
ABSTRACT 

JANANEE, FNU. Investigation of Nonlinearity in a Flapping Mode of an Isothermal Swirl 

Combustor Flow Field. (Under the direction of Dr. Srinath V. Ekkad). 

 

The primary objective of combustors is to offer for better mixing and lower pressure loss, which 

leads to higher combustion efficiency and lower emissions. Flame holders play a key role in this 

aspect by imparting sufficient turbulence and recirculation to the incoming flow.  Almost 

universally, Swirlers have been employed as flame holders in every gas-turbine system. The 

swirl flow-field is dictated primarily by two non-dimensional numbers, 1. The Reynolds number 

and 2. Swirl number. Beyond critical values of the latter, the swirl flow-field exhibits a 

bifurcation, termed as vortex-breakdown which results in the presence of a toroidal recirculation 

zone, which is one of the key processes through which the flame stabilizes. In addition to these 

base field, the swirl-flow field possesses varied unsteady features, which can affect the 

instantaneous dynamics of the flame and flow field, and the mean fields at sufficiently high 

amplitude. This has direct consequences on flame holding and the operating conditions. The 

study of unsteady processes, and their nature thus is paramount for better understanding, 

prediction, and control of the fore-mentioned macroscopic effects. The present study focuses on 

a part of this requirement by studying unsteady aspects of an isothermal free swirling jet. 2-D 

planar PIV at 10KHz has been used to capture the instantaneous flow field for a Reynolds 

number of ~65000 with a swirl number of 0.8. Rigorous post- processing methods are applied to 

perform spatial-temporal analysis. Application of proper orthogonal decomposition (POD) on the 

instantaneous velocity vector fields reveals a dominant frequency of 84 Hz to be present across 

multiple POD modes, which is spatially visualized to be a flapping mode. This is also conformed 

from phase plots with the POD modes being the dimensions. The phase-portraits and dominance 

of a single frequency imply limit cycle oscillations, which however, when subjected to Fourier 



transform reveals the presence of higher harmonics and distorted waveform. The presence of 

these features implies the presence of non-linearity in the system under study which is 

investigated further using bicoherence derived quadratic nonlinear power (QNLP). The analysis 

reveals that the flapping mode is independently or linearly excited at the first and second 

harmonic and the third mode is a non-linear artifact of the listed frequencies. The convective 

terms of the momentum equation are mapped spatially to estimate the contribution of each term 

to the observed non-linearity.  
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CHAPTER 1 

INTRODUCTION 

 

  Pollution and the emission of the exhaust products of a gas turbine engine has been a major 

concern for a very long period. Traditionally, diffusion flames had been used in gas turbine 

engines due to their reliable performance and their flame holding capabilities, however they tend 

to produce high NOx emissions [5]. The increasingly strict regulation on pollutant emissions has 

led engine manufacturers to develop low-emissions gas turbine engines, and incorporate low 

emissions as one of the major design criteria. Modern gas turbine engines limit the production of 

NOx emissions by operating at a lean fuel mixture condition. The lower temperatures in the 

combustion zone for leaner mixtures, decreases the thermal NOx formation, a predominant 

mechanism for NOx production in hydrocarbon/air flames. 

 

1.1 GAS TURBINE ENGINE 

    A gas turbine engine is a type of internal combustion engine that uses gas as its working 

fluid. The engine extracts chemical energy which gets converted into kinetic energy from the 

combustion of air and fuel, the gaseous energy of the working fluid (air) into mechanical energy 

using turbines to propel a device. The main components of a gas turbine engine are, a gas 

compressor, a combustor and a turbine. The thermodynamic cycle followed by a gas turbine 

engine is a Brayton cycle. The different process involved in a gas turbine engine are, air is forced 

in to the compressor from the atmosphere, and the air under goes compression through the 

different stages of compressors present in the engine, next this compressed air is mixed with fuel 

carefully in the combustor, where it undergoes ignition and results in the burning of the 
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reactants, releasing chemical energy. The hot products formed in the combustion chamber are 

allowed to pass and expand through the various high and low pressure turbine stages, present 

downstream of the combustor section. The turbine spins and is connected to the compressor 

through a shaft, which in turn powers the compressor. The hot gases exiting the turbine have 

high thermal and kinetic energy. For thrust producing engines, this energy can be converted to 

useful energy by another turbine stage (turboshafts, turbofans, turboprops) or a nozzle (turbojet). 

For electricity or other power generating systems, the additional energy can be extracted in a 

power turbine. Figure 1.1.1 shows a diagram of a typical jet engine, and the different sections 

involved in a gas turbine engine. 

 

 

Figure 1.1.1: A typical gas turbine jet engine. Diagram by Jeff Dahl [3] 

The combustor is divided into three zones. They are the primary zone, secondary combustion 

zone and the dilution zone. The primary zone is the region where the fuel and the compressed air 

are introduced into the combustion chamber, and are ignited. This is the region where majority of 

the combustion takes place and the flame is stabilized. The secondary zone is where additional 

air is introduced into the chamber to increase the residency time of the exhaust products in the 
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chamber to improve combustion efficiency. The dilution region is the final region where tertiary 

air enters the chamber to lower the temperature of the exhaust products and to be fed to the 

turbine section through a transition piece which connects the combustor to the turbine section of 

the engine. Figure 1.1.2 shows a picture of the different combustion zones in a combustor. 

 

Figure 1.1.2: Combustion zones in a combustor of a gas turbine engine. Figure adapted 

from Martínez, F.R et al. [4] 

In this study, the primary region of the combustion chamber is of main interest. The way 

the reactants are introduced into the combustion chamber plays a key role in the combustion 

efficiency and the side effects of its exhaust products. When the fuel and air are introduced to the 

reaction zone (primary zone) by the means of molecule and turbulent diffusion, and are ignited, 

diffusion flames are formed. Diffusion flames have great flame stability and combustion 

efficiency and were used traditionally by gas turbine engines for a long period of time. However, 

diffusion flames, due to their high combustion efficiency they tend to have very high flame 

temperatures, which leads to the production of NOx emissions in the exhaust products by the 

oxidation of atmospheric nitrogen. Three reaction mechanisms lead to the formation of NOx, 

including the thermal (Zeldovich) mechanism, the prompt mechanism, and via the formation of 
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nitrous oxide. [5] The other pollutants of concern from the exhaust gases are unburnt 

hydrocarbons (UHCs), including carbon monoxide (CO). Unlike NOx emissions, CO and UHCs 

on the contrary, result from incomplete combustion in the burner due to insufficient residence 

times or low temperatures. The optimum combustion temperature to minimize both NOx and CO 

emissions lies between ∼ 1700 K and 1900 K according to results by Lefebvre and Ballal [7]. 

Modern gas turbine engines limit the production of NOx emissions by operating at a lean 

fuel mixture condition, leading to lower flame temperatures and reduced NOx production. The 

reactants are also premixed before entering the combustion chamber, and are called lean 

premixed (LP) combustors. However, due to the reduction of fuel, it leads to a low energy output 

and the flame suffers instabilities. Stabilization of slow propagating flames against the high 

speed inlet flow is a huge challenge. Different mechanism and methods have been studied and 

used for flame holding in LP combustors. The most commonly known methods are, usage of 

bluff body flame holders, swirl or sudden area expansion and secondary flames (pilots). 

This study is concentrated on the usage of swirl for flame stabilization, and dives deeper into the 

advantages and challenges offered by a swirl flow field in a gas turbine combustor.  

 

1.2 OVERVIEW OF PRESENT WORK 

The objective of this study is to characterize and understand the swirl flow field at isothermal 

conditions. The swirl flow-field exhibits a bifurcation, termed as vortex-breakdown which results 

in the presence of a toroidal recirculation zone, which is one of the key processes through which 

the flame stabilizes. In addition to these base field, the swirl-flow field possesses varied unsteady 

features, which can affect the instantaneous dynamics of the flame and flow field, and the mean 

fields at sufficiently high amplitude. The study of unsteady processes, and their nature thus is 
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paramount for better understanding, prediction, and control of the fore-mentioned macroscopic 

effects. The present study focuses on a part of this requirement by studying unsteady aspects of 

an isothermal free swirling jet. In order to study the flow field, laser diagnostic method, such as 

PIV is employed. Chapter 1 as seen, gives an over view of gas turbine engines, and the primary 

region of focus, which is the flow field in the combustion chamber. Chapter 2 of this thesis gives 

the background and a detailed explanation of the swirl flow field dynamics. Chapter 3 discusses 

the experimental setup used for this study, and the laser diagnostic method used to acquire data. 

