
ABSTRACT

KHORRAMFAR, RAHMAN. Computational Optimization for Hierarchical Decision
Making Problems. (Under the direction of Dr. Osman Ozaltin).

We consider the hierarchical decision making (HDM) which is a game-theoretical
decision process in which single or multiple decision-makers (DMs) solve sequential in-
terdependent optimization problems over single or multiple planning periods. Depending
on the relationship between decision-makers, the mathematical structure of the various
decision problems, and the sequence in which decisions are made, HDM models can be
classified as bilevel programs, stochastic programs, and robust optimization. This disser-
tation addresses a multistage stochastic programming models and two bilevel models. We
start with stochastic programming where decision-makers cooperatively work toward a
common objective, which can be viewed as a single decision maker making sequential de-
cisions. We propose a reformulation for general multistage stochastic programming prob-
lems that are particularly amenable to parallel computing. The reformulation establishes
bounds by decomposing the scenario tree into independent subtrees. Unlike traditional
decomposition methods that solely focus on the scenarios, the presented approach allows
a more general decomposition pattern that, as evident by the computational results,
enables the method to deal with much larger instances.

The last two chapters analyze bilevel mixed-integer models in the context of product
transitions. Unlike stochastic programming, bilevel programming deals with problems
where decision-makers are organized in a hierarchy with their own objectives. We model
the hierarchical, decentralized nature of product transition by a multi-follower interde-
pendent mixed-integer bilevel program. We propose an exact solution approach based on
the cut-and-column generation algorithm. We then generalize this model by considering
multiple product divisions that each operates in a specific market segment and require
multiple resources to carry out their operations. Each product divisions is responsible
for the development and production of new products. In fact, a product division con-
tains both engineering and manufacturing units. This again results in a multi-follower
interdependent lower level problem for which we develop a cut-and-column generation
algorithm. We perform extensive numerical experiments to analyze the performance of
the proposed algorithms and provide managerial insights.
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Chapter 1

Introduction and Literature Review

This dissertation deals with problems arising in hierarchical decision making (HDM) pro-
cesses. HDM is a game-theoretical decision process in which one or more decision makers
(DMs) solve sequential interdependent optimization problems over single or multiple
planning periods. The decision problem of each DM in each time period is parameterized
by the decisions of other DMs who, in turn, compete to optimize their own optimization
problem. From an optimization point of view, problems involving HDM are extensively
studied under the terms multistage optimization and multilevel programming. In multi-
stage optimization problems DMs are cooperative players, each of whom makes decisions
for multiple time periods while taking into account their (expected) impact for the fu-
ture periods. Two-stage and multi-stage stochastic programmings, are prime examples
of multistage optimization problems. Multilevel program, however, refers to HDM where
decision makers are noncooperative players who seek to optimize their own objective func-
tion in a sequential manner. The Stackelberg game, especially its static version which
is known as bilevel programming, is the best known multilevel programming problem.
Despite the broad applicability of HDM problems, most multistage and multilevel prob-
lems are not amenable to solution methods developed for single-level and single-period
decision models. Hence the majority of the HDM literature imposes idealized assump-
tions in which the subsequent stages for multistage problems or lower level problems
for multilevel problems are continuous linear optimization models without any discrete
variables. This allows the solution methods to exploit strong duality theorem to derive
either the single level reformulation or utilize decomposition paradigms such as column
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generation algorithms and cutting plane approaches. It has been only recently that the
HDM problems with discrete variables are embraced earnestly, hence paving the way to
address many real world problems.

This dissertation contributes to the theory of HDM and extends its applications to new
domains. We present new algorithmic approaches to tackle two challenging HDM prob-
lems and their applications. Our solution methods do not assume linearity nor convexity
for the subsequent states for multistage problems. We also do not require linearity of the
lower level problems for the multilevel case. We first study multistage stochastic problems
(MSP) where we propose a solution approach that provides lower and upper bounds to
wide range of such problems. We consider an application of multilevel programs as the
second class of HDM problems and model product transitions in semiconductor man-
ufacturing companies as a bilevel program with multiple interdependent followers. Our
proposed solution approach for this class of HDM effectively handles the mixed-integer
interdependent follower’s problem. In the remainder of this chapter we first provide a
brief review of the stochastic optimization literature including solution approaches and
applications. We then proceed to bilevel programs and briefly cover solution approaches
for variants of the problem as well as sample applications. We present the structure of
this dissertation at the end of the chapter.

1.1 Stochastic Programming

Stochastic programs (SP) are a subset of HDM problems suitable for modeling sequen-
tial decisions that involve parameters whose exact values are unknown a priori due to
uncertainty of future events. Many SP assume a finite number of possible scenarios that
uncertain parameters could adopt as the future events gradually unfold. Based on the
number of planning horizon, SPs are generally divided into two-stage and multistage
stochastic programs (MSP). Two-stage SPs are static planning problems where an initial
set of decisions is made at the time of planning and then, depending on the realization of
uncertainty, recourse decisions are taken to account for the new situation. MSPs, however,
offer a more flexible modeling framework by allowing multiple periods of plannings. In
other words, MSPs incorporate a time component making the planning dynamic to prop-
erly handle the gradual realization of future events (Kall et al. 1994; Birge and Louveaux
2011).
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The solution methods for two-stage SPs usually depends on the structure of the second
stage problem, known as the recourse problem. In the case of linear recourse problems,
many approaches such as the continuous L-shape method use the convexity of the second
stage problem and enforce its optimality by the strong duality property (Schultz et al.
1996). However, the presence of discrete variables in the second stage immediately renders
this property inapplicable. Over the years, two-stage mixed-integer stochastic programs
have captured the attention of many researchers due to its immense applications. La-
porte and Louveaux (1993) pioneer the study of two-stage SPs with integer variables
in the recourse problem where they adapt the L-shaped method and develop a branch-
and-cut algorithm when the second stage is a mixed-binary program. Carøe and Tind
(1998) generaliz the L-shape method to the mixed-integer recourse case. The method
relies on the dual functions of integer programs to approximate the value function of
the recourse problem. Ahmed et al. (2004) develop a finite branch-and-bound scheme for
the two-stage SPs with mixed-integer first stage and pure integer second stage problems.
They reformulate the problem via the variable transformation that makes the disconti-
nuities associated with the value function of the second stage problem orthogonal to the
variables. The authors then develop a branch-and-bound scheme that eliminates discon-
tinuities and provides en exact representation of the second stage value function. (Sherali
and Zhu 2006) consider the general mixed-integer two-stage SP and propose a modi-
fied Benders decomposition based branch-and-bound procedure in which the resulting
Benders subproblem are sequentially convexified using reformulation-linearization and
lift-and-project techniques. A similar approach based on branch-and-cut framework is
proposed in (Sen and Sherali 2006). The case of binary first stage variables and general
integer variables in the second stage is considered in (Gade et al. 2014). The authors
develop a decomposition algorithm that uses valid inequalities that sequentially provides
tighter approximation of the second stage problem.

Two-stage stochastic programs has numerous applications in a multitude of domains
(Sahinidis 2004). Nürnberg and Römisch (2002) model cost optimal electric power pro-
duction planning as a two-stage SP in which the demand of the hydro-thermal plant
as well as fuel price are uncertain parameters. The authors propose a Lagrangian relax-
ation scheme equipped with dynamic programming to solve subproblems. Barahona et al.
(2005) develop a multi-period two-stage SP for capacity planning in semiconductor man-
ufacturing where the demand is uncertain and the goal is to minimize the expected value
of unmet demand. The resulting model is solved approximately by a heuristic cutting
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plane algorithm. Li et al. (2011) utilize this modeling framework to address the pooling
problem in natural gas production. Another application of two-stage SP in power systems
is presented in (Shi and Oren 2016) to evaluate the cost-effectiveness of integrating wind
power into the power grids. The resulting two-stage stochastic unit commitment formu-
lation is solved by commercial solver. Two-stage SPs have many application in logistics
and supply chain management including humanitarian logistics (Grass and Fischer 2016).
Barbarosoǧlu and Arda (2004) model the transportation of vital commodities in post-
disaster response as a multi-commodity multi-modal stochastic network flow where the
resource mobilization is the stochastic parameters. The model also accounts for disruption
in the form of random arc capacities.

As a natural generalization of two-stage planning, multistage stochastic programs
offer more flexible planning framework, albeit with added challenges for modeling and
solution. The earliest systematic effort to efficiently solve the multistage models dates
back to 1980s. Birge (1985) extend the L-shape method to linear multistage case and
propose a decomposition scheme that partition the time stages. To tackle large scenario
trees, Pereira and Pinto (1991) apply a sampling based variant of the nested Benders
decomposition, and called stochastic dual dynamic programming (SDDP). This method
is based on building the cost function of future stages by piecewise linear outer approx-
imation. The random sampling of SDDP allows the algorithm to effectively avoid the
curse of dimensionality. Chen and Powell (1999) propose a convergent cutting plane and
partial sampling scheme for the linear MSP in which the cutting plane mechanism ap-
proximates the expected recourse functions. Rebennack (2016) considers the case when
the uncertainty is assumed to be stagewise dependent and uses the sampling procedure of
the SDDP algorithm in a nested Benders decomposition framework. More recently, Zou
et al. (2019) extend the SDDP to MSP with binary state variables. They reformulate
the nodal subproblems by making copies of state variables. The Lagrangian dual of the
reformulation is then solved to generate a new type of cut, and the convergence of the
algorithm is established.

As an alternative for exact methods, some studies has focused on generating statistical
bounds, especially when the MSP contains discrete variables. Shapiro (2006) estimate the
size of samples required by the Sample Averaging Approximation (SAA) approach to solve
the problem to a given accuracy. They argue that the exponential growth of the scenario
tree makes SAA relatively ineffective for these problems. Zenarosa et al. (2014) propose
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vertex cuts to partition the scenario nodes by separating the root node from the scenario
nodes. For a given partition, they formulate subproblems by choosing a pre-determined
number of scenarios from each member of the partition. This method provides a lower
bound bound by taking an expectation over all such group subproblems, and an upper
bound by completing the solution of subproblems to construct a feasible solution. Sandikçi
and Özaltin (2017) develop a generic bounding method to the general MSP (i.e. not
requiring the convexity of functions or variables). The propose a scenario decomposition
scheme that results in independent subproblems whose solutions provide a lower bound.
Some researchers derive bounds from the polyhedral description of the problem. Daryalal
et al. (2020) consider mixed-integer MSP and propose bounding method based on the
Lagrangian relaxation of the problem. They propose stagewise Lagrangian duals to relax
state equations coupling successive stages and nonanticipativity Lagrangian duals to
create copies of variables and relax the nonanticipativity constraints. Ryan et al. (2020)
consider scenario grouping and propose a optimization framework to optimally group
scenario nodes. Their algorithm relies on the information obtained from a given candidate
solutions to maximize a metric that reflects the quality of bounds.

The literature of MSP enjoys many successful applications since many real world prob-
lems are dynamic problems and contain uncertainty, and can naturally can be modeled
as MSPs. Sen et al. (2006) model a decision support system that integrates unit com-
mitment constraints with financial decision for wholesale power market. Ahmed et al.
(2003) model the multi-period expansion of production capacity as a mixed-integer MSP
in which the demand and investment cost are uncertain parameters. They propose a vari-
able disaggregation technique to exploit the lot-sizing structure of subproblems. de Matos
and Finardi (2012) consider a long-term scheduling of hydrothermal power systems under
water resource uncertainty. The open pit mine production scheduling problem is modeled
as a mixed-integer MSP in (Boland et al. 2008) in which the uncertain parameters depend
on the observation of parameters in earlier stages, thus creating an endogenous uncer-
tainty. Özaltın et al. (2011) formulate the optimal timing of a flu shot and its composition
with mixed-integer MSP and use the block structure of the problem to decompose the
model and solve the resulting subproblems by dynamic programming. Gul et al. (2012)
formulate the assignment of surgeries to operating rooms as a mixed-integer MSP and
approximate the optimal solution by the progressive hedging algorithm. Stochastic unit
commitment is considered in (Zou et al. 2018) for which the authors apply stochastic
dual dynamic integer programming approach of (Zou et al. 2019). More recently, the
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application of MSP has been extended to biology in (Kıbış et al. 2021). The authors
formulate the joint optimization of surveillance and control of an invasive insect in cities
to help authorities better target the insects and remove the infested trees.

1.2 Bilevel Programming

Bilevel programming (BP) is a special case of multilevel problems that provide an frame-
work to model HDM problems with multiple competing decision makers in each planning
period. BP can be analyzed in both game theoretical and mathematical modeling terms.
From the perspective of game theory, BP represents a static Stackelberg game between
a leader and a follower (Bard 1998; Dempe 2002). First, the leader chooses a strategy
based on its anticipation of the follower’s response. The follower responds to the leader,
and the game ends (Colson et al. 2007). In mathematical optimization terms, bilevel
programming is a nested optimization problem over a feasible region where the follower’s
optimization problem defines a subset of leader’s constraints (Bracken and McGill 1973).

Depending on their structure, BPs are generally classified into linear BPs (LBP) and
mixed-integer BPs (MIBP). At least one of the leader’s or follower’s problems in the
MIBPs contain discrete variables. LBPs, on the other hand, lack any discrete variables,
allowing the strong duality property can be employed to enforce the optimality of the
follower’s problem (Bertsimas and Tsitsiklis 1997). The resulting single-level problem is
a nonlinear program which exploits algorithmic developments for nonlinear programs.

Solution methods for the BPs with the linear follower’s problem are abundant as the
lower level problem can be replaced by its Karush-KuhnTucker (KKT) conditions to yield
the single-level reformulation. Bard and Falk (1982) apply a branch-and-bound method
that branches on the complementarity constraints. Hansen et al. (1992) incorporate the
branch-and-bound scheme with penalty anticipation for fixing a variable that is widely
used in mixed-integer programming. Campelo et al. (2000) propose a method based on the
penalization of the duality gap for the lower level problem. A branch-and-cut algorithm is
proposed in (Audet et al. 2007). The authors exploit the equivalence between LBP with
mixed-binary program and embed Gomory-like cuts in a branch-and-bound algorithm.

The first systematic effort to solve MIBP is presented in (Bard and Moore 1992) in
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which discrete variables in the lower-level problem are considered. The authors apply a
branch-and-bound algorithm that branches on the discrete variables of the lower level
problem. DeNegre and Ralphs (2009) extend this work and develop a branch-and-cut
algorithm for a pure integer BP; for the same problem, Caramia and Mari (2016) intro-
duce a nonlinear cut and a branch-and-cut algorithm. Xu and Wang (2014) consider a
MIBP and develop a branch-and-bound algorithm where branching occurs on the slack
variables of the follower’s constraints. (Wang and Xu 2017) embed multiway disjunction
cuts to remove bilevel infeasible solutions in a branch-and-bound framework. Lozano and
Smith (2017) consider the optimal value function of the lower level problem and refor-
mulate the MIBP as a single-level optimization problem, and develop an algorithm that
generates a lower bound from the relaxed problem and upper bound from the feasible
solutions generated so far. Another branch-and-cut algorithm is proposed in (Fischetti
et al. 2018) that employs intersection cuts. Yue et al. (2019) derive the single-level refor-
mulation of MIBP by considering it as a constrained mathematical program, and develop
a projection-based decomposition approach that implicitly enumerates the lower level’s
integer variables.

Defense problems were the the earliest application of BP (Bracken and McGill 1973),
but the applications of bilevel programming quickly expanded to other domains (Kleinert
et al. 2021). Gumus and Ciric (1997) use BP to model a chemical reactive distillation pro-
cess that involves thermodynamic equilibria. Machine learning and statistics is another
context where researchers find BP useful. Bennett et al. (2008) discuss the applicabil-
ity of BP in machine learning models and propose a LBP for hyper-parameter tuning
of statistical learning. Franceschi et al. (2018) unify the gradient-based hyperparame-
ter optimization and meta-learning as a BP. MacKay et al. (2019) employ BP to map
the hyperparameters to optimal weight for a neural network. More recently, Hong et al.
(2020) apply BP to sample fresh data as an actor-critic algorithm runs. Healthcare prob-
lems are among the emerging applications of the bilevel programs. Robbins and Lunday
(2016) propose a bilevel pediatric vaccine pricing problem to determine the optimal pric-
ing strategies for a vaccine firm operating in a an oligopolistic environment. Özaltın et al.
(2018) formulate the seasonal flu shot design problem as a multistage stochastic MIBP
to determine the composition of flu shots and the timing of the strain selections.

Bilevel programs are also explored in the context of logistics and production planning.
Ryu et al. (2004) propose a bilevel model to address hierarchical decision problems under
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uncertainty in the enterprise-wise supply chain in which the upper level corresponds to a
plant planning problem and the lower level problem formulates the distribution network.
Garcia-Herreros et al. (2016) address the capacity expansion problem by a MIBP where
the leader’s problem maximizes the producer profit and determines expansion plans,
while the follower’s problem determines the demand assignment while minimizing the
cost paid by the market. In (Dan et al. 2020), the authors study service facilities in a
competitive market considering customer behavior and propose mixed-integer nonlinear
BP that determines location, service rate, and prices offer by facilities.

Power and energy systems are the largest area of BP application (see, for example
(Gabriel et al. 2012)). Motto et al. (2005) propose a MIBP to analyze the security of
electricity grid under disruption threats. Power generation and transmission expansion
planning problem are formulated as a BP in (Garcés et al. 2009). Lavigne et al. (2000)
apply BP to analyze the impact of various pricing mechanism in the electricity market.
A joint wind power investment and transmission reinforcement model is proposed in
(Baringo and Conejo 2012). Shelar et al. (2021) propose a generalized Benders method
to tackle the bilevel problem of evaluating resiliency of electricity distribution network
against disruptions.

1.3 Outline of the Dissertation

The rest of the dissertation presents hierarchical decision making problems we consider.
Chapter 2 examines the convex multistage stochastic problems and proposes a reformu-
lation to establish bounds by systematically decomposing the scenario tree into subprob-
lems who can be solved by commercial solvers in parallel. The focus of Chapter 3 and
4 are the applications of bilevel programming to product transition in a semiconduc-
tor firm. Chapter 3 considers production transitions when the transition is managed by
three entities, namely corporate management, engineering and manufacturing divisions.
Corporate management leads the company towards its strategic goals. Engineering and
manufacturing entities form the followers problem. Engineering division is responsible
for all the activities concerning production development, whereas manufacturing division
determines the production decisions. Chapter 4 generalizes the same problem to incor-
porate multiple resources and multiple markets. More specifically, our model in Chapter
4 contains multiple product divisions each of which is responsible for a specific market
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segment. Each product division is responsible for the development and production of new
products, containing both engineering and manufacturing units. The novel aspect of the
problems in Chapter 3 and 4 is that the lower level problem in both models has multi-
ple interdependent followers who compete over resources. This creates several theoretical
challenges for which we develop suitable solution approaches.
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Chapter 2

Subtree Decomposition for General
Multistage Stochastic Program

Abstract:
Multistage stochastic programming offers a powerful framework for modeling complex sequen-
tial decision making problems involving uncertainty. In many problem settings, however, its
practicality is hampered by the problem’s size or structure, rendering it impossible to solve for
the required instance size. Nonlinear problem structure, and memory limitation due to problem
size are the main factors rendering an instance difficult to solve. We proposed a reformulation of
the general multistage program to establish bounds by systematically decomposing the scenario
tree into subproblems that can be solved by commercial solvers. Not only is our method broadly
applicable to any multistage stochastic problem under mild assumptions, it fits naturally into
multithreaded computing environments as well. We test the performance of bounds on instances
of two well-known problems from the literature. The numerical results indicate that the method
has the potential to tackle large instances for which no previous method could generate any
bound.
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2.1 Introduction

Stochastic programming is an approach for modeling sequential optimization problems
whose parameters are not fully known to the decision maker. A stochastic program (SP)
assumes that the decision maker knows the probability distribution of the uncertain
parameters. Due to its relatively nonrestrictive approach toward modeling uncertainty,
SP has gained increasing attention in the research community (Kall et al. 1994; Birge and
Louveaux 2011). These studies aim to develop efficient algorithms for special classes of
SPs (Laporte and Louveaux 1993; Shapiro and Ahmed 2004; Ahmed et al. 2020; Dowson
et al. 2020; Boland et al. 2018; Shapiro and Ding 2020) and extend its application to
new problem domains in healthcare (Özaltın et al. 2011; Castaing et al. 2016; Gul 2018),
logistics and supply chain (Santoso et al. 2005; Grass and Fischer 2016; Powell and
Topaloglu 2003), energy (Linderoth and Wright 2005; Carrión et al. 2007; Zhan and
Zheng 2018), and finance (Infanger 2008) among others (Wallace and Ziemba 2005).
Depending on the planning horizon, SPs can broadly be divided into two-stage and
multistage models. In two-stage models, an initial set of decisions is followed by recourse
decisions after observing realization of uncertain parameters. In multistage stochastic
programs (MSP), this process is repeated multiple times. Unlike two-stage models, MSP
offers a dynamic decision environment where the decision maker has flexibility to respond
to information reveals gradually over time.

There are a number of solution algorithms proposed for special classes of SPs (Mul-
vey and Vladimirou 1991; Laporte and Louveaux 1993; Gade et al. 2014). A subset of
these algorithms require the second-stage decision variables to be continuous (Sen 2005),
preventing their application to a broad set of problems. The problem size grows exponen-
tially as the number of decision stages increase in multistage models. As a result, exact
algorithms for MSPs typically resort to decomposition techniques (Carøe and Schultz
1999; Sen and Sherali 2006; Ahmed 2013; Deng et al. 2020). As an alternative, some
studies focused on generating statistical bounds. Examples of bound-generating methods
include sample average approximation (Kleywegt et al. 2002) and scenario decomposition
(SD) (Higle and Sen 1991; Sen and Zhou 2014; Sandikçi and Özaltin 2017).

This chapter presents a bounding method that systematically generates lower and
upper bounds for convex multistage stochastic mixed-integer programs (SMIPs). We
reformulate MSPs so they can be decomposed into smaller independent subproblems.
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Our approach aligns with a recent stream of studies that generate upper and lower
bounds for SMIPs using scenario decomposition. For two-stage SMIP Sandıkçı et al.
(2013) proposed lower and upper bounds by solving group subproblems whose variables
and constraints are associated with a subset of scenarios of size b. They use a reference
scenario to balance the effect of extreme scenarios and provide a hierarchy of lower bounds
that improve monotonically b. An upper bound is calculated by solving the problem
for a subset of scenarios and embedding the partial solution in the original model to
obtain a feasible solution. This study has been extended to multistage settings in several
directions. In particular, Zenarosa et al. (2014) considered a different class of group
subproblems derived from vertex cuts which are used to partition the scenario nodes by
separating the root node from the scenario nodes. For a given partition, they formulate
subproblems by choosing a pre-determined number of scenarios from each member of the
partition. This method provides a lower bound by taking an expectation over all such
group subproblems, and an upper bound by completing the solution of subproblems to
construct a feasible solution. Maggioni et al. (2016) generalized the bounds in (Sandıkçı
et al. 2013) to multistage SMIPs and showed that the monotonicity of bounds in (Sandıkçı
et al. 2013) remains valid in both group and reference scenario set size. Another extension
of (Sandıkçı et al. 2013) for multistage case is proposed in (Sandikçi and Özaltin 2017)
which develops a generic bounding method that does not require convexity assumptions.
The authors apply the scenario decomposition on a blockset, which is a collection of
scenario node subsets whose union make up the entire scenario node set. The blockset
is used to create group subproblems whose objective values are appropriately aggregated
to generate a lower bound. This method can efficiently calculate bounds for enormous
instances with up to 100 million scenarios and 1.5 billion decision variables. Building
upon (Sandıkçı et al. 2013; Zenarosa et al. 2014; Sandikçi and Özaltin 2017), Bakir et al.
(2020) introduced the concept of b − partition which partitions the scenario nodes into
subsets of nearly equal cardinality of either b or b− 1 and show that the expected values
of the partitions form a hierarchy in b. The authors propose several sampling approaches
to overcome the difficulty of enumerating all b-partitions. However, their methodology is
not tested on large instances.
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2.2 Methodology

2.2.1 Multistage Stochastic Programming

Multistage stochastic programming (MSP) is a framework to model finite-horizon opti-
mization problems with uncertainty in which sequential decisions are made at discrete
stages T = {1, 2, . . . , T}. Let ωt be a finite number of random events realized in stage
t with sample space Ωt (i.e. ωt ∈ Ωt) and let ξt(ωt) ∈ Rdt be the associated random
variables. For a sequential decision making process, the set ξ(ω) = {ξ1(ω1), . . . , ξT (ωT )}
forms a stochastic process (i.e. a collection of time-indexed random variables) and can be
interpreted as a set of uncertain parameters revealed over T stages (Shapiro et al. 2014).

