ABSTRACT
ANKIT, NEELAV. Dynamics Modeling of Tethers and its Experimental Validation under Slack
Conditions with Applications to Tethered Marine Hydrokinetic Energy Systems. (Under the
direction of Dr. Andre Mazzoleni.)
Tethers and tethered systems have seen applications in a wide variety of fields ranging from
space to deep-sea exploration, and from medical robotics to munitions systems. The growing need for renewable energy has motivated numerous novel innovations in the design of its
systems using tethers. Case in point, recent developments in ocean current energy harvesting technologies have often revolved around the concept of tethered turbine/kite systems due
to their advantages in ease of installation and mobility over conventional towered-turbine design. The drive towards improving the design of tethered harvesting systems has promoted
immense research interest in understanding the behavior of tethered systems in underwater
conditions. This manifests as the abundance of research publications focused on various numerical frameworks for modeling the dynamics of a tether. Numerical models help to assess the
design feasibility of a system, provide insights on optimal sizing of its components, and predict
a general response of the system under expected operating conditions.
This thesis seeks to understand and advance the current state of numerical modeling for
simulating flexible tethers in underwater applications with the primary motivation to assist in
the development of marine hydrokinetic (MHK) energy systems. A mathematical model will
be developed which can simulate a tethered MHK system under various operating conditions.
A discussion is presented on the choice of tether modeling framework based on their trade-offs
informed by the literature review. The assumptions of the selected lumped mass framework will
be discussed to define the scope of applicability of the numerical model. The development of
mathematical models for the auxiliary components of a tethered system like buoy and turbine
will also be presented.
Further, a detailed numerical study of the response of the tethered MHK system that is
subject to variations in the model parameters. The motivation behind this study is to assess
the performance of the numerical model in the span of the parameter space of the model. Several performance metrics such as computational efficiency and dynamic response characteristic
will be used to gauge the performance of the numerical model. Furthermore, some parameter
sensitivity studies will be conducted to quantify the uncertainty in the predicted response of
the tether that is associated with uncertainties in a parameter. In addition, the application of
the developed numerical model for optimizing the design of a tethered MHK system will be
shown through a case study.
Even though the literature is abundant on tether models, formal investigations for validat-

ing their prediction accuracy are severely lacking. It is, therefore, an objective of this research
to conduct an experimental validation study for the developed model. To this end, a lab-scale
experiment setup was developed to observe the response of a tethered system to prescribed end
motion and operating conditions. The development of a computer-vision-based data acquisition
system for the setup will also be discussed. This will embody the complete workflow of the
computer vision process from recording experiment sessions to generating 3D tether positions.
The developed experimental setup was used for conducting a model validation study. A discussion is presented on the experimental campaign that was devised for this study. The results
of the model validation study will be presented through a detailed comparison of some experimental test cases. Subsequently, the sources of discrepancies in the results will be discussed.
Using the inferences drawn from this study, recommendations on the research objectives for
future model development will be made.
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Chapter 1

Introduction
1.1

Background

Any one of more end bodies attached to a long flexible cable can be classified as a tethered
system. Even though, conceptually simple, tethered systems not only find immense applications
in a wide variety of fields but are also contributing to their advancement. For example, recent
progress in the field of space exploration has revolved around the concept of space tethers [1].
Ever since it was first proposed by Tsiolkovsky in 1895 [2], space tethers have been extensively
utilized in space missions, for attitude stabilization, momentum exchange, and space elevators.
A spacecraft’s stability needs to maintain its orientation. In the 1960s, Chobotov [3] proposed
the use of space tethers for gravity-gradient-based satellite stabilization. Misra and Diamond
[4] presented a Tethered Satellite System (TSS) model for attitude stabilization consisting of
the main satellite and a subsatellite linked by two extendable massless tethers. Much newer
applications of space tethers include Tethered Space Robot [5], Tethered Space Net [6], and
Tethered Spacecraft Formation which has come about mainly for in-orbit spacecraft maintenance such as fueling service, orbit maneuvering, and active space debris capture/removal.
Similarly, in the field of general robotics, the urge for more compact and sophisticated
systems has given rise to the concept of tethered robots. Such robots have a large area of
applications including medical, agriculture, military and terrestrial and deepsea exploration.
Advancements in weapon systems technology show some interesting applications of tethers in
the form of tethered munition systems [7]. It utilizes two projectiles connected by a tether line
where the lead projectile is a munition and the follower projectile is a sensor platform.
Developments in ocean engineering systems, have seen the utilization of tethers for two
broad applications namely deepsea exploration and energy harvesting systems. The drive to
probe into the deeper regions of the oceans for enhancing underwater inspection tasks like maritime intelligence, surveillance, and reconnaissance (ISR) has led to numerous developments in
unmanned tethered remotely operated vehicles (ROVs) in the last few decades [8]. This focus
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of the international scientific community has also led to dedicated investigations of the dynamic behavior of tethered systems in underwater conditions. As early as 1960, cable models
were being developed to predict the response of moored surface vessels to extreme surface wave
excitation. Walton and Polacheck [9] presented one of the earliest numerical analyses of the
non-linear dynamics of undersea cables. This work developed a two-dimensional simulation of
mooring cables that was based on a heuristic spatial discretization of the cable. Since then,
there have been lots of research published on the improvement of tether modeling frameworks
in underwater conditions [10]. This was assisted by the research focus on understanding the
hydrodynamic effects of underwater tether elements and better flow characterization ([11], [12]
during this time.
Further, the recent proposals for ocean current energy converter (CEC) systems have been
around tethered turbine systems as against the conventional rigid-towered turbine. For example,
Tandon et al. [13] proposed a tethered Autonomous Underwater Vehicles (AUV) based energy
converter for harvesting current energy from the Gulfstream. In a similar pursuit, Khatri et al.
[14] proposed a counter-rotating dual rotor tethered coaxial turbine. In contrast to the parallel
single rotor turbine as proposed in [15] and [16] the coaxial turbine can be configured to produce
zero net angular momentum and thus eliminate dynamic coupling with perturbation. Additionally, other common CECs are based on the concept of tethered kite systems ([17], [18], [19])
which essentially generates power by transmitting hydrodynamic forces on the kite through the
flexible underwater tether to a generator coupled to the tether-winch system.
Throughout this time of advancements happening in these fields owing to the discovery of
new and potential applications of tethered systems, there has been a consistent effort focused
on the development of accurate and computationally efficient tether modeling frameworks. Numerical models help test the design feasibility, provide system sizing insights, and predictive
exploration studies to better understand the behavior of the tethered system under expected
operating conditions even before the prototype development phase of a conceptual design.

1.2
1.2.1

Motivation
The Need for Renewable Energy

The world’s population is over 7 billion and counting. This results in a growing worldwide energy demand to cater to this ever-increasing human population. The supply of energy for the
aforementioned demand has been fulfilled primarily by conventional methods that rely heavily
on fossil fuels. This over-reliance on fossil fuels has not only damaged local ecology throughout
the globe but has also caused an adverse impact on the planet’s environment. In addition to
this, the prospect of the finite supply of fossil fuels has shined the spotlight on other means of
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tapping energy. Renewable sources like nuclear, solar, and wind to name a few, have been at
the forefront of the rise of the renewable energy sector. In addition to this, sources like waves,
thermal gradients, tides, ocean, and river currents have also emerged as prominent renewable
energy sources [15].

1.2.2

Marine and Hydrokinetic Energy

Hydrokinetic energy refers to the tapping of the kinetic energy of flowing water in naturally occurring phenomena such as tides, waves, ocean currents, river currents, etc. A brief explanation
of the various forms of hydrokinetic energy is given as follows (See Figure 1.1) [20]:

Figure 1.1: Conceptual illustrations of ocean energy technologies [20]

1. Wave Energy: Pressure fluctuation just beneath the water surface due to the rise and
fall of water caused by wind blowing over the free surface.
2. Tidal Energy: Periodic rise and fall of the sea levels due to gravitational effects of Moon
and Sun. The revolution of the Moon around the Earth and that of the Earth around the
Sun guarantees two high and low tides each which make tidal energy a great source of
electricity generation.
3. Ocean Currents: Also known as the Ocean Gyros, these are the bulk movement of
ocean water caused primarily by the Coriolis Effect (of Earth’s rotation), temperature,
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and salinity variation in the water around the globe. The volume of water being moved
in such currents is quite large, which makes them a great energy source to tap into.
4. River Currents: River current refers to the movement of water in a river, governed by
gravity and local terrain. River flow is also pretty consistent throughout the year. The flow
of the river is simpler to predict and the underwater conditions are more gentle compared
to that underneath an Ocean.
5. Ocean Thermal Energy Conversion (OTEC): Owing to the large depths of oceans
there is a substantial difference in the temperature of the water surface and the ocean floor.
The energy in this temperature gradient can be harnessed through a thermodynamic cycle
which eliminates the need for complex machinery (like turbines) as used by underwater
CEC systems.

Table 1.1: US MHK (Marine Hydrokinetic) Resource Potential in TWhr/ year
Resource Type
Waves
Tidal Streams
Ocean Currents
River Currents
OTEC

Theoretical Potential
1594 - 2640
445
200
1381
4632

Technical Potential
898 - 1229
222 - 334
45 - 163
120
Unavailable

Table 1.1 shows the summary of the resource potential of all the hydrokinetic energy resources as released by the Dept. of Energy (DOE), US [21]. It is important to note from the
table that even though the energy potential of ocean currents is the least, unlike other resources,
they are concentrated in two regions. One such location is off the coast of North Carolina and
Florida, where an ocean current, namely the Gulf Stream, flows very close to the coast and
can be harvested to supplement the energy demands of these two states. Therefore, there is
immense potential for research in the development of technology for large-scale marine hydrokinetic energy (MHK) systems.

1.2.3

Gulf Stream

The Gulf Stream is a part of the Western Boundary Ocean Current system that originates in
the Gulf of Mexico and flows off the eastern coast of the US. It comes close to the coastline
(within 50km) at two locations only - near Fort Lauderdale (off the Florida coast) and near
Cape Hatteras (off the coast of North Carolina), which makes them prime spots for harvesting
energy (see Figure 1.2 [22]).
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Figure 1.2: Schematic of the North Atlantic surface ocean circulation [22]

(a) Sea Surface temperature Image showing the Gulf
Stream off the NC coast [23]

(b) A schematic showing the cross-section of the Gulf
Stream [23]

Figure 1.3: Scale Characteristics of the Gulf stream
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The surface velocities for the Gulf Stream reach a maximum of 2 m/s. The volume of water
carried near Cape Hatteras is approximately 90 Sv (1Sv = 106 m3 /s) [24]. Such high volume
transport and water velocity give an annual average of 500 − 100 W/m2 power potential [25].
Width of the Gulf Stream is approximately 100−150km, with a depth of around 100−1000km.
The stream velocity is maximum on the surface in the middle of the stream and it decreases
gradually in all directions (see Figure 1.3 (b)). However, the Gulf stream follows a wavelike
meandering path. Since P ower ∝ velocity 3 , this meandering nature of flow results in the huge
power fluctuations available at any fixed location. For a fixed turbine system, the power will
decrease as the stream meanders offshore, while it will increase for its opposite movement. Figure 1.4 [25] shows the fluctuation of power due to Gulf Stream Meandering.

Figure 1.4: Power Density at a depth of 75 m, as computed by Regional Ocean Modeling
System (ROMS): (a) 2014 annual average, (b) daily average for May 2, 2014; and (c) daily
average for May 8, 2014. [25]

Another important behavior is the lateral shifting of the Gulf Stream path. This shifting
takes place over the period of a few weeks to a few months and has similar effects on power
output as the stream meandering, albeit over a larger timescale (see Figure 1.5 [25]). All of
these reasons make the large-scale commercialization of the ocean current harvesting systems
in the Gulf stream very difficult, despite its immense hydrokinetic potential.

1.2.4

Conventional vs. Tethered Ocean CEC Turbine Design

We saw in the previous section (Section 1.2.3) that ocean-current energy density is highest at
the surface, and Gulf stream currents may be located where the sea floor is deep, sometimes
up to 3000m deep (See Figure 1.3). This makes the conventional fixed cantilever towered turbine structure infeasible. A tethered turbine system (either turbine-based like [26], [15], or kite
based [17]) may be a feasible alternative to a rigid tower system due to advantages in ease of

6

Figure 1.5: Power Density at a depth of 75 m, as computed by Regional Ocean Modeling
System (ROMS): (a) 2014 annual average, (b) daily average for May 2, 2014; and (c) daily
average for May 8, 2014. [25]

installation and mobility. Further, although the ecological impacts of the current ocean energy
systems are not fully understood, it could be reasonable to expect tethered systems to have
lower interference with marine life than conventional turbines.
Also, we saw that the meandering flow characteristics of the Gulf stream cause high fluctuation of the power available and any fixed location. This would mean that a fixed towered
turbine would work with inconsistent efficiency, depending upon the apparent flow direction of
the stream. In contrast, a tethered system could be actively or passively controlled to align the
turbine or control surfaces (like a kite) to operate at an optimal skew of the flow [27].
With the reasons presented above it may seem that an underwater moored system is more
favorable than the towered systems. However, the tether in these moored systems is unable
to provide the stabilizing reaction loads of towers. This may lead to unstable dynamics of the
tethered systems due to the fluctuating ocean currents and may cause entanglement among
other issues such as turbine attitude perturbations. However, clever design and integration of
one or more pairs of counter-rotating rotors in a single-vehicle system can result in zero net
torque and/or angular momentum [28], thus mitigating the entanglement issue and eliminating
the need for a tower. Therefore, many recent studies and concept proposals for ocean CECs
have revolved around dual-rotor tethered turbines [29].
As discussed in Section 1.1, progress in the field computational and dynamics modeling of
tethers and tethered systems is intricately tied to the evolution of these CECs designs. For one
thing, efficient and accurate system models can be used to conduct a predictive exploration
study on the response of a concept tethered system under a certain set of operating conditions.
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Further, it could also be used to optimize the sizing of the system-level components for say
least material costs for the system to operate stably (without mechanical failure). A fully integrated system-level numerical model could also assist in the macro-scale system analysis such as
Levelized cost of energy (LCOE) and the cost-optimal formation of such tethered turbine farms.
The research work presented in this thesis seeks to understand and advance the current
state of numerical modeling for simulating flexible tethers in underwater applications with the
primary motivation to assist in the development of the ocean current energy technology.

1.3

Literature Review of Tether Models and its Experimental
Validation

The dynamics of continuous, flexible marine cables are governed by non-linear partial differential equations in terms of a spatial coordinate, s, that defines location along the tether and
time, t. Because of the non-linear cable geometry and the dominance of the non-linear hydrodynamic forces, a solution to these equations must be obtained by either linearizing the dynamics
equations about an equilibrium condition or employing numerical models to approximate the
governing non-linear differential equations [10].
A general tethered MHK system may not have a defined or single equilibrium/operating
point. Further, if the tether dynamics is dominated by large transient motion, linearization of
the governing motion equations about a single operating condition, will not provide a useful
solution. Consequently, numerical models must be used to solve the non-linear tether dynamics.
The survey of the existing literature on the tethered undersea system modeling follows the broad
general methodologies: lumped parameter, finite segment, finite differencing, and higher-order
finite element approaches.

1.3.1

Lumped parameter and finite segment methods

One of the earliest developments in numerical cable modeling framework was based on the
Lumped parameter and finite segment method. In this approach, a smooth and continuous cable is abstracted as a series of constrained simple linear elements, with or without considering
tether elasticity. The equations of motion are then derived for this discrete approximation. For
instance, in 1960 Walton and Polacheck [9] presented one of the earliest numerical analyses of
the non-linear dynamics of undersea cables. This work followed the lumped parameter approach
to develop a two-dimensional simulation of mooring cables. The model, shown in Figure 1.6,
considered the tow cable to be a series of finite, massless, and inextensible segments (no axial, bending, or torsional stiffness was considered) connected by pin-joints to represent cable’s
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flexibility. The hydrodynamic, weight (gravitational and buoyant) forces, and the masses of
the cables segments were concentrated to the node points (frictionless pin-joints) and a series
of ordinary differential equations were derived by applying Newton’s second law at each of
the node points. The set of the differential equation derived so augmented with the geometrical constraints imposed by inextensible segments formed the governing equations of motion
for the tow cable. This model was advanced in time by using finite differences for approximating the time differentials to update the node positions for a given initial condition of the system.

Figure 1.6: Schematic of Lumped parameter modelling framework presented in [9]

The framework presented above (Walton et al., 1960 [9]), famously referred to as the lumped
parameter or lumped mass model, has remained extremely popular in the tether modeling literature since its inception. For instance, Hicks and Clark [30] extended this approach to three
dimensions to study the response of buoy suspended cables and pipelines subjected to cross
current and wave motion. Similarly, Nath and Felix [31] and Merchant and Kelf ([32], [33])
applied lumped mass discretization schemes to model mooring dynamics for semi-submerged
buoys. The lumped-parameter/finite segment framework could easily model a mooring line system consisting of multiple and different materials by having a series of linear elements of the
corresponding material properties connected. Khan and Ansari [34] implemented this approach
in their dynamic analysis of multi-component mooring lines for a station-keeping vessel.
All the works cited above, considered tether as a series of massless and inextensible elements connected by nodes. There is another subset of lumped-mass models in the literature
which considered cable elasticity. In these models, linear elements are considered to be viscoelastic and a constitutive relation, Hooke’s law, defines the element tensions in terms of the
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node motions explicitly. For instance, Yamamoto et al. in [35] and Huang in [36] presented two
and three-dimensional visco-elastic lumped mass cable models respectively.
Similar to the lumped mass approach, there has been numerous modeling work based on
the finite element (or finite segment) method in which the tether is treated as a series of finite,
linear, inextensible segments (famously referred to as the rod model). This modeling strategy
considered the mass to be evenly distributed over the entire length of the elements and thus
having a rotational moment of inertia. Often for a such framework, the set of governing differential equations are derived using the Newton-Euler equations. Among many others, the work
presented by Sanders [37] analysis of the quasi-static dynamics of a slender towed array of
acoustic sensors in three dimensions and Chapman’s ([38], [39]) study on the behavior of towed
cables during turning maneuvers followed the finite segment framework. Houston and Kamman
in [40] and [41] presented a finite segment formulation derived using Kane’s method to simulate
the motion of anchor cable in three-dimensions.

1.3.2

Finite difference method

Unlike the finite segment approach, the finite difference method considers a continuous and
flexible tether as a three-dimensional space curve and develops the governing equations for a
infinitesimal element ds that is located at a general point s along the tether for a general time t.
The partial differential equations (PDEs) thus derived using the Newton-Euler method are now
valid for all the points s and times t. This set of PDE is spatially and temporally discretized
using finite difference approximation to form a system of coupled algebraic equations. The earliest implementation of this framework can be seen in work presented by Ablow and Schechter
[42]. In this work, Ablow and Schechter derived the equations of motion for a differential segment of a tether in a body-fixed frame of reference and introduced compatibility relations that
constrained the flexible continuous tether to a smooth profile.
One of the major applications of finite segment framework has been found in the work on
the analytical studies of tether under low tension. One such common scenario of interest was
the cable deployment from surface ships where a section of the tether which is in contact with
the sea floor is under zero tension. Triantafyllou and Howell demonstrated that the inclusion
of bending stiffness in the finite-difference framework was able to numerically simulate slack
tethers ([43], [44], [45]). In a more recent development, Burgess ([46], [47]) and Sun and Leonard
[48] applied the finite difference model with bending stiffness but assuming negligible rotational
inertia for the tether, internal transverse forces that were representative of the dynamic effects
of the internal moments, were defined in terms of the cable curvature and twist and included
in the translational motion equations.
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1.3.3

Review of Experimental tether Model Validation

Even though, as it can be seen in sections 1.3.1 and 1.3.2 that there exists numerous references
focused on various tether models, formal investigations of their domains of applicability and
other fidelity metrics are lacking. It is therefore rather difficult to assess their performance if
a numerical framework is to be applied directly for our purpose of response prediction of a
tethered ocean current energy (CEC) system. Any numerical tether model, no matter what the
framework is, the position and velocity of the tether completely describe the states of the system. Therefore, ideally, to perform an experimental validation of tether models, the simulation
and experiment should be set up to the same operating conditions and the time history of the
actual tether motion should be compared to the simulated motion.
Most common solutions to accurately capture the motion of a body in-situ is done by using sensors like the Inertial Measurement Unit (IMU), Global Positioning System (GPS), and
magnetometers or a combination of them. However, owing to the low mass ratio of a tether,
having such instrumentation attached for motion capture leads to large dynamics effects due
to coupling which couldn’t be ideally accounted for in the numerical simulations. Therefore, it
is extremely difficult to unobtrusively monitor the tether motion.
It is therefore seen quite often in the literature that model validation studies were performed
not directly with the system states (tether motion) but rather with more readily available field
data. For instance, McLain and Rock [49] monitored the tethered state by acquiring the history
of tensions developed at a remotely operated vehicle (ROV) termination. Measurement of line
tension has also been used in the validation of anchor line simulations [50] and in the low-tension
dynamics of falling cables [51]. Another technique can be seen in works presented by Driscoll
et al. [52] and Lambert et al. [53] in which the tether model was validated against the recorded
motion data of the attached end body.
Another technique, commonly found in the literature, for in-situ position state acquisition
for tethers, is using underwater acoustic positioning systems. For instance, Howard and Syck
[54] and Park [55] presented cable motion monitoring based on interpolation of acoustically
sampled positions along a deployed cable. They deployed an underwater acoustic system along
the tether which comprised of an array of hydrophones whose locations can be detected by a
transmitter attached to a surface ship. A major problem with this method was that the data
could be acquired for only a few points along the tether and experimental description of the
motion of the whole tether is approximated using a spatial interpolation scheme. Case in point,
Vaz and Patel in [56] demonstrated motion capture for only four points for a 300 m long towed
cable. Further, the acoustic motion capture method presented above only seemed to function
for simple cable geometry.
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More recent advancements in experimental validation have been focused on video-based
tether position telemetry. For instance, Gobat and Grosenbaugh [57] investigated the contact
dynamics of catenary moorings by analyzing video frames of a small length of the actuated chain
coming in contact with a scale model of the seabed. Sterndorff and O’Brien [58] presented the
use of a vision-based system to monitor the motion of a scale model of a marine riser. While
these experiments demonstrated strong potential in the computer vision-based position estimation technique, the results presented in their works could not be used directly for tether
model validation. Factors such as coupled dynamics of the attached end body components,
tether-floor contact dynamics, and specific environmental conditions used in the presented experimental studies make it difficult to translate their results to assess the numerical model’s
performance for the application of tethered MHK system operating in a turbulent ocean flow.

1.4
1.4.1

Objective and Scope of the Present Research
Need for Present Research - Issues in Tether Modeling for its Application in MHK systems

We have already seen in section 1.2.4 that a tethered MHK is a more feasible alternative to
the conventional rigid towered system. However, without the stabilizing reaction loads from the
rigid tower, the tethered system could be prone to unstable dynamics due to fluctuating ocean
currents. Even with dual-rotor turbine design as in [29] which is conceptualized for canceling
net external torque on the turbine, it is highly likely that under non-quiescent gradient flow
expected in the Gulf stream, the tether could be subjected to configurations and transient loads
which doesn’t seem to be a mainstream focus of tether dynamics research.
As an example, the majority of research has been motivated by moored and towed applications where the internal axial tension acting on the tether dominates the internal bending loads.
This is contrary to the expected behavior of the tether under ocean-like operating conditions
where the tether might experience slack locally in some sections due to fluctuating external
loads. Even though there has been some research on modeling advancement in finite-difference
modeling methods with the inclusion of bending and torsional effects ([10], [46], [48]), a thorough experimental investigation of the performance of these advanced or even conventional
modeling methods for the slack tether is still lacking. Further, in the finite difference technique,
non-linear boundary conditions of the tether model must be approximated by finite differences
of the state variables. This can make it is more difficult to integrate the tether with the attached
component model for simulation of the whole system.
Owing to their computation efficiency and ease of implementation, quasi-steady semi-empirical
hydrodynamic models have received a lot of attention in the marine cable dynamics literature.
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As will be discussed in detail in chapter 2 (Section 2.3.2), when a smooth cylindrical element
like tether is placed in an unsteady and viscous fluid flow, it will experience the hydrodynamic
drag and lift forces and inertial forces due to the added mass effect. Heorner in his work [12]
experimentally established the hydrodynamic force coefficients for various bluff bodies including smooth cylindrical elements placed in incoming steady (non-oscillatory) flow. The empirical
relation between the drag coefficients for a cylinder and Reynolds number has been extensively
used in the literature to simulate the fluid forces acting on the tether. However, publications
on the experimental validation of tether models using Hoerner’s method are lacking in the literature.
Morrison’s equations (also known as the MOJS equation after all four authors—Morison,
O’Brien, Johnson, and Schaaf) is another famous approach for hydrodynamic modeling for simulating the wave and inertial forces acting a body placed in an oscillatory flow. However, the
complex dependence of force coefficients on multiple non-dimensional parameters like Reynolds
number and Keulegan-Carpenter number (also known as Period number) makes its implementation difficult and domain of applicability very confusing. Besides, much of its application in
the literature is found for simulating wave loads on cylinders fixed in waves or cylinders oscillating in still water or waves ([59], [60], [61]). This could not be translated to our application in
which the tether is expected to experience random motion under the unsteady oscillatory flow
of the Gulf stream.
Therefore, there is a need in the tether dynamics research for marine applications for the
development of a modular numerical model which is computationally efficient, easy to integrate
with other subsystem models, and should be able to predict the tether response in expected
operating conditions with reasonable accuracy. More importantly, there is a need for a comprehensive experimental investigation on performance validation of the developed tether model.
Such a validation study should provide insights on improving the model for its expected application and should drive the model development process further.

1.4.2

Objectives of the Present Research

The research work presented in this thesis seeks to resolve the issues with tether modeling
as discussed in the above section (Section 1.4.1). To this end, the following objectives of this
research have been formulated:
1. Numerical Model: Based on the trade-offs presented in the literature survey (Section
1.3) select a tether modeling framework (like finite segment or finite difference, etc).
Develop a tethered model based on the framework with structural and hydrodynamics
sub-models for accurately simulating the material behavior and fluid-tether interaction
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respectively. As mentioned, the model should be computationally efficient and modular
to support integration with models for other components like turbines, buoys, etc.
2. Performance Assessment of Numerical Model: The performance of the numerical
model should be investigated in terms of its computational efficiency and predicted response characteristics through a series of parametric studies. Leveraging the developed
model, numerical optimization of the design of the Tethered MHK system should be
pursued.
3. Experimental Setup for Model Validation: Development of a data acquisition system
for unobtrusively recording the motion of the tether or a tethered system subjected to
prescribed end motion and operating conditions. The design of the experimental setup
for lab-scale model validation should be modular to allow for a large domain variation in
the test cases.
4. Experimental Campaign Study: Design the experimental campaign which sweeps the
domains of the parameters whose variation is possible within the scope of the experiments.
Perform the model validation study by comparing the time history of the experiments
against the simulated motion for the test cases.
5. Future Model Development Proposal: Understand the sources of discrepancy/error
in the results of the model validation study. Drive future model development using inferences drawn from the study.

1.5

Outline of the Present Work

This thesis seeks to address the above objectives (Section 1.4.2). Therefore, it is structured to
align with each of the above goals. Chapter 2 opens with a review of existing tether models and
a discussion of their trade-offs in implementation to inform a decision for adopting a framework
for the model development. This is followed by a detailed derivation of the tether model with
a focus on the structural and hydrodynamic sub-models. The numerical models for the auxiliary components of a tethered ocean CEC system, such as buoy and turbine, are also developed.
Chapter 3 utilizes the numerical framework developed in chapter 2 to study the behavior
of the tether and tethered MHK system under various operating conditions through a series of
numerical experiments. Through parametric studies, the performance of the numerical model
is assessed in terms of its computational efficiency and predicted response characteristics. Additionally, the application of a dynamic numerical model for design optimization of tethered
MHK system is shown through a case study.

14

Chapter 4 provides a detailed discussion on the development of the experimental setup for
validating our tether model. The design of the setup and its various components and subsystems are illustrated. Further, a detailed discussion is provided on the working of its computer
vision-based data acquisition subsystem. The subsystem for controlling the motion of the tether
is also described briefly.
Employing the developed experimental setup, Chapter 5 provides a detailed discussion on
experimental investigation for validating the numerical tether model that was developed in
Chapter 2. Here, the domain of applicability of the experimental results is discussed. This is
followed by details regarding the design of the experimental campaign. Finally, the results of
the validation study are discussed through some experimental test cases. Inferences were drawn
regarding the sources of discrepancies in the results.
In Chapter 6, the major developments of the thesis are revisited. Using the inferences drawn
in Chapter 5, recommendations shaping the objectives for future research on advancing the developed numerical tether model are provided. Future advancements of the experimental setup
for comprehensive model validation studies are also suggested.
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Chapter 2

Numerical Modeling for Marine
Tethered Systems
In this chapter, an informed choice of tether modeling framework is made based on the tradeoffs presented by the existing modeling methods. Founded on the chosen framework a modular
numerical model of the tethered system is developed where the governing ordinary differential
equations are derived using Newton’s second law. The structural and hydrodynamic sub-models
are also discussed in detail. This is followed by a detailed derivation of the governing model
equations for other components of the tethered MHK system.

2.1

Selection of Tether Modeling Framework

In Sections 1.3 of Chapter 1, we have discussed in detail the two major types of tether modeling frameworks, namely the Finite Segment/Lumped Parameter approach, and the FiniteDifference approach. The choice of the framework is very crucial for developing a tethered
model which could reasonably satisfy the conflicting demands of computational efficiency and
prediction accuracy for the intended application of the tethered system.

2.1.1

Evaluation of the Existing Tether Modeling Methods

In section 1.4.1 we discussed the modeling and implementation issues of the two frameworks.
These issues are presented briefly below from the perspective of the requirements of a numerical
model:
• Prediction Accuracy: The framework should be able to incorporate all the behavior of
the tether in three dimensions - like the internal tension, bending, and torsional effects
which arise due to the visco-elastic nature of the material. It is shown in [35] and [36]
that the internal axial stiffness and damping loads be easily included in the lumped mass
framework. The finite difference approach could incorporate the bending ([46], [47]) and
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torsional stiffness ([62]). However, Buckham in [10], augmented the standard lumped mass
approach with additional terms to account for the bending and torsional effects.
• Computational Efficiency: Comparing the surveyed lumped parameter and finite difference models, the simplicity of the lumped parameter approach is evident. In the lumped
parameter model presented by Huang ([36]), the state of any element is described by six
parameters (the positions of the end nodes in three-dimensional space). On the other
hand, it was shown by O’Brien and McNamara ([63]) higher-order spatial discretization
of the PDEs derived using the finite difference approach requires thirteen state variables
per element.
• Ease of Integration: In the finite difference technique, non-linear boundary conditions
of the tether model must be approximated by finite differences of the state variables. This
makes the model integration of other auxiliary components a very difficult task. Finite
segment models, on the other hand, are extremely modular as they can easily accommodate other models at the interior points or boundary locations of the discretization
scheme.
• Numerical Stability: It was demonstrated in the literature that the stability of the
lumped mass model is dependent only on the choice of the numerical integration methods
([37], [64], [65]). Various one-step techniques (like the Runge-Kutta methods) and implicit
multi-step techniques (like the Newmark-β and Generalized-α) can solve the initial value
problem in time posed by the governing equations generated using the lumped mass
approach.
Thus, it can be seen from above that the lumped mass approach reasonably meets all the
modeling requirements. Therefore, it is considered as the basis for developing the tether model
for our application.

2.2

General Design a Tethered Turbine System

The modeling work presented in this thesis is directly aimed to support the development of
ocean tethered turbine systems. Specifically, the dual rotor tethered coaxial turbine design
proposed by Khatri et al. in [14] is the primary application of the present numerical model
development. Figure 2.1 presents the schematic diagram of the proposed design. It consists of
a long flexible tether anchored to the ocean floor (more than 3000 m below the surface for
the Gulf stream). The tether is attached to a buoy on its other end. The buoy stabilizes the
motion of the tether and thus of the turbine which is connected through a secondary cable. The
coaxial counter-rotating turbine could be configured to produce net-zero angular momentum
for eliminating dynamic coupling under flow perturbations.
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Figure 2.1: Schematic Design of the Dual Rotor Tethered Coaxial Turbine [14]

It is important to note that the turbine and the anchor are connected to the tether through
an ideal spherical joint which allows the tether to rotate freely about its central axis. This
relaxes the need for incorporating the torsional stiffness of the tether in the model. Further, the
above application needs numerical simulations of fixed length tethers. This is a much-simplified
modeling problem as compared to a variable-length tether where the tether reels into/out of
a winch mechanism ([66], [67], [68]). Therefore, aligning with our application, only the fixedlength tether is considered for the present model.

2.3

Dynamic Modeling Tethered Systems

A modular tethered systems framework has been developed to simulate the behavior of a constant length tether under various flow conditions (See Figure 2.2). The tether module is mainly
comprised of the hydrodynamic and structural sub-modules (sub-systems) to model the effects
of tether-fluid interaction and induced internal loads to predict the motion of tether. The models of the auxiliary components are “attached” to the tether through the boundary conditions
of the respective models. Before diving into the derivation of the governing equations of the
tether model, the two sub-models are briefly discussed in the following sections.

2.3.1

Structural Sub-model

Some of the earlier lumped mass models in the literature (see Section1.3) considered tether as
completely inelastic rigid elements connected by frictionless pin-joints ([9], [31], [32]). In the
last few decades, there have been numerous efforts to correctly model the material behavior of
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Figure 2.2: Schematic diagram illustrating the modular development of numerical model for
Tethered Systems

the tether by incorporating internal axial ([36]) and bending and torsional effects ([10]) into
the framework. To analyze the visco-elastic response, a material is modeled by combinations of
spring and dashpot elements. The spring behaves exactly like a metal spring, stretching instantaneously under stress and holding the load whereas the dashpot moves at a rate proportional
to the stress. These spring and dashpot elements can be arranged into one of three typical
configurations: Maxwell model, Kelvin-Voigt model, and Standard Linear Solid model.

Figure 2.3: Schematic of Visco-elastic Models of a Material

Figure 2.3 shows the schematic of the three material models. In the Maxwell model (also
known as iso-stress), both the spring and the dashpot are connected in series. Both elements are
subjected to the same stress but are permitted an independent strain. In the Kelvin-Voigt model
(also known as the iso-strain), the two elements are connected in parallel and both elements are
subjected to the same strain but different stress. The two configurations behave very differently
in a creep experiment.
From Figure 2.4 we see that under an applied external load, Maxwell’s model predicts a
sudden initial deformation in the element followed by a linear increase with time. It also shows
that the Kelvin-Voigt model better predicts the non-linear behavior of visco-elastic materials.
Both these models, however, cannot characterize time-dependent phenomena [70]. Maxwell
model doesn’t describe creep (tendency to deform permanently under a persistent load), KelvinVoigt model doesn’t describe stress relaxation (loss of stress when a material is held at a constant
strain over time). The standard linear solid (SLS) model (See Figure 2.3(c)), also known as the
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Figure 2.4: Strain vs. Time Plots for Maxwell and Kelvin-Voigt Models under an Applied
Stress [69]

Zener model, can simulate these time-dependent material responses. It consists of two arms
in parallel: one is called the Maxwell arm with a spring (Eη ) and dashpot (η) and the other
contains only a spring (E). Even though the SLS model is more advanced, it is difficult to
implement since it requires hyper-parameter identification of the two spring stiffness (E and
Eη ) from the standard material properties.

Figure 2.5: Schematic representation of the Lumped Mass Tether Model

Therefore, for the scope of this thesis Kelvin-Voigt model is used to simulate the viscoelasticity of the tether material. Figure 2.5 shows the tether is abstracted as a series of massless
Kelvin-Voigt elements connected by nodes. The mass of the tether elements is lumped on the
corresponding nodes. The nodes are modeled as ideal spherical joints which don’t constrain the
rotation of the attached elements about any axis. The assumptions and the principles of the
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structural model are formally listed as follows:
• The tether is considered to be a homogeneous, isotropic, long, and slender cylinder of
uniform circular cross-section.
• It is numerically modeled as a finite series of Kelvin-Voigt elements connected through
ideal spherical joints.
• These elements can only resist external axial loads and has no bending or torsional stiffness.
• All the external loads (gravitational, hydrostatic, and hydrodynamic) acting on the elements is lumped equally on the adjacent nodes.
• The mass of these finite-length elements is also lumped onto the nodes for deriving the
governing differential equations using just Newton’s laws.
It is important to note that bending and torsional effects are not considered here. Buckham
in his dissertation ([10]) augmented the standard lumped mass framework with additional terms
to include such effects. However, this is beyond the scope of this thesis. Moreover, the purpose of
this work is to quantify the performance of the standard framework for marine applications and
establish the need for modeling improvements for the future. Developing the bending stiffness
model which could be directly integrated into the lumped mass framework requires the dynamic
analysis of a differential segment of a tether. Equations for the bending model is developed in
Appendix A.

2.3.2

Hydrodynamic Sub-model

Interesting physical effects can be observed in both the fluid and body when a smooth cylindrical
element like a tether is placed in an unsteady viscous flow. The hydrodynamic forces acting on
a tether are essentially a consequence of these effects. Therefore, the tether-fluid interaction is
briefly discussed in the next section before developing the hydrodynamic model.
Understanding the Forces due to Tether-Fluid Interaction
When a rigid body like a circular cylinder is immersed (partially or fully) inside a fluid at rest,
it experiences a buoyant force which is due to the difference in hydrostatic pressure acting on
its surface. It is the only fluid force that acts on the body in such a case. Also, if we consider
that an inviscid and incompressible fluid having an irrotational flow (∇ × ⃗v = ⃗0, where ⃗v is
flow velocity vector field), then from the potential flow theory no hydrodynamic force acts on
the circular cylinder. It would be as if the cylinder is placed in a fluid at rest. This result is
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commonly known as d’Alembert’s paradox. In contrast, a bluff body experiences various hydrodynamic and inertial loads when it is placed in a viscous steady or unsteady flow.
The most common effect due to such an interaction is the hydrodynamic drag. For a smooth
circular cylinder, the pressure drag (or form drag) is the major contributing factor. Due to
viscosity, the layers of flow in the immediate vicinity of the body try to resist the inertial forces
to follow the contour of the body forming a boundary layer. If the flow slows down considerably
when flowing around a body, the static pressure could increase so much that it could push the
flow in the opposite direction. This results in a recirculation area which causes a flow separation.
The lower pressure in this recirculation region downstream of the body causes the pressure drag.

Figure 2.6: Laminar flow around a cylinder with turbulent flow separation

For the sake of simplicity, let us analyze the boundary layer separation for a laminar flow
past a smooth circular cylinder (See Figure 2.6). In the upstream of the body, the fluid layers
in the vicinity are forced to detach from each other (local non-uniform flow) and move around
the cylindrical contour (due to viscosity). However, according to the equation of continuity, the
mass flow rate should be the same in the boundary layer and the unaffected free flow (assuming
no losses), and therefore flow velocity should increase till the thickest point of the cylinder. This
according to Bernoulli’s principle, should be mean a decrease in the static pressure (See Figure
2.7). Beyond the thickest point, the effective cross-section of the flow increases, as the cylinder
cross-section decreases. This causes the flow to slow down and the static pressure to increase.
This results in a pressure gradient that acts against the actual direction of flow and is called
an adverse pressure gradient. In some cases (higher Reynolds number), the adverse pressure
gradient is large enough to cause the flow to separate from the contour forming a turbulent wake
is formed behind the body. Skin-friction drag which happens due to the resistance of viscous
fluid flowing around the surface also contributes to the net drag force acting on the cylinder,
although to a much lesser extent.
Reynolds number, which is defined as the ratio of inertial forces to viscous forces within a
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Figure 2.7: Velocity distribution along a flow around a cylinder

fluid, plays a decisive role in characterizing the flow separation and thus the magnitude of the
pressure drag forces acting on the cylinder. or a cylinder, in practice no separation takes place
below a Reynolds number of 4. At higher Reynolds numbers up to about 40, the boundary
layer separates. In the turbulent wake due to the boundary layer separation, two counterrotating vortices are formed due to the conservation of angular momentum. As the Reynolds
number increases (about over 80), these vortices become unstable and start to oscillate until
they finally detach periodically. The characteristic swirling wake is also known as Von Kármán
vortex street (See Figure 2.8). These periodically alternating low-pressure vortices are the source
of the hydrodynamic lift forces which causes the tether to oscillate transversely to the fluid flow.

