐹𝐹

�,                                                 ( 2.36) 

 𝐶𝐶𝑎𝑎𝑃𝑃𝑇𝑇(𝐻𝐻) = 1
𝑎𝑎𝑀𝑀

(1 − 𝐻𝐻−𝑎𝑎𝑀𝑀)�1 − 𝐻𝐻−(𝑎𝑎𝑀𝑀+𝑎𝑎𝑜𝑜)� (1−𝛽𝛽𝐹𝐹𝑧𝑧−1)
(1−𝑧𝑧−1)

𝑧𝑧−1

(1−𝑧𝑧−1)
(1−𝛽𝛽𝐹𝐹1𝑧𝑧

−1)

(1−
𝛽𝛽𝐹𝐹+𝛽𝛽𝐹𝐹1

2 𝑧𝑧−1)
 ,           ( 2.37) 
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where βF=e-𝑘𝑘𝑟𝑟𝜏𝜏𝐹𝐹 , β𝐹𝐹1=e
- 𝑘𝑘𝑟𝑟𝜏𝜏𝐹𝐹1   with 𝜏𝜏𝐹𝐹1 and 𝜏𝜏𝐹𝐹 are the two decay time constants. The block diagram 

for the modified trapezoid algorithm and its simulation result are shown in Fig. 2.29 (a) and Fig. 

2.29 (b), respectively, which have shown improvement in the trapezoid flattop.  

 

(a) 

 

(b) 

Fig. 2.29. (a) Block diagram of modified digital trapezoid shaping algorithm, (b) results of trapezoid shaping using 
the modified algorithm considering two decay constants of the preamplifier pulse. 

The developed approach is a key as it allows the extraction of pulse height information at the 

beginning of each pulse, which helps in reducing pileup and increasing throughput rate. As 

discussed earlier, at high count rates, the RC preamplifier pulses saturate, and the transistor reset 

preamplifier is a preferred choice to solve the saturation problem. TRP pulses are step pulses, and 

they progress in a random staircase fashion through the dynamic range. The digital trapezoid 

shaping algorithm is also established for the TRP pulses. The impulse response of a reset 
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preamplifier is unit step pulse as shown in Fig. 2.30 (a). The unit step pulses can be mathematically 

represented as, 

𝑣𝑣𝑎𝑎𝐼𝐼𝑃𝑃(𝛿𝛿) = � 𝐶𝐶                𝐶𝐶𝑇𝑇𝑟𝑟  𝛿𝛿 ≥ 0    
0                𝐶𝐶𝑇𝑇𝑟𝑟 𝛿𝛿 < 0   ,                                                ( 2.38) 

𝑉𝑉𝑎𝑎𝐼𝐼𝑃𝑃(𝐻𝐻) = �  𝐸𝐸
1−𝑧𝑧−1

             𝐶𝐶𝑇𝑇𝑟𝑟  𝛿𝛿 ≥ 0    
0                     𝐶𝐶𝑇𝑇𝑟𝑟 𝛿𝛿 < 0  .    

                                             ( 2.39) 

Using Eq. (3.19), the transfer function for the trapezoid shaping for the unit step pulse can be 

obtained as, 

 𝐶𝐶𝑎𝑎𝑃𝑃𝑇𝑇(𝐻𝐻) =  𝜖𝜖𝑘𝑘𝑇𝑇𝑇𝑇(𝑧𝑧)
𝜖𝜖𝑘𝑘𝑅𝑅𝑇𝑇(𝑧𝑧)  = 1

𝑎𝑎𝑀𝑀
(1 − 𝐻𝐻−𝑎𝑎𝑀𝑀)�1− 𝐻𝐻−(𝑎𝑎𝑀𝑀+𝑎𝑎𝑜𝑜)� 𝑧𝑧−1

(1−𝑧𝑧−1)  .               ( 2.40) 

The block diagram of the trapezoid shaping for reset preamplifier pulse and its implementation 

results using MATLAB are shown in Fig. 2.30 (b) and Fig. 2.44 (c), respectively.  

 

 (a) (b) 

 
(c) 

Fig. 2.30. (a) Unit impulse response of reset preamplifier, (b) block diagram of digital trapezoid shaping algorithm 
for reset preamplifier pulse, (c) results of the implementation of trapezoid shaping. 
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2.5.4.1 Signal to Noise of Digital Trapezoid Filter 

The detector signal can be assumed as a voltage step function of a magnitude 𝑄𝑄 𝐶𝐶𝑎𝑎⁄  with a noise 

power spectral density of 𝑁𝑁(𝑎𝑎). Signal to noise ratio (𝜂𝜂) is defined as the ratio of the signal pulse 

peak amplitude (𝑣𝑣(𝛿𝛿)𝑎𝑎𝑎𝑎𝑥𝑥) to the r.m.s. noise voltage �〈𝑣𝑣𝑎𝑎2〉
1
2�, 

�𝑆𝑆
𝑒𝑒
� = 𝜂𝜂 = 𝑜𝑜(𝑡𝑡)𝑚𝑚𝑚𝑚𝑥𝑥

〈𝑜𝑜𝑛𝑛2〉
1
2

= 𝑜𝑜(𝑡𝑡)𝑚𝑚𝑚𝑚𝑥𝑥

�∫ 𝑒𝑒(𝜔𝜔)|𝐻𝐻(𝑗𝑗𝜔𝜔)|2𝑑𝑑𝜔𝜔∞
−∞ �

1
2
 ,                               ( 2.41) 

where 〈𝑣𝑣𝑎𝑎2〉
1
2 = �∫ 𝑁𝑁(𝑎𝑎)|𝐶𝐶(𝑗𝑗𝑎𝑎)|2𝑑𝑑𝑎𝑎∞

−∞ �
1
2 with 𝑁𝑁(𝑎𝑎) as the noise power density and 𝐶𝐶(𝑗𝑗𝑎𝑎) as the 

transfer function of the shaping network. The signal to noise ratio of the trapezoid filter can be 

given as, 

𝜂𝜂𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑄𝑄
𝐼𝐼𝑖𝑖√2𝜋𝜋𝑎𝑎𝑜𝑜

× 1

� 𝛼𝛼
𝑘𝑘𝑀𝑀

+𝑘𝑘𝑀𝑀3𝛼𝛼+
𝑘𝑘𝑜𝑜
2𝛼𝛼�

1
2
,                                          ( 2.42) 

where 𝑇𝑇𝑀𝑀 is the rise time and 𝑇𝑇𝑜𝑜 is the flattop time of the trapezoid filter. The optimum value of 

rise time in terms of noise corner time constant is 𝑇𝑇𝑀𝑀,𝑜𝑜𝑎𝑎𝑡𝑡 = √3𝛼𝛼, and the optimum SNR will be, 

𝜂𝜂𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝑜𝑜𝑎𝑎𝑡𝑡 = 𝑄𝑄
𝐼𝐼𝑖𝑖√2𝜋𝜋𝑎𝑎𝑜𝑜

× � 1

1.07×�1+0.43𝑘𝑘𝑜𝑜𝛼𝛼 �
1
2
�,                               ( 2.43) 

and thus, 

� 𝜂𝜂𝑡𝑡𝑟𝑟𝑚𝑚𝑝𝑝𝑒𝑒
𝜂𝜂𝑡𝑡𝑟𝑟𝑚𝑚𝑝𝑝𝑒𝑒,𝑜𝑜𝑝𝑝𝑡𝑡

� =
1.07×�1+0.43𝑘𝑘𝑜𝑜𝛼𝛼 �

1
2

� 𝛼𝛼
𝑘𝑘𝑀𝑀

+𝑘𝑘𝑀𝑀3𝛼𝛼+
𝑘𝑘𝑜𝑜
2𝛼𝛼�

1
2

.                                               ( 2.44) 

Signal to noise ratio predicts the uncertainty in the amplitude measurement by considering the 

noise contributions from detector and preamplifier electronics and the transfer function of shaping 

filter, thus it can be related to the energy resolution of the system as 𝜏𝜏𝐹𝐹𝐶𝐶𝑇𝑇 ∝ 1
𝑆𝑆𝑒𝑒𝐼𝐼

. The effect of 

rise time and flattop time on energy resolution is shown in Fig. 2.31, for 𝛼𝛼 = 5.8 µ𝑓𝑓.  

58 
 



   

 

Fig. 2.31. The theoretical calculations of energy resolution in terms of SNR with varying rise time and flattop time of 
trapezoid filter. 

It can be observed that FWHM is greatly dependent on rise time. At short shaping time 

constants, the series noise component dominates whereas at long shaping time constants the 

parallel noise component is dominated. The value of rise time should be carefully chosen to 

achieve to minimize the resolution degradations due to the noise contribution. The flattop time of 

the trapezoid filter does not affect the FWHM significantly, when considering the electronic noise. 

The flattop value must be selected more than the largest charge collection time in order to eliminate 

the ballistic deficit. 

Fig. 2.32 compares the energy resolution of planar and the coaxial type HPGe detector with 

varying rise time of trapezoid filter. The detector with a low 𝛼𝛼 value tends to achieve maximum 

SNR at a lower value of rise time as compare to the detector with a high 𝛼𝛼 value. This allows the 

use of shorter rise times, thus increasing the throughput rate. 
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Fig. 2.32. Comparison of the theoretical resolution performance of the planar and the coaxial type HPGe detector with 
a varying rise time of the trapezoid filter. 

2.5.5   Digital Timing Filter and Timing Triggers 

A digital trigger is required to detect the detector pulses in presence of noise and baseline 

fluctuations. A trigger system based on a voltage threshold is shown in Fig. 2.33. The false triggers 

can cause loss of important events or can detect false events, error in statistics and unwanted 

effects. A digital timing filter can be used to reject the noise, cancel the baseline and to detect the 

true events. The triggering algorithms were discussed in [47], [85]-[87]. In this work, a digital RC-

CR2 filter is used as a timing filter which converts the preamplifier signal to a bipolar signal for 

the extraction of precise time reference of the incoming signal and to detect the true pulses in 

presence of noise as shown in Fig. 2.33.  

The RC-CR2 filter is used for the generation of the bipolar waveform which can be used for 

various trigger generation. The transfer function of this filter can be expressed as, 

𝑉𝑉𝐼𝐼𝐼𝐼−𝐼𝐼𝐼𝐼2(𝐻𝐻) = 𝑧𝑧−1(1−𝑧𝑧−𝐴𝐴𝐴𝐴𝑔𝑔)
(1−𝑧𝑧−1)

× (1 − 𝐻𝐻−𝐼𝐼)2.                                  ( 2.45)  
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The parameter Avg represents a moving average in the time domain, which is used to reduce 

the high-frequency noise. The parameter R is equivalent to the rising edge of the preamplifier 

signal (𝑅𝑅~𝜏𝜏𝐼𝐼) and is utilized in the first and second differentiation to generate the bipolar 

waveform. The block diagram of the timing filter is shown in Fig. 2.34 (a) and result of MATLAB 

implementation is shown in Fig. 2.34 (b). 

 

Fig. 2.33. Timing triggers with a simple threshold on the input signal and with a threshold on a timing filter signal. 

A 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑓𝑓 window of width 2𝑅𝑅 is utilized that starts when the timing filter exceeds a certain 

threshold level 𝑇𝑇ℎ. The value of threshold level 𝑇𝑇ℎ is chosen such that it should eliminate the false 

trigger occurrences caused by noise. In addition, a zero-crossing detection (𝑍𝑍𝐶𝐶𝐶𝐶) logic searches 

for zero crossing within the 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑓𝑓 window and if the zero crossing occurs, it will send a TRUE 

logic. A prohibit window of duration 𝑃𝑃𝐹𝐹 will start at the occurrence of a zero crossing, which 

inhibit all other triggers during that duration to prevent false triggers. The timing triggers are 

pictorially represented in Fig. 2.35. The 𝑍𝑍𝐶𝐶𝐶𝐶 logic is also used to trigger the determination of the 

trapezoid pulse height, to reject the piled-up pulses and in the development of adaptive digital 

pulse processing algorithms, which will be described later in the chapter. 
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(a) 

 

(b) 

Fig. 2.34. (a) A block diagram of digital timing filter, (b) result of MATLAB implementation of digital timing filter. 

 

 

Fig. 2.35. Generation of timing triggers. The timing filter is an RC-CR2 filter. A 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑓𝑓 window of width 2𝑅𝑅 is starts 
when the timing filter exceeds a certain threshold level 𝑇𝑇ℎ sand if 𝑍𝑍𝐶𝐶𝐶𝐶 occurs within the 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑓𝑓 window, the event 
is registered as the true event. 
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2.5.6   Digital Baseline Restorer 

The detector’s preamplifier pulses contain bias due to detector leakage current, thermal drifts, 

and electronics. The baseline shift problem is illustrated in Fig. 2.36 (a). A baseline restorer analog 

circuit as shown in Fig. 2.36 (b) is used to restore the baseline. The switch 𝑓𝑓 remains open during 

the pulse duration and during its closing, the output voltage is restored to zero. The switch can be 

replaced by diodes, as described in [88]-[90]. There are other schemes for baseline restoration 

which were discussed in the literature [91]-[94]. In digital filtering, the trapezoid transformation 

of these pre-amplifier pulses does not eliminate the baseline shift. The baseline estimation is 

necessary to be found and subtracted from the raw trapezoid pulse to determine the actual trapezoid 

height for the energy spectrometry. The design of high-performance digital baseline restorers was 

introduced by Pullia et. al. in [95], in which authors showed the performance of digital dc restorer 

in the case of high-count rates. In 1996. Pullia et. al. [96] proposed a minimum noise filter for 

baseline estimation and showed an improvement of 16% with minimum noise baseline restoration 

as compared to normal baseline restorer. A new digital baseline estimation technique was 

introduced by Gatti et. al. in [97], for baseline restoration in nuclear spectroscopy in the presence 

of any kind of noise or disturbance. Statistics based online baseline restorer technique for the high-

count rate was developed in [98]. 

 

 (a) (b) 

Fig. 2.36. (a) The problem of baseline shift, (b) baseline restorer circuit, 𝑅𝑅1 is the output impedance of the operational 
amplifier, with gain 𝐴𝐴 = 1. The time constant is (𝑅𝑅1 + 𝑅𝑅2)𝐶𝐶.  
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In this work, baseline determination is realized by digital averaging of the trapezoid with the 

gated restoration scheme. The digital baseline restoration is explained in Fig. 2.37. When a pre-

amplifier pulse comes in, 𝑍𝑍𝐶𝐶𝐶𝐶 will go high and the baseline gate will be closed for the duration of 

trapezoid width (𝑇𝑇𝑀𝑀+𝑇𝑇𝑜𝑜+𝑇𝑇𝑀𝑀). In the case of the pile-up, if any 𝑍𝑍𝐶𝐶𝐶𝐶 occurs within the trapezoid 

width, the baseline gate will remain closed for another (𝑇𝑇𝑀𝑀+𝑇𝑇𝑜𝑜+𝑇𝑇𝑀𝑀) duration. The baseline 

determination is done by moving average filter in the case of baseline gate is high. In the signal 

processing chain, the trapezoid signal is digitally delayed synchronizing with the baseline trigger 

generation algorithm. The 𝑍𝑍𝐶𝐶𝐶𝐶 triggers are also used for trapezoid height determination. After a 

𝑍𝑍𝐶𝐶𝐶𝐶 occurs, the trapezoid height is determined after (𝑇𝑇𝑀𝑀+𝑇𝑇𝑜𝑜/2) time, which is the midpoint of the 

trapezoid flattop. The baseline value is triggered exactly at the start of trapezoid shaped pulse and 

is subtracted from the trapezoid wave for the determination of trapezoid height. The block diagram 

of pulse height determination is shown in Fig. 2.38. 

 

Fig. 2.37. Digital gated baseline restoration scheme. 
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Fig. 2.38. A block diagram representing the determination of trapezoid height using the timing and the shaping filter. 

2.5.7   Digital Pile-up Rejection 

The preamplifier pulses are randomly spaced in time due to the random nature of the nuclear 

event. At moderate to high count rates, the preamplifier pulses tend to interfere. Pile-up is the 

name given to the summing process that occurs when two or more pulses from the detector occur 

so close in time. When a new pulse from the preamplifier arrives before the amplifier has had a 

chance to process the previous pulse, a summing takes place. This appears in the form of pulses 

piled on top of one another, with no return to the baseline reference between the pulses. The tail 

pile-up and peak pile-up is shown in Fig. 2.39.  

The phenomenon of pile-up removes the counts from the photopeaks and adds counts into the 

background, thus degrades the energy resolution. As the total count-rate increases, pile-up 

increases, and this pile-up limits system throughput. The pile-up effects can be reduced by using 

shorter shaping times, but considerations of ballistic deficit and signal to noise ratio contradict this 

requirement. A pile-up rejecter is used in analog amplifiers, which discards the piled-up pulses. 

Circuits of this type can reduce the spectral distortions due to pile-up as demonstrated in [99]. The 
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pile-up rejection reduces the spectral-distortions and improves the energy resolution, but at the 

same time, it reduces the spectral throughput. 

 

Fig. 2.39. Illustration of pulse pile-up and its effects on the pulse height spectrum. Pile-up from the tail or undershoot 
of a preceding pulse. Both are usually categorized as tail pile-up. 

In this work, digital pile-up rejection algorithms were developed for the two cases, the rising 

edge pile-up and the trailing edge pile-up. The preamplifier pulses have varying rise time 

depending on the charge collection time. The rising edge pile-up occurs when an event happens 

during the charge collection time of the previous event. To detect the rising edge pile-up, the 

duration of zero crossing time was used. As discussed earlier, a timing filter is used for the 

detection of the true event. A 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑓𝑓 window of 2𝑅𝑅 width starts when the timing filter crosses a 

certain threshold (𝑇𝑇ℎ) to avoid false triggering. If there is no rising edge pile-up, zero crossing 

ocuurs within 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑓𝑓 window1. In the rising edge pile-up, the rise time of an incoming pulse 

increases and 𝑍𝑍𝐶𝐶𝐶𝐶 does not occur within 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑓𝑓 window1. If the 𝑍𝑍𝐶𝐶𝐶𝐶 occurs after 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑓𝑓 

window1, and within 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑓𝑓 window2, the pulse is treated as suffering from rising edge pile-up 
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and is rejected. If an event occurs during the decay time of the previous pulse, the pulses are known 

as trailing edge piled-up. To detect the trailing edge pile-up, at the zero crossing of the first 

incoming pulse, two pile-up windows of 𝑇𝑇𝑀𝑀+𝑇𝑇𝑜𝑜/2+𝑃𝑃 and 𝑇𝑇𝑀𝑀+𝑇𝑇𝑜𝑜+𝑃𝑃 will be started that will look 

for any other zero crossing within that window. If a second pulse comes within the 

𝑇𝑇𝑀𝑀+𝑇𝑇𝑜𝑜/2+𝑃𝑃 window, both the pulses will be rejected. If no 𝑍𝑍𝐶𝐶𝐶𝐶 occurs within 𝑇𝑇𝑀𝑀+𝑇𝑇𝑜𝑜/2+𝑃𝑃 and 

it occurs between 𝑇𝑇𝑀𝑀+𝑇𝑇𝑜𝑜+𝑃𝑃, the energy of the first pulse will be accurately determined, pile up 

logic will send a true pulse to store the first pulse energy value and the second pulse will be 

discarded. Two pile-up check triggers are used for the pile-up rejection: rising edge pile-up, trailing 

edge pile-up. If both of the triggers are TRUE, then only pulse height information will be included 

in the pulse height spectrum. The various cases of the pile-up and the trigger geenrations are shown 

in Fig. 2.40, Fig. 2.41 and Fig. 2.42.  

 

Fig. 2.40. Case 1: No pile-up, in this case, the height of the trapezoid is determined and stored to be included in the 
pulse height spectrum. 
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Fig. 2.41. Case 2: Trailing edge pile-up, in this case, the height of the first trapezoid is saved and the second pulse is 
discarded. 

 

Fig. 2.42. Case 3: Leading edge pile-up, in this case, both the pulses are discarded. 
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The block diagram of the developed digital pulse processing is shown in Fig. 2.43. It includes 

two parallel blocks one for the trapezoid shaping filter and one for the timing filter and triggers. 

The baseline restoration is done using the gated scheme and the baseline is subtracted from the 

trapezoid height to determine the actual pulse height which is proportional to the energy of the 

incoming gamma-ray. The pile-up rejection algorithm rejects the pulses with rising and trailing 

edge pile-up and pile-up free pulses heights will be stored to be included in the pulse-height 

spectrum. The modified digital trapezoid filter algorithm incorporating two decay constants to 

describe the HPGe preamplifier pulse improves the trapezoid flattop.  This allows the extraction 

of the pulse height information at the beginning of each pulse, which limits pulse pile-up effects.  

The implementation of digital S-K filter improves the signal to noise ratio, but at high count rates, 

the close proximity in time between two consecutive pulses results in uncertainty in the baseline 

determination which degrades the energy resolution at high-count rates. 