The decision making process is initiated by making decisions in the first stage and
continues by observing the outcome of a random event ω2 at stage 2, and then taking a
recourse action, and so on. As evident by the process, the decision variables at stage t
are nonanticipative meaning that they are functions of both random events and decisions
made up to time t, but are not affected by the information revealed or decisions made in
the subsequent stages. However, to keep the notation from getting too onerous, we drop
these explicit dependencies from actions and random variables, thus stating them simply
as zt and ξt. Let the closed and continuous function ft(zt, ξt) be the objective function
contribution of action zt under the random variable ξt at stage t. Then a generic MSP
aims to minimize the total expected contributions by the following nested formulation
(Sandikçi and Özaltin 2017):

min
z1∈Z1

f(z1) + E
[

min
z2∈Z2

f2(z2, ξ2) + . . .+ E
[

min
zT∈ZT

fT (zT , ξT )
]]

(2.1)

where E [.] is the expectation over a random variable, and zt ∈ Rnt the set of decision
variables in stage t ∈ T . The set of feasible solutions in stage t ∈ T is denoted by
Zt = {zt ∈ Rnt |gt(z1:t, ξ1:t) = ht(ξ1:t)} where z1:t = (z1, . . . , zt), ξ1:t = (ξ1, . . . , ξt), gt(.) :
Rn1 × . . .×Rnt ×Rd1 × . . .×Rdt → Rmt is the constraint function, and ht(.) : Rd2 × . . .×
Rdt → Rmt is the right hand side function for positive integer values of nt, dt and mt.

We assume that the stochastic process ξ = {ξ1, . . . , ξT} has a finite support Ξ =
{ξ1, . . . , ξS} where ξs = (ξs2, . . . , ξsT ) for s ∈ S := {1, 2, . . . , S} is called a scenario with
associated probability mass of ps and represents the history of realizations up to time
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Figure 2.1: Scenario tree representation of a MSP where the stochastic process ξ =
{ξ1, . . . , ξT } form a Markov chain. The scenario tree has N nodes starting from the root node
0 ending at node N − 1. Time marches ahead from the current time t = 1 until the end of the
planning horizon t = T in discrete steps. Nt is associated with each time stage and contains
the set of corresponding nodes.

T . A MSP can be modeled on a scenario tree if ξ = {ξ1, . . . , ξT} form a Markov chain;
that is, if ξt stochastically depends only on its immediate preceding random variable
ξt−1. As shown in Figure 2.1, the scenario tree is a rooted tree with T levels in which
level 0 contains only the root node, with index 0, and is associated with ξ1. The root
node is connected to the nodes in level t = 2 that has as many nodes as the number of
realizations in ξ2; each node in level t = 2 is connected to as many nodes as the number of
realization of ξ3. Accordingly, each node at level t corresponds to a particular realization
of ξ2:t representing the state of the system at stage t (Sandikçi and Özaltin 2017). Let
N be the set of all nodes in the scenario tree and Nt the set of nodes in stage t. We
define children as the set of nodes emanating from node n and denote as Cn. Parent is
the predecessor of node n and is denoted by a(n). Clearly, N := ∪t∈TNt, a(0) = ∅. By
the same token, Nt+1 := ∪n∈NtCn for t ∈ T \T and Cn∈NT = ∅. The scenario tree offers a
convenient way of defining a scenario. Let Am,n be the set of nodes in the path from node
m to n where n,m ∈ N , and S the number of scenarios. A scenario, is then a unique
path from root node at stage t = 1 to a node in the last stage t = T . In other words, a
scenario is a realization of the process ξ1, ξ2, . . . , ξT , thus the number of nodes in the last
stage of the scenario tree equals S (Shapiro et al. 2014).
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Figure 2.2: A sample notation on a scenario tree with T = 4 and N = 17

The probability ps of a scenario node s ∈ NT is derived by the product of the condi-
tional probabilities of all nodes in the path from the root node to s. Figure 2.2 illustrates
a sample notation associated with a scenario tree. We use Ln to denote the set of scenario
nodes that have node n in their path to the root node (i.e. Ln = {s|n ∈ A0,s,∀s ∈ NT}).
Then pn, the marginal probability of node n ∈ N , is simply pn = ∑

s∈Ln ps.

We classify decision variables at each node into two groups: lasting variables xn rep-
resent the variables that link decisions across time stages, and hence xn is a variable
that appear in the formulation of nodes in subsequent time stages. Local variable yn,
on the other hand, corresponds to a variable that only appears in the formulation of
node n. Our definitions of lasting and local variables are similar to the definition of
state and stage variables in (Basciftci et al. 2019), respectively. We assume that the ob-
jective function and constraints are convex and additively separable in the lasting and
local variables. Let (xn, yn) denote the decisions made at node n ∈ Nt of stage t; de-
fine fn(xn, yn) ≡ ft(xt, yt, ξlt), gn({xmn }m∈A0,n , yt) ≡ gt(x1:t, yt, ξ

l
2:t) and hn ≡ ht(ξl1:t) for

l ∈ Ln. The so-called extensive nodal formulation of a MSP on a scenario tree is given
by:

min φ =
∑
n∈N

pn [fn1 (xn) + fn2 (yn)] (2.2a)

s.t. gn1 ({xm}m∈A0,n) + gn2 (yn) ≤ hn, n ∈ N (2.2b)
xn ∈ X, yn ∈ Y, n ∈ Nt, t ∈ T (2.2c)
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where fn1 (xn)+fn2 (yn) = fn(xn, yn) and gn1 ({xmn }m∈A0,n)+gn2 (yn) = gn({xmn }m∈A0,n , yn)
reflecting the additive separable nature of these functions. The notation X and Y denote
the set of lasting and local variables that can be continuous or integer. Notice that the
scenario tree is structured in a way that the nodal formulation naturally ensures nonan-
ticipativity. Despite this convenience, the size of the scenario tree grows exponentially
with the number of stages, making it impractical to solve realistic size MSPs directly by
commercial solvers.

2.3 Subtree Reformulation

We propose a reformulation of problem (2.2) that, when relaxed, is decomposed into
subproblems. This reformulation is based on dividing the scenario trees into subtrees
(i.e. subsets of scenario tree nodes which form a tree). We first introduce the notation
required to present the reformulation, then continue with an illustrative example, and
finally establish a theoretical equivalence result.

2.3.1 Notation and Parameters

We start by defining a collection of subtrees whose union makes up the entire scenario
tree. We term this collection as a bundleset Q and each of its members as bundle Bi. A
bundle is characterized by its root node r(B) and set of leaf nodes LB which are nodes in
the last stage of the bundle. We assume that two bundles can share a node only if they
span the same number of periods. We define Sl as the set of bundles sharing node l, and
ml = |Sl| as the multiplicity of node l; and define Rl as the set of root nodes potentially
affected by the decisions made in node l. Define the weight of bundle B as:

wB =
∑
l∈LB

pl

ml

.

and the adjusted probability of node n ∈ B as:

p̂nB = 1
wB

∑
l∈LBn

pl

ml

,
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where LBn is the set of leaf nodes in bundle B emanating from node n ∈ B, i.e., LBn =
{l|l ∈ LB, n ∈ Ar(B),l}. Note that LBr(B) = LB.

2.3.2 An Illustrative Example

We use the Figure 2.3 to explain the notation defined so far.

Figure 2.3: An example of a subtree decomposition on a scenario tree with T = 4 and
N = 15

This decomposition’s bundleset is Q = {B1,B2,B3,B4,B5,B6}. The multiplicity of
node 3 and node 8 is 2 as they are included in two bundles. The multiplicity of all other
nodes is 1. The weights of the bundles are:

wB1 = 0.45 wB2 = 0.15 + 0.1 = 0.25 wB3 = 0.1 + 0.1
2 = 0.15

wB4 = 0.1
2 + 0.05 = 0.1 wB5 = 0.2 wB6 = 0.1 + 0.2 = 0.3
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Figure 2.4: Example of an invalid subtree decomposition

The set of affected root nodes for node 0 is R0 = {2, 3, 4, 6}, for node 1 is R1 = {3, 4},
for node 2 is R2 = {6}, and ∅ for all other nodes.
The set of bundles that share node 3 and 8 is S3 = S8 = {B3,B4} and ∅ for all other
nodes.
Also notice that LB3

3 = {7, 8} and LB4
3 = {8, 9}, but L3 = {7, 8, 9}.

Figure 2.4 shows an invalid subtree decomposition. Fo bundle B3, m3 = 2 but the
multiplicity of its leaf nodes are 1. This leads to complications as the following proposi-
tion 2.3.1 does not hold for node 3; according to definitions, S3 = {B2,B3}, therefore:

wB2 = 14
20 , w

B3 = 7
20 , p̂

B3
3 = 1, p̂B2

3 = 10
14

However:
∑

m∈Rn{∪n}
pmvnm = 7

20 × 1 + 14
20 ×

10
14 6= 0.5
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2.3.3 Subtree Reformulation

We explicitly impose the effect of a lasting variable on the subsequent bundles by creating
copy variables. Let Rn be the set of bundle root nodes that are impacted by the lasting
variables at node n. We then define the copy variables as xmn ,m ∈ Rn ∪ {n}. As such,
we consider the effect of each xmn separately and define coefficient distribution vnm to
account for the contribution of a lasting variable on the impacted root nodes. If Rn = ∅,
then vnn = 1, otherwise we assume that vnn is a parameter set by the user, and then
define the vnm as:

vnm = pn(1− vnn)
pm |Rn|

m ∈ Rn

Proposition 2.3.1. For any node n ∈ N , the following holds

∑
m∈Rn{∪n}

pmvnm = pn

Proof.

∑
m∈{Rn∪n}

pmvnm = pnvnn +
∑

m∈Rn
pmvnm = pnvnn +

∑
m∈Rn

pm
pn(1− vnn)
pm |Rn|

= pnvnn + pn(1− vnn)
∑

m∈Rn

1
|Rn|

= pnvnn + pn(1− vnn) = pn

Proposition 2.3.2. For any node n ∈ N , the following holds:

∑
B∈Sn

wBp̂nB = pn

Proof.

∑
B∈Sn

wBp̂nB =
∑
B∈Sn

wB
1
wB

∑
l∈LBn

pl

ml

=
∑
B∈Sn

∑
l∈LBn

pl

ml

= pn
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We now present the reformulation for problem (2.2). Consider the following reformu-
lation for any bundleset Q:

min φ(Q) =
∑
B∈Q

wB

∑
b∈B

p̂Bb [vbbf b1(xBb ) + f b2(yBb )] +
∑

j∈A0,a(r(B))

vjr(B)f
j
1 (x′j)

 (2.3a)

s.t. g1i
1 ({x′i}i∈A0,a(r(B))) + g2j

1 ({xBj }j∈Ar(B),b) + gb2(yBb ) ≤ hb B ∈ Q, b ∈ B (2.3b)
x′n = xBn n ∈ N , r ∈ Rn{∪n},B ∈ Sr (2.3c)
y′n = yBn n ∈ N ,B ∈ Sn (2.3d)
xBb , x

′
n ∈ X, yBb , y′n ∈ Y n ∈ N ,B ∈ Q, b ∈ B (2.3e)

where φ(Q,B, x′, y′) is the bundle subproblem and (xB, yB) ∈ argminφ(Q,B, x′, y′):

φ(Q,B, x′, y′) = min
∑
b∈B

p̂Bb [vbbf b1(xb) + f b2(yb)] +
∑

j∈A0,a(r(B))

vjr(B)f
j
1 (x′j) (2.4a)

s.t. g1i
1 ({x′i}i∈A0,a(b)) + g2j

1 ({xj}j∈Ar(B),b) + gb2(yb) ≤ hb, B ∈ Q, b ∈ B
(2.4b)

xb,∈ X, yb,∈ Y, n ∈ N ,B ∈ Q, b ∈ B
(2.4c)

The objective function (2.3a) is the summation of individual bundles of the bundleset
Q. In constraint (2.3b), g1

1(.) and g2
1(.) are constraint functions associated with lasting

variables that precede bundle B and those belong to bundle B, respectively. Constraints
(2.3c) and (2.3d) are binding constraints which requires the lasting and local variables of
a node to take the same values.

Theorem 1. Problem (2.2) and (2.3) are equivalent.

Proof. We develop the proof in two parts. In the first part, we show that the feasible
regions of the two formulations are the same. We first consider a feasible solution (x′, y′)
for problem (2.2) and show that there exist (xB, yB) such that (x′, y′, xB, yB) is feasible
to the (2.3). For every node n ∈ N create xB, i.e., copy variables of x′n, for every bundle
B that it impacts. Similarly, create yB, i.e., copy variables of y′n, for every bundle B that
shares node n. Clearly, this solution satisfies (2.3c) and (2.3d). To see that it also satisfies
(2.3b), notice that {b|b ∈ B,B ∈ Q} ≡ N .
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Now consider a feasible solution (x′, y′, xB, yB) for (2.3). Clearly, the solution (x′, y′)
satisfies (2.2b) simply by replacing xBb by x′b and yBb by y′b. Then we have:

g1i
1 ({x′i}i∈A0,a(r(B))) + g2j

1 ({xBj }j∈Ar(B),b) + gb2(yBb ) ≤ hb B ∈ Q, b ∈ B

gn1 ({x′m}m∈A0,n) + gn2 (y′n) ≤ hn, n ∈ N

Next we show that the objective functions for both problems are equal for each feasible
solution.

∑
B∈Q

wB

∑
b∈B

p̂Bb [vbbf1(xBb ) + f2(yBb )] +
∑

h∈A0,a(r(B))

vh,r(B)f(x′h)
 (2.5a)

=
∑
B∈Q

wB
∑
b∈B

p̂Bb [vbbf1(xBb ) + f2(yBb )] +
∑

h∈A0,a(r(B))

wBvh,r(B)f1(x′h) (2.5b)

=
∑
n∈N

∑
B∈Sn

wBp̂Bn [vnnf1(x′n) + f2(y′n)] +
∑
n∈N

∑
m∈Rn

∑
B∈Sm

wBvnmf1(x′n) (2.5c)

=
∑
n∈N

pn[vnnf1(x′n) + f2(y′n)] +
∑
n∈N

∑
m∈Rn

pmvnmf1(x′n) (2.5d)

=
∑
n∈N

pnvnnf1(x′n) +
∑

m∈Rn
pmvnmf1(x′n) + pnf2(y′n)

 (2.5e)

=
∑
n∈N

 ∑
r∈Rn∪{n}

prvnrf1(x′n) + pnf2(y′n)
 (2.5f)

=
∑
n∈N

pn [f1(x′n) + g(y′n)] (2.5g)

Note that xBb is replaced by x′n and yBb by y′n according to constraint (2.3d). (2.5d)
holds from Proposition 2.3.2, and (2.5g) from Proposition 2.3.1.

The unique feature of this reformulation is that by relaxing constraints (2.3c) and
(2.3d) the subproblems for each bundle can be solved independently in parallel to get a
lower bound.
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2.3.4 Diameter Expansion

The reformulation proposed in the previous section can accommodate any decomposition
that satisfy the definition of a bundleset. In this section we propose a diameter expansion
procedure (DEP) to systematically construct bundlesets based on only a few user-defined
parameters. DEP generates a pattern P which is characterized by a tuple: diameter length
d and scenario node cover C, hence summarized as (d, C). The parameter d specifies the
number of periods for the bundle containing the root node. The cover C, on the other
hand, groups scenario nodes into non-empty subsets whose union comprises the set of
scenario nodes. Each cover has the form of (keyword, params) where keyword shows the
method by which a cover is generated and params contains the required parameters for
the keyword. DEP starts by creating the root bundle that contains all the nodes until
stage d. All the remaining bundles are formed with their root at stage d + 1. In other
words, each node at stage d + 1 is the root for at least one bundle. We consider the
following methods to group the scenario nodes in Ln, n ∈ Nd+1:

• Single Bundle per Node (sn): assign all scenario nodes in Ln to a single bundle.

• Sequential Partition (sp): given a fixed value s′ ≤ |Ln|, construct bundles by
grouping nodes in order of their indices in the scenario tree. This method does not
allow sharing a node among bundles.

• Sequential Cover (sc): given a fixed value s′ ≤ |Ln|, construct bundles by grouping
nodes in order of their indices in the scenario tree such that each bundle has exactly
s′ leaf nodes. Shared nodes are possible in this method.

• Random Assignment (ra): given a fixed value s′ ≤ |Ln|, construct bundles by
randomly sampling s′ leaf nodes without replacement. The process continues until
all nodes are assigned.

We assume that sp method is the default so that a cover generated with this method is
only identified by one parameter s′; for other cases both the keyword and the parameter
should be stated. Note that DEP is a generalization of the scenario decomposition (SD)
framework proposed in (Sandikçi and Özaltin 2017). That is, when d = 0, all the bun-
dles share the same node which is the root node, hence DEP becomes equivalent to SD.
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Figure 2.5 illustrates different grouping methods on a sample tree with T = 4 andN = 16.
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(b) (1, sn)
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(c) (1, 3)
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(d) (1, sc, 3)

Figure 2.5: Examples of DEP with different diameters and covers

2.3.5 The Upper Bound Procedure

The size of the scenario tree grows exponentially with the number of stages. This is the
main hurdle to solving large-scale instances. We propose a method to generate feasible
solutions and an upper bound, by which we can assess the quality of the lower bound.
The DEP decomposes the tree in a way that only the nodes of the root bundle have
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nonempty R (i.e. set of root nodes impacted). Therefore, fixing the values of decision
variables in the root bundle allows the remaining bundles to be solved independently in
parallel. Let (x̂, ŷ) denote the optimal solution to the root bundle. If the residual solution
for all remaining bundles is feasible, then a full feasible solution, hence an upper bound
is obtained.

2.4 Computational Study

We carry out numerical analysis on two well-known problems from the literature to test
the performance of the bounding methods. Both algorithms are coded in C++ with CPLEX

12.9 solver in single thread mode and OpenMP 4.5 for parallelization. We run instances
on a computer with a six-core Intel Xeon 2.99 GHz processor and 32 GB RAM. The
relative optimality gap in all instances is set to 10e-3.

2.4.1 Multistage Capacity Acquisition Problem (MCAP)

The multistage Capacity Acquisition Problem (MCAP) under uncertainty is a well-
studied multistage stochastic program in the literature to determine the minimum cost
acquisition and capacity allocation decisions of R resources to satisfy the uncertain pro-
cessing requirements of T tasks over a planning horizon. Various versions of MCAP have
been studied with different constraints and objectives (Sandikçi and Özaltin 2017; Bas-
ciftci et al. 2019; Ahmed and Garcia 2003; Huang and Ahmed 2009). We use the MCAP
version studied in (Sandikçi and Özaltin 2017):

[MCAP ] min
∑
n∈N

pn

(∑
i∈R

[νinxin + φinu
i
n] +

∑
j∈T

[
sjnz

j
n +

∑
i∈R

cijn y
ij
n

])
(2.6a)

subject to xin ≤ κinu
i
n n ∈ N , i ∈ R (2.6b)∑

j∈T
δjny

ij
n ≤

∑
m∈A0,n

xim n ∈ N , i ∈ R (2.6c)

∑
i∈R

yijn + zjn = 1 n ∈ N , j ∈ T (2.6d)

xin ≥ 0, uin, zjn, yijn ∈ {0, 1} n ∈ N , i ∈ R, j ∈ T (2.6e)
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Table 2.1: Parameters in MCAP

Parameters

R Set of resources
T Set of tasks
φin Fixed cost of expanding capacity resource i
νin Variable cost of expanding capacity resource i
cijn Cost of assigning resource i for task j at node n
sjn Penalty cost of not completing task j
δjn Processing requirement of task j
κin Upper limit on the capacity expansion of resource i

Table 2.1 summarizes the problem parameters. Decision variables include (x, u, z, y);
xin is the amount of capacity expansion for resource i at node n, uin is an indicator variable
for expanding capacity of resource i at node n, yijn takes value 1 if resource i is assigned
to task j at node n, and zjn is an indicator variable for not satisfying the processing
requirement for task j at node n. The objective function (2.6a) aims to minimize the total
expected cost of capacity acquisition and resource assignment to tasks. The upper limit
for capacity acquisition is enforced in constraints (2.6b). Constraints (2.6c) limit the total
assigned capacity of a resource to its available amount, and (2.6d) determines whether the
process requirement for task j is satisfied or not. Given a solution (xn, un, yn, zn)n∈A0,a(r(B)) ,
the subproblem for bundle B is given by:

min
∑
b∈B

p̂Bb

(
vbb
∑
i∈R

[φibuib + νibx
i
b] +

∑
j∈T

[
sjbz

j
b +

∑
i∈R

cijb y
ij
b

])
(2.7a)

subject to xib ≤ κibu
i
b b ∈ B, i ∈ R (2.7b)∑

j∈T
δjby

ij
b ≤

∑
h∈Ar(B),b

xih +
∑

h∈A0,a(r(B))

x
′i
h b ∈ B, i ∈ R (2.7c)

∑
i∈R

yijb + zjb = 1 b ∈ B, j ∈ T (2.7d)

xib ≥ 0, uib, z
j
b , y

ij
n ∈ {0, 1} b ∈ B, i ∈ R, j ∈ T (2.7e)
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2.4.2 Multistage Asset Management Problem (MSAM)

Our second test problem is a multistage financial planning problem, which seeks to opti-
mize investment strategies for a set of assets A = {1, . . . , I}. The objective is to maximize
expected wealth by trading assets with random returns over a finite discrete planning
horizon. We extend the formulation presented in (Mulvey and Shetty 2004) by including
borrowing limits and investment diversification constraints. Furthermore, the value of
the asset return is available at the time of the investment decision in (Mulvey and Shetty
2004), whereas in our model this value is only observed in the subsequent stage when
portfolio re-balancing decisions are made.

Investment decisions are shaped by the risk attitude of the decision maker (Infanger
2006). Several approaches including the classical mean-variance model have been pro-
posed in the literature. We employ the additive quadratic downside utility function to
penalize the objective function when wealth falls below a prescribed target (Infanger
2006). A multistage stochastic programming formulation is given by:

[MSAM] max
∑

n 6=0,n∈N
qnδn [Wn − α1 max{0,Ψn −Wn}]−

∑
n6=0,n∈N

α2(max{0,Ψn −Wn})2
(2.8a)

s.t.
∑
i∈A

xi0 = B (2.8b)

xin = rinx
i
a(n) + yin(1− σin)− zin n ∈ N \ {0}, i ∈ A \ {1}, (2.8c)

x1
n = r1

nx
1
a(n) +

∑
i∈A\1

[
zin

(
1− σin

)
− yin

]
− ba(n)

(
1 + βa(n)

)
+ bn, n ∈ N \ {0}, (2.8d)

bn ≤ κ2

[∑
i∈A

rinx
i
an − ba(n)

(
1 + βa(n)

)]
n ∈ N \ {0}, (2.8e)

Wn =
∑
i∈A

xin − bn n ∈ N \ {0}, (2.8f)

xin ≤ κ1
∑
j∈A

xjn n ∈ N , i ∈ A, (2.8g)

Wn, x
i
n, y

i
n, z

i
n, bn ≥ 0 n ∈ N , i ∈ A (2.8h)

The first asset with index i = 1 represents cash. The variables Wn and bn denote the
wealth and the amount of cash borrowed at node n, respectively. xin, yin, and zin denote
the total value of asset i, the amount of cash invested in asset i, and the amount of
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cash earned by selling asset i at scenario tree node n ∈ N , respectively. The parameters
α1 and α2 denote the linear and quadratic downside risk coefficients, κ1 the maximum
fraction of total assets that can be assigned to any single asset, κ2 the maximum fraction
of wealth that can be borrowed, W0 denotes the initial wealth, and for scenario tree node
n ∈ N , Ψn, δn, and βn denote the target wealth, discount rate, and uncertain borrowing
rate at n, respectively, rin and σin denote the uncertain return and uncertain transaction
cost, respectively, of asset i at node n. Note that we assume symmetric transaction costs
(i.e., cost of selling equals cost of buying).

The Objective function (2.8a) maximizes the expected discounted wealth minus the
penalty for wealth falling below a target wealth. Constraints (2.8b), (2.8g), and (2.8e)
enforce the initial budget, investment diversification, and borrowing limit restrictions,
respectively. In particular, Constraints (2.8g) state that the holding of an asset at any
node cannot be more than a certain fraction of total assets. Finally, constraints (2.8e)
limit borrowing to a certain fraction of the wealth at the beginning of the period. Con-
straints (2.8c) and (2.8d) are flow balance equations, and (2.8f) determine the wealth at
each stage of the planning horizon.

