
ABSTRACT 

CHANDRA, ANKIT. Multiscale Modeling and Quantitative Methods for Mesenchymal 
Cell Migration. (Under the direction of Dr. Jason M. Haugh). 

 
Cell migration plays a crucial role in a wide variety of biological processes such 

as wound healing, cancer metastasis as well as innate and adaptive immunity. Amongst 

the different cell migration phenotypes, amoeboid and mesenchymal motility modes lie 

at opposite extremes. In this work, mathematical models have been developed and 

analyzed to investigate various aspects of mesenchymal cell migration at multiple 

scales. At the subcellular scale, the first model was developed that combines the 

mechanical and signaling aspects of motility at the leading edge of mesenchymal cells 

that allows the lamellipodium (thin sheet-like protrusion), guided by the 

mechanosensitive nascent adhesions, to function as a versatile sensor of the cell’s 

environment. Actin protein monomers polymerize at the leading edge to form F-actin 

and provide the force for membrane protrusion, a key step in cell migration. This 

dynamic process involves the coupling of adhesion, signaling, and cytoskeletal 

subprocesses, which must be integrated across spatial and temporal scales. Integrins 

engage ECM proteins and cluster to form adhesion complexes, which mediate both 

biochemical signal transduction and physical interaction with the F-actin cytoskeleton. 

The model predicts an optimal ECM density, where the mechanical (adhesion), 

signaling and cytoskeletal subprocesses work in-sync to achieve maximal protrusion 

(membrane) velocity. Positive feedback between nascent adhesions and F-actin drives 

this lamellipodial ‘engine’. Myosin II, by applying stress on the F-actin network, 

mechanically destabilizes nascent adhesions and weakens this positive feedback. 

Lastly, we examined the effect of cofilin activity, which has shown to be upregulated in 



certain cancers. Increased F-actin turnover, mediated by ADF/cofilin, offsets the 

influence of myosin II on the positive feedback between nascent adhesions and F-actin. 

At the cellular scale, a mathematical model of transmembrane protein transport in 

leader-bleb based migration guided by quantitative image analysis was developed.  

Cancer cells migrating in confined tissue environments are able to switch between 

different modes of migration. In the absence of extracellular ligands and under high 

confinement, metastatic cells undergo ‘leader-bleb based’ migration. This mode is 

characterized by a highly polarized morphology with a large ‘leader bleb’ and a smaller 

cell body compartment. These cells are able to maintain their morphology, migrate at 

high speeds and also have a high actin retrograde velocity. In these cells, 

transmembrane proteins form a gradient with a high concentration near the cell body. 

The transmembrane GT46 protein diffuses freely in the membrane bilayer. Actin 

retrograde flow ‘drags’ the protein back away from the tip and anterograde membrane 

flow pushes the protein towards the tip. These opposing forces results in a 

transmembrane protein gradient, recapitulated by the model. Additionally, at the cellular 

scale, hypotheses were generated to adapt machine learning and artificial intelligence 

methods to extract image phenotypes from high resolution live cell fluorescent images 

and relate this to cell motility parameters. At the tissue level length scale, a hybrid 

stochastic-deterministic model of wound invasion was developed and analyzed to 

investigate directed cell migration towards a platelet derived growth factor (PDGF) 

gradient. Fibroblast cells need a steep gradient to stay in the chemotactic state and 

migrate efficiently into the wound. The cells at population front maintain a sharp gradient 

by receptor mediated endocytosis and degradation of PDGF. Two different model of cell 



stepping motion based on experimental observations were developed and compared 

with a previously published model. Different conditions affecting the chemotactic 

behavior of the cells were explored. Conditions that favor the switch from random 

motility to chemotactic motility favor efficient migration into the wound. Under certain 

parameter regimes, cells form PDGF wavelets behind the cell front that smooth out 

when cells are allowed to have different receptor levels due to cell population 

segregation.  
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CHAPTER 1: Introduction 

1.1 Mesenchymal Cell Migration  

Cell migration plays a crucial role in a wide variety of biological processes. It is 

essential in wound healing, embryonic development, cancer metastasis as well as 

innate and adaptive immunity. This dynamic process involves multiple components 

working together across spatial and temporal dimensions and can be broken down into 

four distinct steps: protrusion of the leading edge, adhesion to the extracellular matrix 

(ECM), generation of traction stresses against adhesions, and release of rear adhesions 

and cell body contraction [1] (Figure 1.1). In reality, these four steps are not 

independent but take place simultaneously. The leading edge is composed of actin 

structures called lamellipodia and filopodia oriented towards the plasma membrane. 

Lamellipodia are broad fan shaped actin structures composed of a branched F-actin 

meshwork. The branched filaments are angled at 70° from each other and results from 

Arp2/3 complex mediated nucleation and branching. Filopodia are thin actin structures 

composed of parallel F-actin filaments. Directed migration refers to cells migrating 

towards external cues. Examples include chemotaxis, durotaxis and haptotaxis. In 

durotaxis, cell migration is in response to gradients of ECM stiffness and in haptotaxis 

cell migration is in response to immobilized ligands. In chemotaxis, cells move towards 

a gradient of soluble chemicals. For example, during the proliferative phase of 

cutaneous wound healing, fibroblasts are guided by a gradient of platelet derived growth 

factors (PDGF) which are released by platelets and macrophages [2]. Fibroblast cells 

migrate from the collagen-rich dermis to the fibrinogen-rich and fibronectin-rich 
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provisional matrix of the clotted wound. Cells also undergo random migration in the 

absence of external cues. 

 

 

 Figure 1.1. Four steps of cell motility. (A) Protrusion of leading edge composed of actin structures 
called lamellipodia and filopodia. (B) Attachment to new adhesions which are formed under the leading 
edge. (C) Translocation of cell body and nucleus towards direction of cell migration through actomyosin-
based contraction forces that might be mediated by focal adhesion-linked stress fibers. (D) Retraction of 
trailing edge after rear adhesions disassemble and retraction fibers pull the rear cell forward. Modified 

from [3] with permission. 
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Amongst the different cell migration phenotypes, amoeboid and mesenchymal 

motility modes lie at opposite extremes [2]. There are many differences between these 

motility modes and are summarized in Figure 2. One of the most striking difference is 

cell speed. Amoeboid cells, such as neutrophils and lymphocytes, exhibit cell speeds in 

the range of 10 µm/min while mesenchymal cells, such as fibroblasts, travel at speeds 

close to 1 µm/min. Amoeboid cells are strongly polarized and have a well-defined front 

and rear. In contrast, mesenchymal cells are weakly polarized and have multiple 

dynamic protrusions (lamellipodia and filopodia) competing against each other. 

Dendritic arrays of F-actin filaments containing Arp2/3 complex are found in protruding 

edges of both cell types. However, the localization of actomyosin contractile arrays is 

quite different away from the leading edge between the two cell types. In amoeboid 

cells, Myosin II is found towards the rear of the cells in a structure known as the uropod 

and is thought to provide a squeezing force which is functionally coupled to actin 

polymerization at the leading edge [4] and critical for bleb-based protrusions [5]. In bleb-

based protrusions, cells do not adhere or pull on substrate but rather use a propulsive, 

pushing migration mode. In mesenchymal cells, myosin II is associated with bundled 

actin stress fibers. Myosin IIA isoform is found throughout the cell while myosin IIB is 

located mainly in retracting regions [6]. Mesenchymal cells exhibit strong integrin 

mediated adhesions to the ECM, for which contractile actomyosin stress fibers are 

required. These adhesions play a central role in regulation of membrane protrusion and 

overall cell migration. Gradient sensing occurs through different receptor classes for 

amoeboid and mesenchymal cells in chemotaxis. In neutrophils and lymphocytes, 

gradients of chemoattractants (e.g., chemokines such as IL-8, LTB4, CXCL12, and 
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CXCL13, and N-formyl peptides shed by bacteria) are sensed by receptors of the G 

protein-coupled receptor (GPCR) class. In fibroblasts, chemoattractants (certain growth 

factors, PDGF most notably but also fibroblast growth factors and epidermal growth 

factor (EGF)) are sensed by receptors of the receptor tyrosine kinase (RTK) class. 

Although the downstream signaling is similar in both receptor types, there are 

substantial differences in the dynamics. For example, GPCR signaling is subject to 

receptor desensitization that RTK signaling is not. Cells can transition from one motility 

mode to another and several interconnected factors including cell type, cell-cell 

interactions, composition and physical properties of ECM play a role in determining the 

migration mode. Moreover, a key pathway controlling the interconversion between 

amoeboid and mesenchymal migration mode is the balance between Rac and Rho 

signaling [5]. 
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Figure 1.2. Features of Amoeboid and Mesenchymal cell motility phenotypes. Reprinted from [2] with 
permission.  

 

1.2 Actin Polymerization and Dendritic Nucleation/Array Treadmilling Model for 

Protrusion at the Leading Edge  

Actin is one of the most abundant and highly conserved proteins in nature [7]. 

Actin occurs in cells as a monomer (Globular actin or G-actin) or as a polymer 

(Filamentous actin or F-actin). G-actin has direction and one end of the protein is called 

efficiently protrude via pseudopods and blebs and
squeeze through pores in the connective tissue, largely
unfettered by interactions with extracellular matrix
(ECM) [17]. Amoeboid motility reflects the roles of
neutrophils and lymphocytes as ‘professional migrators’
that must rapidly respond to crawl out of the circulation
and then across great distances in secondary tissues to
mediate innate and adaptive immunity, respectively [18].
In contrast, mesenchymal cells move slowly (cell speed
<1 mm/min) and are weakly polarized, typically exhibit-
ing multiple, competing protrusions (lamellipodia and
filopodia) [19]. Another characteristic feature that limits
the efficiency of mesenchymal motility is strong, integrin-
mediated adhesion to ECM. This ‘friction’ is tuned by
the cells’ ability to degrade matrix, through expression of
matrix metalloproteinases, and to disassemble otherwise
stable focal adhesions [20]. This reflects the intimate
relationship between mesenchymal cells and matrix in
general, exemplified by the role of fibroblasts in secretion
and mechanochemical remodeling of ECM during wound
repair.

Chemotactic gradient sensing is generally mediated by
chemoattractant receptors of different types in amoeboid

and mesenchymal cells. In neutrophils and lymphocytes,
gradients of chemoattractants (e.g., chemokines such as
IL-8, LTB4, CXCL12, and CXCL13, and N-formyl
peptides shed by bacteria) are sensed by cognate recep-
tors of the G protein-coupled receptor (GPCR) class. In
fibroblasts, chemoattractants (certain growth factors,
PDGF most notably but also fibroblast growth factors
and epidermal growth factor (EGF)) are sensed by recep-
tors of the receptor tyrosine kinase (RTK) class. Although
it is true that the two classes of receptors largely access
many of the same signaling pathways, that is, those
mediated by small GTPases and lipid second messengers,
there are substantial differences in the dynamics of the
two receptor types. A hallmark of GPCR regulation is
desensitization, whereby agonist exposure results in rapid
attenuation of the response. The theory of GPCR desen-
sitization and adaptation as it relates to chemotaxis of
amoeboid cells is well established. Adaptation is con-
sidered important for amoeboid cells’ ability to sense the
relative steepness of a chemoattractant gradient, allowing
cells to respond over a broad range of absolute concen-
tration [21,22]. Moreover, amoeboid cells are able to
prioritize multiple chemoattractant cues and respond to
them in sequence [23]. In a recent demonstration of this
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Figure 1

Migration speed Fast, ∼ 10 µm/min

Well-defined front and rear

Relatively weak, mostly
intercellular

Sqeezing through pores
in matrix/stroma

Thick dendritic actin
network at the cell front;

elsewhere, cortical
actomyosin mediates

contractility beneath the
plasma membrane

GPCRs RTKs

Traction via adhesion to ECM,
matrix degradation as necessary

Strong, mostly ECM with well-
defined adhesion complexes

Multiple, competing lamellipodia

Slow, < 1 µm/min

Dendritic F-actin in lamellipodia;
acto-myosin minifilaments

mediate contractility behind the
leading edge(s) and form thick

stress fibers attached to
focal adhesions

Amoeboid

Focal adhesions

Myosin II structures

Dendritic F-actin

 Mesenchymal

Polarity

Adhesion

Organization of action
cytoskeleton

Chemoattractant receptors

Migration mechanics
in vivo

Current Opinion in Cell Biology

Mesenchymal vs. amoeboid motility and chemotaxis. The illustrations and table compare the structural and dynamic features of mesenchymal
migration with those of amoeboid cells such as neutrophils and lymphocytes.

www.sciencedirect.com Current Opinion in Cell Biology 2014, 30:74–82



   

6 
 

the barbed end and the other end is called the pointed end. The directionality can be 

readily seen in an electro micrograph of F-actin decorated with myosin, which in the 

absence of ATP binds to F-actin at a 45° angle pointed toward the pointed end and 

away from the barbed end (Figure 3). G-actin occurs bound to ATP or ADP. Both G-

actin-ADP or G-actin-ATP can bind reversibly to either end of the F-actin polymer. The 

association rate constants have units of μM-1 s-1 and dissociation rate constants have 

units of s-1. The ratio of the dissociation rate constant to the association rate constant 

gives K, the dissociation equilibrium constant with units of μM, which is also known as 

the critical concentration (the concentration of the specific monomer at which the 

binding rate will equal the dissociation rate). The equilibrium constants for ATP-actin 

differ at the two ends, giving rise to slow steady state ‘treadmilling’. At steady state 

physiological conditions, net addition of G-actin-ATP occurs at the barbed end and net 

dissociation of G-actin-ADP occurs from the pointed end of the filament. After G-actin-

ATP binding to the filament, ATP hydrolysis occurs and the F-actin subunit is in ADP-Pi 

state (both hydrolysis products are bound to F-actin subunit). The half-life of ATP 

hydrolysis is 2 seconds. The dissociation of the phosphate is much slower (half-life of 6 

minutes), resulting in G-actin-ADP. The two step nature of ATP hydrolysis and the 

different kinetics of each step is essential to maintain treadmilling [8].  

At steady state and in vitro conditions the treadmilling of pure actin filaments is 

two orders of magnitude slower than what would be needed to explain the speed of fast 

moving cells such as keratocytes. In steady state conditions, the growth at the barbed 

ends is limited by dissociation at the pointed end and corresponds to a speed of 0.04 

μm/min whereas keratocytes can move at speeds close to 10 μm/min [8]. Thus, 
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regulatory proteins that maintain a pool of G-actin are required to explain the 

physiological behavior.  

 

 

Figure 1.3. Kinetics and directionally of F-actin polymerization. (A) An electron micrograph showing 
an actin filament seed decorated with myosin heads and elongated with ATP-actin. In the absence of 

ATP, myosin binds to F-actin at a 45° angle pointing toward the pointed end and away from the barbed 
end of the filament. (B) Kinetic rate constants of G-actin association and dissociation from F-actin ends. 

The association rate constants have units of μM-1 s-1 and dissociation rate constants have units s-1. The 
ratio of the dissociation rate constant to the association rate constant gives K, the dissociation equilibrium 

constant with units of μM. The equilibrium constants for ATP-actin differ at the two ends, giving rise to 
slow steady state treadmilling. (C) Hydrolysis of ATP bound to each subunit is fast but dissociation of the 

γ phosphate is very slow. Reprinted from [8] with permission.  

 

The dendritic nucleation/array treadmilling hypothesis describes the complex 

controls that cells have evolved to achieve the high polymerization rates at the leading 

edge (Figure 1.4). Cells contain a large pool of G-actin bound to profilin and 

sequestering proteins such as thymosin-β4. New filaments arise when signaling 
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pathways, due to some extracellular stimuli, produce active Rho-family GTPases and 

PIP2. These then activate nucleation-promoting factors such as members of the 

WASp/Scar family of proteins. Active nucleation-promoting factors then stimulate Arp2/3 

complex to initiate a new filament as a branch of the side of an existing filament at a 70° 

angle. This new filament is capped at the pointed end by the Arp2/3 complex. Fed by 

actin-profilin from the subunit pool, new branches grow rapidly near the leading edge 

and push the membrane forward. Each filament grows only transiently, since capping 

proteins terminate growth. Actin subunits in this branched network hydrolyze their 

bound ATP quickly but dissociate the γ-phosphate slowly, as discussed above. 

Dissociation of γ-phosphate initiates a disassembly reaction by inducing debranching 

and binding of ADF/coffilin, which in turn promotes severing and dissociation of ADP-

subunits from filament ends. Profilin, the nucleotide exchange factor for actin, then 

catalyzes exchange of ADP for ATP and returns the subunits to the ATP-actin-profilin 

pool, ready for another cycle of assembly. 
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Figure 1.4. Dendritic Nucleation/Array Treadmilling Model for Protrusion of the Leading Edge. (1) 
Extracellular signals lead to receptor activation. (2) Rho-family GTPases and PIP2 downstream of 

activated receptors (3) activate WASp/Scar proteins. (4) WASp/Scar proteins, together with Arp2/3 and 
an actin monomer start a new branch from an existing filament. (5) Addition of actin monomers to the 
barbed end (6) push the membrane forward. (7) However, capping protein binding to the barbed end 

terminates growth shortly afterwards. (8) Hydrolysis of the ATP bound to actin subunit (white to yellow) 
and dissociation of the γ phosphate (yellow to red) leads to filament aging. (9) In addition, ADF/cofilin 

severs and depolymerizes filaments, speeding up the aging process. (10) Profilin catalyzes exchange of 
ADP to ATP (subunits turn white) and (11) returns the actin subunits to the actin pool. (12) PAK and LIM 

kinase, which phosphorylates ADF/cofilin are also activated by Rho-family GTPases. This leads to a 
reduction in filament turnover time. Reprinted from [8] with permission. 

 

In the G-actin pool, profilin and thymosin-β4 both compete for G-actin but profilin 

binds to G-actin more strongly than thymosin-β4. Profilin bound G-actin prevents 

binding of G-actin to pointed end but does allow binding to the barbed end. Moreover, it 

prevents the spontaneous nucleation of F-actin polymers. Thymosin-β4 prevents 

binding of G-actin to either end of F-actin in addition to the spontaneous nucleation of F-
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actin [8]. Capping of barbed ends at the leading edge of the F-actin network may seem 

counterproductive, as it inhibits the elongation of filaments but it makes membrane 

protrusion very efficient in two important ways. Firstly, capping proteins limit the length 

of the growing filaments. As filaments get less stiff the longer they become, shorter 

filaments allow for more effective pushing. Secondly, global presence of capping 

proteins ensures that polymerization only happens at the leading edge, where 

polymerization is effective at pushing the membrane. This creates a funneling effect, 

where G-actin from diverse points in the cell are directed to the leading edge where they 

are consumed by polymerization [8].  

Elastic Brownian ratchet model developed by Mogilner and Oster [9] explains 

how the growing filament provides the pushing force at the leading edge. According to 

this model, the actin filament is constantly bending because of thermal energy. When it 

is bent away from the surface, an actin monomer can squeeze in between the filament 

and the membrane. The restoring force of the filament straightening against the surface 

delivers the propulsive force. Moreover, the length of the pushing actin filament (‘free’ 

length beyond the last crosslinking point) must be quite short, in the range of 30-150 

nm. Beyond this length, thermal energy is taken up in internal bending modes of the 

filament and pushing is ineffective. This implies that the cell needs to carefully manage 

the relative rates of branching, elongation and capping to achieve effective protrusion.  

The plasma membrane is an inelastic two-dimensional fluid and the main force 

that actin polymerization has to overcome at the leading edge is due to the many weak 

bonds between membrane lipids and cytoskeletal proteins [10]. The collective term 

used to describe these interactions is membrane-cytoskeleton adhesion energy. There 
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is evidence that indicates that phosphatidylinositol 4,5-biphosphate [PI(4,5)P2 or PIP2] 

plays an important role in strengthening membrane-cytoskeleton interactions. Tension 

in the bilayer plane, the other force contributing to membrane tension, is small 

compared to the membrane-cytoskeleton adhesion energy and nearly constant.   

 
1.3 Signaling Pathways in Mesenchymal Cell Migration  

In haptoxis, integrins bind to fibronectin and activate downstream signaling which 

leads to actin polymerization at the leading edge. Integrins are transmembrane proteins 

that bind to specific ECM ligands. Each integrin receptor is a heterodimer, comprised of 

an α and a β subunit. A total of 18 α and 8 β subunits are known to exist in mammals 

[11]. These subunits are specific for various ECM ligands such as fibronectin, collagens 

and laminins. Fibroblasts express many integrin subunits on the membrane, however, 

the β1 integrin is the most widely studied and thought to be crucial for sensing ECM 

proteins such as fibronectin and collagen [12]–[14]. Integrins are bi-directional signaling 

receptors and take part in outside-in and inside-out signaling. Integrins can be in an 

active or an inactive conformation, which is dictated by intracellular proteins such as 

talin. Upon ligand binding, integrin conformational changes leads to outside-in 

downstream signaling [15]. At the leading edge of migrating cells, integrins bind to ECM 

ligands and cluster to form nascent adhesions. Nascent adhesions move away from the 

leading edge and either enlarge to from focal adhesions in a myosin II dependent 

process or disassemble [16].  

The Ras superfamily (also called small GTPases) of Guanosine triphosphate 

binding proteins (GTPases) have a molecular weight of about 21 kDa and serve as 

molecular switches for a variety of cellular signaling events. The Ras superfamily is 
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further divided into five subfamilies: Ras, Rho, Rab, Arf and Ran. Downstream of 

receptors, GTPases of the Rho protein family play an important role in cell migration. 

GTPases are a large family of hydrolase enzymes that can bind and hydrolyze 

guanosine triphosphate (GTP) to guanosine diphosphate (GDP). The GTP binding and 

hydrolysis takes place in the highly conserved G domain, part of all GTPases. GTPases 

serve as molecular switches by cycling between an active GTP-bound state and an 

inactive GDP bound state. GTPase activating proteins (GAPs), coming from another 

signal transduction pathway, initiate the hydrolysis of GTP to GDP. This results in the 

dissociation of the γ phosphate, resulting in GDP-bound GTPase. The hydrolysis occurs 

by the intrinsic activity of GTPases and is irreversible, thus making the cycle 

unidirectional. The inactive GTPase can be reverted to the active GTPase by Guanine 

nucleotide-exchange factors (GEFs). GEFs cause the GDP to dissociate from the 

GTPase, allowing it to bind a new GTP and thus completing the cycle. The active Rho 

family GTPases are localized at the membrane while the inactive GTPases are in the 

cytosol sequestered by Guanine-nucleotide dissociation inhibitors (GDIs) [17]. Rac, 

Cdc42 and RhoA are the most highly conserved and the most well studied of the 20 

Rho GTPases in mammals [18], [19]. Rac, Cdc42, and RhoA can all be activated 

through signaling mediated by integrins and through signaling mediated by 

chemoattractant receptors during chemotaxis. 

Rac is considered to be fundamental in the regulation of cell migration and 

evidence shows that Rac can induce actin polymerization leading to protrusions, 

membrane ruffling and focal adhesion complex formation [20]. PI3K, Cdc42 as well as 

integrin pathways are all thought to be involved in activating Rac. The Rac subfamily 
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includes Rac1, Rac2, Rac3, and RhoG. Each of the three isoforms holds different levels 

of importance depending on the cell type. For example, in fibroblasts Rac1 is required 

for lamellipodia formation, but in macrophages it is not necessary for migration [21], 

[22]. More recent studies have shown that Rac is not required for migration in a number 

of other contexts, despite its critical role in the creation of new lamellipodia [23]. 

Integrins activate Rac through two GEFs, βPIX and DOCK180 [24], [25]. Both GEFs are 

recruited by paxillin and localize to focal adhesions. Focal adhesion kinase (FAK) 

phosphorylates paxillin, which creates a docking site for CrkII adaptor. After this, 

DOCK180 can bind the complex. P21 activating kinase (PAK) can also phosphorylate 

paxillin. This leads to phosphorylated paxillin binding to the scaffold GIT1 and its binding 

partner βPIX, which then activates Rac. PAK is downstream of Rac. Moreover, PAK 

bound to GIT1 and Rac, can further phosphorylate nearby paxillin resulting in a spatially 

localized positive feedback loop.  
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Figure 1.5. Major components of signaling pathway in growth factor/ECM mediated mesenchymal 
cell motility. Original figure by Jason Haugh and adapted with permission.  

 

Cdc42 leads to actin polymerization resulting in the formation of filopodia and 

microspikes [26]. WASP, N-WASP and three WASP family verprolin homologous 

(WAVE) proteins are the five (Wiskott-Aldrich syndrome protein) WASP family proteins 

that exist in mammals. The WASP protein family can be divided into two categories 

based on primary sequence homology and functional data: WASP-like proteins (WASP 

and N-WASP) and the WAVE proteins. Cdc42 bind directly to WASP and N-WASP, 

while Rac binds with the WAVE proteins [27]. Active Cdc42 binds WASP directly 

through the Cdc42/Rac interactive binding (CRIB) domain of WASP. This causes WASP 

Figure 5. Signaling in cell motility 
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to change conformation to an open and active form and bind to Arp2/3 complex leading 

to actin polymerization and formation of protrusion structures, typically filopodia [28], 

[29]. 

