ABSTRACT

DUTTA, PRERONA. Metric Entropy and Nonlinear Partial Differential Equations. (Under
the direction of Tien Khai Nguyen.)

The metric entropy (or £-entropy) has been studied extensively in a variety of literature
and disciplines. This notion was introduced by Kolmogorov and Tikhomirov in 1959 as
the minimum number of bits needed to represent a point in a given subset K of a metric
space (E, p), up to an accuracy € with respect to the metric p. Recently, the e-entropy has
also been used to measure the set of solutions of various nonlinear partial differential
equations (PDEs). In this context, it provides a measure of the order of “resolution” and the
“complexity” of a numerical scheme.

This dissertation is motivated by the above points of view and demonstrates techniques
emerging from the field of nonlinear analysis, that are used to estimate the metric entropy
for different classes of bounded variation (BV) functions. Since Helly’s theorem states that
a set of uniformly bounded total variation functions is compact in L'-space, a natural
question arises on how to quantify the degree of compactness and we answer this using
the concept of ¢-entropy. Subsequently, we apply the obtained results to measure solution
sets of conservation laws and Hamilton-Jacobi equations.

In the first half of this thesis, we elucidate the foundational principles involved in our
work and show that the minimal number of functions needed to represent a bounded total
variation function in L'([0, L]¢,R) up to an error £ with respect to L!-distance, is of the order
£~%. We use this outcome to examine the metric entropy for sets of viscosity solutions to
the Hamilton-Jacobi equation. Earlier works on this topic considered a uniformly convex
Hamiltonian. We extend the analysis to the case when the Hamiltonian H € €' (R?) is strictly
convex, coercive and a uniformly directionally convex function. Under these assumptions,
we establish sharp estimates on the ¢-entropy for sets of viscosity solutions to the Hamilton-
Jacobi equation with respect to W'!-distance in multi-dimensional cases.

The second half of the thesis focuses on finding sharp estimates for the metric entropy
of a class of bounded total generalized variation functions taking values in a general totally
bounded metric space (E, p) upto an accuracy of ¢ with respect to the L'-distance. We rely
on the ideas of covering and packing in (E, p) to derive such bounds and utilize them to
study a scalar conservation law in one-dimensional space, which yields an upper bound on
the ¢-entropy of a set of entropy admissible weak solutions to it, in case of weakly genuinely
nonlinear fluxes, i.e., for fluxes with no affine parts. In particular, for fluxes admitting finitely
many inflection points with a polynomial degeneracy, this estimate is sharp.
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CHAPTER

INTRODUCTION

The metric entropy (or £-entropy) has been studied extensively in a variety of literature
and disciplines. It plays a central role in various areas of information theory and statistics,
including nonparametric function estimation, density information, empirical processes
and machine learning ([14, 29, 45]). This concept was first introduced by Kolmogorov and
Tikhomirov in [33] and defined as follows.

Definition. Let (E, p) be a metric space and K be a totally bounded subset of E. For € > 0, let
</V€(K|E) be the minimal number of sets in an € -covering of K, i.e., a covering of K by balls
in E with radius no greater than €. Then the € -entropy of K is defined as

H,(K|E) = log, #(K|E).

A classical topic in the field of probability is to investigate the metric covering numbers
for general classes of real-valued functions .# defined on a space E under the family of
L!(d P) where P is a probability distribution on E. Upper bounds in terms of the Vapnik-
Chervonenkis dimension and pseudo-dimension of the function class were established in
[25] and then improved in [29, 30, 45]. Several results on lower bounds were also studied

in [35]. Eventually, upper and lower estimates of the £-entropy of & in L!(d P) in terms of



a scale-sensitive dimension of the function class were provided in [35, 40] and applied to

machine learning.

According to Helly’s theorem, a set of uniformly bounded variation functions is compact
in L!'-space. This raises the logical question of how to quantify the degree of compactness
of such sets and attempts were made to do so by using the £-entropy. In [35], the authors
showed that the ¢-entropy of any set of uniformly bounded total variation real-valued func-
tions in L! is of the order ! in the scalar case. Related works have been done in the context
of density estimation whgre attention has been given to the problem of finding covering
numbers for the classes of densities that are unimodal or non-decreasing in [14, 27]. In
multi-dimensional cases, the covering numbers of convex and uniformly bounded func-
tions were studied in [28]. It was shown that the ¢-entropy of a class of convex functions
with uniform bound in L! is of the order iﬁ where d is the dimension of the state variable.
The result was previously studied for scalil; state variables in [24] and for convex functions
that are uniformly bounded and uniformly Lipschitz with a known Lipschitz constant in
[17]. These results have direct implications in the study of rates of convergence of empirical
minimization procedures (see in [15, 47]) as well as optimal convergence rates in convexity

constrained function estimation problems (see in [13, 39, 48]).

Recently, the £-entropy has been used to measure the set of solutions of certain nonlinear
partial differential equations. In this setting, it could provide a measure of the order of
“resolution” and “complexity” of a numerical scheme, as suggested in [37, 38]. Roughly
speaking, the order of magnitude of the £-entropy indicates the minimum number of
operations that one should perform in order to obtain an approximate solution with a
precision of order ¢ with respect to the considered topology. A starting point for the research
on this topic is a result which was obtained in [23] for a scalar conservation law in one
dimensional space

u(t,x)+ f(u(t,x)), =0, (1.0.1)

with uniformly convex flux f. It was shown that the upper bound of the minimum number
of functions needed to represent an entropy solution u of (1.0.1) at any time ¢ > 0 up
to an accuracy of ¢ with respect to L'-distance is of the order e In [5] a lower bound on
such an e-entropy was established, which is of the same order as the upper bound in
[23]. More generally, the authors in [5] also obtained the same estimate for a system of
hyperbolic conservation laws in [6, 7]. In the scalar case, it is well-known that the integral

form of an entropy solution of (1.0.1) is a viscosity solution of the related Hamilton-Jacobi



equation. Therefore, it is natural to study the £-entropy for the set of viscosity solutions to
the Hamilton-Jacobi equation

u(t,x)+H(V, u(t,x) = 0, (1.0.2)

with respect to W'!-distance in multi-dimensional cases. Most recently, it has been proved

in [3] that the minimal number of functions needed to represent a viscosity solution of

(1.0.2) up to an accuracy of ¢ with respect to the W'!-distance is of the order — provided
that the Hamiltonian H is uniformly convex. Here, d is the dimension of the state variable.
The same result for when H depends on the state variable x has also been obtained by the
same authors in [4]. Interestingly, the authors in [3] also established an upper bound on the
g-entropy for the class of monotone functions in L!'-space. As a consequence of Poincaré-
type inequalities, it was possible to obtain the £-entropy for a class of semi-convex/concave
functions in Sobolev W'!-space. This result extended the ones in [17, 24, 28] to a stronger

norm, namely the W'!-norm, instead of L!-norm.

Motivated by the results in [3, 17, 24, 28, 35] and considering a possible application to
Hamilton-Jacobi equations with non-strictly convex Hamiltonian, in Section 3.1 we pro-
vide upper and lower estimates of the £-entropy for a class of uniformly bounded total
variation functions in L!-space in multi-dimensional cases. This is a joint work with Khai T.

Nguyen and has been published in Journal of Mathematical Analysis and Applications ([26)).

Looking back at [4], we observe that the main idea here involved providing controllability
results for Hamilton-Jacobi equations and a compactness result for a class of semiconcave
functions. However, such a gain of BV regularity does not hold for (1.0.2) with general
strictly convex Hamiltonian functions and the previous approach to finding the ¢-entropy
of the solution set as in [3, 4] cannot be applied. In this case, a study of the fine regularity
properties of viscosity solutions is still lacking and quantitative estimates on the ¢-entropy

of viscosity solution sets are not available yet.

Therefore, in Section 3.2, we further the research in this direction by using our results from
Section 3.1 to extend the analysis of the metric entropy for sets of viscosity solutions to
(1.0.2) when the Hamiltonian H € € 1(Rd) is strictly convex, coercive and in the form of a
uniformly directionally convex function. This work has been done in collaboration with
Stefano Bianchini and Khai T. Nguyen ([12]), where we establish a BV bound on the slope of
backward characteristics D H(u(t,-)) starting at a positive time ¢ > 0 and relying on this BV



bound, we quantify the metric entropy in Wll(;i(Rd) for the map S, that associates to every

given initial data u, € Lip(Rd), the corresponding solution S; u,.

From our review of the existing literature, we note that previous works on metric entropy
for nonlinear partial differential equations which lead to our results in Chapter 3 strongly
rely on the BV regularity properties of solutions. Thereafter, the results in [5, 23] have been
extended to scalar conservation laws with a smooth flux function f that is either strictly
(but not necessarily uniformly) convex or has a single inflection point with a polynomial
degeneracy [8] where entropy admissible weak solutions could be having unbounded total
variation. In this case, the sharp estimate on the ¢-entropy for sets of entropy admissible
weak solutions have been provided by exploiting the BV bound of the characteristic speed
f/(u) at any positive time [20]. On the other hand, it was shown in [11, Example 7.2] that, in
general, for fluxes having one inflection point where all derivatives vanish, the composition
of the derivative of the flux with the solution of (1.0.1) fails in general to belong to the BV
space and the analysis in [8] is not applicable here. However, for weakly genuinely nonlinear
fluxes, that is, for fluxes with no affine parts, equibounded sets of entropy solutions to
(1.0.1) at positive time are still relatively compact in L' (46, Theorem 26]). Therefore, for
fluxes of such classes that do not fulfill the assumptions in [8], it remains an open problem
to provide a sharp estimate on the ¢-entropy for the solution set of (1.0.1) and a different
approach must be pursued when studying (1.0.1) with weakly genuinely nonlinear fluxes,
perhaps exploiting the uniform bound on total generalized variation of entropy admissible

weak solutions studied in [41, Theorem 1].

The above points of view elicited our study of the £-entropy for classes of uniformly bounded
total generalized variation functions taking values in a general totally bounded metric space
(E, p). This work illustrated in Chapter 4 has been done jointly with Rossana Capuani and
Khai T. Nguyen and published in SIAM Journal on Mathematical Analysis ([19]). For deriving
sharp estimates explicitly, we use the notions of doubling and packing dimensions of (E, p),
denoted by d(E) and p(E) respectively, which were first introduced by Assouad in [9]. More
precisely, we consider 9‘[‘2‘,1 to be a set of functions g : [0, L] — E such that the ¥-total
variation of g over the interval [0, L] is bounded by V where W is a convex function and
U :[0,4+00)— [0,400) satisfies ¥(0) = 0 and ¥(s) > 0 for all s > 0. In Section 4.1, we prove
Ll([0, L], E)) can be

that for every ¢ > 0 sufficiently small, the sharp bounds on /¢, (%‘IL’,V]

approximated in terms of p(E), d(E) and W.

We conclude this study on the notion of metric entropy and its application to nonlinear



partial differential equations, by applying the above result in Section 4.2 to provide an
upper estimate on the £-entropy of a set of entropy admissible weak solutions to scalar
conservation laws (1.0.1) with general weakly genuinely nonlinear fluxes in Theorem 62,
which partially extends the recent developments made in [8]. The estimate is sharp in the
case of fluxes having finite inflection points with a polynomial degeneracy. Hereafter, a
natural question arises about establishing similar sharp estimates for the £-entropy of such
solution sets to (1.0.1) with general weakly genuinely nonlinear fluxes, however this topic
remains open to further research.



CHAPTER

2

PRELIMINARIES

2.1 Notation

Let d be a given positive integer and Q C R be a measurable set. Also, let E be a metric space
with distance p and I be an interval in R. Throughout this thesis we adopt the following

notation.

e ||, the Euclidean norm in R4 and for any R > 0
y

By(x,R) = {y eR%:|x—y| <R}, Oz = (—R,R)%;

e (-,-), the Euclidean inner product in R%;

* int(Q2), the interior of ;

01, the boundary of Q;

[x, y], the segment joining two points x, y € R%;

Bp(z, r), the open ball of radius r and center z, with respect to the metric p on E, i.e.,

B,(z,r) = {yeE | p(z,y)< r};



diam(F)=sup, ,.r p(x,y), the diameter of the set F in (E, p);
Vol(€2), the Lebesgue measure of a measurable set Q2 C R%;

w4 :=Vol(B,4(0,1)), the Lebesgue measure of the unit ball in R%;
©61(9Q), the space of continuously differentiable functions on ©;

(95 R%), with 2 c R? an open set, the set of all continuously differentiable functions

from 2 to R¢ with a compact support in ;
% °°(R,R), the space of smooth functions having derivatives of all orders;
%AB(1,[0,+00)), a set of bounded functions from I to [0,+00);

L!(2), the Lebesgue space of all (equivalence classes of) summable real-valued func-
tions on £, equipped with the usual norm || - ||, (the same symbol will be used for

the case when u is vector-valued);

L!(I, E), the Lebesgue metric space of all (equivalence classes of) summable functions

f :1— E, equipped with the usual L!-metric distance, i.e.,

pul(f,8) = fp(f(t),g(t))dt < +00

for every f,g € L'(I,E);

B¢, r), the open ball of radius r and center ¢ in LY(I, E), with respect to the
metric pp; on LY(7, E), i.e.,

Buple,r) = {g eLY(I,E) | pulp,g)< r};
L!(R), the Lebesgue space of all (equivalence classes of) summable functions on R,

equipped with the usual norm || - [|ys;

L°°(Q), the space of all essentially bounded real-valued functions on 2 and || #||pcq)
is the essential supremum of a function u € L°°(2) (the same symbol will be used for

the case when u is vector-valued);

L*°(R), the space of all essentially bounded functions on R, equipped with the usual

norm || - f|gee;

Supp(u), the essential support of a function u € L*°(R);



. W“(Q), the Sobolev space of functions with summable first order distributional

derivatives and || - ||y (q) is its norm;

e BV(Q,R™), the space of all vector-valued functions F : 2 — R™ of bounded varia-
tion (i.e., all F € L}(£2, R™) such that the first partial derivatives of F in the sense of

distributions are measures with finite total variation in );
e TV(g,I), total variation of g over the interval I;
o TVY(g,I), ¥-total variation of g over the interval I;

. TV%(g, I), y-total variation of g over the interval /, i.e., ¥-total variation of g with
defined by ¥(s) =|s|";

e Lip(2), the space of all Lipschitz functions f : 2 — R and Lip[f] is the Lipschitz

seminorm of f;
o #%(E), the k-dimensional Hausdorff measure of E c R%;
* %4, the Lebesgue outer measure on R%;
e For any function f, the function [ is the restriction of f on
¢ 1I,, the identity matrix of size d;
* |a]:=max{z € Z: z < a}, the integer part a;

1 if x €N,

) the characteristic function of a subset Q of R%.
0 if xeR4N\Q

¢ 1, N, the set of natural numbers from 1 to N;

!
. (Z) = ﬁ, number of ways in which k objects can be chosen from among n

objects.

2.2 Metric entropy

The notion of metric entropy (or £-entropy) introduced in [33] is defined as follows.

Definition 1. Let (E, p) be ametric space and K be a totally bounded subset of E. For £ > 0,
let A, (K | E) be the minimal number of sets in an £-covering of K, i.e., a covering of K by

balls in E with radius no greater than ¢.



Figure 2.1 A covering of K in E

Then the ¢-entropy of K is defined as
H(K|E) = log, A, (K|E).

In other words, it is the minimum number of bits needed to represent a point in a given set
K in the space E with an accuracy of ¢ with respect to the metric p.

Some well-known examples of metric entropy estimates are as follows.

e E=R,K=[0,L]

{ Y Y Y Y f\)
X X X A

L
0 L ([0, L]R) ~ %% and #,([0, L]R) ~ —log,(¢)

Figure 2.2 A covering of [0, L] in R

e E=R? K=[0,L]x[0,L]

212
([0, LFIR?) ~ Y and ([0, L*|R?) ~ — 2log, (¢)

Figure 2.3 A covering of
[0, L] x[0, L] in R?

e E=R4 p(x,y)=|lx—yl|land K = B,(0, r) for some r >0

2
d-logz(g) < (B0, r)‘Rd) < d-logz(?r-i—l).



* n-dimensional Lipschitz functions: Let F, be the set of L-Lipschitz functions (with
respect to || - ||o) from [0, 1]" to [0, 1]. Then from [17],

L n
H(F, L0, 1], [0,1])) ~ (;) .

* 1-dimensional BV functions: Given L,V > 0, let Z,  be a set of functions from
[0, L] to [—%, %] with TV(f,[0,L]) < V. Then from [10],

12LV
H( vy 1 LH0, L], R)) < >

foralle < LV /12.

