
ABSTRACT 

WEST, HEATHER MARY. Using Growth Patterns to Simultaneously Promote Elementary 
Students' Multiplicative Reasoning and Early Algebraic Thinking: An Examination of Children's 
Thinking, Teachers' Perspectives, and Curriculum. (Under the direction of Dr. Temple 
Walkowiak). 
 

This qualitative multi-case study investigated elementary students’ solutions to three 

growth pattern tasks (cases). Each task contained the same rule (y=2x+1) but was presented 

differently. These presentations included virtual pattern blocks, visual geometric shapes, and a 

story problem. Students’ solutions were analyzed to identify the types of strategies used, how 

they reasoned about the algebraic relationships, and the extent to which they were able to 

generalize. In addition, this study examined one third-grade mathematics curriculum, teachers’ 

perspectives and experiences implementing early algebra instruction, and teachers’ analyses of 

the students’ solutions to each growth pattern task. 

Three third-grade teachers and eight third-grade students from one public elementary 

school participated in this study. Data collection occurred over four months and included one 

third-grade mathematics curriculum, two semi-structured interviews with each teacher, three 

task-based interviews with each student, student artifacts, and analytic memos. Data was 

analyzed in four phases. In Phase 1, a document analysis of the third-grade mathematics 

curriculum was employed. In Phase 2, inductive open coding was used to identify themes related 

to teachers’ perspectives and experiences implementing early algebra instruction. In Phase 3, an 

iterative coding process laced data, theory, and research. This led to the development of a 

framework, the Levels of Children’s Generalizing About Algebraic Relationships, which was 

used to analyze data from each case. Phase 4 consisted of the cross-case analysis, which 

synthesized prominent themes across all three cases. 



This study provides evidence that third-grade students can successfully engage in growth 

pattern tasks with an underlying multiplicative structure. The majority of students reasoned 

multiplicatively (using doubles and multiplication) and could generalize a pattern rule. As 

students gained experience solving different presentations of growth pattern tasks, they 

demonstrated an understanding of the co-varying relationships. This was evident in their 

representations, explanations, and use of more sophisticated multiplicative reasoning. Additional 

themes that emerged related to students’ solutions included their contextualization of the pattern, 

visualizations, use of symbolism, use of specific examples to justify their rule, and privileging 

multiple forms of communication.  

The analysis of the curriculum and teachers’ perspectives helped develop a more 

complete understanding of how curriculum and instruction are being used to support students’ 

transition from additive to multiplicative reasoning in third grade, an important milestone in the 

evolution of students’ algebraic thinking. In addition, the teachers’ analyses of the students’ 

solutions to the growth pattern tasks revealed variations in the orientation of their responses 

(evaluative, descriptive, interpretive, instructional). It appears that the teachers’ orientations were 

not dependent on the type of growth pattern task, but rather a reflection of their understanding of 

the pattern, knowledge, and experiences. Collectively, these findings illuminate how elementary 

teachers can leverage the use of growth pattern tasks in mathematics instruction to 

simultaneously support children’s multiplicative reasoning skills and predispose them towards 

thinking algebraically. These findings also offer implications for research and practice. 
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CHAPTER 1 

INTRODUCTION 

In this study, I join researchers who investigate how growth pattern tasks can support 

students’ early algebraic thinking. In this chapter, I provide an overview of the problem of 

practice, the purpose of the study, and its significance in elementary mathematics education. 

Then, I present the research questions guiding this study and a brief description of the research 

methodology. I also define key terms that will help the reader understand these terms as they are 

discussed throughout the dissertation. I conclude by providing an overview of the organization of 

the study. 

Problem Statement 

The importance of developing algebraic thinking among children in the elementary 

school years, herein called “early algebra,” has been supported by research (e.g., Beatty, Day-

Mauro, & Morris, 2013; Blanton, Stephens, Knuth, Gardiner, Isler, & Kim, 2015; Carraher & 

Schliemann, 2018; Chimoni, Pitta-Pantazi, & Christou, 2018), the Common Core State Standards 

for Mathematics (CCSS-M, 2010), and the National Council of Teachers of Mathematics 

(NCTM, 2014). Early algebra is grounded in instruction that helps children attend to 

mathematical relationships and generalize mathematical ideas (Kaput, Carraher, & Blanton, 

2008). It is also deeply embedded in elementary mathematics curricula (Carraher, Schliemann, & 

Schwartz, 2008). NCTM (2000; 2011) recommends that children, as early as prekindergarten, 

have rich opportunities to develop algebraic reasoning through their exploration of patterns, 

relationships, and functions. However, less attention has been paid to patterns and functions. 

While arithmetic is traditionally positioned as a context for supporting students’ early algebraic 

thinking, it does not fully prepare students for success with algebra in later grades (Knuth, 
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Stephens, Blanton, & Gardiner, 2016). Therefore, it is important to explore how elementary 

mathematics concepts across the curriculum help students learn to reason in ways that are 

consistent with fundamental and higher-level algebra concepts. 

Students’ experiences attending to structure, reasoning about relationships, and 

generalizing in a variety of contexts supports their development of algebraic thinking. Children’s 

ability to construct a deep understanding of the relationships among quantities requires their use 

of different forms of reasoning (e.g., additive, multiplicative). Multiplicative reasoning is thought 

to underpin students’ understanding of multiplication, division, proportions, ratio, rate, fractions, 

and algebra (Lamon, 1993; Vergnaud, 1982). Therefore, ensuring students develop strong 

multiplicative reasoning skills is critical for their conceptualization of more advanced 

mathematics concepts and essential for understanding the ‘big idea’ of number (Siemon, 

Beswick, Brady, Clark, Faragher, & Warren, 2011). Children’s abilities to reason 

multiplicatively influences the extent to which they are able to generalize and engage in more 

sophisticated algebraic thinking. However, Siemon, Breed, and Virgona (2005) point out that 

students' transition from additive to multiplicative reasoning is one of the greatest obstacles to 

learning mathematics in the middle grades. Warren and Cooper (2008) also speak to these same 

difficulties, citing that adolescents experience difficulties with the transition to patterns with 

functions.  

The exploration of early pattern activities is assumed to play an important role in early 

algebra and becomes a necessary precursor to mathematical generalizations (Greenes, Cavanagh, 

Dacey, Findell, & Small, 2001). Clements and Sarama (2007) argue the ‘‘recognition and 

analysis of patterns are important components of the young child’s intellectual development 

because they provide a foundation for the development of algebraic thinking’’ (p. 524). Pattern 
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instruction in the primary grades is often minimized to repeating patterns that focus on additive 

reasoning, rather than multiplicative reasoning (Papic, Mulligan, & Mitchelmore, 2011; Warren 

& Cooper, 2008). Repeating patterns focus on a single repeating unit, which makes it difficult for 

students to construct a generalizable rule (Beatty et al., 2013). In contrast, growth patterns are 

complex tasks that promote generalizing by challenging students to attend to the relationship 

between two co-varying quantities and the underlying multiplicative structure. These types of 

patterns have the potential to nurture students’ development of multiplicative reasoning and can 

serve as a vital stepping stone to the development of algebraic thinking (Zazkis & Liljedahl, 

2002). 

Purpose 

Research on early algebra has demonstrated children are capable of thinking algebraically 

(e.g., Cai & Knuth, 2011; Kaput, et al., 2008; Knuth et al., 2016). Smith and Thompson (2008) 

propose the use of complex tasks as a means for eliciting children’s early algebraic thinking 

because the children are less likely to rely on a prescribed or overused strategy. Instead, they are 

challenged to attend to the structure and make sense of the mathematical relationship, rather than 

focusing on computation. Given the versatility of growth patterns and the connections they have 

to algebra, engaging in these types of tasks provides students with an opportunity to analyze and 

reason about the mathematical relationships inherent in the pattern.   

According to the CCSS-M (2010), the curriculum begins to transition students from 

additive to multiplicative reasoning in third grade. Given the underlying multiplicative structure 

of growth patterns, exploring these tasks can augment this transition by helping students think 

flexibly about multiplication concepts, strategies, and representations, beyond basic fact 

memorization (Lu & Richardson, 2018). Brizuela and Earnest (2008) argue that children more 
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fully develop an understanding of a mathematical concept when they are able to make 

connections across different representations. Therefore, in order to strengthen coherence in a 

student’s algebraic thinking and generalizations, the use of growth patterns offer an additional 

platform for students to apply multiplicative reasoning. 

In this study, I investigated how the use of growth pattern tasks can simultaneously 

support elementary-aged students’ multiplicative reasoning skills and predispose them towards 

thinking algebraically. Research has provided evidence that young children can engage in 

multiplicative reasoning across a variety of situations (Bakker, van den Heuvel-Panhuizen, & 

Robitzsch, 2014; Clark & Kamii, 1996; Downton & Sullivan; 2017; Empson & Turner, 2006; 

Hino & Kato, 2019; Lu & Richardson, 2018; Van Dooren, De Bock, & Verschaffel, 2010). 

However, very few studies have examined elementary students’ solutions to different 

presentations of growth pattern tasks (e.g., virtual pattern blocks, visual geometric patterns, and 

story problems) that contain the same underlying pattern rule. Therefore, the purpose of this 

dissertation study was to understand how third-grade students, without prior experience 

exploring growth patterns, engaged in these complex tasks. Specifically, this study investigated 

the types of strategies students used to solve growth pattern tasks, how students reasoned about 

the algebraic relationships, and the extent to which students were able to generalize. In addition, 

even fewer studies have analyzed existing mathematics curriculum or teachers’ perspectives and 

experiences implementing early algebra instruction, including the orientation of their responses 

when analyzing students’ solutions to the growth patterns. Therefore, this study also examined 

curriculum and instruction to understand the intended learning opportunities students have to 

engage in algebraic thinking. 
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Significance of the Study 

Algebra is known as the gateway to higher mathematics (Kaput, 1999; Moses & Cobb, 

2001); however, students' negative experiences with algebra have left many struggling with 

advanced coursework or dissuaded from pursuing mathematics-related careers. Students need 

diverse experiences across grade levels to place them on a path towards learning with 

understanding so that their experiences in algebra instruction serve as a "gateway to opportunity, 

not a gate that blocks their way” (Carpenter, Franke, & Levi, 2003, p. 6). Exposing children to a 

range of early algebra concepts (e.g., relational understanding of equivalence, arithmetic, 

attending to mathematical structures, reasoning about quantities, generalizing functional 

relationships) positions algebra as a way of thinking and problem solving, or ‘habit of mind’ 

(Kaput, 2008). Growth patterns are a powerful, untapped resource that can nurture students' 

algebraic ‘habit of mind’ and prepare them to think about patterns, relationships, and functions. 

These types of tasks encourage children to think and reason about the mathematical situation 

without relying on a familiar procedure or algorithm. Despite its potential to disclose important 

mathematical insights, only a few studies have examined how growth patterns support young 

elementary students’ transition from additive to multiplicative reasoning (Beatty et al., 2013; 

Blanton et al., 2015; Canadas, Brizuela, & Blanton, 2016; Moss & McNab, 2011; Mulligan, 

Oslington, & English, 2020; Stacey, 1989; Walkowiak, 2014; Warren & Cooper, 2007). 

However, these studies did not examine students’ solutions across different presentations of 

growth pattern tasks with the same underlying multiplicative structure. They also did not 

consider the connection between growth pattern tasks and elementary mathematics curriculum 

and instruction. This study will offer an in-depth analysis of students' reasoning in an effort to 

address these gaps in the literature. As a result, educators will learn how to integrate and 



  6 

 

sequence pattern tasks that potentially deepen student learning, strengthen instruction, and 

develop algebraic thinking and multiplicative reasoning among elementary-aged students. 

Research Questions  

This study will address the following two overarching research questions, along with 

their respective sub-questions: 

1) How does elementary mathematics curriculum and instruction support third-grade students’ 

understanding of early algebra concepts? 

a) In one elementary school district’s mathematics curriculum, how does the intended third-

grade curriculum support students’ understanding of early algebra concepts? 

b) What are third-grade teachers’ perspectives and experiences supporting students’ 

development of algebraic thinking? 

c) What are third-grade teachers’ perspectives on the use of growth pattern tasks to support 

students’ algebraic thinking? 

2) In what ways do third-grade students and teachers engage in growth pattern tasks that differ 

in presentation (i.e., virtual pattern blocks, visual geometric pattern, story problem)? 

a) What do students’ solutions (i.e., representations, strategies, explanations) communicate 

about their additive or multiplicative reasoning when solving different growth pattern 

tasks? 

b) To what extent are students able to generalize when solving growth pattern tasks that 

differ in presentation? 

c) When analyzing students’ solutions to different growth pattern tasks, what do teachers’ 

orientations reveal about their interpretations of students’ reasoning and generalizing? 
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Overview of Research Methodology 

 A qualitative multi-case study design has been chosen to provide an in-depth analysis of 

the how and why of a phenomenon being studied (Yin, 2018). In this study, a multi-case study 

approach will be used to provide a rich account of how third-grade students solve different 

growth pattern tasks and what this communicates about their algebraic thinking. In addition, this 

study will describe how third-grade teachers utilize their school district’s mathematics 

curriculum to develop their students’ early algebraic thinking, as well as their perspectives on the 

use of growth patterns in instruction and interpretations of students’ solutions to growth pattern 

tasks.    

Definition of Terms 

 There are several important definitions that will assist the reader in understanding algebra 

concepts discussed in this dissertation. In the section that follows, definitions of those important 

terms are provided.  

Additive reasoning 

Additive reasoning is based on children’s understanding of part-whole relations of 

quantities (Ching & Nunes, 2017). This involves children’s understanding of the commutative 

property of addition and the inverse relationship between addition and subtraction. The emphasis 

is on understanding the relationship within quantities of the same type (Bakker et al., 2014).  

Algebraic thinking  

Algebraic thinking is conceptualized as a ‘habit of mind’ (Kaput, 2008). It is a problem 

solving process. Algebraic thinking involves the recognition and analysis of patterns, 

understanding and representing relationships, generalizing, and analyzing change. 
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Complex task 

A complex task is a cognitively demanding task that promotes a deep understanding of a 

concept (Jackson, Garrison, Wilson, Gibbons, & Shahan (2013). This task allows multiple 

solutions, fosters connections across concepts, encourages students to explain and justify their 

thinking, and generalize. 

Early algebra 

Early algebra is a context in which children learn to think algebraically. Early algebra is 

deeply embedded in mathematics curriculum (Carraher, Schliemann, & Schwartz, 2008). Early 

algebra is grounded in an interconnected web of mathematical concepts and ideas, which include 

a relational understanding of equivalence, arithmetic, mathematical structures and relationships, 

functional relationships, reasoning about quantities, and generalizing (Blanton et al., 2015).  

Functional thinking 

Functional thinking, also referred to as explicit thinking (Beatty et. al., 2013; Wilkie & 

Clarke, 2016), is one strand of early algebra. Functional thinking focuses on the relationship 

between two co-varying quantities and requires children to reason about the mathematical 

relationship (NCTM, 2011). It is multiplicative in nature. As children engage in functional 

thinking, they represent, justify, and generalize these relationships using a variety of 

representations. These representations can include symbols, variables, written words, tables, 

graphs, and drawings.    

Generalization 

Generalizing is at the heart of all mathematics and described as the root of and route to 

algebra (Mason, 1996). Generalizing can be described as a mental activity that involves 

condensing several related instances into one common structure (Blanton, Isler-Baykal, Stroud, 
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Stephens, Knuth, & Gardiner, 2019). Put another way, generalizing is the act of forming a 

conjecture that is proven true for an entire category of objects, a process through which the 

statement is derived, and also a transfer of knowledge from one context to another (Dumitrascu, 

2017). For instance, students learn to generalize mathematical operations such as the 

commutative property of addition (a+b = b+a). 

Growth pattern  

Growth patterns consist of a sequence of items that increase or decrease systematically 

(Papic, Mulligan, & Mitchelmore, 2011). Growth patterns require students to attend to the 

relationship between two co-varying quantities (each element and its position in the sequence) 

and the underlying multiplicative structure.  

Growth pattern presentation 

The context or way a pattern is represented in mathematics. Presentations vary, 

depending on the task. For instance, children may be asked to solve a growth pattern that is 

presented using pattern blocks, numerically, or contextualized in a story problem.  

Multiplicative reasoning 

Multiplicative reasoning is the ability to think flexibly about different concepts, using 

multiplication and division (Siemon, Breed, & Virgona, 2005). Multiplicative reasoning 

underpins many mathematical concepts, such as multiplication, division, ratio, rate, proportions, 

functions, and algebra (Vergnaud, 1982). The emphasis is on understanding the relationship 

between quantities, which requires children to think about two quantities simultaneously. 

Repeating pattern 

Repeating patterns focus on a single repeating unit and have an underlying additive 

structure (Papic, Mulligan, & Mitchelmore, 2011). They are patterns that have a recognizable 
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unit of repeat (Zazkis & Liljedahl, 2002). For instance, a repeating pattern may be presented as 

blue square - yellow circle - blue square - yellow circle.  

Recursive thinking 

Recursive thinking focuses on the relationship between successive items in a pattern 

(Walkowiak, 2014). It involves understanding the variation between a single sequence of values 

(Blanton et al., 2015). Recursive reasoning is additive in nature.  

Organization of the Study 

This dissertation is organized around nine chapters. Chapter 1 provides an introduction to 

the study, describes the purpose and significance, identifies the research questions, and defines 

key terms. Chapter 2 begins by discussing the theoretical framework underpinning this study. 

Then, a review of the literature on early algebra, additive and multiplicative reasoning, and 

growth patterns are presented. Chapter 3 outlines and justifies the research design and 

methodology. This includes a description of the context of the study, participants, data 

collection, and methods of analysis. Chapter 4 presents findings from the curriculum analysis 

and analysis of the third-grade teachers’ perspectives on their mathematics instruction. This 

chapter is also used to provide context to students’ solutions to the different growth pattern tasks. 

Chapters 5, 6, and 7 present findings from each case (growth pattern task). Each chapter 

describes students’ solutions to the respective growth pattern task and the teachers’ analyses of 

the students’ solutions. Chapter 5 discusses the findings from the first case (Virtual Pattern Block 

task); Chapter 6 discusses the findings from the second case (Geometric Growth Pattern task); 

and Chapter 7 discusses the findings from the third and final case (Story Problem task). Chapter 

8 discusses findings that relate to the teachers’ reflections on all three growth pattern tasks, as a 

whole and with respect to their instruction. To conclude, Chapter 9 includes the cross-case 
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analysis and the discussion. To begin, this chapter provides a summary of the study. Then, key 

findings from the curriculum analysis and teachers’ perspectives and experiences are reviewed. 

Next, the cross-case analysis is presented, which synthesizes prominent themes across all three 

cases. Afterwards, limitations and implications for practice and research are addressed. Finally, 

the chapter closes with concluding thoughts.   
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CHAPTER 2 
 

LITERATURE REVIEW 
 
 In Chapter 2, I discuss the theoretical framework that underpins this research study. I 

present a comprehensive review of the relevant literature. I begin by providing context to what is 

meant by early algebra. I concentrate on salient features of early algebra, such as children’s 

algebraic thinking, national and state standards, instructional practices, and teacher preparation 

and professional development. Then, I discuss how early algebra instruction can support 

children’s transition from additive to multiplicative reasoning. This review explores elementary 

children's stages of reasoning and their experiences solving various mathematical tasks that 

promote multiplicative reasoning. To follow, I discuss research that has examined pattern 

instruction, namely linear growth patterns, as a means for promoting elementary children’s 

development of multiplicative reasoning. To conclude, I consider how growth pattern tasks can 

be leveraged to simultaneously promote algebraic thinking and multiplicative reasoning. 

Theoretical Framework 

Children are inherent meaning makers. They search to interpret and make sense of 

objects, thoughts, and experiences throughout their world. In the context of mathematics, how 

children construct meaning is an individualized, yet socially mediated process. Palincsar (1998) 

attributes an individual's construction of knowledge to the interdependence between individual 

and social processes. Similarly, Cobb (1994) argues that mathematical learning is "both a process 

of active individual construction and a process of enculturation into the mathematical practices 

of a wider society" (p. 13). In this research study, I draw on the work of constructivist theorists, 

such as Bruner (1960) and von Glasersfeld (1985), as well as sociocultural theorists, such as 
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Vygotksy (1978), to inform the theoretical framework underpinning the position of this study, 

which is the emergent, or social constructivist (Cobb & Yackel, 1996) theory of learning.  

To understand the nature of children's problem solving and algebraic thinking skills, it is 

necessary to examine the active process through which a student makes sense of a particular 

mathematics concept. Constructivism is grounded in a theory about knowledge and learning. 

Bruner’s (1960) constructivist theory is framed around the idea that students construct new 

concepts based on their existing knowledge. Bruner emphasized three key tenets in his early 

work: the structure of the discipline, discovery learning, and the value of a spiral curriculum. He 

believed that when children are active participants in the learning process, it is the organization 

of learning that enables concepts to become deeply rooted. He writes, “The teaching and learning 

of structure, rather than simply the mastery of facts and techniques, is at the center of the classic 

problem of transfer…If earlier learning is to render later learning easier, it must do so by 

providing a general picture in terms of which the relations between things encountered earlier 

and later are made as clear as possible” (1960, p. 12). Here, he emphasizes understanding and the 

importance of inquiry-based learning, rather than performance. In addition, he suggests that 

discovery learning and spiral curriculum facilitate meaningful learning. Bruner argues that it is 

the iterative process of revisiting and re-examining concepts and ideas over time that leads to 

deepened learning and transfer. As a curriculum develops, it “should revisit the basic ideas 

repeatedly, building upon them until the student has grasped the full formal apparatus that goes 

with them” (1960, p. 8). This notion of a spiral curriculum complements the rationale that 

children develop a coherent understanding of mathematics when children make connections 

across concepts and learn concepts over time. Algebraic thinking has a pivotal role in children's 

understanding of mathematics, and learning opportunities that foster algebraic thinking as a 
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problem solving process, rather than an obsolete concept, encourage children to construct these 

deep connections. 

Constructivism offers a model of cognition that can be used to support instructional 

practices that honor students’ thinking and encourages their active role in learning (von 

Glasersfeld, 1996). In von Glasersfeld's radical constructivist theory on teaching and learning 

(1985), he asserts that children's construction of knowledge is built from their own experiences. 

The active process through which children problem solve is important for them as they make 

sense of and construct their own solutions (Cardellini, 2006). von Glasersfeld advises against 

instruction that leads students through a series of steps to reach the correct solution “…because 

when the problem situation is somewhat different, they will fail, because they have never 

understood the mechanisms that underlie the solution. Rote learning does not lead to 

understanding" (Cardellini, 2006, p. 181). This too, was a belief held by Bruner. In mathematics, 

prioritizing children's mathematical thinking, correct or incorrect, communicates valuable 

information about their understanding at that moment in time. Similarly, positioning algebraic 

thinking as a problem solving approach has potential to support and connect a range of 

mathematics concepts and processes (Windsor, 2010).  

Although von Glaserfeld (1992) characterizes learning as an individual process, he 

recognizes that this constructive activity occurs within the context of interactions taking place in 

the community. He contends that the teacher holds an important role as a facilitator of 

knowledge and that interactions with the teacher can help orient the student towards conceptual 

meaning making (von Glasersfeld, 1996). Additionally, he acknowledges the importance of 

interactions with other students as this can encourage reflection and help the student develop a 

deeper understanding. As children begin to think algebraically, they benefit from opportunities to 
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engage in reasoning with others. This not only encourages mathematical discourse, but also helps 

students make sense of a concept, clarify their thinking, and consider different strategies or 

representations that can be used to solve the same problem. 

It is clear that human cognition is multidimensional and restricting a theory of learning to 

a cognitive lens limits one’s ability to fully comprehend the dynamic process of learning. 

Expanding on a constructivist theory of learning, Vygotsky (1978) argues that social and cultural 

components are a valuable part of instruction and inherently central to learning. Palinscar (1998) 

suggests, “as learners participate in a broad range of joint activities and internalize the effects of 

working together, they acquire new strategies and knowledge of the world and culture” (p. 351-

352). Students’ internalization of knowledge is most effective when there are opportunities 

curriculum and instruction include opportunities for social interaction and collaborative learning. 

Instruction that incorporates complex tasks, such as growth pattern tasks, can promote inquiry 

and lead to rich mathematical discourse. In addition, students’ solutions and approaches to 

problem solving are likely influenced by their prior learning and interactions and other 

institutional influences. The learning environment and types of activities that students engage in 

are socially mediated by the teacher, school culture, curriculum choices, and district and 

statewide initiatives. For instance, the mathematics curriculum that a teacher uses may isolate the 

teaching of algebra concepts to one mathematics unit, or the curriculum may incorporate a 

variety of tasks that encourage students to think algebraically across all units. 

In recognizing the complexity of the teaching and learning of mathematics, the 

complementarity between constructivist and sociocultural theories of learning undergird this 

research study. The uniqueness of social constructivism, or the emergent perspective (Cobb & 

Yackel, 1996), is that it appreciates both the child’s individual appropriation of knowledge and 
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the influential role of social factors and culture. From the emergent perspective, learning is an 

individual constructive activity that occurs while participating and contributing to the local 

community, specifically practices constituted by the teacher and students in the classroom (Cobb 

& Yackel, 1996). Smith (2008) defends the importance of considering both theories and argues 

that emphasizing an individual perspective on learning does not diminish the value of social 

practices. Social constructivist perspectives encourage students’ active participation in their 

learning, honor students’ thinking and sense making, and promote inquiry learning and 

meaningful social interactions. This theoretical position also considers the teacher’s 

responsibility for designing and implementing instruction that facilitates these types of 

engagements, as well as the influence of broader activity systems. The coordination between 

these two perspectives captures the essence of what and how students learn, as well as the 

context that learning takes place (Cobb, 1994). These are two elements that are critical for 

understanding how instruction supports students’ early algebraic thinking.  

Algebra in the Elementary Grades 

Learning to think mathematically is a complex process through which children learn 

powerful mathematics concepts and engage in mathematical practices. Children’s development 

of mathematical thinking takes time. Developing an understanding of number, mathematical 

properties, operations, and equivalence are foundational in the primary grades (Carpenter et al., 

2003). Similarly, learning to problem solve, reason about quantities, conjecture, justify, and 

generalize are mathematical processes critical for a student’s success in mathematics, and in 

particular, algebra (Kieran, Pang, Schifter, & Ng, 2016). Research argues that for students to 

develop a foundation for learning algebra, instruction must begin in the early elementary grades. 

The goal is not to teach formal algebraic concepts that involve abstract symbolism and 
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procedures earlier. Rather, the purpose is to cultivate elementary children’s developing ways of 

thinking “that are more consistent with the ways that students have to think to learn algebra 

successfully” (Carpenter et al., 2003, p. 1).  

The importance of developing algebraic thinking among children in the elementary 

school years, has been supported by research (Blanton et al., 2015; Bruizuela, Blanton, Sawrey, 

Newman-Owens, & Gardiner, 2015; Carraher & Schliemann, 2018; Chimoni et al., 2018; Kaput 

et al., 2008; Wilkie & Clarke, 2015), the CCSS-M (2010), and the NCTM (2014). NCTM’s 

Guiding Principles for Mathematics Curriculum and Assessment (2009) describes early algebra 

as a way for children to “explore, analyze, and represent mathematical concepts and ideas … and 

to generalize mathematical ideas and relationships, which apply to a wide variety of 

mathematical and nonmathematical settings” (p. 4). For instance, it is important to generalize 

about the operations (e.g., commutative property), but it is also important to be able to generalize 

mathematical relationships that take place in the world around us (e.g., determining how many 

people can be at any given number of tables if each table seats four people). In contrast to formal 

algebra and algebra early, early algebra is deeply embedded within early mathematics curriculum 

(Carraher et al., 2008). Early algebra is anchored in instruction that helps children attend to 

mathematical relationships and generalize mathematical ideas. “Early algebra builds on 

background contexts of problems, only gradually introduces formal notation, and tightly 

interweaves existing topics of early mathematics” (Carraher et al., 2008, p. 261). These tightly 

interwoven concepts include children’s relational understanding of equivalence; arithmetic; 

attending to mathematical structures; exploring, generalizing, and symbolizing functional 

relationships; and reasoning about quantities and the relationship between them (Blanton et al., 

2015). Exposing children to a range of early algebra concepts positions algebra as a way of 
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thinking and problem solving, or ‘habit of mind’ (Kaput, 2008), which can be applied and 

transferred across mathematics concepts throughout children’s academic careers.  

NCTM Principles and Standards 

NCTM’s Principles and Standards (2000) is an important document in the history of 

thinking about early algebra. This guide offered ambitious standards and mathematical processes 

to prepare students to think and reason mathematically throughout their education. The algebra 

content standards advocated that children in prekindergarten through grade 12 should have 

access to instruction that enables them to do the following: 

• Understand patterns, relations, and functions 

• Represent and analyze mathematical situations and structures using algebraic symbols 

• Use mathematical models to represent and understand quantitative relationships 

• Analyze change in various contexts (p. 37).  

Table 2.1 provides a road map of how algebra concepts manifest in prekindergarten through 

second grade and in third through fifth grade in the standards (NCTM, 2000). A decade later, 

these standards helped inform the development of the CCSS-M (2010), an initiative aimed to 

ensure there was a set of consistent learning goals that all students should master at the end of 

each grade level. 
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Table 2.1 

NCTM (2000) Algebra Standards for Grades Prekindergarten through Fifth Grade  
 

Algebra Standard Prekindergarten - Second Grade Third - Fifth Grade 

Understand patterns, 
relationships, and 
functions 

Sort, classify, and order objects by 
size, number, and other properties.  
 
Recognize, describe, and extend 
patterns such as sequences of sounds 
and shapes or simple numeric patterns 
and translate from one representation 
to another.  
Analyze how both repeating and 
growing patterns are generated. 

Describe, extend, and make 
generalizations about 
geometric and numeric 
patterns. 
 
Represent and analyze 
patterns and functions, using 
words, tables, and graphs.  

Represent and 
analyze 
mathematical 
situations and 
structures using 
algebraic symbols 

Illustrate general principles and 
properties of operations, such as 
commutativity, using specific 
numbers. 
 
Use concrete, pictorial, and verbal 
representations to develop an 
understanding of invented and 
conventional symbolic notations.  

Identify such properties as 
commutativity, associativity, 
and distributivity and use 
them to compute with whole 
numbers. 
 
Represent the idea of a 
variable as an unknown 
quantity using a letter or a 
symbol. 
 
Express mathematical 
relationships using equations. 

Use mathematical 
models to represent 
and understand 
quantitative 
relationships 

Model situations that involve the 
addition and subtraction of whole 
numbers, using objects, pictures, and 
symbols. 

Model problem situations 
with objects and use 
representations such as 
graphs, tables, and equations 
to draw conclusions. 

Analyze change in 
various contexts 

Describe qualitative change, such as a 
student growing taller.  
 
Describe quantitative change, such as a 
student growing two inches in one 
year. 

Investigate how a change in 
one variable relates to a 
change in a second variable.  
 
Identify and describe 
situations with constant or 
varying rates of change and 
compare them. 
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NCTM (2011) also describes classroom practices, specific to algebra instruction, that 

teachers can promote to engage students in algebraic thinking. While teachers’ knowledge of 

algebra concepts is important, teachers also need to understand how students learn and how to 

effectively implement instruction and assess students’ learning. Such instructional practices 

described are grounded in NCTM’s Process Standards, which include 1) Problem Solving, 2) 

Reasoning and Proof, 3) Communication, 4) Connections, and 5) Representations. While these 

processes apply to the teaching and learning of all mathematics, they are particularly relevant in 

the context of teaching and learning early algebra concepts. Tasks that focus on generalizing and 

justifying mathematical claims promote children’s problem solving and reasoning, two processes 

that lie at the heart of early algebra. In addition, classroom practices that encourage children to 

communicate their thinking, build connections across mathematical ideas, and use multiple and 

diverse representations are all especially important in algebra.  

Common to all four of NCTM’s algebra standards is generalizing (Kaput, 2008). 

Generalizing is fundamental to the learning of all mathematics (Hashemi, Abu, Kashefi, & 

Rahimi, 2013; Mason, Stacey, & Burton, 2010). Dumitrașcu (2017) describes the process of 

generalizing as a "statement that is true for a whole category of objects; it can be understood as 

the process through which we obtain a general statement; or it can be the way to transfer 

knowledge from one setting to a different one" (p. 47). For instance, when students learn about 

the structure of even and odd numbers, a student might generalize that an even number plus an 

even number will always equal another even number. Generalizing is also an important process 

for helping children develop an algebraic habit of mind (Driscoll, 1999). Blanton and Kaput 

(2005) describe how algebraic thinking is “a process in which students generalize mathematical 

ideas from a set of particular instances, establish those generalizations through the discourse of 
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argumentations, and express them in increasingly formal and age appropriate ways” (p. 413). In 

addition to being characterized as a mental process, younger children learning to generalize may 

represent this process through their use of language, symbols, graphs, and drawings (Blanton et 

al., 2019). Their use of representations to communicate their understanding of early algebra 

should not diminish the complexity in their thinking. Through children’s use of symbols, graphs, 

and drawings, they are able to express what they understand about relationships between 

quantities and analyze change in a way that words might not. Students’ representations (e.g., 

drawings) can help them communicate their generalizations and understanding of the underlying 

mathematical structure or concept.  

Common Core State Standards for Mathematics  

Attention to generalizations continued when the CCSS-M were released in 2010. It was 

evident that NCTM’s Standards (2000) were foundational to the development of the CCSS-M by 

the obvious connections between the documents, both in mathematics content and processes. 

Since their inception, the CCSS-M have been adopted by many states across the country; 

therefore, in the context of this study, it is important to consider the connections between 

NCTM’s Standards and the CCSS-M. When examining the content standards across the two 

documents, there are some similarities, yet some differences.  

In kindergarten through second grade, the CCSS-M Operations and Algebraic Thinking 

standards predominantly emphasize students' number sense, operations (addition and 

subtraction), equivalence, and fluency. This aligns with NCTM's (2000) focus on mathematical 

situations and structures, specifically as it relates to principles and properties of operations. For 

instance, a first-grade and second-grade CCSS-M standard states that students will “Represent 

and solve problems involving addition and subtraction.” Students are also introduced to equal 
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groups and arrays, which helps build a foundation for understanding multiplication concepts. The 

use of equal groups and arrays is one way to support NCTM’s emphasis on modeling with 

mathematics to represent and understand quantitative relationships. It also marks an important 

developmental progression in students’ algebraic thinking as they begin to transition from 

additive to multiplicative reasoning. In the third through fifth grade CCSS-M standards, students 

continue to deepen their understanding of number and operations. For instance, students “Solve 

problems involving the four operations, and identify and explain patterns in arithmetic.” Students 

also begin to engage in tasks that promote their use of multiplicative reasoning, such as “Gaining 

familiarity with factors and multiples.” It is not until fourth grade that students begin to generate 

and analyze patterns and co-varying relationships, unlike the NCTM standards that include 

patterns as early as prekindergarten.  

In addition, the CCSS-M includes eight Standards for Mathematical Practice that identify 

the processes in which students should engage while doing mathematics. The standards share 

some commonalities with NCTM’s (2000) five process standards. For example, “Make sense of 

problems and persevere in solving them” is aligned with the Problem Solving process standard. 

Similarly, “Construct viable arguments and critique the reasoning of others” gets at the essence 

of the Communication process standard. 

The CCSS-M Operations and Algebraic Thinking domain focuses on number sense, 

operations, properties, equivalence, and fluency, all critical concepts to support students’ 

understanding of arithmetic. However, the CCSS-M appears to share fewer similarities with the 

NCTM’s (2000) Algebra Strand (albeit the grain size of the two sets of standards is different), 

particularly as it relates to patterns and functions. As research suggests, in order to develop a 

habit of mind consistent with thinking algebraically, children need opportunities to explore the 
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connections across concepts that underpin the learning of formal algebra so that they can learn to 

persevere, reason, and solve problems. An obvious commonality across the two sets of standards 

is the emphasis on the transition from additive to multiplicative reasoning from kindergarten 

through second grade and third through fifth grade. The development of multiplicative reasoning 

is ripe with opportunities to simultaneously attend to patterns and functional relationships. 

Research has demonstrated the value of having students’ reason about patterns, analyze 

functional relationships, and generalize (Blanton et al., 2015). Therefore, one goal of the current 

study was to understand how an existing curriculum supports elementary students’ early 

algebraic thinking. More specifically, the study investigated the types of opportunities that 

students have to attend to patterns, reason about mathematical relationships, and generalize, as 

they transition from additive to multiplicative reasoning.  

The literature has made it clear that early algebra, not algebra early, helps children 

develop a foundational understanding of algebra concepts and make connections across several 

tightly interwoven concepts. Ambitious standards and mathematical processes have been 

developed to support teachers' enactment of early algebra instruction and student learning. This 

includes access to curriculum and instruction that encourages multiple and varied opportunities 

to explore patterns, reason about mathematical relationships, analyze change, represent concepts, 

and generalize. Central to early algebra, and all mathematics, is generalizing. Helping students 

learn to generalize requires instructional practices that teach children to attend to patterns, 

structures, and mathematical relationships, as well as their development of more sophisticated 

reasoning.  
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Teachers’ Algebra Instruction  

Over the past several decades, the incorporation of algebra into elementary mathematics 

instruction has been placed at the forefront of conversations about K-5 mathematics instruction. 

Reform efforts and policy changes have brought about changes to mathematics curricula and 

instruction to ensure all students have access to high-quality algebra instruction across grade 

levels so "algebra is a gateway to opportunity, not a gate that blocks their way” (Carpenter et al., 

2003, p. 6).  

In order for early algebra instruction to be accessible and meaningful for all students, 

educators must understand what makes algebra instruction effective and how the implementation 

of a lesson impacts how ‘algebraic’ it is (Earnest & Balti, 2008). “When elementary teachers are 

unfamiliar with early algebra, lessons designed and labeled as algebraic may become arithmetic 

exercises; the algebra then remains hidden from both the teacher and students in the 

implementation” (p. 518). Blanton and Kaput (2003; 2005) describe how elementary teachers 

grow ‘algebra eyes and ears’ by developing strategies that lead to change in one's practice, such 

as creating algebra lessons from existing instructional materials and attending to and interpreting 

students’ algebraic thinking. One example of this comes from a self-study conducted by Grandau 

(2005). To enrich her own algebra instruction, Grandau examines and reflects on her teaching of 

early algebra concepts to fourth-grade students. These algebra concepts included students’ 

understanding of mathematical relationships and generalizing. While engaging in this reflective 

work, Grandau comments on becoming more self-reflective, learner-centered, focused on student 

thinking and using discourse to develop students’ algebraic thinking. In addition, conferring with 

a critical friend helped strengthen the quality of her mathematics instruction, understanding of 

early algebra, and students’ algebraic thinking. Having knowledge of what constitutes effective 
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early algebra instruction and being able to implement that instruction well is no easy feat. 

Grandau demonstrates how through the process of examining and reflecting on her own practice, 

she was able to learn from her interactions with her students and grow in her own practice, in 

turn, developing what Blanton and colleagues would refer to as ‘algebra ears and eyes.’  

Grandau’s study provides one example of how educators are supporting students’ 

understanding of mathematical relationships and generalizing, an integral part of early algebra 

instruction. Children learn to generalize through their experiences developing number sense and 

exploring operations, mathematical properties, structure, and equality (Carpenter et al., 2003). To 

develop algebraic thinking skills and a deep understanding of mathematics, it is important to 

consider generalizations about structure and operations, as well as generalizations about patterns, 

mathematical relations, and co-varying quantities (Knuth et al., 2016). Despite national calls for 

the integration and coherence of algebra concepts, Smith and Thompson (2008) argue that a 

focus on number and arithmetic operations continues to dominate curricula. Knuth et al. (2016) 

also found that ‘typical arithmetic-based elementary school mathematics curricula’ fails to 

prepare students for success with algebra in later grades. As a result of these shortcomings, 

students are ill-equipped for reasoning about quantitative relationships and complex additive and 

multiplicative situations (Smith & Thompson, 2008). With experience, children can develop 

critical algebraic thinking skills that are deemed fundamental for success with algebra in 

secondary grades (Blanton et al., 2019). By more purposefully emphasizing early algebra in 

elementary curricula, there is a potential to ameliorate some of the difficulties students 

experience and support a deeper understanding of algebra concepts. Reconceptualizing 

curriculum and instruction is needed to better prepare students to develop the knowledge and 

skills that are critical for algebraic thinking.  
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Complex Tasks. Planning for high-quality instruction is an intricate process, one that 

requires teachers to develop purposeful lesson plans, including the selection and enactment of 

complex mathematical tasks (Sztajn, Heck, Malzahn, & Dick, 2020). Complex tasks are 

cognitively demanding and promote a deep understanding of a concept (Jackson, Garrison, 

Wilson, Gibbons, & Shahan, 2013). These tasks allow for multiple solutions, foster connections 

across concepts, encourage students to explain and justify their thinking, and encourage students 

to generalize.  

Task selection is particularly important because the nature of the task directly impacts 

what and how students will learn (Smith & Stein, 1998). Teachers must not only be able to select 

tasks that support a specific algebra concept, but also possess the necessary background 

knowledge and understanding of how instruction fosters students' algebraic thinking (Castro 

Gordillo & Godino, 2014). Therefore, teachers’ selection and implementation of algebra tasks 

directly impacts the opportunities students have to engage in higher-level thinking (Henningsen 

& Stein, 1997), such as algebraic thinking. 

One way to support students’ development of algebraic thinking is through the use of 

complex mathematical tasks. The implementation of complex tasks supports teachers’ enactment 

of high-quality mathematics teaching practices (Lampert, Beasley, Ghousseini, Kazemi, & 

Franke, 2010). When children engage in complex tasks, they have the opportunity to deepen 

their understanding of mathematics (Stein, Smith, Henningsen, & Silver, 1998). Jackson et al. 

(2013) build on the work of Stein and her colleagues by exploring the use of complex tasks 

throughout a mathematics lesson. Jackson et al. (2013) description of a complex task shares 

similarities with Stein, Grover, and Henningsen’s (1996) description of tasks with low and high 

cognitive demand. For instance, attending to the structure of growth pattern tasks encourages 
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students to make sense of the mathematical relationships in their own way, and in turn, use a 

strategy that reflects their knowledge and understanding. Similarly, growth pattern tasks 

encourage students to transition from additive to multiplicative reasoning, while supporting their 

ability to generalize across the pattern, a concept central to all mathematics. The use of multiple 

presentations of growth patterns (e.g., growing number pattern, geometric growth pattern, or a 

pattern contextualized in a story) further promote a deeper understanding of the underlying 

structure of a pattern, while reinforcing connections across concepts and representations.  

Complex tasks require students to think conceptually about mathematical ideas, yet these 

types of tasks pose challenges for teachers (Woods & Wilhelm, 2020). Research has shown that 

teachers have difficulty maintaining the cognitive demand of a task (e.g., Boston & Smith, 2009; 

Estrella, Zakaryan, Olfos, & Espinoza, 2020; Stein, Smith, Henningsen, & Silver, 2009) and 

often lower it by providing explicit instructions or focusing on procedural understandings. 

Therefore, it is important to support teachers’ knowledge and implementation of complex tasks 

so that all students have the opportunity to enter into the task at their own level of understanding 

and deepen their knowledge in a meaningful way (Woods & Wilhelm, 2020). 

Visual Representations. In addition to the use of complex tasks, exposure and 

opportunities to use multiple representations supports students’ conceptual understanding of 

mathematics concepts (Duval, 2006). Traditionally, the communication of mathematical ideas 

has been thought to involve symbols and equations; however, this can look much different in 

elementary classrooms. Children often represent their thinking in unconventional ways (Jacobs 

& Ambrose, 2008). Children’s representations can take the form of drawings, numbers, symbols, 

and/or words, each attending to different aspects of their mathematical understanding. 
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Representations provide an outlet for children to make sense of and develop their own inherent 

meaning of a particular mathematical concept.  

According to Duval (2006), mathematical objects are not directly accessible; therefore, 

students utilize representations to stand for that particular mathematical object. Internal 

representations reflect how a child makes sense of a concept through their own personal 

experiences, whereas external representations indicate a physical depiction of a concept 

(Calabrese, Kopparla, & Capraro, 2020). These representations, whether internal or external, are 

particularly valuable because they showcase a student’s thinking, highlighting what they 

understand about a particular concept or strategy used (Carpenter, Fennema, Franke, Levi, & 

Empson, 2015). Tripathi (2008) states, “different representations are like examining the concept 

through a variety of lenses, with each lens providing a different perspective that makes the 

picture (concept) richer and deeper” (p. 439). 

Attending to the ways that children represent their ideas is critical for understanding how 

they have conceptualized a mathematical concept (Edens & Potter, 2008). Corresponding views 

are found in national standards (NCTM, 2000), which illustrate support for the use of 

mathematical representations in the promotion of mathematical competence (Dreher, Kuntze, & 

Lerman, 2016). Effective teaching practices, as advocated by NCTM (2014), encourage students 

to make connections among mathematical concepts and procedures through the use of multiple 

and varied representations. When students have opportunities to experience mathematics as an 

interconnected web of ideas, they develop a richer understanding of the concept (Huinker & Bill, 

2017). Adapted from Lesh, Post, and Behr’s (1987) description of mathematical representations, 

NCTM (2014) describes five modes of mathematical representations: contextual, visual, verbal, 

physical, and symbolic. The use of multiple representations to communicate the same 
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information demonstrates a student’s ability to translate between modes of representations (Lesh 

et al, 1987).  

Dreyfus and Eisenberg (1996) argue that a student’s ability to think flexibly about 

representations demonstrates their understanding of a concept. A hallmark feature of algebra 

includes “a set of tools - tables, graphs, formulas, equations, arrays, identities, functional 

relations, and so on - that are related to each other sometimes almost interchangeably and 

together constitute a substantial technology that can be used to discover and invent things” 

(Wheeler, 1996, p. 322). Students’ understanding of the association between representations and 

their ability to make connections and translate across representations fluidly appears “critical in 

the development of algebraic thinking” (Driscoll, 1999, p. 141). Therefore, understanding how 

students use representations in the context of early algebra assumes an important role in 

mathematics education research. Given its significance for helping students make meaningful 

connections to mathematics concepts, the current study used different representations to 

investigate children's reasoning as they engage in different presentations of growth pattern tasks 

with the same underlying multiplicative structure. 

Similarly, teachers assume an important role in modeling and encouraging children’s use 

of diverse and flexible representations (Boonen, Reed, Schoonenboom, & Jolles, 2016). Teachers 

must recognize the mathematics involved with particular representations and the appropriateness 

of their use, as well as connections across different representations and the underlying 

mathematical ideas (Ball et al., 2008; Dreher & Kuntze, 2015). However, research has shown 

that teachers demonstrate an incomplete awareness for the role of representations and supporting 

students’ conceptual understanding of mathematics (e.g., Dreher, Kuntze, & Lerman, 2016). In 

mathematics, the use of visual representations, when used accurately, can help students identify 



  30 

 

and depict mathematical structures, as well as contribute to successful problem solving (Boonen, 

Van Wesel, Jolles, & Van der Schoot, 2014; Boonen, et al., 2016; Edens & Potter, 2008; Van 

Garderen & Montague, 2003). Teachers need opportunities to develop an extensive repertoire of 

visual representations and deep understanding of their function so that they are able to effectively 

support students’ understanding and use.   

Informing Teacher Preparation and Professional Development. Considering what is 

known about early algebra instruction, the importance of complex tasks, and the value of 

students’ representations, there is a need to examine prospective and practicing teachers’ 

knowledge of and experiences with early algebra instruction. Research has shown that teachers' 

instructional practices are largely influenced by their own experiences, knowledge, and beliefs 

about algebra instruction (Nathan & Koedinger, 2000). This in turn impacts the opportunities 

students have. Elementary teachers’ perspectives of algebra are likely to coincide with their 

middle and high school experiences, experiences that have historically emphasized procedural 

rather than conceptual understanding (Castro Gordillo & Godino, 2014). It is important to grow 

our understanding of how teachers perceive early algebra and how it is being used in the 

classroom, as this has implications for the design and implementation of teacher preparation and 

professional development programs. 

Some scholars have undertaken efforts to investigate this area of research. Richardson, 

Berenson, and Staley (2009) contend that teacher preparation programs often isolate early 

algebra and associate early algebra concepts with arithmetic. In doing so, algebra as a thought 

process is largely ignored, and mathematical processes and practices (CCSS-M, 2010; NCTM, 

2000) are lost. In support of teaching early algebra concepts, these authors argued that pattern 

tasks are useful for students’ development of algebraic thinking, learning to generalize, and use 
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of representations. They designed a teaching experiment to support prospective elementary 

teachers' understanding of early algebra concepts by engaging them in pattern-finding tasks. The 

results found that the majority of teachers generalized a functional rule when solving geometric 

growth pattern tasks, though some relied on recursive thinking and not all were able to provide 

justifications. In another study, Castro Gordillo and Godino (2014) also report on the results of a 

study that examined prospective elementary teachers’ comprehension of elementary algebraic 

thinking. In this study, 28 teachers in a mathematics methods course designed a unit. Teachers' 

understanding of elementary algebraic thinking was determined based on the types of tasks they 

selected, the algebra concepts they identified in their selected tasks, and their justification for 

these tasks in the unit. The results indicate that 80% of the tasks related to number and operation, 

which suggests prospective teachers consider number and operations the base of algebraic 

thinking. However, the tasks emphasized procedural and numerical features. The teachers tended 

to recognize the equal sign as a symbol indicating a result and paid little attention to the 

relational aspect. Given teachers are critical to children's development of algebraic thinking, it 

seems important to allocate considerable time to deepening prospective and practicing teachers’ 

understanding of algebraic thinking and ways to foster this way of thinking in their classrooms.  