Chapter 4 contains details about the two post processing methods used, namely, POD, proper 

orthogonal decomposition and QNLP, quadratic non-linear power, a concept derived from higher 

order statistics. Chapter 5 concludes the thesis with a summary of the findings and proposes 

suggestions for future work in this area. 

 

1.3 NOMENCLATURE 

 

𝑎𝑖𝑗 Temporal coefficients 

𝐵𝑥 Bispectrum 

bn Bicoherence 

CMOS Complementary metal oxide semiconductor 

CO Carbon monoxide 

CRZ  Central recirculation zone 

CTRZ Central toroidal recirculation zone 

d  Combustor diameter [m] 

DAQ Data acquisition system 
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f Frequency 

𝐺𝑋  Axial flux of axial momentum [N] 

𝐺𝜙  Axial flux of tangential momentum [N] 

Hz Hertz 

IRZ Inner recirculation zone 

ISL Inner shear layer 

K-H Kelvin-Helmholtz 

LP Lean premixed 

m azimuthal wave number 

𝑚 ̇  Mass flow [kg/s] 

N Number of snapshots or flow field 

NOx Nitrogen Oxide  

ORZ Outer recirculation zone 

PIV  Particle Image Velocimetry 

POD  Proper Orthogonal Decomposition 

PVC  Precessing Vortex Core 

𝑃  Pressure [Pa] 

QNLP Quadratic Non-Linear Power 

QNLPI Quadratic Non-Linear Power Index 

𝑅  Combustor radius [m] 

Re  Reynolds Number 

𝑆  Swirl number 

SoLoNOx Solar Turbine Inc, low emission fuel nozzle 
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SVD Single Value Decomposition 

𝑇  Temperature [K] 

t  Time [s] 

TKE Turbulent Kinetic Energy 

U  Velocity [m s-1] 

�⃗�  Velocity vector field 

�⃗� ̅ Average velocity vector field 

�⃗� ′ Fluctuating velocity vector field 

UHC Unburnt hydrocarbons 

VBD Vortex breakdown 

ν  Kinematic viscosity [m2 s-1] 

X(t) Fourier transformed signal 

X* Conjugate of a Fourier transformed signal 

𝑥  axial direction 

y radial direction 

z azimuthal direction 

 

𝜌  Density of the working fluid [kg m-3] 

Ω Vorticity 

𝜆 Wavelength [m] 

𝜙  Phase angle 

𝜙∗ Phase angle 

�⃗� 𝑗 POD mode 
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𝜃  Phase within the period of the coherent fluctuation 

𝜇 Dynamic viscosity [kg m-1 s-1] 

𝜔 Radial frequency 
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CHAPTER 2 

BACKGROUND 

 

Swirling flows have been used in several combustion devices. The main characteristics of a 

confined swirl flow field would be the central recirculation bubble, high levels of mixing and 

turbulence and periodic perturbations in velocity and pressure. The significance of introducing 

swirl to a combustion process is the remarkable effect it has on flame stability, mixing of 

reactants, and efficient combustion. However, the downside of a swirl flow field would be 

periodic flow oscillations which results in combustion instability. This chapter focuses on the 

understanding and characterization of a swirl flow field. 

 

2.1 SWIRL FLOW CHARACTERISTICS 

The typical characteristics of a swirl flow field are the three salient structures: 1) vortex 

breakdown-induced center recirculation zone, commonly known as the CRZ, CTRZ (central 

toroidal recirculation zone) or IRZ (inner recirculation zone). There is also the presence of a 

corner recirculation zone when there is a sudden expansion of the flow from the nozzle to 

chamber. This is commonly known as the ORZ, outer recirculation zone. The CRZ acts as a bluff 

body, and the stagnant regions in this zone helps to hold the flame, leading to flame stabilization 

and efficient combustion. It also eliminates the need for a lengthy combustion chamber, as it 

helps to anchor the flame in the upstream region of the combustor. 2) The precessing vortex 

layer surrounding the center recirculation zone. 3) Shear layers originating from the inner and 

outer edge of the annular nozzle, where important coherent structures are observed which plays a 

key feature in the mixing of the reactants entering the flow and the burnt combustion products. 
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[8] The shear layers are usually known as ISL, inner shear layer and OSL, outer shear layer. 

 

 

Figure 2.1.1: Flow structures of a typical gas turbine combustor with a coaxial injector. 

Figure adapted from Huang and Yang. [8] 

 

Swirl flows are characterized by the strength of the swirl, which is gauged by a nondimensional 

number S, swirl number. Swirl number is defined as the ratio of tangential momentum to the 

axial momentum of the flow at the inlet of the combustor. [9] 

𝑆 =
𝐺𝜙

𝐺𝑥 𝑑/2
 

Where 𝐺𝜙 is the axial flux of tangential momentum, 𝐺𝑥 is the axial flux of axial momentum, and 

𝑑/2 is the equivalent nozzle radius.  The swirl number is a design parameter to be taken into 

account to ensure vortex breakdowns. It was reported by Syred [10] that there is a threshold of 

about 0.6-0.7 for swirl numbers for the formation of the central recirculation zone. The swirl 

number affects the length of the recirculation zone and the equilibrium position it would be 

anchored at. 
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2.2 SWIRL FLOW DYNAMICS 

        When there is an axial flow, and a radial flow due to the swirler nozzle, entering the 

combustion chamber, a decrease in the axial velocity leads to the distribution of momentum in 

the radial direction. The vortex lines that constitute the vortex tube are stretched and tilted due to 

the increase in the cross section area of the vortex tube. [15] This reaction to the sudden 

expansion into the dump plane leads to the redistribution of axial vorticity into azimuthal 

direction resulting in an induced reverse flow near the axis of the flow. This induced reverse 

flow if sufficiently strong can result in a central recirculation zone in the mean flow field in a 

toroidal shape. [11] This leads to the formation of recirculation zones in the flow, which is a key 

element in the flame stabilization mechanism. Typical gas turbine combustors, use an inner 

recirculation zone as well as an outer recirculation zone induced by the sudden expansion into 

the dump plane. Figure 2.2.2 shows a schematic of the production of azimuthal vorticity in a 

radial vortex tube expansion. 

 

Figure 2.2.2: Azimuthal vorticity production by radial vortex tube expansion. The 

schematic shows the sense of the azimuthal vorticity produced through spiraling of vortex 

lines. The axial flow is from left to right. Figure adapted from Umemura and Tomita [15] 
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2.3 VORTEX BREAKDOWN 

      Vortex breakdown is one of the most important flow characteristics of a swirl flow field. 

Vortex break down has been studied for over the past 50 years, and is still a popular research 

topic. Vortex breakdown is observed when there is an adverse pressure gradient in the axial flow, 

and the point of breakdown is determined by the Reynolds number (Re), Swirl number (S) and 

the pressure gradient. [11]. A phenomenon that manifests itself as an abrupt change in the core of 

the vortex, the vortex lines experience a sudden change in shape, redistributing the vorticity in 

the core into three dimensions, leading to the development of a recirculating bubble or a spiral 

pattern. The flow region of vortex breakdown provides the condition for dominant flame 

stabilization as it is characterized by internal stagnation points and reversed flows. The 

stabilization of the flame occurs due to the feedback of radicals and heat from the burned 

products. A radial pressure gradient is produced by the centrifugal force due to azimuthal flow. 

As the azimuthal flow starts to decay while the flow travels downstream of the combustor, the 

radial pressure gradient starts to recover, leading to a positive pressure gradient along the axis of 

the flow, which leads to the formation of a recirculation zone.[8] Swirl number is a very 

important parameter for vortex break downs. When the azimuthal velocity is comparable to the 

axial velocity, which is the case for a high swirl number, vortex break down occurs. As the swirl 

number increases, the size of the recirculation bubble increases, the stagnation point of the vortex 

breakdown moves upstream for an equilibrium position, eventually reaching the center body. 

There exist three types of vortex breakdowns: axisymmetric (bubble), spiral and double helix. 

[12, 13].  The bubble type is usually observed at high swirl numbers, the spiral mode occurs at 

low swirl numbers, and the double helix occurs when the vortex core expands and spirals. The 
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bubble type breakdown is mainly responsible for flame stability and is known as the IRZ (inner 

recirculation zone). 