Figure 2.8: Visualisation of the vortex street behind a circular cylinder in air

The frequency at which vortex shedding takes place for an infinite cylinder is related to the
Strouhal number by the following equation:
St =

fs D
⃗ ||
||V
rel

(2.1)

Where, St is the dimensionless Strouhal number, fs is the vortex shedding frequency (s−1 ),
⃗ is the apparent flow velocity (m/s). The Strouhal
D is the diameter of the cylinder (m), and V
rel
number depends on the Reynolds number Re, but a value of 0.22 is commonly used. For
100 < Re < 105 , Strouhal number varies only between 0.18 and 0.22.
When the vortex shedding frequency matches the tether’s natural frequency of vibration
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(fn ), resonance takes place resulting in a large amplitude of transverse oscillations. This phenomenon is called the Vortex-Induced Vibrations (VIVs) and it could cause instability and even
failure of the tethered system. Besides this, a tether accelerating relative to the flow might experience the added mass effect; a hydrodynamic inertial force is experienced due to accelerating
a small volume of fluid along with the body. Discussion of other hydrodynamic forces like the
wave forces, etc, is beyond the scope of this thesis.

Hoerner’s Method
In Section 1.4.1, we briefly discussed the two semi-empirical hydrodynamic models used in
the dynamic study of mooring cables namely the Hoerner’s method and Morrison’s (or MOJS)
equations. Hoerner’s method models only the hydrodynamic drag for a smooth circular cylinder
placed in various flow conditions (characterized by Reynolds number). In contrast, Morrison’s
equation can describe the wave and inertial loads on the tether in an unsteady oscillatory flow.
However, its application in the literature is mainly restricted to fixed cylinders in oscillatory
or forced oscillating cylinders in still water, contrary to random tether motion expected in the
unsteady flow of the ocean. Further, a thorough performance assessment of tether models using
Hoerner’s method is still lacking in the literature which could establish the need for a more
advanced hydrodynamic model. Therefore, for the present modeling work, the hydrodynamic
loads are simulated using Hoerner’s method.

Figure 2.9: Drag coefficient for a smooth cylinder with the long axis perpendicular to the
oncoming flow as a function of Reynolds number

In his experimental study of cylinders in a steady flow ([12]), Hoerner derived the empirical
relation between the drag coefficient (CD ) and Reynolds number (Re) when a long smooth
cylinder is placed perpendicularly in a steady flow (See Figure 2.9). This relation could be
utilized to evaluate the drag experienced by the finite tether elements which could assume any
arbitrary orientation during its motion. Consider a cylindrical element, ei (see Figure 2.3),
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obliquely placed in a flow (Figure 2.10). We define, the angle of attack, αe , of the element as
i

the angle formed by the major axis of the cylinder and the apparent flow velocity vector, ⃗vrel,e .
i

For a certain time t, if we know the position vectors of the two nodes of an element, ei w.r.t.
(with respect to) to an inertial reference frame (Like Frame O shown in Figure 2.1), then we
⃗ e from Equation 2.22
can define the orientation of the element by its direction cosine vector, E
i

(section 2.3.3).

Figure 2.10: Resulting drag coefficient over a cylinder with the long axis inclined to the oncoming flow as a function of the angle of attack, α

The angle of attack of the element, αe , can be determined as:
i

⃗ e · ⃗v
E
rel,e
i

αe =

i

(2.2)

||⃗vrel,e ||

i

i

where, the apparent flow velocity, ⃗vrel,e is given by:
i

O

⃗vrel,e = ⃗vwater/O −

O

=⇒

⃗vrel,e = ⃗v∞ −
i

O

⃗ve

i /O

i

⃗ve

(2.3)

i /O
O

where, ⃗v∞ is the freestream velocity of water (denoted by ⃗vwater/O in Equation 2.3), and
O

⃗ve

i /O

is defined as the velocity of the center of mass of the element, ei (see Section 2.3.3).
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Now, the direction of the net hydrodynamic force, F⃗Drag,e should be perpendicular to the
i

major axis of this element ei , but in-plane of the apparent flow vector (⃗vrel ). This drag force
F⃗Drag,e can be broken into two components, one along the direction of the apparent flow,
i
F⃗
, and the other perpendicular to it denoted by F⃗
having the drag coefficients
Drag⊥,ei

Drag∥,ei

CDrag∥,e and CDrag⊥,e , respectively.
i

i

Using Equation 2.2, we can define the components of drag coefficients for the element, ei as
([71]):
CDrag∥,e = CDe sin3 (αe )
i

(2.4)

i

i

CDrag⊥,e = CDe sin2 (αe ) cos(αe )
i

i

i

(2.5)

i

where, CDe , the normal drag coefficient of the element ei , is determined from the experii

mental relation given in Figure 2.9.
The drag coefficients from Equations 2.4 and 2.5 are used to evaluate the drag forces,
⃗
FDrag∥,e and F⃗Drag⊥,e (see Equations 2.29 and 2.29) in the respective directions.
i

i

Since Hoerner’s method is a quasi-static model, it only describes the mean drag forces acting
on an element. It cannot capture the transient hydrodynamic lift force which is produced by
the oscillatory shedding of vortices in the wake. Therefore, the standard Hoerner’s model is
augmented with an additional term to account for the lift force. Essentially, based on the
Reynolds number Re for an element ei , the Strouhal Number St is determined (see Figure
2.11). This is used to evaluate the shedding frequency, fs,e for the element ei , from Equation
i

2.1.
fs,e =

Ste ||⃗vrel,e ||
i

i

De

i

i

Therefore, the coefficient, CLif te for the oscillating lift forces can be evaluated from the
following equation:

i

CLif te

i

= CLe sin(2πfs,e t)

(2.6)

i

i

where, CLe is the normal lift coefficient for an element (ei ) that is experimentally derived
i

for a smooth cylinder placed in a steady flow. CLe is used to evaluate the hydrodynamic lift
i

forces acting the tether elements (see equation 2.32).
Vortex shedding also causes the transient drag forces to oscillate between the mean value
which is predicted with a quasi-steady model. Therefore, the normal drag coefficient CDe (i.e.,
i

drag coefficient for a cylinder perpendicularly placed in a steady flow) should also incorporate
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Figure 2.11: Strouhal number–Reynolds number dependency for a circular cylinder in the range
47 < Re < 2x105 [72]. The various changes in the slope are due to the different instabilities
occurring in the near wake region.

the oscillatory behavior before using it for Equations 2.4 and 2.5:
CDe
where, CDnorm
is, CDnorm
CDosc

ei

i

= CDnorm

ei

+ CDosc

ei

sin(2πfs,e t)
i

(2.7)

is the normal drag coefficient assuming no vortex shedding effects. That
ei

will be determined from Figure 2.9 based on the Re number for the element ei .

is the amplitude of the oscillating drag coefficient that is also experimentally derived.
ei

The hydrodynamic drag and lift forces can now be determined for any general element, ei .
All the force equation equations will be developed in the section that follows.

2.3.3

Derivation of the Governing Equations for the Tether Model

Following the lumped mass framework, consider a long constant-length tether segmented into a
series of n massless visco-elastic (Kelvin-Voigt) elements connected by ideal spherical joints (see
Figure 2.3). The results in n+1 point nodes (joints) mass of which are derived from lumping the
mass of the adjoining elements. Since nodes are the only entity with masses, we can completely
define the system if we are given their positions, velocities, and acceleration. In this section, the
equations for nodal accelerations with be established using Newton’s second law. We will see
that all the force equations can completely be described by the nodal positions and velocities.
Therefore, we can define the set of states of the tether model as follows:
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S = [(s1 , s2 , s3 ), . . . , (s3i−2 , s3i−1 , s3i ), . . . , (s3n+1 , s3n+2 , s3n+3 ),
(s3n+4 , s3n+5 , s3n+6 ), . . . , (s3n+3i+1 , s3n+3i+2 , s3n+3i+3 ), . . . , (s6n+4 , s6n+5 , s6n+6 )]

(2.8)

S = [(x1 , y1 , z1 ), (x2 , y2 , z2 ), . . . , (xi , yi , zi ), . . . , (xn+1 , yn+1 , zn+1 ),
(ẋ1 , ẏ1 , ż1 ), (ẋ2 , ẏ2 , ż2 ), . . . , (ẋi , ẏi , żi ), . . . , (ẋn+1 , ẏn+1 , żn+1 )]
where, states, (s1 , . . . , s6n+6 ) are defined as:

s 1 = x1

···

s3i−2 = xi

···

s3n+1 = xn+1

s2 = y1

···

s3i−1 = yi

···

s3n+2 = yn+1

s 3 = z1

···

s3i = zi

···

s3n+3 = zn+1

s3n+4 = ẋ1

···

s3n+3i+1 = ẋi

···

s6n+4 = ẋn+1

s3n+5 = ẏ1

···

s3n+3i+2 = ẏi

···

s6n+5 = ẏn+1

s3n+6 = ż1

···

s3n+3i+3 = żi

···

s6n+6 = żn+1

(2.9)

Note that, in Equations 2.8 and 2.9 and i is the set of integers between (and including) 1
and n + 1 (i.e., i = [1, (n + 1)] ∈ Z1 . (xi , yi , zi ) denotes the position coordinates of a node
ni expressed in the inertial reference Frame O. Similarly, (ẋi , ẏi , żi ) denotes the components of
the velocity of node ni w.r.t the Frame O (expressed in the Frame O). Its should be noted that
we have 6 states (3 for each its position and velocity) associated with each node of the tether.
Therefore, for a tether discretized in n element (i.e., n + 1 nodes), the model requires 6 (n + 1)
states to completely describe the system. Another important thing to note, is that the set of
states s1 , . . . , s6n+6 is a function of time, t, since nodal positions and velocities are a function
of time (i.e., xi = xi (t), and ẋi = ẋi (t), and so on). They are denoted without the function
notation in any equations, above or that follows, for brevity.
Now would be a good time to formally define the Frame O, the inertial reference frame
(I.R.F.) for the model:
O = {O, ⃗iO , ⃗jO , ⃗kO }

(2.10)

where, the point O, the origin of I.R.F. is a point on a surface of the water, the unit vectors:
⃗i , ⃗j and ⃗k are mutually perpendicular and follows the N.E.D. (North-East Down) frame
O
O
O
conventions.
The position coordinates (xi , yi , zi ) for ni can be formally defined as:
⃗rn

i /O

= xi⃗iO + yi⃗jO + zi ⃗kO
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(2.11)

Similarly, for (ẋi , ẏi , żi ) we have:
O

⃗vn

i /O

= ẋi⃗iO + ẏi⃗jO + żi ⃗kO

(2.12)

Taking the time derivative of Equation 2.12, w.r.t. Frame O, we get:
O

⃗an

i /O

= ẍi⃗iO + ÿi⃗jO + z̈i ⃗kO

(2.13)

Let us consider a general element, ei , of say unstretched length Lorig,e and normal diameter
i

Dorig,e , having the nodes ni and ni+1 . Let us assume that the tether is of a uniform crossi

section. That is, Dorig,e = DT ether , where, DT ether is the unstretched diameter of the tether. If
i

we consider a discretization scheme such that all the n elements are of equal length, then we
have:
Lorig,e =
i

LT ether
n

(2.14)

where, LT ether is the original unstretched length of the tether.
The Kelvin-Voigt element has stiffness ke and damping coefficient ce . The axial stiffness
i

i

of an elastic material is determined from the constitutive relation, Hooke’s law, as follows:
ke =
i

Ee Aorig,e
i

Lorig,e

i

(2.15)

i

where, the Ee , represents the Young’s modulus and Aorig,e denotes the original (under
i
i

no strain) area of the element, i.e., Aorig,e = π4 (Dorig,e )2 . Note, that for a homogeneous
i

i

and isotropic material: Ee = ET ether , where ET ether is the young’s modulus for the whole tether.
i

Similarly, the relation between the damping coefficient (ce ) and damping ratio (ζe ) of a
i

i

material is given by:

where,

ce = ζe cCric,e
i
i
qi
cCric,e = 2 ke me
i

i

(2.16)

i

where, cCric,e is defined as the critical damping coefficient of the material, and me is the mass
i

i

of the node ni . Note, a uniform, homogeneous and isotropic tether will have a uniform damping
ratio, ζT ether (i.e., ζT ether = ζe ).
i
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The mass of the element me is defined as:
i

me = ρe Ve
i

i

(2.17)

i

where, Ve is the volume of the element. Note, the volume of an element is conserved under
i

strain. Therefore, Ve = Aorig,e Lorig,e = Ae Le , which is the area and length, respectively,
i

i

i

i

i

of the element under strain. Note that ρT ether = ρe , for a uniform, homogeneous and isotropic
i

tether.
The above equations can be evaluated from the properties like the density (ρe ), Young’s
i

modulus (Ee ), damping ratio (ζe ) can be found from material specifications.
i

i

The element ei will strain under the application of axial loads. Let Le and De represent
i

i

the stretched length and diameter of the element. Then, Le can be defined in terms of the
i

positions of the corresponding nodes, ni and ni+1 , as follows:
Le

i

q
= (xi+1 − xi )2 + (yi+1 − yi )2 + (zi+1 − zi )2

(2.18)

Taking the derivative of Equation 2.18, we get:

L̇e =
i

(xi+1 − xi )(ẋi+1 − ẋi ) + (yi+1 − yi )(ẏi+1 − ẏi ) + (zi+1 − zi )(żi+1 − żi )
p
(xi+1 − xi )2 + (yi+1 − yi )2 + (zi+1 − zi )2

(2.19)

The relative difference of the quantity Le and Lorig,e is the strain in the element, ei . Simii

i

larly, L̇e is the strain-rate. A long and slender tether mainly resists the axial tensile force and
i

doesn’t offer much resistance to compression, unlike elastic bar elements. Therefore, mathematically this will mean that there is no strain or strain rate in compression. Therefore, we can
define the strain (se ) and the strain-rate (ṡe ) as follows:
i

i

if Le

i


s
ei
≥ Lorig,e :
i
ṡ
e
 i
s
ei
otherwise :
ṡ
ei

= Le − Lorig,e
i

= L̇e

i

i

(2.20)

= 0
= 0

Now, the diameter under stretched condition, De , can be determined using Equation 2.20:
i

"
De = Dorig,e
i

i

1 − νe

30

se
i

!#
i

Lorig,e

(2.21)
i

where, νe is the poisson’s ratio of the element ei . Since, the tether under consideration is
i

homogeneous, we have that, νe = νT ether , where, νT ether is the poisson’s ratio of the tether.
i

We can see from Figure 2.3, that the position vector of node ni+1 from node ni is along
the direction of the central axis of the element ei . Therefore, orientation of the element can be
defined as follows:
⃗e =
E
i

xi+1 − xi
Le

!

yi+1 − yi
Le

⃗i +
O

i

!

zi+1 − zi
Le

⃗j +
O

i

!
⃗k
O

(2.22)

i

⃗ e is the direction cosine vector of the element e .
where, E
i
i

The external forces acting on the nodes and the governing differential equations for the
model are derived in the following sections.
Forces acting on the Tether Elements
The internal axial forces (due to material visco-elasticity) can modeled using Equations 2.18
and2.20. If say an element ei in under elastic tensile strain (i.e., Le ≥ Lorig,e ), then internal
i

i

stress is developed in the element which tries to restore it back to its original length (Lorig,e ).
i

Therefore, the nodes ni and ni+1 are pulled towards each other along the central axis of the
element ei .
Formally, the force acting on the node ni due to tensile strain in element ei can be given as:

F⃗n
F⃗n

= F⃗n

i ,intei
i ,inte

+ F⃗n

i ,Springei

i ,Dampei

⃗e
⃗ e + ce ṡe E
= ke se E
i

i

i

i

i

i

(2.23)

i

However, the ni is also a node for the element ei−1 and will experience a force due to tensile
strain in that element. Therefore, for a general node ni (2 ≤ i ≤ n; i ∈ Z1 ) the net ”internal”
axial force acting on the node ni is given by:

F⃗n
F⃗n

i ,int

i ,int

= F⃗n

i ,intei

− F⃗n

i ,intei−1

⃗ e − (ke se
⃗e
= (ke se + ce ṡe ) E
+ cei−1 ṡei−1 ) E
i−1
i−1
i

i

i

i

i

(2.24)
i−1

Note, that Equation 2.24 is only valid for internal nodes and not for the end-nodes (n1
and nn+1 ). The internal force equation for them has only the effect of strain the one element
connected to them, that is, the element e1 for node n1 and en for node nn+1 .
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The internal forces, F⃗n

1 ,int

F⃗n
F⃗n

and F⃗n

1 ,int

n+1 ,int

are formally defined as follows:

⃗e
= (ke1 se1 + ce1 ṡe1 ) E
1
⃗e )
= (ken sen + cen ṡen ) (−E
n

n+1 ,int

(2.25)

There will be a weight force acting on the element. Also, it is considered that the tether is
completely immersed in the water at all times t. Therefore, all the elements of the tether will
experience a buoyant force. Formally, for an element e the equations for weight force, F⃗g,e ,
i

i

and the Buoyant force F⃗B,e can be given by:
i

F⃗g,e = ρe Ve (⃗g )
i

i

i

(2.26)

F⃗B,e = ρw Ve (−⃗g )
i

i

where, ρe and ρw represents the density of the element and water, respectively, ⃗g is the acceleri

ation due to gravity vector and Ve is the volume of the element (See Equation 2.17). Therefore,
i

the net weight force acting on an element ei can be given as:
F⃗wtnet ,e = F⃗B,e + F⃗g,e
i

(2.27)

i

i

In section 2.3.2, we discussed about the drag and lift forces that is described by the hydrodynamic model. The equations for drag coefficients (Equations 2.4 and 2.5) determines the
drag coefficients in terms of the apparent velocity (⃗vrel,e ) for the element ei . The velocity of an
i

element ei w.r.t. frame can be defined as:
O

⃗ve

i /O

O

where, ⃗ve

i /O

O

value of ⃗ve

i /O

=

1 O
1 O
( ⃗vn /O ) + ( ⃗vn /O )
i
i+1
2
2

(2.28)

is the velocity of the CM of element ei w.r.t. Frame O. We can substitute the

in Equation 2.3 to get the apparent velocity (⃗vrel,e ) experienced by the element.
i

Using for drag coefficients (from Equations 2.4 and 2.5) we can find the net drag force,
⃗
FDrag,e for the element ei as follows:
i

F⃗Drag∥,e =
i

 


1
ρw Le De CDrag∥,e ||⃗vrel,e || ⃗vrel,e
i
i
i
i
i
2
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(2.29)

F⃗Drag⊥,e

i



 
⃗e
⃗vrel,e · E
1
i 
i
ρw Le De CDrag⊥,e ||⃗vrel,e ||
=
i
i
i
i
2
⃗
⃗vrel,e · Ee
i

i

⃗vrel,e ×
i

⃗e
⃗vrel,e × E

!!

i

i

(2.30)

⃗ e ||
||⃗vrel,e × E
i

i

where, F⃗Drag∥,e and F⃗Drag⊥,e are two components of the element drag force F⃗Drag,e having
i

i

i

CDrag∥,e and CDrag⊥,e as the coefficients in the respective directions. The net drag force is the
i
i
vector sum of the two components. That is, F⃗Drag,e is:
i

F⃗Drag,e = F⃗Drag∥,e + F⃗Drag⊥,e
i

i

(2.31)

i

Similarly, using the lift coefficient (CLif te ) from Equation 2.7 we can evaluate the lift force
i

acting on the element (ei ) as follows:
F⃗Lif t,e

i

 
1
ρw Le De CLif te ||⃗vrel,e || ⃗vrel,e ×
=
i
i
i
i
2
i

⃗e
⃗vrel,e × E
i

!!
i

⃗ e ||
||⃗vrel,e × E
i

(2.32)

i

Thus, the net hydrodynamic force F⃗Hyd,e can be give as:
i

F⃗Hyd,e = F⃗Drag,e + F⃗Lif t,e
i

i

i

(2.33)

The forces evaluated from the above equations will be equally lumped on the corresponding
nodes. These lumped nodal forces will be used to derive the equations of motion for the tether
model.
Governing Model Equations
We know from our discussion on the modeling framework (Section 2.3.1) that the masses and
forces of all the elements are lumped on the corresponding nodes.
Figure 2.12 shows the external forces acting on a general internal node (2 ≤ i ≤ n; i ∈ Z1 )
and end nodes (i = 1, and i = n + 1).
For a system of particles (or a rigid body) of constant mass, Newton’s second law (NSL)
states that:

P⃗
O
Fext,sys = Msys ( ⃗asys/O )
Applying NSL to an interior node, ni (2 ≤ i ≤ n; i ∈ Z1 ) we get:
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Figure 2.12: Schematic diagram illustrating the forces acting on a general internal node ni

m

ei−1

+ me 
i

2


O

( ⃗an

i /O

F⃗wtnet ,e

) = F⃗n

i−1



O

where, ⃗an

i /O

i

+




 + 

F⃗Hyd,e

+ F⃗Hyd,e

i−1



(2.34)

i



2

is the acceleration of the node ni w.r.t. to Frame O. Formally defined as:
⃗an

i /O

Note, the net external force F⃗n

i ,net

+ F⃗wtnet ,e
2

O

F⃗n

i ,int

= F⃗n

i ,int

+ 

i ,net

F⃗wtnet ,e

= ẍi⃗iO + y¨i⃗jO + z¨i ⃗kO
for an internal node ni is:

i−1

+ F⃗wtnet ,e
2


i



 + 

F⃗Hyd,e

+ F⃗Hyd,e

i−1


i



2

(2.35)

Similarly, the net external forces F⃗n1 ,net , and F⃗nn+1 ,net for the external nodes n1 , and nn+1 ,
respectively, can be given by:

F⃗n1 ,net = F⃗n
F⃗nn+1 ,net = F⃗n

1 ,int

n+1 ,int

+

F⃗wtnet ,e1

+

F⃗wtnet ,en

!
+

2

2

!
+

F⃗Hyd,e

!
1

2
F⃗Hyd,en

!

(2.36)

2

Therefore, comparing the terms of ⃗iO , ⃗jO and ⃗kO components of Equation 2.34 we get three
second-order differential equations. For instance, for the node ni we have:
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m

+ me 

ei−1

i

2


F⃗wtnet ,e

ẍi =

i−1



m

ei−1

i

ei−1

F⃗wtnet ,e

i ,int



F⃗n

i

F⃗wtnet ,e

z̈i =

F⃗n

i

2

where, the definitions of me , F⃗n
i

i ,int



 · ⃗j + 
O



+ F⃗Hyd,e

i−1


i

2

 · ⃗i

O

F⃗Hyd,e

+ F⃗Hyd,e

i−1

(2.37)


i

2

 · ⃗j

O

· ⃗kO +


i

F⃗Hyd,e

· ⃗jO +



i ,int

+ F⃗wtnet ,e

i−1







 · ⃗i + 
O

i ,int

2

i

· ⃗iO +





+ F⃗wtnet ,e

i−1

+ me 

2




+ F⃗wtnet ,e

ÿi =



m

F⃗n

2

+ me 

2






 · ⃗k + 
O

F⃗Hyd,e

+ F⃗Hyd,e

i−1

2


i

 · ⃗k

O

, F⃗wtnet ,e , and F⃗Hyd,e can be found in Equations 2.17,
i

i

2.24, 2.27, and 2.33, respectively.
Similarly, applying NSL to the end nodes we get the following governing equations in the
vector form:



me1



( ⃗an

1 /O

2
m

en



2
O

where, ⃗an

O

O

( ⃗an

n+1 /O

) = F⃗nn+1 ,net = F⃗n

O

1 /O

and ⃗an

) = F⃗n1 ,net = F⃗n

n+1 /O

1 ,int

n+1 ,int

+

F⃗wtnet ,e1

+

F⃗wtnet ,en

!
+

2

2

!
+

F⃗Hyd,e

!
1

2
F⃗Hyd,en

!

(2.38)

2

are the acceleration of nodes n1 and nn+1 , respectively, w.r.t. to

the I.R.F. (Frame O).
If we closely observe the Equations 2.37 and 2.38, we that all of its force terms are described
in terms of the set of states of the system, S.
If we take the time derivative of the states (Equation 2.8) we get:
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Ṡ = [(ṡ1 , ṡ2 , ṡ3 ), . . . , (ṡ3i−2 , ṡ3i−1 , ṡ3i ), . . . , (ṡ3n+1 , ṡ3n+2 , ṡ3n+3) ),
(ṡ3n+4 , ṡ3n+5 , ṡ3n+6 ), . . . , (ṡ3n+3i+1 , ṡ3n+3i+2 , ṡ3n+3i+3 ), . . . , (ṡ6n+4 , ṡ6n+5 , ṡ6n+6 )]

(2.39)

Ṡ = [(ẋ1 , ẏ1 , ż1 ), (ẋ2 , ẏ2 , ż2 ), . . . , (ẋi , ẏi , żi ), . . . , (ẋn+1 , ẏn+1 , żn+1 ),
(ẍ1 , ÿ1 , z̈1 ), (ẍ2 , ÿ2 , z̈2 ), . . . , (ẍi , ÿi , z̈i ), . . . , (ẍn+1 , ÿn+1 , z̈n+1 )]
Therefore, Equations 2.9 and 2.39, we have:

ṡ1 = ẋ1 = s3n+4

···

ṡ3i−2 = ẋi = s3n+3i+1

···

ṡ3n+1 = ẋn+1 = s6n+4

ṡ2 = ẏ1 = s3n+5

···

ṡ3i−1 = ẏi = s3n+3i+2

···

ṡ3n+2 = ẏn+1 = s6n+5

ṡ3 = ż1 = s3n+6

···

ṡ3i = żi = s3n+3i+3

···

ṡ3n+3 = żn+1 = s6n+6

ṡ3n+4 = ẍ1

···

ṡ3n+3i+1 = ẍi

···

ṡ6n+4 = ẍn+1

ṡ3n+5 = ÿ1

···

ṡ3n+3i+2 = ÿi

···

ṡ6n+5 = ÿn+1

ṡ3n+6 = z̈1

···

ṡ3n+3i+3 = z̈i

···

ṡ6n+6 = z̈n+1

(2.40)

(2.41)

Note, that the state derivatives ṡ3n+4 , · · · , ṡ6n+6 , depends on the nodal accelerations. We
can use 2.37 and 2.38 to find the expressions for the nodal accelerations. Therefore, equations
2.40 and 2.41 together define the set of governing first-order differential equations for the tether
model.
Initial-Boundary Value Problem
To complete the system of equations for the numerical model of the tethered system (Figure
2.2), the above set of the ordinary differential equation should be solved simultaneously with
the initial and boundary conditions of the tether model.
The boundary conditions for the differential equations are based on the type of end bodies
attached to the tether. The boundary conditions can be of two types: (a) Dirichlet - when the
boundary condition is applied directly to the primal field of the differential equations, i.e., the
states of the system (position and/or velocity); and (b) Neumann - when the boundary condition
is applied on the derivative of the primal field of the equations (like nodal accelerations in our
model). For instance, if say the tether is anchored on one end (perhaps to the ocean floor) and
the other end is free to move. Then the position of the node (nn+1 ) is known and fixed at all
times t. Also, the velocity and acceleration (w.r.t. I.R.F.) be ⃗0, since the position of the anchor
is fixed. So we have the following boundary conditions (Dirichlet for velocity constraint and
Neumann for acceleration constraint) associated with an anchor on node nn+1 :
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⃗vanchor/O



· ⃗iO = 0

⃗vanchor/O



· ⃗jO = 0

ẋn+1 = ṡ3n+1 = s6n+4 =

O

ẏn+1 = ṡ3n+2 = s6n+5 =

O

O

żn+1 = ṡ3n+3 = s6n+6 =
⃗vanchor/O · ⃗kO = 0
O

ẍn+1 = ṡ6n+4 =
⃗aanchor/O · ⃗iO = 0
O

ÿn+1 = ṡ6n+5 =
⃗aanchor/O · ⃗jO = 0
O

z̈n+1 = ṡ6n+6 =
⃗aanchor/O · ⃗kO = 0

(2.42)

Additionally, there will be a Dirichlet boundary condition on the the position of node nn+1 :

s3n+1 =



⃗ranchor/O · ⃗iO

s3n+2 =



⃗ranchor/O · ⃗jO

s3n+3 =



⃗ranchor/O · ⃗kO

(2.43)

This constraint on position (including the velocity constraint in Equation 2.42) can be used
to supply the initial conditions associated with the node nn+1 . So, along with the Equations
2.42 and 2.43, we need the position and velocity information for all the nodes at time t := 0,
for the initial conditions for the complete set of the system states, S.
Note, in Equations 2.42 and 2.43, the anchor point is the same as the point of the nn+1 .
Therefore,
⃗ranchor/O = ⃗rn

O
n+1 /O

⃗vanchor/O =

O

⃗vn

O
n+1 /O

⃗aanchor/O =

O

⃗an

n+1 /O

The conditions in Equation 2.42 are substituted in the differential equations (2.40 and 2.41)
to mathematically represent the constraints of the end body (anchor). The set of first-order
differential equations thus obtained, is solved simultaneously using a numerical integration
method for the given set of initial conditions for the system. Even though as discussed in Section 2.1, the lumped mass models are numerically stable for various integration schemes, we
will use the Runge-Kutta methods (like the fixed-step RK4 or adaptive-step ode45 technique
from MATLAB® ) owing to their ease of implementation. Similar, to the anchor, there can be
other end bodies attached to the tether. The following section presents a brief discussion on
some of the tethered end bodies which are pertinent to the application of our tethered MHK
system.
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2.3.4

Auxiliary Component Models

Even though the focus of the present work is mainly on the development and experimental validation of the tether model, some of the end body components are used in the certain following
sections of this thesis. For example, In chapter 3 we will conduct a design optimization system
of the Tethered MHK system. There we will need a numerical model of the complete tethered
MHK system to find the optimal size of tether, turbine, and buoy for achieving a stable equilibrium operating position without any failure. The subject will be covered in depth in Section
3.3. Further, in chapter 5 we will need a model for prescribing the motor speed to the tether
for conducting an experimental study to investigate the performance of the numerical tether
model. Therefore, a brief discussion on the model development of these auxiliary components
of a tethered system is necessary.

Tether Trajectory Descriptor
The trajectory descriptor is basically an ideal controlled actuator that prescribes the motion
of a point (or specifically a node) on the tether. In particular, when attached to a node (say
node ni , where, 1 ≤ i ≤ n + 1; i ∈ Z1 ), it completely defines the associated position
(⃗rn

O

i /O

) and the velocity ( ⃗vn

i /O

) of node ni as a function of time, t. In other words, when

the motion of a general node ni is directly controlled by said trajectory descriptor, its position and velocity (i.e., ⃗rn

i /O

, and

O

⃗vn

i /O

, respectively) are directly governed by external

forcing functions (i.e., control equations) and hence the corresponding motion states (i.e.,
s3i−2 , s3i−1 , s3i , s3i−2 , s3n+3i+1 , s3n+3i+2 , and s3n+3i+3 ) are not considered in the set of states
of the system, S. The Dirichlet boundary conditions imposed by the descriptor on node ni can
be given as follows:

s3i−2 = xi = F1 (t)

s3n+3i+1 = ẋi = F4 (t)

s3i−1 = yi = F2 (t)

s3n+3i+2 = ẏi = F5 (t)

s3i = zi = F3 (t)

s3n+3i+3 = żi = F6 (t)

(2.44)

where, the control equations, Fj (t) (where, 1 ≤ j ≤ 6; j ∈ Z1 ) are functions of time t, where,
0 ≤ t ≤ tf : t ∈ R1 (tf represents the final simulation time).
The above boundary conditions should be substituted in the governing differential equations of the tether model (Equations 2.38 and 2.37), and the initial value problem should be
numerically integrated.
As an example, let’s consider a trajectory descriptor attached to the other free end of a
taut anchored tether as shown in Figure 2.13. Let us assume that the node connected to the
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Figure 2.13: Schematic diagram illustrating the application of an ideal trajectory descriptor
for the tether

descriptor (i.e., node n1 ) is made to move in a circle in the X-Y plane. Then, the boundary
conditions for the node n1 can be given by:

ṡ1 = ẋ1 = − a ω sin(ω t)

s1 = x1 = a cos(ω t)
s2 = y1 = a sin(ω t)

ṡ2 = ẏ1 = a ω cos(ω t)

s 3 = z1 = 0

(2.45)

ṡ3 = ż1 = 0

where, ω denotes the angular frequency of the circular motion, and a denotes the radius of the
circular motion.
The application of the trajectory descriptor will be more apparent in Chapter 4, where the
free end of the tether is prescribed circular motion using a servo motor. In such a case, the
trajectory functions (F1 , . . . , F6 ) are the real-time position and velocity data of the motor’s
encoder. This will be covered in Section 5.2, where a discussion is provided on setting up the
numerical model for experimental validation.

Ideal Turbine Model
Dynamic modeling for a turbine requires estimation of the contribution of the hydrodynamic
forces acting on small elements of the blades to evaluate the net hydrodynamic forces acting
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on the turbine body. This is used to derive the governing differential equations using NewtonEuler’s method. Such a detailed model development for turbine is beyond the scope of this thesis.

Figure 2.14: Schematic diagram for developing the ideal thrust turbine model

In the system sizing study (section 3.3) we will require a description of the average thrust
force applied by the turbine on the tether. Let’s consider that the turbine is connected to the
tether as shown in Figure 2.14. Let ⃗rT /O denote the position vector of the point T , where the
turbine is connected. This point T , may or may not lie on the node points of the discretized
tether. The connection point T is defined by say a quantity ST which is a percentage of the arc
length of point T of the unstretched tether when measured from the top free end (point P ).
Suppose, that the connection point T lies on tether element, namely eT . Then to find actual
the index number j of the discrete element which corresponds to eT we need to solve minimize
of the following inequality for j:

Minimize j :

j
X

Lorig,e ≥
i

i=1

ST
LT ether

× 100

such that,

j = [1, n + 1] : j ∈ Z1 (2.46)

where, ST is the arc length between the points P and T measured as percentage of the unstretched length. LT ether is the total unstretched length of the tether. That is, for a tether
discretized into n elements, we have:
LT ether =

n
X
i=1
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Lorig,e

i

Let the nodes of the element containing the turbine (ej ) be nj and nj+1 (See Figure 2.14).
Now, the position vector ⃗rT /O can be evaluated from the following equation:
n
S
Pj−1
T ×L
− i=1
wn = 100
T ether
j
n

S
T ×L
otherwise : wn = 100
T ether /Lorig,e
j
if j ̸= 1 :

Lorig,e


i

/Lorig,ej

(2.47)

j

⃗rT /O = wn (⃗rn
j

j /O

) + (1 − wn ) (⃗rn
j

j+1 /O

)

(2.48)

where, wn represents the positional weight of the point T on the node nj . Note that wnj+1 =
j

1 − wn . Therefore, the position vector of the turbine can be completely known if its position
j

along the tether (ST ) is defined. Similarly, taking the time derivative w.r.t. to Frame O we get
the expression for the velocity of point T :
O

O

⃗vT /O = wn ( ⃗vn
j

O

j /O

) + (1 − wn ) ( ⃗vn
j

j+1 /O

)

(2.49)

Note, the Equation 2.49 is actually the same as Equation 2.28 when wn = 1/2.
j

Then, the apparent velocity experienced by the turbine which is located at point T can be
given by:
⃗vrel,T = ⃗v∞ −

O

⃗vT /O

Now, the turbine delivers the mechanical power say Pmech . The radius of the rotor blades
can be given by:

(
s
if ||⃗vrel,ej || ̸= 0 : rT urb =

2 Pmech

3
Cp ρw π ||⃗vrel,T ||

(2.50)

n
otherwise : rT urb = 0
where, Cp is the coefficient of power for the turbine. Newman ([73]) demonstrated that theoretical limit of power extraction for two rotor disks of equal diameter is 64% (i.e., Cp = 0.64).
The mean thrust force applied by the turbine should be in the direction of its apparent flow
(⃗vrel,ej ). The time-averaged thrust force of the dual-rotor turbine applied on the point T of the
tether is given by:

2
F⃗T hrust = 2 π ρw (rT urb )2 ||⃗vrel,T || (e1 (1 − e1 ) + (1 − e2 ) (e2 − 2e1 ))
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⃗vrel,T
||⃗vrel,T ||

(2.51)

where, e1 and e2 denotes the induction factors of the two rotors of the turbine. The term
⃗vrel,e

j

/||⃗vrel,ej || defines a unit vector in the direction of the apparent flow of the point T on the

tether.
Now, the thrust force from Equation 2.51 can be lumped on the corresponding nodes of the
element ej using the positional weights derived in Equation 2.47. Thus, the thrust force on the
nodes nj and nj+1 is given by:

F⃗n

j

= wn
T hrust


j

F⃗T hrust



F⃗n

j+1



= (1 − wn ) F⃗T hrust
T hrust

j

(2.52)

The nodal thrust forces can be added with external forces acting on the nodes nj and nj+1
before deriving the governing equations for the tether model.

