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This paper classifies finite dimensional nilpotent Leibniz algebras with isomorphic maxi-
mal subalgebras by their coclass. A complete classification of the described algebras will be given

for coclasses zero, one, and two. The results are field dependent.
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1 Introduction

In 1990 Péter Z. Hermann worked on coclass for finite p-groups with isomorphic maximal subal-
gebras. [2] For these groups G, we define a series of increasing normal subgroups: Z; (G) = Z(G)
and Z;11 (G) is the subgroup such that Z; 1| (G) /Z;(G) = Z(G/Z;(G)). Alternatively, it can be
defined by Z;+1 (G) = {x € G|[x,y] € Z;(G)}. If this series terminates at G, then G is nilpotent,

and the upper central series of G is given by

{e}=20(G) 22,(6G) 2--- 47,1 (G) 1Z:(G) =G

and we say G is of class c. If G is of order p”, then the coclass of G is given by cc(G) =n—c.
Hermann found that there were 3 possibilities for groups with coclass 1, and 12 possibilities for
groups of coclass 2, up to isomorphism. Some of Hermann’s results were later improved in ([5]).

These results were extended to Lie algebras by Karen Holmes. [4, 3] This work classified
the Lie algebras of coclass 0, 1, and 2. The upper central series of a nilpotent Lie algebra L is given
by

0=2Zy(L)CZi(L)CZ(L)C---CZ(L)=L

where Z;(L) is the largest subalgebra of L such that [Z; (L),L] C Z;_ (L), for all i < ¢, where c is
the of class L. Here, the coclass of L is given by cc (L) = dim (L) — c.

In this paper, we further extend the results to Leibniz algebras. All of the results contained
in this paper hold over the complex numbers, but at times the results are broader. We will make
note when the results are restricted to C. Furthermore, throughout this paper, we will refer to
two properties: Pl is the property that all maximal subalgebras are isomorphic; P2 refers to the
property that, for any maximal subalgebra M, dim (Z; (M)) depends only on i, and not M. Note that
P1 implies P2. At times, we will use P2 instead of P1 as it is easier to work with. However, this
does not impact the final results, as the algebras that are found can be seen to have P1. All group

theory, Lie, and Leibniz results are given in Section (6).



2 Background

We begin be giving some information on Leibniz algebras. Note that Lie algebras are skew-

symmetric Leibniz algebras. We begin with the formal definition.

Definition 2.1. Let A be a vector space over [F. Then A is a left Leibniz algebra if it is equipped
with a bilinear map,

[]:AxA—A

which satisfies

[a7 [b,C]] = [[aab]7c]+[b7 [avc]]' (D

We note that the bilinear map is often referred to as a multiplication, and (1) is called the
Leibniz identity. This paper will refer to left Leibniz algebras simply as Leibniz algebras, which

will be denoted as A.
Definition 2.2. Let B be a subspace of a Leibniz algebra A. Then B is subalgebra if [B,B] C B.

Definition 2.3. Let / be a subalgebra of A. Then I is a left ideal of A if [A,I] C I, and is denoted
by I <; A. Similarly, 7 is a right ideal if [/,A] C I, denoted I <, A. If I is both a left and right ideal,

then it is called an ideal of A, denoted / < A. A proper ideal is denoted by I <A.

Similar to Lie algebras, given two ideals I and J, then I +J and I NJ are ideals, but [/,J]

need not be an ideal. For a counterexample, see ([6], Example 2.4).

Definition 2.4. Let B be a subalgebra of A. The left centralizer of B is given by C' (B) = {x € A |
[x,b] = 0 for all b € B}, and the right centralizer is given by C" (B) = {x € A | [b,x] =0 forall b €
B}. Then C(B) = C'(B)NC’ (B) is the centralizer of B. The left center of A is given by Z' (A) =
{x€A|[x,a]=0for all a € A}, and the right center is givenby Z" (A) = {x € A | [a,x] =0 foralla €

A}. Then Z (A) = Z! (A)NZ" (A) is the center of A.

Definition 2.5. Let A be a Leibniz algebra. Then A is abelian if [x,y] = 0 for all x,y € A.



A useful proposition states that we may write elements of the Leibniz algebra as a linear
combination of other elements. The following proof is adapted from ([8], Proposition 4.2). We
will also see a corollary to this proposition for nilpotent algebras in the next section. We note that

an element is left normed if it is expressed as [ay, [a2, ..., [an—1,an] .- ]]]-

Proposition 2.6. Let A be a Leibniz algebra. An element of A that is the product of n elements can

be written as a linear combination of the product of the n elements, with each term left normed.

Proof. There is nothing to prove if n = 1 or n = 2. Suppose n = 3, and we have the multiplica-
tion [[a,b],c]. By the Leibniz identity, [[a,b],c| = [a,[b,c|] — [b,|a,c]], and the result holds. By
induction, we assume the result holds for k = n — 1. Consider a product of n elements, given by
[x,y], where x contains i elements and y contains n — i elements. If i = 1, the result holds since x
is only one element, and y is n — 1 elements, so using the induction hypothesis and linearity, the
product can be rewritten as desired. Take i > 2. By the induction hypothesis, x can be written as
[a,t], where a is a single element, and ¢ is product of i — 1 elements which are left normed. So
[x,y] = [la,t],y] = [a,[t,y]] — [t,]a,y]]. Since [t,y] is the product of (i—1)+ (n—i) =n—1 ele-
ments, by induction it can be written as desired. This implies [a, [t,y]] can be written as a linear
combination of the product of elements as well, using the bilinearity of the given map. Similarly,
[a,y] has n — i+ 1 elements, and so [a,y] can be written as a linear combination of the elements, all

of which are left normed. Again using the bilinearity of the map, the result holds. [

Definition 2.7. Let A be a Leibniz algebra and M a vector space. We call M a module if we have

two bilinear maps [,] : A XM — M and [,] : M x A — M such that

[av [bvm]] = [[avb] 7m] + [bv [avm]]
[av [mvb]] = [[avm] 7b] + [mv [avb]]
[mv [avb]] = [[m’a] 7b] + [av [mvb]]

foralla,b € A and m € M.



We denote the associative algebra of all endomorphisms of M by End (M). Let M be an
A-module. Then the maps 7, : m — [a,m| and S, : m — [m, a| are both endomorphisms of M.
We also note that the maps from A to End (M) givenby T, : a — T, and S, : a —> S, are linear.
The associated representation of the A-module M is the ordered pair (7,S), where T,S are maps
T,S:A— End (M) with T (a) = T, and S (a) = S,,.

We denote Leib (A) = span{[a,a]|a € A}. If [a,a] = a®> = 0 for all a € A, then A is a Lie
algebra ([6], page 42). We also note that Leib(A) is an ideal, and the minimal ideal such that

A/Leib(A) is a Lie algebra ([6], page 43).



3 Nilpotent Leibniz Algebras

In this section we begin by considering preliminary results about nilpotent Leibniz algebras. We
then consider properties of the upper central series for nilpotent Leibniz algebras and the Frattini

subalgebra.
Lemma 3.1. Suppose that A is nilpotent and I < A. Then Z (I) < A.

Proof. For Z(I) to be an ideal of A, we need to prove that [Z(I),A] C Z(I) and that [A,Z (I)] C
Z(I). Letxe Z(I), y € A, and z € I. We consider [[x,y],z] = [x,[y,2]] — [y, [x,z]]. Since I is an
ideal, [y,z] € I, and so the first term goes to 0 since x € Z(I). For the second term [x,z] = 0, and
so this goes to 0 as well. Hence, we have that [[x,y],z] =0, and so Z!(I) < A. Similarly, we have
that [z, [x,y]] = [[z,x],y] + [x,[z,¥]] = O using the same reasoning. This gives Z" (I) < A, and so
Z(I) <A. O

Definition 3.2. Let A be a Leibniz algebra. We say that A is nilpotent of class c if every product
of ¢+ 1 elements is zero, and there is some product of ¢ elements that is not zero. We will denote

this by cl (A).

Definition 3.3. Given a Leibniz algebra A we can define the lower central series to be
A=A'DA%2D ...

where the A’ are ideals given by A" = [A,A’]. Note that A need not be nilpotent to define this

series.

We may alternatively define nilpotent.

Corollary 3.4. ([6], Corollary 4.3) The Leibniz algebra A is nilpotent of class ¢ if AT = 0 but
A¢#£0.

Lemma 3.5. For a nilpotent Leibniz algebra A, the dim(Z(A)) > 0.



Proof. Since A is nilpotent, A # 0, but A°t! = 0 for some c. Take any 0 # x € A°. We have that

[x,A] = [A,x] = 0 since A“*! =0. Sox € Z(A) and dim (Z (A)) > 0. O

Our next Lemma will require a version of Engel’s theorem for Leibniz algebras. Note that
a subset S of a Leibniz algebra A is a Lie set if it is closed under multiplication and it’s linear span
is A.
Theorem 3.6. ([6], Theorem 4.5) Let A be a Leibniz algebra, L be a Lie subset that spans A, and
M be an A-module with associated representation (T,S). Suppose that T, is nilpotent for all a € L.

Then A acts nilpotently on M, and there exists an element O # m € M such that [a,m] = [m,a] =0

foralla € A.
More can actually be said about the operators in these circumstances.

Lemma 3.7. ([7], Lemma) Let A be a finite dimensional Leibniz algebra, and let a € A. Let M be
a finite dimensional A-bimodule such that T, is nilpotent on M. Then S, is nilpotent, and (S,,T,),

the algebra generated by all Sp, Ty, b € (a), is nilpotent.

Lemma 3.8. Suppose A is a nilpotent Leibniz algebra of class c. Then for a nontrivial ideal,

0#N <A, we have NNZ(A) # 0.

Proof. Suppose that A is acting on N, and consider 7;. Since A is nilpotent of class ¢, we have
T (n) = [a,[a,---[a,n]]] = O for any a € A, n € N. By Theorem (3.6), there exists 0 # m € N

such that [a,m] = [m,a] = 0 for all a € A, which implies m € Z(A). Hence, NNZ (A) # 0. O
We may also define an upper central series for A.

Definition 3.9. Suppose A is nilpotent of class c¢. The upper central series is given by

0=2(A)CZ(A) S+ CZ(A)=A

where Z;(A) is the largest subalgebra of A such that [Z;(A),A] CZ;_1(A) and [A,Z;(A)] CZ;_1(A)
for any i < c. Alternatively, Z;(A)/Zi_1(A) =Z(A/Zi—1(A)). Also, Z(A) = Z(A) since [Z; (A),A],
[A,Z1(A)] € Zp(A) = 0.



Lemma 3.10. Let N < A such that dim (N) = s and A nilpotent. Then N C Z; (A).

Proof. Let A acton N by left and right multiplications. Since A is nilpotent, Theorem (3.6), implies
there exists 0 # n € N such that [a,n] = [n,a] = 0 for all a € A. Now define M| to be the submodule
of all vectors of N that are taken to zero. Now let A act on N/M; with the induced multiplications.
Again, we get an element 0 # ny € N such that [a,n;| +M = [np,a] +M =0 € N/M;. Define M; to
be the submodule of all vectors of N/M| that are taken to zero. Call this set P/M;. Multiplications
of elements in P/M; are taken to N/Mj, which are then taken to zero. We now have a chain
of an increasing number of vectors whose multiplication by elements of A go to zero. We note
that My C Z; (A) and M, C Z, (A). We repeat this process beginning with N/P. We construct
increasing chains of submodules M; that are contained in Z; (A). We eventually get to N, which

will be contained in Z; (A). O

In Lie algebra, it is a known result that if dim (L) = n, then dim (Z (L)) # n— 1, where L is
a Lie algebra ([4], Lemma 5). However, in Leibniz algebras this result does not hold since we do

not require [a,a] = 0 for any element a. We can however make the following statement.

Lemma 3.11. Suppose A is nilpotent, dim (A) =n and dim(Z(A)) =n—1. Then A =1®J, where
1 is the ideal with basis {a, az} for some 0+# a € A and a* € Z (A), and J is the ideal with the same

basis elements as Z (A) without a?.

Proof. Let a € A but a ¢ Z(A). Then a® # 0, as otherwise it would be in Z(A). Then I =
span{a,a’®} with a> € Z(A). Take complementary subspace J of a> € Z(A), and the statement

follows. u

Lemma 3.12. Let <A and J <A, with I and J distinct. Suppose dim(A) = n and dim(I) =

dim(J)=n—1. Thendim(INJ) =n—2.

Proof. Using linear algebra we have the relation

dim(I+J) =dim(I)+dim(J) —dim(INJ).



Since I and J are distinct, and dim (I) = dim (J) = n— 1 with dim (A) = n, it must be the case that
I+ J = L. This implies
n=n-1)+mn-1)—dim(INJ).

Rearranging this yields dim (INJ) =n—2. O

The next few lemmas concern the upper central series of A. Our goal is to start building up
the theory necessary to relate the upper central series and the Frattini subalgebra when the property

P2 holds.

Lemma 3.13. Let M a maximal subalgebra of nilpotent A. We have that Z; (A) "M C Z;(M).
Proof. Proceed by induction on i. If i = 1, then x € Z; (A) "M implies [x,M] =0 = [M,x], and so
x€Z(M). Assume Z; (A)NM C Z;(M). Letx € Zi+1 (A)NM. Then [x,m],[m,x] € Z; (A)NM C
Z; (M) by assuption, for all m € M. Hence, x € Z; | (M). O
Lemma 3.14. Let x1,x2,...,xn € A, A nilpotent, and y € Z, (A). Then [y, [xm,[-- - [x2,x1]]]] and
(B, [+ P2, x1]]], ] € Znm (A).

Proof. We prove this using induction. Suppose that m = 1. By definition, we have that [x,y],

[v,x1] € Z,—1(A). Begin with the left-normed bracket. Assume this holds for k = m — 1, so

[, Pom—1, [+ [x2,x1]]]] € Z,—(m—1) (A). By the Leibniz identity, we have that

s by [+ beasoet ) ]]] = [ o1, [+ - Do a1+ [, [ b1 [+ - e, ] - 2)

Define z = [y,xn] € Z,—1 (A) and w = [y, [xp—1, [ -~ [x2,x1]]]] € Z,_(u—1) (A) by the induction hy-

pothesis. So (2) becomes

s By [+ - ez a1 = [z P [+ 2, 2] 10] 4 e, W)
- Znflf(mfl) (A) +an(m71)71 (A)
=Zn-m(A)+Zp—m(A)

= Zum(A).



The other side can be done similarly. O

Lemma 3.15. Let A be nilpotent and xy, ..., xyu 1 € A and x; € Z, (A) for somei € 1,2,...,m+1.
Then [Xp+1, [Xm, [ - [x2,x1]]]] € Zn—m (A). Further, we note that for any product (left multiplication,
right multiplication, or any combination thereof) of an element w € Z,,_(;_) (A), withm+1—i

elements of A is in Z,,_, (A).

Proof. If i = m+1 done by previous lemma. For i # m + 1, define x; = y. Then we have that

Pt 1, P [ 3, - e, 1] 11+ T = Do, B ==« [ 1, W]

where w = [y, [- - [x2,x1]]] € Z,_(j_1)(A) by previous lemma. Then [Xy 11, [Xm, - [xi+1,w]]] is the
multiplication of an element of Z, (;_) (A) and m+ 1 — i elements of A, and so by definition of
Zj, we have that [x1, [om, - [Xit1,W]]] € Z,_(i—1)—m—14i(A) = Zn—m (A) as desired. Last, we
consider w € Z,_(;_1)(A). By definition, [x,w] € Z,—;(A) and [w,x] € Z,—;(A) for any x € A.

Repeating this process, the second result follows immediately. 0

Lemma 3.16. Let M be a maximal subalgebra of nilpotent A with x € Z,(M) and yy,...,y, €
MUZ,(A). Then |yp,[---[v1,x]]] = 0.

Proof. First suppose that y; € Z, (A) for some 1 <i <n. By lemma (3.15), [y, [ [y1,x]]] €
Zn—n(A) =Zp(A) = 0. On the other hand, suppose the y; € M for all i. Then by the definition of

Zy (M), we have [y,, |- [y1,x]]] = 0. O
Lemma 3.17. Suppose A is nilpotent and Z; (A) is not contained in a maximal subalgebra M for
some i. Then Z; (M) = Z; (A) N M.

Proof. Since M is maximal, and A nilpotent, M is an ideal. Also, Z;(A) is an ideal by definition.
This implies M 4 Z; (A) is also an ideal, and by maximality of M, M + Z;(A) = A. By definition,
Zi(A)NM C Z;(M). Let x € Z; (M) which is contained in M. It remains to show that x € Z; (A).

Letay,...,a; € Awithaj=mj+z;formjeM,z; € Z;(A), forall 1 < j<i. Now

lai, [+ lan, )l = [mj+zj, [ [z, 2] = Y [ [ o]

9



by repeatedly using bilinearity, where y, € M or y; € Z;(A). By lemma (3.16), every product on

the right side is 0, and so the sum is 0. Hence, x € Z; (A). O

We can now begin discussing the Frattini subalgebra, denoted by ¢ (A), which is the inter-

section of all maximal subalgebras.
Lemma 3.18. Suppose A is nilpotent and has P2. If cl (A) = c, then Z._1 (A) C ¢ (A).

Proof. Let M| be a maximal subalgebra satisfying Z._; (A) C M;. This implies Z._; (M;) 2
Zc—1(A) and so dim (Z.— (My)) > dim(Z.— (A)). Now suppose there exists a maximal subalge-
bra M, such that Z._; (A) € M. Then Z._| (M) = Z.—1 (A) "M, by Lemma (3.17). This implies
Ze—1 (My) CZ.—1(A), and so dim (Z.—1 (M>)) < dim(Z.—1 (A)). Since dim (Z; (M)) depends only
on i, it must be the case that dim(Z._ (M)) = dim(Z.—1 (M>)) = dim(Z.—1 (A)). Combining
this with the above, we get that Z._| (M) = Z._1 (M) = Z.—1 (A) C M. This is a contradiction.

Therefore, for all maximal subalgebras M, Z._; (A) C M. Hence, Z._ (A) C ¢ (A). O

Lemma 3.19. Suppose M and N are distinct maximal subalgebras of A. Then Z;( M)NZ;(N) C

Ziyj-1(A).

Proof. Letx € Z;(M)NZ;j(N) C Ziyj—1(A). We need to show that x € Z;; ;1 (A). Since A =
M + N, for any a € A we can write a = m +n for some m € M and n € N. Define k = i+
Jj—1, and let ay,...,ar € A with aj = m; +n; for all 1 <[ < k. Consider [ay,|[---[a1,x]]] =
[my +ny, [~ [m1 +n1,x]]]. Repeatedly using bilinearity, we can simplify this to sums of multi-
plications of the form [y, [- - - [y1,x]]] where each y; € M or N. Since k = i+ j — 1, there are at least
i terms in M or j terms in N, and so each term goes to 0 by definition of Z; (M) and Z; (N). This

implies x € Z; j—1 (A). O

Before continuing, it is important to make a few notes about the Frattini subalgebra. For
nilpotent Leibniz algebras, ¢ (A) = [A,A]. To see this, we make use of the fact that the dimension
of a maximal subalgebra is one less than the dimension of Leibniz algebra, where the algebra is

nilpotent.

10



Lemma 3.20. For a nilpotent Leibniz algebra A, ¢ (A) = [A,A]. It is also the smallest ideal such
that A/ ¢ (A) is abelian.

Proof. Since A is nilpotent and A/M is one dimensional, it is abelian, and so [A,A] C M for all
maximal subalgebra M. Hence, [A,A] C ¢ (A). If x ¢ [A,A], then there exists a maximal subalgebra

that does not contain x. Hence x ¢ ¢ (A) and ¢ (A) C [A,A]. Therefore ¢ (A) = [A,A]. O
Proposition 3.21. Suppose A is nilpotent and has P2. If cl (A) = c, then Z._1 (A) = ¢ (A).