 In a study involving practicing teachers, Jacobs, Franke, Carpenter, Levi, and Battey 

(2007) designed and implemented a yearlong professional development project focused on 

children's development of algebraic thinking. This professional development promoted teachers' 

attention to students' thinking, use of discourse, and opportunities to extend arithmetic to 

algebraic thinking. This study found that teachers who participated in the professional 

development and their students used a greater number of strategies that reflected their use of 

algebraic thinking than nonparticipating teachers. The results indicated that teachers participated 
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in mathematical discourse, teaching, and learning in a way that deepened their knowledge and 

practice, as well as students' algebraic thinking. Similarly, Blanton and Kaput (2005) presented a 

case study that characterized specific classroom practices that support children’s development of 

algebraic thinking. One third-grade teacher participated in a professional development, which 

focused on algebraic thinking skills. Results from this study indicated that the teacher integrated 

algebraic thinking into her instruction effectively and her instruction had a positive impact on her 

students’ abilities to reason algebraically. In some of the authors’ later work, Blanton and Kaput 

(2011) argue that integrating algebraic thinking into instruction cannot solely rest on the task; it 

requires teachers to identify and build on children’s algebraic thinking and mathematical 

generality. In another study, Attorps and Kellner (2017) describe their design and 

implementation of a two-year action research project with nine primary teachers. These teachers 

were interested in how to support their students’ transition from arithmetic to algebra through the 

use of patterns. Throughout the action research process, the teachers found they improved their 

teaching and student learning by providing opportunities for students to understand the 

underlying core concepts when engaging in pattern tasks. Teachers’ modeling of a geometric 

growth pattern, followed by students’ building of a pattern using a different representation (e.g., 

sticks), appeared to support their ability to solve growth patterns that vary in appearance and 

generalize. The results of this study speak to the active learning role that teachers have in 

strengthening their knowledge and practice. The collaborative nature of the design and 

implementation of this professional development also highlights the power it has for connecting 

theory with practice and the impact it can have on student learning in specific content areas.  
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Additive Reasoning and Multiplicative Reasoning 

The landscape of mathematical understanding and knowledge acquisition is inherently 

complex. Whole number operations are a critical part of elementary mathematics instruction and 

essential to students’ conceptual understanding of mathematics concepts. In the primary grades, 

instruction is focused on developing students’ additive reasoning. As students gain experience 

working with more sophisticated concepts, students slowly progress to multiplicative reasoning. 

Siemon, Breed, and Virgona (2005) define multiplicative reasoning as the “capacity to work 

flexibly with the concepts, strategies and representations of multiplication as they occur in a 

wide range of contexts” (p. 2). Multiplicative reasoning is thought to underpin students’ 

understanding of multiplication, division, proportions, ratio, rate, fractions, and algebra (Lamon, 

1993; Siemon et al., 2005; Vergnaud, 1982). Deepening students’ multiplicative reasoning is 

critical for students’ conceptualization of more advanced mathematics concepts and essential to 

understanding the ‘big idea’ of number (Siemon et al., 2011). Research suggests that children are 

capable of reasoning multiplicatively across a variety of situations (Bakker et al., 2014; Clark & 

Kamii, 1996; Downton & Sullivan, 2017; Empson & Turner, 2006; Hino & Kato, 2019; Lu & 

Richardson, 2018; Van Dooren, De Bock, & Verschaffel, 2010). To support elementary students’ 

transition from additive to multiplicative reasoning and build their understanding of early algebra 

concepts, it is important that instruction provides students with diverse experiences to think and 

reason algebraically across the curriculum. 

Vergnaud’s Conceptual Field Theory 

Several decades ago, Vergnaud (1982) developed the conceptual field theory to describe 

children’s development of competencies and conceptions in mathematics. This developmental 

theory illustrates the complexity of knowledge and borrows from the work of Piaget, namely his 
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theory on schemas and perspectives on knowledge as an adaptation process (Vergnaud, 2009). 

He acknowledges the contributions Piaget made to our understanding of developmental 

psychology and children’s cognition and recognizes the importance of the concept of a scheme. 

As defined by Piaget, a scheme is a “a cohesive, repeatable action sequence possessing 

component actions that are tightly interconnected and governed by a core meaning” (Piaget & 

Cook, 1952, p. 7). These schemas, or cognitive models, are internalized mental representations 

of the world that become assimilated or accommodated as children experience new situations. 

However, Vergnaud (2009) also draws attention to the limitations of Piaget’s theories, arguing 

that his fascination for logic and preoccupation with children’s stages of development does not 

accurately capture children’s development of mathematical knowledge. As a result, Piaget’s 

awareness of content specific to mathematics learning is lost. Vergnaud’s theory builds on 

Piaget’s perspectives on how children think and learn by considering the content of knowledge 

itself and the conceptual analysis of the domain (Vergnaud, 1994).  

In Vergnaud’s framework, he defines a conceptual field as “a set of situations and a set of 

concepts tied together” (2009, p. 86). He argues that the meaning of a concept does not originate 

from one specific mathematical situation but rather experiences with a variety of concepts. That 

is, learning takes place when children have opportunities to explore “different aspects of the 

same concept and operations are involved in different situations” (Vergnaud, 1994, p. 47). 

Schemes that organize children’s problem solving behaviors develop over time and cannot be 

understood in isolation. This speaks to the importance of studying conceptual fields as an 

interconnected system rather than isolated mathematical situations or concepts because children 

grow to understand specific situations or concepts before others, through their engagement with 

different situations, words, algorithms, schemes, symbols, or representations. Vergnaud contends 



  35 

 

that ongoing experiences with diverse situations and concepts allow students to transfer 

knowledge and make generalizations about different situations with the same structure. His 

frameworks outline elements of additive and multiplicative reasoning and their respective 

underlying structures. These frameworks have assumed prominent roles in mathematics 

education research and have become foundational for understanding the nature of additive and 

multiplicative reasoning. 

Additive Reasoning 

In his framework, Vergnaud (1982) makes distinctions between conceptual fields of 

additive structures and multiplicative structures. Vergnaud (1982) defined additive structures as a 

conceptual field composed of concepts related to “measure, addition, subtraction, time 

transformation, comparison relationship, and natural number” (p. 40). He makes parallels 

between additive reasoning and a scalar approach to describe number relationships. In this 

approach, the emphasis is on understanding relationships within quantities (Askew, 2018). Put 

simply, this approach relies on successive addition (Caddle & Brizuela, 2011) and operates on 

quantities of the same type (Bakker et al., 2014). In addition, children’s understanding of part-

whole relations of quantities relies on their knowledge of the commutative property and the 

inverse relationship between addition and subtraction (Ching & Nunes, 2017). For example, a 

child may solve the following problem using additive reasoning: It takes Taylor 10 minutes to 

run 1 mile, how long will it take Taylor to run 3 miles? The child may explain that it takes 

Taylor 10 minutes to run 1 mile, 20 minutes to run 2 miles, and 30 minutes to run 3 miles, or 10 

minutes + 10 minutes + 10 minutes = 30 minutes. This belief is similar to that of Piaget (1987), 

who suggests addition is accomplished through the repeated addition of ones. He theorized that 
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additive reasoning only involves one level of abstraction, where groups are combined 

successively at this one level.  

Multiplicative Reasoning 

In contrast, Vergnaud (1982) describes multiplicative structures as a conceptual field 

composed of concepts that include “multiplication, division, fraction, ratio, proportion, linear 

functions, and rational number concepts” (p. 40). Similar to Vergnaud, Confrey and Smith 

(1995) make connections between multiplicative reasoning and a functional approach to describe 

number relationships. Multiplicative reasoning involves quantities of a different type (Bakker et 

al., 2014). Askew (2018) points out that it is the relationship between quantities that 

distinguishes multiplicative reasoning from additive reasoning. If Taylor reconceptualizes the 

previous problem using multiplicative reasoning, Taylor might explain, 10 minutes times 3 miles 

will equal 30 minutes. Understanding the relationship between quantities suggests that 

multiplicative reasoning is a higher-order thinking skill that requires children to reason at more 

than one level of abstraction and attend to the number of inclusive relationships simultaneously 

(Piaget, 1987). While children’s understanding of additive situations rests on the understanding 

of part-whole relations, children’s development of multiplicative reasoning is developed through 

their conceptualization of covariation and correspondence (Piaget, 1965). That is, their 

understanding of the invariant relationship between two quantities beyond that of repeated 

addition. Similarly, Confrey and Smith (1995) have described patterns as having a covariational 

or correspondence relationship. For instance, a pattern is characterized as having a covariational 

relationship when the two quantities in the pattern change simultaneously. Many scholars have 

argued that understanding this covarying relationship is a necessary precursor for understanding 

multiplication, division, proportions, ratio, rate, fractions, algebra, and the other mathematical 
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concepts within the multiplicative concept field (Downton & Sullivan, 2017; Lamon, 1993; 

Siemon et al., 2005). 

As can be seen from Vergnaud’s theoretical perspective, the additive and multiplicative 

fields contain multiple concepts with the same underlying structure. How students acquire an 

understanding of addition and multiplication concepts is not limited to arithmetical operations, 

but rather a network of concepts that use a similar form of reasoning. The process through which 

children develop additive and multiplicative reasoning is not a dichotomous one; it is a system of 

connections that slowly evolves over time. Children’s existing schemas are challenged as they 

grow to explore more sophisticated concepts (Siegler, 2000). Children have the ability to think 

about multiple concepts simultaneously using a combination of additive and multiplicative 

strategies as they acquire and use new information. This is in accordance with Siegler’s (2000) 

overlapping waves theory, which is based upon three assumptions: 1) children typically utilize 

several strategies when solving a problem; 2) various strategies coexist over long periods of 

time; and 3) children’s experiences modify their reliance on existing strategies and also 

contributes to their development of more advanced strategies. Providing children with 

opportunities to explore different multiplicative situations fosters multiplicative reasoning and 

encourages their use of strategies that are transferable across concepts in the multiplicative 

conceptual field (Caddle & Brizuela, 2011). 

Children’s Stages of Additive and Multiplicative Reasoning 

Literature on elementary children’s additive and multiplicative reasoning has been the 

focus of research for several decades. Scholars have examined how children reason when they 

engage with tasks that contain an underlying multiplicative structure. This research has led to the 

categorization of students’ strategies and the development of trajectories that describe the 
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transition from additive to multiplicative reasoning. In what follows, studies that have pioneered 

research on additive reasoning and multiplicative reasoning are discussed. 

Over three decades ago, Anghileri (1989) began investigating children’s reasoning and 

solution strategies to mathematical tasks with underlying multiplicative structures. In this 

seminal piece, Anghileri was interested in how children developed an understanding of 

multiplication prior to formal instruction. She studied how 152 students, ages of 4 to 12 years, 

solved six concrete multiplication tasks (equal groups, allocation/rate, array, number line, scale 

factor/rate, and Cartesian products). She found that students predominantly used some form of 

counting to solve. At the most basic level, they employed unitary counting, which was typically 

used by the youngest students. As students progressed, counting became rhythmic (e.g., 1, 2, 3 

… 4, 5, 6), which was later internalized as a number pattern (e.g., 3, 6, 9). The findings revealed 

children used more operations that align with addition procedures (e.g., unitary counting, adding, 

number patterns to count on, and doubling). Number patterns, such as doubles, are proposed as 

the lowest level of multiplicative reasoning. In addition, the majority of these students used 

multiple strategies to solve the six different tasks. Data showed that 81% of students preferred a 

calculating or direct modeling strategy, rather than the use of multiplication facts. While this 

study does not provide individual data by age or task, it does introduce us to the type of 

strategies students employ. This study offers a preliminary look into students’ transition from 

additive to multiplicative reasoning and the types of strategies used when engaging in 

multiplicative tasks.  

Building on Anghileri’s work, Clark and Kamii (1996) examined 336 first through fifth 

grade students’ additive and multiplicative reasoning. The authors studied how these students 

solved a Fish Task problem, which had an underlying multiplicative structure. Their 
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investigation led to the development of a trajectory, which highlighted children’s transition from 

additive to multiplicative reasoning. In their analysis, they categorized students’ solutions by 

level. In level 1 children were not using numerical additive reasoning. There is either an absence 

of serial correspondence or children can seriate but only do so at a qualitative level. In levels 2 

and 3, children used additive reasoning with a numeral sequence, but the level differed by the 

quantity being added. In level 2, children could add one or two more. In level 3, children could 

add two or three more. Children at this level were considered transitional, meaning they 

demonstrated some multiplicative reasoning but when asked to explain their solution, they often 

resorted to additive reasoning. In level 4, children used multiplicative reasoning. This included 

children who reasoned multiplicatively without immediate success as well as children who 

reasoned with immediate success. They found that multiplicative reasoning is clearly 

distinguished from additive reasoning and multiplicative reasoning appeared to develop slowly 

over time. Most first and second grade children used additive reasoning, but approximately 45% 

of second-grade students used multiplicative reasoning in their solutions. By third grade, the 

majority of students (64.4%) used multiplicative reasoning, and this steadily increased as they 

progressed into fourth and fifth grades. This trajectory cast light on the developmental 

appropriateness of tasks with underlying multiplicative structures as an avenue for helping 

children transition from additive to multiplicative reasoning, particularly in second and third 

grade.  

Their research led to Jacob and Willis’ (2003) synthesis of existing literature on 

children’s development of multiplicative reasoning. They developed five broad phases to 

describe multiplicative reasoning. In the one-to-one counting phase, children count in a one-to-

one manner, but are not yet able to think in groups. When children count or arrange quantities in 
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different ways without changing the total, they are reasoning in the additive composition phase. 

They may use skip counting or repeated addition; however, their focus is on the multiplicand. As 

children transition from additive towards multiplicative reasoning, they approach the one-to-

many counter phase. This is an important phase in children’s transition to multiplicative 

reasoning. Children understand groups can be counted and can keep track of two numbers 

simultaneously, often using their fingers or numbers. They understand the coordination between 

the multiplicand and multiplier. This is supported by Downton and Sullivan (2017), who argue 

that a conceptual understanding of multiplication is based on how children attribute meaning to 

composite units and their ability to think about multiple units concurrently. In the multiplicative 

relations phase, children recognize groups of equal size, the number of groups, and the product. 

They understand the inverse relationship between multiplication and division and part-part-

whole reasoning, which according to Siemon et al. (2005), is critical to the development of 

multiplicative reasoning. As children’s thinking becomes more abstract, they operate on the 

operator. Here, children begin to use variables and engage in advanced algebraic situations. 

While this synthesis offers a detailed account of students’ reasoning, the phases seem to imply 

multiplicative reasoning develops in a linear fashion. This may be the case for some, but not all 

students will develop multiplicative reasoning systematically. Children use multiple strategies 

across grade levels, which suggests they are capable of reasoning multiplicatively and their 

reasoning and strategies may, in part, depend on their experiences and the nature of the problem. 

Children's Multiplicative Reasoning in Different Problem Situations 

Children use multiplicative reasoning to solve a variety of mathematical tasks. In the 

previous section, research described how students develop multiplicative reasoning and the 

different phases of this development. It is also important to consider how students apply 
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multiplicative reasoning to different problem situations. As is the case in this study, 

understanding how children engage in different multiplicative problems deepens our knowledge 

of how and when children employ multiplicative reasoning, which has valuable implications for 

instruction. 

Research has shown how young children are capable of reasoning multiplicatively much 

earlier than believed. Multiplicative problems have varying levels of difficulty, making some 

more or less developmentally appropriate than others. For instance, equal groups problems tend 

to be easier for young children to solve because they can make connections to additive reasoning 

strategies. More than three decades ago, Kouba (1989) analyzed 128 first through third-grade 

students’ solutions to multiplication and division story problems. These problems contained 

equivalent sets. Kouba analyzed and classified children’s solutions into five categories: direct 

representation, double counting, transitional counting, additive/subtractive, and recalled number 

facts. She found that students’ solutions to these story problems varied. First-grade students 

tended to use direct representation strategies; second-grade students used a variety of strategies 

for multiplication problems and direct representation for division problems; and third-grade 

students used a variety of strategies on both, with the majority using recalled number facts. 

Children also appeared to conceptualize multiplication as a two-step process, first making 

equivalent sets and then putting them together. Given students’ struggle to apply multiplicative 

reasoning across concepts in the multiplicative field, oftentimes because of their overreliance on 

additive reasoning, perhaps students need opportunities to develop an intuitive model of 

multiplication that encourages them to make a “referent set and operate on it” (p. 156).  

Following this line of research, Mulligan and Mitchelmore (1997) investigated what 

intuitive multiplication models (Anghileri, 1989; Kouba 1989) young children develop, the 
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relationship between children’s models and their solutions to problems that have different 

semantic structures (Greer, 1992), and how their models changed over time. Sixty second and 

third-grade students solved whole number multiplication story problems of varying types (i.e., 

equal groups, rate, comparison, array, and Cartesian product) and with numbers of differing 

sizes. Students participated in four interviews across two years. Results indicated that 

multiplicative reasoning was uncommon in the first two interviews, but fairly typical by the final 

interview. Overall, repeated addition was the most frequently used model for most semantic 

structures. Equal groups, rate, and array problems were equivalent in terms of difficulty level, 

while multiplicative comparison and Cartesian product problems were increasingly more 

challenging. When children solved equal groups and array problems with large numbers, they 

typically relied on direct counting models. Many students used one strategy to solve small 

number problems but appeared to experience a “processing overload” when applying that same 

strategy to large numbers, in turn reverting back to a less sophisticated strategy. These findings 

draw attention to the influence of number choices and semantic structures on students’ 

progression from additive to multiplicative reasoning. 

Relatedly, Downton and Sullivan (2017) examined the relationship between task 

complexity and strategy use. This study drew on several perspectives on multiplicative reasoning 

(Siemon et al., 2005; Vergnaud, 1982) and conceptual frameworks (Anghileri, 1989; Greer, 

1992; Mulligan & Mitchelmore, 1997) to understand how children solved story problems with 

different semantic structures. Thirteen third-grade students participated in task-based interviews, 

where they solved equal groups, rate, rectangular array, times-as-many, and Cartesian products 

problems. Each child selected their own “level of difficulty (easy, medium, challenge)”. 

Problems were presented orally, and children solved them mentally. Strategies were coded 
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according to the level of sophistication: transitional counting, building up, doubling and halving 

to solve multiplication problems, multiplicative calculation, and holistic thinking. Unexpectedly, 

the majority of children selected the challenge level of difficulty. Multiplicative strategies were 

used more frequently than additive strategies and accounted for 78% of the responses. When 

children engaged in tasks with structures they were less familiar with (e.g., rate, times-as-many), 

they used more sophisticated multiplicative strategies (e.g., doubling/halving, multiplicative 

calculation, holistic thinking). However, they relied on less sophisticated strategies, such as 

building up, when they engaged in tasks that were familiar (e.g., equal groups) or had simple 

numbers. It appears that when given the opportunity to engage in challenging tasks, the children 

used more sophisticated strategies. These findings are encouraging, particularly as we consider 

how to best support students’ transition to multiplicative reasoning across second and third 

grade.  

In another study, Bakker et al. (2014) examined students’ solutions to story problems and 

bare number problems that were presented virtually. In their study, 1,176 first-grade children 

completed a 28-item online assessment. The assessment included equal groups, rate, and 

rectangular array story problems and bare number problems. Children solved the problems 

without the use of physical objects. On average, children answered over half of the problems 

accurately. Multiplicative problems containing pictures and equal group problems were easier to 

solve than rate or array problems. These children were most successful with context and bare 

number problems that required doubling, understandably, because of their close connection to 

addition. Despite children’s inexperience with multiplication, these findings show how children 

possess a sizable amount of prior knowledge that can be built on in the primary grades. While 

this study analyzed students’ accuracy, it did not examine their process for solving the problems. 
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These findings further substantiate the growing body of evidence that suggests pictures, semantic 

structures (e.g., equal groups), and number choices positively influence young children’s 

development of multiplicative reasoning.  

Multiplicative Reasoning and Concepts in the Multiplicative Conceptual Field 

Multiplicative reasoning expands beyond operations involving multiplication and 

division. As noted by Vergnaud (1982), multiplicative reasoning underpins many different 

mathematical concepts (e.g., proportions, functions, algebra). These concepts are evident in 

Greer's (1992) semantic structures framework. These structures include equal groups, rectangular 

arrays, multiplicative comparison, and Cartesian products. While these categories differ in 

structure, they contain the same multiplicative composition. Each of these problems elicit 

different forms of reasoning and strategies. However, some structures are more or less 

challenging for children, making it important to reflect on their placement in existing curricula. 

The next section discusses children’s multiplicative reasoning in the context of more 

sophisticated concepts. In particular, proportionality appears to play a vital role in multiplicative 

reasoning and children’s conceptual understanding of multiplicative situations.   

In a study by Park and Nunes (2001), the authors analyzed two contrasting hypotheses 

about the origin of multiplicative reasoning. The first theory, proposed by Fishbein, Deri, Nello, 

and Marino (1985), suggests that multiplicative reasoning is grounded in children’s 

understanding of repeated addition. In contrast, Piaget (1965) and Vergnaud (1983) argued that 

multiplicative reasoning develops out of children’s schema of correspondence and attention to 

the invariant relationship between two quantities. The constant relation, known as rate or ratio, is 

proclaimed to be at the heart of multiplication. Park and Nunes (2001) randomly assigned 42 

first-grade students to receive an intervention focused on repeated addition or correspondence. 
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Students were administered a pre- and post-test, which consisted of eight additive and eight 

multiplicative story problems. T-test results show that the repeated addition intervention group 

made comparable, average progress on both the additive and multiplicative problems. Students in 

the correspondence intervention group made significantly more progress on multiplicative 

problems than on additive problems. These findings suggest that instruction focused on 

correspondence is more influential on students’ multiplicative reasoning skills than practice in 

repeated addition and children’s understanding of multiplicative relations appears to originate in 

their schema of correspondence. These findings challenge the traditional view that repeated 

addition acts as a bridge to multiplication and validates the need to examine how current 

instructional practices are supporting students’ conceptual understanding of multiplication.   

While the previous study showcased first-grade students’ abilities to engage in 

multiplicative reasoning, Van Dooren, De Bock, Hessels, Janssens, and Verschaffel’s (2005) 

catalogued third through fifth grade as the critical period for transitioning students from additive 

to multiplicative reasoning. In one study, Van Dooren et al. (2010) examined how 325 third 

through sixth-grade students solved missing-value story problems. The authors considered how 

children’s responses were influenced by age, the additive or proportional structure, and the 

numbers in the problem. Data showed that the majority of third-grade students used additive 

reasoning to solve both problem types. As the use of additive reasoning decreased across grade 

levels, the use of multiplicative reasoning increased. In some instances, students tended to rely 

solely on one form of reasoning to solve their entire problem set, or incorrectly applied both 

forms of reasoning. In addition, students’ focus on the numbers in the problem, rather than the 

underlying structure, may have influenced this erroneous use. In their more recent study, 

Degrande, Verschaffel, and Van Dooren (2018) studied 366 third through sixth-grade students’ 
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preference for additive or multiplicative reasoning as they solved two open number problems. 

These problems required students to fill in the missing number. Data revealed students preferred 

both. While third and fourth-grade students favored additive relations, multiplicative responses 

occurred across all grade levels. Concurrent with their previous findings, generally speaking, 

additive reasoning decreased over time. The results illustrate how additive and multiplicative 

reasoning overlap across grade levels. The results also demonstrate students’ understanding of 

how and when to use additive and multiplicative reasoning correctly. Since prior research 

demonstrates children as young as six years old can engage in multiplicative reasoning, 

educators must consider the factors that help students successfully engage with multiplicative 

problems and how instruction can support students’ application of both forms of reasoning. 

Other research has also examined proportionality in elementary mathematics instruction. 

In a recent synthesis, Askew (2018) reviewed literature on children’s development of 

multiplicative reasoning. The author describes two vignettes, which examined children’s 

solutions to simple ratio problems (Askew, Latham, & Burns, 2005). Year 2 (first grade) students 

solved a story problem and were encouraged to use a double number line to represent the 

functional relationship. Year 4 (third grade) students solved a different story problem and were 

encouraged to use a ratio table. Students were successful in solving these problems and results 

highlight the benefits of using representations to do so. In addition, the teachers’ use of 

instructional scaffolds and encouragement to use representations appeared to play an important 

role in supporting students’ understanding of functional relationships. Data from this study 

challenges arguments that claim children are not ready for advanced mathematical thinking until 

later grades. Instead, Askew (2018) powerfully asserts, “any lack of development of primary 

pupils’ multiplicative reasoning may be less a consequence of pupils having to be 
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‘developmentally’ ready to deal with multiplicative reasoning (because it is too ‘abstract’) and 

more a consequence of predominant approaches to teaching multiplication limiting access to 

opportunities through which thinking functionally can emerge" (p. 407). If the goal is to 

transition students from additive to multiplicative reasoning, students need opportunities to 

explore various multiplicative problems across grade levels. 

In addition, Hino and Kato’s (2019) recent study investigated Japanese practice-based 

approaches that also support elementary students’ development of proportional reasoning. They 

explored how whole-number multiplication serves as a “stepping stone for children’s 

understanding of proportional reasoning” (p. 126). Their perspective is also framed around 

Vergnaud’s (1982) belief that multiplication and division create connections across multiple 

mathematical topics (e.g., rate, ratios, functions) that vary in cognitive complexity. In their 

review, they identified three categories of studies that explored proportional reasoning in the 

early grades: relative thinking, coordinating two quantities by generating a composed unit, and 

promoting awareness of proportional relationships. These studies describe specific instructional 

practices that support children’s development of proportional reasoning. They bring awareness to 

the merit of helping students assign meaning to base quantities, relative values, and 

corresponding quantities when solving tasks. The authors suggest that children benefit from 

opportunities to learn how to explicitly attend to proportional relationships across multiplicative 

situations. This review echoes prior research that has underscored the importance of building 

children’s understanding of relationships, a critical component of multiplicative reasoning. 

Connections to Instruction 

Classroom practices that incorporate opportunities for students to think algebraically can 

support their understanding of mathematical relationships and help them to learn to generalize. 
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Instruction that focuses on additive reasoning in the primary grades is typically framed around 

addition and subtraction. As children explore problems involving these operations, they are 

taught to use strategies such as counting, doubles, and repeated addition/subtraction to solve 

problems that contain the same type of quantity (Downton & Sullivan, 2017). While repeated 

addition has been used to teach multiplication, research has found that addition is not enough to 

form a conceptual understanding of multiplication (Park & Nunes, 2001; Thompson & Saldanha, 

2003). Vergnaud (1983) argues, "multiplicative structures rely partly on additive structures; but 

they also have their own intrinsic organization which is not reducible to additive aspects” (p. 

128). Hino and Kato (2019) point out that repeated addition fails when children are working with 

a multiplier that is a decimal or a fraction. Repeated addition may be suitable as a procedure for 

solving multiplication problems, but it does not transfer across all multiplicative situations. As 

instruction shifts towards multiplication and division, it is important that children engage in tasks 

that require them to simultaneously attend to two quantities (Siemon et al., 2005) and learn 

strategies that support their understanding of a composite unit and the distributive property 

(Clark & Kamii, 1996). Helping children learn to recognize composite units advances their 

understanding of multiplication beyond a memorized procedure and lays the foundation for 

multiplicative reasoning (Steffe, 1994). 

The transition from additive to multiplicative reasoning is challenging and one that takes 

place over a long period of time (Empson & Turner, 2006). Research has found many young 

children have considerable knowledge of multiplicative reasoning before they have received 

formal instruction (Lu & Richardson, 2018) or developed a deep understanding of multiplicative 

relations (Vergnaud, 1994). To gain a sense of where multiplicative reasoning is positioned in 

curricula, it is important to examine current grade level expectations. According to the 
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mathematics standards in the CCSS-M (2010), the second-grade curriculum’s primary emphasis 

is on additive reasoning. The curriculum also begins to introduce equal groups problems and 

rectangular arrays through the use of addition. Research has found that equal group problems and 

arrays assist students in developing multiplicative reasoning skills (Jacob & Mulligan, 2014). In 

third grade, the curriculum starts to formally transition students from additive to multiplicative 

reasoning. Students represent and solve whole number problems using multiplication and 

division as well as find area using multiplication, rectangular tiles, and arrays. Students are 

encouraged to use repeated addition and subtraction, pictures, equal groups, and arrays to solve 

problems. Fourth-grade standards expose students to a variety of concepts that contain an 

underlying multiplicative structure. Students solve problems using all operations (multi-digit 

whole numbers and fractions) and make sense of multiplicative comparison story problems. 

They also engage in tasks that involve multiples and factors, area, perimeter, and number and 

shape patterns. Students are encouraged to use similar strategies, in addition to multiplication 

and division, models and equations, area models, and partial products and quotients. Taking the 

curriculum into consideration and children’s inherent abilities to reason multiplicatively from a 

young age, it seems reasonable to consider the transition from second and third grade as an 

important developmental period for students and the evolution of their reasoning. 

Significance of Developing Students’ Multiplicative Reasoning 

This literature provides a deeper look into how multiplicative reasoning is 

conceptualized, how children transition from additive to multiplicative reasoning, and how to 

nurture students’ development of multiplicative reasoning through the use of varied problem 

situations and concepts. While this review is not exhaustive, these studies highlight the complex 
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nature of multiplicative reasoning and illuminate children’s capabilities and inherent 

understanding of multiplication.  

Over the past several decades, research has provided substantial evidence that suggests 

primary grades are critical for supporting students’ transition to multiplicative reasoning. Studies 

have found that young children are capable of engaging with and successfully applying 

multiplicative reasoning when solving tasks that contain an underlying multiplicative structure. 

The majority of research has focused on children’s solutions to story problems. Results from 

these studies indicate that children rely on a variety of strategies to solve problems and often 

utilize both additive and multiplicative reasoning. As children transition away from a reliance on 

counting, their thinking evolves and they begin to use strategies such as doubling/halving, skip 

counting, and repeated addition. These strategies appear to play a role in supporting children’s 

development of multiplicative reasoning, particularly as students explore equal groups, 

rectangular arrays, and multiplication. To facilitate this transition and the use of these strategies, 

semantic structures and number choices influence children’s access to and success with these 

problems. However, solely relying on one type of strategy, such as repeated addition, limits 

children’s abilities to construct a deep understanding of the relationships among quantities that 

transfer across concepts within the multiplicative conceptual field (Vergnaud, 1982). Children 

need opportunities that challenge and promote their use of more sophisticated strategies and 

forms of reasoning. Trends in research show that with increased educational experiences, 

children are less reliant on additive reasoning. Therefore, it is important to consider how to 

bolster instruction to further support primary students’ development of multiplicative reasoning. 

In doing so, instruction is preparing them to engage in higher order tasks involving concepts such 

as proportions, fractions, functions, and algebra. Many studies have already begun exploring 
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children’s multiplicative reasoning in the context of more sophisticated concepts, such as 

proportionality. Im and Jitendra (2020) identify proportional reasoning as "a critical bridge" 

between students' transition between concrete numerical arithmetic and higher-level mathematics 

concepts, such as rate, ratio, fractions, functions, and algebra (p. 1). Insights gleaned from this 

literature review highlight practical and research implications for student learning, teacher 

knowledge, and instruction. Students need opportunities to make connections across concepts in 

the multiplicative conceptual field to provide coherence and depth to their understanding of 

multiplicative situations. 

Patterns 

Pattern tasks are a powerful means for stimulating children’s multiplicative reasoning. 

The underlying structure of a pattern lends itself to reasoning that prompts students’ attention to 

relationships, supports generalizations, and helps children build connections across mathematics 

concepts. In this portion of the literature review, research on growth patterns, children’s attention 

to mathematical structure, and the connection between patterns and concepts described in 

Vergnaud’s multiplicative conceptual field are discussed. In addition, interventions that have 

used growth patterns to support children’s understanding of different mathematics concepts is 

described.  

According to the NCTM (2000), it is recommended that children, as early as 

prekindergarten, have rich opportunities to develop algebraic thinking through their exploration 

of patterns, relationships, and functions. While arithmetic is traditionally positioned as a context 

for supporting children’s early algebraic thinking, less attention has been paid to the use of 

relationships, patterns, and functions. Greenes and colleagues (2001) argue that early pattern 

activities assume an important role in early algebra. When students have opportunities to 



  52 

 

"describe, extend, and make generalizations about geometric and numeric patterns, and represent 

and analyze patterns and functions, using words, tables and graphs" (NCTM, 2000, p. 158), they 

are engaging in forms of early algebraic thinking. Several studies have found an association 

between early pattern activities and mathematical abilities (Pasnak, 2017 for a review); yet 

researchers argue too little research has examined the relationship between patterns and algebraic 

thinking (Kidd, Pasnak, Gadzichowski, Gallington, McKnight, Boyer, & Carlson, 2014). This 

highlights the need for educators to investigate the power of this relationship.  

 Many elementary teachers integrate the use of patterns or patterning activities into their 

mathematics instruction. Oftentimes, pattern tasks involve the use of manipulatives such as 

pattern blocks or colored cubes. Patterns, as described by Papic, Mulligan, and Mitchelmore 

(2011), have a replicable regularity. An important component of pattern instruction is helping 

children recognize structure, an opportunity to promote multiplicative reasoning. Identifying the 

regularity is essential for understanding the relationship between the elements in the pattern, 

children’s reasoning, and ability to generalize.  

Repeating Patterns 

Children begin to explore such regularity and repetition as they engage in tasks that 

require them to extend or repeat a single item in a pattern, such as a color or shape. Typically, 

pattern instruction in the primary grades is minimized to repeating visual and numeric patterns. 

Repeating patterns, sometimes referred to as recursive patterns, focus on one single repeating 

unit (e.g., ABAB). These patterns have an underlying additive structure. At the most rudimentary 

level, attending to a simple repetition is foundational to children’s understanding of the unit of 

repeat and composite units (Steffe, 1994). However, when children’s experiences with patterns 

are limited to those with an additive structure, they encounter difficulties transitioning to more 
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sophisticated forms of reasoning, like multiplicative reasoning (Moss & McNab, 2011). A 

recursive approach to identifying and describing growth patterns allows students to predict the 

next position in the pattern, but it confines their ability to think about the covariation of 

quantities and to generalize.  

Growth Patterns 

In contrast, growth patterns consist of a sequence of items that increase or decrease 

systematically (Papic et al., 2011). These types of patterns often include numbers or geometric 

shapes. Growth patterns challenge children to attend to the relationship between two co-varying 

quantities (each element and its position in the sequence) and the underlying mathematical 

structure. As children learn to attend to structure and relationships, they are encouraged to use 

different forms of reasoning (e.g., additive, multiplicative). Figure 2.1 depicts an example of a 

geometric growth pattern (Boaler, 2016). If a child were asked to draw what the next shape 

would look like, they may draw with an additional row of three squares. If asked to explain how 

they solved, a student who reasoned additively may say they used repeated addition (i.e., 3 + 3 + 

3 + 3 = 12). In contrast, a student who reasoned multiplicatively may explain that they saw each 

row had three squares, and four groups of three squares equals 12. Their representation would 

illustrate their process for creating what Walkowiak (2014) refers to as a next generalization, 

meaning the figure that comes next in the sequence. It is this attention to the predictability of the 

relationship in a pattern that supports students in learning to generalize (Kidd et al., 2014). 

Figure 2.1 
 
Geometric Growth Pattern  
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Research has found that strategies such as doubling or skip counting assume an important 

role in children’s development of multiplicative reasoning and can enable their success with 

growth patterns (Papic et al., 2011). Children’s application of multiplicative reasoning is what 

influences the extent to which they are able to generalize a rule and engage in more sophisticated 

algebraic thinking, such as functional thinking. Research has found that young children can 

effectively engage in growth pattern tasks and demonstrate more advanced mathematical 

reasoning than anticipated (e.g., Beatty et al., 2013). Clements and Sarama (2007) argue that the 

“recognition and analysis of patterns are important components of the young child’s intellectual 

development because they provide a foundation for the development of algebraic thinking” (p. 

524). Accordingly, growth patterns have the potential to simultaneously nurture students’ 

development of multiplicative reasoning and can serve as a vital stepping stone to the 

development of algebraic thinking (Zazkis & Liljedahl, 2002). 

Growth Pattern Tasks and Connections to the Multiplicative Conceptual Field 

Pattern tasks, such as those that repeat or grow, encourage children to attend to the 

structure and relationships in the mathematical situation (Van de Walle, Karp, Lovin, & Bay-

Williams, 2018). The underlying multiplicative structure of growth patterns make these tasks 

particularly appealing because of their connection to multiple mathematics concepts described in 

Vergnuad’s (1982) multiplicative conceptual field (e.g., multiplication, ratio, proportions, 

functions, and algebra). Growth patterns hold potential for fostering students’ understanding of 

relationships between quantities and their development of multiplicative reasoning. In 

recognizing their value, it is important to consider how elementary teachers can leverage the use 

of growth patterns in instruction to support children’s early algebraic thinking and predispose 

them towards thinking about more advanced concepts. Complex tasks that challenge children to 
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look for structure, express regularity, and generalize are essential for helping them develop a 

disposition towards thinking algebraically. 

Stacey (1989) was one of the first to pioneer a study that examined children’s solutions to 

linear growth pattern tasks and their generalizations. In her study, 371 children in Years 4, 5, and 

6 (third, fourth, and fifth grade, respectively) solved two geometric tasks and one numeric task. 

Students conjectured near and far generalizations. Near generalizations (stage 20), could be 

“solved by step-by-step drawing or counting,” while far generalizations (stage 100) go “beyond 

reasonable practical limits of a step-by-step approach” (p. 150). Four methods were used by 

students: counting, difference, whole-object, and linear method. The counting method is when 

students would count from a drawing. Students’ solutions were coded as the difference method 

when they multiplied by a given number, which implicitly implies repeatedly adding that given 

number. When students used the whole-object method, they were using multiples to solve. When 

students used the linear method, they recognized a pattern, used multiplication and division, and 

attended to the order of operations. In general, there were inconsistencies in the methods chosen. 

Counting was the most frequently used method for solving near generalization tasks, whereas 

difference, whole-object, or linear methods were used to make far generalizations. Students who 

began using a counting method often switched to an alternative method before reaching a final 

answer. In some instances, students erroneously used the difference and whole-object methods, 

based on an overgeneralized assumption about proportionality and misunderstanding about 

distributivity. Hino and Kato (2019) highlighted the relationship between multiplicative 

reasoning and proportionality in their research. These findings suggest that geometric and 

numeric growth patterns evoke forms of multiplicative reasoning related to proportionality, an 

important avenue for future research. 
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Warren and Cooper (2007) also made connections between the structure of repeating 

patterns and students’ understanding of proportions. They examined how repeating patterns 

scaffolded Year 5 (fourth grade) students’ understanding of ratio. They also considered the role 

of discourse and students’ use of representations. Students partook in a design-based teaching 

experiment that consisted of four lessons. They engaged in repeating patterns using tiles, 

attended to the repeating components, recorded data in a table of values, generalized 

relationships, and used ratios to compare the repeating pattern components. An analysis of the 

classroom observations and student work suggested repeating patterns effectively supported 

students’ generalizations and understanding of ratios. Some research has reasoned that repeating 

patterns are insufficient for helping students understand patterns (e.g., Papic et al., 2011); 

however, this study’s focused attention to the underlying structure appears to have been more 

effective than simply replicating or extending a repeating pattern. Students’ understanding of 

relationships was strongly influenced by the teacher’s facilitation of discourse and use of 

representations, a notable finding as educators determine the most effective ways for 

incorporating growth patterns into instruction. These results suggest that repeating and growth 

patterns may help students’ transition from additive to multiplicative reasoning and the role of 

discourse plays an important part in that. 

Relatedly, Blanton et al. (2015) shared a similar interest in children’s use of 

representations. They explored children’s early functional thinking and solutions to story 

problems that had a recursive or multiplicative structure. In the context of early algebra, Blanton 

and colleagues conceptualized functional thinking as the process of building and generalizing 

patterns and relationships. In this study, two first-grade classrooms participated in an eight-week 

long classroom teaching experiment. This experiment focused on functional relationships and the 
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use of function tables to organize and interpret data. Function types (e.g., use of doubling) were 

purposefully selected to support children’s work with arithmetic. The authors developed a 

trajectory outlining eight levels of sophistication in children’s thinking about functional 

relationships. Each level will be described because of its applicability to the analysis taking place 

in this dissertation study. In level one (prestructural), students do not attend to any mathematical 

relationship in the problem. In level two (recursive-particular), students only describe the pattern 

as a sequence of discrete instances, not generalize the recursive structure. This may include 

counting by one. In level three (recursive-general), students conceptualize the recursive pattern 

as a generalized rule, but without attending to specific values. For instance, a child might add 

two every time, rather than saying 2, 4, 6, 8. In level four (functional-particular), children can 

describe a functional relationship and describe the relationship within specific cases, but not 

generalize a rule. In other words, the child might be able to solve the problem with the quantities 

given, but not be able to describe how two generalized quantities are related. In level five 

(primitive functional-general), students can explain a general relationship between two quantities 

across a set of cases. However, they did not use words or symbolic notation to describe the 

mathematical transformation between the quantities. In level six (emergent-functional general), 

students’ thinking becomes more abstract and reflects an understanding of generalized functional 

thinking. Here, the student represents the generalized quantities or the mathematical relationship, 

not both. In level seven (condensed functional-general), students describe the generalized 

relationship and reference specific mathematical quantities in their explanation. This level is 

characterized by students’ explicit attention to what constituted the functional relationship. 

Lastly, in level eight (function as object), students not only understand the functional relationship 

across cases, but also know when it would fail if there was a change in the mathematical 
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situation. Results indicated that students do not progress through these levels linearly; children 

shifted between recursive and functional thinking. This suggests both forms of reasoning can co-

emerge and children circumvent between the two. Across the instructional sequence, functional 

thinking occurred more frequently (68%) than recursive thinking (32%). Children did not need a 

deep understanding of the relationship between successive items in a pattern before attending to 

the relationship between two quantities. While this study focused on functional relationships, the 

findings highlight children’s abilities to successfully attend to co-varying quantities, with 

instructional support.  

Canadas, Brizuela, and Blanton (2016) followed up on this study and drew on data from 

that same classroom teaching experiment. They analyzed 21 second-grade students' responses to 

a growth pattern task, Birthday Party Tables. In this task, students had to determine how many 

friends could sit at a given number of tables. This problem involved the functional relationship, 

y=2x. Findings revealed that some students articulated the relationship between the number of 

tables and number of friends that could sit at each table by doubling the number, while others 

viewed the relationship recursively and counted by twos. Many students appeared to transform 

the story problem into an additive relationship, which seems reasonable since students often 

learn about multiplicative situations in this way. However, as the number of tables increased, 

students began to generalize and use a functional approach (e.g., doubling, counting the number 

of tables twice). Some students’ representations were strictly numeric, and others used drawings 

to express the relationship. The use of representations was not a focus of this research, but the 

findings show how visuals help students represent and deepen their understanding of 

relationships. Both studies recognize that there is not an expectation for children to master 

sophisticated algebraic concepts, but rather, address the importance of sustained opportunities 
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that allow children to “access a variety of representations that allow them to mathematize 

unknown quantities and their relationships” across grade levels (Blanton et al., 2015, p. 545).  

In another study, Walkowiak (2014) found pictorial growth patterns to be a valuable tool 

for supporting elementary students’ algebraic thinking. She studied how second, fifth, and 

eighth-grade students analyzed two pictorial growth patterns and the type of reasoning they 

employed, figural or numerical. Students were asked to describe, extend, and generalize the 

pattern. Results indicated that students did not rely on figural or numerical reasoning exclusively, 

and the pictorial growth patterns promoted the use of both. Though, the second-grade student in 

this study, Dara, tended to focus on the structural and physical features of the patterns and relied 

more on figural reasoning. Dara utilized skip counting to help her generalize, and also made 

connections between the picture number and the number of squares in each row. These findings 

share similarities to the work of Blanton et al. (2015) and Beatty et al. (2013) who suggest a co-

emergence of additive reasoning and multiplicative reasoning, as well as Moss and McNab 

(2011) who underscore the power of geometric growth patterns presented in the form of arrays. 

This research demonstrates that when students have the opportunity to engage in multiplicative 

reasoning and make sense of generalizations in a visual context, they are better able to describe 

and justify the relationship among mathematical objects.  

Growth Pattern Interventions  

A number of studies have also examined the effectiveness of a teaching experiment or 

intervention focused on growth patterns. These interventions incorporated growth patterns to 

develop students’ understanding of different mathematics concepts that contain an underlying 

multiplicative structure. Many of these interventions focused on the structure of the pattern and 

the extent to which students could generalize. For instance, Beatty et al. (2013) examined 
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children’s early functional thinking, understanding of number relationships, and recognition of 

visual and numeric structures. Fifteen kindergarten through second-grade students participated in 

a teaching intervention that emphasized covariation in each of the five lessons. Before and after 

the intervention, students participated in task-based interviews. Similar to Walkowiak’s (2014) 

study, students described and extended linear growing patterns, which consisted of tile arrays, to 

make next (5th and 6th), near (10th), and far (100th) predictions. Results indicated that after the 

teaching intervention, 13 of the 15 students could make next and near predictions and seven were 

able to make far predictions. Students used recursive and functional thinking as their perception 

of the visual structure of the pattern shifted. Recursive thinking described the relationship 

between the successive items in a pattern. In contrast, functional thinking required students to 

attend to the relationship between two quantities, most frequently the position number and the 

total number of items at that position number. When students used skip counting by two or 

explained the rows “go up by 2 each time,” they tended to rely on recursive thinking. Students 

who used functional thinking made connections to the columns, specifically between the position 

number and number of items at the position. All students who made near and far predictions 

were able to identify the visual and numeric structure of the growth pattern. It seems that by 

focusing students' attention on the structure of the array and relationships in the pattern, students 

were encouraged to use multiplicative reasoning and make predictions, two promising findings. 

Moss and McNab (2011) provide further proof that children can engage in deep 

mathematical thinking. In their study, they explored how a 10 to 14 week intervention could 

foster second-grade students' understanding of functions and covariation. Students explored 

geometric growth patterns (square tile arrays) and numeric growth patterns (function machine 

activities). The geometric patterns helped students make connections between the position 
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number, structure of the array, and number of tiles at each position; the function machine 

highlighted the functional rather than recursive rules. In this intervention, the teacher held a 

prominent role in helping students notice and make sense of constants and changes in the growth 

patterns. Students participated in pre- and post-test interviews and were assessed on their ability 

to make near and far predictions, find and express general rules, and their strategies (recursive or 

functional reasoning). Overall, students made significant progress identifying pattern rules and 

creating patterns based on those rules. They also demonstrated functional thinking in their 

approach, as evidenced by their attention to the position number in relation to the number of 

elements at that position. One of the most salient findings is that the patterns influenced students’ 

understanding of multiplication and their invention of strategies. In contrast to prior research, 

this study found that students did not rely on recursive reasoning or use inappropriate 

proportional reasoning. It is possible that the geometric growth patterns, presented as arrays, 

provided students with “a visual representation of multiplication as a set of relationships that 

they could construct and deconstruct” (p. 289). Research has argued that rectangular arrays can 

help transition students from additive to multiplicative reasoning so the potential for growth 

patterns, presented as rectangular arrays, have implications for students’ development of 

multiplicative reasoning. 

Additionally, Wilkie and Clarke (2016) were interested in how students visualized pattern 

structures. In their design-based research study, they analyzed 222 upper primary students’ 

solutions to a growth pattern task presented as a story problem, the Upside-Down T Plant. They 

adapted Markworth’s (2010) framework to identify the type and level of generalization 

(recursive or functional). A distinguishing feature of their study is that students colored the 

visual structure (visualizations) of the Upside-Down T Plant to show how they saw the pattern 
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growing. This was then compared to students’ strategies and explanations. Analyses determined 

their level of generalization and the relation to their generalizations and understanding of 

functional relationships. Results indicate that 32% of students visualized the structure as 

recursive, while 13.5% used functional thinking. A subset of students transitioned from recursive 

to functional thinking as the growth pattern increased, which might suggest they recognized the 

need for more efficient strategies. While this study focused on upper elementary students, it was 

one of the few to consider students’ ‘visualizations.’ These findings speak to the significance of 

visual representations as educators look for ways to best support students’ development of 

multiplicative reasoning.  

In a more recent study, Mulligan, Oslington, and English (2020) describe findings from a 

year-long Pattern and Structure Mathematics Awareness Program (PASMAP). Some PASMAP 

units include repeating patterns, additive structures, multiplicative structures, and growing 

patterns. This program was implemented in four kindergarten classrooms; two classrooms were 

randomly assigned to the experimental or control group. Interview-based measures assessed 

students' mathematical abilities (e.g., growing pattern tasks), before and after the intervention, 

and again one year later. Results show the intervention had a positive, significant impact on 

students and the difference between the two groups was greatest one year after the intervention 

was complete. The authors argue that patterns and structures have strong connections to 

children's conception of composites and the unit of repeat, a direct connection to multiplicative 

reasoning. The first-grade teachers of the students who participated in the experimental group in 

kindergarten indicated that the students’ understanding of the unit of repeat and equal groups had 

a positive impact on their overall mathematics learning. The teachers indicated that the now first-

grade students demonstrated an understanding of multiplicative concepts and emergent 
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generalizations. The teachers also commented on the students’ abilities to represent and explain 

their thinking thoroughly. When children understand the mathematical structure, they are in a 

position to form generalizations that can apply to multiple forms or contexts. Research has 

shown that teachers' instructional practices positively impact students' abilities to generalize 

patterns. Furthermore, the use of visual representations here also appeared to help students attend 

to the multiplicative relationships. When given the opportunity, young children are capable of 

mathematics beyond what is found in their grade level curricula.  

Significance of Growth Patterns in Elementary Mathematics Instruction  

The use of growth patterns in mathematics instruction is versatile. As can be seen from 

this review, growth patterns assume many different identities and can be used across a range of 

mathematical concepts and practices. Most commonly, growth patterns are presented using 

manipulatives (e.g., tile arrays), numerically (e.g., function machine), pictorially (e.g., 

geometric), or in the context of a story (e.g., Birthday Party Tables). While some research has 

examined students’ thinking and their use of strategies when engaging with pattern tasks (e.g., 

Beatty et al., 2013; Canadas et al., 2016; Stacey, 1989; Walkowiak, 2014; Wilkie & Clarke, 

2016), other areas of research have explored the influence of interventions (e.g., Blanton et al., 

2015; Moss & McNab, 2011; Mulligan et al., 2020) and the connections to more sophisticated 

concepts (e.g., Blanton et al., 2015; Canadas et al., 2016; Warren & Cooper, 2007). Research has 

found that elementary children’s exploration of patterns promotes their development and use of 

additive and multiplicative reasoning. Instructional strategies, types of pattern tasks, support 

from teachers, use of representations, and opportunities for discourse have played a critical role 

in encouraging students’ development of early algebraic thinking.  
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Concurrent with previous research, children appear to draw on multiple strategies to 

solve growth pattern tasks with underlying multiplicative structures. This suggests children 

possess an intuitive understanding of multiplicative reasoning and can engage in growth pattern 

tasks before formal instruction on multiplication. Growth patterns can promote students’ use of 

more sophisticated mathematical reasoning, attention to the invariant relationship between two 

quantities, and their ability to generalize. Since additive reasoning is heavily emphasized in the 

early grades, it is understandable that children rely on strategies such as skip counting or 

repeated addition. Though, students displayed early algebraic thinking in their recognition of co-

varying quantities and functional relations when solving growth pattern tasks with an underlying 

multiplicative structure (e.g., Beatty et al., 2013; Blanton et al., 2015). Similarly, students’ 

understanding of multiplication grew as evidenced by their utilization of multiple, inventive 

strategies to solve these types of tasks (Moss & McNab, 2011).   