2.3 Covering and Packing

This section deals with the concepts of covering number and packing number in a totally
bounded metric space (E, p) and provides useful results to be utilized in Chapter 4. For any
K C E and ¢ > 0, we say that

e theset.o/ ={a,,a,,...,a,} C E is an £-covering of K if K C UL B,(a;,€), or equiva-
lently, for every x € K, there exists i € 1, n such that p(x,a;) < g; Card(.«/) is called
the size of this £-covering;

e theset B={b,, b,,..., b,,} € K is an e-packing of K if p(b;, b;)> e foralli # je1,m,
or equivalently, { B,(b;,£/2)}", is a finite set of disjoint balls; Card(4) is called the
size of this ¢-packing.

Figure 2.4 An ¢-covering and an e-packing of a set

Definition 2. The £-covering and ¢-packing numbers of K in (E, p) are defined by

N(KI|E) = min{n € N | 3 e—covering of K having size n}

10



and

M(K|E) = max{m € N | 3 e—packing of K having size m},
respectively.

Since E is totally bounded, .4,(K|E) is finite for every ¢ > 0. Moreover, the maps € —
N.(K|E)and € — #,(K|E) are non-increasing. The relation between .4, (K | E) and .#,(K |E)
is described by the following double inequality which was proved in [33].

Lemma 3. Forany e >0, it holds that
AMre(K|E) < N(K|E) < M(K|E).

Let us now introduce a commonly used notion of dimension for a metric space (E, p) as
proposed in [9, §4].

Definition 4. The doubling and packing dimensions of (E, p) are respectively defined by

¢ d(E)is the minimum natural number n such that for every x € E and ¢ > 0, the ball

B,(x,2¢) can be covered by 2" balls of radius ¢&;

e p(E)is the maximum natural number m such that for every x € E and € > 0, the ball

B,(x,2¢) contains an ¢-packing of size .#,(B,(x,2¢)| E) which satisfies the inequality

2™ < Mo(B,(x,28)|E) < 2"

We conclude this section with a result from [19], relating £-covering and &-packing.

Lemma5. Given R > 2 >0, let k and m be natural numbers such that

k R m
2.7 < =< 27,
£
For all z € E, the following hold:
J%(Bp(z,R) ‘ E) < pmd(E) 2.3.1)
and
//tg(Bp(z,R) ‘ E) > 2+ Ip(E) 2.3.2)
Proof. 1. For every n > 0, we first show that
,/VE(Bp(z,Z"e‘) ' E) <2ME)  forallzeE. (2.3.3)

11



Assuming that (2.3.3) holds for n =i > 0, for any given z, € E, from Definition 4, we have
</V2is (Bp(zo,2i+1€) ‘ E) < 2d(E)

Equivalently, there exist x;, x,, ..., X,ar € E such that

2d(E)
Bp(ZO!ziJrlg) < U Bp(xjyzig)
=1
and e
=1

Thus, (2.3.3) holds for n =i + 1 and the method of induction yields (2.3.3) for all n > 0. In
particular, the non-decreasing property of the map r — .4, (Bp(z, r) ‘ E ) implies that

JVS(BP(Z,R) ‘ E) < %(Bp(z,zms) ’ E) < omdlE),

2. To achieve the inequality in (2.3.2), we prove that

.//ls(Bp(z,2-7"€) ’ E) > 2 RE)  forall ze . (2.3.4)

It is clear from Definition 4 that (2.3.4) holds for n = 0. Assuming that (2.3.4) holds for
n=1i2>1, for any given z, € E, from Definition 4, we have

Mg, (Bp(zo, 12-7'¢) ’ E) > 2P,
Equivalently, there exist x;, x,, ..., Xone € Bp(zo, 12-7¢¢) such that
plx;,x;,)>6-7e>4-Te+2¢  forall j# j,€{1,2,...,2°F}.
In particular, for every j, # j, €{1,2,...,2P)} it holds that
P(z1,2,) > 2¢ forall z, € B,(x;,,2- 7€)z, € B,(x;,,2- 7'e).

Since B, (x;,2-7'¢) C B,(zy,2- 7" ¢) forall j €{1,2,...,2PF)},

2p(E)
/%E(Bp(zmgqmg) ‘ E) > Z“ﬂe (Bp(xj,2-7"g) ‘ E) > 9P(E) oli+1p(E) _ o(i+2p(E)
j=1
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Thus, by the method ofinduction, (2.3.4) holds for all n > 0. In particular, the non-decreasing
property of the map r — #, (Bp(z, r) ’ E) implies that

J%E(Bp(z,R) ‘ E) > M, (Bp(z,2-7k£) ' E) > Uk+Dp(E)

O
As a consequence of Lemma 3 and Lemma 5, we obtain
R log,(2)-p(E) 2R d(E)
(—) < J%(Bp(z,R) ‘ E) < (—) (2.3.5)
4¢e e
and
R \log:(2}p(E) 4RN\4E)
(5) < M, (By(z.R) ’ E) < (7) . (2.3.6)

2.4 Semiconcave functions

In this section we state some basic definitions and properties of semiconcave (semiconvex)

functions in R. We refer to [18] for a general introduction to the respective theories.

Definition 6. A continuous function u : 2 — R4 is semiconcave if there exists a nonde-

creasing continuous function w : [0, 00) — [0, c0) with lir(l)rl+ w(s)=0 such that
u(x+h)+u(x—h)—2u(x) < w(|hl)-|h|

for all x, h € R? such that [x — h, x + h] C Q. We say that
- uissemiconcave in Q2 with a semiconcavity constant K if w(s)= K s forall s €[0,4+00);
- u is semiconvex (with constant -K) if —u is semiconcave (with constant K);

- u is locally semiconcave (semiconvex) if u is semiconcave (semiconvex) in every

compact set A C (2.

For every x € Q with Q C R4 open, the sets

D*u(x) = {peRd:limsup wy)—ux)=(p,y = x) 30}
y—x |y—X|
and
D u(x) = {peRd :lim inf wy)=ux)=(p,y = %) 20}
y—x ly — x|

13



are called the superdifferential and the subdifferential of u at x respectively. It is clear that

D*u(x)is convex and
D u(x) = —D*(—u)(x) forall x €.

The superdifferential of a semiconcave function possesses the following properties as

proved in [18, Proposition 3.3.4, Proposition 3.3.10].
Proposition 7. Ler u:Q— R be locally semiconcave with Q2 C R? open, convex. Then:

(i) Thesuperdifferential D" u(x) is a compact, convex, nonempty set for all x € Q. Moreover,

the set-valued map x — D™ u(x) is upper semicontinuous;
(ii) D*u(x) is a singleton if and only if u is differentiable at x;
(iii) If D* u(x) is a singleton for all x €, then u € €'(Q);

(iv) Forevery x,y €9, it holds that

(py—Pe,y—x) < o(lx—y)-|ly—x|
forall p, € D*u(x) and p, € D" u(y).
As a consequence of (ii)-(iii) if u is both locally semiconcave and locally semiconvex then

u is in ¢'(Q). This is crucial to prove further regularity results for viscosity solutions of

Hamilton-Jacobi equations, to be dealt with in Section 2.7. From (iv), we get

Corollary 8. If u: Q — R is semiconvex with constant—K then for every x,y €, it holds
that

(py=Pu,y—x) 2 =K-|ly—x*
forallp, € D™ u(x) and p, € D~ u(y).
For any given constants r, K > 0, we define
S Clrx) = {V e Lip(R?): Lip[v] < r and v is semiconcave with constant K} . (241

From the proof of [3, Proposition 10], we obtain a lower bound on the ¢-entropy for the
set {D vV, ‘VE S Gy, K]} in L! (O0y), which will be used to establish a lower estimate on the
R

e-entropy of a set of viscosity solutions in Section 3.2.
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Corollary 9. Given anyr,R,K >0, for every

0 < & < min{r, K} wq-R*
& < min{r,K}: ——,

(d +1)2d+8

there exists a subset %[’f K] of & 6|,k such that
d(¥® > 9Bk ith = ! KegRT d
Card(9} ) = 2= with A = 3aasms \ @)
and
— > R
HD v, ~Dw o 2 2¢  forallv#FweY, .

2.5 Bounded variation functions

This section introduces the concept of functions with uniformly bounded total variation
and then we extend this notion to investigate classes of functions having bounded total

generalized variation. We refer to [2] for a comprehensive analysis of this topic.

2.5.1 Functions of bounded total variation

Definition 10. The function u € L'(Q2) taking values in R™ is a function of bounded variation
on Q C R4, thatis, u € BV(Q,R™), if the distributional derivative of u, denoted by Du, is

an m x d matrix of finite measures D; u“ in (2 satisfying
m m d
ZJ udivp®dx = —ZZJ p?dD,u® forallp e[€ QRY]",iefl,...,d}.
a=1JQ a=1 i=1 JQ

We denote by | D u| the total variation of Du, i.e.,

|Du|() = sup {ZJ u’div®yp ‘ @ 6[%;(Q,Rd)]m,||<,0l|po(m < 1} )
a=1J90

In particular, for real-valued functions, the above definition may be rewritten as follows.

Definition 11. The function u € L!(Q) is a function of bounded variation on €, that is,
u € BV(Q,R)), if the distributional derivative of u is representable by a finite Radon measure

inQ,i.e, if

0
f u- L4 dx = —f pdD;u forall¢€<€§(Q,R),ie{1,2,...,n}
0 o x; 0

15



for some Radon measure Du = (D, u, D, u,..., D,u). We denote the total variation of the

vector measure D u by |Dul, i.e.,

|Du|(2) = sup{f u(x)div () ‘ XS ‘KCI(Q,R"),IIQOIILoo(Q) < 1} .
Q

Let us state Helly’s theorem ([31]) on compactness of functions having bounded total

variation, which motivates us to find metric entropy estimates for such function classes.

Theorem 12. (Helly’s selection principle) Every sequence of uniformly bounded variation

functions has a convergent subsequence, i.e., BV (£, R™) is sequentially compact in L}(2).

We recall a Poincaré-type inequality for bounded total variation functions on a convex
domain. This result is based on [1, Theorem 3.2] and on [2, Proposition 3.2.1, Theorem 3.44]

and is essential for our work in Section 3.1.

Theorem 13. (Poincaré inequality) Let 2 C R? be an open, bounded, convex set with a
Lipschitz boundary. For any u € BV (€, R), it holds that

f|u(x)—ug| ax < T 1y 0)
Q

where ug = m -fﬂ u(x) dx is the mean value of u over Q.

Now we put forward some remarks on functions of bounded variation proved in [2], which

are useful for our proofs in Section 3.2.

Remark 14. Let 2 C R? be an open, bounded set and let us assume that there exist pairwise

disjoint open sets {£2;},;<, with piecewise ¢! boundary such that

n n _
UQi cQc| JQ,;.
i=1 =1

i

If we have functions u; € €(Q;), we can construct a piecewise defined function u: Q — R
which is equal to u; on each 2; and defined arbitrarily on the remaining set of measure
zero denoted by 2. Applying Gauss-Green theorem to every €2;, for i =1,---, p, it holds that

f udivy dx = —f (Vu,p)dx — f u;{,v,)ydx"  forall ¢ €[€'()]
Q; Q;

29,

where v; is the inner unit normal to ;. Summing over i yields u € BV (£2,R) with D u given
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by
p
Vu.,‘£2+z u; Vijfiﬂm o0,

i=1

) -

Definition 15. Let A be an 2 “%-measurable subset of R?. For any open subset Q C R¢, the

perimeter of A in €2, denoted by P (A, 2), is the total variation of y, in 2, i.e.,

P(A,Q) = supU div od x ’ ¢ €[CHARY @Iy < 1} : (2.5.1)
A

We say that A is a set of finite perimeter in Q if P(A,{2) < 00.

Remark 16. The class of sets of finite perimeter in 2 includes all sets A with 6! boundary
inside Q such that 91 (Q N 99Q) < oo.Indeed, by Gauss-Green theorem, for every set A,
it holds that

fdivgodx = _f (va,p)dxe®™  forall p €[6)(QR]? (2.5.2)
A QNon

where v, is the inner unit normal to E. Using 2.5.2 in 2.5.1 yields P(A,Q)=.£9"1(Q N 9Q).

Finally, let us state an important theorem ([2, Theorem 3.9]) which characterizes bounded

variation functions.

Theorem 17. Let u €[L}(Q)]™. Then u €[BV (, R™)]™ if and only if there exists a sequence
(1)1 €€ (Q,R™)]™ which converges to u in [L(Q)]™" and satisfies

L := lim J Vu,ldx < oco. (2.5.3)
n—oo Q
Moreover, the least constant L in 2.5.3 is |D u|(£2).

2.5.2 Functions of bounded total generalized variation

In this subsection, we explain the meaning of total generalized variation of a function
g :[a, b]— E which was well-studied in [42] for the case E =R.

Consider a convex function ¥ : [0,+00) — [0,4+00) such that

v(0) =0 and P(s) >0 forall s >0. (2.5.4)

Definition 18. The W-total variation of g over [a, b] is defined as

n—1

TV (g [a,b]) = sup > W(p(glx),8(x1)). (2.5.5)

neN,a=xo<x<..<x,=b =
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If the supremum is finite then we say that g has bounded W-total variation and denote it
by g € BV¥([a, b], E). In the case of ¥(x) =|x|” for some y > 1, we denote by

BVi(la,bl,E):=BV"(a,b]), TV7(gla bl) = TV"(g,la,b])

the fractional BV space on [a, b] and the y-total variation of g, respectively.

For any function g € BV¥([a, b], E), by a contradiction argument we infer that g is a regu-
lated function, i.e., the left and right hand side limits of g at x, €[a, b] always exist and are
denoted by

g(xp—) == lim g(x) and g(xy+) = lim g(x).

X—Xy— x— X+

Moreover, the set of discontinuities of g
Dy = {x €la,b] | g(x+)=g(x)=g(x—) does not hold}
is at most countable. In particular, we have the following:
Lemma 19. For any function g € BV¥([a, b], E), the following function
g(b) = g(b), g(x) = g(x+)  forallx<la,b)
is a continuous function from the right on the interval[a, b) and belongs to BV¥([a, b), E)

with
pu(§.g) =0 and TVY(glab]) < TV"(gla b]). (2.5.6)

Proof. Since %, is at most countable, it holds that

pu(g g) = f pg(x),g(x)dx =0.
la,b]\Z,

On the other hand, for any partition {a = x, < x; <--- < x,, = b} of [a, b],

n—1

D Wp(Exi), gx)) = Wp(g(h) gy i+ + Y W(p(glai+), glxi+)

i=0

IA

TV'(g,[a,b])

and this yields the second inequality in (2.5.6).
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The following remark is used in the proof of the upper estimate in Section 4.1.

Remark 20. Under the assumption (2.5.4), the function W is strictly increasing on [0, +00)
and
s
U(s) < n -U(t) forallO<s<t. (2.5.7)

Tl(s) .

Moreover, its inverse W is also strictly increasing, concave and the map s — is

s
strictly decreasing on [0,+00).

Proof. By the convexity of W and (2.5.4),

U(s) < t;ts-\IJ(O)—f-;-\If(t) = 2w < w(n)

~ | ©

forall 0 < s < t. Thus, V¥ is strictly increasing and convex in [0, +00) and this implies that its

inverse ™! exists, is strictly increasing and concave. In particular,

P! U 1(s)—0 0 P!
(s) = (s) 0 > r(r) forallO<s<r

N N

T(s)
.

and this yields the decreasing property of the map s —

O

We conclude this subsection by stating Helly’s extracting theorem ([42, Theorem 1.3]), which
extends Helly’s selection principle to the case of bounded generalized variation functions.

Theorem 21. (Helly’s extracting theorem) Every sequence ( fn)n21 C BVY¥(la,b],E) has a
subsequence which converges to a function f € BV¥([a, b}, E) pointwise on[a, b].

2.6 Conservation laws

A scalar conservation law in one-dimensional space is a first-order partial differential
equation of the form

u(t,x)+ f(u(t,x)), =0 (t,x)€[0,00)xR (2.6.1)

where u :[0,00) x R — R is called the conserved quantity and f : R — R is the flux.

Here we introduce the fundamentals of this topic and refer to [16] for the related theories.

A basic feature of nonlinear systems of the above form is that, even for smooth initial data,

the solution of the Cauchy problem may develop discontinuities in finite time. In order
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to prolong the solution to 2.6.1 after the formation of a discontinuity, we need to adopt
the concept of a weak solution in the distributional sense, which will allow the presence of

discontinuities in the solution or in its space derivatives.
Definition 22. A function u € L°°((0, T') x R) is said to be a weak solution of 2.6.1 if for every

¢ € 61 ((0, T)xR,R), it holds that

Jf [u(t, x)o(t, x)+ f(u(t, x))p.(t,x)]dtdx = 0.