Proof. By Lemma (3.18), Z._1(A) C ¢(A). By definition, A/Z._(A) = Z.(A)/Z.—1(A) =
Z(A/Z.—1(A)) is abelian. By Lemma (3.20), ¢(A) C Z._1(A), since ¢(A) is the smallest sub-

algebra which gives an abelian quotient algebra. Hence, Z._(A) = ¢ (A). O

Lemma 3.22. Suppose dim(A) > 1. Then A is cyclic if and only if the Frattini subalgebra has

codimension 1 in A.

Proof. Since A is nilpotent, ¢ (A) = [A,A]. Suppose A is cyclic. Then the derived algebra has
codimension 1, and hence the Frattini subalgebra has codimension 1. Conversely, suppose the
Frattini subalgebra is of codimension 1. Then ¢ (A) is the only maximal subalgebra. Let a € A,
such that a ¢ ¢ (A). The algebra it generates is contained in a maximal subalgebra or is A. The

former is not possible since a ¢ ¢ (A). Hence, a generates A, and A is cyclic. O

Lemma 3.23. Suppose A is nilpotent and dim (A) > 1. Then dim (A/Az) =dim(A/9 (A)) > 2 or

A is cyclic, and dim (AJA%) = 1.

Proof. By Lemma (3.22), dim (A /Az) = 1 if and only if A is cyclic. Otherwise, A has at least 2
maximal subalgebras and their intersection has codimension 2 in A. The Frattini subalgebra then

has codimension greater than or equal to 2 in A. 0
Corollary 3.24. Suppose A is nilpotent and has P2. Then dim(A/Z._1 (A)) > 2 or A is cyclic.

Proof. This is an immediate consequence of Proposition (3.21) and Lemma (3.23). U

11



4 Coclasses 0 and 1

In this section, and the following section, we explore the coclass of A, which we will denote by
cc(A), and its effect on the structure of the upper central series. The coclass of A is given by
cc(A) =dim(A) —cl(A). For a nilpotent Leibniz algebra A, every consecutive term in the series
must increase in dimension by at least one. However, when two consecutive terms increase by
more than one dimension, the result is a nonzero coclass. For example, if the cc (A) = 1, then one
of the terms of the upper central series increases in dimension by two instead of one. If cc (A) = 2,
there are two terms in the upper central series that increase in dimension by two, or one term that
increases in dimension by three. It is hard to determine where these increases in dimension occur,

but we know that they occur.
Lemma 4.1. Suppose N < A with A nilpotent and dim (N) = s. Then cc(A/N) < cc(A).
Proof. Lemma 3.10 implies N C Z; (A). Note that c/(A/Zs(A)) = cI(A) — s, which implies c/(A/N)

>cl(A/Zs(A)) = cl(A) — 5. This gives the following:

cc(A/N) = dim(A/N) —cl (A/N)
< dim(A) — dim(N) — (cl (A) — s)
= dim(A) —s—cl (A) +5
— dim (A) —cl (A)
= cc(A).
O

Lemma 4.2. Let N < A, A nilpotent, with N C Z (A) and dim (N) > 1. Then cc (A/N) < cc(A)—1.

Proof. Since A is nilpotent, by definition of the upper central series ¢/ (A/Z (A)) = cl (A) — 1. Since
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NCZ(A),cl(A/N)>cl(A)—1. Hence,

cc(A/N)=dim(A/N)—cl(A/N)
<dim(A)—dim(N)—(cl(A)—1)
< dim(A)—2—cl(A)+1

=cc(A)—1.

]

It is a known result in Lie algebra that if dim (L) > 2 and L has P2, then dim (Z, (L)) > 2
([4], Lemma 17). However, as we can see in the following example, this result does not hold for
Leibniz algebras. The proof that the following is a Leibniz algebra can be found in ([9], Theorem

2.2). The lemma after the example provides an alternative for Leibniz algebras.

Example 4.3. Let A = span{x;,x2,x3,x4} with nonzero multiplications given by [x1,x;] = x2,
[x1,x%2] = x3, and [x1,x3] = x4. It is easily checked that the only maximal subalgebra is given by
{x2,x3,x4} which is abelian. As it is the only maximal subalgebra, A has P2. But we have the
following upper central series for A: Z; (A) = Z(A) = span{x4}, Zo (A) = span{x3,x4}, Z3(A) =

span{xy,x3,x4}, and Zy (A) = span{xy,x2,x3,x4 }. From this, we have that dim (Z, (A)) = 2.

Lemma 4.4. Suppose nilpotent A has P2. If dim (A) <2, then A is cyclic or abelian. If dim (A) > 2,
then A is cyclic, dim (Leib (A)) = 1, or dim(Z, (A)) > 2.

Proof. We may assume that dim(A) > 2 and that A is not cyclic. If dim(Leib(A)) = 0, then A
is Lie and dim(Z;(A)) > 2 by ([3], Lemma 6). Suppose dim (Leib(A)) > 1. We will show that
dim(Zy(A)) > 2. Suppose that dim (Z,(A)) = 2. Then dim(Z(A)) = 1. Since A is nilpotent,
Z(A)NLeib(A) =Z(A) and Z(A) N Leib(A) = Z»(A). Now [Leib(A) ,A] = 0 always holds. Thus,
for any x € Z; (A), x ¢ Z(A), [A,x] # 0. The kernel, M, of Ry, is shown to be a subalgebra of A.
Hence, it is an ideal since it has codimension 1 in the nilpotent A. Also, x € Z, (A) C Leib(A) and

x?> =0, s0x € M. Then dim (Z(M)) > 2 as M contains both x and Z (A).
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Let N be another maximal subalgebra of A such that N # M. Then N is an ideal of A. Hence,
Z(A)NN # 0. Therefore, Z(A) C N and Z(A) C Z(N). Also, dim(Z(N)) = dim(Z(M)) > 2.
Therefore, Z, (A)NZ(N) =7, (A) and Z, (A) C Z(N). So Ry (a) = |[a,x] =0 for all a € N. Thus,

N = M, a contradiction. L]
Lemma 4.5. Suppose dim(A) = n and A is abelian. Then cc(A) =n— 1.

Proof. Since A is abelian, [A,A] = 0, which implies ¢/ (A) = 1. We get that Z(A) = A. Hence,
cc(A)=dim(A)—cl(A)=n—1. O

Proposition 4.6. Suppose cc(A) = 0. Then A is cyclic, or dim(A) < 1.

Proof. If A is cyclic, then cc(A) = dim(A) — ¢l (A) = 0. Suppose A is not cyclic. First, take A
to be abelian. Then lemma (4.5) implies that 0 = cc (A) = dim (A) — 1, and so dim (A) = 1. Now
take A to not be abelian, and assume dim (A) > 1. Consider ¢ (A) = [A,A]. Then by Lemma (3.23)
dim(A/¢ (A)) > 2. For any x,y € A, we have [x+ ¢ (A),y+ ¢ (A)] = [x,y] + ¢ (A) = ¢ (A) since
¢ (A) = [A,A]. This implies [A/¢ (A),A/9 (A)]=¢ (A) /¢ (A) =0, and so A/¢ (A) is abelian, and

thus has class 1. Then Lemma (4.1), combined with ¢ (A) < A, gives

cc(A) = cc(A/¢(A))

=dim(A/¢ (A)) —cl(A/¢ (A))

>2—-1
=1
which is a contradiction, and so dim (A) < 1. O

Theorem 4.7. Let A be a nilpotent Leibniz algebra that satisfies P2 and is of coclass 1. Then one
of the following holds:
1.) A is a Lie algebra, and so A is abelian of dimension 2, or A is the Heisenberg Lie

algebra of dimension 3

14



2.)A=27,(A) and dim(A) = 3. If A = span{x,y,z}, then [x,x] =z, [y,y] = 1z, [x,y] = Az,

[y,x] = €2, where T % 0 and (A + €)* — 4 is not a square.

Proof. By Lemma (4.4), if dim (A) > 2, then A is cyclic, or dim (Leib (A)) = 1 or dim (Z (A)) > 2.
We look at each case.
Case 1: If A is cyclic, then cc (A) = 0. If A is Lie, the result holds by ([3], Proposition 3).
Case 2: Suppose dim (Z (A)) > 2. If dim(Z, (A)) > 4, then cc (A) > 2. Hence, dim(Z;(A))
= 3. Then Z; (A) = A since A is not cyclic and the next to the last term in the upper central series
has codimension greater than 1 in A. Therefore, dim (Z, (A)) =3 and A = Z, (A). This also implies
dim(Z(A)) = 1. Since A is not Lie, [A,A] = Leib(A) =Z (A).
Suppose A = span{x,y,z} with non-zero squares given by one of
a)xr=z
b)x?*=zy* =1z
and Z (A) = span{z}. One maximal subalgebra is M| = span {x,z} and another is My = span{y,z}.
Since they must be isomorphic, T = 0 and A satisfies (b). Therefore, the algebra satisfies the
multiplication in 2 in the statement of the theorem.
M, is cyclic, so any maximal subalgebra is also cyclic. Hence, M3 = span{ax+ By,z} with

o # 0 or B # 0 must have

0# (ox+ By)?
= & [x,x] + aB [x,y] + aB [v,x] + B [y.)]

= o’z+ oAz +afez+ B3tz

We may take 8 = 1. Consider a® + o (A +€) + 7. A satisfies P2 if and only if this expression is
not 0 for any o, which is equivalent to (A + £)* — 47 not being a square in F.

Case 3: Suppose that dim (Leib(A)) = 1. Then A/Leib(A) is a Lie algebra of coclass 0
or 1 and satisfies P2. If A/Leib(A) has coclass 0, then dim (A/Leib(A)) < 1. If A/Leib(A) has

dimension 0, then A = Leib (A) which is impossible. If dim(A/Leib(A)) = 1, then dim(A) = 2
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and A is cyclic. Then cc (A) = 0, which is a contradiction.

Suppose cc(A/Leib(A)) = 1. Then A/Leib(A) is 2-dimensional abelian or 3-dimensional
Heisenberg. In the first case. dim(A) =3, dim(Z(A)) =1,Z,(A) =A, and Z(A) = Leib (A). This
is the algebra considered in the last case.

Suppose A/Leib(A) is Heisenberg. The next to last term in the upper central series of A
has codimension greater than 1. Therefore, dim(Z(A)) = 1, dim(Z,(A)) =2, and Z3 (A) = A is
4-dimensional. Then Z(A) = Leib(A). Hence, A = span{w,x,y,z} with Z(A) = span{z} and
7> (A) = span{y,z}.

The multiplication table for A is

Table 1: Multiplications in A

w X y

['7 ] <
w oz y+az | bz |0
x | —y+az| Pz |cz |0
y bz (4 Yz |0
Z 0 0 010
The Leibniz identity shows that b = —b, ¢ = —c and ¥ = 0. There must be a non-zero square, so

with a change of basis, if necessary, we may assume that o # 0. Comparing M| = span{w,y,z}

and M, = span{x,y,z}, we have that 8 # 0. Tables for M|, M>, and M3 = span {mw + nx,y,z} are

Table 2: My = span{w,y,z} Table 3: M, = span{x,y,z}
Ll w [ yz ] x [ yz
w | az [ bz |0 x | Bz |cz |0
y | =bz| 010 y | —cz| 010
Z 0 010 Z 0 010
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Table 4: M3 = span{mw + nx,y,z}

-] mw +nx y z
mw+nx | (m*a+mna+mnd+n*B)z | (mb+nc)z |0
y — (mb+nc)z 0 0
Z 0 0 0

If b = 0, then ¢ = 0 since the center of M| and M, have the same dimension. Then cc(A) =
2, a contradiction. Hence, b # 0 # ¢. Then mb + nc # 0. But, we can find m and n such that

mb +nc = 0. Thus, A does not satisfy P2 in this case. L]
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5 Coclass 2

In this section, we classify nilpotent Leibniz algebras of coclass 2. Recall that P1 is used to
denote the property that all maximal subalgebras of A are isomorphic, and that P2 refers to the
property that dim (Z; (M)) depends only on i, and not on the maximal subalgebra M. Also recall
that P1 implies P2. This means cc(A) = dim(A) —cl (A) =2, and so ¢l (A) = dim(A) — 2. This
happens in one of two ways. The first possibility is that there are two increases of dimension
two from some Z;(A) to Z;+ (A) for two different values of i. The other is that there is one
increase of dimension 3 from some Z; (A) to Z; 1 (A). Assume ¢/ (A) = ¢, and that A has P1. Since
cc(A) =2, Aisnot cyclic. So by Lemma (3.22), we can immediately see that there must a increase
in dimension of at least two from Z._; (A) to Z. (A) = A. Furthermore, Proposition (3.21) tells us
that Z._; (A) = ¢ (A). By Lemma (3.23), dim (A/A%) = dim (A/¢ (a)) = dim(A/Z.— (A)) > 2. If
dim(A/¢ (A)) = 3, then there is an increase of dimension 3 from Z._; (A) to Z.(A). Otherwise,
we will have dim(A/¢ (A)) = 2, and so two increases of two dimensions. By Lemma (4.4), if
dim(Z, (A)) > 2, then there must be a two-dimensional increase from 0 to Z (A) or from Z (A) to

Z» (A). This leads to several possible scenarios:
1. One increase of dimension 3 from Z._; (A) to Z. (A) = A

2. Two increases of dimension 2, one from Z._; (A) to Z. (A) = A, and the other from either 0

to Z(A)

3. Two increases of dimension 2, one from Z._; (A) to Z.(A) = A, and the other from either

Z(A) to Z> (A)

4. Two increases of dimension 2, one from Z._; (A) to Z.(A), and another from Z;_; (A) to

Zi(A) for i > 3 (provided cl (A) = c is large enough).

A known result from Lie algebra is that there is no nilpotent Lie algebra L satisfying property P1
with Z (L) = Z (M) for all maximal subalgebras M and dim(Z (L)) = 1 ([4], Lemma 20). The

following example shows that this does not hold for Leibniz algebras.
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Example 5.1. Let A = span{x,y,z} with nonzero multiplications given by [x,x] = [y,y] = z over
R . Then Z(A) = span{z} and dim(Z(A)) = 1. Maximal subalgebras M are of the form M =
span{z,ox+ By}, where at least one of o, 3 are nonzero. Since z € Z(A) and Z (M), only the

behavior of (0tx+ By)? needs to be considered. But
[ox+ By, ax+ By] = a’z+ Bz = (a® + %) 2 #0

over R, which cannot be 0. Therefore, all maximal subalgebras are two dimensional cyclic, and A

satisfies P1.
The following definition and lemma will be necessary for the work pertaining to cc(A) = 2.

Definition 5.2. If A can be written as the direct sum of at least two nontrivial ideals, then A is split.

Otherwise, A is non-split.

For a nilpotent algebra A to be split, we note that the dimension of the center must be
greater than 1. Suppose A =@ J, where I,J are ideals and /NJ = 0. Since A is nilpotent Z (A)
intersects / and J nontrivially. But since INJ =0, dim(Z(A)) > 2.

We also need to know that if A has P2, then A/Z; (A) has P2, so that we may apply earlier

theorems. This result can be seen in the following lemma, which gives a slightly stronger result.

Lemma 5.3. Let A be a nilpotent Leibniz algebra with P1 and cl (A) = c. Then A/Z;(A) has P1

foralli<c—1.

Proof. Let M\/Z;(A) and M>/Z; (A) be maximal subalgebras in A/Z; (A). Then M; and M, are
maximal subalgebras in A and there exists an isomorphism ¢ : M; — M;. Since Z;(A) is o-

invariant, there is an induced automorphism from M, /Z; (A) onto M, /Z; (A). O

This previous Lemma will hold for any ideal contained in ¢ (A) that is invariant under

automorphisms as the same proof will apply.
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5.1 Leibniz Algebras of Coclass 2

The rest of Section (5) will focus on classifying the Leibniz algebras which are coclass 2. The final

results are summarized in the theorem below.
Theorem 5.4. The non-Lie nilpotent Leibniz algebras with P1 over C of coclass 2 are as follows:
1. If A is split, then A = span{x,x,x3,x4} with multiplications [x1,x1] = x3 and [x2,x3] = x4

2. IfA is non-split and dim (A) = 4, then A = span{xy,x2,x3,x4 }, with multiplications given by
one of the following:
(Cl) [.X'l,)C]] = X3, [x27x1] = X4, [X],XQ] = O0x3, [x27x2] = —X4,0 € C\ {_1}
(b) [x1,x1] = x3, [x1,%2] = x3, [x2,x1] = X3 + x4, [X2,%2] = x4.
3. If A is non-split and dim(A) = 6, then A = span{t,u,w,x,y,z}, with multiplications given by
tu] =w=—[u1], [t,w]| =x=—[w1], [u,w] =y=—[w,u], [w,w] =yz [t,y] =dz, [y,1] = dz,

[u,x] = fz, [x,u] = fz, with the restrictions that 2y=d+d = —f — f, —f =d, and —f = d,
where ,d,d, f,f € C.

Proof. All of the work is shown in the following sections. 0

Since the the abelian Leibniz algebra is a Lie algebra, it is excluded from the list above.

However, the proof that the abelian algebra is coclass 2 is given below.
Proposition 5.5. Suppose cc(A) =2 and that A is abelian. Then dim (A) = 3.
Proof. By Lemma4.5,2 = cc(A) =dim(A) — 1. This implies dim (A) = 3. O

The rest of the cases assume that A is not abelian. If cc(A) = 2, then dim(Z; (A)) is
between 2 and 4. If dim (Z, (A)) = 4 and A is not cyclic, then dim,_; (A) has codimension at least
two and it follows that A = Z, (A). Hence, dim (Z, (A)) =2 or 3, unless A = Z, (A), in which case
dim(A) = dim(Z,(A)) = 4. The following sections proceed using Lemma (4.4), which tells us

that dim(Z,(A)) > 2 or dim(Leib(A)) = 1. However, the case where dim(A) = dim(Z;(A)) =4 is
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considered separately from the case where dim(Z;(A)) = 3. Furthermore, some of this work relies
on the known classification of non-split Leibniz algebras of dimension four and five found in ([9])

and ([1]). The work determining which of these algebras have P1 can be found in Section (7).

52 Dim(Z(A)) >2

Let A be a nilpotent Leibniz algebra with P1. Suppose dim(Z,(A)) = 3 and dim (Leib(A)) #
0. Then there must be a increase of dimension 2 from Z._; (A) to A, and the other increase of
dimension two occurs below Z; (A). This implies cc(A/Z, (A)) =1, and so A/Z, (A) falls into one
of the categories in Theorem (4.7) above.

Option 1: A/Z; (A) is abelian of dimension 2

Option 2: A/Z, (A) is 3 dimensional Heisenberg Lie algebra

Option 3: A = Z,(A) = span{x,y,z}, with [x,x] =z, [y,y] = 1z, [x,y] = Az, [y,x] = €z,
where 7 # 0 and (A + €)* — 4 is not a square (A is a non-Lie Leibniz algebra)

We consider each of these cases individually. Options 1 and 3 do not result in any algebras.

Option 2 gives result result 3 in (5.4).

5.2.1 Casel: A/Z,(A) is abelian

We consider the case where dim (Z; (A)) =3, cc(A/Z>(A))=1,A/Z; (A) is abelian, and A is nilpo-
tent with P1. By Theorem (4.7), we have that dim (A/Z, (A)) = 2, which implies dim (A) = 5. This
implies dim (Z3 (A)) =dim(A) =5, dim(Zy (A)) =3, and dim (Z(A)) =1 or 2. If dim (Z (A)) = 1,
then it is immediate that A is non-split. However, if dim (Z (A)) = 2, it needs to be determined if A

can be split.

Lemma 5.6. Suppose A is nilpotent and has P1, with dim(A) =5, dim(Z,(A)) = 3, and dim(Z(A))

= 2. Then A is not split.