 

Figure 2.2.3: Illustration and dye flow visualization of most common types of vortex 

breakdown modes. Figure adapted from Thiruchengode, M [11] 

The bubble VBD is nearly axisymmetric, and most of the inlet flow goes around this bubble, 

however the exchange of fluid takes place at the downstream end of the center of the bubble. The 

second VBD mode of interest is the helical mode, where the axial vorticity is redistributed into 

single/multiple helixes (see Figure 2.2.3) after the point of breakdown. [17] The exact number of 

helical structures depends on the S and Re, with more helical structures for higher swirl. [51] A 

helical disturbance is known as any three-dimensional disturbances with an axial velocity 

component which can be decomposed into an axisymmetric and a set of helical components. 

Flow physicists often use the term helical disturbances for non-axisymmetric disturbances. [11] 

As the swirl strength is increased for a given Re, helical disturbances in the flow leads to the 

shifting of the vortex core off the main axis and starts to spin along the flow direction. When the 

disturbances are very strong, the helix spins against the direction of the swirl flow. The spiral 
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mode starts as a bubble breakdown mode, where the bubble is able to withstand the helical 

disturbances, however when the swirl strength or Reynolds number is increased, these helical 

disturbances dominant the bubble breakdown and leads into a spiral breakdown mode. When 

Reynold’s number is further increased, the spiral mode transitions into a double helical vortex 

breakdown (VBD) mode. [16] [11]. Each of these spiral or helical structure carry fluid particles 

downstream, while rotating about the main axis of the flow. 

 

PRECESSING VORTEX CORE 

      The precessing vortex core (PVC) is an asymmetric, 3-dimensional flow structure. The PVC 

develops when the central vortex core starts to precess around the axis of the flow at a particular 

frequency and extends downstream spirally against the direction of the main flow rotation. The 

frequency depends on the swirl number, the geometry of the combustor, and increases 

proportionally with Reynolds’s number. The PVC is usually situated at the boundary of the 

reverse flow zone, between the zero velocity and zero streamline.[8] As the PVC precesses over 

the axial axis, the vortex core squeezes the flow field at one side against the chamber wall 

leading to the increase of tangential velocity in the squeezed region due to conservation of 

momentum. There is an occurrence of a negative azimuthal velocity in the region near the center 

line of the chamber due to the PVC. PVC improves combustion efficiency because this 

precessing structure leads to high intensity turbulence and mixing. But PVC also tends to couple 

with low frequency acoustic oscillations in the combustors, leading to instabilities. Several 

methods and configurations have been proposed and used to suppress these oscillations.  
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SHEAR LAYERS AND COHERENT STRUCTURES 

        As the flow exits the nozzle, and expands into the dump plane, shear layers are formed due 

to the velocity difference between the jet flow and the ambient fluid. Two shear layers are 

formed from the inner and outer edge of the annular nozzle, and are convectively unstable and 

roll up due to the Kelvin-Helmholtz (K-H) instability. [14] Large scale asymmetric coherent 

structures are formed and are shed downstream of the flow in the shear layers. As they move 

downstream, these vortices merge and increase the spread of the shear layer eventually leading to 

the breakdown of these large structures into small less-organized turbulence structures further 

down, creating a fully turbulent region. [8] The K-H instability in the shear layer due to axial 

velocity, leads to the formation of tilted vortex rings which dominates weak swirling flows. 

However, with high swirl numbers, the combination of axial shear and azimuthal shear lead to 

formation of a modified K-H instability, here the vorticity in the azimuthal shear layer is so 

strong, that it is comparable with the vorticity in the axial shear layer. Due to the interaction of 

vorticity, the flow loses its axis symmetry. Compared to the bubble type VBD, which induces a 

central recirculating flow region, the periodic vortex shedding caused by shear layers in the outer 

region were small and well organized. The shear layer instability, or K-H instability along with 

the helical and centrifugal instabilities were responsible for the asymmetric structures in the 

transverse plane. For very high swirl numbers, the center recirculation zone tends to interact with 

the outer shear layer, leading to a complex flow field at the exit of the nozzle. 
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CHAPTER 3 

EXPERIMENTAL METHODS 

       This chapter describes the experimental setup, diagnostic techniques and the data processing 

methods used for this study. The first section describes the experimental rig and the second 

section describes the laser diagnostic technique, the diagnostic setup and the post processing 

method used to analyze the acquired data. All the experiments performed for this thesis were 

carried out at the Thermal Energy Research and Management (ThERM) lab at NC State. 

 

3.1 COMBUSTOR TEST RIG 

       The experiments were performed at atmospheric pressure on a premixed, swirl-stabilized 

combustor, a commonly used configuration for gas turbines. A schematic of the combustor is 

shown in Figure 3.1.1. The combustor has an optically accessible test section, made up of 

optically clear fused quartz of 203 mm inner diameter, of thickness 4mm and 216mm in length. 

The cylindrical quartz liner provides 360° optical access to the test section allowing for various  

                           

Figure 3.1.1: Test section region of the combustor (Left, Figure adapted from Gomez-

Ramirez [18], Schematics of the SoLoNOx fuel nozzle (Right, Figure adapted from Gomez-

Ramirez [39]) 
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diagnostic techniques. This project and experimental facility used a low-emission SoLoNOx® 

fuel nozzle and swirler from Solar Turbine Inc, which was designed to be operated in an annular 

combustor. The swirler provided a swirl number of ~0.8 [18]. The test section consists of a 

rectangular settling chamber which allows for smooth flow of air into the nozzle. Upstream of 

the settling chamber is connected to the compressed air line followed by the inline pre-heater, 

while the downstream of the settling chamber houses the nozzle and the dome plate.  

 

Figure 3.1.2: Cross section of the combustor settling chamber and test section. Figure 

adapted from Gomez-Ramirez [18] 

       The compressed air passes through the settling chamber into the combustor region via fuel 

nozzle. The settling chamber houses various connections for the coolant air supply, for the dome 

plate and various other fittings. The settling chamber (excluding dome plates) is made of carbon 

steel. The primary combustion region downstream of the nozzle is a cylindrical quartz liner as 

shown in Figure 3.1.2. Air flow after the primary combustor zone (quartz liner) is diverted 

through the transition piece. The transition piece is a thin metal cylindrical structure designed to 

be housed inside a metal pipe that connects to the combustor exhaust region. The annular region, 

between the transitions piece and the pipe housing, provides cooling air necessary to cool down 
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the transition piece. Cables and accessories for pressure and temperature measurements on the 

dome plate are designed to be run through the settling chamber.  

 

Figure 3.1.3: Representation of the experimental rig at Thermal Energy Research and 

Management (ThERM) lab at NC State. Figure adapted from Ramakrishnan et al. [21] 

 

FLOW SYSTEMS 

      The combustor test section was supplied with compressed air from (so and so) compressor 

capable of providing a total of 2.8 lbm/s (1.27 kg/s), air mass flow at an absolute pressure 

between 150-170 PSIG (1.135-1.273 MPa). The compressors control system was designed to be 

operated in a cyclic load-unload mode. The loading of the system starts when the pressure falls 

below 150 PSIG and unloading of the system starts when the pressure reaches 170 PSIG. The 

compressor air was drawn at ~0.76 MPa and allowed to pass through an air drier (dehumidifier). 

A compressed air tank follows the air drier which help to attenuate large pressure excursions and 
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blowdown tests. Figure 3.4 shows the simplified line diagram of the flow system of compressed 

air supply and combustor test section. [21] 

 

Figure 3.1.4: Piping and instrumentation diagram for the combustor test rig. Figure 

adapted from Ramakrishnan et al. [21] 

 

       The flow systems consist of the flow metering section. The flow from the combustor is 

divided into the coolant airline and main airline. The coolant air is metered and regulated 

separately, which delivers coolant air for critical components of the test section. The main airline 

pressure is regulated by using an 80 mm DN (3 inch NPS) Fisher EZR pressure reducing 

regulator. The main airline is designed to bypass the pressure regulator in case of necessity. The 
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main airline is controlled using 100 mm DN (4-inch NPS) Fisher ES globe valve. All tests in this 

work have been carried out at atmospheric pressure by regulating the compressed air using 

Fisher EZR type pressure regulator. The design of the flow systems allows for simultaneous and 

independent control of the pressure and flow of air needed for the combustor experiments. The 

valves for the main air and coolant airlines are remotely controlled using electronic positioners. 