Spherical Buoy Model
Another component of the tethered system (Figure 2.1) is a spherical buoy. The purpose of the
buoy is to bring the tether under tension to provide attitude stability to the turbine against
flow perturbations. Sizing study (Section 3.3) requires the estimation of tether forces applied
by the buoy. In a situation where the buoy is partially or fully submerged in the water, it will
experience a hydrodynamic drag force besides the buoyant and weight forces. There will also
be other transient effects like the oscillating lift forces and inertia forces, but for the sake of
simplicity, we will neglect such effects in our sizing study.
For developing the equations for the buoy forces, let’s consider that the buoy is rigidly
“welded” to the topmost element e1 of the tether (Figure 2.16). Mathematically, it means that
the buoy has no independent rotational degrees of freedom about the node n1 relative to the
element e1 . In such a case, the position and orientation of the buoy can be completely defined
by the positions of the corresponding nodes of e1 (i.e., n1 and n2 ).
Figure 2.15, presents the three situations for the Buoy: (a) fully floating, (b) partially submerged, (c) fully submerged. Analysis of case (b) is more complicated than the other cases and
therefore requires a detailed discussion.
Consider, a situation where the buoy is only partially submerged in water (Figure 2.15(b)).
Then, position vector of CM of the buoy, point B, from point O can be derived as follows:
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(a) Fully floating buoy

(b) Partially Submerged buoy

(c) Fully Submerged buoy

Figure 2.15: Figure illustrating the three configurations of that are handled separately in the
buoy model

Figure 2.16: Schematic diagram of spherical buoy for developing buoy model
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p
(x2 − x1 )2 + (y2 − y1 )2 + (z2 − z1 )2
!
!
!
y2 − y1 ⃗
z2 − z1 ⃗
x2 − x1 ⃗
kO
iO +
jO +
Le1
Le1
Le1


⃗e
⃗rB/n = − R E
1

Le1 =
⃗e =
E
1

1

⃗rn1 /O

(2.53)

= x1 ⃗iO + y1 ⃗jO + z1 ⃗kO

⃗rB/O = ⃗rB/n + ⃗rn1 /O
1

O
O

⃗vB/O =


d
⃗rB/O
dt

where, R is the user-defined radius of the buoy. The coordinates (x1 , y1 , z1 ) and (x2 , y2 , z2 )
are the O Frame components of the position vectors of the nodes n1 and n2 , respectively.
The altitude of the point B w.r.t. point O defines which case among the three (Figure 2.15),
the buoy is currently in. Let the position vector, ⃗rB/O be defined as:
⃗rB/O =

O


O

O

xB/O ⃗iO +
yB/O ⃗jO +
zB/O ⃗kO

(2.54)

O

Then, the component zB/O defines the altitude of the point B w.r.t. point O. Using EquaO

tion 2.53 we get the expression for zB/O :

O

zB/O =



− R (z2 − z1 )
⃗rB/O · ⃗kO = ż1 + p
(x2 − x1 )2 + (y2 − y1 )2 + (z2 − z1 )2

(2.55)

Based on the position of point B, the three situations in Figure 2.15 can be mathematically
represented as:


(a) F ully f loating,


Cases : (b) P artially submerged,



(c) F ully submerged,

if

O

zB/O < − R

if − R ≤
if

O

O

zB/O ≤ R

(2.56)

zB/O > R

The Center of buoyancy (CB) of a body submerged in a fluid is defined as a point where
if the sum of all the hydrostatic forces acting on the infinitesimal segments of the contour of
the body is applied to cause the same dynamical effects. Mathematically, this means the point
of application of the net hydrostatic forces (buoyant forces) so that the net torque about an
arbitrary point (say P ) is the same as the sum of the torques (about that point P ) produced by
the hydrostatic forces acting on the contour of the body. Simply put, for a homogeneous rigid
body of uniform density, the center of buoyancy is the same as the center of mass (CM) of the
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volume submerged in the fluid. Thus, for cases (a) and (c), point CB = CM . For finding CB
the buoy partially submerged in water, we will need to find the CM of its submerged volume.
Consider a solid disk in a buoy (partially submerged) of infinitesimal thickness, dr, at an angle θ
from the vertical (See Figure 2.16). Then, equations for the radius of the buoy (r), its thickness
(dr), and its mass (dm) can be given by:
dr = R dθ
r = R sin(θ)

(2.57)

dm = ρBuoy (dv) = ρBuoy π (r)2 dr

∴

dm = ρBuoy π R3 sin2 (θ)dθ

=⇒

where, the angle θ defines the position of the infinitesimal disk in the submerged portion of the
sphere. Mathematically, 0 ≤ θ ≤ θmax : θ ∈ R1 , where θmax can be given by:

O
R cos(θmax ) = ⃗rB/O · (− ⃗kO ) = − zB/O


O
− zB/O

=⇒
θmax = cos−1 
R

(2.58)

So, the volume of the buoy submerged in the water can be found as:

θ=θ
ˆ max

θ=θ
ˆ max

θ=0

=⇒

VSub,Buoy

Now, let ⃗rCM

dm

/B



θ=0





θ=cos−1


−

O


z
B/O /R

θ
sin(2θ)
−
2
4
θ=0
 O


 O
 

−1
− zB/O/R
cos
sin 2 cos−1 − zB/O/R
 (2.59)
= π R3 
−
2
4
VSub,Buoy = π R3

=⇒

π R3 sin2 (θ)dθ

(dv) =

VSub,Buoy =

be the position vector of the CM of the infinitesimal disk from point B

(CM point of the whole buoy). From symmetry, we observe that the point CMdm exactly lies
below the point B. That is, the unit vector joining the points CMdm and B should be along
the unit vector ⃗kO . Therefore, we can express the vector ⃗rCM /B in the Frame O as follow:
dm

⃗rCM

dm

/B

= (xCM

dm

/B

) ⃗iO + (yCM

dm

/B

) ⃗jO + (zCM

O

= 0 ⃗iO + 0 ⃗jO + ( zCM
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dm

/B

dm

/B

) ⃗kO

) ⃗kO = ( R cos(θ) ) ⃗kO

(2.60)

Now, let point CMsub be the CM of the submerged part of the buoy. Then, by definition:
θ=θ
´max 

⃗rCM

⃗rCM

sub

/B

θ=0

=


dm

/B

dm
(2.61)

θ=θ
´max

(dm)

θ=0

Let the position vector ⃗rCM
⃗rCM

sub

/B

=

O

xCM

sub

/B


sub

be expressed as:
O

⃗i +
O

/B

yCM


sub

/B

⃗j +
O

O

rCM


sub

/B

⃗k
O

(2.62)

Therefore, from Equations 2.60, 2.61, and 2.62 we have:

θ=θ
´max 
O

xCM

sub

/B

=

⃗rCM

θ=0

dm

/B

· ⃗iO



dm

θ=θ
´max

(dm)

θ=0
θ=θ
´max 

=

θ=0

O

xCM

´ θ=θmax

θ=0
θ=θ
´max 
O

⃗rCM

yCM

sub

/B

=

θ=0


dm

/B

dm
= 0

(∵

O

(dm)

dm

/B

· ⃗jO



xCM

sub

/B

= 0)
(2.63)

dm

θ=θ
´max

(dm)

θ=0
θ=θ
´max 

=

O

yCM

θ=0


dm

/B

dm
= 0

θ=θ
´max

(dm)

θ=0
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(∵

O

yCM

sub

/B

= 0)

θ=θ
´max 
O

zCM

sub

/B

⃗rCM

θ=0

=

dm

· ⃗kO

/B



dm

θ=θ
´max

(dm)

θ=0
θ=θ
´max 

O

zCM

θ=0

=

(ρBuoy )


dm

θ=θ
´max

dm

/B

=

θ=θ
´max

( R cos(θ) ) dm

θ=0

(ρBuoy ) (VSub,Buoy )

(dv)

θ=0

θ=θ
´max

(R cos(θ))(ρBuoy π R3 sin2 (θ)dθ)

θ=0

=



cos−1

−


ρBuoy π R3 

O

!
zB/O /R

−

2

θ=cos−1
R
3

= 



sin 2

−

cos−1


−

O

O

zB/O /R

!! 




4


z

B/O /R

sin3 (θ)
θ=0

cos−1




−

O

!
sin 2 cos−1 −

zB/O /R

−

2

O

zB/O /R

!! 




4



=⇒

O

zCM

sub

/B




R 

=

3 







cos−1

−

O



sin3 cos−1 −
! 


zB/O /R

zB/O/R

sin 2



 − 

2

O



cos−1

−
4

O

!!
zB/O /R











(2.64)
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Therefore,


⃗rCM

sub

/B

=

O

zCM

sub

/B






⃗k = 

O








cos−1 −

(R/3) sin3 cos−1
! 

O



−

O

zB/O/R

sin 2 cos−1 −

zB/O /R



 − 

2


O

!!
zB/O /R

4






  ⃗kO




(2.65)

Note that according to our discussion above, the CB of the partially submerged buoy (Figure 2.15(b)) will be the same point as CMsub , i.e., for case (b): ⃗rCB/B = ⃗rCM /B (for cases
sub
(a) and (c): ⃗rCB/B = ⃗0 ). Therefore, the point of application of the buoyant force and the
hydrodynamic drag force due to the submerged part of the body is the same point (CB).
The weight force acting at the CM of the buoy is:
F⃗wt,Buoy = ρBuoy VSphere



=

 
4
ρBuoy π(R)3 ( ⃗g )
3

(2.66)

Similarly, the buoyant force acting at the the CB is:

F⃗B,Buoy = ρBuoy VSub,Buoy

 O

 
 O

sin 2 cos−1 − zB/O/R
cos−1 − zB/O/R
 ( −⃗g )
−
= ρBuoy π R3 
2
4

(2.67)

Now, the drag force due to the submerged part of the buoy will be acting on the point CB
(∵

point CB = point CMSub ). The coefficient of drag can be determined using Hoerner’s

experiment study on the steady flow around smooth spheres (see Figure 2.17). The net drag
force due to the submerged part of the buoy, F⃗Drag,Buoy can be given by:

F⃗Drag,Buoy =

 


1
ρw Asub,Buoy CD,Buoy ||⃗vrel,CB || ⃗vrel,CB
2

(2.68)

where, CD,Buoy is the normal drag coefficient (Figure 2.17), Asub,Buoy is the characteristic area
of the submerged part of the buoy, and ⃗vrel,CB is the apparent flow velocity experience by the
buoy at point CB.
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Figure 2.17: Drag coefficient for a sphere placed in a steady flow as a function of Reynolds
number

The velocity of point CB w.r.t. point O can be evaluated from Equation 2.65 as follows:
O
O

⃗vCB/B =





d 

=

dt 




where, the term

O

O

⃗vCM

sub

/B

=



dO
d O
zCM /B ⃗kO =
zCM /B ⃗kO
sub
sub
dt
dt



cos−1 −

(R/3) sin3 cos−1
! 

O



−

O

zB/O/R

sin 2 cos−1 −

zB/O /R



 − 

2


O

!!
zB/O /R

4






  ⃗kO





(2.69)

zB/O is the function of time dependent position states: s1 , . . . , s6 (i.e., x1 ,

y1 , z1 , x2 , y2 , z2 ). Therefore, from Equation 2.69,

O

⃗vCB/B will be in terms of both position

(s1 , . . . , s6 ) and velocity (s3n+4 , . . . , s3n+9 ) states for the nodes n1 and n2 . Now, velocity vector,
O

⃗vCB/O , is given as:
O

⃗vCB/O =

O

⃗vCB/B +

O

⃗vB/O

(2.70)

O

where, ⃗vB/O is the velocity of the buoy w.r.t. Frame O (See Equation 2.53). Now, the term
⃗vrel,CB can be calculated according to Equation 2.3.
The characteristic area for the submerged part of the buoy is given as:

=⇒

Asub,Buoy = Area of the Segment RPS






1
−1 − O z
−1 − O z
Asub,Buoy = cos
− sin 2 cos
(R)2
B/O/R
B/O/R
2
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(2.71)

Thus we can find the buoy drag force, F⃗B,Buoy by substituting the values of Asub,Buoy and
⃗vrel,CB from Equations 2.71 and 2.69, respectively, into Equation 2.68.
Therefore, using Equations 2.66, 2.67, and 2.68 we can find the net external forces acting
on the Buoy, F⃗net,Buoy :
F⃗net,Buoy = F⃗wt,Buoy + F⃗B,Buoy + F⃗Drag,Buoy

(2.72)

Now, the points B, CB, and the nodal point n1 is always at a fixed distance to each other
since the buoy is considered to be rigid and the tether is assumed to be welded to it at n1 .
Therefore, the reaction force applied by the node n1 on the buoy, F⃗Buoy,n should be equal to
1
−F⃗
. Therefore, from Newton’s third law, the force applied by node n by the buoy can
1

net,Buoy

be given as:
F⃗n

1 ,Buoy

= −F⃗Buoy,n

1

= F⃗net,Buoy

(2.73)

This force should be added to the net force on node n1 F⃗n1 ,net to the governing differential
equation for the node (Equation 2.37).
Notice, the approach discussed here to model the effects of the buoy on the tether assumes
that the buoy is “welded” to the first segment, e1 , of the tether. This can be reasonable assumption if the tether is discretized unequally with a short first element, however, at the cost
of increasing the numerical stiffness of the problem (∵ ke ∝ 1/Lorig,e ). But an equal length
i

i

discretization scheme should be sufficient for system sizing analysis (3.3).
There are other approaches to simulate the buoy dynamics. For example, we can consider
the node n1 to be a part of the buoy model and derive the equations for the buoy using
Newton-Euler’s method. In that case, the tether model will have all the states except the states
associated with n1 . Therefore, there will be 6n states of the tether system. Both the tether
and buoy system interact with each other through the visco-elastic forces of the element e1 .
Another approach could be to keep the tether model unchanged with 6n+6 states and integrate
the differential equations for the two systems independently. In this case, we will require that
the states of the two systems should meet the two constraints at every time step during the
simulation: (a) Equilibrium constraint - the action-reaction force pair at the connection interface should be equal, and (b) Compatibility constraint - the distance of the connection point
from the respective CM of the two bodies should be fixed. Such a distributed independent cosimulation of two interacting models requires a gluing algorithm to satisfy the two constraint
conditions discussed above. This is discussed in the research publications by Hulbert et al. ([74],
[75]). A detailed discussion on this topic is beyond the scope of this thesis.
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In the following chapter, we will employ the developed numerical models of the tether and
other auxiliary components to understand the general behavior of the systems, model performance subject to parameter variations, and study optimal system component size for its stable
operation.
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Chapter 3

Numerical Study of Tethered
Systems
In this chapter, we will conduct various numerical experiments to study the behavior of the
tether and tethered MHK system under various operating conditions. Through these experiments, we will assess the performance of the numerical model in terms of its computational
efficiency and predicted response characteristics for a sweep of model parameters. This should
also help in understanding the sensitivity of certain crucial response characteristics to uncertainties in the parameters. Additionally, a numerical case study is considered for optimizing
the design of the tethered MHK system. This includes a discussion on the design optimization
problem and the development of an analytical methodology to so seek its solution. The results
of the numerical case are discussed subsequently.

3.1

Study of the Numerical Performance of Tether Model

As discussed in Section 2.1, the numerical accuracy and efficiency are two major performance
metrics of a modeling framework. Therefore, this section will present a detailed discussion on
the numerical performance of the lumped-mass modeling framework.

3.1.1

Discussion on Variable and Fixed Time-step Numerical Integrators

The governing differential equations for the tether model derived in the Section 2.3.3 will need a
numerical time-marching integration scheme. For this purpose, we will use the one-step RungeKutta (RK) methods for its ease of implementation and availability in MATLAB® . There are
numerous fixed and adaptive time-step RK schemes provided in MATLAB® . A Runge-Kutta
method approximates a derivatives of a function, f (t), using the Taylor series expansion of that
function about a point say t = ti . Assuming that we know the values of the function and its
derivative at t = ti , i.e., f (ti ) and f ′ (ti ) is known, we can find the value of f (ti+1 ) (where,
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ti+1 = ti + ∆t) from its Taylor series as follows:
f (ti+1 ) = f (ti ) + f ′ (ti )(∆t) +

f ′′′ (ti )
f ′′ (ti )
(∆t)2 +
(∆t)3 + . . .
2!
3!

(3.1)

The order of the RK scheme depends on the order of the polynomial in ∆t in Equation 3.1.
The ODE suite in MATLAB® has various fixed time-step integrators like ode1, ode2,. . . , ode5
which corresponds to the order of the Runge-Kutta method used. For example, ode1 uses the
first-order method (also known as the Euler approximation method). Generally, a higher-order
method is more accurate at the expense of having to execute more function calls per each time
step.

(a) Integration error versus the step size for various ode (b) Time step versus normalized computational time for
solvers [71]
ode5

Figure 3.1: Numerical Performance of Fixed time-step Solvers

From Figure 3.1(a), it can be seen that the fifth-order Runge-Kutta solver, ode5, is the
most accurate for the given problem for all of the time steps considered. Further, the figure
presents an argument in favor of choosing a smaller time-step for accuracy. However, this increases the computational time for simulating a certain time interval due to the finer temporal
discretization. If we extrapolate the trend in Figure 3.1(a), we see that the error doesn’t reduce
significantly for step size smaller than 10−3 seconds. However, from Figure 3.1(b), we see that
the computational time increases exponentially as we reduce the step-size from 10−3 to 10−4 .
Therefore, a time step value of 10−3 seconds was chosen as a good compromise between accuracy
and speed for the numerical solvers. Figure 3.1(b) is a plot in the normalized computation time
which is defined as the time it takes to compute the system states per second of the simulation
time. Therefore,
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N ormalized Computation T ime (s/s) =

T otal Computation T ime (s)
T otal Simulation T ime(s)

In addition, MATLAB® provides various variable time-step integrators like ode45, ode23,
ode113, etc. The ode45 integrator is a medium-accuracy numerical integrator that is based
on a Runge-Kutta fourth-order method. The 45 within the name ode45 is derived from the
fourth-order nature of the method, with a fifth-order being counted as the variable-time-step.
Similarly, ode23 is the second-order RK method and thus has a lower accuracy but can reduce
the computational time for numerically stiff problems. The numerical integrator ode113 is a
modified Adams-Bashforth-Moulton PECE method that takes advantage of not only forward
time steps (as does the Runge-Kutta methods) but also uses previous time step solutions to
compute the next time step to use. While the number of function calls increases significantly as
compared to a Runge-Kutta solution method, the solution accuracy can increase beyond that
of Runge-Kutta methods for stiff problems and tight integration tolerances. More information
regarding the variable solvers provided in MATLAB® can be found in the references ([76], [77],
[78]).

Table 3.1: Simulation model parameters for comparing fixed and variable time-step integrators
Model Parameter
Unstretched Tether Length
Unstretched Tether Diameter
Tether Axial Damping ratio
Tether Young’s Modulus
Percent Strain at Failure
Specific Gravity of Tether
Flow Velocity Profile
Flow Velocity Field
Freestream Velocity
Depth of the Seabed
Normalized Tether Discretization
Simulation Time Duration

Symbol

Value

Units

LT ether
DT ether
ζT ether
ET ether
ϵBreak
SG
−
−
⃗v∞
H
nN orm
(Tf − T0 )

1000
20
1
120
3.5
0.98
Uniform
Steady
2
3000
0.01
5

m
mm
−
GP a
−
−
−
−
m/s
m
m−1
s

Figure 3.2 presents a comparison of various fixed and variable time-step integrators for
simulating a tether anchored at one end. The parameters used in the simulation are given in
Table 3.1. The table describes the properties of the Dyneema® SK78 fiber which is an ultrahigh molecular weight polyethylene (UHMWPE) fiber. Typically, a mooring cable made of a
fiber rope consists of several fiber strands braided together. Among other properties, the elastic
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modulus and the density of such braided ropes should be lower than that of its fibers due to
the presence of voids in the braided construction. The actual material properties of the rope
depend on the packing factor, linear density, and the angle of the fiber strands. For example,
Sry et al. [79] estimated the elastic modulus of a braided high modulus polyethylene (HMPE)
rope using the classical laminate theory (CLT). Such a detailed framework development for the
estimation of actual rope properties is beyond the scope of this thesis. Therefore, the numerical
simulations presented in this thesis assume that the tether rope has the properties same as that
of its fibers. Mathematically, this would mean that the tether is made from one solid fiber of
the diameter and length specified for the rope. Naturally, this assumption will result in a source
of discrepancy in the model validation study (Chapter 5).
The parameter, nN orm (Table 3.1) is a measure of tether discretization normalized with its
unstretched length, LT ether . Therefore, normalized tether discretization is defined as the number
of tether segments per unit unstretched length of the tether, that is: nN orm =

n
LT ether .

Figure 3.2: Comparison of variable-time-step and fixed-time-step numerical integrators for the
simulation parameters given in Table 3.1.

We notice from Figure 3.2 that ode45 (subject to relaxed error tolerance) is among the
solvers which produced the solution in a short computation time. Further, ode45 is said to be a
robust solver good for a variety of problems and should be the first solver used when attempting
to solve a problem ([79]). Therefore, further numerical studies in this and following chapter will
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use the ode45 solver unless explicitly mentioned otherwise.
Notice that the fixed-time-step integrators took longer than the variable time-step numerical integrators of the same order for this problem. While the variable-time-step numerical
integrators require more function calls, it is hypothesized that the variable-time-step numerical
integrators can choose a time step that is much larger than the time required for a given number
of computational time steps from the fixed time-step numerical integrators.

3.1.2

Effect of Tether Discretization

Ideally, the finite segment/lumped mass modeling framework should capture the true response
of a tether if we considered discretizing it into infinitesimal segments. This means that the
numerical accuracy of the model should increase with finer tether discretization. However, for
a tether discretized into n elements, there are 6n + 6 states of the model and as many firstorder differential equations. Therefore, an increase in the number of elements (n) should also
increase the computation time for a simulation since the integrator has to solve for a larger set
of differential equations simultaneously. To investigate this, simulations for a tethered system
is conducted with the model parameters found in Table 3.2.
From Figure 3.3 we can see that the computational time required is directly related to the
number of segments in the tether, that is, the order of time it takes for the model to solve the
model differential equations for a certain simulation time increases with every order of increase
in the number of elements in which the tether is discretized.
The degree of discretization also affects the response characteristics of the tether. As shown
in Figure 3.4, as time progresses, the deviation in the predicted tether positions for the different
number of elements becomes more prominent. In fact, the deviation of roughly 90 meters was
observed at t = 120 seconds between the predictions for positions of node n1 with n = 1 and
n = 100. The difference in the predicted positions of node n1 for other discretization levels is
much lesser. Further, the results from considering the tether as one element predict a straight
line shape of the tether. This is not plausible since, intuitively, under hydrodynamic drag for
the gradient flow a neutrally buoyant tether should achieve a parabolic shape after some time
during the simulation. The response predicted by n = 50 and n = 100 shows a smooth catenary
shape, at least, qualitatively.
Figure 3.5 reveals the difference in the dynamic response of tether for different tether discretization. It plots the percent strain in tether over the simulation time for the operating
conditions defined in Table 3.2. Strain predictions for simulations with 50 and 100 elements are
practically the same and higher than predictions for other discretization cases beyond around
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Figure 3.3: Comparison of computation performance vs. number of tether elements for simulation parameters given in Table 3.2.

t = 38 seconds. We also observe a peak value in the strain at around that time in all cases. It
may correspond to the time when the buoy is completely submerged in the water. The simulations were configured to have the buoy completely floating at the time, t = 0 seconds (See
Figure 3.4(a)), and thus produces no buoyant force on the tether. The hydrodynamic drag force
acting on the tether causes the tether to move in the surge direction (x-axis) which starts to
pull the buoy into water. As the buoy is progressively submerged in water, the buoyant force
acting on the tether increases. This is probably why we see a steep increase in tether strain
up to around t = 38 seconds. At the instant the buoy is completely submerged, we observe a
sudden drop in the strain predictions. This should correspond to the sudden drop in the net
axial forces acting on the tether once the buoyant force becomes stabilized (constant). Beyond
t = 38 seconds, the strain in the tether gradually increases although a steeper slope can be
seen for cases with higher discretization. With more number elements the tether assumes a
more realistic parabolic shape which means that the elements towards the surface (like say
e1 ) should be less obliquely oriented to the incoming flow. This should result in higher drag
forces acting on the element and perhaps higher tensile strain because of it. Another interesting
characteristic to notice is the fluctuations in strain for time up to t = 20 seconds. This is more
prominent in n = 5 and n = 10 cases. The fluctuations in buoy positions and thus the buoyant
loads acting on the tether might be at the root of this, which could be more prominent in some

57

(a) t = 0 sec

(b) t = 30 sec

(d) t = 90 sec

(c) t = 60 sec

(e) t = 120 sec

Figure 3.4: Transient description of tethered MHK system for various tether discretization
subjected to steady gradient flow of ⃗v∞ = 5 m/s
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Figure 3.5: Comparison of percent strain in tether vs. time for different degrees of tether
discretization

discretization schemes.

3.2

Parametric Study of Tethered System

In this section, we will study the sensitivity and the effects of various parameters on the response of the model. This should aid in understanding the general behavior of the tether model
under different operating conditions. Further, this study should also help in understanding the
uncertainties in the modeling response corresponding to uncertainties in a system parameter.

3.2.1

Effect of Tether Stiffness and Damping Ratio

As we saw in the development of our tether model (Section 2), there are three modeling parameters associated with the structural model (2.3.1): stiffness, damping, and density of the tether,
the latter will be discussed in the next section.
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Table 3.2: Simulation model parameters to investigate the effect of segment number on the
required computation time and quality of the simulation
Model Parameter
Unstretched Tether Length
Unstretched Tether Diameter
Tether Axial Damping ratio
Tether Young’s Modulus
Percent Strain at Failure
Specific Gravity of Tether
Turbine Power Output
Buoy Radius
Buoy Relative Density
Flow Velocity Profile
Flow Velocity Field
Freestream Velocity
Depth of the Seabed
Simulation Time Duration

Symbol

Value

Units

LT ether
DT ether
ζT ether
ET ether
ϵBreak
SG
Pmech
RBuoy
ρBuoy,rel
−
−
⃗v∞,max
H
(Tf − T0 )

3000
50
1
120
3.5
0.98
125
1
0.01
Gradient
Steady
5
3000
120

m
mm
−
GP a
−
−
kW
m
−
−
−
m/s
m
s

Tether Stiffness
The axial stiffness of the tether can be evaluated directly from the constitutive relation of materials (Hooke’s law) using Equation 2.15 (k =

EA
L ).

The quantity E denotes Young’s modulus

which should be readily available in data specifications for any material. A parametric sweep
of tether stiffness from 10 N m to 105 N m is conducted to investigate its effects on the system
response and computational efficiency.
In this numerical experiment, a neutrally buoyant tether, with attached end bodies, is configured as initially vertically placed (See Figure 3.6(a)) in a steady gradient flow. The tether is
considered to be critically damped (i.e., the damping ratio, ζ = 1). Other general modeling
parameters can be found in Table 3.3. We notice here that is not much qualitative difference in
the transient node locations of the tether over 120 seconds of simulation. However, a large variation in the computation efficiency was observed as shown in Figure 3.7. Notice that the case
with a stiffness value of 103 N m is most efficient computationally with 5.8ms for every second of
simulation time. At around the bounds of the parametric sweep, the normalized computational
time grows by about 200%. That is, the simulations considering 105 N m of stiffness in tether elements should take thrice as long as that for 103 N m. In chapter 5, we will see a model validation
study in which Young’s modulus of the tether is swept from 13 M P a to 120 GP a for Neoprene
and Dyneema® , respectively. The observation in Figure 3.7 suggests that simulations for tether
with properties of a Dyneema® fiber could take more than four times longer than for Neoprene.
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(a) t = 0 sec

(b) t = 60 sec

(c) t = 120 sec

Figure 3.6: Transient description of a tether for different axial stiffness subjected to steady
gradient flow of ⃗v∞ = 2 m/s

Figure 3.8 shows a plot of percentage strain in the tether as a function of simulation time.
It shows that as the stiffness is increased the tether experiences lower axial strain. It should
be obvious since from Hooke’s law ( FA = E ϵ), for a given external force acting on the tether
elements the tensile deformation it undergoes should decrease with for a material of higher
strength. The results serve as a unit test for qualitatively checking the validity of the numerical
model.
Notice that the simulations were performed for a completely submerged tether without any
end bodies attached to it. This is why we see a smooth increase in the axial strain in contrast
to a case where an attached buoy would be increasingly submerged as shown in Figure 3.5.
Since the neutrally buoyant tether is placed perpendicularly in a steady flow, it experiences the
maximum external force (i.e., the drag force) at the start of the simulation. However, owing to
it being in the direction transverse to the axis of the tether elements, it doesn’t contribute to
the axial strain at the start. The effect of the drag force increases as the elements eventually
become more obliquely oriented. Although, the tether is still transient at t = 120 seconds,
Figure 3.5 doesn’t capture the strain response at equilibrium. Intuitively, since the tether is
neutrally buoyant, at a steady-state it should be aligned to the direction of the flow stream.
Consequently, the equilibrium should also correspond to the steady-state of strain response
where it should reach its peak value.
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Figure 3.7: Comparison of computation performance vs. tether stiffness for simulation parameters given in Table 3.3.

Figure 3.8: Comparison of percent strain in tether vs. time for different tether stiffness
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Tether Damping Ratio
Owing to its visco-elasticity, the tether material should show some kind of internal damping
characteristics. However, it is observed that the data sheets usually do not provide any specification for the damping properties of the material. The parametric sweep of tether damping ratio
is performed to study its sensitivity of response of a tether. This should help gain perspective
about the uncertainty in the response we should anticipate given a window of uncertainty in
the damping ratio.
Similar to the numerical experiments done for sweeping tether stiffness, here also the simulations were started with the tether placed vertically (see Figure 3.9(a)). The study includes
the 8 cases in total: no damping (ζ = 0), underdamped (ζ = {10−4 , 10−3 , 10−2 , 10−1 }),
critically damped (ζ = 1) and overdamped (ζ = {101 , 102 }). The tether stiffness of 102 N m
is maintained for all the cases. Other general modeling parameters can be found in Table 3.3.

(a) t = 0 sec

(b) t = 60 sec

(c) t = 120 sec

Figure 3.9: Transient description of a tether for different damping ratio subjected to steady
gradient flow of ⃗v∞ = 2 m/s

Similar to the study for tether stiffness, from Figure 3.9 we observe no perceptible difference in the transient response of the tether for all the damping cases. This may seem a bit
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counter-intuitive. We know that a critically damped spring-mass-damper system doesn’t produce an oscillating response under perturbation and should reach its steady-state quickest. In
the numerical study, however, only the mean drag forces act on the neutrally buoyant tether.
The effects of oscillating hydrodynamic forces due to vortex shedding are not considered in the
simulations. It will be studied separately in the following section (See Section 3.2.3). The net
mean drag force is only changing gradually with the orientation of tether elements. Moreover,
this change would be even smaller for the component of the force which is acting axially. All
of these factors suggest that the strain rate changes very slowly during the whole simulation
which is why the system seems visibly insensitive to the variations in the damping ratio. As a
consequence, we could safely choose any value for the damping ratio of a tether without causing
any significant change in its transient response.

Figure 3.10: Comparison of computation performance vs. damping ratio of a tether for simulation parameters given in Table 3.3.

Numerical efficiency is another crucial metric to evaluate the model’s performance. Figure
3.10 shows that for all the underdamped and critically damped cases it takes less than 10 ms
for every second of simulation. The damping ratio, ζ of 0.1 shows the shortest normalized time
(6.9ms). The critically damped (ζ = 1) case takes a bit longer (7.6ms) than that. This appears
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in opposition to the hypothesis that ζ = 1 should reach the steady-state quickest. It should
be noted that the system was still transient during the whole simulation. We know that an
underdamped system quickly responds to an excitation but overshoots. So perhaps, keeping
ζ = 0.1 causes the tether elements to resist less a change in the axial strain corresponding to a
change in net axial force. This manifests as a lower computation time for the damping coefficient.
In general, finding the value of ζ which leads to minimum computation time is non-trivial
and should depend on the time length simulation. A shorter time simulation may have the
system spend a larger fraction of the time oscillating near the equilibrium. Perhaps critical
damping is a better choice for such simulations. However, a lower damping ratio should be
chosen for longer simulations where the time spent by the system in transience outweighs the
time for settling into an equilibrium.

Figure 3.11: Comparison of percent strain in tether vs. time for different damping ratio of a
tether

Figure 3.11 shows the plot of transient strain response as a function of time. As expected,
the strain in the system at any given time is lower for tethers with a higher damping ratio.
Similar to the observation in the sweep of tether stiffness, the strain rate grows increasingly
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as the component of the drag force acting in the axial direction increases. However, it can be
observed that the change in strain rate is smaller for a higher damping ratio. This is because the
higher internal damping forces (owing to higher ζ) resist a change in strain rate which produces
a flatter strain response compared to the lower damping cases.

Table 3.3: Model parameters to investigate the effect of material stiffness and damping on the
steady-state response and computation time
Model Parameter
Unstretched Tether Length
Unstretched Tether Diameter
Tether Axial Damping ratio
Specific Gravity of Tether
Flow Velocity Profile
Flow Velocity Field
Freestream Velocity
Depth of the Seabed
Normalized Tether Discretization
Simulation Time Duration

3.2.2

Symbol

Value

Units

LT ether
DT ether
ζT ether
SG
−
−
⃗v∞,max
H
nN orm
(Tf − T0 )

2000
20
1
1
Gradient
Steady
2
3000
0.005
120

m
mm
−
−
−
−
m/s
m
m−1
s

Effect of Tether Density in a Uniform steady Flow

External forces acting on a tethered system play a significant role in its characterizing the
steady-state configuration. Net weight force (i.e., Weight Force - Buoyant Force) and the hydrodynamic drag force are the two major contributing factors in deciding the shape of the
tether under steady operating conditions. Therefore, a numerical study is conducted to analyze
the response of a tether of different densities with and without the effects of hydrodynamic drag.
In this study, a 100 m long Dyneema® tether (SK78 fiber) is horizontally placed initially
(See Figure 3.12(a)) in a uniform steady flow. Figures 3.12, 3.13, and 3.14, respectively, captures
the transient state of the three different density cases that are studied: (a) Positively Buoyant (ζT ether,rel = 0.5), (b) Neutrally Buoyant (ζT ether,rel = 1), and (a) Negatively Buoyant
(ζT ether,rel = 2). For each of the above cases, the influence of the mean hydrodynamic drag
force on the response of a tether is assessed. Other model parameters are referenced in Table 3.4.
Figure 3.12 shows the transient motion of a tether with the relative density of 0.5 with
and without the hydrodynamic drag forces. Without any hydrodynamic forces, a positively
buoyant tether simply behaves like a n link compound pendulum which will oscillate a vertical
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axis passing through a point where it’s hinged. This is exactly what we observe in the figure
for the tether shown in red. Notice the n element tether behaves like a compound pendulum
and demonstrates a chaotic behavior. Since the numerical model doesn’t account for bending
stiffness, the configurations taken by the tether are practically not possible when no drag forces
are considered. We observe in Figure 3.12(b) that the tether elements near the free end are
entangled among themselves. If the bending stiffness were also modeled the angle between the
elements would not have been so sharp that could produce such entanglement in a tether that
is subjected to just the net weight force.

(a) t = 0 sec

(d) t = 72 sec

(b) t = 24 sec

(e) t = 96 sec

(c) t = 48 sec

(f) t = 120 sec

Figure 3.12: Transient description of a positively buoyant tether with and without the hydrodynamic drag

The transient response of a positively buoyant (ρrel = 0.5) tether is shown in blue (see
Figure 3.12). We see that the 100 m long tether reaches an equilibrium position slightly above
the horizontal where it was initially placed. In fact, the free end (node n1 ) settles at only about
30 m height from the hinge point. If the fluid had been at rest completely, the tether would
have oscillated about the vertical through the hinge exactly like the red line in the figure.
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In fact, given the current framework of the model, the red line would have eventually settled
vertically with the free end on top because of the internal axial damping force. However, when
a mean drag force due to the steady flow is considered, the tether assumes a steady-state at an
orientation where the downward component of drag acting on it balances the upward weight
force.

(a) t = 0 sec

(b) t = 60 sec

(c) t = 120 sec

Figure 3.13: Transient description of a neutrally buoyant tether with and without the hydrodynamic drag

Figure 3.13 shows the response of a neutrally buoyant tether, ρrel = 1. Notice that given
the initial conditions, the hydrodynamic drag force does not influence the transient response.
This is because the axis of the elements completely aligns with the flow resulting in no drag,
at least, according to the mathematical model. Also, since the weight and buoyant force nullify each other, the tether sits in equilibrium through the simulation time. The equilibrium
should however be unstable since a small vertical perturbation to the tether would orient its
elements obliquely to the flow, leading to the drag forces. In such a case, the tether should settle
into an equilibrium orientation where internal axial forces match the net drag forces acting on it.
Figure 3.14 illustrates the numerical experiment with the negatively buoyant tether (ρrel =
2). The response characteristics for the tether subjected to the drag forces are the same as the
positively buoyant tether (see the blue-colored plot Figure 3.12). As expected, the tether finds
an equilibrium slightly below starting position. The similarity in response of ρrel = 0.5 and
ρrel = 2 cases can also be observed in Figure 3.15 which is plot of tether strain versus time.
Similarly, it would be intuitive that the response under no drag for tether having ρrel = 2
should be the same as that with ρrel = 0.5. However, if we closely compare the Figure 3.12 and
3.14, we find that the transient response is very different for both the cases any time instant
(except, of course, at t = 0 seconds). This may be caused by some slight differences in the
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(a) t = 0 sec

(d) t = 72 sec

(b) t = 24 sec

(e) t = 96 sec

(c) t = 48 sec

(f) t = 120 sec

Figure 3.14: Transient description of a negatively buoyant tether with and without the hydrodynamic drag

axial stiffness and damping forces in the two cases. Moreover, there could also be small differences introduced by numerical integration errors. The finite segment framework is essentially
a complex compound pendulum. This is why the transient response characteristic shown in
the two figures is highly sensitive to these small differences. This leads to completely different
motions for the two cases eventually. The difference in their strain response also demonstrates
the chaotic nature of the system.

3.2.3

Effect of Vortex Shedding (Hydrodynamic Lift Forces)

All the numerical simulations that have been performed up until now have employed the standard Hoerner’s method for modeling the hydrodynamic forces. The approach only describes
the mean drag forces acting on the tether. In Section 2.3.2, we augmented the standard model
with terms to account for oscillating lift forces which occur due to vortex shedding. Therefore, numerical experiments are performed in this section to study the effect of the oscillating
hydrodynamic forces on the transient response of the tether.
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(a) ρrel = 0.5

(b) ρrel = 2

Figure 3.15: Effect of hydrodynamic drag on the strain responses of positively and negatively
buoyant tether

Table 3.4: Model parameters for studying the effect of tether density and hydrodynamic drag
on the steady-state characteristics of a tether
Model Parameter
Unstretched Tether Length
Unstretched Tether Diameter
Tether Axial Damping ratio
Tether Young’s Modulus
Percent Strain at Failure
Flow Velocity Profile
Flow Velocity Field
Freestream Velocity
Depth of the Seabed
Normalized Tether Discretization
Simulation Time Duration
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Symbol

Value

Units

LT ether
DT ether
ζT ether
ET ether
ϵBreak
−
−
⃗v∞
H
nN orm
(Tf − T0 )

100
10
1
120
3.5
Uniform
Steady
2
3000
0.1
120

m
mm
−
GP a
−
−
−
m/s
m
m−1
s

In this experiment the 12” long Neoprene (70A Durometer) having 1/8” diameter is considered. The simulations are set up to simulate the operating conditions of the NC State water
tunnel in the Unsteady Fluid Mechanics Lab. In particular, the tether was initially placed vertically in a steady flow of 2 m/s. Table 3.5 describes other relevant modeling parameters for this
experiment.
Figure 3.16 shows the transient motion characteristics for the 1/8” tether due to the oscillating hydrodynamic forces. To bring out the difference, the same numerical experiment was
conducted without the vortex shedding model as shown in Figure 3.17.

(a) t = 0 sec

(b) t = 4 sec

(c) t = 8 sec

(d) t = 12 sec

(e) t = 16 sec

(f) t = 20 sec

Figure 3.16: Transient description of a 1/8” Neoprene tether subjected to oscillating hydrodynamic forces due to vortex shedding

Comparing the two figures we can see that the vortex shedding significantly impacts the
transient response of a tether. The standard Hoerner’s model can only predict the effects of
mean hydrodynamic drag forces. This is why we observe in Figure 3.17 that the tether reaches
a steady-state within 2 seconds of the simulation. Also, since Neoprene is negatively buoyant,
at equilibrium the free-end of the tether is lower than the hinge point. This is consistent with
our discussion in Section 3.2.2. In contrast, the developed Hydrodynamic model also considers
the transient oscillating nature of the drag and lift forces. This is evident in Figure 3.16 where
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it can be seen that the tether never reaches an equilibrium during the simulation.

(a) t = 0 sec

(b) t = 1 sec

(c) t = 2 sec

Figure 3.17: Transient description of a 1/8” Neoprene tether assuming no vortex shedding
effects

The inset plot in Figure 3.16 and 3.17 shows the position of the free-end of the tether (Node
N1 denoted in red color) projected onto the Y-Z plane. Also, in the inset plot, the projected
trajectory of the node N1 for the previous 1 second of the simulation is given by the trailing
dots (denoted in black color). Notice in Figure 3.16 from t = 4 sec to t = 20 sec the tether
starts to oscillate in the transverse direction (i.e., along the Y-axis). On the other hand, the
simulation conducted without considering the vortex shedding effects doesn’t produce any limit
cycle oscillations in the tether (see Figure 3.17).