 Growth pattern tasks provide students with opportunities to explore patterns and engage 

in early functional thinking, which is also a form of multiplicative reasoning and a component of 

algebraic thinking. Vergnaud (1982) described this connection when discussing how concepts 

within the multiplicative conceptual field (i.e., multiplication, division, fractions, ratio, 

proportion, functions, algebra) share similar multiplicative structures. Both forms of reasoning 

(multiplicative and functional) require students to attend to the relationship between quantities. 

As defined by Smith (2008), functional thinking “focuses on the relationship between two (or 

more) varying quantities, specifically the kinds of thinking that lead from specific relationships 

(individual incidences) to generalizations of that relationship across instances” (p. 143).  

This dissertation study built on prior research by examining elementary students’ 

solutions to growth pattern tasks. However, unlike prior work, this study examined students’ 
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solutions to three different presentations of growth patterns, which all share the same rule 

(y=2x+1). These tasks were presented virtually, visually, and in the context of a story problem. 

To strengthen coherence in students’ algebraic thinking, analyzing students’ solutions in this way 

elucidates what the students understand about the relationships in each pattern, the type of 

reasoning they employ, the extent to which they can generalize, and in what ways the students 

transfer their thinking across different contexts. In these tasks, the multiplicative, or functional 

relationship is identified as the relationship between the position number (i.e., day number or 

number of tables) and the features of the pattern at that position (i.e., number of shapes on that 

day or number of friends sitting at the table). In addition, past studies have focused on children's 

thinking and interventions, but there has been little work understanding the context in which 

students learn. This research also attended to the teacher and curriculum to better understand 

how mathematics instruction supports students’ transition in reasoning. The findings unveiled 

valuable insight into students' thinking and teachers’ analyses, which have implications for 

instruction, curriculum development, and student learning. They also illustrate how growth 

patterns can be used as an avenue for simultaneously developing students' multiplicative 

reasoning and algebraic thinking. 

It is important that all students have ample opportunities to explore mathematical 

structures and relationships to develop an algebraic ‘habit of mind’ (Kaput, 2008). Students need 

diverse experiences across grade levels to place them on a path towards learning with 

understanding so "algebra is a gateway to opportunity, not a gate that blocks their way” 

(Carpenter et al, 2003, p. 6). With sustained experiences, growth patterns are a powerful, 

untapped resource that have the potential to support this development. Purposefully designing 

and implementing growth pattern tasks that encourage students’ use of these strategies may help 
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facilitate the shift from additive to multiplicative reasoning. In doing so, children are given 

opportunities to develop a disposition that motivates them to think and reason algebraically.  

Summary of Chapter 

 This chapter began by discussing the theoretical framework (social constructivist theory 

of learning) that underpins this research study. Then, the importance of early algebra is 

described. Connections are made to national and state standards, instructional practices, and 

teacher preparation and professional development. In addition, this chapter synthesized prior 

research that has explored students’ use of additive and multiplicative reasoning across a variety 

of contexts, with special attention to how to support students’ transition from additive to 

multiplicative reasoning. Then, the chapter focused exclusively on the use of growth patterns in 

the elementary grades and how these tasks could be used to promote students’ multiplicative 

reasoning skills. The chapter also summarized research that examined students’ reasoning and 

use of strategies when engaging in growth pattern tasks, the connections between growth patterns 

and more sophisticated mathematical concepts, as well as the influence of interventions. The 

chapter concluded by discussing the potential of using growth patterns to simultaneously support 

students’ development of multiplicative reasoning and algebraic thinking skills.  
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CHAPTER 3 
 

METHODOLOGY 
 

In the previous chapters, I have discussed the importance of early algebra and the need 

for curriculum and instruction to support children’s development of an algebraic ‘habit of mind.’ 

Research on children’s reasoning has found that children possess an intuitive understanding of 

multiplicative structures and can engage in tasks that encourage sophisticated mathematical 

thinking (e.g., Blanton et al., 2015; Canadas et al., 2016; Downton & Sullivan, 2017; Lu & 

Richardson, 2018; Moss & McNabb, 2011); therefore, it is important to understand the types of 

tasks that facilitate students’ transition from additive to multiplicative reasoning. Growth patterns 

have the potential to promote this transition because they encourage children to reason about the 

mathematical situation without relying on a familiar procedure or algorithm. In doing so, a 

wealth of information is learned about children’s attention to mathematical relationships, 

reasoning, and generalizations.  

A qualitative multi-case study methodology was selected to investigate two areas of 

research, how elementary mathematics curriculum and instruction supports early algebraic 

thinking and how growth pattern tasks can be used to promote students’ development of early 

algebraic thinking. To build on existing research and contribute to the growth of our professional 

knowledge base, Chapter 3 provides details on this research study. In this chapter, the research 

questions, sampling methods, participants, data collection and sources, and data analysis 

techniques are described. A subjectivity statement is provided, and the trustworthiness of the 

study, along with ethical considerations, are discussed. This research study is guided by the 

following research questions and their respective sub-questions: 
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1) How does elementary mathematics curriculum and instruction support third-grade students’ 

understanding of early algebra concepts? 

a) In one elementary school district’s mathematics curriculum, how does the intended third-

grade curriculum support students’ understanding of early algebra concepts? 

b) What are third-grade teachers’ perspectives and experiences supporting students’ 

development of algebraic thinking? 

c) What are third-grade teachers’ perspectives on the use of growth pattern tasks to support 

students’ algebraic thinking? 

2) In what ways do third-grade students and teachers engage in growth pattern tasks that differ 

in presentation (i.e., virtual pattern blocks, visual geometric pattern, story problem)? 

a) What do students’ solutions (i.e., representations, strategies, explanations) communicate 

about their additive or multiplicative reasoning when solving different growth pattern 

tasks? 

b) To what extent are students able to generalize when solving growth pattern tasks that 

differ in presentation? 

c) When analyzing students’ solutions to different growth pattern tasks, what do teachers’ 

orientations reveal about their interpretations of students’ reasoning and generalizing? 

Case Study 

A qualitative study design was chosen to understand the how and why of the phenomenon 

being studied (Yin, 2018). Case study research is “a qualitative approach in which the 

investigator explores a real-life, contemporary bounded system (a case) or multiple bounded 

systems (cases) over time, through detailed, in-depth data collection involving multiple sources 

of information” (Creswell & Poth, 2018, p. 96). Miles and Huberman (1994) define a case as, “a 
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phenomenon of some sort occurring in a bounded context,” which is “your unit of analysis” (p. 

25). Based on the objectives of this research, I used this methodology to explore multiple cases 

to understand similarities and differences within and across situations (Yin, 2003), as well as 

provide a detailed description on the information gathered (Creswell & Poth, 2018). I made the 

decision to use an embedded multi-case design because of its ability to serve in a manner that is 

analogous to multiple experiments (Yin, 2018). Evidence from multi-case studies are considered 

more compelling and robust. Therefore, employing a multi-case study design enabled me to 

develop a broader interpretation of a larger phenomenon (Stake, 1995), how growth patterns can 

be leveraged in curriculum and instruction to support students’ development of algebraic 

thinking. 

The goal of this study was to provide a rich account of how third-grade students solve 

growth pattern tasks that differ in presentation to understand how each task can promote 

students’ algebraic thinking. In this study, each case is defined as a task. There are three tasks: 

Virtual Pattern Block task, Geometric Growth Pattern task, and the Story Problem task (i.e., 

Brady’s Birthday Party). Each case is bounded by the grade level of the student (third grade), 

type of pattern task provided to the student (Virtual Pattern Block, Geometric Growth Pattern, 

Story Problem), task-based interview (relative to each case), and the teachers’ analyses of a 

subset of student work (relative to each case). See Figure 3.1 for embedded multi-case study 

design. The decision to include the teachers’ orientations in each case was made to understand 

the teachers’ analyses of the student work, which was also used to inform my interpretations of 

each case and serve as a form of triangulation. I report on findings from each of the three cases, 

in addition to overall thematic findings from a cross case analysis (Creswell, 2018). 
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Figure 3.1 

Embedded Multi-case Study Design 

 

Data was also gathered from one third-grade mathematics curriculum and third-grade 

teachers to understand the intended learning opportunities students have to engage in algebraic 

thinking. The inclusion of the third-grade mathematics curriculum and third-grade teachers’ 

perspectives helped develop a rich description of how curriculum and instruction are being used 

to support students’ transition from additive to multiplicative reasoning in third grade. While 

these two data sources are not bounded within a case, this data was used to provide context to 

understanding the opportunities students have to explore early algebra concepts. This was also 

used to inform the design of the tasks, analyses of the students’ solutions to the tasks, and 

making sense of the findings.  

Sampling Method and Participants 

In this study, purposeful sampling (Creswell & Poth, 2018) was used to select the school 

site and because of the intentional focus on third-grade mathematics standards and instruction. 

Third grade was selected because state and national standards formally introduce students to 

multiplication and division in third grade. Instruction begins to transition students from additive 
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to multiplicative reasoning, though, students have some prior experience with multiplicative 

situations (e.g., equal groups and arrays) in second grade.  

Three third-grade teachers (Ms. Harper, Ms. Blair, and Ms. Cameron, all pseudonyms) 

were recruited to participate in this study (see Table 3.1). This team of third-grade teachers all 

teach mathematics at the same public elementary school in a large school district in North 

Carolina. The teachers have varying levels of teaching experience. Ms. Harper, a veteran teacher, 

earned a Master’s degree in Education and has taught elementary school for the past ten years. 

Ms. Blair also earned a Master’s degree in Education and has taught elementary school for five 

years. Ms. Cameron, a novice teacher, earned a Bachelor’s degree in Child Development and is 

in her second year of teaching.  

Table 3.1 

Background Information on Each Teacher 

Teacher Degree Years of Teaching Experience 
Ms. Harper Master’s Degree in Education  10 years 
Ms. Blair Master’s Degree in Education  5 years 
Ms. Cameron Bachelor’s degree in Child 

Development 
2 years 

 

Each third-grade teacher shared a recruitment email for this study with the parents of 

their third-grade students. Parents who expressed interest in participating in the study were 

contacted and provided with additional information, a virtual informed consent form, and child 

assent form. Parents and students who returned the forms were eligible to participate in the 

study. Since there were only eight respondents who returned the consent form, all eight students 

were selected to participate in the study. See Table 3.2 for background information on each 

student. This sample includes five female students and three male students. Three students were 

in Ms. Harper’s class, one student was in Ms. Blair’s class, and four students were in Ms. 



  72 

 

Cameron’s class. The intent was to work with students who had varying levels of number sense 

to ensure efforts were being made to uphold equitable subject selection. However, the students 

who agreed to participate all demonstrated similar levels of number sense, as evidenced by their 

Number Knowledge Test score. This test was administered to students at the beginning of the 

previous academic year (i.e., beginning of second grade). These students’ scores ranged from 24-

28, which indicates an understanding of number typical for their age and grade level. 

Table 3.2 

Background Information on Each Student 

Student Gender Number Knowledge 
Test Score 

Teacher 

Blake Female 25 Ms. Harper 
Aspen Female 27 Ms. Cameron 
Aiden Male 27 Ms. Cameron 
Emerson Female 25 Ms. Cameron 
Owen Male 28 Ms. Blair 
Jordan Female 25 Ms. Harper 
Parker Male 28 Ms. Harper 
Sawyer Female 24 Ms. Cameron 

  

Data Collection  

Data collection took place during the 2020-2021 school year and began in August 2020. 

Table 3.3 provides a timeline for the collection of each data source. Multiple data sources were 

collected and analyzed because of their ability to provide insight into a particular phenomenon 

(Creswell & Poth, 2018; Schreier, 2012). Data sources included the mathematics curriculum, 

semi-structured interviews, task-based interviews, student artifacts, and analytic memos. 

Collecting multiple data sources ensured data triangulation was established and lent credibility to 

the findings (Schreier, 2012; Tracy, 2010). 
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Table 3.3 
 
Data Collection Timeline 
 
Data Source Timeline 

Third-grade mathematics curriculum; analytic memos August 2020 - September 2020 

First semi-structured interview with teachers; analytic 
memos 

September 2020 

Parental consent and student assent forms; student 
selection 

September 2020 

Task-based interviews with students 
1. Task-based interview 1 (Virtual Pattern Block); 

analytic memo 
2. Task-based interview 2 (Geometric Growth 

Pattern); analytic memo 
3. Task-based interview 3 (Story Problem); analytic 

memo 

October 2020  
     All students - Week 1 
      
     All students - Week 2 
      
     All students - Week 3 

Second semi-structured interview with teachers; analytic 
memos 

October 2020- November 2020  

 
Mathematics Curriculum  

One school district’s third-grade mathematics curriculum, where the participating 

students and teachers attend school and work, was collected for analysis. This mathematics 

curriculum consists of nine units, with each unit representing a different overarching 

mathematical topic. Table 3.4 provides an outline of the nine mathematics units included in this 

third-grade curriculum. These units are intended to be implemented in this order. Each unit is 

guided by specific mathematics standards and processes. Units include teacher instructions, 

performance tasks, assessments, instructional learning experiences (daily lessons), video 

resources, and additional resources. Concepts within each unit increase in depth across the year 

to support the development of a coherent understanding of mathematics.  
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Table 3.4 
 
Outline of One School District’s Third-grade Mathematics Units 
 
Unit Number Unit Overview 

1 Building Mathematical Community & Understanding Equal Groups 

2 Using Data to Solve Problems 

3 Stories with Addition and Subtraction 

4 Making Sense of Multiplication and Division 

5 Reasoning with Shapes and Their Attributes 

6 Applying the Operations to Area & Perimeter 

7 Understanding Fractions as Parts of a Whole 

8 Using Tools to Measure Length, Weight, and Capacity 

9 Understanding Time 
 

This curriculum is informed by the mathematics standards included in the North Carolina 

Standard Course of Study (NCSCOS, 2017). The third-grade instructional frameworks (Tools 4 

Teachers Team, 2018) were examined to identify the mathematics included in each of the nine 

units. These frameworks were developed by mathematics education leaders from across the state 

and describe the mathematics to be addressed in each unit. After examining each of the unit 

descriptions in the instructional frameworks, units containing the Operations and Algebraic 

Thinking standards were selected for inclusion in this study.  

Next, a review of each third-grade Operations and Algebraic Thinking standard was 

performed to narrow down the standards most applicable to this study. Two standards were 

identified as being most relevant (see Table 3.5). These standards highlight the opportunities 

students have to engage in algebraic thinking, particularly multiplicative reasoning, at different 

time points in the year. These standards also encourage the use of representations that support 
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students’ transition from additive to multiplicative reasoning. Two units were identified as 

containing one or both of these standards, Unit 1: Building Mathematical Community and 

Understanding Equal Groups and Unit 4: Making Sense of Multiplication and Division. The 

lessons within these units showcase the intended learning opportunities students have to develop 

multiplicative reasoning in third grade.  

Table 3.5 
 
Third-grade Operations and Algebraic Thinking Standards 
 
Represent and solve problems involving multiplication and division.  

NC.3.OA.1  
For products of whole numbers with two factors up to and including 10: 
• Interpret the factors as representing the number of equal groups and the number of objects in 
each group. 
• Illustrate and explain strategies including arrays, repeated addition, decomposing a factor, 
and applying the commutative and associative properties. 

NC.3.OA.3  
Represent, interpret, and solve one-step problems involving multiplication and division. 
• Solve multiplication word problems with factors up to and including 10. Represent the 
problem using arrays, pictures, and/or equations with a symbol for the unknown number to 
represent the problem. 
• Solve division word problems with a divisor and quotient up to and including 10. Represent 
the problem using arrays, pictures, repeated subtraction and/or equations with a symbol for the 
unknown number to represent the problem. 

  

Then, all lesson plans included in these two units were reviewed. Unit 1 contained 17 

lesson plans and Unit 4 contained 26 lesson plans. Each lesson plan consisted of three main 

phases: Launch, Explore, and Discuss. In the Launch phase of the lesson plan, the intended goal 

is for the teacher to briefly introduce a task to ensure all students understand what they need to 

do to solve the task (NC2ML, 2017). This phase is meant to be interactive and engage students in 

the task. The Explore phase is the heart of the lesson. The intended goal is for students to work 

collaboratively to solve the task. This gives the teacher the opportunity to talk with all students 
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by posing questions that guide or extend their learning (NC2ML, 2017). The teacher can also 

take note of specific mathematical ideas and strategies to share in the Discuss phase. In the 

Discuss phase, students assume ownership over the discussion. The intended goal of this phase is 

for the teacher to facilitate a purposeful discussion centered around the mathematics goal for the 

day. During this time, students have an opportunity to learn from one another as they share their 

different ideas and strategies (NC2ML, 2017).  

Within each lesson, the tasks were of particular interest to this study because the task 

determines the learning opportunities that students have to learn a mathematical concept or idea 

(Stein et al., 2009). The titles, intended student outcomes, and tasks included from each of the 43 

lesson plans were read through to gain a general sense of the lesson. Then, a subset of ten lessons 

plans were selected for analysis. These lessons were selected because they focused on teaching 

students a variety of strategies to solve problems involving multiplicative reasoning, promoted 

the use of representations beyond symbolic representation, and provided a diverse sample of 

tasks. For instance, one lesson was selected because it encouraged students to attend to patterns 

in the “addition chart,” while also promoting students’ understanding of how patterns in addition 

relate to multiplication. The tasks focused on students’ use of multiple representations, attention 

to relationships, and generalizing. In contrast, one lesson was not selected because a large chunk 

of the lesson was dedicated to establishing norms, routines, and appropriate talk move behaviors. 

This lesson used sentence frames to help students use correct language when talking about equal 

groups and fill in the blanks to determine how many equal groups there are. A total of five 

lessons from Unit 1 and five lessons from Unit 4 were selected. 
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Semi-structured Interviews 

Each teacher participated in two virtual, semi-structured interviews that lasted for 

approximately one hour. This took place over Zoom. The first interview took place before 

student data was collected and the second interview took place after student data was collected. 

Semi-structured interviews contain a series of open-ended questions to guide the discussion, 

offering a flexible technique for smaller-scale educational research (Drever, 1995). Interview 

protocols (Creswell & Poth, 2018) were developed in advance to ensure the questions relate to 

the topic of interest and reflect the research questions (see Appendix A).  

The first semi-structured interview was used to gather information from third-grade 

teachers to understand how the mathematics curriculum and instruction was being used in their 

classrooms. The interview was organized around four parts: Background Information, 

Mathematics Instruction, Early Algebra, and Growth Patterns. Teachers had the opportunity to 

discuss their experiences teaching mathematics, how their instruction and the curriculum 

resources support students’ development of algebraic thinking, as well as their perspectives on 

the use of growth pattern tasks in their mathematics instruction. In addition, the teachers were 

provided one third-grade mathematics lesson, titled “Patterns in Multiplication,” to review. This 

lesson plan was taken from the third-grade mathematics curriculum and focused on developing 

students’ multiplicative reasoning. This same lesson plan was also analyzed as part of the 

curriculum analysis. Discussing this lesson provided additional insight into the teachers’ 

knowledge, perspectives, and experiences implementing tasks that support students’ 

development of algebraic thinking.  

In the second interview, teachers analyzed a subset of de-identified student work samples 

from each task-based interview (Virtual Pattern Block task, Geometric Growth Pattern task, 
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Story Problem task). See Appendix B for the interview protocol used during the second 

interview. The work samples consisted of students’ solutions to the tasks and quotes taken from 

the interview transcripts. Figure 3.2 provides an example of a work sample used during the 

interview. See Appendix C for all work samples. These student work samples were purposefully 

selected to represent variation in students’ responses and to highlight specific aspects of 

students’ mathematical thinking (e.g., their use of additive or multiplicative reasoning), use of 

strategies (e.g., skip counting, repeated addition, multiplication), generalizations (e.g., the extent 

to which they could make a next, near, or far generalization), description of the pattern rule, and 

visual representations. Each teacher was provided with the same student work samples.  

Figure 3.2 
 
Sample of Student Work Discussed in the Second Interview  
 

 
 

This interview allowed teachers to analyze, respond, and reflect on the selected student 

work samples. This interview gathered information on the teachers’ analyses of the students’ 

solutions to each growth pattern task, how they felt these tasks could support the third-grade 

standards, and implications for their own instruction. It also revealed changes in teachers’ 
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perspectives on these tasks in comparison to their perspectives in the first interview. All 

interviews were video-recorded and transcribed for analysis. 

Task-based Interviews 

Each third-grade student participated in three virtual task-based interviews that lasted for 

approximately 20-30 minutes. These interviews took place over Zoom. Walkowiak (2014) 

defines task-based interviews as “semi-structured interviews in which participants explain and 

justify their thinking during and after solving a mathematics problem” (p. 59). The use of task-

based interviews in mathematics education research is helpful for understanding students’ 

mathematical knowledge, problem-solving skills, and reasoning (Schoenfeld, 2002). An 

interview protocol (Creswell & Poth, 2018) was developed in advance to ensure the questions 

related to the growth pattern tasks and could be used to answer the research questions. See 

Appendix D for the Virtual Pattern Block task interview protocol; Appendix E for the Geometric 

Growth Pattern task interview protocol; and Appendix F for the Story Problem task interview 

protocol.  

During each task-based interview, students solved a different growth pattern task. These 

tasks were presented using virtual pattern blocks, as a geometric growth pattern, and as a story 

problem. The tasks were anchored around ideas presented in the third-grade mathematics 

curriculum. See Appendix G for all three growth pattern tasks. Before the task-based interviews 

were conducted, each growth pattern task was pilot tested with four non-participating second-

grade, third-grade and fifth-grade students to help improve the task design and interview 

protocol.  

The task-based interviews were conducted with each student participant during non-

instructional time. Each student took part in three separate interviews with me. During the 
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interview, students solved a different growth pattern task and explained their solutions. The first 

task required students to physically manipulate the virtual pattern blocks, while the remaining 

two tasks required students to solve the task on paper. The second task was presented pictorially 

on paper, using geometric shapes. The third task was presented textually, in the form of a story 

problem, also on paper. Each task consisted of the same multiplicative rule (y=2x + 1). The 

design of the first two tasks were influenced by existing research that has utilized growth pattern 

tasks (e.g., Boaler, 2016; Moss, Beatty, McNab, & Eisenband, 2006; Moss & McNabb, 2011; 

Walkowiak, 2014). The third task was adapted from research conducted by Blanton and 

colleagues (2015) and Canadas and colleagues (2016). Tasks were sequenced in this manner so 

that students were first presented with concrete materials to virtually manipulate, then a visual 

task with familiar geometric shapes, and finally a text-based story problem. 

Within each task, students solved a problem prompting them to make a next 

generalization, near generalization, far generalization, and describe a rule to generalize the 

pattern. The design of these tasks was inspired by the work of Stacey (1989) and Walkowiak 

(2014), whose research has examined students’ generalizations to growth pattern tasks. Students 

solved a next generalization problem to determine what the pattern would look like on the 

subsequent two positions (i.e., the fourth and fifth). Students solved a near generalization 

problem to determine what the pattern would look like on the 10th position. Student solved a far 

generalization problem to determine what the pattern would look like on the 100th position. 

Then, students were asked to describe a rule that could be used to describe what the pattern 

would look like at any given position. As students solved the task, they were asked to explain 

their thinking and solutions.  
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These interviews helped illustrate students’ problem-solving skills and multiplicative 

reasoning as they engaged in growth pattern tasks that differed in presentation. The interviews 

were used to elicit student thinking and promote meaningful discourse. All interviews were 

video-recorded and transcribed for analysis. 

Student Work Samples 

At the conclusion of each task-based interview, student work samples were collected. 

Student work samples provide rich visuals that allow researchers to build an in-depth 

understanding of the case (Creswell & Poth, 2018). Since the first task required students to 

virtually manipulate pattern blocks to solve the task, a screenshot of the student’s solution was 

taken. Hard copies of the students’ solutions to the second and third growth pattern tasks were 

also collected. These tasks were presented on paper.  

Analytic Memos 

Analytic memos were written throughout the data collection and analysis process to 

summarize concluding thoughts and document reflections, which were used for later theme 

development (Miles, Huberman, & Saldana, 2014). Analytic memos were written after each 

mathematics lesson was analyzed. Memos were also written after each semi-structured interview 

and task-based interview. Additionally, analytic memos were written during the data analysis 

process to use during the cross-case analysis. These memos helped identify patterns, categories, 

themes, and concepts in the data (Saldana, 2016). These were also used to tie pieces of data 

together and make connections between the findings from the different data sources.  

Data Analysis 

Data analysis took place iteratively and across four phases. Table 3.6 provides an 

overview of the data analysis process. Phase 1 and Phase 2 analyses answered the first 
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overarching research question, “How does elementary mathematics curriculum and instruction 

support third-grade students’ understanding of early algebra concepts?” Phase 3 analyses 

answered the second overarching research question, “In what ways do third-grade students and 

teachers engage in growth pattern tasks that differ in presentation (i.e., virtual pattern blocks, 

visual geometric pattern, story problem)?” Phase 4 consisted of the cross-case analysis and also 

answered the second overarching research question.  

Table 3.6 
 
Data Analysis Process 
 
Research Question Phase Data Source 

Analyzed 
Analytic Method 

Research Question 1a:  
In one elementary school district’s 
mathematics curriculum, how does 
the intended third-grade curriculum 
support students’ understanding of 
early algebra concepts? 

Phase 1 Third-grade 
mathematics 
curriculum  

Document analysis, 
using inductive open-
coding and qualitative 
content analysis  

Research Question 1b: 
What are third-grade teachers’ 
perspectives and experiences 
supporting students’ development of 
algebraic thinking? 
 
Research Question 1c: 
What are third-grade teachers’ 
perspectives on the use of growth 
pattern tasks to support students’ 
algebraic thinking? 

Phase 2 First semi-
structured 
interview with 
teachers 

Inductive open-coding 
and thematic analysis 
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Table 3.6 (continued). 
 
Research Question 2a: 
What do students’ solutions (i.e., 
representations, strategies, 
explanations) communicate about 
their additive or multiplicative 
reasoning when solving different 
growth pattern tasks? 
 
Research Question 2b: 
To what extent are students able to 
generalize when solving growth 
pattern tasks that differ in 
presentation? 
 
Research Question 2c: 
When analyzing students’ solutions 
to different growth pattern tasks, 
what do teachers’ orientations reveal 
about their interpretations of 
students’ reasoning and 
generalizing? 

Phase 3 i. Task-based 
interviews 
 
 
 
 
ii. Student work 
samples 
 
 
 
 
iii. Second semi-
structured 
interview with 
teachers 
 
iv. Analytic 
memos   

i. Inductive open-
coding and thematic 
analysis 
 
Iterative coding 
 
ii. Inductive open-
coding and thematic 
analysis 
 
Iterative coding  
 
iii. Inductive open-
coding and thematic 
analysis 
 
iv. Inductive open-
coding and thematic 
analysis 

Research Question 2a: 
What do students’ solutions (i.e., 
representations, strategies, 
explanations) communicate about 
their additive or multiplicative 
reasoning when solving different 
growth pattern tasks? 
 
Research Question 2b: 
To what extent are students able to 
generalize when solving growth 
pattern tasks that differ in 
presentation? 
 
Research Question 2c: 
When analyzing students’ solutions 
to different growth pattern tasks, 
what do teachers’ orientations reveal 
about their interpretations of 
students’ reasoning and 
generalizing? 

Phase 4 Analytic Memos  Cross-case thematic 
analysis  
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Phase 1: Curriculum Analysis 

In Phase 1, a document analysis of the third-grade mathematics curriculum was employed 

(Bowen, 2009) and used to answer the first research question. This type of analysis was used to 

provide context to the study and understand the intended learning opportunities that students 

have during each mathematics lesson. The analysis focused on three instructional phases within 

each lesson: Launch, Explore, and Discuss. The tasks included in these three phases were 

analyzed. A task is defined as a mathematical problem, activity, or opportunity to engage in a 

discussion. A task focuses students’ attention on a particular mathematical idea or concept. Tasks 

may include a whole group discussion, partner work, independent task, game, worksheet, or 

hands-on activity. Over the course of one mathematics lesson, students may engage in one task 

or multiple tasks. A new task occurs in the lesson when the lesson transitions from one 

mathematical problem, activity, or discussion to another. If a lesson includes multiple tasks, the 

tasks may or may not relate to the same mathematical idea or concept. Analyzing each task over 

the course of the lesson also helped make sense of the lesson as a whole. 

Qualitative content analysis was used to analyze the curriculum, specifically the task(s) 

included in each of the ten lessons (Schreier, 2012). The systematic nature of qualitative content 

analysis allowed me to describe the meaning of specific aspects of the curriculum. Before coding 

began, an elementary mathematics scholar and I examined each of the ten lessons selected for 

analysis. Then, we identified the task(s) in each lesson plan. This process is known as 

segmenting data into smaller, more manageable parts (Schreier, 2012). Open coding was used to 

analyze the task(s), which included the assignment of codes to portions of the data (Miles et al., 

2014). We independently analyzed the tasks within one mathematics lesson and then met to 

discuss their emergent codes. A total of 43 codes emerged. Then, we analyzed a second lesson 
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independently and identified 17 additional codes. Collectively, there were 60 emergent codes. 

Afterwards, we met to collapse and reduce these codes into broad categories. This iterative 

process resulted in six overarching categories, which included: Instruction, Discourse, Task, 

Representations, Strategy, and Algebraic Thinking. Each category also contained related 

subcategories. The specificity of the subcodes reflect what is known about relevant literature and 

what is in the data, described by Schreier (2012) as working with material in a concept-driven 

and data-driven way. For instance, several codes related to representations were collapsed into an 

overarching category, “Representations.” However, within this category, there are 4 subcodes to 

specify the type of representation (symbolic, textual, visual, physical).  

A codebook was developed to help focus the analysis and ensure coding was occurring 

systematically (Schreier, 2012). The codebook includes a list of the code names, a description of 

each code, and an example of that code. This codebook served as a template, which was used 

when each task was analyzed. To evaluate the consistency of coding, the scholar and I coded the 

tasks within the same two lessons again, using this refined coding framework. We met to discuss 

our analyses and reach consensus on all codes. Additional revisions were made to the coding 

framework.  

 The finalized coding framework contained three overarching themes (Discourse, 

Representations, Algebraic Thinking) and respective subcodes (see Table 3.7). This coding 

framework documented the different opportunities students had to participate in mathematical 

discourse, use multiple and varied representations, and engage in algebraic thinking within each 

task. Within this table, you will find the overarching code listed, a guiding question to determine 

the subcode, the subcodes, as well as a description of each subcode. The guiding questions were 

developed to serve as a scaffold and assist with the coding process. For instance, when looking at 
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a task, I would begin by coding for discourse. The guiding questions helped specify each 

subcode, if the subcode was applicable. This data was organized using Google Sheets. From 

here, I independently coded the remaining eight lessons using this finalized coding framework. 

Analyzing the content within the curriculum allowed me to summarize and describe the meaning 

of the data (Schreier, 2012) and the types of opportunities students have to engage in algebraic 

thinking.  

Table 3.7 
 
Coding Framework Developed to Analyze Mathematics Lessons in Third-grade Curriculum 
 

Code Guiding Question Subcode  Description 
 
 

Discourse 

Does the task encourage the 
teacher to enact classroom 
discourse as a whole group or 
in small groups?  

Whole Group Whole class discussion 

Small Group Discussions involving two 
or more students  

Does the task provide students 
with opportunities to (explain; 
justify) when engaging in this 
discourse? 

Opportunities to 
Explain 

Teacher elicits student 
thinking, prompting their 
explanations  

Opportunities to 
Justify 

Teacher encourages 
students’ justifications  

 
 

Representations 

What type of representation is 
provided or created during the 
task?  

Teacher-generated: 
1. Symbolic 
2. Textual 
3. Visual 
4. Physical  

Teacher selects, uses, or 
encourages students to use: 

1. Symbolic - numbers, 
symbols 

2. Textual- written text 
(subcode if it’s 
contextual) 

3. Visual- drawings, 
pictures 

4. Physical- 
manipulation  

In a given activity, are two or 
more representations being 
used to reinforce the same 
mathematical concept/idea? 
(Indicate if yes.)  

Connections across 
Representations 

Multiple representations 
used to demonstrate same 
mathematical concept/idea  
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Table 3.7 (continued). 
 
Algebraic 
Thinking 

In the activity, are students 
engaging, discussing, 
replicating, or exploring 
patterns?  

Patterns Any opportunity to engage with patterns, 
discuss pattern replicability, or explore 
patterns across multiple 
materials/contexts. This can include 
descriptions or creating, replicating, 
extending, repeating or growing patterns. 
Patterns can have additive or 
multiplicative structures.  

 
Does the activity draw 
students’ attention to or 
encourage their application 
of any of the four basic 
properties of addition or 
multiplication?  
 
(Subcode: Identify the 
property) 

Properties Discusses or draws students’ attention to 
any of the four basic properties of addition 
and multiplication; encourages students to 
reflect or apply property   
(Identify property -commutative, 
associative, distributive, identity)  

 
Does the activity 
encourage students to 
generalize?  
 
(Subcode: Limited 
generalization or broad 
generalization?)  

Generalization Condensing several related instances into 
one common rule or structure, these 
instances are equivalent to one another.  

 
Does the activity promote 
or encourage students to 
use additive reasoning? If 
so, using what strategy  
 
Codes might include 
choral counting, skip 
counting, repeated 
addition  

Additive 
Reasoning 

Students active engagement in additive 
reasoning. The emphasis is on part-whole 
relations of quantity of same type, 
operations involving addition/subtraction 
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Table 3.7 (continued). 
  
Does the activity promote or 
encourage students to use 
multiplicative reasoning? If so, 
using what strategy 
 
Codes might include equal 
groups, arrays, multiplication  

Multiplicative 
Reasoning 

Students active engagement in multiplicative 
reasoning. The emphasis is on relationship 
between two different quantities and thinking 
about them simultaneously, operations 
involving multiplication/ division  

 
Does the activity explicitly 
promote students' transition 
from additive to multiplicative 
reasoning?  If so, using what 
strategy (if applicable)  

Transition from 
Additive to 
Multiplicative  

Activities or discussions promote transition 
from additive to multiplicative reasoning 
through, such as encouraging strategies or 
drawing attention to the connection between 
addition and multiplication. This is explicitly 
mentioned. 

 
Then, the analytic memos were coded using open coding (Creswell & Poth, 2018). These 

memos were written after each lesson plan was analyzed and used to document reflections and 

summarizing thoughts on the lesson plans. This analysis resulted in 106 codes. These codes were 

collapsed into eight categories. These categories included Tasks, Discourse, Representations, 

Patterns, Generalizing, Reasoning, Structure and Coherence, and Teacher support. These 

categories were refined into four overarching themes: Dimensions of Instruction, Early Algebra, 

Structure and Coherence of the Lesson, and Teacher Support. The themes that emerged in the 

analytic memos related to the themes that resulted from the curriculum analysis, and as such, 

themes from both data sources were merged. These analyses provided context to the types of 

lessons that have been developed to support students’ algebraic thinking and the extent to which 

they promote students’ use of multiplicative reasoning. The intent of this analysis is not to 

evaluate the curriculum, but rather study and understand how the curriculum is being used.  
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Phase 2: Semi-structured Interviews 
 

Transcripts from the first semi-structured interview with the third-grade teachers were 

analyzed. This data was used to provide context to the study and answer the first research 

question.  

To begin, the transcripts were read through in its entirety so that the data was familiar. 

Then, inductive, open coding was applied to the data (Creswell & Poth, 2018). One method for 

coding qualitative data is “topic coding,” also known as descriptive coding (Saldana, 2014). 

Descriptive codes include words or short summarizing phrases related to a topic. Since the 

interview was divided into four parts, (Background Information, Mathematics Instruction, Early 

Algebra, Growth Patterns), data from each part of the interview was analyzed descriptively to 

identify emergent themes within that respective part. Data from part one of the interview was 

analyzed across all three interviews. Then, data from parts two, three, and four were analyzed in 

the same manner. Chunking and analyzing the data in this way allowed codes to emerge 

according to each interview part and provided a holistic view of the teachers’ knowledge and 

instruction.  

This analysis resulted in 105 preliminary codes, which were consolidated into 10 

categories. See Table 3.8 for a list of the 10 categories. These categories were further refined into 

five overarching themes, each with respective subcodes (see Table 3.9). Throughout this process 

of consolidating these codes, I engaged in ongoing peer debriefing with the elementary 

mathematics scholar.  
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Table 3.8 

Categories Emerging from Phase 2 Analyses: Interviews with the Teachers 

Emergent Categories 

Teachers’ experiences and perspectives on early algebra 

Teachers views on content that promotes students’ algebraic thinking 

Teachers views on pedagogy that promotes students’ algebraic thinking 

Teachers observations about the structure of lesson plan focused on early algebra 

Teachers observations about the mathematics in the lesson plan 

Modifying lesson plans to support students’ mathematical thinking 

Teachers’ experiences with growth pattern tasks 

Teachers’ perceptions of growth pattern task 

Using growth pattern tasks to support students’ mathematical thinking 

Connecting growth pattern tasks to current instruction 
 

Table 3.9 

Overarching Themes Related to the Teachers’ Perspectives and Experiences 

Theme Subcode 

Conceptualizing Early Algebra n/a  

Supporting Students’ Development of Algebraic Thinking Content 

Pedagogy  

Unpacking Early Algebra Concepts in the Context of a Lesson Plan Structure 

Mathematics 

Teachers’ Experiences with Growth Pattern Tasks n/a 
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Table 3.9 (continued). 

 
 

Teachers’ Perspectives on Growth Pattern 
Tasks 

Students’ Experiences Solving Growth Pattern 
Tasks 

Mathematics Curriculum, Instruction, and 
Assessment 

Connection Between Student Learning and 
Instruction 

 
To conclude, the analytic memos were read through to further corroborate findings that 

emerged from the analysis of the interview transcripts. The analytic memos were coded using 

open coding (Saldana, 2016) to document reflections and summarizing thoughts on the 

interview. No new codes emerged from this data, which suggests the data has been saturated 

(Charmaz, 2014).  

Collectively, this data was used to provide background and context to third-grade 

teachers’ mathematics instruction, as well as their perspectives and experiences with early 

algebra. These profiles helped illustrate the connection between the teachers’ use of the 

curriculum and their instruction and the ways that they are supporting students’ transition from 

additive to multiplicative reasoning in third grade.  

Phase 3: Case by Case Analysis 

In phase three, data was analyzed and used to answer the second research question. Here, 

data was analyzed by case. Each case (i.e., Virtual Pattern Block task, Geometric Growth Pattern 

task, and Story Problem task) contained four data sources. These data sources include the 1) 

transcripts from the task-based interviews, 2) student work samples, 3) transcripts from the 

second teacher interview, and 4) analytic memos corresponding to each case. First, the student 

work sample was analyzed alongside the corresponding task-based interview transcript and 

analytic memo. Analyzing these data sources synonymously helped make sense of the student 
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work and provide additional context to the students’ solutions. Then, data collected from the 

second teacher interview was analyzed. This data provided insight into the ways in which 

teachers attended to and interpreted the student work from each case, as it relates to content and 

instruction. To illustrate this process, all work samples collected from the Virtual Pattern Block 

task were analyzed alongside their associated interview transcript and analytic memo. Then, 

teachers’ analyses of the students’ solutions to the Virtual Pattern Block task were examined. 

Collectively, this data informed the analysis of the first case. Then, the same process occurred for 

the analyses of the remaining two cases.  

This case-by-case analysis took place in the order that the task-based interviews were 

conducted. In other words, for case one, all data from the Virtual Pattern Block task was 

analyzed first, followed by case two, the Geometric Growth Pattern task, and finally case three, 

the Story Problem task. Analyzing by case allowed me to dig into each case in depth, without 

crossing case lines. The purpose of these analyses was to better understand how students solve 

different growth pattern tasks and what this communicates about their algebraic thinking. This 

analysis helped describe each student’s algebraic thinking as it relates to each task, but it also 

highlighted patterns in their use of representations, the types of strategies they used, and their 

ability to generalize across all three tasks. After data analysis for each case was complete, I wrote 

an analytic memo highlighting patterns and themes that emerged. These memos were used to 

inform the cross-case analysis.  

Analysis of the Task-based Interviews, Student Work Samples, and Analytic Memos  

The student work samples, interview transcripts, and analytic memos were analyzed 

simultaneously. To begin, the interview transcripts were separated into four parts in order to 

make data analysis more manageable (Schreier, 2012). These four parts corresponded to the four 



  93 

 

generalizing problems in each growth pattern task: 1) next generalization, 2) near generalization, 

3) far generalization, and 4) a description of the pattern rule. Understanding the extent to which 

students could generalize was a component of the second research question; therefore, analyzing 

students’ solution to the different generalizing problems across all three tasks provided detailed 

information on students’ knowledge of the pattern. 

 A constant comparative method of analysis was used to analyze the data and support theme 

development (Dye, Schatz, Rosenberg, & Coleman, 2000). This method of analysis was iterative, 

meaning there was a constant comparison between existing findings and new findings (Miles & 

Huberman, 1994). Through the process of comparing the interview transcripts, student work 

samples, and analytic memos, codes emerged, categories were refined, and themes were 

discovered. This differs from methods of analysis that draw on a priori codes (Mann, 2016). This 

process continued until theoretical saturation was achieved, or no new codes emerged.  

 This iterative coding process laced data, theory, and research. For each case, data from all 

eight students were analyzed. As mentioned above, the analysis occurred by part (next 

generalization, near generalization, far generalization, and description of a pattern rule). For 

each part, students’ use of representation(s) and their level of generalizing about algebraic 

relationships was coded.  

First, students’ use of representations for each problem were coded. The development of 

these codes combine research on representations in mathematics (Lesh, Post, & Behr, 1987; 

NCTM, 2014) and findings from the curriculum analysis performed in this study (i.e., symbolic, 

textual, visual, physical). Table 3.10 provides the list of representation codes and a short 

description of each. This analysis documented the types of representations students used to solve 

each generalizing problem, which would then be analyzed across all three cases. 
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Table 3.10 

List of Representations Used by Students 

Representation  Description 

Symbolic   Numbers, symbols 

Visual  Drawings, pictures 

Textual  Written text 

Contextual Connection is made to a real-world scenario  
Physical   Physically manipulated a representation (i.e., pattern blocks)  

Did not use a 
representation 

Did not use a representation in their solution or explanation 

 
Then, a coding framework was developed to analyze students’ levels of generalizing 

about algebraic relationships. This framework also wove together theory, research, and data. The 

evolution of this framework took place across several iterations. The framework is grounded in 

existing research that has examined students’ responses to generalizing questions when solving 

pattern tasks (Stacey, 1989; Walkowiak, 2014), phases of students’ development of 

multiplicative reasoning (Jacob & Willis, 2003) and students’ levels of algebraic thinking when 

solving tasks that asked them to generalize functional relationships (Blanton et al., 2015). There 

was a clear synergy between these research studies and my own; therefore, the unity between 

these existing frameworks informed the coding framework developed in this study. Details on 

the development of this framework are discussed below. 

First, two students were randomly selected and their solutions to the Geometric Growth 

Pattern task were analyzed. Their student work sample and corresponding interview transcripts 

were examined using Jacob and Willis’ (2003) five broad phases, which describe children’s 

development of multiplicative reasoning. However, these phases did not explicitly examine 
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students’ algebraic thinking. Therefore, solely drawing on this framework would have led to an 

incomplete analysis. 

To better understand students’ algebraic thinking and generalizations, these same 

students’ solutions were examined using Blanton and colleagues’ (2015) eight levels of 

sophistication in children’s thinking about co-varying relationships. A subset of their research 

has specifically looked at students’ thinking in the context of growth patterns. This framework 

examined students’ reasoning at a fine grain level and was specific to the tasks used in their 

study. However, given the small sample size of the present study and the nature of the growth 

pattern tasks used, Blanton and colleagues’ framework did not fully apply.  

Then, a comparison between Jacob and Willis’ (2003) phases of multiplicative reasoning 

against Blanton and colleagues’ (2015) eight levels of sophistication were made. Similarities in 

how both groups of scholars studied children’s additive and multiplicative reasoning were 

discovered. Recognizing the relationship between students’ use of particular strategies and the 

type of reasoning they used, their work informed the generation of a coding framework that 

incorporated both. This framework, Levels of Children’s Generalizing About Algebraic 

Relationships, describes six different levels of children’s generalizing about algebraic 

relationships. The proposed levels of children’s generalizing were developed in collaboration 

with one elementary mathematics scholar. Collectively, these codes were continuously revised 

and refined. I applied the codes from this framework using the same students’ solutions 

discussed above. Then, the scholar and I met to discuss the codes, reach consensus, and make 

final modifications to the framework. 

To ensure data analysis is systematic, a codebook was developed (see Table 3.11). This 

codebook includes a list of the codes, a description of each code, and an example of that code 
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(Rogers, 2009). Please note that this framework is not intended to be used as a comprehensive 

framework for investigating students’ algebraic thinking, nor is it suggesting students’ reasoning 

develops in this linear progression. This framework was developed to better understand students’ 

reasoning as they engaged in growth pattern tasks that encouraged them to generalize about 

relationships. 

Table 3.11 

Levels of Children’s Generalizing About Algebraic Relationships Coding Framework 

Levels of 
Children’s 
Generalizing About 
Algebraic 
Relationships 
 
(Adapted from 
Jacob & Willis, 
2003; Blanton, et. 
al., 2015) 

Definition Example 

Prestructural  Students do not attend to any 
mathematical relationship in the 
problem. They did not describe the 
pattern additively or 
multiplicatively. 

There are a lot of shapes in that 
picture.  
 
Brady has a lot of friends at his 
birthday party. 

Counting Children recognize and describe a 
pattern as increasing by one. They 
conceptualize this pattern in one 
particular instance. They have not 
attended to the underlying additive 
structure that could be generalized 
over a set of instances. They may 
count (one-two-three-four) to 
determine the answer, but not 
generalize this relationship.  

[Counting each shape] “I saw it as 
1, 2, 3, 4, 5, 6, 7, 8, 9.”  
 
“There are 1, 2, 3, 4, 5, 6, 7, 8, 9 
friends.”  
 
“I added on one more each time 
and then one on top.” 
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Table 3.11 (continued). 
 
Emergent 
Additive 

Children conceptualize the pattern 
additively. They may recognize groups 
and count more efficiently (e.g., count 
by twos). However, children only 
attend to one recursive quantity. 
Children can determine the answer, but 
they do not explicitly describe a general 
additive rule. 

“I did 2 + 2 + 2 + 2 + 1.”  
 
“It goes 2, 4, 6, 8 and then add one 
square on top.” 
 
[After drawing out a picture, 
student counts] “2, 4, 6, 8, 10 
friends plus Brady.” 

General 
Additive 

Children conceptualize the pattern 
additively. Children may recognize 
groups and count more efficiently (e.g., 
count by twos). They also generalize an 
additive rule. Some children might use 
numerical examples to explain their 
thinking, while others provide a general 
rule. While children may discuss two 
quantities, they do not explicitly attend 
to their co-varying relationship.  

“I know that two, four, six, eight, 
ten … so I do five on each side and 
I know five plus five is ten. I see 
the pattern growing because it’s 
counting up by twos.”  
 
“You keep adding 2 friends to a 
table and then you add Brady at 
the end.” 
 
  

Emergent 
Multiplicative  

This phase marks a transition from 
additive to multiplicative reasoning. 
Children recognize the pattern 
multiplicatively. Children recognize 
equal groups and can keep track of 
them simultaneously. They discuss the 
co-varying quantities and can determine 
an answer but describe this relationship 
in the context of that specific instance. 
They do not yet generalize this 
relationship. Children may explain or 
represent this relationship 
using multiplication. 

“Well since on the tenth day there 
were ten on each side, I’m thinking 
there might be 100 on each side 
and then the upside-down triangle 
in the middle. I took the 100 from 
the day and I added 100 on each 
side. So it’s 100, 200, plus one 
more and that’s 201.” 
 
“201. So it’s like the other patterns 
on Day 100. There would be 100 
friends on one side of the table and 
100 friends on the other side, then 
Brady at the head of the table.” 
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Table 3.11 (continued). 
 
General 
Multiplicative 

Children recognize and describe the 
pattern multiplicatively. Children 
explicitly describe the relationship 
between the co-varying quantities. They 
can conceptualize the generalized 
relationship between two arbitrary or 
explicitly noted quantities. Children may 
explain or represent this relationship 
using multiplication. 

“The day number tells you how 
many [shapes] go in each column 
and then you add one more [shape] 
on top.” A student may say or 
represent “10+10+1=21” or “10 x 
2 = 20, 20 + 1 = 21” in their 
response or solution.  
 
"I'd tell them if you're doing day, 
like 82 or something, then you 
would have to do 82 trapezoids on 
each side. And one triangle at the 
top in the middle of the two 
trapezoids. So the rule would be on 
one day there would always, no 
matter what given day, you would 
always have the number of days of 
trapezoids on each side...and you 
always have to have a triangle at 
the top, middle of your thing." 
 
“You take the number of tables 
and multiply x 2 and then add 
one.”  

 
Then, the task-based interview transcripts, student work samples, and analytic memos 

were analyzed thematically (Braun & Clarke, 2012). This occurred by case. Open coding 

(Saldana, 2016) was used to identify additional codes related to students’ solutions and 

explanations, outside of the codes included in the aforementioned frameworks. These codes were 

then refined to determine the most salient themes in the data within each case (Saldana, 2016). 

