
ABSTRACT 

WENG, JAMES. Development of 3-D Diffraction Techniques for Characterizing Disordered 
Systems (Under the direction of Dr. James D. Martin). 
 

Functional materials owe their properties to features in their crystal structures that are 

often related to specific, local arrangements of atoms and molecules. This includes breaking of 

center-symmetry of the overall structure by imposed chemical strains which result from doping, 

elemental substitution, or multiple molecular orientations. Diffuse scattering is an important 

identifying feature of the deviation of a material’s lower symmetry short-range structure from its 

high symmetry long-range structure. Extraction of details of the lower symmetry structure 

remains a significant challenge. 1-D pair distribution function (PDF) analysis, which provides 

real-space structural information from diffraction data has previously been a technique of choice 

for analysis of such low-symmetry structure. However, such analysis necessarily results in the 

loss of directional information and provides a combination of both the low- and high-symmetry 

structures in one PDF.  

In this work a newly developed technique for the characterization of the structure of 

materials is presented which uses 3-D diffraction data to provide real space structural data of 

interest. A material agnostic method was developed in order to separate diffuse and bragg 

scattering, independent of any crystallographic theory, allowing the independent analysis of low 

and high symmetry structures. The corresponding 3-D analogs to the 1-D PDF calculated from 

diffuse and bragg scattering data are termed the 3-D-Δ-PDF and 3-D-β-PDF, and contain low 

and high symmetry structural information and do not result in the loss of directional information.  

The ability to calculate a 3-D-Δ-PDF provides the ability to resolve long standing 

structural questions. This is demonstrated with the rotationally disordered system α-CBr4, the 

structure of which has been the subject of continued controversy since disorder was first 



observed within the system in 1943[1] and is not resolvable by any existing technique. Analysis 

of the α-CBr4 system with the newly developed 3-D-Δ-PDF technique clearly resolves the 

material’s structure with little ambiguity. The ability to calculate a 3-D-β-PDF allows for insight 

into the structure of materials which are both locally disordered and structurally modulated, such 

as the ferroelectric perovskite BZN-PT (0.8 PbTiO3-0.2 Bi(Zn2/3Nb1/3)O3), where the structural 

effects are otherwise impossible to separate by more conventional diffraction techniques.  

Properties fundamental to the Fourier transform, along with their implications regarding 

the interpretation of experimental diffraction data, are also explored. In particular, a fundamental 

limit to the resolution of real space data obtainable from a PDF calculation appears to exist, 

which cannot be avoided by improvements to experimental setups. An apparent gap in 

crystallographic theory additionally appears to exist, and new theory appears necessary in order 

to properly interpret the structure of disordered materials.  

Finally, a design for a low cost single-pixel x-ray detector is developed which provides a 

reconstructed 2-D image is outlined. Such a detector could be fit in the beam stop of an x-ray 

diffractometer in order to provide both an image of the region surrounding the 000 diffraction 

peak as well as a way to correct for beam intensity fluctuations, making sensitive diffuse 

scattering measurements more reliable.  
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CHAPTER 1  

Introduction 
1.1 Motivation 
 

Often scientific questions are not answerable using currently existing methods. Existing 

techniques can provide insight into the question being asked, but may have extreme limitations 

which prevent a conclusive result from being obtained. For systems in which there are significant 

local anisotropic structural distortions, existing techniques are insufficient for understanding 

material structure. In systems with such local distortions, it is not currently possible with current 

crystallographic techniques to directly measure these distortions. Assumptions made which allow 

for the solving of crystal structures, such as the existence of a regularly repeating lattice, 

additionally cannot be made for such distorted systems. The presence of structured diffuse 

scattering is an identifying feature of such locally distorted systems; a low intensity scattering 

pattern which occurs at positions unexplainable by the regularly repeating average structure of a 

crystalline material. 

Diffuse scattering was first observed over 100 years ago in the first x-ray diffraction 

measurements taken with long exposures and was found to relate to distortions in the structure 

caused by thermal motion within the material and was initially hypothesized to be some 

continuous scattering between Bragg peaks [2]. Quantitative measurements and modeling was 

limited to relatively simple systems and developed theory rapidly becomes computationally 

intractable as the system being modeled becomes more complex, limiting modeling to simple 1D 

disorder. The idea of a continuous scattering battern between sharp peaks is illustrated examples 

presented within the Atlas of Optical Transforms [3], where optically measured Fourier 

transforms of images are shown to have some continuous scattering intensity between sharp 

peaks. 
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Analysis of the diffuse scattering from a material observed in a neutron or x-ray 

scattering experiment is currently highly limited by existing techniques. Commonly it is 

performed by 1-D pair distribution function (PDF) analysis, in which the integrated total 

scattering intensity is analyzed to obtain 1-D real space structural information. In such analysis 

the real space structural information of the long range repeating structure and the short range 

disorder are both present in the final analysis. Additionally the existing 1-D PDF analysis is 

limited in that directional information is not present in the final calculation; a 1-D PDF 

effectively provides a histogram of atom-atom pairs within a material with no regard to what 

direction these pairs are. Complex broadening effects resulting from either instrumental effects 

or factors inherent to the calculation of the 1-D PDF additionally may make atom-atom pairs 

which are characteristic of the long range periodic structure appear broad enough that they are 

mistaken as local structural disorder. 

The aim of this dissertation is to develop a 3-D analog to 1-D PDF analysis which 

addresses shortcomings of the existing technique. In doing so, scientific questions which are 

currently difficult or impossible to answer may be tackled. A method to separate Bragg and 

Diffuse scattering, which does not utilize assumptions from existing crystallographic theory is 

outlined in this work, allowing the separate analysis of long range periodic structure and short 

range correlated disorder. Separation of these effects, the impact peak broadening effects which 

may cause the former to be confused for the latter are minimized. Preservation of directional 

dependence of atom-atom pairs in a system in the newly developed 3-D PDF techniques 

additionally allow analysis which is not possible with existing 1-D PDF techniques.   
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1.2 Prior Work 
 
In this work three systems are used to demonstrate the utility of the newly developed 3-D PDF 

techniques. Plastic crystalline carbon tetrabromide (α-CBr4), the bismuth based ferroelectric 

perovskite system BZN-PT (0.8 PbTiO3-0.2 Bi(Zn2/3Nb1/3)O3), and calcia stabilized cubic 

zirconia (CaO-ZrO2). 

1.2.1 Plastic crystalline carbon tetrabromide: 
 

Carbon tetrabromide, between roughly 50° and 95° C, exists as what is known as a 

plastic crystalline phase. Plastic crystalline phases exhibit properties of both liquid and crystal 

phases; a plastic crystal exhibits long range periodic structure like a crystalline solid while being 

deformable and container filling like a liquid. In the liquid phase, tetrahedral carbon halide 

molecules are known to exhibit structural correlations [1], which are expected to persist into the 

plastic phase. The specifics of such structural correlations are subject to much controversy [4, 5, 6, 

7, 8], though it is generally agreed that the tetrahedral molecules are rotationally displaced relative 

to each other.  

Plastic crystalline CBr4 additionally exhibits unusually strong diffuse scattering, with the 

1-D integrated intensity being comparable to the Bragg scattering in the system, rather than 

being several orders of magnitude weaker [9]. The unusually high intensity of the diffuse 

scattering makes experimental measurement of the diffuse scattering much simpler than for other 

systems, making it an ideal test system for a technique in which accurate diffuse scattering 

measurements are necessary. Rotational disorder expected to be present in the system limits the 

utility of a 1-D technique, as displacements would not be visible in atom-atom pairs with no 

directional information. Such displacements would be easily visible in a 3-D technique in which 

atom-atom pairs are defined in specific directions.  
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1.2.2 BZN-PT (0.8 PbTiO3-0.2 Bi(Zn2/3Nb1/3)O3) 
 

The bismuth based ferroelectric perovskite BZN-PT provides an interesting test case for 

the newly developed 3-D-PDF techniques. It is incommensurately modulated, where atom 

positions are periodically displaced over a long range with a period which is a non-integer 

multiple of the average unit cell distance. Because such displacements are periodic over a long 

range, the structural effects will be contained within the 3-D-β-PDF which is calculated from the 

bragg scattering of the system. Bismuth based perovskites are known to exhibit a degree of high 

tetragonality, presumed to be the result of local distortions that are created by Bi3+ lone pairs [10]. 

Such local distortions would be visible within the calculated 3-D-Δ-PDF. Separations of local 

distortions created by the two different effects, periodic structural modulation, and aperiodic 

local disorder, is something which is not possible with 1-D PDF techniques and currently unique 

to the newly developed 3-D PDF techniques. Bismuth based perovskites are additionally of 

commercial interest, as they have unusually high piezoelectric coefficients often an order of 

magnitude greater than their lead based counterparts [11, 12]. The ability to separate the different 

structural effects present would allow a better understanding of what structural features give rise 

to properties of interest in ferroelectric perovskites.  

1.2.3 Calcia stabilized Cubic Zirconia 
 

Calcia stabilized cubic zirconia (Zr0.85Ca0.15O1.85) is  a common system used to 

demonstrate diffuse scattering measurements on instruments [13]. It is reasonably well studied, 

and is known to have high oxygen ion mobility that allows the formation of small domains of 

short range ordering which differs from the longer range ordering of the system. Diffuse 

scattering is expected from prior literature to be primarily driven by oxygen vacancies [14, 15, 16], 

which should be easily observable by the similarity in neutron scattering cross sections of the 
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elements in the system (Zr – 7.2, O – 5.8, Ca – 4.7) [17]. Prior simulation work specific to the 

15% CaO stabilized ZrO2 system provides directions in which oxygen vacancies are expected 

relative to other elements [13, 16]. Thus the Calcia stabilized cubic zirconia system provides an 

excellent check to see if the results of the newly developed 3-D-PDF techniques are in agreement 

with prior work.  

1.3 Summary of Research Presented 
 

This dissertation presents a newly developed technique for the characterization of a 

material’s structure through the analysis of 3-D diffraction data. This newly developed method 

requires no prior knowledge of the material’s structure and provides unique insight into real 

space structure not afforded by any other analysis technique at this time.  

In Chapter 2, a newly developed empirical method for separation of different types of 

scattering data (Bragg and diffuse scattering) is outlined and compared to a previously existing 

method. The newly developed method relies on characteristics of the input data, rather than 

theoretical knowledge of crystallographic systems in order to perform this separation, and is thus 

free from bias created by the assumption of a periodic lattice. Removal of such bias is important 

when attempting to analyze systems which are expected to have symmetry breaking, non-

periodic, or otherwise irregular defects. 

In Chapter 3, numerous important considerations for the processing of experimental data 

are outlined which are unique to 3-D pair distribution function analysis or otherwise not 

considered in the 1-D technique. The reconstruction of a 3-D diffraction volume from 2-D x-ray 

images is also described, as no currently existing beamline provides 3-D diffraction volumes. 

In Chapters 4-6, the described 3-D pair distribution function techniques using 3-D 

neutron scattering data are applied to a number of experimental systems. Data used was collected 
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on either the TOPAZ or CORELLI beamlines at the Spallation Neutron Source at Oak Ridge 

National Labs and was processed into a 3-D volume by the MANTID software package. The 

systems analyzed are plastic crystalline CBr4, BZN-PT, and calcia stabilized ZrO2.  

In Chapter 7, properties inherent to the Fourier Transform are outlined with what 

implications they have regarding the physical interpretation of collected data. Of particular note 

are issues created by the phase problem, which significantly complicates the analysis of systems 

that are not necessarily periodic. 

In Chapter 8, the design of a low cost single pixel x-ray area detector is outlined along 

with simulations of obtainable reconstructed images. Such a detector would be placed in the 

beam stop during an x-ray experiment and would provide a measure of beam intensity, allowing 

for intensity correction of images before reconstruction of a 3-D diffraction volume, which is 

necessary due to variations in beam intensity throughout an experiment. Additionally, the ability 

to construct an image from a single pixel may provide useful measurements of a generally 

unmeasured area of the diffraction volume.  
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CHAPTER 2  

Separation of Bragg and Diffuse Scattering 
 

This Chapter has been published as: “K-space Algorithmic REconstructioN (KAREN): A robust 
statistical methodology to separate Bragg and diffuse scattering. James Weng, Eric D. Dill, 
James D. Martin,* Ross Whitfield, Christina Hoffmann, Feng Ye,  J. Appl. Cryst., 2020, 53, 159-
169. 
 
2.2 Introduction 
 

Diffuse scattering occurring in Bragg diffraction patterns of a long-range ordered 

structure represent local deviation from the governing, regular lattice.  However, interpreting the 

real-space structure from the diffraction pattern presents a significant challenge because of the 

dramatic difference in intensity between the Bragg and diffuse components of the total scattering 

function.  In contrast to the sharp Bragg diffraction, the diffuse signal generally has been 

considered to be a weak, expansive or continuous, background signal.  Herein, using 1-D and 2-

D models, we demonstrate that diffuse scattering in fact consists of a complex array of high-

frequency features that must not be averaged into a low-frequency background signal.  To 

effectively evaluate the actual diffuse scattering, we developed an algorithm using robust 

statistics and traditional signal processing techniques to identify Bragg diffraction as signal 

outliers which can be removed from the overall scattering data and then be replaced by 

statistically valid fill values.  This method described as a K-space Algorithmic REconstructioN 

(KAREN), can identify Bragg reflections independently from prior knowledge of a system’s unit 

cell.  KAREN does not alter any data other than that in the immediate vicinity of Bragg 

reflections, and reconstructs the diffuse component surrounding Bragg peaks without 

introduction of discontinuities which induce Fourier ripples or artifacts from underfilling 

“punched” voids.  The KAREN algorithm for reconstructing diffuse scattering provides 

demonstrably better resolution than can be obtained from previously described punch-and-fill 
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methods.  The superior structural resolution using the KAREN method is demonstrated by 

evaluating the complex ordered diffuse scattering observed from the neutron diffraction of a 

single plastic crystal of CBr4 using 3-D Δ-PDF analysis.  

Diffraction of x-rays, neutrons and electrons provides a powerful tool with which to 

understand the structure of materials.  Resolving the physical structure at the origin of a 

diffraction pattern, as first articulated by Laue[18] and Bragg[19], has enabled dramatic advances in 

the understanding of chemical structure and bonding.  At the same time, the ordered beauty of a 

solved crystal structure also frequently creates a “bias of the picture” leading to misconceptions 

or over simplifications that imply the average structure solved from the Bragg diffraction of a 

crystal is “the structure” of the system.  The Bragg diffraction, resulting from the average long-

range crystalline lattice is discrete, sharp and intense.  However, surrounding the sharp Bragg 

diffraction, much weaker diffuse scattering is frequently also observed.  It is this weak diffuse 

scattering that gives insight into the system’s real structural, compositional, electronic, and/or 

magnetic variations, which are often the key to interesting, intrinsic material properties[20, 21].  

Deciphering the origin of diffuse scattering is complex.  In part this is due to the fact that 

the distinction between Bragg and diffuse scattering is somewhat arbitrary.  The diffraction 

pattern is the magnitude of the Fourier transform of the physical structure of a material.  Bragg 

scattering is observed for periodic structures, and corresponds to the scattering from the long-

range, periodic lattice.  As such it is often described as a series of δ functions, i.e. g(r*) = ∑R* 

δ(r*-R*).  Diffuse scattering is all the other scattering; a result of any deviations from the long-

range, periodic lattice for which the measured diffraction intensity can be represented by 

equation 1. 

 Itotal = IBragg + Idiffuse (2.1) 
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The arbitrary distinction between Bragg and diffuse scattering can be represented by a simple 1-

D schematic with the regular, periodic structure described as  

  

Only Bragg diffraction will be observed for this ideal lattice, consistent with the lattice constant 

a.  If however, this system undergoes a Peierls distortion, for example, tending toward 

dimerization schematically described as, 

  

the primary scattering will still identify the original a lattice constant.  However, weak scattering 

will be observed half way between each of the original Bragg peaks, consistent with a doubled 

unit cell, a’ = 2a.  If the distortion is small and/or not regular, the resulting interference pattern is 

less defined, appearing “diffuse,” whereas if the dimerization is more pronounced and regular, 

then a new long-range, periodic lattice is described, and what were diffuse features become 

defined as weak Bragg peaks.   

There are a vast number of possible perturbations to an average lattice, resulting in a 

much more complex diffuse structure, and thus many real systems exhibit much less clear 

distinction between what is diffuse, and what is Bragg scattering.  Nevertheless, deviations from 

the ideal structure are often critical features with respect to defining the properties of a material 

[22].  Thus, there is a strong desire to understand the real structural perturbations that give rise to 

diffuse scattering patterns.   

In conventional usage, deviations from the regular periodic structure that give rise to the 

diffuse scattering have been described as “local structure,” which is contrasted with the “average 

…A   A   A A A A…

a

… A --- A A --- A  A --- A …

a’ = 2a
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structure.”  The conception of “local structure” has become particularly prevalent in descriptions 

of pair distribution function (PDF) analysis of total scattering [22]. While the pair correlations 

observed in a PDF are, in fact, local structure, it is equally important to recognize that they too 

are representations of average structure.  Herein, local variation from the long-range, periodic 

structure causes diffuse scattering, but all diffraction, both Bragg and diffuse, is a result of the 

interference pattern created by waves diffracted by the ensemble of particles making up the 

entire sample.  The averaging inherent to a diffraction experiment is also a fundamental property 

of the Fourier transform and arises as a consequence of the projection-slice theorem [23].  Thus, it 

is important to clarify that all diffraction represents average structure, i.e. Bragg scattering 

represents average long-range, periodic structure; Diffuse scattering represents average 

perturbation from the long-range, periodic structure. 

Because diffuse scattering is generally 3-6 orders of magnitude less intense than Bragg 

scattering, physical measurement further complicates its study.  This is particularly detrimental 

when diffuse features are in the immediate vicinity of strong Bragg peaks.  Diffuse scattering 

was observed in early diffraction studies using film techniques, which reasonably effectively 

captured spatial resolution of diffuse scattering, but the dynamic range of the film significantly 

limited quantitation [20, 21].  Subsequent diffractometers equipped with single point scintillation 

detectors, while excellent for quantification of the intensity of the diffracted signal, are not well 

suited to comprehensively map reciprocal space because of their small spatial coverage.  More 

recent development of area detectors, such as image plates, CCDs and CMOS detectors used on 

in-house X-ray laboratory and synchrotron sources improve the ability to both spatially map and 

quantitate the intensity of diffuse scattering, although artifacts due to pixel saturation or pixel-to-

pixel bleeding are frequently introduced [13].  The hybrid photon counting PILATUS detectors, 
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with a substantially greater dynamic range, appear to reduce some of the artifacts for synchrotron 

measurements [24].  We find the continuous readout counting afforded with neutron scattering 

using an array of time-of-flight detectors on CORELLI and TOPAZ diffraction instruments at 

the Spallation Neutron Source, Oak Ridge National Lab, are less likely to saturate and thus 

reduces the number of artifacts created by intensity bleeding into neighboring pixels.   

However, even with careful measurement of both Bragg and diffuse scattering, the Bragg 

diffraction dominates the real space structural interpretation due to a significant intensity 

differential.  After the transformation from reciprocal to real space through a Fourier transform, 

strong features, like Bragg peaks, continue to dominate the transformed pattern while the signal 

of interest remains insignificant.  Thus, there is value in developing methods to separate Bragg 

and diffuse scattering to afford their independent analysis.   

A punch-and-fill method has been employed to separate Bragg and diffuse scattering [25, 

26].  This method requires prior knowledge of the material’s unit cell such that the Bragg 

reflections can be subtracted, or “punched out” of the total diffraction pattern according to the 

known lattice spacing with an arbitrary punch diameter, w(r*), selected to completely remove the 

strongest Bragg reflections.  Application of this punch-and-fill strategy has included Patterson 

analysis of only the punched diffraction pattern, or evaluation of diffraction patterns for which 

various interpolated functions fill the punched holes [27, 28, 29, 30].  It has been stated that, 

“punching the Bragg reflections mainly removes the high frequency part of scattering intensity.  

The low-frequency part, which mostly corresponds to the overall distribution of diffuse 

scattering, is hardly affected by this procedure [25, 26].”  The latter assumption that the diffuse 

scattering is primarily represented by the low-frequency part of the scattering is the basis used to 

justify a broad fill function.  However, both the punch-only and punch-and-fill strategies 
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introduce artifacts, and/or bias into the interpretation of the chemical/physical origin of the 

diffuse scattering.  

Patterson and PDF analyses of diffraction data rely on the Fourier transformation of the 

scattering function, therefore sharp discontinuities created by “punching” out the Bragg 

reflections, generate severe ripple artifacts in the real-space data.  Such ripples are a consequence 

of the Gibbs phenomenon, a behavior of any eigenfunction series at a jump discontinuity [31].  To 

minimize the Fourier ripple, or Gibbs artifacts, the holes may be filled before Fourier 

transformation.  Only filling with a smooth function will prevent introduction of Fourier ripples.   

Because of the presumption that “diffuse scattering is by far broader than the Bragg 

profiles, … interpolation of the diffuse beneath the Bragg scattering [is suggested to] provide a 

reasonable approximation to the real diffuse intensities [27].”  Thus, one strategy to fill the 

punched scattering pattern is to apply a Gaussian convolution to the punched data to interpolate 

missing data.  Alternative strategies interpolate only the punched region with an isotropic 

Gaussian [30].  However, as will be demonstrated in the following, diffuse scattering is not 

necessarily a smooth, continuous, isotropic function.   

We find that there is a need for an alternative strategy to separate Bragg from diffuse 

scattering that: (a) does not introduce discontinuities which produce Fourier ripples, (b) does not 

introduce bias as to the nature of the diffuse, (c) is not dependent on a fixed, arbitrary window to 

remove Bragg scattering, and (d) does not require prior knowledge of the material’s unit cell in 

order to determine the Bragg intensity that should be subtracted.  To accomplish this, we have 

consulted signal processing literature [32] to develop a novel strategy, KAREN (K-space 

Algorithmic REconstructioN), whereby Bragg peaks are identified as signal outliers.  Once 

Bragg peak locations are determined, the peaks are removed and the removed regions are 
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reconstructed to match the underlying diffuse scattering. Importantly, we will show that KAREN 

does not modify or alter any non-outlier data and thus introduces the minimum possible bias into 

the measured data. In addition, robust statistical estimators used for outlier detection are 

insensitive to measurement related noise, making them well suited for handling difficult-to-

measure signals. 

2.2 What is the signal to be measured? 
 

Before describing the details of our algorithm to separate Bragg and diffuse scattering, it 

is useful to consider the expected manifestation of diffuse scattering.  A majority of reports 

describing diffuse scattering suggest it to be “broad,” “continuous,” “streak-like,” etc.  With 

respect to evaluation of crystalline systems, the “broad, continuous” presumption is reinforced by 

modest-to-low pixel resolution of detectors, by experimental methods that continuously rotate 

the crystal during measurement, and/or by evaluation of polycrystalline powders.  Jitter or 

speckling in the data is frequently assumed to be noise, for which application of a low-pass filter 

[25] or smoothing polynomial [26] is frequently applied.  Notably, however, the calculated inverse 

Fourier transform of physical images only becomes broad and continuous for isolated objects.  

As clearly visible in the various 2-D optical transforms shown in “Atlas of Optical Transforms” 

[3] the Fourier transforms of ensembles become increasingly speckled with the increasing number 

of components in the physical image. 