(a) Magnitude of Lift Force vs Time
(10 ≤ t ≤ 15 sec)

(b) Magnitude of Net Hydrodynamic Force vs Time
(0 ≤ t ≤ 2 sec)

Figure 3.18: Plot showing the effect of vortex shedding on the hydrodynamic forces for a 1/8”
Neoprene tether
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Figure 3.18(a) shows the plot of the time-history of the hydrodynamic lift forces experienced
by the tether. As expected, the standard mean drag model based on Hoerner’s method doesn’t
produce any transient hydrodynamic force in the direction which is mutually perpendicular
to the flow and the orientation of tether elements. The vortex shedding model, on the contrary, characterizes high-frequency oscillatory lift forces. Notice that the amplitude of these lift
forces is very small: around 0.01 N . Therefore, the mean drag model should reasonably predict
a general response of a tethered system. However, there are a few scenarios where having a
transient oscillating hydrodynamic force model would be crucial. Say if the tether is neutrally
buoyant (or near neutrally buoyant) and no other net external forces are acting on the system,
a tethered system could eventually show a much different transient behavior if the effects of
vortex shedding are neglected. More importantly, a situation could arise where the frequency
of oscillating lift forces is such that it resonates with the natural frequency of vibration of the
tether. In such a case, the transverse oscillations of the tether become progressively amplified
and could risk the failure of the tether. This phenomenon is called Vortex-induced Vibrations
(VIV). A transient hydrodynamic force model could help in predicting the regions in the feasible operating space where VIV could potentially occur. This insight could help in designing
the tethered MHK system to mitigate its risk of experiencing VIVs.

Table 3.5: Model parameters to study the transient effects of vortex shedding for a tether
placed in a steady flow
Model Parameter
Unstretched Tether Length
Tether Axial Damping ratio
Tether Young’s Modulus
Percent Strain at Failure
Specific Gravity of Tether
Flow Velocity Profile
Flow Velocity Field
Freestream Velocity
Coefficient of Lift
Coefficient of Oscillating Drag Force
Depth of the Seabed
Normalized Tether Discretization
Simulation Time Duration

73

Symbol

Value

Units

LT ether
ζT ether
ET ether
ϵBreak
SG
−
−
⃗v∞,max
CL
CDosc
H
nN orm
(Tf − T0 )

12
1
13
230
1.49
Gradient
Steady
1.5
0.195
0.01
24
0.5
20

in
−
MPa
−
−
−
−
m/s
−
−
in
in−1
s

3.2.4

Effect of Flow Conditions on Tethered MHK system

The unsteady oscillatory nature of the flow of the Gulf stream necessitates a general investigation to ensure a stable operation of the tethered MHK system before deployment. To this end,
a system response prediction experiment is performed to study the dynamic response of the
system under various types of flows.

(a) Uniform Steady Flow

(b) Gradient Steady Flow

(c) Gradient Oscillatory Flow

Figure 3.19: Plot showing the types of flow considered for studying the transient response of
a tethered MHK system

The numerical experiment is configured to emulate the parameters of an ocean-scale MHK
system. The tether-buoy-turbine system is initially placed vertically in three types of flows:
(a) Uniform steady (non-oscillatory) flow, (b) Gradient steady flow, and (c) Harmonically oscillating flow with a period of 600 seconds and 90% duty cycle. Figure 3.19 shows a plot of
velocity profile and time-history of freestream velocity, ⃗v∞,max , for the above three cases. Other
important system parameters are mentioned in Table 3.6.
The tethered system starts for its initial vertical configuration as shown in Figure 3.20(a)
with a buoy completely floating on the water surface. Even in the early stages of the simulation
we see that the system that is subjected to uniform steady flow start starts to deviate more to
the right than other cases. The freestream velocity is at its peak (⃗v∞,max ) for both the gradient
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(a) t = 0 sec

(b) t = 60 sec

(c) t = 120 sec

(d) t = 180 sec

(e) t = 240 sec

(f) t = 300 sec

(g) t = 360 sec

(h) t = 420 sec

(i) t = 480 sec

(j) t = 540 sec

(k) t = 600 sec

Figure 3.20: Transient description of a tethered MHK system under various types of flow
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steady and uniform steady flow. However, we observe from Figure 3.19 that the freestream
velocity for gradient oscillatory flow doesn’t reach its amplitude until t = 135 seconds. Owing
to this the mean drag forces are lower in the oscillatory flow case until t = 135 which is why it
shows smaller deflection to the right. Further, the spatial flow field of the uniform steady flow
(see Figure 3.19(a)) is at its peak value (⃗v∞,max ) at every point along the altitude. That’s why
we see a larger deflection in the elements near the seabed.
As the time passes (until t = 270 seconds), the tether, in all three cases, is pushed increasingly to the right due to the hydrodynamic drag acting on it. This causes the tether to
pull the buoy increasingly below the surface leading to an increase in the buoyant force. This
phase should correspond to a steep rise of axial strain in the tether until the point in time when
the buoy is submerged. Because there is a difference in tether deflections, that time would be
different for all three cases; the longest for gradient oscillatory flow.
Figure 3.21 shows the plot of the time history of axial strain in the tether for all cases
during the simulation. We will first focus on the uniform and gradient flow cases (denoted by
red and blue, respectively, in the figure). For the uniform flow, we see a steep rise in strain until
time, t = 102 seconds at which tether is under 0.2582% strain. In comparison, the gradient
steady flow cases take t = 245 seconds to achieve the peak strain (0.2578%) due to the increase
of buoyant force. Referring to Figure 3.20(c) and (e), we see that that the times, t = 102
seconds, and t = 245 seconds, corresponds to the time when the buoy is half-submerged (i.e.,
when the CM of the buoy is below the water surface) for the uniform and gradient flow cases,
respectively. This is perhaps attributed to the spherical shape of the buoy, which makes it the
thickest at the diameter. Therefore, until the buoy is submerged to the point when the water
level passes through its diameter, there is an increasingly higher volume of the buoy submerged
(thus, a higher buoyant force acting on the tether) for every unit change in the buoy altitude.
After the times, t = 102 seconds, and t = 245 seconds for the uniform and gradient flow cases,
respectively, we see a sudden drop in the tether strain (Figure 3.21) by around 0.03%. It could
be due to the internal viscous forces of the material. Besides the strain, the tether would also
be resisting the high strain rate caused by the steep rate of change in the buoyant force until
the buoy is half submerged. Beyond this point, the rate of change of the buoyant force drops.
Perhaps, the unbalanced internal force at this time makes the tether pull the buoy inside much
faster causing its strain to release somewhat.
Beyond the drop and until the end of the simulation, the strain in the tether rises only
slightly; around 0.01% for the uniform steady flow. The buoy is completely submerged from
t = 420 seconds (see Figure 3.20(h)). The reason for the slight increase in the tether strain
should then be only the hydrodynamic drag force acting on it. On the other hand, the tether
strain remains fairly constant for the gradient steady flow (see Figure 3.21). Notice that buoy
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is never fully submerged in this case (see Figure 3.20). The axial component of the net external
forces acting on the tether is pretty much balanced by the internal viscoelastic force of the tether.

Figure 3.21: Comparison of percent strain as a function of time for a tether subjected to
different types of flow

Referring to Figure 3.21, we see that the tether strain for the gradient oscillatory forces
somewhat follows the flow velocity vs time plot (see Figure 3.19(c)). The time of peak strain
value of 0.15% (t = 223 seconds) roughly corresponds to the half period of the oscillatory flow.
As the flow velocity increases in one direction, the hydrodynamic drag force causes the tether
to move to the right, thus pulling the buoy progressively into the water. The increase in the
buoyant force due to it causes the rise in the tether strain. Notice from Figure 3.20 that the
buoy is only partially submerged throughout the simulation. Perhaps, at time t = 223 seconds,
the buoy is half-submerged causing the strain to the peak. After time t = 270 seconds the
direction of the flow velocity reverses, causing the tether to move left and the buoy to move
upwards. For a brief period between 370 ≤ t ≤ 400 seconds, the tether is practically under
slack, i.e., no axial tension (see Figure 3.21). Comparing Figure 3.20(g) with 3.20(a) we can see
that during this time the tethered system almost reaches the initial configuration. The buoy
perhaps is fully floating during this time and thus doesn’t pull the tether with any force. Also,
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the tether is perpendicular enough to the water surface so that drag forces acting on the elements have an insignificant contribution in the axial direction.

Table 3.6: Model Parameters to study the dynamic stability of the system under various types
of flows
Model Parameter
Unstretched Tether Length
Unstretched Tether Diameter
Tether Axial Damping ratio
Tether Young’s Modulus
Percent Strain at Failure
Specific Gravity of Tether
Turbine Power Output
Buoy Radius
Buoy Relative Density
Freestream Velocity (Amplitude)
Depth of the Seabed
Normalized Tether Discretization
Simulation Time Duration

3.3

Symbol

Value

Units

LT ether
DT ether
ρT ether
ET ether
ϵBreak
SG
Pmech
RBuoy
ρBuoy,rel
⃗v∞,max
H
nN orm
(Tf − T0 )

3000
40
1
120
3.5
0.98
50
1
0.01
2
3000
0.0033
600

m
mm
−
GP a
−
−
kW
m
−
m/s
m
m−1
s

Sizing Analysis of the Tethered MHK System

Parametric studies, as covered in Section 3.2, illustrated some important aspects of the application of a dynamic system model. For instance, we employed our developed tethered system
model to study its computational efficiency. Further, as shown above, a system response study
using the numerical model could help in better understanding the behavior of the system under
expected operating conditions even before its deployment. Furthermore, parametric sensitivity
analyses as above could be used to translate the uncertainty in a parameter to uncertainties
in the model predictions. Another major application of a dynamic model is system-level design
optimization.
Typically, the design process for any complex mechanical system involves trade-offs between
conflicting objectives like performance vs. cost trade-offs. For instance, in automotive design,
the engineers seek to find a design solution for optimal vehicle performance, efficiency, safety
and/or cost which are often conflicting with each other. Such optimization problems also exist
in the design of a tethered coaxial turbine system. Figure 3.22 presents some of the crucial
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questions for optimizing the design of a tethered MHK device.

Figure 3.22: Typical optimization Problems for the design of a tethered MHK system.

Let’s focus our attention on the questions about the size/scale of the tether and/or auxiliary components. Ideally, we may want to increase the diameter of the turbine rotors to extract
higher power from the ocean currents. However, in addition to increasing the cost of the system,
this will also increase the thrust force acting on the tether (Equation 2.51). Increased external
forces could lead to unstable dynamics or tensile failure of the tether at its worst. To counteract
this problem, we may want to choose a tether of greater stiffness like UHMWPE, or increase
the tether diameter; both solutions may drive the cost up. Additionally, we may require a buoy
with a larger diameter to provide enough tether tension for the system’s stable operation under flow perturbations. Therefore, it is important to establish some relation/trend between the
component sizes of a system and the objectives of that system design. This is the idea behind
a general system sizing study.

3.3.1

Case Study: Sizing Optimization for a Tethered MHK system of Desired Turbine Power

A comprehensive sizing investigation of our system is beyond the scope of this thesis since it is
a multi-objective optimization problem with a multi-dimensional design space. To narrow the
search space, we will consider a case study for the cost-optimal design of a tethered system
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with a 125 kW turbine. For sake of simplicity, we are measuring the cost of the system with the
volume of the material used for its components. If we assume that other turbine parameters
are fixed such as the induction factors (e1 and e2 ), efficiency (ηturb ) and coefficient of power,
(Cp ) are fixed, then for the given desired power we can’t change the rotor size. Therefore, we
can only control the dimensions of the tether (LT ether and DT ether ) and the buoy radius (RBuoy )
to minimize the cost of the system.
Fail-safe operation of the system is an important factor that constrains the cost (or volume)
minimization problem. If we keep lowering say the tether diameter during this optimization
process, the tether can fail in tension owing to its lower strength to resist the external forces.
Such a design solution is infeasible since it doesn’t satisfy the constraint of the system’s safety
against failure. Although there are various modes of failure that each of the components can
experience, for simplicity, we will only consider the tensile failure of the tether. This will be
measured by the axial strain percent at breaking, ϵBreak , a material property that is readily
available in spec sheets. In our tethered system model having n elements, mathematically, a
system is considered to fail under axial tension when:
se ≥ ϵBreak
i

∀ i = [1, n] : i ∈ Z1

where, se is the axial strain in the element ei (See Equation 2.20).
i

The three independent variables LT ether , DT ether , and RBuoy for this optimization study have
a dynamic coupling effect on the response of the system. Therefore, the sizing optimization of
the system in its truest sense is multi-dimensional. To simplify the problem, we can do a parametric sweep of one variable, say LT ether within a range, and try to find the optimize the other
two variables. For a seabed depth, H, of 3000 m, the sweep of LT ether between 3000 m to 5000 m
seems reasonable. Sweeping to even higher values of LT ether is discouraged by their associated
higher tether volume which may result in optimal design solutions for those values. We can
define a quantity Lnorm which is the length of the tether normalized to the seabed depth. That
is, Lnorm = (LT ether/H ). Further simplification can be made if we decouple the optimization.
For example, we can optimize the tether diameter (DT ether ) for a given estimate of buoy radius
(RBuoy ). Then, we can find the minimum buoy radius given the values for LT ether and DT ether
which should be enough to support the system. A reasonable estimation of RBuoy for minimizing
DT ether is discussed in Section 3.3.2.
Following our discussion above, we can now formally define the design optimization problem
for the case study:
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M inimize :

∗
∗
Xsol
= {DT∗ ether , RBuoy
}T

F or,

turbine P ower, Pmech = 125 kW, and

F or,

Lnorm = [1, 1.7] : Lnorm ∈ R1

Subject to :

(3.2)

se < ϵBreak ∀ i = [1, n] : i ∈ Z1
i

∗
where, DT∗ ether and RBuoy
is the minimum tether diameter and buoy radius, respectively. The

parametric sweep of Lnorm (and hence LT ether ) can be defined as:

or,

Linorm := 1 + 0.1 i

∀ i = [1, 7] : i ∈ Z1

LiT ether = H (1 + 0.1 i)

∀ i = [1, 7] : i ∈ Z1

(3.3)

Essentially, the motivation behind the optimization posed by Equation 3.2 is to find the val∗
ues: [LiT ether , DT∗ ether , RBuoy
] such that the tethered MHK system just reaches an equilibrium

operating configuration without failure.
The numerical experiment for this sizing study involves a tethered MHK system placed in
a gradient steady flow as shown in Figure 3.23. For this analysis, we will neglect the effects of
vortex shedding on the tether. It can be seen from the figure that the system’s initial conditions
are such that the tether is completely immersed in the water while the buoy is fully floating on
the water surface. It means that the tether will be initially obliquely placed if its length, LT ether ,
is longer than seabed depth, H. Table 3.7 describes the model parameters for the numerical
experiment.

3.3.2

Development of Sizing Optimization Algorithm

We need a numerical tool to solve the optimization problem described in Equations. and 3.3.
Figure 3.24 shows the schematic diagram of the optimization tool. For each value of LiT ether the
∗ . For the system parameters given in Table
algorithm seeks to find the optimal solution Xsol

3.7 and tether length, LiT ether , the algorithm is initialized with an initial guess of DLB and
DU B such that a solution DT∗ ether should exist between them (i.e., DLB ≤ DT∗ ether ≤ DU B ).
The Diameter Optimization sub-routine calls a bounding phase algorithm to find the optimal
bounds on DT ether . As will be explained later, for each DLB and DU B , the bounding phase calls
the Buoy Static Analysis sub-routine to estimate an optimal value of RBuoy in the ballpark.
A golden section optimization scheme finds the solution DT∗ ether which satisfies the constraint
given in Equation 3.2. Given the values of LiT ether and DT∗ ether , the Buoy Radius minimization
sub-routine scales down RBuoy iteratively until the the constraint equation in Equation 3.2 is
violated. The sub-routines of the optimization algorithm are discussed in the following sections.
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Figure 3.23: Schematic diagram showing the setup for sizing optimization case study of a
tethered MHK system

Table 3.7: Model Parameters for the case study on the design optimization of the tethered
MHK system
Model Parameter

Symbol

Value

Units

Tether Axial Damping ratio
Tether Young’s Modulus
Percent Strain at Failure
Specific Gravity of Tether
Turbine Power Output
Buoy Relative Density
Freestream Velocity
Flow Velocity Profile
Flow Velocity Field
Depth of the Seabed
Normalized Tether Discretization

ρT ether
ET ether
ϵBreak
SG
Pmech
ρBuoy,rel
⃗v∞,max
−
−
H
nN orm

1
120
3.5
0.98
125
0.01
2
Gradient
Steady
3000
0.00167

−
GP a
−
−
kW
−
m/s
−
−
m
m−1
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Figure 3.24: Schematic diagram of the optimization tool for sizing study of the tethered MHK
system.

Buoy Static Analysis
This sub-routine seeks to find the ballpark value of RBuoy given other system parameters. Let’s
consider that at LT ether = L′T ether and DT ether = DT′ ether we have that the tethered system
reaches equilibrium without failure. We know that, if a rigid body (or a system of particles) is
under equilibrium then:
F⃗ext,net =

N
X

O
F⃗ext,i = Msys ⃗aCM.sys/O = ⃗0



∵

O


⃗aCM.sys/O = ⃗0

(3.4)

i=1
O

where, ⃗aCM.sys/O is the acceleration of the CM of the rigid body w.r.t. the O Frame (I.R.F.).
Figure 3.25 describes the tethered MHK system under equilibrium. As shown in the figure,
assume that the tether is replaced by a tether an inextensible rod of the same mass and properties. This will improve the computation time for the algorithm.
Now, we can apply Equation 3.4 for net forces acting on the tether, F⃗ext,net :
F⃗ext,net = F⃗B,Buoy + F⃗T hrust + F⃗T ension + F⃗Drag + F⃗B + F⃗g = ⃗0

(3.5)

where F⃗T ension is the tension force experienced by the rigid rod. In reality, it is the reaction
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Figure 3.25: Schematic diagram of the MHK system with an inextensible tether under equilibrium

force that the tether will experience from the anchor due to tension in the rod. The Buoyant
force due to Buoy, F⃗B,Buoy , the turbine thrust force, F⃗T hrust can be found using Equations 2.67
and 2.51, respectively. Similarly, the hydrodynamic drag force, F⃗
, and tether weight and
Drag

buoyant forces (F⃗g and F⃗B , respectively) can be found using equations 2.31, and 2.26, respectively. Please note that even though we are considering the tether to be inextensible for this
analysis, we can use weight, buoyant, and drag force equations from our tether model (Section
2.3.3) since they don’t account for the effects for material properties of the tether. Also, notice
that we haven’t considered the effect of weight force of buoy, F⃗g,Buoy . This is because evaluating it requires the knowledge of buoy radius (See Equation 2.66) which is what the analysis is
intended for. Moreover, assuming the small relative density of the buoy, ρBuoy , the weight force
of the buoy would be small anyway. For the case study we have considered ρBuoy = 0.01 (See
Table 3.7). Presumably, the weight force would be so small that it shouldn’t much affect this
analysis for finding an initial estimate for the buoy radius, RBuoy . Further, the buoy size will
be optimized separately after the sizing algorithm finds the minimum tether diameter for the
given set of model parameters (See Figure 3.24).
As stated in the above section (Section 3.3.1), we are not accounting for oscillating drag and
lift forces due to vortex shedding. It means that all the forces will be only two components of
the O Frame: ⃗i and ⃗k . Another important thing to note is that in figure 3.25 the tether (rigid
O

O

rod) makes an angle θ with the seabed. Given the values of selected tether length (LiT ether ) and
seabed depth (H) we can evaluate this angle θ as:
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θ ≈ sin−1





H

(3.6)

LiT ether

For simplicity let’s define all the external forces of Equation A.51 by a general force, F⃗i as
follows:

F⃗i =
where,

O

Fi,x ,

O

O

Fi,x

Fi,y ,

O



⃗i +
O

Fi,z ≥ 0

O
:

Fi,y
O



⃗j +
O

Fi,x ,

O

O

Fi,y ,

O

Fi,z



⃗k
O

(3.7)

Fi,z ∈ R1

For example, the drag force, F⃗Drag , can be written as:
O

O

O

F⃗Drag =
FDrag,x ⃗iO +
FDrag,y ⃗jO +
FDrag,z ⃗kO
Since a general force, F⃗i , are acting only in the ⃗iO and ⃗kO directions, the force component
O
along ⃗jO should be 0 (i.e., F⃗i,y = 0)
Keeping Figure 3.25 in mind, we have from the ⃗iO component of Equation A.51:
O

− FT ension,x +
where,

O

FT hrust,x +

O

FDrag,x = 0

O

FT ension,x = ||F⃗T ension || cos(θ),

O

FT hrust,x = F⃗T hrust · ⃗iO ,

and,

(3.8)

O

FDrag,x = F⃗Drag · ⃗iO


F⃗T hrust + F⃗Drag · ⃗iO
||F⃗T ension || =
cos(θ)

∴

Similarly, from the ⃗kO component of Equation A.51 we get:
O

− FB,Buoy,z −
where,

O

FT ension,z

O

FB,z +

O

Fg,z +

O

O

FDrag,z + FT ension,z = 0



= ||F⃗T ension || sin(θ) =
F⃗T hrust + F⃗Drag · ⃗iO tan(θ),

O

Fg,z = F⃗g · ⃗kO ,

O

FB,z = −F⃗B · ⃗kO ,

O

Fg,Buoy,z = F⃗g,Buoy · ⃗kO ,

(3.9)

O

∴

FDrag,z = F⃗Drag · ⃗kO

O
FB,Buoy,z = F⃗g,Buoy + F⃗g +

O


FB + F⃗Drag · ⃗kO



+
F⃗T hrust + F⃗Drag · ⃗iO tan(θ)
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Therefore, we can determine the value of desired buoyant force, F⃗B,Buoy as:

F⃗B,Buoy = (0) ⃗iO + (0) ⃗jO +



O

− FB,Buoy,z



⃗k =
O



O

− FB,Buoy,z



⃗k
O

(3.10)

Now, we need to find the desired buoy radius, RBuoy , for the associated buoyant force,
F⃗B,Buoy , at equilibrium. Let’s assume that, at equilibrium, the buoy is only partially submerged
in water. Since this is an analysis at the steady-state, we are not accounting for any transient
forces acting on the system. Assuming a partially submerged buoy can serve as a factor of safety
to account for errors in the analysis and the model itself. Let VBuoy,eq denotes the percent of
the buoy volume submerged under equilibrium which will be provided by the user.
The desired buoy radius, RBuoy can then be evaluated as:
||F⃗B,Buoy || =

=⇒

O

FB,Buoy,z

RBuoy

 
3
4
=
π ρBuoy VBuoy,eq RBuoy
3
v 

u
u 3 OF
B,Buoy,z
u
3

= t
4 VBuoy,eq ρBuoy π

(3.11)

O

It is important to note that the term FB,Buoy,z is a function of system parameters including
the tether length and diameter. Therefore, this sub-routine needs to be called any time we update the LT ether of DT ether during the optimization. It means that this subroutine will be called
from the Diameter optimization sub-routine every time DT ether is updated.
Notice, that in Equation 3.9 we can have a case where,
O

FB,Buoy,z −
→ ∞

when,

θ −
→ 90◦

(3.12)

From Figure 3.23 we see that such a case will arise at least when LiT ether = 3000 m (i.e., i = 1).
In such cases where the angle, θ is derived using Equation 3.6, we can augment the equation
with the following condition:

θ =




H
sin−1
Li


if

T ether


θ
threshold

θ ≤ θthreshold

(3.13)

otherwise

where, θthreshold is a threshold value of angle, θ. Defining say, θthreshold = 75◦ , restricts value of
O

FB,Buoy,z in Equation 3.9 to go towards infinity.
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Diameter Optimization Sub-routine
This sub-routine seeks to find the minimum tether diameter DT∗ ether in two stages: (a) Bounding
Phase, and (b) Golden Section. The golden section optimization scheme is similar to the interval
halving (or binary search) method except that it is more efficient as it can reduce the search
space up to approximately 62% in one function call. However, the method requires that the
search space or the bounds on the design variable such contain a local optimal solution should
exist between them. Therefore, to find the minimum diameter, DT∗ ether , we will first need to find
the lower and upper bound, DLB and DU B , respectively such that:
DLB ≤ DT∗ ether ≤ DU B
This is the goal of the bounding phase stage of the algorithm. Since, we need to find DT∗ ether
such that the system just reaches equilibrium without failure, a valid range of DT ether could be
such that the DLB definitely fails and DU B definitely meets the “equilibrium without failure”
constraint. This should make sense, as intuitively, the values of DT ether lower than such a DLB
will decrease the tether strength further and cause the system to fail. Therefore, given a set
of system parameters, no solution should exist below DLB . Similarly, values greater than DU B
means that the tether is overdesigned against failure incurring higher costs than is necessary.
Figure 3.26 shows the schematic flowchart explaining the bounding phase algorithm. Given
the system parameters, let’s consider that an initial estimate of diameter bounds say DLB
and DU B , is provided to the algorithm. The bounding phase routine calls the Buoy Static
Analysis function to find the desired RBuoy associated for both DLB and DU B . Considering,
DT ether = DLB and using the other model parameters (LiT ether , RBuoy and other parameters
described in Table 3.7), integrate the model for the tethered MHK system to find the timehistory of the system states, S (see Equation 2.9). If at any time, one or more elements of the
tether fail, then the DLB is a valid lower bound on the tether diameter. Otherwise, scale down
DLB by a factor of 2. Similarly, the algorithm integrates the model considering DT ether = DU B .
If the states of the system thus obtained are such that all the tether elements meet the “equilibrium without failure” constraint then we have a valid upper bound, DU B . Otherwise, DU B
is scaled-up by a factor of 2. This sequence is repeated until we have the valid bounds on DT ether .
Figure 3.27 explains the working of the Golden Section algorithm through a schematic
flowchart. The method uses a factor 1/γ to reduce the bounding range of a design variable. γ is
called as the golden ratio and is given as:
γ =



√ 
1+ 5
2

=

Using the value of γ, the value of DT∗ ether is calculated:


DT∗ ether = DU Bγ++γ1DLB
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Figure 3.26: Schematic flowchart of the Bounding Phase Algorithm

Using DT∗ ether and other parameters, similar to the Bounding Phase routine, the algorithm
calls the Buoy Static Analysis function and the tethered system model to get the time-series
data of the states of the system.
Now, if the strain in any tether element, se , at any time, t, is exceeds the percent strain
i

at failure ,ϵBreak , then update DLB with the value of DT∗ ether . Otherwise, update DU B . This
process is repeated until bounding range, i.e., (DU B − DLB ), is lower than the tolerance value,
DT ol , that is set for the algorithm. DT ol regulates the accuracy of the design variable DT∗ ether .
In general, the solution DT∗ ether is accurate up to the significant digits as the order of DT ol .

Buoy Radius Minimization Sub-routine
The buoy sizing sub-routine seeks to find the minimum buoy radius for the optimal value
of tether diameter, DT∗ ether and chosen tether length, LiT ether . This function runs the tethered
system model for the given set of system parameters to check if the current value of buoy radius,
RBuoy , meets the optimization constraint (Equation 3.2). If it does, then RBuoy is simply scaled
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Figure 3.27: Schematic flowchart of the Golden Section Algorithm
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down by a factor κ. That is:
RBuoy = κ RBuoy
where,

0 ≤ κ ≤ 1 : κ ∈ R1

The downsizing sequence is repeated until for a value of RBuoy the constraint is violated.
∗
Then, the value of RBuoy from the just previous iteration is the optimal solution, RBuoy
. Note

that here κ is a user-supplied value to control the accuracy of the optimal buoy radius.
The numerical tool developed here is used to optimize the size of the tethered system. The
results of the design optimization are discussed in the next section.

3.3.3

Results of the Sizing Case Study

Given the high number of function calls to the numerical model for the tethered MHK system,
the tether was discretized into just 5 elements to reduce the computational time for conducting
this optimization study. Figure 3.28 shows the plot of the optimal tether diameter and volume
for the sweep of tether length for which tethered MHK system was able to reach equilibrium
without axial failure during the numerical simulations.

(a) Optimal Tether Diameter (DT∗ ether ) vs. Normalized
Tether Length (Lnorm )

(b) Optimal Tether Volume (VT∗ether ) vs. Normalized
Tether Length (Lnorm )

Figure 3.28: Plot showing the cost-optimal tether size for stable operation of a 125kW tethered
MHK system without failure

Applying a spline interpolation on the data obtained for the optimal diameters, we can see
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that for a tether of length 4600 m the minimum diameter of 6.4 mm is required for fail-safe
operation for the tethered MHK system having a 125 kW turbine. Correspondingly, the study
reveals that a minimum tether volume of 0.1487 m3 is required for its stable operation. Therefore, to minimize the cost associated with the volume of material, the tether of 4600 m length
and 6.4 mm in thickness should be used in the design of the system.
Figure 3.29 shows the plot of optimal buoy radius obtained from the sizing tool for the
sweep of normalized tether length. It shows that the spherical buoy should have a minimum
radius of around 0.5 m for a 4650 m long tether to provide enough buoyant force for station
keeping of the tethered turbine at a stable operating altitude. Therefore, from the sizing study,
the cost-optimal design solution set for the system is found to be:
∗
{ L∗T ether , DT∗ ether , RBuoy
} = {4600 m, 6.4 mm, 0.5122 m}

(3.14)

Figure 3.29: Plot showing the minimum buoy radius for stable operation of a 125 kW tethered
MHK system without failure

It is interesting to note from Figure 3.28 that the optimal tether diameter is around three
to four times higher for lower values of tether length like from 3000 m to 4200 m. Beyond this,
we see a sudden drop in the optimal diameter values from around 35 mm for Lnorm of 1.4 to
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around 9 mm for Lnorm of 1.5. Similarly, in Figure 3.28, even though the optimal buoy radius
decreases for increasing tether length, we can see a sudden drop from Lnorm of 1.4 to 1.5.
This can perhaps can be attributed to the way the tethered system is configured initially for
various lengths of the tether. Notice from 3.23 that the initial conditions for the system are
such that the tether is completely immersed in the water while the buoy is fully floating on
the water surface. Because of this, in the numerical sizing study, the longer length tethers start
with a more oblique orientation with respect to the incoming steady flow. Consequently, the
hydrodynamic drag forces acting on the tether are much smaller for a longer tether. Perhaps,
this is why the minimum size of tether and buoy required for stability of the system decreases
for higher values of normalized length, Lnorm . To ensure that the system with the optimal size
for Lnorm = 1.5 indeed reached an equilibrium without failure, the transient motion of the
tethered MHK system for the optimal design parameters is described in Figure 3.31.
Another interesting aspect of this study is to assess the sensitivity of the optimal design solution on the degree of discretization of the tether. To this end, the numerical experiments were
conducted for different number of discrete tether elements: n = {1, 2, 5, 10}. Owing to much
higher computational time for the n = 10 case, the numerical study couldn’t be completed for
all values in the sweep of Lnorm . Therefore, the sizing results presented above are derived from
the analysis performed for the n = 10 case.

(a) Optimal Tether Diameter vs. Number of Tether
elements for Lnorm = 3300 m

(b) Optimal Buoy Radius vs. Number of Tether elements
for Lnorm = 3300 m

Figure 3.30: Plot showing sensitivity of optimal design solutions of the sizing study on the
degree of discretization of the tether

Figure 3.30(a) shows the optimal tether diameter for the normalized tether length, Lnorm
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of 1.1 (i.e., LT ether = 3300 m) for different degrees of tether discretization. Notice that the
diameter values obtained for n = 5 and n = 10 cases are very similar. Therefore, it is safe to
assume that the optimization results presented in Figures 3.28 and 3.29 are reasonable, even
though, analysis was performed at lower fidelity in the interest of lower computational costs. On
the other hand, 3.30(b) shows that the optimal solutions for the buoy radius are quite sensitive
to the number of tether elements. In particular, the buoy radius varies from 2.689 m for n = 5
to 1.896 m for n = 10. Therefore, for more realistic estimates, future system sizing studies
should be performed at a higher degree of discretization of the tether.

(a) t = 0 sec

(b) t = 176 sec

(c) t = 352 sec

(d) t = 528 sec

(e) t = 704 sec

(f) t = 879 sec

(g) t = 1055 sec

(h) t = 1231 sec

(i) t = 1407 sec

Figure 3.31: Transient description of a tethered MHK system for the optimal tether diameter
and buoy radius for LT ether = 4500 m
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Chapter 4

Design of the Experimental Setup
for Tether Model Validation
This chapter walks us through the development of a lab-scale hardware system for conducting
an experimental validation study of our numerical tether model. The design of the experimental
setup is discussed in detail. The need for modularity in the setup along with the design features
that were implemented to incorporate that are explained in this topic. This is followed by
a discussion on the data acquisition (DAQ) subsystem developed to record the motion of a
tether. This section covers a detailed explanation of the process workflow of the computer
vision-based DAQ system. A concise description of the subsystem for prescribing tether motion
is also included.

4.1
4.1.1

Description of the Experiment Setup
Motivation Behind the Concept Design of the Setup

As discussed in Section 1.3.3, there is a severe lack of literature on the formal experimental
validation studies of numerical tether modeling approaches. Further, references regarding such
validation studies often fail to delineate the domain of applicability of their study. Typically,
a validation study is tailored to observe the model’s performance in the operating conditions
which is relevant to the application of the tethered system. Therefore, it is rather difficult to
draw insights on a model’s performance for an application different than on which its performance is studied. Therefore, there is a need for the development of an experimental setup for
assessing the performance of our tether model in conditions suited for our application. Further,
we also talked about the need for unobtrusive monitoring of the tether motion. Any position
measurement sensors attached to the tether will introduce coupled dynamic effects on its response which couldn’t be considered in the numerical model.
Striving to address the needs as discussed above has inspired the development of a lab-scale
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hardware system for recording the motion of the tether during the model validation experiments.
The motivation behind validating our tether model is to assess its performance for marine MHK
system application (Section 1.4.1). Therefore, the lab-scale system should emulate the flow conditions expected in an ocean environment. However, due to the space constraints of the lab,
building an in-house water flow tunnel was impracticable. Further, during the time of this research, the NC State Water Tunnel wasn’t operational as it was going through a huge overhaul.
Given these constraints, a water tank-like testbed which would enable rapid model testing was
contemplated. The idea was to have a tether or a tethered system submerged in the water
tank as shown in Figure 4.1. The sense of apparent fluid flow was thought to be reproduced by
providing a prescribed rotational motion on one end of the tether using an electrical motor. It
was hypothesized that the position of the tether would be estimated using computer vision. It
would require that two or more cameras detect multiple points (markers) on the tether based
on their difference in contrast or other image features. These markers should practically not add
mass or inertia or change the dynamics of the tether in any noticeable way. Additionally, the
setup should be able to accommodate tethers of different sizes to support a variation relevant
for a detailed model validation study.

(a) Anchored Tether

(b) Tethered System

Figure 4.1: Schematic diagram showing the conceptual design of the experimental setup for
model validation

As a part of this research work, the setup design proposed above has been eventually realized into the Tethered System Observation Platform (TSOP). TSOP is a lab-scale computer
vision-based data acquisition system to record the response of a tether (or a scaled tethered
system) to prescribed end motions. Figure 4.2 shows the physical TSOP system labeled with
its important components. Essentially, the system comprises of a 30 × 30 × 24 in3 low-iron
glass tank supported on 80/20® framing rails. Other components can be categorized as a part
of its two main subsystems: (a) Computer Vision system and (b) Motion Control system. On
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the Hardware level, the Computer Vision system consists of two identical USB 3.0 camera-lens
assemblies. These cameras directly communicate with a computer through its USB 3.0 port.
The Motion Control system consists of a DC servo motor along with supporting accessories
such as DC power Supply, communication hub, etc. More details about the hardware of both
these systems are provided in the later subsections. Detailed hardware specifications of all the
components are provided in Appendix B.

Figure 4.2: Image of the Tethered System Observation Platform

4.1.2

Design of the Experiment System

Figure 4.3 shows the CAD diagram of TSOP with a detailed view of its tether mounting assemblies. From the figure, we see that there are two major sub-assemblies for mounting a tether:
(a) actuator arm assembly, and (b) anchor assembly.
Figure 4.4 illustrates the various parts of the actuator arm assembly. The assembly contains
a 3/8” − 16 threaded stainless steel driveshaft which attaches to the motor through a 2-piece
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Figure 4.3: Schematic CAD image of the Tethered System Observation Platform (TSOP)

stainless steel shaft coupling. An arm holder having a 3/8”−16 bore is fastened on the driveshaft
with double nuts on either side. A 1/8” carbon fiber rod acts as an actuator rod that connects
the upper tether mount sub-assembly to the driveshaft. Since the actuator arm would be submerged in the water, its diameter should be preferably low to keep the effect of drag forces
acting on it to a minimum. Carbon fiber is selected since it has a high strength-to-weight ratio.
A second carbon fiber rod is attached to create a triangular truss configuration (See Figure 4.4).
This improves the distribution of the tether loads acting on the actuator arm. In particular,
the primary arm could experience bending due to tether tension. However, this also puts the
secondary arm under axial tension and thus it resists the tether loads better. This is because
the carbon fiber has higher strength in tension than in bending.
The detailed view of the tether mount sub-assembly is also shown in Figure 4.4. It comprises
a 3D printed rod-end that will hold the tether in its bore using three 4 − 40” insert-nut pairs.
The end of the tether has an eye connector crimped and glued to it. the three inserts hold the
crimped end of the connector between them. With the eye end of the connector being off-kilter,
it needs a bushing to keep the secondary arm that connects to it, in the plane of the actuator
arm to enable triangulation. This is also evident in the design of the 3D printed two-piece split
collar which connects the secondary arm to the driveshaft.
Figure 4.5 shows the detailed view of the CAD model of the anchor sub-assembly. It com-
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Figure 4.4: CAD image of the actuator arm assembly for TSOP

prises a lower tether mount sub-assembly which is magnetically coupled to the magnet holder
(See Figure 4.5(b)). The magnet holder sits at the center of the tank on the outside. The lower
tether mount assembly consists of a ceramic ball bearing press-fitted into the bearing mount.
The tether adapter sub-assembly withholds the lower end of the tether, is press-fitted into the
inner race of the bearing. The bearing allows the tether to not twist when the actuator arm is
rotating thus satisfying the model assumption of negligible torsional effects. The ceramic bearing offers very low frictional resistance. Therefore, there should not be any appreciable torsional
bearing loads which are also not accounted in the model.
Figure 4.5(b) shows the exploded view of the 3D printed tether adapter assembly. The lower
end of the tether is glued to a ball shank crimp of the relevant size. The ball end of the crimp
just fits into a custom adapter of the right size. The adapter has guides on the outside which fits
into the gutter of the lower adapter mount that is pressed-fit to the bearing (See sectional view
in Figure 4.5(b)). For instance, a 1/8” tether is prepared to end a compatible ball shank crimp.
The crimp is held into the 1/8” adapter, as shown in the figure. The guides on the adapter
couple with the gutter of the 1/4” adapter and snap locks with it. If say we need to attach
the 1/4” tether instead, we could do so by directly holding the ball shank crimp into the 1/4”
adapter. The 4 − 40” inserts hold the crimp by the shank inside the adaptors. Please note, that
figure and the discussion mentions 1/4” adapter pressed-fit into the ball bearing. Typically, this
should be the largest diameter of the tether that one is expecting in the experimental campaign.
Several features make this design modular. For instance, the rod-end part of the upper
tether mount assembly could be custom-made to accommodate different sizes of the tether in
its bore. The carbon fiber rod could be easily replaced to change its length as it is connected
to the tether mount and arm holder using 4 − 40” inserts. Further, the threaded driveshaft

98

(a) Tether anchor assembly for
TSOP

(b) Exploded view of the lower tether mount sub-assembly

Figure 4.5: CAD image of the anchor assembly for TSOP

enables the change in height from the tank floor. Additionally, the tether adaptor assembly
could accommodate variation in tether sizes as discussed above.