The subproblem formulation for a bundle is given below, with b and x as lasting
variables. B′ is the upper bound for the wealth at the parent node of the root node
which is obtained by solving a subtree problem on nodes A0,a(r(B)) with the objective of
maximizing the wealth at the leaf node.

max
∑

b6=0,b∈B
qbδb

[
Wb − α1 max{0,Ψb −Wb} − α2(max{0,Ψb −Wb})2

]
(2.9a)

s.t.
∑
i∈A

xia(r(B)) = B′ (2.9b)

xib = ribx
i
a(b) + yib(1− σib)− zib b 6= 0 ∈ B\r(B), i ∈ A\{1}, (2.9c)

xir(B) = rir(B)x
i
a(r(B)) + yir(B)(1− σ

i
r(B))− z

i
r(B) i ∈ A\{1}, (2.9d)

x1
b = r1

bx
1
a(b) +

∑
i 6=1

[
zib

(
1− σib

)
− yib

]
− ba(b)

(
1 + βa(b)

)
+ bb, b ∈ B \ {0}, (2.9e)

x1
r(B) = r1

r(B)x
1
a(r(B)) +

∑
i 6=1

[
zir(B)

(
1− σir(B)

)
− yir(B)

]
− ba(r(B))

(
1 + βa(r(B))

)
+ br(B) (2.9f)

bb ≤ κ2

[∑
i∈A

ribx
i
a(b) − ba(b)

(
1 + βa(b)

)]
b ∈ B \ {0} (2.9g)
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br(B) ≤ κ2

[∑
i∈A

rir(B)x
i
a(r(B)) − ba(r(B))

(
1 + βa(r(B))

)]
(2.9h)

Wb =
∑
i∈A

xib − bb b ∈ B \ {0}, (2.9i)

xib ≤ κ1
∑
j∈A

xjb b ∈ B, i ∈ A, (2.9j)

xib, y
i
b, z

i
b, bb ≥ 0 b ∈ B, i ∈ A (2.9k)

2.4.3 Instance Generation

We randomly generate instances in various sizes. We consider symmetric scenario trees
where the number of child nodes emanating from each non-leaf node is the same for all
time stages. These two parameters determine the size of a scenario tree and its number
of scenarios; a (T, r) instance would have (rT − 1)/(r− 1) nodes and rT−1 scenarios. We
refer to an instance as small when the number of nodes in its corresponding scenario tree
is N < 10e4 and large otherwise.

We populate data for MCAP instances as in (Sandikçi and Özaltin 2017) which solves
instances with up to 100 million scenarios. We set κin = 1, νin is uniformly distributed
between 5 and 10, denoted by νin ∼ U [5, 10], φin ∼ U [25, 50], sjn ∼ U [500, 1000], cijn ∼
U [5, 10] and demand δjn ∼ U [0.5, 1.5] for every i ∈ R, j ∈ T, n ∈ N .

In the MSAM problem, we consider the annual investment decisions for five asset
classes: cash, US stocks, international stocks, corporate bonds, and government bonds (In-
fanger 2006). We model the asset returns using a multivariate normal distribution with
means, standard deviations, and the correlation matrix provided in (Infanger 2006).
We set the risk aversion coefficients α1 = 1, 000 and α2 = 2, 000, the discount factor
δn = (0.99)tn corresponding to 1% per year, where tn denotes the time stage of scenario
tree node n ∈ N , and the target wealth in each stage Ψn = W0(1.02)tn , reflecting the
desired minimum return of 2% per year. Borrowing is not considered in (Infanger 2006),
so we assume that the borrowing rate βn follows the same distribution as cash, and it is
perfectly correlated with cash. We also set W0 = 100, σn ∼ U [0.02, 0.05], κ1 = 0.3, and
κ2 = 0.2.
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2.4.4 Analysis of the Results

We analyze the performance of our reformulation on two sets of small and large instances
with different number of periods and realizations of random variables. For small-size
instances, we set the time limit to 3,600 seconds for the extensive form (EF), and 1,800
seconds for lower and upper bounds. Our preliminary results showed that solving the
extensive form for large-size instances usually requires a memory far exceeding that of
our machine, so we only focus on lower and upper bound calculations for which we set
the time limit to 3,600 seconds.

Table 2.2 and Table 2.4 present the numerical results for 25 instances of MCAP
and MSAM problems, respectively. The first column shows the number of periods and
number of branches per each non-scenario node in the tree. The extensive form (EF)
solution, upper bound (UB), and four lower bounds (LB) with different patterns form
the columns of the table. For all solutions,the CPU time is given inside parenthesis if the
solution obtained within the time limit, otherwise it is indicated by time-out (TO). To
gain insight into the bounds’ quality, we give the best found EF solution when the CPU
time exceeds the time limit. Number in all tables are rounded down.

To gain an insight into the performance of algorithms with regard to different patterns,
we calculate gaps for both problems. MCAP is a minimization problem so each pattern
potentially generates a lower bound, whereas MSAM is a maximization problem where a
pattern produces an upper bound. We calculated the lower and upper bound optimality
gap as:

LB gap:100× (EF − LB)
EF

UB gap:100× (UB − EF )
EF

Table 2.3 and Table 2.6 compare the gaps for different patterns presented in Table 2.2,
respectively and Table 2.4. The inf notation is used to indicate that the gap is not
available. Figure 2.6 and Figure 2.7 illustrate the optimality gap for lower bounds for both
MCAP and MSAM instances. As evident by these figures and tables, the two problems
behave differently as the diameter of patterns increase. MCAP, generally produces the
best LB when d = 0, and worst one when d = 1. However, the best solution time is
attained when d = 3, and the worst when d = 1. The potential of our reformulation
can be seen in LB4 where it establishes quality bounds without spending more than 60
seconds on any instance. The inconsistent behavior of bounds with regard to diameter
size can be traced back to MCAP’s formulation. Having a diameter d = 0 allows bundles
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Table 2.2: Numerical results on small-size instances for MCAP

T × r EF
(CPU)

UB
(CPU)

LB1
Pattern

LB1
(CPU)

LB2
Pattern

LB2
(CPU)

LB3
Pattern

LB3
(CPU)

LB4
Pattern

LB4
(CPU)

8-2 2678(0) 2708(0) (0,256) 2677(0) (1, 256) 2590(1) (2, 128) 2644(0) (3, 128) 2661(0)
10-2 2685(7) 2717(0) (0,512) 2685(6) (1,512) 2598(41) (2,256) 2654(3) (2,256) 2661(0)
12-2 2741(303) 2776(1) (0,512) 2740(90) (1,512) TO (2,512) 2709(46) (3,512) 2716(0)
14-2 2786(TO) 2824(8) (0,512) 2785(157) (1,512) 2699(1492) (2,512) 2754(142) (3,512) 2761(4)
16-2 2824(TO) 2862(55) (0,512) 2821(684) (1,512) TO (2,512) 2791(1329) (3,512) 2796(13)

6-3 2514(1) 2523(0) (0,81) 2512(1) (1,81) 2427(2) (2,27) 2486(0) (3,9) 2476(0)
7-3 2523(20) 2544(0) (0,243) 2521(25) (1,243) 2436(52) (2,81) 2495(0) (3,27) 2483(0)
8-3 2553(195) 2563(1) (0,729) 2551(510) (1,729) TO (2,243) 2523(4) (3,81) 2508(0)
9-3 2578(1017) 2588(6) (0,729) 2576(866) (1,729) TO (2,729) 2548(195) (3,243) 2531(0)
5-4 2439(1) 2469(0) (0,64) 2436(0) (1,64) 2352(0) (2,16) 2411(0) (3,16) 2415(0)
6-4 2449(26) 2465(0) (0,256) 2446(13) (1,256) 2362(14) (2,64) 2419(0) (3,16) 2418(0)
7-4 2480(523) 2496(1) (0,256) 2477(142) (1,256) 2392(156) (2,256) 2449(6) (3,64) 2445(0)
8-4 2522(TO) 2524(8) (0,256) 2504(364) (1,256) 2419(384) (2,256) 2475(35) (3,256) 2468(1)
9-4 2544(TO) 2545(42) (0,256) 2524(962) (1,256) 2440(1476) (2,256) 2496(115) (3,256) 2487(7)
5-5 2522(6) 2547(0) (0,125) 2520(2) (1,125) 2435(3) (2,25) 2498(0) (3,5) 2498(0)
6-5 2540(109) 2552(1) (0,625) 2538(218) (1,625) 2453(254) (2,125) 2514(3) (3,25) 2510(0)
7-5 2564(3386) 2578(5) (0,625) 2561(667) (1,625) TO (2,625) 2536(50) (3,125) 2529(0)
8-5 2641(TO) 2599(27) (0,625) TO (1,625) TO (2,625) 2558(1580) (3,125) 2548(10)
5-6 2556(40) 2569(0) (0,216) 2555(12) (1,216) 2469(19) (2,36) 2532(0) (3,6) 2533(0)
6-6 2589(2177) 2604(1) (0,216) 2586(61) (1,216) 2501(83) (2,216) 2563(5) (3,36) 2558(0)
7-6 2622(TO) 2629(9) (0,216) 2611(464) (1,216) 2526(728) (2,216) 2588(63) (3,36) 2579(7)
5-7 2525(106) 2543(1) (0,343) 2523(35) (1,343) 2438(110) (2,49) 2501(0) (3,7) 2502(0)
6-7 2553(3468) 2571(7) (0,343) 2551(260) (1,343) 2465(414) (2,49) 2527(6) (3,7) 2524(14)
5-8 2505(299) 2520(1) (0,512) 2503(93) (1,512) 2418(414) (2,64) 2482(1) (3,8) 2481(0)
6-8 2534(TO) 2544(2) (0,512) 2525(1344) (1,512) TO (2,64) 2503(11) (3,8) 2500(60)

to incorporate all periods. This is especially useful when there is no substantial variance
between weights of bundles. As diameter increases to d = 3, the root bundle controls
most of the contribution toward the objective function. This leads to quality bounds
as the problem structure captures importance of earlier nodes. Note that increasing the
diameter to the extreme of d = T yields the original problem. Diameters such as d = 1
reflect the trade-off in bundle solutions between spanning all periods or incorporating all
nodes in earlier stages. As such, the cost of losing control over all periods is higher than
having all nodes in the root bundle. The upper bound for the problem generates tights
bounds as all, but four, of the instances have gap less than a percent.

MSAM reacts quite differently to diameter increase. Although the bound quality is
not greatly affected as the diameter increases from 0 to 3, the solution time consistently
grows to a point that the bound for some instances such as 9 − 4, 8 − 5, 5 − 7, 6 − 8, is
not attained in the time limit. The performance of the method is generally worse than
for MCAP; most instance have more than 10% gap whereas the gap for MCAP is under
4% for all instances. This is because the initial budget plays a vital role in the problem
formulation. The root node, which is the only node directly impacted by the budget,
becomes crucial for getting a tight bound. While patterns with d = 0 do not consider
all the contribution of the root node in the solution, the commercial solver is unable to
solve larger root bundles. Accordingly, the generated bounds lack the quality of bounds
of MCAP. This also applies for the LB quality where its gap is usually above %10.
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Table 2.3: Upper and lower bound gap for small-size MCAP instances. Rows corresponds
to the actual gap for each class of instances. LB1 and LB2 results in the best bounds
with less than 2% for all the instances.

T × r UB LB1 LB2 LB3 LB4
8x2 1.11 0.02 3.26 1.25 0.62
10x2 1.18 0 3.25 1.13 0.87
12x2 1.27 0.04 inf 1.15 0.92
6x3 0.34 0.08 3.47 1.12 1.51
7x3 0.8 0.09 3.46 1.14 1.59
8x3 0.37 0.1 inf 1.16 1.78
9x3 0.37 0.1 inf 1.17 1.83
5x4 1.2 0.12 3.58 1.17 0.99
6x4 0.62 0.12 3.56 1.23 1.26
7x4 0.62 0.11 3.53 1.25 1.43
5x5 0.98 0.07 3.46 0.93 0.94
6x5 0.46 0.08 3.44 1 1.19
7x5 0.52 0.12 inf 1.09 1.38
5x6 0.47 0.07 3.4 0.97 0.93
6x6 0.55 0.11 3.39 1 1.2
5x7 0.68 0.08 3.47 0.95 0.93
6x7 0.68 0.09 3.44 1.01 1.14
5x8 0.57 0.09 3.48 0.91 0.96

Figure 2.6: Lower bound gap for small-size MCAP instances
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Table 2.4: Numerical results for small-size instances of MSAM

T × r EF(CPU) LB(CPU) UB1
Pattern

UB1
(CPU)

UB2
Pattern

UB2
(CPU)

UB3
Pattern

UB3
(CPU)

UB4
Pattern

UB4
(CPU)

8-2 1058(0) 881(0) (0,256) 1058(0) (1,256) 1139(0) (2,128) 1207(0) (3,128) 1231(50)
10-2 1523(0) 1177(0) (0,512) 1523(0) (1,512) 1647(0) (2,256) 1754(1) (3,256) 1802(49)
12-2 2100(3) 1534(0) (0,512) 2383(0) (1,512) 2383(0) (2,512) 2431(1) (3,512) 2511(40)
14-2 2807(23) 1972(2) (0,512) 3487(1) (1,512) 3487(0) (2,512) 3560(12) (3,512) 3533(101)
16-2 3670(185) 2646(7) (0,512) 4985(4) (1,512) 4985(3) (2,512) 5091(49) (3,512) 5057(421)

6-3 669(0) 591(0) (0,81) 716(0) (1,81) 716(0) (2,27) 744(12) (3,9) 755(165)
7-3 846(0) 744(0) (0,243) 910(0) (1,243) 910(0) (2,81) 951(12) (3,27) 974(154)
8-3 1048(2) 873(0) (0,729) 112(0) (1,729) 1127(0) (2,243) 1181(5) (3,81) 1218(165)
9-3 1268(10) 1031) (0,729) 142(0) (0,729) 1424(0) (0,729) 1435(15) (3,243) 1487(153)
5-4 503(0) 454(0) (0,64) 530(0) (1,64) 530(0) (2,16) 553(37) (3,4) 552(473)
6-4 662(0) 588(0) (0,256) 701(0) (1,256) 701(0) (2,64) 736(39) (3,16) 744(96)
7-4 840(4) 739(0) (0,256) 929(0) (1,256) 929(0) (2,256) 940(51) (3,64) 959(486)
8-4 1036(25) 870(2) (0,256) 1190(1) (1,256) 1194(1) (2,256) 1209(208) (3,256) 1196(487)
9-4 1253(151) 104(11) (0,256) 150(4) (1,256) 1507(4) (2,256) 1527(891) (3,256) TO
5-5 505(0) 455(0) (0,125) 531(0) (1,125) 531(0) (2,25) 554(79) (3,5) 553(959)
6-5 665(2) 590(0) (0,625) 701(0) (1,625) 701(0) (2,125) 737(105) (3,25) 745(944)
7-5 844(19) 7402) (0,625) 930(1) (1,625) 930(1) (2,625) 941(106) (3,125) 961(969)
8-5 1040(159) 872(10) (0,625) 119(6) (1,625) 1197(5) (2,625) 1211(489) (3,125) TO
5-6 502(1) 454(0) (0,216) 531(0) (1,216) 531(0) (2,36) 552(133) (3,6) 551(1709)
6-6 662(7) 589(1) (0,216) 729(0) (1,216) 729(0) (2,216) 736(138) (3,36) 745(1750)
7-6 839(68) 743(7) (0,216) 963(3) (1,216) 963(3) (2,216) 972(938) (3,36) TO
5-7 501(1) 454(0) (0,343) 528(0) (1,343) 528(0) (2,49) 550(263) (3,7) TO
6-7 662(17) 591(2) (0,343) 727(1) (1,343) 727(1) (2,49) TO (3,7) TO
5-8 503(3) 455(0) (0,512) 530(0) (1,512) 530(0) (2,64) 552(315) (3,8) TO
6-8 663(44) 591(4) (0,512) 729(2) (1,512) 729(2) (2,64) TO (3,8) TO

Table 2.5: Gap between LB3 and UB for large-size instances of MCAP

Instance 18-2 20-2 12-2 13-3 10-4 9-5 8-6 7-7 8-7 7-8
LB3-gap 1.53 1.57 2.18 2.2 1.83 1.6 1.21 1.5 1.26 1.44

Figure 2.7: Lower bound gap for small-size MSAM instances
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Table 2.6: Percentage upper and lower bound gap for small-size MSAM instances.

T × r LB UB1 UB2 UB3 UB4
8-2 16.74 0 7.66 14.09 16.38
10-2 22.72 0 8.11 15.13 18.29
12-2 26.94 13.46 13.46 15.72 19.55
14-2 29.76 24.19 24.19 26.8 25.86
16-2 27.89 35.84 35.84 38.73 37.8
6-3 11.57 7 7 11.19 12.96
7-3 12.1 7.49 7.49 12.3 15
8-3 16.71 7.59 7.59 12.74 16.28
9-3 18.06 12.28 12.28 13.18 17.28
5-4 9.81 5.44 5.44 10.02 9.74
6-4 11.11 5.89 5.89 11.28 12.37
7-4 12.04 10.59 10.59 11.89 14.1
8-4 15.98 15.26 15.26 16.7 15.41
9-4 16.48 20.26 20.26 21.82 Inf
5-5 9.94 5.13 5.13 9.76 9.54
6-5 11.3 5.43 5.43 10.74 12.08
7-5 12.29 10.22 10.22 11.47 13.82
8-5 16.13 15.02 15.02 16.41 Inf
5-6 9.56 5.79 5.79 10.08 9.92
6-6 10.94 10.23 10.23 11.17 12.56
7-6 11.42 14.77 14.77 15.87 Inf
5-7 9.28 5.52 5.52 9.77 Inf
6-7 10.7 9.86 9.86 Inf Inf
5-8 9.47 5.38 5.38 9.73 Inf
6-8 10.86 9.91 9.91 Inf Inf
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Table 2.7: Upper and lower bound values for large-size instances of MCAP

T × r UB
(CPU)

LB1
Pattern

LB1
(CPU)

LB2
Pattern

LB2
(CPU)

LB3
Pattern

LB3
(CPU)

18-2 2881(87) (0,512) 2863(2993) (2,512) 2833(1281) (4,512) 2837(43)
20-2 2923(750) (0,512) TO (2,512) TO (4,512) 2877(223)
12-2 2663(47) (0,729) TO (2,729) 2608(3712) (4,729) 2605(44)
13-3 2684(439) (0,729) TO (2,729) TO (4,729) 2625(146)
10-4 2569(109) (0,256) TO (2,256) 2517(584) (4,256) 2522(25)
9-5 2625(487) (0,629) TO (2,629) TO (4,629) 2583(62)
8-6 2647(150) (0,216) TO (2,216) 2610(547) (4,216) 2615(24)
7-7 2596(74) (0,343) 2572(1599) (2,343) 2550(228) (4,49) 2557(12)
8-7 2620(840) (0,343) TO (2,343) TO (4,343) 2587(111)
7-8 2569(298) (0,512) TO (2,512) 2527(2749) (4,64) 2532(40)

We also test the performance of DEP on 10 large-size instances of MCAP. As Ta-
ble 2.7 shows, these instances are created based on different time periods and number
of realizations. As anticipated, the LB1 with d = 0 is unable to establish a bound for 8
instances. This number is 4 for LB2 with d = 2 and 0 for LB3 with d = 4. Although,
LB3 produces slightly worse lower bounds than LB1, its solution time is significantly less.
Table 2.5 provides the percentage of between LB3 and UB, and show that the potential
of DEP as the gap is generally less than %2. The solution time for LB1 is significant,
leading to time-out in most cases. However, Table 2.5 shows that LB3 not only is very
fast, but efficient as well.

2.5 Summary

This chapter presents a reformulation for a general multistage stochastic program where
the objective and constraints are additive separable functions. The main idea is to divide
the scenario tree into subtrees in order to establish lower and upper bounds. Our refor-
mulation is particularly amenable to parallel implementation as it allows the scenario
tree to decomposed into multiple independent subproblems, each of which solvable by
commercial solvers. The proposed method is broadly applicable to any decomposition
methods subject of mild assumptions. To evaluate the performance of different patterns
of decomposition, we propose a systematic way to decompose the tree. The method only
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requires a keyword, indicating the general way of grouping scenario nodes, and set of
parameters for the keyword to generate a decomposition. We test the bounding method
on two well known problems from the literature. Computational analysis shows that the
method can obtain bounds for very large instances and outperform the best algorithm in
the literature (i.e. scenario decomposition.)
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Chapter 3

Managing Product Transitions in
Semiconductor Manufacturing: A
Bilevel Programming Approach

Abstract:
We study the problem of managing product transitions in semiconductor manufacturing firms,
which requires the coordination of product development and manufacturing units. We model
the hierarchical and decentralized nature of the product transition process using a mixed-integer
bilevel program. Acting as the leader, corporate management maximizes profit over a finite plan-
ning horizon. There are two interdependent followers, manufacturing and engineering units, who
must share factory capacity. In addition, the manufacturing unit cannot fulfill the demand for
new products until the engineering unit completes all development activities. We model this in-
terdependency as a generalized Nash equilibrium at the lower level of the proposed bilevel model.
We then present a reformulation where the interdependency between the engineering and man-
ufacturing units is resolved through the coordination of the leader, and derive solution methods
using the constraint and column generation approach. Our computational experiments show
that the proposed method can solve realistic instances to optimality in a reasonable time. We
assess the impact of key problem parameters on the decision units considered in the model, and
provide managerial insights into how the allocation of decision making authority between cor-
porate leadership and functional units affects solution structure and performance. This chapter
presents the first exact solution algorithm to mixed-integer bilevel programs with interdepen-
dent followers. The proposed bilevel model and solution approach provide a flexible framework
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to study decentralized, hierarchical decision making problems in organizational design.
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3.1 Introduction

Product transitions involve the introduction of new products to replace those that are
currently being sold to customers in response to ever-changing customer preferences
(Klastorin and Tsai 2004), shorter product life cycles (Wu et al. 2009) and increasing
global competition (Wu et al. 2005). Effective management of product transitions can
bring significant competitive advantage to a firm, while poor decisions can have serious
adverse business consequences. A central challenge during product transitions is the co-
ordination of the product development process, which creates new products that can be
manufactured efficiently, and the supply chain that manufactures and distributes them.
The product development process often requires access to manufacturing capacity to
fabricate prototypes to assess their manufacturability and functionality, while the supply
chain requires timely delivery of new products with enhanced features and reduced costs
to stay competitive in the market. Although the challenges faced by firms in managing
product transitions have been addressed in the literature (Bílgíner and Erhun 2010; Lim
and Tang 2006), most previous studies share several shortcomings:

• They treat the firm as a single decision entity with complete information about
all aspects of its operations. However, as firms grow in size and diversify their
product portfolio, operational control decisions become distributed among different
functional groups, rendering detailed centralized planning impractical. The critical
resource allocation decisions and domain knowledge are distributed among different
functional groups within the firm such as product divisions and manufacturing units
who are trying to reconcile their local, potentially conflicting, objectives with those
of the corporate management (Bansal et al. 2020a).

• They ignore the hierarchy of decision makers involved in managing product tran-
sitions. In practice, upper-level management addresses strategic\tactical planning,
resulting in directives to the functional groups who must make and implement op-
erational decisions. This hierarchy is especially important for firms operating in
multiple markets such as large semiconductor manufacturing companies.

• They treat product transitions in isolation from routine operations, generally ne-
glecting their impact on products that are not directly involved in the transition.
However, high-technology firms with broad product portfolios, such as large semi-
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conductor manufacturers, must often engage in simultaneous product transitions
in several of the markets they serve, while the highly capital-intensive nature of
high-technology production requires them to share expensive manufacturing facil-
ities. Hence new product introductions can adversely affect other products with
whom they share manufacturing, development or marketing resources (Ulrich and
Eppinger 2016).

Understanding the general information flow and hierarchical relation between the
decision-making units involved in production transitions is essential to developing more
realistic models that can support this highly important but also highly complex decision
process. In this chapter, we focus on semiconductor manufacturing firms, and present
bilevel models that represent the decentralized, hierarchical environment in which prod-
uct transitions take place. Although semiconductor manufacturing firms differ in the
specifics of their high-volume manufacturing processes and product development activ-
ities, the knowledge and data required for successful introduction of new products and
retirement of older ones are usually distributed across three principal units: 1) corporate
management (CORP), whose leadership role is to direct the company toward achieving
its strategic business goals; 2) one or more product engineering (ENG) units each of which
is responsible for all activities related to new product development for a specific market
segment, including market research, design, implementation, and prototype testing; and
3) a manufacturing (MFG) organization responsible for the factories that manufacture
existing products for sale and prototypes for products under development by the ENG
units.

