
ABSTRACT 

PRADEEP, SHRAVAN. Towards Designing Flow Mechanics in Dense Suspensions of Smooth 

and Rough Colloids. (Under the supervision of Dr. Lilian C. Hsiao). 

 

Colloidal suspensions are ubiquitous in everyday life with applications ranging from 

pharmaceutical formulations to construction materials. Despite this, little is known concerning the 

design of suspensions from a ow perspective to avoid the problems that arise during their 

processing stage. Colloidal suspensions used in industrial applications are often complex in nature 

and are characterized by their size polydispersity, particle surface roughness, complex interactions, 

and inherent material softness. Furthermore, simulations and experimental studies implemented in 

academic settings use model particles and tend to ignore the diverse nature of industrial 

suspensions. In this thesis, we attempt to answer fundamental questions on how one of the 

complexities listed above, the constitutive particle surface roughness, affects the packing and ow 

behavior of dense colloidal suspensions. We seek primarily to decouple the effects of particle 

surface roughness on the bulk suspension behavior by probing their contact microstructure. 

Throughout the work we use poly(methylmethacrylate) microspheres suspended in refractive 

index matched solvent squalene. 

In the first part of the thesis (Chapter 2), we study the quiescent suspension microstructure 

of smooth and rough colloids. The mechanical properties of dense suspensions are related to their 

ability to transmit stress through the fluid. The suspension stress at the quiescent state, evident 

from the non-zero linear viscoelastic modulus, is directly correlated to the transient “contacts” that 

are formed due to the Brownian fluctuations in the system. Using 3D confocal microscopy of the 

equilibrium suspensions at various concentrations, we estimate the nearest neighbors, and 

extrapolate them to their respective isostatic conditions at the maximum possible packing, also 

called the jamming point. Apart from average particle diameter, the estimated “contact” 



lengthscale included other spatial parameters such as the polymer brush length, size polydispersity, 

and surface roughness. 

 The next chapter (Chapter 3) focuses on an issue common in industrial suspensions: shear 

thickening. Shear thickening occurs when there is an increase in viscosity with increasing applied 

stress and the phenomena is responsible for issues such as pipe clogs and mixer blade damage 

during high shear industrial processing of dense colloidal suspensions. Steady shear rheological 

experiments show that the rate at which suspensions shear thicken is a direct function of the 

suspension concentration and its respective jamming point. We combine the two parameters into 

a single parameter called the jamming distance, which is defined as the scaled spatial difference 

of each suspension with respect to its respective jamming point. Using the contact microstructural 

analysis of these suspensions using an in-house built confocal rheometer, we determine that the 

available free volume for suspensions containing particles of different roughness is related to the 

deficiency from the maximum nearest neighbors at a given stress. 

 The results from Chapter 2 and 3 have two key takeaways: (a) the microstructures between 

suspensions of smooth and rough particles, in both quiescent and ow state, are dependent on the 

constitutive colloidal particle roughness and (b) the rheological properties between suspensions of 

various colloidal types can be described using the jamming distance. The work in Chapter 4 

explores the linear viscoelastic behavior i.e., rheological behavior in near-equilibrium conditions, 

of dense suspensions containing smooth and rough colloids as a function of their scaled jamming 

distance. We found that the elastic modulus of rough colloidal suspensions is 103 times more than 

that of smooth colloidal suspensions at the same concentration. The drastic increase in the modulus 

is attributed to the reduced dynamics of suspensions containing rough particles due to the 



additional geometric frustration induced by the restricted rotational degrees of freedom in 

individual rough particles. 

 Through results in Chapter 2, 3, and 4, we provide an engineering framework to design 

colloidal suspensions for desired applications.
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This chapter aims to provide necessary background information for understanding the 

experimental synthesis of smooth and rough particles, characterization of surface roughness, 

quantification of the pairwise and bulk friction coefficients, and their effect on the rheology of wet 

particulate flows. Even in the absence of interparticle attraction or cohesion, such types of flows 

are broadly ubiquitous, spanning enormous length scales ranging from consumer and food 

products to earth movements. The increasing availability of model frictional particles is useful to 

advancing new understanding of particulate rheology. Although hard-sphere particles remain the 

most widely studied system due to their simplicity, their rigid and frictionless nature cannot predict 

many of the complex flow phenomena in colloidal and granular suspensions. Besides a myriad of 

interparticle forces, the presence of tangential interparticle friction arising from either 

hydrodynamics or solid contacts of asperities is now thought to be responsible for commonalities 

in shear thickening and jamming phenomena at high volume fractions and shear stresses. The 

overall richness of the suspension mechanics landscape points to the reunification of colloidal and 

granular physics where one may apply a universal set of physical frameworks to understand the 

flows of model rough particles across multiple spatiotemporal scales. This can only be 

accomplished by properly distinguishing between microscopic and bulk friction and by decoupling 

hydrodynamics and contact contributions within the context of experimental observations.  

 

1.1 Rheological significance of particle roughness 

The flow of particulate suspensions plays an important role in a broad variety of 

geophysical phenomena and engineering applications. These suspensions typically consist of 

rough or faceted microparticles packed in a continuum fluid in the absence of attractive interactions 

where the particle type may span colloids, grains, bubbles, and emulsions. Collective mesoscale 
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rearrangements of the particles under applied stresses often cause enormous rheological changes 

in the bulk material, ranging from the sudden clogging of pipes [1,2], liquefaction and landscape 

evolution [3-5], to creative applications such as robotic grippers [6] and liquid body armor [7]. 

Despite the importance of suspension rheology and its investigation since Reynolds and Einstein 

[8,9], there is still a persistent gap between the behavior of industrially relevant particulate systems 

and the results obtained from academic model systems. Flows are especially challenging to predict 

for dense suspensions (volume fraction ϕ > 0.40) of colloidal (typically with particle diameters 2a 

≤ 2 μm) and granular (typically 2a > 2 μm) particles. This is because textbook treatments for low 

Reynolds number suspension flows are traditionally developed through three simplifications [10]: 

(1) particles are perfectly spherical in shape; (2) interparticle collisions are frictionless and 

overdamped in the case of colloids or inelastic in the case of larger particles; (3) solvent molecules 

are much smaller than the particle size, such that continuum approximations can be used to model 

fluid drag between idealized spherical particles.  

These assumptions have made theoretical developments from the Navier-Stokes equations 

tractable and reduced computational demands but have also resulted in a major discrepancy 

between experimental observations and predictions. A notable example is found in many recent 

investigations of discontinuous thickening and shear jamming suspensions [11-19], in which rough 

particles generated jumps in energy dissipation at reduced values of ϕ and shear stresses σ when 

compared to smooth, spherical particles [12,14,20,21]. The prevailing thought is that contact 

mechanics become important as lubrication films break down at large σ [22-24], although there is 

a severe lack of in situ experimental evidence to directly support this statement. 

 The rheology of particulate suspensions was historically investigated by a combination of 

fluid mechanics experts and granular physicists [25-27]. Although the two fields diverged in the 
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1950s, they are now beginning to reconvene due to the need to consider both solid and fluid 

mechanics in dense suspension flows. The convergence of these two fields is found in a number 

of reviews on granular physics and suspension mechanics [28-31]. In addition, we recommend a 

comprehensive review by Morris [32] on the computer simulations of lubricated-to-frictional shear 

thickening as parallel reading material, which will prove useful as we discuss the experimental 

results here in light of theoretical findings. 

 This chapter summarizes recent experimental methods that are used to break new ground 

in suspension rheology. First, we list a number of academic and industrial particulate materials in 

which the surface roughness can be controlled and quantified. Second, we describe experimental 

parameters used to characterize the frictional properties of various particulates based on their 

surface morphologies. Finally, we describe the effects of surface anisotropy on macroscopic 

rheological properties as seen in dense suspensions of rough or frictional particles, with an 

emphasis on how interparticle friction impacts their microstructure and mechanics. The conclusion 

provides an outlook on the field of dense suspension rheology based on past work, present 

observations, and future strategies. 

 

1.2 Synthesis of smooth spherical particles 

 A hard-sphere particle is assumed to be non-deformable and impenetrable and interacts 

with other particles solely through contact. In experimental systems, particles possess a finite 

elastic modulus and can become deformed by strong flows [33]. The collisions between particles 

are inelastic in the case of wet and dry granular materials where inertia dominates because of large 

particle sizes [34] or are overdamped in the case of colloidal suspensions where viscous dissipation 

by the solvent is significant [35]. Perfectly smooth hard spheres have represented the ideal model 
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system for many years, allowing researchers to validate simulations and theories of suspension 

phase behavior and rheology [36-41]. They also provide a benchmarking tool for experimental 

studies involving rough particles of similar sizes made from the same material. It is worth 

remembering that many interparticle forces (electrostatics, solvophilicity, van der Waals, 

depletion, hydrogen bonding, and so forth) are in play during the shear flow of particulate 

suspensions [42] and that variations in synthesis techniques can produce similar looking particles 

with various types of pairwise interactions that generate completely different rheological 

phenomena.  

 Currently, two common ways to generate such particles are through microfluidics and wet 

chemistry synthesis. Reviews of microfluidic and lithographic tools used to synthesize particles 

are found elsewhere [43]. While these methods are capable of producing particles from ~101 - 102 

μm with intricate surface anisotropy and nearly zero size polydispersity, they are challenging to 

scale up to the sheer number of particles required for bulk rheology measurements. As a point for 

comparison, it takes ~1010 hard-sphere particles (2a = 2 μm) to completely fill a small parallel 

plate rheometer geometry (diameter = 20 mm, gap height = 500 μm), with a suspension of ϕ = 

0.50. Bulk chemical synthesis is therefore a much more viable method for producing the large 

number of particles used in the investigation of dense suspension rheology. Owing to their well 

characterized and highly tunable interaction potentials, sterically stabilized silica, polystyrene 

(PS), and poly(methyl methacrylate) (PMMA) colloids remain three of the most popular systems 

used in academic studies of suspension rheology. Each system poses unique advantages and 

disadvantages. All three types of particles can be chemically or physically tagged with conjugated 

fluorescent dyes for microscopy imaging. 
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1.2.1 Silica colloidal spheres 

Monodisperse silica colloids are synthesized using the Stober process [44,45] in which the 

precursor, typically tetraethyl orthosilicate, is hydrolyzed in alcohols and grown into colloidal 

particles through a one-step sol-gel process. An octadecyl aliphatic chain is then grafted to the bare 

surface of the silica particles through high temperature silanol esterification [46,47]. This method 

readily produces hard-sphere particles with diameters between 20 nm [48] and 1000 nm [49]. If 

larger particles are desired, additional layers of silica or other materials such as PS can be grown 

as shells on seed cores, in a method known as seeded growth polymerization [50]. Depending on 

the solvent quality, the octadecyl-grafted chains may undergo a lower critical solution temperature 

crystalline transition that leads to thermoreversible flocculation from a hard-sphere suspension. 

This tendency to flocculate at reduced temperatures leads to the term “adhesive hard spheres” for 

octadecyl-grafted silica colloids, which are used in multiple gelation and self-assembly studies. 

Small-angle neutron scattering is typically used to obtain the Baxter temperature, which quantifies 

the attraction strength through a square well potential [51-54]. A key benefit of silica colloids is 

that they do not swell or plasticize in most solvents, which can impact measurements of ϕ, as well 

as hard-sphere properties. The refractive index mismatch of silica (n = 1.459) with common 

solvents (n = 1.33 for water, n = 1.429 for tetradecane) is not too large, which does not significantly 

hinder their imaging resolution in confocal microscopy or introduce significant van der Waals 

forces. However, since silica colloids have a high density (ρp = 1.7-2.0 g/ml) compared with that 

of most polar and nonpolar solvents (ρf = 1 g/ml for water, ρf = 0.76 g/ml for tetradecane), the 

density mismatch poses issues due to sedimentation and detachment from rheometer geometries. 

This issue is somewhat mitigated if the sedimentation velocities are reduced by decreasing the 

particle size or increasing the solvent viscosity. 
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1.2.2 PMMA and PS spheres 

 Polymeric hard spheres form another class of model systems in studies of suspension 

rheology, with benefits and drawbacks that are almost completely opposite to those of silica 

colloids. PS and PMMA colloids are generally prepared by emulsion polymerization [55], in which 

conjugated polymer brushes such as poly(vinyl pyrrolidone) [56], poly(dimethyl siloxane) [57,58], 

fluorinated copolymer blends [59], or poly(12-hydroxystearic acid) (PHSA) [60-64] are covalently 

attached to sterically stabilize a particle. Other stabilizers include electrostatic groups that become 

charged in specific pH conditions, such as poly(acrylic acid) and aliphatic amines on PS 

microspheres. The brushes can be grafted through a one-pot synthesis as in free radical 

polymerization, with or without the addition of reversible addition fragmentation chain transfer 

agents [65], or they can be grafted after synthesis through atom radical transfer polymerization. 

Given the suspending fluid, proper choice of the polymer brush is key as a fully solvated brush 

provides the largest range of steric repulsion compared with a collapsed brush. PHSA grafted 

PMMA colloids in nonpolar solvents are widely considered to be the model of hard-sphere systems 

and have been extensively used since the pioneering studies of Pusey and van Megen [36,66,67]. 

Direct and indirect measures of the hard-sphere properties of PHSA-PMMA colloids are widely 

available in the literature. The standard PHSA brush length on these PMMA colloids is estimated 

to bez10 nm, although longer chain lengths of up to 22.4 nm are possible by varying the 

polycondensation time. The commonly-cited brush length of 10 nm was measured using a surface 

force apparatus to obtain the interaction energy as a function of the surface separation for two flat 

mica surfaces grafted with PHSA brushes [68]. Because this study was conducted in dry 

conditions, the solvated PHSA brush length may be different with varying solvent quality.  
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 The basic principle of emulsion polymerization reactions in the formation of polymer 

lattices is as follows: a monomer, such as styrene or methyl methacrylate, is dissolved in a solvent 

mixture in which it is barely soluble. Heat-activated initiators such as potassium persulfate and 

azobisisobutyronitrile, or ultraviolet light-activated photoinitiators such as 

hydroxymethylpropiophenone (Darocur), are triggered to release free radicals that initiate and 

propagate the polymerization reaction. When the oligomers grow to a certain size, they become 

insoluble in the solvent and phase separate out of the solution as nuclei for further colloidal growth. 

A thorough review of the mechanisms involved in emulsion polymerization is given by Thickett 

and Gilbert [55]. The major benefits of using most polymeric colloids are that benign solvents can 

be used for complete density and refractive index matching and that the stabilizer brushes could 

potentially be functionalized to introduce stimuli-responsiveness into particles [69]. Some 

disadvantages include problematic charge screening in nonpolar solvents [70], particle 

plasticization and swelling in organic solvents [71], and the added complexity that comes with the 

synthesis of conjugated comb copolymer brushes such as PHSA-g-PMMA. 

  

1.2.3 Other colloidal particles 

 A few other materials are used in the formation of spherical particles. Poly(N-

isopropylacrylamide) (PNIPAM) microgels have highly tunable Young’s moduli depending on the 

concentration of the added cross-linker (102 Pa ≤ E ≤ 104 Pa) and can be synthesized by one-pot 

emulsion polymerization. They are used to understand the flow and self-assembly physics of soft, 

deformable particles above the random closed packing volume fraction of hard spheres (ϕrcp = 

0.64) because they expand at temperatures below the lower critical solution temperature [72-74]. 

The applications of PNIPAM are especially promising in biomedical engineering. Owing to their 
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softness, microgels with binding motifs have been used as platelet-like particles to induce blood 

clotting rapidly under physiological flow conditions [75], and composite nanostructures have been 

added to PNIPAM to generate stimuli-responsive hydrogels that are highly stretchable [76]. 

Another highly versatile colloidal system is trimethoxysilyl propyl methacrylate (TPM), which has 

been used to create polyhedral clusters [77], light-activated colloidal surfers [78], colloidal alloys 

[79], and lock-and-key particles [80]. Non-polymeric materials such as fatty acid-coated 

superparamagnetic iron oxide colloids are prepared by alkali-mediated precipitation and used in 

magnetic field-driven assembly studies [81-83]. 

 Because of the bottoms-up nature of these synthesis methods, in reality, even so-called 

smooth particles are never completely smooth at length scales close to that of the homopolymer 

constituents. Smith et al. [84] found that PHSA-PMMA colloids are slightly porous, with the 

density of the PMMA cores being slightly lower than that of the homopolymers. Silica and PS 

colloids are also subject to fluctuations in the particle porosity. This may shift the phase behavior 

of hard-sphere suspensions, which is a function of the osmotic pressure of the solvent. It could 

also affect the attraction potential in specific colloidal gel investigations where the interactions are 

generated by excluded volumes of small depletant molecules. 

 

1.3. Synthesis of rough particles 

 Rough particles were traditionally considered to be unsuitable as model systems due to 

their nonuniform surfaces and challenges in simulating such morphologies. They are widely found 

in industrial formulations due to the use of milling as a common technique to grind up solids, for 

example in foods, paints, and coatings [85,86]. Fortunately, recent developments in chemical and 

physical methods to synthesize bulk quantities of rough or bumpy particles have made it possible 
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to investigate the effects of roughness on suspension rheology (Figure 1.1). We provide an 

overview of industrial and academic methods used to create geometrically symmetric, yet surface 

anisotropic, particles spanning the colloidal to granular length scales. An in-depth review of the 

synthesis of porous polymeric particles is given by Gokmen and Du Prez [87] and will not be 

discussed here. Although there is a nontrivial relationship between roughness and friction [88,89], 

in general, surface roughness increases the interparticle friction coefficient.  

 In this section, we discuss various physical and chemical routes to the formation of rough 

particles in quantities large enough for bulk rheological characterization. The physical methods 

include milling and grinding processes, self-assembly of smaller particles on larger ones through 

interparticle forces, in situ templating methods, and external application of mechanical stresses. 

The chemical methods include the seeded growth of small particles on larger cores, acid or base 

etching, linker chemistry and charge compensation, and the addition of cross-linkers during 

emulsion polymerization. The advent of 3D printing has also made it possible to create granular 

particles with highly complex geometries. 

 

1.3.1 Grinding and milling 

 A mill applies kinetic energy to solid materials to break them up via friction and attrition. 

Grains formed by milling are typically very polydisperse in their size distributions (>10%) and 

may contain sharp and irregular facets. In fact, it is not unusual to obtain polydispersity values 

ranging from 100% to 300%. A few articles on the effect of breakage mechanisms on particulate 

sizes are available [90,91], but ultimately, it is an engineering process in which the large number 

of process parameters makes predictive capabilities difficult. Nevertheless, because a mill is easy 

to use and can handle large quantities of wet or dry material, milling remains one of the most 
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common manufacturing techniques to grind materials such as organic crystals in pharmaceuticals 

[92], calcite powders [93], nanocrystalline metals [86], pigments [85], and various other 

particulates down to the desired size range. Cornstarch, a popular particulate used to study the 

physics of shear thickening [94,95], is formed by the wet milling of corn kernels and is therefore 

highly subject to size polydispersity and shape irregularities. 

 

1.3.2 Surface heterocoagulation and seeded growth polymerization 

 Electrostatic forces are commonly leveraged to decorate large core particles with smaller, 

oppositely charged particles, forming composite raspberry-like particles with a bumpy exterior. 

This so-called heterocoagulation mechanism was first used by Ottewill et al. [96] in which 

negatively charged PS particles are coated with smaller, positively charged poly(butyl 

methacrylate) (PBMA) particles at reaction temperatures greater than the glass transition 

temperature of the PBMA. The authors proposed a simple theory to explain this process by 

considering the interfacial energy of the two polymers. The most important parameter is the ratio 

of interfacial energies, as found in the Young-Dupre equation, which should be kept at an 

intermediate value to avoid complete wetting or dewetting. A mass balance can be used to deduce 

the proper ratio of particle radii and particle numbers for hexagonal close packing of the PS 

particles on the PBMA cores. Various electrostatic stabilization and energy minimization methods 

were used successfully by a number of research groups to fabricate a dizzying array of Pickering 

emulsions and colloidosomes [97], surface-modified PS particles [98,99], and raspberry like silica 

particles [2,100]. Other types of particle interactions, such as hydrogen bonding and π-π bonding, 

can also result in the same type of raspberry like morphology [2,100]. Removal of the bumps 

by chemical etching is also possible if golf ball-like morphologies are desired [101]. 
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 A variant of heterocoagulation coupled with seeded growth polymerization can be used to 

synthesize larger raspberry-like particles, in which a core polymeric particle is coated with a solid 

shell [102-106]. A secondary coating step is used to grow the shell covalently on top of the 

composite bumpy particle. This step is thought to provide improved mechanical stability to the 

asperities during shear such that they do not detach easily [107]. Although the particle morphology 

obtained with heterocoagulation methods is desirable due to their ease of reproducibility in 

simulation studies, a major issue is that each chemical synthesis and cleaning step reduces the 

overall yield of particles. 

 

1.3.3 Confinement templating 

 Raspberry-like particles with multiple bump functionalities are also obtainable through a 

microstructural confinement templating method, in which a small number of large particles are 

dispersed in a concentrated bath of smaller particles. This method was used by Gaulding et al. 