Active RhoA is thought to be important in the maturation of focal adhesion 

complexes and the formation of stress fibers [30]. Rac and RhoA are thought to be 

mutually antagonistic as Rac is involved with protrusions while RhoA is involved with 

retractions [31], [32]. RhoA works by activating Rho-associating coiled-coil forming 

protein kinase (ROCK) [33]–[35]. ROCK activates myosin by phosphorylating the light 

chain of myosin II and inactivates myosin phosphatase. Myosin applies contractile 

forces on actin structures and is involved in retraction. The role of RhoA is not clear due 

to the fact at RhoA also activates mammalian homolog of Drosophila diaphanous 

(mDia), which causes actin polymerization.  

Rac is also downstream of and activated by phosphatidylinositol 3-kinase (PI3K) 

[36]. PI3K are vital for a variety of cellular processes such as proliferation, growth, 

apoptosis and cytoskeletal rearrangement and excessive PI3K signaling has been 

linked with cancer progression and drug resistance [37], [38]. Class I PI3Ks are 

heterodimeric lipid kinases that catalyze the phosphorylation of the plasma membrane 

lipid phosphatidylinositol 4,5-biphosphate [PI(4,5)P2] on the D3 position of the inositol 

ring to produce phosphatidylinositol 3,4,5-triphosphate [PI(3,4,5)P3]. Each PI3K dimer 

contains a catalytic subunit and a regulatory subunit. The regulatory subunit 

allosterically regulates the enzyme and targets the dimer to complexes with receptors 

and other signaling proteins at the plasma membrane. The binding specificities of class 

IA and class IB regulatory subunits are different. Class IA PI3Ks regulatory subunits 
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contain Src homology 2 (SH2) domains that target the kinase to complexes containing 

certain tyrosine-phosphorylated proteins. Class IB P13Ks regulatory subunits, on the 

other hand, are recruited by Gβγ complexes liberated upon activation of heterotrimeric 

G-proteins [39]. Phosphatase and tensin homolog (PTEN) and other phosphoinositide 

3-phosphatases reverse the reaction that class I PI3K catalyzes. Moreover, loss of 

PTEN expression in cancer cells results in constitutively high PI(3,4,5)P3 levels and 

excessive downstream signaling [40].  

Downstream of the PDGF receptor in chemotaxis, same GTPases are activated 

as downstream of integrins in haptotaxis, leading to the formation of lamellipodia and 

filopodia (Figure 1.5). Although important for efficient migration, signaling through PI3K, 

Rac and Cdc42 is not essential for chemotaxis. In Arp2/3 null fibroblast cells, although 

cell migration speeds were significantly reduced and lamellipodia did not form, cells still 

responded to a PDGF gradient [41]. PKCα mediated inactivation of myosin IIA motor 

activity at the leading edge was found to be essential for these cells to chemotax. PDGF 

receptor activation led to the activation of phospholipase C (PLC)/protein kinase C 

(PKC) pathway. PLC hydrolysis of PIP2 leads to the formation of lipid second 

messenger diacylglycerol (DAG), which then activates PKCα.  

 

1.4 Overview of Dissertation 

In this dissertation, mathematical models and quantitative methods have been 

employed to investigate various aspects of mesenchymal cell migration at multiple 

scales. At the subcellular scale (chapter 2), the first model was developed that 

combines the mechanical and signaling aspects of motility at the leading edge of 
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mesenchymal cells that allows the lamellipodium (thin sheet-like protrusion), guided by 

the mechanosensitive nascent adhesions, to function as a versatile sensor of the cell’s 

environment. At the cellular length scale (chapter 3), mathematical model and 

quantitative image analysis techniques were used to gain a mechanistic understanding 

of how transmembrane proteins form a gradient in leader-bleb based migration. 

Moreover, a literature review was conducted, and an image analysis pipeline was 

proposed to extract image phenotypes from high resolution live cell fluorescent images 

and correlate them to cell motility parameters (chapter 4). At the tissue level length 

scale (chapter 5), a mechanistic description of cell movement was incorporated in a 

hybrid stochastic-deterministic model of wound invasion and was analyzed to 

investigate directed cell migration towards a platelet derived growth factor (PDGF) 

gradient. Finally, chapter 6 concludes this dissertation with a summary of the main 

results and recommendations of future work.  
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CHAPTER 2: Integrative Leading-Edge Actin Model 

Orchestration of cell migration, directed by soluble and extracellular matrix 

(ECM)-associated factors, is essential for wound healing, cancer metastasis, and the 

immune response. This dynamic process involves the coupling of adhesion, signaling, 

and cytoskeletal subprocesses, which must be integrated across spatial and temporal 

scales. In mesenchymal cells integrins engage extracellular matrix (ECM) proteins and 

cluster to form adhesion complexes, which mediate both biochemical signal 

transduction and physical interaction with the F-actin cytoskeleton. This is the first 

model to combine the mechanical and signaling aspects of motility at the leading edge 

of mesenchymal cells that allows the lamellipodium, guided by the mechanosensitive 

nascent adhesions, to function as a versatile sensor of the cell’s environment. This 

integrative model considers spatiotemporal dynamics of all of the following: nascent 

adhesion density, active signaling molecules, F-actin density, and mechanical stress 

within the F-actin network. The model predicts an optimal ECM density for maximal 

protrusion velocity. At lower ECM densities, the abundance of nascent adhesions is too 

low to support effective signal transduction and to resist retrograde flow. With increasing 

ECM density, substantial gains in membrane protrusion rely on a positive feedback 

loop, in which adhesion-mediated activation of Rac fosters increased formation of 

barbed ends and F-actin, enhancing membrane protrusion, formation of new adhesions, 

and stabilization of existing ones. Mitigating or opposing membrane protrusion at high 

ECM density are the competition among barbed ends for G-actin and myosin 

contractility, which manifest as reduced F-actin polymerization and increased F-actin 

retrograde flow, respectively. By applying stress on the F-actin network, myosin II 
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mechanically destabilizes nascent adhesions, weakening the positive feedback between 

nascent adhesions and F-actin. Increased F-actin turnover, mediated by ADF/cofilin, 

offsets the influence of myosin II. Finally, we examined the influence of adhesion/F-actin 

bond stiffness, which is expected to reflect the stiffness of the underlying substratum. 

 

2.1 Introduction  

Orchestration of cell migration, directed by soluble and extracellular matrix 

(ECM)-associated factors, is essential for wound healing, cancer metastasis, and the 

immune response [1], [2], [42], [43]. This dynamic process involves the coupling of 

adhesion, signaling, and cytoskeletal subprocesses, which must be integrated across 

spatial and temporal scales [5], [44]–[47]. This integration manifests as cycles of 

membrane protrusion and cell body contraction [1]. In mesenchymal cells such as 

fibroblasts, which are chiefly responsible for wound repair, integrins engage 

extracellular matrix (ECM) proteins and cluster to form adhesion complexes, which 

mediate both biochemical signal transduction and physical interaction with the F-actin 

cytoskeleton [42], [48]–[50]. Small nascent adhesions form at the cell’s leading edge 

and engage a network of branched F-actin that characterize a protruding region of the 

cell (lamellipodium). As this structure advances, the stationary nascent adhesions either 

disassemble or grow to form larger focal adhesions [16]. During their lifetime, nascent 

adhesions mediate activation of the small GTPase, Rac, and other signaling pathways 

that promote F-actin polymerization, which drives membrane protrusion [24], [51]. While 

under mechanical tension, adhesions also promote activation of another small GTPase, 

RhoA, which initiates a pathway that stimulates myosin II motor activity [52], [53]. 



   

20 
 

Myosin II engages F-actin and causes contraction of the network, which works to 

increase its rearward (retrograde) flow, countering membrane protrusion [54]–[58]. 

Integrated with those signaling roles, nascent adhesions associated with F-actin 

constitute a mechanical clutch that resists retrograde flow [59]–[61]. 

With such a complex system, mathematical modeling has proven valuable to 

interpret various experimental data and produce testable hypotheses, thereby steering 

the research design [44], [46], [47]. More than two decades ago, Lauffenburger and 

Horwitz [1], in a landmark review, highlighted the need to integrate the two views of cell 

migration that have since developed on separate paths. On the one hand are the signal 

transduction pathways that coordinate the internal machinery of protrusion, adhesion 

and contractility with extracellular cues. On the other hand, is the force balance that is 

achieved between the actin-cytoskeleton, myosin and adhesions. The cell migration 

field has benefited from a rich history of theoretical work and has embraced 

mathematical modeling, complementing experimental methods [44]. In 1991, DiMilla et 

al. [62] developed a 1D mechanical model that predicted that cell migration speed would 

exhibit biphasic response in increasing adhesion strength. Experimental evidence for 

this was found soon afterwards [63]. In 2002, Mogilner and Edelstein-Keshet [64] 

integrated the elastic Brownian ratchet mechanism and the dendritic nucleation model 

to describe the dynamics on membrane protrusion and G-actin for rapidly moving cells. 

In 2008, Chan and Odde [65] developed the molecular clutch hypothesis, which 

integrated actin polymerization, forces at the membrane and adhesions. This model and 

accompanying experiments showed how the adhesions act as a clutch and allow 

polymerization velocity to translate into protrusion at the leading edge. The stochastic 
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model of Welf and Haugh [66] integrated protrusion as a function of integrin-based 

adhesions, actin polymerization and mechanosensitive activation of myosin II stress.  

However, some key simplifications were made. The spatial dimension was not 

considered, which is important for myosin activity [67] and the force balance was 

simplified.   

Recently, many models have been developed that have focused on the force 

balance between cytoskeleton and the membrane tension [68]–[71]. Holmes et al. have 

focused on the Rho-Rac dynamics over the length of the cell and how this leads to 

different modes of protrusions namely persistently polarized, random and oscillatory 

[72]. Their model is able to recapitulate their experimental observations; however, it 

does not consider the spatial dimension. Aroush et al. and Tania et al have considered 

the actin dynamics at the leading edge [73], [74]. Aroush et al. show that debranching 

and severing of actin filaments are important steps in the disassembly process that 

generates actin oligomers. This points to the role coffilin can play at the leading edge, 

something our model considers, albeit indirectly. Tania et al. consider the synergy 

between Arp2/3 and cofilin in their 1D model of keratocytes, however they do not 

consider G-actin recycling or the interaction with myosin. Models of Marchenko et al. 

and Cheng et al. are of particular interest [75], [76]. Marchenko et al. have modeled the 

mechanical feedback among actin retrograde flow, myosin activity and substrate 

adhesion in neuronal filopodia. Cheng et al. have developed a similar model but in the 

context of durotaxis. Both models, however, are specific to filopodia and do not consider 

the Arp2/3 mediated branching and the Rac mediated signaling and its feedback. 
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Although many mathematical modeling studies have looked at specific aspects of 

cell migrations, we believe ours is the first to combine the mechanical and signaling 

aspects of motility at the leading edge of mesenchymal cells that allows the 

lamellipodium, guided by the mechanosensitive nascent adhesions, to function as a 

versatile sensor of the cell’s environment. The differential equation model combines 

certain aspects emphasized in previous models, namely: 1) Rac and Rho signaling, 2) 

explicit actin dynamics, 3) explicit adhesion dynamics 4) force balance on F-actin. 

Although the present model shares certain features with those cited, ours differs in that 

it explicitly considers spatiotemporal dynamics of all of the following: nascent adhesion 

density, active signaling molecules, F-actin density, and mechanical stress within the F-

actin network. The model predicts an optimal ECM density for maximal protrusion 

velocity. At lower ECM densities, the abundance of nascent adhesions is too low to 

support effective signal transduction and to resist retrograde flow. With increasing ECM 

density, substantial gains in membrane protrusion rely on a positive feedback loop, in 

which adhesion-mediated activation of Rac fosters increased formation of barbed ends 

and F-actin, enhancing membrane protrusion, formation of new adhesions, and 

stabilization of existing ones. Mitigating or opposing membrane protrusion at high ECM 

density are the competition among barbed ends for G-actin and myosin contractility, 

which manifest as reduced F-actin polymerization and increased F-actin retrograde 

flow, respectively. By applying stress on the F-actin network, myosin II mechanically 

destabilizes nascent adhesions, weakening the positive feedback between nascent 

adhesions and F-actin. Increased F-actin turnover, mediated by ADF/cofilin, offsets the 
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influence of myosin II. Finally, we examined the influence of adhesion/F-actin bond 

stiffness, which is expected to reflect the stiffness of the underlying substratum. 

 
2.2 Results  

2.2.1 A spatially extended model integrating adhesion, signaling, and actin 

dynamics 

We developed a mathematical model, illustrated in Figure 2.1 A, which treats a 

cell protrusion as a continuum, with distance from the leading edge, x, as the lone 

spatial dimension. Nascent adhesions form in response to membrane protrusion [16], 

and they are stabilized by transient interactions with F-actin [16], [59]–[61], a state we 

refer to as ‘clutched’. While not engaged with F-actin, adhesions have a high propensity 

to disintegrate. During their lifetimes, nascent adhesions mediate activation of both Rac 

and Rho GTPases, which in turn mediate activation of the Arp2/3 complex and myosin II 

through WAVE and ROCK, respectively [24], [51]–[53], [77], [78]. Activated Arp2/3 is 

incorporated into the F-actin network at the leading edge, generating new barbed ends 

for actin polymerization [2], whereas existing barbed ends are eventually terminated by 

capping protein [64]. F-actin undergoes an aging process [74], and thus it is converted 

to a form that may be engaged by ADF-cofilin, which mediates F-actin severing and 

depolymerization, and by active myosin II [79]–[82]. The aged form of F-actin has 

generally already undergone ATP hydrolysis, but it is not necessarily identified by its 

nucleotide-binding state. 

In the present model, the biochemical processes described above are integrated 

with mechanical effects, namely: inhibition of F-actin polymerization in response to 

membrane boundary stress, which increases according to the speed of membrane 
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protrusion [66], [83], [84]; rearward (retrograde) flow of the F-actin network, which is 

resisted by the clutched adhesions, which are modeled as springs; dissociation of the F-

actin-adhesion linkages, with a propensity that increases exponentially with force [85]; 

and contractile stress imposed by active myosin II, according to its spatial gradient [67], 

[86]. 

At first, parameterization of the model was based on characteristic time, length, 

and abundance scales. Then, as discussed below, we refined key parameters after 

iterative comparison of the model output and experimental observations. In the base-

case set of parameters, we set myosin II contractility to zero, representing either a 

myosin II-inhibited cell [6] or a region of the cell where myosin II is negatively regulated 

[41], [87]; the influence of myosin II was built on the foundation of this base case. 

In models that have considered adhesion-based signal transduction [66], [88]–

[90], a principal input is a parameter or variable related to the density of immobile 

adhesive ligand. In our model, that is the parameter N0, the density of nascent 

adhesions at the leading edge. For base case parameters and N0 = 20 µm-2, steady-

state spatial profiles of key variables are shown (Figure 2.1 B-E). In this simulation, the 

membrane densities of barbed ends (82 µm-2) and activated Arp2/3 complex (9 µm-2) at 

the leading-edge are consistent with evidence [64], [91] , and total F-actin decays in 

concentration over a distance of ~ 3 µm [16], [82]; the fresh vs. aged F-actin species are 

shown (Figure 2.1 

B). Depending on the rate of actin polymerization, there is a significant gradient 

of G-actin (ATP) concentration at the leading edge [64] (Figure 2.1 C). Owing to the 

stabilization of nascent adhesions by interacting with F-actin (both forms), the density of 
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nascent adhesions decays over a comparable distance from the leading edge as does 

F-actin concentration; Rac- and Rho-GTP generated by adhesion-mediated signal 

transduction have a somewhat longer spatial reach, based on experimentally estimated 

diffusion and deactivation parameters for Rac [92] (Figure 2.1 D). The flux of F-actin at 

the leading edge translates to a polymerization velocity ≈ 0.1 µm/s; roughly half of this 

velocity manifests as membrane protrusion, the balance as retrograde flow of the F-

actin network at the leading edge. These values are consistent with measurements [6], 

[16], [93]. Because of stresses resisting F-actin flow, the retrograde flow velocity 

decreases with distance from the leading edge (Figure 2.1 E). Note that the retrograde 

flow velocity is in a fixed frame of reference. The velocity of F-actin relative to the 

leading edge (x = 0) is the sum of the retrograde flow and membrane protrusion 

velocities. 
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Figure 2.1. Integrative spatial model of leading-edge cell motility. (A) The model treats cell 
protrusion as a continuum, with distance from the leading edge, x, as the lone spatial dimension. 
Nascent adhesions form in response to membrane protrusion and they are stabilized by transient 

interactions with F-actin, a state we refer to as ‘clutched’. While not engaged with F-actin, 
adhesions have a high propensity to disintegrate. During their lifetimes, nascent adhesions 

mediate activation of both Rac and Rho GTPases, which in turn mediate activation of the Arp2/3 
complex and myosin II through WAVE and ROCK, respectively. Activated Arp2/3 is incorporated 

into the F-actin network at the leading edge, generating new barbed ends for actin 
polymerization. F-actin undergoes an aging process and thus it is converted to a form (F-Actin 2) 
that may be engaged by ADF-cofilin, which mediates F-actin severing and depolymerization, and 
by active myosin II. The biochemical processes are integrated with mechanical effects, namely: 
inhibition of F-actin polymerization in response to membrane boundary stress, which increases 

according to the speed of membrane protrusion; rearward (retrograde) flow of the F-actin 
network, which is resisted by the clutched adhesions, which are modeled as springs; dissociation 

of the F-actin-adhesion linkages, with a propensity that increases exponentially with force; and 
contractile stress imposed by active myosin II, according to its spatial gradient. The nascent 

adhesion density at the leading edge (N0) is a key variable. (B – E) Steady state profiles of key 
variables for a control case simulation with no myosin contractility. The velocity of F-actin relative 

to the leading edge (x = 0 μm) is the sum of the retrograde flow and membrane protrusion 
velocities. Barbed end density, Arp2/3 concentration, polymerization velocity and protrusion 

velocity shown are at the leading edge. Adhesion (ECM) density, N0 = 20 # μm-2.  Total initial G-
actin (ATP), GT = 10 μM. Myosin contractility parameter, αmyo = 0 pN-μm. 
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2.2.2 Signaling and mechanical feedback between nascent adhesions and F-

actin promotes lamellipodial protrusion 

To begin exploring the interplay of dynamic processes, we sought to address the 

mechanosensitive nature of nascent adhesions, which mediate signal transduction and 

mechanically interact with the F-actin network. To simplify the signaling aspect, we first 

apply the no-myosin case (as in Figure 2.1) and focus on Rac signaling only. To 

evaluate the roles of adhesions that influence leading-edge motility in this context, we 

varied the leading-edge adhesion density, N0 (Figure 2). The model predicts that the steady-

state velocities of membrane protrusion and F-actin retrograde flow at the leading edge 

are biphasic with respect to N0 (Figure 2.2A). Moreover, the protrusion velocity exhibits 

ultrasensitivity, with a large increase between N0 = 14 and N0 = 16 µm-2, accompanied 

by a dramatic increase in the density of F-actin barbed ends (Figure 2.2B). What causes 

this transition? 

At low adhesion densities, adhesions support low concentrations of F-actin 

(Figure 2.2C), following the barbed-end density trend. The low F-actin density poorly 

stabilizes the nascent adhesions, and therefore the adhesion density decays more 

steeply with distance from the leading edge than the F-actin density (Figure 2.2C&D). 

As a consequence, Rac activation is low (Figure 2.2E), which explains the low barbed-

end density for N0 ≤ 14 µm-2. This low-adhesion state undermines protrusion in two 

distinct ways. Firstly, a lower density of barbed ends translates to a higher force per 

barbed end, and thus a lower efficiency of actin polymerization (Figure 2.2B, inset). 

Secondly, a lower density of clutched adhesions does not significantly resist retrograde 

flow. As leading-edge adhesion density is increased above a critical value, positive 
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feedback between adhesions and F-actin drives sensitive increases in barbed-end 

density, F-actin concentration, adhesion stability, and Rac signaling. The greater 

efficiency of actin polymerization and the greater resistance to retrograde flow results in 

increased membrane protrusion (Figure 2.2A). As the leading-edge adhesion density is 

further increased, the model predicts proportional gains in barbed-end density (Figure 

2.2B). However, the velocity of actin polymerization decreases because of progressively 

depleted G-actin (ATP) (Figure 2.2F). The velocities of membrane protrusion and 

retrograde flow both decrease in this regime, but the latter decreases more, because 

the greater abundance of adhesions further resists F-actin flow (Figure 2.2A). 
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Figure 2.2. Signaling and mechanical feedback between nascent adhesions and F-actin promotes 
lamellipodial protrusion without myosin contractility. (A – B) Steady state values of protrusion 
velocity, retrograde velocity at leading edge, polymerization velocity, barbed end density and actin 
polymerization efficiency (Epol) as a function of adhesion density (N0). The steady-state velocities of 

membrane protrusion and F-actin retrograde flow at the leading edge are biphasic with respect to N0. 
Moreover, the protrusion velocity exhibits ultrasensitivity, with a large increase between N0 = 14 and N0 = 
16 #μm-2, accompanied by a dramatic increase in the density of F-actin barbed ends. (C – F) Steady state 

spatial profiles of key variables for different adhesion densities (N0). 

Fig 2. Signaling and mechanical feedback between nascent adhesions and F-
actin promotes lamellipodial protrusion without myosin contractility.  

A - B. Steady state values of protrusion velocity, retrograde velocity at leading edge, 
polymerization velocity, barbed end density and actin polymerization efficiency (Epol) 
as a function of adhesion density (N0). 

The steady-state velocities of membrane protrusion and F-actin retrograde flow at the 
leading edge are biphasic with respect to N0. Moreover, the protrusion velocity 
exhibits ultrasensitivity, with a large increase between N0 = 14 and N0 = 16 µm-2, 
accompanied by a dramatic increase in the density of F-actin barbed ends  

C - F. Steady state spatial profiles of key variables for different adhesion densities 
(N0).  
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2.2.3 G-actin fuels the feedback between adhesions and F-actin 

Noting the sensitivity of actin polymerization velocity to G-actin availability as 

barbed-end density increases, we repeated the variation of leading-edge adhesion 

density with higher and lower concentrations of total intracellular actin (Figure 2.3). At 

low adhesion densities (N0 ≤ 10 µm-2), actin polymerization velocity proportionally 

increases with total actin abundance (Figure 2.3A); however, most of the gain in actin 

polymerization manifests as retrograde flow, and therefore membrane protrusion is low 

in this regime (Figure 2.3B). As leading-edge adhesion density is increased, and the 

positive feedback between nascent adhesions and F-actin is engaged, the abundance 

of actin substantially influences membrane protrusion. Both the maximum protrusion 

velocity and the critical value of N0 where positive feedback is engaged are sensitive to 

the availability of G-actin (Figure 2.3B). The trend is similar for barbed-end density, 

except that this quantity is not as sensitive to a doubling of the actin abundance, relative 

to the base case (Figure 2.3C). This is because the stability of the nascent adhesions, 

and thus the magnitude of Rac signaling, is limited. 
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Figure 2.3. G-actin fuels the feedback between adhesions and F-actin. (A – C) Steady state values of 
polymerization velocity, membrane velocity at leading edge and barbed end density as a function of 

adhesion density (N0) at different total G-actin concentration. Myosin contractility has been turned off in all 
cases. Both the maximum protrusion velocity and the critical value of N0 where positive feedback is 

engaged are sensitive to the availability of G-actin. 

 

Fig 3. G-actin fuels the feedback between adhesions and F-
actin.  

A - C. Steady state values of polymerization velocity, membrane 
velocity at leading edge and barbed end density as a function of 
adhesion density (N0) at different total G-actin concentration. Myosin 
contractility has been turned off in all cases.  

Both the maximum protrusion velocity and the critical value of N0 
where positive feedback is engaged are sensitive to the availability 
of G-actin 
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2.2.4 Myosin II contractility mechanically disrupts the feedback between 

adhesions and F-actin 

Until now, we have considered the system with myosin turned off. Active myosin 

II responds to Rho signaling and applies stress on the F-actin network in the direction of 

increasing actomyosin concentration. Since myosin II, like ADF/cofilin, can presumably 

only bind to older F-actin [6], actomyosin abundance increases from the leading edge, 

and thus myosin contractility promotes retrograde flow. To investigate the influence of 

this effect, we repeated the variation of leading-edge adhesion density with myosin 

present (Figure 2.4). 

At low leading-edge adhesion densities, the presence of myosin does not 

substantially affect membrane protrusion or leading-edge retrograde flow (Figure 2.4A). 

