
ABSTRACT 

WANG, SHAOHAN. Vibration-based Damage Imaging in Structures using High-speed Camera 
with Digital Image Correlation (Under the direction of Dr. Fuh-Gwo Yuan). 
 

The goal of this research is to visualize sub-surface structural damage with cameras using 

vibration-based damage detection (VBDD) so that damage imaging can be performed by simply 

taking a vibrational video of the target structure. In the past, in order to get a full-field 

measurement, the vibrational response at each data point would need to be obtained using a laser 

doppler vibrometer (LDV), and the excitation cycles would need to be repeated over time. The 

recent use of high-speed cameras has enabled all target points to be measured instantaneously.  

However, past work with cameras is limited in three ways: (1) vibrational signals have only been 

captured by cameras on one-dimensional structures like beams; (2) the vibration modal analysis 

has not been combined with signal processing techniques for damage detection; and (3) there has 

been no capability for higher mode vibration detection. In order to overcome these limitations, 

this research serves to develop a vision-based damage imaging system via high-speed cameras 

by applying a two-dimensional continuous wavelet transform (2-D CWT) on the first 12th 

resonance mode shapes of a cantilever plate. 

 
In this research, two high-speed cameras were placed in front of an aluminum plate for capturing 

vibrations due to a swept excitation from 1-1000 Hz. The out-of-plane deflection of each data 

point was then extracted from sets of vibrational images at each time instant with 3-D digital 

image correlation (3-D DIC). Then a Fourier transform was applied on each deflection response 

in the time domain to obtain the frequency spectrum from the deflection data matrix of the plate. 

Resonance frequencies were then selected by the peak picking method in the frequency 



spectrum, and mode shapes were constructed by isolating the operating deflection shape near the 

resonance frequency.  

 

Once the mode shapes were obtained, the 2-D CWT with a Mexican Hat mother wavelet 

function was applied on each of the 12 mode shapes to obtain the wavelet transform mode shape 

curvature (WT MSC) for detection of mode shape spatial signal irregularities (represent 

damage). 

 

Finally, by combining the damage images from each mode with a weighing algorithm using the 

difference of the max and average wavelet coefficient, a weighted averaged damage imaging was 

constructed for higher-quality and more complete damage detection.  

 

For the proof of concept, two plates with different damage configurations were rotated 90 

degrees counterclockwise for a total of four data sets. Each mode shape and the associated WT 

MSC was compared with finite element analysis numerical simulation results. 
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CHAPTER 1. Introduction 

1.1 Structural Health Monitoring (SHM) 

Structural health monitoring (SHM) technology exists with an important goal of ensuring the 

operational safety of engineering structures by employing different types of sensors to monitor 

and assess structural conditions [1-3]. Structural health monitoring refers to the process of 

implementing a damage identification strategy for aerospace, civil, and mechanical engineering 

infrastructure. In order to assess the current state of system health, this method involves 

monitoring a structure or mechanical system for a period of time using time domain measured 

signals, extract the damage-sensitive characteristics based on the measured signals and then 

applying varying analysis on those characteristics. In the past few years, safety has been a major 

concern for aging bridges, buildings, aircraft, and other infrastructure. The development of 

structural health monitoring technology has offered the capability for the long-term monitoring 

of structures in real-time. The application of SHM can help prolong the life of structures by 

detecting damage at an early stage so that structural repair and improvement can be made in 

time. 

 

Visual inspection is a traditional SHM method that is a common process in civil engineering, has 

the advantages of economical, straightforward and most intuitive. According to the FAA[4], 95% 

of inspection done on aircrafts are still done visually by human on field inspector. However, 

when performed conventionally, visual inspection has certain inherent limitations, such as being 

error-prone, labor-intensive, tedious and highly subjective. Based on the past research, the 

limitation of VI continued to be the challenges for on field work. Though some research 

proposed the idea of enhanced personal training and modified inspection procedure, the field of 
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VI still remained a lot of areas for potential improvement  [5-8].  Thus, for the purpose of more 

powerful damage assessment, sensors are often applied on the structures. 

 

In 1993, Rytter et al.  [9] defined the damage assessment in SHM in terms of a four-step pattern 

recognition paradigm. The process includes: 

(1) Damage Existence (Presence) 

(2) Detect, locate the damage (Localization) 

(3) Detect, locate, and quantify the type of damage and damage extent, where the severity 

of damage is assessed (Identification) 

(4) Estimate the remaining useful life (RUL) 

 

 

Figure 1. Levels of damage detection in SHM 
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The first step aims to find if the structure is damaged or not. The second step tries to find out 

where the damage is, including the localization of a single damage area and multiple damage 

areas. The third step shows the specific type and severity of the damage, and the final step 

determines the remaining life of the target structure using the quantified damage.    

 

The requirement of the SHM system is dependent upon the flow-down requirement from the end 

user’s desire and needs. A flowchart of a typical SHM system with major components is shown 

in Figure 1. 

 

Figure 2. SHM system (Major Components) 
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When designing the SHM system, the first part will be using optimal sensors for data collection, 

followed by the data-processing for feature extraction with either the physical-based mode 

method which present the need of a detailed numerical mode or the data-driven method which 

present only the experimental data is needed. Finally, with the chosen mode, damage will be 

assessed such as damage detection, damage imaging or remaining useful life (RUL) estimation. 

Major components of SHM system are shown in Figure 2. 

 

1.2 Vibration-based damage detection (VBDD) 

Most NDI methods in SHM can be categorized into either local or global damage identification 

techniques [10]. Examples of local methods including the use of sensors with ultrasonic waves or 

magnetic waves like the X-ray method. Though the local methods typically have a better spatial 

resolution for damage imaging and are more sensitive to small defects, they usually require data 

from an equivalent pristine structure, which can hardly be guaranteed for structures, especially in 

the field of civil and aerospace engineering. Hence, the vibration-based damage detection 

(VBDD) technique was developed to overcome the difficulties mentioned above. 

 

VBDD is a global damage identification method that detects the change in modal properties like 

natural frequencies, modal damping ratio, and mode shapes. Depending on the major 

components of the damage detection process, VBDD methods can be further classified as either 

model-based or data-driven.  The former method assumes that a numerical model of the target 

structure is known, and the latter method only relies on the measured experimental data without 

the need for a detailed model. 
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The use of VBDD without a structural model is able to provide information on damage existence 

and location (i.e., level 1 and level 2 in damage identification). By combining the structural 

model, VBDD can determine how severe the damage is. When VBDD is associated with fracture 

mechanics, fatigue life analysis, and structural assessment, the phase of prediction of remaining 

life can be achieved (i.e., level 4 of damage identification). 

 

1.3 Vision-based measurement  

With the fast-paced development of optical devices and computer science, vision-based vibration 

sensing and monitoring technology has been a cutting-edge area and has attracted significant 

attention because of its capability of performing non-contact, long-distance, high spatial 

resolution, and full-field measurements.   

 

Recently, with more complimentary high-speed cameras and much more computational power in 

personal computers, the use of cameras as main sensors for vibration measurement has become 

possible. The structural displacement can be obtained via a high-speed camera with a very high 

frame rate that is able to fit the need of structural vibration monitoring and dynamic 

characteristics for VBDD like the resonance frequency, modal damping ratio, and mode shapes. 

For example, Park et al. [11] use a motion-capture camera to measure the displacement response 

of a wind tunnel. Ji et al. [12] were able to use an optical flow method for the detection of small 

cable vibration by analyzing an image sequence of a vibrating cable segment captured by one 

single camera. Yu et al. [13] were able to use the Lucas-Kanade optical flow method combined 

with a pinhole camera mode for detecting out-of-plane vibration of a cantilever beam. 
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Over the past decades, vibration measurement utilizing high-speed 3D-DIC has grown to be an 

area of research [14-17]. Integration of DIC with high-speed optical devices not only enables 

truly contactless full-field measurement but also the use of the DIC algorithm itself was able to 

push the limit of vision-based vibration measurement to the range of nanometers. Current 

research also combines the technology of DIC with motion magnification algorithms for 

amplifying small motion in videos for a better signal-to-noise ratio [18-21].     

 

1.4 Overview and motivation  

Visual inspection is the oldest and most common non-destructive inspection (NDI) method in 

SHM. Reports show that more than 95% of NDI is done visually [22].  Visual inspection has its 

advantages, such as being intuitive, straightforward, and economical compared to other device-

based methods. However, the performance of visual inspection depends greatly on the on-field 

inspector, which makes this method labor-intensive, tedious, and highly subjective, and gives it a 

high rate of error. The most significant limitation for visual inspection is it can only be applied to 

find defects on the surface of structures.  

 

Vibration-based methods can be used to deal with damage that cannot be found by visual 

inspection alone. It has been proved to be an efficient and accurate method for damage detection. 

This method relies on changes of the physical parameters caused by damage, such 

as stiffness, mass and damping ratio, or modal parameters like natural frequency, modal damping 

ratio, and mode shapes. 
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However, current research using VBDD mainly depends on the vibration response signal 

obtained by contact sensors like accelerometers or non-contact sensors like the laser Doppler 

vibrometer (LDV). The former method is limited because it requires that additional mass be 

added to the surface of the structure and because its spatial resolution is proportional to the 

number of sensors used. Though it is contactless, the latter method can only measure one target 

point with each single excitation cycle (i.e., point-wise measurement) and is not suitable for two-

dimensional plate structures.  

 

Advances in computers and optical devices in the last decade enable the possibility of using 

digital cameras as the main sensing devices in the engineering industries. Numerous studies have 

been conducted for using cameras to capture the vibration response for modal analysis with 

different vision-based tracking algorithms like the optical flow method, the Lucas-Kanade 

method, etc. In addition, the newly developed digital image correlation (DIC) method can 

provide full-field, non-contact three-dimensional vibration measurement by tracking the 

deformation of speckles on the target over time. Due to advances in optical device development, 

high-speed cameras are more powerful in resolution and frame per second than ever before. With 

the continuation of advances in both hardware and tracking algorithms, the use of digital cameras 

for VBDD will no doubt be the future of the NDI technique. 

 

In this dissertation, the goal is to combine the traditional VBDD technique with advanced high-

speed cameras for damage imaging via DIC technology. Though there exist some damage 

imaging works which use DIC for damage detection, these studies have certain disadvantages, 
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like incapability for the detection of higher mode in vibrations, incapability of damage imaging 

in 2D structures, or requiring the excitation signal frequency to be in the ultrasonic range.  

Therefore, a new technique is needed for improving the flexibility and capability of current 

research for using cameras to capture the whole plate structure for higher vibrational modes in 

order to obtain a better damage image. 

 

The thesis dissertation chapters are organized as follows: 

 

Chapter 1:  Introduction of the concepts of structural health monitoring, vibration-based damage 

detection, and vision-based measurement method; research motivation/overview; and thesis 

dissertation organization. 

 

Chapter 2:  Presentation on the traditional vibration measurement method, which can be 

categorized into two groups: contact sensing and non-contact sensing. For non-contact sensing, 

methods are introduced including laser triangulation, laser doppler vibrometer, and holographic 

vibrometer along with their working principles, limitations, and a comparison with contact 

sensors. 

 

Chapter 3:  Introduction of vision-based vibration measurement tracking methods including the 

most commonly used optical flow method, the Lucas-Kanade method. In addition, the advanced 

motion magnification (MM) method is presented which differs from the above method.  Instead 

of dealing with tracking of deformation over time, the MM method tends to magnify the motion 
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deformation with either intensities or phases for a better signal-to-noise ratio. In the end, the 

limitations of the traditional optical flow method are also discussed. 

 

Chapter 4:  The fundamentals of digital image correlation are discussed, including the working 

principles and working environment. The details of both two-dimensional digital image 

correlation (2D-DIC) and three-dimensional digital image correlation (3D-DIC) analysis will be 

reviewed, and the types of sources of error for using DIC will be discussed in the end. 

 

Chapter 5:  Several VBDD methods will be introduced and discussed along with their 

applicants and limitations.  

 

Chapter 6:  Wavelet transform will be reviewed as one of the promising VBDD techniques. In 

particular, the continuous wavelet transforms (CWT) in both the one-dimensional case and the 

two-dimensional case will be introduced. In the end, the use of CWT in SHM applications will 

be presented, including the method used in this dissertation: the use of CWT on experimentally 

obtained mode shapes.  

 

Chapter 7:  Two-dimensional plate structures will be used as the target object for the proof of 

concept for the proposed vision-based damage imaging system. The experimental setups, 

materials used, damage configuration, and the process of DIC analysis to extract mode shapes 

will be discussed. 
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Chapter 8:  The experimental results for mode shapes, wavelet transform mode shape 

curvatures, and the proposed weighting algorithm will be presented. The finite element analysis 

numerical results will also be used to compare with the experimental results for the proof of 

concept.   

 

Chapter 9:  Summary and conclusion of the presented work. 