 

Fig. 2.43. A block diagram of the digital pulse processing chain which includes two parallel blocks of timing and 
shaping algorithms to extract the pulse height information for radiation spectrometry. 
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2.6   Performance Limits for the Traditional Pulse Processing Systems 

2.6.1   Analog Pulse Processing System 

The major factors which affect the energy resolution and the throughput rate in an analog pulse 

processing system are in Fig. 2.44. As discussed earlier, the electronic noise associated with the 

detector and preamplifier electronic components affects the energy resolution. In order to reduce 

the dead-time, the shorter shaping times are preferred. However, the phenomenon of ballistic 

deficit constraints the use of shorter shaping time. The shorter shaping time also degrades the 

energy resolution, as the series noise component is the dominant noise at the shorter shaping times. 

Thus, the energy resolution and the throughput rate are the competing factor at high count rates. 

The dead-time of an MCA consists of the ADC conversion time and memory storage time. The 

dead-time of MCA follows the non-paralyzable model as the events arriving during the digitizing 

time are ignored. The output rate of the MCA is given as, 

𝑟𝑟𝑜𝑜 = 𝑟𝑟𝑖𝑖
1+𝑟𝑟𝑖𝑖𝜏𝜏𝑀𝑀𝑀𝑀𝐴𝐴

,                                                                 ( 2.46) 

where 𝜏𝜏𝑀𝑀𝐼𝐼𝐴𝐴 is the dead-time of MCA, which is the sum of ADC conversion time and memory 

storage. 

 

Fig. 2.44. Factors affecting the energy resolution and throughput performance in an analog pulse processing system 
consists of a detector, a preamplifier, an amplifier, and an MCA. 
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2.6.2   Digital Pulse Processing System 

In digital pules processing, the analog shaping filter is replaced by a digital shaping filter 

(trapezoid filter in the commercial DSP systems) to optimize signal to noise ratio. The rise time 

and the flattop time of the trapezoid filter control the total event processing time as shown in Fig. 

2.45. The total processing time for an event processed with the DSP trapezoidal algorithm is the 

sum of 2×rise-time and flattop time. The settings for both parameters affect the total processing 

time, which in turn affects the count rate throughput of the system. The performance limiting 

factors in a digital pulse processing-based gamma-ray spectrometry system is given in Fig. 2.46. 

The digital pulse processing allows the realization of optimum filter shape and a comparable 

energy resolution performance can be achieved using shorter shaping time as compare to analog 

systems, which enhances the throughput performance. The trade-off between energy resolution 

and throughput rate still exist with the conventional digital processing system. 

 

Fig. 2.45. Dead time associated with the digital trapezoid shaping. 

There is always a trade-off between achievable energy resolution and throughput rate at high 

count rate conditions, imposed by the radiation physics, detector-preamplifier electronics and 

various components of traditional analog and digital pulse processing system. The advanced pulse-

processing techniques are required which can overcome the trade-off limits and enhance the 
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spectroscopic performance. The advanced digital instrumentation including adaptive pulse 

processing algorithms are discussed in the following chapter. 

 

Fig. 2.46. Performance limiting factors of a traditional digital pulse processing system used for gamma spectrometry. 
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Chapter 3   Development of Adaptive Digital Pulse Processing 
Algorithms  

The objective of pulse processing techniques is to achieve an optimum signal to noise ratio, 

permitting operation at high count rates with high throughput and minimal degradation of energy 

resolution. At high count rate conditions, the effects of pile-up and the resulting baseline shift are 

severe. Under such conditions, the use of a shorter shaping filter may support high throughput but 

at the expense of deteriorating the energy resolution, whereas using a longer shaping filter supports 

good energy resolution with low throughput. Recent developments FPGAs make it possible to 

operate in real time and allows consideration of the attributes of the generated signal on a pulse-

by-pulse basis to enhance the throughput performance. In this work, a high-resolution high-

throughput real-time adaptive digital pulse processing system including pulse deconvolution was 

developed for high count rate applications. The pulse deconvolution technique was developed to 

reconstruct the original detector signal from the preamplifier output signal, which reduces the 

energy resolution degradation due to pulse pile-up. The deconvoluted signal was shaped with a 

trapezoid filter and the shaping parameters were selected adaptively for each incoming signal 

based on the time separation between successive input pulses and charge collection time to 

minimize throughput losses. The details of the developed adaptive algorithms are described in the 

next sections. 

3.1   Digital Pulse Deconvolution 

The HPGe detector output signal is a low-amplitude, short-duration current pulse. A 

preamplifier converts this charge pulse into a voltage pulse to be processed by the amplifier. An 

RC feedback preamplifier produces an exponential voltage pulse (decay time constant 𝜏𝜏𝐹𝐹~50 µs) 

as the charge decays to the feedback circuit. The output of a transistor reset preamplifier steps in 
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a random staircase fashion. The preamplifier output is a convolution of the detector charge 

distribution function and the preamplifier response function. The preamplifier output signal can be 

given as [78], 

𝑣𝑣𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝛿𝛿) = ∫ 𝑟𝑟(𝛿𝛿′)ℎ𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝛿𝛿 − 𝛿𝛿′)𝑑𝑑𝛿𝛿′∞
−∞ ,                                  ( 3.1) 

where 𝑣𝑣𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝛿𝛿) is the preamplifier output signal, 𝑟𝑟(𝛿𝛿) is the detector current signal and 

ℎ𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝛿𝛿) is the preamplifier’s impulse response. The unresolved poles in the preamplifier 

transfer function, limit the throughput and resolution performance in gamma-ray spectrometry. 

Deconvolution is a technique to obtain the impulse response of the detector. The deconvolution 

process cancels the convolution of the detector current signal with the impulse response of 

preamplifier, thus recovers back the detector signal, which can not be realized with the analog 

pulse processing. A digital pulse deconvolution technique was developed to reconstruct the 

original detector signal from the preamplifier signal, which reduces the resolution deterioration 

due to pulse pile-up [100]. The processes involved in the pulse deconvolution are describe in the 

following subsections. 

3.1.1   Digital Pole-Zero Cancellation 

Pole-zero cancellation is required to eliminate the pulse undershoot and to shorten the long 

decay of preamplifier pulses in the case of RC preamplifier. The circuit used for analog pole-zero 

cancellation is shown in Fig. 3.1. In this the pole 𝑓𝑓 + 1 𝜏𝜏𝐹𝐹�  generated due to the decay of the 

preamplifier pulse is cancelled by the zero 𝑓𝑓 + 𝑘𝑘
(𝑅𝑅2𝐶𝐶1)�  of the network [101]. The output of the 

pole-zero network with the transfer function of 𝐶𝐶(𝛿𝛿), can be derived as, 

𝑣𝑣1,𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝛿𝛿) = 𝑣𝑣𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝛿𝛿) × 𝐶𝐶(𝛿𝛿), 
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𝑉𝑉1,𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝑓𝑓) = 𝑉𝑉𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝑓𝑓) × 𝐶𝐶(𝑓𝑓) =
𝐶𝐶

𝑓𝑓 + 1 𝜏𝜏𝐹𝐹�
×

𝑓𝑓 + 𝑘𝑘
(𝑅𝑅2𝐶𝐶1)�

𝑓𝑓 + (𝑅𝑅1 + 𝑅𝑅2)
(𝑅𝑅1𝑅𝑅2𝐶𝐶1)�

. 

Assume 𝑓𝑓 + 1 𝜏𝜏𝐹𝐹� =  𝑓𝑓 + 𝑘𝑘
(𝑅𝑅2𝐶𝐶1)�  and 𝑅𝑅𝑃𝑃 = (𝐼𝐼1+𝐼𝐼2)

(𝐼𝐼1𝐼𝐼2𝐼𝐼1), then,  

𝑉𝑉1,𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝑓𝑓) = 𝐸𝐸
𝑠𝑠+𝐼𝐼𝑇𝑇𝐼𝐼1

 .                                                           ( 3.2)  

 

Fig. 3.1. Analog circuit for pole-zero cancellation used in spectroscopy amplifier. 

The digital pole-zero algorithm was developed for real-time pulse processing. The block 

diagram of the digital pole-zero cancellation algorithm is shown in Fig. 3.2 (a) and the result of 

MATLAB implementation is shown in Fig. 3.2 (b). The transfer function of the digital pole-zero 

cancellation network in the 𝐻𝐻 domain can be given as, 

𝐶𝐶𝑃𝑃𝑇𝑇(𝐻𝐻) = 𝑘𝑘+Δ
  𝐼𝐼𝑒𝑒𝑞𝑞+Δ

× �
1− Δ

𝑘𝑘+Δ𝑧𝑧
−1

1− Δ
  𝑅𝑅𝑒𝑒𝑞𝑞+Δ

𝑧𝑧−1
�,                                                     ( 3.3) 

where Δ = 𝜏𝜏𝐹𝐹 𝑇𝑇𝑠𝑠⁄  with 𝜏𝜏𝐹𝐹 as the decay time constant of the preamplifier pulse, and 𝑇𝑇𝑠𝑠 as the 

sampling period. The terms 𝑘𝑘 and   𝑅𝑅𝑎𝑎𝑞𝑞 are constants. In the case of the transistor reset 

preamplifier, the basic charge sensitive preamplifier circuit remains the same, but the feedback 

resistor is eliminated. Each radiation event in the detector steps up the preamplifier output in a 

staircase manner and as the staircase approaches the dynamic range, it reset through the capacitor 

to the starting position. In the case of TRP, pole-zero cancellation is not required. 
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(a) 

 

(b) 

Fig. 3.2. (a) A block diagram for digital implementation of pole-zero cancellation for RC preamplifier pulses, (b) 
results of the digital pole-zero cancellation, which is used to eliminate pulse undershoot after shaping and to shorten 
the long decay of preamplifier pulses in the case of RC preamplifier. 

3.1.2 Digital Pulse Deconvolution 

The deconvolution process recovers the detector signal from the convoluted signal of the 

detector signal and the preamplifier impulse response. The convoluted signal in matrix form can 

be represented as [102], 

𝑉𝑉𝑎𝑎 = ∑ 𝐶𝐶𝑎𝑎𝑗𝑗𝐺𝐺𝑗𝑗   𝑇𝑇𝑟𝑟 𝑽𝑽 = 𝑯𝑯𝑯𝑯𝑎𝑎 .                                                    ( 3.4) 
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The original impulse can be reconstructed by matrix inversion as 𝑯𝑯 = 𝑾𝑾𝑽𝑽. The inverted 

matrix, known as weight matrix 𝑾𝑾 is a lower triangular matrix and the weights 𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3 …. are 

required to recover the original signal 𝑟𝑟(𝛿𝛿) from a measured signal 𝑣𝑣(𝛿𝛿). For a RC preamplifier, 

the two nonzero weights 𝑤𝑤1 = 1,    𝑤𝑤2 = −𝑟𝑟−𝑥𝑥 are required to recover the signal. The 

deconvoluted signal can be obtained as, 

𝐺𝐺(𝐻𝐻) = 𝑉𝑉(𝐻𝐻)[1 − 𝐻𝐻−1𝑟𝑟−𝑥𝑥],                                                         ( 3.5) 

where 𝑒𝑒 = 𝑇𝑇𝑠𝑠 𝜏𝜏𝐹𝐹𝑇𝑇  ⁄  with 𝜏𝜏𝐹𝐹𝑇𝑇 as the decay time constant after pole-zero cancellation. The digital 

pulse deconvolution algorithm is shown in Fig. 3.3 (a) and the result of the implementation of 

digital pulse deconvolution is shown in Fig. 3.3 (b).  

 

(a) 

 

(b) 

Fig. 3.3. (a) A block diagram of digital pulse deconvolution, (b) result of MATLAB implementation of digital pulse 
deconvolution with RC preamplifier pulse. 
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For the transistor reset preamplifier, the preamplifier pulses are staircase pulses. The impulse 

response of the reset type charge sensitive preamplifier is a unit step pulse. One method of pulse 

deconvolution of these pulses can be performed using simple digital differentiation as shown in 

Fig. 3.4 (a) [103]. However, the direct digitization of TRP pulses require the digitizer to have an 

analog input voltage range of at least 4 𝑉𝑉𝑎𝑎𝑘𝑘−𝑎𝑎𝑘𝑘 (voltage-range of 2101 TRP) and high bit-resolution 

to minimize the quantization error.  In this work, the TRP pulses were converted to exponential 

pulses using an analog differentiator circuit shown in Fig. 3.4 (b). Then, the pulse deconvolution 

was performed digitally, the results of which are shown in Fig. 3.4 (c).  

 

 (a) (b) 

 

(c) 

Fig. 3.4. (a) Direct deconvolution of TRP pulses, (b) CR differentiator circuit for TRP pulses, (c) result of the 
implementation of digital pulse deconvolution of TRP pulse after CR differentiator. 
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3.1.3   Savitzy-Golay Low Pass Filter 

The deconvolution of the signal restores the noise also. To improve the signal to noise ratio 

(SNR), the deconvoluted signal is filtered with a Savitzy-Golay (S-G) filter. Savitzy-Golay filter 

is a digital smoothing filter that can be applied to increase the signal to noise ratio without 

distorting the signal. It is a low pass filter based on the local least-squares polynomial 

approximation that can be applied to increase the SNR without distorting the signal [104]. The 

block diagram of the digital implementation of Savitzy-Golay filter as an FIR filter is shown in 

Fig. 3.5 and result of MATLAB implementation is shown in Fig. 3.6. 

 

Fig. 3.5. Digital implementation of Savitzy-Golay filter as an FIR filter with pre-calculated coefficients, for smoothing 
of the deconvoluted signal, the optimized frame size is chosen as 9, with a polynomial order 1. 

 
Fig. 3.6. Result of implementation of digital Savitzy-Golay low pass filter using MATLAB. 
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In the case of smoothing of the deconvoluted signal, the optimized frame size was chosen as 

9, with polynomial order 1. For the FPGA based implementation, the coefficients of SG filtering 

were pre-calculated and then S-G filter was implemented as a standard finite infinite response 

(FIR) filter. The objective was to achieve the pre-processing of signals accurately to enhance the 

signal to noise ratio in very short time for real-time signal processing.  

3.1.4   Trapezoid Shaping after Pulse Deconvolution 

The pulse shaping of the deconvoluted signal is required to determine the height of the signal 

with an optimum signal to noise ratio. Before the implementation of the shaping filter, an 

exponential signal was synthesized to define a linear time-invariant recursive system in response 

to an input signal and it can be synthesized as [105], 

𝑌𝑌(𝐻𝐻) = 𝐺𝐺(𝐻𝐻) + 𝑎𝑎𝐻𝐻−1𝑌𝑌(𝐻𝐻),                                                 ( 3.6) 

where 𝑎𝑎 is the exponential base and 𝐺𝐺(𝐻𝐻) is the deconvoluted signal as an input to generate the 

exponential pulse. The generated exponential signal has rise-time constant 𝜏𝜏𝐼𝐼 which is the charge 

collection time of original signal and decay time constant  𝜏𝜏𝐹𝐹1~0.1 𝜇𝜇𝑓𝑓. A digital trapezoid pulse-

shaping algorithm was employed as the shaping filter. The generated exponential pulses after pulse 

deconvolution have that same order of rise-time (𝜏𝜏𝐼𝐼) and decay-time constant (𝜏𝜏𝐹𝐹1). Thus, the 

trapezoid shaping algorithm was modified in order to incorporate the rise time and decay time 

constant. The digital trapezoid filter was implemented with a rise time of 𝑇𝑇𝑀𝑀 and with a flattop 

time of 𝑇𝑇𝑜𝑜 as shown in Fig. 3.7 (a). The block diagram of digital trapezoid shaping is shown in Fig. 

3.7 (b). The transfer function of the digital trapezoid filter incorporating the rise-time (𝜏𝜏𝐼𝐼) and the 

decay-time constant (𝜏𝜏𝐹𝐹1) is as follows, 

  𝐶𝐶𝑎𝑎𝑃𝑃𝑇𝑇(𝐻𝐻) =  1
𝑎𝑎𝑀𝑀

(1 − 𝐻𝐻−𝑎𝑎𝑀𝑀)�1 − 𝐻𝐻−(𝑎𝑎𝑀𝑀+𝑎𝑎𝑜𝑜)� �1−𝛽𝛽F𝑧𝑧
−1�

(1−𝑧𝑧−1)2
�1−𝛽𝛽R𝑧𝑧−1�

(𝛽𝛽F−𝛽𝛽R) ,                ( 3.7) 

where βF=exp(-𝑇𝑇𝑠𝑠/𝜏𝜏𝐹𝐹1), and β𝐼𝐼=exp(-𝑇𝑇𝑠𝑠/𝜏𝜏𝐼𝐼) with 𝑇𝑇𝑠𝑠 as the sampling time.  
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A digital RC-CR2 filter is used as a timing filter for the various trigger generations. The height 

of the trapezoid is determined at the center of the flattop time. For the determination of actual 

trapezoid height, accurate baseline estimation is required. Baseline determination is realized by 

digital averaging of the trapezoid baseline with the gated restoration scheme as mentioned in the 

previous chapter, then the baseline was subtracted from the trapezoid flattop height for the 

determination of actual trapezoid height. The digital rising and trailing edge pile-up rejection 

algorithm was implemented to reject the piled-up pulses. 

 

(a) 

 

(b) 

Fig. 3.7. (a) Synthesis of the trapezoid shaped pulse with rise-time 𝑇𝑇𝑀𝑀 and flattop time 𝑇𝑇𝑜𝑜, (b) block diagram of 
modified digital trapezoid-shaping algorithm to incorporate the rise time and decay time constant of the deconvoluted 
preamplifier pulse. 
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The algorithms including digital pole-zero cancellation, digital pulse deconvolution, SG filter, 

exponential signal generation, and trapezoid shaping were simulated with MATLAB and results 

for a RC preamplifier and a transistor reset preamplifier pulse are shown in Fig. 3.8 (a) and  Fig. 

3.8 (b), respectively.  The block diagram of the developed digital pulse processing is shown in Fig. 

3.9. The digital pole-zero cancellation is only required for the RC preamplifier pulses. 

 

(a) 

 

(b) 

Fig. 3.8. Simulation results of the MATLAB implementation of the digital pole-zero cancellation, digital pulse 
deconvolution, Savitzy-Golay low pass filter, exponential pulse generation, and trapezoid shaping with (a) RC 
preamplifier pulse, (b) transistor reset preamplifier pulse. 
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Fig. 3.9. A block diagram representing the digital pulse deconvolution and digital pulse processing chain. 

3.2   Adaptive Shaping 

At high count rate conditions, the effect of pile-up is more severe and high resolution and high 

throughput are conflicting issues, as shorter shaping filter provides high throughput but poor 

energy resolution whereas longer shaping filters ensure good energy resolution with very low 

throughput. It can be seen from Fig. 3.10 that longer shaping filter provides good energy resolution, 

but throughput rate will be lower. The shorter filter will improve throughput rate but at the cost of 

energy resolution. The recent field programmable gate arrays (FPGAs) allows incorporation of 

physics to decide the pulse processing parameters in real-time to improve spectroscopic 

performance as compare to the traditional analog systems. Using FPGAs, the system can operate 

in real time and allows consideration of the attributes of the generated signal on a pulse-by-pulse 

basis to enhance the throughput performance. In this work, the adaptive shaping techniques were 

developed for real-time pulse processing. The deconvoluted signal was shaped with a trapezoid 

filter and the shaping parameters were selected adaptively for each incoming signal. The adaptive 

shaping algorithm selects the rise time of the trapezoid shaping filter based on the separation 
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between the input pulses [106]. The flattop of the trapezoid filter can be adjusted to eliminate the 

ballistic deficit. The flattop time of trapezoid shaping filter is adapted according to the rise time of 

detector’s signal on a pulse by pulse basis. 

 

Fig. 3.10. Shaping time versus energy resolution and throughput, showing the trade-off between achievable energy 
resolution and throughput. 

The physics of radioactive decay of radioactive nuclides and charge collection of HPGe 

detector was used to decide the digital trapezoid shaping filter parameters as shown in Fig. 3.11. 

The implementation details of the adaptive shaping algorithms are described in the next subsection. 

