


ABSTRACT 

CONNOR, LAURENCE NEUMAN, JR: The One-Dimensional Unsteady Expansion of 

a Reacting Mixture of Gases Considering Vibrational and Chemical 

Nonequilibrium. (Under the direction of ROBERT WESLEY TRUITT). 

An analysis was made of an unsteady one-dimensional centered 

expansion with vibrational excitation and finite rate chemistry included. 

A multi-component gas model with a number of simultaneous rate equations 

was used. The characteristic equations were obtained from the governing 

equations of the problem. The role of the frozen sound speed in a 

characteristic type solution was ascertained. A procedure based on the 

method of characteristics was established for obtaining a numerical 

solution in Lagrangian coordinates. 

electronic digital computer. 

Calculations were made using an 

The programed method of solution was applied to three cases. 

First, an illustrative case was presented to show the basic structure 

of the nonequ.ilibrium expansion, the general trends and the physical 

significance of these trends. The chemistry was found to be dominated 

by the recombination reactions for most of the expansion. Temperature 

was shown to be the flow quantity most affected by the existence of 

nonequilibrium in the flow. Both the expansion fan and the near-steady 

region following the fan were calculated and the variations of thermo-· 

dynamic properties, compositions, and velocities were presented for a 

typical case using an- air model. 
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INTRODUCTION 

The advent of the space age with its entry and reentry vehicles 

has presented many new problems in the field of gas dynamics. The 

study of real gas flow has assumed major importance in the analysis 

of reentry phenomena. The extreme temperatures experienced by bodies 

entering the atmosphere have rendered inadequate the use of perfect 

gas assumptions in solving the associated aerodynamic problems. In 

like manner, high enthalpy test facilities, designed for simulation of 

reentry flight conditions, utilize a test medium which must be evalu-

ated using real gas concepts. Problems of this nature can no longer 

be analyzed neglecting the contributions of vibrational excitation, 

dissociation and ionization to the energy of the gas. In addition, 

the mechanisms controlling these contributions are rate processes and 

thus the flow will not necessarily remain in a state of chemical 

equilibrium. The solution of a gas dynamic problem in which such 

nonequilibrium phenomena exists becomes considerably more difficult 

than the perfect gas solution. The present investigation is designed 

to establish a method of solution for one such case, that of the 

nonequilibrium one-dimensional unsteady expansion of a reacting gas 

mixture. 

The one-dimensional unsteady expansion has recently-assumed 

new importance in the operation cycle of facilities designed to 

produce high enthalpy flow for reentry simulation and chemical kinetic 

studies. The expansion tube is designed to produce high velocity flow 

for reentry simulation. The operating cycle of the expansion tube 



utilizes an unsteady expansion to accelerate the test gas. This 

expansion is a critical phase in the expansion tube cycle since any 

deviation from equilibrium at this point will alter the final state of 

the test gas. The need of a solution which ca.n evaluate any nonequi-

librium condition occurring in the expansion is apparent. 

For high enthalpy gas flow, the role of chemical kinetics assumes 

new importance. To accurately analyze such flow, an adequate knowl-

edge of the rates of the reactions involved is necessary. It has 

generally been the practice in the past to measure tne forward rate 

of a reaction and evaluate the reverse reaction at equilibrium condi-

tions using the equilibrium constant. The unsteady expansion process 

can provide a means for direct measurement of recombination rates. 

This investigation will establish a basis for the evaluation of an 

experiment which utilizes a one-dimensional unsteady expansion for 

recombination rate studies. 

The basic objective of the present investigation is to provide 

an· analysis of the one-dimensional unsteady expansion of a.reacting 

mixture of gases considering vibrational and dissociative nonequilib-

rium. The physical model of the expansion is that of the constant 

velocity withdrawal of a piston from a cylinder of gas which is 

initially in chemical equilibrium. The chemistry and thermodynamics 
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of the problem are formulated generally so that various gas mixtures 

and reactions may be considered. A method of characteristics approach 

is used to obtain a numerical solution. The general thermodynamic 

relations are used with the equations of motion for the unsteady 

expansion to establish characteristic lines and compatibility relations 
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along the lines. Particular attention is given to the role of the 

speed of sound in a characteristic type solution. A numerical proce-

dure is developed for calculation of the flow field using the charac-

teristic network. The procedure is then programed in Fortran language 

so that solutions may be obtained using the IBM 7094 electronic digital 

computer. 

The solution of a. typical unsteady expansion in an oxygen 

nitrogen mixture is presented to illustrate the general structure of 

such an expansion. The variations of thermodynamic properties, 

velocities and compositions through the expansion fan a.re depicted for 

gas particles having different residence times in the expansion, thus 

illustrating the effects of nonequilibrium on the expansion. For 

small times of residence, the flow is nearly frozen; for large resi-

dence times, the flow approaches that of an equilibrium expansion. 

The structure of the nearly constant property region between the tail 

of the expansion fan and the piston face is also calculated and 

evaluated. 

Cases are presented which demonstrate the usefulness of the 

method of solution in analyzing problems of current interest. The 

program is used to evaluate a case typical of expansion tube operation 

with air as the test medium. The implications of these results are 

discussed. An experiment is proposed for utilizing an unsteady 

expansion to process a gas for recombination rate studies. A solution 

is presented for an argon oxygen mixture which demonstrates the 

feasibility of the proposed experiment. 



The objective of the present investigation is not to tabulate 

numerical solutions of unsteady expansions over a wide range of input 

conditions. It is intended instead to provide the basic background 

and establish a method of solution in a form general enough to treat 

many cases involving different component species of gases and the 

associated reactions. The results are intended therefore to illustrate 

the basic structure of a nonequilibrium unsteady expansion, to evaluate 

the overall effects of the nonequilibrium processes, and to demonstrate 

the utility of the method of solution in dealing with problems of 

current interest. 
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REVIEW OF LITERATURE 

The centered one-dimensional unsteady expansion of a perfect gas 

has been treated by a number of authors. A good physical description 

of such a process is found in the books of Liepmann and Roshko (1957), 

Patterson (1956), and Courant and Friedrichs (1948). Excellent discus-

sions of hyperbolic systems of equations and the use of the method of 

characteristics in obtaining solutions for such systems are given by 

Courant and Friedrichs (1948). Roberts (1947) presents a number of 

detailed methods for applying characteristic type solutions to unsteady 

flow problems. The Lagrangian coordinate system is described in the 

work of Courant and Friedrichs (1948) and Lamb (1932). 

A number of gas models have been used to represent reacting flow. 

These models range from the simplified "ideal dissociating gas" devel-

oped by Lighthill (1957), Freeman (19~), and Bray (1958), to the 

complicated multi-component, multi-reaction gas used by Hall et al. 

(1962). The model proposed by Vincenti (1961) and used by Der (1963) 

is very usef'ul in that it is capable of treating a number of reacting 

species and reactions while retaining certain simplifying assumptions 

that make calculation easier. 

A great deal of discussion has appeared in the literature con-

cerning the correct speed of sound for use with a reacting gas mixture. 

Conn:nents on this problem have been presented by Resler (1956), Resler 

(1957), and Wood and Kirkwood (1957). · The work of Chu (1957) makes a 

major contribution to the understanding of sound speed in a reacting 

gas. Vincenti (1961) and Clarke and McChesney (1964) have elaborated 
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on the findings of Chu. The role of sound speed in a characteristic 

type solution can be seen in the work of Broer (1960). 

The first attempt to predict the structure of an unsteady expan-

sion for nonequilibrium flow was made by Wood and Parker (1958). Their 

investigation treats a centered rarefraction wave in which only vibra-

tional nonequilibrium is present. Appleton (196Ql) extended their work 

by introducing the "ideal dissociating gas" of Lighthill and Freeman 

into the problem and thereby treating dissociative nonequilibrium. 
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Arave (1963), using a similar gas model, calculated the structure of 

the expansion fan. A vibrational nonequilibrium case was treated by 

Appleton (1963) using a more realistic rate equation than that of Wood 

and Parker. Wierum. (1962), Napolitano (1960), and Appleton (196ob) ob-

tained near equilibrium and near frozen solutions for a similar problem, 

that of a Prandtl~Meyer expansion of a reacting gas. A characteristic 

type solution was used by Der (1963) to analyze the two-dimensio~ 

flow of a reacting gas down a nozzle. 

- The use of the one-dimensional unsteady expansion for t~e produc-

tion of hypervelocity flow in an expansion tube was proposed by Trimpi 

(1962). The equilibrium analysis of such a facility was detailed by 

Trimpi and Grose (1963). Jacobs et al.(1963) proposed a means of meas-

uring recombination rates in a flow processed by an unsteady expansion. 

The literature survey revealed that a great deal of work remains 

to be done in the analysis of nonequilibrium unsteady expansions. The 

present investigation is intended to provide a general method of solu-

tion for such an expansion and to apply the method to realistic gas 

models in problems of current interest. 



THEORETICAL DEVELOPMENT OF THE PROBLEM 

Physical Model of the Expansion 

A physical picture of a centered unsteady one-dimensional expan-

sion is necessary for a complete understanding of the problem and its 

related boundary conditions. A description of the physical model used 

is given below. The process is illustrated in Figure 1. 

Consider a semi-infinite r·eservoir of constant cross- sectional 

area containing a gas mixture in a state of chemical and thermodynamic 

equilibrium. At time zero, the piston is suddenly withdrawn with a 

constant velocity. A rarefaction wave is produced which propagates 

into the undisturbed gas in the reservoir. The first infinitesimal 

pressure pulse propagates into the gas with the velocity of the speed 

of sound in the undisturbed gas. This is followed by an infinite num-

ber of such pulses traveling at the speed of sound of the gas into 

which they are progressing. These infinitesimal pulses continue until 

the properties at a point in question are identical with those at the 

piston face. Figure 1 graphically depicts the structure of the expan-

sion in distance-time coordinates. For the perfect gas case, the 

centered rays of the expansion are straight lines a.long which the f'low 

properties are constant. Particle paths are indicated on the x-t 

diagram by dashed lines. 

Temperatures and pressures decrease rapidly during the passage 

of the rarefaction wave. If the reservoir gas existed initially in a 

dissociated state, the atoms must recombine as they are processed by 

the expansion if chemical equilibrium is to be maintained. In like 
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manner, the vibrational. energy must decrease. Both of these phenomena 

are controlled by rate processes. 

An indication of the effects of rate processes can be seen by 

considering the various particle paths shown in Figure 1. Path I 

represents a particle which was very near the piston face initiaJ.ly. 

It has very little residence time in the expansion fan and thus the 

9 

rate controlled quantities have insu:fficient time for adjustment to 

equilibrium. If very little adjustment occurs, the particle essentially 

experiences a frozen expansion and the dissociation energy is not re-

turned to the flow. Particle III, on the other hand, has a relatively 

long residence time in the expansion and the rate processes have 

adequate time for the flow to relax to equilibrium. Such a particle 

undergoes an equilibrium expansion. The energy contained in dissocia-

tion is returned to the flow. Between the two limiting cases of 

frozen and equilibrium flow is the nonequilibrium case, illustrated 

by particle path II. The residence time is of a magnitude that allows 

some relaxation of the rate controlled quantities toward equilibrium. 

Only a portion of the dissociation energy is returned to the flow. It 

is this nonequilibrium region between the two limiting cases to which 

the principal portion of this investigation is directed. 

'rhe region between the tail of the expansion fan and the piston 

face must also be considered. For the perfect gas case, constant 

properties exist throughout this region. In the case of a reacting 

gas, the properties in this region vary somewhat due to the relaxation 

of the rate controlled quantities. 
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Tile present investigation is designed to evaluate the existence of 

nonequilibrium in the now, both for the expansion fan and the region 

following it. 

Governing Equations 

The establishment of the conservation equations and thermodynamic 

relationships governing an unsteady expansion is necessary before 

:further analysis can proceed.· The conservation equationspresented here 

are developed in Liepmann and Roshko (1957). The form of the equation 

of state and rate equations is patterned after the work of Vincenti 

(1961). 

In the Eulerian frame of reference, the equations of motion 

governing a one-dimensional, unsteady process describe the variations 

of properties, compositions, and velocities of a fixed quantity of 

mass,!•~·, a particle, as it travels in the x-t plane. The rate of 

change of any property of the flow will be due to a convective effect 

and a nonstationary effect. The Eulerian derivative expresses the net 

rate of change of any flow quantity in the x-t plane and is given by: 

The independent variables x and t denote the distance and time 

coordinates and u represents the now velocity in the x direction. 

The following equations govern the motion of a particle mov:Lng 

in the x-t coordinate system. 



Continuity Equation 

The conservation of mass in one-dimensional unsteady flow is 

expressed by equation (1). 

Dp + 
Dt 

The density, in mass per unit volume, is expressed by p. 

Momentum Equation 

If body and viscous forces are neglected, the conservation of 

momentum is given by the expression, 

where P denotes pressure. 

Ene~gy Equation 
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(1) 

(2) 

In this investigation, viscosity and heat conduction are neg-

lected. The fixed quantity of mass considered is assumed to be a 

closed_system, and while reactions may occur within the particle it-

self,· there is no transfer of energy across the system boundarie·s due 

to heat transfer or chemical processes. Therefore, the energy equa-

tion for the fixed quantity of mass may be written as 

illl _ l DP __ o 
' (3) 

Dt p Dt 

where h represents enthalpy per unit mass. 

.. 
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Equation of State 

The state of the reacting gas mixture can be expressed in the 

general form 

(4) 

The variables denoted by qk are used to specify the vibrational 

and/or the chemical state of the gas. In actuality, these variables 

express the vibrational energy and/or the mass fraction of each 

component species in the gas mixture, that is, 

where e 
vi 

is the vibrational energy per mole of the 1th specie, 

Xi is the mass fraction of the 1th specie and n is the total number 

of species. For convenience in handling the equations in the work to 

follow, will be used to represent the vibrational and dissociative 

state of the gas. When more detailed operations are required, 

equation (5) will be introduced so that each variable can be treated 

in the proper manner. 

For the nonequilibrium case, the vaJ.ue of qk at any point 

in the flow will depend on the rate equations and the process which 

the gas has undergone. The subscripts e and f will be used to 

denote equilibrium and frozen conditiqns respectively. For equilibrium, 

qk is a function of P and p and equation (4) may be written as 

(4a) 



For frozen flow, there is insufficient time for any changes in the 

rate controlled quantities to occur, qk is therefore constant and 

equation (4) becomes 

(4b) 

The form of the equation of state given in equation (4) was 

chosen because of the simplicity it provides in further manipulations 

in the development of the characteristic equations. 

Rate Equations 

The rate equations can be expressed in the general form, 

where 

and will later be presented in detail for each rate process con-

sidered. 

E_quations (1) through ( 6) comprise the set of basic governing 

equations for the unsteady one-dimensional e:x;pansion of a reacting 

gas mixture. Before proceding to develop the characteristics for 

this set of equations, it is useful to give some attention to the 

speed of sound in a reacting mixture. 

( 6) 

13 
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Speed of Sound in a Reacting Gas Mixture 

In any gas dynamic study, the speed of sound is a basic para.meter. 

For nonequilibrium flow, the determination of the correct sound speed 

presents a new problem. No longer does an unambiguous sound speed exist 

as it did for the nonreacting gas. SpeciaJ. attention must be given to 

the role of sound speed in a reacting gas mixture. 

The speed of sound is defined as the speed at which an infinitesi-

mally small disturbance isentropically propagates through a gas. It 

is generally described by the expression 

a2 = (!:) , 
s 

(7) 

In the present nonequilibrium problem, the state of the gas can 

be established in terms of the variables P, p, and qk. The entropy 

can therefore be expressed generaJ.ly as 

(8) 

It the~ becomes evident that the expression given in equation (7) does 

not prescribe a unique value for the speed of sound, that is, more 

than one type of process exists in which an isentropic propagation of 

a disturbance can occur. The limiting cases of equilibrium and frozen 

sound speeds are discussed below. The speed of sound can be calculated 

for the constant entropy case in which qk' representing the rate 
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controlled variables, aJ.ways remains in a state of chemicaJ. equilibrium. 