The valves in the system were sized following the calculations listed in the ISA-75.01.01 

standard for control valve sizing. The standard provides several formulations to calculate the 

valve flow coefficients depending on the units used and the available information on the working 

fluid. A 65 mm DN (2½ inch NPS) HO-series turbine flowmeter from Hoffer Flows Incorporated 

with a signal amplifier was used for metering the main air flow. The flowmeter has an accuracy 

of 2% over the entire range of operation. The designed operational range for the flow system was 

between 0.024 kg/s (0.052 lbm/s) and 1.81 kg/s (4 lbm/s). As the turbine flowmeter measures 

volumetric flow, temperature and pressure measurement near the flow meter is necessary to 

calculate mass flow, and are sampled ten diameters downstream of the meter. The coolant airline 

is metered using a 50 mm DN (2-inch NPS) HO series turbine flowmeter from Eldridge 

Products, Inc. (EPI). An inline 192 kW electric pre-heater manufactured by OSRAM Sylvania 

was installed upstream of the combustor test section. The heater has a maximum temperature 

rating of 7000 C with a maximum allowable pressure of 200 PSIG. The heater is operated and 

controlled by a PID controller, which is set to different control strategies for safe operation. All 

the piping was designed and built according to ASME B31 codes. Black carbon steel pipe 

schedule 40 (SA-53 Grade B Type E) was used for all the components upstream of the burner. 
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FUEL FLOW SYSTEM 

       The fuel system in the combustor rig is capable of allowing the study of fuel mixtures. 

Figure 8 shows the simplified line diagram of the fuel system design. The system was designed 

to be operated with methane as fuel at 150 PSIG. Appropriate fuel pressure regulating equipment 

following the recommendation from NFPA code 37 (Standard for the Installation and Use of 

Stationary Combustion Engines and Gas Turbines) were followed. Check valves and fuel flow 

arrestors were provided for additional safety. Alicat Scientific’s MCR-Series mass flow 

controllers were used for fuel metering and control.  

 

Figure 3.1.5: Schematic of the fuel flow system. Figure adapted from Gadiraju [20] 

To achieve the desired ratio of fuel mixtures, flow rates of two different fuels were 

independently controlled. The fuel streams were then mixed to form the total fuel. Pilot fuel was 

set to operate with either the mixture or one of the fuel components. However, as this is an 

isothermal study of the flow field, it did not require any inputs from the fuel flow section. 

 

OPERATION OF THE RIG 

        The experimental rig is primarily controlled using NI PXIe-1082DC data acquisition system 

(DAQ). Most of the sensors, flowmeters, valves are connected to the DAQ and interfaced using 
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LabVIEW control. Figure 36 shows the LabVIEW interface that was used to control and operate 

the rig. PID control for the main air flow was implemented using LabVIEW interface. The 

desired flow rate, signals for the fuel mass flow controller were all fed into the LabVIEW and 

appropriate signals to control the valves were sent to the valve using the DAQ. Apart from that, 

the pressure and temperature measurements were monitored and recorded using the same 

interface. 

 

Figure 3.1.6: LabView interface for the operation of the combustion rig. Figure adapted 

from Gadiraju [20] 

 

More details on the design and specifications on the combustor rig can be found in the 

dissertation of Gomez (2016), [18]. 
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3.2 PARTICLE IMAGE VELOCIMETRY 

        Particle Image Velocimetry is a partially intrusive optical method of flow visualization. 

PIV allows the measurement of instantaneous flow fields over large planar areas of the flow.  

For the implementation of PIV, images are collected from a seeded flow that is illuminated by 

two, short-duration, time-separated laser pulses formed into thin sheets. Images of the particles 

are typically collected on a high-resolution, digital camera that can be precisely triggered so that 

its Complementary metal oxide semiconductor (CMOS) is exposed to capture both laser pulses 

on one image (single-frame, double exposure PIV) or each pulse on separate images (double-

frame, single exposure PIV). The latter method mitigates the directional ambiguity of the former 

and requires a camera that can acquire two images within a very short time, typically a 

millisecond or less for low speed combustion. When the seed particles’ diameter is larger than  

 

 

Figure 3.2.1: Experimental arrangement for PIV in a wind tunnel. Figure adapted from 

Raffel, et al [22] 
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the wavelength of the laser, the scattering is termed Mie scattering, and this light can be easily 

focused onto the CMOS of the camera. [22,25]. Given nominal out-of-plane motion, the 

displacement of a sub-region of particles can be extracted from the PIV data and divided by the 

delay between laser pulses to provide a measure of local flow velocity. The images are reduced 

to a grid of interrogation windows as in Figure 3.2.2 and an estimate of the displacement of the 

particle set in each window can be made by correlating the window with itself (double-exposure 

PIV) or with its counterpart in the second image of a later time (single-exposure PIV) [22]. The 

correlation calculates the average displacement of the particles in the window. Performing that 

calculation over all of the interrogation windows yields a field of the average local particle 

displacement. These values are converted to velocities for each window by dividing the 

displacement by the pulse separation time. PIV is limited in resolution by the size of the 

interrogation windows. The measurement is based on a correlation, it is automatically averaged  

 

 

Figure 3.2.2:  Schematic of the technique for processing single-exposure PIV using 

correlation Figure adapted from Stockman [25] 
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over the interrogation box, although finer resolution can be achieved by reducing the window 

size with a disadvantage in the uncertainty of the calculation. The application of PIV is one of 

the most commonly used laser diagnostic technique in the field of fluid mechanics. The 

extension of the technique to combusting environments presents an added dimension of 

complexity due to the chemical heat release and presence of a range of length scales. The density 

variations and associated increase in flow speed across the flame front creates a challenging 

environment for capturing the entire range of high and low temperature velocities.  

 

PIV CONSIDERATIONS 

       A general rule of thumb is that the particle density should be maintained at a level such that 

the intended interrogation window contains about 5-15 particles. Above this threshold, particle 

pairs may be unidentifiable, and the determination of the correlation peak is strongly influenced 

by noise. Additionally, the laser pulse time separation should be set so that a particle traverses 

approximately one-third of the interrogation window. The resolution of the high speed image 

captured has to be such that the seed particle images are about 3-5 pixels in diameter, if the seed 

particles tend to be much smaller, this might lead to peak locking error during correlation 

measurements. Another important consideration would be the sheet thickness of the laser sheet. 

The sheet thickness should be optimized to an extent, such that the out of plane displacement of 

the seed particles is less than one-quarter of the light sheet thickness. 

 The optimization of a PIV experiment comes with the careful selection of several system 

parameters: particle density, particle diameter, relative particle displacement, and interrogation 

window size [23]. The seed particles in most combustion experiments are typically ceramics, 

such as alumina (Al2O3), titanium dioxide (TiO2), zirconium oxide (ZrO2), magnesium oxide 
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(MgO), or boron nitride (BN). The particle must be chosen so that its diameter is large enough to 

significantly scatter light, but small enough so that it can accurately follow the flow. With high-

power, pulsed lasers, the scattering intensity is typically not an issue, but the ability of the seed to 

track the flow must be evaluated since the PIV technique measures the instantaneous particle 

velocity. 

 

3.2.1 PIV EXPERIMENTAL SETUP  

        In the study performed for this thesis, a 2-D Planar Particle Image Velocimetry was carried 

out. The optically accessible test section allowed for the implementation of the PIV technique. 

The seeding line was connected to the settling chamber, upstream of the test section. The 

particles used for flow seeding were aluminium oxide (Al2O3) particles, about 2 μm in diameter. 

The seed particles were illuminated by a frequency doubled Nd:YLF laser (Photonics DM30- 

527HPDH) that can generate upto 30 mJ laser pulses (λ = 527 nm) at a repetition rate of 10,000 

Hz. The two laser pulses were typically separated by a time delay of 100 μs. A plano-convex 

cylindrical lens was placed between laser head and the deflecting mirror, for converting the laser 

beam into a thin sheet. The plano-concave cylindrical lens (focal length of -25 mm) was oriented 

to spread the beam vertically into a line. This lens’ focal length was chosen to create a plane of 

adequate axial length, based on the distance between the flame and the laser head. The plano-

convex cylindrical lens with a focal length of 500 mm was followed by the planoconcave lens, 

rotated 90°, to focus the sheet, leading to a laser sheet of thickness ~2mm. [21]. Lastly, the 

optical laser sheet was allowed to reflect off a 45-degree mirror, illuminating the test section of 

the combustor. In this study the laser sheet had a cross-section of 168 mm x 90 mm. 
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Figure 3.2.3: PIV Experimental setup. Figure adapted from Ramakrishnan et al [21] 

 

The 2 mm thick laser sheet intersects the flow field in the test section so that the flow axis was 

wholly contained in the cross section. This configuration resolved the u and v component of the 

velocity vectors. A high-speed CMOS camera (FASTCAM Mini AX200) with a Nikon PC-E 

Micro NIKKOR 85mm f/2.8D was set up normal to the laser sheet plane to acquire the 

instantaneous images. Due to the limitation of the laser sheet length, and to optimize the image 

resolution and the particle pixel size, the camera was positioned to image only the inlet region of 

the test section (about one-third of the test section length).  The camera and the laser were 

engaged by an external trigger set to 10 kHz with the laser pulsing 3μs after the camera trigger to 

ensure that the laser pulse signal and the camera shutter were in phase.  