CORP communicates desired production quantities to MFG based on demand. The
ENG units determine specifications for new products based on market research, and then
develop these product specifications into a detailed design. Once a product design has
been tested as far as possible in software, the prototypes are fabricated to fully debug the
new designs and assess their manufacturability. Hence, the ENG units must have access
to factory capacity to ensure timely fabrication of prototypes. The factory capacity used
by the ENG units reduces the capacity available for revenue-generating products that
meet current customer demand, but is essential to maintain a profitable product pipeline
in the future.

Optimizing corporate objectives by effectively coordinating the functional units in-
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volved in product transitions is extremely challenging. The individual decision problems
of the MFG and ENG units are computationally difficult to solve even in a completely
deterministic environment. We propose a bilevel model where CORP, acting as a leader,
seeks to maximize its profit over a finite planning horizon subject to the decisions of
the MFG and ENG units, who act as followers. Unlike traditional bilevel programs, the
decisions of the two followers in the proposed model are interdependent; the ENG and
MFG units share factory capacity, and MFG is dependent on ENG for the development
of new products to meet future demand. The contributions of this chapter are as follows:

• We propose a bilevel integer programming model to effectively coordinate product
transitions in a large decentralized semiconductor manufacturing firm by consid-
ering the technological constraints and objectives of the functional units involved
in product transitions. To the best of our knowledge, this is the first bilevel model
developed for product transitions in the literature.

• The proposed model is also novel from the bilevel programming perspective as it
considers two interdependent followers. To the best of our knowledge, this chap-
ter presents the first solution algorithm for mixed-integer bilevel programs with
interdependent followers.

• We present two single-level reformulations of the bilevel model, and develop an
efficient solution approach based on these reformulations. We evaluate the perfor-
mance of the solution approach through extensive computational experiments, and
provide policy insights by analyzing the implications of decision hierarchy and key
model parameters.

The remainder of this chapter is organized as follows. We review the literature on
product transitions and production planning in semiconductor manufacturing, as well as
the state of the art in bilevel programming and generalized Nash equilibrium problem,
in Section 3.2. We formulate a bilevel mixed-integer model for product transitions in
Section 3.3. We develop a solution approach in Section 3.4, and present the results of
computational experiments in Section 3.5. We conclude the chapter and discuss future
research directions in Section 3.6.
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3.2 Literature Review

3.2.1 Product Transitions

A growing body of researchers have examined product transitions (Ferrer and Swami-
nathan 2006; Bílgíner and Erhun 2010). Li et al. (2013) and Bhaskaran et al. (2011) study
capacity planning for product transitions considering demand uncertainty, the effect of
competition, and service-level requirements. The impact of initial investment on quality
improvement and time-to-market are examined in Wu et al. (2009). A rich body of work
treats customer behavior as one of the main factors affecting product transition decisions
such as the optimal timing of product introduction (Druehl et al. 2009; Liao and Seifert
2015) and product rollover strategies (Liang et al. 2014; Lobel et al. 2015). Klastorin and
Tsai (2004) develop a game-theoretical model to capture the interactions among pricing,
timing and product design when entering a new market. Koca et al. (2010) analyze the
impact of pre-announcement and inventory decisions on the demand of new products.

While this extensive body of work addresses many aspects of the product transition
problem and provides useful insights, it fails to consider several important aspects of
the problem addressed in this chapter, particularly the hierarchy of decision makers,
the interactions between them and the complex technological constraints that an imple-
mentable solution must satisfy. It also fails to consider the impact of product transitions
on other products that share capacity with the new products but are not in transition
themselves. Thus our chapter presents a novel direction for studying this complex and
important business problem.

3.2.2 Production Planning in Semiconductor Manufacturing

A number of authors have addressed decentralized production planning in semiconduc-
tor manufacturing. Karabuk and Wu (2003) propose a multi-stage stochastic program-
ming model under demand and yield uncertainty with a manufacturing unit and several
product managers. In a subsequent chapter (Karabuk and Wu 2005) consider corpo-
rate headquarters and product managers as the units involved in the capacity allocation
process, and propose a game-theoretic approach to elicit private information from the
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product managers to maximize expected corporate profit. More recently, Bansal et al.
(2020a) consider a simplified version of the product transition problem considered in this
chapter. They develop two iterative combinatorial auction schemes based on Lagrangian
Relaxation and Column Generation that seek to coordinate negotiations over factory
capacity between MFG, acting as the auctioneer, and ENG units who bid for factory ca-
pacity. Bansal et al. (2020a) do not enforce a strict decision hierarchy, but instead employ
a decentralized iterative combinatorial auction to coordinate the participants towards an
implementable solution.

3.2.3 Generalized Nash Equilibrium Problem

The Generalized Nash Equilibrium Problem (GNEP) is a non cooperative game in which
each player’s strategy set depends on the strategies of other players (Facchinei and Kan-
zow 2010). From an optimization perspective, GNEP is a decentralized model where
decision makers share a set of constraints referred to as coupling constraints. The out-
come of a GNEP is a set of equilibria, a collection of strategies from which no decision
maker has incentive to deviate unilaterally. GNEP has many applications ranging from
pricing in telecommunication networks (Altman and Wynter 2004a) to electricity market
analysis (Le Cadre et al. 2020) and transportation problems (Zhou et al. 2005; Stein
and Sudermann-Merx 2018; Sagratella et al. 2020). Despite its diverse applications, so-
lution methods for GNEP are generally confined to cases where players control a set
of continuous variables (Dreves et al. 2011; Facchinei et al. 2014; Aussel and Sagratella
2017).

In recent years there have been some attempts to study GNEP with mixed-integer
variables. Sagratella (2017) consider generalized potential Nash games, a special case
of GNEP where players (unknowingly) optimize the same objective function over the
aggregated feasible strategy set of all players. Sagratella (2019) show that, under mild
assumptions, the set of equilibrium points of a GNEP with mixed-integer variables and
linear coupling constraints is finite and propose algorithms to generate all possible equi-
libria. More recently, Sagratella et al. (2020) propose a mixed-integer GNEP to address
the noncooperative fixed charge transportation problem with different cost structures.
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3.2.4 Bilevel Programming

Bilevel programming (BP) provides a powerful tool for modeling hierarchical decision
making problems in which the outcome of decisions by an upper-level authority (the
leader) is affected by the response from a lower-level entity (follower) who seeks to op-
timize its own objective function (Bard 1998). From the perspective of game theory, BP
models a static Stackelberg game between a leader and a follower (Bard 1998; Dempe
2002). An important feature of BP is that the feasible region the decision problem in
each level may be impacted by variables controlled in the other level. This embedded
hierarchy renders BP a suitable approach to address the problem studied in our chapter.

BPs can be generally classified as bilevel linear programs (BLP) that have no integer
variables, and mixed-integer bilevel linear programs (MIBLP) that have integer variables
in at least one decision level. BLPs are non-convex and strongly NP-hard (Colson et al.
2007), although they can be reformulated as a single level model by enforcing the opti-
mality of the follower through Karush-Kuhn-Tucker (KKT) conditions (Bertsimas and
Tsitsiklis 1997). The resulting single-level problem, which is usually nonlinear, can be
solved using methods such as branch-and-bound (Bard and Moore 1990; Hansen et al.
1992), branch-and-cut (Audet et al. 2007), Bender’s decomposition (Nishi et al. 2011;
Saharidis and Ierapetritou 2009), and penalty function methods (Campelo et al. 2000).

Bard and Moore (1990, 1992), the first to consider discrete variables in the lower-level
problem, apply a branch-and-bound algorithm and establish several properties for pure
integer BPs. DeNegre and Ralphs (2009) extend this work to develop a branch-and-cut
algorithm. Wang and Xu (2017) propose an algorithm for pure integer BPs that removes
bilevel infeasible solutions by disjunctive cuts.

Xu and Wang (2014) consider a BP with a mixed-integer lower level and a pure in-
teger upper level with bounded variables. They propose a branch-and-bound algorithm
where branching occurs on the slack variables of the follower’s constraints. Lozano and
Smith (2017) extend this work by employing a single-level value function reformulation.
Fischetti et al. (2017, 2018) propose a branch-and-cut algorithm for MIBLPs by generat-
ing intersection cuts. Yue et al. (2019) develop a projection-based approach for MIBLPs
that first reformulates the problem into a single-level equivalent, and then decomposes it
by implicitly enumerating the follower’s integer variables. The applications of MIBLPs
arise in transportation (Arslan et al. 2018), production planning (Lukač et al. 2008),
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defense and homeland security (Aksen and Aras 2012), electricity markets (Lavigne et al.
2000), product introduction (Hemmati and Smith 2016), healthcare (Özaltın et al. 2018),
and supply chain (Yue and You 2017).

The limited research on BPs with multiple followers mostly considers BLPs. Shi et al.
(2007) study a BLP with multiple followers who simultaneously determine a set of com-
mon variables. Calvete and Galé (2007) propose a method to transform a problem with
multiple independent followers to a BLP with a single follower whose objective function is
the sum of the objective functions of all followers. Calvete et al. (2019) consider a nonlin-
ear BP with multiple followers in a rank pricing problem, and present a nonlinear single
level equivalent formulation. The model is then solved with a branch-and-cut algorithm
using linearization techniques and valid inequalities. Tavaslıoğlu et al. (2019) develop a
value function-based approach for MIBLPs with multiple independent followers. Their
approach assumes that all followers have the same constraint matrix, and the leader’s
variables impacting the feasible regions of the followers can only take integer values. To
the best of our knowledge, BPs with interdependent followers and discrete variables in
both levels have not been considered in the literature.

3.3 Model Formulation

We present a bilevel model of the product transition management problem to capture its
hierarchical and decentralized nature. CORP acts as a leader, seeking to maximize its
total profit over a finite planning horizon T = {1, . . . , T}. Profit is earned by selling the
products manufactured by the MFG unit. The MFG and ENG units are two interdepen-
dent followers, responding to the decisions of the CORP in a manner that optimizes their
local objective functions. They play a generalized Nash equilibrium game over the usage
of factory capacity. Although we consider one MFG and one ENG unit in the lower level
of the proposed model, our approach remains valid for more than two followers, however
the computational burden is expected to increase with the number of followers.

Figure 3.1 depicts the information exchange between the CORP, MFG and ENG
units. CORP determines when to release new products to MFG for sale in the market.
New products cannot be released to MFG unless ENG completes their developments,
rendering MFG dependent on the decisions of ENG. On the other hand, ENG cannot
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Leader:CORP (Max Profit)

MFG 
(Min Cost)

ENG 
(Min Tardiness)

Generalized Nash Equilibrium Game

Due Dates for Developing 
 New Products

Demand for Products

Release
Schedule
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capacity

Production
Quantity

Development
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Figure 3.1: Schematic view of the proposed bilevel model with CORP as the leader
and MFG and ENG as interdependent followers who play a generalized Nash equilibrium
game over factory capacity. Arrows represent “decision variables" communicated between
CORP and the followers. The demand estimates and due date for development of products
are parameters made available for the followers from outside sources.

complete the development of new products without timely access to sufficient factory
capacity for prototype fabrication. This situation leads to competition between MFG
and ENG over factory capacity. As indicated by the solid black arrows in Figure 3.1,
once MFG and ENG reach an equilibrium over the usage of factory capacity, MFG
communicates the production quantities to the CORP. We refer to this model as the
Bilevel Product Transition Model with interdependent followers (BPTM-Nash).

Let N denote the set of all products, and P ⊂ N the set of new products currently
under development. Table 3.1 summarizes the model parameters, and Table 3.2 presents
the upper- and lower-level decision variables. CORP specifies the value of the upper-level
variable Ypt ∈ {0, 1} to release new product p ∈ P to MFG at the beginning of period
t. Thus Y ≡ {Yp∈P, t∈T } represents the new product release schedule. Given a product
release schedule Y , we denote the generalized Nash equilibrium game between MFG and
ENG in the lower-level, as well as its solution set by GNEP(Y ). Let X denote the tuple
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Table 3.1: Parameters of the bilevel product transition model

Parameter Description
Dnt Demand for product n in period t
πnt Marginal profit for product n in period t
rnt Marginal production cost of product n in period t
bnt Marginal backorder cost of product n in period t
Hpt Capacity required for prototype fabrication of product p ∈ P in period t
δp Due date for completing the development of new product p ∈ P
wp Per period tardiness cost for product p ∈ P
hnt Unit inventory holding cost for product n in period t
Ct Factory capacity in period t

Table 3.2: Decision variables of the bilevel product transition model

(leader) Ypt 1 if product p is released to MFG at period t, 0 otherwise
(Y is referred to as “product release schedule”)

MFG Bnt Backorder of product n in period t
(follower) Xnt Fraction of factory capacity assigned to product n in period t

Int Inventory level of product n in period t
ENG Ft Fraction of factory capacity allocated to ENG in period t

Vp Tardiness in the development of product p
(follower) Zpt 1 if product p is developed in period t, 0 otherwise

(Z is referred to as “product development schedule”)
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(X,B, I, F, Z, V ). We formulate the bilevel BPTM-Nash model as follows:

[BPTM-Nash] max
∑
n∈N

∑
t∈T

πnt(Dnt +Bn,t−1 −Bnt) (3.1a)

subject to Yp,t−1 ≤ Ypt t ∈ T \{1} (3.1b)
Ypt ≤

∑
τ≤t

Zpτ p ∈ P, t ∈ T (3.1c)

X ∈ GNEP(Y ) (3.1d)

The upper-level objective function (3.1a) maximizes the total profit of the CORP.
The demand Dnt is a constant that can be removed from (3.1a). We keep it however
to ensure that the objective function denotes the profit earned by satisfying demand.
Constraints (3.1b) ensure that once a new product is released to MFG in period t,
it can be manufactured in all subsequent periods. Constraints (3.1c) ensure that the
development of new product p ∈ P is completed in period τ ≤ t, i.e. Zpτ = 1 before
its release to MFG in period t. Constraint (3.1d) ensures that X is a solution to the
generalized Nash equilibrium game taking place between MFG and ENG in the lower
level of the bilevel model. BPTM-Nash follows an optimistic approach, allowing CORP
to select the most advantageous equilibrium of GNEP(Y ) when there is more than one.

We formulate the MFG’s problem in GNEP(Y ) as the following linear program:

[MFG(F, Y )] min
∑
n∈N

∑
t∈T

(hntInt + rntXntCt + bntBnt) (3.2a)

subject to Ft +
∑
n∈N

Xnt = 1 t ∈ T (3.2b)

Int = In,t−1 +XntCt − (Dnt +Bn,t−1 −Bnt) n ∈ N, t ∈ T (3.2c)
Xpt ≤ Ypt p ∈ P, t ∈ T (3.2d)∑
n∈N

Xnt ≤ 1 t ∈ T (3.2e)

Xnt, Int, Bnt ≥ 0 n ∈ N, t ∈ T (3.2f)

The MFG’s objective function (3.2a) minimizes the sum of production, inventory holding
and backorder costs over the planning horizon. Coupling constraints (3.2b) ensure that
the factory capacity allocated to the ENG for prototype fabrication, i.e., Ft, and that used
by MFG to meet demand, i.e., Ct

∑
n∈N Xnt, is equal to the available capacity in period t.
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Note that the Ft variables in (3.2b) are controlled by the ENG. Thus the feasible region of
the MFG problem as a follower in the lower level of BPTM-Nash depends on the decisions
of both the leader CORP, through the Y variables, and those of the other follower ENG.
Constraints (3.2c) enforce inventory balance across time periods, while (3.2d), through
the upper-level variable Y , ensure that new products can be manufactured if they are
released to MFG. Without loss of generality, we assume that N ⊃ P , i.e., there is at
least one current product, in order to ensure that the MFG(F, Y ) is feasible for any given
(F, Y ) tuple. If there is no such current product, we can create a dummy product with
zero demand. Any factory capacity assigned to the dummy product would then represent
the unused factory capacity allocation of the MFG. Finally, constraints (3.2e) impose the
factory capacity limit in each period. For a given Y , we will denote constraints (3.2c) -
(3.2f) as MFG-primal-feasibility (Y ).

We formulate ENG’s problem in GNEP(Y ) as the following mixed-integer program:

[ENG(X)] min
∑
p∈P

wpVP (3.3a)

subject to Ft +
∑
n∈N

Xnt = 1 t ∈ T (3.3b)

Vp ≥ t(1−
∑
τ<t

Zpτ )− δp p ∈ P, t ∈ T (3.3c)
∑
p∈P

HptZpt ≤ CtFt t ∈ T (3.3d)

∑
t∈T

Zpt ≤ 1 p ∈ P (3.3e)

Vp ≥ 0, Zpt ∈ {0, 1} p ∈ P, t ∈ T (3.3f)

The ENG’s objective function (3.3a) minimizes the total weighted tardiness of new
products in development as calculated in (3.3c). The coupling constraints (3.3b) also
appear in MFG’s problem. Constraints (3.3d) ensure that the factory capacity used for
product development does not exceed Ft in each period t. Note that this constraints
allows idle factory capacity as the ENG does not have to use all of the allocated capacity.
Finally, constraints (3.3e) ensure that a new product is developed in a single period.
This assumption can be relaxed by considering multi-period product development; the
proposed bilevel framework would still be applicable. For a given F , we refer to constraints
(3.3c) - (3.3f) as ENG-feasibility (F ).
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3.4 Solution Approach

We first show that there are multiple equilibrium solutions to the generalized Nash equi-
librium game between the MFG and ENG in the lower level for any given product release
schedule by the CORP.

Lemma 3.4.1. For any Ŷ , there is an equilibrium of GNEP(Ŷ ) corresponding to any
nonnegative factory capacity allocation to ENG, i.e., F̂t ≥ 0,∀t ∈ T .

Proof. Let (X̂, B̂, Î) be the optimal response of the MFG(F̂ , Ŷ ). Note that Ft = 1 −∑
n∈N X̂nt = F̂t,∀t ∈ T in any feasible strategy of the ENG(X̂). Let (F̂ , Ẑ, V̂ ) be the

optimal response of the ENG(X̂). Then, X̂ = (X̂, B̂, Î, F̂ , Ẑ, V̂ ) is an equilibrium of
GNEP(Ŷ ). �

Given a product release schedule Ŷ as an upper-level decision, we can merge the deci-
sion problems of the MFG and ENG into a single problem by taking a linear combination
of their respective objective functions and enforcing all of their constraints together. The
optimal solution of this problem would be an equilibrium of GNEP(Ŷ ) that does not
optimize the profit of the leader. However, as BPTM-Nash takes an optimistic approach,
after deciding on the product release schedule Y , the CORP should be able to select an
equilibrium of the lower-level game to maximize its profit. From Lemma 3.4.1, CORP can
choose an equilibrium by setting the factory capacity allocation for product development,
i.e., Ft variable, in each time period t ∈ T . We use this result to reformulate BPTM-Nash
as a bilevel program with independent followers. Consider the following bilevel program:

[BPTM∗] max
∑
n∈N

∑
t∈T

πnt(Dnt +Bn,t−1 −Bnt) (3.4a)

subject to Ypt ≤
∑
τ≤t

Zpτ p ∈ P, t ∈ T , (3.4b)

Yp,t−1 ≤ Ypt t ∈ T \{1}, (3.4c)
(X,B, I) ∈ argminMFG(F, Y ), (3.4d)
(Z, V ) ∈ argminENG(F ), (3.4e)

where ENG(F ) is formulated as φE(F ) = min{∑p∈P wpVP : ENG-feasibility(F )}. In
this model the factory capacity Ft allocated to product development in each period t is
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decided in the upper level and passed to the ENG problem in the lower level, decoupling
the MFG(F, Y ) and ENG(F ) subproblems in the lower-level of BTPM∗.

Proposition 3.4.1. BPTM∗ is equivalent to BPTM-Nash

Proof. We show that there is a feasible solution to BPTM∗ corresponding to any feasible
solution to BPTM-Nash and vice versa. Consider a bilevel feasible solution (Ŷ , X̂ ) to
BPTM∗ satisfying the upper-level constraints (3.1b)-(3.1c) in BPTM-Nash. By (3.4d),
it also satisfies the optimality conditions of the MFG problem. Note that Ft = 1 −∑
n∈N X̂nt = F̂t for t ∈ T in ENG(X̂). Therefore, if (Ẑ, V̂ ) ∈ argminENG(F̂ ), then

(Ẑ, V̂ , F̂ ) ∈ argminENG(X̂). As a result, X̂ is an equilibrium of GNEP(Ŷ ), and (Ŷ , X̂ )
is a bilevel feasible solution to BPTM-Nash.

Now consider a bilevel feasible solution (Y ′,X ′) to BPTM-Nash. This solution satisfies
the upper-level constraints (3.4b)-(3.4c) in BPTM∗. It also satisfies constraints (3.4d)
because MFG’s response has to be optimal in an equilibrium of GNEP(Y ′). Note that
F ′t = 1−∑n∈N X

′
nt for t ∈ T in ENG(F ′). Therefore, if (Z ′, V ′, F ′) ∈ argminENG(X ′),

then (Z ′, V ′) ∈ argminENG(F ′). Thus, (Y ′,X ′) is a bilevel feasible solution to BPTM∗.

The fact that BPTM∗ and BPTM-Nash share the same upper-level objective function
completes the proof. �

The argument in the proof of Proposition 3.4.1 can be extended to any bilevel problem
with multiple followers who play a GNEP with exclusively equality coupling constraints.
This property was also noted and utilized in Sagratella et al. (2020) for a noncoopera-
tive fixed charge transportation problem. They showed that any feasible solution to the
coupling equality constrains can be used to find an equilibrium of the GNEP by solving
each player’s problem independently after fixing the variables in the coupling constraints
to their values in that feasible solution.

Although Proposition 3.4.1 separates the lower level problem into two independent
follower’s problem, solving BPTM∗ is still difficult because the continuous variables Ft
are passed to both lower-level subproblems in each time stage. To alleviate this difficulty,
we present a modified version of BPTM∗ where the factory capacity constraint (3.2b) in
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the MFG(F, Y ) problem is enforced as an upper level constraint.

[BPTM] max
∑
n∈N

∑
t∈T

πnt(Dnt +Bn,t−1 −Bnt) (3.5a)

subject to Ypt ≤
∑
τ≤t

Zpτ p ∈ P, t ∈ T , (3.5b)

Yp,t−1 ≤ Ypt t ∈ T \{1}, (3.5c)
Ft +

∑
n∈N

Xnt = 1 t ∈ T , (3.5d)

(X,B, I) ∈ argminMFG(Y ), (3.5e)
(Z, V ) ∈ argminENG(F ), (3.5f)

where MFG(Y ) is formulated as:

min{
∑
n∈N

∑
t∈T

hntInt + rntXntCt + bntBnt : MFG-primal-feasibility(Y )}.

Proposition 3.4.2. If there exists an optimal solution to BPTM, it is also optimal to
BPTM∗.