For such a case, equation (7) becomes 

(9) 

and is referred to as the equilibrium speed of sound and the 

subscript e refers to equilibrium conditions. A constant entropy 

case may also exist in which qk remains constant throughout the 

process. For this condition, equation (7) becomes the express•ion for 

the frozen speed of sound. 

(10) 

A great deaJ. of controversy exists in the literature concerning 

the roles played by the two limiting sound speeds, af and ae, in the 

anaJ,.ysis of the now of reacting gas mixtures. It is evident that 

the correct sound speed to use for a completely frozen flow is the 

frozen sound speed, af. In like manner, if the reactions are con-

sidered to be infinite, that is, the flow instantaneously adjusts to 

the equilibrium state, the equilibrium sound speed, ae, appears to be 

the correct one to use. For nonequilibrium flow, however, the choice 

of a correct sound speed is not obvious. 

In the present application, the derivation of the characteristic 

equations will establish the correct sound speed for the propagation 

of the characteristic lines. However, it is felt that some physical 



argument should be given at this point to provide a better under-

standing of the mathematical results. 
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The works of Clarke and McChesney (1964) and Vincenti (1961) 

devote considerable attention to the question of sound speed in a 

reacting gas mixture. Their arguments are based primarily on the work 

of Chu (1957). Chu formulated the general equation describing the 

propagation of a plane acoustic wave. His analysis included the con-

sideration of rate processes and their relaxation times. A harmonic 

disturbing force was assumed to exist and the propagation of the 

disturbance was analyzed. Chu's findings and their implications in the 

present problem are discussed below. 

The phase velocity,~, of the velocity distrubance due to a 

harmonic wave of frequency m, was shown to be dependent upon the 

product of the frequency m, and the relaxation time, T, of the rate 

process. As the product arr becomes large, the phase velocity was 

found to approach the frozen sound speed, af; as (l)T approaches zero, 

the phase velocity was found to approach the equilibrium sound speed, 

The damping effect of the nonequilibrium process on the velocity 

disturbance was also evaluated as a function of wavelength. It was 

found that the amplitude attenuation increases as the frequency in-

creases. It was also shown that as the relaxation time approaches 

zero and infinity for the respective cases of equilibrium and frozen 

flow, no attenuation of the amplitude of the disturbance occurs. 

The propagation of an acoustic disturbance will now be examined 

in the light of these findings. The disturbance can be represented 
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by a series of harmonic waves comprised of both high and low frequency 

elements. The disturbance will be·considered for the case of complete 

equilibrium., the case in which the flow is frozen, and the cas.e in 

which nonequilibrium. exists as the flow is processed by the disturbance. 

For the case of equilibrium. flow, the relaxation time, T, is zero. 

Therefore, the product llYr is zero for each separate wave making up 

the disturbance no matter what the frequency of the wave is. Since 

wr is zero, the phase velocity of each wave is that of the equilibrium. 

sound speed and the amplitude of the disturbance is unattenuated. 

If the flow remains completely frozen during the passage of the 

disturbance, 00 , and thus oo for waves of all frequencies. The 

phase velocity of all waves and thus the velocity of the disturbance 

is then af and the amplitude is unattenuated. 

The nonequilibrium case is more complicated. The relaxation 

time, T, has a finite value greater than zero as does the product, 

llYr. The high frequency waves propagate with a wave velocity approach-

ing af ·and experience considerable attenuation (the a.mount- is 

dependent upon the relaxation time and the wave frequency) • The phase 

velocity_of the lower frequency waves approach ae and their amplitudes 

are attenuated less. Because their amplitudes are attenuated less, 

the low frequency waves carry the larger portion of the disturbance in 

the flow. In the case of near-equilibrium flow, the low frequency 

waves propagate at the velocity ae a.p.d carry the bulk of the dis-

turbance through the fluid. Figure 2 illustrates the propagation of 

a disturbance for the three cases considered. 
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Figure 2. Disturbance p:ropagation in reacting nows 
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From the above discussion, it can be concluded that except for 

the equilibrium case, for which T·= O, there is always a wave front 

present which travels at the speed af. This wave front may not carry 

the bulk of the disturbance, but it does always exist when finite rates 

are considered. It is to be expected, therefore,that in any case in 

which rate processes are included, it is the frozen sound speed, af, 

which determines the region of influence in a flow field. This was 

verified experimentally by Wegner and Cole (1962). Using a reacting 

mixture of N2 and N2o4 in a nozzle and a spark shadowgraph tech-

nique, they measured the Mach lines caused by marks on the nozzle walls 

and found them to be those calculated using frozen sound speeds. The 

test conditions were essentially those of chemical equilibrium, al-

though the rates were still finite. 

The role of· af in nonequilibrium flow described above will be 

shown to be correct from the mathematical standpoint through the 

derivation of the characteristic equations. 

Expression for the Frozen Sound Speed 

The previous discussion indicates that the frozen speed of sound 

will prove to be a useful quantity in the nonequilibrium analysis to 

follow. A general expression for the frozen sound speed will now be 

developed so that it may be recognized should it appear later. 

For a reacting mixture of gases in nonequilibrium, the combined 

first and second laws of thermodynamics for a closed system·can be 

written in the following form 

.. 
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(11) 

The term J(P, p, qk) dqk arises because of internal entropy genera-

tion due to nonequilibrium processes and may be evaluated according 

to the specific processes being considered. 

From equation (4), the caJ.oric equation of state can be written 

in the form 

(12) 

The term 

actually represents 

Substituting equation (12) into equation (11) yields 

(13) 



If the rate controlled quantities are considered frozen, that is, qk 

is constant, and the process is isentropic, ds = O, equation (13) 

becomes 
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(14) 

The left side of the above equation is immediately recognized 

to be the square of the frozen sound speed, af. The frozen speed 

of sound may then be expressed by the relation 

(15) 

This expression will prove to be of value in the development of the 

characteristic equations which follows. 

Characteristic Equations in the x-t Plane 

-The basic equations governing the one-dimensional unsteady flow 

of an inviscid gas have been established. At this point, no restric-

tions have been made concerning the c~emical, vibrational, or electronic 

state of the gas. A general method of solution of the governing 
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equations must now be developed. The complexity of the equations in-

volved dictates the use of a numerical method in obtaining a practical 

solution. The following discussion forms the foundation for such a 

method. 

The set of governing equations (1), (2), (3), and (6) comprise 

a system of quasi-linear partial differential equations which are 

hyperbolic in nature. For such a system, the possibility arises of 

constructing a solution utilizing the special properties of characteris-

tic curves. Real valued characteristics exist for a hyperbolic system 

of equations. The method of characteristics then appears to be a 

logical tool for use in obtaining a solution. The meaning of the 

characteristics for a system of differential equations is discussed 

below. 

Characterist'ic curves for a flow field are defined as lines 

across which the properties and velocities of the flow must be 

continuous, but across which the derivatives of the flow properties 

need-not exist. More generally, this means that the solution of the 

governing equations must be continuous everywhere, but that the 

normal derivatives of any order can he discontinuous across the 

characteristic lines. 

If such characteristic lines exist, the governing equations 

become ordinary differential equations along these lines, in other 

words, they may be written without con~aining any partial derivatives 

of the dependent variables. In the present problem, three characteris-

tic directions exist with corresponding compatibility equations. The 

compatibility relations are ordinary first-order differential equations. 
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The originaJ.. task of solving a complicated system of partial 

differentiaJ.. equations can therefore be reduced to the relatively easy 

task of simultaneously solving sets of ordinary differential equations. 

Nonequilibrium Characteristics 

The procedure for obtaining the characteristic curves and com-

patibility relationships from the set of equations, (1), (2), (3), and 

(6), governing nonequilibrium unsteady flow is described in detail in 

Appendix A. The work presented there establishes the existence of 

three characteristic directions. These directions will be denoted by 

+, -, and o. 

Along the+ characteristic curve given by 

(16) 

the compatibility equation, 
.K 

k0i~ ll) 
k 

dP + du 2 paf - - af dt dt (::-) 
= o, (17) 

applies. In the - characteristic direction, 

(18) 



the equation, 

K 

dP du 2 I~~)U\ o, pa - - af = 
dt f dt 

must be satisfied. 

It should be remembered that the frozen speed of sound, af, 

appearing in the above equations, is the local value at any point 

defined by equation (15) and varies throughout the flow field. 
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(19) 

The particle path is identical to the o characteristic and is 

described by the equation 

Along the particle path the energy and rate equations become the 

ordinary differential equations 

and 

dh 
dt 

l dP -- = 0 
p dt 

(20) 

(21) 

(22) 
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It is interesting to compare the characteristic equations 

presented above to similar equations for the perfect gas case. The 

perfect gas characteristics show that along 

u + a 

dP du - + pa - = 0 
dt dt 

(17a) 

and along 

(18a) 

dP du 
pa - = o. (19a) 

dt dt 

It can be seen that in the nonequilibrium case the froz·en speed 

of sound, af, assumes the role of the perfect gas unambiguous sound 

speed, a, in determining the directions of the characteristic lines. 

The compatibility equations, however, are not analogous for the two 

cases due to the addition in the nonequilibrium case of the term 
K 21 ~~)O\ 

-a 

f (:;) 
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which is due to the inclusion of rate processes in the formulation of· 

the problem. 

Frozen Characteristics 

Consider now the limiting case of frozen flow, the case in 

which the rate controlled quantities have no time in which to relax. 
Dqk 

For such a case, qk is constant and = - = O. The characteristic 
Dt 

equations, (16) through (22), reduce to the following. The character-

istic curves are described by 

(16b) 

and 

(18b) 

and the associated compatibility equations are 

dP du - + oar - = 0 dt dt (1Tb) 

and 

dP - - (19b) 
dt 

Along the particle path, 

(20) 
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only the energy equation, 

dh 1 dP - - = o, (21) 
dt p dt 

need be considered since rates are no longer involved. For the frozen 

case, the frozen sound speed, 9.:r, is constant throughout the expansion. 

This limiting case then reduces simply to the perf'ect gas case in 

which frozen compositions and vibrational energies are used in the 

evaluation of the speed of sound. 

Equilibrium Characteristics 

If the flow is to remain in ther;m.odyna.mic equilibrium throughout 

the expansion, all rate processes must be assumed to occur infinitely 

fast. The characteristic equations for the equilibrium expansion can-

not be obtained as a limiting case of the nonequilibrium process since 

the equation of state required is equation (4a) instead of equation (4). 

Thu~, a continuous variation from the nonequilibrium case to the 

equilibrium case as the relaxation times increase does not exist. The 

characteristic equations can be developed separately for the mathe-

matical_model of equilibrium and are given below for such a model. 

Along the characteristic lines 

(16c) 



the compatibility equations are respectively, 

dP du - ± pa - = O, dt e dt 

and aJ..ong the particle path, 

the energy equation, 

applies. 

dh 

dt 

(:) = u, 
0 

1 dP 
- - = o, 
p dt 
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(23) 

(20) 

(21) 

The equilibrium characteristic equations are equivalent to the 

perfect gas characteristics with the perfect gas sound speed replaced 

by t:tie local equilibrium speed of sound, ae, defined by equation (9). 

The characteristic equations for an unsteady expansion have been 

developed in the x-t plane. It will prove convenient in the numerical 

caJ..culations to use characteristic equations in the Lagrangian coordi-

nate system. Thus, before a specific gas model is defined and a 

numerical method of solution developed, the characteristic equations 

will be established for the Lagrangian frame of reference. 



The Lagrangian System 

Description of the Lagrangian Coordinates 

The unsteady, one-dimensional flow problem could be approached 

using the characteristic equations in the Eulerian (x-t) coordinate 

system previously discussed. However, because of the difficulties 

which appear in establishing a particle path along which the rate and 

energy equations can be applied in the Eulerian system, it is advan-

tageous to set up the problem in a Lagrangian coordinate system. 

In the Lagrangian frame of reference, attention is given to 

what happens to an individual fluid particle in the course of time. 

Each individual fluid particle must, therefore, be labeled. In the 

present work, this labeling is accomplished in the following manner. 

Each particle is designated by its position coordinate x, in the 

x-t plane at some ·reference time, t = t 0 • This value is called b, 
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the Lagrangian coordinate specifying which particle is being considered. 

In other words, b equals the value of x for the particular particle 

when- t = t 0 • 

The two independent variables in the Lagrangian coordinate system 

defined above, are there~ore b and t. 

Governing Equations in the Lagrangian System 

In Appendix B, a transformation is established for going from the 

Eulerian to the Lagrangian coordinate system. Applying this transfor-

mation to the previously developed set of governing equations, the 

equivalent equations in the Lagrangian frame of reference are shown to 

be those listed below. 
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Continuity Equation. 

(24) 

Momentum Equation. 

Po (OU) + (oP\ = O 
ot b obit 

(25) 

Energy Equation. 

(26) 

Equation of State. 

(4) 

Rate Equation. 

(27) 

Characteristic Equations for the Lagrangian System 

The development of characteristiG curves in the Lagrangian 

system and the compatibility relationships along these curves can be 

accomplished using the method presented in Appendix A for the Eulerian 

system. Following that procedure, it can be shown that along the+ 



characteristics described by 

(::)+ 
the compatibility relation is 

d.P du a2 - + pa - -
dt f dt f 

and along the - characteristic 

the relation, 

holds. 

d.P 

dt 

(::) -

par =-, 
Po 

K 

r~dj 
k=l q 

= o, 

(!:) 

paf 
= --

Po 

= o, 

The particle path in the Lagrangian system is given by 

31 

(28) 

(29) 

(30) 

(31) 

(32) 
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The second boundary condition is obtained by considering the 

unsteady expansion as A particle processed by the expansion 

for such a condition will have a residence time in the expansion which 

also approaches zero. The particles adjacent to the piston face 

experience such an expansion. Because of these short residence times, 

no relaxation of the rate controlled quantities will occur. Thus, 

as it seems reasonable to assume that the properties throughout 

the process will be those of a frozen expansion. This assumption is 

mathematically verified in Appendix C. In the x-t and b-t coor-

dinate systems, as the+ characteristic curves all converge to 

one point, thus making it difficult to apply this frozen boundary 

condition. As Appendix C indicates, the use of the modified coordinate 
-system with the independent variables y and t al.lows the boundary 

condition to be written as follows: 

(58) 

u (y, 0) = 

-The frozen values Pr, Pr, and llr are readily calculated for 

the desired values of y using the expressions developed in Appendix C. 



The values of qkf' of course, remain constant at the initial un-

disturbed values of qk for the frozen boundary condition. 

A final boundary condition is needed to permit the calculation 

of the region of near-steady flow between the expansion fan and the 

piston face. The condition required is that the gas velocity at the 

piston face is that of the piston. Such a condition must exist 

provided no cavitation exists. Properly chosen input properties will 

insure that this is true. 

The characteristic equations and boundary conditions for the 

nonequilibrium unsteady expansion have been established . .An adequate 

thermodynamic model must now be developed to describe the reacting 

gas mixture and allow numerical computation. 

Thermodynamic Model of the Reacting Gas Mixture 

Up to this point, very few restrictions have been placed on the 

gas mixture. The equation of state and rate equations have been 

taken to be of the general forms given by equations (4) and (6). It 

is necessary at this stage of the investigation to develop specific 

relationships for the thermodynamic properties of the reacting gas 

and to establish detailed rate expressions for the various non-

equillbrium processes. This development will begin with the equation 

of state of the gas. 