At higher leading-edge adhesion densities, myosin contractility has a strong influence, 

curtailing the sensitive increases in adhesion-mediated signaling and barbed-end 

density (Figure 2.4A&B). As expected, the increased influence of myosin is 

accompanied by increased Rho signaling (Figure 2.4C) and active myosin (Figure 

2.4D). Without the feedback between adhesions and F-actin engaged, the stabilization 

of adhesions does not occur, and nascent adhesion density decays more precipitously 

with distance from the leading edge even at optimal N0 (Figure 2.4E). With less 

resistance to F-actin flow from clutched adhesions, the retrograde flow velocity at the 

leading edge is higher in the presence of myosin contractility (Figure 2.4F). Thus, the 

model predicts that contractile stress exerted by myosin II on the F-actin network 

mechanically disrupts the positive feedback between nascent adhesions and F-actin, by 

destabilizing the former. 
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Figure 2.4. Myosin II contractility mechanically disrupts the feedback between adhesions and F-
actin. (A – B) Steady state values of polymerization velocity, membrane velocity and barbed end density 

as a function of adhesion density (N0) at different myosin contractility values (αmyo). At low adhesion 
densities, the presence of myosin does not substantially affect membrane protrusion or leading-edge 

retrograde flow. At higher adhesion densities, myosin contractility has a strong influence, curtailing the 
sensitive increases in adhesion-mediated signaling and barbed-end density. (C – D) Steady state spatial 
profiles of rho and actomyosin for different adhesion densities. (E – F) Steady state spatial profiles of total 
adhesions and retrograde velocity at different myosin contractility values at adhesion density = 18 # μm-2. 
With less resistance to F-actin flow from clutched adhesions, the retrograde flow velocity at the leading 

edge is higher in the presence of myosin contractility 

Fig 4. Myosin II contractility mechanically disrupts the feedback between 
adhesions and F-actin.  

A - B. Steady state values of polymerization velocity, membrane velocity and 
barbed end density as a function of adhesion density (N0) at different myosin 
contractility values (αmyo). 

At low adhesion densities, the presence of myosin does not substantially affect 
membrane protrusion or leading-edge retrograde flow. At higher adhesion 
densities, myosin contractility has a strong influence, curtailing the sensitive 
increases in adhesion-mediated signaling and barbed-end density.  

C - D. Steady state spatial profiles of rho and actomyosin for different adhesion 
densities. 

E - F.  Steady state spatial profiles of total adhesions and retrograde velocity at 
different myosin contractility values at adhesion density = 18 # µm-2. 

With less resistance to F-actin flow from clutched adhesions, the retrograde flow 
velocity at the leading edge is higher in the presence of myosin contractility  
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2.2.5 Increasing F-actin turnover strengthens positive feedback by increasing G-

actin flux, not by reducing myosin stress 

Considering the specific role of older F-actin in recruiting myosin II, and the 

assumed ability of both new and aged F-actin to maintain nascent adhesions, we asked 

whether turnover of aged F-actin would enhance or reduce leading-edge protrusion. 

This question is also motivated by the prominent function of cofilin in cell migration [94]–

[96]. To assess the effect of F-actin turnover, we increased the corresponding rate 

constant, kF2, as much as 10-fold with myosin II absent or present ( Figure 2.5 & Figure 

2.6). In the absence of myosin contractility, increasing F-actin turnover yields a modest 

increase in the velocity of actin polymerization, netting a slight increase in membrane 

protrusion (Figure 2.5A). The increased velocity occurs despite slight decreases in 

adhesion stability (Figure 2.5B) and Rac signaling (Figure 2.5C). Notably, increased F-

actin turnover enhances protrusion by increasing the concentration of G-actin (ATP) at 

the leading edge (Figure 2.5D). 

The effect of F-actin turnover on protrusion in the presence of myosin contractility 

is more complex (Figure 2.6). Here again, increased F-actin turnover enhances 

membrane protrusion, but more sensitively so than the no myosin case (Figure 2.6A, 

compare to Figure 2.5A). With high myosin contractility, protrusion velocity increases 

because of stronger positive feedback between adhesions and F-actin, which manifests 

as greater adhesion stability (Figure 2.6B) and Rac signaling (Figure 2.6C). Rac 

signaling promotes generation of barbed ends and thus the concentration of fresh F-

actin; together with enhanced F-actin turnover, there is a more dramatic increase in G-

actin flux (Figure 2.6D, compare to Figure 2.5D). Is this stronger positive feedback, 
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fueled by G-actin, also enabled by reduced myosin contractility? At least for the set of 

parameter values considered, the answer is no. While increasing F-actin turnover 

decreases the abundance of aged F-actin as expected (Figure 2.6E), the increase in 

adhesion stability results in enhanced Rho signaling (similar to the enhancement of Rac 

signaling shown in Figure 2.6C). Consequently, active myosin remains comparable in 

magnitude, and actually achieves a steeper gradient near the membrane, as F-actin 

turnover is increased (Figure 2.6F); where the nascent adhesions are located, myosin 

contractility is actually higher, but the increased ability of those adhesions to dissipate 

retrograde flow (Figure 2.6G) more than compensates. 
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Figure 2.5. Increasing F-actin turnover strengthens feedback by increasing G-actin flux with 
myosin contractility turned off. A. Steady state values of membrane velocity as a function of adhesion 
density (N0) at different F-actin-2 decay rate (kF2). B - D.  Steady state spatial profiles of total adhesions, 

rac and G-actin (ATP) at adhesion density = 18 # ìm-2 for different F-actin-2 decay rate. Increasing F-actin 
turnover yields a modest increase in the velocity of actin polymerization, netting a slight increase in 

membrane protrusion despite slight decreases in adhesion stability and Rac signaling. Myosin contractility 
parameter, αmyo = 0 pN-μm. 

 
 

Fig 5. Increasing F-actin turnover strengthens feedback by 
increasing G-actin flux with myosin contractility turned off. 

A. Steady state values of membrane velocity as a function of adhesion 
density (N0) at different F-actin-2 decay rate (kF2).  

B - D.  Steady state spatial profiles of total adhesions, rac and G-actin 
(ATP) at adhesion density = 18 # µm-2 for different F-actin-2 decay rate. 

Increasing F-actin turnover yields a modest increase in the velocity of 
actin polymerization, netting a slight increase in membrane protrusion 
despite slight decreases in adhesion stability and Rac signaling. 

Myosin contractility parameter, αmyo = 0 pN-µm. 
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Figure 2.6. Increasing F-actin turnover strengthens feedback by increasing G-actin flux with 

myosin contractility. A. Steady state values of membrane velocity as a function of adhesion density (N0) 
at different F-actin-2 decay rate (kF2). B - H. Steady state spatial profiles of key variables at different F-

actin-2 decay rate for adhesion density = 18 # μm-2.With myosin contractility turned on, increasing F-actin 
turnover yields a greater increase in membrane protrusion as well as an increase in adhesion stability and 

Rac signaling. Myosin contractility parameter, αmyo = 10 pN-μm. 

 
 

Fig 6. Increasing F-actin turnover strengthens feedback by 
increasing G-actin flux with myosin contractility.  

A.  Steady state values of membrane velocity as a function of adhesion 
density (N0) at different F-actin-2 decay rate (kF2). 

B - H. Steady state spatial profiles of key variables at different F-actin-2 
decay rate for adhesion density = 18 # µm-2. 

With myosin contractility turned on, increasing F-actin turnover yields a 
greater increase in membrane protrusion as well as an increase in 
adhesion stability and Rac signaling. 

Myosin contractility parameter, αmyo = 10 pN-µm. 
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2.2.6 Increasing adhesive bond stiffness can either enhance or diminish 

protrusion. 

As explained above, the ability to resist/dissipate retrograde flow is an important 

function of nascent adhesions. The mechanical stiffness of an adhesive bond, such as 

the linkage between nascent adhesions and the F-actin network, characterizes its 

resistance to applied force [65]. As in other modeling studies [65], [97]–[100], this 

aspect is parameterized in our model as a spring constant, kc. The higher its value, the 

higher the force on the bond for a given displacement (or, equivalently, for a given 

duration under constant flow). For multiple bonds in series, the compliance of each 

linkage contributes, and thus the elasticity of the underlying substratum is expected to 

impact the value of kc; a softer/stiffer substratum would decrease/increase its value. We 

examined the effect of varying this parameter in our model ( Figure 2.7). 

When kc is sufficiently low, and in the absence of myosin contractility, decreasing 

the value of kc (from its base-case value of 500 pN/µm to 50 pN/µm) substantially 

diminishes the maximum protrusion velocity (Figure 2.7A). Under these conditions, the 

more compliant bonds can stretch more before achieving the force required to rupture 

the bond; however, they naturally dissociate before this occurs, and so the effect on 

bond lifetime is small. At the same time, for a given retrograde flow velocity, the more 

compliant bonds bear less mechanical load during their lifetime and thus do not resist 

stress as well. With kc reduced, the velocity of actin polymerization is actually slightly 

higher, because of the reduced membrane tension (Figure 2.7B), whereas the barbed-

end density is slightly higher/lower for low/high adhesion density (Figure 2.7C). 
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Compared to these small effects, the major change is in the fraction of actin 

polymerization that yields membrane protrusion versus retrograde flow. 

When kc is increased (from its base-case value of 500 pN/µm to 5,000 pN/µm), 

the bonds reach a critical force faster, which limits their lifetime. Thus, the stiffness of 

the bonds imposes an upper limit to the mechanical load borne by each, short-lived 

bond. This results in a substantial shift in the leading-edge adhesion density required to 

engage the positive feedback (Figure 2.7A-C). Thus, with intermediate adhesion, the 

effect of bond stiffness on membrane protrusion is predicted to be biphasic (Figure 

2.7A). 

How these trends are affected with the addition of myosin contractility is difficult 

to anticipate. Myosin contractility results in loss of adhesion stability (Figure 2.4E); 

therefore, when kc is reduced, the gain in adhesion stability offsets the effect of reduced 

mechanical load. Despite this added complexity, the effect of bond stiffness on 

protrusion velocity follows similar qualitative trends with myosin present: reducing kc 

decreases the maximum protrusion velocity, whereas increasing kc shifts the maximum 

to higher leading-edge adhesion density (Figure 2.8A). Compared to the no-myosin 

case, these effects are muted, however. With myosin contractility, protrusion is 

effectively inhibited for the base-case parameters (Figure 2.4A); the same is true for 

lower kc, whereas myosin has little effect on protrusion velocity for higher kc (compare 

Figure 2.8A and Figure 2.7 A). Both actin polymerization velocity and barbed end 

density show a decreasing trend as kc is increased (Figure 2.8B&C). 
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Figure 2.7. Modulating adhesive bond stiffness with myosin contractility turned off. (A – C) Steady 
state values of membrane velocity, polymerization velocity and barbed end density as a function of 

adhesion density (N0) at different adhesive bond spring constant (κc). (D – E) Steady state spatial profiles 
of total adhesions and Rac at adhesion density = 35 # μm-2 for different adhesive bond spring constant. 

With intermediate adhesion, the effect of bond stiffness on membrane protrusion is predicted to be 
biphasic. Myosin contractility parameter, αmyo = 0 pN-μm. 
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Fig 7. Modulating adhesive bond stiffness with myosin 
contractility turned off. 

A - C. Steady state values of membrane velocity, polymerization 
velocity and barbed end density as a function of adhesion density (N0) 
at different adhesive bond spring constant (κc).  

D - E.  Steady state spatial profiles of total adhesions and Rac at 
adhesion density = 35 # µm-2 for different adhesive bond spring 
constant.  

With intermediate adhesion, the effect of bond stiffness on membrane 
protrusion is predicted to be biphasic  

Myosin contractility parameter, αmyo = 0 pN-µm. 



   

42 
 

 
Figure 2.8. Increasing adhesive bond stiffness with myosin contractility. (A – C) Steady state values 
of membrane velocity, polymerization velocity and barbed end density as a function of adhesion density 
(N0) at different adhesive bond spring constants (κc). The effects on membrane velocity are muted with 

myosin contractility turned on. Myosin contractility parameter, αmyo = 10 pN-μm. 
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Fig 8. Increasing adhesive bond stiffness can .. with myosin 
contractility. 

A - C. Steady state values of membrane velocity, polymerization 
velocity and barbed end density as a function of adhesion density (N0) 
at different adhesive bond spring constants (κc).  

The effects on membrane velocity are muted with myosin contractility 
turned on.  

Myosin contractility parameter, αmyo = 10 pN-µm. 
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2.3 Discussion  

In this study, we have constructed a partial differential equation model that 

considers both biochemical regulation and mechanics of the dendritic F-actin network, 

with nascent adhesions as the key interface for both aspects. The model predicts an 

optimal ECM density for maximal protrusion velocity, consistent with literature  [63], [90], 

[101]. At lower ECM densities, the abundance of nascent adhesions is too low to 

support effective signal transduction and to resist retrograde flow. With increasing ECM 

density, substantial gains in membrane protrusion rely on a positive feedback loop, in 

which adhesion-mediated activation of Rac fosters increased formation of barbed ends 

and F-actin, enhancing membrane protrusion, formation of new adhesions, and 

stabilization of existing ones. Mitigating or opposing membrane protrusion at high ECM 

density are the competition among barbed ends for G-actin and myosin contractility, 

which manifest as reduced F-actin polymerization and increased F-actin retrograde 

flow, respectively. By applying stress on the F-actin network, myosin II mechanically 

destabilizes nascent adhesions, weakening the positive feedback between nascent 

adhesions and F-actin. Increased F-actin turnover, mediated by ADF/cofilin, offsets the 

influence of myosin II. Finally, we examined the influence of adhesion/F-actin bond 

stiffness, which is expected to reflect the stiffness of the underlying substratum. 

 

2.3.1 On the influence of myosin II contractility 

Multiple experimental observations implicate myosin II activity in the mechanical 

regulation of membrane protrusion. Treatment of fibroblasts with an inhibitor of myosin 

light chain kinase caused an increase in lamellipodial protrusion [102]. In myosin II 
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deficient CHO-K1 cells, protrusion rates were elevated more than 2-fold relative to 

control, and lamellipodia were broader [6]. In fibroblasts migrating on a gradient of 

fibronectin, inhibition of ROCK increased both migration speed and persistence [103]. 

Although it may seem sensible that pulling on the F-actin network counters the pushing 

force associated with membrane protrusion, our model suggests that this is a simplistic 

view. Rather, our simulations predict that myosin contractility adds to the stress caused 

by F-actin polymerization against the membrane boundary, enhancing retrograde flow 

that mechanically weakens adhesion/F-actin linkages. This also matches experimental 

results where inhibition of myosin activity led to a decrease in retrograde velocity in 

neural growth cones [104] and fibroblast cells [55].  

Conceptually, this view is similar to those represented in adhesion clutch models 

[65], [97], [98], but the present model differs in that it connects adhesion stability to 

signal transduction, which affects the density of barbed ends and thus their ability to 

collectively overcome the boundary stress. A key prediction in that regard is that myosin 

II contractility indirectly disrupts Rac signaling (and other integrin-mediated signaling), 

whereas myosin II inhibition would be permissive ton integrin-mediated signaling.  

Vicente-Manzanares et al., have provided evidence showing that after initial Rac 

signaling by nascent adhesions, nascent adhesions interact with myosin IIA and myosin 

IIB, mature and move to the rear of the cell, or more accurately the cell ‘moves over’ the 

adhesions. Notably, once the adhesions interact myosin, the Rac signaling is muted 

[105].   While our model focuses on leading-edge protrusion, myosin II also has 

established roles in adhesion maturation [6], [16], [106] and F-actin turnover [107]. 
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Clearly, myosin II is a critical player that influences overall cell migration in multiple 

ways.  

 

2.3.2 On the influence of F-actin turnover 

The abundance of F-actin is important for stabilizing nascent adhesions [16] and 

is affected by the density of barbed ends, the velocity of actin polymerization, and F-

actin severing/turnover. Our simulations show that F-actin turnover tends to enhance 

protrusion by enhancing or mitigating the reduction of G-actin flux. Although this aspect 

has been explored through analysis of other models [64], [73], [108], the insight gained 

from the present model is that any such positive influence on protrusion may be 

compounded through adhesion-mediated Rac signaling. Thus, under conditions where 

myosin contractility hinders protrusion, increasing F-actin turnover offsets this effect, but 

not by reducing myosin stress; in fact, the simulations predict higher contractility when 

F-actin turnover is increased. Nascent adhesions mediate both Rac and Rho signaling, 

and the latter compensates for the reduction in aged F-actin. 

Cofilin severs F-actin filaments in a concentration dependent manner, with each 

scission creating an uncapped barbed end and an uncapped pointed end [79]. Cofilin 

has been implicated in enhanced cell migration [74], [94] and cancer invasiveness and 

metastasis [94]–[96], [109]. Consistent with our model predictions, increased/decreased 

cofilin activity has been associated with increases/decreases in the abundance of G-

actin in the cytosol [110], [111] and the rate of actin polymerization [112]. In both 

conceptual and mathematical models of cofilin’s influence on F-actin dynamics [74], 

[79], [80], [113], a major contribution of actin severing to actin polymerization is the 
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direct generation of barbed ends; our model neglects this contribution and instead 

attributes gains in barbed-end density at the leading edge to increased Rac signaling. 

Contrarily, the aforementioned model by Tania et al. [74] decouples cofilin-mediated F-

actin severing and the overall turnover of F-actin, and it considers the G-actin 

concentration fixed. The compromises made in the two models permit their closure; 

certainly, a more comprehensive model would include all relevant aspects, perhaps with 

resolution at the level of individual actin filaments [73]. A key question is how effective 

cofilin-generated barbed ends are at reaching the leading edge; although they are 

expected to polymerize faster than barbed ends at the boundary, they are also capped 

at a higher frequency [64], [91]. Other aspects that could be explored with regard to F-

actin turnover are the competition between cofilin and myosin II for aged F-actin [114] 

and the aforementioned disintegration of F-actin by myosin II-induced buckling forces 

[115], [116]. 

 

2.3.3 On the influence of adhesive bond stiffness 

Appreciation of matrix/substratum stiffness as a key variable affecting 

mechanosensing and cell migration has grown over the past two decades [117]–[119]. 

Stiffer matrices foster higher cellular traction forces and are associated with greater 

metastasis potential [120], [121]. Recently, it was demonstrated that migration of cancer 

cells is biased by a gradient of substratum stiffness and that lamellipodial Arp2/3 is 

required for this process [122]. In the present model, the rigidity of the nascent 

adhesion-F-actin linkages reflects the stiffness of the substratum and the mechanical 

compliance of the various molecular interactions associated with the adhesion clutch. 
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This parameter influences how much energy the clutched adhesions dissipate under 

load associated with F-actin retrograde flow and the overall stability of nascent 

adhesions. A stiffer linkage is better until its stability is compromised, and so there is an 

optimum. The relative concentration and spatial profile of F-actin and the spatial profile 

of nascent adhesions are consistent with those reported for spreading fibroblasts on soft 

and stiff substrates [123]; however, the interpretation presented in that study, based on 

other experiments, is that the productivity of adhesion formation is the primary 

determinant. This process is reflected in the parameter N0 of our model, and its 

dependence on substrate stiffness suggests a catch-bond (also called a catch-slip 

bond) character of the adhesion assembly [124]. Other recent evidence, interpreted 

through the use of theoretical modeling, reinforced that the optimal substrate stiffness 

for cell motility can be shifted by modifying myosin II activity and/or adhesion density, 

consistent with our findings [125], [76]. Taken together, our simulations and the 

experimental evidence outlined above clearly implicate the lamellipodium as a substrate 

stiffness sensor. 

 

2.3.4 Extending the model 

The model presented here was formulated with both integration and economy in 

mind. Incorporating adhesion, signaling, and cytoskeletal dynamics, along with 

mechanics, demands a level of restraint to avoid parameter bloat. In addition to the 

possible refinements already mentioned, more details related to integrin-mediated 

signaling, considering the specifics of Rac/WAVE and Rho/ROCK activation or/and the 

influence of other signaling pathways could be added. At the level of adhesion and 
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cytoskeletal dynamics, a more comprehensive model could include details related to 

integrin clustering and the molecular components responsible for clutching F-actin [76]. 

In that regard, we consider it paramount to parse the knowledge of the field regarding 

nascent versus mature adhesions, the architecture of the latter being much better 

understood [124], [126], [127]. Until a unifying theory of adhesion assembly and 

maturation is approached, it is important to distinguish the classes of adhesions and 

avoid ascribing knowledge about one to another. Other directions to potentially build out 

from the present model is to move beyond the level of a single lamellipodium and/or to 

allow for stochastic transitions. Modeling whole-cell migration model is clearly 

challenging, and current, successful models have been predicated on a constant cell 

shape or/and greatly simplified dynamics [62], [68], [70], [71], [128]–[130]. Similarly, 

stochastic models have required certain simplifications [66], [83], [84]. Although models 

such as ours suggest ways to integrate multiple aspects of cell motility, especially where 

integrin-mediated adhesion and signaling is fundamental, the exercise also illuminates 

substantial gaps in our understanding. 

 

2.4 Methods 

We have constructed a spatiotemporal PDE model that incorporates adhesion, 

cytoskeletal and signaling dynamics governing protrusion of lamellipodia in 

mesenchymal cells (Figure 2.1 A). We have modeled actin polymerization at the leading 

edge and the resulting retrograde flow of the F-actin network. Nascent adhesions 

promote actin polymerization via Rac signaling as well as interact with the F-actin 

network to activate RhoA. Subsequently, active myosin II engages and applies stress to 
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the F-actin network. The various species are modeled using reaction, diffusion and 

advection equations. These equations incorporate a momentum balance on the F-actin 

network and the mechanics of clutched adhesions. The 1-D system of coupled partial 

differential equations consisting of 11 variables and 40 parameters was solved in 

MATLAB (MathWorks, Natick, MA) on a personal computer as well as the North 

Carolina State University high performance computing cluster. We solved for variables 

that can be correlated with experiments, such as membrane/protrusion and retrograde 

velocity.  

A custom routine was built to solve the systems of couple PDEs with ordinary 

differential equations as boundary conditions. The pdepe function in MATLAB, which 

solves 1-D parabolic and elliptic PDEs, was used to solve the system of PDEs and the 

ode15s function was used to solve the system of ODEs. A time loop was created to 

sequentially solve the ODEs and PDEs. The ODEs was solved first for a small time step 

(Δt = 0.5s) and the results were fed into the couple PDE solver for the same time 

interval. To calculate values for variables described by the ODEs, interpolation was 

used. This process was repeated until a steady state was reached. The time step for the 

pdepe and ode15s solver was not specified as it is automatically determined by the 

algorithm. A spatial step (Δx) of 0.05 μm was used. To test the dependence of this 

method on the choice of time and spatial step, the time step (Δt) was modulated while 

keeping the ratio (Δt/ Δx) constant. This did not impact the results significantly and the 

time and spatial steps used were deemed appropriate (Figure 2.9). The pdepe function 

in MATLAB used requires all partial differential equations to have a diffusion term. Since 

many equations did not have a diffusion term, a small diffusivity parameter was added 
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to the equations. This diffusivity parameter was varied and it was verified that it did not 

significantly impact the results (Figure 2.10). 

 

 
Figure 2.9. Steady state profiles of various species at different δt and δx values while maintaining 

the respective ratios. For the simulations δt = 0.5 and δx  = 0.05. 
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Figure 2.10. Steady state profiles of various species at different Dα levels. 

 
2.4.1 1. Simplified model of dendritic actin network dynamics 

F-actin exists in a series of states.  It is added to barbed ends near the 

membrane in the ATP-bound form, and thereafter it matures into ADP+Pi-bound, and 

ADP-bound states.  The ‘old’ F-actin is susceptible to ADF/cofilin-mediated severing 

and also engages non-muscle myosin IIA as well as the stabilizer, tropomyosin. 

 
Model variables 

The independent variables are time, t, and distance from the leading edge, x.  

Surface-bound/-associated species densities (# μm-2) are defined as follows. 

 b: Barbed ends adjacent to the membrane. 
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 a: Activated Arp2/3 complex, primed with actin monomer. 

 

Volumetric F- and G-actin concentrations (μM) are defined as follows. 

 F1: Actin subunits in dendritic F-actin 

 F2: Actin subunits in old/debranched F-actin 

 G*: G-actin in ATP-bound state. 

 G: G-actin in ADP-bound state. 

 

Definition of velocities 

In a fixed (laboratory) frame of reference, the membrane is protruding with 

instantaneous velocity Vmem(t).  If membrane retraction is allowed, Vmem is negative.  

Regardless, for a moving frame of reference with the membrane at x = 0, Vmem is the 

velocity associated with convection of immobile and purely diffusive species in the x 

direction.  We defined the velocity of F-actin retrograde flow as Vret(x,t); therefore, 

relative to the membrane we define the velocity associated with convection of the F-

actin network as 

  (S1) 

These velocities will need to be determined based on a consideration of 

membrane and F-actin mechanics (Section 3). 

We define the leading edge polymerization rate as Vpol(t), with the form 

, (S2) 

VF (x, t) =Vret (x, t)+Vmem (t)

VF (0, t) =Vpol (t) = Epolδk+G
*(0, t)
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where k+ is the free polymerization rate constant, and 0 < Epol ≤ 1 is an efficiency 

function that depends on the force on each barbed end (Section 3).  The following 

relationship is derived from Eqs. S1 and S2. 

. (S3) 

 
Conservation equations and boundary conditions 

Free barbed ends, b, are found at the boundary and are formed by Arp2/3-

mediated branching (flux nb).  Barbed ends are consumed by capping (rate constant 

kcap).  We also include a small, constant rate of barbed end generation equal to kcapb0; 

the parameter b0 sets a minimum value of b and may be used as the initial value b(0).  

