ABSTRACT

MISRA, PRATIK. Combinatorial Problems in Trees and Graphical Models. (Under the
direction of Seth Sullivant.)

Algebraic statistics is a relatively new area of research which explores the connection
between algebraic geometry and statistics. This thesis deals with problems based on the
expected distance between phylogenetic trees and characterization of undirected and di-
rected Gaussian graphical models having toric vanishing ideals. Although these problems
seem disjoint at the surface, they can be considered as combinatorial problems at their
core.

In phylogenetics, different tree reconstruction methods, and different datasets on the
same set of species, can lead to the reconstruction of different trees. In such cases, it is
important to measure the distance between different trees constructed. In Chapter 2, we
focus on the maximum agreement subtree as a measure of discrepancy between trees.
We study the distribution of the maximum agreement subtree of trees that are uniformly
sampled from all trees with the same shape and prove that the expected size is of the
order of \/n in this case. We also show results of simulations that suggest that our ideas
based on “blobs” could be used to improve lower bounds on the expected value of the
maximum agreement subtree for other distributions of random trees.

Gaussian graphical models are used throughout the natural sciences and computa-
tional biology as they explicitly capture the statistical relationships between the variables
of interest in the form of a graph. Sturmfels and Uhler conjectured that the vanishing
ideal of an undirected Gaussian graphical model is generated in degree at most 2 if and
only if each connected component of the graph G is a 1-clique sum of complete graphs.
We prove this conjecture in Chapter 3. We exploit the connection between the generating
sets of toric ideals and connectivity properties of the fiber graphs to prove the conjecture.
We also formulate a way to write the vanishing ideal of GG in terms of smaller graphs G,
and Gy when G is a 1-clique sum of GGy and G5 where G; and G, are not necessarily
complete.

In Chapter 4, we try to get a similar characterization as in Chapter 3 for Gaussian
graphical models represented by directed acyclic graphs. The problem of characterizing
DAGs having toric vanishing ideal is more complicated than its undirected counterpart as

it is not only dependent on the structure of the graph but also depends on the direction



of its edges. We develop three techniques to construct DAGs having toric vanishing
ideal from smaller DAGs which have toric vanishing ideal. We call these techniques safe
gluing, gluing at sinks and adding a new sink. We conjecture that if two DAGs have
toric vanishing ideals, then any of the three operations would yield us a new DAG whose
vanishing ideal is also toric. We further conjecture that every DAG whose vanishing ideal
is toric can be obtained as a combination of these three operations on complete DAGs.
We analyze an example and prove some other results which provide evidence to these

conjectures.
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Chapter 1
Introduction

Algebraic statistics is a relatively new area of research which explores the connection
between algebraic geometry and statistics. The study of algebraic statistics began in
1990s with the work of Diaconis and Sturmfels [7] when they established a connection
between random walks and generating sets of toric ideals. Since then, this area of research
has developed rapidly [11; 35].

This thesis deals with problems based on the expected distance between phylogenetic
trees and characterization of undirected and directed Gaussian graphical models having
toric vanishing ideals. Although these problems seem disjoint at the surface, they can be
considered as combinatorial problems at their core. Before going into the details of the
chapters, we first provide the elementary background on a number of concepts that are

used throughout this thesis.

1.1 Basic definitions and results in graph theory

In this section, we look at the basic definitions and results in graph theory which will
be used extensively in the upcoming chapters. Graphs arise throughout this thesis in
both phylogenetics and Gaussian graphical models. In phylogenetics, we use trees to
represent the evolutionary processes of a set of species. In Gaussian graphical models, we

use undirected and directed acyclic graphs to study the models and characterize them.

Definition 1.1.1. A graph G = (V, E) is pair where V is the set of vertices or nodes

and FE is the set of edges. Each edge e € E is a set e = {v1,v2} of two vertices vy, vy € V



with v; # vy (unless specified otherwise). When e = {v1,v2} € E, we say that v; and vy

are adjacent to each other.

In a graph G, a path of length n from vertex vy to vertex v, is a sequence of distinct
vertices vy, v1, Vg, ..., U, such that each v; is adjacent to v;,1. A graph is said to be con-
nected if there is a path between any two distinct vertices. Similarly, a graph is said to

be complete if there is an edge between any two vertices of G.
Definition 1.1.2. Let G = (V, E) be a graph.

i) A set C C V is called a clique of G if the subgraph induced by C' is a complete
graph.

ii) Let A, B, and C be disjoint subsets of the vertex set of G with AUBUC = V.
Then C' separates A and B if for any a € A and b € B, any path from a to b passes
through a vertex in C.

iii) The graph G is said to be a c-clique sum of smaller graphs G; and Gy if there exists
a partition (A, B, C) of its vertex set such that

a) C'is a clique with |C] = ¢,
b) C separates A and B,
¢) Gy and G5 are the subgraphs induced by AU C and B U C' respectively.

In the case that G is a c-clique sum, we call the corresponding partition (A, B, C')

a c-clique partition of G.

Definition 1.1.3. A graph G is called a block graph (also known as I-clique sum of
complete graphs) if there exists a partition (A, B, C') of its vertex set such that

i) |C] =1,
ii) C separates A and B,
iii) the subgraphs induced by AU C and B U C are either complete graphs or block
graphs.

We illustrate the definitions above with an example.

Example 1.1.4. Let G = ([6], E) be the block graph as shown in Figure 1.1. Clearly,
the graph is connected as there exists a path between any two vertices of G. It is also a
block graph as there exists a partition (A, B,C) = ({1,2}, {4, 5,6}, {3}) which satisfies

the following conditions :



Figure 1.1: Example of a block graph G

i Cl=1,
ii) The vertex 3 separates {1,2} and {4,5,6} as every path from {1,2} to {4,5,6}
passes through 3,

iii) The subgraph induced by {1, 2,3} is a complete graph of 3 vertices and the subgraph
induced by {3,4, 5,6} is also a block graph with C' = {4}.

The graph G also has three more 1-clique partitions apart from the one already shown

above:

Partition 2: A= {1,2,3}, B = {5,6},C = {4}
Partition 3: A ={1,2,3,5}, B={6},C = {4},
Partition 4 : A ={1,2,3,6}, B = {5},C = {4}.

We study block graphs and the Gaussian graphical models represented by them in
Chapter 3. One of the important properties of block graphs which we use extensively

throughout Chapter 3 is as follows :

Proposition 1.1.5. If G is a block graph, then for any two vertices i and j there exists
a unique shortest path in G connecting them. Further, if (A, B,C) is a 1-clique partition
of G withc € C and ifi € A and j € B, then the unique shortest path from i to j can be

decomposed into the unique shortest paths from i to ¢ and c to j.

Proof. We prove this by applying induction on the number of vertices in G. If 7 and j
are connected by a single edge, then that is the unique shortest path. If they are not
connected by a single edge, then there exists a 1-clique partition (A, B, C) with C' = {c}
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Figure 1.2: A Directed acyclic graph G

which separates them. But as A U C' and B U C' are also block graphs and have fewer
vertices than G, by induction there exist unique shortest paths from 7 to ¢ and from ¢
to 7. But as any path from ¢ to j must pass through ¢, the concatenation of the unique
shortest paths from ¢ to ¢ and ¢ to j would be the unique shortest path from i to j.
The second part follows from a property of unique shortest paths that if ¢ is a point
on the path, then the subpaths from i to ¢ and ¢ to j are the unique shortest paths from

1 to c and ¢ to j respectively. O]

We end this section by giving a brief description of directed graphs. So far we have
only talked about graphs where there is no sense of direction. Directed graphs are the
graphs where each edge has a specified direction. Each edge {i,j} is denoted by either
1 — j or 7 — i depending on the direction.

Definition 1.1.6. Let G be a directed graph. A directed path is a path in G with
directed edges. A directed graph which does not have any directed cyclic path of the

form i; — i — -+ — i, — 4y is called a directed acyclic graph (commonly known as
DAG).

Directed acyclic graphs arise in Chapter 4 where we find the vanishing ideal of Gaus-
sian graphical models represented by DAGs. We use the properties of DAGs to charac-
terize the models which have a toric vanishing ideal. Below is an example of a DAG with

4 vertices.

Example 1.1.7. Let G be a directed graph as shown in Figure 1.2. We observe that
there is only one directed cycle in G, which is 2 —+ 3 — 4 < 2. As it is not of the form
iy — ig — -+ — i, — i1, G is a directed acyclic graph (DAG).



1.2 Basic definitions in phylogenetics

Rooted binary trees are used in evolutionary biology to represent the evolution of a set
of species where the leaves denote the existing species and the internal nodes denote
the unknown ancestors. The study of methods to reconstruct evolutionary trees from
biological data is the area called phylogenetics [14; 27]. The major goal of phylogenetics
is to reconstruct this evolutionary tree from the data obtained from the existing species
at the leaves.

Before the development of sequencing technology, primary methods for reconstruct-
ing phylogenetic trees were to look for morphological similarities between species and
group species together that had similar characteristics. Unfortunately, focusing only on
morphological features resulted in grouping organisms together that developed similar
characteristics through different pathways. Modern methods for reconstructing phyloge-
netic trees use sequencing technology to compare sequences for genes that appear in all
species under consideration.

This section gives the necessary background on phylogenetics needed for Chapter 2.

More details on this topic can be found in [2; 30]

Definition 1.2.1. Let G = (V| E) be a graph with vertex set V and edge set E. A cycle
is a sequence of vertices v, vy, ..., v, = vg which are distinct (other than v, = vg) with

n > 3 and v; adjacent to v;11. A tree T' = (V, F) is a connected graph with no cycles.

Theorem 1.2.2. If vy and vy are any two vertices in a tree T, then there is a unique

path from vy to vy.

If a vertex lies in two or more distinct edges of a tree, then it is called an interior
vertex. If it lies in only one edge, then we call it a terminal vertex or a leaf. Further,
trees can be categorized as rooted and unrooted. A rooted tree is a tree in which one of
the nodes is specified to be the root. This allows us to determine a direction of ancestral
relationship. An unrooted tree has no pre-determined root but can be turned into a
rooted tree by inserting a new node which functions as the root.

In this thesis, we use rooted binary trees to represent evolutionary processes. The
leaves represent the existing species, interior vertices represent the unknown ancestors
and the edges indicate the lines of direct evolutionary relationships among the species.

We explain this with an example.



Vertebrae

Bony skeleton
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Amniotic egg

Eggs with shells

Birds  Crocodiles Rabbits Primates  Frogs Fish Sharks

Figure 1.3: A Phlyogenetic tree depicting evolutionary processes [12]

Example 1.2.3. In Figure 1.3 we observe a phylogenetic tree representing the evolu-
tionary processes of the existing species of Birds, Crocodiles, Rabbits, Primates, Frogs,
Fish and Sharks. The classification of these species is done in the following way: All the
existing species are vertebrates but at some point in time an ancestor evolved into two
different species where one of the species did not have bony skeleton (sharks) and the
other did have a bony skeleton. Later on, that species evolved into two different species

where one did have four limbs and the other did not (fish), and so on.

1.2.1 Counting binary trees

Definition 1.2.4. Let X denote a finite set of labels. Then a phylogenetic X -tree is a
tree T = (V, E) together with a bijective correspondence ¢ : X — L, where L C V
denotes the set of leaves of the tree. We call ¢ the labeling map. Such a tree is also called
a leaf-labeled tree.

Example 1.2.5. In Figure 1.4, we see a rooted binary phylogenetic [6]-tree T where
X = [6] and ¢ : [6] = L is the map through which we label the leaves.

Definition 1.2.6. Two phylogenetic X-trees are isomorphic if there is a bijective corre-

spondence between their vertices that respects adjacency and their leaf labeling.



Figure 1.4: A rooted binary phylogenetic [6]-tree

Isomorphism between the trees is independent of the way the trees are drawn in the
plane. Let b(n) denote the number of distinct (up to isomorphism) unrooted binary trees
with n leaves leaf labelled by [n] = {1,2,...,n}. Then we know that b(2) = 1,b(3) = 1,
and b(4) = 3. To construct unrooted binary trees with 5 leaves, we can select any of the
three trees of b(4) and add a new edge to any of the 5 existing edges. This gives us that
b(5) = 3-5 = 15. So, in order to obtain a general formula for b(n), we also need a formula

for the number of edges in these trees.

Theorem 1.2.7. An unrooted binary tree with n > 2 leaves has 2n—2 vertices and 2n—3

edges.
Proof. We prove this by applying induction on the number of leaves. Clearly, the state-

ment is true for n = 2. Let the statement be true for all trees with n — 1 leaves. Now,
for any tree T" with n > 3 leaves, let v; be one of the leaves of T. Then v, lies on a
unique edge {v1,v9} while vy lies on two other edges {vq, v3} and {vg, v4}. Removing the
vertex v; and suppressing the internal vertex v, gives us a new binary tree 7" with n — 1
leaves. Since both the number of vertices and edges have been decreased by 2, 7" must
have (2(n — 1) — 2) + 2 = 2n — 2 vertices and (2(n — 1) — 3) + 2 = 2n — 3 edges. O
Theorem 1.2.8. Forn > 3, there are b(n) = (2n —5)!! =1-3-5---(2n — 5) number of

distinct unrooted binary leaf labelled trees.

Proof. We again use induction to prove this statement. The base case for n = 3 is clear.

Now, let T" be an unrooted tree with n leaves and let 77 be the tree with n — 1 leaves



as constructed in Theorem 1.2.7. Then with v; fixed, the map T — (T, {vs,v4}) is a
bijection from n-leaf trees to pairs of (n — 1)-leaf trees and edges. Counting these pairs
gives us that b(n) =b(n—1)-(2(n—1)—3) = b(n—1)-(2n —5). But from the inductive
hypothesis we know that b(n—1) = (2(n—1)—=5)!! = (2n—"7)!1. So, b(n) = (2n—>5)!l. O

The proof of the last theorem can be used to get a count for rooted binary trees
as well. We observe that by adjoining a new edge at the root, we can form a bijective
correspondence between rooted binary trees with n leaves and unrooted binary trees with

n + 1 leaves. Hence, we have the following result :

Corollary 1.2.9. The number of rooted binary trees with n leaves leaf labelled by [n] =
{1,2,...n} is given by b(n+1)=(2n —3)!!=1-3-5---(2n — 3).

1.3 Basics of algebraic geometry

This section gives the necessary background on algebraic geometry. The concepts and
results reviewed here are mainly used in Chapter 3 and 4 where we study the vanishing
ideal of Gaussian graphical models. We use the tools from Algebraic Geometry to char-
acterize the graphical models based on their vanishing ideals. More details on algebraic
geometry can be found in [15].

All rings in this thesis are assumed to be commutative. Let K be a field and let
K[z, ...,x,] denote the polynomial ring over K in n indeterminates. We assume the

field K to be algebraically closed for most parts the thesis and hence replace it with the

Un

field of complex numbers C in the later chapters. We use the notation z* := z* ... 2"

to denote monomials in K[z, ..., z,].

1.3.1 Grobner bases

In this subsection, we study the properties of the Grobner basis of an ideal and focus on

its construction.

Definition 1.3.1. Let R be any arbitrary ring. An ideal I in R is a subset of R which

satisfies the following conditions :

i) I is a subring, and
ii) if f € and g € R, then fg € I.



For a given subset F' of R, the ideal generated by F' is denoted by (F). Given an ideal
I, any subset F' C K[zy,...,x,] for which (F)) = I is called a generating set of I. The
following theorem says that every ideal I C K|xy,...,z,] has a finite generating set. A

proof for this can be found in [15].

Theorem 1.3.2 (Hilbert basis theorem). Every ideal I € K[zy,...,x,] can be finitely

generated.

Definition 1.3.3. A monomial order > on K[zy,...,z,] is a total order on monomials

which satisfy the following conditions :

i) If 2% > 2 then %" > %27 for any «, 3, 7.

ii) An arbitrary set of monomials {z%},c4 has a least element.

Definition 1.3.4. Let f = Y c,x® be any polynomial in K[z1, ... z,]. Then for a fixed
monomial order, the leading monomial of f (denoted by LM(f)) is defined as the largest
monomial z* for which ¢, # 0. The leading term of f (denoted by LT(f)) is the corre-

sponding term c,x®.

Example 1.3.5. Lexicographic order: In this ordering, we have 2* > 2 if the first

nonzero entry of (o — By, s — fa, ..., a,, — By) is positive. For example,
3 100
T1 >lex Ty Zlex L2TL3 >lex T3

A monomial ideal I C Klzy,...x,] is an ideal generated by a set of monomials
{2%}aca. For a fixed monomial order > on K[zy,...x,], the ideal of leading terms is
defined as

LT(I) := (LT(qg) : g € I).

Let > be a fixed monomial order on Klzy,...,z,] and fi,..., f. € K[zy,...,2,] be
a set of nonzero polynomials. Then for any arbitrary polynomial g € K[zy,...,x,], we
apply the Division algorithm (Algorithm 2.7, [15]) to determine if ¢ lies in (f1,..., fr).
The algorithm is as follows :

Step 0 : Substitute gy = g. If there exists no f; such that LM (f;)|LM (go), then we

stop. Else, we pick such an f;, and cancel the leading terms by putting

91= 90 = FiLT(90)/ LT (fjo)-



Step i : Given g;, if there exists no f; with LM(f;)|LM (g;) then we stop. Else, we
pick such an f;, and cancel the leading terms by putting

giv1 = Gi — fjiLT(gi)/LT(fji)'

If the procedure does not stop, then gy must be 0 for some N and hence g lies in
(f1,---, fr). Unfortunately, this algorithm does not always work as even when g €
(f1,..., fr), the leading monomial of ¢ may not always be divisible by some LM(f;).

We use this algorithm later while computing the Grobner basis of an ideal.

Definition 1.3.6. Let I C K[zy,...,2,] be any ideal. Then for a fixed monomial or-
der > on Klzy,...,x,], a Grébner basis for I is a collection of nonzero polynomials
{f1,..., fr} € I such that LT(f1),...,LT(f,) generate LT(I).

Although not mentioned in the definition, any Grobner basis of [ is also a generating
set of I (Cor 2.14, [15]). The next theorem shows the existence of a Grébner basis for

any given ideal and any term order.

Theorem 1.3.7 (Existence theorem). Let I C Klzy,...,x,] be any arbitrary nonzero

itdeal. Then for any fixed monomial order >, I admits a finite Grobner basis.

The Existence theorem can be seen as an application of the Hilbert Basis theorem.
The proof follows from the Hilbert Basis theorem and Dickson’s Lemma (Proposition
2.23, [15]) as it reduces the Existence theorem to the case of monomial ideals.

Now, for a given ideal I C Klzy,...,x,], any arbitrary generating set of I is not
necessarily a Grobner basis. Thus, it is important to have an algorithm for finding a
Grobner basis for 1. We describe the Buchberger’s algorithm for constructing a Grobner
basis. But before that, we need to define the terms like least common multiple and S-
polynomial. The least common multiple of two monomials z* and 2 is defined as

LOM (2%, 2%) = 2{os@f) | gmas(anf)

n

For a fixed monomial order on Kz, ..., z,], let f; and f3 be two arbitrary polynomials.
We set 2702 = LCM(LM(f1), LM(f,)). Then the S-polynomial S(f, f») is defined as

S(frs fo) = ("D JLT(f0) i = (@O /LT (f2)) fo.
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The purpose of the construction of S-polynomial is to have the desired cancellations

required in the division algorithm.

Example 1.3.8. Let f; = 2x179 — 22 and fo = 322 — x3. Then the S-polynomial with

respect to lexicographic order is

2229 222y —1 1
S =122 — ) — (322 — = .
(S, 12) Q:Ele( T1%2 — 73) 32 (327 = ) 22123 + 3ToT3
Theorem 1.3.9 (Buchberger’s Criterion). Fiz a monomial order and polynomials fi,. .., f,
in Klzy,...,2,]. Then the following are equivalent :

i) fi,..., fr form a Grébner basis for (fi,..., fr).

ii) Each S-polynomial S(f;, f;) gives remainder zero on applying division algorithm.

Corollary 1.3.10 (Corollary 2.29, [15]). For a fized monomial order and polynomials
fi,.o oy fr € Klxy,...,2,], a Grébner basis for (fi,..., fr) is obtained by iterating the
following procedure :

For each v, j we apply the diision algorithm to the S-polynomials to get the expressions
S(fis ;) = iz h (g fi + (i), LM(S(fi, f3)) = LM(h(ij)f1)

where each LM (r(ij)) is not divisible by any of the LM (f;). If all the remainders r(ij) = 0
then fi,...,f. are already a Grobner basis. Else, let f.i1,..., fris denote the nonzero

r(ij) and adjoin these to get a new set of generators

{fiyeo oy fos foaty ooy frast

We illustrate this algorithm with an example.

Example 1.3.11. We compute the Grobner basis of I = (fy, fo) = (22 — 29,23 — 3)

with respect to lexicographic order. Computing the first S-polynomial gives us

S(fi, fa) =mfi — fo= $1($% — Xg) — (ﬁ) — x3) = —T1T2 + T3.

We observe that its leading term is not contained in

(LM(f1), LM(f2)) = <=’E%>

11



Therefore, we add

f3 = T1xX2 — T3

to the Grobner basis. The next S-polynomial is given by

S(f1, fs) = xaf1 — 21 f3 = 2123 — 23,

Again we see that its leading term is not contained in

(LM(f1), LM(f2), LM(f3)) = (27, 2125).

So, we add

Ji= 1113 — x%
to the Grobner basis. Now, if we compute S(fs, f1), we get
S(fs, fa) = 3 fs — wafs = x5 — a3,
As its leading term is not contained in

<LM(f1)a s 7LM<f4)> = <£If%, xT1T2, x1$3>7

we add
_ .3 2
J5s =y — 13

to the Grobner basis. Computing all the S-polynomials involving f5, we get

S(fi, fs) = (miws+a3) fa
S(far f5) = atwsfs + wawsh
S(fs, fs) = x3fa

S(faf5) = @3fa—a3fs.

Hence, by Buchberger’s criterion we can conclude that {fi, fa, fs, f1, f5} is a Grébner
basis of I.
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1.3.2 Varieties and ideals

In this subsection, we look at the concepts of “vanishing ideal” and “variety” and their

properties. An affine space of dimension n over K is defined as
A"(K) ={(a,...,a,) : a; € K}.

Definition 1.3.12. For a given set S C A™(K), the vanishing ideal of the set S is defined

as
I(S) ={f €K[zy,...,z,] : f(s) =0 for each s € S}.

Similarly, for a given set of polynomials F' C K|xy,...,z,], the affine variety is defined

as the collection of points where each f € F vanishes, i.e,
V(F):={a € A"(K) : f(a) =0 for each f € F}.

For the rest of the thesis, we use term ‘variety’ to denote affine variety. We look at

an example to explain the two concepts.

Example 1.3.13. Let S = {(1,1),(2,3)} € A*(Q). Then

1(S) = ((z =Dy =3), (z = )(z = 2),(y = D)(z = 2), (y = D(y — 3)).

Similarly, if F' = {f1, fo} = {2® — 22+ 9?2 — 2}, then V(F) C A%(C) is the set of points
where both f; and f5 vanish. We substitute z = 2 in f; to get y = +2i. So,

V(fh f2> = {(27 Qi)v (2’ _2i)}'

From the definition above, we have two inclusion-reversing properties of vanishing

ideals and varieties.

i) If Sy and Sy are two collection of points in A"(K) with S; C Ss, then I(Sy) C I1(S)).
ii) If F} and Fy are two collection of polynomials in K[zy, ..., x,] with F} C F5, then
V(E) C V(E).

It can be shown that the variety defined by a collection of polynomials only depends on

the ideal they generate. Hence, we have the following proposition :
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Proposition 1.3.14 (Proposition 3.8, [15]). Let F' be a collection of polynomials in
Klzq,...,x,). If I is the ideal generated by the polynomials in F, i.e, I = (f : f € F),
then V(F) =V (I).

From the definition, it follows that for any ideal I C K[xq,...,z,],
I CI(V(])).

But the equality depends on the field K and the properties of V' (I). We come back to
this in Section 1.3.4 where we give a precise description of I(V (1)) in terms of I when K

is algebraically closed.

1.3.3 Morphims and rational maps

A morphism ¢ of affine spaces is a map given by the rule

¢ : A"K)— A™(K)
O(xy, .. xn) = (O1(x1, . Tn), ooy O(T1, o X)),

with each ¢; € K[zy,...,x,]. Now, for any f € K[y1,...,yn], the pull-back map of ¢ is
defined as

O f=fodp=f(dr1(z1,. ., xn), ., Om(x1, ..., 20)).

This gives us a ring homomorphism

" Ky, oy ym] = Kz, ..o, 2]

Y; = Qsj(-rl?"'amn)a

with the property that ¢*(¢) = ¢ for each constant ¢ € K (also called a K-algebra ho-
momorphism). Let V' C A™(K) be any subset with vanishing ideal I(V'). If we restrict
polynomial functions on A"(K) to V, then the elements of I(V') are zero along V' and
hence can be identified with the quotient ring K[z, ..., x,]/I(V) (also called the coordi-

nate ring).

Example 1.3.15. Let V = {(z,y) : 22 +y* = 1} C A*(R) be the locus of the unit circle.

14



Then I(V) = (2* + y* — 1) and hence the polynomials z? and 1 — y? define the same

function on the circle as
2> =1—19? mod I(V).

Definition 1.3.16. Let K(xq,...,z,) denote the fraction field of K[xy,...,z,] which
consists of quotients of the form f/g where f,g € K[zy,...,2,] and g # 0. Then a
rational map p : A"(K) --» A™(K) is defined as

plz1, ... xn) = (pr(z1, . x0), o pm(Tr, o xn)),  pi € K(zy, ..o, 2p).

The rational map is represented by a dashed arrow as it is not a well-defined function
from A"(K) to A™(K). Each component p; is represented as a fraction f;/g; where
fi»9; € Klzy, ..., 2,] and we assume that f; and g; do not have any common irreducible

factors. Every rational map also induces a K-algebra homomorphism

P Ky, ym = Kz, ... x),

yi — pi(T1, ..., ).

If W ¢ A™(K) is a variety, then a rational map p : A"(K) --» W is a rational map
p: A"(K) --» A™(K) with p*I(W) = 0. We illustrate this with an example.

Example 1.3.17. Let

. _ 2 _
W = {(o11,012,013, 092, 023,033) : 011 = kaskss — k33, 012 = k12kss,

013 = k12kos, 090 = k11ks3, 093 = k11koz, 033 = ki1kao — kfg : kij € R}-
The rational map p can be written as

p: A s W
p(K) = (pu(K), p12(K), p13(K), paz(K), pa3(K), ps3(K)),

where K = (kiy, k12, koo, ks, k33) € A®. Now, p* is the map given by

,0*(29(011, e 7033)) = p(k22k33 - k’%g» kiokss, ..., kiikas — k%Q),
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where p(o11,...,033) is any polynomial in variables o1y, ..., 033. The ideal I(W) is gen-

erated by (012093 — 013092). So, computing p*I(W) gives us

P*(012023 - 013022) = (k12k33)(/€11k23) - (k‘12/€23)(k11k33) =0.