4.1.3

Description of TSOP Subsystems

In the following section, we will explain the working mechanism and the hardware of the two
major subsystems of the experimental setup.
Computer Vision System
The experimental setup needs a data acquisition system for recording the time-series data of
the tether motion. The computer vision subsystem serves that purpose. The computer vision
hardware mainly comprises two camera-lens systems (also known as stereo-camera systems).
Figure 4.6 shows the hardware components of the system. The cameras are USB 3.0 compatible
having a progressive CMOS (complementary metal-oxide-semiconductor) image sensor color
cameras. These cameras can capture images at up to 203 frames per second at a maximum
image resolution of 1.3-megapixels. The camera is equipped with an electronic global shutter
which exposes all the pixel rows of the sensor at once. This is important to avoid rolling shutter
effects which become prominent if an object is moving relative to the camera. The cameras can
be directly connected (and powered) through the USB 3.0 port of a computer. The cameras
are fully programmable with C/C++ or MATLAB® via the GenIcam API (application pro-
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gramming interface). This offers control on all important camera properties like the exposure
time, gamma correction factor, resolution, etc. More importantly, it allows software triggering
to control the timing of the image acquisition sequence and other acquisition parameters (i.e.,
when the image sensor is exposed to light and for how long, etc) for every frame capture. This
is immensely important for controlling the two cameras to capture frames simultaneously, as
we will see in Section 4.2.2. Besides this, the camera also supports hardware triggering and
synchronization through GPIO (General Purpose Input/Output) port.
The lens of 3.5 mm fixed focal length is mounted on the camera through a standard C-mount
connector. One important feature of the lens is that it produces low radial distortion in the
images. Radial distortion occurs when light rays bend more near the edges of a lens than they
do at its optical center. Such a distortion is typically more prominent in a smaller-sized lens.
Images will lower distortion are warped lesser around the edges and have a lower dependence on
correcting distortion numerically. It has a aperture of approximate maximum size of 1.46 mm
(f/2.4 =

3.5/2.4).

(a) Basler® ace acA1300-200uc Color USB 3.0 Camera (b) 3.5mm Focal Length Wide Angle Low Distortion Lens

Figure 4.6: Hardware Components of the Computer Vision System

The focus and the aperture can be adjusted manually through the dials on the lens (i.e., no
auto-focus feature like in smartphones, etc, or aperture control). Typically, focal length defines
the plane of best focus .i.e., the working distance which is in focus for the given focal length
setting. Therefore, it should be adjusted to where you would expect the object to be for the
most part. For our purpose, this should be the plane parallel to the camera lens containing the
center point of the tank. This is because, in our experiments, the tether rotates about an axis
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that is contained in this plane. Keep in mind that we don’t want an auto-focusing camera-lens
system since the numerical algorithms that adjust the focus would have much slower computation times than the speeds with which the object is changing the plane. Further, focal length
should be kept fixed for the cameras as we need to know its value with certainty at every time
frame for estimating the 3D position of the object from its pixel coordinates in an image frame.
Similarly, the aperture should be decided based on a trade-off between the exposure time
and the depth of field (DoF) needed. Depth of field is a very complicated topic, but it can be
simply described as the distance range around the plane of best focus at which the lens can
resolve an object of certain detail size (defined by the desired image spatial frequency) without
having to refocus. The measure of being able to resolve a desired spatial frequency is loosely
defined as the sharpness of an image. Say if we want to clearly resolve a small-sized marker on
the tether from the background, we are essentially seeking a higher sharpness (and thus the resolution of higher spatial frequency). The ability to resolve a small feature from the background
also depends on its relative contrast among other things. But “all else being equal”, the depth
of field is higher for a smaller aperture. This means that we have a higher range around the
best plane of focus where the desired detail (like a small marker) doesn’t become enough blurry
that a normal human eye couldn’t tell it apart from the background. This is a very interesting
subject in optics and it ties in various concepts like visual acuity and phenomena like some
optical illusions (e.g., the famous Einstein-Monroe illusion). However, an in-depth discussion of
the depth of field is beyond the scope of this thesis. Avid readers should refer [80], [81], [82],
[83] for further information on this.
As discussed above, the smaller the aperture higher the DoF would be. However, the aperture size also controls the exposure time, the time duration for which the image sensor is exposed
to incoming light. It means that a smaller aperture will require a longer exposure time for the
sensor to receive the same light intensity. Therefore, a longer exposure time means a slower
frame rate which could miss capturing some important high-frequency characteristics of the
dynamics of the observed system. Thus, finding the right balance for aperture size is important. This was done through several manual iterations as a theoretical analysis of it is extremely
rigorous. Other hardware specifications of the camera and the lens can be found in Appendix B.
Figure 4.7 is a schematic diagram to briefly explain the working behind the computer vision
system. The cameras are synchronously triggered from a computer system to initiate the frame
acquisition sequence. It sends the experimental data to the computer memory (RAM) in the
form of an image sequence in the raw image format. So, from the two cameras, we will have
two image sequences (or an image sequence pair). Each image/frame in the image sequence
is timestamped (64-bit epoch time) which tells, with nanosecond precision, exactly when the
frame acquisition was triggered. Now, this image-sequence pair is later processed using a com-
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puter vision script in MATLAB® to get the time-series position data of the markers on the
tether. More details about the computer vision workflow are discussed in Section 4.2.

Figure 4.7: Schematic diagram to explain the working of the computer vision system

One important thing to note is that only the image acquisition stage of the vision workflow happens in real-time during the experiments. Other processes like demosaicing (will be
explained later), image preprocessing, object detection, etc are performed as a post-process. It
means that we don’t get the tether position data in real time. Since the purpose of this data
acquisition system is model validation and not real-time position control, therefore, it doesn’t
matter if the data isn’t processed in real-time. Implementing a real-time DAQ system requires
high-performance target machines (like Speedgoat® systems) which are significantly expensive
than a personal computing system that can support the developed post-processing computervision routine.

Motion Control System
Besides the computer vision-based DAQ system, TSOP also requires a motion control system to
prescribe some end-motions to the tether to observe its behavior in an apparent fluid flow. This
is achieved by an integrated servo system which consists of a stepper motor with a peak constant torque of 1.4 N m at up to 500 rpm. It has a built-in high-resolution optical encoder with
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a step size of 1/6400th of a revolution. The motor can be programmatically controlled through
its sFoundation SDK (Software Development Kit) library in C++. It can also be controlled
using a GUI software package known as ClearView. The software also provides the option for
auto-tuning the motor and setting up the home position for the encoder.
Other main components of the servo motor system include a 75 V DC power supply, a
power distribution hub (optional), a motor-host computer communication hub, and a separate
24 V DC power supply to power the distribution and communication hub. Figure 4.8 shows the
hardware components of the system.

(a) Teknic ClearPath® - Integrated Servo
System (CPM-SCSK-2310S-EQNA)

(b) ClearPath® Serial Communication Hub
(SC4-Hub)

(c) 350/500 W DC
Power Supply

(d) 24 V DC Power Supply

Figure 4.8: Hardware Components of the Motion Control System

The serial communication hub (SC-4 hub) provides a network connection for up to 4 servo
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motors. Further, 2 − 4 SC Hubs can be daisy-chained for a network of up to 16 motors (per
communication port of a host computer). A power hub is required if the 75 V DC power supply
has to be distributed to more than one servo motor connected through the SC-4 hub. Figure
4.9 schematically illustrates the electrical connection of the hardware components involving 4
servo motors. More information on the servo motor hardware can be found on Teknic’s website:
[84]. Also, note that our experimental setup requires only one servo motor. The electrical circuit
described in Figure 4.9 should be adjusted accordingly. Detailed hardware specifications of the
major hardware components can be found in Appendix B.

Figure 4.9: Schematic diagram to illustrate electrical connection of the hardware components
involving 4 ClearPath® servo motors [84]

The programmatic control of the system is illustrated in Figure 4.13 using a schematic
flowchart. The sFoundation library interfaces the servo motor system with the host computer
through the serial communication port. A control routine written in C++ calls a function in
the library to define the configuration setting for the motor. The configuration settings include
the controller gains estimated during the auto-tune process and the encoder home position. A
sequence of control maneuvers is also provided in the control routine. This control sequence basically contains time-series data of the desired motor velocity/position in the form of a lookup
table. Once the motor setup is complete, it reads the lookup table sequentially to track the
motor speed/position as defined in the table for a certain time instant. This is repeated until
the user-defined motion control sequence is finished.
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4.2

Process Workflow of the Computer Vision System

Figure 4.10: Schematic diagram to explain the process workflow of the computer vision system

Figure 4.10 describes the stages of workflow for the computer vision system starting from
image acquisition to estimating 3D positions of the markers on a tether. Figure 4.11 illustrates
the important stages of the workflow using an example of an image pair. This image pair corresponds to a time instant (t = 8.16 sec) for a certain experimental session that was conducted.
Camera calibration is the only preprocessing stage of the workflow, that is, it is needed to
be done before conducting any experiments. This estimates the parameters which are intrinsic
to the camera-lens system used for the experiment such as skew and distortion coefficients and
optical center/principal point of the camera. Once calibrated, the two cameras record an experiment session simultaneously in the form image sequence pair.
The images are saved in the “raw” image format which contains only the intensity values of
the pixels of the image sensor. Thus need a demosaicing algorithm to reconstruct a full-color
image (with RGB values for each pixel). Warping of images which happens due to radial distortion of the lens, also needs to be corrected (See Figure 4.11). Several other optional processing
techniques could be used to improve the image peak signal-to-noise ratio and accentuate image
features for better performance of the used feature detector. To improve detection accuracy
and computational efficiency, we could also mask a region of interest in the images where the
markers are to be found in the image sequence.
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Then, the objects (markers) are detected in the images using a blob feature detector as
shown in Figure 4.11. The detected features are filtered using heuristics information related
to the size and geometry of the markers in the image sequences. The filtered features are then
clustered to produce the object bounding boxes corresponding to the markers in the experiment.

Figure 4.11: Example illustrating the important stages of the computer vision workflow

Using the pixel data of the corresponding bounding boxes in an image pair, the 3D position
of the markers is estimated through a scene reconstruction algorithm. The obtained marker
positions can be transformed to the global reference frame corresponding to the one used in
the numerical simulations for facilitating model comparison. The above stages are described in
detail in the following subsection.

4.2.1

Camera Calibration

As discussed, the images acquired would undergo some image distortion and skew effects. These
effects are attributed to the intrinsic properties of camera-lens pairs such as optical center, focal
length, pixel size, etc. Radial distortion causes the image to appear warped around the edges.
This occurs when light rays bend more near the edges of a lens than they do at its optical
center. Similarly, tangential distortion occurs when the lens and the image plane are not parallel. The Computer Vision toolbox in MATLAB® has a built-in model to numerically estimate
the intrinsic ([85]) and extrinsic camera parameters using the pin-hole camera model ([86]).
Basically, the numerical model assumes that the 3D world points (w.r.t. the camera frame)
corresponding to some image points (pixel coordinates) are a function of image points and extrinsic and intrinsic camera parameters. The parameters estimated from the model are used to
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correct the lens distortion and skew effects.
Figure 4.12 shows the snapshot of the calibration process using the Camera Calibrator app
in MATLAB® . The calibration process involves taking images multiple from each camera of a
checkerboard pattern (See Figure 4.12). The checkerboard pattern should be placed in a different position for each image but should be visible in the field of view of both cameras. The
calibration tool detects the corner point of the checkerboard. Using the numerical model it estimates the 3D position corresponding to the corner points for some initial guess of the camera
parameters. It then reprojects the 3D world points to the 2D image calculates the euclidean
distance error (known as reprojection error) between the detected and reprojected points for
all the corners of the checkerboard pattern. It then uses non-linear optimization (LevenbergMarquardt) to estimate the camera parameters which could minimize the reprojection error.
For more details on the camera calibration see documentation: [87], [88], [89].

Figure 4.12: snapshot of the calibration process using the Camera Calibrator app in
MATLAB®

It should be noted that the position of the cameras and its focus-aperture setting should be
changed once the cameras are calibrated since the intrinsic parameters estimated are sensitive
to that. Also, note that the numerical model used by the Camera Calibration app to estimate
the extrinsic parameters assumes that there is no refraction of light traveling from the object
to the camera. This, however, is not true for our experimental setup as it has two refraction
interfaces: water-glass and glass-air. Therefore, we should only use the intrinsic parameters
estimated from this method. 3D reconstruction algorithm which considers the refraction of the
light to transform the image points to world points will be developed section 4.3.

107

4.2.2

Synchronized Image Acquisition

For determining the 3D position of the markers at a certain time instant, it is crucial that
we capture its image from the two cameras “simultaneously”. This will require that both the
cameras are triggered at “exactly” the same time to initialize the frame acquisition sequence.
Achieving an ideal simultaneity is impossible. However, for all practical purposes, we can consider that the frames were captured simultaneously if the precision of timing the trigger signals
is several orders higher than the frame rate set for the cameras. Further, it is also important to
synchronize the start of the image acquisition process and the motor motion control sequence
that is implemented in C++. This is exactly the motivation behind the developed image acquisition script which utilizes the Parallel Computing toolbox in MATLAB® .

Figure 4.13: Schematic flowchart to explain the working of synchronized image acquisition and
motor control routines

As shown in Figure 4.13, we interface the cameras to two different CPUs of a multicore
computing system (this is also known as multiprocessing). The cores assign the configuration
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settings like settings related to the image resolution, frame rate, etc. Triggering and logging
settings are also assigned here. At this stage, the cameras are ready for frame capture and are
waiting for a trigger signal from the system. In the meantime, the motion control sequence
which is running simultaneously in C++ also sets up the motor with configuration files and
a sort of velocity-time look-up table. The table provides the desired motor velocity data as a
function of time for controlling its motion. A timing subroutine is written in C++ (packed as
a .mex MATLAB® file) measures the system time in Epoch units (64-bit uint8 value) which
provides nanosecond precision. The timing sequence controls the start of the image acquisition
routine and the motion control routine. Both the routines are scheduled to start at a certain
user-defined system time in the future. Once the current system exceeds the set scheduled time,
the timing routine “simultaneously” sends a go-ahead signal to both the motion control and
image acquisition routine. The frame capture signals are sent at the frame rate defined in the
camera settings until the motion sequence is completed.

4.2.3

Image Processing

After the image acquisition stage, we obtain two timestamped image data corresponding to the
two cameras. The image data is saved as raw image files which contains minimally processed
data from the two image sensors. Typically, a single-chip CMOS sensor has only one photosensor which is sensitive to all the light frequencies in the visible spectrum. It means that each of
its pixels can capture the intensities of three color channels (red-green-blue). Such sensors are
equipped with an electronic color filter array (CFA), called the Bayer pattern, which arranges
RGB color filters on a pixel grid of image sensor. Owing to the higher sensitivity of the sensor
to the green light, the filter pattern is half green, one-quarter red, and one-quarter blue hence
is also called BGGR, RGBG, GRBG, or RGGB, depending on the arrangement of CFA. Thus,
the raw image file is a 2D matrix describing the pixel intensities captured by each pixel in the
image sensor. Each of the pixels (and the elements of the matrix) store the value of a color
intensity depending on the Bayer pattern chosen during image acquisition.
Therefore, to reconstruct a full color from the raw image data, a demosaicing algorithm
([90]) interpolates the intensities of each pixel with that of the neighboring pixels. Figure 4.14
schematically illustrates the working of a demosaicing algorithm. The Image Processing toolbox
in MATLAB® has an in-built library for demosaicing the raw image data to true color images.
The processed image is a 3D matrix that describes the RGB intensities for each pixel. Refer to
MATLAB® documentation ([91]) for more information.
Another important image processing step is to correct the lens distortion and skew effects.
To do so, we can utilize the intrinsic camera parameters which we estimated during the calibration stage (Section 4.2.1). The Computer Vision toolbox (MATLAB® ) offers an in-built
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Figure 4.14: Schematic diagram of the image demosaicing process

functionality to correct for lens distortion effect. Figure 4.11 shows the distorted image (leftmost
image) and the corrected image obtained from the Computer Vision toolbox. More information on camera calibration ([87], [88]) and image distortion correction ([92]) in given in the
MATLAB® documentation.
Other image processing techniques could be optionally implemented to improve the peak
signal to noise (PSNR) ratio of the images in the image sequence pairs. For example, the Image
Processing and Deep Learning toolboxes in MATLAB® provide many options to remove noise
from images. The simplest and fastest solution is to use the built-in pretrained denoising neural
network, called DnCNN. The documentation ([93]) explains the workflow for removing Gaussian noise from an RGB image. The toolbox also provides the flexibility to train a denoising
network using built-in layers or to train a fully custom denoising neural network. Figure 4.15
shows the schematic workflow of the denoising approaches. Detailed discussion on them is beyond the scope of this thesis. MATLAB® documentation ([93], [94], [95], [96]) on this subject
should be referred for further details.
Similarly, the Image Processing toolbox provides a low-light enhancement image method
[97] which could be very relevant given the poor lighting conditions of the experimental setup.
The images taken in such conditions can have low dynamic ranges (contrast) with high noise
levels that affect the overall performance of object detection algorithms. This method works
by enhancing the contrast of the pixel-wise inversion of low-light images. Essentially, a contrast enhancement technique stretches out the intensity range of the image through histogram
equalization of the luminance channel of the HSL (Hue-Saturation-Luminance) color space for
the image. Further information regarding contrast enhancement techniques in MATLAB® are
given in [98].
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(a) Schematic workflow of image denoising using
pretrained network [93]

(b) Schematic workflow of image denoising using built-in
neural network layers [93]

Figure 4.15: Image denoising process workflow

Besides this, the Image Processing toolbox also provides automatic white balancing (AWB).
The information regarding the color intensities in the captured images might get affected by the
color cast of the surroundings and lighting conditions. AWB algorithms try to correct for the
ambient light with minimum input from the user so that the resulting image looks like what our
eyes would see. MATLAB® provides three different illumination models: White Patch Retinex
[99], The Gray World [99], and Cheng’s Principal Component Analysis (PCA) method [100].
Essentially, all the illuminant AWB algorithms compare the scene illuminant against a ground
truth illuminant provided by a color checker chart (e.g., the X-Rite® ColorChecker). The parameters of these algorithms are tuned to minimize the angular error of the scene illuminant
estimated and the ground truth illuminant. A full case study on comparing the performance of
various AWB algorithms is given in the documentation ([101]).
It is important to note that color balancing should be performed before any other image
enhancements which adjust the intensities or contrast of the image. keep in that is that even
though Figure 4.10 suggests that computer vision has a forward workflow, it is, however, more
iterative in nature. Especially, the image processing should be performed along with object
detection to see what techniques could further improve the detection process.

4.2.4

Image Segmentation

Image segmentation is a commonly used technique in digital image processing and analysis
to partition an image into multiple parts or regions, often based on the characteristics of the
pixels in the image. Image segmentation could involve separating foreground from background,
or clustering regions of pixels based on similarities in color or shape.
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The Image Processing toolbox offers a variety of methods for image segmentation. Edge
detection and color thresholding are some techniques that could be relevant to the application
of our experimental setup. There are several edge-detection algorithms built into the toolbox
like Sobel, Canny ([102]), Prewitt, etc. Essentially, these methods identify the pixels in an image
where the image brightness has discontinuities. An in-depth explanation of these methods is
beyond the scope of this thesis. Figure 4.16 shows the comparison of the edge detection results
using the three approaches. We see that the Canny method is more robust in detecting the
image edges. This is because it uses two different thresholds to detect strong and weak edges,
and includes the weak edges in the output only if they are connected to strong edges.

Figure 4.16: Results from Sobel, Canny and Prewitt edge detection methods

The edges detected by these algorithms can be used for segmenting the objects (markers)
from the background through image morphological operations. Figure 4.17, shows the segmentation process using edge detection as a preprocessing step. We see in the binary image output
of the Canny method (top-left image in Figure 4.16) that the edge lines do not quite delin-
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eate the outline of the object of interest. There are gaps in the lines surrounding the object.
These linear gaps disappeared when the image is dilated using linear structuring elements (topright). The holes of the detected objects are filled using the “imfill” function in MATLAB®
(bottom-right). Finally, the objects are smoothed by eroding the image with diamond structuring elements (bottom-left). More information about edge detection and image morphological
operations is given in the documentation: [103], [104], [105], [106], and [107].

Figure 4.17: Diagram showing the example of using edge detection for image segmentation

Similarly, image segmentation can be done using the color values of the pixels in an image.
The Color Thresholder app in the Image Processing toolbox provides a graphic user interface
(GUI) to segment color images by thresholding the color channels based on different color
spaces. Using this app, you can create a binary segmentation mask for a color image. Figure
4.18 shows an example of the segmentation process using color thresholding. Detailed information on color thresholding is given in MATLAB® documentation: [108] and [109].
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Figure 4.18: Snapshot of image segmentation using the Color Thresholder app

Please note that image segmentation can be an iterative process. The binary segmentation
masks generated for a particular image using the above methods should be general enough that
it is also able to mask the background from the objects in other images of the image sequence. It
may take several trials to achieve such a general mask that masks the background well enough
without masking or losing any objects. Iterations may also be needed to tweak the robustness
and efficiency of object detection.

4.2.5

Object Detection

One of the major challenges in computer vision is identifying and locating an object in an image
frame. Object detection algorithms typically use machine learning, deep learning, analytical
feature extraction techniques, or their combination to locate and classify objects in images or
a video (i.e., an image sequence). Implementing a machine learning or a deep learning neural
network framework for object detection is a task that is complicated enough to be worthy of
a separate research project. Therefore, given the scope of this thesis, we developed an object
detection method that uses a blob feature detector for extracting object features. The extracted
blob features are filtered and clustered using a heuristic algorithm to generate images labeled
with object bounding boxes. Figure 4.19 illustrates the workflow of the object detection method
through an example.
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A blob feature is considered as a group of pixel values that forms a somewhat cluster or
a large object that is distinguishable from its background. Some of the distinguishing features
of an object could be brightness, contrast, or color, etc. A maximally extremal stable regions
(MSER) algorithm which is built into the Computer Vision toolbox is used for extracting the
object features from the experiment images. Based on the parameters selected the detector
extracts regions containing the MSER features. (See top-left image in Figure 4.19).

Figure 4.19: Diagram illustrating the workflow of the heuristic object detection method
through an example

The properties of the extracted regions such as their orientation, length of major and minor
axes, solidity, etc., are used to remove the potential outlier detections. The top-right image in
Figure 4.19 shows the remaining detections with bounding box annotations. The heuristic filter
also uses a temporal search window filter to eliminate outliers. All the frames in the recorded
image sequences are temporally linked, i.e., a lower frame index signifies a time instant that
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is lower than that corresponding to a higher frame index. So typically, the location of objects
in the current frame should be in the vicinity of the corresponding object locations that are
detected in the previous frame. The algorithm uses this information to restrict the search space
of finding potential objects in the current frame. Further, the algorithm also eliminates outlier
data by filtering the area of the object bounding boxes. Figure 4.19 (bottom-right) shows the
objects after these steps.
A clustering subroutine collects the remaining overlapping and intersecting bounding boxes
as a cluster. Finally, it classifies each of those clusters as the detected objects with bounding
box dimensions that could completely contain those clusters. Figure 4.19 (bottom-left) shows
the final output of the heuristic object detection algorithm. The algorithm returns the image sequence labeled with the bounding box locations for the markers for each frame. There is bound
to be some false positive (i.e., background wrongly classified as objects) and false negative (i.e.,
markers on the tether wrongly not classified as objects) predictions. These detection errors
should be manually corrected (Labeled Data Sanitization stage) before using 3D reconstruction
methods.
Note that in Figure 4.19 we have used an image that has been processed not segmented as
an example. Providing a segmented image to the MSER feature detector significantly increases
its computational speed and accuracy.

4.2.6

3D Scene Reconstruction

3D scene reconstruction is the creation of three-dimensional models from a set of images. Essentially, an image is a projection from a 3D scene onto a 2D plane, during which process the depth
is lost. The 3D point corresponding to a specific image point is constrained to be on the line of
sight. From a single image, it is impossible to determine which point on this line corresponds
to the image point. If two images are available, then the position of a 3D point can be found
as the intersection of the two projection rays. This process is referred to as triangulation. The
key for this process is the relations between multiple views which convey the information that
corresponding sets of points must contain some structure and that this structure is related to
the poses and the calibration of the camera.
As mentioned in section 4.2.1 that the extrinsic camera parameters estimated from the calibration technique in MATLAB® don’t consider the effects of refraction due to air-glass and
glass-water interfaces as in our experiment. Therefore, we will need to develop our own triangulation model to estimate the 3D position of markers from the labeled bounding box information
given in an image pair. This image pair is basically the images taken “simultaneously” by
the two cameras at a certain time instant during the experiment. Section 4.3 provides a de-
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tailed discussion on the two different triangulation models which were developed in this project.

4.3

3D Scene Reconstruction Methods

The 3D reconstruction methods provide an approach to determining a point in 3D space given
its projections onto two images. This process is known as triangulation. To solve the triangulation problem it is necessary to know the parameters of the camera projection function from
3D to 2D for the cameras involved. In the simplest case, these projection parameters are represented by the camera matrices like the extrinsic parameters estimated using MATLAB® .
In theory, the triangulation problem is trivial. Since each point in an image corresponds
to a line in 3D space, all points on the line in 3D are projected to the point in the image. If
a pair of corresponding points in two, or more images, can be found it must be the case that
they are the projection of a common 3D point. There are numerous ways in which this set of
projective lines and their intersection can be computed. Two of such developed approaches will
be discussed in the following sections.
However, in practice, the coordinates of image points cannot be measured with arbitrary
accuracy. Instead, various types of noise, such as geometric noise from lens distortion or interest
point detection error, lead to inaccuracies in the measured image coordinates. As a consequence,
the lines generated by the corresponding image points do not always intersect in 3D space. The
problem, then, is to find a 3D point that optimally fits the measured image points.
In the literature there exist numerous 3D reconstruction algorithms, however, they don’t
capture the effects of refraction of light as it passes through multiple media. Therefore, an
inverse ray-tracing model is developed to accurately estimate the 3D position of the objects
(tether markers) from the set of images taken from the two cameras. But a simple linear scaling
model is explained first in the next section.

4.3.1

Linear Scaling Model

Figure 4.20 shows the CAD diagram of the experimental setup with frame assignment. We
see that the two cameras are mounted facing the adjacent sides of the glass tank. Also, notice
the inertial reference frame, O = { ⃗iO , ⃗jO , ⃗kO }, is assigned with the origin at the top-most
and outer-most vertex of the setup which is farthest from both the cameras. Further, the unit
vectors of the Frame O are along the mutually perpendicular edges of the tank. Also, let the
center point of the camera (more precisely, the center of the apertures of the corresponding
lens) be denoted by the points C1 and C2 as shown in Figure 4.20. Alternatively, let’s define
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C1 as the front camera and C2 as the side camera. Although, not clear from the figure, these
cameras (and thus the points C1 and C2 ) are mounted such that it aligns with the center of
the corresponding glass walls S and R (i.e., points SO,CG and RO,CG ). That is, the unit vectors
joining the points C1 and SO,CG , ( r̂SO,CG/C1 ) and the points C2 and RO,CG , (r̂RO,CG/C2 ) is along
the corresponding normal to the glass sidewalls S and R, respectively.

Figure 4.20: CAD diagram of the experimental setup showing the frame assignments for developing the 3D reconstruction models

The linear scaling (LS) model assumes that the camera is a simple pin-hole camera without
a lens and having a single small aperture. Figure 4.21 shows the schematic diagram of a pin-hole
camera. Light rays pass through the aperture and project an inverted image on the opposite
side of the camera (i.e., image sensor plane). Think of the virtual image plane as being in front
of the camera and containing the upright image of the scene.
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Figure 4.21: schematic diagram of a pin-hole camera model [87]

Also, the LS model assumes that the light rays coming from an object are not refracted in
its path. We know that an image of an arbitrary 3D point taken from a camera is its projection
on the corresponding image plane. Since, the cameras C1 and C2 are placed along the principal
planes (i.e., X − Z and Y − Z planes) of the O Frame, we can consider that the image plane
coordinates are basically the linearly scaled world coordinates of the corresponding principal
planes. This is the idea behind the linear scaling model.
As an example, consider an arbitrary point P in the 3D space such that its position vector,
⃗rP/O is given as:
⃗rP/O =

O

xP/O



⃗i +
O

O

yP/O



⃗j +
O

O

zP/O



⃗k
O

(4.1)

Let, I1 and I2 be the two images of the point P which are taken from the two cameras C1
and C2 , respectively. Further, let P1I and P2I be the virtual image plane (i.e., projection plane)
corresponding to the cameras C1 and C2 . Also, let the projection of the point P on the two
planes P1I and P2I be denoted by the points PP I and PP I , respectively. Let, the PP I and PP I
1

2

1

2

be expressed in terms of the pixel coordinates of images I1 and I2 , respectively, as follows:

PP I = { xPP I , yPP I }
1

1

1

(4.2)

PP I = { xPP I , yPP I }
2

2

2

where, xPP I and xPP I represents the horizontal pixel coordinate, and yPP I and yPP I represents
1

2

the vertical pixel coordinate of the images I1 and I2 , respectively.

1

2

From the above discussion for LS model and the arrangement as given Figure 4.20, we have
the following equations:
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O

xP/O = xPP I κx,C1
1

O

zP/O = yPP I κy,C1
 1

O
yP/O = NpIH2 − xPP I κx,C2

(4.3)

2

O

zP/O = yPP 2 κy,C2
1

where, NpIH2 is the number of horizontal pixels in the image frame I2 . Note that, since both
the cameras C1 and C2 are identical, we can set configure to be of the same resolution. In
that case, we NpH as the number of horizontal pixels in the image frames I1 and I2 (i.e.,
NpH = NpIH1 = NpIH2 ).
The terms κx,C1 and κy,C1 in the Equation 4.3 represents the linear scaling factor for x and y
coordinates, respectively, of the projective point PP I corresponding to the camera C1 . Similarly,
1

κx,C2 and κy,C2 denotes the scaling factor for the point PP I corresponding to the camera C2 .
2

Note that, in the Equation 4.3 we have two equations for estimating

O

zP/O . We can take

O

the average of of those two equations as zP/O , as follows:
O

zP/O

 
 
1
1
=
yPP I κy,C1 +
yPP 2 κy,C2
2
2
1
1

(4.4)

We already have the pixel coordinates of the points PP I and PP I from the bounding box
1

2

data of the objects detected (Section 4.2.5). So, if we can identify the scale factors for the two
cameras then we can estimate the 3D position of the point P using its projection points PP I
1

and PP I in images I1 and I2 , respectively. The process of finding the scale factors is called the
2

system identification of the LS model.

System Identification
For identifying the model scale factors, we performed a ground truth experiment as shown
′

′

in Figure 4.22. In this experiment, we placed 4 markers each on the far sidewalls S and R .
′

′

Particularly, these markers are placed on the inside planes S I and R I of the two sidewalls,
respectively. This means that the markers are submerged inside the water. Also, consider that
the markers be labeled as shown in the figure.
Since the positions of the markers are fixed, we can measure their 3D positions in the I.R.F.
(Frame O). The position of these markers points serve as the ground-truth data for the LS
model. Also, we can find the pixel locations of the 4 markers in each image. Using these infor-
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(a) Image I1 taken from front camera (C1 )

(b) Image I2 taken from side camera (C2 )

Figure 4.22: System identification experiment for linear scaling model

mation for 8 points in total, we can find an averaged value of the scale factors from Equations
4.3 and 4.4.
It could be observed from Figure 4.22 that the markers are placed well inside the periphery
of the two images. This was done to reduce the discrepancies caused by lens distortion in the
system identification process.
The linear scaling model has certain assumptions which make it only applicable if the geometrical construction of the computer vision setup complies with it. In particular, the model
assumes that the two cameras C1 and C2 are placed orthogonally to each other as shown in Figure 4.20. Further, the normal of the image sensors, i.e., image planes, P1I and P2I are aligned to
the unit vectors of Frame O (⃗j and ⃗i , respectively). The inverse ray-tracing model, described
O

O

in the next section, is a general 3D reconstruction method that doesn’t put any constraints on
the geometrical construction.

4.3.2

Inverse Ray Tracing Model

The inverse ray tracing (or simply, ray tracing) is a method based on the triangulation problem
explained above (Section 4.3). Similar to the LS model, the ray tracing (RT) model assumes
the cameras as pin-hole cameras. The estimation of extrinsic camera parameters in MATLAB®
is also based on the pin-hole camera model. The RT model developed here, however, also accounts for the refraction of light which isn’t considered in MATLAB® . The model development
is presented in the following subsections:
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Definition of Frames
Figure 4.23 schematically illustrates a general setup of the computer vision system that will
be used in the model development. In this setup, we have two glass sidewalls, R, and S, which
separate the air and water medium. The sidewalls may or may not be perpendicular to each
other. Each side wall consists of two planes: SI and SO corresponding to the inner and outer
planes, respectively, of the sidewall S, and RI and RO corresponding to the inner and outer
planes, respectively, of the sidewall R. The inner and outer planes represent the water-glass and
glass-air refraction interfaces, respectively.

Figure 4.23: schematic diagram showing the assignment of frames for developing the ray tracing
model

Now, consider an inertial reference frame O as shown in the figure, such that: O =
{ O, ⃗iO , ⃗jO , ⃗kO }. Let C1 and C2 denote the two cameras which are in the air medium. Also, let
Frames C 1 and C 2 be attached to the cameras, C1 and C2 , respectively. The Frames C 1 and
C 2 can be mathematically defined as:
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C 1 = { C1 , ⃗iC , ⃗jC , ⃗kC }
1

C2

1

1

= { C2 , ⃗iC , ⃗jC , ⃗kC }
2

2

2

where, the points C1 and C2 denotes the apertures of the cameras C1 and C2 , respectively.
Note, Ci , where, i = {1, 2}, represents both the camera and its corresponding aperture. Also
note that the frames, C 2 and C 2 are not necessarily aligned with the axes of the O Frame. Note,
the axes ⃗k and ⃗k is also called the center line of slight of the cameras C1 and C2 , respectively.
C1

C2

Let, the position vector of the points C1 and C2 from the point O (origin of Frame O), be
defined as follows:

⃗rC1 /O =

O

xC1 /O



⃗i +
O

O

yC1 /O



⃗j +
O

O

zC1 /O



⃗k
O

⃗rC2 /O =

O

xC2 /O



⃗i +
O

O

yC2 /O



⃗j +
O

O

zC2 /O



⃗k
O

(4.5)

Based on the mounting location of the two cameras C1 and C2 , the position vectors ⃗rC1 /O and
⃗rC2 /O are determined. Similarly, we can define the rotation matrices

C1

O

[C] and

C2

O

[C] between

the Frames C 2 and O, and C 2 and O, respectively in terms of their direction cosine matrices
as follows:

C1

C2


⃗i
 C1
⃗
= 
 jC 1
⃗k
C
 1
⃗i
 C2
⃗
= 
 jC 2
⃗k
C

O

[C]

O

[C]

2

· ⃗iO
· ⃗i

O

· ⃗iO
· ⃗iO
· ⃗i

O

· ⃗iO

⃗i · ⃗j
C1
O
⃗j · ⃗j
C1
O
⃗k · ⃗j
C1

O

⃗i · ⃗j
C2
O
⃗j · ⃗j
C2
O
⃗k · ⃗j
C2

O


⃗i · ⃗k
C1
O

⃗j · ⃗k 
C1
O
⃗k · ⃗k
C1
O

⃗i · ⃗k
C2
O

⃗j · ⃗k 
C2
O
⃗k · ⃗k
C
O

(4.6)

2

We can also express the rotation matrices in terms of the Euler rotation sequence. For
example, consider that the Frame C1 is rotated w.r.t. the Frame O using the NASA std. airplane
Euler rotation sequence (Z-Y-X). Let ϕC1 , θC1 and ψC1 represent the Euler angles for rotation
C
O
about the ⃗i , ⃗j , ⃗k axis respectively. Then, 1 [C] can be given by:
O

O

O

C1

O

[C]

h
ih
ih
i
= Rx (ϕC1 ) Ry (θC1 ) Rz (ψC1 )

h
i h
i
h
i
where, the rotation matrices Rx (ϕC1 ) , Ry (θC1 ) , and Rz (ψC1 ) are given as:
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(4.7)


1
h
i

Rx (ϕC1 ) = 0

0
cos(ϕC1 )

0
−sin(ϕC1 )

cosθC1 ()
1
h
i

Ry (θC1 ) = 
0
1
sin(θC1 )
cos(ψC1 )

Rz (ψC1 ) = −sin(ψC1 )
0
i

Similarly, we can define the equation for

C2


sin(ϕC1 )
cos(ϕC1 )


−sin(θC1 )

0

0
cos(θC1 )

sin(ψC1 )
0

cos(ψC1 )
0
0
1



h



0

(4.8)



O
[C] in terms of the Euler angles ϕC2 , θC2 , ψC2 .

Based on how the cameras are mounted we will either know the direction cosines of the Frames
C1 and C2 or their Euler angles w.r.t. the Frame O. Therefore, either using the Equation 4.6,
or using Equations 4.7 and 4.8 we can find the rotation matrices

C1

O

[C] and

C2

O

[C] .

