ABSTRACT
JOSEPHRAJ KISHORE, RAJ NIKHIL GERARD. Acoustic and Elastic Wave Functional
Materials. (Under the direction of Dr. Yun Jing).

The past two decades have witnessed the emergence and development of metamaterials
for acoustic and elastic waves. These are rationally designed artificial structures that
possess unconventional effective properties and hence offer new routes for sound and
vibration manipulation. In the more recent years, metamaterial topics have been driven by
the desire to control waves via designs that are more compact and lightweight than their
traditional counterparts. For acoustics, a family of thin 2D materials of sub-wavelength
thickness have surfaced and are now the protagonists for a variety of new wavefront
shaping functionalities. For elastic metamaterials on the other hand, achieving broadband
performance with smaller sizes, has become the central theme in order to cater to the
demands of real-world vibration control.
This dissertation makes contributions to the fields of acoustic metasurfaces and elastic
metamaterials by examining the challenges that they currently face and putting forward
new design strategies that overcome these limitations. Under the acoustic metasurface
part, we first highlight the various undesirable effects that arise during the practical
realization of transmissive acoustic metasurfaces. We then delve into the inevitable loss
in metasurface geometries and delineate the various conventional and unconventional
approaches that can be taken to confront these. Following this, we put forward the design
of a non-Hermitian azimuthal metasurface that leverages loss as a new degree of freedom.

The loss in this design finds itself as the imaginary part of the refractive index, and enables
the realization of unidirectional transparency of acoustic orbital angular momentum. In a
subsequent study, we then explore the challenges and opportunities for metasurfaces in
the ultrasonic regime and put forward the experimental realization of a gradient index
metasurface for airborne ultrasound. The minuscule prototype was fabricated by a stateof-the-art manufacturing technique and experimentally characterized via a scaled-down
measurement platform. Under the elastic metamaterial section, we introduce a highly
porous and lightweight three-dimensional micro-lattice based metamaterial that facilitates
omnidirectional wide-band vibration attenuation, alongside possessing the second order
functionality of exhibiting a negative Poisson’s ratio. Such a metamaterial would thus
pave way for a variety of unconventional wave based devices alongside bolstering the
interests for futuristic multi-functional materials.
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Chapter 1
Introduction
Humankind’s fascination for waves has existed for a few centuries now, and stems from
our admiration of how nature most efficiently transmits information from one point to
another. It should hence not come as a surprise that we humans, have constantly striven
to control waves for our benefit. This started with our efforts to realize optical devices
by shaping glass and has now reached a point where we are constantly surrounded by
numerous wave-based devices. Interestingly enough however, most of the devices that we
use today, rely entirely on converting waves to an electronic form, before manipulating
them for an application. New tools that can passively yet fruitfully control waves in
their propagating form on the other hand, are extremely desirable and could enable
several new engineering applications in the future [19]. While the quest for such tools
has always existed, our yearning for them was revived in the 1990s, with developments
in the fields of photonic and phononic crystals [20, 21]. It became well-known to the
wave physics community at this time, that simple, sub-wavelength structures could
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Figure 1.1: (a) Material design space for acoustic metamaterials - Density, ρ vs Bulk
Modulus, κ; (b) Acoustic Hyperbolic Metamaterial [1] and the simulated acoustic field,
showing partial focusing; (c) Three-dimensional object that is rendered invisible by an
acoustic ground cloak [2]

be assembled to make up bulk materials, whose effective properties are very different
from those found in nature or even those of its constituent materials [19, 22, 23]. The
simultaneous advancements in contemporary manufacturing techniques during this
period, also increased the likelihood of realizing such artificial materials. These factors
encouraged several physicists and theorists who were ardent observers of nature until
then, to become creative designers and engineers instead, and to pave way for a new field
of material physics called “Metamaterials”.
Metamaterials were first put forward for electromagnetic waves (light and radio
waves) where they exhibited properties like negative refractive index [24], that were
previously unseen in nature. This inspired similar works in other wave systems like
acoustics, phononics (thermal) and mechanics. In acoustics, the first metamaterial [25]
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used rubber-coated spheres to create locally resonant and deep sub-wavelength structures.
The periodic assembly of this structure or ‘meta-atom’ created a bulk material which
exhibited negative effective elastic constants and complete wave attenuation in certain
low frequency regions called ‘band gaps’. Building on this seminal work, several studies
subsequently explored the exotic ‘negative’ design space (shown in Fig. 1.1(a)) for both
fluid-borne acoustic waves [26, 27] and structure-borne elastic waves [28–30]. Early works
proposed acoustic and elastic metamaterials with negative effective densities [31, 32] and
bulk moduli [26] for applications like sound insulation and those with double negativity
exhibited negative refractive index and hence for imaging [33, 34] and superfocusing [35].
Further intrigued by the other prospective applications that such ’negative’ metamaterials
could facilitate, researchers then began taking them to higher dimensions. While doing
so, some studies proposed new metamaterials with directionally dependent effective
properties. For example, 2D metamaterials with different effective densities in the x and y
directions were experimentally demonstrated and triggered the interests for metamaterials
with anisotropic effective properties [36, 37]. When such a material possesses opposite
signs of effective densities, they exhibit a hyperbolic dispersion and allows for the
evanescent waves to propagate to the far field. This characteristic allowed them to
proposed for various interesting like hyperlensing, far-field and sub-wavelength imaging.
Figure 1.1, shows the example of a hyperbolic metamaterial that was put forward Shen
et al. [36], and was utilized to demonstrate partial focusing as shown in the Fig. 1.1(b).
Besides these functionalities, anisotropic metamaterials also greatly helped propel the
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then burgeoning topic of transformation acoustics. This gave birth to the realization of
invisibility cloaks for various classical wave systems and making the word "invisibility"
synonymous with metamaterials, as we know it today. Figure 1.2(c) shows the sample
and experimental results from the study by Zigoneanu et al. [2] that put forward a threedimensional, broadband and omnidirectional acoustic cloak, that could render regions of
space three-wavelengths in diameter, invisible to sound. Other noteworthy examples of
cloaks for acoustic and elastic waves include those put forward by Cummer et al. [38],
Chen et al. [39], Shen et al. [37], Zhang et al. [40] and Stegner et al. [41].
With the start of the 2010s however, the field of acoustic metamaterials transitioned to
meta-devices, or in other words, lightweight and thin meta-material-based devices [3, 42–
44]. This shift happened with the goal of solving long-standing problems in acoustics, via
systems that can be more readily employed in the real-world. In the context of fluid-borne
sound, a family of thin two-dimensional devices [3] emerged for wavefront manipulation,
while strategies to control and harvest mechanical vibrations became the central theme for
elastic waves [45,46]. For acoustics, metasurface concepts gained significant attention from
2010 to 2015, and soon became a predecessor to metamaterials, as opposed to just being
a sub-field. This can be attributed to their decreased size and reduced dissipation, that
facilitated the overcoming of several limitations that accompanied the conventional bulk
metamaterials. For elastic waves, the need to cater to applications in structural dynamics,
invigorated researchers to search for exotic strategies that could best access and leverage
wide and/or subwavelength bandgaps for different modes of propagation. In the early
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2010s, pillared plates [29, 45, 47] became increasingly popular, due to the rich insight it
offered and its progress was paralleled by the rising popularity of ‘metastructures’ [7, 48,
49]. These were 3D printed designs, that further renewed the promise of sub-wavelength
local resonance-based bandgaps, via new mechanisms that were now largely specific
to structural waves. The aforementioned topics of acoustic metasurfaces and elastic
metamaterials are the primary foci of this dissertation. The next two sections of this
chapter will hence delve deeper into these and offer the background behind each of
these topics, following which Section 1.3, will introduce the reader to the objectives and
overview of the chapters that follow.

1.1

Acoustic Metasurfaces

Metasurfaces are rationally designed two-dimensional materials of sub-wavelength thickness, that provide non-trivial local phase shifts to the waves that transmit through or
reflect from them [3]. This unique capability allows them to freely tailor wave fields such
that the phase/or amplitude is fully controlled. This concept was first introduced to the
material science and physics communities for optical waves following the pioneering
work of Yu et al. [50], which revisited the classical Snell’s law and put forward a modern
generalized version of the same. The classical Snell’s law is the one that predicts the angle
of reflection or refraction, when a wave propagates from one medium to another, based
on the difference in the refractive indices of the two media. While doing so it assumes
that the phase shifts a wave would undergo as a result of such an interface, would be
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gradually accumulated along its path of propagation in the second media. In their work
however, Yu et al. revisited this classical notion and showed that such a phase change can
be introduced abruptly in the same media itself, by means of planar (2D) interface that is
made up of sub-wavelength periodic unit cells, just like in a metamaterial. For instance,
let us assume, as shown in Figure 1.2(a) (adapted from Assouar et al. [3]), that a wave
originates from point A and is incident on an interface that is denoted here, by the x axis.
If the interface is located in the plane of z = 0, it would induce a phase discontinuity
to the wave, that can be denoted by ϕ( x ). For the case of reflection, the wave will strike
the interface and bounce to point B and for refraction the wave will transmit through
and reach point C. For the reflection case, it can be straightforwardly derived that if the
wave leaves point A ( x A , z A ), impinges on point O, located at ( x, 0), with an angle of θi
and bounces back to point B, located at ( x B , z B ), the total phase variation along its path
should be,
Ψ( x ) = φ( x ) + k l

q

( x − x A )2 + z2A + k l

q

( x B − x )2 + z2B

(1.1)

here, an abrupt phase discontinuity of φ( x ) is introduced to the wave, owing to the
engineered interface and λ1 = c1 / f , is the wavelength in medium 1, where c1 and f
are the speed of sound and the frequency respectively. By Fermat’s principle, one can
understand that the trajectory taken by a wave between 2 points, for example A and B,
should be path of least phase change. Therefore, to obtain the expression that needs to be
satisfied by the co-ordinates at point O, we must differentiate Ψ( x ) with respect to x and
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Figure 1.2: (a) Schematics of the generalized Snell’s law for reflection and refraction. θi
is the angle of incidence, while θr and θt are the angles of reflection and transmission
respectively. [3] (b) Acoustic metasurface hologram that generates the letter A on the image
plane 300 mm away and the fabricated prototype (right) [4] (c) Ultrathin metasurface
based Schroeder diffuser (MSD) in comparison with the conventional Schroeder diffuser
(SD). Top panel on the right, shows the results from experimental measurements [5]

let it be equal to zero to have a minimum for the path length. This would yield,

dφ
λ (x − x A )
λ (x − x)
dΨ
=
+ q1
− q1 B
dx
dx 2π ( x − x )2 + z2
2π ( x B − x )2 + z2B
A
A

(1.2)

simplifying eq.1.2 would then result in,

dφ( x )
λ
+ 1 (sinθi − sinθr ) = 0
dx
2π

(1.3)

This equation can hence be re-arranged to obtain the generalized Snell’s law for reflection,

sinθr − sinθi =
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λ1 dφ( x )
2π dx

(1.4)

Likewise, we can also derive the expression for refraction by the same procedure and the
resultant would yield,
sinθt − sinθi =

λ1 dφ( x )
2π dx

(1.5)

It is interesting to point out that the expression here, is in stark contrast to the conventional
case of specular reflection/refraction that is typically seen in nature and hence gave
birth to the terms anomalous reflection/refraction. This theory therefore suggests that by
judiciously tailoring the phase distribution along a thin planar interface, we can arbitrarily
manipulate both the transmitted and reflected wave fields to our benefit. In practice, this
could be implemented by using a single layer of metamaterial unit cells, in other words a metasurface. Metasurfaces can hence be empowered with physics distinctly different
from those of bulk metamaterials and could possess extended exotic functionalities that
could enable new applications.
The most intuitive take-away from work of Yu et al. [50], was that a metasurface
could be made up of super cells which comprise of unit cells that have a phase gradient
across them. This would enable the interface to conveniently steer waves in the desired
direction. It must be noted however, that while this is seemingly similar to the conventional diffraction grating, these metasurfaces offer an additional linear momentum to the
incident wave and allow for the previously unachievable anomalous reflection/refraction.
Such devices came to be known as gradient index metasurfaces (GIMs) and soon became
very prominent in all wave systems. In acoustics, several studies then theoretically and
experimentally realized GIMs, by employing metamaterial unit cells that could offer a
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wide phase span and high transmission. In this regard, hybrid Helmholtz resonators
and geometries with coiled up airways were most common and allowed researchers
to show several interesting functionalities. For instance, it was shown that by carefully
engineering the phase gradient and number of unit cells, metasurfaces could demonstrate functionalities like negative refraction/reflection [51–55], omnidirectional sound
shielding [1], self-bending beams [12, 56] and conversion of waves, from propagating into
surface-bound modes [51, 52]. It was also shown by a study that GIMs could be coupled
with zero-index metamaterials to achieve the long desired feature of asymmetric sound
transmission [57]. Inspired by such unique new wave behavior, several subsequent studies
emerged, demonstrating passive acoustic wave behavior that was never seen before. For
example, Jiang et al. [58] experimentally demonstrated the generation of an acoustical
vortex, via a metasurface that possessed an azimuthal gradient index. This design was
formed by dividing the source plane into equal segments and assigning growing phase
shifts to each segment. They showed that by dividing the metasurface into eight sections
with phase shifts ranging from 0 to 7π/4, with increments of π/4, one could produce a
first-order acoustical vortex with spiral phases and orbital angular momentum (OAM).
This demonstration went on to revive the community’s interests in acoustical orbital
angular momentum (OAM) and encouraged works that explored vortices [59,60] via other
designs as well and for a variety of new vortex-based applications [61–64]. In addition to
putting forward such unprecedented functionalities, the versatility of GIMs also inspired
studies that revisited other classical notions and applications, and revived them via new
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metamaterial strategies. An example of a stride in such a direction is that of the work
by Zhu et al. [5], which put forward a contemporary version of the classical Schroeder
diffuser that is shown in Figure 1.2(a). The Schroeder diffuser is an acoustic device, that
scatters sound energy that is incident on it, to all directions and greatly improves the quality of sound in a room. Schroeder diffusers [65–67] are now-widely commercialized and
can be found in many studios, theatres and conference halls. The design for this device,
was first proposed by Manfred Schroeder over 40 years ago and comprises of arrays of
gratings whose depths reach half the wavelength of the lowest pitched of the sound that is
to be diffusely scattered. This large depth limits their application in the low frequency and
even mid-frequency range. However, the device that is theoretically and experimentally
put forward by Zhu et al., is ten times thinner than the conventional Schroeder diffuser,
yet performs as well as its traditional counterpart. The ultrathin diffuser consists of a 2D
array of locally resonant elements (Helmholtz-resonator-like structures), that are elegantly
designed to produce a specific phase shift according to the quadratic residue sequence
that is delineated by Schroeder’s theory [65, 66]. Furthermore, the ultrathin diffuser uses
lesser material and results in lighter, more compact, and lower-cost devices. This work
is hence a good example of how reflective metasurfaces could renovate commonplace
acoustic devices. Similarly, another such example, is that of the study by Xie et al. [4],
which experimentally illustrated holographic rendering by a transmissive metasurface.
Acoustic Holography enables the recording and reconstruction of information related to
acoustic fields [68]. Holography has been a long-standing challenge since conventional
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Figure 1.3: (a) (Top) Mode shapes that show the difference between the mode shapes
in conventional pillared plates and those with trampoline-like local resonances, (Bottom) shows that the amplification of the bandgap in the case of the latter [6]. (b) (Top)
Composite metastructure made up of polycarbonate lattices with steel cores to induce
local resonance bandgaps. (Bottom) Bandgap tailorability that is enabled by removing
structural units of the lattice [7].

approaches rely on complicated and expensive active phased arrays [64, 69]. In this recent
study however, acoustic holography was realized by using a 2D array of metasurface
unit cells, as shown in Fig.1.2(c). A set of 12-unit cells, each representing a certain phase
shift, was used to form a 2D passive array operating at 4kHz. This array consisted of 512
3D-printed unit cells which covered a phase change of 2π across the metasurface. The
unit cells were arranged such that their phase shifts followed a distribution determined
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by a modified weighted Gerchberg-Saxton algorithm. The resulting phase distribution
produces a desired pressure field pattern on a predetermined plane parallel to the array,
such as a letter A or a multi-foci pattern. Following this work, other metamaterials holograms for acoustics have subsequently surfaced, that are based on both transmission and
reflection configurations [16,17,70,71] and also for a wider variety of audio and ultrasonic
applications [70, 72, 73]. Metasurfaces have hence truly opened up new applications and
revolutionized prior art in the acoustic community. On moving to the second of the
2010s, several limitations, challenges and new trends have emerged in the field of acoustic
metasurfaces. Chapters 2,3,4 and 5 of this dissertation examines these in detail and makes
relevant contributions to this regard.