We use a rational map p and its pullback p* in Chapter 3 to express the vanishing
ideal of the Gaussian graphical model as the kernel of p*. We further use the pullback
map as a motivation to construct a new monomial map which is used to prove the main

results in Chapter 3.

1.3.4 More concepts on algebraic geometry

In this section we look at the definition of quotient ideal, saturation and some related
concepts. We also state some known results based on these concepts which will be mainly
used in Section 3.6 of Chapter 3 for formulating a way to write the vanishing ideal of an

undirected graph in terms of smaller subgraphs.

Definition 1.3.18. Let I C K[xzy,...,x,]| be any ideal. Then the radical of I is defined

as
VI:={geKry,... x,):g" €I for some N € N}.

It can be shown that the radical of any ideal is also an ideal. If K is algebraically

closed, we have the following result :

Theorem 1.3.19 (Hilbert Nullstellensatz). IfK is algebraically closed and I C Klxy, ..., )
is an ideal then I(V(I)) = /1.

Example 1.3.20. Let I = (z* + y* + 1) be an ideal in R[x,y]. Then V(I) = ) as there
are no real solutions to x? + y* = —1. This implies that I(V(I)) = R[z,y|. But as 1 ¢ I,
we have /T # R[z, y] and hence

VI G I(V(I)).

We now state a Corollary to Hilbert Nullstellensatz which we use in proving one of

the main results in Section 3.6.
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Corollary 1.3.21. Let I and J be two ideals in K[zy, ..., x,]. If K is algebraically closed
and V(I) =V (J), then I and J are equal up to radicals, i.e, VI =+/J.

The Zariski closure of a subset S C A"(K) is defined as
S ={a€A"K): f(a) =0 for each f € I(S)} = V(I(9)).

A subset S € A"(K) is closed if S = S and is open if its compliment is closed.

Definition 1.3.22. For any two ideals I, J C K[zy, ..., x,], the quotient ideal is defined

as
I:J={feKxy,...,z,]: fg €I foreach g € J}.

A quotient ideal satisfies the following properties which we use in the later chapters :
) I:JcIV(H)\V(J));

i) VI J)DV(I)\V(J);

i) I(V): I(W)=I(V\W).

A nonzero polynomial f = ¥,,  a.Cayoan®]’ ... 20" of degree d is said to be ho-
mogeneous if cu,.. .o, = 0 when ¢4, o, = 0 whenever a; + -+ + o, < d. An ideal
I C Kzy,...,x,] is homogeneous if it has a generating set of homogeneous polynomials.

Definition 1.3.23. For any given variable x;, dehomogenization with respect to x; is

defined as the homomorphism

Mi:K[xl,.--7$n] — K[y07'Hayi—layi—l-la"‘ayn]

T, — y],j%l

Similarly, for any f € Klyo, ..., %i—1,Yit1,- - -, Yn], the homogenization of f with respect

to x; is defined as

F(zo,...,x,) := x?eg(f)f(xo/xi, e T [Ty Ty [Ty T [ T).

The homogenization of an ideal I C Klyo,...,¥%i—1,Yit1,---,Yn) is defined as the ideal
generated by the homogenizations of each f € I.
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For a given ideal I = (f1,..., f,), the homogenization J is not necessarily generated

by the homogenizations of f;s. We illustrate this with an example.

Example 1.3.24. Let

I=(y2—vi,ys — 1a) = (f1, f2)

be an ideal in K[y;, v, y3] and let J be its homogenization. The homogenization of f;

and fo gives us the ideal
(w9 — 23, T30 — T129) C J.

If we consider the polynomial h = 22 — x 23, then h € J as h is the homogenization of
Y2 — y1y3 with respect to zo and y3 — y1y3 = yof1 — y1fo € I. But h is not contained in
the ideal generated by the homogenizations of f; and fs.

Theorem 1.3.25 (Theorem 9.6, [15]). Let I C Klyi,...,yn] be an ideal and J C
K[z, ..., x,] its homogenization with respect to xq. Suppose that fi,..., f. is a Grobner
basis for I with respect to some graded order >. Then the homogenizations Fy, ..., F, of

fi,..., fr generate J.

Definition 1.3.26. For any two ideals I,J C Klzy,...,z,], the saturation of I with
respect to J is defined as the set of elements f € Klxy,...,z,] such that JV - f is
contained in I for some large value of N. The saturation forms an ideal and is denoted

by (I : J*°). For any variable x;, the saturation of I with respect to z; is given by
(I:2°)={f eKlxy,...,x,] : 2} f € I for some n € N}.

Example 1.3.27. Let I = (23 — x92% 27 — x323) be an ideal in K[z, 7o, 73, 24]. Then
saturating I with respect to x4 gives us

.00\ 2 2. 3 2 3 2
(I :2]°) = (X109 — T3T4, TIT3 — T3Ty, Ty — T1T5, T — ToTy).

Now, if we want to introduce the inverse of any variable say x;, in the ideal I C
K[z, ..., x,], then it same as adding a new generator of the form zz; —1 and intersecting
the new ideal with Klzy,...,z,]. We have the following lemma in which we write the

new ideal in terms of saturation.
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Lemma 1.3.28. Let I be any ideal in K[xq,. .., x,]. Then
I+ (zxy — 1) NK[zy, ... 2] = (I 2 27°).

Proof. Let r be any arbitrary element in (I : x$°). Then r - 27 € I for some n € N.
This implies that r - 27 - 2" € I + (za7 — 1) C Klzy,...,2,,2]. But as z - 23 = 1,
rel+ (zoy — 1) NK[zy,. .., 2]

Conversely, if r € I + (zx; — 1), then

r=g1(x1, ..., Tn,2) bz, ..., 20) + 9221, ..o, 20, 2) - (221 — 1) € Ky, ..., 20, 2],

where g1(x1,..., %, 2),92(x1, ..., Tp, 2) € Klxy,...,2,, 2] and h(zy,...,2,) € I. Substi-

tuting z = 1/x;, we get

1 1
T = (911(1'1, Ce ,.fL'n) +912(Z'1, RN ,.Z'n) . $— 4+ - +gln($17 RN ,.Z'n) . E)h(l'l, Ce ,xn)—i—(),
1 1

where g1(1,..., %0, 2) = gu1(T1,. -, Tpn) + gr2(T1, .o T0) - 2+ oo + g1, .., Tp) - 2™
This implies that

ot = (g1(x1, ..., Tn) 2 +g12(x1, . .. ,xn)-x?_l—i—- A g (T, xn)) h(T, . xy,) €1

Lere (I:a9°). O

1.4 Toric ideals and SAGBI bases

In this section, we talk about toric ideals and the properties satisfied by these ideals. The
results stated here are specifically used in Chapter 3 and 4 where we characterize the
graphical models having toric vanishing ideals. More details on this topic can be found
in [31].
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1.4.1 Toric ideals

Definition 1.4.1. Let A = {ay,as,...,a,} be a fixed subset of Z¢. We consider the

homomorphism

7Nt — 74, U= (U, ..., Up) > ULAL F .o + UpQy.
This map 7 lifts to a homomorphism of subgroup algebras:

7o R@y, ] = Rty ta, 17 oty @ e 1%

The kernel of 7 is called the toric ideal of A and is denoted by 4.

Let u™ be the vector which has the same positive entries as u and zero elsewhere, i.e,

u =
0 wu; <O.
Similarly, we define u~ as
u; =

So, we can write u = u™ — u~. Now, the following lemma gives us the structure of a

generating set of any toric ideal.

Lemma 1.4.2 (Corollary 4.3, [31]). The toric ideal 14 can be generated by the set of

binomials of the form x*" — x*  where u € ker(r), i.e,

ut

Ip= (" —2" 1ue N with n(u) = 0).

From the construction above we observe that any monomial map can be written as
7 for some given set of vectors A. This gives us that the kernel of every monomial map

is a toric ideal. We illustrate the construction of toric ideals with an example.
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Example 1.4.3. Let

000O0OT1T1T1TT1T11
01 000O0O0OO0OO0OQ O
001 10O0O0O0O0TOQO0
A 1 011000111
0 00O0O0OT1TT1TTO0OTO0ODO
11 0010000O01
0001O0O0OT1O0T1O0
1110110100
be a 8 x 10 matrix where {ay,...,ajo} are the columns of A. Computing the toric ideal

I 4 gives us that

Iq= <$24$33 — T23%34, L1433 — T13L34, L14T23 — $13$24>'
. + -
Observe that w9 r33 — T93r34 can be written as 2“1 — %t where

u; = (0,0,0,0,0,—1,1,1,—1,0) € ker(m) = ker(A).

Similarly,
T14T33 — T13TL34 = P z"2 . where uy = (0,0,—1,1,0,0,0,1,—1,0) and
T14T93 — T13To4 = P z¥s | where uz = (0,0,—1,1,0,1,—1,0,0,0),

where both ug, us € ker(A).

If each a; is assumed to be nonzero and non-negative, then the set 771(b) = {u € N" :
7(u) = b} is finite for any b € N The set 7 1(b) is called the fiber of A over b. Now, let
F be any finite subset of ker(w). Then the fiber graph of 7=1(b)r is defined as follows :
The nodes of this graph are the elements of 771(b) and any two nodes are connected by
an edge if u — v’ € F or v/ —u € F. The following theorem gives a relation between the

connectivity of fiber graphs and the generating set of 4.

Theorem 1.4.4 (Theorem 5.3, [31]). Let F C ker(r). The graphs 7= *(b)x are connected
for all b € NA if and only if the set {x”+ —a¥ v € F} generates the toric ideal I 4.
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Let Ay = {e; +¢; : 1 <i < j < d}, where e; are the standard basis vectors of R<.
This can be considered as the column vectors of the vertex-edge incidence matrix of the
complete graph K. The toric ideal 14, obtained from this matrix can be written as the

kernel of the map
CID:K[a:ij 01 §Z<]§d] %K[tl,...,td], .’L’wl—>tzt]

The variables x;; here correspond to the edges of the complete graph K,. The vertices of
K4 are identified with the vertices of a regular d-gon in the plane labelled clockwise from
1 to d. So, there are two paths between any two vertices of K; which only use the edges
of of the d-gon. The circular distance between any two vertices is defined as the length
of the shorter path.

The term edge is used to denote the closed line segment joining any two vertices in the
d-gon. The weight of the variable z;; is defined as the number of edges of K; which do not
meet the edge (7, 7). Let < be any term order that refines the partial order on monomials
specified by these weights. So for any given pair of non-intersecting edges (i, j), (k,1)
of Ky, one of two pairs (i, k), (4,1) or (i,1),(j,k) meet at a point. If (i,1), (j, k) is the
intersecting pair, then we associate the binomial x;;x, — x4, with the pair (4, j), (k,1).
Let C is the set of all such binomials obtained in this way. We show later in Chapter 77
that for each binomial x;;xy — x4 in C, the initial term with respect to < corresponds

to the disjoint edges. We thus have the following theorem :
Theorem 1.4.5 (Theorem 2.1, [6]). The set C is the reduced Grébner basis of 14, with

respect to <.

1.4.2 SAGBI bases

In this section we look at the Subalgebra Analogue to Grébner Bases for Ideals ( com-

monly known as the SAGBI bases ) and its connection with the toric ideals.

Definition 1.4.6. Let R be a finitely generated subalgebra of the polynomial ring
K[ty,...,tq). For a fixed term order < on K[ty,...,t4], the initial algebra in<(R) is the
K-vector space spanned by {in-(f): f € R}. A subset C of R is called a SAGBI basis if
in<(R) is generated as a K-algebra by the set of monomials {in-(f): f € C}.

The main difference between Grobner bases for ideals and SAGBI bases for subal-

gebras is that the initial algebra in-(R) is not always finitely generated. If inL(R) is
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not finitely generated, then there is no SAGBI basis for R with respect to <. So, in this
section we only consider the case where in_(R) is finitely generated.

We fix a set of polynomials F = {fi,..., fo} in K[ty,...,t4] and let R = K[F] be
the subalgebra that they generate. Then for a fixed term order < on K[ty, ..., 4], we are
interested in finding a criterion for deciding if F forms a SAGBI basis for R with respect
to <. Now, let in_(f;) = t% and A = {ay, ..., a,} C N%. We introduce a new polynomial
ring K[zy,...,x,] and consider the epimorphism from K|zy,...,z,] onto R which maps
x; to f; for each i = 1,...,n. We denote I to be the kernel of this map. Similarly, we
consider another map from K[z, ..., z,] onto in(R) defined by z; — in~(f;) = t*. The
kernel of this map is the toric ideal I4.

We select a weight vector w € R? which represents the term order < for the poly-
nomials in F. If A is a d x n matrix, then A”w is a vector in R" which can be used as
the weight vector for forming an initial ideal of I C K[zy, ..., z,]. The following theorem

gives us the required criterion for SAGBI basis :

Theorem 1.4.7 (Theorem 11.4, [31]). The set F C Kl[ty, ..., tq] is a SAGBI basis if and
only if inyr,(I) = 14.

Example 1.4.8. Consider two polynomial rings R[x11, 12, ..., £44] and Rk11, k1o, ..., ka4

Let K be the matrix
ki1 ko kis O

k12 kaz ka3 0
kis kos sz kss

and F = {fi1, fi2, ..., faa} where each f;; is defined as

Ji1 = kasksskas — kaok3y — k3skaa
foo = kuiksskas — ki1k3y — kiska
fss = kuikaskas — kaak?,
f1a = kukaokss — ki1k3s — kTokss
+ kiokiskas + kiskiokos — kiskas
fi2 = kraoksskag — kiok3, — koskiskaa

J13 = —kizkagkas + ki2kozkas
J1a = —Fkizkzakaa + ki2koskss
Jos = kaski1kas — kioki3kaa
Joa = kozkazaki1 — k3akizkio
faa = kaakiikas — kyaks

These f;;s are obtained from the map R[xy1, 12, ..., Taa] = Rlk11, k12, ..., k4a] which takes
each z;; to det(K)-((ij)™ entry of K~'). We fix the partial term order on R[k1y, k12, ..., kad]
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by defining the degree of a monomial as the number of diagonal elements £;; in that mono-

mial. Then the initial term of each f;; is as follows:

in<(fi1) = kogksskaa, in<(fi2) = kiaksskaa, in<(fi3) = kizkaokaa,

in<(fia) = kisksakoo, in<(faz2) = kriksskaa, in<(fa3) = koski1kaa,

in<(faa) = kosksakui, in<(fs3) = kiikaokaa, in<(fz1) = ksaki1kao,
in<(faa) = kr1kaokss

Denoting the initial terms in-(f;;) as k%7 where each a;; are vectors in N'°, we get the

8 x 10 matrix A as

_ O = O kR O O O
_ o = O O O = O
_ O O O = = O O
O = O O = = O O
_ O = O O O O =
_ o O = O O O =
O R O R O O O =
_ o O O = O O =
SO = O O = O O =

O = O = O O =

The weight vector w € R® represents the term order < for the polynomials in F. In this

case,
w=(1,0,0,1,0,1,0,1).
So,

B

_ AT ¢ -
0000111111 1 2
01 00O0O0O0O0O0OGO 0 2
001 10O0O0O0O0TGO 0 1
ATy — 101 1000O01T11 1 _ 3
0 000OO0O1T1TO0O0TGO 0 2
11T 0010O0O0O01 1 1
0 0010O0T1TO0T1TOQO0 0 3
1110110100 1 2
3
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Computing the kernel of the map which takes each z;; to f;;, we get

I = (35243333 — X23T34,L14T33 — T13X34, L14T23 — 96139624>-

Similarly, computing the toric ideal I4 gives us that [4 = I. Now, if we compute the
degree of each monomial in the generators of I using our new partial term order defined

by ATw, we get

) = (0,0,0,0,0,0,1,1,0,0).ATw = 4,
) = (0,0,0,0,0,1,0,0,1,0).ATw = 4,
d(o14033) = (0,0,0,1,0,0,0,1,0,0).ATw = 4,
d(o13034) = (0,0,1,0,0,0,0,0,1,0).ATw = 4,
)= ( )
)= (

d(024033

d(023034

0,0,0,1,0,1,0,0,0,0).ATw = 3,
0,0,1,0,0,0,1,0,0,0).ATw = 3,

d(014023

d(013024

where d(0;;) denotes the degree of o;;. We observe that the initial term of each of the
generators of I is the entire term itself and hence inyr,(I) = I = I 4 in this case. Hence,
by Theorem 1.4.7 we can conclude that F is a SAGBI basis for R[F].

1.5 Outline of the thesis

Now that we have all the necessary background, we give an outline of the upcoming

chapters.

1.5.1 Bounds on expected size of the maximum agreement sub-

tree for a given tree shape

Chapter 2 is based on the problem of determining the expected size of maximum agree-
ment subtree for a given tree shape. The content of this chapter was joint work with Seth
Sullivant and it was published in STAM Journal of Discrete Mathematics [24].

In phylogenetics, different tree reconstruction methods, and different datasets on the
same set of species, can lead to the reconstruction of different trees. In such cases, it is

important to measure the distance between different trees constructed. There are various
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distances between trees that are used including Robinson-Foulds distance, distances based
on tree rearrangements, and the geodesic distance. This chapter focuses on the maximum
agreement subtree as a measure of discrepancy between trees.

Let MAST(71,T3) (defined in chapter-2) denote the number of leaves of a maximum
agreement subtree of T and Ty. We study the distribution of MAST(T},T5) where T}
and T, are trees that are uniformly sampled from all trees with the same shape. In other
words, T, is obtained from 77 by applying a random permutation of the leaf labels. We
prove that E[MAST(T1,T)] = ©(y/n) in this case. Our proof of the lower bound is
based on a structural result about general trees where we decompose arbitrary trees into
substructures we call blobs. The proof of the upper bound is based on a strengthening of

the previously mentioned result of [3].

1.5.2 Undirected Gaussian graphical models with toric vanish-
ing ideals

Chapter 3 is concerned with the problem of characterizing the undirected Gaussian graph-
ical models having toric vanishing ideals. We mainly focus on proving the conjecture of
Sturmfels and Uhler [32] on undirected Gaussian graphical models. The results in this
part was joint work with Seth Sullivant and it will be published in Annals of the Institute
of Statistical Mathematics [25].

Gaussian graphical models are used throughout the natural sciences and especially in
computational biology as seen in [20; 21]. These models explicitly capture the statistical
relationships between the variables of interest in the form of a graph. Sturmfels and Uhler
[32] conjectured that the vanishing ideal Py of an undirected Gaussian graphical model
is generated in degree at most 2 if and only if each connected component of the graph G
is a 1-clique sum of complete graphs. We prove the conjecture in this chapter by using
the connection between the generating sets of toric ideals and connectivity properties of
the fiber graphs. We also formulate a way to write the vanishing ideal of GG in terms of
smaller graphs GGy and G5 when G is a 1-clique sum of G; and Gy where GGy and G5 are

not necessarily complete.
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1.5.3 Directed acyclic Gaussian graphical models with toric

vanishing ideals

In Chapter 4, we try to get a similar characterization as in Chapter 3 for Gaussian graph-
ical models represented by directed acyclic graphs. The main objective in this chapter is
to construct DAGs having toric vanishing ideal and understand the generating set of the
ideal. We develop three techniques to construct such DAGs from smaller DAGs. These
are called safe gluing, gluing at sinks and adding a new sink.

We conjecture that if two DAGs have toric vanishing ideals, then any of the three
operations would yield us a new DAG whose vanishing ideal is also toric. Further, we
conjecture that every DAG whose vanishing ideal is toric can be obtained as a combi-
nation of these three operations on complete DAGs. We analyze an example and prove

some other results which provide evidence to these conjectures.
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Chapter 2

Bounds on the expected size of the
maximum agreement subtree for a

given tree shape

Rooted binary trees are used in evolutionary biology to represent the evolution of a set
of species where the leaves denote the existing species and the internal nodes denote the
unknown ancestors. Different tree reconstruction methods, and different datasets on the
same set of species, can lead to the reconstruction of different trees. In such cases, it is
important to measure the distance between different trees constructed. In this chapter,
we focus on the mazimum agreement subtree as a measure of discrepancy between trees.

If T is a rooted binary tree with n leaves leaf labeled by [n] = {1,2,...,n} and S is a
subset of [n], then the binary restriction tree T'|s is defined as the subtree of T" obtained
after deleting all the leaves that are not in S and suppressing the internal nodes of degree
2. The new tree T'|g is rooted at the most recent common ancestor of the set S. If T} and
T, are two trees leaf labeled by X, then a subset S C X is said to be an agreement set
of Ty and Ty if T1|s = Ta|s. A mazimum agreement subtree is a subtree that is obtained
from an agreement set of T} and T, and is of maximal size. Figures 2.1 and 2.2 give an
example of two trees and a maximum agreement subtree.

A maximum agreement subtree of a pair of binary trees can be computed in poly-
nomial time in n [29]. Let MAST(T},T5) denote the number of leaves of a maximum
agreement subtree of 77 and T,. We know from [22] that if 77 and T3 are any unrooted
binary trees with n leaves, then MAST(T},T3) = Q(y/logn). This contrasts with the
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1 5 3 2 4 6 1 3 2 6

Figure 2.1: 'Two rooted trees T and 75

Figure 2.2: A maximum agreement subtree for 77 and 75

rooted case where there can be pairs of rooted trees where MAST(71,75) = 2. For ex-
ample, if we take T} and T5 to be two comb trees with n leaves, then labeling the leaves
of Ty in the reverse order as that of 77 gives us that MAST(T},T3) = 2. Martin and
Thatte [22] also conjectured that if 77 and 75 are balanced rooted binary trees with n
leaves, then MAST(71,T3) > /n. But in [4], Bordewich et al. disproved the conjecture
by showing that for any ¢ > 0, there exist two balanced rooted binary trees with n leaves
such that any MAST for these two trees has size less than cy/n.

For the purposes of hypothesis testing, it is important to understand the distribu-
tion of MAST(T3,T5) for trees generated from reasonable distributions of random trees.
Simulations by Bryant, McKenzie, and Steel [5] suggest that under the uniform and
Yule Harding distribution on the rooted binary trees with n leaves, the expected size of
MAST(Ty, T3) is of the order ©(n®) with a ~ 1/2. It is known that for any sampling con-
sistent and exchangeable distribution on rooted binary trees with n leaves (including the
uniform and Yule-Harding distributions), the expected size of the maximum agreement
subtrees is less than \y/n (for some constant A\ > ey/2) [3]. Lower bounds of order cn®

are also shown in [3] for the Yule-Harding and the uniform distribution. In [1], Aldous
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0366 yynder the uniform

improved the lower bound of the expected size of the MAST to n
distribution.

In this chapter, we study the distribution of MAST (T}, T5) where T} and T5 are trees
that are uniformly sampled from all trees with the same shape. In other words, 715 is
obtained from 77 by applying a random permutation of the leaf labels. We prove that
EMAST(T1,T,)] = ©(y/n) in this case, which provides some further evidence towards
the problems posed in [5] for random trees. Our proof of the lower bound is based on a
structural result about general trees where we decompose arbitrary trees into substruc-
tures we call blobs. The proof of the upper bound is based on a strengthening of the
previously mentioned result of [3]. We also show results of simulations that suggest that
our ideas based on blobs could be used to improve lower bounds on the expected value

of MAST(T},T5) for other distributions of random trees.

2.1 Lower bound: Blobification

In this section we derive a lower bound on the expected size of the maximum agreement
subtree of two uniformly random trees on n leaves with same tree shape. We do this by
dividing the trees into what we call as blobs, which helps us in constructing an agreement
subtree between the two trees.

Let T be a rooted binary tree leaf-labeled by [n]. A cherry blob is a set of leaves in T'
consisting of all leaves below a vertex in the tree. Cherry blobs are also called clades in
other phylogenetic contexts. An edge blob is a nonempty set of leaves of the form C; \ Cy
where C; and Cy are two nonempty cherry blobs. A blob in T is either a cherry blob or
an edge blob.

Definition 2.1.1. Given an integer k£ and a tree T', a k-blobification of T' is a collection
B of blobs of T such that, for all distinct blobs By, By € B, B; N By, = () and for all
BeB, k<|B| <2k -2

Definition 2.1.2. Let T be a binary tree, and B a k-blobification. Let S be a set of
leaves consisting of one element from each of the blobs in B. The scaffold tree of the
blobification is the unlabelled tree 7" obtained as the unlabelled version of the induced

tree T'|g.

Let T be any rooted binary leaf-labeled tree with n leaves. We construct a k-blobification

B of T using the following greedy procedure.
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First, throw in as many cherry blobs into B as possible. Specifically, among all the
cherry blobs C' with k& < |C| < 2k — 2, we can take the set C to consist of all of those
cherry blobs that are minimal, i.e., that do not contain any other cherry blobs that have
between k and 2k — 2 leaves.

The set of cherry blobs C, that we have constructed induces a labeled tree that we call
the prescaffold tree. This tree has as leaves all the elements of C, and can be obtained as
an (unlabeled version of the) induced subtree T'|g where S is any set of leaves that contain
exactly one leaf from each of the cherry blobs in C. If the root of T'|s is not the root of
T, then we also add an edge onto the prescaffold tree at the root. This is illustrated in
Figure 2.4. Now we can think about the tree T as consisting of all the leaves grouped
into blobs of various sizes, each of which attaches somewhere onto the prescaffold tree.
The leaves that are not part of any of the cherry blobs will belong to blobs of size k — 1
or less that connect onto the prescaffold tree.

On each edge of the prescaffold tree are some number of smaller blobs hanging off of
size k — 1 or less. Working up from the bottom edges of the prescaffold, we can group
small blobs together until they produce an edge blob of size between k and 2k — 2. This
is possible because each of the small blobs has size < k, so when we are grouping blobs
together we have an edge blob with size < k that we add < k£ more elements to, we stop
when we have formed an edge blob of size between k and 2k — 2. Let £ be the resulting
set of edge blobs that are produced, that all have size between k and 2k — 2. This greedy
k-blobification algorithm stops with a blobification B = C U £ where on each edge of the
scaffold tree there are leftover small blobs whose total number of leftover leaves is at
most k — 1. The set B =C U € is called the greedy k-blobification.

Starting with the prescaffold tree 7" and adding a leaf attached to an edge for each

time an edge blob gets formed, we arrive at an unlabelled tree we call the scaffold tree.