[108] to deposit functionalized PNIPAM microparticles onto PS spheres, where the surface 

bumpiness could be precisely tuned. However, this method suffers from two drawbacks, in that 

the yield of the composite particles is limited and that the unused PNIPAM microparticles would 

go to waste if not recycled. A similar method was used to confine TPM droplets by co-

sedimentation with a dense suspension of PS spheres. The deformed TPM droplets are then 

polymerized by heat into polyhedral shapes [109]. The yield of particles obtained through 

templating is likely to be much lower than that obtained through other types of bulk synthesis 

methods. 
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1.3.4 In-situ mechanical stresses 

 Other researchers leveraged methods to generate internal mechanical stresses within 

particles to create macroporous microstructures. Peterson et al. describe an internal templating 

method in which the precipitation of low-melting-point salts together with silica nanoparticles 

using high-temperature aerosol spraying generated various types of macroporous silica colloids 

[110]. Degassing of PS and PMMA spheres in a polyelectrolyte solvent was also used to create 

nanometer scale roughness on their surfaces due to changes in the charge density on the polymer 

surface [111]. A similar gas-producing mechanism was used to create raspberry-like protrusions 

on silica particles as they passed through a flow-focusing microfluidic channel [112]. The surface 

morphology is thought to result from the addition of hydrochloric acid and sodium bicarbonate, 

which participate in the Stober sol-gel process and produce carbon dioxide gas at the silica-water 

interfacial subphase. Finally, PS dimers and triangles were made by swelling of PS seed particles 

in the presence of a crosslinker [113]. The concentration gradient of the crosslinker is proposed to 

mechanically control the directionality of the phase separations during the seeded growth 

polymerization step. These methods are more likely able to produce the quantities of particles 

needed for rheological testing, although the maximum roughness achievable may be limited to the 

nanometer or submicron range. 

 

1.3.5 Crosslinker-aided polymerization 

 The addition of cross-linking monomers during the early nucleation step of emulsion 

polymerization can be used to generate surface morphologies that range from slight dimpling to 

that reminiscent of crumpled paper and golf balls [114]. By increasing the concentration of the 

crosslinker (ethylene glycol methacrylate) up to 2 wt% of the monomer, our group has fabricated 
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sterically stabilized PHSA-PMMA colloids that have root-mean squared (RMS) roughness values 

up to 20% of the mean particle radius. Increasing the cross-linker concentration further tends to 

result in gelation of the entire polymer network, causing a failed synthesis. This wet chemistry 

method is likely to be applicable for any polymeric materials, such as PS and PNIPAM particles, 

that are formed by one-pot free radical polymerization reactions. The size and polydispersity of 

the particles can be tuned somewhat independently of the roughness, although care should be taken 

such that the elastic modulus of the particles does not increase significantly due to the addition of 

the cross-linker [115]. The thermodynamic mechanism for the formation of the rough features is 

currently unknown, primarily due to the innate complexity of emulsion polymerization. We 

speculate that changes to the oligomer solubility and nuclei shape during microphase separation 

could be the possible reasons for the formation of rough particles. One of the biggest benefits of 

this method is that the entire particle is made out of the same material, which simplifies the linking 

of particle interactions and elasticity to bulk suspension mechanics. 

 

1.3.6 Other wet chemistries  

 If metallic oxide particles with high surface areas are desired, one-pot and template-free 

hydrothermal synthesis can be used to prepare copper oxide colloids coated with a layer of cerium 

oxide. The particle morphology resembles the type created by internal mechanical stresses, and 

the available surface area for catalysis can be dramatically increased by up to five times by this 

technique [116]. Hydrolytic polycondensation of poly(methyl silsesquioxane) with inorganic 

calcium carbonate particles produced composite and roughened colloids with increased 

hydrophobicity [117]. Photoresponsive raspberry-like colloids were synthesized by covalently 

attaching iron oxide nanoparticles to silica cores using cucurbituril and azobenzene linkers, which 
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generated reversible changes in particle morphology from rough to smooth upon illumination with 

ultraviolet light [118]. The authors show that the particle shape can be controlled to switch between 

shear thinning and shear thickening behavior. These examples illustrate the large variety of wet 

chemistries that can be used to tailor particle shapes in an equally large variety of particulate 

materials. 

 

1.3.7 Etching and 3D printing 

 Chemical etching is a simple method to generate rough surfaces on almost all types of 

material, whether they are inorganic or organic in nature. By immersing particles in a strong acid 

or base for a sufficiently long period of time, the solvent will etch away parts of the surface, leaving 

behind a slightly roughened exterior. Silica and soda-lime glass beads can be etched using 

concentrated sodium hydroxide and salt derivatives of hydrofluoric acid [119,120]. The RMS 

roughness can be tuned by controlling the immersion time of the particles [119], although the 

roughness achievable may be limited to the nanometer range. On the other hand, it is possible for 

metallic particles with high purity to become smoother after etching. 

 Finally, 3D printing has emerged as a powerful way to fabricate reusable granular building 

blocks with highly complex geometries. Engineering software programs such as AutoCAD are 

typically used to design the particle shape. Many types of 3D shapes, such as polyhedral and stars, 

can be generated with polymer resins that have different elastic moduli values [121,122]. Acrylic, 

nylon, ceramics, and hydrogel particles can all be printed this way. The particle size and shape 

details are limited by the resolution of current 3D printers (~100 μm). A disadvantage with 3D 

printing is that particles with very thin, interlocking features may break easily during packing or 

shear due to the low fracture strength of commercial resins. 
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1.4 Quantifying roughness and friction 

 The relationships between surface roughness, interparticle friction, and macroscopic 

suspension mechanics are nonlinear. In the field of tribology, it is understood that surface 

roughness can completely change the frictional dissipation between two surfaces in near contact. 

The friction between two surfaces is dictated by the contact area, material elasticity, shearing 

velocities, and the presence of lubricant fluid between the surfaces [91,135]. Friction may arise 

from either solid-solid contact or from hydrodynamic drag of the lubricant at higher sliding speeds. 

The generic friction coefficient, μ, is an adjustable parameter used in many particulate simulations 

and theories. Because of its importance, a significant amount of effort has been dedicated to 

measuring μ for various types of particles. No matter how smooth a particle might appear, a non-

zero static friction coefficient is always present in experimental observations [32]. Here, we review 

the methods used to obtain surface roughness parameters, as well as the interparticle friction 

coefficient (μp) and bulk stress ratio (μb) in particulate systems. Table 1.1 is a list of μp measured 

using different methods for various types of particulate materials in the literature, although the list 

is by no means exhaustive. Roughness parameters and particle sizes are provided where available. 

This table is meant to provide a general reference to the values of μ, which can differ greatly 

between static and sliding conditions and when additives are present in wet systems. 

 

Table 1.1 | List of particulate materials with various roughness and friction coefficients. 

Material Method Ref. 2aeff μp Rq 

Acrylic 

Angle of repose [123] 0.3 cm 0.88 0.7±0.3 μm 

Angle of repose [123] 0.3 cm 0.96 2.6±0.1 μm 

Alumina (hydrated) Lateral force [124] 6 and 60 μm 0.03-0.07 189 nm 
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Table 1.1 (continued). 

Aluminium Angle of repose [123] 0.3 cm 0.62 0.32±0.14 μm 

Cellulose 

Lateral force [125] 16 μm 0.22-0.64 13 nm 

Lateral force [126] 25 μm 0.35 - 

Cornstarch Lateral force [127] 8 μm 0.02 14 nm 

Glass 

Lateral force [15] 9.78 μm 0.9 12.4 nm 

Lateral force [15] 9.78 μm 0.02 12.4 nm 

Lateral force [124] 6 and 35 μm 0.18-0.60 12-19 nm 

Sliding [128] 70-110 μm 0.25-0.65 - 

Angle of repose [119] 140-240 μm 0.42-0.52 - 

Angle of repose [129] 3.5 mm 0.20 - 

Angle of repose [130] 0.5-10 mm 0-1 - 

Sliding [131] 6 mm 0.13 - 

Limestone Lateral force [124] 4 μm 0.67 102 nm 

Ottawa sand Cyclic shear [132] 0.35 mm 0.40 - 

Pea gravel Cyclic shear [132] 9 mm 0.42 - 

PMMA 

Simulations [12] 1.6-2.3 μm 0 20 nm 

AFM [12] 1.9-2.8 μm 0.30-1.00 50-110 nm 

Polystyrene Angle of repose [133] 520 nm 0-0.12 - 

PTFE Angle of repose [123] 0.3 cm 0.54 1.1±0.6 μm 

PVC Lateral force [127] 1 μm 0.45 2.2 nm 

Salmeterol Angle of repose [134] 15-36 μm 0.25-0.87 - 
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Table 1.1 (continued). 

Silica 

Lateral force [14] 550-700 nm 0.13 0.53 

Lateral force [135] 3.4-4.0 μm 0.34-1.04 - 

Lateral force [136] 5 μm 0.08 - 

Lateral force [136] 5 μm 0.39 - 

Lateral force [14] 678 nm 0.03 - 

Steel Angle of repose [123] 0.3 cm 0.66 0.10±0.02 μm 

Titanium Lateral force [124] 0.2 μm 0.04-1.50 131-147 nm 

Zeolite Lateral force [124] 2 μm 0.69 148 nm 

 

1.4.1 Atomic force microscopy and roughness parameters 

 Atomic force microscopy (AFM) is the leading experimental technique to measure surface 

roughness at nanometer resolutions. It involves the use of a cantilever and tip with known spring 

constants to directly probe the topography of a surface in wet or dry conditions. As an extension 

to the surface force apparatus [68,137], AFM can also be used to obtain the pairwise interactions 

of surfaces and particles through approach-retraction measurements [138,139]. In this section, we 

focus on the use of AFM for topographical characterization of surface roughness. Contact mode 

involves moving the AFM tip up and down as the instrument scans the surface but is typically 

avoided because the presence of liquids and adhesive interactions between the tip and the surface 

may erroneously influence topography measurements. A more convenient way to avoid the pitfalls 

encountered in contact mode is to use tapping mode, which involves oscillating the tip up and 

down at its resonance frequency using piezoelectric elements in the cantilever holder. To obtain 

3D surface topography measurements for particles, the particles must be fixed such that the AFM 
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tip does not move them around during imaging. This is accomplished by partially embedding 

particles in special epoxies that soften when heated [2] or by spin coating dilute suspensions onto 

a layer of polymer media adhered to a flat substrate [12]. The surface topography measurements 

are limited to a relatively small field of view at the top-most part of a particle because imaging 

artifacts arise from dragging the AFM tip close to the vertical sides of micron-sized or larger 

particles. Ensemble averaging of the topography across multiple particles is required to generate 

enough statistics for quantification, especially in the case of highly anisotropic particles. In 

addition to AFM, other optical methods such as white light scanning interferometry [119] are 

reported to generate 3D topography data of particles. Confocal laser scanning microscopy is also 

a possible method, but the difference in resolution in the horizontal and vertical planes should be 

accounted for. 

 Before roughness parameters can be extracted, the curved surface profiles of spherical 

particles must be flattened and compared to a reference surface. This is best done by first fitting 

an ideal sphere to the 3D topography data, centering the sphere location based on available height 

information and minimizing the deviation between the two surfaces (Figure 2) [140]. This 

procedure effectively flattens the curved surface for further analysis. The diameter of the fitted 

sphere, 2aeff, should be close to the values obtained from independent measurements of the particle 

size, such as from scanning electron microscopy. Experimental measures of the roughness can then 

be obtained through the discretized form of the two-dimensional surface roughness autocorrelation 

function [141-144]: 

 ,
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 +  +     (1.1) 

where Nx and Ny are the number of AFM data points in the x and y directions, Lx and Ly are the 

lengths of the x and y directions, Δx and Δy are the pixel sizes, and z(xi, yi) is the deviatory surface 
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height at a position (xi, yi). It is also possible to compute a 1D form of the function in each direction 

and simply average them if Nx = Ny. From this function, a variety of surface statistical parameters 

such as the spatial distribution of heights, the mean surface gradient, and the RMS roughness can 

be obtained. All these parameters are known to affect μp, with the RMS roughness Rq = 

(R2)1/2 being a popular parameter used in the engineering literature [145]. To account for different 

particle sizes, the value of Rq can be normalized by the particle radius. We emphasize that even 

nominally smooth particles will have some level of roughness at the nanoscale. For 

example, Rq was found to be 0.01% for smooth silica colloids [21] and 2.6% for smooth PMMA 

colloids [12]. 

 

1.4.2 Lateral force microscopy 

Lateral force microscopy (LFM) is a specialized operating mode of AFM, in which the 

AFM tip is dragged horizontally across a substrate at a fixed normal force (FN) and at finite sliding 

speeds [15,126,135,136,146,147]. The horizontal deflection of the cantilever is used to generate 

the frictional shear force (FS) according to Hooke's law. The attachment of a colloidal particle onto 

the AFM tip is termed colloidal probe microscopy. Many researchers have used LFM with 

colloidal particles to either measure the value of μp for a particle sliding on a surface (which may 

or may not be coated with particles) or to obtain μp for two nonrotational particles. Again, we 

emphasize that even though LFM provides a measure of the frictional dissipation between two 

particles, it is not representative of the multibody and multiscale physics found in flowing 

particulate suspensions. 
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1.4.3 Angle of repose 

 Consider building a sand pile on a beach: continue to pour dry sand in one spot and a pile 

of sand with a constant angle of repose, θ, forms. Adding water to the interstitial spaces reduces θ, 

whereas the use of coarser grains might increase θ. The angle of repose for a particulate material 

is defined as the steepest angle to which the granular pile can be built without failure. Two types 

of experimental setups are used to obtain the angle of repose: The first involves a quasi-2D rotating 

drum, which spins at a fixed speed and provides the dynamic angle of repose for a particulate 

material [31,148,149], and the second involves a funnel setup where grains are continuously built 

into a pile [123,133,134]. The stress ratio can be estimated from the angle of repose through 

Coulomb's criterion, tanb S NF F = = , for a solid block sliding down an inclined plane. This 

ratio is commonly understood as the macroscopic friction coefficient of a material [130]. More 

sophisticated theoretical treatments of the angle of repose involve using a granular temperature to 

explain the local rearrangement events of grains [150,151]. This so-called shear transformation 

zone theory uses statistical mechanics principles [152], reminiscent of the type found in soft glassy 

rheology [153,154], and was able to explain experimental measurements and computational 

simulations of specific granular flows down an inclined plane [155,156]. 

 

1.4.4 Rheometry and cyclic shear cells 

 A rotational rheometer is a standard experimental tool used to quantify the relationship 

between the bulk deformation and bulk stresses of particulate suspensions. When the normal force 

is fixed and the shear force is measured, a measure of the bulk friction coefficient μb can be 

obtained with various sliding speeds and lubricating solvents. The constant-volume cyclic shear 

cells used in granular and soil mechanics testing are simply a larger version of the rheometer, 
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capable of plane shearing a packed bed of grains that have diameters on the order of 

millimeters [4,131,132,157]. These instruments belong to a general class of rheometry techniques 

that provide bulk material properties that are useful in modeling industrial and geophysical 

rheological phenomena. Simple shear and oscillatory shear are two operating modes that are 

widely used in the understanding of suspension rheology. They simulate the type of flows 

encountered in realistic scenarios and provide useful dynamical information about the bulk 

material through macroscopic parameters such as the yield stress, shear strength, viscoelastic 

moduli, and relaxation spectra. Most instruments are either strain rate-controlled or shear stress-

controlled, with the cone-and-plate, parallel plate, and annular Couette cells being some of the 

most common geometries. Recently, Boyer et al. [158] designed a specialized porous annular cell 

to maintain a constant particle pressure Pp for dense granular suspensions. 

 

1.4.5 In-situ force visualization 

 The methods described in previous sections provide measures of μb and μp, but these two 

parameters may not be representative of the multibody interparticle friction coefficient when a 

dense suspension is undergoing deformation. Currently, the best-known method to directly 

visualize grain-scale forces in situ is through the use of photoelastic disks made out of 

commercially available birefringent polymers. A detailed review of photoelastic force 

measurements in granular packings is provided by Daniels et al. [159]. Briefly, this technique was 

pioneered by the Behringer group to display contact force networks created by dense packing of 

2D disks in a biaxial shear cell [160,161]. Noncircular shapes are also possible. When each 

photoelastic disk is subjected to external normal stresses from its neighbors, local regions of the 

material rotates the polarization of light in accordance with the stress–optic coefficient of the 
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polymer. This change in the polarization angle is observable as bright and dark fringe patterns 

when viewed with a circular polarizer. Photoelastic force measurements were used to characterize 

both the spatial and temporal distributions of the microscopic force network for various 2D 

granular packings under linear and nonlinear impact [162]. The photoelastic quantification of force 

chains in 3D packings has yet not been accomplished due to challenges in analyzing the 

polarization angle and in fully solving the photoelasticity problem for 3D structures. 

 

1.5 Rheological phenomena 

 A reason for the recent surge of interest in synthesizing and characterizing rough particles 

is the attribution of shear thickening and jamming to interparticle friction. These flow scenarios 

are associated with large increases in the dissipative energy of a dense suspension under applied 

shear stresses [163-165]. In dense suspensions of colloidal and non-Brownian hard spheres, when 

ϕ and σ are both sufficiently large, there is a gradual transition from Newtonian flow to mild 

continuous shear thickening or to discontinuous shear thickening (DST) where s jumps 

discontinuously as a function of the shear rate   [166-168]. Both experiments and simulations 

found that the suspension viscosity for hard spheres diverges as max( )s

   −= −  where max ≈ 0.58-

0.60 and α ≈  2.2-2.6 for colloidal glasses [169-171] and max ≈ 0.59-0.64 and α ≈  2.0 for athermal 

suspensions [158,172]. Other particle shapes such as fibrous rods and ellipsoids with high aspect 

ratios are known to decrease the value of fmax even further [173,174]. 

 Colloidal suspensions behave in an overdamped fashion due to viscous dissipation from 

the solvent while inertia becomes important for granular flows involving very large particles. A 

few dimensionless numbers are useful in conceptualizing the relative importance of inertial and 

viscous forces, with subtle differences between each number. The Stokes number 
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2

p eff fSt a  = provides a measure of the inertial and viscous forces experienced by a particle 

while the Reynolds number 2Re p f eff fa  = describes the competing forces experienced by the 

fluid around the particle. These two dimensionless numbers are different from the conventional 

Reynolds number for a continuum fluid in a parallel-plate rheometer geometry, 

Re (2 )f f fRH   = , where H is the gap height and R is the radius of the geometry. It is well 

known in the fluid mechanics community that pure fluids and dilute suspensions undergo inertial 

or turbulent flows when Ref > 1. These types of inertial flows exhibit a shear stress to shear rate 

scaling of 3/2~  and should be differentiated from the Bagnoldian scaling ( 2~  ) in dense 

granular flows, which is observed even at low Rep values depending on ϕ [175]. 

 

1.5.1 Onset of shear thickening and dilatancy 

 At extremely large values of ϕ and σ, both colloidal and granular suspensions may 

experience an expansion in volume and dilate against its confining boundaries [175] or even stop 

flowing altogether [176,177]. Although dilatancy is thought to be related to shear thickening 

[178,179], recent data on silica and PMMA colloids show that their onset stresses and volume 

fractions do not always coincide [180]. Further investigation is necessary to comprehensively 

probe the role of surface roughness on the onset conditions of dilatancy and shear thickening. 

 The critical stress of thickening, σ*, scales inversely as the particle radius squared (

2* ~ 1effa ) for spherical PHSA-PMMA and silica colloids with or without electrostatic repulsion 

[181,182]. This scaling can be interpreted as a force balance between two particles at “contact” 

where the hydrodynamic force acting on a particle pair is equivalent to the derivative of the 

interparticle potential that prevents them from overlapping. If other types of interparticle forces 
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are present, then the onset stress may scale in a different way or even become obscured by a yield 

stress in the case of attractive interactions. Stokesian Dynamics (SD) [183] and dissipative particle 

dynamics simulations, in tandem with rheo-visualization experiments [184-186], showed that 

short-range lubrication forces are important in generating compact microstructures in flows [187]. 

Brownian motion introduces a time scale into the onset of thickening [188,189]. The conundrum 

was that squeeze flow for perfectly spherical particles could not explain the large viscosity 

increases in DST or the observations that dense suspensions generate a positive macroscopic 

normal force due to dilatancy [190]. We note that experimentalists should exercise care in reading 

out normal stress differences directly from a standard rheometer because the instrument assumes 

that surface tension effects are negligible on the boundaries of the fluid-air interface. Dilation cause 

particles to protrude at the interface [191], leading to a large decrease in the first normal stress 

difference, N1.  

The axial force, Fz, exerted on the rheometer geometry by the suspension is a more 

appropriate way of understanding dilation going forward. If surface tension terms are negligible 

then,    

 2 2

1

1

2 2
z rr atmF R P R N

  
  

 −  
= − + + = −  

  
  (1.2)                  

where R is the radius of the geometry;  ,  , and rr are the normal stresses of the fluid in the 

 , ϕ, and r directions; and Patm is the atmospheric pressure that holds the fluid boundaries in place. 

For the conventional N1 relation in Eq.(1.1) to apply, the instrument software assumes that rr  is 

balanced by Patm - Psurf, where Psurf ~ γ/Rcurv is negligible due to the large radius of curvature (Rcurv) 

of the interface. Here, γ is the surface tension of the liquid. When particles protrude from the 

interface due to dilatancy, then Psurf ~ γ/aeff generates a significant contribution to rr , making it 
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difficult to define the first normal stress difference N1 as read out by the rheometer. Particle 

imaging experiments have shown that it takes a finite amount of time for the particles to protrude 

from the surface of the suspension and to generate a large negative N1 value. These considerations 

suggest that it is more appropriate to use Fz instead of N1 to characterize a dilating suspension and 

that confinement from boundaries plays an important role in measuring dilation. 

1.5.2 Hydrodynamics and granular friction 

The term “hydrodynamics” in suspension rheology refers to the stresses borne by the fluid 

phase in which particles are suspended, which are strong functions of the particle concentration ϕ. 

Einstein famously derived the relation between the viscosity of a dilute suspension and its volume 

fraction, 1 2.5
s





= + , by considering the mechanical work done on a continuum fluid by the 

presence of a rigid sphere. This was accomplished through a surface integral for the expanding 

spheres. The Stokes-Einstein-Sutherland relations for dilute suspensions (translational diffusivity

6T BD k T a= , rotational diffusivity 8R BD k T a= ) were obtained by considering the Stokes 

drag around a sphere, the osmotic pressure exerted by a particle, and Fick’s first law of diffusion. 