1.2
1.2.1

Mechanical Metamaterials
Elastic Metamaterials

The inception of resonant phononic crystals, has greatly influenced the study of structural
elastic waves over the past two decades. Local resonance has since become a topic of
increased relevance in the context of wave propagation in plates [29, 30, 45, 47, 74, 75],
and lattice based bulk artificial materials [7, 48, 49, 76]. For plate wave and surface wave
propagation, pillars of same or different materials now serve as very useful means to
induce local resonances and exhibit novel phenomena. Through the early works of Pennec
et al. [47], and Wu et al. [74], it was first shown that plates with periodic pillars could
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exhibit low frequency bandgaps, that can be tuned via the pillars’ geometrical and
material properties. The pillars here hence play the role of the rubber coated spheres in
the work of Liu et al. [25], and the system could be modeled as a spring-mass system
and could offer rich physical insight [45]. This facilitated the subsequent body of work
that then went in to pillared plates and substrates, for the manipulation of plate and
surface modes, respectively. Studies under this topic have demonstrated a plethora of
functionalities like vibration attenuation [77, 78], energy harvesting [46], cloaking [41, 79–
81], negative refraction [82–84], and even sub-diffraction focusing [84, 85]. The motivation
for such efforts toward plate-based metamaterial designs, comes from the wide range
of applications that they could cater. For example, metamaterials for surface waves can
help mitigate the destructive effects of seismic waves and also contribute to sensing
based electronics and biomedical applications. Likewise, controlling wave propagation
through plates could advance the current strategies for vibration control for aerospace
and automotive applications, where pillared plates could be easily accommodated as new
functional materials, due to their small size. In most of these applications, a large bandgap
is often desirable and is thus an active area of research for plate wave propagation.
Figure 1.3(a) shows an example of study that put forward a new strategy to amplify
the performance of a local resonance bandgap that is seen in a pillared plate geometry.
Here, Bilal et al. [6, 86], proposed the merging of a periodically pillared plate with a
standard phononic crystal that is formed by the removal of a periodic array of holes
in the plate. The resultant system would hence be a metamaterial consisting of pillars
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standing on the solid regions of a phononic crystal plate. Due to the presence of the
holes here, each pillar is rooted in a more compliant base, that could effectively act as a
springboard and allow the pillar’s resonant motion to be enhanced. The bottom panel of
Fig 1.3(a), shows that with this change, new bandgaps can be opened in a pillared plate
metamaterial and the existing lowest frequency gap, can also be amplified in performance.
The top panel of this figure shows the mode shapes of this structure at the edges of the
bandgap and the difference that comes with the change in configuration can be seen.
Since the motion here is analogous to that of a recreational trampoline, this mechanism
is referred to as the trampoline effect and this hybrid configuration is called a trampoline
metamaterial. Meanwhile, besides efforts on pillared plates, another sub-field of elastic
metamaterials has focused on the wave propagation through lattice based bulk artificial
materials [7, 48, 49, 87–90]. The motivation in this regard is quite different from the former,
as these are desirable in application areas where there is a need for wave control through
the bulk of the material. It is therefore paramount that the materials employed here are
lightweight while also possessing the required structural wave characteristics. Inducing
and engineering bandgaps in such geometries are thus not as straightforward as in
the case of plates or substrates. While early locally resonant metamaterials [25] offered
great insight, their proposed structures were too heavy, bulky and had very narrowband
performance. To increase their performance bandwidth while reducing their size, several
strategies have recently emerged. These include rainbow trapping [91, 92], combining
phononic and resonant bandgaps [7, 49, 90], designs with internal resonators [76], soft-
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cores [7], and inertial amplification mechanisms. The concept of rainbow trapping relies
on using supercells with unit cells that have different resonant frequencies across the
desired bandwidth. For instance, Krodel et al. [93], put forward metastructures that
comprise of cylindrical resonator tubes of different eigenfrequencies, to achieve seismic
wave attenuation in the frequency range between 125 Hz and 230 Hz. Rainbow trapping
was also carried out on plate-based systems, in the works of Celli et al., and Cardella
et al. [91, 92]. Similarly, bandgap widening via combining local resonance and Bragg
scattering has also been another promising results. In their work, Matlack et al. [7], put
forward an elastic metastructure (shown in Figure 1.3(b)), that couples the effect of the
local resonators in its unit cell with that of the structural modes of the architected lattice.
This allows the altering of the different resonant modes via the geometry of the structure
instead of the material properties, as was done in the prior studies that coupled the
two. The top panel of Figure 1.3(b) shows the geometry of the metamaterial which is
made up of a polycarbonate lattice with steel cores. The bottom panel of the figure shows
two bandgaps as a result of the mid-stiffness and the low-stiffness versions of the above
geometry that is enabled by simply reducing the number of struts in the unit cell. Likewise,
Krushynska et al. [49], also put forward a class of lightweight metamaterials that combine
the effect of Bragg and local resonance bandagaps while decoupling the translation and
bending modes of the geometry and hence allows for the selective control of the pass and
gap frequency. To realize this, this work employed tensegrity prisms alternated with solid
discs in periodic arrangements, to make an ‘accordion-like’ metastructure. This allows for
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the multiple extremely wide bandgaps at frequencies much lower than the former studies.
However, owing to the complicated design of tensegrity prisms and the large difference in
size between the discs and prisms, the practical realization of this geometry still remains
a challenge and its working is hence yet to be experimentally verified. It is important to
note here that although the above studies are based on bulk artificial materials, their wave
attenuation performance has only been put forward for one direction. Besides, it is also
quite evident that while their performance is better than prior studies, these geometries
are still rather heavy and complex, and far from real world applications. There is hence
a great need for alternative strategies that are based on lightweight and more easily
realizable metamaterial designs.

1.2.2

Micro-lattice based metamaterials

The field of additive manufacturing has rapidly evolved over the past decade and has
been greatly championed by the desire to mimic the micro-structure of light, strong,
flexible, and tough materials that are found nature [94]. In the early 2010s, it became
possible to fabricate bulk cellular materials with bio-inspired structural hierarchy all
the way down to the micro-metric and even nano-metric scales [95]. Through these
platforms, it was shown that artificial materials could be designed and fabricated to be
ultralight yet ultrastiff, even regardless of the constituent material that is employed [8].
In ref. [8], Zheng et al., fabricated micro-lattices with critical features ranging from 20µm down to approximately -40nm with relative densities that range from 0.025-20%.
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Figure 1.4: (a) Octet-truss unit cells, fabricated by large area projection microstereolithography [8]; (b) Experimental and numerical sequences of unit cells that exhibit
negative thermal expansion. The red arrows indicate the inward bending [9]; (c) Scanning
electron micrographs showing cross-section breakdown of structural hierarchy of the
multi-scale metallic metamaterial unit cells from Ref. [10]

These class of materials (example shown in Fig. 1.4(a)) maintained a nearly linear scaling
between the stiffness and density over 3 orders of magnitude in density and over a
variety of constituent materials. Such efforts thus opened up an entirely new field of
low-density three-dimensional architected materials that could be engineered for a variety
of different exceptional mechanical properties. These include materials made up of
metals, ceramic, and polymer structural units for favorable and exotic characteristics like
mechanical resilience [96], mechanical cloaks [97], negative Poisson’s ratio [98, 99], and
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even tunable negative thermal expansion [9]. The Figure 1.4(a) shows the composite
micro-lattice lattice-based metamaterial that was fabricated by a multi-material projection
micro-stereolithography system in a study by Wang et al. [9] The fabricated micro-lattice
comprises of two types of materials that have different thermal expansion coefficients,
thus leading to the designed negative deformation with change in temperature. The
negative thermal expansion that is thereby facilitated can be precisely tuned via the
thermal expansion coefficients of the individual materials and the geometric layout of the
lattice. Micro-lattice-based metamaterials that started off as bio-inspired structures, now
became a fertile platform to demonstrate multi-functional behavior that was previously
unseen nature and hence fittingly became widely regarded as a new branch of mechanical
metamaterials. Another noteworthy example in this regard, is the work by Frenzel et
al. [100], that put forward metamaterials that “twist”. Conventional materials in nature
cannot twist when they are pushed against or pulled on. Frenzel et al., however, designed,
fabricated, and characterized a 3D chiral micro-structured metamaterial that possesses a
twist degree of freedom and can exhibit twist per axial strain as large as 2%. While such
metamaterials open a plethora of applications in the real world, they are still significantly
limited by their scalability that would result in degradation of their mechanical properties
at the macroscale. To overcome this limitation, Zheng et al. [10], leveraged their additive
manufacturing technique to further demonstrate hierarchical metamaterials with disparate
three-dimensional features, spanning seven orders of magnitude from nanometres to
centimeters. The resultant metamaterial, whose scanning electron microscope images are
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shown in Fig. 1.4(c), are stretchable and compressible with high tensile and compressive
elastic deformation, that is not observed in any previously reported lightweight foams
and lattices, nor in its metallic constituents.
Inspired by the multi-functionality and exceptional physical properties that microlattice-based metamaterials could be equipped with, Chapter 6 of this dissertation focuses
on examining and designing ultra-light micro-lattices for wide-band vibration attenuation.

1.3

Objectives and Overview of Dissertation

Although the fields of acoustic and elastic wave functional materials, were only first
conceived a decade ago, it is quite evident that they have rapidly grown owing to our
long-standing desire for compact and efficient wave-based devices. Despite its great
achievements, several new challenges and opportunities have emerged over the past five
years. For example, metasurfaces are now confronted by the inevitable inherent effects
that arise due to the mechanical nature of sound. Strategies to minimize or leverage these
properties hence now become increasingly important. Likewise, most prior works in
acoustic metasurfaces have been restricted to the audible frequencies, due to challenges
that exist in their experimental realization at higher frequencies. Passive wavefront
shaping devices, however, are extremely desirable in the ultrasonic regime and could
serve applications like non-contact biomedical imaging, sensing and ultrasonic particle
trapping. Similarly, the current state-of-the art in elastic metamaterials relies on heavy
and bulky geometries that are quite far from relevant real world-applications. Lighter
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materials for elastic wave attenuation, still remain a long standing desire for the topic of
vibration control.
The pages that follow explore acoustic metasurfaces and elastic metamaterials in
greater detail and puts forward new materials that overcome the aforementioned challenges and limitations. To this end, the major contributions and the relevant publications
that come as a result of this work include,
1. A numerical study that examined the performance of transmissive acoustic metasurfaces and their constituent structural units, while including the various undesirable
yet inevitable intrinsic properties that could affect their functionality. The deviations
from the ideal desired results are comprehensively discussed and highlighted to
show that it is important to account for thermo-viscous loss and structural interaction, in order to best predict the behaviour of acoustic metasurfaces. This work is
summarized in Chapter 1 and on the Journal of Applied Physics 123, 124905 (2018)
(Editor’s Pick and Featured on AIP Scilight)
2. A study that puts forward the design, fabrication and experimental demonstration of a hybrid resonant gradient index metasurface for airborne ultrasound, at
40 kHz. The unit cells of the metasurface were hybrid structures that consist of
shunted Helmholtz resonators and a straight channel and the sample fabrication
was made possible by large area projection micro-stereolithograhy. Experiments
were performed to corroborate simulations and theory and challenges faced at high
frequency applications are discussed. This work is summarized in Chapter 2 and on
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Applied Physics Letters 114, 231902 (2019)
3. A comprehensive review that delineates the various conventional and unconventional approaches that have emerged over the past five years, to confront and/or
leverage the losses in acoustic metasurfaces. The later half of the review, maps
out more recent works that embrace loss and treat metasurfaces as non-Hermitian
systems that can offer unprecedented functionality. Following this, the perspectives
for lossy acoustic metasurfaces are discussed and future routes are put forward.
This review can be found in Chapter 3 and on MRS Communications 10, 32 (2020)
4. A study that puts forward an non-Hermitian azimuthal metasurface that features
unidirectional transmission of acoustical orbital angular momentum at its exceptional point (i.e. where the eigenvalues of its scattering matrix coalesce). Simulations
were carried out to optimize the real and imaginary parts of the refractive indices of
the unit cells of the metasurface and the prospects for experimental realization are
discussed. This can be found in Chapter 4.
5. A study that putforward an ultra-light micro-lattice-based elastic metamaterial that
was devised to overcome the limitations of the current state-of-the art, while also
achieving omnidirectional vibration attenuation in the low-frequency regime. This
was enabled by engineering the metamaterials’ building blocks to induce trampolinelike local resonances in all directions, and then fabricating the bulk material by
large area projection micro-stereolithography, that can enable precise and intricate
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overhanging geometries. In addition to being the most porous (97%) and hence the
lightest metamaterial for elastodynamics, the proposed metamaterial also exhibits a
static negative Poisson’s ratio (auxeticity). This work is summarized in Chapter 5
and a part of it can be found on arXiv:1912.08260 (2019)
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Chapter 2
Intrinsic properties of Acoustic
Metasurfaces
While much effort has gone into mapping the success of electromagnetic metasurfaces
in acoustics, most prior studies overlook the inevitable effects that would emerge as a
result of the mechanical nature of sound. The contents of this chapter delineates our
examination of transmissive acoustic metasurfaces and highlights the impact that intrinsic
loss and material properties could have on metasurface performance. The metasurfaces
and their constituent structural units are modeled numerically, while including the effects
of thermo-viscous loss and structural interaction, which would exist in their practical
realization. Each of these effects is viewed individually in order to better understand their
influence on sound transmission and phase modulation. The various cases are presented
and the change in the behaviour of the metasurface is investigated. The deviations from
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Figure 2.1: (a) Tapered labyrinthine unit cells [11] where D is the width of one unit cell
and (b) Helmholtz resonator array [12] where h and h1 are the heights of the unit cell and
the tunable straight pipe, respectively, and w is the width of the unit cell.

the ideal desired results are examined and highlighted to show that it is important to
incorporate these effects, to better predict the behavior of acoustic metasurfaces.

2.1

Background and Motivation

Sound transmission manipulation often comes at the cost of impedance mismatch which
results in undesirable wave reflection. This concern encouraged researchers to develop
new designs that could provide high transmission while retaining favorable acoustic
characteristics. In this regard, two recent studies put forward metasurface structures that
achieved this [12, 51]. Xie et al. [51] illustrated a metasurface that is made up of sets of
six tapered labyrinthine unit cells [11]. These unit cells are shown to have the required
phase modulation capabilities in addition to a good impedance match, over a band of
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frequencies broader than those of the previous labyrinthine unit cells [101–103]. They are
anisotropic and spiral in nature, as shown in Fig. 2.1(a), and this design is inspired from
the spiral geometry of gastropod shells, whose gradually tapered cross section reduces
the impedance mismatch. The radius of the curve can be expressed in the parametric form,
r (θ ) = a(θ )eb(θ )·(θ ) (θ1 < θ < θ2 ). In tuning the two angular dependent coefficients, a(θ )
and b(θ ), as well as angular spans h1 and h2 , a complete phase control for the transmission
can be achieved. The metasurface designed employs two layers of unit cells (as shown in
Fig. 2.1(a)), that completely cover a full range of the phase shift from 0 to 2π. The unit cells
can also be used in one layer to show interesting phenomena such as negative, anomalous
reflection, and surface wave conversion [52]. The metasurface proposed by Li et al. [12] on
the other hand, utilizes hybrid resonances for its functionality. The elementary units of this
structure, as shown in Fig. 2.1(b), consist of a series of deep sub-wavelength Helmholtz
resonators (HRs), which provide the acoustic reactance to shift the phase of the incident
wave. However, the series connection of HRs results in a reduction in transmission due to
the impedance mismatch between the resonators and the surrounding medium. This is
corrected by coupling the series HRs with a straight pipe of tunable height h1 and width,
w, which effectively matches the acoustic impedance due to the hybrid resonances in the
frequency range of interest. The study of these two metasurfaces, however, assumed rigid
boundaries between air and the material constructing the metasurface. This is too ideal
and cannot be practically achieved, especially when thin walled structures are involved.
The constituent material properties which were not taken into account would result in
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deviations from the results for the ideal case due to the fluid-structure interaction and
sound transmission through thin walls. Structural interactions in acoustics deal with the
mutual influence of the acoustic and structural domains. When sound passes through
a surface, the waves exert fluctuating forces on its structure, causing vibrations. If the
frequency of the sound lies within the domain of resonance of the structure, its acousticelastic coupling will be more pronounced as the vibrations will be enhanced. This in
turn could influence the transmission properties of the surface. Additionally, regardless
of its elastic properties, a thin layer cannot be assumed as a hard boundary as it allows
for frequency-dependent sound transmission. However, due to the low density of air,
with respect to the constituent material, these effects are often neglected. The solving of a
structural and an acoustic problem simultaneously for intricate structures is also more
computationally complex. Hence, they have not been studied systematically in the past.
Due to the reason that metasurface fabrication methods are mostly based on 3D printing
using plastic-like materials which have a relatively low Young’s modulus and density, it
may be necessary to take the acoustic-structure interaction into account. The unit cells and
the resulting metasurfaces may also have structural resonances in the frequency range of
operation, which may affect the transmission and phase shift. In addition, these materials
exhibit viscoelastic behavior that damps the resulting vibration. A more detailed study
must thus also incorporate this material loss.
Another effect that should be considered in these metasurfaces is the loss due to
thermoviscosity. For an acoustically rigid solid material bounding a fluid, the no-slip
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boundary condition forces the tangential particle velocity at the walls to zero [104]. This
gives rise to a viscous boundary layer having a characteristic thickness, δv ≈

p

ν/2π f ,

where ν is the kinematic viscosity of air. There is also an exchange of heat between the
walls and the fluid, due to a thermal boundary layer, which has its own characteristic
thickness, δk ≈

p

α/2π f , where α is the thermal diffusivity. It is often taken for granted,

that these boundary layer effects only become important when the width of the channel
through which sound propagates, is of the order of δv or δk . Thus, much modern research
does not take into account these loss mechanisms within their models. But, significant
study over the years, have disproved this notion and its effect has been illustrated in
resonant slit systems [14, 104–106]. Reduction in transmission efficiency and a shift in the
Fabry-Pérot resonances are observed as a result. The inclination to thinner and lighter
acoustic devices makes their consideration now more important.
In this chapter, we hence numerically investigate the two metasurfaces taking into
account their constituent material properties. In addition, our study also shows results on
the incorporation of visco-thermal losses in order to examine which effect has a greater
impact on the performance of the metasurfaces. Although visco-thermal losses have been
recently studied, the work here investigates their effects on the wavefront modulation
and also compares them with those of the structural interactions that are now presented.
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2.2

