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Abstract— We consider models and methods for the de-
termination of reflective properties that describes the micro-
scopic properties of complex composite materials. Specifically
we compare methods for the determination of reflectivity of
complex composite materials including the methods based on
Efimov’s model for permittivity, homogenization approximating
techniques and the Prohorov Metric Framework in which one
determines a probability distribution for the permittivity. Our
ultimate goal is to be able to ascertain material changes (e. g.,
oxidation) when the materials are subjected to high stress and
high temperatures.

Keywords: Complex composite materials (CCM), Lorentz
Model for permittivity, Efimov Model, homogenization, Pro-
horov Metric Framework

I. INTRODUCTION

Complex materials, including ceramic matrix composites
(CMC’s), are increasingly used in a wide range of applica-
tions including in components of high temperature engines.
While these materials offer many positive advantages, the
harsh environments the materials are subjected to lead to
degradation. In CMC’s, air at high temperatures causes
formation of oxides. When oxidation occurs the material
becomes brittle which leads to catastrophic failure. Applying
a mechanical load increases this effect. A cross section of
a CMC is shown in Figure 1(a). We propose to investigate
using different models in parameter estimation schemes to
estimate the reflectance response from a general multilayer
dielectric material.

Reflectance spectroscopy can be used to characterize dam-
age and degradation of CMCs [17]. Reflectance data can
be obtained from a Fourier Transform Infrared Reflection
(FTIR) spectrometer. For an example spectral response, see
Figure 1(b). Parameters in composite permittivity models
are estimated from reflectance data then related to the
degradation of the material. FTIR data are collected over
broad sweeps of wavenumbers or frequencies. FTIR data is
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Fig. 1. (a) A section of a CCM. (b) The reflectance spectra of CMCs that
underwent different heat exposures

sensitive to heat treatment and fatigue [18]. We use effective
permittivity of dielectric characteristics that describes the
microscopic properties of these composite materials.

In this initial attempt to develop results toward the goal of
accounting for the heterogeneity of CMCs in their reflectance
response, we study the behaviour of the different models
on simulated data sets of multilayer materials. We consider
several approaches to account for the material complexity
and compare these techniques ability to model the reflectance
of multilayered materials at different wavelengths.

II. REFLECTANCE OF MULTILAYER MATERIALS

In spectroscopy, data is collected as a function of k (the
wave number in units 1/length), where k = ω/(2πc), ω



Fig. 2. Schematic of interrogation scheme

Fig. 3. An example multilayer slab

denotes the interrogating angular frequency, and c is the
speed of light in units length/s.

We assume that the true material is comprised of a
multilayer semi-infinite slab S of total length L in R3,

S = {(x, y.z) : −∞ < x <∞,−∞ < y <∞, 0 ≤ z ≤ L, }
(1)

composed of p infinite vertical layers

0 = z1 < z2 < ... < zp = L.

The layers have microscopic structure composed of Lp

sublayers SL1
, ..., SLp

with sublayer permittivities ε1, ..., εp
assumed to be constant. Each sublayer occupies a fraction
αi ∈ (0, 1) of the layer. This scheme is depicted in Figure 3.

The reflection response Γi at the successive interfaces
of a multilayer material with M sublayers with refractive
indices n1, . . . , nM and elementary reflection coefficients
ρ1, . . . , ρM are given by the recurrence formula (see Orfani-
dis [25])

Γi =
ρi + Γie

2jkli

1 + ρiΓi+1e−2jkli
i = M,M − 1, . . . , 1

with ΓM+1 = ρM+1 and

ρi =
ni−1 − ni
ni−1 + ni

, i = 1, . . . ,M + 1.

The observed reflectance model has the form

R(k) = |Γ1(k)|2.

Fig. 4. The homogenization scheme

The total observation model for the simulated data is given
by

Yj = R(kj ;G0, θ0) + νj ; j = 1, .., n (2)

where Yj is the observed random variable, G0 the “true”
probability measure, θ0 are “true” parameters, kj sampling
wavenumber, and νj is random measurement error (assumed
i.i.d. with mean 0 and constant variance). For this initial
evaluation, we did not include noise to avoid confounding
the comparison of the models. The corresponding reflectivity
curves are plotted in black and labeled “data” in all of the
figures below.