Thermal Equation of State 

The reacting gas is assumed to be made up of a mixtur~ of perfect 

gases(!.·~·, no intermolecular forces are considered). The pressure 
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of the mixture is, therefore, equal to the sum of the partial. pressures 

of the component species. The thermal equation of state can therefore 

be written as 

p pRT (59) = --
µ 

where 

µ 1I :~-1, ( 60) 

i=l 

R is the universal gas constant and and are the mass frac-

tion and molecular weight of 1th species respectively. 

Internal Energy 

The internal. energy of the gas contains the contributions from 

translational., rotational, vibrational., and electronic energy modes 

plus the energies of dissociation and ionization. If E is used to 

denote the energy per unit mass, the internal. energy can be expressed 

as 

E = E__ __ + E + E_ + E + E_ + E 
TRANS -ROT VIB EL ----UISS IONIZ" (61) 

Since a mixture of perfect gases is being considered, the internal. 

energy of the mixture is equal. to the sum of the internal. energies of 

the component species. Thus, equation (61) may be written 

n 
" E = 
L 

i=l 



A detailed evaluation of the contributions of the various energy 

modes to the internal energy is given in Appendix D. Several assump-

tions are inherent in the formulation of the expression for internal 

energy. Electronic excitation and ionization are neglected. Substi-

tuting the various contributions to the internal energy which are 

evaluated in Appendix D into equation (62), the internal energy of 

the reacting mixture of gases is described by the relationship 

n 

E = I :~ Rr +f i (RT + ev 1) + Ne?~ , 
i=l 

where T is the translational temperature of the gas, N0 is Avogadro's 

number, and is the heat of formation in energy per molecule for 

the i th specie. The factor fi is used to permit the existence of 

rotational and vibrational" energies for molecular species and to 

eliminate these energy modes for atomic species. For molecular species 

fi assumes the value of one; for atomic species fi is zero. The 

vibrational energy per mole is written in the general form ev in 
i 

this formulation of the internal energy expression. This provides 

an option for treating the vibrational energy as either a rate con-

trolled or an equilibrium process later in the analysis. With the 

internal energy now established, it becomes a simple matter to obtain 

an expression for the enthalpy of the mixture. 



Enthalpy 

The assumption was ma.de earlier in this analysis that the 

caloric equation of state could be written in the form 
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(4) 

The variable qk was used to represent all of the rate-controlled 

variables, in this case, the mass fractions a.nd/or the vibrational 

energies of each· specie of gas. Using the thermal equation of state, 

equation (59), the expression for internal energy may be written as 

Using the definition of enthalpy, 

p 
h = E + -, 

p 

(64) 

(65) 

the definition of the average molecular weight of the mixture as given 

by equation (60), and the expression for internal energy given above, 

it becomes apparent that the enthalpy in units of energy per unit mass 

of the mixture takes the form 

(66) 



A specific caloric equation of state is then established which has the 

form originally assumed, that is 

(4) 

This relationship permits the evaluation of the enthalpy derivatives 

which appear in the compatibility equations. 

Enthalpy Derivatives 

Before the characteristic equations can be used, the enthalpy 

derivatives which appear in them must be evaluated in terms of the gas 

model. 

The frozen speed of sound, af, appears in the equations speci-

fying the characteristic curves and the compatibility relations along 

these lines. Since the frozen speed of sound was shown to be 

(::t,qk 
(15) af 

1 (Oh) - - -
p oP 

p,qk 

it becomes necessary to evaluate 

and (oh\ .in terms of P, p, and 
oP/p,qk 

Also, in using the nonequilibrium compatibility equations, equations 

(29) and (31), the term must be evaluated. 
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The development of these partial. derivatives in terms of the postulated 

gns model is presented below. Two nonequilibrium states of the gas 

are considered, one in which both the dissociation and the vibrational. 

energy are permitted to be in nonequilibrium and the other in which the 

vibrational energy remains in equilibrium with the translational. energy 

and only the dissociation is rate controlled. 

Case 1. Chemical. and Vibrational Nonequilibrium. Consider first 

the case in which the compositions and the vibrational energies are 

rate controlled. For such a case, qk includes the mass fractions, 

xi, and the vibrational energies per mole, ev·' for each of the com-
1 

ponent species of the gas mixture. Therefore, the partial derivative 

can be written ( ::) and the 
P,xi' ... , ~' eyi' ... , eyn 

partial (oh) 
oP p,qk 

The expression f (oh_\ becomes for this case 
L~ oqJ 

k=l 

dxi 
dt 

(67) 



The expression for enthalpy was given in equation (66) as 

(66) 

where 

(60) 

Using equation ( 66), ( ) and 

~: P,qk 

(68) 

and 
n 

Substituting these two expressions into equation (15), the sound speed 

for a gas mixture with frozen compositions and frozen vibrational 

energies may be written as: 

1 
p 

1 
2 

(70) 



Reca.1.ling the definition of µ, equation (60), reveals that 

n 
µ = 1. Thus B..r assumes the more convenient form 
1';i µi 

1 
2 
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(71) 

It can readily be shown that the quantity in the square brackets is 

rf, the ratio of the frozen specific heats defined in the conventional 

way. K 

In order to evaluate )(dh_\ ~, the derivatives 
tj_ dqJ 

(::J 
P,p,~ , ••• , 

i 

must first be evaluated. Dif"ferentiating equation ( 66) with respect 

to the mass f'raction, xi, of one specie with all other variables held 

constant yields 

fi ev i J [ PJ dµ 
Pµ No6i ,-, xi 5 -- -+ + - + ) -(- + f1 oxi pµi µi µi i~l µi 2 p oxi 

~i + f~ 

fi 
+ NA l µ

2[f Xi(~ + f ~-~+ i (72) = 
pµi µi µi µi i=l µi 
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Following a similar procedure, it is readily seen that 

The 
K 

term, I (:h ) ~, present in the compatibility equations (29) and 

k=l qk 

(31) because of the rate processes in the flow, may then be expressed 

in the following manner for the case with dissociative and vibrational 

nonequilibrium. 

dxi 

dt 

(73) 

The rate equations, discussed subsequently, will provide 

expressions for d.xi 
dt 

and dev __ i 
dt 

in terms of thermodynamic properties, 

compositions, and vibrational energies. The above equation may then 

be used to evaluate the nonequilibrium term in the compatibility equa-

tions and thus make possible a solution by the method of characteristics. 
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Case 2. Chemica.l Nonequilibrium with Vibrational Equilibrium. 

It is quite realistic for many problems to assume that the vibrational 

energy remains in equilibrium with the translationaJ. and rotational 

energy modes while the compositions of the various species are in a 

state of nonequilibrium. Such a case is admittedly only a mathematical 

model. However, if the vibrational relaxation is much more rapid than 

the chemical recombination process, this model is quite adequate for 

describing the f~ow. 

If only the compositions are assumed to be rate controlled, qk 

simply represents the mass fractions, xi. The vibrational energy is 

assumed to be represented by a system of harmonic oscillators. In 

Appendix D, the expression for vibrational energy is developed using 

the partition function for such a model. An approximate expression is 

then postulated and shown to be quite accurate for expressing the 

vibrational energy. Substituting this approximate expression, 

(74) 

into the enthalpy expression, equation (66), yields 

(75) 

For vibrational equilibrium and chemical nonequilibrium, the partial 

derivatives (Oh) 
oo P q , k 

may be written as 
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and 

(77) 

Using the two above equations and equation (15), the speed of sound 

considering the vibration in equilibrium and the composition frozen 

ms:y be written as: 

n 

)' xi 0 + fi + 1 
.:...., µi 2 2 

a' = £ i=l (78) 
f p ! '.'.i (:i + f. 

1 µi 2 
i=l 

This expression will subsequently be used in equations (28) and (30) 

which establish the characteristic curves and in the compatibility 

relations, equations (29) and (31). 

For the present case, the nonequilibrium term in the compatibility 
K 

equations, I~:!) "\, becomes simply 

k=l P,p 



dxi 
dt 

(79) 
dt 

This expression is then used in the compatibility relations, 

equations (29) and (31), thus permitting the use of these equations 

in obtaining a numerical solution for the case of vibrational equilib-

rium and chemical nonequilibrium. 

Rate Equations 

It is necessary to establish general forms of the rate equations 

controlling vibrational relaxation and the dissociation-recombination 

chemical reactions. The rate equations were previously postulated to 

take the form 

This expression must now be expanded to more specific terms for use 

in the solution of the problem. 

( 6) 



C emlcaJ. Equations. A rate equation will first be established 

describe he dissociation and recombination rates of the reacting 

ga.a species. Such an equation must be capable of handling a number 

o s cies, the associated reactions, and the catalytic species in-• 

olv din the reaction. 
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The formulation of the chemical rate equations for a reacting 

stem of this nature is discussed in detail by Penner (1957, p. 217). 

H states, 

"According to the law of mass action, the rate of produc-
tion of a chemical species is proportional to the products 
of the concentrations of the reacting chemical species, 
each concentration being raised to a power equal to the 
corresponding stoichiometric coefficient." 

If the rate expression proposed by Penner is written in terms of mass 

:fractions instead of concentrations, and the contributions of each 

reaction are included, the rate of change of the mass fraction of 

species i may be expressed as 

where 

d 

xi 

j 

\I ij 

= mass fraction of the 1th species, 

denotes the reaction, 

= stoichiometric coefficient of 1th 
reactant in jth reaction, 

= stoichiometric coefficient o:f 1th 
product in the jth_ reaction, 

species o:f 

species of 

= specific reaction rate coefficient for the 
jth reaction. 

e specific reaction rate coefficient is assumed to be a 

(80) 

c io o temperature onJ.y. Following the manner of Penner (1957), 



1 a as1rumed to e an empirically determined coefficient which can 

vr1 en int e following :form for the forward (dissociation) 

ion. 

5 

= A ~j exp (~) 
j kT 

(81) 

The parameters Aj and Bj and the activation energy Ej are 

constants which were previously evaluated by experimental work. The 

best available values of these constants will be used for the reactions 

considered in this investigation. The values of the constants and 

their sources will be presented as specific reactions are considered. 

The reverse (recombination) rate coefficient, k , is obtained 
rj 

by applying the law of mass action at equilibrium. The forward and 

reverse rates are equal for this condition and the reverse rate 

coefficient is given by 

(82) 

where K is the equilibrium constant based on concentrations for 
cj 

he j th reaction. 

The form of the chemical rate equation given by equation (80) 

1s adequate for both forward and reverse reactions provided each is 

rea ed as a separate reaction. 

Vibrational Rate Equation. For cases in which residence time is 

no adequate for the vibrational energy of a molecule to relax to the 
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e a ra e equation must be used to describe the re-

axa io proc ss. incen i (1961) presents a thorough discussion of 

e fo ula ion of the vibrational. rate equation. He develops an 

ea,mtion of the form 

de__ f!y -e__ 
--vi ei -Yi --= dt T 

wher T, which is a function of temperature and pressure, has the 

dim nsions of time and is caJ.led the vibrationaJ.. relaxation time. 

Landau and Teller (1936) derived a theory which predicts the relaxation 

tim to be of the form 

Since that time, a number of experimental measurements of T have 

been made. Most of the available data can be represented using an 

expr ssion similar to equation (84), namely 

(84) 

e ch cteristic vibrational temperature, avi' and the equilibrium 

ibra ional. energy, ey , are defined in Append.ix D. e1 
The vibrational rate equation and the relaxation time expression 

p ed for use in the present work are given by equations (83) and 

(8 ). 
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SOL O PROCEDURE 

o ec ive o becomes that of developing a procedure by which 

c eris 1c eq tions of the system may be utilized to obtain a 

solu ion. this point, the characteristic equations in 

if1ed L rangian system have been developed from the conserva-

io equations and the generalized equations of state for a one-

sionaJ. unsteady expansion of a reacting gas mixture. The char-

act ris ic equations, in their dimensionless form, must now be con-

v r d to a finite difference form suitable for numerical calculations 

d a procedure established for obtaining a solution over the desired 

ow region. The procedure must then be programed in Fortran language 

for computation on the IBM 7094 electronic digital computer. The 

transition of the characteristic equations from their exact form to 

he form used in machine computation is developed in the discussion 

which follows. 

Finite Difference Form of the Characteristic Equations 

The equations prescribing the characteristic directions and the 

compa ibility relationships in the modified Lagrangian coordinates 

ms first be converted to finite difference form. Since these equa-

ions are all first order, this conversion is a fairly simple one. 

Consider the f\mction f(t) with the derivative (df) at 
dt 0 

0 midway between t_ 1 and t+l· The finite difference form 

o e eriva ive may be written: 



5 

1 
26. 

(8) 

ere is he stance between t -1 and 0 or and O, and 

1 d r_1 are the values of the function at t 1 and t_ 1 . 

The general grid pictured in Figure 4 establishes the nomenclature 

which will be used. The utilization of this grid in the calculation 

o h entire flow region will be discussed later. In using this grid, 

he 1n1 e difference expression is used to represent the derivatives 

at points mid y between two grid points. Other quantities appearing 

in the differential equations are assumed to be the average of the 

v es at the two grid points. 

Using the nomenclature of Figure 4 and the finite difference 

approximations, the characteristic equations may be written in the 

form below. 

The characteristic direction of line AP prescribed by 

dt 

is expr~ssed in finite difference form as: 

The inite difference form of the compatibility relation, 

eQ\Jatio ( ) , ong the characteristic line AP becomes 

(51) 

(87) 
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1 

p - u + 0 . 

(88) 

bracket [] denotes the average of the values of the term 

co tain din the bracket at the two grid points M and N. 

In like manner, the equation of the characteristic direction and 

compatibility relationship along the line BP, equations (52) and (46), 

may be written as 

and 

-A 1 

The particle path is given by the equation 

d(Yt) = O . -dt 

I finite difference form along line PD this simply becomes 

(53) 

(91) 
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0 icle pa h, he energy and rate equations may be written 

X - xi = t' 6~1 (~ - tD) (93) 
ip D PD 

and 

e - e = t' [~ (tP - tn) · (94) 
vi vi 

p D PD 

This set of equations (87) through (94) forms the basis of the 

characteristics program for obtaining a numerical solution to the 

problem. The detailed usage of these equations in a step by step 

method of calculation will now be considered. 

Ca.lculation Outline for the Expansion Fan 

The finite difference characteristic equations are used to 

ca.l.culate one point at a time in the flow field. It is advantageous 

at this point to get an overall picture of the flow field to be 

ca.l.culated and see the marching process used to cover the entire field. 

e nature of the grid used in the calculation is shown in Figure 5. 

It should be remembered that for the expansion fan, the calculations 

e c ied out in the modified Lagrangian (y-t) coordinate system. 

e oundary conditions were discussed previously. It was 

-t ong he line t=O, all conditions are those of a frozen 
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e~>a.nso. 6 he alues of all quantities at points (M,1) are 

dis 

e s 

his bo dary condition. 

so he properties aJ.ong the line Y=l are those of the 

ed gas. Thus, aJ.l quantities are known for points (1,N). 

point for the calculation is obviously point (2,2) 

since points (2,1), (1,1), and (1,2) are known from the boundary con-

di ions. The finite difference equations are used to obtain the coordi-

na s, properties, compositions and velocity at point (2,2). The de-

tail d procedure for such a calculation is given in the next section. 

Once point (2,2) has been calculated points (2,2), (1,2) and (1,3) are 

used to calculate point (2,3). Thus, the calculation marchs up the 

(2,N) line until the limiting N is reached. Then using points 

(3,1), (2,1), and (2,2), point (3,2) is calculated and the same marching 

process used along line (3N). A second marching process is therefore 

established ~hich moves to the left after each successive column is 

calculated. These processes continue until all desired points have 

been calculated. 

Detailed CaJ.culation Procedure for One Point 

The preceding discussion outlined the general calculation of 

he ent~re flow field. The key operation in that outline is the 

calculation of any unknown point using the known values at three 

acen points and the finite difference characteristic equations. 

is operation is an iterative process and requires a fairly elaborate 

ale a ion procedure. The steps used in this caJ.culation are presented 

ow. e nomenclature used in that of Figure 4. 