The camera was set to image the test section at a resolution of 1024 x 672 pixels. The PIV image 

pairs were processed using the cross-correlation technique used in the open source software, 

PIVlab, [24] interfaced with MATLAB. The correlation used an initial interrogation window size 

of 64 x 64 pixels and a final interrogation area of 16 x 16 pixels with a maximum 50% overlay 
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factor to resolve the planar velocity field. The output of this software provides instantaneous 

vector field for u and v components of the velocity field, and derivatives such a vorticity, shear, 

etc.  
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CHAPTER 4 

POST PROCESSING METHODS 

 

4.1 PROPER ORTHOGONAL DECOMPOSITION 

With the emerging technology of computers and the capability to simulate, collect and 

analyse high speed and multiple perspective nature of measurements, a post processing technique 

that is robust and systematic is required to compress large data sets to a lower order 

approximation representing dominant variations in the system. The usual Fourier decomposition 

needed to be replaced with a different technique, so that it can handle non-homogeneous or non-

periodic directions. Hence, we turn into a type of modal decomposition, namely, POD. 

 

4.1.1 INTRODUCTION TO POD 

Proper Orthogonal Decomposition (POD) is a mathematical tool, a method originating 

from statistical analysis of vector data. POD was introduced by Lumley [26] in the context of 

turbulence as an objective definition to a periodic phenomenon now widely known as coherent 

structures. These coherent structures play a significant role in determining macro-characteristics 

of the flow fields such as mass, momentum, energy and heat transports, chemical heat release 

rates [28] and prove to be dynamically important. As POD has been reintroduced with its 

application to different fields, it is also known as Principal Component Analysis (PCA), the 

Karhunen- Loève Decomposition [31], and the Single Value Decomposition (SVD). It allows us 

to retain statistical data about the most energetic modes in the flow dynamics. This method 

allows us to capture most of the information required to account for the flow dynamics without 

having to deal with a large data set of values. POD decomposes the data into orthogonal spatial 

eigenfunctions, otherwise called as modes, and temporal coefficients with respect to each mode. 
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Mathematically, 

A time series of N flow vector fields �⃗� 𝑖(𝑎 𝑘) (i = 1…N) measured at M positions 𝑥 𝑘 (k = 1…M). 

The instantaneous flow fields were divided into an average (�⃗� ̅) and a fluctuating part (𝑢⃗⃗⃗⃗ ′): 

�⃗� 𝑖(𝑥 𝑘) = �⃗� ̅(𝑥 𝑘) + �⃗� ′(𝑥 𝑘) 

The principal idea behind POD is to determine a set of linear basis functions, called POD modes, 

which represent the fluctuating part (𝑢⃗⃗⃗⃗ ′) of the flow. The POD modes �⃗� 𝑗(𝑥 𝑘) (j = 1…N) are 

chosen such that they have the following properties: [26, 32] 

1) The modes �⃗� 𝑖 form an orthonormal basis, 

⟨�⃗� 𝑖 ⋅ �⃗� 𝑗⟩ = 𝛿𝑖𝑗 

The angled brackets denote spatial integration, and 𝛿𝑖𝑗 is the Kronecker delta. The 

velocity fields �⃗� 𝑖 can be further expanded to any order R (1 ≤ 𝑅 ≤ 𝑁) relative to the 

modes �⃗� 𝑗 : 

�⃗� 𝑖
(𝑅)(𝑥 𝑘) = �⃗� ̅(𝑥 𝑘) + ∑𝑎𝑖𝑗

𝑅

𝑗=1

�⃗� 𝑗(𝑥 𝑘) 

The mode coefficients 𝑎𝑖𝑗 denote the projection of the velocity field �⃗� 𝑖′ on mode �⃗� 𝑗, and 

are known as the temporal coefficients corresponding to each mode respectively. 

𝑎𝑖𝑗 = ⟨�⃗� 𝑖′ ⋅ �⃗� 𝑗⟩ 

2) Each mode �⃗� 𝑗 contributes a specific part 𝜆𝑗 to the total fluctuating kinetic energy Etot 

(calculated omitting density): 

𝐸𝑡𝑜𝑡 = ∑⟨�⃗� 𝑖′ ⋅ �⃗� 𝑖′⟩ 

𝑁

𝑖=1

= ∑𝜆𝑗  

𝑁

𝑗=1
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𝜆𝑗 = 
1

𝑁
∑𝑎𝑖𝑗

2

𝑁

𝑖=1

 

3) For any R, the energy, 

𝐸(𝑅) = ∑𝜆𝑗

𝑅

𝑗=1

 

contained in the first R modes is higher than for any other orthonormal basis. POD is 

considered optimal with respect to kinetic energy for low-order representation of the velocity 

fields �⃗� 𝑖
(𝑅)

(𝑥 𝑘) according to the first property. As chosen field variable for this analysis is 

the velocity components of the flow, the modes are ordered from highest to lowest based on 

their contribution to the turbulent kinetic energy in the flow. Modes capture the dynamics of 

the coherent structures in the flow. The mean mode is also called the zeroth mode. The 

consecutive modes represent the dynamics or fluctuations to be layered on the top of the 

mean mode (Mode 0). The first mode thus represents the most dominant unsteady flow 

structures. 

 

4) The POD modes are related to the mode coefficients 𝑎𝑖𝑗 and the energies 𝜆𝑗 by, 

�⃗� 𝑗 =
1

𝜆𝑗𝑁
∑𝑎𝑖𝑗

𝑁

𝑖=1

�⃗� 𝑖′ 

The aim of this report is not to present a complete derivation of POD with all mathematical 

evidences, but simply to derive the basic concepts of the decomposition technique. Details 

regarding the complete mathematical approach can be found in Lumley [26] 
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METHOD OF SNAPSHOTS 

The above method, known as the direct method, leads to an eigenvalue problem for a 

matrix size of M x M, which is directly solved in the work of Lumley (1967), [26]. However, due 

to the high resolution PIV equipment the measurement data typically has a very large number of 

spatial points, which makes it computational expensive to process such a large matrix and find a 

solution. (Here, M > 10,000). While the number of measurements is often much lower. (Here, N 

= 3000). In such cases where, M>N, the POD modes can be resolved more efficiently by the 

method of snapshots proposed by Sirovich [27]. This method determines the POD modes �⃗� 𝑗 

from the eigenvalues 𝜆𝑗 and eigen-vectors 𝑒 𝑗 = [𝑒1𝑗, 𝑒2𝑗 … , 𝑒𝑁𝑗] of the N x N correlation matrix 

𝐾𝑖𝑗. [28] 

𝐾𝑖𝑗 = 
1

𝑁
 ⟨�⃗� 𝑖′ ⋅ �⃗� 𝑗′⟩ 

𝐾𝑒 𝑗 = 𝜆𝑗𝑒 𝑗 

The mode coefficients or temporal coefficients are given by, 

𝑎𝑖𝑗 = 𝑒𝑖𝑗√𝜆𝑗𝑁 

The POD modes are calculated using, 

�⃗� 𝑗 =
1

𝜆𝑗𝑁
∑𝑎𝑖𝑗

𝑁

𝑖=1

�⃗� 𝑖′ 

In this case, the POD was calculated by the method of snapshots proposed by Sirovich [27] using 

the time series data of 6000 flow-field measurements. 
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4.1.1 POD RESULTS 

     Using MATLAB, a code to perform POD on the acquired vector field measurements was 

done. The output results of the code are represented below. 

