ABSTRACT

DINKINS, ERICA CHRISTINE SWAIN. C" Geometric Crystal Corresponding to Dynkin
Node i = n and its Ultra-Discretization for n = 2,3, 4. (Under the direction of Kailash Misra).

Kac-Moody algebras were introduced by Victor Kac and Robert Moody in 1967 as a
generalization of finite dimensional semisimple Lie algebras. There are 3 types of Kac-
Moody algebras: finite, affine, and indefinite. Affine Lie algebras have been completely
classified, and one family of affine Lie algebras is Cfll). In 1985, Vladimir Drinfeld and Michio
Jimbo introduced quantum groups, which are deformations of the universal enveloping
algebras of Lie algebras. In 1990 Masaki Kashiwara introduced the notion of a crystal base,
a parametrization of a basis of a certain module of a quantum group which is a powerful
combinatorial tool. A particular type of crystal called a perfect crystal was introduced by
Seok-Jin Kang, Kashiwara, Kailash Misra, Tetsuji Miwa, Toshiki Nakashima, and Atsushi
Nakayashiki in 1992. Perfect crystals naturally arise as the crystals associated with Kirillov-
Reshetikhin modules of quantum affine algebras. A family of perfect crystals {B'},s; is
called a coherent family of perfect crystals if it has a projective limit B°.

In 2000 Arkady Berenstein and David Kazhdan introduced the notion of a geometric
crystal, which is composed of a variety along with C* actions e; and rational functions
v;, €; which satisfy certain relations. Geometric crystals are a geometric analogue of Kashi-
wara crystals. The ultradiscretization (or tropicalization) functor &/D maps the category
of positive geometric crystals to the category of Kashiwara crystals. In 2008, Kashiwara,
Nakashima, and Okado made a conjecture that for each affine Lie algebra g there exists a
unique variety X endowed with a positive geometric crystal structure corresponding to
each nonzero Dynkin node and the ultra-discretization of X is isomorphic to the limit of a
coherent family of perfect crystals associated with the Langlands dual g*. This conjecture
has been proven to be true for Dynkin index i =1 and g= AY), BY, C(V, DIV, A(ZZBI_I,A(ZZ,)Z, Dr(12+)1
by Kashiwara, Nakashima and Okado, g = D4(3) by Igarashi, Misra and Nakashima, and
g= Gz(l) by Nakashima. For Dynkin index i > 1, the conjecture has been proven for A" by
Misra and Nakashima. For Dynkin index i = n this conjecture has been proven for Ds(l) by
Igarashi, Misra, and Pongprasert and DG(U [27, 28] by Misra and Prongprasert. In this thesis,
we will present the proof of Kashiwara, Nakashima, and Okado’s conjecture for Dynkin

index i=n,g=CW,and n =2,3,4.
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CHAPTER

INTRODUCTION

In the 1870s Sophus Lie discovered what later became known as Lie algebras. Lie was
studying local group actions on a space, and discovered that by studying infinitesimal
actions, he could reconstruct the entire action. This approach led to the discovery of Lie
algebras which are formed from these infinitesimal actions. Lie algebras are linear, so they
are easier to work with while still giving information about the associated Lie group. Both
Lie algebras and Lie groups study the symmetries of a space, which can reveal helpful
information about the space’s geometry, which was Lie’s original purpose. In the 1890s
Wilhelm Killing classified all simple Lie algebras, and this was later made rigorous by
Elie Cartan in the following years [10]. He used a maximal nilpotent subalgebra in the
work of classification, and this was later named the Cartan subalgebra. The simple Lie
algebras over C can be classified into 4 classical types A,,, B,,, C,,, D, for n > 1 along with
the exceptional cases Eg, E;, Eg, F,, G, [10]. The classical types correspond to the Lie groups
SU(n+1),S0O(2n+1), SP(2n), and SO(2n)[3]. Claude Chevalley and Jean-Pierre Serre showed
that any semisimple Lie algebra can be expressed in terms of generators and relations.
Eugene Dynkin associated each semisimple Lie algebra with a graph known as a Dynkin
diagram [10].

The study of representations of semisimple Lie algebras began in the 1890s onward,



and Cartan determined the finite dimensional irreducible representations of simple Lie
algebras [3]. These can be characterized based on their highest weights, which are integral
eigenvalues of the Cartan subalgebra. Herman Weyl discovered a number of important
results in the representation theory of Lie algebras during the 1920s and 1930s, including
his theorem of complete reducibility that shows it is often sufficient to study irreducible
representations [1]. Representation theory became an important field because it studies
how symmetries act on spaces, which has important applications in many areas, especially
in physics.

Simultaneously, Robert Moody and Victor Kac discovered a generalization of finite
dimensional semisimple Lie algebras in 1967, now known as Kac-Moody algebras [29, 14]. A
Kac-Moody algebra g along with index set I is constructed using a generalized Cartan matrix
A=(a;;); jer where a;; =0, a;; <0 and a;; =0 ifand only if a;; =0 [14]. These algebras are
defined using the generalized Cartan matrix and some additional data called the Cartan
datum [14]. They can be classified into 3 types: finite, affine and indefinite. In this paper
we will focus on Kac-Moody algebras of affine type, denoted g. Affine algebras have a one
dimensional center and they have been completely classified [14]. Affine algebras also have
a particular index set, I = {0, ..., n}, and there is a Dynkin node in their Dynkin diagram
corresponding to each element in the index set . In this paper we will focus on the affine
Lie algebra C'V. The representation theory of Kac-Moody algebras developed with many
similar results as the theory for finite dimensional semisimple Lie algebras. In chapter 2
we will review many of the basic definitions and facts related to Lie algebras, Kac Moody
algebras, and their representations.

In 1985, Vladimir Drinfeld and Michio Jimbo discovered quantum groups, which are
deformations of the universal enveloping algebra of Kac-Moody algebras [4, 13]. These
arise naturally in certain lattice models in quantum physics. In 1990, Lusztig presented a
basis for quantum group modules called the canonical base [24]. In the same year, Kashi-
wara introduced the notion of a crystal base, which is a parametrization of the basis of a
quantum group module [18]. Later, Kashiwara also developed a basis for quantum group
modules that is equivalent to Lusztig’s canonical base, called a global base [17]. For a dom-
inant weight A of level A(c) where c is the canonical central element, a crystal base is a
pair (L£(A), B(A)) associated with the U,(g) module V9(2) [18], and B(A) is called a crystal.
Crystals are powerful combinatorial tools that simplify the computation of tensor product
decomposition and the computations of the dimension of weight spaces. Therefore, they
are important in the study of representation theory of quantum groups. In Chapter 3 we

recall many of the basic definitions and facts related to quantum groups and crystal bases.



In order to give an explicit description of crystals corresponding to quantum affine
algebras, perfect crystals were introduced in [16]. They arise when computing the path
realization of crystals of integrable highest weight U, (g) modules. The path realization is
a semi-infinite tensor product, where the components are elements of a perfect crystal
B!. They also arise naturally as the crystals associated with Kirillov-Reshetikhin modules
(KR-modules) of the quantum affine algebras U,(g) [8, 7, 22]. A family of perfect crystals
{B'},5, is called a coherent family of perfect crystals if it has a limit B°°. We will review the
basic facts and definitions related to perfect crystals and their limits in Chapter 4.

Geometric crystals were introduced by Arkady Berenstein and David Kazhdan in 1999.
They are a geometric analogue of Kashiwara crystals. They were first defined over reductive
groups in [2] and later extended to Kac Moody groups in [30]. Geometric crystals consist
of a variety V along with C*-actions e; : C x V — V, and rational functions y;,&; : V— C
(i € I) that satisfy certain relations. A positive geometric crystal is a geometric crystal with
a positive structure. Roughly speaking, this means that the rational functions are ratios
of polynomials with positive coefficients. In Chapter 5 we will present the definition of a
geometric crystal and important related facts.