P. 

( . ) 1 e known at points A, B, and C from the 

co di ions or previous calculations. As a first assumption 

ues of the thermodynamic properties, compositions, and the 

oc1 a point P equal their respective values at point A. 

(2.) Cal.culate the frozen speed of sound at points A, B, C, and 

ine 

so hat equations (87) and (89) become 

and 

--and can be solved simultaneously to give Yp and tp, the coordinates 

of point P. 

(3.) The coordinates of point D must now be established to 

indicate where a particle path through P intersects CA or CB. 

This step is necessary because the rate equations and energy equation 

st be evaluated along the line DP. From equation (91) it is seen 
- - - -hat along the particle path, Yp "tp = Yn tn. Three possible locations 

of must be conaidered. 

If Yp tp> Ye tc, D is on CB. Since for the frozen case CB 

is as raight line, it seems reasonable to treat it as a straight 

line over e small interval considered here. Writing the equation of 

e 1ne CB and solving this equation simultaneously with the con-
- - -1o Yp 1l> = Yn tD, yields the values of the desired coordinates, 



o ai 

oi 

If Yp 

cons 

11 la ion bet een points C and B is 

s of e properties, compositions, and velocity 

Ye tc, D is on CA. The line CA is of the form, 

, in the frozen case, so this form appears reasonable 

h r ssuming - -2 1 (- -2 - -2) us Thus, Yn tn = 2 Ye tc + YA tA, and using 

co dition Yp tp = Yn tn, the coordinates -tn and YD are readily 

fo . A inear interpolation of properties between A and C is 

s d o valuat the flow quantities at D. 

If Yp tp = Yn tn, points D and C are identical and thus D 

is defined. 

(4.) The rate expressions for the rate processes considered must 

now b evaluated at points A, B, P, and D for use in the com-

pa ibility and rate equations. Thus depending upon the rate processes 
a.x1 dey 

onsid red, dt and/or dti must be calculated using equations 

(80) a:nd/or (83) for all species. 

(5.) The compatibility equations, equations (88) and (90), are 

sol d simultaneously to obtain improved va1ues of Pp and up. The 

u of tp used is that found in step (1.). In writing equation 

(88) h average of the va1ues at A and P is used for I: 1_ J and 
@ af. 

a:nd for equation (90) the average of 

ae quanti ies at B and P is used. 

(6.) Rate equations (93) and/or (94) are applied along the 

ice rom D to P to obtain improved values of xi and/or 

oi P. 
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( .) e fini e difference form of the energy equation, equation 

( ) is applied along particle path DP to yield a new value of 

(8.) A new temperature at point P is found using the definition 

of en halpy, .! . !_. , 

T p = 

n 

ho hp -b ti evip + No"½_) 

( 9.) The thermal equation of state is utilized to calculate 

an improved density at point P. 

(10.) Improved values are thus available for the thermodynamic 

properties, compositions, and velocity at point P. Using these new 

val ea, the calculation returns to step (2.) and the calculation cycle 

ia repeated. This iteration procedure continues until successive 

c culated values are within a prescribed degree of agreement. In 

e reae rk, since temperature is more sensitive to nonequilibrium 



r c I ban o her properties, successive temperature values are 

coan:>ared o s lish the convergence of the iteration. When 

ccees1ve ve.lues are vithin a prescribed range of each other, the 

calcula ion proceeds to the next grid point. 

The en steps described above form the basis of the calculation 

of he now field in the expansion fan. Before proceeding to discuss 

he computer program, attention should be given to the modifications 

req ired in the calculation procedure for treating the near-steady 

region. 

Calculation of the Near-steady Region 

A calculation procedure has been established for computing the 

flow in the expansion fan. The near-steady region, the region between 

the tail of the expansion fan and the piston face, may also be cal-

culated using the same procedure with slight modifications. Two 

significant changes are necessary. 

First, it is convenient to use the b - t coordinate system 
- -instead of the y - t coordinate system. This change a:ffects only 

he equations specifying the characteristic directions. Equations (87), 

(89), Blld (91) become 



and 

The compatibility equations (88), (90), (92), (93), and (94), remain 

the same. 

Secondly, the boundary condition of constant velocity flow is 

imposed at grid points adjacent to the piston face. Thus, at these 

points,~ is fixed and equation (90) is adequate for obtaining an 
-improved value of Pp (replaces step (5.) of calculation procedure). 

Interior points are calculated using essentially the same procedure as 

that used for the expansion fan. 

The extension of the computing program to calculate the near-

steady region is quite simple and presents no new problems. A typical 

characteristic network obtained in the calculation of the near-steady 

region will be presented later for a specific example. Attention will 

now be given to the computer program. 

Discussion of the Computer Program 

Fortran Program 

Consideration of the calculation procedure reveals that a 

prohibitive a.mount of hand calculation is required to obtain a solu-

tion for even one point in the now field. It was therefore necessary 

to set up the problem for solution by an electronic digital computer. 

The IBM 7094 computer was used to perfol:11 the computations. The problem 

was programed for the computer using Fortran, the language compatible 

with the IBM 7094. Details of this language are given by McCracken 

(1961). 

.. 
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The input for the computer program consists of the equilibrium 

properties of the undisturbed gas, the constants needed in the evalua-

tion of rate coefficients, and physical constants needed in the cal-

culation. In addition, input data is provided which specifies the 

number of species, the number of reactions, the grid size and grid 

size variation, the limits of the expansion, the tests for iteration 

convergence, the types of rate processes considered, and the number of 

grid points to be calculated. The program calculates its own boundary 

condition along the line. It then marches continuously through 

the entire flow field, as previously described, until the desired region 

has been computed. The pertinent data is printed out for a sufficient 

number of grid points to describe the flow field. A particle path 

may be easily followed through this flow field since in the y-t 

coordinate system used for the expansion region a particle path is 

described by yt = constant, and in the b-t coordinates used for the 

near-steady region, b = constant. 

A copy of the Fortran program used for cases in which vibrational 

equilibrium and chemical nonequilibrium are considered is given in 

Appendix F. 

Due to the complicated nature of the present problem, certain 

problems arose in the development of the computer program. Discussion 

of a few of these problems seems appropriate at this point. 

The step size between grid points. was found to influence the rate 

of convergence of the iteration at each point. This was expected since 

the step size directly influences the amount of change of rate controlled 

quantities between the two points and thus determines how much the 
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assumed properties must change before the iteration converges. The 

procedure was adopted of trying severaJ. grid sizes for the initiaJ. 

portion of the expansion and using the one for which the iteration 

converged in from two to five steps. It was observed that if the 

iteration converged rapidly in the initiaJ. part of the expansion in 

which the rate processes were rapid, no convergence problems existed 

later in the expansion when rates were slower. 

As the computation progresses, the change in property vaJ.ues 

becomes more rapid for a given change in the grid variable, y. It was 

necessary to decrease the increment of y as the calculation proceeded 
- -from y = 1 to y = 0 to aJ.low for this phenomenon. 

The size of the grid network which must be generated to follow 

a specific particle through an expansion aJ.so presented a problem. 

Consider Figure 6. The characteristic which determines the domain of 

ini'luence for a given boundary input is roughly of the form, 
--2 yt = constant, while the particle path is given by yt = constant. 

In order to follow the particle shown in Figure 6, which initially has 

the value t=l at y=l, the entire flow field shown must be calculated. 

This requires that input data be prescribed along the line Y=l :from 

t=O to t = 2.236. From this illustration it becomes apparent that for 

an extreme expansion to very low densities and high velocities, the 

number of grid points which must be calculated in order to follow one 

particle through the expansion can become very large and presents a 

limitation because of the excessive computing time required. 
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Solution Accuracy 

In any problem of this nature which involves a large amount of 

numerical calculation and finite difference equations, questions arise 

concerning the accuracy of the solution. Inaccuracies could be caused 

by several factors. First, the iteration convergence for each point 

must include some small degree of inaccuracy in the test for conver-

gence. The linear interpolation of flow quantities between grid points 

and the use of average values might also generate some error. It is 

necessary then to use a grid spacing which minimizes such error and 

therefore produces accurate results. 

The fact that the iterative process converges rapidly at each 

point is a good indication that the grid size used is fine enough to 

produce accurate results. Such a grid size was found for the cases 

computed. However, to establish the validity of the numerical results, 

cases were calculated using smaller grids for comparison. The grid 

intervals were decreased separately in each coordinate direction. It 

was found that no appreciable change occurred in the calculated results 

when the grid size was varied, provided it was held small enough to 

produce rapid iteration convergence at each point. The calculated 

values for a typical case (the case presented as the general illustra-

tion in the work to follow) are given in Table 1. The effect of grid 

point variation on the coordinates in the y - t plane, the· composition, 

and the dimensionless temperature and pressure are presented for a 

point at the tail of the expansion fan. The calculation of the values 
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Table 1. Computed values for grid size comparison 

- -Variable y t T - p XO 

To 

Grid size for 
which the iter-
ation at each .027184 8.9198 .4296 .018157 .04584 
point converges 
rapidly. 

Values obtained 
by halving the .027172 8.9227 .4295 .018149 .o4586 grid increment, 

J. 

Value obtained 
by halving the .027206 8.9120 .4263 .018110 .o4592 grid increment, 
/:. t. 
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appearing in the first column of Table 1 required the computation of 

1710 grid points. It can be seen that very little modification of the 

computed values occurred when the grid size was decreased. 

As a result of the above comparison it is felt that the numerical 

error inherent in the present work is very small and negligible com-

pared to the possible error introduced because of the uncertain 

accuracies of the reaction rate coefficients. 

With the numerical method of solution and the computer program 

now established, the program will be applied to typical problems of 

current interest. 
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APPLICATIONS 

The centered rarefaction wave has been the subject of many 

gas dynamic studies. The present investigation is intended to illus-

trate the use of one such centered rarefaction wave, the one-dimensional 

unsteady expansion, in applications of current interest. These applica-

tions involve the operation of facilities for producing high enthalpy 

flow and conducting chemical kinetic studies. Flow must, therefore, 

be considered in which vibrational excitation and dissociation may 

occur and in which chemical nonequilibrium may be present. The 

applications illustrate the utility of the programed method of solution 

which has been developed in the preceding pages. It should be noted 

that while the applications presented here deal with specific cases, 

the program. possesses the capability of treating many reacting gas 

mixtures. 

As a first illustration, the general structure of an unsteady 

one-~mensional expansion of a reacting gas mixture is presented for a 

representative case. A multi-component gas mixture subject to a number 

of simultaneous chemical reactions is considered. The relative im-

portance of the various reactions is shown. An analysis of the effects 

of rate chemistry on the flow properties during the expansion is made. 

The overall effects of chemical nonequilibrium on the expansion are 

pointed out. This first application of the program is designed to 

illustrate the capabilities of the general method of solution and to 

give a more understandable physical picture of the nonequilibrium 

expansion being considered. 
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For the second application, attention is given to the unsteady 

expansion by which the test gas is processed in the operating cycle 

of the expansion tube. The expansion tube, described in detail in the 

work of Trimpi (1962), is a device for producing high velocity flow 

for reentry radiation studies. The one-dimensional unsteady expansion 

is an important process for accelerating the test gas of this facility 

to the high velocities required. Only if the chemical state of the 

test gas in the expansion tube is known can meaningful experimental 

results be obtained. The present method of solution is applied to this 

process to obtain the effects of chemical nonequilibrium on the state 

of the test gas as well as on the overall operating capabilities of 

the expansion tube. A typical case is presented to illustrate the 

evaluation of the expansion as it occurs in the expansion tube cycle. 

Another problem in the forefront of chemical kinetic studies in 

gas dynamics today is that of' the direct measurement of recombination 

rates. The use of an unsteady expansion provides an interesting 

experiment for obtaining such a measurement. The third application 

of the present program is in this area. The recombination rate 

experiment is outlined and the computer program is used to determine 

the feasibility of such an experiment. 

The applications which are presented in the pages to follow are 

not designed to produce numerical values describing a wide range of 

conditions for a nonequilibrium unsteady expansion. They are intended, 

instead, to demonstrate the capability of the computer program to 

handle complicated mixtures of gases and associated reactions, and to 



illustrate the sa.lient :features of such an expansion. Furthermore, 

these solutions revea.l the need for the present program in current 

problems of interest and demonstrate its usefulness in providing 

solutions to such problems. 

Genera.l Structure of the Expansion 

The first application of the program is designed to provide a 

physical. picture of the nonequilibrium unsteady expansion of a reacting 

gas mixture. A gas mixture was used which reasonably represents air 

for the conditions considered. Three component gases, N2 , 0 and o2 , 

were included in the mixture. The atomic nitrogen species, N, was 

omitted since nitrogen dissociation is negligible for the conditions 

investigated. The vibrational. energies of the nitrogen and oxygen 

molecules were assumed to remain in equilibrium with the translational 

and rotational energies throughout the expansion. This assumption is 

certainly valid for the oxygen molecules. Nitrogen vibrational relaxa-

tion is somewhat slower and some vibrational nonequilibrium ~y 

actually be present. A preliminary check of nitrogen relaxation times 

indicates that for the larger part of the flow field, vibrational 

equilibrium should exist. Thus, the assumption of vibrational equilib -

rium appears justified for the present application. A more refined 

gas model for representing air should include both vibrational rates 

for o2 and N2 and the additional species N and NO. However, it 

is felt that the simplified air model proposed here is quite adequate 

for demonstrating the salient features of a nonequilibrium unsteady 

expansion. 



The chemical reactions which control the dissociation and 

recombination of the various species in the gas mixture are listed 

below: 

(a) 

(b) 

(c) 

( d) 

( e) 

(f) 

02 + 0 30 

30 02 + 0 

202 20 + 02 

02 + 20 202 

o2 + N2 20 + N2 

20 + N2 0 2 + N2 . 

The reaction rate coefficients used are believed to be the 
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most accurate values available at present. The values of the rate 

coefficients are listed in Appendix E as are the other constants which 

were used in the calculations. 

The physical model of the expansion was ta.ken to be that of 

the sudden constant velocity withdrawal of a piston from a cylinder 

containing a gas mixture in chemical equilibrium. The equilibrium 

temperature and density of the undisturbed gas were ta.ken to be 

43oo°K and 4.55xlo- 3 gm respectively. The piston velocity prescribed 
cm3 

was 3.296x105 cm/sec. 

The initial compositions were calculated with the aid of the 

equilibrium constant,~- The flow field was then calculated using 

the digital computer program developed earlier. The results of these 

calculations will now be presented and evaluated. 

The characteristic calculation of the unsteady expansion fan 

was made using the y - t coordinate system. A graphicaJ. 



representation of the characteristic network appears in Figure 7. A 

comparison can be seen between the nonequilibrium - characteristics 

Bo 

and the -characteristics for frozen flow for the same imput conditions. 

Particle paths are depicted by the dashed lines. Property and com-

position variations along these particle paths will be presented 

subsequently. 

Calculation was also made of the region between the tail of the 

expansion fan and the face of the piston. This region will be known 

as the near-steady region since the property variations in it are due 

essentially to chemical changes resulting from the recombination 

process. Convenience dictated the use of the b-t coordinate system 

for the calculation of this near-steady region. The input used for 

this calculation was obtained from the last characteristic line in 

the expansion fan along with the condition that the gas velocity is 

that of the piston at the piston face. The characteristic network 

which developed for the near-steady region is pictured in Figure 8. 

The structure of the expansion in the x-t plane is presented 

in Figure 9. Since the property variations will be presented along 

particle paths, it is advantageous to establish the particle paths of 

interest in the x-t plane. Path A is representative of a particle 

which is initially very near the piston face. Such a particle is 

processed very rapidly by the expansion and has a very short residence 

time in the fan. The properties along particle path A would thus be 

expected to approach the values of a frozen expansion. The particle 

paths B and C are used to indicate the changes as more residence 

time becomes available in the expansion fan for the rate controlled 
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processes to relax toward equilibrium.. The paths of the various 

particles are sho-wn as the particles proceed through both the expansion 

fan and the near-steady region. 