The inclusion of this term allows a network to form spontaneously and might account for 

arrival of straight filaments [64].  The conservation equation is written as follows. 

.  (S4) 

To model the incorporation of Arp2/3, we reason that this process is a saturable 

function of the barbed-end density at the leading edge. 

,  (S5) 

where kArp and Km,b are Michaelis-Menten-like parameters, and a is the density of 

activated Arp2/3.  Conservation of active Arp2/3 complex, a, includes a simple rate law 

for WAVE and Arp2/3 activation by active Rac, r, at the boundary. 

.  (S6) 

Vret (0, t) =Vpol (t)−Vmem (t)

∂b
∂t

= nb − kcap b− b0( )

nb =
kArpab

Km,Arp + b

∂a
∂t

= ka r x=0
− nb



   

54 
 

Rac activation is mediated by nascent adhesions (Section 2).  Eqs. S4 and S6 

indicate that, at steady state, the density of barbed ends (above the basal value b0) is 

proportional to the density of Rac-GTP at the leading edge. 

The accumulation of dendritic F-actin, F1, is affected by convective transport and 

an aging process that includes debranching and attack by ADF/cofilin (rate constant 

kF1), which yields a certain loss of F-actin and corresponding gain of G-actin (see 

below). 

. (S7) 

It is generated by polymerization at the leading edge, so equating the convective 

flux of F-actin to the polymerization flux simply yields 

. (S8) 

NAv is Avogadro’s number in the appropriate units, 602 # μm-3/μM.  Combining 

Eqs. S8 and S2 yields the following boundary condition. 

. (S9) 

We reason that the aging/debranching process yields two parallel outcomes: a 

constant fraction, φ, of the aged F-actin is rapidly attacked by ADF/cofilin and thus 

depolymerized, while the balance persists as a second F-actin species, F2, which is 

able engage myosin II (Section 2).  Eventually, the F2 species is also depolymerized 

(rate constant kF2). 

. (S10) 

 

∂F1
∂t

= −
∂
∂x

VFF1( )− kF1F1

VFF1( ) x=0 =
Vpol (t)
δ

b
NAv

F1(0, t) =
b(t)
δNAv

∂F2
∂t

= −
∂
∂x

VFF2( )+ 1−φ( )kF1F1 − kF2F2
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There is no flux of F2 at the membrane, and therefore its density at x = 0 is zero. 
. (S11) 

 
Moving on to the G-actin species, we must account for diffusion as well as the 

movement of the boundary.  For generality we allow the two G-actin forms to have 

different diffusivities (which could account for differential binding to shuttling proteins, for 

example), but the default assumption is that the diffusivities are equal.  The ATP-bound 

form is generated from ADP-bound G-actin by nucleotide exchange (rate constant kex). 

.  (S12) 

Conversely, the ADP-bound form is generated by dissociation from F-actin, as 

considered in the conservation of F1 and F2. 

. (S13) 

Boundary conditions for diffusing G-actin at the membrane are imposed as 

follows.  G* is consumed due to F-actin polymerization at the membrane, and thus the 

flux of G* there is negative. 

. (S14) 

There is no flux of G at the membrane. 

  (S15) 

Given that G-actin diffuses, a second set of boundary conditions is needed.  We 

impose no flux at the back of the domain, x = L. 

F2 (0, t) = 0

∂G*

∂t
= D

G*
∂ 2G*

∂x2
−Vmem

∂G*

∂x
+ kexG

∂G
∂t

= DG
∂ 2G
∂x2

−Vmem
∂G
∂x

+φkF1F1 + kF2F2 − kexG

−D
G*
∂G*

∂x
+VmemG

*"

#
$

%

&
'
x=0

= −Epolk+G
*

x=0

b
NAv

−DG
∂G
∂x

+VmemG
"

#
$

%

&
'
x=0

= 0.
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 (S16) 

 (S17) 

 

−D
G*
∂G*

∂x
+VmemG

*"

#
$

%

&
'
x=L

= 0.

−DG
∂G
∂x

+VmemG
"

#
$

%

&
'
x=L

= 0.
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2.4.2 2. Simplified model of adhesion dynamics, signaling, and myosin 

regulation 

Following our previous model [66], we consider that nascent adhesions, n, form 

in response to membrane protrusion and are relatively stable provided that they interact 

with the F-actin network [16].  Adhesions are associated with the membrane below the 

F-actin network. 

 

Model variables 

Membrane-bound/-associated species densities (# μm-2) are defined as follows. 

 n: Nascent adhesions. 

 r: Active (GTP-bound) Rac. 

 ρ: Active (GTP-bound) Rho. 

Volumetric species concentrations (μM) are defined as follows. 

 M: Active actomyosin. 

 

Conservation equations and boundary conditions 

Based on the description of adhesion dynamics presented above, default 

conservation equations for free (nf) and F-actin bound (‘clutch’) (nc) adhesions might be 

posed as follows. 

 

The rate ‘constants’ kon,n, koff,n, and kdis describe association and dissociation with 

F-actin and the adhesion disassembly, respectively; among these, the frequency of 

∂nf
∂t

= −Vmem
∂nf
∂x

− kon,n F1 +F2( )nf + koff ,nnc − kdisn f ;

∂nc
∂t

= −Vmem
∂nc
∂x

+ kon,n F1 +F2( )nf − koff ,nnc.
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dissociation is not actually constant but rather a function of the instantaneous force on 

each adhesive bond (Section 3).  If we assume as before [66] that binding to the F-actin 

network is near equilibrium, we replace the above with the following balance on total 

nascent adhesion density, n = nf + nc. 

 (S18) 

It is shown in Section 3 how the equilibrium constant Kn is formulated as a 

function of the retrograde flow velocity, Vret. 

Nascent adhesion formation is handled in the boundary condition.  Considering 

as before that the rate of adhesion formation is proportional to the membrane protrusion 

velocity (provided that Vmem > 0), with a proportionality coefficient that depends on ECM 

density (defined as n0 here), the flux balance gives 

. 

This implies that, for a particular ECM density, there is a constant density of 

nascent adhesions at the leading edge, unless the membrane is retracting. 

.  (S19) 

If the membrane is retracting, existing adhesions vanish at the boundary. 

 

Nascent adhesions mediate activation of guanine nucleotide exchange factors 

(GEFs) that in turn convert the small GTPases Rac and Rho to their active, GTP-bound 

∂n
∂t

= −Vmem
∂n
∂x

−
kdisn

1+Kn F1 +F2( )
;

nc =
Kn F1 +F2( )
1+Kn F1 +F2( )

n; Kn = Kn (Vret ).

Vmem (t)n(0, t) = n0Vmem (t)

n(0, t) =
n0 (Vmem > 0)
0 (Vmem ≤ 0)

"
#
$

%$
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forms.  As considered previously [66], we assume the simplest mechanism of Rac 

activation and consider also its diffusion here. 

.  (S20) 

The rate constants ka,r and kd,r describe activation and deactivation of Rac, 

respectively.  No-flux at the boundaries means that 

. (S21) 

. (S22) 

We pose a similar conservation equation for Rho-GTP (or, more loosely, 

Rho/ROCK signaling).  In our previous work [66], we assumed that the potency of this 

process is a function of the force borne by the F-actin-bound adhesions.  Given that the 

nature of this process remains poorly defined, we take a simplified approach here and 

assume that mechanotransduction is defined simply by the distinction between F-actin-

bound versus free adhesions; i.e., only clutch adhesions mediate Rho activation. 

. (S23) 

The boundary conditions are of the same form as for active Rac. 

 

Regulation of myosin II is characterized by its activation via Rho/ROCK-mediated 

phosphorylation of the myosin regulatory light chain and by binding of myosin to 

unbranched F-actin to form actomyosin.  Although the sequence of binding and 

activation steps is not clearly defined, we have reasoned that active actomyosin is 

∂r
∂t
= Dr

∂ 2r
∂x2

−Vmem
∂r
∂x

+ ka,rn− kd,rr

−Dr
∂r
∂x

+Vmemr
"

#
$

%

&
'
x=0

= 0

−Dr
∂r
∂x

+Vmemr
"

#
$

%

&
'
x=L

= 0

∂ρ
∂t

= Dρ

∂ 2ρ
∂x2

−Vmem
∂ρ
∂x

+ ka,ρnc − kd,ρρ
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relatively long lived [66]; hence, we are inclined to assume that activation occurs just 

before or soon after actin binding and then persists due to the lifetime of the myosin-

actin interaction.  With this simplification, the conservation equation and no-flux 

boundary condition for actomyosin, M, are as follows. 

. (S24) 

  (S25) 

 
2.4.3 3. Integration of F-actin and adhesion dynamics via mechanics 

In our previous model [66], a stress balance was formulated as if the F-actin 

network were a solid, with rearward-oriented forces imposed by membrane tension and 

myosin contractility that are opposed by viscous drag and adhesion traction stress.  It 

has been argued extensively [67], [84], [131] that the F-actin network is essentially a 

viscous medium; i.e., the stress in the gel, σF (pN/μm2), is proportional to the rate of 

strain.  Since stress and retrograde flow are oriented in the x-direction, it is a normal 

stress [67]: 

,  (S26) 

where μ is the bulk viscosity of the network (in pN-s/μm2, assumed constant).  

Therefore, we can specify a boundary condition in terms of the membrane tension, 

σmem, as follows. 

.  (S27) 

The boundary stress is related to protrusion velocity, as protrusion requires 

deformation of the membrane and rupturing of its cortex.  As a simplifying assumption, 

∂M
∂t

= −
∂
∂x

VFM( )+ kon,mρF2 − koff ,mM

M (0, t) = 0.

σ F (x, t) = µ
∂Vret
∂x

σ mem (t) = −µ
∂Vret
∂x x=0
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consistent with our previous model [66], we assume that the membrane response is 

essentially viscous and pose a linear relationship between boundary stress and 

membrane protrusion velocity. 

.  (S28) 

The ‘offset’ stress, σ0, accounts for the possibility that the membrane is under 

tension even in the absence of protrusion (e.g., because the membrane is protruding 

elsewhere in the cell).  The default assumption is that σ0 = 0. 

The boundary stress also determines the force imposed on each of the barbed 

ends at the boundary, fb (pN): 

.  (S29) 

According to the Brownian ratchet or analogous theory, this allows us to calculate 

the actin polymerization rate at the boundary, with the following form for the efficiency 

function Epol introduced in Section 1. 

, 

where, according to Brownian ratchet theory, the characteristic force is related to 

the thermal energy kBT according to   ≈ 2 pN [64]. Combined with the 

previously derived Eq. S3, this closes the loop to define Vmem(t) and a boundary 

condition for Vret at the membrane, albeit a complicated one.  To make it tractable, we 

see fit to approximate the Epol relationship as follows. 

, (S30) 

σ mem (t) =
σ 0 +αmemVmem (t) (Vmem > 0)

σ 0 (Vmem ≤ 0)

"
#
$

%$

fb =
σ mem

b

Epol ( fb ) = exp − fb fb
*( )

fb
* = kBT δ

Epol fb( ) ≈
1− fb fb

*, fb < fb
*

0, fb ≥ fb
*

$
%
&

'&
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Note that, unless σ0 > 0, it is not possible for the critical force, , to be 

exceeded in the model; actin polymerization is required to generate membrane tension 

greater than σ0.  Therefore, we define the time-dependent maximum value of Epol, 

Emax(t), as follows. 

. (S31) 

We define another time-dependent function, Vmax(t), which represents the 

maximum protrusion (or retraction) velocity. 

. (S32) 

Combining Eqs. S2 and S3 and Eqs. S28-S32, we derive a key relationship 

between Vmem(t) and the value of Vret at the boundary. 

, (S33) 

where  is the Heaviside step function. 

We move on now to the equation of motion for the F-actin network.  Assuming 

Stokes/creeping flow and following a similar form as in [67], 

, (S34) 

where Fcyto is a small drag force per unit volume exerted on the cytoplasm and 

membrane, σc is the stress exerted on (borne by) the adhesion-based clutch, and Fmyo 

is the myosin contractile force per unit volume.  The parameter h is the height of the 

lamellipodium, which sets the traction force term on a volumetric basis.  We model the 

drag force with constant coefficient ς (pN-s/μm4). 

fb
*

Emax (t) =max 1−
σ 0

fb
*b(t)

, 0
"
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Vmax (t) = Emaxδk+G
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, (S35) 

For the myosin force, we follow the physical arguments presented in [67], [86] and take 

, (S36) 

where the constant parameter αmyo (pN-μm) describes how the gradient in 

actomyosin produces a net force. 

The traction stress term requires a bit more development.  We assume that each 

adhesive bond is spring-like [97], [132], with a finite lifetime tc.  To calculate the mean 

lifetime, we invoke a Bell model for the off-rate as a function of force [85] and 

approximate the exponential relationship as shown above for Epol(fb). 

. (S37) 

Considering that the network flows at a velocity Vret relative to the adhesions, and 

spring force is proportional to displacement, the force grows linearly with lifetime. 

, 

where κc is the associated spring constant.  One can calculate the probability that 

a bond is still engaged, pc, as a function of the lifetime, by solving the following. 

. 

This differential equation is readily integrated (using the approximate koff,n 

function in Eq. S37) to obtain 

. 

The probability density of bond dissociation is calculated as 

Fcyto =ζVret

Fmyo =αmyoNAv
∂M
∂x

koff ,n fc( ) = koff ,n0 exp fc fc
*( ) ≈

koff ,n
0

1− fc fc
* ( fc < fc

*)

∞ ( fc ≥ fc
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, 

and then the average lifetime is determined, noting that there is a finite time, tmax, 

when the critical force is reached. 

 

This result satisfies expectations, as it shows that a naturally short-lived bond will 

tend to expire at the unstressed time ( ), whereas a stable bond will rupture at 

precisely tc = tmax.  Proceeding with this result, the average force on each adhesion is 

given by 

 (S38) 

The associated stress attributed to the clutch is calculated as follows. 

. (S39) 

The mean bond lifetime also determines the equilibrium constant Kn(Vret), 

introduced in Section 2, as follows. 

 (S40) 

 
Incorporating Eqs. S38 and S39 with Eqs. S34-S36 yields 
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. (S41) 

Two boundary conditions must be supplied to solve for Vret(x,t).  Incorporating the 

result in Eq. S33 along with Eqs. S27 and S28, we obtain the boundary condition for Vret 

at the membrane. 

.  (S42) 

For x = L, provided that adhesions and actomyosin are vanishingly small there, 

we note that an approximate solution to Eq. S41 for x > L is 

. 

Therefore, the following is valid and may be used as the second boundary 

condition. 

 (S43) 
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2.4.4 Consideration of model parameters 

Parameters from literature 

Certain model parameters have been estimated based on experimental 

measurements.  Rounded to one significant digit, those values are 

δ ≈ (2.7 nm)cos 35° ≈ 0.002 μm [64] 

k+ ≈ 10 μM-1s-1 [64] 

kcap ≈ 1 s-1 [64] 

DG = DG* ≈ 10 μm2/s [64] 

kex ≈ 1 s-1 [64]  

Dr ≈ 0.3 μm2/s [92] 

kd,r ≈ 0.07 s-1 [66] 

μ ≈ 2x103 pN-s/μm2 [67] 

h ≈ 0.2 μm  [64] 

 
Characteristic velocity, length, time, concentration, and force scales 

Given that the value of G* at the membrane is ~ 10 μM [64], the maximum actin 

polymerization rate is  ~ 0.2 μm/s ~ 10 μm/min.  We take as a characteristic 

velocity scale, 

Vchar = 0.1 μm/s 

And as a characteristic F-actin length scale, 

Lchar = 1 μm 

This implies a characteristic time scale, 

tchar = Lchar/Vchar = 10 s 

δk+G
*

x=0
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The density of barbed ends at the leading edge has been estimated at 50-250 

μm-2 [64].  Applying Eq. S9, this sets the characteristic scales for the variables b, F1, F2, 

and M: 

bchar = 100 μm-2 

Fchar = 100 μM 

Mchar = 0.1Fchar = 10 μM 

For active Arp2/3 complex, we consider that its density is a fraction of bchar and 

set 

achar = 0.1bchar = 10 μm-2 

The nascent adhesion density parameter, n0, is variable, but we take as a 

characteristic scale 

nchar = 10 μm-2 

As a rough estimate of active Rac and Rho densities, we take 

rchar = ρchar ~ 10 μm-2 

If we consider a projected lamellipodial area ~ 100 μm2, that would correspond to 

roughly 103 Rac-GTP molecules, which seems a reasonable number.  Finally, we 

consider the thermal force noted above [64] and define 

fchar = 2 pN 

Two estimates of the characteristic stress, σchar, are in exact agreement: 

σchar = fcharbchar = μVchar/Lchar = 200 pN/μm2 

 
Estimates of/bounds on model parameters based on characteristic scales 

The characteristic scales estimated above were used to develop initial estimates 

of the remaining parameters.  These were used as starting points and were refined to 
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obtain the base parameter set shown in Table S1.  Starting with the F-actin dynamics, 

Eqs. S4 and S5 at steady state implies a lower bound on kArp: 

kArp > kcapbchar/achar ~ 10 s-1 

As for the parameter Km,Arp, we reason that it should comparable to bchar or larger 

to avoid saturation of the Arp2/3 incorporation flux: 

Km,Arp ≥ bchar = 100 μm-2 

From the combination of Eqs. S4 and S6, we obtain 

ka ~ kcapbchar/rchar = 10 s-1 

Moving on to Eqs. S7 and S10, we take 

kF1 ~ kF2 ~ 1/tchar = 0.1 s-1 

For the parameter φ, we consider that the majority of aged F-actin is attacked by 

cofilin, in which case 

φ ≥ 0.5 

 

Considering now the adhesion dynamics, if nascent adhesions are well protected 

by contact with F-actin, this implies that Kn,0Fchar >> 1, or 

Kn,0 >> 0.01 μM-1 

Also, if nascent adhesions are highly susceptible to disintegration in the absence 

of F-actin, this implies that 

kdis >> 1/tchar = 0.1 s-1 

As a starting point, we took kdis = 1 s-1 and examined Kn,0 values in the range of 

0.1-1 μM-1.  For Rac activation by adhesions, we take 

ka,r ~ kd,rrchar/nchar = 0.1 s-1 
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For active Rho, we allow it to have slower dynamics than F-actin.  Hence, we 

take 

Dρ = Dr = 0.3 μm2/s 

ka,ρ ~ kd,ρ ≤ 1/tchar = 0.1 s-1 

For actomyosin, we take 

koff,M ~ 1/tchar = 0.1 s-1 

kon,M ~ koff,MMchar/ρcharFchar ~ 0.001 μm2/s 

 

Wrapping up with the mechanics parameters, we estimate 

αmem ~ σchar/Vchar = 2000 pN-s/μm3 

Given that we assume a complete stall of protrusion when fb = fb*, we take 

fb* > fchar = 2 pN 

Values of fb* in the range of 5-20 pN were explored.  Given that Fcyto should be a 

small contribution in Eq. S34, we take 

ζ << μ/(Lchar)2 = 2000 pN-s/μm4 

Values of 100 pN-s/μm4 and lower were explored.  For myosin to play a 

substantial role in the force balance, we require 

αmyo ~ (σchar/Lchar)/(NAvMchar/Lchar) = σchar/NAvMchar = 0.03 pN-μm 

For the adhesion-based clutch, we take as a lower bound 

fc* ≥ (σchar/Lchar)(h/nchar) = 4 pN 

Values of 10 pN and higher were explored.  Lastly, for the parameter Vc we 

initially varied its value in the range of 0.01 – 1 μm/s, i.e. from 0.1 – 10 times Vchar. 
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Table 2.1. Base case parameters. 

Symbol Value 
αmem 2000 pN-s/μm3 
αmyo 0 pN-μm 

b0 1 μm-2 
δ 0.0022 μm 

DG = DG* 10 μm2/s 
Drac = Drho 0.3 μm2/s 

Dα 5e-4 μm2/s 
fb* 10 pN 
fc* 10 pN 
GT 10 μM 
h 0.2 μm 
ka 10 s-1 

kArp 20 s-1 
kcap 1 s-1 
ka,r 0.1 s-1 
ka,ρ 0.1 s-1 
kd,r 0.067 s-1 
kd,ρ 0.067 s-1 
kdis 1 s-1 
kex 1 s-1 
kF1 0.1 s-1 
kF2 0.1 s-1 

kon,M 0.001 μm2/s 
kon,n 5 μM-1s-1 
koff,M 0.1 s-1 
k0off,n 10 s-1 

k+ 11.6 μM-1s-1 
κc 500 pN/μm 

Km,Arp 100 μm-2 
μ 2000 pN-s/μm2 
N0 20 μm-2 
NAV 602 μM-1μm -3 
φ 0.5 
σ0 0 pN/s 
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CHAPTER 3: Leader-Bleb Transmembrane Protein Transport Model  

This chapter consists of work that has been done at the cellular level length 

scale. Quantitative image analysis and mathematical modeling was used to gain a 

mechanistic understanding of how an artificial transmembrane protein (GT46) forms a 

spatial gradient in leader bleb based migration. In the absence of extracellular ligands in 

addition to high confinement conditions, metastatic cells undergo ‘leader-bleb based’ 

migration. This migration phenotype has a highly polarized morphology with a large 

leader bleb leading the direction of migration connected to a smaller cell body 

compartment by a narrow contractile neck. This migration phenotype is characterized by 

cortical actin retrograde flow throughout the bleb with contractile myosin located 

towards the rear. These cells are able to maintain their morphology, migrate at high 

speeds (~ 5 μm per min) and also have a high actin retrograde velocity (~ 9 μm per 

min). To gain a mechanistic understanding of how cytoskeletal-driven active process 

and membrane dynamics could lead to the formation of a protein gradient, we built ODE 

models guided by quantitative image analysis. The model predicts that the protein is 

‘dragged’ back with the actin retrograde flow, which creates a protein gradient as the 

retrograde velocity is higher near the tip of the bleb. This model is not able to capture 

the protein gradient  for cells where protein accumulation exists (protein ‘bump’. A 

second model was developed that incorporates membrane flow and experimental data 

was used to further constrain the parameters. This model is able to recapitulate protein 

accumulation (protein ‘bump’) when the protein turnover is low and the F-actin drags 

back the protein at a high rate. 
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3.1 Introduction  

Migration mode plasticity is important for immune cells as well as for cancer cells. 

In the specific case of cancer cells, they have to navigate complex geometries as they 

spread to distant sites, far away from the tumor origin. Metastasizing cancer cells are 

able to undergo both amoeboid and mesenchymal mode of migration. Moreover they 

are able to switch between these modes, a phenomena known as mesenchymal to 

amoeboid transition (MAT)  [133]–[135]. The signaling components of mesenchymal to 

amoeboid transition are well characterized [133], [136] but the role of the environment is 

not well established. Cancer cells migrating in confined tissue environments are able to 

switch between different modes of migration depending on the degree of confinement 

and the availability of ligands. Under high contractility, cells exhibit ‘blebbing’. Blebs are 

formed when the cortical actin structure separates from the plasma membrane and 

membrane expands due to the high cytosolic fluid pressure. 

In the absence of extracellular ligands in addition to high confinement conditions, 

metastatic cells undergo ‘leader-bleb based’ migration. This migration phenotype has a 

highly polarized morphology with a large leader bleb leading the direction of migration 

connected to a smaller cell body compartment by a narrow contractile neck. This 

migration phenotype is characterized by cortical actin retrograde flow throughout the 

bleb with contractile myosin located towards the rear. These cells are able to maintain 

their morphology, migrate at high speeds (~ 5 μm per min) and also have a high actin 

retrograde velocity (~ 9 μm per min) [137].  

Metastatic melanoma patients often have a BRAFV600E mutation that leads to 

high Erk activity. Moreover, polarized Erk signaling within the leader bleb of fast moving 
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melanoma cells has been shown to be critical to promote actin retrograde velocity [138]. 

In leader-bleb based migration, there exists plasma membrane compartmentalization 

between the leader bleb and the cell body and how these cells are able to maintain a 

highly polarized morphology is not known. Proteins in the inner and the outer leaflet are 

distributed uniformly throughout the bleb but the intensity goes down towards the neck. 

However transmembrane proteins form a gradient with a high concentration of protein 

towards the cell body and low concentration near the bleb tip. 

To gain a mechanistic understanding of how cytoskeletal-driven active process 

and membrane dynamics could lead to the formation of a protein gradient, we built ODE 

models guided by quantitative image analysis. The first model incorporates the actin 

retrograde velocity, its interaction with myosin and its effect on the transmembrane 

(GT46) protein transport in the membrane. The model is able explain the protein 

gradient in the membrane for a subset of cells. The transmembrane GT46 protein 

diffuses freely in the membrane bilayer. It is ‘dragged’ back with the actin retrograde 

flow, which creates a protein gradient as the retrograde velocity is higher near the tip of 

the bleb. However, for the remainder of cells where a protein accumulation exists 

(protein ‘bump’),  the simple model is not able to capture the protein gradient profile. In 

this case a peak in the protein concentration occurs, near the bleb center, which is 

indicative of protein velocity towards the bleb tip. A second model was developed that 

incorporates membrane flow and experimental data was used to further constrain the 

parameters. Membrane flow has been coupled to actin retrograde velocity and polarized 

vesicle trafficking in adhesion independent amoeboid cell migration mode [139], [140]. 