For instance, during the analysis of the first case, eight additional codes emerged during open 

coding. These were then collapsed into four themes: Contextualization, Visualizing, 

Engagement, and Using Examples to Generalize a Rule. The same process was undertaken for 

the remaining two cases.  
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Analysis of the Second Semi-structured Interview  

Next, the transcripts from the second interview with the teachers were analyzed using 

open coding (Saldana, 2016). Similar to the analysis that took place in Phase 2, the transcripts 

were first read through to become familiar with the data. These interviews were also segmented 

into four parts, based upon the questions asked during the interview. These four parts include the 

Virtual Pattern Block task, Geometric Growth Pattern task, Virtual Pattern Block task, and 

Observations Across Tasks. Each part was analyzed by case. Meaning, after data from the 

students were analyzed, the corresponding part of the teacher interview was analyzed. For 

instance, after all student data were analyzed for the first case, the Virtual Pattern Block task, 

then data collected from that part of the interview with the teachers were analyzed. This same 

process occurred for the second and then third case. Segmenting the interview transcripts in this 

way allowed for an in-depth examination of the teachers’ analyses as it relates to each case.  

Inductive, open coding was used to analyze the teachers’ responses to the students’ 

solutions to the first case, the Virtual Pattern Block task. A total of 36 codes emerged from the 

analysis of this part of the interview data. These codes were then consolidated into four 

categories, which included: Evaluating Students’ Solutions, Describing Students’ Solutions, 

Interpreting Students’ Thinking, and Making Connections to Instruction. There were parallels 

between these categories and existing research on teacher noticing in mathematics, specifically, 

the Learning to Notice Framework (van Es & Sherin, 2002) and the Professional Noticing of 

Children’s Mathematical Thinking framework (Jacobs, Lamb, & Philipp, 2010). However, 

because the present study did not investigate classroom interactions or instruction, these 

frameworks were not an appropriate fit for this data. One goal of this study was to understand 

teachers’ analyses of students’ solutions to mathematical tasks. Similarities between this study 
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and research conducted by Talanquer, Bolger, and Tomanek (2015) also became apparent. 

Talanquer and colleagues studied teachers’ descriptive and inferential noticing in the context of 

analyzing student work. Although their work focused on secondary science teachers, their 

findings highlight the advantages of supporting teachers’ noticing of student understanding 

through the analysis of student work.  

Borrowing from van Es and Sherin (2008), I draw on one particular aspect of their 

framework, which focused on teachers’ interpretation of practice. In their study, they discuss 

three “stances” that teachers adopt when describing practice (evaluate, describe, or interpret). In 

addition, Jacobs et al. (2010) studied teachers’ noticing of students’ strategies and interpretation 

of students’ mathematical thinking. They also explored the instructional decisions teachers make 

on the basis of children’s understanding. In addition, Talanquer and colleagues’ (2015) 

categorization of teachers’ assessments of student understanding (teachers’ evaluative and 

inferential noticing) was also considered in the context of this study. The term ‘orientation’ is 

borrowed from Davis (1997), whose work investigated the ways that teachers listened to their 

students’ mathematical ideas and discussed three different orientations might have towards 

listening (evaluative, interpretive, and hermeneutic). Taken together, this research informed the 

design of the coding scheme used in this study. 

The categories that emerged from the first round of coding suggest that the teachers 

evaluated, described, and interpreted student thinking, in addition to making connections to their 

instruction. A revised coding scheme was developed to include these four ‘orientations’ (see 

Table 3.12). These orientations include an evaluative orientation, descriptive orientation, 

interpretive orientation, and instructional orientation. An evaluative orientation refers to a 

teacher’s response that indicates an assessment or evaluation of a feature of the student's work or 
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something the student has said. A descriptive orientation refers to a response that describes or 

provides an account of what is shown on the student work sample or what has been said by the 

student. An interpretive orientation refers to a response that explains the meaning of the 

student’s work or their verbal explanation. In this orientation, teachers make inferences about 

what is noticed in the mathematics in the student work sample. Teachers may correctly interpret 

student work, but their response may also include a misconception(s). An instructional 

orientation indicates that a teacher’s response includes a connection to curriculum or instruction. 

After the revisions to this coding framework were made, part one of the interview was re-coded 

using this coding scheme. Parts two, three, and four were also coded using this coding scheme. 

The codes were continuously reexamined to ensure they were appropriate for the analysis of the 

remaining portion of the interviews. Additionally, I remained open to the emergence of 

additional codes with respect to the different cases.   

Table 3.12 

Orientations of Teachers’ Responses to Students’ Solution 

Orientation Definition Example 

Evaluative Teacher’s response indicates an 
assessment or an evaluation of a 
feature of the student’s work or 
something the student has said. 

“They did pretty good with it.” 
 
"Emerson was able to figure it out 
accurately." 

Descriptive Teacher’s response provides an 
account of what is shown on the 
student work sample or what has been 
said by the student.  

“Emerson was saying two then four 
then six, and she recognized it's going 
up by twos and that's what helped her 
work through it. And Jordan didn't 
mention that. All he did, it's an array, it 
looks more like an array if you add 
two.” 
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Table 3.12 (continued). 
 
Interpretive Teacher’s response explains the 

meaning of the student’s work or 
their verbal explanation. In this 
orientation, teachers make 
inferences about what is noticed 
about the mathematics in the student 
work sample. Teachers may 
correctly interpret student work, but 
their response may also include a 
misconception(s). 

"So while it seems that Owen is more 
thinking each growth pattern out and 
then even when he makes the near 
generalization, he says 'two people per 
table plus Brady, so I know that ten, two 
times ten equals 20.' But then he uses 
that for the next one. It's like he's 
reminding himself of, so I did this for 
ten tables so I'm gonna use the same 
rule and apply it to 100 tables." 

Instructional  Teacher’s response indicates a 
connection to curriculum or 
instruction. 

"Owen is putting the equation together. 
I don't know if he knows anything about 
order of operations...Because we talk a 
lot about the commutative property and 
if it matters, which order. Like for 
addition and multiplication." 
 
“I think it could fit with our unit with 
addition and subtraction, our unit with 
multiplication and division. It could 
maybe even fit to fractions, parts of a 
whole, because some people might think 
of it as fractions.” 

 
Phase 4: Cross-case Analysis 

 Phase 4 consisted of a cross case analysis (Yin, 2018). A cross case analysis allows 

researchers to aggregate findings by comparing within-case patterns and themes across all cases 

to draw a single set of cross case conclusions. In this study, themes from case one (Virtual 

Pattern Block task) were compared with themes from case two (Geometric Growth Pattern task) 

and case three (Story Problem task). This provided a rich, holistic description of third-grade 

students’ solutions to growth pattern tasks and their levels of generalizing about algebraic 

relationships. It also revealed connections to mathematics curriculum and instruction.  

 

 



  103 

 

Subjectivity Statement 

Examining one’s own subjectivity helps maintain transparency throughout the research 

process and ensures both participants and readers understand what promotes the researcher’s 

interests (Wolcott, 2010). Researchers’ positionality, or how they position themselves, is an 

important part of qualitative research (Creswell & Poth, 2018). As an elementary mathematics 

teacher educator, researcher, former elementary teacher, and doctoral candidate pursuing a 

degree in Elementary Mathematics Education, I bring my own set of beliefs, experiences, and 

knowledge about mathematics teaching and learning. Central to all of these roles has been my 

interest in children’s thinking and how elementary curriculum and instruction can be used to 

support children’s learning of algebra. In my experiences as an elementary teacher, I have 

personally used growth patterns with my second-grade students and recognized the value they 

bring to the classroom. I have found that algebra is often disconnected from mathematics and 

isolated as its own short unit. In addition, I have worked with many teachers who have expressed 

their discomfort, for various reasons, with teaching early algebra concepts to their students. 

Collectively, these experiences have governed my research interests and have fueled my desire to 

pursue research that translates to practice. In this vein, I acknowledge the impact my experiences 

have on my perspective in an effort to remain objective throughout my research study, taking 

steps to ensure the trustworthiness of the findings.  

Trustworthiness  
 

To denote the trustworthiness of the conclusions drawn from the data, several steps were 

taken to ensure validity and reliability. A subjectivity was disclosed to acknowledge biases, 

values, and perspectives related to the research. Multiple and different sources of data were used 

to corroborate evidence through triangulation (Creswell & Poth, 2018). To establish consistency 
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of the findings, reliability was demonstrated through the use and analysis of a third-grade 

mathematics curriculum, semi-structured interviews, task-based interviews, student work 

samples, and analytic memos. In addition, peer debriefing was used to support and challenge the 

methods and interpretations used. Engaging in collaborative analysis and peer debriefing with 

someone familiar with elementary mathematics curriculum and instruction establishes credibility 

of the study.  

Ethical Considerations 

Prior to data collection, approval from the Institutional Review Board (IRB) at North 

Carolina State University and the Data, Research, and Accountability office at the participating 

school district was obtained. Each student participant signed an assent consent form (See 

Appendix H) before they participated in the study. Each participant’s parent/guardian also signed 

an informed consent form (See Appendix I). Each teacher participant also signed an informed 

consent form (See Appendix J). In order to protect participant identities, master lists were created 

to de-identify the teacher and student participants. All data has been stored virtually on a secure 

password-protected online drive. Pseudonyms have been used in all data, analyses, and future 

publications. There is minimal risk associated with this research. 
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CHAPTER 4 

CURRICULUM AND INSTRUCTION  

In this study, I report on the findings from this qualitative multi-case study. In Chapter 4, 

I share findings from an analysis of one third-grade curriculum that describe the intended 

learning opportunities students have to engage in early algebra concepts. These findings answer 

the first overarching research question, “How does elementary mathematics curriculum and 

instruction support third-grade students’ understanding of early algebra concepts?” and 

respective sub-question related to curriculum. In addition, I provide detailed information on 

third-grade teachers’ perspectives and experiences implementing instruction that supports 

students’ early algebra knowledge. These findings also answer the overarching first research 

question and sub-questions related to third-grade teachers. The inclusion of the third-grade 

mathematics curriculum and third-grade teachers’ perspectives helped develop a more complete 

understanding of how curriculum and instruction are being used to support students’ transition 

from additive to multiplicative reasoning in third grade, an important milestone in the evolution 

of students’ algebraic thinking. 

Curriculum Analysis 

 As part of the curriculum analysis, ten lesson plans were selected from one third-grade 

mathematics curriculum. In what follows, I describe four themes that emerged from the data 

analysis: Dimensions of Instruction, Early Algebra, Structure and Coherence, and Teacher 

Support. These themes provide insight into the ways that one mathematics curriculum 

encourages students to reason algebraically, with particular attention given to multiplicative 

reasoning. The themes also draw attention to characteristics of early algebra instruction and the 
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importance of considering how curriculum can best support students’ development of algebraic 

thinking in the early elementary grades.  

Dimensions of Instruction 

 Planning for and implementing a mathematics lesson is a complex and iterative process. 

Teachers must consider multiple aspects when planning for and implementing a lesson with the 

quality of instruction in mind (Merritt, Rimm-Kaufman, Berry, Walkowiak, & McCracken, 

2010). One theme that emerged from this analysis relates to dimensions of instruction, namely, 

mathematical tasks, discourse, and representations. Research suggests that the use of cognitively 

demanding tasks, rich mathematical discourse, and multiple representations characterize features 

of high-quality instruction (NCTM, 2014), though these are not the sole features. Therefore, 

analyzing these dimensions in the context of lessons promoting algebraic thinking have 

important implications for the design of future curriculum.  

 Tasks. The instructional tasks included in these ten lessons provide infrequent 

opportunities for students to make deep connections to early algebra concepts and develop an 

algebraic ‘habit of mind.’ These lessons are guided by standards that are intended to support 

students’ algebraic thinking; however, they are predominantly focused on arithmetic (i.e., 

addition and multiplication, properties of multiplication). While a few tasks included patterns, 

these tasks are limited to students’ exploration of the hundreds chart or multiplication chart. An 

explicit focus on relational understanding, mathematical structures, analyzing or reasoning about 

relationships and quantities, generalizing, or connections across these concepts is relatively 

absent. The tasks included in these lessons tend to focus on procedures, often requiring students 

to complete a prescriptive task or replicate a particular strategy being taught. For instance, in one 

lesson in Unit 1, the lesson begins with an exploration of the commutative property of 
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multiplication and arrays to solve story problems. The lesson includes a task that requires 

students to write two equations that represent an array (see Figure 4.1). The lesson moves on to a 

second task that asks students to draw an array and match that array with the correct equation, 

which is provided for the student (see Figure 4.2). This task provides context and encourages 

students to make connections between a visual model and equation; however, the task does not 

allow for multiple solutions, encourage explanations, nor is it cognitively demanding.  

Figure 4.1 

Unit 1 Task: Promoting Students’ Use of the Commutative Property of Multiplication and Arrays 

  

Figure 4.2 

Unit 1 Task: Matching Story Problems and Equations  
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The prescriptive nature and procedural emphasis of these two tasks, and many others 

alike, minimize opportunities that encourage students to apply their knowledge and think deeply 

about multiplicative situations. Further, these tasks do little to showcase students’ conceptual 

understanding since they do not have the opportunity to explain or justify their thinking. Merritt 

et al. (2010) contend that “ideal problem-solving instruction engages students in problems that 

require grappling with important mathematical concepts and offers students opportunities to 

generate and use multiple strategies to find solutions to interesting, challenging problems” (p. 

243). Several lessons later, students engage in a task that requires them to model an array using 

concrete manipulatives. The lesson provides two expressions (3x2 and 2x3) for students to model 

an array using red and yellow counters. This type of task helps students’ build a conceptual 

understanding of multiplication, but the order and sequence of these tasks lacks structure and 

coherence. Typically, when introducing a new mathematics concept, students begin by exploring 

with concrete materials to build meaning, before moving on to visual and symbolic 

representations. The extent to which these tasks continue to build on students’ prior knowledge 

to deepen their understanding of the concept is unclear. 

In some instances, lessons contain tasks that appear to promote a more conceptual 

understanding of a concept. For instance, in Unit 1, there is a lesson that helps students develop 

an understanding of equal groups through an Unpacking Bananas task. This task is explored over 

the course of one lesson and encourages students to make connections between addition and 

multiplication. In the launch of this lesson, students are asked to consider what information is 

needed to determine how many bananas are in a crate. After learning there are five bananas in a 

bunch and four bunches of bananas in the crate, students are to work collaboratively to explore 

this problem and solve it using a strategy of their choice. Following their exploration, the class 
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discusses similarities and differences in the students’ use of strategies. Explicit connections 

between equal groups and multiplication are discussed before the teacher introduces students to 

the equation. The nature of this task appears to transition students from additive to multiplicative 

reasoning by promoting a deeper understanding of equal groups and its connection to 

multiplication. Through asking mathematical questions, exploring multiple representations, and 

choosing their own solution strategies, this task encourages students to make sense of the 

multiplicative situation in their own way.  Students are given the opportunity to grapple with the 

problem and encouraged to reason algebraically as they attend to and represent the relationships 

between the quantities.  

Across both units, the lessons give students multiple opportunities to explore story 

problems and solve the problems using a strategy of their own choice. Engaging in tasks that 

provide context is important for students to build meaning of a concept, as is their ability to 

select their own strategy. However, after several lessons engaging in similar tasks, the tasks seem 

to provide students with repeated opportunities to practice a familiar procedure. Practicing 

procedures is important, but it is the predominance of these types of tasks in the absence of other 

opportunities that can become problematic. For instance, a lesson in Unit 1 (Figure 4.3) and a 

lesson taking place at the end of Unit 4 (Figure 4.4) both ask students to solve several 

multiplication story problems in the same way. In order for students to develop flexibility in their 

thinking, it is important that they engage in multiple and varied problem situations that promote 

multiplicative reasoning. 
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Figure 4.3 

Unit 1 Task: Sample of a Multiplication Story Problem  

 

Figure 4.4 

Unit 4 Task: Sample of a Multiplication Story Problem  

 

The repetitiveness of these tasks appears to promote familiar procedures, rather than 

productive struggle. Throughout the ten lessons, opportunities to engage in algebraic thinking or 

make connections across algebra concepts, outside of the operations, are missed.  

Representations. The mathematical tasks within each lesson encourage students to use 

multiple forms of representations to build their understanding of multiplication. NCTM (2014) 

suggests that the use of multiple representations is an effective teaching practice. Representations 

capture an abstract concept and can be visual, symbolic, verbal, contextual, or physical (Lesh et 



  111 

 

al., 1987). In these lessons, representations include symbolic (e.g., multiplication equation), 

textual (e.g., written explanation), contextual (e.g., real world scenario), visual (e.g., arrays), and 

physical representations (e.g., counters). Figure 4.5 provides examples of each type of 

representation. Additionally, the use of multiple representations also helps students make 

connections across different representations. When students have the opportunity to make 

connections across representations, they are developing the ability to think flexibly and 

becoming more capable of transferring this understanding to different problem situations (Merritt 

et al., 2010).  

Figure 4.5 

Representations Used to Promote an Understanding of Multiplication 

Representation Example 

Symbolic 4 x 2 = ____ 

Textual What are some general statements that we could make about the two 
expressions in each problem? 

Contextual  Mr. Kim arranges his stamp collection in rows and columns in his scrapbook. 
If he makes 9 rows of 8 stamps, how many stamps does he have? 

Visual  

 
  

Physical  Using counters to model a quick array.  
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Across Unit 1 and Unit 4, the tasks include symbolic, textual, contextual, visual, and 

physical representations. Unit 1 introduces students to different representations (e.g., symbolic 

[multiplication] and visual [arrays]). These lessons include tasks that encourage students to use 

representations selected by their teacher to solve familiar problems (e.g., Write an expression to 

match the array). Unit 4 lessons still encourage students to use these same representations (e.g., 

Draw arrays to represent the expressions 4 x 2 and 2 x 4), but students have more freedom to 

choose their own strategy to use when engaging in tasks towards the end of the unit. Merritt et al. 

(2010) suggest, “Encouraging students to communicate their understanding of an idea with their 

own representations challenges them more than solving activity sheet problems where 

representations are provided for them” (p. 240). This is evident in one of the final lessons in Unit 

4, where the lesson includes the following problem for students to solve: Mrs. McCarthy is 

setting up her classroom for a student showcase and needs the desks arranged in rows. If she 

arranges the desks in 5 rows of 4, how many desks does she have? This task asks students to 

draw a quick array, use any strategy of their choice, and then write an equation to represent the 

scenario. By asking students to represent their thinking in multiple ways, they have the 

opportunity to make connections across those representations. This also lends itself to a rich 

discussion about students’ use of different representations when solving the same multiplication 

problem, a meaningful way for students to learn from their peers.  

Discourse. An important component of these lesson plans centers around the use of 

mathematical discourse by the teacher. Creating an environment rich in discourse is an important 

element in standards-based mathematics instruction (Martin, Polly, McGee, Wang, Lambert, & 

Pugalee, 2015). Throughout these lessons, there are consistent opportunities for students to 

engage in tasks that promote whole group and small group discussions, a notable strength of this 
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curriculum. During these interactions, the lessons encourage student collaboration and sharing of 

mathematical ideas. As students work on tasks, teachers are prompted to attend to students’ use 

of strategies and purposefully select those to share with the class to generate a conversation 

around the key mathematical concepts of the lesson. For instance, in one lesson where students 

practice solving story problems that reinforce their understanding of factors, students select any 

strategy to solve the problem, write an equation to represent the scenario, and label which 

number represents the number of groups and the number of objects in each group. The teacher 

facilitates a conversation around students’ solutions to help make connections across strategies 

and develop a deeper understanding of the commutative property. See Table 4.1 for sample 

questions included in this lesson plan. These types of questions demonstrate how a lesson elicits 

students’ ideas, understandings, and questions.    

Table 4.1 

Questions Used to Elicit Student Thinking and Facilitate Rich Mathematical Discourse 

Question Prompts 

What strategy did your group use? Why did your group choose that strategy? Are there other 
strategies your group could have used?  

Does anyone want to add on to ___’s strategy? 

Do you agree or disagree with what ___ did?  

Does anyone have any questions for ___? 

How does ___’s strategy compare to ___’s strategy? 
 

Relatedly, the lesson plans contained strong guiding questions for teachers. NCTM 

(2014) contends that high-quality mathematics instruction “relies on questions that encourage 

students to explain and reflect on their thinking as an essential component of meaningful 
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mathematical discourse” (p. 35). Questioning not only encourages students to participate in the 

conversation, but also draws attention to important ideas and helps strengthen and clarify 

students’ mathematical thinking (Sussman, Hammerman, Higgins, & Hochberg, 2019). In these 

lessons, the teacher is encouraged to ask conceptual questions. For instance, one lesson contains 

questions that if asked, could promote students’ early algebraic thinking. These questions 

reinforce students’ attention to the relationship between repeated addition and multiplication, 

patterns, and generalizing. For instance, the lesson provides the following questions: What is the 

effect on an odd/even number when you multiply it by 2? Is there a rule that can be generalized 

when multiplying by 2? What is the relationship between multiplying by 2 and repeated 

addition? What patterns do you notice? These questions strengthen the task and encourage 

students to think deeply about the mathematical concepts. Though, it is unknown in this study 

how teachers implement the lessons as intended. Additionally, some lessons contain guiding 

questions such as these, while others do not. Lessons that include guiding questions 

inconsistently contain sample student responses, which, depending on a teacher’s knowledge, 

may impact the depth in which these questions are discussed.  

Early Algebra 

  The importance of early algebra is now widely accepted and supported by research (e.g., 

Blanton et al., 2015; Carraher & Schliemann, 2018; Kaput, Carraher, & Blanton, 2008). In this 

analysis, the curriculum lessons were analyzed to understand the intended learning opportunities 

students have to develop algebraic thinking. Upon analyzing the dimensions of instruction (i.e., 

tasks, discourse, representations), early algebra concepts emerged as a second theme. These 

concepts include patterns, mathematical properties, reasoning, and generalizing.  
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Patterns. Opportunities for students to make sense of mathematical relationships through 

the use of pattern tasks were scarce. There are two types of tasks in the lessons that encourage 

students to explore patterns, choral skip counting and tasks that require students to analyze 

patterns on a hundreds chart or multiplication chart. In one lesson, students investigate patterns 

on a hundreds chart and make connections to even and odd concepts. In this lesson, one of the 

tasks asks students to generalize as they investigate whether statements like, “The sum of an odd 

and an even number is always even” are true or false. This task asks students to debate the 

statement by providing examples and non-examples. This type of task also supports practices 

that are indicative of algebraic thinking, such as generalizing. In another lesson, students engage 

in choral skip counting “to build fluency and develop flexibility in thinking.” The students count 

forward and backward (i.e., 2, 4, 6, 8, 10, 12, 14, 16, 18, 20 … 20, 18, 16, 14, 12, 10, 8, 6, 4, 2). 

While this task had the potential to promote conversations around patterns, solely having 

students orally skip count without any specific attention to the number relationships does not 

appear to support algebraic thinking. As advocated by NCTM (2000), it is important for children 

as young as prekindergarten to have opportunities to explore patterns, mathematical 

relationships, and functions. However, patterns are not incorporated in the CCSS-M standards 

until fourth grade. This likely explains the absence of patterning tasks that require students to 

analyze the relationship between quantities that change or remain constant or to generalize in the 

context of these relationships. 

Properties. Many of the tasks emphasized the properties of operations (i.e., associative, 

commutative, and distributive properties of multiplication). The commutative property of 

multiplication was most frequently addressed as students explored arrays. This seems like a 

natural association because attending to the commutative property when learning about arrays 
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can help students understand the structure. In one lesson, students collaborate with a partner to 

build and draw arrays to represent two different expressions that include the same factors. 

Students are asked to describe similarities and differences, as well as make general statements 

about the expressions using their knowledge of this property. In another lesson, students solve 

“Multiplication Explanation Cards” (Figure 4.6). This task asks students to draw on their 

knowledge of multiplication, place value, and properties of operations as they explain their 

thinking. Concurrent with research that suggests children learn to generalize through their 

experiences with mathematical properties (Carpenter et al., 2003); tasks such as these provide 

students with opportunities to generalize about the properties, an integral part of algebraic 

thinking.  

Figure 4.6 

Multiplication Explanation Cards 
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Reasoning. Third-grade standards begin to transition students from additive to 

multiplicative reasoning, which is evident in these lessons. Overall, the intended lessons provide 

opportunities for students to engage in tasks that prompt their use of additive and multiplicative 

reasoning and use a variety of strategies when doing so (e.g., using arrays to make sense of 

multiplication). Unit 1 helps students make connections between addition and multiplication by 

drawing their attention to the relationship between both operations. For example, helping 

students see the relationship between repeated addition and multiplication through the use of 

arrays. Unit 4 focuses exclusively on deepening students’ understanding of multiplication by 

encouraging their use of diverse multiplication strategies to create or solve multiplication story 

problems.   

Generalizing. The lessons provide some opportunities for students to generalize 

mathematical ideas, though these are infrequent. There are few lessons that contain tasks that 

promote generalizing, but the lessons themselves do not explicitly focus on generalizing or 

include generalizing in the intended student learning outcomes.  

The lessons that encourage students to generalize focus on two mathematical ideas: 1) 

operations and properties and 2) making conjectures about even and odd numbers. Some tasks 

promote generalizing more broadly, while others encourage students to generalize using specific 

examples. In a lesson that encourages broad generalizations, students are to use arrays to help 

them make sense of the commutative property of multiplication. This lesson includes guiding 

questions that draw attention to the arrangement of factors and the influence this has on the 

product; statements that can be made about the similarities and differences when creating arrays 

to represent different expressions; and rules that can be generalized when multiplying by a given 

factor. The tasks themselves do not explicitly focus on generalizing (see Figures 4.1 and 4.2), but 
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the discussion questions do. This speaks to the importance of strong classroom discourse 

practices. However, there is inconsistency between the intended student learning outcomes (i.e., 

Students will use arrays to help build fluency when multiplying by two) and the tasks included in 

this lesson, a relevant theme that will be addressed in the next section. 

In contrast, one lesson that encourages specific generalizations asks students to explore 

patterns on an addition chart and create claims about even and odd numbers. There are question 

prompts included in this lesson that focus on place value (e.g., “The numbers in the ones place 

are all even, all divisible by 2, the pattern 2, 4, 6, 8, etc. continues.”), but not the underlying 

structure about why sums are even or odd. According to Ellis (2011), generalizing involves 

students’ abilities to identify similarities across cases and apply their reasoning beyond a single 

example or collection of examples. In these lessons, many of the instances where generalizing 

occurs relate to students finding an example (2 + 2 = 4) or non-example (2 + 3 = 5) to support 

their claim. While this is helpful as students learn to make conjectures, justify their thinking, and 

generalize, it is insufficient for helping them learn to attend to the underlying structure. 

Generalizing is one of the most important processes for helping children develop algebraic 

thinking (Driscoll, 1999). Therefore, it is important that the curriculum provides students with 

opportunities to generalize about different mathematical ideas and concepts, as well as equips 

teachers with the necessary knowledge so that their instruction gets students in the habit of 

reasoning about and expressing their generalizations. 

Structure and Coherence  

The third theme that developed from this analysis involves the structure and coherence of 

the lessons. The lesson plans contain strengths (e.g., strong discourse practices) as well as 

limitations (e.g., the implementation of multiple tasks across one lesson). Both influence the 
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quality and effectiveness of the teachers’ instruction and intended learning opportunities. As 

suggested by Merritt et al. (2010), a well-designed lesson is “logical and coherent, leading 

students to a deeper understanding of the mathematical concepts by the end of the lesson” (p. 

240). These lesson plans were designed according to the Launch-Explore-Discuss model. The 

intent behind this model is for the teacher to facilitate learning by posing a task, encouraging 

collaboration and the use of materials to support the task completion, and asking questions 

around that task (NC2ML, 2017). Looking across all ten lesson plans, each lesson plan contains 

between three and seven total tasks (see Figure 4.7).  

Figure 4.7 

Number of Tasks Contained in Each Phase of the Lesson  

Note. This figure displays the subset of ten lessons analyzed in this study. For each lesson, the 

number of tasks included in the Launch, Explore, and Discuss phase are identified. Additional 

tasks, shown in blue, are optional tasks included in the lesson plan.  
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As can be seen from Figure 4.7, the majority of the tasks take place during the Launch or 

Discuss phase. Three lessons contain one Launch task, while the remaining seven lessons contain 

between two to four tasks. In a lesson containing three Launch tasks, students begin by playing a 

game called “I Have Who Has.” Next, students directly transition into a task where they generate 

a list of objects that come in groups of twos. Then, the teacher leads an activity that involves 

students building an array to model an expression. There is a lack of coherence among the tasks 

in this Launch, as well as a purposeful connection to the student learning outcomes. This was 

observed in other lessons as well. In a lesson on understanding the commutative property of 

multiplication through arrays, the Launch phase includes one task. In this task, students write 

their definition of multiplication on a “snowball” by using a piece of crumpled up paper to have 

a “snowball fight.” Then, they pick a snowball from the ground and find a partner to discuss the 

definition with.  

In these lessons, the Explore phase of the lesson typically includes one task, which was 

collaborative and student-led. There were very few instances when one of the tasks in the Launch 

phase directly transitioned into the Explore phase. Typically, the tasks in the Launch phase were 

disconnected from the tasks in the Explore phase. However, there was one exception to this 

finding. In the third lesson analyzed in this study, Unpacking Bananas, the lesson plan includes a 

description for how to launch a task (e.g., Introduce the story problem situation and ask students 

to consider what information is needed to solve the task). Then, the lesson transitions students 

into groups so they can explore this task collaboratively. To conclude, there is a discussion of 

students’ strategies (e.g., What do you notice is similar about the strategies presented? What is 

different?). The lesson plan reflects recommendations proposed by NC2ML (2017), which 

suggest that a teacher first introduce the task, then allow students to explore the task, and end 
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with a discussion around students’ solutions to this task. In this lesson, there is a clear focus on 

the mathematics goal and each phase continues to reinforce it.  

Similar to the Launch phase, there are also inconsistencies with the tasks included in the 

Discuss phase, as evidenced by the number of tasks and the coherence among them. In some 

lessons, the Discuss phase only contains one task, which typically involves a discussion of 

students’ strategies. For instance, students explore story problems to extend their practice with 

fluency when multiplying by 8. After they solve these problems, the teacher leads a discussion. 

The discussion highlights various student strategies used, draws attention to the differences 

between the types of problems and students’ solutions, and reinforces the idea of using known 

facts and properties to help find unknown products. In contrast to this lesson, another lesson 

contained three unrelated tasks in the Discuss phase. The first task asks students to “share their 

experiences” solving a task; the second task introduces students to a quick array, which they then 

practice building with counters; and finally, the lesson concludes with an independent task, a 

journal prompt (Margaret is trying to solve the problem 7 x 5. She doesn’t have the fact 

memorized and isn’t sure what to do. Help guide Margaret in solving this problem. Include 

explanations for as many strategies as possible.). This lesson abruptly ends without any type of 

culminating discussion, which diminishes the significance of this phase. As can be seen from 

these examples, some tasks in the Discuss phase revolve around students’ work in the Explore 

phase while others involve a series of disconnected tasks. 

In addition, there are two lessons that include “Additional Activities” after the discussion 

is complete. It is unclear if or how these activities are used, but they appear to serve as an 

extension. Figure 4.8 provides an example of a lesson containing additional activities.  

 



  122 

 

Figure 4.8 

Additional Activities   

 

Rather than having time to dive deep into a concept and make sense of the information, 

lessons with several tasks appear to target many multiple concepts and skills without connecting 

back to the overarching mathematical goal. The selection and sequencing of tasks throughout the 

lesson, including those listed in the “Additional Activities,” lacks coherence. That makes it 

difficult to discern what the “central” task of the lesson is. When there are multiple, disconnected 

tasks within one lesson, it is difficult to provide instruction that clearly supports the learning 

objective.  

In addition, the overall sequence of the lessons included in this analysis does not always 

appear to build on prior lessons. Without analyzing all of the lessons across both units, it is 

difficult to make assertions about the sequence. However, in many instances, students are 

encouraged to use and practice the same strategy when solving similar problem types. It is 
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unclear how demanding these lessons are for students who have had repeated practice with these 

tasks over the course of two units. 

Teacher Support 

The fourth and final theme that emerged from the curriculum analysis relates to teacher 

support. Over the course of the ten lessons, there is inconsistent support offered to teachers to 

ensure they are prepared to provide instruction that helps students develop algebraic thinking. In 

lessons that offer support, teachers are provided with questions prompts and anticipated student 

responses, sample strategies, and an answer key for a given task. In one lesson, students explore 

patterns on a multiplication chart and make claims about the patterns that they recognize. 

Support is offered to teachers by providing examples of anticipated student responses to help 

them determine what strategies to highlight in the discussion. See Figure 4.9.  

Figure 4.9 

Teacher Support for Discussion around Patterns on a Multiplication Chart 
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This lesson also provides clarification for teachers about the connection between this 

lesson plan and algebraic thinking. The lesson plan states, “The ability to recognize and explain 

patterns in mathematics leads students to developing the ability to make generalizations, a 

foundational concept in algebraic thinking,” followed with specific examples of these patterns. In 

this analysis, this is the only lesson to provide clarification on a concept and make explicit 

connections between patterns, generalizing, multiplication, and algebraic thinking. However, this 

one instance is unlikely to support teachers in understanding early algebra content and 

instruction. 

Across the lessons, this amount of teacher support is rare. The majority of the lesson 

plans only include an answer key to go along with a given task. For instance, in the lesson that 

focused on generalizing about even and odd numbers, teachers are only provided with the answer 

to the statements (e.g., True or False: The sum of 2 even numbers is always even. TRUE) 

without any guiding questions or key mathematical ideas to focus on. Additional information 

might have suggested teachers draw students’ attention to the structure of even and odd and why 

the given statement is true or false. In another lesson, the plan suggests, “As students are 

working, circulate and provide guiding questions more than corrective statements to help them 

engage their own cognitive processes for finding their mistakes.” These directions speak to the 

importance of guiding questions, though the plans do not offer any potential questions for the 

teacher to ask. Similarly, many lesson plans provide teachers with a script to read without 

elaboration. For example, one lesson suggests the teacher begins the Discuss phase by saying, 

“The more mathematics you understand, the less you have to memorize. If you have a deep 

understanding of the patterns in the multiplication table that will lead to a more natural 

remembering as a meaningful collection of interrelated facts.” As can be seen from these 
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examples, there are varied levels of support offered to teachers, likely a result of the lesson plans 

being created by different teachers and specialists. Without ensuring the lesson plans contain an 

adequate amount of background information for teachers and instructional support, it is possible 

the lesson plans are not being implemented with fidelity. 

Summary  

Ten lesson plans from the third-grade mathematics curriculum were selected and 

analyzed to understand the intended learning opportunities students have to engage in algebraic 

thinking. The four overarching themes that emerged from this analysis included dimensions of 

instruction (tasks, discourse, and representations), the types of early algebra concepts explored in 

these lessons, the overall structure and coherence of the lesson plans, and the support provided to 

teachers. It is important to acknowledge that this analysis includes a subset of lesson plans across 

the two units and as such, only provides a snapshot of how the curriculum supports students’ 

development of algebraic thinking. Nonetheless, these selected lesson plans highlight both the 

strengths (e.g., promotion of discourse; use of multiple representations) as well as the potential 

weaknesses (e.g., cognitively demanding tasks; limited exploration of patterns, lack of structure 

and coherence; teacher support) of this third-grade mathematics curriculum.  

Elementary Teachers’ Mathematics Instruction 

This study also collected interview data from three third-grade teachers before and after 

collecting data from the students. As part of the first interview, the teachers shared their 

perspectives and experiences supporting students’ development of algebraic thinking, including 

their perspectives on growth pattern tasks. In this section, I describe themes that emerged from 

this analysis.  
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The teachers participating in this study taught third grade at the same public elementary 

school. These teachers follow the North Carolina Standard Course of Study for Mathematics and 

implement a mathematics curriculum developed by their school district. The teachers shared how 

they “use this curriculum as a template” to ensure all standards are being met and content is 

being covered. They often find themselves modifying and adapting the lesson plans so that their 

instruction meets the needs of their students. They draw on outside resources to supplement the 

curriculum, such as Tools 4 NC Teachers (NC2ML, 2017) and EngageNY (EngageNY, 2020), as 

well as resources they create themselves. When planning for instruction, the teachers collaborate 

with one another and resource teachers at their school. They use a backwards planning design by 

“looking at the standards and assessments and where the kids need to go.” The teachers mention 

that the county has provided virtual resources, like Google Slides, to support the curriculum. 

However, they feel like they are “in their first year of teaching again.” They indicate how they 

find themselves planning their lessons the day before it is implemented because of the stress 

associated with virtual teaching during a global pandemic. These teachers specified how they 

have not had any professional development training to support their understanding or 

implementation of the mathematics curriculum provided by their district. This includes training 

that would support their face-to-face or virtual mathematics instruction. The teachers have not 

attended professional development focused on early algebra either. 

Given the uniqueness of this school year, the teachers’ virtual mathematics instruction is 

enacted much differently than their prior face-to-face instruction. The teachers expressed the 

challenges they experience planning for and implementing virtual mathematics instruction. For 

instance, they provide examples like a limited amount of time to plan for instruction, access to 

resources compatible with virtual instruction, differentiating instruction, and accurately assessing 
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students’ knowledge. Currently, their virtual mathematics block allocates approximately 45 

minutes for instruction. The block contains a mini-lesson and small group instruction, both led 

by the teacher. The mini-lesson focuses on a particular concept, which each teacher implements 

using Google Slides. Then, each teacher leads small group mathematics instruction, where they 

meet with different students each day. When meeting with these students, the remainder of the 

class works on independent work. Though the intended lesson plans are supposed to align with 

the traditional Launch-Explore-Discuss model, the teachers indicate that they do not follow the 

structure of this lesson plan when teaching virtually. Their instruction is in contrast to prior years 

when the teachers had a 90-minute mathematics block. The structure of their block began with a 

Number Talk, followed by a mini-lesson, which then transitioned into student “Choice Boards.” 

These boards consisted of multiple activities that reinforced the same concept or skill. Students 

had ownership over the activities that they selected. These activities incorporated games, 

independent work, technology, and projects. While students worked on their Choice Boards, 

teachers worked with students in small groups. The lesson typically concluded with a whole 

group discussion.  

Early Algebra 

Ms. Harper, Ms. Blair, and Ms. Cameron all bring different perspectives on early algebra, 

experiences with early algebra instruction, and the use of growth pattern tasks to support 

students’ algebraic thinking. Their insights hold potential for informing the design of teacher 

preparation courses, professional development, and notably, student learning.  

Conceptualizing Early Algebra. Early algebra can be difficult to define given its 

ambiguity and often misunderstood characteristics. This was evident after speaking with Ms. 

Harper, Ms. Blair, and Ms. Cameron. When asked to describe what early algebra ‘looks like’ in 
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elementary mathematics instruction, the teachers were hesitant to respond. One teacher remarked 

how it was a “tough question to answer.” The teachers provided vague descriptions. Their 

responses contained specific examples like, “it looks like a variable and an equation” and 

“solving for missing factors.” Additionally, the teachers discussed early algebra in the context of 

solving equations using addition, subtraction, multiplication, and division. Their understanding 

of early algebra as symbolic is consistent with the view that early algebra is often referred to as 

generalized arithmetic. It may also reflect their own personal experiences with algebra. However, 

with additional probing, one teacher, Ms. Blair, provided a more holistic account of early algebra 

concepts. She said,  

We are building kids to understand what multiplication represents and what it means to 

do the operations instead of the algorithm. Some of those new ways of solving 

multiplication, addition, number line counting, all that stuff really builds their algebraic 

sense. We have been doing a lot of analyzing, looking at the hundreds chart...looking at 

the multiplication chart...building some of those patterns in and understanding...we were 

talking about the commutative property. 

Here, Ms. Blair captured many important concepts that have been found to support students’ 

development of algebraic thinking, such as analyzing and reasoning with numbers, 

understanding the how and why behind the use of operations, patterns, and mathematical 

properties. Interestingly, the teachers did not discuss early algebra as a form of reasoning or 

problem-solving process, perhaps suggesting they understand early algebra as a single concept, 

rather than an overarching umbrella of interconnected mathematical ideas, strategies, and 

relationships. 
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Supporting Students’ Development of Algebraic Thinking. Implementing early 

algebra instruction can be challenging for teachers, particularly if these teachers have limited 

knowledge and experience with early algebra instruction. Oftentimes, ‘algebra instruction’ is 

thought of as a short, disconnected unit. This makes it difficult for teachers to identify specific 

mathematics concepts and practices that nurture students’ development of algebraic thinking. 

Throughout the interview, the teachers were asked to discuss students’ development of algebraic 

thinking in various capacities. Two themes emerged from these discussions, one theme relates to 

content and the other relates to pedagogy. 

         Content. The teachers were asked to consider what mathematical ideas and concepts 

support students’ development of algebraic thinking skills. Their responses were brief and 

focused on operations and procedures. For instance, all three teachers suggested students practice 

multi-digit addition, subtraction, multiplication, and division. They also emphasized equations 

with missing addends and factors, as well as variables. However, they did not elaborate on how 

or why these concepts support students’ algebraic thinking. The depth of their understanding 

about the concepts that support students’ algebraic thinking appear narrow and may reflect 

limited content knowledge or experiences. During the time of this interview, the teachers were 

implementing the first multiplication unit. Therefore, it is possible that the teachers were 

thinking about algebraic thinking solely within the context of multiplication. 

         Pedagogy. While the teachers had some difficulty describing what and how concepts 

support students’ development of algebraic thinking, they provided strong recommendations for 

practice. This may suggest that while their content knowledge may be limited, they have a strong 

understanding of effective mathematical practices. The teachers discussed the importance of 

encouraging students to use multiple representations and strategies, engage in mathematical 
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discourse, make connections across concepts, and solve tasks that make mathematical concepts 

visible and promote critical thinking. Ms. Harper shared how her class has “really good 

conversations about missing values and solving for unknowns.” Ms. Cameron describes how she 

encourages her students to explain and justify their answers with reasoning. “I think with 

algebraic thinking it’s really important for them [students] to realize that they can solve these 

problems in a variety of different ways by using our different multiplication strategies and 

showing all their different thinking.” Additionally, Ms. Blair discusses how it is important to 

“make math visible” for students so they are encouraged to use multiple strategies and see how 

math is interrelated. She believes students need to explore tasks, grapple with concepts, and have 

the opportunity to analyze, because those are “things that I personally did not learn in elementary 

school, so I think it is super important.” Research has found that while content knowledge is 

important, pedagogical knowledge is equally as important (Shulman, 1987). In these interviews, 

the teachers described many teaching practices that are considered quintessential for student 

learning.   

Unpacking Early Algebra Concepts in the Context of a Lesson Plan. As part of the 

first interview, teachers were asked to review a lesson plan provided in the first unit of their 

mathematics curriculum. This lesson, “Patterns in Multiplication,” was one of the few to focus 

explicitly on patterns. The intention of this lesson was to provide opportunities for students to 

utilize multiple representations and strategies to demonstrate their understanding of 

multiplication; attend to the relationships between numbers on a multiplication table; make 

connections to the properties of multiplication; form conjectures and justify their thinking; and 

generalize rules for multiplying even and odd numbers. All three teachers indicated that they had 

implemented this lesson with their class. Two themes emerged from this analysis: teachers’ 
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observations about the structure of the lesson and their observations about the mathematics in the 

lesson plan.  

Structure. The first theme that emerged related to the structure of the lesson. The 

teachers discussed instances where the lesson connected second-grade content with third-grade 

content (e.g., missing addends and missing factors), provided opportunities for students to 

engage in math talk (e.g., prompting students to explain and justify their thinking), and the tasks 

they did and did not implement. For instance, this lesson involved a task that asked students to 

create a multiplication expression and represent it in different ways (an expression, story 

problem, visual representation, and written explanation). While this activity would have allowed 

students to showcase their understanding and make connections across representations, the 

teachers shared that they did not implement this because of challenges with virtual learning.  

The lesson also included a task that asked students to analyze the multiplication chart, 

explore patterns on the multiplication chart, and make claims and provide evidence. These 

claims were focused on helping students generalize (e.g., The product of an even number times 

an even number is always even.). The intended open-endedness of this activity would allow 

students to make sense of these patterns. The teachers explained that they showed an 

instructional video outlining the patterns on the multiplication chart and how to read the chart 

before allowing students to explore. Ms. Harper mentions “those patterns are not my favorite 

things, I struggle with those.” Their choice to draw on outside resources to deliver instruction 

may speak to the teachers’ comfort with the material. When discussing the claims and evidence 

task, she describes strong discourse practices in her class, “We had some really good 

conversations about the claims, we did it as a whole group and they were able to bounce ideas 

off each other” using “a hand signal - thumb up, thumb down - and they would prove their 
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thinking.” Ms. Blair and Ms. Cameron shared a similar experience and mentioned the rich 

discussions they had. When asked about these conversations, they appear to have revolved 

around students providing specific examples without giving much attention to the general 

structure of numbers. In these conversations, it seems that the intention of the lesson may not 

have been enacted in a way that supported students’ algebraic thinking. 

When the teachers discussed the modifications they made to the lesson plan, it became 

apparent that the original design of the lesson plan did not lend itself well to the structure of 

virtual learning. For instance, the task introduced in the launch was best suited for face-to-face 

instruction where students could collaborate in small groups and move around the room. The 

teachers also mentioned that the students were very familiar with the types of problems included 

in this task, so they made the decision to focus on other aspects of the lesson plan. Interestingly, 

the problems they are referring to here are similar to the types of problems that continue to 

appear throughout both multiplication units. The teachers’ insights further corroborate a key 

finding in the curriculum analysis, that the familiarity of the tasks presented in the lesson plans 

limit students’ opportunities to productively grapple with concepts because of their repeated 

exposure to familiar tasks. In addition, the teachers indicate that there were instances when 

students would have benefited from scaffolds to better make sense of the content. The teachers 

shared how the students were confused when reading the multiplication chart, so they sought out 

an outside resource to introduce the multiplication chart to the students. Their need to modify 

and adapt the lesson plans suggests there may be a need to examine how effectively existing 

curriculum supports student learning, especially virtual learning. 

Mathematics. In addition to observations about the lesson plan structure, the second 

theme relates to the teachers’ attention to the mathematics concepts included in the lesson. They 
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discussed how the tasks within this lesson support students’ mathematical thinking, but their 

references to specific concepts were general. For instance, the teachers identified ways that the 

“Claims and Evidence” task supports students’ algebraic thinking. Ms. Harper mentioned how 

this task supports students in “thinking about the numbers that are missing in an equation and 

thinking about how to problem solve them and analyze and prove and disprove each other, I just 

really think it is helping them dig deeper into those skills.” Ms. Harper comments on many 

characteristics of algebraic thinking but does not elaborate or give context to what she means by 

digging deeper into those skills. Similarly, Ms. Blair mentions flexibility in thinking about 

numbers and how this task helps students develop “a really good number sense and being able to 

manipulate the numbers and understand the operations more deeply.” It appears she recognizes 

the importance of conceptual understanding, though she does not provide insight into how the 

task encourages students to think conceptually. Much like Ms. Harper, Ms. Cameron also 

comments on the mathematical practices that encourage students’ development of algebraic 

thinking. She discusses how the task “emphasizes the fact that they have to have evidence to 

support their claims” and how the task allows children to “solve these problems in a variety of 

different ways” using the multiplication strategies they learned but does not provide explicit 

connections to mathematics concepts.  

Teachers’ Experiences with Growth Pattern Tasks 

Tapping into the multiplicative structure of growth pattern tasks allows educators to 

promote students’ transition from additive to multiplicative reasoning while simultaneously 

supporting students’ development of algebraic thinking. In this interview, the teachers were 

shown each of the three growth pattern tasks. It became clear that the teachers had different 

experiences with growth pattern tasks. While one teacher shares how this was the first time she 
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has seen growth pattern tasks, the other two teachers indicate prior knowledge of these tasks or 

experiences working with students. Regardless of their experiences, the teachers shared how they 

felt underprepared to implement these types of tasks. Ms. Harper, a veteran teacher, expressed, 

“For me, not having, like, formal training on algebraic thinking specifically, I think, for me, I 

mean, honestly, they [patterns] kind of pop up [in the curriculum] at random times where maybe 

I don’t really understand the connection from what we are doing to how it applies. I mean, 

without that training, it is just, like, okay, wait, why are we doing this right now.” Ms. Harper’s 

candor speaks directly to the importance of teacher preparation and training. If teachers have not 

had adequate experiences with early algebra content or instruction, it is unlikely students are 

going to have opportunities that help students learn to think algebraically. While growth pattern 

tasks are just one example of a way to support students’ algebraic thinking, all three teachers 

indicated that their teacher preparation programs had not focused on early algebra, nor have they 

attended any professional development focused on or integrated early algebra concepts. 

Teachers’ Perspectives on Using Growth Pattern Tasks 

The interview also gathered information on the teachers’ perspectives on the use of 

growth pattern tasks. Specifically, the interview asked teachers to share what mathematics 

concepts they believed growth pattern tasks help students develop, how they might use these 

tasks in their own instruction, and any potential successes or challenges. The analysis revealed 

that teachers discussed the use of growth pattern tasks in three different contexts: 1) students’ 

experiences, 2) mathematics curriculum, instruction, and assessment, and 3) explicit connections 

between student learning and mathematics instruction. While these three themes are inherently 

connected, specific examples are provided to illustrate their differences. 
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Students’ Experiences. Teachers most frequently discussed growth pattern tasks in the 

context of students’ personal experiences with them or the types of learning opportunities they 

would provide. The teachers believed their students would “enjoy” these types of tasks because 

they encourage students to “think critically about numbers,” engage in “higher order thinking,” 

and “problem solve through things”. One teacher remarked how students “crave these types of 

things” and believe the tasks would have a positive impact on students’ mathematical thinking. 

This teacher suggested that growth pattern tasks can “help them [students] in their algebraic 

thinking when they are thinking about patterns.” Though, she did not elaborate on how, which 

makes it difficult to determine her understanding of the connection between algebraic thinking 

and patterns. It is possible that she is agreeing with the interview question, which asked in what 

ways might growth pattern tasks support students’ algebraic thinking, but she is unsure how to 

expand on the connection.  