 

Fig. 3.11. Criterion for the adaptive selection of digital trapezoid filter parameters on a pulse-by-pulse basis. 
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3.2.1   Adaptive Rise Time 

Naturally occurring gamma rays detected using a radiation detector are randomly distributed 

in time, and the process follows the Poisson distribution. In a Poisson process, occurrences are 

randomly distributed in time, space or some other variable with the number of occurrences in any 

non-overlapping intervals statistically independent. The Poisson distribution occurs as the limiting 

form of the binomial distribution when the probability 𝑝𝑝 → 0 and the number of trials 𝑁𝑁 → ∞, 

such that the mean 𝜇𝜇 = 𝑁𝑁𝑝𝑝, remains finite. The probability of 𝑒𝑒 events is given as, 

𝑃𝑃(𝑒𝑒) = 𝜇𝜇𝑥𝑥𝑎𝑎−𝜇𝜇

𝑥𝑥!
 .                                                                      ( 3.8) 

The Poisson distribution is a discrete probability distribution, with each 𝑃𝑃(𝑒𝑒) giving the 

probability for that particular 𝑒𝑒 to occur. In Poisson distribution, the standard deviation is the 

square root of the mean value. Radioactivity is a random process in which atomic decays are 

independent. The probability of decay in a time interval has no affect on the probability of decay 

in any subsequent time interval. In experiments, involving radioactive processes, the mean 

counting rate (𝑟𝑟) is known. Thus, 𝜇𝜇 = 𝑟𝑟𝛿𝛿, and the probability of 𝑒𝑒 events is given as, 

𝑃𝑃(𝑒𝑒) = (𝑟𝑟𝑡𝑡)𝑥𝑥𝑎𝑎−𝑟𝑟𝑡𝑡

𝑥𝑥!
 .                                                                      ( 3.9) 

The radiation detector output pulses are also randomly distributed in time and follows 

exponential distribution. In probability theory and statistics, the exponential distribution is the 

probability distribution that describes the time between events in a Poisson point process, i.e., a 

process in which events occur continuously and independently at a constant average rate. The 

probability density function of the exponential distribution can be given as, 

𝐶𝐶(𝑒𝑒; 𝑟𝑟) = �𝑟𝑟𝑟𝑟
−𝑟𝑟𝑥𝑥         𝑒𝑒 ≥ 0

0              𝑒𝑒 < 0.                                                         ( 3.10) 
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To derive the interval distribution between the adjacent random radioactive events, two 

processes are assumed. First, an event is occurred at time 𝛿𝛿 = 0, no events have occurred between 

time 0 to 𝛿𝛿, then the probability of next event in differential time 𝑑𝑑𝛿𝛿 is, 

𝐼𝐼1(𝛿𝛿)𝑑𝑑𝛿𝛿 =  𝐼𝐼2(𝛿𝛿)𝑑𝑑𝛿𝛿 + 𝐼𝐼3(𝛿𝛿)𝑑𝑑𝛿𝛿 ,                                              ( 3.11) 

where 𝐼𝐼1(𝛿𝛿)𝑑𝑑𝛿𝛿: probability of next event in differential time 𝑑𝑑𝛿𝛿 after delay of time 𝛿𝛿, 𝐼𝐼2(𝛿𝛿)𝑑𝑑𝛿𝛿: 

probability of no events during time 0 to 𝛿𝛿, 𝐼𝐼3(𝛿𝛿)𝑑𝑑𝛿𝛿: probability of an event during time 𝑑𝑑𝛿𝛿 . Using 

the Poisson distribution, the probability of no events in the time interval 𝛿𝛿 is, 

𝐼𝐼2(𝛿𝛿) =  𝑃𝑃(0) = (𝑟𝑟𝑡𝑡)0𝑎𝑎−𝑟𝑟𝑡𝑡

0!
= 𝑟𝑟−𝑟𝑟𝑡𝑡.                                           ( 3.12) 

The differential probability 𝑑𝑑𝑝𝑝 of occurrence of an event within a differential time interval 𝑑𝑑𝛿𝛿 

with 𝑟𝑟 average rate of occurrence is, 

𝐼𝐼3(𝛿𝛿)𝑑𝑑𝛿𝛿 = 𝑟𝑟𝑑𝑑𝛿𝛿,                                                                  ( 3.13) 

𝐼𝐼1(𝛿𝛿)𝑑𝑑𝛿𝛿 =  𝑟𝑟𝑟𝑟−𝑟𝑟𝑡𝑡𝑑𝑑𝛿𝛿.                                                    ( 3.14) 

𝐼𝐼1(𝛿𝛿) provides the distribution of intervals between adjacent random events. The plot of the 

distribution is shown in Fig. 3.12.  

 

Fig. 3.12. Distribution function for intervals between adjacent random events showing the interval distribution 
of detector’s preamplifier pulses [29]. 
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The interval distribution is used to select the rise-time of the digital trapezoid filter on a pulse-

by-pulse basis by estimating the distance between the adjacent pulses. Thus, instead of using a 

fixed rise time of the trapezoid filter, the rise-time selection is made stochastic, following the 

interval distribution of the incoming pulses to achieve high throughput rates. The adaptive rise 

time selection algorithm was developed using the zero-crossing detection trigger. After an 

occurrence of a radiation event, 𝑍𝑍𝐶𝐶𝐶𝐶 becomes high, and the adaptive rise-time algorithm searches 

for the next 𝑍𝑍𝐶𝐶𝐶𝐶. Based on the duration of the two consecutive 𝑍𝑍𝐶𝐶𝐶𝐶𝑓𝑓, the algorithm assigns the 

rise time for the first event. The incoming signal is delayed for further processing until the 

algorithm decides the rise time value. The rise time values were adapted from the optimum value 

to the shortest value. To explain the algorithm, assume that optimum rise time is 𝑇𝑇𝑀𝑀 and in this 

example the available value of rise times is 𝑇𝑇𝑀𝑀, 3𝑇𝑇𝑀𝑀/4 and 𝑇𝑇𝑀𝑀/2. The example is pictorially 

represented in Fig. 3.13.  

 

Fig. 3.13. The digital algorithm for the selection of rise-time of the digital trapezoid filter based on the time separation 
between adjacent preamplifier pulse. 

At the zero crossing of the first incoming pulse, two windows (3𝑇𝑇𝑀𝑀/4) + 𝑇𝑇𝑜𝑜 and 𝑇𝑇𝑀𝑀 + 𝑇𝑇𝑜𝑜 will 

be started and the algorithm will look for any other zero crossing within that window. If no 𝑍𝑍𝐶𝐶𝐶𝐶 
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occurs within each window, triggers for each window will be true and the algorithm will select the 

rise time as 𝑇𝑇𝑀𝑀. If trigger for (3𝑇𝑇𝑀𝑀/4) window is true and 𝑍𝑍𝐶𝐶𝐶𝐶 occurs within (𝑇𝑇𝑀𝑀 + 𝑇𝑇𝑜𝑜) window, 

which makes the (𝑇𝑇𝑀𝑀 + 𝑇𝑇𝑜𝑜) trigger false, then shaping parameters will be set as (3𝑇𝑇𝑀𝑀/4). If both 

the triggers are false which means the second 𝑍𝑍𝐶𝐶𝐶𝐶 occurs in the (3𝑇𝑇𝑀𝑀/4) window, then the rise 

time value will be selected as 𝑇𝑇𝑀𝑀/2.  

3.2.2   Adaptive Flattop Time 

In the previous chapter, the charge collection process in a HPGe detector was discussed. In a 

reverse bias 𝑝𝑝𝑛𝑛 diode, electron–hole pairs generated inside the space-charge region are separated 

by the electric field and move towards the reverse polarity electrodes. These charge particles 

induce unequal charges in the electrodes, due to different distance travelled, as indicated in Fig. 

3.14 [107]. A hole induces a total charge 𝑞𝑞, split in the ratio of inverse distances. The total charge 

induced by a hole and an electron is given as, 

𝑄𝑄 = 𝑞𝑞 𝑥𝑥𝑒𝑒−𝑥𝑥ℎ
𝑑𝑑

 ,                                                        ( 3.15) 
where 𝑞𝑞 is an elementary charge, 𝑒𝑒𝑎𝑎 and 𝑒𝑒ℎ are the distances from the top electrode to the point of 

generation of the electron and the hole respectively and 𝑑𝑑 is the depletion depth. The charge 

collection time depends upon the applied voltage, and the size of the detector i.e. the distance 

traveled by electrons and holes.  

 

Fig. 3.14. Signal formation by the separation of electron–hole pairs due to the electric field in the space-charge region 
of the detector. 
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The following effects influence the charge collection properties: 

• the spatial distribution of electron–hole pairs created by the incident radiation, 

• the separation of electrons and holes due to the electric field in the space charge region, 

• diffusion of the signal-charge carriers between the times of generation and arrival at the 

semiconductor surface, and noncollinearity between velocity and electric field in the presence 

of a magnetic field. 

Due to biasing, the charge collection velocities can approach saturation (~107 centimeters per 

second). This makes the charge collection times on the order of 10−7𝑑𝑑 with 𝑑𝑑 as the depletion 

depth. As the temperature is increased, carrier mobility decreases, which creates challenges to 

obtaining additional and adequate electrical fields resulting in a decrease in the overall collection 

velocity. Fig. 3.15 shows that at low filed intensity, the mobility is almost constant [28]. But as the 

electric field strength increases, the drift velocity increases and reaches a saturation velocity.  

 

Fig. 3.15. Drift velocity of electrons and holes in germanium as a function of electric field strength and temperature 
[28]. 

The time needed to collect all of the charge depends upon the distances travelled by the 

electrons and the holes, and in turn on the size of the detector and the location of the electrons and 
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holes creation, relative to the collection electrodes. In semiconductor detectors, incomplete charge 

collection is due to trapping of the charge carriers. The amount of charge trapped is approximately 

proportional to the energy deposited in the detector, which, in turn, is proportional to the energy 

of the incident particles. For this reason, the resolution is affected by trapping effects more at high 

energy than at low energy. The shaping time adjustment is required to compensate for trapping 

induced charge loss. The plot of calculated charge collection time as a function of relative 

efficiency for a hypothetical square cylindrical coaxial detector is shown in Fig. 3.16 [28]. The 

1.33 𝑇𝑇𝑟𝑟𝑉𝑉 gamma rays will have multiple interactions in the crystal of larger detectors in order to 

deposit all of its energy, giving rise to longer charge collection time. The longer charge collection 

times of the larger detectors affects the throughput rates. In radiation spectrometry, the peaking 

time of the shaping amplifier must be greater than the largest charge collection time to allow 

complete charge collection and to eliminate the ballistic deficit. 

 

Fig. 3.16. Calculated charge collection times for coaxial HPGe detectors as a function of relative efficiency [28]. 

The high purity Germanium detector’s preamplifier signals consist of variable rise time which 

depends upon charge collection time. For a typical coaxial geometry, the charge collection time 

varies between 100-700 ns. The methods for compensation of ballistic deficit generated due to 
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variable charge collection time were discussed in [108]-[111]. The advantage of trapezoidal 

shaping in avoiding energy resolution loss due to the ballistic deficit was also discussed in past 

[38], [109], [110]. The time duration of the flattop must be long enough to accommodate the rise 

time variations as discussed in [112]. This limits the throughput rate at high count rates. In this 

work, the flattop is set to be adaptive based on the rise time of the preamplifier pulse. To develop 

the algorithm, firstly the rise-time variation of the coaxial HPGe detector preamplifier pulses are 

measured offline. The distribution of the rise-time of the preamplifier pulses is shown in Fig. 3.17. 

 

Fig. 3.17. Distribution of measured rise-times of the coaxial HPGe detector (efficiency 25%). The rise-time is defined 
as the time taken for the signal to rise from 10% to 90% of its maximum. The distribution is generated using the 
signals associated with the 662 keV photopeak of 137Cs. 

The digital measurement of rise-time for each incoming pulse in real-time is difficult to realize. 

It has been observed that there is a correlation between the zero-crossing detection (ZCD) time of 

timing filter and rise time of the input pulse. The ZCD time is the time measured when the timing 

filter crosses the threshold to the zero-crossing detection, as shown in Fig. 3.18. The distribution 

of ZCD times is shown in Fig. 3.19. It can be observed from Fig. 3.17 and Fig. 3.19 that the zero-

crossing time distribution follows the rise time distribution of detector’s preamplifier pulses. There 
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is a correlation between zero crossing time and rise time of the preamplifier pulse. This correlation 

is used to choose the flattop time of trapezoid shaping filter to adapt the flattop time according to 

the rise time of detector’s signal on the pulse by pulse basis. The block diagram of the developed 

digital pulse processing with pulse deconvolution and adaptive rise time and flattop time shaping 

is shown in Fig. 3.20. 

 

Fig. 3.18. Digital timing filter, zero crossing detection (ZCD) and ZCD time showing the correlation between zero 
crossing time and rise time of the preamplifier pulse which is resultant of the charge collection time. 

 
Fig. 3.19. Distribution of measured signal zero crossing time for the coaxial HPGe detector (Efficiency 25%). The 
zero-crossing time (ZCT) is defined as the time taken for the timing filter signal (RC-CR2) to rise from the threshold 
to cross the zero level. 
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Fig. 3.20. The block diagram of adaptive digital pulse processing algorithms including digital pulse deconvolution 
and adaptive shaping based on the interval distribution and the charge collection time of preamplifier pulses. 
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3.3   Theoretical Limits of Energy Resolution  

3.3.1   Count Rate Dependent Signal to Noise Ratio for Digital Filters 

In this section, the theoretical limits of energy resolution are established for fixed and adaptive 

filters by considering the electronic noise [113]. The SNR of the trapezoid shaping calculated in 

Eq. (2.42) was obtained by consideration of a single pulse. To establish the count-rate (CR) 

dependent signal to noise ratio relationships, a sequence of exponential pulses is considered as 

shown in Fig. 3.21. The amplitude of the pulse and the error in the pulse height determination can 

be evaluated as [4], [114], 

𝐸𝐸𝑎𝑎+1 = 𝑒𝑒𝑎𝑎+1 − 𝑒𝑒𝑎𝑎 𝑟𝑟𝑒𝑒𝑝𝑝 �−
𝑡𝑡𝑖𝑖+1−𝑡𝑡𝑖𝑖

𝛼𝛼
�,                                             ( 3.16) 

𝜀𝜀𝑦𝑦𝑖𝑖+1
2 = 𝜀𝜀𝑥𝑥𝑖𝑖+1

2 + 𝜀𝜀𝑥𝑥𝑖𝑖
2 𝑟𝑟𝑒𝑒𝑝𝑝 �− 2(𝑡𝑡𝑖𝑖+1−𝑡𝑡𝑖𝑖)

𝛼𝛼
�   .                                       ( 3.17) 

 

Fig. 3.21. Pre-amplifier signal sequence used for amplitude evaluation which shows that amplitude determination of 
pulse depends upon the time separation between adjacent events. 

The standard deviation or error (𝜀𝜀𝑥𝑥𝑖𝑖
2 ) in the amplitude measurement is the inverse of the SNR 

and can be given as, 

𝜀𝜀𝑥𝑥𝑖𝑖
2 = 1

𝜂𝜂𝑡𝑡𝑟𝑟𝑚𝑚𝑝𝑝𝑒𝑒2 = 𝜀𝜀𝑜𝑜𝑎𝑎𝑡𝑡2 �
2
√3

×�1+0.43×𝑘𝑘𝑜𝑜
𝛼𝛼 �

� 𝛼𝛼𝑘𝑘1
+𝑘𝑘13𝛼𝛼+

𝑘𝑘𝑜𝑜
2𝛼𝛼�

�
−1

 ,                                     ( 3.18) 

where 𝜀𝜀𝑜𝑜𝑎𝑎𝑡𝑡2  is the error in the pulse height which are infinitely apart.  
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The expression for count-rate dependent signal to noise ratio for the time-invariant filter can 

be formulated as, 

𝜂𝜂𝑦𝑦2 = 𝑦𝑦𝑖𝑖+1
2

𝜀𝜀𝑦𝑦𝑖𝑖+1
2 , 𝜂𝜂𝑜𝑜𝑎𝑎𝑡𝑡2 = 𝑦𝑦𝑖𝑖+1

2

𝜀𝜀𝑦𝑦𝑜𝑜𝑝𝑝𝑡𝑡
2    →    𝜂𝜂𝑦𝑦2

 𝜂𝜂𝑜𝑜𝑝𝑝𝑡𝑡2 =
𝜀𝜀𝑦𝑦𝑜𝑜𝑝𝑝𝑡𝑡
2

𝜀𝜀𝑦𝑦𝑖𝑖+1
2 ,                                ( 3.19) 

and the error in the pulse height will be,  

𝜀𝜀𝑦𝑦𝑖𝑖+1
2 = 𝜀𝜀𝑜𝑜𝑎𝑎𝑡𝑡2 ��

2
√3

×�1+0.43×𝑘𝑘𝑜𝑜
𝛼𝛼 �

� 𝛼𝛼𝑘𝑘2
+𝑘𝑘23𝛼𝛼+

𝑘𝑘𝑜𝑜
2𝛼𝛼�

�
−1

+ �
2
√3

×�1+0.43×𝑘𝑘𝑜𝑜
𝛼𝛼 �

� 𝛼𝛼𝑘𝑘1
+𝑘𝑘13𝛼𝛼+

𝑘𝑘𝑜𝑜
2𝛼𝛼�

�
−1

𝑟𝑟𝑒𝑒𝑝𝑝 �− 2𝑎𝑎1
𝛼𝛼
�� ,         ( 3.20) 

𝜂𝜂𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎_𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝜖𝜖𝑎𝑎𝑟𝑟
2 = 𝜂𝜂𝑜𝑜𝑎𝑎𝑡𝑡2 ×

2
√3

×�1+0.43×𝑘𝑘𝑜𝑜
𝛼𝛼 ��

1

� 𝛼𝛼𝑘𝑘1
+𝑘𝑘13𝛼𝛼+

𝑘𝑘𝑜𝑜
2𝛼𝛼�

�� 1

� 𝛼𝛼𝑘𝑘2
+𝑘𝑘23𝛼𝛼+

𝑘𝑘𝑜𝑜
2𝛼𝛼�

�

� 1

� 𝛼𝛼𝑘𝑘1
+𝑘𝑘13𝛼𝛼+

𝑘𝑘𝑜𝑜
2𝛼𝛼�

�+� 1

� 𝛼𝛼𝑘𝑘2
+𝑘𝑘23𝛼𝛼+

𝑘𝑘𝑜𝑜
2𝛼𝛼�

�×exp�−2𝑘𝑘1𝛼𝛼 �

   .                     ( 3.21) 

The SNR calculations for the time-invariant and time-variant trapezoid filters are given in 

Table 3.1. 

Table 3.1. SNR calculations for time-invariant and time-variant trapezoid filters. 

Parameter description Parameter formulation 
Signal to noise ratio  𝜂𝜂𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎2  𝜂𝜂𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎2 = 𝜂𝜂𝑜𝑜𝑎𝑎𝑡𝑡2 �

2
√3

× �1 + 0.43 ×
𝑇𝑇𝑜𝑜
𝛼𝛼
�� ��

𝛼𝛼
𝑇𝑇𝑀𝑀

+
𝑇𝑇𝑀𝑀
3𝛼𝛼

+
𝑇𝑇𝑜𝑜
2𝛼𝛼
���  

Count rate dependant SNR for 
time-invariant trapezoid filter 
𝜂𝜂𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝐼𝐼𝐼𝐼
2  

 
 

𝑇𝑇𝑀𝑀 = 1
2𝑓𝑓

× 𝑣𝑣𝑛𝑛 � 𝑓𝑓
𝑎𝑎ℎ𝑟𝑟

�, 𝜂𝜂𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎_𝐼𝐼𝐼𝐼
2 =

𝜂𝜂𝑜𝑜𝑎𝑎𝑡𝑡2 ��
2
√3

×�1+0.43×𝑘𝑘𝑜𝑜
𝛼𝛼 �

� 𝛼𝛼𝑘𝑘𝑀𝑀
+𝑘𝑘𝑀𝑀3𝛼𝛼+

𝑘𝑘𝑜𝑜
2𝛼𝛼�

�� �1 + exp �− 2𝑎𝑎𝑀𝑀
𝛼𝛼
���  

Count rate dependant SNR for 
time-variant trapezoid filter 
𝜂𝜂𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝐼𝐼𝐼𝐼
2  

 

𝜂𝜂𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎_ 𝐼𝐼𝐼𝐼
2 = ∫ ∫ 𝐶𝐶2𝑟𝑟−𝑓𝑓(𝑎𝑎1+𝑎𝑎2)∞

0
∞
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2
√3

× �1 + 0.43 × 𝑇𝑇𝑜𝑜
𝛼𝛼 ��

1
�𝛼𝛼𝑇𝑇1

+ 𝑇𝑇1
3𝛼𝛼 + 𝑇𝑇𝑜𝑜

2𝛼𝛼�
�� 1

� 𝛼𝛼𝑇𝑇2
+ 𝑇𝑇2

3𝛼𝛼 + 𝑇𝑇𝑜𝑜
2𝛼𝛼�

�

� 1
� 𝛼𝛼𝑇𝑇1

+ 𝑇𝑇1
3𝛼𝛼 + 𝑇𝑇𝑜𝑜

2𝛼𝛼�
� + � 1

� 𝛼𝛼𝑇𝑇2
+ 𝑇𝑇2

3𝛼𝛼 + 𝑇𝑇𝑜𝑜
2𝛼𝛼�

� × exp �− 2𝑇𝑇1
𝛼𝛼 �

 

95 
 



   

The count rate dependent SNR for time-variant trapezoid filter can be calculated by 

considering the pile-up probabilities 𝐶𝐶𝑟𝑟−𝑓𝑓𝑎𝑎 where 𝑇𝑇 is the time separation between pulses and 𝐶𝐶 

is the input count rate. In time-invariant filters, the shaping time is fixed for a given count rate 𝐶𝐶, 

whereas in time-variant shaping, the shaping time is selected based on the pulse-to-pulse time 

separation. In Fig. 3.22, the normalized SNR is plotted vs. count rate for fixed and adaptive 

trapezoid filters, which represents the theoretical limits for fixed and adaptive shaping. It can be 

observed that adaptive filtering provides improved SNR as compare to fixed filtering at a given 

input count rate with constant acceptance (throughput) rate. 