(0,T)xR

Remark 23. A function u € 6'((0, T) x R) is a classical solution of 2.6.1 if and only if u is a
weak solution of 2.6.1.

Lemma 24. (Closure of set of weak solutions inL|. ) Let(u,),>, be a sequence of weak
solutions of 2.6.1 such that

u, — uand f (u,)— f(u) inL, _. (2.6.2)
Then u is also a weak solution of 2.6.1.
Let us now define a weak solution of a Cauchy problem
u(t,x)+ f(u(t,x)), =0
(2.6.3)

u(0,)) = ug(*) fora given u, €L (R) .

loc

Definition 25. A function u :[0, T] xR — R is a weak solution of 2.6.3 if u is a weak solution
of 2.6.1 on the strip (0, T) x R and the map ¢ — u(t,-) is continuous with values in LllOC for
t €[0, T]with u(0,-) = uy(-).

In this case, the following lemma from [16] holds.

Lemma 26. Ifu:[0,T] xR — R is a weak solution of 2.6.3, then u is also a solution of 2.6.3
in the distributional sense, i.e., for every ¢ € 6/ ((—1, T) xR), it holds that

oo

Jf [u(t, x)p(t, x)+ f(u(t, x)p,(t,x)] dtdx + J uy(x)p(0,x)dx = 0.
(0,T)xR

—0Q

Now we state a necessary condition derived in [16] for the piecewise constant function U

as defined below, to be a weak solution of 2.6.1. The function U is given by
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ut if x>A-t
U(t,x)

(2.6.4)
u- if x<A-t

for some u*, A €R.

Lemma 27. (Rankine-Hugoniot condition) The function U in 2.6.4 is a weak solution of
2.6.1if and only if it holds that

_ fun—fur)

utr—u-

A (2.6.5)

Figure 2.5 Deriving the Rankine-Hugoniot condition

Towards deriving condition 2.6.5 for general weak solutions of 2.6.1, we define the following.

Definition 28. (Approximate jump) A real-valued function u € L] _has an approximate
jump discontinuity at a point (7, X) if there exist u*,A € R such that upon setting U as
defined in 2.6.4, it holds that

1 .
lim JJ |u(F+1,%+x—U(t,x)|dxdt = 0. (2.6.6)
[=rr]2

r—0+ r2

In this case, v~ amd u* are the left and right approximate limits of u at (7, X) and A is the
jump speed.

The next proposition follows from this definition.
Proposition 29. Let u be a bounded weak solution of 2.6.1 having an approximate jump

discontinuity at a point(t, X), i.e., 2.6.6 holds for some u*, A € R. Then the Rankine-Hugoniot
condition 2.6.5 holds.
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The concept of weak solution is not sufficient to find a unique solution whenever a strong
discontinuity appears in the solution. Therefore we additionally provide the following
admissibility conditions that can be present in a weak solution, to achieve uniqueness of

solutions and continuous dependence on the initial data.

 Vanishing viscosity: We say that a weak solution u : 2 — R of 2.6.1 is admissible in the
vanishing viscosity sense if there exists a sequence of smooth solutions of the viscous
parabolic approximation
e /(.. & e _ 3
u,+f(u)-u, = eu (2.6.7)

so that u* converges to uin L, _as ¢ — 0.

* Entropy conditions: Motivated by the second principle of thermodynamics, as kinetic
energy is dissipated when a shock appears, we introduce the following concept of

entropy which characterizes irreversible processes.

Definition 30. (Entropy-Entropy flux) We say that a pair of 6! functions(n,q): R —R

is an entropy-entropy flux pair for 2.6.1 if

q'(w) = n'(u)- f'(u) (2.6.8)

at every u where 1, q and f are differentiable.

Remark 31. If u is a classical solution of 2.6.1, then u solves the equation

n(w)], +{q(u)]l, = 0

In this case, n(u) is conserved. However it is not conserved in general, when u is

discontinuous, as shown in [16].

Let us now formulate the notion of an entropy admissible weak solution. Let u* be the

smooth solution of 2.6.7. We also see that it is a solution of the equation

()], +[q(u)]; = & ()] —n"(u)-[ui?) .

In particular, if n is convex and smooth, we have

()], +1q(u)]; < &-[n(u)] .

Thus for every non-negative test function ¢ € 6:(R), it holds that

Jf[n(us)%w(us)«px]dtdx > JJ u)p, drdx .
Q

22



If u® converges to u in L] _then as ¢ — 0%, we get

Jf[n(u)tpt+q(u)apx]dtdx >0. (2.6.9)
Q

This yields the following entropy admissible condition.

Definition 32. A weak solution u of 2.6.1 is entropy admissible if it satisfies the inequality

[n(w)], +[q(u)], <0

in the distributional sense for every pair of convex entropy-entropy flux (), q), i.e., 2.6.9
holds for every non-negative test function ¢ € 6;(R).

In order to establish some stability conditions, we recall U as in 2.6.4 and consider a slightly
perturbed solution where the original shock joining two states u™ is split into two separated
smaller shocks that join u* and u~ with an intermediate state

u=aut+(1—a)u” for some a €(0,1).

To ensure that the L!-distance between the original solution and the perturbed one does
not increase in time, we must have [speed of jump behind] > [speed of jump ahead].
By 2.6.5 this implies,

fu)=fu) _ fu)—fue)

ue—u- - u+t—u«

(2.6.10)

This is equivalent to

flau"+(1—-a)u™) > af(u")+(Q—a)f(u") if uw<u*
(2.6.11)

flau"+(1—a)u™) < af(ut)+(Q—a)f(u) if uw>u*

Proposition 33. The function U is an entropy admissible solution of 2.6.1 if and only if the
condition 2.6.11 holds.

Another type of admissibility condition may be defined as follows.
Definition 34. We say that a weak solution of 2.6.1 is admissible in the sense of Lax if at

every point (7, X) of approximate jump discontinuity with the left and right states u—,u"
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and speed A, the Lax condition holds, i.e.,

_ fu)—fo)

HOEY, P

fu®). (2.6.12)

In the case of convex flux f”(u) > 0, the stability condition 2.6.11 and Lax condition 2.6.12

are equivalent. Moreover, if f”(u)> 0 then the Lax condition is equivalent to the condition

u >u'.

In the case of general flux, the Lax condition does not imply the stability condition.

We conclude this section with the following theorem from [16].

Theorem 35. Let f : R — R be locally Lipschitz continuous. Then there exists a continuous
semigroup S : [0, 00) x L}(R) — L'(R) such that for each u € L'(R)(\L*(R), the trajectory
t — S, u yields a unique bounded, entropy admissible weak solution of 2.6.1 with u(0,-) =u.
Moreover, the following properties hold.

(i) (Semigroup property) Syu = u, SsS;u=8;,,u.
(@) IS, =S, Vlluw <[4 =Vl -

(iii) Ifu <v forall x €R then

S, u(x)<S,v(x) forall (t,x)e€[0,00)xR.

2.7 Hamilton-Jacobi equations

Let us consider a first-order Hamilton-Jacobi equation
u,(t,x)+H(D,u(t,x)) =0  forall(t,x)e(0,00)xR? (2.7.1)

where u :[0,400)xR? - R?, D .u=(u,,...,u,,) and H : R? - R is a Hamiltonian. Due to
the nonlinear dependence of the characteristic speeds on the gradient of the solution, in
general a classical solution u will develop singularities and the gradient D u will become
discontinuous in finite time. To cope with this difficulty, the concept of viscosity solution
was introduced by Crandall and Lions in [21] to guarantee global existence, uniqueness
and stability of the Cauchy problem. Under standard assumptions of the convexity and the
coercivity on Hamiltonian H, (2.7.1) generates a Hopf-Lax semigroup of viscosity solutions
(S;)s0 : Lip(R?) — Lip(R¢). More precisely, for every Lipschitz initial data u, € Lip(R%), the
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corresponding unique viscosity solution of equation (2.7.1) with u(0, x) = uy(x)is computed

by the Hopf-Lax representation formula
. X—=y
u(t, x)=S,(uy)(x) = mln{uo(y)+t-L(—)} (2.7.2)
yeRd t

where L is the Legendre transform of H. In addition, if H is strongly convey, i.e., there exists
a constant A > 0 such that

D*H(p) = A-1, for all p e R?,

1 o
then the map x — u(t, x)— YT ||x||? is concave for every ¢ > 0. In particular, u(z,-)is twice

differentiable almost everywhere and D, u(t,-) has locally bounded total variation.

We consider (2.7.1) with a coercive and strictly convex Hamiltonian H € ¢'(R%), i.e.,

H
| llm % = 400 and H(tp+(1—1t)g) < t-H(p)+(1—1t)H(q) forall t €(0,1) and
pHOO

p,q € R? and satisfying the additional condition of uniformly directional convexity, i.e.,

for every constant R > 0 it holds that

inf
p#q<B(0,R)

< DH(p)—DH(q) p—q

, = Ar > 0. (2.7.3)
|IDH(p)—DH(q)| |p—q|> .

Moreover, without loss of generality, we assume that H satisfies further conditions
H(O0)=0 and DH(0) =0, (2.7.4)

otherwise the transformations x — x + tDH(0), u(t,:) — u(t,x)+ ¢t - H(0) and H(p) —
H(p)— (D H(0), p) reduce the general case to this one.

Remark 36. If H € 6%(R%) satisfies
D*H(p) = |D*H(p)|-A(p) with  A(p) > A-1, (2.7.5)

for some A > 0 then H satisfies (2.7.3).

Proof. For any p # q € R%, by mean value theorem, it holds that

1

DH(p)—DH(q)= f D*H(tp+(1—1t)q)-(p—q)dt

0

= U A(tp+(1—t)q)IDzH(tp+(1—t)q)|dt]-(P—c/)
0
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and

1
|IDH(p)—DH(q)| < IP—OI|'f ID’H(tp+(1—1t)q)ldt.
0

Thus, using (2.7.5), we estimate

1
(DH(p)—DH(q),p—q)= f [(p—a@) Altp+(1=1)g)p—q)]- |D*H(tp+(1—1)q)|d1
0

1
> A-|p—q|2J |D*H(tp+(1—1)q)|dt
0

> A-|DH(p)—DH(q)|-|p—ql
and this implies (2.7.3).

O

It is well-known that in general, classical smooth solutions of (2.7.1) break down and the
Lipschitz continuous functions that satisfy (2.7.1) almost everywhere together with a given
initial condition are not unique. To deal with this problem, the concept of a generalized

solution was introduced in [21] to guarantee global existence and uniqueness results.

Definition 37. (Viscosity solution) We say that a continuous function u : [0, T] x R is a

viscosity solution of (2.7.1) if:

(1) uis a viscosity subsolution of (2.7.1), i.e., for every point (y, x,) € (0, T) x R¢ and test
functionv e ¢ 1((0, +00) x Rd) such that u— v has alocal maximum at (#,, x,), it holds
that

v, (Lo, Xo) + H(Dx v(ty, xo)) <0.

Io

u

Figure 2.6 Viscosity subsolution
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(2) uis a viscosity supersolution of (2.7.1), i.e., for every point (#,, x,) € (0, T) x R¢ and
test function v € ¢ 1((0, +00) x R4 ) such that u — v has a local minimum at (¢, x), it
holds that

v,(t,, x0)+H(Dx v(t,, xo)) =0.

u

Irp

Figure 2.7 Viscosity supersolution

By the alternative equivalent definition of viscosity solution expressed in terms of the
subdifferential and superdifferential of the function (see [21]) and from Proposition 7 we
observe that every ! solution of (2.7.1) is also a viscosity solution of (2.7.1). On the other
hand, if u is a viscosity solution of (2.7.1) then u satisfies the equation at every point
of differentiability. Let us state a result on further regularity for viscosity solutions ([3,
Proposition 3]) which says that smoothness in the pair (¢, x) follows from smoothness in

the second variable.

Proposition 38. Let u be a viscosity solution of (2.7.1) in[0, T]x R?. If u(t,-) is both locally
semiconcave and semiconvex in R? for all t € (0, T] then u is a €' solution of (2.7.1) in
(0, T]xR.

The viscosity solution of the Hamilton-Jacobi equation (2.7.1) with initial data u(0,-) =
uy € Lip(R%) can be represented as the value function of a classical problem in calculus of

variations, which admits the Hopf-Lax representation formula

—mind . 722 d
u(t,x)—flre%}{t L( " )—i— uo(y)} >0, xeR%, (2.7.6)

where L € 6'(R%) denotes the Legendre transform of H, defined by
€Rd

L(g):= Ipnax{p-q—H(p)} g R, 2.7.7)
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The main properties of viscosity solutions defined by the Hopf-Lax formula, which will be
used in Section 3.2, are listed below ([18, Section 1.1, Section 6.4]).

u Yz
minimizer

Figure 2.8 Hopf-Lax representation formula

Proposition 39. Let u be the viscosity solution of (2.7.1) on[0,+00) x R4, with continuous
initial data u,, defined by (2.7.6). Then the following hold true.

(i) Functional identity: For all x € R and 0 < s < t, it holds that

u(t,x):min{u(s,y)+(t—s)-L(x_y)}.

yeRd r—s

(ii) Differentiability of u and uniqueness: (2.7.6) admits a unique minimizer y, if and

only if u(t,-) is differentiable at x . In this case we have

Vi = x—t-DH(Dxu(t,x)) and D, u(t,x) € D™ uy(yy)-

(iii) Dynamic programming principle: Let t > s >0, x € R%. Let us assume that y is a
s
minimizer for (2.7.6) and define z = ;x + (1 — ;) y. Then y is the unique minimizer

overR? of

<—w

w»—»s-L( )+ uy(w) forallweR?.

As a consequence, the family of nonlinear operators

S, : Lip(R%) — Lip(R%), Uy — S, uy, t>0,
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defined by

St Up(x) := min ,cga {t . L(g)+ uo(y)} t>0, x R4

(2.7.8)

Souo(x) == u(x) x eR?
possesses the following properties as proved in [3]:

(i) Forevery u, € Lip(R?), u(t, x):=S, uy(x) provides the unique viscosity solution of the

Cauchy problem (2.7.1) with initial data u(0,) = u,.
(ii) (Semigroup property)

S;sUp=S; S, uy, forallt,s>0, forall u,eLip(R?).

(iii) (Translation) For every constant ¢ € R we have that

Si(ug+c)=S,uy+c, for all u, € Lip(R%), forall £ >0. (2.7.9)

(iv) The map S, is continuous on sets of functions with uniform Lipschitz constant with
respect to Wll(;i—topology, i.e., for every u, € Lip(R%) with a Lipschitz constant M such
that

(RY),

s 1,1
u, — u inWp,

we have that S,(u,,) also converges to S,(u) in W''(R%) .

loc
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CHAPTER

3

METRIC ENTROPY FOR
HAMILTON-JACOBI EQUATIONS

This chapter is an in-depth study on how to find metric entropy estimates for the set of
viscosity solutions to the Hamilton-Jacobi equation with a coercive and uniformly direc-
tionally convex Hamiltonian. Section 3.1 illustrates how to find upper and lower bounds on
the minimal number of functions needed to represent a BV function with an accuracy of ¢
with respect to L'-distance. These bounds are then utilized in Section 3.2 to analyze the
BV-type regularity for viscosity solutions of the Hamilton-Jacobi equation and derive our

desired estimates.

3.1 Metric entropy for BV functions

An approach towards quantifying the compactness of BV functions in L!-space was ini-
tialized in [35] which dealt this problem in the scalar case and proved that the £-entropy
of a class of real-valued BV functions in L! is of the order l In this section we refine this
conclusion further and provide estimates of the -entropy fgr a class of uniformly bounded
total variation functions in L!-space in multi-dimensional cases. In particular, we show

that the minimal number of functions needed to represent a BV function with an error up
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to & with respect to L!-distance is of the order Sid, where d is the dimension of the space

under consideration.

We begin by stating a result on the £-entropy for a class of bounded total variation functions
in the scalar case and prove it using a method similar to that in [10]. Given L, V, M > 0, we
denote

Buum = {f L(O.LL10,M) [IDfIO.L)< V], 3.11)

Lemma 40. Forall0< e < w, it holds that

(3.1.2)

Ho(Bupw | L0, L) < s[M] .

&

Proof. Forany f € 3B, v, let V(x) be the total variation of f over [0, x]. We decompose f

as
f(x) = fr(x)—f(x) forall x €[0, L]
where [~ = VfT*f + ¥ is a nondecreasing function from [0, L] to [0, 22 | and f* = Vf;f +24
is a nondecreasing function from [0, L] to [ %, 221 | Defining
V+M
g = {g :[0,L]— [0, 5 ] ’ gis nondecreasing} ,
we have
M M
%[L,M,V] c (j-f'?)—j = {g—h‘gEj-i'? and th} (3.1.3)

For any ¢ > 0, it holds that
e (B L0, LD) < [A(# L0, L] .