 

Chapter 10:  Discussion of the future direction of current research on the vision-based damage 

imaging system. 
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Chapter 2. Traditional Vibration Measurement Methods 

2.1 Contact sensor 

The contact measurement method uses transducers for sensing operations. Some of the most 

commonly used contact sensors are the potentiometer, strain gauge or accelerometer. Contact 

sensors are usually employed on the target structure to detect a change in position, velocity, 

acceleration or forces. An experimental setup is shown in Figure 2 for modal analysis of a car’s 

door being excited by a shaker with multiple accelerometers attached in the area of interest.  

 

 

Figure 3. modal testing measured by accelerometers 

 

Though contacting sensors offer advantages like high precision, this classical approach has many 

disadvantages like being time-consuming, hard to install, and most importantly, the contact 

sensor method’s spatial resolution depends on the number of sensors attached. Thus, for higher 

resolution of modal analysis, more additional mass needs to be placed, further altering the 

frequency response of the original structure. 
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2.2 Non-contact sensor 

Non-contacting sensors are a very important type of sensor which detects parametric information 

about the target structure without touching it. Compared to contact sensors, non-contact sensors 

have the advantage of not interfering with the resonance frequency of the measured structure 

(since no additional mass is added), which is especially useful when studying lightweight 

structures. In addition, non-contact sensors have the ability to access locations where is normally 

difficult to put contact sensors like cavities in complex structures or extreme environments (e.g., 

high-temperature environments). 

 

2.2.1 Laser Triangulation 

Laser Triangular is a vision method for extraction of 3-D deflection by pairing a laser 

illumination source and with a build in camera[23]. The target was pointed by the laser beam and 

the built-in camera at the same time (Figure 4). By setting the angular offset (α) between the 

laser source and the camera sensor with a known value, trigonometry allows the measurement of 

the target depth difference. The red, green, and blue dotted lines in Figure 5 illustrate we can get 

the displacement between the target and the laser by using the condition of reflected laser light 

strike on different position of the sensor location. Therefore, by changing the distance between 

laser source and target point, the reflected laser will strike different area on the sensor.  
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Figure 4. Laser Triangulation Setup[23] 

 

 

Figure 5. Laser reflected from different distances strikes the sensor at different locations[23] 
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The resolution of laser triangulation devices depends on the spatial resolution of the optical 

sensors, which typically can be in the order of 10 µm and covers a frequency up to 10 kHz.  

 

2.2.2 Laser Doppler Vibrometer 

The laser Doppler vibrometer represents the most widely used non-contact vibration measuring 

technique and is often used as a substitute for accelerometers [24].  It is based on the Doppler 

effect of coherent laser light. The laser light source of known wavelength is directed towards the 

target surface and the wavelength of the reflected beam is measured by means of interferometry 

[23] with a reference beam. Depending on whether the sample is moving towards or away from 

the source, its wavelength will increase or decrease respectively [25]. According to the Doppler 

effect, the wavelength of the reflected radiation is proportional to the target so the velocity of the 

object can be calculated by using the reflected  laser light’s wavelength changes  which is done 

by forming an interference fringe pattern. 

 

 

Figure 6. Example of LDV device (Polytec) 
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Figure 7. Working Principle of LDV 

 

The resolution of LDV is around 1 μm and the measurable frequency range is from 1 Hz to 1 

MHz. The major inconveniences of these devices are the high costs and decreased performance 

in situations where the beam is not perpendicular to the analyzed surface. In addition, the 

equipment tends to be bulky. 

2.2.3 Holographic Vibrometer 

This technique is very similar to LDV in that it uses a target and a reference beam and the 

principles of interferometry. The target beam is used to illuminate the vibrating structure and the 

light scattered from it is mixed up with the reference beam on a holographic plate, producing an 

interference pattern that is stored at each time. From them, the 3D displacement of the target can 

be resolved by reconstructing the light wave [24].  
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As opposed to LDV, the holographic approach has the advantage that the vibration of the entire 

structure, and not just a point, can be resolved at a time. Also, holographic vibrometers have an 

extremely high resolution (less than one nanometer) and a frequency range of 20 Hz to 50 kHz. It 

is, however, a very expensive technology, which certainly limits its use.  

 

2.3 Summary 

The use of sensors for vibration measurement is a critical step in the field of SHM. Traditionally, 

contact sensors are widely used for more accurate measurement and economical concerns. 

However, as the geometry of the structures became more complex and operational environments 

became more severe, the use of non-contact sensors has started to draw more attention. 

 

Compared to contact sensors, non-contact sensors are typically more expensive for single unit 

cost. However, non-contact sensors commonly can be applied many times to different structures, 

while contact sensors tend to break after being detached from a surface. In vibration analysis, 

non-contact sensors are more suitable since they will not put additional mass and cause 

unnecessary interference during measurement. A detailed comparison of contact sensor vs. non-

contact sensor is shown in Table 1. 
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Table 1. Contact sensor vs. non-contact sensor comparison 

 

Among the non-contact sensors, LDV and cameras are the two most representative methods and 

have been widely used as sensors for vibration measurement. LDV uses the doppler effect for 

measuring the deflection of the laser beam, which is a point-wise measurement with very high 

displacement resolution. In comparison, cameras offer full-field measurement and offer the 

advantages of longer operational time and being able to capture features over the whole target. A 

comparison of LDV- and cameras-based measurement is shown in Table 2. 
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Table 2. LDV vs. DIC comparison 

 

 
Though cameras do not offer the same displacement resolution as LDV, for the lower frequency 

range of vibrations, a measurement resolution in the nanometer range is enough for VBDD 

research. With cameras, serval algorithms can be used for tracking and motion magnification 

purposes which will be discussed in a later chapter. 
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CHAPTER 3. Vision-based Vibration Measurement Methods 

3.1 Camera-based vibration measurement   

With the rapid development of optical devices and computers, the use of video cameras as non-

contact sensors has become more popular than before since cameras can be used to remotely 

collect large amounts of information from structures with high frame rate and resolution. Typical 

vibration measurement via cameras consists of video cameras connected to a personal computer 

which has the ability to process acquired video images in real-time. Lenses must be carefully 

selected and installed on the cameras based on the specific distance between the sensor and the 

target structure that will provide adequate resolution in order to obtain the desired accuracy [26-

28].  

 

Vibration measurement with cameras requires the following steps: (1) video cameras need to be 

equipped with appropriate lenses and placed facing the target area; (2) a process called 

calibration is required to obtain the relationship between the cameras’ pixel coordinates and the 

real-world global coordinates (this process is optional for 2D in-plane measurement and 

mandatory for 3D out-of-plane measurement); and (3) frames at each time instant are recorded 

by the cameras and deformation of each target is tracked over time.  

 

Compared to contact sensors and non-contact sensors like the LDV, vibration measurement via 

cameras depends greatly on the operational environment. Thus, its accuracy cannot rely on the 

technical specification of the video cameras entirely. The accuracy of cameras-based vibration 

measurement is a rather complex problem for the following reasons: (1) technical limitations due 

to the camera itself such as distortion in optical devices, the resolution not being high enough to 
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capture the required field of view, and the frame rate not being high enough to capture higher-

frequency vibrations); (2) limitations due to software used for tracking and 

calibration/synchronization process; and (3) operational conditions such as camera installation 

locations, vibrations from inside the cameras, and most importantly, the lighting conditions. A 

schematic representation of this workflow is shown in Figure 8. 

 

Figure 8. Workflow of vibration measurement via cameras [26] 

 

3.2 Optical Flow Method 

The optical flow method in computer vision uses the pixel intensity from each sequence of 

frames in time domain variation and correlation to calculate the movement of pixel position to 

obtain the 3-D displacement [29, 30]. The optical flow method operates under three assumptions: 

1) between each sequential frame, the brightness stays constant; 2) the movement of each pixel 
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between sequential frame is relatively small; and 3) pixels belonging to the same sub-region have 

the same motion (i.e., spatial consistency). 

 

Suppose I(x,y,t) is the image pixel intensity of an image pixel (x,y) at time t. Under the 

assumption of constant brightness in the optical flow method, we have: 

   (1) 

Applying a Taylor series, we have: 

   (2) 

where e is the higher-order error with respect to ∆𝑥, ∆𝑦, ∆𝑡. By combining Eq. (1) and Eq. (2): 

   (3) 

That is: 

   (4) 

where  , , and  are the gradients of the image in space (x and y direction) 

and in time. Also: 

   (5) 

   (6) 

where u and v are the optical flow velocity in x and y directions and Eq. (5) and Eq. (6) describe 

the motion state of the object. Figure 9 shows the point (pixel) motion in two consecutive frames 

using the optical flow method. 
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Figure 9. Point (pixel) motion in sequential frame 

 
The optical flow method can also be applied to the detection of the out-of-plane deflection as 

shown in Figure 10. The fundamental idea behind the out-of-plane vibration using optical flows 

is the image size will change based on the object’s distance from the camera. In Figure 10, O is 

the camera’s optical center and A is some random point in real-world coordinates at . Thus, A 

has the global real coordinate of  with the image coordinate of 

based on the pinhole model. After a certain period of time, t, A moves to  with a 

distance of  in the out-of-plane direction (i.e., ) 

and the image coordinate moves to  (i.e., ).  

 

According to the similarity triangle relation, the distance of image  can be expressed as: 

   (7) 

with a and b being the image distance and object distance respectively. 

 

By assuming the point A only has out-of-plane motion (i.e., ), Eq. (7) can be 

expressed as: 

0t

A(X (t0 ),Y (t0 ),Z(t0 ))

B( ′x (t0 ), ′y (t0 )) ′A

w(t) A(X (t0 ),Y (t0 ),Z(t0 ))→ A(X (t),Y (t),Z(t))

′B B( ′x (t0 ), ′y (t0 ))→ ′B ( ′x (t), ′y (t))

x(t)

x(t) = ′x (t)− ′x (t0 ) =
X (t)*a
b− w(t)

−
X (t0 )*a
b

X (t0 ) = X (t)
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   (8) 

In reality, the out-of-plane vibration  is much smaller than the object distance b so Eq. (8) 

can be rewritten as: 

   (9) 

with k representing the relationship between the image distance and the object distance: 

   (10) 

The same procedure can be applied in the y-direction with Eq. (7) to Eq. (10), i.e., 

   (11) 

With Eq. (11) and Eq. (9), the out-of-plane displacement can be expressed as the pixel distance 

of the image.  

 

 

Figure 10. Pin-hole model [13] 

x(t) = X (t)*w(t)*a
b2 − b*w(t)

w(t)

x(t) = X (t)*w(t)*a
b2

= k * X (t)*w(t)

k = a
b2

y(t) = Y (t)*w(t)*a
b2

= k *Y (t)*w(t)
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3.3 Lucas-Kanade Method 

One typical tracking algorithm using image alignment via the optical flow method is the Lucas-

Kanade algorithm. The fundamental idea behind the Lucas-Kanade (LK) algorithm is the 

alignment of a template image T(x) to an input image I(x), where  is a vector 

consisting of pixel positions. The LK method computes the optical flow of an image from time 1 

to time 2 by considering a sub-region from the image in time 1 as a template image T(x), and I(x) 

is the sub-region at time 2.  

 

Let  be the parameterized set of allowed warps, where  is the vector 

representing the transformation of the sub-region. The warp takes in a pixel’s position 

in the x and y directions from the template image T(x) and maps it to the sub-pixel location 

in the input image I(x). If we only consider the translations (i.e., pixels only move in x 

and y direction) the warp can be expressed as: 

   (12) 

In this case, the vector parameters   represent the optical flow.  

 

Sometimes, for larger image patch tracking, if the sub-region’s motion also involves rotation 

besides pure translation, the affine warp can be applied: 

   (13) 
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where six parameters are needed in the p vector,  [31].  Once the 

translation parameters are found, the goal of the LK algorithm is to minimize the sum of squares 

error between the template image T(x) and input image I(x) warped back onto the template 

image: 

   (14) 

The minimization in Eq. (9) is performed on the vector p over all the pixels x in the template 

image T(x) by assuming the current estimate of p is known and then iteratively solving for 

increments to the parameters ∆p. To do this, the following expression should be minimized: 

   (15) 

and then the parameter p is updated: 

   (16) 

The iteration of Eq. (10) and Eq. (11) will continue until the estimated parameter p converges: 

The typical way of converging involves the norm of p decreasing until it is below the user-

defined threshold, i.e.: 

   (17) 

which indicates the updated parameter p is almost the same as the original estimated value of p.  