Example 2.1.3. Consider the binary tree on 17 leaves pictured in Figure 2.3. We first
consider the greedy 2-blobification. Note that the cherry blobs are exactly the cherries in
this case. These are the sets {1,2},{7,8}, {11,12}, {13, 14}. The prescaffold tree is shown
on the left of Figure 2.4. Note that there is an edge that hangs off the root. The edge
blobs in this example are {3,4}, {5,6}, {15,16}. The resulting scaffold tree is the tree on
the right in Figure 2.4. Note that leaves 9, 10, and 17 do not end up in any blob.

On the other hand, consider the greedy 3-blobification of the same tree. There are
two cherry blobs, {1,2,3} and {11,12,13,14}. The edge blobs are {4,5,6}, {7,8,9}, and
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Figure 2.3: A tree

a2 7.8 {112} (13,14} 2y @4 56 78 (11,12 {13,143 {15,16}

Figure 2.4: Prescaffold and scaffold tree for the 2-blobification (The labels indicate the
cherry blobs on the prescaffold tree, and all blobs on the scaffold tree.)

{15,16,17}.

Proposition 2.1.4. Let T be a rooted binary leaf-labeled tree with n leaves. Then for all
k> 2, T has a k-blobification with at least g blobs.

Proof. We apply the k-blobification algorithm on T'. Let the final collection B of blobs
contain a cherry blobs and b edge blobs. Since the prescaffold tree is a binary rooted tree
with a leaves, there are at most 2a—1 edges (potentially there is a root edge), each having
at most £ — 1 leaves unassigned to any blob. Taking everything at its most extreme, we

see that the total number of leaves, n is at most

n<(a+b2k—-2)+(k—1)2a—1)=(4da+2b—1)(k—1) < (4da + 4b)k
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where the first part comes from the contribution from each of the a 4 b blobs, and the
second term is the leftover leaves. The total number of blobs is a + b, which is greater

than n/4k from the above inequality. O]

Lemma 2.1.5. Let Sy and Sy be uniformly random subsets of [n], each of size at least
V1. The probability that S; N Sy # () is at least 1 — e .

Proof. The probability that S; NSy # () is clearly minimized when both S} and S, have
v/n elements. In this case, the probability that S; NSy = () is given by the formula

W
= T - 2%)
(V) e
< (1-4 v
< (1- )
< e
This shows that the probability that S; N Sy # () is at least 1 — et m

Theorem 2.1.6. Let Ty and Ty be two uniformly random trees on n leaves among all
trees with the same tree shape (i.e. Ty is a random leaf relabeling of Ty ). Then the expected
size of MAST(Ty,Ty) is at least \/n(1 — e 1) /4.

Proof. Consider the y/n-blobification of 77 and T3, which we denote by By and Bs. Since
the trees have the same tree shape, this blobification has the same scaffold tree T'. We
can order the blobs in By = { By, ..., Bis} and By = {Bay, ..., Bas} so that By; and By;
correspond to the same leaf in the scaffold tree T”.

If for each 7, we had that By; N By; # (), we could take one leaf ¢; € By; N By, and let
S ={t,...,4:}, we would have T} |s = T»|s and this common agreement subtree would
have the same shape as the scaffold tree T".

Note that, since our trees are uniformly random among all trees with a given fixed
shape, the probability that Bj; N Bo; # () is at least 1 — e~ by Lemma 2.1.5, so that
the expected number of i where By; N By # () is at least s(1 — e™!). This set of index
positions gives an agreement subtree of expected size at least s(1 — e™!), which will be
isomorphic to an induced subtree of the scaffold tree. Since s > y/n/4 by Proposition
2.1.4 we see that the expected size of MAST(T},Ty) is at least \/n(1 —e™1)/4. O
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The same argument can be used to show that if 7} and 75 are uniformly random trees
among all trees that have the same /n-blobification, the expected value of MAST (T}, T5)
will also be at least v/n(1 —e™')/4.

2.2 Upper bound: Eliminating sampling consistency

In this section we generalize the result obtained from [3] that if 7} and T are generated
from any sampling consistent and exchangeable distribution on rooted binary trees with
n leaves, the expected size of the MAST is less than \y/n (for some constant A > ev/2).
We show that the result holds true even if we remove sampling consistency as one of the
conditions. Since the distribution of random trees with the same shape is exchangeable,
this will prove an O(y/n) bound on the expected size of the maximum agreement subtree
for uniformly random trees with the same shape.

Let RB(n) denote the set of all rooted binary trees with n leaves. For a set S let
RB(S) denote the set of all rooted binary trees with leaf label set S.

Definition 2.2.1. A distribution on RB(n) is said to be exchangeable if any two trees

which differ only by a permutation of leaves have the same probability.

For each n = 1,2,..., we can consider a probability distribution P, on RB(n). We
denote the probability of a tree t € RB(n) by P,[t]. The notion of sampling consistency
is concerned with a probability model for random trees that describes probability distri-
butions for random trees for all n. For example, the uniform distribution on trees gives
a probability distribution P, for each n, where P,[t] = m for all t € RB(n). The
property of sampling consistency is one that concerns the entire family of probability

distributions P,, n =1,2,....

Definition 2.2.2. A distribution of random trees is said to satisfy sampling consistency
if for all n, all s <n, all S C [n] with |S| = s, and all t € RB(S),

Plt]= Y PJI.

TeRB(n):T|g=t

In other words, in a sampling consistent distribution if we take a random tree T" and

restrict to any subset of the leaves, the resulting tree has the same distribution as if we
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had just chosen a random tree on that subset of leaves, directly. Our goal in this section

is to remove the restriction of sampling consistency for the following theorem from [3].

Theorem 2.2.3. Consider an exchangeable and sampling consistent distribution on rooted

binary trees. Then for any A > e\/2 there is a value m such that, for all n > m,
E[MAST(T1, T2)] < Avn

where Th, Ty are sampled from this distribution.

Let P, be an exchangeable distribution on RB(n). Since we do not have a family
of distributions P; for s < n, we can not talk about sampling consistency. To prove an
analogue of Theorem 2.2.3 without sampling consistency depends on defining some new
probability distributions on RB(s) for s < n. Specifically, for any s < n, and t € RB(s)
we define

TGRB(TL):T“S]Zt

We can also use the notation P;[t] = P,[T'|) = t] to denote this same probability.

Proposition 2.2.4. Let P, be an exchangeable distribution defined on RB(n). Then for
any s < n, Py satisfies exchangeability property on RB(s).

Proof. Let t and t' be two trees in RB(s) with same tree shape, and let s < n. By
definition, Py[t] = P,[T|;q = t] and Pi[t'] = P,[T|jq = t']. We define a bijection ¢ : [s] —
[s] from [s] to itself such that ¢(t) = ¢’ and extend the map ¢ : [n] — [n] from [n] to itself
with ¢(a) = a, for all a > s. This map can also be seen as a bijection between RB(s) to
RB(s) ( similarly between RB(n) to RB(n) ) by acting on the leaf set of the trees.

So, for any two trees T,7" in RB(n) with T'|jq =t and T"|j) = t', we have

(1) = ¢(t) = t" and ¢~ (T") 12,5y = ¢ (1) = L.

Hence T|jg =t if and only if ¢(T)|q = t’ since any bijection from [n] to [n] induces a
bijection from RB(n) to RB(n) by acting on the leaves of the trees. Also, as T" and ¢(7')
have the same tree shape and P, is exchangeable, we have P,[T] = P,[¢(T)]. Hence we
can conclude that P,[t] = P,[t]. O
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Lemma 2.2.5. Suppose that phylogenetic trees Ty and Ty in RB(n) are randomly gen-

erated under a model that satisfies exchangeability. Then

P[MAST(Ty,Ty) > 5] < by = (”) AR
5 teERB(s)

where P[t] is defined as Pi[t] = P,[T|) = t] for t € RB(s).

Proof. This theorem can be proved exactly the way Lemma 4.1 of [5] is proved with
the last equality following from the way we have defined Pj[t] instead of using sampling
consistency. The details are included here for completeness.

Given a subset S of [n] let

1, if Th|s =T
Xg = y 1 1|s ‘ 2|S
0, otherwise.

The number of agreement subtrees with s leaves for 77 and T is counted by

X6 = Z Xg.

SCIn]:|S|=s

The event M AST (Ty,T3) > s is equivalent to the event X6 >1 so

PIMAST(T\,T5) > s] = P[X® >1]

< E[X(s)]

= E[X]
SCn]:|S|=s

= P[Xs=1]
SCln]:|S|=s
n

= P[Xyy = 1],
(") P =1
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where the last equality is by exchangeability. Now,

PXig =1 = Pu[Ti|yg = Toly]
= Z Pn[Tl‘[s] =t and T2|[S]It]
teRB(s)
= > Rl =
teRB(s)
-
teRB(s)

where the last equality follows from the way we have defined P;[t]. Upon substituting

back for this term, we obtain the upper bound as stated in the lemma. O
We now state a proposition from [3].

Proposition 2.2.6 (Proposition 4.2, [3]). Let Ps; be any exchangeable distribution on

rooted binary trees with s leaves. Then

S Rt

s!
teRB(s)

Now we can combine these results to deduce the strengthened version of Theorem

2.2.3 that does not require sampling consistency.

Theorem 2.2.7. Then for any \ > e\/2 there is a value m such that, for all n > m,
E[MAST(Ty,T5)] < A\/n.

where Ty and Ty are sampled from any exchangeable distribution on RB(n).

Proof. This theorem can be proved exactly the way as Theorem 4.3 in [3] is proved as
we have already shown that P; is exchangeable by Proposition 2.2.4.
We explore the asymptotic behaviour of the quantity ¢, , = (2)21—71 Using the in-

equality (Z) < Z—, and Stirling’s approximation, we have:

by < (262")89<s>
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where 6(s) ~ 1. Hence, ¢, ; tends to zero as an exponenential function of n as n — oo.
Since ¢y, 5 > ¥n s, we see that PIMAST(T},T2) > A/n] tends to zero as an exponential
function of n. Since MAST (T}, T») < n, this implies that E[]MAST(T1,T3)] < Ay/n. O

Now we can deduce the main result for trees with the same shape.

Corollary 2.2.8. Let Ty and T, be generated from the uniform distribution on rooted
binary trees with n leaves with same tree shape (that is, Ty is a random leaf relabeling of
Ty). Then for any X > e\/2 there is a value m such that, for all n > m,

E[MAST(Ty,T»)] < \Wn.

Proof. This follows immediately from Theorem 2.2.7 since the uniform distribution on

trees with the same shape is exchangeable. O]

Combining Theorem 2.1.6 and Corollary 2.2.8 we deduce the main result of the chap-

ter.

Theorem 2.2.9. Let Ty and Ty be generated from the uniform distribution on rooted
binary trees with n leaves with same tree shape (that is, Ty is a random leaf relabeling of
Ty). Then

EMAST(T}, T3)] = ©(v/7).

2.3 Simulations with blobification

The blobification idea has the potential to be useful for proving lower bounds on the
expected size of the maximum agreement subtree in other contexts. For example, suppose
we have a model for random trees on n leaves and we can show that the scaffold tree
of the /n-blobification of a random tree has depth > f(n) with high probability p > 0
that does not depend on n. Then under this model, using Lemma 2.1.5, we see that two
random trees will have an agreement subtree of expected size at least f(n)(1 — e !)p?.
Such a tree would be obtained as a comb tree by comparing blobs that are matched along
the path from the root to the deepest leaf in each scaffold tree. Hence, understanding the
distribution of the depth of the scaffold trees in the y/n-blobification could give improved
lower bounds on the expected size of the maximum agreement subtree in some random

tree models.
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One specific application where this perspective might prove useful is for uniformly
randomly trees. The current best lower bound for the expected size of the maximum
agreement subtree for two uniformly random trees on n leaves is Q(n°3%¢) [1]. To see
if this blobification idea might be useful for improving the lower bound, we simulated
a lower bound for the depth of the scaffold tree of a uniformly random tree using the

following greedy procedure.

Algorithm 2.3.1 (Greedy Comb Scaffold).

Input: A binary tree T and an integer k.

Output: A scaffold tree in shape of a comb, whose leaves correspond to blobs of size
> k.

Set u = ().
While T" has more than one leaf Do:

— Let T} and T, be the left and right subtrees of the root in T'.
— Append min(#(T}), #(T3)) to wu.
— Set T equal to the larger of 77 and T5.

Set v = (0).

While u # () do

— If the last element of v is greater than or equal to k, append the last element

of u to v.
x Else, add the last element of u to the last element of v.

— Delete the last element of w.

Output v, a vector of sizes of blobs in 7', all except the last one having size > k,

which have a scaffold that is a comb tree.

Note that the length of the vector v (or possibly the length minus 1) gives the number
of leaves in the greedy comb scaffold where all blobs will have size greater than k.

We applied the greedy comb scaffold algorithm to uniformly random binary trees with
k = /n on 2" leaves for n =4, ..., 11, with 1000 samples for each value of n. The results
of these simulations are displayed in the log-log plot of Figure 2.5. The slope of the line of
best fit is approximately .466. These data suggest that a strategy based on blobification

.466)

could yield an Q(n lower bound on the size of the maximum agreement subtree for

uniformly random trees. This would be a significant improvement on our estimates of the
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Figure 2.5: Log-log plot of the simulated expected size of the greedy comb scaffold

expected size of the maximal agreement subtree for uniformly random trees, given the

current best known lower bound of 2(n-36°).
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Chapter 3

Undirected Gaussian graphical

models with toric vanishing ideals

Any positive definite n xn matrix ¥ can be seen as the covariance matrix of a multivariate

L is called the concentration

normal distribution in R™. The inverse matrix K = X~
matrix of the distribution, which is also positive definite. The statistical models where
the concentration matrix K can be written as a linear combination of some fixed linearly
independent symmetric matrices Ky, Ko, ..., K4 are called linear concentration models.
Let S™ denote the vector space of real symmetric matrices and let £ be a linear

subspace of S" generated by K, Ks, ..., K4. The set £7! is defined as
L'={xecs": e}

The homogeneous ideal of all the polynomials in R[X] = R[oy1, 019, ..., 0py) that vanish
on £7!is denoted by P,. Note that P, is prime because it is the vanishing ideal of £,
which is the image of the irreducible variety £ under the rational inversion map. In this
chapter, we study the problem of finding a generating set of P, for the special case of
Gaussian graphical models.

Gaussian graphical models are used throughout the natural sciences and especially in
computational biology as seen in [20], [21]. These models explicitly capture the statisti-
cal relationships between the variables of interest in the form of a graph. The undirected
Gaussian graphical model is obtained when the subspace £ of S" is defined by the vanish-

ing of some off-diagonal entries of the concentration matrix K. We fix a graph G = (|n], F)
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with vertex set [n] = {1,2,...,n} and edge set F, which is assumed to contain all self
loops. The subspace £ is generated by the set {K;;|(i,7) € E} of matrices K;; with 1
entry at the (4, 7)™ and (j,1)" position and 0 in all other positions. We denote the ideal
P, as Pg in this model.

One way to compute Py is to eliminate the entries of an indeterminate symmetric

n X n matrix K from the following system of equations:
-K=1d, KEekL,

where Id, is the n X n identity matrix. However, this elimination is computationally
expensive, and we would like methods to identify generators of Pg directly in terms of
the graph.

Various methods have been proposed for finding some generators in the ideal Py and
for trying to build Py from smaller ideals associated to subgraphs. These approaches are
based on separation criteria in the graph G.

If G is a c-clique sum of GG; and Gs, the ideal
Pe, + Pg, + ((c+ 1) x (¢ + 1)-minors of X 4uc 5uc) (3.1)

is contained in Pg. Here ¥ auc puc denotes the submatrix of ¥ obtained by taking all

rows indexed by AU C and columns indexed by B U C, and so
((c+ 1) x (¢ + 1)-minors of ¥ suc.Buc)

is the conditional independence ideal associated to the conditional independence state-
ment A1l B|C. Though the ideal (3.1) fails to equal Py, (or even have the same radical
as that of Pg) for ¢ > 2, [32] conjectured it to be equal to Pg for ¢ = 1.

Conjecture 3.0.1 (Sturmfels-Uhler Conjecture, [32]). Let G be a I-clique sum of two
smaller graphs Gy and Gy. If (A, B,C) is the 1-clique partition of G where Gy and Gy
are the subgraphs induced by AU C and B U C respectively, then

P = Pg, + Pg, + (2 x 2-minors of ¥ auc.Buc)-

In Section 3.1, we give counterexamples to this conjecture, and even a natural strength-

ening of it. We also give a corrected version of the formula by using the idea of saturation
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in Section 3.6. However, the motivation for Conjecture 3.0.1 was to use it as a tool to
prove a different conjecture characterizing the graphs for which the vanishing ideal Py is
generated in degree < 2. To explain the details of this conjecture we need some further
notions.

Let X = (X3, Xs,...,X,) be a Gaussian random vector. If A, B, C' C [n] are pairwise
disjoint subsets, then from Proposition 4.1.9 of [35] we know that X, is conditionally
independent of Xp given X¢ (i.e AL B|C) if and only if the submatrix ¥ 4u¢ guc of the
covariance matrix ¥ has rank |C|. The Gaussian conditional independence ideal for the

conditional independence statement A_l B|C' is given by

JAJ_LB\C = ((|C| +1) x (|C| + 1) minors of ¥ 4,c.5uc)-

If G is an undirected graph and (A, B, () is a partition with C' separating A from B,
then the conditional independence statement Al B|C holds for all multivariate normal
distributions where the covariance matrix 3 is obtained from G (by the global Markov

property). The conditional independence ideal for the graph G is defined by

Clo = > Jallsic:
A_ll_B|C holds for G

Proposition 3.0.2. For any given graph G, Clg C Pg.

Proof. As the rank of the submatrices ¥ 4 puc of the covariance matrix ¥ is |C| for all

partitions (A, B, C) of G, the generators of Clg vanish on the matrices in £71. m
The second conjecture in [32] which we prove in this chapter is as follows:

Theorem 3.0.3. (Conjecture 4.4, [32]) The prime ideal Pg of an undirected Gaussian
graphical model is generated in degree < 2 if and only if each connected component of the

graph G is a 1-clique sum of complete graphs.

The “only if” part of the conjecture is proved in [32]. That is, it is shown there that
a graph that is not the l-clique sum of complete graphs (commonly known as block
graphs) must have a generator of degree > 3. Such a generator comes from a conditional

independence statement with #C > 2.
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For block graphs, the conditional independence ideal can be written as

Clg = {

U

2 x 2 minors of Y auc.Buc),

(A,B,C)eC1(G)

where C(G) denotes the set of all 1-clique partitions of G. In this chapter, our main

result will be a proof that C'I; = P; when G is a block graph.

One important property of block graphs as shwon in Proposition 1.1.5 is that there

is a unique locally shortest path between any pair of vertices in a connected component

of a block graph.

Example 3.0.4. We illustrate the structure of Theorem 3.0.3 with an example. Let
G = ([6], E) be the block graph as shown in Figure 1.1. In Example 1.1.4, we saw that

G has four 1-clique partitions. The matrices associated to each of the four partitions are

as follows:

013

For 1: X uc,Buc = |o093

033

014
024
3 Xauc,Buc = |03

044

045

014
024

034

016
026
036

046

056 |

014
015 016
024
025 026 aQ:EAUC,BuC:
034
035 036 o
44

014
024
7 4:Yauc,Buc = |03

044

046

44

015
025
035

045

015
025
035
045

056

016
026
036

046



The ideal C'I; = P is the ideal generated by the 2 x 2 minors of all four matrices:

Clg = <013024 — 014023,013025 — 015023, 013026 — 016023, 014025 — 015024, 023034 — 024033,
023035 — 025033,023036 — 026033,024035 — 025034, 024036 — 026034, 025036 — 026035,
013034 — 014033,013035 — 015033,013036 — 016033,014035 — 015034, 014036 — 016034,
015036 — 016035, 014045 — 015044, 014046 — 016044, 015046 — 016045, 024045 — 025044,
024046 — 026044, 025046 — 026045,034045 — 035044, 034046 — 036044, 035046 — 036045,
014056 — 016045, 024056 — 026045, 034056 — 036045, 044056 — 046045, 014056 — 0150 46,

024056 — 025046, 034056 — 035046, 044056 — 045046, 014026 — 016024, 015026 — 016025>-

The history of trying to characterize constraints on the covariance matrices in Gaus-
sian graphical models goes back to [19] and the discovery of the pentad constraints in
the factor analysis model. Since then, the study of the constraints on Gaussian graphical
models has seen many results including the deeper study of the factor analysis model
in [10], the study of directed graphical models and characterization of tree models in
[34], and the complete characterization of the determinantal constraints that apply to
Gaussian graphical models in [36].

The study of the generators of the ideals Pg is an important problem for constraint-
based inference for inferring the structure of the underlying graph from data. Elements of
the vanishing ideal are tested to determine if the graph has certain underlying features,
which are then used to reconstruct the entire graph. A prototypical example of this
method is the TETRAD procedure in [28] which specifically tests the degree 2 generators
(tetrads) of the vanishing ideals of Gaussian graphical models for directed graphs. Our
main result in this chapter gives a characterization of which undirected graphs the tetrads
are sufficient to characterize all distributions from the model, and is a key structural result
for trying to use constraint based inference for undirected Gaussian graphical models.
Developing characterizations of the vanishing ideals of Gaussian graphical models by
higher order constraints (for example, determinantal constraints in [9] and [36] ) has the
potential to extend constraint-based inference beyond tetrad constraints.

This chapter is organized as follows. We give two counterexamples to Conjecture 3.0.1
in Section 3.1. In Section 3.2 we define a rational map p and its pullback map p*, whose
kernel is the ideal Pg. Using this uniqueness property of block graphs, we define the
“shortest path map” v and the initial term map ¢ and show that the two maps have the
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Figure 3.1: A counterexample to Conjecture 3.0.1

same kernel. We prove that the kernel of 1 is equal to the ideal C'I for block graphs with
one central vertex in Section 3.3. This result is generalized for all block graphs in Section
3.4. Finally, in Section 3.5 we put all the pieces together to prove Theorem 3.0.3 using
the results proved in the previous sections. We also show that the set F' forms a SAGBI
basis ( Subalgebra Analog to Grobner Basis for Ideals ) using the initial term map. We
end this chapter with Section 3.6 where we give a rectified version of the formula given

in Conjecture 3.0.1.

3.1 Counterexamples to the Sturmfels-Uhler Con-

jecture

We first begin with some counterexamples to Conjecture 3.0.1. Initial counterexamples
suggest a modification of Conjecture 3.0.1 might be true, but we show that that strength-
ened version is also false. This last counterexample suggests that it is unlike that there

is a repair for the conjecture.

Example 3.1.1. Let G = ([6], E) be the graph as shown in Figure 3.1. Here A =
{1,2},B = {4,5,6} and C' = {3}. Computing the ideals P; and Pg, + Pg, + (2 X

2 minors of ¥ 4uc Buc), we get

PG = <014<725U46 — 014096045 — 015024046 + 015026044 + 016024045 — 016025044,
2
024045056 — 024046055 — 095044056 + 095046045 + 026044055 — 026075

+Pg, + Pg, + <2 X 2 minors of EAU(J,BUC>-

Note that even for some small block graphs Conjecture 3.0.1 is false.
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Example 3.1.2. Consider the graph G = ([4], F) which is a path of length 4. Taking
¢ = {3}, we get a decomposition of G into GG; and G5 which are paths of length 3 and
2 respectively. A quick calculation in Macaulay2 [13] shows that P; = Cl¢ is generated

by 5 quadratic binomials. However,
Pa, + Pa, + (2 x 2-minors of X 23} (3,43)

has only 4 minimal generators.

Although Py is not equal to Pg, + Pg, + (2 x 2 minors of ¥ 4u¢,puc) in these ex-
amples, we observe that the extra generators of Py are also determinantal conditions
arising from submatrices of ¥. Furthermore, they can be seen as being implied by the
original rank conditions in Py, and Fg, plus the rank conditions that are implied by
(2 x 2 minors of X auc Buc)-

For instance, in Example 3.1.2, the ideal Rg = Pg,+Pg,+(2x2-minors of 2{17273}7{374})

is generated by the 2 x 2 minors of the two matrices
013 014
012 013
and 0923 024
022 023
033 034
Whereas the Pg is generated by the 2 x 2 minors of the two matrices.
013 014
012 013 014
and 023 0924
022 023 024
033 034

However, we can take the generators of Rg and assuming that o33 is not zero (which is

valid since ¥ is positive definite), we observe that
012 013 014
O22 023 024

Similarly, in Example 3.1.1, we know that ({3}, {6}, {4,5}) is a separating partition

must be a rank 1 matrix.

for the subgraph G,. So, the ideal J (3111 {6}/{4,5) is contained in Pg,, which implies that
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rank of the submatrix X345} 456 is 2. Similarly, ({1,2},{4,5,6},{3}) is a separating
partition of G, which implies that rank of the submatrix X123y 34,56 is 1. Now, as
Y{1,2,3){4,5,6) 1s a submatrix of Yy 23y 134,56}, We can say that X 23y 456 also has rank
1. Hence, from these two rank constraints and the added assumption that o33 is not zero
we can conclude that the submatrix ¥ 2 4 5},14,5,6) has rank 2.

The details of these examples suggest that a better version of the conjecture might
be

PG = Lift(PGl) + Lift(PG2) + <2 X 2 minors of EAUC,BUC’)-

Here Lift(Pg, ) denotes some operation that takes the generators of P, and extends them
to the whole graph, analogous to how the toric fiber product in [33] lifts generators for
reducible hierarchical models on discrete variables [8; 17]. We do not make precise what
this lifting operation could be, because if it preserves the degrees of generating sets the
following example shows that no precise version of this notion could make this conjecture

be true.

Example 3.1.3. Let G = ([7], E)) be the graph as shown in Figure 3.2 and let (A4, B, C') be
the partition ({1,2,3},{5,6,7},{4}). Computing the vanishing ideal, we get P; = Clg,

but that among the minimal generators of Py is one degree 4 polynomial m where

2
m = 017023056 — 013017027056 — 012017037056 + 011027037056 — 016017023057
+ 013016027057 + 012016037057 — 011026037057 — 015017023067 + 013015027067
+ 012015037067 — 011025037067 — 012013057067 + 011023057067 + 015016023077

— 013015026077 — 012015036077 + 011025036077 + 012013056077 — 011023056077

As both Pg, and Pg, are generated by polynomials of degree 3, this degree 4 polynomial

could not be obtained from a degree preserving lifting operation.