As the volume fraction increases beyond ϕ > 0.05, the Einstein relation for viscosity no longer 

holds because multibody interactions cause the fluid stresses to become a function of the sheared 

microstructure of the particles [192]. After Einstein, it took nearly 70 years before an analytical 

form of the relative viscosity that includes higher order terms of ϕ2 was obtained [193], but the 

Batchelor-Green relation is still unable to predict the viscosity when ϕ > 0.20. In fact, most 

experimental studies of smooth hard-sphere suspensions still rely on empirical correlations and 

benchmarking against previous studies to verify the validity of their measured suspension 

viscosities at ϕ ≥ 0.50. 
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 SD simulations developed by Brady and Bossis in the late 1980s created a major inroad 

into suspension rheology by incorporating multibody short-range and long-range lubrication 

hydrodynamic forces (represented by the grand resistance tensors) to predict the structure and 

dynamics of a sheared suspension up to ϕ ≈ 0.50 [194,195]. Lubrication hydrodynamics lead to 

negative N1 values in dense suspensions of hard spheres (up to ϕ ≈  0.60) due to anisotropies in the 

shear-induced microstructure and the formation of hydroclusters [196]. Although surface 

roughness was explored using lubrication hydrodynamics models in the early 2000s, at that time, 

simulation results did not match that of experiments in terms of the large increase in suspension 

stresses that characterize DST and dilatancy [197-200]. Promisingly, the inclusion of surface 

roughness or adaptation of a roughness-corrected tangential lubrication force below a cutoff 

distance in SD simulations appears to generate results that agree well with experimental 

observations even at high ϕ. 

 An alternative mechanism is proposed by researchers working in granular physics, who 

have considered the concept that solid friction is responsible for the flow behavior of dry granular 

matter [201]. Specifically, it is known that dense granular flows exhibit an intermediate fluid 

regime where particles interact by inelastic collisions and contact friction [202-204], which are 

quantified by the restitution coefficient and the friction coefficient. They also undergo flow-arrest 

(jamming) transitions, as illustrated in a series of state diagrams by Liu and Nagel [205] and 

O’Hern et al. [206]. Although this problem may appear simple at a glance, difficulties arise from 

the lack of constitutive relations for granular flows. The reasons for these challenges are twofold: 

(1) the continuum approximation for small solvent molecules, as in complex fluids and colloidal 

suspensions, cannot be applied to discretized granular particles [207] and (2) there must be a 

macroscopic friction coefficient imposed on the suspension [31]. Because there are no internal 
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stress scales in perfectly frictionless and rigid spheres, the lack of a macroscopic frictional criterion 

means that they would not be able to form any solid-like structures such as a granular pile. 

 The introduction of this macroscopic friction coefficient (μb) is the origin of the growing 

interest in bridging suspension and granular mechanics. Cates et al. [208] first proposed shearing 

concentrated colloids as a specific example of inducing fragility in soft matter, in which force 

chains are formed to support compressive load without plastic rearrangement. This concept was 

further developed to explain S-shaped flow curves [209] and to derive local constitutive relations, 

in which granular ideas such as jamming and friction were introduced into shear thickening 

[210].When incorporated into simulations, a frictional criterion generally does well in predicting 

the long-range velocity correlations and force networks displayed by granular flows [211,212]. In 

particular, the relationship between the bulk stress ratio and the viscous number above the material 

yield stress, or so-called μ(I) rheology, is used to generate predictive models for the nonlocal 

rheology of granular flows [213-215]. 

 Currently, most researchers agree that both hydrodynamic and contact forces are important 

in sheared suspensions, with a joint effort directed at decoupling the fluid and solid contact 

contributions to the overall dissipation [216-218]. 

 

1.5.3 Bridging rheology at macroscale 

 Recent efforts at bridging colloidal suspensions with granular matter have suggested bulk 

μ(I) rheology as a possible unifying framework. At the macroscopic level, dimensional analysis 

on frictional granular flows generates the Bagnoldian relations in which the shear stress scales as 

2 2

1( )pa f   =  and the normal stress scales as 
2 2

2 ( )pa f   =  , where f1 and f2 are functions 

of packing density [219]. The stresses for a flowing colloidal suspension without frictional 
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interactions scale as ~ ~ sP   , with thermal motion generating a dynamic yield stress at low 

. Boyer et al. used a constant pressure shear cell to develop a general constitutive framework for 

millimeter-sized PS and PMMA granules, in which the suspension viscosity (ηs) and μb are 

measured as a function of the viscous number /v sI P = , where is the applied shear rate and ηs 

is the solvent viscosity (Figure 12a). The measured rheology of the granular suspensions obeys the 

frictional framework of granular matter and the viscous framework of colloidal suspensions. 

Confined pressure Brownian Dynamics simulations of hard-sphere colloidal suspensions by Wang 

and Brady [220] showed a similar μ(I) scaling, although the yield point is slightly lower than 

experimental measurements (Figure 1.2b). Because hydrodynamic and frictional interactions were 

not imposed in the simulations, the authors showed that excluded volume alone in colloidal 

suspensions can generate similar types of bulk rheological behavior as the kind seen with frictional 

granular flows. 

 

1.5.4 Bridging rheology at the microscale 

The pairwise friction coefficient μp offers a more intuitive way of thinking about frictional 

effects on dense suspension rheology. Simulation studies explicitly impose Coulomb’s friction 

criterion for the particle tangential and normal contact forces, by applying the relation 

, ,S p p N pF F= when neighboring particles make contact or overlap with one another [221]. This 

contact load model was developed as an attempt to overcome the breakdown in continuum 

approximations as particles approach within nanometers of one another in strongly sheared flows. 

Its success in capturing the viscosity increases in DST, and a positive first normal stress difference 

representative of dilatancy, led to a subsequent influx of granular concepts into suspension 

rheology, including theoretical predictions of S-shaped flow curves based on a phenomenological 
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relation between the jamming volume fraction ϕJ and the fraction of broken lubrication films f 

[23]: ( ) (1 )J RCPf f f  = + − . Constitutive models are beginning to become available [253]. The 

jamming volume fraction refers to the value of ϕ at which ηr diverges, in which ϕ = ϕrcp = 0.64 is 

related to the isostatic criterion of frictionless hard spheres (μp ≈ 0) and ϕμ = 0.54 is the random 

close packing of frictional particles (μp ≈ 1) [222-225]. The lubrication-to-friction relation spawned 

a flurry of other investigations, including a shear reversal study in which the authors claimed to 

have measured contact force contributions to the suspension viscosity in continuous shear 

thickening [217] in contradiction with previous studies. The idea is that contact forces go to zero 

immediately upon shear reversal, whereas hydrodynamic forces stay constant. While the 

experimental data were in good agreement with contact load model simulations, it is important not 

to overanalyze raw rheometric data below an initial time of 0.5 s even with modern stress-

controlled rheometers. Our laboratory calibration data show that inertia of the motor combined 

with the suspension may cause artifacts in stress measurements across all shear rates tested. To 

truly validate the presence of solid contact friction in dense suspensions, in situ 3D measurements 

of particle-level forces, similar to that of the photoelastic disks are necessary.  

Unfortunately, there is currently no experimental way to measure the value of μp as a 3D 

suspension is undergoing flow. Furthermore, the friction between two surfaces should not be 

quantified using an ensemble-averaged value. This is because of evidence that shows the tendency 

for DST and dense granular flows to be locally and dynamically inhomogeneous, punctuated by 

shear bands with jammed and shear thinning regions that change over time [226,227]. Because the 

friction coefficient varies nonlinearly as a function of the roughness, sliding speed, and separation 

gap between two surfaces [228-230], simply substituting a singular value of μp into models will 

not capture the relevant micromechanics. An excellent simulation study by Fernandez et al. 
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correctly accounted for the Stribeck behavior between two particles, which captured the transition 

from Newtonian to shear thickening flows. Experimental measurements of polymer-adsorbed 

quartz microparticles supported the simulation data, although nanotribology friction tests were 

performed using flat surfaces in this study [15]. 

Recently, rheological studies quantified the shear thickening and dilatant properties of 

colloids with different roughness parameters or frictional interactions [231-233] (Figure 4). 

Although the Isa group used laterial force microscopy to obtain μp for bumpy silica colloids and 

our group used the match between simulations and experimental rheology to back-calculate μp, the 

take-home message from both studies are similar: frictional dissipation is enhanced by the presence 

of submicron-sized surface roughness on particles, possibly due to particle interlocking 

mechanisms that slow down the stress relaxation of the hydroclusters or force networks that persist 

in shear thickening [234-236]. 

 

1.6 Conclusion 

 The richness of the suspension mechanics landscape points to the reunification of colloidal 

and granular physics in the near future [237]. In this version of the future, we envision that it would 

be acceptable to apply a universal set of frictional and hydrodynamic frameworks to understand 

the flows of colloids and soils across multiple spatiotemporal scales and in which rough particles 

will be considered model systems for frictional flows. However, care must be taken to ensure that 

proposed models are truly representative of the physics of flowing suspensions in different 

regimes. A look at introductory tribology textbooks immediately illustrates that a friction 

coefficient may arise from either hydrodynamic or contact origins and that the friction between 

two sliding surfaces depends nontrivially on lubricant properties and sliding speeds. Furthermore, 
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a force chain of fixed length can bear the same amount of load regardless of whether the particles 

are held together by lubrication forces, electrostatic repulsion, or attractive interactions. The 

current pool of evidence suggests that particle micromechanics contribute in a seemingly 

nonunique way to the bulk rheological phenomena. Therefore, physicists and engineers must 

continue to work together within the broader framework of experimental observations if we are to 

truly understand and design the contributions of interparticle forces and friction in the complex 

flows of dense suspensions. 

 

1.7 Dissertation outline 

This dissertation provides a guiding framework to design dense colloidal suspensions that 

contain smooth and rough colloids for linear and nonlinear rheological applications. In Chapter 2, 

we define a “contact” lengthscale in suspensions of smooth and rough colloids using arguments 

from jamming granular literature. Since the suspensions exhibit a shear modulus at the equilibrium 

states the lengthscale provides an estimate for average nearest neighbors that are involved in stress-

transmission through these suspensions, even in a non-flowing state. In Chapter 3, we observe a 

universal correlation between the shear thickening strength and the jamming distance in all types 

of colloidal suspensions with particles maintaining spherical symmetry. Characterizing the 

microstructure in dynamic states in these suspensions enabled us to visualize contact networks, 

similar to that observed in sheared photoelastic granular materials. In Chapter 4, we probe the 

linear viscoelastic region in dense suspensions of smooth and rough particles and observed that 

rough colloidal suspension moduli values are thousand times higher than that of suspensions with 

smooth colloids. Using time-concentration superposition, we explained the difference in cage 
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dynamics between the two types of suspensions in the vicinity of glass transition. In Chapter 5, we 

describe the summarizing remarks and outline future prospects in this research field.   
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Figure 1.1 | Surface morphologies accessible for symmetric rough particles and their 

synthesis methods. Most of these micron-sized colloidal particles are synthesized by wet 

chemistry methods, although 3D printing is also able to fabricate large quantities of granular 

particles with arbitrary shapes.  



35 
 

 

Figure 1.2 | Measurements and quantification of surface roughness for particles. Atomic 

force microscopy (AFM) is one of the most viable methods of probing surface roughness, as long 

as the particles are fixed on a flat substrate. The surface morphology of (a) sterically stabilized 

PMMA colloids and (b) raspberry-like silica colloids has been successfully quantified using 

AFM. (c) The root-mean-squared roughness values for smooth (left) and rough (right) PMMA 

colloids are calculated by fitting an effective sphere of radius aeff to the raw data, then minimizing 

the deviation (red arrows) between the measured profiles and the fitted sphere. Because the AFM 

tip is likely to produce imaging artifacts near the edge of the particles, regions below a certain 

height z (indicated by gray areas) should not be considered for analysis. 
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Figure 1.3 | Macroscopic μ(I) rheology show commonalities in dense granular and colloidal 

suspensions. (a) Experiments by Boyer et al. in a pressure controlled Couette shear cell showed 

that the bulk stress ratio plotted against the viscous number for a dense suspension of millimeter-

sized beads (ϕ = 0.565) collapse on a master curve. The solvent is a Newtonian fluid. (b) Brownian 

Dynamics simulations by Wang and Brady using a pressure-controlled simulation box, enabled by 

a compressible solvent, showed that hard-sphere colloidal suspensions without friction or 

lubrication hydrodynamics exhibit qualitatively similar rheology.  
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Figure 1.4 | Experiments and simulations of shear thickening suspensions agree when 

interparticle tangential friction is considered along with lubrication hydrodynamics. Dense 

suspensions of silica and poly(methyl methacrylate) (PMMA) colloids exhibited larger increases 

in the measured viscosities as ϕ and σ increase, representing a transition from weak to strong shear 

thickening. The first normal stress differences transitioned from negative to positive signs, 

reminiscent of granular dilatancy in which particles push against their confining boundaries to 

maintain flowing states. Surface roughness shifts these transition points to lower values of ϕ and σ. 

When interparticle friction was explicitly entered into the equations of motion in dissipative 

particle dynamics simulations, they captured a qualitatively similar trend as the experiments.  
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Abstract 

We report a procedure to obtain the search distance used to determine particle contact in 

dense suspensions of smooth and rough colloids. This method works by summing physically 

relevant length scales in an uncertainty analysis and does not require detailed quantification of 

the surface roughness. We suspend sterically stabilized, fluorescent poly(methyl methacrylate) 

colloids suspended in a refractive index-matched solvent, squalene, in order to ensure hard 

sphere-like behavior. High speed centrifugation is used to pack smooth and rough colloids to 

their respective jamming points, ϕJ. The jammed suspensions are subsequently diluted with 

known volumes of solvent to ϕ < ϕJ. Structural parameters obtained from confocal laser scanning 

micrographs of the diluted colloidal suspensions are extrapolated to ϕJ determine the mean 

contact number at jamming, <z>J. Contact below jamming refers to a length scale below which 

the effects of hydrodynamic or geometric friction come into play. Sensitivity analyses show that 

a deviation of the search distance by 1% of the particle diameter results in <z> changing by up to 

10%, with the error in contact number distribution being magnified in dense suspensions (ϕ > 

0.50) due to an increased number of nearest neighbors in the first coordination shell.   
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2.1 Introduction 

 Grains, colloids, foams, and emulsions belong to a class of particulate suspensions found 

in many scientific and technological applications, ranging from geophysical phenomena to 

consumer goods. The mechanical load-bearing properties of these materials become significant 

when the constituent particles are densely packed together in the absence of attractive 

interactions. As more and more particles are added to the suspension, each particle experiences a 

caging effect from its nearest neighbors, along with hydrodynamic effects from the suspending 

fluid. The entire material jams when the particle volume fraction ϕ increases to a point near 

random close packing (RCP): it transitions from a free-flowing state to a rigid state with an 

effectively infinite zero-shear viscosity [1,2]. The nature of this transition depends on a number 

of material parameters such as thermal fluctuations, particle deformability, the softness of the 

interaction potential, and the shape and morphology of the particles. Jamming is widely observed 

in biological and engineered systems: diseased cells tend to jam more readily than their healthy 

counterparts[3], flocks of sheep jam when herded through gates[4], and grains discharging from 

silos may become "stuck" [5].  

 Seminal work by Liu and Nagel [6], as well as by O'Hern and coworkers[7], established a 

jamming state diagram for particulate matter based on temperature, load, and density. The mean 

contact number <z>, the average number of contacting neighbors for a particle, was identified as 

a crucial microscopic parameter that is intimately coupled to the jamming point of athermal 

suspensions in which hydrodynamic contributions from the continuum are small. The rationale is 

that contacts between particles generate force chains that sum up to the overall stress in a 

material [8-12]. When the force chains become space-spanning and zero floppy modes of 

deformation remain, the particulate material becomes mechanically rigid at the isostatic 
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condition, where the contact number is ziso = 6 for frictionless spheres [2]. Follow-on 

experiments and simulations have since confirmed the strong connection between <z> and the 

bulk modulus of various materials with and without interparticle attraction. The viscoelasticity of 

attractive colloidal gels is attributed to the contact number distribution within strands that contain 

particles at volume fractions ϕ near random close packing (ϕRCP), which in turn affects their 

structural and dynamical evolution [13-18]. Simulations of soft repulsive spheres interacting 

through Hertzian contacts and an interparticle friction µp show that the shear modulus scaled 

with bulk modulus or material stiffness exhibits a linear power-law scaling with respect to the 

excess contact number, Δz = <z> - ziso [19-22].  When prolate and oblate spheroids of different 

aspect ratios are used, ϕRCP increases, with a corresponding increase in <z> at RCP [23,24]. More 

recently, the deformable particle model enables arbitrary particle shapes to be described by an 

energy function that captures the onset of jamming for 2D deformable polygons [25]. 

Experimental approaches have utilized granocentric models to capture the jammed 

microstructure of polydisperse emulsion packings [26,27].  Importantly, the correlation between 

mechanics and contact microstructure scales as the distance to jamming <z> - zJ and ϕ - ϕJ, 

where the subscript J refers to the jamming point. This correlation uses the excess parameters 

instead of the absolute value of ϕ or <z>, because zJ and ϕJ change depending on particle 

properties and how the packing is generated. As an example, the scaling behavior of properties 

such as elastic modulus, external osmotic pressure, and low-frequency modulus had been 

correlated with the distance from the RCP structure in compressed emulsions [28,29].  The idea 

of scaling with the distance to jamming is widely accepted in the granular matter literature but 

has not yet been experimentally validated in the field of colloidal suspensions.  
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 The key difference between the two types of particulates is that colloidal suspensions 

exhibit thermal fluctuations over experimental time scales, while granular media are athermal in 

nature. The diffusive motion of the colloids generates a hydrodynamic resistance that contributes 

to the suspension stress in dilute conditions [30]. As ϕ increases beyond ≈ 0.50, calculations of 

suspension stress based solely on near- and far-field hydrodynamics begin to perform poorly 

[31,32], likely because the contact stresses between particles become more granular-like [33]. 

However, unlike the case of athermal grains where a pile will not support any stress unless it is at 

ϕ ≥ ϕRLP, where RLP is the random loose packing state,[34] stochastic Brownian fluctuations in 

colloidal suspensions give rise to transient clusters that support a finite viscoelasticity below 

ϕRCP. The viscoelasticity and rheology of the hard-sphere colloidal suspensions close to RCP is 

very well established [35-37]. Experimentally, a connection between colloidal and granular shear 

thickening was made using hard sphere particles of moderate sizes (1 µm ≤ 2a ≤ 50 µm) [38]. 

Additionally, particles with surface asperities possess greater interparticle friction than their 

smooth counterparts [39,40] and this results in flow with greater hydrodynamic and contact 

resistance under applied stress, especially at higher ϕ [33,41]. Soft particles, such as microgels 

[42-44] and colloidal star polymers [45], do not jam unless packed to much higher volume 

fractions (ϕJ → 1) because of their ability to deform or interpenetrate. Just as in the case of hard 

spheres, their dynamical arrest and rheological properties are highly dependent on the distance of 

ϕ from ϕJ. 

 A number of experimental challenges persist in obtaining a physically accurate value of 

<z> even with hard sphere-like colloids. Conventionally, the contact distance is approximated as 

the primary minimum in the radial distribution function, g(r) [46]. This is done to account for 

uncertainties in the average particle-to-particle separation distance, which come from a few 
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sources: (a) sterically-stabilized particles tend to have surface-grafted polymer brushes, which 

can adopt different conformations depending on the grafting density and the polymer-solvent 

interactions [47] (Figure 2.1), (b) incomplete screening of the electrostatic repulsion gives rise to 

a finite Debye screening length, and (c) most particles are polydisperse in size and surface 

roughness. The effect of the contact distance in characterizing load-bearing colloidal packings 

has been previously discussed in literature [48,49]. Due to the importance of contact 

microstructure in particulate micromechanics, setting a contact criterion to establish an accurate 

value of <z> near jamming is critical. Some of the earlier works to establish a contact criterion in 

experimental systems include the use of black japan paint marks for packing of ball bearings [50] 

and interfacial fluorescent dyes in an emulsion system [51]. These methods tend to be time 

consuming and possess challenging surface chemistry modification in the case of experimental 

hard sphere colloids, which are used as model systems for studying colloidal phase behavior and 

rheology.  

We report a method to extract the contact criterion from microscopy images of hard 

sphere-like smooth and rough colloids suspended in a refractive index-matched solvent at ϕ > 

0.10. The poly(methyl methacrylate) (PMMA) colloids are fluorescent and sterically stabilized 

with a grafted layer of poly(12-hydroxystearic acid) (PHSA).[52,53] They are packed to a 

jammed state, ϕJ, by high speed centrifugation, then diluted subsequently and imaged with a 

confocal laser scanning microscope (CLSM). The resultant suspension microstructures are 

compared to liquid state theory. Finally, we obtain the contact search distance by considering the 

physical length scales between two neighboring particles and comparing our results with the 

simulation data of Silbert for particles with varying pairwise friction coefficient, μp [54].  
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2.2 Materials and Methods 

2.2.1 Synthesis and characterization of PHSA comb copolymer as the steric stabilizer 

 All chemicals were purchased from Sigma-Aldrich and used without further purification 

unless specified. Smooth and rough colloids were synthesized via free-radical dispersion 

polymerization using the PHSA comb copolymer stabilizer synthesized in our lab. The PHSA 

stabilizer was synthesized using a standard three-step synthesis process [52] (Figure 2.2a): first, 

the polycondensation of 12-hydroxystearic acid (12-HSA, 80% purity from TCI Chemicals) into 

PHSA in the solvent toluene, using the catalyst p-toluenesulfonic acid at temperature of 150°C 

over a period of 20-22 hours; second, the synthesis of PHSA-glycidyl methacrylate (PHSA-

GMA) brushes in  toluene at 150°C for 7 hours; finally, the free-radical polymerization of PHSA-

GMA using the heat-activated initiator 2-azobisisobutyronitrile (AIBN) and the monomer methyl 

methacrylate (MMA) in a 2:1 wt % mixture of ethyl acetate and butyl acetate at 110°C for 9.5 

hours to produce PHS-GMA-MMA block copolymer brushes. Both GMA and MMA were used 

after removing the trace amount of stabilizing inhibitors by passing them through an inhibitor 

removal column, purchased from Sigma-Aldrich. The average number of monomer per chain of 

the PHSA-GMA brushes was characterized using nuclear magnetic resonance (NMR) 

spectroscopy (Bruker NEO 400 MHz). Deuterated chloroform (CDCl3) was used as the solvent 

for the NMR measurements.  