 

Fig. 3.22. Theoretical limits of count-rate dependent energy resolution for fixed and adaptive digital trapezoid shaping 
in digital signal processing with 𝛼𝛼 = 5.8, 𝑇𝑇ℎ𝑟𝑟𝑇𝑇𝑟𝑟𝑟𝑟ℎ𝑝𝑝𝑟𝑟𝛿𝛿 𝑟𝑟𝑎𝑎𝛿𝛿𝑟𝑟 (𝑇𝑇ℎ𝑟𝑟) = 𝑣𝑣𝑎𝑎𝑟𝑟𝑣𝑣𝑎𝑎𝑏𝑏𝑣𝑣𝑟𝑟 . 

In Fig. 3.23, various HPGe configurations i.e. coaxial, and planar detector’s count-rate 

dependent SNR performance with fixed and adaptive trapezoid shaping is compared for a 

throughput rate of 50%. The results show that the detector with a low noise time corner constant 
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(𝛼𝛼), indicating a low detector capacitance, offers better SNR performance for the fixed and 

adaptive cases.  

 

Fig. 3.23. Limits of count-rate dependent signal to noise ratio for fixed and adaptive digital trapezoid shaping for 
various configurations of HPGe detectors with 𝛼𝛼 = 𝑣𝑣𝑎𝑎𝑟𝑟𝑣𝑣𝑎𝑎𝑏𝑏𝑣𝑣𝑟𝑟, 𝑇𝑇ℎ𝑟𝑟𝑇𝑇𝑟𝑟𝑟𝑟ℎ𝑝𝑝𝑟𝑟𝛿𝛿 𝑟𝑟𝑎𝑎𝛿𝛿𝑟𝑟 (𝑇𝑇ℎ𝑟𝑟) = 50 %. 

In the case of pulse deconvolution, the preamplifier pulses were deconvoluted to obtain the 

original detector pulses. The sequence of pulses before and after pulse deconvolution is shown in 

Fig. 3.24. After the deconvolution, the noise of the original detector signal is also restored back as 

discussed in [115], [116]. The signal to noise is improved using the Savitzy-Golay low pass filter. 

Deconvoluted pulses are delta-like pulses and uncertainty in the amplitude is no longer dependent 

on the decay of the previous pulse. The pulse amplitude and its amplitude error in the case of pulse 

deconvolution can be determined as, 

yi+1 = xi+1,         εyi+1
2 = εxi+1

2     .                                              ( 3.22) 
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The count rate dependent signal to noise ratio formulation for the time-invariant and time-

variant filter after the pulse deconvolution technique is tabulated in Table 3.2. The theoretical 

limits of the energy resolution after applying the pulse deconvolution is compared with the 

theoretically calculated values without the pulse deconvolution and results are shown in Fig. 3.25. 

It can be observed that adaptive filtering after the pulse deconvolution provides improved SNR as 

compared to fixed and adaptive filtering at a given input count rate with constant acceptance 

(throughput) rate. 

 

(a) 

 

(b) 

Fig. 3.24. The sequence of preamplifier pulses used for the amplitude evaluation (a) pulses before deconvolution, (b) 
pulses after deconvolution. 
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Table 3.2. SNR calculations for Time-invariant and time-variant trapezoid filters after pulse deconvolution. 

Parameter description Parameter formulation 

Signal to noise ratio  𝜂𝜂𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎2  𝜂𝜂𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎2 = 𝜂𝜂𝑜𝑜𝑎𝑎𝑡𝑡2 �
2
√3

× �1 + 0.43 ×
𝑇𝑇𝑜𝑜
𝛼𝛼
�� ��

𝛼𝛼
𝑇𝑇𝑀𝑀

+
𝑇𝑇𝑀𝑀
3𝛼𝛼

+
𝑇𝑇𝑜𝑜
2𝛼𝛼
���  

Count rate dependant SNR for time-

invariant trapezoid filter 𝜂𝜂𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝐼𝐼𝐼𝐼
2  

 

 

𝑇𝑇𝑀𝑀 =
1

2𝐶𝐶
× 𝑣𝑣𝑛𝑛 �

𝐶𝐶
𝑇𝑇ℎ𝑟𝑟

� 

𝜂𝜂𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎_ 𝐼𝐼𝐼𝐼
2 = 𝜂𝜂𝑜𝑜𝑎𝑎𝑡𝑡2 × �

2
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𝛼𝛼 �
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� 

Count rate dependant SNR for time-

variant trapezoid filter 𝜂𝜂𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝐼𝐼𝐼𝐼
2  
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∞
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Fig. 3.25. Comparison of theoretical limits of energy resolution for fixed and adaptive shaping with and without pulse 
deconvolution with a throughput rate of 50%. 
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3.4   Theoretical Limits of Throughput  

The dead-time or processing time of each component in the gamma-ray spectrometry system 

limits the throughput rate. In the Germanium detector, charge carriers are formed when radiation 

interacts inside the detector material. As discussed earlier, the time taken by these charge carriers 

to travel to the electrodes is known as the charge collection time, which depends on the geometry 

and the size of the detector. The throughput rate of the detector is a function of charge collection 

time. When a radiation event takes place while the previous set of charge carriers are still in transit, 

the energy from the two events combines. The smaller detector has lower charge collection time, 

which makes the detector high count-rate capable. The RC preamplifier pulses are tailed pulses 

with a large decay time constant. When a second pulse arrives during the decay of the previous 

pulse, it rides on the tail of the previous pulse. At high count rates, the preamplifier output gets 

saturate when the piled-up events exceed the dynamic range of the preamplifier. The RC 

preamplifier count rate limits are often represented in terms of energy rate limit which is the 

number of events per unit of time and the energy of those events. The energy rate limit is the 

function of the feedback resistor and the dynamic range of the preamplifier. In transistor reset 

preamplifier, the feedback resistor is replaced with a transistor and a comparator circuit, which 

overcomes the preamplifier saturation issue. TRP allows more than an order of magnitude higher 

count rate and provides better resolution by using the low-value feedback resistors, it has the 

disadvantage that the TRP resetting process adds to system dead-time [75], [117], [118]. The 

percent dead-time resulting from preamplifier resetting is computed from, 

𝑅𝑅𝑟𝑟𝑓𝑓𝑟𝑟𝛿𝛿 𝑑𝑑𝑟𝑟𝑎𝑎𝑑𝑑 𝛿𝛿𝑣𝑣𝑝𝑝𝑟𝑟 (%) = 100 × 𝐶𝐶 × 𝐼𝐼𝐶𝐶𝑅𝑅 × 𝑎𝑎𝑟𝑟𝑒𝑒𝑟𝑟𝑒𝑒𝑡𝑡
𝐸𝐸𝑟𝑟𝑒𝑒𝑟𝑟𝑒𝑒𝑡𝑡

,                                ( 3.23) 

where 𝐼𝐼𝐶𝐶𝑅𝑅 is the counting rate of the events of energy 𝐶𝐶, 𝐶𝐶𝑟𝑟𝑎𝑎𝑠𝑠𝑎𝑎𝑡𝑡 is the total energy accepted 

between resets, and 𝑇𝑇𝑟𝑟𝑎𝑎𝑠𝑠𝑎𝑎𝑡𝑡 is the dead-time caused by each reset. The estimated throughput and 
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dead-time performance of a transistor-reset preamplifier with varying count-rate conditions are 

shown in Fig. 3.26. It can be observed that the as the input count rate increases, the frequency of 

reset increases which increases the preamplifier dead-time. 

 

(a) 

 

(b) 

Fig. 3.26. Estimated performance of transistor-reset preamplifier with varying input count rate, (a) throughput, (b) 
dead-time. 
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The spectrometry shaping amplifier converts the preamplifier output to a Gaussian pulse 

(analog system) or a triangular/trapezoid pulse (digital system). The width of the shaped pulse 

contributes to system dead-time and the amplifier is the weakest link in the system’s throughput 

capabilities. A pile-up rejector is used in the spectrometry to reject the pile-up pulses. The system 

throughput is determined either by the processing time of the amplifier, or the pile-up inspection 

window, whichever is larger. The processing time (𝜏𝜏𝑃𝑃) of the analog, and digital shaping amplifier 

is defined in Fig. 3.27. The processing time is also known as pile-up resolution time in the case of 

pile-up rejector, which is the minimum time that must separate the two events from piling-up. The 

preamplifier pulses arrive at the input to the amplifier, as Poisson distributed random process. For 

the paralyzable case, the relationship between the output count rate (throughput rate) and the input 

count rate in terms of processing time can be given as, 

𝑂𝑂𝐶𝐶𝑅𝑅 = 𝐼𝐼𝐶𝐶𝑅𝑅 × 𝑟𝑟−𝐼𝐼𝐼𝐼𝐼𝐼×𝜏𝜏𝑇𝑇  .                                                       ( 3.24) 

The probability of the next event taking place in an interval 𝑑𝑑𝛿𝛿 after a delay of 𝜏𝜏𝑃𝑃 can be 

approximated as, 

𝑃𝑃1(𝛿𝛿)𝑑𝑑𝛿𝛿 = 𝐼𝐼𝐶𝐶𝑅𝑅 × 𝑟𝑟−𝐼𝐼𝐼𝐼𝐼𝐼×𝜏𝜏𝑇𝑇𝑑𝑑𝛿𝛿,                                                  ( 3.25) 

where ICR is the input count rate.  

The fraction of events occurring in a time interval (𝜏𝜏𝑃𝑃) is calculated as 1 − 𝑟𝑟−𝐼𝐼𝐼𝐼𝐼𝐼×𝜏𝜏𝑇𝑇 with 𝜏𝜏𝑃𝑃 =

2 × (𝑇𝑇𝑀𝑀 + 𝑇𝑇𝑜𝑜 2⁄ ). The plots of input count rate versus calculated throughput for the variable rise-

time of trapezoid filter with flattop time of 0.7 µs is shown in Fig. 3.28. It can be observed that 

with the longer shaping time, the achievable throughput is lower. Fig. 3.29 shows the fraction 

number of pulses shaped with different rise times. It provides an estimation of the distribution of 

rise-times in the case of adaptive shaping with the rise time following the interval distribution of 

the incoming preamplifier pulses.  
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 (a) (b) 

Fig. 3.27. Spectroscopic amplifier and its pulse processing time (a) analog amplifier, (b) digital trapezoid shaper. 

 

Fig. 3.28. Calculated throughput performance with input count rate for different values of the rise time of the trapezoid 
filter, 
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Fig. 3.29. Input count rate versus throughput rate with the fractions number of pulses shaped with different rise times 
of the trapezoid filter. 

In Fig. 3.29, the throughput rate is estimated with the adaptive rise time and fixed flattop time. 

To enhance the throughput capabilities further, the selection of flattop time can be made adaptive 

based on the charge collection time of an individual pulse as discussed earlier. For the coaxial 

HPGe detector, the measured charge collection time varies between 0.1 µs – 0.7 µs. It has been 

observed that the zero-crossing time of the timing filter and the rise time of the preamplifier pulse 

(resultant of the charge collection time) is correlated to each other. So, the flattop time is varied 

between 0.1 µs – 0.7 µs by measuring the zero-crossing detection time. The estimated of the 

throughput rate with adaptive rise time and flattop time is done using the following equation, 

𝑇𝑇ℎ𝑟𝑟𝑇𝑇𝑟𝑟𝑟𝑟ℎ𝑝𝑝𝑟𝑟𝛿𝛿 = 𝐼𝐼𝐶𝐶𝑅𝑅 × 𝑟𝑟−𝐼𝐼𝐼𝐼𝐼𝐼×𝜏𝜏𝑇𝑇, 

𝑇𝑇ℎ𝑟𝑟𝑇𝑇𝑟𝑟𝑟𝑟ℎ𝑝𝑝𝑟𝑟𝛿𝛿 = 𝐼𝐼𝐶𝐶𝑅𝑅 × 𝑟𝑟−𝐼𝐼𝐼𝐼𝐼𝐼×2×(𝑎𝑎𝑀𝑀+𝑎𝑎𝑜𝑜 2⁄ ), 
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𝑇𝑇ℎ𝑟𝑟𝑇𝑇𝑟𝑟𝑟𝑟ℎ𝑝𝑝𝑟𝑟𝛿𝛿 = 𝑒𝑒1 × 𝐼𝐼𝐶𝐶𝑅𝑅 × 𝑟𝑟−𝐼𝐼𝐼𝐼𝐼𝐼×2×(𝑎𝑎𝑀𝑀+𝑎𝑎𝑜𝑜1 2⁄ ) + 𝑒𝑒2 × 𝐼𝐼𝐶𝐶𝑅𝑅 × 𝑟𝑟−𝐼𝐼𝐼𝐼𝐼𝐼×2×(𝑎𝑎𝑀𝑀+𝑎𝑎𝑜𝑜2 2⁄ ) + ⋯,   ( 3.26) 

where 𝑒𝑒1, 𝑒𝑒2 are the fractions of the trapezoid shaped pulses shaped with the flattop time of 𝑇𝑇𝑜𝑜1 

and 𝑇𝑇𝑜𝑜2, respectively. These fractions are count rate independent and experimentally measured for 

the coaxial HPGe detector. The distribution of the charge collection time is given in Table 3.3. 

Table 3.3. Charge collection time distribution. 

Charge collection time Fraction of the coaxial HPGe pulses 

0 – 0.1 µs 0.02 

0.1 – 0.2 µs 0.08 

0.3 – 0.4 µs 0.2 

0.4 – 0.5 µs 0.3 

0.5 – 0.6 µs 0.22 

0.6 – 0.7 µs 0.1 

The estimated throughput rate with adaptive rise time and flattop time is shown in Fig. 3.30 

(a). It can be seen that with the adaption of the flattop time, the throughput rate is improved by 

20%. In Fig. 3.30 (b), the distribution of the flattop times for a give rise time is plotted. The 

fractions of the flattop time are independent of the count rate. In the composite estimated 

throughput rate, the rise time distribution follows the interval distribution coming from the random 

nature of the radioactive decay, whereas the flattop distribution is resultant of the charge collection 

time distribution in the HPGe detector. Thus, by incorporating nuclear physics in radiation pulse 

processing, the throughput rate can be improved. The developed adaptive digital pulse processing 

algorithms were implemented on a reconfigurable FPGA for real-time gamma-ray spectrometry 

measurements. The experimental testing was performed with two coaxial type HPGe detectors, 

one with an RC preamplifier and another equipped with a transistor reset preamplifier. The FPGA 

implementation details and experimental results will be discussed in Chapter 4. 
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(a) 

 

(b) 

Fig. 3.30. (a) Estimated throughput rate with adaptive rise time and adaptive flattop time, (b) the distribution of the 
flattop time for a given count rate.  
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Chapter 4   Experimental Implementation and Results 

The advanced adaptive digital pulse algorithm discussed in Chapter 3 were implemented on a 

reconfigurable field programmable gate array for the real-time measurements. The details of 

implementation are presented in this chapter. The experimental testing was performed using a 

coaxial HPGe detector at varying count rate conditions. This chapter includes the system 

configuration, experimental results, and their discussion. The experimental results are also 

compared with the conventional analog and digital processing to emphasize the improved 

performance of the developed adaptive digital pulse processing system. Also, simulations results 

of gamma-ray spectrometry using the developed adaptive digital shaping for the pebble bed reactor 

fuel are also presented. 

4.1   Design Considerations 

4.1.1   Selection of Radiation Detector and Preamplifier 

The purpose of a radiation detector is to convert gamma rays into electrical impulses which 

can be used with a suitable signal processing to determine their energy and intensity. The 

characteristics of a radiation detector were discussed in section 2.2. The important considerations 

for the selection of a radiation detector are energy range, energy resolution, detector size, detector 

efficiency, and cost. The detector and the pulse processing should be able to produce the most 

analyzable data in the shortest time for the lowest cost. A good spectrum data is the one in which 

the energy peaks of interest are well defined with high signal to noise ratio. The minimum 

detectable activity (MDA) is a measure of the quality of an energy spectrum and is given by, 

𝑇𝑇𝐶𝐶𝐴𝐴(𝐶𝐶) = �𝐼𝐼(𝐸𝐸)×𝐵𝐵(𝐸𝐸)
𝜀𝜀(𝐸𝐸)

,                                                       ( 4.1) 
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where 𝑅𝑅(𝐶𝐶) is the energy resolution of the detector as a function of energy, 𝑑𝑑(𝐶𝐶) is the background 

counts per unit energy and 𝜀𝜀(𝐶𝐶) is the absolute efficiency of the detector [119], [120]. In this work, 

the high purity germanium detector is chosen for the gamma spectrometry measurements due to 

its superior energy resolution capabilities. In the applications of spent nuclear fuel assay and 

safeguards, the determination of isotopic concentrations is done using high-resolution 

spectrometry coupled to burn-up calculations. Every radionuclide of naturally emits a unique set 

of one or more gamma ray energies and these energies are measured in units of electron volts (𝑟𝑟𝑉𝑉) 

or Kiloelectron volts (𝑘𝑘𝑟𝑟𝑉𝑉) and most are found within the range of 30 𝑘𝑘𝑟𝑟𝑉𝑉 to 3000 𝑘𝑘𝑟𝑟𝑉𝑉. The HPGe 

detectors are used to provide good peak-to-Compton ratio for high energy gamma rays and can 

also provide sufficient information to accurately and reliably identify radionuclides from their 

passive gamma ray emissions. The detector geometries of a HPGe detector and their efficiencies 

curves are shown in Fig. 4.1 and Fig. 4.2 respectively. The characteristics of these detectors are 

compared in Table 4.1. It can be observed from Table 4.1, that low-energy germanium detector 

provides excellent energy resolution, but they are only suitable for the energy range of several 

𝑘𝑘𝑟𝑟𝑉𝑉𝑓𝑓.  

 

Fig. 4.1. Detector configurations and their characteristics 
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Fig. 4.2. Absolute efficiency curves for HPGe configurations. 

Table 4.1. Comparison of the characteristics of the various configuration of the HPGe detector. 

Product Preamplifier Energy Range and 
energy-rate limit 
 

Resolution Detector Size 
and efficiency 

Noise 
(Capacitance) 

Low 
Energy 
Germanium 
Detector 
(LEGe) 
 

RC Feedback Energy range: 
Several keVs 
 
Rate limit: 20 
kcps-40 kcps for 
(662 keV peak) 

Excellent 
resolution 

Area (200-2000 
mm2) 
Thickness (10-20 
mm) 
Efficiency: Fig. 
4.1 (b) 

Low Noise and low 
capacitance 

Standard 
Electrode 
Coaxial Ge 
(SEGe) 

RC Feedback Energy range: 
40keV-10MeV 
Rate limit: 200 kcps 
to 250 kcps for 1 
MeV energy 

1.8-2 keV for 
133 keV peak 

Endcap 
Diameter: (76 
mm-108 mm) 
Efficiency: See 
Fig. 4.1 (b) 

 

Broad 
Energy Ge 
(BEGe) 

RC Feedback Energy range: 
3keV-3MeV 
Rate limit: 200 
kcps to 250 kcps 
for 1 MeV energy 

1.8-2 keV for 
133 keV peak 
 

Area (20-30 cm2) 
Thickness (20-30 
mm) 
Endcap 
Diameter: (76 
mm-114 mm) 
Efficiency: See 
Fig. 4.1 (b) 

The resolution at 
low energies is of 
our Low Energy 
Ge (LEGe) and the 
resolution at high 
energy is of good 
quality coaxial 
(SEGe) detectors. 
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In this work, a p-type coaxial HPGe detector is selected as the radiator detector, which provides 

good energy resolution for a wide energy range. Two detectors were used for the experiment 

measurements, one with an RC preamplifier for low and mid-count-rates and one with a transistor 

reset preamplifier for high-count-rate measurements. The specifications of the detectors used are 

tabulated in Table 4.2.  

Table 4.2. Specifications of the HPGe detectors and preamplifiers used in the experiments. 

Detector Type Specifications 

Detector 1 

 (Det.1) 

 

Ortec GEM series p-type 
coaxial detector 

High voltage bias: 4800 V (+) 
Endcap size: 2.5” 
Resolution (FWHM) at 1.33 MeV: 1.85 keV 
Relative efficiency at 1.33 MeV: 25 % 
Preamplifier: RC Feedback 

Detector 2 

(Det.2) 

Canberra standard-electrode 
(SEGe) p-type coaxial 
detector  

High voltage bias: 1800 V (+) 
Endcap size: 3” 
Resolution (FWHM) at 1.33 MeV: 1.8 keV 
Relative efficiency at 1.33 MeV: 25 % 
Preamplifier: Transistor-reset (TRP) 

 
4.1.2   The Choice of an Analog to Digital Converter 

The main properties of an analog to digital converter have been discussed in section 2.5.1. The 

key parameters of choosing an ADC are the sampling rate, bit resolution, and code width (depends 

on the ADC input range). Another aspect to be considered is that the sampling and quantization 

noise associated with the ADC should be less the electronic noise of the detector and the 

preamplifier. In section 2.2, the characteristics of a preamplifier output signal have been discussed. 