We come back to this problem in Section 3.6 where we give a revised formula for

representing Py in terms of Py, and FPg,.
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Figure 3.2: Graph with a degree 4 generator

3.2 Shortest path in block graphs

Our goal for the rest of the chapter is to prove Theorem 3.0.3. To do this, we need to
phrase some parts in the language of commutative algebra. The vanishing ideal is the
kernel of a certain ring homomorphism, or the presentation ideal of a certain R-algebra.
We will show that we can pass to a suitable initial algebra and analyze the combinatorics
of the resulting toric ideal. This is proven in this section and those that follow.

We begin this section by defining a rational map p such that the kernel of its pullback
map gives us the ideal Pg;. We also use the existence of a unique shortest path between
any two vertices of a block graph (as shown in Proposition 1.1.5) to define the “shortest
path map”.

Let R[K| = R[ki1, k12, ..., knn) denote the polynomial ring in the entries of the con-
centration matrix K, and R(K) its fraction field.

We define the rational map p: £ --» L7 as follows:

P(K) = P(/ﬁl, kia,. .., knn)
= (p11<k11;k127--~;knn>7p12<k117k12;---7knn>>~-~;pnn(k117k12a---aknn))7

where p;; € R(K) is the (4, j) coordinate of K ~'. The rational map does not yield a well
defined function from £ to £7! as every matrix in £ is not invertible (chapter 3, [15]).
Also note that the definition of p depends on the underlying graph G, since the zero
pattern of K is determined by G.

The pull-back map of p is

P RE] = R(K), o4+~ pij(K).
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So, for each p € R[X] and K € L,

p*(p)(K) = pop(K) = p(p11(K), p12(K), ..., pun(K)).

Hence, we have

Po=TI(L™") = ker(p*).

For a given graph G = ([n], E), let f;; € R[K] be the polynomial defined as det(K)
times the (i,7) coordinate of the matrix K—'. Let F = {f;; : 1 < i < j < n}. So, the

map p* can be written as

1
p RIS RE) (o) = g o
As 1/det(K) is a constant which is present in the image of every o;;, removing that
factor from every image would not change the kernel of p*. Hence, we change the map
p* as

p"RE] = RIF],  p"(0) = fiy,
where R[F] = R[f11, fi2, .-, fan) € R[K].

Example 3.2.1. Let G = ([4], E) be a graph with 4 vertices as shown in Fig 3.3. The
matrices ¥ and K for this graph are:

011 012 013 014 ki1 ko k’13 0

012 O22 023 024 k1o koo /f23 0
Y= , K=

013 023 033 O34 kig kog ksg Fkas

014 024 034 Oy4q 0 0 k’34 Faa

The ideal Pg can be calculated by using the equation ¥ - K = Id4 and eliminating
the K variables.

(Y- K —1dy) = (ouiki + oi2kia + o13kiz — 1, 011k12 + 012kas + o13kas, . . -,

O14k13 + 024kos + 03akss + 0aaksa, 034kss + oaakas — 1).
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Figure 3.3: A block graph with 4 vertices

Eliminating the K variables, we get
Pg = (E K- [d4> N R[E] = (013034 — 014033,023034 — 024033, 014023 — 013024>-

From the map p*, we have

fi2 = —kioksskys — k‘121€§4 — koskiskaa
fi11 = kogksgkas — k22/€§4 - k§3k44
9 9 fi3 = —Fkiskookas + kiokoskaa
foo = ki1ksskas — k11ksy — Kigkaa
fia = kisksakos — ki2koskss

f33 = kiikookas — kuak?y (3.2)
9 5 fos = —kogki1kas + k12k13kaa
f44 = k11k22k733 - kllkgg - k12k33

5 foa = kosksaki1 — ksakiskio
+ kioki3kas + ki3ki2kos — kigkao )
faa = —ksaki1koo + ksakiy

where f;; is det(K) times the (4, j) coordinate of K~'. Evaluating the kernel of p*, we
get

*
ker(p ) = <U13034 — 014033,023034 — 024033,014023 — 013024>

which is same as the ideal P;. Note that G is a block graph with a single 1-clique sum
decomposition. As the generators of P are the 2 x 2 minors of ¥ 5 3} 13,4}, the conjecture

holds for this example.

Observe that in Example 3.2.1, each f;; contains a monomial which corresponds to
the shortest path from ¢ to j in the graph G along with loops at the vertices not in
the path. For example, fo4 has the monomial kosksski; where kosksy corresponds to the
shortest path from 2 to 4 and kj; corresponds to the loop at the vertex 1. In (3.2), the
underlined terms are this special terms. This turns out to be important in our proofs,

and we formalize this observation in Proposition 3.2.3.
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For the rest of the chapter, we assume that G is a block graph and the shortest path
from ¢ to j in G is denoted by i <> j. We use (¢, j') € i <> j to indicate that the edge
(7', j') appears in the path i <» j. We let £(i, 7) denote the length of the shortest path

from i to 7. We now state a result from [18] which will be used to prove Proposition 3.2.3.

Theorem 3.2.2. (Theorem 1, [18]) Consider an n—dimensional multivariate normal
distribution with a finite and non-singular covariance matrix 3, with precision matrix
K = X7t Let K determine the incidence matriz of a finite, undirected graph on vertices
{1,...,n}, with nonzero elements in K corresponding to edges. The element of K corre-
sponding to the covariance between wvariables x and y can be written as a sum of path
weights over all paths in the graph between x and y:

Ozy = Z (_1)m+1kp1pzkpzp3"-kpm11%%5};)’

PEPuy

where P, represents the set of paths between x and y, so that py = x and p,, =y for
all P € &,y and K\ p 1is the matriz with rows and columns corresponding to variables in

the path P omitted, with the determinant of a zero-dimensional matriz taken to be 1.

Proposition 3.2.3. Let G = ([n], E) be a block graph with the corresponding concentra-
tion matriz K. If f., denote det(K) times the (x,y) coordinate of K~', then f,, has the

monomaal
(_1)E(i,j) H kx,y/ H Ky

(z'y")exery t¢zery
as one of its terms. Furthermore, this term has the highest number of diagonal entries

ky among all the monomials of fgy.

Proof. From Theorem 3.2.2, we have

foy = det(K) - 04y = Z (_1)m+1kp1p2kp2p3‘“kpmqpmdet(K\P)'

From Proposition 1.1.5 we know that if G is a block graph, then for any two vertices
x and y, there exists a unique shortest path between z and y. If z € x <> y with z # z, v,
then there exists a 1-clique partition (A, B,C') of G with C' = {z} and x € A,y € B. By
the definition of 1-clique partition we know that any path from z to y must pass through

z. As z is arbitrarily chosen, any path in G from x to y must pass through all the vertices
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in x <> y. This gives us that the unique shortest path has the least number of vertices
among all the other paths from x to y. So, the matrix K\,.,, has the highest dimension
among all the other matrices K\p, P € &7,,.

Now, for any P € Z,,, det(K\p) contains the monomial Ht¢ pky as G is assumed
to have self loops. This monomial has the highest number of diagonals among all the

monomials in det(K\p) as the degree of det(K\p) is same as the degree of [, p kit So,

H km’ y’ H ktt

(z',y")eP t¢P

the monomial

has the highest number of diagonal terms among all the monomials in [, ¢ p karydet(K\p).

As K\, has the highest dimension, we can conclude that the monomial

H k;r’y’ H ktt

(z'y")Exry t¢zry
has the maximum number of diagonal terms among all the monomials in f,,. O

We call the monomial defined above as the shortest path monomial of f;;. As the
shortest path monomial in each f;; has the highest power of diagonals k;; among all the
other monomials in f;;, we can define a weight order on R[K] where the weight of any
monomial is the number of diagonal entries of the monomial. The initial term of f;; in

this order will be precisely the shortest path monomial.

Definition 3.2.4. Let G be a block graph. Define the R-algebra homomorphism

gb : R[E] — R[K], 05 — H ki’j’ H k:tt‘

(i ,5") €ty tdicrg
This monomial homomorphism is called the initial term map.

The map ¢ is the initial term map of p*, but with the sign (—1)%%?) omitted. We will
use this to show that the set F' forms a SAGBI basis of R[F] by using this term order,
as part of our proof of Theorem 3.0.3. This appears in Section 3.5. To do this we must
spend some time proving properties of ¢ and ker ¢.

Note that the kernel of ¢ is the same with or without the signs (—1)“®7). This is

because the monomials that appear are graded by the number of diagonal terms that
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appear, which is also counted by the (—1)“®/). Any binomial relation ¢* — 0¥ € ker ¢
much also lead to the same power of negative one on both sides of the equation.

From the standpoint of proving results about this monomial map based on shortest
paths in a block graph, it turns out to be easier to work with a related map that we call

the shortest path map.

Definition 3.2.5. Let G = ([n], E) be a block graph. The shortest path map 1 is defined

as

¢ : R[Z] — R[al, ceey Qg le, ceey kn_l,n] — R[A7 K]
¢(U]) — { a/iaj H(ilvj/)e’ﬂ—)j ki’j’ Z 7£ j
Z 2

a; 1=7.

Example 3.2.6. Let G be the graph in Example 3.2.1. Let ¥ be the shortest path map

and ¢ the initial monomial map as given in Definitions 3.2.4 and 3.2.5. So for example,
¢(011) = kook3zkua, ¢(012) = kiok33kuaa, - ..

1/1(0'11) = CL%,’(ﬂ(O’lg) = alagku, e

As is typical for monomial parametrizations, we can represent them by matrices whose
columns are the exponent vectors of the monomials appearing in the parametrization. In

this case, we get the following matrices corresponding to ¢ and ¥ respectively.

0000111111 211100000 O0
1011000111 010021100 0O0
1100100001 0010010210
M, — 1110110100 M, — 0001O001O0T12
01 000O0O0O0O0®O 01 00O0O0O0O0O0®O
001100¢O0O0O0®O0 001 100O0O0O0O0
000O0O0OT1T1O0QO0G®O0 000O0O0OT1T1TUO0O0O
000100101 0] 000100101 0]

The rows of M, are ordered as {ki1, koo, k33, kaa, k12, K13, ko3, k34 } and the rows of My, are

Ordered as {CLl, a2, a3, a4, lea k137 k237 k34}‘

In fact, these two monomial maps have the same kernel for block graphs.
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Proposition 3.2.7. Let G be a block graph and let ¢ and 1 be the initial term map and
the shortest path map, respectively. Then ker(i)) = ker(¢).

Proof. Both ker(¢) and ker(t)) are toric ideals. To show that they have the same kernel,
it suffices to show that the associated matrices of exponent vectors have the same kernel,
or equivalently, that they have the same row span. Let My and M, denote those ma-
trices. As ¢(0y;) = aia; [[(s jeses; kg and #(035) = [Lir jneicss Firg Tlsgies j Kss, the rows
corresponding to k;; with ¢ # j remain the same in both the matrices. So, we only need
to write the k;; rows of M, as a linear combination of the rows of M, and vice versa.

The row vector corresponding to k;; in M, is 1 at the 0, coordinates where i ¢ p <+ ¢
and is O elsewhere. Similarly, the row vector corresponding to a; in My is 2 at the oy;
coordinate, 1 at the o, coordinates where either of the end points is ¢ (either p = ¢ or
g =1) and 0 elsewhere.

We observe that the k;; rows of M, can be written as a linear combination of the rows

of M, using the following relation:

2= a;— Y ki (3.3)

JFi s:14>s is an edge

Here we are using k;; to denote the row vector of M, corresponding to the indeterminate

kii, and similarly for a; and k;s. We have

Z a; = paths ending at i + 2( paths not ending at i) — i < 1,
J#i
Z k;s = paths ending at i + 2( paths containing i but not ending at i) — i <> i.

$:i4>s is an edge

So,
Z aj; — Z k;s = 2( paths not containing i) = 2k;;.

i sii¢>s is an edge

As this relation is true for any ¢, the row space of M, is contained in the row space of
My. So, ker() C ker(¢).

To get the reverse containment, we need to write the a; rows of M, as a linear

combination of the rows of M,. From (3.3), we get

Z a; = 2km + Z kis~

VED s:14>s is an edge

%)



Writing these n equations in the matrix form, we get an n X n matrix in the left hand
side which has 0 in its diagonal entries and 1 elsewhere. As this matrix is invertible for
any n > 1, we can conclude that the row space of M, is contained in the row space of
A. Hence, ker(¢) = ker(¢). O

Our goal in the next two sections will be to characterize the vanishing ideal of the

shortest path map for block graphs.

Definition 3.2.8. Let G be a block graph. Let SPg = ker(1)) = ker(¢) be the kernel of
the shortest path map. This ideal is called the shortest path ideal.

As the shortest path map is a monomial map, we know that the shortest path ideal
is a toric ideal. We will eventually show that SPg; = Clg = Pg, however we find it useful

to have different notation for these ideals while we have not yet proven the equality.

3.3 Shortest path map for block graphs with 1 cen-

tral vertex

In this section we show that SP; = Clg in the case that G is a block graph with
only one central vertex. This will be an important special case and tool for proving that
SPgs = Clg for all block graphs, which we do in Section 3.4. Our proof for graphs with
only one central vertex depends on reducing the study of the ideal SPg in this case to

related notions of edge rings in [6] and [16].

Definition 3.3.1. If GG is a block graph, a vertex c in G is called a central vertez if there
exists a 1-clique partition (A4, B, C') of G such that C' = {c}.

Example 3.3.2. Let GG be the block graph with 5 vertices as in Figure 3.4. There are
three possible 1-clique partitions of G,

({1,2},{4,5},{3}), ({1,2,4},{5},{3}) and ({1,2,5}, {4}, {3}).

We see that 3 is the only central vertex of G as C' = {3} for all the three partitions. Now
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Figure 3.4: A block graph with 1 central vertex

2

computing S Pg for this graph, we get

ker(z/z) = <U34035 — 033045,024035 — 023045,014035 — 013045, 025034 — 023045,
015034 — 013045, 025033 — 023035, 024033 — 023034, 015033 — 013035,

014033 — 013034,015024 — 014025, 015023 — 013025, 014023 — 013024>-

We observe that in Example 3.3.2, none of the generators of SFPg; contain the terms
012,011, 022,044 and os5. These terms correspond to the edges in G which cannot be
separated by any 1-clique partition of GG. This property is true for all block graphs with

one central vertex as we prove it in the next Lemma.

Lemma 3.3.3. Let G be a block graph with one central vertex ¢ and let D be the set
of variables 0,4, where the shortest path p <+ q does not intersect c. Then none of the

variables appearing in D appear in any of the minimal generators of the kernel of 1.

Proof. Since 1 is a monomial parametrization, the kernel of ) is a homogeneous binomial
ideal. Let

f:O_u_O_v

be an arbitrary binomial in any generating set for the kernel of SPg. In particular, this
implies that ¢“ and ¢¥ have no common factors. Suppose by way of contradiction that
0pg 1 some variable in D that divides one of the terms of f, say ¢*. Then ¢ (c") would
have k,, as a factor. But k,, appears only in the image of 0,, as no other shortest path
between any two vertices in G contains the edge (p, ¢). This would imply that o, is also

a factor of ¢V contradicting the fact that ¢“ and ¢¥ have no common factors.
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Similarly, if 0, is a factor of 0" where p is not the central vertex, then ¢ (c") would
have a2 as a factor. In order to have a} as a factor of ¢)(c”), it would require two variables
in 0¥ to have p as one of their end points. As p is not a central vertex, we will have kfp as
a factor of (o). But then this means that there must be two variables in ¢* that touch
vertex p. Which in turn forces another factor of a2 to divide ¢(¢*). Which in turn forces
another two variables in ¢¥ to touch vertex p, and so on. This process never terminates,
showing that it is impossible that oy, is a factor of o*.

Hence we can conclude that none of the variables in D appear in any of the generators
of SPg. O

Note that the proof of Lemma 3.3.3 also applies to any block graph with multiple
central vertices. Hence, we can eliminate some of the variables in the computation of the
shortest path ideal.

We let R[E \ D] denote the polynomial ring with the variables D eliminated. Here
we are always taking D to the be set of variables corresponding to paths that do not
touch the central vertex x. Lemma 3.3.3 shows that it suffices to consider the problem of
finding a generating set of S Py inside of R[X \ D].

The next step in our analysis of SPg for block graphs with one central vertex will
be to relate this ideal to a simplified parametrization which we can then relate to edge
ideals.

Let G be a block graph with one central vertex. Consider the map

~

Y R[X\ D] = Rla], 04— aa,.

Proposition 3.3.4. Let G be a block graph with one central vertex. Then kerzﬁ = ker 1.

Proof. Note that because we only consider 0,, € R[X\ D] then any time 1(o,,) contains
k,c it will automatically contain a, as well, and vice versa. Hence, the a,k,. always occurs
as a factor together in 1 (o,,). So we can eliminate the k,. from the parametrization

without affecting the kernel of the homomorphism. O]

In order to analyze SPs = kerlﬂ = ker ), we find it useful to first extend the map to
all of R[X], where the kernel is well understood. In particular, we associate an edge in
the graph K to each variable in R[X], where K denotes the complete graph K,, with a

loop added to each vertex. We embed K, in the plane so that the vertices are arranged

o8



to lie on a circle. We consider the map

~

1/) : R[E] — R[a], Oij = @;Qa;

and its kernel SPg. = ker 1& We describe a Grobner basis for this ideal, based on the
combinatorics of the embedding of the graph K. We consider a pair of edges (3, j), (k, ()
to be intersecting if the two edges share a vertex or the edges intersect each other in the
circular embedding of K.

The circular distance between two vertices of K, is defined as the length of the shorter
path among the two paths present along the edges of the n-gon. We define the weight of
the variable 0;; as the number of edges of K, that do not intersect the edge (i, 7). Let
< denote any term order that refines the partial order on monomials specified by these

weights. Now, for any pair of non-intersecting edges (i, j), (k,[) of K;, one of the pairs

(1, k), (7,0) or (i,1)(4, k) is intersecting. If (i, k), (j,() is the intersecting pair, we associate
the binomial 0;;04 — 0,0, with the non intersecting pair of edges (¢, j), (k, ). We denote

by S’ the set of all binomials obtained in this way.

Lemma 3.3.5. For any binomial 0,50 — 05051, where (i, 7), (k,1) are non-intersecting
edges and (i, k), (j,1) intersect, the initial term with respect to < corresponds to the non

intersecting edges in K.

Proof. We divide the set of vertices in K into four different parts (excluding the vertices
i,7,k and [). Let P; denote the set of vertices that are present in the path between i
and j along the edges of the n-gon that do not contain £ and [. Similarly, let P, P3 and
P, denote the set of vertices between j and k, k and [ and [ and 7 respectively. Let the

cardinality of each P; be p; for i = 1,2,3,4. Then, the weight of the four variables are as
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follows:
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This gives us
w(oi;) +w(ow) — (w(ow) +w(oj)) = 2paps + 2(p2 + pa) +2 > 0.

Hence, the initial term of 0;;04,; — 0,05 with respect to < is 0;;04. Further, if k& = [ then

we have the binomial 004, — 0,0, Where

-1
w(og,) = <n2 >+n—1and

4
w(oj) = (];Z) + p1pa +p1ps +pspa+2(p1 +ps +pa) + 1+ (n—2).
i=1

This gives us

4
Di 3
w(oi;) + w(ow) — (wlow) + wlo) = Z 5T 2(paps + p2pa) + 5(172 + 3+ pa)
i=2
+ps +4 > 0.
So, the initial term of 0,04, — 0,0, With respect to < is 00 O

Lemma 3.3.6. Let S’ be the set of binomials obtained from all the pairs of non-intersecting
edges of K. Then S is the reduced Grébner basis of SPxs with respect to <.

Proof. By lemma 3.3.5 we know that for any binomial o;jo4 — 040, € S, where
(,7), (k,1) are non-intersecting edges and (i,1), (4, k) intersect, the initial term with re-

spect to < corresponds to the non intersecting edges in K. Clearly, 001 —0y0;, € S Pks.
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The proof follows the basic outline as the proof of Theorem 9.1 in [31]. For any even

closed walk I' = (i1, @9, ..., iox_1, l2k, 41) in K we associate the binomial

k k
br 1= | | Oigy_1,ior — | | Tigigit1
=1 =1

which belongs to SPg.. To prove that S” is a Grébner basis, it is enough to prove that
the initial monomial of any binomial by is divisible by some monomial o;;0%; which is the
initial term of some binomial in S, where (7, j) and (k,[) are a pair of non intersecting
edges. Let there exist a binomial bp = 0" — 0¥ € SPge with in,(br) = 0" which con-
tradicts the assertion. Then assuming that br has minimal weight, we can say that each
pair of edges appearing in ¢” intersects.

The edges of the walk are labeled as even or odd, where even edges look like (i, 19, 41)
and the odd edges are of the form (ig,_1,i2,). We pick an edge (s, t) of the walk I" which
has the least circular distance between s and ¢t. The edge (s,t) separates the vertices
of K except s and t into two disjoint sets P and @) where |P| > |Q|. We start T" at
(s,t) = (i1,142). From our assertion on br we have that each pair of odd (resp. even) edges
intersect. Also, it can be proved that if P contains an odd vertex is,_1, then it contains
all the subsequent odd vertices @941, 42,43, ..., i2x_1. As the circular distance between s
and t is the least, we need to have i3 to be in P. So, all the odd vertices except i; lie in P
and all the even vertices lie in @ U {i1,42}. This gives us that the two even edges (is, i3)

and (igg,71) do not intersect, which is a contradiction. O

Our goal next is to use Lemma 3.3.6, to prove that SP; = Clg for block graphs with
one central vertex. Recall that the set D consisted of all variables o;; such that in the
graph G i <+ j does not touch the central vertex. As the o,; appearing in D do not appear
in any generators of SFg, let us construct an associated subgraph of K without those
edges. Specifically, let G° be the graph obtained by removing the edges (7,j) from K?
such that o;; € D. Note that we choose an embedding of G° so that each maximal clique
minus ¢ forms a contiguous block on the circle. The placement of ¢ can be anywhere that
is between the maximal blocks.

Figure 3.5 illustrates the construction of the graph G° in an example.

Example 3.3.7. Let G be a block graph with 5 vertices in Figure 3.5. There are 3 possible
1-clique partitions of G, each of them having C' = {3}. The edges in K¢ which cannot
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G K¢ Ge

Figure 3.5: Construction of the graph G°. The dark lines in K¢ correspond to the edges
in G whereas a dotted line between ¢ and j tells us that there is no edge between i and j
in G. The dotted line basically corresponds to the shortest path between the two vertices
in G. Note that the addition of extra edges gives us K7 and the deletion of some edges
gives us G°.

be separated by any 1-clique partition of G are D = {(1,2), (1,1),(2,2), (4,4),(5,5)}. So

we remove them from K7 to get G°.

Lemma 3.3.8. For any non intersecting pair of edges (i,7), (k,l) in G°, there exists a
1-clique partition (A, B,C) of G such that i,l € AUC and j,k € BUC.

Proof. We first prove this for the non intersecting edges (i,j), (k,1) with 7,7, k,l # c.
Without loss of generality we can assume that ¢ < 7 < k < [. We know that for each
edge (i,7) in G° there exists a 1-clique partition (A, B,C) of G such that i € AUC and
j € BUC. This implies that ¢ and j (similarly &£ and [) lie in different maximal cliques
of GG. As the vertices of G° are labeled counter-clockwise, there are only three ways how

the vertices 1, 7, k, [ can be placed:

i) ,leC,jkeCy i) i,leCh,jeCykeCh,
ZZZ) iecl,jng,k603,lEC4,

where C; are the different maximal cliques of G. In all the three cases i and k (similarly j

and 1) are in different maximal cliques. Hence there exists a 1-clique partition (A, B, C')
such that i, € AUC and k,j € BUC.

A similar argument can be given for the non intersecting edges (i, ¢), (k, 1) and (¢, ¢), (4, 7).

O
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Lemma 3.3.9. Let S’ be the Grébner basis for SPre C R[X] as defined in Lemma 3.3.6.
Then the set S’ NR[X\ D] forms a Grébner basis for SPg.

Proof. Let g = 0" — 0¥ be an arbitrary binomial in SPg = ker 1& This implies that the
initial term of g is contained in R[X \ D]. Since 5" is a Grébner basis for SPg. with
respect to <, there must exist some f € S’ such that in-(f) divides in<(g). This gives
us that the initial term of f is contained in R[X \ D].

So it is enough to show that for every f € S’ whose leading term is in R[X \ D] is
actually contained in R[¥ \ D]. Let

/= 0ij0kl — Oik0ji

be a binomial in 5" whose leading term is contained in R[X\ D]. Let ;04 be the leading
term. Then the edges (i, 7), (k,[) are non intersecting as the initial term of each binomial
in S’ corresponds to the non intersecting edges. So by Lemma 3.3.8, there must exist
a l-clique partition (A, B,C) of G which separates the edges (i,7) and (k,l), that is,
i,l € AUC and j,k € BUC. This implies that (A, B, () also separates the edges (i, k)
and (j,[). Hence we can say that oy, 05 ¢ D and o,j04 — oo € R[E\ D). O

Now that we have all the required results, we prove the main result of this section.

Theorem 3.3.10. Let G be a block graph with n vertices having only one central vertex.
Then the set of all 2 x 2 minors of X auc.puc for all possible 1-clique partitions (A, B, C')
of G form a Gréobner basis for SPg. In particular, SPg = Clg.

Proof. We rearrange the graph by placing the vertices in K such that there is no inter-
section among the edges of G in AU C and B U C for any 1-clique partition (A, B,C')
(with C' = {c}). We complete the graph by drawing the remaining edges with dotted
lines.

The complete graph K gives us a partial term order on R[X] by defining the weight
of the variable o;; as the number of edges of K which do not intersect the edge (i, 7).
Let < denote the term order that refines the partial order on monomials specified by
the weights. Let S be the set of all 2 x 2 minors of ¥4,¢c puc for all possible 1-clique

partitions of G. Any binomial in S has one of the three forms:

i) 0ijo, — ooy with i, € AUC and j,k € BUC
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ii) o0, —ouojr with i,k € AUC and j,l € BUC
iii) o0, — ooy with 4,7 € AUC and k,l € BUC.

Here (i,7), (k,1) and (i,1), (j, k) are the non intersecting pairs of edges and (i, k)(j,1) is
the intersecting pair in G°. So any binomial in S of the form (i) or (¢i) is contained in
S’. If the binomial 0,0, — 050, (of form (i7)) is in S, then by Lemma 3.3.8 we know

that the binomials 0;;0, — 0ix0; and 0,0, — 04,0 are also in S. As
040kl — 04104k = 040k — Oik04] — (UuO'jk - Uz’kUﬂ),

we can conclude that S and S NS" generate the same ideal. Furthermore, the set S NS’
has the same initial terms as S’ N R[X \ D] so this guarantees that S is a Grobner basis
for SPg as well. O

3.4 The shortest path ideal for an arbitrary block
graph

To generalize the statement in Theorem 3.3.10 for any arbitrary block graph, we further
exploit the toric structure of the ideal SPg. As SFg is the kernel of a monomial map, it
is a toric ideal, a prime ideal generated by binomials. Finding a generating set of S Pg
is equivalent to finding a set of binomials that make some associated graphs connected.
We use this perspective to prove that SP; = Clg.