 Consider, for example, the diffraction from the long-range ordered pattern of Gaussians 

with a FWHM of 7.5 units, separated by 30 units shown in Fig. 2.1a.  The Fourier transform of 

that ideal 1-D “crystal,” the Bragg diffraction, is given in Fig. 2.1b.  Keeping the average 

structure constant but inserting a grain boundary for which the first half of the Gaussians are 

shifted by three units to the left, and the second half of the peaks are shifted by three units to the 
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right, the diffraction pattern of Fig. 2c is calculated.  Here, each of the previous Bragg peaks is 

split, and the base of each Bragg peak is significantly broadened by an apparent diffuse 

background.  Alternatively, again with a constant average structure, let every other Gaussian be 

randomly shifted left or right by up to three units.  The corresponding diffraction pattern is given 

in Fig. 2.1d.  The diffraction pattern for the 1-D crystal with each Gaussian randomly shifted left 

or right by up to three units is given in Fig. 2.1e, and that for the random distortion with a grain 

boundary (i.e. first half of Gaussians shifted by a random amount up to three units to the left and 

second half with Gaussians shifted by a random amount up to three units to the right) shown in 

Fig. 2.1f. 
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Figure 2.1: a. Hypothetical 1-D crystal of Gaussians with FWHM = 7.5 units and separated by 30 units.  
b. Diffraction pattern of the ideal 1-D crystal.  Diffraction patterns of perturbed 1-D crystals (red) 
superimposed on the diffraction of the ideal average lattice (black) with: c. the first half of Gaussians 
shifted to the left by 3 units and the second half shifted to the right by 3 units; d. every other Gaussian 
randomly shifted left or right by up to 3 units; e. each Gaussian randomly shifted left or right by up to 3 
units; and f. the first half of the Gaussian’s shifted to the left randomly by up to 3 units and the second 
half of the Gaussians shifted to the right randomly by up to 3 units.  Insets present the second and third 
peaks on an expanded Q scale, which more clearly demonstrates the peak splitting observed in c and f.  
The dotted black line is the same smoothed diffuse function overlaid on each pattern. 

Consistent with the common average periodic structure of each of these models, there is 

very little variation in the Bragg scattering between that of the ideal crystal and the distorted 

crystals.  It is further important to recognize that the average diffuse scattering, represented by 

the smoothed dotted line in Fig. 2.1c-f essentially is equivalent for each of the perturbed model 

structures.  Importantly, the “jitter” in these calculated data is not noise.  It is a direct result of the 
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specific perturbations, and thus is critical data that must be preserved to accurately analyze 

diffuse scattering in order to understand the local perturbations.    

The complexity of the diffraction patterns increases, and thus the separation of diffuse 

from Bragg scattering becomes more complicated, for higher dimensional systems.  Consider the 

area described by Figs. 2.2a and 2.2b for which each has an equivalent number of filled pixels.  

In a. the filled pixels are randomly distributed on 10.5% of the odd values on a square spiral 

emanating from the center.  In b. the same number of pixels are filled in the pattern of an Ulam 

spiral, i.e. a square spiral emanating from the center of the area for which each pixel 

corresponding to a prime number is filled.  The calculated diffraction patterns for each image are 

given as Figs. 2.2c and 2.2d, respectively.  Both exhibit the same Bragg scattering, but their 

patterns of diffuse scattering are distinct, with the Ulam spiral model exhibiting notably ordered 

patterns of diffuse scattering.  The diffuse scattering is more than 50 times less intense than the 

Bragg scattering, as seen in appendix Fig. A1.  
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Figure 2.2: Pixels a. randomly distributed on 10.5% of the odd values of a square spiral, and b. 
distributed along an Ulam spiral.  c. and d. 2-D diffraction patterns; e. and f. 1-D radially integrated 
patterns calculated for pixel distributions in a and b, respectively; and g. and h. diagonal cross section of 
diffraction images c. and d., respectively. e-g are plotted on an expanded intensity scale to accentuate the 
diffuse scattering (Full scale plots of g and h are given in supporting information Fig. S1). 

Radially integrating each of these images, Figs. 2.2e and 2.2f, respectively, equivalent to 

a 1-D powder diffraction pattern, exhibits more Bragg-like structure for the Ulam spiral, but the 

underlying diffuse scattering from both models is nearly equivalent, and reasonably presumed to 

be a broad, continuous function.  By contrast, evaluating the diagonal cross section through each 

of these images, Fig. 2.2g and 2.2h, respectively, like the images of Fig. 2.2c and 2.2d, clearly 

demonstrate that the details of the perturbation from the average structure are found in the 

“jitters” of the diffuse scattering.  
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Notably, no simple punch function can effectively remove the Bragg scattering from the 

diffuse in these patterns.  Furthermore, applying an interpolated Gaussian blur, like collapsing 

the higher order diffraction data into a 1-D powder pattern, averages the diffuse scattering such 

that it would not be possible to distinguish the distinct structural perturbations.        

Thus, to best analyze diffuse scattering, it is necessary to obtain high resolution, three-

dimensional scattering data from single crystalline samples.  Furthermore, to analyze such 

diffuse data, it is necessary to remove the Bragg scattering without manipulation of the 

underlying diffuse scattering. 

2.3 KAREN (K-space Algorithmic REconstructioN): 
 

KAREN is a single stage non-linear digital filter which is based on the Hampel filter [30].  

The Hampel filter is a decision filter that operates on the central value in the data window by 

replacing outliers with the median of all values in the window.  An implementation of KAREN 

was recently integrated into the MANTID software suite [35] and is available at 

https://docs.mantidproject.org/nightly/algorithms/DeltaPDF3D.html.  

The total scattering intensity, Itotal, is described as the sum of the IBragg and Idiffuse 

components, eq. 2.1.  Because Bragg peaks are significantly more intense than the diffuse 

scattering components, the total scattering intensity may be considered to be some function with 

arbitrarily positioned outliers, i.e. the Bragg peaks.   

With KAREN, the voxels of the reciprocal space volume corresponding to the three-

dimensional diffraction intensity are evaluated for outliers.  Using Hampel filter methods, the 

voxel in the center of a moving window is determined to be an outlier if its intensity exceeds 3 

standard deviations (3σ) of the intensity of the other voxels contained within the window.  In 
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KAREN, an N⋅N⋅N cubic moving window is employed; with N selected to be the width of the 

primary diffuse scattering features.  

The value for σ is estimated from the median absolute deviation, MAD, by equation 2. 

 σ ≈ 1.4826 ⋅ MAD (2.2) 

The value 1.4826 is a scaling factor derived from the assumption that the data within the window 

are normally distributed [9].  The MAD for some set of values X is defined by equation 3. 

  MAD = median(⎪Xi – median(X)⎪)  (2.3) 

The MAD (Eq. 2.3) and the MAD estimate of σ (Eq. 2.2) are robust statistics for which the 

inclusion of outliers does not significantly change its value.  This is in contrast to common 

calculations of the standard deviation (i.e. 𝜎 =
∑ ( )

), which can be significantly shifted 

by the inclusion of even a single corrupted value. Testing with randomly generated normally 

distributed data indicates that roughly 20% of a data set may consist of outliers before the values 

returned for the MAD, or σ from equation 2.2, are significantly altered. 

Voxels identified as outliers are determined to be the Bragg scattering, distinct from the 

diffuse scattering.  The diffuse scattering intensity underneath the Bragg scattering voxel is 

assumed to be statistically insignificant with respect to the Bragg scattering intensity.  The 

compilation of all outlier voxels is defined as IBragg.  Before analysis such as β-PDF (i.e. PDF 

analysis of only the Bragg diffraction), the Bragg peaks should ideally be fit by a Voigt function, 

for example, so as not to introduce termination artifacts in the Fourier analysis.  Importantly, by 

defining Bragg scattering as the outliers of the total scattering function, no prior knowledge of 

the material’s unit cell is required.  As such, the above noted arbitrary distinction between Bragg 

and diffuse scattering of a Peierls distorted system, is moot, being only determined by the 
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defined statistical threshold for outlier identification.  This method for Bragg peak identification 

may be particularly advantageous for evaluation of modulated crystalline structures, as it allows 

separation of scattering induced by structural modulation from scattering created by other 

disordering effects.  

By contrast, the diffuse scattering component of the outlier voxels is significant with 

respect to identification of the overall diffuse scattering.  Thus, to obtain the complete Idiffuse it is 

necessary to reconstruct the diffuse scattering component of the outlier voxels.  Because analyses 

of the diffuse scattering frequently relies on Fourier techniques, it is critical that the 

reconstruction method does not introduce sharp discontinuities between the non-outlier voxels 

and the reconstructed voxels.   

While various fitting routines can be used to reconstruct the void remaining after outlier 

subtraction, computational efficiency must also be considered given the total number of voxels 

that must be evaluated in a given diffraction pattern.  Were computational time not a factor, 

reconstruction of the void resulting from removal of IBragg could effectively be accomplished by 

using solutions of the heat equation or biharmonic equation, for example, as is commonly 

employed for image reconstruction [36].  Alternatively, the void can be reconstructed by 

convolution with a Gaussian kernel [11].  However, these methods increase computational time by 

about three orders of magnitude, thus demanding a more computationally efficient 

approximation.    

It is reasonable to assume that the actual Idiffuse underneath the Bragg peak should be 

between a maximum of the (median + 3σ) of all voxels in the defined window and a minimum of 

the median of all voxels in the window.  In the window, the maximum of (median + 3σ) is the 

threshold used to distinguish Bragg and diffuse scattering.  A minimum of the median is 
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assumed, since to suggest otherwise would consider the diffuse scattering under the Bragg 

scattering to be lower in intensity than the surrounding diffuse. Applying these approximations to 

actual data for the perovskite, PMN (Pb(Mg1/3Nb2/3)O3), collected on the CORELLI at the SNS 

[13], Fig. 2.3, it is observed that reconstruction of the outlier-subtracted voids with the (median + 

3σ) likely over estimates the diffuse component underneath the Bragg (Fig. 2.3c and 2.3e), 

whereas reconstruction with only the median of the Hampel window under represents the diffuse 

scattering intensity and results in significantly distorted peak shapes (Fig. 2.3b and 2.3e).  The 

value of the median, like the standard deviation is sensitive to outliers, though less so. In 

particular when, as is observed for the diffuse scattering of PMN, the diffuse is localized into 

anisotropic, reasonably sharp star or cross-like patterns for which there is no diffuse intensity in 

much of the 3-D window, reconstruction by replacement with the median leads to speckle 

artifacts where portions of the reconstructed intensity are lower than the surrounding region.  By 

contrast, addition of the MAD to the median significantly attenuates outlier and anisotropic 

effects.  Evaluating a variety of simulated and actual diffraction patterns, empirically we find that 

reconstruction by replacing outlier voxels with the (median + 2.2 MAD) reasonably reconstructs 

the diffuse scattering with minimal distortion (Fig. 2.3d and 2.3e).   This value of (median + 2.2 

MAD) is approximately the (median + 1.5σ).   Notably, Fourier transform of the diffuse 

scattering data exhibits no substantive difference between reconstructions based on the more 

computationally intensive use of solutions to a differential equation such as the heat equation, or 

with use of the simple (median + 2.2 MAD) approximation.  Furthermore, it is important to 

recognize that reconstruction leaving too much Bragg intensity in the diffuse function has 

minimal effect on subsequent pair distribution function analysis, since it contributes to existing 

positive pair correlations.  By contrast, as will be demonstrated below, deficient reconstruction of 
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the diffuse scattering creates novel features in the diffuse structure factor which introduce 

artifacts in the pair distribution function which correspond to physically impossible correlations. 

 

 

Figure 2.3: (100)* cross section of the reciprocal space volume of the neutron diffraction of PMN, 
collected on CORELLI (elastic only [31]).  (The powder rings correspond to the diffraction of the Al 
sample canister.)  a. Total scattering, i.e. Bragg + diffuse.  Bragg scattering outliers are removed and 
replaced with b. the median value of the window, c. the median + 3σ, the threshold for outlier detection, 
and d. the median + 2.2 MAD.  e. A 1-D plot along the [100]* vector with the total scattering represented 
as a black line, the median reconstruction (red), the median + 3σ (green), and median + 2.2MAD (blue), 
with the data replotted in f. on an expanded y-scale. 

2.4 KAREN vs Punch-and-Fill 
 

The diffuse scattering corresponding to the plastic crystalline phase of CBr4 provides an 

excellent proving ground with which to compare and contrast KAREN with prior methods used 

to separate the Bragg and diffuse scattering.  Plastic crystals of CBr4 are soft and easily 

deformable.  The plastic crystalline phase exhibits a high overall symmetry, but is also 

characterized by a high degree of orientational and displacive disorder.  Details of the structural 

disorder remain a subject of some debate [38, 28].  Due to the structural disorder, the diffuse 

e.

f.
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scattering contribution is very significant compared with Bragg scattering and therefore is a good 

example to study in this context.  

Neutron diffraction data of CBr4 were collected and analyzed.  Specifically, the data are 

analyzed with KAREN, the punch-only, and punch-and-fill methods [24, 25, 26, 27, 30].   

A sample of CBr4 sufficient to form a 2 cm long ingot in a 2 mm diameter Kapton tube, 

was mounted on TOPAZ (Spallation Neutron Source, Oak Ridge National Laboratory).  

Analogous to previous work [38, 40], a single plastic crystal was grown in situ by heating the 

sample under a stream of Argonne using an Oxford cryostream to the melt (383 K), then 

quenching in situ at 6 K/min to a crystal growth isotherm Tiso = 355 K.  Cross sections of the 

collected reciprocal space, (111)* and (100)*, and a full 3-D rendering are given in Fig. 2.4.  (A 

movie of the 3-D reciprocal space is provided as supporting information.) The presence of 

relatively intense anisotropic sheets and volumes of diffuse scattering provide a challenging test 

data set for the separation of Bragg and diffuse scattering.  Notably, all the anisotropic structure 

information of the diffuse scattering is lost if the diffraction volume is integrated and collapsed 

to 1-D, or if a polycrystalline sample were evaluated as is typical for a majority of PDF analyses.  

Furthermore, while in the 3-D volume the Bragg diffraction features are clearly outliers, when 

integrated to 1-D it would be extremely difficult to extract Bragg and diffuse components (Fig. 

2.4d), particularly for the weaker Bragg reflections between 4-6 Å-1.    
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Figure 2.4: Total neutron scattering of plastic crystalline CBr4.  a. (111)* cross section. b. (200)* cross 
section. c. 3-D rendering looking just off the [100]* axis. d. 1-D diffraction pattern corresponding to 
integration over the full reciprocal space volume (black) and the independent integration of the Bragg 
scattering (red).  The inset shows an expanded intensity scale.  

Multiple methods to seperate the diffuse scattering component from the total 3-D 

scattering data were applied, for which (100)* cross sections are shown in Fig. 2.5 and appendix 

Fig. A2.  The original data is given in Fig. 2.5a.  The data were evaluated using the full KAREN 

algorithm whereby the outlier voxels are replaced by the (median + 2.2 MAD) (Fig. 2.5b.) and 

with a modified KAREN algorithm whereby the outlier voxels are replaced by the median of the 

surrounding region (not shown).     
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Figure 2.5: (100)* cross section of the diffuse scattering of CBr4. a. Original data. b. KAREN 
reconstructed diffuse scattering. c. Bragg scattering removed with a fixed 8-pixel punch filled by 
convolution with a Gaussian kernel, d. with a fixed 12-pixel punch filled by convolution with a Gaussian 
kernel, and e. a 1-D plot along the [100]* vector of the unmodified total scattering (black), the KAREN 
reconstructed diffuse (green), the KAREN reconstructed diffuse with a median only fill (purple), the 8-
pixel punch and HC-fill reconstructed diffuse (blue), and the 12-pixel punch and HC-fill reconstructed 
diffuse (red). Gaussian kernels with σ = 1 were used for interpolation. 

Previous punch methods require prior knowledge of the unit cell, such that an isotropic 

hole of defined radius can be punched in the structure factor data at calculated reciprocal lattice 

positions to remove the Bragg components [25, 26].  Shown in appendix Fig. A2c, lattice-

determined Bragg reflections are removed with an 8-pixel spherical punch.  Notably, this method 

imposes the same fixed punch to regions of reciprocal space where no Bragg intensity is 

measured, which will be shown to create artifacts in the PDF.  We also evaluated a variable-

e.
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punch method in which only the KAREN identified outliers are removed (Appendix Fig. A2e) 

by which any anisotropy, variable size and absences of the Bragg reflections is accounted for.  

The initial punch-and-fill implementations [25, 26] as implemented in the MANTID punch-

and-fill software suite (https://docs.mantidproject.org/nightly/algorithms/DeltaPDF3D-v1.html) 

applies a Gaussian convolution over the whole scattering pattern to fill the punched voids, 

Appendix Fig. A2d.  Here the type of Gaussian convolution can significantly impact the 

interpolated fill.  When implemented with a simple Gaussian convolution, such as found in the 

SciPy signal library (https://docs.scipy.org/doc/scipy/reference/signal.html), even relatively large 

Gaussian kernels do not completely fill the punched voids.  By contrast the Astropy convolution 

library [41] introduces a method to replace missing data during convolution such that incomplete 

filling effects are minimized. With the Astropy convolution method, the punched voids are 

completely filled, but as seen for two punch diameters in Fig. 2.5e, the magnitude of the 

interpolated residual diffuse under the punched Bragg peak is significantly dependent on the size 

of the punched void. The MANTID punch-and-fill implementation uses the Astropy convolution 

library, and hereafter in this manuscript will be referred to as the whole pattern convolution fill, 

WPC-fill. 

The punch-and-fill method described in [30], also fills the voids using the Astropy 

convolution library [41], but only utilizes the convolved values from the punched regions, leaving 

the remainder of the data unmodified.  Hereafter this method will be referred to as the hole-

convolution fill (HC-fill) method.  In this manuscript, the punch-HC-fill method is implemented 

using 8-pixel and 12-pixel spherical punches and a Gaussian kernel of σ = 1, with data shown in 

Figs. 2.5c and d, respectively. For this data set, the use of either a smaller punch diameter (6 

pixels) with the same σ = 1 Gaussian kernel, or a larger σ = 2 Gaussian kernel with a punch 
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diameter of either 6 or 8 pixels, creates ringing artifacts which appear as a checkerboard pattern 

in the calculated PDF, making the data uninterpretable (Appendix Figure A3). 

As highlighted by the 1-D [100]* cuts through these images (Fig. 2.5e and appendix Fig. 

A2g) the punch-only, KAREN and punch-HC-fill implementations leave a majority of the 

measured diffraction pattern intact. By contrast, while removing the discontinuities of the punch, 

the WPC-fill also removes all of the “jitter” from the pattern, imposing an isotropic character to 

the pattern.  Notably, the various methods reconstruct different amounts of diffuse underneath 

the punched Bragg reflections.  As apparent from Fig. 2.5e, the reconstructed diffuse by the HC-

fill is substantially dependent on the size of the punched holes.  Furthermore, both convolution-

fill and the whole pattern interpolated-fill methods only reconstruct the diffuse under the Bragg 

peaks to a value that is comparable to the KAREN algorithm when only a median fill was 

applied, Figs. 2.3e and 2.5e.  

The effectiveness of each of these methods to extract the unique diffuse scattering are 

most apparent upon evaluation of the Δ-PDF; the pair distribution function calculated from only 

the diffuse component of the scattering [27].  The β-PDF, calculated from only the Bragg 

scattering and indicative of the fully ordered part of the structure, is not particularly sensitive to 

the separation and reconstruction methods.  It is useful to independently consider the positive 

and negative contributions of the Δ-PDF.  Real vectors between same elements contribute to 

positive correlations and real vectors between different elements contribute to negative 

correlations.   

Movies of a full rotation of the 3-D Δ-PDF of plastic crystalline CBr4 showing negative 

correlations for a 9.4 Å cubic real-space volume, calculated from the KAREN, fixed and variable 

punch-only methods, and the punch-HC-fill method reconstructions, are given as supporting 
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information with select (100) cross sections showing both positive and negative correlations, 

calculated to 30 Å, shown in Fig. 1.6 and supporting information Fig. S3.  Because the KAREN 

(Fig. 2.6a), punch-only (Figs. A3b and A3c), and punch-HC-fill (Figs. 2.6b and c) strategies do 

not alter any of the data outside of the punched regions, i.e. retaining all of the measured “jitter” 

in the diffuse scattering as well as the low-frequency components, the short-range structures 

revealed by these methods are extremely similar.   

Details of the structure of the plastic crystalline phase of CBr4 will be discussed in a 

subsequent manuscript.  Nevertheless, here we note that each of the methods that do not alter the 

diffuse scattering outside of the punched regions clearly resolve the paired-dodecahedron in the 

center of the negative Δ-PDF corresponding to the paired-six possible positions of the C-Br 

vectors (i.e. oriented along the [110] directions, but split due to the 109° Br-C-Br bond angle) [40, 

38].  As clearly seen in the cross section plots of Fig. 2.6, the cross-like extended order along the 

[110] directions is also consistent with earlier literature suggesting that the C-Br bonds tend to be 

localized along the [110] directions of the unit cell [42, 40, 38, 43]. 
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Figure 2.6: (100) cross section of the Δ-PDF of plastic crystalline CBr4 calculated to r = 30 Å from 
neutron scattering data after removal of the Bragg scattering and reconstruction of the diffuse scattering 
using: a. KAREN, b. punch-HC-fill with an 8 pixel diameter punch and interpolation by a σ = 1 Gaussian 
kernel and c. punch-HC-fill with a 12 pixel diameter punch and interpolation by a σ = 1 Gaussian kernel. 
Intensity is plotted on a log scale, with positive correlations as red and negative correlations blue. In these 
renderings, the origin of the -PDF has been set to zero. 

Notably, while the core nearest neighbor structure is not significantly different with any 

of the punch-and-fill methods, the higher r features are significantly dependent on the method of 

fill.  The WPC-fill reveals very little higher r structure, although this loss of structural detail is 

less significant for the variable r punch afforded by filling only the outlier holes identified by the 

KAREN method (Appendix Fig. A4d).     

Consistent with the residual Bragg intensity that remains with the KAREN extraction of 

the diffuse scattering, positive correlations are observed in the Δ-PDF on the lattice sites.   More 

importantly with respect to the structural origins of the diffuse scattering, the Δ-PDF surrounding 

each of these lattice sites also reveals a pattern of correlations consistent with the dodecahedron 

resulting from the various C-Br orientations.  By contrast the Δ-PDF of the diffuse scattering 

from the punch-HC-fill methods introduces novel negative correlations at lattice sites (Fig. 2.6b 

and c).  These negative lattice correlations are more sharply manifest for the largest punch 

a.



   

30 
 

diameters, and become even more dominant in the Δ-PDF patterns from the punch-only methods 

(supporting information Figures S4a and c).  The punch-only methods further reveal an 

alternation between negative and positive correlations at lattice sites as a function of the punch 

diameter, with the modulation and their magnitude being dependent on the size and shape of the 

punch function, (Appendix Figs. A4e and f).   Notably, in CBr4, lattice site correlations will 

always correspond to same-atom to same-atom correlations, and thus should only result in 

positive correlations. Negative correlations would suggest there are CBr4 molecules with missing 

constituent atoms, which is not physically reasonable. The formation of such chemical species in 

situ by beam damage, i.e. CBr3 radical, is easily observable as a color change from transparent to 

orange.  Such was never observed for any of our neutron scattering experiments, but both the 

color change and novel pair correlations are observed for synchrotron x-ray diffraction 

experiments.   

Because there is no known plausible physical structural origin for negative correlations 

on lattice sites in CBr4, and because the observed negative correlations in the calculated Δ-PDFs 

are highly dependent upon the size and shape of the punch functions, it is highly likely they are 

artifacts introduced by an incomplete modeling of the diffuse underneath the Bragg peaks.  