Since geometric crystals are an analogue of Kashiwara crystals, a connection between
them might be expected. The ultradiscretization (or tropicalization) functor /D maps the
category of positive geometric crystals to the category of Kashiwara crystals. D sends

rational functions to piecewise linear functions via:

XXy —x+Y, f—>x—y, x +y —max{x,y}
y

In 2008, Kashiwara, Nakashima, and Okado made a conjecture [20] that

1. Forany Dynkin node i € I/{0}, there exists a unique variety X endowed with a positive

g-geometric crystal structure.

2. The ultra-discretization of X is isomorphic to the limit of a coherent family of perfect

crystals associated with the Langlands dual g*.

This conjecture has been proven to be true in a number of cases. It has been proven for
Dynkin index i =1 and g= A", BD, W, DM, A A%} DP) [20], g=D,” [12], g = G [32].
For Dynkin index i > 1, the conjecture has been proven for A" [25, 26]. For Dynkin index
i = n this conjecture has been proven for D5(1) [11] and DB(U [27, 28].

In this thesis we will prove Kashiwara, Nakashima, and Okado’s conjecture for Dynkin

indexi=n,g= C,g”, and n = 2,3, 4. To do this we construct the positive geometric crystals



associated with the subalgebras g, and g,. These subalgebras are are both isomorphic
to C,, and are formed using the modified index set I/{0} and I/{n} respectively. Using
these geometric crystals, we form the positive geometric crystal for the affine algebra g.
Then we reparametrize the perfect crystals associated with the Langlands dual of g, D,ﬁl,
and compute the limit of the coherent family of perfect crystals. We then apply the ultra-
discretization functor to the geometric crystal we constructed. Finally we construct the
crystal isomorphism between the limit of the coherent family of perfect crystals and the
ultra discretization of the geometric crystal. This proves the conjecture in [20] for Dynkin

indexi=n,g=CW, and n=2,3,4.



CHAPTER

2

LIE ALGEBRAS AND KAC-MOODY
ALGEBRAS

In this chapter we will review the basic definitions and facts related to Lie algebras and
their representations, as well as Kac-Moody algebras and their representations. For a more
detailed exposition of these facts, the reader can refer to [1, 10, 14].

2.1 LieAlgebras

In this section, we will recall the basic definitions and facts related to Lie algebras as pre-
sented in [1],[10].

Definition 2.1.1. A Lie algebra over a field F is a vector space L equipped with a bilinear
product|-,-]: L x L — L called the Lie bracket such that

e [x,x]=0

° [x,[y,z]]=[[x,y],z]+[y,[x,z]]

forall x,y,z € L. This second condition is called the Jacobi identity.



A common introductory example of a Lie algebra is the special linear algebra, s((2, F),
the vector space of 2 x 2 matrices with trace 0. The Lie bracket is the commutator bracket,

[x,y]=xy —yx.Auseful basis of s[(2, F) is the following:

0 1 00 1 0
ez[o o] f:ll 0] "=lo —1]

If we look at the Lie bracket of these elements, we get the following:

[e’f]:h’ [hre]zze’ [h,f]:—Zf

This can be extended to any dimension .
Another example of a Lie algebra is gl(V), the set of endomorphisms of V, called the
general linear algebra. By picking a basis, this is equivalent to all 7 x n matricesif dim(V') = n.

Now we will give a number of useful definitions.

Definition 2.1.2. K is a subalgebra of a Lie algebra L if K is a subspace of L as vector spaces
andifforallx,y € K,[x,y]e K.

Definition 2.1.3. Let L and L’ be Lie algebras. Amap ¢ : L — L’ is a Lie algebra homomor-
phism if ¢ is a vector space homomorphism and ¢([x,y])=[¢(x), ¢(y)] forall x,y € L.

Definition 2.1.4. A Lie algebra L is abelian if[x,y]=0 forall x,y € L.

From the definition of a subalgebra, we can see that sl(n) C gl(V) where dim(V') = n.

Another subalgebra of gl(V) is the symplectic algebra.

Example 2.1.5. Assume dim(V')=2n. Let f be a nondegenerate skew symmetric bilinear
formon V. It can be shown that V. must have even dimension for f to be nondegenerate. By
skew symmetric, we mean that f (v, w)=—f(w, v). Then the symplectic algebra sp(2n,F) (or
C,) is the algebra of all endomorphisms on V satisfying f(x(v), w)=—f (v, x(w)). Choosing

a basis e, ..., €, this means that any matrix in sp(2n,F) must have the block form

A B
c AT

where B, C are both symmetric. From this information we can get a basis for sp(2n,F), and it
can be shown that dim(sp(2n,F))=2n?+n.



This key example will be studied further in the following chapters.

We now give some additional definitions.

Definition 2.1.6. An ideal of a Lie algebra L is a subspace I of L such that|x,y|€l forx€l,
yeL.

Definition 2.1.7. A Lie algebra L is simple if it is nonabelian, and has no nontrivial proper

ideals.

Definition 2.1.8. Consider the derived series of L, defined inductively by L© = L, L") =
(L0, L), Then L© > LW > L@ > ... L is solvable if L™ = {0} for some n > 1.

Definition 2.1.9. L is called semisimple if it can be written as a direct sum of simple ideals.

Now one of the downsides of a Lie algebra is that it is not necessarily an associative
algebra. In order to extend a Lie algebra L to an associative algebra, we associate with each

Lie algebra its universal enveloping algebra U (L), which we define below.
Definition 2.1.10. A universal enveloping algebra associated to L is a pair (4, i) where il is
an F-associative algebra with identity and i : L — 3\ is a map satisfying

i([x,y)=i(x)i(y)—i(y)i(x)

forany x, y € L. Additionally, for anyTF associative algebra with identity’0 and map j : L —0
satisfying the above condition, there exists a unique homomorphism ¢ : 4l — U such that

poi=j.

Universal enveloping algebras are unique up to isomorphism. They can be constructed

as follows:
UL)=Z(L)/]

where ¥(L) is the tensor algebra of L and J is the two sided ideal generated by

{xey—yox—[x,yl}

for all x, y € L. The important results related to the universal enveloping algebra come
from the Poincare-Birkoff-Witt (PBW) Theorem.



Theorem 2.1.11 ([10]). (PBW Theorem)
1. Themapi: L — (L) is injective.

2. Let(xy, x,,...) be any ordered basis for L. Then the elements x;)X;)... Xiim) = T(X;1) ®
e ® Xim), M EZT, (1)L i(2) < ... < i(m) along with the identity form a basis of U(L).

This in particular proves that any Lie algebra is isomorphic to a subalgebra of an asso-
ciative algebra. Now we move on to studying results about representations of Lie algebras.

2.2 Representations of Lie Algebras

In this section we will recall the definition of a representation of a Lie algebra, provide an
example and recall relevant statements related to these representations as presented in [1],
[10].

Definition 2.2.1. A representation of a Lie algebra L on a vector space V is a Lie algebra
homomorphism p : L — gl(V'). This induces an action of LonV, xv=p(x)veV forxeL,
veV.

An equivalent notion to consider is an L-module.

Definition 2.2.2. An L-module is a vector space V equipped with a bilinear product LxV —
V such that

[x,ylv=x(yv)—y(xv)

forx,yeLandveV.
We now recall a few important definitions regarding L-modules.

Definition 2.2.3. For two L-modules V and W, a module homomorphism is a linear map

¢ : V. — W which commutes with the L action, i.e. p(xv)=x¢(v).

Definition 2.2.4. A submodule of an L-module V is a subspace W which is closed under the
action of L.

Definition 2.2.5. An L-moduleV is irreducible if its only submodules are {0} and V.

Definition 2.2.6. An L-moduleV is completely reducible if it is a direct sum of irreducible
submodules.