The typical time scales of the preamplifier pulses range from few nanoseconds to several 

microseconds (100 𝑛𝑛𝑓𝑓 – 200 𝜇𝜇𝑓𝑓). Thus, sampling interval must be less than the lowest time scale 

to reduce the quantization error. The typical height of the HPGe’s preamplifier pulse is between 

100-400 𝑝𝑝𝑉𝑉. The input range of the ADC must be large enough to incorporate these heights as 

well as of piled-up pulses. Taken into account the above-mentioned considerations, the NI-5761 
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digitizer was selected to digitize the preamplifier pulses. The module consists of 4 single-ended, 

simultaneously sampled analog channels with SMA connector. The maximum sampling rate 

available is 250 𝑇𝑇𝑓𝑓/𝑓𝑓 with 14-bit resolution. The bandwidth of the DC coupled configuration is 

500 𝑇𝑇𝐶𝐶𝐻𝐻 with an input range of 1.23 𝑉𝑉𝑎𝑎𝑘𝑘−𝑎𝑎𝑘𝑘. The specifications of the digitizer module are listed 

in Table 4.3 and the front panel is shown in Fig. 4.3. 

 

Fig. 4.3. The front panel of the analog to digital converter (digitizer) module and its connectors. 

Table 4.3. Specifications of analog to digital converter (digitizer) module. 

Parameters Specifications 

Sample Rate 250 MS/s 

Bit-resolution 14 bits 

Number of channels 4, single-ended, simultaneously sampled 

Connector SMA 

Input impedance 50 Ω, per connector 

Coupling DC 

Input range 1.23 𝑉𝑉𝑎𝑎𝑘𝑘−𝑎𝑎𝑘𝑘 

Bandwidth DC to 500 MHz 
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4.1.3   Selection of Field Programmable Gate Array 

The basics of the field programmable gate array, its structure, and its components were 

described in section 2.5.2. The important considerations in choosing the FPGA are as follows, 

• Number of LUTs, flip-flops, DSP blocks and RAM bits, 

• Number of IOs for each voltage level 

• Number of clock pins, clock-buffers 

• Hardware macros requirements like PCIe, ethernet MAC 

Xilinx provides a comprehensive multi-node portfolio for a wide range of applications which 

are given in Fig. 4.4. In this work, Xilinx Kintex-7 series FPGA has been selected for the real-time 

digital pulse processing. The comparison of the Kintex-7 series FPGA in terms of its resources is 

shown in Fig. 4.5. The digital pulse processing algorithm was implemented on a FlexRIO NI PXIe-

7975 FPGA. NI FlexRIO hardware provides flexible, customizable I/O for the NI LabVIEW 

FPGA Module. It features two parts: NI FlexRIO FPGA modules for PXI Express and NI FlexRIO 

adapter modules that provide high-performance analog and digital I/O. Together, they form a 

reconfigurable instrument programmable with LabVIEW FPGA software.  

 

Fig. 4.4. Xilinx Multi-Node Product Portfolio Offering 
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Fig. 4.5. Comparison of resources of various FPGAs available in Xilinx Kintex-7 family. 

The NI PXIe-7975R FPGA module features a digital signal processing (DSP)-focused Xilinx 

Kintex-7 FPGA and 2 𝐺𝐺𝑑𝑑/𝑓𝑓 of onboard DDR3 DRAM. The specifications of the FPGA module 

are given in Fig. 4.6. 

 
Fig. 4.6. Xilinx Kintex-7 field programmable gate array and its specifications. 

4.1.4   Other Components 

In this work, PXI (PCI eXtensions for Instrumentation) platform was used for the development 

of the system. It is a rugged PC based platform for the measurement systems which combines PCI 

electrical-bus features with the rugged, modular CompactPCI to provide specialized 
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synchronization buses and key software features. PXI systems are comprised of three basic 

components – chassis, system controller, and peripheral modules. The PXI chassis compares to 

the desktop’s enclosure, the PXI controller compares to the desktop’s CPU, memory, and I/O, the 

PXI(e) peripheral modules compare to the desktop’s PCI(e) peripheral modules.  

In a PXI system, a chassis provides power, cooling, and a communication bus for modular 

instruments or I/O modules. NI chassis features very high-performance backplanes and a rugged, 

reliable mechanical package. The NI PXIe-1082 chassis has been chosen, which is an eight-slot 

chassis features a high-bandwidth backplane with PXI Express capability in every slot to meet a 

wide variety of high-performance test and measurement needs. It is ideal for high-speed 

measurements, data streaming, and high-channel-density system solutions. The NI 1082 chassis 

and its specifications are shown in Fig. 4.7. 

 

Fig. 4.7. PXIe Chassis and its specifications, which is used to provide power, cooling, and a communication bus for 
modular instruments or I/O modules. 

The controller used in a PXI system could be an external PC or an embedded controller. The 

system controller is defined to be in the leftmost slot of a PXI chassis which simplifies the 

integration and increases the degree of compatibility between chassis and controller options with 

this defined location. The controllers provide a high-performance, compact in-chassis embedded 

computer solution for PXIe measurement system. NI PXI embedded controllers feature a variety 

of I/O connectivity to interface to stand-alone instruments or peripheral devices. I/O offerings 
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include up to two USB 3.0, four USB 2.0 ports, dual-Gigabit Ethernet, GPIB, serial, two display 

ports for dual monitor support, and parallel ports. In this work, NI 8135 controller has been used, 

specifications of which are shown in Fig. 4.8. 

 

Fig. 4.8. The controller and its specifications which serves the function of the HOST computer and communicates 
with the FPGA to extract the useful information. 

The controller is installed in slot 1 of the chassis. The NI FlexRIO FPGA is placed in slot 2 

and the digitizer module is connected to it, known as an NI FlexRIO device, as shown in Fig. 4.9. 

The complete system and its installation are shown in Fig. 4.10. 

 

Fig. 4.9. Installation of adaptor module to the FPGA module. 
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Fig. 4.10. The complete digital pulse processing system consists of a chassis, a controller, a digitizer and an FPGA. 

4.1.5   Software Modules and FPGA Algorithm Development 

The software used for the development of the digital pulse algorithms on the FPGA are: 

• LabVIEW 2016 

• LabVIEW FPGA 2016 

• NI FlexRIO Adapter Module Support 

• Xilinx Vivado 2013.4 compilation tool 

Laboratory Virtual Instrument Engineering Workbench (LabVIEW) is a system-design 

platform and development environment for a visual programming language from National 

Instruments. LabVIEW programs are known as virtual instruments or VIs. There are two windows 

in LabVIEW, front panel and block diagram. The front panel window is the user interface, consists 

of the controls and the indicators. The block diagram objects include terminals, subVIs, functions, 
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constants, structures, and wires, which transfer data among other block diagram objects. The NI 

LabVIEW FPGA Module extends the LabVIEW graphical development platform to target FPGAs 

on NI reconfigurable I/O (RIO) hardware. LabVIEW FPGA provides the ability to more efficiently 

and effectively design complex systems using a highly integrated development environment, a 

large ecosystem of IP libraries, a high-fidelity simulator, and debugging features. The FPGA 

design flow is shown in Fig. 4.11. 

 

Fig. 4.11. The design flow of digital pulse processing algorithms on a reconfigurable FPGA. 

The HOST VI is used to communicate between FPGA VI and the HOST computer. To transfer 

data between different portions of an FPGA VI, between VIs on an FPGA target, or between 

devices, first in first out (FIFO) is used. A FIFO is a data structure that holds elements in the order 

they are received and provides access to those elements using a first-in, first-out access policy. The 

Xilinx Vivado tool is used for the compilation of the FPGA VI on the FPGA target. The steps 

included in the FPGA compilation are shown in Fig. 4.12. The implementation strategy specifies 
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the options to maximize the timing performance, to optimize area by reducing LUT count on the 

FPGA chip, optimize power and options that minimize the compilation time by reducing the 

mapping effort of the Xilinx compiler. 

 

Fig. 4.12. The compilation process, showing the details of the algorithm compilation on the FPGA hardware. 

The compile server as shown in Fig. 4.13, provides three options for compilation: local compile 

server, network compile server, and cloud compile service. In this work, the local compile server 

was used for the compilation. The first step in the compilation process is the generation of 

intermediate files as shown in Fig. 4.14 (a). The compilation window as shown in Fig. 4.14 (a), 

features a progress bar, reports on timing and device utilization and VI information. After the 

synthesis step, the estimated device utilization and estimated timing reports can be seen.  

 

Fig. 4.13. The compiler server select window. The local compile server is used in this case. 
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(a) 

 

(b) 

Fig. 4.14. (a) The generation of intermediate files, (b) the compilation status window in the process of the FPGA 
compilation. 
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The FPGA VI and the HOST VI are shown in Fig. 4.15 and Fig. 4.16, respectively. The FPGA 

VI is targeted to the FPGA and is compiled using the Vivado to generate the bit files. It contains 

clock-driven logic, optimized FPGA VIs, and multi-rate data flow code. The clock-driven loop 

executes the code in the sub-diagram within a single cycle of the FPGA target clock. LabVIEW 

divides FPGA clocks into two categories: base clocks and derived clocks. The base clock exists in 

target hardware, and the derived clocks can be synthesized by multiplying or dividing the 

frequency of a base clock. To store and transfer data on an FPGA, FIFOs, memory items, FPGA 

registers, or handshake items can be used. The HOST VI is targeted to a processor, PC or a 

controller. It does not have the same resource constraints as the FPGA VI, as it has access to a 

larger amount of memory. It processes and analyzes data on host and can be used for testing and 

simulating the FPGA code before implementation on FPGA. 

 
Fig. 4.15. FPGA VI front panel. 
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Fig. 4.16. HOST VI front panel. 

4.2 Experimental Setup 

A digital detector emulator (DT 5810) was used for testing the algorithms at varying count 

rates conditions (the specifications are shown in Fig. 4.17)). The hardware architecture is shown 

in Fig. 4.18. The core of the system is an FPGA device Kintex 7 KC-160T which contains all the 

logic resources necessary for the emulation. The digital emulator can emulate a radiation source, 

a radioactive source which is not actually present, which reduces the risk for experimenters’ health. 

The emission spectrum depends on the nature of the source, i.e. the process of decay. The statistical 

distribution of the events is Poissonian. The emulator is the synthesizer of random pulses that is 

also an emulator of radiation detector signals with the possibility to configure energy and time 

distribution. The stream of emulated signals is a statistical sequence of pulses, reflecting the 

programmed input features. It has two independent analog outputs, designed to generate a signal 

amplitude of ± 2 𝑉𝑉𝑎𝑎𝑎𝑎, with 50 Ω termination.  
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Fig. 4.17. Digital detector emulator and its specification. 

 

Fig. 4.18. The hardware architecture of digital detector emulator. 

The emulator is able to generate each sample of the stream at the rate of 1.25 𝐺𝐺𝑓𝑓/𝑓𝑓, taking into 

account the emission spectrum, the statistics of emission and therefore the pile-up between the 

events, the shape of the signal, the contributions of noise and interferences, the fluctuations and 
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drift of the baseline, the shaping of the conditioning electronics. It can generate both the RC 

preamplifier exponential pulses as well as the pulse-reset preamplifier staircase pulses with a 

random distribution (as shown in Fig. 4.19). The digital detector emulator allows the emulation of 

different types of noise, as shown in Fig. 4.20. The emulator is also equipped with an analog input 

channel through which it is possible to add to a signal coming from a real measurement setup the 

signal generated by the emulator. It allows characterizing the detector by acquiring shape and 

spectrum of its output signal. The other capabilities of the emulator are baseline drift emulation, 

multi-shape emulation, master-slave configuration (the master channel has its own time base 

generator, as the slave channel generates a signal with a programmable time delay with respect to 

the master one). 

 

Fig. 4.19. RC preamplifier and transistor-reset preamplifier pulses generated using the CAEN DT5810 digital 
emulator. 
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A 137Cs gamma-ray source was used for evaluating the performance of the developed system. 

The 137Cs source was built in 1964 with an initial activity of 5.5 𝑝𝑝𝐶𝐶𝑣𝑣 by Tracerlab at Waltham, 

MA. The activity of the source at the time of experiments was ~ 1600 µ𝐶𝐶𝑣𝑣. The source container 

is shown in Fig. 4.21. The source position was varied to obtain different count rates.  

 

Fig. 4.20. Noise generation architecture. 

 
Fig. 4.21. 137Cs source, manufactured by Tracerlab, activity as of 08/01/2018=1596 µCi. 
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The measurements were carried out using two coaxial p-type coaxial HPGe detectors with the 

relative efficiency of 25% at 1333 𝑘𝑘𝑟𝑟𝑉𝑉. The first detector (Det.1) consists of an RC feedback 

preamplifier and the second detector (Det.2) is employed with a transistor reset preamplifier. The 

TRP pulses were processed using a C-R shaper to shape the detector output to an exponential decay 

pulse shape (as shown in Fig. 4.22).  

 

(a) 

 

(b) 

Fig. 4.22. (a) The analog CR differentiator circuit used to convert the TRP staircase pulses to exponential pulses, (b) 
a scope trace of the TRP pulses and pulses after the CR differentiator. 

The HPGe detector’s preamplifier signal was digitized using a high-speed digitizer with a 

sampling rate of 125 𝑇𝑇𝑓𝑓/𝑓𝑓. The digitized preamplifier signals are fed to the reconfigurable Xilinx 

FPGA (Kintex-7). The DSP algorithms including digital pole-zero cancellation (in the case of RC 
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preamplifier), pulse-deconvolution, Savitzy-Golay filter, trapezoid shaping with adaptive shaping 

times, timing filter, baseline restorer and pile-up rejecter were implemented on the FPGA. The 

Xilinx Vivado 2013.4 compilation tool was used for the compilation. The list of equipment is 

tabulated in Table 4.4. The experimental setup block diagram and experimental setup are shown 

in Fig. 4.23 (a) and Fig. 4.23 (b) respectively. 

Table 4.4. List of equipment/component. 

S. 

No. 

Component/Equipment Specification 

1. Radioactive Source 137Cs source, manufactured by Tracerlab, activity 

~1600 µCi 

2. Detector 1 Ortec GEM series p-type coaxial detector with RC 

preamplifier (25% efficiency) 

3. Detector 2 Canberra standard-electrode (SEGe) p-type coaxial 

detector with transistor-reset (25% efficiency) 

4. Adaptor Module NI 5761 14-Bit, 250 MS/s digitizer 

5. FPGA NI PXIe-7975R with Kintex 7 FPGA 

6. Chassis NI PXIe-1082 8-Slot 3U PXI Express Chassis 

7. Controller NI PXIe-8135, high-performance Intel Core 

8. LabVIEW Software Version 2016 

9.  LabVIEW FPGA 

Software 

Version 2016 

10. Compilation Software Xilinx Vivado 2013.4 

11. Digital Detector 

Emulator 

CAEN DT 5810 
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(a) 

 

(b) 

Fig. 4.23. (a) A block diagram representing the system configuration for digital pulse processing, (b) experimental 
setup for the gamma-ray spectrometry real-time measurements. 

4.3 Experimental Results 

Several tests were conducted to evaluate the developed digital pulse processing algorithms. 

The measurements were also taken with an analog pulse processing system, which included analog 
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shaping amplifier, and multi-channel analyzer and the performance of the digital pulse processing 

was compared to the analog pulse processing in terms of energy resolution and throughput. A 137Cs 

source was used as a representative source for the measurements and the distance between source 

and detector was varied to determine the spectroscopic performance at various count rates. The 

experimental results and their discussion are provided in the next section.  

4.3.1 Shaping Time versus Energy Resolution 

Fig. 4.24 compares the shape of the 662 𝑘𝑘𝑟𝑟𝑉𝑉 peak for the different rise-times and the flattop-

times of the trapezoid filter. The full width half maximum (FWHM) versus the rise time plot for 

different flattop times is shown in Fig. 4.25 , in which the measurements were taken at a low count 

rate of 1 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓. The resolution performance is consistent until a 2 𝜇𝜇𝑓𝑓 shaping time with the digital 

system while resolution starts deteriorating with an analog system for if shaping time is reduced 

below 6 𝜇𝜇𝑓𝑓.  

The rise time of the digital trapezoid filter is equivalent to the shaping time of analog systems. 

The shape of the curve follows the theoretical considerations of noise as discussed in previous 

chapters. The choice of the flattop time depends upon the charge collection time of the detector 

used. In this case, the flattop time of 0.8 𝜇𝜇𝑓𝑓 was chosen to achieve an optimum resolution 

performance. Considering the contributions of the series and the parallel noises, the overall 

contribution will go through a minimum as the shaping time is increased through a minimum. The 

contribution of series noise increases with detector capacitance, while the relative contribution of 

parallel noise is independent of this capacitance. The choice of shaping times depends on the count 

rate requirements as well. The spectroscopic performance with various rise times of the trapezoid 

filter will be discussed in the next section. 
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Fig. 4.24. Comparison of 137Cs 662 𝑘𝑘𝑟𝑟𝑉𝑉 peak shapes for different combinations of trapezoid shaping parameters. 

 

Fig. 4.25. FWHM versus rise-time for many flat top times of 662 𝑘𝑘𝑟𝑟𝑉𝑉 137Cs peak at a count rate of 1 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓. 
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4.3.2   Spectroscopic Performance with Fixed Digital Pulse Processing 

The resolution and throughput performance depend upon the input count rate. To evaluate the 

system performance at high count rate conditions, the measurements were taken with both the 

detectors, i.e. Det.1 with the RC preamplifier and Det.2 with the transistor reset preamplifier. The 

plots of the input count rate versus resolution and throughput for Det.1 and Det.2 are shown in Fig. 

4.26 and Fig. 4.27, respectively. With the Det.1, the maximum input count rate achievable is about 

400 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓. The RC preamplifiers are energy rate limited. The energy rate limit of the preamplifier 

is the number of events per unit of time and the energy of those events and its unit is 𝑇𝑇𝑟𝑟𝑉𝑉/𝑓𝑓𝑟𝑟𝑘𝑘. 

The energy rate limit is a function of the feedback resistor and dynamic range. In TRP, the 

feedback resistor is replaced with a reset circuit that monitors the dc level of the preamplifier and 

discharges the feedback capacitor whenever it starts to approach saturation. The elimination of the 

feedback resistor reduces the low-frequency noise, thus provides better energy resolution 

performance at high-count rates. TRPs are not energy rate limited like RC type preamplifier, so 

they virtually never shut down due to saturation. However, TRP reset period contributes to the 

system dead- time and it increases with the input count rate as shown in Fig. 4.28. 

It can be observed from in Fig. 4.26 (a) and Fig. 4.27 (a), that as the count rate increases, the 

close proximity in time between two consecutive pulses results in an uncertainty in the baseline 

determination which degrades the energy resolution at the high-count rates. Fig. 4.26 (b) and Fig. 

4.24 (b) show that shorter processing time (𝜏𝜏𝑃𝑃 = 2𝑇𝑇𝑀𝑀 + 𝑇𝑇𝑜𝑜) is preferred to achieve high throughput 

rates at high count rates. The trade-off between the achievable energy resolution and throughput 

can be clearly demonstrated from the Fig. 4.26 and Fig. 4.27. This motivates the use of adaptive 

shaping, which is demonstrated in the next section.  
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(a) 

 

(b) 

Fig. 4.26. Comparison of performance with Det. 1 using RC preamplifier for the different rise-time of trapezoid filter 
with flattop time of 0.8 µs, (a) input count rate versus energy resolution for 662 𝑘𝑘𝑟𝑟𝑉𝑉 peak of 137Cs, (b) input count 
rate versus throughput rate. 
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(a) 

 
(b) 

Fig. 4.27. Comparison of performance with Det. 2 using transistor-reset preamplifier for the different rise-time of 
trapezoid filter with flattop time of 0.8 µs, (a) input count rate versus energy resolution for 662 𝑘𝑘𝑟𝑟𝑉𝑉 peak of 137Cs, (b) 
input count rate versus throughput rate. 
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It can be observed from Fig. 4.28, at 1000 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓, the dead-time of the transistor-reset 

preamplifier is about 30% and the throughput rate achieved is 700 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓. The count-rate available 

after the reset process is the input count rate to the digital pulse processing system. The throughput 

rate of the TRP was measured using the zero-crossing detection counts using the timing filter. The 

actual input count rate of the system is estimated based on the observed throughput rate using the 

MCNP simulation. The input count rate estimation details will be provided in Appendix E.  

 

Fig. 4.28. The throughput rate and dead-time of the transistor reset preamplifier with input count rate. 

The detection efficiency and the counting geometry was taken into account in the estimation 

of the input count rates. The inhibit output of the TRP is set to be at the minimum value of ~2.4 

𝜇𝜇𝑓𝑓 to reduce the dead-time losses caused by the reset process, as shown in Fig. 4.29. The inhibit 

signal is used to prevent the digital pulse processing during the reset time. 
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Fig. 4.29. The transistor-reset preamplifier inhibit pulse. 

4.3.3 Spectroscopic Performance with Adaptive Digital Pulse Processing 

The observations made from the experimental results in the previous section are: 

• There is always a trade-off between achievable energy resolution and throughput with 

digital pulse processing using the fixed processing time of the digital shaping filter. 