Indeed, from Definition 1, there exists a set ¥: of 4z (. | L'([0, L])) subsets of L'([0, L]) such
that
g C U & and diam(&) = sup ||l —hllugpy < €.
EcY hy, €8

£
2

Thus, (3.1.3) implies

M
Brwv € | [(£1+7)—£2].

(61,62)€9s <G5
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For any two functions
M
fi=8—h G(dg’ﬂr?)—é’z fori=1,2,

we have
||fl_fz||L1([0,L]) < ||g1_g2||L1([O,L])+”hl_hZHL‘([O,L])

M
< diam(£’1+?)+diam(£’2) < e+e=2¢

and this implies that
M
diam[(é”l + ?) —é"z] < 2e¢.

By Definition 1, we have

Ne (%[L,M,V]

L'(0,L)) < [A45(# 1100, LD

and thus
I, (%[L,M,V]

Ll([o,L])) < 2.5, (y ‘ Ll([O,L])) . (3.1.4)

Finally applying [23, Lemma 3.1] in the case of .#, for 0 < ¢ < w, it holds that

#,(# | L'(0, L)) < 4@ J

&

and then (3.1.4) yields (3.1.2). O
Now we proceed to establish upper and lower estimates of the ¢-entropy for a class of

uniformly bounded total variation functions,
‘g[L,M,V] = {u € Ll([o’ L]d!R) || u||L°°([O,L]d) < Mr |D ul((or L)d) < V} ’ (315)
in the L'([0, L]¢,R)-space. Our main result in this section is stated as follows.

Theorem 41. Given L, M,V >0, forevery0< ¢ < MTLd, it holds that

1
L'([o, L]d)) < TLarmv: o (3.1.6)

log,(e) [ VL

d
8 2d+2gJ < (‘%’M'V]

where the constant 1, | v vy Is computed as

8 a [2447V ML
r[d,L,M,V] = ‘/—3(4\/ELV) +( M +8)( 8 .
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Proof. (Upper estimate) Let us first prove the upper-estimate of ¢, (9'[ LM,V]

L'([0, L]d)).

This proofis divided into several steps.

1. For any N €N, we divide the square [0, L]? into N¢ small squares O, for t = (t1, ¢, ...,L4) €
{0,1,..., N —1}¢ such that

tL L L L
O, = _+([0,_]x[0,—]x...x[0,—D and U O, = [0, L]°.
N N N N 1€{0,1,2,..,.N—1}4

For any u € 7, v, let u, defined as

1
-M < u, = u(x)dx < M
Vol(O,) o

denote the average value of u in O, for every ¢ € {0,1,2,..., N —1}¢. Let & be a piecewise

constant function on [0, L]¢ such that

u, forall x € int(l:lL)

i(x) = .
(x) 0 forall x € U a0,
1e{1,2,..,N—1}d

A
L
L

u, = V_OI}DL)f u(x)dx
o

R

Figure 3.1 Construction of i

By the Poincaré inequality, we have f 0, lu(x)—u,| dx < ma%(m - |Dul(int(3,)) for all

t€{0,1,2,..., N —1}%. Hence, the L'-distance between u and i can be estimated as

lu— @l qo,L10) = f lu(x)—a(x)ldx = Z lu(x)—u,|dx
[0,L]4

1€{0,1,2,...,N—1}d J ot
diam(int(d,)) . vd .
< Z = Du|(int@,) | £ —— Z |D u|(int(0),))
2 N
t€{0,1,2,...,.N—1}4 o

= Lvd IDul((0,L)%) < ﬂ-v. (3.1.7)
N N
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2.Let e}, e,, ..., e, be the standard basis of R where e; denotes the vector with a 1 in the i-th
coordinate and 0’s elsewhere. For any ¢t € {0, 1,2,..., N — 1}¢ and je€{1,2,...,d}, we estimate

| Upre; — uL| in the following way.

1 1
U —U| = | ——= ux)dx ———— u(x)dx
e~ = | f (¥)dx =g f e

]

1 1 ¥
= M.UDLL Du(x+se;)(e;)dsdx

~ Vol(O,)
N d—1
ds < (f) -|Du|(int(|:|LUDL+ej)). (3.1.8)

-
Js u(x+%-ej)—u(x) dx

< 1 .
= Vol(O,) L

Let us rearrange the index set

J Du(x +se;)(e;)dx

01,2, N1} = {&',x%,... "}
in a manner such that for all j € {1,..,N%—1},
KM =Kk e for some k €{1,2,...,d}.

From (3.1.8) and (3.1.5), we have

N1 d—1 N4-1

N
>t — ] < (f) D ID ul(int(T UDy))
j=1 j=1
N d—1 N d-1
<2(7) puion<2v(7) . e

To conclude this step, we define the function f, y : [0, LN 9] —[-M, M| associated with u
such that

i-L (i+1)-L
fun(x) = ugn  for allxe[%,%),ie{O,l,...,N”z—l}.

Then recalling (3.1.9), we have

N d—1
ID f, 5100, LN“7) < zv(f) ) (3.1.10)
3. Let us denote
N d—1
Ly = L-N91, By = 2V(f) . (3.1.11)
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We introduce the set

Fn = {f:0,Ly) = [-M,M]|IDfI(0, Ly)) < By and
i-L (i+1)-L

f(x)=f(iTL) forall x € TN

),ie{o,Lz,...,Nd—l}}.

(3.1.10) implies
fu,N S jN forallueg[L,Myv].

On the other hand, recalling that

Buompn) = {F €100,y [0,2MD | IDFIO L)< B,

we have
In C Biryompg—M.

From Lemma 40, for every 0 < &’ < w, it holds that

H (%[LN,ZM,ﬁN] L'([o, LN])) < 8- {MJ ,
which yields
(7 |10 10D) < o[ PEEERD)
By Definition 1, there exists a set of Iy ., = 28’[ e functions in Zy,
YN = {81’82’ . -’ng,S/} C Iy,
such that

rN,s’

Iy C U B(g;,2¢').

i=1

So for every u € F; y,v), for its corresponding f, v, there exists g; € 9y ., such that

”fu,N_gju”Ll([gyLN]) < 2¢.

Let %y . be aset of Iy ., functions u;r :[0, LN — [—M, M ] defined as follows.

0 if xe (J adg
u;r = e{1,2,..,N}d

g/(SE)  if  xeint(@u),ie{l,2,...,N}
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for j€{1,2,...,d"}. Then corresponding to every u € Z; ».v), there exists uju € Uy . for
some j, €{1,2,...,Iy .} such that

N4 (i—1)-L
_ i—1)-
||”_”ju Li(0,L]d) — Z uw—gju(T)“VOI(Dm)
1=
il (i—1)-L (i—1)-L\| L L
Z Jon\ TN )78\ TN )| N N
=1
d—1 d—1
/
= m'”fu,N_gju”Ll([O,LN]) S 28T
Combining this with (3.1.7), we obtain
3 , LY LY/d
||u u]u”Ll [0.Ld) = Hu u”Ll ([0,L]¢) +||u_ugju Lo, S %€ T Nd-1 +T'V' (3.1.12)
4. For any ¢ > 0, we choose
2/ dLV , Nil.g
=|—-»|[+1 and e = (3.1.13)
€ 4Ld-1
such that
; <2,Ld—l L«/HV e &
Hu—u ”Ll([o,L]d) s <8 .Nd—1+T' = 5"‘5 = ¢
for all u € %, v, and for some u' € %y ... From the previous step, it holds that
Fimyv) S U B(u',e)
LULGOI/NVE/
provided we have
Nlg  Ly- +2M N (VN1 + ML
g = < N (Px ) _ ( ). (3.1.14)
4Ld-1 6 3Ld-2
This condition is equivalent to
4 d—1
£< o (LVN“'+MLY).
(3.1.13) implies that the condition (3.1.14) holds if
4 (2071d% L4y g
e < - +ML"|. (3.1.15)
3 gd-1
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Assuming 0 < ¢ < 24L° * + d% LV, we claim that (3.1.14) holds. Indeed, if 24L% 2 LS A% LV

then

2M L4 i AM LA

e < +d=2@ LV < 3

which results in (3.1.15). Otherwise, we have that ¢ < == 2M L AT LV < 2d % LV. Thus

4 (2d—1d‘TLdvd +MLd) 20147 LAy 4

0 +-ML?
2d—1¢ —2a— [ d-1Y/d-1

v
W W

3 gd—-1

d—1 4 d
= -d2 LV + §M L*.
and this implies (3.1.15).
To complete the proof, recalling (3.1.11) and (3.1.13), we estimate that

8.[MJ _ 28-[%-(LVNd_1+MLd)J

Card(%N,gl) = FNVE, = 2

(LV(|_ 2/dLv J+1) +MLd) .

< 2°
Therefore,
d-1
64 2V/dLV
%(%L,M,V] Ll([O,L]")) < ?-(LVQT|+1) +MLd)
64 22d—3d% Ld—l Vd—l
< —-(LV( +2d_2)+MLd)
gd—l
22d+3d Ld Vd 2d+4LV+MLd
d " . (3.1.16)
In particular, if 0 < & < 21~ ‘ then
_ ML 1
m(qu,M,V] Ll([O,L]d)) < lzz‘”gddzlLdV‘l+(2d+4LV+MLd)-( o ) ]-S—d

and this yields the right hand side of (3.2.27).

(Lower estimate) We are now going to prove the lower estimate of 7, (g'[ LM,V]

L'([0, 1))
1. Again given any N € N, we divide the square [0, L]¢ into N small squares 0,, for
t=(ty, L2, ...,04) €10,1,..., N —1}“ such that
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tL L L L
O, = _+([0,_]x[0,—]x...x[0,—D and U O, = [0, L]“.
N N N N 1€{0,1,2,..,N—1}d

Consider the set of N¥-tuples

Ay = 6=y

5, €10, 1}} .
Given any h > 0, for any 6 € Ay, we define the function u; : [0, L] — {0, h} such that

us(x) = D b, fingmy(x)  forall x€[0,L]".
1€{0,1,..,.N—1}4

Figure 3.2 Example of u;
This directly implies us € BV((0, L)4,R%) and

d—1
Dul©O DY < > IDusl@) < Zd_l(%) N"h = (2L)*"'Nh.

t€{0,1,..,N—1}4

Assuming that

VvV
0<h< min{M, —} (3.1.17)
2d—1[d—1 N

we have
14

d d—1 _
|Dus|((0,L)7) < (2L) N'm =

1% forall6 € Ay

and this implies
Yy = {us |0 €ANY C T Lmv forall N eN.
Hence,

Ne (g[L,M,V]

L'(0,11) = A (%

Ll([o,L]d)) foralle>0. (3.1.18)
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Towards an estimate of the covering number .4, (‘ﬁh, N ’ L'([0,L]¢ )), for a fixed 6 € Ay, we
can define

S5 (26) = {5GAN ’ 5 — g lluxgo.0) < 25} and  Cy(2e) = Card(s y(2¢))
(3.1.19)
since the cardinality of the set .%; y(¢) is independent of the choice of 6 € Ay. We ob-
serve that an &-cover of ¥, y in L' contains at most Cy(2¢) elements. Since Card(¥, ) =
Card(Ay) =2, it holds that

Nd

Cn(2¢) .

Ae( G

L'([o, L]d)) > (3.1.20)

2. Now we need to provide an upper bound on Cy/(2¢). For any given pair 5,6 € Ay,

hL"
Nn

lus — usllLoLye) = Z lus — usllug,) = nod,0)-
1€{0,1,...,N}4

where 1(5,6) = Card({L €{0,1,...,N—1} |6, # 5L}) . From (3.1.19), we obtain

- _ 2eN“
= v(2€) = A <
5(2) {6e v|n@.8) < S }
and it yields
2€Nd
l hLd J Nd
Cy(2¢) = Card(.%; y(2¢)) < ZO ( ) )

To estimate the last term in the above inequality, let us consider N4 independent random

variables with uniform Bernoulli distribution X;, X,, ..., Xy, i.€.,
1 . d
P(X;=1) = P(X;=0) = 3 forallie{1,2,...,N“}.

Setting Sy« := X; + X, + - + Xy, we note that for any k < N¢,

k
Z (1\7) = 2N P(Sy. < k).

r=1

. ) . . d
By Hoeffding’s inequality from [32, Theorem 2], for all u < -,

d .
P(Sya <ElSyal—p) = IP)(SNd < %_“) < e(_z\%)
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. . d d d
where E[Sy.] is the expectation of Sy.. Hence, for every 0 < £ < "2~ it holds that 27~ < 2~

4¢ 1
and ;77 < 5. Thus we have

l2€Nd

hLdJ d
Cy(26) < Z ( ) ) = 2Nd-P(sNds

r=0

hLd

£. d 2
(Nd_4hivd )
d - 2nd d (_
< 2N .e =2M".e

From (3.1.20) and (3.1.17),

1 d 2N* :
JV(% ‘L 0,L ) > > '
e| 9nn | LO([0,L]%) Coize) = ¢
provided
. 14 hL?
0<h<mniM, — and 0<e < —. (3.1.21)
2d—1[d—1 N )
Therefore, for every 0 < € < MTLd, by choosing
. 14 VL
h= mm{M, —} and N = [ J
2d—1[d—1 N 2d+2¢

such that (3.1.21) holds, we obtain that
g 1)) s B(HEE])
Ao | V00, L1) = el
Finally recalling (3.1.18), we have

Ao (Fun [L00,219) = ol T

and this implies the first inequality in (3.2.27). O

Remark 42. The upper estimate of 7, (9[ vy | L0, L]? )) can be improved. Indeed, from

L, d=t
(3.1.16), forevery 0 < & < %-(W—ILWjLMLd), it holds that

22d+3d%Ld Vd N 2d+4LV +MLd
gd £ '

3@(9[L,M,V] Ll([O»L]d)) <
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3.2 Application to Hamilton-Jacobi equation

Let us consider a first-order Hamilton-Jacobi equation
u,(t,x)+H(D,u(t,x)) =0  forall(,x)€(0,00)x R? (3.2.1)

where u:[0,+00)x R? - R?, D,u=(u,,...,u,,)and H :R? — R is a Hamiltonian. Under
standard assumptions of convexity and coercivity on the Hamiltonian H, for every Lipschitz
initial data u, € Lip(R%), the corresponding unique viscosity solution of equation (3.2.1)
with u(0, x) = uy(x) is computed by the Hopf-Lax representation formula
. xX=y
u(t, x)=S,(uo)(x) = mln{uo(y)+t~L(—)} (3.2.2)
yeRd t

where L is the Legendre transform of H. In addition, if H is strongly convey, i.e., there exists
a constant A > 0 such that

D?H(p) > A-1;  forallpeR?,

1
then the map x — u(t, x)— T || x||? is concave for every ¢ > 0. In particular, u(z,-) is twice

differentiable almost everywhere and D, u(t,-) has locally bounded total variation.

The first results on the ¢-entropy for sets of viscosity solutions of (3.2.1) were obtained in
[3]. The authors proved that the minimal number of bits needed to represent a viscosity
solution of (3.2.1) up to an accuracy ¢ with respect to the W"!-distance is of the order £~¢
under the strongly convex condition on Hamiltonian H. A similar result was also proved
in [4] by the same authors, for the case when H depends on the state variable x. There
the main idea was to provide controllability results for Hamilton-Jacobi equations and
a compactness result for a class of semiconcave functions. However, such a gain of BV
regularity does not hold for (3.2.1) with general strictly convex Hamiltonian functions and

the previous approach in [3, 4] to finding the £-entropy of the solution set cannot be applied.

Presently, we have extended the analysis of the metric entropy for sets of viscosity solutions
to (3.2.1) when the Hamiltonian H € € 1(Rd) is strictly convex, coercive and in the form of

a uniformly directionally convex function, i.e., for every constant R > 0 it holds that

inf
p#q<B(0,R)

<DH(19)—DH(61) p—q

, = Ar > 0. (3.2.3)
IDH(p)—DH(q)| |p—q|> f

By the Hopf-Lax representation formula (3.2.2), it is well-known from [18] that the set of
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slopes of backward optimal rays through (¢, x), denoted by

b(t,x)z{ y :u(t,x)zuo(y)+t-L(g)}, (3.2.4)

reduces to a singleton b(z, x) = D H(D, u(t, x)) for almost every (¢, x) € R, x R¢. Moreover,
if M is a Lipschitz constant of u, then for all ¢ > 0, b(z, ) can be viewed as an element in
L>°(R¥) with

Ib(Z, lpooma) < Ay = max{lql|: L(g) < M|ql}. (3.2.5)

Towards the sharp estimate on £-entropy of the semigroup S, for all ¢ > 0, we first establish
a BV bound on b(¢, ).