While the “punch” function does remove the high frequency features associated with Bragg 

peaks, the incomplete reconstruction of intensity in the punch regions of reciprocal space also 

introduces a regular pattern of negative scattering distributed in the exact positions of the 

calculated Bragg peaks.  This is most apparent for the punch-only methods for which the 

discontinuities of the punched voids create new high frequency features resulting in Gibbs 

phenomena artifacts in the Fourier analysis.  The initial WPC-fill methods with the simple 

convolution [25, 26] do not sufficiently compensate for the zero intensity of the punched pixels, 
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leaving a regular array of holes throughout the lattice, even in regions where there may have 

been no significant Bragg scattering.  The WPC-fill with the Astropy convolution, and the 

punch-HC-fill methods better compensate for the zero intensity of the punched voids, although 

when applied with a fixed, lattice-predetermined punch, isotropic Gaussian spheres are regularly 

placed throughout the reciprocal lattice; a significant contributor to the lattice site artifacts in the 

Δ-PDF.   As apparent in Fig. 2.5e the HC-fill, particularly for the larger punch diameters, still 

underfills the diffuse scattering in the Bragg-subtracted void, i.e. less than or equivalent to the 

median of the surrounding diffuse.  If, too small of punch diameters are used with the HC-fill 

method, which minimizes the underfill artifacts, new artifacts are introduced.  Using a 6-pixel 

punch diameter with a σ=1 Gaussian kernel, or an 8-pixel punch diameter with a σ=2 Gaussian 

kernel, yields a Δ-PDF dominated by a checker board pattern of artifacts, as shown in Appendix 

Fig. A5.   

Both the fixed punch and incomplete fill methods, thus appear to be origins of lattice-site 

artifacts in Δ-PDFs.  Fourier analysis of just a set of reciprocal lattice-site distributed punch-

reconstructions, whether abrupt voids from the punch-only methods, or incompletely filled 

regions by other methods, would yield positive lattice-site correlations.  This is likely the origin 

of the large-r positive lattice-site correlations most visible in the fixed punch-only Δ-PDF in 

appendix Fig. A4e and f.  However, these punch reconstructions are essentially a virtual element 

(one with a negative scattering length when underfilled) that is introduced into the system.  As 

such, lattice correlations between real atoms and the virtual element, result in the modulated 

pattern of negative and positive correlations at the lattice sites in the Δ-PDFs.   

These examples demonstrate that incomplete back-filling diffuse intensity into the voids 

from Bragg subtraction create severe artifacts in the Δ-PDF.  By contrast, incomplete subtraction 
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of Bragg intensity (or over filling subtracted voids) only slightly intensifies the already existent, 

real positive lattice correlations in the Δ-PDF, while minimal artifacts are introduced.  Because of 

this, we find that the Δ-PDF analysis is relatively insensitive to the nature of the fill function, 

provided that 1. No sharp discontinuities are introduced that will be manifest as Fourier ripples, 

2. That any reconstruction fill of the diffuse scattering under the Bragg scattering over- as 

opposed to under-estimates the intensity of the diffuse, and 3. That none of the diffuse scattering 

data is modified other than that immediately underneath the outlier-identified Bragg data.  

Specifically we found that reconstructing the outlier-identified Bragg voids with the 

computationally simple (median + 2.2MAD), or by using the computationally more complex 

parabolic partial differential heat equation, yield equivalent Δ-PDF functions; albeit the former 

requiring three orders of magnitude less computational time.  Similarly, we expect the punch-

convolution-fill method also could provide an appropriate level of fill were the size of the punch 

and Gaussian kernel scaled to the size of the punched Bragg peak, and if the punch and 

reconstruction is only applied to regions with actual Bragg scattering (e.g. identified as signal 

outliers) rather than being applied equivalently at all reciprocal lattice sites where Bragg 

intensity may not be experimentally observed.  

2.5 Conclusions 
 

It has long been established that, while Bragg scattering describes a crystalline material’s 

ideal lattice structure, the real structure, resulting from various perturbations to that ideal lattice 

give rise to diffuse scattering.  Using model systems of 1-D and 2-D lattices, we have shown 

that, though much less intense than Bragg scattering, high frequency “jitter” in diffuse scattering 

data contains critical information for resolving the actual structure.  These data challenge the 

common perception that diffuse scattering is only contained in the low-frequency component of 
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the scattering pattern, and further indicate that low-pass filters or other smoothing functions 

should not be applied to diffuse scattering data.  For the best understanding of diffuse scattering, 

it is important to employ the highest detector resolution possible. 

Though the distinction between Bragg and diffuse scattering is largely defined by some 

arbitrary intensity threshold, to understand the real-structure deviation from an ideal lattice, it is 

useful to separate the Bragg and diffuse scattering, so the latter can be evaluated independently.  

It is further demonstrated that the voids created by subtracting the Bragg scattering must be 

reconstructed such that no sharp discontinuities are introduced, and the reconstruction must not 

underfill the void so as to avoid introduction of processing artifacts upon calculation of the 3-D 

Δ-PDF.  To accomplish this, the KAREN algorithm was developed to identify Bragg diffraction 

as signal outliers which can be removed from the overall scattering data and then be replaced by 

a statistically valid fill value.  Importantly, the KAREN algorithm is not dependent upon prior 

knowledge of a system’s unit cell.  Thus, this method will be invaluable for evaluating complex 

systems such as modulated structures and/or quasicrystals where prior knowledge of the lattice is 

not easily obtained by experiment.  The KAREN method for uniquely separating the diffuse 

from the total scattering, is here applied to resolve the complex ordered diffuse scattering 

exhibited by the plastic crystalline phase of CBr4.  The 3-D Δ-PDF clearly demonstrates that the 

plastic crystalline phase, is not a rotor phase.  Rather the CBr4 molecules are disordered about 

twelve orientations with the C-Br bonds oriented along the [110] lattice vectors. 
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CHAPTER 3 

3D-Δ-PDF: Important Concepts and Experimental Considerations 

3.1 Introduction to Δ-PDF: 
 

A Δ-PDF is similar to a traditional PDF in that it provides pair correlations in a material 

structure. Unlike a traditional PDF, it provides only pair correlations which deviate from the 

average structure rather than all pair correlations. Thus, the Δ-PDF provides a means to study 

correlated disordered structure in a system. To illustrate this, consider an arbitrary periodic 1D 

structure consisting of alternating atoms with scattering densities of 0.8 arbitrary units and 1.2 

arbitrary units (fig 3.1a). The average structure, that is, the structure which would be observed in 

a powder diffraction experiment, would consist of regularly spaced atoms with a scattering 

density of 1 (fig 3.1b). It is important to note that the average structure is the only structure 

which may be observed in a powder diffraction experiment, every step of the experimental setup; 

the use of a powder, rotation of the sample container, integration of 2D data to 1D, and the final 

calculation of the PDF by Fourier-Bessel transform; performs an averaging operation. From 

these generated structures we may calculate a diffraction pattern, which is simply the magnitude 

of the Fourier transform of the structure. In the diffraction pattern of the real structure (fig 3.1d), 

a number of sharp peaks are observed, which correspond to sharp Bragg peaks seen in diffraction 

experiments. These peaks are additionally observed in the diffraction pattern of the real structure 

as well (fig 3.1c), though it is also observed that the diffraction pattern contains additional peaks. 

The additional peaks, which must contain structural information other than the average structure, 

are diffuse scattering. 
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(a) (b) 

(c) (d) 
Figure 3.1: An arbitrarily constructed “real structure” of a periodic 1-D system containing alternating 
atoms of different scattering densities (a), along with the average structure where each atom has a 
scattering density of 1 (b). The calculated diffraction pattern for the real structure (c) exhibits more peaks 
than the average structure (d) and contains all the peaks in the diffraction pattern. Peaks seen in the 
diffraction pattern of the average structure and of the real structure correspond to Bragg peaks, while 
peaks unique to the real structure diffraction pattern correspond to diffuse scattering.  

From the diffraction patterns, PDFs may be calculated by taking the Fourier cosine 

transform, which provides only the real components of the Fourier transform. Because of the 

way the 1D structures were constructed, these PDFs look virtually identical to the initial 

structure. The real structure PDF (fig 3.2a) shows weaker correlations at a 1 unit cell distance 

where the correlation corresponds to a differing atom-atom pair, and a stronger correlation at a 2 

unit cell distance where the correlation corresponds to a same atom-atom pair. In the PDF of the 

real structure (fig 3.2b) all correlations are identical, as all atoms are, on average, identical. With 
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these two PDFs, a Δ-PDF is constructed by taking the difference between the real and average 

structure PDFs (fig 3.2c). 

(a) (b) 
 

(c)  
Figure 3.2: Calculated PDFs from calculated diffraction patterns for some structure with atoms of 
alternating scattering intensity (a) and its average structure containing only atoms of the average intensity 
(b). By taking the difference of the two PDFs a Δ-PDF is calculated (c).  

Interpretation of the Δ-PDF in one dimension is relatively straightforward. At a one unit 

cell distance in the real structure (fig 3.1), the atom-atom pairs are always between differing 

atom types. In the Δ-PDF (fig 3.2c), at one unit cell distance this appears as a negative 

correlation. At two unit cell distances in the real structure, the atom-atom pairs are always 

between identical atom types, and the corresponding correlation shows up in the Δ-PDF as a 

positive correlation. Longer correlations distances exhibit the same behavior. 
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Because the Fourier transform is a linear operation, the Δ-PDF may be arrived at in a 

number of ways. Let the function Fc be the Fourier cosine transform which produces the PDF 

from a diffraction pattern, D be the magnitude of the Fourier transform which produces a 

diffraction pattern from a structure, rs be the real structure, as be the average structure, and Δ be 

the Δ-PDF. The Δ-PDF may thus be arrived at in any of the following ways: 

1) 𝐹 𝐷[𝑟 ] − 𝐷[𝑎 ] =  𝛥 

2) 𝐹 [𝐷[𝑟 − 𝑎 ]] =  𝛥 

3) 𝐹 [𝐷[𝑟 ]] −  𝐹 [𝐷[𝑎 ]] =  𝛥 

 As the average structure of a crystal is a mathematical construct, it is not possible to 

experimentally subtract the average structure from the real structure, so option 2 is implausible 

experimentally. While it is possible to measure and calculate the PDF of an average structure 

through powder diffraction, all information is spherically averaged by use of a powder; the PDF 

of the real structure cannot be obtained, and option 3 is again implausible experimentally.  

The only remaining option is option 1. A 3D diffraction volume of a structure without 

radial averaging is experimentally obtainable using either x-ray or neutron sources, providing us 

with D[rs]. As D[as] contains only Bragg peaks, it can be obtained using a model of the system 

and subtracted. Such a model requires both an understanding of the system being studied as well 

as broadening effects created by whatever instrument is being used, making any such technique 

both instrument and sample specific. Instead, a different approach of locating and removing the 

Bragg peaks while reconstructing missing diffuse scattering is taken. Prior attempts to do so [25, 

26] involve the use of a “punch-and-fill” algorithm where sections thought to contain Bragg peaks 

are removed and a Gaussian blur is applied to the entirety of the data to hide the missing regions. 

Removal of the Bragg peaks this way requires the knowledge of their position, and the size of the 
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region must be chosen. The application of a Gaussian blur biases the data to be more isotropic 

and destroys directionally dependent information. Instead, a new approach is taken here in which 

an algorithm I have developed automatically identifies and locates Bragg peaks by statistical 

methods, referred to as KAREN (Chapter 2). The regions in which Bragg peaks are located are 

then are replaced with values estimated from the statistics of the surrounding diffuse. This 

approach requires no sample or instrument specific knowledge, and alters no data determined to 

consist of diffuse scattering, providing a much higher fidelity representation of the diffuse than 

the prior punch-and-fill algorithm.   

3.2 Window Functions: 
 

As a PDF is calculated from experimental data by taking the Fourier transform, there 

must always be ringing artifacts present as a consequence of the Gibbs phenomenon. These are 

present in 1-D PDF calculations, but are generally easily ignored as they produce peaks at 

positions that are not physically plausible. However, in the case of a 3D volume, the addition of 

ripples throughout the volume often results in either a featureless volume or one in which 

interesting features are simply obscured by ripples (fig 3.3a). In order to mitigate this, as well as 

other problems which result from the Gibbs phenomenon, a window function must be used in 

order to get an interpretable 3D PDF volume (fig 3.3b).  
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(a) (b) 

Figure 3.3: A calculated PDF where a window function is not applied (a) to the input data set and a 
calculated PDF where a Blackman window is applied (b) to the input data set.  

To better understand the effects of the Gibbs phenomenon and the consequences of using 

a window function, simple 1-D tests are performed. Consider some arbitrary sine wave (fig 3.4a) 

for which the magnitude spectrum is computed (fig 3.4b). Because the input is known to be a 

single frequency sine wave which is generated, it is expected that the magnitude spectrum have a 

single peak at that frequency (and another at the same negative frequency). The sine wave may 

be treated as a structure in real space, and the magnitude spectrum is the reciprocal space 

representation, those these may be arbitrarily interchanged. It is observed that the peak in the 

magnitude spectrum is centered at roughly the known frequency of the sine wave, with some 

broadening. The broadening is a consequence of the mathematical uncertainty principle that 

relates the two domains of the Fourier transform, real and reciprocal space in the context of 

diffraction. Further consequences of the uncertainty principle will be discussed in more detail in 

a later chapter.  

The broadening observed in the Fourier transform of a signal is not identical for signals 

of all frequencies, which may be observed by constructing a signal by summing multiple sine 
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waves of the same amplitude (fig 3.5a, b). It is observed that the broadening of each peak is 

different (fig 3.5c). Additionally the amplitude of each peak in the Fourier transform differs, 

despite each input sine wave used to generate the signal being the same amplitude. This is a 

phenomenon commonly referred to within the context of signal processing as spectral leakage 

[20]. In simplified terms, this may be thought of as the area under the peak being delocalized 

across the Fourier transform as it broadens, moving area to places where it should not be. It can 

be observed that this delocalized area under peaks may result in additional peak area under other 

peaks, or sufficiently spread out a peak such that the area under the peak may not have the 

expected value. Each peak in the example should integrate to the same area (fig 3.5c), but it is 

clear that a naïve selection of peak boundaries would not result in identical peak areas for all 

three. Integrating between selected peak boundaries (fig 3.5c, green dashed lines) results in peak 

areas of ≈8700, 9870, and 15,100 arbitrary units. Integration boundaries are also ill defined as a 

consequence of spectral leakage moving peak area throughout the entire spectrum. Such leakage 

effects for more complicated signals often appear as ripples, rather than simple peak broadening.  

 

  
(a) (b) 

Figure 3.4: An arbitrary sine wave sampled over a finite time (a) along with its calculated magnitude 
spectrum (b). The calculated magnitude spectrum shows a peak at the known frequency used to generate 
the sine wave which is broadened across the spectrum.  
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(a) (b) 

 

 

(c)  
Figure 3.5: Three arbitrary sine waves of different frequencies sampled over finite time (a), a signal 
generated by summing all three (b), and the calculated magnitude spectrum for the final summed signal 
(c). The magnitude spectrum of the summed signal shows varying degrees of broadening for each 
frequency peak. Integrating between naively selected peak boundaries (green dashed lines) results in 
integrated peaks of ≈8700, 9870, and 15100 arbitrary units.  

 
In order to mitigate the effects of such spectral leakage effects, a window function must 

be applied to the input data set. A window function is generally some symmetric function which 

tapers to zero or a low value at the boundaries that the input signal is multiplied by. Dependent 

on application, careful window function selection is necessary, as altering a signal by 

multiplying it by another function carries with it a number of consequences. Two common 

window functions are compared, the Tukey window (fig 3.6a) which has a variable width flat top 

and tapers smoothly to zero at its boundaries, and a Blackman window (fig 3.6c) which is similar 

in shape to a gaussian function and also tapers to zero at both ends.  
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The Tukey window is defined with the following equation [35]: 

 𝑤(𝑛) =  

⎩
⎪
⎨

⎪
⎧ 1 + cos [𝜋 − 1 ]                                     0 ≤ 𝑛 <

1                                                                  ≤ 𝑛 ≤ 𝑀(1 −

1 + cos [𝜋 − + 1 ]              𝑀 1 − < 𝑛 ≤ 𝑀

 (3.1) 

Where M is the width of the window and α is a factor that defines how broad the flat top of the 

function is. 

Blackman window is defined by the following equation [44]: 

 𝑤(𝑛) = 0.42 − 0.5 cos − 0.08 cos   (3.2) 

Multiplying an input sine wave by either window results in a function which tapers to zero at 

both ends, as expected (fig 3.6a, b) with the Tukey window leaving the middle of the function 

unmodified. 

Calculation of the magnitude spectrum of the signal consisting of a single sine wave with 

either the Tukey or Blackmann windows applied shows a number of differences to the 

unwindowed counterpart (fig 3.7). For both windowed signals, the peak in the magnitude 

spectrum tapers much more quickly to a baseline value of 0 outside of the main peak. 

Additionally, the rate at which the taper occurs differs for both the Blackmann and Tukey 

windows. It is also observed that the peak heights and areas are different for the windowed 

functions, which is easily explainable by the fact that the windowed sine waves contain less 

signal than the original sine wave; instead of an antinode at full height towards the edges the 

antinodes are lower in amplitude for the windowed sine waves.  
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(a) (b) 

  
(c) (d) 

Figure 3.6: A Tukey window with an α parameter of 0.2 which has a flat top (a) and a Blackman window 
which does not have a flat top (c). Both window functions taper smoothly to zero at the edges. Applying 
the either the Tukey (b) or Blackman (d) windows to a sine wave by multiplying the signal (blue) with the 
window results in a windowed signal which tapers smoothly to zero at both ends (red). The final signal is 
altered to varying degrees depending on the window function used.  
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Figure 3.7: Resulting magnitude spectrum from an arbitrary sine wave calculated without a window 
(black), with a Blackman window (blue), and with a Tukey window (red) showing different max peak 
heights, peak full width at half maximums, and different drop offs beyond the main peak.  

 
A correction factor must then be applied to make the calculated magnitude spectrum of a 

windowed signal more directly comparable quantitatively to one calculated without a window 

function. For a given calculated spectrum from a windowed function, either an energy correction 

or amplitude correction may be applied by multiplication by a constant [45]. The energy 

correction factor corrects for area under the peaks (fig 3.8a), while the amplitude correction 

factor corrects for the amplitude of the peaks (fig 3.8b). Both these correction factors are 

dependent on the window function used, and are easily calculable. The amplitude correction 

factor is the reciprocal of the average value of the window, while the energy correction factor is 

the reciprocal of the root mean square value of the window. 
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(a) (b) 

Figure 3.8: Energy (area) and amplitude (peak height) corrections applied to the magnitude spectra after 
windowing 

Finally, it is observed that the window functions exhibit different main peak shapes and 

taper to baseline at different rates. This may be understood by inspecting the frequency responses 

of the respective window functions (fig 3.9a). The frequency response is the Fourier transform of 

the window function plotted on a decibel scale. For the Tukey window it is observed that the 

central, or main lobe is nearly as sharp as the frequency response of using no window, while the 

main lobe of the Blackman window is much wider (fig 3.9b). However, drop off for the 

Blackman window outside of the main lobe occurs much faster than either no window or the 

Tukey window. Side lobes for the Blackman window also decrease in a relatively predictable 

manner, while the Tukey window’s side lobes have a much more complicated drop off shape. 

The fundamental trade off for any window function that must be made is between peak 

broadening and drop to baseline. For a function with an applied Tukey window, peaks in the 

Fourier transform will be sharper, with a relatively slow drop to baseline with some delocalized 

rippling. For a function with an applied Blackman window, peaks in the Fourier transform will 

be broader, with a rapid drop to baseline and minimal rippling. Dependent on the system being 

analyzed, selection of the most appropriate window function is necessary for proper system 

analysis. Any data which is being Fourier transformed in order to be analyzed must have such a 
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window function applied with known properties, else there will be artifacts that appear which 

may be misinterpreted as physically meaningful.  

(a) (b) 
Figure 3.9: Comparison of the frequency responses of no window (black), the Blackman window (blue), 
and a Tukey window with α = 0.2 (red) showing the differing main lobe widths and drop off rates, as well 
as losses in the side lobes (a). A magnified view of the main lobe is shown for emphasis of different main 
lobe broadening (b). Plots are all normalized such that the main lobe is at 0 dB for easier comparison. 

3.3 Reconstruction of 3D X-ray Diffuse Scattering: 
 

Because no purpose built beamlines for the collection of 3D diffuse scattering scattering 

data are currently available, In order to get 3D diffraction data from a beamline, it was necessary 

to write software to construct the reciprocal space volume from a number of individual 2D 

images. Data was collected at 11-ID-C at the Advanced Photon Source using 105.7 keV x-rays 

using the Dectris PILATUS3 CdTe 2M detector. The PILATUS3 area detector is composed of a 

number of smaller detector modules which produces a grid of smaller images, rather than a 

single large image. As such, to measure a single large area several images must be taken with the 

detector translated between each measurement. Diffraction images were collected with an 

exposure time of 1 second at 0.1 degree intervals over a 360 degree sample rotation, for a total of 

3600 images at each detector position. Images were collected with the detector at three different 

positions in the plane perpendicular to the beam axis in order to fill the intermodule gaps (fig 
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3.10), with the detector shifted by an integer multiple of the pixel dimensions (172x172 microns) 

in order to avoid interpolation necessary in the case of a subpixel shift when assembling the 

images. Correct detector shift is verified before image assembly by phase correlation [46] 

implemented to detect subpixel shifts at a 1/10th pixel resolution. This was initially implemented 

in python but later replaced with the implementation contained in the scikit-image package [47, 48, 

49]. 

NaN (not a number) values from dead pixels and intermodule gaps are replaced with 

zeros and marked in normalization masks. The NaN values are simply placeholders to indicate 

no value was measured at that position. A mask for each image is constructed with a value of 1 at 

every measured pixel and a value of zero for any un-measured pixel that results from a dead 

pixel or intermodule gap (figure 3.11 a, b, c). A normalization mask is then constructed from the 

individual masks by summing them (figure 3.11d). The normalization mask contains at each 

pixel position the number of times that pixel was experimentally measured. In order to obtain a 

normalized image constructed from the three individual images, the images are summed and then 

divided by the normalization mask. This yields an image in which each pixel is the arithmetic 

mean of the individual measurements from the composing images.  

With the assembly of three shifted images there are still pixel positions without detector 

coverage that fall on intermodule gaps in all three measurements (fig 3.11d, 3.11a). Because 

these are all relatively small regions only several pixels wide at most in the experimentally 

collected images, these are simply filled with a smooth function. The assembled images have 

missing pixels inpainted using solutions of the biharmonic equation [42], which was arbitrarily 

selected. Fills by other methods, such as using the solutions to the heat equation was not found to 

have notably different results in either the reconstructed image or the final data analysis after 
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volume reconstruction. Final implementation used for inpainting of the unmeasured pixels is 

contained within the scikit-image package [50, 51]. Finally the reconstructed images are 

downsampled by a factor of four by replacing each 4x4 pixel region with its median.  

Because the scattered x-rays originate from the sample in a sphere, the pixels farther 

away from the center of the detector have a larger angular coverage of the scattered x-rays than 

those near the center of the detector (fig 3.13a). To correct for this the diffraction images are 

simply mapped back to the surface of a sphere with a radius equal to the sample to detector 

distance. Pixels are mapped to voxels corresponding to the surface of the sphere contained within 

a 3D volume. Sample to detector distance is determined based on a CeO2 calibration pattern. 

Similarly to the stitching, normalization is performed for any voxels that are composed of 

multiple pixel measurements.  