III. HOMOGENIZATION
Techniques based on homogenization [4], [15], [16] as-

sume that the material undergoing interrogation occupies
the domain Ω that is made of a periodic micro-structure.
Thorough discussion of the details of these techniques is
well beyond the scope of this work. These details can be
found in [4], [15], [16] and references therein.

For the homogenization models here, we assume a periodic
structure with elementary micro-structure with size α > 0.
The reference cell Y is repeated to form the periodic struc-
ture that occupies the sample domain Ω. Homogenization
approximations are derived through a limiting process on the
periodic structure as depicted Figure 4. This process result
in limit equations for the homogenized structure.

The closed form solutions given in Cioranescu and Paulin
[16], and Banks et. al. [4] assume that k−1 >> α where
k is the wavenumber of the interrogating signal. We use
a numerically discretized versions of the formulas from
equations (36)-(38) in [4].

IV. PROBABILITY MEASURE DEPENDENT
SYSTEMS-MAXWELL’S EQUATIONS

The probability measures to represent the materials’ het-
erogeneity relies on Maxwell’s equations in a complex,
heterogeneous material (see [7] and the extensive electro-
magnetics references therein including [23], [24] for further
details). Maxwell’s equations are given by

O× E = −∂B
∂t
, O×H =

∂D

∂t
+ J, (3)

O ·D = ρ, O ·B = 0, (4)

where E is the total electric field, H is the magnetic
field, D is the electric flux density (also called the electric
displacement), B is the magnetic flux density, and ρ is the
density of charges in the medium. The constitutive relations



are material and wavelength dependent. Here, we use the
constituitive relations

D = ε0E +MP B = µ0H +M J = Jc + Js (5)

with macroscopic electric polarization MP , magnetization
M , conduction current density Jc, source current density Js,
electric current density J , dielectric permittivity of free space
ε0, and the magnetic permeability of free space µ0.

A general constitutive polarization law is given by

MP (t, x) = [ĝ ∗ E](t, x) =

∫ t

0

ĝ(t− s, x)E(s, x)ds,

where ĝ is the polarization susceptibility kernel or dielectric
response function (DRF), and x is the spatial coordinate. For
complex composite materials, one needs multiple material
parameters in some kind of distribution. The model becomes

MP (t, x;P ) =

∫
Ψ

mp(t, x;ψ)dP (ψ),

where Ψ is a set of possible material parameters ψ, P ∈
P(Ψ) where P(Ψ) is the set of probability distribution
functions on Ψ, and mp is the microscopic polarization. It
is important to note that MP represents the macroscopic
polarization, as opposed to the microscopic polarization mp
which describes polarization at the molecular level and is
given by

mp(t, x;ψ) =

∫ t

0

ĝ(t− s, x;ψ)E(s, x)ds. (6)

The macroscopic polarization MP is integrated over the
microscopic (at the molecular level) polarization mp (just
as the macroscopic electric field E is integrated over the
microscopic electric field e in derivations in [23], [24]).
This integration over an underlying distribution is a type of
aggregate dynamics.

Assuming no fixed charges (ρ = 0) and nonmagnetic
material (M = 0), equations (3)–(4) become

O× E = − ∂

∂t
(µ0H)

O×H =
∂

∂t

[
ε0E +

∫ t

0

G(t− s, x;P )E(s, x)ds

]
+ J

O ·D = 0 (7)
O ·H = 0

where P ∈ P(Ψ) and

G(t− s, x;P ) =

∫
Ψ

ĝ(t− s, x;ψ)dP (ψ).

The dielectric permittivities are modeled to obtain the
resultant reflectance model which is then used characterize
CCMs. In FTIR modeling, the permittivity is modeled by
considering the polarization which results from the dis-
placement of electrons from equilibrium under the effect of
an applied electromagnetic field. The resulting constitutive
equations from Maxwell’s equations are given by

D(t, x) = ε0 εrE(t, x) + PR(t, x), (t, x) ∈ (0, T )× Ω

where D is electric flux density, εr is complex permittivity,
E is the electric field and PR is the electric polarization.
In general, the refractive index n is related to complex
permittivity ε by

ε = n2.