The process of finding the changing in parameter p is to first apply a first-order Taylor expansion 

to Eq. (10): 

   (18) 
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where  is the gradient of the input image I calculated at  and is the 

Jacobian of the warp: 

   (19) 

For example, with affine transformation, the Jacobian matrix is defined as: 

 

   (20) 

 
Then taking the partial derivative of Eq. (13) with respect to : 

 

   (21) 

where the term  is the steepest descent images. Then by setting Eq. (15) equal to zero, we 

can obtain the expression of : 

   (22) 

where H is the Hessian matrix defined by: 

   (23) 

 

A workflow of the Lucas-Kanade algorithm is shown in Figure 11: 
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Figure 11. The Lucas-Kanade algorithm [32] 

 
3.4 Motion Magnification Method 

3.4.1 Introduction 

The purpose of motion magnification (MM) is to magnify subtle motion that is invisible to the 

naked eye. Those motion’s signal, such as human skin color change [33-35] or mechanical 

behavior with low amplitude, often contains valuable information but falls below the sensor’s 

spatial-temporal sensitivity. The history of using motion magnification starts with the 

Lagrangian-based method using optical flows in a video in 1980 Bruhn et al. [36]. For this 

method, a target region is defined in a video for every single frame for tracking purposes, and 

thus, there is high computation cost. In 2012, Wu et al. [37] proposed motion magnification for 

the first time, which amplifies intensity changes over time and is the fastest and simplest among 
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other video magnification methods. In 2013 [38], the same group developed phase-based motion 

magnification, which amplifies the phase information in images instead of pixel intensity. Later 

in 2014 by Wadhwa et al. [39], a modified version of the phased-based method using a Riesz 

pyramid was proposed to replace the complicated complex steerable pyramid in the phase-based 

method, which significantly improved the computational cost. The evolution of video motion 

analysis is shown in Figure 12. 

 

 

Figure 12. Video motion analysis evolution 

 

The process of typical motion magnification workflow is shown in Figure 13. The technique 

needs only a standard video as an input file. By applying temporal and spatial filters, a video can 

be decomposed into pixels for each frame. The subtle motion can be extracted and magnified to 

reconstruct the video, revealing hidden information.  

Compared to the Lagrangian method, motion magnification treats each frame as a whole without 

tracking a specific region, and thus, it is more computationally efficient. Motion magnification 
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can be roughly divided into two categories: the linear method and the phase-based method. The 

linear method is based on the 1st-order Taylor-series expansion, which mainly deals with the 

intensity (i.e., the pixel value of each frame) of the image. This method is simple but has the 

limitation of scaling factor and high sensitivity to noise since the linear method will not only 

magnify the desired small motions in the video but also amplify the noise within it. To overcome 

this limitation, the complex steerable pyramid phase-based method was developed. This method 

tries to magnify the phase information instead of intensity itself. Thus, it can significantly avoid 

the noise being amplified. However, the steerable complex pyramid used in this method is 

computationally costly due to the nature of its multi-orientation feature. The Riesz-pyramid was 

later developed to be the replacement of the steerable complex pyramid for reducing 

computational cost while maintaining similar results. 

Figure 13. Typical Eulerian Motion Magnification workflow 

The three Eulerian-based methods for motion magnification will be reviewed in later sections.  

 

3.4.2 Eulerian linear motion magnification 

Eulerian linear motion magnification considers the time series of color values (pixel values) at 

any spatial location, then this color change is amplified in a given temporal frequency band of 

interest.  
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First, consider the simple 1-dimensional case. Let I(x,t) represent the image intensity map of a 

one-dimensional signal at position x and time t. Assume at time t=0, the image intensity map is 

f(x): 

   (24) 

The image undergoes translation of motion after time t, represented by the displacement 

function: 

   (25) 

By applying a first-order Taylor series expansion, Eq. (15) can be expressed as: 

   (26) 

Then, applying a spatial bandpass filter on Eq. (26), the extracted signal from the filter can be 

expressed as: 

   (27) 

 
where B(x,t) represents the signal in the desired bandpass range. Then, by using a user define 

magnifying factor , B(x,t) can be multiplied by  and added back to the original signal for the 

purpose of motion magnification. The magnified signal can then be defined as: 

   (28) 

Applying the first-order Taylor expansion again on Eq. (28), the signal can be expressed as: 

   (29) 

Eq. (29) shows that after the linear motion magnification process, the change in pixel value 

changes by a factor of , as shown in Figure 14: 

I(x,0) = f (x)

I(x,t) = f (x +δ (t))
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δ (t)
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δ (t)

!I (x,t) ≈ f (x + (1+α )δ (t))
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   (30) 

 

 

Figure 14. Eulerian linear motion magnification [37] 

 
The same procedure can be applied to videos. The system will first decompose the input video 

frames into different spatial frequencies (most commonly with the Laplacian pyramid) and then 

apply the same temporal filter to all the bands (i.e., all scales of the image). The filtered spatial 

bands are then amplified by a given factor α, with the amplified signal added back to the input 

signal we can see the motion being amplified shown in Figure 15.  

 

Figure 15. Overview of linear motion magnification for 2D signal 

 

f (x +δ (t))⇒ f (x + (1+α )δ (t))
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The main limitation of the linear method lies in its sensitivity to noise. In normal circumstance, 

the variation of the signal intensity is usually smaller than the noise inside the video therefore by 

enhancing the pixel values intensity directly will typically not reveal the desired signal but the 

noise inside of it. Though spatial filtering can be applied on each frame (often accomplished with 

image pyramid) the filter needs to be carefully chosen in order to ravel the true signal and this 

process if often time consuming and has high computational cost. 

 

3.4.3 Phase-based motion magnification 

The phase-based motion magnification relies on the steerable complex pyramid in order to 

measure and modify the local motions. The pyramid is a process to decompose images into 

several sub-frequency bands. The way of doing this is as follows: 

1) Taking the original frame/image and applying a gaussian smoothing filter 

2) Down sampling the filtered image by taking out even rows and columns 

3) Repeating the process for the new image 

 

There are three reasons for using the pyramid in phase-based motion magnification: (1) this 

process will reduce noise; (2) it allows the image to be decomposed into sub bands in order to be 

edited separately; and (3) it allows the feature extraction process to be applied on the multi-scale 

level. An illustration of the image pyramid is shown in Figure 16. 
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Figure 16. Image pyramid illustration 

 
The process of phase-based motion magnification begins with writing the signal under 

translation Eq. (25) as the sum of complex sinusoids: 

   (31) 

where the term  refers to the single frequency from each band.  Figure 17 shows the process 

using a Hilbert transform on a 1-D signal from a 2-D image. First, the gray level value of the first 

row of the image is taken as I(x). Then the Hilbert transform is applied on f(x) for extraction of 

the real and imaginary parts of the signal. The phase information can then be calculated as the 

inverse tangent of  over I(x). 
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Figure 17. Phase information extraction via Hilbert transform 

 
After applying the Fourier series decomposition, each sub-band  represents a single 

spatial frequency and phase term  containing the motion change information: 

   (32) 

 
Then, after applying the DC filter, the band-passed phase can be multiplied by the amplification 

factor  to significantly increase the phase change in that specific sub-band: 

   (33) 

 

The spatial displacement δ(t) of the local image f(x) at time t is magnified by (1+α). The phase-

based motion magnification method has less sensitivity to noises because the motion is 

magnified by shifting the phase, and the magnitude will not change during the process. An 

illustration of phase-based motion magnification on a 2D video signal is shown in Figure 18. The 

system takes the input video and analyzes it for local phase information in time domain with 

different scales and orientations. The complex steerable pyramid decomposes each frame and 

separates the amplitude of the local wavelets from their phase. Then a temporary filter is applied 
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on the phases independently at each location, orientation and scale. The desired temporally-band-

passed phase is then amplified. Finally, the amplified phases are combined with the original 

amplitude information for magnified video reconstruction.  

 

Figure 18. Overview of phase-based motion magnification 

 

3.4.4 Riesz Pyramids phase-based motion magnification 

Phase-based motion magnification with the complex steerable pyramid successfully solves the 

problem in the linear method where noise is amplified along with the signal. However, the use of 

the complex steerable pyramid has very high computational cost due to the several orientations 

of the pyramid. Based on the idea of the phase-based method, a Riesz pyramid is used as the 

replacement for the steerable complex pyramid. The Riesz transform is the natural rotation-

invariant, two-dimensional generalization of the one-dimensional Hilbert transform where the 

image is convoluted with a transfer function in the x- and y-directions. Riesz can be seen as a 

more effective way to compute the quadrature pair of a non-orientated 2-D matrix that is phase 
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shifted ninety degrees comparing to the original input matrix (input image). A visualization of 

workflow for using Riesz transform on an image for extraction of phase information is shown in 

Figure 19. For 2-D images, the analytic signal using a Riesz triple vector is represented by a 

point on the surface of a sphere. Using spherical coordinates, the signal’s spatial orientation and 

phase are given by the angles θ and ϕ respectively. And the overall pipeline for using Riesz 

transform motion magnification is shown in Figure 20. 

 

Figure 19. Phase information extraction via Riesz transform 

 

Figure 20. Overview of Riesz pyramid-based motion magnification 
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The comparison of the overall pipeline for the 3 methods is shown in Figure 21. 

 

First, with all three methods, spatial decomposition is applied on the input image, which uses the 

Laplacian pyramid for generating different scale and frequency bands of the input. 

 

For Eulerian methods, each scale (or sub-band) of the image passes through the bandpass filter.  

Then only frequencies within the bandpass filter are amplified by an amplification factor . 

With the amplified signal in the desired frequency range, the video is then reconstructed.   

 

For the phase-based method, the sub-band image is either transformed by the Hilbert or Riesz 

transform, depending on which method is chosen. Amplitude and phase information is extracted, 

and then only the extracted phase passes through the band-pass filter and is amplified. Amplified 

phases with the original amplitude are then added back for video reconstruction.  

 

No matter what method is used, this is done for all the scales and then summed. 

 

α
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Figure 21. Overview comparison of motion magnification method 

 
Summary  

Vision-based vibration measurement is a new rising method for using cameras as the main sensor 

for non-contact methods and has drawn lots of attention in the past decade. The tracking of 

optical flow technique is the most widely used method for tracking the vibration response of 

target points in computer vision technologies, such as the optical flow method and the more 

advanced Lucas-Kanade method. However, those methods require a very high computational 

cost for every single point required in each frame. In some cases, such as low-light settings, the 

track of optical flow can sometimes be lost due to the fact that the target marker can disappear 

for some frames. Thus, a more advanced computer vision algorithm, the digital image correlation 

(DIC) algorithm, will be introduced in a later chapter and is used as the main algorithm for 

vibration tracking in this dissertation. 
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Chapter 4. Digital Image Correlation (DIC) 

4.1 Introduction and basics 

Digital image correlation (DIC) has been proved as a promising tool for non-contact, full-field 

vibration measurement. Depending on the application, DIC can be roughly divided into two 

categories: two-dimensional DIC (2D-DIC) that only measures the in-plane components (x, y 

coordinates), and three-dimensional DIC (3D-DIC) that can obtain the out-of-plane component 

(x, y, z coordinates). 3D-DIC relies on the analysis of a pair of images taken at the same time 

from a vision system that is pre-calibrated, which uses two mounted cameras to capture a 

common area from each camera at a specific viewing direction. The surface of the target must 

have a synthetic speckle pattern to allow image registration that consists of matching 

homologous point pairs in the two stereo-views of the ROI [40]. 

 

The process of using 3D-DIC is as follows. First, sets of calibration images are taken by two 

cameras by capturing a target calibration board. An illustration of the calibration is shown in 

Figure 1a. The calibration board is made of solid plate printed with equal-sized dots on one 

surface where the spacing between each dot is pre-determined. Calibration is used to find the 

intrinsic parameters (distortion parameters and focal length) of each camera and the extrinsic 

parameters (rotations and translation) which define the relative spatial position between cameras. 

Both the intrinsic and extrinsic parameters are needed to obtain the 3D transformation from the 

2D coordinates of corresponding image points through stereo-triangulation [41]. After 

calibration, speckle images are taken under the same stereo configuration as the calibration.  
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Thus, each at each time instant (frame), the common ROI is imaged by each camera, 

respectively. Then DIC breaks every single image into a number of subsets for analysis (shown 

in Figure 1b). These squared subsets are all sought in all the subsequent images of both cameras. 

As time proceeds, the shape function which defines the translation and rotation parameters 

change over each frame to accommodate the shape change from each subset. Those shape 

functions record the movement of each subset over frames. Finally, to determine the 

displacement, DIC matches each subset from the reference image (usually the first image, 

preferred to be still) and the corresponding subset from the following frame by acquiring the 

information from the displacement and the deformation information from the shape function.  

 

The matching process is carried out by trying to minimize the difference function that contains 

the image intensity information from both the initial image and the deformed images. The 

intensity values of each subset are calculated with one another until the difference function is 

minimized [42]. Typical minimization functions used in DIC are normalized cross-correlation 

(NCC) (Eq. 34) and normalized sum squared difference (NSSD) (Eq. 35). 