Proof. Consider an optimal solution (Y ∗,X ∗) to BPTM. This solution satisfies upper-
level constraints (3.4b)-(3.4c) in BPTM∗. From (3.5f), it also satisfies the optimality
of the ENG(F ∗). The feasible region of MFG(Y ∗) contains that of MFG(F ∗, Y ∗). As
(X∗, B∗, I∗) is optimal to MFG(Y ∗) and satisfies constraint (3.2b), it is also optimal to
MFG(F ∗, Y ∗). The fact that BPTM∗ and BPTM share the same upper-level objective
function completes the proof. �

In BPTM, factory capacity allocation to ENG, F is a continuous upper-level variable
passed to the lower-level ENG problem which is a mixed-integer model. In the bilevel
programming literature, researchers have allowed only integer upper-level variables to
appear in a mixed-integer lower-level problem in order to guarantee the existence of
an optimal solution (Vicente et al. 1996; Köppe et al. 2010). In BPTM, however, the
continuous F variables do not appear in the CORP’s objective function. They only impact
the model through the Z variables of the ENG problem, whose values are constrained to
be binary for any value of the F variables. Thus, an optimal solution is always attained
when BPTM is feasible.
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We propose a solution approach that generates upper and lower bounds in each itera-
tion based on a single-level value function reformulation of BPTM. The main idea of this
reformulation is to enforce the optimality of MFG(Y ) and ENG(F ) using constraints in
the upper level problem. Let ζnt, θpt, and ψt be dual variables associated with constraints
(3.2c), (3.2d), and (3.2e), respectively. The dual of the MFG(Y ) problem is then given
by:

max −
∑
n∈N

∑
t∈T

ζntDnt +
∑
p∈P

∑
t∈T

θptYpt +
∑
t∈T

ψt (3.6a)

subject to ζnt − ζn,t+1 ≤ hnt n ∈ N, t ∈ T (3.6b)
− Ctζpt + ψt + θpt ≤ rptCt p ∈ P, t ∈ T (3.6c)
− Ctζnt + ψt ≤ rntCt n ∈ N\P, t ∈ T (3.6d)
− ζnt + ζn,t+1 ≤ bnt n ∈ N, t ∈ T (3.6e)
ζnt ∈ R, ψt, θpt ≤ 0 p ∈ P, t ∈ T (3.6f)

We refer to constraints (3.6b)-(3.6f) as MFG-dual-feasibility. Since MFG(Y ) is a linear
program, we can impose its optimality through the primal feasibility, dual feasibility and
strong duality conditions (Labbé et al. 1998; Zeng and An 2014). The strong duality
condition requires the equality of primal and dual objectives at optimality, and can be
stated as:

∑
n∈N

∑
t∈T

hntInt + rntXntCt + bntBnt = −
∑
n∈N

∑
t∈T

ζntDnt +
∑
p∈P

∑
t∈T

θptYpt +
∑
t∈T

ψt. (3.7)

We define an auxiliary variable ωpt to reformulate the bilinear term θptYpt through
McCormick (1976) inequalities: 0 ≤ ωpt ≤MYpt, ωpt ≤ θpt, ωpt ≥ θpt−M(1−Ypt), where
M is a large positive constant. We collectively refer to MFG-primal-feasibility (Y ),
MFG-dual-feasibility and the strong duality condition (3.7) as MFG-optimality (Y ),
and to constraints (3.5b) - (3.5d) as Upper-level-feasibility. We can now restate
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BPTM as:

[EPTM] max
∑
n∈N

∑
t∈T

πnt(Dnt +Bn,t−1 −Bnt)

subject to Upper-level-feasibility

MFG-optimality (Y )
(Z, V ) ∈ argminENG(F )

Although MFG-optimality (Y ) is a set of linear constraints, the Extended Product
Transition Model (EPTM) is still a bilevel program due to the constraint (Z, V ) ∈
argminENG(F ). We now present two exact single-level reformulations of EPTM that
enforce the optimality of ENG with a finite set of constraints and variables.

3.4.1 Single-level Reformulations of the EPTM

Let Z denote the set of all possible distinct product development schedules of ENG, and
J be the index set of Z. The size of Z increases exponentially with the number of time
periods T and the number of new products |P |, but it is finite and bounded above by
2T×|P |. Given a product development schedule j ∈ J , we can calculate its total weighted
tardiness ∑p∈P wpV̂

j
p , and factory capacity requirement Ĥj

t = ∑
p∈P HptẐ

j
pt in each time

period t ∈ T . We use this fact to enforce the optimality of ENG using a finite set of
constraints and variables.

Exact Reformulation 1.Without loss of generality, we assume that the factory capacity
requirements for developing new products are positive integers, i.e., Hpt ∈ Z+. Therefore,
the factory capacity requirement Ĥj

t for product development in period t under develop-
ment plan j is also a positive integer. We define binary variable γjt , j ∈ J, t ∈ T which
takes a value of 0 if the ENG has sufficient factory capacity for product development
plan j in period t, and 1 otherwise. Consider the following single-level reformulation of
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the EPTM:

[MP1(J)] φ∗ = max
∑
n∈N

∑
t∈T

πnt(Dnt +Bn,t−1 −Bnt)

subject to Upper-level-feasibility

MFG-optimality (Y )
ENG-feasibility (F )
CtFt ≥ Ĥj

t − Ĥj
t γ

j
t t ∈ T , j ∈ J (3.9a)

CtFt ≤ Ĥj
t − γjt + Ct(1− γjt ) t ∈ T , j ∈ J (3.9b)∑

p∈P
wpVP ≤M

∑
t∈T

γjt +
∑
p∈P

wpV̂
j
P j ∈ J (3.9c)

γjt ∈ {0, 1} t ∈ T , j ∈ J (3.9d)

The mixed-integer program MP1(J) determines the values of the ENG variables Z
and V . Their feasibility to the ENG problem is enforced by the ENG-feasibility (F )
constraints, and their optimality by (3.9a)-(3.9d). Constraints (3.9a) and (3.9b) ensure
that sufficient factory capacity is available to ENG to implement product development
plan j in period t, i.e., CtFt ≥ Ĥj

t , if γjt = 0. Otherwise, if γjt = 1, (3.9a) is not binding,
and (3.9b) ensures that the factory capacity allocated for product development in period
t is strictly less than Ĥj

t , i.e., CtFt ≤ Ĥj
t − 1. Hence it is not feasible to implement the

product development plan j in period t due to insufficient factory capacity. Note that if
product development plan j is not feasible, it might still be the case that CtFt ≥ Ĥj

t for
some periods, i.e., constraints (3.9a) are binding with γjt = 0, while Ct′Ft′ ≤ Ĥj

t′ − 1 for
some other periods, i.e., constraints (3.9b) are binding with γjt′ = 1.

Finally, constraints (3.9c) ensure that if sufficient factory capacity is available in every
period for product development plan j, i.e., ∑t∈T γ

j
t = 0, then the weighted tardiness of

the new products, i.e., the ENG objective function, should not exceed that under product
development plan j, i.e., ∑p∈P wpVP ≤

∑
p∈P wpV̂

j
P . Note that if ∑t∈T γ

j
t = 0, product

development plan j is feasible, however it may not be selected by ENG for implementation
if there are other feasible product development plans that are more favorable for ENG.
The largest possible value for the left-hand side of constraints (3.9c) is attained when no
new products are developed until the last time period, so we can setM = ∑

p∈P (T−θp)wp.

Proposition 3.4.3. MP1(J) is equivalent to the EPTM.
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Proof. We show that there is a feasible solution to MP1(J) corresponding to any feasible
solution to EPTM, and vice versa. Consider a bilevel feasible solution (Ȳ , X̄ ) to EPTM,
and for every j ∈ J and t ∈ T define

γ̄jt =

1 if CtF̄t < Ĥj
t

0 if CtF̄t ≥ Ĥj
t .

(X̄ , γ̄) is feasible to constraints (3.9a) and (3.9b) by construction. It is also feasible
to (3.9c) because (Z̄, V̄ ) ∈ argminENG(F̄ ). Thus, (Ȳ , X̄ , γ̄) is a feasible solution to
MP1(J). We now consider a feasible solution (Y ∗,X ∗, γ∗) to MP1(J). This solution satis-
fies Upper-level-feasibility, MFG-optimality(Y ∗), and ENG-feasibility(F ∗). The
index set of all feasible ENG(F ∗) solutions is given by J∗ = {j ∈ J | Ĥj

t ≤ CtF
∗
t , t ∈ T }.

Note that γ∗jt = 0 for every j ∈ J∗ and t ∈ T due to constraints (3.9a) and (3.9b). Thus,∑
t∈T γ

∗j
t = 0 and constraints (3.9c) ensure that

∑
p∈P

wpV
∗
P ≤

∑
p∈P

wpV̂
j
P , j ∈ J∗

As a result, (Z∗, V ∗) is optimal to the ENG(F ∗) problem, and (Y ∗,X ∗) is feasible to
EPTM. The fact that MP1(J) and EPTM have the same objective completes the proof.
�

Exact Reformulation 2. To obtain an alternative single-level reformulation of EPTM,
we define Bt(j) = {k ∈ J |Ĥk

t ≤ Ĥj
t } as the set of all product development plans k whose

factory capacity requirement does not exceed that of development plan j at time t. Thus,
if the factory capacity allocated to product development in period t is not sufficient to
execute plan k, i.e., strictly less than Ĥk

t , it will not be sufficient for plan j either. We
define auxiliary binary variable υjt ∈ {0, 1}. If υjt = 1, the factory capacity allocation for
product development in period t, i.e., CtFt is enforced to be less than Ĥj

t . If υjt = 0, on
the other hand, no requirement is imposed on CtFt. The main difference between the υjt
and γjt variables is that if γjt = 0 sufficient factory capacity is allocated to execute plan
j in period t, whereas if υjt = 0, the product development plan j is feasible in period t
if ∑k∈Bt(j) υ

k
t = 0, and infeasible if ∑k∈Bt(j) υ

k
t = 1. We can now reformulate EPTM as
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follows:

[MP2(J)] φ∗ = max
∑
n∈N

∑
t∈T

πnt(Dnt +Bn,t−1 −Bnt)

subject to Upper-level-feasibility

MFG-optimality (Y )
ENG-feasibility (F )
CtFt ≤ Ct −

∑
j∈J

(Ct + 1− Ĥj
t )υjt t ∈ T (3.10a)

∑
p∈P

wpVP ≤M
∑
t∈T

∑
k∈Bt(j)

υkt +
∑
p∈P

wpV̂
j
P j ∈ J (3.10b)

υjt ∈ {0, 1} t ∈ T , j ∈ J (3.10c)

Constraints (3.10a)-(3.10c) enforce the optimality of the ENG(F ) problem. In particular,
constraints (3.10a) state that υjt can be equal to 1 for at most one j ∈ J such that CtFt ≤
Ĥj
t − 1 in each time period t. Constraints (3.10b) ensure that if there is no infeasible

development plan in Bt(j) in any time period, the weighted tardiness of the ENG problem
cannot exceed that of product development plan j. Lozano and Smith (2017) presented
a similar single-level reformulation for general bilevel mixed-integer programs. As in the
first reformulation, we set M = ∑

p∈P (T − θp)wp in constraints (3.10b).

Proposition 3.4.4. If MP2(J) is feasible, there exists an optimal solution (Y ∗,X ∗, υ∗)
to MP2(J) such that in each period t ∈ T , υ∗jtt = 1 for jt ∈ argmin{Ĥk

t | CtF ∗t ≤
Ĥk
t − 1, k ∈ J} and υ∗jt = 0 for all j ∈ J \ {jt}.

Proof. Let (Y ∗,X ∗, υ∗) be an optimal solution to MP2(J). Constraints (3.10a) ensure
that υ∗jt = 1 for at most one j ∈ Ĵt = {k | CtF ∗t ≤ Ĥk

t − 1, k ∈ J} and υ∗jt = 0 for
j ∈ J \ Ĵt in each t ∈ T .

Case 1. There exists a t ∈ T such that υ∗jt = 0 for all j ∈ Ĵt. In this case, we can
construct (Y ∗,X ∗, ῡ) such that ῡ = υ∗ except ῡjtt = 1. Then, ῡt satisfies (3.10a)
because CtF ∗t ≤ Ĥjt − 1. This solution also satisfies constraints (3.10b) because
ῡjt ≥ υ∗jt for all j ∈ J and t ∈ T . As a result, (Y ∗,X ∗, ῡ) is a feasible solution.

Case 2. There exists a t ∈ T such that υ∗`t = 1 for ` ∈ Ĵt, but ` 6= jt. In this case,
we can construct (Y ∗,X ∗, ῡ) such that ῡ = υ∗ except ῡjtt = 1 and ῡ`t = 0. Then,
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ῡt satisfies (3.10a) because CtF ∗t ≤ Ĥjt − 1. Note that Ĥjt
t ≤ Ĥ`

t by definition of
jt. This solution also satisfies constraints (3.10b) because for any j ∈ J such that
Ĥjt
t ≤ Ĥj

t < Ĥ`
t , we have that ∑k∈Bt(j) ῡ

k
t = 1 ≥ ∑

k∈Bt(j) υ
∗k
t = 0. As a result,

(Y ∗,X ∗, ῡ) is a feasible solution.

In either case, the constructed feasible solution has the same objective function, and thus
is also optimal. �

Proposition 3.4.5. MP2(J) is equivalent to EPTM.

Proof. We show that there is a feasible solution to MP2(J) corresponding to any feasible
solution to EPTM, and vice versa. Consider a bilevel feasible solution (Ȳ , X̄ ) to EPTM.
Based on Proposition 3.4.4, identify a solution jt ∈ J such that jt ∈ argmin{Ĥk

t | CtF̄t ≤
Ĥk
t − 1, k ∈ J} for every t ∈ T . Now set ῡjtt = 1 and ῡjt = 0 for all j ∈ J \ {jt}.

(Ȳ , X̄ , ῡ) is feasible to constraints (3.10a) by construction. Suppose by contradiction
that (Ȳ , X̄ , ῡ) violates at least one constraint (3.10b). Then there is a solution j′ ∈ J

such that ∑p∈P wpV̄P >
∑
p∈P wpV̂

j′

P and ῡkt = 0 for every t ∈ T and k ∈ Bt(j′). This
means that (Ẑj′ , V̂ j′) is a feasible solution to ENG(F̄ ) and its corresponding objective
value is less than ∑p∈P wpV̄P . This contradicts the fact that (Z̄, V̄ ) ∈ argminENG(F̄ ).
Thus, (Ȳ , X̄ , ῡ) is a feasible solution to MP2(J).

Now consider a feasible solution (Y ∗,X ∗, υ∗) to MP2(J). This solution satisfies Upper-level-feasibility,
MFG-optimality(Y ∗), and ENG-feasibility(F ∗). The index set of all feasible ENG(F ∗)
solutions is given by J∗ = {j ∈ J | CtF ∗t ≥ Ĥj

t , t ∈ T }. Note that υ∗kt = 0 for every
k ∈ Bt(j), j ∈ J∗ and t ∈ T because otherwise CtF ∗t ≤ Ĥk

t −1 due to constraints (3.10a),
contradicting CtF ∗t ≥ Ĥj

t as Ĥj
t ≥ Ĥk

t by definition of Bt(j). Thus,
∑
t∈T

∑
k∈Bt(j) υ

∗k
t = 0

for j ∈ J∗, and constraints (3.10b) ensure that

∑
p∈P

wpV
∗
P ≤

∑
p∈P

wpV̂
j
P , j ∈ J∗

As a result, (Z∗, V ∗) is optimal to the ENG(F ∗) problem, and (Y ∗,X ∗) is feasible to
EPTM. The fact that MP2(J) and EPTM have the same objective completes the proof.
�
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3.4.2 Constraint and Column Generation Algorithm

The number of product development schedules in set J grows exponentially with the
number of new products |P | and the number of time periods T , rendering the solution
time of MP1(J) or MP2(J) using off-the-shelf algorithms prohibitively time consuming
even for moderate size instances. We thus propose a constraint and column generation
(CCG) method where constraints (3.9a)-(3.9d) (in the first reformulation MP1(J)) or
constraints (3.10a)-(3.10c) (in the second reformulation MP2(J)) are relaxed and then
enforced through an iterative process. Since the main steps of the CCG method are
similar for MP1(J) and MP2(J), we refer to both reformulations simply as MP(J) in
the rest of this section. A restricted master problem MP(Jk) is solved in each iteration
k where Jk ⊆ J and J0 = ∅. The optimal objective function value φk of MP(Jk) is an
upper bound on the optimal objective value φ∗ of the EPTM, i.e., φk ≥ φ∗, because the
feasible region of MP(Jk) contains that of MP(J).

Let (Y k,X k) be an optimal solution of MP(Jk) at iteration k. We first solve ENG(F k)
to determine φE(F k), the optimal objective value of ENG under the factory capacity
allocation F k. We then solve the following subproblem to check the feasibility of ENG’s
product development schedule for the product release schedule Y k:

[ENG′(F k, Y k)] φ′E(F k, Y k) = min
∑
p∈P

wpVp

subject to ENG-feasibility (F k)∑
τ≤t

Zpτ ≥ Y k
pt p ∈ P, t ∈ T (3.11)

The only difference between subproblems ENG(F k) and ENG′(F k, Y k) is constraint (3.11),
which forces ENG to meet the product release schedule Y k. Let (Z ′, V ′) be the optimal
solution to ENG′(F k, Y k) and φ′E(F k, Y k) the optimal objective value. If φ′E(F k, Y k) =
φE(F k), then Z ′ is an optimal product development schedule for ENG in response to the
factory capacity allocation F k, and it is feasible to the product release schedule Y k. Thus,
(Y k,X ′) = (Y k, F k, Xk, Bk, Ik, Z ′, V ′) is bilevel feasible. Note that (Y k,X ′) is also bilevel
optimal because the feasible region of the restricted master problem MP(Jk) contains the
feasible region of MP(J). If, on the other hand, φ′E(F k, Y k) > φE(F k), we generate new
columns and constraints to add to MP(Jk). Algorithm 1 presents the CCG algorithm.

Proposition 3.4.6. Algorithm 1 terminates in finite number of iterations.
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Algorithm 1: Constraint and column generation (CCG) algorithm
1 Initialization: set k = 0, Jk = ∅
2 while Jk ⊆ J do
3 Solve MP(Jk).
4 if MP(Jk) is infeasible or Jk = J then
5 MP(J) is infeasible, STOP.
6 end
7 Let (Y k,X k) = (Y k, F k, Xk, Bk, Ik, Zk, V k) be the optimal solution to

MP(Jk).
8 Solve ENG(F k) to get the optimal solution Z∗ and the objective value

φE(F k).
9 if ∑p∈P wpV

k
P ≤ φE(F k) then

10 Return the optimal bilevel solution (Y k,X k).
11 end
12 Solve ENG′(F k, Y k) to get the optimal solution (Z ′, V ′) and the objective

value φ′E(F k, Y k).
13 if φE(F k) = φ′E(F k, Y k) then
14 Return the bilevel optimal solution,

(Y k,X ′) = (Y k, F k, Xk, Bk, Ik, Z ′, V ′).
15 end
16 Add constraints (3.9a)-(3.9d) to MP1(Jk) (or constraints (3.10a)-(3.10c) to

MP2(Jk)).
17 Set Jk = Jk ∪ {Z∗}, k = k + 1.
18 end
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Proof. A solution to ENG is generated in line 8. If the same solution has been gener-
ated in previous iterations, the stopping condition in line 9 will be satisfied. Thus, in
each iteration, either a new product development schedule is added to Jk, or the algo-
rithm terminates. The result follows since the set of distinct feasible product development
schedules J is finite. �

Proposition 3.4.7. Algorithm 1 either returns the optimal solution to MP(J) or iden-
tifies infeasibility.

Proof. In any iteration k, the feasible region of MP(Jk) contains the feasible region of
MP(J). Therefore, if MP(Jk) is infeasible, MP(J) is also infeasible, and the algorithm
will terminate in line 5. If the condition in line 9 is satisfied, the current MP(Jk) solution
satisfies the optimality conditions for ENG, and is thus bilevel optimal. If the condition
in line 13 is satisfied, (Z ′, V ′) is optimal to ENG(F k) and feasible to the product release
schedule Y k. Thus, (Y k,X ′) = (Y k, F k, Xk, Bk, Ik, Z ′, V ′) is a bilevel feasible solution. It
is also bilevel optimal because MP(Jk) is a relaxation of MP(J) whose objective does not
include variables of the ENG. If none of the three stopping conditions within the while
loop are satisfied, the algorithm will stop when Jk = J , that is when all ENG solutions
have been generated. At that point, it can be concluded that there is no bilevel feasible
solution to MP(J). �

The CCG algorithm solves the restricted master problem MP(Jk) in each iteration.
Our computational experiments showed that MP(Jk) is a difficult mixed-integer program,
and a high quality initial feasible solution can speed up its solution considerably. We
develop a greedy heuristic to generate a feasible solution to MP(Jk) in Algorithm 2.

P denotes the set of products that have not been developed, and Ut is the set of
products developed in period t. This greedy heuristic iterates over time periods until all
new products are developed or infeasibility is detected. In each iteration, nSol feasible
subsets of the new products that have not been developed are randomly chosen to be
developed, and the time period is incremented by one. We initialize P ← P , Ut ←
∅ for all t ∈ T , LB = −∞, and τ = T0, where T 0 is the earliest time period a new
product can be developed. After running Greedy-MP, we solve MP(Jk) with the fixed
product development schedule Zgreedy to get a feasible solution. This feasible solution is
then fed into the solver when solving the MP(Jk).
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Algorithm 2: Greedy heuristic for MP(Jk)
1 Greedy-MP(P ,U , τ, LB,Zgreedy)
2 if P = ∅ ; /* all new products are developed */
3 then
4 Let Ẑpt = 1 for p ∈ Ut, t ∈ T , and Ẑpt = 0 otherwise
5 Solve MP(Jk) with Z = Ẑ, and let φ∗(Ẑ) be the optimal objective value
6 if φ∗(Ẑ) > LB then
7 LB = φ∗(Ẑ) and Zgreedy = Ẑ
8 end
9 else

10 if τ = T then
11 if ∑p∈P Hpτ ≤ CT then
12 Set UT ← P , P ← ∅, and call Greedy-MP(P ,U , τ, LB,Zgreedy)
13 end
14 else
15 for ` = 1, . . . , nSol do
16 Select new product subsets U `τ ⊆ P such that ∑p∈U`τ Hpτ ≤ Cτ
17 Set Uτ ← U `τ , and call Greedy-MP(P \ Ut,U , τ + 1, LB, Zgreedy)
18 end
19 end
20 end
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3.4.3 Lower Bound for BPTM

We also propose a heuristic to generate a bilevel feasible solution to BPTM that will
provide a lower bound. Consider the following mixed-integer program which we refer to
as the Extended ENG (EENG) problem:

[EENG] η∗ = min
∑
p∈P

wpVp

subject to Upper-level-feasibility

MFG-optimality (Y )
ENG-feasibility (F )

Let η∗ denote the optimal objective value of the EENG, and F ∗ the factory capacity
allocation to ENG in the corresponding optimal solution. Note that η∗ ≥ φE(F ∗) because
each (Z∗, V ∗) solution with F = F ∗ in the feasible solution set of EENG is feasible
to ENG(F ∗), and these two problems have the same objective function. Therefore, if
η∗ = φE(F ∗), an optimal solution to EENG is a bilevel feasible solution to BPTM because
it simultaneously satisfies the optimality conditions for both MFG and ENG.

Our preliminary computational experiments, however, showed that off-the-shelf solvers
struggle to solve even moderate-size instances of EENG in a reasonable time. Therefore,
we have developed a warm-start method to generate an initial feasible solution to EENG
in which we solve a multiple knapsack problem (MKP) to generate product development
schedules yielding solutions for the Z variables. Each time period is treated as a knap-
sack with a certain amount of factory capacity allocated to product development. New
products under development represent items to be packed into these knapsacks.

The “weight” of each new product (item) p ∈ P is set to the factory capacity Hpt

required for its development. Recall that δp denotes the due date for developing product
p ∈ P . In our MKP we define the “value” of developing product p in time period t ∈ T
as:

Spt =


−∞ if t < T 0,

T − (δp − t) if t ≤ δp,

(δp − t)wp if t > δp,
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where T 0 is the earliest time period a new product can be developed. The definition of
Spt favors developing new products close to their due dates. This property allows the
warm-start method to generate product development schedules that are not too focused
on minimizing the weighted tardiness objective of the ENG.

We define a coefficient f to control the factory capacity allocated to product develop-
ment in each time period t ∈ T as a fraction of the total demand for the current products,
i.e., ∑n∈N\P Dnt. This is equivalent to specifying a minimum fill rate for current demand
which MFG must meet. The formulation of the MKP for a given f is as follows:

MKP(f) max
∑
p∈P

∑
t∈T

SptZpt (3.13a)

∑
p∈P

HptZpt ≤ Ct − f
∑

n∈N\P
Dnt t ∈ T (3.13b)

Zpt ∈ {0, 1} p ∈ P, t ∈ T (3.13c)

We solve MKP(f) with f ∈ {1.0, 1.2, 1.4} in the numerical experiments. The resulting
product development schedules, i.e., Z variables, are fixed in EENG to generate feasible
solutions. These solutions are then provided to solver as initial feasible solutions when
optimizing the EENG. We henceforth refer to this algorithm as the Lower Bounding
Algorithm (LBA). Note that if EENG is infeasible, then BPTM is also infeasible because
the feasible region of BPTM is a subset of the feasible region of EENG. Thus the LBA
can identify the infeasibility of a BPTM instance.