We now give a few basic examples of representations of Lie algberas.

Example 2.2.7. For each Lie algebra, there is the adjoint representation ad: L — gl(L) where
ad,(y)=I[x,y] foreach x € L.

Example 2.2.8. For L = gl(V), there is a vector representation where p : L — gl(V) is the

identity, and the action of L on 'V is matrix multiplication.

In the following chapters, we will be studying L modules corresponding to the vector
representation. Before we extend these ideas to Kac-Moody algebras and representations,
we provide a final important result due to Weyl, Weyl’s Complete Reducibility Theorem.
This theorem is crucial to the study of representations because it shows that it is often

sufficient to study irreducible L-modules.

Theorem 2.2.9 ([10]). (Weyl’s Complete Reducibility Theorem) Let L be a finite dimensional
semisimple Lie algebra over a field of characteristic zero. Then every finite dimensional

L-module is completely reducible.

2.3 Kac-Moody Algebras

Victor Kac and Robert Moody both developed a generalization of Lie algebras, called Kac-
Moody algebras. In this section, following the work of Victor Kac in [14] we will recall the
basic definitions and facts related to Kac-Moody algebras. The first ingredient needed to
define a Kac-Moody algebra is a generalized Cartan matrix.

Let I be a finite index set.

Definition 2.3.1. A square matrix A = (a;;); je; With entries in Z is called a generalized

Cartan matrix if it satisfies
1. a;;=2foralliel

2. a;;<0ifi#]

3. a;j=0ifandonlyifa;;=0

There are a few important properties we might be interested in related to generalized
Cartan matrices. First, if there exists a diagonal matrix D = diag(s;) with all s; € Z., such
that D A is symmetric, then A is called symmetrizable. Second, A is indecomposable if

for every nonempty pair of subsets I, I, such that I, U I, = I, there exists some i € I} and



Jj € I, such that a;; # 0. The Kac-Moody algebra is uniquely defined by the Cartan datum
(A ILIT1Y, P, PV). We now define each of these components:

e Ais the generalized Cartan matrix as defined above.

e PV is a free abelian group with basis {h;|i € I}U{d,|s = 1,...,|I| —rank(A)}. PV is
referred to as the coweight lattice. We also define h =F ®; P" to be the F-linear space

spanned by PV, called the Cartan subalgebra.

P ={A eh*|A(PY) c Z} called the weight lattice.

[1={aq;|i € I} is the set of simple roots

IV ={a]|i € I} is the set of simple co roots

We require that IT and I1" are linearly independent sets and (a, a ;) = a; ;. Now we have all
of the components to define a Kac-Moody algebra:

Definition 2.3.2. The Kac-Moody algebra g over F associated with the Cartan datum
(A 11,11V, P, PY) is the Lie algebra generated by the elements e;, f;(i € I) and h € P subject to
the following relations:

1. [h,h']=0 for h,h’ € PY
2. [e;, fil=0;jh;

3. [h,e;]=a;(h)e; forhe PY

AN

. [h, fil=—a,(h)f, for h € P
5. (ad(e;)'“ie; =0 fori# j
6. (ad(fl-))l_“iffj =0fori#j

The first 4 relations are referred to as the Chevalley relations, and the last 2 are the Serre
relations.

LetQ = Zn: Za;, which is called the root lattice. An element @ € Q is called a root if @ #0
and the dililzelznsion of the weight space of a, g, = {x € g|[h, x] = a(h)x forall h € b}, is
nonzero. Let A be the set of all roots, called the root system, and A, is the set of positive
roots. Additionally, the fundamental weights are A; such that (A;, ay) =0;;. Let W be the

Weyl group, generated by simple reflections s;(1) = A—A(&;)a;. A root a is real if for some

10



w € W, w(a) is equal to a simple root. If a root is not real, we call it imaginary. The set of

real roots is denoted A'™.
We now recall some of the main properties of Kac-Moody algebras:

Theorem 2.3.3 ([14]). A Kac-Moody algebra g has the following decompositions:

1. We have a triangular decomposition
g=0,0h®g_

where g, is generated by e; and g_ is generated by f;

2. We have a root space decomposition

1=Pa.

aeQ
with g,=0ordimg, < oo foralla Q.
We can classify Kac-Moody algebras based on their generalized Cartan matrices.

Theorem 2.3.4 ([14]). Let A be an indecomposable generalized Cartan matrix. Then one and

only one of the following three possibilities hold for A and A*:

1. Finite type: det (A) # 0; there exists a vector u > 0 such that Au > 0; Av > 0 implies that

v>00rv=0

2. Affine type: corank (A) = 1; there exists a vector u > 0 such that Au=0; Av >0 implies
Av =0.

3. Indefinite type: There exists u > 0 such that Au <0; Av >0 and v >0 imply v =0.

Associated with each generalized Cartan matrix A =(a;;); ;¢; is an oriented graph called
a Dynkin diagram. The diagram consists of vertices indexed by I and edges with arrows
defined as follows: If a;;a;; <4 and |a; ;| = |a;;| then the vertices i and j are connected with
|a; ;| edges equipped with an arrow pointing toward i if |a; ;| > 1.

We are interested in Kac-Moody algebras of affine type for the rest of the paper, called
affine Lie algebras. These have been completely classified into the following types: A", B(),

1 1 1 1 1 2 2 2 2 3

ct, D, GV, BV, ED, B, BV, A2, A2, D, B, and DY,

We know that if A is of affine type, there exists u = (ay, a,, ..., a,) such that Au” = 0. This

means that the null space of A is 1 dimensional. The element 6 = aya,+a,a, +...+a,a, is

11



n
called the null root. The canonical central element is ¢ = Z a;’a}’ where aly come from a

i=0
corresponding vector v =(a,, a,, ...,a) such that ATvT =0and ged(ay,a),...a’)=1.

We are particularly interested in the affine Lie algebra C'". The corresponding general-

ized Cartan matrix is

( 2 -1 0
—2 2 -1
0 -1 2
A=
0 .. 0
\ 0 0

0
-1

-1
0

0

2
-1

0)

N

Cfll) has simple roots «y,a,,...,a,, null root 6 = a, +2a,... +2a,_, + a, and central

element ¢ = hy+ h; +...+ h,,_, + h,,. It has Dynkin diagram

O=> 00— ---

— O <= O

A Dynkin diagram uniquely determines the corresponding generalized Cartan matrix,

so we can classify Kac-Moody algebras by their Dynkin diagrams.

We end this section by recalling the extension of Kac-Moody algebras to a universal

enveloping algebra.

Theorem 2.3.5 ([14]). The universal enveloping algebra U (g) of g is the associative algebra
over F with unity generated by e;, f; (i € 1) and ly subject to the following relations:

1. hh/=h'h forh.h' €}h

2. eiﬂ—f}ei:5ijhif0ri,jel

3.
4
5. Xy O
6. 3 (D

he;—e;h=a(h)e; forhebh,iel
. hf—fh=a(h)f forhey,icl
)eil_a”_kej ek=0fori#j

VT R =0 fori#

The universal enveloping algebra also has a triangular decomposition and a root space

decomposition just like the Kac-Moody Algebra. Now we turn to the study of representations
of Kac-Moody algebras.

12



2.4 Representations of Kac-Moody Algebras

Now we will explore the theory of weight modules and Verma modules, as presented in
[14],[9].

Definition 2.4.1. A g-moduleV is called a weight module if it admits a weight space decom-
position
V=PV, where V,={ve V|hv=u(h)v for all h € b}

pehr

Avector v € V), is called a weight vector of weight u

We then can define the category O, which is the category of weight modules over g
with finite dimensional weight spaces for which there exists a finite number of elements
Ay Ao, Ag € h* such that wt(V) € D(A,)U...U D(A,) where D(A)={u € bh*|u < A} and wt(V)
is the set of all weights in V. The statement u < A is equivalentto A=pu+ ». m;a; where

0<i<n
m; € Z7°. With this definition of weight modules, we can explore the most interesting

example of weight modules in O, highest weight modules.

