
Abstract

CHAVOSHI, SAEED. Maximum Diversity Problem with Nonidentical Facilities. (Under the
direction of Dr. Yahya Fathi.)

In this dissertation we consider the maximum diversity problem with nonidentical facilities
where we seek to locate p nonidentical facilities at some n candidate locations (sites) with a
symmetric distance dij between each pair of sites i and j, so as to maximize an appropriate
measure of diversity between the located facilities. The measure of diversity depends on the
pairwise distance between the located facilities as well as their respective size and/or impact. In
this context, larger or more impactful facilities are usually desired to be located further away
from each other and other existing facilities as compared with smaller or less impactful facilities.
Consequently, we consider a weight wu associated with a facility of type u for u = 1 to k for
the general case of the problem where we have k distinct types of facilities. We then define the
pairwise relative distance between each pair of located facilities as a function of the distance
between them as well as the weight of the two facilities.

In this context we consider two versions of the problem with two distinct objective functions.
In one version we seek to locate p nonidentical facilities at the n given sites, so as to maximize
the minimum pairwise relative distance between the located facilities. We refer to this problem
as the k-type Max-Min Diversity Problem, or the k-MMD problem for short. In the second
version of the problem we seek to locate these facilities, so as to maximize the summation of
the pairwise relative distances, and we refer to this problem as the k-type Max-Sum Diversity
Problem, or the k-MSD problem for short. We then focus on some special cases of these problems
and propose appropriate methods to solve them efficiently.

In particular, we first consider the max-min diversity problem where we only have 2 types of
facilities (i.e., the problem 2-MMD). We introduce a Mixed Integer Linear Programming (MILP)
model to solve this problem as well as an alternative method to solve it more efficiently by
introducing a simpler Integer Linear Programming (ILP) model and solving it iteratively in the
context of a binary search algorithm. We also use the special structure of this ILP model and
propose an efficient method to identify a collection of maximal clique Valid Inequalities (VIs) for
this model. We then present a strategy to add these VIs in the context of a branch and bound
algorithm for solving the ILP model. Subsequently, we present the result of a computational
experiment that presents the effectiveness of our proposed algorithms.



Thereafter, we consider the max-min diversity problem in which we have n distinct-type
facilities to locate at the n given sites. We refer to this problem as the distinct-weight Max-Min
Diversity problem, or the dw-MMD problem for short. We introduce an MILP model for solving
this problem as well as two alternative methods for solving it in a more efficient manner. We
then carry out a computational experiment to observe the efficiency of our proposed methods.
Subsequently, we show that the problem dw-MMD is closely related to the well known symmetric
Quadratic Bottleneck Assignment Problem (QBAP). Correspondingly, we employ the methods
that we used for solving the former problem to solve the latter. Through a computational
experiment we show that this is an effective method for solving the symmetric QBAP as
compared to the existing methods in the literature.

Finally, we consider the max-sum diversity problem where we only have 2 types of facilities
(i.e., the problem 2-MSD), and we propose a nonlinear integer programming model as well as
two integer programming models for solving this problem. We then assess the computational
requirements of these models through an experiment. Afterwards, in order to solve larger
instances of the problem, we propose a constructive greedy heuristic algorithm as well as a
local search heuristic algorithm, and through a computational experiment, we compare the
efficiency of our proposed heuristic methods in terms of their execution time and the quality of
the solutions obtained.
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CHAPTER

1

INTRODUCTION

In this research we consider the maximum diversity problem with nonidentical facilities. In
this context we consider two specific versions of the problem that have been previously studied
for identical facilities. In one version of the problem we seek to locate p nonidentical facilities
at n (n ≥ p) locations, so as to maximize the minimum pairwise relative distance among the
located facilities. We refer to this problem as the max-min diversity problem with nonidentical
facilities. In the second version of the problem we seek a solution in which the summation of
the pairwise relative distances is maximized and refer to this problem as the max-sum diversity
problem with nonidentical facilities.

In Section 1.1 we start by a brief description of the problem and give an outline of this
dissertation. In Section 1.2 we discuss some applications of this problem.
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1.1 Problem statement

The problem of maximizing diversity deals with selecting a proper subset of a given set of
items in such a way that the diversity among the selected items is maximized [Glover et al., 1995].
In the conventional maximum diversity problems we consider the problem of locating p identical
facilities at a selection of n candidate locations (p < n) from the set of candidate locations
N = {1, 2, ..., n} with a symmetric distance dij between each pair of sites i and j in the set N
in order to maximize an appropriate measure of distance among the located facilities. There are
two approaches that are commonly used to define this measure of distance [Kuo et al., 1993,
Prokopyev et al., 2009, Resende et al., 2010]. In the max-min diversity problem this measure is
defined as the minimum distance between each pair of located facilities, and in the max-sum
diversity problem it is defined as the summation or average of all pairwise distances among
them. The objective in both problems is to maximize the measures of distance.

In this research we consider the problem of locating p nonidentical facilities at some n
locations (p ≤ n), so as to maximize an appropriate measure of diversity among the located
facilities. This measure depends on the pairwise distance of the located facilities as well as their
respective size and/or impact. In this context it is usually desirable to locate larger and/or more
impactful facilities further away from each other, as compared with those that are smaller and/or
less impactful. Consequently, we associate a weight to each facility and define the pairwise
relative distance between each pair of located facilities as a function of the distance between
them as well as the weight of the two facilities.

In the general form of the problem we assume that we have k types of facilities with a weight
wu associated with a type u facility for u = 1 to k. The number of type u facilities is denoted
by a positive integer pu, with

∑k
u=1 pu = p ≤ n, and we seek to determine the locations of these

facilities from among the given collection of candidate sites N . In this context, we define the
pairwise relative distance between a type u facility located at position i and a type v facility
located at position j as duvij = wuwvdij .

Again, there are basically two approaches for defining the objective in this context. In one
approach we seek to locate the given collection of facilities, so as to maximize the minimum
pairwise relative distance among the located facilities, and we refer to this problem as the k-type
Max-Min Diversity problem, or the k-MMD problem for short. In the second approach we intend
to locate the facilities, so as to maximize the summation of their pairwise relative distances.
We refer to this problem as the k-type Max-Sum Diversity problem, or the k-MSD problem for
short.
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For either problem, a feasible solution consists of a collection of k mutually exclusive proper
subsets of N , say the subsets γ1, γ2, ..., andγk, with |γu| = pu for u = 1 to k, where each element
in the subset γu represents the location for a type u facility. The objective functions for the
problems k-MMD and k-MSD can then be denoted as fk(γ1, γ2, ..., γk) and gk(γ1, γ2, ..., γk),
respectively and be stated as

fk(γ1, γ2, ..., γk) = min{wuwvdij : u = 1 to k, v = u to k, i ∈ γu, j ∈ γv, i 6= j}

and

gk(γ1, γ2, ..., γk) = ∑k
u=1

∑k
v=u

∑
i∈γu

∑
j∈γv , j 6=iwuwvdij

In either problem we seek a feasible solution, i.e., the subsets γ1, γ2, ..., and γk, that would
maximize the corresponding objective function. In this research we address the problem of
maximizing the objective functions fk(γ1, γ2, ..., γk) and gk(γ1, γ2, ..., γk) for the problems
k-MMD and k-MSD, respectively.

As discussed above, we desire to locate larger (i.e., more impactful) facilities further away
from other facilities. Naturally, the weight wu associated with a type u facility should reflect
its relative size and/or impact. In the problem k-MMD larger or more impactful facilities
should have smaller weights, i.e., coefficients wu, and vice versa. For instance, we can define
wu = 1

su
, where su is a measure of size and/or impact for a facility of type u. In this way, the

pairwise relative distance between any two located facilities, as defined above, would be directly
proportional to their physical distance dij and inversely proportional to their relative size and/or
impact. This would be consistent with the idea that maximizing the minimum pairwise relative
distance should favor locating larger facilities further away from each other, as compared with
smaller facilities.

In the problem k-MSD, on the other hand, larger facilities should be associated with larger
weights, and vice versa. For instance, we can define wu = su in the problem k-MSD. In this way,
the pairwise relative distance between any two located facilities would be directly proportional to
their physical distance dij and their relative size and/or impact. Again, this would be consistent
with the idea that maximizing the summation of pairwise relative distances should favor locating
larger facilities further away from each other, as compared with the smaller facilities.

Both problems k-MMD and k-MSD are NP-hard. This follows from the fact that for the
special case where p1 = p, and pu = 0 for u = 2 to k, the problems reduce to the max-min

3



diversity problem and the max-sum diversity problem, respectively, and these problems are
known to be NP-hard [Kuo et al., 1993, Kuby, 1987, Erkut, 1990, Ghosh, 1996]. The number
of feasible solutions for both problems is equal to n!

(n−p)!p1!p2!...pk! which is clearly quite large
even for modest values of n and p1 through pk. As a result, total enumeration is not a viable
option for solving these problems except for very small instances. In this research we discuss
several effective methods for solving these problems and demonstrate their effectiveness through
computational experiments.

In Chapter 2 we review the background literature of the conventional problems with identical
facilities and review the exact and inexact methods for solving them. In Chapter 3 we study the
special case of the max-min diversity problem where we have only two types of facilities (i.e., the
problem 2-MMD) and propose an effective Integer Programming (IP) model and a corresponding
binary search algorithm for solving the problem. We also carry out a computational experiment
to demonstrate the effectiveness of our proposed method. In Chapter 4 we present an efficient
method of finding the maximal clique Valid Inequalities (VIs) for the pertaining IP models as
well as an efficient strategy for adding these VIs in the context of a branch and bound algorithm.
We also discuss the results of our corresponding computational experiments in this chapter.
In Chapter 5 we discuss the special case of the max-min diversity problem where we have n
distinct types of facilities to locate at n candidate locations. We refer to this problem as the
distinct-weight Max-Min Diversity problem or the dw-MMD problem for short, and propose
several methods to solve the problem. We then discuss the close relationship between the
problem dw-MMD discussed in Chapter 5 and the well known Quadratic Bottleneck Assignment
Problem (QBAP) in Chapter 6 and use the methods that we proposed for solving the former
problem to solve the latter. In Chapter 7 we study the special case of the max-sum diversity
problem where we have only two types of facilities (i.e., the problem 2-MSD) and introduce
several IP models to solve it. In this chapter we also propose a constructive greedy heuristic
algorithm as well as a local search algorithm for solving the larger instances of this problem. In
Chapter 8 we discuss the contributions of this dissertation to the pertaining literature in the
form of a summary of our findings, and we discuss some avenues for future research.

1.2 Applications

For the conventional problem with identical facilities, the problem has been extensively
studied in the open literature, and its various applications are discussed. These applications in-
clude locating nuclear reactors or power plants [Kuby, 1987, Erkut and Neuman, 1989], military
installations [Moon and Chaudhry, 1984, Erkut and Neuman, 1989], missile silos [Erkut, 1990,
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Erkut and Neuman, 1991], oil storage tanks [Kuby, 1987], or traffic sensors [Sayyady, 2012]
among others. The applications of this problem are not limited to the location-based problems,
and there are a number of articles that refer to the applications with nonphysical distances. For
instance, we can refer to designing a portfolio of new products [Saboonchi et al., 2014], market
planning [Keely, 1989], selecting nondominating solutions in a multi-objective decision making
problem [Ravi et al., 1994], selection of people in an advisory board [Erkut, 1990], forming a
committee of university students [Duarte et al., 2018], or papers such as [Swierenga, 1977] that
discuss social problems as an application of the maximum diversity problem.

In many of these applications it is easy to envision situations where the facilities are
nonidentical and that the degree of undesirability of having facilities near each other (and/or
near other existing structures) depends not only on their distance from each other (as well
as from other existing structures), but also on their respective types/sizes. For instance, in
the case of locating pollutant facilities such as medical, hospital, nuclear, or waste disposal
centers, garbage dump sites [Erkut and Neuman, 1989], ammunition dumps [Kuby, 1987], or
nuclear reactor centers, the size of the facility clearly affects the degree of undesirability
of being within a certain distance from it. Same thing would be true for locating radio
transmitters, transmission towers for wireless communication centers, or telecommunication
network centers [Dasarathy and White, 1980, Erkut and Neuman, 1991]. More powerful centers
require a relatively larger distance from other centers to avoid radio interference.

As another application of the maximum diversity problem, we can refer to the problem of
locating branches of fast food companies [Erkut, 1990]. In this example it may not be desirable
to have two branches of a store located close to each other, and we prefer to spread out the
branches in order to maximize the overall profit by satisfying as many customers as we can. In
this application it is easy to envision the case where the branches have different sizes (capability
of serving the customers). Larger branches should be located farther away from other stores
because they can potentially serve more customers. The same applies to locating different stores
of chain hypermarkets, retail corporations, gas stations, and grocery stores.

Another application of this problem arises in the area of locating traffic sensors in highway
networks that has a direct use case for the Federal Highway Administration (FHWA). There
is a huge national investment in the highway structure across the United States that calls
for state-of-the-art pavement design methods. The existing advanced highway design tools
require a comprehensive traffic data for an effective implementation. As also discussed in
[Sayyady and Fathi, 2016], the required traffic data includes the axle load data and vehicle
classification data.

5



A Weigh-In-Motion (WIM) sensor is a relatively expensive data collection technology that
can collect both required traffic data. Traffic counters, on the other hand, are less expensive
data collection technologies that are only capable of collecting the vehicle classification data, and
they have already been installed in numerous locations throughout the highway infrastructure.
However, [Sayyady et al., 2013] showed that locations with similar vehicle classification data
have similar axle loads as well. Therefore, it is preferred that according to the available budget,
we locate a limited number of WIM sensors at some candidate locations (sites with an installed
traffic counter) and predict the axle load data of the other sites based on the similarity of their
vehicle classification data to the vehicle classification data of the sites that we locate a WIM
sensor in them.

As a results, we should locate the WIM sensors at the candidate locations in such a way that
they capture as much diversity/dissimilarity as possible in terms of their vehicle classification
data. It is easy to see that this problem is equivalent to the max-min diversity problem with
identical facilities as also discussed in [Sayyady and Fathi, 2016]. In this article, each candidate
location i is represented by a 10-dimensional vector ti = (ti,1, ti,2, ..., ti,10) containing the
information for the vehicle classification data of site i where the element ti,j in this vector
represents the percentage of vehicles of class j in candidate location i. The Euclidean norm
of the vector ti − tj is then defined as the measure of distance/dissimilarity of the vehicle
classification data between the two candidate locations i and j.

According to [USDOT, 2018], the WIM sensors vary in accuracy of predicting the axle load
on a highway and cost, and each sensor type has advantages and disadvantages that must be
considered during the selection process. The required level of data quality depends on a measure
of accuracy of the WIM sensors that is tied up to the available funding. A higher level of data
quality requires a more precise (i.e., more accurate) WIM sensor. The accuracy of these sensors
ranges from ±3% to ±30%, and higher levels of accuracy would require more expensive sensors.

For instance, a “piezoelectric” sensor with a ±15% accuracy level has an initial installation
cost of $9,000 and an annual maintenance cost of $4,750 in its 4-year lifetime, while a “single
load cell” sensor with ±6% accuracy has an initial installation cost of $48,700 and an annual
maintenance cost of $8,300 in its 12-year lifetime [Bushman and Pratt, 1998]. Using the Net
Present Worth (NPW) method in a 12-year life period and an annual interest rate of 4%, the
NPW of the former sensor with a lower accuracy level is $67,848, while the NPW of the latter
sensor with a higher accuracy level is $126,596.
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We argue that the problem of locating WIM sensors with different accuracy levels at some
candidate locations in the traffic network is equivalent to the max-min diversity problem with
nonidentical facilities. Locating a sensor with a high accuracy level at some candidate location i
is analogous to a well prediction of the axle load of the other candidate locations j for j ∈ N
and j 6= i with similar measure of vehicle classification data, i.e., a reliable prediction of the
axle load of the set of sites {j : j ∈ N, j 6= i, |ti − tj | is “small”}. The smaller the the norm
|ti − tj | gets, the more accurate the prediction of the axle load for the site j becomes.

Therefore, if we locate a high accuracy sensor at site i, we are less likely to locate sensors at
locations similar to it. In this context, the weight wu associated with a type u sensor in the
max-min diversity problem with nonidentical facilities should reflect its impact/accuracy in a
sense that sensors with higher accuracy levels are more impactful thus should be associated
with smaller weights, and vice versa. This application of the max-min diversity problem with
non-identical facilities also shows the necessity of considering geometric datasets where the
candidate locations possess multiple coordinates.
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CHAPTER

2

BACKGROUND

The max-min and max-sum diversity problems that we introduced in Chapter 1 have been
previously studied in the open literature for the special case where all facilities are identical. In
this chapter we give a brief review of this literature. We discuss the problem statement and
some exact (including mathematical models) and inexact methods for solving the max-min and
max-sum diversity problems in respective Sections 2.1 and 2.2.

2.1 The max-min diversity problem

The max-min diversity problem was first introduced by [Shier, 1977] in the literature. In this
paper the p-center problem is considered which is introduced by [Hakimi, 1964], and it is shown
that there is a dual relationship between the p-center problem and the problem of locating p+ 1
facilities on a network, so as to maximize the minimum distance between pairs of located facilities.
This problem was then referred to as the p-dispersion problem in [Kuby, 1987, Erkut, 1990] for
the first time, and its various applications and mathematical models are discussed in this paper.
In some other publications such as [Welch and Salhi, 1997] this problem is referred to as the
obnoxious facility location problem.
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In the max-min diversity problem we have a collection of p identical facilities, and we are
given a set of candidate locations (sites) N = {1, 2, ..., n} with a symmetric distance dij between
each pair of sites i and j in the set N . We then seek to identify p < n sites out of the total
n sites to locate these facilities (one facility per site), so that the minimum of the pairwise
distances between the located facilities is maximized.

For this problem, a feasible solution consists of a proper subset γ of the set N , with |γ| = p,
where each element in this subset represents the location/site for a facility. Note that consistent
with our notation in the previous chapter for the k-type Max-Min Diversity problem, i.e., the
problem k-MMD, we can refer to this problem as the problem 1-MMD. The objective function
for this problem can be written as f1(γ) = mini, j∈γ, i 6=j{dij}. In this problem we seek a feasible
solution, i.e., the subset γ, that maximizes the corresponding objective function.

We can formulate this problem as the following integer programming model. Associated
with each candidate location i in the set N , we define a binary decision variable xi which is
defined as

xi =

1, If a facility is located at site i, for all i ∈ N

0, Otherwise

The max-min diversity problem can then be written as the following nonlinear integer
programming model.

maximize min {dijxixj : i 6= j}

subject to
n∑
i=1

xi = p, (2.1a)

xi = 0 or 1 for all i ∈ N (2.1b)

The objective function of this model is clearly nonlinear. [Kuby, 1987] proposes the following
mixed integer linear programming model for the max-min diversity problem. In the following
model the binary decision variables are defined in the same manner as above.
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ropt = maximize r

subject to r ≤ M(2− xi − xj) + dij for all i, j ∈ N, i < j, (2.2a)
n∑
i=1

xi = p, (2.2b)

xi = 0 or 1 for all i ∈ N (2.2c)

The objective in this model is to maximize r which is the minimum pairwise distance among
the located facilities. In this model M represents a large positive number that we choose it as M
= maxi,j {dij}. The set of constraints in (2.2a) places an upper bound dij on the continuous
decision variable r for all i, j ∈ N such that i < j only if both decision variables xi and xj are
equal to 1, i.e., there is a facility located at both sites i and j. In other words, r is ensured to
be no larger than the minimum of all dij values if their corresponding i and j sites are selected
(i.e., xi = xj = 1), and by maximizing the value of r we seek the largest such value for r that
has this property. Hence the optimal value of r would be equal to the minimum of all such dij
values. The constraint (2.2b) ensures that we locate p facilities in the candidate locations, and
the set of constraints in (2.2c) implies that the decision variables of this model are binary.

The study on exact solution methods for solving the max-min diversity problem starts from
[Kuby, 1987] when the problem is treated in a locational context, and the integer programming
model above is proposed for solving this problem. Followed by that, [Wang and Kuo, 1988]
study the same problem in one and two dimensional space and propose efficient algorithms for
the max-min diversity problem in one dimensional space. Furthermore, [Erkut, 1990] proposes a
branch and bound algorithm to solve this problem, and the author presents a heuristic procedure
for developing an initial lower bound on the objective function.

In another article by [Pisinger, 2006] the max-min diversity problem is decomposed into a
number of clique problems, and it is shown that the answer to the question that whether or
not a clique of size p exists in a graph can be restated as a special case of the dense subgraph
problem, and this problem is equivalent to the max-sum diversity problem. Therefore, this
article solves the instances of the max-min diversity problem by iteratively solving a number of
max-sum diversity problems. The relationship between the two maximum diversity problems is
also discussed in this paper.
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[Sayyady and Fathi, 2016] also propose an effective method for solving the max-min diversity
problem. This method is based on iterative binary search on the intervals of possible values of
pairwise distances such that each interval contains at most one of the dij values. At each iteration,
they solve a simpler integer programming model. Through a comprehensive computational
experiment they show that this approach is more effective than the above method presented by
[Pisinger, 2006] for solving the problem. This method plays a central role in the algorithm that
we propose in Chapter 3 as we discuss it later. Later, [Parreno et al., 2020] address this subject
in comparison to other models in this context and propose a modification to the above method.

All these publications discuss the exact methods for solving the problem 1-MMD in which
the facilities are identical. Later in this dissertation, we propose methods for the case where the
facilities are nonidentical.

There are also several inexact algorithms for solving the max-min diversity problem in the
literature. To name a few, [Lozano et al., 2011] propose an iterated heuristic algorithm that
generates a sequence of solutions by iterating over a constructive greedy heuristic. The efficiency
of this algorithm is also compared to the best so far metaheuristics in this paper. A variable
neighborhood search algorithm in [Saboonchi et al., 2014] and a greedy heuristic procedure in
[Chaudhry et al., 1986] is presented to solve this problem. [Ghosh, 1996] develops a Greedy
Randomized Adaptive Search Procedure (GRASP) and shows its effectiveness by performing
a computational experiment. [Resende et al., 2010] present a GRASP method based on path
re-linking strategies and show that their method is more efficient compared to the existing
heuristic methods. [Erkut et al., 1994] present the results of their empirical comparison for
different heuristic algorithms that are presented for solving the max-min diversity problem.

[Wu and Hao, 2013] propose a hybrid metaheuristic algorithm using a dedicated crossover
operator and a constrained neighborhood tabu search in their paper in order to solve the max-
min diversity problem. Also, in [Wang et al., 2014] they use tabu search to solve this problem.
[Kincaid, 1992] also presents a tabu search method and a simulated annealing metaheuristic
algorithm to solve this problem.

In an article by [Erkut, 1990] a constructive heuristic method for both maximum diversity
problems is presented. In this article a solution is created constructively by adding one facility
after another to the solution under construction. At each iteration, the paper uses the site that
has the greatest impact on the value of the objective function. The algorithm starts with two
sites with the largest distance and terminates when p number of facilities are located.
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In another paper by [Ghosh, 1996] an initial feasible solution is greedily constructed, and
the paper uses search methods to improve the quality of the initial solution using local search in
order to solve the max-min and max-sum diversity problems. In the construction phase, a lower
bound, an upper bound, and an estimate of the contribution of all sites to the final value of the
objective function is calculated. At each iteration, the algorithm selects the site with the largest
contribution estimate. The improvement phase begins at the conclusion of the construction
phase. The neighborhood of a solution in this procedure is defined as the set of all solutions
obtained by moving the facility located in site i to site j with no facility (for all possible values
of i and j). Subsequently, a series of delta values is computed which is the difference in the
objective function between the current solution and its neighbors. At each iteration we move to
the neighbor that results in the maximum delta value, and the algorithm terminates when all
delta values are nonpositive.

[Ravi et al., 1994] show that no polynomial time algorithm can guarantee a solution whose
value of the objective function is less than twice the optimal value for the max-min diversity
problem for any distance metric, unless P = NP.

2.2 The max-sum diversity problem

The max-sum diversity problem is first introduced by [Kuo et al., 1993] where they dis-
cuss numerous applications of this problem and propose different integer programming models
to solve it. This problem has appeared under many different names in the pertaining liter-
ature such as the max-sum dispersion problem [Kuby, 1987, Erkut, 1990, Marti et al., 2010],
the max-avg dispersion problem [Kuby, 1987, Ravi et al., 1994], the edge weighted problem
[Macambira and De Souza, 2000], the remote clique problem [Chandra and Halldorsson, 2001],
the maximum edge weighted subgraph problem [Macambira, 2002], the dense k-subgraph prob-
lem [Feige et al., 2001], p-defense-sum problem [Moon and Chaudhry, 1984, Cappanera, 1999],
and the equitable dispersion problem [Prokopyev et al., 2009].

Similar to the max-min diversity problem, in the max-sum diversity problem we are given a
collection of p facilities and a set of candidate locations (sites) N = {1, 2, ..., n} with a symmetric
distance dij between each pair of locations i and j in the set N . However, in this problem we
intend to identify p < n locations from the set N to locate the facilities (one facility per site),
so that the summation of the pairwise distances among the located facilities is maximized.
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Similar to the problem 1-MMD, in the problem 1-MSD a feasible solution consists of a
proper subset γ of the set N , with |γ| = p, where each element in this subset represents the
location for a facility. Consistent with our notation in the previous chapter for the k-type
Max-Sum Diversity problem, i.e., the problem k-MSD, we refer to this problem as the problem
1-MSD. The objective function for this problem can then be written as g1(γ) = ∑

i, j∈γ, i<j dij .
In this problem we seek a feasible solution, i.e., the subset γ, that maximizes the corresponding
objective function.

As stated earlier, there are different integer programming models proposed in the literature
for solving the max-sum diversity problem using mathematical models [Kuo et al., 1993]. The
set of decision variables for these models are the same as the ones used for the max-min diversity
problem in Section 2.1. The first model can be written as the following Nonlinear Integer
Programming (NLIP) model below which we refer to as the NLIP model.

maximize
n−1∑
i=1

n∑
j=i+1

dijxixj (NLIP)

subject to
n∑
i=1

xi = p, (2.3a)

xi = 0 or 1 for all i ∈ N (2.3b)

The objective in this model is to maximize the summation of all pairwise distances among
the located facilities. The constraint (2.3a) ensures we only locate p facilities in the candidate
locations, and the constraint set (2.3b) implies the binary decision variables of this model.