Theorem 43. Assume that H € 6! (Rd) is strictly convex, coercive and satisfies (3.2.3). For
every t > 0 and u, € Lip(R?) with a Lipschitz constant M, the function b(t,-) has locally
bounded variation and for every open and bounded set Q C R of finite perimeter

|Db(z,-)|(£2) < €. (AM +

Y M

dlam(ﬂ))'%d—l(ag)_i_ ? 19| (3.2.6)

WILRY b = Almaxyicy,, 1D Lig))-

3.2.1 BVboundonb(z,-)

In this subsection, we shall establish a BV bound on b(¢,-) as stated in Theorem 43 for a
given t > 0. Here, we recall (3.2.4) and note that 1 is a Lipschitz function with a Lipschitz
constant M. For any n > 1, setting

2—n+1

%, = Z = {y, Yoo s Voo b
73 vy Yoo}

we approximate the solution u by a monotone decreasing sequence of continuous functions
U, :(0,+00) x RY — R defined by

— mi —e). (=Y
u,(t,x) = irel:g,}{(l €,) Ug(y)+t L( ” )} (3.2.7)
with
&, -max [M|q|+L(g)] and Ay = max{|q|:L(q)<Mlql}. (3.2.8)

M-Ay g2

Let Ct’fx be the set of optimal points y € %, such that (3.2.7) holds, i.e.,
Ct’fx = argmin,, ., {(1 —&,) uy(y)+t-L (?)} .
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We define the multivalued-function b,, : (0, 00) x R — R4 by
b, (,x) = {x% :yec}  forall(s,x)€(0,00)xR". (3.2.9)

d .
1.Forany x eR* and y' € Ct’:’x, it holds that

(7))

IA

u,(t,x")—u,(t,x)

IA

o

h
~—

for all x’ € R%. In particular, we have
b,(t,x) € DH(D"u,(t,x))
and the set of points where b,,(¢, -) is not singleton,
¥} = {x|Card({b,(t, x)}) = 2},
is ¢ !-rectifiable. Moreover, {b,,(z,-)},>; is a bounded sequence in [L>°(R%)]4.

Indeed, for any given (x,y") e R? x C/* , let X € %, be the closest point to x such that
|x — x| <27". Using the Lipschitz estimate on u,, we obtain

() < 5 nmuonior(55)

t
1—¢,)-M — %
< %-(Ix—yx"|+2‘”)+L(x . x)

A

_yn

X
(l—sn)-M-' tyx

IA

+ max [M|q|+ L(q)].

2
lgl< =

Thus, (3.2.8) implies that
L(b,(t,x))—M-|b,(t,x)| < &,-M-(Ay—[b,(t,x)])

and this yields
by, [[Leo®ay < Ay foralln >1. (3.2.10)

On the other hand, let z, € %, be the closest point to y, € C, , such that |z, — y,| < 27".
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Since |x — y,|/t < Ay, we estimate

lu, (£, x)—u(t,x)| = min{(l—en)- to(y)+ tl(?)}_ uo(yx)—t-L(x_tyx)

vez,

(e iz by [L( ) =L (2]

IA

IA

2—n
|q|SAM+ t

((l_gn)M'i_ sup |DL(q)|)2_n+£n|u0(yx)l

IA

(M+ sup |DL(q)|)-2"+(|uo(0)|+M|x|+MAMt)-£n.

2—hn
lgl<Ap+5r

In particular, u,(f,-) converges uniformly to u(z,-) in any compact subset of R%.

2. Fixing n € Z*, forany i # j > 1, the set

is an open subset of R? with 6!-boundary

_ e
rit’f:{xeRd:(l_gn)uO(yi)JrﬁL(%):(l—sn)uo(yj)ﬂ.L( [y’)}.
Set ¥ :=J,,; 0. From (3.2.7) and (3.2.9), it holds that

X—=Yi

b,(t,x) = forall x € ;. (3.2.11)

In particular, b,,(¢,-) is in BV}, .(R%) with

©
1, §
Db,(t,) = 2- 294 b,(t,)®v;%"
(z,) . ;:1 (z,)

L vt
e,

and

d p(©)
divb,(t,) = ?-$d+2(bn(t,-), V)4
i=1

RUACEA
where v; is the inner normal vector to .

Proposition 44. Forevery t > 0 and for every open and bounded set Q. C R¢ of finite perimeter,

settingy ;== /l( @) it holds that

max‘q‘SAM |DL

1
Db, (1, 1) < —-(||bn(r,-)||mw)+
Ym

dlam(Q)).%d1(89)+?.|Q|_ (3.2.12)
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Proof. The proofis divided in to the following steps.

1. First we rewrite

I, a1 d—1
Db, (1) = LAt > (ymwevl
i#je{l,~,p(Q)} l !
and
divh,(1,) = &4 o 2 (y—wwe! 3219
W2, p J ir Vi Lanav! et o
i2je{lmpQ) Y
with

_ DL(=")-DL(")
|DL(EE)-DL()

t

vi(x) for%d_la.e.erﬂﬁﬂ/fﬂa"f/j‘.

In particular, this implies

| 1
‘Dbn(t,-)—f () < 5 ly;—yil- Qo (7). (3.2.14)

i#je{l,~,p(Q)}

For a fixed x eQﬂa“l/fﬂa“I/j‘, setting p; := DL(*) and p; := DL(=X), we have

t

Pi—Pi
vi(x) = —L—— and Yi—¥: = DH(p;)—DH(p;).

|p;—pil
From (3.2.10), it holds that | p;| < max;<,,, |D L(q)|. Thus, the assumptions (3.2.3) and (3.2.5)
yield

1
yi—yl £ ——(y;— ¥ vi(x)). (3.2.15)
Ym

Recalling (3.2.13) and (3.2.14), we get

@< —.

|
‘Dbn(r,o—f .
M

div bn(t,-)—§| Q. (3.2.16)

d
2. Let us now provide a bound on [divb, (¢, )— " (Q2). Pick a point x; € Q. From (3.2.11),

X —X

(3.2.13) and (3.2.15), the function d, (¢, x) := —b,(t,x)isin BVIOC(Rd) and

divdn(r,-)zzi- > -yt

oo RUACRAAREEA
i#jefl,~,p(@)}

45



is a positive Radon measure. In particular, this implies that

\divd,(£,)|(Q) = J divd,(t,").

Q
Let p, € €°°(R?) be a family of modifiers, i.e., p,(x)=¢“p (g) for p € €2°(R?) satisfying

p(x) =0, p(x) = p(—x), supp(p) € B,(0,1) andf p(x)dx = 1. For every test function
R4

P = Yo * Py, it holds that
J pedivd,(z,-) = —J d,(t,x) Ve (x)dx < ”dn(t")llLOO(Rd)'f IV, (x)ld x.
Rd Rd Rd

Thus, taking £ — 0+, we get fﬂdivdn(t,-) < I, (2, lgeomay - 471(0€2) and (3.2.16) yields

diam(€2)

|Db,,(z,-)I(€) < "

va
(Mol Mo+ 52 ) oo+ 2

1
187
This completes the proof. ]

Using Proposition 44, we can easily prove Theorem 43.

Proof of Theorem 43. We first claim that b, (z, ) converges to b(z,-) in Llloc. Since the se-
quence b,,(£,-) is bounded in [L*°(R%)]¢ and the set (Un21 e UZ,) has zero Lebesgue mea-
sure, it is sufficient to show that

lim b,(#,x) = b(¢,x)  forall x eRd\(U I Uzt).
n—oQ
n>1
Assume by a contradiction that there exists a subsequence b,, (¢, x) converging to some
w #b(t, x). Since u,(t,-) converges uniformly to u(t,-) in any compact subset of R¢, we

have

u(t,x) = lim u,(t,x) = lim wuy(x—tb, (t,x))+1-L(b,(t,x))

nE—00 n—00

x—(x—tw)).

U(x—tw)+t-Lw) = uo(x—tw)+t-L( "

Thus, b(z, x) is not a singleton and this yields a contradiction. Finally, from (3.2.12) and [2,
Proposition 3.13], the function b,,(¢, -) converges weakly to b(z,-) in BV (Q,R%). In particular,
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b(z,-) has locally bounded variation and we obtain

IDb(z,)[(Q) < liminf|Db,(z,)|(2)

1 di Q d
< —-(1im+iogf||bn(t,-)||mw)+%”)%‘H(amg-|n|.

187

To conclude the proof, we recall (3.2.10), which yields (3.2.6).

([
As a consequence of Theorem 43, the following holds.
Corollary 45. Under the same assumptions as in Theorem 43, the set
St (%man) = {Sr(@): & € Uy}
with
Uy = {0 €Lip(R?):]@(0)| < m,Lip[i] < M} (3.2.17)

is compact in W,.\(R?) for every T > 0.

Proof. Let (it,),>1 € % m m be a sequence of initial data. Setting
v,(x) = Sp(it,)(x) forall x eRY, n>1,

we have
IDH(Dv,)||te < Ay and |v,(0)] < m+MTAy,.

Moreover, for any given R > 0, Theorem 43 implies that
|D(DH(Dv,))|(B;(0,R)) < Cp forsome constant Cp > 0.

From Helly’s theorem, we infer that there exist a subsequence (v, )i>; and w € BY,.(R?,R?)
such that

* 1, (0) converges to some 7 € R;

* DH(D v, )converges to w point-wise and

lim [|[DH(Dv,,)—wlluis,0r) = 0

k—oo
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This implies that Dv,, = D L(D H(D v,,)) converges to D L(w) point-wise and

lim_ [|Dv,, —D L(w)lluis,0,r) = 0-

ng—+00

Thus, denoting by
R 1

Vo = T oo (X)X
ng |Bd(0)R)| de(O,R) "

the average value of v, in B,(0, R), we have

1
1
lim (7% —v, (0))] = lim —J f Dv, (sx)(x)dxds
nk—>oo( Nk k ) ne—oo | B, (0, R)| o JBy0R) k

1 1
= BORI DL dxds = pF
| B4(0, R)| L Ld(o,m (w(sx)(x)dxds := v

and this yields lim,, _,, Ufk = 7+ U®. On the other hand, by Poincaré inequality, it holds
that

-R ~R
(H( Uy, — Unk) - ( Un, — Unjc) L!(B4(0,R))

< R-HDvnk—Dv/

e

Ll(Bd(O,R)))

Therefore, the sequence (l/nk) 1>, is @ Cauchy sequence in WU1(B,(0, R)) for every R > 0 and

converges to 7 in W' (R¢). O

3.2.2 Metric entropy in W"! for S

Assuming that H is in 6%(R%), we shall establish upper and lower estimates for the metric
entropy of
SK( U r) = {ULDR 2 v €S (UYm) }

in Wh1(Op) for given constants T, R, m, M > 0. In order to do so, let us introduce the following

continuous functions:
e U, :[0,M]— [0,00)with ¥(0)=0 and

|DH(p)—DH(q)|

Wy(s)=s- min forall s €(0,M]; (3.2.18)
Ip=ql>5:p,q<B4(0,M) lp—ql
e ®,, :[0,M]—[0,00)with ®0)=0 and
®y,(s)=s- min ( max |D2H(q)||oo) forall s €(0, M] (3.2.19)
peB4(0,M—3)\ q€Ba(p,3)
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with HDZH(q)”Oo := max DZH(q)(v)|.

lv|<1

Notice that both maps s — ¥,,(s) and s — ®,,(s) are strictly increasing and the strictly

convex property of H implies that

0 < Uy(s) < dy(s) < M- max ||D2H(p)H(>o for all s €(0, M].
peB4(0,M)

From Theorem 43, for any v € Sﬁ(%[m, M), it holds that

|IDH(Dv)|(Or) £ Vr and NVl oay < My (3.2.20)
with
( d2¢R4! 2v/dR\ +Vd2?R?
Ve = —— [ Ay + +
Tm T T

my = m+vVdMR+T- sup L(q).
lg1<Ap

Our main result is stated as follows.

Theorem 46. Assume that H € 6* (]Rd ) is strictly convex, coercive and satisfies (3.2.3). Then,

for every

) . 12RV? RV \V4 [ u
0<e<mini R lIJM min 4V, R -(I)M —|r,
3Vr+2A, Ay 2T

it holds that

oy (| - )+ 17 (0 (50)) < 2 (S5 | W)

< logz(ﬁ—+)+r+-(\llM (%))_d (3.2.21)

&

where the constants p*, R* andT* are explicitly computed to be

(l)d'Rd

— _ odpd + _ d+1 pd - _
B~ =2R'm, B* = (2™R*+2)3+vVdR)m;, R = @i i

1 (8RAy\’ d
R* = (2°R4+1)3+VdR), T = —( M) , T =48vd-(12dVdRV;) .
8ln2 \ 3T

Before proving Theorem 46, we present some cases where (3.2.21) gives sharp estimates.
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Remark 47. The Hamiltonian H(p)=|p|** for some postive integer k > 2 is not uniformly

convex but satisfies all assumptions in Theorem 43. Moreover, a direct computation yields
a, s < Wy,(s) < Dy (s) < aps?t forall s €[0,M]
for some constants a,,a, > 0 depending on k and
A (S7 Ui ar) | W (0)) &7,

Remark 48. If H € 6*(R?) is uniformly convex ,then a;s < U, (s) < ®y(s) < a,s for
some 0 < @; <@, and (3.2.21) yields the same result in [3] that

A (SF(WUpp)) | W (OR)) ~ €7

Remark 49. For the one-dimensional case (d = 1), every strictly convex H € ¢ *(R) satisfies
(3.2.3). In addition, assume that H has polynomial degeneracy, i.e., the set I; = {w e R:
H”(w) =0} # @ is finite and for each w € I, there exists a natural number p,, > 2 such that

HP(w)#0 and HY(w)=0 foralje{2,...,p,}.
The polynomial degeneracy of H is defined by
Py = Po, = Maxp, for some wy € I.
wely

For every M > wy, there exist 0 < a; < @, such that a;-sP? < ¥y, (s) < &y(s) < a,-sP
and (3.2.21) implies that

A (SF (W) | W' (C)) ~ €70

3.2.2.1 Upper estimate

Towards the upper estimate of 7, (Sf(%[m,M]) | W'!(0g))in (3.2.21), we first provide abound
on the L!-distance between elements D u; and D u, in terms of the L!-distance between
DH(Du,) and D H(D u,) for every u,, u, € Sf(%,, 1) by using the function ¥ defined in

Wy (s
(3.2.18). Observing that the map s — is monotone increasing and

Uy (lp—ql) < |IDH(p)—DH(q)| forall p,q <€ B,(0,M), (3.2.22)

we prove the following lemma.
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Lemma 50. For any u,, u, € SF(%,, v, it holds that

IDu,— Dy, < (2R+1)-5;} (IIb; —ballLi,)) (3.2.23)
withb, := DH(D u,) andb, := DH(D u,).
Proof. For simplicity, setting f := ¥, ( |[b; — bzllLl(DR)), we claim that

b, (x) —b,(x)|

|IDu,(x)—Du,(x)| < -max{l,
1 oAx)l < B b —bsle

} fora.e. x eOy. (3.2.24)

Indeed, assume that |D u,(x)— D u,(x)| > . From (3.2.22), it holds that

1D uy(x)— D uy(x)|
|DH(D uy(x))—DH(D u,(x))|

|D uy(x)—Duy(x)| = *[by (x)—b,(x)]

| D u;(x) =D uy(x)|
— Uy (D uy(x) =D uy(x)l)

- [b1(x) —=by(x)|.

Uy (s)

By the monotone increasing property of the map s — , one has

B [b;(x) —b,(x))|

D uy(x)— Duty(x)] < LR e e
1 211LY(Og

< 0B

and this implies (3.2.24). Therefore, the L!-distance between D u, and D u, is bounded by

IDuy, — Dy, = f |Duy — D uy(x)ldx
lby(x)— bz(x)l) dnd
< dx = (29R%+1)
ﬂJ‘( 16— byl P

= (2R +1)- v} (Ib, —bllun,)) (3.2.25)

and this yields (3.2.23). O

Now we recall a result from Section 3.1 before proceeding to find the upper estimate of

%(Sﬁ(%m,m) | W'!(0,)). For any given constants R,M,V > 0, we consider a class of
uniformly bounded total variation functions on O denoted by

g[R,M,V] = {f:DR_)Rd

||f||LOO(DR)SM,|Df|(DR)S V}. (3.2.26)
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By a slight modification in the proof of Theorem 41, we obtain the following upper bound

on the e-entropy of Fiz »s v in L' (Op).