Flow in the Expansion Fan 

The numerical results of the calculations for the centered 

expansion will be considered first. Figure 10 through 15 show 

graphically the variations in compositions, reaction rates, thermo-

dynamic properties and velocities of the prescribed particles as they 

are processed by the expansion. 
-Particular attention should be paid to the reduced time, tr, 

which appears as the independent variable in the figures. Since 

different particles are considered, each of which spends a different 

time in the expansion fan, it is desirable to compare the properties 

for the various particles when they have undergone approximately the 

same portion of the expansion. The reduced time, ~r, is not a direct 

comparison of actual time spent in the expansion, but a measure of the 

portion of the expansion by which the particles have been processed. 

The dimensionless reduced time, tr, is defined as the ratio of the 

actual time spent by a prescribed particle in the expansion to the 

time required for a similar particle to experience the total expansion 

with chemistry assumed frozen. No direct comparison of variations as 

a function of actual time in the expansion is available from these 

figures. For example, particle A experiences the total expansion 

shown in 5,34x10-6 seconds, whereas particle C requires 33.64x10-6 
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seconds for a similar expansion. With the significance of tr in 

mind, the variations throughout the expansion are now presented. 
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Composition Changes. Consider first the nature of the variation 

in composition, as depicted in Figure 10. A number· of things should be 

noticed. The most obvious observation is the anticipated one that as 

the residence time of a particle in the expansion becomes larger, the 

composition departs more from the frozen value. Remembering the 

positions of the various particle paths shown in Figure 9, it becomes 

evident that as the initial distance from the corner of the expansion 

fan increases, the recombination of the atomic species during the 

expansion increases. 

Attention should also be given to the rate at which the 

compositions change during the expansion. The mass fraction of atomic 

oxygen is seen to decrease very rapidly during the initial part of the 

expansion and then level off as though asymptotically approaching a 

constant value. This phenomenon is very similar to the freezing of 

composition which occurs in nonequilibrium hypersonic nozzles~ It can 

basically be attributed to two factors. 

First, the recombination rate which brings about the decrease 

in atomic oxygen is directly proportional to the square of the mass 

fraction of dissociated atoms, x
0

, for reactions (d) and (f) and to 

the cube of x0 for reaction (b). This can be seen from considera-

tion of the rate equation, equation (80). As atomic oxygen, o, begins 

to recombine, x0 decreases, and thus produces a decrease in the 

recombination rate. 
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The second factor which controls the recombination rate is the 

density. Again considering equation (80), it becomes apparent that 

recombination is directly proportional to the density squared. At 

the beginning of the expansion, the density is high but, as the ex-

pansion proceeds, a rapid reduction in density occurs, resulting in a 

considerable decrease in the recombination rates. It might also be 

recalled that the rate coefficients for the recombination processes 

are generally of an inverse temperature dependence and as the expansion 

proceeds, the temperature drops and the reaction rate coefficients 

increase. This increase is more than offset by the density squared 

dependence of the recombination rates. The net result of the property 

changes caused by the expansion on the recombination rates is a size-

able reduction of the rates. 

Perhaps the· rates of composition variation can be understood 

more f'ully by consideration of the individual rates of the various 

reactions producing these changes. Figure 11 shows the time rate of 

change of the mass fraction of atolllic oxygen due to each separate 

reaction experienced by particles A and C during the expansion. 

It can be seen that for the dissociation reactions, reactions (a), 

(c), and. (e), the rates are initially identical with the corresponding 

recombination rates, (b), (d), and (f). This of course is consistent 

with the assumption that the undisturbed gas is in equilibrium and 

thus the forward and reverse rates are ~qual. As the expansion pro-

ceeds, the forward rates decrease very rapidly allowing the recombina-

tion rates to dominate the composition change. The nature of the 

various recombination rates should also be noted. The rates are more 
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rapid along path A than they are along path C. This is due to the 

fact that the mass fraction of O remains greater along path A. 

Since the recombination rate is proportional to the mass fraction, 

x
0

, to at least the second power, a high value of will give a 

fast recombination rate. (It s~ould be remembered that while the 

recombination rates are somewhat higher for path A than for paths 

B and C the residence time of the particle is much less along path 

A and therefore, the total recombination occurring during the expan-

sion remains less for particle A than for B or C). Particular 

attention should be given to the behavior of reaction (b), !·~·, the 

recombination produced by the collision of three atoms of O. As 

can be seen by considering the values of the rate coefficients, atomic 

oxygen, O, is more effective collision partner as the third body in an 

oxygen recombination collision than is o2 or N2 . This is apparent 

during the initial phase of the expansion. Since along path A, the 

value of x0 does not decrease drastically, reaction (b) remains the 

leading reaction in producing recombination. However, along particle 

path C, a sizeable reduction takes place in the mass fraction of 

atomic oxygen and a corresponding increase occurs in the mass fraction 

of molecular oxygen, o2 • Since the rate of reaction (b) is proportional 

to the third power of x0 , this rate decreases more rapidly than that 

of reactions (d) and (f), since they are dependent on the square of 

x0 • In fact, the increase in x
0 

causes the rate of reaction (d) 
2 

to decrease even less rapidly and thus it produces a greater percent 

of the recombination as the expansion proceeds. 



Combining the contributions from all of the six reactions 

considered, the overall time rate of change of x0 along paths A 

and C is obtained and displayed in Figure 12. As previously dis-

cussed, the net rate is initially zero at the equilibrium condition 

and rapidly assumes a negative value as the expansion proceeds and 

the recombination reactions begin to dominate. A maximum value is 

quickly reached beyond which the total rate rapidly decreases due to 

the decrease in density and mass fraction of atomic oxygen. 

Freezing Criteria. Particular attention should be paid to the 

individual reaction rates with regard to the establishment of freezing 

criteria. Frozen flow is said to exist along a specific particle path 

when the relaxation times of the processes become so large compared 

to the residence time of the particle that the rate controlled quan-

tities exhibit no ·appreciable change during the remainder of the 

expansion. 

In the nonequilibrium "ideal dissociating gas" model proposed 

by Freeman (1958) and used by Bray (1958), only one rate controlled 

quantity and one overall rate equation are considered. A freezing 

criterion, based on the fact that for frozen flow the composition 

change produced by the one rate equation approaches zero, can be 

readily established for such a model. For many realistic nonequilib-

rium problems, however, a simple model of this nature is not adequate. 

A more complicated model, such as that used in the present 

investigation, precludes the establishment of a simple freezing 

criterion. For a gas mixture in which a number of rate processes 
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occur simultaneously, the rate of each process must approach zero for 

completely frozen now to exist. As can be seen in the present illus-

tration, the various reaction rates do not exhibit similar variations 

as the expansion proceeds. Consider first the rates of the recombina-

tion reactions (b), (d), and (f_), along particle path A as depicted 

in Figure 11. Reaction (b), is seen to be the dominant 

reaction in producing recombination during the initial portion of the 

expansion. It might, therefore, seem appropriate to base a freezing 

criterion on this single reaction. However, as the flow expands to a 

lower density, reactions (d) and (f) produce an increasingly higher 

percentage of the recombination and thus tend to impede the freezing 

process. Consideration of flow along path C illustrates this 

phenomena even more vividly. Reaction (b) is initially the most im-

portant process for producing recombination. As the expansion proceeds 

and the atomic oxygen in the flow decreases, reaction (b) exhibits an 

increasingly smaller effect on the composition changes and reaction 

(d) becomes the dominant one in producing recombination. The freezing 

process then becomes more dependent upon reactions (d) and (f) than 

upon reaction (b). 

The complications which arise in establishing a freezing 

criterion for now in which a number of rate processes are considered 

become evident from the above discussion. Such problems become even 

greater for systems in which the various rate processes are controlled 

by different mechanisms. In the above ex8JI!,ple, all of the recombina-

tion is produced by three-body collisions and thus the rates are 

proportional to the density squared. For more complicated reacting 



systems, such as that considered by Hall, et al., (1962), in which ex-

change reactions like N + o2* NO + 0 and O + N2 NO + N may be 

present during the recombination process, the species changes may be 

due to both two-body and three-body collisions. Thus, some rates will 

be proportional to the density and others to the square of the density. 

The complications which result with respect to the establishment of 

the freezing criterion is apparent. Each reaction rate must be care-

:fully analyzed with respect to its variation during the expansion and 

its effect upon the other rate processes. No simple freezing criterion 

is available for such cases. 

It is, therefore, evident that extreme care must be exercised 

in establishing a criterion for freezing when more than one rate 

process is present in the flow. 

The preceding discussion indicates the importance of the ability 

of an investigation of this type to handle a number of simultaneous 

reactions, each of which may have different rate coefficients. While 

the type ·of rate consideration proposed by Freeman (1958) is.very 

useful in many cases in predicting the general behavior of reacting gas 

flow systems, it is not adequate for the detailed investigation of 

systems in which the rates considered may be quite different. Thus, 

the present type of formulation is often necessary. 

The effects of the chemical nonequilibrium on the thermodynamic 

properties of the gas during the expansion will now be evaluated. 

Thermodynamic Properties. Attention will now be given to the 

variation of the thermodynamic properties of the reacting gas mixture 
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as it undergoes the expansion. The translational temperature T has 

been found by many investigators working with reacting systems to be 

affected by chemical nonequilibrium far more than the other thermody-

namic variables. Therefore, the temperature variatlon along the various 

particle paths will be considered first. Figure 13 shows the tempera-

ture profiles through the unsteady expansion fan. A direct correla-

tion between the temperatures and the am.ount of recombination can be 

seen by comparing Figures 10 and 13. As the mass fraction of 0 

decreases,!·~·, as recombination of the atomic oxygen occurs, the 

energy of dissociation is returned to the now and an increase in the 

translational temperature of the gas results. Along particle path 

A, a small amount of recombination occurs and the corresponding 

temperature increase above the frozen value is relatively small. For 

paths B and C, ·as more and more recombination takes place, a con-

siderable am.ount of the energy which was tied up in dissociation is 

returned to the now and manifests itself in the form of increased 

temperatures. It should also be noted that the portion o~ the ex-

pansion in which the temperature departs from the frozen values is 

identical with that in which the recombination occurs. Beyond about 

tr= 0.3 very little recombination occurs. Similarly, beyond this 

point the temperature profiles become nearly parallel, indicating that 

very little chemical energy is being released to raise the temperature. 

It is apparent from Figure 13 that temperature is influenced-greatly by 

the chemical state of the gas mixture and is a good indicator of the 

degree of nonequilibrium of the flow. 



It is also desirable to ascertain the effect of nonequilibrium 

on the pressure of the gas during the expansion. In Figure 14 the 

pressure variation is displayed along the various particle paths. 

The pressure is seen to depart only slightly from the frozen values. 

However, as the expansion proceeds and the gas expands to very low 

pressures, the pressure change due to nonequilibrium can become an 

appreciable percent of the static pressure. 

Density variation is not shown graphically because it is 

affected only slightly by the chemical state of the gas. 

Velocity Variation. The flow velocity is of considerable 

interest in many applications of the unsteady expansion, particularly 

in those dealing with the design of facilities for producing high 

velocity, high enthalpy flow. The effect of the chemical state of the 

gas on the velocity is therefore quite important. Figure 15 provides 

an insight into this effect for the present example. It can be seen 

that as the recombination increases, the velocity of the gas increases. 

This is to be expected since some of the energy released by the recom-

bination of the oxygen atoms in forming molecules is converted into 

flow energy. The velocity increase for the present nonequilibrium case 

is seen to be as much as four percent higher than the velocity for a 

similar frozen expansion. The percent will be slightly higher for the 

case in which the flow is allowed to relax completely to equilibrium. 

To obtain the maximum velocity from an.unsteady expansion, it is neces~ 

sary for the process to take place in a state of chemical equilibrium. 
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The basic effects of nonequilibrium chemistry on the flow in 

the expansion fan have been pointed out. Attention will now be given 

to flow in the near-steady region. 

Near-Steady Region 

The expansion fan region is assumed to be terminated by a 

trailing characteristic line. Two boundary conditions are employed in 

the calculation of the near-steady region. First, the output from the 

expansion fan caJ_culation is used as input along the trailing charac-

teristic of the expansion fan. Secondly, the particle velocity at 

the face of the piston is assumed to be that of the piston. Using 

these conditions, the near-steady region was calculated for the present 

example. The results are presented below. 

Compositions. The variation of the mass fraction of atomic 

oxygen as the particles proceed through the near-steady region is 

shown in Figure 16. The values are plotted versus the dimensionless 

time, t - te, where te is the value of the dimensionless time t at 

which the particle entered the near-steady region. Thus a direct com-

parison can be made between the different particles at a given (t-te), 

since this coordinate is a direct measure of the time spent by the 

partic~es in the steady region. The particle path labeled b = 0 is 

that of the particle at the piston face. Such a particle goes through 

the expansion fan completely frozen since no relaxation time is avail-

able and therefore enters the steady region with its initial composi-

tion unchanged. Consequently, it has a higher concentration of atomic 

oxygen, and, as was discussed previously, the recomination rates are 
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higher than they are for particles B and C, which have smaller mass 

:fractions of atomic oxygen when they enter the near-steady region. 

It can be seen from Figure 16 that the less atomic oxygen the 

particle contains when it enters the near-steady region, the slower 

its recombination rate is in th_at region. This is, of course, due to 

the x2 
0 and dependence of the recombination processes._ 

.Also, it should be noted that the x0 variation with time is 

very nearly linear throughout the near-steady region. This is largely 

due to the fact that the other thermodynamic properties of the gas do 

not vary drastically in this region. This linear variation of com-

position can be of considerable use in chemical kinetic rate studies, 

and will be discussed more fully in a later example. 

Temperature, Pressure, and Velocity. The temperature variation 

with time is seen·to correspond to the composition changes, again 

indicating that most of the dissociation energy returned to the flow 

shows up in the form of a temperature rise. This actually means the 

additional energy takes the form of translational, rotationai, and 

vibrational energy. 

The pressure and velocity profiles for the near-steady region 

appear in Figure 17. They indicate a convergence toward the frozen 

value. This is certainly to be expected for the velocity since the 

boundary condition of a constant velocity piston forces the flow to 

adjust to satisfy this condition. 

The general structure of a centered nonequilibrium unsteady 

expansion and the near-steady region following it have been examined 
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and the effects of nonequilibrium chemistry discussed. More specific 

applications of the present program will now be made in the analysis 

of expansion tube flow and the proposal of a method for measuring 

recombination rates. 

Expansion Tube Analysis 

The present investigation was initiated to provide information 

concerning the effect of chemical nonequilibrium on the operation of 

facilities utilizing an unsteady expansion to produce high energy flow. 

The program will now be used to analyze the cycle of one such facility, 

the expansion tube. 

Expansion Tube Operation 

The operation of the expansion tube is described in detail in 

the work of Trimpi (1962). The cycle is depicted in the distance-time 

(x-t) coordinate system in Figure 18. 

The tube is divided into the three sections shown by means of 

two diaphragms. At time zero, the diaphragm separating the high 

pressure driver gas from the test gas ruptures. A shock wave propagates 

into the undisturbed test gas. The temperatures and pressures of test 

gas behind the shock are thereby raised and the gas is accelerated to 

a considerable velocity. When the shock reaches the second diaphragm, 

the elevated pressure ruptures the diaphragm. This produces a shock 

which propagates into the accelerating -chamber and an expansion wave 

which propagates back into the moving test gas, thus expanding it and 

accelerating it to an even higher velocity. The gas used for testing 
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purposes is then the constant property (at least in the perfect gas 

and equilibrium. cases) gas bounded by the tail of the expansion and 

the contact surface between the test gas and accelerating gas. 