3.5 Numerical Experiments

We run computational experiments to evaluate the performance of the proposed solution
algorithm and model formulations. We also analyze the impact of product mix on the
optimal objective values of the CORP, MFG and ENG problems. Finally, we provide
managerial insights about the value of CORP’s leadership.
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Table 3.3: Parameter values

Demand in Market 1 U[600, 1000] h (holding cost) 5
Demand in Market 2 U[800, 1200] r (production cost) 10h
Demand in Market 3 U[1200, 1600] b (backorder cost) 20h
Demand in Market 4 U[1400, 1800] w ∈ Zp (tardiness cost) U[5, 200]
T 0 0.4T π ∈ ZN (revenue) U[25, 30]

3.5.1 Instance Generation

Our test instances represent a realistic demand pattern observed during product transi-
tion periods in the semiconductor industry: demand for current products diminishes to
zero over time while the demand for new products rises over time and then stabilizes.
Specifically, in our test instances the current products have positive demand in the first
60% of the planning horizon, and new products have positive demand in the last 60%.
Thus there is a time interval with positive demand for both current and new products.
The demand for current products diminishes in the last quarter of their life time, while
demand for new products increases in the first quarter of their life time. Since semi-
conductor companies operate in different markets such as mobile devices, memory and
servers (Rash and Kempf 2012), we consider four discrete uniform distributions to model
demand. Each product is randomly assigned to a market.

The due date for the development of each new product is selected randomly with
equal probability from the periods with positive demand for that product. The factory
capacity Ct in period t is randomly generated from a discrete uniform distribution be-
tween d0.7∑n∈N Dnte and d1.2

∑
n∈N Dnte. Once the factory capacity is determined, the

factory capacity Hpt required for the development of new product p in period t is gen-
erated randomly from a discrete uniform distribution between d0.2Cte and d0.6Cte. The
values of other model parameters are given in Table 3.3.

3.5.2 Computational Performance

We analyze the performance of our algorithm using 32 problem classes with number of
periods T ∈ {12, 18, 24, 30}, number of products |N | ∈ {12, 14}, and number of new
products |P | ∈ {4, 6, 8, 10}. We report the size of each problem class in Table 3.4. We
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generate and solve six instances per problem class for a total of 32× 6 = 192 instances.
The LBA identified three infeasible instances which are removed from the analysis. We
set the time limit to 7,200 seconds for the overall solution algorithm, 3,600 seconds for
solving the master problem in each iteration of the CCG algorithm, and 300 seconds for
the LBA in the first iteration. We do not interrupt an iteration if it is in progress when
the time limit is exceeded. We carry out computations on a computer with an Intel Xeon
2.99 GHz with 2 processors and 32 GB RAM. We code our algorithms in C++, and solve
the mixed-integer programs using CPLEX 12.9.

Table 3.5 reports the performance of the solution method for both exact reformula-
tions. The t-max(min) column reports the maximum (minimum) solution time in sec-
onds, and t-avg column is the average solution time for optimally solved instances. The
iter column reports the maximum (minimum) number of iterations for optimally solved
instances, and the us column reports the number of instances (out of 6 instances in each
problem class) which can not be solved optimally within the time limit. Neither of the
exact reformulations has consistently better computational performance than the other.
The f-FLBA (failed LBA) column gives the number of instances for which the LBA failed
to generate a lower bound within the time limit. The solution times of some instances
are significantly shorter with Exact Reformulation 1, e.g., the C22 problem class, while
the solution times of some other problem instances are significantly shorter with Exact
Reformulation 2, e.g., the C14 problem class. It is interesting that some instances are
solved optimally even when the LBA fails to generate an initial feasible solution, e.g., all
six instances in C9 are solved optimally although the LBA failed to generate an initial
feasible solution for three of them.

The number of new products has the greatest impact on the solution time. Solving
the bilevel model becomes more difficult as the number of new products increases because
MFG and ENG have to be coordinated on the development of more products. The number
of periods has mixed effect on the solution time. The problem size increases with T , but
a longer T provides scheduling flexibility for product development. In Table 3.5, some
of the longest solution times occur in problem classes with T = 12 periods, e.g., C7 for
Exact Reformulation 1, and C8 for Exact Reformulation 2.
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Table 3.4: Number of constraints and variables in each instance. The number of binary
variables is given in parenthesis. CORP is the leader in BPTM. MFG and ENG are
followers.

Number of Constraints Number of Variables

Class T |N| |P| CORP MFG ENG CORP MFG ENG

C1 12 12 4 71 720 64 60 (48) 432 52 (48)
C2 12 12 6 95 1,008 90 84 (72) 432 78 (72)
C3 12 12 8 119 1,296 116 108 (96) 432 104 (96)
C4 12 12 10 143 1,584 142 132 (120) 432 130 (120)

C5 12 14 4 71 744 64 60 (48) 504 52 (48)
C6 12 14 6 95 1,032 90 84 (72) 504 78 (72)
C7 12 14 8 119 1,320 116 108 (96) 504 104 (96)
C8 12 14 10 143 1,608 142 132 (120) 504 130 (120)

C9 18 12 4 107 1,512 94 90 (72) 648 76 (72)
C10 18 12 6 143 2,160 132 126 (108) 648 114 (108)
C11 18 12 8 179 2,808 170 162 (144) 648 152 (144)
C12 18 12 10 215 3,456 208 198 (180) 648 190 (180)

C13 18 14 4 107 1,548 94 90 (72) 756 76 (72)
C14 18 14 6 143 2,196 132 126 (108) 756 114 (108)
C15 18 14 8 179 2,844 170 162 (144) 756 152 (144)
C16 18 14 10 215 3,492 208 198 (180) 756 190 (180)

C17 24 12 4 143 2,592 124 120 (96) 864 100 (96)
C18 24 12 6 191 3,744 174 168 (144) 864 150 (144)
C19 24 12 8 239 4,896 224 216 (192) 864 200 (192)
C20 24 12 10 287 6,048 274 264 (240) 864 250 (240)

C21 24 14 4 143 2,640 124 120 (96) 1,008 100 (96)
C22 24 14 6 191 3,792 174 168 (144) 1,008 150 (144)
C23 24 14 8 239 4,944 224 216 (192) 1,008 200 (192)
C24 24 14 10 287 6,096 274 264 (240) 1,008 250 (240)

C25 30 12 4 179 3,960 154 150 (120) 1,080 124 (120)
C26 30 12 6 239 5,760 216 210 (180) 1,080 186 (180)
C27 30 12 8 299 7,560 278 270 (240) 1,080 248 (240)
C28 30 12 10 359 9,360 340 330 (300) 1,080 310 (300)

C29 30 14 4 179 4,020 154 150 (120) 1,260 124 (120)
C30 30 14 6 239 5,820 216 210 (180) 1,260 186 (180)
C31 30 14 8 299 7,620 278 270 (240) 1,260 248 (240)
C32 30 14 10 359 9,420 340 330 (300) 1,260 310 (300)
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Table 3.5: The performance of the CCG algorithm with Exact Reformulations 1 and 2.

Exact Reformulation 1 Exact Reformulation 2

t-max(min) t-avg iter us t-max(min) t-avg iter us f-LBA

C1 7 (1) 3 4 (1) - 6 (1) 3 4 (1) - -
C2 30 (1) 10 4 (1) - 23 (1) 9 4 (1) - -
C3 4,576 (1) 1,711 16 (1) - 4,365 (2) 1,642 17 (1) - -
C4 2 (1) 2 1 (1) 4 3 (2) 3 1 (1) 4 1

C5 6 (1) 3 2 (1) - 5 (1) 3 4 (1) - 2
C6 209 (4) 44 8 (1) - 144 (3) 34 8 (1) - -
C7 7,045 (4) 2,101 20 (1) 1 7,291 (4) 2,417 24 (1) - -
C8 300 (4) 152 1 (1) 4 8,553 (3) 3,838 9 (1) 2 1

C9 16 (2) 6 3 (1) - 8 (2) 4 3 (1) - 3
C10 2,064 (303) 663 11 (1) - 1,944 (304) 839 11 (1) - -
C11 53 (3) 28 1 (1) 4 148 (3) 76 1 (1) 4 5
C12 752 (2) 200 1 (1) 2 75 (2) 29 1 (1) 2 3

C13 33 (3) 12 3 (1) - 24 (1) 9 3 (1) - -
C14 3,859 (2) 774 9 (1) - 1,939 (2) 404 8 (1) - 2
C15 305 (2) 203 1 (1) 3 304 (2) 202 1 (1) 3 4
C16 302 (2) 152 1 (1) 2 301 (2) 152 1 (1) 2 2

C17 19 (2) 7 2 (1) - 10 (2) 5 2 (1) - -
C18 7,518 (2) 1,255 4 (1) - 6,992 (2) 1,452 10 (1) - 1
C19 451 (313) 382 1 (1) 4 451 (310) 381 1 (1) 4 4
C20 306 (302) 304 1 (1) 4 302 (302) 302 1 (1) 4 2

C21 94 (15) 42 7 (1) - 57 (6) 21 5 (1) - -
C22 1,233 (5) 494 4 (1) - 9,841 (3) 1,905 4 (1) - 2
C23 1,655 (10) 567 1 (1) 2 1,657 (7) 567 1 (1) 2 4
C24 605 (605) 605 1 (1) 5 605 (605) 605 1 (1) 5 4

C25 303 (3) 98 5 (1) - 367 (4) 155 5 (1) - -
C26 4,346 (3) 1,035 8 (1) 1 5,019 (3) 1,180 9 (1) 1 2
C27 657 (1) 344 1 (1) 2 1,653 (6) 593 1 (1) 1 4
C28 459 (5) 162 1 (1) 1 455 (4) 154 1 (1) 1 4

C29 301 (4) 150 3 (1) - 302 (4) 152 3 (1) - 1
C30 2,405 (5) 806 6 (1) 2 2,690 (4) 985 5 (1) 1 4
C31 600 (5) 274 1 (1) 1 603 (5) 274 1 (1) 1 4
C32 1,205 (6) 331 1 (1) - 1,204 (4) 329 1 (1) - 3
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Table 3.6: Average change in the optimal objective values of CORP, MFG, and ENG as
the number of new products |P | increases.

|P | = 4 to 6 |P | = 6 to 8 |P | = 8 to 10
CORP (max profit) 85.5% 19.8% 55.3%
MFG (min cost) 21.2% 6.3% 19.8%
ENG (min tardiness) -37.1% 63.8% -80.0%

3.5.3 The Impact of Product Mix

In this section we explore the impact of product mix, i.e., the number of current products
and new products in set N , on the optimal objective values of the CORP, MFG, and
ENG problems. We consider instances with T = 18 periods and |N | = 14 products. We
analyze the change in the optimal objective value of each decision entity by increasing
the number of new products |P | from 4 to 6, 6 to 8, and 8 to 10 while keeping the total
number of products |N | = 14 in all instances. For example, consider an instance with
|P | = 4, |N | = 14, T = 18 and another with |P | = 6, |N | = 14, T = 18. The number of
current products is (14 − 4) = 10 in the first instance, and (14 − 6) = 8 in the second.
We ensure that the data for the first 4 new products and 8 current products stays the
same as we increase the number of new products. We generate 6 instances with |P | = 4,
6 with |P | = 6, and 6 with |P | = 10.

Table 3.6 shows that CORP’s profit and MFG’s cost increase with the number of new
products, while the tardiness of ENG shows no consistent pattern. Before producing a
new product, MFG has to wait for its development by the ENG, a constraint that does
not apply to current products. Therefore, increasing the number of new products forces
MFG to use less factory capacity for the current products in order to meet the demand
for new products. As a result, the MFG objective deteriorates when there are more new
products in the product mix. We also analyze the amount of change in each component
of the MFG objective in Table 3.7. Consistent with the discussion above, Table 3.7 shows
that backorder cost increases significantly with the number of new products.

Having more new products in the product mix gives CORP more control over MFG
through the product release schedule, i.e., Y variables. Furthermore, CORP’s objective
does not directly incorporate the backorder cost. Thus, the effect of this increased control
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Table 3.7: Change in each component of the MFG objective with number of new prod-
ucts.

Cost component |P | = 4 to 6 |P | = 6 to 8 |P | = 8 to 10
Inventory -21,766 111,372 264,023
Backorder 424,091 144,796 263,492
Production -26,146 -21,396 -30,900

power is higher profit for CORP. As for the ENG objective, tardiness may increase with
the number of new products simply because more products must be developed within
a fixed planning horizon of T periods. On the other hand, MFG has more incentive to
provide factory capacity to help ENG to develop products in a timely manner to meet
future demand. This explains the mixed effect of increasing the number of new products
on the ENG objective in Table 3.6.

3.5.4 The Value of CORP’s Leadership

The aim of this section is to asses the value of CORP’s leadership. To this end, we consider
an alternative bilevel model in which MFG manages the factory capacity allocation acting
as the leader. ENG in the lower-level is the only follower. The formulation of this model,
referred to as MFG-Leader, is given by:

MFG-Leader min
∑
n∈N

∑
t∈T

hntInt + rntXntCt + bntBnt (3.14a)

subject to Ypt ≤
∑
τ≤t

Zpτ p ∈ P, t ∈ T , (3.14b)

Ft +
∑
n∈N

Xnt = 1 t ∈ T , (3.14c)

MFG-primal-feasibility (Y )
(Z, V ) ∈ argminENG(F )

The last constraint in MFG-Leader formulates the decision problem of ENG as a fol-
lower. Our proposed solution approach can be adapted to solve this model by modifying
the restricted master problem. Specifically, we replace CORP’s objective with the MFG
objective, and change the MFG-optimality (Y ) with MFG-primal-feasibility (Y ) con-
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Table 3.8: The difference in the optimal objective values of the CORP, MFG, and ENG
between MFG-Leader and BPTM-Nash. The reported instances are in problem class C2.

Ins. 1 Ins. 2 Ins. 3 Ins. 4 Ins. 5 Ins. 6
CORP (max profit) -12% -8% -11% -5 % -6% -9%
MFG (min cost) -25% -15% -32% -11 % -5% -22%
ENG (min tardiness) 105% 325% -14% 0 % 21% 0%

Table 3.9: The difference in the optimal objective values of the CORP, MFG, and ENG
between CORP-Release and BPTM-Nash. The reported instances are in problem class
C2.

Ins. 1 Ins. 2 Ins. 3 Ins. 4 Ins. 5 Ins. 6
CORP (max profit) 0% -14% 0% -12% -23% 0%
MFG (min cost) 0% 2% 0% 1% 26% 0%
ENG (min tardiness) 0% -100% 0% 29% -100% 0%

straints in the restricted master problem MP(Jk).

Table 3.8 shows the difference in the optimal objective values of the CORP, MFG, and
ENG between BPTM-Nash and MFG-Leader for the six instances in problem class C2.
As a leader, MFG can start producing new products as soon as they are ready without
waiting CORP’s decision. Thus, the MFG objective function improves, i.e., manufacturing
cost decreases, compared to the BPTM. CORP’s profit, on the other hand, decreases as
expected because CORP has no control over the decisions of MFG and ENG in MFG-
Leader. The impact on ENG is mixed. MFG’s leadership can help ENG by reducing
tardiness in some cases, e.g., instances 3 and 4. It might also result in a worse situation
for ENG where the tardiness increases significantly, e.g., instances 1 and 2. Another
interesting observation pertains to the “stability” of the bilevel solution obtained through
the leadership of CORP. If MFG and ENG realize that they can both improve their
objective functions by bypassing the CORP’s control as in instances 3 and 4 in Table 3.8,
they might collude to implement a solution that is not always in the best interest of
CORP.

In BPTM-Nash, CORP releases new products to manufacturing. Specifically, CORP

70



chooses the values of the Y variables; if the right-hand-side of constraint (3.1c) is 1 for a
new product p in period t, i.e., the product development has been completed, then CORP
can release this product to manufacturing by setting the Ypt variable to 1, or it can delay
its manufacturing by setting the Ypt variable to 0. An interesting model between BPTM-
Nash and MFG-Leader arises when CORP has to release new products to manufacturing
as soon as their developments are completed. This model, referred to as CORP-Release,
can be formulated by adding the upper-level constraints Ypt ≥

∑
τ≤t Zpτ to BPTM-Nash

for p ∈ P, t ∈ T .

We numerically examine the impact of this new setting on the optimal objective
values of the CORP, MFG, and ENG using six instances in problem class C2. As seen in
Table 3.9, CORP’s profit either stays the same or decreases in CORP-Release. However,
this reduction is less than MFG-Leader because CORP can still try to optimize profit
by deciding on the release of new products to manufacturing in CORP-Release. These
results illustrate the impact of allocating decision authority differently among the decision
makers.

3.6 Summary

We formulate a mixed-integer bilevel model with interdependent followers for capacity co-
ordination during product transitions in a semiconductor manufacturing firm. Corporate
management acts as a leader for MFG and ENG units who must coordinate production,
prototype fabrication and new product development schedules. We propose two single-
level reformulations that differ in how they enforce the ENG optimality.Our algorithm
provides exact solutions to the single-level reformulation in which the optimality of the
MFG solution is imposed by direct inclusion of the KKT optimality conditions, and
that of the ENG solution by considering all possible product development schedules. and
derive a solution algorithm based on constraint and column generation.
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Chapter 4

Coordinating Resource Allocation
and Product Transitions in
Semiconductor Manufacturing Using
Bilevel Programming Model

Abstract:
This chapter studies the product transition problem in semiconductor manufacturing firm which
requires the coordination of multiple product divisions. We propose a multi-follower bilevel
model to capture the hierarchical and decentralized nature of the product transition process.
The corporate management is the leader who seeks to minimize the system cost and total al-
located budget. The follower’s problem consist of multiple product divisions who share factory
and engineering resources to carry out their operations. Each product division needs engineer-
ing capacity to develop new products and requires factory capacity to fulfill the demand for
current and new products. We model this interdependency as a generalized Nash equilibrium
problem in the lower level and propose a reformulation where the leader coordinates the re-
source allocation decisions. We then derive an equivalent single level reformulation and develop
a cut-and-column generation algorithm. We conduct extensive computational experiments to
evaluate the performance of the algorithm, and to provide managerial insights on how the key
parameters and competition affects the system cost.
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4.1 Introduction

Product transition is the process of introducing new products to replace older genera-
tions. It involves the transformation of a market opportunity and product characteristics
into a new product available for sale (Krishnan and Ulrich 2001). Product transition is
increasingly gaining attention as the driving force for companies, especially in high-tech
market, to maintain market share, sustain organic growth, and generate profit (Koca
et al. 2010).

Efficient management of product transitions offers a significant competitive edge for
companies to survive under global competition, keep up with the technology advance-
ment, respond to dynamic marketplaces, and satisfy the changing customer demand. On
the contrary, poor decisions can result in a failed product transition and pose serious
business consequences, hence the product transition process involves highly complex de-
cision making. Product transition is perhaps most challenging for high-tech companies
who serve multiple markets each potentially with different product lines. A product tran-
sition in these companies involves the flow of information between units, timely access
to material, and human resources to carry out the process. The process often requires
factory capacity, skilled workers, resource allocation, and solid operations management
to avoid failures and maintain the financial viability. The importance of product transi-
tion necessitates models that properly reflect the organizational structure in which the
problem arises.

We focus on large semiconductor manufacturing companies in this study and try to
present a model that better reflects the product transition. A key characteristics of such
companies is the decentralized nature of the decision making process. Semiconductor
companies consist of multiple functional groups, each with its own private information,
objective, and operational constraints. Each functional group enjoys a level of autonomy
to address its decision problems (Bansal et al. 2020b; Mönch et al. 2018). Therefore,
treating the firm as a monolithic entity with complete information that takes centralized
decision is neither realistic, nor desirable. A growing body of research has addressed
aspects of product transition in a decentralized environment, including capacity planning
under uncertainty (Karabuk and Wu 2002, 2003), supply chain coordination (Mallik and
Harker 2004), capacity coordination and allocation through mechanism design (Karabuk
and Wu 2005; Bansal et al. 2020b; Mallik 2007), the role of capacity conversion on the
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equipment renewal and upgrade schedule (Li et al. 2014), and the impact of lead time on
production (Kacar et al. 2016). This body of research, however, ignores the hierarchical
nature of decision making environment in which product transition is managed (Ho et al.
2002); in large semiconductor manufacturing companies, corporate management lies at
the top of this hierarchy and takes strategic/tactical decisions. The upper-level decisions
then results in set of directives by which the lower-level functional groups take operational
decisions. The hierarchical chain of decisions mandates a clear line of authority and
control, ignoring which can render the model impractical and misleading.

The distribution of domain knowledge among different functional groups and line
of authority governing the decision making environment requires extensive coordination
across the firm (Bansal et al. 2020b). Although the specifics of product development
and high volume production can differ from one semiconductor firm to another, there
are two principal units posses the required resources and knowledge to fulfill a successful
introduction of new products and phasing out the current ones: 1) corporate management
(CORP) who leads the firms toward its strategic business goals; 2) Product Divisions
(PDs) who manage all activities related to new product development and manufacturing.
Each PD is responsible for a specific market segments each of which potentially with
multiple product lines.

CORP distributes the available total operating budget and capacity of resources
among PDs, who then use it to obtain resources required for their operations. PDs are
organized as a revenue center for the firm. Given capacity release amount from the leader,
PDs are responsible to use the allocated budget to obtain shared factory and engineer-
ing resources available across the firm to effectively conduct their operations. Each PD
determines specifications of new products through market research and comes up with
a detailed design for each product that outlines its features, required engineering re-
sources, timeline for introduction, projected demand, and estimated costs (Rash and
Kempf 2012). The design step is followed by prototype fabrication to identify potential
failures and test the manufacturability of the product. Hence, each PD must secure suffi-
cient factory capacity overtime to produce both its prototypes and current products.The
factory capacity used for prototype fabrication limits the capacity available for producing
current products to generate revenue and meet the demand, but is essential to survive in
the market. The overarching rationale behind CORP’s decisions is to maintain the long
term profitability of the firm. However, CORP can only impact PDs decisions through
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budget allocation. The substantial decision autonomy of PDs creates an environment in
which the CORP does not have direct kowledge of operational constraints of each PD or
the manner in which PDs compete for factory and engineering resources.

The combination of complex decision environment and autonomous units involved in
product transition creates an extremely challenging problem. A simpler problem faced by
PDs, even in its complete deterministic form, results in a generalized Nash equilibrium
problem (GNEP) which is a highly challenging problem to solve (Facchinei and Kanzow
2010). In this chapter, we propose a bilevel model that captures the decentralized and
hierarchical environment in which product transition take place in large semiconductor
companies. The leader is CORP who minimizes the aggregated cost of PDs and allocated
budget subject to the decision of the follower’s problem. The follower’s problem is a GNEP
where PDs compete over factory and engineering resources to minimize their individual
total cost over a finite planning horizon. Hence, the decisions of each PD depend on
those of all other PDs which, unlike traditional bilevel models, yields a bilevel program
with interdependent followers. The contribution of this chapter over previous work is as
follows:

• Our model incorporates the main technological and operational constraints in the
upper and lower level problems. It offers a framework to consider products that are
not directly part of the production transition, but share factory facilities with new
products.

• We formulate the problem as a multi-follower bilevel program where followers ex-
change information, thus making the lower-level problem a GNEP.

• We present a single-level equivalent reformulation of the bilevel model based on
which we use to develop an efficient exact algorithm.

• We test the performance of the proposed algorithm through extensive numerical
experiments and provide managerial insights.

The remainder of the chapter is organized as follows. Section 4.2 briefly reviews the
relevant literature on product planning and transition in semiconductor manufacturing,
GNEP, and bilevel programming. We formulate the problem in Section 4.3, and develop
the solution approach in Section 4.4. Section 4.5 describes the numerical experiment
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and presents numerical analysis and managerial insights. We conclude the chapter in
Section 4.6 and discuss some research directions for future studies.

4.2 Literature Review

As the main motivation for this study, we start by reviewing the relevant work in pro-
duction transition literature in Section 4.2.1 and narrow our focus to product planning
in semiconductor firms in Section 4.2.2. Our model and solution approach relates to
GNEP and bilevel programming whose literature are covered in Section 4.2.3 and 4.2.4,
respectively.