Using the approach in [Glover and Woolsey, 1974] for converting the zero-one quadratic
programming model above into a zero-one linear programming model, [Kuo et al., 1993] define
a new set of decision variables that represents the quadratic terms in the NLIP model. For all
i, j ∈ N such that i < j, they define a decision variable yij to represent the quadratic term
xixj . Then, they define appropriate constraints to ensure that the decision variable yij takes
the value of 1, only if both binary decision variables in the quadratic term xixj take the value
of 1 (i.e., xi = xj = 1). We refer to the resulting Mixed Integer Linear Programming (MILP)
model as the MILP1 model below.
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maximize
n−1∑
i=1

n∑
j=i+1

dijyij (MILP1)

subject to
n∑
i=1

xi = p, (2.4a)

− xi + yij ≤ 0 for all i, j ∈ N, i < j, (2.4b)

− xj + yij ≤ 0 for all i, j ∈ N, i < j, (2.4c)

xi = 0 or 1 for all i ∈ N, (2.4d)

yij ≥ 0 for all i, j ∈ N, i < j (2.4e)

[Kuo et al., 1993] also propose an alternative integer programming model for this problem
which is based on a transformation introduced in [Glover, 1975]. In the latter article Glover
introduces a number of inequalities to handle a quadratic integer program by introducing new
zero-one and continuous decision variables. In this model a new unrestricted-in-sign decision
variable zi is defined to represent the term xi

∑n
j=i+1 dijxj for each i ∈ N\{n} in order to

transform the objective function to the summation term ∑n−1
i=1 zi. The reason why we do not

have a nonnegativity constraint on the value of the decision variable zi is that since the model
maximizes the summation of these terms, based on the constraints we have in this model, we
would never end up having a negative value for the decision variable zi at the optimal solution.
We then need appropriate linear constraints to account for this representation. Clearly, if xi = 0,
then zi should be equal to zero as well, and if xi = 1, then zi should be equal to the term∑n
j=i+1 dijxj .

Before discussing the mathematical model, we need to define Ui = ∑n
j=i+1 dij as an upper

bound on the value of ∑n
j=i+1 dijxj for all i ∈ N\{n}. We refer to the MILP model obtained

from this transformation as the MILP2 model below.
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maximize
n−1∑
i=1

zi (MILP2)

subject to
n∑
i=1

xi = p, (2.5a)

−Uixi + zi ≤ 0 for all i ∈ N\{n}, (2.5b)

−
n∑

j=i+1
dijxj + zi ≤ 0 for all i ∈ N\{n}, (2.5c)

xi = 0 or 1 for all i ∈ N, (2.5d)

zi ∈ R for all i ∈ N\{n} (2.5e)

In this model the objective is to maximize the summation of zi decision variables which
is a decomposition of the objective function of the NLIP model. In the constraint (2.5a) we
ensure that the number of located facilities is equal to p. The sets of constraints in (2.5b)
and (2.5c) ensure that if xi = 0, the decision variable zi = 0, and if xi = 1, zi = ∑n

j=i+1 dijxj .
Also, the constraints in (2.5d) are the binary constraints. Note that the decision variable zi is
unrestricted-in-sign in this model according to the constraint set (2.5e).

It is shown that the MILP2 model is less computationally intensive compared to the MILP1
model [Marti et al., 2010] when they use the solver of CPLEX. Later, in Chapter 7 in Section
7.1 we discuss that contrary to the observation made in [Marti et al., 2010], we observe that the
MILP1 model is less time consuming compared to the MILP2 model when we use the solver
of Gurobi. Also note that in the MILP1 model although we have the nonnegativity constraint
(2.4e) on the decision variable yij , they end up having a value of either 0 or 1 in the optimal
solution due to the constraint sets (2.4b) and (2.4c).

Other than mathematical models, there are a number of other exact methods for solving
the max-sum diversity problem in the literature. For example, [Pisinger, 2006] introduces fast
upper bounds based on Lagrangian relaxation, semi-definite programming, and reformulation
techniques. In this article the author argues that the bounds obtained from the reformulation
techniques are used because they are tighter and computationally cheaper to derive. The author
also compares his method to the method presented in [Billionnet and Faye, 1997] for solving
the max-sum diversity problem and shows that his method is able to solve larger sized instances
of this problem.
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In another article by [Marti et al., 2010] a branch and bound algorithm is proposed to solve
the max-sum diversity problem. In order to ensure that there is no repetition of the nodes in
their tree, and the number of leaves in the tree is equal to the number of feasible solutions, they
use a unique technique for branching. They use tight upper bounds in their tree by presenting
a number of propositions in their paper. In order to show the effectiveness of their algorithm,
they compare their method with the mathematical model presented by [Kuo et al., 1993].

There are also a number of inexact methods to solve the max-sum diversity problem. To
name a few, [Glover et al., 1998] propose two constructive heuristic procedures to solve this
problem. In the first procedure which is a greedy method, one site is arbitrarily chosen, and
in the next iterations the algorithm chooses the site with the largest impact on the value of
the objective function. The algorithm stops when p facilities are selected. This algorithm is
similar to the algorithm proposed in [Erkut, 1990] except for the first iteration in choosing the
initial site(s). The second procedure; however, is a stingy method that starts with all sites and
removes the site with the least impact on the value of the objective function at each iteration
until there are p facilities remained.

In another paper by [Silva et al., 2004] they present a constructive heuristic algorithm that
estimates the contribution of a site to the value of the objective function in case it is selected.
This estimation is obtained as the summation of the k larger distances between the site and the
other nonselected sites. At each iteration, a restricted list is formed with the k best estimated
sites, and the algorithm randomly selects one of them to be added to the partial solution under
construction. The algorithm terminates when p sites are selected.

In another paper by [Palubeckis, 2007] a constructive heuristic is proposed which is based on
performing the steepest ascent from a point within the n-dimensional unit cube. The algorithm
fixes a variable at either 0 or 1 at each iteration that defines a trajectory through the vertices in
the cube, and terminates when it reaches a feasible solution.

There are also a number of local search algorithms discussed for solving the max-sum
diversity problem in the literature. A local search method is first used by [Erkut, 1990] for
solving this problem which is based on performing the best available exchange in the current
solution. Exchanges in this context consist of exchanging a selected site with a nonselected
one. The best exchange is executed, and the corresponding solution is considered as the new
starting point, and the algorithm stops when there is no improvement possible. After that,
[Ghosh, 1996] uses this local search method in his hybrid heuristic algorithm.
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In another local search algorithm by [Duarte and Marti, 2007] they use a similar idea of the
local search algorithm proposed by [Erkut, 1990]. However, at each iteration, they determine
the site with the least contribution to the objective function and exchange it based on the first
improving move. If there is no improving move, the algorithm terminates.

[Kincaid, 1992] also presents a simulated annealing algorithm for solving this problem.
[Silva et al., 2004] present a GRASP algorithm for this problem using different construction and
local search procedures. [Duarte and Marti, 2007] also use a tabu search method for solving this
problem. In another article by [Marti et al., 2013] there are a number of heuristic algorithms
discussed for solving the max-sum diversity problem.
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CHAPTER

3

THE MAX-MIN DIVERSITY PROBLEM
WITH TWO TYPES OF FACILITIES

In this chapter we consider the max-min diversity problem in a special case where we have
two types of facilities, and we refer to this problem as the problem 2-MMD (i.e., the 2-type
Max-Min Diversity problem). We first start by discussing the problem statement and the
notations used to define this problem. In Section 3.1 we propose an integer programming model
for solving this problem, and in Section 3.2 we discuss an alternative method to solve this
problem more efficiently. We conclude this chapter in Section 3.3 by comparing the results of
our proposed methods through a computational experiment.

An instance of the problem 2-MMD consists of a collection of candidate locations (sites)
N = {1, 2, ..., n}, a symmetric distance dij between each pair of sites i and j in the set
N , two positive integers p1 and p2 representing the number of type 1 and type 2 facilities
(p1 + p2 = p ≤ n), and their associated weights w1 and w2. As stated earlier, if we locate a type
u facility at site i and a type v facility at site j, we can define their pairwise relative distance as
duvij = wuwvdij for all u, v ∈ {1, 2} and i, j ∈ {1, 2, ..., n} such that i 6= j.
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Let γ1 and γ2 be two mutually exclusive proper subsets of the set N (i.e., γ1, γ2 ⊂ N , and
γ1∩γ2 = Ø), with |γ1| = p1, and |γ2| = p2. Each element of the subset γ1 represents the location
for a type 1 facility, and each element of the subset γ2 represents the location for a type 2
facility. Together, γ1 and γ2 represent a feasible solution for the problem of locating the given
collection of facilities at the given sites. The objective function for the problem 2-MMD which
is the minimum pairwise relative distance between the located facilities can then be denoted by
f2(γ1, γ2) and stated as

f2(γ1, γ2) = min {w2
1dij : i, j ∈ γ1, i < j; w1w2dij : i ∈ γ1, j ∈ γ2; w2

2dij : i, j ∈ γ2, i < j}

In the problem 2-MMD we seek a feasible solution, i.e., the subsets γ1 and γ2, that would
maximize the corresponding objective function.

The problem 2-MMD is NP-hard, since the generalized form of it, i.e., the problem k-MMD
is NP-hard as we discussed in Chapter 1. For a given instance of the problem 2-MMD, the
number of feasible solutions for this problem is given as v =

( n
p1

)(n−p1
p2

)
= n!

(n−p)!p1!p2! which is
clearly quite large, even for modest values of n, p1, and p2. For instance, when n = 150, p1 = 10,
and p2 = 5, we have v ≈ 4.88× 1023. Therefore, total enumeration is not a viable option for
solving large instances of this problem.

3.1 An MILP model for solving the problem 2-MMD

In this section we propose a Mixed Integer Linear Programming (MILP) model for the
problem 2-MMD. To this end, we define the following binary decision variables.

xiu =

1, If a facility of type u is located at site i, for all i ∈ N , and u ∈ {1, 2}

0, Otherwise

The problem 2-MMD can then be stated as the following nonlinear integer programming
model.
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maximize min{w2
1dijxi1xj1 : i < j; w1w2dijxi1xj2 : i 6= j; w2

2dijxi2xj2 : i < j}

subject to
n∑
i=1

xi1 = p1, (3.1a)

n∑
i=1

xi2 = p2, (3.1b)

xi1 + xi2 ≤ 1 for all i ∈ N, (3.1c)

xi1, xi2 = 0 or 1 for all i ∈ N (3.1d)

In the above model the objective function is the minimum pairwise relative distance among
the located facilities, and we seek to maximize this function. The constraints (3.1a) and (3.1b)
respectively indicate that we desire to locate p1 number of type 1 and p2 number of type 2
facilities. In the set of constraints in (3.1c) we ensure that at most one facility type is located at
each site. Finally, (3.1d) are the binary constraints.

Following the method used in [Kuby, 1987] for the problem with identical facilities, we
introduce a continuous variable r and rewrite this model as the following MILP model. We refer
to this model as the 2-MILP model.

ropt
2 = maximize r (2-MILP)

subject to r ≤ M(2− xi1 − xj1) + w2
1dij for all i, j ∈ N, i < j, (3.2a)

r ≤ M(2− xi1 − xj2) + w1w2dij for all i, j ∈ N, i 6= j, (3.2b)

r ≤ M(2− xi2 − xj2) + w2
2dij for all i, j ∈ N, i < j, (3.2c)

n∑
i=1

xi1 = p1, (3.2d)

n∑
i=1

xi2 = p2, (3.2e)

xi1 + xi2 ≤ 1 for all i ∈ N, (3.2f)

xi1, xi2 = 0 or 1 for all i ∈ N (3.2g)

In this model M represents a large positive number, and for our computational purposes we
choose it as M = maxi, j {w2

1dij , w1w2dij , w2
2dij}.
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The objective of the 2-MILP model is to maximize the continuous decision variable r which is
the minimum pairwise relative distance among the located facilities. In order for r to be equal to
the minimum pairwise relative distance, it has to be less than or equal to all the pairwise relative
distances formed between the located facilities. The constraint sets (3.2a), (3.2b), and (3.2c)
take care of this issue. Constraints (3.2d), (3.2e), (3.2f), and (3.2g) are the same constraints
used in the previous nonlinear model.

We carried out a computational experiment using this model to solve the problem 2-MMD,
and the results are discussed in Section 3.3.2. Although the method is computationally viable
for relatively small or medium size instances of the problem (e.g., n ≤ 150), its effectiveness
quickly diminishes for larger instances as we show later in this chapter. In the next section we
propose an alternative approach for solving this problem.

3.2 An alternative method for solving the problem 2-MMD

[Sayyady and Fathi, 2016] propose an effective algorithm for solving the max-min diversity
problem with a single type facility that is based on its close relationship with a corresponding
node packing problem on an associated graph. This algorithm iteratively solves a collection
of node packing problems on this graph to find an optimal solution for the max-min diversity
problem. Through an extensive computational experiment they show that their approach is
more effective than other exact methods for solving the problem 1-MMD.

Although we cannot directly use this algorithm to solve an instance of the problem 2-MMD,
we can use similar arguments to design an effective algorithm for solving this problem. To this
end, we construct an associated Integer Linear Programming (ILP) model to maximize the
number of type 1 facilities that can be located on the given sites, while also identifying p2 sites
for the type 2 facilities. In this ILP model we introduce appropriate constraints to ensure that
the pairwise relative distances between every pair of facilities are not larger than a given value `.
Subsequently, we employ an iterative algorithm to carry out a binary search on the value of the
parameter `. Our goal is to find the largest value of ` for which the optimal value of the ILP
model is greater than or equal to p1. At each iteration of this algorithm, we construct and solve
an instance of the above mentioned ILP model for a specific value of the parameter `.
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The decision variables of this ILP model are defined in the same manner as in the 2-MILP
model. As stated above, in this model we have a parameter ` that represents a strict upper
bound on the allowable pairwise relative distance between each pair of located facilities. In order
to emphasize the dependence of this ILP model on the value of the parameter `, we denote it as
the 2-ILP(`) model. This model is shown below.

v(`) = maximize
n∑
i=1

xi1 (2-ILP(`))

subject to xi1 + xj1 ≤ 1 for all i, j ∈ N, i < j such that w2
1dij < `, (3.3a)

xi1 + xj2 ≤ 1 for all i, j ∈ N, i 6= j such that w1w2dij < `, (3.3b)

xi2 + xj2 ≤ 1 for all i, j ∈ N, i < j such that w2
2dij < `, (3.3c)

n∑
i=1

xi2 = p2, (3.3d)

xi1 + xi2 ≤ 1 for all i ∈ N, (3.3e)

xi1, xi2 = 0 or 1 for all i ∈ N (3.3f)

The objective function of the 2-ILP(`) model is the number of type 1 located facilities that
we want to maximize while fixing the number of type 2 located facilities at p2 in the constraint
(3.3d). The set of constraints in (3.3a), (3.3b), and (3.3c) put a strict upper bound on the
allowable pairwise relative distance between each pair of located facilities. The constraint sets
(3.3e) and (3.3f) are the same set of constraints as in the 2-MILP model.

Clearly, the optimal value of this model, i.e., the maximum number of type 1 facilities that
can be located subject to these constraints, depends on the value of the parameter ` thus we
denote it by v(`).

The following proposition is similar to Proposition 1 in [Sayyady and Fathi, 2016], and it
describes the relationship between the optimal value of the problem 2-MMD, i.e., ropt

2 , and the
optimal value of the 2-ILP(`) model, i.e., v(`). Proof for this proposition is quite similar to the
proof for Proposition 1 in [Sayyady and Fathi, 2016], and for brevity, we do not repeat it here.

Proposition 1. If we have `1 and `2 > `1 such that v(`1) ≥ p1 and v(`2) < p1, it follows that
`1 ≤ ropt

2 < `2.

This observation allows us to devise an effective binary search algorithm on the value of the
parameter ` to determine an optimal solution for the problem 2-MMD. We refer to this Binary
search Algorithm as the algorithm 2-AlgB.
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Clearly, the objective function value of any feasible solution for the problem 2-MMD,
including its optimal value, ropt

2 , is equal to the pairwise relative distance duvij between a pair of
located facilities. We can obtain the set of all possible values of the pairwise relative distances
duvij = wuwvdij from the dataset for any given instance of the problem 2-MMD, i.e., from the
distance matrix (dij) and the parameters w1 and w2. Subsequently, we sort the distinct values
of the pairwise relative distances in an ascending order and denote them by h1 < h2 < ... < hK.
Note that the total number of pairwise relative distance values is equal to 3n(n−1)

2 for the
problem 2-MMD, although the number of distinct values, K, might be smaller. The binary
search algorithm, 2-AlgB, can then be stated as follows.

2-AlgB:

Initialization step. Let t1 = 1 and t2 = K.

Iterative step. Let t =
⌈ t1+t2

2
⌉
, and let ` = ht. Then, solve the 2-ILP(`) model. If the model

has no feasible solutions, let a parameter s be equal to zero (i.e., s = 0). Otherwise, let
s = v(`) which is the optimal value of the 2-ILP(`) model. If s ≥ p1, let t1 = t. Otherwise,
let t2 = t− 1.

Termination criterion. Terminate when t1 = t2.

Discussion. The above algorithm is a binary search algorithm thus it terminates after at most
dlog2 Ke iterations.

What we are looking for in the algorithm 2-AlgB is the largest value of the parameter ` for
which the optimal value of the objective function for the 2-ILP(`) model is greater than or equal
to the required number of type 1 facilities (i.e., p1). Our search space is comprised of the sorted
values of the pairwise relative distances h1 through hK (t1 = 1 and t2 = K). We can start by
any of these values, but we choose to start with the median (t =

⌈ t1+t2
2
⌉
) of them. We calculate

the optimal value of the 2-ILP(`) model for ` being the median value (i.e., ht) and see if it is
greater than or equal to p1. If this condition is satisfied, we choose a larger pairwise relative
distance (t1 = t). Otherwise, we set the parameter ` at a smaller value (t2 = t − 1). Either
way, half of the search space is disregarded, and we continue the search on the remaining set of
pairwise relative distance values. The algorithm stops after at most dlog2 Ke iterations when
there is only one pairwise relative distance left in the search space (t1 = t2).
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3.3 Computational experiment

In this section we compare the computational requirements of the two methods that we
proposed in Sections 3.1 and 3.2 using several collections of randomly generated instances and
one group of instances with real data. We start this section by describing these datasets in
Section 3.3.1. Subsequently, we present the results of the experiments in Section 3.3.2 and make
a few observations. All programs are written by the author in Visual Studio C# using IBM
ILOG CPLEX 12.9 libraries to solve the corresponding mathematical models. We performed all
the experiments on a 3.40 GHz, Intel® CoreTM i7-3770 processor with an 8.00 GB of memory
running on a Windows® 10 Education (64-bit).

3.3.1 Datasets

We performed our experiments on four groups of instances (datasets) which we refer to
as the datasets 2DM, US, 10DM, and RAN. In the following we describe how each group of
instances is constructed.

Dataset 2DM (Geometric, 2-dimensional): This dataset is a typical geometric dataset
in the Euclidean planar space as presented in [Erkut, 1990] and [Pisinger, 2006]. In this dataset
for different values of n, we generate n pairs of vertical and horizontal coordinates for the
candidate locations, randomly generated by a uniform distribution with parameters 0 and 100.
We then calculate the Euclidean distance between each pair of sites to obtain the distance matrix
(dij). This dataset is clearly symmetric (i.e., dij = dji) and satisfies the triangular inequality,
since the distance measure between the sites is in accordance with the Euclidean distance.

Dataset US (Geometric, 2-dimensional real data): An instance of size n in this
dataset represents the location of the n most populated cities of the United States. This dataset
is quite similar to dataset 2DM, except that the sites are not randomly distributed and have
concentrations in certain areas of the 2-dimensional space. We obtained the coordinates and
population of these cities using the uscity function in the Matlog toolbox developed at North
Carolina State University by [Kay, 2016]. This function contains the data of the total population
estimates for all the United States cities as of January 1, 2010.

Dataset 10DM (Geometric, 10-dimensional): This dataset is another example of a
geometric dataset except that here we have a 10-dimensional vector instead of only 2 dimensions
for horizontal and vertical coordinates. These values may represent either the coordinates of the
sites in a multi-dimensional space or any other numeric characteristic that they might carry.
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We randomly generate each coordinate of the 10-dimensional vector according to a uniform
distribution between 0 and 100. The distance matrix (dij) is then calculated according to the
Euclidean distance between each pair of sites. This dataset is also symmetric and satisfies the
triangular inequality for obvious reasons.

Dataset RAN (Nongeometric): This dataset is similar to the one used in [Pisinger, 2006].
In this dataset we randomly generate the dij values for each pair (i, j) such that i < j using
the continuous uniform random distribution between 1 and 100, and let dji = dij in order for
the distance matrix (dij) to be symmetric. For each instance, we let dii = 0 for all i ∈ N . This
dataset does not necessarily satisfy the triangular inequality, since the dij values are generated
independently and randomly. It is shown that for several discrete optimization problems, this
dataset can lead to longer execution time for the corresponding algorithms [Lawler et al., 1985]

3.3.2 Results

The results of our computational experiment are presented in Tables 3.1, 3.2, 3.3, and 3.4 for
datasets 2DM, US, 10DM, and RAN, respectively. For each of the randomly generated datasets
in Tables 3.1, 3.3, and 3.4 we generate 5 instances for each size of the problem. We impose a
time limit of one hour (3600 seconds) on the execution time for solving each of the instances.

In each of these four tables the first column represents the instance size, n. We start with
n = 60 and increase the instance size up to n = 200 with steps of 20 to observe the growth in
the execution time of the 2-MILP model. Subsequently, we use steps of 100 up until n = 1000.
The next two columns in these tables represent the values of the parameters p1 and p2. The
column labeled by “2-MILP” shows the average execution time (in seconds) for the 5 instances
per row (i.e., for each size n) when we solve the problem using the 2-MILP model. The column
labeled by “2-AlgB” represents the average execution time (in seconds) for the same 5 instances
per row when we use the binary search algorithm, 2-AlgB, to solve the problem 2-MMD. In
Tables 3.1, 3.3, and 3.4 we report the corresponding standard deviation of the execution time
of the 5 generated instances in parenthesis next to the average execution time. The structure
of Table 3.2 for dataset US is similar to the other tables, except that we do not report any
standard deviation in this table, since we only have one instance per row.
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Table 3.1: Execution time for the 2-MILP model and the algorithm 2-AlgB, dataset 2DM

n
p

2-MILP 2-AlgB
p1 p2

60 4 2 1.1 (0.1) 0.5 (0.1)
80 5 3 3.4 (1.0) 0.8 (0.1)
100 7 3 14.5 (3.0) 1.2 (0.1)
120 8 4 40.4 (8.0) 1.8 (0.1)
140 10 4 132.7 (96.4) 2.7 (0.1)
160 11 5 637.6 (309.7) 4.1 (0.4)
180 12 6 1918.0 (990.7) 4.3 (0.5)
200 14 6 - 6.6 (1.0)
300 21 9 - 10.6 (0.3)
400 28 12 - 23.7 (2.0)
500 35 15 - 39.6 (7.2)
600 42 18 - 111.9 (13.0)
700 49 21 - 187.5 (63.4)
800 56 24 - 570.5 (294.2)
900 63 27 - 3244.6 (1484.4)
1000 70 30 - -
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Table 3.2: Execution time for the 2-MILP model and the algorithm 2-AlgB, dataset US

n
p

2-MILP 2-AlgB
p1 p2

60 4 2 1.3 0.7
80 5 3 2.6 1.1
100 7 3 18.0 1.6
120 8 4 29.2 1.9
140 10 4 1334.3 2.9
160 11 5 1276.5 3.1
180 12 6 2735.4 3.5
200 14 6 - 4.4
300 21 9 - 8.2
400 28 12 - 10.6
500 35 15 - 14.7
600 42 18 - 23.8
700 49 21 - 31.8
800 56 24 - 41.7
900 63 27 - 52.6
1000 70 30 - 65.7
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Table 3.3: Execution time for the 2-MILP model and the algorithm 2-AlgB, dataset 10DM

n
p

2-MILP 2-AlgB
p1 p2

60 4 2 0.6 (0.1) 0.4 (0.1)
80 5 3 2.8 (1.5) 0.9 (0.1)
100 7 3 5.7 (2.2) 1.2 (0.1)
120 8 4 19.0 (3.0) 3.1 (0.8)
140 10 4 29.8 (3.2) 4.2 (0.9)
160 11 5 274.0 (64.5) 7.1 (1.1)
180 12 6 755.8 (385.0) 10.5 (0.8)
200 14 6 910.7 (205.8) 13.2 (3.4)
300 21 9 - 116.4 (20.4)
400 28 12 - 126.1 (106.5)
500 35 15 - 977.0 (666.9)
600 42 18 - -
700 49 21 - -
800 56 24 - -
900 63 27 - -
1000 70 30 - -

Table 3.4: Execution time for the 2-MILP model and the algorithm 2-AlgB, dataset RAN

n
p

2-MILP 2-AlgB
p1 p2

60 4 2 0.7 (0.0) 1.4 (0.2)
80 5 3 2.9 (0.4) 2.4 (0.3)
100 7 3 8.0 (1.8) 9.3 (2.7)
120 8 4 46.3 (11.8) 37.7 (8.9)
140 10 4 170.6 (83.5) 109.7 (3.0)
160 11 5 456.0 (35.7) 396.0 (29.4)
180 12 6 - -
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Based on our experiment, we make the following observations.

1. From the above tables we can observe that the execution time for the algorithm 2-AlgB is
consistently less than the execution time for the 2-MILP model for solving the problem
2-MMD, and the difference between the execution time for the two methods becomes
more significant as we increase the size of the instances. For instance, in Table 3.1 for
the reported instances up to size n = 180 (where both methods terminate within our
allotted time), the average execution time for the 2-MILP model is 392.5 seconds, while
the average execution time for the algorithm 2-AlgB is 2.2 seconds. In this table we can
also observe that if we use the algorithm 2-AlgB, we can solve the instances up to size
n = 900 within the allotted time limit, while we can only solve the instances up to size
n = 180 if we use the 2-MILP model. A similar observation is made for the other datasets
although the magnitude of the difference in the execution time is not the same.

2. We can also observe that the difference between the execution time for the algorithm
2-AlgB and the 2-MILP model is significantly smaller for dataset RAN in Table 3.4. Still,
the algorithm 2-AlgB almost always has a lower execution time compared to the 2-MILP
model in this dataset. For this dataset, on average, we observe an 18.7% reduction in the
execution time when we use the algorithm 2-AlgB, while the comparable reductions for
datasets 2DM, US, and 10DM are 99.4%, 99.7%, and 98.0%, respectively.

In this experiment we choose the values of the integer parameters p1 and p2 such that
p1 + p2 = p = 0.1n, and p1 ≈ 2p2 (which means that we have more facilities of the smaller size
and/or impact). The reason we choose p to be equal to 0.1n is that in another experiment which
will be discussed shortly, we noted that in most cases, the algorithm 2-AlgB has a relatively
higher execution time when p = 0.1n as compared with other values of p, i.e., the corresponding
instances appear to be more difficult to solve via the algorithm 2-AlgB when p = 0.1n. This
observation is consistent with those reported in [Sayyady et al., 2015] in a similar context. To
demonstrate this observation we carried out a separate experiment that we describe below.