The operation of such a facility using air as the test gas has 

been described for the perfect gas case by Trimpi (1962) and for the 

case of chemical equilibrium in the work of Trimpi and Grose (1963). 

The operating range of the expansion tube includes conditions at which 

appreciable oxygen dissociation may be present. The initial shock 

propagating into the test gas raises the temperature of the gas to a 

point at which dissociation occurs. Due to the high pressure behind 

the shock, this dissociation very rapidly reaches equilibrium. The 

test gas is then processed by the expansion, producing rapid cooling 

and decreasing the pressure. Recombination of the oxygen molecules 

must then occur if chemical equilibrium is to be maintained. If the 

expansion process occurs too rapidly for this adjustment to equilibrium 

to occur, nonequilibrium flow will be present and its effects must be 

evaluated. 

Calculated Results 

To obtain meaningful experimental results in the expansion tube, 

it is necessary to be able to predict the state of the test gas. The 

present program was used to evaluate the properties of thi~ test gas 

for a particular expansion tube operating condition. The conditions 

behind the initial shock,!·~·, the conditions in the test gas after it 

has been processed by the shock but before it undergoes the unsteady 

expansion, were taken to be those considered in the general example 
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discussed previously. An additional condition that the velocity of the 

test gas at that point is 3.3 x 105 cm per sec was specified. The 

same species, o, o2, and N2 were considered as well as the reactions 

and reaction rates of the previous example. For such conditions, and 

with proper conditions in the accelerating chamber, the test gas, if 

expanded in an equilibrium. state, could reach test conditions which 

duplicate a velocity of 35,000 feet per second at an altitude of 

200,000 feet. 

Calculations were performed using the computer program. The 

expansion was carried to much lower temperatures and pressures than 

those of the first example. A reasonable length of the accelerating 

chamber of an expansion tube is 150 feet. Results of the calculations 

are presented for a gas particle which makes its way into the test 

gas at a point 150 feet downstream of the second diaphragm. The 

particle considered then represents the limiting case for the amount 

of recombination which can occur in the test gas . .All other particles 

in the test gas will experience less recombination since they have less 

time in the expansion fan and since the density in the near-steady 

region is so low that any recombination these particles might experience 

in that region can be shown to be negligible. Thus the flow in the 

test gas must exist at conditions between those of frozen flow and 

those of this limiting particle. The results of the calculation are 

shown in Figures 19, 20, and 21. The method of Trimpi and Gross (1963) 

is used to calculate the equilibrium curves. A particle is chosen 

which will, if expanded in a state of chemical equilibrium, obtain a 

velocity of 35,000 feet per second and properties equivalent to those 
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at 200,000 feet altitude at the time it leaves the expansion fan 150 

feet downstream of the second diaphragm. The same particle was analyzed 

assuming it expands with frozen chemistry and the results are presented. 

The nonequilibrium program was used to compute the expansion for the 

particle assuming that the oxygen recombination process is rate con-

trolled. The results of this calculation are also presented. 

The variations in temperature and velocity with time during 

the expansion are shown in Figure 19. It can be seen that the tempera-

tures and velocities calculated considering rate processes depart only 

slightly from the values for a frozen expansion. This indicates that 

very little of the dissociated oxygen had time to recombine during the 

expansion. The a.mount of recombination is indicated by Figure 20. 

Only about ten percent of the oxygen atoms are able to recombine, 

therefore most of the dissociation energy is not returned to the flow 

during the expansion. The temperature and velocities of the test gas, 

therefore, remain considerably below the values that could have been 

obtained if the gas had undergone an equilibrium expansion. 

Static pressure in an expanded flow has often been used as an 

indicator of the degree of nonequilibrium which exists in the flow. 

In Figure 21, it can be seen that the relationship between static 

pressure and flow velocity is dependent upon the chemical state of the 

gas. For a given velocity obtained in the expansion, the existence 

of nonequilibrium in the flow lowers tne static pressure considerably. 
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Expansion Tube, Hypersonic Nozzle Comparison 

A comparison can be made at this point between the unsteady fl.ow 

in the expansion tube and the quasi-one dimensional flow in a hypersonic 

wind-tunnel nozzle. Bray (1959) analyzed nonequilibrium fl.ow in hyper-

sonic nozzles using the Lighthill-Freeman gas model. The work of Hall 

et al. (1962) obtained a solution to the nozzle problem considering 

a complicated gas mixture containing a number of species and reactions. 

Their investigations both indicated that as the quasi-one-dimensional 

expansion proceeds to high velocities, the associated density drop 

causes a rapid decrease in the recombination rate. Therefore, the 

recombination of the atomic species, while appreciable during the ini-

tial phase of the expansion, quickly diminishes, leaving the composi-

tions at essentially a constant value and allowing the expansion to 

proceed in a frozen manner. The same phenomena is seen to exist in 

the expansion tube flow and is shown graphically in Figure 20. 

In addition to the similarity in composition change for the 

two expansions, a direct comparison can be seen for the thermodynamic 

properties and velocities. Temperature is, for both cases, highly 

influenced by the a.mount of nonequilibrium in the fl.ow. It is, of 

course, increased above the frozen value by an a.mount dependent upon 

the recombination which occurs. Density variation, for both the 

expansion tube and the nozzle, is not altered significantly from the 

equilibrium case by nonequilibrium in the flow. Static pressure, in 

both instances, is lowered as nonequilibrium increases. The flow 

velocity of the test gas in the expansion tube and the hypersonic-



wind-tunnel nozzle are lowered when the recombination rates are not 

adequate to return the dissociation energy to the flow. 
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The general effects of nonequilibrium on the flow quantities 

in an expansion tube are seen to be very similar to the same effects 

on flow through a hypersonic no_zzle. 

Expansion Tube Comments 

Freezing of the test gas was shown to be present in the ex-

pansion tube as well as in the wind-tunnel nozzle. The question might 

arise, therefore, as to the advantage of using the expansion tube. As 

was shown by Trim.pi (1962), the expansion tube cycle can produce a 

high enthalpy test gas without subjecting the test gas to the reservoir 

conditions required for tunnel flow. Therefore, the expansion tube 

test gas is never raised to conditions where excessive dissociation 

and ionization occurs. Al though some nonequilibrium may be present 

in the flow, it is very much less than would be experienced by a 

winq. tunnel operating with the same test conditions. In fac-:t, the 

reservoir pressures and temperatures which would be required to pro-

duce the test conditions in a wind tunnel for the example presented are 

beyond the range of present design capability. 

· The present example was used to show the value of the present 

program in analyzing expansion tube fl.ow. The results shown are not 

indicative of expansion tube flow in general. Operating conditions 

were purposely chosen which would produce considerable dissociation. 

Expansion tube operation can cover a wide range, much of which does 

not involve appreciable dissociation. For much of the operating range 
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of the expansion tube, densities are higher and the degree of dissocia-

tion much lower. For such conditions, the nonequilibrium effects will 

be much less. An extension of the present work will be undertaken to 

evaluate a wide range of operating conditions. The present program 

should prove very useful in such an evaluation. 

ApPlication to Rate Studies 

A great many gas dynamic problems of current interest require 

an accurate knowledge of reaction rates for their solution. The pres-

ent state of computer technology permits the inclusion of the rate 

chemistry of component gases in the analysis of flow problems which 

can be solved by numerical. techniques. Many of these problems are 

dominated by recombination reactions,.!_.~., by the recombination of 

two atoms to form a molecule. 

Consider as an example the rocket nozzle. The exhaust gas, 

whether it be hydrogen heated by a nuclear reactor or the products of 

chemical. combustion, is initial.ly at a temperature at which dissocia-

tion of some of the molecules occurs. As the gas is expanded through 

the nozzle, the temperature and pressure decrease and, to maintain 

chemical. equilibrium, the atoms must recombine. However, the re-

combination process is rate controlled. The exit velocity of the gas 

and thus the specific impulse of the rocket, as well as the heat 

transfer to the nozzle, is thus dependent upon the rate at which this 

recombination occurs. An accurate knowledge of recombination rates 

is therefore a prerequisite for the solution of such problems. 
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Studies of the effects of various catalysts on the recombination 

rates are needed to prescribe what additives should be included in the 

fuel to promote rapid recombination and thus allow the maximum exit 

velocities to be obtained. 

Similarily, accurate recombinations rate are needed to analyze 

flow in hypersonic wind tunnels in which the test gas is expanded from 

reservoir conditions at which some of the gas is dissociated. The 

analysis of the expansion of air around reentry vehicles after the air 

has become dissociated in the stagnation region must also account for 

recombination and the rates at which it occurs. 

The above examples were cited simply to indicate the need for 

accurate data describing the rates of numerous recombination reactions. 

Despite this great need, very little experimental work has been done 

in the direct measurement of recombination rates. Most investigators 

have undertaken the job of determining the forward rate,.!_.~., the rate 

of dissociation of the molecules into atoms. Assuming that the physical 

mechanisms governing the reaction rates are the same for eg_ui.librium 

as they are for departures from eg_uilibrium, the eg_uilibrium constant 

based on concentrations, Kc, is used with kf, the dissociation rate 

coefficient, to obtain~' the recombination rate coefficient, through 

the expression, kf which is completely valid at eg_uilibrium. 
Kc=-, 

k r 

However, the uncertainty which exists in the knowledge of the mechanisms 

of the various rates could lead to considerable error in the rate 

predicted by such a mechanism for flow in which the departures from 
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equilibrium are great. It therefore appears that before recombination 

rates can be adopted which are accurate for any degree of nonequilibrium 

in the flow, these recombination rates must be directly measured. The 

following discussion outlines an experiment for such a measurement and, 

using the program developed ear~ier, examines the feasibility of such 

an experiment. 

Outline of the Proposed Experiment 

Consider the physical set up shown in Figure 22. The proposed 

experiment utilizes a shock tube with a second diaphragm and an 

accelerating chamber added. Observation windows are included in the 

accelerating chamber. At time zero, the first diaphragm breaks, thus 

al.lowing a shock to propagate into the test gas. The shock reflects 

from the second diaphragm, producing a region of high temperature, high 

pressure flow adjacent to the second diaphragm. The second diaphragm 

is then ruptured by controlled means, allowing a shock to propagate 

into the accelerating gas and causing the test gas to be proc~ssed by 

an expansion wave. As can be seen in the x-t diagram of Figure 22, 

the net result is that the nearly constant property region between the 

tail of the expansion fan and the gas interface is given a downstream 

velocity and passes each of the observation windows. The particles 

A, B, C, and D should be noted. Particle A is the particle adjacent 

to the second diaphragm when it breaks. It goes through the expansion 

with zero residence time and is in the near-constant property region 

for its entire travel down the tube. It is always next to the gas 

interface. Particles B, c, and D are respectively further from the 
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diaphragm when it breaks, thus spend successively more time in the 

expansion fan and less time in the near-steady region as they travel 

down the tube. 

Particular attention should be given to the variation of the 

117 

now with time as it passes a specific observation station. For ex-

ample, the flow at observation point x1 can be considered by following 

the vertical line, x1 , in the x-t diagram as t increases. The 

first thing to pass x1 is the shock wave propagating into the accele-

rating gas. This is followed by a portion of the accelerating gas 

which has been processed by the shock. The interface between the 

accelerating gas and the test gas then passes the observation station 

followed by the test gas which has undergone the complete expansion. 

It is this test gas which is used in the proposed rate study. As can 

be seen by considering the order in which the various particles pass 

the observation station, the first test gas to pass is that which went 

through the expansion fan in a frozen condition and is accomplishing 

its recombination in the near-steady region. As time progresses, the 

gas which passes the observation window has had increasingly longer 

times in the expansion fan and has ac~omplished much more recombination 

while in the fan. Finally, the tail of the expansion fan and flow 

which has not completely expanded pass the window. 

For rate measurements, it is advantageous to study gas flow in 

which the thermodynamic properties do not vary drastically. For such 

conditions, the dependence of the rate coefficients on temperature can 

be ascertained more accurately and the coefficients can be evaluated 
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for a specific range of conditions. The temperature and pressure can 

be held more constant in the present instance if the rate studies are 

carried out considering particle A. For such a particle, all of the 

recombination which occurs takes place in the near-steady region. 

Thus, all property variations a~e due only to the energy released by 

the recombination and not to the expansion process. Measurements of 

considerable changes in the compositions of the gas can be made of 

flow in which the temperatures and pressures do not change very much. 

It is desirable to measure the temperature and composition of 

the gas represented by particle A at each of the observation windows. 

A number of investigators have proposed methods for ma.king such measure-

ments in a reacting gas. It is not the object of the present work to 

specify the methods which should be used for various systems. One 

method will be discussed which is applicable to the exwnple presented. 

Numerical Feasibility Study 

.An outline has been given for the proposed experiment. of direct 

measurement of recombination rates. It now becomes necessary to 

validate the practicality of such an experiment, to show that the times, 

physical distances and reaction rates are of such magnitude that such 

an experiment can be carried out for cases of interest. Using the 

program developed for analyzing a nonequilibrium unsteady expansion, 

the proposed experiment was evaluated for a typical case. 

An argon oxygen mixture was considered. The test gas,after 

having its temperature and pressure raised by the reflected shock,was 
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assumed to be in a state of thermodynamic and chemical equilibrium with 

the following properties. 

x0 = 0.05306 = mass fraction of 0 

x = 0.04694 ·= mass fraction of o2 02 

xA = 0.90 = mass fraction of A. 

The velocity of the gas was considered to be zero behind the 

reflected shock. The following reactions were considered: 

(a) o2 + 0 30 

(b) 30 o2 + 0 ( e) 0 2 + A 20 + A 

( f) 20 + A 0 2 + A. 

Recombination rate coefficients believed to represent the best 

available values were used in the calculations and are listed in 

Appendix F. 
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Due to the relatively short vibrational relaxation times of 

o2 and the small contribution the vibrational energy of o2 makes to 

the total energy of the system, the vibrational energy of o2 was 

considered to remain in equilibrium throughout the process. 

In the calculation of this case, the expansion was assumed to 

be represented by the original physical model proposed for this 

work, i·~·, the constant velocity piston withdrawal from a gas mixture 

at equilibrium. Thus, for the present analysis, the interface between 

the test gas and the accelerating gas was represented by the piston 

path. Such a representation produces some small degree of error, 

since, for the actual case, the interface velocity would vary slightly 

due to the recombination occuring in the flow, whereas the piston 

velocity used to represent it remains constant. However, for the 

present feasibility study, it is felt that the piston model adequately 

represents the process. A piston velocity of 1.09 x 105 centimeters 

per second was prescribed. 

Calculations were carried out for this case for both ·the ex-

pansion fan and the near-steady regions. The results may be seen in 

Figures 23 and 24. The variations are depicted as a function of the 
- -dimensionless time, t - t 0 , where t 0 is the time at which the particle 

first entered the expansion fan. 

Consider first the composition variation with time along the 

four prescribed particle paths. Along paths C and D, a iarge 

portion of the time is spent in the expansion fan and the composition 

is subject to variable rates of change. The now bounded by path A, 
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which emerges from the fan at its initial composition, and path B, 

which has very little residence time in the fan and therefore experi-

ences very little recombination there, is flow in which essentially 

aJ.l of the recombination occurs in the near-steady region. The com-

position variation of this gas is very nearly linear with time and 

thus ideal for rate studies. Figure 24 indicates that the tempera-

tures, pressures, and velocities are very nearly the same along paths 

A and B and have a very gradual variation with time. Thus these 

quantities can be defined quite closely over the range in which the 

composition measurements are made. 

For experimental work it is desirable to measure the temperature 

and composition of a particle of the gas as it passes several fixed 

observation windows in the tube. The definition of a particle must be 

established to be some finite amount of gas which possesses approxi ... 

mately the same composition and properties during the measurement time. 