Moreover, O’Neill et. al. [139] reported that increased endocytosis was coupled to a 
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decrease in membrane tension, for which there is good evidence [141]. This model is 

able to recapitulate protein accumulation (protein ‘bump’) when the protein turnover is 

low and the F-actin drags back the protein at a high rate. 

 
3.2 Methods 

3.2.1 Image Analysis Pipeline  

Metastatic melanoma cells (A375M2 cells) transiently transfected with 

fluorescent probes (GT46-GFP and F-tractin RFP) under 3 μm confinement were 

imaged with time-lapse confocal, super-resolution microscopy. Figure 3.1 shows a 

schematic of the image analysis pipeline. Table 3.1 shows the parameters used at 

different stage of the image analysis pipeline. Movies of the F-actin channel is input into 

the PIV toolbox [142]. An exclusion mask is drawn and the PIV algorithm calculates the 

F-actin retrograde velocity vectors. A linescan is drawn by the user along which velocity 

magnitudes are extracted. The velocity magnitude values are saved as ‘vel_scans.txt’ 

and the linescan coordinates are saved as ‘x_y_coordinates.txt’. The coordinates 

‘x_y_coordinates.txt’ that was drawn by the user in the PIV step is used in the imageJ 

macro to automatically extract the actin protein intensity values at all time points and 

save it as ‘actin_scans.txt’ and ‘protein_scans.txt’, respectively. The velocity magnitude, 

actin intensity and protein intensity values are then input into MATLAB for calculating 

time averaged values and smoothing. For velocity, a smoothing window of 8 was used 

and for actin and protein intensities a smoothing window of 30 was used. These 

windows were chosen to keep the ratio of window size to number of data points equal 

for velocity and actin/protein intensities.  
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Figure 3.1. Image Analysis Pipeline. Movies of the F-actin channel is input into the PIV toolbox. The 
velocity magnitude values are saved as ‘vel_scans.txt’ and the linescan coordinates (drawn by user for 
each cell) are saved as ‘x_y_coordinates.txt’. The same coordinates ‘x_y_coordinates.txt’ is used in the 

imageJ macro to automatically extract the actin protein intensity values at all time points. This is saved as 
‘actin_scans.txt’ and ‘protein_scans.txt’. The velocity magnitude, actin intensity and protein intensity 

values are then input into MATLAB for calculating time averaged values, smoothing and further 
processing.  
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are saved as 
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The same 
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is used in the imageJ 
macro to 
automatically extract 
the actin protein 
intensity values at all 
time points. This is 
saved as 
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The velocity 
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intensity and protein 
intensity values are 
then input into 
MATLAB for 
calculating time 
averaged values, 
smoothing and further 
processing.  
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Table 3.1. Image analysis parameters. 

Parameter Value Stage 

Number of points in velocity line 

scan 
300 PIV 

Number of passes in PIV 

algorithm 
3 PIV 

Interrogation area size for 

number for passes 

128px, 64px, 

32px 
PIV 

Line Width 15 px ImageJ 

Moving average window size 

30 (actin, 

protein) 

8 (velocity) 

MATLAB 

 

3.2.2 Mathematical Model  

The incorporation of Myosin II into actomyosin, and regulation of its activity is 

complicated but reason that it must accumulate near the neck. If we are at liberty to 

assume a steady state profile, an exponential one has merit. For the coordinate system, 

x is the distance from the tip and L is the length of the bleb. The actin flow velocity is 

positive. 

 

Based on the above, we write the myosin profile as  

𝑀(𝑥) = 𝑀! exp[− (𝐿 − 𝑥) 𝜆"⁄ ] 

Where the dynamic length scale lM << L. 

 

Actomyosin influences retrograde flow as below and we take a simple model 
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𝜇
𝑑#𝑉$%&'(
𝑑𝑥# = −𝛼

𝑑𝑀
𝑑𝑥  

Integrating once, we obtain 

𝜇
𝑑𝑉$%&'(
𝑑𝑥 = −𝛼𝑀 − 𝜎) 

Note that the integration constant, –s 0, is related to the network stress at the tip 

of the bleb, where M ≈ 0. Integrating once more, 

𝑉$%&'((𝑥) − 𝑉$%&'((𝐿) =
1
𝜇
{𝜎)(𝐿 − 𝑥) + 𝛼𝑀!𝜆"[1 − exp[− (𝐿 − 𝑥) 𝜆"⁄ ]]} 

 

Conservation of transmembrane protein, P: 

0 = −
𝑑
𝑑𝑥 9−𝐷*

(𝑥)
𝑑𝑃
𝑑𝑥 + 𝑉*(𝑥)𝑃< − 𝑘+𝑃 

 

Boundary condition at the tip: no flux out. 

𝐷*(0)
𝑑𝑃
𝑑𝑥>,-)

− 𝑉*(0)𝑃(0) = 0 

 

Boundary condition at the neck: flux into the bleb (–x direction) equals total 

turnover. 

𝐷*(𝐿)
𝑑𝑃
𝑑𝑥>,-!

− 𝑉*(𝐿)𝑃(𝐿) = 𝑘+𝐿〈𝑃〉 

 
The average protein concentration is given by 
 

〈𝑃〉 =
1
𝐿A 𝑃𝑑𝑥

!

)
=
𝑁*,)
𝑘+𝐿

 

Base case: kp = 0, D(x) = constant 



   

78 
 

For the special case of kp = 0: 

−𝐷*(𝑥)
𝑑𝑃
𝑑𝑥 + 𝑉*

(𝑥)𝑃 = 0 

𝑑𝑃
𝑑𝑥 =

𝑉*(𝑥)
𝐷*(𝑥)

𝑃;			
𝑑 ln 𝑃
𝑑𝑥 =

𝑉*(𝑥)
𝐷*(𝑥)

 

 

Coupling F-actin flow to membrane protein transport 

The maximum velocity of the F-actin retrograde flow is Vactin,max ~ 0.1 µm/s, and 

the length of the bleb is L ~ 30 µm. The maximum diffusivity of a membrane protein, 

estimated based on the fluid mosaic theory, is Dmax ~ 0.3 µm2/s [143]. Corralling of the 

protein by F-actin tends to increase VP (up to a maximum value of Vmax), while 

simultaneously decreasing DP (down from a value no higher than Dmax; it is plausible 

that the maximum is lower, if other diffusion barriers are at play). 

 

Consider the local Péclet number as follows: 

𝑃𝑒(𝑥) =
𝑉*(𝑥)𝐿
𝐷*(𝑥)

 

 

We reason that a moderate gradient, as experimentally observed, requires Pe ~ 

1. Note that setting VP = Vmax and DP = Dmax gives Pe ~ 10, and thus a gradient that is 

much steeper than observed. Setting the maximum value of DP lower than Dmax only 

increases the value of Pe. Therefore, we conclude that VP(x) << Vactin,max. In general, we 

take 

𝑉*(𝑥) = 𝜀(𝑥)𝑉$%&'((𝑥), 
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where e(x) << 1 is a function characterizing the local extent of corralling. For 

example, if e = 0.1, it means that the F-actin is dragging the protein 10% of the time. By 

the same logic, we take 

𝐷*(𝑥) = [1 − 𝜀(𝑥)]𝐷) ≈ 𝐷), 

where D0 ≤ Dmax. 

 

To the extent that protein turnover is negligible, the shape of the function 𝜀(𝑥) 

might be estimated from 

𝜀(𝑥) ≈
𝐷)

𝑉$%&'((𝑥)
𝑑 ln 𝑃
𝑑𝑥  

 

Parameter estimation 

The flux of protein into the bleb, balanced by turnover, can be estimated by 

photobleaching the entire bleb region and tracking its recovery (integrated over the 

entire bleached region). Considering the average concentration of the fluorescent 

(unbleached) protein, 

𝑑〈𝑃〉
𝑑𝑡 =

𝑁*,)
𝐿 − 𝑘+〈𝑃〉 

 

The solution of the above can be expressed in terms of the pre- and post-

bleached values, 〈𝑃〉+/0 and 〈𝑃〉+12&, respectively, with 

〈𝑃〉+/0 =
𝑁*,)
𝑘+𝐿
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𝑑〈𝑃〉
𝑑𝑡 = 𝑘+K〈𝑃〉+/0 − 〈𝑃〉L; 

〈𝑃〉(𝑡) = 〈𝑃〉+/0 − K〈𝑃〉+/0 − 〈𝑃〉+12&L𝑒34!& 

 

Analyzed this way, we see that the initial slope of the recovery curve, normalized 

by 〈𝑃〉+/0 is 

1
〈𝑃〉+/0

𝑑〈𝑃〉
𝑑𝑡

(0) = 𝑘+ M1 −
〈𝑃〉+12&
〈𝑃〉+/0

N 

 

Thus, kp may be estimated from the data. 

 

The local mobility of the membrane protein may be estimated from traditional 

fluorescence recovery after photobleaching (FRAP) of a small area. If the position of the 

minimum fluorescence of the bleached region can be tracked, one can estimate the 

local VP. 

Regarding the recovery of the fluorescence, if diffusion predominates over 

turnover, rate of recovery is function of scaled time, DPt/R2, where R is the radius of the 

bleached area.  

If the bleached area is circular, then the well-known FRAP equations [144] 

predict that 10% recovery (integrated over space) occurs when DPt/R2 = 0.008, 20% 

recovery when DPt/R2 = 0.032, and 50% recovery when DPt/R2 = 0.224. A more detailed 

analysis would consider how the spatial gradient of the bleached profile changes with 

the time and correct for protein turnover. 
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Table 3.2. Base case parameters for ODE model.   

Parameter Value Units Description 
𝐿 30 μm Bleb length  

𝑀! 1 μM Myosin value at neck 

𝜆" 5  μm Myosin profile scaling 

parameter 

𝑉(𝐿) 0.02 μm/sec μm s-1 Velocity at neck 

𝜇 2000  pN s μm-2 F-actin network viscosity 

𝜎) 0 pN μm-2 integration constant, –

s 0, is related to the 

network stress at the tip 

of the bleb, where M ≈ 0. 

𝛼 33 pN μm-2 myosin parameter 

𝜀 0.1  dimensionless protein parameter (how 

much retrograde velocity 

affects protein 

convection) 

𝐷+ 0.2 µm2 s-1 Protein diffusivity 

constant 

𝑘+ 5E-6 s-1 Protein breakdown rate 

(turnover) 

〈𝑃〉 1 dimensionless average protein 

concentration across 

Length L 

 

3.2.3 Mathematical model incorporating membrane flow  

General considerations 

We consider that our membrane protein (density P) is subject to diffusion, 

advection, and turnover in the bleb; a key assumption is that all synthesis of the protein 
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occurs in the cell body, and therefore there is a net flux of protein from the cell body into 

the bleb. The apparent diffusivity (𝐷+), the advection velocity (𝑉+), and turnover 

frequency (𝑘+) of the protein potentially vary with position in the bleb. A steady-state 

conservation equation for the protein, in one spatial dimension x, may thus be written as 

0 = −
𝑑
𝑑𝑥 9−𝐷+

𝑑𝑃
𝑑𝑥 + 𝑉+𝑃< − 𝑘+𝑃 

The spatial dimension x is defined as distance from the tip of the bleb. If L is the 

length of the bleb, then x = L is at the neck of the bleb. Zero flux at the tip dictates the 

boundary condition, 

9−𝐷+
𝑑𝑃
𝑑𝑥 + 𝑉+𝑃<>,-)

= 0 

There is flexibility with regard to the boundary condition at x = L, and so we 

assume a normalized concentration profile with 

𝑃(𝐿) = 1 

At this point, the equation above provides a framework, but its solution requires 

that we define the functions 𝐷+(𝑥), 𝑉+(𝑥), and 𝑘+(𝑥). Based on photobleaching 

experiments, there is no indication that 𝐷+ varies with position, and so we take 𝐷+ = 

constant. 

 

Protein, membrane, and F-actin flow velocities 

The bulk flow of the protein, characterized by 𝑉+(𝑥), is certainly affected by the 

velocity of membrane flow, 𝑉505(𝑥), and possibly by F-actin retrograde flow, 𝑉$%&'((𝑥). 

Thus, we assume 

𝑉+ = 𝑉505 + 𝜀𝑉$%&'( 
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where e is a constant between 0 and 1. The form of 𝑉$%&'((𝑥) is obtained by 

modeling the actin retrograde flow, based on experimental measurements. 

 

To address the membrane flow, we consider a balance on density of total 

membrane mass (M), which looks the same as the equation above, except that there is 

no diffusion. 

0 = −
𝑑
𝑑𝑥
(𝑉505𝑀) − 𝑘505𝑀 

 

Hence, we make what we consider a reasonable ansatz that M is constant 

throughout the bleb. If so, 

𝑑𝑉505
𝑑𝑥 = −𝑘505(𝑥) 

Because the bleb has a constant size, there is zero flow at the tip (𝑉5(0) = 0). 

This boundary condition dictates that 𝑉505(𝑥) ≤ 0; any membrane flow is anterograde, 

from the neck towards the tip of the bleb. 

 

A protein gradient requires either mechanical interaction with F-actin, or a 

different rate of protein turnover relative to that of the bulk membrane 

The statement above translates as 

𝑑𝑃
𝑑𝑥 ≠ 0			only	if			𝜀 ≠ 0			or			𝑘+(𝑥) ≠ 𝑘505(𝑥) 

To prove this, let us suppose that both criteria are untrue. Then 

𝑑
𝑑𝑥 K𝑉+𝑃L =

𝑑
𝑑𝑥
(𝑉505𝑃) = 𝑉505

𝑑𝑃
𝑑𝑥 + 𝑃

𝑑𝑉505
𝑑𝑥 = 𝑉505

𝑑𝑃
𝑑𝑥 − 𝑘505𝑃 
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Inserting this result in the protein conservation equation and boundary conditions, 

along with 𝑘+(𝑥) = 𝑘505(𝑥), 

0 = 𝐷+
𝑑#𝑃
𝑑𝑥# − 𝑉505

𝑑𝑃
𝑑𝑥 

9−𝐷+
𝑑𝑃
𝑑𝑥 + 𝑉505𝑃<>,-)

= −𝐷+
𝑑𝑃
𝑑𝑥>,-)

= 0 

𝑃(𝐿) = 1 

 

The solution to the above is a uniform protein concentration, 𝑃(𝑥) = 1. 

 

Considering the spatial distribution of membrane and protein turnover 

Although the simplest assumption about 𝑘505(𝑥) and 𝑘+(𝑥) are that they are 

constants, evidence strongly suggests that turnover is concentrated in the vicinity of the 

neck. A suitable function for 𝑘505(𝑥) is 

𝑘505(𝑥) = 𝑘505!
cosh(𝑥 𝜆505⁄ )
cosh(𝐿 𝜆505⁄ ) 

In this equation, the constant 𝑘505! is equal to 𝑘505(𝐿), and the constant 

parameter 𝜆505 is a characteristic length scale characterizing the steepness of the 

𝑘505(𝑥) gradient. In the limit of 𝜆505 → ∞, 𝑘505(𝑥) ≈ 𝑘505!. The corresponding 

equation for 𝑉505(𝑥) is 

𝑉505(𝑥) = −𝜆505𝑘505!
sinh(𝑥 𝜆505⁄ )
cosh(𝐿 𝜆505⁄ ) = 𝑉5!

sinh(𝑥 𝜆505⁄ )
sinh(𝐿 𝜆505⁄ ) 

with maximum (most negative) flow of 

𝑉505! = −𝜆505𝑘505! tanh(𝐿 𝜆505⁄ ) 
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To allow for differential turnover of the protein, we propose that the protein is 

subject to the same process as bulk membrane turnover, plus an additional contribution. 

𝑘+(𝑥) = 𝑘505(𝑥) + 𝑘6'77(𝑥) 

 

Allowing 𝑘6'77(𝑥) to have its own distribution, 

𝑘6'77(𝑥) = 𝑘6'77!
coshK𝑥 𝜆6'77⁄ L
coshK𝐿 𝜆6'77⁄ L

 

with limiting cases 𝜆6'77 → ∞ and 𝜆6'77 = 𝜆505. 

 

Parameter Estimation  

Experimental measurements were used to constrain some parameters (Table 

3.3). Anterograde flow near the center of the bleb and near the tip was measured. 

Based on this the value of VmemL was assumed to be 5 times the value in the middle of 

the bleb and λmem was determined to give approximate value of anterograde flow near 

the tip. Most of the turnover is assumed to occur near the neck and based on this 

λdiffL~1. To calculate kdiffL the average bulk turnover was subtracted from the average 

experimentally measured turnover. Other parameters are same as for the previous 

model (Table 3.4). 
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Table 3.3. Experimental constraints and the corresponding values for the base case model.  

Experimental 
Estimate 

Value Units Base Case Model 

Average 

protein 

turnover 

0.020 s-1 average protein turnover (bulk) = 

0.005 

average protein turnover 

(additional) = 0.015 

Anterograde 

flow (middle) 

-0.032 μm s-1 𝑉505(15) = 	−0.034 

Anterograde 

flow (near tip) 

-0.009 μm s-1 𝑉505(2.5) = 	−0.004 

𝐷+ 0.13 µm2 s-1 0.12 
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Table 3.4. Base case parameters for ODE model with membrane flow.  

Parameter Value Units Description 
𝐿 30 μm Bleb length  
𝑀! 1 μM Myosin value at neck 
𝜆" 5  μm Myosin profile scaling 

parameter 
𝑉(𝐿) 0.02 μm s-1 Velocity at neck 
𝜇 2000  pN s μm-2 F-actin network viscosity 
𝜎) 0 pN μm-2 integration constant, –s 0, is 

related to the network stress 
at the tip of the bleb, where 

M ≈ 0. 
𝛼 33 pN μm-2 myosin parameter 
𝜀 0 dimensionless protein parameter (how 

much retrograde velocity 
affects protein convection) 

𝐷+ 0.12 µm2 s-1 Protein diffusivity constant 
𝜆505 10 μm characteristic length scale for 

the steepness of 𝑘5(𝑥) 
gradient 

𝑘505! 0.0161 s-1 𝑘5(𝐿), bulk membrane 
turnover at the neck 

𝑉505! 0.16 μm s-1 membrane flow velocity at 
neck 

𝜆6'77 1 μm characteristic length scale for 
the steepness of 𝑘6'77(𝑥) 

gradient 
𝑘6'77! 0.440 s-1 𝑘6'77(𝐿), bulk membrane 

turnover at the neck 
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3.3 Results & Discussion 

3.3.1 Quantitative image analysis  

To guide the mechanistic model, quantitative image analysis was performed 

using Particle Image Velocimetry [142] and ImageJ for each cell. Figure 3.2 shows the 

actin retrograde velocity for a representative cell along a line scan between subsequent 

frames ( Figure 3.2 (C)), the time averaged velocity for all frames ( Figure 3.2 (D)) and 

the smoothed time average velocity ( Figure 3.2 (E)). In this case, the bleb tip is located 

x = 2 μm and the bleb neck is located at about x = 37 μm. F-actin velocity increases 

sharply and plateaus at x = 5 μm. The velocity stays relatively constant from x = 5 μm to 

about x = 20 μm and then decays near the bleb neck at x = 37 μm. The F-actin 

architecture also changes halfway along the bleb. The peaks in certain velocity profiles 

indicates ( Figure 3.2 (C)),  where myosin attaches to the F-actin network.  
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Figure 3.2. Actin retrograde velocity profile for a representative cell. (A) Image 1 F-tractin channel 
and GFP channel (B) showing the linescan (C) actin retrograde velocity for subsequent time frames for a 
line scan using particle image velocimetry. (D) time averaged actin retrograde velocity for all time frames. 

(E) smoothed actin retrograde velocity profile along a line scan calculated using a window size of 8  

 

The same line scan was used to calculate the actin and GT46 protein intensity 

for all time frames ( Figure 3.3 (A) and Figure 3.3 (D)). Again the time average ( Figure 
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3.3 (B) and Figure 3.3 (E),) and smoothed average pixel intensity ( Figure 3.3 (C) and 

Figure 3.3 (F),) was calculated. The GT46 transmembrane protein forms a gradient with 

a high pixel intensity at the bleb neck to a low pixel intensity at the bleb tip. The actin 

flux (product of velocity and actin intensity) ( Figure 3.4 (C)),  was also calculated and it 

increases from the bleb tip to about x = 20-22 μm, indicating net actin polymerization, 

and then decreases towards the bleb neck, indicating net depolymerization.  
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Figure 3.3. Protein and actin density for a representative cell. (A) Actin and (D) Protein density for all 
time frames along a line scan (width = 15 pixels). This is the same line scan as was used for the particle 
image velocimetry (Figure 3.2). Time averaged (B) actin and (E) protein density for all time frames along 
a line scan. Smoothed (C) actin and (F) protein density along a line scan calculated using a window size 

of 30. 

Fig 3.4  Protein and actin density for a 
representative cell 

(A) actin and (D) protein density for all time 
frames along a line scan (width = 15 pixels). 
This is the same line scan as was used for the 
particle image velocimetry (Fig XX).  

Time averaged (B) actin and (E) protein density 
for all time frames along a line scan.  

Smoothed (C) actin and (F) protein density 
along a line scan calculated using a window 
size of 30.  
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Figure 3.4. Flux for representative img 1. (A) Smoothed time average actin retrograde velocity, (B) actin 

density and (C) flux for a representative image. 

 
3.3.2 Mathematical Model  
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(A-C)). When protein turnover is above a critical value, the boundary condition at the 

neck, which incorporates the average protein concentration in the bleb, becomes 

significant. Thus, a small protein turnover rate (kp = 5E-6 s-1) was chosen as a base 

case value. This protein turnover rate is small that it does not affect the protein spatial 

profile (Figure 3.6 (D)). 

The spatial profile of the actin retrograde velocity, myosin and GT46 protein is 

shown in Figure 3.7. The bleb tip is at x = 0 μm and the bleb neck is at x = 30 μm. For 

the parameters chosen in this case, there is qualitative and quantitative (in terms of 

velocity) agreement between the data obtained from images and the data produced 

from the simulation. Myosin is mostly accumulated near the bleb neck, which is 

consistent with what has been observed in blebs [137]. The transmembrane GT46 

protein diffuses freely in the membrane bilayer. It is ‘dragged’ back with the actin 

retrograde flow, which creates the protein gradient as the retrograde velocity is higher 

near the tip of the bleb. This weak interaction (ε = 0.1) between the actin network and 

the  interaction is assumed to occur via picket proteins. 
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Figure 3.5. Schematic of the 1D ODE model that takes into account the interaction of the F-actin 
retrograde velocity and the transport of the transmembrane protein. F-actin undergoes retrograde 

velocity at the bleb tip. Actomyosin influences retrograde flow by applying contractile stress on the F-actin 
network. The transmembrane protein diffuses freely in the membrane and is also effected by the 

retrograde velocity. x = 0 is the tip of the bleb and it becomes positive towards to bleb neck. 

 56

Retrograde 

Velocity

Myosin Contraction Protein Transport 

Transmembrane 
Protein

Actin

Myosin

x = 0 at leading edge

ODE Model 

10

Fig 3.3 bleb_schematic 

Schematic of the 1D ODE model that takes into account the interaction of the F-actin retrograde velocity and the transport of the 
transmembrane protein. F-actin undergoes retrograde velocity at the bleb tip. Actomyosin influences retrograde flow by applying contractile 
stress on the F-actin network. The transmembrane protein diffuses freely in the membrane and is also effected by the retrograde velocity. x = 0 
is the tip of the bleb and it becomes positive towards to bleb neck.  
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Figure 3.6. The effect of Pinit and kp on numerical solution. Model output for base case parameters 

(image 1) at different kp values when (A) Pinit = 0.1 (B) Pinit = 0.3 and (C) Pinit = 1.  (D) The effect of 
increasing kp to higher values.  
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Figure 3.7. ODE model output. Model output for (A) protein, (B) myosin and (C) actin retrograde velocity 

spatial profile for image 1. 

 

3.3.3 Two different characteristic protein gradients  

The protein gradient is different for other cells. Figure 3.8 shows the velocity, 

actin and protein plots for a different cell (image 14). In this case, the protein pixel 

intensity plateaus at x = 20 μm and then decreases towards the bleb neck. The current 

mathematical model is not able to capture this protein gradient profile. Figure 3.9 shows 

the estimated epsilon parameter, ε(x), for the two different representative cells (image 1 

and image 14). The methods section describes how e  as a function of the distance 

along the edge can be estimated from protein and velocity data. The gradient of the 

protein was estimated using the gradient function in MATLAB, which uses the central 

Simulation result for same cell 

Fig 3.8 Simulation output 
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difference method. Smoothed data (moving average method) is shown in the plot and a 

protein diffusivity, D0 of 0.2 µm2 s-1 was used.  

e(x) a function characterizing the local extent of corralling. For example, if e = 0.1, 

it means that the F-actin is dragging the protein 10% of the time. For image 1, e(x) is 

mostly positive throughout the bleb, suggesting that the actin is dragging the protein 

back with it through the bleb. For image 14, e(x) becomes negative at x = 18 μm, at 

around the same location where the protein intensity is highest. Above x = 18 μm, e(x) 

increasingly becomes negative which implies that the protein is moving in the opposite 

direction of actin retrograde velocity. One possible explanation for such a peak to occur 

in the protein intensity is that the protein has a velocity towards the tip. Another possible 

explanation is that new proteins molecules are being preferentially added to the 

membrane at this location via exocytosis.  