From the shortest path map v, we can obtain the matrix M, as shown in Example
3.2.6. So SP; = ker(¢) is the toric ideal of the matrix M, as

(o) =t

where 0 = (011, 012, .., Opn) and t = (aq, ag, ..., Gn, k12, ooy kn—_1n)-
Let G = ([n], E) be a block graph. For any vector b € N+ED " the fiber of M, over
b is the set

MY (b) = {u € N™*+/2 0 My = b}

As the columns of M, are non-zero and non-negative, M, 1(b) is always finite for any
b € NHED Tet F be any finite subset of kery(M,,). The fundamental theorem of Markov
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bases (Theorem 1.4.4) connects the generating sets of toric ideals to connectivity prop-

erties of the fiber graphs. We state the Theorem explicitly for the shortest path maps.

Theorem 3.4.1. (Thm 5.3, [31]) Let F C kerz(My). The graphs MJl(b); are connected
for allb € NMy = {\ My1+ ...+ My 5Mynyip) : X € N, My, are columns of My} if and
only if the set {o*" —o¥" 1w € F} generates the toric ideal SPg.

As we proved in Theorem 3.3.10 that the set of all 2 x 2 minors of ¥ 4uc puc for all
possible 1-clique partitions of G form a Grobner basis for ker(t) for all block graphs
with one central vertex, by using Theorem 4.4.2 we can say that the graph M L(b)F is
connected for all b € NM,,. Here F is the set of all 2 x 2 minors of ¥ 4uc,puc in the vector
form, for all possible 1-clique partitions of G.

So, to generalize the result in Theorem 3.3.10 for all block graphs, we need to show that
MJl(b)}‘ is connected for any b € NM,,. For a fixed b, let u,v € M;l(b)f. This implies
that both Myu and Myv are equal to b, which gives us ¢(c* — %) = 0. Therefore, it is
enough to show that for any f = % — ¢" € SPg, 0" and ¢¥ are connected by the moves
in F.

Let G be a block graph with n vertices. Let u & N(*+1)/2 which is a node in the
graph of M, 1(b) 7. We represent this u, or equivalently 0%, as a graph in the following
way: For each factor o;; of 0" we draw the shortest path i <+ j along G with end points
at i and j. For each o;; we draw a loop at the vertex i. Let deg;(c*) denote the degree
of a vertex 7 in ¢" which is defined to be the number of end points of paths in c%. We
count the loops corresponding to o;; as having two endpoints at .

If f=0"—0"is a homogeneous binomial in SPg, then ¥ (c") = ¢ (") if and only if

the following conditions are satisfied:

i) The graphs of ¢" and ¢” both have the same number of paths (as f is homogeneous),
ii) The graphs of " and o¥ have the same number of edges between any two adjacent
vertices ¢ and j (as the exponent of k;; in ¢(c") gives the number of edges between

i and 7 in the graph of "),
iii) The degree of any vertex in both the graphs is the same (as the exponent of a; in

(o™) gives us the degree of the vertex i in the graph of o).

Next we show how to use the results from Section 3.3 to make moves that bring
o" and o closer together. This approach works by localizing the computations at each

central vertex in the graph.
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Let ¢ be a central vertex in G. We define a map p. between the set of vertices as

follows:
c 1=c
pe(i) = <4 i is adjacent to ¢

i i’ is adjacent to ¢ and lies in i <> c.

Let G be the graph obtained by applying p. to the vertices of GG. Note that G can have
multiple vertices mapped to a single vertex in G.. The map p. can also be seen as a map
between R[] to itself by the rule p.(04;) = 0y, (i)p.(j)-

For a vector u € N*"t1)/2 and ¢ a central vertex let u, be the vector that extracts all

the coordinates that correspond to shortest paths that touch c. That is,

(i) u(ij) c€i<rj
u(17) =
0 otherwise.

Proposition 3.4.2. Suppose that o — " € SPg and let ¢ be a central vertex of G. Then
Ve, (pe(0")) — e (pe(a)) = 0.

Note that we use the notation ¥, to denote that we use the 1 map associated to the
graph G.. However, the map v associated to GG can be used since that will give the same

result.

Proof. We have

oi; 1,7 are adjacent to ¢

o 1 1s adjacent to ¢,j = ¢

o Jis adjacent to c,i = c

oy, 1 is adjacent to cand i € i <> ¢,j =c¢
pe(0ij) = ocy j' is adjacent to cand j' € j > c,i = ¢
oy 1,7 are adjacent to c and j' € c ¢ j
oy; 1, j are adjacent to c and ¢’ € i > ¢

oy 1,5 are adjacent to cand i € i <> ¢, 5 € j &

oy 1 is adjacent to c and i/ € i <> ¢ and j > c.
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We know that " and ¢ have the same number of paths. Also, the degree of each vertex
and the number of edges between any two adjacent vertices is the same. So, it is enough
to show that p.(c%) and p.(c¥) have the same number of paths and the degree of each

vertex, number of edges between any two adjacent vertices is also the same.

Number of paths in ¢“c = number of paths in ¢“ ending at ¢ +
number of paths containing ¢ but not ending at ¢
= degree of a. in ¥(c") 4+ 1/2( number of variables of
the form k;. in ¥ (") — degree of a. in ¥(c"))

= number of paths in %

The number of paths in g% and p.(c"*) are the same as p. maps monomials of degree 1
to monomials of degree 1.

For any vertex s which is adjacent to ¢, the degree of s in p.(c") is

deg,(p.(c")) = number of edges s <> ¢ in o

= number of edges s <> ¢ in ¢

= degs (pc(o-vc))‘

Now, for any two vertices i and j’ adjacent to ¢, the number of edges i’ <> j' in
pe(0"e) is 0 as every path in p.(c%) contains c¢. The number of edges i’ <+ ¢ in p (%) is
equal to the number of edges 7 <+ ¢ in ¢, which is equal to the number of edges i’ <> ¢
in 0.

Hence, we can conclude that ¥g, (p.(0%)) — ¥a, (pe(c?)) = 0. O

By Theorem 4.4.2 we know that we can reach from p.(c%) to p.(c”) by making a
finite set of moves from the set of 2 X 2 minors of X 4uc puc, for all possible 1-clique
partitions of G.. But from the map p, we have that for each move oy o)y — oppop ;s in
G, there exists a corresponding move 0,05 — 0;0%; in G, where ¢ <> j' C i <> j and
k' <+ 1I' C k <> [. In fact, there are many such corresponding moves corresponding to all

the ways to pull back p..

Definition 3.4.3. Let G be a block graph and let ¢ be a central vertex. We call two

monomials ¢* and ¢” in the same fiber to be similar at a vertex ¢ if the subgraph over
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¢ and its adjacent vertices is the same for both the monomials.

For a given block graph G and a central vertex c, let S. denote the set of all 2 x 2
minors of all matrices ¥4 0 puc where (A, B, C) is a separation condition that is valid
for G with C' = {c}.

Proposition 3.4.4. If a sequence of moves in G, take p.(c") to p.(c"), then there exist
a corresponding sequence of moves in S, which takes o to a monomial which is similar

to ¥ at c.

Proof. We know that p.(c%) and ¢" are similar at ¢ by construction. So, it is enough to
show that if m is a move in G, and m’ is the corresponding move in G, then m applied
to pe(o"e) and m’ applied to o are similar at c. Let m = oy/ji0 — 0ypogj» be a move in
G, acting on the paths oy, o in pe(0¥). Let m’ = 0,0, — 050k; be its corresponding
move in S, acting on the paths 0;;, 04 in 0. As i’ < j' Ci < j, kK < I' Ck < [ and
c€i < j and k' <> ', m and m’ make the same changes at ¢ in both the graphs. So,

we can conclude that m applied to p.(c*) and m' applied to o are similar at c. O

Once we have the set of moves which takes ¢" to a monomial which is similar to "
at ¢, we can apply the same procedure at the other central vertices as well. To show
that this ends up producing two monomials that are similar at every central vertex it is
necessary to check that the moves obtained for a different central vertex ¢’ do not affect

the structure previously obtained at c.

Proposition 3.4.5. Let m = 0,j0,4 — 0,40%; be a move obtained from a partition with
C = {c}. Let V be the set of vertices in G. Then o and m applied to o are similar at
Ve

Proof. 1f s is any vertex which is not in ¢ <+ j or k < [, then ¢“ and m applied to o*
remain similar at s as the move does not make any change at s. If s # ¢ is a vertex in
1 <> j, we then consider 2 cases:

Case l: s€i<rjand s ¢ k <> |

Let s € i <> ¢. As m converts i <> ¢ <> j to i <> ¢ <> [, © <> ¢ is contained in 7 <> [.
This implies that s and all the vertices in ¢ <> j adjacent to s are also present in ¢ <> [.
A similar argument applies for s € ¢ < j.

Case 2: s€i<rjand se€k [
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Let s€ei<rcand s € k<> c. Asm converts i <> c<> jtoi <> c<land k <> ¢ <> [
to k <> ¢ <> j, i <> ¢ is contained in i <> [ and k <> ¢ is contained in k <> j. So s and
all the vertices in ¢ <» j (k <> [) adjacent to s are present in i <> [ (k <> j). A similar
argument applies for s € ¢ <> j,c <> L.

In both the cases, m preserves the structure of o* around the vertex s. Hence, o* and

m applied to o* are similar at all the vertices in V' \ c. O

Note an important key feature that follows from the proof of Proposition 4.4.13: If m
can be obtained from two partitions (A;, By, Cy) and (As, Bs, Cs) with different central
vertices, then o% and m applied to o* are similar at the central vertices as well.

We now give a proof for the generalized version of Theorem 3.3.10.

Theorem 3.4.6. Let G be a block graph. Then the shortest path ideal S Pg is generated
by the set of all 2 x 2 minors of Xauc,.Buc, for all possible 1-clique partitions of G, i.e,
SP; =Clg.

Proof. Suppose that cq,..., ¢, are the central vertices of G. Let S, ... Sg be the corre-
sponding quadratic moves associated to each central vertex. Let f = o" —o¥ € SPg5. By
applying Proposition 3.4.4 and Proposition 4.4.13 together with Theorem 3.3.10, we can
assume that ¢“ and ¢V are similar at every vertex after applying moves from Sy, ..., Sk.

We can assume that ¢“ and ¢ have no variables in common, otherwise we could
delete this variable from both monomials and do an induction on dimension. So consider
an arbitrary path ¢ <> 7 in ¢* which is not present in o¥. We select the path in ¢¥ which
has the highest number of common edges with ¢ <+ j. Let that path be i <> j’ and let
s <> t be the common path in both the paths. Let s; and ¢; be the vertices adjacent to
s and t respectively in i <> j. Similarly, let s’ and ¢’ be the vertices adjacent to s and ¢
respectively in i’ <> j'. Let p be the vertex in s <> ¢ adjacent to ¢ (see Figure 4.13 for an
illustration of the idea).

If we apply the map p; on both the monomials, we get that there exists a path p <> t;
in p;(0") which is not in p;(c”). But as 0" and ¢ are similar at ¢, there must exist a path
x <> y in o’ containing p < t;. So, the move m = o0yj10,, — 0i1y0,j is a valid move as
none of the vertices in ¢’ ++ p can be adjacent to any vertex in ¢; <> y (as it would form a
closed circuit implying that i’ <> ¢ is not the shortest path). Similarly, none of the vertices
in <> p can be adjacent to any vertex in ' <+ j'. Further, this move can be obtained

from two different partitions with central vertices p and t respectively. So, by Proposition
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Figure 3.6: ¢V and ¢* and the construction of a move which brings them closer.

4.4.13 and the comment after its proof, we know that the move o0y 0,, — 0,04 preserves
the similarity of all the vertices.

Applying m on ¢V increases the length of the common path between i <+ ;7 and
1" < 7' by at least 1, while keeping the monomials ¢" and m applied to ¢¥ similar at
all the vertices. Repeating this process again, we can continue to shorten the length of
the disagreement until the resulting monomials have a common monomial, in which case
induction implies that we can use moves to connect these smaller degree monomials.

This implies that the set of binomials S; U --- U Sy generates SPg; and hence Clg =
SPg.

m

3.5 Initial term map and SAGBI bases

In this section we put all our previous results on shortest path maps together to prove
Theorem 3.0.3. We also show that the set of polynomials {f;; : 1 <i < j < n} obtained
from the inverse of K are a SAGBI basis for the R-algebra they generate in the case of
block graphs.

Proof of Theorem 3.0.3. We have already seen that SP; = Clg C Pg. We just need to
show that SP; = Py to complete the proof. Note that both SP; and Pg are prime ideals
so it suffices to show that they have the same dimension.

In both SP; and Py an upper bound on the dimension is equal to the number of
vertices plus the number of edges in the graph. This follows because that is the number
of free parameters in both parametrizations. In the case of Pg this upper bound is tight,

because the map that sends ¥ — ¥~! is the inverse map that recovers the entries of
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K. Since SP; C Pg we have the dim SP; > dim Pg. Hence they must have the same

dimension. O

Finally, we can show the SAGBI basis property for the polynomials {f;; : 1 < i <
j < n}. Recall the definition of a SAGBI basis (which stands for Subalgebra Analogue
of Grobner Basis for Ideals) as given in 1.4.6. See Chapter 11 of [31] for more details.

Let G be a block graph and let F' = {f;; : 1 < i < j < n} be the polynomials
appearing as the numerators in K. To prove that I forms a SAGBI basis, we will use
some key result on SAGBI bases. Note that if < is a term order on R[K] induced by a
weight vector w, then this induces a partial term order on R[X] by declaring that the
weight of the variable o;; is the weight of the largest monomial appearing in f;;. Denote
by w* this induced weight order on R[X].

Both the algebras R[F] and R[{in<(f) : f € F'}] have presentation ideals in R[X]. In
the first case, this presentation ideal is exactly Pg, the vanishing ideal of the Gaussian
graphical model. That is, R[F| = R[X]/Ps. In the second case, this presentation is exactly
S Pg, the shortest path ideal, since that is the ideal of relations among the shortest path
monomials. That is, R[{in<(f) : f € F}] = R[X]/SPg.

A fundamental theorem on SAGBI bases applied in the specific case of these ideals

says the following.

Theorem 3.5.1. (Thm 11.4, [31]) The set F' C R[K] is a SAGBI basis if and only if
inw* (Pg) = SPG

Corollary 3.5.2. Let G be a block graph. Then the set F' C R[K]| is a SAGBI basis of
R[F].

Proof. We have already shown that SP; = Pg. By construction, every one of the bino-
mials in S P is homogeneous with respect to the weighting w*. Indeed, this weighting is
exactly the weighting that counts the multiplicity of each edge of ¢ and the deg;(c")
as used in Section 3.4. But then ing«(Pg) = in,(SPg) = SPg as desired. By Theorem
3.5.1, this shows that F'is a SAGBI basis. n
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3.6 Revised version of the Sturmfels-Uhler conjec-

ture

In this section, we give the correct expression for the vanishing ideal of a graph G when
it can be written as a 1-clique sum of two smaller graphs G; and G5. The revised version

of Conjecture 3.0.1 is as follows :

Theorem 3.6.1. Let G be a I-clique sum of two smaller graphs Gy and Gy attached at
the vertex {c}. Then

P = (Pg, + P, + (2 X 2 minors of Xauc.suc)) : (0ce)™.

We first go through some necessary results required to prove this theorem. Let Rg
denote the ideal

Re = Pg, + Pg, + (2 x 2 minors of Y aucpuc)-

Then, we know that
RG Q (RG . O'CO:) g Pg.

This implies that
LT CV(Pg) CV(Rg:0%) € V(Rg).
So, to prove that (Rg : 0%°) = Pg, we first need to show that V(Rg : 02°) = V(Pg). This
would give us that the two ideals are same at least up to radical (by Corollary 1.3.21).
Now, V(Rg : 022) can be written as V(Rg) \ V(02). Let M € V(Rg) \ V(c%) be
any arbitrary matrix. Then M satisfies all the polynomials in Pg,, Pg, and the rank

constraints obtained from the 2 x 2 minors of X4, puc, along with the condition that

Mee # 0, where m. is the (¢, ¢) entry of M. As Clg C Pg, we first prove the following:

Lemma 3.6.2. Let G be a 1-clique sum of two graphs Gy and G5 attached at the vertex
{c}. Then every matrix M € V(Rg) \ V(032) satisfies all the conditional independence
statements of C'lq.

Proof. Let A’ B'|C" be a conditional independence statement of G where A’, B', C" are
disjoint subsets of [n]. Then C” separates A’ from B’ in G. Let (A, B, C') be the partition
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which separates G from Gy, i.e A = {vertices in Gy \ ¢}, B = {vertices in G5 \ ¢} and
C = {c}.

Case 1: ce '
We write the sets A, B’, C’ as

A/:A1UA2, B,:BluBQ and 0/201UCQU{C},

where Aq, By, are vertices in GGy and As, By, (5 are vertices in GG5. Assuming none
of the sets A;, B;,C; are empty, we arrange the rows of the submatrix Mayer prucr
as (A1, C1, ¢, Cy, Ay) and the columns as (By, Cy, ¢, Cy, Bs). This divides the submatrix

M aruer procer into four blocks as

M{A1UC1UC},{B1UC1UC}a M{A1U01Uc},{CUCQUBQ}7

M{CUCQ UAQ},{Bl uch UC} and M{CUCQ UAQ},{CUCQUBQ} .

The blocks M a,uc,ue},{eucouBs) and Miauc,uas},{Biuciuey are submatrices of Mauc,suc,
which is of rank 1 (as it corresponds to the partition (A, B, {c})). So, the two blocks have
rank < 1. Now, as C’ separates A’ from B’, we can say that C) U {c} separates A;
from B; in Gy and Cy U {c} separates A, from B, in Go. This gives us that the block
Ma,00,0e) {Biuciuey has rank < [Cy] 4 1 and the block M{cuc,ua,1 {cucsun,} has rank <
|C5| + 1 as they correspond to conditional independent statements in G; and G5 respec-
tively.

We now use the condition that m.. # 0. As the blocks M,u0ue} {cucsuB,) and
Mieuc,ua.3,iBiuciuey have rank < 1, all the entries of these two blocks (except the
(¢, c)—entry) can be turned into 0 by performing row and column operations. This would
give us that the block M4 ,ucy,¢8,uc,}y has rank < |Cy] (as the column Mya,ueyue} {e}
cannot be generated by the remaining columns of M4 ,uc,ue) {Biuciuey)- Similarly, the
block M{c,ua,) {couB,y has rank < |Cs|. Hence, we can conclude that the submatrix
Maier proer has rank < |Cy| + 1 4 |Cy| = |C'| and that M satisfies the conditional
independence statement A’_l B'|C".

Case 2: c ¢ C'
Let ¢ € A’. To show that the submatrix Macr puer has rank < |C'], we look at

the vectors M, p,uc, and M, c,uB,. If the vector M, p,uc, is non zero, then we can say
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Figure 3.7: The matrix M and the possible ranks of each submatrix

that Mauer Byuc, has rank < |C4| as M 4,00 ue,B,uc, has rank < |C4|. Similar argument
follows for the submatrix Maucr c,uB, if the vector M. c,up, is non zero. Now, if the
vector M. p,uc, 18 a zero vector, we look at the submatrix Mauer cuprucr. As the block
Moue,04,,Biuciue has rank < 1, we can conclude that all the entries in Me,ua4, B,uc,
are zero (as me. # 0). Thus we can say that Ma e B,uc, has rank < |Cy|. Using the
same argument on M, c,up,, we can say that Macr c,up, has rank < |Cy| and hence
M arser proer has rank < |C4| + |Cs| = |C7].

The cases ¢ € Ay, By, By and ¢ ¢ A’UB’ follow in the similar way. In either case if any
of the set is empty, say Ay = 0, then the block M.ic,ua..c0050B, 18 @ [Co|+1 % |Co|+14| By|
matrix which always has rank < |Cy| + 1. O

So, by Lemma 3.6.2 we can conclude that V(Rg : 07) C V(Clg), which implies
Clg C (Rg : 022).

We now state a Proposition from [34].

Proposition 3.6.3. (Proposition 6.1, [34]) Let I C Clu,X] be the vanishing ideal for a
Gaussian model. Let H U O = [n] be a partition of the random variables into hidden and
observed variables H and O. Then

Ip:=1N C[M“O’U“,] c O]
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15 the vanishing ideal for the partially observed model.

If G is a 1-clique sum of G} and G5 with central vertex ¢, then marginalizing over the
vertices in Gy \ {c} gives us G as there are no edges between the vertices of Gy \ {c} and
Go \ {c}. So, if we take H as the vertices in G5 \ {c} and O as the vertices in G, then

by Proposition 3.6.3 we can conclude that
PG1 = PG N C[Oz]’Z,j € Gl],

i.e, Pg, is an elimination ideal of Pg. A similar result follows for Pg, by interchanging
the sets H and O and we get

PG2 = PG N (C[O'Z]|Z,] € GQ]

In the next proposition we show that the two ideals Py and (Rg : 05) have the same

varieties.

Proposition 3.6.4. If G is a 1-clique sum of two smaller graphs Gy and Gy with central
vertez ¢, then V(Pg) = V(Rg : 02).

Proof. Let n be the number of vertices in G and ny,ns be the number of vertices in
G and Gy respectively. Then, n; +ny = n+ 1. Now, as (Rg : 0) C Pg, V(Pg) C
V(Rg : 022). So, we only need to show that V(Rg : 022) C V(Pg). We use the fact that
Pg = I(L£L7Y), which implies V(Pg) is equal to V(I(£™")) = L1, the Zariski closure of
L7 I M € V(Rg) \ V(o) be any arbitrary matrix, then we have the following two
cases :

Case I: M is invertible:

Let ¢ and j be two vertices of G which do not have an edge between them. Then
idl jin \ {4,j} is a conditional independence statement of G. So, the n — 1 minors of all
the non edges in G lie in C'lg. As Clg C Pg, by Lemma 3.6.2 all the non edge positions
of M~ are 0. Then M~ can be written as a linear combination of the basis matrices in
L.So, M € L' CV(Pg).

Case II: M is not invertible:

Let £, and £, be the subspaces obtained from the subgraphs GG; and G, respectively.
Then every matrix in V(Rg) \ V(022) is of the form of M as shown in Figure 3.8, where

Apyxny, € V(Pg,) = L7, Buyxn, € V(Pa,) = L5" and m,, # 0. Again by Lemma 3.6.2,
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we know that M satisfies all the conditional independence statements of the form i_ll j|c
for all i € Gy \ {c},j € G2\ {c}. Using the fact that m,.. # 0, we can replace every entry
m;; with the relation
micmcj
mij = ——,
mCC
for all i € G; \ {c},j € G2\ {c}. Now, expanding the determinant of M along the first

column (when n; < ng) or the last column (when ny < ny), we get that

det A-det B

mCC

det M =

So, if M is non invertible, then either of A or B has to be non-invertible. Let B be
the non-invertible matrix. Then for any given e; > 0, there exists a matrix S, with
|1S2||oc = €2 such that B + Sy € L5

Adding S, with B changes the (nq,n1) position of A. But as A is an interior point
of £, for any given ¢; > 0, there must exist a matrix S; with ||Si||sc = € such that
A+ S; € L' We select the matrix S such that S;(ny,n;) = Sa(1,1).

For any given ¢ > 0, our objective is to construct an n x n matrix S with block
diagonals S; and S (as shown in Figure 3.8) and ||S||ec < € such that M + S €
L7, This would imply that any neighbourhood of M will contain a matrix from £1
and M could be approximated by that matrix. As A + S; € L', its (ny,n1) en-
try cannot be zero. So, we construct the matrix S3 using the fact that C' + S3 has
rank one. Equating all the 2 x 2 minors of C' + S3 which contains the nonzero term

C(1,n1) + S3(1,n1)( which is equal to A(ny,n;) + Si(n1,n1)) to zero, we get

(A(i,ny) + Si(i,n1)) - Sa(1,5 + 1) + Si(i,m) - B(L,j +1) — C(i,5) - Si(ny, my)

S3(i,7) =
3(7, ) A(ny,ny) 4+ S1(n1,nq)

([Alloo +€1) - €2 + €1 - [[Dlfoo + [[Blloo - &1

B [1A]oe
< €,

foralll1<i:<n—n;and 1 <j <n—mnsy. So, for any given M and ¢ > 0, we can select
€1 and e accordingly such that the above inequality holds and ||S]|« < €. Hence, we can
conclude that M is a limit point of £7!, which implies that M € £-1. O

Next, we prove that the ideal Pg, + Fg, is a prime ideal. In order to prove this, we

first state a few results.
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Figure 3.8: Non invertible matrix M and perturbation matrix S

Proposition 3.6.5. (Proposition 5.17, [23]) Let K be an algebraically closed field and
let A, B be K-algebras with A finitely generated. If A and B are integral domains, then
s0 is A Qg B.

Proposition 3.6.6. Let K be an algebraically closed field and P,Q be finitely gener-
ated prime ideals in the polynomial rings K[z, xa, ..., x| and Klyy, ye, ..., yn| respectively.
Then P + Q is a prime ideal in K[x1, Ta, ooy Ty Y1, Y2y vy Yn) -

Y

Proof. We know that K[z1, T, ..., T, Y1, Y2, -, Yn] = Klz1, o, ..y ) @ Kly1, Y2, .., Yn) =
K[z] ® K[g]. Under this isomorphism, the ideal P + @ C K[z, y] corresponds to the ideal
P o K[y + K[Z] ® Q. Since P ® K[y] + K[Z] ® @ is the kernel of the canonical map

Kz]o Ky — Kz]/P 2 Klyl/Q
(f@)@g9@) — (f@+Pogl)+Q),

P @ K[yl + K[z] ® @Q is a prime ideal if and only if K[Z]/P ® K[y]/Q is an integral
domain. As P and @ are prime ideals, K[Z]/P and K[g]/Q are integral domains. So, by
Proposition 3.6.5 we can conclude that K[Z]/ P ®@K]y]/Q is an integral domain and hence
P + (@ is a prime ideal. O

Theorem 3.6.7. (Theorem 9.6, [15]) Let I C K[y, ..., yn] be an ideal and J C Klxy, ..., x,]
be its homogenization with respect to xy. Suppose that fi, ..., f, is a Grobner basis for I
with respect to some graded order >. Then the homogenizations Fiy, ..., F. of fi,..., f-

generate J.