4.2.1 Production Transition

Aspects of product transition has garnered attention of researchers in recent decades
(Krishnan and Ulrich 2001; Ferrer and Swaminathan 2006; Gokpinar et al. 2010; León
and Farris 2011). Ho et al. (2002) study supply-related decisions. (Wu et al. 2009) examine
the impact of initial investment on the speed-to-market, quality improvement, and pricing
of new products. The inventory planning decisions without replenishment is studied in Li
et al. (2010) considering demand uncertainty and product substitution. Li et al. (2014)
develop multi-period capacity planning model with uncertain demand and target service
level. Druehl et al. (2009) study the timing of new product introduction and propose a
model to identify factors that impact the pace of product transition. Some studies analyze
the role of customers in the process. Liang et al. (2014) and Lobel et al. (2015) analyze
the optimal product launch policies under different operational settings in the presence
of strategic customers. Cui and Wu (2017) examine the impact of customer involvement
in the success of new product development. Several address the pricing aspect of the
process including interaction among timing, pricing, and product design when entering
a new market (Klastorin and Tsai 2004), dynamic pricing (Koca et al. 2010), and price
manipulation (Li et al. 2010).
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4.2.2 Capacity Planning in Semiconductor Firms

Decentralized capacity planning in semiconductor manufacturing has been studied in a
number of chapters. Mallik and Harker (2004) and Mallik (2007) examine capacity allo-
cation among retailers under a competitive setting where multiple product lines request
production capacity from manufacturing units. Incorporating demand and yield uncer-
tainties via a discrete scenario scheme, Karabuk and Wu (2003) independently model
the divisional decision problems of the marketing and production units. They force the
capacity allocation and expansion decision to be consistence for both models and apply
different recourse approximation schemes to decentralize the capacity planning process.
In the subsequent chapter, they consider corporate management and production unit
and develop a game-theoretical model to elicit private information from production unit
to maximize the corporate’s expected profit (Karabuk and Wu 2005). Bansal et al.
(2020b) propose two iterative combinatorial auction schemes for a simpler version of the
problem is considered in this chapter to coordinate the negotiation over factory capacity
between manufacturing, acting as the auctioneer, and product development units who
act as bidders. Although previous work address many challenges of product transition
in the context of semiconductor manufacturing and provide useful insight, none of them
enforce strict hierarchy nor consider product mix or interaction between decision maker.

4.2.3 Generalized Nash Equilibrium Problem

In the context of economic sciences, noncooperative games refer to a game where play-
ers engage in competition with each other. The Generalized Nash Equilibrium Problem
(GNEP) is a noncooperative game in which the strategy of an individual player may
depends on strategies of the rival players. A collection of strategies is called an equilib-
rium is attained when no player gains incremental benefit by making unilateral change
of strategy. A collection of equilibrium points are called equilibria. As a mathematical
optimization model, GNEP is a decentralized model whose decision makers share a set
of constraints known as coupling constraints. It has been fruitfully applied to many opti-
mization problems (Facchinei and Kanzow 2010), including transportation (Zhou et al.
2005; Stein and Sudermann-Merx 2018; Sagratella et al. 2020), electricity markets (Wang
et al. 2021; Oggioni et al. 2012), and telecommunication networks (Altman and Wynter
2004b).
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Solution methods for GNEP are predominantly limited to problems with players who
control only continuous decision variables (Facchinei and Kanzow 2010; Facchinei et al.
2009, 2014; Aussel and Sagratella 2017). Although GNEP with integer variables nat-
urally arise in many applications, its literature has remained limited because integer
variables make the problem non-convex and non-differentiable for which no general al-
gorithmic approach is developed yet (Sagratella et al. 2020). Sagratella (2017) offers the
first treatment of GNEP with integer variables. They consider a special case of GNEP,
generalized potential games, where each player unconsciously optimizes the same (po-
tential) objective function over the aggregated strategy sets of all players. Under some
assumptions, Sagratella (2019) establish the attainability of equilibria in a GNEP with
mixed-integer variables when the coupling constraints are linear, and develop an algo-
rithm that computes the approximate equilibrium points. Their algorithm is used in
(Fabiani and Grammatico 2019) to develop a solution approach for a transportation
problem with mixed-integer variables. More recently, Sagratella et al. (2020) introduce
a noncooperative fixed charge transportation problem with different cost structures and
constraints. They formulate the problem as a mixed-integer GNEP and establish some
structural properties which allow them to apply the algorithms developed for pseudo
Nash equilibrium problems, a concept that we will explain with more details later in this
chapter.

4.2.4 Bilevel Programming

Bilevel programming (BP) is a nested optimization problem over a feasible region where
the optimization problem of the lower level model (follower) defines a subset of the
upper-level’s (leader’s) constraints (Bard 1998; Dempe 2002). BP can be optimistic or
pessimistic. In the former case the leader select the most advantageous of follower’s
responses whereas in the latter the leader has to choose the least favorable follower’s
responses. Bilevel programs provides a powerful tool to model hierarchical decision pro-
cess with two decision makers who share a set of common resources but pursue different
objectives; the leader first makes a decision on its anticipation of the follower’s response,
then the follower responds by making a decision (Colson et al. 2007). It is this inherent
hierarchy that opens BP to wide range of applications from network design (Dewez et al.
2008) to facility location (Caramia and Mari 2016), machine learning (Bennett et al.
2008) and healthcare (Özaltın et al. 2018).
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Bilevel linear programs (BLP) where both leader’s and follower’s problems are linear
programs (LPs) are so far the most studied problem in the literature of the BP (Hemmati
and Smith 2016). Although BLPs are non-convex and strongly NP-hard, they enjoy
properties that allows the optimality of the follower to be enforced through the Karush-
Kuhn-Tucker (KKT) or strong duality conditions of the follower’s problem (Bolusani and
Ralphs 2021). The resulting nonlinear single-level problem can be solved by combination
of branch-and-bound and implicit enumeration of extreme points (Kleinert et al. 2021).

Bard and Moore (1990) offer the first algorithmic approach to the mixed-integer bilevel
linear programs (MIBLP) which is a BP that has integer variables in at least one decision
level. They identify some node fathoming rules and develop a simple branch-and-bound
method. Algorithmic development for the general MIBLP ceased for nearly two decades
until DeNegre and Ralphs (2009) extended this work to propose a branch-and-cut algo-
rithm and sparked a flurry of recent activity in the literature (Bolusani and Ralphs 2021).
Wang and Xu (2017) propose a branch-and-bound algorithm with multi-way branching
carried out on the slack variables. In subsequent work, the authors present a similar ap-
proach that remove bilevel infeasible solutions by multi-way branching disjuctions (Wang
and Xu 2017). Lozano and Smith (2017) propose an algorithm based on the single-level
value function reformulation. The use of intersection cuts in branch-and-cut algorithm is
suggested in (Fischetti et al. 2018). Yue et al. (2019) propose a projection-based single-
level reformulation that implicitly enumerates the follower’s integer variables. Finally,
Bolusani et al. (2020) utilize duality theory for MILP and develop a Benders-like de-
composition algorithm that approximates the value function of the follower. MIBLP has
successfully applied to several optimization problems (Kleinert et al. 2021; Dempe 2018).
Hemmati and Smith (2016) consider a competitive prioritized set covering problem that
arises in new product development and introduction in a competitive market; they formu-
late the problem as a MIBLP and develop a cutting-plane algorithm. Other applications
of MIBLP include facility location (Beresnev and Melnikov 2018), transportation (Arslan
et al. 2018), healthcare (Özaltın et al. 2018), supply chain design (Yue and You 2017),
and electricity markets (Lavigne et al. 2000).

While the majority the of BP literature is devoted to the case with single follower,
some studies address the lower level problem with more than one follower. Shi et al. (2007)
study multi-follower BLP with partially shared variables among followers. Calvete et al.
(2019) formulate a rank pricing problem as a nonlinear bilevel program with multiple
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independent followers and develop a tailored branch-and-cut algorithm. Tavaslıoğlu et al.
(2019) apply a generalized value function, which takes objective function gradient and
right-hand-side of constraints as argument, to a multiple follower MIBLP where followers
share the same constraints matrix. Basilico et al. (2020) focus on a BLP whose multiple
followers play a Nash game. They established several structural properties and propose
branch-and-bound method. Coniglio et al. (2020) investigate the pessimistic case of the
same problem and offer a branch-and-bound scheme. To the best of our knowledge,
MIBLP with multiple followers playing a GNEP has not been studied in the literature.

4.3 Model formulation

We formulate the product transition problem in semiconductor manufacturing as a bilevel
program to capture its hierarchical and decentralized structure. The upper-level problem
consists of the CORP problem whose objective is to minimize weighted cost of PDs as
well as total allocated budget. As a leader, the CORP controls the budget allocation
among PDs and capacity release for the usage of PDs. The allocated budget allows PDs
to procure the factory and engineering capacity required for product development and
manufacturing operations. The lower-level problem is a generalized Nash game played
between multiple PDs. Constraints concerning the usage of factory and engineering ca-
pacity are the coupling constraints of the GNEP. Each PD seeks to minimize its total
cost which includes lost revenue and the costs of production, backorder, and inventory.
The dynamics of the proposed bilevel model are illustrated in Figure 4.1.

Let T = {1, . . . , T} be the set of planning periods. We use B to denote the total
budget of the firm over the planning horizon. We denote the set of PDs by J = {1, . . . , J},
set of all current and new products by N , and the set of new products that are currently
under development by P ⊂ N . We define Nj and Pj to denote the set of all products and
new products of PDj, respectively. Other parameters are defined in Table 4.1. We define
the integer variable Bj to model the CORP’s budget allocation to PDj. Furthermore,
we define integer variables Sft and Set to represent the factory capacity and engineering
capacity released by CORP for the usage of PDs in each period t. We use bold face
symbols to refer to vectors of variables, for example B is the vector of Bj variables.

Given the upper-level budget allocation B and capacity release decisions (Sf ,Se),
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Figure 4.1: General flow of resources and information among decision units in the pro-
posed bilevel model. Given the upper-level budget allocation and capacity release de-
cisions, PDs compete among themselves over the factory and engineering resources as
depicted by solid arrows in the lower level problem. In each period, the availability of
engineering and factory capacity, and demand for each products are given as parameters.
Once PDs reach an equilibrium, they communicate their objective values to the leader.

Table 4.1: Parameters of the bilevel product transition model for each PDj

wj Weight of total cost of PDj in the objective function of the leader
Djnt Demand for product n in period t
πjnt Per unit revenue of product n in period t
rjnt Per unit production cost of product n in period t
Hf
jp Factory capacity required for prototype testing of product p

He
jp Engineering capacity required for developing product p

hjnt Holding cost of product n in period t
Rf
t Total factory capacity available in period t

Re
t Total engineering capacity available in period t

cfj Unit factory capacity cost
cej Unit engineering capacity cost
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we use GNEP(B,Sf ,Se) to denote the generalized Nash equilibrium game as well as
its equilibria in the lower-level. The outcome of GNEP(B,Sf ,Se) is an equilibrium in
which each PD has an objective value of φ∗j . We refer to this product transition model
as PTM-Nash, and present its formulation as follows:

[PTM-Nash] min θ =
∑
j∈J

wjφj + η
∑
j∈J
Bj (4.1a)

s.t.
∑
j∈J
Bj ≤ B (4.1b)

Sft ≤ Rf
t t ∈ T (4.1c)

Set ≤ Re
t t ∈ T (4.1d)

φ ∈ GNEP(B,Sf ,Se) (4.1e)
Bj, S

f
t , S

e
t ∈ Z+ j ∈ J , t ∈ T (4.1f)

The objective function (4.1a) minimizes the weighted total cost of all PDs, and the
total budget allocation weighted by η. Constraint (4.1b) ensures that the total available
budget is not exceeded. Constraints (4.1c) and (4.1c) restrict the factory and engineering
capacity release to the available amount. The generalized Nash game between PDs in the
lower level is represented by (4.1e). PTM-Nash is an optimistic bilevel model because it
allows the leader, CORP, to select the most favorable lower-level equilibrium when there
are multiple ones (Kleinert et al. 2021).

GNEP(B,Sf ,Se) involves a set of PD problems with the same constraint structure
and objective function but with different parameters. For each PDj and every product n
in period t, let Xjnt, Ijnt and Bjnt to denote the factory capacity usage, inventory level,
and backorder level, respectively. Furthermore, let Rf

jt and Re
jt denote the the factory

and engineering capacities obtained by PDj in period t. We define the binary variable
Zjpt to be 1 if the new product p is developed in period t by PDj, and 0 otherwise. We
then formulate each PDj problem in GNEP(B,Sf ,Se) as follows:

[PDj(B,Sf ,Se)] min φj =
∑
n∈Nj

∑
t∈T

[πjnt(Bjnt −Bjn,t−1)+

hjntIjnt + rjntXjnt + bjntBjnt]
(4.2a)

s.t.
∑
i∈J

Rf
it = Sft t ∈ T (4.2b)
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∑
i∈J

Re
it = Set t ∈ T (4.2c)

∑
t∈T

Rf
jtc

f
jt +

∑
t∈T

Re
jtc

e
jt ≤ Bj (4.2d)

∑
p∈P j

Hf
jpZjpt +

∑
n∈Nj

Xjnt ≤ Rf
jt t ∈ T (4.2e)

∑
p∈P j

He
jpZjpt ≤ Re

jt t ∈ T (4.2f)

Ijnt = Ijn,t−1 +Xjnt − (Djnt +Bjn,t−1 −Bjnt) n ∈ Nj, t ∈ T (4.2g)∑
t∈T

Zjpt ≤ 1 p ∈ Pj (4.2h)

Xjpt ≤ Rf
t

∑
τ≤t

Zjpτ p ∈ P j, t ∈ T (4.2i)

Ijnt, Xjnt, Bjnt, R
e
jt, R

f
jt ∈ Z+, Zjpt ∈ {0, 1} ∀t ∈ T , n ∈ N j, p ∈ P j (4.2j)

The objective function (4.2a) minimizes the sum of lost revenue, inventory, produc-
tion, and backorder costs over the planning horizon. Constraints (4.2b) and (4.2c) are
the coupling constraints. They ensure that the factory and engineering usage by PDs
do not exceed the capacity made available by the CORP in each period. Note that
these constraints include factory and engineering capacity usage of all PDs. Therefore,
the feasible region of each PD problem is dependent on both the upper-level decisions
and the decisions of other PDs. Constraint (4.2d) limits the cost of procuring factory
and engineering capacities over the planning horizon by Bj, the budget allocation from
CORP. Constraints (4.2e) ensure that the capacity used for prototype fabrication, i.e.∑
p∈P j H

f
jpZjpt, plus the factory capacity used for manufacturing, i.e. ∑n∈Nj Xjnt, is less

than the procured factory capacity Rf
jt. Similarly, constraints (4.2f) restrict the engineer-

ing capacity usage for new product development in each time period. Constraints (4.2g)
are the inventory balance equations across the time periods. Constraints (4.2h) ensure
that each new product is only developed once in the planning horizon. This assumption
can be relaxed by considering multi-period product development; the proposed bilevel
framework would still be applicable. Finally, constraints (4.2i) ensures that new prod-
ucts can only be manufactured after development. We refer to constraints (4.2b)-(4.2j)
as PDj-feasibility(B,Sf ,Se). We also define PDj-consts(B,Rf ,Re) to refer to con-
straints(4.2d)-(4.2j) in which budget, factory capacity, and engineering capacity allocated
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to PDj are parameters.

4.4 Solution Approach

Our solution approach is based on the concept of pseudo-Nash equilibrium described
in Section 4.4.1. We propose a single-level reformulation of PTM-Nash in Section 4.4.2.
Finally, we present the steps of the proposed solution algorithm in Section 4.4.3.

4.4.1 Pseudo-Nash Equilibrium Games

Let P be the set of players in a generalized Nash equilibrium game. Let xν and x−ν be
the set of variables controlled by player ν ∈ P and other players in P \ {ν}, respectively.
Furthermore, let Kν(x−ν) and Sν(x−ν) be the strategy set and the response set of player
ν, respectively. A solution x̂ = (x̂ν , x̂−ν) is a generalized Nash equilibrium if and only
if it satisfies x̂ν ∈ Sν(x̂−ν) for all ν ∈ P . In other words, x̂ ∈ S(x̂) ≡ Πν∈PSν(x̂−ν).
Any generalized Nash equilibrium x̂ = (x̂ν , x̂−ν) satisfies x̂ν ∈ Kν(x̂−ν) for all ν ∈ P
since Sν(x−ν) ⊆ Kν(x−ν). That is, x̂ ∈ K(x̂) ≡ Πν∈PKν(x̂−ν). We denote by FP (S) ≡
{x : x ∈ S(x)} the set of fixed points of the point-to-set mapping S. Note that FP (S)
corresponds to the set of all generalized Nash equilibrium solutions. Similarly, we denote
by FP (K) ≡ {x : x ∈ K(x)} the set of fixed points of the point-to-set mapping K.

Definition 4.4.1. (Aussel and Sagratella 2017) A generalized Nash equilibrium game is
a pseudo-Nash equilibrium game if its set of equilibrium solutions FP (S) is equivalent to
∪x∈K(x)S(x).

Based on Definition 4.4.1, an equilibrium of a pseudo-Nash game can be computed
by identifying a solution x̂ ∈ K(x̂) and then finding the response set Sν(x̂−ν) of each
player ν ∈ P . Note that Sν(x̂−ν) does not depend on the decisions of other players once
x̂−ν is fixed. Aussel and Sagratella (2017) showed that any generalized Nash equilibrium
game with linear objective functions and linear constraints whose coupling constraints
are, exclusively, equality constraints is a pseudo-Nash equilibrium game.

Proposition 4.4.1. GNEP(B,Sf ,Se) is a pseudo-Nash equilibrium game.
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Proof. Each PD in GNEP(B,Sf ,Se) has a linear objective function and linear constraints.
Moreover, coupling constraints are exclusively equality constraints. �

This proposition establishes the attainability of an equilibrium from a feasible solution
to the lower-level problem. Given budget allocation and capacity release, consider the
following equilibrium problem (EP) whose objective function is the linear combination of
objective functions of PD models, and whose constraints consist of all constraints in the
lower level problem.

[EP(B,Sf ,Se)] min
∑
j∈J

∑
n∈Nj

∑
t∈T

wj[πjnt(Bjnt −Bjn,t−1) + hjntIjnt + rjntXjnt + bjntBjnt]

s.t. PDj-feasibility(B,Sf ,Se) j ∈ J

The solution of EP(B,Sf ,Se) gives an equilibrium of GNEP(B,Sf ,Se). However, this
solution may not be an optimistic response to the leader because it does not optimize
any component of the upper-level’s objective function. In an optimistic response, CORP
should be able to select the most advantageous equilibrium of the lower-level problem.

Proposition 4.4.2. Given a budget allocation and capacity release, i.e. (B,Sf ,Se), there
is an equilibrium of GNEP(B,Sf ,Se) corresponding to any nonnegative (R̂f

, R̂
e) such

that:

∑
i∈J

R̂f
it = Sft t ∈ T

∑
i∈J

R̂e
it = Set t ∈ T

Proof. The proof directly follows from Theorem 4 of Aussel and Sagratella (2017) and
Proposition 4.4.1.

As a result of Proposition 4.4.2, the leader can choose an equilibrium by setting the
factory and engineering allocation for each PDj at each time period t. We use this fact
to formulate the following problem:
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[PTM] min θ =
∑
j∈J

wjφj + η
∑
j∈J
Bj (4.5a)

s.t.
∑
j∈J
Bj ≤ B (4.5b)

∑
i∈J

Rf
it ≤ Rf

t t ∈ T (4.5c)
∑
i∈J

Re
it ≤ Re

t t ∈ T (4.5d)

φj ∈ argmin PDj-optimality(B,Rf ,Re) j ∈ J (4.5e)

where Rf
it and Re

it are now upper-level variables and PDj-optimality(B,Rf ,Re) is
formulated as min{φj : PDj-consts(B,Rf ,Re)}.

Proposition 4.4.3. PTM is equivalent to PTM-Nash

Proof. We establish the proof by showing that any feasible solution of PTM corresponds
to a feasible solution of PTM-Nash and vice versa. Let (B̂, R̂f

, R̂
e) be a feasible solution

to PTM. Let (Ŝf , Ŝe) be

Ŝft =
∑
j∈J

R̂f
it t ∈ T

Ŝet =
∑
j∈J

R̂e
it t ∈ T

(B̂, Ŝf , Ŝe) satisfy constraints (4.1b)-(4.1d). It also satisfies the optimality condition of
each PD problem by Constraint (4.5e). Note that

R̂f
it = Ŝft −

∑
j∈J\i

R̂f
jt t ∈ T

R̂e
it = Ŝet −

∑
j∈J\i

R̂e
jt t ∈ T

Therefore, if φ̂j ∈ argmin PDj-optimality(B̂, R̂f
, R̂

e), then φ̂j ∈ argminPDj(B̂, Ŝ
f
, Ŝ

e),
hence (B̂, Ŝf , Ŝe) is an equilibrium of GNEP(B̂, Ŝf , Ŝe) and a feasible solution to PTM-
Nash.
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Now let (B′,R′f ,R′e,S′f ,S′e) be a feasible solution to PTM-Nash. This solution
satisfies the upper level constraints (4.5b)-(4.5d). It also satisfies constraints (4.5e) since
each PD’s response is optimal in an equilibrium of GNEP(B′,S′f ,S′e). Note that, for
every PDj(B′,S′f ,S′e) we have

S ′ft =
∑
j∈J

R′fjt t ∈ T

S ′et =
∑
j∈J

R′ejt t ∈ T

Therefore, if φ′j ∈ argminPDj(B′,S′f ,S′e), then

φ′j ∈ argmin PDj-optimality(B′,R′f ,R′e)

hence (B′,R′f ,R′e) is a feasible solution to PTM. We use the equivalency established
in Proposition 4.4.3 to develop a single-level reformulation of the problem.

4.4.2 Single-level Reformulation

We present a single-level equivalent reformulation of PTM-Nash through the enumeration
of all possible of budget allocations. Let G denote the set of all possible distinct budget
allocations by the CORP to J number of PDs and G be its index set. Then, G is equivalent
to weak composition of B into J + 1 nonnegative integers (Sagan 2020), and its size is
given by (

B + J

J

)
= (B + J)!

(B)!J ! .

The size of G depends both on the number of PDs and the total available budget B,
but it is finite. CORP has at least one optimal factory and engineering capacity alloca-
tion schedule denoted by R̂g = (R̂f

, R̂
e) corresponding to each budget allocation B̂g in

g ∈ G. Given (Bg, R̂
f

g , R̂
e

g), we can solve the PDj-optimality(Bg, R̂
f

g , R̂
e

g) to obtain the
corresponding optimal objective function of the PD, φ∗gj. Note that for any given budget,
and resource allocation, the lower level problem is feasible.

87



Thus, the upper-level solutions can be enumerated over budget allocations. The fol-
lowing is a single-level reformulation of PTM where the optimality of every PD for each
possible budget allocation is enforced through a set of constraints and variables:

[MP(G)] min θ =
∑
j∈J

wjφj + η
∑
j∈J
Bj (4.6a)

s.t.
∑
j∈J
Bj ≤ B (4.6b)

∑
i∈J

Rf
it ≤ Rf

t t ∈ T (4.6c)
∑
i∈J

Re
it ≤ Re

t t ∈ T (4.6d)

PDj-const(B,Rf ,Re) j ∈ J (4.6e)

φj =
∑
n∈Nj

∑
t∈T

[πjnt(Bjnt −Bjn,t−1)+

hjntIjnt + rjntXjnt + bjntBjnt] j ∈ J
(4.6f)

Re
jt ≥ R̂e

gjt(1− αgj) g ∈ G, j ∈ J , t ∈ T (4.6g)
Rf
jt ≥ R̂f

gjt(1− αgj) g ∈ G, j ∈ J , t ∈ T (4.6h)∑
j∈J

(|Bj − B̂gj|) ≥
∑
j∈J αgj
J

g ∈ G (4.6i)

φj ≤ φ∗gj +Mαgj g ∈ G, j ∈ J (4.6j)
αgj ∈ {0, 1},Bj, R

f
t , R

e
t ∈ Z+ g ∈ G, j ∈ J , t ∈ T (4.6k)

The objective value of PDj in the equilibrium of GNEP(B̂g,S
f ,Se) is denoted by

φ∗gj for budget allocation g ∈ G. The mixed-integer program MP(G) determines the
value of upper level and lower level variables. The lower level feasibility is ensured by
PDj-const(B,Rf ,Re) for j ∈ J , and optimality of each PD enforced by constraints (4.6g)-
(4.6j). Specifically, binary variable αgj takes the value of 0 if sufficient factory and engi-
neering resources is allocated to allocated to PDj to pursue the resource purchase plan
g. In other words, if αgj = 0, both constraints (4.6g) and (4.6h) are binding, and the al-
located resources in every time period t must be more than what PDj requires to achieve
the objective value of φ∗gj. If enough resources is allocated for every time period, then
constraint (4.6j) ensures that φj, does not exceed the optimal objective value of the PDj

under plan g, i.e. φj ≤ φ∗gj, hence the optimality of PDj is enforced. On the other hand,
if αgj = 1, then constraints (4.6g) and (4.6h) are not binding, and there must be time
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period in which sufficient resources are not allocated to carry out the purchase plan g.
In this case constraint (4.6i) secures the generation of new set of budget allocation. More
specifically, the right hand side of the constraint (4.6i) becomes more than zero which
then enforces the absolute difference of the budget allocation (i.e. Bj) and allocation plan
g (i.e. B̂gj to be at least one. This results in a new distinct set of budget allocation B.