 

 



   

98 
 

 
Figure 3.8. Actin, protein and retrograde velocity for another representative cell (image 14). (A) 
Image 14 F-tractin channel and GFP channel (B) showing a linescan (C). Smoothed actin retrograde 

velocity profile along the linescan calculated using a window size of 8. Smoothed (D) actin and (E) protein 
density along the linescan calculated using a window size of 30. (F) Flux for the same line scan.  

 

Two different types of protein gradients (image 14)

Fig 3.9 Actin, protein and retrograde velocity for 
another representative cell. 

(A) Image 14 F-tractin channel and GFP channel (B) 
showing the linescan 

(C) smoothed actin retrograde velocity profile along a 
line scan calculated using a window size of 8 

Smoothed (D) actin and (E) protein density along a 
line scan calculated using a window size of 30. 

(F) flux for the same line scan.  
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Figure 3.9. Estimated e as a function of distance from the leading edge for two representative cells. 

e  was estimated from protein and velocity data. The gradient of the protein was estimated using the 
gradient function in MATLAB, which uses the central difference method. Smoothed data (moving average 

method) is shown in the plot and a protein diffusivity, D0 of 0.2 μm2 s-1 was used. 

 

3.3.4 Modified model captures the protein bump  

A modified model was developed which was constrained by experimental 

observations. In this model, an anterograde membrane flow has been added in addition 

to endocytosis. Figure 3.10 shows the spatial profile of the protein and other variables. 

For the base case parameters, the protein turnover is assumed to be concentrated near 

the neck and the membrane anterograde flow is assumed to be five times higher at the 

neck as compared to the bleb center. The anterograde flow velocity in the bleb center 

and near the tip was measured experimentally. In this case, the gradient in the protein 

spatial profile is concentrated near the neck. Because of a high protein turnover, most of 

the protein is degraded near the bleb neck. In the base case, ε, the parameter that 

determines how much the protein is dragged back by the retrograde velocity, is fixed at 

0. Increasing ε results in a shallower protein gradients towards the bleb tip (Figure 

3.11(A)). Increasing the average protein turnover rates, however, does not affect the 
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protein gradient near the tip but results in a higher or lower value of protein 

concentration in the bleb (Figure 3.11 (B)), affecting the protein concentration near the 

neck.  
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Figure 3.10. Base case modified model based on experimental constraints. Model output for (A) 

protein, (B) myosin and (C) actin retrograde velocity (D) membrane anterograde flow and (E) membrane 
endocytosis and protein turnover rate. 
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Figure 3.11. Varying ε and avg protein turnover rate changes protein spatial profile. Protein 

concentration as a result of  varying ε (A) and average protein turnover (B). 

 

3.3.5 Increased dragging by retrograde flow and decreased protein turnover 

leads to protein accumulation  

The protein bump or accumulation (as seen in Figure 3.8) is able to be captured 

by modifying the base case parameters, slightly. The protein is allowed to be dragged 

back by the retrograde velocity (ε = 0.2) and the additional protein turnover rate has 

been set to 0 (kdiffL = 0, λdiffL = 5). This allows the protein concentration to increase away 

from the neck and then decrease towards the tip as the protein is dragged back with the 

retrograde velocity (Figure 3.8 (A)). Modifying ε, results in a larger protein ‘bump’ as 

more of the protein is dragged back with the retrograde velocity and increasing the 

additional protein turnover term reduces the ‘bump’ as the protein is degraded, before it 

accumulates as a result of the actin dynamics (Figure 3.12).  
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Figure 3.12. Modification to base case results in formation of protein ‘bump’. Model output for (A) 

protein, (B) myosin and (C) actin retrograde velocity (D) membrane anterograde flow and (E) membrane 
endocytosis and protein turnover rate. The parameters modified from the base case in Figure 3.10 are: ε 

= 0.2, λdiff = 5 and kdiffL = 0.  
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Fig 3.12 Modification to base 
case results in formation of 
protein ‘bump’  

Model output for (A) protein, (B) 
myosin and (C) actin retrograde 
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Figure 3.13. High ε and low protein turnover results in a protein ‘bump’ in the protein spatial profile 

not captured by a simplified model. Protein concentration as a result of varying ε (A) and protein 
turnover rate kdiffL (B). 
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Fig 3.13 High epsilon and low 
protein turnover results in a 
protein ‘bump’  
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CHAPTER 4: Deep Learning Approaches for High Resolution Fluorescent Live 

Cell Imaging 

This chapter consists of work that has been done at the cellular level length 

scale. A literature review was conducted and an image analysis pipeline was proposed 

to extract image phenotypes from high resolution live cell fluorescent images and 

correlate them to cell motility parameters. 

 

4.1 Background 

Machine Learning algorithms are widespread today and are soon expected to 

become ubiquitous in our digital lives. They are used in a variety of applications such as 

car navigations systems, spam filters, movie recommendation and facial recognition 

[145]. ML methods have been used widely in biomedical image analysis as well. Figure 

4.1 shows the typical image analysis pipeline. The first step is correction, where 

acquisition artefacts such as noise, uneven sample illumination and fluorescence cross 

talk are mitigated after initial image acquisition [146]–[148]. The next step is cell 

segmentation, where the cell body and/or nucleus is separated from the background for 

each frame of a movie. The last step is cell tracking, where cell identities are maintained 

throughout the movie. Obtaining corrected images or cell tracks is usually a prerequisite 

for addressing the main purpose of the study. Moreover, further analysis such as linear 

tree construction can be done at each step of the process, depending on the problem 

being addressed. Meijering and colleagues have written great reviews on cell 

segmentation and tracking [149], [150]. 
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Machine learning methods are characterized by specific hallmarks. ML methods 

are tools used to discover patterns in data such as clusters or make a prediction from 

data such as predict a phenotype from cell appearance. ML methods are generic and 

be applied across a broad range of problem domains such as during different stages of 

the analysis pipeline. Lastly, optimization or ‘learning’ parameters from data is a key 

component of ML methods.  

 

 
Figure 4.1. Image analysis pipeline for biomedical image analysis. Adapted from [145] with 

permission.  

 

4.1.1 Brief historical outlook  

The machine learning field, with modest beginnings, have now gained a lot of 

popularity and developed a vast diversity of methods that differ in their application and 

mathematical foundations. Currently, two flavors of ML methods exist 1) ML as robotic 

assistants to automate tedious tasks such as finding the location of cells in a thousand 

images where the methods and the parameters used are not relevant, as long as the 

task is completed and 2) as analytical tools, such as visualization, clustering and 

mathematical modeling, where the model architecture and parameters is linked to the 

Fig  Image analysis pipeline for biomedical image analysis. Adapted from Kan, 2017. 
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biological question being addressed [145]. One of the earliest mentions of the term 

‘machine learning’ was in an often cited paper by Arthur Samuel, a pioneer of ML [151],  

where the goal was to develop an automatic assistant that could ‘learn’ the game of 

checkers from the ‘experience’ of previous games [152]; hence the name ‘machine 

learning’. The roots of artificial intelligence, a major ML method,  lie in trying to mimic 

how neurons process inputs [153]. 

Statistical methods are an integral part of ML methods and thus ML methods are 

also referred to as ‘statistical learning methods’ [145]. Moreover, it has been argued by 

Leo Breiman, a distinguished statistician and the creator of random forest method, that 

the difference in the definition is only cultural [154]. Recently the field of data science 

has become increasingly popular. Data science can be thought of as a broader umbrella 

combining machine learning methods, statistics and database management [155].   

 
4.1.2 Different types of machine learning methods 

In between supervised and unsupervised learning methods are: semi-supervised 

learning [156], reinforcement learning [157] and active learning [158]. Although 

supervised methods can be akin to a robotic assistant and unsupervised methods akin 

to be used as analytical tools, these distinctions are not set in stone. For example, in 

image thresholding, Otsu’s method, an unsupervised method for clustering pixels into 

background and foreground is an unsupervised method used for routine image 

processing.  

In supervised learning, the model predicts instance (data represented in a 

standardized form) labels after it is trained on a training set. If the labels take on 

discrete, pre-defined value, the prediction task is referred to as classification and if the 
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labels take one continuous values, it is referred to as regression. Linear regression is 

probably the best know example of supervised learning. Here a computational model 

(function or algorithm) that takes features as inputs and computes (‘predicts’) the label 

as output. The model depends on internal parameters (slope of the line) and the 

parameters are optimized (‘model learns’) to find the best fit between the model and the 

data. Another example is an artificial neural network, which also is central to the field of 

deep learning. In supervised learning methods differ in the core model and the 

optimization technique used. Other common supervised learning methods are support 

vector machines, random forests and adaptive boosting and reviews with a focus of bio-

imaging are available in literature [159]–[161]. 

Active learning is a semi-automated system in which after initial labels are 

provided, the model asks the human to label the most ‘confusing’ cases. The idea is 

that human input is a valuable and scarce resource and thus the requests for human 

input must be prioritized. For a comprehensive overview, see Settles [158]. There are 

many examples of active learning as part of the image analysis pipeline [162]–[166]. Of 

special interest in the work of Lou et al., [164] where they have developed an cell 

tracking algorithm that uses active learning to increase the model performance and 

reduce the human input.  

The goal of supervised methods is to make accurate predictions; however, 

unsupervised methods are more diverse in their aims. Any ML method that deals with 

unlabeled data can be classified as an unsupervised method.  Broad categories of 

unsupervised methods are; dimensionality reduction, clustering, outlier detection, 

association rule analysis and probabilistic inference [145]. K-means clustering, and 
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hierarchical clustering are examples of clustering methods and Ronan et al. [167], offers 

a great overview of the pitfalls to avoid in high-dimensional clustering.  Commons 

dimensionality methods such as principal component analysis (PCA) and Factor 

analysis are frequently used in bio-imaging for visualization and subsequent manual or 

automated clustering. Other dimensionality reduction algorithms include 

multidimensional scaling and t-distributed stochastic neighbor embedding (t-SNE). 

Probabilistic graphical models (PGMs) are a common method for probabilistic and 

statistical inference [145]. 

The steps in machine learning are threshold followed by feature extraction and 

dimensionality reduction. Features can be reduced by feature selection and 

dimensionality reduction methods. A good starting point is unsupervised classification. 

Other classification methods are clustering, outlier detection, linear classification and 

non-linear classification (random forest classifier). Deep learning methods can bypass 

the problems associated with classical ML methods by automatically extracting features 

[168]. 

Biology has become an increasingly quantitative science and microscopy based 

image based profiling (also morphological or cytological profiling) offers a very rich data 

set. Screening refers to looking for a particular output given a particular perturbation. 

Profiling refers to the unbiased measurement of as many variables as possible, which 

are later analyzed. In image based profiling, large amounts of data such as shape and 

size of various cellular compartments and intensity, texture and colocalization of various 

markers are measured [169]. 
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4.1.3 What is deep learning?  

Given an annotated data set x, machine learning methods assign a relationship 

between the input and the output f(x) in an automated way [170]. This learned function, 

f(x), can then be applied to a new set of data [171], [172]. In computational biology, 

machine learning methods have been successfully applied. For example, one of the 

most accurate prediction of gene expression levels is made from a broad set of 

epigenetic features using sparse linear models [76], [173] or random forests [174]. The 

reasoning behind how the transcript levels are determined from the selected features is 

an area of active research. Another example is the use of models to determine the 

effect of drugs on viability of cancer cell lines [175], [176]. Deciding what data set or 

features to include as the input in the machine learning model requires experience and 

domain level expertise. Moreover, it is becoming increasingly difficult to decide which 

features to include in the model, given the high dimensionality of data being generated. 

Deep learning has emerged as a technique to overcome this problem. In deep learning, 

the input is automatically learned from the data [177]–[179]. In deep learning, data is fed 

into the input layer and the subsequent layers are abstractions computed based on the 

output of the previous layer. This is done in a data driven manner and encapsulates 

highly complicated functions. Deep learning is one of the fastest growing fields in the 

machine learning domain and many improvements have been made possible with this 

technique in image and speech recognitions [180]–[183], natural language 

understanding [184]–[187] , and computational biology [188]–[195]. 
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4.1.4 Neural Network – Conventional and Convoluted  

Artificial neural networks, initially inspired from a neuron [153], [196], [197], 

consist of layers of nodes (compute units or neurons) connected to each other. In the 

setup where information flows from left to right, the left most layer is called the input 

layer and the right most layer is called the output layer. All layers in between are 

referred to as the hidden layer. In the canonical neural network, all nodes in a layer are 

connected to all nodes in the adjacent layers. The depth of the network refers to the 

number of layers and the width refers to the maximum number of nodes in a layer.  

Each neuron performs a non-linear activation function on the sums of the inputs. 

The rectifier linear unit (ReLU) is one of the most popular activation function. This 

function thresholds negative signals to 0 and passes through positive signals. Each 

input to the neuron has a weight, w, which is a free parameter of the model. Data is 

entered in the input layer and flows through the network to produce an output at the 

output layer.  

The model ‘learns’ by comparing the computed output with the given output 

(ground truth). The difference between the two is computed as the loss function (L(w)), 

which is minimized by changing the free parameters of the model. This is challenging 

because the loss function is high-dimensional and non-convex with many local minima.  

After many decades, the backpropagation algorithm allowed for this problem to 

be solved in an efficient way [198], enabling efficient training of neural networks using 

stochastic gradient descent. Once the loss is calculated in the forward step by 

comparing the model output to the actual label, it is backward propagated through the 

network to compute the loss function gradient via chain rule. Existing software packages 
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are available that allow one to apply different models without knowledge of the 

mathematical details [170]. Moreover, alternatives architectures to fully connected 

feedforward networks have been developed for specific application. These include 

convolutional neural networks used for modeling images, recurrent neural networks 

used for sequential data [186], [199], restricted Boltzmann machines [200], [201] and 

autoencoders [202]–[204] used for unsupervised learning. Different network 

architectures and other parameters can be tested in a data-driven and objective way by 

assessing the performance on a validation data set.  

Convolution neural networks (CNN) were inspired by Hubel and Wiesel’s seminal 

work done on the cat’s visual cortex [205], [206]. They found that simple neurons 

respond to small motifs in the visual field and more complex neurons respond to larger 

motifs. CNNs are designed to process multidimensional data, such as two dimensional, 

three color channel images [182], [183], [207]–[210]. A fully connected network with 

such input would require a very high number of parameters. To reduce the number of 

parameters, some assumptions are made about the structure of the network. In the 

convolution layers, features maps of the images are created, which are the same size 

as the input image. Two key concepts, local connectivity and parameter sharing help 

reduce the number of parameters. Local connectivity refers to that each neuron in a 

feature layer is connected to only a small number of local neurons in the previous layer, 

the so-called receptive field. Parameter sharing refers to that the same parameter is 

shared by all neurons in a given feature map. Thus, all neurons within a feature map 

scan for the same feature in the previous layer, however at different locations. Different 

feature maps might, for example, detect edges of different orientation in an image, or 
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sequence motifs in a genomic sequence. The activity of a neuron is computed by the 

weighted sum of the input neurons and applying an activation function that is computing 

a discrete convolution of its receptive field. Another way to reduce the number of 

parameters is to use a pooling layer, as in most object recognition applications the 

position and frequency of objects is not relevant. In the pooling layer, the size of the 

feature layer is reduced (down-sampled) by applying a maximum or averaging function 

on a local patch of neurons in the feature layer and shifting the function by more than 

one pixel. A CNN typically consists of multiple convolution and pooling layers, which 

allows learning more and more abstract features at increasing scales from small edges 

to objects parts and finally entire objects. One or more fully connected layers can follow 

the last pooling layers. Model hyperparameters such as the number of convolutional 

layer and the number of feature maps or the size of the receptive fields are application-

dependent and should be strictly selected on a validation data set.  

The best use of CNNs has been in image analysis where CNNs have performed 

better than humans in detecting objects in pictures [209]. In biological applications, 

CNNs were first used for pixel by pixel tasks. For example Ning et al developed a CNN 

to predict abnormal development in C. elegans [211]. Adding more pooling layers 

results in information loss as only summaries are retained in the successive layers. To 

retain information while preserving the benefits of having layers, UNets were developed 

and are currently the state of the art [212]. Moreover, segmentation and classification 

tasks are increasingly being combined into a single end-end image analysis pipeline 

[213]. 
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4.1.5 Retraining old models  

Training convolution neural networks from scratch requires millions of training 

data. However, the trained models can be retrained on different images, requiring 

orders of magnitude fewer data (~hundreds of images). This is possible because of the 

similarities between signals (edges, blobs) at the lower levels of the network that recur 

in perceptual tasks in general. This has been successfully demonstrated in generic 

computer vision [214], [215]  as well as in biomedical image analysis [216], [217]. 

Moreover, the success depends on the similarity between the training data and the new 

domain [218].  

 
4.1.6 Interpreting and visualizing convolutional networks 

One way to interpret what is happening inside the black box of a neural network 

is to feed the network input that maximally activate specific neurons and are 

proportional to the incoming weights. Krizhevsky et al [183] looked at the first layer of a 

convolutional layer and discovered that mainly Gabor-like filters,  edges and blobs at 

different orientations corresponded to the maximally activating patterns. Gabor filter are 

predefined features that have become standard in image analysis neural networks. 

Deeper layers are more difficult to interpret and visualize but analysis shows that 

second level layers consists of connections between edges and blobs identified in the 

first layers, such as corners or curves. Deeper layer neurons activate specific object 

parts (e.g. eyes, ears) and the deepest layers detect whole objects (e.g. faces, trucks).  

One way to check the result sensitivity is to block certain areas of the images or block 

certain pixels and determine the effect it has on the results. Lastly, the features can also 

be visualized in 2 dimensions to develop an understating of what the model has 
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learned. The general principle seems to emerge that higher level features are specific to 

the learning task, while low-level features capture general aspects of images, such as 

edges and corners [170]. 

 

Off-the-shelf tools and practical considerations.  

Software packages have been developed for easily working with and 

implementing deep learning frameworks. Some of the most popular ones are 

summarized in Table 4.1. They are Caffe [219], Theano [220], [221], Torch7 [222] and 

TensorFlow [223]. They differ in modularity, ease of use and the way models are 

defined and trained. Rampasek and Goldenberg [224], provide an overview of 

TensorFlow’s applications in computational biology. Keras 

(https://github.com/fchollet/keras) and Lasagne (https://github.com/Lasagne/Lasagne) 

are software wrappers which provide additional abstraction and allow building networks 

from existing components and reusing pre-trained networks.  
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Table 4.1. Overview of existing deep learning frameworks. Adapted from [170] 

 Caffe Theano Torch7 TensorFlow 
Core 
Language 

C++ Python, C++ LuaJIT C++ 

Developer Berkeley Vision 
and Learning 
Center (BVLC), 
UC Berkeley 

University of 
Montreal 

Facebook, 
Google, 
Twitter, New 
York 
University, 
and others.  

Google 

Interfaces Python, Matlab Python C Python 
Wrappers   Lasagne, 

Keras, sklearn-
theano 

 Keras, Pretty 
Tensor, Scikit Flow 

Well suited 
for 

CNNs, Reusing 
existing models, 
Computer vision 

Custom 
models, RNNs 

Custom 
models, 
CNNs, 
Reusing 
existing 
models 

Custom models, 
Parallelization, 
RNNs 

Pros   Fast 
prototyping  

Short compile time 
makes it more 
suited for 
prototyping. Native 
support for 
parallelization 
across different 
devices, including 
CPUs and GPUs, 
and using multiple 
compute nodes on 
a cluster. 
TensorBoard 
allows 
visualization of 
networks and 
training progress.  

Downsides Custom models 
need to be 
implemented in 
C++. Not 
optimized for 
recurrent 
architechtures.  

Frequently long 
compile times 
when building 
larger models.  

Need for 
familiarity 
with LuaJIT 
scripting 
language 
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4.1.7 Data preparation 

The greater the amount of training data with informative features is available, the 

better performed is achieved. Thus, effort should be made to collect, label, clean and 

normalize data.  

 

Data set size  

Most of the progress in the field has been made in supervised learning, and the 

general rule of thumb is that the amount of training samples should be at least equal to 

the number of parameters. If data is scarce, however, special architectures and model 

regularization can help to avoid overfitting [225]. 

For image analysis specific tasks a couple of strategies can be used when 

enough curated training data is not available. The existing images can be scaled, 

rotated and cropped. This also leads to a more robust network [183]. Moreover, pre-

used models that have already been trained on largest image sets can be retrained for 

the specific applications by fine tuning their parameters. Some of these models are 

AlexNet [183], VGG [226], GoogleNet [227] and ResNet [209].  

 

Training, validation and test sets.  

The standard technique for deep learning application is to divide up the data into 

training, validation and test sets (60%, 10% and 30% respectively). The training data is 

used to train the model and calibrate the model parameters. The validation set is used 

to asses the performance of different models using prediction accuracy or means 

squared error, for example. The best model is chosen and applied to the previously 
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unseen, test data set. This is a very important step to avoid overfitting the data and to 

assure that the model will generalize to unseen data. The performance on the test data 

set can be used for comparison with other models. If a small amount of data is 

available, k-fold cross-validation and bootstrapping technique can also be used [171].  

 

Normalization of data 

Good data normalization practice can greatly accelerate training and reaching a 

good local minimum. Image pixels are not zero centered individually, as in the case of 

numerical data, but instead the mean pixel intensity per color channel is subtracted. As 

an additional step, the data is also transformed to achieve unit variance. Whiting is also 

done to decorrelate features but can be computationally expensive as a feature co-

variance matrix has to be calculated [171]. If the features are skewed due to a few 

extreme values, than a logarithmic transformation or similar steps can be done (Figure 

4.2). Lastly, normalization must be performed consistently on the validation and test set. 

For example, features of the validation data need to be zero-centered by subtracting the 

mean computed on the training data, not on the validation data.   

 
4.1.8 Model Building 

Once the data has been collected and curated, the model architecture needs to 

be designed. The default choice for many problems is a feedforward neural network 

with fully connected hidden layers. Convolutional neural networks are useful for multi- 

and high- dimensional data, such as for two or more color channels or for abundant 

genomic data. Recurrent neural networks are used for genomic data or textual data, as 

they can capture long-range dependencies in sequential data. A combination of 
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networks may also be used. For example, CNN may be used for images where the 

RNN generates the image label.  

The number of hidden layer and hidden units needs to be optimized for the given 

problem on a validation data set. As a general heuristic, the number of layers and units 

should be increased without overfitting the data. With more layers and units, more 

functions and local optima can be represented and empirical evidence shows that 

finding a good local optimum is less sensitive to weight initialization [228] 

The goal of model training is to minimize the objective function L(w) by finding 

parameters w. Common objective functions are cross-entropy for classification and 

mean-squared error for regression.  

 

Stochastic gradient descent  

Stochastic gradient descent is a widely used algorithm to train deep networks. In 

this algorithm, the loss function is computed given the current parameters. The gradient 

of the loss function dw of L with respect to w is calculated for a random batch of only 

few, for example 128, training samples.  A step, according to step size eta, is taken in 

the direction of the steepest descent. The parameters are updated according to the step 

size eta, the learning rate. This is done until a minimum value is reached and is similar 

to a ball rolling down a valley. Performance of the algorithm depend strongly on 

parameter initialization, learning rate and batch size.  
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Parameter initialization  

Parameters should be initialized randomly to avoid local minima determined by a 

fixed initialization. Parameter starting points can be sampled from a normal distribution 

with small variance or from a normal distribution whose variance is scaled inversely by 

the number of hidden units in the input layer [209], [229].  

 

Learning rate and batch size 

The learning rate and batch size should be chosen with care as they significantly 

impact training speed and model performance. Different learning rate are usually 

explored on a logarithmic scale such as 0.1, 0.01 and 0.001 with 0.01 being the default 

starting value [225]. A batch size of 128 is suitable to for most applications. A larger 

batch size speeds up training while a smaller batch size reduces memory usage for 

memory limited GPUs. Batch size and learning rate are correlated. An increase in one 

will need to be compensated by a decrease in the other. Moreover, to reduce the 

sensitivity of the model to the learning rate, adaptive learning rate methods have been 

developed that adapt the learning rate per parameter during training. These are 

RMSprop, Adagrad [230] and Adam [231]. The most recent method, Adam, combines 

the strength of previous methods and is a good method for most applications.  

 

Learning rate decay 

The learning rate can be gradually reduced while training. In early stages a large 

training rate is needed to overcome local minima while at later stages, a small learning 

rate helps to fine tune the parameters. Multiple ways can be employed to implement the 
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decay [225]. Momentum is another way to speed up performance of the gradient 

descent algorithm [199].  