For the present case a particle is defined as the gas bounded by paths 

A and B. The motion of such a particle in the x - t plane is 

shown in Figure 25. 

Measurements must be made at several observation points to 

determine the rate of change in composition during the recombination 

process. The numerical solution of the present example reveals that 

at an observation point two centimeters downstream of the second 

diaphragm, the average value of x0 of the particle is o.o478 and at 

a point 12 centimeters downstream, the average value of X 
0 

is 

0.0353. The variation of x0 within the particle bounded by paths 

and B is less than 2.5 percent. Due to its high velocity, the 

A 
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particle passes an observation point in approximately 6 x 10 - 6 

seconds. During this time interval the temperatures and compositions 

must be measured. Figure 25 pictures the test gas particle as it 

appears at three observation points and gives the computed compositions 

and temperatures at these points. It might prove advantageous from 

the experimental standpoint to have greater distances between the 

observation points while keeping the composition variation between 

points about the same. This can easily be accomplished by decreasing 

the density of the test gas and thereby lengthening the distances 

required for recombination. The present example, however, shows that 

reasonable distances and measurement times exist for recombination 

rate measurement in argon oxygen mixtures using the proposed experiment. 

For the argon oxygen mixture and the conditions prescribed for 

the example presented above, the method proposed by Anderson (1964) 

appears to provide an adequate means of measuring the temperature and 

composition of the test gas at each of the observation points. He 

utilizes the light absorption properties of the oxygen molecule to 

measure vibrational temperature and oxygen concentrations. If the 

vibrational energy of o2 is in equilibrium, the measured vibrational 

temperature is equal to the translational temperature. The accuracy 

of the temperature measurements is said to be within 15 percent and 

that of o2 concentrations within four percent. 

For higher temperatures than those considered in the present 

example, the method of Schexnayder and Evans (1961), which uses the 

ultraviolet light absorption property of the oxygen molecule to deter-

mine o2 concentrations,might prove usef'ul. 
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It is not the purpose of the present investigation to prescribe 

a specific measurement technique but to establish a means of processing 

the gas to obtain a suitable condition in which measurements can be 

made. From the numerical. case presented above, it is seen that this 

can be accomplished. The proposed experiment is therefore feasible 

and should prove quite useful in the direct measurement of recombination 

rates. 
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SUMMARY AND CONCLUSIONS 

The Analysis 

A method of approach has been established for analyzing the 

flow in an unsteady one-dimensional expansion containing vibrational 

excitation and chemical nonequilibrium. The basic conservation 

equations, generalized equations of state, and rate equations were 

established. From this system of equations, the characteristic curves 

and their associated compatibility relations were derived. The deriva-

tion showed conclusively that for a system in which finite rate 

processes are considered, no matter how fast, the frozen speed of 

sound (the speed of sound calculated assuming the rate controlled 

quantities are frozen at their local value) is analogous to the 

unambigious sound speed of the perfect gas case in specifying the 

characteristic directions. If the equilibrium flow model is postulated, 

the equilibrium sound speed was shown to be the correct one for this 

purpose. 

The characteristics of the nonequilibrium unsteady expansion 

were established for a general gas mixture and generalized rate equa-

tions, thus establishing an approach which could be used for any gas 

model. The equations defining the characteristic curves and their 

compatibility relations were established in both the Eulerian and 

Lagrangian coordinate systems. It is b~lieved that this work provides 

the first derivation of the characteristic equations of an unsteady 

expansion which possesses the generality needed for handling any 

reacting system of gases. 
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A thermodynamic model was developed to describe the reacting 

gas mixtures of interest in the present investigation. Assumptions 

were made which were quite adequate for the present investigation, 

but could be refined for more extended studies. Improvements in the 

thermodynamic model could include the consideration of ionization and 

more exact treatment of vibrational and electronic energies. 

A numerical procedure was developed for applying the charac-

teristic equations in finite difference form to obtain a solution over 

the flow field. This procedure proved satisfactory for the cases 

investigated. Calculations were performed for applications of current 

interest using the IBM 7094 electronic digital computer. 

General Application 

A calculated example was presented which used an approximate 

model for air and included a number of simultaneous chemical reactions. 

The results were evaluated to provide a clear physical picture of a 

reacting mixture of gases being processed by an unsteady, one-

dimensional expansion. The variations in thermodynamic properties 

and compositions were analyzed along particle paths through the 

expansion. 

·It was seen that the rate of recombination of atom species 

was rapid during the initial part of the expansion, but decreased 

quickly as the density decreased. This rapid decrease in recombina-

tion rates as the gas expanded to low densities resulted in an apparent 

freezing of the compositions,!·~·, as the densities became very small 

the gas compositions asymtotically approached a constant value. 
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Individual reaction rates were considered in an effort to understand 

the chemical nonequilibriwn processes more fully. It was seen that 

the recombination reactions were dominant during most of the expansion 

for the nonequilibrium cases calculated. 

The reaction resulting from the collision of three atoms of 0 

was found to produce the greater portion of the recombination during 

the early part of the expansion when the atomic oxygen content was 

high. As appreciable recombination occurred, decreasing the amount 

of atomic oxygen, the other reactions played a large role in producing 

the recombination of oxygen atoms. 

The establishment of a criterion for freezing was considered. 

It became evident that for a process in which a number of simultaneous 

rate processes are considered, no simple test for freezing can be 

established. The variations in the different rate equations were not 

similar throughout the expansion. One rate process may be dominant 

during one portion of the expansion only to become relatively unimpor-

tant compared to another process at a later point in the expansion. 

Thus, each rate process must be considered in establishing a criterion 

for the existence of frozen flow. 

Temperature was found to be the thermodynamic variable most 

influenced by the rate chemistry. Considerable increases in tempera-

ture above the frozen value were observed when a large amount of 

recombination of the dissociated atoms.occurred. A great deal of the 

dissociation energy was returned to the flow by the recombination 

process, resulting in the increased excitation of the translational, 

rotational, and vibrational energy modes. 
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Static pressure proved to be fairly sensitive in the nonequilib-

r1um processes. An increase in static pressure was noted as recom-

bination occurred. In like manner, the now velocity increased as the 

recombination process returned energy to the now. 

Calculated results were presented for both the expansion fan 

and the near-steady region. Rapid property variations were, of course, 

characteristic of the expansion fan. Throughout the near-steady region 

between the expansion fan and the piston face, the variations in prop-

erties and compositions were very nearly linear with time, thus 

suggesting the value of this region for use in rate studies. 

An extension to the present work of increasing the understanding 

of the structure of a nonequilibrium unsteady expansion could be made 

in several directions. First, a more exact gas model for air could 

be formulated which would be applicable over a wider range of condi-

tions. Such a model would include more exact representation of 

vibrational and electronic energies, the additional apecies N and NO, 

and the reactions associated with the production of these species. 

Cases could also be treated utilizing the present program and an air 

model which would consider vibrational energy as a rate controlled 

quantity. A further need in the analysis of unsteady expansions is for 

an equilibrium solution of the expansion which is consistent with the 

gas model used in the nonequilibrium case. Equilibrium solutions are 

presently available which are dependent upon charts of thermodynamic 

properties. 

One further extension is recommended with respect to the 

physical model of the expansion. The boundary condition defined by 
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the constant velocity piston withdrawal, while being convenient for 

computing purposes and an adequate representation of the physical 

situation for most applications, does not quite duplicate the actual 

process needed for some cases. Because of the high values of piston 

velocity considered in applications of the nature discussed earlier, 

the physical mechanism used to provide the expansion is not the with-

drawal of a piston. It is instead the bursting of a diaphragm between 

a high and low pressure region. The boundary of the near-steady region 

is therefore no longer a constant velocity piston face, but the inter-

face between the gases which were initially in the separate chambers. 

Because of pressure changes in the near-steady region due to recom-

bination in the flow, the shock propagating into the low pressure gas 

will possess a velocity which varies slightly with time. Thus, the 

interface velocity varies slightly with time, producing a boundary 

condition which differs slightly from the constant velocity piston 

condition used in the present work. This extension to the present work 

should provide a more exact representation of many applications of the 

nonequilibrium unsteady expansion and serve as a check on the error 

involved in using the piston model. 

Expansion Tube Application 

The computer program was used to analyze the flow in an expan-

sion tube for one set of operating conditons. It was concluded from 

the results obtained that for the particular case calculated the com-

position of the gas did not vary drastically and the flow properties 

were nearly those of a chemically frozen expansion. Similarities were 
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seen between nonequilibrium now in an expansion tube and that in a 

hypersonic nozzle. The method of analysis was concluded to be satis-

factory for evaluating expansion tube now. 

Much work remains to be done in the analysis of expansion tube 

flow. Calculations should be made over the entire range of operating 

conditions of the expansion tube to define the equilibrium, nonequilib-

rium, and frozen regimes of operation of the facility. Future 

studies may also include the analysis of the expansion with the test 

gas made up of a mixture representing planetary atmospheres. The 

present program appears adequate to handle these future problems. 

Rate Studies 

An experiment was outlined which uses an unsteady expansion 

to process a gas for direct measurement of recombination rates. A 

case using an argon oxygen mixture was calculated and, from the results, 

it was concluded that the proposed experiment is quite feasible. The 

variations in compositions and thermodynamic properties with distance 

were shown to be quite reasonable for ma.king recombination rate 

measurements. The work presented a suitable method for creating a 

gas flow in which the rate measurements could be made . 

. Implementation of the experiment provides opportunities for 

a great deal of further work. Instrumentation must be selected which 

can handle the composition and temperature measurements in the desired 

ranges of study for various gases of interest. The experiment itself 

should be performed for a number of gases. Effects of catalysts on 

reaction rates will be a valuable area of study using this method. 
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It 1s apparent that a great deal of work in the measurement of recom-

bination rates remains to be done and can be done utilizing the proposed 

experiment. 



LIST OF REFERENCES 

Anderson, 0. L. 1964. An experimental. method for measuring the flow 
properties of air under equilibrium and nonequilibrium flow con-
ditions, pp. 299-313. In w. C. Nelson (ed.), The High Tempera-
ture Aspects of Hypersonic Flow. The Macmillan Company, New York. 

Appleton, J.P. 1960a. The structure of a centered rarefaction wave 
in an ideal dissociating gas. University of Southampton Aeronautics 
and Astronautics Report No. 136, Southampton. 

Appleton, J.P. 196Gb. The structure of a Prandtl-Meyer expansion fan 
in an ideal dissociating gas. University of Southampton Aeronautics 
and Astronautics Report No. 146, Southampton. 

Appleton J.P. 1963. Calculations of the structure of unsteady rare-
faction waves in oxygen argon mixtures, al.lowing for vibrational. 
relaxation. Royal Aircraft Establishment TN-AER0-2873, London. 

Arave, R. J. 1963. Centered rarefaction wave in a chemically reacting 
gas. Master's thesis, University of Seattle, Seattle, Washington. 

Atallah, S. 1961. The kinetics of air in a hypersonic shock wave. 
Air Force Cambridge Research Laboratories, AFCRL-761. Cambridge, 
Mass. 

Bray, K. N. C. 1959. Atomic recombination in a hypersonic wind tunnel 
nozzle. J. Fluid Mech. 6: l-32. 

Broer, L. J. F. 1958. Characteristics of the equations of motion of a 
reacting gas. J. Fluid Mech. 4: 276-282. 

Byron, S. R. 1959. Measurement of the rate of dissociation of oxygen. 
J. Chem. Phys. 30(6): 1380-1392. 

Ca.mac, M. and A. Vaughn. 1961. o2 dissociation rates in o2 -
mixtures. J. Chem. Phys. 34(2): 460-470. 

Chu, B. T. 1957. Wave propagation and the method of characteristics in 
reacting gas mixtures with application to hypersonic flow. 
WADC TN-57-213, Wright Patterson Air Force Base, Ohio.· 

Clarke, J. F. and M. Mcchesney. 1964. The Dynamics of Real Gases. 
Butterworth Inc., Washington. 

Courant, R. and K. O. Friedrichs. 1948. Supersonic Flow and Shock 
Waves. Interscience Publishers, New York. 



Der, J. J. 1963. Theoretical. studies of supersonic two-dimensional 
and axisymmetric nonequilibrium flow, including calculations of 
flow through a nozzle. NASA TR R-164, Washington, D. C. 

Eckerman, J. 1958. The measurement of the rate of dissociation of 
oxygen at high temperatures. Ph.D. dissertation, The Catholic 
University of America, Washington, D. C. 

135 

Fowler, R.H. and E. A. Guggenheim. 1939. Statistical. Thermodynamics. 
The Macmillan Company, New York. 

Freeman, N. C. 1958. Nonequilibrium flow of an ideal dissociating 
gas. J. Fluid Mech. 4:407-425. 

Glasstone, S. 1944. Theoretical Chemistry. D. Van Nostrand Company 
Inc., Princeton, New Jersey. 

HaJ.l, J. G., A. Q. Eschenroeder, and P. V. Marrone. 1962. Inviscid 
hypersonic air-flows with coupled nonequilibrium processes. 
IAS Paper No. 62-67, Institute of the Aerospace Sciences, New York. 

Hansen, C. F. 1959. Approximations for the thermodynamic and transport 
properties of high-temperature air. NASA TR R-50, Washington, D. C. 

Jacobs, T. A., R. A. Hartunian, R. A. Giedt, and R. Wilkins. 1963. 
Direct measurements of recombination rates in a shock tube. 
Physics of Fluids 6(7): 972-974. 

Lamb, H. 1932. Hydrodynamics. Dover Publications, New York. 

Landau, L. D. and E. Teller. 1936. Physik z. Sowjetunion 10:34-44. 

Lee, J. F., F. W. Sears, and D. L. Turcotte. 1963. Statistical 
Thermodynamics. Addison Wesley Publishing Company, Reading, Mass. 

Liepmann, H. W. and A. Roshko. 1957. Elements of Gasdynamics. 
John Wiley and Sons, New York. 

Lighthill, M. J. 1957. 
equilibrium flow. 

Dynamics of a dissociating gas - part I, 
J. Fluid Mech. 2:1-32. 

Matthews, D. L. 1959. Interferometric measurement in the-shock tube 
of the dissociation rate of oxygen. Phys. of Fluids 2(2): 170-178. 

McCracken, D. D. 1961. A Guide to Fortran Programming. John Wiley 
and Sons, New York. 

Moore, C. E. 1949. Atomic Energy Levels. NBS Circular No. 467, 
National. Bureau of Standards, Washington, D. C. 



oore, W. J. 1962. Physica.l Chemistry. Prentice-Ha.11, Englewood 
Cliffs, New Jersey. 

Napolitano, L. G. 1960. Non-equilibrium centered rarefaction for a 
reacting mixture. AEOC TN-60-129. Arnold Engineering Development 
Center, Arnold Air Force Station, Tennessee. 

Patterson, G. N. 1956. Molecular Flow of Gases. John Wiley and Sons, 
New York. 

Penner, S.S. 1957. Chemistry Problems in Jet Propulsion. Pergamon 
Press, New York. 

Resler, E. L. 1956. Sound speed in a reacting medium. J. Chem. Phys. 
25(6): 1287-1288. 

Resler, E. L. 1957. Characteristics and sound speed in nonisentropic 
gas flows with nonequilibrium thermodynamic states. J. Aero. 
Sciences 24(11): 785-790. 

Roberts, R. C. 1947. The method of characteristics in compressible 
flow, part II (unsteady flow). Air Material Command Technical 
Report No. F-TR-1173D-ND, Wright, Patterson Air Force Base, Ohio. 

Schexnayder, C. J. and J. S. Evans. 1961. 
dissociation rate of molecular oxygen. 
D. C. 

Measurements of the 
NASA TR R-lo8, Washington, 

Staff, Dow Chemical Company. 1960. JANAF Thermochemical Tables. The 
Dow Chemical Company, Midland, Michigan. 