In order to reconstruct the whole 3D volume, the Fourier slice theorem [52] is used. This is 

illustrated in figure 3.14, where a projection of a 2D image followed by a Fourier transform 

provides a 1D slice through the 2D Fourier transform of the image. By taking projections around 

a rotation of the original 2D image, and performing 1D Fourier transforms of the projections 

those, it is possible to construct the 2D Fourier transform of the 2D image from the assembly of 

the 1D transforms. This is extendable to higher dimensions, where a projection of a 3D volume 

to a 2D plane followed by the Fourier transform of that resulting plane provides a 2D slice 

through the 3D Fourier transform of the original volume.  

An x-ray diffraction experiment can be approximately treated as a 2D projection through 

the 3D structure in real space followed by a Fourier transform, which provides a 2D slice 

through the 3D reciprocal space. Thus each diffraction image may be treated as a 2D slice 

through the 3D reciprocal space volume (fig 3.15a). Multiple slices are assembled into the 3D 
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volume and rotated with the corresponding rotation angle of the sample (fig 3.15b) in order to 

construct a 3D volume in reciprocal space. As before with the previous steps, normalization is 

performed identically for voxels that are measured repeatedly in the 3D reciprocal space volume, 

with voxels near the center of the volume around the axis of rotation being measured more 

frequently than those further away. However, because what is detected is mapped to the surface 

of a sphere due to experimental constraints, the assembled volume is composed of curved slices 

(fig 3.15c) rather than flat 2D planes, which are then assembled as flat planes would be to create 

the final 3D volume (fig 3.15d). Planes which are normal to the rotation axis in the constructed 

volume, dependent on their position (fig 3.16a), will have varying amounts of measurement 

coverage (fig 3.16b, c). An example of an assembled volume from experimental data is shown 

(fig 3.16d) which exhibits expected cylindrical shape with clearer measurements towards the 

center, where there are more repeat measurements through the rotation. In order to compensate 

for this, symmetrization of the data is performed. This is performed by generating copies of the 

volume and performing symmetry operations on each copy and then averaging all these 

generated volumes. Symmetry operations used are dependent on the symmetry of the system 

being measured; a system space group of high symmetry such as Fm-3m will have a larger 

number of allowable operations, and thus better repeat coverage of voxels in the final reciprocal 

space volume. An example of a 2D grid with incomplete coverage (fig 3.17a) with four 

symmetry equivalent rotations is shown (fig 3.17b, c, d). Final coverage after summing the 

symmetry equivalent rotations along with the normalization mask (fig 3.17e) shows more 

coverage and a higher number of repeat measurements at each position than using just the single 

original 2D grid. 
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(a) (b) 

 

 

(c)  
Figure 3.10: Three images at the same sample rotational position at different detector positions (a, b, c). 
The dark circle near the center is the shadow from the beam stop, which is the most noticeable indication 
of the detector shift. Detector is shifted by an integer multiple of the pixel widths (172x172 microns) and 
image shifts are re-determined by phase correlation determine pixel shifts down to a 1/10th pixel 
resolution to verify that the shifts are correct. 
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(a) (b) 

  
(c) (d) 

Figure 3.11: An example of a collected region on an area detector with measured and unmeasured pixels, 
denoted as with yellow and white boxes, respectively (a). Translation of the detector to multiple positions 
changes the measured and unmeasured regions (b, c). A mask array with measured pixels marked with 
either 1 or 0 for measured and unmeasured pixels is generated for each detector pixel, which is summed 
to generate a normalization mask that has a value at each pixel representing the number of measurements 
at each position (d). A final normalized image may be generated by summing the input images at each 
position (a, b, c) and dividing the resulting array by the normalization mask (d). 
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(a) (b) 

Figure 3.12: Summed and normalized diffraction image from three different detector positions still 
showing data missing from certain regions (a) with missing regions filled in with solutions to the 
biharmonic equation (b).  

 

 

(a) (b) 
Figure 3.13: Graphical representation of a diffraction experiment with incident x-rays indicated in red, 
diffracted x-rays indicated in purple, and the detector indicated in brown (a). Scattered x-rays at a greater 
angle relative to the incident x-ray beam travel a greater distance (blue) than those at a lower angle, and 
thus pixels which detect x-rays further from the center of the detector have greater angular coverage of 
reciprocal space. The detector measurements are mapped back to a sphere with radius equal to the sample 
to detector distance corrects for the difference in angular coverage (b) 
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Figure 3.14: Illustration of the Fourier slice theorem. A projection of the 2D image of a cat along the 
indicated direction followed by a 1D Fourier transform provides the 1D slice in the same direction as the 
initial projection through the 2D Fourier transform. 
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(a) (b) 

  
(c) (d) 

Figure 3.15: 2D plane through reciprocal space collected by a single diffraction image, assuming an 
infinite sample to detector distance (a) and the assembly of the diffraction images into the 3D reciprocal 
space volume from a number of diffraction images collected through a rotation (b). Actual experimentally 
collected 2D plane through reciprocal space is represented by a section of the surface of a sphere (c) and 
the assembly of curved surfaces into the 3D reciprocal space volume.  
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(a) (b) 

  
(c) (d) 

Figure 3.16: Representation of the assembled 3D reciprocal space volume from an experiment (a) 
showing that planes taken normal to the rotation axis at different distances from the center of the volume 
have differing coverage (b, c). An 3D scattering  volume which has been assembled from experimental 
data is shown, which exhibits the expected cylindrical shape (d). 
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(a) (b) 

  
(c) (d) 

 

 

(e)  
Figure 3.17: An example of a 2D array collected off a detector (a) with measured positions marked in 
yellow and unmeasured positions marked in white represented as a mask with a 0 or a 1 at unmeasured 
and measured positions. Assuming the 2D measurement has four fold symmetry, three other symmetry 
equivalent representations of the measurement may be generated by rotating the image 90 degrees (b, c, 
d). Summing these masks provides a normalization mask (e) showing high repeat coverage at certain 
positions. A final symmetrized image may be generated by summing the symmetry equivalent input 
images (a, b, c, d) and dividing by the normalization mask (e). 
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CHAPTER 4 

Plastic Crystalline CBr4 

This Chapter is a manuscript in preparation “Resolving the structure of Plastic Crystalline CBr4 
by 3D Pair Distribution Function Analysis”. James Weng, Eric D. Dill, James D. Martin,* Ross 
Whitfield, Christina Hoffmann, Feng Ye, Ella Shepard, Reinhard Neder 

 

4.1 Introduction 
 

The properties of functional crystalline materials are often related to specific local 

arrangements of atoms and molecules that are distinct from the materials long-range periodic 

structure. Diffuse scattering is an important tool to identify such features of the material’s lower 

symmetry shorter-range structure. Extraction of structural details from diffuse scattering remains 

a significant challenge.  1D pair distribution function (PDF) techniques yield some insight into 

deviations from the long-range periodic structure. However, directional information is 

necessarily lost or obfuscated by the 1D analysis. By contrast, 3D total scattering techniques 

retain all directional information, which is critical for isolating Bragg and diffuse diffraction 

features in reciprocal space, and for resolving otherwise overlapping pair correlations in the real-

space PDF. Having recently developed a method to accurately separate the Bragg and diffuse 

components of the diffraction signal, it is now possible to evaluate the uniquely isolated diffuse 

scattering, the 3D-Δ-PDF. Here we demonstrate the 3D-Δ-PDF analysis of plastic crystalline 

CBr4 to resolve a controversy regarding its local structure. CBr4 is an ideal test case for 3D-PDF 

analysis given its total diffuse scattering is of similar intensity to the total Bragg scattering, and 

because it is a molecular compound and thus does not have atomic deficiency defects or 

substitutional disorder. This limits the origin of its diffuse scattering to translational and 

rotational disorder.  Additionally, we identify and explain novel “virtual correlations” in the real 
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space information contained within the 3D-Δ-PDF, a consequence of autocorrelations from the 

Fourier transform.   

The intermolecular structure of materials composed of tetrahedral molecules, particularly 

the carbon halide molecules (CX4), has been the subject of continued controversy since the 

observation of structural correlations in the liquid phase by x-ray diffraction over 70 years ago. 

There is general agreement with respect to the overall molecular distribution in the structure, 

however there is controversy with respect to the nature of allowed intermolecular orientational 

correlations; the subject of considerable experimental and simulation work.[53, 5, 6, 7, 8] Many 

carbon halide molecules exhibit a plastic crystalline phase, a mesophase with structural 

characteristics of both a disordered liquid and an ordered crystalline solid. Historically, the 

plastic crystalline phase is described as a “rotor phase” in which the molecules are allowed to 

rotate at fixed positions on lattice sites.[53, 54, 55, 56, 57] Alternative descriptions suggest there exist a 

limited set of six to twelve allowed molecular orientations with varying length scales of 

intermolecular correlations.[54, 55, 56, 57, 58, 59] 

The long-range periodic order of CBr4 molecules in its plastic crystalline phase yields 

clearly identifiable Bragg diffraction. Variation in the intermolecular orientation of those 

molecules gives rise to a complex pattern of diffuse scattering.[58, 59, 42, 60, 38, 40, 9] While diffuse 

scattering holds the key to unraveling questions about molecular order (disorder), it is often 4-6 

orders of magnitude weaker in intensity than that of neighboring Bragg scattering.  This intensity 

differential between Bragg and diffuse scattering poses significant problems with its 

experimental measurement. Many silicon x-ray detectors do not have sufficient dynamic range to 

simultaneously measure Bragg and diffuse scattering quantitatively with intensity from the 

Bragg peaks bleeding into nearby pixels complicating measurement of diffuse scattering. Recent 
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advances in neutron scattering however, allow for the rapid acquisition of high-resolution 3D 

scattering data with enough dynamic range to simultaneously measure both Bragg and diffuse 

scattering. Two instruments at the Spallation Neutron Source at Oak Ridge National Laboratory, 

TOPAZ and CORELLI, allow for the collection of such data under varying sample conditions.[13, 

61]  

With the ability to collect accurate 3D diffuse scattering data, we recently developed the 

K-space Algorithmic REconstructioN (KAREN) method to separate the Bragg and diffuse 

scattering using digital signal processing techniques.[9]  Since Bragg peaks are significantly more 

intense than their neighboring diffuse scattering, Bragg intensity is identified as a signal outlier 

with respect to the diffuse. The KAREN method automatically locates, sizes, and separates 

Bragg scattering from the total scattering volume with no prior knowledge of either the 

symmetry of the system or the shape of the Bragg peaks present. The ability to separate 

scattering types without the use of either prior knowledge of the system or crystallographic 

theory prevents the inclusion of any unintended bias in the later analysis. Initially reported 

“punch-and-fill” methods used to separate Bragg and diffuse scattering require prior knowledge 

of the system to locate peaks for removal.[25, 26, 37, 32] And “punching” all potential Bragg 

diffraction positions often introduces artifacts into the diffuse data.  The Fourier transform of the 

3D volume of the respective Bragg and diffuse scattering yields the 3D--PDF and 3D-Δ-PDF, 

respectively. The 3D--PDF contains only atom-atom correlations exhibiting long-range periodic 

order of the crystalline lattice.  By contrast, the 3D-Δ-PDF, contains atom-atom correlations that 

deviate from the long-range periodic structure. Though often referred to as local order, 

deviations from the periodic structure may also occur over reasonably long distances.  

Importantly, both 3D PDFs also reveal the directional dependence of all atom-atom correlations.  
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Because the collection of scattering data, separation of the diffuse from Bragg scattering 

using the KAREN algorithm, and subsequent calculation of the 3D-Δ-PDF is system agnostic, 

preconceived ideas regarding the structure of the analyzed material do not bias the final 

calculation. Thus, as demonstrated here, analysis of the 3D-Δ-PDF of plastic crystalline CBr4 

definitively settles much of the controversy about its structure, showing that there are multiple, 

discrete orientations of the molecules at the lattice sites. While there is not long-range order of 

those discrete molecular orientations, intermolecular correlations are observed to length scales of 

at least 80 Å, corresponding to roughly 10 unit cells. 

4.2 3D neutron diffraction: separating Bragg and diffuse scattering  
 

The neutron scattering of an in situ grown single crystal of α-CBr4 as measured on 

TOPAZ (BL-12) at the spallation neutron source, Oak Ridge National Lab, is given in Fig. 4.1. 

While the Bragg and diffuse scattering are clearly distinct in the 3D volume, their similar 

intensity makes several Bragg reflections essentially unresolvable in the 1D pattern.  The 

comparable intensity of the Bragg and diffuse scattering suggests that either there is significant 

thermal motion creating molecular displacements away from average fcc lattice sites, or there is 

significant correlated disorder in molecular orientations. Because the Bragg reflections are not 

notably broader than expected for a crystalline material, the intense diffuse scattering cannot be 

attributed to thermal broadening. By contrast, the 3D diffraction volume demonstrates 

substantially anisotropic diffuse scattering features indicative of structural disorder being more 

highly correlated in certain directions.[58, 59, 42, 60, 38, 40, 9]  
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Figure 4.1: Neutron scattering for single crystalline α-CBr4. a. Image of the 3D diffraction pattern.  b. 1D 
diffraction pattern indicating the difference between the total scattering (black) and Bragg scattering (red). 
Inset is the same pattern plotted at 10 intensity. c. (111) and d. (100) cross sections of the diffraction 
volume. 

Similar to previously described synchrotron data,[38, 40] the neutron diffuse scattering of α-

CBr4 is dominated by kite-like sheets of diffuse, with the sheets orthogonal to hh0* directions.  

The corners of the “kites” of diffuse terminate at reciprocal lattice positions that can be indexed 

to the cubic fcc lattice. The narrow dimension of the diffuse sheets suggests molecular 

arrangements that are significantly ordered in the 110 directions. As initially determined by 

More, this is the primary direction of the C-Br bonds.[58, 59] Alignment of a molecular 4 axes with 

the cubic 100 real-space directions yields six possible orientations of CBr4 tetrahedra sitting on 

fcc lattice positions. Avoidance of intermolecular Br--Br contacts that are smaller than the sum 

of van der Waals radii (~3.8 Å) restrict which of the orientations are possible for neighboring 

molecules. RMC simulations that started with a random distribution of these six orientations, 

replaced pair-wise configurations that exhibited unrealistically short intermolecular Br--Br 

contacts, then allowed molecular positional relaxation, reasonably reproduced the most intense 

diffuse scattering features. However, while far superior to isotropic models proposed for the 

rotor-phase model of a plastic crystal,[54, 55, 56, 57] that RMC simulated model did not capture full 

a. b.

c. d.
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details of the plastic crystalline structure, being particularly unable to reproduce the diffuse 

patterns extending to higher reciprocal space. 

4.3 3-D PDF analysis  

Rather than being limited by the imagination of models or the reliability of simulation 

methods, the Fourier transform of the 3D scattering volume from which the Bragg and diffuse 

scattering have been isolated affords 3D PDFs with which it is possible to directly resolve the 

real-space structure. Because the diffraction data were collected to Q = 7.16 Å-1, the real-space 

resolution in this work is 0.44 Å.  As noted above, the 3D PDF retains all angular information of 

the real-space structure.  However, because the diffraction experiment itself is inherently a 

measurement of the average structure and is devoid of phase information, unique spatial 

information is obscured.  Consequently, the Fourier transform from diffraction space (reciprocal 

space) to PDF space (real space) yields the autocorrelation of all possible real positions in the 

structure from which the diffraction measurement was made. In traditional single-crystal 

crystallography, direct methods are used to resolve the phase, and thus autocorrelation problems 

with Bragg diffraction to obtain the average crystal structure from a Patterson function. In PDF-

space, particularly when evaluating a system exhibiting orientational disorder, the 

autocorrelation results in the observation of apparent correlations between atomic positions that 

exist somewhere in the crystal but are not part of the local order. We here describe such 

correlations to be virtual correlations.  Such non-physical contacts are seen in prior experimental 

3D-Δ-PDF data,[32] though their origin is not discussed. While no direct methods are available to 

solve the phase problem with diffuse scattering, the 3D PDF in combination with knowledge of 

the average crystal structure and careful attention to autocorrelation effects can provide 

unprecedented detail of the structural distortions responsible for diffuse scattering.  
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Using the afore mentioned KAREN algorithm,[9] the Bragg and diffuse neutron scattering 

for α-CBr4 were separated so that the 3D--PDF and 3D--PDF could be calculated 

independently.  Pictures of these 3D PDFs are given in Fig. 4.2.  Carbon and bromine exhibit 

similar coherent neutron scattering length cross sections (C = 6.646 fm and Br = 6.795 fm) thus 

C-C, Br-Br and C-Br correlations are observed as positive correlations in the PDF.  If, as is seen 

in the -PDF plots (fig 4.2b and c), there are regions of space where there is less than random 

probability of finding a pair correlation (i.e., here where atomic density must be avoided), then 

negative correlations will be observed. 

 
Figure 4.2: 3D PDF analysis of α-CBr4. a. (100) cross section of the 3D--PDF of α-CBr4.  A unit cell 
with showing the C molecular centers, and one CBr4 molecule is superimposed onto the -PDF.  b. A 
3D--PDF of one unit cell. c. (100) and d. (111) cross sections of the 3D--PDF of α-CBr4.  Positive 
correlations are colored red and negative correlations colored blue. 

The 3D--PDF of α-CBr4 is largely unremarkable, exhibiting isotropic peaks at the lattice 

sites expected for the fcc lattice, Fig. 4.2a.  The full width at half maximum for each of these 

features is equivalent to the diameter of a CBr4 molecule, within measurement resolution, 

because neutrons are scattered off the atomic nuclei.  The fcc molecular packing is apparent 
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across the full extent of the calculated 3D--PDF volume (to r ≈ 90 Å) confirming the long-range 

order of molecular packing in the plastic crystal. 

Remarkable new detail is revealed from the 3D--PDF, Fig 2b-d.  Consistent with the 

sheets of diffuse parallel to the {hh0}* reciprocal lattice planes, the -PDF reveals the longest-

range correlations along the real space 110 directions.  At the color-contrast values used in the 

plots of Fig. 4.2, intermolecular correlations to at least the [880] are observed. To unravel the 

structural detail revealed by the -PDF it is useful to initially consider the first shell of pair 

correlations that correspond to the molecular species itself, and then consider the intermediate-

range pair correlations that describe intermolecular correlations. 

4.4 Local structure and molecular orientations   

A more detailed view of the first-shell features of the 3D--PDF is given in Fig 4.3. An 

‘obloid with wings’ of positive correlation is observed at about 1.9 Å along each of the 110 

directions.  This is consistent with More’s original description of the orientation of the C-Br 

bonds.[58, 59]  However, the cubic 110’s are mutually orthogonal whereas the Br-C-Br bond 

angle is 109.54.  As shown in Fig 4.3a, a tetrahedral molecular geometry can be achieved by 

pairwise displacement of Br atoms off the 110 vectors by 9.77 yielding the green tetrahedra in 

the figure.  In the fcc cube, autocorrelation of six possible tetrahedral molecular orientations 

account for 24 possible Br positions (green atoms in fig 4.3). Alternatively, the tetrahedral bond 

angles can be achieved with one C-Br bond remaining aligned to a 110 vector (orange atom in 

fig 4.3), a second displaced by 19.54 in the same (001) plane, with corresponding displacements 

of the other two C-Br bonds just out of the (100) plane (turquoise atoms in Fig. 4.3, yielding the 

turquoise tetrahedra in the figure.  In the fcc cube, these 12 orange + 72 turquoise Br positions 

define 24 possible tetrahedral orientations of this type.  The autocorrelation of all 30 tetrahedral 
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orientations accounts for the lateral wings in the observed first-shell positive correlations (fig 

4.3a).  The elongation of the obloids of positive correlation in the 100 directions is accounted 

for by virtual Br--Br correlations illustrated in Fig. 4.3b and c quadrant iii. These correlations are 

much shorter than any real Br--Br contacts but appear in the PDF as a result of autocorrelation 

from the Fourier analysis. 

 
Figure 4.3: First shell of the 3D--PDF of α-CBr4. A ball-and-stick model of the possible molecular 
orientations is superimposed on the -PDF (a. centered on C and b. centered on a Br). Green Br positions, 
moved off the 110 vectors by 9.77, create six possible tetrahedra (one shown with green dashed bonds).  
Turquoise Br positions, one moved off a 110 vector by 19.54, along with an orange Br position directly 
on a 110 vector, and two corresponding displaced turquoise Br atoms create 24 possible tetrahedra (one 
shown with turquoise dashed bonds). c. (100) cross section of one unit cell of the 3D--PDF with 
overlaid ball-and-stick models of possible green and turquoise tetrahedra (dashed lines) in both C and Br 
centered positions, with a fraction of the lattice in quadrants (i) carbon centered (100), (ii) Br centered 
(100) and (iii) Br centered (0.154 0 0).     

The cuboctahedral arrangement of bromines about the carbon yields four groups of 

intramolecular Br--Br correlations. The shortest are between the 60-separated 110 vectors 

(e.g., between the [110] and [101]) which overlap with the C-Br bond correlations. These include 

virtual correlations between 1.2 to 2.4 Å. The remaining three groups of intramolecular Br--Br 

correlations, along with intermolecular Br--Br correlations define the second shell of positive 

correlations in the -PDF.     

The Br--Br correlations between 90-separated 110 vectors (e.g., between the [110] and 

the [110]) can range between 1.7 and 3.5 Å. Within this range are actual intramolecular Br--Br 

correlations at 3.14 Å, as well as numerous virtual correlations.  Actual Br--Br correlations in the 
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(100) plane are shown for three possible tetrahedral orientations with one Br at the origin in Fig. 

3c. The observed positive correlation density at > 3.5 Å is due to allowed intermolecular Br--Br 

contacts that are slightly out of the precise (100) plane.  By contrast, virtual “90-correlations” 

shorter than 2.7 Å are observed to fall in regions where strong negative correlation is observed in 

the -PDF, i.e., forbidden correlated atomic positions in the crystal structure.   

As shown in Fig 4a-d, the definition of one tetrahedral orientation precludes local atom 

placement in other of the possible positions, limiting which virtual correlations may be observed. 

In the figure, forbidden positions opposite allowed C-Br bonds are circled.  When C is at the 

center of the autocorrelation function, Fig. 4a, other molecular orientations somewhere in the 

lattice allow occupation of these positions and thus positive correlations are observed.  By 

contrast, when a Br is at the center of the autocorrelation function, Figs. 4b-d, and all possible 

combinations of these correlations are considered, then, as shown in Fig. 4e, many of the 

forbidden positions are never occupied.  These result in the observation of negative correlations 

in the PDF.  Notably, the deepest negative correlation is observed in the space in between 

neighboring non-allowed atom positions.    

 
Figure 4.4: Forbidden Br positions define negative correlations. Ball-and-stick representations of Br 
positions identified for select possible tetrahedral molecular orientations with corresponding forbidden 
positions circled for the (100) autocorrelation function a. centered on C, b. centered on the in-plane Br, c. 
centered on the Br at (0.094,0,0.197) and d. centered on the Br at (0.197,0,0.094)). e. Superposition of the 
atomic positional map onto the (100) -PDF of α-CBr4 (positive correlations red, negative correlations 
blue.  

a. b.

c. d.
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The additional groups of Br--Br correlations are generated from the 120- and 180-

separated 110 vectors (e.g., between the [110] and [101], and between the [110] and [110], 

respectively).  The “120-correlations” can be seen in the (111) cross section (Fig. 2d) and as the 

large positive correlation regions along the 111 vectors in Fig 4.2b. These include 

intramolecular correlations ranging from 2.9 to 3.7 Å, inclusive of the actual Br-Br 

intramolecular contact of 3.14 Å, numerous virtual correlations and also allowed intermolecular 

Br--Br correlations ranging from 3.3 to 4.4 Å.  Any “180-correlations” would be observed along 

the 110 directions and could only be virtual. Notably, however, all these potential virtual 

correlations fall in regions of negative correlation in the -PDF, which gives important insight 

into the packing rules for intermolecular orientations. 