Proof. Suppose A =1@J, for ideals I and J, such that INJ # 0. Then dim (I) = 1 and dim (J) =4
ordim(I) =2 and dim (J) = 3.
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Case 1: Suppose dim(I) = 1 and dim (J) = 4, that A = span{x,y,z,w,t}, with Z(A) =
span{w,t}, and Z, (A) = span{z,w,t}. Since A has P1, then by Lemma (3.20) and Proposition
(3.21) [A,A] = ¢ (A) = Z, (A). This implies there is at least one multiplication in [A,A] that gives
each of z, w, and ¢. Without loss of generality, say / = span {w}, since it must contain a center
element. But then J cannot be an ideal since there is some multiplication of elements that must
give w. So A cannot be split in this way.

Case 2: Suppose dim (I) =2 and dim(J) = 3. Each ideal must contribute to the upper
central series. Since dim(Z(A)) = 2, one center element can be in each of 7 and J. Similarly,
each of I and J must contain an element in Z, (A) /Z(A), which implies Z, (A) is at least four

dimensional, a contradiction. Hence, A cannot split in this way either, and so A is non-split. [

Proposition 5.7. There are no nilpotent non-Lie Leibniz algebras with Pl of coclass 2 where

dim(Z, (A)) =3 and A/Z, (A) is an abelian Lie algebra over C.

Proof. Since dim(Z; (A)) = 3, we have that cc(A/Z;(A)) = 1. By Theorem (4.7), we get that
A/Z, (A) has dimension 2. It follows immediately that dim (Z3 (A)) = dim (A) =5, dim (Z, (A)) =
3, and dim(Z(A)) = 1 or 2. By Lemma (5.6), A is non-split regardless of the dimension of the
center. Since we have a 5 dimensional non-split Leibniz algebra over C, we may use ([1]) to
determine possible algebras. By Section (7.2), the only algebras with P1 are <737, 4733 (&), and
/139. However, examining these algebras, we see that for all of them, the center is given by
span{xs,x4,xs} and the second center is given by the entire 5 dimensional algebra. Hence, these

algebras are coclass 3. So there are no algebras satisfying the given conditions. [

5.2.2 Case2: A/Z,(A) is Heisenberg

We consider the case where dim (Z, (A)) =3, cc(A/Zy(A)) = 1,A/Z; (A) is the three dimensional
Heisenberg Lie algebra, and A is non-Lie nilpotent with P1 over C. As Z, (A) was dimension 3,
this implies dim (A) = 6. So we get the upper central series where dim (A) = 6, dim(Z3 (A)) =
4, dim(Zy(A)) = 3, and dim(Z(A)) =1 or 2, since cc(A) =2 and Z3(A) = ¢ (A) cannot be

codimension 1.
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First, consider the case where dim(Z(A)) = 2. Then A/Z(A) is 4 dimensional and is
coclass 1. Now Theorem (4.7) covers both Lie and non-Lie Leibniz algebras of coclass 1, and
there are no algebras of dimension 4. So A/Z(A) gives no possibilities, and so dim (Z(A)) # 2.
We now consider the case where dim(Z(A)) = 1. Then A/Z(A) is 5 dimensional and is coclass
2. A/Z(A) may be either a Lie or non-Lie Leibniz algebra. Consider the case where A/Z(A) is
a Lie algebra. So we consider Theorem 4 in ([3]), which has one 5 dimensional Lie algebra of
coclass 2, provided char (F) # 2. If we suppose that A = span {t,u,w,x,y,z}, Z(A) = span{z},

and Z, (A) = span{x,y,z}. We get the following possible nonzero multiplications in A/Z (A):

Lie Multiplications ~ Multiplications in A/Z (A)

tul =w tul+Z(A)=w+Z(A)
1, w] =x [tw]+Z(A) =x+Z(A)
[u,w] =y [u,wl+Z(A)=y+Z(A)

We note that with these multiplications, A/Z, (A) is the Heisenberg Lie algebra as required, since

x,y € Z> (A). This gives the following possible multiplication in A:

Table 5: Multiplications in A

[ t u w x|y |z
t oz wHaz | x+bz| cz |dz |0
u | —w4az Bz y+ez | fz| gz |0
w | —x+bz | —y+éz ¥z hz | jz | 0
X ez fz hz uz | kz | 0
y dz 8z Jz kz | oz |0
Z 0 0 0 0010

where Oz,B,y,[,L,G,a,c@b,f?,c,é,d,dA,aé,f,f,g,g,h,fz,j,f,k,fc € C. We begin by considering the
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Leibniz identities, which place restrictions on the constants. Some of the identities, such as

[tv[t7t7]] = [t,az] =0

[[t,1], 8]+ 1, [t,1] = 0

have 0 on both sides of the identity, and so yield no information. Similarly, identities such as

[t,[t,u]] =[t,w+azl =x+bz

[[t,t],u] +[t,[t,u]] = [0z, u] + [t,w+az] =x+ bz

yield no information since the result is the same on both sides. Leibniz identities of both of these
types will be omitted, as well as those that give duplicate earlier results. Information gained in

earlier Leibniz identities will be used in later ones for simplification.

[t,[u,t]] =[t,—w+dz] = —x—bz
[t,u] 1]+ [u, [1,1]] = W+ az, 1]+ [u, 0z) = —x+ bz

= —b=b

[t,[w,t]] = [t,—x—Dbz| = —cz
[t w], 2]+ [w, [t,1]] = [x+ bz,t] + [w, az] = ¢z

—c=¢

4
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[tv[uvw]] - [Z,y—|—€z] =dz
[t u] , W]+ [u, [t,w]] = W+ az,w| + [u,x+ bz] = yz+ fz

=d=y+f

t,[w,u]] =[t,—y+éz] = —dz
(£, W], u] + [, [t,u]] = [x+bz,u] + [w,w+az] = fz+ 7z

= —d=f+y

[t,[u,x]] = [t, fz] =0
[[t,u] ,x] + [u, [t,x]] = W+ az,x] + [u,cz] = hz

=h=0

[t, [, ul] = [1,fz] =0
[[lax] 7”] + [x? [t7u]] = [CZ7M] + [X,W—i—az] = ]:lZ

=h=0
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[t7 [M,y]] = [t7gz] =0
(£, u],y] + [u, [t,y]] = [w+az,y] + [u,d7] = jz

=j=0

[t, yu)] = [t,82] =0
[£,y],u] + [y, [t,u]] = [dz,u] + [y,w +az] = jz

=7=0

i1, [w,]] = [1,0] = 0
[, W], x] + [w, [t x]] = [x+ bz, x] + [w,cz] = uz

=u=0

[tv [Way” = [t,O] =0
[, w],y] + [w, [t,5]] = [x+bz,y] + [w,dz] = kz

=k=0
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[t7[yaw]] - [Z,O] =0
[[£,y], W]+ [, [t, w]] = [dz, w] + [y,x+ bz] = kz

=k=0

[t,[u,u]] =[t,Bz] =0
[t,u] ,u) + [u,[t,u]] = W+ az,ul + [u,w+az] = —y+éz+y+ez=(e+8)z

= —e=¢

u, [t,w]] = [u,x+bz] = fz

[[u’t]7w]+ [t7[u>w]] = [—w+dz,w]+ [t,y+ez] = —Yz+dz
= f=—y+d
[”7 [Wat” = [uv—x—bz] =—fz

[[M7W] 7t] + [Wa [uat” = [y+ezat] + [Wa _W_'_aAZ] = JZ— Yz

= —f=d—vy
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[u7 [W7 u” - [M, -y €Z] = —82
[[u7w] 7”] + [W7 [u7u7]] - [y+ezvu] + [W7BZ] =4z

=-—g=4

[, [w,y]] = [u,0] = 0

[, W],y + [w, [u, ] = [y +ez,y] + [w, g2l = 02

=0=0
[W7 [tvu“ = [W7W+az] =7
[[W7I]7u]+[l7[w7u]] = [—x—bZM]Jr[f,—y—eZ] = _fZ—dZ
S>y=—f—d
[W7 [u7t]] = [W7 _W+dz] =Y
[w,u] 2] + [u, [w, 1] = [~y — ez, 1] + [u, —x — bz] = —dz — fz
= —y=—d—f

In total, there are 20 Leibniz identities given above, and 105 excluded for yielding no
information, or no new information, for a total of 125 Leibniz identities considered. Using the
above, we may simplify the multiplication table for A. Note that there are six results concerning 7,

three unique, that will be used later.
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Table 6: Updated Multiplications in A

[-,°] t u w x|y |z
t oz w+az | x+bz|cz|dz |0
u | —w+az Bz y+ez | fz]gz |0
w | —x—bz | —y—ez Yz 0010
X —cz fz 0 01010
y dz —8z 0 0[0]0
Z 0 0 0 01010

This table can be further simplified. Let w' = w+az, ¥ =x+bz,y = y+ez,anda = a+a.

We can then check all of the multiplications using the new definitions.

[1,y] =[t,y+ez) =dz

u,t] = —w+az=-w—az+az=—w +az
W, t] = w+az,t] = —x

(X', t] = [x+bz,t] = —cz

We can then simplify the results for multiplications in A. Note that we delete the primes ()
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from the new variables for ease.

Table 7: Second Updated Multiplications in A

[ ] t u |wlx|y|lz
t oz w | x |cz|dz]|O0
u | —w+az| Bz |y | fz]| 8|0
w —X -y |21 0]0]0
X —cz fz 1010010
y dz —gz| 0] 0][0]O
Z 0 0 0/01010

We continue to work on restrictions of the constants while ensuring that A has P1. Consider

maximal subalgebra M = span {t,w,x,y,z} and v =rx+sy € Z(M). Then

0=[t,rx+sy| = (rc+sd)z

0=[rx+sy,f] = (—rc+sd)z

Adding the two equations together gives 0 = s (d + cf) z. Soeither s =0 or —d =d. If s = 0, then ei-
ther r=0orc=0.Ifs=0=r, thenv=0, and dim(Z(M)) = 1. Let M = span {mt + nu,w,x,y,z}

and consider x+§y € Z (M). Then
0 = [mt + nu, #x + §y| = (mfc +msd + nif +nsg)z

and

0 = [Px + §y,mt + nu] = (—mbc+nff +méd — nsg)z

Adding these two equations together gives 0 = m$ (d +d) +n# (f + f). Solving for # and
§ shows Z (M;) can have center greater than 1, which means A does not satisfy P1. Hence, we
cannot have boths =0 =r.

So either —d = d or ¢ = 0. Likewise, using M| = span {u,w,x,y,z} and v/ = r'x+s'y €

Z (M) gives —f = f or g = 0. There are four cases:
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N

1) f=—fandd=—d

A

2)f=—fandc=0and g #0
3)d=—dandg=0andc+#0
4)g=0and c=0.
Case 2 cannot hold. If it did, M? = span {x,z} C Z (M) but M? = span{y,z} ¢ Z(M;), a contra-

diction since Mand M| must be isomorphic. For the same reason, case 3 cannot hold. From the

calculations done above we have the following three identities:

y=d—f
y=-d-f
y=d+f

Subtracting the third from the second gives —d — d=f+7. Adding the first to second and the
first to third gives 2y =d +d = —f — f. Considering these equations, case 1 implies that y = 0.
If a =0, then M is a Lie algebra, and so M| must also be a Lie algebra, which means 8 = 0. Let

M, = span{t + u,w,x,y,z}, which must also be Lie. This implies
O0=[t+u,t+ul=[t,ul+[utl]=w—w+az=az

and so @ = 0. We now have that all multiplications in A are skew-symmetric and Leib (A) = {0}.
Hence A is Lie, and is given in ([3], Theorem 4).
What remains is case 4, where g = 0 = c¢. If y =0, then f=—fand d = —d, which was

the case just considered. Suppose y # 0, and take M3 = span{mt + nu,w,x,y,z}. Consider

[mt + nu, mt + nu) = m? oz + mnw — mnw + mnaz + n*Bz

= mzaz—i—mndz—f—nzﬁz

which is a polynomial in m. As we are over the complex numbers, for any n, we can find m to
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satisfy m?>a +mna +n> = 0. If @ and 8 are not both 0, then M3 is not isomorphic to M or M;.
Hence oo = 0 = . Then mna = 0 implies @ = 0 and [f,u] = — [u,t]. Compare the multiplication

table for M and My = span {mt 4+ nu,w, mx+ ny,y, z}, which must be isomorphic.

Table 8: Multiplications in M

[:] ]t |wlx|y |z
t x|0|dz |0
w | —x|y2[0] 00
x| 0]0]0]0]O
y |dz|0]0] 0O
Z 0 /0l0lO0]O

Table 9: Multiplications in My

[ ] mt + nu w mx + ny y |z
mt + nu 0 mx+ny | mn(d+f)z | mdz | O
1% — (mx+ny) 74 0 0 |0
mx-+ny | mn(d+f)z 0 0 0 |0
y mdz 0 0 0 |0

Z 0 0 0 0 |0

We have that M3 = 0 and Mjf = 0. It can be checked that a change of a basis cannot be done to
make My look like M. It is necessary that mn (d + f) = 0=mn (ci—l—f) Thusd = —fandd = —f.

We can make the table for M, be the same as the table for M, as follows:

Table 10: Alternative Multiplications in My

[ ] mt + nu w mx+ny| Ly |z
mt + nu 0 mx —+ ny 0 dz | 0
w — (mx+ny) Yz 0 00
mx + ny 0 0 0 010
Ly dz 0 0 010

Z 0 0 0 010
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Table 11: Final Multiplications in A

)] | ¢ u |wilx|ylz
t O |wl|x|0|dz|O
u | —w/| 0 |y |fz]0]0
w | —x|—=y|yz| 0]0]0
X O | fz{ 0[O0 0]O0
y |dz | 0| 0]0]O0|O0
Z 0 0[0]0]0]O0

with the restrictions that 2y = d+d= —f—f,—f=d,and —f = d.

It remains to consider the case where A/Z (A) is a 5 dimensional Leibniz algebra. In this
case, we still know that A/Z; (A) is the 3 dimensional Heisenberg Lie algebra and dim (Z (A)) = 1.
This implies the upper central series of B =A/Z(A) is dim(Z(B)) = 2, dim(Z(B)) = 3, and
dim (B) = 5. Since A has P1, B will have P1 by Lemma (5.3), so we know that ¢ (A) = [A,A] =
Z»(B). The only possible Leibniz algebras fitting these requirements and having P1 are 2737,
138 (@), and <739 in Subsection (7.2), which were coclass 3. Hence, there are no possibilities for
this case.

To summarize, in this section we considered the case where dim(A) = 6 and A/Z(A) is
the three dimensional Heisenberg Lie algebra. The upper central series is given by dim(A) =
6, dim(Z3(A)) =4, dim(Z, (A)) =3, and dim(Z(A)) = 1. Also, A/Z(A) is 5 dimensional and
coclass 2. When A/Z(A) is a non-Lie Leibniz algebra, no algebras are found. When A/Z(A) is
the 5 dimensional Lie algebra in ([3], Theorem 4), a Leibniz algebra is found. This results in the

following proposition, which states result 3 in Theorem (5.4).

Proposition 5.8. Suppose A is a nilpotent Leibniz algebra over C with P1 where A/Zy(A) is the
three dimensional Heisenberg Lie algebra. Then dim(A) = 6 and Z/(A) is a 5 dimensional Lie
algebra. Then A is defined by the following multiplications, where A = span{t,u,w,x,y,z} and
v,d,d,f,f €C:t,ul=w=—[u,t], [t,w]| =x=—[w,t], [u,w] =y=—[w,ul, [w,w] =7z [t,y] =dz,
lv,t] = dz, [u,x] = fz, [x,u] = fz, with the restrictions that 2y =d +d = —f — f, —f = d, and
—f= d, where }/,d,cf,f,f e C
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Proof. The work shown above. O

5.2.3 A/Z,(A) is a non-Lie Leibniz Algebra

The last possibility is that A/Z, (A) is a non-Lie Leibniz algebra in Theorem (4.7). However, as
we are working over the complex numbers, the conditions in the proposition will not be satisfied.

Hence, there are no possible algebras for this case.

53 Dim(Leib(A)) =1

By Lemma (4.4), we know that A is cyclic, dim(Z (A)) > 2, or dim (Leib(A)) = 1. Above, we
determined that dim (Z; (A)) =2 or 3, and dim (Z, (A)) =4 only if A = Z, (A). All possibilities for
dim(Z, (A)) = 3 have been considered. We now turn to assuming that dim (Leib(A)) = 1. Since
there were no restrictions on the dimension of Leib (A) in Subsection (5.2), we may assume that
dim(Zy(A)) =2or A =27, (A) with dim(A) = 4.

If dim (Z, (A)) = 2, this means dim (Z(A)) = 1, as nilpotent Leibniz algebras have a non-
trivial center. We must still have at least an increase of dimension 2 from Z._; (A) to A =Z. (A). If
this increase is of dimension 2, there is another increase of dimension 2 from Z;_; (A) to Z; (A) for
i =3,...,c— 1. Otherwise, there is a increase of dimension 3 from from Z._; (A) to A = Z. (A).
Furthermore, since the center of a nilpotent Leibniz algebra intersects all ideals nontrivially, we
have that Leib (A) NZ (A) # 0. Since both Leib (A) and Z (A) have dimension 1, it must be the case
that Leib (A) =Z (A). Now A/Leib (A) is a Lie algebra, and since the dimension only increases by 1
from 0 to Z(A) = Leib (A) in the upper central series, it must be the case that cc (A/Leib (A)) = 2.
This means A/Leib(A) is one of the algebras in the following theorem. We note that L in the

following theorem is a nilpotent Lie algebra.

Theorem 5.9. ([4], Theorem 4) If dim(L) = n. cc(L) =2, and L has P1 then L is isomorphic to

one of the following algebras:

(i) ({a,b,c)) where [a,b] = [a,c] = [b,c] =0
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(ii) ((x,y,z,a,b)) where [x,y] =z, [x,2] = a, [y,z] = b

(iii) ({a,b,c,x,y,z)) where [a,b] = c, |a,c] =x, [b,c] =y, [a,x] =z, [b,y] = Yz where —7 is not a

perfect square

We consider A/Leib (A) being each of the above possibilities separately. The case where A =7, (A)
with dim (A) = dim(Z, (A)) = 4 is handled later. None of the options (i), (ii), or (iii) result in a

new Leibniz algebra.

53.1 A/Leib(A) is abelian

The first possibility we consider is A/Leib (A) being the Lie algebra generated by ({(a,b,c)) where
la,b] = |a,c] = [b,c] = 0. In this case, A/Leib(A) is abelian and dimension 3. This implies
dim(A) = 4. Suppose A = span{a,b,c,x}, where Leib(A) = span{x} = Z(A). Based on the
given Lie algebra, all of the quotient group multiplications in A/Leib (A) are 0, and so are in the
span of Leib (A). So

la,b] = oyx  [b,a] = opx

la,c] =Bix  [c,a] = Pox

[b,c]=nx  [c,b] =1x

for oy, B, 7; € C. Using the definition of Leib (A), we also get the following:

[a7a] = Hx
[b7b] = Hax
[C,C] = H3x

for u; € C. Since A is nilpotent, [x,x] = 0. Since Leib(A) = span{x}, at least one of the y;
are nonzero. By the above multiplications, it is clear that [A,A] = span{x}. Since A has P1,

[A,A]=Z._1(A) = ¢ (A), and all have dimension 1. We get the following upper central series:

0CZ(A)C 2 (A) = A.
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Note that since dim (Z (A)) = 1, it is non-split. The only possible 4 dimensional non-split non-Lie
Leibniz algebras, with dim (A%) = 1, are given in Subsection (7.1), and none of which have P1 by

Lemma (7.2). So there are no possible algebras for this case.