Proposition 3.6.8. If G is a 1-clique sum of Gy and Gy with central vertex c, then

Pg, + Pg, is a prime ideal.
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Proof. Let P, and P, be the dehomogenizations of P, and Pg, respectively with respect
to 0ce. As Pg, and Pg, are prime ideals, so are P in Cloy; : i € Gy,j € G1\ ¢] and P, in
Cloij : i € Ga,j € G2\ ¢]. Since P, and P, are contained in rings with disjoint variables
and C is algebraically closed, by Proposition 3.6.6 we know that P; + P, is a prime ideal
in Cloy; :4,j € G|.

We now homogenize the ideal P;+ P, with respect to o... We need to show that homog-
enizing P, + P, gets us back to Pg, + Pg,. Let {f1,..., f-} and {g1, ..., gs} be the Grobner
bases of P; and P, respectively. As P; and P, lie in disjoint rings, {f1,..., frs91,---,9s}
forms a Grobner basis of P, + P5. Let f; and g; be the homogenizations of f;s and g;s
respectively. Then each f; and g; lies in Pg, and Pg, respectively (as Pg, and Pg, are
both prime ideals). If J is the homogenization of Py 4 P», then we know that .J is a prime
ideal contained in Pg, + Pg, and is generated by {fi,..., fr, g1,...,ds} (by Theorem
3.6.7).

On the other hand, the homogenization of the dehomoginization of an ideal is always
contains the ideal. Thus, Pg, + P, is contained in J. This proves that J = Pg, + Pg,,
and so Pg, + Fg, is prime. [l

Now that we have all the necessary results, we give a proof for Theorem 3.6.1.

Proof of Theorem 3.6.1. From Proposition 3.6.4 we know that the two ideals are same
up to radicals, i.e, Ps = \/(R¢ : 02). Now, let f € P be any arbitrary polynomial. We
need to show that f € (Rg : 02). If f has variables of the form o¢;; where i € G; \ {c}
and j € Gy \ {c}, then by multiplying enough powers of o.. to f, we can replace each

0ij0cc With 0,.0.; as the 2 X 2 minors of X 4uc puc lie in Pg. This gives us that
f'o-gc—i_g:hEPG?

where g € (2 x 2 minors of ¥ 4u¢ suc) and h is a polynomial in Pg which does not have
any variable of the form o,; with i € G; \ {c} and j € G5\ {c}.

By the definition of radicals and saturation, we know that h™ - 0! € R for some
m > 0. But as h™ - 072 does not have any variable of the form o;; with ¢ € G4 \ {c¢} and
Jj € Go \ {c}, we can say that h™ - ¢ € Pg, + Pg,. Now, by Proposition 3.6.8, we know
that Pg, + Pg, is a prime ideal. So h must lie in Pg, + Pg, as 0l ¢ Pg, + Pg,. Thus, we
have

h € Pg, + Pg, C Rg and ¢ € (2 x 2 minors of ¥auc.5uc¢) € Rg,
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which implies that
f-o.=h—g¢€ Rg.

Hence, we can conclude that f € (Rg : 022).
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Chapter 4

Directed acyclic (Gaussian graphical

models with toric vanishing ideals

Graphical models can be defined by undirected graphs, directed acyclic graphs, or graphs
that use a mixture of different types of edges. In this chapter, we only consider those
models which can be defined by directed acyclic graphs (DAGs). A DAG specifies a
graphical model in two ways. The first way is via a combinatorial parametrization of
covariance matrices that belong to the model and the second way is via conditional
independence statements implied by the graph. The factorization theorem (Theorem
3.27,[21]) says that these two methods yield the same family of probability distribution
functions.

The combinatorial parametrization of the covariance matrices for a Gaussian DAG
model is also known as the simple trek rule (see e.g. [36]). The vanishing ideal of the
Gaussian DAG model, I, is equal to the set of polynomials in the covariances that
are zero when evaluated at the simple trek rule. The algebraic interpretation of the
second method, i.e., the conditional independence statements, give us the conditional
independence ideal C'l;. An important question that arises in the algebraic study of
graphical models is to determine the DAGs where the vanishing ideal and the conditional
independence ideal are the same. Although it is still an open problem, some past work
and computational study [34] has been done in this direction.

The study of generators of the vanishing ideal /¢ is an important problem for constraint-
based inference for inferring the structure of the underlying graph from data. For example,
the TETRAD procedure [28] specifically tests the degree 2 generators (tetrads) of the
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vanishing ideal for directed graphs to determine if the graphs have certain underlying
features. For the undirected case, we showed in chapter 3 that the vanishing ideal is
generated by polynomials of degree at most 2 if and only if G is a 1-clique sum of com-
plete graphs [25]. Our goal in the present chapter is to study the analogous problem for
Gaussian DAG models. While we are not able to give a complete characterization of the
DAGs that have degree two generators, and are toric, we develop methods to construct
DAGs having toric vanishing ideals and understand the generating set of the vanishing
ideal when it is toric. In particular, we develop three techniques to construct such DAGs
with toric vanishing ideals from smaller DAGs with the same property. These are called
safe gluing, gluing at sinks and adding a new sink.

One of the important tools that we use throughout the chapter is the shortest trek
map Yg. We show that in some instances, the shortest trek map and the simple trek
map have the same kernel, namely the ideal I5. Being a monomial map, the kernel of
1q, which we denote by ST, is always a toric ideal. Although I, Cls and ST are not
always equal, we are interested in characterizing the DAGs where these three ideals are
the same. This not only tells us when the vanishing ideals are toric but we also get to
know the structure of the generators of I from STg. We show that when two DAGs G,
and G have toric vanishing ideals then gluing at sinks and adding a new sink always
produces a new graph GG with toric vanishing ideal. We also conjecture that the same is
true for the safe gluing of G; and G4, and prove a number of partial results towards this
conjecture. Further, we conjecture that every DAG whose vanishing ideal is toric can be
obtained as a combination of these three operations starting with complete DAGs.

The chapter is organized as follows. Section 4.1 gives an explicit description of the
simple trek rule. We recall the notion of directed separation, which is used in defining
the conditional independence ideal. We also introduce the shortest trek map, and the
shortest trek ideal STg.

In Section 4.2 we look at some existing results from [21; 25; 34], about gluing graphs
where that preserve nice properties of the vanishing ideals. Using those results as inspi-
ration, we construct a general operation which we call the “safe gluing” of DAGs. Safe
gluing is a type of clique sum for DAGs such that most of the vertices in the clique
are colliders along any paths passing through the clique. We conjecture that when the
vanishing ideals of two DAGs are the same as the kernel of their shortest trek maps, then

a safe gluing of the two DAGs would also have a toric vanishing ideal. We prove this
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conjecture in some special cases.

In Section 4.3 we look at two more ways to construct new DAGs where the toric
property is preserved, which we call gluing at sinks and adding a new sink. We analyze
the generators of STy in Section 4.4 and show that the safe gluing action preserves
the toric property when STg equals Clg for the smaller DAGs, which further provides
evidence for our Conjecture 4.2.14. In Section 4.5, we conclude with some conjectures
which may be used to formulate a complete characterization of all possible DAGs having

toric vanishing ideal.

4.1 Preliminaries

This section primarily is concerned with preliminary definitions that we will use through-
out the chapter. We introduce the Gaussian DAG models, and their vanishing ideals /.
We explain the concept of d-separation and how this leads to the conditional indepen-
dence ideal C'I;. Finally, we introduce the shortest trek map, and the corresponding
shortest trek ideal STg.

Let G = (V, E) be a directed acyclic graph with vertex set V(G) and edge set E(G).
As there are no directed cycles in the graph, we assume that the vertices are numerically
ordered, i.e, i — j € E(G) only if i < j. A parent of a vertex j is a node i € V(G) such
that i — j is an edge in G. We denote the set of all parents of a vertex j by pa(j). Given
such a directed acyclic graph, we introduce a family of normal random variables that are
related to each other by recursive regressions.

To each node 7 in the graph, we introduce two random variables X; and ¢;. The ¢;
are independent normal variables ; ~ N (0,w;) with w; > 0. For simplicity, we assume
that all our random variables have mean zero. The recursive regression property of the
DAG gives an expression for each X; in terms of ¢;, X; with ¢ < j and some regression

parameters \;; € R assigned to the edges ¢ — j in the graph,
i€pa(j)

From this recursive sequence of regressions, we can solve for the covariance matrix > of
the jointly normal random vector X. This covariance matrix is given by a simple matrix

factorization in terms of the regression parameters \;; and the variance parameters w;.
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Let D be the diagonal matrix D =diag(w;,ws,...,w,) and let L be the m x m upper

triangular matrix with L;; = \;; if ¢ — j is an edge in G and L;; = 0 otherwise.

Proposition 4.1.1. (/26], Section 8). The covariance matriz of the normal random

variable X = N(0,X) is given by the matriz factorization
Y=(UI-L)'D(I-L)" (4.1)

The vanishing ideal of the Gaussian graphical model is denoted by I and it is an
ideal in the polynomial ring C[¥] = Clo;; : 1 < ¢ < j < n]. This is the ideal of all
polynomials in the entries of the covariance matrix Y, that evaluate to zero for every

choice of the parameters w; and \;;. That is:
Io={f € C[S]: (I - L) "D — L)™) = 0}

One way to obtain I is to eliminate the variables w; and A;; from the following system
of equations:
S—(I-L)y'D(I-L)"'=o.

Using elimination is computationally expensive, and we are interested in theoretical re-
sults that characterize the generators of I when possible.

A variant on the parametrization (4.1) is the simple trek rule which is a common and
useful representation of the covariances in a Gaussian DAG model. In order to explain
the simple terk rule, we first need to go through a few definitions. A collider is a pair of
edges © — k, 7 — k with the same head. If a path contains the edges + — k and j — k,
then the vertex k is called the collider vertexr within that path. A path that does not
repeat any vertex is called a simple path. Let T'(i,j) be a collection of simple paths P
in G from ¢ to 7 such that there is no collider in P. Such a colliderless path is called a
simple trek. For the rest of the chapter, we consider treks to be simple treks. We will
often use the notation ¢ = j to denote a specific trek between ¢ and j, as this helps to
call attention to the endpoints. When we speak generically of a trek, we often denote it
by P.

Each trek P has a unique topmost element top(P), which is the point where orien-
tation of the path changes. A trek P between ¢ and j can also be represented by a pair
of sets (P;, P;), where P, corresponds to the path from top(P) to i and P; corresponds
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to the path from top(P) to j. The vertex top(P) is also called the common source of P,
and P;.

To get the simple trek rule, we introduce an alternate parameter a; associated to each
node 7 in the graph and is defined as the variance of X;, i.e. 0;; = a;. We expand the matrix
product for ¥ in Proposition 4.1.1 by taking the sum over all treks P € T'(i,j). Using

this expansion along with the alternate parameters a;, we get the following definition :

Definition 4.1.2. For a given DAG G, the simple trek rule is defined as the rule in
which the covariance o;; is mapped to the sum of all possible simple treks from 7 to j in

G. We represent the rule as a ring homomorphism ¢ where

¢GC[01J1§ZSJSH] — C[ai,)\ij:i,je [TL],Z-)]EE(G)],

Oi5 > Z Qtop(P) H Akt

PeT(4,5) k—leP

By Proposition 2.3 [34] we know that the kernel of the homomorphism ¢ equals the

vanishing ideal I5 of the model. We illustrate the simple trek rule with an example.

Example 4.1.3. Let GG; be a directed graph on four vertices with edges 1 — 2,1 —
3,1 - 4,2 — 3 and 2 — 4 (this is graph G; in Figure 4.3). The homomorphism ¢ is

given by
o11 > aq 093 > AgAa3 + a1 A\12A13
012 F a1 A2 094 Fr AaAog + A1 A 1214
O13 F Q1 A13 + a1 A 1203 033 — a3

014 F Q1A 14 + a1 A12A04 O34 Fr Q22324 + A1 A 1314

O99 > A9 Oy44 V> Q4
The ideal I is generated by a degree 3 polynomial given by
Ig = — — 2 —
G = (013014022 — 012014023 — 012013024 + 011023024 + 015034 011022034>-

We now look at the notion of directed separation (also known as d-separation). The

d-separation criterion is used to construct the conditional independence ideal Cl.

Definition 4.1.4. Let G be a DAG with n vertices. Let A, B and C be disjoint subsets
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of [n]. Then C d-separates A and B if every path in G connecting a vertex i € A to a

vertex j € B contains a vertex k that is either

i) a non-collider that belongs to C' or

ii) a collider that does not belong to C' and has no descendants that belong to C'.

A key result for DAG models relates conditional independence to d-separation (see

e.g. Sec. 3.2.2, [21]).

Proposition 4.1.5. The conditional independence statement A1l B|C holds for the di-

rected Gaussian model associated to G if and only if C' d-separates A from B in G.

Let A, B and C be disjoint subsets of [n]. The normal random vector X ~ N (yu, )
satisfies the conditional independence constraint A1l B|C' if and only if the submatrix
¥ auc,Buc has rank less than or equal to |C'|. Combining this result with the definition of

d-separation, we have the following:

Definition 4.1.6. The conditional independence ideal of G is defined as the ideal gen-
erated by the set of all d-separations in G, that is,

Clg = ((#C + 1) minors of X auc puc| C d-separates A from B in G).

Note that every covariance matrix in the Gaussian DAG model satisfies the condi-
tional independence constraints obtained by d-separation. This means that C'l5 C Ig.
In fact, the variety of C'I4 defines the model inside the cone of positive definite matrices.
Still, one would like to understand when Cls = Ig. Towards this end, we study the

related question of when I and, hence, C'l; are toric.

Example 4.1.7. Let G be a DAG with 4 vertices as shown in Figure 4.1. Observe that
there exists no trek between the vertices 1 and 2 as the path 1 — 3 < 2 has a collider at
3 and the other path 1 — 3 — 4 < 2 has a collider at 4. So, we have that o1, € Clg.
We now look at the two paths 1 - 3 — 4 and 1 — 3 < 2 — 4 between 1 and 4.
In the first path, 3 is the only vertex in the path, which is also a non-collider. So, any
d-separating set of 1 and 4 must contain 3. But {3} is not enough to d-separate 1 from 4
as 3 is a collider vertex in the second path. So, we add the vertex 2 to the d-separating

set which gives us that {2, 3} d-separates 1 from 4. This implies that the 3 x 3 minors of
Y1231,234) € Clg.
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1 3 2

Figure 4.1: A DAG G with 4 vertices

Computing I and Clg gives us that
Ig = Clg = ( - - + - — 01403
G~ G = \012,012023034 — 012033024 — 013022034 T 013023024 T 014022033 — 014093,

where the second generator of C'l is the determinant of X¢; 23y 2,34

Proposition 4.1.8. Let G be a DAG such that there exists a unique simple trek (or no
trek) between any two vertices of G. Then the simple trek rule is a monomial map hence

I is toric.

Proof. As shown in Definition 4.1.2, the simple trek rule maps o;; to the sum of all
the treks between i and j. So, if there exists a unique trek (or no trek) between any
two vertices of (7, then the simple trek rule becomes a monomial map and hence I is
toric. =

Proposition 4.1.8 already shows that the DAGs where I is a toric ideal can be quite

complicated.

Example 4.1.9. Let G be an undirected graph, and form a DAG by replacing each
undirected edge ¢ — j with two directed edges v; ; — ¢ and v; ; — j, where v, ; is a new
vertex. The resulting DAG G, has a unique simple trek between any pair of vertices, or

no trek, and so the ideal I is toric.

A second natural source of DAGs which have a toric vanishing ideal are DAGs that
have a natural connection to undirected graphs. In the previous chapter, we characterized
the undirected Gaussian graphical models which have toric vanishing ideals (Theorem
3.0.3).

Recall that a clique sum of graphs G; and G4 is a new graph obtained by identifying
two cliques of the same size in G; and Gy. In a k-clique sum, the cliques identified each

have size k. While Theorem 3.0.3 is a good starting point for the analysis of DAG models,
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(i) G (ii) G2 (iif) G

Figure 4.2: 3 different DAGs having the same underlying undirected graph.

the underlying undirected structure is not enough to characterize whether a DAG yields

a toric vanishing ideal.

Example 4.1.10. Consider the three DAGs as given in Figure 4.2. Computing the

vanishing ideals Ig,, we get

[Gl = <012,013>

[GQ = <012023 — 013022,012024 — 014022, 013024 —014023>

T — 2
Gs3 — <012; 012093034 — 012033024 — 013022034 + 013023024 + 014022033 — 014023>.

Note that all three DAGs have the same underlying undirected graph, which is a 1-clique
sum of complete graphs. But only the first two DAGs have toric vanishing ideals. In Go,
the generators of I, correspond to the 2 x 2 minors of ¥5934 as {2} d-separates {1}
from {3,4}. Similarly, one of the generators of /g, is the determinant of 3193234 as {2,3}
d-separates {1} from {4}. Observe that the vertex {3} in G3 is a collider within the path
14+ 3 — 2 < 4 and is a non collider within the trek 1 <— 3 <— 4. This is an important

observation for defining safe gluing later in the chapter.

One thing that should be apparent in Example 4.1.10 is that the existence of a unique
simple trek between pairs of vertices is not a necessary condition for /5 to be toric. Indeed,
in the DAG G, there are two simple treks in 7'(3,4) and yet the ideal I, is still toric.
So in other cases when I is toric, one way to demonstrate this is to find an alternate
parametrization for the ideal I/ that is monomial. Our candidate for this new map is the
shortest trek map. This is defined in a similar manner as the shortest path map which

played an important role in our proof of Theorem 3.0.3.

Definition 4.1.11. Let G be a DAG with n vertices. Suppose that GG satisfies the prop-

erty that between any two vertices there is a unique shortest trek connecting them (or
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(1) Gl (11) G2 (111) G3

Figure 4.3: Existence of a shortest trek map

no trek connecting them). For vertices i and j in G, let i <> j denote the shortest trek

from i to j (if it exists). Then the shortest trek map g is given by

Yo  Cloy;:1<i<j<n]—=Clajo0:4,j €n],i—=je EG)]
0 if there is no trek from i to j
VYa(oy) = Qtop(icsj) Hi’aj’eiﬁj Airjo if shortest trek from ¢ to j exists
a; 1=7.

The shortest trek map is defined only on those DAGs where there exists a unique
shortest trek (or no trek) between any two vertices of G. We call the kernel of 15 the

shortest trek ideal and denote it by ST. We illustrate this with an example.

Example 4.1.12. Let G; and G be two DAGs as in Figure 4.3. In Gy, there are exactly
two treks of the same length from {3} to {4}. So, the shortest trek map is not defined
for G;. But as there exists a unique shortest trek between any two vertices in Gg, the

shortest trek map )¢, is given by

11— ap 023 > a2)\23
O12 = A1 12 T4 > GaA24
013 > A1 1223 033 > a3
O14 = A1 122 O34 > Q234
O99 > Q9 O4qq4 > Q4.

Computing the vanishing ideal of GGy gives us that I, is not toric as there exists a degree

3 minor in the generating set ({1,2} d-separates {3} from {4}). But computing the kernel
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of the shortest trek map of G5 gives us that

ker(sz) = STG2 = <<712023 — 013022,012024 — 014022, 013024 — 014023>7

which equals /g, in Example 4.1.10. On the other hand, if we compute S7T¢,, we get

STG3 = <014, 012,013015 — 011035, 023024 — 022034, 024045 — 044025>7

which does not equal I, which has a generator of degree 3 corresponding to a 3 x 3
minor (as {1,2} d-separates {3} from {5}).

In the example above we see that the shortest trek map does not exist for G;. Although
the existence of the shortest trek map does not ensure that I would be toric (as seen
in G3), we do believe that I cannot be toric when the shortest trek map is not well
defined. We look into this in more detail in Section 4.5.

The main problem of our interest is to find a characterization of the DAGs which have
toric vanishing ideal and also understand the structure of its generators. In this context,
it is also an important problem to understand when I equals C'l; as that would give us
a definite structure of a generating set in terms of d-separations and minors. The ideal
ST comes into play here as we believe that I is generated by monomials and binomials
of degree at most 2 if and only if I is equal to ST. In the next two sections, we find

ways to construct DAGs where I = STg.

4.2 Safe gluing of DAGs

As mentioned in the end of Section 4.1, we are interested in those DAGs where [5 equals
STg. In this section we look at a specific way to construct such DAGs from smaller DAGs
having the same property. Given two DAGs G; and GG whose vanishing ideal is toric,
there are various ways to glue GG; and G together. But the resultant DAG does not
always have a toric vanishing ideal. We are interested in those particular types of gluing
operations which give us a toric vanishing ideal for the new DAG. We use the term “safe
gluing” of two DAGs to denote a particular construction which we conjecture to always
preserve the toric property. Considering complete DAGs as the base case (as I = 0 in
that case), this method can be used to construct many DAGs which have toric vanishing

ideal. The goal of this section is to explain the construction. To motivate the concept
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of safe gluing, we first look at some existing results from the literature that give gluing

operations on DAGs that preserve the property of having a toric vanishing ideal.

Definition 4.2.1. Let G be a DAG. A vertex s in G is called a sink if all the edges

adjacent to s are directed towards s.

Proposition 4.2.2 (Proposition 3.7, [34]). Let G1 and G4 be two DAGs having a common
vertex m that is a sink in both Gy and Gs. If G is the new DAG obtained after gluing G4

and Gy at m, then Ig can be written as
lg =g, + Ig, + (0ij 1 i € V(G1) \ {m},j € V(G2) \ {m}).

The vertex m in G is a collider vertex within any path from V(G;) \ {m} to V(G3) \
{m}. Further, if Is, and Ig, are toric, then from Proposition 4.2.2 we can conclude
that gluing G5 and G, at a vertex m such that m is a collider within any path from
V(G1)\ {m} to V(Gs) \ {m} produces a new DAG G whose vanishing ideal is also toric.

In other words, we have the following corollary.

Corollary 4.2.3. Let G; and Gy be two DAGSs having a common vertex m that is a sink
in both Gy and Gy. Let G be the new DAG obtained after gluing G, and Gy at m. If
Ig, and Ig, are toric, then so is Ig. Furthermore, if I, = STg, and Ig, = STq, then
I = STg.

An example where this can be seen to occur is the graph G in Example 4.1.10. In
G1, {4} is a collider between any path from {1} to {2,3} and the resultant vanishing
ideal I, is toric. We will generalize Corollary 4.2.3 in two ways. One is the safe gluing
concept which is a combined generalization of Proposition 4.2.2 and Corollary 4.2.6. The
other is the concept of gluing at sinks which we discuss in Section 4.3.

A second situation where existing results in the literature can give us DAGs with toric
vanishing ideals concerns situations where a DAG gives the same independence structures

as an undirected graph. This is incapsulated in the concept of a perfect DAG.

Definition 4.2.4. Let i, j, k be 3 vertices in a DAG G containing the edges ¢ — k and
7 — k. Then k is said to be an unshielded collider in G if i and j are not adjacent. A
DAG G is said to be perfect if there are no unshielded colliders in G.

Using the above definition, we state a result from [21].
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Proposition 4.2.5 (Proposition 3.28, [21]). Let G be a perfect DAG and G~ be its
undirected version. Then the probability distribution P admits a recursive factorization

with respect to G if and only if it factorizes according to G~ .

In other words, when G is a perfect DAG, the directed Markov property on G and
the factorization Markov property on its undirected version G™ coincide. In particular,
this implies that

I = Pg~

for perfect DAGs (where Py denotes the vanishing ideal of Gaussian graphical model
associated to the undirected graph H as seen in chapter 3). On the other hand, we know
from 3 that in the undirected case, Py is toric if H is a block graph. Hence, we have the

following result :

Corollary 4.2.6. Let G be a DAG whose undirected version G~ is a block graph. If G

1s perfect then Ig is toric.

We call a DAG G where G~ is a block graph and G is perfect a perfect block DAG.
Note that perfect block DAGs can be obtained by gluing smaller perfect block DAGs
together at a single vertex in such a way that no unshielded colliders are created.

Corollaries 4.2.3 and 4.2.6 give two different ways to glue DAGs together that have
toric vanishing ideals that preserve the toric property. Both methods consist of gluing
the graphs at cliques of size one, subject to some extra conditions. We generalize these
criteria to obtain the safe gluing criteria in which a DAG is obtained as an n-clique sum
of two smaller DAGs so that the vanishing ideal is toric. To give the general definition of

safe gluing, we first need to recall the definition of a choke point.

Definition 4.2.7 (Definition 4.1, [34]). A vertex ¢ € V(G) is a choke point between the

sets I and J if every trek from a vertex in [ to a vertex in J contains ¢ and either

i) cis on the I-side of every trek from I to J, or

ii) ¢ is on the J-side of every trek from I to J.

Definition 4.2.8. Let G; and G5 be two DAGs. Suppose that G; and G5 share a common
set of vertices C' = {c} U D such that the induced subgraphs G;|¢ and Gs|¢ are the same
and this common subgraph is a complete DAG (hence a clique). The clique sum of Gy

and Gy at C is called a safe gluing if
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4 4 4
Gy Go G

Figure 4.4: Safe gluing of G; and G5 at a 3-clique

i) cis a choke point between the sets V(G;) \ D and V(Gs) \ D and
ii) none of the treks between the vertices in V(G1)\ D and V(G2)\ D contain a vertex
in D.

Remark 4.2.9. Using the definition above, the gluing of G; and G5 where there are no
treks between the vertices of V' (G) \ C and V(Gs2) \ C can also be considered as a safe
gluing. Thus, both types of gluing operations implied by Corollaries 4.2.3 and 4.2.6 are

safe gluings.

We further illustrate the definition of safe gluing with an example.

Example 4.2.10. Let G; and Gy be two DAGs having a common 3-clique at {1,4,5}
as shown in the figure 4.4. Thus, G is the DAG obtained after a safe gluing of G; and G4
at the 3-clique. Note that there is a single trek from {2} to {3} and that passes through
{1}. Any other path from {2} to {3} containing {4}, {5} or both has a collider at {4} or
{5}. Computing the vanishing ideal of G gives us that I = (013013 — 011023), which is

a toric ideal.
We now look at some properties obtained from the safe gluing construction.

Definition 4.2.11. Let G; and G5 be two DAGs, and suppose that GG is obtained from
G1 and Gy by a safe gluing at C' = {c} U D. This safe gluing is called a minimal safe
gluing if we cannot find two other DAGs G and G, such that G is the safe gluing of G
and G at {c} U D’ with D" a proper subset of D.

Example 4.2.12. Let G be the DAG as shown in Figure 4.5. If we take G; = {1 —
3,1 > 53 —=5}and Gy = {2 — 3,2 = 5,3 = 5,4 — 5}, then G is a safe gluing of
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Figure 4.5: Example of a non minimal gluing

Gy and Gy with C' = {3,5}. But this gluing is not minimal as we can take G} = {1 —
3,1 +5,2—3,2—53—5}and G = {4 — 5} such that G is a safe gluing of G and
G, with C" = {5} C C.