   (34) 

 

   (35) 

where F is the reference subset grey values, G is the deformed subset grey values, and  is the 

minimization function. 
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When minimization is complete, each subset in the deformed image will be matched with the 

corresponding subsets in the deformed image, which includes any translations and rotations 

matrix. Now the calibration information is considered. With only the intrinsic information (i.e., 

2D-DIC), a pixel can be projected back to space, but there is no way to tell how far this pixel in 

space is away from the camera (z coordinate information). However, combining intrinsic with 

extrinsic stereo parameters, the two projected lines from the two cameras will be able to cross 

somewhere in space. Thus, the triangulation process can then project the corresponding subsets 

to a unique 3D point in space. With triangulation done in each frame, the vibration signal 

response from each subset can be extracted and later analyzed with signal processing techniques. 

 

4.2 Two-dimensional DIC (2D-DIC) Analysis 

Before the DIC analysis numerous preparations are needed for the experimental setups. A typical 

setup for 2-D DIC is shown in Figure 22. 

 

 

Figure 22. Experimental setups for standard 2D-DIC 
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Typical DIC setups require a speckle pattern to be placed on the surface of the measuring 

structure (often done by sprayed speckles with air gun or printed speckles), lighting source with 

stability, and most importantly, the image acquisition hardware (mostly cameras). The speckle 

pattern (an example is shown in Figure 23) is made of random intensity of pixels with finite size 

determined by the application of use which serves as the tool for delivering information of 

deformation for DIC over time. Speckle pattern can be naturally present on target itself or most 

commonly are artificially prepared on the surface. Each speckle can have random shape but each 

speckle should at least contain three pixels based on the previous research therefore in order for a 

decent result using DIC the resolution of the cameras play an very important rule which can 

determine the spatial resolution of the measurement. A good speckle pattern is essential for DIC 

measurement since it carries the deformation and translation information of the surface structure.  

 

Depend on the use, different approach can be used for applying speckle pattern on the structure. 

The first one will be the use of natural characterizes of the surface however the natural pattern of 

the target can hardly reach the intensity and size requirement needed. Spraying the black and 

white paints with airbrush is common techniques for generating of large speckles due to that of 

airbrush’s usability and practicality. Mathematical models have been proposed in the past for 

generation of different speckle size using airbrush however the use of airbrush is highly 

subjectively and hard to control the actual size of the pattern. The other way will be using a 

printed speckle pattern and placed on the surface of the structure. This method is more 

controllable on size, number and quality of the speckle. But the printed speckles often require a 

more advanced laser printer with high printing resolution and the glue between the paper and 

surface should be considered as well. One other thing to notice is that speckle pattern covered on 
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the surface should not change the physical property of the target. But this factor can often be 

ignored for vibration measurement on metal structures since the weight of paper and glue is 

much smaller than the metal structure itself. 

 

Moreover, there are other important matters in 2D-DIC measurement to ensure the accuracy of 

the measurement. For example, the surface that is being measured has to be a flat plane, the 

camera lens should be perpendicular to the measurement plate, and the light source should be 

kept mild and stable since the DIC algorithms assumes the lighting condition does not change 

over time.  

 

 

Figure 23. Schematic illustration of the undeformed subset[43]  

 
 
In order to find the deformation of the speckle pattern DIC takes two successive frames. The 

images are decomposed into small, squared subset windows which are known as subset. The 

basic principle of DIC is to find the corresponding position between two matching subsets in the 
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acquired two-time instants (or called the reference/deformed image). DIC then use specific 

algorithms to find difference of the two subsets (integer-pixel value difference) with an initial 

guess, and applied iterations until a pre-defined threshold is reached. During this process 

nonlinear optimization and interpolation is needed to obtain the subpixel value accuracy. 

 

To be more specific, considering a subset of   pixels (subset size is usually 

defined by odd number) contains a center calculation reference point P from the first image. We 

use the coordinate of this point as input where its locations inside the target image. x* and y* are 

the final displacements of the reference subset point in x and y directrions; u and v are the 

displacement vector of the subset center P in the x and y directions; Δx and Δy are the 

displacement at the initial time instant between an arbitrary subset point Q and subset center 

point P; are the displacement gradient components of the reference subset;. 

Figure 24 shows six different forms of linear transformation for the reference subset. 

 

 

Figure 24. Six difference forms of linear transformation for reference subset 

 
 
Then DIC algorithm will find the matching of intensity values between the original (refence) and 

deformed (target) subset. Or in another word, to find the difference of pixel values between the 
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two subsets. The two most used method for this purpose is the zero-mean normalized sum of 

squares difference criterion (ZNSSD) and the zero-mean normalized cross-correlation criterion 

(ZNCC). The greatest advantages of those two methods are they are being proved to have strong 

resistance to brightness and contrast changes of images which are the two major source of errors 

in DIC analysis.  

 

The ZNSSD and ZNCC are defined as follows: 

 

   (36) 

 

   (37) 

where  represents the pixel-value intensity function at  in the reference subsets of 

the reference image;  represents the pixel-value intensity function at coordinates 

 in the current subsets of the current image; and  and  are the mean pixel-values of 

the reference and deformed subsets, respectively, as shown in the following: 

   (38) 

   (39) 
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4.3 Three-dimensional DIC (3D-DIC) Analysis 

Compared to 2D-DIC, three-dimensional DIC (3D-DIC) allows two cameras that image a 

common region of interest (ROI) from different angles and obtain image sequentially as 

reference configuration (undeformed images) and several deformed configurations (typically the 

deformed images). First, the 2D-DIC is used correlate the data point in the on the 2D plane 

meaning to track the deformation and translation of each subset intensity pixel values over time 

on the 2D coordinate. Then combining the 2D deformation with the stereo-triangulation given by 

the calibration process will give the movement of the target point in 3D coordinate [41, 44]. 

 

For 3D-DIC, calibration is an necessary step to find the intrinsic parameters and extrinsic 

parameters. By combining those two sets of parameters, calibration serves to describe the  

transformation that maps each 2D image point on the camera’s sensor  on to the real-

world coordinate . The process is as followed: 

 

At first, the global coordinate (X, Y, Z) is transformed into the coordinate  in the 

camera coordinate system by: 

  

   (40) 

where  and  are the components of the rotation matrix and the translation vector, 

respectively.  The normalized image point coordinate is defined as: 

   (41) 
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In the next step we can use the focal length  , the skew coefficient and the principial 
point coordinate to define the image point coordinate : 
 

   (42) 

Then we can derive the relationship between the image point coordinate with the global 

coordinate by using Eq.(40)-Eq.(42): 

   (43) 

   (44) 

 

which can be rearranged into the form: 

 

   (45) 

   (46) 

Equation 44 shows the direct linear transformation (DLT) [45].  

 

Next, with the mapping functions, the set of DLT parameters  and 
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transform each pair of corresponding image points from their image coordinates,  and 

, into the 3D coordinate (X,Y,Z) by : 

   (47) 

where 

   (48) 

   (49) 

   (50) 

Then the least square solution for P is obtained: 

   (51) 

Thus, the 3D points are obtained from each stereo-pair to obtain global coordinates. 
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Figure 25. Flowchart of 3D-DIC analysis 

 
 
4.4 Source of error in DIC 

Using cameras integrated with DIC as a non-contact measurement method involves multiple 

sources of error compared to contact sensors because cameras are highly influenced by internal 

conditions like vibrations inside the camera itself and lens distortion, or external conditions like 

lighting. The accuracy of the DIC tracking algorithm is also affected by its defined parameters.  

 

The following are the major sources of errors that can affect the performance of DIC and 

corresponding possible solutions:  

1. Speckle pattern size/uniqueness can contribute to the DIC correlation error at some 

patches and reduce the number of measurement points. Results show that the uniqueness 

of the pattern can significantly reduce the error of measurement in DIC. Typically, a 

larger speckle size will give a greater shape variation which will lead to a smaller error. 
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However, as shown above, the more unique the subset is, the larger the subset need to be 

which can lead to smaller amount of data points.  

2. Lighting variation is one of the major errors in DIC measurement. The illumination must 

be stable throughout the whole capturing process. 
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Chapter 5. Vibration-based Damage Detection (VBDD) 

5.1 Introduction 

Vibration-based damage detection (VBDD) has shown great potential for practical applications 

in structural health monitoring (SHM) and non-destructive inspection (NDI) in order to minimize 

the risks of unpredicted structural failure in critical structures such as bridges and buildings [46] 

[47]. By examining the vibration response in the structure with suitable signal and image 

processing techniques, useful information about damaged structure parameters can be 

discovered, such as the location, size and severity of damage. The fundamental premise for 

VBDD is that damage-induced changes in the structural physical properties will result in the 

change of modal parameters like mass, damping ratio and mode shapes. In the modal domain, 

VBDD can be further classified into two categories: the model-based method and the data-driven 

method[48-53].  

 

The former assumes that there is prior knowledge of the structure’s numerical model for damage 

identification, such as determining the natural frequency change based on damage location and 

severity [54, 55], damage localization based on change of frequency [56], or by comparing 

complete/incomplete mode shapes [57, 58]. The limitation of model-based methods lies in the 

modeling of the structure and damages. In reality, for complex structures and unknown type of 

damage, the reliability of the numerical model must be made in details, which significantly 

increases the difficulty to get an accurate model for damage analysis [59].  

 

The data-driven method, which does not require a theoretical or numerical model, has become 

the main focused research topic in VBDD. Though modern methods exist like the use of machine 
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learning or deep learning for damage imaging without baseline data [48-50], those new arising 

methods rely on large amounts of data for training. One of the most significant methods 

developed to counter the disadvantages of model-based methods is the application of signal 

processing techniques on the mode shape data or the operational deflection shapes [60]. To 

overcome the need for baseline data, many studies have been conducted. The mode shape 

curvature (MSC) method was proposed to increase the sensitivity of mode shapes to damage by 

taking the second derivative of the measured mode shape data for maximizing the irregularity in 

mode shapes due to damage-induced stiffness reduction in structure. However, it has also been 

shown that MSC alone cannot locate small damage [61, 62], and its effectiveness in experiments 

is significantly limited due to its sensitivity to both damage and noise [63, 64]. The gapped 

smoothing technique (GST) [65, 66] was introduced to help mitigate this issue, which assumes 

that the MSC of the healthy structure has a smooth surface and can be defined by a polynomial. 

The difference between the mode curvature from each measured point and the smoothed 

polynomial is defined as the damage index and the maximum indicates the location of 

damage[67]. The modal strain energy (MSE) treats the damage identification problem from an 

energy perspective. The basic concept behind MSE is that damage is mostly located at a single 

sub-region, so the fractional strain energy will remain relatively constant in that sub-region [68, 

69].  

 

Recently, wavelet analysis has shown its great potential for damage detection over the above 

methods from two aspects: 1) wavelets allow a multi-scale analysis of the signal for discovering 

more levels of damage hidden information; and 2) by treating the mode shape data as a signal in 

the spatial domain, applying a wavelet transform allows the use of the mode shape itself and, 
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hence, eliminates the additional noise generated due to taking derivatives on mode shapes. the 

damage index will be represented by the large spatial wavelet coefficient due to signal 

irregularity.  

 

In the methods addressed above, contact sensors, like the accelerometer, were needed to be 

mounted on the surface structures [70, 71], or non-contact sensors like the laser doppler 

vibrometer (LDV) [63]. Though contact sensors are advantageous in terms of detection 

precision, the devices required for monitoring dynamics of the structures are generally 

expensive, hard to set up, maintain, and most importantly, the spatial resolution depends on the 

number of devices installed. The larger number of contact sensors installed on the target surface 

will not only put additional mass on the structure and change the modal parameters but also 

damage the surface in general. As a non-contact sensor, LDV has been widely used recently for 

investigating vibrations [72]. However, LDV is limited to point-by-point measurement (i.e. 

sequential measurement of points). In order to construct the full-field response, LDV generally 

requires a repeated excitation for each sensing event [73]. This process is not only time-

consuming, but it also makes measuring the data inconsistent, as each excitation itself will differ 

over the repeated measuring periods. 

 

5.2 Natural Frequency  

Natural frequency-based methods are widely used due to their nature of only requiring 

measurement from fewer data points on structure and being less sensitive to noise. The 

fundamental idea of this method is based on damages can cause natural frequency changes in 

structure. Compared to the forward problem, which is to determine the natural frequency 
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changes of a known structure with already known damage location and size, the inverse problem 

involves the determination of the damage location and size in a given structure based on natural 

frequency measurement and has recently drawn more attention. In 1978, [74] presents a 

formulation for the detection of damage in 1-dimensional components using natural frequency 

shift.  

 

Another way to calculate the frequency change ratio caused by localized damage is sensitivity 

analysis. This method allows us to calculate the sensitivities of the natural frequencies of a 

structure and small changes in the stiffness from the mode shapes of the undamaged structure. 