Definition 2.4.2. A weight module V is a highest weight module with highest weight A € bh*
if there exists a nonzero vector v, € V, called a highest weight vector such that

eV, =0foralliel
hv, =A(h)v, forallh e
V=U(g)vs
Now we define a specific kind of highest weight module, Verma modules.

Definition 2.4.3. Fix A € b* and let J(A) be the left ideal of U(g) generated by all e; and
h—A(h)1. Then the Verma module is M(A)=U(g)/J(A).

Verma modules have the following properties:
Theorem 2.4.4 ([14]). Let M(A) be a Verma module. Then:

1. M(A) is a highest weight g-module with highest weight A and highest weight vector
v, =14+J(A)

2. M(A) has a unique maximal submodule, N(A). Then the irreducible highest weight
moduleis V(A)=M(A)/N(A).
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3. Everyirreducible g-module in the category O is isomorphic to V(A) for some A € bh*

We now define the category of modules we will be studying. But first, we need a few
small definition:

Definition 2.4.5. x € g is locally nilpotent on an g-module V if for any v € V there exists a
positive integer N such that x™ v =0.

Definition 2.4.6. A moduleV is integrable if all e; and f; are locally nilpotent on V.

The category O, is the category of integrable g-modules in the category 0. We now give
some important results about O;,.. These results allow us to focus our study on irreducible
highest weight modules, greatly simplifying the study of modules in O;,,. This theorem
provides the same flexibility in studying Kac-Moody representations as Weyl’s Complete

Reducibility Theorem gave in the context of studying Lie algebra representations.

Theorem 2.4.7 ([14]). Letg be a Kac-Moody algebra associated with a Cartan datum (A, 11,11V, P, PY).
Then every g-module in the category O,,, is isomorphic to a direct sum of irreducible highest
weight modules V(1) with A € P*, the weight lattice restricted to positive weights. Addition-

ally, the tensor product of a finite number of g-modules in the category O,;,, is completely
reducible.
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CHAPTER

3

QUANTUM GROUPS AND CRYSTAL
BASES

In this chapter, we introduce quantum groups, which are quantum deformations of the
universal enveloping algebra of a Kac-Moody algebra g. We will recall the definition and
present some important facts related to quantum groups, as presented in [9]. After defining
quantum groups, we will discuss the representation theory related to quantum groups.
Finally, we will recall the notion of crystal bases, which are roughly the limit of a repre-
sentation as g goes to 0. Quantum groups and crystal bases were partially motivated by
lattice models in quantum physics. The additional parameter g corresponds to temperature
within the model. Then when g — 0, this corresponds to the temperature going to zero
Kelvin. Physically, this means we might expect some simplification in this case because at

zero Kelvin particles are much more stable.

3.1 Quantum Groups

Before we define quantum groups, we need to define some additional notation.
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Let n € Z and let g be an indeterminate. Then

This is called a g-integer. Let [n],!=[n],[n—1],..[1], and [0],! = 1. Then for m > n > 0 we
define an analogue of binomial coefficients:

WEr =
nj, B [n],lm—n],!

called the g-binomial coefficient. Now let A be a symmetrizable generalized Cartan
matrix and D = diag(s;|i € I) be its symmetrizing matrix. Also let (A,I1,11V, P, P¥) be a Cartan
datum associated with A. Now we define the quantum group:

Definition 3.1.1 ([9]). The quantum group U,(g) associated with Cartan datum
(A ILIIY, P, PV) is the associative algebra over F(q) with identity generated by e;, f;, and q"
forie I and h € PV with the following defining relations:

1. ¢°=1,q"-q" =q"*" forh,h’ € PV

2. q"e;qg7"=q*Me, forh e PV

@

q"fig™" =q~"f; forh € PY

i— —1

.efi—fiei=0;; —fori,jel
i—Ji ]q‘_q

1 i

N

i

5 N GV e et =0 fori#
1—a;; —a; 1—a;
6. >, (1M ,ff] N i f]f’“—Oforz#]
where g; = q% and K; = q*"

From the definition, we can see that the relations are similar to those imposed to get a
Kac-Moody algebra, with the first four corresponding to the Chevalley relations, and the last
two corresponding to the Serre relations. Because all the relations above are homogeneous,

there is a root space decomposition for a quantum group,
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where (U,), = {u € Uy(9)lq"ug™" = q*™u for all h € P¥} and Q = @, Za; is the root
lattice.

An additional property of interest for quantum groups is that a quantum group is also a
Hopf algebra. A Hopf algebra is an associative algebra which is also a coalgebra. It provides
additional structure that gives a module structure on the tensor products of its modules

and the duals of its modules.

Theorem 3.1.2 ([9]). The quantum group U,(g) has a Hopf algebra structure with the comul-
tiplication A, counit € and antipode S defined by:

1. Alg")=q"®q"

2. A(ei):el'®Kl-_l+].®ei, A(ﬁ):ﬁ®1+Kl®ﬁ

3. elq")=1, ele)=¢(f)=0

4. S(qh):q_h’ S(e;)=—e;K;, S(ﬁ'):_Ki_lﬁ'

One final important property is that the quantum group admits a triangular decompo-
sition

Uy(9)=2U, ® qu ®US

where U, is the subalgebra generated by {f;iv U q+ is the subalgebra generated by {e;} and
U qo is the subalgebra generated by {g"}.

3.2 Representation Theory of Quantum Groups

There are many similarities between the representation theory of quantum groups and the
representation theory of Kac-Moody algebras. Thus we will explore similar concepts and
facts in this section as seen in Chapter 2.

A U,(g)-module V1 is a weight module if it admits a weight space decomposition V7 =
é qu , Where

uepP
Vi={vev? lg"v = g#Mv for all h € PV}. We define highest weight vectors and highest

weights in parallel ways to the theory of Kac-Moody algebra representations.

Definition 3.2.1. A weight module V9 is called a highest weight module with highest weight

A € P ifthere exists a nonzero v, € V9 such that

1. ev; =0foralliel
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2. q"v=qg*"v forallh € PY

3. Vi=U,(g)vx
The vector v, is called the highest weight vector.

Now let J9(2) be the ideal of U,(g) generated by e; for all i € I and g" —g*"1 for all
h € PY. Then the Verma module M 9(A) = U,(g)/J?(A). It can be shown that this module has
a unique maximal submodule, N7(A), and by taking M 7(A)/ N 9(A), we obtain an irreducible

highest weight module with highest weight A, which we denote V9(A).

q .
int*

We now define the category O
int

Definition 3.2.2 ([9]). The category O} . consists of U,(g)-modules V9 satisfying the following
conditions:

1. V9 has a weight space decomposition V9 = AG% V)" and dim V, < oo forall A€ P
€

2. There exist a finite number of elements A,, ..., A, € P such that w{V9) c D(A,)U...U
D(As) where D(A;)={u € Plu<A;}

3. Alle; and f; (i € I) are locally nilpotent on V19

This category is closed under taking direct sums and finite tensor products.
We now present a few useful facts:

Theorem 3.2.3 ([9]). If V9(A) is the irreducible highest weight U,(g)-module with highest
weight 2. € P, then V(1) belongs in the category O if and only if A € P*.

Let U,(g(;)) be the subalgebra of U, (g) generated by e;, f;, K*' and h be the Cartan sub-
algebra of g. Then U, (g(;)) = U,,(sl,), and we have a similar result as we had previously for

g-modules.

Theorem 3.2.4 ([9]). Let V9 be a U,(g)- module in O}

- Then foreach i € I, V9 decomposes

into a direct sum of U,(b) invariant finite dimensional, irreducible U,(g;))- submodules.