4.5 Intermediate range order of molecular packing  

The set of discrete molecular orientations recognized by evaluation of the local structure 

also identifies restrictions to nearest neighbor intermolecular contacts which, as shown by this 

3D--PDF analysis, results in observed intermediate range molecular order extending to 

significantly long distances. With autocorrelations from at least 30 possible tetrahedral molecular 

orientations, full interpretation of the -PDF will likely require a novel combination of direct-

methods and Monte-Carlo type structure solution methods that are yet to be developed. 

However, a simplified analysis based on the set of six related tetrahedra reveals the most 

significant allowed intermolecular packing (fig 4.5).  The six possible tetrahedral orientations 

relative to the (111) cross section are identified in Fig. 5a; the Br atoms of each orientation being 

color coded red-violet.  When the essentially in-plane C-Br bonds of all six orientations are 

superimposed, as on molecular positions 1 and 2 in Fig 4.5c, it is apparent that for certain 

molecular positions, all possible Br sites are allowed (e.g., position 0 and 2), whereas in other 
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molecular positions (e.g., position 1) several Br sites fall in regions of negative correlation 

providing evidence of restricted molecular orientations. A similar pattern is observed for the 

autocorrelation function centered on a Br for which all Br sites are allowed at molecular position 

4, but only select sites are allowed at molecular position 3. The broad hexagonal shaped positive 

correlation regions around each lattice site correspond to intermolecular Br--Br correlations for 

the out-of-plane Br atoms in the (0.308 0.308 0.308) layer. 

  
Figure 4.5: Intermolecular orientations mapped to the -PDF. a. Ball-and-stick representation of the set 
of six molecular orientations with each orientation colored red, orange, yellow, green, blue, or violet, 
respectively.  b. Representation of the ten non-symmetry equivalent nearest neighbor molecular contacts 
described with respect to their apex (a), edge (e) and face (f) orientations being staggered (s), eclipsed (e), 
parallel () or perpindicular ().  Distances are reported in Å, with the red text representing contacts 
shorter than the sum of Br--Br van der Waals radii. c. A portion of the (111) cross section of the 3D--
PDF of α-CBr4 with CBr4 molecules, orientationally color-coded as described in a., placed to demonstrate 
one possible set of intermolecular arrangements. The six 110 directions visible in (111) plane are 
denoted by black arrows in the lower right corner. 

The forbidden Br positions are a result of intermolecular orientations that would require 

Br--Br contacts that are shorter than the sum of Br--Br van der Waals radii, i.e., < 3.8 Å.  In the 

fcc lattice, there are ten, non-symmetry equivalent pair-wise orientations among this set of six 

tetrahedra shown in Fig. 5b. (Many more exist for the additional set of 24 tetrahedral 

orientations.). Among these, the three pairs in which an apical C-Br bond is directed to the apex 
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(a-a(s), a-a(e)) or edge (a-e) of an adjacent tetrahedra each exhibit Br--Br contacts that are too 

short and thus cannot exist without a sever repulsive energy penalty. The other seven orientations 

are all globally possible, but locally can be restricted by molecular adjacencies.   

Consider the adjacencies allowed if a molecule in the red orientation is placed on the 

central molecular position 0 in Fig 4.5c. Along the 110 directions, those exhibiting the greatest 

intermediate range order, the shape of the positive correlation features suggest that the edge-to-

edge (e-e() or e-e()) adjacencies are preferred (see position 5).  The e-e() adjcencies are shown 

propegated along the [101] for molecular positions 0-6-7-8-9.  Apex-to-face (a-f(e) or a-f(s)) 

propagation along the [110], shown for molecular positions 0-10-11 (and 0-1), also appears to be 

possible, though the week positive correlation for the a-Br position and a forbidden red-a-orange-

a(s) contact between molecular positions 10 and 5 (and 1 and 5) suggests these may be less 

favored than the e-e adjacencies. Filling out the ring of first molecular neighbors, f-e contacts 

between 0-12 and 0-13 positions and corresponding a-f adjacencies 6-13 and 6-12, and f-e 

adjacencies 13-10 and 12-1 are all viable.  These agency patterns can be propagated, see 

molecular positions 15-17 yielding a viable set of intermolecular orientations.   

The above analysis demonstrates one possible set of molecular adjacencies starting from 

a single central molecular orientation.  Multiple propagation variants are possible.  Furthermore, 

any of the 30 possible tetrahedral orientations could equally have been utilized as the central 

reference.  Nevertheless, these data clearly demonstrate that while there are a large but finite 

number of intermolecular orientations of the CBr4 tetrahedra, this plastic crystalline phase is 

defined by the occupancy of the discrete molecular orientations and is clearly not an isotropic 

rotor phase.   Notably, the molecules exhibit substantial correlated order over at least eight to ten 
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neighboring molecules in the 110 directions which gives rise to the highly ordered diffuse 

scattering. 

4.6 Outlook and importance of this work 
 

The newly developed methods for separating Bragg scattering from diffuse scattering 

allows for independent calculation of 3D pair distribution functions describing only the long-

range periodic structure, the 3D--PDF, and the correlated disorder in the structure, the 3D-Δ-

PDF, respectively. Here we applied this technique to understand the complex diffuse neutron 

scattering observed for plastic crystalline CBr4. Agnostic to prior knowledge of the structure, the 

3D-PDF yields the autocorrelation function of the real structure. The 3D data, unlike the widely 

utilized 1D-PDF, retains spatial resolution of each of the observed pair correlations which is 

necessary for structural interpretation.  

The molecular compound CBr4, which has fixed local bond distances and angles, and is 

free of atomic deficiency defects and substitutional disorder, was an important test-case for 

learning to interpret the 3D--PDF since the origin of its diffuse scattering is limited to rotational 

and translational disorder. Careful analysis reveals that many of the observed correlations in the 

PDF are in fact virtual correlations, a function of autocorrelation of the real-space data obtained 

from the Fourier transform of the diffraction data. Such virtual correlations, a feature of both 1D 

and 3D PDF analysis, have here-to-fore been largely ignored but provide critical information 

needed to successfully interpret questions of structural order/disorder.  Careful evaluation of the 

local real and virtual correlations reveals thirty possible orientations of the CBr4 molecules, with 

C-Br bonds oriented generally along the cubic 110 vectors. This provides clear evidence that 

the plastic phase of CBr4 is best described by a set of discrete orientations of the tetrahedral 
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molecules which are located on fcc lattice sites, rather than the historic description as a rotor 

phase. 

The 3D--PDF further reveals strong orientational correlations of up to eight to ten CBr4 

molecules along the 110s. By evaluating the allowed positive correlations, and forbidden 

negative correlations, forbidden for orientations requiring Br--Br contacts that are shorter than 

the sum of their van der Waals radii, it is possible to describe the intermolecular packing 

restrictions that give rise to the highly ordered diffuse scattering.    

Application of the 3D-Δ-PDF to disordered systems, and the corresponding extraction of 

the real structure from the autocorrelation function, affords unprecedented insight with which to 

study structural features of disordered systems that cannot be observed by 1D techniques. The 

level of structural detail achieved allows for a direct-methods type approach to solving the 

disordered structure. Here, we demonstrate a by-hand analysis which describes one possible 

tiling arrangement of molecular orientations.  We are working to interface the direct structural 

information obtained from the 3D--PDF with Monte Carlo methods to better resolve the 

patterns of intermediate range order that define the diffuse scattering. Full implementation of 3D-

PDF methods will thus provide the means to answer long standing questions about material 

structures. 

4.7 Methods 
 

4.7.1 Preparation of materials 

Carbon tetrabromide (99%, Aldrich, C11081) was used without further purification. (It 

was previously demonstrated less than 2% impurity has no effect on the structure of 

either solid polymorph.[40]) Doping the sample with 2.5% CCl4 was found to stabilize 

the plastic crystal phase over a greater temperature range facilitating in situ growth of 
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large single crystals. The stabilization of the plastic crystalline phase is presumably a 

consequence of additional entropy. Under microscope it is observed that the doped 

samples, unlike pure samples, exhibit faceted growth, as predicted by the Jackson 

model for crystal growth when entropy is introduced to the system.[62] Comparison of 

scattering data from the CCl4 doped and undoped samples of α-CBr4 showed no 

difference in the diffuse scattering over expected instrumental noise. Samples were 

sealed with high temperature epoxy in 2.4 mm ID Kapton tubing which was 

chemically etched[63, 64] to allow for proper bonding with the epoxy adhesive. Plastic 

crystalline α-CBr4 was grown in situ on TOPAZ (BL-12) at the SNS by melting at 383 

K and then cooling to 338 K as quickly as the instrument cryostream was capable (≈6 

°C ∙min-1), yielding a single crystal roughly 20mm in length. The crystal was grown 

during the temperature ramp and was fully grown before the isotherm at 338 K was 

reached. 

4.7.2 3D neutron scattering collection  

3D neutron total scattering was collected to Q = 10.025 Å-1 on TOPAZ at the SNS at 

ORNL. Pure single crystals α-CBr4 develop a significant mosaic pattern over time 

with the instrumental temperature fluctuation over the total volume of the large single 

crystal sample, however the 2.5% CCl4 doped single crystal remained stable over the 

entire measurement. Scattering data was measured at 338 K with stationary collections 

taken in 5° increments for a total of 21 collections which provides complete and 

redundant coverage of reciprocal space. Data was reduced using the standard 

MANTID software package (ORNL) to provide a cubic 3D scattering volume over the 

range Q = -7.158 to Q = 7.158 Å-1.  
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4.7.3 3D-PDF calculation.  

Using the KAREN method [9]
 (included in the MANTID software package) Bragg 

peaks were identified and separated from the diffuse scattering using a window width 

of 5 voxels, and the removed and missing diffuse scattering was reconstructed. A 

Blackman window was applied to the reconstructed diffuse scattering before 

calculation of the 3D-Δ-PDF. The Blackman window function was chosen because the 

broadening resulting from the worst-case scalloping losses from the window do not 

significantly impact interpretation. This is an acceptable tradeoff for the rapid and 

relatively smooth side lobe drop off, allowing minimization of Fourier ripple (Gibbs 

phenomenon) effects with little impact to resolution of real space features. From the 

windowed and reconstructed diffuse scattering volume the 3D-Δ-PDF was calculated 

by Fourier transforming the volume. The collected scattering volume allows for a 

calculated cubic real space volume over the range of r = -88 to r = 88 Å with a 

resolution of Δr = 0.44 Å. 
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CHAPTER 5 

Ferroelectric Perovskite BZN-PT (0.8 PbTiO3-0.2 Bi(Zn2/3Nb1/3)O3) 

This Chapter is a manuscript in preparation “Using 3-D β-PDF Analysis to Resolve Structural 
Modulation in the Ferroelectric Perovskite BZN-PT”. James Weng, James D. Martin,*Ross 
Whitfield, Christina Hoffmann, Feng Ye, Alisa Paterson, Zuo Guang Ye 

 

5.1 Introduction 
 

The crystal structure of a material is defined by a regularly repeating periodic lattice of 

atoms over a long range. These structures are described in terms of seven lattice systems, being 

defined by an arrangement of points in three dimensional space. These lattice systems are further 

subdivided and classified by symmetry into 230 three-dimensional space groups. Materials 

properties such as ferroelectricity are governed by the specific symmetric arrangement [65, 66].   

By contrast, there are many materials, with corresponding interesting properties, whose 

structure is not constrained by a perfectly periodic lattice. It is possible for atoms to move out of 

position relative to the overall periodic structure (fig 5.1a) with a periodicity which is a non-

integer multiple of the structure’s overall periodicity (fig 5.1b). Such atomic distributions are 

referred to as incommensurately modulated structures [67] which are not described within the 230 

three dimensional space groups. This type of structural modulation is known to occur when 

crystalline samples are damaged by ionization [68, 69], and has additionally been observed in 

electronics components such as capacitors that have degraded and no longer have the desired 

electrical properties [70]. Higher than expected energy densities have additionally been observed 

in capacitors constructed from materials which are structurally modulated [71]. Observation and 

characterizing of structural modulation is thus of great importance for understanding and 

predicting materials properties. Bismuth based perovskites are of particular interest, as they are 

non-toxic relative to their lead based counterparts, and have high piezoelectric coefficients 



   

75 
 

exceeding 2500 pC/N compared to lead based materials which are typically 220-600 pC/N [11, 12]. 

Such properties are thought to be the result of the Bi3+ lone pair electrons, whose presence 

dramatically enhances lattice distortion [10]. Temperature dependence of the reversible 

appearance of structural modulation in the bismuth based system in this paper suggests the 

existence of some transition between periodic modulated structure to correlated disorder that has 

not been previously observed. Understanding of the structural distortions created by the addition 

of Bi3+ to the perovskite lattice would allow better prediction of electronic effects and the 

rational design of materials with desired properties.  

 
(a) 

 
(b) 

Figure 5.1: A regularly repeating 1D lattice of green and red circles (a) and a modulated structure in 
which the red circles are periodically displaced left and right (b). 

The KAREN algorithm, designed to separate Bragg scattering from diffuse scattering, 

additionally characterizes peaks which result from structural modulation similarly to ordinary 

Bragg scattering. Unlike other methods for separating Bragg from diffuse scattering, KAREN 

identifies the locations of Bragg scattering without prior knowledge of the crystal structure. 

Because Bragg scattering is significantly more intense than diffuse scattering, and appears as a 

large sudden spike above the diffuse background, it is identified by KAREN as an outlier relative 

to the diffuse scattering. Similarly, modulated scattering peaks, as they arise from longer range 

periodic structure than diffuse scattering, also show as large spikes above the diffuse and are 

treated equivalently to Bragg scattering by KAREN. In a diffraction volume with Bragg, 

modulated, and diffuse scattering, KAREN returns a volume containing separated diffuse 

scattering and a volume containing both Bragg and modulated scattering.  
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Any structural deviations from the overall periodic structure will be observable in 

diffraction patterns as deviations from the regular Bragg diffraction pattern.  Random or 

correlated disorder in the structure will become manifest as diffuse scattering.  By contrast 

periodic displacements, exhibiting a periodicity distinct from the overall periodic lattice, will be 

manifest as additional sharp diffraction peaks, albeit of significantly lower intensity and at wave 

vectors that cannot all be expressed by rational coefficients in a basis of the reciprocal lattice of 

the basic structure. 

Experimentally it can be challenging to uniquely identify and separate the respective 

Bragg, modulated and diffuse components of an experimental diffraction pattern.  To accomplish 

this, we recently developed the KAREN algorithm, which uses signal processing strategies to 

differentiate sharp diffraction signatures as outliers relative to some threshold intensity.  We 

generally consider the diffuse scattering threshold to be scattering that is within 3 of the median 

of intensity of the surrounding diffraction volume.  More intense sharp scattering features 

corresponding to Bragg and modulated scattering can be identified as “signal outliers” with 

respect to the 3 threshold.  Once uniquely identified, it is possible to take the 3-D Fourier 

transform of total volume of each unique type of diffraction data to obtain the real-space pair 

distribution function (PDF) reflecting the structural features that give rise to distinct diffraction 

data.  The Fourier transform of the diffuse scattering has been identified as the -PDF and that of 

the Bragg scattering as the β-PDF. 

As part of our ongoing development of 3-D PDF techniques to investigate and understand 

the structural origins of diffuse scattering in materials, we measured the total 3-D neutron 

scattering of a signle crystalline sample of the ferroelectric solid solution perovskite , 0.8 

PbTiO3-0.2 Bi(Zn2/3Nb1/3)O3 (BZN-PT) on the TOPAZ (BL-12) diffractometer at the SNS.  
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Measurements were taken at both 100 K and 298 K. Though not previously understood to exhibit 

a modulated structure, the scattering data provides clear indication of structural modulation, with 

the distinct patterns of modulation being temperature dependent.  Herein we demonstrate that 

substantial details characterizing this modulation can be extracted from the 3-D β-PDF (3-D 

Fourier transform of Bragg and modulated diffraction with diffuse removed) which contains 

information regarding the overall periodicity of the structure, as well as the periodicity resulting 

from the modulation.  These methods are then applied to analysis of the modulation in the BZN-

PT system.   

5.2 Methods: 
 

To demonstrate how β-PDF analysis can resolve details of modulated structures, a series 

of 2-D structures are generated. A square lattice with no modulation (fig. 5.2a), a square lattice 

with modulation in the x direction (fig 5.2d), and a square lattice with modulation in the x and y 

directions (fig 5.2g). Generated structures are composed of “atoms” which are represented by 2D 

gaussian peaks with a σ of 3 pixels, repeating every 30 pixels. In the modulated structures the 

maximum displacement along the direction of modulation is 9 pixels, with a modulation period 

of 314 pixels. From these modulated structures a diffraction pattern can be calculated by the 

following equation: 

𝐼(𝑞) =  ∫ 𝑓(𝑟)𝑒 𝑑𝑟   
   (5.1) 

where I(q) is the diffraction pattern and f(r) is the input structure. An expanded section of the 

center of the calculated diffraction patterns is given for the square (fig 5.2b), x modulated (fig 

5.2e), and xy modulated (fig 5.2h) structures. The diffraction pattern of the square lattice simply 

shows a regularly spaced grid of points, i.e. the Bragg diffraction.  By contrast, the diffraction 

patterns of the modulated structures exhibit satellite peaks, in addition to the original Bragg 
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peaks. For the structure modulated in the x direction satellite peaks appear in the a* direction, 

while the structure modulated in the x and y directions exhibits satellite peaks in both the a* and 

b* directions.  

   
Figure 5.2: A series of generated 2D structures of Gaussian peaks separated by 30 pixels for the average 
structure (a) and structures with added modulation consisting of a maximum displacement of 9 pixels 
over a period of 314 pixels in the x (d) and xy (g) directions. Corresponding calculated diffraction 
patterns for average (b), x modulated (e), and xy modulated (h). 2D pair distribution functions (PDF) 
calculated from the diffraction patterns for the average (c) and modulated (f, i) structures. 

 
The satellite peaks observed in a diffraction pattern, which arise from periodic structural 

modulation, are lower in intensity than the main Bragg peaks but exhibit similar peak profiles to 

the main Bragg peaks.  Thus, using the conventional analysis with the KAREN algorithm, both 

Bragg and modulated scattering are identified as signal outliers with respect to any diffuse 

scattering. As such the scattering observed in the simulated diffraction patterns shown in Figures 

5.2b, e, h for structures with modulation but no correlated disorder (figs 5.2a, d, g) is thus 

representative of the “Bragg” output of KAREN when experimentally evaluating a material 

containing both structural modulation and correlated disorder. 

From the scattering volume containing both bragg and modulated satellite peaks, a PDF 

that will be termed the β-PDF, may be calculated by the following equation: 

𝛽(𝑟) =  𝑅𝑒 ∫ 𝐼 (𝑞)𝑒 𝑑𝑞  (5.2) 
Which is the real component of the Fourier transform of the bragg scattering volume, IBragg. For 

the unmodulated structure, the computed β-PDF (fig 5.16c) shows the autocorrelation of the 
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original structure (fig 5.2a), which in this case is essentially the original structure. For the 

structure modulated in the x direction, the computed β-PDF (fig 5.2f) shows lobes in the 

horizontal direction which periodically elongate and shorten. At the center of the image a column 

of circular points with no elongation in the horizontal directions is observed. These columns 

repeat and correspond to the points where a periodic sine wave (fig 5.3) reach a value of 0 and 

cross the x axis; the distance from the center out to the first column of minimally distorted lobes 

corresponds to ½ the period of modulation. The lobes of maximum elongation appear 

immediately adjacent to the minimally distorted lobes and their width corresponds to the 

maximum amplitude of elongation. By inspection of horizontal rows in the β-PDF, both the 

amplitude and period of modulation in the horizontal direction may be extracted. Similarly, the 

β-PDF of the structure modulated along the x and y directions (fig 5.3i) shows the same features 

in the horizontal direction, with the addition of periodic lengthening and contracting of the 

observed lobes along the vertical direction where another modulated direction is present.  

 
 

 
Figure 5.3: An arbitrary sine wave. 

 
In order to obtain the modulation in an arbitrary direction by means other than simple 

inspection of the β-PDF, a relatively straightforward approach is used. To check for modulation 
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in some direction, like the horizontal (x) direction in the 2D structure modulated along the x 

direction (fig 5.2d), the β-PDF (fig 5.2f) is projected to that axis to obtain a 1D trace (fig 5.2a). It 

is observed in the 1D trace that there is an overall background which drops towards the edges of 

the trace that is the result of profile of the bragg peaks used to calculate the β-PDF. This is 

removed by applying a gaussian filter of arbitrary width sufficient to remove most of the features 

(fig 5.4a) to obtain an approximate baseline, which is then divided by the projected 1D trace (fig 

5.4b). In the baseline corrected trace (fig 5.4b) there is expected to be a large maximum in 

exactly the center. Because the original structure is modulated in just the x direction with all the 

atoms participating in the modulation, it is expected that at the first column to the left or the 

right, a local minimum will appear in the projection of the β-PDF. This is observable by 

inspection of the β-PDF (fig 5.2f) or by a inspecting a diagram of how lobes would be expected 

to elongate in a β-PDF (fig 5.5a) for a structure where all atoms are modulated and atom 

positions are not aligned perpendicular to the direction of modulation. For a structure where 

atoms are aligned perpendicular to the direction of modulation (fig 5.5b) a local maximum is be 

expected rather than a local minimum. The distance from the center to the first local minimum or 

maximum corresponds to ½ the period of modulation in the direction perpendicular to the axis of 

projection; if the β-PDF is projected along the y axis to the x axis, any observed modulation in 

the projection is in the x direction. The amplitude of modulation may be obtained by inspection 

of the width of the lobes nearest peak to the central undistorted peaks. A similar method to the 

previously described projection method used to obtain the period of modulation may also be 

employed where the width of the peak nearest to the center is obtained, though this does not 

appear to add any value relative to taking a 1D trace through lobes in the β-PDF.  
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(a) (b) 
Figure 5.4: 1D projection of the 2D PDF of the structure modulated in the x direction perpendicular to the 
direction of structural modulation and the output of an arbitrary gaussian filter used as a baseline (a). 
Dividing by the filter output provides a baseline corrected version with large local minima at 293 and 607 
pixels (b) corresponding to the period of modulation of 314 pixels.  

 

 
(a) 

 
(b) 

Figure 5.5: A simplified diagram of how lobes would be expected to elongate in a β-PDF for a structure 
where all atom positions are modulated (a) but are not aligned perpendicular to the direction of 
modulation and a structure where atoms are aligned to perpendicular to the direction of modulation (b). 
For the structure with atoms out of alignment, two peaks are expected in the projection with a drop in 
intensity between them, creating a local minimum. For the structure with atoms in alignment a local 
maximum is expected in the projection.  
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5.3 Experimental: 
 

Scattering data was collected in 3D for a single crystal of the ferroelectric solid solution 

BZN-PT (0.8 PbTiO3-0.2 Bi(Zn2/3Nb1/3)O3) on TOPAZ (BL-12) at the Spallation Neutron Source 

at Oak Ridge National Laboratory. In the collected diffraction volume satellite peaks indicative 

of structural modulation were observed along with other diffuse scattering (figure 5.6a) at 100K. 

BZN-PT is known to adopt a tetragonal unit cell (a = 3.894 Å, c = 4.119 Å) [72] though was not 

previously known to have a modulated structure. Diffuse scattering was separated from the 

Bragg scattering and modulated satellite peaks with the KAREN approach [9]. The presence of a 

twinning or crystal mosaicity of roughly 3° is detected in the diffraction pattern as well (fig 5.7, 

5.8). Unit cells which were tiled with the c axis roughly perpendicular to the c axis of the main 

crystal were also detected, along with the presence of unit cells with parameters between the 

known a and c parameter (4.089 Å and 4.071 Å). 