The dynamic equation for an undamped system is: 

   (52) 

When a small change  in the stiffness matrix caused by the damage is applied, the above 

equation can be rewritten as: 

   (53) 

Expanding the above equation and taking the second and ignoring the second and higher-order 

terms yields: 

   (54) 

If we assume that the damage has no effect on the mass matrix, then . Combining the 

above two equations equate to: 

   (55) 

Multiply the above equation by and get: 

   (56) 
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Knowing that K and M are symmetric matrices, thus . Substitute it into the 

above equation which yields: 

   (57) 

For the above equations we can calculate the mode shape vectors from the sensitivity of the 

natural frequencies to stiffness change . However, this method can only be applied for single 

damage detection due to its own assumptions.  

 

In order to solve the multiple damage detection problem, Messian et al. [75] developed a 

correlation method to define the multiple damage location assurance criterion (MDLAC) by 

introducing methods based on the sensitivity of the frequency from damage location in each 

mode. “MDLAC” calculated the correlation of the frequency change between the analytical 

value  and the experimental value , where the previous one have can be expressed in 

terms of the damage extent vector . Then the damage indices can be calcualted based on  

   (58) 

MDLAC method shows its great ability for damage localization and the absolute size of damages 

at multiple locations with using only a few natural frequencies between the pristine and damaged 

structure. 

 

One critical limitation of the natural frequency-based method is that the frequency changes 

caused by the damages are often very small comparing to the noise due to environment and the 
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laboratory conditions. Therefore, successful damage identification with this method is usually 

verified under controlled laboratory conditions.  Though the natural frequency method has 

shown good performance in simple structures with small cracks operating in lab conditions. This 

method can be really hard to apply on structures with complex geometries in field conditions. 

 

5.3 Mode Shape (MS) 

The traditional mode shape (MS) change method uses the difference of mode shape between 

damaged/undamaged structure as damage index. Compared to natural frequency-based methods, 

mode shapes are more sensitive to damage, especially for higher modes. With obtained baseline 

data (i.e. mode shape from the undamaged structure) the most common algorithms are the modal 

assurance criterion (MAC)[76] and the coordinate modal assurance criterion (COMAC)[77].   

 

The former algorithm is used to indicate the possibility of correlation between two modes: 

   (59) 

where  and  represent the 𝑖!" mode of the healthy structure and 𝑗!" mode of the damaged 

structure, respectively. This method amplifies mode shapes with larger difference and minimize 

mode shapes with smaller difference. MAC can take the value from 0 to 1, with 1 indicating 

fully consistent mode shapes and 0 means completely uncorrelated[78].  

 

Similar to the MAC method, COMAC is also based on the correlation of two mode shapes. The 

difference is that COMAC is a pointwise measurement rather than a single value statistical 
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indicator. COMAC is able to give the correlation value of each point on mode shape data defined 

by: 

   (60) 

where are the 𝑖!"mode shapes of healthy and damaged structures at location j 

and N is the total number of modes. The above expression is under the assumption that there is a 

match for every modal vector in the two sets (i.e., healthy and damaged). Therefore, when 

applying COMAC method, sensors need to be placed at the exact same location from the pristine 

structure to the damage structures. 

 

In general, the traditional mode shape change method is only sensitive to damage in a certain 

area of the structure like the mid-span of beam structures. And it has the limitation of the pristine 

data is needed for this method. Moreover, in experimental analysis mode shapes are often not 

very sensitive to damages therefore mode shapes are often used to combine with other signal 

processing techniques for more sensitive and precise damage detection. 

 

5.4 Mode Shape Curvature (MSC) 

Many researchers have shown that the displacement mode shape itself is not very sensitive to 

small defects, even with high spatial resolution[79, 80]. Mode shape curvatures (MSCs) are 

related to the bending stiffness of a structure’s cross-sections. Modal curvature is defined as: 
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where is the mode shape curvature, M is the bending moment, E is the Young’s modulus and 

I is the cross-sectional area moment of inertia.  

 

The main idea of MSCs is that a defect will reduce the EI of the structure at the damage location, 

which leads to an increase of curvature value around the damage region. In theory, the amplitude 

of curvature is related to the changes of stiffness (EI), and therefore, those values can also be 

treated as an indicator for the severity of damage.  

 

In 1991, [81] proposed the formulation of MSC, which takes the second derivative of mode 

shape, is very sensitive to damage and can be used for localization. The most common way for 

deriving modal curvature from mode shape is through the central difference method. 

   (62) 

where  refers to the modal displacement and h is the sensor spacing.  

 

In plate structures, where the modal curvature will be expanded to the 2-dimensional case, the 

plate modal curvature can be expressed as the Laplace operator modal curvature: 

   (63) 

where and represents the spacing of data points in x and y directions. 

 

The main advantage of MSC method is that it is a baseline free method which means that it does 

not need pristine data from the structure which is sometimes hard to obtain in real world.  

 

′′Φ

2
1 1( ) ( 2 ) /i i i iΦ i Φ Φ Φ h+ -¢¢ = + -

Φ

2 2 2
1 1 1 1( , ) ( , ) ( 2 ) / ( 2 ) /i i i i j j j ji j i j h h+ - + -¢¢ =Ñ = + - + + -Φ Φ Φ Φ Φ Φ Φ Φ

ih jh



   

59 
 

5.5 Modal Strain Energy (MSE) 

Another very useful damage identification method is the modal strain energy method, which uses 

the fractional modal strain energy (MSE) change for damage detection. For structure with simple 

geometry, the modal strain energy can be proportional to the mode shape curvatures. Therefore, 

the modal strain energy-based method can also be treated as a special case of the modal 

curvature method. The basic feature behind the modal strain energy method is that structure will 

contain certain strain energy when undergoing load path and the experimental mode shape data 

will be very sensitive to the changes in that load path therefore the we can use the changes in the 

strain energy as a damage indicator[82]. 

 

Suppose a plate structure as shown in Figure 5 is divided into sub-regions. The strain 

energy of plate during elastic deformation is given by [83]: 

   (64) 

 

 

Figure 26. A schematic illustration of a plate using MSE 
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where w is the transverse displacement, D is bending stiffness. In the case of a plate under free-

free boundary conditions, for a certain mode  , the total strain energy of the plate is defined as: 

   (65) 

Conwell et al. [69] proposed that if the damage is located at a single sub-region, then the change 

of strain energy in a sub-region may become more significant. Thus, the energy within sub-

region  

for the mode is given by: 

  (66) 

Then fractional energies of the plate are defined as: 

  (67) 

   (68) 

Therefore, the damage index in sub-region  is defined as: 

   (69) 

where m refers to all the measured modes and a normalized index is given by: 

   (70) 

where and are the mean and standard deviation of the damage indices, respectively. 
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It can be seen that the resolution of the damage index is significantly affected by the density of 

measured points as well as the damage size. The spatial resolution of the measurement is limited 

by the number of sensors on the plate. Overall, strain energy-based methods provide a non-

destructive, cost-effective, flexible, and real-time way for detecting local and global damage with 

challenges that lie in the accuracy of mode shape measurement and spatial resolution. 
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Chapter 6. Wavelet Transform (WT) 

Wavelet transform (WT) is a mathematical function which is often used to divide the input signal 

into different scale for later analysis. Based on different applications wavelet transform can 

select the proper frequency band to match the signal spectrum for better time-frequency 

resolution. In VBDD, WT was applied on spatial data and showed good ability for denoising and 

feature extraction based on its multi-scale analysis capability.  

 

VBDD of beam-type structure using one-dimensional continuous wavelet transform (1D-CWT) 

has been widely used in studies in the past. However, damage imaging on plate structures with 

the two-dimensional wavelet transform (2D-CWT) is a relatively new field of research. 

Currently, the use of wavelets on the obtained vibration response from plate structure for damage 

detection can be categorized into two classes. One is using 1D-CWT on mode shape lines of 

plates obtained by degrading the 2D mode shapes in the length of x and y directions separately 

for damage detection. The other one is using the 2D mode shape as a whole spatial signal and 

analyzing it with a 2D wavelet in a three-dimensional scale-space domain (i.e., x, y and scale 

parameter).  

 

Later in this chapter, the fundamentals of one-dimensional and two-dimensional wavelet 

transforms and their applications in damage detection will be reviewed.  

 

6.1 One-dimensional continuous wavelet transforms (1D-CWT) 

Wavelets (time-frequency analysis) describe simultaneously when a signal component occurs 

and how its frequency spectrum and evolve over time. Wavelets are defined by small oscillations 
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functions that are highly localized in time. Comparing to the Fourier transform which can 

decompose the signal into infinite length sines and cosines at each frequency, it will lose all the 

local information which is not suitable for using in VBDD. On the other hand, the continuous 

wavelet transform (CWT) is defined by scaled and shifted version of the mother wavelet 

function, can be used to decompose signal into different frequency with varying scale while 

keeping its local information and it has shown good capability for detection of signal 

irregularities for non-stationary signal. 

 

In Fourier decomposition, we decompose signal into complex sine and cosine basis function and 

in wavelet transform, the signal is decomposed with the mother function. In WT, the mother 

function is source function which can be scaled or shifted which is continuous both in time and 

frequency domain. The mother wavelet function can be either real function or complex function 

based on the applications. 

 

The one-dimensional wavelet function is defined as: 

   (71) 

and the wavelet coefficient   is defined by: 

  (72) 

where  is the conjugate of the wavelet function representing the function dilated and 

translated wavelet, s is the scale (dilation parameters), b is the translation parameter and  is 

the incoming signal. The wavelet coefficient in Eq. (2) is calculated for each wavelet segment, 
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representing the correlation between the wavelet and the localized section of the signal. The 

CWT is a convolution of the data sequence with a scaled and translated version of the mother 

wavelet, the  function.  

 

In order to be classified as a wavelet, a function  in time (or space) must satisfy the 

following mathematical criteria: 

(1) A wavelet must have finite energy: 

   (73) 

where ‘ ’ is the modulus operator.  

Assume  is the Fourier transform of in the frequency domain and: 

   (74) 

This implies that the wavelet function contains no zero-frequency term 𝜓)(0) = 0. Eq. (74) is 

also known as the admissibility condition and is the admissibility constant and value of this 

constant can change based on the wavelet function selection. 

 

Another important factor in wavelet transform is the number of vanishing moments. A wavelet is 

said to have n vanishing moment if it can be used to represent polynomials up to degree of n-1. 

The term vanishing means that the wavelet coefficient will be zero for any polynomial with 

degree at most n-1. A wavelet with more vanishing moments can be used to detection 

irregularities in more complex function: 
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   (75) 

Eq. (72) can be rewritten as: 

   (76) 

The wavelet with n vanishing moment can also be expressed as the  order derivation of a 

smoothing function  defined by: 

   (77) 

denotes the convolution of function which is an average of over a domain 

proportional to scale s. In experimental analysis, the signal  often contains unavoidable 

noise and the convolution property of wavelet transform allows the process of derivation to be 

performed on the wavelet function itself instead of the incoming signal for better noise tolerance 

and feature extraction.  

 
6.2 Popular Choice of Mother Wavelet 

The success of using wavelet transform depend greatly on the proper selection of mother wavelet 

functions. Past research shows that choosing the appropriate wavelet in SHM demonstrates the 

fact that there is no single wavelet function that can successfully be applied to all the SHM 

applications or damage detection scenarios.  The choice of wavelet function is usually carried out 

by performing more success damage detection while minimizing noise. At first, the selection of 
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wavelet functions is purely based on the empirical observation of the resulting wavelet 

coefficient in damage detection. For example, Quek et al.  [84] use Haar wavelet for damage 

detection and localization in beam structure, Ovanesova et al. [85] use biorthogonal wavelet and 

Wang et al. [86] for the first time use the complex-valued Gabor wavelet for crack analysis in 

beams. Later Hong et al. [87] proposed the idea of linking the number of vanishing moments to 

the effectiveness of wavelet transform. At this time, the concept of wavelet transform mode 

shape curvature starts to appear since a vanishing moment of two is used by applying a wavelet 

like the Mexican Hat (Gaussian with vanishing moment of 2) and Symlets gives the curvature of 

the original mode shapes for better noise tolerance and feature extraction. Later, in addition to 

the vanishing moment, the length of effective support of the selected wavelet was proposed. 

Rucka et al. [88] compared the mode shapes to the 4th order of polynomial and concluded that 

the Gaussian wavelet is the best choice for 1-dimension damage detection problem and the 

biorthogonal wavelet of order 5.5 is the best choice for 2-dimensional problems. Then Fan et al. 

[47] also show that Gaussian wavelet along with its derivatives can be good indicators for 

damage index in plate structures with properly-chosen scaling factors. 

 

Depending on the application of use, we are able to create own wavelet function under the 

condition that it satisfied the admissibility function in Eq. (74). Studies in the past have proved 

some common wavelets to be effective in damage detections such as signal irregularities 

localization in physical and Fourier spaces. 
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Haar Wavelet 

The Haar wavelet is obtained with a multiresolution of piecewise constant functions. The Harr 

function is not a continuous function which means that it is not differentiable at certain locations, 

however, by using Harr function as mother wavelet in wavelet transform this feature can be good 

indication for signal with sudden changes.  