Trimpi, R. L. 1962. A preliminary theoretical study of the expansion 
tube, a new device for producing high-enthalpy, short-duration 
hypersonic gas flows. NASA TR R-133, Washington, D. C. 

Trimpi, R. L. and W. L. Grose, 1963. Charts for the analysis of 
isentropic one-dimensional unsteady expansions in equilibrium real 
air with particular reference to shock-initiated flows. NASA 
TR R-167, Washington, D. C. 

Vincenti, W. G. 1961. Lectures on Physical Gas Dynamics. Stanford 
University, Stanford, California. 

Wegener, P. P. and J. D. Cole. 1962. Experiments on the propagation of 
weak disturbances in stationary super-sonic nozzle flow of 
chemically reacting gas mixtures, pp. 348- 359. In Eighth Symposium 
(International) on Combustion. Willia.ms and Wilkins Co., Baltimore. 

Wienun, F. A. 1962. Prandtl-Meyer expansion of an ionizing monatomic 
gas. Ph.D. dissertation, Rice University, Houston. 



ood, W.W. and J. G. Kirkwood, 1957. Characteristic equation for 
reactive flow. J. Chem. Phys. 27(2): 596. 

Wood, W.W. and F. R. Parker. 1958. 
faction wave in a relaxing gas. 

Structure of a centered rare-
Phys. of Fluids 1(3): 230-241. 

137 

Wray, K. L. 1962. ChemicaJ. kinetics of high temperature air, pp. 181-
204. In F. R. Riddell (ed.), Hypersonic Flow Research. Academic 
Press, New York. 



APPENDICES 

Appendix A. Derivation of Characteristic Equations in 

the Eulerian Coordinate System 

The set of equations, (1), (2), (3), and (6), describes the 

one-dimensional unsteady flow of a reacting gas mixture. It was shown 

that the frozen speed of sound in a reacting gas can be expressed by 

equation (15). The following manipulations are performed in order 

to get the governing equations into a form convenient for obtaining 

the characteristic directions for this set of equations. To simplify 

the ensuing manipulations only one of the rate controlled variables, 

qk, is considered and is denoted simply as q. It will be apparent 

later that this does not limit the generality of the development of 

the characteristic equations. 

First, the thermal equation of state, equation (4), is used 

to eliminate p as a dependent variable. This equation may be 

written in the form: 

or, rearranging, 

Dp = [Dh _ (01:\ DP 
Dt Dt oP) Dt p,q 

(o~ \ . D~ ( dh) . 
oJP P nt op P 

' 'q 

From the energy equation, 

(Al) 

(A2) 
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Dh l DP 
- - = 0 J (3) 

Dt p Dt 

Dh 
an expression for - can be obtained which will permit equation (A2) 

Dt 
to be written as 

Since 

equation (A3) can be written 

Dp 1 DP 
-=2- -
Dt af Dt 

DP _ (oh) 
nt oq P P nt 

(A3) 

(15) 

(A4) 

Dq 
Note that Dt = rn(P,p,q) and can thus be expressed without x or t 

dependence. Define the parameter k1 as 
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Substitute the expression for Dp equation (A4), into the continuity 
Dt' 

equation, equation (1). The resulting equation is 

or 

The momentum, energy, and rate equations are used in their 

previously given form,~-~·, 

and 

(A5) 

(2) 

(3) 

( 6) 

It should be remembered that q represents the rate controlled 

variables and is actually more than one variable in most cases. Thus 

one equation with the form of equation (6) must be included for each 

rate dependent quantity considered. It will be evident from the 



ensuing manipulations that the characteristic directions are not 

dependent upon the number of q components considered. Therefore 

to simplify the presentation only one q will be carried along in 

the process of obtaining the characteristic directions. 

Since u, h, P, and q are functions of the independent 

variables x and t, the following equations may be written. 

dP = (dP) dt + (dP) dx 
ot x ox t 

(A6) 

(A7) 

(A8) 

(A9) 

The objective now becomes that of using equations (6), (A9), 

(A8), (A6), (A7), (3), (A5), and (2) to establish characteristic 

curves,!·~·, lines along which partial derivatives with respect to 

the independent variables do not necessarily exist. Such a solution 

can only exist if the matrix of coefficients for the set of governing 



equations is equal to zero. The characteristic directions are obtained 

by setting the matrix of coefficients equal to zero and evaluating for 

this condition. 

1 

dt 

0 

0 

0 

0 

0 

u 

dx 

0 

0 

0 

0 

0 

0 

0 

dt 

0 

0 

1 

0 

0 

0 

0 

dx 

0 

0 

u 

0 

0 

This equation reduces to 

0 

0 

0 

dt 

0 

1 

0 

0 

0 

dx 

0 

u 
p p 

1 
a2 

f 

0 

u 
a2 f 

1. 
p 

0 

0 

0 

0 

dt 

0 

0 

1 

0 

0 

0 

0 

dx = 0 

0 

p 

u 

It should be noted at this point that for each additional 

(A10) 

(A10) 

value of q considered, the factor (dx-udt) will be raised to one 

higher power. Thus an increase in the number of rate processes con-

sidered will not introduce any additional characteristic directions. 

Setting each factor of equation (Alo) equal to zero, the characteristic 

directions are seen to be 

dx 

dt 
- u, (All) 



and 

dx 
- = u + af, dt 

dx 
dt = u - af. 

(A12) 

(A13) 

The compatibility relations can now be developed along these 

characteristic lines. Along the line described by 

equation (3), 

becomes 

But 

and 

dx = u 
dt 

so that along the characteristic curve 

differential equation, 

dh 
dt 

1 dP - - - o, 
p dt 

dx - - u the ordinary dt - ' 

(21) 



applies. Also along this curve equation (6) becomes 

which may be written as 

£9. = m. 
dt 
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(22) 

Along the direction d.x = u + af, if equation (A5) is (16) 
dt 

a-f" multiplied by -i.. p and added to equation (2), the resulting expression 

is 

which reduces to 

(17) 

d.x Along the direction dt = u - af, (18) 

af if equation (A5) is multiplied by and subtracted from equation 
p 

(2), the resulting expression is 



or 

du 
dt 

Appendix B. The Lagrangian Transformation 

(19) 

A transformation is developed below for converting the governing 

equations of the problem from the Eulerian to the Lagrangian coordinate 

system. 

Derivation of the Transformation 

In the Lagrangian system, the two independent variables are 

b and t. The coordinate b specifies the particle being considered 

and t is the time coordinate. The value of b is defined as the 

position x of that particular particle when t = t 0 • 

Consider the unsteady flow in a tube of cross section unity 

and apply the conservation of mass principle. This is illustrated 

in Figure 26. 

It should be remembered that the particle specified by b 

represents a fixed amount of mass. Initially the total mass of the 

fluid element is given by the integral 

l b 
p

0 
db. 

0 



t = t 
0 

t = t 

0 

0 

b 

X 

Figure 26. Conservation of mass illustration 

X 

X 

At some later time, t, the total mass of the same fluid element can 

be expressed as 

Conservation of mass dictates the equating of the two expressions, 

thus 
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b X f p 0 db = f p(x)dx. 
0 0 

(Bl) 

Differentiating both sides of the above equation with respect to x 

yields 

p 
(B2) 

The following relationships can be written between the Eulerian 

and Lagrangian coordinates. 

x = x(b,t) 

b = b(x,t) 

t = t(b,x) 

Any property, A, of the system, can be written as a function of 

any two of the variables, x, b, and t. The following relations may 

therefore be written. 

dA = (OA) db + ob t 
dt 

b 

db = (0b) dx + (ob) dt 
OX t O_t X 

(B3) 

(B4) 
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The substitution of equation (B4) into equation (B3) gives 

di\ = (o") (ob) dx J/(a") (ob_\ + (a")Jdt 
db t ox t L\ ob t ot) x at b 

(B5) 

Since/\= A(x,t), the expression, 

di\ = ( 01\ dx + ( 0"\ dt, c;.J t ct) x 
(B6) 

may be written. Comparison of this expression to equation (B5) shows 

that 

(B7) 

and 

(BB) 

Al.so, the expression 

dx - G:) db + G:) dt 
t b 

(B9) 

holds, and since (c~\ = u and from equation (B2), (~b) = ..E...., ct)b X t p 0 

equation (B9) may be rearranged to give 

db = £.. dx - L ud t . (BlO) 
Po Po 



Remembering that 

db = (db) dt + (db) dx 
dt X OX t 

(Ell) 

and comparing equations (ElO) and (Ell), it becomes evident that 

p = - - u. (E12) 
Po 

Substituting (E2) and (E12) into (E7) and (BS) gives 

(E13) 

and 

(E14) 

The substantial derivative may therefore be written as 

D _ (a\ + J.a \ _ -u ..£.. (a\ + (a\ + up ( a\ 
Dt - dt) x \di./ t - Po db} t cff}b Po db} t 

which reduces to 

-(!J l, (E15) 

Equations (E13), (m4), and (E15) are then the transformation 

equations for going from the Eulerian to the Lagrangian coordinate 

system. 



ansformation of the Governing Enuations 

The transformations developed above, when applied to the 

governing equations in the Eulerian system, produce the following 

results. 

The continuity equation, 

becomes 

( ) 2 ( 
op + P ou = 0 
ot b p0 ob t 

in Lagrangian coordinates. 

The momentum equation, 

Thl +: (°p) = o, 
Dt p ox t 

becomes 

(du) l ( dP~ 
dt b + Po db t 

= o. 

· The energy equation, 

Dh 1 DP o, -- -
Dt p Dt 

becomes 

(dh) _ 1 (dp) = 0 c,t p c,t 
b b 
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(1) 

(24) 

(2) 

(25) 

(3) 

(26) 



and the rate equation, 

becomes 

= w, 
Dt 

151 

(6) 

(27) 

in the Lagrangian coordinate system. 

Appendix C. Solution as Time Approaches Zero 

In order to prescribe the necessary boundary conditions for the 

problem, a solution must be obtained for the expansion as t 

From physical reasoning it appears that such a solution should be 

that of a frozen expansion. The mathematical work to follow shows 

this to be the case. 

It is convenient at this point to transform the governing 

equations from the b-t plane to the y-t coordinate syst~. The 

coordinate y is defined as 

written. 

y = Q; therefore the following may be 
t 

b=b(y, t) 

Thus a:ny dependent variable can be expressed as a function of any two 

of the three independent variables, b, y, and t. 

Let V represent a typical dependent variable. 



dy = ( 0y) db + ( 0y) dt 
ob t ot b 

Substitute equation (C2) into (Cl) to obtain 

Since V = V(b,t-), the relation, 

dljr = ( 0,i,) db + ( 0v\ dt, 
db t o-;) b 

can be written. Comparing equations (C3) and (c4) yields the 

expressions, 

and 

where 
b y = -, 
t 

- l. 
t 

The transformation equations between the y-t and b-t 

coordinate systems may then be written as 
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(C2) 

(c4) 

(C5) 

(c6) 
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1 = - (C7) 

and 

(c8) 

Equations (C7) and (c8) are used to transform the governing 

equations from the b-t system to the y-t system. The governing 

equations in the b-t system were previously shown to be: 

energy 

( oh) = (oP) , 
ot b P ot b 

rate 

momentum 

combined mass, momentum, and state 

r:i (OU) + k (oh) + k (oP1 + k (oq\ = o, 
Po ob t 3 ct b 2 ot)b 1 o;) b 

where 



1 and k3 = --. 

(!~) 
In the y-t system these equations may be written as: 

mass 

momentum 

energy 

(oh) _ -r_ (oh) _ ! (oP) + (r)(dP) = o, ot t oy p ot p t oy 
y t y t 

rate 

( clq) - (clq) - o. 
ot y t ay t. 

(ClO) 

(Cll) 

(C12) 

Multiply the above equations by t and let t The resulting 

equation~ are as follows: 
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mass 

o2 
( u) - k3 y(Oh) - k2 {Op) - k1 ,~) = 0 

Po oy t oy t cy t cy t 

momentum 

_ 00 y(Ou) + (OP) = 0 
oy t cy t 

energy 

~Oh) 1 ~Op) 
- oy t + ; oy t = 0 (C15) 

rate 

(°q) 0 
cy t 

Substitute the rate and energy equations into the mass equation to 

obtain the expression, 

(C17) 

Comparing the above equation to the momentum equation it can be seen 
paf 

that y = -. 
Po 

The governi~g equations are then reduced to the following 

as t O. 

du 1 dP ---0 
dy p 0 y dy 

dq 
- 0 

dy 

(c18) 

(c19) 
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For the thermodynamic models used in the present investigation, 

the condition, £.9. = O, also establishes that 7 is constant. The 
dy 

relationships and 8.f = J 'JO can then be written. 
p 

Using these expressions and the relationship, y 

readily shown that 

it can be 

2 270 

·p (~:f 0
+1, 

p (~:J0
+l = -

Po po 

and 2(7 0 -1) 
T (~J 70 +1 

-
To 

Since 

dP 
-dy 

(C20) 

(C21) 

and can be substituted into equation (c18). Integration o:f the re-

sulting equation yields 

The condition that u = u
0 when _]£_ = 1 

a:f 
0 

allows the evaluation o:f 
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he cons ant and the expression for velocity becomes 

u = - 1 (C22) 

Equations (C20), (C21), and (C22) then permit the calculation 

of the unsteady expansion for the case of frozen flow. 

Appendix D. Development of the Thermodynamic Model 

The complexity of the gas model dictates that a detailed 

development of the model be presented. In the work to follow, the 

various energy- modes comprising the internal energy- of the gas mixture 

are discussed and the assumptions and approximations inherent in the 

gas model are evaluated. The formulation of equilibrium constants is 

also presented. 

Development of the Internal Energy Model 

The assumption was made that the reacting gas is made·up of a 

mixture of perfect gases. Therefore the internal energy of the mix-

ture is equal to the sum of the internal energies of the component 

species. The internal energy of each species is made up of the 

translational, rotational, vibrational, and electronic energies of 

that species plus any energy- of dissociation or ionization required 

for the species to exist at that state •. The immediate objective is 

the evaluation of each of the above contributors to the internal 

energy and from this evaluation, to establish a useable expression 



for .e internal energy of the reacting gas mixture. From statistical 

mechanics, the expression for internal energy per unit mass can be 

written in terms of the partition function Z as follows: 

(Dl) 

Due to the form of this equation, it may also be written in the 

same manner for each energy mode. 

A number ·of references present the derivation of equation (Dl) 

and the partition functions which are subsequently developed. Typical 

references are cited as the work progresses. A detailed development 

of equation (Dl) may be found in the works of Penner (1957) and Lee 

Translational Energy. The partition function for translational 

motion may be written as, 

(D2) 

where v represents specific volume, m is the mass of the molecule 

considered, and k and f.. are the Boltzmann and Planck constants 

respectively. The derivation of this expression may be found in many 

test books, among them the works of Fowler and Guggenheim (1939) and 

Clarke and McChesney (1964). Substituting equation (D2) into equation 

(Dl), the translational internal ener~ of the 1th specie is seen 

to be 

E 
TRANi 

(D3) 
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which reduces to 

(D4) 

The translational. internal. energy of the mixture may therefore 

be written in the form 

(D5) 

Rotational Energy. The rotational energy modes of the diatomic 

molecules are assumed to be in equilibrium with the translational 

energy. Atomic species possess no rotational energy. Using the dum-

bell model to represent diatomic molecules, the rotational partition 

function for such molecules has been shown to be 

7...... 81t2 IkT 
-ttoT = crA2 

by such authors as Glasstone (1944). The molecular moment of inertia 

is denoted by I and cr is the molecular symmetry number. The 

rotational energy for the 1th species may therefore be written 

where fi is one for a diatomic species and zero for a monatomic 

species. 

(D7) 
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