Finally, as we might hope to be true, we can completely reduce any integrable U,(g)
module into a direct sum of irreducible, highest weight modules.

Theorem 3.2.5 ([9)). Let U,(g) be the quantum group associated with the Cartan datum
(A ILIIY, P, PY). Then every U,(g)-module in the category O? _is isomorphic to a direct sum of
irreducible highest weight modules V 9(A). Additionally, the tensor product of a finite number

q
int

of U,(g)-modules in the category O;,, is completely reducible.

This result allows us to focus on the characterization of irreducible highest weight

modules in order to study U, (g)-modules in O .
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3.3 Crystal Bases

Crystal bases were introduced by Kashiwara in 1990. They are advantageous because they
provide a good description of the character of a module and they also behave simply
with respect to the tensor product. They retain the information we might be interested in
studying while simplifying computations. In this section we will define crystal bases and
crystals, discuss the tensor product as well as the definition of crystal morphisms, following
the presentation in [9].

q

In this section, we limit our discussion of U, (g) modules to those in the category O, ..

We first need the following theorem:

Theorem 3.3.1 ([9)). Let M =&D, p M, be a U,(g) module in the category O!  Foreachiel,

int*

every weight vector u € M, where A € wt(M) may be written in the form
u= uo +ﬁu1 +...+f;-(N)uN

where N € Z, and uy. € M) ,,Nker (e;) forallk =0,1,..., N. Each u, is uniquely determined
by u and u; #0 only if A(h;)+ k > 0.

This allows us to define Kashiwara operators.

Definition 3.3.2. The Kashiwara operators &; and f; (i € 1) on M defined by

N
éi =
k=

fi(k—l) w f :ifi(kﬂ) .
1 k=1

One important property of the Kashiwara operators is that they commute with U, (g)-
module homomorphisms.

Before we give the definition of a crystal base, we will first discuss a helpful motivating
example following its presentation in [9], U,(sl(2)) acting on the two dimensional represen-
tation V =F(q)v, @ F(q)v_. U,(sl(2)) is generated by e, f, and K *1_The nonzero actions on

the module are as follows:
ev=v, fv,=v., Kv,=qv,, Kvu=q'v_

Then an obvious basis for the tensor product V® V mightbe v, ®v,, v, ® v_, v_® 14,
and v_® v_, but this is not an actual basis for V® V.
The actual basisis v, ® v, quv, QV_+1_QVv,, 1, QV_—qU_Qv,,and V_Q V_.
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We can observe that when g = 0, the actual basis corresponds with our ideal basis.
Thus, we can expect that the crystal base, which corresponds with g =0, will often give a
simplified basis. Note that the resulting crystal base might not always be an actual basis.

Now we define a crystal lattice, which generates M as a vector space and crystal bases,
which is a lattice along with a basis. Before this, we need to define aring Ay ={g/h|g,h e
F[q]|h(0) # 0} to prevent an undefined coefficient as g — 0.

Definition 3.3.3 ([9]). Let M be a U,(g)-module. A free A,-submodule L of M is called a
crystal lattice if

1. L generates M as a vector space over F(q)
2. L=,cp L, where L, =LNM, forall A€ P
3. &LCL, fiLcLforalliel.
Definition 3.3.4 ([9]). A crystal basis of a U,(g)-module M is a pair (L, B) such that
1. L is a crystal lattice of M
2. BisanF-basis of L/qL=F®, L
3. B=||;cp By where B, =BNL;/qL;
4. &BcBU{0}, ;,BcBU{0}, forallicl
5. forany b, b’ € Bandi €I, we have f.b = b’ ifand only ifé;b’ = b

Suppose our U, (g) module is an irreducible highest weight module V(A) with highest
weight A € P* and highest weight vector v;.

Theorem 3.3.5 ([9]). Let L(A) be the free A,-submodule spanned by vectors of the form
fi,fi va and BAA)=A{f,, ...f;, va + qL(A)}/{0}. Then (L(2), B(A) is a crystal basis for V (A).

As previously mentioned, one of the advantages of the crystal base is that there is a
simplified way to compute the tensor product. This simplified version allows us to find the
basis of the tensor product and more easily decompose the tensor product of 2 modules

into a direct sum of irreducible modules.
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Theorem 3.3.6. (Tensor Product Rule)[[9]] Let M; be a U,(g)-module and let(L;,3;) be a
crystal basis of M for j =1,2. Set L= L, ®,, L, and B= B, x B,. Then (L, B) is a crystal basis

of M, ®g;) M,, where the actions of Kashiwara operators é; and f: on B (i € 1) are given by

éb,®b, ifyp(b)=>e(b,)
b®eée;b, ifp(b)<el(b,)

é;(b, ® b,) =

fibl ®b, ifp(b)>ei(b,)

filby® b,)= _ _
b ® fib, ifi(b)<ei(b,)

Therefore,
wt (b, ® b,) = wt (b)) + wt(b,),
(b, ® by) = max (¢;(by), €;(b,)— (h;, wt (b))
@i(by ® by) = max (¢;(b,), 0;(b) + (h;, wt (b))

This allows us to easily compute the decomposition of the tensor product into irre-
ducible modules.

If we define the maps ¢;, 9, : B— Z as
e:(b)=max{k >0/&*b € B}, ¢,(b)=max{k>0|f"b < B}

then we can define crystals abstractly apart from a specific module.

Definition 3.3.7. Let I be a finite index set and let A = (a;;); jc; be a generalized Cartan
matrix with the Cartan datum (A, 1L 11, P, PV). A crystal associated with the Cartan datum
is a set B together with the maps wt: B— P, &, f; : B— BU{0} and ¢;, v, : B— Z satisfying
the following properties:

1. @;(b)=¢;(b)+ (h;, wt(b)) forallie I

2. wt(é;b)=wtb+a;ifée;beB

3. wt(fib)=wtb—a; iffibeB

4. £(&b)=¢:(b)—1, p;(é;b)=,(b)+1ifé;:beB
5. &(fib)=e:i(b)+1, p;(fib)= pi(b)—-1iffibeB

. foranyb,b’ € Bandiec I, wehave f;b =1’ ifand only ifé;b’=b

=)
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7. ifpi(b)=—00 forb €B, thené;b=f;b=0

Each crystal has a colored graph structure where we connect two elements b, b’ € B
with an i-arrow from b — b’ if f;b = b’ for some i € I. Now we give an example of a crystal
and its graph. All of the crystal elements are semistandard Young tableau.

Example: Consider the U, (s1(3)) module V(A +A,). This has the following crystal graph:

2] 2, [1]3] 5, [1]3]

e ~N

11\f1 12\#22\

Figure 3.1: Crystal Graph of the U,(s1(3)) module V(A +A,)

Finally, we define morphisms between crystals.

Definition 3.3.8. Let 3,, B, be crystals associated with the Cartan datum (A, 11,11V, P, PY). A
crystal morphism WV : B, — B, isamap V¥ : B, U{0} — B, U{0} such that

1. U(0)=0

2. ifbeB, and¥(b)e B,, then wt(¥(b))=wt(b), e(¥(b))=¢e(b) and p(¥(b))= ¢(b) for
alliel

3. ifb,b’ €B,,¥(b),¥(b)eB, andﬁ-(b) =b’, then ﬁ\lf(b) =U(b’) and¥(b)= é&;¥(b’) for
alliel.
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CHAPTER

4

PERFECT CRYSTALS

4.1 Quantum Affine Algebras

Let g be a symmetrizable affine Kac-Moody algebra generated by e;, f;, and h wherei € I =
{0, ..., n}, and b is the Cartan subalgebra over C. Each affine algebra can also be characterized
by its Cartan datum (A,II, 11V, P, PV) where A = (a; ]-)ijo is an affine generalized Cartan
matrix, IT is the set of roots, IT the set of coroots, P the weight lattice, and P the coweight
lattice. Let ¢ be the canonical central element and 6 be the null root. The Cartan subalgebra
can be expressed as h = C®; P". Recall that A, ..., A,, € P are the fundamental weights. The

roots, coroots, and fundamental weights must satisfy a ;(a}) = a;; and A;(a})=06;.