53.2 A/Leib(A) is 5 dimensional

We now turn to the second possibility where dim(Leib(A)) = 1, Leib(A) = Z(A), and A/Leib(A) is
the Lie algebra of the form ((x,y,z,a,b)) where [x,y| =z, [x,z] =a, [y,z] = b. Since dim(A/Leib(A))
=5, then dim(A) = 6. Say A = span{x,y,z,a,b,c}. In A/Leib(A), we can list the three nontrivial

multiplications as

[x,y] + Leib (A) = z+ Leib (A)
[x,z] + Leib (A) = a+ Leib (A)

[v,z] + Leib (A) = b+ Leib (A)

with other multiplications following similarly since A/Leib(A) is Lie, and so skew-symmetric.
All of the other multiplications in A/Leib (A) are 0, and so are in the span of Leib (A). Since the
multiplications in A/Leib (A) are nontrivial, and x, y, and z are clearly not in Z (A), it must be the
case that Leib (A) = Z(A) = span{c}. Furthermore, since Leib (A) is the span of squares, at least
one of x%, %, 22, a®, or b> must be c. Using this information, the multiplication table for A is given

next.

Table 12: Multiplications in A

[ ] x y b4 a | b |c
X ac z+dc | a+ec| fc| gc |0
y | —z+dc Bc b4+hc | jc | ke |0
z | —a+éc| —b+hc| 7yc |mc|nc |0
a fc jc mc | uc | pc |0
b gc kc ic pc | oc |0
c 0 0 0 0] 010
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for constants o, B,Y, U, 0.,d,d,e,é, f,f,g.8,h,h, j, ] k. k,m,im,n i, p,peC.

Given the three nontrivial multiplications in A/Leib (A) listed above and at least one of the
squares being nonzero, as well as A having P1, we get that dim (A?) = dim ([A,A]) = dim (Z._1 (A))
=dim (¢ (A)) = 4. From the beginning of this subsection, Subsection (5.3), recall that dim (Z (A))

=1 and dim (Z, (A)) = 2. So we get the upper central series

0CZ(A)C 2 (A) CZ3(A) CZy(A) = A

withdim(Z(A)) =1,dim(Zy(A)) =2, dim(Z3 (A)) =4, and dim (A) = 6, which corresponds with
cc(A) = 2. Looking at the table however, we can see that the dim(Z;(A)) = 3. Upon exmaining the
table, it can be seen that eliminating or altering constants can not be done to decrease the dimnesion
of just Z»(A), given the restrictions on the multiplication in A/Leib(A). In fact, although the letters
have changed to match the Lie algebra in Theorem (5.9), we can see that this is the exactly the
first table found in Subsection (5.2.2), in which dim(Z,(A)) = 3. Hence, we must get an algebra
that is isomorphic to A = span{t,u,w,x,y,z}, with multiplications given by [t,u] = w = — [u,1],
row] =x=—[w1],= u,w]=y=—[wul, w.w] = vz, [1,)] = dz, [y,1] = dz, [u,x] = fz, [x,u] = [z,
with the restrictions that 2y =d+d = —f — f, —f =d, and —f = d, where 7,d,d, f,f € C.
Therefore, there is no algebra which fits the criteria where dim(Leib(A)) = 1 and dim(Z,(A)) = 2.

This subsection results in no new algebras.

53.3 A/Leib(A) is 6 dimensional

We lastly consider the possibility where A/Leib (A) is the Lie algebra of the form ({(a,b,c,x,y,z))
where [a,b] = ¢, |a,c] = x, [b,c] =y, [a,x] =z, [b,y] = Yz where —7 is not a perfect square. How-
ever, we are over C, and so —y will always be a perfect square. Hence, there are no possibilities in

this case.
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54 A=2,(A) with dim(A) = 4

Lastly we consider the case where A = Z, (A) with dim (A) = dim(Z;(A)) = 4. We still assume
that A has P1, and so has P2. Since A is not cyclic it must be the case that dim ([A,A]) = dim (A%) =
dim(¢ (A)) =dim(Z) =1 or 2 since Z._; (A) = Z(A) in this case. In this case, results 2 and 3
from Theorem (5.4) will be developed.

If dim(Z(A)) = 1, then A is non-split. Now suppose that dim (Z(A)) = 2, and that A can
be split. So A =1@J, where I and J are ideals such that INJ = {0}, and I and J each contain
one of the center elements. Suppose first that dim (I) = 3 and dim (J) = 1. Since dim(Z(A)) = 2,
I cannot split any further. Take maximal subalgebra M of I, then M & J is a maximal subalgebra
of A that splits, but / is a maximal subalgebra that does not split. Thus / and M ® J are not
isomorphic, and P1 is violated. So this case is not possible. Now suppose dim (I) = dim (J) = 2.
Then I and J are both non-split since there are not enough center elements to split I or J further.
Suppose A = span {w,x,y,z} with Z(A) = span{y,z}. Since ¢ (A) = A> = Z(A), there must exist
multiplications that give elements y and z as results. Suppose [w,w| =y and [x,x] = z. Without
loss of generality, it has to be the case that I = span{w,y} and J = span{x,z}. Since I and J
are ideals, we have that [w,x] = [x,w] = 0. Note as well then that the Leibniz identity holds upon
inspection. Note that both 7 and J are two cyclic ideals. All maximal subalgebras are of the form

M = span{ow + Bx,y,z} with the only non-zero product given by

[aw + Bx, aw + Bx] = a’y + Bz

This product is 0 if and only if @ = B =0, and at least one must be non-zero. So M is the direct sum
of a two-dimensional cyclic and a one dimensional algebra. Therefore, all maximal subalgebras
are isomorphic and A satisfies P1 and is of coclass 2. So we get a non-Lie split Leibniz algebra
A = span{w,x,y,z} with multiplications [w,w] =y and [x,x] = z. This gives result 1 in Theorem

(5.4).
Proposition 5.10. Suppose A is a split non-Lie nilpotent Leibniz algebra over C with P1 where
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dim(A) = dim(Zy(A)) = 4. Then A = span{w,x,y,z} with multiplications given by [w,w] =y and

[x,x] =z
Proof. The work is shown above. [

The above covers A being split. If A is not of this form, it must be non-split, and we can
use ([9]) to determine possible algebras. This is done in Section (7.1) below. There, we get two

possible algebras that have P1:

'2{18 :[xlrxl] = X3, [x27x1] = X4, [‘xlaxZ] = 0x3, [x27x2] = —X4,0 € C\{_l}

Ao :[x1,x1] = x3, [x1,02] = x3, [x2,x1] = x3 + x4, [x2,00] = x4
It is easy to see that both of these are coclass 2. For both algebras, Z (A) = span {x3,x4} and Z, (A)
is the algebra itself. So cc (A) = dim (A) —cl (A) =4 —2 = 2. This gives result 2 in Theorem (5.4).

Proposition 5.11. Suppose A is a non-split non-Lie nilpotent Leibniz algebra with P1 over C where

dim(A) = dim(Z2(A)) = 4. Then A is isomorphic to one of the following algebras:
1. [X],X]] = X3, [-xza-xl] = X4, [X],XZ] = 0x3, [x2;x2] = —X4,0 € C\{_l}
2. o] = x3, [xn,:0] = x3, [, x1] = xs 40, [, 0] = x4

Proof. If A is a non-split non-Lie Leibniz algebra of dimension 4, then it must be found in ([9]).
Section (7.1) of this paper determines which of the four dimensional algebras found in ([9]) have
P1. The non-split non-Lie four dimensional Leibniz algebras with P1 are given in the proposition

statement and can be see to be coclass two. O]
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6 Summary of Final Results

In this section, we list the results for Leibniz algebras, as well Lie algebras and p-groups.
Proposition 6.1. Suppose cc (A) =0 where A is a Leibniz algebra. Then A is cyclic, or dim (A) < 1.

Theorem 6.2. Let A be a nilpotent Leibniz algebra that satisfies P2 and is of coclass 1. Then one

of the following holds:

1. Ais a Lie algebra, and so A is abelian of dimension 2, or A is the Heisenberg Lie algebra of

dimension 3

2. A=7>(A) and dim(A) = 3. If A = span{x,y,z} then [x,x] =z, [y,y] = 72 [x,y] = Az,

[y,x] = €z, where T # 0 and (A + €)* — 4 is not a square.
Theorem 6.3. The non-Lie nilpotent Leibniz algebras with P1 over C of coclass 2 are as follows:
1. If A is split, then A = span {x1,x2,x3,x4 } with multiplications [x,x1] = x3 and [xp,x;] = x4

2. IfA is non-split and dim (A) = 4, then A = span{x|,x3,x3,x4 }, with multiplications given by
one of the following:
(Cl) [xh-xl] = X3, [x27x1] = X4, [X],Xz] = 0x3, [x27x2] = X4, € C\ {_1}
(b) [x1,x1] =x3, [x1,x0] = x3, [x2,x1] = x3 + x4, [x2, 2] = xa.
3. If A is non-split and dim(A) = 6, then A = span{t,u,w,x,y,z}, with multiplications given by

wow] =71z, [t,y] =dz, [y,1] =dz,
— ff—f=d.and—}=d

[t,u]l =w=—ut], [t,w]=x=—[wt], [u,w] =y=—[w,ul,
[u,x] = fz, [x,u] = fz, with the restrictions that 2y =d +d

where }/,d,dA,f,f e C.

Proposition 6.4. ([3], Proposition 2) Let L be a nilpotent Lie algebra with P2. Then cc(L) =0

implies dim(L) < 1.

Proposition 6.5. ([3], Proposition 3) Let L be a Lie algebra with P2 cc (L) = 1. Then either L is

two dimensional abelian or three dimensional Heisenberg.
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Theorem 6.6. (3], Theorem 3) Let L be a Lie algebra and suppose that char (F) # 2. If dim (L) =

n, cc(L) =2, and L has PI, then L is isomorphic to one of the following algebras:
1. {{a,b,c)) where [a,b] = [a,c] = [b,c] =0
2. {(x,y,z,a,b)) where [x,y] =z, [x,2] =a, [y,2] =b

3. ({a,b,c,x,y,z)) where [a,b] =c, [a,c] =x, [b,c] =Y, [a,x] =z [b,y] = Yz where —Y is not a

square.

Corollary 6.7. ([2], Corollary 1) Suppose G is a finite p-group with P1. Then G is of coclass 1 if

and only if it is
1. elementary abelian of order p?, or
2. nonabelian of order p> and of exponent p with p > 2, or
3. the quaternion group of order 8.

Theorem 6.8. ([2], Theorem 2) Assume that G is a finite p-group with P1 and that cc(G) = 2.

Then G is isomorphic to one of the groups listed below.
1. Z,
2. ZyXZy, X2y
3. <ab:a” =b” =1,b"ab =a'*? >
4. <ab:a® =0 =1a,b]® =a,b,a,a] = |a,b,b,b] = 1,[a,b,a] = b*,[a,b,b] = a* >
5. <ab:a® =0 =la,b] =[a,b,a,a] = [a,b,b,b] = 1,]a,b,a] = b°,[a,b,b] = a® >

6. <a,b:a” =b" =[a,b]’ = [a,b,a,a] = [a,b,b,b] = 1,[a,b,a] = bP,[a,b,b] = a’™ > (for

p > 5 and m the smallest quadratic non residue mod p)
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10.

11.

12.

<a,b:a” =" =[a,b]’ =[a,b,a,a] = [a,b,b,b] = 1,[a,b,a] = bP,[a,b,b] = aP$bP > (for
p>51<g<p—1and4g+1 any quadratic nonresidue mod p, which gives (p—1)/2
groups of this type)

< a,b:al =bP = [a,b)P = [a,b,aP = [a,b,b]P = |a,b,a,a] = [a,b,a,b] = [a,b,b,d]
= la,b,b,b] = 1> (forp>5)

<a,b: a?’ = b’ = [a,b]P = [a,b,a,b] = [a,b,b,a] = 1,]a,b,a] = a”,[a,b,b] = b* > (for

p=>5)

<a,b:al =bP =|a,b)P = [a,b,al’ = [a,b,b]P = [a,b,a,a|’ = |a,b,a,b] = [a,b,b,a] =
la,b,a,a,a] = |a,b,a,a,b] = 1,[a,b,b,b] = [a,b,a,a]™ (for p > 5 and m the smallest

quadratic nonresidue mod p)

<a,b:a® =0’ =la,b® =[a,b,a,a]® = [a,b,a,a,a) = [a,b,a,a,b] = 1,[a,b,a] = b, [a,b,b] =

a,la,b,a,a) = [a,b,b,b] >

<ab:d®=b= [a,b]3 = [a,b,a,a]3 =la,b,a,a,a| =[a,b,a,a,b] = 1,[a,b,a]2-[a,b,a,a] =

b,[a,b,b]-|a,b,a,a)* = da’,[a,b,a,a) = [a,b,b,b] >.
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7 Determination Of Leibniz Algebras that have P1

Throughout this section, Lemma (3.20), ie that [A,A] = ¢ (A), is used to determine what elements
are in the maximal subalgebra. Not all of the algebras of the specific dimensions are necessarily

listed, only those that are relevant to the work above.

7.1 Dimension 4 Algebras Having P1

Theorem 7.1. ([9], Theorem 2.1) Let A be a four-dimensional non-split non-Lie nilpotent Leibniz
algebra with dim(A?) = 1. Then A is isomorphic to a Leibniz algebra spanned by {x1,x3,x3,%4}
with the nonzero products given by one of the following:

A [x1,x3] = X4, [X3,X0] = x4

G [x1,x3] = x4, [x2,20] = x4, [x2,x3] = x4, [x3,%1] = x4, [x3,%2] = —x4
s [xl,xz] = X4, [xg,xl] = —X4, [X37X3] = X4
Ay [xhxz] = X4, [x27x1] = —X4, [xz,XZ] = X4, [X3,X3] = X4

afs: [x1,%2) = xa, [x2,%1] = cx4, [x3,x3] = x4, x € C\ {1,—1}

A [x1,X1] = X4, [X2,%0] = X4, [x3,%3] = x4
Lemma 7.2. None of the algebras in Theorem (7.1) have P1.

Proof. <f;: Take maximal subalgebra M| = span {x;,x3,x4}, with Z (M;) = span{x4}, and M| =
Z» (My). Now take maximal subalgebra M = span{x,x,x4}, which is abelian. Hence <7 does
not have P2, and so does not have P1.

af5: Take maximal subalgebra M| = span{x;,x2,x4}, and My = span{2x; + 2x, + x3 +

2x4,2x1 +x3 4 2x3 + 2x4,x4 }. Then we have the following multiplication tables:

Table 13: M Multiplication Table

-] | x1 | x2 | x4
X1 0|00
X2 0 X4 0
x4 |0]01]0
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Table 14: M; Multiplication Table

[-,‘] 2x1+2x0+x34+2x4 | 2x1 +x0+2x3+2x4 | X4
2x1 +2x0 +x3 4+ 2x4 12x4 11x4 0
2x1 +x2 4+ 2x3 + 2x4 Sx4 Ox4 0
X4 0 0 0

From the table above, it can be seen that M| and M, are not isomorphic, and so .25 does not have

P1.
of3: Take maximal subalgebra M| = span{x;,xp,x4} and maximal subalgebra M, =

span{xy,x3,x4}. Now

[oxy + Boxa + yxa, 0xy + Bxa + yxa] = offxy — offxg =0

and so Leib (M) = 0, which means M is a Lie algebra. However, Leib (M;) = span{x4}, and so

M, is not a Lie algebra. Therefore .25 does not have P1.

oy: Take maximal subalgebra M| = span{x|,xp,x4}, and M, = span{x| + 2x; + x3 +

2x4,X1 + X3 + x3 + x4, x4 }. Then we have the following multiplication tables:

Table 15: M; Multiplication Table

(]| x1 | x| xa
X1 0 |x4| 0
X2 | —x4 x4 0
X4 0 010

Table 16: M, Multiplication Table

[ X1+ 2x+x3+2x4 | X1 +x2+x34+x1 | X4

X1+ 2x) +x34+2x4 S5x4 2X4 0
X1 +x2+x3+x4 dxy 2X4 0
X4 0 0 0

From the table above, it can be seen that M| and M, are not isomorphic, and so .27, does not have
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P1.

ofs: Take maximal subalgebra M| = span{x;,x2,x4}, with Z (M) = span{x4} and M| =
Zy (My) = span{xy,xp,x4}. Now take maximal subalgebra M, = span{x|,x3,x4}, with Z (M,) =
span{xy,x4} and My = Z, (M;) = span{x1,x3,x4}. Hence o5 does not have P2, and so does not
have P1.

s Take maximal subalgebra M| = span {x,x2,x4}, with Z (M) = span{xs}, and M| =
Zp (M) = span{x1,x2,x4 }. Now take maximal subalgebra M, = span {x| + ix,x3,x4 }, with Z (M>)
= span{x+ixy,x4} and My = Z, (M) = span{x| + ixy,x3,x4}. Thus 2% does not have P2, and so

does not have P1. L]

Theorem 7.3. ([9], Theorem 2.3) Let A be a four-dimensional non-split non-Lie nilpotent Leibniz
algebra with dim(A?) = 2, dim(A%) = 0 and dim(Leib(A)) = 1. Then A is isomorphic to a Leibniz
algebra spanned by {x|,x3,x3,x4} with the nonzero products given by one of the following:

AR [x1,X1] = xa, [x1,X%2] = x3 = —[x2,x1]

Ao: [x1,x1] = x4, [x1,X%2] = x3 = —[x2,x1], [x2,%2] = x4.
Lemma 7.4. None of the algebras in Theorem (7.3) have P1.

Proof. <f3: Take maximal subalgebra M| = span {x1,x3,x4}, with Z (M) = span{x3,x4} and M| =
Zp (M) = span{x1,x3,x4}. Now take maximal subalgebra M, = span{x;,x3,x4}, which is abelian.
Hence % does not have P2, and so does not have P1.

fy: Take maximal subalgebra M| = span{xi,x3,x4}, with Z (M) = span{x3,x4} and
M, = Z, (M) = span{x;,x3,x4}. Now take maximal subalgebra M, = span{x| + ixp,x3,x4},

which is abelian. Therefore .2% does not have P2, and so does not have P1. O

Theorem 7.5. ([9], Theorem 2.4) Let A be a four-dimensional non-split non-Lie nilpotent Leibniz
algebra with dim(A?) = 2 and dim(Leib(A)) = 1 = dim(A®). Then A is isomorphic to a Leibniz
algebra spanned by {x|,x2,x3,x4} with the nonzero products given by one of the following:

o: [x1,%1] = x4, [x1,%0] = x3 = —[x2,x1], [x1,%3] = x4 = —[x3,x1]

A1 [x1,x0] = x3 = —[x2,x1], [x2,%2] = x4, [x1,x3] = x4 = —[x3,x1]
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Ao [x1,X1] = x4, [x1,%0) = X3, [x0,x1] = —x3 + x4, [X1,X3] = x4 = —[x3,x1]

Ah3: [x2,X2) = X4, [X1,X2] = X3, [x2,X1] = —x3 4+ x4, [x1,X3] = x4 = —[x3,x1].
Lemma 7.6. None of the algebras in Theorem (7.5) have P1.

Proof. <f)o: Take maximal subalgebra M| = span{x,x3,x4}, with Z (M) = span{x4}, and M| =
Zy (My) = span{x1,x3,x4}. Now take maximal subalgebra M, = span {x,,x3,x4}, which is abelian.
Hence 7] does not have P2, and so does not have P1.

<7)1: Take maximal subalgebra M| = span {x1,x3,x4}, with Z (M) = span{x4}, and M| =
Zy (My) = span{xy,x3,x4}. Now take maximal subalgebra M, = span{xy,x3,x4}, with Z (M,) =
spani{xz,x4} and My, = Z; (My) = span{xy,x3,x4}. As <7 does not have P2, it does not have P1.