Numerical Simulations

The study is performed by the commercial finite element software COMSOL Multiphysics
5.2(a). The model for the ideal case utilizes only the pressure acoustics module, which
solves the Helmholtz equation in the frequency domain. Interior sound hard boundaries
are used for the coils, tubes and the HRs. The structural interaction model however
more realistically does not consider these as interior sound hard boundaries but acousticstructure interaction boundaries. The analysis couples the physics from two different
fields: acoustics and solid mechanics. The walls of the solid are impacted by acoustic
pressure and its frequency response is calculated. This is then fed back to the acoustics
domain so that the acoustic wave field can be analyzed. On incorporating acousticstructure interaction in the numerical model, the resonance frequencies of the structure
and its effects can be found. Structural resonances, whose effect on acoustic metasurfaces
have not been studied previously, depend on the mass and stiffness of the structure,
which in turn depend on a combination of factors such as dimensions, density, Young’s
modulus etc. The cases that are studied here are: interaction with acrylic plastic (density,
ρ = 1130 kg/m3 , Young’s modulus, E = 3.2 × 109 Pa, speed of sound, c = 2230 m/s,
and Poisson’s ratio, µ = 0.35) and structural steel (Density, ρ = 7850 kg/m3 , Young’s
modulus, E = 200 × 109 Pa, Speed of sound, c = 5850 m/s, and Poisson’s ratio, µ = 0.30).
This is done in order to compare two materials: one with relatively low density and
Young’s modulus and one with relatively high density and Young’s modulus and how
they each affect the transmission of sound through these metasurfaces and their structural
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units. Predictions with viscoelastic damping are also made and compared with the other
cases. This is done by providing isotropic loss factors of 0.02 and 0.002 to the plastic and
steel models respectively, which is the ratio between the imaginary and real parts of the
complex modulus, ηloss = E00 /E0 .
The thermoviscous acoustic interface is used to include the effects of the thermal and
viscous boundary layers near the walls. These losses are prevalent when sound propagates
through geometries with small dimensions and the domains are accordingly assigned.
The viscous and thermal boundary layers are related by the Prandtl number, Pr = δv2 /δk2 .
For air, this number is 0.7 and is predefined in the acoustics module. These simulations
do not take into account structural interaction and assume sound hard boundaries to
better understand the effect of thermoviscosity on its own. The plane wave problem
is solved analytically and the expression for the viscous boundary layer thickness is
derived to be δv =

p

2µd /ωρo , where ρo is the background density and µd is the dynamic

viscosity. This value for air was computed and assigned to the model. The interface
solves the linearized Navier-Stokes equations, which includes the continuity equation, the
momentum equation, the energy conservation equation and the linearized equation of
state. The simulations are performed on the structural units of the metasurface followed
by a study of these effects on the wavefront modulation by the entire metasurface. A plane
wave passes through the positive x axis and the value of complex pressure is obtained
after transmission, to determine phase shifts and the transmission coefficients. Each of
these cases are modeled and examined individually and their deviations from the ideal
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Figure 2.2: Numerical prediction of wave propagation through the tapered labyrinthine
unit cells. (a) and (b) show the transmission coefficient and phase shift for the wave
propagation through a unit cell of lower coiling coefficient η. (c) and (d), show the same,
for that through a unit cell with a higher coiling coefficient. The solid black line indicates
the result for the ideal case, while the solid blue line is when structural interaction is
accounted for and the material is acrylic plastic. The dashed blue line indicates the model
that includes loss factor of acrylic plastic. The solid red line shows the result on the
incorporation of the effect of thermoviscosity. The dashed red line is that of the structural
steel model with loss factor. The inset figures show the corresponding unit cells.

case are compared in the subsequent sections.

2.3
2.3.1

Results
Unit Cell

The metasurface by [51] comprises of two layers of unit cell arrays, where each array
contains six unit cells and their operating frequency is around 3 kHz. The six tapered
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labyrinthine unit cells differ from one another in their values of the coiling coefficient,
η, which is defined as η = L av /D, where D is the width of the unit cell and L av is the
average wave path inside the coiling channel of the unit cell. Figures 2.2(a) and 2.2(b)
show the phase shift and transmission coefficient of sound propagation through a unit
cell which has a lower value of η while Figures 2.2(c) and 2.2(d) are that of one which has
a relatively high value. The solid black line shows the results for the ideal case. The solid
blue line, on the other hand, is that of the model that includes the structural interaction
with acrylic plastic (without loss factor though). A significant deviation from the ideal
case is observable around the frequency of 3.05 kHz. This is due to the fact that the
resonance frequency of the structure, lies in this region. The resonance and anti-resonance
that occurs (Fano-like resonance), is thus due to the effect of a structural interaction.
The effects of resonance and anti-resonance are reduced on the inclusion of viscoelastic
damping, which is shown by the dashed blue line. The red line shows the result for the
unit cell modeled with the thermoviscous interface. The loss due to the visco-thermal
effects is higher in the case of the unit cell with a greater coiling coefficient. This can be
seen in Fig. 2.2(c). It is also more significant than the other effects shown here. This is
due to the fact that sound propagates through a greater length of the narrower channel,
where it will undergo more loss due to the thermoviscosity. It is also seen in Fig. 2.2(a),
that the prediction for structural steel without thermoviscous losses but with viscoelastic
damping (dashed red line), is similar to that of the ideal case (solid black line). However,
in Fig. 2.2(c), a Fano-like structural resonance is observed at the operating frequency,
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Figure 2.3: Numerical prediction of the wave propagation through a Helmholtz resonator
arrays of h1 /h = 0.372 (a) and (b)) and h1 /h = 0.152 (c) and (d)). Color legends are the
same as in Fig.2.4 and inset figures show the corresponding unit cell

which causes a sudden drop in the rate of transmission. This is noteworthy since our
previous notion is that a material with a higher acoustic impedance will typically produce
results closer to the ideal case, i.e. steel is closer to the ideal case than plastics. This, as
we now find out, may not be necessarily true for certain unit cells. The metasurface
from [12] uses hybrid resonances to provide phase shifts, while enhancing the rate of
transmission. This study chose six values of the height ratio, h1 /h, to achieve steps of
equally spaced phase shifts over the entire range from 0 to 2π. Figure 2.3 shows the
results for transmission coefficients and phase shifts for two such chosen Helmholtz
resonator arrays. Figures 2.3(a) and 2.3(b), are that of the unit, which has the higher value
of h1 /h, while Figs. 2.3(c) and 2.3(d) are of one, which has a lower value. The same color
legends are used to illustrate the different results. The solid blue line in Figs. 2.3(a) and
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Figure 2.4: Normalized phase shift of the individual unit cells for (a) space coiling metasurface and (b) Helmholtz resonator metasurface at their respective operating frequencies.
Color legends are the same as Figs. 2.3 and 2.3

2.3(b) show the effect of structural vibrations on the rate of transmission and phase shifts
through the low h1 /h value unit cell. Sudden drops in transmission and phase shift are
observed, at the anti-resonances of the structure. However, at the operating frequency,
3.43 kHz, it is seen that this effect is relatively weak. The results for the model with
thermoviscosity diverge more from the ideal case. This effect is much more pronounced in
Figs. 2.3(c) and 2.3(d), where the height of the straight pipe is less compared to the former.
This is due to the impact of boundary layer thickness, on decreasing the width of the
channel through which sound propagates. There are shifts in Fabry-Pérot resonances and
a reduction in transmission, which is consistent with the theory put forward by Ward et
al. [104]. The prediction with damping indicated by the dashed blue lines shows its great
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Figure 2.5: Sound field (real part of the acoustic pressure) of the metasurface, built up of
four sets of six chosen tapered labyrinthine unit cells to a height of 64 cm. (a)–(e) show
that the interactions do not have significant effects on the beam pattern.

role at the structural resonances. This is also observed in Figs. 2.3(a) and 2.3(b). These
figures also show that the result for interaction with structural steel with damping loss
(dashed red line). In Figs. 2.3(a) and 2.3(b), the prediction for such a model overlaps with
that of the ideal case, which seems to imply that assuming that the thin walls are sound
hard boundaries is equivalent to predicting for a material with a very high elasticity and
acoustic impedance. However, Figs. 2.3(c) and 2.3(d), show that when steel with loss
factor damping is considered for another unit cell of different dimensions, it has its own
set of deviations, which is to an extent similar to the one of plastic, due to its structural
behavior on excitation. This further conveys that it is crucial to account for structural
interactions while designing the unit cells for a metasurface and that assuming sound
hard boundary conditions is unrealistic even for high acoustic impedance materials. The
next subsection studies these effects on the wavefront modulation by the metasurface.
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Figure 2.6: Eight sets of twelve Helmholtz resonator array unit cells; each is employed to
construct the metasurface of a height of 96 cm.

2.3.2

Wavefront Modulation

The metasurfaces are designed based on the Generalized Snell’s law [50], which introduces
an abrupt phase variation across the interface. This phase variation is described by the
phase gradient that is engineered by arranging the unit cells in the required pattern based
on their individual phase modulation, as shown in Fig. 2.4. The generalized Snell’s law
reads,
ξ=

dφs
= (sinθt − sinθi )k0 ,
dx

(2.1)

where θt is the angle of transmission, θi is the angle of incidence and k0 is the wavenumber.
It can be seen in Fig. 2.4, that the thermoviscous losses have a more drastic effect on the
phase gradient than the structural interaction. This can also be seen on the simulation
for total acoustic pressure through both these metasurfaces in Figs. 2.5 and 2.6. Four
periods of the six tapered labyrinthine unit cells were stacked one above the other to
build a metasurface of height 64 cm and width 6.8 cm, as shown in Fig. 2.5. Figure 2.6
shows the simulation for the metasurface that is made up of Helmholtz resonator arrays.
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Figure 2.7: Similar color legends are used to show the absolute acoustic pressure of the
transmitted wave along the line segment perpendicular to the direction of propagation
for (a) the space coiling metasurface and (b) the Helmholtz resonator metasurface

The period for this metasurface is 12 (each unit cell is used twice, i.e side by side) and 8
sets of these are employed, to make a height of 96 cm. In contrast to the space-coiling
metasurface, only one layer of unit cells are used here. In both these figures, (a),(b),(c),(d)
and (e) are the results for the ideal case, structural interaction with plastic, interaction
with both steel and plastic with viscoelastic damping and with thermoviscous dissipation
respectively. These interactions do not have much effect on the pressure field due to the
fact that most of the unit cells do not have a structural resonance or anti-resonance at
the operating frequency and the beam pattern is possibly not very sensitive to the slight
deviation from the desired phase distribution. There is, however, a change in the rate
of transmission, which may not be clearly visible in the shown total acoustic pressure
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plots, except for the thermo-viscous loss case. This is better understood, by plotting the
absolute acoustic pressure of the transmitted wavefront, along the black line segment
of length 45 cm which is perpendicular to the direction of propagation. The results are
as shown in Fig. 2.7. Here, Fig. 2.7(a) shows the result for the space coiling metasurface
and Fig. 2.7(b) shows the one for the Helmholtz resonator metasurface. It can be seen
that the pressure change due to thermo-viscous losses is higher than the other effect i.e„
acoustic-structure interaction. Its deviation, however, from the ideal case, is more in the
Helmholtz resonator metasurface at least for the two specific metasurfaces investigated.
This implies that thermoviscosity could have a greater impact on Fabry-Pérot resonances,
than on the impedance matching tapered labyrinthine structures. The impact of structural
interaction is more visible in the Helmholtz resonator metasurface as well. The prediction
for plastic, diverges from the desired ideal result. Here, as opposed to the results from
the space coiling metasurface, steel, deviates more from the ideal case in spite of its high
acoustic impedance and Young’s modulus. This has been shown partially in Fig. 2.6(c),
where one of the unit cells of the steel metasurface, has a drastic shift in transmission
peaks. Similar behavior is observed in other unit cells of the steel metasurface(not shown
here) with dimensions similar to those of this unit cell. These deviations show that it
is important to take these material properties into consideration for a more realistic
prediction of the behavior of metasurfaces.
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2.4

Discussion and Conclusion

The phase shift and rate of transmission of the two metasurfaces are investigated on the
incorporation of its constituent material properties and visco-thermal effects. The results
are compared among different cases. The analysis is performed on the unit cells, followed
by the simulation of the wavefront modulation through the entire metasurface for all
cases individually. The study showed deviations from the ideal case in the results for
plane wave propagation through the unit cells. These interactions, however, do not have
a significant effect on the phase shift at the operating frequency, if the metasurface is
designed properly to avoid structural resonances and anti-resonances. A noteworthy loss
is observed in the rate of transmission, in the case of the model with visco-thermal effects.
The chapter also shows unit cells where the effect of structural interaction with plastic
and steel influences the sound transmission through the unit cell and the metasurface.
For example, a Fano-like resonance can be seen in the case of a space coiling unit
cell in Fig. 2.2(c) and a similar phenomenon can be seen in the case of a Helmholtz
resonator unit cell in Fig. 2.2(c). This further affirms that it is of great importance to
incorporate material properties and to account for structural interaction while designing
each of the unit cells of a metasurface. While doing so, the operating frequency for
the metasurface must be chosen accordingly, so as to avoid being in the vicinity of the
structural resonance of the metasurface. The structural resonances must not be confused
with Fabry-Pérot resonances, that enhance the transmission of sound. The former results
in narrow unfavorable peaks in transmission, accompanied by enhanced vibrations of
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the metasurface. Although these structural resonances can be tuned by adjusting the
thickness of the walls of the constituent unit cells, it must be noted, that even the slightest
variations in geometry would result in structural units that provide different phase shifts.
In such a case, the metasurface, must be redesigned in order to maintain the required
phase gradient. Additionally, it is noted, that the loss due to thermoviscosity, is more
pronounced in the metasurface made up of the Helmholtz resonator arrays as unit cells.
This is due to the reason that the width of slit through which sound propagates is much
smaller here, as the HRs have a finer resolution. This strong effect of viscosity can be
reduced by reducing the number of unit cells, which would decrease the spatial resolution,
h, and provide wider channels for sound propagation. The study here, was limited to
analyses that incorporate these effects individually and not together in the same model.
This was done, in order to understand the loss due to each of these effects. Simulations
were also limited to normal incidence. Study on oblique angles of incidence can be seen
in Li et al. [14], for the purpose of tunable asymmetric transmission. These effects could
also bear interesting results if extended to the metasurfaces that are used for the purpose
of sound absorption and reflection.
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Chapter 3
Ultrasonic Metasurface
Over the past decade, gradient index metasurfaces (GIMs) have been voraciously studied
for the numerous wave control capabilities that they facilitate. Prior research, however,
has primarily focused on GIMs that operate in the audible frequency range, due to the
difficulties in fabricating such intricate structures at the millimeter and sub-millimeter
scales, for ultrasonic applications. This chapter puts forward the design and experimental
realization of a gradient index metasurface for airborne ultrasound at 40 kHz. The
fabrication of such a GIM is made possible by projection micro-stereolithography, an
emerging additive manufacturing technique capable of micro-scale, high aspect-ratio
features over a wide area. Simulations were first conducted to verify the metasurface
design, and experiments were subsequently performed to corroborate the simulations
and theory. The challenges faced by the thermoviscous effects, their usefulness in certain
applications and optimal designs for minimal dissipation are discussed.