Definition 4.1.1. The algebra U,(g) associated with the Cartan datum (A,11,11", P, P") where

A is an affine generalized Cartan matrix is called a quantum affine algebra. It is generated by
e;, f;,q" and satisfies all of the quantum group relations listed in Definition 3.1.1.

Notice that U,(g) is also a Hopf algebra. We can write the weight lattice as

P={Aep*A(PY)CZ}
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The set of affine dominate integral weights is
PT ={A €b"|A(&;) € Zso}

The level of a weight A € P* is a nonnegative integer A(c), where c is the canonical central
element of g.
Let P=ZA; and PV =P Za;.

Definition 4.1.2. The algebra U 5;(9) associated with the Cartan datum (A,IL 11V, P, PV) is
also called a quantum affine algebra. It is generated by e;, f;, K™ (for the definition of K;,
refer to Section 3.1).

Notice that U q’(g) is a subalgebra of U,(g).

4.2 Perfect Crystals

4.2.1 Definitions and Background

Let B be a classical crystal, a finite crystal associated with the Cartan datum (A, I1,11V, P, PY).
It is also called a U q’(g) crystal. Then

e(b)=D ebIA; @(b)=) @A,

Therefore wt(b) = ¢(b)—(b). Also let P;* = {A € P|(c, A) = [}. With this notation, we can
present the definition of a perfect crystal, as presented in [9)]

Definition 4.2.1. For a positive integer | > 0, B is a perfect crystal of level | if it satisfies the
following conditions:

1. there exists a finite dimensional U L;(g) module with a crystal basis whose crystal graph
is isomorphic to B

2. B® B is connected.

3. there exists a classical weight Ay € P such that

wiB) C Ao+ D Zog;
i£0

where#(B,,) =1
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4. forany b € B, we have (c,e(b)) > 1

5. for each A € P, there exist unique vectors b* € B, b, € B such that ¢(b*) = A and
w(by)=27

We also define B™" = {b € B|{c,&(b)) = 1}. Additionally, we can observe from the
definitions that ¢, ¢ : Bmin _, Pf’ are both bijective.

This brings us to an important theorem:

Theorem 4.2.2 ([9]). Let B be a perfect crystal of level | > 0. For any classical dominant

integral weight A € P;* there exists a crystal isomorphism
U:BA)— Bu)oB

givenby u, — u,®b, where u, and u, are highest weight vectors of B(A) and B(u) respectively
and b, is the unique vector as described in Definition 4.2.1.

This theorem is crucial in the work related to path realizations as well as the specific
crystal we are interested in, the limit of a coherent family of perfect crystals. We call {53;};5,
a family of perfect crystals. Also, we define J :={(/,b)|l >0,b € B;mn}. Now we define the

limit of a family of perfect crystals:

Definition 4.2.3 ([15]). A crystal B, with element b, is called a limit of a family of perfect
crystals {B;};>:1 if

1. wr(boo) = g(boo) = (;D(boo) =0
2. Forany(l,b)e ], there exists an embedding of crystals:
Jawy: ey ® B ® Tp) = Boo
ts(b) ®b® t_‘P(b) — boo
where T, :={t,} for A€ P and é,(t;) = ﬁ(tl) =0ande;(t;)=p;(t;)=00 and wt(t;)=A

3. B= U(l,b)e] Imf(l,b]

If a limit exists, then {B,},5, is called a coherent family of perfect crystals.

We give one final theorem:
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Theorem 4.2.4 ([9]). Let B(oo) be a crystal of U q‘(g). Then there exists the following isomor-
phism:
B(00)® Boo, = B(00)

In the rest of the chapter, we will construct the coherent families of perfect crystals for
the Langlands dual of C'V, n =2,3,4, and construct their respective limits. Note that in this
case, we can obtain the generalized Cartan matrix of the Langlands dual of C! by taking
the transpose of its Cartan matrix. By doing this we see that the Langlands dual of C!V is
DY

.+1- We will prove that our constructions are indeed perfect crystals and that the family of

perfect crystals has a limit.

Cz(” Perfect Crystal

The Langlands dual of C," is Déz). We can reparametrize the level [ Uq(Dsfz)) perfect crystal
B(IA,) that was presented in [17] and its limit B>*° as follows:
i+2 .
(bij)EZZO,Z;:i bl] = l;l S 1 SZ
B2l — (bijhi<i<o,i<j<ite 25:1 b= Z;; b,;,1<t<3
byy = byy + a3, byy = b1a + bys

D11 = Doy + by3, byy = byp + byg

(bif) €2, 5 bij=0,1<i sz}

Associated with these crystals are the following actions and maps, &, f;, ¢;, p; fori =0,1,2.
The conditions in parentheses correspond only to the conditions required for B>/, not
B%*° . For0< k<2, é/(b)= (bl.’j), where

,

b2/3 = by —1, b1/3 =b;3+1  by3> by, (byy, b3 >0)

by, = by, —1,b/,=biy+1 by < by, (byy, by > 0)

{ k:]. bI/I = b11+]., bl/2 = blz_]., bz/s = b23+]., b2/4: b24_]. (b24,b12>0)

k:() blllzbll_]' b/:b24+].

? 24

k—z b{szblg_l,bl/z:blz'i‘]. blzsbzg,(bl3>0)
b2/3:b23_1)b2/2:b22+1 b12> b23,(b23>0)

and bi’j = b;; otherwise.
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For0< k<2, fi(b)= (bl.’].) where

b2/3:b23+1 b :b13_1 b232b12’(b23>0)

» 713

by, = by, +1,b{, = b —1 by < byp,(by, >0)

k:0 b{1:b11+1b/ :b24_1and

» 24

{ k: 1 blll = bll_l,bllzz b12+1,b2/3: b23_1,b2/4: b24+1 (b23!b11 >0)

b{,=b;3+1,b{,=b;,—1 by > by, (b, >0)

» 12

b2/3:b23+1 b, =b22—1 b12§b23»(b22>0)

» 22

k=2

\

and b;; = bi’j otherwise. We now give the maps ¢;, ¢, fori =0, 1, 2.

£1(b)=byz, Y1(b)= by
£,(b) = b3 + max(by3 — by,,0)
Y2(b) = by, + max(by, — by3,0))

[ —byy—min(by,, bys) b e B!

£o(b) = | 2
—b,, —min(by,, by3) b € B~

I— bll _min(bu, bzg) be B!

@o(b)=
—by; —min(by,, by3) b € B>
One can observe that (B>!),,;, = {b € B>!|b,, = by}. For A € P, we consider the crystal
T, = {t;} with é.(1;) = fi(£,) =0,
er(ty) = pi(t)) =—00, and wt (1) = A for k=0,1,2. For A,u € P, T, ® B*' ® T, is a crystal

given by:
ék(tl ® b ® t)t): tx@ ék(b)® t?t

e(trebet,)=¢e(b)—(aA)
wi(t; ® b ® t,)=A+u+wt(b)

filtheben)=10 fi(b)®r
Pe(ta® b ® 1,)= pi(b)+{(dy, )

Theorem 4.2.5. B>! is a coherent family of perfect crystals and the crystal B> is its limit
with the vector beg = (0),y4.

Proof. To prove this theorem, we must show the 3 condition from Definition 4.2.3 hold.