• The throughput rate decreases as the processing time of the digital shaping filter increases. 

•  The energy resolution improves as the shaping time is increased from a minimum. The 

best energy resolution can be achieved at an optimum shaping time (rise time of the 

trapezoid filter). 

• The flattop time of trapezoid filter also affects the energy resolution. The flattop time 

should be longer than the maximum charge collection time of an HPGe detector. 

• As the input count rate increases, the energy resolution deteriorates, because the pulse pile-

up increases which affects the accuracy of baseline determination at high count rates. 

• The throughput rate is a function of input count rate and processing time (𝑇𝑇ℎ𝑟𝑟 = 𝐼𝐼𝐶𝐶𝑅𝑅 ×

𝑟𝑟−𝐼𝐼𝐼𝐼𝐼𝐼×𝜏𝜏𝑇𝑇). Thus, for a given processing time, the throughput rate increases as the input 
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count rate increases, reaches to a maximum value, and then decreases with the input count 

rate. 

To improve the energy-resolution and throughput performance of the conventional analog and 

digital pulse-processing, the advanced adaptive digital pulse processing algorithms were 

developed, implemented and experimentally tested in this work.  

4.3.3.1 Adaptive Rise-time  

Radioactive decay is a random process. The charge generated by the interaction of the radiation 

in the detector and the preamplifier pulses also follow the interval distribution originated from the 

random nature of the radioactive decay. A segment of the sampled preamplifier output recorded at 

400 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓 is given in Fig. 4.30, which shows the distribution of the preamplifier pulses in time. 

With the FPGA based digital pulse processing, the rise-time of the trapezoid filter can be selected 

on a pulse-by-pulse basis based on the separation between the successive pulses. The adaptive rise-

time capability was implemented using the zero-crossing detection of the timing filter as discussed 

in section 3.2.1.  

 

Fig. 4.30. A segment of RC preamplifier pulses at input count rates of 20 kcps and 400 kcps, showing the interval 
distribution. 
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The rise time of the trapezoid filter is selected from the optimum (4 𝜇𝜇𝑓𝑓 in this case) one to the 

lowest possible one (0.1 𝜇𝜇𝑓𝑓) based on the time interval determined by the zero-crossing. In Fig. 

4.31 and Fig. 4.32 (a), the throughput and energy resolution performance of fixed and adaptive 

digital pulse processing is shown with the varying input count rate. Using adaptive shaping, 

increased throughput is achievable while preserving the energy resolution observed using the 

longer shaping times. The throughput rate with the adaptive shaping is similar to the throughput 

rate achieved with the lowest rise time 0.1 𝜇𝜇𝑓𝑓 with improved resolution performance. The energy 

resolution with adaptive shaping depends upon the distribution of rise-times used for an individual 

pulse.  

In Fig. 4.32 (a), the throughput rate of fixed and adaptive rise-time shaping is compared for 

the similar energy resolution performance. It can be observed that the improvement in the 

throughput rate is about four times as compared to the fixed digital shaping. Fig. 4.32 (b) shows 

the throughput performance of the adaptive digital pulse processing including the distribution the 

number of pulses shaped with a given shaping time in comparison to theoretical calculations using 

the exponential model of the distribution of time intervals [29].  

In this model, the probability of the next event taking place in an interval 𝑑𝑑𝛿𝛿  after a delay of 

∆𝛿𝛿 can be approximated as 𝐼𝐼𝐶𝐶𝑅𝑅 × 𝑟𝑟−𝐼𝐼𝐼𝐼𝐼𝐼×∆𝑡𝑡, where 𝑟𝑟 is the input count rate. The fraction of events 

occurring in a particular time interval (𝜏𝜏𝑃𝑃) is calculated as 1 − 𝑟𝑟−𝐼𝐼𝐼𝐼𝐼𝐼×𝜏𝜏𝑇𝑇, where 𝜏𝜏𝑃𝑃 is the processing 

time in this calculation. As it can be seen in Fig. 4.32 (b), the distribution of a number of pulses 

shaped with different shaping times using adaptive digital pulse processing is in good agreement 

with the theoretical calculations. This provides reasonable validity to the observed performance of 

the adaptive DSP system. 
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(a) 

 
(b) 

Fig. 4.31. Comparison of performance of fixed and adaptive rise-time shaping (a) input count rate versus energy 
resolution, (b) input count rate versus throughput rate. 
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(a) 

 
(b) 

Fig. 4.32. (a) Comparison of throughput performance for fixed and adaptive rise-time shaping with similar resolution 
performance, (b) Throughput performance of adaptive digital pulse processing with the distribution of pulses shaped 
with different shaping times in comparison to the theoretical calculation. 
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4.3.3.2 Adaptive Flattop-time  

In conventional digital pulse processing with trapezoid filters, the flattop of the trapezoid filter 

is chosen to longer than the largest charge collection time to eliminate the ballistic deficit. For a 

typical HPGe detector, the charge collection time is a variable quantity, which depends on the 

location of radiation interaction, size, and geometry of the detector. The charge collection time 

distribution (measured as the rise time of the preamplifier pulse) for the coaxial HPGe detector 

used in the experiments, is shown in Fig. 4.33 (a). The rise time of the preamplifier pulse is defined 

as the time taken by the pulse to reach from the 10% to 90% during the rising edge. The MATLAB 

code was developed for the measurement of the rise time distribution. It can be observed that the 

distribution of the rise time follows almost a Gaussian distribution with a mean value of 400 𝑛𝑛𝑓𝑓.  

Based on this distribution, the selection of the flattop parameter of the trapezoid filter was 

made adaptive on the pulse by pulse basis to enhance the throughput performance. The rise time 

measurement of each pulse in real-time pulse processing is quite cumbersome. It has been observed 

the zero-crossing time taken of the timing filter (RC-CR2) is correlated to the charge collection 

time. The adaptive flattop algorithm was implemented based on this correlation for real-time 

processing as discussed in section 3.2.2. The resultant throughput rate is shown in Fig. 4.33 (b), 

which shows an improved throughput performance when adapting both rise-time and flattop time 

of the trapezoid filter based on the pulse separation and charge-collection time, respectively. The 

flattop is chosen between different interval as 0.4-0.7 𝜇𝜇𝑓𝑓, 0.3-0.7 𝜇𝜇𝑓𝑓, and 0.1-0.7 𝜇𝜇𝑓𝑓 to investigate 

the throughput performance without affecting/degrading the energy resolution. The improvement 

in the throughput with adaptive rise-time and flattop-time as compared to adaptive rise-time only 

is about 20%. 
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(a) 

 

(b) 

Fig. 4.33. (a) The coaxial HPGe charge collection time distribution measured in terms of the preamplifier’s rise-time, 
(b) the throughput performance with the adaptive rise-time and flattop-time algorithm. 
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4.3.3.3 Digital Pulse Deconvolution 

At high count rate conditions, the effects of the pile-up and the resulting baseline shift are more 

severe which deteriorates the energy resolution as the input count rate increases. A digital pulse 

deconvolution technique is developed to reconstruct the original detector signal from the 

preamplifier signal, which reduces the resolution deterioration due to pulse pile-up as discussed in 

section 3.1. The digital algorithms for pulse-deconvolution, Savitzy-Golay low pass filter, 

exponential pulse generation and modified trapezoid shaping (incorporating rise and decay time 

constants of the generated exponential pulse) with adaptive rise-time and adaptive flattop-time 

were implemented on the FPGA. The experimental results for the energy resolution and the 

throughput rate with varying input count rate are presented in Fig. 4.34. The results show that pulse 

deconvolution improves the energy resolution at high count rates. An improvement of 25% in 

energy resolution is observed while maintaining the throughput performance when applying the 

pulse deconvolution with adaptive rise-time and flattop-time trapezoid shaping.  The 137Cs 

spectrum recorded with the developed advanced digital pulse processing techniques at various 

count rates are shown in Fig. 4.35. The adaptive rise-time and flattop algorithms add up together 

the spectra with different energy resolutions (as obtained with the shaping with a fixed rise and 

flattop times), and the resultant peak-shape is a combination of all. The features corresponding to 

the double pileup of full-energy events and Compton events are easily identified. Experimental 

testing of the developed pulse deconvolution technique with the adaptive approach demonstrate 

that the system is capable of handling 1 million counts with an HPGe detector equipped with a 

transistor reset preamplifier. The performance summary with the developed advanced digital pulse 

processing is listed in Table 4.5. Significant improvements in throughput and energy resolution 
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performance make the research beneficial to support the demand for ultra-high rate spectrometry 

for applications in the field on nuclear materials safeguard and advance reactor systems.  

 

(a) 

 

(b) 

Fig. 4.34. Comparison of performance of (a) input count rate versus throughput (b) input count rate versus energy 
resolution performance at 662 𝑘𝑘𝑟𝑟𝑉𝑉 137Cs with HPGe detector with a transistor-reset preamplifier. 
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Fig. 4.35. Measured 137Cs spectrum with the developed adaptive digital pulse processing algorithms observed at 
various input count rates. 

 

Table 4.5. Experimental performance summary with the developed advanced digital pulse processing algorithms. 

 

 

HPGe Detector with RC 
preamplifier 

(ICR=400 kcps) 

HPGe Detector with transistor 
reset preamplifier 

(ICR=1000 kcps) 

Algorithms used Energy 
resolution 

(keV) 

Throughput 
rate 

(kcps) 

Energy 
resolution 

(keV) 

Throughput 
rate 

(kcps) 
Conventional digital processing with 

fixed trapezoid shaping 

2.4 105 4.4 93 (max. 126) 

Digital processing with adaptive rise-

time of shaping filter 

2.38 213 4.2 370 

Digital processing with adaptive rise-

time and flattop-time of shaping filter 

2.42 262 4.25 452 

Digital processing with pulse 

deconvolution and adaptive rise-time 

and flattop-time of shaping filter 

1.86 262 3.42 458 
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4.4 Performance Comparison with the Commercial Systems 

As discussed in Section 1.5, there are several commercial products available in the market 

based on the digital pulse processing. The systems like DSPEC and DSPEC Plus by Ortec, DXP-

4C by XIA, LYNX DSA by Canberra and DPP-PSD by CAEN offers digital signal processing for 

gamma-ray spectrometry measurements. Their pulse-processing algorithms use traditional 

trapezoid shaping algorithm with fixed pulse shaping parameters. The commercial units are 

equipped with a firmware, in which algorithms are fixed with an option of adjusting the signal 

processing parameters manually. Their firmware has routine algorithms and users cannot modify 

the algorithms. The developed adaptive pulses processing algorithm in the present work selects 

the shaping parameters in real-time by considering the interval distribution and charge collection 

time for every pulse, thus improves the throughput performance in comparison to the commercially 

available units. The developed algorithms are flexible, reconfigurable, adaptive in terms of shaping 

parameters, and can be modified as per the required application.  

The throughput performance of the developed adaptive DSP algorithm is compared with the 

commercial units and results are shown in Fig. 4.36 [61]-[64]. It can be observed that the 

measurements taken with the HPGe detector equipped with the transistor reset preamplifier and 

processed with the developed adaptive digital pulse processing algorithms provide improved 

throughput performance when comparing the similar resolution performance. The maximum 

throughput rate with achievable is 50 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓 with analog pulse processing, 74 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓 with the CAEN 

unit, 110 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓 with the Canberra system, and 126 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓 with the Ortec digital system. The system 

throughput performance is 5-10 times better compared to traditional analog and digital systems 

with an improved energy resolution performance for real-time gamma-ray spectrometry. 
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Fig. 4.36. Comparison of adaptive digital pulse processing algorithm with the commercial DSP units: Throughput 
versus input count rate for similar resolution performance. (Ortec: DSPEC Pro, Canberra: 2060 DSP, CAEN: 724 
series (100 MS/s, 14 bit)). 

The best achievable throughput and energy resolution performance using the developed 

adaptive digital pulse processing system in comparison to traditional analog and digital systems 

are tabulated in Table 4.6. The developed adaptive approach selects the trapezoid flattop time 

based on the charge collection time. It has been observed from the HPGe charge collection 

distribution that it follows a Poisson distribution and the selection of the flattop follows the same 

distribution. Thus, the throughput rate is limited to the charge collection time of the coaxial HPGe 

detector. The detector and preamplifier electronics contributed to the energy resolution and at 

higher count rates, the close proximity of the preamplifier increases the uncertainties in the 
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amplitude evaluation. Using the pulse deconvolution, the original detector signal has been 

recovered, which reduces pulse-pile-up due to the long decay of preamplifier pulses, thus 

improving the energy resolution. With the developed adaptive digital pulse processing and pulse 

deconvolution, the maximum achievable throughput rate is 455 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓 with an energy resolution of 

3.4 𝑘𝑘𝑟𝑟𝑉𝑉 at the 662 𝑘𝑘𝑟𝑟𝑉𝑉 of 137Cs. 

Table 4.6. Performance of the developed adaptive gamma-ray spectrometry system. 

 
 

Analog 
Processing 

(at ICR=100 
kcps) 

 

Fixed Digital 
Processing 

(at ICR=1000 
kcps) 

Deconvolution and 
Adaptive Digital 

Processing 

(at ICR=1000 kcps) 

Energy 
Resolution 

2.7 keV 4.25 keV 3.4 keV 

Throughput 
Rate 

35 kcps 
(max. 50 kcps) 

93 kcps 
(max. 126 kcps) 

455 kcps 

 
4.5   Simulation Results of Pebble Bed Reactor Fuel using Adaptive Gamma-
Ray Spectrometry 

Simulations were performed to investigate the performance of gamma spectrometry using the 

developed adaptive digital shaping for the pebble bed reactor fuel. Gamma-ray spectrometry assay 

can be used for the online interrogation of PBR fuel for the determination of burnup level on a 

pebble-by-pebble basis. PBR operation depends on online refueling. The reactor is continuously 

refueled with fresh or reusable fuel pebbles from the top of the reactor. For each discharged fuel 

pebble, its burnup is measured by an online burnup monitoring system to determine if it reaches 

the prescribed End-of-Life burnup limit (~80,000 MWD/MTU). If not, it will be reloaded back to 

the core. Otherwise, it is discarded from the bottom of the core to the spent fuel facility [121]. 

Burnup is a measure of energy extracted per unit mass of initially loaded fuel, and it is typically 
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reported in units of megawatt-per metric ton of uranium (MWD/MTU). Using gamma-ray 

spectrometry, burnup information can be determined by three different methods; using the buildup 

information of specific fission products, using the total gamma-ray activity of the irradiated fuel 

and by calculating the ratios of some fission product isotopes which can serve as burnup indicators. 

For the accurate measurement of burnup, high gamma-ray spectrometry performance is required 

at high count rate conditions. 

4.5.1   Simulation Model 

The gamma-ray spectrum of the nuclear fuel consists of several gamma peaks from the various 

isotopes produced during the irradiation of the fuel. The high purity germanium detector is a 

suitable option which can provide good energy resolution to resolve the gamma energies. The 

isotopic information of the pebble bed reactor fuel was obtained using the ORIGEN. The source-

detector geometry and the material properties with the interaction cross-sections were modeled 

using the MCNP. The schematic of the MCNP model is shown in Fig. 4.37. 

The ORIGEN calculations produced 344 radionuclides of non-zero activity. TORI.mdb 

database of the SYNTH software was used to gamma source term construction which produced 

11,840 gamma lines for the 344 radionuclides. In MCNP, the source was constructed using 0.5 

keV/bin, extending from 0 𝑇𝑇𝑟𝑟𝑉𝑉 to 10 𝑇𝑇𝑟𝑟𝑉𝑉. F8 tally was used to obtain the pulse height spectrum 

within the active volume of the HPGe detector. To include the fluctuations of the response of the 

HPGe detector that result in peak broadening (known as the energy resolution), the Gaussian 

Energy Broadening (GEB) treatment was used. The FWHM of the detector can be modelled using 

the following equation, 

𝜏𝜏𝐹𝐹𝐶𝐶𝑇𝑇 = 𝑎𝑎 + 𝑏𝑏√𝐶𝐶 + 𝑘𝑘𝐶𝐶2,                                                       ( 4.2) 
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where 𝐶𝐶 is the gamma-ray energy in 𝑇𝑇𝑟𝑟𝑉𝑉 and 𝑎𝑎, 𝑏𝑏 and 𝑘𝑘 are the constants. The values of these 

constant were obtained using a fit to the values of the FWHM of the full energy peaks of various 

monoenergetic sources for a realistic detector, and the full energy peaks were broadened using the 

following relationship, 

𝜏𝜏𝐹𝐹𝐶𝐶𝑇𝑇 = 1.92112 × 10−6 + 1.64456 × 10−3√𝐶𝐶 − 3.04804 × 10−5𝐶𝐶2.               ( 4.3) 

 

Fig. 4.37. A schematic of MCNP geometry to obtain the pulse height spectrum of the PBR fuel. 

4.5.2 Simulation Results 

The gamma-ray spectrum was produced for the 50,000 MWD/MTU using 2 × 1010 initial 

photons which is shown in Fig. 4.38. 137Cs has one major gamma peak at 662 𝑘𝑘𝑟𝑟𝑉𝑉 and it can be 

used as a burnup indicator. The typical value of the FWHM for HPGe detector is about 1.3 𝑘𝑘𝑟𝑟𝑉𝑉. 

As seen from the Fig. 4.38, the 662 𝑘𝑘𝑟𝑟𝑉𝑉 peak can be interfered by 97Nb 657.92 𝑘𝑘𝑟𝑟𝑉𝑉 peak, 132I 659 

𝑘𝑘𝑟𝑟𝑉𝑉 peak and the 143Ce 664 𝑘𝑘𝑟𝑟𝑉𝑉 gamma-ray energy. So, good energy resolution is required at high 

count rates to estimate the burn-up information accurately. The MCNP produced gamma-ray 

148 
 



   

spectrums are ideal, i.e. MCNP assumes the photons to be well separated in time without any pile-

up. The PBR fuel is highly radioactive, which will result in high count-rate conditions (100 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓 

to 1000 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓). Under such conditions, the pulse-pileup will distort the resultant gamma-ray 

spectrum.  

 

Fig. 4.38. MCNP simulated gamma-ray spectrum for PBR fuel at 50,000 MWD/MTU burnup level. 

In this work, a Monte Carlo computer routine was used to predict the effect of pulse pile-up at 

high count-rate conditions. This code utilizes the random interval distribution function based on 

the Poisson statistics to simulate the pile-up behavior. The MCNP simulated pulse-height spectrum 

was used as the input ideal spectrum, which is the probability density function (PDF) of the pulse 

height energy. By forcing every pulse to be piled up with its previous pulse, simulation of the pulse 

sequence with two or more pulses piled up can be done, thus avoid sampling pile-up free pulses 

and improve the simulation efficiency [122]. The pulses, sampled from the ideal spectrum, can be 

represented as exponential pulses with long decay constants. The recursive trapezoid shaping was 
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also implemented to shape the preamplifier pulses. The trapezoid shaping algorithms was 

implemented with fixed shaping parameters (user specified rise time and flattop time) and adaptive 

shaping parameters (rise time selection based on the interval distribution between the adjacent 

preamplifier pulses). The heights of the output trapezoidal pulses were recorded to obtain the 

distorted pulse-pile up spectrums at various count rates. The random summing convoluted gamma-

ray spectra were simulated at different input count rates and the performance with the fixed and 

the adaptive shaping was compared. The simulated gamma-ray spectra of PBR fuel at count-rates 

of 100 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓, 500 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓 and 1000 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓 are shown in Fig. 4.39, Fig. 4.40 and Fig. 4.41 respectively.  

It can be observed that at count rates of 100 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓, the part with energy greater than 1.5 𝑇𝑇𝑟𝑟𝑉𝑉 

is drastically distorted with the fixed shaping whereas adaptive shaping is able to preserve the 

energy spectra from the pile-up distortions. As count rates increased to 500 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓 and 1000 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓, 

the spectra with the fixed shaping are severely distorted and energy resolution of the gamma peaks 

were deteriorated. With the adaptive shaping, the pile-up distortions were less severe as compare 

to the fixed shaping. At 1000 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓, the energy resolution of 662 𝑘𝑘𝑟𝑟𝑉𝑉 is distorted to 4.5 𝑘𝑘𝑟𝑟𝑉𝑉 with 

the fixed shaping whereas with the adaptive shaping the energy resolution is 3.2 𝑘𝑘𝑟𝑟𝑉𝑉, showing an 

improvement of 30%. Also, the shape of the Compton continuum is also less distorted with the 

adaptive shaping, which reduces the uncertainty in the peak area determination for burn-up 

calculations. Thus, with the adaptive shaping, the burnup information can be more accurately 

determined as compared to fixed shaping on a pebble-by-pebble basis, and the tasks related to in-

core fuel management, safeguards, and waste management can be performed efficiently and 

accurately. 
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(a) 

 
(b) 

Fig. 4.39. (a) Interval distribution at 100 kcps, (b) Simulated gamma-ray spectrum of PBR fuel with fixed and adaptive 
pulse processing (energy resolution of 662 𝑘𝑘𝑟𝑟𝑉𝑉 with fixed digital shaping is 2 𝑘𝑘𝑟𝑟𝑉𝑉 and with adaptive digital shaping 
is 1.55 𝑘𝑘𝑟𝑟𝑉𝑉). 
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(a) 

 

(b) 

Fig. 4.40. (a) Interval distribution at 500 kcps, (b) Simulated gamma-ray spectrum of PBR fuel with fixed and adaptive 
pulse processing (energy resolution of 662 𝑘𝑘𝑟𝑟𝑉𝑉 with fixed digital shaping is 2.7 𝑘𝑘𝑟𝑟𝑉𝑉 and with adaptive digital shaping 
is 2.1 𝑘𝑘𝑟𝑟𝑉𝑉). 
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(a) 

 

(b) 

Fig. 4.41. (a) Interval distribution at 1000 kcps, (b) Simulated gamma-ray spectrum of PBR fuel with fixed and 
adaptive pulse processing (energy resolution of 662 𝑘𝑘𝑟𝑟𝑉𝑉 with fixed digital shaping is 4.5 𝑘𝑘𝑟𝑟𝑉𝑉 and with adaptive digital 
shaping is 3.2 𝑘𝑘𝑟𝑟𝑉𝑉).  