/). Take maximal subalgebra M| = span{x,x3,x4}, with Z (M) = span{x4} and M| =
Zp (My) = span{x1,x3,x4 }. Now take maximal subalgebra M, = span {x;,x3, x4}, which is abelian.
Therefore 27, does not have P2, and so does not have P1.

/13: Take maximal subalgebra M| = span{x|,x3,x4}, with Z (M) = span{xs} and M| =
Zp (M) = span{xy,x3,x4}. Now take maximal subalgebra M, = span{x;,x3,x4}, with Z (M,) =
span{xz,x4} and M = Z, (M) = span{x;,x3,x4}. Since <7;3 does not have P2, it does not have

P1. U

Theorem 7.7. ([9], Theorem 2.5) Let A be a four-dimensional non-split non-Lie nilpotent Leibniz
algebra with dim(A?) = 2 = dim(Leib(A)) and dim(A®) = 0. Then, A is isomorphic to a Leibniz
algebra spanned by {x|,x3,x3,x4} with the nonzero products given by the following:

a4 [x1,x1] = x3, [X1,X%0] = x4

As5: [xn,x1] = x3, [X2,X1] = x4

e [x1,%2] = x4, [x2,x1] = x3, [x2,%2] = —x3

A7: [x1,x1] = x3, [x1,X%2] = x4, [x2,x1] = axg, o € C\ {—1,0}

g [x1,x1] = x3, [x2,x1] = x4, [x1,%2] = Qxz, [x2,x%2] = —x4, @ € C\ {1}

o [x1,X1] = X3, [x1,X2] = X3, [X2,X1] = X3+ x4, [x2,%2] = x4
Lemma 7.8. The only algebras in Theorem (7.7) that have P1 are o713 and /9.
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Proof. <f14: Take maximal subalgebra M| = span{x;,x3,x4}, with Z (M) = span{x3,x4} and
M| =Z; (M,) = span{x;,x3,x4}. Now take maximal subalgebra M, = span{x;,x3,x4}, which is
abelian. Hence %74 does not have P2, and so does not have P1.

/5. Take maximal subalgebra M| = span{xy,x3,x4}, with Z (M) = span{x3,x4} and
M, =Z, (M) = span{x1,x3,x4}. Now take maximal subalgebra M, = span {x,,x3,x4}, which is
abelian. Therefore <75 does not have P2, and so does not have P1.

/6. Take maximal subalgebra M| = span {x;,x3, x4}, which is abelian. Now take maximal
subalgebra M = span{xy,x3,x4}, with Z (M) = span{x3,x4} and My = Z, (M) = span{x3,x3,x4 }.
As ofj¢ does not have P2, it does not have P1.

<f7: Take maximal subalgebra M| = span{xj,x3,x4}, with Z (M) = span{x3,x4} and
M| =7, (M) = span{x1,x3,x4}. Now take maximal subalgebra M, = span {x»,x3,x4}, which is
abelian. Thus 277 does not have P2, and so does not have P1.

/1. All maximal subalgebras are of the form M = span {ax| + bxy,x3,x4}. Now

[ax| + bxy,ax) + bxy] = a’x3 + abaixs + abxs — bx4

= (az +abot) x3+ (ab — bz) X4.

Change the basis for M, and let r = ax| +bx, and s = (a* + abat) x3 + (ab — b*) x4. Choose ¢ to be
complementary to s in {x3,x4}. Then all maximal subalgebras can be written as M’ = span{r,s,t}

2

and the only multiplication is 7~ = s. As this holds for all maximal subalgebras, .c#|g has P1.

/19: All maximal subalgebras are of the form M = span {ax; + bx,x3,x4}. Now

[ax) + bxy,ax) + bxy] = a*x3 + abxs + abxsy + abxs + b*x4

= (a2 + Zab) x3+ (ab + bz) X4.

Change the basis for M, and let r = ax; + bx, and s = (a* +2ab) x3 + (ab + b*) x4. Choose 1 to be

complementary to s in {x3,x4}. Then all maximal subalgebras can be written as M’ = span{r,s,t}

2

and the only multiplication is 7~ = s. Since this holds for all maximal subalgebras, 7|9 has P1. [
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7.2 Dimension 5 Algebras Having P1

The results in ([1]) give the possibilities for S-dimensional non-split Leibniz algebras. The follow-

ing theorems list the results for when dim (A) =5, and dim (Z, (A)) = 3, where Z, (A) = |A, A].

Theorem 7.9. ([1], Theorem 2.2) Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz
algebra with dim (A?) = 3, dim (A*) = 2, dim (A*) = 1, and dim (Leib(A)) = 1. Then A is iso-

morphic to a Leibniz algebra spanned by {x1,x3,x3,x4, x5} with the nonzero products given by one

of the following:

) [x1,x1] = x5, [x1,00] = x3 = —[x2,x1],[x1,X3] = x4 = —[x3,x1], [X1,X4] = x5 = —[x4, 1]

2 [x1,x1] = x5,[x1,%0] = x3 = —[x2,x1],[x1,%3] = x4 = —[x3,x1], [x2,X3] = x5 = —[x3,x2),
b1, x4] = x5 = —[x4,x1]

A [, x1] = xs, [x1,x00] = x3 = —[xo,x1], [x2,x3] = x4 = —[x3,%2], [x2,x4] = x5 = —[x4, %]

y: [x1,x1] = x5, [x1,%0] = x3 = —[x2,x1], [x1,X%3] = x5 = —[x3,x1], [0, %3] = x4 = —[x3,x2],
X2, x4] = x5 = —[x4,%2]

s (@): [x1,x1] = x5,[x1,x0] = x3 = —[x2,x1], [x2,X%2] = x5, [x1, %3] = x4 = —[x3,x1],
[x2,x3] = axs = —[x3,x2], [x1,X4] = x5 = —[x4,x1], ¢ € C

o [x1,x1] = x5,[x1,%2] = x3,[x2,X1] = —x3 + x5, [x1,x3] = x4 = —[x3,x1],[x1,%4] = x5 =
—[x4,x1]

o xp,x1] = xs,[x1,x0) = x3,[x0,x1] = —x3 + x5, [x1,x3] = x4 = —[x3,x1],[x2,x3] = x5 =
—[x3,x2], [x1,%4] = x5 = —[x4,x1]

Lemma 7.10. None of the algebras in Theorem (7.9) have P1.

Proof. <f;: Take maximal subalgebra M| = span {x1,x3,x4,xs}, with Z (M) = span{xs}, Z» (M)
= span{xs,xs}, M| = Z3 (M) = span{xy,x3,x4,xs }. Now take maximal subalgebra M, = span{x;,
x3,X4,Xs }, which is abelian. From this, it is clear that <] cannot have P1, as M| cannot be isomor-
phic to M,, as M5 is abelian, but M is not.

of5: Take maximal subalgebra M| = span{x|,x3,x4,x5}, with Z (M) = span{xs}, Z> (M)

= span{xq,xs}, My = Z3 (M) = span{x;,x3,x4,xs5}. Now take maximal subalgebra M, =
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span{xy,x3,x4,x5}, with Z (My) = span{x4,xs}, Zp (M>) = span{x,x3,x4,xs5}. Since <% does
not have P2, it does not have P1.

of3:  Take maximal subalgebra M| = span{x,x3,x4,xs5}, with Z(M;) = span{xs,
X4,%s5}, and My = Zp (M) = span{xy,x3,x4,xs5 }. Now take maximal subalgebra M, = span{x,,x3,
X4,xs}, with Z (M) = span{xs}, Zp (M) = span{xa,xs}, and My = Z3 (My) = span{x;,x3,x4,Xs }.
As 475 does not have P2, it does not have P1.

<fy:  Take maximal subalgebra M| = span{x,x3,x4,xs5}, with Z (M) = span{xa,
xs}, and My = Z, (M) = span{x;,x3,x4,x5}. Now take maximal subalgebra M, = span{x,,
X3,X4,%5}, with Z(Mp) = span{xs}, Zy (M) = span{xs,xs}, and My, = Z3(M,) = span{xa,
x3,X4,%s }. As <7 does not have P2, it does not have P1.

o5 (a):  Take maximal subalgebra M; = span{x|,x3,x4,xs5}, with Z(M;) =
span{xs}, Zo (My) = span{xs,xs}, and M| = Z3 (M) = span{xy,x3,x4,x5}. Now take maxi-
mal subalgebra M, = span{xy,x3,x4,xs5}. If @ # 0, then Z (M,) = span{xs,xs} and Z, (M) =
span{xy,x3,x4,x5}. If @ =0, then Z (M,) = span{x3,x4,5 } and My = Z, (My) = span{x,,x3,x4,
xs}. In either case o5 does not have P2, so it does not have P1.

. Take maximal subalgebra M| = span{x|,x3,x4,x5}, with Z (M) = span{xs}, Z> (M)
= span{x4,xs}, and M} = Z3 (M) = span{x},x3,x4,x5}. Now take maximal subalgebra M, =
span{xy,x3,x4,xs}, which is abelian. So 2% does not have P1.

of;: Take maximal subalgebra M| = span{x|,x3,x4,x5}, with Z (M) = span{xs}, Z> (M)
= span{x4,xs}, and M| = Z3 (M) = span{x;,x3,x4,x5}. Now take maximal subalgebra M, =
span{xy,x3,x4,xs}, With Z (M,) = span{x4,xs}, and My = Z; (M;) = span{xy,x3,X4,Xs}. Since

2#7 does not have P2, it does not have P1. L]

Theorem 7.11. ([1], Theorem 2.3) Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz
algebra with dim(A?) = 3, dim(A3®) =2, dim(A*) =0, and dim(Leib(A)) = 1. Then A is isomorphic
to a Leibniz algebra spanned by {x,x,x3,X4,X5} with the nonzero products given by one of the
following:

s |x1,x1] = x5, [x1,x0] =x3 = —[xp,x1], [x1,%3] = x4 = —[x3,x1], [x2,x3] =x5 = —[x3,2x7]
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'%'- [—xluxl] = X5, [x17-x2] =X3 = —[XQ,XI], [x17x3] =X5= _[-x37x1]’ [x27-x3] =X4 = _[-x37-x2]

aho: [x1,x1] = x5, [x1,X2] = x3 = —[x2,x1], [x2,%2] = x5, [x1,x3] = x4 = —[x3,x1], [x2,%x3] =
X5 = —[x3,X2]

G1: [x1,x1] = x5, [x1,02] = x3, [, x1] = —x3+ x5, [x1,%3] = x4 = — [x3,x1], [x2,x3] =x5 =
— [x3,x]

Lemma 7.12. None of the algebras in Theorem 7.11 have P1.

Proof. <f3: Take maximal subalgebra M| = span{x|,x3,x4,x5} and maximal subalgebra M, =
span{xy,x3,x4,xs}. In M}, the nonzero multiplications are given by [x,x1] = x5, [x],x3] = x4 =
— [x3,x1], so Leib (M) = span{xs}, and M| is not a Lie algebra. In M>, the only nonzero multi-
plications are given by [xp,x3] = x5 = — [x3,x2], and so Leib(M,) = 0, which implies M, is Lie.
Hence M| and M, are not isomorphic, and .23 does not have P1.

ty: Take M| = span{xy,x3,x4,xs} and maximal subalgebra M, = span {x,,x3,x4,x5}. The
nonzero multiplications in M; are given by: [x1,x1] = x5, [x],X3] = x5 = — [x3,x1]. So Leib (M;) =
span{xs}, and M; is not Lie. The nonzero multiplications in M, are given by: [xp,x3] = x4 =
— [x3,x2]. So Leib (M,) = 0, and hence M, is Lie. This implies M} and M, are not isomorphic, and
27y does not have P1.

fo: Take maximal subalgebra M| = span{x;,x3,x4,xs5} and maximal subalgebra M, =
span{xy,x3,x4,xs}. The nonzero multiplications in M are given by: [x],x1] = xs, [x],x3] = x4 =
—[x3,x1]. We can see that dim ([M;,M;]) = 2. The nonzero multiplications in M, are given by:
[x2,%2] = x5, [x2,x3] = x5 = —[x3,x2]. From this, we can see that dim ([M,,M>]) = 1. Hence M is
not isomorphic to M;, and .<7j( does not have P1.

<f11: Take maximal subalgebra M| = span{x},x3,x4,x5} and maximal subalgebra M, =
span{xy,x3,x4,xs}. In M| the nonzero multiplications are given by: [x1,x;] = xs, and [x],x3] = x4.
So Leib (My) = span{xs}, and M, is not Lie. In M,, the only nonzero multiplications are given
by: [x2,x3] = x5 = — [x3,x2]. So Leib(M,) = 0, and M, is a Lie algebra. Hence M| and M, are not

isomorphic, and 7| does not have P1. O
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Theorem 7.13. ([1], Theorem 2.4) Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz
algebra with dim(A?) = 3, dim(A3) = 1, and dim(Leib(A)) = 1. Then A is isomorphic to a Leibniz

algebra spanned by x1,x,x3,X4,Xx5 with the nonzero products given by one of the following:

Ao: [x1,x1] = x5, [x1,%0] = x3 = — [x2,x1], [x1,%3] = x4 = — [x3,x1]

a3: [x1,X0) = x3 = — [x2,x1], [x2,%0] = x5, [x1,%3] = x4 = — [x3,%1]

g [x1,x1] = x5, [x1,%0] = x3 = — [x2,x1], [x2,%2] = x5, [x1,X3] = x4 = — [x3,x1]
as: [x1,x1) = x5, [x1,X%2] = X3, [x2,X1] = —x3 4+ x5, [x1,X3] = x4 = — [x3,x1].

Lemma 7.14. None of the algebras in Theorem (7.13) have P1.

Proof. <f)»: Take maximal subalgebra M| = span{x,x3,x4,x5}, with Z (M) = span{x4,xs},
Zp (My) = span{xy,x3,x4,x5}. Now take maximal subalgebra M, = span{xp,x3,x4,xs5}, which
is abelian. So M| and M, are not isomorphic, and .27}, does not have P1.

<7)3: Take maximal subalgebra M| = span {x|,x3,x4,X5}, with Z (M) = span{x4,xs} and
M, = Zp (M) = span{xy,x3,x4,x5}. Now take maximal subalgebra M, = span{x;,x3,x4,xs},
with Z (M5) = span{x3,x4,x5}, and My = Zp (M) = span{x,x3,x4,x5}. So <73 does not have P1
as it does not have P2.

714: Take maximal subalgebra M| = span {x1,x3,x4,X5}, with Z (M) = span{x4,xs} and
M, = Z, (M) = span{xy,x3,x4,x5}. Now take maximal subalgebra M, = span{x;,x3,x4,xs},
with Z (M) = span{x3,x4,x5}, and M, = Z, (My) = span{xy,x3,x4,xs5}. So <14 does not have
P2, and so does not have P1.

/5. Take maximal subalgebra M| = span {x1,x3,x4,x5}, with Z (M) = span{x4,xs} and
Zy (My) = span{xy,x3,x4,x5}. Now take maximal subalgebra M, = span {x;,x3,x4,xs}, which is

abelian. Thus M| and M, are not isomorphic, and .27;5 does not have P1. L]

Theorem 7.15. ([1], Theorem 3.5) Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz
algebra with dim(A?) = 3 = dim(Leib(A)), dim(A3®) = 2 and dim(A*) = 1. Then A is isomor-
phic to a Leibniz algebra spanned by {x\,x2,X3,X4,X5} with nonzero products given by one of the

following:

51



Gea: [x1,X2] = X3, [x1,%3] = x4, [x1,X4] = x5

Hes: [x1,%2]) = x3, [x2,01] = x5, [x1,X3] = x4, [x1,%4] = x5

Ge6: [x1,X2] = X3, [X2,X2] = X5, [x1,X3] = X4, [x1,X4] = x5

70 [xX1,%2] = X3, [x2,%1] = X5, [X2,X2] = x5, [x1,X3] = x4, [x1,%4] = x5

ey [X1,%2) = X3, [x2,x2] = X4, [x1,X3] = x4, [x2,X3] = x5, [X1,%4] = x5

Geo: [x1,%2] = X3, [x2,Xx1] = x5, [X2,X2] = X4, [X1,X3] = X4, [x2,x3] = x5, [x1,%4] = x5

o (Q): [x1,x2] = x3, [x2,x1] = axs, [x2,X2] = x4 + x5, [x1,X3] = X4, [%2,X3] = x5, [x1,x4] =
x5, o €C

A e, x] = xs, [xo,x1] = xs, [, x3] = x4, [x1,x4] = x5

s [x1,x1) = X3, [x2,X2] = X5, [x1,X3] = X4, [x1,X4] = x5

73 (): [x1,x1] = x3, [x2,x1] = x4, [X2,X2] = @xs, [x1,x3] = x4, [x2,x3] = x5, [x1,x4] = x5,
oacC

2ha: [x1,x1] = X3, [X2,X1] = X4 + x5, [x2,x2] = 2x5, [x1,X3] = x4, [X2,X3] = X5, [x],X4] = x5.

Remark. (1) If oy, 0 € C such that a; # o, then <70 (o)) and <t (0p) are not isomor-
phic.

(2) If oy, 00 € C such that o # 0, then o773 () and <773 () are not isomorphic.
Lemma 7.16. None of the algebras in Theorem (7.15) have P1.

Proof. 74: Take maximal subalgebra M| = span {x1,x3,x4,xs }, with Z (M) = span{xs}, Z, (M)
= span{x4,xs}, My = Z3 (M) = span{x,x3,X4,x5}. Now take maximal subalgebra M, =
span{xy,x3,x4,xs }, which is abelian. Hence, 2%, does not have P1.

gs: Take maximal subalgebra M| = span {x;,x3,x4,xs}, with Z (M) = span{xs}, Z, (M)
= span{x4,xs}, and M} = Z3 (M) = span{x;,x3,x4,x5}. Now take maximal subalgebra M, =
span{xy,x3,x4,xs}, which is abelian. So .2%;s does not have P1.

e6: Take maximal subalgebra M| = span {x;,x3,x4,xs}, with Z (M) = span{xs}, Z, (M)
= span{x4,xs}, and M| = Z3 (M) = span{x},x3,x4,x5}. Now take maximal subalgebra M, =
span{xy,x3,x4,xs}, with Z (M,) = span{x3,x4,xs} and My = Z, (M) = span{xp,x3,x4,x5}. So

g6 does not have P2, and so does not have P1.
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g7: Take maximal subalgebra M| = span {x|,x3,x4,x5}, with Z (M) = span{xs}, Z, (M)
= span{x4,xs}, and M|} = Z3 (M) = span{x;,x3,x4,x5}. Now take maximal subalgebra M, =
span{x,x3,x4,x5}, with Z (M>) = span{x3,x4,x5} and M, = Z»(M,) = span{x;,x3,x4,xs }. Hence
g7 does not have P2, and so does not have P1.

eg: Take maximal subalgebra M| = span {x;,x3,x4,xs}, with Z (M) = span{xs}, Z, (M)
= span{x4,xs}, and M| = Z3 (M) = span{x},x3,x4,x5}. Now take maximal subalgebra M, =
span{xy,x3,x4,xs}, with Z (M>) = span{x4,xs} and My = Z, (M;) = span{x;,x3,x4,x5}. Hence
2gg does not have P2, and so does not have P1.

gy: Take maximal subalgebra M| = span {x1,x3,x4,x5}, with Z (M) = span{xs}, Z, (M)
= span{x4,xs}, and M|} = Z3 (M) = span{x;,x3,x4,x5}. Now take maximal subalgebra M, =
spani{xy,x3,x4,x5}, with Z (My) = span{x4,x5} and My = Z, (My) = span{x,,x3,x4,x5}. Hence
g9 does not have P2, and so does not have P1.