 

Batch normalization  

Batch normalization [232] is a recently developed technique to reduce 

dependency of training to parameter initialization, speed up training and reduce over 

fitting. This zero centers and normalizes data in the input and hidden layers before the 

activation function. This allows for using higher learning rates and accelerates learning. 

Batch normalization has now become common practice.  

 

 

Figure 4.2. Visualization of different data normalization techniques. Adapted from [170]  

 

Analyzing the learning curve 

The loss should be monitored as a function of training epochs, which is the 

number of times the full training set has been traversed. A slowly decreasing function 

indicates a small learning rate while a function that decreases rapidly and then 

saturates indicates a high learning rate (Figure 4.3). Extreme learning rates can result in 

an increasing or fluctuating learning curve. It is also recommended to monitor the target 

performance such as the accuracy for both the training and validation set during 

Fig visualization of different data normalization techniques. Adapted from Angermueller et al. 
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training. A low or decreasing validation performance relative to the training performance 

indicates overfitting.  

 

 

Figure 4.3. Visualization of model performance concepts. Adapted from [170] 

 

Avoiding Overfitting  

Avoiding overfitting is a very complex challenge in training deep neural networks 

because the network is nonlinear and have many parameters. The primary reason for 

this being the model being too complex relative to the size of the training set. This can 

be alleviated by decreasing model complexity or by increasing the training set size. 

Several techniques have also been developed that can help minimize overfitting. These 

are dropout [230], early stopping and layerwise pre-training [170]. In dropout, nodes are 

left out of training or ‘dropped-out’ in a stochastic manner. In ‘early stopping’, training is 

stopped as soon as the validation performance starts to level off and the parameters 

with the best validation set are chosen.  

 

 

  

Fig visualization of model performance concepts. Adapted from Angermueller et al. 
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Hyper-parameter optimization  

Table 4.2 shows the recommended general settings to initialize a deep learning 

network. The specific architecture dependent parameters such as size and number of 

filters will depend on the specific CNN.  

 

Table 4.2. Recommended setting for neural network. Adapted from [170] 

Name Range Default Value 
Learning rate 0.1, 0.01, 0.001, 0.0001 

 
0.01 
 

Batch size 64, 128, 256 
 

128 

Momentum rate 0.8, 0.9, 0.95 0.9 
Weight initialization Normal, Uniform, Glorot 

uniform Glorot uniform 

Per-parameter adaptive 
learning rate methods 

RMSprop, Adagrad, 
Adadelta, Adam Adam 

Batch normalization Yes, no Yes 
Learning rate decay None, linear, exponential Linear (0.5) 
Activation function Sigmoid, Tanh, ReLU, 

Softmax ReLU 

Dropout rate 0.1, 0.25, 0.5, 0.75 0.5 
L1, L2 regularization 0, 0.01, 0.001  

 

Models with different configurations should be trained and their performance be 

evaluated on a validation set. Trying all of the combinations is most often impractical 

and thus it is recommended that the most important hyper-parameters such as the 

learning rate, batch size or length of convolutional filters be optimized via line search. In 

line search, different values of a parameter is explored while keeping other parameters 

constant.  

The second tiers of hyper parameters can then be explored by random sampling. 

Frameworks such as Spearmint [233], Hyperopt [234] and SMAC [235] have been 



   

124 
 

developed that automatically explore the parameter space, however, they are more 

difficult to apply and parallelize than random sampling.  

 

Training on GPUs  

Training deep networks is more time consuming that training basic or shallow 

neural networks and can take up to weeks depending on the training set and network 

architecture. Training on GPUs can speed up the process by at least an order of 

magnitude. This speed up results from the fact that training requires large number of 

matrix multiplication operations which can be parallelized on GPUs. Modern deep 

learning frameworks allow one to train the network on CPU and GPU without requiring 

GPU computation knowledge. On a local machine, the local GPU card can often be 

used if the framework supports the specific brand. Furthermore they allow for working 

with cloud GPU structures [170]. 

 

Pitfalls of Deep Learning Methods 

Deep learning methods are a powerful complement to classical machine learning 

tools and other analysis strategies. However, no method is universally applicable, and 

success and validity of the approach will be problem specific. Traditional analysis 

approaches will remain valid, specifically if the data is limited. Moreover, a key 

shortcoming of deep learning is assessing statistical significance. Lastly, the increased 

training complexity which applies to model design and compute environment, is a 

barrier that requires serious consideration.  
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4.1.9 Image segmentation 

There are a variety of community-driven tools such as CellProfiler [236], 

EBImage [237] and Fiji [238] that are available for microscopy image analysis. Image 

segmentation in the context of cellular images labels each pixel into cell or background. 

Early work with neural networks divided up the cells into square image pixels and 

achieved good results on DIC images by combining a convolutional neural network with 

an energy based model to clean up the results [239]. This algorithm has done well in 

competitions [240]. Van Valen et al. [241] used this technique very effectively to 

segment both mammalian and bacterial cells. Moreover, they identified the optimal input 

size to the neural network to be similar to the typical size of the regions of interest. A 

very popular algorithm is Unet [212] where image patch features are calculated at a 

range of resolutions by convolutions and pooling and are then combined to produce a 

prediction for each pixel. The architecture can be thought of as U-shaped where the left 

half is the input layer and the right half is the prediction. The early layers (top) output to 

deeper layers in order to obtain localization. Unet has also been applied in 3D images 

[242], [243].  

 
 
4.1.10 Cell and image phenotyping 

Beyond the initial step of cell segmentation, there exists many approaches. Cell 

phenotype analysis, where the cell state is determined from images in a quantitative or 

qualitative way, is one possible desired product. Understanding cell phenotype, a 

readout with practical benefits, remains a bottleneck. Moreover, a majority of the human 

protein-coding genes have not been experimentally assigned a function [244]. A range 



   

126 
 

of techniques have been developed for obtaining phenotypes. Low level methods 

include applying image processing transforms such as Gabor or Zernicke filters, 

Haralick features and other signal processing tools [245]. More advanced methods 

include individual crafting of features to capture the desired image characteristic in a 

given data set [246], [247] and unsupervised clustering of full images [248]. An 

intermediate approach is to learn features de novo from a given dataset, a task which 

deep neural networks excel at.  

A recurring phenotyping problem is identifying subcellular localization of 

fluorescent proteins. Parnamaa & Parts [249] made progress towards this problem and 

TO team [213] added a key insight. Parnamaa & Parts employed a convolutional neural 

network (CNN) with eight convolutional layers of 3 x 3 filters followed by three fully 

connected layers on images of single yeast cells. This allowed them to discriminate 

organelles. Moreover, the learned features were interpretable, capturing organelle 

characteristic, and robust, predictive of previously unseen organelles. Kraus et al., 

showed that it is possible to identify a localization label within a region for the same 

unsegmented data set and an image-level label with CNNs in a single step. Thus only 

image-level labels are used, precluding the need to perform cell segmentation first. 

Additionally, the output of the model could further be processed to perform 

segmentation. Interestingly, models have also been developed that can detect 

phototoxicity [250]. 

An alternative approach is to use a pre-trained network to extract a variety of 

quantitative features from images, which can be used for downstream processing. 

Pawlowski et al. [251], utilized this approach for cell microscopy images. Another 
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approach is to use autoencoders, where the input is reconstructed by a neural network 

that has a limited number of neurons in one of the layers [252]. The neuronal activators 

in the smallest layers (the middle layers with limited number of neurons) can be used as 

features for other ML methods. Importantly, these activators are learned from the data 

each time. This approach has been successful in variety of applications such as 

diagnoses of breast tissue lesions [253], [254] and schizophrenia [255].  

 

4.2 Proposed aims 

4.2.1 Relate actin texture to cell motility parameters 

Different actin structures have different texture/pixel patterns. Stress fibers are 

elongated compared with branched actin, which is more diffuse (Figure 4.4). The aim is 

to use transfer learning and feature extraction approaches to identify and cluster 

different actin regions. Hereafter, different actin structures can be correlated with 

various motility parameters. Our lab has conducted high resolution, time-lapse, live cell 

fluorescent imaging to study cell motility for a number of years. A bottleneck, however, 

is extremely low throughput. We want to advance the analysis methods used in our lab 

by harnessing the power of deep learning (DL). More specifically, we aim to use feature 

extraction approaches [213], [249], [251] to identify and cluster different actin regions. 

Hereafter, different actin structures can be correlated with various motility parameters 

such as step direction. As this may require a lot of data, which would be a limitation 

given the nature of the experimental setup, we plan to use transfer learning and adapt 

previously built models instead of training models ab initio (Figure 4.7). An advantage of 

working with fluorescent images is that the segmentation step may be bypassed.  
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Figure 4.4. Patterns of different actin structures in a NIH3T3 cell transfected with tdTomato-Lifeact 
imaged using a TIRF microscope. The cell is undergoing random motility on a glass surface coated with 

fibronectin. 

 

actin filaments 
 (stress fibers)    branched/

diffuse 
actin    

Fig Patterns of different actin structures in a NIH3T3 cell transfected with tdTomato-Lifeact and imaged using a TIRF microscope. The aim is to use transfer 
learning and feature extraction approaches to identify and cluster different actin regions. Hereafter, different actin structures and their associated metrics can be 
correlated with various motility parameters.
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Figure 4.5. Changing direction of actin stress fibers in a NIH3T3 transfected with tdTomato-Lifeact 
imaged using a TIRF microscope. The cell is undergoing random motility on a glass surface coated with 

10 μg/ml fibronectin concentration. 

 

Once a model has been trained to automatically phenotype stress fibers 

biological questions can be considered. Stress fibers have ‘direction’, which changes 

constantly as a cell randomly migrates (Figure 4.5). Is stress fiber direction affected by 

retrograde velocity of closest leading edge and how does it inform cell step direction? 

How do protrusion parameters (area under curve or total protrusion area, protrusion 

duration, number of protrusions in given direction) inform cell step direction and other 

cell motility parameters? 

 
 

tdTomato-Lifeact in NIH3T3 fibroblast     
2019_Sep_6 R1    s8    FN = 10 μg/ml    

Snapshot 1/3 

Protrusions in 
many 
directions. 
Stress fibers 
are not 
clearly 
aligned.   

Snapshot 2/3 

Protrusions in 
many 
directions. 
Stress fibers 
are starting to 
get aligned.   

Snapshot 3/3 

Protrusions on left 
become 
bigger/‘win’.  
Stress fibers seem 
aligned in direction 
of protrusion.   

Fig Changing direction of actin stress fibers in a NIH3T3 transfected with tdTomato-Lifeact and imaged using a TIRF 
microscope. The cell is undergoing random motility on a glass surface coated with fibronectin. 
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4.2.2 Identify actomyosin from actin images  

Another aim is to train a neural network to identify the actin structures associated 

with myosin light chain as actomyosin is a subset of F-actin. This will eliminate the need 

to co-transfect with lifeact-FP and MLC-FP. Instead a single transfection with lifeact-FP 

together with the actomyosin neural network model will suffice to identify both actin and 

actomyosin structures (Figure 4.6). 

 

 
Figure 4.6. Actomyosin is a subset of actin. Live cell images of NIH3T3 transfected cells with 

tdTomato-Lifeact and GFP-Myosin Light Chain. Images are from a TIRF microscope. Snapshot in (A) and 
(B), (C) and (D) are of the same cell, respectively. 

 

tdTomato-Lifeact (left) and GFP-
MLC (right)  in NIH3T3 fibroblast     
2019_Aug_16 R4, s13 
FN = 10 μg/ml    

tdTomato-Lifeact GFP-MLC

tdTomato-Lifeact (left) & GFP-
MLC (right) in NIH3T3 fibroblast     
2019_Sep_6 R3,s9     
FN = 10 μg/ml    

Fig Snapshots of a NIH3T3 transfected with tdTomato-Lifeact and GFP-Myosin Light Chain and imaged using a TIRF microscope.

C

A B

D



   

131 
 

 
Figure 4.7. Proposed image analysis and modeling steps for classification of cell motility 

parameters. 

 

4.3 Future outlook  

4.3.1 Limitations of biological image analysis  

Neural networks and other deep learning models are referred to as black boxes 

because their inner workings can be difficult to interpret. Although there exist techniques 

to illuminate and peer inside the black box [249], [256]–[258], the results are largely 

qualitative and must be taken with a grain of salt when extrapolating conclusions. 

Image recognition with deep learning has reached human levels mainly because 

of the large amount of data sets available [209]. Unfortunately, biological imaging data 

is not available at the same scope, leading to a chance of overfitting when training 

models [252]. Models pre-trained on imaging data from other domains can be used to 

Feature extractor  
Methods 
1. Pawlowski et al., 2016 - Cell Profiler 
2. Parnamaa & Parts, 2017 & Kraus et al., 2016 - Deep Learning 

TIRF with Lifeact-FP

Image segmentation  
(may not be needed) 

actin stress fibers protrusions

lamellipodia filopodia

classification 
/clustering

Morphological analysis 
OR  

transfer learning 
 + fine tuning

correlation with cell migration parameters (PI3K signaling, gradient direction, FMI, step 
direction etc)

Proposed image analysis and statistical modeling steps for cell motility parameters 

50

updated 
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overcome this limitation. This transfer learning approach can be used to extract features 

and as a starting point for model fine-tuning. Repositories of pre-trained models are 

available (eg. Caffe Model Zoo) and this approach has shown some success [259], 

[260]. 

 

4.3.2 Deep learning vs mechanistic models  

Will deep learning models replace other types of models? Deep learning models 

require hundreds of parameters and are the most useful for pattern recognition. Even if 

it may be possible to gather sufficient training data, issues with interpretability and 

generalization to data gathered in other laboratories under other conditions remain. 

Deep learning models are proving to be exquisitely accurate predictors. Mechanistic 

models, however, aim to understand the underlying mechanism, which is the ultimate 

goal of research. It could be possible where deep learning and mechanistic models 

work together similar to how models compete with each other in adversarial networks 

[252]. 
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CHAPTER 5: Hybrid Stochastic-Deterministic Wound Invasion Model 

Incorporating Mechanistic Description of Cell Motility   

This chapter consists of work that has been done at the tissue level length scale. 

Wound healing is a major cause of disease and morbidity. Soon after a wound is made, 

a fibrin rich clot develops at the wound site, creating a provisional extracellular matrix 

(ECM). In the timescale of several days, fibroblast cells in the nearby dermal tissue are 

stimulated to proliferate and migrate into the wound directed by a platelet derived 

growth factor (PDGF) gradient (chemotaxis).  They resolve the wound through 

synthesis, remodeling and construction of the matrix. The PDGF systems responds only 

to steep PDGF gradients, spanning certain PDGF concentrations. To migrate over large 

distances, fibroblast cells move towards the gradient as a population and leader cells 

maintain a steep gradient towards the front by constantly eroding PDGF. Here we have 

incorporated a mechanistic description of cell movement in a previously developed 

hybrid stochastic-deterministic model of wound invasion which consists of directed cell 

migration towards a PDGF gradient. The one angle model considers only the external 

bias and the two angle model incorporates the internal bias as well as the external bias 

for each cell. Different conditions affecting the chemotactic behavior of the cells were 

explored.  Conditions that favor the switch from random motility to chemotactic motility 

favor efficient migration into the wound. Under certain parameter regimes, cells form 

PDGF wavelets behind the cell front. These wavelets smooth out when cells are 

allowed to have different receptor levels due to segregation of the cell population.   
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5.1 Introduction  

Improper wound healing is a major cause of disease and morbidity. Soon after a 

wound is made, a fibrin rich clot develops at the wound site, creating a provisional 

extracellular matrix (ECM). In the timescale of minutes to hours, a first aid response 

occurs. The platelets are activated during clotting and neutrophils and macrophages are 

recruited to the wound site to guard against possible infections. In the timescale of 

several days, a permanent fix takes place. Fibroblast cells in the nearby dermal tissue 

are stimulated to proliferate and migrate into the wound. They resolve the wound 

through synthesis, remodeling and construction of the matrix [261], [262].  

The different cell types communicate through soluble factors. An initial platelet-

derived growth factor (PDGF) bolus is produced by activated platelets which primes 

fibroblast. As the half life of PDGF is approximately 10 hours, a more sustained PDGF 

concentration is maintained by activated macrophages and other cells. PDGF promotes 

proliferation and modulates expression of integrins [263]. It also causes fibroblast cells 

to undergo directed migration due to a PDGF gradient (chemotaxis) and along with 

other factors, promotes fibroblast proliferation [264]. PDGF sensing and spatially biased 

control of fibroblast motility is achieved through receptor mediated signal transduction 

pathways though the phosphoinositide 3-kinase (PI3K) activation and downstream 

production of lipid 2nd messenger in the plasma membrane [265], [266].   

Wound healing has been a rich area for mathematical modeling due to the 

spatiotemporal dynamics and many chemotaxis models have been previously 

developed. The PDGF system does not involve rapid adaptation, the ability to respond 

to gradients that change with time, and amplification, the ability to magnify a shallow 
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gradient in receptor activation into a definitive response. This makes the PDGF 

mechanism distinct from other well characterized chemotactic systems such as 

neutrophils where they are able to sense and respond to shallow gradients [266]–[268]. 

Rather, it responds only to steep PDGF gradients, spanning certain PDGF 

concentrations, as has been shown previously, in the context of eliciting a spatially 

polarized robust PI3K signal [269]. This begs the question: how does PDGF support 

fibroblast migration over large distances? To gain further insight a model was built that  

embedded the receptor and downstream signaling dynamics of the PDGF pathway in a 

deterministic model to relate wound invasion with relevant molecular and cellular 

properties [270].They key insight of this model was that fibroblast cells move towards 

the gradient as a population and leader cells maintain a steep gradient towards the front 

by constantly eroding PDGF by receptor mediated endocytosis. The system of 

equations leads to a traveling wave solution provided PDGF concentration is sufficient 

for fibroblast proliferation. After a period of a few days, the fibroblast density profile 

propagates at a constant velocity and maintains a nearly constant shape, with the 

leading cohort of cells experiencing nearly optimal conditions for chemotaxis over 

arbitrary long distances [270]. 

In a later hybrid model, the effect of cell heterogeneity on rate of wound invasion 

was investigated [271].  The key prediction of this model was that cells within the 

population were selected for that were better migrators. These cells had either higher 

PI3K levels or high PDGF receptor levels. Cells with high PI3K levels were better 

migrators as they are more chemotactically responsive and cells with higher PDGF 

receptors level were more efficient at eroding PGDF and maintaining the gradient at the 
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leading edge. In this 1D model cell movement was described by macroscopic 

parameters. Each cells movement in the positive or negative x direction was described 

by a cell dispersion coefficient in the case of random motility and a cell dispersion 

coefficient and a chemotactic velocity in the case of chemotaxis motility. An alternate 

and perhaps more accurate model for cell migration in 2D is to use microscopic 

parameters to describe individual cell steps [272]. 

The efficiency of cell migration depends on two vital parameters: cell speed and 

directional persistence [272]. Directional persistence depends on sustained lamellipodial 

protrusion and cellular tail stability [273], [274]. In early mathematical modeling studies 

of random cell migration, cells were assumed to move like Brownian particles [275]. In 

this persistent random walk model (PRW), cells were assumed to move persistently in a 

specific direction for short time intervals but lose this direction or persistence at longer 

time intervals. The time to cross from the persistent regime to a random one, P, is the 

directional persistent time and it can be estimated from Fürth’s formula, which fits the 

mean square displacement (MSD) of cell’s trajectories. Here D is the diffusion 

coefficient and t is time.  

 

𝑀𝑆𝐷(𝑡) = 4𝐷 9𝑡 − 𝑃 c1 − 𝑒& *8 d< 

 

The PRW assumption has been called into question when cell motion was 

examined at longer time scales [276], [277]. For example, the dynamics of a study done 

with MDCK-F cells deviates from the prediction of PRW [277]. An alternative 

mechanism was proposed consisting of two phases and modeled after the run and 
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tumble mechanism of bacteria and the zig-zagging mechanism of motile amoeba D. 

discoideum  [278], [279]. The two phases correspond to a ‘directional mode’ and a 

‘reorientation mode’ with each mode having its own persistence time.  

Directional persistence is fundamental to cell migration and is thought to arise 

from internal positive feedback loops [273], [280]. This positive feedback loops exists in 

random migration and their strength can be increased by heading in the correct 

direction in the presence of external cues such as a chemical gradient. 

Mesenchymal cell migration is driven by a balance of actin-based membrane 

protrusion, adhesion to extracellular matrix and contractility of actomyosin. The overall 

direction of cell movement, as one might measure by tracking a cell’s centroid, is 

determined by the integration of the local motion along the membrane boundary. In a 

broad sense, the distribution of forces that affect local motility is biased in two distinct 

but interconnected ways: internal and external. Conceptually, the internal bias might be 

based on mechanical constraints imposed by asymmetry or alignment of a cell’s least 

dynamic structural elements (e.g., stable focal adhesions, stress fibers); alternatively, or 

in addition, polarization of intracellular signal transduction could be the basis for the 

internal bias. On the other hand, the external bias is based on spatial ‘cues’ in the cell’s 

microenvironment. These could take the form of chemotactic or haptotactic gradients of 

soluble or immobilized ligands, respectively, which are sensed through the binding of 

cell-surface receptors. We envision that the activated receptors could influence the 

cell’s direction of migration by skewing local protrusion in the direction of the gradient, 

or/and, less directly, by skewing the orientation of the internal bias. In turn the latter is 

influenced by changes in the direction of migration over time. 
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Here we have incorporated a mechanistic description of cell movement in a 

previously developed hybrid stochastic-deterministic model of wound invasion which 

consists of directed cell migration towards a platelet derived growth factor (PDGF) 

gradient [271]. The one angle model considers only the external bias and the two angle 

model incorporates the internal bias as well as the external bias for each cell. Fibroblast 

cells need a steep gradient to stay in the chemotactic state and migrate efficiently into 

the wound. The cells at the front of the population create and maintain a sharp gradient 

by receptor mediated endocytosis. Different conditions affecting the chemotactic 

behavior of the cells were explored.  Conditions that favor the switch from random 

motility to chemotactic motility favor efficient migration into the wound. Under certain 

parameter regimes, cells form PDGF wavelets behind the cell front. These wavelets 

smooth out when cells are allowed to have different receptor levels due to segregation 

of the cell population.   

 
5.2 Methods 

The 1D stochastic hybrid deterministic wound healing model that was previously 

developed was used as a starting point for this model [281], and is referred to as the 

‘transport model’. Figure 5.1 shows the model schematic for the simulation. At the 

beginning of the simulation, cells are seeded in the dermis region and there is a uniform 

PDGF concentration in the wound. Cell migrate into the wound via random motion or 

chemotactic motion and degrade the PDGF. The cells are allowed to migrate for 10 

days and the penetration into the wound is used a key readout.  

In the transport model, the cell movement occurs via a biased random walk. In 

this model, the cell movement is modified to represent single cell movement as 
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observed in cell tracking experiments. The overall direction of cell movement, as one 

might measure by tracking a cell’s centroid, is determined by the integration of the local 

motion along the membrane boundary. In a broad sense, the distribution of forces that 

affect local motility is biased in two distinct but interconnected ways: internal and 

external. 

 

 

Figure 5.1. Model schematic showing the simulation start and end. At the beginning of the simulation, 
cells are seeded in the dermis region and there is a uniform PDGF concentration in the wound. Cell 

migrate into the wound via random motion or chemotactic motion and degrade the PDGF. The simulation 
is run for 10 days and the penetration into the wound is used a key readout. 

 

5.2.1 Stochastic model of cell migration based on weighting of cosines 

In the specific context of a one-dimensional external gradient, which points in 

either the +x or –x direction (sign = ± 1), an angle of zero points in the +x direction. We 

Fig 5.1 Model schematic showing the simulation start and end. At the beginning of the simulation, cells are 
seeded in the dermis region and there is a uniform PDGF concentration in the wound. Cell migrate into the 
wound via random motion or chemotactic motion and degrade the PDGF. The simulation is run for 10 days 
and the penetration into the wound is used a key readout. 

Dermis  
2 mm

Wound  
8 mm

Cells  
seeded 

in dermis 
t = 0 

Uniform PDGF  
t = 0

t = 10 days 

Penetration Depth

updated 



   

140 
 

define the cell’s direction of motion by the angle q, and the orientation of the internal 

bias by the angle w. Based on the description above, the angle of the external gradient, 

g, is either 0 or p (cos g = sign). We propose to calculate expected next values of q and 

w for time step i based on a weighting of cosines as follows. 

cos �̅�' =
cos 𝜃'39 + 𝑎'(& cos𝜔'39 + 𝑎0,&𝑠𝑖𝑔𝑛

m(cos 𝜃'39 + 𝑎'(& cos𝜔'39 + 𝑎0,&𝑠𝑖𝑔𝑛)# + (sin 𝜃'39 + 𝑎'(& sin𝜔'39)#
 

cos𝜔n' =
cos𝜔'39 + 𝑏'(& cos 𝜃'39 + 𝑏0,&𝑠𝑖𝑔𝑛

m(cos𝜔'39 + 𝑏'(& cos 𝜃'39 + 𝑏0,&𝑠𝑖𝑔𝑛)# + (sin𝜔'39 + 𝑏'(& sin 𝜃'39)#
 

 

We note at this point that the equations above afford flexibility regarding the 

relationships among the three angles, subject to additional simplifying assumptions if 

desired. For example, based on a specific assumption about how the external gradient 

controls, one might be inclined to set aext or bext to zero in that case. 