Proposition 4.4.4. MP(G) is equivalent to the PTM-Nash

Proof. We establish the equivalency by showing that both models have the same con-
straint spaces and objective functions. Let X represent the set of all decision variables
of PTM, and let X̄ be its feasible solution. Define

ᾱgj =

 0 if Rf
jt ≥ R̂f

gjt and Re
jt ≥ R̂e

gjt

1 otherwise

(X̄ , ᾱ) satisfy constraints (4.6g) and (4.6h) by construction. It also satisfies (4.6j) as
φ̄gj ∈ argmin PDj-optimality(B,Rf ,Re). Hence (X̄ , ᾱ) is a feasible solution to MP(G).
Now consider a feasible solution (X̂ , α̂) to MP(G). The solution X̂ is feasible to upper
and lower level constraints of PTM. The index set of all feasible resource allocations to
PDj-optimality(B̂, R̂f

, R̂
e) is given by Ĝ = {g ∈ G|Rf

jt ≥ R̂f
gjt and Re

jt} then α̂ = 0
for every k ∈ Ĝ due to constrains (4.6g) and (4.6h), thus constraints (4.6j) ensures that
φ̂j ≤ φ∗gj which makes the X̂ a feasible solution to PTM. The proof completes as both
models share the same objective function. �

4.4.3 Cut-and-Column Generation Algorithm

MP(G) offers a reformulation of the problem with an additional set of constraints whose
size grow exponentially with the number of time periods and PDs. Consequently, the
problem becomes intractable even for small-size instances. We ameliorate this issue by
proposing a cut-and-column generation (CCG) algorithm that starts with a subset of
constraints (4.6g)-(4.6j) and adds more such constraints in an iterative framework. The
algorithm solves restricted master problem MP(Gk) in each iteration k where Gk ⊆ G

and G0 = ∅. The optimal objective value of the MP(Gk), θk, is a lower bound on the
optimal objective value θ∗ as the feasible region of MP(Gk) contains that of MP(G). Let
X̄ k be the solution of MP(Gk) in iteration k. We first solve PDj-optimality(B̄, R̄f

, R̄
e)
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to determine φ̄∗j , the objective function of PDj under the budget and resource allocation
(B̄, R̄f

, R̄
e). If φ̄j = φ̄∗j for all j ∈ J , then the allocated budget and resources are optimal

for PDj to achieve its objective value, hence (B̄, R̄f
, R̄

e) is bilevel feasible. This solution
is also bilevel optimal because because the feasible region of the restricted master problem
MP(Gk) contains the feasible region of MP(G). If, on the other hand,

φ̄j > φ̄∗j

for any j ∈ J , we define a new αgj and add set of new constraints in the form of
constraints (4.6g)-(4.6j) to the restricted master problem. Algorithm 3 presents the CCG
algorithm.

Algorithm 3: Constraint and column generation (CCG) algorithm
1 Initialization: set k = 0, Gk = ∅
2 while Gk ⊆ G do
3 Solve MP(Gk).
4 if MP(Gk) is infeasible or Gk = G then
5 MP(G) is infeasible, STOP.
6 end
7 Let X̄ k = (B̄kj , R̄

f
jt, R̄

e
jt, Z̄jpt, X̄jnt, Ījnt, B̄jnt, φ̄) be the optimal solution to

MP(Gk).
8 For all j ∈ J , solve PDj-optimality(B̄, R̄f

, R̄
e) to get the optimal objective

value φkj .
9 if φ̄kj = φkj for all j ∈ J then

10 Return the optimal bilevel solution X̄ k.
11 end
12 else
13 Add constraint (4.6g) to (4.6j) to MP(Gk).
14 end
15 Set Gk = Gk ∪ {B̄j, R̄f

jt, R̄
e
jt}, k = k + 1.

16 end

Proposition 4.4.5. Algorithm 3 terminates finite number of iterations.

Proof. At each iteration a new set of B is generated where they form a weak composition
of B. The finiteness of the algorithm is established as size of all possible distinct budget
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allocations (i.e. G) is finite.

Proposition 4.4.6. Algorithm 3 either returns the optimal solution to MP(G) or iden-
tifies infeasibility.

Proof. MP(Gk) is a relaxation of MP(G), so if infeasibility of the former establishes the
infeasibility of the latter, thus the algorithm would terminate in line 5. If the condition
in line 9 is satisfied, the solution X̄ k is a bilevel feasible because PDj problems are in
optimality, thus φ̄kj ∈ argmin PDj-optimality(B̄, R̄f

, R̄
e). It is also bilevel optimal as

MP(Gk) is a relaxation of MP(G) whose objective function is a lower bound to that
of MP(G). If the infeasibility of MP(Gk) or optimality of X̄ k are not confirmed, the
algorithm will continue generating all feasible budget allocations at which point Gk = G

and the algorithm will stop at line 5 by announcing the infeasibility of the problem.

4.5 Computational Experiments

This section examines the performance of the proposed approach on randomly generated
instances. We start by describing the procedure by which we generate random instances
and briefly explain the implementation of the algorithm. We then report the results of
our computational study and proving managerial insights by examining the impact of
competition.

4.5.1 Instance Generation and Implementation Details

Each product’s demand is randomly generated from one of the four discrete uniform
distributions presented in Table 4.3 to reflect the fact that semiconductor companies
operate in different market segments (Rash and Kempf 2012). The demand pattern of
each product resembles the realistic pattern observed in semiconductor companies where
demand for current products diminish to zero over time and the demand for new products
increase for a few periods and then stabilizes. Table 4.2 present the details of positive
demand periods for current product (dEnd), the starting time when the first demand for
current products starts is observed, positive demand periods for new products (dStr),
and the periods in which their demand is stabilized.
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Table 4.2: Parameter values

Current product demand end period (dEnd) U[0.5T, T ]
Current product demand diminish start period U[0.3T, dEnd− 1]
New product demand start period (dStr) U[2, 0.4T ]
New product stabilized demand start period U[dStr + 1, 0.7T ]

Table 4.3: Demand Distributions

Demand in Market 1 U[10, 25] π (revenue per unit) U[1, 3]
Demand in Market 2 U[20, 50] h (holding cost) U[0.1, 0.5]
Demand in Market 3 U[50, 150] r (production cost) π × U[0.2, 0.8]
Demand in Market 4 U[100, 300] b (backorder cost) π × U[7, 15]

The total available factory capacity in each period is generated randomly from a
discrete uniform distribution between d0.7∑j∈J

∑
n∈Nj Dnte and d0.9

∑
j∈J

∑
n∈Nj Dnte so

that, on average, the factory capacity is sufficient for only %80 of total possible capacity
requests. Likewise, the total available engineering capacity in each period is generated
randomly from a discrete uniform distribution between 30 and 50. Once the factory and
engineering capacities are determined, the values of Hf

jp and He
jp, i.e. required factory

and engineering capacities for prototype testing of product p in PDj, are generated;
to resemble a realistic situation, we first calculate the average factory and engineering
resources available for each PD in each time period. This value is obtained by summing
over available factory and engineering resources across the planning horizon and then
dividing the values by the number of periods and number of PDs. Hf

jp and He
jp are then

generated by multiplying the average resources by a random number Hr generated from a
normal distribution N (µ, σ) with mean µ and standard deviation σ. Unit manufacturing
and engineering costs (i.e. cfj and cej) are set to 1 and 30 respectively. Each wj is generated
from a unifrom distribution between 0 and 1, such that ∑j∈J Wj = 1. The weight of
the allocated budget in the leader’s objective function, η, is set to 10 in all instances.
Eventually, the total available budget is generated by multiplying a coefficient Bc to
the cost of using all available factory and engineering resources in all periods, i.e. Bc ×∑
j∈J

∑
t∈T (Rf

t c
f
j +Re

tc
e
j). The value of other parameters are presented in Table 4.3.
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Table 4.4: Set of values and distributions considered to generate instances

Parameter or coefficient set of values or distributions
T {8, 12, 16}
J {4, 8, 12, 16, 20}
Nj ∀j ∈ J 10
Pj ∀j ∈ J {3, 7}
Total budget generation coefficient, Bc {0.3, 0.4, 0.5}
Hr for Hf

jp ∀j ∈ J , p ∈ Pj {N (0.2, 0.2),N (0.4, 0.2)}
Hr for He

jp ∀j ∈ J , p ∈ Pj {N (0.2, 0.2),N (0.4, 0.2)}

4.5.2 Results and Discussions

We analyze the performance of our algorithms on randomly generated instances and
consider 360 instance classes with various problem size and parameter level as presented
in Table 4.4. We generate and solve four instances per problem class for a total of 360×4 =
1440 instances. We set the overall solution algorithm time limit to 1,800 seconds and 900
seconds for solving the master problem in each iteration of the CCG algorithm. We allow
the master problem to be solved in the given time limit even if the total solution time
limit (i.e. 1800 seconds) is exceeded. The algorithm is implemented in C++ programming
language equipped with CPLEX 12.9 solver. All instances are run on a computer with
an Intel 3.19 GH with 12 logical processors and 16 GB RAM, and are solved optimally
within the time limit.

Table 4.5 reports the performance of the solution method on the randomly generated
instances. The first column assigns a number to each instance class. The second to fourth
columns represent the planning periods, number of PDs, and number of new products
for each PD. The fifth to seventh columns report the mean, maximum, and minimum
solution time in seconds. Likewise, eighth to eleventh columns report the mean, minimum,
and maximum number of iterations for solving instances. Finally, the last columns report
the number of instances that are solved within the time limit. Notice that for each class
in a row, 48 instances are solved.

The maximum CPU time is observed for the class in row 22 and the maximum number
of iterations to obtain the optimal solution in row 5. Classes in row 20, 22, and 30 have
the most number of unsolved instances. There are 41 unsolved instances in total which are
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removed from analysis. As expected, the mean and maximum solution time and number
of iterations are generally non-decreasing as the number of new products grow from 3 to
7 as evident by comparing the even rows that are associated with Pj = 7 with odd rows
who are associated with Pj = 3. This is because increase the number of new products not
only intensifies the competition over resources, it also impacts the number of variables
and constraints in each PD problem. The growing competition is the result of growing
competition over engineering resource. Since the total number of products is unchanged,
the growing competition over engineering resource is more severe because it is the only
resource that is specifically used to develop new products. Moreover, this factor is crucial
for the tractability of instances within the time limit since most of the unsolved instances
(39 out of 41) are those with 7 number of new products.

The number of PDs is another factor significantly impacting the performance of the
algorithm. The more PDs involved in the lower level, the greater competition form over
distributing shared resources. The higher number of PDs also increases the number of to-
tal variables and constraints in the master problem, thus the number of unsolved instances
significantly increase with the number of PDs. For a fixed number of new products, the
growing number of PDs generally increases the mean CPU time and iterations as evident
by comparing, for instance, classes in row 12, 14, 16, 18, and 20 where T = 12 and Pj = 7.

The number of planning periods is another factor that impact the performance of
the solution approach. Unlike two other factors, increasing the number of planning peri-
ods, decreases the computational difficulty for the algorithm. In one hand increasing the
number of periods not only makes PDs to agree on more periods, but also increase the
size of instances. On the other hand, a wider planning horizon allows PDs to have more
flexibility in developing new products, leading to less over all competition over resources.
However, in the instances that we consider the flexibility that is granted by increasing
planning periods is more pronounced than the increased competition burden.

We perform analysis to examine the impact of other parameters. We quantify the
impact of factory capacity Hf and engineering requirement He to develop new products.
Our analysis show that when the mean of normal distribution used to generateHe changes
from 0.2 to 0.4, the objective function of the leader increases %0.496. However, the change
is almost negligible when the mean of distribution changes for Hf . In other words, the
engineering requirement plays a more significant role in the overall cost of the system
compared to the factory capacity requirement for new products. Moreover, the increase
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Table 4.5: Te performance of the CCG algorithm

row CPU Time # Iterations
T J Pj mean min max mean min max # Unsolved

1 8 4 3 0 0 2 2 1 5 -
2 8 4 7 1 0 6 2 1 3 -
3 8 8 3 3 0 23 3 1 22 -
4 8 8 7 7 1 18 2 1 4 -
5 8 12 3 55 0 584 13 1 117 -
6 8 12 7 67 3 599 8 1 47 -
7 8 16 3 57 0 565 10 1 74 2
8 8 16 7 176 4 1264 12 1 56 4
9 8 20 3 12 2 161 2 1 13 -
10 8 20 7 133 10 574 5 1 19 -
11 12 4 3 0 0 5 1 1 1 -
12 12 4 7 0 0 1 1 1 1 -
13 12 8 3 0 0 1 1 1 1 -
14 12 8 7 5 1 8 2 1 4 -
15 12 12 3 4 0 27 2 1 8 -
16 12 12 7 20 3 123 3 1 11 -
17 12 16 3 7 1 48 2 1 6 -
18 12 16 7 68 6 436 5 1 19 1
19 12 20 3 10 1 59 1 1 4 -
20 12 20 7 346 16 1506 7 1 21 8
21 16 4 3 9 2 55 1 1 4 -
22 16 4 7 234 12 1836 6 1 23 9
23 16 8 3 0 0 1 1 1 1 -
24 16 8 7 1 0 3 1 1 1 -
25 16 12 3 0 0 1 1 1 2 -
26 16 12 7 10 3 28 2 1 4 -
27 16 16 3 7 1 36 2 1 6 -
28 16 16 7 20 3 54 2 1 5 -
29 16 20 3 9 1 24 1 1 2 -
30 16 20 7 319 17 1216 5 1 13 17
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in the CORP’s objective value is %0.57 when the mean of normal distribution is 0.4 for
both Hf and He.

Figure 4.2 illustrates the impact of Bc, the coefficient used to generate total budget.
For different time periods, Figure 4.2a depicts the percentage increase in the objective
value of the leader when Bc decreases from 0.5 to 0.4 and when it decreases from 0.4 to
0.3. Figure 4.2b demonstrates the same impact on the average individual PD objective
values. As evident, the parameter has a more pronounced impact when decreased from
0.4 to 0.3 for both cases. Its impact also increases with the number of planning periods.
Although, the parameter’s impact is quite similar for both cases, it is slightly more
impactful for the total objective value of the leader.

The overall competition which is determined by the number of PDs in the lower-level
is another factor that may affect the objective functions of the leader and followers. To
quantify the affect of competition we run another set of instances in which the magnitude
of each PD’s objective function remains the same, i.e. we set wj = 1 for all j ∈ J and
η = 100. We first run instances with only one PD in the system and note the entities’ costs
when there is no competition in the lower level. We then compare the average objective
value of PDs for various number of PDs. The percentage of increase in the average
objective value of PDs for different problem parameters is illustrated in figure 4.3. As
expected, the competition leads to higher cost when Bs = 0.3 hence the available budget
level is more restrained. The affect of number of planning periods is mixed. When T = 8,
the increase in the cost is between 25%−70%, but is drops to −10%−60% when T = 12,
and again increases to the highest level at T = 16 with the increase between 20% to 125%.
This mixed affect can be explained by the fact that the increasing the number of periods
has two opposing impacts. In one hand, it gives flexibility to PDs to developed their
products in wider range. But on the other hand, PDs should agree on higher number
of periods to reach to an equilibrium. The mixed affect can also be attributed to the
number of PDs. When T = 16, increasing the number of PDs generally leads to higher
cost. However, there is a reduction in J = 12 when T = 8 and T = 12.
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Figure 4.2: The impact of Bc on the total objective value of the leader (a), and average
objective value of PDs (b)

T 8 8 8 12 12 12 16 16 16

J\Bc 0.3 0.4 0.5 0.3 0.4 0.5 0.3 0.4 0.5

2 0.27 0.09 0.09 0.87 0.38 0.37 0.88 0.32 0.31
5 1.14 0.63 0.28 2.00 1.25 0.69 2.12 1.31 0.71
10 1.14 0.71 0.35 2.07 1.44 0.93 2.23 1.55 0.99
15 1.18 0.74 0.38 2.21 1.56 1.06 2.40 1.75 1.17
20 1.32 0.93 0.57 2.31 1.69 1.25 2.61 2.04 1.56

Table 4.6: Effect of competition on the average objective value of PDs
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Figure 4.3: Percentage Change in the Average Obj. Value of PDs Under Competition

4.6 Summary

This chapter propose a mixed-integer bilevel model with interdependent followers for
the decentralized and hierarchical decision process on which the product transition takes
place in a semiconductor manufacturing company. The model coordinates the allocation
of budget and distribution of factory and engineering resources among followers. The
modeling framework is quite flexible and allows the incorporation of more constraints
and distribution of authority. The leader of the model is the corporate management and
followers are product divisions who are responsible for manufacturing and development
of new products. The leader allocates budget among followers and minimizes the total
system as well as total weighted allocated budget. We present a single-level reformulation
of the problem and develop a solution algorithm based on cut-and-column paradigm that
generates new set of resource allocations for each PD.
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Chapter 5

Conclusion

This dissertation considers two well-known problems arising in the context of hierarchical
decision making (HDM) processes. HDM is a game-theoretical framework that involves
one or more decision makers who solve sequential interdependent problems over the
planning horizon. In particular, we consider multistage stochastic programs and bilevel
programs. In multistage stochastic programs, decision makers are cooperative, seeking
to optimize the same objective function over the planning horizon while considering
the expected impact of their future decisions. In bilevel programming, however, decision
makers are noncooperative who make decisions in a sequential manner.

In Chapter 2, we present a reformulation for a general multistage stochastic program
where the objective and constraints are additive separable functions. The reformulation is
carried out on subtrees whose union make up the whole tree. The reformulation allows for
the relaxation of certain constraints, hence the scenario tree can be decomposed into inde-
pendent subtrees. Therefore, it is particularly amenable to multi-threaded environments
where subtree problems can be solved in parallel. Moreover, we propose a systematic
way to decompose the tree. The method only requires two parameters, one indicating
the general way of grouping scenario nodes, and the other generate a decomposition. We
test the bounding method on two well known problems from the literature namely multi-
stage capacity acquisition problem (MCAP) and multistage asset management problem
(MSAM). Computational analysis shows that the method can obtain bounds for very
large instances and outperform the best algorithm in the literature (i.e. scenario decom-
position).
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In Chapter 3, we formulate a mixed-integer bilevel model with interdependent follow-
ers for capacity coordination during product transitions in a semiconductor manufactur-
ing firm. The leader is corporate management and followers are MFG and ENG units
who must coordinate production, prototype fabrication and new product development
schedules. We propose two single-level reformulations, both of which consist of a master
problem which deals with new production plans, and two subproblems to identify op-
timality or infeasibility. We then propose a solution algorithm based on constraint and
column generation that generates a set of new product development plan in each itera-
tion. To speed up the solution algorithm, a lower bounding algorithm and a warm start
strategy are developed. The lower bound is obtained from bilevel feasible solutions found
by a heuristic. The master problem in each iteration employs a warm start strategy that
schedules development of new products in a greedy fashion.

We perform an extensive computational analysis to examine the performance of the
proposed solution approach. We also provide managerial insights on the impact of product
mix and the value of the CORP’s leadership. Intuitively, taking away CORP’s control
over the information exchange between the MFG and ENG units reduces its objective
by allowing the followers to focus on their local objectives.

To the best of our knowledge, this chapter presents the first exact solution algorithm
for mixed-integer bilevel programs with interdependent followers. The proposed bilevel
model and solution approach are flexible, and allow us to study the impact of different
settings for the distribution of decision authority among the decision makers. Therefore,
this chapter provides a useful tool to study decentralized, hierarchical decision problems
in organizational design. Our computational experiments provide practical insights, but
the reported numerical values should be interpreted cautiously because test instances are
randomly generated. In practice, some problem parameters may be inherently related
to each other. For example, tardiness weight associated with the development of a new
product may depend on the demand, backordering cost and unit profit of that product.
The decision makers should consider such relations when calibrating the proposed model.

A number of directions for future research emerge from this work. Despite the algo-
rithmic enhancements we have implemented such as the warm start and lower bounding
techniques, the computational burden of the solution approach remains substantial, re-
quiring significant improvements to be able to address larger instances. A systematic
study of how the performance of the solution method scales with additional followers
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and more complex information flows among the followers would provide valuable insights.
Exploring the relationship between the number of decision entities, the distribution of de-
cision authority among them, and the number of feasible bilevel solutions is also of great
practical interest. It may well be that under certain decision hierarchies there exist very
few bilevel feasible solutions, but small adjustments to problem parameters such as ca-
pacity levels may make a larger number of such solutions available. Finally, exploring the
relationship between iterative combinatorial auction-based approaches to product transi-
tions (Bansal et al. 2020a) and the bilevel approach proposed here is of both theoretical
and practical interest.

Chapter 4 generalizes the problem considered in Chapter 3 by allowing product divi-
sion to handle all activities related to product development and production. We propose
a mixed-integer bilevel model with interdependent followers in which the model coor-
dinates the allocation of budget and distribution of factory and engineering resources
among followers. Corporate management is the leader of the model who allocates bud-
get among followers and minimizes the total system cost and budget. The followers are
product divisions each of them responsible for market analysis, product design, product
development including prototype testing, and manufacturing of new and current prod-
ucts. The objective of each product division is to minimize the lost revenue, the cost
of inventory, production, and backorder. The proposed modeling framework is flexible
as it allows multiple product division, and is capable of incorporating other resources
and distribution of authority. We present a single-level reformulation of the problem and
develop a solution algorithm based on cut-and-column paradigm that generates new set
of resource allocations for each product division in each iteration.

The performance of the algorithm is examined by extensive computational analysis
over randomly generated instances that differ in key problem parameters such as the
number of planning periods, PDs and new products. We also analyze the impact of various
problem parameters on the objective function value of the leader. Moreover, we provide
managerial insights by examining the effect of competition on the average individual
objective function of PDs and find that, besides the number of PDs, the available budget
can significantly impact the system cost of each PD.

This work can be extended in multiple directions. Firstly, to deal with larger instances,
the algorithm’s performance can be enhanced by various speed-up methods including
warm starts. Second, the future study can focus on the parameter calibration and ana-
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lyzing the impact of other parameters such as the total allocated budget weight in the
leader’s objective function. Third, this study is conducted under complete information
about the value of parameters which could not be the case in many practical applications.
Therefore, considering uncertainty in a way that scales up with the tractability of model
would be of great practical interest. Finally, this work can be extended by exploring its
relationship with other resource coordination frameworks, such as iterative combinato-
rial auction (Bansal et al. 2020b) and design of mechanism (Mallik and Harker 2004),
proposed to this process.

The mathematical framework proposed for the product transition process in Chap-
ter 3 and 4 can be extended and applied to other domains and problems. Although we
develop the bilevel model in the context of production planning and capacity allocation
in semiconductor manufacturing firms, many real-world problems can be modeled as a
bilevel program with multiple interdependent followers. The transportation application
can be found, for example, in noncooperative transportation problem in which multiple
competing companies have shared resources (i.e. infrastructure such as roads) and are
required to carry a certain amount of goods from suppliers to demand points. The over-
all goal of such problems is to minimize cost and maximize the societal factors, hence
a government organization can be considered as the leader who maximizes the social
welfare.

There is a fierce competition in the retail industry to serve more customers with
minimum cost. Consider competing retail companies that strive to open several branches
in a rapidly developing city. The municipality can act as the leader to ensure equity in the
distribution of branches. In other words, municipality tries to prevent any concentration
of branches in particular regions which could happen due to various demographical and
social factors. Therefore, while followers (retail companies) compete over customers as
the shared resource, the leader (municipality) seeks the equitable distribution of branches
and oversees the allocation of locations. This problem can arise in other public sector
services such as fire department, hospitals, and the police.

Numerous problems of healthcare can be modeled as bilevel program with interde-
pendent followers. Vaccine production, for example, is carried out by multiple companies
who, with the advent of new diseases such as Covid 19, initially compete over public fund-
ing, scientists, and ingredients and later compete over the market share. The government
has to coordinate the allocation of resources while minimizing damages inflicted by the
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disease. The pharmaceutical companies, on the other hand, compete over resources to
maximize their profit. Similar Applications can also be found in distribution of medical
supplies by the state and federal government. Future studies can also focus on extending
the framework to other domains.
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