1. Foreach k=0,1,2, £;(Dhoo) = (Do) =0, 50 9(Ds) = €(Dso) =Wt (bso) =0

2.We need to check the embedding. To do this, we parametrize elements b° = (bl.oj) € (B*)min
with a, € Zsgs.t. ag+2a,+a, = L and p(b°) = agAg+a, A +a,A, and e(b°) = a, Ag+a, A +agA,.
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Then we have the following:

bl =a,+ay, b’, = a,, b’, = ay, b), = a,, b}, = a,, and b}, = a,+ a,. For b € B>!, we define
flb ®B21®T —)BZ'OO

by fi1,1)(tep) ® b ® t_y)) = b’ = (b; ;) where b’ =b;;— bo We can see easily that

£o(b") = €o(b)—€y(b°) = &y(b)— a, = &y(b)— (amso(b )
£1(b")=£,(b)—&,(b°) = £,(b)—2a, = &,(b)—(a;, &, (b°))
&x(b") = €5(b) — £5(b°) = £5(b) — ay = &,(b) — (&5, £2(b°))
Po(b") = @o(b)— @o(b°) = Po(b)— ag = Po(b) + {ag,—po(b°))
@1(b")=pi(b

©a(b")=pa(b)— p,(b° az-@z(b)"‘(az’_‘;oz(bo))

(b°) )
)—@1(b°) = p1(b)—2a, = ¢,(b)+ (&, —p:(b°))
@a(b°) = )—
Additionally, wt (b') = > (ip(b")—&(b")A = wt (b)+ £(b°)— p(b°).

It can be easily shown that the conditions for the actions é.(b’) and f,.(b’) only depend
on the conditions for the actions é,.(b) and fk(b) So é,.(b’) = é.(b)— b°. Then we can
see that f{;, ,0)(€x(Lepo) ® b ® L_yp0)) = fi1,p0)(Lepo) ® €x(D) ® L_yp0) = €(b) — b° = €(b") =
(1, p0)(Te(p0) ® b ® 1_540))). Simllarly, we see the same is true for f; for k =0, 1,2. Finally,
clearly fj; 0, is injective with f;; ,0)((Zep0)® b° ® L_,p0)) = b. This proves 2.

i+2 i+2 i+2
Now we prove 3. First, we see that E bl.’j = Z bij — E bl.oj =[—[=0fori=1,2. Now
j=i j=i j=i

we check that the other relations of a perfect crystal hold.
blll = bll — blol = b22 + b23 _al _az = b22_ b202 + b23_ b203 = b2/2 + b2/3

b2/4: b24_b204: b12+b13—a0—6l1 - blz_b1()2+b13_b1()3: bl/2+bl/3

2,
Therefore, | }; ., Imf; ») € B>
Now we want to show that B> C| J; ,\., Imf; ;). We know b*° € ; .., Im f; ). So we
just need to check other b’ € B>, Let b’ +b° = b;;. Also, we set a; = max{—b,,—b,,,—b,,+
bl’g, —b/,+b,,, 4 +b1’2, b’ al} and a, = max{— blg, —b, +b2’3, b,,—
a,,0}. We also again set b, = a, + a,, b}, = a;, b, = ay, by, = a,, b), = a,, and b, = a, +a.

Then we check that each b € Zsg

0}, a, = max{—b.

bu=b/+a,+a,>0= b/, >—a,—a, = a,+a,>—by,

b12:b1/2+a120<:>a12_b12
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by3=b,,+a, >0 a, > —by
bi3=b/,+a,>0< ay>—b;
by, =b,,+a,>0<= a,>—b,,
bu=b,,+ay+a,>0 b, >—a,—a, < a,+a,>—by,
Therefore, b = (b, j) € Zs,- Now we show that the other conditions for our crystal hold. First,

i+2 i+2 i+2

we know that Z b;;= Z b/ it Z bl.oj = [+ 0= Now we check the following relations
j=i j=i j=i

[\

w

. b1y = by + byg
4. byy=Dbyy+ b3
Now we prove these relations hold:
1. byy=Db{,+b) =b/ +a,+a,=b/,+a,+b),> b/, —b/, +b,,+b),= Dby,
2. by +Dby=b/ +b) +Db,+b)=b/, +a,+a,+b],+a,
> b,,+ by, +b),+ by, + by, — b,, = by + by
3. byy=b],+b),=b,,+by,+a,+a,=Db,,+b,,+ b, + by, = by, + by
4. by =b;,+b),=Db],+ b/, +a,+a,=b],+b/,+ b, + b, = by, + by;

Therefore, b’ €[ ,c; Imf{;,»), 50 3. is proven, and B>' is a coherent family of perfect crystals
with limit B>°. O

C?EU Perfect Crystal

The Langlands dual of Cgfl) is D4(2). We give a parametrization for the perfect crystal associated

with V(IA3) along with its associated limit below:

(bi)€z>, 3 i b;=1,1<i<3

t t+1 .
Zj=i bijZZj:i+1 bi1,;,1<i<2,1<t<4
by, = bss + b3y + bss, bzg = by + b3+ byy

byy = b33 + b3y, bos = by3+ by,

31 _
B> =1 (b;ji<i<s,i<j<i+s
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(hﬂe%}jﬁbU:Q1Sis3
B> = (Dijh<issicjsi+s | b1 = bsg + b3y + sz, byg = byp + by + by
by, = bsg+ b3y, bys = b3+ by,
We have the following actions and relations of this perfect crystal:
For0< k <3, b € B> (B%!), é.(b)= (b];), where

* k=0foreach case b,, = b;; —1, by, = bss + 1

(b7, = bro+1,bl, = by~ 1, bl = by + 1, b, = byg—1 by > by, 2By > by + by,
Dis + bys > by + b,
(b1, oy, bss > 0)
B, = by —1,b0, = bio+ 1, b, = byy + 1, b, = by — 1 byo+ byy > by + by, by > b,
Dis + Doy > bys + b,
< (b1, oy, bsy > 0)
bl = b+ 1, = byy— 1, by = bys + 1, b = bys— 1 byy > bygy bys + by > bys + b,
byy < bys + b,
(b1, bos, bss > 0)
bl = by + 1,0, = byy—1, b}y = bys + 1, by = bys—1 by > by, 2bss > by + by,
bys + bsy > byy + bys,
(b1, bog, bss > 0)
.« k=1
b/, = biy—1,b, = by, +1,b, = byg—1, b, = bys + 1, (byy, bsg > 0)
.« k=2

b/,= b, +1,b{;=b;3—1,b,, = b,y +1,b,, = bys—1 Dbyg+ b35 < b1y + byy,
(D25, by3 > 0)

by, = Dby, +1,byy = by3—1,b;, = b3y +1,b;, = b3s—1  Dyg+ bs5> byp + byy,
(Da3, bss > 0)

30



bl/3 == b13 + 1 b/ == b14_1 b24 S b13, b13 + b23 2 b24 + b34,(b14 > 0)

’ 714
bjy=Dby+1,b),=boy—1 Dboy> by3, b3y < by3, (bry > 0)
b3/3 = b33 + 1, b3/4 = b34_ 1 b34 > b23, b24 + b34 > b13 + b23,(b34 > 0)

and bl.’]. = b;; otherwise.
For 0< k <3, b € B> (B*!), fi(b)=(b;,), where

* k=0foreach case b,, = by; +1, b, = by —1

» 22 » 723 » 733

2Dy > by3 + by,
b1y + boy = by3 + bss,
(b6, by, by > 0)

’ 12 » 24 » 734

b5 + bog < Doy + by,
< (D36, D12, Doy > 0)

» 723 » 725 » 735

by < by3 + bss,
(D36, br3, bos > 0)

» 24 » 25 T » 735

2bs5 > byy + by,
(bsg, by 4, bys > 0)

b{2:b12+1 b/ :b11_1 b/ _b36+1 b/ _b35_1, (bll’b35>0)

? 11 » 736 T » M35 T

31
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bllzzblz—l b/ :b22+1 b/ :b23—1 b/ :b33+1 b23>b34,b12+b13>b34+b35,

b2/2:b22+1 b/ :blz_l b/ :b24_1 b/ :b34+1 b12+b13>b23+b35,b342b23,

bllgzblg_l b/ :b23+1 b/ :b25_1 b/ :b35+]. b13>b24,b35+b342b12+b24

bll4:b14_1 b/ :b24+1 b/ _b25_1 b/ :b35+1 b242b13,b35+b342b12+b13,



r191/221912_1 b/ :b13+1 b/ :b24_1 b/ :b25+1 b23+b35<b12+b24,

? 713 ? P24 ? 25
(D24, by, > 0)
b2/2:b22_1 b/ :b23+1 b/ :b34_1 b/ :b35+1 b23+b352b12+b24,

» Uog » B34 » U35
(b2, by > 0)

’ 14

b2/3:b23—1,b2/4:b24+1 b23> b34, b]3£ b24,(b23>0)

b3/3 = b33_ 1) b?:4 = b34 + 1 b23 S b34, b24 + b34 2 b13 + b23,(b34 > 0)

bl,?) == b13_1 b, == b14 + ]. b13 > b24, b13 + b23 > b24 + b34,(b14 > O)

and b/ = b;; otherwise.