The teachers commented on challenges that students may experience when solving these 

types of tasks. Some teachers commented on the level of difficulty of the three different tasks. 

They felt the patterns presented visually (virtual pattern blocks, geometrically) would be easiest 

because students would use additive reasoning. Ms. Harper expressed, “I guess the shape one 

could be addition. It is a little bit simpler, in my mind...the story problem is definitely a little bit 

challenging because you are multiplying by two, right?” While all three patterns have the same 

underlying rule, Ms. Harper appears to view two of the tasks additively and the third task 

multiplicatively. Additionally, the teachers expressed general concerns when tasks are presented 

as a story problem. Ms. Blair shared that students who are learning English as a second language 

or students who are still learning to read may struggle to comprehend the task. This raises an 

important point for educators to consider, the role of reading in mathematics. Comprehending 
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story problems requires a different type of reading than reading in the traditional sense. Making 

sense of the context and connecting that to the relationship between quantities in the problem 

adds an additional challenge for students. Ms. Harper indicated that her “high flyers” would do 

well with these tasks, but her “low babies” would struggle because “they don’t have that core 

base knowledge they need.” This misconception fuels the belief that only students perceived as 

high achieving in mathematics would enjoy these tasks and have the knowledge needed to think 

critically about these problems. Therefore, access to rigorous tasks must be considered when 

designing and implementing tasks that support all learners’ development of algebraic thinking. 

The teachers also described the strengths of these tasks. They began to inexplicitly 

describe how these tasks embody important characteristics of algebraic thinking. For instance, 

Ms. Cameron reads one of the task questions out loud, ‘How do you know what the shape would 

look like on the hundredth day?’ She responds by saying, “Ohhh, that’s cool. It really gets 

students like, you can understand if they’re like understanding what’s happening between each 

picture.” Here, Ms. Cameron comments on the opportunity that students would have to 

generalize without discussing it directly. She also comments on the power these tasks have for 

encouraging students to reason. Similarly, Ms. Blair also mentions students’ solutions to the near 

and far generalization problems indicating that they need to have an “abstract understanding.” 

When asked how these tasks promote an “abstract understanding,” she explains that “they have 

to be able to notice the pattern and what the pattern is,” but does not clarify further. Ms. Harper 

offers additional insight and suggests that these tasks can help students learn about “variable 

equations” and engage them in “conversations about growth and extending their thinking about 

patterns and numbers,” but she does not expand further. 
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Mathematics Curriculum, Instruction, and Assessment. As the teachers shared their 

perspectives on the use of growth pattern tasks, there were instances when the teachers made 

natural connections between the tasks and the mathematics curriculum and instruction, without 

referencing the students. All three teachers shared how they could integrate these tasks into their 

Geometry and Multiplication units. When asked to share more about how these tasks could 

support their grade level standards, they tended to provide straightforward responses such as, 

“The shapes make me immediately go to geometry.” This suggests that they are associating the 

visual nature of the pattern blocks and shapes with a unit that also incorporates the use of shapes. 

In this instance, it seems like this teacher is focusing on the presentation of the task, without 

attending to the mathematics in the task. In another instance, a teacher makes stronger 

connections between the mathematics in the task and the mathematics being taught in class. This 

teacher expressed how the story problem task could support their multiplication unit because of 

the multiplication strategies being taught and the types of story problems included in the unit.  

Ms. Harper expressed concern that these tasks would not align with the questions on their 

End of Grade standardized assessment. She shared, “I would need more understanding of how it 

builds and guides and extends their ability to think about numbers and patterns. So thinking 

about the standards and where we need to get them to be at the end of the year to pass that 

dreadful test, how does this help me get them there?” Given the nature of high stakes testing and 

teachers’ experiences with accountability, this is not surprising. Her desire to deepen her own 

conceptual understanding of how these tasks can support the standards presents teacher educators 

with an opportunity to showcase the benefits of these types of tasks and how they can be used to 

support and extend existing instruction.    
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Connection Between Student Learning and Instruction. Additionally, there were 

occasions when the teachers considered the students’ learning opportunities in relation to their 

own instruction. When Ms. Cameron discussed the opportunities students would have to 

generalize, she later revisits all three tasks and makes connections to what she is teaching in their 

multiplication unit. She suggests how these tasks could help students “See how the shape was 

growing and how it was multiplication and how addition relates to multiplication. So you could 

see the repeated addition and multiplication equation between each picture.” She also considered 

the need for scaffolding and purposeful questioning to help students who experience struggle, 

such as, “How many chairs are there on day two, day three, what do you notice? What is the 

same? What is different?... because some kids will automatically see what is changing and some 

won’t.” In another instance, Ms. Blair mentions the sequence of these tasks and how starting 

with a concrete representation and moving towards a symbolic representation would be 

beneficial for student learning. While there were few connections made between student learning 

and instruction, that may be because the teachers do not currently use pattern tasks in their 

instruction. As a result, these teachers may have difficulty discussing the mathematics concepts 

embedded in growth pattern tasks in the context of their instruction. 

Summary 

 The findings discussed here highlight the variations in teachers’ perspectives and 

experiences with early algebra content and pedagogy. The teachers demonstrated a strong 

understanding of effective mathematics teaching practices. However, the extent to which they 

identified and described early algebra concepts differed significantly, in the context of their own 

instruction and growth patterns. When considering how growth patterns could be used to support 

their instruction, the teachers identified strengths of these tasks while also considering potential 
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challenges. To support teachers’ knowledge and instruction, there is a clear need to draw explicit 

attention to early algebra concepts in the curriculum, through preparation and training, in order to 

promote students’ algebraic thinking, both generally and through the use of pattern tasks.   

Summary of Chapter 

 In this chapter, findings from the curriculum analysis were presented. These findings 

highlighted the intended learning opportunities students have to engage in early algebraic 

thinking. In addition, analyses of the interviews with the teachers’ provided insight into their 

perspectives on early algebra and experiences implementing instruction to support their students’ 

development of algebraic thinking. Collectively, this chapter provided context to the study and 

also helped with the analysis of the students’ solutions to the growth pattern tasks, which will be 

discussed in the next three chapters.  
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CHAPTER 5 

CASE 1 - VIRTUAL PATTERN BLOCK TASK 

The findings from the task-based interviews are presented across the next three chapters. 

Each chapter focuses on findings from one case, or one growth pattern task. In this chapter, the 

results for Case 1 are presented. The analyses of the students’ solutions to Virtual Pattern Block 

task are discussed in detail, followed by the teachers’ analyses of the selected students’ solutions 

to this task.  

Student Analysis 

 The students’ solutions to the Virtual Pattern Block task, the corresponding interview 

transcripts, and analytic memos were coded using iterative coding to identify emergent themes 

and determine students’ level of generalizing about algebraic relationships. These findings 

answer the overarching second research question, “In what ways do third-grade students and 

teachers engage in growth pattern tasks that differ in presentation (i.e., virtual pattern blocks, 

visual geometric pattern, story problem)?” More specifically, these findings answer two sub-

questions, “What do students’ solutions (i.e., representations, strategies, explanations) 

communicate about their additive or multiplicative reasoning when solving different growth 

pattern tasks?” and “To what extent are students able to generalize when solving growth pattern 

tasks that differ in presentation?”  

 First, students’ use of representations are described. Then, findings related to students’ 

solutions to the next, near, and far generalizing problems are presented, as well as their 

description of the pattern rule. Additional themes emerging from the analysis are also discussed 

throughout this section. 
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Representations 

Students’ primary use of representations consisted of physical manipulation, which was 

expected given the task required students to manipulate virtual pattern blocks on the computer. 

When students engaged in this task, they created what the pattern would look like on Day 4, Day 

5, and Day 10, but only provided a verbal description of the pattern on Day 100. All students 

were successful when physically manipulating and representing the pattern on Days 4, 5 and 10.  

 In addition to physically manipulating the pattern, students were encouraged to explain 

and justify their thinking. An analysis of the students’ explanations revealed an additional theme, 

students’ contextualization of the pattern. The pattern included shapes but did not provide any 

form of context. When students were asked to describe the pattern and how they saw it growing, 

the majority of students contextualized the pattern immediately. This occurred naturally and 

unprompted. Students made connections between the shapes of the pattern blocks and real-world 

objects. For instance, Aiden suggested we “think of the triangle as an elevator and the trapezoids 

as floors.” Owen associated the shapes with “stilts” and Blake discussed each group of two 

shapes as a “level.” Blake explained that as the days increased, “They’ll level up,” which is a 

common language used when playing video games. Students tended to contextualize the pattern 

as they solved the next and near generalization problems. It is likely that students were able to 

make sense of the pattern’s structure when they considered it in the context of the real world, a 

finding consistent with other research that advocates for the use of context when teaching 

mathematics (CCSS-M, 2010; NCTM, 2000).   

Visualizations 

 Students’ visualizations of the pattern also materialized as a prominent theme. Students’ 

spatial sense, or their ability to visualize geometric shapes provides insight into their perspective 
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on the relationship between the shapes. How students visualized the composition of the shapes 

appeared to influence their understanding of the pattern structure and ability to generalize. This 

also seemed to connect to the context that students attributed to the pattern. For instance, when 

referring to the shapes, Aspen created a mental image of “upside down bowls stacked on top of 

each other.” When asked how she knew what the shapes would look like on Day 4 and Day 5, 

she explained that "It means that there's like one group of two, one main group of two every 

time. Like every new day there's a new group of two.” Aspen’s visualization suggests that she 

viewed the pattern growing by adding one equal group of two bowls each day, an additive 

approach to the reasoning about the pattern. In contrast, Jordan demonstrated the use of 

multiplicative reasoning as she generalized what the shapes would look like on Day 10. While 

Aspen visualized equal groups of two, Jordan made connections to a visual representation 

learned in class, an array. Both students recognized equal groups, but Jordan attended to the two 

columns of shapes, as well as the triangle. Jordan explained, “The array would be ten plus ten, 

though in my mind and my perspective, an array is more of a multiplication strategy. There are 

ten on each side and I just think I need to make 21 total ‘cause I know that 10 plus 10 plus 1 is 

21.” She goes on to say, “You could literally do 10 x 2 but you’d have to add one more ‘cause of 

the triangle.” This student demonstrated more sophisticated thinking as she discussed the 

mathematics in this pattern while also illustrating how patterns connect to the third-grade 

mathematics standards. By allowing students to generate their own context and meaning making, 

their visualizations provided insight into how they thought and reasoned about this pattern.  

Generalizing  

In the Virtual Pattern Block task, students were asked to create and describe what the 

shapes would look like on different days. Students manipulated these shapes virtually on a 
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computer. First, students were asked to make a next generalization, which required them to 

create and describe what the shapes would look like on Day 4 and Day 5. Then, they were asked 

to do the same by making a near generalization on Day 10, followed by a far generalization on 

Day 100. Finally, the students were encouraged to describe a generalized rule that could be 

applied to any given day. Figure 5.1 displays the students’ levels of algebraic thinking, as 

evidenced by their solutions to each of these generalizing problems. 

Figure 5.1 

Virtual Pattern Block Generalization Problems: Students’ Levels of Algebraic Thinking  

Note. This image displays each students’ level of algebraic thinking for each generalizing 

problem. Students’ level of reasoning on the next generalization problem is depicted using an 

orange circle; the near generalization problem is depicted using a blue circle; and the far 

generalization problem is depicted using a gray circle. The level of reasoning employed when 

describing a pattern rule is depicted using a yellow circle. Notice that students may use the 
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reason at the same level across multiple problems (e.g., Blake). In this case, the circles are 

layered. The levels of algebraic reasoning included in this image only include emergent additive 

(EA), general additive (GA), emergent multiplicative (EM), and general multiplicative (GM).  

Next Generalization. After the students described what they noticed about how the 

shapes changed across the first three days, they were asked to create what the shapes would look 

on Days 4 and 5 using the virtual pattern blocks. The findings revealed that all eight students 

solved the next generalization problem using additive reasoning. See Figure 5.1 for a breakdown 

of the students’ level of algebraic thinking on this problem. This was the students first interview 

and potentially their first experience solving a growth pattern task; therefore, it was anticipated 

that children would solve this problem using additive reasoning. These students appeared to 

think about the change in the relationship using the previous position, or in this case day number, 

to determine what the shapes would look like on the next day.  

As can be seen from this data, Aiden demonstrated emergent additive reasoning. He 

explained, “If Day 1 goes to Day 2 with the exact same pattern, Day 2 to Day 3 with the exact 

same pattern, I’m thinking that Day 4...you just have to add one more from the Day 3…you add 

two more of the trapezoids but then you add another triangle.” The student recognized the pattern 

as increasing by one group of two “trapezoids,” though he had some difficulty expressing his 

thinking using precise mathematical language. Here, the student described what the shapes 

would look like on Day 4 but does not provide a generalized additive rule.  

The other seven students demonstrated general additive reasoning, meaning they 

recognized groups of shapes and counted more efficiently (e.g., skip counting) and generalized 

an additive rule. There were distinct differences in how students visualized the composition of 

shapes (e.g., layers, columns) and described the pattern’s growth (e.g., adding up, stacking). For 
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instance, Aspen shared, "On Day 4, I'm predicting that there's going to be eight trapezoids. It's 

going up by two, the numbers are adding up by two...I know that it's two, four, six, eight." See 

Figure 5.2 for Aspen’s work sample. She recognized how the shapes are “going up” or “adding 

up” in groups of two and used skip counting to determine the total number of trapezoids. She 

reasoned, "I knew that each day there were two more than the day before...it means that there's 

like one group of two, one main group of two every time.” It is clear she used the shapes in the 

previous position to determine her rule. While Aspen mentions both the number of shapes and 

day number, a characteristic of multiplicative reasoning, she does not make the connection 

between the two or explicitly describe the co-varying relationship.  

Figure 5.2 

Aspen’s Solution to the Next Generalization Problem 

 

Sawyer also reasoned at the general additive level but offered a different perspective. She 

recognized how the “trapezoids are stacked up on each other in both columns.” She continued to 

explain her thinking, “Day 4, four trapezoids stack up on each other in two columns, just like 

Day 1, Day 2, and Day 3. And I put a triangle in between the top two.” It seems Sawyer viewed 

two distinct equal groups “stacked up on each other in columns” with one triangle in the middle. 
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She described the growth as “it’s growing by one trapezoid, so like one, two, on top of each 

column.” Both students were able to accurately depict what the shapes would look like on Day 4 

and Day 5 and describe their thinking. However, there were differences in how they visualized 

the shapes and analyzed the pattern. From a practical standpoint, how students visualize groups 

within a pattern and the impact this has on their reasoning have important instructional 

implications, specifically as we consider how these tasks can support students’ transition from 

additive to multiplicative reasoning. 

Near Generalization. Students were asked to pretend to skip over Days 6, 7, 8, and 9 

and use the virtual pattern blocks to create what the shapes would look like on Day 10. When 

asked to describe their thinking, many students continued to contextualize the pattern, describing 

the pattern’s growth in relation to a real-world example. Blake was one student who continued to 

use context, suggesting that the pattern is like “building a tower and every day you’ll add one 

more piece of it, it’ll level up.”  

The findings from this problem reveal considerable variation in students’ reasoning. 

Three students reasoned additively and maintained the same level of algebraic thinking used in 

the previous problem (i.e., general additive). The other five students demonstrated a higher level 

of algebraic thinking to solve this problem. Three of these students demonstrated emergent 

multiplicative reasoning and two students demonstrated general multiplicative reasoning. Again, 

reference Figure 5.1 for a breakdown of the students’ level of algebraic thinking.  

 Students reasoning additively continued to recognize the pattern in groups, often using 

skip counting to determine the answer. These students described the total number of trapezoids 

and included the triangle in their description. For instance, Emerson explained, “We’re counting 

by twos, we’re not counting by ones.” She recalled Day 5 having 10 trapezoids and said, “If I go 
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all the way to Day 10, I’m skip counting [by twos]. There would be 20 trapezoids...and the 

triangle is always at the top, in between the two trapezoids.” Emerson referenced a specific 

example, and while she does mention the day number, she does not describe the relationship 

between the two co-varying quantities but rather uses it as a point of reference. 

 In contrast, the students who used multiplicative strategies kept track of two quantities 

simultaneously. These students described the relationship between the day number and the 

number of trapezoids; however, students reasoning at the emergent multiplicative level only did 

so in regard to the specific problem. They had not yet generalized a rule that could be applied to 

any given day. In one example, Jordan made the connection between the pattern blocks and an 

array. She demonstrated a transition in thinking about the problem additively to thinking about it 

multiplicatively.  

I need to do ten on each side, and then I need to do a triangle in the middle. The array 

would be ten plus ten...though in my mind and my perspective, an array is more of a 

multiplication strategy...Because I knew once again that there are ten on each side, or I 

knew that it was day 10...There are ten on each side and I just think I need to make 21 

total because I know that 10 plus 10 plus 1, which would be the triangle, is 21. Yeah, you 

could literally do 10 x 2, so, but you'd have to add one more because of the triangle. 

One student reasoned at the most sophisticated algebraic thinking level, the general 

multiplicative level. Similar to Emerson, Aiden also referenced what the shapes looked like in 

the previous problem. He explained, “Like you see on Day 5, you see there’s five, triangle, and 

another five.” He goes on to suggest, “Add it up another five, and there’s a second five to make it 

ten because it goes up -- you see Day 10, it’s ten. It always follows whatever number is down in 

the day question.” Here, Aiden recognized the relationship between the day number and number 
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of shapes in each column and specifically points to a general relationship in the last sentence of 

his quote. See Figure 5.3 for Aiden’s work sample.  

Figure 5.3 

Aiden’s Solution to the Near Generalization Problem 

 

Parker was another student who reasoned at the general multiplicative level. Parker 

appeared to have a moment of sudden insight after describing his solution. He said, “Now that I 

think about it, on Day 1, there was one trapezoid on each side, and on Day 2, there’s two 

trapezoids on each side, and Day 3, there’s three trapezoids on each side. So it’s kind of easier to 

do it like that.” With additional probing, he goes on to explain, “There was always one trapezoid 

on each side on Day 1 and two trapezoids on each side on Day 2, which kind of tells me that it’s 

[Day 10] is going to be the same, on each side.” Through the process of describing his thinking, 

Parker seemed to intuitively recognize the co-varying relationship. Providing students like Parker 

with the space to discover their own learning, even with complex tasks such as these, showcases 

students’ ability to make sense of sophisticated relationships.  
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Far Generalization. Students were then asked to solve the far generalization problem 

and predict what the shapes would look like on Day 100. Without being able to physically 

manipulate the virtual pattern blocks, their descriptions shed light on their understanding of the 

structure of this pattern. All eight students recognized the pattern multiplicatively and reasoned 

at the emergent multiplicative level. Figure 5.1 provides details on students’ level of algebraic 

thinking for this problem.  

These students attended to the relationship between the shapes and the day, as well as the 

constant. Students recognized equal groups and were able to keep track of them simultaneously. 

For example, Jordan recognized the groups by succinctly explaining, “There would be two 

columns, those columns would have 100 in each column, two columns of 100 trapezoids...and 

there would be a triangle in the middle on the top.” When students explained their thinking, they 

only described this relationship in the context of Day 100. The problem only asked students to 

describe what the shapes would look like on this day, so their level of reasoning is likely 

influenced by the nature of the question.  

In one instance, Emerson appeared to use both additive and multiplicative reasoning, 

though she was unable to arrive at the correct solution. From the start, she demonstrated 

reluctance answering the problem. Her uncertainty was revealed in her explanation. "I think there 

would maybe be like 180 trapezoids...I don't know exactly how many there would be. If it was 

180 there would be 90 trapezoids on each side. And there would be one triangle on the very top 

of it." She went on to explain, "So I looked at day five and knew there was ten, I know 90 plus 

10 is 100, so if I was already at 90, that's why I said around 180. I just counted. Like not by twos. 

I didn't count all the way up.” She draws on her experiences solving prior problems, where she 

reasoned additively. While she proposed the use of skip counting by twos to determine “180 
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trapezoids,” she had not done that. Rather, she answered, “180 trapezoids” quickly. Emerson’s 

level of reasoning was coded as emergent multiplicative because of her attention to two equal 

groups of 90 “on each side.” She also referenced Day 100, which suggests that she recognized 

the relationship between the day number and the shapes, but she was not connecting to the day 

correctly. “I just kind of thought because I know that 90 + 10 is 100. If I already have Day 10, 

Day 100 might be around 180." It seems Emerson thought she was to include the number of 

shapes from Day 10 and she only needed to find the remaining amount. With instructional 

support, it is likely that Emerson would have been able to arrive at the correct solution to this 

problem.  

An additional theme emerged as students made predictions and described what the shapes 

would look like on Day 100. Overall, it seemed the students’ level of active engagement was 

lower than it was in previous problems. When students grapple with a mathematical concept, 

they are actively engaged in problem solving. As students solved this problem, the majority were 

able to reach the correct answer quickly. This is an important finding for two reasons. It is 

possible that their experience with the previous problems scaffolded their understanding. This 

allowed them to transfer the same logic used in previous problems to make a far generalization. 

It is also possible that the number choice in the problem and students’ familiarity with multiples 

of 10 and 100 influenced their ability to solve the problem. Both possibilities have important 

instructional implications.  

Articulating a Pattern Rule. Students were asked to describe a mathematical rule that 

could be used to determine what the shapes would look like on any given day. This was an 

important part of the task because if students do not have the opportunity to explore patterns 
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beyond those requiring next generalizations, they are limited in their ability to articulate their 

understanding of the mathematical structure of a pattern.  

Previously, all eight students reasoned multiplicatively when solving for Day 100. When 

describing their rule, one student described the pattern using a general additive rule and the 

remaining seven students described a general multiplicative rule (See Figure 5.1). Blake, who 

returned to the use of additive reasoning, provided a brief description of a rule. She explained, 

"You add one [level] each time, it levels up one each time." Her reasoning on this problem was 

consistent with her reasoning on the other problems, which suggests that she has not quite 

developed an understanding of the multiplicative structure of this pattern. 

The other seven students reasoned at the general multiplicative level. These students 

described the co-varying relationship explicitly and discussed their rule in terms of arbitrary 

quantities. The students’ reasoning evolved over the course of their engagement with this task. 

Owen described his rule concisely, “The rule would be that on each side, the trapezoid count 

would have to equal the number of days. Then, there is always only one triangle." Many students 

also went on to provide additional examples to justify their thinking. For instance, Aspen began 

by explaining her rule, “Take your day and then take that number and then put that number on 

each side...it's kind of like equal groups...and make sure you have one triangle in between the 

upper two trapezoids.” Then, she suggested the use of multiplication when providing context to 

her example, “Well just trying to multiply 1000 times two and you get 2000...you put 1000 

apples on each side and you'd get 2000 apples."  

Relatedly, two additional themes emerged from the analysis. The first theme focuses on 

the difficulty some students had when explaining their rule. They were not always able to access 

the language or mathematical vocabulary needed to describe the rule. This led to a second theme, 
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students typically used a specific example when describing their rule. While the question only 

asked students to describe a rule that could be generalized to any given day, students began by 

providing an example to communicate their rule. This seemed to serve as their justification. 

Parker began by explaining, “I'd tell them if you're doing day, like 82 or something, then you 

would have to do 82 trapezoids on each side. And one triangle at the top in the middle of the two 

trapezoids." Similarly, Jordan shared, "So I just want to do a number because I really like doing 

it a number way, so I'd do 24. I'd say do 24 in each column and there would be one triangle in the 

middle but again on the top." Given students’ inexperience learning about and articulating 

mathematical rules, it is likely that their use of a specific example helped them to communicate 

their understanding. Additionally, this is a developmentally appropriate response for students of 

this age. These students were still learning what constitutes a rule and what necessary 

information should be included in such a rule. With additional prompts to explain their thinking, 

the majority of students were successful generalizing a rule to describe what the shapes would 

look like on any given day.   

Teacher Analysis  

As part of each case, the teachers’ responses to students’ solutions to the respective 

growth pattern task are discussed. These findings were used to answer part of the second 

overarching research question, “When analyzing students’ solutions to different growth pattern 

tasks, what do teachers’ orientations reveal about their interpretations of students’ reasoning and 

generalizing?” The teachers’ responses revealed differences in what they attended to and how 

they interpreted the students’ solutions. This led to the categorization of the orientation of their 

responses as evaluative, descriptive, interpretive, or instructional.  
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In this chapter, the teachers’ responses to the students’ solutions to the Virtual Pattern 

Block task are discussed. Figures 5.4 and 5.5 provide examples of the student work discussed in 

the interview. There was considerable variation in the teachers’ responses. When the teachers 

discussed a piece of student work (i.e., the visual representation of a student’s solution, the 

student’s verbal explanation), the nature of the teacher’s response was coded as an evaluative, 

descriptive, interpretive, or instructional orientation. Table 5.1 provides an overview of the types 

of orientations teachers responded with and the percentages associated with each orientation.  

Figure 5.4 

Sample Work: Emerson’s Solution and Description to the Next Generalization Problem  

 

 

 

 

 

 



  154 

 

Figure 5.5  

Sample Work: Jordan’s Description of the Pattern Rule  

 

Table 5.1 

Orientation of Teachers’ Responses to Students’ Solutions to Virtual Pattern Block Task 

 
Ms. Harper Ms. Blair Ms. Cameron 

Evaluative Orientation 6/15 (40%) 4/21 (19%) 1/25 (4%) 

Descriptive Orientation 6/15 (40%) 6/21 (29%)  7/25 (28%) 

Interpretive Orientation 1/15 (7%) 5/21 (23%) 14/25 (56%) 

Instructional Orientation 2/15 (13%) 6/21 (29%) 3/25 (12%) 

Total orientations 100% 100% 100% 
 

During the interview, Ms. Blair and Ms. Cameron were more conversational when 

responding to student work, while Ms. Harper was reserved. Overall, Ms. Harper adopted an 

evaluative and descriptive orientation when discussing the student work. In contrast, the 
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orientations of Ms. Blair’s responses were consistent across all four orientations, while Ms. 

Cameron’s responses were primarily interpretive.  

Teachers’ Evaluative Orientations 

The findings indicated that while teachers responded with evaluative statements about 

student work, meaning they provided an assessment of the student’s solution, this orientation 

was most prevalent in Ms. Harper’s responses. Ms. Harper, a veteran teacher, tended to focus on 

how successful the student was when solving each problem. She responded with general 

statements such as, “They did pretty good with it” or “She [Emerson] did a really good job trying 

to think through it and rationalize her decision." These responses were left unaccompanied with 

specific references to the student’s work or an interpretation of the student’s thinking. In one 

instance, she shared that “She’s [Emerson] definitely not understanding that concept.” Ms. 

Harper is referring to Emerson’s rule, but does not elaborate on what “concept” Emerson is “not 

understanding.” Ms. Blair also provided evaluative responses about the students’ rules, but often 

followed up with a description or interpretation of the work. For instance, after stating, “I think 

Jordan understood the rule better than Emerson,” she followed up with an interpretation as to 

why she believed Jordan understood the pattern better. Ms. Cameron, who was in her second 

year of teaching, provided one evaluative response about a student’s work. Prior research has 

suggested that teachers, particularly those early on in their career, are more likely to focus on 

accuracy than making sense of students’ thinking (Crespo, 2000), though this is not the case in 

Ms. Cameron’s analysis of students’ solutions to the Virtual Pattern Block task. 

Teachers’ Descriptive Orientations 

Ms. Harper, Ms. Blair, and Ms. Cameron all provided descriptive accounts of the 

students’ work. These findings were consistent across all three teachers. When analyzing the 
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students’ solutions, the teachers would either describe what was shown in the student’s solution 

or restate what the student said. These occurred in the teachers’ discussion across students’ next, 

near, and far generalizations. For instance, when Ms. Harper described the students’ next 

generalizations, she said, "Emerson noticed and mentioned the pattern. She was saying two then 

four then six and she recognized it's going up by twos. And Jordan didn't mention that. All he 

did, it's an array. Jordan referred to it as the multiplication problem and adding another 

layer."  Oftentimes, Ms. Blair and Ms. Cameron would describe a student’s solution, but also 

interpret their thinking. When Ms. Blair analyzed Emerson’s solution to the next generalization 

problem, she indicated, "Emerson immediately noticed that the days were skip counting by twos. 

Like when Emerson said, 'So I could just easily count two, four, six, eight, but there's really nine 

pieces because of the green triangle." Following that, she interprets Emerson’s thinking by 

saying, "It shows that she's thinking in, like, she's grouping the numbers. She's not counting one 

by one but she's counting in groups." In these instances, it is likely that the teachers’ restating the 

student’s solution or explanation allowed them to process the student’s work before making 

sense of it.  

Teachers’ Interpretive Orientations 

The teachers’ approaches to evaluating the students’ solutions revealed notable 

differences in their interpretive orientations. There was only one instance when Ms. Harper 

attempted to interpret a student’s thinking. However, she was unable to make sense of the 

student’s work. After describing Jordan’s far generalization, she said, "I'm not sure what he 

means, 'It looks like an array only if you add a few more.’ I'm not sure where he was going with 

that one.” There were other instances in the interview that suggest that Ms. Harper may have had 

difficulty generalizing the pattern multiplicatively. As a result, this could have impacted her 
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ability to interpret and explain the student’s thinking. For instance, when discussing Emerson’s 

work, Ms. Harper shared her own understanding of the pattern. She said,  

If I was looking at that I would go by the pattern too. I would go by two, then four, and I 

would increase that way. Trying to figure out what would be on Day 10, in my mind, that 

would be counting by those patterns. 

The findings indicate that Ms. Blair adopted a more interpretive orientation than Ms. 

Harper. When Emerson solved the far generalization task, Emerson experienced some difficulty. 

Ms. Blair offered an interpretation of Emerson’s work. “She said it'd be 190, even though she got 

the rule in the previous one so I'm not sure what she was thinking there. I don't really understand 

it. She said '90 but it's day 100' so I don't know where she got 90 from." She goes on to analyze 

this work, "I know she was doubling 90 but I don't know where or how she got the 90. It's like 

she was getting confused because maybe she thought that you were subtracting 10 from day 10." 

Ms. Cameron’s predominant orientation was interpretive. When Ms. Cameron analyzed 

Emerson’s next generalization, she explained “'So I know that five plus five is ten.' It shows that 

she's thinking in, like, she's grouping the numbers. She's not counting one by one but she's 

counting in groups." Here, Ms. Cameron interprets Emerson’s use of strategies as well as their 

understanding of equal groups. Ms. Cameron also compares Emerson’s and Jordan’s rule. “So 

Jordan is noticing that the number of days correlates with the number of trapezoids in each 

column, while Emerson is thinking more in skip counting or doubling, she's thinking more in 

columns and rows using the array strategy." Again, Ms. Cameron comments on the relationships 

in the pattern and the connection this has to the students’ use of strategies.  

Interpreting students’ thinking can be challenging for teachers. How teachers make 

meaning of their student work is strongly influenced by their knowledge and experiences 
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(Erickson, 2011). The teachers previously indicated that they had a lack of preparation and 

training on early algebra content and instruction. They also mentioned their inexperience using 

growth pattern tasks with their third-grade students, as evidenced by their first interviews. 

Therefore, it is not surprising that there are variations in the teachers’ interpretive orientations. 

These findings suggest that content and pedagogical knowledge play an important role in 

teachers’ understanding and interpretations of students’ algebraic thinking, an area of research 

worth exploring further.  

Teachers’ Instructional Orientations 

While less common, the teachers made some connections to their use of curriculum and 

mathematics instruction, demonstrating what is referred to as an instructional orientation. Ms. 

Blair was found making the most connections to curriculum and instruction. When discussing the 

students’ responses, she considers how she might support misconceptions in her classroom. For 

instance, when discussing Emerson’s solution to the far generalization problem, she suggests, “It 

sounds like she did actually know the rule so, I don't know if you prompt for this, but maybe you 

could say, 'So where did you get the 90 from if it's day 100?’” Ms. Blair’s recognition of the 

need to further probe students’ thinking demonstrates her knowledge of how discourse practices 

and questioning can support students’ learning to generalize. She goes on to say, “Maybe Jordan 

could explain his thinking to Emerson and that could help Emerson think about it in a different 

way...I think if Emerson was stuck in her thinking... learning a new perspective from Jordan 

might help her realize." Ms. Blair’s suggestion to encourage Jordan to explain her thinking to 

Emerson is a powerful approach for student learning and speaks to the type of mathematical 

learning community she likely creates in her classroom.  
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Additionally, Ms. Blair discussed how these types of tasks could support their 

curriculum. "I think this would be an awesome start for Unit 4 [the curriculum's second unit on 

multiplication]. I think reasoning with shapes and their attributes, it could also be kind of like 

tying in multiplication and division with shapes." While Ms. Blair considers what instructional 

decisions she would make, the references Ms. Harper and Ms. Cameron made to the curriculum 

were more informational. For instance, Ms. Harper shared that students’ responses depend on 

"how much exposure they've had to this [patterns, rules, generalizations] in second grade...we 

definitely haven't covered that this year in third grade." Ms. Cameron also shared, "So we've 

done an intro to multiplication, which uses the four strategies, skip counting, arrays, equal 

groups, and repeated addition." Since this was the first opportunity the teachers had to analyze 

their students’ work for this particular growth pattern task, it is possible that they were more 

focused on reorienting themselves with the task before considering the meaning of students’ 

solutions and connections this has to their classroom.  

Summary of Chapter 

 In this chapter, findings from the first case were presented. These findings highlighted the 

different types of representations students used when solving the Virtual Pattern Block task. The 

Levels of Children’s Generalizing About Algebraic Relationships framework was used to 

analyze their reasoning on each of the four generalizing problems (i.e., next, near, far, rule). In 

addition, the teachers’ analyses of a subset of student work samples helped make sense of the 

students’ solutions. Their analyses also illustrated variations in the extent to which they attended 

to and interpreted students’ mathematical thinking.  

 Students used virtual pattern blocks to represent this growth pattern and explained their 

thinking verbally. The students made natural connections between the shapes in the pattern and 
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real-world objects or situations. The context appeared to help them interpret and explain their 

understanding of the pattern in a way that made sense to them. Relatedly, students’ explanations 

revealed information on how they visualized the pattern. While this was the students first 

experience solving a growth pattern task, they were successful. Not surprisingly, the students 

drew on additive reasoning to solve the next generalization problem but reasoned more 

sophisticatedly as they solved the near and far generalization problems. Here, the majority of 

students were reasoning at the emergent or general multiplicative level. This suggests students 

were attending to the co-varying relationship and recognized the relationship between the day 

number and number of shapes. Despite students’ lack of formal experience creating or describing 

mathematical rules, the majority of the students were also able to generalize a rule that could be 

applied to any given day. Typically, students included an additional example in their description 

(e.g., “Let’s say we have Day 54…”), which seemed to serve as a justification for their rule.  

 How the teachers attended to and interpreted the student work revealed differences in the 

orientation of their responses. Teachers’ responses were coded as evaluative, descriptive, 

interpretive, or instructional. The findings revealed differences in how the teachers analyzed the 

student work, with no one orientation dominating. While Ms. Harper was more evaluative, Ms. 

Cameron tended to provide interpretive responses when examining the student’s solutions. Ms. 

Blair was relatively consistent across all four orientations and responded to students’ work with 

all four types of responses. 
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CHAPTER 6 

CASE 2 - GEOMETRIC GROWTH PATTERN TASK  

 In this chapter, findings from Case 2, the Geometric Growth Pattern task, are presented. 

First, the analysis of the students’ solutions to this task are discussed, followed by the orientation 

of the teachers’ responses to the student work samples.  

Student Analysis 

 Similar to the previous case, the students’ solutions to the Geometric Growth Pattern 

Block task, the corresponding interview transcripts, and analytic memos were analyzed 

simultaneously. This led to the identification of emergent themes and categorization of students’ 

Levels of Generalizing About Algebraic Relationships. These findings also answer the 

overarching second research question, “In what ways do third-grade students and teachers 

engage in growth pattern tasks that differ in presentation (i.e., virtual pattern blocks, visual 

geometric pattern, story problem)?”  

First, students’ use of representations are described. Then, findings related to the 

students’ solutions to the next, near, and far generalizing problems, as well as their description 

of the pattern rule are discussed. Additional themes that emerged from the analysis are also 

reviewed.  

Representations 

Students were asked to draw and explain what the pattern would look like on different 

days. In contrast to the previous task where students virtually manipulated the shapes and 

explained their thinking verbally, students solved the Geometric Growth Pattern task on paper. 

Students used a variety of representations when engaging in the task and explained their thinking 

verbally and textually.  
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Most commonly, students represented their thinking visually (i.e., drawing a picture of 

what the shapes will look like) and textually (providing a written explanation) when solving the 

next generalization problem. This is not surprising given the directions prompted students to do 

this. However, when students solved the near generalization (Day 10), they were given the 

option to solve the problem in any way that made sense to them. They were encouraged to use 

numbers, pictures, and/or words. Students gravitated towards the use of pictures. In addition to 

what they drew, students were asked to explain their thinking verbally. When students were 

asked to predict what the pattern would look like on Day 100 and generalize a rule, they were 

asked to explain and represent their thinking on paper. The purpose was to determine if the 

students could describe what the shapes would look like further down the sequence, without 

relying on drawing a picture. In their representations, some students made references to the 

context (e.g., “There would be 100 floors”), much like they did when they solved the Virtual 

Pattern Block task. Other students began to include symbolic representations (e.g., “I know that 

10 10s = 100. So the first vertical line there, like always the day, means the number of tiles that 

there’s gonna be, then the second vertical is gonna be one more than the tiles before.”). This 

demonstrates a shift in focusing solely on the visual aspect of the pattern, like students did when 

solving the previous task, towards thinking about the pattern more mathematically. 

While the majority of students contextualized the pattern when engaging in the Virtual 

Pattern Block task, only half of the students did so when solving the Geometric Growth Pattern 

task. These students described the shapes in relation to tiles, Legos, stairs, layers, and a 

skyscraper. Their use of contextualizing occurred most frequently when students solved the next 

and near generalizing problems. It is unclear why there was a slight decrease in students’ use of 

context. It is possible that students growing familiarity with the pattern did not require them to 
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add context to make sense of it. It is also possible that the presentation of the shapes (similar to 

an array) influenced the connections they made between the shapes and real-world objects.  

Figure 6.1 depicts the first problem on the Geometric Growth Pattern task. This problem 

prompted students to describe how they saw the pattern growing. Then, the students were asked 

to draw what the shapes would look like on Day 4 and Day 5. It is worth noting that all four of 

the students who contextualized the task were able to generalize the rule multiplicatively. This 

may suggest the benefit of using visual patterns and encouraging students’ use of context as they 

begin to explore co-varying relationships through their engagement with patterns.  

Figure 6.1 

Presentation of the Geometric Growth Pattern Task 

 

Visualizations 

 An analysis of the students’ description of the shapes revealed variations in how they 

appeared to visualize the composition of the shapes. This same finding emerged in the analysis 

of the Virtual Pattern Block task, which suggests that the visual presentation of a task matters. 

How the students visualize the shapes seems to connect to their understanding of the structure 

and the type of reasoning they use (i.e., additive or multiplicative). 
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Students’ descriptions of the pattern evolved beyond a basic description of what the 

shapes look like or the number of shapes on a given day, which was common in the Virtual 

Pattern Block task interview. Now, students more regularly described how they visualized the 

shapes in groups and explicitly mentioned the covariation. For instance, Blake shared, "Well, 

like I said for the other one, it says five under it, there would be five squares on one side. Six on 

the other because like there's always one more on one side." Already, Blake is attending to the 

relationship between the day and the shapes. Jordan visualized the shapes’ composition in a 

different way. To provide context, Jordan referred to the shapes on Day 1 as an “L” (see Figure 

6.2). She shared, "On Day 3 you saw how there was the one (L) on top and that big square made 

up of four tiny squares. On Day 4 we're kind of seeing two big squares that have four tiny 

squares in it and a tiny square on top. Day 5 we're going back to where the L was possible." 

Other students commented on the lack of symmetry and how the shapes were never complete 

because there was always one square missing at the top. When Parker described the shapes on 

Days 4 and 5, he discussed that missing square in relation to the square that remained constant. 

He explained how there was always one less on the left side because there was always a missing 

square. He noted, “I kept adding two squares on the bottom and it [one square on top] never 

changed. And there’s always one missing square there [points to paper].” Focusing on how 

students visualize the structure is helpful for teachers as they consider how to use these tasks to 

meaningfully support students’ development of multiplicative reasoning. For instance, by 

drawing attention to the day number and the multiplicative relationship, teachers can use 

students’ understanding of equal groups to help transition towards the use of multiplicative 

reasoning. 
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Figure 6.2 

Jordan’s Solution to the Next Generalization Problem 

 

The majority of students visualized the shapes on Day 10 and Day 100 in equal groups. 

They more readily described the shapes as having “ten blocks of two and one block,” “ten layers, 

two in each,” and “100 blocks or squares on one side and 101 squares or blocks on the other 

side.” From an instructional standpoint, these students saw the groupings as groups of two or two 

groups of a particular number of squares. The arrangement of the squares appeared to influence 

how the students’ saw the squares in groups. Educators could use this particular type of pattern 

to discuss the commutative property or make connections to standards that focus on using equal 

groups and arrays to teach students about multiplication.  

 Generalizing  

First, students were asked to make a next generalization, which required them to draw 

and describe what the shapes would look like on Day 4 and Day 5. Then, students were asked to 

make a near generalization on Day 10, followed by a far generalization on Day 100. Finally, the 

students were prompted to describe a rule that they could generalize to any given day. Figure 6.3 

displays the students’ levels of algebraic thinking when engaging in each generalizing problem 

contained in the Geometric Pattern Block task. 
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Figure 6.3  

Geometric Growth Pattern Generalization Problems: Students’ Levels of Algebraic Thinking  

Note. This image displays each students’ level of algebraic thinking for each problem. Students’ 

level of reasoning on the next generalization problem is depicted using an orange circle; the near 

generalization problem is depicted using a blue circle; and the far generalization problem is 

depicted using a gray circle. The level of reasoning employed when describing a pattern rule is 

depicted using a yellow circle. Notice that students may use the reason at the same level across 

multiple problems. In this case, the circles are layered. The levels of algebraic reasoning 

included in this image only include emergent additive (EA), general additive (GA), emergent 

multiplicative (EM), and general multiplicative (GM).  
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Next Generalization 

In this problem, students created a picture of what the geometric shapes will look like on 

Day 4 and Day 5. There were variations in the types of reasoning students used to solve this 

problem. Five students used additive reasoning to solve the problem, while the remaining three 

students used multiplicative reasoning. Many of these students referenced the Virtual Pattern 

Block task, which indicates students recognized parallels between the two types of tasks.  

The five students who reasoned additively differed in their levels of generalizing about 

the algebraic relationship. Two students reasoned at the emergent additive level, attending to one 

recursive quantity (i.e., the number of squares), but did not provide a general additive rule. The 

other three students provided a general additive rule. Emerson provides an example of this (see 

Figure 6.4). “For Day 4, I'm just making sure it's the same and adding two more. On Day 1 

there's three, then Day 2 there's five, and Day 3 there's seven and then here there'd be nine." 

Interestingly, she discussed the total number of squares, which was not common in other 

students’ descriptions.  

Figure 6.4 

Emerson’s Solution to the Next Generalization Problem 
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When students provided a general additive rule, they discussed the two quantities, the day 

number and the number of squares in each shape; however, they did not explicitly discuss the co-

varying relationship. For example, Owen explains, "Because every day it increases by one level, 

which is two blocks side by side. So I know that because Day 3 has three levels and then the 

extra cube, Day 4 would have four levels and then the extra cube." Owen attends to the change 

and also mentions the one square that remains constant. While he was able to generalize a rule, 

his rule is additive. He indicated that that every day increases by one level, or “two blocks side 

by side.” Next generalization problems allow students to calculate the values for the first through 

fifth position, but it is important to then extend students’ understanding by drawing attention to 

the relationship between these two quantities. In doing so, students have opportunities to 

accurately predict the number of shapes appearing further down in the sequence. 

Two students solved the problem using emergent multiplicative reasoning and one 

student solved the problem using general multiplicative reasoning. Aiden provides an 

explanation that demonstrates emergent multiplicative reasoning. He explained his drawing by 

saying, “It's building up, there would be one, two, three, four, four twos and one one. It's always 

going to be one one [one square at the top]. And it’s going to be that number of the day." When 

he stated, “it’s going to be that number of the day,” he refers to “it” as the number of groups of 

two. Blake also reasoned multiplicatively. When explaining how she knew what the shapes 

would look like, Blake offered a generalized rule saying, “Every day there's going to be one 

more than what the last day was. There's always one more on one side and the number that says, 

like down there where it says day, it's the number that says on the other side." This was an 

impressive finding given this type of problem tends to elicit additive reasoning. Blake 

immediately attended to the relationship between the day number and the squares, rather than the 
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change occurring from the shapes in the previous position. It is possible that the students are 

drawing on their prior experience solving pattern tasks. 

Near Generalization 

Students were asked to skip what comes on Day 6, Day 7, Day 8 and Day 9 and draw 

what the shapes would look like on Day 10. They were prompted to explain their thinking using 

numbers, pictures, and/or words. Then, they were asked to describe how they saw the pattern 

growing. This problem challenged students to think beyond the change occurring from one 

position to the next. The findings revealed that students used various strategies and forms of 

representations.  

 When engaging in this problem, one student generalized the pattern additively and seven 

students generalized the pattern multiplicatively. Emerson reasoned at the emergent additive 

level when solving this problem. Information contained in her representation conflicted with the 

explanation she provided (see Figure 6.5). This may suggest that Emerson lacks a complete 

understanding of the pattern. Emerson used multiple representations to solve this problem (i.e., 

symbolic equation, visual representation of the squares, and a written explanation). She 

explained, “I knew it would look like this because I started with Day 5 and added 8.” This is also 

represented by her equation “4 + 4 = 8.” However, she included another symbolic representation, 

which suggested she added two additional squares for each day and then one square on top, “5, 

2,2,2,2,1." Emerson drew a correct visual representation of the shapes, including 10 squares in 

the left column and 11 squares in the right column, but she labeled each side as having 9 squares. 

Her explanation further provides evidence of this misconception.  

I looked at Day 5 and I saw that there are five on each side, plus one sticking up. 

Between Day 5 and Day 10 is four in the middle. I know that we're counting by twos, not 
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counting by ones, I know that four plus four is eight. So I added eight more squares and I 

had to be sure that I always ended with one extra sticking up.  

She did recognize the pattern was growing by two and made mention of the day number and 

shape quantity. However, she seemed to misinterpret the problem and solved for the number of 

squares included between Day 5 and Day 10, rather than the multiplicative relationship between 

the day and number of squares. She also reasoned in a similar way when solving a problem 

included in the Virtual Pattern Block task. 

Figure 6.5 

Emerson’s Solution to the Near Generalization Problem 

 The remaining seven students reasoned multiplicatively. Four students reasoned at the 

emergent multiplicative level and three students at the general multiplicative level. These 

students demonstrated a more sophisticated understanding of the pattern, as evidenced by their 
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attention to the relationship between the day number and the shapes on Day 10. These students 

were also more explicit in how they discussed the pattern. All students decomposed the shapes 

into two equal groups. Aiden described the pattern multiplicatively, but in the context of this 

particular problem (i.e., emergent; see Figure 6.6). On his paper, he wrote, “You would see that 

there are 10 blocks of 2 (key number) and 1 block of 1 would be the correct answer!" He did not 

elaborate on his thinking when probed for more details in the interview.  

Figure 6.6 

Aiden’s Solution to the Near Generalization Problem 
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In contrast, Aspen describes the pattern more generally. She says, “The first vertical line 

starts at the one tile, that's the name of the day. So if it's Day 10 I assume that there would be 10 

tiles.” She then made a connection back to her experience solving the Virtual Pattern Block. She 

said, “And then I know, I learned that before that the second line there would be one more than 

the one before. So I decided that there would be 11 tiles.”  

The data revealed a pronounced increase in the number of students reasoning at the 

multiplicative level on this task in comparison to the number of students who reasoned at this 

level when solving the Virtual Pattern Block task. These findings demonstrate how the students 

were able to attend to and make sense of the co-varying relationship between the quantities 

sooner. 

Far Generalization 

 Students were then asked to make a far generalization. The problem asked students to 

describe what the shapes will look like on Day 100. Students were encouraged to solve the 

problem in a way that made sense to them. Then, they were then asked to explain how they 

solved this problem. All eight students generalized multiplicatively, with four students reasoning 

at the emergent multiplicative level and four students reasoning at the general multiplicative 

level. When students solved this problem, they were able to do so quickly and accurately, with 

the exception of one student. There were few instances when students grappled, which was also 

evident in students’ solutions to the Virtual Pattern Block task. It is worth considering the factors 

that may influence this. For instance, these factors may include the number choices selected for 

the problem, students’ growing familiarity with the pattern, or their strengthening abilities to 

generalize.  



  173 

 

 When generalizing, students described what the shapes would look like in one of two 

ways. Students visualized equal groups of shapes, either by column or by row. In Parker’s 

description, he described the shapes in columns. See Figure 6.7 for Parker’s written response. In 

our conversation, he explained, "Day 100 would have 100 squares on one side and 101 squares 

on the other side.” When asked to share more, he said, “I know this because one side there is 

always the same number of squares as the day and on the other side there is always one more 

than the day."  

Figure 6.7 

Parker’s Written Response to the Far Generalization Problem 

 

In contrast, Aiden’s explanation suggests that he visualized the pattern differently. He shared,  

100 twos on top of each other. I knew that because whatever day it is, and it was Day 

100, it would be the exact same number of twos on top of each other and one always on 

the right. That would probably be the rule.  

It is clear that students are becoming more comfortable describing the relationship between the 

quantities. Even though the ways in which they visualize the equal groups differ, it does not 



  174 

 

appear to impact their ability to generalize. In addition, it is worth noting that there were very 

few instances when students used an expression or equation to represent their thinking. This type 

of visual task does not suggest the use of a traditional algorithm or procedure, so it is possible 

that students are reasoning about the relationships at a more abstract level.  

Articulating a Pattern Rule 

 Lastly, students were asked to describe a rule that could be applied to any given day. One 

student generalized the rule additively, and seven students generalized the rule multiplicatively. 