153 
 



   

Chapter 5   Conclusions  

This work illustrates the development and implementation of an FPGA based high-resolution 

high-throughput real-time adaptive digital pulse processing system including pulse deconvolution 

for high count-rate gamma-ray spectrometry applications. The developed pulse deconvolution 

technique consists of a linear time-invariant system, used to reconstruct the original detector signal 

from the preamplifier output signal, which allows a measurement of the true ballistic detector 

signal and reduces energy resolution deterioration at high count rates. With the developed adaptive 

pulse shaping, it is possible to perform a real-time selection of the shaping parameters (rise time 

and flattop time of the digital trapezoid shaping filter) for each incoming signal based on the time 

separation from a subsequent pulse and charge collection time of each individual pulse. The 

radiation pulses follow an interval distribution based on the random nature and the distribution of 

intervals between successive pulses depending on the rate of occurrence. The pulse interval 

distribution was used to adapt the rise time of the digital trapezoid filter on a pulse-by-pulse basis. 

In conventional fixed digital trapezoid filtering, the flattop time is chosen to be longer than the 

largest charge collection time in order to eliminate the ballistic deficiency. In this work, an adaptive 

approach was developed to select the flattop time based on the correlation between the charge 

collection time and zero crossing detection (𝑍𝑍𝐶𝐶𝐶𝐶) time of every preamplifier signal. 

The energy resolution limit in terms of signal to noise ratio (SNR) was established for time-

invariant (fixed) and time-variant (adaptive) digital trapezoid shaping for varying count rate 

conditions. Theoretical calculations illustrate that the adaptive filter provides better SNR as 

compared to a fixed filter for a given throughput rate. The detector with low input capacitance is 

a preferable choice at high count rate applications as count rate dependent SNR improves with the 

low noise corner time constant value. 
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Experimental testing of the developed adaptive digital pulse processing algorithms was 

performed using a high radioactivity 137Cs source and coaxial HPGe detector equipped with RC 

and transistor-reset preamplifiers. The digital pulse processing algorithms with the pulse 

deconvolver, fixed and adaptive trapezoid filter, timing filter, baseline restorer, and pile-up rejecter 

were implemented on a Xilinx Kintex-7 reconfigurable FPGA for real-time signal processing. A 

14 bit, 125 𝑇𝑇𝑓𝑓/𝑓𝑓 digitizer module was used for digitizing the HPGe detector’s pre-amplifier 

pulses. Experimental testing of the developed pulse deconvolution technique with the adaptive 

approach demonstrate that the system is capable of handling 1-million counts using an HPGe 

detector equipped with a transistor reset preamplifier. The maximum throughput achieved with the 

developed algorithm is 455 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓 with 3.4 𝑘𝑘𝑟𝑟𝑉𝑉 energy resolution at the 662 𝑘𝑘𝑟𝑟𝑉𝑉 peak of the 137Cs 

source. Using the developed algorithms, nearly 5 to 10 times the throughput is achievable as 

compared to standard digital and analog shaping techniques while maintaining the energy 

resolution. 

The developed gamma-ray spectrometry system with the advanced adaptive digital pulse 

processing incorporating radiation physics and pulse attributes provides high-quality spectroscopic 

measurements and will be useful for high count rate applications. The developed system can be 

used for the accurate estimation of quantities like fuel isotopic and burn-up in applications such as 

spent nuclear fuel assay, nuclear safeguards and advanced reactors (e.g., pebble bed reactors). The 

proposed advanced instrumentation processing in the present work will be able to handle high 

count rates of nuclear fuel in a fuel assembly or in an advanced reactor with an extremely high 

activity radioactive radiation source while preserving high spectroscopic performance. 
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Appendix A.   Comparison of analog and digital pulse processing 

 Analog pulse processing Digital pulse processing 

Detector 
and 
Preamplifie
r 

• Detector: The radiation interacts into the detector and the function of the 
detector is to produce a signal for every interaction. 

• Preamplifier: The primary purpose of the preamplifier is to provide 
coupling between the output of the detector and the rest of the counting 
system.  

• The detector and the preamplifier are common to both the analog and digital 
pulse processing system. 

 
Module • Nuclear instrumentation module 

(NIM): defines the pulse and 
logic specifications for the 
signals. 

• NIM-bins supply standard 
electrical power supplies.  

• The NIM modules used in analog 
pulse processing are: 
 High voltage power supply 
 Amplifier 
 SCA 
 Timer/Counter 

 

• Pulse processing using digital signal 
processors (DSPs) or field 
programmable gate array (FPGA) 

• The dissing system consists of: 
 Digitizer: To convert analog signal 

to digital signal 
 DSP or FPGA for the digital pulse 

shaping and timing 
 Computer

 

167 
 



   

         Preamplifier pulse (analog) 

 

        Preamplifier pulse (digital) 

 
ADC: The ADC converts the analog 
preamplifier signal to digital signal. The 
key parameters of digitization are: 
• Sampling rate 
• 𝐶𝐶𝑇𝑇𝑑𝑑𝑟𝑟 𝑤𝑤𝑣𝑣𝑑𝑑𝛿𝛿ℎ(∆) = 𝐴𝐴𝐷𝐷𝐼𝐼 𝑎𝑎𝑎𝑎𝑎𝑎𝑜𝑜𝑡𝑡 𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

2𝑏𝑏
, with 

𝑏𝑏 as the bit resolution. 
Amplifier The main function of the amplifier is to shape the preamplifier signal to improve 

the signal to noise characteristics.  

• The analog amplifier output is a 
Gaussian shaped pulse whose 
amplitude is proportional to the 
energy of the incident gamma 
ray. 

• The parameters of the analog 
amplifier are: 
 Course and fine gain 
 Shaping time 

        

       
          Analog amplifier pulse 
 

• The digital trapezoid filter is an 
optimum filter to optimize the signal to 
noise ratio and it removes the ballistic 
deficit by choosing a flattop larger than 
the charge collection time. 

• The parameters for the digital trapezoid 
shaping are 
 𝑇𝑇𝑀𝑀 and 𝑇𝑇𝑜𝑜 are rise time and flattop of 

trapezoid filter 

 𝛽𝛽𝐹𝐹 = 𝑟𝑟−
𝑘𝑘𝑟𝑟
𝜏𝜏𝐹𝐹 where 𝑇𝑇𝑠𝑠 is the sampling 

period and 𝜏𝜏𝐹𝐹 is the decay time 
constant of the preamplifier pulse. 

 Digital moving averaging parameters 
for baseline and flattop averaging 

 
                Digital trapezoid filter 
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Timing and 
counting 

• The single channel analyzer 
(SCA) is used to eliminate 
electronic noise and to reject 
unwanted pulses. 

• The modes of operation are 
normal, integral and window 
mode. 

• The settings associated with the 
SCA are upper-level discriminator 
(ULD) and lower-level 
discriminator (LLD) to select the 
desired amplitude pulses. 

SCA differential mode 
•  The counter records the number 

of the logic pulses and a counter 
increments one count each time a 
logic pulse is presented to its input. 
•  The multichannel analyzer 

(MCA) measures the height of 
analog amplifier shaped pulses, 
counts the numbers occurring 
within small voltages and 
produces pulse height spectrum. 

 
Differential pulse height spectrum 

• A digital RC-CR2 filter is used as a 
timing filter which converts the 
preamplifier signal to a bipolar signal to 
detect the true pulses in presence of 
noise. 

 
Digital timing filter 

• The parameters used in timing filters are: 
 Avg: a moving average in the time 

domain.  
 R is equivalent to the rising edge of the 

preamplifier signal (𝑅𝑅~𝜏𝜏𝐼𝐼) 
 A 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑓𝑓 window of width 2𝑅𝑅 is 

utilized that starts when the timing 
filter exceeds a certain threshold 
level 𝑇𝑇ℎ. 
 

 
 The 𝑍𝑍𝐶𝐶𝐶𝐶 trigger is used for the pile-up 

rejection and for developing the 
adaptive digital pulse processing 
algorithms. 
 

Baseline 
restorer 

• The problem of baseline shift 
occurs when one pulse riding one 
after another at high count rates.  

• An analog baseline circuit is used 
for the restoration of the baseline 

• The detector’s preamplifier pulses 
contain bias due to detector leakage 
current, thermal drifts, and electronics. 

• The baseline estimation is necessary to 
determine the actual trapezoid height for 
the energy spectroscopy. 

• In this work, baseline determination is 
realized by digital averaging of the 
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Analog baseline restorer 

trapezoid with the gated restoration 
scheme. 

 
Digital gated baseline scheme 
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Appendix B.   Discrete signals and properties of z-transform 

Discrete-time Signals: Digital signals are discrete in both time and amplitude whereas discrete-

time signals are discrete in time but continuous in amplitude. Discrete-time signals are data 

sequences denoted as 𝑒𝑒[𝑛𝑛] where index 𝑛𝑛 is an integer associated with each sample. These 

sequences can often arise from periodic sampling of an analog (i.e., continuous-time) signal 𝑒𝑒𝑎𝑎(𝛿𝛿). 

The numeric value of the 𝑛𝑛𝑡𝑡ℎ number in the sequence is equal to the value of the analog signal, 

𝑒𝑒𝑎𝑎(𝛿𝛿), at time 𝑛𝑛𝑇𝑇, and is given as, 

𝑒𝑒[𝑛𝑛] = 𝑒𝑒𝑎𝑎(𝑛𝑛𝑇𝑇) .       −∞ < 𝑛𝑛 < ∞.                                                 (B.1) 

The quantity 𝑇𝑇 is the sampling period which is reciprocal of the sampling frequency. The basic 

discrete time signals are listed below, 

Unit Impulse and Step Sequence: They can be defined as, 

𝛿𝛿[𝑛𝑛] = �1,      𝑛𝑛 = 0
0,      𝑛𝑛 ≠ 0 ,                                                              (B.2) 

𝑟𝑟[𝑛𝑛] = �1,       𝑛𝑛 ≥ 0
0.       𝑛𝑛 < 0 .                                                             (B.3) 

As shown in Fig. B.1 (a), the impulse sequence consists of an isolated unit value sample at 𝑛𝑛 = 0, 

with all other samples as zero. Any input sequence can be considered as a set of impulse functions. 

For example, 𝑟𝑟[𝑛𝑛] can be represented as the running sum of 𝛿𝛿[𝑛𝑛] 𝑎𝑎𝑓𝑓, 

𝑟𝑟[𝑛𝑛] = ∑ 𝛿𝛿[𝑝𝑝] .                                                          𝑎𝑎
𝑎𝑎=−∞ (B.4) 

 

 (a) (b) 

Fig. B.1. (a) The Unit impulse sequence, (b) the unit step sequence. 
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Table B.1. Some Basic Operations on Sequences. 
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Linear Time-Invariant System (LTI System) 

Linear systems are systems whose outputs for a linear combination of inputs are the same as a 

linear combination of individual responses to those inputs. Time-invariant systems are systems 

where the output does not depend on when an input was applied or whose properties do not vary 

with time. For a linear discrete-time system, if 𝐸𝐸1[𝑛𝑛] and 𝐸𝐸2[𝑛𝑛] are the responses to the input 

sequences 𝑒𝑒1[𝑛𝑛] and 𝑒𝑒2[𝑛𝑛], respectively, then for an input 𝑒𝑒[𝑛𝑛] = 𝛼𝛼𝑒𝑒1[𝑛𝑛] + 𝛽𝛽𝑒𝑒2[𝑛𝑛], the response 

is given by, 

𝐸𝐸[𝑛𝑛] = 𝛼𝛼𝐸𝐸1[𝑛𝑛] + 𝛽𝛽𝐸𝐸2[𝑛𝑛] .                                                        (B.5) 

The superposition property must hold for any arbitrary constants, 𝛼𝛼 and 𝛽𝛽 and for all possible 

inputs. For a time-invariant system, if 𝐸𝐸1[𝑛𝑛] is the response to an input 𝑒𝑒1[𝑛𝑛], then for 

𝑒𝑒[𝑛𝑛] = 𝑒𝑒1[𝑛𝑛 − 𝑘𝑘], the output is, 

𝐸𝐸[𝑛𝑛] = 𝐸𝐸1[𝑛𝑛 − 𝑘𝑘] .                                                           (B.6) 

Convolution: The convolution between two continuous functions 𝑒𝑒(𝛿𝛿) and ℎ(𝛿𝛿) is defined by, 

𝐸𝐸(𝛿𝛿) = 𝑒𝑒(𝛿𝛿) ∗ ℎ(𝛿𝛿) = ∫ 𝑒𝑒(𝜏𝜏)ℎ(𝛿𝛿 − 𝜏𝜏)𝑑𝑑𝜏𝜏∞
−∞ .                                 (B.7) 

In the discrete time domain, the convolution is defined as, 

𝐸𝐸[𝑛𝑛] = 𝑒𝑒[𝑛𝑛] ∗ ℎ[𝑛𝑛] = ∑ 𝑒𝑒[𝑣𝑣]ℎ[𝑛𝑛 − 𝑣𝑣]∞
𝑎𝑎=−∞ .                                   (B.8) 

For a linear time-invariant system, the convolution operation has the following properties, 

Commutative:                           𝑒𝑒[𝑛𝑛] ∗ ℎ[𝑛𝑛] = ℎ[𝑛𝑛] ∗ 𝑒𝑒[𝑛𝑛],                                                             (B.9) 

Associative:                  �𝑒𝑒[𝑛𝑛] ∗ ℎ1[𝑛𝑛]� ∗ ℎ2[𝑛𝑛]=𝑒𝑒[𝑛𝑛] ∗ �ℎ1[𝑛𝑛] ∗ ℎ2[𝑛𝑛]�,                                    (B.10) 

Distributive:               𝑒𝑒[𝑛𝑛] ∗ �ℎ1[𝑛𝑛] + ℎ2[𝑛𝑛]�= 𝑒𝑒[𝑛𝑛] ∗ ℎ1[𝑛𝑛] + 𝑒𝑒[𝑛𝑛] ∗ ℎ2[𝑛𝑛].                             (B.11) 

The 𝒛𝒛 -transform: definition and properties 

The 𝐻𝐻-transform of a digital signal 𝑒𝑒[𝑛𝑛] can be defined as, 

𝑋𝑋(𝐻𝐻) = ∑ 𝑒𝑒[𝑛𝑛]𝐻𝐻−𝑎𝑎∞
𝑎𝑎=0 ,                                                      (B.12) 
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where 𝐻𝐻 is a complex variable. The inverse 𝐻𝐻-transform is given as, 

𝑒𝑒[𝑛𝑛] = 1
2𝜋𝜋𝑗𝑗 ∮𝑋𝑋(𝐻𝐻)𝐻𝐻𝑎𝑎−1𝑑𝑑𝐻𝐻.                                                     (B.13) 

The 𝐻𝐻-transform is a power series in 𝐻𝐻−1, with coefficients equal to successive values of the 

time domain signal. The region of convergence (ROC) of X(z) is the set of all values of 𝐻𝐻 for which 

𝑋𝑋(𝐻𝐻) attains a finite value. The variable 𝐻𝐻 can be used as a time shift operator, i.e. multiplication 

with 𝐻𝐻 is equivalent to a time advance by one sampling interval, while multiplication by 𝐻𝐻−1 is 

equivalent to a time delay by one sampling interval. The 𝐻𝐻 transform converts a time-shift into the 

following form, 

𝑒𝑒[𝑛𝑛 − 𝑘𝑘] = 𝐻𝐻−𝑘𝑘𝑋𝑋(𝐻𝐻).                                                         (B.14) 

The time domain convolution is equivalent to multiplication in the 𝐻𝐻 domain. The properties 

of the 𝐻𝐻-transform is given in Table B.2. 

Table B.2. Properties of 𝐻𝐻-transform. 

Property Time domain 𝒛𝒛-transform 

Notation 𝑒𝑒[𝑛𝑛] 𝑋𝑋(𝐻𝐻) 

Convolution 𝑒𝑒1[𝑛𝑛] ∗ 𝑒𝑒2[𝑛𝑛] 𝑋𝑋1(𝐻𝐻)𝑋𝑋2(𝐻𝐻) 

Linearity 𝑎𝑎1𝑒𝑒1[𝑛𝑛] + 𝑎𝑎2𝑒𝑒2[𝑛𝑛] 𝑎𝑎1𝑋𝑋1(𝐻𝐻) + 𝑎𝑎2𝑋𝑋2(𝐻𝐻) 

Time shifting 𝑒𝑒[𝑛𝑛 − 𝑘𝑘] 𝐻𝐻−𝑘𝑘𝑋𝑋(𝐻𝐻) 

Scaling 𝑎𝑎𝑎𝑎𝑒𝑒[𝑛𝑛 − 𝑘𝑘] 𝑋𝑋 �
𝐻𝐻
𝑎𝑎
� 

Differentiation 𝑛𝑛𝑒𝑒[𝑛𝑛] 𝑒𝑒[𝑛𝑛] = −𝐻𝐻
𝑑𝑑𝑋𝑋(𝐻𝐻)
𝑑𝑑𝐻𝐻

 

A real digital signal can be represented as a rational function as, 

𝑋𝑋(𝐻𝐻) = 𝑒𝑒(𝑧𝑧)
𝐷𝐷(𝑧𝑧)

= 𝑆𝑆(𝑧𝑧−𝑧𝑧1)(𝑧𝑧−𝑧𝑧2)…
(𝑧𝑧−𝑎𝑎1)(𝑧𝑧−𝑎𝑎2)…

,                                       (B.15) 
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with 𝐻𝐻1, 𝐻𝐻2 … as the poles of 𝑋𝑋(𝐻𝐻) and 𝑝𝑝1,𝑝𝑝2 … are know as the poles of the 𝑋𝑋(𝐻𝐻). The transfer 

function or impulse response ℎ[𝑛𝑛] of an LTI system in terms of its input (𝑒𝑒[𝑛𝑛]) and output 

(𝐸𝐸[𝑛𝑛]) signals can be given as,  

𝐶𝐶(𝐻𝐻) = 𝑌𝑌(𝑧𝑧)
𝑋𝑋(𝑧𝑧)

 .                                                      (B.16) 

Region of convergence  

The region of convergence (ROC) of the 𝑋𝑋(𝐻𝐻) is defined to a subset of the complex 𝐻𝐻-plane ℂ 

for which the series converges, and is given as, 

Region of convergence = {𝐻𝐻 ∈ ℂ | 𝑋𝑋(𝐻𝐻) = ∑ 𝑒𝑒[𝑛𝑛]𝐻𝐻−𝑎𝑎 ≠ ∞∞
−∞ }.            (B.17) 

A typical region of convergence for a unilateral 𝐻𝐻-tranform is shown in Fig. B.2. An LTI system 

is stable when all the poles of the 𝐻𝐻-transfer function lie in the open interior of the unit circle. The 

characteristics behavior of casual signal depends upon the pole location. If the pole of a system is 

outside the unit circle, the impulse response of the system becomes unbounded and consequently, 

the system becomes unstable.  

 
 Fig. B.2. A typical region of convergence (ROC) for a unilateral 𝐻𝐻-transform. The radius of convergence, 𝑅𝑅, is shown 
and the ROC is all values of 𝐻𝐻 such that |𝐻𝐻| > 𝑅𝑅. 

Digital FIR and IIR Filters 

Digital filters are a necessary part of the DSP systems. In digital pulse processing of radiation 

detection systems, digital filters are used for pulse amplitude and timing measurement or pulse-

shape discrimination applications. The choice of the filter depends upon the complexity of the 
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arithmetic operation and the memory requirements. Two classes of digital filters are finite impulse 

response (FIR) and infinite impulse response (IIR). Discrete-time LTI systems can be classified 

into FIR or IIR systems, with a finite or infinite impulse response ℎ[𝑛𝑛] as depicted in Fig. B.3. 

 

 (a) (b) 

Fig. B.3. Impulse responses (a) FIR filter, (b) IIR filter. 