 

Now define angles 

𝛼' = 𝜃' − �̅�' ,			𝛽' = 𝜔' − 𝜔n' , 

 

which are sampled from zero-centered von Mises (circular) distributions with 

‘stiffness’ parameters ka and kb, respectively. For small angle changes, we require k >> 

1; the quantity 1/k is analogous to the variance of the distribution. The two stiffness 

parameters are expected to have different values. For example, if the internal polarity is 

to change more gradually than the overall direction of migration, one would assign kb 

larger than ka. 
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Update the cosines as follows. 

cos 𝜃' = cos �̅�' cos 𝛼' − sin �̅�' sin 𝛼' 

cos𝜔' = cos𝜔n' cos 𝛽' − sin𝜔n' sin 𝛽' 

 

And calculate the step size in the x direction: 

ℓ' = ℓ cos 𝜃', 

 

After which the cell’s position and time step i would be updated.  

 

In order to match the model simulations with the 1D random walk simulations, the 

step size needs to be modified by a factor, which is derived in the later section. The 

value of 𝑙:$20 is calculated from the transport model [281]. 

 

ℓ' = 𝑙:$20𝑙7$%&1/ cos 𝜃' 

 

5.2.2 Two different models to capture cell movement – the one angle and two 

angle models 

The framework developed above is used to parameterize two different models. In 

the ‘one angle’ model only the external bias is present and this is affected by the 

chemotaxis gradient (Figure 5.2). In the ‘two angle model’, both the internal and the 

external bias are present. The internal bias is affected by the chemotaxis gradient. The 

external bias is affected by the internal bias but not the chemotaxis gradient directly 
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(Figure 5.3). The base case parameters for the one angle and the two angle model are 

shown in Table 5.1 and Table 5.2. 

 

Table 5.1. Base case parameter for one angle model.  

Parameter Random  Chemotaxis 

𝑎'(& 𝑎'(&,/$(6	 = 0 𝑎'(&,%<5	 = 0 

𝑎0,& 𝑁𝐴 𝑎0,&,%<5	 = 3 

𝑏'(& 𝑏'(&,/$(6	 = 0 𝑏'(&,%<5	 = 0 

𝑏0,& 𝑁𝐴 𝑏0,&,%<5	 = 0 

𝛼 𝜇 = 0, 𝜅$,/$(6	 = 1	 𝜇 = 0, 𝜅$,%<5	 = 1 

𝛽 𝛮𝛢 𝛮𝛢 

𝑙:$20 0.00775 0.00747 

 

 

Table 5.2. Base case parameters for two angle model. 

Parameter Random  Chemotaxis 

𝑎'(& 𝑎'(&,/$(6	 = 1 𝑎'(&,%<5	 = 3 

𝑎0,& 𝑁𝐴 𝑎0,&,%<5	 = 0 

𝑏'(& 𝑏'(&,/$(6	 = 1 𝑏'(&,%<5	 = 0 

𝑏0,& 𝑁𝐴 𝑏0,&,%<5	 = 3 

𝛼 𝜇 = 0, 𝜅$,/$(6	 = 1	 𝜇 = 0, 𝜅$,%<5	 = 1 

𝛽 𝜇 = 0, 𝜅=,/$(6	 = 1	 𝜇 = 0, 𝜅=,%<5	 = 10 

𝑙:$20 0.00775 0.00747 
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5.2.3 Mean-squared displacement (MSD) for random migration with persistence, 

von Mises distribution model 

Cell moves with step size l every time step Dt. The direction of movement (in 2D) 

is defined by angle q relative to the +x direction. Therefore, the displacement in the x 

direction for time step i is given by 𝑙 cos 𝜃'; the squared displacement SD after N time 

steps is 

𝑆𝐷 = 𝑙# yzcos 𝜃'

>

'-9

{

#

 

Expanding, 

𝑆𝐷 = 𝑙# yzcos# 𝜃'

>

'-9

+ 2zcos 𝜃'39 cos 𝜃'

>

'-#

+ 2zcos 𝜃'3# cos 𝜃'

>

'-?

+⋯{ 

 

If this process is averaged over many trajectories, eventually we have equally 

sampled all 𝜃'. Therefore, 

〈zcos# 𝜃'

>

'-9

〉 =
𝑁
𝜋 A cos# 𝜃 𝑑𝜃

@

)
=
𝑁
2  

 

If all direction changes were completely random/uncorrelated, this would be the 

only term to survive, and the mean-squared displacement (MSD) in the x dimension 

would be 

𝑀𝑆𝐷 =
𝑁𝑙#

2  
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Let’s see what happens for a correlated walk. The second term, averaged over 

many trajectories, is 

2 〈zcos 𝜃'39 cos 𝜃'

>

'-#

〉 =
2(𝑁 − 1)

𝜋 A ~A 𝑝(𝜃|𝜃A) cos 𝜃 𝑑𝜃
@

)
� cos 𝜃A 𝑑𝜃A

@

3@
 

 

The probability density function (PDF), 𝑝(𝜃|𝜃A) is given by the von Mises 

distribution, 

𝑝(𝜃|𝜃A) =
𝑒B CDEFG3G"H

2𝜋𝐼)(𝜅)
 

 

An equivalent way to write the integral is by defining 𝜃� = 𝜃 − 𝜃A. 

2𝑁
𝜋 A ~A cos 𝜃 cosK𝜃 − 𝜃�L 𝑑𝜃

@

)
� 𝑝K𝜃�L𝑑𝜃�

@

3@

=
2𝑁
𝜋 A ~A Kcos# 𝜃 cos 𝜃� + cos 𝜃 sin 𝜃 sin 𝜃�L𝑑𝜃

@

)
� 𝑝K𝜃�L𝑑𝜃�

@

3@

=
2𝑁
𝜋 ~A MA cos# 𝜃 𝑑𝜃

@

)
N cos 𝜃� 𝑝K𝜃�L𝑑𝜃�

@

3@

+A MA cos 𝜃 sin 𝜃 𝑑𝜃
@

)
N sin 𝜃� 𝑝K𝜃�L𝑑𝜃�

@

3@
� 

 

In the above, the last term is equal to zero. Also, we invoke the definition of the 

modified Bessel function to obtain 

2𝑁
𝜋 A MA cos# 𝜃 𝑑𝜃

@

)
N cos 𝜃� 𝑝K𝜃�L𝑑𝜃�

@

3@
=

𝑁
2𝜋𝐼)(𝜅)

A cos 𝜃� 𝑒B CDEGI𝑑𝜃�
@

3@
= 𝑁

𝐼9(𝜅)
𝐼)(𝜅)
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Moving on to the next term, we must consider two hops that arrive at 𝜃' given 

𝜃'3#. We call those changes in angle 𝜃�9 and 𝜃�#. Then, 

2 〈zcos 𝜃'3# cos 𝜃'

>

'-?

〉

=
2(𝑁 − 2)

𝜋 A �A ~A cos 𝜃 cosK𝜃 − 𝜃�9 − 𝜃�#L 𝑑𝜃
@

)
� 𝑝K𝜃�9L

@

3@
𝑑𝜃�9�𝑝K𝜃�#L𝑑𝜃�#

@

3@

=
2(𝑁 − 2)

𝜋 A �A ~A cos 𝜃 Kcos 𝜃 cosK𝜃�9 + 𝜃�#L
@

)

@

3@

@

3@

+ sin 𝜃 sinK𝜃�9 + 𝜃�#LL𝑑𝜃� 𝑝K𝜃�9L 𝑑𝜃�9� 𝑝K𝜃�#L𝑑𝜃�#

=
2(𝑁 − 2)

𝜋 A �A ~A cos 𝜃 ccos 𝜃 Kcos 𝜃�9 cos 𝜃�# − sin 𝜃�9 sin 𝜃�#L
@

)

@

3@

@

3@

+ sin 𝜃 Ksin 𝜃�9 cos 𝜃�# + cos 𝜃�9 sin 𝜃�#Ld 𝑑𝜃� 𝑝K𝜃�9L 𝑑𝜃�9� 𝑝K𝜃�#L𝑑𝜃�#

=
2(𝑁 − 2)

𝜋 A �A MA cos# 𝜃 𝑑𝜃
@

)
N Kcos 𝜃�9 cos 𝜃�# − sin 𝜃�9 sin 𝜃�#L𝑝K𝜃�9L𝑑𝜃�9

@

3@

@

3@

+A MA cos 𝜃 sin 𝜃 𝑑𝜃
@

)
N Ksin 𝜃�9 cos 𝜃�# + cos 𝜃�9 sin 𝜃�#L𝑝K𝜃�9L𝑑𝜃�9

@

3@
� 𝑝K𝜃�#L𝑑𝜃�#

= (𝑁 − 2)A ~A Kcos 𝜃�9 cos 𝜃�# − sin 𝜃�9 sin 𝜃�#L𝑝K𝜃�9L𝑑𝜃�9
@

3@
� 𝑝K𝜃�#L𝑑𝜃�#

@

3@

= (𝑁 − 2)A MA cos 𝜃�9 𝑝K𝜃�9L𝑑𝜃�9
@

3@
N cos 𝜃�# 𝑝K𝜃�#L𝑑𝜃�#

@

3@

− (𝑁 − 2)A MA sin 𝜃�9 𝑝K𝜃�9L𝑑𝜃�9
@

3@
N sin 𝜃�# 𝑝K𝜃�#L𝑑𝜃�#

@

3@

= (𝑁 − 2)A MA cos 𝜃�9 𝑝K𝜃�9L𝑑𝜃�9
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Hence, we find, in the limit of large N, 

lim
>→K

𝑀𝑆𝐷 = 𝑁𝑙# y
1
2 +z�

𝐼9(𝜅)
𝐼)(𝜅)

�
(K

(-9

{ = 𝑁𝑙# 9
1
2 +

𝐼9(𝜅)
𝐼)(𝜅) − 𝐼9(𝜅)

< 

 

Since this is the MSD directed in 1D, we set 

lim
>→K

𝑀𝑆𝐷 = 2𝐷𝑁∆𝑡; 			𝐷 =
𝑙#

2∆𝑡 9
1
2 +

𝐼9(𝜅)
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𝑙#

4∆𝑡 M
𝐼)(𝜅) + 𝐼9(𝜅)
𝐼)(𝜅) − 𝐼9(𝜅)

N 

 

In order to match the MSD in a 1D random walk simulation, the step size for the 

persistent random walkers should be modified by a factor of  

𝑙7$%&1/ = �2 9
𝐼)(𝜅) − 𝐼9(𝜅)
𝐼)(𝜅) + 𝐼9(𝜅)

< 

 

The quantity, cL#(B)3L$(B)
L#(B)OL$(B)

d, is also equal to Dt/P, where P is the persistence time 

parameter of the well-known persistent random walk model. 

 

5.3 Results and Discussion  

5.3.1 Two different models to describe the movement of cells into the wound 

space 

The model was matched to a previously published transport model [281] to 

establish a base case (Figure 5.5 (A)). Both the one angle model and the two angle 

model show reasonable match, with penetration depth as a readout, which is the 

amount of invasiveness into the wound at t = 10 days. At high PDGF synthesis rates, 
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the penetration depth reaches a maximum because there is too much PDGF being 

produced for the cells to degrade and maintain a gradient. At lower PDGF synthesis 

rates (ks <1 h-1), the cells are able to degrade the PDGF and maintain a sharp gradient 

at the leading edge, allowing greater penetration into the wound.  

The parameters were varied to match the one angle and the two angles models. 

For the one angle model, aext which controls the effect of the external PDGF gradient on 

the cell direction was increased to match the transport model. At low aext values,  high 

penetration depths are barely reached while at higher aext values the one angle cosine 

model is able to match the transport model ( Figure 5.5 B). However, increasing aext 

further (aext = 3 vs aext = 10) does not result in greater penetration into the wound. The 

case for the two angle model is more complex. In this model, the external PDGF 

gradient affects the internal bias (w) , and acts indirectly on the cell direction. Here the 

aint and bext were increased simultaneously, while keeping their ratio constant ( Figure 

5.6 A). The trend is similar to the trend of increasing aext in the one angle model, 

however, the penetration depth reaches a maximum value and further increasing these 

parameters does not result in a match with the transport model. Simulations were 

performed where bext was increased and aint was kept constant but the results are not 

shown here and the trend was similar to increasing aint and bext. To achieve a match with 

the transport model, the persistence (κβ) of the internal bias (w) was increased (Figure 

5.6 B). Similar to previous cases, increasing this parameter did not result in a higher 

penetration depth, beyond the transport model.  
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Figure 5.2. Model schematic showing the steps in calculating the step size for the one angle 
model. 
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Figure 5.3. Model schematic showing the steps in calculating the step size for the two angle 

model. 

 

 
Figure 5.4. Model schematic showing the steps in calculating the step size for the transport model. 

 

Two Angle Model Schematic 

Fig 5.3 Model schematic showing 
the steps in calculating the 
chemotactic step size for the two 
angle model. 
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Figure 5.5. Development of different models to describe movement of cells into wound. (A) Wound 
healing penetration depth for two cosine models and transport model as a function of PDGF synthesis 

rate. (B) Penetration depth for one angle models at different aext parameter which controls the effect of the 
external PDGF gradient on the cell direction. 
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Figure 5.6. Parameter selection of two angle model to match transport model penetration depth. 
(A) Penetration depth for two angle model at different aint and bext parameters which controls the effect of 

the external PDGF gradient on the cell direction. (B) Penetration depth for two angle model at different κβ 
parameter. Histogram of 10,000 different angles sampled from a von Mises distribution with variance 

parameter κ = 0.3 (C), 3 (D) and 15 (E). 
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achieve a higher penetration depth at optimal PDGF synthesis rates as well as 

intermediate PDGF synthesis rates compared to the base case. This greater 

penetration depth is achieved by an increase in the fraction of chemotactic cells and 

total number of cells (Figure 5.7 (C) and (D) compared with (B)). The effect of allowing 

different cells to have different maximum receptors values (rmax) increases the 

penetration depth at intermediate PDGF synthesis rates as compared to the base case. 

In the base case model, the daughter cells have the same receptor level (rmax) as the 

mother cells. In the σ = 0.3 condition, the maximum receptor level of the daughter cells, 

rmax, is sampled from a log-normal distribution (standard deviation, σ =  0.3). This allows 

a greater fraction of the cells to become chemotactic and results in a shallower PDGF 

gradient as compared to the base case (Figure 5.7 B, D and F). This effect is more 

pronounced when the σ = 0.3 condition is combined with enhanced robustness. 

Moreover, cells with higher receptor levels travel towards the population front and 

further breakdown the PDGF, ‘smoothening’ the PDGF profile as compared to the case 

when only enhanced robustness condition is active (Figure 5.7 C, E and F).  
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Figure 5.7. Enhanced robustness and cells with different receptor levels increases penetration 

depth into the wound. (A) Wound healing penetration depth for one angle model for different conditions. 
Spatial profiles of cell densities (red = chemotactic migration, blue = random migration, black line = 
PDGF) at different conditions: base case (B), enhanced robustness (C), σ = 0.3 (D), and enhanced 

robustness combined with σ = 0.3 (E). (E) close up of the PDGF spatial profile at different conditions. 
PDGF synthesis rate (ks) = 1.4 hr-1.   
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5.3.3 Wavelets in PDGF profile appear only in certain conditions and are 

‘smoothed’ when cells have different receptor levels.  

At intermediate PDGF synthesis rates (~1 hr-1) wavelets occur in the PDGF 

spatial profile (Figure 5.8 (A-D) for all conditions except for when the cells are allowed to 

have different receptor levels (σ =  0.3). These waves coincide with peaks in 

chemotaxing cell density (Figure 5.8 (F)). Again, the interpretation is that cells with 

higher receptor levels travel towards the population front and are able to smooth the 

gradient, in addition to significantly muting the wavelets. In the combined condition (ER, 

σ =  0.3), the PDGF profile is smooth at the population front and waves start to appear 

towards the back of the population (Figure 5.8 (D)).This is also reflected in the cell 

density profile of chemotaxing cells, as when cells have different receptors levels, they 

accumulate towards the population front (Figure 5.8 (F)). 
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Figure 5.8. Wavelets in PDGF spatial profile appear at only certain PDGF synthesis rates. PDGF 
spatial profiles at different PDGF synthesis rates for the one angle model for base case (A), enhanced 
robustness (B), σ = 0.3 (C), and enhanced robustness combined with σ = 0.3 (D). PDGF spatial profile 

(E) for different conditions at PDGF synthesis rate (ks) = 1hr-1 and the corresponding cell density of 
chemotaxing cells (F). 
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5.3.4 Noise limits penetration depth of two angle model at optimal chemotaxis 

conditions  

Once the base case model parameters were chosen to match the transport 

model, the models were tested under various conditions and the trend for all three 

models is similar. In enhanced robustness conditions, cell become chemotactic at lower 

lower fractional receptor occupancy (rfrac) values at the same relative PDGF gradient 

across the cell length. This allows cells to achieve a higher penetration depth at optimal 

PDGF synthesis rates as well as intermediate PDGF synthesis rates (Figure 5.9). The 

two angle cosine model is not able to match the penetration depth of the transport and 

the one angle cosine model and underperforms at optimal PDGF synthesis rates. This 

is because the two von Mises parameters added to the angles adds noise to the 

chemotactic signal. In the base case model, the daughter cells have the maximum 

receptor levels (rmax) as the mother cells. In the sigma = 0.3 model, the maximum 

receptor levels of the daughter cells, rmax are sampled from a log-normal distribution with 

standard deviation = 0.3. This results in a slight increase in the penetration depth 

compared to the base case model for all three models ( Figure 5.9 compared with 

Figure 5.5). Again, the two angle model, slightly underperforms the transport and the 

one angle model at optimal PDGF synthesis rates. This effect is more pronounced with 

the enhanced robustness condition is combined with the sigma = 0.3 condition (Figure 

5.9( C)).  
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Figure 5.9. Noise limits penetration depth of two angle model at optimal chemotaxis conditions. 
Wound healing penetration depth for transport, one angle and two angle models for at different 

conditions: enhanced robustness (A), σ = 0.3 (B), and enhanced robustness combined with σ = 0.3 (C). 
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CHAPTER 6: Summary and Future Outlook 

6.1 Summary 

Cell migration plays a crucial role in a wide variety of biological processes. It is 

essential in wound healing, embryonic development, cancer metastasis as well as 

innate and adaptive immunity. Amongst the different cell migration phenotypes, 

amoeboid and mesenchymal motility modes lie at opposite extremes [2]. Mesenchymal 

cell migration is characterized by slow cell speed, a distinct actin and myosin spatial 

profile and a strong interaction with the ECM. In this work, mathematical models have 

been developed and analyzed to investigate various aspects of mesenchymal cell 

migration at multiple scales.  

At the subcellular scale, the first model was developed that combines the 

mechanical and signaling aspects of motility at the leading edge of mesenchymal cells 

that allows the lamellipodium (thin sheet-like protrusion), guided by the 

mechanosensitive nascent adhesions, to function as a versatile sensor of the cell’s 

environment. Actin protein monomers (Globular actin or G-actin) polymerize at the 

leading edge to form F-actin (Filamentous actin) and provide the force for membrane 

protrusion, a key step in cell migration. This dynamic process involves the coupling of 

adhesion, signaling, and cytoskeletal subprocesses, which must be integrated across 

spatial and temporal scales. In mesenchymal cells, integrins engage ECM proteins and 

cluster to form adhesion complexes, which mediate both biochemical signal 

transduction and physical interaction with the F-actin cytoskeleton. The model predicts 

an optimal ECM density, where the mechanical (adhesion), signaling and cytoskeletal 

subprocesses work in-sync to achieve maximal protrusion (membrane) velocity. Positive 
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feedback between nascent adhesions and F-actin drives this lamellipodial ‘engine’. 

Myosin II, by applying stress on the F-actin network, mechanically destabilizes nascent 

adhesions and weakens this positive feedback. Lastly, we examined the effect of cofilin 

activity, which has shown to be upregulated in certain cancers. Increased F-actin 

turnover, mediated by ADF/cofilin, offsets the influence of myosin II on the positive 

feedback between nascent adhesions and F-actin. 

At the cellular scale, quantitative image analysis was used to guide an ODE 

mathematical model of actin retrograde velocity, its interaction with myosin and its effect 

on transmembrane protein transport to analyze the formation of protein gradients in 

leader-based bleb migration. Cancer cells migrating in confined tissue environments are 

able to switch between different modes of migration depending on the degree of 

confinement and the availability of ligands. Under high contractility, cells exhibit 

‘blebbing’. Blebs are formed when the cortical actin structure separates from the plasma 

membrane and membrane expands due to the high cytosolic fluid pressure. In the 

absence of extracellular ligands and under high confinement conditions, metastatic cells 

undergo ‘leader-bleb based’ migration. This migration phenotype has a highly polarized 

morphology with a large ‘leader bleb’ and a smaller cell body compartment. These cells 

are able to maintain their morphology, migrate at high speeds (~ 5 μm per min) and also 

have a high actin retrograde velocity (~ 9 μm per min) [137]. How these cells are able to 

maintain a highly polarized morphology is not known. Proteins in the inner and the outer 

leaflet are distributed uniformly throughout the bleb, however transmembrane proteins 

form a gradient with a high concentration of protein towards the cell body and low 

concentration near the bleb tip. The model predicts that the protein is ‘dragged’ back 
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with the actin retrograde flow, which creates a protein gradient as the retrograde 

velocity is higher near the tip of the bleb. This model is not able to capture the protein 

gradient  for cells where protein accumulation exists (protein ‘bump’). A second model 

was developed that incorporates membrane flow and experimental data was used to 

further constrain the parameters. This model is able to recapitulate protein accumulation 

(protein ‘bump’) when the protein turnover is low and the F-actin drags back the protein 

at a high rate. 

Additionally, at the cellular scale, hypotheses were generated to adapt machine 

learning and artificial intelligence methods to extract image phenotypes from high 

resolution live cell fluorescent images and relate this cell motility parameters.   

At the tissue level length scale, a hybrid stochastic-deterministic model of wound 

invasion was developed and analyzed to investigate directed cell migration towards a 

platelet derived growth factor (PDGF) gradient. Fibroblast cells need a steep gradient to 

stay in the chemotactic state and migrate efficiently into the wound. The cells at the 

front of the cell population create and maintain a sharp gradient by receptor mediated 

endocytosis of the degradation of the PDGF. Two different model of cell stepping 

motion based on experimental observations were developed and compared with a 

previously published model. Different conditions affecting the chemotactic behavior of 

the cells were explored.  Conditions that favor the switch from random motility to 

chemotactic motility favor efficient migration into the wound. Under certain parameter 

regimes, cells form PDGF wavelets behind the cell front. These wavelets smooth out  

when cells are allowed to have different receptor levels due to segregation of the cell 

population level.   



   

161 
 

6.2 Future Outlook  

The leading edge actin model presented here was formulated with both 

integration and economy in mind. Incorporating adhesion, signaling, and cytoskeletal 

dynamics, along with mechanics, demands a level of restraint to avoid parameter bloat. 

In addition to the possible refinements already mentioned, more details related to 

integrin-mediated signaling, considering the specifics of Rac/WAVE and Rho/ROCK 

activation or/and the influence of other signaling pathways could be added. At the level 

of adhesion and cytoskeletal dynamics, a more comprehensive model could include 

details related to integrin clustering and the molecular components responsible for 

clutching F-actin [76]. In that regard, we consider it paramount to parse the knowledge 

of the field regarding nascent versus mature adhesions, the architecture of the latter 

being much better understood [124], [126], [127]. Until a unifying theory of adhesion 

assembly and maturation is approached, it is important to distinguish the classes of 

adhesions and avoid ascribing knowledge about one to another. Other directions to 

potentially build out from the present model is to move beyond the level of a single 

lamellipodium and/or to allow for stochastic transitions. Modeling whole-cell migration 

model is clearly challenging, and current, successful models have been predicated on a 

constant cell shape or/and greatly simplified dynamics [62], [68], [70], [71], [128]–[130]. 

Similarly, stochastic models have required certain simplifications [66], [83], [84]. 

Although models such as ours suggest ways to integrate multiple aspects of cell 

motility, especially where integrin-mediated adhesion and signaling is fundamental, the 

exercise also illuminates substantial gaps in our understanding. 
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The leader bleb based migration model considers only the transport of an inert 

GT46 transmembrane protein. A more realistic model could include the transport of an 

intrinsic transmembrane protein, which could affect downstream signaling and 

cytoskeletal dynamics [138]. Moreover, a detailed description of actin and myosin 

dynamics could be added similar to the leading edge actin model. The hybrid 

stochastic-deterministic collective cell migration model was formulated to take into 

account a mechanistic description of cell movement. An extension of the model could 

include the stochastic switching between random migration state and a chemotactic 

migration state. Another level of refinement could include growth factors apart from 

PDGF to decouple proliferation and chemotaxis dynamics.  
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