Figure 4.23 also shows the virtual image planes (or simply the image planes), P1I and P2I ,
corresponding to the cameras C1 and C2 , respectively. These image planes represents location
of the image sensors of the respective cameras. The normal of the image planes, P1I and P2I ,
is along the ⃗kC and ⃗kC axis, respectively. Also, let the unit vectors ⃗kC and ⃗kC intersect the
1

2

1

2

respective image planes, P1I and P2I , at points PP I and PP I . These points correspond to the
1

1

location of the principal points in the images I1 and I2 taken from the cameras, C1 and C2 ,
respectively.
From the pinhole camera model, we know that the normal distance between the aperture
and the image plane of a camera is its focal length. Let us denote the focal length of the cameras,
C1 and C2 , by fC1 and fC2 respectively. The position vectors of the principal points, PP I and
1

PP I , from the camera apertures, C1 and C2 , is given as:
1

⃗rP

P1I

⃗rP

/C1

/C2
P2I

= ||⃗rP
= ||⃗rP

P1I

/C1

/C2
P2I

|| ⃗kC
|| ⃗kC

1

= (fC1 ) ⃗kC

2

= (fC2 ) ⃗kC

1

(4.9)
2

Now, consider the Frames S O,CG and RO,CG attached to the outer planes, SO and RO ,
respectively. The frames S O,CG and RO,CG are formally defined as follows:
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S O,CG = { SO,CG , ⃗iS
RO,CG = { RO,CG , ⃗iR

O,CG

, ⃗kS

O,CG

O,CG

, ⃗kR

O,CG

O,CG

, ⃗jS

O,CG

, ⃗jR

}
}

where, the points SO,CG and RO,CG represent the centroid of the the planes SO and RO , respectively. Since, the sidewalls S and R are cuboid in shape, we can consider two of the unit
vectors (specifically, the x and y axis) of the Frames S O,CG and RO,CG along the edges of the
sidewall (See Figure 4.23). The z-axis of the frames is along the normal to the planes SO and
RO as shown in Figure 4.23.
Please note that the camera frames (C 1 and C 2 ) needed necessarily align to the corresponding plane Frames, S O,CG and RO,CG , respectively. That is, ⃗iC ̸= ⃗iS
, ⃗jC ̸= ⃗jS
,
1

⃗k
C

1

̸= ⃗kS

1

O,CG

O,CG

, and so on.
O,CG

Let the position vectors of the points SO,CG and RO,CG w.r.t. point O, be given by:

xSO,CG /O



xRO,CG /O



⃗rSO,CG /O =

O

⃗rRO,CG /O =

O

⃗i +
O

O

ySO,CG /O



⃗i +
O

O

yRO,CG /O



⃗j +
O

O

⃗j +
O

O

zSO,CG /O



⃗k
O

zRO,CG /O



⃗k
O

(4.10)

The values of ⃗rSO,CG /O and ⃗rSO,CG /O can be determined from geometrical construction of the
tank setup.
Also, based on the assignment of frames S O,CG and RO,CG we will know the values of the
rotation matrices

S O,CG

O

[C] and

RO,CG

O

[C] , where the rotation matrices are defined in similar

manner as in the Equations 4.6 and 4.7.
Let’s define the points PSO and PRO where the axes ⃗kC and ⃗kC intersect the respective
1

2

planes SO and RO . Then, the position vector of the points w.r.t. the respective camera apertures
can be given as:
⃗rPS

O

⃗rPR

O

/C1

/C2

= ||⃗rPS
= ||⃗rPR

|| ⃗kC

O

/C1

O

|| ⃗kC
/C2

1

= (d1 )⃗kC

1

2

= (d2 )⃗kC

2

(4.11)

where, d1 and d2 are the distance of the camera apertures C1 and C2 from the respective
planes SO and RO when measured along the respective center lines of slight, ⃗kC and ⃗kC . For
1

2

simplicity, Figure 4.23 shows that the points PSO and PRO coincide with the points SO,CG and
RO,CG , respectively. In such a case, we have:
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⃗rPS

O

⃗rPR

= ⃗rSO,CG /C1 = ⃗rSO,CG /O − ⃗rC1 /O = (d1 ) ⃗kC

1

= ⃗rRO,CG /C2 = ⃗rRO,CG /O − ⃗rC2 /O = (d2 ) ⃗kC

2

/C1

/C2
O

(4.12)

If the experimental setup is such that the points PSO and PRO coincide with the points SO,CG
and RO,CG , respectively, we don’t need to separately measure the setup for finding d1 and d2 .
I

I

Lastly, let’s define the 2-dimensional Frames P 1 and P 2 attached to the image planes P1I
and P2I as shown in the figure. Mathematically, we can define the frames as follows:
I

P 1 = { P1I , ⃗iP I , ⃗jP I }
1

I
P2

= {

P2I ,

1

(4.13)

⃗i , ⃗j }
PI
PI
2

2

where the unit vectors have a magnitude of 1 pixel, That is:
||⃗iP I || = ||⃗jP I || = ||⃗iP I || = ||⃗jP I || = 1 pixel
1

1

2

2

Then, according to Figure 4.23, ⃗iP I and ⃗iP I measures the horizontal pixels on the image planes
1

2

P1I and P2I , respectively. Similarly, ⃗jP I and ⃗jP I measures the vertical pixels on the image planes
1

P1I and P2I , respectively.

2

Then, by definition of the origin of a coordinate frame we have:
{⃗rP I /P I }
1

1

=

I
P1

( )
0
0

{⃗rP I /P I }

,

2

2

=

I
P2

I

( )
0
0

I

Therefore, the origins P1I and P2I of the Frames P 1 and P 2 , respectively correspond to the
points which measures 0 pixels in the respective horizontal and vertical directions of the image
I

I

sensors. Notice in Figure 4.23 we see that that Frames P 1 and P 2 are align to the respective
camera frames, C 1 and C 2 . That is:
⃗i = ⃗i ,
C
PI
1

1

⃗j = ⃗j ,
C
PI
1

⃗i = ⃗i ,
C
PI

1

2

2

⃗j = ⃗j
C
PI
2

2

Let the total number of pixels in the horizontal and vertical direction of the both the image
planes P1I and P2I and is denoted by NpH and NpV , respectively. Also, let the actual size of each
pixel on the image plane P1I and P2I be denoted by pH and pV . The information about the resolution, NpH × NpV , of the image sensor (i.e., image plane) and the pixel size pH × pV , in world
units (like meters, millimeters, etc.) can be found in the specification sheet for the cameras used.
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Derivation of Model Equations
Consider an arbitrary point T in the three-dimensional space as shown in Figure 4.23. As shown,
the point T is considered to be in the water medium. Let the line of sight of point T to the camera C1 intersects the sidewall planes SO and SI at points TSO and TSI , respectively. Similarly,
line of sight of point P to the camera C2 intersects the sidewall planes RO and RI at points
TRO and TRI , respectively. In the derivation that follows, using the principle of reversibility of
light, we will consider the line of sight from the cameras (or camera apertures) C1 and C2 to
the object point T .
Now, assume that the projection of the point T on the image sensor planes P1I and P2I
is denoted by points TP I and TP I . Let, I1 and I2 be the images of the point T taken by the
1

2

cameras C1 and C2 , respectively. The location of the points TP I and TP I can be given by:
1

{⃗rT

P1I



where, Tx,P I , Ty,P I
1



1

/P1I

}

=

I
P1



T I 
x,P
1

T

{⃗rT

,

P2I


I

y,P1



and Tx,P I , Ty,P I
2

2



/P2I

}

I
P2

=

2



T I 
x,P

(4.14)

2

T

y,P2I



are the pixel coordinates of the points TP I and TP I ,
1

2

respectively, corresponding to the images I1 and I2 , respectively. We already know the pixel
coordinates of the point T in I1 and I2 from the object detection stage (Section 4.2.5).
Now, the pixel location of the principal points PP I and PP I can be expressed in terms of
1

1

the pixel resolution NpH × NpV for the cameras C1 and C2 :
{⃗rP

P1I

/P1I

}

I
P1

=

(
)
(NpH/2)
(NpV /2)

{⃗rP

,

P2I

/P2I

}

I
P2

=

(
)
(NpH/2)

(4.15)

(NpV /2)

Since, both the cameras have assumed to have the same resolution. Therefore, the position
I

I

vector of the principal points from the respective origins of the image plane frames, P 1 and P 2 ,
, in world units, can be given by:

⃗rP

P1I

/P1I
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=⇒

⃗rP

/P1I
P1I
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=⇒
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1
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1
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2
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⃗j
PI
1

⃗j + (0) ⃗k ,
C
C
1

1

and
(4.16)
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⃗j + (0) ⃗k
C
C
2

2

Similarly, for the projection points TP I and TP I , we have:
1

⃗rT

P1I

⃗rT

P2I

Tx,P I pH
2
2

2

!
⃗j + (0) ⃗k
C
C

1

2

1

Tx,P I pH

=

/P1I

Ty,P I pV

⃗i +
C

1

=

/P1I

2

!

1

Ty,P I pV

!
⃗i +
C

(4.17)
⃗j + (0) ⃗k
C
C

2

2

1

1

!
1

1

Therefore, the position vector of the projection points TP I and TP I from the respective
1

2

camera apertures C1 and C2 can be derived using Equations 4.9, 4.16 and 4.17:

!
⃗rT

P1I

= ⃗rT

/C1

P1I

/P1I

− ⃗rP

+

P1I

+ ⃗rP

/P1I

P1I

/C1

(4.18)

!
⃗rT

P2I

= ⃗rT

/C2

P2I

/P2I

− ⃗rP

+

P2I

+ ⃗rP

/P2I

We can see in Figure 4.23 that the directions of ⃗rT

P1I

P2I

/C1

/C2

and ⃗rT

P2I

/C2

is along the light of

sight to respective points TSO and TRO from the cameras C1 and C2 . Therefore, the direction
of the incident rays for the air-glass interface can be denoted by r̂TS

O

r̂TS

O

r̂TR

O

/C1

/C2

= r̂T

P1I

= r̂T

P2I

/C1

=

⃗rT

/C1

||⃗rT

/C1

⃗rT

/C2

||⃗rT

/C2

P1I

P1I

/C2

=

P2I
P2I

/C1

and r̂TR

O

/C2

such that:

||
(4.19)
||

As discussed in the frame assignment section (Section 4.3.2), we have the points PSO and
PSO where the center line of sight (⃗kC and ⃗kC ) meets the respective outer sidewall planes (SO
1

2

and RO ). Therefore, using Equation 4.11, we have:





⃗rTS /C1 · ⃗kC = ||⃗rTS /C1 || r̂TS /C1 · ⃗kC
1
1
O
O
O

 O
d1

=⇒
||⃗rTS /C1 || = 
O
r̂TS /C1 · ⃗kC
1
O




⃗
d2 = ||⃗rPR /C2 || = ⃗rTR /C2 · kC = ||⃗rTR /C2 || r̂TR /C2 · ⃗kC
2
2
O
O
O
 O

d2

=⇒
||⃗rRS /C2 || = 
O
r̂
· ⃗k
d1 = ||⃗rPS

|| =
/C1

TR /C2
O

C2
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(4.20)

Thus, from Equations 4.19 and 4.30, we have:

⃗rTS
⃗rTR

O

/C1

/C2
O

O

/C1

|| r̂TS

O

/C1

O

/C2

|| r̂TR

O

/C2

= ||⃗rTS
= ||⃗rTR

(4.21)

Figure 4.24: schematic diagram for Snell’s law

Consider an interface as shown in Figure 4.24 for two media having η1 and η2 as their
refractive indices. We have an incident ray, î which makes an angle of θ1 with the common
normal of the interface, n̂. Then, the angle, θ2 , that the refracted ray r̂ makes with the normal,
n̂, can be given using Snell’s law:

η1
sin(θ2 )
=
η2
sin(θ1 )
 

η1
−1
θ2 = sin
sin(θ1 )
η2

=⇒

(4.22)

Now, for the case described Figure 4.23, we have two air-glass refraction interfaces given by
planes SO and RO which have the respective common normals ⃗kS
and ⃗kR
.
O,CG

O,CG

Let’s define θ1,SO and θ1,RO that the incident rays, r̂TS /C1 and r̂TR /C2 , makes with the
O
O
and ⃗kR
, where θ1,SO and θ1,RO can be evaluated as:
respective common normals, ⃗kS
O,CG

cos(θ1,SO ) = r̂TS

O

cos(θ1,RO ) = r̂TR

O

/C1

/C2

· ⃗kS
· ⃗kR

O,CG

,

=⇒

,

=⇒

O,CG

O,CG



θ1,SO = cos−1 r̂TS /C1 · ⃗kS
O,CG
 O

−1
⃗
θ1,RO = cos
r̂TR /C2 · kR
O
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O,CG

(4.23)

as the refracted ray for the interfacing plane SO and θ2,SO as the
angle it makes with the normal, ⃗kS
. Similarly, we can define r̂TR /TR and θ2,RO for the
Let, us define r̂TS

I

/TS
O

O,CG

O

I

interfacing plane RO . Therefore, using Equations 4.22 and 4.23 we have:

θ2,SO = sin
θ2,RO = sin

−1

−1




ηair
ηglass

ηair
ηglass




sin(θ1,SO )


sin(θ1,RO )

(4.24)

where, ηair and ηglass is the refractive index of air and glass, respectively.
As can be seen in Figure 4.24, refraction is a planar phenomenon, that is, the incident ray
(î), the refracted ray (r̂) and the common interface normal (n̂) are all contained in a plane.
Also, the angles, θ1 and θ2 are angles with which the common normal (n̂) is rotated about the
normal to the plane, to align with the rays î and r̂ respectively.
Therefore, to find the direction of the refracted ray at the interface SO and RO we will first
need to find the normal to the respective planes containing the incident rays and the common
normal. Let n̂⊥,SO be the normal to the plane which contains the incident ray, r̂TS /C1 , the
O
common normal, ⃗kS
and the refracted ray r̂TS /TS . Similarly, we can define n̂⊥,RO for the
O,CG

I

O

interfacing plane RO . The plane unit normal, n̂⊥,SO and n̂⊥,RO can be evaluated as:

n̂⊥,SO = ⃗kS
n̂⊥,RO = ⃗kR

O,CG

× r̂TS

O

/C1

O,CG

× r̂TR

O

/C2

(4.25)

Rodrigues’ rotation formula states that say we have a vector ⃗v ∈ R3 , and a unit vector
n̂ ∈ R3 about which ⃗v rotates by an angle θ according to the right-hand rule, then the rotated
vector, ⃗vrot can be given by:
⃗vrot = ⃗v cos(θ) + (n̂ × ⃗v ) sin(θ) + n̂ (n̂ · ⃗v ) (1 − cos(θ))
Then, using Equation 4.26 the refracted rays, r̂TS

I

/TS
O

and r̂TR

interfacing planes SO and RO , respectively, can be given as:
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I

/TR
O

(4.26)

, corresponding to the

r̂TS

I

r̂TR

I

/TS
O

/TR
O


n̂⊥,SO × ⃗kS
sin(θ2,SO )
O,CG
O,CG


+ n̂⊥,SO n̂⊥,SO · ⃗kS
(1 − cos(θ2,SO ))
O,CG


= ⃗kR
cos(θ2,RO ) + n̂⊥,RO × ⃗kR
sin(θ2,RO )
O,CG
O,CG


+ n̂⊥,RO n̂⊥,RO · ⃗kR
(1 − cos(θ2,RO ))
= ⃗kS



cos(θ2,SO ) +

(4.27)

O,CG

The refracted rays, r̂TS

and r̂TR

/TS
O

I

/TR
O

I

, intersects the corresponding inner planes, SI and

RI at the points TSI and TRI , respectively (See Figure 4.23). We can calculate the magnitude
of the position vectors, ⃗rTS

I

Ttank = ⃗kS
=⇒
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(4.28)


I

/TR
O

Ttank
· r̂TR

O,CG


I

/TR

O

where, Ttank is the thickness of the sidewalls S and R.
The expression for the position vectors ⃗rTS

I

⃗rTS

I

⃗rTR

I

/TS
O

/TR

O

/TS
O

and ⃗rTR

I

/TR
O

can thus be given by:



||
r̂
/TS
TS /TS
I
O
 I O
= ||⃗rTR /TR || r̂TR /TR
= ||⃗rTS

I

O

I

(4.29)

O

Therefore, using Equations 4.21, 4.29 and 4.5 we can find the position vector of the points
TSI and TRI from the point O as follows:

⃗rTS

I

⃗rTR

I

/O

/O

= ⃗rTS
= ⃗rTR

I

I

/TS
O

/TR

O

+ ⃗rTS

/C1

+ ⃗rC1 /O

/C2
O

+ ⃗rC2 /O

O

+ ⃗rTR

(4.30)

Now, we have the two planes SI and RI which represents the glass-water interface. Consider
the points TS and TR along the sight line from the points TSI and TRI , respectively, to the object
point T . Then, at the interface SI , we have the incident ray, r̂TS /TS , the common normal
I
O
⃗k
and
the
refracted
ray
r̂
.
Similarly,
we
can
define
the
refracted
ray r̂TR /TR for the
TS /TS
S
O,CG

I

I

interfacing plane RI . Notice that we can use ⃗kS

O,CG
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and ⃗kR

for the common normal at the
O,CG

respective interfaces, SI and RI , since the sidewalls (R and S) are considered to be cuboidal.
Also, for the same reason, the angle the incident rays at planes SI and RI is the same as θ2,SO
and θ2,RO as given by Equation 4.24. That is,

θ1,SI = θ2,SO = sin
θ1,RI = θ2,RO = sin

−1

−1




ηair
ηglass

ηair
ηglass




sin(θ1,SO )


sin(θ1,RO )

(4.31)

where, θ1,SI and θ1,RI is the angle made by the incident ray r̂TS /TS and r̂TR /TR w.r.t. their
O
I
O
I
and ⃗kR
.
respective common normals, ⃗kS
O,CG

O,CG

Let the angle between the refracted ray (r̂TS /TS ) and the normal (⃗kS
I

) be denoted by
O,CG

the angle θ2,SI . Similarly, we can define θ2,RI for the interfacing plane RI . Then, using Equation
4.31 and the Snell’s law (Equation 4.22), we have:

θ2,SI
θ2,RI






ηglass
ηair
−1
= sin
sin(θ1,SI ) = sin
sin(θ1,SO )
ηwater
ηwater






ηglass
ηair
−1
−1
= sin
sin(θ1,RI ) = sin
sin(θ1,RO )
ηwater
ηwater
−1



(4.32)

where, ηwater is the refractive index of water.
Let’s define n̂⊥,SI as normal to the plane which contains the incident ray, r̂TS /TS , refracted
I
O
ray, r̂
. Similarly, we can define n̂⊥,R for the interfacing
, and the common normal, ⃗k
TS /TS

I

S O,CG

I

plane RI . Then, the normal vectors can be given as:

n̂⊥,SI = ⃗kS
n̂⊥,RI = ⃗kR
where, the values of incident rays r̂TS

I

/TS
O

× r̂TS

O,CG

O,CG

and r̂TR

× r̂TR
I

/TR

I

/TS
O

I

/TR
O

(4.33)

can be determined from Equation 4.27.
O

Now, using Equation 4.32 and 4.33, we can apply the Rodrigues’ rotation formula (Equation
4.26) to derive the expressions for the refracted rays, r̂TS /TS and r̂TR /TR as follows:
I
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I

r̂TS /TS

I

r̂TR /TR

I


n̂⊥,SI × ⃗kS
sin(θ2,SI )
O,CG
O,CG


+ n̂⊥,SI n̂⊥,SI · ⃗kS
(1 − cos(θ2,SI ))
O,CG


= ⃗kR
cos(θ2,RI ) + n̂⊥,RI × ⃗kR
sin(θ2,RI )
O,CG
O,CG


+ n̂⊥,RI n̂⊥,RI · ⃗kR
(1 − cos(θ2,RI ))
= ⃗kS

cos(θ2,SI ) +



(4.34)

O,CG

Now, ideally the unit vectors r̂TS /TS and r̂TR /TR should intersect at the object point T .
I

I

However, in practice, they rarely intersect. This can be attributed to the errors in measuring
the geometrical configuration of the computer vision setup such as the location and orientation
of the cameras and the sidewalls w.r.t. the inertial frame (Frame O). Further, the intrinsic
camera parameters that were estimated using MATLAB® could be slightly off. Furthermore,
the accuracy of the object detector used also contributes to this problem.
Figure 4.25 describes a realistic scenario which shows the lines ls and lR along the unit
vectors r̂TS /TS and r̂TR /TR , respectively. The equation of the lines can be given by:
I

I

⃗rPS /O = ⃗rTS

I /O

⃗rPR /O = ⃗rTR
where, the vectors ⃗rTS

I

/O

and ⃗rTR

I

/O

I /O

+ λ1



r̂TS /TS



+ λ2



r̂TR /TR



I

(4.35)

I

is found in Equation 4.30.

Figure 4.25: schematic diagram showing the close-up view of the line of sight from the cameras
C1 and C2
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Consider that the points TS and TR are the points where the common normal, n̂norm ,
intersect with the lines the lS and lR , respectively. Then, the unit normal vector can be defined
using Equation 4.34, as follows:


r̂TS /TS × r̂TR /TR
I

n̂norm = 

r̂TS /TS × r̂TR /TR
I


I

(4.36)


I

Now, as shown in Figure 4.25 and using Equation 4.35, we can define the position vectors
of the points TS and TR (w.r.t. point O) in terms of λS and λR as follows:

⃗rTS /O = ⃗rTS

I /O

⃗rTR /O = ⃗rTR

I /O

+ λS



r̂TS /TS



+ λR



r̂TR /TR



I

(4.37)

I

The magnitude of the position vector from point TS to TR can be given by:
||⃗rT

R

/TS ||

= ||⃗rTR /O − ⃗rTS /O ||

(4.38)

From Equations 4.36 and 4.38, we have the following nonlinear equation:


⃗rTR

I /O

+ λS



⃗rTR /O − ⃗rTS /O = ||⃗rT /TS || n̂norm
R




r̂TR /TR
− ⃗rTS /O + λ2 r̂TS /TS
= ||⃗rT
I

I

I

/TS ||
R

(4.39)
n̂norm

Now, we can numerically solve Equation 4.39 using the “fsolve” or “fmincon” functions in
MATLAB

®

to determine the values of λS and λR . Also, we can now determine the values of

⃗rTS /O and ⃗rTR /O using Equation 4.37.
The location of target point T can be assumed to be the averaged locations of the points
TS and TR :
⃗rT /O =

⃗rTS /O + ⃗rTR /O
2

!
(4.40)

We can express ⃗rT /O in the frame that is the global reference frame that is considered in
the numerical tether model (Frame Transformation stage).

System Identification
As we saw during its development, the ray-tracing method depends on several model parameters
which could pertain to the geometrical construction of the setup, the calibration parameters of
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the camera-lens system, and refractive indices of the media involved. Of these, the geometrical
parameters of the system like the position and orientation of the cameras and the sidewalls
could be known with certainty. However, we don’t exactly know the focal lengths of the two
lenses, fC1 and fC2 (See Equation 4.9). This is because it was adjusted manually using the
diopter dials on the lenses. Also, it is reasonable to use the standard values of refractive indices
of water and air, ηwater and ηair in the model. Since the glass water tank didn’t come with
material specifications we can’t simply assume a standard refractive index of glass, ηglass for
our model. So, essentially we have three major sources of uncertainty in the model: ηglass , fC1
and fC2 .

(a) Top-view (X-Y) of the experimental setup

(b) Front-view (X-Z) of the
experimental setup

Figure 4.26: Schematic Diagram for system identification experiment for ray tracing model

We will need to conduct ground truth experiments to identify the unknown parameters of the
model. Figure 4.26 schematically explains the design of the setup for the system identification
experiments. Essentially, the experiment entails creating a ground point cloud for performing
system identification and performance comparison. As shown in Figure 4.26, a square wire grid
panel of size 24 × 24 in2 is mounted on top of the glass tank. The panel sits on two of the
adjacent edges of the tank which is why the cameras that are shown in the figure are not
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centered with respect to the panel. Figure 4.26(b) describes the bead chains which make up the
point cloud. The chain consists of 5 stainless steel beads of 8 mm diameter which are attached
to a polyester cord at equal distances. The chain is attached to the grid vertices (nodes) shown
in Figure 4.26, one at a time. When the chain is completely steady (i.e., not moving), their
images are recorded by the two cameras. Also, the actual position of the beads is measured for
each experiment. This experiment is repeated for all the shown positions on the grid panel to
generate the point cloud data as shown in Figure 4.27.

Figure 4.27: Plot showing the point cloud of system identification experiment for the ray
tracing model

The nomenclature and indexing of the chains and beads used in Figure 4.26 are given as
follows:
• ni − represents the grid node locations where the chains are attached, ∀i = [1, 35] : i ∈ Z1 .
• Ci − represents the chain attached to the corresponding grid locations ni , ∀ i = [1, 35] :
i ∈ Z1 .
• Ci Mj − represents the index of the bead (starting from the top) attached to the chain
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Ci , ∀ i = [1, 35] : i ∈ Z1 , and ∀ j = [1, 5] : j ∈ Z1 .
Note, estimation of the 3D location of an object using any reconstruction algorithms require
the pixel coordinate information of the object in both the images taken by the two cameras.
However, because of the placement of the chains relative to the cameras some beads were not
visible in both the cameras simultaneously. For example, this scenario occurred when the chain
was placed at the node location, N21 . Figure 4.28 shows the images of the chain C21 (corresponding to N21 ) taken by the two cameras. The image shows that camera C2 could only
capture 4 out of the 5 beads; the bead C21 M5 couldn’t be captured. Therefore, only 4 markers,
{C21 M1 , C21 M2 , C21 M3 , C21 M4 } were considered as valid markers. The figure also shows the
central image regions shaded in green. Its dimensions were taken as: (2/3) NpH × (2/3) NpV .
The valid markers (beads) that were inside the shaded region in both the images were classified
as central markers. Otherwise, they were classified as peripheral markers. This labeling scheme
will be used during performance analysis of the reconstruction models (Section 4.3.3).

Figure 4.28: Image-pair showing the chain C21 for the system identification experiment for ray
tracing

In the experiments conducted we had 155 valid points (i.e., valid markers) out of 175 possible data points of which 48 were peripheral. All the invalid markers were of index Ci M5 . In
other words, all the other markers indexed M1 , M2 , M3 , M4 on all the chains Ci were definitely valid. A smaller data set of around 10 − 20% was randomly sampled from the set of valid
markers. This data set, henceforth known as the training set, was used to perform the system
identification of the RT model.
Consider a total of R valid markers in the training data set. For each marker mi , where,
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i = [1, R] : i ∈ Z1 , we have its measured 3D position (ground truth), ⃗rmi /O , and its pixel




coordinates mix,P I , miy,P I and mix,P I , miy,P I in the images taken by the cameras C1 and
1

1

2

2

C2 , respectively. Using the pixel coordinates, we can define the constraint equation as given
Equation 4.39, terms of ηglass , fC1 and fC2 . In the constraint equation there will also be two
unknowns related to the scalar parameters, λS,mi and λR,mi from the line equation (Equation
4.37). R constraint equations in the vector form means that will be a total of 3 R equality
constraints on the optimization problem for identifying the 3 model parameters. Also, the optimization has a total of 3 + 2R design variables: ηglass , fC1 , fC2 , and λS,mi , and λR,mi for each
marker, mi .
We will need to formulate an objective function for the optimization problem. The idea
behind the optimization is to find the set of design variables such that the distance between an
object point, mi , and points from the line equation (see Equation 4.37 and Figure 4.25), miS
and miR , should be minimized. That is, mi , miS and miR for each point, mi , should coincide.
Consider an objective function, Fi , which is mean of the euclidean distanced of the points mi
and miS , and mi and miR . Mathematically, Fi can be given as:
Fi =

||⃗rmi /mi || + ||⃗rmi /mi ||
S

R

(4.41)

2

where, Fi = Fi (ηglass , fC1 , fC2 , λS,mi , λR,mi ).
Now, we will have a total of R objective functions, Fi , associated with R data points. We
will need to define a global objective function, FsysID which could simultaneously minimize all
the individual objective functions, Fi , corresponding to the markers, mi . We can define global
objective function as follows:

PR
µsysID =
σsysID =

i=1 Fi

s R
PR

i=1

Fi − µsysID
R



(4.42)

FsysID = µsysID + w σsysID
where, µsysID and σsysID are the mean and the standard deviation of the set of R objective
functions, Fi . w (where, w = (0, ∞) : w ∈ R1 ) denotes a scalar weighting factor for the global
objective function.
Note that the objective function, FsysID , is a function of the three parameters we need identify: ηglass , fC1 , fC2 , among other design variables: λS,m1 , λR,m1 , . . . , λS,mR , λR,mR . To find
the system parameters, we can minimize the Equation 4.42 subject to the set of equality con-
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straints given by Equation 4.37 for each marker, mi . The optimization problem can be solved
using a Genetic Algorithm method with Augmented Lagrangian for penalising constraint violation. Alternatively, we could also use analytical methods like “fmincon” in MATLAB® but
with multiple random initial design points because of the multi-modal nature of the objective
function defined for the problem.

4.3.3

Performance Comparison of 3D Reconstruction Models

Position prediction performance of the above-developed reconstruction models was studied using the point cloud data set (see Figure 4.27) that was gathered during the system identification
of the ray-tracing model.

Figure 4.29: Plot showing 3D positions of ground truth and the positions estimated by linear
scaling and ray tracing models

Figure 4.29 shows the point cloud of the ground truth data and the corresponding position
estimations of linear scaling and ray tracing models. It is apparent that the linear scaling predictions are rather off when compared to the results from the ray-tracing model. This is more
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visible in Figure 4.30 which plots the positions of the data points in the x, y, z directions.
The valid markers were classified as central and peripheral markers (See Figure 4.28) to analyze the prediction performance of the reconstruction algorithms based on the detected pixel
locations in the image-pairs. Each valid data point plotted along the x-axis in Figure 4.30(a)
and Figure 4.30(b) correspond to the central and peripheral markers, respectively. In Figure
4.30(a), the x-axis is labeled to denote a data point corresponding to the central marker with
the last index number for a given chain index. For instance, consider the label C14 M4 . This
data point shows the ground truth and predicted positions of the marker M4 on the chain C14 .
The preceding two data points are correspond to the markers which precedes in index on the
same chain, i.e., C14 M3 and C14 M2 . The data point preceding C14 M2 correspond to the marker
C13 M4 and is labelled so in Figure 4.30(a). This means that the remaining markers on the chain
C14 are either peripheral or not valid. In Figure 4.30(b) we see the label C14 M1 and the markers
before and next to it are C13 M5 and C15 M1 , respectively. This means that the chain C14 has
only one peripheral marker (C14 M1 ) and the marker C14 M5 is invalid, that is, it is not visible in
one or both cameras. If we consider a label say C35 M4 in Figure 4.30(b), we see that there are
two peripheral markers on the chain C35 . Then, we need to read from Figure 4.30(a) the label
corresponding to the chain C35 and we find that the markers C35 M3 and C35 M2 are central
markers. Therefore, chain C35 has C35 M1 and C35 M4 peripheral markers as all the chains with
4 valid markers have the marker M5 as invalid. So, the labels of Figure 4.30(b) has to be read
in conjunction with Figure 4.30(a).
In Figure 4.30(a) we see that the positions predicted linear scaling model were more inaccurate along the three axes (Frame O) in comparison to the ray-tracing model predictions. In
particular, linear scaling estimates were off by an average of 3.14” , 2.16” , and 2.20” in the x, y,
and z directions, respectively. In contrast, the ray-tracing model predictions had mean errors
of 0.08” , 0.50” and 0.77” along the x, y, and z directions, respectively. Further, the ray-tracing
model shows lesser variance having an averaged standard deviation of 0.38” against 0.69” for
the linear scaling model.
Also, there are places in the object space where the linear scaling model performs even
worse. Case in point, the LS model estimate was off by about 5.2” along the x-direction for the
marker C32 M3 . In contrast, the largest deviation for the ray tracing predictions was observed
in the z-axis of 4.89” for marker C29 M2 . It could be observed in all the three subplots of Figure
4.30(a) that both the ray tracing and the linear scaling predictions generally seem to follow the
data line for the ground truth positions. However, at the data points corresponding to markers
C28 M3 , C28 M4 and C29 M2 the data lines of the RT and LS predictions breaks that trend.
This can be considered as noise in the process of acquiring data for the experiment and/or its
processing. After removing the outlier data like C29 M2 the maximum deviation observed in the
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(a) Prediction performance for central markers

(b) Prediction performance for peripheral markers

Figure 4.30: Plot showing prediction error in x, y, z coordinates of the linear scaling and ray
tracing models
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ray-tracing predictions were 0.81” in the z-direction for marker C11 M1 .
As can be seen in Figure 4.30(b), the ray-tracing model also demonstrated better performance than the linear scaling model for peripheral markers. Before outlier rejection, the mean
errors observed of the RT model were 0.08” , 0.18” and 0.62” against 3.02” , 2.84” and 2.52” for
the LS model in the x, y, z directions, respectively. Similarly, the mean standard deviation of
the predictions for peripheral markers was also smaller for the ray-tracing model; 0.65” vs. 0.89”
for the LS model. Similar to the figure for central markers (Figure 4.30(a)), we find that the
predictions generally follow the ground truth data line except for some outliers such as C29 M1 .
After eliminating the outliers, the maximum deviation observed in the RT model was about
1.2” for marker C3 M5 which was much smaller than that (3.95” ) of the LS model.
Figure 4.31 shows the prediction errors, before outlier rejection, for central and peripheral
markers in terms of the euclidean distance from the ground truth data. The figure further corroborates the superiority of the ray-tracing model. Apart from the obvious outliers like C29 M1 ,
C29 M3 and C28 M3 , the ray-tracing model shows the average distance error of 0.99” and 1.14”
for the central and peripheral markers. In contrast, the linear scaling model shows an average
error of 4.79” and 5.13” in the central and peripheral markers. Before outlier rejection, the
predictions show variations of less than an inch; 0.74” for ray tracing vs. 0.80” for linear scaling
model. Since it is established that ray tracing outperforms the linear scaling model, thus henceforth, our discussion further will entail more in-depth analysis of just the ray-tracing model.
Figure 4.30 suggests that the ray-tracing model shows similar prediction performance for
central and peripheral markers. In fact, the predictions for peripheral markers are slightly more
accurate than the central markers for the ray-tracing model. The mean value for the peripheral markers is roughly 0.15” lower than that for the central markers. Since the images were
processed for correcting the lens distortion and skew effects, it was hypothesized that the performance for both central and peripheral markers should be similar, or perhaps slightly worse
for the peripheral markers. The observations provide evidence rather contrary to this, which
could be attributed to the fact that performance was plotted in the figure before rejecting any
outliers. With more data points for the central markers, it probably has more noise compared to
the peripheral marker data set. Perhaps, the higher noise in the central markers set is producing
slightly worse predictions.
One interesting thing that can be observed from Figure 4.30 is that the linear scaling always
predicts a much lower value than the ground truth data. This is at least more prominent along
the x and y directions for both central and peripheral markers. This observation should be
analyzed in conjunction with the position of the point cloud relative to the camera. As seen
from Figure 4.26(a), the markers lie mainly to the left of camera C1 and mainly to the right for
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Figure 4.31: Figure showing prediction errors in terms of the euclidean distance from the
ground truth data

camera C2 in the top-view of the experiment. We know that the linear scaling model doesn’t
account for refraction at the inner and outer interfaces. This means that the line of sight from
camera apertures to the corresponding pixel locations on the image plane will travel in a straight
line. Also, the lines of sight will have to travel towards the common farther vertex, i.e., towards
the point O owing to the placement of most chains relative to the cameras C1 and C2 . Since
they are traveling straight the lines of sight would meet at points that lower x and y values than
if it had bent due to refraction. This explains why the linear scaling model underpredicts, so
to speak, especially in the x and y directions. We also observe that even the ray-tracing model
also underpredicts although to a much lesser degree. This could be attributed to a slight error
in identifying the unknown parameters of the model.
In Figures 4.30 and 4.31 we noticed the presence of noise in the data like C29 M1 and C28 M3 .
This may shift the measures of error centrality and variance. Therefore, these outliers need to
be identified and removed. Figure 4.32 shows the distance error after outlier rejection in predictions of the ray-tracing model. The mean error in distance 0.75” with a standard deviation
of 0.43” . The mean error was lower by about a quarter of an inch after removing the outliers
(See Figure 4.31).
As the standard deviation is low, We can bias the prediction results from the ray-tracing
model with a mean error in euclidean distance. Alternatively, we can introduce a bias factor for
the x, y, z axes separately with mean errors in the respective directions. This should provide a
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Figure 4.32: Figure showing distance errors after outlier rejection in ray tracing predictions

higher degree of freedom to control the prediction performance. The variance in the distance error defines a sphere of uncertainty associated with the ray-tracing predictions. Therefore, given
that the value of standard deviation it is safe to assume the sphere of uncertainty of about half
an inch radius. It means that the actual position of the object can be within half an inch of the
distance of the corresponding position estimated from ray tracing.
Using a suitable bias factor, once we have corrected the position of a moving object estimated from the inverse ray-tracing model, we could further reduce the noise in the position
vs time signal. To this end, a moving average filter with a window size of 25% of the sampled
position data along each coordinate axis was used.
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Chapter 5

Experimental Study for Validating
the Numerical Tether Model
In Chapter 2 we developed a numerical model which could simulate the behavior of a tether
under various operating conditions. A hardware setup (Tethered System Observation Platform)
was developed in Chapter 4 for recording and prescribing controlled motion to a tether/tethered
system. This chapter provides a detailed discussion on experimental investigation for assessing
the performance of the numerical tether model. The chapter begins by delineating the domain of
applicability of the experimental study. This is followed by details regarding the chosen design
of the experimental campaign. The results of this study are discussed by taking a closer look
at some test cases of the experiment.

5.1

Design of the Experimental Campaign for Model Validation

This section elucidates the scope of the model validation study based on the limitations imposed
by the experimental setup which was developed in Chapter 4. It is followed by a discussion
regarding the design of the experimental campaign which was founded on the scope of this
validation study.

5.1.1

Domain of Applicability of Experimental Study

As already discussed in Section 1.2 the purpose of this research is to understand and advance
the current state of the numerical models of tethers in marine applications for assisting the
development of tethered MHK systems. Therefore, the assessment of model performance should
be done in flow conditions expected in an ocean environment. However, owing to the constraints
discussed in Section 4.1.1 the experimental system was restricted to the idea of prescribing
rotational motion to the tether as shown in the Figure 4.1. This limits the scope of the validation
study to operating scenarios which can only be feasible given the experimental setup in its
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current form.
Moreover, the design of the experimental setup could introduce some effects of tether-fluid
and fluid-tank wall interaction which could not be accounted for in the tether model. For instance, the apparent flow around the tether would be rotational and turbulent which isn’t
considered by our quasi-steady hydrodynamic model (Section 2.3.2). Further, the tether will
enter in the wake it produced in the rotational cycle. This will lead to compounded wake effects
that grow with every cycle which are not accounted for in the tether model. Similarly, there
could be wave effects or effects due to fluid-flow bouncing off of tank sidewalls which again lies
are neglected in our modeling approach.
One way to reduce the effects due to unsteady turbulent flow could be to prescribe a motion to the tether which is within the subcritical Reynolds number range. Similarly, the effects
of fluid-sidewall interaction could be limited by considering experiments on lower aspect ratio
tethers (LT ether/DT ether ). This should increase the distance of the sidewall from the tether such
that any effects arising from the walls are reduced due to hydrodynamic damping till it reaches
the tether. It was observed that a 1/8” carbon fiber actuator arm (See Figure 4.3) having a
length of around 6” and rotating at motor rpm of 50 doesn’t produce a strong fluid-sidewall
interaction, at least visibly.
These solutions, however, put a limitation on the apparent flow experienced by the tether.
considering a 6” arm rotating at 50 rpm, the maximum Reynolds number experienced by the
tether would be around 5500. This is well within the sub-critical range (300 ≤ Re ≤ 1.5×105 ). It
should be noted that the apparent flow experienced by the tether would be mainly restricted to
gradient flow because of the reducing radius of the moment arm from top to bottom of the tank.
Further, notice in Figures 4.4 and 4.5, there are custom adapters using which a tether is
mounted to the experimental setup. Currently, the adapters are only compatible for mounting tethers with diameter between 1/8” and 1/4” . Furthermore, the dimensions of the tank
(30” × 30” × 24” ) also restrict the lengths of tether that can be tested. Given the acceptable length of the actuator arm, we may only be able to test tethers with length up to 20” . This
restricts the tether aspect ratio of below 200.

5.1.2

Experiment Campaign Design

The experimental campaign for validating the tether model should be such that it replicates
the actual operating conditions given the limitations of the experimental setup. It is anticipated that under the fluctuating hydrodynamic loads due to unsteady flow (like in the Gulf
stream) the tether might experience slack locally in some sections. However, the current numerical model assumes that the tether has no bending or torsional stiffness (See Section 2.3.1).
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This assumption can become limiting in accurately simulating the response of a slack tether.
Therefore, to test its validity the experimental study should be done for tethers under no axial
tension. This should assist in quantifying the prediction accuracy for the current state of the
tether model. This should also shape the research objectives for future model development.
Another important thing is that the experiments should be designed to span the entire
domain of the parameter space of the numerical model. Given the limitations imposed by the
experimental setup, we could only perform sweep of mainly three model parameters: the tensile
modulus of tether, ET ether , its diameter, DT ether , and apparent flow velocity, ⃗v∞ . A sweep
of tensile modulus and diameter of the tether will assess the performance of the structural
subsystem model and challenge its assumptions. Whereas, the tether diameter and flow velocity
which characterizes the flow ( ∵ Re =

ρV D
µ

), assesses the accuracy of the hydrodynamic model

considered. The matrix of test cases considered for the experimental campaign is given in Table
5.1.