 

The scaling function is defined by: 

  (78) 

The Haar mother wavelet function can be defined as: 

  (79) 

 

 

Figure 27. Haar Wavelet 
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Morlet Wavelet (Gabor Wavelet) 

The value of negative frequencies is zero when applying Fourier transform on the complex 

wavelet function.  By using such wavelet transform, we can separate the phase and amplitude 

components of the signal. The most commonly used complex wavelet is the Morlet wavelet 

defined by: 

  (80) 

Morlet is a complex sinusoid function inside the Gaussian envelope  with a 

normalization factor of for unit energy. One uniqueness of the Morlet function is that the 

equation defined in Eq. (80) has a mean of non-zero value, i.e., it does not obey the admissibility 

condition.  However, it can be used when the central frequency  which gives a minial 

error. 

The Fourier transform of the Morlet wavelet is given by: 

  (81) 

which has the form of a Gaussian function displaced along the frequency axis by . 
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Figure 28. Morlet Wavelet 

 
Gaussian Wavelet 
 
The classical Gaussian function is the most commonly used function for defining the mother 

wavelet. The one-dimensional Gaussian function is defined as: 

   (82) 

Its order of derivatives on the direction of t is used to construct an m-order Gaussian mother 

wavelet as: 

   (83) 

where is a normalization constant such that the energy in Eq. (83) is unit. Therefore, from 

, a family of one-dimensional Gaussian wavelets can be derived as: 

   (84) 

The advantages of using Gaussian wavelet including symmetry, smoothness and its ability for 

signal irregularity localization. 
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Figure 29. Gaussian Wavelet with order of 8 

 

Mexican Hat Wavelet 

The Mexican Hat wavelet is the second derivative of the Gaussian function with 2 vanishing 

moments. The main feature this wavelet is to make the asymptotic analysis of a singularity more 

effective near small values of 

The scale parameter. The Mexican Hat wavelet is defined by: 

  (85) 

where  is the Gaussian function. 

 

The corresponding Fourier transform is defined by: 

  (86) 
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Figure 30. Mexican Hat Wavelet 

 
The wavelet transform can be employed to analyze signals not only in the time domain but also 

in the spatial domain for the detection of spatial signal irregularities (space-wavenumber 

analysis) such as the mode shape data. When dealing with the spatial data, the variable in the 

time domain ( ) will be replaced with the variable in the space domain ( ), and the 

corresponding Fourier transform will change from the frequency domain ( ) to the wavenumber 

domain ( ). 

 

6.3 Two-Dimensional Continuous Wavelet Transform (2D-CWT) 

The 2-D CWT is a natural extension of the 1-D CWT often used for image processing and being 

applied on two-dimensional spatial data with the translation parameter being a vector comparing 

to the 1-D CWT representing translation in x and y directions. With 2-D CWT, one can obtain 

the spectral information about the input 2-D signal for arbitrary scale , orientation and 

locations. 
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Analogous to the 1-D CWT, a 2-D wavelet function is defined as: 

  (87) 

where is the 2-D wavelet function, is the scale parameter;  is the 2-

dimensional translation parameter;  is the standard rotation matrix of rotating angle , is 

the 2-D position vector, i.e., . 

   (88) 

with  is a two-dimensional signal function;  is the standard rotation 

matrix with angle  defined by: 

   (89) 

with  . 
 
 
Similarly, the complex-valued function  in 2D also satisfying the following admissibility 

condition: 

   (90) 

 
As to the 1D CWT, the wavelet transform in 2D requires the number of vanishing moments to 

determine the capacity of wavelet transform to detect singularities. A wavelet function is said to 

have N vanishing moments defined as: 

   (91) 
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Then we can say that the wavelet transform  is blind to signals with polynomials of 

degree up to N. 

 

The wavelet is well localized in both spatial domain and frequency domain with transformed 

wavelet , which has an effective support translated by , dilated by , and rotated by 

. Since the wavelet is a function with zero mean in convolution operation, the wavelet 

transform will only be appreciable in regions of parameter space ( ) when the input spatial 

signal  matches the feature of the wavelet function. The 2D-CWT can be viewed as a 

spectral analysis whose basis functions are enveloped in a window with its size determined by 

scale parameters.   

 

 

 

 

 

 

 

 

 

 

 

Chapter 7. Experimental Setup 
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7.1 Materials 

In order to demonstrate the feasibility of damage imaging through vibration response from the 

out-of-plane vibrations from a plate structure using stereo high-speed cameras, a 304.8 mm × 

305.8 mm × 3.175 mm aluminum 6061 plate with a density of 2700kg/m3 and a Young’s 

modulus of 68.9 GPa was selected.  

 

Table 3. Aluminum 6061 plate material property 

 

 

 

Figure 31. Front view of targe aluminum plate 
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7.2 Stereo High-speed Cameras 

With two cameras, it is possible to capture the out-of-plane vibration on the surface of the plate. 

Two Photon FASTCAM Mini AX-200 high-speed cameras were used to capture video images. 

To use the maximum field of view, a frame rate of 6400 fps, resolution of 1024 pixels × 1024 

pixels and a shutter time of 1/9000s were selected. The cameras and two Zaila Daylight light-

emitting diodes (LEDs) were mounted on the aluminum mechanical stage. The cameras were 

placed 45 mm from the surface of the plate equipped with Nikon 24-85 mm f/3.5G VR lenses. 

The LEDs were equipped with a low-light-loss diffusion filter for flat illumination for avoiding 

highlight areas on the surface. 

 

 

Figure 32. High-speed cameras mounted on mechanical stage 
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Table 4. Photron high-speed camera specs 

 

 

 

Figure 33. Photron high-speed camera frame per second vs. resolution 
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Table 5. Nikon AF-S lens specs 

 

 
7.3 Vibration excitation and Video Capturing 

In order to capture the vibration signal, the high-speed cameras were connected to a personal 

computer via Ethernet, and Photron FASTCAM Viewer was used to record the video images. On 

the back of the plate, a function generator (Tektronix AFG3022C) sent out a sweep of 

frequencies from 1 Hz to 1 kHz with a sweep time of 10 ms for one second. To ensure that the 

vibration magnitude was large enough for DIC, the function generator sent the signal to the 

voltage amplifier which amplifies the signal to 20 volts to excite the magnetic shaker. In 

addition, to ensure that both cameras were synchronized, both cameras were also connected to 

the function generator to ensure that both cameras captured the vibrations at the correct time. For 

a total analyzing time of 1 second in DIC, 6400 frames are needed. However, for the vibration to 

reach the steady state, a total of 9,600 images were captured but only the later 6,400 frames were 

saved.  
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Figure 34. Shaker with rubber tip for excitation 

 
 

 

Figure 35. Two LED lighting on stage 

 

7.4 DIC Analysis  

After the images were captured, they were imported to the DIC software. The DIC software used 

in this work for the extraction of out-of-plane displacement was VIC-3D by Correlated 

Solutions. Under the same camera positions and exposure setups, forty-five calibrations images 
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were recorded to enable calibration for the extraction of intrinsic and extrinsic parameters needed 

for 3D DIC shown in Figure 33 with calibration board from Correlated Solutions (14 mm 

spacing).  

 

   

Figure 36. Calibration board with 14 mm spacing and subset/step size configuration 

 
For maximum efficiency with the current resolution, frame per second and field of view, a subset 

size of 21 and a step size of 10 were selected based on the estimation function stated in [42].  

One thing to note is that, though a higher number of subset sizes will typically give a more 

unique subset that leads to a more accurate measurement, a larger subset will sacrifice more 

boundary points and eventually shrink the measuring surface area. A much smaller step size is 

also not recommended. Even though a smaller step size gives more measuring points, points 

inside one single subset are independent of each other, which makes more measuring points 

meaningless to present vibration response signal. A schematic of the experimental setup is shown 

in Figure 40. The displacement data from each point will then be exported to the MATLAB 

software program and processed on a personal computer for mode shape extraction.  
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Figure 37. Experimental setup for high-speed cameras capturing vibration response 
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Chapter 8. Results and Discussions 

8.1 Aluminum plate with 3inch × 2inch × 0.059inch damage 

8.1.1 Finite Element Analysis  

In this experiment, an aluminum 6061 cantilever plate with a uniform cross-section was used. 

The dimensions of the plate are 304.8×304.8×3.175 mm. Rectangular artificially induced 

damage was milled into the back of the plate with the dimension of 76.2×50.8×1.5 mm with an 

angle of 30 degrees to the horizontal axis shown in Figure 36. 

 

 

Figure 38. Damage Configuration #1 

 
The material of the plate is aluminum 6061. Finite element analysis was performed using 

COMSOL 5.4. The parameters of the FEA are shown in Table 4.  
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Table 6. FEA numerical simulation parameters 

 

 

 
With the eigenfrequency analysis built into COMSOL. the first 12 resonance frequencies of the 

plate can be obtained, shown in Table 5. 

 

Table 7. First twelve resonance frequency of targe plate 

 

 

Then the corresponding mode shapes can be obtained, shown in Figure 37 using transverse 

displacement normalization. 

 



   

83 
 

 

Figure 39. FEA numerical result for mode shapes (1-12th mode) with SNR=20 

 
By using the central difference approximation on the obtained mode shape in both the x and y 

directions, the mode shape curvature (MSC) for each resonance frequency can be obtained, 

shown in Figure 38:  
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Figure 40. FEA MSC with no noise 

 
From Figure 38, the results show that mode shape without noise can be applied by using the 

central difference approximation method discussed in Eq. (63) to obtain the corresponding mode 

shape curvatures, where the mode shape curvatures show discontinuities at the damage location. 

One thing to note is that damage is not visible when passing the nodal line of mode shapes.  

 

Therefore, multiple mode shapes are needed for reconstructions of the whole damage image.  
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Figure 41. FEA MSC with noise SNR=20 

 
By comparing Figure 38 and Figure 39 we can find out that by adding some noise to better 

simulate the experimental data, direct use of MSC cannot give a clear image anymore since 

simply taking the second derivate on the noisy mode shape data will not only amplify the 

discontinuities in mode shapes (i.e., damages) but also significantly amply the noise which is 

inevitable in experimentation. 

 

However, applying the wavelet transform on the noisy mode shape data is shown to be superior 

in noise immunity and robustness with damage imaging. Figure 40 shows the use of the 2D 

continuous wavelet transform with the Mexican Hat wavelet with a scaling factor of 3. Results 

show that noisy mode shape data with 2D-CWT can be used as a viable and effective technique 
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for damage identification of plate structures. However, just like the results show in Figure 39 

where no noise is added, the use of WT MSC can only detect certain portions of the damage 

which does not lie in the area of nodal lines.   

 

 

Figure 42. FEA numerical WT MSC (SNR=20) 

 
 
8.1.2 Experimental DIC result 

For this experiment, an aluminum plate with a tilted rectangular damage area was excited by a 

mechanical shaker and the operating deflection shape (ODS) was taken to examine the higher-

order vibration modal response for a frequency band ranging from 1 Hz to 1 kHz. Both in-plane 

and out-of-plane displacements were acquired for further analysis. With this enriched 
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information, displacement can be interpreted in the complex domain to discuss the domination 

over each mode and rotational response behavior. Details of the experimental parameters are 

shown in Table 6. 

 

Table 8. Experimental Parameters 

 

 

Applying the 3D-DIC algorithm mentioned in Chapter 4, the displacement of target points on the 

plate can be calculated. After extracting the displacement of all points over time, the fast Fourier 

transform (FFT) can be applied to each point data in the time domain, then an averaged FFT 

results for each data point can be obtained. Figure 41 shows the normalized averaged FFT 

frequency spectrum of the experiment. In the figure, the peak in the frequency domain represents 

the first 12 resonance frequencies of the aluminum plate.  
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Figure 43. Frequency spectrum for aluminum plate with induced damage 

 

The resonance frequency of the FEA numerical results and the DIC experimental results 

comparison are shown in Table 7. We can notice that the difference error is about 7%, which can 

be explained by the additional mass of the shaker and the aluminum stinger attached to the plate, 

which could cause the shift of the frequency.  
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Table 9. Resonance frequency comparison between FEA and DIC experimental results 

 

 

From Figure 46, it is noticed that with the damping effect, the testing plate structure has well-

separated modes. Thus, by using the peak-picking method on the frequency spectrum, it is 

possible to estimate the corresponding mode shape for each resonance frequency.  Figure 47 

shows the mode shapes obtained from DIC measurement. By comparing Figure 42 and Figure 

47, it is apparent that mode shapes were accurately visualized by using image data taken by the 

high-speed cameras. In 3D-DIC measurements, mode shapes cannot be a perfect rectangular 

shape since in a stereo capturing system, each camera will be facing the target surface from a 

certain angle. Therefore, the plate seen from each camera will be an angled view of the plate.  
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Figure 44. DIC experimental mode shapes (1-12th mode) 

 
 
The extracted mode shapes contain noise due to the environment. Thus, a filter is needed for 

denoising purposes before the wavelet transform. The moving mean filter was chosen in this 

paper with a window size of 3×3 making a total of nine pixels. Then the filtered mode shapes are 

convoluted with the Mexican Hat wavelet for detection of mode shape irregularities representing 

the damage shown in Figure 43.  