A. Lorentz Model for permittivity
The Lorentz model for the complex relative permittivity

with multiple oscillators is given by

ε̂(k) = ε∞ −
N∑
j=1

Sj

k2 − ik/τj − k2
0j

,

where N is the number of oscillators, ε∞ is the relative
permittivity of the medium at infinite frequency, τj is the
relaxation time of the jth oscillator, k0j

is the resonant
wavenumber of the jth oscillator, and Sj is the intensity
of the jth oscillator. The intensities can be parameterized
by Sj = ∆ε0j

k2
0j

where
∑N

j=1 ε0j
= εs − ε∞ and εs is

the relative permittivity of the medium at zero frequency (or
static dielectric constant). The resultant parameter set θ is

θ = (ε∞, {k0j
, τj , Sj}j=1,..,N ),

where θ ∈ Θ ⊂ R3N+1 and Θ is assumed to be compact.

B. Efimov Model for permittivity
The Efimov model [19], [20], [21], [22] formulates a

Gaussian probability density function in the model for
the relative permittivity given by

ε̂(k) = ε∞ −
N∑
j=1

Sj

cj

∫ ∞
0

exp(−(x− k0j
)2/2σ2

j )

k2 − ik/τj − x2
dx,

where N is the number of oscillators, ε∞ is the relative
permittivity of the medium at infinite frequency, τj is the
relaxation time of the jth oscillator, k0j

is the resonance
number of the jth oscillator, σj is the parameter for the Gaus-
sian function, and Sj is the intensity of the jth oscillator. For
this model, the parameter set is given by

θ = (ε∞, {k0j , τj , σj , Sj}j=1,..,N )

where θ ∈ Θ ⊂ R4N+1 and Θ is assumed to be compact.

C. Probability Measure Framework (PMF) for permit-
tivity

The PMF approach, like the Efimov formulation, considers
a probability distribution of dielectric parameters but does
not specify the form of the pdf. Rather, one considers approx-
imation methods in estimation where the quantity of interest
is a probability distribution. Assume we have a parameter
dependent system with model responses x(t, q) describing
the populations of interest. The model observations are given
by a set of expected values {yl}

E[xl(q) | P ] =

∫
Q

xl(q)dP (q) (8)

for the model xl(q) = x(tl, q) with an unknown probability
distribution P describing the distribution of parameters q



over the population. One then uses data to estimate the
distribution P from a given family P(Q).

The form of the measurement noise νj in the data gen-
erating model (equation (2)) indicates an ordinary least
squares (OLS) problem. One could use other approaches but
comparison between algorithms for estimating parameters is
not the focus of this work. Following the OLS framework,
we seek to minimize

J(P ) =
∑
l

|E[xl(q)|P ]− yl|2 (9)

over P ∈ P(Q).
Even for simple dynamics for xl, this leads to an infinite

dimensional optimization problem so approximations that
lead to computationally tractable schemes are necessary. To
yield finite dimensional sets PM (Q) over which to minimize
J(P ), methods are chosen so that PM (Q) → P(Q) as
M →∞ in some sense (see [1], [13]). We use the Prohorov
metric [3], [5] which metrizes the weak star convergence
of measures to assure approximation results. We use this
framework to model the permittivity function given by

ε̂(k) = ε∞ − (εs − ε∞)

∫
k2

0

k2 − ik/τ − k2
0

dG(k0).