Calculation of the β-PDF from the volume containing both the satellite and Bragg peaks 

showed elongated lobes in the slice through the 100 plane of the real space volume as would be 

expected for a structure modulated along one axis (figure 5.6b). Observed modulation occurs 

along the c axis (horizontal direction as pictured in the slice through the β-PDF). Amplitude of 

the modulation was observed to be ≈ 2 Å based on both direct inspection of the lobes in the β-

PDF and the peak widths in the projection to the horizontal axis. Based on the lobes observed 

(fig 5.5b), the period of modulation should be determined by a center to local maximum distance. 

The large peak expected in the center of the 1D projection is not present in the projection of the 

experimental β-PDF as the large central peak in the volume is removed during processing. The 

center to large local maximum distance corresponds to ≈ 24 Å (fig 5.6c), indicating a period of 
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modulation of ≈ 48 Å. Modulation was observed to either disappear or elongate to a periodicity 

not observable within the range measurable by the instrument at 298K (fig 5.9b). 

  
(a) (b) 

 

 

(c)  
Figure 5.6: 100 Plane through the neutron diffraction volume of BZN-PT (0.8 PbTiO3-0.2 
Bi(Zn2/3Nb1/3)O3) showing structural modulation in multiple directions (a) along with the corresponding 
plane in the Bragg only PDF (b) showing modulation primarily along the c (horizontal as pictured) axis. 
The projection of the PDF perpendicular to the axis of modulation suggests that the period of modulation 
is approximately 48 Å (c). The amplitude of modulation appears to be 2 Å based on the projection and 
inspection of the Bragg only PDF image. The large high intensity peak at the center of the calculated β-
PDF is removed during processing and as such does not appear in the slice (b) or 1D projection (c). 
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Figure 5.7: Section of a 2D slice through [100] plane of the Bragg only BZN-PT diffraction volume 
indicating the presence of twinned peaks. The expected columns peaks should fall on are labeled by blue 
lines. The appearance of peaks offset by some angular separation of roughly 3° (circled in green) 
indicates the existence of a twinned crystals or some mosaicity of the structure. Peaks circled in red are 
offset from their expected positions by both an angle of roughly 3° and some distance in reciprocal space. 
The a* and c* axes are shown as the vertical and horizontal axes, respectively.  
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Figure 5.8: Section of a 2D slice through [001] plane of the Bragg only BZN-PT diffraction volume 
showing twinned peaks (green) and peaks horizontally separated not indicative of twinning (purple). 
Indexing the twinned peaks indicates a lattice parameter of 3.894 Å, identical to the expected a axis of 
BZN-PT. Indexing of the horizontally separated peaks provides unexpected lattice parameters of 4.089 Å 
and 4.071 Å. Systematic absences of peaks also appear to be present (circled in blue) that would not be 
expected for a material in the P4mm space group. 
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Figure 5.9: 2D slices through the center of the 3D-β-PDF normal to the 100 direction with the c axis 
along the horizontal and the a axis along the vertical axes for BZN-PT at 100K (a) and 298K (b) showing 
a significant change in observed structural modulation characterized by the near complete disappearance 
of horizontally elongated lobes at 298K.  
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Figure 5.10: 2D slice through the center of the 3D-β-PDF showing the [100] plane with no structure 
overlay (a), an oxygen centered overlay with the B site cations in plane (b), an oxygen centered overlay 
with the A site cations in plane (c), and an A site cation centered overlay with oxygens in plane (d). 
Observation of the plane overlay containing B site cations and oxygen, the B sites fall on regions of weak 
negative correlation as would be expected, as the majority of B site cations in the material are Ti which 
has a negative neutron scattering cross section.  

5.4 Results: 
 

Inspection of the diffraction volume containing only Bragg peaks separated by KAREN 

indicates the presence of a number of twins. Twins appear as multiple spots around the expected 

lattice site, offset by approximately 3° when viewed along the 100 or 001 planes (fig 5.7, 5.8 

circled in green), as would be expected if there was the presence of a twinned crystal or some 

mosaicity. There are peaks which are unexplained by simple twins, also offset by 3°. Indexing of 

the peaks which lie along the a* direction in reciprocal space indicates a unit cell of ≈4.11 Å in 

that direction (fig 5.7, circled in red). The known structure of BZN-PT, obtained by powder 
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diffraction, indicates a tetragonal unit cell with parameters of a = 3.894 Å and c = 4.119 Å. The 

presence of the peaks in the a* direction with structural parameters of the c axis indicates that 

BZN-PT forms twins with unit cells rotated by ≈93°. Additionally peaks appear which are split 

horizontally rather than angularly, which is inconsistent with a simple twin separated by some 

angle (fig 5.8, circled in purple). Such split spots index to values between (4.089, 4.071 Å) the 

expected a and c parameters determined by powder diffraction. A number of systematic absences 

occur at positions such as 351, 051, 551 (fig 5.8, circled in brown) that would not be expected to 

occur for a P4mm structure. Interestingly, a peak at 531 is present, despite the absence of the 351 

peak. It is most likely that these systematic absences are simply a result of insufficient collection 

time at certain angles and do not correspond to some real structural feature.  

The presence of elongated lobes which varying length in the calculated bragg only (β-

PDF) indicates the presence of structural modulation in the material. Elongation is observed in 

the 100 plane (fig 4.10a) along the c axis at 100K. Elongated lobes appear as positive 

correlations (blue) and negative correlations (orange). The appearance of this modulation is 

reversible, indicative of some sort of second order phase change, and does not appear at 298K 

(fig 5.9). The period of the observed modulation is roughly 48 Å with an amplitude of 2 Å, 

indicating that modulated atom positions may be displaced 1Å from the average ideal unit cell 

position. With an overlay of the plane containing the B site cations and oxygen atoms, with 

oxygen at the center (figure 5.10b), B sites fall on modulated positions of weak negative 

correlation and oxygens fall on modulated positions of positive correlation. This indicates that 

both the B site and oxygen positions must be modulated. Because 80% of the B site cations in 

the sample being titanium, which has a negative neutron scattering cross section, the presence of 

elongated regions of negative correlation indicates that the B site cation must be modulated. 
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Overlays of the layer containing the A site cation and oxygens with either oxygen (fig 5.10c) or 

A site (fig 5.10d) centering indicate that either the A site or oxygen positions may be modulated.  

5.5 Discussion: 
 

Because of how the KAREN approach defines Bragg scattering intensity, where it is 

treated as an outlier from the surrounding area, satellite peaks are defined as Bragg scattering 

intensity despite being much lower intensity than Bragg scattering. It is thus possible to separate 

out satellite peaks created by structural modulation and calculate a β-PDF that includes both the 

long range periodic structure from the overall average unit cell structure and the modulated 

structure. Separation of the diffuse from the Bragg and satellite peaks allows for simplified 

analysis of the sharp diffraction peaks, particularly in cases where there is significant twinning or 

mosaicity, as diffuse streaks no longer appear between the sharp peaks (fig 5.6a vs 5.7). 

Extraction of the parameters of the modulation, amplitude and periodicity, is demonstrated using 

a simulated 2D modulated structure. Application of these techniques to a real system, the solid 

solution BZN-PT, shows that the β-PDF approach for obtaining modulated structure parameters 

is applicable to experimental data. 
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(a) (b) 
Figure 5.11: Correctly scaled illustration of the orientations of the unit cell within the structure of BZN-
PT at 100K which give rise to multiple split spots in the diffraction pattern (a). The normally oriented 
tetragonal cells (blue), the twinned unit cells separated by an angle of roughly ± 3°relative to the normal 
orientation (green), and the rotated unit cells separated by an angle of roughly 90 ± 3° relative to the 
normal orientation (red). With all these features contained within a single mosaic crystal (b), unit cells 
may form with lattice parameters that are between the expected a and c parameters of the tetragonal unit 
cell (purple). C axis direction in the unit cells is denoted by a blue arrow. 

Based on the additional spots diffraction pattern, the structure of single crystal BZN-PT 

at 100K is not a simple perovskite structure. A twin/mosaic structure consistently appears with 

an offset of 3° from the average unit cell of the bulk material. The tetragonal unit cells are 

frequently tiled with the c axis roughly perpendicular to the average unit cell, again with a 

consistent offset by 3°. Such structural features may appear as independent domains, shown in 

figure 11a, with the main average unit cell shown in blue, the simple 3° twin shown in green, and 

the roughly perpendicular tiling shown in red. When these three domain types are combined into 

one 2D structure (fig 5.11b), a “defect” region can be created in which the edge lengths of the 

created unit cell are shorter than either the edge lengths of the tetragonal unit cell, which 

plausibly leads to the observed weak diffraction peaks that indicate the presence of a unit cell 

with edge lengths of 4.089 and 4.071 Å, shorter than either the a (3.894 Å) or c (4.119 Å). It 
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should be noted that none of these structural features would be visible in powder xray diffraction. 

Powder diffraction makes the fundamental assumptions that the crystallites are randomly 

oriented and that only a small fraction of crystallites contribute to the measured diffraction 

pattern, as most of the crystallites are out of alignment at any given time. The three described 

domain types: the average unit cell, the 3° offset twin, and the perpendicular tiling, are 

impossible to see by powder diffraction. Because they differ by a rotational displacement, a 

powder containing all three domains in a grain would not appear to be any different from a 

powder with only the average unit cell present in a grain. The small infrequent defects which 

likely occur only at the boundaries of the domains in a bulk material would also not be visible, as 

powder diffraction cannot see features which occur very infrequently, as the majority of unit 

cells in the sample are not in alignment such that they contribute to the diffracted intensity. 

Based on the experimental data, the BZN-PT system studied exhibited a modulation 

amplitude of ≈2Å along the c axis, with a modulation period of ≈48 Å (fig 5.20). Bismuth based 

perovskites are known to be highly tetragonal, with BZT (Bi(Zn1/2Ti1/2)) for example exhibiting a 

c/a ratio of ≈1.2 [34]. Assuming an a axis length of ≈ 4 Å, a c/a ratio of 1.2 would result in a c axis 

length of 4.8 Å. An approximately 2Å modulation amplitude is thus potentially suggestive of a 

layering of two unit cells with the c axis in the direction of the modulation. From inspection of 

the calculated 3D-β-PDF both the oxygens and B sites may move up to 1 Å from their ideal 

positions. The only chemically plausible means for such a large atomic displacement to occur 

would be the presence of oxygen or B site vacancies. Because the material is known to be a 

ferroelectric with polarized domains, it is most likely that an oxygen vacancy is present, allowing 

the B site cation to translate along the c axis, creating polarized domains in the material. The 

observed modulation period of 48 Å is additionally an integer multiple of the average of the a 
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and c axis lengths (a = 3.894, c = 4.119), further suggesting that some sort of layering occurs in 

the modulated direction with an equal number of unit cells oriented with the a and c axes along 

the direction of modulation. Polarized light microscopy of the grown single crystal BZN-PT used 

in these measurements also the existence of layered domains oriented in <100> directions [18], 

further suggesting that the modulation is some sort of layering effect. Interestingly the 

modulation observed at 100K does not appear to persist at room temperature based on the 

disappearance of horizontally elongated lobes in the calculated β-PDF (fig 5.9), suggesting it is 

not a permanent structure such as a Ruddleson-Popper phase where there are layers of rock salt 

structures, as this would suggest significant diffusion of the A site cation throughout the structure 

that is not likely physically sensible. This suggests the existence of a low temperature phase 

transition that is characterized by an appearance/disappearance of structural modulation.  

 
Figure 5.12: The 100 layer of the perovskite structure showing the A site atoms (grey), B site atoms 
(blue), and oxygen atoms (red). Atoms which are likely to be modulated along the c axis are marked with 
arrows showing the direction of modulation. 

The overlays of the A site layer indicate that either the A site or oxygen positions, or both 

positions may be modulated. From the B site layer, we know oxygen must be modulated. If both 

oxygen and the A sites are simultaneously modulated, this creates a condition in which neither is 

modulated and only elongated lobes of positive correlation indicating B site modulation would 

be present. From the β-PDF it may thus be concluded that the B site cations and oxygen 

positions are modulated, and the A site cations are not, based on slices through the 100 plane (fig 
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5.10c, d). The β-PDF suggests that only the B site and the oxygen positions periodically displace 

within the modulated structure. The B site and oxygen positions appear to primarily displace in 

the horizontal direction in a periodic modulated fashion (fig 5.12). For BZN-PT, inspecting the 

calculated Δ-PDF at 100K ½ a unit cell above the 100 layer appears to indicate that the oxygen 

positions additionally displace in a non-periodic fashion, with displacements in both the 

horizontal and vertical directions (Appendix C figure 1). There are also a large number of 

currently uninterpretable correlated structural distortions that are visible in the Δ-PDF that can 

now be separated and viewed separately from periodic structural displacements (Appendix C 

figure 2). These structural distortions have not been observed in our work with other lead based 

but have been observed in other bismuth based perovskites such as BZT-PT which were obtained 

from the same source [73]. Further work with simpler bismuth perovskites, like bismuth ferrite is 

likely necessary to understand and interpret the structural distortions observed in bismuth based 

perovskites such as BZN-PT.

 

Figure 5.13: Zoomed in portion of the 2D slice through the center of the 3D-β-PDF showing the [100] 
plane. Split peaks offset by 3° from the main peak indicates the presence of a 3° offset twin. At distances 
further in r the split peaks appear at shorter distances. 
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It is also additionally observed in the β-PDF that a twin is present with an offset of 3°, as 

would be expected from the inspection of the diffraction pattern (fig 5.13). Additionally, the split 

peaks that are indicative of a twin shift to lower positions in r for main peaks higher in r. This is 

indicative of the tiled unit cells with a c axis slightly off perpendicular, also expected from the 

inspection of the diffraction pattern. The shift becomes more prevalent for higher r simply 

because more cycles of a periodic function (number of repeats in the unit cell) are observed 

within a larger window in r, effectively leading to greater certainty in the position of the 

periodicity of the function (unit cell parameter). These results are not surprising, as the PDF must 

show the same information as the diffraction pattern it is calculated from.  

Separation of the periodic structural distortions, which are not easily observable by 1D 

techniques, from other structural disorder allows better understanding of the material’s structure. 

In the case of BZN-PT in particular, this modulation is likely accompanied by changes in the 

material’s electronic properties which may have implications regarding its applications and 

should be further studied. For bismuth based perovskites such as BZN-PT and BZT-PT, which 

are promising materials for use in electromechanical transducers because of their high Tc, 

coercive electric field, and remnant polarization, as well as its large operating temperature range 

[73], it is important to understand what structural distortions lead to desired properties in order to 

engineer materials with desired properties.  

5.6 Conclusions: 
 

The β-PDF technique when used in combination with the KAREN algorithm which 

separates Bragg from diffuse scattering provides a powerful way to separately view periodic 

modulated disorder from other structural effects. The relatively simple interpretation of the β-

PDF, where the direction and amplitude of the modulation are observed as elongated lobes, 
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provides a new tool to quickly view structural modulation in a system. Compared to current 

analysis of modulated structures, which are handled as an N+3 dimensional space groups 

projected to 3D space, where N is the number of modulated dimensions, the β-PDF’s 

interpretation is much simpler and straight forward. Unlike 3D space, for which there are 230 

crystallographic space groups, for 4 and 5 dimensional space the number of crystallographic 

space groups are 4894 and 222097, respectively. For a system with two dimensions of 

modulation, the structural interpretation of the β-PDF simply requires looking at how lobes 

elongate in two different directions.  

 For very complicated systems, such as the bismuth based perovskite BZN-PT, where 

both correlated disorder and modulated disorder are present, inspection of the 3D-Δ-PDF and 

3D-β-PDF separately is necessary to fully understand the structure. Without such separation of 

effects the behavior of atoms in the crystal structure which exhibit both correlated and modulated 

disorder, such as the oxygen atoms in BZN-PT, it is likely not possible to fully understand the 

structure of a material. In the case of BZN-PT such combined structural effects, or even the 

presence of structural modulation, were not previously known [72, 73] to exist in the system, and 

the combined 3D-PDF techniques outlined here provide significant insight into the material 

structure.  
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CHAPTER 6 

Calcia Stabilized ZrO2 

6.1 Introduction 
 

Calcia stabilized cubic zirconia (Zr0.85Ca0.15O1.85) is common system used to demonstrate 

structured diffuse scattering (fig 6.1) on instruments which are capable of such measurements 

[13]. Because the doped ZrO2 system is an ionic conductor with oxygen vacancies, oxygen ions 

are highly mobile within the system and are able to form regions of shorter range ordering than 

the overall average long range unit cell structure. This system is additionally well suited for 

demonstrating diffuse scattering with neutron diffraction, as the scattering cross sections of the 

elements in the system (Zr – 7.2, O - 5.8, Ca - 4.7 [17]) are all similar in magnitude, making the 

oxygen as visible as the heavier compositional elements. It is expected from prior literature that 

the diffuse scattering is primarily driven by the existence of oxygen vacancies in yittria stabilized 

cubic zirconia [14, 15] and calcia stabilized cubic zirconia [16]. Two main structural features are 

expected: oxygen vacancies which result in the relaxation of neighboring ions and oxygen 

vacancy pairs along the 111 directions. In particular, vacancies or occupation of oxygen pairs 

along the 111 direction results in the shortening or elongation of Zr-Zr distances, respectively. 

The bragg peaks are easily separable from the diffuse scattering by the KAREN approach [9], and 

a 3D-Δ-PDF is easily calculable from experimental data. The expected structural features should 

be visible in the 3D-Δ-PDF, if they are present. However the experimentally calculated 3D-Δ-

PDF contains a significant number of unexpected structural features and is currently 

uninterpretable at this current time in the development of 3D-Δ-PDF (fig 6.2). Here we develop 

and explore a different approach to interpreting structural disorder by indirectly interpreting the 

diffuse scattering with a technique we will term 3D-β-PDF analysis. 
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6.2 Methods 
  
 The KAREN approach to separation of bragg and diffuse scattering defines the total 

scattering observed in a system with the following equation: 

 𝐼 = 𝐼 + 𝐼   (6.1) 
A system containing perfectly periodic long range order exhibits only Bragg scattering, and thus 

has a total diffuse scattering intensity of zero. It is also recognized that the total scattering Ihkl 

observed in a system is proportional to the square of the structure factor Fhkl: 

 𝐼  ~ |𝐹 |  (6.2) 
The structure factor is given by the following equation, where fj is the scattering factor of the jth 

atom and xj, yj, and zj are atomic positions in real space: 

 𝐹 =  ∑ 𝑓 𝑒[ ] (6.3) 
Thus the total observed scattering is dependent on the total number of atoms in a system, so for a 

system of N atoms ITotal remains constant regardless of the degree of disorder contained in the 

system. From this it follows that as disorder is increased and IDiffuse increases in equation 1, IBragg 

must decrease. It then must be possible to indirectly observe disorder effects that appear in the 

diffuse scattering intensity by observing the decrease in Bragg scattering intensity; a PDF 

calculated from the Bragg intensity only will have missing intensity where structural changes 

occur and move scattering intensity into the diffuse. To calculate such a PDF, after the diffuse 

scattering volume is removed by KAREN, it is subtracted from the original scattering intensity to 

provide a volume of only Bragg scattering. From this scattering volume a 3D-PDF, which from 

here forward will be referred to as a 3D-β-PDF, is calculated. If the system contained purely 

Bragg scattering from a perfectly ordered system with no diffuse, the 3D-β-PDF is equivalent to 

a 3D Patterson function.  
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Figure 6.1: Elastic diffuse neutron scattering data collected from a Zr0.85Ca0.15O1.85 single crystal on 
CORELLI at room temperature. Slices of the reciprocal-lattice planes (0,K,L) and (0.4,K,L). (Reproduced 
from [13]) 

 
Figure 6.2: A slice through the 200 plane of the experimentally calculated 3D-Δ-PDF for calcia stabilized 
cubic zirconia (Zr0.85Ca0.15O1.85) showing a large number of unexpected structural correlations that 
are currently uninterpretable. Positive correlations corresponding to same atom-atom correlations are 
shown in red. Negative correlations corresponding to different atom-atom correlations are shown on the 
viridis color scale [69]. Intensity scale is arbitrary.  

 



   

99 
 

6.3 Results: 
 

On first inspection of the calculated 3D-β-PDF, slices through the 3D volume which 

correspond to the 100, 00, and 00 planes of the unit cell (fig 6.3a, b, c) appear to simply show 

bright peak positions where Zr and O atoms would be expected. This is not an unexpected result, 

as the 3D-β-PDF should primarily show the average unit cell structure of the system. As the 

calculated PDF is an autocorrelation of the real space structure, any of the atoms in the unit cell 

may be considered to be at the origin; the lattice planes in the unit cell may be arbitrarily 

translated in any direction. If the 00 lattice plane containing oxygen is translated down and 

considered to be the 100, moving the 00 lattice plane which also contains oxygen to the 00 

lattice plane, a deviation from the expected ideal unit cell structure occurs in the PDF. With 

oxygen placed at the center it is noticed that two of the oxygens fall on positions with peaks of 

significantly lower intensity (fig 6.4a, b). Translating a Zr containing layer to an arbitrary 

position yields no such discrepancy (fig 6.4d). By equation 2 and 3, noting that the 3D-β-PDF is 

the Fourier transform of scattering intensities, the peak intensities in the 3D-β-PDF should be 

proportional to the sum of the squares of the atomic scattering cross sections. The intense peaks 

should be proportional to the sum of square scattering cross sections of Zr, O, and Ca (7.2, 5.8, 

and 4.7 respectively), while the dimmer peaks should be related to the square scattering cross 

section of O by roughly the same proportionality constant. It is assumed that Ca and Zr occupy 

the same lattice site. For the more intense peaks, for which both the Zr and O contribute the 

observed intensity should be approximately the following: 

𝐼 . , . , . ~𝑘 (0.85 ∙ 7.2 + 0.15 ∙ 4.7 + 1.85 ∙ 5.8 ) (6.4) 
𝐼 . , . , . ~109 𝑘  
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The less intense peaks should only have oxygen contributions, so the observed intensity is 

simply given by the following: 

𝐼 . ~𝑘 (1.85 ∙ 5.8 ) = 62 𝑘   (6.5) 
 

The intense peaks however are on the order of 3.6∙104 arbitrary intensity units, while the dimmer 

peaks are on the order of 1.4*103 arbitrary intensity units, giving values of k1 ≈ 321 and k2 ≈ 22. 

This significant absence of intensity at oxygen positions indicates a deficit of oxygen scattering, 

which is indicative of a lower than expected suggesting oxygen vacancies in the lattice. It is 

additionally observed that a number of smaller, weak peaks occur that are off lattice sites in the 

100 and 110 directions (fig 6.5). While the identity of these peaks is not easily determinable by 

inspection of the experimental data, it is consistent with movement of the Zr or Ca cations off 

site when oxygen vacancies occur. 

Similarly, the 111 plane through the 3D-β-PDF when viewed shows a number of large 

positive correlations that correspond to lattice sites (fig 6.6b). When the unit cell is viewed 

normal to the 111 direction the oxygen and zirconium positions simply stack on top of each 

other, so for a fully ordered system it would not be expected to see anything other than positive 

correlations at the lattice sites and zero elsewhere. However, in the 111 directions away from the 

lattice sites, negative correlations are seen (fig 6.6a). A negative correlation in a PDF normally 

indicates that the probability of finding an atom at that position is lower than random chance. In 

the 3D-β-PDF however, since scattering data (the diffuse scattering) that corresponds to 

displacements away from the average position has been removed, intensity at off lattice site 

positions decreases by the intensity which would be seen in the 3D-Δ-PDF. If the correlation at 

this distance in the 3D-Δ-PDF is positive, indicating an atom-atom correlation of the same type 

or a vacancy-vacancy correlation, the scattering at this position must be negative in the 3D-β-
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PDF. The presence of a negative correlation in the 3D-β-PDF in the 111 directions is thus 

indicative that there is a pair correlation of the same type in the system. It is also noted that there 

appear to be connecting rods between the lattice sites, however these are regions of zero values 

and simply indicate the probability of finding an atom at those positions is equivalent to random 

chance, which is what would be expected.  