40

3.1

Background and Motivation

Gradient index metasurfaces (GIMs) have been ardently examined to propose several
features such as focusing [107, 108], bending [56], retro-reflection [109, 110], and holographic rendering [4]. Additionally, some recent works have examined and embraced the
inherent dissipation [105, 106, 111] in these GIMs, as not just a loss but an avenue to more
unconventional applications such as asymmetric transmission [14, 112] and wide-angle
absorption [15]. A hybrid design consisting of shunted Helmholtz resonators (HRs) and
a straight channel is a frequent candidate for the building blocks of these structures,
due to their relative simplicity and high sound transmission. The fabrication of such
structures has been enabled by conventional 3D printing techniques such as fused deposition modeling [11] or stereo-lithography [55, 113]. The precision of these manufacturing
methods, however, has rendered their implementation in the ultrasound range rather
scarce [114].6,30 Metasurface-based designs operating at ultrasound frequencies would
be advantageous for a variety of applications such as levitation [73, 115], sensing, and
imaging [116], owing to the better precision brought about by the smaller wavelengths.
On the other hand, ongoing developments in the field of mechanical metamaterials are
accompanied by the rapid advances of manufacturing approaches that help put forward
artificial materials with exceptional mechanical properties. Such materials possess complex three dimensional micro- and nanoarchitectures and hence require sophisticated
manufacturing capabilities. Large area projection microstereolithography (PµSL) [8, 10],
in this regard, is an emerging additive manufacturing technique that is capable of fab-
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Figure 3.1: (a) The elementary unit of the HRAGIM, where the incident sound propagates
in the positive x direction. To operate at 40 kHz, the dimensions of the unit are w =
3.43 mm, h = 0.86 mm, w2 = 0.75 mm, and h2 = 0.086 mm. (b) The six chosen unit cells
that facilitate equally spaced phased shifts(rad) over a range of 0 to 2π, by varying the
geometric parameter, h1 . The values of h1 are chosen to be 0.13 mm (π/3), 0.15 mm
(2π/3), 0.19 mm (π), 0.23 mm (4π/3), 0.32 mm (5π/3), and 0.48 mm (2π) respectively

ricating samples with high structural complexity and feature sizes ranging from a few
micrometers to tens of centimeters—a characteristic that could benefit the fabrication of
acoustic metasurfaces/metamaterials at ultrasound frequencies. In this work, we design,
fabricate, and experimentally demonstrate the performance of a hybrid resonant acoustic
gradient index metasurface (HRAGIM) that operates at 40 kHz. The fabrication of the
designed prototype is made possible by the aforementioned additive manufacturing
technique. The role of thermoviscous dissipation in its elementary units is discussed, and
full wave simulations that incorporate these losses are put forward. The results from
these simulations are then validated via experimental measurements obtained from a
two-dimensional experimental platform. The challenges at ultrasound frequencies such
as stronger dissipation are highlighted.
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Figure 3.2: (a) and (b) show the numerical prediction of the transmission coefficient
and phase shift, respectively, through the unit cell as a function of h1 /h. The solid black
lines and dotted red lines indicate the results at 40 kHz and 3.4 kHz, respectively, for the
case without dissipation. Similarly, the black and red dashed lines are the results shown
when thermoviscous dissipation is included. (c) shows the diffractive efficiencies for the
metasurfaces (with loss) operating at 3.4 kHz and 40 kHz, in comparison to that of the
lossless GIM

3.2

Theory and Design

The HRAGIM has elementary units which consist of a series of four subwavelength
Helmholtz resonators (HRs) and an open channel. While the shunted resonators provide
the reactance to shift the phase of the incident wave, the open channels serve as subwavelength slits that enhance the rate of transmission due to Fabry–Perot resonance. By
varying the parameter h1 , shown in Fig. 3.1(a), a full range of phase shifts from 0 to 2π
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can be obtained. Numerical simulations were first performed using the pressure acoustics
module on COMSOL Multiphysics 5.3a, a commercial finite element package. The unit
cell has a fixed height of h = 0.1λ and a width of w = 0.4λ, where λ is the wavelength
of the incident wave. This was done in order to obtain values of h1 , whose phase shifts
(φ) are equally spaced. As will be discussed later, the material used for fabrication was a
high stiffness UV curable acrylate polymer, and it is thus safe to assume that the walls of
the resonators are acoustically hard since their impedance is much greater than that of air.
The phase gradient, ξ, is then engineered [50, 117], by arranging the appropriate unit cells
in the required pattern where,

ξ=

dφs
= (sin(θt ) − sin(θi ))k o − nG
dx

(3.1)

Here, θt and θi are the angles of refraction and incidence, respectively, k o is the wavenumber at the operating frequency, n is the order of diffraction that is associated with the
grating, and G is the reciprocal lattice vector. In this case, ξ = 2π/γ = 97.2(2π radm−1 ),
where the array period, γ, of the metasurface is 10.28 mm. The critical angle of incidence
for this metasurface can hence be calculated to be θc = sin−1 (1 − ξ/k o ) = 9.6◦ . As explained in previous works [51, 52], n vanishes for angles of incidence smaller than the
critical angle (θi < θc ).
In this work, we consider only the case of normal incidence, and hence, the second
term in Eq. 3.1 can be neglected (n is the grating induced diffraction order and must not
be confused with p, the overall diffraction that results from the interplay of the phase
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gradient and the period grating [14]). It should be noted that such a GIM for airborne
ultrasound can also be formed utilizing other types of unit cells [51, 107, 118]. In this work
however, we employ the above-mentioned design due to the versatility of the associated
hybrid resonances and the firm theoretical framework that previous research in such
structures has offered. Here, it is worthwhile mentioning that the metasurface in this
paper is an adaptation from the works of Li et al. [12, 14, 56], where a HRAGIM was
designed to operate at 3.43 kHz. The solid black lines and the dotted red lines in Figs.
3.2(a) and 3.2(b) are from pressure acoustics simulations for unit cell designs that operate
at 40 kHz and 3.43 kHz, respectively. This illustrates that the dimensions of the structure
that was previously designed to operate at a lower frequency can be scaled down to work
for airborne ultrasound. However, it is pivotal to examine the prospective challenges that
such a metasurface could face, while operating at higher frequencies.
Foremost, as discussed in prior literature [105, 111], the energy dissipation in such
structures is due to thermoviscosity. This is characterized by ∆ = δ/h1 , where h1 is the
slit’s transverse dimension (as seen in Fig. 3.2(a)) and δ =

√

2ν/ω is the viscous boundary

layer thickness. Here, ν = 1.45x10−5 m2 /s is the kinematic viscosity of air, ω is the angular
frequency, and ∆ ∝

√

ω. Hence, the largest value of D at 3.43 kHz is only 3.67%, while

it is 12.53% for the same value of h1 /h (scaled) at 40 kHz. This was further examined
by performing numerical simulations that take thermoviscosity into account. No-slip
and isothermal conditions were imposed on the solid boundaries. The dashed black and
red lines in Fig. 3.2(a) compare the results from these calculations at 40 kHz with those
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carried out on the hybrid resonant structure designed to operate at 3.43 kHz. It can be
seen that with the incorporation of themoviscous effects, the decrease in the transmission
coefficient is as expected, much larger in the case of the 40 kHz design than that of 3.43
kHz, as seen in Fig. 3.2(b). The low rate of transmission for smaller values of h1 /h is
also as anticipated. In addition to the boundary layer effects, the attenuation of sound,
as, in free space due to the thermal and viscous losses in air is directly proportional to
the square of the frequency, f 2 . In the audible range, this attenuation is rather negligible
and can be ignored. At higher frequencies, however, it becomes more important to take
this attenuation into account. In our case, at 40 kHz, αs ≈ 0.2Np/m, and its inclusion
in our simulations (both the unit cell and the upcoming full wave) was still found to
have a negligible effect. This is because of the much larger loss from the boundary layer
effects. It is hence important to note that although HRAGIMs can be scaled as a function
of frequency, the effects of losses (∆ and αs ) are more profound at higher frequencies and
are not readily scalable. Furthermore, Fig. 3.2(c) shows that thermoviscous dissipation has
a relatively weak influence on the phase shift at both 3.43 kHz and 40 kHz. This is true as
dissipation dominates the resistance part of impedance more than the reactance [105, 111].
This was further verified by means of full wave thermoviscous acoustics simulations
(shown in the Appendix A), through which the diffractive efficiency of the HRAGIM
was calculated and compared with the lossless and 3.43 kHz cases. This is shown in Fig.
3.2(c), where it can be seen that p = +1 is the dominant diffractive mode in all cases.
However, with the inclusion of loss, the p = 0 mode is enhanced, and the amplitude of
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Figure 3.3: (a) Schematic illustration of the fabrication process. (b) The ultrasound
metasurface prototype with a thickness of 3.43 mm and a length of 61.70 mm. The inset
shows the zoom of the sample, where the shunted Helmholtz resonators and straight
channels can be seen. (c) The scaled down experimental set-up of the two-dimensional
linear scan stage. Two ultrasonic speakers are connected to tapered horn-type wave guide
adapters, which are shown on the right (red), to ensure the incident wavefront. The tube
(black) on the left maps the scan area and guides the sound to a receiver

the +1 mode reduces, as indicated by the dashed red lines. At 40 kHz, the same trend
is seen, indicated by the dashed black line, with a further reduction in the amplitude.
The HRAGIM can thus provide the desired wave bending effect for airborne ultrasound,
however with a considerable loss in transmission.
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Figure 3.4: (a) Simulated acoustic fields (Pascal), which show wavefront bending at both
3.4 kHz (top) and 40 kHz (bottom), for cases with (right) and without (left) dissipation. (b)
Comparison of the normalized acoustic pressure and intensity fields between simulation
and measurement.

3.3

Experiments

The fabrication of such a minute design is made possible by a high resolution, large area
projection microstereolithography system capable of fabricating microscale, high-aspect
ratio features over a wide area. In contrast to other methods such as fused deposition
modeling and UV projection waveguide systems, this approach is ideal for samples with
high structural complexity and with a feature size ranging from microns to centimeters.
A three-dimensional computer model is first made of the metasurface, which is then
sliced into 2D patterns. These patterns are projected via a UV digital micromirror device
(DMD), focused onto the surface of a photosensitive monomer, which cures under UV
exposure. The cured layer, in the shape of the 2D slice pattern, is then lowered to resupply
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liquid resin on its surface. The pattern projection is repeated to form the subsequent layer.
To expand the scalability of the printed metasurface, the projection system moves with
an optical scanning system to project patterns on multiple areas of the liquid surface,
producing large scale metasurfaces with a microscale resolution. This process is illustrated
in Fig. 3.3(a). The fabricated sample has a width of 3.43 mm, is made up of 6 periods,
and is thus 61.12 mm in length, as seen in 3.3(b). The material used for fabrication was a
custom formulated UV-cured 1,6-hexanediol diacrylate polymer, with a low dosage of
photoabsorber (Sudan 1;CAS 842–07-9), which has a Young’s modulus of 512 MPa and a
density of 1.1 g/cm3 . The smallest features in this sample are the walls of the unit cells
that are 86 µm in thickness. However, it must be noted that if required, the resolution
offered by this fabrication technique can be further improved by utilizing higher focusing
power of the reduction lenses and lowering the sensitivity of the photocurable polymer
used [119]. The fabricated minuscule prototype is then experimentally validated in a 2D
waveguide of height 6 mm, to ensure that only the fundamental mode can propagate
inside [this is, hence, also the depth of the third dimension of the sample as seen in
Fig. 3.3(b)]. The waveguide shown in Fig. 3.3(c) is made with laser-cut acrylic plates
to confine the transmitted ultrasonic wave in a quasi two-dimensional space. The entire
experimental setup is essentially a scaled-down version of the scan stage used for audible
sound in previous works [14, 51, 109, 120]. It would thus be ideal to use a speaker array to
generate a plane wave with a Gaussian amplitude profile to impinge on the metasurface.
In this experimental setup, for the sake of convenience, two single frequency (40 kHz)
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Murata speakers (MA40S4S) were employed as the source—fitted with tapered horn-type
waveguide adapters, to generate a quasi-plane wave in the far field. Perfectly matched
layers (PMLs) were used in the simulations to minimize reflections from the boundaries,
which were imitated in experiments by using absorbing foam on the two sides. A twodimensional linear scan stage was programmed to map the field on the transmissive side
of the metasurface. This is done by translating a glass tube of diameter 1 mm over a
rectangular region, with a step size of 2 mm. It should be noted that the scattering due to
the tube is negligible as it is much smaller than the wavelength of the propagating sound.
At every step, the glass tube guides the sound to a microphone (Murata MA40S4R).
An LM358-based operational amplifier was used as the preamplification system, from
where the signal is transmitted to an NI PCI-6251 data-acquisition board. The collected
time-domain signals were then Fourier transformed to the frequency domain to generate
the complex field pattern at 40 kHz. Figure 3.4 shows the results from the measurement
in comparison to two sets of full wave simulations—with and without dissipation. The
case without dissipation shown in Fig. 3.4(a) reaffirms the scalability of the GIM: similar
wavefront bending is seen for both 3.43 kHz (top) and 40 kHz (bottom). However, when
the thermoviscous effects are incorporated, the effect of loss is more significant in the case
of 40 kHz, as discussed previously. The normalized wave field in the case with dissipation
in Fig. 3.4(a) is then compared with our measurement results shown in Fig. 3.4(b). A
reasonable agreement is seen between the numerical and experimental results, for both
acoustic pressure and intensity fields. Minor deviations can be attributed to fabrication
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defects, measurement errors, and acoustic structure-interactions [111] that are not taken
into account in the numerical simulations.

3.4

Summary

In conclusion, we have designed, fabricated, and experimentally characterized a minuscule
HRAGIM that operates at 40 kHz. The scalability of such a design is demonstrated, and
the role of thermoviscosity is discussed. It is clearly seen that dissipation has a greater
effect on transmission at higher frequencies. However, its effect on phase is relatively
negligible, and wavefront modulation can therefore be realized. Although the presence
of thermoviscous dissipation can act as a limitation for transmissive applications such
as bending and focusing, it can be fruitful to engineer compact devices for tunable
asymmetric transmission [14, 112] and sound absorption [15], among others [16, 121]. It
is hoped that this study will bring about exotic possibilities to the research in acoustic
metasurfaces, especially in miniaturized acoustic devices. Such a metasurface based
design and their realization through emerging additive manufacturing techniques can
hence be readily scaled down to operate at much higher frequencies, to find applications
as compact acoustic devices for sensing, levitation, noncontact ultrasonic imaging, and
therapeutic ultrasound.
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Chapter 4
Loss in Metasurfaces - a friend or a foe?
From being an unfavorable consequence to finding itself as the intended imaginary part
of a non-Hermitian system, loss has truly emerged as more of a friend than a foe in the
context of acoustic metasurfaces. With the promising features of sub-wavelength geometries and the rapid advances in manufacturing techniques that can enable their realization,
loss becomes a central topic of discussion. Further, the capability of introducing and
tailoring loss allows it to serve as a new degree of freedom in passive wavefront shaping
devices. This chapter looks back at the recent progress in the field of lossy acoustic
metasurfaces. The background behind loss in deep sub-wavelength geometries and the
instinctive responses to treat them and exploit them are overviewed, followed by more
recent works that embrace and tailor their behavior for unconventional applications. The
forthcoming years for acoustic metasurfaces thus hold several promising avenues for
exploration, with loss as the protagonist
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Figure 4.1: (a) Schematic of a near-perfect metasurface absorber, with a coiled channel
and an embedded aperture. (b) The bandwidth of low-frequency absorption can be tuned
via the thickness of the coiled channels [13]. Reprinted from Ref. [13] with the permission
of AIP Publishing.

4.1

Introduction

Although “loss” is often perceived as something undesirable, the recent trends in acoustic
metasurfaces have implied otherwise. Sound dissipation in intricate sub-wavelength microstructures is rather ubiquitous and addressing them is of utmost importance. Tapping into
loss, however, lies in how its role in the system is perceived. While it could be regarded
as just an adverse effect that must be minimized for unabated sound propagation, one
could harness this as an efficient tool to achieve favorable sound absorption. With the
dawn of non-Hermitian physics, on the other hand, researchers have also been inspired
to treat loss as the imaginary parts in physical quantities that can be tailored to realize
new wave behavior at exceptional points (EPs). Interestingly, either of these routes hold
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favorable outcomes for acoustic metasurfaces—for both conventional and unconventional
functionalities. In this chapter, we first review the background behind the unavoidable
thermo-viscous losses and the conventional approaches that have been undertaken to
confront these. This includes efforts to minimize them in order to improve the rate of
sound transmission and reflection or to utilize them for absorption. Under the section,
“Unconventional approaches”, we delve into more recent works that embrace and tailor
loss, in order to achieve unconventional sound behavior. Recent advances on lossy GIMs
are described, followed by subsequent research on the anomalous diffraction behavior
that these works have unveiled. Further, we delineate works that intentionally introduce
leaky losses into systems to control the sound reflection. This design strategy has enabled
the modulation of amplitude in addition to the phase, opening avenues for applications
where extremely fine control over the reflected wave is essential. We then discuss a
non-Hermitian metasurface that operates at its EP, one that amalgamates non-Hermitian
physics and the recent advances in lossy acoustic metasurfaces. Finally, the challenges
associated with the emerging class of lossy metasurfaces and their future trends are
discussed.