 

POD MODAL ENERGY 

      The POD modes are ordered based on their contribution of turbulent kinetic energy to the 

entire flow system, therefore the modes are ordered in such a manner that the first mode 

represents the strongest unsteady coherent structure contributing to the flow dynamics. POD 

calculates N number of modes, for N number of snapshots provided. As the important dynamics 

are captured by the first few modes, the lower modes are considered less significant, and are 

sometimes eliminated to avoid random errors. Figure 4.1.1 represents the modes and the modal  

 

Figure 4.1.1: Modal energy contribution to the flow. 
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energy contributed by the first 20 modes of the u and v component of the velocity field vectors. 

It is observed that the first mode contributes about 33-35% of the flow energy, while the second 

mode contributes around, 20-23%, and third mode about, 5-8%. 

 

POD MODES 

      As seen above, the contribution of energy drops as the mode number increase, therefore, the 

focus of the following results is mainly on the first 5 modes of the flow. As discussed earlier, the 

zeroth mode, also known as the mean mode contains the mean flow field. Figure 4.1.2 represents 

a plot of the mean flow field, with the overlay of mean flow streamlines. 

 

 

Figure 4.1.2: Mean flow field – Mode 0  

Image SC Plot (left), overlay of mean flow streamlines (right) Flow is from down to top. 

From the plot, the evident swirl flow features such as the recirculation bubble representing 

vortex breakdown, also known as the CRZ can be observed. The inner shear layer (ISL), outer 

shear layer (OSL) and partial portion of the corner recirculation zone are visible. 
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Figure 4.1.3: Quiver Plot(left), PSD for u-component of velocity(middle), v-component of 

velocity(right) for the first 5 modes. 

 

 

 

  

 



   

36 

 

To analyse the modes further, frequency domain analysis was carried out. Spectral analysis, the 

second order cumulant spectrum was computed for the first 5 modes. The power spectral density 

(PSD) of each mode shows us the dominant frequency of excitation and helps with better feature 

extraction. The quiver plots along with their corresponding PSD plots are presented in Figure 

4.1.3. From the PSD plots it is evident that there is a dominant frequency of 85.4Hz occurring for 

the first 3 modes, and the harmonic of this mode is found to be the dominant frequency on the 

following modes. This dominant frequency of 85.4Hz is believed to be the fundamental linear 

excitation frequency. It is also seen that its harmonics are the other dominant frequencies, 

followed by the fundamental. Table 4.1 shows the list of dominant frequencies corresponding to 

each mode. 

 

Table 4.1: List of dominant frequencies corresponding to each mode. 

Mode  

No. 

Dominant frequencies (Hz) 

U component V component 

1 85.45 85.45 

2 85.45 85.45 

3 24.41, 170.9 170.9 

4 46.39, 102.5,183.1, 217.3 70.8, 170.9, 263 

5 83.1, 170.9, 227.1 48.83, 70.8, 170.9, 261.2 

 

Per the discussion in Legrand [33,34], periodic convective flows yield coupled POD modes, with 

the two most energetic modes and eigenvectors representing the sine and cosine components of a 

convecting flow oscillation. A scatter plot of the temporal coefficients of the first two modes 
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shows us they are complimentary to each other. Figure 4.1.4 is a representation of the normalized 

temporal coefficients for the two modes. The plot tends to have a circular structure due to their 

complimentary nature.  

 

Figure 4.1.4: Scatter plot of temporal coefficients for Modes 1 and 2. 

They represent the same phenomena and have the same dominant frequency of excitation. The 

observed deviation of the data points is due to turbulence and other unsteady motions that may 

not be orthogonal to the considered two POD modes. The prevalence of a single dominant 

frequency is an indication of limit cycle oscillation, and this structure corresponding to this 

frequency is believed to be the strongest coherent structure, whose signature frequency is 

observed as its harmonics in the following POD modes. 

 

POD-BASED PHASE AVERAGING 

        The temporal coefficients obtained from the POD can be used to determine the phase of the 

phenomenon represented by POD mode 1 and 2. [35] 
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𝜙(𝑡) = [𝑎1(𝑡)√𝜆1]/[𝑎2(𝑡)√𝜆2] 
 

 

In the equation above, 𝑎1 and 𝑎2 represents the temporal coefficients, while λ represents the 

corresponding eigen mode. This equation can be used to reconstruct the phase averaged images. 

Figure 4.1.5 shows the set of contour plots representing the phase-averaged images for each 

corresponding angle. It can be seen that the structures in the flow cycle starts to diminish at an 

angle of 90 degrees and is elongated the most at 270 degrees. 

 

Figure 4.1.5: Phase-averaged images for the structure excited at POD mode 1 and 2.  

(Flow is from right to left) 

 

PHASE-RECONSTRUCTION AT FREQUENCY OF INTEREST 

       As there appears to be a very a sharp dominant peak, and its harmonics tend to appear later, 

a phase-reconstruction of the images that represent this frequency is done, after which a phase-

averaged image is plotted for the corresponding angle. 
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The fundamental concepts of frequency and amplitude result from the analysis of periodic 

motions. The time required for a system to complete one complete cycle of the motion is called 

the period.  Frequency is related to the period and is defined as the number of complete cycles 

per unit time, f - cycles per sec - hertz (Hz). The circular frequency which is cycles per radian is 

denoted as 𝜔.  

The relation between f, 𝜔 and the period T, is 

𝑇 =
2𝜋

𝜔
=

1

𝑓
 

The general form of the solution to the linear, second-order differential equation with constant 

coefficients describing the motion of the idealized spring mass system, with no external force 

applied is given by, 

𝑥 = 𝐴 sin𝜔𝑡 + 𝐵 cos𝜔𝑡 

The sine and cosine terms can be combined if a phase angle is introduced such that, 

𝑥 = 𝐶 cos(𝜔𝑡 − 𝜙) 

𝑥 = 𝐶 sin(𝜔𝑡 + 𝜙∗) 

The values of C, 𝜙 and 𝜙∗ are found from the following trigonometric identities: 

 

𝐴 cos𝜔𝑡 + 𝐵 sin𝜔𝑡 =  √𝐴2 + 𝐵2 cos(𝜔𝑡 − 𝜙) 

𝐴 cos𝜔𝑡 + 𝐵 sin𝜔𝑡 =  √𝐴2 + 𝐵2 sin(𝜔𝑡 + 𝜙∗) 

𝜙 = tan−1
𝐵

𝐴
         𝜙∗ = tan−1

𝐴

𝐵
     𝜙∗ =

𝜋

2
− 𝜙 

 

Using the equations above [36], the phase angle 𝜙 is determined, while 𝜔 = 2𝜋𝑓, where 

𝑓=84.4Hz. 
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Contour plots of the reconstructed phase-averaged images are represented in Figure 4.1.6. 

 

Figure 4.1.6: Reconstructed phase-averaged images at 𝒇=85.4Hz 

(Flow is from right to left) 

 

JITTER 

Jitter is an indicator to evaluate the stability of an output signal waveform. Jitter indicates 

the deviation or variation in the period of waveforms. An ideal waveform repeats an invariable 

cycle. Actual waveforms however, vary in the time domain, shifts earlier or later compared to the 

actual cycle. There are many types of jitter such as period jitter, RMS jitter, random jitter, 

deterministic jitter, etc. As this section is focused on the variation of the flow excited at a 

frequency at different phase angles, phase jitter is heavily looked into. Phase noise and phase 

jitter both indicate the stability of a signal and are correlated. Phase noise corresponds to the 
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instability of a frequency in the frequency domain, while phase jitter is the fluctuation of the 

signal waveform in the time domain, essentially describes how far the signal period has deviates 

from its ideal value.  

To evaluate if there is any kind of instability in the signal obtained for the phase 

reconstruction done, comparison between the obtained phase signal verses a reconstructed signal 

at a frequency of 84.4Hz was done. Figure 4.1.7 represents a graph showing the compared 

signals. It is evident that there is a shift as well as peak variations in the obtained signal. The 

curve in red represents the signal with phase jitter, while the blue curve represents the 

reconstructed signal at the base frequency. The green and blue star heads represent the peak in 

the signal respectively. 

 

Figure 4.1.7: Comparison between signal with phase jitter and the signal reconstructed at    

85.4Hz (Dominant freq) 

 

In combustor applications, phase jitter is usually found in data acquired using a pressure sensor 

or some method of direct/intrusive measurement. However, the phase data obtained here are 

from POD temporal coefficients and they exhibit some distortions, which could be assumed as 
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phase jitter. To account for this distortion in the signal, a time domain analysis is done, as phase 

jitter is an instability in the time domain. 