The length of the brush chain on the particles is linearly related to the number of 

monomer units per chain (n) in the PHSA-GMA intermediate from PHSA stabilizer synthesis. 

Here, we utilized two methods to characterize the value of n. First, we performed 1H-NMR on 

the monomer 12-HSA and the intermediate product PHSA-GMA. The intensity spectra was 

normalized by the background solvent intensity (CDCl3). This method utilizes the change in peak 
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signals for corresponding chemical shifts (δ) of the respective proton. In our case, these are 

hydrogen atoms in the unreacted carbon atom (δ ~ 3.6 ppm) and the newly formed ester (δ ~ 4.8 

ppm) in the 12-HSA and PHSA-GMA. As the polycondensation reaction proceeds, the former 

peak decreases while the later peak increases, as shown in Figure 2.2b. The average number of 

monomer units per chain ( ) was computed by integration of the peaks corresponding to the 

ester and alcohol groups using the formula [53]:                                                                 
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        Here, nOH and nester correspond to the number of alcohol and ester groups present in the 

PHSA-GMA adduct. We obtained the ratio nester/nOH  = 10.73 by integrating the intensities at 

their peaks, and estimated the initial monomer purity, r, as 0.8975. Value of r for 80% pure 12-

HSA used in our synthesis was linearly interpolated from r-monomer purity data reported in 

Palangetic et al. Substituting nester/nOH and r into equation (1) shows that = 5.586. To 

independently verify the number of monomer units per PHSA copolymer chain, we estimated the 

number of acid groups by titrating the PHSA adduct against 0.01 M potassium hydroxide (KOH) 

solution, and found that the average number average molecular weight was 
 
= 1668 g/mol 

and 
 
= 5.551. Previous studies reported that a length of 5-6 monomer units in PHSA is 

equivalent to a stabilizer brush length of 10-15 nm [55]. Unlike the previous work (95% 

purity)[53], we showed that PHSA stabilizer can be synthesized from a lower grade (80% purity) 

12-HSA monomer.  
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2.2.2 Synthesis and characterization of smooth and rough colloids 

 PMMA colloids were synthesized using the PHSA comb copolymer as the steric 

stabilizer (Figure 2.2c). For smooth colloids, 1.8 g of PHSA stabilizer was added into a 250 ml 

three-necked reaction flask containing 2:1 wt/wt% solvent mixture of hexane and dodecane. The 

mixture was stirred while increasing the temperature to 80°C to maintain reflux. Then, a mixture 

of 0.2775 g AIBN, 34 g MMA, 230 µl 1-octanethiol, and 660 µl methacrylic acid was added to 

the flask. Nucleation commenced four to eight minutes after the addition of the monomer 

solution, determined as the time at which the clear solution began to turn cloudy. Rough PHSA-

g-PMMA colloids were synthesized in the same manner as the smooth colloids, but with the 

addition of the crosslinker ethylene glycol dimethacrylate, EGDM, (EGDM/PHSA = 1.4 

wt/wt%) at a rate of 360 μl/min after nucleation commenced. All colloids were fluorescently 

dyed with Nile Red to allow visualization during CLSM measurements. After two hours of 

reaction, the reaction flask was cooled to room temperature. Particles formed in the reaction flask 

were cleaned with pure hexane for a minimum of six times by centrifugation at 10,000 rpm for 

15 minutes. The clean particles were stored in hexane until further use. A field emission 

scanning electron microscope (FEI Verios 460L) was used to image the samples, which were 

deposited on a silicon substrate and sputter coated with 8-9 nm of Au/Pd. The micrographs in 

Figure 2.3a show that the smooth colloids are of particle diameters 2aSEM = 1.45 µm ± 4%, while 

the rough colloids are of effective particle diameters 2aeff,SEM = 1.43 µm ± 8%. These particle 

diameters are reported for dry particles, which undergo swelling when suspended in solvents. 

Atomic force microscopy (AFM) (Asylum MFP-3D) was used to qualitatively illustrate the 

difference in surface roughness profiles (Figure 2.3b) using a silicone cantilever tip (force 

constant = 5 N/m, resonant frequency = 150 kHz and tip radius < 10 nm) in tapping mode. 
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2.2.3 Preparation of colloidal suspensions 

Dense colloidal suspensions were prepared by performing a solvent transfer of the 

PMMA particles into squalene (viscosity η = 12 cP at 25°C). Particles are charge neutral in this 

solvent and exhibit hard sphere-like behavior. The solvent is refractive index-matched with the 

particles (refractive index nPMMA = 1.49 and nsqualene = 1.49), which reduces scattering in 3D 

CLSM and minimizes the van der Waals attractions between the colloids. There is a density 

mismatch of Δρ = 0.322 g/cm3 between the particles and the solvent (density ρPMMA = 1.18
 
g/cm3 

and ρsqualene = 0.858
 
g/cm3). The density mismatch was used to generate colloidal suspensions at 

maximum packing by centrifuging the suspensions at high speeds until the particles completely 

settled to the bottom of the centrifuge tubes [56]. It should be noted that our protocol shifts the 

maximum random close packing (ϕRCP) to a lower shear-jammed value (ϕJ), which is process- 

and µp-dependent [57-59]. The Péclet number for sedimentation, Peg = 4πa4Δρg/3kBT, is a 

dimensionless number that defines the ratio of the sedimentation rate to the rate of Brownian 

motion. Centrifugation was performed at Peg = 1400 to avoid crystallization of the monodisperse 

colloids.[60] After removal of excess solvent, the compacted samples were diluted from ϕJ by 

gradual addition of known small volumes of squalene. Diluted suspensions were tumbled in vials 

at 3 rpm for a minimum of one week to achieve even re-dispersion. For smooth colloids, the 

volume fraction ϕdilution was computed from the ratio of ϕdilution = Vp/(Vp+Vs’), where Vs’ = Vs+V’. 

Here, VP and VS are the volume of particles and solvent at known ϕJ calculated from mass 

balance, and V’ is the additional volume of solvent added for dilution from ϕJ.. This method was 

used to generate suspensions of smooth and rough colloids with 0.1 ≤ ϕ ≤ ϕJ. 

  

 



63 
 

2.2.4 CLSM imaging and image processing  

  A high speed CLSM (Leica SP8) equipped with a resonant scanner was used to visualize 

the 3D microstructure of smooth and rough colloidal suspensions. The diluted suspensions were 

transferred to glass vials with an attached coverslip with dimensions of 40 mm × 24 mm and a 

thickness of 0.21 ± 0.04 mm for imaging. Images were obtained at ≥ 15 µm above the bottom 

cover slip to avoid wall-induced crystallization effects. The dimensions of the image volume 

(Vbox) were 30.72 µm × 30.72 µm × 15 µm, with a voxel size of 0.06 µm × 0.06 µm × 0.06 µm. 

Imaging was performed at three independent locations within the same sample. Each image 

volume was captured in 8-10 s, which is much shorter than the Brownian diffusions time scales 

(τB) as defined by the Stokes-Einstein-Sutherland diffusivity (τB = 6πƞaeff
3/kBT; τB,smooth = 29 s and 

τB,rough = 20 s). This ensures that the inherent Brownian motion of these microspheres does not 

significantly affect centroid identification in image processing. A minimum of 3000 particles per 

image volume was used to generate sufficient statistics for structural characterization.  

 Particles positions in 3D were obtained by a standard imaging algorithm in which the 

brightest weight-corrected pixels correspond to particle centroids [61]. Raw images and 

corresponding centroid-picked images for smooth and rough particles are shown in Figure 2.4. 

The g(r) was obtained by computing the density-normalized probability of finding particles 

around a reference centroid. The volume fraction was directly obtained from the images using 

the relation, ϕCLSM = (4/3)πaeff
3Np/Vbox, where Np is the total number of particles found in the 

image volume Vbox. The value of ϕCLSM and ϕdilution are in agreement as shown in Figure 2.5a. The 

direct imaging method combined with a dilution factor is critical in the estimation of ϕ for rough 

colloids where ϕJ is unknown, because of difficulties with sample handling near ϕJ. This analysis 

showed that ϕJ = 0.64 for the smooth colloids, while ϕJ = 0.56 for the rough colloids. For a 
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smooth hard sphere system with 4% size polydispersity, simulations show that the maximum 

close packing ϕRCP has been shown to lie between 0.64 and 0.66 [62-64]. Experiments on the 

effect of particle polydispersity and shape was characterized earlier using higher moments of 2a, 

namely skewness and kurtosis, and ϕRCP was found to be in between 0.63-0.69 [65]. Due to the 

shear-jamming nature of the high Peg centrifugation method, both smooth and rough colloids jam 

below ϕRCP. In case of smooth PMMA particles, we do not observe a significant shift from 

simulated/theoretically predicted ϕRCP despite the soft repulsive nature of the grafted polymers. 

The contact number distribution p(z) and the mean contact number <z> were obtained from 

microstructural data by averaging the number of particles around a reference centroid as a 

function of the search distance, r’ = r/2aeff , where r’ ranges from 1 to 1.1. 

 PMMA colloids swell in certain solvents [66] and in our samples we observe that the 

particle diameters increase by 1-12% when suspended in squalene. Thus, using the dry particle 

sizes obtained from SEM results in underestimation of the suspension volume fraction by 28% 

for smooth particles, and by 4% for rough particles. To obtain the swollen particle diameter of 

smooth and rough colloids in squalene, we obtained 2D images of the bottom-most monolayer of 

sediment particles in glass vials, where the z-plane is adjusted to match the centers of most of the 

particles. Because ϕ ~ a3 and therefore Δϕ ~ 3ϕΔa, we paid special attention to the measurement 

of the effective particle diameter for the rough colloids [67]. In this study, we considered the 

surface-to-surface distance of rough colloids, which provides a value of 2aeff that minimizes the 

deviation of the surface roughness as shown in Figure 2.5b. The swollen diameters of the smooth 

and rough colloids were 2asmooth 
= 1.61 μm ± 4% and 2aeff,rough = 1.44 μm ± 5%. The difference 

in the swelling between smooth and rough colloids are likely due to the presence of crosslinker 

in the rough microspheres [66]. 
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2.3 Results and Discussion 

2.3.1 Radial distribution function 

The suspension microstructures of smooth and rough colloids in squalene are quantified 

in Figure 2.6. The experimentally measured g(r) of the dense suspensions are plotted alongside 

predictions from the Ornstein-Zernicke integral equation of state [68]:   

 ( ) ( ) (| ' | ( ')). 'h r c r c r r h r dr= + −   (2.2)   

Here, g(r) = h(r)+1, where h(r) represents the correlation function that takes into account 

the direct contribution from two-body interactions and the indirect contribution from multi-body 

interactions. Equation (2.2) produces an analytical solution for the g(r) when the Percus-Yevick 

closure for hard spheres is used [69] in which g(r) = 0 for r < 2a and c(r) = 0 for r > 2a: 
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The excellent agreement between the theoretical and experimental g(r) in Figure 2.6 shows that 

both smooth and rough colloids exhibit hard sphere-like behavior. Additionally, the absence of 

regularly spaced, sharp peaks in the g(r) shows that the suspensions remain disordered and non-

crystalline in our experimental timescales.  

 In Figure 2.6, there is a discrepancy in the first g(r) maxima and minima between the 

experimental data and theoretical predictions for both smooth and rough colloids when ϕ > 0.50. 

We hypothesize that this mismatch is due to the sensitivity of the image processing algorithm to 

size polydispersity in suspensions at higher concentrations, which has been reported previously 

in literature for ϕ > 0.26 [70]. Our experimental g(r) are similar to that obtained by Mason and 

coworkers, who investigated the structure of polydisperse emulsions through experiments and 
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Brownian Dynamics simulations [71]. To verify that the variation in our case does not 

undercount Np and the mean contacts, we apply a similar concept from atomic liquids where the 

the total number of particles in the first coordination shell, N, is computed using the integral,

 where ρ is the number density of particles. Specifically, N particles fill the 

volume around the first coordination shell as defined by the primary minimum (rmin) of g(r). 

Since colloids are thought to be "model atoms", N was conventionally used to obtain the mean 

contact number [72-75]. While the concept of coordination number is useful in describing the 

structure of dense liquid phase [76], it is not the same as the number of direct particle-particle 

contacts, which is required to establish the contact criterion required for mechanical stability. 

Nonetheless, we know that N from both experimental and theoretical g(r) for the same ϕ should 

match. We use this idea to comment on the accuracy of our experimental g(r). We estimate N by 

discretizing the above integral as , where Δr is the binned intervals of the discretized 

g(r). For a smooth suspension of ϕ = 0.57, we obtain N as 10.8 and 11.9, from experimental and 

theoretical g(r), respectively. The small differences may be due to bin-size sensitivity in 

discretizing the integration and approximation of the integral as . We 

conclude that even though our image processing is sensitive to polydispersity at higher ϕ, the 

algorithm does not undercount Np in the 3D image volumes. 
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2.3.2 Physical rationale of the contact cutoff distance and verification with simulations 

We define r' as the additional length scale beyond that of the swollen particle diameter 

that determines contact between two particles. It is obtained by propagating the uncertainties 

introduced by size polydispersity, the length of the PHSA steric layer on particle surfaces, and 

the average length scale of the asperities present on the rough colloids. We first discuss the 

results obtained from using this contact criterion on dense suspensions of smooth colloids. The 

true swollen particle diameter is given as 2atrue = 2(a+l), where l is the length of PHSA brush. 

Uncertainty propagation in particle size estimation is given by Δ2atrue = [(Δ2a)2+(Δl)2]1/2. Since 

2a = 1.62 µm for the smooth colloids, combining the uncertainty from particle polydispersity (± 

0.06 µm) and the uncertainty from PHSA brush length measurements from the literature for 5-6 

monomer units (± 6 nm) [55,77-79] yields a total uncertainty of 4%. This method suggests that a 

value of r' = 1.04 defines contact between smooth colloids. The uncertainty in 2aeff for rough 

colloids includes the added length scale from the surface bumps, which is also inherent in the 

size polydispersity due to the method with which we obtained particle diameters. The rough 

colloids have a size polydispersity of ± 0.07 µm. Here, we do not use the roughness length scale 

or the interparticle friction for this set of particles. As in the case of smooth colloids, addition of 

the uncertainty from PHSA brush length yields an overall size uncertainty of 5%. This 

establishes the contact criterion as r’ = 1.05 for the rough colloids.  

To verify that these values of r' represent the correct contact physics found in dense 

colloidal suspensions, we first obtain <z> of all suspensions generated with different r' values. 

Then, we extrapolate <z>to ϕJ using and empirical fit and compare the mean contact numner at 

the shear jammed condition with simulated <z>J values for frictionless and frictional spheres in 

the absence of solvent hydrodynamics [54].  Mechanical isostaticity, which controls the jammed 
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state at RCP, dictates that <z>RCP = 6 for smooth or frictionless particles. Our smooth particles 

can be assumed as frictionless because we showed earlier that the experimentally calculated ϕJ 

and the theoretically established ϕRCP are very close to each other. The concept of isostaticity at 

RCP justifies extrapolation of the data for smooth colloids to ϕJ, where the experimental value of 

<z>J is expected to be six. The benchmarking against predicted values of <z>J for smooth 

(frictionless) and rough (frictional) colloids is used to generate an independent validation of the 

experimental contact criterion r'.  

Surface anisotropy in the form of microscale bumps is thought to cause interlocking 

hindrance, which is a form of geometric friction caused by the inability of rough colloids to 

rotate freely in the solvent. This concept is supported by our earlier experimental observations 

that the rotational dynamics of rough colloids was far slower than that predicted by Stokesian 

Dynamics simulations [40]. We used this idea to determine if the physical rationale behind the 

value of of r' is correct by comparing the value of <z>J obtained with different r' for smooth and 

rough colloids with the results from friction-dependent simulations of monodisperse granular 

spheres. The computer simulations of Silbert [54] probed the packing microstructure and force 

chains of a 3D packing of inelastic soft spheres that was first quenched by overcompression 

beyond jamming point, then brought back to the point of isostaticity by expanding the box and 

allowing ϕ → ϕJ. The protocol was repeated with the addition of a Coulomb friction criterion 

between spheres. Silbert described two interesting observations: first, the value of ϕJ decreased 

from 0.64 to 0.55 when the interparticle friction µp increased from 0.001 to 10; second, the 

distribution of contact stresses depended on µp and the history of the packing. Furthermore, the 

reduction in ϕJ with the increased frictional constraint between particles was accompanied by a 

corresponding reduction in <z>J from six to four, which we reproduce in Figure 2.7 for 
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comparison against experimental data. Silbert's simulations showed that the correlation between 

<z>J and µp is nonlinear: at µp < 10-2, <z>J remains close to six while at µp > 1, <z>J saturates 

near a value of four. We assume that our smooth colloids behave like frictionless spheres while 

the rough colloids in the shear jammed condition behave like frictional spheres. Previous 

experimental studies have shown that changing the surface roughness of colloids caused changes 

in µp. We did not perform lateral force microscopy to measure the sliding friction between 

particles, so we do not know the exact value of µp for the rough particles used in this study.  

 

2.3.3 Sensitivity analysis of contact distance criterion 

Figure 2.8 demonstrates the sensitivity of <z> to the choice of r'. For example, arbitrarily 

choosing a large value of r’ = 1.1 means that all neighboring particles within 10% of the 

reference particle diameter are in contact. This contact criterion significantly overestimates the 

contact number at ϕJ by generating values of <z>J ≈ 8.0 and <z>J ≈ 6.4 for smooth and rough 

colloids respectively. Instead, we use the estimated contact criterion of r’ = 1.04 for smooth 

colloids and find that <z>J  ≈ 5.5, much closer to the expected isostatic criterion (ziso = 6) for 

frictionless spheres. Using r' = 1.06 causes a slight overestimation of the contact number at 

jamming, <z>J ≈ 6.3. The limits of the contact criterion for the smooth colloids is therefore 1.04 

< r' < 1.06. Applying the same analysis to suspensions of rough colloids (1.05 ≤ r' ≤ 1.07) 

produces 4 ≤ <z>J ≤ 4.8 and validates the choice of r' = 1.05 from the uncertainty analysis on 

cutoff distance.  

Figure 2.9 shows how p(z) varies with r' in suspensions of smooth (r' = 1.04 and 1.06) 

and rough (r' = 1.05 and 1.07) colloids. The difference in p(z) are relatively minor at small ϕ but 

becomes rather significant in dense suspensions with larger values of ϕ. As expected, the p(z) 
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plots for smooth colloids show that increasing ϕ causes <z> to shift towards higher values while 

the spread remains relatively constant except at ϕ = 0.20 (Figure 2.9a and 2.9c). The inset of 

these figures show that <z> increases from 0 to 6 as ϕ approaches 0.64. Similarly in the case of 

rough colloids, <z> increases with increasing ϕ (Figure 2.9b and 2.9d). At ϕJ, changing the 

contact criterion for rough colloids increases <z>J from 4 (r' = 1.05) to 4.9 (r' = 1.07). The exact 

isostatic condition of the particle depends on its µp.  

The sensitivity of <z>J to r' is shown in Figure 2.10. Both smooth and rough colloids 

show a linear relation of <z>J to r' with a small slope. As r' increases from 1.04 to 1.06 for 

smooth colloids, <z>J increases from 5.5 ± 0.7 to 6.3 ± 0.7. Similarly, as r' increases from 1.05 

to 1.07 for rough colloids, <z>J increases from 4.0 ± 0.9 to 4.9 ± 0.9. The uncertainty in <z>J 

values shown in Figure 2.10 are not from experimental errors but are from the error propagation 

estimated in the nonlinear fits that were used to extrapolate <z> at various ϕ to the shear jammed 

states. The contact criterion of r' = 1.04 as established by our method shows that <z>J
 ≈ 6 for 

smooth colloids to within error limits. It is possible to further narrow down the contact criterion 

to r’ = 1.052, where <z>J = 6 ± 0.7, pointing to the contact criterion that is applicable to the ideal 

isostatic condition, where ϕJ ≈ ϕRCP and <z>J ≈ ziso. Furthermore, without the need to explicitly 

measure surface roughness or interparticle friction, the method shows that 4.0 ≤ <z>J ≤ 4.9 in the 

contact search window 1.05 ≤ r' ≤ 1.07 for the rough colloids. Various literature studies 

involving theory and simulations predict a similar window of contact where 4 < zRCP < 4.5 for 

frictional particles at ϕJ = 0.56 [80-83] in support of the validity our contact criterion within the 

error limits. Compared to smooth colloids, we are unable to narrow down a single value of the 

contact distance for which we require prior knowledge of isostatic condition of the particle, 

which in turn depends on its µp. Nonetheless, we have provided a window of the contact criterion 
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for rough hard sphere colloids where the mean number of particle-particle contacts at jamming is 

within error limits as predicted by theory and simulations.    