4.2

Background

While studying the propagation of sound through gases in narrow channels, Gustav
Kirchoff first discovered the dissipation that sound undergoes in such systems. This was
put forward in 1868 [122] and it was later elucidated by Lord Rayleigh [123] that in such
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minuscule geometries, the viscous and thermal properties of the gas significantly modify
the propagation of sound. Over the twentieth century, this dissipation was rigorously
examined and soon harnessed to put forth porous materials (e.g., acoustic foam) as the
traditional sound absorbers that we are familiar with [67]. Although this loss mechanism
is now well known in acoustics, the field of acoustic metasurfaces and even metamaterials
has often overlooked its influence on the exotic wave behavior that has been introduced
over the past decade. At first, this dissipation was rather instinctively dismissed as just
a minor experimental reduction in transmission but then gained significant attention
when a few works [104, 106, 124, 125] showed that such unavoidable losses could cause
large deviations between the simulation (without considering loss) and measurement. It
was found that for sound propagation through slits with widths of an order magnitude
larger than the thickness of the boundary layers, there is a lowering of the Fabry–Pérot
(FP) resonant frequency, accompanied by a substantial loss in transmission at this resonance [104]. This was hence a valid concern for acoustic metasurfaces—since several
designs depend on FP-like resonances for their maximum performance. Such works thus
spurred immediate efforts that re-examined the performance of existing metasurface
designs upon incorporating loss, which implied re-visiting their fundamental building
blocks—unit cells. In the context of acoustic metasurfaces, two kinds of unit cells are
frequent candidates—space coiling [11, 102, 107, 126] and hybrid Helmholtz resonator
(HR) [12, 56] structures. The space-coiling geometries are made up of coiled-up spaces
with tunable sub-wavelength dimensions that increase the path of the propagation of
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Figure 4.2: (a) Experimental demonstration of asymmetric transmission via a lossy
acoustic gradient-index metasurface (GIM) [14] ; (b) reflective GIM that harnesses multiple
internal reflections to absorb incident sound and its absorption performance as a function
of frequency and incident angle [15], (a) is reprinted figure from Ref. [14], Copyright 2017
and (b) is a reprinted figure from Ref. [15], Copyright 2018, by the American Physics
Society

the sound, thereby facilitating the required effective refractive index. Furthermore, in
order to improve the impedance matching condition when the wave propagates through
these geometries, tapered channels are often employed [11, 51]. On the other hand, the
hybrid HR unit cell is made up of shunted HRs coupled with a straight channel. The
height of the HRs can be tuned to provide the required refractive index, while the straight
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channel effectively matches the impedance based on FP resonance. Both these unit cells
have been quite extensively employed for transmissive [12, 51, 56, 107] and reflective-type
metasurfaces [52,53,105,117]. In the case of the transmissive space-coiling unit cells, it was
shown both theoretically and experimentally that thermo-viscous losses could avoid the
excitation of FP resonance, leading to total reflection [106]. However, it was also observed
that upon choosing certain geometrical parameters, these elementary units could facilitate
significant sound absorption—a feature that could be desirable for noise reduction. On
the contrary, in the case of the hybrid HR unit cell, it was exhibited that dissipation
has a weak influence on phase shift, even when the loss is considerably large.[35,36]
The transmission drops by 28% though, for a thermo-viscous boundary layer thickness
that is just 2.3% of the slit width, a behavior that is consistent with former studies [104].
Another inherent effect that was raised as a concern in such geometries is the acoustic
structure interaction that arises when sound impinges on non-rigid walls [111]. It was
noted, however, that this effect is rather negligible in comparison to the influence of
thermo-viscous dissipation on metasurface performance. While these works rigorously
examined the relationship between metasurface geometry and the associated losses, how
they could be exploited was largely unexplored. In addition to intrinsic thermo-viscous
losses, some works [16, 127] have introduced loss into metasurface unit cells by means of
a slit or an aperture in the direction of the propagating wave. Sound that is transmitted
through this leaky slit/aperture is typically absorbed by a sound absorber that is placed
behind it, in order to reduce the amplitude of the reflected wave. Such a strategy to
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introduce analytically predictable leaky losses has proven to be a very useful tool to
fine tune the imaginary part of the refractive index facilitated by the unit cell. In what
follows, we delineate more recent research that has set out to leverage intrinsic and/or
leaky loss to achieve both conventional and unconventional wave behavior. Conventional
approaches include confronting or taking advantage of loss by this means for enhanced
absorption. The unconventional route, on the other hand, encompasses transmission or
reflection metasurfaces that embrace or tailor loss to suppress higher-order diffraction for
applications like asymmetric reflection/transmission, oblique incidence sound absorption,
and amplitude modulation.

4.3

Conventional Approaches

The most instinctive response to loss in the context of acoustic metasurfaces has been of
two kinds—(i) to harness such dissipation for applications that calls for enhanced sound
absorption or (ii) to improve the performance efficiency of reflection and transmission
type metasurfaces by minimizing such undesirable effects. Several works have thus
emerged, that ventured down both these paths. Traditional sound absorbers such as
porous materials [67, 128, 129] hinge on the inherent dissipation and tortuosity that is
associated with their complex micro-structures to dissipate sound. As the dissipation is
weak at lower frequencies, there is a need for thicker sample sizes to absorb them, thereby
posing a challenge for low-frequency sound [67]. Moreover, such bulky yet structurally
weak materials are also not suitable for outdoor applications and for applications where
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structural strength is paramount. Other means for the absorption of low-frequency
sound, such as membrane-type absorbers [67, 130] and micro-perforated panels [131, 132]
provide high absorption performance, however, with the disadvantage of being relatively
narrow band. The advent of acoustic metamaterials, and later metasurfaces, has thus
revived studies which propose contemporary strategies to overcome these challenges.
Physical concepts such as local resonances and wave behavior through intricate subwavelength geometries have been frequently utilized to achieve previously unattainable
sound attenuation performance. The most favorable prospects in this regard have been
membrane- and plate-type resonators [133], degenerate [134] and hybrid resonators [44].
One of the more recent design strategies is based on the causality constraint. It has
been shown that there is a direct relationship between the absorption spectrum and the
thickness of the structure that enables tailoring for broadband performance [135]. The most
attractive metasurface-enabled sound absorbers over the past five years and one of most
relevance to this article, however, are those of deep sub-wavelength thickness [13, 136, 137].
These are primarily based on space-coiling metamaterials that effectively slows down the
incident sound. The coiled-up space is designed such that its effective impedance matches
with that of the surrounding medium (air), while resonating at a desired frequency.
The low sound velocity and high refractive index coupled with resonance facilitate the
enhanced thermo-viscous dissipation. The thickness of the sample is in theory as small
as λ/223, where λ is the wavelength of sound that can be perfectly absorbed [136].
However, the performance of this design is still rather narrow band. With the goal to
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achieve similar behavior over a wider bandwidth, efforts have gravitated toward coupling
multiple unit cells of different operating frequencies [138–140]. It was also reported
that perfect absorption can be achieved by tuning the leakage factor in a system to its
inherent loss factor. This was exhibited in the case of a double-channel Mie resonator,
where a series of near unity peaks were observed in the absorption spectrum.[52] Further,
spiral metasurfaces composed of coiled channels and embedded apertures have also been
theoretically and experimentally investigated and have been shown to enable relatively
broadband low-frequency performance with sample thicknesses in the range of λ/50 −
λ/100, [13]as seen in 4.1. For a more detailed review of metamaterial and metasurface
absorbers, the reader is referred to the article by Yang et al. [141]. In the context of
transmission- and reflection-type metasurfaces, where losses hinder performance, unit
cells with wider slits that operated away from resonance were proposed as these could
greatly minimize the intrinsic dissipation [73, 142] .Undertakings in this regard are also
motivated by the need for ultrathin metasurfaces. If non-trivial local phase shifts could
be enabled by samples of deep sub-wavelength thickness, not only could this reduce
the loss associated with propagation, but it could also be highly beneficial for practical
applications. Recent developments in coding metasurfaces have complemented such
works where unit cells can provide a phase shift of either 0 or π, when sound propagates
through it. The phase shift of π can be enabled by very thin resonating units. For instance,
a study showed that such a concept can be realized by a soft material, with polymer
fiber/rigid beads that serve as spring-mass resonators [143]. Several works also proposed
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circumventing intrinsic losses with active acoustic metasurfaces [144–146] instead. Such
designs also overcome the limitation of narrow-band functionality that is often the case
for passive metasurfaces. For further details on active metasurfaces and metamaterials,
the reader is referred to the review paper by Chen et al. [147].

4.4
4.4.1

Unconventional Approaches
Lossy Gradient Index Acoustic Metasurfaces

Metasurfaces for controllable reflection and transmission are of great interest to the
acoustics community. In this context, diffractive metasurfaces that precisely manipulate
diffraction orders have emerged as an exciting avenue for exploring both novel physics and
engineering applications. The most widely studied are the gradient-index metasurfaces
(GIMs) [3, 43, 50] — whose underlying theory is the generalized Snell’s law coupled
with the classical grating diffraction theory. While the classical Snell’s law rests on the
assumption that the accumulated phase is continuous across the interface, it was shown
that sound can be manipulated by introducing an abrupt phase variation across the
interface. This so-called generalized Snell’s law [50] can be formulated as,

(sin(θt(r) ) − sin(θi ))k0 = ξ + nG
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(4.1)

where θt(r) and θi are the angle of transmission (reflection) and angle of incidence,
respectively. k0 is the free-space wave number and the phase gradient is ξ = dφ/dx,
where the phase shift φ covers the full range from 0 to 2π, over one period of the GIM. n
is the grating-induced diffraction order and G is the amplitude of the reciprocal lattice
vector. Compared to the conventional grating, the metasurface imparts an extra tangential
momentum to the incident wave that is provided by its phase gradient ξ. Here, ξ = 2π/D,
where D is the period of the metasurface. The phase gradient and the amplitude of the
reciprocal lattice vector thus have the same magnitude with different physical origins.
Equation 4.2 can hence be reduced to

(sin(θt(r) ) − sin(θi ))k0 = pG

(4.2)

where p is the overall diffraction order (p = n + 1). In order to calculate the reflection
and transmission coefficients associated with the different diffractive orders (p), a unified
analytical model based on couple-mode theory was developed and is now commonly used
in the case of GIMs. For the detailed derivation of this model and relevant formulation,
the reader is referred to the works of Mei et al. [148], Li et al. [14], Shen et al. [15], and
Fu et al., [149]. At first, such systems were treated as lossless, assuming a purely real
refractive index profile, ignoring the losses that would entail negative imaginary parts.
However, sparked by the aforementioned studies that put forward the need to take this
into account, several recent works have explored the working of GIMs comprising of
intentionally designed lossy unit cells. Initially, enhanced absorption was observed for
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both transmissive and reflective GIMs with a small but realistic amount of loss, when
the angle of incidence approached the critical angle [51, 52]. This was not the case in
prior studies, where it was shown in the lossless case that most of the incident wave is reradiated backward [51, 52]. However, more interesting phenomena lay beyond the critical
angle, where grating induced higher-order diffractions come into play. Thanks to time
domain wave analysis, it was found that such higher-order diffractions are associated with
multiple internal reflections (MIRs) inside the unit cells of the metasurface—a process
that accumulates the energy density for a longer time than usual [14, 52]. It was further
explored, that if a GIM was designed such that its grating-induced diffraction (n) is
present only for positive or negative incidence, MIRs exist only for one case but not the
other. At this point, it must be noted that although the couple-mode theory predicts the
overall diffractive orders associated with the metasurface, as shown by Shen et al. [15]
and Fu et al. [149], these values are only the analytical equivalents of peaks on the spatial
Fourier transform of the wavefield, on transmissive and reflective sides. In order to
arrive at the value for the grating-induced diffraction orders (n), one must return to
Eqn 4.2. By means of the analytical model, it was shown that if these MIRs are coupled
with loss, it could suppress the transmission of the higher-order diffraction modes. This
phenomenon was thus first utilized to experimentally demonstrate robust asymmetric
transmission. For negative incidence, MIRs are excited and sound is absorbed, while
for positive incidence, MIRs are absent and sound transmits [14]. This can be seen in
Fig 4.2(a), which shows experimental results. The hybrid HR structure was employed
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as unit cells in this metasurface and the losses associated were just the inherent thermoviscous losses therein. Further, the asymmetric performance of such a simple yet efficient
design can also be tuned by means of simple rotation. However, it must be noted that
this approach is more favorable for angles of incidence greater than the critical angle (θi >
θc ). This functionality was also later examined and verified by using space-coiling unit
cells [112]. This work both paved the way for a variety of other applications [1, 15, 150]
and also encouraged the exploration of such a peculiar diffraction behavior. It was shown
that the MIRs in reflective GIMs Fig.4.2(b) could be harnessed to enable high absorption
performance at oblique angles of incidence, a feature that is rarely put forward in the
case of metasurface-based sound absorbers. More interestingly, it was found that such
a mechanism could aid the complete absorption of incident sound, even when the loss
factors in the unit cells are as low as 0.043, without the need for local resonance [15].
Further, upon more rigorous analysis of this unique diffraction behavior, it was shown
that the number of internal reflections in the unit cells of a metasurface can be calculated
as the sum of the number of unit cells and the dominant diffractive order. Interestingly,
the diffraction order that dominates is one that is associated with a minimum number of
reflections and the maximum number of reflections possible is equal to the number of
unit cells in a super cell (associated with p = 0). Furthermore, in a more recent study, it
was observed that when the number of MIRs is odd, the incident wave will couple to the
corresponding transmitted wave of the higher orders; when the number of MIRs is even;
however, it will couple to the corresponding reflected wave of the higher order [149]. Such
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Figure 4.3: (a) Holey-structured Lossy Acoustic Metamaterial (LAM) [16] for decoupled
phase and amplitude modulation. High-fidelity hologram images can be achieved by the
sample, as shown on the right; (b) frequency multiplexed hologram[38] that can generate
different images at different frequencies. The unit cell of such a metasurface is shown
on the right. (a) Adapted with permission from Ref. [16], Spring Nature Limited. (b) is a
reprinted figure with permission from Ref. [17] Copyright 2019 by the American Physical
Society.

a reversal in anomalous transmission and reflection opens possibilities for GIMs with
multiple channels for both reflection and transmission. However, this most recent work
has disregarded the loss in the GIM. The influence and utility of loss in a multi-channel
metasurface for both reflection and/or transmission remain obscure till date.

4.4.2

Decoupled phase and amplitude modulation

Alongside the aforementioned works that dwell on the intrinsic thermo-viscous losses, a
recent study [16] showed that it is possible to achieve decoupled modulation of amplitude
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and phase of the sound reflected from a metasurface, by introducing leaky loss into
the system in a controlled manner. This was proposed by means of a holey-structured
metamaterial, as shown in the Fig. 4.3, where a controlled leaky wave is introduced
means of the slit C2 and is completely absorbed by foam at its back, thereby reducing the
amplitude of the reflected wave. A precise control over the dimensions of this slit would
thus mean a fine control over the reflection amplitude. Decoupling of the amplitude
and phase, however, requires that these parameters must depend only on one structural
parameter. In this work, by means of analytical and numerical calculations, it was found
that such a decoupled state could be attained at discrete values of h = nλ/2 (n = 2,3,4...),
which correspond to the occurrence of FP resonance. For this case, it was shown as an
example, that for fixed values of h1 , the amplitude of the reflected sound can be tuned
between 0 and 1, while the phase remains rather constant. Likewise, for a fixed value of
w, a complete control of the reflected phase over 0 to 2π is enabled. However, it must be
noted that the width of the channel here, D = λ/4 is not deep sub-wavelength and such a
unit cell thus has negligible thermoviscous losses. The simplicity and efficiency of such a
design were then exhibited via high-fidelity acoustic holograms that were experimentally
realized. The absorbing backing was made possible by sound-absorbing panels that were
placed 2 cm behind the sample. This work further inspired studies that then utilized such
unit cells for GIM [151, 152] and frequency multiplexed holograms [17] (Fig. 4.3). Zhu et
al. [17] employed the unit cells in Fig. 4.3(b) (right), to harness both leaky and intrinsic
losses in order to numerically demonstrate multiplexed holograms with simultaneous
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amplitude and phase modulations. The cavities (C1–C4) shown on the right are designed
to operate at different resonant frequencies ( f 1 − f 4 ) and their positions along the channel
determine the phase shift provided by the respective unit cell. In this design, it was
ensured that the effect of coupling between the cavities is weak [153] and therefore the
response of C2, C3, and C4, when f 1 is incident, is negligible enough to be regarded as
background noise.

4.4.3

Acoustic Metasurface at the Exceptional Point

In classical physics, it is assumed that the Hamiltonian of a physical system must be in
the form of a Hermitian matrix. This is due to the fact that Hermicity guarantees real
eigenvalues and eigenvectors, which are naturally associated with steady states. Recent
mathematical investigations, however, have revealed that real eigenvalues can emerge
from non-Hermitian Hamiltonians under specific constraints [154, 155]. The past two
decades have thus seen a strong revival of non-Hermitian physics, following the seminal
paper of Bender and Boettcher [155].Here, a new family of systems were described that
violate time reversal symmetry, while retaining the combined Parity–Time Symmetry.
Such a non-Hermitian system possesses entirely real-valued energy spectra below a
breaking point—where the associated eigenvalues and the corresponding eigenvectors
coalesce. It was revealed that at such a point, the system undergoes a dramatic phase
change with two or more eigenvalues/eigenvectors coalescing, thus befitting to what it
began to be referred to as — the exceptional point (EP. Although the study by Bender and

67

Figure 4.4: (a) Trajectories of the eigenvalues of the scattering matrix in the complex
plane, while varying the loss of the lossy subunit. (b) The metasurface mirror constructed
with the groove-type unit cells of depth d. The leaky groove has a slit of thickness t,
to precisely manipulate the imaginary part of its refractive index, thereby tailoring the
loss. (c) Performance of the extremely asymmetric metasurface mirror operating at its
exceptional point. For the experimental results, the reader is referred to Ref. [18]

Boettcher [154, 155] was put forth for quantum mechanical systems, where it is difficult
to access the EP due to the lack of control over gain and loss, the concept of such an
EP inspired physicists to explore the non-Hermitian behavior in optical systems [156,
157] It was discovered that at an EP, such systems exhibit exotic wave functionalities
such as unidirectional light propagation [158], coherent perfect absorption [159, 160],
lasing mode selection [161, 162], and revival [163]. Additionally, EP being a critical
phenomenon exhibits a drastic change in system behavior with small perturbation in
the parameter space, a characteristic that is highly desirable for sensing [164, 165]. Over
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the past decade, researchers have also attempted to map the success of non-Hermitian
optics to classical mechanical wave systems. Novel functionalities, such an invisible
sensing [166], unidirectional cloaking [167, 168], and unidirectional transparency [169],
have been proposed for PT-symmetric acoustic systems with both loss and gain. Recent
literature in acoustics, however, has championed the need for passive systems to serve as
functional materials. This has encouraged much research over the past five years that has
thus inclined toward non-Hermitian systems that rely entirely on loss. It has been shown
that by judiciously tailoring loss, the EP can be achieved and can exhibit unidirectional
reflectionless propagation [127,170]. These works relied on conventional porous absorbers
to experimentally verify the theory. Interestingly, such passive acoustic systems, have
also enabled both the theoretical and experimental demonstration of newer types of
EPs, like multiple EPs, higher-order EPs [171], and anisotropic EPs [172]. Most recently,
non-Hermitian physics has attracted the attention of the acoustic metasurface community
where intrinsic and leaky losses are being embraced and tailored as an additional degree
of freedom for novel applications. In a recent study, Wang et al. [18] experimentally
illustrated the working of a non-Hermitian acoustic metasurface operating at the EP. The
metasurface here was a reflective-type metasurface mirror that was designed to possess
asymmetrical grating-induced diffraction for right-side and left-side incidence cases. For
the right-side incidence, the grating-induced diffraction orders of n = 0 and n = 1 exist.
However, for the left-side incidence, n = 1 and n = 2 exist. The metasurface could thus
be analyzed as a two-port system, whose scattering can be described by a 2x2 matrix, as
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follows,





+
−
 r −1 r 0 


S=

+
−
r −2 r −1

(4.3)

where r is the reflection coefficient of the corresponding diffraction mode. The subscript
indicates the mode order n, and the superscript +/- indicates the left/right-side incidence.
q
+
+ −
The eigenvalues of such a matrix can be readily calculated as: λ± = r−1 ± r−
2 r0 . It
is quite evident that in this case, in order to have a coalescence of the two eigenvalues,
+
−
either r−
2 or r0 must be zero. In such a case, the eigenvectors of the matrix would also

coalesce, truly driving the system to an EP. Physically achieving such a scenario would
entail an extremely asymmetric wave behavior, where the wave is entirely retroreflected
when incident from the right, but completely absorbed when incident from the left. This
was made possible through carefully engineering the loss in just one sub-unit of the
metasurface. By means of the coupled-mode theory, the real parts of the refractive indices
in all the unit cells, along with the imaginary part of the refractive index of the lossy
subunit, were optimized, in order to engineer the EP and to achieve the asymmetrical
functionality. At this point, the trajectories of the eigenvalues were shown to have anticrossing real and imaginary parts, as seen in Fig. 4.4(a). Groove-type unit cells, as shown
in Fig. 4.4(b), were adopted to realize this metasurface, with leaky loss being introduced
to the desired subunit. The leaky groove is covered by a layer of absorptive material
at the end and by tuning the width of the slit, precise control over the imaginary part
of the refractive index was achieved. Figure 4.4(c) shows the numerical results of the
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designed metasurface (its experimental performance can be seen in Ref. [18]). It can
be seen that the wave incident from the right is almost completely absorbed while it is
strongly retroreflected when it is incident from the left.