In this experiment we solve several instances of the problem with larger and with smaller
values of p, i.e., with p from 0.05n to 0.5n. The result of this experiment is shown in Tables
3.5, 3.6, and 3.7 for three different sizes n = 500, n = 600, and n = 700, respectively. In these
tables the first two columns labeled by “p1” and “p2” represent the number of type 1 and type
2 facilities, respectively. The column next to them is the summation of the first two columns
which is the total number of facilities, and it is labeled by “p = p1 + p2”. The fourth column
represents the ratio p/n, and as we can see, we increase this ratio from 0.05 to 0.50 with steps
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of 0.05. We used dataset 2DM described in Section 3.3.1, and for each value of the ratio p/n,
we created 5 instances and used the algorithm 2-AlgB to solve the instances of the problem
2-MMD. We reported the average execution time (in seconds) along with the standard deviation
in parenthesis next to it in the last column labeled by “2-AlgB”. All programs are written in the
same software packages as before on the same computer.

Table 3.5: Execution time for different p/(n = 500) values

p1 p2 p = p1 + p2 p/n 2-AlgB
17 8 25 0.05 62.0 (3.1)
34 16 50 0.10 68.4 (15.9)
51 24 75 0.15 51.1 (4.7)
68 32 100 0.20 44.3 (20.5)
85 40 125 0.25 41.5 (9.5)
102 48 150 0.30 30.1 (8.7)
119 56 175 0.35 23.5 (7.9)
136 64 200 0.40 16.6 (5.0)
153 72 225 0.45 12.5 (2.2)
170 80 250 0.50 8.7 (1.0)

Table 3.6: Execution time for different p/(n = 600) values

p1 p2 p = p1 + p2 p/n 2-AlgB
20 10 30 0.05 80.8 (4.0)
40 20 60 0.10 118.6 (16.4)
60 30 90 0.15 85.4 (16.4)
80 40 120 0.20 108.8 (47.2)
100 50 150 0.25 71.7 (18.3)
120 60 180 0.30 51.5 (11.9)
140 70 210 0.35 38.6 (6.5)
160 80 240 0.40 34.5 (6.3)
180 90 270 0.45 26.0 (2.1)
200 100 300 0.50 20.2 (3.0)
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Table 3.7: Execution time for different p/(n = 700) values

p1 p2 p = p1 + p2 p/n 2-AlgB
24 11 35 0.05 174.0 (48.5)
48 22 70 0.10 408.9 (77.7)
72 33 105 0.15 342.2 (213.7)
96 44 140 0.20 385.2 (162.0)
120 55 175 0.25 241.5 (61.9)
144 66 210 0.30 222.6 (167.8)
168 77 245 0.35 134.5 (75.8)
192 88 280 0.40 73.5 (14.8)
216 99 315 0.45 43.0 (10.5)
240 110 350 0.50 31.5 (4.1)

Based on our experiment, we make the following observations. These observations are based
on an experiment on dataset 2DM, and we made similar observations for the other datasets.

1. According to these tables, we can observe that when p/n = 0.1, the average execution
time is at its highest. For example, in Table 3.7 when we use the algorithm 2-AlgB to
solve the instances of size n = 700, p = 0.1n = 70 is the row with the maximum execution
time of 408.9 seconds.

2. Although there are fluctuations in the execution time for relatively small values of the
parameter p, the average execution time is monotonically decreasing for values of p/n = 0.2
and higher in all three tables. In Figure 3.1 we plot the execution time of different instance
sizes against the value of the ratio p/n.
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Figure 3.1: Execution time for different p/n values

We also carried out another experiment when setting the number of type 1 facilities (p1)
against the number of type 2 facilities (p2) in order to observe the change in the average execution
time when we change p1 from 1 to 0.1n−1, and p2 = p−p1 accordingly. We used all the datasets
presented in Section 3.3.1 and performed our experiment on different sizes of the problem. We
observed that we cannot find any specific pattern of how time consuming the problem will
become if we change p1 and p2 given that the summation is fixed at p = 0.1n. Therefore, we
decided to use p1 = 2p2 as typical values in all instances that we use in our report.

Also, note that when we solve the 2-ILP(`) models in the algorithm 2-AlgB, we maximize
the number of type 1 facilities while fixing the number of type 2 facilities at p2 in the constraints.
Alternatively, we could construct the model, so as to maximize the number of type 2 facilities,
and in the constraints we could fix the number of type 1 facilities at p1. We carried out another
experiment to observe the effect of this change. Our experiment shows that for all datasets, and
for different sizes of the problem, the average execution time does not change significantly if we
follow the alternative method.
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CHAPTER

4

VALID INEQUALITIES FOR THE
PROBLEM 2-MMD

The 2-ILP(`) model that we introduced in Chapter 3 has structural similarities to the Integer
Programming (IP) model for the node packing problem, also known as the stable set problem,
which is extensively studied in the open literature. For this IP model (i.e., the IP model for
the node packing problem), several families of Valid Inequalities (VIs) are introduced in the
open literature and shown to be quite effective in practice [Wolsey and Nemhauser, 1999]. In
particular, a group of VIs associated with maximal cliques in the corresponding graph are shown
to be facetial VIs for the node packing polytope and quite effective when introduced in the IP
model [Rebennack et al., 2012]. In this chapter we show that similar VIs can be introduced
in the context of the integer programming model 2-ILP(`), and that we can use the special
structure of this model to find such VIs more efficiently (i.e., with less computational effort).

In Section 4.1 we define a graph associated with the 2-ILP(`) model and define the maximal
clique valid inequalities for the 2-ILP(`) model in reference to this graph. In Section 4.2 we
discuss the structural properties of this graph and propose a computationally effective method to
find maximal cliques on this graph. In this section we also discuss the results of a computational
experiment that demonstrates the effectiveness of the method that we propose for finding
maximal cliques in the associated graph. Using this method, in Section 4.3 we present a strategy
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for finding an appropriate subset of the maximal cliques on the associated graph and add the
resulting VIs to the 2-ILP(`) model. In Section 4.4 we discuss the results of a computational
experiment to assess the computational impact of adding the maximal clique valid inequalities.

4.1 A graph G associated with the 2-ILP(`) model

In this section, associated with the 2-ILP(`) model which we presented in Section 3.2, we
define an associated graph G = (V, E) in the following manner.

For each pair of variables xi1 and xi2 for i = 1 to n defined in Section 3.1, we define two
vertices v1

i and v2
i , respectively. Let V1 = {v1

1, v
1
2, ..., v

1
n} and V2 = {v2

1, v
2
2, ..., v

2
n}, and let

V = V1 ∪V2. There is an edge between two vertices in this graph if there is a constraint among
the constraint sets (3.3a), (3.3b), (3.3c), and (3.3e) in the 2-ILP(`) model that includes both
associated variables. More specifically, the edge set E consists of 3 groups of edges E1, E2, and
E12 associated respectively with the constraint sets (3.3a), (3.3b), and [(3.3c), (3.3e)] in the
2-ILP(`) model as defined below.

E1 = {e1
ij = (v1

i , v
1
j ) | xi1 + xj1 ≤ 1; for all i, j ∈ N, i < j such that w2

1dij < `}

E2 = {e2
ij = (v2

i , v
2
j ) | xi2 + xj2 ≤ 1; for all i, j ∈ N, i < j such that w2

2dij < `}

E12 = {e12
ij = (v1

i , v
2
j ) | xi1 + xj2 ≤ 1; for all i, j ∈ N such that w1w2dij < `}

Correspondingly, let E = E1 ∪ E2 ∪ E12. Note that the edges e1
ij ∈ E1 connect vertices in

the set V1 to one another, and the edges e2
ij ∈ E2 connect vertices in the set V2 to one another.

Each edge e12
ij ∈ E12 has one end in the set V1 and the other end in the set V2, i.e., connects a

vertex in the set V1 (i.e., vertex v1
i ) to a vertex in the set V2 (i.e., vertex v2

j ). Note that the
edge sets E1, E2, and E12 depend on the parameter `, i.e., their elements change as we change
the value of the parameter ` in a 2-ILP(`) model, but the vertex sets V1 and V2 associated with
this model remain the same for all values of the parameter `.

Let G1 = (V1,E1) and G2 = (V2,E2). The graphs G1 and G2 are subgraphs of the larger
graph G. A schematic view of the subgraphs G1, G2, and the graph G is shown in Figure 4.1
below.
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Figure 4.1: A schematic view of the graphs G1, G2, and G

Note that the constraint sets (3.3a), (3.3b), (3.3c), and (3.3e) in the 2-ILP(`) model are
similar to the node packing constraints on the graph G, i.e., each constraint states that at
most one of the two connected vertices in the graph G can be in any feasible solution. All VIs
associated with the node packing problem on the graph G are also VIs for the 2-ILP(`) model.
In particular, the VIs associated with the maximal cliques in this graph would be facetial VIs
for the corresponding polytope, and they can be effective if used in the context of solving the
2-ILP(`) model.

In the remainder of this chapter we discuss effective methods to identify (Section 4.2) and
add (Section 4.3) these VIs to the 2-ILP(`) model. Subsequently, we carry out a computational
experiment to assess their impact on the execution time required to solve the 2-ILP(`) model.

4.2 Finding a maximal clique in the the graph G

In order to find a maximal clique for any given graph Ḡ = (V̄, Ē), we can use the following
procedure which we refer to as the Procedure C, or the ProcC for short.
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ProcC:

Initialization step. Set Q = Øand Λ = V̄.

Iterative step. While Λ 6= Ø, do:

1. Choose an arbitrary vertex ν from the set Λ.

2. Set Q = Q ∪ {ν}.

3. Form the set λ which is the set of vertices in the set V̄\Q that are connected to the
arbitrarily chosen vertex ν in step 1.

4. Set Λ = Λ ∩ λ.

Termination Criterion. The algorithm stops when Λ = Ø.

In this algorithm we define the maximal clique set Q under construction and initialize it as
Q = Ø. We also define the set Λ as the set of common neighbors of the vertices in the set Q and
initialize it as Λ = V̄. The set of neighbors of a vertex v is defined as the set of vertices that are
connected (adjacent) to the vertex v. Consequently, common neighbors of a set of vertices is
defined as the set of vertices that are adjacent to all the vertices in this set. In an iterative step
we choose an arbitrary vertex ν from the set Λ and add it to the set Q. Then, we set Λ = Λ ∩ λ
in which λ is the set of vertices in the set V̄\Q that are connected to the arbitrarily chosen
vertex ν, i.e., each time a vertex is added to the set Q, all the vertices in the set Λ that are
not neighbors with the vertex ν (i.e., the vertices in the set Λ\λ) are removed from the set Λ.
We halt when Λ = Ø, i.e., we terminate the algorithm when there is no vertex in the set V̄\Q
which is a common neighbor of the set of vertices in Q.

In order to identify a maximal clique in the graph G = (V, E) associated with the 2-ILP(`)
model, we can directly employ the ProcC. We refer to the procedure that applies the ProcC on
the graph G = (V, E) as the ProcC1.

ProcC1: Apply the ProcC on the graph G in order to obtain a maximal clique Q in the graph
G.

In order to add the valid inequalities associated with the maximal cliques in the graph G
to the 2-ILP(`) model, we first need to find the corresponding maximal cliques on this graph.
The time it takes to find a maximal clique in a given graph grows rapidly with the increase
in the number of vertices in the graph. Note that the graph G = (V, E) contains |V| = 2n
vertices. As an alternative method for finding a maximal clique in the graph G, instead of using
the ProcC1, we can exploit the special structure of the graph G to devise a more efficient (less
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time consuming) method for finding a maximal clique in this graph. To this end, we make the
following observations.

Observation 1. If vertices v1
i and v1

j are connected (in the graph G1), it follows that there is a
clique of size 4 in the graph G that consists of the vertices {v1

i , v1
j , v2

i , v2
j }.

Proof. Consider four vertices v1
i , v1

j , v2
i , and v2

j in the graph G in Figure 4.2 below.

Figure 4.2: Observation 1

If vertices v1
i and v1

j (in the graph G1) are connected, i.e., if e1
ij ∈ E1 (thick solid line in

Figure 4.2), it implies that we have the constraint xi1 + xj1 ≤ 1 in the 2-ILP(`) model, and
we can conclude that w2

1dij < `. Given that w1 > w2 from our assumptions in Section 1.1, it
follows that:

1. w1w2dij < `. This implies that we have the constraint xi1 +xj2 ≤ 1 in the 2-ILP(`) model,
which means that e12

ij ∈ E; therefore, vertex v1
i (in the graph G1) is connected to the vertex

v2
j (in the graph G2). Similarly, it implies that we have the constraint xi2 + xj1 ≤ 1 in the
model, which means that e12

ji ∈ E thus vertex v1
j (in the graph G1) and vertex v2

i (in the
graph G2) are connected. Edges e12

ij and e12
ji are shown by dashed lines in Figure 4.2.

2. w2
2dij < `. This implies that we have the constraint xi2 + xj2 ≤ 1 in the 2-ILP(`) model.

Therefore, e2
ij ∈ E2 (dashed line in Figure 4.2) which shows that vertices v2

i and v2
j (in the

graph G2) are connected.
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There is also a set of constraints in the 2-ILP(`) model that prevents us from locating a
facility of type 1 and 2 simultaneously on a single site. This conflicting constraint is represented
as the constraint xi1 + xi2 ≤ 1 in the 2-ILP(`) model which shows that e12

ii ∈ E for all i ∈ N ;
therefore, vertex v1

i (in the graph G1) and vertex v2
i (in the graph G2) are connected. Similarly,

vertex v1
j (in the graph G1) is connected to the vertex v2

j (in the graph G2). These two edges
are shown by solid lines in Figure 4.2. As a result, the vertices in the set {v1

i , v
1
j , v

2
i , v

2
j } form a

clique of size 4 in the graph G.

We can generalize this idea to cliques of higher sizes in the graph G1 and make the following
observation. In this observation, without loss of generality, we assume that we have a clique of
size q among the vertices v1

1, v1
2, ..., v1

q (in the graph G1). We refer to this vertex set as the
clique set Q1 = {v1

1, v
1
2, ..., v

1
q} in the graph G1 and define the clique set Q2 in the graph G2 as

Q2 = {v2
1, v

2
2, ..., v

2
q}.

Observation 2. If we have a clique of size q in the graph G1, say the clique set Q1 =
{v1

1, v
1
2, ..., v

1
q}, there is a clique of size 2q in the graph G that consists of the vertices in the set

Q1 plus the vertices in the corresponding set Q2 = {v2
1, v

2
2, ..., v

2
q}.

Proof. (by contradiction) Assume that the vertices in the set Q1 = {v1
1, v

1
2, ..., v

1
q} form a clique

(of size q in the graph G1), but the set of vertices {vui ; for i ∈ {1, 2, ..., q} and u ∈ {1, 2}} do
not form a clique (of size 2q in the graph G). The maximal clique set Q1 is shown by thick solid
lines in Figure 4.3. As a result, there is at least one missing edge between these 2q vertices
shown in Figure 4.3. The missing edge is either an edge in the clique set Q1 (thick solid lines in
Figure 4.3), or an edge in the set Q2 (dot dashed lines in Figure 4.3), or an edge with one end
in the clique set Q1 and the other end in the clique set Q2 (dashed lines in Figure 4.3).

Figure 4.3: Observation 2
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Case 1 contradicts the assumption of having a clique of size q among the vertices in the
clique set Q1 (in the graph G1).

In case 2, without loss of generality, assume that the missing edge is an edge that connects
vertices v2

1 and v2
2 (in the graph G2). If these two vertices are not connected, according to

Observation 1, we can conclude that the vertices v1
1 and v1

2 (in the graph G1) are also not
connected because otherwise, their associated vertices in the graph G2 would have been connected.
This contradicts our assumption of having a clique of size q among the vertices in the clique set
Q1.

Assuming case 3 holds, the missing edge cannot be an edge e12
ij with i = j, since e12

ii ∈ E12

always holds. Therefore, without loss of generality, assume that the missing edge is an edge
between the vertices v1

1 and v2
2. As a result, according to Observation 1, we can conclude that

vertices v1
1 and v1

2 are not connected because otherwise, the result would have been a clique of
size 4 including the vertices in the set {v1

1, v
1
2, v

2
1, v

2
2} which is not true in case 3. Therefore,

case 3 also contradicts our assumption of having a clique of size q among the vertices in the set
Q1.

Accordingly, all vertices in the set {vui ; for i ∈ {1, 2, ..., q} and u ∈ {1, 2}} (i.e., the vertices
in the set Q = Q1 ∪Q2) are connected to each other thus they form a clique of size 2q in the
graph G.

In Observation 2 we noticed that if we find a maximal clique of size q in the subgraph G1,
say Q1 = {v1

1, v
1
2, ..., v

1
q}, we can straightforwardly extend it by adding the vertices in the set

Q2 = {v2
1, v

2
2, ..., v

2
q} to the clique set Q1 in order to obtain a larger clique with a size twice as

large as the initial clique, i.e., the set Q = Q1 ∪Q2. The clique found using this observation
(i.e., the clique set Q) is not necessarily maximal for the graph G. In order to determine whether
or not the clique set Q is maximal, for every other vertex in the graph G (i.e., every vertex in
the set V\Q), we need to check whether or not they are connected to all the vertices in the set
Q. It turns out that because of the special structure of the graph G, we can devise a faster
method to make this determination. To this end, we make the following two observations.

Observation 3. Consider a proper subset Ω1 of the vertex set V1, say Ω1 = {v1
1, v

1
2, ..., v

1
ω},

and define Ω2 = {v2
1, v

2
2, ..., v

2
ω} accordingly. If a vertex v2

i for any i = ω + 1 to n is connected
to all vertices in the set Ω1, it is connected to all the vertices in the set Ω2 as well.

Proof. In Figure 4.4 consider vertex v2
i (in the graph G2) for any i = ω + 1 to n, and assume it

is connected to vertex v1
j for all j = 1 to ω (solid lines in Figure 4.4).
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Figure 4.4: Observation 3

It follows that xi2 + xj1 ≤ 1; therefore, w1w2dij < `. Since w1 > w2, we conclude that
w2

2dij < `, and it follows that xi2 + xj2 ≤ 1 (i.e., e2
ij ∈ E2), and vertex v2

i is connected to vertex
v2
j for all j = 1 to ω, i.e., all vertices in the set Ω2 (dot dashed lines in Figure 4.4).

Observation 4. Consider the maximal clique set Q1 = {v1
1, v

1
2, ..., v

1
q} in the graph G1 and

its corresponding clique set Q2 = {v2
1, v

2
2, ..., v

2
q} in the graph G2. The set Q = Q1 ∪Q2 is a

clique set in the graph G (Observation 2). For every vertex ν ∈ V2\Q2, if it is connected to all
vertices in the set Q1, it can be added to the clique set Q to obtain a larger clique set Q ∪ ν.

Proof. In order to identify a maximal clique using the clique found in Observation 2 (i.e., the
clique set Q = Q1 ∪Q2), for every vertex ν ∈ V\Q, if it is connected to all the vertices in the
clique set Q, it can be added to the clique set Q to obtain a clique with one more vertex.

First of all, we know that the set Q1 consists of vertices that form a maximal clique in the
graph G1. Therefore, instead of checking the connectivity of each of the vertices in the set V\Q
to all the vertices in the clique set Q, we only need to check that if each of the vertices in the
set V2\Q = V2\Q2 is connected to all the vertices in the clique set Q.

Also, according to Observation 3, if a vertex in the set V2\Q2 is connected to all the vertices
in the set Q1, it would be connected to all the vertices in the set Q2 as well; therefore, we can
further restrain the search procedure by not checking the connectivity of each of the vertices in
the set V2\Q2 to all the vertices in the set Q, but to only all the vertices in the set Q1 as shown
in Figure 4.5.
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Figure 4.5: Observation 4

Based on these observations, we can devise an effective (less time consuming) method to find
a maximal clique in the graph G. We refer to this procedure as the ProcC2 as an alternative
method for the ProcC1 and present the steps of this procedure in the following. An input to
this procedure is a maximal clique set Q1 in the graph G1 found by applying ProcC on the
graph G1. Without loss of generality, we assume Q1 = {v1

1, v
1
2, ..., v

1
q}. We can apply the ProcC

to the graph G1 in order to find such maximal cliques.

ProcC2:

1. Given the maximal clique set Q1 = {v1
1, v

1
2, ..., v

1
q} (in the graph G1) found using ProcC,

add the elements of the set Q2 = {v2
1, v

2
2, ..., v

2
q} (in the graph G2) to it in order to obtain

the clique set Q = Q1 ∪Q2 in the graph G (Observation 2).

2. For every vertex v2
j ∈ V2\Q2 = {v2

q+1, v
2
q+2, ..., v

2
n}, if v2

j is connected to all vertices in
the set Q1, i.e., if e12

ij ∈ E12 for all i = 1 to q, then add vertex v2
j to the set Q to obtain a

larger clique set Q ∪ {v2
j } (Observation 4).

To summarize the steps of the ProcC2, we take a maximal clique set Q1 of size q in the
subgraph G1 as input, and in step 1, without much effort we obtain the larger clique set Q of
size 2q in the graph G using Observation 2. In step 2, we take the clique set Q obtained in step
1 and enlarge it by adding additional vertices to it until its corresponding clique in the graph G
becomes maximal using Observation 4.
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In the following we discuss the results of a computational experiment in which we compare
the execution time for finding a maximal clique in the graph G using the two procedures ProcC1
and ProcC2. Since the execution time for finding a single maximal clique using both methods
is very small, we repeat both methods for 1000 times and report the total execution time for
finding a thousand random maximal cliques using both methods. Another reason why we choose
to repeat the process for a thousand times is that since the vertices are randomly chosen in the
steps of the ProcC, the procedure that we use within both procedures ProcC1 and ProcC2, we
end up having maximal cliques of different sizes. Since larger maximal cliques take more time
to be found compared to the smaller ones, we run each of the two procedures for 1000 times in
order to reduce the impact of the size of the maximal cliques.

When we want to create the pertaining graphs using the conflict constraints in the 2-ILP(`)
model, an important measure that determines the density of the graphs is the parameter `. The
larger the value of the parameter ` gets, the more the conflict constraints become active in the
2-ILP(`) model. Therefore, increasing the value of this parameter causes having more edges
in the pertaining graphs. As a result, we perform our experiment for different values of the
parameter ` in order to capture any special behavior that is a result of altering this parameter.
The value of the parameter ` can be selected from the sorted set {h1, h2, ..., hK} which is the
ordered distinct weighted distances obtained from the distance matrix (dij) and the vector of
weights w = [w1, w2]. Therefore, in our experiment we choose different values of the parameter
` within the range of this ordered set.

The results of our computational experiment is given in Table 4.1. We use dataset 2DM
defined in Section 3.3 and perform our experiment for different large sizes of the problem, i.e.,
n = 300, n = 500, n = 700, and n = 900. For each instance size, we run the program for different
values of the parameter ` that are shown in the first column of this table. For each combination
of the instance size and the parameter `, we create 5 instances and report the average execution
(in seconds) time for the two different maximal clique finding procedures ProcC1 and ProcC2.
The execution time for the procedures ProcC1 and ProcC2 is reported in two separate columns
for each instance size, and the standard deviation is also reported in parenthesis next to it. The
last row in this table represents the average execution time for all values of the parameter ` for
each instances size and each method.

All programs in this section are written by the author in Python 3.7, and we use the same
computer as we used for for our experiments in the previous chapter.
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Table 4.1: Execution time for the procedures ProcC1 and ProcC2

`
n = 300 n = 500 n = 700 n = 900

ProcC1 ProcC2 ProcC1 ProcC2 ProcC1 ProcC2 ProcC1 ProcC2
0 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
10 0.5 (0.0) 0.0 (0.0) 1.4 (0.1) 0.0 (0.0) 2.8 (0.1) 0.0 (0.0) 4.6 (0.1) 0.1 (0.0)
20 4.2 (0.2) 0.1 (0.0) 13.2 (0.6) 0.1 (0.0) 27.3 (0.3) 0.2 (0.0) 49.4 (0.5) 0.3 (0.0)
30 10.3 (0.3) 0.2 (0.0) 33.1 (0.6) 0.4 (0.0) 70.8 (0.5) 0.6 (0.0) 128.2 (0.8) 1.0 (0.0)
40 16.6 (0.9) 0.4 (0.0) 53.8 (0.7) 0.9 (0.1) 118.9 (0.7) 1.7 (0.1) 204.4 (1.0) 2.8 (0.0)
50 22.5 (0.8) 0.7 (0.0) 71.8 (0.9) 1.8 (0.1) 155.9 (1.7) 3.4 (0.1) 271.4 (2.5) 5.6 (0.1)
60 26.7 (0.9) 1.1 (0.1) 82.4 (1.1) 3.1 (0.2) 181.5 (1.9) 5.9 (1.1) 313.4 (2.9) 9.3 (0.1)
70 29.6 (0.8) 1.6 (0.1) 91.2 (1.4) 4.6 (0.4) 201.8 (2.3) 8.5 (0.7) 344.6 (3.0) 14.8 (0.2)
80 32.5 (0.7) 2.2 (0.1) 101.8 (1.5) 6.5 (0.5) 222.6 (2.8) 12.2 (0.9) 385.3 (3.1) 22.1 (0.2)
90 36.2 (0.9) 2.9 (0.1) 112.5 (1.7) 8.6 (0.5) 250.6 (2.8) 16.8 (0.9) 427.5 (2.8) 31.3 (0.4)
100 40.2 (1.1) 3.7 (0.2) 124.7 (2.0) 11.2 (0.5) 274.1 (2.5) 22.6 (1.6) 476.7 (2.9) 39.8 (0.8)
110 43.7 (1.3) 4.4 (0.2) 134.3 (1.7) 13.4 (0.5) 297.5 (2.4) 26.5 (1.1) 515.7 (2.5) 46.7 (1.3)
120 46.2 (1.2) 4.8 (0.2) 142.7 (1.1) 14.8 (0.3) 313.6 (1.2) 29.6 (1.4) 552.3 (2.2) 50.8 (0.6)
130 47.5 (0.4) 5.1 (0.1) 147.2 (0.6) 15.6 (0.1) 327.1 (0.6) 31.4 (1.3) 576.0 (2.0) 53.1 (0.2)
140 48.0 (0.3) 5.1 (0.1) 148.8 (0.4) 15.8 (0.1) 330.6 (0.5) 31.8 (1.7) 579.7 (1.5) 54.0 (0.1)
Avg 27.0 2.1 83.9 6.5 185.0 12.8 321.9 22.1

Based on the experiment in Table 4.1, we can observe that the ProcC2 is consistently less
time consuming compared to the ProcC1 regardless of the size of the problem. On average, we
observe a 92.7% reduction in the execution time of finding a maximal clique. Also, this gap
slightly increases with an increase in the size of the problem. Furthermore, for all sizes, the gap
between the two methods becomes more significant when ` = 20, and the gap gradually decreases
when ` becomes larger. For instance, comparing the cases when ` = 20 to when ` = 140, the
average reduction in the execution time decreases from 99.0% to 90.0% when n = 900. We
performed this experiment for other datasets as well and made similar observations.