 

2.4 Conclusions    

The sensitivity analyses in Figures 2.8, 2.9, and 2.10 demonstrate that a physically 

relevant search distance is needed to quantify the contact microstructure of dense colloidal 

suspensions. Picking a value of r' that deviates by just 1% of the particle diameter results in a 

change in <z> by up to 10% of the true value. This effect is exacerbated in dense suspensions (ϕ 

> 0.50) because of the increased number of nearest neighbors around a reference centroid. In 

fact, our results show that the conventional practice of using the first minimum in g(r) is 

inappropriate because using such a large search distance drastically overestimates <z>. Rather, 

we recommend performing a simple uncertainty analysis that accounts for the size 

polydispersity, steric brush length, and surface roughness of the colloids. Summing the physical 

length scales with the swollen particle radius generates a search criterion which varies between r' 

= 1.04 and r' = 1.07 for both smooth and rough colloids. To prepare the samples in this paper, 

sterically stabilized PHSA-g-PMMA colloids are packed to ϕJ using a shear jamming protocol in 

a high speed centrifuge at Pe >> 1, which avoids crystallization of the monodisperse particles 

over experimental time scales while shifting ϕJ to values below ϕRCP.  

The method we developed here can be used to find an appropriate contact search distance 

for spherically-symmetric particles with surface roughness, without requiring prior knowledge of 

ϕRCP and µp. History-dependent effects could be important when approaching or departing from 

the shear jammed point, especially for frictional particles. The established procedure could 

potentially be extrapolated to other types of particulate systems where electrostatic interactions 
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play a role, or in predicting the jamming threshold for biological systems and geological soils 

[84,85].  
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Figure 2.1 | When do experimental colloidal systems contact? Differences in the pairwise 

interaction potential between theoretical and experimental hard-sphere systems. The 

experimental system consists of poly(methyl methacrylate) colloids sterically stabilized with a 

thin layer of poly(12-hydroxystearic acid). 
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Figure 2.2 | Steric polymer brush synthesis chemistry. (a) Chemical reaction scheme for the 

PHSA stabilizer. (b) 1H-NMR spectra for 12-HSA (bold line) and PHS-GMA (dashed line) with 

chemical shift as a function of normalized intensity with respect to the reference standard, d-

CHCl3. (c) Overview of the synthesis protocol for PHSA-g-PMMA smooth and rough colloids. 
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Figure 2.3 | Characterization of the colloid morphology. (a) SEM micrographs and (b) 2D 

AFM surface profiles for smooth (left) and rough (right) colloids. The profiles are taken at close 

to the center plane of the colloids. In (b), z* refers to regions that are not limited by the AFM 

cantilever geometry. 
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Figure 2.4 | Confocal microscopy and image-processing. (a,b) Representative raw CLSM 

images and (c,d) processed images where black dots indicate centroid positions in a fixed plane. 

(a, c) Dense suspension of smooth colloids at ϕ = 0.61, (b, d) dense suspension of rough colloids 

at ϕ = 0.54. Scales bars = 5 μm. 
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Figure 2.5 | Validation of suspension preparation methodology (a) Comparison of the colloid 

volume fraction using two methods: high speed centrifugation to a shear jammed packing 

followed by subsequent dilutions, and directly counting number of particles from CLSM. (b) 

Method to extract the effective diameter and volume fraction of rough colloids.  
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Figure 2.6 | Radial distributions show hard sphere microstructure. Radial distribution 

functions of (a) smooth and (b) rough colloids. Filled circles represent experimental values and 

solid black lines represent the theoretical fits from the Ornstein-Zernicke solutions. In (a), the 

g(r) data set are plotted for smooth colloids at ϕ = 0.35 (yellow), ϕ = 0.47 (red), ϕ = 0.52 (green), 

ϕ = 0.57 (blue), and ϕ = 0.60 (pink). In (b), the g(r) data set are plotted for rough colloids at ϕ = 

0.32 (yellow), ϕ = 0.36 (red), ϕ = 0.45 (blue), ϕ = 0.51 (red), and ϕ = 0.55 (pink). 
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Figure 2.7 | Comparing experimental jamming contact with simulation data. The contact 

number at jamming plotted against the volume fraction at jamming, which is a function of the 

interparticle friction. Filled squares are data adapted from simulations of Silbert.[54] A dotted 

line is drawn to guide the eye. Open symbols represent experimental data for smooth (circle) and 

rough (diamond) colloids. The experimental zJ values are obtained by using r’ = 1.04 for smooth 

colloids and r’ = 1.05 for rough colloids. Color gradient indicates transition from frictionless 

(red) to infinite friction (blue) regime. Inset: Sketch of smooth and rough PMMA particles with 

PHSA brushes for illustration purposes. 
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Figure 2.8 | Mean contact number as a function of contact search distances. Plot of the mean 

contact number as a function of ϕ for (a) smooth and (b) rough colloids. Shaded regions indicate 

a range of <z> values for different search distances used. The upper limit is for r’ = 1.1 and the 

lower limit is for r’ = 1.0. Dashed lines indicate predictions for isostatic packings of (a) 

frictionless and (b) frictional particles adapted from ref. 46. (Silbert, 2010). 
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Figure 2.9 | Contact number distributions for dense suspensions. (a, c) Contact number 

distributions for smooth colloids obtained by setting (a) r’ = 1.04 and (c) r’ = 1.06. (b, d) Contact 

number distributions for rough colloids obtained by setting (b) r’ = 1.05 and (d) r’ = 1.07. For 

smooth colloids, the data sets consist of suspensions at ϕ = 0.20 (red), ϕ = 0.35 (dark blue), ϕ = 

0.50 (green), ϕ = 0.55 (pink), and ϕ = 0.60 (aqua). For rough colloids, the data sets consist of 

suspensions at ϕ = 0.20 (red), ϕ = 0.40 (dark blue), ϕ = 0.47 (green), ϕ = 0.52 (pink), and ϕ = 

0.55 (aqua). Insets: Mean contact number of smooth colloids with (a) r’ = 1.04 and (c) r’ = 1.06 

and rough colloids with (b) r’ = 1.05 and (d) r’ = 1.07.    
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Figure 2.10 | Sensitivity analysis for contact criterion. Sensitivity analysis plot shows how zJ 

varies as a function of r’ for smooth (red circles) and rough (blue diamonds) colloids at their 

respective extrapolated values of ϕJ. Dotted lines represent isostatic conditions for frictionless (zJ 

= 6, μp = 0) and frictional (zJ = 4, μp → ∞) particles. 
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Abstract 

  We report experimental and computational observations of dynamic contact networks for 

colloidal suspensions undergoing shear thickening. The sterically stabilized poly(methyl 

methacrylate) hard colloids are spherically symmetric and possess different surface roughness. 

Confocal rheometry and dissipative particle dynamics simulations show that the shear thickening 

strength β scales exponentially with the deficit contact number z* and the jamming distance 

Δϕ/ϕmax. Rough colloids, which experience additional tangential and rolling constraints, require 

an average of 1.5 - 2 fewer particle contacts as compared to smooth colloids to generate the same 

β. Rough colloids with enhanced geometric friction do not experience a large change in the free 

volume near the jamming point, while smooth colloids must undergo significant reduction in the 

free volume to support an equivalent shear viscosity. The available free volume for different 

colloid roughness is related to the deficiency from the maximum number of nearest neighbors at 

jamming under shear. Our results further suggest that the force per contact is different for 

particles with different morphologies. 
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3.1 Introduction   

Dense suspensions of colloidal particles with stochastic Brownian motion exhibit shear 

thickening under flow, a non-Newtonian behavior where the suspension viscosity η increases 

mildly or strongly depending on the applied shear stresses σ and particle volume fraction ϕ. The 

ability to design the onset of shear thickening provides a unique advantage in the reversible 

tuning of material mechanics, which is of great interest in fields such as soft robotics, impact and 

tear resistant fabrics, and liquid manufacturing [1-3]. However, the tunability in these systems 

currently remains at a rudimentary level of "on" or "off". For dense suspensions to truly advance 

technology, the level of control over the shear thickening needs to become more deliberate and 

refined [4,5]. In this manuscript, we show that designing shear thickening strength is possible for 

a broad class of colloidal suspensions through a singular parameter: the distance to jamming. 

 A jammed material at ϕJ is conventionally defined as a disordered particulate system that 

has developed a yield stress [6]. Practically, this means that a sufficiently large, applied stress is 

required to generate a measurable flow rate in the densely packed material. Shear thickening 

shares similarities to jamming in that the particles in a flowing suspension become so impeded 

by nearest neighbors that they require an increasing amount of stress to continue flowing [1,7]. 

The microstructural origin of shear thickening was first attributed to the formation of 

hydroclusters in the Stokesian Dynamics simulations developed by Brady and Bossis [8], where 

clusters of particles oriented along the compressional axis of shear cause a modest increase in the 

suspension viscosity. Experiments later corroborated this observation [9], suggesting that the 

onset of shear-thickening can be discussed through a single dimensionless parameter, Peclet 

number, that represents the strength of hydrodynamic forces to thermal ones acting on colloids. 

The hydroclusters persist because the short-range lubrication forces, which are dissipative in 
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nature, scale inversely as the particles’ separation distance. More recently, simulations that 

incorporate explicit interparticle friction or particle roughness plus lubrication hydrodynamics 

were able to fully capture the large increase in viscosity that is characteristic of strong shear 

thickening [10]. An important result from these simulations is the appearance of space-spanning 

force chains and velocity correlations in shear thickened suspensions [11]. These force chains 

arise from any combination of σ- and ϕ-based constraints including hydrodynamics, repulsion, 

adhesion, and solid contact friction [12-14]. Above the onset stress, where the Peclet number 

(Pesh = 6πηaeff
3 /kBT ) >> 1,  the force networks constantly break and reform but these network 

structures persist throughout the flow. Beyond a critical Pesh, the force chains proliferate and 

grow stronger as a system approaches shear jamming, leading to stronger shear thickening [15]. 

Interestingly, conventional microstructural characterization techniques such as the radial 

distribution function [14] or scattering patterns in the velocity-gradient-vorticity planes [16] are 

not sensitive to differences between shear thickened states. This observation implies that the 

distance between particle surfaces, rather than the center-to-center distance, is related to the force 

chains. As ϕ → ϕJ and σ increases, conservation laws state that the contact distance between 

particles in a constant-volume suspension must decrease, leading to a greater number of contacts, 

except for volume expansion at the free boundary for a few DST dominated flows. To address a 

lack of experimental evidence of force chains in the literature, we focus on the details of the 

dynamic contact networks formed by dense colloidal suspensions in shear thickening flows.  

 We use the mean contact number <z>, a measure for the number of contacting nearest 

neighbors around particles, to quantify the suspensions because of the strong correlation of <z> 

with bulk mechanics [17]. Near the jamming point, the contact number at jamming, zJ, and ϕJ are 

inextricably linked to the interparticle friction in dense packings. For instance, application of 
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Maxwell's isostatic criterion to a frictionless hard sphere system at ϕJ = 0.64 reveals that zJ = 6. 

Incorporating an infinitely large sliding friction coefficient between colloids, μs → ∞, leads to zJ 

→ 4, and ϕJ → 0.54 [18], while adding a rolling friction coefficient μr further reduces zJ → 2.4, 

ϕJ → 0.36 for (μr, μs) → ∞ [19]. The sliding constraint μs is featured in several constitutive 

equations, particle simulations, and phenomenological models that describe shear thickening as 

due to particles undergoing a stress-induced lubricated-to-frictional transition beyond an onset 

stress σ* [20-22]. Both μs and μr are thought to generate long-lasting force chains by reducing the 

rotational degree of freedom of particles in flow. Experimental measurements support this idea 

by demonstrating that the rotational dynamics of shape-symmetric particles with protrusions 

deviate significantly from simulations of hard sphere suspensions [23-25]. While the interparticle 

friction may not always track with surface roughness because of complex tribological factors 

(e.g.: elastohydrodynamics [26,27]), in general, rougher particles have larger values of μs and μr. 

In this manuscript, we focus on characterizing the contact microstructure of shear thickening 

suspensions comprising of smooth and rough colloids.   

 

3.2. Materials and Methods 

To investigate the role of friction on the contact microstructure of shear thickening 

colloidal suspensions, we use confocal rheometry experiments and dissipative particle dynamics 

(DPD) simulations to identify a quantitative link between the strength of thickening β = 

log(Δη)/log(Δσ) and the distance from jamming (ϕmax - ϕ)/ϕmax = Δϕ/ϕmax for smooth and rough 

colloids. Here, ϕmax refers to the maximum jamming fraction for a disordered packing, where 

ϕmax = ϕJ (σ = 0 Pa) is obtained from confocal microscopy performed on colloids that have 

undergone unperturbed sedimentation under gravitational stress for three months. We obtain β 
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using the average slope at the inflection points above σ* and before the high shear plateau. At 

ϕmax, the suspension is considered mechanically rigid, where forces on the individual particles are 

fully balanced with respect to total torque and stresses such that the suspension is not flowable at 

or beyond this volume fraction. The value of ϕmax is verified independently within an 

experimental uncertainty of ± 5% by fitting the relative low-shear viscosity (ηr,low-shear) 

divergence to the form ηr,low-shear = (1 - ϕ/ϕmax)
-2. The value of ϕmax is a key parameter in 

normalizing the jamming distance because it varies for colloids with different surface 

morphologies. 

Earlier treatise on suspension rheology have seen the prolific use of smooth hard spheres, 

and only recently have poly(methyl methacrylate) (PMMA) and silica colloids with controlled 

surface roughness become widely available [28]. We hypothesize that there is a universal 

correlation between Δϕ/ϕmax, β, and <z> for all suspensions exhibiting shear thickening. To 

reveal this relationship, we synthesize spherically symmetric and size-monodisperse PMMA 

microspheres with different levels of surface roughness [29]. These particles are sterically 

stabilized with poly(12-hydroxystearic acid) (PHSA) brushes of lengths 10 – 15 nm [30]. We 

prepare suspensions at ϕ < ϕmax by first centrifuging the stock suspension at gravitation Peclet 

number, Peg = 1500 (Peg = 4πaeff
4Δρg/3kBT), and subsequently diluting the shear jammed 

sediments with known volumes of solvent. We obtain ϕ by imaging the fluorescent colloids with 

confocal laser scanning microscopy (CLSM, Leica SP8) and processing the 3D image volumes 

using a brightness-weighted centroid-based algorithm [31]. We obtain particle diameters 2a and 

2aeff, respectively, from the 2D images of the sedimented layer using confocal microscopy. For 

rough particles, 2aeff is estimated as an effective particle diameter between the opposite end of 

surfaces that minimizes the roughness. Separately, steady shear rheological measurements are 
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performed using a stress-controlled rheometer (TA Instruments DHR-2) fitted with a 50-mm 

sandblasted cone-and-plate geometry. To capture the transient contact microstructure during 

flow, we use a custom confocal rheometer and arrest the suspension samples at two applied 

stresses: one in the low-shear regime and one in the shear thickening regime.  

 

3.3 Results  

3.3.1 Steady shear rheology 

Figure 3.1 shows different rheological behavior of PMMA hard colloids with two types 

of morphology and similar effective swollen diameters 2aeff, smooth (S, 2a = 1.65 μm ± 4%, 

Figure 3.1a) and rocky (RK, 2aeff = 1.49 μm ± 6%, Figure 3.1b). Two other morphologies are 

also studied: slightly rough (SR, 2aeff = 1.82 μm ± 5%), very rough (VR, 2aeff = 1.47 μm ± 6%). 

These steady shear flow curves describe the relative suspension viscosity (ηr = η/ηs, solvent 

viscosity ηs = 0.012 Pa·s) as a function of scaled σ. The dotted lines represent the two stress 

points at which we obtain <z> values from dynamic packings: one at  = 0 = < *  and the 

second at =  > * , where the overhead represents the stress values scaled with a factor of 

aeff
3/kBT. In our flow curves, we choose 0 =  ≈ 200 at the low-shear viscosity plateau and  ≈ 

104 at the shear thickening regime for contact microstructure studies, as shown in Figure 3.1. As 

  increases beyond * , the steric and lubrication layers between the colloids gives way to the 

solid-solid proliferation of interparticle contacts [21,32]. Moreover, experiments with rough 

colloids and granular materials have shown that rough particles exhibit higher β and lower *  

[33-35] at lower ϕ than smooth particles.  

Regardless of the surface morphology, the suspensions transition from fully Newtonian 

flow at low σ and ϕ, to continuous shear thickening (CST, β < 1) at intermediate σ and ϕ, and 
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finally to discontinuous shear thickening (DST, β ≥ 1) at high σ and when ϕ is close to ϕmax. 

There is no clear demarcation between CST and DST in many practical scenarios, but in general 

DST occurs when the value of β ≈ 1. Suspensions also exhibit a secondary plateau at the highest 

values of σ, commonly observed in shear thickened states in which the particles’ motion is 

hindered by either frictional or hydrodynamic forces [13,14,19,21,36]. The onset of DST for 

smooth particle suspensions occurs at ϕ = 0.55 (Figure 3.1a), which is similar to the values 

reported earlier in the literature for colloids interacting with a short-range repulsive potential 

[37,38]. Suspensions of smooth colloids continue to exhibit DST until ϕmax,S = 0.64 ± 0.01 where 

the samples reach ϕmax and become difficult to handle experimentally. 

 

3.3.2 Universal correlation in shear thickening behavior 

Our data show that Δϕ/ϕmax predicts β for different types of colloidal suspensions 

containing spherically symmetric particles. Figure 3.2 shows that all colloidal suspensions obey 

the general scaling of the form,  β ~ exp(-Δϕ/ϕmax), where DST (β ≈ 1) is present at Δϕ/ϕmax ≤ 0.1 

and CST (β < 1) is found at Δϕ/ϕmax > 0.1. The value of β rapidly decreases at increasing Δϕ/ϕmax. 

Additional support for this correlation comes from β and Δϕ/ϕmax values extracted from a number 

of literature studies in which both η-σ data and ϕmax are available, including: (1) smooth and 

rough PMMA colloids with charged interactions [33,37], (2) smooth and rough silica colloids 

with near-hard sphere and charge-screened interactions [34,36,39,40], (3) computer simulations 

that incorporate particle-level sliding [22,32] and rolling friction [19], and one in which the 

colloids have explicitly defined surface asperities [13]. This scaling has significant impact in the 

academic and industrial communities because it enables the a priori estimation of shear 

thickening strength (a non-equilibrium parameter) using the distance to jamming point (an 
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equilibrium parameter). The remarkable match between experiments and simulations from 

independent research groups suggests that there exists a direct link between the dynamic shear 

thickening microstructure of colloids and their respective equilibrium jamming distance. This 

link is more clearly illustrated using the dynamic <z> values of shear thickening suspensions to 

understand how the contact networks are related to Δϕ/ϕmax. 

 

3.3.3 Confocal rheometry experiments 

To characterize the contact microstructure of dense suspensions at the large applied 

stresses used to induce shear thickening, we use a custom confocal rheometer setup (Figure 

3.3a), where a stress-controlled rheometer (Anton Paar MCR 502 WESP) is directly coupled to a 

CLSM (Leica SP8) similar to an earlier set up described in the literature [41]. Steady shear is 

applied to suspensions of smooth and rough colloids using a 20 mm parallel-plate top geometry 

and a glass coverslip at the bottom with thickness 0.16 – 0.19 mm. The confocal rheometer is 

used to obtain 3D image volumes of dense suspensions undergoing steady shear at 0 = and  , 

as described in Figure 3.1. Each stack of size 50 μm × 50 μm × 10 μm is imaged in under 6 s and 

contain ~ 104 particles. The suspensions contain 5 wt% mixture of photopolymer and 

photoinitiator additives to rapidly arrest the suspensions with ultraviolet (UV) light within 1 s. 

To obtain the sheared microstructure, we hold the suspensions at constant stresses, at values 

marked in Figure 3.1, for 150 s and shine UV light (λexc = 405 nm) for 10 s immediately after the 

stress drops to zero, thus locking in the sheared suspension microstructure. We perform three 

independent experiments and obtain image stacks from three different points in each sheared 

sample. All image stacks are imaged at least 15 μm above the coverslip to avoid wall effects. 
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3.3.4 Dissipative Particle Dynamic (DPD) simulations 

The images obtained from the confocal rheometer experiments are supported using 

dissipative particle dynamics (DPD) simulations of bidisperse suspensions (a and 1.1a in an 

equal volume ratio with total number of particles N = 1000) containing smooth and rough 

colloids closely representing the experimental system. The particle roughness is modeled by 

distributing asperities of lengthscale 0.1a on the surface of the smooth base spheres, using a 

scheme similar to simulations in [13,14]. The solvent is modeled through explicit soft particles 

and interact through conservative, dissipative, and random Brownian forces. We have shown 

previously that this modified DPD scheme recovers a full representation of hydrodynamics in the 

system, similar to a fully resolved Stokesian Dynamics formalism. To compare the data from 

simulations and experiments, we use the suspension systems with smooth and rough particles in 

simulations match the ϕmax to suspensions with S and RK systems from the experiments, 

respectively. The goal is to link β to <z> to capture the contact networks responsible for the shear 

thickening phenomena.  

Defining interparticle contact during shear thickening requires the use of two different 

contact criteria at σ < σ* and at σ ≥ σ*, because the particles undergo a transition from lubricated 

to frictional flow and the soft PHSA brush becomes compressed by the large applied stresses 

[33]. At σ < σ*, two particles are defined to be in hydrodynamic contact if the interparticle 

separation is equal or less than the uncertainties that include the PHSA brush length, size 

polydispersity, and surface roughness [29]. At σ ≥ σ*, a frictional contact is defined by the 

average center-to-center distance between particles, 2aeff as shown in Figure 3.3b. In DPD 

simulations, interparticle contacts are defined similarly for all particles and their interactions 

with other asperities and base particles. Experimental results are in excellent agreement with the 
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contact microstructure obtained from DPD simulations for smooth and rough particles: the <z> 

values obtained from DPD simulations fall within the error limits of the <z> values obtained 

from our experimental packings, as shown in Figure 3.4a.  