Corollary 51. Forevery0<s<m1n{3v+2M,2V(WV) } it holds that

I, (g‘;.[R,M,V]

&

d
Ll(I:lR)) < 48\/5-(M) . 3.2.27)

Proof. By the definition of £-entropy, we have

Ao Finaar L'Oy) (3.2.28)

L) < d-2, (F

with

Ty = {100 =R| I oy <MD SO V]

Considering a class of bounded total variation real-valued functions
Birmv) = {g:10,R1—[0,M]||Dg|([0,R)< V},

from [26, Lemma 2.3], for every 0 < £ < &%, we have

Ne (%[R,gv,V]

Ll([o,R])) <2
and this implies that

8M 8M 1wy
L'(0.R)) < <A Bin v -2

Ne (%[R,M,V] L'([o, R])) <

2

3V+M

sM
In particular, for every 0 < € < such that A < 2¥, it holds that

18RV

o Binn.|L00.RD) = 1og, Az Bar[L'(0.RD)) < ——.

Using the above estimate, one can follow the same argument in the proof of [26, Theorem
1
3.1] to obtain that for every 0 < £ < min { SRV 2V (BV)4 }, it holds that

1 48 (6VdRV
L'@) < ﬁ(T)

1
(9[3 M, V]

and (3.1.5) yields (3.2.27).
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Proof of the upper estimate of 7, (SX (%, u)) | W'!(0g)) in Theorem 46 :

1. Recalling the second inequality in (3.2.20), we have

B 1
B VO](DR)

J v(x)dx € [-my, my] for all veS;f(“Z/[m,M]).
Ogr

+1 small intervals with length 2W (&),

For any &’ > 0, we cover [—m, my] by K, = { &)

i.e.,
K,r

[—my, my] C UB(a,-,\IJ;(E’)) for some a; € [—my, my]
=1

and then decompose the set S¥ (OZ/[,,, M]) into K, subsets as

OZ/[mM] US %mM]

where
S]{e'i(OZ/[m,M]) = {Uesﬁyi(%mM]) v eB(dl"Ij (e ,))}

Thus, for all € > 0, it holds that

A (5;3 (%) ‘Wl'l(DR ) Zw ( (Ui ‘w DR)) (3.2.29)
2.Giveni€{l,2,...,K,}, we shall provide an upper bound on the covering number
N, (Sﬁ'i (%m.01) ‘WM(DR)) by introducing the set
BN Uimpry) = {DHDV): v €SP ( Upmr)}-
From (3.2.28) and (3.2.20),

R,i
B Uiman) € Firavr)

and Corollary 51 yields

(3.2.30)

8/

: 12dvVdRV; "
%’/Z(%?l(%{m,M])‘LI(DR)) < 48\/5-(—T) =T ()¢
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12RV?
3Vr+2Ay’

with its image under the map S; defined by

1/d . s /
4V (i—‘g) / } Hence, there exists a set of initial data %*

, .
forall0< &' < mln{ [m,M]

S, = {V1,---,Vﬁf’} c SP(Upyy)  where  BE = Card(OZ/[e/ ) < 2

1 m,M]

such that the following inclusion holds

j = DH(Dv;).

B
B (Upman) € | JBulbj &) with b,
j=1
In particular, for any given v € Sﬁ(%[m, M]), it holds that

IDH(Dv)—b, |lu@., < & forsome j,€1,p¢.
Jo (@r) J 1

Recalling Lemma 50, we obtain

A

(2R +1)- 9, (IDH(Dv)—b; lu@a,)

(29RY+1)- (&)

|D V—DVjOHLl(uR)

IA

and Poincaré inequality yields

H(v—ﬁR)—(vjo—vﬁ) < VdR-|Dv—Dv, g, < VAR(2/R!+1)-W (&),

L1(Tg)

On the other hand, since v,v; € Sﬁ’i(%[m, M]), we have
_R - _R = ~1(
|v —vi| < |v —ai|+|v2—ai| < 2V, (&).
The W"!-distance between v and v, can be estimated by

-R -
l0=Vilhwisioy < 1DV =DV ey + (0= 07) = (v, ~ %)

L1(3g)

+|% =8| |oa| < 2RI +1)(3+ VdR)-W M) = R*-W, ().

12RV? RV,\4 £
Thus, forany 0 < € < R*lIl;j (min { — T 4V, ( T) , if we choose ¢’ =W, (—)

3Vy+2A,,° Ay R+
such that
. 12RV}? RV \V4
O<é&' <miny ———,4V; (—)

then the set S5 (%,,01)) is covered by B¢ open balls in W"!(00; ) centered at v; of radius ¢,
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i.e.
. ﬁl
SE N (Uman) € | Buna(vi, €)
i=1
and thus

~ e (o))
%(Sﬁ’l(%m,MJW“(DR)) < By =2 R+JJ

Finally, recalling (3.2.29), we get

& —d
24t1R4 +2)(3+vVdR)m r*-(\p (—))
(/Vs(sﬁ(ozz[m'M](w“(uR)) < ( )(8 ) L. M\ R+
+ € —d
_ 5 ()
€
and this yields the second inequality in (3.2.21). O

Remark 52. To obtain the upper bound of 7, (S;f(@/[m,M]) | Wl’l(DR)) in (3.2.21), we only
require that H belongs to 6'(R%).

3.2.2.2 Lower estimate

We will now prove the first inequality in (3.2.21). In order to do so, for any given p € R?, let
(., p):[0,00)— [0, 00) be the strictly increasing continuous function defined by ®(0, p) =0
and

®(s,p) = s-( max DZH(p’)”oo) for all s > 0.

p'€B4(p,3)

From the definition of ®,, in (3.2.19), it holds that

¢y (s)= min d(s,p) forall s €[0, M]. (3.2.31)
peB4(0,M—3)
The following proposition shows that a solution to (3.2.1) with a semiconvex initial condition
preserves the semiconvexity on a given time interval, provided the semiconvexity constant
of the initial data is sufficiently small in absolute value.

Proposition 53. Given T,M,r >0 and p € Fd (O,M — g), let it be a semiconvex function
with semiconvexity constant—K such that

D a(RY)C B, (p,g) and K <ZX. (3.2.32)
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with Ay, as defined in (3.2.3). Then, the map (t,x) — S;(it)(x) is a classical solution for
0<t<Tand
DS,(@)(x) € B, (}5,%) forall(t, x)€(0, T] x RY.

Proof. For simplicity, we set u(t, x) := S,(i)(x) for all (¢, x) € [0, 00) x R4, It is well-known
from [18, Theorem 5.3.8] that u(t,) is locally semiconcave for every ¢ > 0. Thus, by Propo-
sition 38, it is sufficient to show that u(z, ) is semiconvex with a semiconvexity constant
—C <0forall t €0, T), i.e., for any fixed (¢, x) € [0, T) x R, it holds that

u(t,x+h)+u(t,x—h)—2u(t,x) > —C-|h|* forall heR. (3.2.33)

By the Lipschitz continuity of u(¢,-), we can assume that u(¢,-) is differentiable at x + k. In
this case, b(z, x £ h) reduce to a single value denoted by b* = D H(p*) with p* = Du(t, x+ h)

and satisfy the relations

p* € D-i(x+h—rb*) C B, (p,g) C B,(0,M),
(3.2.34)
w(t,x £h) = @(x+h—tb*)+ - Lb*).

Since @ is semiconvex with semiconvexity constant —K, denoting x* := x + h, one has from
Corollary 8 that <p+ —p,xt—x —t(b"—b") ) > —K-|]2h—t(b*—b")[* and

(p*—pb"—b") < §-|2h—t(b+—b_)’2+%hl-|p+—p_|
SZKHW;5?+8KFF+%?4N—pW
< 2kTipHEY-DHE )+ P A gy
Since p* € B4(p, 3), it holds that
DHEY-DHE ) < TP gt py

Thus, recalling (3.2.32) and (3.2.34), we estimate

_ o(r, p) _ _
2KT|DH(p")—DH(p ) < 2KT- rp -IDH(p")—DH(p )l Ip"—p|

A A
< - IDHPY)=DH(p)|-lp"—p7| = =7 b*=b7[-|p"—p’]
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and

8K|h? 2|h|
+_
t t

A
(p*—p,b"—b7) < TM'|b+_b_|'|p+_P_|+ p —pl. (3.2.35)

On the other hand, from (3.2.3) we deduce that

(p*—p,b*—b") = (p*—p ,DH(p")—DH(p)) = Ay-|IDH(p")—DH(p)-Ip"—p |
= Ay-b"=b7|-[p"—p7]

and (3.2.35) yields
Am + — + — 2 + —
SL e b)) Ip* —p| < BKIh[*+21h]-[p* —p7l. (3.2.36

We consider the following two cases.
e If|[p*—p | < K|h| then

<I>(r,19).|p+_p_| . Ko(r.p)

[b"—b"| = |IDH(p")—DH(p’) < |l

» Otherwise, (3.2.36) implies that ATM-It(bJ“—b_)I < 10|A|.

Hence,

|t(b*—b7)| <

(KT‘I’r(r’p) 20).|h|, (3.2.37)

+ —
Am

By Hopf-Lax representation formula, we have wu(t,x+h) = u(x £ h—tb*)+t- L(b*) and
- b*+b~ b*+b~
u(t,x)SZu(x—t- 5 )+t-L( 5 )

Using the convexity of L and semiconvexity of iz, we estimate

u(t,x+h)+u(t,x—h)—2u(t, x) > t‘[L(b+)+L(b)—zL(b+Zb_)]

2
> —8K|h|*—2K|t(b*—b")

KT®(r,p) 20)°
> —2K-l4+(£+—) ]-|h|2
r Ay

b*+b~
+L‘t(x+h—tb+)+ﬂ(x—h—tb_)—ZL't(x—t- )

2

> —K-[2h—t(b*—b7)|

and this yields (3.2.33). O
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Relying on the above Proposition and Lemma 9, we prove the first inequality in (3.2.21).
Proof of the lower estimate of .7, (S{? (2m,an) | W'!(0;)) in Theorem 46:

1. For any given r >0 and p € R%, we denote by

Ay r
S ECP = =v+(p,):veSC: ith K = —-
r {(70 v (p > v [Q»Kr]} wi AT fIJM(r)

where SC; k1 is defined in (2.4.1). From (3.2.31), there exists p, € B,;(0, M — §) satisfying

&(r,p,) = ®y(r) = min &(r,p).
peB(0,M—1%)

Consider the operator 7 : & 6% — Lip(Rd) defined by
T(p) = ¢+Sp(p_)0) with ¢_(x)=—¢(—x) forallpeSC/". (3.2.38)
We show that
T(F6") S Sp(Uopy) With g as defined in (3.2.17). (3.2.39)

In order to find an initial data for a given function ¢ €. 6", we only need to reverse the

equation. Since
@ # D"p(x) C By (0,%) for all x e RY,
the following function
wo() = =T ()=) = ¢_()=Sr(p-)0)
is semiconvex with a semiconvexity constant —K, and

D~ wy(x) = p,+D p(—x) C By (p,,%) for all x e RY.
Let w(t, x) = S;(wy)(x) be the unique viscosity solution of (3.2.1) with initial datum w.

Recalling Proposition 53 and property (ii) in Proposition 39, we have that w isa 6! classical
solution of (3.2.1) in (0, T] x R4 and

D.w(T,x) € By (p,,%) Cc B,(0,M) forall x eR%.
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Moreover, the translation property (iii) of the semigroup S, (as defined by 2.7.9) implies
that

w(T,0) = S;(w,)(0) = Sy (p_—Sr(¢_)(0))(0) = 0.

Thus, the continuous function u : [0, T] x R4 — R, defined by
u(t,x) = —w(T—t,—x) for all (¢, x) [0, T] x RY,

is also a 6! classical solution of (3.2.1) in (0, T) x R¢ with
u(T,") = 7(p)) and u(0,)) = —w(T,—) € o

In particular, u(t, x)is a viscosity solution of (3.2.1) in [0, T] x R¢, so that by the uniqueness

property of the semigroup map S;, we get
Sr(uo)) = T(@)),  uel) = —w(T,—)

and this implies 7 (p)(:) € Sy (OZZ[O,M]).

2. For every € > 0, we select a finite subset A, C [—m, m] such that

24 R4 m

Card(4,) = { | and |a;—a;| 2 forall a; # a; € A,. (3.2.40)

€
2dRd
From the translation property (iii) of the semigroup S, it holds that

St(Umn) 2 | Stla+onn) = A+ St(Uo,)

acA,

and (3.2.39) implies that
St(%mpn) 2 Ac+ T (F677). (3.2.41)

By Lemma 9, there exists a subset %rR of 6" such that

—d 1 w Rd+1K d
R ﬁ € : _ . d r
Card(%r) > 2F1kr] with ﬁ[er] T 3d2d2+4d+3]n 2 ( (d+1) )
and
_ R
HDQ()LDR Do, 22 forallp#ped,
provided that
(r w,-R?
0<e Smm{—,Kr}-—. (3.2.42)
2 (d +1)2d+8
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Since D7 (¢)(x) = Dy(x) for all x € R4, we get

|p70), ~p76)

>2¢ forallp#¢ eyl

LOR [lwiiop)

> 2¢ forall f#£ge€A,+T (S 6")and

Recalling (3.2.40), we have H fLDR 8.0,
WL1(Og)

dpd
%(Sﬁ(“l/[myM]'Wl’l(DR)) > log,(Card(A,)-Card(9")) = logzq2 }z m|)+ﬁ[;r].

(,L)d'Rd

W’ we compute that

Finally, by choosing r = % with R~ =

_ Au ¢ 1 (8RAy)! €
&= ATR- ¢, (L&) and P = ging ( 3T ) (%(%)) '

Thus, for every 0 < &£ < R~-®;} (%) such that (3.2.42) holds, we obtain

o) g (57 (o)) |5

and this yields the first inequality in (3.2.21). O

Remark 54. With the same argument, the lower bound of 7, (SX(%,, ) | whi(dg)) in
(3.2.21) can be obtained for H € ¢ '(R%) by defining

DH —DH
(I)M(S) = - 7i1’1f | (pl) (P2)|
peBa(0.M=3)\ p £peBa(p.3) |p1— pol

forall s > 0.

3.2.3 A counter-example

In this subsection, we show that if the strictly convex and coercive Hamiltonian H € 6¢?(R?)
does not satisfy the uniform directional convexity condition (3.2.3) then Theorem 43 fails
in general. Indeed, let us consider the following Hamiltonian
33 4 2 2
H(p)=4—4-p1+p2 forall p =(p;, p.) eR".

The associated Lagrangian L of H is computed by L(g) = |q1|§ +q; forallg =(q,,q.) €R%.
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For any given g =(¢,, §,) € R?, we have

Lg)=Lg—q) < |qa"*+q’ =1a—al"*+(@— @)

— q2:

|1 _5_h|4/3 - |5h|4/3 4 @
24, 2"

Let v, : R — R be such that

_ =@l -l &

— for all s e R.
2q,

r4(s)

In particular, assuming that g, = |§,|*® with |G, | = & for some 6 > 0, it holds that

and the following curve which connects two points (0, g,) and (4, 0)

{(s,74(s): s €[0,6]} € [0,5]x[0,62%]  if §=6>0

{(s,74(s)):s€[—6,0]} C [-6,01%[0,6%%] if §=—6<0

(3.2.43)

has length > §%3. From this observation, we shall construct a uniformly Lipschitz initial
datum @ such that both D u(1,-) and b(1,-) = D H(D u(1,-)) do not have locally bounded
variation where u = §,(it) is the solution of (3.2.1) with u(0,-) = &. Our construction is

divided into two main steps.

1. Given 0 < £ < 1, first we construct a uniformly Lipschitz function & : R* — [0, co) with a

Lipschitz constant which does not depend on £ such that
supp(@t) € [—2¢,2¢] and |b(1,)|((—¢,¢F), IDu(1, (¢, () = 1

where
u(t,) = S,(it) forall r > 0.

For every 0 < 6 </, we consider the periodic lattice

¥ = (16,,6°7) with 1e€Z,:={(, )€z +, 22}
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and the corresponding regions
Q = {xeR*:L(x—y)<L(x—y,) forallt#.}
= y+{qeR*:L(q)<L(g+y—y,) foralld#}
C ¥ +[-6,6]1x[—6%7,6 7]
with 89, = [y + T VT U[yean + T JU ey + 152 ], % =(%6,8%3).
This corresponds to the function
gi(x)=L(x—y) foralxeQ,ie%.