The relative permittivity of the medium at zero frequency and
“infinite” frequency are denoted εs and ε∞, respectively. The
relaxation time is given by τ , and the probability measure is
given by G. The probability measure defined over a specified
set of wavenumbers K ⊂ R. The probability measure is
the family of probability functions over the wavenumber
set K (G ∈ P(K)). The probability distribution function
G is approximated by piece-wise linear splines with 40
nodes uniformly spaced in [700, 1400]. We estimate θ =
(ε∞, εs, w1, ..., wNs) where wi are the weights of the splines
used to approximate the probability measure G(k). We seek
(Ĝ, θ̂) ∈ P(K)× Θ where

(Ĝ, θ̂) = arg min J(G, θ), (10)

and the argmin is taken over P(K) × Θ. The cost function
J(G, θ) is defined by

J(G, θ) =

n∑
j=1

(R(kj ;G, θ)− yj)2
. (11)

The simulated data is given by

yj = R(kj ;G0, θ0) j = 1, ..n, (12)

for a chosen (G0, θ0) based on our experience with data from
heated CCM’s.

V. NUMERICAL RESULTS

In the numerical simulations, the slab has total length L =
0.01cm. The slab has 20 layers. Each layer has p = 4 equally
spaced sublayers. The size of the resultant microstructure is
α = L

20 = 5× 10−4. Each of the 4 sublayers occupies 1
4 of

a layer. The simulated data is given by yj = R(kj , θ), j =
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Fig. 5. Reflectance values for k ∈ [700, 1400]cm−1 with refractive index
vector [1.38, 2.38, 2, 3] and sublayers proportions [1/4, 1/4, 1/4, 1/4].
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Fig. 6. Reflectance for k ∈ [0.0001, 1]µm−1 with refractive index vector
[1.38, 2.38, 2, 3] with sublayer proportions [1/4, 1/4, 1/4, 1/4].

1, .., 100. We estimate the parameters θ for each model by
minimizing the least square errors

100∑
j=1

|R(kj)−R(kj , θ)|2.

First, we use data with 100 uniformly spaced values in
the wave number interval [700, 1400]. Though this is the
wavenumber range of interest, see Figure 1, we will also
consider data for smaller wavenumbers k (with k−1 � α)
where homogenization is more appropriate [4], [16].

Lorentz 0.3658
Efimov 0.3827
PMF 0.0616

TABLE I
RELATIVE ERRORS FOR THE REFLECTANCE VALUES IN FIGURE 5.

We include an LSQ approach for the “effective permittiv-
ity”. These results were obtained by using an OLS fit using
a model which assumes PR(t.x) = constant in the basic
polarization law D(t, x) = ε0εrE(t, x) + PR(t, x).

VI. Conclusions
For wavenumbers k > 0.5, the PMF model approxi-

mates reflectance from a multi-layered system best. As the
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Fig. 7. Reflectance for k ∈ [0.01, 1] with refractive index vector
[1.38, 2.38, 2, 3] and sublayer proportions [1/4, 1/4, 1/4, 1/4].
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Fig. 8. Reflectance values for length L = 10−4 µ m, refractive index
vector [1.3, 2.4, 2, 3] and sublayer proportions [1/4, 1/4, 1/4, 1/4].
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Fig. 9. Reflectance values for k ∈ [0.025, 0.1]µm−1 with length L =
1e− 4µm, refractive index vector [1.3, 2.4, 2, 3], and sublayer proportions
[1/4, 1/4, 1/4, 1/4].

Homogenization 0.5019
Lorentz 0.0982
Efimov 0.3550
PMF 0.0530

TABLE II
RELATIVE ERRORS IN REFLECTANCE VALUES IN FIGURE 6.

Homogenization 0.24834
Lorentz 0.98374
Efimov 0.98417
PMF 0.01977
LSQ 0.05501

TABLE III
RELATIVE ERROR FOR REFLECTANCE VALUES IN FIGURE 7.

wavenumbers decrease homogenization better approximates
reflectance from a multi-layered system. This work estab-
lishes the performance of different approaches and models
of a multi-layered material. Further work needs to be done to
fully characterize the performance of these different models
given variations in the layer structure, sublayer structure,
refractive indices and wavenumbers. Future efforts will con-
tinue to account for material heterogeneity in the analysis of
reflectance data from CMCs, such as incorporating different
geometries to account for surface roughness and material
coatings. Analysis of experimental data from composite
materials will be included in future efforts.
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