 

3.3.5 Visualizing contact networks  

Visual Molecular Dynamics (VMD) renderings of the dynamic packings, at  , from the 

experiments and simulations for suspensions containing smooth and rough particles at Δϕ/ϕmax = 

0.08 and β ≈ 0.85 are shown in Figure 3.3c-d. The renderings show the presence of space-

spanning contact networks in both experiments and simulations of shear thickening flows and 

provide a statistical view of how smooth and rough pack differently in non-equilibrium shear 

thickening flows. Particles are concentrated in the compressive flow axis, in agreement with 

previous neutron scattering studies on shear thickening suspensions [16]. The observed contact 

networks are also qualitatively similar to the percolations in strained systems of 2D photoelastic 

disks [42,43]. A first step towards constructing a statistical mean-field description parameter of 

the contact microstructure formed in such networks would be possible by evaluating the 

relationship between the dynamic contact number at  ,<z>β, and β for suspensions at various ϕ.     

Figure 3.4a shows the dynamic contact number, <z>β, as a function of Δϕ/ϕmax for sheared 

suspensions of smooth and rough colloids. The dashed lines in Figure 3.4a indicate that the 

smooth colloids, on average, requires an additional of 1.5 – 2 contacts to maintain the same β as 

compared to the rough colloids. This could be a consequence of a larger change in free volume 

for smooth particles in shear flow. In other words, smooth colloids must become more 

compacted by the applied stress before <z>β reaches the jammed state, in which the entire 

suspension becomes mechanically rigid and therefore no longer flowable. For rough colloids, 
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geometric hindrance and an effective rolling friction reduces the change in free volume such that 

<z>β does not need to be as large to cause jamming. The difference in available free volume for 

different types of colloid roughness is related to the deficiency from the maximum number of 

nearest neighbors at jamming under shear. The value of <z>β is a function of   
because the 

external deformation imparts an additional non-equilibrium free energy that must be minimized 

for steady flow [44]. To normalize the spatial effect of interparticle contacts that stem from free 

volume differences, we define a parameter z* that captures the scaled contact deficit, where z* = 

(zJ,β - <z>β)/zJ,β. Here, zJ,β 
 is the maximum possible contacts available at ϕJ,β, which is defined as 

the divergence of the viscosity at  and indicate the maximum flowable volume fraction at  .  

 

3.3.6 Contact deficiency at local jamming 

To estimate the shear-induced jamming point ϕJ,β for suspensions of smooth and rough 

colloids, we invoke an argument that relates the divergence of ηr to (ϕJ - ϕ) at a given σ, where ϕJ 

= ϕJ (σ). Specifically, the low-shear and high-shear viscosities are expected to diverge at ϕmax and 

a σ dependent ϕJ, respectively, with an exponent of -2 [45]. By extension, this suggests that ηr at 

intermediate σ should also diverge to a corresponding stress-dependent quasi-jamming point, ϕJ,β 

= ϕJ,β (  ) with the same exponent of -2. The inset in Figure 3.4b. shows the scaling of the form 

ηr ~ (ϕJ,β-ϕ)-2 where ϕJ,β = 0.61 and 0.51 for smooth and rough colloids, respectively. The value 

of zJ,β is then obtained by extrapolating <z>β at various ϕ to the respective quasi-jamming points 

ϕJ,β, where zJ,β as 4.95 ± 0.02 and 3.25 ± 0.01 for smooth and rough colloids. Figure 3.4b shows 

that the dynamic contact scaling takes the form z* ~ (Δϕ/ϕmax)
α with α = 0.98±0.01. A similar 

scaling (α = 1.08) had been observed in 2D simulations of soft frictionless particles that are 
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repulsive [46]. The observed power-law correlation in Figure 3.4b is statistically significant with 

a normalized chi-squared parameter 2

0 = 6.33. 

 

3.4. Discussions 

Normalizing the contact number deficit in this manner collapses the data for all particle 

roughness and support our argument that the contact number at shear-induced jamming is a 

measure of the free volume available for particles with specific morphologies, or interparticle 

friction, to rearrange in a way to allow the suspension to flow at steady state. In Figure 3.1, 

following the dashed lines corresponding to   vertically, increase in ϕ is associated with an 

increase in β as more contacts are made. Corresponding values of Δϕ/ϕmax and z* decreases 

forming more space-spanning contacts and force networks. For a given shear thickening σ, for 

each particle system, there exists a ϕJ and corresponding zJ beyond which there is no steady state 

flow. Thus, smooth and rough colloids with similar 2aeff are characterized with different ϕJ,β and 

zJ,β at the same applied  . In a constant volume rheological experiment restricted by the 

dimensions of experimental and simulation setup, the free volume available to rearrange under 

shear is greater for smooth colloids than that of the rough colloids, because smooth colloids can 

rotate freely with little hydrodynamic resistance. There are more spatial constraints imposed by 

the restricted rotational degree of freedom of rough colloids, and this is in turn captured by the 

deficiency of nearest neighbors to the shear-jamming contact number, zJ,β. The universality in 

Figure 3.4b shows that this physical mechanism for shear thickening holds for all types of 

suspensions and thus the parameter z*, which is a contact network parameter that captures the 

distance to zJ,β, can be used as the manifestation of the modes of particle motion under shear.     
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 The dynamic contact scaling z*~ Δϕ/ϕmax (Figure 3.4b) and the static packing correlation 

β ~ exp(-Δϕ/ϕmax) (Figure 3.2) can be combined to relate the sheared contact microstructure and 

the shear thickening strength as β ~ exp(-z*). This key relation implies that the onset of shear 

thickening occurs when a minimally rigid network is formed, and the strength of the shear 

thickening depends on the way in which σ pushes particles to their dynamic jamming contacts. 

The power-law correlation in Figure 3.4b is likely related to the force per contact of these 

suspensions under shear. The results suggest that at a given β, because <z> is different for 

suspensions of particles with different asperities, the force carried by each contact is different for 

particles of different morphologies.  

Force networks in jammed granular particles interacting through hard-sphere potential are 

described by two quantities: the particle positions and the contact networks [47]. Earlier work on 

compressed hydrogel beads found that the average macroscopic force, F, scales with average 

dynamic contacts as F ~ <z> [48]. To obtain same change in suspension stress (or β), rough 

particles suspensions required, on average, fewer contacts compared to suspensions with 

smoother particles. In other words, for the same F in our systems, F/<z> for rough particle 

suspensions must be greater than that of smooth counterpart. We indirectly capture the force per 

contact through parameter z*, which factors in the contact deficit for various type of particle 

suspensions. Note that the contact networks found in this work would likely have different 

morphologies and properties from the force chains observed in previous studies [11]. 

 

3.5 Conclusions 

As a suspension shear thickens, clusters and percolated networks of particle contacts 

break and reform, but our study has shown that a mean-field description using dynamic <z> can 
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connect β and Δϕ/ϕmax. The dynamic contact scaling may break down at ϕ values close to ϕmax 

(Δϕ/ϕmax ≤ 10-2) due to pronounced flow instabilities such as localized stress fluctuations, 

periodic density fluctuations in flow direction, large transient clusters in compressive direction, 

and stress bands along the dilatational direction [49-51]. The increase in uncertainty in z* close 

to the jamming point could be due to these flow instabilities. Nonetheless, our study shows that 

the scaled jamming distance is a strong predictor for the shear thickening behavior of a broad 

class of suspensions. 

 Because force networks are likely coupled to the contact network and particle positions, 

future studies that analyze the transient network anisotropy could provide new insight as to how 

different types of frictionless and frictional particles carry load in flowing systems. Athermal 

suspensions [52] and shape-anisotropic colloids [53] have not been tested in this study, and it 

would be interesting to see if the proposed scaling between β, Δϕ/ϕmax, and z* hold for these 

materials. 
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Figure 3.1 | Flow curves for dense suspensions. Experimental rheology for suspensions of (a) 

smooth and (b) rough colloids. Flow curves represent ηr plotted against σ scaled by the effective 

particle radii and temperature. Numerical values next to each curve indicate respective ϕ (filled). 

Solids lines are fit with Wyart-Cates mathematical model. Vertical dashed lines represent 

stresses below and above the onset stress (vertical dotted line) where we obtain the average 

contact number. Representative scanning electron micrographs and confocal micrographs of 

colloids are shown to the right side of respective flow curves. Scale = 5 μm. 
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Figure 3.2 | Shear thickening strength as a function of jamming distance. Data from this 

work are shown for S (magenta circles), SR (red upper triangles), VR (coral lower triangles), and 

RK (cyan squares) colloids. Solid line indicates an emperical fit of the form: 

( )0 maxexp k   =     with β0 = 1.61±0.05 and k = -4.18±0.32. Literature values from 

experimental colloidal studies are indicated by green symbols: smooth PMMA (circle) [37], 

rough PMMA (upper triangle) [33], smooth silica (square [40] and (hexagon) [36]), and rough 

silica (lower triangle [39] and diamond [34]). Literature values from simulations are indicated by 

grey symbols: colloids with surface asperities interacting via lubrication (square) [11], spheres 

with sliding friction (upper triangle) [22], spheres with sliding and rolling friction (circle) [19], 

and colloids interacting via sliding friction (lower triangle) [32]. Inset shows the fitting to the 

form: ηr = (1-ϕ/ϕmax)
-2 normalized for each particle ϕmax values. Solid line represents the 

universal low-shear viscosity divergence. 
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Figure 3.3 | Confocal rheometry and force network visualization. (a) Confocal rheometer 

setup for imaging shear-induced contact networks during the flow measurements. (b) Contact 

criterion for interparticle contact in smooth (top row) and rough (bottom row) colloids. The light 

blue circle represents additional experimental length scales. (c,d) Contact networks of shear 

thickening suspensions at Δϕ/ϕmax = 0.075 and β = 0.85 as shown in VMD reconstructions of the 

(c) experimental microstructures and (d) snapshots from simulations. For (c) and (d), the top 

panel are for the suspensions with smooth particles and the bottom panels are for rough colloidal 

suspensions. Side insets show color panel for the respective contact numbers of the particles 

shown in (c,d). 



107 

 

 

 
Figure 3.4. Dynamic contact microstructure in shear thickening suspensions. (a) The change 

in <z>β of smooth (circles) and rough (squares) colloids from experiments (filled) and 

simulations (unfilled) as a function of ∆ϕ/ϕmax. Inset shows the β as a function of <z>β. Dashed 

lines in the main figure and the inset corresponds to the suspensions at ∆ϕ/ϕmax ≈ 0.075 and β ≈ 

0.85 (b) The scaling z* ~ (Δϕ/ϕmax)
α. Dashed line indicates the power law fit. Inset shows the 

scaling relation between the relative viscosity and unscaled jamming distance to test the fit, ηr ~ 

(ϕJ-ϕ)-2. Two additional types of rough particles: SR (upper triangles) and VR (lower triangles) 

are included here. 
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Abstract 

In dense suspensions that comprise of colloids which interact via a hard sphere potential, 

the viscoelastic components of the stress response are determined by the excluded volume effects 

and the hydrodynamics. The near-equilibrium structure of suspensions with smooth and rough 

colloids is probed to decouple the effect of surface roughness-induced effects on the elastic and 

the viscous moduli. Changes in the scaled moduli on suspensions containing smooth and rough 

poly(methylmethacrylate) colloids are studied as a function of the distance to the maximum 

packing or the jamming distance. At ϕ > 0.50 the frequency-sweep rheometry show that smooth 

particle suspensions exhibit a scaled modulus ~10 Pa while rough particle suspensions exhibit a 

modulus ~ 105 Pa. We generate a master Maxwell curve by performing frequency-ϕ superposition 

for our colloidal suspensions. Furthermore, we capture the effect of surface roughness on local 

microstructure response through a functional form of jamming distance.   
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4.1. Introduction 

 The rheological properties of colloidal suspensions are a consequence of complex interplay 

between the Brownian and hydrodynamic forces between particles in the system. In colloidal 

suspensions where particles interact through near hard sphere potential the rheological properties 

are dictated by the excluded volume effects, which is a function of the suspension volume fraction 

(ϕ) and the hydrodynamic contribution from the suspended solvent [1]. Even in a fluid state (at ϕ 

< 0.40), such suspensions are characterized by a shear modulus due to the transient contacts or 

bonds formed as a consequence of the close proximity of particles and the Brownian fluctuations 

in the suspension system [2]. As the suspension ϕ increases, the environment around particles 

become crowded, arresting the Brownian motion resulting in contribution to the dynamics and 

rheological properties from additional parameters such as particle geometry. Understanding the 

effect of crowding-induced parameters to predict the suspension elasticity is important in fields 

ranging from detecting cancer cell dynamics [3] to predicting geological phenomena in advance 

[4]. 

  Stokes-Einstein-Sutherland diffusivity predicts the diffusion coefficient (D0) in dilute 

suspensions (ϕ < 0.05) as D0 = kBT/6πηa, where kBT is the thermal energy, a is the particle radius, 

and η is the suspended solvent viscosity. As ϕ increases, the dynamics in concentrated colloidal 

suspensions are characterized by two relaxation modes: short time and long time. The former is 

governed by the hydrodynamic interactions while the latter is a consequence of cage rearrangement 

mechanism at longer timescales. Short time relaxation in colloidal dynamics is characterized by 

short time translational (Ds
t) and rotational diffusion coefficients (Ds

r). Stokesian Dynamic 

simulations, incorporating hydrodynamic interactions, and experiments on smooth colloidal 

particles concluded that both Ds
t
 and Ds

r remain uncoupled up to ϕ ≤ 0.50 [5,6]. At ϕ > 0.50, 
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experiments on suspensions containing smooth colloidal particles are able to decouple Ds
t
 and Ds

r 

using estimations of mean-square displacement (MSD) and mean-square angular displacement 

(MSAD), respectively [5]. 

Long time relaxation in colloidal dynamics is characterized by the respective diffusion 

coefficients for translational ( tD
) and rotational ( rD

) modes. The long-time diffusivity 

parameters characterizes the ability of a particle to escape out of the cage formed by its own 

neighbors as the colloids experience crowding with increasing ϕ. Through scaling arguments, 

simulations were able to predict tD
 as a product of Ds

t
  and the effect of change in microstructure 

due to long-time diffusion, up to ϕ ≤ 0.50 [7]. For smooth spheres, t rD D  due to minimal effect 

of hydrodynamics on rotational motion. The effect may not be same in the spherically symmetric 

colloids with surface roughness because in dense suspensions with geometric asperities create 

hydrodynamic resistance for free rotation. The slowdown of the short-time rotational diffusion 

coefficients in suspensions of rough colloids of poly(methyl methacrylate) (PMMA) colloids in 

index and density matched solvent mixture at ϕ ≥ 0.35 was reported by Hsiao et al. [8]. Since the 

suspension elasticity is inextricably linked to the dynamics [9], linear viscoelasticity measurements 

of suspensions containing smooth and rough colloids may decouple the effects of roughness on 

dynamics and thus the rheological properties.  

 Recent studies with experimental systems with rough colloids have shown to modify shear 

thickening behavior [10,11], form low-dimensional fractals and suppress crystallization [12]. The 

surface asperities in rough colloids exhibit different lubrication interaction due to additional 

tangential interaction component [10,13]. Total suspension stress is characterized by additive 

contributions from suspending fluid and colloidal particle. The particle contributions come from 

hydrodynamics and interparticle stresses. In dense suspensions, the rough particles modify the 
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near-field hydrodynamic interactions and thus exhibit different cage dynamics at high ϕ values 

compared to suspensions with smooth colloids. Thus, it is important to understand the effects of 

surface roughness as suspension ϕ on the dynamics and elasticity of the suspensions.   

 In this work, we investigate the effects of surface roughness on the linear viscoelastic 

properties of dense colloidal suspensions. Simulations in the high frequency regime suggests that 

colloidal particles with surface modification can decouple the effects from lubrication “contacts” 

that reduce the particle mobility and the diffusional boundary layer formed in pure hard sphere 

interactions [14]. Using sterically stabilized PMMA smooth and rough colloids suspended in index 

matched solvent squalene, that exhibit hard sphere interactions, we decouple the sole contribution 

of the constitutive particle roughness to suspension elasticity. We use the small amplitude 

oscillatory measurements to perturb the near-equilibrium microstructures of suspensions 

containing smooth and rough colloids at various ϕ values.   

 

4.2. Materials and Methods 

4.2.1 Colloidal Synthesis and Characterization 

We use in-house synthesized poly(hydroxystearic acid)-grafted-poly(methylmethacyrylate) 

(PHSA-g-PMMA) colloids for our linear viscoelastic studies reported here. Smooth PHSA-g-

PMMA microspheres were synthesized using dispersion polymerization of PHSA-gycidyl 

methacrylate-methyl methacrylate (PHSA-GMA-MMA) co-block polymer with 2-

azobisisobutyronitrile (AIBN) as the free radical initiator and MMA as the monomer. We add 

fluorescent molecule, Nile Red, to visualize the suspension samples using confocal microscopy. 

Additionally, the rough colloids are synthesized by adding crosslinker, ethylene glycol 

dimethacrylate (EGDMA), during the dispersion polymerization reaction. Our earlier study 
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indicates that the steric polymer brush (PHSA) is of 10-15 nm in length [15]. The synthesized 

particles are stored in stock solution and is further solvent transferred to an index-matching solvent 

squalene (nsq = nPMMA = 1.49). Index matching serves two purposes: (a) minimizes the van der 

Waals attraction between the microspheres thus by ensuring hard sphere interactions and (b) 

reduces the background scattering during fluorescent imaging.   

Since the particle swell in solvent squalene, we estimate the particle diameter from confocal 

images. Due to swelling issues, we do not estimate the roughness via atomic force microscopy 

(AFM) since the 3D structure does not reflect in the suspension squalene. Instead, we estimate a 

2D circularity parameter (ψ) and average them for 100 independent 2D images from confocal 

microscopy for each particle type.  The parameter ψ is defined as 24 p pA P = where Ap is the 

maximum 2D area of the particle and Pp is the perimeter corresponding to Ap. We obtain ψ for 

smooth and rough particles as 0.99±0.01 and 0.87±0.03. Effective particle diameter for rough 

particle is then calculated using the expression eff pa A = . In this study we use smooth particles 

of 2a = 1.50 μm ± 4% and rough particles of 2aeff = 1.55 μm ± 5%. Scanning electron micrographs 

of the particles are provided in Fig. 1.  

 Squalene and PMMA particles are not density matched (Δρ ≈ 0.322 kg/m3) and this enables 

centrifugation of suspensions to form random packing. Centrifugation at 1500g eliminates 

crystallization and for smooth particles suspensions we have shown that PHSA-g-PMMA are 

nearly frictionless and where they pack maximum ≈ 0.64 [15]. We dilute the suspensions from the 

centrifuged sediment to required ϕ. We image the quiescent suspensions under confocal 

microscope, and we estimate the diluted ϕ using the formula, 

34 3 eff p

box

a N

V


 = , where Np is the 



118 
 

number of particle centroids obtained via image-processing of a 3D box of volume Vbox [16]. A 

similar procedure is adopted for rough particle suspensions.  

 

4.2.2 Rheological Measurements 

 We perform all our experiments on a stress-controlled rheometer (TA Instruments, DHR-

2) using a 50mm serrated cone and plate geometry. We perform strain sweep experiments by 

varying γ from 0.01% to 100%, holding the frequency at 1 rad/s. The frequency sweep experiments 

are conducted in the linear viscoelastic regime after identifying the linear regime in each case of 

smooth and rough colloidal suspensions.  

 After loading and prior to every experiment set, all the suspensions are conditioned at 

room temperature for 60 s to remove any prior shear-induced microstructural changes. Suspensions 

of smooth and rough particles are prone to shear thickening readily during the protocol of lowering 

the top geometry. To avoid such issues, for geometry heights < 1cm, we lower the top geometry 

10 μm per step while monitoring the normal force at the same time.  

 

4.3 Results and Discussions 

4.3.1. Linear viscoelastic measurements 

The linear regimes for the suspensions of both smooth and rough particles are identified by 

performing strain amplitude sweeps at an oscillation frequency at a constant amplitude of 1 rad/s. 

The strain sweep experiments were performed at a frequency of 1 rad/s on suspensions of ϕ ranging 

from 0.45 – 0.62 in the case of smooth particle suspensions and 0.45 – 0.56 in the case of rough 

particle suspensions. The results for the dependence of viscous (G’(ω)) and elastic moduli (G’’(ω)) 

as a function of applied strain for suspensions of smooth and rough particles are shown in Fig. 2(a) 
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and 2(b), respectively. In both the cases, we observe that G’(ω) and G’’(ω) values remain 

independent of the applied strains at low to moderate values. For smooth colloidal suspensions, 

the highest possible value of strain at the onset of nonlinearity reduces with increasing ϕ, which 

corroborates earlier result [17]. In contrast, this distinction is not clear in suspensions with rough 

colloids. One plausible explanation is the similar scale of local dissipation at ϕ > 0.53 for rough 

due to the rotational constraints exhibited by the rough particles in the suspension.   

At low strains, suspensions exhibit elastic behavior and at higher strains the response is 

dominated by viscous dissipation. We observe that, in general, for ϕ ≤ 0.50, the G’(ω) values are 

lower than the G’’(ω) values. This result parallels the data reported earlier in the literature for 

silica colloids dispersed in ethylene glycol [17]. In smooth colloidal suspensions, for ϕ ≤ 0.50, the 

dissipation is primarily viscous in nature and similar trend is observed in suspensions containing 

rough colloids. By contrast smooth particle suspensions at ϕ > 0.57 is predominantly elastic and 

the result is qualitatively similar in rough colloidal systems. Quantitatively, the elastic response of 

rough particle suspensions is observed to be 103 times that observed in the suspensions containing 

smooth colloids. In both types of suspensions, we identify the strain value, where suspensions lie 

in their respective linear regime, to be at γ ≈ 0.5 %.    