4.5

Conclusions and Perspectives

The field of acoustic metasurfaces has come a long way over the past decade. This
has been motivated by the desire to control sound by passive yet compact devices and
propelled by the rapid development in additive manufacturing. While a majority of
the previous works are in coherence with the field of electromagnetic metasurfaces, the
recent advances in acoustics have truly given this subfield its own flavor. This can be
attributed to the distinctive mechanism behind the loss-induced asymmetrical behavior
and the unconventional diffraction that it has unveiled. While PT-symmetric metasurfaces
have existed for electromagnetic waves [173–176], these mostly rely on both loss and
gain. In regard to acoustics, achieving precise manipulation of gain is rather challenging,
paving way for loss to be the protagonist in the non-Hermitian acoustic metasurfaces.
This growing recognition, however, brings to light several questions and challenges that
must be addressed in the upcoming years. Although several theoretical and numerical
models that predict intrinsic dissipation exist in the literature, the aforementioned works
that require fine manipulation of loss rely entirely on controlled leaky waves to do so.
Moreover, these have only been employed for the case of reflective metasurfaces. Future
works in this area could explore the possibility of tailoring intrinsic loss as this will be
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more beneficial in the case of transmissive applications. Developing and employing a
precise analytical model for the thermo-viscous losses [105] could greatly benefit this
undertaking. With relevance to more real-world applications, it is important to overcome
the narrowband limitations that most metasurface designs are associated with. Loss,
however, being frequency-dependent becomes very important to be taken into account in
such works. Furthermore, in order to catch up with applications like sensing, imaging,
levitation, and particle manipulation, metasurfaces must be extended to the ultrasonic
regime, where thermo-viscous losses are significantly higher[36] and its usefulness in such
systems remain largely unexplored. Likewise, most acoustic metasurfaces that have been
put forward for water so far [144, 177, 178] have not been examined with the consideration
of loss [179]. The benevolence of loss that is witnessed in audible sound could inspire
underwater lossy acoustic metasurfaces for unconventional applications. While the studies
mentioned in this review have embraced and tailored the higher-order diffractions in
GIMs, several studies over the past two years have put forward contemporary design
strategies to minimize diffractions in unwanted directions. Concepts, such as bianisotropic
metasurfaces [120, 180, 181], evanescent wave synthesis [152], metagratings [182, 183],
and nonlocal [184] designs, have been proposed as alternatives to GIMs that reduce
the so-called parasitic reflections/refractions. These designs, however, assume that the
metasurface is lossless on a macroscopic scale which may not necessarily be true in
reality. Incorporating loss in these design strategies would facilitate a more accurate
representation while also serving as a tool for further non-Hermitian studies. In the
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context of the non-Hermitian metasurface reviewed here, the mechanism behind lossinduced asymmetric suppression of diffractive orders could be further examined. Future
research could do so, by means of time domain analysis or more time-efficient classical
methods based on multiple reflections [185] or evanescent waves [152], for both acoustics
and other wave-based systems. Similarly, although newer types of EPs like multiple
EPs, higher-order EPs, [171] and anisotropic EPs [172] have been recently realized, the
knowledge of the wave behavior at these EPs remains limited to the case of closed systems
(e.g., cavities and waveguides). Investigating metasurface functionality at such EPs is
thus captivating for future work, from the perspective of both physics and applications.
While the scattering matrix has proven to be a beneficial approach to realize an EP,
complementary and/or supplementary tools could emerge that would facilitate future
works in non-Hermitian acoustics. The loss in other types of metasurface-based devices
for both two-dimensional and three-dimensional manipulation of sound could also be
probed to put forward exhilarating state-of-the-art applications. In conclusion, contrary to
the conventional intuition, loss in passive acoustic metasurfaces bears several unforeseen
advantages. The past two years have thus seen the advent of a new degree of freedom
that helps bridge the gap between the unconventional wave behavior in metasurface
and relevant everyday applications. Additionally, such a degree of freedom also enables
the exploration of metasurfaces as non-Hermitian systems, thus facilitating a platform
to explore quantum mechanical ideas relevant to EPs. The upcoming years in this field
would thus see an exploration in both these directions which will be accompanied by the
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proposition of more exotic wave-based devices, further altering our perception about loss.
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Chapter 5
Non-Hermitian Azimuthal Metasurface
Over the past five years, wave fields with acoustic orbital angular momentum (OAM) have
garnered significant attention owing to the exciting applications that they facilitate for
both airborne and waterborne sound. Metasurfaces are highly beneficial in this context,
since they allow for the generation and manipulation of OAMs by adding an azimuthal
twist to the wavefront. However, the metasurface designs that have been proposed for
OAM so far, are accompanied by inevitable losses that render imaginary parts to its
refractive indices and compromise the desired wave behaviour. This chapter on the
other hand, puts forward an azimuthal gradient index metasurface where both the real
and imaginary parts of the index profile are carefully engineered in order to access a
non-Hermitian exceptional point. It is numerically demonstrated that at this exceptional
point, our metasurface allows OAMs to freely propagate from the left to the right, but
completely absorbs the same when it attempts to propagate from the right to the left.
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Such unidirectional transparency greatly bolsters OAMs as a platform for non-Hermitian
acoustics and also favors OAM based devices where asymmetry is desirable.

5.1

Background and Motivation

It would be intuitive to state that vortices are quite common in the context of fluid
mechanics (e.g. whirlpools, smoke rings, and tornados). In the early 1990s however,
it became well known that vortices could also exist for classical light, owing to the
intrinsic spin that originates from the polarization of electromagnetic waves [186, 187].
Interestingly however, the seminal paper published by Allen et al. [186], showed that
optical vortices also carry an orbital angular momentum (OAM), due to the spatial
distribution of the waves. This can be characterized by a helical wavefront, i.e., exp(ilθ ),
where the integer l is known as the topological charge and θ is the azimuthal angle.
This study paved way for several subsequent theoretical and experimental works, that
put forward OAMs for a variety of new applications that now include optical trapping,
tweezers, spanners etc. [188] In acoustics on the other hand, the wave can only carry the
OAM and not the polarization, since it is a scalar and intrinsically spinless. Encouraged
by the developments in optics however, acoustical OAMs also gained signficant attention
and several studies emerged in the 2000s, that put forward OAM-based applications for
acoustics as well [59, 189–192]. Here, the acoustical OAMs were generated using active
transducer arrays that require conversions between acoustic and electronic signals via
relatively complicated feedback circuitry. More recently, acoustic wave functional materials
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have found relevance in this area since they offer a passive and simpler means to generate
acoustic OAMs [58, 59, 63, 193]. It was numerically and experimentally demonstrated
that plane waves can be converted to acoustical vortices by metamaterials that have
spiral coils/slits [192, 194] or by metasurfaces that have an azimuthal/spiral phase
gradient [58, 63]. This is quite similar to the case of a planar metasurface where an
additional linear momentum is added to the wave vector of the incident wave [15, 50, 149].
In this case, a topological charge, l is added to the planar wave front, which can be
regarded as having l = 0 and allows for the transmission of a sound vortex (SV). A more
recent study by Fu et al. [193], also showed that the other principles of planar metasurfaces
could also be extended for SVs and put forward a generalized vortex diffraction law that
is based on the conservation principle of topological charge. Through this work, they
demonstrated the reversal of transmission and reflection, based on the number of unit
cells that constitutes a gradient index metasurface. However, most of the metasurfaces for
SV manipulation, are still accompanied by inevitable intrinsic losses that compromise their
performance efficiency. This is due to the fact that the rely on sub-wavelength geometrical
units to realize the non-trivial local phase shifts that is required (as discussed in Chapters
2 and 4). The recent emergence of non-Hermitian acoustics however, now offers a fresh
perspective on the role of loss and how it could be leveraged for asymmetric wave
behavior. By judiciously tailoring the loss in passive acoustic systems, some recent studies
have demonstrated wave functionality like unidirectional perfect absorption [127, 170]
and asymmetric retroreflection [18], and also new physical ideas like multiple higher-
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Figure 5.1: (a) Schematic diagram of an azimuthal gradient index metasurface that
has a phase gradient in the counter-clockwise direction. The regions in black are hard
boundaries that separate adjacent unit cells and θ2 is the angular width of each unit cell.
(b) Lossless full wave numerical simulation that shows OAM propagation from left to
right and right to left respectively

order [171] and anisotropic exceptional points [172]. In this chapter, we put forward a
non-Hermitian azimuthal acoustic metasurface that exhibits undirectional transparency
for sound vortices at its exceptional point. This is enabled by leveraging the asymmetric
excitation of multiple internal reflections that the system supports. Section 5.2.1 first
delineates this mechanism while introducing the system, following which Section 5.2.2
puts forward the optimization of the system accompanied by the relevant numerical
simulations and strategies for practical realization.

5.2
5.2.1

One way street for Sound Vortices
Theory and Design

Let us first consider an azimuthal gradient index metasurface (AGIM) that can achieve
sound vortex diffraction. Figure 5.1(a), shows an AGIM of radius, R, and thickness, h,
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Figure 5.2: (a) Vortex transmission through the lossless azimuthal metasurface for left
and right incidences respectively (b) Schematic showing number of internal reflections
for both the above cases

and has an azimuthal phase gradient in the counter-clockwise direction, that is made
possible by it’s l ξ group of fan-like super-cells. Each supercell has an angular width of
2π/l ξ and is composed of m groups of fan like unit cells which inturn have an angular
width of θ1 = θ/m. The individual unit cells are separated from their adjacent neighbours
by sound hard-boundaries, that are denoted by the grey regions in Fig. 5.1(a). The
boundaries have an angular width θ2 < θ1 and are made sure to be thick and rigid
enough so as to avoid coupling between unit cells. To achieve sound vortex diffraction,
each super cell of the AGIM must have an azimuthal phase gradient that can be satisfied
when its unit cells have a phase shift distribution, φ(θ ), that goes from 0 to 2π. In our
effective medium model, we assume that l ξ = 2 and that the phase distribution is enabled
by m individual impedance matched materials, that satisfies the following refractive index
distribution,
n j = 1 + ( j − 1)
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λ
mh

(5.1)

Figure 5.3: (a) and (b) are plots of the pressure transmission coefficients for the right, t R
and left, t L incidences respectively.

Figure 5.4: (a) Transmission curves for left and right incidence, indicating that at Γ =
−0.45, t R = 0, while t R 6= 0; (b) and (c), show the trajectories of the real and imaginary
parts of the eigenvalues, λ1 and λ2 of the scattering matrix, that coalesce at Γ = −0.45
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where j = 1, 2, 3, 4...m and λ is the wavelength of the incident sound. Similar to the
diffraction and generalized Snell’s laws, in the case of planar gratings and GIMs, an
AGIM diffracts incident sound by adding an additional topological charge to the incident
sound vortex, i.e.
l t = l in + nl ξ

(5.2)

where n is the order of diffraction, lt is the topological charge of the transmitted wave and
lin is that of the incident acoustic orbital angular momentum, that can be expressed as,

pin =

Jl (k l,v r )
exp(ilθ + ik z z)
Jl (k l,v R)

(5.3)

here, Jl (k l,v r ) is the l th order Bessel function, The transverse wave number, k l,v can
be calculated as the l th positive root of the equation ∂Jl,v (k l,v r )/∂Jl,v (k l,v r )|r= R and the
longitudinal wave number, k2l,v = k2o − k2l,v , where k0 = 2π/λ is the wave number in air.
Figure 5.1(b) shows the vortex diffraction through a metasurface of R = 0.64λ. As can be
seen, the OAM from the left is diffracted to the right and that from the left is diffracted
and transmitted to the right. The system can hence be described through a scattering
matrix, S, as follows,









 p Lf 
 pL 
  = S b
 
 
pbR
p Rf

(5.4)

where p is the complex pressure and the subscript f (b) indicates the forward and
backward propagating waves while the superscript L( R), denotes the left(right) sides of
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the metasurface. For example, p Lf and pbL represent the forward and backward propagating
waves, respectively, on the left sides of the metasurface. The scattering matrix, S, will thus
comprise of the respective pressure reflection, r, and transmission, t, coefficients for the
two cases and reads,





r R t L 

S=


tR rL

(5.5)

It is interesting to note however, that there is a difference in the effective path length of
propagation, when the vortex traverses from left to right, than it does when it goes from
right to left. For the case of left incidence, the incident topological charge, lin = −1 and
the propagating diffraction order, n = +1, therefore equation 5.6 would reduce to,

l t = l in + l ξ

(5.6)

For the case of right incidence on the other hand, the sound vortex has a topological
charge, lin = +1 and thus the propagating order in n = −1. This vortex cannot directly
pass through the metasurface, since it’s topological charge is greater than the critical
charge, lc , of the metasurface (similar to the critical angle, θc , of a planar metasurface). lc
is defined as the difference between the maximum propagating order in the cylindrical
waveguide, l M , and the number of supercells, lξ , i.e. lc = l M − lξ (analogous to k c = k o − e,
in the planar case where e is the phase gradient). Here, l M = 2, since R = 0.64λ and so
the critical topological charge, lc = 0 and hence lesser than lin = +1. As a result, multiple
reflections will occur inside the metasurface (as shown in Fig. 5.2(b)), before the wave

82

transmits through or reflects back from it. The number of internal reflections, L, can be
calculated by the following equation that was put forward in the works of Fu et al. [149],

L = m+n

(5.7)

Since, n = −1, when lin = −1, it can be calculated that the wave will reflect 9 times inside
the metasurface before it can transmit through it. Such a geometrical asymmetry that
exists between the cases of left and right incidence allow us to control the off-diagonal
terms of the scattering matrix, t L and t R independent of each other, as will be discussed
in the next sub-section. It can also be noted here, that if the number of internal reflections,
L is an odd number, the propagating order will be reflection, instead of transmission.

5.2.2

Numerical Simulations

In order to find the non-Hermitian exceptional point of this AGIM, we revisit equation
5.6, which is lossless and purely real, and introduce an imaginary term, Γ to all the units
of the metasurface. Additionally, in order to further the design space, we also add a real
number, L, to shift the real part of the index when varied. The resultant refractive index
distribution reads as follows,

n j = 1 + (( j − 1) + L + iΓ) β
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(5.8)

Figure 5.5: (a) Unidirectional vortex transmission for acoustic OAMs at the nonHermitian exceptional point (b) Comparison between left transmission and right transmission indicating asymmetric behavior

where j = 1, 2, 3....m and β = λ/mh. When Γ = 0, varying L does not make a difference
to the metasurface functionality, since diffraction is determined by the gradient of the
index and not the absolute value. When Γ 6= 0 however, there is a dramatic change in
metasurface behavior. To show this, Fig. 5.3(a) plots the absolute values of the off-diagonal
terms in the scattering matrix as a function of L and Γ. As can be seen in figure 3(a), the
introduction of the imaginary part slightly reduces the amplitude that is associated with
the vortex transmission from left to right. In the case of the transmission from right to
left however, the amplitude declines more rapidly and reaches zero at the point where
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L = 0.6 and Γ = −0.45.
To confirm that this is indeed an exceptional point, we then calculate the trajectories
of the eigenvalues of the scattering matrix in Eq.5.5. It was found that the reflections
associated with the left and right incidence are both considerably small and we can hence
make the assumption that r L = r R . The trajectories were calculated through the following
expression,
λ1,2 = r ± (t L t R )1/2

(5.9)

while fixing L = 0.6 and varying Γ monotonically. As can be seen from Figs. 5.4(b) and (c),
at Γ = −0.45, there is a coalescence of the real part of the eigenvalues and the imaginary
part experiences biased distributions when Γ < −0.45. It is also corroborated through
the curves in Fig. 5.4(a) that at this exact point, the amplitude of the right transmission
drops to zero, while the left transmission remains relatively unaffected.
Figure 5.5(a) shows the full-wave simulations performed on the same design shown
previously but now with the calculated values of L and Γ incorporated. The sound
transmission performance for the left and right incidences are characterized by calculating
the square root of the outgoing to incoming sound power ratio. It was observed that the
power transmitted from right to left is zero, while the that from the left to right is 67.8%.
While this is not ideal for unidirectional transparency, the value of the left transmission
can be further improved by increasing the number of unit cells in each super cell of the
metasurface. As can be seen in eq. 5.7, increasing the number of the unit cells, m, for the
same case of n, would increase L, the number of internal reflections. This would allow
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the right incident wave to spend more time inside the metasurface before transmitting,
thereby improving its susceptibility to loss [14]. For instance, it was found through our
calculations that by fixing m = 16, the transmission efficiency for the case of left incidence
could be improved to 79%. In our case however, m was chosen to be 10, since it is a
reasonable middle ground between the fabrication capability and a real structure that
could offer the desirable and controllable amount of loss at the desired frequency.