  
(a) (b) 

  
(c) (d) 

Figure 6.3: Slices through the 3D-β-PDF which correspond to the 100 (a), 00 (b), and 00 planes (c) of 

the unit cell with zirconium (green) and oxygen (red) atom positions labeled. Planes shown in the 3D-β-

PDF are highlighted in the unit cell (d) in red, blue, and yellow for the 100, 00, and 00 planes.  
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(a) (b) 

  
(c) (d) 

Figure 6.4: Slices through the 3D-β-PDF which correspond to the 100 (a), and 00 planes (b) of the unit 

cell with oxygen (red) translated to the 100 layer. The 100 and 00 planes after translation now 

correspond to the planes labeled in blue in the unit cell (b). An apparent discrepancy appears where two 
oxygen positions are at an unexpectedly lower intensity (a, b). No similar discrepancy is seen when the 

00 plane containing Zr is translated to the 100 plane (d). 
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Figure 6.5: Horizontal traces through the 100 slice of the 3D-β-PDF showing the relative intensities of 
the peaks in the 2D slice pictured.  

 

 
 

 

(a) (b) 
Figure 6.6: Negative correlations (a) in the 111 Plane of the 3D-β-PDF. Large circular regions are lattice 
sites which are positive correlations which have been replaced with zeros on this scale. Negative 
correlations are seen in the 111 directions (red) near the lattice sites, indicating that the probability of 
finding an atom-atom pair at that distance is lower than random chance. Positive correlations showing 
primarily bright lattice sites are also shown for clarity (b). 

6.4 Discussion: 
 

Based on prior monte carlo work specific to this measured system [16], the calcia 

stabilized cubic zirconia (Zr0.85Ca0.15O1.85) is expected to have correlations between oxygen 



   

104 
 

vacancies in the 100 and 110 directions at a distance of ½ the unit cell distance. This agrees with 

the observed 3D-β-PDF when oxygen is placed at the origin (fig 6.4), where there is observed 

missing intensity in the 100 directions at a distance of ½ the unit cell distance. It is not entirely 

clear if there is a oxygen to oxygen vacancy correlation in the 110 direction, as these correlations 

are superimposed on top of Zr-Zr correlations in the system. In particular however, prior work 

suggests the presence of microdomains in which the nearest neighbor oxygens are shifted in the 

100 directions towards vacancies. This structural distortion potentially explains the presence of 

the smaller peaks in the 100 directions which are observed (fig 6.5).  

In the view of the 111 plane through the 3D-β-PDF, there are regions of negative 

correlations in the 111 directions at the positive lattice sites (fig 6.6a). Because these positions of 

missing intensity would not be expected to have any intensity in the PDF, unlike the previously 

described oxygen vacancies, the presence of a pair correlation here would appear as loss of 

intensity that creates a negative correlation, provided both the scatterers in the pair are of the 

same identity. Prior literature [13, 16] describes only vacancy-vacancy correlations in the 111 

directions at a distance of √  the unit cell distance, which is what is observed here in the 3D-β-

PDF. Evidence for this vacancy-vacancy correlation is also visible in the planes of the 3D-β-PDF 

parallel to the 100 (fig 5.4a, b), where peaks in the 111 direction at the same √
𝑎 distance have a 

lower intensity than expected, though the identity of the scattering pair contributing to the 

correlations is more ambiguous.  

6.5 Conclusions: 
 

For systems with particularly complex diffuse scattering that result in currently 

uninterpretable 3D-Δ-PDFs, it is possible to still gain insight into the structural disorder by 

observing where intensity is missing in the 3D-β-PDF. This indirect observation of structural 
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disorder, while limited, provides observations for the calcia stabilized cubic zirconia system 

which are in agreement with prior work. For systems with similarly uninterpretable 3D-Δ-PDFs 

without significant existing literature, insight gained from the 3D-β-PDF may be used to refine 

input for simulation work to better model and understand the diffuse scattering, and thus the 

structural disorder in the system. Providing relatively easy to interpret structural information in 

the form of a 3D-β-PDF also provides valuable insight into a structure that may be otherwise too 

complex to analyze by other existing methods. 
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CHAPTER 7 

Properties of the Fourier Transform and Implications in PDF analysis 

7.1 Introduction: 
 

The purpose of this section is to explore properties which are fundamental to the Fourier 

transform and their implications within the context of diffraction. The “phase problem” in 

crystallography is often discussed, where “phase information” is lost during the experiment, with 

very little additional information regarding what this means. This loss of phase results in 

significant ambiguities when attempting to interpret the physical meaning of data, which will be 

explored in this section. Additionally, the uncertainty principle, not known to be a property 

fundamental to the Fourier Transform in literature until 1946 [75, 76, 77] has a number of 

consequences regarding the precision of information which can determined in the real space 

structure of a material. The uncertainty principle in particular, a property not known until several 

decades after the formalization of crystallographic theory [19], does not appear to be mentioned 

crystallographic literature. It is thus important to account for properties which are fundamental to 

the Fourier transform to be accounted for when interpreting data which is the result of a Fourier 

transform in order to obtain a physically reasonable model of real space.  

7.2 The Phase Problem and Autocorrelation: 
 

At a first approximation, the intensity observed in a diffraction pattern is given by the 

equation 

 𝐼(𝑞) =  |𝐹(𝑞)| ∙ 𝑘 (7.1) 

Where 𝐼(𝑞) is the experimentally observed intensity, 𝐹(𝑞) is the structure factor of the system 

being measured, and 𝑘 is some constant that encompasses experimental constraints such as 
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polarization factor and sample absorption. The structure factor 𝐹(𝑞) is defined as the Fourier 

transform of the real space atomic positions in the system. In 1D this is the equation 

 𝐹(𝑞) =  ∫ 𝑓(𝑟)𝑒 𝑑𝑟 (7.2) 

Where F(q) is the 1D structure factor and f(r) is the 1D real space structure.  

Which simply to higher dimensions. For 3D this is given by the equation 

 𝐹(ℎ, 𝑘, 𝑙) =  ∫ ∫ ∫ 𝑓(𝑥, 𝑦, 𝑧)𝑒 ( )𝑑𝑥𝑑𝑦𝑑𝑧  (7.3) 

Experimentally, the intensity observed is the square magnitude of the structure factor. The square 

magnitude of a complex number is equivalent to multiplying itself by its complex conjugate. For 

the complex number a+ib: 

 |𝑎 + 𝑖𝑏| = (𝑎 + 𝑖𝑏)(𝑎 + 𝚤𝑏) = (𝑎 + 𝑖𝑏)(𝑎 − 𝑖𝑏) = 𝑎 + 𝑏   (7.4) 

The observed intensity may thus be equivalently represented by the following equation 

 𝐼(𝑞) ∝ 𝐹(𝑞)𝐹(𝑞)  (7.5) 

Where 𝐹(𝑞) is the complex conjugate of 𝐹(𝑞). Because what is observed only has the real 

component and no imaginary component as follows from the previous equation, there is no phase 

angle information present in the observed 𝐼(𝑞). It should be noted that the inverse Fourier 

transform of the scattering intensity must be the autocorrelation of the function f(r), which 

describes the real space structure, as previously defined 

Because no phase information is present in a diffraction experiment, we must consider what the 

effect of having 0 phase is on a function and its Fourier transform. 

Consider some arbitrary gaussian peak (fig 7.1): 
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Figure 7.1: A function consisting of a gaussian peak centered at x = 500. 

The Fourier transform, when the peak is symmetric about its center, has zero phase (fig 7.2a). 

The magnitude of the FT is, as expected for a gaussian, also a gaussian (fig 7.2a).  

  
(a) (b) 

Figure 7.2: Phase (a) and magnitude (b) of the Fourier transform of a function consisting of a gaussian 
centered about x = 500. 

 
When the gaussian is slightly translated (fig 7.3a), the phase takes on a nonzero value (fig 

7.2b). The magnitude however, remains the same regardless of translation (fig 7.3c). This lack of 

change in magnitude is expected, as from experimental experience translating a sample within an 

x-ray or neutron beam does not alter the position of peaks observed in a diffraction pattern and 
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the experimentally observed diffraction intensity is the square of the magnitude of the Fourier 

transform of a sample’s structure.  

(a) (b) 

 

(c)  
Figure 7.3: A gaussian which is translated such that it is not centered (a), the phase (b), and magnitude (c) 
of its Fourier transform. The magnitude of the Fourier transform remains the same regardless of 
translation of the gaussian.  

If the phase of the Fourier transform of the shifted gaussian is set to zero and the phase 

and is inverse Fourier transformed, the result is the centered gaussian peak (fig 7.1).  

For a slightly more complex function, such as one consisting of two gaussian peaks that 

is symmetric about the center (fig 7.4a) a similar result is observed. The Fourier transform of the 

symmetric function has zero phase (fig 7.4b) and a nonzero magnitude (fig 7.4c). 
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(a) (b) 

 

(c)  
Figure 7.4: A function symmetric about its center (x = 500) consisting of two gaussian peaks (a). The 
phase of the Fourier transform (b) is zero while its magnitude is nonzero (c). 

As before, when the function is translated the phase of its Fourier transform (fig 7.5a) is 

nonzero (fig 7.5b) and the magnitude is identical to the Fourier transform of the centered 

function (fig 7.4c, 7.5c). However when the phase of the Fourier transform is set to zero as 

before and inverse Fourier transformed, the result is not simply the function centered about the 

center. Instead, the result is an entirely different function with peaks that were not present in the 

original function composed of two gaussians (fig 7.5d). 
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(a) (b) 

  
(c) (d) 

Figure 7.5: A function which is not symmetric about the center consisting of two gaussian peaks (a). The 
phase of the Fourier transform (b) is non zero while the magnitude (c) is identical to the function when it 
is shifted such that it is symmetric about the center (x = 500). When phase of the Fourier transform is set 
to zero and inverse Fourier transformed, the resulting function is not identical to the original function 
shifted such that it is symmetric about the center (x = 500). 

This observation is a consequence of the lack of phase information. That is, for the equation  

 𝐼(𝑞) = 𝑘 ∗ 𝐹(𝑞)𝐹(𝑞)  (7.7) 

For a given 𝐼(𝑞) there are multiple functions 𝐹(𝑞) that satisfy the equation. This ambiguity 

created by the loss of phase information in a diffraction experiment is referred to as the phase 

problem. 

A simple way to visualize this is to consider 𝐹 to be the single complex number 1+1i. 

The complex conjugate 𝐹 is the complex number 1-1i. Graphically these vectors may be 
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represented as 2D vectors (fig 7.6a), with 𝐹 shown in red and 𝐹 shown in green. The 

multiplication of 𝐹𝐹 is represented by the shaded region (blue). We will let k = 1 for 

convenience. Thus following the previous equation 

𝐼 = 𝑘 ∗ [𝐹𝐹] 

𝐼 = [(1 + 𝑖)(1 − 𝑖)] 

𝐼 = 2 

By geometry it is trivial to see that there are at least four symmetry equivalent values for F: 

(1+i), (1-i), (-1+i), and (-1-i) which all yield the same value for I in the previous equation (fig 

7.6b). Additionally, there are a large number of additional vectors which also provide the same 

value for I. These may be generated by multiplying any of the equivalent values for F by 𝑒 , 

which may be graphically represented by a rotation by some angle θ. For example, let F = 1+i, 

and θ = 20° (fig 7.7).  

𝐹 = 𝐹 𝑒  

𝐹 = (1 + 𝑖)𝑒 ° = (1 + 𝑖)𝑒 .  

𝐹 = 0.596 + 1.282𝑖 

The product of F’ and 𝐹′, like for the four symmetry equivalent values of F previously shown 

(fig 7.7) again takes the value of 2. Thus, for the situation where you have one observed value of 

I. 

𝐼 = 2 = 𝐹𝐹 

There are many values for F which provide the same observed value I. Thus for any 

given observed diffraction pattern 𝐼(𝑞) there must be multiple structure factors 𝐹(𝑞), and thus 

possible real space  structures f(r), that may lead to the same observed diffraction pattern. This is 
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the source of the ambiguity seen in the previous example between figure 4a and 4d, and is the 

ambiguity created by the phase problem in crystallography.  

 

  
(a) (b) 

Figure 7.6: The complex number 1+1i (red) and its complex conjugate 1-1i (green) represented 
graphically (a). The area in the shaded region (blue) is the product of the two numbers, or (1+1i)(1-1i) 
with a value of 2. The complex numbers 1+1i, 1-1i, -1-1i, and -1+I (b). The shaded regions represent the 
product of each complex number and its complex conjugate.  

 
Figure 7.7: The complex number 1+1i (red) and a 20 degree rotation resulting in the complex number 
0.596+1.282i (green).  

For a more complex 2D function, this ambiguity becomes more significant. Consider 

some 2D data set, f(x, y), consisting of a hexagonal set of dots (fig 7.8a). In the context of crystal 

structures, we can consider this to be the unit cell of some material with atoms in a hexagonal 
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arrangement. If we take its Fourier transform of this structure, set its phase to zero, and calculate 

its inverse Fourier transform as was done with the 1D data set in figure 4, an equivalent structure 

is obtained (fig 7.8b). From either of these structures the expected scattering intensity is 

calculable by the equation 𝐼(ℎ, 𝑘) =  |𝐹(ℎ, 𝑘)| , showing an identical diffraction pattern for both 

structures (fig 7.8c).  

  
(a) (b) 

 

 

(c)  
Figure 7.8: A set of spots in a hexagonal pattern (a) as well as the equivalent set of spots created when the 
phase of its Fourier transform is set to zero (b). The “diffraction pattern” calculated by the equation 
I(q) =  |F(q)|  shows the same scattering intensity for both sets of spots (c). 

 
A 2D patterson function, P(x, y), may be calculated from the diffraction patterns by the 

following equation: 
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 𝑃(𝑥, 𝑦) =  ∫ ∫ 𝐼(ℎ, 𝑘)𝑒 ( )𝑑𝑥𝑑𝑦 =  ∫ ∫|𝐹(ℎ, 𝑘)| 𝑒 ( )𝑑𝑥𝑑𝑦  (7.8) 

In this case, because the “atoms” in the initial structure, being spots with a value of 1, the 

Patterson function is equivalent to a pair distribution function, as the scattering cross sections are 

all the same (there are no different atom types in the structure). The calculated 2D PDF (fig 7.9) 

shows correlations from the center which apparently do not exist in the actual structure (fig 

7.8a).  

 
Figure 7.9: A 2D patterson function calculated from a set of hexagonal dots, showing apparently 
nonexistent correlations from the center based on the input structure. 

 
If however we take the original structure and place one of the “atoms” at the center of the 

PDF we find that the other 5 align with spots in the 2D PDF (fig 7.10a). The structure may be 

tiled with a different atom at the center (fig 7.10b) filling in more spots, and is repeated as shown 

(fig 7.10c) until all 6 atoms in the hexagonal structure have been placed at the center (fig 7.10d). 

This uniform overlapping tiling explains most of the correlations, but does not explain the peak 

doubling seen at further distances from the center. The correlations present in the original 

structure will be referred to from this point forward as “real correlations” and those not present 

will be referred from this point forward as “virtual correlations.” 
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(a) (b) 

 

 
 

(c) (d) 
Figure 7.10: A 2D Patterson function calculated from the structure consisting of 6 points arranged in a 
hexagon. The nearest correlations are explainable by placing the original structure with one of the corners 
at the center (a) and repeating the process (b, c) until all six points have been placed at the center (d) to 
create a uniform overlapping tiling.  

 
If this process is repeated with a structure consisting of two hexagons, one with a 10% 

longer edge width (fig 7.11a), again an equivalent structure (fig 7.11b) with the identical 

diffraction pattern (fig 7.11c) may be calculated by taking the Fourier transform and setting the 

phase to zero. In the calculated 2D PDF (fig 7.11d), a large number of virtual correlations may be 

observed. At first glance, the correlations directly above and below the center are ones which 

appear at distances shorter than any distance in the original real structure. The next set of 

correlations out from the center show doubled peaks which do not exist in the original structure, 
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and further out near the corners of the PDF are clusters of peaks which have no apparent relation 

to the original real structure.  

  
(a) (b) 

  
(c) (d) 

Figure 7.11: A structure consisting of two hexagons, one with a 10% longer edge length than the other (a) 
and an equivalent structure created by removing the phase of the Fourier transform (b). Both structures 
exhibit the same calculated diffraction pattern (c) and 2D pair distribution function (d). The pair 
distribution function contains correlations that are not present in the original real structure.  

 
If the tiling process is repeated with both hexagons, as was done with the PDF of the 

single hexagon (fig 7.10), most of the correlations near the center are explained by the resulting 

uniform overlapping tiling (fig 7.12). However, the majority of the correlations, particularly 

those at the corners are still not explained. If we instead repeat the tiling with the group of the 

two hexagons (fig 7.13a) we see that placing grouped structure in two possible orientations (fig 
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7.13b) begins to explain some of the correlations towards the edges. If we repeat this tiling to 

generate a new uniform overlapping tiling with each of the 12 points at the center the majority of 

the correlations seen towards the corners are now explained (fig 7.14). 

 

 
Figure 7.12: Tiling of both hexagons with each point of each hexagon placed at the center of the PDF 
with the smaller hexagon denoted by red points and the larger hexagon denoted by the green points. A 
large number of correlations are still unexplained.  
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(a) (b) 

Figure 7.13: The two hexagons present in the original real structure, with the smaller denoted by red 
points and the larger denoted by green points (a) and its two possible orientations tiled on to the 2D pair 
distribution function (b) explaining one group of correlations.  
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Figure 7.14: The two hexagons present in the original structure with all 12 points placed at the center, 
explaining the majority of the correlations towards the edges. Unexplained correlations towards bottom 
right corner are circled in red, which match up with those in the tiled structure  

 
However it is observed that there are still a number of significant correlations in each 

corner that are unexplained, circled in the lower right corner in red in figure 6.14. These 

correlations however appear in the tiled structure outside of the boundary of the PDF circled in 

red in the upper left corner in figure 6.14. These correlations are a consequence of the Fourier 

transform imposing periodicity on the data set, so taking the entire uniform overlapping tiling 

here and tiling it again in the missing corner creates a new tiling in which those correlations are 
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now explained (fig 7.15). There are however still the correlations directly above and below the 

center (fig 7.15), which are now found in the new uniform overlapping tiling. The process of 

copying each newly created tiling and translating it to the center may be repeated until all 

correlations are explained, though this provides no significant utility as far as explaining the 

original real structure. These artifacts which are created and observed in the calculated PDF must 

also be present in any experimental PDF, as they simply a consequence of there being multiple 

solutions for the structure factor to the equation which describes diffracted intensity I = |F|2. 

 
Figure 7.15: Repeated overlapping tilings used to generate the autocorrelation of the structure containing 
two hexagons, where one hexagon has a 10% longer edge length. Correlations that weren’t explained in 
the previous tiling can be explained by considering the boundary of the image to be periodic, and 
correlations that fall outside the area are appear back towards the center of the image (circled in green and 
red). 
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7.3 Uncertainty principle, implications for precision in real space data 
 

The Fourier transform (eqn 7.9) and its inverse (eqn 7.10) are given by the following 

equations: 

 𝑓(𝑘) =  ∫ 𝑓(𝑥)𝑒 𝑑𝑡  (7.9) 

 𝑓(𝑥) =  ∫ 𝑓(𝑘)𝑒 𝑑𝑘  (7.10) 

This transforms some function f(x) in some domain A to the function f̂(k) in domain B. 

Commonly, in the context of signal processing, f(x) exists in the time domain, and f̂(k) exists in 

the frequency domain. In the context of crystallography, these domains are real space and 

reciprocal space, respectively; f(x) is the real space structure and f(̂k) is the observed scattering 

intensity. 

In discrete form, this pair of equations are similarly defined as the following (eqn 3 and 

4) and transforms some sequence of points xA in domain A to the sequence XB in domain B. The 

sequences are defined as xA := {x0, x1, …, xN-1} and XB := {X0, X1, …, XN-1} where N is the total 

number of values in the sequence. 

 𝑋 =  ∑ 𝑥 𝑒   (7.11) 

 𝑥 =  ∑ 𝑋 𝑒   (7.12) 

Following the previous definition of domain B as reciprocal space, XB may be considered 

to be a discrete sampling of N points reciprocal space and xA is similarly a discrete sampling of N 

points in real space. For a diffraction experiment, rather than obtaining the complex values of XB, 

we observe the magnitude of XB because phase information is lost. 

Assume a real space structure f(x) extending over some range [a, b] (fig 7.16a), and generate this 

real space structure from equally spaced Gaussian peaks every 30 Å over a range of 869.5 Å. 

Now regularly sample this function at some sampling rate fs for a total of N points to get the 
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sequence xA. Let this sampling rate fs be a sample every 0.5 Å: a sampling rate of 2 Å-1. From 

this sequence xA we may compute the sequence XB using equation 3 (fig 7.16b). As expected, the 

spacing between the peaks in the computed Fourier transform, or diffraction pattern (fig 7.16b), 

has a value of ≈0.03 Å-1 corresponding to a lattice spacing of 30 Å by approximation suggested 

by Bragg’s law. The spacing between the points in XB corresponds to ≈10-3 Å-1; the Q resolution 

in this simulated experiment is ≈10-3 Å-1. 

  
(a) (b) 

Figure 7.16: A 210 Å range shown of a 1D real space lattice constructed of gaussian peaks with a lattice 
spacing of 30 Å (a) along with a corresponding calculated diffraction pattern (b). The real space lattice is 
sampled every 0.5 Å, resulting in a diffraction pattern with a Q resolution of ≈10-3 Å-1. 

Because these data sets were generated, and the general form of f(x) (the real space 

structure) and f(̂k) are known, we may arbitrarily upsample the sequence XB by a factor of 10 to 

obtain a Q resolution of ≈10-4 Å-1 (fig 7.17a). As phase information is lost in the sequence XB for 

a diffraction experiment, we generally cannot perfectly recover the real space information. In 

order to obtain real space information, a Patterson function (eqn 7.13), may be calculated.  

 𝑃 =  𝑅𝑒 ∑ |𝐹(ℎ𝑘𝑙)| 𝑒 [ ]   (7.13) 

Where either P is simply the real component of the Fourier transform of the structure factor, 

F(hkl), which is proportional to the intensities of the observed diffraction pattern. For the 

purposes of our generated data set, we will consider the proportionality constant to be 1 such that 

the structure factor relates to our diffraction pattern by the following equation: 

 |𝐹(ℎ𝑘𝑙)| = 𝐼(ℎ𝑘𝑙) (7.14) 
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I(hkl) is the set of observed intensities of the diffraction pattern, so it is our sequence Xb. We may 

calculate the Patterson function for the upsampled sequence XB and observe that the total range 

in real space has been extended from ≈870 Å to ≈8700 Å (fig 7.17b). This is a fundamental 

property of the Fourier transform: increasing the resolution in one domain increases the range in 

the other. That is, for a diffraction experiment if the resolution in reciprocal space (Å-1) is 

increased by some factor k, the range in real space (Å) is increased by that same factor k. If a 

range of ≈210 Å is plotted, as was in figure 1a, of the electron density map (fig 7.17c) we 

observe that the resolution in real space remains the same. Even increasing the Q resolution by a 

factor of 1000 to ≈10-6 Å-1, which would correspond to a θ of ≈136 nanoradians (≈7.8∙10-6 

degrees) using a Cu Kα x-ray source (roughly twice the angular resolution of the Hubble Space 

Telescope), provides no additional resolution in real space (fig 7.17d). Higher resolution 

information in reciprocal space does not give you higher resolution information in real space. 