0 (o): Take maximal subalgebra M| = span{x;,x3,x4,xs}, with Z(M;) = span{xs},
Zy (My) = span{x4,xs}, and M| = Z3 (M) = span{xi,x3,x4,x5}. Now take maximal subalgebra
M, = span{xy,x3,x4,xs5}, with Z (M,) = span{x4,xs}, and My = Z, (M) = span{xp,x3,x4,x5}.
Hence o5 does not have P2, and so does not have P1 for any value of o.

o#71: Take maximal subalgebra M| = span {x|,x3,x4,x5}, with Z (M) = span{xs}, Z, (M)
= span{x4,xs}, Z3 (M) = span{x3,x4,xs5}, and My = Z4 (M) = span{xy,x3,x4,x5}. Now take
maximal subalgebra M, = span{xy,x3,x4,xs5}, which is abelian. Hence <7, does not have P1.

#7>: Take maximal subalgebra M| = span {x|,x3,x4,x5}, with Z (M) = span{xs}, Z, (M)
= spani{x4,xs}, Z3 (M) = span{x3,x4,xs5}, and My = Z4 (M) = span{xy,x3,x4,x5}. Now take
maximal subalgebra My = span {xy,x3,x4, x5}, With Z (M,) = span {x3,x4,x5} and My =Z, (M) =
span{xy,x3,x4,xs }. Hence <, does not have P2, and so does not have P1.

73 (a): Take maximal subalgebra M| = span{x|,x3,x4,x5}, with Z (M) = span{xs},
Zy (My) = span{x4,xs}, Z3 (M) = span{x3,x4,xs5}, and M| = Z4 (M) = span{xy,x3,x4,xs5 }. Now
take maximal subalgebra M, = span{x;,x3,x4,xs}, with Z (M,) = span{x4,xs} and Z, (M;) =

span{xy,x3,x4,xs5}. Hence o3 does not have P2, and so does not have P1, for any value of .
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a#44: Take maximal subalgebra M| = span {x|,x3,x4,x5}, with Z (M) = span{xs}, Z, (M)
= span{x4,xs}, Z3 (M) = span{x3,x4,xs5}, and M| = Z4 (M) = span{xy,x3,x4,x5}. Now take
maximal subalgebra My = span{x;,x3,x4,x5}, with Z(M>) = span{x4,xs} and Z; (M,) =

span{xy,x3,x4,xs}. Hence <4 does not have P2, and so does not have P1. O

Theorem 7.17. ([1], Theorem 3.6) Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz
algebra with dim(A?) = 3, dim(A3) =2 = dim(Leib(A)) and A* = 0. Then A is isomorphic to a
Leibniz algebra spanned by x1,x>,x3,Xx4,X5 with the nonzero products given by one of the following:

s (Q): [x1,x0] = x3, [x2,x1] = —x3 x4, [x2,X0] = Oxs, [x1,%3] = x4 = —[x3,x1], [x2,x3] =

X5 = —[X3,X2], oc C\ {0}

e () [x1,x1] = x5, [x1,x0] = x3, [, ;1] = —x3 4+ x4, [x2, ;0] = oxs, [xy,x3] =04 =
—[x3,x1], [x2,x3] = x5 = —[x3,x0], € € C

(o) [x1,x1] = oxs, [x1,x2] = x3, [x2,x1] = —x3 + x4 + x5, [x1,%3] = x4 = —[x3,x1],
[x2,x3] = x5 = —[x3,x2], @ € C\ {0}

g (Q): [x1,x1] = axs, [x1,x2] = x3, [x2,X1] = —x3 + x4+ x5, [x2,%2] = x5, [x1,x3] = x4 =
—[x3,x1], [x2,x3] = x5 = —[x3,x2], @ € C\ {0}

aho(a): [x1,x1] = axs, [x1,%2] = x3, [x2,%1] = —x3+ X4 + x5, [X2,%2] = — x5, [x1,x3] =
x4 = —[x3,x1], [x2,x3] = x5 = —[x3,x2], o € C\ {—%,0}

Ao (Q): [x1,x1] = axs, [x1,x2] =x3 = —[x2,x1], [x2,X2] = x4+ x5, [x1,x3] = x4 = —[x3,x1],
2,3 = x5 = — s, ], @ € C\ {~75,0}

iy (o, B): [x1,x1] = axs, [x1,x2] = x3, [x2,x1] = —x3 + x5, [x2,X2] = x4 + Bxs, [x1,x3] =

x4 = —x3,x1], [x2,x3] = x5 = —[x3,0), & € C\{0}, B €C, 4o # 1, 8aB> —2B2+1#0,

1603 # 1+ 682+ /ABZ+ 128+ 1, —27af+# 9B +2B*+£24/B2 (34 B2)°

o (a0, B,y): [x1,x1] = oxs, [x1,x2] = x3, [x2,x1] = —x3 + x4 + Bxs, [x2,x2] = x4 + Vx5,
[x1,x3] = x4 = — [x3,x1], [x2,%3] = x5 = —[x3,x2], &, B,y€ C

gz (a,B): [r1,x1] = xa+ oxs, [x1,%2] = x3, [x2,x1] = —x3 4+ Bxs, [x2,x2] = x5, [x1,%3] =
x4 = —[x3,x1], [x2,x3] = x5 = —[x3,x2], ¢, B € C.

Remarks:
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1) If ay, 0 € C\ {0} such that a; # ap, then <75(a ) and <#75(0n) are not isomorphic.

2)If ay, o € C such that ) # 0y, then <#6(0y) and <t76( Q) are not isomorphic.

3)If ay, o € C\ {0} such that oy # i, then of77() and <#7(0,) are not isomorphic.

4)If ay,ap € C\ {0} such that ay # o, then gf73(Qy) and t3( ) are not isomorphic.

5)If ai,on € C\ {—%,0} such that @y # a, then /9(0y) and o/79(0p) are not isomor-
phic.

6) If oy, 0p € C\ {—24—7,0} such that oy # 0, then <f3o(0y) and <#3y(0y) are not isomor-
phic.

7) Isomorphism conditions for the families <31 (o, ), <& (o, B,Y), and /33 (o, B) are

hard to compute.
Lemma 7.18. None of the Algebras in Theorem (7.17) have P1.

Proof. <#;5(a): Take maximal subalgebra M| = span{x;,x3,x4,xs5}, with Z (M) = span {x4,x5},
and M| = Z, (M) = span{x1,x3,x4,xs }. Now take maximal subalgebra M, = span {x2,x3,x4,Xs},
with Z (M;) = span {x4,xs}, and My = Z, (M>) = span{xz,x3,x4,xs}. In M| we have that [x},x3] =
x4 = —[x3,x1]. Note that [yx; + Bx3,yx; + Bx3] = 0, and the other elements are in center, S0 no
squared element can give a multiple of x4. In M>, [x2,x2] = otxs, and [x,x3] = x5 = —[x3,x2]. So
M and M, are not isomorphic since you cannot get a squared element in element M; that gives a
center element.

6 (o) Take maximal subalgebra M| = span {x1,x3,x4,x5}, with Z (M) = span {x4, x5}
and M| = Z, (M) = span {x1,x3,x4,xs }. Now take maximal subalgebra M, = span {x»,x3,x4,Xs5},
with Z (M) = span {xa4,xs} and My = Zp (M>) = span {x;,x3,x4,x5} for all a € C.

Consider the case where o = 0. In M| we have [x],x;] = x5 and [x,x3] = x4 = —[x3,x1].
In M, we have [x,x3] = x5 = —[x3,x3]. There are no elements in M, that can multiply to give a
second center element, so M| and M, are not isomorphic

Consider the case where a # 0. In M| we have [x],x1] = x5 and [x,x3] = x4 = —[x3,x1].
In M, we have [xp,x;] = 0xs, [x2,x3] = x5 = —=[x3,x2]. There are no elements in M, that can be

multiplied to give the other center element, so the maximal subalgebras are not isomorphic.
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o7 (a): Take maximal subalgebra M; = span{xj,x3,x4,x5} and maximal subalgebra
M, = span{x3,x3,x4,xs }. The nonzero multiplications in M| are given by: [x1,x1] = axs, [x],x3] =
x4 = —[x3,x1]. So Leib(M;) = span{oxs} since o # 0, and M| is not Lie. The nonzero multipli-
cations in M, are given by: [xp,x3] = x5 = —[x3,x;]|. Hence Leib (M) = 0, M, is a Lie algebra, and
M, and M, are not isomorphic. Hence %7 (o) does not have P1.

a#73 (a0): Take maximal subalgebra M| = span{x;,x3,x4,xs}, with Z (M) = span {x4,xs},
and M| = Z, (M) = span{xy,x3,x4,xs} for all oc. Now take maximal subalgebra M, = span{x,,x3,
x4,xs5}, with Z(M,) = span{x4,xs}, and My = Z, (M) = span{x,x3,x4,xs}. In M; we have
[x1,x1] = axs and [x1,x3] = x4 = —[x3,x;] where & cannot be 0 by assumption. In M, we have
[x2,x2] = x5 and [x,x3] = x5 = —[x3,x2]. Hence, M| and M, are not isomorphic since there are no
multiplications in M, that give a second center element

9 (a): Take maximal subalgebra M| = span {x|,x3,x4,x5}, with Z (M) = span {x4, x5}
and M| = Z, (M) = span{x1,x3,x4,xs }. Now take maximal subalgebra M, = span {x2,x3,x4,Xs },
with Z (M) = span{x4,xs}, and M, = Z, (M) = span{xy,x3,x4,x5 }. In M| we have that [x},x|] =
oxs and [xq,x3] = x4 = —[x3,x1], where o cannot be 0. In M, we have that [x,,x;] = —3x5 and
[x2,x3] = x5 = —[x3,x2]. Therefore, M| and M, are not isomorphic since no multiplications in M,
give the second center element.

3o (a): Take maximal subalgebra M| = span{x;,x3,x4,x5}. The nonzero multiplica-
tions in M are given by:[x;,x;| = oxs, [x1,x3] = x4 = —[x3,x1], and o cannot be 0. This gives
dim ([My,M;]) = 2. We need to find a maximal subalgebra M, such that dim ([M>,M;]) = 1.
Since [A,A] = ¢ (A), and ¢ (A) is contained in all maximal subalgebras, ¢ (A) € M,. Based

on the calculations in <% (o), we can see that ¢ (A) = span{x3,x4,x5}. So we consider M, =
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spanf{ax| + bxy,x3,x4,x5}. We get the following nonzero multiplications:

[ax| + bxy,ax) + bxy] = a’aixs + bxq + b’ xs
= b2x4 + (OCa2 + bz) X5
[ax| + bxy,x3] = axs + bxs

[x3,ax) 4 bxy] = —axs — bxs.

This gives a system of equations, and we need to coefficients to match so that dim ([M,,M,]) = 1.
We require that a = b>. We now need b = aa® + b*> = ab* + b?, which implies ab* +b* —b = 0.
Using software, it can be shown that a value for b is attainable, and 2730 (o) does not have P1.
1 (o, B): Take maximal subalgebra M| = span{x,x3,x4,x5}. The nonzero multipli-
cations in M; are given by: [xj,x;] = oxs, [x1,x3] = x4 = —[x3,x1], where o # 0. We can see
that dim ([M;,M,]) = 2. We need to find a maximal subalgebra M, such that dim ([M,M;]) = 1.
Since [A,A] = ¢ (A), and ¢ (A) is contained in all maximal subalgebras, ¢ (A) € M,. Based
on the calculations in <% (o, 3), we can see that ¢ (A) = span{x3,xs4,x5}. So we consider

M, = span{ax| + bx;, x3,x4,x5}. We get the following nonzero multiplications:

[ax) + bxp,ax) +bxy] = aa’xs + abxs + b*x4 + Bbxs
= bxy+ (Oca2 +ab+ ﬁbz) X5
lax| + bxy,x3] = axs + bxs

[x3,ax) 4+ bxy] = —axs — bxs.

This gives a system of equations, and we need to coefficients to match so that dim ([M,,M,]) = 1.
We can see that it must be the case that a = b>. We also need b = aa® +ab+ Bb* = ab* +b> + Bb?,
which implies ab* 4+ b* + Bb*> — b = 0. Using software, it can be shown that a value for b is exists
that makes dim ([M,,M,]) = 1. Therefore, <%, (¢, B) does not have P1.

Az (o, B,7): Take maximal subalgebra M| = span{x,x3,x4,x5}. The nonzero multipli-
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cations are given by: [x1,x] = oxs, [x1,x3] = x4 = — [x3,x1]. So dim([M,M;]) =2. We need
to find a maximal subalgebra M, such that dim ([M,,M,]) = 1. Since [A,A] = ¢ (A), and ¢ (A) is
contained in all maximal subalgebras, ¢ (A) € M,. Based on the calculations in <%, (&, B,7), we
can see that ¢ (A) = span {x3,x4,x5}. So we consider M, = span{ax| + bx,,x3,x4,x5}. We get the

following nonzero multiplications:

2

lax| + bxy,ax) + bxy] = a” oxs + abxg + b?xy + yb2x5

= (ab + bz) X4+ (Oca2 + }/bz) X5

[ax] + bxy, x3] = ax4 + bxs

[x3,ax] + bxy] = —axyq — bxs.

This gives a system of equations, and we need coefficients so that dim ([M,M,]) = 1. First, we get
that a = ab -+ b?, and so a = b*>/ (1 — b). We now need b = aa® + yb*> = ab?/ (1 — b) + yb?, which
implies ab?/ (1 —b) + yb*> — b = 0. Using software, we can solve for b that gives dim([My, M,)).
So %, (¢, B, ) does not have P1.

g3 (o, B): Take maximal subalgebra M| = span {x;,x3,x4,x5}. The nonzero multiplica-
tions are given by: [x1,x1] = x4 + 0xs, [x1,x3] = x4 = —[x3,x1] . So dim ([M;,M,]) = 2. We need
to find a maximal subalgebra M, such that dim ([M,,M,]) = 1. Since [A,A] = ¢ (A), and ¢ (A) is
contained in all maximal subalgebras, ¢ (A) € M,. Based on the calculations in %33 (o, ), we can

see that ¢ (A) = span{x3,x4,x5}. So we consider My = span{ax| + bxy,x3,x4,x5}. We get the
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following nonzero multiplications:

[ax] + bxy,ax) + bxy) = a*x4 + oa’xs + abBxs + b>xs
= a’x4+ (Oca2 +abpB + bz) X5
lax) 4 bxy,x3] = axs + bxs

[x3,ax1 + bxy] = —axs — bxs.

This gives a system of equations, and we need to coefficients to match so that dim ([M,,M,]) = 1.
First, we get that a = a®. This implies a = 0,1. We now need b = oa® + Bab + b>. If a = 0, then

b=b* andsob=0,1. Takea =0and b = 1, so M> = {x3,x3,X4,x5}. Then

2, x0] = x5
[x2,x3] = x5.
The dim ([M,M>]) = 1. So M is not isomorphic M,, and %3 (¢, B) does not have P1. O

Theorem 7.19. ([1], Theorem 3.7) Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz
algebra with dim(A?) = 3, dim(A3®) = 1, dim(Z(A)) = 2 = dim(Leib(A)) and Leib(A) # Z(A).
Then A is isomorphic to a Leibniz algebra spanned by x1,x3,x3,X4,X5 with the nonzero products

given by one of the following:

ARa: [x1,x0] = x3+ x4, [x2,x1] = —x3, [x1,x4] = x5

gs: [xX1,%20] = X3+ x4, [X2,%1] = —x3, [x2,%2] = x5, [x1,X4] = x5
e [x1,X1] = X4, [X1,X%2] = x3 = —[x2,x1], [x1,%4] = x5

agy: [x1,x1] = X4, [x1,%2] = x3 = —[x2,x1], [x2,X2] = x5, [x1,%4] = x5.

Lemma 7.20. None of the algebras in Theorem (7.19) have P1.

Proof. <#34: Take maximal subalgebra M| = span {x1,x3,x4,xs5}, with Z (M) = span {x3,x5}, and
M, = Z, (M) = span{xy,x3,x4,x5}. Now take maximal subalgebra M, = span{x;,x3,x4,x5},

which is abelian. Hence %34 does not have P2, and so does not have P1.
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fgs: Take maximal subalgebra M| = span{x|,x3,x4,xs5}, with Z (M) = span{x3,xs}, and
M, = Z, (M) = span{xy,x3,x4,x5}. Now take maximal subalgebra M, = span{x;,x3,x4,x5},
with Z (M,) = span{x3,x4,x5}, with My, = Z, (M») = span{xy,x3,x4,x5}. Since s does not
have P1, it does not have P2.

Age: Take maximal subalgebra M| = span{xy,x3,x4,x5}, with Z(M}) = span{x3,xs},
Zy (My) = span{x3,x4,x5}, and My = Z3 (M) = span{xy,x3,x4,x5}. Now take maximal subal-
gebra M, = span{xy,x3,x4,xs}, which is abelian. Since 2%¢ does not have P2, it does not have
P1.

fg7: Take maximal subalgebra M| = span{x|,x3,x4,x5}, with Z(M}) = span{x3,xs},
Zp (My) = span{x3,x4,x5}, and M| = Z3 (M) = span{xy,x3,x4,xs5 }. Now take maximal subalge-
bra M, = span {x2,x3,x4,Xs }, with Z (My) = span{x3,x4,x5}, and Zp (M>) = span{xy,x3,x4,X5}.

Since g7 does not have P2, it does not have P1. ]

Theorem 7.21. ([1], Theorem 3.8) Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz
algebra with dim(A?) = 3, dim(A®) = 1, dim(Z(A)) = 2 = dim(Leib(A)) and Leib(A) = Z(A).
Then A is isomorphic to a Leibniz algebra spanned by {x1,x2,x3,X4,X5} with the nonzero products

given by one of the following:

argg: [x1,x1] = x5, [x1,X2] = X3, [X2,X1] = —x3+ x4, [x1,%3] = x5 = —[x3,x1]

Ao [X1,%2] = X3, [x2,%1] = —x3+ x4, [x2,%2] = x5, [x1,X3] = x5 = —[x3,x1]

ao0: [x1,x1] = x5, [x1,%2] = X3, [x2,X1] = —x3 + x4, [x2,X2] = x5, [x1,X3] = x5 = —[x3,x1]
ay1: [x1,X2) = X3, [x2,X1] = —x3 4+ X5, [x2,%0] = x4, [x1,X3] = x5 = —[x3,%1]

A [x1,x1] = x5, [x1,%] = x3 = —[x2,x1], [x2,%2] = x4, [x1,X3] = x5 = —[x3,x1]

o3: [x1,x1] = x5, [X1,X%2] = X3, [x2,X1] = —x3 + X5, [X2,%2] = X4, [X1,X3] = x5 = —[x3,x1]
oy (Q): [x1,x1] = x5, [x1,X%2] = x3, [x2,x1] = —x3 + x4 + Ox5, [x2,X%0] = x4, [x1,x3] = x5 =

—[X3,X1], aecC
Dlos: [x1,X1] = X4, [X1,X2] = X3, [x2,x1] = —x3 + X5, [x1,X3] = x5 = —[x3,x1]
e [x1,X1] = x4, [x1,%2] = x3 = —[x2,x1], [X2,X2] = x5, [x1,x3] = x5 = —[x3,x1].

Remark. If o, 0 € C such that o) # o then <oy (0t) and <294 (0) are isomorphic if and
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. o
only if oo = TLI'

Lemma 7.22. None of the algebras in Theorem (7.21) have P1.

Proof. of3g: Take maximal subalgebra M| = span {x1,x3,x4,xs }, with Z (M) = span {x4,xs}, and
M| = Z, (M) = span{xy,x3,x4,x5}. Now take maximal subalgebra M, = span{x;,x3,x4,xs},
which is abelian. As .2%g does not have P2, it does not have P1.