Again, note that the execution time reported in Table 4.1 is the time required for finding
1000 random maximal cliques using the two different procedures ProcC1 and ProcC2, and
the total number of maximal cliques in the corresponding graph G is not considered in this
experiment. However, the ultimate goal in this chapter, as stated earlier, is to devise a strategy
to efficiently find an appropriate subset of the maximal cliques in the graph G, so that we can
add the resulting valid inequalities to the 2-ILP(`) model and solve them, hopefully with less
execution time, and thus solve the instances of the problem 2-MMD faster.
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In general, the number of maximal cliques in a graph G can be extremely large. Therefore,
adding the corresponding valid inequalities for all maximal cliques might not be a computationally
viable task. Previous studies show that introducing a subset of these VIs, however, could be
computationally effective and helpful to reduce the computational requirement of the B&B
algorithm for solving the integer programming model 2-ILP(`). In the next section we present a
strategy to find an appropriate subset of all maximal cliques in the graph G, and of course find
each of these maximal clique in an efficient manner using our proposed procedure ProcC2.

4.3 A strategy for adding the maximal clique valid inequalities

It is well known that the total number of maximal cliques for any given graph (including
the graph G presented in Section 4.1) rapidly grows with the number of vertices in the graph.
[Miller and Muller, 1960] and [Moon and Moser, 1965] independently determined the maximum
number of maximal cliques for any given graph Ḡ = (V̄, Ē) as a function of the number of
vertices in this graph. Denoting this function as η(V̄), and assuming |V̄| ≥ 2, we have

η(V̄) =


3

|V̄|
3 , if |V| ≡ 0 (mod 3)

4× 3
⌊ |V|

3

⌋
−1, if |V| ≡ 1 (mod 3)

2× 3
⌊ |V|

3

⌋
, if |V| ≡ 2 (mod 3)

For instance, in a 2-ILP(`) model with n = 30, in the worst case, the maximum number
of maximal cliques in the pertaining graph with 2n = 60 vertices is equal to 3 60

3 ≈ 3.5 × 109

which is clearly very large. Therefore, depending on the value of the parameter `, we might have
billions of maximal cliques for the graph associated with a 2-ILP(`) model for a relatively small
size of the problem. Therefore, adding all the VIs corresponding to the maximal cliques in the
graph G to the 2-ILP(`) model would make the number of constraints in this model excessively
large, and the execution time required to solve the corresponding LP relaxation (in the context
of a branch and bound algorithm) becomes excessively large. As a result, adding all maximal
clique valid inequalities to the 2-ILP(`) model would be prohibitively time consuming.

Furthermore, finding all maximal cliques in the graph G can itself be a time consuming task.
The Bron–Kerbosch algorithm is an enumeration algorithm for finding maximal cliques in an
undirected graph [Bron and Kerbosch, 1973]. The worst case complexity of the Bron–Kerbosch
algorithm with a pivot strategy that minimizes the number of recursive calls made at each step
is in the order of O(3 n

3 ) for a graph with n vertices [Tomita et al., 2006]. A computational

44



experiment in this paper also shows that finding all the maximal cliques in a graph is a time
consuming task, and it is impractical to find all the maximal cliques even for graphs with small
number of vertices.

We also carried out a computational experiment to see how time consuming it is in practice to
find all the maximal cliques in the graph G corresponding to a 2-ILP(`) model. In our experiment
we used the NetworkX package presented by [Hagberg et al., 2008] using Python 3.7. The maxi-
mal clique finding method in this package is based on the algorithm in [Bron and Kerbosch, 1973]
as adapted by [Tomita et al., 2006] and discussed in [Cazals and Karande, 2008]. The method
essentially unrolls the recursion used in the references to avoid issues of recursion stack depth.
In this experiment, we used the same 5 instances used in Table 4.1 for size n = 700 and tried
to find all maximal cliques in the corresponding graph G for different values of the parameter
`. We set the time limit to be one hour (3600 seconds) for each of the instances and observed
that for ` = 30 to 90, although millions of maximal cliques were found in the allotted time limit,
the algorithm did not terminate in one hour, i.e., not all the maximal cliques were found in the
allotted time limit. However, for other values of the parameter `, although the algorithm did
terminate in the allotted time limit, the execution time was excessively high.

In order to keep the execution time for solving the corresponding LP relaxation (in the context
of a branch and bound algorithm) when adding these VIs to manageable levels, while benefiting
from the impact of the maximal clique valid inequalities on the branch and bound algorithm, we
employ a strategy to use only a subset of such VIs. To this end, we use an algorithm previously
used by [Saffari, 2019] in the context of the node packing problem. Following [Saffari, 2019], we
refer to this algorithm as the Maximal Clique Finder (MCF) algorithm. Through a computational
experiment, [Saffari, 2019] shows that using this algorithm could be quite effective in reducing
the execution time of the branch an bound algorithm for solving the corresponding IP model.
This algorithm is presented in the context of the integer programming model for the node
packing problem, and we use it to find a subset of maximal cliques in the graph G1. Afterwards,
we present a strategy that pairs this algorithm with the procedure we presented in Section
4.2 (i.e., the ProcC2) to find a subset of maximal cliques in the larger graph G, but prior to
presenting the strategy, we include a description of the MCF algorithm for completeness and
change a few of its notations in order for it to be well adapted to our notations in this chapter
for the graph G1.

At iteration t of the MCF algorithm, a global set Q1
t is introduced that forms a maximal

clique in the graph G1 found at iteration t. The algorithm begins by letting Q1
t be an empty set

and expands it by applying a recursive procedure to V1 and its succeeding induced subgraphs to
search for larger complete subgraphs until a maximal clique is obtained. The algorithm terminates
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when each edge of the graph is in at least one of the identified maximal cliques. For convenience,
let the set of neighbors of vertex v1

j ∈ V1 be defined as N(v1
j ) = {v1

k : e1
jk ∈ E1, k ∈ N}, i.e., N(v1

j )
includes all vertices that are connected to v1

j in the graph G1. Let E′1 = Ø where E′1 includes all
edges in the edge set E1 that are in an identified maximal clique up to the current iteration. Let
the updated set of neighbors of vertex v1

j ∈ V1 be defined as N′(v1
j ) = {v1

k : v1
k ∈ N(v1

j ), e1
jk /∈ E′1},

and let the updated degree of each vertex v1
j ∈ V1 be defined as d′(v1

j ) = |N′(v1
j )|, i.e., the

number of edges that are not in any of the identified maximal cliques up to the current iteration
and are connected to v1

j . Let use ∆ to denote the collection of all maximal cliques that are
found by the algorithm. The MCF algorithm is described as follows. In steps 1.2 and 1.4 where
the algorithm selects a vertex, if there is a tie, it chooses the vertex with smaller index.

MCF Algorithm:

Initialization step. Set ∆ = Ø

Iterative Step. At iteration t:

1. Find a maximal clique.

1.1. Create a set Q1
t , and set it as Q1

t = Ø.
1.2. Find the vertex v1

j which has the maximum updated degree (d′(v1
j )) in the graph

G1. Add vertex v1
j to the set Q1

t .
1.3. Find the intersection of the neighbors of each vertex in the current set Q1

t , i.e.,⋂
v1

k
∈Q1

t
N(v1

k). If ⋂v1
k
∈Q1

t
N(v1

k) = Ø, go to step 2. Otherwise, go to the next step.
1.4. Find the vertex v1

l ∈
⋂
v1

k
∈Q1

t
N(v1

k) which has the maximum updated degree
(d′(v1

l )) in the graph G1 among all vertices in ⋂v1
k
∈Q1

t
N(v1

k). Add vertex v1
l to

the current set Q1
t . Go to step 1.3.

2. Update the algorithm’s parameters.

2.1. Add Q1
t to the collection ∆.

2.2. Update E′1, i.e., let E′1 ← E′1 ∪ E1(Q1
t ) where E1(Q1

t ) is the set of all edges of
the maximal clique Q1

t . If E′1 = E1, terminate the algorithm.
2.3. Update d′(v1

i ) for all v1
i ∈ V1. Let t← t+ 1.

2.4. Go to step 1.1.

The above algorithm clearly terminates after a finite number of iterations, since at each
iteration of the algorithm, we add at least one edge of the graph G1 to the set E′, and the set
E1 is a finite set, i.e., there are only a finite number of edges in the graph G1.
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At each iteration of the method that uses the MCF algorithm to add maximal clique valid
inequalities to the IP model of the node packing problem, a maximal clique is found on the
corresponding graph. Then, the corresponding valid inequality is added to the IP model at the
root node, and the constraints associated with each edge of this clique is removed from the
model. This procedure continues until every edge of the original graph is covered (replaced) by
at least one such maximal clique. Then, the resulting IP model can be solved by the branch and
bound algorithm. Through extensive computational experiment in [Saffari, 2019], it is shown
that this strategy could result in significant reduction of the execution time for the branch and
bound algorithm without spending excessive time on finding the maximal cliques. We adopt
this strategy in the context of the 2-ILP(`) model to add the VIs pertaining to the maximal
cliques associated with the relying graph G1 in the 2-ILP(`) model.

As stated earlier, we employ the MCF algorithm on the graph G1 to find an appropriate
subset of the maximal cliques in this graph and extend them using the ProcC2 to obtain larger
maximal cliques in the larger graph G. The reason we do not employ the MCF algorithm directly
on the larger graph G in the first place is again the computational effectiveness. We carried out
a computational experiment on our datasets, and our observations show that the time it takes
to find a subset of maximal cliques in the large graph G using the MCF algorithm is relatively
high, and does not justify its usage compared with directly solving the 2-ILP(`) model (without
adding any maximal clique valid inequality and removing any of the conflicting constraints).
Instead, we decide to apply the MCF algorithm on the smaller graph G1 (with a lower density
compared to the graph G2) and extend the maximal cliques found in the graph G1 by employing
the ProcC2 to find larger maximal cliques in the graph G.

We can then present our strategy in finding a subset of maximal cliques in the following. We
refer to this strategy that pairs the ProcC2 and the MCF algorithm as the StratD. The steps of
this strategy are outlined in detail below.

StratD:

1. Apply the MCF algorithm on the graph G1 to find the maximal clique sets Q1
1, Q1

2, ...,
Q1
m in this graph.

2. For all i = 1 to m, apply the ProcC2 to the maximal clique set Q1
i found in step 1 and

obtain a larger maximal clique Qi in the graph G.

3. For each edge e ∈ E2 ∪ E12, check if e is covered at least once in the maximal clique sets
Q1 through Qm. If it was not covered, mark it as an uncovered edge.
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4. Remove all the conflict constraints (3.3a), (3.3b), (3.3c), and (3.3e) from the 2-ILP(`)
model except for the uncovered edges in the previous step and add the VIs corresponding
to the maximal cliques Q1 through Qm found in step 2 to the 2-ILP(`) model.

5. Solve the 2-ILP(`) model with the new set of constraints.

Using this strategy, we remove many of the conflict constraints (3.3a), (3.3b), (3.3c), and
(3.3e) from the 2-ILP(`) model and propose valid inequalities corresponding to maximal cliques.
In step 1 we find a subset of all maximal cliques in the graph G1 using the MCF algorithm.
Note that in this step all the edges in the graph G1 will be covered at least once. In step 2
we find larger maximal cliques in the graph G using the maximal cliques found in the smaller
subgraph G1 by employing the ProcC2. In step 3, we identify the uncovered edges in the edge
sets E2 and E12 (the edge set E1 would not have any uncovered edge). In step 4 we remove all
the conflict constraints in the 2-ILP(`) model except for the constraints corresponding to the
uncovered edges in step 3. We then add the maximal clique valid inequalities found in step 2
to the 2-ILP(`) model in this step. Ultimately, in step 5 we solve the 2-ILP(`) model with the
new set of constraints. When solving the instances of the problem 2-MMD using the algorithm
2-AlgB, we refer to the algorithm that uses the StratD for solving the 2-ILP(`) models as the
algorithm 2-AlgB-D.

In the following we present an example of an instance of the problem 2-MMD, and for one
of the iterations of the algorithm 2-AlgB-D (i.e., for a specific value of the parameter `), we
construct the graph G and complete one iteration of this algorithm. In this example we show how
we find maximal cliques in the graph G using the ProcC2 in order to add their corresponding
VIs to the 2-ILP(`) model using the StratD.

Example 1. Consider an instance of size n = 3 of the problem 2-MMD with the symmetric
distance matrix (dij) defined as

(dij) =


0 3 5
3 0 4
5 4 0


The size of the facilities of type 1 and type 2 are represented by s1 = 1, and s2 = 2. Therefore,

we have w1 = 1
1 = 1, and w2 = 1

2 = 0.5. The number of type 1 and type 2 facilities are given as
p1 = 1, and p2 = 1, respectively. We intend to determine a relationship between the optimal
value of the problem 2-MMD (i.e., ropt

2 ) with ` = 3.5 using the 2-ILP(`) model.
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In the following we construct the graph G corresponding to this instance of the problem
2-MMD using the notations described in Section 4.1. The result is illustrated in Figure 4.6
below.

Figure 4.6: Constructing the graph G

As an example on how we construct the graph G in the figure above is the absence of edge
e1

23 (i.e., e1
23 /∈ E1) and the presence of edge e12

23 (i.e., e12
23 ∈ E12). The respective reasons are that

w2
1d23 = 12 × 4 = 4 ≮ ` = 3.5, but w1w2d23 = 1× 0.5× 4 = 2 < ` = 3.5. Other edges in Figure

4.6 are constructed in the same manner.

In step 1 of the StratD we apply the MCF algorithm on the graph G1. In this step we find
one maximal clique Q1

1 = {v1
1, v

1
2} marked in red in Figure 4.7 below.

Figure 4.7: Finding maximal cliques in the graph G1, step 1 of the StratD
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In step 2 of the StratD we apply the ProcC2 to all the maximal cliques found in the previous
step to extend them and find larger maximal cliques in the graph G. We extend the maximal
clique set Q1

1 of the graph G1 by adding the vertices in the set Q2
1 = {v2

1, v
2
2} of the graph G2 to

it and obtain the clique set Q1 = Q1
1 ∪Q2

1 which is twice as large as the initial maximal clique
set Q1

1 in terms of the number of vertices. This clique is marked in red in Figure 4.8 below.

Figure 4.8: Extending maximal cliques, step 2 of the StratD (step 1 of the ProcC2)

As we can observe, the vertices in the set Q1 = {v1
1, v

1
2, v

2
1, v

2
2} do form a clique, and

we did not put much effort in finding them. Next, in order to ensure that the clique set Q1

found in the previous step is maximal, we employ step 2 of the ProcC2, and for every vertex
ν ∈ V2\Q2

1 = {v2
1, v

2
2, v

2
3}\{v2

1, v
2
2} = {v2

3}, we check if the vertex ν is connected to all the
vertices in the set Q1

1 = {v1
1, v

1
2}. In Figure 4.9 below vertex ν = v2

3 is marked in yellow, and as
we can observe, it is connected to all the vertices in the set Q1

1 (with edges marked in green);
therefore, we add vertex v2

3 to the clique set Q1.

Figure 4.9: Maximality of the cliques, step 2 of the StratD (step 2 of the ProcC2)
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As a result, the clique set Q1 = {v1
1, v

1
2, v

2
1, v

2
2, v

2
3} becomes maximal by adding vertex v2

3
to it. This maximal clique is shown by edges marked in red in Figure 4.10 below.

Figure 4.10: Maximal cliques in the graph G, completion of step 2 of the StatD

We can see that using Observation 4, we only checked the connectivity between two pairs of
vertices (i.e., edges e12

13 and e12
23). Without using observation 4 we needed to check the connectivity

of 8 pairs of vertices, i.e., the connectivity of the vertices v1
3 and v2

3 to the vertices in the set
Q1 = {v1

1, v
1
2, v

2
1, v

2
2}.

In step 3 of the StratD we mark the uncovered edges in the edge sets E2 and E12. We can
observe that edges e12

31, e
12
32, and e12

33 ∈ E12 are not covered by the maximal cliques found via the
ProcC2 in step 2 of the StratD. These edges are marked in blue in Figure 4.11 below.

Figure 4.11: Uncovered edges in the graph G, step 3 of the StratD
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In step 4 of the StratD we remove all the conflict constraints (3.3a), (3.3b), (3.3c), and (3.3e)
from the 2-ILP(`) model except for the ones corresponding to the 3 uncovered edges above. We
also add the valid inequality corresponding to the maximal clique set Q1 in the graph G to the
2-ILP(`) model.

Note that the number of constraints in the 2-ILP(`) model decreases from 13 (the number
of the conflict constraints in the 2-ILP(`) model = the number of edges in the graph G) to 4
including the constraints corresponding to the 3 uncovered edges and the single maximal clique
found in Figure 4.10. The modified 2-ILP(`) model can then be written as

v(`) = maximize x11 + x21 + x31 (Step 4 of the StratD)

subject to x12 + x22 + x32 = 1, (4.1a)

x31 + x12 ≤ 1, (4.1b)

x31 + x22 ≤ 1, (4.1c)

x31 + x32 ≤ 1, (4.1d)

x11 + x21 + x12 + x22 + x32 ≤ 1, (4.1e)

x11, x21, x31, x12, x22, x32 = 0 or 1 (4.1f)

In the above model the objective is to maximize the number of type 1 located facilities. The
constraint (4.1a) identifies 1 facility of type 2 in the 3 candidate locations. The constraints
(4.1b), (4.1c), and (4.1d) are the conflict constraints corresponding to the uncovered edges shown
in Figure 4.11. The constraint (4.1e) is the valid inequality corresponding to the maximal clique
of size 5 shown in Figure 4.10. At last, the constraint (4.1f) shows the binary decision variables
of the model.

In step 5 of the StratD we solve the 2-ILP(`) model above with its new set of constraints. This
model has multiple optimal solutions with an optimal value of v(`) = 0. Therefore, according to
Proposition 1 in Section 3.2, since v(`) = 0 < p1 = 1, we conclude that the optimal value of the
problem 2-MMD (i.e., ropt

2 ) is strictly less than the parameter `, i.e., ropt
2 < ` = 3.5.

In another example with the same distance matrix (dij) and the same facility sizes, when
p1 = 1, and p2 = 2, we would obtain the same 2-ILP(`) model above, except that the constraint
(4.1a) has a form of x2

1 + x2
2 + x2

3 = 2. Therefore, according to the constraint (4.1e) we have
x1

1 +x1
2 + 2 ≤ 1 which is x1

1 +x1
2 ≤ −1, and it is impossible. Therefore, the 2-ILP(`) model would

be infeasible with these parameters, and thus we reach the same conclusion ropt
2 < ` = 3.5. �
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4.4 Computational experiment

In this section we discuss the results of our computational experiment to observe the impact
of using the StratD on the algorithm 2-AlgB as a strategy to find and add VIs corresponding to
the maximal cliques in the graph G. In other words, we intend to compare the execution time of
the algorithms 2-AlgB and 2-AlgB-D using several datasets.

We present the results of our experiment in Tables 4.2, 4.3, 4.4, and 4.5 for datasets 2DM,
US, 10DM, and RAN, respectively. We use 5 different instances for each size of the problem and
report the average execution time for the 5 instances in these tables. The standard deviation is
also reported in parenthesis next to the average execution time. We impose a time limit of one
hour (3600 seconds) on the execution time of each of the 5 instances. In case the corresponding
algorithms do not terminate within our allotted time limit for any of the 5 instances, we do not
report an average execution time for that algorithm in our tables.

In these tables the first column represents the size of the problem, n. The next set of columns
represent the values of the parameters p1 and p2. The column labeled by “2-AlgB” contains the
average execution time (in seconds) for the algorithm 2-AlgB that we previously presented in
Tables 3.1 through 3.4 as well. The next set of columns contain the results of the algorithm
2-AlgB-D, and it is divided into 3 subcolumns labeled by “Math Model”, “Maximal Clique”,
and “Total Time”, respectively representing the average execution time for solving the 2-ILP(`)
models obtained from implementing the StratD, the average execution time for finding maximal
cliques in the relying graphs corresponding to the 2-ILP(`) models, and the overall time. In
other words the third subcolumn is the summation of the first two subcolumns. The structure
of Table 4.3 is similar to the other three tables, except that in this table we do not report a
standard deviation for the execution time, since we only have one instance per row.

All programs are written by the author using the same software packages used in Section
3.3, and the programs were run on the same computer.
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Table 4.2: Results of adding VIs to the 2-ILP(`) model, dataset 2DM

n
p

2-AlgB
2-AlgB-D

p1 p2 Math Model Maximal Clique Total Time
60 4 2 0.5 (0.1) 0.3 (0.1) 0.0 (0.0) 0.3 (0.1)
80 5 3 0.8 (0.1) 0.4 (0.1) 0.1 (0.0) 0.5 (0.1)
100 7 3 1.2 (0.1) 0.7 (0.1) 0.1 (0.0) 0.8 (0.1)
120 8 4 1.8 (0.1) 0.9 (0.1) 0.3 (0.0) 1.2 (0.1)
140 10 4 2.7 (0.1) 1.4 (0.1) 0.4 (0.0) 1.8 (0.1)
160 11 5 4.1 (0.4) 2.0 (0.2) 0.6 (0.0) 2.6 (0.2)
180 12 6 4.3 (0.5) 2.1 (0.3) 0.7 (0.1) 2.8 (0.3)
200 14 6 6.6 (1.0) 2.9 (0.5) 1.0 (0.1) 3.9 (0.5)
300 21 9 10.6 (0.3) 4.9 (0.4) 2.3 (0.0) 7.2 (0.4)
400 28 12 23.7 (2.0) 11.5 (2.1) 4.1 (0.4) 15.6 (2.1)
500 35 15 39.6 (7.2) 20.8 (5.3) 5.9 (0.3) 26.7 (5.3)
600 42 18 111.9 (13.0) 85.2 (9.3) 8.3 (0.2) 93.5 (9.3)
700 49 21 187.5 (63.4) 161.3 (68.1) 11.7 (0.5) 173.0 (68.1)
800 56 24 570.5 (294.2) 509.1 (270.7) 14.7 (0.2) 523.8 (270.7)
900 63 27 3244.6 (1484.4) 2959.0 (1265.7) 20.5 (0.6) 2979.5 (1265.7)
1000 70 30 - - - -
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Table 4.3: Results of adding VIs to the 2-ILP(`) model, dataset US

n
p

2-AlgB
2-AlgB-D

p1 p2 Math Model Maximal Clique Total Time
60 4 2 0.7 0.5 0.0 0.5
80 5 3 1.1 0.6 0.1 0.6
100 7 3 1.6 0.8 0.1 0.9
120 8 4 1.9 1.0 0.2 1.2
140 10 4 2.9 1.3 0.3 1.7
160 11 5 3.1 1.5 0.4 1.8
180 12 6 3.5 1.7 0.5 2.1
200 14 6 4.4 1.9 0.6 2.5
300 21 9 8.2 3.4 1.3 4.7
400 28 12 10.6 3.7 2.0 5.7
500 35 15 14.7 4.9 3.0 7.9
600 42 18 23.8 5.3 4.5 9.8
700 49 21 31.8 8.0 6.9 14.9
800 56 24 41.7 8.9 9.5 18.4
900 63 27 52.6 10.9 13.6 24.5
1000 70 30 65.7 14.7 17.0 31.7
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Table 4.4: Results of adding VIs to the 2-ILP(`) model, dataset 10DM

n
p

2-AlgB
2-AlgB-D

p1 p2 Math Model Maximal Clique Total Time
60 4 2 0.4 (0.1) 0.2 (0.0) 0.0 (0.0) 0.2 (0.0)
80 5 3 0.9 (0.1) 0.5 (0.1) 0.1 (0.0) 0.6 (0.1)
100 7 3 1.2 (0.1) 0.6 (0.1) 0.1 (0.0) 0.7 (0.1)
120 8 4 3.1 (0.8) 1.1 (0.2) 0.2 (0.0) 1.3 (0.2)
140 10 4 4.2 (0.9) 1.4 (0.3) 0.4 (0.0) 1.8 (0.3)
160 11 5 7.1 (1.1) 1.9 (0.3) 0.7 (0.1) 2.6 (0.3)
180 12 6 10.5 (0.8) 2.6 (0.4) 1.0 (0.0) 3.6 (0.4)
200 14 6 13.2 (3.4) 3.1 (0.7) 1.3 (0.1) 4.4 (0.7)
300 21 9 116.4 (20.4) 14.1 (1.5) 6.1 (0.4) 20.2 (1.5)
400 28 12 126.1 (106.5) 39.0 (9.7) 18.0 (0.9) 57.0 (9.7)
500 35 15 977.0 (666.9) 889.2 (632.2) 39.3 (1.1) 928.5 (632.2)
600 42 18 - 3091.9 (1020.0) 72.6 (1.9) 3164.5 (1020.0)
700 49 21 - - - -
800 56 24 - - - -
900 63 27 - - - -
1000 70 30 - - - -

Table 4.5: Results of adding VIs to the 2-ILP(`) model, dataset RAN

n
p

2-AlgB
2-AlgB-D

p1 p2 Math Model Maximal Clique Total Time
60 4 2 1.4 (0.2) 1.1 (0.1) 0.0 (0.0) 1.1 (0.1)
80 5 3 2.4 (0.3) 1.7 (0.4) 0.1 (0.0) 1.8 (0.4)
100 7 3 9.3 (2.7) 8.0 (2.8) 0.3 (0.0) 8.3 (2.8)
120 8 4 37.7 (8.9) 33.5 (8.0) 0.6 (0.1) 34.1 (8.0)
140 10 4 109.7 (3.0) 96.7 (9.3) 1.0 (0.0) 97.7 (9.3)
160 11 5 396.0 (29.4) 348.4 (32.5) 1.1 (0.1) 349.5 (32.5)
180 12 6 - - - -
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From this experiment we can observe that the average execution time for the algorithm
2-AlgB-D is consistently less than the algorithm 2-AlgB for different sizes of the problem and
for different datasets, and the gap between these two algorithms becomes more significant as we
increase the size of the problem.

For instance, in dataset 10DM for the sizes of the problem that both algorithms 2-AlgB
and 2-AlgB-D terminate within the allotted time limit (i.e., for n ≤ 500), the average execution
time for the algorithm 2-AlgB is 246.8 seconds, while it decreases down to 202.2 seconds for
the algorithm 2-AlgB-D. Also, for the instance size n = 600, we can solve the instances of the
problem in an average execution time of 3164.5 seconds using the algorithm 2-AlgB-D, while
the same instances cannot be solved within the allotted time limit using the algorithm 2-AlgB.

We can also observe that the gap between the two methods are more significant when we
use datasets US and 10DM compared to when we use datasets 2DM and RAN. On average, we
observe that the reduction in the execution time when using the algorithm 2-AlgB compared to
the algorithm 2-AlgB-D is 52.6% for dataset US, 18.1% for dataset 10DM, 11.5% for dataset
RAN, and it is the smallest for dataset 2DM with a reduction of 8.9%.
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CHAPTER

5

THE MAX-MIN DIVERSITY PROBLEM
WITH n TYPES OF FACILITIES

In this chapter we consider a special case of the max-min diversity problem where we have n
nonidentical facilities with distinct weights, i.e., we have one facility of each type with a distinct
weight wu associated with the uth facility for u = 1 to n, and these n facilities are to be located
at the n candidate locations (one facility at each site). We refer to the corresponding problem
as the distinct-weight Max-Min Diversity problem, or the dw-MMD problem for short.