Based on students’ solutions to the far generalization problem, it was not surprising that these 

students successfully described the pattern rule.  

Emerson reasoned at the additive level and experienced difficulty throughout the task. 

She was able to solve the next generalization problem but was unable to accurately predict what 

the shapes would look like on Day 10 or Day 100. Emerson explained her rule, “I would say the 

tower gains two every day, it’s never even.” Her rule echoed her thought process when 

describing how she knew what the pattern would look like on Days 4 and 5.  

The other seven students reasoned multiplicatively. One student reasoned at the emergent 

multiplicative level and the remaining six students reasoned at the general multiplicative level. 

Blake reasoned at the emergent multiplicative level but had had difficulty describing a rule 

without using a specific example. “Let’s say it’s Day 15, you would have 15 blocks on one side 

and 16 on the other. I don’t really know another way to explain it without using numbers.” Blake 

demonstrates multiplicative reasoning and is able to arrive at the correct solution, but she has not 

yet developed the language around how to describe a rule without a specific example.  

The other six students were very explicit when describing the general relationship 

between the day number and the number of shapes on any given day. For instance, Owen 
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recognizes that it was unnecessary to draw out a visual depiction of the shapes. In his rule, he 

indicated,  

You'd also probably tell them that they don't actually need to draw all of that. And also 

you could tell them that there would be always one on top. Because the amount of floors 

always grows by one, so on any day the number of floors would be equal to the amount 

of days. And that one block on top never grows. It always stays one block.  

To understand what he meant by “one,” additional prompting was used to clarify. He indicated 

that growing by “one floor” represented two squares.  

 Further, the same two findings that emerged in the analysis of students’ rules in the 

Virtual Pattern Block task also emerged in this task. Several students continued to experience 

difficulty clearly and concisely articulating a rule. Oftentimes, the students would discuss a 

previous example or provide a new example to justify what they could not articulate 

mathematically. With additional probing, such as “What if you described this rule to a friend, but 

you could not give an example of a day, what would you say?”), students began to focus more on 

the relationship in the pattern. Scaffolding and encouraging students to use appropriate 

mathematical language to communicate their thinking is an important part of helping students 

learn to attend to and describe the mathematical relationships in the pattern. This finding 

highlights the important, necessary role of the teacher in helping students develop an 

understanding of what it means to describe a rule. It also reaffirms that while students may not 

have had formal instruction solving pattern tasks and generalizing rules, they are capable. 

Valuing Multiple Forms of Communication  

 An additional finding emerged in this analysis, which relates to the value of student 

thinking in both written and oral forms. While students were asked to represent their solutions on 
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paper, they were also asked to explain and justify their thinking. Students’ verbal explanations 

provided much greater depth than their representations did on paper. These findings indicate that 

solely relying on a visual representation or a written response will not fully capture a student’s 

understanding of the pattern or how they reasoned algebraically. For instance, Emerson drew a 

correct visual representation of what the shapes would look like on Day 10; however, her written 

and verbal explanations suggest an incomplete understanding of the pattern rule. In another 

example, Jordan correctly drew what the shapes would look like on Day 10, but only included a 

few words in her description. With additional questioning, more information was learned. 

Despite her limited textual response, Jordan actually began reasoning multiplicatively, as 

evidenced by her explanation.  

There are ten layers. There’s two in each row and there are ten in each column. Oh no no 

no no, because on the right column there’s one more because of that tiny little top hat on 

top. Oh that’s a good multiplication problem. There’s 21 altogether.  

These findings reaffirm how we should not underestimate the power of students’ representations 

and the deep mathematical thinking that goes into them. It is important to value student thinking 

in a variety of forms. 

Thinking Deeper About the Pattern  

 The analyses also revealed that students started to move beyond simply describing the 

pattern or determining a solution, as they did when solving the Virtual Pattern Block task. The 

students began offering insight that suggests a deeper understanding of the pattern. Many 

students were more inclined to show or discuss multiple strategies when solving the problems. 

This is likely because students solved this task on paper. For instance, a student might visually 

represent the shapes on Day 10 by drawing a picture, but then elaborate on their drawing by 
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discussing the composition of the shapes using “groups of” language or their particular use of a 

strategy (e.g., skip counting, doubling, multiplication).  

Students also began making spontaneous connections to their mathematics instruction. 

When Aspen discussed her solution to the far generalization problem, she mentioned, “In one of 

my strategies in math at school, we use, we do skip counting and I knew that 10 times is 100 

because I can count 10, 20, 30, 40, 50, 60, 70, 80, 90, 100.” See Figure 6.8 to view Aspen’s 

strategy for solving this problem. Her natural connection to the mathematics instruction she is 

receiving at school illustrates how these tasks could be used to service and support existing 

curriculum and grade-level standards.   

Figure 6.8 

Aspen’s Strategy for Solving the Far Generalization Problem 

 

When students generalized a rule, many suggested how this pattern could be replicated 

using different objects or in a different scenario. Transferring this knowledge to a new context or 
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situation indicates a deep understanding of the underlying structure. When Jordan explained how 

the “tower gains two every day,” she went on to share,  

This is kind of weird, but it doesn’t really matter what shape it is. It doesn’t have to be a 

square if you don’t want it to be. It could be a circle, or it could be what we did with the 

other shapes... instead, focus on how many there would be together and focusing on that 

one that is standing up. 

Here, it seems that Jordan recognized how this underlying structure can be applied to other 

scenarios and that the rule is not constrained to this task alone. This type of reasoning illuminates 

the characteristics of an ‘algebraic habit of mind’ discussed earlier.   

Teacher Analysis 

 Teachers’ responses to the students’ solutions to the Geometric Pattern Block task were 

analyzed according to their orientation (evaluative, descriptive, interpretive, instructional). These 

findings answer the second research question, “When analyzing students’ solutions to different 

growth pattern tasks, what do teachers’ orientations reveal about their interpretations of students’ 

reasoning and generalizing?” The findings showed continued variation in the teachers’ 

orientations. Figures 6.9 and 6.10 provide the two samples of student work that were discussed in 

this interview. The percentages associated with the orientation of the teachers’ responses (i.e., 

evaluative, descriptive, interpretive, and instructional) are displayed in Table 6.1. 
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Figure 6.9 

Sample Work: Aiden’s Solution and Description to the Next Generalization Problem  

 

Figure 6.10 

Sample Work: Sawyer’s Rule  
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Table 6.1 

Orientation of Teachers’ Responses to Students’ Solutions to Geometric Growth Pattern Task 

 
Ms. Harper Ms. Blair Ms. Cameron 

Evaluative Orientation 6/14 (43%) 5/29 (17%) 3/16 (19%) 

Descriptive Orientation 5/14 (36%) 2/29 (7%) 3/16 (19%) 

Interpretive Orientation 1/14 (7%) 12/29 (41%) 3/16 (19%) 

Instructional Orientation 2/14 (14%) 10/29 (35%) 7/16 (43%) 

Total orientations 100% 100% 100% 
 

Similar to the findings from the Virtual Growth Pattern task, the teachers assumed 

different orientations when analyzing the student work. Ms. Harper provided the most evaluative 

and descriptive comments when looking at the work samples. She rarely interpreted the student 

work or made connections to instruction. She appeared reserved in her discussion of the student 

work and was less conversational than Ms. Blair and Ms. Cameron. Ms. Blair consistently 

interpreted student work and made connections to instruction, while Ms. Cameron’s responses 

were primarily instructional. Ms. Cameron less frequently evaluated, described, or interpreted 

the student work.  

Teachers’ Evaluative Orientations. Ms. Cameron provided the fewest evaluative 

responses. This is a similar finding to the orientation she held when analyzing the first pattern 

task. Ms. Harper and Ms. Blair both provided evaluative comments, but the depth of these 

comments differed. When Ms. Harper evaluated the students’ responses, her reactions did not 

relate directly to the mathematics (e.g., “Their thinking is cool. His [Aiden] response is 

interesting, yeah.”). Ms. Blair’s comments, while evaluative, suggest a more specific focus on 

the mathematics contained in the students’ responses. For instance, Ms. Blair responded, “He 

[Aiden] definitely didn’t use much math vocabulary. He did come up with a rule, his rule works, 
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but I don’t think it’s the most efficient way.” This suggests that while she is still assessing the 

student’s thinking, she was doing so in a way that she paid attention to the specific content in the 

student’s response.  

Teachers’ Descriptive Orientations. When discussing students’ responses to this task, 

generally, the teachers were less descriptive in comparison to the other orientations. There were 

instances when all three teachers described what the student represented on paper. Ms. Harper 

provided the greatest number of descriptive statements. For instance, when discussing Aiden’s 

near generalization, Ms. Harper said, “Ten boxes of two, that’s Aiden and his picture of Day 10 

on the left.” She attended to the student work and described what she observed but did not 

elaborate or offer an interpretation of his solution. Ms. Blair and Ms. Cameron also provided 

similar descriptive statements but did so less frequently. For instance, Ms. Blair described, 

“Sawyer mentioned how the column on the left is the day and then the column on the right is the 

day plus one.” The findings revealed that when discussing this task, Ms. Blair and Ms. Cameron 

spent less time processing the students’ work out loud; instead, they immediately began 

interpreting the student’s thinking or making connections to instruction.   

Teachers’ Interpretive Orientations. The teachers’ interpretations of the students’ 

solutions to this Geometric Growth Pattern task also varied in frequency and in depth. The 

findings reveal that Ms. Blair appeared to be the most comfortable analyzing and interpreting the 

students’ thinking, as evidenced by the number of interpretive orientations and the depth of her 

responses. Ms. Blair was deeply engaged in the analysis and drove the direction of our 

conversation. She would immediately attend to a piece of student work and talk through her 

analysis in that moment. She was thoughtful in her interpretation of the student’s work. After 
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providing an interpretation, she often followed up with a specific instructional recommendation. 

For instance, when interpreting Aiden and Sawyer's rules, Ms. Blair shared,  

He [Aiden] was thinking of it [the pattern] as rows but I do think it's more efficient to 

think of it in columns. Like, I think he picked a, I don't know, a lesser efficient way. And 

then I don't understand what he said, 'On any given day always put whatever day that 

number of twos on it, and then one would be on the right'. So he's still counting by twos 

so that would take him a long time to figure out the answer, when the other person would 

just say 100, 100 plus one. She [Sawyer] was more thinking visually, I believe, than 

algebraically. She was more thinking like this is what it would look like. You put the 

number here, and the number here, and then one more. But she wasn't thinking about 

'Alright, if I don't draw the picture what would it,’ so I think, sorry, as I'm thinking about 

it more. I think telling them, okay, now you're going to do it without drawing a picture, so 

what's the rule? You don't have pencil and paper here so how do you figure it out in your 

head? What's the rule? So I think that would lead them more to algebraically rather than 

pictorially. 

Ms. Blair began to make sense of the student’s thinking. She discussed Aiden’s work in the 

context of rows and columns and the difficulties he would experience trying to generalize a rule 

farther down the sequence if he were reasoning additively. She draws attention to Sawyer’s 

multiplicative reasoning, but it is unclear if she does or does not associate pictorial 

representations with algebraic thinking. She went on to provide several examples of the types of 

questions she would ask her students to support their algebraic thinking. 

With respect to the Geometric Growth Pattern task, Ms. Harper and Ms. Cameron rarely 

interpreted the students’ thinking. Ms. Harper began to analyze one aspect of a student work 
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sample, “For Aiden, ten blocks of two. So he’s thinking about it in that pattern.” Though, she 

does not elaborate on what is meant by “thinking about it in that pattern.” At one point, she 

responded, “I think I need a math lesson. I don’t know, what do you think?” There were several 

other instances when she began to ask my interpretation of the student work, which may suggest 

discomfort or uncertainty. Ms. Cameron offered a few interpretations of the student work. For 

instance, Ms. Cameron shared, “Sawyer is looking at this and seeing like if I remove that one 

piece, I do have two equal groups, that gives me eight. If I add that back I can get nine.” When 

discussing Aiden’s solution to the next generalization problem, Ms. Cameron indicates, “I don't 

know if he picked up on that it kind of looks like an array with an extra little piece, but he 

definitely picked up on the two groups of four.” 

Teachers’ Instructional Orientations. The findings demonstrate that the teachers 

maintained or increased in the number of connections they were making to their mathematics 

curriculum or instruction. It is possible that as the teachers became more familiar with the tasks 

and had opportunities to make sense of their students’ thinking, they began to consider the 

instructional decisions they could make. Ms. Harper made the fewest connections to instruction, 

but when she did, she discussed the types of strategies students learn in their multiplication unit 

and how this relates to the students’ solutions to the Geometric Growth Pattern task. “We 

definitely, when we’re doing the arrays we talk about the equal groups. I mean the multiplication 

with the skip counting, we’ve definitely done that so I can see that coming out for sure, 

especially because that was our first unit.” Ms. Cameron also shared a similar connection while 

considering how these pattern tasks might apply to other mathematics concepts. “I do think it's 

great for multiplication. We get to fractions and division at the end of the third quarter. And you 
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could use it for fractions too, probably. I don't know exactly how but looking at the whole and 

then looking at parts of the whole."  

The teachers also offered feedback on how these patterns could be used to support 

students’ multiplicative reasoning. For instance, Ms. Blair posed thoughtful questions such as, 

"But I'm curious if it wasn't a number that was 100 because 100 is like a friendly number. So I'm 

wondering if it was, like you said, like 38 or something, to see if they could still get it." She 

offered another suggestion,  

I'm thinking about, you know what you could do if you wanted them to force think about 

it in a certain way, you could color code it. So do you want to then, you could put like the 

eight, if it's day four you could put the eight in red, and then the one in blue. So that could 

kind of force them to think about it in that way. Because I think if it was that way for me 

then I would think about it more as multiplication.  

Ms. Blair considers these tasks in an in-depth way. Her knowledge of the pattern and her 

analyses of students’ thinking have encouraged her to think about the pedagogical implications 

and the types of future decisions she could make.  

Summary of Chapter 

 In this chapter, findings from the second case were presented. This task differed from the 

first task because students solved this pattern on paper. While this pattern was presented 

differently, the rule remained the same. Students’ solutions to each problem (i.e., next, near, far, 

rule) were analyzed using the Levels of Children’s Generalizing About Algebraic Relationships 

framework. The teachers’ responses to the student work and the orientation of their responses 

were also analyzed. 
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Students drew on multiple forms of representation when solving this task, though their 

use of context declined. Since students’ solutions contained multiple representations, it was 

important to consider the depth of their understanding across these representations. As students 

engaged in this task, there was a noticeable shift from their focus on the visual aspects of the 

pattern towards the mathematics embedded in the pattern. The presentation of this task 

resembled an array, which is a third-grade multiplication strategy. It is possible that influenced 

their mathematical thinking and ability to make predictions and generalize a rule. The majority 

of students reasoned multiplicatively (e.g., doubles, multiplication) when making near and far 

predictions and when describing a generalizable rule. Some students even attended to the co-

varying quantities when making a next generalization. Additionally, several students made 

references to the Virtual Pattern Block task, which suggests the students made connections 

between the two patterns.  

Similar to findings in the previous case, the teachers’ responses to the students’ solutions 

to the Geometric Growth Pattern task also revealed differences in how they examined the student 

work. Ms. Harper continued to respond with evaluative and descriptive comments, which is 

consistent with her responses in the previous case. Ms. Blair and Ms. Cameron’s orientations 

shifted. When analyzing students’ solutions to this task, Ms. Blair’s orientations were 

predominantly interpretive and instructional, while Ms. Cameron’s orientation was instructional. 

Ms. Blair’s responses demonstrated depth and her instructional suggestions offered valuable 

implications for practice. Similarly, Ms. Cameron also made several connections to instruction. 

Over the course of the interview, it seems the teachers became more familiar with the types of 

tasks and in turn, were able to reflect on how these tasks could be used in their own classrooms. 
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CHAPTER 7 

CASE 3 - STORY PROBLEM TASK  

Chapter 7 discusses the results from the third and final case, the Story Problem task (i.e., 

Brady’s Birthday Party). First, findings from the analysis of the student work are presented. 

Then, the findings from the teachers’ analyses of the student work are discussed.  

Student Analysis 

 The students’ solutions to the Story Problem task, corresponding interview transcripts, 

and analytic memos were analyzed simultaneously. First, students’ use of representations are 

described. Then, findings related to the students’ solutions are presented. Additional themes 

emerging from the analysis are discussed throughout this section. Again, these findings answer 

the second overarching research question, “In what ways do third-grade students and teachers 

engage in growth pattern tasks that differ in presentation (i.e., virtual pattern blocks, visual 

geometric pattern, story problem)?”  

Representations 

 In this task, Brady’s Birthday Party, students explored a growth pattern disguised as a 

story problem. Students solved this task on paper. There were parts of the task that prompted 

students to explain their thinking in words, while other parts allowed students to choose their 

own strategy to solve the problem (e.g., Use numbers, pictures, or words to represent and explain 

your thinking).  

All students represented their thinking visually (i.e., drawing pictures of tables with 

friends at the birthday party) and textually (i.e., written responses). When students drew a visual 

representation of the tables and the friends sitting at the tables, almost all students immediately 

labeled their thinking. This was unprompted. They used symbols like “F” to stand for friend and 
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“B” to stand for Brady. Some students even numbered the tables or the equal groups of friends 

sitting on each side of the table (e.g., 5, 10). Their use of labels appeared to help them organize 

their thinking and reduce some of the cognitive load as they processed the information in the 

story problem. In contrast to the patterns presented earlier in this study, students did not provide 

additional context to help them make sense of or solve this particular task. This is likely 

explained by the fact that the story problem itself provided context.  

One prominent finding that emerged from this analysis was the increased use of 

symbolism (i.e., numbers, symbols, expressions, equations), which was not observed in the 

previous two tasks. When solving Brady’s Birthday Party, four of the eight students used 

symbolic representations to solve the near generalization problem. This increased as students 

solved the far generalization problem. Here, six of the eight students used symbolism. When 

students responded to the problem asking them to generate a rule to describe the pattern, three of 

the eight students included an expression or equation in their description. Almost all students 

who solved the problem using an equation reasoned at the general multiplicative level. When 

engaging in this task, students reasoning at the multiplicative level used doubling and 

multiplication to solve. There are a number of reasons that the increased use of symbolism may 

have occurred. First and foremost, the students have had experience solving these pattern tasks in 

two other contexts. It is possible that their ability to reason multiplicatively has strengthened 

over the course of this study and in turn, they are more inclined to use a more abstract strategy. 

They may no longer need to represent and solve the problem visually. It is also possible that 

students’ experiences solving story problems in school predisposed them to think about an 

expression that would mirror the story problem situation. In turn, they more frequently used 

symbols to represent their thinking. 
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Generalizing 

First, students were asked to make a next generalization, which required them to draw 

how many friends could sit at three, four, and five tables. Then, students were asked to determine 

how many friends could sit at 10 tables (near generalization), and 100 tables (far generalization) 

using a strategy of their choice. Finally, students were prompted to write a generalized rule that 

could be applied to any given number of tables.  

Throughout this task, students’ engagement was more apparent in comparison to the 

other two tasks. Students appeared actively engaged in the problem solving process. Meaning, 

their thought process was evident through their use of visual or symbolic representations. It is 

possible that the story problem element of the task required students to actively process the 

textual information in each problem. This task not only required students to comprehend 

information provided in the story problem, but also translate their understanding mathematically 

while attending to the co-varying relationships between the number of tables and friends that can 

sit at each table. Figure 7.1 displays the students’ levels of algebraic thinking when engaging in 

each generalizing problem within the Story Problem task. 
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Figure 7.1 

Story Problem Generalization Problems: Students’ Levels of Algebraic Thinking 

 

Note. This image displays each students’ level of algebraic thinking for each problem. Students’ 

level of reasoning on the next generalization problem is depicted using an orange circle; the near 

generalization problem is depicted using a blue circle; and the far generalization problem is 

depicted using a gray circle. The level of reasoning employed when describing a pattern rule is 

depicted using a yellow circle. Notice that students may use the reason at the same level across 

multiple problems (e.g., Aspen). In this case, the circles are layered. The levels of algebraic 

reasoning included in this image only include emergent additive (EA), general additive (GA), 

emergent multiplicative (EM), and general multiplicative (GM).  

Next Generalization. Students were asked to draw how many students could sit at three, 

four, and five tables. Students drew out their illustrations in one of two ways. Four students 

joined the tables consecutively (see Figure 7.2) and four students drew out each set of tables 
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separately (see Figure 7.3). How the students drew their tables did not appear to impact their 

ability to solve this problem or the subsequent problem accurately. 

Figure 7.2 

Example of Student Work When Tables are Joined Consecutively 

 

Figure 7.3 

Example of Student Work When Each Set of Tables are Drawn Separately  

 

There was considerable variation in all eight students’ levels of reasoning. One student 

reasoned at the emergent additive level, four students reasoned at the general additive level, two 



  191 

 

students reasoned at the emergent multiplicative level, and one student reasoned at the general 

multiplicative level.  

Students reasoning at the emergent or general additive level conceptualized the pattern 

additively. They used the prior sequence to determine the change when an additional table was 

joined. These students recognized groups of two. They used skip counting or doubles to 

determine how many friends could sit at five tables; however, these students did not explicitly 

attend to the relationship between the number of tables and the number of friends who can sit at 

the tables. Parker, who reasoned at the general additive level, provided an example of this in his 

writing, “I notice every time you add one table you add two people.” The additive rule of “add 

two people” works when adding successive values. Later in the interview, Parker provided a 

general multiplicative rule that he could apply to determine the number of friends at any given 

number of tables. 

Students reasoning at the emergent or general multiplicative level conceptualized the 

pattern multiplicatively. These students considered the relationship between the number of tables 

and number of friends. Though, the level (emergent or general) is dependent upon a student’s 

ability to generalize beyond the specific problem. Sawyer, who reasons at the emergent 

multiplicative level, explains her thought process as it relates to five tables. She said,  

So basically, there's one table with three friends, him and his two friends. Then it's just 

adding more tables with different people. If there's five of them [tables] and then there's 

five on one row and there's six on the other, then it'd make, there's five tables and just 

make Brady in one of the rows of people and then add the six and the five and you'll get 

eleven. 
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She never specified adding two additional people, rather she took note of the number of tables 

and appeared to visualize a certain number of friends on each side of the table. In doing so, she 

used what seems to be a near doubles strategy to solve the problem (see Figure 7.4).  

Figure 7.4 

Sawyer’s Written Response to the Next Generalization Problem  

 

In contrast, Jordan reasoned at the general multiplicative level, immediately making the 

connection between the number of tables and the number of friends sitting at each table. When 

asked to describe what she noticed about the pattern, she wrote, “I think that there should be the 

same amount of children at one side of the tables as the tables numbered.” To understand what 

she meant by “one side of the tables,” additional probes were used to clarify. She said, “No, 

they’re [friends] on both sides but the same number of tables that are like lined up.” Jordan 

appeared to attend to the multiplicative relationship, even though this next generalization 

problem suggests a recursive pattern. It is possible that Jordan’s experiences solving the previous 
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tasks drew her attention to the relationship between quantities rather than the successive 

repetition.  

Near Generalization. Students were asked to solve a near generalization problem by 

determining how many friends could sit at 10 tables. This problem was open-ended and allowed 

students to choose how they wanted to solve the problem. Again, these findings also revealed 

differences in the students’ reasoning. Two students reasoned at the additive level, while the 

remaining six students reasoned at the multiplicative level. The two students who reasoned at the 

emergent additive level focused exclusively on the 10 tables. They directly modeled the problem, 

drawing out 10 squares to represent each of the 10 tables, two friends sitting at each table, and 

Brady sitting at the head of the table. The students relied on the visual representation and used 

skip counting to determine the number of friends sitting at each table.  

Blake was one student to reason at this level. Figure 7.5 provides a visual of her work. 

When prompted to explain how she knew 21 friends could sit at 10 tables, she stated, “Well I 

skip counted by twos and used all ten tables, which got me to 20. But then I counted like Brady 

because that's the only table with three people." She attended to one recursive quantity and was 

able to determine the answer for this specific problem, but her explanation did not include a 

general of an additive rule (e.g., “Every time you join a table, you add two additional friends.”). 

Figure 7.5 

Blake’s Solution to the Near Generalization Problem 
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 The other six students reasoned multiplicatively. Two students reasoned at the emergent 

multiplicative level. These students recognized the relationship between the number of tables and 

number of friends that can sit at the tables; however, they only discussed this relationship in the 

context of 10 tables. For instance, Jordan used a visual strategy to represent her solution. “I 

figured it out, so first make the tables. And I like counting by tens [pointing to row], so 10, 20, 

and then I knew this wasn’t a ten [pointing to Brady], so I just added a one. So 10, 20, 21.” In 

Jordan’s explanation, she discussed how you needed to know how many tables there were to 

determine that 10 friends could sit in each row. Her response to the next generalization problem 

also suggested that she viewed the friends in two groups, or rows. She was explicit about 

including Brady and recognized he was separate from those two rows. 

The other four students reasoned at the general multiplicative level. These students all 

used a symbolic strategy to solve this task. These findings suggest that the students are more 

quickly attending to the relationship in the pattern and applying a more abstract representation to 

communicate their understanding. It is possible that this growth pattern provides context that 

allows students to naturally attend to the relationships. Aiden provides an explanation that 

demonstrates his general multiplicative reasoning. “Well, I already know there are 20 people 

because if there are ten tables and there are two people at each table, two times ten or ten times 

two equals 20. So, the answer would be 20 people.” When asked to further explain how he 

reached his answer, Aiden shared,  

I get 20 because if you're always multiplying times 2, again I'm going to mention 

doubles, if you know your doubles, 10 plus 10 is the exact same thing as 10 times 2 

because 10 times 2 or 10 plus 10 is the exact same answer, which is 20. So that way it 

says how many friends can he sit at ten tables. So, ten tables there would be 20 people, 
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but there would actually be 21 people at the whole party because of Brady's at the party 

too, like he's essentially a person. 

Figure 7.6 provides a sample of Aiden’s written response, which includes a symbolic 

representation. He demonstrates fluency in his thinking as he used a previous fact (e.g., “If 5 x 2 

= 10...) to solve the current problem (...then 10 x 2 = 20”). This type of thinking was not evident 

in his solutions to the first or second pattern task, though it is clear his reasoning has evolved. 

Mathematically, it also shows that Aiden understands the commutative property, another 

component of early algebraic thinking. 

Figure 7.6 

Aiden’s Solution to the Near Generalization Problem 

 

With this in mind, another finding relates to the ease and immediacy in students’ 

responses to this problem. In contrast to previous findings that revealed students quickly 

reaching an answer when solving the far generalization problems, students now responded 

similarly, but when they solved the near generalization problem. It is possible that their 
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familiarity with growth patterns allowed them to more quickly attend to the relationships in the 

problem and become mentally fluent. There were several instances when students, like Parker, 

would immediately respond “I’m already done. It’s 21.” right after the question was read. When 

asked to explain how he solved that problem, he said, 

10 plus 10 equals 20 and plus 1 equals 21. At each side of the table there’s always the 

same number as the table so there’d be 10 friends on one side of the table and 10 on the 

other. And then I know I needed to add Brady in, which would equal 21.  

It is clear that he was able to determine a rule that he could apply to solve this problem mentally. 

This may reflect his prior experiences, as he did mention later in the interview, “Well, before I 

even noticed that pattern [when discussing how many friends could side at ten tables], there is 

always the same number as the side, I think I saw that pattern last week,” referring to the 

previous week’s task-based interview.  

Far Generalization. Students were asked to solve the far generalization problem, which 

required them to determine how many friends could sit at 100 tables. The majority of students 

solved this problem symbolically, using doubles or multiplication to represent their thinking.  

Seven students solved this problem using multiplicative reasoning, while one student, 

Blake, applied additive reasoning. Blake struggled with the far generalization problem and was 

unable to determine a solution. She began this task reasoning additively, which may explain her 

inability to generalize further down the sequence. When asked how many friends could sit at 100 

tables, she provided an additive rule, but was unable to apply it. Blake said, “Well you could 

draw 100 tables and put two friends at each table then skip count." When asked if she could 

elaborate on what she meant, she said, "I don't think I can do it. Like I need to be able to see it on 

paper so I could count it." Blake appeared to rely on a visual representation to help her solve this 



  197 

 

problem and felt most comfortable using a skip counting strategy. Despite her ability to solve the 

far generalization problems in the previous two pattern tasks, she was unable to transfer that 

same reasoning to this task. It is unclear why Blake experienced difficulty with this problem, but 

perhaps there was an added layer of complexity associated with her comprehension of this 

particular story problem. The visual presentation of the first two tasks and her ability to 

contextualize the task in a way that made sense to her may have influenced her success with 

those problems. 

The remaining students reasoned multiplicatively; two students reasoned at the emergent 

multiplicative level and five students reasoned at the general multiplicative level. The students 

reasoning at the emergent level discussed the relationship between the 100 tables and the friends 

that could sit at those 100 tables, including Brady; however, they did not generalize a rule. For 

instance, Jordan made connections between this problem and the previous problem, where she 

used doubling to determine that 21 friends could sit at 10 tables. She reasoned similarly when 

solving for 100 tables (e.g., “I just gotta count by 100s. I just pretend this is 100. 100, 200, 

201.”). In addition, Emerson reasoned multiplicatively, but her solution was inaccurate (see 

Figure 7.7). She kept track of two quantities simultaneously, the number of tables and the 

number of friends at each table. She used an invented strategy to help her solve. Drawing on her 

solution from the near generalization problem, Emerson knew that 21 friends could sit at 10 

tables, as indicated in her picture (i.e., 21=10). This demonstrates an attempt at proportional 

thinking, although it was erroneous. Emerson skip counted by 21 ten times but stopped when she 

reached 168. She appeared to understand the relationship between 10 and 100 and how she could 

skip count 10 times because 10 x 10 equals 100. She explained, “I had 21 with 10. Instead of 

doing ten groups of ten to get 100, it was ten groups of 21 to get the answer, and I got 168.” She 
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did not consider how Brady was included in that initial group of 21. It seems that Emerson 

wavered between the use of additive reasoning and multiplicative reasoning. However, she did 

attend to the number of friends who can sit at a given number of tables and provided some 

evidence that suggests she was thinking multiplicatively. If she had understood that she needed 

to skip count by 20, rather than 21, and then add Brady, it is possible she would have determined 

the correct number of friends sitting at 100 tables. 

Figure 7.7 

Emerson’s Solution to the Far Generalization Problem 

 

While this question did not ask students to explicitly describe the relationship between 

the tables and friends, many students did so. The other five students reasoned at the general 

multiplicative level. Sawyer solved the problem symbolically, writing “100 + 100 + 1 = 201.” 

She further explained, 

I could make 100 plus 100 plus 1, which is Brady for 100 tables, plus the birthday boy. 

Because Brady is one and Brady is in the middle of both tables so I would have to make 

him separate. And there's 100 tables because it says 100 tables. And 100 people in one 
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row because if there's 100 tables there must be 100 people in one row. Then I added 100 

and 100 and thought of 200 then I remembered I have to add Brady. And then I got 201. 

Sawyer demonstrates an understanding of the co-varying relationship. In addition, other students, 

like Aiden and Owen, solved the problem using a multiplication “100 x 2 = 200, 200 + 1 = 201,” 

which they also represented symbolically.  

Articulating a Pattern Rule. Lastly, students were asked to describe a rule for the 

pattern represented in this story problem, which they could apply to determine how many friends 

could sit at any given number of tables. Students were much more concise when describing their 

rule. When students described their rule, the majority did so without referencing a specific 

number of tables to justify the rule they were describing. These results are in contrast to findings 

from the Virtual Pattern Block and Geometric Growth Pattern tasks, where students more 

regularly included an example in their description. For instance, Aspen wrote, “There should be 

the same number of friends on each side of the table of the number of tables. and make sure 

Brady's at the head of the table." Relatedly, Aiden shared a similar rule, though he proposed the 

use of multiplication (see Figure 7.8).  

Figure 7.8 

Aiden’s Rule 
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 At this point, students had two prior experiences working with growth patterns and 

describing pattern rules. Through these experiences, students likely developed a better 

understanding of what was meant by a ‘pattern rule’ as well as the type of language to use when 

describing the relationship between the co-varying quantities in the task. For instance, Figure 7.9 

displays another example of a rule. In this example, Owen describes his rule. 

Figure 7.9 

Owen’s Rule 

 

 Owen demonstrated a strong understanding of the pattern, suggesting that someone could 

determine how many friends could sit at any given number of tables if they “take the number of 

tables and multiply x 2 and then add one.” While generating an algebraic expression was not 

expected, when challenged to do so, Owen’s use of symbolism provides insight into his 

understanding of algebraic notation and algebraic thinking. This task promoted third-grade 

students, like Owen, to engage in multiplicative reasoning and attend to the covarying 

relationship between two quantities. It also encouraged them to generalize the pattern, further 
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illustrating the connection between the use of growth patterns and algebra. Student success with 

these tasks is commendable given their inexperience and lack of formal instruction. 

Teacher Analysis 

Similar to the previous two cases, Ms. Harper, Ms. Blair, and Ms. Cameron examined 

students’ solutions to the final task, the Story Problem task. The teachers’ responses were 

analyzed, and their orientations are discussed below. These findings also answer part of the 

second research question, “When analyzing students’ solutions to different growth pattern tasks, 

what do teachers’ orientations reveal about their interpretations of students’ reasoning and 

generalizing?” and further contribute to our understanding of how third-grade teachers interpret 

students’ solutions to different presentations of growth pattern tasks.  

The findings identify differences in the teachers’ orientations as well as patterns in their 

orientations (see Table 7.1). Similar to the previous two cases, Ms. Harper most frequently 

evaluated the student work, while Ms. Blair interpreted the student’s thinking and made 

connections to her instruction. Ms. Cameron’s responses were descriptive and interpretive. 

Figures 7.10 and 7.11 provide two samples of the student work discussed in the interview.  

Table 7.1 

Teachers’ Orientations to Story Problem Task 

 
Ms. Harper Ms. Blair Ms. Cameron 

Evaluative Orientation 7/13 (55%) 1/15 (7%) 1/19 (5%) 

Descriptive Orientation 2/13 (15%) 2/15 (13%) 9/19 (47%) 

Interpretive Orientation 2/13 (15%) 5/15 (33%) 6/19 (32%) 

Instructional Orientation 2/13 (15%) 7/15 (47%) 3/19 (16%) 

Total orientations 100% 100% 100% 
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Figure 7.10 

Sample Work: Parker’s Solution and Description to the Next Generalization Problem 

Figure 7.11 

Sample Work: Parker’s Solution and Description to the Near and Far Generalization Problem 
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 Teachers’ Evaluative Orientations. When the teachers discussed the students’ solutions 

to the Story Problem task, Ms. Harper’s orientation was primarily evaluative. Similar to previous 

findings, Ms. Harper focused on acknowledging and assessing what the student said or 

represented on paper. Her responses were typically general observations, such as “I mean, they 

both did a good job.” In one instance, she responded to Parker’s work saying, “He can't put [that] 

into words, the multiplication equation like Owen can." Here, Ms. Harper is comparing both 

students’ responses to the near and far generalization problems. She focused on what the student 

could and could not do, without further elaboration. Findings indicate that Ms. Blair and Ms. 

Cameron only responded to the students’ work with one evaluative comment and both of their 

comments addressed the fact that a student was able to successfully determine a rule.  

Teachers’ Descriptive Orientations. There were instances when all three teachers 

described what the student said or did. Ms. Harper and Ms. Blair were less descriptive in their 

analyses. These teachers provided short, transient references to the students’ work before moving 

on. For instance, Ms. Harper reiterates what Parker said as she described his solution to the near 

generalization problem. Ms. Harper reads, “I saw the pattern last week,” and then comments, 

“That’s funny.” Parker’s comment demonstrates the connection he is making between the pattern 

rule for the Geometric Growth Pattern and the Story Problem task; however, Ms. Harper does 

not discuss this. Ms. Blair also provided descriptive statements as well, such as “Parker did 

addition,” which referenced his solutions to the near and far generalization problems. However, 

her responses evolved into an interpretation of the student’s work.  

In contrast, Ms. Cameron’s orientation was predominantly descriptive. This is in 

opposition of her orientations in the previous two cases. It is unclear why there was a shift in her 

orientation, but in this case, she tended to describe what the student said or did in a way that 



  204 

 

more explicitly described the mathematics in the work sample, rather than simply restating what 

the student said. For instance,  

Owen is interesting because he draws out three, four, and five, the growth pattern, 

similarly to the shapes one. And then is able to say how many friends will sit at table five. 

'Eleven.' While Parker got, just draws table five and, ‘so it's every time you add one table 

you add two people’.  

Ms. Cameron describes each student’s work sample, but also notes differences in the two 

students’ strategies when solving a next generalization task.  

Teachers’ Interpretive Orientations. Ms. Harper, Ms. Blair, and Ms. Cameron all 

provided interpretive responses. The teachers not only described what the students said and did, 

but also made inferences about the students’ mathematical thinking. When examining Parker and 

Owen’s generalized rule, Ms. Harper offers an interpretation of their work. However, she 

appears to have some misconceptions about the students’ reasoning. Ms. Harper shared, "I would 

say additively as he [Parker] goes through it. And Owen's more multiplicative. Parker's is being 

more of a generalization versus the equation [Owen's]." There is some ambiguity in her response 

and her interpretation of their work. In addition, while Parker does use an addition equation to 

represent his thinking, the use of doubles is a form of early multiplicative reasoning and a 

strategy that is often used to help transition students from additive to multiplicative reasoning. 

Interestingly, Ms. Harper suggests that Parker’s rule is ‘more of a generalization’ than Owen’s 

equation. It is possible that she perceives Parker’s detailed verbal and written response as more 

generalizable; however, both students’ rules were generalizable. It appears that Owen 

demonstrates the most sophisticated understanding of the pattern rule as evidenced by his written 

algebraic expression.  
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Ms. Blair and Ms. Cameron also responded to Parker and Owen’s generalizations. Ms. 

Blair recognized similarities and differences in the students’ reasoning as they solved the near 

generalization problem.  

He [Parker] thought of it as three things again, yeah, 10 plus 10 equals 20 plus one. He 

thought of it as three things that he's adding. And then Owen thought of it more as 

multiplication because he did two per table so 2 times 10 equals 20 and then just adding 

that one in. They're really, I think they both, I would say they're both at the same level. 

Ms. Cameron also made specific references to the students’ mathematical thinking as 

they solved this task. She commented on Owen’s strategies and how he applied similar reasoning 

when solving the near and far generalization problem.  

While it seems that Owen is more thinking each growth pattern out and then even when 

he makes the near generalization, he says 'two people per table plus Brady, so I know that 

ten, two times ten equals 20.' But then he uses that for the next one. It's like he's 

reminding himself of, so I did this for ten tables so I'm going to use the same rule and 

apply it to 100 tables. 

Ms. Blair and Ms. Cameron’s interpretations appear to have evolved over the course of 

the interview. Their responses demonstrate more thoughtfulness and depth and speak to the value 

of analyzing multiple student work samples around the same idea. Not only do these teachers 

describe and interpret the students’ solutions, but they make explicit references to the 

mathematics in each student’s solution and connections between the students’ reasoning, 

strategies, and generalizations. 

  Teachers’ Instructional Orientations. The frequency that the teachers made 

connections to instruction were consistent with their instructional orientations in the previous 
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two cases. Ms. Harper and Ms. Cameron both made connections to instruction, though this 

occurred less frequently than Ms. Blair. Ms. Harper’s connections were more general (e.g., "We 

don't write it that way [in class] but it's interesting how he did it that way, for the ten tables.”), 

while Ms. Cameron made more specific references (e.g., "Owen is putting the equation together. 

I don't know if he [Owen] knows anything about order of operations...Because we talk a lot 

about the commutative property and if it matters, which order. Like for addition and 

multiplication."). Ms. Blair most frequently associated the students’ work and her mathematics 

instruction. In one instance, she discussed the importance of classroom discourse and student 

talk. She shared,  

I think what could be cool is to put these two [Parker and Owen] together and just have 

them share their strategies and just hear it from another perspective. And I think that 

could help Parker see it in the multiplication way and then it could help Owen see it in 

the addition way, and kind of ask them 'which one do you think's right?  

She appears to value student interactions and positions students in power of their own learning. 

She provided thoughtful prompts that would encourage students to think about the pattern rule 

both additively and multiplicatively, an important implication for instruction. She also 

considered how the Story Problem task could be infused into multiple units across the year. She 

said,  

I think it could fit with addition, our unit with addition and subtraction, our unit with 

multiplication and division. It could maybe, now I'm thinking of it, it could maybe even 

fit to fractions, parts of a whole, because some people might think of it as fractions.  

Her suggestion to use these types of tasks within a fraction unit to support students’ 

understanding of parts of a whole demonstrates the depth of her understanding of the pattern and 
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how it could be adapted for different units. It also speaks to the versatility of these types of 

patterns and their ability to promote algebraic thinking when teaching different mathematics 

concepts. 

Summary of Chapter 

In this chapter, findings from the final case were discussed. These findings highlight the 

different types of representations students utilized when solving the Story Problem task. In 

addition, the students’ solutions were analyzed to identify the type of reasoning they used when 

solving each generalizing problems. The teachers’ analyses of the students’ solutions were also 

examined.  

In this task, one of the most prominent findings related to the students’ increased use of 

symbolism to solve the story problem, which was not as prevalent in the previous two tasks. The 

students created equations to represent the story problem, using doubles and multiplication. Their 

use of symbolism occurred most frequently when solving the near and far generalization 

problems. Looking across the task, there was more variation in the students’ levels of reasoning 

across the task. However, the majority of students reasoned at the emergent or general 

multiplicative level with noticeable sophistication in their responses.  

Additionally, the orientation of the teachers’ responses to the students’ work revealed 

consistencies in their orientations. Similar to Ms. Harper’s orientations in the previous two cases, 

she continued to provide evaluative responses that focused on accuracy and performance. Ms. 

Blair also demonstrated depth in her analyses when interpreting the students’ thinking. She also 

made ongoing connections between the students’ solutions and her own mathematics instruction. 

Lastly, Ms. Cameron interpreted students’ solutions but was more descriptive in her responses to 

the students’ work from this task.  
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CHAPTER 8 

TEACHERS’ REFLECTIONS ACROSS TASKS 

In this chapter, I discuss findings that emerged from the final part of the interview. These 

findings relate to the teachers’ general reflections on all three growth pattern tasks. 

Reflections Across Tasks 

In addition to analyzing each of the three growth pattern tasks, which were discussed in 

the previous three chapters, the teachers were also asked to reflect on all three tasks as a whole. 

Two predominant themes emerged in these discussions: the teachers’ perspectives on the use of 

growth pattern tasks and their use of these tasks in their own mathematics instruction.  

Perspectives. All three teachers discussed the perceived benefits of using growth pattern 

tasks in instruction, as well as changes in their perspectives from the first interview. Ms. Harper 

shared how she recognized that “growth pattern tasks promote critical thinking and problem 

solving skills.” When complex tasks, such as these, allow for multiple solution pathways, “they 

[students] have to generalize out far and do all those types of things that make them think about 

some of those strategies they have to solve, I think there’s always room for that [in the 

classroom].” Ms. Blair also mentions the benefit of allowing students to struggle and grapple 

with these types of tasks. She highlighted an important point as we consider how to best support 

students’ mathematical thinking. “It's okay to look at it and analyze it for a little bit. So I think 

that's super important.” These types of tasks encourage students to reason about the relationships, 

rather than draw on a prescribed strategy to reach a quick solution. Teaching students to 

persevere when solving problems and engage in analytic thinking speaks to the beauty of the 

problem solving process. These mathematical practices (perseverance, analyze) are also endorsed 

by CCSS-M (2010). Ms. Cameron also suggests how these tasks could positively engage 
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students in mathematics. “I can see the kids getting really excited [about these pattern tasks] 

because it’s different than just here’s a problem, use your strategy. After a while that gets kind of 

old.” Evidence from the curriculum analysis validate what Ms. Cameron is saying, the lessons 

were found repeatedly presenting students with familiar tasks over the course of both 

multiplication units. She goes on to say, “Well I think it is really foundational for algebraic 

thinking and being able to reason, come up with a reason. I think they could be built upon if you 

can think like this...I definitely want to use them.” 

 In addition, the teachers discussed how their perspectives changed from the first 

interview to the second interview. All three teachers were interested in how their students would 

solve these types of tasks and after analyzing the work samples, they believed these tasks 

encouraged students’ “higher order thinking skills.” They also expressed concern about the 

appropriateness of these tasks. Initially, some teachers felt these tasks were most appropriate for 

students who are perceived as having strong mathematics abilities. Ms. Cameron, who did not 

have experience with growth pattern tasks prior to this interview, shared how impressed she was. 

“They did really well. I wasn't expecting, I didn't know what to expect really.” Similarly, Ms. 

Harper comments on how we should never underestimate students. She says,  

There are some things you think they might be able to do but they were able, even not 

being exposed to it, they were able to bring in some strategies and create some really 

solid work surrounding these problems. And even if they weren’t directly taught how to 

solve these particular things, they were able to dig those strategies out.  

Ms. Blair shared a similar belief, “So my initial thought when you showed me this, it was like oh 

my gosh, it's going to be really hard. I hope she picked higher kids.” However, her perspective 

changed after analyzing the students’ solutions.  
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But then after looking at it, and again I don't know their levels, but after looking at it and 

thinking about it more and seeing their great work that they were able to come up with I 

was like, oh yeah, I could definitely do this. I was thinking I probably only the high kids 

would be able to access this. But then looking at it and looking at the fabulous work they 

did, thinking about how they [teachers] could scaffold it a little bit, I think it would be 

super beneficial to let this be a whole group lesson one day.  

These teachers’ changed perspectives perhaps begin to dismantle the belief that challenging tasks 

are only appropriate for certain groups of students and reinforce the importance of maintaining a 

high standard for all students.  

To this point, it seems that through analyzing their students’ solutions, the teachers were 

inspired to implement these tasks with students in their classrooms. Ms. Blair explicitly discusses 

the accessibility of these tasks.  

I think it would be cool just to give it to a whole class and see just what they could do 

with it. I think the first one [Virtual Pattern Block task] was probably the most accessible 

to all of them. With the pattern blocks, it lends itself to be more visual and you could 

scaffold it with actually giving them the physical pattern blocks. I definitely think some 

students that need more support would definitely need the physical, or have to actually 

move and they might need, like in my mind I was kind of thinking to give them the 

problem and then to pull the kids that might need more help with me on the carpet, or 

whatever...This kind of makes me think about how you're giving access to everyone, high 

levels of thinking. So even those kids that might surprise, like, I think there's always 

going to be some kids that surprise you...It does give access to those kids that might not 

always get some. I would think of this more as like, not necessarily enrichment but 
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thinking in a different way. Not so like procedural and it's thinking more conceptually for 

sure, it's kind of forcing them to do some higher-order thinking so I think it's giving 

access to kids' higher-order thinking. And it kind of reminds me of number talks that 

we've been doing, and sometimes kids surprise me with the connections they make. So 

just like some of the kids are making these connections that I never thought they could 

make. I think giving them opportunities that we as teachers sometimes don't think that 

some of our kids will be able to access. They actually are able to access it, especially if 

you phrase it like, 'this might be tough, we're going to grapple with it for a little bit and 

yeah, you might get frustrated but that's how we're going to learn.’ So I think getting 

them comfortable with making mistakes and not knowing it right away is okay. 

Ms. Blair discusses how these tasks may ‘look’ different than what students typically experience 

in their mathematics instruction but indicates that all students deserve access to tasks that 

promote this type of reasoning. She does not consider these tasks as “enrichment tasks,” but 

rather tasks that orient students towards more sophisticated thinking and reasoning by providing 

opportunities to think in deep and meaningful ways. Notably, she acknowledges that some 

students may experience difficulties, but provided suggestions like considering the instructional 

sequence when introducing these tasks and the level of support offered by the teacher. 

Using Growth Pattern Tasks in Their Mathematics Instruction. The second theme to 

emerge from the analysis involved the teachers’ instructional decision making. After analyzing 

the students’ work samples, the teachers were found reflecting on their own practice and 

naturally began to consider how they might use these tasks in their mathematics instruction. Ms. 

Harper recognized parallels between the strategies students used to solve the growth pattern tasks 

and strategies taught during their multiplication and division units (e.g., “strategies for 
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multiplication, and arrays, and repeated addition”). Ms. Cameron shared a similar thought. She 

suggested that they could use growth pattern tasks to encourage students to explain their thinking 

and reasoning to “kind of see are they skip counting, are they, have they transitioned to rows and 

columns, are they looking at the equal groups? How are they, what strategy are they using?” The 

questions posed by Ms. Cameron suggests that she is thinking about students’ use of strategies, 

their additive or multiplicative reasoning, as well as the importance of asking students to explain 

and justify their thinking.  

Additionally, Ms. Blair and Ms. Cameron both provide specific examples of the decisions 

they would make when implementing these tasks into their instruction. Ms. Blair considered the 

structure of her mathematics block and how she might integrate these tasks into her instruction 

more regularly.  

I’m wondering if it would be more of a warm-up or a mini-lesson. I think it might 

because of the nice conversations we would have I think it would maybe, I'm leaning 

more towards a mini-lesson just because I feel like we wouldn't have enough time as a 

warm-up thing.  

Ms. Blair also discussed how she could modify and adapt these tasks depending on the needs of 

her students. For instance, she suggested “giving them [students] not so friendly numbers” to 

understand the extent that they could generalize when given different numbers. She provides the 

example of 38, and models a think aloud she would use with her students,  

Okay, how would you figure out 38? I'm taking away the pattern blocks, how are you 

going to work it out without drawing a picture and on pencil and paper, what's the 

equation? And then if they get that already then, I could come up with a more complex, 

like you were saying the ‘S pattern,’ like something a little more complex. 
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Ms. Cameron reflects on the instructional sequence and how she could help students 

move from concrete to abstract thinking. She explained,  

I'm noticing that we take the visual model and we translate it to more abstract, with the 

story problem. And seeing if they [students] can translate that same type of thinking from 

a visual model to applying those same strategies to a story problem or a word problem. 

And they did. I would sequence it in this way. I want to do them in the future because 

you can really tell it goes beyond the visual model, especially with Day 100. We're using 

the same rule and we can apply that rule to any problem and we can find the answer.  