5.3

Summary and ongoing work

In summary, we have proposed a non-Hermitian metasurface that can enable unidirectional sound vortex transmission at it’s exceptional point. This is made possible by first
designing a lossless azimuthal gradient index metasurface, that supports asymmetric
numbers of internal reflections for opposite incidences, and then tuning the real and
imaginary parts of the metasurface’s index profile. The trajectories of the eigenvalues
of the scattering matrix also coalesce at this point, further confirming it’s existence. The
experimental realization of this metasurface involves designing unit cells that allow for
precisely tuning the real and imaginary parts of its refractive index. While unit cells allow
this do exist in literature (as discussed in Chapter 3), they do so only for the reflection and
not for transmission, as is this case in this study. The former works tuned the imaginary
part of the index, via artificially introduced leaky losses. In our case however, it is more
relevant to take advantage of the intrinsic losses that are quite dominant in transmissive
geometries (as discussed in Chapter 2). Fan-like hybrid HRs or space-coiling unit cells
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(similar to the ones in Chapter 2) that are extruded with a rotation angle of θ1 , could be
used to build the prototype for experimental realization. Examples of similar samples for
OAM manipulation can be found in the works of Jiang et al. [58, 63], Fu et al. [193] and Li
et al. [195]. To characterize the wave behavior, the sample can be placed in a cylindrical
waveguide and four mini speakers can be arranged in a circular pattern and modulated
with gradient input phase profiles, given as 0, π/2, π, and 3π/2, to generate the vortex.
The transmitted field can then be scanned by using a moving microphone with a step of
2 cm and the acoustic field at each spot can then be calculated using a Fourier transform.
It is hoped that the such an experimental realization of unidirectional transmission for
OAMs could pave way for new OAM-based devices where asymmetry is desirable.
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Chapter 6
Ultralight isotoxal-star-based
metamaterial for omnidirectional
vibration attenuation
Elastic metamaterials are rationally designed periodic structures possessing bandgaps
that are forbidden to wave propagation. While several strategies exist to engineer and
leverage these gaps, conventional designs are heavy, bulky and are limited to a single
functionality. This chapter puts forward an ultra-light micro-lattice-based elastic metamaterial that is devised to overcome the limitations of the current state-of-the art, while
also achieving omnidirectional vibration attenuation in the low-frequency regime. This is
enabled by engineering the metamaterials’ building blocks to induce trampoline-like local
resonances in all directions, and then fabricating the bulk material by large area projection
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micro-stereolithography, that can enable precise and intricate overhanging geometries.
In addition to being the most porous (97%) and hence the lightest metamaterial for
elastodynamics, the proposed metamaterial also exhibits a static negative Poisson’s ratio
(auxeticity). Such a thin, lightweight, and multi-faceted wave functional material thus
holds great potential for the next generation of wave-based devices through applications
that include vibration control and energy harvesting for aerospace, automotive and civil
infrastructural systems.

6.1

Background and Motivation

As the realm of bulk metamaterials continues to widen, their institution remains pivoted
upon the engineering of band gaps (BG). In elastodynamic systems, tailoring these gaps
to occur at wavelengths much larger than the periodicity of the sample is of great interest,
since this implies a major advantage for applications like vibration control and energy
harvesting, especially in the low-frequency regime. Much of the prior works to this end,
however, have primarily centered around one-dimensional (1D) [7,49] or two-dimensional
(2D) [6, 29, 196] wave propagation, and the few works that dwelt on three-dimensional
(3D) [25, 89, 197, 198] propagation rely on designs with heavy masses in the core of their
unit cells, to create resonance based low frequency BGs. These materials are rather bulky
and heavy and therefore cannot be readily translated to their relevant applications. Besides,
their distinctive micro-structural requirements earmark them for a single functionality
and hinders their versatility for real-world applications. Therefore, there is a pressing
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Figure 6.1: (a) Ultra-light micro-lattice-based metamaterial composed of periodic auxetic
building blocks (top-right) and the directions of the irreducible Brillouin zone (IBZ),
for the simple cubic unit cell (bottom-right). (b) Dimensions of the unit cell: p is the
periodicity, and a is the distance between the vertices of the isotoxal squares, θ is the
angle between the outer edges of the isotoxal square stars and the vertical normal.

need for lightweight and multifunctional three-dimensional metamaterials in the field of
elastodynamics.
Meanwhile, the recent advancements in contemporary manufacturing techniques have
greatly increased the likelihood of achieving exceptional physical properties in lightweight
materials. Several studies in the past few years have put forth bulk materials with
geometries that mimic the inherent micro-structures of strong yet lightweight materials in
nature. Graphene based elastomers for super elasticity [199], carbon nanotube foams [200]
and ultra-light porous silica (aerogels) for high compressibility [201] are a few examples
in this regard. Further, the recent emergence of projection micro-stereolithography has
enabled the fabrication of 3D materials with precisely architected micro-metric/nanometric features and with multiple orders of hierarchy [8, 10]. These works have spawned
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Figure 6.2: Poisson’s ratio (µ), for different values of θ and d/p. Insets show the geometry
of the unit cell for the largest negative value of µ and for when µ = 0.

an entire field of low-density, three-dimensional lattice-based metamaterials, that could
be engineered for maximizing recoverability under compression [95, 202], super-elastic
tensile behavior [8, 10] or decoupling density and mechanical behavior [203]. Such an
ability to completely control a material’s macroscopic physical properties by precisely
engineering its local geometry, has also attracted substantial attention from different
fields of materials science, like those of piezoelectric, magnetic and thermal materials
and hence has revived the collective yearning for multi-functional materials. A flurry of
research activity has subsequently surfaced to show that ultralight, ultrastiff materials
could be the host for other exotic functionalities like tailorable piezoelectricity [204],
tunable negative thermal expansions [9], large negative Poisson’s ratios [98], and stimuli
responsive mechanical properties [205,206]. It is therefore anticipated that a proper design,
enabled by the fabrication of micro-lattice-based metamaterials, could hold great potential
for elastic wave functional materials as well.
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Figure 6.3: (a) Normalized band structure for the simple cubic auxetic unit cell along the
different directions of the IBZ, for θ = 20◦ , a = 0.8p, and d = 0.060p. a1 and a2 indicate
the normalized mode shapes (norm of the displacement field) at the X point (red circle)
on the lower edges of the bandgaps (b) The evolution of the BGs (shaded grey regions),
as a function θ, for the same unit cell, where the dashed black line indicates the central
frequencies of the widest BG.

In this work, we overcome the existing barriers on elastic metamaterials for vibration
control and devise an ultra-light isotoxal-star-based metamaterial that can completely
attenuate structure-borne waves, over wide and tailorable frequency ranges. This is enabled by the careful engineering of its intrinsic geometry, so as to induce local resonances
and omnidirectional BGs that occur at very low frequencies. The high porosity and
salient geometrical configuration allow for the existence of wide-band low-frequency
BGs and make the metamaterial much lighter yet more efficient than its predecessors.
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Figure 6.4: Accessing bandgaps that occur at other frequency ranges and/or with other
widths. (a) shows the evolution of the gaps as a function of a and θ, when the value of d
is fixed at 0.06p and (b) shows evolution of the gaps as a function of d and θ, when the
value of a is fixed at 0.8p.

The fabrication of this ultra-light metamaterial is also made possible by a self-developed
projection micro-stereolithography platform [8, 10, 207], that is crucial for the realization
of the convoluted, overhanging structures that constitute the isotoxal stars. In addition to
displaying such a counter-intuitive performance, the proposed ultra-light metamaterial
also exhibits a static negative Poisson’s ratio and adds to the repertoire of next-generation
multi-functional materials. Auxetic structures that possess a negative Poisson’s ratio
have been actively investigated for their usefulness in biomedical, aerospace and textile
applications, owing to their compressibility and energy absorptions capabilities [99, 208].
Hence bestowing them with elastic wave functionality could further broaden their applications. Although a few studies have investigated the elastic wave dispersion through
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Figure 6.5: An illustration of the ultra-low effective density that is achieved in the study
alongside the wave attenuation performance at small values of f .p, in comparison with
the performance of prior works. Each of the references are individually color coded and
the height of the bars denote the regions of f .p where their bandgaps lie

2D [209–211] auxetic structures in the past, works that explore the same in 3D still remain
scarce [87,93]. Our thin, lightweight three-dimensional metamaterial that is equipped with
dual functionalities, would thus pave the way for a variety of unconventional wave-based
devices, alongside bolstering the interest in next-generation multi-functional materials.

6.2

Design and Numerical Simulations

Figure 6.1(a) shows the proposed metamaterial that comprises of cubic auxetic structural
units. Each unit cell is made up of 30 solid cylindrical rods of the same diameter and
intrinsic material. Among these, 24 inner rods make up 3 mutually perpendicular isotoxal
square stars in the x, y, and z planes, while 6 slightly smaller outer rods connect the
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unit cell to its adjacent neighbors. The defining dimensions of this geometry are hence
‘p’, ‘d’, ‘a’ and ‘θ’, where p and a refer to the periodicity and the distance between
the vertices of the squares respectively, while ‘d’ denotes the diameter of the rods and
θ, the angle the inner rods make with the vertical normal. When such a material is
subject to a tensile (or compressive) load, its lateral dimensions would counter-intuitively
increase (or decrease) and the material would thereby exhibit auxeticity (or negative
Poisson’s ratio). Static numerical simulations [212] were first carried out to confirm that
the geometry under consideration does indeed exhibit negative Poisson’s ratio. A known
longitudinal displacement was prescribed on one face of a finite sample made up of
3x3x3 unit cells and the resultant lateral displacement was extracted by the method
described in Ref. [212], to estimate the Poisson’s ratio of the bulk material. Figure 6.2,
shows the value of Poisson’s ratio, µ, for different values of θ and d/p. As can be seen,
the metamaterial exhibits auxeticity when the parameters lie in the region above the
dashed curve, which corresponds to µ = 0. The Poisson’s ratio can be further lowered
by decreasing (increasing) the value of d/p(θ ) and can reach a minimum of -0.28 for
θ = 34◦ and d = 0.06p. The intrinsic material properties that were employed for all
the numerical simulations in this study, were consistent with that of a custom-made
polymer that was later employed for the fabrication of the prototype. This material had
a Young’s Modulus of 512 MPa, a density of 1.1 g/cm3 and an intrinsic Poisson’s ratio
of 0.3. The elastic wave dispersion through the micro-lattice was then systematically
examined by performing eigenfrequency simulations on the single unit cell, with Floquet

95

periodic boundary conditions. To start with, we assume that the parameter a is fixed to
0.8p, the diameter of the rods, d, is fixed at 0.06p and the value of θ = 20◦ . The band
structure for a unit cell of these dimensions is shown in Figure 6.3(a). Two complete BGs
of width 16.1% and 82.8% were observed (regions in shaded grey) in the normalized
frequencies ( f .p) ranging from 22.9 to 26.9 and from 45.95 to 110.95, respectively. The
occurrence of these BGs can be attributed to the local resonance that arises, as a result of
the outer rods which play the role of masses, while the inner rods behave like springs.
This is evidenced via the mode shape of the unit cell at the lower edge of the first BG
(shown in Fig.6.3(a1)), which indicates stationary outer rods while the vertices of the
isotoxal-stars are in torsional oscillation. More interestingly however, the lower edge of
the second BG (shown in Figure 6.2(a2)) exhibits a normalized mode shape where outer
rods experience longitudinal vibrations in a trampoline-like motion [6, 86], owing to the
distinctive geometrical configuration of isotoxal-square-stars. This facilitates an increased
BG width and an extremely high-wave attenuation within the bandgap. Additionally, the
low effective stiffness and high porosity of this design, facilitates an ultra-low longitudinal
(49 m/s) and shear speed (19 m/s) for the elastic waves in the sub-wavelength regime.
This in turn allows for the existence of the aforementioned BGs, at frequencies much
lower than those of prior studies [7, 48, 198, 213–218], where the static effective densities as
seen in Figure 6.5 are much higher than ours. The chart in Figre 6.5, compares the wave
attenuation performance of the proposed metamaterials with state-of-the-art 3D elastic
metamaterials that have been experimentally realized so far. The BGs associated with each
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Figure 6.6: (a) Schematic illustration of the fabrication technique. (b) Photographs of
the ultra-light isotoxal star-based metamaterial samples, fabricated in the ΓX (top left),
ΓM (top right) and ΓR (bottom) directions, with widths of 6 cm, 5.65 cm, and 6.9 cm,
respectively.

study are respectively color coded and indicate that the design from Figure 6.3(a), can
achieve BGs at the lowest normalized frequency range, while simultaneously possessing
the lowest effective density. To offer some perspective, the proposed metamaterial can
completely attenuate elastic waves at relatively low frequency ranges and over a width
of 82.8%, while being at least being 4 times lighter than the even the lightest of its
predecessors [218]. The chart also illustrates that the low frequency BG of width 16.1%
that our metamaterial possesses, is at the time of this writing, the lowest BG in 3D elastic
metamaterial literature. Here, it is important to note that although a few of the BGs in
Figure 6.5 are seemingly wider than the one shown in our study, this is not necessarily
the case since bandwidth is inversely proportional to the center frequency of the BG.
Furthermore, another merit of this metamaterial, is that the width and frequency ranges
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of its BGs can be conveniently tuned via the geometrical parameters of the unit cell. For
example, with the same unit cell considered above (i.e. a = 0.8p and d = 0.06p), multiple
BGs can be opened and closed by simply tuning the value of θ. Figure 6.3(b) shows the
evolution of the complete BGs (shaded grey regions) as a function of θ. Starting from
θ = 4◦ , the structure displays a wide BG centered around the normalized frequency
f .p = 82, and the gap continues to exist for higher values of θ as well. The BG reaches its
maximum width at θ = 20◦ and it can be observed by means of the dashed black line,
that its central frequency is almost constant until this point. For θ > 20◦ , however, the BG
width and central frequency decrease until it completely closes for θ = 40◦ . Alongside
this wide BG, multiple smaller-width gaps exist for different values of θ. A high frequency
BG occurs around the normalized frequency f .p = 116 for θ < 12◦ . In addition to these,
a second-high frequency gap emerges for θ > 20◦ , with a center frequency that rapidly
decreases when θ is increased. While θ approaches 28◦ , however, the low frequency BG
(located below f .p = 30) reaches its maximum width of 23.6% and then closes when
θ = 40◦ . Simultaneously though, a second low frequency BG begins from θ > 28◦ . Besides
the tailorability that is offered through θ, one could also access BGs with a variety of
other widths and frequency ranges, by also tuning the values of a and d, as shown in the
Figure 6.4. Figure 6.4(a) shows the BGs that exist for different values of θ and a, when the
unit cell has its rod diameter fixed at d = 0.06p. It can be seen that decreasing the value of
a would increase the frequencies at which the two previously discussed BGs would occur.
Upon doing so, however, the width of the lower frequency BG would decrease for values
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of θ, where the width of the higher frequency gap would be larger instead. Likewise,
Figure 6.4(b), shows the evolution of the BGs as a function of θ, and rod diameter, d/p,
respectively, where the value of a is fixed at 0.8p. It can be clearly seen that increasing
the diameter of the rod would also increase the frequency range of the occurrence of
the associated BGs. In this case however, it is important to make note that the larger
rod diameters are accompanied by a greater separation between the lower and higher
frequency BGs. In addition to tailoring the BGs via the geometrical parameters, one
could also increase or decrease the frequency ranges of the BGs through the properties
of the intrinsic material that is employed. The evolutions of these BGs as a function of
the Young’s Modulus of the intrinsic material, can be found in the Appendix B. Upon
such rigorous analysis of these BGs and their relevant dimensions, it was noted that the
widest and lowest BG that this metamaterial can achieve is the one with 82.8% width, that
occurs when a = 0.8p, d = 0.06p and θ = 20◦ . The structure with these dimensions was
hence chosen as the candidate for the comparison in Figure 6.5 and for the experimental
realization.