One useful consequence of having a minimal safe gluing is that for any d € D, there
must exist a vertex i € V(Gy) \ C such that i — d is an edge (and analogously there is a
j € V(G2) \ C). This is because if for some vertex d € D there does not exist any vertex
in V(Gy) \ C such that i — d is an edge, then it would mean that we can write G as a
safe gluing of G| and Gq at C" = {c} U D\ {d} where V(G}) = V(G1) \ {d}. We use this

observation for proving part (ii) of Lemma 4.2.13.

Lemma 4.2.13. Let Gy and Gy be two DAGs and G be the resultant DAG obtained after
a safe gluing of G1 and Gy at an n-clique. Let C' = {c}UD be the vertices in the n-clique.

i) Every trek from a vertex in V(Gy1) \ D to a vertex in V(G3) \ D must have the
topmost vertex (i.e, the source vertex) either always in Gy or always in Gs.
ii) For each d € D, we must have the edge ¢ — d.

Proof. i) To show this, let us assume that there are two treks iy = j; and i, = j, with
Q1,19 € V(G1) \ D and j;,72 € V(G2) \ D such that top(i; = 71) lies in V(G4) \ D and
top(ia = jo) lies in V(G2) \ D. Since ¢ must lie in these treks, since it is a choke point,
this would imply that ¢ lies in the Gy-side of i1 = j; and the G;—side of i5 = j5. That
contradicts that ¢ is a choke point.

ii) Let us assume by way of contradiction that d — ¢ is an edge for some d € D.

Since G is obtained from a safe gluing, there are no edges that go from d to any vertex
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in V(Gy) \ C or V(Gy)\. For if there were such an edge d — i, there would be a trek
¢ < d — i contradicting the definition of safe gluing.

Now without loss of generality we can assume that the gluing is minimal. Thus, there
must be vertices s; and sp in G; \ C' and Gs \ C, respectively, such that s; — d and
sy — d are two edges in E(G). By the definition of safe gluing, we know that ¢ must
be a choke point between the sets {si,c} and {sq,c}. We consider the treks s; = ¢
and ¢ = s9. As s1 — d — c is already a trek, we cannot have any trek of the form
¢c— 1ty =ty — -+ — 51 (else it would form a cycle). So, ¢ always lies in the Go-side of
any trek s; = c. Similarly, as sy — d — ¢ is already a trek, we cannot have any trek of
the form ¢ — ry — r9 — -+ = 9. S0, ¢ lies in the G-side of the treks ¢; = s, which is

a contradiction. O

The observations in Lemma 4.2.13 are helpful for ruling out various bad scenarios as
we work to prove results about the preservation of the toric property for DAGs under
safe gluing.

Our main aim in this section is to check that if G; and G5 have toric vanishing ideals
then a safe gluing of Gy and G5 would give us a DAG G whose vanishing ideal is also
toric. From the structure of G we know that every trek between a vertex i € Gy \ C
and j € Gy \ C passes through the choke point ¢. This allows us to decompose the treks
t=7jasti=cUc=j. S0, if we assume that I, = ST, and Ig, = STg,, then this
would imply that the shortest trek map is well defined for G as well. Thus, we give the

following conjecture :

Conjecture 4.2.14. Let G| and Go be two DAGs having toric vanishing ideals such that
Ig, equals ST, and Ig, equals STg,. If G is the DAG obtained by a safe gluing of G

and Gy at an n-clique, then Ig is equal to ST and hence is toric.

Although we do not have a proof of Conjecture 4.2.14, we provide a proof when I,

and I, satisfy an extra condition.

Theorem 4.2.15. Let Gy and G be two DAGs such that 1, equals ST, and I, equals
STq,. Let G be the DAG obtained by a safe gluing of G1 and Gy at an n-clique and c be
the choke point. If the generators of I, and Ig, have at most one common variable o,

then Iq is equal to ST and hence is toric.
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Proof. Let C = {c}UD be the n-clique where G; and G, are glued. We break the problem
into two cases: The first case is when the vertex ¢ lies on some treks from V(Gy) \ C to
V(Gs) \ C. The second case is when there are no such treks.

Case I : The choke point ¢ € C' is on some trek from V(G;) \ C to V(Gs) \ C. In
particular, it will be a non-collider vertex along that path.

As c is the only vertex in C' that can be on some trek from V(G;) \ C to V(Gs) \ C,
no trek between any two vertices in V(G1) \ C passes through a vertex in V(G2) \ C' (and
similarly similarly for vertices in V(Gs)\ C). Further, STg, equals I,, which implies that
there exists a unique shortest trek (or no trek) between any two vertices in G (similarly
for G3). Now, from the structure of G we know that every trek between a vertex in
V(Gy) \ C and V(G3) \ C must pass through c. So, we can write the shortest trek map

of GG as follows :

Ve, (045) 11,5 € V(Gh)
Ya(oij) = Va,(0i) 1,5 € V(Gy)
Y0 e 0u) e V(G \ C,j € V(Ga) \ C.

Gc

Also, we know that the conditional independence statement i_ll j|c holds for all i €
V(G1)\C and j € V(G2)\C. S0 0;.0.j—0;j0c lies in both I and ST, for alli € V/(G;)\C
and j € V(Gq) \ C.

The vanishing ideals I, and Ig, lie in the polynomial rings Clo;; : 4,5 € V(Gy)]
and Cloy; : 1,7 € V(G2)] respectively, where the common variables are of the form
Ociejr Cis Cj € C. But from the assumption, we know that o.. can be the only common
variable among the generators of I, and I¢,. So, without loss of generality, we can treat
the ideals I, and I, as if they lie in other rings, that contain enough variables for all

their generators. In particular, we can treat the ideals as belong to:

N

Ig, Cloij 14,5 € V(G1) \ D] and
Ig, € Cloy:i,5 € V(Ga)].

Note that there is only the variable o.. common between the two rings Clo;; : i,j €
V(Gy) \ D] and Cloy; :i,j € V(Ga)].

Now, let f = 0“—0" be any binomial in a generating set of ST consisting of primitive
binomials. Suppose that i € V/(G1)\ C and j € V(G2) \ C. We can replace o5 with 7=
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in both ¢" and ¢". Multiplying enough powers of o.., we get

onf=0c"0"—o"c"0,
(modulo the quadratic generators o;.0.; — 0;j0.. that belong to Ig), where o*', 0" €
Cloij 14,5 € V(G1) \ D] and 0*2, 0" € Cloyj : i, j € V(G2)], but none of ", o, 02, o
involve the variable o...

We can split the monomial o7} = ol2tol? so that the two binomials

uy _ 4V1 M1 uz V2 M2

and o
are homogeneous. Since all the variables appearing in ¢“' and ¢** involve parameters
from the graph G; with no overlap with parameters from Gy (except possibly a..) we see
that if o"10"2 — g" 00 belongs to ST, it must be the case that ot — g% ¢! belongs
to ST¢,. Then if 0102 — 0" 0"20)" is to belong to ST, then it must also be the case
that 0“2 — 0"02? belongs to STg,.

Now we have that, modulo the quadratic generators o;.0.; — 0;;0.. that belong to I,

we have that

onf = o" (o™ —o?0%) + o2 (0" — olto™)
€ STG1 + STG2
I, + I, C 1.

Thus, ol.f € Ig. As I is a prime ideal, that does not contain o.., we deduce that
f € Ig. This implies that ST C Ig. The vanishing ideal I is well-known to have
dimension n + e, as the model is identifiable. The dimension of STy equals n + e by
Proposition 4.4.1. But as the dimension of I; equals the dimension of ST, both ideals
are prime, and STy C Ig, we can conclude that I = STg.

Case II: There are no treks between the vertices of V(G;) \ C and V(Gy) \ C' : In

this case, the shortest trek map ¢ can be written as :
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7vbG'l (Uij> : i7j S V(G1>
V6(0is) = § be,(0y) 14,5 € V(G2)
0 ZEV(Gl)\C,jEV(Gg)\C

We claim that ST in this case is
STG = STGl + ST02 + <U¢j 11 E V(G1> \ C,j S V(GQ) \ C>

We prove this equality in the same way as the proof of Proposition 4.2.2. We have
(o) = 0 for all i € V(Gy) \ C and j € V(Gs) \ C. By our assumption we know
that none of the variables of the form 0.4 or 044, with d,d" € D can appear among
any of the generators of ST¢,. Also in this case, 0., cannot appear in STg, or STg, as
Ve, (0ee) = Ve, (0ee) = ae and no treks involving i € V(G1)\C or j € V(G3)\C can have ¢
as its source. So, for any ;5,7 € V(G1)\C,j € V(G;) and oy, k € V(G2),l € V(G2)\{c}
which appear in ST, ¥¢(04;) and ¢ (oy) are monomials in two polynomial rings having

disjoint variables. Thus, we have a partition of the variables o;; into three sets

A1 = {Uij 11 € V(Gl),j < V(Gl) \ O},
Ay = {oy;:1,7 € V(Gy)} and
Az = {oy 1€ V(G1)\C,jeV(G)\CY,

in which the image ¢ (0;;) appears in disjoint sets of variables. Further, there can be no
nontrivial relations involving two or more of these three sets of variables. So, the equality
in the above equation holds.

But then, ST¢, = I, and STg, = Ig,. Thus, we have

STG = Igl + [GQ -+ <Uij ) c V(Gl) \ C,] c V(GQ) \ C>
C I

As both the ideals are prime and have the same dimension, ST = Ig. O

Although Theorem 4.2.15 uses the assumption that only o, appears among the gen-

erators of both Ig, and Ig,, we believe that the safe gluing would yield a toric vanishing
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Gy Go G

Figure 4.6: Safe gluing of GG; and G5 at a 2-clique

ideal even without that assumption. We illustrate this point with an example.

Example 4.2.16. Let G; and G2 be two non chordal cycles as shown in Figure 4.6.

Computing the vanishing ideals I, and Ig,, we get

IG1 = <024, 014,012,01,10, 025, 034,0230210 — 02203,10,013015 — 011035,04504,10 — 04405,10>;

IG2 = (06,10, 078,068,049, 048,046, 08908 10 — 08809,10, 067069 — 066079, 0470410 — 04407,10%

which are both toric ideals. Now, if we perform a safe gluing of G; and G4 at the 2-clique
C = {4,10}, we get the resultant DAG G as in the figure. Observe that the variable
04,10 appears in the vanishing ideal of both G; and G5. Computing the vanishing ideal

I gives us

I = <014a012a06,10>0687(74970487029a046a028aU27a026a025702470787059a0587039705670387
01,10,019, 037,018,036, 017,016,034, 013015 — 011035, 0890810 — 08809,10,
067069 — 066079, 04,10057 — 0470510, 04,10057 — 04507,10, 04704,10 — 0440710,

0450410 — 0440510, 045047 — 044057,0230210 — 02203,10%

which is still a toric ideal.
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Figure 4.7: Gluing G; and G5 at the sinks

4.3 Gluing at sinks and adding a new sink

We now look at two more ways of constructing DAGs which have toric vanishing ideals.
Both methods involve sinks in the DAGs. The first construction we analyze is gluing the

two graphs together at the sinks. The second concept involves adding new sinks to the
DAG.

Definition 4.3.1. Let G; and G5 be two DAGs and Sy, .S, be the set of sinks in G; and
G5 respectively. If S is the set of all the common vertices in S7 and Sy, then gluing G; and
G at the sinks refers to the construction of a new DAG G with vertex set V(G1) UV (Gs)
and edge set E(G1) U E(Gs).

We illustrate this construction of gluing at sinks with an example.

Example 4.3.2. Let G and G5 be two DAGs as shown in Figure 4.7. Here, the set of
sinks in both G and G are S; = Sy =5 = {7,8,9,10}. We glue G; and G at the sinks
to form G.

Theorem 4.3.3. Let G1 and G5 be two DAGs. Let S be the set of common sinks in G,
and Go. Let G be the DAG obtained after gluing G1 and Gy at the sinks. Suppose that

for each pair of vertices i,j5 € S, either all treks between i and j lie in G or all treks
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between i and j lie in Go. Then

Ig = generators of I, \ {oi; 14,5 € S})
+ 05 : 1 € V(G1> \ S,] - V(Gg) \ S>

(
+( generators of Ig, \ {oij : 1,7 € S})
(
+(

0ij 11,5 € S such that there is no trek between i and j).

Remark 4.3.4. From the condition mentioned in the statement, we know that at least
one of ¢¢, (045) or ¢g,(04;) is zero for all 4, j € S, # j. So, “( generators of I, \ {0y :
i,7 € S})”, refers to forming a homogeneous generating set of I, that includes those
variables in {o;; : 4,j € S} which are mapped to zero under ¢, and then removing those

variables from the generating set. Similarly, for “( generators of Ig, \ {0; : 3,5 € S})”.

Proof. From the assumption that S is a set of sinks of G, we know that there is no
trek in G between the vertices of G; \ S and G5 \ S. This implies that o;; € I for all
i€ V(G1)\S,7 € V(G2)\ S. Further, no two sinks ¢, j in S can have treks ¢ = j in both

G1 and G4. So, the map ¢g can be written as

(6c,(0,) i € V(GL),j € V(G)\ S
ba,(0ij) 11 € V(Ga),j € V(G2) \ S
06, (0i5) + 96, (035) 14,5 €S

0 e V(G))\ S, jeV(Gy)\S.

¢a(oij) =

\

This allows us to partition the variables o;; into four sets A, Ag, A3, A4 where

A = {o0y;:1€V(Gy1),j € V(Gy)\ Sori,je S such that the treks i = j lie in G4}
Ay = {0i;:1€V(Gq),j € V(Ga)\ Sori,je S such that the treks ¢ = j lie in Go}
As = {oy;:1€V(Gy)\ S, jeV(Gsy)\ S}

Ay = {oy; 11,7 € S such that there is no trek between ¢ and j}.

In these four sets, ¢¢(0;;) appear in disjoint sets of variables and there can be no nontrivial

100



relations involving two or more of these sets of variables. So,

[G = ker (bG
= ( generators of I, \ {0i; : i,j € S}) + ( generators of Ig, \ {0y : 4,7 € S})
+<Uij 10 € Ag U A4>

This completes the proof. n

Example 4.3.5. Going back to Example 4.3.2, we compute the vanishing ideals of the
three DAGs (1, G9, and G. That gives us

101 = <0237‘7137‘712708,10707,10;0'7970'2,107‘7387(71,1070'3770197027703903,10_0'330'9,107
028029 — 022089,017018 — 011078>,

Ig, = <09,1070'8970'7870'69705,1070'67;0'4970'5870'4870'56a0'467045706806,10_0'660'8,107
0470410 — 0440710, 057059 — 055079>7

I = <015,014,013,012,069,067,049,048,02,10,046,045,027,026,025,024,023>05,10,
058, 056,038,01,10, 019, 037, 036, 035, 016, 034, 06806,10 — 06608,10, 028029 — 022089,

0470410 — 0440710, 057059 — 055079, 0390310 — 03309,10,017018 — 011078>

Observe that the variables 097, 079, 037, 07,10, 012, 019, 013, 01,10, 038, 08,10, 023, and 03 19
are mapped to zero by ¢¢, and the variables og 10, 039, 078, 069, 05,10, 067, T49, 058, 048, O56, T46
and o045 are mapped to zero by ¢¢,. Further, the treks 7 = 8,8 = 9 and 9 = 10 lie within
(GG1 whereas 7 = 9,7 = 10 and 8 = 10 lie within (5. Also, no two sinks have treks be-
tween them in both G; and G5. Hence we are in a position where we can apply Theorem
4.3.3.

Analyzing the generating set of I, we see that the variables

{013,012, 02,10, 027, 023, 038, 01,10, 019, 037} and the binomials

{028029 — 022089,0390310 — 03309,10,017018 — 011078}

in the generating set of I are obtained from the generating set of I, after removing the
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variables of the form {o;; : ¢,j € S}. Similarly, the variables

{0'697 067,049, 048,046, 045, 05,10, 058, 056} and the binomials

{06806,10 — 06608,10, 04704,10 — 0440710, 057059 — 055079}

are obtained from the generating set of I, after removing the variables {o;; : i,5 € S}.

The variables

{0157 014,026,025,024,036,035, 016, 034}

correspond to the third set of generators which are variables of the form {o;; : i €
V(G1)\ S,7 € V(Gy) \ S}. In this example, there are no generators of the form

(0ij : 1,7 € S such that there is no trek between ¢ and j).

If we add the extra condition in Theorem 4.3.3 that both I, and I, are toric, then

we get the following result :

Corollary 4.3.6. Let G and Gy be two DAGSs. Let S be the set of common sinks in G,
and Go. Let G be the DAG obtained after gluing G1 and G5 at the sinks. Suppose that
for each pair of vertices i,5 € S, either all treks between i and j lie in Gy or all treks

between i and j lie in Gy.

i) If I, and I, are toric, then Ig is also toric.
ii) If Iq, = STg, and Ig, = STg,, then Ig is also equal to STg.

Proof. Part i) follows directly from Theorem 4.3.3, since the generating set will be a
union of a set of variables and a collection of binomials. For part ii), the shortest trek

map g has the same structure as ¢ as shown in the proof of Theorem 4.3.3. O

We now look at a simple construction where instead of gluing two DAGs at the sinks,
we add a new sink vertex to an existing DAG G. We show that the new DAG G’ has the

same vanishing ideal as the existing one.

Theorem 4.3.7. Let G be any arbitrary DAG. Construct a new DAG G’ from G, where
we add another vertex s and all edges i — s for i € V(G). Then

I =1g- (C[O‘ij 11,7 € V(G) @) {S}]
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Proof. Let G have n vertices and e edges. From the construction, we know that G’ has
n+ 1 vertices and e+ n edges. Since the new vertex s is a sink, none of the treks between
any two vertices i, 7 € V(G')\ {s} can pass through s. Further, as s is connected to every
vertex of (G, the image of o;; has a monomial of the form a;\;s for all i € G. Thus, the

map ¢¢ can be written as

¢G(0ij) : Z,] € V(G)
¢cr(0ij) = { a;Mis + other terms :i € V(G),j =s

as 1=J=S.

Since ¢¢(04) = ¢ (o4j) for all i, j € V(G') \ {s}, it is clear that Is C Ig.

In order to show that Ier = I - Cloy; : 4,5 € V(G) U {s}], we look at the dimension
of the two ideals. We know that the dimension of I is n + e, whereas the dimension of
Ier CCloy; i 1,7 € V(G')]is (n+1)+(e+n) = 2n+e+1. The only new variables present
in Cloy; :i,j € V(G')] are the variables of the form o5 : i € V(G’). So, the dimension of
Ig in Cloy; 14,5 € V(G')] is n+ e+ (n + 1), which equals the dimension of /. But as
I C I and both ideals are prime, we can conclude that I = I5. O

Again, if we add the extra condition that I is toric in Theorem 4.3.7, then we get

the following result :

Corollary 4.3.8. Let G be any arbitrary DAG. Construct a new DAG G' from G, where
we add another vertex s and all edges i — s fori € V(G).

i) If I is toric, then Ig is also toric.

ii) If Ic = STg, then Io is also equal to ST and hence is toric.

Proof. For part i), since the two ideals have the same generating set, then they are both
toric.
For part ii), using the same argument as in the Proof of Theorem 4.3.7, the shortest

trek map ¢ can be written as

@ZJg(Uij) . Z,j € V(G)
Var(0ij) = ahis 11 €V(GQ),j=s

as 1=7J=S5.
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G’5

Figure 4.8: Introducing a new sink in G to get G’

So it is clear that STy C STg. Now, the variable ;s only appears in the image of o
for all i € V(G). Similarly, the variable a4 only appears in the image of 0. This implies
that the variables of the form o;,7 € V(G') can not appear in any generators of STgr.
Thus STer = ST - Cloy; = 1,7 € V(G) U {s}] as well, so Iy = ST O

Example 4.3.9. Let G be a DAG with four vertices as shown in Figure 4.8. From
Example 4.1.10, we know that I is a toric ideal. Now, we add another vertex {5} to G
and connect all the existing vertices to 5 by edges pointing towards 5. Here 5 is the sink
in the new DAG G’. Computing the vanishing ideal of G’ gives us that I has the same

generating set as Ig.

To this point, we have described three ways to construct DAGs from smaller DAGs
that preserve the toric property: safe gluing, gluing at sinks, and adding a new sink. We
believe that these are the only possible operations that could be done to construct such
DAGs. We know that the vanishing ideal of a complete DAG is zero and hence is toric.
So starting with those examples as a base case, we can combine these three operations to
get many more examples of DAGs with toric vanishing ideals. We explain this idea with

an example.

Example 4.3.10. Let G be the DAG as shown in Figure 4.9. Computing the vanishing
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Figure 4.9: Constructing G as a combination of safe gluing, gluing at sinks and adding
a new sink to complete DAGs

ideal gives us that

I = <U5,67 04,7,04,6,03,.8,036,034,028,026,024,018,016,01,4,06,706,8 — 06,607,8,
045048 — 044058,025037 — 023057,01,7035 — 01,3057,025027 — 022057,
0923027 — 022037,017025 — 012057,013025 — 012035,017023 — 012037,

01,7022 — 012027,015017 — 011057,013015 — 01,1035,012015 — 01,102,5>-

Now, we show that G can be obtained as a combination of safe gluing, gluing at sinks,
and adding a new sink starting from complete DAGs. Let GGy be the DAG with vertices
{1,2}. Then the vertex 3 can be considered as adding a new sink to G; to form Gs. So,
Gy is the DAG with vertices {1,2,3} and I, is toric.

Let G5 be the complete DAG with vertices {2,7}. Then we can make a safe gluing of
G with G3 to get G4 as 2 is a choke point between {1,2,3} and {2, 7}. Similarly, if G5
is the complete DAG with vertices {1,5}, then we can make another safe gluing of G,
with G5 to form Gg. Observe that Gy has three sinks, which are 3,7, and 5.

Let G7,Gs, Gg and Gyo be the complete DAGs with vertices {6, 7}, {6, 8}, {4,8} and
{4,5} respectively. Then we can perform multiple safe gluing of these four DAGs to get
G11 with vertices {4,5,6,7,8}. It can be seen that 5 and 7 are the two sinks in Gy;. So,
finally we can glue Gg and (11 at the set of common sinks, i.e., 5 and 7. As there exist
only trek between 5 and 7 and that lies in Gg, we can conclude that the final DAG G

obtained after gluing G and Gy at the sinks must have a toric vanishing ideal.
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4.4 The shortest trek ideal

The shortest trek ideal STy appears to play an important role in the problem of clas-
sifying those DAGs whose vanishing ideal is toric. For this reason, we focus on purely
combinatorial properties of this ideal in this section. In particular, we prove our main
result, Theorem 4.4.15, that if ST, equals Clg, and STg, equals Clg,, then STq eqauls
Cls where G is a safe gluing of G; and G5. This result provides further evidence for
Conjecture 4.2.14.

We begin with exploring the structure of the shortest trek map.

Proposition 4.4.1. Let G be a DAG such that the shortest trek ideal ST¢ exists. Then

the dimension of STg is n + e, the number of vertices plus the number of edges.

Proof. The number of parameters in the ring Cla, \] is n+ e, so n + e is an upper bound
on the dimension. On the other hand, for each i, ¥)(0;;) = a; and for edge edge i — 7,

Yi(0i;) = a;N;j. This collection of expressions

is algebraically independent, and has cardinality n + e which gives a lower bound for the

dimension of STg. O

As 1 is a monomial map, there is a corresponding matrix M, whose columns are the

exponent vectors in the monomials ¢¢(0;;). So ST is the toric ideal of the matrix M as
wG(O_u) — tMu’

where 0 = (011,012, ..., 0nn) and t = (ay, a9, ..., a4y, A2, - - ., Ap_1)- This matrix will be
useful in proving some properties of the ideal ST.

To prove results about the generating sets of toric ideals we look the fiber graph of
M~ (b)7 where F C kerz(M). The fundamental theorem of Markov bases (Theorem
1.4.4) connects the generating sets of toric ideals to connectivity properties of the fiber
graphs. We state the result again explicitly in the case of the fiber graphs for the shortest

trek maps.
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Theorem 4.4.2 (Theorem 1.4.4). Let F C kerg(M). The graphs M~ (b)# are connected
for all b such that M~Y(b) is nonempty, if and only if the set {o"" — " : v € F}

generates the toric ideal STg.

Now we relate the toric ideal ST to some other familiar toric ideals that are studied
in the combinatorial algebra literature. These results will be useful for proving results on

the generators of STg.

Definition 4.4.3. We define a map called the end point map ng as follows:

ne:Clo;:1<i<j<n] — Cld,...,d,]

d;d; if there is a trek from 7 to j
0ij +>
0 otherwise

As n¢ is also a monomial map, ker(ng) is a toric ideal.

Lemma 4.4.4. For any given DAG G where the shortest trek map V¢ is well defined,
STe C ker(ng).

Proof. Let M and N be the matrices corresponding to the maps ¥g and ng respectively.
Note that we can ignore all pairs i, j where there is no trek between ¢ and j, as these
0i;8 are mapped to zero under both the end point map and the shortest trek map. It is
enough to show that the row space of IV is contained in the row space of M. We construct

a matrix M, as follows:

i) M, is an n X (n+ |E|) matrix, where the rows correspond to the vertices of G (i.e,
the variables d;) and the columns correspond to the vertices and edges of G (i.e,
the variables a; and ;).

ii) For every vertex variable a;, the corresponding column is 2e; and for every edge
variable \;;, the corresponding column is —e; +¢;, where e; is the ith standard unit

vector.

NOW, let wG(O-ij) = ak)\]m‘l/\iliQ . ')‘isi/\kjl)\jljé H ')‘jtj7 where k is the tOpIIlOSt vertex
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within the shortest trek i <> j. As ¥g(0i;) = t"" where 0% = 7;;, we have

MiMu;; = 2ep—ep+e; —ey +ey,—-—e, +e—e,+e; —e +ejy,—-—ej+e
= €¢+€j

= Nuij,

for all 0;;,1 <4 < j <n. This implies that N = M; M, which shows that N is contained
in the row space of M and thus completes the proof. O

A consequence of Lemma 4.4.4 is that the ideal ST is homogeneous with respect to
the grading by indices. So, if % — ¢? is in ST, and all variables involved correspond to
actual treks, then, for each i, the index i appears the same number of times in both o"
and ¢”. For example, it is not possible that o11093 — 013094 is in any shortest trek ideal
(unless some of these variables correspond to pairs of vertices that are not connected by

treks, i.e, some of the variables are mapped to zero).