Agy: Take maximal subalgebra M| = span{x|,x3,x4,xs5}, with Z (M) = span{x4,xs5}, and
M, = Z, (M) = span{xy,x3,x4,x5}. Now take maximal subalgebra M, = span{x;,x3,x4,xs},
with Z (M) = span {x3,x4,xs5} and My = Z, (M>) = span {xy,x3,x4,Xs }. Since .29 does not have
P2, it does not have P1.

Jyo: Take maximal subalgebra M| = span {x1,x3,x4,X5}, with Z (M) = span{x4,xs} and
M) = Z, (M) = span{x1,x3,x4,x5}. Now take maximal subalgebra M, = span{xy,x3,x4,x5},
with Z (Mp) = span{x3,x4,x5} and My, = Z, (M) = span{xp,x3,x4,x5}. As 2/ does not have P2,
it does not have P1.

fy1: Take maximal subalgebra M| = span{x|,x3,x4,xs5}, with Z (M} ) = span{x4,xs}, and
M, = Z, (M) = span{xy,x3,x4,x5}. Now take maximal subalgebra M, = span{x;,x3,x4,xs},
with Z (M) = span{x3,x4,xs5} and M, = Z (M,) = span{xy,x3,x4,xs}. So % does not have P2,
and so does not have P1.

lyp: Take maximal subalgebra M| = span{xy,x3,x4,xs5}, with Z (M) = span {x4,xs}, and
M, = Z, (M) = span{xy,x3,x4,x5}. Now take maximal subalgebra M, = span{x;,x3,x4,x5},
with Z (M) = span{x3,x4,x5} and My, = Z, (M) = span{xy,x3,x4,x5}. As 2/ does not have P2,
it does not have P1.

ly3: Take maximal subalgebra M| = span{x|,x3,x4,xs5}, with Z (M) = span{x4,xs}, and
M| = Z, (M) = span{xy,x3,x4,x5}. Now take maximal subalgebra M, = span{x;,x3,x4,x5},
with Z (M>) = span {x3,x4,xs5} and My = Zp (M>) = span {xy,x3,X4,Xs }. Since .%%3 does not have
P2, it does not have P1.

o4 (o) Take maximal subalgebra M| = span{xy,x3,x4,xs5}, with Z (M) = span{x4,xs},

and M| = Z, (M) = span{x1,x3,x4,X5 }. Now take maximal subalgebra M, = span {x2,x3,x4,X5},
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with Z (M) = span {x3,x4,x5} and My = Z, (My) = span{xy,x3,x4,x5}. As 24 () does not have
P2, it does not have P1.

ys: Take maximal subalgebra M| = span{x|,x3,x4,xs5}, with Z (M} ) = span{x4,x5}, and
M, = Z, (M) = span{xy,x3,x4,x5}. Now take maximal subalgebra M, = span{x;,x3,x4,xs},
which is abelian. Hence .@%5 does not have P2, and so does not have P1.

ye: Take maximal subalgebra M| = span{x|,x3,x4,xs5}, with Z (M} ) = span{x4,xs}, and
M, = Zp (M) = span{xy,x3,x4,x5}. Now take maximal subalgebra M, = span{x;,x3,x4,xs},
with Z (M) = span{x3,x4,x5} and My = Z» (M) = span{xy,x3,x4,X5}. Since ¢ does not have

P2, it does not have P1. L]

Theorem 7.23. ([1], Theorem 3.9) Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz
algebra with dim(A?) = 3 = dim(Leib(A)), dim(A%) = 1 and dim(Z(A)) = 2. Then A is isomorphic
to a Leibniz algebra spanned by {x,x2,x3,x4,X5} with the nonzero products given by one of the
following:

o7: [x1,X1) = X3, [x2,X1] = x4, [x1,%3] = x5

alog: [x1,X1] = X3, [x2,X1] = X4, [x2,X2] = x5, [x1,X3] = x5

o9: [x1,%1] = X3, [x2,%2] = x4, [x1,X3] = x5

2ho0: [x1,%1] = x3, [x2,%1] = x5, [X2,%0] = x4, [x1,%3] = x5

Aho1: [x1,x1] = x3, [x2,x1] = x4, [x2,%2] = x4, [x1,%3] = X5

o2 [x1,%1] = x3, [X2,x1] = x4+ x5, [x2,%2] = x4, [x1,%3] = x5

a03: [x1,%1] = x3, [x1,%0] = x4, [x2,%1] = x5, [x1,%3] = x5

o4 (&) [x1,x1] = x3, [x1,%2] = x4, [x2,%1] = Qxg, [x1,x3] = x5, @ € C\{—1}

Hos (Q): [x1,Xx1] =x3, [x1,%2] = X4, [x2,%1] = Qxs, [x2,X2] = x5, [x1,x3] = x5, ¢ € C\{—1}

Hoe: [x1,%2] = x3, [x2,%2] = x4, [x1,%3] = x5

2ho7: [xX1,%0] = x3, [x2,x1] = x5, [X2,%2] = x4, [x1,23] = x5

a8 [x1,%] = x3, [x2,%1] = x4, [x2,%2] = x4, [x1,%3] = x5

097 [xX1,%2] = x3, [x2,x1] = x4 + x5, [x2,%2] = x4, [x1, %3] = x5

110 [x1,X1] = x4, [x1,X%2] = X3, [x1,%3] = x5
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Gn1s e, xt] = xg, [, x] = x3, [x2,x1] = x5, [x1,%3] = X5

12: [x1,X] = xa, [X1,%2] = x3, [x2,%2] = x5, [x1,%3] = X5

D13 [x,x1] = xa, [x1,00] = x5, [x2,x1] = x5, [x2,%2] = x5, [x1,X3] = x5

14: [xX1,%1] = x4, [r1,%2] = x3, [x2,01] = x4, [x1,%3] = x5

15 [, x1] = xa, 1,2 = x5, [x2,x1] = x4, [x2,%2] = x5, [x1,x3] = x5

e (Q): [x1,x1] = x4, [x1,%2] = x3, [x2,x1] = 0x4, [x2,%2] = x4, [x1,X3] = x5, € € C

A7 (Q): [x1,x1] = x4, [x1,%2] = x3, [x2,x1] = 0xq + x5, [x2,%2] = x4, [x1,x3] = x5, ¢ € C

Remark. (1) If ay, 00 € C\ {—1} such that o # 0y, then 2/104(0) and <Ap4(0) are not
isomorphic.

(2)If ay, o € C\{—1} such that o) # i, then </1p5(0y ) and <7105( Q) are not isomorphic.

(3) If o, 00 € C such that a; # o, then <f)16(0) and /)16(0) are isomorphic if and
only if op = — 0.

(4) If a1, 00 € C such that oy # oy, then <f117(0) and <7117(0p) are isomorphic if and

only if 0 = — 0.
Lemma 7.24. None of the algebras in Theorem (7.23) have P1.

Proof. <fy7: Take maximal subalgebra M| = span {x1,x3,x4,xs }, with Z (M) = span {x4,xs}, and
Zy (My) = span{x3,x4,x5}, and My = Z3 (M) = span{x1,x3,x4,x5}. Now take maximal subal-
gebra M, = span {x»,x3,x4,Xs }, which is abelian. Hence, <%7 does not have P2, and so does not
have P1.

tyg: Take maximal subalgebra M| = span{x|,x3,x4,xs5}, with Z (M) = span{xs,xs}, and
Zp (M) = span{x3,xa,xs}, and M| = Z3 (M) = span{xy,x3,x4,xs }. Now take maximal subalge-
bra M, = span{x;,x3,x4,xs }, with Z (M, ) = span{x3,x4,x5}, and My = Z, (M;) = span{x,,x3, x4,
xs}. As g does not have P2, it does not have P1.

ly9: Take maximal subalgebra M| = span{xy,x3,x4,xs5}, with Z (M) = span{x4,xs}, and
Zp (My) = span{x3,x4,x5}, and M| = Z3 (M) = span{xy,x3,x4,x5 }. Now take maximal subalge-
bra M, = span{xy,x3,x4,xs5}, with Z (M) = span {x3,x4,x5}, and My = Zp (M>) = span{x;,x3, x4,

xs}. Since 2#y9 does not have P2, it does not have P1.
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Ao Take maximal subalgebra M| = span{x1,x3,x4,X5}, with Z (M) = span{x4,xs},
and Zp (M) = span{x3,x4,xs5}, and M| = Z3 (M) = span{xy,x3,x4,xs5 }. Now take maximal sub-
algebra My = span {xy,x3,x4,x5}, with Z (M) = span{x3,x4,xs}, and M, = Z, (M;) = span{x,,
X3,X4,%5 }. As /100 does not have P2, it does not have P1.

/01 Take maximal subalgebra M| = span{x},x3,X4,x5}, with Z(M;) = span{x4,xs},
and Zp (M) = span{x3,x4,x5}, and M| = Z3 (M) = span{xy,x3,x4,xs5 }. Now take maximal sub-
algebra M, = span{x;,x3,x4,xs5 }, with Z (My) = span{x3,x4, x5}, and M = Z, (M;) = span{x;, x3,
x4,xs }. Hence <701 does not have P2, and so does not have P1.

Ap: Take maximal subalgebra M| = span{x},x3,x4,X5}, with Z (M) = span{x4,xs},
and Zp (M) = span{x3,x4,xs5}, and M| = Z3 (M) = span{xy,x3,x4,xs }. Now take maximal sub-
algebra M = span{xy,x3,x4,x5}, with Z (My) = span{x3,x4, x5}, and My = Z, (M;) = span{x,, x3,
x4,X%s5}. As @0y does not have P2, it does not have P1.

f03: Take maximal subalgebra M| = span{x},x3,X4,xs}, with Z (M) = span{x4,xs},
and Zp (M) = span{x3,x4,x5}, and M| = Z3 (M) = span{xy,x3,x4,xs5 }. Now take maximal sub-
algebra My = span{xy,x3,x4,xs}, which is abelian. Hence, 27]¢3 does not have P1.

04 (a): Take maximal subalgebra M| = span {x,x3,x4,x5}, with Z (M) = span{x4,xs},
and Zp (M) = span{x3,x4,x5}, and M| = Z3 (M) = span{xy,x3,x4,xs5 }. Now take maximal sub-
algebra My = span{x,,x3,x4,xs}, which is abelian. Therefore, .«7jo4 (@) does not have P1 for any
value of «.

05 (a): Take maximal subalgebra M| = span {x,x3,x4,x5}, with Z (M) = span{x4,xs},
and Zp (M) = span{x3,x4,xs}, and My = Z3 (M) = span{xy,x3,x4,xs }. Now take maximal sub-
algebra M = span{xy,x3,x4,xs5}, with Z (My) = span{x3,x4,xs }, and My = Z, (M;) = span{x,, x3,
x4,xs5}. As @os (o) does not have P2, it does not have P1, for any value of o.

H6: Take maximal subalgebra M| = span{x|,x3,x4,x5}, with Z (M) = span{x4,xs}
and M| = Z, (M) = span {x1,x3,x4,xs }. Now take maximal subalgebra M, = span {x»,x3,x4,Xs},
with Z (M) = span{x3,x4,xs5}, and My = Z, (M) = span{x2,x3,x4,xs}. Hence /9¢ does not

have P2, and so it does not have P1.
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f7: Take maximal subalgebra M| = span{x|,x3,x4,x5}, with Z (M) = span{x4,xs}
and M| = Z, (M) = span{x1,x3,x4,xs }. Now take maximal subalgebra M, = span {x»,x3,x4,Xs},
with Z (My) = span{x3,x4,x5}, and My, = Zp (M) = span{xy,x3,x4,x5}. So <7 does not have
P2, and thus does not have P1.

f0s: Take maximal subalgebra M| = span{xy,x3,x4,x5}, with Z (M) = span{x4,xs}
and M| = Z, (M) = span{x1,x3,x4,x5 }. Now take maximal subalgebra M, = span {x2,x3,x4,Xs5},
with Z (M) = span{x3,x4,x5}, and My = Z, (M) = span{x2,x3,x4,xs5}. Hence /o3 does not
have P2, and so it does not have P1.

09: Take maximal subalgebra M| = span{x|,x3,x4,x5}, with Z (M) = span{x4,xs}
and M| = Z, (M) = span{x1,x3,x4,xs }. Now take maximal subalgebra M, = span {x2,x3,x4,Xs},
with Z (My) = span{x3,x4,x5}, and My = Z, (M3) = span{x;,x3,x4,X5}. As /g9 does not have
P2, it does not have P1.

f110: Take maximal subalgebra M| = span{xy,x3,x4,x5}, with Z(M;) = span{xa,xs}
and M| = Z, (M) = span{x1,x3,x4,xs }. Now take maximal subalgebra M, = span {x2,x3,x4,Xs5},
which is abelian. Therefore, 7 19 does not have P2, and so does not have P1.

<f111: Take maximal subalgebra M| = span{x|,x3,x4,x5}, with Z (M) = span{x4,xs}
and M| = Z, (M) = span {x1,x3,x4,xs }. Now take maximal subalgebra M, = span {x»,x3,x4,Xs5},
which is abelian. Hence .7} (¢ does not have P2, and so does not have P1.

f112: Take maximal subalgebra M| = span{x|,x3,x4,x5}, with Z (M) = span{x4,xs}
and M| = Z, (M) = span {x1,x3,x4,xs }. Now take maximal subalgebra M, = span {x2,x3,x4,Xs},
with Z (My) = span{x3,x4,xs}, and My = Z, (M) = span{x,x3,X4,X5}. As /12 does not have
P2, it does not have P1.

/113: Take maximal subalgebra M| = span{xy,x3,x4,x5}, with Z (M) = span{x4,xs}
and M| = Z, (M) = span{x1,x3,X4,X5 }. Now take maximal subalgebra M, = span {x2,x3,x4,Xs5},
with Z (M) = span{x3,x4,x5}, and My = Z, (M) = span{x2,x3,x4,xs5}. Hence <73 does not
have P2, and so it does not have P1.

f114: Take maximal subalgebra M| = span{x|,x3,x4,x5}, with Z (M) = span{x4,xs}
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and M| = Z, (M) = span{x1,x3,x4,x5 }. Now take maximal subalgebra M, = span {x2,x3,x4,Xs5},
which is abelian. So 7]14 does not have P2, and thus does not have P1.

f15: Take maximal subalgebra M| = span{xy,x3,x4,x5}, with Z (M) = span{x4,xs}
and M| = Z, (M) = span {x1,x3,x4,xs }. Now take maximal subalgebra M, = span {x»,x3,x4,Xs5},
with Z (My) = span{x3,x4,xs}, and My = Z, (M) = span{x,x3,x4,X5}. As /15 does not have
P2, and it does not have P1.

116 (a): Take maximal subalgebra M| = span{xy,x3,x4,xs5}, with Z (M) = span {x4, x5}
and M| = Z, (M) = span{x1,x3,x4,xs5 }. Now take maximal subalgebra M, = span {x,x3,x4,xs5},
with Z (M) = span {x3,x4,x5}, and My = Zp (M>) = span{xy,x3,x4,xs }. Hence <716 () does not
have P2, and so it does not have P1 for any value of a.

27117 (a): Take maximal subalgebra M| = span{x|,x3,x4,x5}, with Z (M) = span {x4, x5}
and M| = Z, (M) = span {x1,x3,x4,xs }. Now take maximal subalgebra M, = span {x2,x3,x4,Xs},
with Z (M,) = span{x3,x4,xs}, and My = Zp (M,) = span{x,x3,x4,x5}. Thus 717 (&) does not

have P2, and so does not have P1 for any value of a. [l

Theorem 7.25. ([1], Theorem 3.10) Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz
algebra with dim(A?) = 3, dim(A%) = 1 = dim(Z(A)) and dim(Leib(A)) = 2. Then A is isomorphic

to a Leibniz algebra spanned by {x1,x,x3,Xx4,x5} with the nonzero products given by one of the

following:
A8 [X1,X0] = —X3 4+ X4, [x2,X1] = X3, [x2,X3] = x5 = —[x3,x2], [x1,%4] = x5
19 [xX1,%0] = —x3 +x4, [x2,%1] = x3, [x2,%2] = x5, [x2,%3] = x5 = —[x3,%2], [x1,%4] = x5
o (a): [x1,x0] = —x3 = [x2,x1], [x2,x2] = x4, [x2,x3] = —0txs, [x3,%] = (@ — 1)xs,

[xl,x4] =X5, O0 € C
Aoy (Q): [x1,%0] = —x3 4+ x4, [x2,%1] = x3, [x2,%2] = x4, [x2,x3] = —0x5, [x3,%2] = (¢ —

1)xs, [x1,x4] = x5, @ € C

s [X1,X2) = X3, [x2,X1] = —x3 + x4, [x3,X1] = X5, [x1,X4] = X5
23 [x1,X2) = X3, [x2,Xx1] = —x3 + x4, [x2,X2] = x5, [x3,%1] = X5, [x1,X4] = x5
o4 [x1,x2] = x3, [, x1] = —x3 x4, [x3,x1] = x5, [X2,%3] = x5 = —[x3,%2], [x1,%4] = x5
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Aos: [X1,x2) = X3, [X2,X1] = —x3 424, [X2,%2] = X5, [x3,X1] = x5, [x2,x3] = x5 = —[x3,X2],
[xX1,%4] = x5
26 (00): [x1,X2] =23, [x2,%1] = —X3+x4, [x2,X2] = x4, [x3,%1] = X5, [x2,X3] = Otx5, [x3,X2] =

(1 —0)xs, [x1,x4] = x5, ¢ € CC/{0}

A7 [x1,x1] = x4, [x1,%0] = x3 = —[x2,x1], [x2,X3] = x5 = —[x3,X2], [x1,%4] = x5

Aog: [x1,X1] = Xa, [X1,%2] = x3 = —[x2,x1], [X2,%2] = x5, [x2,X3] = x5 = —[x3,x2], [x1,X4] =
Xs.

Remark. (1) If a1, 0 € C such that o # @, then <120(0t) and <f170(0p) are not isomor-
phic.

(2) If a1, € C such that ay # 0y, then <7121(ay) and <121 (0) are not isomorphic.

(3)If ay, 0 € C/{0} such that oy # 0, then of176( ) and </126(0n) are not isomorphic.
Lemma 7.26. None of the algebras in Theorem (7.25) have P1.

Proof. <f)13 : Take maximal subalgebra M| = span {x;,x3,x4,Xs} and maximal subalgebra M, =
span{xy,x3,x4,x5}. The nonzero multiplication in M; is given by: [x,x4] = x5. The nonzero
multiplications in M, are given by: [xp,x3] = x5 = —[x3,x2]. We can see that the multiplications in
M, are symmetric, while in M; they are not, and so M| and M, are not isomorphic, and .7 ;g does
not have P1.