A feasible solution for this problem can be represented by any permutation vector π ∈ Sn,
where Sn is the set of all permutation vectors of the set N = {1, 2, ..., n}. Associated with each
feasible solution π, we represent the corresponding minimum pairwise relative distance among
all pairs of located facilities by the function fn(π) defined below.

fn(π) = min{wuwvdπ(u)π(v): u = 1 to n− 1, and v = u+ 1 to n}

In this expression π(u) is the uth element of the vector π, and it represents the location of
the uth facility for u = 1 to n. The problem dw-MMD can then be stated as the problem of
finding a permutation vector π ∈ Sn, so as to maximize the objective function fn(π).
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The problem dw-MMD is NP-hard as per our discussion in Section 1.1 that the general
case k-MMD problem is NP-hard. In other words, a special case of the problem k-MMD where
k = n, and wu 6= wv for u 6= v is equivalent to the problem dw-MMD. For a given instance
of the problem dw-MMD, the number of feasible solutions is equal to the number of possible
permutations of the elements of the set N = {1, 2, ..., n} which is given as v = n!. For instance,
a problem with n = 50 has v ≈ 3.04× 1064 feasible solutions. Therefore, total enumeration is
not a viable method for solving this problem except for extremely small values of n.

In Section 5.1 in this chapter we propose two integer programming models for the problem
dw-MMD and carry out a computational experiment using these models. In Section 5.2 we
analyze two alternative methods for solving this problem more efficiently and discuss the results
of a computational experiment to compare the efficiency of the alternative methods in this
section.

5.1 Integer programming models for the problem dw-MMD

In this section we propose a Nonlinear Integer Programming (NLIP) model and a Mixed
Integer Linear Programming (MILP) model for solving the problem dw-MMD. In these models
we define the following binary decision variables.

xiu =

1, If the uth facility is located at site i, for all i, u ∈ N

0, Otherwise

We can then formulate the problem dw-MMD as the following NLIP model. We refer to this
model as the dw-NLIP model below.

maximize min{wuwvdijxiuxjv : for all i, j, u, v ∈ N, i < j, u 6= v} (dw-NLIP)

subject to
n∑
i=1

xiu = 1 for all u ∈ N, (5.1a)

n∑
u=1

xiu = 1 for all i ∈ N, (5.1b)

xiu = 0 or 1 for all i, u ∈ N (5.1c)
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In the above model the objective is to maximize the minimum pairwise relative distance
among the located facilities. In the constraint set (5.1a) we ensure to locate exactly one facility
of each type, and in the constraint set (5.1b) it is implied that at each location there should be
exactly one facility located. The constraint set (5.1c) implies that the decision variables of this
model are binary.

Using a technique similar to what we employed in Sections 2.1 and 3.1, we can introduce
appropriate constraints to linearize the objective function in the above model. We refer to the
resulting MILP model as the dw-MILP model below.

ropt
dw = maximize r (dw-MILP)

subject to r ≤ M(2− xiu − xjv) + wuwvdij for all i, j, u, v ∈ N, i < j, u 6= v, (5.2a)
n∑
i=1

xiu = 1 for all u ∈ N, (5.2b)

n∑
u=1

xiu = 1 for all i ∈ N, (5.2c)

xiu = 0 or 1 for all i, u ∈ N (5.2d)

In this model M represents a large positive number. For our computational purposes we let
M = maxi, j, u, v; u6=v {wuwvdij}.

In this model the objective is to maximize a continuous variable r that represents the
minimum pairwise relative distance among the located facilities. In the constraint set (5.2a)
we ensure that whenever there is a facility of type u located at site i (i.e., xiu = 1), and there
is a facility of type v located at site j (i.e., xjv = 1), with u 6= v, the continuous variable r
is less than or equal to the corresponding pairwise relative distance. Since the objective is to
maximize the value of r, at the optimum solution, r would be equal to the smallest of such
relative distances, which is of course our ultimate objective. The set of constraints in (5.2b),
(5.2c), and (5.2d) are defined in the same manner as in the dw-NLIP model.

In a computational experiment we construct and solve a collection of randomly generated
instances of the problem dw-MMD using dataset 2DM and attempt to solve the corresponding
dw-NLIP and dw-MILP models using the IP solver of Gurobi and the Python software version
3.7 on the same computer. For each instance size, we generate 5 different instances and solve
them via the proposed methods and report the average execution time. We put a time limit of
one hour (3600 seconds) on the execution time of each of the instances and do not report an
average execution time if any of the 5 instances is not solved within the allotted time limit.
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The results are shown in Table 5.1 below. In this table the first column indicates the size of
the problem and increases from 2 to 12 with steps of 2, and then from 15 to 40 with steps of 5.
The average execution time (in seconds) for the models dw-NLIP and dw-MILP is reported in
the last two columns, and it is followed by the standard deviation in parenthesis next to it.

Table 5.1: Execution time for the models dw-NLIP and dw-MILP

n dw-NLIP dw-MILP
2 0.0 (0.0) 0.0 (0.0)
4 0.1 (0.0) 0.1 (0.0)
6 0.3 (0.0) 0.1 (0.0)
8 54.2 (6.7) 0.2 (0.0)
10 352.0 (96.3) 0.3 (0.0)
12 2872.0 (537.1) 0.3 (0.0)
15 - 0.4 (0.0)
20 - 2.4 (0.5)
25 - 29.2 (11.8)
30 - 145.9 (100.1)
35 - 1273.2 (299.2)
40 - -

As we can observe, using these two models we are only able to solve very small instances of
the problem dw-MMD (i.e., n ≤ 35). Although the execution time for the dw-MILP model is
consistently less than that of the dw-NLIP model, and the difference between the execution time
for two methods becomes more significant as the size of the problem grows, neither method is
effective/fast enough for solving larger instances of the problem (i.e., instances with n > 35) in
a reasonable time. In the next section we propose alternative methods to solve larger instances
of this problem.
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5.2 Alternative methods for solving the problem dw-MMD

In this section we propose two alternative methods for solving the problem dw-MMD. The
approach used in these models is similar to the one we proposed for solving the problem 2-MMD
in Section 3.2, i.e., we introduce a corresponding integer linear programming model for a given
value of a parameter `, and we carry out a binary search on this parameter in order to solve
the original problem. The first method is discussed in Section 5.2.1, and the second method is
discussed in Section 5.2.2. The decision variables used in the corresponding models are similar
to those defined earlier in Section 5.1 for the models dw-NLIP and dw-MILP. In Section 5.2.3 we
present the results of a computational experiment to compare the effectiveness of our proposed
methods for solving the problem dw-MMD.

5.2.1 Method 1 for solving the problem dw-MMD

The Integer Linear Programming (ILP) model associated with this method is shown below.
To emphasize its dependence on the value of the parameter `, we refer to this model as the
dw-ILP1(`) model below.

Zdw
1 (`) = maximize

n∑
i=1

n∑
u=1

xiu (dw-ILP1(`))

subject to xiu + xjv ≤ 1 for all i, j, u, v ∈ N, i < j, u 6= v, (5.3a)

such that wuwvdij < `,
n∑
i=1

xiu ≤ 1 for all u ∈ N, (5.3b)

n∑
u=1

xiu ≤ 1 for all i ∈ N, (5.3c)

xiu = 0 or 1 for all i, u ∈ N (5.3d)

Note that we refer to the optimal value of the objective function in this model as Zdw
1 (`)

because it depends on the value of the parameter `. In this model we maximize the total number
of facilities that can be located at the n given sites. In the constraint set (5.3a) we introduce
appropriate constraints in order to ensure that the pairwise relative distance between the located
facilities is not greater than or equal to a given value `. The constraint sets (5.3b) and (5.3c)
are similar to the ones in the dw-MILP model, except that here we have the inequality sign
instead of an equation, i.e., at most one facility can be located at any given site, and at most
one site can be assigned to each facility. The constraint set (5.3d) shows the binary decision
variables of the model.
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Depending on the value of the parameter `, the optimal value of the objective function in
the dw-ILP1(`) model, i.e., Zdw

1 (`), can take integer values from 1 to n. For instance, if ` = 0,
the constraint (5.3a) will be relaxed, and an evident optimal solution for the dw-ILP1(`) model
is x?ii = 1 for all i ∈ N , and x?iu = 0 for all i, u ∈ N such that i 6= u. The corresponding
optimal value for this solution would be Zdw

1 (` = 0) = n. As another example, for the case
where ` is equal to a large positive number M′ (larger than any pairwise relative distance in the
corresponding instance), it follows that we have the constraint xiu + xjv ≤ 1 among all pairs of
variables, and that at most one facility can be located at any of the n candidate locations, i.e.,
Zdw

1 (` = M′) = 1.

Using arguments similar to those that we employed earlier in the context of the 2-ILP(`)
model for the problem 2-MMD in Section 3.2, for the problem dw-MMD we present the following
proposition.

Proposition 2. ropt
dw is equal to the largest value of the parameter ` for which Zdw

1 (`) = n.

Proof. First, we need to show that only the values of the parameter ` for which Zdw
1 (`) = n

in the dw-ILP1(`) model correspond to a solution which is a potential optimal solution (i.e.,
feasible solution) for the dw-MILP model. In the next step we need to show that among those
values of the parameter ` in which Zdw

1 (`) = n, the largest one corresponds to a solution which
is optimal for the dw-MILP model. To this end, we break down the proof of this proposition
into two statements.

1. An optimal solution x̃?(`) for the dw-ILP1(`) model has a corresponding objective function
value of Zdw

1 (`) = n in this model if and only if x̃?(`) is feasible for the dw-MILP model.

2. Among all the optimal solutions x̃?(`) of the dw-ILP1(`) model for which Zdw
1 (`) = n, the

one that corresponds to the largest value of the parameter ` is an optimal solution for the
problem dw-MILP.

In the if part of the first statement we need to show that if we choose ` such that Zdw
1 (`) = n,

the corresponding optimal solution x̃?(`) in the dw-ILP1(`) model would be feasible for the
dw-MILP model.

We know that x̃?(`) is an optimal solution of the dw-ILP1(`) model with Zdw
1 (`) = n.

Therefore, we can conclude that
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n∑
i=1

n∑
u=1

xiu = n

n∑
i=1

xiu ≤ 1, for all u ∈ N
n∑
u=1

xiu ≤ 1, for all i ∈ N

If∑n
i=1 xiu < 1, for all u ∈ N , we can conclude that∑n

i=1
∑n
u=1 xiu < n that contradicts the

first equation. Therefore, ∑n
i=1 xiu = 1, for all u ∈ N . Similarly, ∑n

u=1 xiu = 1, for all i ∈ N .
Therefore, the solution x̃?(`) satisfies the constraint sets (5.2b) and (5.2b) in the dw-MILP
model, and since these two constraint sets are the only constraints in the dw-MILP model that
can cause infeasibility, x̃?(`) is a feasible solution of the dw-MILP model.

In the only if part of the first statement we need to show that if a solution x is feasible
for the dw-MILP model, its corresponding optimal value of the objective function in the dw-
ILP1(`) model is equal to Zdw

1 (`) = n. We know that x is a feasible solution of the dw-MILP
model; therefore, it satisfies the set of constraint ∑n

u=1 xiu = 1, for all i ∈ N . Therefore,∑n
i=1

∑n
u=1 xiu = ∑n

i=1 1 = n, and Zdw
1 (`) = n.

Subsequently, in the second statement we consider two values `1 and `2 for the parameter `
in the dw-ILP1(`) model such that `2 > `1. Assume that the optimal solution corresponding to
`1 is x̃?(`1) with the optimal value of Zdw

1 (`1) = n. Similarly, assume that the optimal solution
corresponding to `2 is x̃?(`2) with the same optimal value of Zdw

1 (`2) = n. From previous
discussions, we know that both solutions x̃?(`1) and x̃?(`2) are feasible for the dw-MILP model.
If we put the feasible solutions x̃?(`1) and x̃?(`2) in the objective function of the dw-MILP
model and refer to their corresponding objective function values as r1

dw and r2
dw, the proof would

be completed if we show that r2
dw ≥ r1

dw because we would be able to carry out a systemic search
on the value of the parameter ` in order to obtain the largest value of the decision variable r
(i.e., ropt

dw ).

It is evident that if we let ` = `1 or ` = `2 in the dw-ILP1(`) model, since Zdw
1 (`) = n, we

have ∑n
u=1 xiu = 1, for all i ∈ N and ∑n

i=1 xiu = 1, for all u ∈ N . Also, wuwvdij < `2 is implied
by wuwvdij < `1, since `1 < `2. Therefore, if we increase the value of the parameter ` from `1

to `2 in the dw-ILP1(`) model, we would potentially have more active constraints in the form of
xiu + xjv ≤ 1. This follows that in the in the dw-MILP model more constraints in the constraint
set (5.2a) will be relaxed. In this case we are enlarging the feasible region of the dw-MILP
model by relaxing a number of the constraints; therefore, r2

dw ≥ r1
dw.
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Using the above proposition, we can carry out a binary search on the value of the parameter
` in order to find the optimal value of the dw-MILP model (i.e., ropt

dw ). Also, from the problem
definition, it is clear that the value of the objective function of the problem dw-MMD for every
feasible solution, including the optimal value of the objective function, is equal to the pairwise
relative distance duvij = wuwvdij between a pair of the located facilities. As a result, we can
carry out a binary search on the distinct values of pairwise relative distances duvij to obtain the
largest such value in which Zdw

1 (`) = n.

To this end, for a given instance of the problem dw-MMD, using the distance matrix (dij)
and the vector of distinct weights w = [w1, w2, ..., wn], we obtain an ordered set of distinct
values of the pairwise relative distances duvij . We assume that there are K such distinct values
and refer to them as h1, h2, ..., hK. Note that the maximum number of distinct pairwise relative
distances is equal to (n(n−1)

2 )
2
. We refer to the binary search algorithm that uses the dw-ILP1(`)

model to solve the problem dw-MMD as the algorithm dw-AlgB1. The steps of this algorithm
are outlined in detail below.

dw-AlgB1:

Initialization step. Let t1 = 1 and t2 = K.

Iterative step. Let t =
⌈ t1+t2

2
⌉
, and let ` = ht. Solve the dw-ILP1(`) model, and obtain

its optimal value Zdw
1 (`). If Zdw

1 (`) = n, let t1 = t. Otherwise (i.e., if Zdw
1 (`) < n), let

t2 = t− 1.

Termination criterion. Terminate when t1 = t2.

Discussion. This procedure is a binary search algorithm thus it terminates after at most
dlog2 Ke iterations.

In this algorithm we seek the largest value of the parameter ` for which the optimal value
of the dw-ILP1(`) model, Zdw

1 (`), is equal to n. To this end, we construct the binary search
above on different values of the parameter `. For each value of the parameter `, we solve the
dw-ILP1(`) model, and if its corresponding optimal value, Zdw

1 (`), is smaller than n, we set ` at
a smaller value (t2 = t− 1). Otherwise (i.e., if Zdw

1 (`) = n), we set ` at a larger value (t1 = t).
We repeat this iterative step until there is only one value (the optimal value) left in our search
space (t1 = t2).
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5.2.2 Method 2 for solving the problem dw-MMD

This method is similar to method 1 described above in the sense that it also employs a
binary search algorithm among the distinct values of the pairwise relative distances duvij , but
it uses a different ILP model. To emphasize the dependence of this model on the value of the
parameter ` we refer to it as the dw-ILP2(`) model. This model is shown below.

Zdw
2 (`) = maximize

n∑
i=1

xi1 (dw-ILP2(`))

subject to xiu + xjv ≤ 1 for all i, j, u, v ∈ N, i < j, u 6= v, (5.4a)

such that wuwvdij < `,
n∑
i=1

xiu = 1 for all u ∈ N\{1}, (5.4b)

n∑
u=1

xiu ≤ 1 for all i ∈ N, (5.4c)

xiu = 0 or 1 for all i, u ∈ N (5.4d)

We refer to the optimal value of this model as Zdw
2 (`) because similar to the case for method

1 it depends on the value of the parameter `. In this model we maximize the number of type 1
facilities located at the n given sites. The constraint set (5.4a) ensures that the relative distance
of each pair of located facilities is not greater than or equal to a parameter `. The constraint set
(5.4b) in this model requires that for each of the facility types 2 through n, we must select a site,
but we do not have such a requirement for facility of type 1. The constraint set (5.4c) assumes
that no more than one facility is located at each site. The constraint set (5.4d) indicates the
binary decision variables of this model.

Depending on the value of the parameter `, we can conceive three cases for the output of
the dw-ILP2(`) model: Infeasibility, feasibility with an optimal value of 0, and feasibility with
an optimal value of 1. Similar to the dw-ILP1(`) model, we can argue that these outcomes are
the only three outcomes of this model based on the value of the parameter `.

Similar to the case for method 1, with regard to the relationship between ropt
dw and Zdw

2 (`),
we have the following proposition. The proof for this proposition is very similar to the proof for
Proposition 2 thus for brevity, we do not repeat it here.

Proposition 3. ropt
dw is equal to the largest value of the parameter ` for which Zdw

2 (`) = 1.
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Using the proposition above, we would be able to carry out a systemic search on the value
of the parameter ` in order to find ropt

dw . Similar to method 1 discussed in the previous section,
we carry out a binary search on different values of the distinct pairwise relative distances duvij ,
i.e., the values h1, h2, ..., hK. We refer to the binary search algorithm that uses the dw-ILP2(`)
model in order to solve the problem dw-MMD as the algorithm dw-AlgB2. The steps of this
algorithm are outlined in detail below.

dw-AlgB2:

Initialization step. Let t1 = 1 and t2 = K.

Iterative step. Let t =
⌈ t1+t2

2
⌉
, and let ` = ht. Then, solve the dw-ILP2(`) model. If the

model is infeasible, let a parameter s be equal to zero (i.e., let s = 0). Otherwise (i.e., if
the model is feasible), let s = Zdw

2 (`) which is the optimal value of the dw-ILP2(`) model.
If s = 1, let t1 = t. Otherwise (i.e., if s = 0), let t2 = t− 1.

Termination criterion. Terminate when t1 = t2.

Discussion. This procedure is a binary search algorithm and terminates after at most dlog2 Ke
iterations.

In this algorithm we seek the largest value of the parameter ` for which Zdw
2 (`) = 1. As we

discussed, depending on the value of the parameter `, Zdw
2 (`) can be either 0 or 1 in case the

problem is not infeasible. To this end, we construct this binary search algorithm on different
values of the parameter `. For each value of the parameter `, we solve the dw-ILP2(`) model. If
Zdw

2 (`) = 0, or if the dw-ILP2(`) model is infeasible, we examine smaller values for the parameter
` (t2 = t− 1). Otherwise (i.e., if Zdw

2 (`) = 1), we set ` at a larger value (t1 = t). We repeat this
iterative step until only one pairwise relative distance is left in the search space (t1 = t2).

67



5.2.3 Computational experiment

In this section we present the results of a computational experiment for solving the problem
dw-MMD using the two algorithms dw-AlgB1 and dw-AlgB2 to compare the execution time
of these algorithms to that of the dw-MILP model. The result of this experiment is shown in
Table 5.2 below. We use the instances of dataset 2DM in this experiment. For each instance
size, we generate 5 instances and set the time limit of one hour (3600 seconds) for each of the
5 instances. In case any of the 5 instances is not solved within the allotted time limit, we do
not report an average execution time for it in our table. The programs for these algorithms are
written by the author using the solver of CPLEX and the software package of C#, and we used
the same computer for this experiment.

The first column in this table is the size of the problem, n. The next 3 columns are
respectively representing the average execution time (in seconds) followed by the standard
deviation in parenthesis for the dw-MILP model, the algorithm dw-AlgB1, and the algorithm
dw-AlgB2.

Table 5.2: Execution time for the dw-MILP model and the algorithms dw-AlgB1 and dw-AlgB2

n dw-MILP dw-AlgB1 dw-AlgB2
5 0.1 (0.0) 0.3 (0.0) 0.2 (0.0)
10 0.3 (0.0) 0.4 (0.0) 0.3 (0.0)
15 0.4 (0.0) 1.0 (0.1) 1.1 (0.1)
20 2.4 (0.5) 1.6 (0.1) 1.2 (0.1)
25 29.2 (11.8) 4.5 (0.5) 4.2 (0.3)
30 145.9 (100.1) 12.2 (1.1) 8.6 (1.1)
35 1273.2 (299.2) 18.6 (0.6) 24.4 (2.2)
40 - 37.6 (5.7) 38.1 (1.8)
45 - 145.7 (21.1) 90.3 (1.8)
50 - 476.2 (149.7) 122.7 (27.2)
55 - 1260.9 (154.2) 187.5 (15.2)
60 - - 288.1 (45.4)
65 - - 455.2 (45.9)
70 - - 640.6 (57.8)
80 - - 1221.3 (66.7)
90 - - -
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The following observations can be made using the computational experiment shown in the
above table.

1. We can observe that the algorithms dw-AlgB1 and dw-AlgB2 are much less time consuming
than the dw-MILP model for solving the problem dw-MMD, and this behaviour becomes
consistent and more significant for larger values of n. For instance, in Table 5.2 for the
reported instances up to size n = 35 (where all three methods terminate within our allotted
time limit), the average execution time for the dw-MILP model is 207.4 seconds, while the
average execution time decreases down to 5.5 and 5.7 seconds for the algorithms dw-AlgB1
and dw-AlgB2, respectively.

2. We can also observe that the algorithm dw-AlgB2 is less time consuming compared to
the algorithm dw-AlgB1. For instance, in Table 5.2 for the reported instances up to
the size where both algorithms terminate in the allotted time (i.e., n = 55), the average
execution time decreases from 178.1 seconds for the algorithm dw-AlgB1 to 43.5 seconds
for the algorithm dw-AlgB2. Also, the algorithm dw-AlgB1 can only solve instances up to
size n = 55 in the allotted time limit, while the algorithm dw-AlgB2 is able to solve the
instances of the problem up to size n = 80 in the same allotted time.
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CHAPTER

6

THE QUADRATIC BOTTLENECK
ASSIGNMENT PROBLEM

In this chapter we discuss the relationship between the problem dw-MMD presented in
Chapter 5 and the well known Quadratic Bottleneck Assignment Problem (QBAP). We then
utilize the methods that we employed to solve the problem dw-MMD for solving the symmetric
instances of the QBAP. We first start with a problem statement for the QBAP and bring a brief
review of the QBAP literature. In Section 6.1 we present an MILP model for the QBAP. In
Section 6.2 we discuss our proposed method for solving the symmetric QBAP. In Section 6.3
we present the results of a computational experiment. Ultimately, in Section 6.4 we close this
chapter with a number of concluding remarks.

An instance of the QBAP consists of n candidate locations (sites) from the setN = {1, 2, ..., n}
with a distance dij from site i to site j for all i, j ∈ N and n facilities from the same set N to
locate at the n candidate locations (one facility per site). The flow from facility u to facility v
is defined as a parameter fuv for all u, v ∈ N . We can then define the pairwise flow-weighted
distance from a facility u that is located at site i to a facility v that is located at site j as
cuvij = fuvdij .
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A feasible solution for the QBAP can be represented by any permutation vector φ ∈ Sn,
where Sn is the set of all permutation vectors of the set N . In this notation φ(u) is the uth

element of the vector φ, and it represents the location of the uth facility for u = 1 to n. Associated
with each feasible solution φ, the corresponding maximum pairwise flow-weighted distance among
all pairs of located facilities is defined as the function Z = max

1≤ u, v ≤ n
fuvdφ(u)φ(v).

The QBAP can then be stated as the problem of finding a permutation vector φ ∈ Sn, so as
to minimize the maximum pairwise flow-weighted distance function defined above. The QBAP
in its Koopmans-Beckmann form [Koopmans and Beckmann, 1957] is stated as

minimize
φ ∈ Sn

Z = max
1≤ u, v ≤ n

fuvdφ(u)φ(v) (QBAP)

The first occurrence of an application of the QBAP in the literature is when [Steinberg, 1961]
considered this problem in the context of backboard wiring in order to minimize the maximum
length of the wires used in a system. Another application of this problem is the bandwidth
minimization problem discussed in [Kellerer and Wirsching, 1998]. The bandwidth minimization
problem is a well known problem which is a special case of the QBAP. Other potential applications
of the QBAP can be some of the documented applications of the Quadratic Assignment Problem
(QAP) as discussed in [Geoffrion and Graves, 1976, Elshafei, 1977, Krarup and Pruzan, 1978,
Light and Anderson, 1993, Brusco and Stahl, 2000, Miranda et al., 2005, Duman and Or, 2007].

The QBAP is known to be NP-hard even in the case of 0-1 distance and flow matrices
[Burkard et al., 2009], since it contains the Bottleneck Travelling Salesman Problem (BTSP)
as a special case. [Burkard et al., 2009] describe a number of spacial cases of the QBAP for
which the corresponding problem is NP-hard in spite of the special structure of the input
parameters of this problem. A number of very special cases of this problem is discussed in
[Burkard et al., 2009] and [Burkard and Rissner, 2011] for which polynomial time algorithms
are found to solve the corresponding problems. The QBAP is also known to be NP-hard to
approximate [Cela, 2013], i.e., it is not possible to find an approximate solution within some
constant factor from the optimum value in polynomial time unless P = NP.

Most algorithms known for solving the QBAP are implicit enumeration algorithms as
discussed in [Burkard et al., 2009]. For instance, an enumeration algorithm is proposed by
[Burkard, 1974] to solve the QBAP to optimality [Burkard et al., 1998]. This algorithm uses
the Gilmore-Lawler lower bounds in a branch and bound algorithm. Gilmore introduced this
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bound in 1962 for Koopmans-Beckmann form of the QBAP [Gilmore, 1962], and in the next
year, Lawler extended it to the general QBAP [Lawler, 1963]. However, this method is not
practicable for solving large instances of the QBAP [Burkard et al., 2009]. Numerical results
in [Burkard, 1975] shows that the QBAP can be solved optimally only up to size n = 20 in a
reasonable time.

Larger instances of the QBAP could be solved using heuristic methods as discussed in
[Drezner et al., 2005]. The study of heuristic methods in this context are mostly focused on the
QAP. The literature of the heuristic algorithms for the QBAP; however, is not as extensive as
for the QAP. The reader is referred to [Zhang, 2011] for a number of heuristic algorithms for
solving the QBAP.

Recently, [Diana, 2017] used the LINDO software to solve the instances of the QBAP by
transforming the problem into a Nonlinear Integer Programming (NLIP) model. In this article
the author discusses the application of the QAP and the QBAP in the airports where they want
to determine the optimal assignment of flights in order to minimize the tarmac times. Tarmac
time in the QAP is defined as the total time spent by all aircraft in the airport from the gate
departure to wheels-off time, and in the context of the QBAP it is defined as the maximum
time an aircraft spends in the airport from the departure time to the wheels-off time. In this
article the computational experiment includes a very small size of the problem (i.e., n = 3).