Peak to peak variation of the signal and the cumulative standard deviation in the signal 

was calculated to account for the assumed phase jitter, to evaluate if the phase jitter was caused 

due to noise (local turbulence in the flow field) or due to non-linear interaction of the waveforms 

within the system. Figure 4.1.8 represents a graph indicating the time domain analysis. It can be 

inferred that the plot does not follow a Gaussian curve, a trend observed by noise models. As 

generally noise model is characterised by a gaussian distribution. This indicates that the phase 

jitter believed to be present in the signal could be significantly contributed due to non-linearities 

in the system rather than local flow turbulence. 

 

 

Figure 4.1.8: Graph for time domain analysis performed on the obtained signal. 
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To further investigate the cause of this phenomena, to inspect the presence of non-

linearity within the system, higher order statistical methods are implemented. The next section 

dives into the details of this method and its results. 

 

4.2 QUDRATIC NON-LINEAR POWER (QNLP) 

Linear spectral analysis techniques such as power spectrum are of limited value when 

various spectral components interact with each other due to some non-linearity or parametric 

process. In such instances, higher order spectral techniques are employed to accurately 

characterize the observed signal. Higher order spectra (HOS) are spectral representation of 

higher order moments. In time series analysis, the extension of the distribution of cumulants and 

joint cumulants are equated to moments, to extend them to higher order spectra such as 

bispectrum and tri-spectrum. The cumulant spectrum measures the extend of joint statistical 

dependence, which is introduced by a nonlinearity, between various spectral components. That 

is, a fluctuating quantity may be a linear approximation regarded as a sum of many independent 

random oscillators and this the cumulant spectrum higher than second will be zero. If the 

oscillators are excited due to the nonlinear interaction of other oscillators (spectral components) 

they will be statistically dependent, according to which the cumulant spectrum will have a non-

zero value. [37]  

The power spectral density (PSD) used in the previous section of this chapter is a 

representation of the second order cumulant. The bispectrum for a zero-mean stationary random 

signal x(t) is a representation of the third order cumulant.  
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4.2.1 INTRODUCTION TO BISPECTRUM 

According to the mathematically definition of bispectrum, it measures the phase coupling 

due to quadratic linearities in three signals. The bispectrum would be zero if there was no 

coupling between the three random signals.  

The magnitude of bispectrum gives the degree of phase coupling between frequencies, f1, f2 and 

(f1+f2). The magnitude also depends on the respective Fourier coefficients of the frequencies. 

 

𝐵𝑥(𝑓1, 𝑓2) = 𝐸{𝑋(𝑓1). 𝑋(𝑓2). 𝑋
∗(𝑓1 + 𝑓2)} 

 

Where x(t) is the time domain signal, while X(t) is the Fourier transformed signal. The 

normalized version of the squared bispectrum which is independent of the magnitude of the 

Fourier coefficients is called bicoherence. Bicoherence ranges from zero to unity for quantifying 

phase coupling. Unity refers to full three-wave coupling, while zero refers to no interaction or 

zero coherence between the three waves. The bicoherence not only measure of the degree of 

coupling, but also a fraction of the mean square power. The square of bicoherence quantifies the 

fraction of mean square power of the new spectral component which was formed due to the non-

linear interaction between the base waves (f1 and f2). 

 

𝑏𝑛
2(𝑓1, 𝑓2) =

|𝐵𝑥(𝑓1, 𝑓2)|
2

𝐸{|𝑋(𝑓1). 𝑋(𝑓2)|2}𝐸{|𝑋(𝑓1 + 𝑓2)|2}
 

 

The QNLPI, Quadratic Non-linear Power Index is a concept based on bicoherence using poly-

spectral signal processing techniques. (Hassan, [38]) The 3-D bicoherence spectrum is projected 

on to the 2-D power spectrum, which gives us a measure of the mean square power of the 
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quadratic non-linear interaction in a frequency which was formed due to the non-linear 

interaction between different base frequencies. QNLPI quantifies for this fraction of power at a 

frequency f, which was formed due to the interaction of base frequencies. Unlike, bicoherence 

which is represented in a bifrequency space with the representation of the base frequencies, 

QNLPI is represented in a single frequency space showing only the results. 

 

𝑄𝑁𝐿𝑃𝐼(𝑓) = ∑ 𝑏𝑥
2 ((

𝑓

2
+ 𝑛𝛥𝑓) , (

𝑓

2
− 𝑛𝛥𝑓))

𝑛= 
𝑁
2
−1

𝑛=0

 

 

4.2.2 RESULTS OF QNLP 

A MATLAB code is written for the assessment of QNLP which had an input of 6000 

velocity vector field measurements. The frequencies were grouped into bands, rather than one 

single frequency to account for the occurrence of slight variations in the frequencies, due to the 

chaotic nature of the underlying flow. The frequencies are grouped into bands and tabulated in 

Table 4.2.  

For each interrogation window, the frequency bands are subjected to QNLP, with the total non-

linearity in each band being the algebraic sum of the constituent frequencies based on the Fourier 

transform resolution. The frequencies of interest are the 5th, 6th and 7th bands, which correspond 

to the harmonics of the dominant oscillation. The spatial QNLP content is shown in Figs. 4.2.1 

and 4.2.2. It is seen that the first band, which is the 5th band, has the highest QNLP, which 

however must be interpreted in the light of it containing the highest amplitude. High amplitudes 

result in significant phase locking with other frequencies and such a locking with very low 

frequencies (< 20 Hz) can result in the observed pattern. Considering the absence of  
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sub-harmonics, it can be ascertained that the present mode is independently or linearly excited 

with the high QNLP content associated with the presence of high amplitude at the listed 

frequency. It is also seen that the QNLP values are high at the inlet, with their values tapering off 

towards the downstream for all the frequency bands. 

 

Table 4.2: Corresponding frequency in each band for the assessment of QNLP 

Bands Frequency (Hz) 

Band 1 0-10 Hz 

Band 2 10-20Hz 

Band 3 20-30Hz 

Band 4 30-40Hz 

Band 5 70-95.5Hz 

Band 6 170-182Hz 

Band 7 250-271Hz 

 

Considering Fig. 4.1.2 and 4.1.2, we note that the QNLP content is lower for the 6th band 

compared to the 7th, although the amplitude coefficients are higher for the former compared to 

the latter. The low values associated with the former band is suggestive of linear mechanism for 

generation and implies the second harmonic or mode associated with the flapping mode. The 

higher values of QNLP for the 7th band, notwithstanding its high frequency, which results in non-

tuning with several frequencies, especially lower ones and significantly lower amplitudes at 

higher ones still presents a higher proportion of power derived through non-linearity. 
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Figure 4.2.1: Spatial maps for: Band 5 ((Nonlinearity strength 13-15%),  

Band 6(Nonlinearity strength 8-9%). (Flow is from bottom to top) 

 

 

Figure 4.2.2: Contour and surf plot for Band 7 (Nonlinearity strength 10-12%) – Flow is 

from bottom to top for contour plot (left), flow is from right to left for surf plot (right) 
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This leads one to propose that the observed frequency is a non-linear artefact with the 

observed frequency being generated through multiplicative process of lower frequencies. The 

frequencies contributing most to the framework would be the lower harmonics associated with the 

flapping mode. 

The mechanism of non-linearity, in the acquired velocity field is a result of non-linear 

processes governing the velocity field. Although, the non-linear processes might be a result of 

third component and/ or dimension, their imprint on the two-dimensioanl fow-field is evidenced 

from the PIV data. These mechanisms are identified next. 

 

NON-LINEAR TERMS GOVERNING VELOCITY FIELD 

The momentum equation expresses the non-linearity of the velocity component due to the 

momentum associated with a mass flux gradient. Considering the present information available 

from the PIV data, we consider the non-linearities which can contribute to the observed non-

linearity discusses in the previous sub-section. It should be noted that, the non-linearity might 

result from the non-quantified dimension and component (z or w-component of velocity )but 

then they have a definite effect on the velocity components, which in-turn evolve from their 

contribution.  

The convective terms considered in the present investigation involve- 𝑢
𝜕𝑢

𝜕𝑥
 , 𝑣

𝜕𝑢

𝜕𝑦
 , 𝑢

𝜕𝑣

𝜕𝑥
 , 𝑣

𝜕𝑣

𝜕𝑦
  

Given below are the Navier-Stokes equations, that contain the convective acceleration terms, 

which are terms of interest. 