 

It is also noted that damage started to be visible after the 5th mode, which is consistent with the 

wavelength of vibrations. After the 5th mode, natural frequencies are over 500 Hz, which 

corresponds to a wavelength less than 200 mm. As the wavelength starts to get closer to the 

magnitude of the damage, irregularity in the mode shape spatial data starts to appear. Even 
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though damage imaging from every single mode cannot reflect the precise shape of the image 

due to wavelet transform being insensitive to where the mode shape has nodal lines, by 

combining the wavelet transform curvature from several modes, damage can be successfully 

visualized by its shape. In VBDD, damage imaging is reflected by the deflection of data points. 

 

By reaching the limit of the current cameras’ resolution while maintaining the max field of view, 

the max spatial resolution of the current setup is 2.3 mm (calculated by a subset size of 21 and 

step size of 10). This spacing is not enough for visualizing the entire rectangular damage shape. 

However, this can be easily fixed by using cameras with higher resolution. 

 

 

 

Figure 45. DIC experimental WT MSC 
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Simply averaging the WT curvature mode curvatures from all modes in the experiment results in 

a noisy damage image due to the fact that lower modes have longer wavelengths, which are not 

sensitive enough for detection of damage. Thus, the signal irregularities detected by wavelet 

transform can be noise instead of the damage itself. To prevent this, a weighting adjustment 

algorithm is carried out for assigning heavier weight to modes with clear damage imaging by 

multiplying the difference of the maximum and the average of the wavelet coefficient to each 

point of wavelet coefficient. The resulting value is known as the new weight for that 

corresponding mode: 

  (92) 

where i is the mode number, WTiweighted is the i-th mode weighted wavelet coefficient, and 

WTimax and WTiavg are the maximum/average of the wavelet coefficient in the i-th mode 

respectively. The resulting weighted WT curvatures are shown in Figure 49. Compared with the 

non-weighted averaging WT curvatures, the new weighted curvatures show a much cleaner 

image with less noise.    

 

a)      b)  

Figure 46. Non-weighted vs. Weighted average WT MSC 

 

, max*( )i i i i
weighted x y avgWT WT WT WT= -
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For experimental validation, the current plate is rotated 90 degrees counterclockwise, and the 

same procedure is repeated. As expected, damage imaging appeared at the new location shown in 

Figure 50. 

 
Figure 47. 90 Degree rotated plate vs. Damage Imaging 

 
 
8.1 Aluminum plate with 2inch × 1.5inch × 0.09inch damage 

To push the current vision-based system to the limit. Another damage configuration is used for 

damage that was milled into the back of the plate with the dimension of 50.8×50.8×2.3 mm with 

an angle of 60 degrees to the horizontal axis shown in Figure 37. Compared to the previous 

damage, the damage area is reduced by 50% and depth has increased by 0.8 mm.  
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Figure 48. Damage Configuration #2 

 

with the same setups on the new damage configuration, the first 12 mode shapes were obtained, 

shown in Figure 51. 

 

Figure 49. DIC Experimental Mode Shapes for Damage Configuration #2 
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Again, applying the Mexican Hat wavelet transform with a scaling factor of 3 gives 12 WT mode 

curvatures, shown in Figure 53. 

 
Figure 50. DIC Experimental WT mode curvature for Damage Configuration #2 

 

Applying Eq. 93 on all the 12 WT curvatures above, the weighted WT mode shape curvature is 

obtained. A comparison of the simulated FEA result with equal weight and the weighted DIC 

experimental result is shown in Figure 54. 
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a) b) 

Figure 51. Non-weighted vs. Weighted WT MSC for Damage Configuration #2 

 

 
For validation, the plate was rotated for 90 degrees and the same procedure is repeated, shown in 

Figure 55. 

 

 

Figure 52. 90 Degree rotated plate vs. Damage Imaging for Damage Configuration #2 

 
 



   

97 
 

Chapter 9. Summary and Conclusion 

In this dissertation, a feasibility study was conducted for the development of a vision based 

VBDD system integrated with optical devices. This study is a significant first step towards using 

stereo high-speed cameras to capture the vibrations on the surface of the structure under a sweep 

of frequencies. While VBDD is capable of damage detection in the low frequency range, DIC 

with cameras allows high spatial resolution by measuring all points simultaneously within the 

field of view. Thus, the integration of VBDD and DIC has a promising potential to provide an 

effective way for non-contact, large-area monitoring in order to identify damage in structures.  

A proof of concept is presented by the system comprised of two high-speed cameras, DIC and a 

signal processing method (wavelet transform) for damage visualization. In a period of 2 seconds, 

the high-speed cameras capture the ODS of the target plate in the time domain, which is later 

converted into the frequency domain for the extraction of mode shapes (i.e., ODS at resonance 

frequency). By applying the wavelet transform with the Mexican Hat function on the obtained 12 

mode shapes, WT MSC after the 6th mode successfully detect part of the damage and a weighting 

algorithm was able to combine all the damage information from each mode to form a whole 

damage imaging. 

 

Moreover, some of the main limitations in this work, such as the spatial resolution not able to 

reach pixel level or frame rate are only restricted by the current optical device capabilities which 

we can see some rapidly development in the next few years. Therefore, this work is believed to 

be a significant first step toward that goal of using an integrated high-speed camera system to 

visualize hidden damage in structures using VBDD. 
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Chapter 10. Future Work 

The current research focuses on damage imaging on a simple plate structure with isotropic 

materials. However, the current setup with its non-contact and baseline-free capability can also 

be applied to large composite structures with more complex geometry. In order to further 

improve and validate the abilities of the current vision-based damage imaging system, the 

following steps can be considered as the future research directions: 

1. Modification of current setups for fully non-contact measurement with ambient loading, 

such as the use of a speaker for the excitation of plate 

2. Pushing the current system to higher modes above the first 12th modes 

3. Application to more complex structures with composite materials 

4. Current studies only use the out-of-plane deflection from DIC measurement. By adding 

the in-plane motion may increase the accuracy and the resolution of the damage image, 

especially in the boundaries 

5. Replacing the current printed speckles with non-contact laser speckles 

6. Replacing the current real-valued wavelets (Mexican Hat) with complex wavelet 

transform for more wavelet coefficient information 

7. Applying directional wavelet for damaging imaging with higher resolution 

  
 

 



   

99 
 

REFERENCES 

[1] Y. Ni, X. Ye, and J. Ko, "Monitoring-based fatigue reliability assessment of steel bridges: 

analytical model and application," Journal of Structural Engineering, vol. 136, no. 12, 

pp. 1563-1573, 2010. 

[2] X. Ye, Y. Su, P. Xi, B. Chen, and J. Han, "Statistical analysis and probabilistic modeling 

of WIM monitoring data of an instrumented arch bridge," Smart structures and systems, 

vol. 17, no. 6, pp. 1087-1105, 2016. 

[3] X. Ye, Y. Su, and J. Han, "Structural health monitoring of civil infrastructure using 

optical fiber sensing technology: A comprehensive review," The Scientific World 

Journal, vol. 2014, 2014. 

[4] A. Circular, "US Department of Transportation," Preuzeto sa: https://www. faa. 

gov/documentLibrary/media/Advisory_Circular/AC_23-18. pdf [Pristupljeno: kolovoz 

2019.], 2000. 

[5]  K. A. Latorella and C. G. Drury, "A framework for human reliability in aircraft 

inspection," in Proceedings Seventh Federal Aviation Administration Meeting on Human 

Factors Issues in Aircraft Maintenance and Inspection: Science, technology, and 

management: A program review, 1992, pp. 71-82.  

[6] A. D. Swain and H. E. Guttmann, "Handbook of human-reliability analysis with 

emphasis on nuclear power plant applications. Final report," Sandia National Labs., 1983.  

[7] J. E. See, "Visual inspection reliability for precision manufactured parts," Human factors, 

vol. 57, no. 8, pp. 1427-1442, 2015. 

[8] J. E. See, "Visual inspection: a review of the literature," Sandia Report SAND2012-8590, 

Sandia National Laboratories, Albuquerque, New Mexico, 2012. 



   

100 
 

[9] C. R. Farrar and K. Worden, "An introduction to structural health monitoring," New 

Trends in Vibration Based Structural Health Monitoring, pp. 1-17, 2010. 

[10] S. W. Doebling, C. R. Farrar, M. B. Prime, and D. W. Shevitz, "Damage identification 

and health monitoring of structural and mechanical systems from changes in their 

vibration characteristics: a literature review," 1996. 

[11] H. S. Park, J. Y. Kim, J. G. Kim, S. W. Choi, and Y. Kim, "A new position measurement 

system using a motion-capture camera for wind tunnel tests," Sensors, vol. 13, no. 9, pp. 

12329-12344, 2013. 

[12] Y. Ji and C. Chang, "Nontarget image-based technique for small cable vibration 

measurement," Journal of Bridge Engineering, vol. 13, no. 1, pp. 34-42, 2008. 

[13] Q. Yu, A. Yin, Q. Zhang, and S. Ma, "Optical flow tracking method for vibration 

identification of out-of-plane vision," Journal of Vibroengineering, vol. 19, no. 4, pp. 

2363-2374, 2017. 

[14] T. Schmidt, J. Tyson, and K. Galanulis, "Pull-field dynamic displacement and strain 

measurement using advanced 3D image correlation photogrammetry: Part 1," 

Experimental Techniques, vol. 27, no. 3, pp. 47-50, 2003. 

[15] M. N. Helfrick, C. Niezrecki, P. Avitabile, and T. Schmidt, "3D digital image correlation 

methods for full-field vibration measurement," Mechanical systems and signal 

processing, vol. 25, no. 3, pp. 917-927, 2011. 

[16] M. Helfrick, C. Niezrecki, and P. Avitabile, Curvature methods of damage detection 

using digital image correlation (SPIE Smart Structures and Materials + Nondestructive 

Evaluation and Health Monitoring). SPIE, 2009. 



   

101 
 

[17] T. Siebert and M. J. Crompton, "Application of high speed digital image correlation for 

vibration mode shape analysis," in Application of Imaging Techniques to Mechanics of 

Materials and Structures, Volume 4: Springer, 2013, pp. 291-298. 

[18] A. Molina-Viedma, L. Felipe-Sesé, E. López-Alba, and F. Díaz, "High frequency mode 

shapes characterisation using Digital Image Correlation and phase-based motion 

magnification," Mechanical Systems and Signal Processing, vol. 102, pp. 245-261, 2018. 

[19] Y. Yang et al., "Blind identification of full-field vibration modes from video 

measurements with phase-based video motion magnification," Mechanical Systems and 

Signal Processing, vol. 85, pp. 567-590, 2017. 

[20]  A. Sarrafi and Z. Mao, "Wind turbine blade damage detection Via 3-dimensional phase-

based motion estimation," in 11th Int. Workshop Struct. Health Monit, 2017, vol. 10.  

[21] M. Eitner, M. Musta, L. Vanstone, J. Sirohi, and N. Clemens, "Modal Parameter 

Estimation of a Compliant Panel Using Phase-based Motion Magnification and 

Stereoscopic Digital Image Correlation," Experimental Techniques, pp. 1-10, 2020. 

[22] M. Rice et al., "Automating the visual inspection of aircraft," 2018. 

[23] movimed, "What is Laser Triangulation?." [Online]. Available: 

https://www.movimed.com/knowledgebase/what-is-laser-triangulation/. 

[24] P. Ind, "The non-intrusive modal testing of delicate and critical structures," Department 

of Mechanical Engineering, Imperial College London, 2004.  

[25] P. Hariharan, Basics of interferometry. Elsevier, 2010. 

[26] A. Zona, "Vision-Based Vibration Monitoring of Structures and Infrastructures: An 

Overview of Recent Applications," Infrastructures, vol. 6, no. 1, p. 4, 2021. 



   

102 
 

[27] D. Feng and M. Q. Feng, "Computer vision for SHM of civil infrastructure: From 

dynamic response measurement to damage detection–A review," Engineering Structures, 

vol. 156, pp. 105-117, 2018. 

[28] B. Pan and K. Li, "A fast digital image correlation method for deformation 

measurement," Optics and Lasers in Engineering, vol. 49, no. 7, pp. 841-847, 2011. 

[29] X. Song, L. D. Seneviratne, and K. Althoefer, "A Kalman filter-integrated optical flow 

method for velocity sensing of mobile robots," IEEE/ASME Transactions on 

Mechatronics, vol. 16, no. 3, pp. 551-563, 2010. 