6.1 An MILP model for solving the QBAP

As discussed in [Diana, 2017], the QBAP can be written as the following NLIP model. We
refer to this model as the qb-NLIP model. The decision variables in this model are defined in
the same manner as in the dw-NLIP model presented earlier in Section 5.1.

minimize max{fuvdijxiuxjv : for all i, j, u, v ∈ N, i < j, u 6= v} (qb-NLIP)

subject to
n∑
i=1

xiu = 1 for all u ∈ N, (6.2a)

n∑
u=1

xiu = 1 for all i ∈ N, (6.2b)

xiu = 0 or 1 for all i, u ∈ N (6.2c)
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The objective function in this model is the maximum pairwise flow-weighted distance among
the located facilities, and our objective is to minimize this function. The feasible region
constructed by the constraints (6.2a), (6.2b), and (6.2c) is the same as that of the models
dw-NLIP and dw-MILP that we proposed for solving the problem dw-MMD.

Using a similar technique that we employed in Section 5.1 to obtain the linear model dw-
MILP from the nonlinear model dw-NLIP, we introduce appropriate constraints to linearize
the objective function in the qb-NLIP model. We refer to the resulting MILP model as the
qb-MILP model below.

zopt
qb = minimize z (qb-MILP)

subject to z ≥ −M(2− xiu − xjv) + fuvdij for all i, j, u, v ∈ N, i < j, u 6= v, (6.3a)
n∑
i=1

xiu = 1 for all u ∈ N, (6.3b)

n∑
u=1

xiu = 1 for all i ∈ N, (6.3c)

xiu = 0 or 1 for all i, u ∈ N (6.3d)

In this model M represents a large positive number. For our computational purposes we let
M = maxi, j, u, v {fuvdij}. In this model the objective is to maximize a continuous variable z that
represents the maximum pairwise flow-weighted distance among the located facilities. In the
constraint set (6.3a) we ensure that whenever there is a facility of type u located at site i (i.e.,
xiu = 1), and there is a facility of type v located at site j (i.e., xjv = 1), the continuous variable
z is greater than or equal to their corresponding pairwise flow-weighted distance, cuvij = fuvdij .
Since the objective is to maximize the value of z, at the optimum solution, z would be equal to
the largest of such flow-weighted distances, which is our ultimate objective. Note that whenever
at least one of the decision variables xiu or xjv is equal to zero, the term −M(2− xiu − xjv) in
this constraint set would be equal to a large negative number, and this constraint would be
relaxed. The constraint sets (5.2b), (5.2c), and (5.2d) are the same set of constraints that we
have in the qb-NLIP model.

In order to compare the effectiveness of the qb-MILP model that we proposed above with the
qb-NLIP model, we perform a computational experiment. To this end, we use the Chr dataset
[Christofides and Benavent, 1989] in the QAPLIB. Detailed explanation of this dataset will be
given in the next section. We use the solver of Gurobi and the software package of Python to
solve these models and report the execution time of these models in Table 6.1 below. In this
table the first column represents the name of the instances. Instances in this column start by
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the three letter term Chr followed by the size of the instance (i.e., n). If there are multiple
instances of the same size, they are distinguished by different letters a, b, or c. The next two
columns respectively represent the execution time (in seconds) for the models qb-NLIP and
qb-MILP for solving the instances of the QBAP.

Table 6.1: Execution time for the models qb-NLIP and qb-MILP

Instance qb-NLIP qb-MILP
Chr12a 4.0 0.4
Chr12b 5.9 0.4
Chr12c 3.9 0.4
Chr15a 12.2 1.1
Chr15b 27.5 0.8
Chr15c 14.8 1.0
Chr18a 127.5 27.1
Chr18b 41.0 0.8
Chr20a 243.7 54.2
Chr20b 303.2 52.0
Chr20c 445.8 7.2
Chr22a 152.4 1.2
Chr22b 117.3 0.9
Chr25a 415.6 183.5
Average 136.8 23.6

From Table 6.1, we can observe that for this collection of instances, the qb-MILP model is
consistently less time consuming compared to the qb-NLIP model. We can also observe that the
average execution time of all the instances using the qb-NLIP model is 136.8 seconds, while
this number decreases down to 23.6 seconds (i.e., an 82.7% reduction in the average execution
time) when we use the qb-MILP model to solve these instances of the QBAP. We performed
this experiment on several other datasets in the QAPLIB and made similar observations.
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6.2 An alternative method for solving the symmetric QBAP

A special case of the QBAP arises when the distance and flow matrices are hollow symmetric
(i.e., symmetric matrices with zero diagonal elements). In this section we discuss the relationship
between the symmetric QBAP and the problem dw-MMD which we introduced in Chapter 5
and use the methods that we employed for solving the problem dw-MMD to solve the symmetric
QBAP.

We can observe that the nonlinear model that we presented for the problem dw-MMD (i.e.,
the dw-NLIP model) in Section 5.1 is very similar to the qb-NLIP model we presented for
the QBAP in Section 6.1. In the qb-NLIP model if we let fuv = wuwv, the only difference
between the two models qb-NLIP and dw-NLIP would be their objective. The objective of
the former model is to minimize the maximum of the weighted distances (i.e., the pairwise
flow-weighted distances), while the objective of the latter is to maximize the minimum of the
weighted distances (i.e., the pairwise relative distances).

Consequently, similar to what we did for the problem dw-MMD, for the symmetric QBAP
we introduce a corresponding Integer Linear Programming (ILP) model for a given value of the
parameter `, and we carry out a binary search algorithm similar to what we presented for the
problem dw-MMD as the algorithms dw-AlgB1 and dw-AlgB2. In Section 5.2.3 we observed
that the algorithm dw-AlgB2 is less time consuming compared to the algorithm dw-AlgB1.
Here, we can use both methodologies to solve the symmetric QBAP; however, we choose to use
similar ideas in method 2 (i.e., the algorithm dw-AlgB2), discussed in Section 5.2.2, to develop
an alternative method for solving the symmetric QBAP.

The ILP model associated with this method is shown below. To emphasize the dependence
of this model to the parameter `, we refer to it as the qb-ILP(`) model below.

ψ(`) = maximize
n∑
i=1

xi1 (qb-ILP(`))

subject to xiu + xjv ≤ 1 for all i, j, u, v ∈ N, i < j, u 6= v, (6.4a)

such that fuvdij > `,
n∑
i=1

xiu = 1 for all u ∈ N\{1}, (6.4b)

n∑
u=1

xiu ≤ 1 for all i ∈ N, (6.4c)

xiu = 0 or 1 for all i, u ∈ N (6.4d)
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We refer to the optimal value of the objective function in the qb-ILP(`) model as ψ(`), since
it depends on the value of the parameter `. This model is similar to the dw-ILP2(`) model
presented in Section 5.2.1, except for the constraint set (6.4a). In this constraint set we introduce
appropriate constraints to ensure that the pairwise flow-weighted distances between the located
facilities are not less than or equal to a given value `.

Similar to the dw-ILP2(`) model, based on the value of the parameter `, three outcomes
are anticipated from the qb-ILP(`) model: Infeasible, feasible with ψ(`) = 0, or feasible with
ψ(`) = 1. Proposition 4 below discusses the relationship between the optimal value of the
qb-MILP model (i.e., zopt

qb ) and the optimal value of the qb-ILP(`) model (i.e., ψ(`)). The proof
for this proposition is similar to the proof for Propositions 2 and 3 discussed in Section 5.2.2,
and for brevity, we do not repeat it here.

Proposition 4. zopt
qb is equal to the smallest value of the parameter ` for which ψ(`) = 1.

Using this proposition, we are able to carry out a structured search on the value of the
parameter ` in order to find zopt

qb . We can carry out a binary search algorithm on an ordered set
of distinct values of the pairwise flow-weighted distances cuvij . We assume that there are K such
distinct values and refer to them as h1, h2, ..., hK. We refer to the binary search algorithm that
uses the qb-ILP(`) model to solve the symmetric QBAP as the algorithm qb-AlgB. The steps of
this algorithm are outlined in detail below.

qb-AlgB:

Initialization step. Let t1 = 1 and t2 = K.

Iterative step. Let t =
⌊ t1+t2

2
⌋
, and let ` = ht. Then, solve the qb-ILP(`) model. If the model

is infeasible, let a parameter s be equal to zero (i.e., s = 0). Otherwise (i.e., if the model
is feasible), let s = ψ(`) which is the optimal value of the qb-ILP(`) model. If s = 0, let
t1 = t+ 1. Otherwise (i.e., if s = 1), let t2 = t.

Termination criterion. Terminate when t1 = t2.

Discussion. This procedure is a binary search algorithm and terminates after at most dlog2 Ke
iterations.

Note that this algorithm has some differences in the iterative step from the algorithm
dw-AlgB2 discussed in Section 5.2.2 for solving the problem dw-MMD when determining the
value of the variable t, and when updating the variables t1 and t2. In this algorithm, we seek
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the smallest value of the parameter ` for which ψ(`) = 1. As we discussed, depending on the
value of the parameter `, if the qb-ILP(`) model is feasible, ψ(`) can be either 0 or 1. To this
end, we construct this binary search on different values of the parameter `. For each value of the
parameter `, we solve the qb-ILP(`) model. If ψ(`) = 0, or if the qb-ILP(`) model is infeasible,
we examine larger values for the parameter ` (t1 = t + 1). Otherwise (i.e., if ψ(`) = 1), we
examine smaller values for the parameter ` (t2 = t). We repeat this iterative step until only one
pairwise flow-weighted distance is left in the search space (i.e., when t1 = t2). In the following
we bring an example to show how a small sized instance of the symmetric QBAP can be solved
using the algorithm qb-AlgB.

Example 2. Consider an instance of size n = 4 of the symmetric QBAP in which the
coordinates of sites 1 through 4 are given as (X1, Y1) = (0, 0), (X2, Y2) = (3, 0), (X3, Y3)
= (0, 4), and (X4, Y4) = (7.2, 12.6). The Euclidean distance between site i and site j for all
i, j ∈ {1, 2, 3, 4} can then be calculated as the distance matrix (dij) below.

(dij) =


0 3 4 1.8

√
65

3 0 5 12
4 5 0 13

1.8
√

65 12 13 0


And the flow between facility u and facility v is given as the flow matrix (fuv) below.

(fij) =


0 2 1 1
2 0 3 4
1 3 0 2
1 4 2 0


This instance of the problem has two optimal solutions one of which is represented as

x14 = x22 = x31 = x43 = 1, and another one is represented as x14 = x22 = x33 = x41 = 1. The
optimal value of the objective function is 24. We used an exhaustive search to examine all
possible n! = 4! = 24 solutions of this problem, since n is quite small. This method is only
viable for one-figure-sized (i.e., n ≤ 9) instances of the problem.

Another way to solve this problem; however, is to use the algorithm qb-AlgB. To this end,
we first need to determine the distinct sorted values of the pairwise flow-weighted distances
cuvij = fuvdij . We have at most (n(n−1)

2 )
2

= (4×3
2 )2 = 36 such values obtained by multiplying

each of the 6 elements of the set {3, 4, 5, 12, 13, 1.8
√

65} obtained from distinct upper triangular
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elements of the distance matrix (dij) to each of the 4 elements of the set {1, 2, 3, 4} obtained from
distinct upper triangular elements of the flow matrix (fuv). Consequently, we obtain 6× 4 = 24
such values from which K = 22 elements are distinct values represented by {h1, h2, ..., h22} =
{3, 4, 5, 6, 8, 9, 10, 12, 13, 1.8

√
65, 15, 16, 20, 24, 26, 3.6

√
65, 36, 39, 5.4

√
65, 48, 52, 7.2

√
65}.

We can then use the algorithm qb-AlgB to solve this instance of the symmetric QBAP.

1. Initialization step: Let t1 = 1 and t2 = K = 22.

2. Iterative step:

2.1. t1 = 1 & t2 = 22 ⇒ t =
⌊

1+22
2

⌋
= 11 ⇒ ` = h11 = 15 ⇒ s = ψ(`) = 0. Therefore,

t1 = t+ 1 = 12.

2.2. t1 = 12 & t2 = 22 ⇒ t = 17 ⇒ ` = h17 = 36 ⇒ s = ψ(`) = 1. Therefore, t2 = t = 17.

2.3. t1 = 12 & t2 = 17 ⇒ t = 14 ⇒ ` = h14 = 24 ⇒ s = ψ(`) = 1. Therefore, t2 = 14.

2.4. t1 = 12 & t2 = 14 ⇒ t = 13 ⇒ ` = h13 = 20 ⇒ s = ψ(`) = 0. Therefore, t1 = 14.

2.5. t1 = 14 & t2 = 14 ⇒ t1 = t2.

3. Termination criterion: t1 = t2 = t = 14 thus we terminate the algorithm and report the
optimal value of the objective function as zopt

qb = `∗ = h14 = 24 after dlog2 22e ≈ d4.46e = 5
iterations. �

6.3 Computational experiment

In this section we discuss the results of a computational experiment to compare the effective-
ness of the qb-MILP model and the algorithm qb-AlgB to solve the symmetric instances of the
QBAP. To this end, we use symmetric the instances of the QAPLIB.

The QAPLIB is a famous library in the literature that contains a set of benchmark instances
of the QAP [Burkard et al., 1997]. This library contains 140 instances with the size ranging
from 12 to 256. However, these instances are used to solve the QAP and not the QBAP. Since
we could not find a similar library for the QBAP in the literature, and the input parameters of
the QAP and the QBAP are the same, we decided to use the same library for our computational
experiment for the QBAP. To this end, we use the symmetric instances of the QAPLIB, namely
Nug, Esc, Chr, Had, Tai, Ste, Rou, and Scr. In the following we briefly explain these datasets.
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Dataset Nug [Nugent et al., 1968] contains the most used instances in the literature. The
distance matrix in this family of instances contains Manhattan distances of rectangular grids.
Dataset Esc [Eschermann and Wunderlich, 1990] stems from an application in computer sci-
ence where we want to test self-testable sequential circuits, and the amount of additional
hardware for the testing is to be minimized. Each instance in the Chr family of instances
[Christofides and Benavent, 1989] consists of two matrices. One matrix is the symmetric dis-
tance matrix (dij) with integer number between 0 and 100, and the other one is the symmetric
flow matrix (fuv) which is the adjacency matrix of a weighted tree with integer weights between
0 and 100. In the Had family of instances [Hadley et al., 1992] the distance matrix represents the
Manhattan distances of a connected cellular complex in the plane, while the elements of the flow
matrix are drawn uniformly from the interval [1, n]. Dataset Tai [Taillard, 1991, Taillard, 1995]
consists of symmetric and asymmetric datasets in which datasets whose names end with an “a”,
are all symmetric. The elements of the distance and flow matrices are integer numbers between
0 and 100 in this instance family. Dataset Ste [Steinberg, 1961] consists of three instances
forming the backboard wiring problem. In the first instance the distances are Manhattan, in
the second one they are squared Euclidean, and in the third one they are Euclidean distances
multiplied by 1000. Dataset Rou [Roucairol, 1987] consists of instances whose distance and flow
matrix elements are randomly selected from the discrete interval [1, 100]. The distances in the
dataset Scr [Scriabin and Vergin, 1975] are rectangular.

The results of our computational experiment are shown in Table 6.2 below. This table
is equally divided into two similar left and right subtables. In each subtable the fist column
contains the name of the instance family which is a three letter term. The next column represents
the size of the instance in the corresponding instance family. The elements of this column are
distinguished by different letters whenever there are more than one instance of the same size
within each family. The next two columns in each of the subtables respectively represent the
execution time (in seconds) for the qb-MILP model and the algorithm qb-AlgB for solving the
instances of the symmetric QBAP.

The allotted time limit for the execution time of each of the two methods is set to be one
hour (3600 seconds) in this experiment, and the program is aborted if each method is not
terminated in our allotted time limit. We use the solver of CPLEX to program the qb-MILP
model and the qb-ILP(`) model embedded in the algorithm qb-AlgB. The algorithm qb-AlgB
itself is programmed in C#, and we use the same computer as the one we used in the previous
chapters.
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Table 6.2: Execution time for the qb-MILP model and the algorithm qb-AlgB

Instance size qb-MILP qb-AlgB Instance size qb-MILP qb-AlgB

Nug

12 1.6 1.5

Chr

12a 0.8 0.8
14 5.1 4.3 12b 0.7 0.6
15 7.1 5.2 12c 1.4 1.0
16a 6.7 6.6 15a 1.5 1.3
16b 6.5 6.2 15b 1.4 1.4
17 11.0 9.0 15c 3.3 1.4
18 15.9 10.4 18a 7.4 2.5
20 32.2 23.6 18b 5.3 0.8
21 359.4 66.9 20a 3.8 1.3
22 1715.3 139.6 20b 7.1 1.8
24 - 223.9 20c 12.5 4.5
25 3371.9 244.6 22a 10.5 0.8
27 - 2239.5 22b 11.0 0.9

Esc

16a 1.5 0.5 25a 12.4 6.9
16b 10.5 0.5

Had

12 2.0 0.8
16c 346.9 0.4 14 6.9 1.6
16d 1.0 0.5 16 103.4 2.6
16e 1.0 0.4 18 145.0 11.9
16f 0.3 0.0 20 252.7 21.0
16g 1.0 0.4

Tai

12a 5.0 4.4
16h 8.5 1.2 15a 95.0 29.1
16i 0.7 0.4 17a 335.7 92.2
16j 0.5 0.4 20a - 720.0
32a - 44.0

Ste

36a 72.7 2.8
32c 2754.3 31.6 36b 807.8 77.1
32d 23.9 16.7 36c - 3.1
32e 3.5 0.9

Rou

12 4.3 4.1
32g 3.9 1.9 15 73.3 25.3
32h 29.6 2.8 20 - 1035.2
64a 161.8 12.6

Scr
12 1.0 0.4

128 - 128.3 15 2.6 0.7
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In this table, we can observe that the algorithm qb-AlgB is consistently less time consuming
when compared to the qb-MILP model for all datasets. However, the gap between the elapsed
times for the qb-MILP model and the algorithm qb-AlgB varies between different datasets. For
instance, The average percentage of reduction in the execution time for all instance sizes in the
instance family Esc is the highest with 97.9% reduction (decreasing from 209.3 seconds to 4.4
seconds), and it is the lowest in the instance family Rou with 62.2% reduction (decreasing from
38.8 seconds to 14.7 seconds).

Note that the average execution times are calculated only for the instances where both
algorithms are able to solve the corresponding instances of the problem within the allotted time
limit. Also, note that out of the total 62 instances in this table, there are 7 instances where the
qb-MILP model is not able to solve them within the allotted time limit of one hour, while the
algorithm qb-AlgB is able to solve them within this time limit.

6.4 Concluding remarks

In this chapter we discussed two integer programming models for the Quadratic Bottleneck
Assignment Problem (QBAP). We then used the special structure of the problem, which is
quite similar to that of the problem dw-MMD, to design an effective search method for solving
this problem. Through a comprehensive computational experiment, we showed that on a
relatively large selection of instances that we adopted from the QAPLIB, our proposed method
consistently requires smaller execution time. In many instances in this collection the difference
in the execution time is quite significant. We also observed that within a one hour time limit,
our proposed algorithm is able to solve some instances of the symmetric QBAP that are much
larger than those represented by [Burkard et al., 2009], although the programs where not run
on the same computer.
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CHAPTER

7

THE MAX-SUM DIVERSITY PROBLEM
WITH TWO TYPES OF FACILITIES

In this chapter we consider a special case of the max-sum diversity problem where we have
two types of facilities, and we refer to this problem as the 2-MSD problem (i.e., the 2-type
Max-Sum Diversity problem). We start by a problem description in the following, and in
Section 7.1 we present a Nonlinear Integer Programming (NLIP) model as well as two Mixed
Integer Linear Programming (MILP) models obtained from the nonlinear model for solving the
problem 2-MSD. We also discuss the results of a computational experiment in this section that
compares the above IP models. In Section 7.2 we present a greedy heuristic algorithm as well as
a local search heuristic algorithm for solving the problem 2-MSD, and we discuss the results of
a computational experiment comparing the effectiveness of our proposed heuristic algorithms in
this section.

Similar to the problem 2-MMD, an instance of the problem 2-MSD is defined by a set of
candidate locations (sites) N = {1, 2, ..., n} with a symmetric distance dij between each pair of
sites i and j in the set N , and two integers p1 and p2, representing the number of type 1 and
type 2 facilities, respectively, and their associated weights w1 and w2.
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A feasible solution for the problem 2-MSD consists of two mutually exclusive proper subsets
γ1 and γ2 of the set N of respective cardinalities p1 and p2. Each element in the set γ1 represents
the location of a type 1 facility. Similarly, each element in the set γ2 is the representative of the
location of a type 2 facility. The objective function g2(γ1, γ2) representing the summation of
pairwise relative distances can be stated as

g2(γ1, γ2) = ∑
i, j∈γ1, i<j w

2
1dij +∑

i∈γ1, j∈γ2 w1w2dij +∑
i, j∈γ2, i<j w

2
2dij

The problem 2-MSD can then be defined as the problem of finding two mutually exclusive
subsets γ1 and γ2 of the set N , so as to maximize g2(γ1, γ2).

As discussed in Section 1.1, the problem 2-MSD is NP-hard. Similar to the problem 2-MMD,
the number of feasible solutions for this problem can be given as n!

(n−p)!p1!p2! which grows very
fast by increasing its parameters, and total enumeration is not a viable option for solving the
large instances of this problem.

7.1 Integer programming models for the problem 2-MSD

In this section we propose several IP models for solving the problem 2-MSD and compare
their effectiveness through a computational experiment. These models are inspired by the
corresponding models for the max-sum diversity problem with identical facilities (i.e., the
problem 1-MSD) as introduced by [Kuo et al., 1993] and discussed in Section 2.2. The decision
variables of these models are defined in the same manner as we defined the decision variables for
the problem 2-MMD in Section 3.1 for the 2-MILP model.

The first model is an NLIP model, and we refer to it as the 2-NLIP model below.

maximize
n−1∑
i=1

n∑
j=i+1

(w2
1dijxi1xj1 + w1w2dijxi1xj2 + w2w1dijxi2xj1 + w2

2dijxi2xj2) (2-NLIP)

subject to
n∑
i=1

xi1 = p1, (7.1a)

n∑
i=1

xi2 = p2, (7.1b)

xi1 + xi2 ≤ 1 for all i ∈ N, (7.1c)

xi1, xi2 = 0 or 1 for all i ∈ N (7.1d)
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In [Glover and Woolsey, 1974] the authors propose a methodology for converting a 0-1
quadratic programming model into a 0-1 integer linear programming model. We employ this
methodology in the context of the problem 2-MSD. To this end, we define four decision variables
yi1j1, yi1j2, yi2j1, and yi2j2, respectively associated with the quadratic terms xi1xj1, xi1xj2,
xi2xj1, and xi2xj2. We then define appropriate constraints to ensure the newly defined decision
variables take the value 1 only if both decision variables in the corresponding quadratic terms
take the value of 1. The following model is an outcome of this transformation which is a Mixed
Integer Linear Programming (MILP) model. We refer to this model as the 2-MILP1 model.

maximize
n−1∑
i=1

n∑
j=i+1

(w2
1dijyi1j1 + w1w2dijyi1j2 + w2w1dijyi2j1 + w2

2dijyi2j2) (2-MILP1)

subject to
n∑
i=1

xi1 = p1, (7.2a)

n∑
i=1

xi2 = p2, (7.2b)

xi1 + xi2 ≤ 1 for all i ∈ N, (7.2c)

− xi1 + yi1j1 ≤ 0 for all i, j ∈ N, i < j, (7.2d)

− xj1 + yi1j1 ≤ 0 for all i, j ∈ N, i < j, (7.2e)

− xi1 + yi1j2 ≤ 0 for all i, j ∈ N, i < j, (7.2f)

− xj2 + yi1j2 ≤ 0 for all i, j ∈ N, i < j, (7.2g)

− xi2 + yi2j1 ≤ 0 for all i, j ∈ N, i < j, (7.2h)

− xj1 + yi2j1 ≤ 0 for all i, j ∈ N, i < j, (7.2i)

− xi2 + yi2j2 ≤ 0 for all i, j ∈ N, i < j, (7.2j)

− xj2 + yi2j2 ≤ 0 for all i, j ∈ N, i < j, (7.2k)

xi1, xi2 = 0 or 1 for all i ∈ N, (7.2l)

yi1j1, yi1j2, yi2j1, yi2j2 ≥ 0 for all i, j ∈ N, i < j (7.2m)

In [Glover, 1975] the author proposes an alternative methodology for converting a 0-1
quadratic programming model into an integer linear programming model with both real valued
and 0-1 decision variables by decomposing the objective function terms into the summation
of a number of new terms. Later, [Marti et al., 2010] used this approach in the context of the
problem 1-MSD, and through a computational experiment, they showed that it is more effective
than the other approach used in [Glover and Woolsey, 1974] as we discussed above.
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We can employ this methodology in the context of the problem 2-MSD. To this end, we
define zi11 to represent xi1

∑n
j=i+1 dijxj1, zi12 to represent xi1

∑n
j=i+1 dijxj2, zi21 to represent

xi2
∑n
j=i+1 dijxj1, and zi22 to represent xi2

∑n
j=i+1 dijxj2. We then need appropriate constraints

to account for this representation. For instance, for the decision variable zi11, if xi1 = 0, zi11

should be equal to zero as well, and if xi1 = 1, zi11 should be equal to ∑n
j=i+1 dijxj1. The

same is true for the other three decision variables zi12, zi21, and zi22. Before discussing the
mathematical model, we need to define Ui = ∑n

j=i+1 dij as an upper bound on the value of∑n
j=i+1 dijxj1 (or ∑n

j=i+1 dijxj2) for all i ∈ N\{n}. We can then present the MILP model below
which we refer to as the 2-MILP2 model.

maximize
n−1∑
i=1

(w2
1zi11 + w1w2zi12 + w2w1zi21 + w2

2zi22) (2-MILP2)

subject to
n∑
i=1

xi1 = p1, (7.3a)

n∑
i=1

xi2 = p2, (7.3b)

xi1 + xi2 ≤ 1 for all i ∈ N, (7.3c)

−Uixi1 + zi11 ≤ 0 for all i ∈ N\{n}, (7.3d)

−
n∑

j=i+1
dijxj1 + zi11 ≤ 0 for all i ∈ N\{n}, (7.3e)

−Uixi1 + zi12 ≤ 0 for all i ∈ N\{n}, (7.3f)

−
n∑

j=i+1
dijxj2 + zi12 ≤ 0 for all i ∈ N\{n}, (7.3g)

−Uixi2 + zi21 ≤ 0 for all i ∈ N\{n}, (7.3h)

−
n∑

j=i+1
dijxj1 + zi21 ≤ 0 for all i ∈ N\{n}, (7.3i)

−Uixi2 + zi22 ≤ 0 for all i ∈ N\{n}, (7.3j)

−
n∑

j=i+1
dijxj2 + zi22 ≤ 0 for all i ∈ N\{n}, (7.3k)

xi1, xi2 = 0 or 1 for all i ∈ N (7.3l)

We then carry out a comprehensive computational study to assess the effectiveness of solving
the problem 2-MSD using the IP models discussed above. In this study we use four datasets.
We generated the first dataset based on dataset 2DM discussed in Section 3.3. The other three
datasets are adopted from the MDPLIB (Maximum Diversity Problem Library) collected and
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constructed by [Marti and Duarte, 2010]. Specifically, we use datasets SOM-a, GKD-a, and
GKD-b in this library for our experimentation. The instances in the MDPLIB including the
above three instances are created as a benchmark for the max-sum diversity problem with
identical facilities (i.e., the problem 1-MSD). However, we use this library to solve the instances
of the problem 2-MSD by choosing the parameter p1 and p2 such that their summation is
equal to the value of the parameter p in the instances of this library, and we use the distance
matrix (dij) without changing it. In the following we give a brief review of how the three above
mentioned datasets are created.