A goal of this study was to examine the types of strategies students used when solving growth 

pattern tasks that differed in presentation and if they would apply those same strategies when 

solving a concrete, pictorial, and more abstract problem. Ms. Cameron appears to recognize the 

potential benefits of this instructional sequence. In her statement, she captures the importance of 

helping students learn to attend to structure. Using manipulatives, like pattern blocks, can help 

students learn to attend to structure and develop an understanding of the rule. In doing so, 

teachers have the opportunity to emphasize the multiplicative structure, which then has 

implications for students’ ability to generalize and transfer this knowledge to patterns presented 

differently.  

Summary of Chapter 

 The three teachers analyzed and responded to students’ solutions to all three growth 

pattern tasks with different orientations. In this chapter, the teachers’ reflection on all three 

growth pattern tasks are discussed. Two themes emerged from their reflections: the teachers’ 

perspectives on the use of growth pattern tasks and their use of these tasks in their own 

mathematics instruction. The teachers described the perceived benefits of using growth pattern 
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tasks in instruction, as well as changes in their perspectives from the first interview. They also 

made more explicit connections to their instruction. It seems that after analyzing their own 

students’ solutions to these tasks, they began to consider how they might use these tasks to 

support their mathematics instruction. 
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CHAPTER 9 

CROSS-CASE ANALYSIS AND DISCUSSION 

Overview of Chapter 

 In this final chapter, I begin by providing a summary of the research study. Next, I 

describe key findings from the analyses of the third-grade curriculum as well as the teachers’ 

perspectives and experiences implementing early algebra instruction. These findings helped 

provide context to students’ solutions to the growth pattern tasks, which were discussed in detail 

in Chapters 5, 6, and 7. Then, I discuss prominent themes that emerged in the cross-case 

analysis. The cross-case analysis was used to identify patterns in the students’ solutions and the 

orientation of the teachers’ responses to all three growth pattern tasks. I follow by discussing the 

limitations of this study, as well as implications for practice and research. Finally, I close with 

concluding thoughts.   

Summary of Research Study 

In this study, students’ engagement with growth pattern tasks champion the importance 

of early algebra instruction. The purpose of this study was to investigate students’ solutions to 

different presentations of growth pattern tasks and teachers’ orientations when analyzing student 

work to understand how growth pattern tasks can support children’s multiplicative reasoning 

skills and predispose them towards thinking algebraically. In order to understand students’ 

reasoning within and across each case, it was important to gather information on the context in 

which students learn (i.e., curriculum and instruction). Therefore, an analysis of 10 mathematics 

lesson plans from one school district’s curriculum was performed to understand the intended 

learning opportunities students have to engage in algebraic thinking. In addition, data was 

gathered from three third-grade teachers. These teachers participated in two interviews, before 
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and after student data was collected. In the first interview, teachers shared their perspectives and 

experiences implementing early algebra instruction, including the use of growth pattern tasks. 

Then, data was collected from students participating in the study. Eight third-grade students 

solved three different presentations of growth pattern tasks. First, students solved the Virtual 

Pattern Block task, followed by the Geometric Growth Pattern task, and finally the Story 

Problem task. All three tasks contained the same underlying pattern rule (y=2x + 1). Their 

solutions were analyzed using a framework developed for this study, Levels of Children’s 

Generalizing About Algebraic Relationships. Students’ solutions to the tasks provided insight on 

their solution strategies, reasoning, and ability to generalize. To conclude, teachers participated 

in a second interview, which asked them to analyze a subset of student work. Differences in the 

depth of their analyses are revealed in the orientation of their responses. Collectively, this study 

provides evidence that students can successfully engage in growth pattern tasks with an 

underlying multiplicative structure and illustrates how these tasks could service existing grade-

level standards and existing curriculum. Engaging in complex tasks that explicitly address early 

algebra concepts, beyond arithmetic, provide students with the opportunity to make connections 

across mathematics concepts and positions algebra as a way of thinking and problem solving, or 

‘habit of mind’ (Kaput, 2008). 

Curriculum and Instruction  

The first research question addressed how elementary mathematics curriculum and 

instruction support third-grade students’ understanding of early algebra concepts. By examining 

both curriculum and instruction, I gained a deeper understanding of the intended learning 

opportunities students have to engage in algebraic thinking. These analyses informed the design 
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of the growth pattern tasks and also helped with the analyses of the students’ solutions to these 

tasks. 

 First, a qualitative content analysis was performed to understand how one third-grade 

curriculum supports students’ development of algebraic thinking skills. A subset of 10 lessons 

from two mathematics units were examined, both of which focused on multiplication. The 

standards guiding these lessons focused on representing and solving multiplication problems 

using strategies such as repeated addition, arrays, pictures, and/or equations. Within each lesson, 

the tasks were analyzed. As argued by Smith and Stein (1998), the nature of the task directly 

impacts what and how students will learn. Therefore, analyzing the tasks was an important 

starting point for understanding students’ learning opportunities.  

By unpacking the content within these lesson plans, I was able to discern the types of 

algebra concepts students engaged in and how the intended lesson plan promoted their algebraic 

thinking. This analysis revealed four key themes related to the opportunities students have to 

engage in tasks that promote this thinking: Dimensions of Instruction (tasks, discourse, multiple 

representations), Early Algebra Concepts, Structure and Coherence, and Teacher Support. These 

themes revealed strengths (i.e., promotion of mathematical discourse, use of multiple 

representations to build conceptual understanding), inconsistencies (i.e., support offered to 

teachers), and weaknesses (i.e., cognitively demanding tasks, lack of attention to a range of early 

algebra concepts, lack of coherence across the lesson plan) of this third-grade mathematics 

curriculum. As it relates to the written curriculum, these findings highlight opportunities for 

curriculum developers to strengthen the overall coherence of the lesson plans so that students 

have opportunities to grapple with complex tasks and develop algebraic thinking skills that could 

be applied across the curriculum.  
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 It is important to elaborate on the theme of Teacher Support (i.e., inconsistent support in 

the lesson plans) because this theme was associated with findings that emerged from the analysis 

of data collected in the first interview with the teachers. In this interview, three third-grade 

teachers shared their perspectives and experiences supporting students’ development of algebraic 

thinking, including their perspectives on growth pattern tasks. There were variations in how the 

teachers conceptualized early algebra, in the context of their own instruction and through the use 

of growth pattern tasks. There were also differences in the teachers’ experiences implementing 

instruction to support students’ algebraic thinking, as well as the depth of their interpretations of 

how the lesson plans included in their curriculum promote algebraic thinking. These findings 

were similar to the teachers’ interpretations of how growth pattern tasks could support students’ 

multiplicative reasoning and later evidenced by the variations in the orientation of their 

responses to students’ solutions to the growth pattern tasks. This is likely explained by 

differences in their content knowledge and experiences teaching. Understanding teachers’ 

current knowledge and experiences with early algebra, like those presented in this study, helps 

educators improve curriculum support, coursework, and training programs that reflect reform 

initiatives as well as classroom demands.  

If students are to develop reasoning skills that are consistent with higher level algebra 

concepts, they need experiences solving complex tasks that encourage their relational 

understanding, attention to mathematical structures, analyzing and reasoning about relationships 

and quantities, generalizing, and making connections across algebra concepts. This study 

challenged students to reason algebraically as they explored growth pattern tasks that encouraged 

these features of early algebra. In the next section, I present findings from the cross-case 

analysis, which analyzed students’ solutions and teachers’ interpretations of the students’ 
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solutions to all three growth pattern tasks. In this section, I discuss the students’ solutions, while 

also drawing on the curriculum and teachers’ perspectives because it was not feasible to 

disentangle the connections between them. 

Cross-case Analysis of Growth Pattern Tasks 

In addition to examining themes within each case, a cross-case analysis was used to 

synthesize the findings across all three cases (Creswell & Poth, 2018). In this section, I discuss 

findings from this analysis to compare and contrast themes, similarities and differences, as well 

as assertions and interpretations of meaning.  

The purpose of this study was to investigate how elementary teachers can leverage the 

use of growth patterns in instruction to simultaneously support children’s multiplicative 

reasoning and predispose them towards thinking algebraically. A cross-case analysis was 

conducted to answer the second research question, “In what ways do third-grade students and 

teachers engage in growth pattern tasks that differ in presentation (i.e., virtual pattern blocks, 

visual geometric pattern, story problem)?” The following three sub-questions are addressed in 

this analysis: “What do students’ solutions (i.e., representations, strategies, explanations) 

communicate about their additive or multiplicative reasoning when solving different growth 

pattern tasks?”; “To what extent are students able to generalize when solving growth pattern 

tasks that differ in presentation?”; and “When analyzing students’ solutions to different growth 

pattern tasks, what do teachers’ orientations reveal about their interpretations of students’ 

reasoning and generalizing?” However, because of the interconnectedness of these questions, the 

analysis addresses the body of research questions as a whole. Meaning, connections to 

curriculum and instruction (Chapter 4) are made throughout the cross-case analysis, based upon 
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the findings that emerged from the curriculum analysis as well as the analysis of the teachers’ 

perspectives and experiences with early algebra instruction.  

In what follows, I discuss three prominent themes that emerged from the cross-case 

analysis. First, I describe the impact contextual representations had on students’ solutions to the 

three different growth pattern tasks. Then, I discuss themes that relate to each generalizing 

problem across all three tasks. Finally, I discuss the importance of privileging multiple forms of 

communication. 

The Impact of Contextual Representations 

Students’ use of representations varied, depending on the presentation of the growth 

pattern task. The use of contextual representations, verbal or textual, influenced students’ 

solutions to these tasks. A contextual representation is a verbal or written description of a 

problem in a real-life or practice situation that is used to solve a quantitative problem 

(Verschaffel, Greer, & de Corete, 2000). Students’ solutions differed depending on whether or 

not context was provided in the pattern.  

Adding Meaning to Shapes. When growth pattern tasks were presented visually using 

shapes (i.e., Virtual Pattern Blocks and Geometric Growth Pattern), without context, students 

spontaneously and immediately generated their own context. Carraher and Schliemann (2002) 

highlight that “Much of the work in developing flexible mathematical knowledge depends on our 

ability to recontextualize problems - to see them from diverse and fresh points of view and to 

draw upon our former experience, including formal mathematical learning” (p. 142). In the 

students’ description of the pattern, their attribution of context appeared to help them connect 

with and make sense of the task. Students drew on examples or experiences from their life to 

explain the pattern’s multiplicative growth. When solving the Virtual Pattern Block task, Aiden 
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suggested we “think of the triangle as an elevator and the trapezoids as floors,” while Blake 

explained that as the days increase, “They’ll [shapes] level up.” Blake’s use of language is 

commonly used when discussing video games. Additionally, students’ descriptions of the 

Geometric Growth Pattern task revealed that they related the presentation of the square shapes to 

tiles, Legos, and stairs. Many students also made connections between the presentation of these 

shapes and an array, a common strategy taught in third-grade classrooms to help students’ build 

meaning of multiplication. Moss and McNabb (2011) explored students’ solutions to pattern 

tasks and found that the use of arrays in geometric growth patterns “provided the students with a 

visual representation of multiplication as a set of relationships that they could construct and 

deconstruct” (p. 289). When the teachers analyzed the students’ solutions, evaluative or 

descriptive orientations often included references to the students’ use of context. For instance, 

Ms. Cameron remarks, “I love how he refers to the picture as Legos. He starts out with I guess 

more repeated addition than skip counting because he goes, ‘There’s two twos.’” Their responses 

suggest they were intrigued and impressed with the unexpected context generated by their 

students. Not only does the teachers’ attention to the students’ use of contextual representations 

deepen their own understanding of students’ reasoning about the pattern, but it also holds 

potential for informing teachers’ use of growth pattern tasks in their own instruction.  

Additionally, the context students attributed to the pattern was related to how they 

visualized the pattern. Carraher et al. (2008) described how “different ways of ‘visualizing’ a 

pattern are tantamount to different conceptualizations that may lend themselves to different 

algebraic expressions” (p. 13). How students visualized the composition of the shapes in the first 

two pattern tasks was evident in their descriptions. The context students used and their 

description of the shapes (e.g., one floor contains two trapezoids) suggests they thought about the 
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shapes in equal groups; however, how they saw those equal groups differed. Students either 

recognized the shapes in columns or in rows. In prior research, Beatty et al. (2013) conducted a 

study that also found students made connections to columns and rows when solving growth 

pattern tasks. In this study, when students solved the next generalization problem, there were a 

variety of responses suggesting both visualizations. However, when students solved the near and 

far generalization problems, they typically recognized the composition of the shapes in columns. 

Students’ explanations of their solutions typically contained visual descriptions. For instance, 

students described their strategies using phrases like “lines” and “columns.” Aspen explained,  

The day that it is, the first vertical line starts at the one tile, that's the name of the day. So 

if it's Day 10 I assume that there would be 10 tiles. And then I learned that the second 

line there would be one more than the one [line] before. So I decided that there would be 

11 tiles.  

Students who visualized the shapes in rows or columns had no bearing on their ability to 

generalize farther down the pattern sequence. Students who reasoned “Ten layers. Two [squares] 

in each.” were as successful as students who indicated “I would put 100 blocks in one of the 

columns and then put 101 on the other column!"  

Understanding equal groups is foundational for reasoning multiplicatively and directly 

connected to third-grade curriculum. This was further reinforced in conversations with the 

teachers. When discussing students’ strategies, teachers holding an interpretive and instructional 

orientation frequently responded to students’ reference to the shapes being in rows or columns. 

For instance, Ms. Blair interpreted Sawyer’s solution to the near generalization problem, “So 

Sawyer thought of it as columns, Sawyer mentioned how the column on the left is the day and 

then the column on the right is the day plus one” and goes on to describe how Sawyer reasoned 
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multiplicatively when generalizing the rule. The teachers also made explicit connections to their 

curriculum and instruction. Ms. Cameron mentions how she spends a significant amount of time 

teaching students strategies like equal groups and arrays. She reflects on the use of growth 

pattern tasks by sharing, “Once we teach the strategies, then introducing like a growth pattern 

and having them explain their thinking so that we see, are they skip counting, have they 

transitioned to rows and columns, are they looking at the equal groups?” Focusing on how 

students visualize the structure is helpful for teachers as they consider how to use these tasks to 

meaningfully support students’ development of multiplicative reasoning. For instance, by 

drawing attention to the day number and the multiplicative relationship, teachers can use 

students’ attention to the equal groups and transition them from the use of additive reasoning to 

multiplicative reasoning. 

Analyzing how students saw the pattern led to another important finding. During the 

design of this study, students’ spatial sense, or visualizations (Reynolds & Wheatley, 1997), was 

not considered. However, the mental images that students created provide information on how 

they understood the pattern structure and generalized the relationship. These authors suggest that 

students who have a strong spatial sense often solve tasks in more meaningful ways. Wheatley 

and Reynolds (1999) explain that students’ mental imagery of patterns and relationships helps 

them to make sense of and solve problems using multiple strategies. Additional research 

contends that children’s early experiences with patterns, such as those that repeat or grow, 

require visual-spatial and numerical reasoning (Ontario Ministry of Education, 2014). These 

findings warrant future attention from researchers.  

Symbolism and Story Problems. In contrast to students’ experiences solving the Virtual 

Pattern Block and Geometric Growth Pattern tasks, students’ use of context and visualizations 
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were absent when they solved the Story Problem task. Since this problem provided context, it 

was not surprising to learn that students no longer generated their own to solve the problem. This 

problem presented information on how the tables at the party were set up and how the friends 

were seated at each table, along with directions on how to join tables. As a result, students had 

less room to visualize the problem in their own way. However, some students still appeared to 

consider equal groups, less frequently in the form of rows and columns, but now in relation to 

even and odd quantities. For instance, one student explains, “It would be even but there's always 

Brady and it's never just his 20 friends. That's why I think it would never ever be even. There is 

always Brady so it will always be an odd number.” As evidenced by the analysis of the third-

grade curriculum, students learn about putting objects into equal groups, but they also explore 

even and odd numbers in the first multiplication unit. Students learn how to determine if a 

number is even or odd by pairing objects into equal groups. Discussions about even and odd 

numbers often refer to even numbers as having pairs and odd numbers as having pairs with one 

leftover. Even and odd concepts also reinforce students’ knowledge and use of doubles and near 

doubles facts. It seems many students in this study recognize the relationship between the pairs 

of friends sitting at each table and Brady sitting as the additional friend at the head of the table. It 

is possible that conceptualizing the problem in this way lends itself to students’ understanding of 

the pattern rule (2x +1).  

Unlike the other two tasks, students’ use of symbolism predominated their solution 

strategies. Students’ solutions to the near generalization and far generalization problems 

contained an expression. They used strategies like doubles plus one (10 + 10 = 20, 20 + 1=21) or 

multiplication (100 x 2 = 200, 200 + 1 = 201). The majority of students using symbolic 

representation also demonstrated multiplicative reasoning and did so without prompting. Given 
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the use of symbolism is typically associated with a more abstract understanding of a concept, it is 

possible that students’ prior experiences solving growth pattern tasks with the same pattern rule 

in this study influenced the depth of their understanding of this task. It is also possible that 

students’ repeated experiences solving story problems in school predisposed them to think about 

an expression that would mirror the story problem situation.  

Several students also appeared to apply some proportional reasoning when solving the 

Story Problem task. For instance, Owen provided a written explanation to the near 

generalization problem to demonstrate this thinking. “2 per table + brady = 1 person 10 x 2 = 20 

+ 1 = 21.” Similarly, Emerson shared how “One table = 2 friends and do not forget Brady.” 

Proportional relationships, as described by Vergnaud (1982), are part of the multiplicative 

conceptual field and foundational for students’ understanding of algebra (National Mathematics 

Advisory Panel, 2008). Research advocates for elementary students to have opportunities to 

explore proportional relationships, citing the benefit of students’ learning to explicitly attend to 

proportional relationships across multiplicative situations (e.g., Hino & Kato, 2019). While these 

findings only apply to a small number of third-grade students participating in this study, their 

attempts to reason proportionally about the two co-varying quantities merits our recognition of 

the students’ capabilities and benefits of growth pattern tasks. 

Summary. The use of representations is an important component of mathematics 

instruction. Students’ use of representations helps them learn new concepts and make sense of 

mathematical situations in a deep and meaningful way. In this study, context appears to play a 

significant role in students’ understanding of multiplicative situations. This theme reinforces the 

importance of providing mathematics problems situated in relevant contexts as students are able 

to attribute their own meaning and can serve as a vehicle for students to think about important 
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mathematical concepts (NCTM, 2014). When students were presented with growth pattern tasks 

that consisted of shapes, students contextualized the problems so that the tasks had inherent 

meaning. Their internal understanding of the pattern was externalized through the verbal or 

written context they attributed to the pattern. Through this process, students were able to reason 

multiplicatively. Introducing growth pattern tasks, first presented physically or pictorially, may 

help students make sense of the growth and more explicitly attend to the co-varying relationship 

between quantities. When students were provided with the context (i.e., Story Problem task), 

students represented their thinking symbolically. Their use of symbolism demonstrated an 

understanding of the structure of the story problem, as well as their ability to reason about the 

relationships multiplicatively. The visual nature of the first two pattern tasks and the growth 

pattern contextualized in a story lends itself to the use of multiple and varied representations in 

mathematics instruction, as well as the NCTM (2000) process standards and Standards for 

Mathematical Practice (CCSS-M, 2010). Students demonstrated success two ways, solving these 

growth pattern tasks without formal instruction or prior experience and did so reasoning at 

multiplicative levels. Concurrent with prior research that indicates students can reason more 

sophisticatedly at young ages (e.g., Carpenter et al., 2003; Lu & Richardson, 2018; Mulligan, 

Oslington, & English, 2020), these findings also corroborate evidence that suggests growth 

pattern tasks are an effective way to help students build meaning of relationships among 

quantities and support their algebraic thinking (e.g., Beatty et al., 2013; Blanton et al., 2015; 

Canadas et al., 2016).  

Generalizing: Similarities and Differences in Students’ Solutions Across All Three Tasks 

Promoting generality through the use of patterns is arguably one way to support students’ 

transition to algebra (Mason, 1996). Carraher and colleagues (2008) assert that children learn to 
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generalize when they start with contexts and situations that serve as a physical analogy for the 

mathematical structure of the pattern. In this study, students solved three different growth pattern 

tasks, tasks they did not have prior experience with. Notably, the findings from each case provide 

substantial evidence that third-grade students in this study can successfully engage in these tasks. 

The most notable differences in students’ reasoning occurred when they solved the next and near 

generalization problems, which was expected given the pattern’s position in the sequence. 

However, the majority of students solved the far generalization problem and described a rule 

using multiplicative reasoning. Overall, students appeared to reason more sophisticatedly over 

time. In what follows, I discuss prominent themes that emerged from the students’ solutions 

across all three tasks, as it relates to each generalizing problem and their description of the 

pattern rule.  

Levels of Children’s Generalizing About Algebraic Relationships. The Levels of 

Children’s Generalizing About Algebraic Relationships framework was used to determine 

students’ levels of reasoning when engaging in each generalizing problem. Figure 9.1 displays 

the reasoning employed when solving each generalizing problem for each growth pattern task.  
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Figure 9. 1 

Cross-case Analysis: Students’ Reasoning on Each Problem Across All Three Tasks 
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Note. The top image displays students’ reasoning on the Virtual Pattern Block task. The middle 

image displays students’ reasoning on the Geometric Growth Pattern task. The bottom image 

displays students’ reasoning on the Story Problem task. These images provide an overview of 

each students’ reasoning on each generalizing problem (next, near, far, and rule). The color of 

each circle corresponds with an individual student. When multiple students reasoned at the same 

level on a problem, the circles are layered.  

 Next Generalizations. When students solved the next generalization problems, the 

majority of students solved these problems additively, as displayed in Figure 9.1. When students 

solved the first task (i.e., Virtual Pattern Block task), all students engaged in additive reasoning 

(see top image in Figure 9.1). This was not surprising. It was anticipated that the students would 

reason about the change in the relationship recursively. Students’ use of addition (e.g., Adding 

two trapezoids each time) and skip counting (e.g., 2, 4, 6, 8, 10) were the most common 

strategies used to solve this problem. Relying on additive strategies (Jacob & Willis, 2003) is 

common when students only attend to the relationship between the successive elements in the 

pattern (Papic et al., 2011). The majority of the students continued to use additive reasoning 

when solving the Geometric Growth Pattern and Story Problem task (see middle and bottom 

images in Figure 9.1). For instance, Owen explained, “Every day it increases by one level, which 

is two blocks side by side. I know that because Day 3 has three levels and then the extra cube, 

Day 4 would have four levels and then the extra cube." However, there were a few exceptions. 

There was a slight increase in some students’ use of multiplicative reasoning when solving the 

next generalization problems.  

The teachers’ analyses of the students’ solutions to the next generalization problem were 

primarily descriptive. They described what was observed in the students’ visual representations 
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or restated what the student said in the interview. For instance, Ms. Harper shared how “Emerson 

was saying two, then four, then six, and she recognized it’s going up by two. And Jordan didn’t 

mention that.” In addition to the descriptive orientations, Ms. Blair and Ms. Cameron provided 

several responses that revealed an interpretive orientation. In their interpretations, they also made 

connections to the mathematics curriculum. Ms. Cameron comments on a students’ solution to 

this problem, “‘I see two columns of four and then I add one.’ I don’t know if he picked up on 

that it looks like an array with an extra little piece, but he picked up on two groups of four.” 

Here, Ms. Cameron is making connections to a strategy taught in third grade, equal groups, 

which also emerged as a theme when discussing students’ visualizations. Ms. Blair comments on 

another student’s solution, “He didn’t use much math vocabulary. On day five, there’s two-two-

two-two-two-one. That makes me think he has not quite, he got it, but there’s an easier way to 

get it. I don’t know how to describe it.” While Ms. Blair is unable to articulate what she meant, 

she seems to recognize the potential drawbacks of using additive reasoning to solve this problem 

by suggesting that there is a more efficient way to solve (i.e., multiplicative reasoning).  

In addition to the students’ use of additive reasoning, Ms. Blair’s response speaks to 

several important instructional implications. Elementary students' experiences with pattern tasks 

typically include exploration of recursive patterns (Warren & Cooper, 2008), which is often 

unrelated to other concepts being taught. In some instances, these tasks are oddly placed within a 

geometry unit and attention to the mathematics involved in these patterns is left 

unacknowledged. In recursive pattern tasks, students are asked to extend the pattern to include 

the next two or three positions in the sequence. It is sensible that a student would draw on a 

familiar additive strategy to determine this answer. However, when students’ experiences with 

patterns are limited to recursive patterns, curriculum and instruction unknowingly promotes a 
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certain type of reasoning that is not effective for generalizing further down the sequence. As a 

result, there are missed opportunities to support students’ development of multiplicative 

reasoning. When pattern instruction is focused on the relationship between quantities, rather than 

thinking about the change from one position to the next, growth patterns become an effective 

tool for exploring algebraic relationships (Beatty, 2014).  

Near Generalizations. Students’ solutions to the near generalization problem elicited the 

most variation in their level of reasoning (emergent additive, general additive, emergent 

multiplicative, general multiplicative), within and across all three tasks (Displayed in Figure 9.1). 

This is likely because determining what the pattern will look like in the tenth position (near 

generalization) is in close proximity to the previous problem (next generalization). Therefore, 

students could apply additive or multiplicative reasoning. For instance, Blake drew on her 

knowledge of skip counting to solve this problem. “Well, I skip counted by twos and used all ten 

tables, which got me to 20. But then I counted like Brady because like that's the only table with 

three people." However, the majority of students reasoned at the emergent multiplicative or 

general multiplicative level on the Geometric Growth Pattern and Story Problem tasks. Students 

used doubling and multiplication to determine the answer. It appears that with experience, some 

students began to intuitively attend to the relationship between the co-varying quantities. Aspen 

provides an explanation that demonstrates the use of multiplicative reasoning when solving this 

problem.  

There should be 21 kids at ten tables. I noticed that for each table, that table number, so 

like if there are ten tables I think I've noticed that there are that number of children on 

each side. So there's ten children on one side of the table, and then ten friends on the 
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other side of the table. And then there's that 10 plus 10 is 20, so there are already 20 

friends. And then there's Brady. Can't forget Brady because he's the birthday boy.  

In prior research, studies have found that students’ participation in interventions focused on 

covariation made significantly more progress on multiplicative problems or discerning functional 

rules for growth patterns (e.g., Moss & McNab, 2011; Park & Nunes, 2001). Students that 

recognize and make explicit connections to the multiplicative relationship do not need to rely on 

additive strategies to solve. Rather, they are able to describe what the pattern will look like more 

efficiently, using strategies like doubling or multiplication. Researchers suggest that students’ 

use of doubling is one strategy that demonstrates multiplicative reasoning (e.g., Anghileri, 1989; 

Canadas, Brizuela, & Blanton, 2016; Downton & Sullivan; 2017) and can enable students’ 

success solving growth patterns (Papic et al., 2011). While the students in this study did not 

receive explicit instruction on algebraic relationships, these findings have important implications 

for research and practice.  

Similar to the teachers’ orientations discussed for the next generalization problems, the 

teachers also provided descriptive responses when analyzing the students’ solutions to the near 

generalization problems across the three cases. Their descriptions shifted towards the 

mathematics in the students’ solutions, such as the strategies students used and how they 

reasoned. It is possible that the nature of the problem encouraged students’ use of a particular 

strategy or to provide a more detailed explanation of their problem solving process. In doing so, 

the teachers were able to descriptively respond to the students’ visual representations, verbal 

explanations, and written responses. For instance, Ms. Cameron describes Emerson’s approach 

to solving the Virtual Pattern Block task by stating, 
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She said, ‘I would do ten, put the triangle in the middle so that the array would be ten 

plus ten. Though in my mind, an array is more like a multiplication strategy. You literally 

just do ten times two and you’d have to add one because the triangle’. 

This excerpt addresses several important issues as we consider how to best support students’ 

multiplicative reasoning through the use of these tasks. While her explanation suggested repeated 

addition, Ms. Cameron goes on to acknowledge the connection between an array and 

multiplication. Discussing the use of arrays further illustrates how these types of tasks and 

strategies can support existing curriculum and teachers’ instruction.  

Ms. Blair and Ms. Cameron’s also continued to respond to students’ solutions 

interpretively. In one instance, Ms. Blair interprets Parker’s solution, who used doubles plus one 

to solve this problem. She explained, 

‘10 plus 10 equals 20 plus one.’ So he [Parker] thought of it like three things that he’s 

adding. And then Owen thought of it more as multiplication because he did two per table, 

so 2 times 10 equals 20 and then just adding that one in. I mean, I think they’re both at 

the same level. 

Ms. Blair is clear about the differences in the students’ strategies but identifies both students as 

being at the ‘same level.’ Students’ use of doubles demonstrates early multiplicative reasoning, 

as does their use of multiplication. It seems that Ms. Blair recognizes how these two different 

strategies elicit the same type of reasoning, both of which allowed the two students to be 

successful when solving this problem. Drawing attention to the use of transitional strategies in 

the context of growth pattern tasks, like doubling, is one way to help students progress from 

additive to multiplicative reasoning. Teachers could scaffold students’ understanding of the co-

varying relationships by facilitating a conversation around the use of additive reasoning to solve 
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a next generalization problem, but also bring their attention to the ineffectiveness of this strategy 

when generalizing patterns further down the sequence. The use of these near generalization 

problems could potentially serve as the sweet spot for promoting the use of multiplicative 

reasoning.   

Far Generalizations. When students engaged in the far generalization problem, the 

majority of students reasoned multiplicatively (as displayed in Figure 9.1), using doubles or 

multiplication. These two strategies were also common in other studies that examined 

elementary students’ solutions to growth pattern tasks (e.g., Canadas et al., 2016; Moss & 

McNabb, 2011). Students’ responses were relatively consistent across all three tasks. All 

students reasoned at the emergent multiplicative level when solving the Virtual Pattern Block 

task. Here, the students made explicit connections between the shapes and the day number, but 

only in the context of that particular example (i.e., Day 100). For instance, Aspen explained,  

Well since on the tenth day there were ten on each side, I'm thinking there might be 100 

on each side and then the upside-down triangle in the middle. I took the 100 from the day 

and I added 100 on each side.  

It seems that if students were able to reason multiplicatively on the first growth pattern task, they 

were able to do so on the subsequent two tasks. It is possible that students understood the 

underlying rule and transferred that knowledge when solving the Geometric Growth Pattern and 

Story Problem tasks. As students engaged with those remaining two tasks, the students’ 

reasoning appeared to have evolved. The majority of students reasoned at the general 

multiplicative level. Aiden is one student who demonstrated this growth. He represented his 

thinking symbolically, writing “100 x 2 = 200, 200+1=201 because of Brady.” When prompted 

to explain his solution, he stated that you, “Always multiply by 2! Multiply by the number of 
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tables! But count Brady too he is still a person!” Aiden attended to the relationship between the 

number of tables and number of friends at each table and described a general rule that could be 

applied to any given number of tables. In this rule, he discusses both the change and constant. 

While this was not part of the problem, Aiden, and many other students, naturally described their 

solution in general terms. The greatest number of students reasoned at this general multiplicative 

level by the time they solved the third growth pattern task (i.e., Story Problem). These students 

were able to answer this problem efficiently and accurately. The number choices in the problem 

and students’ familiarity with multiples of ten and 100 likely influenced their ability to solve the 

problem, particularly over time. The findings suggest that as students engaged in these tasks over 

the course of the study, students developed a deeper understanding of the multiplicative 

relationship associated with the pattern rule (y=2x +1). This data further corroborates research 

that has shown how students, without prior experience solving growth patterns, can reason 

multiplicatively and learn to generalize. Making far predictions required students to think about 

the consistent relationship between two quantities. These types of problems help students “build 

an understanding of the relationship between the position number and number of items at each 

position,” which according to Beatty (2014), supports multiplicative reasoning beyond 

memorizing multiplication facts (p. 4).  

 However, there were a few exceptions. Two students (Blake and Emerson) demonstrated 

misconceptions in their thinking throughout the tasks. For instance, both students reasoned 

erroneously when solving the Story Problem task. While Blake reasoned multiplicatively on the 

first two tasks (Virtual Pattern Block and Geometric Growth Pattern), she reverted back to the 

use of additive reasoning when solving the third task (Story Problem). As discussed in Chapter 7, 

Blake suggested that we draw out 100 tables and then seat two friends at each table. She 
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proposed the use of skip counting but did not want to elaborate on her thinking. It is possible that 

the visual representation of the first two tasks resonated with Blake and influenced her 

understanding of the pattern and ability to articulate a solution. It is also possible that there was 

an added layer of complexity associated with her comprehension of this Story Problem task. In 

contrast, Emerson demonstrated emergent multiplicative thinking as she engaged in all three 

problems across the tasks. However, there were several inconsistencies in her responses that 

suggest she has not yet developed a full understanding of the pattern. Emerson was able to attend 

to two quantities simultaneously (i.e., the number of tables and the number of friends at each 

table) but integrated both additive and multiplicative reasoning in her responses (i.e., finding the 

difference between the shapes at Day 100 and Day 10; skip counting). Though, with appropriate 

instructional support, it seems Emerson would be able to successfully apply a strategy to reach a 

solution. 

 The teachers’ analyses of the students’ solutions to the far generalization problems across 

the three cases (tasks) were interpretive and instructional. Again, this was most common for Ms. 

Blair and Ms. Cameron. For example, Ms. Cameron analyzed Owen’s solution and comments on 

his use of proportional reasoning (i.e., “Two people per table plus Brady”). While research has 

found that some children inappropriately use proportional reasoning when predicting a far 

position in the sequence (e.g., Stacey, 1989), students like Owen provide evidence that suggests 

the opposite. Ms. Cameron shared,  

He uses that [reasoning] for the next one [far generalization problem]. For Day 100, he 

says, ‘I already know that two times ten is 20 and I know that two times 100 is going to 

be 200, so I’m just going to add one to make 201.’ It’s like he’s reminding himself of, 

like, I did this for ten tables so I’m going to use the same rule and apply it to 100 tables. 
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She recognizes Owen’s ability to transfer his knowledge from the previous problem to help him 

solve the current problem. Providing students with opportunities to notice and make sense of 

proportional relationships in different multiplicative situations, like those in this study, 

contributes to literature that has argued for the need for learning opportunities to bridge 

arithmetic and higher-level mathematics concepts (e.g., rate, ratio, functions, algebra) (Im & 

Jitendra, 2020).      

The teachers also made references to their curriculum and instruction. Ms. Blair 

frequently discussed the use of mathematical discourse. She posed questions that teachers could 

ask to better understand their students’ thinking (e.g., “Can you think of another rule that might 

be a little bit quicker to find it [determine the answer] if I gave you 100 [referencing day 

number]?” or “Now pretend you don’t have paper and pencil and you’re imagining in your head, 

but you can’t count all those, how are you going to figure it out?”). It is apparent that Ms. Blair 

values the use of discourse, an important component of standards-based mathematics instruction 

(Martin et al., 2015). In addition, the curriculum analysis included several lesson plans that 

incorporated opportunities for students to engage in mathematical discourse (e.g., teacher 

questioning, student-to-student interactions, whole group discussions). Teachers play an 

important role in shaping the nature and direction of conversations taking place in mathematics 

instruction. When teachers value discourse, students have more opportunities to explain and 

justify their thinking. Questioning not only encourages students to participate in conversation, 

but also draws attention to important ideas and helps strengthen and clarify students’ thinking 

(Sussman et al., 2019). Warren and Cooper (2008) conducted a study that examined a variety of 

teaching practices that support students’ thinking about functional relationships, namely, their 

use of concrete materials to explore patterns, specific types of questions to draw attention to the 
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relationship between the pattern and its position, as well as questions that help students learn to 

generalize. Using similar questioning and discourse practices would support students’ use of 

multiplicative reasoning and development of algebraic thinking. 

Articulating a Pattern Rule. In each task, students were asked to describe a general rule 

for the pattern represented. The goal was for students to articulate a rule that could be applied to 

any given day or number of tables. Looking across all three tasks, students were by and large 

successful in generalizing a multiplicative rule. 

It seems that when students were able to solve the far generalization problems 

multiplicatively, they applied similar reasoning when describing their pattern rule. Students 

made explicit connections between the relationship between the quantities in the tasks, while also 

acknowledging the constant in the pattern. Since the students did not have prior experience 

solving pattern tasks, many were unfamiliar with what was referred to as a ‘pattern rule.’ Many 

of the students’ first descriptions of the rule were quite verbose. For instance, Jordan explained,  

So I just wanna do a number because I really like doing it a number way, so I'd do 24. I'd 

say do 24 in each column and there would be one triangle in the middle but again on the 

top. So like a rule could be that, that you had to do, you know the number of days, you've 

got to put the number down in each column, those number of days. And so once you put 

in the days you've gotta add just one more, just one more for the triangle. 

Notice Jordan’s use of a specific example to justify their description. Students were not always 

able to access the correct mathematical language needed to clearly communicate their 

understanding. It seems that their use of an example helped convey that. Many students 

incorporated the use of an example to begin, but as students gained more experience, their 
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descriptions became more precise. For instance, Parker provides the following description of his 

rule when describing the Virtual Growth Pattern, 

I'd tell them if you're doing day, like 82 or something, then you would have to do 82 

trapezoids on each side. And one triangle at the top in the middle of the two trapezoids. 

One rule would be no matter what given day, you would always have, if, you would 

always have to have like the number of days of trapezoids on each side...and you always 

have to have a triangle at the top, in the middle. 

When solving the Geometric Growth Pattern task the following week, his rule became more 

refined and did not include a specific example, like the one in his previous rule. His written 

response read, “You always have the same number of squares as the day on the left side and on 

the right side you have to have one more than the day." However, it is worth noting that there 

were a few exceptions to this. In these few instances, students who provided a multiplicative rule 

for the first two tasks were unable to do so for this task. It is possible they did not have a 

complete understanding of the covariational relationship or a strategy that could be articulated in 

a generalizable rule.  

As the teachers responded to the students’ rules, they responded with varying 

orientations, with no one orientation dominating. The teachers made evaluative, descriptive, 

interpretive, and instructional comments. There were instances when the teachers evaluated the 

students’ abilities to describe a rule correctly or not. Ms. Harper shared, “I mean, they both did a 

good job. I liked the rules.” They also provided descriptive comments, which typically consisted 

of their reading the students’ written rule without any further discussion (e.g., “Owen wrote, 

‘You take the number of tables and multiple x 2 and then add one.’) They also provided short 

interpretive comments and made fewer instructional connections when discussing students’ 
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rules. The limited discussion about the students’ rules may have occurred because they were 

unsure how to interpret students’ descriptions or because generalizing rules for patterns is not 

part of their curriculum. 

Summary. Looking across all three tasks, the majority of students were able to reason 

multiplicatively and generalize a pattern rule, though the few exceptions were noted. Different 

problems (next, near, far, and rule) elicited different strategies and levels of generalizing about 

algebraic relationships. While most students solved the next generalization problem using 

additive reasoning, students’ use of multiplicative reasoning increased as they solved the near 

generalization, far generalization, and pattern rule problems. This increase also occurred as 

students solved each growth pattern task. These findings extend prior research that has examined 

second-grade students’ solutions to numeric and geometric growth pattern tasks (e.g., Moss & 

McNabb, 2011) and story problems (e.g., Canadas et al., 2016). Their research found that the 

majority of students used doubling strategies, a more functional approach to understanding the 

covariational relationship in the problems requiring them to make far predictions. This strategy 

was appropriate given students’ lack of formal instruction in multiplication. In this study, third-

grade students who were formally introduced to multiplication used doubling and multiplication 

strategies, a clear evolution across grade levels. As students gained more experience solving 

growth pattern tasks that differed in presentation, they also appeared to have developed a deeper 

understanding of the covariational relationships. While these results characterize only a small 

sample of students, the results are promising and illustrate how these types of tasks can help 

students transition from additive to multiplicative reasoning.  

 Growth pattern tasks are not included in curriculum or integrated into mathematics 

instruction; however, the findings from this study indicate that students are capable of engaging 
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in early algebraic thinking when given the opportunity. Blanton and Kaput (2005) describe 

algebraic thinking as a “process in which students generalize mathematical ideas from a set of 

particular instances, establish those generalizations through the discourse of argumentation, and 

express them in increasingly formal and age-appropriate ways” (p. 413). Engaging in growth 

pattern tasks is one way of promoting students’ algebraic thinking, as these tasks help students 

learn to attend to mathematical structures, analyze relationships, engage in functional thinking, 

and generalize (Beatty et al., 2013). Children need “sustained, multi-year opportunities to 

systematically interact with these ideas and that they have access to a variety of representations 

that allow them to mathematize unknown quantities and their relationships” (Blanton et al., 2015, 

p. 545). Capitalizing on these opportunities allows educators to infuse complex tasks that 

promote algebraic thinking. Students need opportunities to generalize across different 

mathematical concepts and situations. In third grade, students transition from the use of additive 

to multiplicative reasoning, learning several different strategies to help them build a conceptual 

understanding of multiplication. Infusing growth pattern tasks into instruction can not only help 

promote this transition, but encourage students’ application of strategies that allow them to 

formulate rules and generalize across different pattern tasks. Analyzing relationships and patterns 

not only impacts students’ engagement with growth patterns, but has the potential to transfer to 

other mathematics concepts and multiplicative situations.   

Privileging Multiple Forms of Communication 

 In this study, students engaged in three growth pattern tasks that were presented 

differently. The first task incorporated the use of virtual pattern blocks, the second was presented 

visually using geometric shapes, and the third was contextualized in a story. The importance of 

exposing students to multiple forms of representations has been well documented as an integral 
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part of mathematics teaching and learning (Duval, 2006). Given students’ inexperience with 

these types of tasks, one of the objectives for exploring third-grade students’ reasoning and 

solutions to different presentations of growth pattern tasks was to determine which, if any, 

presentations were more or less effective for promoting students’ use of multiplicative reasoning. 

The presentations were likely familiar to students, as they explore pattern blocks in their 

geometry unit, arrays in their multiplication unit, and story problems across the curriculum. By 

dissecting students’ solutions, educators learn how these types of tasks can be used to support 

third-grade curriculum while also promoting students’ development of algebraic thinking. 

Over the course of this study, it became apparent that students were capable of solving all 

three growth pattern tasks successfully. Understanding the depth of their thinking required 

attention to their visual representations, written explanations, and verbal explanations. This 

finding, while not surprising, reaffirms the value of multiple forms of communication, even in 

the context of growth pattern tasks. Since these tasks required students to engage in mathematics 

and reason in a way that is not typically found in curriculum and instruction, it was even more 

imperative that students were encouraged to represent and explain their thinking. In this study, 

there were several instances when students would solve the problem on paper, but their 

representations did not provide much information on their thinking. Similarly, without a 

representation to reinforce their explanation, some students’ verbal explanations were 

ambiguous. These findings were particularly relevant when it came to the analysis of the 

students’ representations and what that revealed about their level of reasoning. Additionally, 

students were asked to describe or write a rule to describe the pattern. Oftentimes, their written 

rules would contain minimal information, making it critical to probe their thinking. In these 

instances, a tremendous amount was learned from their verbal explanations. Pragmatically, we 
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cannot expect teachers to always assess students’ thinking orally, but from an instructional 

standpoint, it speaks to the importance of giving students opportunities to explain their thinking. 

Based on results from a study conducted by Warren and Cooper (2008), these authors also 

suggest a variety of teaching practices to support students’ thinking about functional 

relationships, namely, their use of concrete materials to explore patterns, specific types of 

questions to draw attention to the relationship between the pattern and its position, as well as 

questions that help students learn to generalize.  

The curriculum analysis revealed that there are consistent opportunities for students to 

engage in tasks that promote discourse. Students have opportunities to engage in small group and 

whole group discussions, and the teachers play a pivotal role in facilitating these discussions. 

This also became apparent in the teachers’ analyses of the student work and the connections they 

made to curriculum and instruction. For instance, Ms. Blair made several references to encourage 

student explanations by asking probing questions to understand and support their reasoning. 

Prior research found that teachers’ use of prompts help students notice and make sense of how 

the pattern changes and stays the same, which helps them learn to generalize, engage in algebraic 

thinking, and begin to understand covariation (Moss & McNab, 2011). As evidenced by the 

findings from this study, multiple modes of communication are critical for students as they learn 

how to attend to mathematical relationships, apply multiplicative strategies to generalize, and 

engage in early algebraic thinking.  

Valuing student thinking positions students as competent learners. It shows respect for 

their ideas and contributions. Since students at this age are still developing their writing skills 

and mathematical vocabulary, at times, writing can be seen as burdensome to some students. It 

takes time and they may lose track of their ideas before they are able to put them on paper. 
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Therefore, when teachers solely rely on a visual representation or a written explanation, without 

providing space for children to share their thinking with others, they may be minimizing the 

opportunities students have to form a deeper understanding of the concept.   

Summary of Cross-case Analysis  

Students explored three different types of growth patterns that encouraged them to 

analyze mathematical relationships, select and apply strategies to solve problems that had an 

underlying multiplicative structure, and generalize. These types of algebra concepts are deeply 

embedded within mathematics curriculum (Carraher et al., 2008), providing educators with 

ample opportunities to help students develop a foundation for algebra. It is evident that young 

children can generalize, and it is important for curricular materials to regularly promote it. 

Askew (2018) defends, “any lack of development of primary pupils’ multiplicative reasoning 

may be less a consequence of pupils having to be ‘developmentally’ ready to deal with 

multiplicative reasoning (because it is too ‘abstract’) and more a consequence of predominant 

approaches to teaching multiplication limiting access to opportunities through which thinking 

functionally can emerge" (p. 407). Growth pattern tasks can complement elementary 

mathematics curriculum and instruction. Being that third-grade standards heavily emphasize 

students’ development of multiplicative reasoning (CCSS-M, 2010), naturally embedding these 

tasks into curriculum and instruction can simultaneously support students’ multiplicative 

reasoning and early algebraic thinking. As a field, it is important that we continue to dismantle 

the view that early algebra is algebra early. Infusing complex tasks, such as growth pattern tasks, 

into curriculum and instruction support mathematical standards and practices that advocate for 

students’ engagement with patterns and functions in elementary school. These findings provide 
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proof that leveraging the use of growth patterns in instruction has potential to predispose students 

towards thinking algebraically. 

Limitations 

The key limitations of this study are centered on gathering data virtually and the 

generalizability of the study. While this study took steps to establish reliability and validity, the 

results should be read with caution. It is important to note that this study was conducted amidst a 

global pandemic. In response to this pandemic, local and government officials restructured 

school schedules and the delivery of instruction so that students began the 2020-2021 academic 

year attending school virtually. As a result, the design of my study was impacted.  

First, all semi-structured interviews and task-based interviews were conducted with the 

teachers and students virtually. This made it more challenging to establish a rapport with both the 

teachers and students. This may have impacted the level of comfort they felt with me. 

Additionally, I was not able to work with students in a face-to-face environment, which meant I 

was unable to observe what students did in the moment or interact with them in a way that 

allowed me to reference particular aspects of their solutions (e.g., pointing to something on their 

paper) while engaging in conversation. One of the growth pattern tasks was initially designed so 

that students would manipulate pattern blocks. However, because of the shift to virtual learning, 

this task was redesigned so that students manipulated virtual pattern blocks. To maintain the 

students’ confidentiality, students’ cameras also had to remain off or focused directly on their 

paper so I could observe as they solved the task. However, there were some issues related to 

visibility and internet connectivity.  

Second, the analysis of the third-grade curriculum only provided a snapshot of how the 

curriculum is being used in the third-grade teachers’ classroom. This analysis examined a subset 
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of daily lessons guided by certain standards; therefore, it is difficult to generalize the findings to 

the entire curriculum or algebra instruction as a whole. Since this study did not collect data from 

classroom observations of teachers’ instruction, it was also unclear to what degree teachers 

implement the lessons with fidelity. Future research should consider classroom observations to 

further corroborate data and provide a more complete picture.  

Third, the teachers participated in a one-hour interview where they were asked to analyze 

students’ solutions to the three different growth pattern tasks. Again, the student work was a 

subsample of the data collected and teachers were given a short period of time to analyze and 

discuss their analyses. While these variations are likely indicative of other teachers’ orientations, 

it is difficult to generalize beyond these three teachers’ analyses of these students’ work samples. 

Future research should also consider expanding on this work.  

Lastly, purposeful sampling was used to gather data from a small number of teachers and 

students, from one public elementary school, at one time point. Relatedly, the sample size was 

small. Given the circumstances, all students interested in participating in the study were 

included. Therefore, the results have limited transferability and are difficult to generalize to the 

entire population. Third-grade students were chosen to participate in this study because the 

curriculum begins to support students’ transition from the use of additive to multiplicative 

reasoning. When this decision was made, I anticipated that all of the third-grade students would 

have completed a typical second-grade school year. However, as a result of the pandemic, all 

students were transitioned to virtual classrooms in March 2020. It is unclear what types of 

experiences the student had with the mathematics curriculum during the remainder of their 

second-grade year. It is possible that their transition to and experiences with virtual learning 
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impacted some of the material they were to learn, which may impact the results of the study. 

Replicating these findings on a larger scale would enhance the study’s generalizability.   

Implications 

 The findings from this study build on and extend our understanding of children’s 

algebraic thinking. While this study sought to answer two overarching research questions, it also 

led to additional questions worth exploring in future research. In what follows, I briefly 

foreground several implications for practice and future research.  

Curriculum and Instruction 

This research has implications for practice, specifically how growth pattern tasks could 

be leveraged in elementary mathematics curriculum and classroom instruction. The findings 

from the curriculum analysis provide curriculum developers with an opportunity to diversify the 

types of tasks included in elementary mathematics curricula. Incorporating opportunities for rich 

mathematical discourse and cognitively demanding tasks, like growth pattern tasks, into written 

curricula would allow students to rely on different strategies to solve (e.g., doubles), make 

connections across concepts (e.g., arrays in multiplication), learn to generalize (e.g., Predict what 

the shapes will look like on Day 100), and explain and justify the pattern rule using precise 

mathematical language. Purposefully integrating these types of tasks to support existing 

standards will provide students with experiences that encourage their development and use of 

algebraic thinking. While growth pattern tasks do not appear in the curriculum until fourth grade, 

students’ experiences engaging in pattern tasks throughout elementary school puts them in a 

position to reason about patterns in a way that is consistent with algebraic reasoning that is 

required in later elementary grades and beyond. Research has demonstrated that students in the 

early elementary grades, including the student participants in this study, can reason 
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multiplicatively (e.g., Beatty et al., 2013; Blanton et al., 2015; Canadas et al., 2016; Moss & 

McNab, 2011; Warren & Cooper, 2007). Second-grade standards introduce students to equal 

groups and arrays, which is intended to prepare them for their work with multiplication in third 

grade. Given the strategies students learn as they begin to transition from the use of additive to 

multiplicative reasoning, integrating the different presentations of growth pattern tasks (e.g., 

pattern blocks, shapes structured like an array, story problems) would provide students with 

opportunities to apply their reasoning to other multiplicative situations. Furthermore, these types 

of tasks have clear connections to multiple mathematics concepts and have the potential to not 

only support their development of multiplicative reasoning, but also their development of 

algebraic thinking.  