The impulse response of an IIR filter has infinite length and the output of an IIR filter depends 

on one or more previous output values and on input values. The difference equation of an IIR filter 

can be written as, 

𝐶𝐶(𝐻𝐻) = ∑ 𝑜𝑜𝑘𝑘𝑧𝑧−𝑘𝑘𝑀𝑀
𝑘𝑘=0

1+∑ 𝑎𝑎𝑘𝑘𝑧𝑧−𝑘𝑘𝑁𝑁
𝑘𝑘=0

.                                                       (B.18) 

The FIR filter has an impulse response ℎ[𝑛𝑛] that extends over a finite time interval and its 

convolution sum can be given as, 

𝐶𝐶(𝐻𝐻) = ∑ 𝑏𝑏𝑘𝑘𝐻𝐻−𝑘𝑘𝑀𝑀
𝑘𝑘=0 .                                                       (B.19) 
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Appendix C.   Terminology and parameters used in the digital pulse 
processing algorithms 

S. No. Parameter Parameter Definition 

1. 𝑣𝑣𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝛿𝛿)  Preamplifier output signal 

2. 𝑟𝑟(𝛿𝛿) Detector current signal 

3. ℎ𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝛿𝛿) Preamplifier’s impulse response 

4. 𝜏𝜏𝐼𝐼 Rise time constant of preamplifier pulse 

5. 𝜏𝜏𝐹𝐹 Decay time constant of preamplifier pulse 

6. 𝑇𝑇𝑠𝑠 = 1 𝑇𝑇𝑠𝑠⁄  Sampling period 

7. 𝐶𝐶𝑠𝑠 = 1 𝐶𝐶𝑠𝑠⁄  Sampling frequency 

8. 
𝛽𝛽𝐹𝐹 = 𝑟𝑟−

𝑎𝑎𝑟𝑟
𝜏𝜏𝐹𝐹 

Constant 

9. 
𝛽𝛽𝐼𝐼 = 𝑟𝑟−

𝑎𝑎𝑟𝑟
𝜏𝜏𝑅𝑅 

Constant 

10. 𝐶𝐶𝑆𝑆𝑆𝑆 Frequency filter factor of S-K filter 

11. 𝑎𝑎𝑆𝑆𝑆𝑆 Amplitude filter factor of S-K filter 

12. 
 𝛽𝛽𝐹𝐹1=e

- 𝑎𝑎𝑟𝑟𝜏𝜏𝐹𝐹1   with 𝜏𝜏𝐹𝐹1  
Fast decay 

13. 𝜏𝜏𝐹𝐹𝑇𝑇 decay time constant after pole-zero cancellation 

14. 𝑒𝑒 = 𝑇𝑇𝑠𝑠 𝜏𝜏𝐹𝐹𝑇𝑇  ⁄   

15. 𝜏𝜏𝐹𝐹1 decay-time constant of generated exponential 
pulses 

16. 𝑇𝑇𝑀𝑀 Rise time of the trapezoid filter 

17.  𝑇𝑇𝑜𝑜 Flattop time of the trapezoid filter 

18. Avg moving average in the time domain of timing 
filter 

19. 𝑅𝑅~𝜏𝜏𝐼𝐼 rising edge of the preamplifier signal 

20.  𝑇𝑇ℎ Threshold in timing filter 

21. zero-crossing detection (𝑍𝑍𝐶𝐶𝐶𝐶) Zero crossing of timing filter 

22.  𝐶𝐶 Moving average of input signal 

23. 𝑃𝑃 Pile-up 

24. 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑓𝑓 window of width 2𝑅𝑅 Window to check for ZCD of timing filter 
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Appendix D.   Derivations for calculation of signal to noise ratio for digital 
filters 

In this analysis, the detector signal is assumed as a voltage step function of a magnitude 

𝑄𝑄 𝐶𝐶𝑎𝑎⁄  with a noise power spectral density of 𝑁𝑁(𝑎𝑎). The noise power density can be given as, 

𝑁𝑁(𝑎𝑎) = 𝑎𝑎2 + 𝑜𝑜2

𝜔𝜔2  .                                                               (D.1) 

The series and parallel noise components are 𝑎𝑎2 = 2𝑘𝑘𝑎𝑎
𝑎𝑎𝑚𝑚

𝐶𝐶𝑎𝑎2, and 𝑏𝑏2 = �𝑟𝑟(𝐼𝐼𝐺𝐺 + 𝐼𝐼𝐿𝐿) + 2𝑘𝑘𝑎𝑎
𝐼𝐼𝑓𝑓
�, 

respectively. The root mean square (r.m.s.) noise at the output of a shaping network with a transfer 

function 𝐶𝐶(𝑗𝑗𝑎𝑎) is given as, 

〈𝑣𝑣𝑎𝑎2〉
1
2 = �∫ 𝑁𝑁(𝑎𝑎)|𝐶𝐶(𝑗𝑗𝑎𝑎)|2𝑑𝑑𝑎𝑎∞

−∞ �
1
2 .                                           (D.2) 

Transfer Function of Trapezoid Filter 

To derive the transfer function and root mean square (r.m.s.) noise at the output of a trapezoid 

filter, consider the case of the triangular filter as shown in Fig. D.1 (a). The transfer function of 

the triangular filter is given as, 

𝐶𝐶(𝑗𝑗𝑎𝑎) = 1
𝑗𝑗𝜔𝜔
�1 − exp (−𝑗𝑗𝑎𝑎𝑇𝑇𝑀𝑀)�  .                                       (D.3) 

The root mean square (r.m.s.) noise at the output of a triangular filter is, 

𝑣𝑣𝑎𝑎2 = ∫ 𝑁𝑁(𝑎𝑎)|𝐶𝐶(𝑗𝑗𝑎𝑎)|2𝑑𝑑𝑎𝑎 ,                                                 ∞
−∞ (D.4) 

𝑣𝑣𝑎𝑎2 = ∫ �𝑎𝑎2 + 𝑜𝑜2

𝜔𝜔2�
𝑠𝑠𝑎𝑎𝑎𝑎4(𝜔𝜔𝑎𝑎𝑀𝑀/2)

𝜔𝜔2𝑎𝑎𝑀𝑀
2 𝑑𝑑𝑎𝑎∞

−∞ , 

𝑣𝑣𝑎𝑎2 = 16𝑎𝑎2 ∫ 𝑠𝑠𝑎𝑎𝑎𝑎4(𝜔𝜔𝑎𝑎𝑀𝑀/2)
𝜔𝜔2𝑎𝑎𝑀𝑀

2 𝑑𝑑𝑎𝑎∞
−∞ + 16𝑏𝑏2 ∫ 𝑠𝑠𝑎𝑎𝑎𝑎4(𝜔𝜔𝑎𝑎𝑀𝑀/2)

𝜔𝜔4𝑎𝑎𝑀𝑀
2 𝑑𝑑𝑎𝑎∞

−∞ , 

𝑣𝑣𝑎𝑎2 = 2𝜋𝜋 � 2
𝑎𝑎𝑀𝑀
𝑎𝑎2 + 2

3
𝑏𝑏2𝑇𝑇𝑀𝑀�.                                                     (D.5) 

For the trapezoid filter with the flattop time of 𝑇𝑇𝑜𝑜 as shown in Fig. D.1 (b), the root mean square 

(r.m.s.) noise at the output is given as, 
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𝑣𝑣𝑎𝑎2 = 2𝜋𝜋 � 2
𝑎𝑎𝑀𝑀
𝑎𝑎2 + 𝑏𝑏2 �2

3
𝑇𝑇𝑀𝑀 + 𝑇𝑇𝑜𝑜��.                                           (D.6) 

In terms of the noise corner time constant (𝛼𝛼) , which is the ratio of the series noise to the 

parallel noise component (𝛼𝛼 = �𝑎𝑎2 𝑏𝑏2)⁄ , 

𝑣𝑣𝑎𝑎2 = 4𝜋𝜋𝑎𝑎𝑏𝑏 � 𝛼𝛼
𝑎𝑎𝑀𝑀

+ 𝑎𝑎𝑀𝑀
3𝛼𝛼

+ 𝑎𝑎𝑜𝑜
2𝛼𝛼
�.                                                     (D.7) 

 

 (a) (b) 

Fig. D.1. (a) Triangular shaping filter and its parameters, (b) Trapezoid shaping filter and its parameters. 

The signal to noise ratio of the trapezoid filter can be given as, 

𝑘𝑘 = 𝑜𝑜(𝑡𝑡)𝑚𝑚𝑚𝑚𝑥𝑥

〈𝑜𝑜𝑛𝑛2〉
1
2

= 𝑜𝑜(𝑡𝑡)𝑚𝑚𝑚𝑚𝑥𝑥

�∫ 𝑒𝑒(𝜔𝜔)|𝐻𝐻(𝑗𝑗𝜔𝜔)|2𝑑𝑑𝜔𝜔∞
−∞ �

1
2

= 𝑄𝑄
𝐼𝐼𝑖𝑖√2𝜋𝜋𝑎𝑎𝑜𝑜

× 1

� 𝛼𝛼
𝑘𝑘𝑀𝑀

+𝑘𝑘𝑀𝑀3𝛼𝛼+
𝑘𝑘𝑜𝑜
2𝛼𝛼�

1
2
,                     (D.8) 

where 𝑇𝑇𝑀𝑀 is the rise time and 𝑇𝑇𝑜𝑜 is the flattop time of the trapezoid filter. At the optimum value of 

rise-time 𝑇𝑇𝑀𝑀,𝑜𝑜𝑎𝑎𝑡𝑡 = √3𝛼𝛼, the signal to noise ratio of the trapezoid filter is, 

𝜂𝜂𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝑜𝑜𝑎𝑎𝑡𝑡 =
𝑄𝑄

𝑀𝑀𝑖𝑖√2𝜋𝜋𝑚𝑚𝑏𝑏

� 2
√3
�
1
2�1+0.43𝑘𝑘𝑜𝑜

𝛼𝛼 �

1
2

.                                                                (D.9) 

The ratio of signal to noise ratio of the trapezoid filter to the optimum is given as, 

� 𝜂𝜂𝑡𝑡𝑟𝑟𝑚𝑚𝑝𝑝𝑒𝑒
𝜂𝜂𝑡𝑡𝑟𝑟𝑚𝑚𝑝𝑝𝑒𝑒,𝑜𝑜𝑝𝑝𝑡𝑡

�
2

=
2
√3
�1+0.43𝑘𝑘𝑜𝑜

𝛼𝛼 �

� 𝛼𝛼
𝑘𝑘𝑀𝑀

+𝑘𝑘𝑀𝑀3𝛼𝛼+
𝑘𝑘𝑜𝑜
2𝛼𝛼�

 .                                                (D.10) 
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Count rate dependent SNR for fixed and adaptive filters 

To establish the count-rate (CR) dependent signal to noise ratio relationships, consider a 

sequence of exponential pulses as shown in Fig. D.2. The amplitude of the pulse and the error in 

the pulse height determination can be evaluated as,  

yi+1 = xi+1 − xi exp �− ti+1−ti
α

�,                                               (D.11) 

εyi+1
2 = εxi+1

2 + εxi
2 exp �− 2T1

α
�.                                                  (D.12) 

 

Fig. D.2. Pre-amplifier signal sequence used for amplitude evaluation which shows that amplitude determination of 
pulse depends upon the time separation between adjacent events. 

For the trapezoid filter, the error in the amplitude is reciprocal of the signal to noise ratio with 

𝜀𝜀𝑜𝑜𝑎𝑎𝑡𝑡2  as the error in the pulse height which are infinitely apart, can be given as, 

εxi
2 = 1
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The expression for count-rate dependent signal to noise ratio be formulated as, 

𝜂𝜂𝑦𝑦2 = 𝑦𝑦𝑖𝑖+1
2

𝜀𝜀𝑦𝑦𝑖𝑖+1
2 , 𝜂𝜂𝑜𝑜𝑎𝑎𝑡𝑡2 = 𝑦𝑦𝑖𝑖+1

2

𝜀𝜀𝑦𝑦𝑜𝑜𝑝𝑝𝑡𝑡
2 ,                                                   (D.15) 

𝜂𝜂𝑦𝑦2

 𝜂𝜂𝑜𝑜𝑝𝑝𝑡𝑡2 =
𝜀𝜀𝑦𝑦𝑜𝑜𝑝𝑝𝑡𝑡
2

𝜀𝜀𝑦𝑦𝑖𝑖+1
2 ,                                                               (D.16) 
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𝜂𝜂𝑦𝑦2 = 𝜂𝜂𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝐼𝐼𝐼𝐼
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The above expression gives the signal to noise ratio for the time-variant filter (adaptive) where 

each preamplifier pulse is shaped with the different shaping parameter based on the distance 

between the adjacent pulse. In the case of the time-invariant (fixed) filter, the expression can be 

simplified with 𝑇𝑇1 = 𝑇𝑇2 = 𝑇𝑇𝑀𝑀, 

𝜂𝜂𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝐼𝐼𝐼𝐼
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The count rate dependent SNR for time-variant trapezoid filter can be calculated by 

considering the pile-up probabilities 𝐶𝐶𝑟𝑟−𝑓𝑓𝑎𝑎, where 𝑇𝑇 is the time separation between pulses and 𝐶𝐶 

is the input count rate. In time-invariant filters, the shaping time is fixed for a given count rate 𝐶𝐶, 

whereas in time-variant shaping, the shaping time is selected based on the pulse-to-pulse time 

separation. Count rate dependent SNR for time-variant trapezoid filter 𝜂𝜂𝑡𝑡𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎_𝐼𝐼𝐼𝐼
2 , 
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Appendix E.   MCNP calculations to estimate the input count rates 

Detection Efficiency: 

The detection efficiency is defined as, 

𝐶𝐶 = 𝜖𝜖𝑓𝑓𝑇𝑇  𝑇𝑇𝑟𝑟 𝑅𝑅 =  𝜖𝜖𝑓𝑓,                                                                  (E.1) 

𝐶𝐶: number of events registered by the detector (a.k.a., number of counts) 

𝑇𝑇: duration of the measurement 

𝑓𝑓: source strength, the number of radiation particles emitted per unit time 

𝜖𝜖: absolute detection efficiency 

The absolute detection efficiency is dependent not only on detector properties but also on the 

details of the counting geometry (primarily the distance from the source to the detector). The 

absolute detection efficiency is the product of the geometric and intrinsic efficiency.  

𝜖𝜖𝑎𝑎𝑜𝑜𝑠𝑠 = 𝜖𝜖𝑎𝑎𝑎𝑎𝑜𝑜𝜖𝜖𝑎𝑎𝑎𝑎𝑡𝑡= 𝑎𝑎𝑜𝑜𝑎𝑎𝑜𝑜𝑎𝑎𝑟𝑟 𝑜𝑜𝑓𝑓 𝑎𝑎𝑜𝑜𝑟𝑟𝑠𝑠𝑎𝑎𝑠𝑠 𝑟𝑟𝑎𝑎𝑣𝑣𝑜𝑜𝑟𝑟𝑑𝑑𝑎𝑎𝑑𝑑
𝑎𝑎𝑜𝑜𝑎𝑎𝑜𝑜𝑎𝑎𝑟𝑟 𝑜𝑜𝑓𝑓 𝑟𝑟𝑎𝑎𝑑𝑑𝑎𝑎𝑎𝑎𝑡𝑡𝑎𝑎𝑜𝑜𝑎𝑎 𝑞𝑞𝑜𝑜𝑎𝑎𝑎𝑎𝑡𝑡𝑎𝑎 𝑎𝑎𝑎𝑎𝑎𝑎𝑡𝑡𝑡𝑡𝑎𝑎𝑑𝑑 𝑜𝑜𝑦𝑦 𝑠𝑠𝑜𝑜𝑜𝑜𝑟𝑟𝑣𝑣𝑎𝑎

 .                        (E.2) 

The geometric efficiency 𝜖𝜖𝑎𝑎𝑎𝑎𝑜𝑜 reflects the fact that not all radiation particles emitted by the 

source will enter the detector and is defined as, 

𝜖𝜖𝑎𝑎𝑎𝑎𝑜𝑜 = 𝐼𝐼𝑎𝑎𝑡𝑡𝑎𝑎 𝑜𝑜𝑓𝑓 𝑎𝑎𝑎𝑎𝑟𝑟𝑡𝑡𝑎𝑎𝑣𝑣𝑟𝑟𝑎𝑎𝑠𝑠 𝑎𝑎𝑎𝑎𝑡𝑡𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎 𝑑𝑑𝑎𝑎𝑡𝑡𝑎𝑎𝑣𝑣𝑡𝑡𝑜𝑜𝑟𝑟
𝑎𝑎𝑜𝑜𝑎𝑎𝑜𝑜𝑎𝑎𝑟𝑟 𝑜𝑜𝑓𝑓 𝑟𝑟𝑎𝑎𝑑𝑑𝑎𝑎𝑎𝑎𝑡𝑡𝑎𝑎𝑜𝑜𝑎𝑎 𝑞𝑞𝑜𝑜𝑎𝑎𝑎𝑎𝑡𝑡𝑎𝑎 𝑎𝑎𝑎𝑎𝑎𝑎𝑡𝑡𝑡𝑡𝑎𝑎𝑑𝑑 𝑜𝑜𝑦𝑦 𝑠𝑠𝑜𝑜𝑜𝑜𝑟𝑟𝑣𝑣𝑎𝑎

   .                                 (E.3) 

The intrinsic efficiency 𝜖𝜖𝑎𝑎𝑎𝑎𝑡𝑡 reflects the fact that not all radiation particles entering the detector 

will cause a count and is defined as, 

𝜖𝜖𝑎𝑎𝑎𝑎𝑡𝑡 = 𝑎𝑎𝑜𝑜𝑎𝑎𝑜𝑜𝑎𝑎𝑟𝑟 𝑜𝑜𝑓𝑓 𝑎𝑎𝑜𝑜𝑟𝑟𝑠𝑠𝑎𝑎𝑠𝑠 𝑟𝑟𝑎𝑎𝑣𝑣𝑜𝑜𝑟𝑟𝑑𝑑𝑎𝑎𝑑𝑑
𝐼𝐼𝑎𝑎𝑡𝑡𝑎𝑎 𝑜𝑜𝑓𝑓 𝑎𝑎𝑎𝑎𝑟𝑟𝑡𝑡𝑎𝑎𝑣𝑣𝑟𝑟𝑎𝑎𝑠𝑠 𝑎𝑎𝑎𝑎𝑡𝑡𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎 𝑑𝑑𝑎𝑎𝑡𝑡𝑎𝑎𝑣𝑣𝑡𝑡𝑜𝑜𝑟𝑟 

 .                                       (E.4) 

From equation (E.1), 
𝑅𝑅 =  𝜖𝜖𝑎𝑎𝑎𝑎𝑜𝑜𝜖𝜖𝑎𝑎𝑎𝑎𝑡𝑡𝑓𝑓 = Ω

4𝜋𝜋
 𝜖𝜖𝑎𝑎𝑎𝑎𝑡𝑡𝑓𝑓,                                                  (E.5) 
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where Ω is the solid angle (in steradians) subtended by the detector at the source position. In the 

experiment, the source used is 137Cs (~1600 µCi) is of cylindrical shape. The solid angle 

calculation is performed using MCNP.  

The solid angle between a point source and a cylindrical detector is, 

Ω
4𝜋𝜋

= 1
2
�1 − 𝑑𝑑

√𝑑𝑑2+𝑎𝑎2
�,                                                             (E.6) 

where 𝑑𝑑 is the distance between the detector and the a is the radius of the detector as shown in Fig. 

E.1. The MCNP input file is given in Table E.1.  

 

Fig. E.1. Definition of solid angle in a source-detector geometry. 

Table E.1. MCNP input file 
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The source activity calculated at the date of the experiment was S=1600 µCi=3.7 × 1010 ×

1600 × 10−6𝐶𝐶/𝑓𝑓 =5.92 × 104 𝑘𝑘𝑘𝑘𝑝𝑝𝑓𝑓. The input count rate is calculated using MCNP calculated 

solid angle as, 

𝑅𝑅 =  Ω
4𝜋𝜋

 𝜖𝜖𝑎𝑎𝑎𝑎𝑡𝑡𝑓𝑓                                                                  (E.7) 

The calculated solid angles using MCNP and corresponding input count rates at varying 

source-detector distances are reported in Table E.2. 

Table E.2. Estimation of input count rate using solid angle calculated using MCNP. 

Distance between 
source and detector (cm) 

Solid angle (steradian) Input Count Rate 
(kcps) 

5 0.942611096 1110.720081 
6 0.700685305 825.6482893 
7 0.537885833 633.8145166 
8 0.424267599 499.9331576 
9 0.34235692 403.4142055 

10 0.281611992 331.8357863 
11 0.235448054 277.4387902 
12 0.199614072 235.2140344 
13 0.171281525 201.8285484 
14 0.148516514 175.0035362 
15 0.129964212 153.1425423 
16 0.114654551 135.1024962 
17 0.101879262 120.0488124 
18 0.091112066 107.3613513 
19 0.081955672 96.57197061 
20 0.074105847 87.3221764 
26 0.044167803 52.04486375 
27 0.040988067 48.29804085 
34 0.025941656 30.56819355 
37 0.021926557 25.83702571 
42 0.017036658 20.07504231 
48 0.013056133 15.38461538 
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