Dataset SOM-a (Silvia, Ochi, and Martins - a): This dataset is developed by
[Silva et al., 2004] and contains instances with the size n = 25 (with p = 2 and 7), n = 50 (with
p = 5 and 15), n = 100 (with p = 10 and 30), n = 125 (with p = 12 and 37), and n = 150 (with
p = 15 and 45). As we can observe, the value of the ratio p/n is aimed at 0.1 and 0.3 in this
dataset. For each of the 10 above combinations of n and p, 5 instances are created that leads
to 50 total instances in this dataset. The dij values in the distance matrix (dij) are randomly
generated from the discrete uniform distribution [0, 9] for i < j. Then, they let dji = dij and
dii = 0 for all i ∈ N in order for the distance matrix (dij) to be symmetric. This dataset does
not necessarily satisfy the triangular inequality.

Dataset GKD-a (Glover, Kuo, and Dhir - a): This dataset in the MDPLIB is developed
by [Glover et al., 1998] and contains instances with the size n = 10 (with p = 2, 3, 4, 6, and 8),
n = 15 (with p = 3, 4, 6, 9, and 12), and n = 30 (with p = 6, 9, 12, 18, and 24). As it can be
observed, the value of p/n in this dataset is aimed at 0.2, 0.3, 0.4, 0.6, and 0.8. For each of the
15 combinations of n and p, 5 instances are generated that leads to a total of 75 instances in this
dataset. The dij values in the distance matrix (dij) are calculated as the Euclidean distances
from randomly generated points with coordinates randomly chosen from the range [0, 100]. The
number of coordinates for each combination of n and p is also randomly selected based on a
discrete uniform distribution in the range [2, 21]. This dataset is symmetric and satisfies the
triangular inequality for obvious reasons.

Dataset GKD-b (Glover, Kuo, and Dhir - b): This dataset of the MDPLIB is developed
by [Marti et al., 2010] and contains instances with the same 10 combination of n and p as in
dataset SOM-a. For each of the 10 combinations, 5 instances are generated that leads to a total
of 50 instances in this dataset. The distance matrix (dij) is generated in the same manner as in
dataset GKD-a, and this dataset is basically a larger-sized version of dataset GKD-a which is
also symmetric and satisfies the triangular inequality.
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For all the above datasets, using the solver of Gurobi, we solve the problem 2-MSD using
the models 2-NLIP, 2-MILP1, and 2-MILP2. The results of our computational experiment are
presented in Tables 7.1 and 7.2. The instances in Table 7.1 are created using dataset 2DM.
The first column in this table is the number of candidate locations, n. The next two columns
contain the value of the parameters p1 and p2. The next three columns in this table represent
the execution time (in seconds) for the models 2-NLIP, 2-MILP1, and 2-MILP2, respectively.
We set a time limit of one hour (3600 seconds) on the execution time of these models, and the
program is aborted when we reach the allotted time limit.

Table 7.1: Execution time for the models 2-NLIP, 2-MILP1, and 2-MILP2, dataset 2DM

n
p

2-NLIP 2-MILP1 2-MILP2
p1 p2

10

1 1 0.2 0.0 0.1
3 1 0.2 0.0 0.1
4 2 0.4 0.2 0.3
6 2 0.3 0.1 0.2

20

3 1 5.0 0.8 1.3
6 2 89.5 4.7 11.4
8 4 78.3 7.0 65.0
11 5 60.7 5.7 55.7

30

4 2 - 6.7 19.0
8 4 - 136.5 2453.8
12 6 - 300.9 -
16 8 - 188.1 -

40

6 2 - 39.6 1097.4
11 5 - 3550.6 -
16 8 - - -
22 10 - 1997.9 -

50

7 3 - 1167.9 -
14 6 - - -
20 10 - - -
27 13 - - -
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The instances in Table 7.2 are adopted from datasets SOM-a, GKD-a, and GKD-b which we
described earlier. The first column in this table represents the name of the dataset, and the
rest of the table is similar to Table 7.1, except that in this table each row contains the average
execution time (in seconds) for 5 instances. We also report the standard deviation of these
values in parentheses next to them. The allotted time limit for each of the 5 instances in this
experiment is set to be one hour, and we abort the program if the time limit is reached.

Table 7.2: Execution time for the models 2-NLIP, 2-MILP1, and 2-MILP2, MDPLIB datasets

Dataset n
p

2-NLIP 2-MILP1 2-MILP2
p1 p2

SOM-a
25

1 1 0.7 (0.1) 0.3 (0.0) 0.3 (0.0)
5 2 627.1 (176.4) 5.9 (1.4) 13.0 (2.7)

50
4 1 632.0 (9.9) 39.4 (40.0) 56.0 (7.5)
10 5 - - -

GKD-a

10

1 1 0.2 (0.0) 0.1 (0.0) 0.2 (0.1)
2 1 0.2 (0.0) 0.1 (0.0) 0.2 (0.0)
3 1 0.2 (0.0) 0.1 (0.0) 0.2 (0.0)
4 2 0.5 (0.0) 0.3 (0.1) 0.4 (0.1)
5 3 0.6 (0.0) 0.1 (0.1) 0.3 (0.1)

15

2 1 0.7 (0.0) 0.2 (0.0) 0.4 (0.0)
3 1 0.8 (0.1) 0.3 (0.1) 0.4 (0.1)
4 2 2.5 (0.4) 0.7 (0.2) 1.5 (0.2)
6 3 5.3 (0.5) 0.6 (0.1) 4.9 (2.9)
8 4 4.8 (0.2) 0.6 (0.1) 4.5 (1.2)

30

4 2 1816.9 (852.3) 6.3 (1.1) 63.1 (18.2)
6 3 - 14.8 (6.1) 3422.6 (57.0)
8 4 - 32.4 (14.8) -
12 6 - 151.4 (113.9) -
16 8 - 242.7 (154.9) -

GKD-b
25

1 1 1.3 (0.2) 0.4 (0.0) 0.5 (0.1)
5 2 325.1 (126.9) 3.9 (0.7) 73.7 (38.3)

50
4 1 714.1 (26.8) 11.4 (2.1) 174.3 (114.6)
10 5 - - -
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As we can observe from Tables 7.1 and 7.2, the linear models 2-MILP1 and 2-MILP2 are
consistently less time consuming compared to the nonlinear model 2-NLIP when we use the
solver of Gurobi to solve the instances of the problem 2-MSD. Also, the difference between
the execution time of these models becomes more significant as we increase the size of the
problem. This observation is consistent with the observation made in [Marti et al., 2010] that,
when solving the instances of the problem 1-MSD, the NLIP model is more time consuming
than the models MILP1 and MILP2 when we use the solver of CPLEX. On average, in all 4
datasets in Tables 7.1 and 7.2, for the instances where all models are able to solve them within
the allotted time limit, the models 2-MILP1 and 2-MILP2 are respectively 98% and 87.9% faster
than the 2-NLIP model when solving the instances of the problem 2-MSD.

We can also observe that the 2-MILP1 model is consistently less time consuming compared
to the 2-MILP2 model when we use the solver of Gurobi. Also, the difference between the
execution time of the two models becomes more significant as the size of the problem increases.
For example, among the instances for which the Gurobi solver terminates for both algorithms
within our allotted time limit, the average execution time of the 2-MILP2 model is 259.3 seconds,
while this number decreases down to 9.9 seconds when we use the 2-MILP1 model. We can also
observe that out of the 135 total instances in Tables 7.1 and 7.2, 121 of them can be solved
using the 2-MILP1 model within our allotted time limit, while only 98 of them can be solved
using the 2-MILP2 model within this time limit.

In another observation from the results in Tables 7.1 and 7.2 we can see that the execution
time of the three models in all datasets is usually at its highest when the value of the ratio
p/n is in the range [0.4, 0.6], and the instances become easier to solve for very small and very
large values of the ratio p/n. However, our computational study shows that none of the above
integer programming models would provide a viable approach for solving larger instances of the
problem 2-MSD. For instance, in datasets 2DM, SOM-a and GKD-b none of the models were
able to solve the instances with n > 50. As a result, we propose several heuristic procedures for
solving the problem 2-MSD, and we discuss them in detail in the next section.

[Marti et al., 2010] carry out a computational experiment using the CPLEX solver that
compares the execution time for the models MILP1 and MILP2 discussed in Section 2.2 for
solving the problem 1-MSD. In this experiment they use dataset GKD-a, and they refer to it as
the Glover dataset in their article. They observe that the MILP2 model produces better results
with respect to the execution time compared to the MILP1 model.
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Although the linearization technique that we use for the 2-MILP1 model is similar to that
of the MILP1 model, and the same thing is true for the models 2-MILP2 and MILP2, our
observation is not consistent with the observation made in [Marti et al., 2010], i.e., the 2-MILP1
model is less time consuming compared to the 2-MILP2 model.

To explore this inconsistency, we carry out another experiment in which we compare the
models MILP1 and MILP2 using the same dataset GKD-a that [Marti et al., 2010] used in their
article, but we use the Gurobi software to solve the instances of the problem 1-MSD. The result
of this experiment is presented in Table 7.3. The first and second columns in this table represent
the number of candidate locations, n and the number of facilities, p, respectively. The next
three columns represent the average execution time (in seconds) for the 5 instances of dataset
GKD-a per row along with their standard deviation in parentheses for the models NLIP, MILP1,
and MILP2, respectively.

Table 7.3: Execution time for the models NLIP, MILP1, and MILP2

n p NLIP MILP1 MILP2

10

2 0.1 (0.0) 0.0 (0.0) 0.1 (0.0)
3 0.1 (0.0) 0.1 (0.0) 0.1 (0.0)
4 0.1 (0.0) 0.0 (0.0) 0.1 (0.0)
6 0.1 (0.0) 0.1 (0.0) 0.1 (0.0)
8 0.1 (0.0) 0.0 (0.0) 0.1 (0.0)

15

3 0.4 (0.0) 0.1 (0.0) 0.2 (0.0)
4 0.4 (0.0) 0.1 (0.0) 0.1 (0.0)
6 0.6 (0.0) 0.1 (0.0) 0.3 (0.0)
9 0.3 (0.0) 0.1 (0.0) 0.2 (0.0)
12 0.3 (0.0) 0.1 (0.0) 0.1 (0.0)

30

6 119.1 (27.0) 0.6 (0.1) 12.7 (2.6)
9 325.6 (46.6) 0.6 (0.1) 81.7 (20.2)
12 950.1 (54.0) 0.8 (0.4) 64.6 (22.0)
18 1303.5 (135.4) 1.6 (0.5) 55.6 (19.9)
24 20.4 (4.3) 0.7 (0.2) 1.0 (0.3)

Average 181.4 0.3 14.5
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As we can observe from the above table, the MILP1 model is less time consuming compared
to the MILP2 model when we use the solver of Gurobi, and this observations is inconsistent
with the observation made in [Marti et al., 2010] for the same models and the same dataset,
and it is consistent with our observation made from Tables 7.1 and 7.2. On average, the MILP1
model is 97.7% faster than the MILP2 model for solving the GKD-a instances of the problem
1-MSD based on what we observe in Table 7.3. This could be due to the fact that we use a
different software system for solving the corresponding integer programming models.

7.2 Heuristic methods for solving the problem 2-MSD

In this section we present a constructive greedy heuristic algorithm as well as a local search
heuristic algorithm for the problem 2-MSD. These methods are discussed in Sections 7.2.1 and
7.2.2, respectively. Ultimately, we discuss the results of a computational experiment to show the
effectiveness of the heuristic methods in Section 7.2.3.

7.2.1 A constructive greedy heuristic algorithm for the problem 2-MSD

In this section we present a greedy heuristic algorithm to solve the problem 2-MSD. Similar to
the greedy algorithms previously proposed in the context of the problem 1-MSD in [Erkut, 1990,
Ghosh, 1996, Glover et al., 1998, Silva et al., 2004], in the problem 2-MSD we also locate the
facilities one after another until there is no more facility left to be located, and in each iteration
we choose the site that improves the objective function more than the other sites.

In the context of the problem 2-MSD, since the heavier facilities have a larger impact on
the objective function, we start by locating these facilities first. We then locate the smaller
facilities until there is no facility left. We first describe the notations of our proposed algorithm.
Subsequently, we present the steps of the algorithm and describe those steps in detail afterwards.

In this algorithm we define the set of locations for type 1 facilities as γ1 = {i : xi1 =
1, for all i ∈ N}. Similarly, we define the set γ2 = {i : xi2 = 1, for all i ∈ N} as the set of
locations for type 2 facilities. We also define γ = {i : xi1 = 0 and xi2 = 0, for all i ∈ N}
as the set of empty sites. Obviously, the three sets γ1, γ2, and γ are mutually exclusive
sets that partition the set N , and γ = N\(γ1 ∪ γ2). The objective function value is de-
fined as the summation of all pairwise relative distances among the located facilities as
Z = ∑n−1

i=1
∑n
j=i+1

∑2
u=1

∑2
v=1wuwvdijxiuxjv.
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For simplicity, we define the summation of all distances from site i to all other sites as
di = ∑

j∈N dij for all i ∈ N . Additionally, we define the summation of all distances from an
empty site i to all sites with a type 2 facility located in them as d′i = ∑

j∈γ2 dij for all i ∈ γ.
Furthermore, we define the summation of all pairwise relative distances from an empty site i
that a type 1 facility is going to be located in it to all other sites that already a facility (of
either type) is located at them as d′′i = ∑

j∈γ1 w
2
1dij +∑

j∈γ2 w1w2dij for all i ∈ γ. We present
the steps of this algorithm in detail below.

Initialization. Initialize Z = 0; γ1 = Ø; γ2 = Ø; and γ = N accordingly.

Step 1. Locate the two heaviest facilities.

1.1. Find i1 and i2 such that (i1, i2) = {(i, j) : dij = maxi, j∈N, i<j{dij}}.

1.2. If p2 = 1, go to the next step. Otherwise, go to step 1.2.3.

1.2.1. If di1 ≥ di2 , go to the next step. Otherwise, go to step 1.2.1.2.
1.2.1.1. Let γ2 ← γ2 ∪ {i1}, and let γ1 ← γ1 ∪ {i2}. Go to step 1.2.2.
1.2.1.2. Let γ2 ← γ2 ∪ {i2}, and let γ1 ← γ1 ∪ {i1}.

1.2.2. Let Z← Z + w1w2di1i2 . Go to step 1.3.
1.2.3. Let γ2 ← γ2 ∪ {i1, i2}, and let Z← Z + w2

2di1i2

1.3. Let γ ← γ\{i1, i2}.

1.4. If |γ2| < p2, go to the next step. Otherwise, if |γ2| = p2, and |γ1| < p1, go to step 3.
Otherwise, terminate the algorithm.

Step 2. Locate all the remaining heavy/large (i.e., type 2) facilities.

2.1. Find l such that l = {k : d′k = maxi∈γ{
∑
j∈γ2 dij}}.

2.2. Let γ2 ← γ2 ∪ {l}, and let γ ← γ\{l}, and let Z← Z + w2
2d
′
l.

2.3. If |γ2| < p2, go back to step 2. Otherwise, go to the next step.

Step 3. Locate all the (remaining) light/small (i.e., type 1) facilities.

3.1. Find l such that l = {k : d′′k = maxi∈γ{
∑
j∈γ1 w

2
1dij +∑

j∈γ2 w1w2dij}}.

3.2. Let γ1 ← γ1 ∪ {l}, and let γ ← γ\{l}, and let Z← Z + d′′l .

3.3. If |γ1| < p1, go back to step 3. Otherwise, terminate the algorithm.

The algorithm starts with an infeasible solution in which no facility (of either type) is located
at the n given sites, i.e., the algorithm initializes γ1 = Ø, γ2 = Ø, and γ = N in the initialization
step. Correspondingly, the objective function value will be initialized as Z = 0.
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Thereafter, the algorithm determines the location of the two sites i1 and i2 in the set N that
form the largest distance among all pairs of sites in order to locate the two heaviest facilities in
step 1.1. In this step if there is a tie in the largest distance, the algorithm chooses the pair of
sites that together form the largest total distance to the other facilities, i.e., the pair of sites
with the largest di1 + di2 . If there is still a tie, the algorithm chooses the pair with the smallest
index i, and ultimately, if there is a tie again, it chooses the pair with the smallest index j.
Afterwards, if p2 = 1, i.e., if we only have one heavy facility, the two heaviest facilities to locate
at sites i1 and i2 are a pair of facilities with different types, i.e., one heavy and one light facility
(step 1.2). In this case between sites i1 and i2 (step 1.2.1), we locate the heavy facility at the
site that forms a larger total distance di to all other sites in the set N , update the sets γ1 and
γ2 accordingly (steps 1.2.1.1 and 1.2.1.2), and update the objective function value in step 1.2.2.
In step 1.2.1 in case there is tie, the algorithm selects the site i1. Alternatively, if p2 ≥ 2, the
two facilities to be located at sites i1 and i2 are both heavy facilities; therefore, the algorithm
locates a type 2 facility in each of the sites i1 and i2 by updating the set γ2, and it updates the
value of Z accordingly (step 1.2.3). Subsequently, the set γ is updated by removing the sites i1
and i2 from it (step 1.3). In step 1.4 if there is at least one type 2 facility left to be located, we
move forward to step 2. Otherwise, if there are only type 1 facilities left, we move to step 3, and
otherwise, i.e., if there is no facility of either type left to be located, we terminate the algorithm.

In the iterative step 2 we locate the remaining type 2 facilities one after another. To this
end, among the empty sites, we find the site with the largest total distance d′i to the sites that
we have already located a type 2 facility in them (step 2.1), and we locate a type 2 (i.e., heavy)
facility at the site with the largest d′i by adding it to the set γ2, remove it from the set γ, and
updating the value of Z (step 2.2). If there is a tie in step 2.1, the algorithm selects the site
with the smaller index. We repeat this iterative step until all type 2 facilities are located (step
2.3), and then, we move to step 3 to locate the type 1 (i.e., light) facilities.

Similarly, in the iterative step 3 we locate the (remaining) type 1 facilities. Among the empty
sites, we find the site with the largest total relative distance d′′i to the sites where a facility (of
either type) is already located in them (step 3.1). We then locate a type 1 (i.e., light) facility
at this site by adding it to the set γ1, removing it from the set γ, and updating the value of
Z (step 3.2) accordingly. If there is a tie in step 3.1, the algorithm selects the site with the
largest distance to the sites that a facility is already located in them, and if there is still a tie,
the algorithm selects the site that has the smaller index. We repeat this iterative step until we
locate all the type 1 facilities.
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Discussion: This algorithm eventually terminates with a feasible solution.

In this algorithm we first locate the type 2 facilities one by one and then the type 1 facilities
one after another. The cardinality of the set γ2 increases from 0 at the beginning of this
algorithm to p2 upon completion of steps 1 and 2. Then, the cardinality of the set γ1 starts
to increase from 0 to p1 upon completion of step 3. Therefore, we will eventually meet the
termination criterion |γ1| = p1. As discussed at the beginning of this chapter, a feasible solution
for the problem 2-MSD consists of two mutually exclusive proper subsets γ1 and γ2 of the set N
with respective cardinalities p1 and p2 that is obviously an output of the above algorithm.

As we discussed at the beginning of this section, in this greedy algorithm we locate the
heavy facilities first, and then, we locate the light facilities. The rationale behind this idea
is that once a facility is located at a site, it cannot be moved to another site. Therefore, we
locate the heavy facilities first, so that we have more flexibility on locating them as dispersed
as possible compared to the light facilities, since they have a larger impact on the objective
function. Relatedly, consider an instance of the problem 2-MSD with w1 ≈ 0, and w2 to be equal
to a very large number. It is easy to envision that the solution to this problem is very similar to
the solution of a problem 1-MSD that only considers locating the heavy facilities because the
location of type 1 facilities would have a negligible impact on the value of the objective function.
Therefore, we can disregard the light facilities, solve a problem 1-MSD with heavy facilities
only, locate the heavy facilities accordingly, and then locate the light facilities (randomly) in the
remaining empty sites just to maintain feasibility. However, if we fix the location of the light
facilities first, we would limit the options for the heavy facilities that have a huge impact on the
objective function. In order to observe the effect of the sequence of locating heavy versus light
facilities, we consider three scenarios in the following manner.

1. We locate the heavy facilities first one after another. Then, we locate the light facilities
one by one based on the above algorithm. We refer to this Greedy algorithm that locates
the Heavy facilities first as the GH algorithm.

2. We locate the light facilities one by one, and then, we locate the heavy facilities one at
a time using the locations determined by the above algorithm. We refer to this Greedy
algorithm that first locates the Light facilities as the GL algorithm.

3. We randomly select a facility (either heavy or light) and locate it based on the above
algorithm and repeat this procedure until all facilities are located. We refer to this Greedy
algorithm that Randomly chooses the facilities as the GR algorithm.
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Through a computational study, we compare the efficiency of the above three scenarios and
discuss the results of this study in Section 7.2.3. Based on the above discussion, we expect that
the GH algorithm would have the best performance among the other scenarios, and the GL

algorithm would have the worst performance among the others with respect to the quality of
the solution obtained.

7.2.2 A local search heuristic algorithm for the problem 2-MSD

In this section we present a local search heuristic algorithm to solve the problem 2-MSD. The
study on the local search heuristic algorithms for the max-sum diversity problem with identical
facilities (i.e., the problem 1-MSD) started from [Erkut, 1990] where they present an algorithm
that starts from a random feasible solution and moves to another feasible solution by moving a
facility to an empty site. Similar ideas are used in [Ghosh, 1996] and [Duarte and Marti, 2007].
We also employ a similar idea to build a part of our neighborhood structure for solving the
problem 2-MSD. In the following, we discuss the main pillars of our proposed local search
algorithm.

Solution representation: We denote each solution by a vector of size n, α = (α1, α2, ..., αn),
in which the element αi represents the status of site i for all i ∈ N . In this notation, in the
context of the problem 2-MSD, the possible values for αi for all i ∈ N are 0, 1, and 2, respectively
representing the location of no facilities, a facility of type 1, and a facility of type 2 at site i. A
feasible solution using this notation, has p1 elements with value of 1, p2 elements with value of
2 (i.e., p = p1 + p2 nonzero elements), and accordingly, n− p elements with value of 0 in the
solution vector α. For instance, using this notation, a feasible solution for an instance of the
problem 2-MSD with n = 8, p1 = 2, and p2 = 3 can be represented as α = (1, 0, 1, 2, 0, 2, 2, 0)
corresponding to a solution where a facility of type 1 is located at each of the sites 1 and 3
(because α1 = α3 = 1), and a facility of type 2 is located at sites 4, 6, and 7 (because α4 = α6

= α7 = 2), and there is no facility located at sites 2, 5, and 8 (because α2 = α5 = α8 = 0).

Initialization step (starting solution): We begin the local search algorithm by starting
from a random feasible solution. To this end, we start with a zero vector of size n, and we
randomly select p1 elements in this vector and change their value from 0 to 1. Subsequently,
from the remaining n− p1 zero elements, we randomly select p2 of them, and change their value
from 0 to 2.
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Neighborhood structure: In our local search algorithm a solution α′ is defined as a
neighbor of the solution α if α′ is constructed from α by either of the two following exchanging
strategies.

1. Exchanging a nonzero (i.e., either 1 or 2) element with a 0 element, i.e., moving a facility
of either type to an empty site as depicted in Figure 7.1 below.

Figure 7.1: Exchanging strategy 1

2. Exchanging an element with value of 1 with an element with value of 2, i.e., swapping the
location of two facilities of different types as depicted in Figure 7.2 below.

Figure 7.2: Exchanging strategy 2

The exchanging strategy 1 uses similar ideas to the ones in [Erkut, 1990] in relocating a
facility to an empty site. However, in the context of the problem 2-MSD where the facilities are
nonidentical, the location of the facilities with different types can also be exchanged in order
to obtain a broader neighborhood. To this end, we use both exchanging strategies 1 and 2 as
described above to explore more neighbors of the current solution at each iteration.

For each solution α, we respectively refer to the neighborhoods that are obtained by applying
the above two exchanging strategies as N1(α) (i.e., neighborhood 1 of solution α), and N2(α)
(i.e., neighborhood 2 of solution α). Together, N1(α) and N2(α) build the neighborhood of
solution α. This neighborhood structure is obviously viable, i.e., within a finite number of steps,
we can reach to any feasible solution starting from an initial feasible solution. For instance, in
order to reach from the starting feasible solution α = (1, 2, 2, 0, 0) to the feasible solution α′ =
(2, 0, 0, 2, 1) we can first employ the exchanging strategy 2 by swapping the elements α1 and α2

to reach to the solution α1 = (2, 1, 2, 0, 0). Then, we can employ the exchanging strategy 1 by
swapping the elements α3 and α4 to reach to the solution α2 = (2, 1, 0, 2, 0), and ultimately,
we can employ the exchanging strategy 1 again to swap the elements α2 and α5 and reach to
the solution α′.
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Size of the neighborhood: The neighborhood set N1(α) contains all the neighbors of
the solution α that are obtained from all possible ways of exchanging nonzero elements with
zero elements. A feasible solution α has p = p1 + p2 nonzero elements and n− p zero elements.
Therefore, the size of the neighborhood 1 is obtained as |N1(α)| = p(n−p) = (p1+p2)(n−p1−p2).
Similarly, the neighborhood set N2(α) contains all the neighbors of the solution α that are
obtained from all possible exchanges of the elements with the value of 1 with the elements
with the value of 2. A feasible solution α has p1 and p2 such values, respectively. As a result,
the size of the neighborhood 2 can be obtained as |N2(α)| = p1p2. Together, the size of the
neighborhood built by N1(α) and N2(α) is equal to (p1 + p2)(n− p1 − p2) + p1p2.

Search strategy: In this study we present two local search strategies in our local search
heuristic algorithm, also known as the pivoting rule in [Gonzalez, 2007], namely the best im-
provement and the first improvement pivoting rules. We discuss these two strategies in detail
below. Later in this chapter, in Section 7.2.3 we compare these two strategies in terms of the
execution time and the quality of the solution obtained.

1. Best improvement: A single iteration in this search strategy consists of investigating
all the neighbors of the current solution. At the first iteration, the current solution is
randomly constructed in the initialization step. If there is no solution in the neighborhood
of the initial solution with a better objective function value, we halt with a solution which
is (at least) a local optimum for the current iteration. Otherwise, we choose the best
neighbor (i.e., the neighbor with the largest value of the objective function) and use it
as a new starting point (i.e., current solution). This search strategy is also known as the
highest ascent strategy in the literature. Throughout the rest of this chapter, we refer to
this local search method as the LSB algorithm.