Further, though the peak to peak distances are more precisely known in the sequence shown in 

figure 7.17a relative to the one shown in figure 7.16b by an order of magnitude, the precision in 

the lattice spacing in real space has not increased.  
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(a) (b) 

  
(c) (d) 

Figure 7.17: The previously shown simulated diffraction pattern sampled at a 10x higher rate, with a new 
Q resolution of ≈10-4 Å-1 (a). The calculated Patterson function from the new diffraction pattern is simply 
extends real space beyond the bounds of the Patterson function of the original lower resolution diffraction 
pattern (shown in blue) by padding with zeros (b). Inspecting a 210 angstrom range of the Patterson 
function reveals a real space resolution of 0.5 Å, providing no improvement in real space resolution (c). 
Increasing the Q resolution by a factor of 1000 to ≈10-6 Å-1 again, provides no improvement in real 
space resolution (d).  

Additionally, since a diffraction experiment was not actually performed here, we may 

simply directly recover the real space information (xA) without the use of the Patterson function 

as phase information was not lost by an experiment. It is again observed that increasing the 

sampling rate of XB, or the resolution of the diffraction pattern, simply extends the range of 

information in real space (fig 6.18a) without adding additional information. Plotting a ≈210 Å 

range like in figure 1a (fig 6.18b), shows an identical resolution in real space to figure 1a, despite 

the diffraction pattern having been sampled at a 10x higher resolution.  
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(a) (b) 

Figure 7.18: Directly recovered real space information from a calculated diffraction pattern at a 
resolution of ≈10-4 Å-1 (a) shows that the data range is simply padded with zeros beyond the original 
range of the diffraction pattern calculated to a resolution of ≈10-3 Å-1. Zooming in onto a range of 210 Å 
(b) shows identical real space resolution as seen in figure 7.16a. 

These observations are a consequence of a fundamental property the Fourier transform: 

the transform domains are related by a mathematical uncertainty principle. This is a fundamental 

property of not only the Fourier transform, but also of waves, and as such it is provides a purely 

mathematical limit on the precision of real space information which may be obtained from any 

diffraction experiment. In order to obtain more precise information in real space, scattering data 

must be collected over a larger range of Q. Q is defined by the following equation: 

 𝑄 = sin(𝜃) (7.15) 

Where λ is the wavelength of the incident particles, generally neutrons, photons, or electrons, and 

θ is the scattering angle. Because sin(θ) reaches a maximum of 1 at a θ of 90°, in order to collect 

higher ranges in Q, the only option is to use incident particles of lower wavelength if higher 

precision in real space is desired.  

7.3.1 Tests on simulated data: 
 

Two lattices of gaussian peaks were generated at a “resolution” of 0.001 Å over a 

distance of 5000 Å. Lattice 1 was generated with a spacing of 1.000 Å and lattice 2 was 

generated with a spacing of 1.001 Å. Gaussian peaks were generated with an arbitrary sigma of 

0.050 Å (fig 7.19).  
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(a) (b) 

Figure 7.19: Generated lattices of gaussian peaks with a sigma of 0.050 Å with lattice spacings of 1.000 
Å (red) and 1.001 Å (green) over a range of 5000 Å (a). A zoomed in view of a single peak on each lattice 
shows the slight positional difference between peaks in the two lattices after a large number of repeats (b).  

 
Both lattices were multiplied by a Hann window corresponding to a beam width of 5000 

Å. This would correspond to a beam with a profile of a Hann window, which has slightly better 

properties for calculation of the Fourier transform than a gaussian window (which would 

correspond to a gaussian beam profile). A Hann window is defined by defined by the following 

equation, N is total width. 

 𝑤[𝑛] = 0.5 1 − cos 2𝜋𝑛
𝑁  (7.15) 

For the purposes of this “experiment” the uncertainty relationship will be ∆𝑟∆𝑞 ≥ 1, 

which corresponds to the standard definition of bin sizing for a discrete Fourier transform and 

results in a maximum Q range on the order of 1000 Å-1. In the context of diffraction, this would 

correspond to a nonphysical completely flat ewald sphere resulting in a higher resolution than 

reality. This is simply for the purposes of simplifying calculations. No calculations are 

performed to account for the drop off in atomic form factor, so calculated scattering here is 

effectively point-like and idealized relative to a real world experiment. From the calculation, 

both the real (fig 7.20a) and imaginary (fig 7.20b) components of the Fourier transform are 

obtainable, which are not experimentally recoverable for a real system. With no phase 
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information, only the magnitude spectrum of the Fourier transform is obtainable experimentally 

(fig 7.20c), which corresponds to an experimentally obtained diffraction pattern.   For the 1.000 

Å lattice, the imaginary component is ≈ 0 for all of q, unlike the 1.001 Å lattice (fig 7.20b). 

  
(a) (b) 

 

 

(c)  
Figure 7.20: Calculated Fourier transform of the generated lattices. The real components (a) and 
imaginary components (b) are shown separately and not experimentally recoverable. The magnitude 
spectrum, which corresponds to an experimentally obtainable diffraction pattern is also pictured, with 
minimal difference between the two lattices (c).  

Something interesting of note here is that, at some scales the peak-peak distance change 

of 1.000 Å vs 1.001 Å is effectively a translation, which results in a change of phase of some of 

the peaks; that is some of the peaks in the Fourier transform rotate in the complex plane as well 

as move. This is a consequence of the Fourier shift theorem and is not something which is 

observable in a diffraction experiment, as only the magnitude of the vectors is obtained (phase 

angle is lost). The Fourier Shift theorem is described by the following equation, where x(n) and 

X(ω) are the Fourier transform pair: 
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𝑥(𝑛 − 𝜏) ↔  𝑒 𝑋(𝜔) 

A translation in one domain by τ results in a rotation of τ in the other domain. By euler’s formula 

𝑒 = cos 𝜃 + 𝑖 sin 𝜃 

Thus a complex number a + ib multiplied by 𝑒  may equivalently be represented by the vector 

𝑎
𝑏

 multiplied by the rotation matrix cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

. The major apparent difference between 

the Fourier transforms of the of the 1.000 Å and 1.001 Å lattices, something not recoverable in 

an experiment, is the change in phase angle (fig 7.20a, b).  

Taking the Q range – 10 to 10, the Fourier transforms are down sampled by taking the 

mean in 50 point blocks (point 1 in the down sampled pattern is the mean of the first 50 points in 

the calculated FT, point 2 is the next 50 points, etc) to represent the binning performed by a 

detector when it measures some continuous signal (fig 7.21). The down sampled signal is now 

2000 pixels wide, which is representative of a measurement taken at a synchrotron light source 

with a perkin elmer area detector which is 2048x2048 pixels. The Q range selected is also 

representative of a routine powder diffraction experiment. However, as previously stated, the 

uncertainty relationship of ∆𝑟∆𝑞 ≥ 1, rather than ∆𝑟∆𝑞 ≥ 𝜋 is used to simplify calculations 

here, so everything here would provide a higher resolution than would be expected of a real 

experiment.  
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Figure 7.21: A Q range of 0 to 10 Å-1, which is a more representative of a powder diffraction pattern 
than the total Q range of 1000 Å-1 which was calculated. The Fourier transforms are additionally 
downsampled by taking the median value in 50 point blocks, resulting in a diffraction resolution 
comparable to one obtained from an area detector present on an x-ray beamline.  

From the downsampled diffraction pattern, peak positions are located and are as follows: 

Lattice 1: {1.000, 2.000, 3.000, 4.000, 5.000, 6.000, 7.000, 8.000, 9.000}  
Lattice 2: {0.990, 1.990, 2.990, 3.990, 4.990, 5.990, 6.990, 7.990, 8.990} 

Assuming each of these peaks correspond to d = {1/d*, 1/(2d*), 1/(3d*), …} 

Lattice 1: {1, 1, 1, …} 
Lattice 2: {1.01010101, 1.00502513, 1.00334448, 1.00250627, 1.00200401, 1.00166945,  
                  1.00143062, 1.00125156, 1.00111235} 

Plotting the calculated lattice parameters gives a plot that appears to converge to the “correct” 

lattice parameter (fig 7.22).  

 
Figure 7.22: Plot of calculated lattice parameters from the 1.001 Å lattice vs the peak index from which 
the lattice parameter is calculated from.  
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Repeating this entire process is repeated for some arbitrarily selected lattice parameters (1.025 Å, 

1.026 Å, and 1.003 Å) yields similar plots (fig 7.22).  

 
Figure 7.23: Plot of calculated lattice parameters from a 1.024 Å, 1.026 Å, and 1.003 Å lattices vs the 
peak index from which the lattice parameter is calculated from.  

 
This appears to suggest that high Q peaks are more useful for determination of the correct 

atom to atom spacing in real space, which lines up with the intuition that things at a larger 

distance in one domain corresponds to smaller distances in the other domain that the uncertainty 

principle describes. Additionally this suggests that the simple reciprocal lattice relationship of 

𝑑 =  1
𝑑∗ , where d is a real space distance and d* is a reciprocal space distance, is not 

completely correct. This appears to make mathematical sense if we consider the reciprocal lattice 

to be a manifestation of the uncertainty relationship 𝛥𝑟𝛥𝑞 ≥ 1, as this equation only achieves 

equality for a Gaussian input signal. 

As this is a computer calculation where phase information was not lost, from the 

calculated diffraction patterns over the range of Q = -10 to Q = 10, the real space structures may 

be directly recovered with the inverse Fourier transform (fig 7.24). By the uncertainty principle, 

the resolution in real space is given by the equation ∆𝑟 = 1
∆𝑄 = 1

20 = 0.05 Å 
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Figure 7.24: Recovered structures from the calculated diffraction patterns which include phase 
information over the range of Q = -10 Å-1 to Q 10 Å-1 

 

For the generated lattice with a spacing of 1.000 Å we will calculate the distance between 

the first fully visible and last fully visible peak, and divide by the total number of peaks between 

to get the lattice spacing in the recovered structure. The peaks are located at -48.95 and 49.00 Å 

for a total separation distance of 97.95 Å for 99 peaks, suggesting a lattice spacing of 0.9894 Å. 

For the generated lattice with the spacing of 1.001 Å this is repeated for peaks located at -48.65 

and 48.7 Å for a spacing of 0.9833 Å 

For both recovered real space structures the distance between each pair of peaks is 

calculated and divided by the number of peaks in between to get the lattice spacing suggested. It 

is observed for the lattice with spacing of 1.001 Å this is closest to the correct value of 1.001 Å 

between peaks 40 and 69, located at x = -13.50 Å and x = 15.55 Å, respectively. This indicates a 

coherence length of 29.05 Å over 29 repeats. This does not appear to have any physical 

significance and seems to be coincidental. For the lattice of spacing 1.000 Å, it appears that 

almost every permutation of (coherence length)/repeats produces a lattice spacing of 1.000 Å, 

within rounding errors. This is in contrast to the 1.001 Å lattice producing mostly lattice spacings 

off by ≈10%. 
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7.4 Conclusions: 
 

Beyond limitations in experimental setup, there is a fundamental limit to the resolution 

which can be known in real space if the information is calculated from reciprocal space 

(diffraction) data. This resolution is defined by the total distance in reciprocal space which can 

be observed, rather than the resolution of reciprocal space data which is obtained. For the 

purposes of calculating a pair distribution function, where a real space distance between atom 

atom pairs is the information of interest, it is important to collect a large range in Q rather than 

high resolution Q information. Additionally, ambiguity in the structure must always be present in 

an experimentally calculated PDF due to a lack of phase information. This ambiguity, even for 

relatively simple systems, dramatically complicates the interpretation of a calculated PDF. 

Simply having a structure which can create a calculated PDF is unlikely to yield the “correct” 

structure, as there must always be at least two structures which yield equivalent PDFs. These 

complications are both properties fundamental to the Fourier transform and are unavoidable by 

simply altering experimental parameters.  
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CHAPTER 8 

Single Pixel X-ray Detector 

8.1 Introduction:  
 

In an x-ray diffraction experiment a sample is placed between an x-ray source and an area 

detector. The diffracted x-ray intensity is picked up by the detector, while the transmitted beam 

is blocked by a metal beam stop to avoid damaging the detector. The intensity of the transmitted 

beam is not known, while the diffracted intensity is measured. Variations in source beam 

intensity and sample thickness can significantly alter the measured diffracted intensity, and 

without knowledge of the transmitted beam intensity, normalization of a series of images 

collected through a sample rotation where both source beam intensity and sample thickness vary 

becomes a significant challenge. For time dependent measurements, such as kinetics work, 

where the desired measurement is a small change in diffracted intensity over time, changes in 

source beam intensity may be greater than changes in diffracted beam intensity being measured. 

This is particularly problematic at synchrotron light sources where beam intensity fluctuates by 

5-10%, dependent on beamline, and may suddenly drop dramatically during an experiment when 

stored electron current is lost, ruining the experiment. Source beam profiles are also not radially 

symmetric, and the section of sample through which the beam is diffracted and transmitted is 

likely asymmetric as well, leading to radially dependent variations in diffracted intensity that are 

not the result of structural features in the sample being measured.  

The goal of this work is to outline a low cost single pixel x-ray detector, using a 

commercially available off the shelf photodiode, which may be placed in the beam stop that 

provides both a measurement of the transmitted beam and a measurement of the beam profile. 

Measurement of the transmitted beam profile allows for the correction of any radially dependent 
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variations in intensity created by source beam or sample asymmetry. Additionally, measurements 

from the area detector may simply be summed to provide another “single pixel” detector 

measurement, allowing for a secondary reconstruction of the image seen at the area detector. 

This reconstructed image, being constructed from the total intensity seen at the detector, would 

not be affected by vibrations at the detector. Small local changes in intensity created by the 

surface of the detector vibrating during a measurement should be correctable using this 

reconstructed image to some extent.  

8.2 Concepts: 
 

The core of this detector relies on the Radon transform, which is a mapping of a 2D 

function 𝑓(𝑥, 𝑦) to the 2D function 𝑅(𝑟, 𝜃). That is, it transforms a function in rectangular 

coordinates x, y to a function of distance r and angle θ. The Radon transform is essentially a 

series of line projections of the 2D function over a rotation. Mathematically this may be defined 

as a rotation of the function followed by projection to the x axis.  

 𝑅[𝑓(𝑥, 𝑦)] =  ∫ 𝑓 (𝑥 ∙ cos 𝜃 − 𝑦 ∙ 𝑠𝑖𝑛𝜃), (𝑥 ∙ sin 𝜃 + 𝑦 ∙ 𝑐𝑜𝑠𝜃) 𝑑𝑥 (8.1) 

Graphically this is represented in figure 8.1 
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(a) (b) 

Figure 8.1: Graphical representation of the Radon transform projecting a function to x’, related to the x 
axis by a rotation of θ (a) and its output sinogram (b) where each row of the output is a projection at angle 
θ. 

Where the function, represented as 🐈 is projected to the line x’, which relates to the x axis by a 

rotation of θ. The output of the radon transform is referred to as a sinogram, which is the 

collection of the projections of the function over a range of 180 degrees. The range is limited 

from 0 to 180 degrees, as the projections become redundant for a 2D function (the projection at 1 

degree is the same as 181 degrees, just reversed along the horizontal axis).  
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(a) (b) 

  
(c) (d) 

Figure 8.2: The back projection of the sinogram of a 🐈 at 0° (a); 0°, 60°, and 120° (b); and all 180° 
showing the reconstructed image from simple back projection(c). Significant improvements to the 
reconstruction may be made by applying a sharpening filter prior to back projection (d).  

Once the radon transform is collected, its inverse may be approximated by a number of 

existing schemes. The simplest reconstruction scheme is referred to as back projection, where 

each projection from the sinogram (fig 8.2a, b) is simply projected at its corresponding angle and 

summed to construct an approximated image (fig 8.2c). A number of more complex schemes 

exist and are commonly used in computed tomography, the description of which is well outside 
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the scope of this document. Simply subtracting from each projection a blurred version of itself, 

providing a highly rudimentary sharpening filter, results in significant improvements in image 

reconstruction (fig 8.2d).  

8.3 Implementation: 
 

The goal now is to retrieve a radon transform using a single pixel detector in order to 

reconstruct an image of the area. A single pixel can only detect the total intensity of an image 

being projected onto it, while the 2D function described by the radon transform at each point 

contains information regarding intensity, position, and angle. In order to get information 

regarding position and angle, regions of the image being projected onto the detector must be 

selectively blocked. Consider the Shepp-Logan phantom [78] a standard test image for image 

reconstruction algorithms (fig 8.3). If such an image were projected onto a single pixel detector, 

the detector would simply pick up the sum of all the pixel intensities in the image. If however, 

the image is subdivided into an arbitrary number of sections and a measurement is taken with 

each of these sections blocked, the intensity of everything which is not in the blocked section is 

measured by the single pixel detector. With four subdivisions (fig 8.4a) four separate total image 

intensities can be measured, each with a different section blocked (fig 8.4b). This measurement 

provides the projected intensity of everything except the blocked section in the direction parallel 

to the sections, parallel to the x-axis in the shown example. Thus, in this example, to get the 

output of the radon transform at a 0° rotation relative to the x-axis, the following equation is 

used: 

 𝑅[𝑔(𝑥), 𝜃] =  −(𝑔(𝑥) −  𝐼 ) (8.2) 

Where g(x) is the series of measured points with a section blocked, Itotal is the total measured 

intensity of the image, and R[g(x), θ] is the output of the Radon transform at angle θ.  
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Physically this blocking may be achieved by quickly sweeping a lead wire over the beam 

source while taking measurements with a single pixel detector. Resolution will be limited by the 

subdivisions, which corresponds to the thickness of the wire. With 1° subdivisions using a 

“wire” of 1 pixel width of the Logan Shepp phantom, the radon transform output of such a 

detector can be simulated (fig 8.5a) and a reconstruction by simple back projection (fig 8.5b) 

indicates that the operating principles behind the proposed single pixel detector is workable. 

Additionally, the recent invention of compressed sensing techniques allows for the perfect 

reconstruction of images with far fewer projected angles than would be expected, with a Logan 

Shepp phantom being recoverable from 22 projected angles [79]. Such reconstruction strategies 

are robust to noise [80] and provide near optimal recovery as long as the sampled projections are 

randomly distributed [81].  

 
Figure 8.3: The Logan Shepp phantom, a standard test for image reconstruction algorithms which 
approximates a section of a human head.  
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(a) (b) 

 

 

(c)  
Figure 8.4: Logan Shepp phantom divided into four sections (a) with one section blocked (b). Taking the 
sum of the remaining unblocked sections provides an output equivalent to the sinogram provided by the 
radon transform once equation 2 is applied (c).  
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(a) (b) 

Figure 8.5: Simulated output of a single pixel detector using 180 total sweeps separated by one degree (a) 
and the reconstructed image by simple backprojection (b).  

 
8.4.1 Physical implementation: 
 

Sensor selected for the design is the commercially available BPW34, selected for low 

cost, ease of availability, and prior evaluation for use as a radiation detector [82]. Prior evaluation 

as a radiation detector indicates a fairly linear response in response to radiation, as well as 

insensitivity to radiation damage. The insensitivity to radiation damage, coupled with the low 

cost (less than $1 per unit), make it ideal for a detector that would be placed in the beam stop for 

an x-ray experiment where it would be exposed to high levels of radiation. A number of open 

and freely available implementations of using the BPW34 as a radiation detector are available 

online [83]. The constructed prototype and design documents appear to have been lost during the 

COVID-19 related chaos of 2020. 

8.4.2 Software implementation: 
 

Simulation code is available on github. 
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Appendix A. Experimental Measurements and reconstruction of CBr4 Diffuse 

A movie of the 3-D reciprocal space neutron diffraction data for CBr4 is given as 

3-D-diffraction-CBr4.mp4 

Movies of the 3-D Δ-PDF of CBr4 are given as: 

KAREN-negative-correlations.mp4 

KAREN-positive-correlations.mp4 

fixed-punch-only-negative-correlations.mp4 

fixed-punch-only-positive-correlations.mp4 

variable-punch-only-negative-correlations.mp4 

variable-punch-only-positive-correlations.mp4 

punch-conv-fill-8-pixels_negative-correlations.mp4 

punch-conv-fill-8-pixels_positive-correlations.mp4 
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Figure A1 Full intensity diffraction pattern corresponding to the expanded view given in Fig. 1g and h 

for the images with a. filled pixels randomly distributed on 10.5 % of the odd values of a square spiral, 

and b. for an Ulam spiral with an equivalent number of pixels. 
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Figure A2 (200)* cross section of the diffuse scattering of CBr4. a. Original data. b. KAREN 

reconstructed diffuse scattering. c. Bragg scattering removed with a 8-pixel fixed-punch function, d. 8-

pixel fixed punch and filled with Astropy Gaussian interpolation using the MANTID punch-and-fill 

method, e. Bragg scattering removed with variable punch based on outlier definition, f. variable punch 

filled with Astropy Gaussian interpolation,  and  g. 1-D plot along the [100]* vector with the total 

scattering represented as a black line, the Bragg scattering fixed punch data (red), the variable punch-and-

filled with Gaussian interpolation (blue), and the KAREN reconstructed diffuse (green). 

 

 

Figure A3  Checkerboard pattern of artifacts that results from a 6-pixel fixed punch with a  = 1 

Gaussian kernel using the punch-convolution-fill method. 
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Figure A4 100 cross section of the Δ-PDF of plastic crystalline CBr4 calculated to r = 30 Å from 

neutron scattering data after removal of the Bragg scattering and reconstruction of the diffuse scatterning 

using: a. 8 pixel fixed punch-only, b. fixed punch-and-fill using the MANTID punch-and-fill 

implementation with whole pattern Astropy Gaussian convolution, c. variable punch-only and d. variable 

punch with whole pattern Astropy Gaussian convolution to fill methods, respectively. Δ-PDF calculated 

to r = 60 Å for e. variable punch-only and f. fixed punch-only methods. Intensity is plotted on a log scale, 

with positive correlations as red and negative correlations blue.  
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Appendix B. 3D PDF Renderings of CBr4 

 
Figure B1: Rendering of only the positive correlations in the total volume of the 3D-Δ-PDF showing 

correlations within the entire ≈220 Å3 volume that are described by the diffuse scattering of CBr4. 
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Figure B2: Slice through the 100 plane of the 3D-β-PDF calculated from an experimentally collected 

neutron scattering volume for CBr4 showing the expected FCC lattice with spheres at each lattice site 

approximately the diameter of a CBr4 molecule. 
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Appendix C. 3D PDF of BZN-PT 

 

Figure C1: Slice through the 100 plane of the 3D-Δ-PDF calculated from an experimentally collected 

scattering volume for BZN-PT at 100K showing displacements along both the horizontal and vertical 

directions which differ from those in the corresponding slice through the 3D-β-PDF. Displacements that 

are seen in the Δ-PDF, unlike the modulated displacements in the β-PDF for this system, are likely 

aperiodic in nature. 



   

162 
 

  

(a) (b) 

Figure C2: Renderings of the 3D-Δ-PDF calculated from the experimentally collected neutron scattering 

of BZN-PT at 100K (a) and 298K (b). The Δ-PDF is calculated from only the diffuse scattering in the 

system and is currently uninterpretable 