The dual solution is

go(y) = max{g(x)—L(x—y)} forally eR®.

xeR2

By the definition of 2, both g, and g, are Lipschitz with a Lipschitz constant

Ms = sup IDL(g)| = O(").
Gel—5,5]x[~52/3,5-2/3]

For 6 > 0 sufficiently small, we can construct a Lipschitz initial datum @ with a Lipschitz

3¢ 38]2
2’2"

constant Mz and

supp(it) c [—2¢,2/], i(y) = go(y) forall y €

Let u(t,-)=S,(it) be the solution. At time ¢t =1, we have
u(1,x) = min{a(y)+Lix—y)} = aly)+Lix—y)

for some y, € B(x,Ay;,) with Ay, = max{|q|: L(q) < Ms-|q|} = O(6'/%) being the maximal
characteristic speed. Thus, if Mz < % then forall x e[—(,{]’NQ, 1€ %,

u(l, x)

[mién% Hay)+Lx—-y)} = [m}n% &)+ Lix—y)}
Y=z vel-72.2

= min{g(n)+Lx—y)} = &%) = Lix—)
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and the slope of backward optimal rays through (1, x) is

b(1,x) = DH(Du(1,x)) = x—},.
For any two adjacent y,, y,, with Q,,Q,, c [—(,{]* and x € 92, N 91, we compute that

Du(l,x) =[DL(x—y)—DL(x—y,)]®n(x)"

LonaQ,,

Db(1,x) = (y,—y)en(x)"

Lo,No9Q,,
and this implies
|Db(1,)|(Q, U), 1D u(l,)|(Q,u,) > 6% #100,no0,) > 62

2

Since the number of open regions Q, c [—{,/]? is of the order 55727 we have
02 02
IDb(1, ([, €1), ID(u(1, DI[—L, 1) > C-ﬁﬁm = C'W

for some constant C > 0. Thus, choosing 6 > 0 sufficiently small, we obtain (3.2.44).

2. Let us consider a sequence of disjoint squares O,, = ¢, +[0,27"] x [0,27"] such that

| J o, clo1F.

n>1

From the previous step, for any n > 1 we can construct a sequence of Lipschitz functions
it, : R? — [0, 00) and supp(it,) C O, such that the solution u,, of (3.2.1) with initial data i,
satisfies

1
D1, a5+ @a =) | IDHD (1M [0+ 5@ =) > 1
and

1
Lix—2z) > min{an(y)+L(x—y)} forall x € (cn +--(O0,— cn)),z eR*\O,.
yen, 2
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oo

Let us set it = Z Uy . The solution u of (3.2.1) with the initial datum  satisfies

n=1
1
u(l,x) = u,(1, x) forallxe(cn+5-(|:|n—cn))

and this implies

v

IDB(1,)[([0,11%) = > IDH(Du,(1,)|@,) = D 1 = +oco.

n=1 n=1

Similarly, we have that | D u(1,-)|([0, 1]*) = +oo.
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CHAPTER

4

METRIC ENTROPY FOR CONSERVATION
LAWS

This chapter focuses on establishing sharp estimates in Section 4.1 for the metric entropy
of a class of bounded total generalized variation functions taking values in a general totally
bounded metric space (E, p) up to an accuracy of £ with respect to the L!- distance, using
the notions of doubling and packing dimensions of (E, p) introduced in Chapter 2. We also
demonstrate how to apply the obtained result in Section 4.2 and provide an upper bound
on the metric entropy for a set of entropy admissible weak solutions to scalar conservation

laws in one-dimensional space with weakly genuinely nonlinear fluxes.

The first results on £-entropy in the context of conservation laws were obtained in [5, 23]
for the scalar conservation law in one-dimensional space
u(t, x)+ f(u(t,x), =0 (4.0.1)

with uniformly convex flux f (i.e. f”(u)> c¢ > 0) and a similar estimate was obtained for
the system of hyperbolic conservation laws in [7, 6]. Thereafter, the results in [5, 23] were
extended to scalar conservation laws with a smooth flux function f that is either strictly
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(but not necessarily uniformly) convex or has a single inflection point with a polynomial
degeneracy [8] where entropy admissible weak solutions may have unbounded total varia-
tion. In[11, Example 7.2]) it was shown that for fluxes having one inflection point where
all derivatives vanish, the composition of the derivative of the flux with the solution of
(4.0.1) fails in general to belong to the BV space. However, for weakly genuinely nonlinear
fluxes, equibounded sets of entropy solutions of (4.0.1) at positive time are still relatively
compact in L! ([46, Theorem 26)). Thus for fluxes of such classes, a new approach utilizing
the uniform bound on total generalized variation of entropy admissible weak solutions de-
rived in [41, Theorem 1], is required to study the ¢-entropy for (4.0.1) with weakly genuinely

nonlinear fluxes.

Considering the above points of view, we embarked on the following study of ¢-entropy
of classes of uniformly bounded total generalized variation functions taking values in a
general totally bounded metric space (E, p).

4.1 Metric entropy for generalized BV functions

Throughout this section, the metric space (E, p) is assumed to be totally bounded. For

convenience, we use the notation
H, := log,N, and K, = log,M,

where N, := A,(E|E)and M, := .#,(E|E) are the £-covering and the £-packing numbers
of Ein (E,p)and

d := d(E) the doubling dimension of E,

p = p(E) the packing dimension of E.

Given two constants L, V > 0, we shall establish both upper and lower estimates on the
g-entropy in L([0, L], E) of a class of uniformly bounded W-total variation functions defined
on [0, L] and taking values in (E, p). We denote this class of functions by

F = {f€BVY(0,LLE) | TV¥(f,[0,L) < V}. (4.1.1)

(LV] *

Our main theorem in this section is as stated below.
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Theorem 55. Assume that the function ¥ : [0,+00) — [0,+00) is convex and satisfies the
condition (2.5.4). Then, for every0 <& <2L¥™! (%), it holds that

pV +Kasee < %ﬂ(gﬂ L'([0, L] E)) < [3d+1og,(5¢)]: 2V +H: . (4.1.2)
2ogymw(Z) ot = Tl TR EL B S R Bl gy i - (1
As a consequence, the minimal number of functions needed to represent a function in

1
9?[‘2‘,] up to an accuracy ¢ with respect to L!-distance is of the order WOE) Indeed, from
(2.3.5) and (2.3.6), it holds that
_ 2
H, < d-log, (dlam(E)-—)
€ forall ¢ > 0,
K. > p-(log,2)-log, (diam(E)-E)
and (4.1.2) implies
14 ( : L ) ( w 1 )
+p-l d E)——| £ A\ F, L'([0,L), E
2log,(7)- W (Z¥) p-log; | diam(E) 516¢ vy | LU0 L} E)

< [3d+1log,(5e)] ad

(57)

On the other hand, as a direct implication of Theorem 55we can also obtain a sharp estimate

+d-log, (diam(E) . %) . (4.1.3)

on the e-entropy for a class of uniformly bounded y-total variation functions, i.e. W(x) = | x|,

for all y > 1. More precisely, let us denote this class by
Ty = {F€BVI(O,LLE)| TVH(f,0,L) < V}. (4.1.4)

Corollary 56. Forevery0< e < 2¥LV%,

P Lv
28rt1llog,(7) e

) < A9,V E)

+p-log, (diam(E)-
LV 8L
< 27*1.[3d +log,(5e)] —+d-log, (diam(E)- 7). (4.1.5)
In particular, as ¢ tends to 0+, we have

e’
. . Y 1
< hm(}nf[m-;@(ng] | L ([O,L],E))]

r
< limsup[;—v-%;(%zv] | Ll([O,L],E))] < 27*'[3d +log,(5e)].

£—0+
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Thus, the -entropy of 9'[7“/] in L'([0, L], E) is of the order 7.

Finally, to facilitate the application our result in finding £-entropy estimates for entropy
admissible weak solution sets to scalar conservation laws in one-dimensional space with
weakly genuinely nonlinear fluxes, we consider the case where the metric space (E, p) is

generated by a finite dimensional normed space (R4, || - ||), i.e.,
E =R? and plx,y)=|lx=yll forall x, y eRY.

Given an additional constant M > 0, the following provides upper and lower estimates for
the g-entropy of a class of uniformly bounded W-total variation functions
F iy = 1£€BVY((0,L], BY0,M)) | TV*(f,[0,L) <V}, (4.1.6)

[L,M,V] *

taking values within the open ball B4(0, M) c R4 in the normed space L!(R4).

Corollary 57. Under the same assumptions in Theorem 55, for every 0 <& <2L¥™! (%),

vd LM
2log,(7)- ¥ (%) Og7(2583) e\ T

L'(0, LLRY))
2V SLM
< [3dlog,5+log,(5¢)]- —— +d-log, (— + 1) . (4.1.7)
() £
Proof. Itis well-known (e.g in [33)]) that for any £ > 0 and open ball B4(0, r) c R,

2
d-logz(g) < %(Bd(O,r)‘Rd) < d-logz(?r-i—l).

In particular, recalling that H, =log, .#, (Bd(O, M)‘Rd) and K, =log, ./, (Bd(O, M)‘Rd) ,
we have oM Y
Hssd-log2(7+1), KEZHEZd-logZ(?)
and from Definition 4, it holds that
d < p(R?) < d(R) < d-log,5.

Using the above estimates in (4.1.2), we obtain (4.1.7). O

In the next two subsections, we present the proof of Theorem 55.
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4.1.1 Upper estimate

Towards the proof of the upper bound on %, (9[‘12 V] ‘ L!([0, L], E)) in Theorem 55, let us
extend a result on the £-entropy for a class of bounded total variation real-valued functions
in the scalar case [10] or in [26, Lemma 2.3]. In order to obtain a sharp upper bound, we
need to utilize the doubling dimension of the metric space E and go beyond the particular
cases in [10, 26] to estimate the £-entropy for a more general case in E. More precisely,

considering a set of bounded total variation functions taking values in E, denoted by
Fuw = {FBVO.LLE) [TV 0. L) <V}, 4.18)

the following holds.

LV
Proposition 58. Forevery(0<e¢ < > sufficiently small, it holds that

2LV

Proof. The proofis divided into four steps.

1. Given two constants N; € Z* and h, > 0, let us

L
e divide [0, L]into NV, small intervals I; with length h, := N suchthat Iy, =[(N;, —1)hy, L]
1
and I; = [ihy,(i+1)h,) forallie0,N,—2;
. . . . Np,
e pick an optimal h,-covering A = {al,az,...,a%} of E,ie., E C U B (a;, h,),
where N, is the h,-covering number of E (see Definition 2).

A function f € %, v can be approximated by a piecewise constant function f*:[0, L] — A
defined as: f¥(s) = ag; forallsel;, i €0,N,—1 forsome as; € A chosen such that

2i+1
f(t;)€ By(ay,;, hy) with 1; := Thl It is to be noted that the choice of a; ; is not unique.

Figure 4.1 h,-covering of E
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With this construction, the L!-distance between f and f* can be bounded above by

N—1 N
pulf.f) < Z J pUF(s) f(s)ds = ZJ shay,)d

1

ZL[ ) £+ s

i=0

IA

J U ) +p(f5)ap)]ds <

INA

N
(Z Folibg, t)+TV(f, [t (i +1)h1])])+Lh2

=0

h, LV
—-TV(f,[0,L))+Lh, £ —+Lh
3 TVULIOL)+Lhy < oot L

and the total variation of f* over [0, L] can be estimated by

=

-2

V(fn,[O,L]) = p(af,i!af,Hl)

o

=2
]

IA

> [pla i, Fl)+ P (), ap)+p (Fltin). f (1)

o

=z
l\>

[2h2+p (f (ti), £ (1))] < 20N =1)- By + V.

M

(=}

=l

We consider the following set of piecewise constant functions
Fim = {9:0.L1=4 | pls)= (1) forall s€ 1,1 €0, N—1
and TV(¢,[0,L]) <2(N,—1)- h,+ V}.

The set .7, v is covered by a finite collection of closed balls centered at ¢ € ﬁ[uNh ,) Of radius
z; +Lhy inL'(0, L] B), ie,

LV
FiLv) S U BL1 (0,L],E) (80, +Lh2)

gae?' [N hy]

and Definition 1 yields

‘%’T%%](g{”l Ll([o,L],E)) < log,Card(Zfy ,,.)- (4.1.9)

2. In order to provide an upper bound on Card (9’[ Ny ]) we introduce a discrete metric
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p*: Ax A— N associated to p as follows:

pix,y) = (4.1.10)
€ (q,q+1] forsome g €N,

forevery x, y € A.
Since A is an optimal /,-covering of E,
Card(Am By(a, r)) < M, (Bp(a, r+ h2)|E) forallae A, r>0

and the second inequality in (2.3.5) yields

Card(A[ )B,(a, 1)) < (2 : (hLz - 1))d.

Hence, for every £ > 1 and x € A, it holds that

Card(B(x,¢—1)) = Card({y € A| pi(x,y)<t—1})

= Card(A( B, (x,(l— 1)) < (20)*. (4.1.11)

For any given f' e g'[an, n, the following increasing step function ¢: : [0, L] — N defined by

]
0 forallsel,
wp(s) = 1 (4.1.12)

i—1

an(fn(tz),fu(tg+l))+i—l forallsel,i€l1,N,—1
\ =0

measures the total of jumps of f *up to time ¢;. From (4.1.10), we have

N—2
sup [p(1)] < 2 P (£t b)) + Ny =2
r<ll, (=0
= NIZ_Z p(fn(t[)’fn(t€+1))+1 +N,—2 < —Tv(fn’[O’LD+2N -3
- (=0 h, 1 B h, !

1 |4
< ﬁ-(Z(Nl—l)-h2+V)+2Nl—3 = 4NI_5+F' (4.1.13)
2 2
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%4
In particular, upon setting Ijy, 5, := 4N, —4 + {h—J, a constant depending on V; and h,, the
2
function ¢ in (4.1.12) satisfies

ep(s) = pp(t) € {0,1,2,.. Ty 5, — 1} forallsel, ic0,N—1.
Thus, if we consider the map T :%%vl,hz] — 2([0, L],[0,+00)) such that
T(f") = s forall fﬁeg[gvl,hz]*

then

f — f
T(%vahZ]) - {(Pfﬁ fne(g.[Nl,hg]} g Cg[l\llth] *

Here, .9y, 1, is the set of increasing step functions ¢ :[0, L] — {0, L2, DNy — 1} such
that

@0) =0 and ¢(s) = ¢(t;) forallieO,N,—1, s€1;.

Card(T(ﬁﬁVl_hZ])) < Card(An, p,) = (F[Nl'hﬂ). (4.1.14)

3. To complete the proof, we need to establish an upper estimate on the cardinality of
T~'(¢y:), the set of functions in 9[3\,1' n,) that have the same total length of jumps as that of
f*atany time #;. In order to do so, for any given f* € 9?[%\,1,,12], we set

k= p*(fU(t), fi(t;,) forallieO,N,—2.

2

N;—2
_ \ 1%
Asin (4.1.13), wehave STV*kf = > pF(fH(1), fi(ri0) < 30N —1)+ - and
i=0

T_I(Spfﬁ) = {gegﬁvl,hz] pn(g(tﬁl)’g(ti)):k? foralliEO,Nl—Z}

IN

{g € 9[%\,1,}12] g(tis) eﬁp: (g(ti), kf)for allieo, N —2}.

Q)

Figure 4.2 Estimation of Card ( Ty fu))
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We observe from (4.1.11) that if g(t;) is already chosen then there are at most (2k )4 choices
for g(#;,,). Since there are N, choices of the starting point g(0), the cardinality of T Y 1)
can be estimated as follows

N—2 7 4 )
o 2k;
Card(T () < N, -T2 (ZN—_l)
1
N [2E0 =D+ ) ey o fey 2 vy
< N, - 2 =N, - C— . (4.1,

Recalling (4.1.14)-(4.1.15) and the classical Stirling’s approximation

(N —1)t > zﬂ(Nl_l).(Nl_l)NI_l |

we estimate

ANt
§ [Ny, ha ]
Card(Zy ) < th-(6+ -—) A

2 V )d(Nl_l) . (I‘[Nlrhz]_Nl +2).”1—‘[N1'h2]

”2( N—1 h, (N,—1)!

N,

< —2.(6+ 2 .Z)d(Nl : (F[Nlhz]) N1
~ V2n(N,—-1) N—1 h N —1

2 %4 d(NV—1) 174 e (N—-1)
N, -6+ .— | de+—- )
& ( N —1 hz) ( h, M—l)

IA

Thus, (4.1.9) yields

Ll([O’L]’E)) <d-(M-—1)- log2(6+ v. 2 )

[ o] Ty N =1

14
+(N;—1)-log, (4e +—

+H, . (4.1.16
 Ni— ) - (4116

LV
4.Forevery0<e < - by choosing NV; € Z* and h, > 0 such that

3LV 3LV 2LV |4
N-L= e S

2¢e 2¢ e 2T N -1

LV LV LV 3LV £
we have 53+ Lh, < 557+ < svep < € and hy, > 57 .
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Thus, (4.1.16) implies that

2LV
%(‘%L,V] Ll([O’L],E)) < [3d+log,(5¢)] ——+H

3L
and this completes the proof. O

Using Proposition 58, we now proceed to provide a proof for the upper estimate of the

g-entropy for the set Z¥  in L'([0, L], E).