 The frequency dependence of the viscoelastic moduli on the suspensions of smooth and 

rough particles are shown in Figure 4.3 and Figure 4.4, respectively. To compare the results 

between two types of particle suspensions, both axes are normalized. The frequency is non-

dimensionalized using the oscillatory shear Peclet number (Peω) defined as 
2

0effPe a D = where 

aeff is the effective particle radius,  is the shear rate ( 2  = ) and D0 is the short-time diffusion 

coefficient which is ϕ-independent. The value of D0 is obtained using the expression D0 = 

kBT/6πηsaeff , where ηs is the solvent viscosity (0.012 Pa.s) and other terms are defined earlier in the 
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paragraph. The moduli, G’(ω) and G’’(ω) scales with the thermal energy in the suspension system 

set by kBT and aeff.  

 The change in G’(ω) and G’’(ω) on the applied frequency in smooth colloidal suspensions 

is shown in Figure 4.3(a) and 4.3(b), respectively. At ϕ = 0.45 and 0.50 and Peω ≥ 103, the 

suspensions behave as model Maxwell fluids with G’ ~ ω2 and G’’ ~ ω. For ϕ ≥ 0.58 the 

suspensions display G’(ω) > G’’(ω) at lower ω. At moderate ω, there is a high frequency crossover 

point beyond which both G’(ω) and G’’(ω) rise sharply. The frequency dependence of G’(ω) and 

G’’(ω) on suspensions of rough colloidal suspensions is shown in Figure 4.4(a) and 4.4(b), 

respectively. Similar Maxwellian scaling, as reported earlier in smooth colloidal suspensions, is 

observed in rough particle systems at ϕ = 0.45 and 0.50. The most interesting observation is the 

increase in G’(ω) and G’’(ω) at ϕ ≥ 0.54. The G’(ω) value is frequency independent, reminiscent 

of a high-frequency plateau modulus observed in compressed emulsions [18], and the magnitude 

is ~103 higher than that reported for smooth particle suspensions. We observe the order of 

magnitude increase in G’’(ω) is same as that of the G’(ω). In contrast to smooth particle 

suspensions, G’’(ω) in suspensions containing rough colloids exhibit a reproducible minimum and 

then slowly increases. This behavior of dramatic jump in G’(ω) and G’’(ω) is a novel observation 

in colloidal rheology behavior in the linear regime.  

   

4.3.2 Viscoelastic spectrum for colloidal suspensions 

 To further understand the unusual observation in the frequency dependence of G’(ω) and 

G’’(ω) on the type of particle suspension and decouple the effect of surface roughness on linear 

viscoelastic properties, we construct a master viscoelastic spectrum combining our data of smooth 

and rough colloidal suspensions. The method employed here is the time-ϕ superposition principle 
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where the curves obtained earlier in Figure 4.3 and 4.4 are shifted with respect to time (Peω) in the 

x-axis and moduli (function of ϕ in the y-axis. The shift factors are denoted as α and β in x- and y-

axis, respectively. The method employed here assumes that the time- and ϕ-dependence are 

equivalent for viscoelastic materials and thus the shift factors simultaneously shift G’(ω) and 

G’’(ω), irrespective of particle type, for a given ϕ.   

    The viscoelastic spectrum for a range of colloidal suspensions is shown in Figure 4.5. 

For convenience, we divide the spectrum into two halves. The first regime is 102 < α.Peω < 105 

and the second regime is for α.Peω > 105. The first regime comprises of lower frequencies where 

the moduli for our smooth and rough particle suspensions, for ϕ ≤ 0.50, fit the scaling for a 

viscoelastic fluid. We take smooth suspensions at ϕ = 0.50 as our reference and the viscoelastic 

curves suspensions at ϕ values of 0.45 and 0.50 are shifted accordingly. For small amplitude 

oscillatory experiments, the frequency dependencies of the viscoelastic shear moduli (G’ and G’’) 

are modelled as: 

2
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 Here, G is the relaxation modulus (Pa) and τrel is the timescale of relaxation (s) which is 

determined as the inverse of the low crossover frequency. The frequency-dependent viscoelastic 

moduli of smooth and rough particle suspensions fall on the same curve as the shifted Maxwell 

model curve. At low frequencies, both rough and smooth colloidal suspensions show expected 

terminal region scaling with G’ ~ ω2 and G’’ ~ ω. This result amplifies our earlier observation that 

there is little to no difference in the viscoelastic behavior between suspensions of smooth and 

rough particles at ϕ ≤ 0.50.  



122 
 

 The second regime consists of moderate and high frequency behavior, which are not 

described in the Maxwell fluid formalism. In general, this regime is characterized with higher 

elastic component, which changes at very high frequencies. We observe that with suitable shift 

factors the viscoelastic behavior of dense suspensions that comprise of rough and smooth colloids 

forms a master curve as shown in Figure 4.5. Since no continuous data from low-frequency to 

medium-frequency regime was available, the reference for the second regime started where the 

data matched with the high-frequency Maxwell model regime. This may introduce error in shift 

factor α of magnitude ±2, which is much smaller considering the orders of magnitude of α in the 

spectrum.         

  

4.3.3 Decoupling the effects of geometric frustration in the linear viscoelastic regime 

 Further analysis of the shift factors is necessary to understand the effect of surface 

roughness on the viscoelastic properties on the dense colloidal suspensions. We plot the shift 

factors α and β as a function of ϕ, as shown in Figure 4.6a and 4.6b, respectively. The data show 

that for ϕ ≤ 0.50 the shift factors for both type of suspensions are similar in magnitude and they 

are around unity. This might be an artefact of choosing the reference as smooth suspension at ϕ = 

0.50. For ϕ > 0.50, the shift factors vary in magnitude between suspensions of smooth and rough 

colloids. To further understand the effect of the shift factors we investigate the effect of the ratio 

of the shift factors α/β with the suspension ϕ. 

 The variation of shift factor ratio, α/β with respect to ϕ is shown in Figure 4.7(a). At ϕ ≤ 

0.50, α/β is in the order of 1 but at higher ϕ values the ratio is the order of ~106. This behavior is 

seen in both smooth and rough particle suspensions. We extend the recent work in exploring 

jamming distance as a design parameter in suspension flow to investigate this behavior. Figure 
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4.7(b) shows α/β as a function of the distance from jamming (Δϕ/ϕmax) which is defined as (ϕmax - 

ϕ)/ϕmax where ϕmax is the maximum flowable ϕ before shear jamming. In our suspension systems 

we estimate ϕmax through unperturbed sedimentation for a period of two months under gravitational 

stress. We estimate the ϕmax for our smooth particle suspension as ≈ 0.64 and rough particle 

suspension as ≈ 0.57.    

 In Figure 4.7, we observe that the smooth and rough particle suspensions show similar 

behavior of α/β which is independent of Δϕ/ϕmax. The discontinuity is observed around Δϕ/ϕmax ≈ 

0.1. For smooth colloidal suspension, this corresponds to ϕ ≈ 0.58. Scattering experiments with 

same particle system have shown that the glass transition volume fraction (ϕg) occurs between 

0.574 and 0.581 [19]. Since the linear viscoelastic behavior is a function of small perturbations, 

we believe that the discontinuity observed in α/β and Δϕ/ϕmax is a manifestation of the inherent 

phase behavior, with respect to the suspension crowding with increasing ϕ and the associated 

dynamic arrest related the suspension ϕg, of the colloidal system. This allows us to comment on a 

ϕg estimate for the rough particle system. Similar calculations estimate ϕg ≈ 0.51. In Figure 4.7, we 

do not have any concrete evidence for ϕg value for rough particle system other than the preliminary 

estimation. The gravitational Peclet number (Peg = 4πaeff
4Δρg/3kBT, where Δρ is the density 

difference between colloid and the suspension, and g is the acceleration due to gravity) Peg > 1 for 

our particle system in squalene precludes us from performing dynamics on quiescent suspension 

and estimate the mean-square displacement at high ϕ values since the particle settle before reaching 

the α-relaxation timescales around ϕg.    

 Analogous with time-temperature superposition principle in polymer melts, the horizontal 

shift factor (α) corresponds to the shear rate dependent diffusion coefficient i.e. the larger the α 

value, the easier it is to jump from a localized cage [20]. For ϕ ≤ 0.50, there are no caging effects 
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as the system is still ergodic in nature. At the same Peω and at respective ϕ > ϕg, αsmooth > αrough 

indicates that the shear-induced jump from a cage is easier for a smooth particle compared to its 

rough counterpart. Lower hydrodynamic resistance and negligible rotational constraints enable 

smooth particles to escape local cages at shorter time scales than the rough particles. The vertical 

factor β is associated with the intra-cage displacement prior to cage release [20]. A larger β is 

indicative of a greater amount of intra-cage free volume available and therefore more efficient 

particle rearrangements. Lower α and β factors for rough particle suspensions than smooth ones at 

same ϕ values suggest that the effective free volume available for motion in rough particle 

suspensions is severely restricted causing the jump in elastic modulus.    

  

4.3.4 Effective suspension temperature and associated moduli scaling  

For an atomic liquid, the storage modulus (same as G’) scales with an effective system 

temperature (Teff) and effective particle radii (aeff) as G’ ~ Teff/aeff. In colloidal systems, the Teff term 

is given by the Brownian energy scale, kBT. As suspension ϕ increases, particles experience the 

near-field and far-field hydrodynamics in addition to the caging effects and close to ϕg and beyond 

long-time diffusivity is inhibited and particle remain trapped in transient cages [21]. This is 

manifested as a jump in viscosity in atomic liquids [22] and the presence of a yield stress in dense 

colloidal suspensions [23]. In our case, Brownian timescale is same order as the sedimentation 

timescale (Peg in the order of 100), the effects become more pronounced. We study the effect of 

G’ as a function of distance to jamming for three different Peω values: 10, 102, and 103, as shown 

in Figure 4.8. As observed before, the overall behavior is divided into two regimes at Δϕ/ϕmax ≈ 

0.1. At Δϕ/ϕmax < 0.1 iso-Peclet data shows a scaling of -1 where as Δϕ/ϕmax > 0.1 does not show 
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any scaling. The data at Δϕ/ϕmax < 0.1 is a consequence of the reduction in effective temperature 

of the suspension system above ϕg.  

 A scaling of -1 between G’aeff/kBT and Δϕ/ϕmax means that the effective system temperature 

or the reduced thermal energy scales as kBT/(Δϕ/ϕmax). This means that in linear viscoelastic 

measurements, the suspension elasticity and the associated dynamics becomes important Δϕ/ϕmax 

< 0.1. Figure 4.8 shows that, for Δϕ/ϕmax < 0.1, this holds true for both the suspension types and at 

Peω values spanning three orders of magnitude. The reduced thermal energy due at ϕ > ϕg is a direct 

effect of the cease in Brownian motion and local transient cage formation. This means that when 

Δϕ/ϕmax > 0, G’aeff/kBT should be independent of Δϕ/ϕmax but we observe this only at Peω = 103. 

The viscous moduli being dominating at ϕ ≤ 0.50 might be a reason why we do not observe any 

correlation of elastic moduli with respect to jamming distance. Additionally, we observe the 

discontinuity in elastic moduli in rough particle suspensions compared to smooth particle 

suspensions at Δϕ/ϕmax > 0.1. Similar discontinuity in shear modulus was observed in simulations 

of frictional grains at low strain amplitudes under oscillatory shear protocol [24].  

 These results show that the geometric frustration induced by the surface roughness further 

reduces ϕg in suspensions with rough particles. The results point to a new scaling of the viscoelastic 

moduli between ϕg and ϕmax by taking into account the reduced thermal energy, kBT (Δϕ/ϕmax)
-1

. 

Physically, the result captures the drastic reduction in suspension dynamics at ϕ > ϕg by rescaling 

the thermal energy by a factor of (Δϕ/ϕmax)
-1.  

 

4.4 Conclusions 

 We investigated the effect of surface roughness on the linear viscoelastic rheology of dense 

colloidal suspensions. Suspensions of rough colloids exhibit viscoelastic moduli, G’(ω) and 
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G’’(ω), orders of magnitude higher than the suspensions of smooth colloidal particles. The 

microstructural explanation for this phenomenon is that the surface anisotropy constraints the 

rotational motion in rough colloids, modifies the near-field hydrodynamics, and reduces the 

effective free volume available in the suspension, particularly close to jamming at Δϕ/ϕmax < 0.1. 

We quantify this reduction in free volume through the shift factors α and β used in frequency-ϕ 

superposition. Furthermore, the scaling of elastic moduli over three orders of Peω proves that, for 

Δϕ/ϕmax < 0.1, the elastic modulus should be scaled with a factor that takes into account the 

reduction in thermal energy of suspensions.   

 Earlier work indicates that slow clusters contribute to the bulk elasticity in dense colloidal 

glasses [25]. Visualizing single particle dynamics using a confocal rheometer may point to similar 

correlated clusters in rough suspensions that form percolations with minimum contacts that impart 

bulk elasticity orders of magnitude higher than smooth colloidal suspensions. This would enable 

understanding phenomena that require low perturbation to respond, especially in cases of 

geological flow phenomena where the frictional materials that inherently creep exhibit glassy 

behavior [4].      
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Figure 4.1 | Particle images. Scanning electron micrographs of (a) smooth and (b) rough 

particles. Scale = 5 μm. 
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Figure 4.2 | Estimating the linear regime. The elastic (G’, filled) and viscous (G’’, unfilled) 

moduli of suspensions containing (a) smooth and (b) rough particles as a function of applied strain. 

The experiments are performed at a constant frequency of 1 rad/s. (a) In smooth particle 

suspensions, the ϕ values are 0.62 (pink), 0.59 (red), 0.58 (green), 0.50 (blue), and 0.45 (grey). (b) 

The data set are plotted for rough colloidal suspensions of ϕ values: 0.56 (pink), 0.55 (red), 0.54 

(green), 0.50 (blue), and 0.45 (grey).   
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Figure 4.3 | Viscoelastic moduli in suspensions of smooth colloids. The dependence of (a) elastic 

(G’, filled) and (b) viscous (G’’, unfilled) for suspensions of smooth colloids on applied frequency. 

The x-axis is normalized by the applied oscillatory shear, particle radius, and thermal energy. The 

y-axis is normalized by particle radius and thermal energy. The All experiments are performed in 

the linear regime at strain ~ 0.05%. The suspension ϕ values are 0.62 (pink), 0.59 (red), 0.58 

(green), 0.50 (blue), and 0.45 (grey).   
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Figure 4.4 | Viscoelastic moduli for suspensions of rough particles. The dependence of (a) 

elastic (G’, filled) and (b) viscous (G’’, unfilled) for suspensions of rough colloids on applied 

frequency. The x-axis is normalized by the applied oscillatory shear, particle radius, and thermal 

energy, and the y-axis is normalized by particle radius and thermal energy. The All experiments 

are performed in the linear regime at strain ~ 0.05%. The suspension ϕ values are 0.56 (pink), 0.55 

(red), 0.54 (green), 0.50 (blue), and 0.45 (grey).   
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Figure 4.5 | Viscoelastic spectrum for suspensions from time-concentration superposition. 

The master viscoelastic spectrum (elastic, filled and viscous, unfilled) for suspensions of smooth 

(circles) and rough (square) colloids. The x-axis is normalized frequency shifted by a factor α and 

the y-axis is normalized shear moduli shifted by a factor β. The dark line indicates the Maxwell 

model fit at lower frequencies. The smooth colloidal suspension ϕ values are 0.62 (pink), 0.59 

(red), 0.58 (green), 0.50 (blue), and 0.45 (grey). The rough particle suspension ϕ values are 0.56 

(pink), 0.55 (red), 0.54 (green), 0.50 (blue), and 0.45 (grey).   
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Figure 4.6 | Shift factor variation with concentration.  The shift factors (a) α and (b) β plotted 

against the volume fraction ϕ for suspensions of smooth (circles) and rough (square) colloids.   
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Figure 4.7 | Change in the shift factor ratio with suspension concentration. The ratio of shift 

factors α/β as a function of (a) ϕ and (b) distance from maximum packing for suspensions of 

smooth (circles) and rough (square) colloids. The dashed lines in (b) denotes jamming distance of 

0.1 as a guide to the reader’s eyes.   
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Figure 4.8 | Effective suspension temperature close to jamming point. The dependence of 

elastic modulus scaled with respect to effective particle radii and temperature on jamming distance 

for suspensions of smooth (circles) and rough (square) colloids. The colors indicate G’ values at 

various Peclet (Peω) values: Peω = 10 (pink), Peω = 102 (green), and Peω = 103 (blue). The 

horizontal dashed line indicates a jamming distance of 0.1.   

 

 

 

 

 

 

 

 



135 
 

References 

[1] B. Schroyen, C.-P. Hsu, L. Isa, P. Van Puyvelde, and J. Vermant, Physical Review Letters 

122, 218001 (2019). 

[2] W. B. Russel, D. A. Saville, and W. R. Schowalter, Colloidal Dispersions (Cambridge 

University Press, Cambridge, 1989), Cambridge Monographs on Mechanics. 

[3] D. Bi, X. Yang, M. C. Marchetti, and M. L. Manning, Physical Review X 6, 021011 (2016). 

[4] B. Ferdowsi, C. P. Ortiz, and D. J. Jerolmack, Proceedings of the National Academy of 

Sciences 115, 4827 (2018). 

[5] K. V. Edmond, M. T. Elsesser, G. L. Hunter, D. J. Pine, and E. R. Weeks, Proceedings of 

the National Academy of Sciences 109, 17891 (2012). 

[6] R. J. Phillips, J. F. Brady, and G. Bossis, The Physics of Fluids 31, 3462 (1988). 

[7] J. F. Brady, Journal of Fluid Mechanics 272, 109 (1994). 

[8] L. C. Hsiao, I. Saha-Dalal, R. G. Larson, and M. J. Solomon, Soft Matter 13, 9229 (2017). 

[9] T. G. Mason and D. A. Weitz, Physical Review Letters 74, 1250 (1995). 

[10] L. C. Hsiao, S. Jamali, E. Glynos, P. F. Green, R. G. Larson, and M. J. Solomon, Physical  

Review Letters 119, 158001 (2017). 

[11] C.-P. Hsu, S. N. Ramakrishna, M. Zanini, N. D. Spencer, and L. Isa, Proceedings of the 

National Academy of Sciences 115, 5117 (2018). 

[12] R. Rice, R. Roth, and C. P. Royall, Soft Matter 8, 1163 (2012). 

[13] S. Jamali and J. F. Brady, Physical Review Letters 123, 138002 (2019). 

[14] R. A. Lionberger and W. B. Russel, Journal of Rheology 38, 1885 (1994). 

[15] S. Pradeep and L. C. Hsiao, Soft Matter 16, 4980 (2020). 

[16] J. C. Crocker and D. G. Grier, Journal of Colloid and Interface Science 179, 298 (1996). 



136 
 

[17] T. G. Mason and D. A. Weitz, Physical Review Letters 75, 2770 (1995). 

[18] T. G. Mason, J. Bibette, and D. A. Weitz, Physical Review Letters 75, 2051 (1995). 

[19] W. van Megen and S. M. Underwood, Nature 362, 616 (1993). 

[20] A. R. Jacob, A. S. Poulos, S. Kim, J. Vermant, and G. Petekidis, Physical Review Letters 

115, 218301 (2015). 

[21] E. R. Weeks and D. A. Weitz, Physical Review Letters 89, 095704 (2002). 

[22] A. Ikeda, L. Berthier, and P. Sollich, Soft Matter 9, 7669 (2013). 

[23] M. Dinkgreve, M. A. J. Michels, T. G. Mason, and D. Bonn, Physical Review Letters 121, 

228001 (2018). 

[24] M. Otsuki and H. Hayakawa, Physical Review E 95, 062902 (2017). 

[25] J. C. Conrad, P. P. Dhillon, E. R. Weeks, D. R. Reichman, and D. A. Weitz, Physical 

Review Letters 97, 265701 (2006). 

 

 

 

 

 

 



137 
 

CHAPTER 5 

Summary and Future Work 

 

5.1 Concluding remarks 

 The objective of this dissertation was to study the microstructural difference in dense 

suspensions comprising of smooth and rough colloids with respect to their packing and flow 

behavior. We achieved this by probing the contact microstructure of model smooth and rough 

PHSA-g-PMMA suspensions that interact through near hard-sphere interactions. The dissertation 

focused on linking the microscale behavior to the bulk packing and rheological. The colloidal 

particle synthesis protocol was optimized in the lab to produce near monodisperse smooth and 

rough particles. Rough particles were spherically symmetric but exhibited surface anisotropy 

through varying lengthscales and frequencies of raspberry-shaped structuress. This enabled us to 

decouple the effects that stem from the restricted rotational (and associated translational) motion 

of the rough colloids in dense suspensions compared to their smooth counterparts. We used 

confocal microscope, stress-controlled rheometer, and an in-house assembled confocal rheometer 

to study these effects.  

 Earlier linear viscoelasticity studies have shown that colloidal suspensions exhibit stress-

bearing properties, even at near-equilibrium conditions. In Chapter 2, we defined a “contact” 

criterion for quiescent colloidal suspensions to explain the modulus in equilibrium non-flowing 

colloidal suspensions. We attribute this behavior to the transient Brownian clusters formed in these 

suspensions owing to their thermal energy scale, kBT. We defined a “contact” lengthscale for the 

colloidal particles in these suspensions using arguments from jamming of frictional granular 

materials. Using 3D confocal microscopy and image processing routines, the average nearest 

neighbor number, at various lengthscales up to 10% of the average particle diameter, was 
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extrapolated to respective isostatic conditions of the suspensions. The optimized contact criterion 

was found to include lengthscales involving average particle diameter, steric polymer brushes, 

roughness scale, and associated polydispersity.  