Table 5.1: Experimental campaign matrix for model validation Study
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For sweeping the domain of tensile modulus, we have considered tethers of three different materials: Neoprene, Polyester, and Dyneema® . The Young’s modulus for Dyneema® is
120 GP a compared to around 13M P a for Neoprene. Also, the tether diameter is varied from
1/8”

to 1/4” for each material. This results in the variation of axial stiffness of the tether from

231.55 kN/m to 8549.62 kN/m. Given this large variation, the experimental campaign should be
able to assess the accuracy of the structural model in the span of parametric variations. The
Reynolds number, Re, is swept from 500 to 5500 corresponding to the variation in motor speeds
between 10 rpm to 50 rpm. This should help in evaluating the validity of the quasi-steady hydrodynamic model in the subcritical range.

Figure 5.1: Schematic figure illustrating the experimental scenario considering slack tethers

Figure 5.1 schematically shows an experimental test case having tether under slack conditions. For all the test cases in the experimental matrix, we have considered the tether of natural
length 17.44 in. Further, to record the tether motion using computer vision, 6 equidistant white
markers were placed on the tether which has a contrasting color like black. The contrast of
the markers from the background improves the accuracy of the object detection process (See
Section 4.2.5). These markers are basically bands of white acrylic paint on the tether and don’t
change its properties associated with the dynamics like mass or rotational inertia, etc. The
following presents a brief discussion on configuring the tether model simulations for its experimental validation.
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5.2

Setting up Numerical Model for Validation Study

In Figure 5.1 we see that the tether interacts with two end bodies through its end nodes: the
node nn+1 connects to the anchor while the node n1 is attached to the actuator arm. In the
tether model, we have already constrained the position and the velocity states associated with
the node nn+1 to account for the anchor attached to it (See Equations 2.42 and 2.43). The
motion of the topmost node, i.e., node n1 , will be prescribed by a servo motor (see Figure 5.1).
In other words the position and velocity states (s1 , s2 , s3 , s3n+4 , s3n+5 , s3n+6 ), are defined by
control equations Fj (t) where, 1 ≤ j ≤ 6; j ∈ Z1 (see Equation 2.45 in Section 2.3.4). Notice
from Figure 5.1 that node n1 is constrained to move in the X-Y plane (expressed in Frame O),
we have:



⃗rP/O · ⃗iO


s2 = yi = Rarm sin(θ(t)) + ⃗rP/O · ⃗jO


s3 = zi = ⃗rP/O · ⃗kO

s1 = xi = Rarm cos(θ(t)) +

s3n+4 = ẋi = −Rarm sin(θ̇(t))
s3n+5 = ẏi = Rarm cos(θ̇(t))

(5.1)

s3n+6 = żi = 0

where, the θ(t) and θ̇(t) are the time-series data of the motor encoder position and its velocity.
Using the sFoundation sdk (see section 4.1.3), the motor control routine records the encoder
position and velocity in the host computer which were sampled every microsecond. Rarm denotes the length of the actuator arm. ⃗rP/O is the position vector of the point P from reference
frame origin (Point O). Point P is point where the actuator arm intersects with the motor axis
(See Figure 5.1).
The numerical simulations should express the predicted time-history data of the tether
states in the same frame in which the experimental results were generated. We see that the
3D reconstruction algorithms produce 3D position data of the markers in the frame shown in
Figure 4.20. This is why term ⃗rP/O appears in the Equation 5.1.
Further, the numerical model should also simulate the geometrical attributes of the experimental setup. The dimensions of the tank, in particular, tank floor height from the origin of
the global reference frame should be considered. Further, measuring the position of the anchor
point, i.e., the lower mounting adapter (See Figure 4.5) relative to the tank floor is also crucial
for setting up the simulations. Apart from this, the parameters related to the tether properties
like its size and elastic modulus should be used in accordance with the experiment test case in
the campaign.
When conducting the experiments, it is highly likely that the markers placed on the tether
don’t align with any of the nodes of the numerical tether model. Therefore, we will need to
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interpolate the nodal time-state data to find the states (position and velocity) of the points
along with the tether corresponding to the markers. This was done by taking the weighted
average of the predicted states of the nodes, ni and ni+1 , of the discretized tether element, ei ,
on which a marker would fall when measured along the free length of the tether. The process
is similar to finding the application point T of the thrust load as shown in Figure 2.14. Refer
Equations 2.46 to 2.48 in Section 2.3.4 for more details.
Another important thing is setting up the simulations to emulate the initial conditions of
a tether during an experiment test case. Since the tether is initially slack, it may assume a
catenary shape which would be very difficult to describe through a mathematical equation. An
approximate initial shape was described using the estimated 3D position of the markers from
the image-pair taken during the experiment which corresponds to time, t = 0 sec. The euclidean
distance of the estimated marker position for that time was used to interpolate (or extrapolate)
to determine the positions of all the nodes into the tether was discretized for conducting the
simulation. A piecewise cubic Hermite polynomial was used as the interpolating function for
approximating the initial tether position.
Finally, the sampling frequency for acquiring the data from the sensors of the experimental
setup should be at least equal to or higher than the frequency set for sampling time-series
data from the numerical model. A sensor sampling frequency lower than that of the numerical
model will result in the loss of experiment information for certain time instants. Interpolating/
approximating the sensor signals for those instances may result in signal aliasing. The sampling
period for the image sensors is 100 Hz. This means that the computer vision system should be
able to accurately capture any oscillating response of up to 50 Hz associated with the dynamics
of the tethered system according to the Nyquist criterion. The sampling period of the motor
encoder is much lower (microseconds), thus, it doesn’t constrain the sampling rate of numerical
simulations. The sampling period of the simulations is kept at 10 µs to match the frequency
of image sensors. In fact, the simulations were sampled at exactly the time instances when the
images were sampled (captured) to avoid any loss of experiment information.

5.3

Results of the Validation Study

This section presents a detailed discussion on the observations of the experimental study. The
effects of parameter variation on model predictions can be best studied by sweeping the parameters individually. Thus, the following four test cases were chosen to analyze the performance
of the tether model.
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5.3.1

Test Case I - 1/4” Neoprene Tether with 50 Motor RPM

A 17.5” long (0.25” diameter) Neoprene (70A Durometer) rubber chord was used in this experiment. The motor was rotated at the desired steady-state velocity of 50 rpm. Figure 5.2 shows
the plot of position and velocity of the motor encoder that was recorded during the experiment
after applying a quadratic regression filter on the encoder data.

(a) Motor Position vs. Time

(b) Motor Velocity vs. Time

Figure 5.2: Plot of motor encoder data for the 1/4” Neoprene at 50 motor rpm test case
.

Figure 5.3 shows the comparison of the transient motion of the tether predicted by the numerical tether model against the recorded experimental positions of the markers. We see that
the motion predicted by the model closely hugs the recorded motion of the tether. More detailed
observation can be made using the Figure 5.4 which compares the experimental and predicted
positions for each marker along the x, y, z axis (O Frame). Looking from a bird’s eye view, we
see that the predictions follow the sinusoidal motion in x and y directions at the frequency of
the recorded motion and without any noticeable phase lag. The model estimates seem to only
deviate around the amplitudes of the sinusoidal motion. In contrast, the model estimates for
motion along the z axis are visibly offset to the experimental data. Although apparent due to
the scale of the plots, the offset is usually small; within 0.3” for all markers. We also notice small
oscillations along the z-axis for the recorded motion of the markers. The numerical simulations
for the experiment don’t show any such oscillations along the z axis.
Figure 5.5 shows the corresponding the plots of error in positions along the three axes. This
plot brings out the centrality and variability of the positional errors for each marker. We can
observe that the mean error has the peak value of 0.5” in both x and y directions for marker
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(a) t = 0.00 sec

(b) t = 3.99 sec

(c) t = 8.00 sec

(d) t = 12.01 sec

(e) t = 16.01 sec

(f) t = 20.01 sec

Figure 5.3: Plot showing the comparison between the transient motion predicted by the numerical model vs. the experimental data (1/4” Neoprene at 50 motor rpm)
.

M1 . Also, it can be seen that the mean position error along all three axes generally decreases
from top to bottom of the tether. That is, the position errors for marker M1 are higher than
M2 and so on. This observation is also confirmed by Figure 5.6 which is a box-and-whisker plot
of the euclidean distance errors for all the markers.
From Figure 5.5 we also notice that there is a gradual decrease of standard deviation of x
and y positional errors from top to bottom of the tether: 0.38” and 0.43” for marker M1 to
0.15” and 0.15” for marker M6 for x and y directions, respectively. The standard deviation of
error along the z-axis doesn’t follow this trend but is within 0.01” for all the markers. The box
plot of distance error (see Figure 5.6) also agrees to the observed trend of decreasing standard
deviation for top to bottom. We can clearly see that the interquartile range for Marker M1 is
around 0.75” and that for marker M6 is around 0.2” .
There could be a few plausible explanations for the observed trends of decreasing positional
errors from top to bottom of the tether. It seems probable that there is some error in correctly
measuring the actuator arm length (See Figure 5.1). Say we set up the numerical simulations
with an arm length that is longer than what was actually used in the experiment. Intuitively, in
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(a) Marker M1

(d) Marker M4

(b) Marker M2

(e) Marker M5

(c) Marker M3

(f) Marker M6

Figure 5.4: Plot comparing the position predictions of the numerical tether model with the
experimental data acquired for the 1/4” Neoprene at 50 motor rpm test case
.

such a case, we should observe that the model predictions of motion in the x and y directions
should be higher than the ground truth data for all times during the experiment. However, Figure 5.4 doesn’t completely support this hypothesis since the deviations from the ground truth
at least visibly happen around the peak values of sinusoidal motions along the x and y directions.
Another more plausible explanation could be that the mass properties of the tether used
in numerical simulations are not the same as that of the tether used in the experiment. For
the sake of argument, consider that the numerical model was provided with a higher value of
relative density of tether. In that case, in the simulations, the tether should fling out more than
what was actually recorded in the experiment owing to its higher inertia and tendency to follow
a tangent to the prescribed circular trajectory. This should explain the deviations around the
peak values in the x and y directions.
Additionally, we know that the developed model doesn’t consider the internal forces acting
on the tether due to its bending and torsion (see Section 2.3.3). Thus, the centripetal force
acting on the tether nodes in the model is only internally restricted by axial tensile forces.
Because of this, the neighboring tether elements could assume a relative orientation which may
not be possible due to the internal bending moment of the tether. This could manifest as the
tether nodes being less restricted to fling out more under the centripetal force induced by the
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(a) Marker M1

(d) Marker M4

(b) Marker M2

(e) Marker M5

(c) Marker M3

(f) Marker M6

Figure 5.5: Plot showing the absolute errors in position predictions of the numerical tether
model for the 1/4” Neoprene at 50 motor rpm test case
.

motor.
We also noticed small errors along with the z directions for all the markers. This could
be attributed to the error in correctly measuring the distance of markers along the natural
length of the tether. From Figure 5.4 we see that for all the markers, the model predictions
for z axis motion are always lower than the experimental data. Perhaps this small difference is
rooted in the errors of the inverse ray-tracing model. From Figure 4.30 (Section 4.3.3), notice
that the ray-tracing estimations along the z-direction is slightly lower than the ground truth
data for both central and peripheral markers. A bias factor was introduced to reduce the mean
Euclidean distance errors of the estimations of the bead positions. After biasing, it could be
possible that z-axis estimates given by the ray-tracing model would have been shifted to be
slightly higher than the ground truth. Consequently, the experimental positions which are basically obtained from inverse ray tracing are slightly higher than the actual position of markers in
the experiments. This could also mislead the comparison of error in marker positions between
the experimental data and numerical model.
Further, in Figure 5.4 we can observe that the mean of the model predicted sinusoidal
motions along the x and y directions is slightly offset to the corresponding means for the experimental data. For example, we can notice in Figure 5.4(f) that Marker M6 is positively offset to
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Figure 5.6: Box plot showing the distance errors in predicted positions of the 6 markers for
the 1/4” Neoprene at 50 motor rpm test case

the experimental motion along the x and y-direction. Also, notice that the offset is progressively
more noticeable in Marker M6 than in Marker M1 . The increasing relative position error from
top to bottom of the tether makes it evident that the axis of the anchor wasn’t perfect to the
shaft axis of the motor (see Figure 5.1).
We also find from Figure 5.4 that the offset doesn’t really agree with a trend. For example,
the Marker M5 (and perhaps others except for M6 ) is negatively offset in the x and y direction,
however, the marker M6 is positively offset in the corresponding directions. In the experiments,
the bending stiffness of the tether should have a major influence on the shape it takes during
the period of the steady-state velocity of the motor. The numerical model, however, is incapable
of capturing the true catenary shape of the tether under steady-state due to its assumption of
negligible bending stiffness. This is probably why we are observing that the predicted sinusoidal
motions along the x and y axes are always offset in the direction for all the markers; a situation that could arise if the only reason for the offset would have been the misalignment of the
anchor-motor axis.
Further, we notice small oscillations in the experiment data for the z-direction motion (see
Figure 5.4). On closer observation, we find that the period of these oscillations matches with
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the period of sinusoidal motion along the x and y directions. Also, notice that these oscillations
are absent in the numerical results. It could thus be deduced that the bending stiffness of the
tether material is pulling the tether up and down ever so slightly; the range of oscillations being
a maximum of 0.1” for marker M1 . Since the tether is under slack, the internal tensile force
doesn’t contribute to these oscillations. This is why the numerical simulations which could only
capture the tensile effects of the tether, don’t show these oscillations.
Besides the ones already mentioned above, there could be other sources of error in the comparison of marker positions. For example, during the experiment, it is quite possible to have
errors in the measurement of tether dimensions, the position of markers along the unstretched
length of the tether, and the height of the anchor from the tank floor (see Figure 5.1). Further,
the object detection algorithm used (see Section 4.2.5) could also have some error in correctly
determining the exact pixel coordinates of the markers in all the frames. Given the small magnitude of position errors observed currently, it would likely be sensitive to errors in the detected
pixel locations. That is, if the pixel coordinates are off by a few pixels in one or both images
in an image pair then the difference in the marker positions obtained by the experiment and
the model could change appreciably. A formal experimental sensitivity study needs to be conducted to quantify the positions estimated by the ray-tracing model subject to uncertainty in
pixel locations of the object.
The results of the other test cases of the experimental campaign (see Table 5.1) show similar
characteristics. Therefore, the test cases following this will be discussed in brief, highlighting
only the key differences wherever necessary.

5.3.2

Test Case II - 1/4” Neoprene Tether with 10 Motor RPM

To study the effects of the variation in Reynolds number, the same tether as in the above test
case (Section 5.3.1) was rotated at a steady-state motor velocity of 10 rpm. Figure 5.7 shows
the plots of motor encoder filtered data that was recorded during the experiment. We observe
that the motor wasn’t able to perfectly track the commanded velocity profile. The integrated
servo motor used in the experiments has an in-built proprietary control system for tracking the
desired motor velocity which is provided in form of a lookup table to the control scheme (see
section 4.1.3). The motor also has an auto-tuner routine that experimentally identifies the right
set of controller gains for the operating conditions set by the user. During this experimental
investigation, the motor was tuned to operate at 50 rpm. Which is why we see an almost perfect
tracking for test case I (see Figure 5.2 Section 5.3.1). However, the same motor configuration
settings (i.e., controller gains) were used for all other test cases including this. This is perhaps
why we observe the error in the desired and actual motor velocity. But this should matter much
in the model validation study since we are using the actual encoder data in the numerical model
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(a) Motor Position vs. Time

(b) Motor Velocity vs. Time

Figure 5.7: Plot of motor encoder data for the 1/4” Neoprene at 10 motor rpm test case
.

to prescribe the motion of the tether. Even so, the experimental other two test cases that are
discussed in the following sections are conducted at a motor speed of 50 rpm steady.
The figures comparing the predicted transient motion of the tether against the experiment
are not shown here for brevity. Figure 5.8 and 5.9 shows the plots predicted positions and its
error against the ground truth data (experimental data), respectively, for each marker along
the x, y, z axis (O Frame). Generally, the figures show very similar characteristics as was observed in the test case I. However, owing to the lower frequency, we could observe in Figure
5.8 that experimental motion in the x and y directions slightly lags the corresponding model
predictions. Recall that the experimental setup has a low-friction ceramic bearing (see Figure
4.5). The slight phase lag in the experimental motion could be attributed to the bearing torque
experienced by the tether at the lower end. The effect of bearing torque couldn’t be considered
in the numerical model as it assumes no torsional stiffness for the tether.
Similar to test case I, we notice that the model predicted motion agrees well with the experimental data; only to deviate around the peaks of the sinusoidal motion along the x and
y directions. Also, the error in position along the z-axis is almost always within 0.3” for all
the markers. From Figure 5.9 we can see that the maximum mean error occurs in Marker M1
which is around 0.5” for both x and y directions. Further, the mean position error along all
the three axes progressively decreases from top to bottom of the tether; with the minimum of
around 0.27” in the x and y directions and 0.02” in the z-direction for marker M6 . The standard
deviation of the motion along with the horizontal directions (i.e., x and y axes) also adheres to
this trend: around 0.4” for marker M1 to 0.14” for marker M6 .
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(a) Marker M1

(d) Marker M4

(b) Marker M2

(e) Marker M5

(c) Marker M3

(f) Marker M6

Figure 5.8: Plot comparing the position predictions of the numerical tether model with the
experimental data acquired for the 1/4” Neoprene at 10 motor rpm test case
.

(a) Marker M1

(d) Marker M4

(b) Marker M2

(e) Marker M5

(c) Marker M3

(f) Marker M6

Figure 5.9: Plot showing the absolute errors in position predictions of the numerical tether
model for the 1/4” Neoprene at 10 motor rpm test case
.
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Figure 5.10 encapsulates this trend of decreasing the position errors from markers M1 to
M6 through the box-and-whisker plot. The median of the distance errors reduces from around
1.15” for M1 to 0.4” for M6 . The width of the interquartile range which is basically equal to
134.9% of the standard deviation, also decreases from 0.65” for M1 to around 0.1” for M6 .

Figure 5.10: Box plot showing the distance errors in predicted positions of the 6 markers for
the 1/4” Neoprene at 10 motor rpm test case

Similar to test case I, the trend of decreasing errors in the position estimation can be explained by uncertainties in the mass properties of the tether provided to the numerical model.
Also, the inability of the model to account for the bending stiffness of the tether material contributes to this effect.

5.3.3

Test Case III - 1/8” Neoprene Tether with 50 Motor RPM

An objective of the validation study was to assess the accuracy of the numerical model with the
variation in the tether diameter. Therefore, an experiment was conducted considering a 17.373”
long neoprene (70A Durometer) tether of 1/8” diameter. The results for this experiment will be
directly compared to the test case I in which a 1/4” Neoprene tether was used (Section 5.3.1). For
conciseness, a figure comparing the model predicted 3D transient motion of the tether against
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the experiment is omitted. Also, the figure comparing the predicted vs experimental marker
positions for this experiment is not shown here.

(a) Marker M1

(d) Marker M4

(b) Marker M2

(e) Marker M5

(c) Marker M3

(f) Marker M6

Figure 5.11: Plot showing the absolute errors in position predictions of the numerical tether
model for the 1/8” Neoprene at 50 motor rpm test case
.

Figure 5.11 shows the position error in the motion predictions of the markers along with all
three directions. Comparing it with Figure 5.5, we see that generally, the mean position error
is higher in this test case than in test case 1. For instance, in this experiment, for marker M1
mean position error along the x and y axes were 0.57” and 0.44” , respectively, against 0.49” and
0.55” in the corresponding directions for the test case I. In Section 5.3.1, we provided two main
explanations of the position errors in the horizontal direction (x and y axes): (a) uncertainty in
the mass properties of the tether assigned to the numerical model, (b) inability of tether model
to simulate the effects of bending stiffness of the material. It should seem that for a tether
with a lower diameter, as in test case III, bending stiffness and tether inertia should contribute
lesser to the deviations along with the horizontal directions. In other words, contrary to our
observation, test case III should have shown lower error along the x and y axes than test case
I. One possible explanation for this observation could be that the higher drag forces acting on
the tether with a higher diameter (i.e., test case I) can resist the tether nodes in the numerical
model to fling out more during the steady circular motion in the experiments. Perhaps due to
this damping effect of the hydrodynamic forces, test case I show lower error than test case III
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for the motion in the x and y directions.
The error along the z-axis doesn’t follow this trend: 0.26” for M1 in this experiment vs
0.32” for test case I. This could very well be due to the error in measuring the marker positions
along the unstretched length of the tethers during the experiments. This should mean that
the comparison of mean position errors along the z-axes between the two test cases should be
random. Comparing between errors for marker M1 (0.26” for test case III and 0.32” for test
case I) and M6 (0.055” for test case III and 0.018” for test case I) provides evidence to support
this hypothesis. Small errors in detecting the correct pixel location of the object in the image
pairs could also contribute to this observation.

Figure 5.12: Box plot showing the distance errors in predicted positions of the 6 markers for
the 1/8” Neoprene at 50 motor rpm test case

Figure 5.12 illustrates the centrality and variability of the euclidean distance errors using
the box-and-whisker plot. Comparing it with Figure 5.6 we can notice that the spread (i.e.,
variance) of errors observed in test case III is higher than that of test case I. For instance, the
difference between the maximum (100th percentile) and the minimum (0th percentile) of the
distance errors for M1 is around 1.2” in test case I vs 1.5” in test case III. Further, the median
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distance errors for M1 is 1.2” for test case III against 1.15” for test case I. The trend of higher
distance error for tether with lower diameter is in agreement with the hydrodynamic damping
hypothesis discussed above.

5.3.4

Test Case IV - 1/4” Dyneema® Tether with 50 Motor RPM

To understand the effect of tether stiffness experiments were conducted to span the domain
of Young’s modulus of the tether material. For this purpose, an experiment was performed
with 17.373” long AmSteel-Blue® rope (1/4” diameter) was rotated at 50 rpm steady. AmSteelBlue® is basically a 12-strand single braid rope made of Dyneema® SK78 fiber. It is important
to bring into notice before we discuss the experimental results, that the tether used in the experiment is basically a rope rather than a chord or fiber stand. Typically, the strength and
density of braided rope is should be lower than that of its fibers due to the presence of voids
in the braided construction. The weave pattern of the rope is an important deciding factor
for its material properties. However, since the structural model doesn’t take into account any
characteristics of a rope (such as packing factor, linear density and the angle of the fibers, etc),
the numerical simulations presented in this test case considers the same properties of the tether
as that of its constituting fiber. For this reason, the material properties shown in Table 5.1 for
Dyneema® are the properties of the SK78 fiber.
It should also be disclaimed that the numerical simulations for this test case were performed
using the ode23s solver instead of ode45 (both provided in the ODE Suite of MATLAB® ) which
was used for other test cases that are presented above. This is because the higher Young’s
modulus of Dyneema® makes the set of governing differential equations of the tether model
numerically stiff. It should be recalled that in Section 3.2.1 we observed that the computational
time increases exponentially for every order of increase in tether stiffness (see Figure 3.8). Further, to reduce the computation time for this test case the relative tolerances of ode23s solver
were also relaxed to 10−1 against 10−3 that was used with ode45 for other cases.
Figure 5.13 shows the experimental and predicted positions for each marker along the x,
y, z axis (O Frame). Comparing it with Figure 5.4, we see that deviations in the predicted
motion along the x and y directions are slightly higher as compared to that for test case I.
This is observed more clearly from the comparison of the corresponding box plots of distance
errors (Figure 5.14 and 5.6). The interquartile range for distance errors for this experiment (test
case IV) is 0.9” against 0.75” for test case I. The higher positional errors for the Dyneema®
tether around the peaks of the sinusoidal motion along the x and y axes in contrast to the
Neoprene tether (test case I) again points to the role of bending stiffness. The bending stiffness
of Dyneema accentuates the difference in position predicted by the numerical model which assumes no bending effects.

162

(a) Marker M1

(d) Marker M4

(b) Marker M2

(e) Marker M5

(c) Marker M3

(f) Marker M6

Figure 5.13: Plot comparing the position predictions of the numerical tether model with the
experimental data acquired for the 1/4” Dyneema® at 50 motor rpm test case
.

Similar to the other test cases, here again, we can observe the trend of decreasing position
errors as we go from marker M1 and M6 . This is evident in Figure 5.14 with the decrease in
the median and standard deviation of distance errors from top to bottom of the tether.
Another key difference between the test cases I and IV can be observed in the position
errors along the z-axis. Similar to Figure 5.4, Figure 5.13 shows the small oscillations in the z
axis of roughly the same period of the circular motion in the horizontal directions. However,
these oscillations are much sharper in contrast to that observed in the test case I. As argued in
Section 5.3.1, the internal bending moment of the tether material is slightly pulling the tether
up followed by a sudden release of bending stresses resulting in the sudden drop in height of
a point along the tether. Owing to the higher strength of Dyneema in bending, we observe a
larger amplitude of the oscillations along the z-axis.
Further, in the other three test cases, we saw that the tether model always underpredicted
the height of markers (z coordinate positions). However, we can notice in Figure 5.13 that in
this experiment the position predictions along the z axis disagree with this trend. This corroborates the argument for convicting the incorrect measurement of marker positions along the
tether for deviations along the z-direction. Note that in Figure 5.13, the height of marker M1
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Figure 5.14: Box plot showing the distance errors in predicted positions of the 6 markers for
the 1/4” Dyneema® at 50 motor rpm test case

and M6 is lower and higher, respectively, than that predicted by the numerical model. Perhaps
this signifies that during the experimental system identification of the ray-tracing model, the
refractive index of glass was slightly mistakenly identified to be slightly higher. Consequently,
the line of sight from the cameras in the ray-tracing model is bending more at the medium
interfaces than it would have been in reality. This is probably why when comparing the z-axis
predictions of the tether model, the ray-tracing model estimates the marker M1 as being slightly
lower and M1 being slightly higher.

5.4

Sources of Discrepancies in the Experiment Results

In Section 5.3 we have drawn several inferences regarding the results obtained from the experimental model validation study. The major sources of an error discovered in comparison of
positions of the numerical model and ground truth data are encapsulated below.

• Measurement Errors: In Section 5.3, we observed on several occasions that the errors
between the model predicted and experimental positions were observed to be more or less
random. That is, the position errors along the three axes and for 6 markers were not agree-
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ing to a defined trend. The most reasonable explanation for this observation should be
that there were some errors in taking measurements during the experiments. For instance,
observing the deviations predicted positions in the x and y directions we hypothesized
that the length of the actuator arm (see Figure 5.1) provided to the numerical model could
be longer than what was actually used in the experiments. Similarly, from Figure 5.4 we
noticed that the mean of the predicted sinusoidal motions along the x and y directions
is slightly offset to the mean of the horizontal motion observed in the experiments. This
demonstrates that there was some misalignment in the anchor-motor axis. Other errors
include the inaccurate measurement of the tether size and the position of the markers
placed along the unstretched length of the tether (see Section 5.3.3). Besides these, there
could also be errors in measuring the height of the anchor and the actuator height from
the tank floor which could contribute to the inaccurate description of the slack length of
the tether in the numerical model.

• Object Detection Sensitivity: While comparing the position error for test cases I and
III we established that the difference in errors along the z-axis for the two cases seems
random and doesn’t show any consistent pattern. Aside from the errors in taking the
experimental measurements, there could be small errors made by the object detection
algorithm to correctly determine the object pixel locations of the images. This would consequently cause the inverse ray-tracing model to estimate a 3D position of the markers
which is slightly off than where the markers actually were at a certain time instant during
the experiments. Thus, the sensitivity of object detection errors could also significantly
impact the errors that were observed in the experimental results. A formal sensitivity
study is needed to quantify the position errors caused by uncertainty in detecting the
object pixel locations.

• Inaccuracies in Ray Tracing Model: The discussion on performance comparison of
the 3D reconstruction algorithms (Section 4.3.3), although more accurate, the inverse ray
tracing model has some errors in estimating the 3D position of an object from their pixel
coordinates in an image pair. From Figure 4.30 we notice that there is a small error in
positions estimated by the ray-tracing model. Also, we quantified that there is around less
than 0.5” of uncertainty in position estimates given by the ray-tracing model. Since the
experimental study considers the ray tracing estimates as ground truth, the above claims
about the accuracy assessment of the numerical model should be limited by this uncertainty. Errors in the ray-tracing model could arise from the inaccurate measurements of
the locations of the cameras with respect to the global reference frame. Further, inaccurate
identification of intrinsic properties of the camera-lens system and the relative refractive
index of glass could also contribute towards the estimates given by the ray-tracing model.
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• Parameter Uncertainties in the Numerical model: The numerical model for simulating the tether depends on numerous parameters pertaining to the tether size and
material properties, flow conditions, the coefficients of the hydrodynamic forces, initial
conditions, etc. It was argued that the deviations in model predictions that were observed
near the peaks of the sinusoidal motion along the x and y directions (see Figure 5.4)
could be due to the incorrect mass properties assigned to the tether model. Further, it
is also possible that the simulated hydrodynamic forces are slightly different from those
in the actual experiments. This manifested in the counter-intuitive observation that the
model predictions for a lower diameter tether were showing higher position error along the
horizontal plane (see Section 5.3.3). Additionally, the difference in the initial conditions
of the numerical simulations could explain the small errors observed along all three axes
during the start of the experiments.

• Assumptions of the Numerical Model: In chapter 2 we delineated the formulations
of the structural and hydrodynamic model. The structural model only considers the axial
effects due to the visco-elasticity of the tether material. The tether model’s inability to
simulate the bending forces acting on the tether could have contributed to the deviations
in the motion predictions by it along the horizontal plane (see Section 5.3.1). Similarly,
in Figure 5.9 we observed the phase difference between the predicted and experiment
positions along the x and y axes. This was due to the torsional moment provided by the
bearing in the anchor during the experiments. The bearing torque couldn’t be considered
in the numerical model as it assumes that the tether has negligible torsional stiffness. Further, the hydrodynamic model assumes that the tether experiences a steady flow. This is
why only the effects of hydrodynamic drag and lift forces were considered in the model.
However, since the tether is actually accelerating relative to the flow due to the circular
motion prescribed by the servo motor, the tether should also experience an inertial force
due to the added mass effect. Further, the tether could also experience the hydrodynamic
wave forces due to the nature of unsteady oscillatory flow it would experience as it repeatedly enters its wake during this circular motion. Tether-fluid interactions of this nature
could challenge the assumptions of the hydrodynamic model considered.

166

Chapter 6

Conclusions and Future Work
This chapter summarizes the crucial developments presented in this thesis. Future work on
advancing the developed numerical model is informed through the inferences drawn in Chapter
5. Further enhancements in the experimental setup are also recommended from the viewpoint
of its application towards a more robust and precise experimental model validation study.

6.1

Research Summary

The rapid emergence of the renewable energy sector is marked by mankind’s endeavor towards
harnessing the immense potential of the ocean currents which are largely untapped to this day.
The hydrokinetic potential of the Gulf stream at least near Cape Hatteras (off the coast of
North Carolina) is a prime example of this. However, since the strongest ocean currents are
usually near the surface in deep waters, employing a conventional towered turbine is practically
infeasible. This has motivated several interesting concept designs of current energy converters
most of which are stationed using a tether anchored to the ocean floor. However, these tethered
systems may exhibit unstable dynamics due to the fluctuating ocean currents. It has therefore
become crucial to understand the behavior of tethered MHK systems under their expected operating environments. Thus, an accurate and efficient numerical model is necessary for tethered
systems to assist in understanding the feasibility of proposed design concepts, their optimization, and general response predictions.
It was an objective of this thesis to develop and possibly advance the current state of numerical models for simulating tethered MHK systems. Comparing the trade-offs between the
common modeling approaches reported in the literature, a lumped parameter framework was
chosen for its computational efficiency, modularity for incorporating models for attached end
bodies, and reasonably accurate prediction of motion at least for tethers under tension. The
formulation of the structural and hydrodynamic models and their assumptions were clearly
defined. The equations for internal forces were established acting on the elements due to the
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visco-elastic behavior of the tether materials. Further, external hydrodynamic drag and lift
forces were also modeled. A standard Hoerner’s method which could only evaluate the mean
drag forces was augmented to capture their transient oscillatory nature owing to vortex shedding. This was followed by a detailed derivation of the governing first-order ordinary differential
equations of the tether model. Methods for incorporating the models of the auxiliary components in the tether model framework are discussed. A detailed derivation of model equations
for the end body components of a tethered MHK system is also presented.
After the development of the tethered MHK model, various numerical experiments to study
its behavior under various operating conditions. Through a parametric study, the performance
of the numerical model was assessed on different metrics such as its computational efficiency
and predicted response characteristics. Few parametric sensitivity analysis was also conducted
to understand the bounds of model uncertainties in certain response characteristics for a given
uncertainty in a parameter. Finally, the application of the numerical model in optimizing the
size of the tethered MHK system is demonstrated using a case study.
Another objective of this thesis was to experimentally validate the accuracy of the developed numerical model. For this purpose, Tethered System Observation Platform (TSOP) was
developed which is a lab-scale experimental setup to record the response of a tethered system
to prescribed end motion and operating conditions. The setup was designed for modularity to
accommodate a broad range of tether sizes and materials. This allowed the development of
the experimental campaign for evaluating the model performance over wide sweep parameters
within the scope of design of the setup. For the experimental study, the motion was prescribed
to the tether using a high-precision integrated servo system which was programmatically controlled for a tether to trace a desired motor velocity profile as a function of time.
For recording the motion of a tether, a computer vision-based data acquisition system was
developed. The computer vision system used two 1.3-megapixels USB 3.0 cameras which were
completely controlled through the host computer. The complete workflow for the computer
vision system was established. The cameras were calibrated to account for the effects of lens
distortion and skew. An image acquisition routine was developed with two purposes in mind:
(a) to synchronize the start of the motion sequence of the motor programmed in C++ with the
start of image logging sequence written in MATLAB® , (b) synchronize the frame triggering
sequence for the two cameras to capture the stereo-image pair for a time instant. The stereo
image sequence thus obtained was processed to obtain the full-color images. Several other image
processing techniques were iteratively used to improve the PSNR of the images and improve
the contrast between the background and the markers placed on the tether.
This was followed by the image segmentation stage where various edge detection and color
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thresholding techniques were used to separate the tether markers from the background to assist
in robust object detection. Subsequently, a maximally stable extremal regions (MSER) detector
(provided in MATLAB® ) was used to extract the object features from the processed images
of the experiment. The heuristic object filter was developed to filter the false detections made
by the MSER and cluster the overlapping features which had overlapping regions. The object
detection stage returns the image sequence pairs labeled with the bounding box locations for
the markers for each frame. These pixel locations in an image pair were used 3D scene reconstruction methods to estimate the 3D position of an object. Two 3D reconstruction methods
were developed in this thesis: linear scaling and inverse ray tracing. The complete mathematical
derivation for the models was discussed. Several system identification experiments were conducted to determine the unknown parameters for these methods. Subsequently, an experimental
study was conducted to analyze the accuracy of estimated positions given by the two methods
against a ground truth data set.
The experimental setup was then utilized to investigate validating the numerical tether
model which was developed in Chapter 2. For this purpose, an extensive experimental campaign was designed to span the entire domain of the parameter space of the numerical model
within the scope of the experimental setup. Some experiment test cases were discussed in detail
to highlight the results of the validation study. Inferences were drawn about the sources of
discrepancies in the model predictions and experimental data. These inferences shape the scope
and objectives of future research works on numerical tether modeling and its experimental validation studies.

6.2

Recommendations for Future Research

Through chapters 2 to 5, we have presented a detailed discussion on the current state of this
research on numerical modeling of tethers and its experimental validation. Based on these discussions the following suggestions are provided for future research work.

6.2.1

Numerical Modeling of Tethered MHK Systems

The tether model developed in chapter 2 is mainly comprised of the structural and hydrodynamic sub-model. The structural model assumes the tether as a series of Kelvin-Voigt elements
to simulate the non-linear visco-elastic behavior of tether materials. The Kelvin-Voigt model,
however, couldn’t characterize some time-dependent phenomena such as stress relaxation. A
more advanced structural model such as Standard linear solid could be developed in the future.
This will require an experimental identification of the stiffness and damping parameters of the
model.
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Further, the current lumped mass modeling framework doesn’t account for the bending and
torsional effects of the tether. We saw in Section 5.3 that the assumption of negligible bending stiffness is one of the major sources of discrepancies in the tether motion predicted by the
tether. As we saw in the experimental study, this is particularly true for a low aspect ratio tether
under low tension. Therefore, efforts should be made towards incorporating a bending model
in the lumped mass framework, given its advantages over other tether modeling approaches
(see Section 2.1). Inspired by Buckham’s research [10], the foundational work on developing the
bending model is presented in Appendix A. Even though the proposed design of the Tethered
counter-rotating dual rotor tethered coaxial turbine (Khatri et. al. [14]) is claimed to produce
a zero net torque on the tether, venturing to incorporate the torsional effects of the tether in
the numerical model might still not be a bad idea if it doesn’t increase the computational costs
significantly.
The current hydrodynamic model is based on Hoerner’s method which is a quasi-steady
semi-empirical approach to model the hydrodynamic drag and lift forces due to steady flow
across the smooth cylindrical tether elements. However, it doesn’t account for the added mass
effect due to the acceleration of the tether relative to the flow. Also, Hoerner’s model couldn’t
characterize the wave effects due to the unsteady oscillatory flow which would be expected in
an ocean-like environment. Therefore, for a more realistic characterization of tether-fluid interactions in its operating conditions, future efforts should strive for moving towards Morrison’s
equations or other advanced hydrodynamic models.
The scope of this thesis was mainly restricted towards the development of a numerical tether
model and its performance assessment. As a result, the development of auxiliary components of
a tether MHK system hasn’t been in its central focus. In particular, the current turbine model
essentially considers it to be an ideal thrust force applied to a point on the tether. It couldn’t
model the complicated effects of dynamic coupling, nor could it characterize the dynamics of
the turbine or the hydrodynamic forces acting on it. Since the lumped mass framework supports easier module integration, a general dynamical model of the turbine should be interfaced
with the tether model through the boundary conditions of the respective models. This should
most definitely enhance the predicted behavior of the tethered MHK system under different
operating conditions.

6.2.2

Numerical Study of Tethered MHK Systems

Numerical studies should be performed to assess the performance of any future developments
in the tether model. An in-depth parametric study will assist in understanding the response
characteristics of the tethered MHK system in the entire span of the parameter domains. In
Section 3.3 we presented a case study for estimating the cost-optimal size of the tethered MHK
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system for a turbine with certain power output. Extending this work, a comprehensive system sizing optimization study should be performed to understand the optimal system sizes for
the sweep of turbine sizes. Integration of an advanced turbine model in the numerical tether
model will provide more realistic insights on the design of various components before going
into the development of an ocean-scale prototype. Further, performing the sizing study at finer
discretization of the tether model should also provide a better understanding of the optimal
system design.