2. First improvement: A single iteration in this search strategy consists of investigating
the neighbors of the current solution one after another until a solution with a better
objective function value is found. At the first iteration of the algorithm, the current
solution is randomly constructed. If there is no solution in the neighborhood of the initial
solution with a better objective function value, the algorithm would terminate with the
current solution as a local optimum. Otherwise, we choose the first neighbor that improves
the objective function value and use it as a new starting point. This search strategy is
also known as the first ascent strategy, and we refer to it as the LSF algorithm.
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In using either of the two search strategies above, we always keep track of the solutions
that we evaluate their objective function and store them in a dictionary data structure when
using the Python software. The keys in this dictionary are arrays representing the investigated
feasible solutions of the problem, and the values are their corresponding objective function
values. At every iteration of our algorithm, when we explore each of the neighbors of the current
solution, we check whether or not the neighbor already exists as one of the keys in the dictionary.
Since dictionaries are implemented as hash tables in Python, we would be able to do an O(1)
lookup by the keys to check the existence of any key in the dictionary. Implementing this idea
in our algorithm saves us a lot of time because we do not investigate (i.e., calculate the objective
function value of) a solution that it is already investigated.

Termination criterion: In either of the above two search strategies we repeat the search
procedure looking for a neighbor (new starting point) that has a better solution quality until
no improvement is possible, i.e., we halt when there is no solution in the neighborhood of the
current solution that has a larger value of the objective function. It is evident that at the last
iteration of each of the two pivoting rules, we evaluate all the neighbors of the current solution
to realize that the quality of the current solution is no worse than any of its neighbors.

7.2.3 Computational experiment

In this section we discuss the results of our computational experiment using the greedy and
local search heuristic algorithms for solving the problem 2-MSD. In Section 7.1 we observe that
the 2-MILP1 model has the best performance (i.e., the lowest execution time) among the other
IP models discussed in that section. Therefore, we compare our proposed heuristic algorithms
that we propose in Sections 7.2.1 and 7.2.2 with the solutions obtained from this model. We
set a time limit of 3 hours (10800 seconds) for each instance using the 2-MILP1 model, and
we abort the program if the an optimal solution is not found within this time limit. In our
experimentation we use dataset 2DM discussed in Section 3.3 and datasets SOM-a, GKD-a, and
GKD-b discussed in Section 7.1. All the programs in this section are written by the author in
Python 3.7 on the same computer used in the previous chapters.

For the rest of this section, unless we state otherwise, whenever we discuss the local search
algorithm, we refer to the case where we execute the algorithm twice (from two randomly selected
starting points). Also, when we mention the execution time of the local search algorithm, we
refer to the total time for running the algorithm twice.
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Tables 7.4 and 7.5 represent the results of our experiment using dataset 2DM. The first table
contains the results based on instances that are solved using the 2-MILP1 model in our allotted
time limit, while the latter contains the instances where this model is not able to solve them
within 3 hours.

The First column in Table 7.4 represents the size of the problem, n. The next two columns
in this table contain the values of the parameters p1 and p2. The column next to them which
is labeled by “2-MILP1” represents the execution time (in seconds) of this model to solve
the instances of the problem 2-MSD. The next two sets of columns contain the results of our
experiment using the greedy heuristic algorithm, GH, and the local search heuristic algorithm,
LSB. Each of these sets of columns contains two subcolumns respectively representing the
execution time of the heuristic method (in seconds) and its optimality gap percentage. If we
refer to the optimal value of the objective function obtained using the 2-MILP1 model as Z?

and refer to the value of the objective function obtained from the heuristic algorithm H as ZH,
the optimality gap percentage is computed as 100× Z?−ZH

Z? . The row next to the last contains
the average values of all instances in this table, and the last row labeled by “% Opt” shows the
percentage of instances whose optimal value were found using each of the heuristic algorithms.

The first three columns in Table 7.5 are similar to those of Table 7.4. However, in this table
we do not have the results of the 2-MILP1 model, since this table only contains the results of the
instances that cannot be solved by this model in our allotted time limit (i.e., we do not know
the optimal value Z? for these instances). The next two sets of columns in this table contain
the results of the heuristic algorithms GH and LSB, respectively. In each group of columns
the first subcolumn represents the execution time (in seconds) for the corresponding heuristic
method, and the second subcolumn represents the value of the objective function obtained from
the heuristic algorithm H (i.e., ZH). The last column in this table which is labeled by “Diff. %”
represents the percentage of gap between the value of the objective function obtained from the
two heuristic algorithms. This value is computed as 100× ZLSB−ZGH

ZGH
. The last row contains the

average values for all the instances in this table.

Tables 7.6 and 7.7 represent the results of our experiment using the MDPLIB datasets
SOM-a, GKD-a, and GKD-b. These two table are similar to Tables 7.4 and 7.5, except that in
these tables we have 5 instances per row and the data shown in these tables are the average
values (execution time and/or the optimality gap) for 5 instances. Also, in these tables the first
column represents the name of the dataset used.
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Table 7.4: Results based on the 2-MILP1 model and the heuristic algorithms, dataset 2DM

n
p

2-MILP1
GH LSB

p1 p2 Time Gap (%) Time Gap (%)

10

1 1 0.0 0.0 0.00 0.0 0.00
3 1 0.0 0.0 4.19 0.0 0.00
4 2 0.2 0.0 0.00 0.0 0.00
6 2 0.1 0.0 0.00 0.0 0.00

20

3 1 0.8 0.1 0.21 0.0 0.21
6 2 4.7 0.1 1.25 0.3 0.00
8 4 7.0 0.1 0.82 0.7 0.00
11 5 5.7 0.1 0.16 0.8 0.00

30

4 2 6.7 0.2 0.09 0.1 0.09
8 4 136.5 0.2 0.00 1.1 0.00
12 6 300.9 0.3 0.18 3.5 0.05
16 8 188.1 0.3 0.00 7.7 0.00

40

6 2 39.6 0.1 0.66 0.5 0.36
11 5 3550.6 0.2 0.00 5.6 0.00
16 8 10593.1 0.4 0.22 12.7 0.00
22 10 1997.9 0.6 0.12 26.7 0.00

50
7 3 1167.9 0.1 0.21 1.9 0.00
27 13 10012.7 1.1 0.03 80.9 0.00

Average 1556.3 0.2 0.45% 7.9 0.04%
% Opt 6/18 = 33.3% 14/18 = 77.8%
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Table 7.5: Results based on the heuristic algorithms, large instances of dataset 2DM

n
p GH LSB Diff. %

p1 p2 Time ZGH Time ZLSB

50
14 6 0.3 5,877.1 15.2 5,877.1 0.00
20 10 0.6 12,939.8 48.6 12,947.4 0.06

60

8 4 0.3 2,316.2 4.7 2,318.8 0.11
16 8 0.7 8,917.0 43.8 8,932.8 0.18
24 12 1.2 19,157.6 137.5 19,219.5 0.32
32 16 1.9 32,247.9 200.9 32,341.2 0.29

70

10 4 0.8 2,861.2 8.8 2,871.1 0.35
19 9 1.3 11,504.0 92.8 11,540.6 0.32
28 14 2.2 25,053.1 246.5 25,071.7 0.07
38 18 3.5 41,284.5 369.0 41,312.2 0.07

Average 1.3 - 116.8 - 0.18%
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Table 7.6: Results based on the 2-MILP1 model and the heuristic algorithms, MDPLIB datasets

Dataset n
p

2-MILP1
GH LSB

p1 p2 Time Gap (%) Time Gap (%)

SOM-a
25

1 1 0.3 0.0 0.00 0.0 0.00
5 2 5.9 0.0 10.20 0.2 0.23

50 4 1 39.4 0.0 10.02 0.2 1.34

GKD-a

10

1 1 0.1 0.0 0.00 0.0 0.00
2 1 0.1 0.0 0.21 0.0 0.19
3 1 0.1 0.0 0.59 0.0 0.00
4 2 0.3 0.0 0.44 0.0 0.14
5 3 0.1 0.0 0.15 0.0 0.00

15

2 1 0.2 0.0 1.05 0.0 0.13
3 1 0.3 0.0 1.60 0.0 0.00
4 2 0.7 0.0 0.71 0.1 0.00
6 3 0.6 0.0 0.08 0.1 0.00
8 4 0.6 0.0 0.52 0.2 0.00

30

4 2 6.3 0.1 1.44 0.2 0.10
6 3 14.8 0.1 0.54 0.7 0.00
8 4 32.4 0.2 0.66 1.7 0.03
12 6 151.4 0.2 0.28 5.3 0.00
16 8 242.7 0.3 0.26 7.2 0.00

GKD-b

25
1 1 0.4 0.1 0.00 0.0 0.00
5 2 3.9 0.1 0.79 0.2 0.05

50
4 1 11.4 0.4 0.57 0.2 0.02
10 5 6544.9 0.4 0.48 7.3 0.00

100 7 3 7630.2 4.1 1.42 7.6 0.05
Average 638.6 0.3 1.39% 1.4 0.10%

% Opt 43/111 = 38.8% 92/111 = 82.9%
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Table 7.7: Results based on the heuristic algorithms, large instances of the MDPLIB datasets

Dataset n
p

GH LSB % Diff.
p1 p2

SOM-a

50 10 5 0.2 2.0 6.87

100
7 3 0.1 1.6 3.71
20 10 1.1 78.7 4.80

125
8 4 0.2 4.8 4.45
25 12 2.1 175.7 2.35

150
10 5 0.4 14.4 6.36
30 15 3.7 535.4 2.87

GKD-b

50 10 5 0.4 1.9 0.23

100
7 3 4.1 1.5 0.66
20 10 3.7 57.6 0.24

125
8 4 9.3 3.9 0.58
25 12 7.9 168.8 0.26

150
10 5 21.7 11.4 0.51
30 15 16.2 438.2 0.10

Average 5.1 106.9 2.43%

Note that in these tables among the three scenarios of the greedy heuristic algorithm GH, GL,
and GR, we only see the result of our experiment for the GH algorithm. In fact, we separately
carried out an experiment comparing the efficiency of these three scenarios. In this experiment
we observed that consistent with our expectations that we discussed in the last paragraph of
Section 7.2.1, the GH algorithm has the best performance, and the GL algorithm has the worst
performance among the three scenarios in terms of the quality of the solution obtained (i.e., the
value of the objective function). For instance, out of the total 203 instances in all 4 datasets,
the average optimality gap for 129 of them where the 2-MILP1 model is able to solve them in
the allotted time limit is 0.98% for the GH algorithm, while this number increases to 3.66% for
the GR algorithm and 6.05% for the GL algorithm. We also observed that the execution times
of the three scenarios are very similar.

Consequently, we only report the results of our computational experiment for the GH

algorithm in this section. Figure 7.3 is a typical illustration of the performance of the three
scenarios of the greedy heuristic algorithm in terms of their average optimality gap percentage
when using dataset GKD-a.
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Figure 7.3: The average optimality gap of the algorithms GL, GR, and GH, dataset GKD-a

Furthermore, between the two pivoting rules (i.e., best improvement and first improvement),
we only see the results of our experiment for the LSB algorithm in the above tables. As a
matter of fact, we carried out a separate computational experiment to compare the efficiency
of the two algorithms LSB and LSF, and we observed that although there is not much of a
difference between them in terms of the quality of the solution obtained, the average execution
time of the LSF algorithm is about 3-5 times larger than that of the algorithm LSB in different
datasets. This could be due to the number of iterations it takes for each of the algorithms to
terminate. As also discussed in [Gonzalez, 2007], the first improvement pivoting rule usually
requires more iterations than the best improvement pivoting rule, which is also consistent with
our observations in this problem. For instance, in different datasets it takes about 6-10 times
more iterations for the LSF algorithm to terminate compared to the number of iterations it
takes for the LSB algorithm to terminate.

Based on the results of our computational experiment in Tables 7.4, 7.5, 7.6, and 7.7, we
make the following observations.
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1. Comparing the quality of the solution (GH vs. LSB): The solutions obtained by
the GH algorithm are quite close to the optimal solutions obtained from the exact method
(i.e., the 2-MILP1 model), while the solutions obtained by the LSB algorithm are even
closer to the optimal solutions. For instance, the average optimality gap of all 129 instances
in Tables 7.4 and 7.6 that are solved by the 2-MILP1 model within the 3-hour time limit
is equal to 0.98% for the GH algorithm, while this number reduces to only 0.07% for the
LSB algorithm. Also, out of these 129 total instances, the optimal solution for 49 of them
is found using the GH algorithm, while when we use the LSB algorithm we are able to
find the optimal solution for 106 of these instances. On the other hand, the maximum
optimality gap for the GH algorithm is equal to 19.31%, while this number reduces to
only 2.52% for the LSB algorithm. Furthermore, according to Tables 7.5 and 7.7, for
all 74 instances in the 4 datasets that cannot be solved by the 2-MILP1 model in the
allotted time limit, the LSB algorithm finds a solution with the same value of the objective
function as compared with the GH algorithm in a few instances, and in the majority of the
instances (71/74 = 95.9%), it results in a solution with a higher objective function value.

2. Comparing the execution time (2-MILP1 vs. GH vs. LSB): The execution time
of the heuristic algorithms GH and LSB are considerably less than the execution time
of the 2-MILP1 model. Also, the GH algorithm is less time consuming compared to the
LSB algorithm. For instance, the average execution time of the instances in Tables 7.4
and 7.6 that the 2-MILP1 model is able to solve them within 3 hours is equal to 766.6
seconds, while this number reduces to 0.3 and 2.3 seconds for the algorithms GH and LSB,
respectively. It should also be noted that out of the total 203 instances in all 4 datasets,
74 of them can not be solved within a time limit of 3 hours using the 2-MILP1 model,
while the average execution time of the heuristic algorithms for these instances are 4.6
and 108.2 seconds for the algorithms GH and LSB, respectively.

3. Comparing the execution time (random vs. geometric dataset): Based on the
results in Table 7.6, we can observe that using dataset SOM-a leads to longer average
execution time for the 2-MILP1 model compared to dataset GKD-b. For instance, in
dataset GKD-b many instances with parameters n = 50, p1 = 10, and p2 = 5 can be
solved within the time limit, but none of the instances in dataset SOM-a with the same
parameters can be solved within a time limit of 3 hours. This observation is consistent
with our observation in Section 3.3.2 and the observations in [Lawler et al., 1985] in a
similar context. However, we do not observe a significant difference in the execution time
of the heuristic methods when we use different types of datasets.
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4. Comparing the quality of the solution (random vs. geometric dataset): We
can also observe that the average optimality gap is lower when we use the geometric
dataset GKD-b compared to the random dataset SOM-a using either of the two heuristic
algorithms GH or LSB. For instance, among the instances where the 2-MILP1 model is
able to solve them within the time limit in Table 7.6, when we use the GH algorithm, the
average optimality gap is equal to 0.45% in dataset GKD-b, while this number increases
to 6.74% in dataset SOM-a. Similarly, when we use the LSB algorithm, the average
optimality gap among these instances is equal to 0.52% in dataset SOM-a, while this
number decreases down to only 0.02% in dataset GKD-b.

In another observation from Tables 7.4 and 7.6 we can see that whenever p1 = p2 = 1, the
optimality gap of the GH algorithm is equal to 0. This is not a coincidence, and in fact, the
solution obtained using this algorithm is always optimal if the above condition is satisfied. The
reason is that when we have only 2 facilities, the optimal solution is obviously the two sites that
form the longest distance among all pairs of sites. In step 1 of the GH algorithm we do the same,
i.e., we find the sites i1 and i2 such that (i1, i2) = {(i, j) : dij = maxi, j∈N, i<j{dij}}.

Additionally, we carried out another experiment in which we use the solution obtained from
the GH algorithm as the starting point of the LSB algorithm. We refer to this algorithm as the
GH + LSB and solved every instance in Tables 7.4, 7.5, 7.6, and 7.7 using this method. In this
experiment we compared the efficiency of this algorithm with the LSB algorithm when we run
it once (starting from a single randomly selected feasible solution). We observed that almost
always the GH + LSB algorithm is less time consuming than the LSB algorithm in which we
start from a single random feasible solution. However, in the majority of the instances, the
former method produces solutions with lower objective function values.

More specifically, the average execution time of all instances in Tables 7.4, 7.5, 7.6, and
7.7 for the GH + LSB algorithm is 72.2% less than that of the LSB algorithm when we run it
once. However, among these instances, when we execute the LSB algorithm once, it produces
solutions whose value of the objective function are 0.57% higher than the solutions obtained
from the GH + LSB algorithm. We also observed that the gap between the objective function
value obtained by the two algorithms becomes even more significant when we use the random
dataset SOM-a (with a 2.16% average gap).

In another experiment we took the solution obtained by the faster heuristic algorithm GH

and used it as a warm start in the 2-MILP1 model. We refer to this method as the 2-MILP1-w
method. Warm starts, also known as advanced or Mixed Integer Programming (MIP) starts,
basically provide a hint to help the solvers start from a given feasible solution as the lower
bound (in case of a maximization problem) by feeding it to the model before it is solved.
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We carried out an experiment using the same instances we used earlier in this section to
compare the execution time of the 2-MILP1 model and the method 2-MILP1-w. Tables 7.8 and
7.9 below show the results of our experiment using dataset 2DM and the MDPLIB datasets,
respectively. In this experiment we set a time limit of three hours (10800 seconds), and in these
tables we do not report the results of the instances where neither method was able to solve the
problem within our allotted time limit. The structure of these tables is similar to the previous
tables in this section, and the execution times (in seconds) in the column labeled by “2-MILP1”
in Tables 7.8 and 7.9 are directly drawn from Tables 7.4 and 7.6, respectively. The column
labeled by “2-MILP1-w” in these tables shows the execution time (in seconds) for the method
2-MILP1-w.

Table 7.8: Execution time for the models 2-MILP1 and 2-MILP1-w, dataset 2DM

n
p

2-MILP1 2-MILP1-w
p1 p2

10

1 1 0.0 0.0
3 1 0.0 0.1
4 2 0.2 0.2
6 2 0.1 0.1

20

3 1 0.8 1.1
6 2 4.7 4.6
8 4 7.0 7.1
11 5 5.7 5.8

30

4 2 6.7 7.1
8 4 136.5 129.3
12 6 300.9 270.5
16 8 188.1 175.9

40

6 2 39.6 39.0
11 5 3550.6 3712.3
16 8 10593.1 6207.5
22 10 1997.9 2768.8

50
7 3 1167.9 1206.3
27 13 10012.7 -

Average 1058.8 855.0
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Table 7.9: Execution time for the models 2-MILP1 and 2-MILP1-w, MDPLIB datasets

Dataset n
p

2-MILP1 2-MILP1-w
p1 p2

SOM-a
25

1 1 0.3 0.3
5 2 5.9 6.1

50 4 1 39.4 60.4

GKD-a

10

1 1 0.1 0.1
2 1 0.1 0.1
3 1 0.1 0.1
4 2 0.3 0.3
5 3 0.1 0.1

15

2 1 0.2 0.2
3 1 0.3 0.4
4 2 0.7 0.6
6 3 0.6 0.5
8 4 0.6 0.7

30

4 2 6.3 7.0
6 3 14.8 11.6
8 4 32.4 31.5
12 6 151.4 104.6
16 8 242.7 207.9

GKD-b

25
1 1 0.4 0.4
5 2 3.9 4.0

50
4 1 11.4 13.7
10 5 6544.9 6226.5

100 7 3 7630.2 7596.3
Average 638.6 620.6
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From the above tables we can observe that the average execution time of the method 2-
MILP1-w is slightly less than that of the 2-MILP1 model. For example, among the instances that
both methods terminate within the time limit, the average execution time of the model 2-MILP1
is 1058.8 seconds, while this number reduces to 855.0 seconds for the method 2-MILP1-w. Also,
among the 129 instances in Tables 7.8 and 7.9, the execution time of the 2-MILP1-w model
is smaller in 67 of them (≈ 52%), but none of instances that could not be solved within the
allotted time limit using the 2-MILP1 model, could be solved using the method 2-MILP1-w. In
fact, in the last instance of the Table 7.8 we are not able to solve this instance using the method
2-MILP1-w, but we can solve it in 10012.7 seconds using the 2-MILP1 model.

These observations imply that for the collection of instances in our experiment, using the
feasible solution obtained via the algorithm GH as a warm start for solving the 2-MILP1 model,
via the solver of Gurobi, does not seem to have a major impact on its execution time. However,
if we increase the optimality gap parameter in the Gurobi solver, it could result in further
reduction in the execution time, but the solution is not guaranteed to be optimal.
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CHAPTER

8

SUMMARY AND FUTURE RESEARCH

In this dissertation we studied the maximum diversity problem with nonidentical facilities.
After introducing the problem in its general form, we focused on several specific scenarios.
In particular, we studied the max-min diversity problem with two types of facilities (i.e., the
problem 2-MMD), the max-min diversity problem with n distinct-weight facilities (i.e., the
problem dw-MMD), and the max-sum diversity problem with two types of facilities (i.e., the
problem 2-MSD). We also explored the relationship between the problem dw-MMD and the
well known quadratic bottleneck assignment problem.

In this chapter we conclude this dissertation by discussing a summary of our research findings
in terms of the contributions of this dissertation to the literature in Section 8.1. In Section 8.2
we discuss different directions for future studies.
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8.1 Contributions

1. Problems k-MMD and k-MSD

We introduced the general form of the max-min and max-sum diversity problems with
nonidentical facilities and introduced appropriate notation to represent the problem. We
also discussed various potential applications of this problem.

2. Problem 2-MMD

For the max-min diversity problem with 2 types of facilities we carried out the following
tasks.

(a) We constructed a nonlinear integer programming model as well as an equivalent
mixed integer linear programming model for this problem. We then proposed an
alternative method for solving this problem, which is based on iteratively solving a
sequence of simpler integer programming models, which we refer to as the 2-ILP(`)
model for different values of `.

(b) We used the special structure of the integer programming model 2-ILP(`) to identify
a collection of valid inequalities for this model and proposed an effective method for
adding these valid inequalities in the context of a branch and bound algorithm for
solving the 2-ILP(`) model.

(c) We carried out computational experiments to demonstrate the effectiveness of our
proposed methods.

3. Problem dw-MMD

For the max-min diversity problem with distinct-weight facilities we carried out the
following tasks.

(a) We proposed a nonlinear integer programming model as well as an equivalent mixed
integer linear programming model for this problem. We then proposed two alternative
methods for solving the problem, which are based on iteratively solving a sequence of
simpler integer programming models.

(b) We carried out computational experiments to demonstrate the effectiveness of our
proposed methods.
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4. The symmetric Quadratic Bottleneck Assignment Problem (QBAP)

For the symmetric QBAP we carried out the following tasks.

(a) We explored and addressed the relationship between the problem dw-MMD and the
symmetric QBAP.

(b) We exploited this relationship and designed an effective method for solving the
symmetric QBAP using the methods we proposed for solving the problem dw-MMD.

5. Problem 2-MSD

For the max-sum diversity problem with 2 types of facilities we carried out the following
tasks.

(a) We constructed several Integer Programming (IP) models that are inspired by the
previously developed IP models for the problem 1-MSD.

(b) We carried out a computational experiment and observed the effectiveness of these
IP models for solving the problem 2-MSD and noted that none of these models are
effective for solving large instances of this problem.

(c) We designed and developed a constructive greedy heuristic algorithm as well as a
local search heuristic algorithm for solving relatively large instances of the problem
2-MSD.

(d) We carried out an extensive computational experiment to compare the effectiveness
of our proposed heuristic algorithms in terms of their execution time and their quality
of the solution.

112



8.2 Future research avenues

In this section we discuss 5 immediate directions to further study and investigative the
problems and solving methods discussed in this dissertation. These lines of research can be
categorized as follows.

1. In the context of the max-min diversity problem with identical facilities (i.e., the problem
1-MMD), [Parreno et al., 2020] in their paper discuss that the binary search algorithm used
by [Sayyady and Fathi, 2016] can be further improved by moving the objective function
to the constraints and set it equal to the total number of facilities. In this case, each
of the Integer Linear Programming (ILP) models solved throughout the binary search
algorithm would become the problem of determining whether or not the ILP model is
feasible. Through a computational experiment, they show that this approach makes
the binary search algorithm presented by [Sayyady and Fathi, 2016] even more effective.
The same idea can be employed in the context of the algorithms 2-AlgB, dw-AlgB1 and
dw-AlgB2, and qb-AlgB for solving the problems 2-MMD, dw-MMD, and the symmetric
QBAP, respectively. Our preliminary computational experiment on a limited number of
instances shows that in some instances this approach reduces the execution time of the
corresponding algorithms. However, as a direction to a future study, one can carry out an
extensive computational experiment to better investigate the effect of this approach on
the execution time of the corresponding binary search algorithms.

2. In the context of the binary search algorithms 2-AlgB, dw-AlgB1, dw-AlgB2, and qb-AlgB,
we solve a series of ILP models using a branch and bound algorithm. We can use the
upper bound value and the value of the incumbent solution at each iteration of the branch
and bound algorithm to determine whether or not the optimal value of the ILP model
satisfies the corresponding condition specified in the binary search algorithm. In other
words, not necessarily all the ILP models have to be solved to optimality in order to
determine whether or not the corresponding condition in the binary search algorithm is
satisfied. Using this idea, we can further reduce the execution time of the binary search
algorithms.

113



3. The continuous version of the max-min diversity problem with identical facilities, i.e., the
problem 1-MMD (also known as the p-dispersion problem) is referred to as the p-circle
packing problem also known as the hostile brothers problem. In this problem we have
a unit square, and we intend to specify the location of p points (p hostile brothers) in
this square, so as to maximize the minimum distance between them. An alternative
interpretation of this problem is that we intend to maximize the radius of p equal mutually
disjoint circles inside a unit square. This problem has extensively been studied in the open
literature in [Maranas et al., 1995, Locatelli and Raber, 2002, Lopez and Beasley, 2011,
Croft et al., 2012, Galiev and Lisafina, 2013, Pedroso et al., 2016, Lopez and Beasley, 2019]
among many others. We envision that the continuous version of the problem 2-MMD can
be stated as the problem of locating p1 circles with the radius r, and p2 circles with the
radius cr with the constant c > 1, so as to maximize the continuous decision variable r.
The same idea can be extended to the general problem k-MMD. In many of the applications
of the problem with equal circles it is easy to envision situations where the size of the
objects to be packed in a unit square are different from each other. Consequently, the
exact and/or heuristic methodologies for solving the original problem can be extended to
solve the new problem.

4. [Marti et al., 2010] propose a branch and bound algorithm that presents several upper
bounds on the objective function values of the partial solutions of the max-sum diversity
problem with identical facilities (i.e., the problem 1-MSD). Similar ideas can be used to
propose a branch and bound algorithm to solve the problem 2-MSD. This method can be
used as an alternative method to the models 2-MILP1 and 2-MILP2 to solve the problem
2-MSD to optimality.

5. The heuristic methods that we proposed for solving the problem 2-MSD can be easily
modified to be used in the context of the problem 2-MMD. We can then use similar ideas
to propose heuristic methods for the problem dw-MMD.
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