[30]  J. L. Barron, D. J. Fleet, S. S. Beauchemin, and T. Burkitt, "Performance of optical flow 

techniques," in Proceedings 1992 IEEE Computer Society Conference on Computer 

Vision and Pattern Recognition, 1992: IEEE Computer Society, pp. 

236,237,238,239,240,241,242-236,237,238,239,240,241,242.  

[31] P. Anandan, J. Bergen, K. Hanna, and R. Hingorani, "Hierarchical model-based motion 

estimation," in Motion analysis and image sequence processing: Springer, 1993, pp. 1-

22. 

[32] S. Baker and I. Matthews, "Lucas-kanade 20 years on: A unifying framework," 

International journal of computer vision, vol. 56, no. 3, pp. 221-255, 2004. 

[33] W. Verkruysse, L. O. Svaasand, and J. S. Nelson, "Remote plethysmographic imaging 

using ambient light," Optics express, vol. 16, no. 26, pp. 21434-21445, 2008. 

[34] M.-Z. Poh, D. J. McDuff, and R. W. Picard, "Non-contact, automated cardiac pulse 

measurements using video imaging and blind source separation," Optics express, vol. 18, 

no. 10, pp. 10762-10774, 2010. 



   

103 
 

[35] C. K. Bjerkvig et al., "“Blood failure” time to view blood as an organ: how oxygen debt 

contributes to blood failure and its implications for remote damage control resuscitation," 

Transfusion, vol. 56, pp. S182-S189, 2016. 

[36] A. Bruhn, J. Weickert, and C. Schnörr, "Lucas/Kanade meets Horn/Schunck: Combining 

local and global optic flow methods," International journal of computer vision, vol. 61, 

no. 3, pp. 211-231, 2005. 

[37] H.-Y. Wu, M. Rubinstein, E. Shih, J. Guttag, F. Durand, and W. Freeman, "Eulerian 

video magnification for revealing subtle changes in the world," ACM transactions on 

graphics (TOG), vol. 31, no. 4, pp. 1-8, 2012. 

[38] N. Wadhwa, M. Rubinstein, F. Durand, and W. T. Freeman, "Phase-based video motion 

processing," ACM Transactions on Graphics (TOG), vol. 32, no. 4, pp. 1-10, 2013. 

[39]  N. Wadhwa, M. Rubinstein, F. Durand, and W. T. Freeman, "Riesz pyramids for fast 

phase-based video magnification," in 2014 IEEE International Conference on 

Computational Photography (ICCP), 2014: IEEE, pp. 1-10.  

[40] B. Pan, K. Qian, H. Xie, and A. Asundi, "Two-dimensional digital image correlation for 

in-plane displacement and strain measurement: a review," Measurement science and 

technology, vol. 20, no. 6, p. 062001, 2009. 

[41] M. A. Sutton, J. J. Orteu, and H. Schreier, Image correlation for shape, motion and 

deformation measurements: basic concepts, theory and applications. Springer Science & 

Business Media, 2009. 

[42] P. Reu, "Introduction to digital image correlation: best practices and applications," 

Experimental Techniques, vol. 36, no. 1, pp. 3-4, 2012. 



   

104 
 

[43] A. Rezaie, R. Achanta, M. Godio, and K. Beyer, "Comparison of crack segmentation 

using digital image correlation measurements and deep learning," Construction and 

Building Materials, vol. 261, p. 120474, 2020. 

[44] O. Faugeras and O. A. FAUGERAS, Three-dimensional computer vision: a geometric 

viewpoint. MIT press, 1993. 

[45] R. K. Lenz and R. Y. Tsai, "Techniques for calibration of the scale factor and image 

center for high accuracy 3-D machine vision metrology," IEEE Transactions on pattern 

analysis and machine intelligence, vol. 10, no. 5, pp. 713-720, 1988. 

[46] J. M. Brownjohn, "Structural health monitoring of civil infrastructure," Philosophical 

Transactions of the Royal Society A: Mathematical, Physical and Engineering Sciences, 

vol. 365, no. 1851, pp. 589-622, 2007. 

[47] W. Fan and P. Qiao, "Vibration-based damage identification methods: a review and 

comparative study," Structural health monitoring, vol. 10, no. 1, pp. 83-111, 2011. 

[48]  F.-G. Yuan, S. A. Zargar, Q. Chen, and S. Wang, "Machine learning for structural health 

monitoring: challenges and opportunities," in Sensors and Smart Structures Technologies 

for Civil, Mechanical, and Aerospace Systems 2020, 2020, vol. 11379: International 

Society for Optics and Photonics, p. 1137903.  

[49] S. A. Zargar and F.-G. Yuan, "Impact diagnosis in stiffened structural panels using a deep 

learning approach," Structural Health Monitoring, p. 1475921720925044, 2020. 

[50] S. A. ZARGAR and F.-G. YUAN, "A Deep Learning Approach for Impact Diagnosis," 

Structural Health Monitoring 2019, 2019. 

[51] S. WANG, S. A. ZARGAR, C. XU, and F.-G. YUAN, "An efficient augmented reality 

(AR) system for enhanced visual inspection," Structural Health Monitoring 2019, 2019. 



   

105 
 

[52] S. Wang, S. A. Zargar, and F.-G. Yuan, "Augmented reality for enhanced visual 

inspection through knowledge-based deep learning," Structural Health Monitoring, p. 

1475921720976986, 2020. 

[53] S. A. Zargar, "Imaging Damage in Plate Structures with Linear Phased Arrays using 

Frequency-wavenumber Analysis," 2017. 

[54] P. Gudmundson, "Eigenfrequency changes of structures due to cracks, notches or other 

geometrical changes," Journal of the Mechanics and Physics of Solids, vol. 30, no. 5, pp. 

339-353, 1982. 

[55] O. Salawu, "Detection of structural damage through changes in frequency: a review," 

Engineering structures, vol. 19, no. 9, pp. 718-723, 1997. 

[56] S. Zhong, S. O. Oyadiji, and K. Ding, "Response-only method for damage detection of 

beam-like structures using high accuracy frequencies with auxiliary mass spatial 

probing," Journal of Sound and Vibration, vol. 311, no. 3-5, pp. 1075-1099, 2008. 

[57] Z. Shi, S. Law, and L. Zhang, "Damage localization by directly using incomplete mode 

shapes," Journal of engineering mechanics, vol. 126, no. 6, pp. 656-660, 2000. 

[58] C. Hu and M. T. Afzal, "A statistical algorithm for comparing mode shapes of vibration 

testing before and after damage in timbers," Journal of Wood Science, vol. 52, no. 4, pp. 

348-352, 2006. 

[59] F. M. Hemez, "Uncertainty quantification and the verification and validation of 

computational models," ed: Wiley Online Library, 2005. 

[60] P. F. Pai and L. G. Young, "Damage detection of beams using operational deflection 

shapes," International journal of solids and structures, vol. 38, no. 18, pp. 3161-3192, 

2001. 



   

106 
 

[61] M. A. Wahab and G. De Roeck, "Damage detection in bridges using modal curvatures: 

application to a real damage scenario," Journal of Sound and vibration, vol. 226, no. 2, 

pp. 217-235, 1999. 

[62] C. P. Ratcliffe, "A frequency and curvature based experimental method for locating 

damage in structures," J. Vib. Acoust., vol. 122, no. 3, pp. 324-329, 2000. 

[63] W. Xu, M. Cao, W. Ostachowicz, M. Radzieński, and N. Xia, "Two-dimensional 

curvature mode shape method based on wavelets and Teager energy for damage detection 

in plates," Journal of Sound and Vibration, vol. 347, pp. 266-278, 2015. 

[64] M. Cao, W. Xu, W. Ostachowicz, and Z. Su, "Damage identification for beams in noisy 

conditions based on Teager energy operator-wavelet transform modal curvature," Journal 

of Sound and Vibration, vol. 333, no. 6, pp. 1543-1553, 2014. 

[65] C. P. Ratcliffe, "Damage detection using a modified Laplacian operator on mode shape 

data," Journal of Sound and Vibration, vol. 204, no. 3, pp. 505-517, 1997. 

[66] D. Wu and S. Law, "Damage localization in plate structures from uniform load surface 

curvature," Journal of Sound and Vibration, vol. 276, no. 1-2, pp. 227-244, 2004. 

[67] S. Rucevskis and M. Wesolowski, "Identification of damage in a beam structure by using 

mode shape curvature squares," Shock and Vibration, vol. 17, no. 4, 5, pp. 601-610, 

2010. 

[68] Z. Shi, S. Law, and L. Zhang, "Structural damage localization from modal strain energy 

change," Journal of sound and vibration, vol. 218, no. 5, pp. 825-844, 1998. 

[69] P. Cornwell, S. W. Doebling, and C. R. Farrar, "Application of the strain energy damage 

detection method to plate-like structures," Journal of sound and vibration, vol. 224, no. 2, 

pp. 359-374, 1999. 



   

107 
 

[70] H. Gao, X. Guo, and Y. Zhao, "Experimental study of multi-damage detection in a plate 

based on non-modal method," Experimental Techniques, vol. 38, no. 6, pp. 6-15, 2014. 

[71] J.-M. Yang, Z.-W. Yang, and C.-M. Tseng, "Damage detection in stiffened plates by 

wavelet transform," International Journal of Naval Architecture and Ocean Engineering, 

vol. 3, no. 2, pp. 126-135, 2011. 

[72] D. M. Siringoringo and Y. Fujino, "Experimental study of laser Doppler vibrometer and 

ambient vibration for vibration-based damage detection," Engineering Structures, vol. 28, 

no. 13, pp. 1803-1815, 2006. 

[73] H.-Y. Chang and F.-G. Yuan, "Visualization of hidden damage from scattered wavefield 

reconstructed using an integrated high-speed camera system," Structural Health 

Monitoring, p. 1475921720940805, 2020. 

[74] R. Adams, P. Cawley, C. Pye, and B. Stone, "A vibration technique for non-destructively 

assessing the integrity of structures," Journal of mechanical engineering science, vol. 20, 

no. 2, pp. 93-100, 1978. 

[75] A. Messina, E. Williams, and T. Contursi, "Structural damage detection by a sensitivity 

and statistical-based method," Journal of sound and vibration, vol. 216, no. 5, pp. 791-

808, 1998. 

[76] R. J. Allemang, "The modal assurance criterion–twenty years of use and abuse," Sound 

and vibration, vol. 37, no. 8, pp. 14-23, 2003. 

[77]  D. L. Hunt, "Application of an enhanced coordinate modal assurance criterion," in imac, 

1992, vol. 1, pp. 66-71.  

[78] M. Pastor, M. Binda, and T. Harčarik, "Modal assurance criterion," Procedia 

Engineering, vol. 48, pp. 543-548, 2012. 



   

108 
 

[79] A. Khan, A. B. Stanbridge, and D. J. Ewins, "Detecting damage in vibrating structures 

with a scanning LDV," Optics and Lasers in Engineering, vol. 32, no. 6, pp. 583-592, 

1999. 

[80] O. Huth, G. Feltrin, J. Maeck, N. Kilic, and M. Motavalli, "Damage identification using 

modal data: Experiences on a prestressed concrete bridge," Journal of Structural 

Engineering, vol. 131, no. 12, pp. 1898-1910, 2005. 

[81] A. Pandey, M. Biswas, and M. Samman, "Damage detection from changes in curvature 

mode shapes," Journal of sound and vibration, vol. 145, no. 2, pp. 321-332, 1991. 

[82] H.-P. Chen and Y.-Q. Ni, Structural health monitoring of large civil engineering 

structures. Wiley Online Library, 2018. 

[83] H. Hu and C. Wu, "Nondestructive damage detection of two dimensional plate structures 

using modal strain energy method," Journal of Mechanics, vol. 24, no. 4, p. 319, 2008. 

[84] S.-T. Quek, Q. Wang, L. Zhang, and K.-K. Ang, "Sensitivity analysis of crack detection 

in beams by wavelet technique," International journal of mechanical sciences, vol. 43, 

no. 12, pp. 2899-2910, 2001. 

[85] A. Ovanesova and L. E. Suarez, "Applications of wavelet transforms to damage detection 

in frame structures," Engineering structures, vol. 26, no. 1, pp. 39-49, 2004. 

[86] Q. Wang and X. Deng, "Damage detection with spatial wavelets," International journal 

of solids and structures, vol. 36, no. 23, pp. 3443-3468, 1999. 

[87] J.-C. Hong, Y. Kim, H. Lee, and Y. Lee, "Damage detection using the Lipschitz exponent 

estimated by the wavelet transform: applications to vibration modes of a beam," 

International journal of solids and structures, vol. 39, no. 7, pp. 1803-1816, 2002. 



   

109 
 

[88] M. Rucka and K. Wilde, "Application of continuous wavelet transform in vibration based 

damage detection method for beams and plates," Journal of Sound and Vibration, vol. 

297, no. 3-5, pp. 536-550, 2006. 

 

 