Remark 4.4.5. Since the 0;; corresponding to pairs of vertices ¢ and j with no trek between
them always appear as generators in the ideal ST, we need a way to ignore those terms
when speaking about binomials in ST¢;. Henceforth, when we speak of a binomial % — "
in ST, we assume that all variables appearing in this binomial actually correspond to
treks in G.

For a DAG G if we want to show that ST equals C'lg, it is enough to show that the
set of 2 x 2 minors of Y auc puc for all possible d-separations of G form a generating set
for STg. By using Theorem 4.4.2 this is equivalent to show that the graphs M~—1(b)r is
connected for all b, where F is the set of all 2 x 2 minors of ¥ 4u¢ puc in the vector form,
for all possible d-separations of G. Now, for a fixed b, let u,v € M~(b)#. This implies
that both Mu and Mwv are equal to b, which gives us 1¥g(0" — o¥) = 0. Therefore, it is
enough to show that for any f = " — o € STg, 0" and ¢V are connected by the moves
in F.

Now, for a DAG G with n vertices, let u € N*+1)/2 e a node in the graph of
M~1(b)7. We in turn, represent this u, or equivalently the monomial o*, as a multi-
digraph in the following way: For each factor o;; of 0" we draw all edges in the shortest
trek ¢ <+ j along GG with highlighting the top vertices. For each o;; we highlight that it is

a top vertex.
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Let deg;(c") denote the degree of a vertex i in " which is defined to be the number
of end points of paths in ¢“. We count the loops corresponding to o; as having two
endpoints at i. If f = 0" — ¢ is a homogeneous binomial in STg, then g (") = Yg(av)

if and only if the following conditions are satisfied:

i) The graphs of o* and ¢¥ both have the same number of treks (as f is homogeneous),
ii) The graphs of o and ¢ have the same number of edges between any two adjacent
vertices ¢ and j (as the exponent of \;; in ¢ (c") gives the number of edges between
i and j in the graph of %),
iii) The multiset of top vertices in both graphs is the same.
iv) The degree of any vertex in both the graphs is the same (as ST is contained in
the kernel of ng by Lemma 4.4.4 ).

Example 4.4.6. Let G be the DAG as shown in Figure 4.10. From Example 4.1.12 (ii),

we know that
Ig = 8T =Clg = <012023 — 013022,012024 — 014022, 013024 — 014023>-

So, by Theorem 4.4.2, we know that " and ¢" are connected by the moves in F for any
o' —o¥ € ST, where F is the set of 2 x 2 minors of X 4uc puc in the vector form for all

possible d-separations of G. Now, let
f=o"—0"= 0%2024023 — 0%2013014 e STg.

The multi-digraphs of ¢* and ¢” are as shown in Figure 4.11. Observe that the graphs
of both ¢* and ¢ four treks each. The number of edges 1 — 2, 2 — 3 and 2 — 4 are 2,1
and 1 respectively in both the graphs. Further, the degree of each vertex {1}, {2}, {3}
and {4} are also 2,4,1 and 1 respectively in both the graphs.

We can reach from ¢* to ¢v by first applying the move which takes o19094 t0 099014

and then applying the move which takes 012093 to 01309.

Lemma 4.4.7. Let G be a safe gluing of G1 and Gy such that STg, = Clg, and STg, =
Clg,. Then the set of all the 2 X 2 minors of X auepue lie in STg, where A =V (Gy)\ C
and B =V (Gy) \ C.

Proof. Let M be the set of all the 2 x 2 minors of X 4y puc. These minors correspond to

the separation criterion that {c} d-separates A from B. Every element in M is of the
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Figure 4.10: A DAG G where I = ST
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Figure 4.11: The multi-digraphs of ¢* and ¢

form o004 — 040k, where 4,1 € AUc and j, k € BUc. Now, if all the four shortest treks
14> J,k <> 1,14 [ and k <> j contain ¢, then each of these four treks can be decomposed

as

14>] = 14<>cUc+ 7,
k<1l = k< cUcs 1,
141 = i+ cUce |,
k<7 = k& cUce g

From this decomposition, it is clear that o;;04; covers the same set of edges as 0;0%; and
hence ;501 — oyor; € STg.

If one of these four shortest treks does not pass through ¢, then we cannot have a
decomposition as above and hence cannot imply that the binomial lies in S7T¢. Thus, we
need to show that such a binomial does not appear in M.

Let f = oijo, — 040y;, where t,1 € AUc,k,j € BUc and the shortest trek ¢ <+ {
does not pass through c¢. Then the two monomials o;;04; and 0;04; do not preserve the
number of edges between adjacent vertices. To illustrate this, let us consider the vertex
¢’ which is adjacent to ¢ and lies in i <> ¢ (Fig 4.12 (i)). (The shortest trek ¢ <> [ here
passes through the dashed line.) We observe that the multi-digraph of o;;0y,; contains the

edge ¢ — ¢ but the multi-digraph of 0;0y; does not contain ¢ — ¢ as ¢ <> [ does not
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Figure 4.12: Two possible types of cases where an invalid move is possible

pass through c. So, we need to show that f ¢ M.

Now, all the possible options for DAGs which could fit in the above situation can
be classified into two categories. This categorization is independent of the directions in
¢ <> k and ¢ <+ j and is as follows :

Case I : The path between ¢ and j containing ¢ has a collider at ¢ :

We illustrate this case in Fig 4.12, (i). Here, the shortest trek i <+ [ is the trek which
passes through the dashed line. Observe that ¢ can d-separate i from j and k from [ but
it cannot d-separate ¢ from [. Similarly, any vertex which lies in ¢; <> ¢y can d-separate
1 from [ but they cannot d-separate ¢ from j and k from [ simultaneously. So, there does
not exist any 2 x 2 minor in M where o and o;; or oy can occur together.

Case II: The path between ¢ and j containing ¢ does not have a collider at ¢ :

In this case (Fig 4.12, (ii)), we see that ¢ alone cannot d-separate i and [. So, we
cannot have a binomial in M with o;; as one of its terms.

Hence we can conclude that every element in M lies in STg. O

Suppose that G can be written as a safe gluing of G; and G5 at an n-clique. We define

amap pg, : V(G) — V(Gy) as follows:

i 1eV(Gy)
c 1€V(Gy)\C

PGy (Z) =

where C' is the clique at which G; and G5 are glued and c is the special vertex (choke

point) in C. We can lift pg, as a map between from C[X] to itself by the rule pg, (0;;) =

Opa, (D)pa, (5)-
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For a vector u € N™™+1)/2 'let ug, be the vector that extracts all the coordinates that

correspond to the shortest treks that do not lie within G5. That is,

(. ) 0 27] € GQ \ ¢
ug, \tj) =
1 u(ij)  otherwise.

Then we have the following result.

Proposition 4.4.8. Let G be a safe gluing of Gy and Gs, with the map pg, defined
as above. Suppose that o* — 0¥ € STg and this binomial only involves o;; variables

corresponding to treks. Then

wGl (pGl (chl )) - ¢G1 (pG1 (UUGI )) = 0.

Note that we use the notation 1, to denote the shortest trek map associated to the

graph ;. However, the map 1 can also be used since that will give the same result.

Proof. We have

o 1i,j € V(Gy)

pc, (0i;) = » ,
oic 1€ V(Gy)and j € V(Gy)\C

We know that ¢* and ¢ have the same number of treks. Also, the degree of each
vertex and the number of edges between any two adjacent vertices is the same. Moreover,
the power of each a; (which corresponds to the source of every trek) is also the same. So,
it is enough to show that pg, (c%1) and pg, (0¥1) have the same number of treks (which
corresponds to the sum of all the powers of a;,7 € V(G) in the image) and the number
of edges between any two adjacent vertices (which we refer to as the degree of the edge)
is also the same.

From the vector ug, and the map pg,, we see that the treks in ¢* of the form 7 < j
are converted to i <» ¢, where ¢ € V(G1) and j € V(G) \ C. As i <> j and i <> ¢ have
the same edges within GG1, they do not change the degree of any edge within G;. So, the
degree of each edge in G is the same in both o and pg, (0"%1) and hence is the same in
pe, (0761).

Now all we need to show is that the power of each a; is the same in both pg, (6%¢1)
and pg, (o) for each i € G1. We observe that for every vertex i € V(Gy) \ {c}, the
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number of treks in pg, (0"¢1) with source a; remain the same as that in o“. The only
change that can occur in pg, (6"¢1) is the number of treks with source c¢. There are four

types of treks in which ¢ can be the source:

i) treks of the form ¢ <> i, where i € V/(G4) \ C,

ii) treks of the form ¢ <» j, where j € V(G2) \ C,

iii) treks of the form i <+ j, where ¢ € V(G;) \ C and j € V(Gy) \ C,
)

iv) c<r ¢, € C.

Case I : The source of each trek of the form ¢ «+» j with ¢ € G; and j € G, lies in G

In this case, the treks of the form (i) and (iv) remain as it is whereas the treks of
the form (7i) and (iii) are converted into ¢ <+ ¢ and ¢ <> i respectively, keeping the
source of the treks as c. As all the sources lie within G, there are no treks of the form
i< j,i € Gy,j € V(Gy)\ C with source in Gy which could increase the power of a. in
the image. Hence, the power of a. is preserved.

Case II : The source of each trek of the form i +» j with ¢ € G; and j € Gy lies in
G -

In this case, the existing treks with source ¢ continue to contribute to the power of a.
as in Case I. But, there is a possibility of increasing the power of a. in pg, (c"51) as the
treks of the form ¢ <» j,i € V/(G4),7 € V(Gs) \ C with source in V(G3) \ C are converted
to ¢ <> ¢ with source c. So, we need to show here that the increase in the power of a.
remains the same in both pg, (0"¢1) and pg, (o¢1).

We count the number of variables of the form Ay (i.e, d < ¢ ) in the image of ¢*. This
precisely gives us the number of the treks of the form i <» j,i € V(G,),j € V(G2)\C with
source in V(G2) \ C. This is because of the fact that if A\;. occurs in the image of o with
i € V(G1)\C, then it would imply that o* has a trek which has an edge i — ¢,i € V(Gy).
This would mean the of treks of the form i <+ j,i € V(G;),j € V(G2) \ C cannot have
source in (G5. As the number of variables of the form A4 is the same in both ¢* and o,
we can conclude that the increase in the power of a. remains the same in pg, (0"¢1) and
pe, (0761).

S0, Y, (pa, (0"1)) — Ya, (pa, (07¢1)) = 0. O

Definition 4.4.9. Let G be a safe gluing of Gy and G5 with ST, = Clg, and STg, =
Clg,. Then the lifting of any binomial f = ooy — gppog; € Clg, is defined as the
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set of binomials having the following form :

p

opjory — ooy 45K € V(GY) \ {c}

ooy — oo j =cand for any j € V(Gy) \ D with ¢/ <3 ¢ Cd' <> j
lift(f) = § owjrow — omory ' =cand for any [ € V(G) \ D with k' <3 ¢ C k' <> 1
OipOqr — Op0p,  J =k = cand for any p,q € V(G2) \ D with

"< cCi' < qgeel!'Cpelandecep g

\

We can similarly define the lift operation for binomials in C'lg,. From the definition
above, lift(f) is not necessarily unique and can be lifted to multiple binomials. The lift
operation can be seen as an inverse of the map pg, (or pg,, although the pg, maps are
not invertible). In the next lemma, we show that the set of all binomials in lift(f) lies in

Clg and also in STg for any f = oyjiopy — oppop € Clg,.

Lemma 4.4.10. Let f be any binomial in Clg, of the form ooy — opporj € Clg, .
Then the set of all the binomials in lift(f) lies in both Clg and STg.

Proof. i) We first show that lift(f) € Clg for all the four cases given in the definition of
lift.

a) In the first case, as Clg, C Clg, opjopy — oppory € Clg when i, 5 K1 €
V(G1) \ {c}

b) When j' = cand ¢/, k', I’ € V(G1)\{c}, then f € Clg, implies that {I'} d-separates
{#,k'} from {c} (or {i'} d-separates {k'} from {l’,c}). Now, as every trek from ¢ and
k' to any vertex in V(Gy) \ C passes through {c}, we can conclude that {lI'} d-separates
{7/,K'} from V(G2) \ D. So, oyjo — oppop; € Clg for any j € V(G2) \ D. (Similar
argument follows when {i'} d-separates {k'} from {l’,c}.)

c) A similar argument as in (b) follows here.

d) When j' = k' = c and ¢ € p <> ¢, then we know that every trek from ¢’ to ¢ passes
through c. Similarly, every trek from I’ to p passes through c. Further, as 0.0 — 00 €
Clg,, we know that {c} d-separates {i}' from {I'}. From the definition of lift, we know
that ¢ lies in p <> ¢. But as Clg, = SPg,, we can also say that {c} d-separates {p} from
{q}. Combining all the separations, we have that {c} d-separates {i’,p} from {l’, ¢} and
hence oyp,0q — oypop, € Clg.

ii) In each case above, the d-separation criterion forces all the four shortest treks of

each binomial to pass through a particular vertex. So, a decomposition similar to the one
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shown in the proof of Lemma 4.4.7 is always possible and hence lift(f)e ST for all the

four cases. O]

Lemma 4.4.11. Let G be a safe gluing of G1 and G, with the map pa, defined as above.
Suppose that o — 0¥ € ST and this binomial only involves o,; variables corresponding
to treks. Suppose that STg, = Clg,. Then, there is a set of quadratic moves in Clg that

will transform o® into a monomial o such that pg, (0*) = pa, (0°).

Proof. Since STg, equals Clg,, by Theorem 4.4.2 we know that either pg, (6%61) is equal
to pg, (0¥1) or we can reach from pg, (6"¢1) to pg, (0¥¢1) by making a finite set of moves
from the set of 2 x 2 minors of ¥ 4, puc, for all possible d-separations of G.

By using the map pg, we lift each move each move oy 01y — oppowy in Gy to a

corresponding move 0,04 — 0;0%; in G, where

0 (0if) = 0ujry pey (o) = ok, pey(oa) = opr and pa, (0k;) = owjr.

These moves take o% to ¢* for some u’' such that o and o have the same subgraph
within G;. O

We illustrate the technique used in the proof with an example.

Example 4.4.12. Let G ={1 - 2,1 - 4,1 - 6,1 82 —3,4—56—7,8— 9}
be a DAG with V(G;) = {1,2,3,6,7} and V(Gy) = {1,4,5,8,9}. Let

[ =0"—0" = 056047067028 — 066027057048 € S1g.
Then PG (O’ucl) = 016017067012- We take
my = 016067 — 066017 € Clg,
as the first move which takes pg, (6“61) to oe07,012. As
001(056067 - 066057) = 016067 — 066017,
we lift my to m| = os6067 — 066057 € C'lg. Now, we take

my = 017012 — 027011 € Clg,
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as the second move which takes o60%,012 t0 0gs017027011. Further, as

pG1(047028 - 027048) = 017012 — 027011,

we lift mo to mb = 047098 — 097045. Observe that applying m/ and then m/, on o takes

o' to o".

In a similar way, we can define the map pg, and get a set of moves which would take
pa,(0") to pa,(c®). This in turn would give us a corresponding set of moves in G which
would take o to o¥ for some v’ such that ¢¥ and ¢” have the same subgraph within
(G5. But before that, it is important to check that the second set of lifted moves obtained

from pg, does not affect the structure of ¢ within G.

Proposition 4.4.13. Let m = 0,05 — 0501 be a move obtained as a lift of one of the

moves in Clg, which takes pg,(c™) closer to pa,(c®). Then pa,(0*) = pa, (m(a™)).

Proof. As pa,(0*) = pa,(0”), the move m corresponds to a d-separation by a vertex in
V(G3) \ C. Let that vertex be ¢. Now, if 4, j, k,l € V(G2) \ C, then clearly m does not
affect the structure of 0. So, let i,k € V(G,) \ C and j,1 € V(G3) \ C. Then we have

i) = 1< UceadUd o
k<l = ke UceodUud <1
il = i UcodUd <l
ki = ke UceedUud <.

This gives us that the multi-digraph of both pg, (0i;0,) and pg, (040k;) are same. So,
we can conclude that m does not affect the structure of pg, (0*) and hence pg, (o) =
pe (m(a™)). O

As the moves obtained from pg, do not change the structure of pg, (0"¢1) (and vice
versa), we see that o and o¥ have the same subgraph within G4 as well. This brings us

to the next lemma.

Lemma 4.4.14. Let G be a safe gluing of G1 and Go, with the maps pg, and pg, defined
as above. Suppose that o* — o¥ € ST and this binomial only involves o;; variables
corresponding to treks. Suppose that pg,(c*) = pe,(0V) and pe,(c™) = pa,(c®). Then o

and o can be connected by quadratic binomials in C'lg.
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Proof. We can assume that ¢“ and ¢” have no variables in common. Since ¢* and "
have the same image under pg, and pg, this implies that we cannot have any variables
of the form o0;,7,7 € V(G1) \ {c} or 4,5 € V(G2) \ {c} in the monomial factors. This is
because the variables of this form are mapped to itself by either of the two maps which
would mean that ¢" and ¢ would still have some more common factors between them.
So, all the variables appearing in the two factors need to contain ¢ as an end point or as
a vertex in their corresponding shortest treks and both end points not lying within the
same subgraph (i.e, Gy or Gy).

Consider an arbitrary trek ¢ <» j in ¢ which is not present in ¢”. We select the
trek in ¢¥ which has the highest number of common edges with i <> j. Let that trek be
7 <> j" and let s <> t be the common trek in both the treks. Let s; and ¢; be the vertices
adjacent to s and t respectively in ¢ <> 7. Similarly, let s’ and ¢’ be the vertices adjacent
to s and t respectively in i’ <» j'. Let p be the vertex in s <+ ¢ adjacent to ¢ (see Figure
4.13 for an illustration of the idea).

As g(0” — 0¥) = 0 there must exist a path 2 ++ y in ¢ containing the edge t <+ ;.
We know that all the variables appearing in both the monomial factors need to contain c.
This implies that ¢ must lie within the common trek s <+ ¢. Let 4,7 and « be in V(G1)\ C
and j, 7',y be in V(G3) \ C. The move m = 0y/j10,y — 0i7,0,j is now a valid move as none
of the vertices in ¢’ > p can have a shorter connection to any vertex in ¢; <> y (as every
shortest trek from a vertex in V(Gy) \ C to V(G2) \ C must pass through c).

Applying m on oV increases the length of the common trek between i <» j and 7 <> j
by at least 1. As any move preserves the kernel of ¥g, m(c") — ov still lies in STg.
Repeating this process again, we can continue to shorten the length of the disagreement

until the resulting monomials are the same. O

Using all the results and observations that we have so far, we give a proof of the main
result of this section, which shows that quadratic generation of the shortest trek ideals

is preserved under the safe gluing operation.

Theorem 4.4.15. Let G; and Gs be two DAGSs such that STg, = Clg, and STg, =
Clg,. If G is the DAG obtained after a safe gluing of G1 and Gy at an n-clique, then

STq is equal to Clg and I is toric.

Proof of Theorem 4.4.15. Let 0% — ¢¥ be an arbitrary binomial in S7T¢. Then in order to
prove that ST = Clg, we need to show that " and ¢¥ are connected by the moves in
F, where F is the set of all the generators of C'l.

117



t

Figure 4.13: Graphs of 0¥ and ¢*. We use undirected treks in the figure to represent
treks of unknown direction as the proof is independent of the direction of the treks.

Lemma 4.4.11 shows that we can apply quadratic moves in C'lg to transform o into
a monomial o such that pg, (6") = pa, (). Applying the analogous result for Gs,
we see that we can apply quadratic movies in C'lg to transform o into ¢¥ such that
pc, (0V) = pa, (0°) and pg,(0”) = pa,(0?). Then applying Lemma 4.4.14, we see that
¥ and ¢ can be connected using binomials in C'I5. This shows that STy C Clg C Ig.
But as I and ST are both prime ideals of the same dimension, this shows that all three

ideals are equal. O

4.5 Conjectures

We close the chapter by giving some conjectures about the Gaussian DAGs with toric
vanishing ideals. These include some main conjectures, and also conjectures of a more
technical nature that would be important tools for proving the main conjectures. We also
discuss some consequences of these auxiliary conjectures.

Our first main conjecture relates with a running theme throughout the chapter, iden-
tifying the underlying combinatorics of the toric structure when I is actually a toric
ideal.

Conjecture 4.5.1. A DAG G has a toric vanishing ideal if and only if I = STg.

Note, as mentioned previously, there are DAGs G such that STg exists, but it not
equal to Ig. Our second main conjecture concerns the combinatorial construction of the

DAGs for which I is toric.

Conjecture 4.5.2. If G is a DAG such that I is toric, then either:
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1. G is a complete DAG,

2. G s either a safe gluing or the gluing at sinks of two smaller DAGSs that also have
toric vanishing ideals, or

3. G 1s obtained by adding a sink to a smaller DAG.

Important auxialiary conjectures that we have seen so far in the chapter concern
the safe gluing operation, in particular, Conjecture 4.2.14, that safe gluing preserves
the property of I; being equal to STg. Another conjecture that seems key to proving
classification results for toric vanishing ideals is the following conjecture, that would rule

out many graphs from having toric vanishing ideals.

Conjecture 4.5.3. Let G be a DAG and i, be two vertices in G such that the minimal

size of a d-separating set of i and j is 2 or larger. Then Ig is not toric.

Assuming the conjecture is true, we have two results on when the vanishing ideal is

not toric.

Lemma 4.5.4. Suppose that Conjecture 4.5.3 is true. Let G be a DAG and i,j be two
vertices in G having at least 2 different paths Py and P, between them. If Py is a trek
containing the vertexr ¢ and Py is a path having exactly one collider at c, then Ig is not

toric if Congecture 4.5.3 is true.

Proof. Case I: P, and P, have no common vertices except ,c and j :

The proof follows from the d-separation of ¢ and j. As ¢ is the only collider within
Py, any set C' which contains ¢ and d-separates ¢ from j has to contain at least one more
vertex from P;. This is because C' = {c} is not enough to d-separate i and j. Hence, by
using Conjecture 4.5.3 we can conclude that I is not toric.

Case II: P, and P, have more than 3 common vertices :

Let i1 be the last common vertex before ¢ and j; be the first common vertex after ¢
within the two paths. Then following Case I by replacing ¢ and j with 7; and j; respectively
completes the proof. O

Lemma 4.5.5. Suppose that Conjecture 4.5.3 is true. Let G be a DAG where the shortest

trek map cannot be defined. Then Ig is not toric.

Proof. The shortest trek map in G is not defined when there is no unique shortest trek
between two vertices. Let 7 and j be two vertices in GG having two treks P; and P, between

them of the same length and have no other trek whose length is smaller.
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Case I: There is no common vertex between P; and P, except ¢ and j :

In this case, we will have to select at least one vertex from each of the two treks to
d-separate ¢ and j. Hence by Conjecture 4.5.3 we can conclude that I is not toric.

Case II: P, and P, have at least one common vertex :

Without loss of generality, we can assume that ¢ < j. Let ¢ be the first common vertex
between P; and P,. Then the treks P, and P, can be written as

P = P(i=c)UP(c=7) and
PQ = Pg(i\ﬁC)UPQ(C;\j),

where P;(i = ¢) and P(i = ¢) denote the trek between i and ¢ within the treks P, and
P, respectively. Let the lengths of Pi(i = ¢), Pi(c = j), P2(i = ¢) and Py(c = j) be

r1, 81,7y and sy respectively. Then we have
1+ 81 =1T9 + Sa. (42)

This gives us two new paths between ¢ and j, namely P; = Pi(i = ¢) U Py(c = j) and
Py = Py(i = ¢) U Pi(c = j). If either of P; or Py has a collider at ¢, then by Lemma
4.5.4 we know that I is not toric. So, we can assume that P; and P, are also treks.
Now, let r; < ry. Then by equation 4.2, we know that s; < s;. From these inequalities,
we get that the trek Pj is of length r1 4 s which is smaller than r; + s1, a contradiction. (
Similar argument follows for ro < r1 ). Thus, we have r; = ry and s; = s3. Now replacing

7 with ¢, we can follow the same argument as that in Case 1. Hence, I is not toric. [

Recall that an undirected graph is chordal if it has no induced cycles of length > 4.
For the remainder of the section, we consider DAGs G whose undirected version G is
a chordal graph. In Theorem 4.2.15 we used the condition that /5, and I, can have at
most one common variable o... In the next Lemma we show that if Conjecture 4.5.3 is
true, then the above condition of Theorem 4.2.15 is satisfied when at least one of G; or

G5 is a chordal DAG. So this provides further evidence in favor of Conjecture 4.2.14.

Lemma 4.5.6. Suppose that Conjecture 4.5.3 is true. Let G1 and Go be two DAGs with
Ig, = STq, and Ig, = STg,. Let G be the resultant DAG obtained after a safe gluing of
G1 and Gy at an n-clique. Let C' = {c} U D be the vertices in the n-clique where c is the
choke point. Let ¢ € C and d € D. If Gy is chordal and py is a vertez in Gy \ C such
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that the shortest trek py <> ¢ contains the edge ¢ — d then G can be constructed by safe
gluing two DAGs at an (n — 1)-clique.

Proof. Let py —ps—---—pm —¢ — d be the shortest trek between p; and d, where p; — ps
denotes the edge between p; and ps of unknown direction. Then p,, — ¢ — d is also the
shortest trek between p,, and d. Let us assume that G cannot be constructed by safe
gluing two DAGs at an (n — 1)-clique. Then there must exist another path from p,, to d
not containing the edge ¢ — d. We select that path whose vertices are adjacent to either
Pm, ¢ or d. Let p,, —q1 — -+ — ¢ — d be such a path. As G is chordal, either p,, — d
is an edge or there exists an edge between ¢, and . If p,, — d is an edge, then p,, — d
becomes a shorter trek than p,, — ¢ — d, which is a contradiction. If there is an edge
between ¢, and ¢/, there must also be an edge between p,, and ¢, (again as G is chordal
and Ig, is toric). Independent of the direction of these two edges ¢, — ¢’ and p,, — g,, we
can say that p,, is d-separated from d by at least two vertices ¢ and ¢,.. Thus by using

Conjecture 4.5.3 we can imply that /5, is not toric, which is a contradiction. O]

So far we have shown that safe gluing preserves the toric property of the vanishing
ideals. But it is an interesting problem to check if a DAG G with toric vanishing ideal
can always be obtained as a safe gluing of smaller DAGs with toric vanishing ideals. We
end this chapter with the conjecture that such a decomposition always exist for chordal

graphs if Conjecture 4.5.3 is true.

Conjecture 4.5.7. Suppose that Conjecture 4.5.3 is true. Let G be a chordal DAG with
toric vanishing ideal. Then there exist G1 and Gy with toric vanishing ideals such that G

can be obtained as a safe gluing of G1 and G2 at an n-clique.
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