 Chapter 3 was focused on designing shear thickening suspensions using a single parameter, 

the jamming distance. Using suspensions of colloids that exhibited varying surface roughness, we 

produced steady shear flow curves and observed that there is a universal behavior in the shear 

thickening strength (defined by the rate of increase of suspension viscosity with increasing applied 

stress) in these suspensions and their respective jamming distance. We assembled a confocal 

rheometer in-house and arrested the suspension during shear thickening stress to study the 3D 

contact microstructure. We found that the “contact” lengthscale obtained from our earlier analysis 

of quiescent suspensions did not explain the physics behind shear thickening mechanics. At high 

stresses, colloidal particles in shear thickening suspensions make closer “contacts” than when they 

are at quiescent states due to the lubrication to frictional transition i.e., high stresses push particles 

together squeezing the steric brushes and forming lock-and-key structures between rough 

asperities. To take this into account, we redefined the “contact” lengthscale to the average particle 

diameter and were able to capture the underlying physics in universal shear thickening behavior 

of dense colloidal suspensions. Using the redefined frictional “contacts”, we estimated the scaled 

contact deficiency of each suspension type to its respective jamming point. The scaled contact 

deficit explains a normalized spatial variable that take to account the differences in free volume 

available for different types of particles under shear. Thus, using arrested 3D contact 

microstructure we explained the universal correlation between shear thickening strength and 

jamming distance.    
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Results from the abovementioned works suggested that the contact microstructure of 

suspensions with smooth colloids are different from rough colloids, in their quiescent state. This 

comes from the fact that the isostatic condition, which dictates minimum neighbors for mechanical 

stability, for the rough particle suspension is lower than suspensions with smooth colloids. Thus, 

the Brownian suspension stress and associated hydrodynamics differ between these suspensions, 

especially close to their respective jamming points. We probe this difference using linear 

viscoelastic experiments which focuses on distorting near-equilibrium microstructures. In linear 

regime, our small amplitude oscillatory experiments revealed the viscoelastic moduli of rough 

particle suspensions is 103 times higher than that of the smooth colloidal suspensions for the 

particle same concentration. We owe this difference to the restricted rotational motion of the rough 

colloids below the jamming distance of 0.1 where we suspect that the cage rearrangement 

dynamics was not possible in our experimental window.  Additionally, we found that rescaling the 

moduli by the jamming distance at jamming distance values less than 0.1 takes to account the 

reduced Brownian energy due to suspension vitrification.    

  

5.2 Future work 

 There is still a significant gap in understanding the effect of surface roughness on 

dynamics, phase behavior, and viscoelastic properties. Probing real-time microstructure in the 

suspension is an important step to understand the underlying physics for effective suspension 

design for desired applications. Experiments exploring fragility of rough glasses, creep studies, 

depleted gel microstructures etc. will reveal unexplored physics in these systems. 
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5.2.1 Contact networks in shear thickening 

 Recently there has been a great interest in understanding the networks formed during shear 

thickening mechanism [1]. Scattering experiments were able to decouple the effects of surface 

contact friction by analyzing the change in microstructure anisotropy in the shear plane [2]. During 

shear thickening, networks break and reform continuously. Our arrested suspension 

microstructures capture a statistical ensemble of such contact networks formed. Using particle 

positions obtained using our image-processing algorithms, structural signatures related to shear 

thickening suspensions can be further probed.    

 

5.2.2 Phase-behavior of rough colloidal suspensions 

 We have observed that surface roughness modifies the the scaling of contact deficient with 

respect to the jamming distance. Surface roughness was also shown to suppress crystallization in 

dense suspensions [3]. Whether rough particle suspensions that interact via pure hard-sphere 

potential ever crystallize?  Further studies of the rough particle systems characterizing the change 

in bond order parameters with time is required to answer few of these questions [4]. Can we say 

that the suspension preparation protocol decides random close packing in rough particle 

suspensions? The maximum packing formed by the suspensions of smooth and rough particles can 

be probed using contact fabrics [5]. What happens if the suspensions are electrostatically 

stabilized? Will the effects of surface roughness get masked? Many unanswered questions remain 

with respect to the phase behavior of rough colloidal suspensions. Spherically symmetric but 

surface anisotropic colloidal particles, that interact via hard sphere potential, form a model 

experimental colloidal system to investigate the emerging interest in amorphous system behavior, 

which is currently limited to computer simulations [6].   
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APPENDIX 

Supplementary Information for Chapter 3 “Jamming distance dictates colloidal shear 

thickening.” 
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A.1 Flow fit curves from mean-field theory 

Predictions of the suspension viscosity from the Wyart-Cates (WC) theory [1] are fitted to the 

experimental data as solid lines in Fig. 1. The original WC model attributes shear thickening to a 

change in the contact microstructure. First, in the low-σ regime, hard spheres are frictionless and 

display a viscosity divergence at ϕmax ≈ 0.64, so long as the particles remain separated in flow. An 

increasing subpopulation of particles then undergo a lubricated-to-contact transition at σ ≥ σ*, 

where the fraction of contacting particles is modeled by the sigmoidal form  f(σ) = exp[-(σ*/σ)γ] 

and γ is between 0.5 and 1.0 [2,3]. Finally, in the high-σ regime, most of the particles interact 

through frictional mechanics and the suspension diverges in viscosity at ϕJ,f ≈ 0.58, where the 

subscript denotes the frictional shear-jammed state. Under shear, these packings become more 

frictional and jam at even lower volume fractions (ϕmax,µ < ϕmax, where µ is the interparticle friction 

coefficient). A spherically symmetric colloid with anisotropic surface morphology imparts 

different values of ϕmax and ϕJ,f as opposed to a smooth, frictionless hard sphere. From the 

perspective of the WC model, dense suspensions shear thicken because of a transition between a 

packing with viscosity that diverges at ϕ0 to a new packing that diverges at ϕm. The WC model 

generates flow curves through the following empirical relations:  

 ( )( )
2

J f    
−

= −   (A.1) 

 ( ) max ,(1 )J J ff f f  = − +   (A.2) 

The values for ϕmax are 0.64 and 0.54 for smooth and rough particles, respectively. These values 

are obtained independently from the low-shear viscosity divergence and sedimentation 

experiments performed over three months. The estimated values for ϕJ,f are obtained using a similar 

viscosity divergence method but at the shear-thickening plateau (σ >> σ*). Since we are unable to 

observe this plateau using our experimental setup, for smooth colloids, we assumed ϕJ,f = 0.58 
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following the original model. Our system gives the high-shear viscosity divergence at ϕJ,f = 0.49. 

The values of f are varied from 0 to 1 as described by sigmoidal model above. The value of λ in 

the above equation is an empirical fitting parameter which we assume to be unity. The WC model 

does not fit the experimental flow curves at ϕ > ϕJ,f  because it predicts S-shaped flow curves (β > 

1), which we do not observe in experimental systems. This is likely due to the overdamped motion 

of the colloids used in this study, which precludes the presence of inertial flows even at the highest 

applied shear stresses. 

 

A.2 Estimating jamming points (ϕmax) for colloidal suspensions 

Superimposing our experimental values of ϕmax and the corresponding <z> onto the 

simulation data of Singh et al. [4] suggests that our rough colloids can be modeled as particles 

with significant sliding constraints, quantified using μs and μr values (Figure A.2).  

.  

A.3 Sample immobilization and visualization with confocal microscopy  

Rheology is performed using a 20 mm parallel-plate geometry and cover slip with thickness #1.5. 

Suspension samples are incorporated with 5 wt% photocrosslinker mixture (2 wt% photoinitiator 

phosphine oxide, 8 wt% photopolymer trimethylolpropane triacrylate-TMPTA, and solvent 

diisooctyl phthalate). Good agreement in the radial distribution function, g(r), for suspension with 

and without the photocrosslinker (Figure A.3(a)) shows that suspension doped with 

photocrosslinker mixture retain their hard sphere behavior. We estimate the mean-squared 

displacement 
2( )r t    of a representative photopolymerized suspension. As shown in Figure 

A.3(b), the noise floor is estimated to be 0.0012 µm2 which is ≈ 0.1% of (2a)2. This shows that the 

vibrations of the confocal rheometer is not significant enough to affect the particle centroid 
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identification in the photopolymerized sample and the <z> obtained from image processing 

routine. Sample z-projections of the dynamic microstructure in suspensions of smooth and rough 

colloids is shown in Figure A.4. Centroid identification from similar arrested 3D image stacks 

enable us generate the respective dynamic contact networks by defining the contact criterion as 

2aeff. 

 

A.4. Details of the DPD simulations 

Simulations are done via the HOOMD-Blue simulation toolkit where the roughness of different 

particles is modeled by randomly placing asperities with their centers located on the periphery of 

the base particle. The base particles are modeled as near hard spheres covered by these smaller 

patchy asperities, and in our setting we choose the asperity radius to be 0.1a, where a is the radii 

of the base particles [5]. The main simulations are based upon a core-modified Dissipative Particle 

Dynamics (DPD) algorithm [6,7], previously shown to preserve the essential hydrodynamics in 

dense suspension systems. Over the past two decades, there has been a plethora of research topics 

that employ DPD as the primary simulation tool [8-10]. DPD is a discrete fluid model, where all 

particles including the background fluid particles are modeled explicitly and through pairwise 

interactions. We write the equations of motion for DPD as: 

 ( )'

,

pN

C D R R Hi
i ij ij ij ij ij

i i j

dv
m F F F F F

dt 

= + + + +   (A.3) 

 (1 / )ij ij cr r = −       (A.4)  

 
0.5( )R

ij ij ij ij ij ijF r t e  −=     (A.5) 

  
2 ( )( . )D

ij ij ij ij ij ij ijF r v e e =   (A.6) 

 ( )C

ij ij ij ij ijF r e =   (A.7) 
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 ' '

0

R R

ij ijF F e=   (A.8) 

 

 ( . )H

ij ij ij ij ijF v e e=   (A.9) 

The solvent particles in DPD are modeled as soft particles and interact through the first three terms 

on the RHS of Eq. 3. In equation C

ijF , D

ijF and R

ijF are the pairwise conservative, dissipative, 

random forces, respectively. Random and dissipative forces together form the canonical ensemble 

and satisfy the fluctuation-dissipation requirements [11,12]. The random force introduces thermal 

fluctuations via a random function, ij . This heat is dissipated by the dissipative force acting 

against the relative motion of particles ij i j  = − and ij is the strength of dissipation, which is 

coupled with the thermal noise, 
ij . Together these parameters define the dimensionless 

temperature as 2

B ij ijk T  = and ije is the unit vector. Conservative force, defines the chemical 

identity of a particle based on its chemical potential/solubility in the system, through a parameter, 

ij . '

0

RF is the repulsive force that prevents the colloidal particles to overlap where '

0

RF is the 

repulsion constant and '

0 500 /R

BF k T a=  is used for the base-base interactions. Finally, ij

HF is the 

short-range lubrication force that dissipates the motion of particles through a pair drag term, 

0 1 23 2ij ija a h =  based on normal squeezing mode of lubrication. This force enables us to 

capture the short-range hydrodynamics between the particles, where 1a and 2a  are the radii of the 

interacting colloids and 0  is the viscosity of the suspending fluid, and ijh is the surface-surface 

distance between two interacting colloids. Melrose and Ball [13] have shown previously that the 

tangential mode of lubrication scaling as ~ log(1 )ijh can be ignored compared to the normal mode 

of lubrication where stresses scale inversely with the separation distance between the particles. 
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Thus, in this platform, we only consider this normal model of lubrication, squeeze mode, and the 

tangential motion and hindrance to it naturally comes from the normal interactions between the 

asperities. We have shown previously that this scheme recovers the same hydrodynamics as a fully 

resolved Stokesian Dynamics with a complete solution of hydrodynamics for the asperities 

[14,15]. The hydrodynamic interactions are solved on the asperity-asperity and base-base 

interactions and not on the asperity-base interaction, because the lubrication forces of high particle 

size ratio are much weaker than the same size ones [15].  

 

A.5 Statistical testing 

Statistical significance of the contact scaling model fit, 
0.95 0.07~z    , is conducted using 

reduced chi-squared parameter ( 2

0 ) defined as: 

 
( )

2

2

0 2
1

( )1 N
i i

i i

y f x

N


=

−
=    (A.10)  

Here, iy denotes the experimental data, ( )if x corresponds to the linear fit model, and i is the 

standard deviation of the respective iy values. For Fig. 4b, the number of data points is N = 32 and 

we obtain a 2

0  value of 2.12, with the corresponding P value less than 0.005 which indicates that 

the agreement between experimental observations and corresponding power-law is statistically 

significant. The error bars in Fig. 4b become increasingly large near jamming, because of the 

magnified relative uncertainty with respect to ,J   and ,Jz  . 

 

A.6. Contact criterion model for shear thickening suspensions 

 

A prevailing theory that explains shear thickening mechanics is the transition of particle 

interaction form a lubrication to a frictional flow above the onset stress, σ*, although the origins 
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of this friction are not well understood. The mean-field theoretical description of shear thickening 

proposed in the WC model suggests that as the suspension shear thickens, due to the increasingly 

constrained nature of the particles, the maximum possible flowable suspension ϕJ decreases as a 

function of σ. As σ increases, the force chains increases in strength transmitting stress between 

particles thus by increasing the number of transient contacts between them. To capture this physics, 

we provide two distance-based criteria in order to define "contact" in experimental colloidal 

systems where Brownian motion and hydrodynamics are present, one for Newtonian flows (σ < 

σ*) and one for shear thickening flows (σ > σ*).  

 The rationale for using two different contact criteria in our experimental study is that in 

quiescent and low-stress flows, colloids make transient interparticle contact due to the 

hydrodynamics induced by Brownian motion, and the suspension supports a macroscopic stress 

even when no space-spanning force chains are formed. Colloids used in experimental systems are 

further subject to factors such as steric brush layer, electrostatics, and solvent lubrication film. 

When the suspensions undergo shear thickening at high stresses, the colloids are pushed by the 

external flow into near vicinity of one another. The steric layer brush and even the particle itself 

may become compressed if the local shear stresses are larger than the yield stress of the material. 

 We define a stress-dependent contact length scale where the average contact number <z> 

can be computed through a mean-field description using function . Additional testing is required 

to understand the function form of  and thus in our contact model validation we approximate 

≈ f , where f is the fraction of colloidal particles that are in frictional contact at a given shear 

thickening stress, as given in equation (A.2). The nearest neighbor contact is estimated as 

weighted-average value of the hydrodynamic and frictional contacts as:  

 (1 )h fz z z =  − +     (A.11) 
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Here, <z>h is the hydrodynamic contact which is obtained at low-shear viscosity 
0 =
 using 

a contact criterion that incorporates length scales associated with surface roughness, steric polymer 

brush, and associated polydispersities (Δ) [16], while <z>f is obtained at ϕJ,f  with contact criterion 

set as the average particle diameter. Here,  is an increasing function of the applied stress σ and

[0,1] . In our model, we define the contact criterion (r’) as: ' 2 effr r a=  where ( )r r=  and 

2aeff is the effective average particle diameter. The σ-dependent contact length scale r is defined 

as:       

                            r = 2(rsurface roughness + rsteric brush) + Δ, when σ < σ* ( 0= )                     (A.12) 

                                               r = 2aeff, when σ > σ* ( 0 1  )                                             (A.13) 

To test the validity of the model and the contact microstructure data used in our studies, 

we estimate <z>f in equation S11 using our <z> available at   for our suspensions. Using the 

experimental parameters available for the two sets of particles (S- and RK-type) from 

Supplemental Table 1 and using equation S2, we estimate f = 0.5 and 0.6 for suspensions of S and 

RK particles at  , respectively. Using equation S11, and the experimental data available 

(Supplemental Table 1) estimate <z>f as 3.89 and 2.83 for the suspensions of smooth and rough 

particles, respectively. Earlier simulations with frictional granular materials have shown a decrease 

in <z> from 6 to 4 by increasing the interparticle friction (μp) from 0 to ∞.  

 Thus estimation of <z> using our σ-dependent contact length scale suggests that we 

capture the change from a lubricated state (σ < σ*, ϕmax ≈ 0.64, and <z>max ≈ 6.0) to a frictional 

state (σ > σ*, ϕJ,f  ≈ 0.58, and <z>f ≈ 3.89) as the suspension shear thickens. Similarly for 

suspensions of rough particles, our model captures the transition in the contact microstructure 
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transition the lubricated state below σ*, where ϕmax ≈ 0.54, and <z>max ≈ 3.88, to its shear 

thickening frictional state above σ*, where ϕJ,f ≈ 0.49, and <z>max ≈ 2.83). 

 

Table A.1 Input parameters for the contact model 

Parameter Smooth (S) Rough (RK) 

ϕmax 0.64 0.54 

<z>max 6.01 3.88 

ϕJ,β 0.61 0.51 

<z>J,β 4.95 3.25 

ϕJ,f 0.58 0.49 

 

A.7 Change in suspension contact microstructure with shear thickening 

 

The probability distributions of the dynamic contact microstructure, p(z), obtained from 

both experiments and simulations at   are shown in Figure A.5. There are two important 

observations here: (a) the average contact number generally increases with increasing ϕ, which is 

observed for suspensions of both smooth and rough colloids, and (b) the presence of percentage 

of particles with zero contacts also increases with increasing ϕ. Figure A.5(a-b) shows that 

suspensions with smooth colloids have less than 1% of zero contacts at Δϕ/ϕmax ≤ 0.23 (ϕ ≥ 0.42). 

On the contrary, 5-20% of the rough particles have zero contacts at Δϕ/ϕmax ≤ 0.17 (ϕ ≥ 0.45). This 

trend is captured by both experiments and simulations which strengthens our comment that the 

force transmitted per contact is likely higher in suspensions with rough particles than with smooth 

colloids.   

The frictional contacts (when contact criterion is set to 2aeff) for suspensions containing 

both smooth (S) and rough (RK) colloids proliferate with increasing applied stress when the 

suspensions transition from a low-shear viscosity ( 0 = ) to a shear thickening regime (  ) , as 



151 

 

shown in Figure A.6. This transition is accompanied by changes in microstructural anisotropy as 

particles align along the compressive axis of flow (Figure A.4). Here we quantify the change in 

<z> alone. The change in probability distributions of frictional <z> for suspensions of both smooth 

and rough particles between experiments and simulations qualitatively matches with the increasing 

trend. In both the cases there is an increase in frictional contacts with increasing applied σ. Smooth 

colloids loses particles of <z> ≈ 2 and gain particles with <z> ≈ 4 to 5. On the other hand, rough 

particles loosed at most one contact and gain <z> ≈ 2 to 4.  Discrepancies between experiments 

and simulation may arise from factors such as size polydispersity, surface roughness variability, 

and the errors associated with the correct centroid determination from image-processing routines. 

 

A.8. Axial forces in shear thickening suspensions 

The surface tension of the suspension is important in the computation of the first normal 

stresses (N1) using a cone-and-plate geometry. Although surface tension effects are usually 

negligible with standard fluids, dilatant suspensions may contain particles jammed at the surface, 

which alter the meniscus curvature and significantly decrease N1 [17]. Since the shape of the 

meniscus was not monitored in this study, we report only the axial force output from the steady 

shear measurements in Figure A.7. The data show that the competing effects of dilatancy and 

surface tension are especially apparent for VR and RK colloids at the highest volume fractions (ϕ 

≥ 0.46).  
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Figure A.1 | Viscosity-stress curves for suspensions of (a) SR and (b) VR colloids. Solid lines are 

fits with the Wyart-Cates model. The numbers on the side of each curve represent the average 

estimated ϕ of the respective suspension. Inset: Representative scanning electron micrographs and 

confocal laser scanning micrographs of colloids. Scale bars = 5 µm. 
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Figure A.2 | Experimental contact number <z> for different suspensions plotted against ϕ. Data 

are shown for S (magenta circles), SR (orange diamonds), VR (coral squares), and RK colloids 

(cyan triangles). Simulation data from particles interacting via short-range hydrodynamics, 

repulsion, and sliding/rolling friction are overlaid in the plot (μs = sliding friction, μr = rolling 

friction). 
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Figure A.3 | (a) The filled circles represent the radial distribution of the smooth colloidal 

suspension at ϕ = 0.56. The dark line corresponds to the radial distribution function from classical 

fluid theory with Percus-Yevick closure that mimics hard-sphere microstructure. The matching of 

peaks in experimental and theoretical radial distributions show that suspensions retain overall 

hard-sphere like behavior. (b) Mean-squared displacement of a photopolymerized sample to 

indicate the noise floor of the confocal rheometer setup.  
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Figure A.4 | The z projection of the arrested dynamic microstructure in suspensions of (a) smooth 

and (b) rough colloids at Δϕ/ϕmax ≈ 0.08 and β ≈ 0.95. Shear direction is shown in the inset and the 

contact networks are aligned in the compressive axis of the shear. Scale = 5 µm. 
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Figure A.5 | The dynamic contact number distribution (at shear thickening state, 
410  , for 

suspensions of (a, b) smooth and (c, d) rough colloids in (a, c) experiments and (b, d) simulations. 
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Figure A.6 | The change in stress-dependent contact distribution for suspensions of (a, b) smooth 

and (c, d) rough colloids in (a, c) experiments and (b, d) simulations.  
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Figure A.7 | Axial force measurements for all colloidal suspensions tested in this study: (a) S, (b) 

SR, (c) VR, and (d) RK as a function of shear stress and ϕ.  
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