6.3

Experimental Characterization

The fabrication of our intricate isotoxal-star-based metamaterial was made possible by
a high-resolution, large area projection micro-stereolithography (PµSL) platform that
utilized a layer-by-layer digital light manufacturing technique, as shown in Figure 6.6.
PµSL is capable of fabricating complex structures with feature sizes ranging from microns
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Figure 6.7: (a) Photograph of the measurement platform (only the ΓX sample is shown
here for the sake of illustration. Others can be found in the Appendix B). (b) Numerical
results of the normalized displacement field for the ΓX, ΓM and ΓR samples, for a
frequency of excitation of 4 kHz. (c) Bandstructure (in kHz), for the unit cell where
θ = 20◦ , d = 0.06p and a = 0.8p. (d) Experimentally measured elastic wave transmission
(dB) through the ΓX, ΓM and ΓR samples - denoted by the blue, orange and red curves,
respectively. The shaded grey regions in (c) and (d), indicate the BGs

to a few centimeters. Firstly, in order to enable the printability of the lattice, supports were
added at the overhanging positions. The three-dimensional CAD model of the sample was
then sliced into a group of two-dimensional images, which were subsequently transmitted
to a digital micro-mirror device (DMD) chip. The UV light from the diode array was
patterned by the modulator and then transmitted through a lens system to reduce the
pattern size and to increase the resolution. The patterned UV light was then projected
onto the surface of a UV-curable resin to form the shape of the 2D slice on a printing
substrate. After the curing of the first layer, the printing substrate was lowered for the recoating of the liquid resin and the process was repeated until the formation of the whole
3D structure. The scalability of the fabrication system was expanded by coordinating
the projection set-up with an optical scanning system, which allowed the UV pattern
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Figure 6.8: (a) Transmission (dB), through two-unit cells for the cases of d = 0.06,
d = 0.08 and d = 0.10. (b) Elastic wave transmission in the ΓX directions, through the
hybrid sample made up of the three sets of unit cells. (c) Normalized displacement field
amplitude through the sample for the four different frequencies, that are indicated in the
transmission spectrum in (b)

to be exposed to different areas within a single layer. After printing, the samples were
cleaned with ethanol, the internal supports were removed, and then post-cured in UV
light. The material employed here was a custom UV-curable resin, which is composed of a
polymer (1,6 – Hexanediol diacrylate), photo-initiator (phenylbis (2,4,6-trimethylbenzoyl)
phosphine oxide), and photo-absorber (Sudan 1). The material properties of this resin was
consistent with the previously mentioned values that were incorporated in the numerical
simulation. Figure 6.6(b) shows photographs of the three prototypes that were fabricated
with the view to experimentally study the elastic wave transmission along the ΓX, ΓR and
ΓM directions of the metamaterial lattice. These samples had unit cells with periodicities,
p,

√

2p, and

√

3p, respectively, where p = 2 cm. The widths of the resultant three samples

were 6 cm, 5.65 cm, and 6.9 cm, and comprised of 3, 2 and 2 units, respectively. In
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addition to the lattice based micro-structure, the fabricated samples also had plates with a
thickness of 3 mm on either side, for the convenience of the experimental characterization.
The bottom plate of the sample was connected to mechanical shaker that facilitated the
longitudinal excitations which served as the input, while the top plate was connected to
an accelerometer that measured the wave that transmits through the sample and reaches
the other side. Figure 6.7(c) shows the complete BS for the structure in kHz and Figure
6.7(b) are the results from frequency domain simulations, that mimicked the experimental
platform. This figure shows the normalized displacement field for the ΓX, ΓM and ΓR
samples, when the frequency of excitation that is applied to the bottom plate (as indicated
by the black arrows), lies within the region of the BG. As can be seen here, when a wave
of 4 kHz tries to propagate through the lattice, the trampoline-like behavior facilitates an
extremely high wave attenuation by completely reflecting the incident energy. The wave
therefore does not propagate through more than half a unit cell and hence enables high
wave attenuation through a sample that has a very small number of unit cells. Figure
6.7(d) shows the frequency dependent transmission that was experimentally measured for
the ΓX, ΓM and ΓR samples, denoted here by the blue, orange and red lines, respectively.
It can be seen here that all the three curves undergo a sharp decay in transmission at
the frequencies between 1.95 kHz and 4.7 kHz and confirms the existence of a BG of
width 82.7%, in this frequency range. This is in reasonable agreement with the bandgap
of width 82.8%, that we expect to see between 2.3 kHz and 5.55 kHz. The shift of this BG
to a slightly lower frequency range can be attributed to minor deviations in the stiffness
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of the intrinsic material. A minor reduction in the Young’s modulus of the material
could have occurred over the course of fabrication and caused the slight shift in bandgap
frequency, that is visible here. The low frequency BG of width 16.1%, that exists between
1.13 kHz and 1.35 kHz is quite narrowband and is hence challenging to observe in the
experiments. However, a considerable dip can be seen in the case of the ΓM and ΓR curves,
in the regions between 900 Hz and 1.05 kHz, which would correspond to the narrow
low frequency BG of the metamaterial. Our frequency domain transmission simulations
(whose results can be found in the Appendix B) suggests that other regions of reduced
transmission would also exist at the frequencies between 1 kHz and 1.8 kHz, owing to
partial BGs that arise as a result of the excitation in this platform being perpendicular to
the direction of the sample (longitudinal). This makes it challenging to differentiate the
complete narrow BG from the other partial ones that arise in experiments. Likewise, the
dip in transmission that occurs at frequencies above the higher BG could also appear as
a result of such partial BGs for longitudinal waves, as well as the inevitable frequency
dependent loss that would exist in the intrinsic material. One could also observe the
measured decay through the samples in the region of the BGs, which is highest in the
case of the ΓR sample and lowest in the case of the ΓM sample. This is due to the
proportionally different sample lengths in the three cases, with ΓR being the longest and
ΓX being the smallest.
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6.4

Conclusions and Perspectives

To conclude, we designed, fabricated, and experimentally demonstrated the working
of an ultra-light metamaterial for passive elastodynamic control. The fabrication of the
ultra-light isotoxal-star-based metamaterial was enabled by our unique capability to print
intricate, overhanging micro-structures with high resolution. Additionally, the extremely
high wave attenuation of our structure enables a desirable performance with just few unit
cells as well. Such a high wave attenuation, accompanied by an ease of tailorability, can be
leveraged to further increase the width of the BG. Furthermore, a hybrid sample was also
designed by combining three pairs of unit cells with different but overlapping bandgaps.
Three unit cells were chosen with the same θ value but different d values. The values of
d here, were chosen from the bandgap analysis, that is shown in Figure 6.3(b). At first,
the transmission performance for each of the cases can be examined when only two-unit
cells were considered. Figure 6.8(a) here, shows the transmission results for d = 0.06p,
0.08p and 0.10p, which are denoted by the red, blue and green curves respectively. High
attenuation of the wave is clearly seen in the desired frequency ranges for each of the
cases: f .p from 46 to 111 for d = 0.06p; from 68.2 to 150.8, for d = 0.08p and from 90
to 184, for d = 0.10p. The three units were then combined and the wave transmission
through this hybrid design can be seen in Figure 6.8(b). An overall attenuation can be
seen in the frequency ranges of the three individual bandgaps seen in Figure 6.8(a). Figure
6.8(c), shows the normalized displacment field amplitude for the hybrid micro-lattice
along its ΓX direction, at the frequencies indicated by (1) inside the first bandgap but
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outside the second, (2) inside the common the regions of the three bandgaps, (3) inside
the second and the third bandgap and (4), inside the third bandgap, but outside the
others. The waves of frequencies (1) and (2) are completely attenuated by the first two
unit cells (which correspond to d = 0.06p). Higher attenuation is seen in (2), since the
wave at this frequency does not propagate through any of the units. In the case of (3),
the wave propagates through the first two units and then gets completely attenuated by
the unit cells that correspond to d = 0.08a and d = 0.10p, since its frequency lies in the
overlapping region of the bandgaps of d = 0.08a and d = 0.10p. Finally, for the frequency
indicated by (4), the wave propagates through the first 4 units, since it is no longer in the
bandgap region associated with d=0.06p and d=0.08p, but it gets completely reflected
by the two units that correspond to d = 0.10p. For p = 2 cm, this hybrid sample would
only be 6.5cm in thickness, but will facilitate an ultra-wide bandgap of width 130%. In
addition to its elastodynamic functionality, the proposed metamaterial also possesses
a second order functionality of exhibiting auxeticity or a static negative Poisson’s ratio.
This would greatly aid applications that demand a marriage of these unrelated yet highly
advantageous functionalities. Both the auxetic and elastodynamic performance could also
be further enhanced via the use of multiple materials in the micro-lattice[33]. In contrast
to the existing strategies for vibration attenuation which are heavy and/or relatively
impervious , the material introduced here has a 97% porosity and could also allow the
co-existence of other functionalities like thermal insulation and airborne sound absorption,
that were previously unattainable. Lastly, the tailorability of this design can be leveraged

105

in the future for adaptive and reconfigurable elastic wave control.
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Chapter 7
Conclusion and Perspectives

7.1

Summary of the dissertation

This dissertation makes contributions to the areas of acoustic metasurfaces and elastic metamaterials, by examining the current state-of-the art and putting forward new
strategies that overcome emerging concerns and challenges.
We started by examining the intrinsic properties that exist in the practical realization
of transmissive acoustic metasurfaces and their constituent structural units. Metasurfaces
based on hybrid Helmholtz resonators and space-coiling units were numerically analyzed, while incorporating thermo-viscous loss and intrinsic material properties, and
the deviations from the ideal desired results were comprehensively discussed and put
forward.
We then designed and experimentally realized a 2D airborne ultrasonic metasurface,
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that could steer a planar wavefront to an angle of 56%. The fabrication was made possible
by a recently developed additive manufacturing technique [8] and the miniscule prototype
was then experimentally characterized via a scaled down horizontal scan stage, to validate
the simulations and theory. The challenges that arise when a metasurface operates in the
ultrasonic regime were discussed and put forward.
The subsequent chapter of the dissertation then reviewed the most recent works in
the field of acoustic metasurfaces and delineated the area’s intuitive and counter-intuitive
perceptions of the loss that arises in the sub-wavelength metasurface geometries. The
emerging topic of non-Hermitian acoustics and prospective routes for metasurfaces were
discussed and it was shown that loss could indeed be a blessing in disguise.
Further, we then put forward an azimuthal gradient index metasurface, that enables
unidirectional transparency for acoustic orbital angular momentums at its non-Hermitian
exceptional point. The metasurface was designed by carefully tailoring the real and
imaginary parts of the refractive indices of its unit cells and ongoing work about its
experimental realization, was briefly discussed.
In the final chapter of the dissertation, we put forward the lightest metamaterial for
the field of elastodynamics, by inducing trampoline-local resonances in a micro-lattice
based metamaterial and then fabricating the bulk material by a unique technique [8] that
enables the realization of the convoluted overhanging geometries that the metamaterial is
made up of. Alongside being thin and lightweight, the proposed material also possesses
the second order functionality of exhibiting a static negative Poisson’s ratio.
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In addition to the aforementioned works that make up the body of this dissertation,
the author is also currently working on the following projects,
1. The experimental realization of a metasurface that facilitates frequency dependent
ultrasonic functionality in air. This would increase the degrees of freedom that
exist in conventional metasurfaces and would open up new avenues for compact
multi-functional ultrasonic devices.
2. A study that focuses on the realization of a soft PDMS-based metamaterial that
effectively matches the impedance of water, while facilitating tailorable refractive
indices. Such a material, would reduce undesirable wave reflections and be wellsuited for a variety of underwater wavefront shaping applications.

7.2

Emerging topics and routes for the future

The advancements in wave functional materials over the past decade have propelled them
to take a seat at the frontier of both physics and engineering applications. The following
are some emerging trends in this area that are relevant to the topics of this dissertation
and could hence be suitable routes for future work,
1. Time-modulated metasurfaces: Most prior works in metasurfaces, have only focused on modulating the material properties in space. Modulated them in both
space and time simultaneously however, would be extremely desirable for applications where features like non-reciprocity and frequency conversion are desir-
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able [219–223].
2. Active metamaterials: In the recent past, several new stimuli-responsive metamaterials have emerged [204–206]. When married to metasurfaces or micro-lattices, these
could not only serve as adaptable/reconfigurable solutions for sound and vibration
control, but also as a platform to observe new physical behaviors that require the
breaking of time reversal symmetry [224].
3. Metamaterials for underwater acoustics: Designing metamaterials for waterborne
acoustics still remains a challenge, despite the fact sound is the most desirable means
for underwater communication. With the recent interests in topics like ’Meta-gels’
(metamaterial hyrdogel) [225, 226], and OAMs [61, 63] however, we could see the
rise of a new generation of metasurfaces for underwater communication.
4. Non-Hermitian/PT symmetric metamaterials: Most prior works under the topic of
non-Hermitian acoustics, have primarily focused on unidirectional reflectionless
propagation/perfect absorption and the recent physical discoveries in this also
remains limited to closed systems (cavities and waveguides). Future work could
explore non-Hermitian/PT symmetric systems for wavefront shaping functionalities
and also explore new methods for introducing and tailoring loss and gain (e.g.
Virtual PT symmetry [227])
5. Highly efficient metasurfaces: Since 2017 several works have examined and demonstrated the drawbacks of the generalized Snell’s law based metasurfaces. To confront
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these, new strategies like geometric bianisotropy [120, 180], nonlocality [183, 184],
inverse and topology optimization based designs [228] have been proposed. These
would serve as the building blocks for future acoustic metasurface based applications.
6. Metasurfaces and artificial intelligence: Inspired the rapid advancements in other
fields via machine learning and artificial intelligence, some recent studies used
metamaterials to realize wave physics analogs for neural networks [229–231]. These
enable real-time source dependent wave classification and certainly indicate that
metasurfaces have the potential to be a burgeoning platform for artificial intelligence
in the upcoming years.
7. Metasurfaces for airborne ultrasound: Besides metasurfaces, the past two decades
have also seen the advent of a variety of exciting new applications for airborne
ultrasound. These include ones like directional audio, levitation [73, 115], volumetric
displays, haptics [232], and holographic tweezers [115]. Marrying metasurface
concepts to these could further their prospects in the real-world and pave way for
compact and futuristic devices that hinge on wave functional materials.
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Appendix A
Supporting Information for Chapter 3

A.1

Calculation of diffraction efficiencies

The diffraction efficiencies shown in Chapter 3 of the dissertation were calculated by
means of the full wave pressure acoustics(for lossless) and thermoviscous acoustics
simulations. A Gaussian beam was normally incident on the metasurface and the complex
pressure along a line on the transmission side was extracted and analyzed by the spatial
Fourier transformed.

A.2

HRAGIM at other frequencies

Although the gradient index metasurface is designed on the basis of eq.(1) ( in Chapter
3 ) to operate at a single frequency ( here, f o = k o c/2π = 40kHz) , through numerical
simulations, it can be seen that the wave bending is roughly preserved over a bandwidth
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Figure A.1: Full wave simulations, with an incident Gaussian beam for the lossless (a)
and lossy cases at (b) 3.4 kHz and (c) 40 kHz. These results were used to calculate the
diffractive efficiencies.

of 10% of the target frequency. However, it is important to note that upon deviating from
the target frequency ( f o ), the impedance matching is compromised, resulting in increased
reflection as can be seen in the results on the side of incidence. Additionally, a reduction
in diffraction efficiency is also clearly visible.
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Figure A.2: Diffraction efficiencies of the scaled HRAGIMs operating at 10 kHz (dashed
black line), 20 kHz (dashed blue line) and 30 kHz (dashed red line), in comparison to the
lossless (solid black line) case

Figure A.3: Full wave simulations for the lossy cases at (a) 10 kHz, (b) 20 kHz and (c) 30
kHz. These results were used to calculate the diffractive efficiencies in Fig.A.2
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Figure A.4: Full wave simulations (without loss) of the HRAGIM designed for 40 kHz
operating at (a) 38 kHz, (b) 40 kHz ( f o ) and (c) 42 kHz.
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Appendix B
Supporting Information for Chapter 6

B.1

Measurement Platform

A B&K 4809 mechanical shaker was attached to the bottom plate of the sample to facilitate
the input longitudinal excitations. The top plate was connected to a PCB Piezotronics
352C33 accelerometer (100 mV/g), which was powered by a PCV 482C05 ICP signal
conditioner. The data was then taken to an SRS860 high frequency lock-in amplifier, that
was controlled by a custom LabView program. The internal oscillator sine wave output of
the SRS860, was amplified by a B&K 2718 power amplifier and in turn used to drive the
mechanical shaker. The internal reference frequency of the SRS860 was programmed to
cycle from 500 Hz to 10 kHz in 10 steps. The data was sampled with a 10ms time constant,
and an 18 dB low pass filter was applied to enable signal-to-noise ratio. The measured
transmission through the sample was then normalized with respect to a measurement
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Figure B.1: (a) A schematic illustration of the measurement platform that was set-up and
employed for the characterization of the ultra-light micro-lattice based metamaterial. (b)
and (c) show the ΓR and ΓM samples mounted on the shaker.

without the sample. The curves shown in Figure 6.7(d), were hence calculated via the
formula, T (dB) = 20log10 ( A( f )/Ao ( f )) where T (dB) refers to the Transmission in dB,
Ao ( f ) is the amplitude of the normalization data and A( f ) is the amplitude of the data
measured when the sample is in place.
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Figure B.2: The evolution of the bandgaps (shaded grey regions), along the normalized
spectrum ( f .p), as a function of the Young’s modulus of the intrinsic material employed.

Figure B.3: (a) Bandstructure for the simple cubic auxetic unit cell, along the different
directions of the IBZ, for θ = 20◦ ,d = 0.06p and a = 0.8p (b) Numerically calculated
elastic wave transmission along the ΓX(blue) , ΓM (green) and ΓR (red) directions. An
isotropic loss factor of 0.05 was incorporated in this simulation. (The grey regions in (a)
and (b) indicate the bandgaps)
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