Given the value of algebraic thinking and its impact on students’ later success in 

mathematics, this leads to an important question about how prepared elementary teachers are to 

effectively promote algebraic thinking in their classrooms. NCTM (2014) recommends that all 

children have opportunities to engage in algebraic thinking throughout their education. These 

include activities that encourage children to develop an understanding of patterns and functions, 

represent and analyze mathematical situations, model and make sense of mathematical 

relationships, and analyze change (NCTM, 2000). Teachers hold a vital role in fostering this 

development. Teachers need access to high-quality curriculum materials in order to implement 

high-quality mathematics instruction. The inclusion of growth patterns in curricula would also 

require additional support for teachers. Teachers must understand algebra in the context of 

elementary mathematics beyond generalized arithmetic, as well as effective instructional 

practices to help students make connections to early algebra concepts. Findings from this study 

provide insight into how teachers perceived early algebra instruction, their experiences 
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implementing lessons focused on developing students’ algebraic thinking, and their 

understanding of how growth pattern tasks can be used to support students’ multiplicative 

reasoning. The orientation of their responses to the students’ solutions to the growth pattern tasks 

revealed variations in what the teachers attended to and how they interpreted the students’ 

thinking. The teachers’ analyses of the student work appeared to evolve over the course of the 

interview, which speaks to the value of analyzing multiple student work samples around the 

same idea. In order for teachers to deepen their own understanding of the content, student 

learning, effective instructional practices, they must have time to do so. Educational leaders 

should consider the importance of allowing teachers time to make sense of the materials. 

Understanding teachers’ current knowledge and experiences with early algebra, like those 

presented in this study, helps educators improve coursework and training programs that reflect 

reform initiatives as well as classroom demands. In one study, Jacobs, Franke, Carpenter, Levi, 

and Battey (2007) explored how one yearlong PD project focused on children’s development of 

algebraic thinking could promote teachers’ attention to students’ thinking, use of discourse, and 

opportunities to extent arithmetic to algebraic thinking. The results were promising and revealed 

that the teachers used a greater number of these strategies in their instruction. Future research 

could use features of this PD to develop a PD around the use of growth pattern tasks. It is of 

paramount importance that we provide teachers with access to resources and training so that they 

feel prepared and supported to implement early algebra instruction. In addition to professional 

development, detailed information included in instructional frameworks or individual lesson 

plans also provide teachers with support (e.g., background information, guiding questions, 

anticipated strategies and student misconceptions). 
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Additionally, the teachers spoke about their need to adapt lesson plans so they were more 

suitable for virtual learning. It became apparent that there is a need to examine how effectively 

existing curricula support student learning, especially virtual learning. As a result of COVID-19, 

educators have had to navigate uncharted waters and learn how to effectively implement virtual 

instruction so that they are meeting the standards, while supporting all of their students’ learning 

needs. If the option for virtual learning continues, which it likely will in some capacity, then the 

time is ripe with opportunities to investigate curriculum and instruction within those virtual 

learning spaces. 

Research 

There are several possible directions for future research based on the findings from this 

research study. First, this was a small-scale research study, designed to explore elementary 

students’ early algebraic thinking and solutions to different presentations of growth pattern tasks. 

Based on the findings that emerged from this study, future research can repeat or adapt this study 

and implement it on a larger scale. This could include working with a greater number of teachers 

and students to understand how a variety of growth pattern tasks influence students’ transition 

from additive to multiplicative reasoning across grade levels. These results would allow for a 

more comprehensive understanding of students’ emergence or co-emergence of additive and 

multiplicative reasoning skills, which has implications for the design of curriculum and 

implementation of instruction.   

As mentioned earlier, findings from this study also unveiled how students’ spatial sense 

may influence how they understood the pattern structure and generalized the relationship. For 

instance, when students provided context to the pattern (e.g., stairs) and discussed how they 

visualized the groups (e.g., two trapezoids per stair), that helped make sense of the type of 
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reasoning they used (e.g., additive or multiplicative) to predict what the pattern would look like 

at the near and far positions (e.g., There would be 10 stairs with two trapezoids in each stair). 

Wheatley and Reynolds (1999) discuss how mental images play a critical role in learning all 

mathematics and engender problem solving. While spatial sense has traditionally been explored 

in geometry, the findings highlight its applicability to concepts outside of this domain, 

particularly patterns involving geometric shapes. Geometry is often underrepresented in 

mathematics; therefore, providing tasks such as these will forge stronger connections across 

concepts and content areas, making the interconnectedness of mathematics more apparent. 

Future research would benefit from examining possible connections between students’ spatial 

sense and how they reason when engaging in growth pattern tasks. Understanding this 

phenomenon would provide information on how growth pattern tasks could support elementary 

students’ understanding of mathematical structures and relationships, while promoting their 

development of multiplicative reasoning.  

The need to understand children’s early algebraic thinking continues to grow. As a field, 

it is important that we continue to investigate how this thinking develops in young children, 

which includes their understanding of equivalence, arithmetic, mathematical structures, co-

varying and correspondence relationships, patterns, and generalizations. Findings from this study 

further contribute to the argument that children are capable of engaging in early algebraic 

thinking and benefit from opportunities that challenge them to do so. To understand how 

students reasoned about three different presentations of growth pattern tasks, there was a need to 

develop a framework that captured the complexity involved with students generalizing about 

algebraic relationships. Since it is difficult to parse out students’ use of strategies, reasoning, and 

generalizing, the Levels of Children’s Generalizing About Algebraic Relationships framework 
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considered these in unison, a contribution to the field of mathematics education. This led to an 

in-depth analysis of students’ reasoning about patterns and provided considerable insight into the 

ways in which curriculum and instruction could be used to promote students’ use of 

multiplicative reasoning and development of early algebraic thinking. This framework offers 

researchers a tool to examine students’ solutions to pattern tasks. Researchers might consider 

using this framework to examine additional presentations of growth pattern tasks that span across 

multiple grade levels. Building on this idea, research should investigate students’ solutions to 

different growth pattern tasks with the same and different pattern rules. Expanding this study will 

deepen our understanding of students’ generalizing about relationships on a larger scale. This 

would have implications for the development of curriculum and instructional resources that 

incorporate and sequence growth pattern tasks across K-5 curriculum in a way that complements 

grade-level standards. 

 The inclusion of longitudinal and comparative data would also strengthen these findings. 

Prior research has demonstrated the effectiveness of designing and implementing interventions 

or teaching experiments focused on patterns (e.g., Beatty et al., 2013; Blanton et al., 2015; Moss 

& McNab, 2011; Mulligan et al., 2020). Therefore, future work might consider an experimental 

study with a pre-test and post-test design. This intervention would tailor instruction and 

engagement around different presentations of growth pattern tasks and emphasize helping 

students learn to attend to mathematical relationships, reason, and generalize. This study could 

collect data from first-grade through fifth-grade students, over time, to provide evidence 

documenting students’ development of multiplicative reasoning. The growth pattern tasks could 

also be adapted to support grade-level standards. For instance, these adaptations might include 

the use of a pattern rules like y=2x to reinforce a doubles strategy, a strategy learned in first and 



  253 

 

second grade. One limitation of this study was that third-grade students had experience skip 

counting and doubling friendly numbers like 10 and 100; therefore, including a more complex 

pattern rule (y=3x + 2) or the use of more challenging numbers will illustrate students’ 

understanding of the rule. This research would further inform our understanding of how to 

integrate and sequence pattern tasks in ways that deepen student learning, strengthen instruction 

to support students’ transition from additive to multiplicative reasoning, and influence the 

development of high-quality algebra curricula. 

Conclusion 

Children’s early experiences with algebra are fundamental for their mathematical 

thinking and reasoning. Therefore, it is important to consider ways to enrich and transform 

students’ algebraic thinking by considering concepts beyond number, as this leads students 

towards a deeper understanding of a variety of concepts that increase in complexity (Windsor, 

2010). This study extends prior research by offering a unique approach for understanding how 

complex tasks like growth patterns can be leveraged to support existing curriculum. By exploring 

the intersection of mathematics curriculum, teachers’ instruction, and students’ solutions, these 

findings illustrate how growth pattern tasks can be used to extend students’ mathematical 

thinking by providing them with an opportunity to explore relationships and generalizations, two 

features central to algebraic thinking. Whether the tasks were presented with virtual pattern 

blocks, as geometric shapes, or in the context of a story, the tasks elicited students’ attention to 

relationships, their use of multiplicative reasoning, and their ability to generalize. Through their 

experiences, students began developing a thought process and problem solving practices that 

nurtured their development of an algebraic ‘habit of mind.’  
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Appendix A 

Semi-structured Interview #1 Protocol 
 

Before turning on the audio recorder: I would like to audio record this interview so that I can 
ensure that I accurately capture our conversation. Is that okay with you? (response). If at any 
point you would like me to stop the recorder in the middle of the interview, please just tell me. 
Thank you again for your participation in this interview and this study.  
 
TURN ON ZOOM CLOUD RECORDER. This is Heather here with XXXXX on DATE.  
 
Part 1:  Background  
I’m going to start with some general background questions.   
 
Tell me about your professional and educational background.   
 
How long have you taught third grade? 
 
Have you taught any other grade levels? 
 
How long have you taught math? 
 
What math curriculum do you use at your school? 
 
Have you attended any professional development that focused on this math curriculum within the 
last three years? If so, could you describe that? 
 
Part 2:  Math Instruction 
Now, we’re going to talk about your math instruction.  I would like you to think about your math 
instruction before COVID-19, as well your virtual instruction.  
 
First, how many minutes of your school day is allocated to math instruction?  
 
How do you structure your math block? What does a typical math block look like? 
 
How do you plan for instruction? 
 
Next, I would like to focus on understanding how the district’s math curriculum helps students 
develop algebraic thinking. The next few questions will relate to your math instruction but focus 
more explicitly on algebraic thinking. As you think about the following questions, you might 
consider the North Carolina Standard Course of Study as a whole, but also the standards 
addressed in the “Operations and Algebraic Thinking” strand. (Standards will be available for 
teachers if they would like to look over them during the interview.)  
 
As it relates to elementary school, what does algebra “look like” to you? 
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What math concepts do you believe support students’ development of algebraic thinking in 
elementary school?  
 
Earlier in the week, I shared one sample lesson from your third-grade math curriculum. I would 
like to talk about the tasks in this lesson. I am going to give you a few minutes to look over this 
lesson and then we can come back together to talk about them. I will be right here so you can let 
me know when you are ready.  
 
Let’s look at the lesson titled “Patterns in Multiplication (Lesson 14).” 

● Could you share your thoughts on this lesson? 
○ If the teacher did not discuss the tasks, ask “Could you share your thoughts on the 

task(s) included in this lesson?” 
● What math concepts or math practices might these tasks help students develop? How? 
● In what ways do the tasks support students’ development of algebraic thinking? 
● In what ways do the tasks support students’ development of multiplicative reasoning? 
● Have you used this lesson(s) in your face-to-face and/or virtual instruction? If so, how? 

○ What are the strengths of this lesson, and in particular, the tasks? 
○ Are there any changes you would make to this lesson (specifically the tasks), to 

support students’ development of algebraic thinking?  
 
Are there other opportunities for students to develop algebraic thinking skills, outside of the 
lessons provided in the curriculum? 
 
Part 3: Growth Patterns 
Have you ever integrated pattern tasks into your math instruction, before COVID-19 or during 
virtual instruction? For example, in some grade levels, students might explore pattern blocks to 
replicate, repeat, or extend the pattern, or generalize about the pattern.  
 
If so, could you describe the types of patterns you have used and how you used them?  

● If the teacher does not mention growth patterns, follow with: What are your experiences, 
if any, using growth pattern tasks in your instruction? [Share sample growth pattern if 
needed] 

 
Share growth pattern tasks from this study with the teacher. 
 
These growth pattern tasks include virtual pattern blocks, a geometric growth pattern, and a 
growth pattern contextualized in a story. 
 
I am going to give you a few minutes to look over these tasks and then we can come back 
together to talk about them. As you look over the tasks, you might consider initial impressions of 
the tasks, how you might integrate these into your math instruction, how they might support the 
math standards in third grade, how they might support students’ algebraic thinking, and potential 
successes or challenges students might experience. I will post these questions in the chat box for 
you to reference. I will be right here so you can let me know when you are ready.  
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I would like to talk about each of these growth pattern tasks.  
● What are your initial thoughts on these three growth pattern tasks? 
● In what ways might you use these pattern tasks in your math instruction? 
● What math concepts or math practices might these tasks help students develop? How? 
● What successes or challenges might your students face when solving these problems? 

 
Those are all of the questions that I have. Is there anything else you would like to add or share 
with me today? 
 
(response) 
 
Thank you so much for taking the time to participate in this interview. If it is okay with you, I am 
going to stop recording now.  
 
TURN OFF ZOOM RECORDER. 
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Appendix B 
 

Semi-structured Interview #2 Protocol 
 

Before turning on the audio recorder: I would like to audio record this interview so that I can 
ensure that I accurately capture our conversation. Is that okay with you? (response). If at any 
point you would like me to stop the recorder in the middle of the interview, please just tell me. 
Thank you again for your participation in this interview and this study.  
 
(response) 
 
TURN ON ZOOM RECORDER. This is Heather here with XXXXX on DATE.  
 
In our first interview, I shared three different growth pattern tasks. I mentioned that the students 
participating in this study would solve each of these tasks with me. Now, I would like to look at 
a few different students’ responses and solutions to these growth pattern tasks. Pseudonyms have 
been used to maintain confidentiality. 
 
We will look at each of these three tasks. First, we will look at student work from the task 
involving Virtual Pattern Blocks. Next, we will look at student work from the Visual Geometric 
Growth Pattern. Then, we will look at students' solutions to the Story Problem. To conclude, we 
will look across all three tasks.  
 
I am going to give you a few minutes to look over each of these tasks and student work samples. 
As you look over the tasks, you might think about your initial impressions of the student’s work; 
the types of strategies used; the student’s mathematical thinking, and in particular, their algebraic 
thinking; successes or challenges the student might have experienced; and how this task could be 
used to support third-grade standards. I will type these talking points in the chat box for you. 
 
Task 1 
 
(Share Task 1 Google Slides) 
 
In the chat box, I have copied and pasted a link to the original growth pattern tasks that I shared 
with you in the first interview. I have also copied and pasted a link to the student work samples 
collected from the Virtual Pattern Blocks task. Please let me know when you have these open. 
 
(response) 
 
The Virtual Pattern Blocks document includes a picture of Emerson’s visual representation of the 
pattern on Day 4, Day 5, and Day 10. A few quotes were included to show how Emerson was 
thinking about the pattern. In addition, excerpts were taken from a task-based interview with 
Jordan. These quotes provide insight into how Jordan thought about the structure of the pattern, 
generalized across the pattern, and described a rule for the pattern.  
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I am going to give you a few minutes to look over the original task as well as the student 
responses. Then, we can come back together to talk about them. I will be right here so you can 
let me know when you are ready.   
 
What do you notice and wonder about Emerson and Jordan’s work? 
 
 

• Probing questions: 
o What are your initial impressions of Emerson’s and Jordan’s solutions to the task? 
o What type of strategies do Emerson and Jordan appear to use when solving for: 

§ Day 4 and Day 5 
§ Day 10 
§ Day 100 

o What do their solutions appear to communicate about their algebraic reasoning?  
§ What do their solutions appear to communicate about their:  

§ Additive and multiplicative reasoning? 
§ Ability to generalize? 

o How is their thinking similar? How is their thinking different? 
o What successes and/or challenges did Emerson and Jordan appear to have when 

solving this task? 
o How might this task support the third-grade math curriculum? 

 
Task 2 
 
(Share Task 2) 
 
Now, I would like to look at Task 2, the Geometric Growth Pattern. In the chat box, I have 
copied and pasted the link to the student work samples collected from the Geometric Growth 
Pattern task. Please let me know when you have this open. 
 
(response) 
 
This document includes student work collected from Aiden and Sawyer. There are photographs 
of the students’ solutions to this task and quotes taken from both interviews. The photographs 
depict the students’ solutions and what the pattern would look like on Days 4, 5, 10, and 100. 
The quotes provide more information about the way the students thought about the pattern, their 
problem solving process, mathematical thinking, and understanding of the pattern rule.  
 
I am going to give you a few minutes to look over the student responses. Then, we can come 
back together to talk about them. I will be right here so you can let me know when you are 
ready.   
 
What do you notice and wonder about Aiden and Sawyer’s work? 
 

• Probing questions: 
o What are your initial impressions of Aiden’s and Sawyer’s solutions to the task? 
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o What types of strategies do they use to solve for: 
§ Day 4 and 5?  
§ Day 10? 

o What do their solutions appear to communicate about their algebraic reasoning? 
§ What do their solutions appear to communicate about their:  

§ Additive/multiplicative reasoning? 
§ Ability to generalize? 

o What does Aiden’s and Sawyer’s description of the pattern rule tell us about their 
understanding of the pattern? 

o How is their thinking similar? How is their thinking different? 
o What successes and/or challenges did Aiden and Sawyer appear to have when 

solving this task? 
o How might this task support the third-grade math curriculum? 

 
Task 3 
 
(Share Task 3) 
 
Now, I would like to look at the final task, Task 3, the Story Problem. In the chat box, I have 
copied and pasted the link to the student work samples collected from the Story Problem task. 
Please let me know when you have this open. 
 
(response) 
 
This document includes student work collected from Parker and Owen. There are photographs of 
Parker and Owen’s solutions to the task and quotes taken from both interviews. The photographs 
show how the students used two different strategies. Quotes are also provided to share additional 
information about the way each student thought about the pattern, their mathematical thinking, 
and their description of the pattern rule.  
 
I am going to give you a few minutes to look over the student responses. Then, we can come 
back together to talk about them. I will be right here so you can let me know when you are 
ready.   
 
What do you notice and wonder about Parker and Owen’s work? 
 
 

• Probing questions: 
o What are your initial impressions of Parker’s and Owen’s solutions to the task? 
o What types of strategies do they use to solve for: 

§ 5 tables?  
§ 10 tables? 
§ 100 tables? 

o What do their solutions appear to communicate about their algebraic reasoning? 
§ What do their solutions appear to communicate about their:  

§ Additive/multiplicative reasoning? 
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§ Ability to generalize? 
o What does Parker’s and Owen’s description of the pattern rule tell us about their 

understanding of the pattern? 
o How is their thinking similar? How is their thinking different? 
o What successes and/or challenges did Parker and Owen appear to have when 

solving this task? 
o How might this task support the third-grade math curriculum? 

 
Across Tasks 
 
What do you notice across all three tasks? 
 
In general, as it relates to growth pattern tasks, what are your thoughts on using these types to 
support students’ development of multiplicative reasoning in your own instruction? 
 
How might these tasks support mathematics instruction in other grade levels? 
 
In the first interview we talked about these tasks as they relate to the third-grade curriculum, now 
that you’ve seen student work for all three tasks, in what ways have your perspectives changed? 
 
- - - -  
 
Those are all of the questions that I have. Is there anything else you would like to add or share 
with me today? 
 
(response) 
 
Thank you so much for taking the time to participate in this interview. If it is okay with you, I am 
going to stop recording now.  
 
TURN OFF ZOOM RECORDER. 
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Appendix C 

Student Tasks Selected for Analysis During Second Interview 
 
Virtual Pattern Block: Student Work Samples 
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Geometric Growth Pattern: Student Work Samples 
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Story Problem: Student Work Samples 
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Appendix D 

Task-based Interview: Virtual Pattern Blocks 
 
Before turning on the audio recorder: I would like to audio record this interview so that I can 
capture our conversation. Is that okay with you? (response). If at any point you would like me to 
stop the recorder in the middle of the interview, please just tell me.   
 
We will be using Google Slides to explore the task today. Since you will need to be able to see 
your computer screen, you can cover your camera or turn off your video. That way, I do not 
record your face. Please let me know when you are ready. 
 
TURN ON ZOOM CLOUD RECORDER. This is Heather here with XXXXX on DATE.  
 
I am going to ask you to work on a math problem and talk out loud about what you are thinking. 
I am really interested in how you think and how you solve these types of math problems. It does 
not matter if you are right or wrong, I just want to understand more about your thinking as you 
solve this problem. Let’s look at the math problem together.  
 
(Have students open the Virtual Growth Pattern Task on Google Slides.) 
 
Have you ever seen math problems like this before? 
 
(response) 
 
This problem is called “What Comes Next.” On this slide, we have red trapezoids and green 
triangles.  
 

● Can you describe what you see on Day 1?  
 
(response) 

 
● Can you describe what you see on Day 2? 

 
(response) 

 
● Can you describe what you see on Day 3? 

 
(response) 
 

● What do you notice about how the shapes change as we move from Day 1 to Day 2 and 
Day 2 to Day 3? 

 
(response) 
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Can you use the red trapezoids and green triangles to create a picture of what the shapes will 
look like on Day 4 and Day 5? You can click and drag the trapezoids and triangles on your 
screen to the correct position.  
 
As student solves Day 4:  

● Tell me how you are thinking about this.  
● How do you know that is what the shapes will look like? 

 
(response) 

 
As student solves Day 5:  

● Can you explain how you know this is what the shapes will look like on Day 5? 
 
(response) 
 
Can you describe how you see the pattern is growing? 
 
(response) 
 
Now I want to pretend that we skip what comes on the 6th, 7th, 8th, and 9th Day. Click on the next 
slide (Slide 2). On this slide, can you create what the shapes will look like on Day 10?  
 
Give the student time to create this picture.  
 

● How did you solve this problem? 
● How do you know this is what the shapes will look like on the 10th day?  

 
(response) 
 
On the next slide, how would you describe what the shape will look like on the 100th day? How 
do you know? 
 
(response) 
 
What if someone wanted to figure out what the shapes would look like on any given day. What 
would you say to them to help them figure out how to build it?  
 
(response) 
 
Can you describe a rule for this pattern? 
 
(response) 
 
Those are all of the questions that I have. Is there anything else you would like to add or share 
with me today? 
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(response) 
 
Thank you so much for taking the time to participate in this interview. If it is okay with you, I am 
going to stop recording now.  
 
TURN OFF ZOOM RECORDER. 
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Appendix E 

Task-based Interview: Geometric Growth Pattern 
 
Before turning on the audio recorder: I would like to audio record this interview so that I can 
capture our conversation. Is that okay with you? (response). If at any point you would like me to 
stop the recorder in the middle of the interview, please just tell me.   
 
Today, we will solve a different math problem. This problem is printed on paper. Do you have 
that problem in front of you? (response). Do you have a pencil? (response) 
 
I do not want to record your face during this interview. I just want to see how you solve the 
problem as we talk about it. So that I can see your work, can you turn your computer and tilt the 
screen down so that it focuses on the sheet of paper? (Wait until the student is ready). 
 
TURN ON ZOOM CLOUD RECORDER. This is Heather here with XXXXX on DATE. 
 
This interview will be similar to what we did last week. I am going to ask you to work on a math 
problem and talk out loud about what you are thinking. It does not matter if you are right or 
wrong, I just want to understand more about your thinking as you solve this problem. Let’s look 
at the problem together.  
 
This problem is called a “Geometric Growth Pattern.”  
 

• Can you describe what you see on Day 1?  
 
(response) 
 

• Can you describe what you see on Day 2? 
 
(response) 
 

• Can you describe what you see on Day 3? 
 
(response) 
 

• What do you notice about how the shapes change as we move from Day 1 to Day 2 and 
Day 2 to Day 3? 

 
(response) 
 
In the space above, can you draw a picture of what the shapes will look like on Day 4 and Day 5? 
 
As student draws Day 4:  

• Tell me how you are thinking about this.  
• How do you know that is what the shapes will look like? 
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(response) 
 
As student draws Day 5:  

• Can you explain how you know this is what the shapes will look like on Day 5? 
 
(response) 
 
Now I want to pretend that we skip what comes on Day 6, Day 7, Day 8, and Day 9. 
  
In the space below, draw what the shapes will look like on Day 10.  
 
(Wait for student to draw the shapes)  
 

• On your paper, can you explain how you know this is what the shapes will look like on 
Day 10 using numbers, pictures, and/or words? 

 
(Wait for student to respond on paper) 
 

• Can you share what you wrote? 
 
If someone asked you to describe how you see this pattern growing, what would you say to 
them? Can you write down what you would say? 
 
(Wait for the student to respond on paper)  
 
Can you share what you wrote?  
 
(response) 
 
How would you describe what the shapes will look like on Day 100? How do you know? 
 
(Wait for the student to respond on paper)  
 
Can you share what you wrote?  
 
(response) 
 
What if someone wanted to figure out what the shapes would look like on any given day. What 
would you say to them to help them figure out how to draw it?  
 
(Wait for the student to write down an explanation.)  
 
What would you say to them? 
 
(response) 
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Can you write down a rule to describe how this pattern is growing? 
 
(Wait for the student to write down an explanation.)  
 
What is the rule? 
 
(response) 
 
Those are all of the questions that I have. Is there anything else you would like to add or share 
with me today? 
 
(response) 
 
Thank you so much for taking the time to participate in this interview. If it is okay with you, I am 
going to stop recording now.  
 
TURN OFF ZOOM RECORDER. 
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Appendix F 

Task-based Interview: Story Problem  
 
Before turning on the audio recorder: I would like to audio record this interview so that I can 
capture our conversation. Is that okay with you? (response). If at any point you would like me to 
stop the recorder in the middle of the interview, please just tell me.   
 
Today, we will solve a different math problem. This problem is printed on paper. Do you have 
that problem in front of you? (response). Do you have a pencil? (response) 
 
I do not want to record your face during this interview. I just want to see how you solve the 
problem as we talk about it. So that I can see your work, can you turn your computer and tilt the 
screen down so that it focuses on the sheet of paper? (Wait until the student is ready). 
 
TURN ON ZOOM CLOUD RECORDER. This is Heather here with XXXXX on DATE. 
 
This interview will be similar to the other two interviews. I am going to ask you to work on a 
math problem and talk out loud about what you are thinking. It does not matter if you are right or 
wrong, I just want to understand more about your thinking as you solve this problem. Let’s look 
at the problem together.  
 
This problem is a story problem and it is called “Brady’s Birthday Party.”  
 
Could you read the problem out loud to me and stop when you get to the table with two friends? 
 
(student reads the problem) 
 
Brady is having his friends over for a birthday party. He wants to make sure he has a seat for 
everyone. He has square tables. He seats 2 friends at one square table in the following way:   
 
So far, what do we know about Brady’s birthday party? 
 
(response) 
 
Question 1 
 
Now, let’s look at the first question. Since it is his birthday, he sits at the head of the first table 
with these two friends. The question asks you to draw what this looks like. 
 
What does sitting at the head of the table mean? 
 
(response) 
 
If a student is unsure, provide a description.  
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• Brady is the host of the party so he sits at the head of the table, that means he sits at one 
of the ends of the table.  

• Pretend we are a camera in the ceiling and we are looking down at the table that Brady’s 
friends are sitting at. We see Brady’s two friends sitting across from one another. Now, 
Brady will sit at the head or at the end (or the front) of the table.   

 
Can you draw what the table will look like with Brady sitting at the head of the table with his 
two friends? 
 
(student draws) 
 
Question 2 
 
Next, can you read Question 2? 
 
(student reads question) 
 
Brady joins another square table to the first one. Now, there are 5 friends seated. Draw what this 
looks like. 
 
What does it mean to join two tables? 
 
(response) 
  
What do you think this will look like? 
 
(response) 
 
Can you draw the first table, like we did in Question 1, and then draw what it will look like when 
Brady joins another square table to the first one to show 5 friends seated? 
 
(student draws) 
 
Can you explain what you drew? 
 
(response) 
 
Question 3 
 
The more friends that come to Brady’s party, the more tables he will need. Could you read 
Question 3?  
  
(student reads question) 
 
If Brady keeps joining square tables in this way, draw how many friends can sit at 3 tables, 4 
tables, and 5 tables.  
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What is this problem asking you to do?  
 
(response)  
 
What do you think this will look like?  
 
(response) 
 
Can you draw how many friends can sit at 3 tables, 4 tables, and 5 tables? 
 
(student draws) 
 
Can you explain what you drew? 
 
(response) 
 
How many friends can sit at 5 tables?  
 
(response) 
 
Question 4 
 
Now, let’s look at Question 4 together. It says, Do you see a pattern? Explain your thinking. 
 
What do you notice about the number of tables and the number of friends that can be seated at 
the tables? What pattern do you see?  
 
I would like you to take some time to think about this question. When you are ready, you can 
write down your answer to this question on your paper. When you are finished, please let me 
know.  
 
(allow student time to respond to the question)  
 
Could you share what you wrote? 
 
(response) 
 
Prompts: 

• What do you mean by …? 
• Tell me more about … 
• Can you describe how you see the pattern changing? 
• How would you explain this pattern to a friend? 
• Is there anything you notice about the number of tables and the number of friends seated 

at those tables? 
 
Question 5 
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Let’s look at Question 5. Could you read that out loud for me? 
 
(student reads question) 
 
If Brady keeps joining square tables in this way, how many friends can he sit at 10 tables? 
Explain your thinking using numbers, pictures, and/or words. 
  
Now I would like you to solve for how many friends can sit at 10 tables. On your paper, you can 
use numbers, pictures, and/or words to solve this problem.  
 
(student responds on paper) 
 
Can you share your answer? 
 
(response) 
 
Prompts: 

• What do you mean by …? 
• Tell me more about … 
• How did you know that XX friends can sit at 10 tables? 
• What strategy did you use to figure that out? 
• Why did you draw XX … ? 

 
Question 6 
 
Let’s look at the next question. Can you read Question 6? 
 
(student reads question) 
 
If Brady keeps joining square tables in this way, how many friends can he sit at 100 tables? 
Explain your thinking using numbers, pictures, and/or words. 
 
For this question, you do not need to draw out all 100 tables. What strategy could you use to 
solve for how many friends can sit at 100 tables?  
 
(response) 
 
On your paper, please solve this problem. You can use numbers, pictures, and/or words to 
explain your thinking. 
 
(student responds on paper) 
 
Can you share your answer? 
 
Prompts: 

• How many friends can sit at 100 tables? 
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• What do you mean by …? 
• Tell me more about … 
• How did you know that XX friends can sit at 100 tables? 
• What strategy did you use to figure that out? 

 
Question 7 
 
Lastly, can you read the final question, Question 7? 
 
(student reads question) 
 
Imagine someone wanted to figure out how many friends could sit at any given number of tables. 
Could you describe a rule that would help them figure that out? 
 
Think about what you might say to someone or what rule you would describe to help them figure 
out how many friends could sit at any given number of tables. First, you can answer this question 
on your paper. After you finish writing, I will ask you to share what you wrote.  
 
(allow student time to respond to the question)  
 
Could you share your answer? 
 
(response) 
 
Prompts: 

• What do you mean by …? 
• Tell me more about … 
• How would you explain the relationship between the number of tables and the number of 

people who can sit at the tables to a friend? 
• How do you know? 

 
- - - - - - - - -  
 
Those are all of the questions that I have. Is there anything else you would like to add or share 
with me today? 
 
(response) 
 
Thank you so much for taking the time to participate in this interview. If it is okay with you, I am 
going to stop recording now.  
 
TURN OFF ZOOM RECORDER. 
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Appendix G 

Student Tasks 
Virtual Pattern Block Task 
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Geometric Growth Pattern Task 
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Story Problem Task 
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Appendix H 

 
Informed Consent/Assent for Participation in Research  

 
Child Assent Form  

 
Title of Study: Growth Patterns (eIRB # 20946) 
Principal Investigator(s): Heather West, hmwest@ncsu.edu, 610-597-3300 
Faculty Point of Contact: Temple Walkowiak, tawalkow@ncsu.edu, 919-513-0918 
Funding Source: None 
 
    
I am inviting you to participate in a research study about how third-grade students solve different 
problems. 
 
Your parent(s)/guardian(s) know about this study. They gave permission for you to be involved 
in this study, but it is important that I ask you if you want to participate. If you say yes, I will ask 
you to solve three different math problems with me. These interviews will be video-recorded but 
will not record your face. The problems are about patterns. I am really interested in how students 
solve them, not whether their answer is right or wrong, I just want to learn more about how you 
think. 
 
You do not have to be in this study. No one will be mad at you if you decide not to do this study. 
Even if you start the study, you can stop later if you want. You may ask me questions about the 
study at any time. 
 
If you decide to be in the study, I will not tell anyone else how you respond or act as part of the 
study. Even if your parents or teachers ask, I will not tell them about what you say or do in the 
study. 
 
Everything will remain private unless I think you are being hurt by someone else. If that 
happens, I will have to tell someone only enough information in order to help you be safe. 
If you have any questions about this research but you don’t want to ask me, or if you feel you 
have been hurt from this research, you can contact Jennie Ofstein at irb-director@ncsu.edu or 
(919) 515-8754. She will be able to help you. 
 
Printing your name below means that you have read this form or have had it read to you and that 
you want to be in this study. Remember, you can stop being in this study, even after you say 
“yes.” Just say “I want to stop” or “I want to take a break.” 
 

Participant’s printed name ____________________________________________________ 

Participant’s signature __________________________________ Date _________________ 
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Appendix I 

 
Informed Consent/Assent for Participation in Research  

 
Parent/Guardian Consent Form  

 
Title of Study: Growth Patterns (eIRB # 20946) 
Principal Investigator(s): Heather West, hmwest@ncsu.edu, 610-597-3300 
Faculty Point of Contact: Temple Walkowiak, tawalkow@ncsu.edu, 919-513-0918 
Funding Source: None 
 
    
What are some general things you should know about research studies? 
Your child is invited to take part in a research study. Your child’s participation in this study is 
voluntary. Your child has the right to be a part of this study, to choose not to participate, and to 
stop participating at any time without penalty. The purpose of this research study is to gain a 
better understanding of how students reason algebraically. To understand this, students will 
participate in virtual task-based interviews in which they will explore different presentations of 
growth pattern tasks (e.g., virtual pattern blocks, visual geometric growth patterns, textual story 
problems). 
  
Your child is not guaranteed any personal benefits from being in this study. Research studies also 
may pose risks to those who participate. You may want your child to participate in this research 
because this allows your child to explore tasks that may promote algebraic thinking, which can 
deepen their mathematical understanding. In addition, your child’s participation helps educators 
better understand children’s mathematical thinking, which can be used to develop rigorous 
mathematics curricula. You may not want your child to participate in this research because it 
involves them working with a researcher, whom they are not familiar with. 
  
Specific details about the research in which your child is invited to participate are contained 
below. If you do not understand something in this form, please ask the researcher for 
clarification or more information. A copy of this consent form will be provided to you. If, at any 
time, you have questions about your child’s participation in this research, do not hesitate to 
contact the researcher(s) named above or the NC State IRB office. The IRB office’s contact 
information is listed in the What if you have questions about your rights as a research 
participant? section of this form. 
  
What is the purpose of this study? 
The purpose of the study is to understand how mathematics instruction supports students’ 
algebraic reasoning, the ways in which students reason when solving growth pattern tasks that 
differ in presentation, and how their reasoning influences the extent to which they are able to 
generalize. 
  
Is my child I eligible to be a participant in this study? 
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There will be approximately 6 student participants in this study.  
 
In order to be a participant in this study: 

1. Your child must have your permission to participate. 
2. Your child must agree to be in the study. 
3. Your child must be in third grade. 
4. You must agree to me knowing your child’s Number Knowledge Test score from second 

grade. 
5. Since the task-based interviews are taking place virtually, you must be willing to print 

each pattern task for your child to solve during our interviews OR provide your home 
address so that I am able to send you hard-copies of the tasks. 

6. You must also be willing to scan or take a picture of your child’s completed task and 
upload it to a shared Google Drive folder OR mail the tasks back to me (I will provide a 
pre-addressed envelope with postage). 

7. You must agree to allow the PI to share your child’s tasks with the teacher. These tasks 
will be de-identified so your child’s name will not be included. The tasks will be used to 
generate discussion around students’ algebraic thinking. 

  
Please know, your child’s name will be kept confidential and their score will not be shared with 
anyone. In addition, if you opt to have the tasks mailed to you, your home address will be 
confidential and that information will be destroyed once the tasks have been mailed to you. 
  
Your child cannot participate in this study if they do not want to be in the study, you do not give 
them permission to be in the study, you do not allow the PI permission to know your child’s 
second-grade Number Knowledge Test score, or your child is not enrolled in a third grade. 
  
What will happen if your child takes part in the study? 
If you agree to allow your child to participate in this study, they will be asked to do all of the 
following: 

1. Participate in three virtual task-based interviews with me. During each interview, I will 
work one-on-one with your child on one growth pattern task. Each task should take 
approximately 20 minutes. This interview will be recorded on a secure North Carolina 
State University Zoom account. 

2. In the first interview, I will work with your child on a task using virtual pattern blocks. 
We will work on this task in Google Slides.  

3. In the second and third interview, I will work with your child on two tasks printed on 
paper. These will be uploaded to a Google Drive folder or mailed back to me.  

4. During each interview, I will ask them to solve the problem and explain their thinking. 
  
The total amount of time your child will be participating in this study is approximately one hour. 
  
In addition, I will also obtain your child’s Number Knowledge Test score from your child’s 
teacher. 
  
Recording and images 
As a part of this research, I would like your consent to video-record your child during our 
interviews. In order to properly understand their mathematical thinking when solving these 
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growth pattern tasks, video-recordings will allow me to capture our conversations and their 
strategies when solving. Your child’s data (video-recorded interviews and solutions to growth 
pattern tasks) will maintain this confidentiality. Video recordings will not record your child’s 
face. In addition, after the study is complete, a transcription service will be used to transcribe the 
audio from the interviews. The transcription service will sign a confidentiality statement to 
protect the identity of all participants. 
 
Please initial next to the statement that you agree to. 
 
________  I DO give permission for my child to be video-recorded. 
 
_________ I DO NOT give permission for my child to be video-recorded. 
 
Risks and benefits 
There are minimal risks associated with participation in this research. 
  
There are no direct benefits to your child’s participation in the research. The indirect benefits are 
children have the opportunity to deepen their mathematical knowledge, specifically their 
algebraic thinking, as they engage in these pattern tasks. The education community will gain 
additional insight into students' mathematical thinking as they solve different types of growth 
patterns. In addition, the teacher will have the opportunity to reflect on his or her practice, which 
can be a powerful tool in facilitating change or growth in instruction. This study will help teacher 
educators better understand how to support pre-service and practicing teachers. This study also 
has the potential to influence the design of curriculum and/or math resources that deepens 
students’ development of algebraic thinking. 
  
Right to withdraw your participation 
Your child can stop participating in this study at any time for any reason. In order to stop 
your  child’s participation, please contact Heather West, hmwest@ncsu.edu, 610-597-3300. If 
you or your child choose to withdraw consent and to stop participating in this research, you can 
expect that the researcher(s) will redact your child’s de-identified information from their data set, 
securely destroy your child’s data, and prevent future uses of your child’s de-identified 
information for research purposes wherever possible. This is possible in some, but not all, cases. 
  
Confidentiality, personal privacy, and data management 
Trust is the foundation of the participant/researcher relationship. Much of that principle of trust 
is tied to keeping your child’s information private and in the manner that I have described to you 
in this form. The information that your child shares with me will be held in confidence to the 
fullest extent allowed by law. 
  
Protecting your child’s privacy as related to this research is of utmost importance to me. 
However, there are very rare circumstances related to confidentiality where I may have to share 
information about you or your child. You and your child’s information collected in this research 
study could be reviewed by representatives of the University, research sponsors, or government 
agencies (for example, the FDA) for purposes such as quality control or safety. In other cases, I 
must report instances in which imminent harm could come to you, your child, or others. 
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How I manage, protect, and share your child’s data are the principal ways that I protect your 
child’s personal privacy. Data that will be shared with others about your child will be de-
identified. 
  
De-identified. De-identified data is information that at one time could directly identify your 
child, but that I have recorded the data so that your child’s identity is separated from the data. I 
will have a master list with your child’s code and real name that I can use to link to your child’s 
data. While I might be able to link your child’s identity to your child’s data at earlier stages in 
the research, when the research concludes, there will be no way your child’s real identity will be 
linked to the data I publish. 
  
To help maximize the benefits of your participation in this project, by further contributing to 
science and our community, your child’s de-identified information will be stored for future 
research and may be shared with other people without additional consent from you or assent 
from your child. 
  
Compensation 
For your child’s participation in this study, your child’s classroom will receive a $75.00 gift card 
to Lakeshore Learning to purchase educational resources. There is no penalty if your child 
withdraws from the study prior to its completion. 
 
What if you have questions about this study? 
If you have questions at any time about the study itself or the procedures implemented in this 
study, you may contact the researcher, Heather West, hmwest@ncsu.edu, 610-597-3300. 
  
What if you have questions about your rights as a research participant? 
If you feel your child has not been treated according to the descriptions in this form, or their 
rights as a participant in research have been violated during the course of this project, you may 
contact the NC State IRB (Institutional Review Board) Office. An IRB office helps participants 
if they have any issues regarding research activities. You can contact the NC State IRB Office 
via email at irb-director@ncsu.edu or via phone at (919) 515-8754. 
  
Consent to Participate 
By signing this consent form, I am affirming that I have read and understand the above 
information. All of the questions that I had about this research involving my child have been 
answered. I have chosen to allow my child to participate in this study with the understanding that 
my child may stop participating at any time without penalty or loss of benefits to which my child 
is otherwise entitled. I am aware that I may revoke my consent for my child to participate in this 
research at any time. 
 
Child’s printed name ____________________________________________________ 
 
Parent’s printed name ___________________________________________________ 
 
Parent's signature ______________________________   Date _________________ 
 
Investigator's signature __________________________  Date _________________ 
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Appendix J 
 

 
Informed Consent/Assent for Participation in Research  

  
Adult Consent Form  

 
Title of Study: Growth Patterns (eIRB # 20946) 
Principal Investigator(s): Heather West, hmwest@ncsu.edu, 610-597-3300 
Faculty Point of Contact: Temple Walkowiak, tawalkow@ncsu.edu, 919-513-0918 
Funding Source: None  
 
  

 
What are some general things you should know about research studies? 
You are invited to take part in a research study. Your participation in this study is voluntary. You 
have the right to be a part of this study, to choose not to participate, and to stop participating at 
any time without penalty. The purpose of this research study is to gain a better understanding of 
how mathematics instruction supports students’ algebraic reasoning and how students solve 
different presentations of growth pattern tasks (virtual pattern blocks, visual geometric growth 
patterns, textual story problems). To understand this, teachers will participate in two semi-
structured interviews, which will allow the researcher to understand how teachers are using 
mathematics curriculum in their district to develop their students’ algebraic reasoning. In 
addition, students will participate in virtual task-based interviews where they will explore 
different presentations of growth pattern tasks. This will allow the researcher to gain insight into 
students’ solutions and the ways in which students reason and generalize. 
 
You are not guaranteed any personal benefits from being in this study. Research studies also may 
pose risks to those who participate. You may want to participate in this research because it may 
encourage you to reflect on your practice and deepen your understanding of students’ 
mathematical thinking, which can be used to inform your instruction. You may not want to 
participate in this study if you do not wish to share information about yourself, your practice, or 
want your students to participate. 
 
Specific details about the research in which you are invited to participate are contained below. If 
you do not understand something in this form, please ask the researcher for clarification or more 
information. A copy of this consent form will be provided to you. If, at any time, you have 
questions about your participation in this research, do not hesitate to contact the researcher(s) 
named above or the NC State IRB office. The IRB office’s contact information is listed in the 
What if you have questions about your rights as a research participant? section of this form.  
 
What is the purpose of this study? 
The purpose of the study is to gain a better understanding of how mathematics instruction 
supports students’ algebraic reasoning and how students solve different presentations of growth 
pattern tasks. 
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Am I eligible to be a participant in this study? 
There will be approximately 3 third-grade teacher participants in this study. Each teacher will 
select two students from their classroom to participate in the study. 
 
In order to be a participant in this study, you must agree to be in the study, complete two semi-
structured interviews, and agree to allowing students in your classroom to participate. 
 
You cannot participate in this study if you do not want to be in the study, complete semi-
structured interviews, or allow students in your classroom to participate. 
 
What will happen if you take part in the study? 
If you agree to participate in this study, you will be asked to do all of the following: 

1. Take part in two one-hour virtual, semi-structured interviews with me.  
2. In the first interview, I will ask questions about your mathematics instruction. The first 

interview will take place before I work with the students (described below). This 
interview will take place at a time most convenient for you.  

3. In the second interview, I will ask you to share your observations about the students’ 
work. The second interview will take place after I work with the students. This interview 
will take place at a time most convenient for you.  

4. Provide information about the study to parents in your classroom. Share an electronic 
informed consent form with the parents.  

5. After parental consent is obtained, select two students from your classroom to participate 
in this study. I will ask that you use the students’ second-grade Number Knowledge Test 
scores to make your decision. I will ask that you select one student whose score fell in 
between 15 – 19 and a second student whose score fell in between 20 – 25. The purpose 
of this selection process is to allow students with a range of mathematical abilities to 
participate.   

6. I will conduct three task-based interviews with these two students. These interviews will 
last for approximately 20 minutes each and will be conducted individually. During each 
interview, I will work with the students on a different growth pattern task. I will ask them 
to explain their thinking so I can better understand how they solve each task. The task-
based interviews will take place during non-instructional time.  

The total amount of time that you will be participating in this study is approximately two hours. 
 
Recording and images 
 
As a part of this research, I would like your consent to video record our interview. A 
transcription service will be used to transcribe the audio from our interview. The transcription 
service will sign a confidentiality statement to protect your identity. 
 
Please initial next to the sentence(s) that you agree to. 
 
______I consent to being video-recorded. 
______I do not consent to being video-recorded. 
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Risks and Benefits 
 
There are minimal risks associated with participation in this research. 
  
There are no direct benefits to your participation in the research. The indirect benefits are that 
children have the opportunity to deepen their mathematical knowledge, specifically their 
algebraic thinking, as they engage in these pattern tasks. The education community will 
gain additional insight into students' mathematical thinking as they solve different types of 
growth patterns. In addition, teachers will have the opportunity to reflect on his or her practice, 
which can be a powerful tool in facilitating change or growth in instruction. This study will help 
teacher educators better understand how to support pre-service and practicing teachers. This 
study also has the potential to influence the design of curriculum and/or math resources that 
deepens students’ development of algebraic thinking. 
 
Right to withdraw your participation You can stop participating in this study at any time for 
any reason. In order to stop your participation, please contact Heather West, hmwest@ncsu.edu, 
610-597-3300.  If you choose to withdraw your consent and to stop participating in this research, 
you can expect that the researcher(s) will redact your de-identified information from their data 
set, securely destroy your data, and prevent future uses of your de-identified information for 
research purposes wherever possible. This is possible in some, but not all, cases.  
 
Confidentiality, personal privacy, and data management Trust is the foundation of the 
participant/researcher relationship. Much of that principle of trust is tied to keeping your 
information private and in the manner that I have described to you in this form. The information 
that you share with me will be held in confidence to the fullest extent allowed by law.  
 
Protecting your privacy as related to this research is of utmost importance to me. There are very 
rare circumstances related to confidentiality where I may have to share information about you. 
Your information collected in this research study could be reviewed by representatives of the 
University, research sponsors, or government agencies (for example, the FDA) for purposes such 
as quality control or safety. In other cases, I must report instances in which imminent harm could 
come to you or others.  
 
How I manage, protect, and share your data are the principal ways that I protect your personal 
privacy. Data that will be shared with others about you will be de-identified. 
 
De-identified. De-identified data is information that at one time could directly identify you, but 
that I have recorded this data so that your identity is separated from the data. I will have a master 
list with your code and real name that I can use to link to your data.  When the research 
concludes, there will be no way your real identity will be linked to the data I publish. 
 
To help maximize the benefits of your participation in this project, by further contributing to 
science and our community, your de-identified information will be stored for future research and 
may be shared with other people without additional consent from you. 
 
Compensation  
For your participation in this study, you will receive your choice of a $50 Amazon or Target 
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gift card for your participation in the first interview. You will receive your choice of 
a $50 Amazon or Target gift card for your participation in the second interview. You will 
receive this after you take part in each semi-structured interview. 
 
For allowing students in your class to participate in this study and helping me recruit 
participants, you will receive a $75 Lakeshore Learning gift card to purchase educational 
resources for your classroom. You will receive this at the conclusion of the study. 
 
There is no penalty if you withdraw from the study prior to its completion.    
 
What if you have questions about this study? If you have questions at any time about the 
study itself or the procedures implemented in this study, you may contact the researcher, Heather 
West, hmwest@ncsu.edu, 610-597-3300. 
 
What if you have questions about your rights as a research participant? 
If you feel you have not been treated according to the descriptions in this form, or your rights as 
a participant in research have been violated during the course of this project, you may contact the 
NC State IRB (Institutional Review Board) Office. An IRB office helps participants if they have 
any issues regarding research activities. You can contact the NC State IRB Office via email 
at irb-director@ncsu.edu or via phone at (919) 515-8754.  
 

Consent to Participate 

By signing this consent form, I am affirming that I have read and understand the above 
information. All of the questions that I had about this research have been answered. I have 
chosen to participate in this study with the understanding that I may stop participating at any 
time without penalty or loss of benefits to which I am otherwise entitled. I am aware that I may 
revoke my consent at any time. 
 
 
Participant’s printed name _____________________________________________ 
 
Participant's signature ___________________________ Date _________________ 
 
Investigator's signature __________________________  Date _________________ 

 