[L,V]
Proof of the upper estimate in Theorem 55. From Lemma 19, we have

[L,V]

L'(0,L}B)) = (7

(L,V]

Ll([o,L],E)) (4.1.17)

GV — v
with 7}, = {f €T v

sufficient to prove the second inequality in (4.1.2) for ﬂ'[‘iv]

f is continuous from the right on the interval [0, L)}. Thus, it is

: )\
instead of ﬁ'[“,].

1. For a fixed constant h >0 and f € j‘[‘gv], let Ap ) = {xo, X1, X, een) fo,h} be a partition of
[0, L] which is defined by induction as follows:

X, =0, Xy = sup{x e(x;,L) | p(f(y), f(x;)€[0,h] forall y e(x,-,x]} (4.1.18)
forall i €0, Ny, —1. Since f is continuous from the right on [0, L), it holds that

p(f(x;), f(x;1) = b forallie€0,N;,—2.

Thus, the increasing property of ¥ implies that

)

V2 TV L) 2 D W(p(f(x), f(xi1)) = (Npjy—1)-W(h)
i=0

and this yields
N;jp—1 < TV, 10, LD <Y < 400 (4.1.19)
PRETEw(h) T w(h) ' o

2. We introduce a piecewise constant function f, : [0, L] — E such that

f(x;) forall x €[x;, x;11), i €0,Ny ), —2
f(fo,h—l) forall x e [fo'h_l,L] .
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From (4.1.18), the L!-distance between f;, and f is bounded by

Ny -1

pLI(fh,f)zj P (N = 3 J P f(x)dx
[0,L] [x7,%i+1)

Nf,h_l

<h- Z( Xj1—X;) = Lh. (4.1.20)

i=0

On the other hand, by the convexity of ¥ we have

Np -2 . Nf =2

V> pr flxi) = (Nf,h—l)'llJ(Nf,h_lzoj (F(x) flx )
N . . Tv(fhr[O’L))
= (N;,—1) ‘P(—Nf,h—l )

and the strictly increasing property of U~! implies

V(fl0,L) < (N —1)-w ( Nf'h_l).

From Remark 20 and (4.1.19), it holds that

af V) Nl 1 _r
v (Nf,h—l)' y o <Y (@) O(h)  w(h)

and this yields

h
V(f[0,L]) < W'V =

From (4.1.20) and (4.1.8), the set Z* (L.v] is covered by a collection of closed balls centered at
g € 7y, of radius Lh in L'([0, L], E), i.e.,

97[“2 v & U ELl([o,L],E)(g, Lh).

geﬂ'[“/h]

Figure 4.3 L h-covering of Z‘IL’,V] with balls centered at g € 7}, v,
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In particular, for every £ > 0, choosing h = 57 we have

A% - — &£
V=Y ad A | Buus(sl)
2T 2L-lll(i) an [LV] get%J Li(o,LLE) | 8

and this implies

y@(ﬁ[{y] Ll([o,L],E)) < A (g[L'V;L] Ll([O,L],E)). (4.1.21)
1%
IfO<8§2L\IF1(—) then ¢ <e-—Fg~ =5 —F 7~ =%5Vg .
4 4 lIl(—) 2L \Il(—)
2L 2L

In this case, we can apply Proposition 58 to get

4LV
S (Q[L v, ] Ll([O,L],E)) < [Sd—i-logz(Se)]- . 2L +He
= [3d+log (5e)] 2V +H
= 2 . 4L
V()
and thereafter, we use (4.1.17), (4.1.21) to obtain the second inequality in (4.1.2). O

4.1.2 Lower estimate

To prove the first inequality in Theorem 55, let us provide a lower estimate on the £-entropy
in L'([0, L], E) to

G = {g [0, L] — B,(x, h) | TV*(g,[0, L) < V}, (4.1.22)

a class of bounded W-total variation functions over [0, L] taking values in the ball centered

at a point x € E of radius i > 0.

Lemma 59. Assume thatp > 1. For every ¢ > 0, it holds that
S A
M (G s sivin g | LOLLB)) > 27T 4.1.29
where p =log,(2)-p.

Proof. The proof is divided into two steps.

76



1. First we recall from (2.3.6) that

h p _
] h) = 2P*2 forallh>0.

,/[2—(2+2/§),h(Bp(x, h)|E) > (ZZTZ/I)

Given two constants & >0 and N, € Z*, let us

L
e divide [0, L] into N; small mutually disjoint intervals I; with length h, = N as in
1
Proposition 58;

* take a (27¢**/P). h)—packing A, = {a,, a,, ..., G2} of B,(x,h), i.e.,
Ay C Bp(xy h) and p(al.,aj) > 2_(2+2/@ -h

foralla; #a; €A, .

Considering the set of indices

Apn, = {5 =(01)iefo.1, -, Ni—1} | O EAh}

we define a class of piecewise constant functions on [0, L] as

N—1
YN, = {85: E 0 )1,
pry

Forany 6 € A, ,, the U-total variation of g5 isbounded by TV¥(g5,[0,L]) < (N,—1)-¥(2h).

5eAh,Nl}.

Hence, under the following condition on & and V given by

(N, —1)-W(2h) < V, (4.1.24)
the definition of ¢ |, . in (4.1.22) implies that g5 € 47 ,,, ., for every 6 € A, , and thus
(gher < (‘g[lllj,V,h,x] .

In particular, we get
MG} | L0, LLE)) 2 Ao( Gy, | LN(0,L), E))  foralle>0. (4.1.25)

2. Let us provide a lower bound on the &-packing number //ls(%ml | LY([0, L], E )). For any
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given 5,6 € A, y, and ¢ > 0, we define

I5(2¢) = {5€Ah,N1 le(g5,g5)£28}, n(5,5) = Card({ieO,Nl—l | 51'7651'})-

The L!-distance between g5 and g; is bounded below by

N—1 Ni—
Pui(85,85) = Zf p(gs(t) gs(t))dt = Z,o 8;,6:)- |1l
= I;
N—1 L
= (65,0;) > 27C+2/P). (6,6)
N, 2P 1

= T

and this implies the inclusion

ns,6) <

(4.1.26)

23+2/§N e
ﬂg(Zs) c {5€Ah,N1 Tl}

On the other hand, for every r €0, N, — 1, we compute

n(6,6)= r}) = (Nl)-(zl’”—n’.

Card({5 €Ay N,
r

Thus, (4.1.26) implies that

Card(.%5(2¢)) < Card({(S €Ay N,

< 22PN N = .
0,0)< —— < J(2P2_1) .
0(8,8)< ——+ }) < D> (,, ( )
In particular, for every 0 < ¢ <27 **2P L b we have

| W 2
Card(%;(2¢)) < (le).(zp+2_1)r < (2§+2_1)7. (M)

r=0

—

< 2(p+2 N 2N1(2+§/2) . (4.1.27)

Recalling Definition 2, we then obtain

Car d((gh N ) INi(P+2) _
1 | — oMip/2
AMe (% w [0, L) E)) Card(.%5(2¢)) = e~ 2

Finally, by choosing h = 2(42/P). % and N, = + 1 such that (4.1.24) holds, we

{qj(z(m/p) 2
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derive

£

o
,//ls(%gmzrp).%wl | Ll([O,L],E)) > o n(ARE)

and thereafter, (4.1.25) yields (4.1.23). O
We conclude this section by proving the first inequality in (4.1.2).

Proof of the lower bound in Theorem 55. For any 0 < 2K < hy, let {x;, x,,..., xMhz} CE
be an h,-packing of E with size M, , i.e.,

h, h, e T
B, (xi,?)ﬂBp (xj,?) =@ foralli#jel,M,,.

Recalling the definition of ¢% in (4.1.22), we have

[L,V,h,x]
pulfnf) 2 f [p(xix)—pxi, fils) = plxj, fi(sD)]ds = L-(hy—2h)=: Ly,
[0,L]

and f; € ¢4 withi#jel,M,, .

v
forany f;€ ¥ [L,V,h,x;]

[L,V,h,x;]

Figure 4.4 h,-packing of E

Thus, Lemma 3 implies that

N, (ﬁ[jv] Ll([O,L],E)) > My, (z}v] L'([o, L], E))
Mp,
> //ZL,L,,Z(U (g[‘lfiyV,h,xi] Ll([O,L],E))
i=1
M,

= >t (G ‘ L0, L] E))-
i=1

We consider the following two cases.
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£ 4e
o [f p=0 then by choosing & = I and h, = T such that L ,, =2¢, we have

(7L

Ll([o,L],E)) > My

and this particularly implies the first inequality in (4.1.2).

_ ¢ ¢
e Otherwise if p > 1, then for any £ > 0, choosing h = 2°"/P). 7 and h, = (2 +206+/P). 7

with p=1log,(2)-p such that L, ;, = 2¢, we can apply (4.1.23) to (g[qL},V,h,xi] foreveryie€1,M,,
to obtain
M(zizer2m) e
N (9[“{,V] L'([0, L], E)) > > iy (%[“PL,VYZ(M@%] ‘ L'([0, L], E))
i=1

pV pV
£

Z M(2+2(6+2/ﬁ)) e 2 2u(20+2/p). ) > M@ 02 )

‘T

and this yields the first inequality in (4.1.2).

4.2 Application to scalar conservation law

In this section, we use Theorem 55 and [41, Theorem 1] to establish an upper bound on
the £-entropy of a set of entropy admissible weak solutions for a scalar conservation law in
one-dimensional space

u(t,x)+ f(u(t,x)),=0 forall (¢, x)€(0,+00) xR 4.2.1)

with weakly genuinely nonlinear flux f € 6%(R), i.e., which is not affine on any open interval
such that the set
{ueR| f”(u)#0} is dense in R. (4.2.2)

We recall that the equation (4.2.1) does not possess classical solutions since discontinuities
arise in finite time even if the initial data are smooth. Hence, it is natural to consider weak
solutions in the sense of distributions that, for the sake of uniqueness, satisfy an entropy
admissibility criterion ([22, 34]) equivalent to the celebrated Oleinik E-condition ([44])
which generalizes the classical stability conditions mentioned in Section 2.6 that were

introduced by Lax ([36]). This condition is stated as follows.

Oleinik E-condition: A shock discontinuity located at x and connecting a left state
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ut := u(t, x—) with arightstate u® := u(t, x+) is entropy admissible ifand only if it holds that

fwh—=fw) _ fuf)=f(u)

ul—u urR—u

for every u between u® and u®, where u(t, x+) denote the one-sided limits of u(t,-) at x.

It is well-known that the equation (4.2.1) generates an L!-contractive semigroup of solutions
(S;):>o that associates, to every given initial data u, € L'(R) N L*°(R), the unique entropy
admissible weak solution S; u, := u(t, -) of the corresponding Cauchy problem (cfr. [22, 34]).
For any given T, L, M > 0, we provide an upper bound for ./, (ST(%[ L,M])\Ll(R)) with

U = {uo €eL”(R) | Supp (ug) C[—L, L], ||thllreow) < M},

the set of bounded, compactly supported initial data.

By monotonicity of the solution operator S, and recalling that S, 1, can be obtained as a
limit of piecewise constant front tracking approximations ([16, Chapter 6]), it was shown in
[8, Lemma 2.2] that

Lemma 60. Forevery L,M,T >0 and u, € %y ), it holds that
||ST uo”Loo(R) <M and  Supp(Srug) S [—Lipanrp bra]
where  {y v i= L+T-f, and Jor = supp, e [f/ (V)]

Let us introduce the function $: [0, +00) — [0,+00) such that

6(h) = min ( inf ||f_g||L°°([a,a+h]))

a€[—M,M—h] ge'Q{[a,uH/z]

with .¢/, .., being the set of affine functions defined on [a, a + h]. The convex envelop ®
of ¢ is defined by

® = supy with ¥ := {¢:[0,4+00)—[0,+00)| ¢ isconvex, ¢(0)=0, ¢ <d}.

peY

The following function
U(x):=d(x/2) x for all x € [0+ 0c0)

is convex and satisfies the condition (2.5.4). As a consequence of [41, Theorem 1], the

following holds.
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Lemma 61. For any u, € %, the function Sy u, has bounded ¥ -total variation on R and

1
TVY(Srto,R) < Va7 = YiLm) (1 + ?)

where y(; up IS a constant depending only on L,M and f .
. (Vv
Recalling Corollary 57 for d =1 that for every 0 < € <2 LW 7

[L,M,V]

Ll([o,L],R)) < [310g25+10g2(5e)]-%+logz(¥+l), (4.2.3)

2L

we prove the following.

Theorem 62. Assume that f € 6*(R) satisfies (4.2.2). Then, for any constants L, M,T >0,

16M(L+T-f/
%(ST(OZ/[L,M])‘LI(R)) < 1082( e fM)"‘l)

€
+2[3log,5+log,(5e)]- M
(i)
for every € > 0 sufficiently small.
Proof. Let us define the following set
Sr(U ) = {v :[0,26(, 01,71 = =M, M] ‘ 3 uy € %\ such that

v(x)=Sru, (x —E[L,M'T]) forall x € [O, ZK[L‘M,T]] }
From Lemma 60 and Lemma 61, it holds that
%ﬂs(ST(%[L,M]) ‘ LI(R)) = I, (ST(JZ/[L,M]) ’ L' ([0,2¢110,71] R)) (4.2.4)

and

o 7
ST(GZ/[L'M]) S rg.[ZE[L,M,T]»MJ’[L,M,T]]

where

9[26[LYMYT],M,Y[LMY”] = {g € BV\I}([O;ZK[L,M,T]];[_M;M]) | TV\p(gr[O;ze[L,M,T]D < Y[L,M,T]}
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is defined as in Corollary 57. By (4.2.3) and (4.2.4), we obtain

T, (ST(OZ/[L,M]) ‘ LI(R)) =, (ST(GZZ[L,M]) ‘ L ([Orzz[L,M,T]] ,R))

< %(L@[‘IZIE[L'M'T],MJ[L'M'T]] ‘ L1 ([0, ZE[L,M,T]]rR))
2 16M
< [310g25+10g2(56)]-m—'f’”ﬂogz(mﬂ)
qj(4l[L,M,T]) €

This completes the proof.
O
Remark 63. In general, the upper estimate of /¢, (ST(%[ L)) ‘ LI(R)) in Theorem 62 is not

optimal.

To complete our work on the topic explored this section, let us consider (4.2.1) with a
smooth flux f having polynomial degeneracy, i.e., the set Iy = {u € R | f”(u) =0} is finite
and foreach wel I3 there exists a natural number p > 2 such that

f9Yw)y=0 forallje2,p and  fPY(w) £ o0.

For every w € Iy, let p,, be the minimal p > 2 such that f**!(w) # 0. The polynomial
degeneracy of f is defined by

py = maxp, .

1
Recalling [41, Theorem 3], we have that S;u,€ BV’ (R,R) and

1 _ 1 -
TV’ (Srug,R) < Y[L,M](1+?) = YiLM,T]

for a constant 7, ;) depending only on L, M and f. This yields

- c pr
ST(OZ/[L'M]) - g[ze[L,M,T]rM’?[L,M,T]] ’
where the set
1 1 _
g[r;f[[LM Mo Fi T]] = {g €BVY ([O’ZK[L,M,T]] ’ [_M)M]) ’ TV (g! [07 L]) < Y[L,M,T]}

is defined as in (4.1.4). Using (4.2.3) we directly obtain an extended result on the upper esti-
mate of the £-entropy of solutions in [8, Theorem 1.5] for general fluxes having polynomial

degeneracy.
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Proposition 64. Assume that f is smooth, having polynomial degeneracy py. Then, given
the constants L, M, T > 0, for every € > 0 sufficiently small, it holds that

(S ) |V (R)) <

I; 16(L+Tf/ )M
ALLMJ] +log2( ( Ju) + 1),
epr €

where

- , 1
Liromp = 2hrt [310gz 5 +10g2(5e)]7’[L,M] (L +T- fM)pf (1 + ?)

Remark 65. The above estimate is sharp in this special case. Indeed, we may exactly follow

the same argument as in the proof of [8, Theorem 1.5] to show that

1

T, (ST(OZ/[L'M]) ‘ Ll(R)) > AT,L,M,f . 87[ ,

where A7y > 0is a constant dependingon L, M, T and f. Hence, ., (ST(OZ/[L’M]) ‘ LI(R))

is of the order g%f )
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