𝜌𝑔𝑥
− 

𝜕𝑝

𝜕𝑥 
 +  𝜇 (

𝜕2𝑢

𝜕𝑥2
 +  

𝜕2𝑢

𝜕𝑦2
 +  

𝜕2𝑢

𝜕𝑧2
) = 𝜌 (

𝜕𝑢

𝜕𝑡
 +  𝑢

𝜕𝑢

𝜕𝑥
 +  𝑣

𝜕𝑢

𝜕𝑦
 +  𝑤

𝜕𝑢

𝜕𝑧
) 

𝜌𝑔𝑦
− 

𝜕𝑝

𝜕𝑦 
 +  𝜇 (

𝜕2𝑣

𝜕𝑥2
 +  

𝜕2𝑣

𝜕𝑦2
 +  

𝜕2𝑣

𝜕𝑧2
) = 𝜌 (

𝜕𝑣

𝜕𝑡
 +  𝑢

𝜕𝑣

𝜕𝑥
 +  𝑣

𝜕𝑣

𝜕𝑦
 +  𝑤

𝜕𝑣

𝜕𝑧
) 
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𝜌𝑔𝑧
− 

𝜕𝑝

𝜕𝑧 
 +  𝜇 (

𝜕2𝑤

𝜕𝑥2
 +  

𝜕2𝑤

𝜕𝑦2
 +  

𝜕2𝑤

𝜕𝑧2
) = 𝜌 (

𝜕𝑤

𝜕𝑡
 +  𝑢

𝜕𝑤

𝜕𝑥
 +  𝑣

𝜕𝑤

𝜕𝑦
 +  𝑤

𝜕𝑤

𝜕𝑧
) 

As x-component of velocity, u is a function of space and time, 𝑓(𝑥, 𝑦, 𝑧, 𝑡), 

𝑎𝑥 =
𝜕𝑢

𝜕𝑡
=  

𝜕𝑢

𝜕𝑡
+ 

𝜕𝑢

𝜕𝑥

𝜕𝑥

𝜕𝑡
+

𝜕𝑢

𝜕𝑦

𝜕𝑦

𝜕𝑡
+

𝜕𝑢

𝜕𝑧

𝜕𝑧

𝜕𝑡
=  

𝜕𝑢

𝜕𝑡
 +  𝒖

𝝏𝒖

𝝏𝒙
 +  𝒗

𝝏𝒖

𝝏𝒚
 +  𝑤

𝜕𝑢

𝜕𝑧
  

Similarly, y-component of velocity, v is a function of space and time, 𝑓(𝑥, 𝑦, 𝑧, 𝑡), 

𝑎𝑦 =
𝜕𝑣

𝜕𝑡
=  

𝜕𝑣

𝜕𝑡
+ 

𝜕𝑣

𝜕𝑥

𝜕𝑥

𝜕𝑡
+

𝜕𝑣

𝜕𝑦

𝜕𝑦

𝜕𝑡
+

𝜕𝑣

𝜕𝑧

𝜕𝑧

𝜕𝑡
=  

𝜕𝑣

𝜕𝑡
 +  𝒖

𝝏𝒗

𝝏𝒙
 +  𝒗

𝝏𝒗

𝝏𝒚
 +  𝑤

𝜕𝑣

𝜕𝑧
  

 

 

Figure 4.2.3: Spatial maps of the convective terms of the 2-D momentum equation. 

(The flow is from bottom to top) 
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We consider only the u and v component of velocity, as a 2 dimensional planar PIV method was 

used to accquire the vector fields, due to which only the u and v component of velocity field 

vectors are available. The terms are evaluated using the forward difference scheme and 

subsequently element wise multiplication between the velocity and gradient terms is performed 

to evaluate the same. The results are shown in Fig. 4.2.3. From the plots, it is clear that the terms 

associated with the streamwise velocity and transverse velocity display both significant and 

negligible relationship with the spatial structure of the flapping mode. Notably, the term 

associated with the transverse variation in the streamwise mass flux shows a spatial structure 

very coherent with the flapping mode, with the term representing the streamwise velocity and 

associated mass flux showing reduced relation, although visually observable with the flapping 

mode.  Thus, significant contribution to the non-linearity is derived from the gradients of the 

streamwise velocity which are also regions having significant transverse velocity. 

 

Figure 4.2.4: Velocity gradient plot with the overlay of mean flow streamlines. 

(The flow is from bottom to top) 
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Fig. 4.2.4 plots the mean streamline with the overlaid contour of the transverse velocity-

streamwise velocity gradient. The regions of maximum values of the non-linear covective term is 

seen in the region between the annular jet ( the region of the swirling flow sandwiched between 

the central toroidal recirculation zone and the outer recirculation zone) and the outer recirculation 

zone.  There is also some asymmetry seen in the overlaid contour, which is a result of the spatial 

asymmetry of the recirculating flow. The recirculation zone displays significant opening, which is 

not representative of the bubble type breakdown and might be associated with the V-type 

breakdown based on the observed streamline. This results in a spatial asymmetry with the upper 

half exhibiting non-linearity associated with the listed process in interface of the annular jet with 

both the outer and toroidal recirculation zones, which however is not seen in the lower half due to 

significant opening up of the breakdown region and the limitation of the cross sectional area of the 

test section available to acquire vectors due to image resolution constraints. 

Summarizing the section, it is established that the flapping mode observed in an isothermal 

swirling flow-field is a high amplitude non-linear process, with the non-linearity stemming from 

the convective term of the momentum equation associated with the streamwise velocity gradient 

and transverse velocity. 
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CHAPTER 5 

CONCLUSIONS 

 

5.1 SUMMARY 

To characterize the swirl flow field, several spatial and temporal analysis were carried out. A 

proper orthogonal decomposition was carried out on the time series data obtained from 2- 

dimensional Planar PIV. 

 

• Application of POD on the instantaneous velocity vectors resulted in the observation of 

the general flow features of a swirl flow field. The prominent structures such as the 

recirculation bubble region, the inner and outer shear layers, and the corner recirculation 

zone can be seen in the mean flow images. 

 

• From the calculation of the POD modes, it is observed that the first three modes 

contribute to about 60% of the energy of the flow field. They represent the strongest 

coherent structures in the flow. Phase-averaged portraits were generated for the first 

mode to understand the feature and dynamics of this structure. 

 

• Frequency domain analysis were carried out to obtain the spectra of POD time trace, 

there exists a dominant frequency of 85.4Hz, which represents the first 2 POD modes. 

The phase-portraits and dominance of a single frequency imply limit cycle oscillations, 

and the signature of this frequency is observed as harmonics in the following modes. 
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However, when subjected to Fourier transform, it reveals the presence of higher 

harmonics and distorted waveform. 

 

• To analyse the distortion in the signal waveform, time domain analysis is carried out, 

only to find out the cumulative standard deviation does not increase with the √𝑁 , 

therefore does not follow a gaussian distribution. This result conveys that the observed 

distortion is not a consequence of local disturbance due to turbulence. To further 

investigate this, a high order statistical method is implied to inspect any presence of non-

linear process within the system.  

 

• A bicoherence derived quantity called, quadratic nonlinear power (QNLP) is used for the 

investigation of non-linearity. This quantity measures the intensity of non-linearity, 

where two base frequencies couple with each other to produce a third frequency, from a 

scale of 0-1. The analysis reveals that the flapping mode is independently or linearly 

excited at the first and second harmonic and the third mode is a non-linear artifact of the 

listed frequencies.  

 

• The non-linear processes observed through QNLP might be a result of the third component 

of velocity and its imprint on the two-dimensioanl flow-field. The convective terms of the 

momentum equation are mapped spatially to estimate the contribution of each term to the 

observed non-linearity. It can be concluded that a significant contribution to the non-

linearity process detected in the third harmonic is derived from the transverse variation in 
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the streamwise mass flux, 𝑣
𝜕𝑢

𝜕𝑦
  , whose spatial structure appears to be coherent with the 

flapping  mode. 

 

5.2 FUTURE WORK 

This study’s main focus was to gain a better understanding of unsteady processes and their 

nature which helps to understand, prediction, and control the various macroscopic effects that takes 

place as a consequence of instability in flame stabilization and combustion efficiency through 

intensified turbuelnce and mixing. The present study focused on a part of this requirement by 

studying unsteady aspects of an isothermal free swirling jet. Future work would be to focus on 

resolving the flapping mode, to understand the type of breakdown this mode is under going 

through.  

The next step would also be to evaluate reactive data for the same parameters, to understand the 

effects of heat release and how it affects the non-linearity existent within the system. 
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