6.2.3

Experimental Setup for Model Validation

The lab-scale experimental setup constrains the tether to have only rotational motion. Because
of this, the tether could only experience the hydrodynamic forces due to the apparent flow
of the water. However, for a true performance assessment of the tether model in underwater
marine applications the experiments should be able to recreate the environmental conditions at
which it is expected to operate. For this reason, future tether model validation studies should
be conducted in a water tunnel that could characterize the unsteady fluid flow of the oceans.
Nevertheless, the fundamental concepts developed in this thesis for implementing a computervision-based data acquisition system could be easily translated to water tunnel testing. Further,
the development of a pool-scale prototype of the tethered MHK system is currently in progress
at NC State (funded by the North Carolina Renewable Ocean Energy Program). Prototype
testing is planned in the future in the open waters of the Atlantic ocean off the coast of North
Carolina. Development of instrumentation systems to support the validation studies in the ocean
environment will help in better performance assessment of the integrated numerical model for
the tethered MHK system.
Even in the current design of the experimental setup, there is a huge scope for future developments. The modularity of the setup could be expanded further to support an even broader
sweep of model parameters in future experimental studies. To reduce the measurement errors
in the experiments, the setup design should incorporate high-precision fixtures for holding the
mounting adapters for the tether (see Figures 4.3 to 4.5) such as the actuator arm, anchor, etc.
Apart from that, there are several opportunities to improve the performance of the data
acquisition (DAQ) system. Hardware upgrades towards using high-speed cameras should enable
the DAQ system to capture the high-frequency dynamics phenomena such as vortex-induced
vibrations, etc. The process workflow of the computer vision system is extremely iterative and
thus it will require a huge effort for tuning the system to produce the most optimal results.
There are practically infinite ways to improve the object detection results using several image
processing and segmentation techniques. Also, a robust object detection technique should be
designed in the future which could leverage deep learning or neural network frameworks along
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with the current approach of using analytical feature detection methods to reduce false predictions. Striving towards robust object detection should help in making the computer vision
workflow even more automated.
There is also some room for improvement in the 3D reconstruction method used in this
research. One suggestion could be to have multiple (more than two) cameras recording an experimental session from different perspectives. In theory, we will have

N

C2 image pairs from

which we could extract the 3D position of an object if we use say N cameras in the setup.
We could then estimate the object position by taking some weighted average of these

N

C2 3D

positions of the object. Perhaps, a Kalman filter could also be implemented to reduce the effects of statistical noise and uncertainties in the model parameters in the position estimation
process. Further, potentially the model accuracy could be enhanced with more precise system
identification experiments.

6.2.4

Design of Experimental Campaign

In chapter 5 we could only study the model performance for four test cases. To bring out the
general trends of errors in model predictions, all the test cases presented in Table 5.1 should be
covered in the future. In fact, a more comprehensive experimental campaign should be aimed for
in the future which could span a higher-dimensional parameter space of the numerical model. A
finer sweep of parameters such as material properties and sizes of the tether and flow velocities
should also be considered in future experimental campaign studies.
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Appendix A

Development of Bending Model for
Lumped Mass Framework
In Chapter 2, we developed a mathematical model for simulating the dynamics of flexible tethers using the standard linear Lumped Mass (LM) framework. In this framework, the viscoelastic
behavior of a tether is considered to resist the external forces that are acting only in the axial
direction. That is, the bending and torsional stiffness of the tether is assumed to be negligible
in the tether model. However, in Chapter 5, we experimentally demonstrated that the model
based on the standard linear LM framework fails to correctly predict the behavior for a lowaspect-ratio (i.e., < 200) tether that is under slack conditions (i.e., zero axial strain, at least,
initially). It was established that the inability to model the bending forces acting on the tether
resulted in the error between the model predictions and experimental data (see Section 5.4).
Therefore, the model should incorporate the bending forces that are acting on a tether and
their effect on its dynamics to improve the prediction accuracy.
Now, to determine the internal forces due to the tether under bending, we need to consider
the tether as a structural element rather than a series of point masses connected by KV elements as in the lumped mass approach. This is why in the literature for modeling of tethers
under low tension, we see numerous publications ([43] - [48]) that follow the finite difference
approach. In this approach, a tether is considered as a continuous three-dimensional space curve
and the governing partial differential equations (PDEs) are derived for a general point s along
the curve. However, as discussed in Section 2.1, owing to its computational efficiency and ease
of integrating the auxiliary component models, the lumped mass approach is more preferable
over the finite difference approach. Therefore, it would be desirable, if the internal bending
moment of a continuous tether which is PDE in s and t, could somehow be incorporated in the
lumped mass framework.
More specifically, a discretization scheme for the spatial domain, s, needs to be devised such
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that the curvature of the tether (represented by a 3D space curve), which defines the internal
bending moment, could be completely defined in terms of the limited number of state variables,
namely the position and velocities of the lumped mass nodes. This appendix is focused on developing the general equations (PDEs) for the internal bending forces of a continuous tether.
Discussion of a suitable discretization method is beyond the scope of this thesis. Readers interested in this topic are referred to [10] which described a higher-order finite element technique,
namely twisted cubic spline, to define the discrete bending effects in terms of the curvatures
observed at the nodes.

A.1

Definition of Tether Body Frame

Figure A.1: Schematic diagram showing a continuous tether of fixed unstretched length that
is represented by a 3D space curve ⃗r(s, t)

Consider a uniform, homogeneous, isotropic tether of fixed unstretched length LT ether and
diameter DT ether that is anchored to the sea floor on one end, as shown in Figure A.1. Let s
denote the position of an arbitrary point on the tether, say point A, along the length of the
tether. Now, the position of the point A from point O, i.e., the origin of the inertial reference
frame (Frame O) can be given as:
⃗rA/O (s, t) =

O

xA/O (s, t) ⃗iO +

O

yA/O (s, t) ⃗jO +
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O

zA/O (s, t) ⃗kO

(A.1)

O

O

O

where, xA/O (s, t), yA/O (s, t), and zA/O (s, t) represents the components of the position vector
⃗rA/O (s, t) along the x, y, z directions, respectively, of the O Frame. Notice that, since the point
A is a general point along the tether, therefore, the position vector ⃗rA/O is a function of s and
time t. That is, ⃗rA/O = ⃗rA/O (s, t), where, 0 ≤ s ≤ LT ether ; s ∈ R1 . In other words, ⃗rA/O (s, t),
represent the equation of a general 3D space curve that is parametrized in two independent
variables, s and t. ⃗rA/O (s, t) can be defined in more general notation as follows:
⃗rA/O (s, t) = ⃗r(s, t) =

O

x(s, t) ⃗iO +

O

y(s, t) ⃗jO +

O

z(s, t) ⃗kO

(A.2)

where, 0 ≤ s ≤ LT ether ; s ∈ R1 , and t0 ≤ t ≤ tf ; t, , t0 , tf ∈ R1 .

Figure A.2: Schematic diagram showing the body frames attached to an infinitesimally small
tether element, eds

Now, consider a body frame, namely Frame A attached to point A (see Figure A.2). More
generally, we can define Frame S such that, S = A. Then, Frame S can be defined formally as
follows:
A = S = {s, ⃗iS (s, t), ⃗jS (s, t), ⃗kS (s, t)} = {s, n̂S (s, t), b̂S (s, t), t̂S (s, t)}

(A.3)

where, n̂S (s, t), b̂S (s, t), and t̂S (s, t), denotes the normal, binormal and tangent vectors, respectively, of the space curve ⃗r(s, t), at a point s along the tether length, i.e., point A. These form
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the unit vectors for the local frame of a 3D space curve, also known as the Frenet-Serret frame.
It is discussed in detail in the following section.

A.1.1

Discussion on Frenet-Serret Frame (T-N-P Frame)

Consider an infinitesimally small infinitesimal element of unstretched length ds between the two
points, A and B, along the tether at a certain time instant t. This is as shown as an exaggerated
view in Figure A.2. Let the element be denoted by eds . Then, the position vector of the point
B from point A can be given by:
⃗rB/A (s, t) = ⃗rB/O (s, t) − ⃗rA/O (s, t) = ⃗r(s + ds, t) − ⃗r(s, t)

(A.4)

From Taylor series expansion, we have:
O

⃗rB/O (s, t) = ⃗r(s + ds, t) = ⃗r(s, t) +

where, the term

O

∂
∂s

∂
(⃗r(s, t)) ds
∂s

(A.5)


(⃗r(s, t)) denotes the spatial partial derivative of the position vector ⃗r(s, t)

w.r.t. the O Frame.
Therefore, from Equations A.4 and A.5 we have:
O

⃗rB/A (s, t) = ⃗rB/O (s, t) − ⃗rA/O (s, t) =

∂
(⃗r(s, t)) ds
∂s

(A.6)

Now we can observe from Figure A.2 that for the element eds the magnitude of position
vector ⃗rB/A (s, t) is equal to its length of the unstretched length ds, if ds −
→ 0. That is:

O

ds = lim

⃗rB/A (s, t)

ds→0

=

(A.7)

O

=⇒

∂
(⃗r(s, t)) ds
∂s

∂
(⃗r(s, t))
∂s

= 1

Thus, the tangent vector at any point s along the curve ⃗r(s, t) at any time time t is defined
as the derivative of the vector function ⃗r(s, t) w.r.t. the spatial coordinate s. The unit tangent
vector can thus be defined as:
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O

t̂ =

∂
∂s

O

∂
∂s

(⃗r(s, t))

O

=

(⃗r(s, t))

∂
(⃗r(s, t))
∂s
!

O

∵

∂
(⃗r(s, t))
∂s

= 1

(A.8)

where, t̂ is the unit tangent vector any point s at time t. Note that, t̂ = t̂(s, t).
Now, we know that,
!2

O

t̂ · t̂ = t̂ =

∂
(⃗r(s, t))
∂s

= 1

(A.9)

Taking the partial derivative of Equation A.9 w.r.t. spatial coordinate, s, we get:


∂
t̂ · t̂ = 0
∂s
!
O
∂ t̂
t̂ ·
=0
∂s

=⇒

(A.10)

O

From Equation A.10, we have that the vectors t̂ and

∂ t̂
∂s

are perpendicular to each other.

Let’s define the normal vector, n̂, at a point s along the curve ⃗r(s, t) and at a time t, as a
unit vector perpendicular to the tangent vector t̂. That is,
O

O

n̂ =

∂ t̂
∂s

=

O

∂2
∂s2

O

∂2
∂s

∂ t̂
∂s2

(⃗r(s, t))

(A.11)

(⃗r(s, t))

Now, to complete the set of basis vectors for the body frame S we need a binormal vector,
b̂ that is a unit vector in the direction that is mutually orthogonal to the tangent (t̂) and the
normal (n̂) vector. That is:
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O

∂
∂s




O 2
(⃗r(s, t)) × ∂s∂2 (⃗r(s, t))

b̂ = t̂ × n̂ =

(A.12)
O

∂2
∂s2

(⃗r(s, t))

The unit vectors t̂, n̂, and b̂, thus defined, form the basis vectors of the local body frame S,
also known as the Frenet-Serret frame (see Equation A.3).
Let, the rotation matrix from the Frenet-Serret frame at point s (i.e., Frame S) to Frame
O, be denoted by

S

O

[C] . Then, by definition of the rotation matrix, we have:

S

O

[C]


⃗i · ⃗i
⃗S ⃗O
=  jS · iO
⃗k · ⃗i
S
O

⃗i · ⃗j
S
O
⃗j · ⃗j
S
O
⃗k · ⃗j
S
O


⃗i · ⃗k
S
O
⃗j · ⃗k 

S
O
⃗k · ⃗k
S
O

(A.13)

where, the unit vectors of Frame S, follows the definitions given by Equations A.8, A.11, and
S
−1
S
T r
O
S
O
O
S
O
A.12. Also, since, [C] is orthogonal, we have, [C] =
[C]
=
[C]
.
Now, there are two important quantities, namely the curvature and torsion, which define
how a 3D space curve, given by a vector function ⃗r(s, t), changes with the spatial parameter,
s. Simply put, the curvature is the measure of a space curve’s failure to be a line. In other
words, it is the measure of how quickly the unit tangent vector is changing its direction over
the parameter s. That is, mathematically, the curvature can be defined as:
O

κ =

∂ t̂
∂s

(A.14)

where, κ denotes the curvature of the 3D space curve, ⃗r(s, t), for a given set of parameters s
and t. Note, κ is a function of both s, and t, i.e., κ = κ(s, t).
From Equations, A.14 and A.11, we have:
O

∂ t̂
= κ n̂
∂s

(A.15)

Now, given the curvature κ, we can find the circle that passes through the point s and has
the radius, ρ, where, ρ =

1
κ.

This is defined as the osculating circle to the curve, ⃗r(s, t), at the

point s at time t. Since, the circle just touches the curve at point s, the unit tangent vector, t̂
at that point is a common tangent to both the curve and the osculating circle. Also, hence, n̂
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at point s is the common normal to both the 3D curve and the osculating circle at that point.
The osculating plane is defined as the plane which contains the osculating circle and hence, the
unit tangent (t̂) and the unit normal vectors (n̂) vectors at point s. That is, the normal to the
osculating plane is the binormal vector b̂ at point s along the 3D curve.
Torsion of a 3D curve, ⃗r(s, t) at a point s at any time t can be defined as the measure of
curve’s failure to be contained in the osculating plane. In other words, it measures how quickly
the normal to the osculating plane, i.e., b̂, changes over the parameter s. Mathematically, torsion
can be defined as:
∂ b̂
−
· n̂
∂s

γ =

!
(A.16)

where, γ denotes the torsion of a 3D curve, ⃗r(s, t) at a point s along the curve at a time t.
Now, we know that,


∂ 
b̂ · n̂ =
∂s

∴

O

=⇒

∂ n̂
∂s

b̂ · n̂ = 0
!
O
∂ b̂
· n̂ +
∂s

!

O

· b̂ = −

∂ b̂
∂s


Now, we can know that a vector,

O

∂ n̂
∂s

!
· b̂ = 0

!
· n̂ = γ

O

∂ n̂
∂s

(from Equation A.16)

(A.17)


can be expressed in the body frame (Frame S),

i.e., the Frenet-Serret frame as follows:
O

∂ n̂
=
∂s

!
∂ n̂
· t̂ t̂ +
∂s

O

O

∂ n̂
· n̂
∂s

Now, we know that:
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!

!
∂ n̂
· b̂ b̂
∂s

O

n̂ +

(A.18)

∂
∂
(n̂ · n̂) =
(1) = 0
∂s
∂s
!
O
∂ n̂
=⇒
· n̂ = 0
∂s

(A.19)

Also, since the two unit vectors, n̂ and t̂ are perpendicular to each other, we have:

=⇒

=⇒

=⇒

n̂ · t̂ = 0
!
O

∂ n̂
∂
n̂ · t̂ =
· t̂ + n̂ ·
∂s
∂s
!
!
O
O
∂ n̂
∂ t̂
· t̂ = − n̂ · (
∂s
∂s
!
O
∂ n̂
· t̂ = − n̂ · (κ n̂) = − κ
∂s

O

∂ t̂
∂s

!
= 0
(A.20)

(from Equation A.15)

Therefore, from Equations A.18, A.19, A.20, and A.17, we get:
O

∂ n̂
= − κ t̂ + γ b̂
∂s

(A.21)

Similar to Equation A.18, we can express
O

∂ b̂
=
∂s


Now,

O

∂ b̂
∂s

!
∂ b̂
· t̂ t̂ +
∂s

O

O

∂ b̂
· n̂
∂s

!

!
∂ b̂
· b̂ b̂
∂s

O

n̂ +


· b̂ = 0 (similar to Equation A.19). Also, we know that:

∴


∂ 
b̂ · t̂ =
∂s

O

∂ b̂
∂s

b̂ · t̂ = 0
!
O
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· t̂ +

∂ t̂
∂s

!
· b̂ = 0

(A.22)

O

∂ b̂
∂s

=⇒

!

O

∂ t̂
∂s

· t̂ = −

!
· b̂ = − (κ n̂) · b̂ = 0

(from Equation A.15) (A.23)

Similarly, we have,

b̂ · n̂ = 0
O

∂ b̂
∂s

=⇒

O

∂ b̂
∂s

=⇒

!
· n̂ = − b̂ ·



!

O

· n̂ = − b̂ ·


− κt̂ + γ b̂ = − γ

∂ n̂
∂s

!

(from Equation A.21) (A.24)

Therefore, from Equations A.22, A.23, and A.24, we have:
O

∂ b̂
= − γ n̂
∂s

A.1.2

(A.25)

Discussion on Vector of Curvatures (Darboux Vector)

We know that the angular velocity of a Frame S from Frame O can be defined as:

O
O

ω
⃗

S

=

d⃗
j
dt S

!

!
⃗
· kS ⃗iS +

O

O

d⃗
k
dt S

!

!
· ⃗iS ⃗jS +

O

d⃗
i
dt S

!

!
· ⃗jS

⃗k
S

(A.26)

S

⃗ measures how the unit vectors of Frame S change their orientation
The angular velocity, ω
with the Frame O over time t. Since, the 3D curve, ⃗r(s, t) is parametrized in both the arc length
(i.e., the length along the curve), s, and in time, t, we also need to define a quantity that measure
how the orientation of the local body frame (Frenet-Serret frame), Frame S, at the point s,
changes w.r.t. Frame O over the parameter s. This is measured by a vector quantity known
O
⃗ S denote the Darboux
as the Darboux vector, also known as the vector of curvatures. Let, K
vector of Frame S from Frame O. Then, mathematically it can be defined as ([110]):
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O
O

⃗
K

S

∂⃗
j
∂t S

=

!

!

!
!
!
!
O
∂
∂
⃗k
⃗i
· ⃗kS ⃗iS +
· ⃗iS ⃗jS +
· ⃗jS ⃗kS
∂t S
∂t S




O
⃗ S = Kp ⃗i + Kp ⃗j + (τ )⃗i
K
S
S
S
1
2
O

(A.27)

where, the definitions of the Frame O (I.R.F.) and Frame S, can be given by Equations 2.10,
and A.3, respectively. Also, Kp1 ,Kp2 , and τ represent the components of the Darboux vector,
⃗ S , along the unit vectors of Frenet-Serret frame (Frame S).
K

O

Now, following Equation A.3, we have that, ⃗is = n̂, ⃗js = b̂, and ⃗ks = t̂. Substituting the
definitions of unit vectors of the Frame S into Equation A.27, we get:

!
∂ b̂
Kp1 =
· t̂ = − γ n̂ · t̂ = 0
∂s
!
O
∂ t̂
Kp2 =
· n̂ = κ n̂ · n̂ = κ
∂s
!
O


∂ n̂
τ =
· b̂ = − κ t̂ + γ b̂ · b̂ = γ
∂s
O

A.1.3

(A.28)

Discussion on Transport Theorem for Darboux Vector
O

S

We know that, the first-order transport theorem for angular velocity ω
⃗ , can be given as:
O

S

d
d
(⃗r(s, t)) =
(⃗r(s, t)) +
dt
dt

O

ω
⃗

S

× ⃗r(s, t)

O

To prove Equation A.29, if we need to first prove that

d⃗
dt iS

=

(A.29)

O

ω
⃗

S

× ⃗iS . Now, from

Equation A.26, we have that:

O
O

ω
⃗

S

× ⃗iS =

d⃗
j
dt S

!

!
· ⃗kS
+
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!
!
d
⃗k
⃗i +
· ⃗iS ⃗jS
S
dt S
!
! !
O
d⃗
i
· ⃗jS ⃗kS × ⃗iS
dt S
O

(A.30)

!
!
d⃗
k
· ⃗iS ⃗kS +
dt S
!
!
O
d⃗
i
· ⃗kS ⃗kS +
dt S
!
!
O
d⃗
i
· ⃗iS ⃗iS +
dt S
O

=⇒

O

ω
⃗

S

O

=⇒

× ⃗iS =
ω
⃗

O

=⇒

S

ω
⃗

S

−

× ⃗iS =
× ⃗iS =

O

!

!
· ⃗jS ⃗jS

O

!

!
· ⃗jS ⃗jS

O

!

!
· ⃗jS ⃗jS

d⃗
i
dt S
d⃗
i
dt S
d⃗
i
dt S

O

d⃗
i
dt S

+

!

(A.31)


· ⃗kS ⃗kS

O

=⇒

O

ω
⃗

O

Similarly, we can prove that,

d⃗
dt jS

=

S

O

× ⃗iS =

ω
⃗

S

d⃗
i
dt S

× ⃗jS , and

O

d⃗
dt kS

=

O

ω
⃗

S

× ⃗kS . Let the curve

⃗r(s, t) be expressed in Frame S as follows:
⃗r(s, t) =

S


S

S

x(s, t) ⃗iS +
y(s, t) ⃗jS +
z(s, t) ⃗kS

(A.32)

Now, taking a total temporal derivative of the curve ⃗r(s, t) (Equation A.2), w.r.t. Frame O,
we get:

O

d
(⃗r(s, t)) =
dt



 
 



d
d
d S
S
S
x(s, t) ⃗iS +
y(s, t) ⃗jS +
z(s, t) ⃗kS
dt
dt
dt
S
S
S
 Od
 Od
 Od
⃗k
⃗
⃗
+
x(s, t)
i +
y(s, t)
j +
z(s, t)
dt S
dt S
dt S

O

=⇒

S

S

S
 
d
d S
(⃗r(s, t)) =
x(s, t) ⃗iS +
y(s, t) ⃗jS +
z(s, t) ⃗kS
dt
dt 

S

S
 
O S
S
+ ω
⃗ ×
x(s, t) ⃗iS +
y(s, t) ⃗jS +
z(s, t) ⃗kS
O

S

d
d
(⃗r(s, t)) =
(⃗r(s, t)) +
dt
dt

=⇒

(A.33)

O

ω
⃗

S

× (⃗r(s, t))

Although not shown here for brevity, we can also prove (using the procedure used to prove
A.33) the following transport theorem for the Darboux vector ([110]):
O

S

∂
∂
(⃗r(s, t)) =
(⃗r(s, t)) +
∂t
∂t
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O

⃗ S × ⃗r(s, t)
K

(A.34)

Similarly, using Equation A.34, we can also find the following second order transport theorem
for the spatial domain, s ([110]):

!
S 2
S
S
 O S
 O S
∂2
∂
∂
∂
⃗
⃗
(⃗r(s, t)) =
(⃗r(s, t)) + 2
K
×
K
× ⃗r(s, t)
⃗r(s, t) +
∂s2
∂s2
∂s
∂s
 O S 

 O S
⃗
⃗
K
×
K
× ⃗r(s, t)
(A.35)
+

O

A.2
A.2.1

Kinematics of the Tether Element
Center of Mass of the Tether Element

Consider infinitesimally small element, eds of unstretched length ds as shown in Figure A.2. Let
CMeds denote the point of center of mass (CM) of the element. Then, since the by definition,
the position vector from CMeds to point O can be given by:
¸
⃗rCMe

ds

/O

=

v

⃗rdm/O dm
¸
=
dm


¸
⃗rdm/s + ⃗rs/O dm
v
¸
dm

v

(A.36)

v

where, dm represents the mass of a differential volume dv inside the element eds , as shown in
¸
Figure A.2. The mathematical operator ( · ) denotes the integral of the closed volume of the
v

element, eds .
Now, in the limit, ds → 0, we have, ⃗rdm/s → 0. Therefore, from Equation A.36, we have:
¸
⃗rCMe

ds

/O

=

v

¸
⃗rs/O dm
⃗rs/O dm
¸
¸ v
=
= ⃗rs/O
dm
dm
v

(A.37)

v

Therefore, the point of CM of an infinitesimally small element, eds , i.e., CMeds coincides
with the point s (i.e., point A). Keep in mind, that Figure A.2, shows the exaggerated view of
the element eds , which is why the points CMeds , and A are shown as two separate points.
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A.2.2

Moment of Inertia of the Tether Element

Consider that a frame is attached to the point CMeds , namely Frame CMeds (see Figure A.2)
which is formally defined as follows:
CMeds = {CMeds , ⃗iCMe , ⃗jCMe , ⃗kCMe }
ds

ds

(A.38)

ds

where, let the unit vectors of Frame CMeds be aligned to the directions of principal moment
of inertia of the element, eds , taken about the point CMeds . Notice, that the definitions of the
unit vectors of the local body frame (i.e., Frenet-Serret frame), Frame CMeds will be similar
to Equations A.8, A.11, and A.12. In fact, in the limit, ds → 0, the points CMeds can be
represented as the point s along the curve ⃗r(s, t). Therefore, the unit vectors of Frame CMeds
are actually aligned to the unit vectors of the Frame S. That is:
CMeds = {CMeds , ⃗iCMe , ⃗jCMe , ⃗kCMe } = {s, ⃗is , ⃗js , ⃗ks }
ds

ds

(A.39)

ds

It is important to be mindful that Figure A.2 is an exaggerated view of the element eds
which is why Frame CMeds is shown different from Frame S.
Therefore, from Equations A.37, and A.39, we have that, Frame S is, in fact, the frame
attached the CM of the element, eds , having the unit vectors aligned to the principal axes of
the element. Let the moment of inertia (MOI) of the element about the point s be denoted by
I˜s,e . Then, I˜s,e can be expressed in the Frame S as follows:
ds

ds

S
h

S

S

I˜s,e

i
ds

S

Ixx/s


= 


0
S

0
0

0

Iyy/s
0




0 

S
Izz/s

(A.40)

S

where, Ixx/s , Iyy/s , and Izz/s are the principal moments of inertia of the element eds .
Now, in the limit, ds → 0, we can assume the element eds to be a straight cylindrical
element with the polar axis (i.e., the axis of the cylinder) aligned with the ⃗k axis (i.e., t̂).
S

Then, the principal moments of inertia of the element eds can be given as:

S

Ixx/s =

S


 3
1 
me
DT2 ether + (ds)2
ds
12
4


1
=
me
DT2 ether
ds
8

Iyy/s =
S

Izz/s

(A.41)

where, me , is the mass of the element eds . Now, since the element, eds , is uniform and homods

geneous, we have that, me

ds

= ρT ether Ve , where, Ve
ds

ds

is the volume of the element. Now, in

the limit, ds → 0, we can assume that the volume of the element, Ve
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ds

→ 0. This implies the

following from Equation A.41:
S

Ixx/s =

h
Therefore from Equation A.42, I˜s,e
Ve

ds

S

Iyy/s =

i
ds

S

Izz/s = 0

(A.42)

is a zero tensor (i.e., [0]3×3 ). The assumption that
S

→ 0 in the limit, ds to 0, simplifies the formulation of the governing differential equation

of a continuous tether using the Euler’s equation (see Equation A.56). In fact, in the literature
of modeling of a continuous tether, Buckham ([10]), Burgess ([46], [47]), and Sun and Leonard
([48]) have all assumed the tether of negligible rotational inertia.

A.3
A.3.1

Dynamics of the Tether Element
Discussion on Internal Force and Torque

Figure A.3: Schematic free body diagram of the tether element, eds , showing all the external
forces and torques about the point s that are acting on it

Figure A.3 shows the free body diagram of the tether element, eds . Let F⃗int (s, t) denote the
vector sum of all the internal forces acting at a point s along the 3D curve ⃗r(s, t), at a time t.
Since, the point A is located at a distance s along the curve ⃗r(s, t) that defines the tether, we
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have:
F⃗int,
where, F⃗int,

A

A

= F⃗int (s, t)

(A.43)

is the vector sum of all the internal forces acting on the tether at point A.

Now, using Taylor series, we can find the F⃗int, , that is the sum of all the internal forces
B

acting on the tether (i.e., the curve, ⃗r(s, t)) at point B, as follows:
O

F⃗int,

Now, let F⃗int,e

ds

B


∂ ⃗
Fint (s, t)
∂s

= F⃗int (s + ds, t) = F⃗int (s, t) +

!
ds

(A.44)

denote the net external forces acting on the infinitesimal element eds due

the internal force, F⃗int (s, t), that is along the length ds of the element. It can be formally given
as:
O

F⃗int,e

Similarly, let, T⃗s

= F⃗int,

ds

B

− F⃗int,


∂ ⃗
Fint (s, t)
∂s

=

A

!
ds

(A.45)

(s, t), denotes the internal bending moment about the point s, acting at
the same point along the tether at a time t. Then, if T⃗s,
, denotes, the net external torque
int

inte

ds

about the point s, acting on the element, eds , due to the internal moment, T⃗s
O

T⃗s,

inte

= T⃗s
ds

int

(s + ds, t) − T⃗s

int

(s, t) =


∂ ⃗
Ts (s, t)
int
∂s

int

, we have:

!
ds

(A.46)

Further, the internal force, F⃗int (s, t), will also produce a torque about the point s acting
on the tether element, eds . Let us denote this torque as T⃗s,
. Further, let T⃗s,
, and
⃗
F
int,e

T⃗s,

⃗
F
int,

F⃗int,

A

⃗
F
int,

ds

A

, denote the torque acting on the tether about the point s due the the internal forces
B

and F⃗int, , respectively. Then, we have:
B

T⃗s,

⃗
F
int,

= ⃗rA/s × F⃗int,

A

= ⃗rs/s × F⃗int,

A

= ⃗0

A

= ⃗rB/s × F⃗int,

T⃗s,

⃗
F
int,

B
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B

= ⃗rB/A × F⃗int,

B

O

T⃗s,

=⇒

⃗
F
int,

∂
(⃗r(s, t)) ds
∂s

=
B

⃗
F
int,

B

F⃗int,

×

∂
(⃗r(s, t)) × F⃗int (s, t)
∂s

=

O


∂ ⃗
Fint (s, t) ds
+
∂s

A

!

!

O

T⃗s,

=⇒

!

ds
O

O

∂
∂ ⃗
(⃗r(s, t)) ×
Fint (s, t)
∂s
∂s

+

!
(ds)2
(A.47)

Now, we can neglect the (ds)2 term in Equation A.47, since, length ds of the element eds is
considered to be infinitesimally small. Then, from Equation A.46, and A.47, we have:

!
T⃗s,

⃗
F
int,e

T⃗s,

=

⃗
F
int,

ds

!
T⃗s,

−

⃗
F
int,

B

A

(A.48)

!
∂
(⃗r(s, t)) × F⃗int (s, t) ds
∂s

O

=⇒

A.3.2

⃗
F
int,e

=
ds

Discussion on External Force and Torque

Let, F⃗ge

ds

as:

T⃗s,

denote the force acting on the element eds due to gravity. Then, F⃗ge

F⃗ge

ds

= ρT ether



Ve


ds

can be given
ds

⃗g

(A.49)

where, ρT ether is the density of the uniform and homogeneous tether. Also, Ve is the volume
ds
of the element e . Notice, from Figure A.3, that F⃗g
acts at the CM of the the element e
ds

e

(i.e., point CMe ).

ds

ds

ds

Similarly, let F⃗Be

ds

denote the buoyant force acting on the element eds . Then, we have:
F⃗Be

= ρw
ds

where, ρw is the density of water. Note, F⃗Be



Ve


ds

⃗g

(A.50)

acts at the point of center of buoyancy (i.e., point
ds

CBe ). Since, the tether is completely submerged, we have that CBe
ds

ds
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= CMe .
ds

Similarly, let F⃗He
F⃗He

denote the net hydrodynamic force acting on the element eds . Then,

ds

can be found from the equations 2.29 to 2.33, using the characteristic length and force
ds

coefficients of the element, eds . Notice, from Figure A.3, that is the net hydrodynamic force,
F⃗He acts at the point of center of pressure (CP), denoted by CPe . In the limit, ds → 0,
ds

ds

CPe

ds

= CMe .
ds

Therefore, the vector sum of all external forces acting on the element, eds , can by:

F⃗nete

ds

= F⃗int,e

ds

+ F⃗ge

ds

+ F⃗Be

ds

+ F⃗He

ds

(A.51)

O

F⃗nete
where, F⃗nete


∂ ⃗
=
Fint (s, t) + F⃗ge + F⃗Be + F⃗He
∂s
ds
ds
ds

ds

denotes the net external force acting on the element, eds .

ds

Now, from NSL we have:

me
ds
!

O

=⇒

me

d2
⃗r(s, t)
dt2

ds

Now, let T⃗s,

O

⃗as/O



= me

O
ds


⃗a(s, t) = F⃗nete

ds

O


∂ ⃗
=
Fint (s, t) + F⃗ge + F⃗Be + F⃗Hyde
∂s
ds
ds
ds

(A.52)

, represent the external torque about the point s acting on the element eds

⃗
F
ge
ds

due to the force of gravity (i.e., F⃗ge ). Then, we have:
ds

T⃗s,

⃗
F
ge

Similarly, T⃗s,

⃗
F
Be
ds

ant force, F⃗Be

ds

ds

/s

= ⃗rCMe

ds

/s

× F⃗ge

ds

ds

T⃗s,

=⇒

⃗rCMe

⃗
F
ge

= ⃗rs/s × F⃗ge

= ⃗0

(A.53)
(from Equation A.37)

ds

ds

, which represents the external torque about the point s due to the buoy-

acting on the element, eds , should be zero. This because we have, ⃗rCBe

ds

/s

=

= ⃗rs/s = ⃗0.

Similarly, let T⃗s,

⃗
F
Hyde
ds

denote which represents the external torque about the point s due

to the hydrodynamic force, F⃗Hyde , acting on the element eds . Then, we have:
ds
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T⃗s,

⃗
F
He
ds

Now, let T⃗s,net

= ⃗rCPe

ds

/s

× F⃗He

ds

= ⃗rCMe

ds

/s

× F⃗He

= ⃗0

(A.54)

ds

denote the vector sum of all external torques about the point s that are
e

ds

acting on the element eds . Then, we have

T⃗s,net

e
ds

= T⃗s,

inte

+ T⃗s,

⃗
F
int,e

ds

O

=⇒

T⃗s,net


∂ ⃗
Ts (s, t)
int
∂s

=
e

ds

+ T⃗s,

⃗
F
ge
ds

ds

!

+ T⃗s,

⃗
F
Be

+ T⃗s,

⃗
F
He
ds

ds

O

∂
(⃗r(s, t)) × F⃗int (s, t)
∂s

ds +

!

(A.55)

ds

Now, from Euler’s Equation we have:

O

T⃗s,net

=
e

ds

I˜s,e

ds

dO S 
·
ω
⃗
dt
T⃗s,net

!
+

O

ω
⃗

S

= ⃗0
e

ds

×




I˜s,e

·

O

ω
⃗

S



ds

∵ I˜s,e

(A.56)

= 0̃
ds

Therefore, from Equations A.55, and A.56, we have:

!
!
O

∂ ⃗
∂
Ts (s, t)
(⃗r(s, t)) × F⃗int (s, t) ds = ⃗0
ds +
int
∂s
∂s
!



S
⃗ O × T⃗s (s, t)
(s, t)
ds + K

O

S

=⇒

∂ ⃗
T
∂s sint

int

O

+

∂
(⃗r(s, t)) × F⃗int (s, t)
∂s

(A.57)

!
ds = ⃗0

Now, let us define the internal force, F⃗int (s, t) as follows:

S

S

FBx ⃗iS +
FBy ⃗jS +
FAxial ⃗kS
S

S


S
F⃗int (s, t) =
FBx n̂ +
FBy b̂ +
FAxial t̂

F⃗int (s, t) =
=⇒

S
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(A.58)

S

S

where, FBx and FBy , represent the n̂ and b̂ components of the internal bending force actS

ing at the point s along the curve, ⃗r(s, t). FAxial denotes the component of the internal force
S
F⃗int (s, t) along the t̂ direction at the point s along the curve ⃗r(s, t). FAxial can be modeled as a
the sum of axial spring and damping forces acting at the point s, just like in linear KV elements.
Further, from Love’s ordinary approximation theorem ([111]), the internal bending moment
O
⃗ S and the second moment of
at point s, i.e., T⃗s (s, t), is related to the Darboux vector, K
int

area, as follows:

T⃗s

int

(s, t) =



ET ether Ixxe

ds



Kp1 n̂ + ET ether Iyye

ds



Kp2 b̂ + GT ether Izze


τ t̂

(A.59)

ds

where, ET ether , and GT ether denotes Young’s modulus of elasticity and the shear modulus of
the tether. Ixxe , Iyye , and Izze , denotes the second moment of area of the element eds . As
ds

ds

ds

mentioned before, in the limit, ds → 0, we can assume eds to be a straight cylindrical element.
In that case, we have:

Ixxe

ds

= Iyye

Izze

=
ds

=
ds

π 4
D
64 T ether

π 4
D
32 T ether

(A.60)

Further, if we assume the element eds as a straight cylinder, then from Equation A.6, we
have:

O

⃗rB/A =

∂
(⃗r(s, t)) ds = (0) ⃗iS + (0) ⃗jS + (ds) ⃗kS
∂s
O
∂
=⇒
(⃗r(s, t)) = ⃗kS
∂s

(A.61)

Now, we can the values from Equations A.58, A.61, and A.59, into Equation A.57. Rearranging the terms of the equation, we will get the following three equations:
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S




∂ 
+ GT ether Izze − ET ether Ixxe
Kp1 τ
Kp2
∂s
ds
ds





∂ 
+ GT ether Izze − ET ether Iyye
Kp2 τ
Kp1
∂s
ds
ds
∂
GT ether Izze
(τ ) = 0
ds ∂s


FBx = − ET ether Iyye
S

FBy = ET ether Ixxe

ds

ds

S

(A.62)

S

Equation A.62 provides the components, FBx , and FBy of the internal bending force in
the form of partial derivative equations in s and t. As future work, a discretization scheme
could be devised to evaluate the bending forces at the nodes of the lumped mass model. The
discretized bending forces at the nodes are added to the net external forces before applying
Newton’s second law to derive the governing differential equation of the tether model.
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Appendix B

Hardware Specifications of the
Experimental Setup
B.1

Computer Vision System

B.1.1

Camera Specifications

Camera Manufacturer and Model: Basler Ace acA1300-200uc
Type: Color Camera

Type of Shutter: Global

Sensor Type: Progressive Scan CMOS

Exposure Time: Freely Programmable

Imaging Sensor: ON Semi PYTHON
1300
Camera Sensor Format:

Synchronization: Hardware Trigger
(GPIO) or Free-Run

1/2”

Power Supply: Power over USB
Video Output: USB 3.0
Power Consumption (W ): 3

Pixels (H × V ): 1280 × 1024
Sensing Area, H ×V (mm): 6.14×4.92

Machine Vision Standard: USB3 Vision v1.0

Pixel Size, H × V (µm): 4.8 × 4.8
Dimensions (mm): 29.3 × 29 × 29

Pixel Depth: 10 bit
Resolution (MegaPixels): 1.30

Weight (g): 80

Frame Rate (fps): 203.00

Operating Temperature ( C): 0 to 50

◦
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B.1.2

Lens Specifications

Lens Model: 3.5 mm FL Wide Angle Low Distortion Lens
Horizontal Field of View, 1/2” Sen-

Type: Fixed Focal Length Lens

◦

sor: 82.4
Focal Length FL (mm): 3.50

Length(mm): 38.20
Maximum Sensor Format:

1/2”

Maximum Diameter (mm): 42.0

Aperture (f/#): f/2.4

Iris Option: Fixed

Working Distance (mm): 100 - ∞

Weight (g): 75.00

B.2
B.2.1

Motion Control System
Motor Specifications

Motor Model and Manufacturer: ClearPath® Integrated Servo System - CPM-SCSK2310S-EQNA

Figure B.1: Torque vs. speed curve of the ClearPath motor (CPM-SCSK-2310S-EQNA) @ 75
VDC
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Motor

Frame

Size:

NEMA

23 - 2.33 in (59.18 mm) sq.

◦

Repeatability: 0.03

Shaft Diameter: 0.250 in (6.35 mm)

Length: 3.34 in (84.84 mm)
Weight: 1.4 lb (0.6 kg)
Input (bus) Voltage: 75 VDC
Rotor Inertia: 0.4 oz-in2 (0.1 kg-cm2 )
Peak

Torque

(@75 VDC):
Logic

223 on-in (1.6 Nm)

Input

Voltage

Range:

4 - 28 VDC
Const. RMS Torque (@75 VDC):
45 on-in (0.3 Nm)

Maximum Radial Load: 25lbf (111.2N )

Max Speed (@75 VDC): 4000 RP M

Maximum Thrust Load: 5.0lbf (22.2N )
◦

◦

◦

Ambient Temperature: −40 C - 70 C

Achievable Resolution: 0.057
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