2/119: Take maximal subalgebra M| = span{xy,x3,x4,xs} and maximal subalgebra M, =
span{x| +x2,x3,%x4,x5}. The nonzero multiplication in M, is given by [x|,x4] = x5. Note that
l[ax| + bxy,ax) + bxs4] = ab [x1,x4] = abxs, so dim ([M;,M;]) = 1. The nonzero multiplications in
M, are given by: [x1 +x2,X1 +X2] = x4 +xs, [x1 +X2,%3] = X5, [x3,%] +X2] = —x5, [x] +x2,%4] = x5.
From this dim ([M,,M;]) = 2. Thus M| and M, are not isomorphic, and so <] 19 does not have P1.

po(a): Take maximal subalgebra M| = span{x;,x3,x4,xs5} and maximal subalgebra
M, = span{x;,x3,x4,xs5}. The nonzero multiplication in M; given be [xj,x4] = xs. Note that

[ax| + bxy,ax) + bxs4] = abxs, and so dim (Leib (M;)) = 1. The nonzero multiplications in M;, are
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given by: [xp,x2] = x4 and [x,x3] = —oxs, [x3,x2] = (&0 — 1)x5. Note that

laxy + bxz,axy + bx3] = a*x4 — aabxs + (o0 — 1) abxs
= a2x4 — oabxs + aabxs — abxs
= 612)64 — abxs.
From this, dim (Leib (M,)) = 2. Therefore M| is not isomorphic to M,, and 27150 (o) does
not have P1.
/171 (a): Take maximal subalgebra M| = span{x;,x3,x4,xs} and take maximal subalge-
bra M, = span{xy,x3,x4,x5}. In M, we have nonzero multiplications given by [x],x4] = x5. Note
that [ax) + bxg,ax; + bxs4] = abxs. So dim (Leib (M, )) = 1. In M,, we have nonzero multiplications

given by [x2,x2] = x4 and [x2,x3] = —axs, [x3,x2] = (o0 — 1)x5. Now

laxy + bx3, axy + bx3] = a’x4 — otabxs + (ot — 1) abxs
= a2x4 — aabxs + aabxs — abxs
= a2X4 — abxs.
From this, dim (Leib (M,)) = 2. Therefore M, is not isomorphic to M, and <7} (o) does
not have P1.
f17,: Take maximal subalgebra M| = span{x,x3,x4,x5}, with Z (M) = span{xs} and
M, = Z, (M) = span{xy,x3,x4,x5}. Now take maximal subalgebra M, = span{x;,x3,x4,xs},
which is abelian. Hence .27],> does not have P2, and so does not have P1.
f173: Take maximal subalgebra M| = span{x;,x3,x4,x5}, with Z (M) = span{xs} and
M, = 7, (M) = span{xy,x3,x4,x5}. Now take maximal subalgebra M, = span{x;,x3,x4,x5},
with Z (M) = span{x3,x4,x5} and My = Z, (M>) = span{xy,x3,x4,x5}. As /13 does not have
P2, it does not have P1.

124: Take maximal subalgebra M| = span{x,x3,x4,x5}, with Z (M) = span{xs} and
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M, = Z, (M) = span{xy,x3,x4,x5}. Now take maximal subalgebra M, = span{x;,x3,x4,xs},
with Z (M) = span{x4,xs} and My = Z, (M) = span{xp,x3,x4,xs5}. Since 7,4 does not have
P2, it does not have P1.

f1»5: Take maximal subalgebra M| = span{x,x3,x4,x5}, with Z (M) = span{xs} and
M, = Z, (M) = span{xy,x3,x4,x5}. Now take maximal subalgebra M, = span{x;,x3,x4,xs},
with Z (My) = span{x4,xs5} and My = Z, (My) = span{x,,x3,x4,x5}. Hence <755 does not have
P2, it does not have P1.

1p6(@): Take maximal subalgebra M| = span{xy,x3,x4,xs}, with Z(M;) = span{xs}
and M| = Z, (M) = span{x1,x3,x4,xs }. Now take maximal subalgebra M = span {x2,x3,x4,Xs5},
with Z (My) = span{x4,xs} and My = Z, (M5) = span{x,x3,x4,X5}. As 176 (a) does not have
P2 for any value of o € C\ {0}, it does not have P1.

f177: Take maximal subalgebra M| = span{x},x3,x4,X5}, with Z (M) = span{x3,xs},
Zp (M) = span{x3,x4,xs5}, and M| = Z3 (M) = span{xy,x3,x4,xs5 }. Now take maximal subalge-
bra M, = span {xy,x3,x4,Xs5 }, with Z (M) = span{x4,xs} and My = Z» (M,) = span {x,x3,Xx4,Xs }.
So 7127 does not have P2, it does not have P1.

f173: Take maximal subalgebra M| = span {x1,x3,x4,X5}, with Z (M) = span{x3,xs},
Zp (My) = span{x3,x4,x5}, and M| = Z3 (M) = span{xy,x3,x4,xs5 }. Now take maximal subalge-
bra M, = span {xy,x3,x4,xs }, with Z (M) = span{x4,xs} and M = Z» (M,) = span {x,x3,X4,X5 }.

Hence 7],3 does not have P2, and so it does not have P1. OJ

Theorem 7.27. ([1], Theorem 3.11) Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz
algebra with dim(A?) = 3 = dim(Leib(A)) and dim(A3) = 1 = dim(Z(A)). Then A is isomorphic
to a Leibniz algebra spanned by {x|,x,x3,X4,X5} with the nonzero products given by one of the
following:
oo (Q): [x1,x1] = x4, [x1,%2] = Oxg, [x2,%1] = X3, [x2,x3] = x5, [x],x%4] = x5, € € C
30: [x1,x1] = x4, [X1,%2]) = —x4, [x2,%1] = —x3, [x2,%2] = x3, [x2,x3] = x5, [x1,x4] = x5
a1 (a,B): [x1,x1] = x4, [x1,%0] = &xa, [x2,x1] = Bxs, [x2,x2] = x3, [x2,x3] = x5, [x1,x4] =

xs, o, B €C, aff #1

69



(@) [x1,x] = x3, [x2,x1] = ax3, [x2,x] = x4, [x2,x3] = x5, [x1,x4] = x5,
acC/{-1,0}

33 (o, B): [xr,x1]) = xa, [x1,x0] = x3 + 0xg, [x2,x1] = Bz, [x2,x2] = x4, [x2,x3] = x5,
[x1,%4] = x5, a € C, B € C/{—1}.

34 (0, B,7): [x1,x1] = axa, [x1,x2] = x3+ Bxa, [x2,x1] = Yx3, [x2,%2] = x4, [X2,x3] = x5,
[1,xa] = x5, 00, B,y € C

3s (@, B): [x1,x1] = x3 + 0xg, [x1,%2] = x3+ Bxs, [x2,x1] = —x3 + x4, [x2,%0] = xa,
[x2,x3] = x5, [x1,%4] = x5, @, B € C.

Remark.(1) If ay, a € C such that o # @, then <129(0) and 7129(0p) are isomorphic
if and only if 0y = — .

(2)If ay, o € C/{—1,0} such that o # o, then <f13,(Qy) and <#133(0,) are not isomor-
phic.

(3) Isomorphism conditions for the families </31(o,B), 33(a,B), 34(o,B,y) and

3s(e, B) are hard to compute.
Lemma 7.28. None of the algebras in Theorem (7.27) have P1.

Proof. /179 (a): Take maximal subalgebra M| = span {x1,x3,x4, x5}, with Z (M) = span {x3,xs},
Zp (My) = span{x3,x4,x5}, and M| = Z3 (M) = span{x|,x3,x4,x5 }. Now take maximal subalge-
bra M, = span{xy,x3,x4,xs5 }, with Z (My) = span {x4,xs } and My =Z, (M») = span{x;,x3,X4,Xs }.
Since #7129 (¢¢) does not have P2 for any value of «, it does not have P1.

/130 Take maximal subalgebra M| = span{x|,x3,x4,X5}, with Z (M) = span{x3,xs},
Zp (M) = span{x3,x4,x5}, and M| = Z3 (M) = span{xy,x3,x4,xs5 }. Now take maximal subalge-
bra My = span {x| + x2,x3,X4,x5 }, with Z (My) = span{xs} and M, = Z, (M;) = span{x| + x2,x3,
x4,Xs5}. As @130 does not have P1, it does not have P2.

31 (a,B):  Take maximal subalgebra M| = span{x|,x3,X4,xs5}, with Z(M;) =
span{xs,xs}, Zp (M) = span {x3,x4,x5}, and M| = Z3 (M) = span{x1,x3,X4,x5 }. Now take max-
imal subalgebra M, = span {x| + x2,x3,x4,xs }. Note that [x| 4+ xp,x] +x2] = x4 + Qx4 + Bxz + x3.

This is equal to O if and only if & = —1 = 3, which implies a8 = 1, a contradiction, and so
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[x1 +x2,x1 +x2] # 0, and [x] +x2,x] +x2] € span{x3,x4}. So Z(M>) = spani{xs}, Zo(M;) =
span{xz,x4,xs}, and Mp = Z3 (M») = span{x; + x2,x3,x4,x5}. Therefore 73, (e, ) does not
have P1 for any value of «, 8, and so it does not have P2.

13 (a): Take maximal subalgebra M| = span{x;,x3,x4,x5} and maximal subalgebra
M, = span{x;,x3,x4,xs}. The nonzero multiplication in M, is given by: [x;,x4] = x5. Note that
[ax) + bxs,ax) + bxs] = abxs, and so dim(Leib(M;)) = 1. The nonzero multiplications in M,
are given by: [x2,x2] = x4, [x2,x3] = x5. Now [axy + bx3,axs + bx3] = a’x4 + abxs. From this,
dim (Leib (M,)) = 2. So M| and M, are not isomorphic, and <73, (o) does not have P1.

33 (a,B): Take maximal subalgebra M| = span{x|,x3,x4,xs5}, with Z(M;) =
span{xs,xs}, Zo (My) = span{xs,x4,x5}, and M| = Z3 (M) = span{xy,x3,x4,x5}. Now take
maximal subalgebra M = span{xy,x3,x4,x5}, with Z (My) = span{x4,xs} and My, = Z, (M) =
span{xy,x3,x4,xs5}. As o730 does not have P2 for any values of «, 3, it does not have P1.

3a(a,B,y): Assume o # 0. Take maximal subalgebra M| = span{x;,x3,x4,x5}, with
Z (My) = span{xs,xs}, Zp (M) = span{x3,x4,xs}, and M| = Z3 (M) = span{x1,x3,x4, x5 }. Now
take maximal subalgebra M, = span{xy,x3,x4,x5}, with Z(M,) = span{xs,xs} and M, =
Z» (My) = span{x;,x3,x4,xs}. In this case, 27134 (@, B,7) does not have P2, and so does not have
P1. Now assume o = 0. Take maximal subalgebra M| = span{x;,x3,x4,x5} and maximal subal-
gebra M, = span{x;,x3,x4,x5}. The nonzero multiplication in M is given by: [x|,x4] = x5, and
note that [ax| + bxs,ax; + bxs4] = abxs. So dim(Leib(M,;)) = 1. The nonzero multiplications in
M, are given by: [x2,x2] = x4, [x2,Xx3] = x5. Now [axy + bx3,axy + bx3] = a’x4 + abxs. We get that
dim (Leib (M,)) = 2. Hence, M| is not isomorphic to M, when a = 0. These results combined give
that <7134 (o, B,7) does not have P1.

35 (a,B): Assume a # 0. Take maximal subalgebra M| = span{xj,x3,x4,x5}, with
Z (M) = spani{x3,xs}, Zo (M) = span{x3,x4,x5}, and M| = Z3 (M) = span{xy,x3,x4,x5 }. Now
take maximal subalgebra M, = span {x;,x3,x4,x5}, with Z (M) = span{x4,xs} and M, = Z, (M;) =
span{xy,x3,x4,xs}. In this case, 7|35 (@, B) does not have P2, and so does not have P1.

Now assume o = 0. Take maximal subalgebra M| = span{x|,x3,x4,x5}, with Z (M) =
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spani{xz,xs} and M| = Z, (M) = span{xi,x3,x4,x5}. Now take maximal subalgebra M, =
span{xi +x2,x3,X4,X5}, with Z (M) = span{xs}, Zy (M) = span{x3,x4,xs }, and My = Z3 (M) =
spani{x| +x2,x3,%x4,%x5}. So 35 (a, B) does not have P2, and so does not have P1, when o« = 0.

Combining the above results, we get that <735 (o, ) does not have P1. 0

Theorem 7.29. ([1], Theorem 3.12) Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz

algebra with dim(A?) = 3, dim(A%) = 0 and dim(Leib(A)) = 2. Then A is isomorphic to a Leibniz

algebra spanned by {x1,x2,x3,x4,xs5 } with the nonzero products given by one of the following:
36 [x1,x1] = xa, [x1,x0] = x3, [x2,x1] = —x3+ x4 + x5, [x2,%2] = x5

37 [X1,X1) = X4, [X1,%0] = X3 = —[x2,X1], [x2,x2] = xs.
Lemma 7.30. From Theorem (7.29), the algebra <3¢ does not have P1, while <737 does have P1.

Proof. /)3¢: Take maximal subalgebra M| = span {x},x3,x4,xs5 }, with Z (M) = span {x3,x4,x5},
and M| = Z, (M) = span {x1,x3,x4,x5 }. Now take maximal subalgebra M, = span{2x; — 2x;,x3,

X4,Xs }, which is abelian since

[20] — 2x2,2x1 — 2x3] = 4xg — 4x3 — 4 (—x3 + X4+ X5) + 4x5

=0.

Hence .¢7)3¢ does not have P2, and so does not have P1.

<737: Note that all maximal subalgebras must contain ¢ (A) = [A,A] = span {x3,x4,X5} =
Z(A). So all maximal subalgebras are of the form M = span {y, x3,x4,xs}, where y = ax; + bx, +
cx3 + dxg + exs, where at least one of a,b # 0, as otherwise M is not maximal. It must be the case

that Z (M) C span{x3,x4,x5}. Now

[ax] + bxy + cx3 + dxq + exs,ax) + bxy + cx3 + dxg + exs| = a*xy+b*xs =0

if and only if a = b = 0, in which case, M is not maximal, and so y> # 0. This implies .27j37 must

have P2.
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Consider two distinct maximal subalgebras M| = span{ax| + bix; + c1x3 + dyx4 + e1xs,
x3,%4,%s5 } and My = span {axx| + bax + cox3 + daxg + exxs, x3,x4, x5 }. We need to define a homo-
morphism from M; to M,. The homomorphism is dependent upon which values of a;, by, az, and
b, are 0. However, since the homomorphism is a linear mapping, we do not need to be concerned
about ¢;, d; or e¢;, fori = 1,2.

First consider the case where ay,b;,a;,by # 0. Define ¢ : M| — M, by

() (a1x1 +b1x2) =ayx1 + brxr

¢ (x3) =x3
a2

0 (xa) = 34
aj
b3

¢ (x5) = b—%xs

Note that x3, x4, and x5 are all elements of the center mapping to other center elements, so @

will satisfy ¢ ([x;,x]) = [¢ (x;), ¢ (x)], where i = 3,4,5, and x € M;. We need to only check the

following map:

O ([arx) +b1xa,a1x; +bixp]) = ¢ (a%x;; —|—b%x5)

= at9 (x4) + b1 (x5)

b3
1 (b—%XS)

Il
Q
—N
VR
Q
[NS]1 7]
g
N~
+
Nyl
[\ e}

= a3x4 + b3xs

and

[ (a1x1 +b1x2), ¢ (a1x1 +Db1x2)] = [azx) + baxp,arx) + baxs]

= a%x4 + b%)g.
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Hence, ¢ is a homomorphism. Since the mapping is clearly onto, and both maximal algebras have

the same dimension, we have that ¢ is an isomorphism.

Next, consider the case where one of ay,b;,a;,by # 0. Without loss of generality, we can

consider ay,az,by # 0, and by = 0. This is because we can define the map from M, to M,, or vice

versa, and a similar map can be defined if only a; = 0. Same as before, since the homomorphism is

a linear mapping, we do not need to be concerned about c;, d; or ¢;, for i = 1,2. Define ¢ : M| — M,

by

¢ (aix1) = axx1 +brxs

0 (x3) =x3
a2 b2
¢ (x4) = Sx4+ —3x5
aj aj
¢ (xs5) = x5

Just as before, since x3, x4, and x5 are in the center, we only need to be concerned with the following

calculations:
¢ ([ala-xlaalxl]) = (P (a]X4)
2 2
2 (4 b
=daj (_%XA‘_ + —%)CS)
1 aj
= a%x4 +b%x5
and

[0 (a1x1),¢ (a1x1)] = [azx) + baxa, azx + baxs]

= a%)m, + b%X5.

2 2

. . . . . a b

Therefore, ¢ is a homomorphism. We can see that this map is onto since ¢ <—; 2
2 a
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2 /.2 2 2
a (a b ) . ) )
2 (—1x4) + —%xs — —%x;— = x4. Since M and M, are of the same dimension, ¢ is also one-to-
2 1 a
one, and so isomorphic.
Finally, without loss of generality, we consider the case where a;, b, # 0. This is sufficient

since the map can defined from M| to M, or vice versa. Again, since the homomorphism is a

linear mapping, we do not need to be concerned about c;, d; or e;, for i = 1,2. Define the map

¢ :M; — M; by
¢ (aix1) =baxs
¢ (x3) =x3
2

¢ (x4) = a—%xs
1

¢ (x5) = x4.

Just as before, since x3, x4, and x5 are in the center, we only need to be concerned with the following

calculations:
¢ ([arxi,arxi]) = ¢ (afxs)
b2
_ 2 2
=a (a—%xs)
== b%x5
and

[0 (a1x1),¢ (a1x1)] = [baxa, box]

= b%X5.

As above, we get this map is an isomorphism. Combining all of the above results, we get that M

and M, are isomorphic. [
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Theorem 7.31. ([1], Theorem 3.13). Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz
algebra with dim(A?) = 3, dim(A%) = 0 and dim(Leib(A)) = 3. Then A is isomorphic to a Leibniz
algebra spanned by {x|,x2,x3,X4,x5 } with the nonzero products given by one of the following:
Hag(Q): [x1,x1] = x4, [x1,%2] = 0xg + x5, [x2,x1] = x3, [x2,x2] = x5, ¢ € C
A39: [x1,X1] = x4, [x1,22] = x3, [x2,%1] = x3, [x2,%2] = X5

Remark. If oy, 0 € C such that oy # o, then </133( Q) and <7133(0) are not isomorphic.

Lemma 7.32. The algebras in Theorem (7.31) have P1.

Proof. /33 (): Since ¢ (A) is contained in all maximal subalgebras, and [A,A] = ¢ (A), we know
all maximal subalgebras must contain ¢ (A) = span{x3,x4,x5}. Take M| = span{xy,x3,x4,x5} and

a generic maximal subalgebra M = span{ax| + bxy,x3,x4,xs }. Consider the following multiplica-

tion tables:

Table 17: M| Multiplication Table

M| multiplication table
[-, ] X1 X3 | X4 | X5
X1 X4 0]01|0O0
X3 0 0[0]O0
X4 0 0[0]O0
X5 0 0[0]O0
Table 18: M Multiplication Table
M multiplication table
[ ] axi + bx; X3 | x4 | X5
ax) +bxy | a*x4+ oabxs +abxs +abxz+b*xs | 0 | 0 | 0
X3 0 0[0]O0
X4 0 0[0]O0
X5 0 0[0]O0

If we consider a linear mapping y : M; — M, we would map y (x;) = ax; + bx; and y(x4) =

a’x4 + aabxy + abxs + abxy + b*xs, W (x3) = x3, and W (xs) = x5. Upon evaluating v ([-,])
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[w(:),w(+)], it can be seen that the tables are the same, and M is isomorphic to M. Therefore,

Mg,g (OC) has P1.

2/139: Since ¢ (A) is contained in all maximal subalgebras, and [A,A] = ¢ (A), we know all
maximal subalgebras must contain ¢ (A) = span{x3,x4,x5}. Take M| = span{x;,x3,x4,x5} and a

generic maximal subalgebra M = span {ax; + bx;,x3,x4,x5}. Consider the following multiplica-

tion tables:

Table 19: M; Multiplication Table

M/ mult table
[ ] X1 | x3 | x4 | x5
X1 x| 0[0]0
X3 0/]0[0]O
X4 0/]0[0]0O0
X5 0/]0[0]O0

Table 20: M Multiplication Table

M mult table

[-,°] axy + bx; x3 | x4 | x5
axy +bxy | a®xq+2abxz + b2X5 0010
X3 0 0010
X4 0 0[0]O0
X5 0 0[0]O0

If we consider a linear mapping y : My — M, which maps w (x1) = ax; +bx; and ¥ (x4) = a’x4 +
2abxz +b*xs, ¥ (x3) = x3, and W (x5) = x5. Upon evaluating ¥ ([-,-]) = [w (), w(-)], it can be seen

that the tables are the same, and M is isomorphic to M. Therefore, 27139 has P1. [
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