The actions ¢;, ¢; and wt; are defined as follows: &,(b) = b,
£,(b) = bis+ (b3 — byo).
£3(b) = by +max{b,, — b3, b34 + Doy — by3— by3, 0}

(b) I — bsg—min{by, + bi3, bys + bag, bsy + bas, bip + bog, bys + bys} b € B>
80 =
—bys —min{by, + byg, bys + boy, byg + bss, byy + bog, by + bss} b € B>

I — by, —min{by, + b3, bz + byy, Dsy + bz, by + by, bys + by} b € B>
—byy —min{by, + bys, bz + Doy, D3y + bss, Do + Doy, bys + by} b € B>

©1(b) = bss

$2(D) = bap — b3z + (b1 — Das),

¢3(b) = bsz + max{b,3 — bsy, by3 + by3 — boy — b3y, 0}

Wty(b) = bgg— by,

wty (D)= b3s — by,

Wty(D) = Dy, — b33 — bys + D14+ Dyy — bog

Wt3(D) = b33 — b4+ D13 — Doy + Doy — b3y

Note that (B*')i, = {b € B>, = by = by, bys = by = bss}

For A € P, we consider the crystal T, = {t,} with é.(t,) = fi(£,) =0,
ei(ty) = pi(f;) = —00, and wt(t;) = A for k=0,1,2. For A,y € P, T, ® B>' ® T, is a crystal

Yo(b) =

given by:
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évk(t;t® b® t?t): tA®ék(b)® [)L
e ®b®t,)=er(b)—(ar A)
wt(6, ®b®t,)=A+u+wt(b)

fileben)=18 filb)®t,
P, ® b & t1,)=pi(b)+(ax, u)

Theorem 4.2.6. B>' is a coherent family of perfect crystals and the crystal B> is its limit
with the vector bog = (0)3¢-

Proof. We again check the 3 conditions in Definition 4.2.3.

1.Foreach k=0,1,2,3, £€.(bso) = Yi(Dso) =0, 50 ©(Doo) = €(boo) = Wi(beo) =0

2. We need to check the embedding. To do this, we parametrize elements b° = (b°) €
(B3 min With ay € Zsg s.t. ag+2a, +2a, + a; = [ and p(b°) = agAy + a, A, + a, A, + asA; and
£(b%) = asA\y+ a, A, +2a, A, + ayA;. Then we have the following:

b}, = a,+a,+as, b, = b)), = b), = a,, b), = b),=by. =a,, b,
b, = as, and b}, = ay+ a, + a,. For b € B¥', we define

=ay, b2

), = 0y +as, by

s = dot+ay,

14

. 2,1 2,
Jupy: Ty ® B> @ T ) > B=

by fi1,)(Zew)

»®b ®1_,))=b"=(b;;) where bi’j =b;;— bl.oj We can see easily that
&(b’)=¢&o(b

—&y(b°) = £y(b)—az = £o(b) — &y, £o(b°))

)— &

(b)) =¢,(b)—&,(b°) = &,(b)—2a, = £,(b)— (&1, £,(b"))
£,(b") = €,(b)—€,(b°) = £,(b)—2a, = £,(b) —(&y, £2(b"))
£5(b") = e35(b)—5(b°) = £5(b)— ao = £5(b)— (a3, £5(b°))

Po(b’) = po(b)—@o(D°) = po(b)— ag = Po(b) + (g, —po (b))
@1(b")=1(D)— 91 (b°) = p1(b)—2a, = ¢, (b) + (&, —¢, (D))

P2(b") = 02(D) = pa(b°) = py(b) —2a, = Py (b) + (&2, — (D))
@3(b")= @3(b)— @3(b°) = p3(b)— 613 gas(b)+(a3, p3(b°))
Additionally, wt (b")= > (o(b')— (b )A =wt (b)+£(b*)— p(b°).

3

It can be easily shown that the conditions for the actions é;.(b’) and f,.(b’) only depend
on the conditions for the actions é,(b) and fk(b) So é,.(b’) = é.(b)— b°. Then we can
see that f;,,0)(€x(Lepo) ® b ® L_yp0)) = fi1,p0)(Lepo) ® €x(D) ® L_yp0) = €(b) — b° = €(b") =
e (fiup0)(Lepoy® b ® L(p(b()))). Sumlarly, it can be easﬂy shown that the same is true for f for
k=0,1,2,3. Finally, clearly f{; ,0 is injective with f; ,0)((£;(,0)® b°® I_,(p9)) = Doo. This proves
2.

i+3 i+3 i+3
Now we prove 3. First, we see thath Zbl! Zbo =l—1=0fori=1,2,3. Now
=i
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we check that the other relations of a perfect crystal hold.
bl,l - bll - blol - b33 + b34+ b35_a1 _az_ag, - b33_ b393 + b34_ b;)4 + b35_ b305 == b3,3 + b3/4+ b3/5

b?jG:bsﬁ_bsoﬁzb12+b13+b14_a0_a1_a2:blz_bl()2+b13_b1(]3+bl4_blo4:b1/2+b1/3+b1/4
b.. = bys— bl = b3+ by, —a,—a, = bz3—b’%+ b, — b’ =b/.+ b/
25 25 25 13 14 0 1 13 13 14 14 13 14
b, = by — bl = byy+ byy—a,—as = bys— b2+ by, — b2 = b.. + b,
22 22 22 33 34 2 3 33 33 34 34 33 34

Therefore, | J; ., Imf; 5 S B>*.

Now we want to show that B>*° C( J; ,\., Imf(; ;). We know b €| J; ,c; Im [ 5)- So we
just need to check other b’ € B>, Let bl.’j + bi‘)j = b;;. Also, we set

a =maX{—b1/3,—b2/4,—b;5,—b2/5 + b1/4’_b1/1 + 2/2’_b1/1 - b1/2 - b1/3 + bzlz + b2/3 + b2/4’
- bl/l - b1/2 + bz,z + bzls’_befa + b1/4 + b1/2’_b3:6 + b1/4 + bzls’_b3/6 + b1/4 + b3/4’

0}

a; =max{—b1’2,—b2’3,—b3’4,—b2’2 + befs’_bzlz B b2/3 + b3,3 + b3{4'_b2/2 B b2/3 B b2/4 + b3/3 + b3/4 + befs’
— b}, +b,.,—b], + b;,—a,,—b,+ b, — a,,0}

/ / / / / / / / /
- bn + b33 + b12’_b11 + b33 + b23'_b11 + b33 + b34’

/ / /
az =max{—b,,,—b,, — a,,—b;, —a, — a,,0}

/ / /
ay =max{—b,,,—b,. — a,,—b,s—a, — a,, 0}

: 0 _— 0o —_ 1,0 — 7,0 _ 0o — 1,0 _ 7,0 — 0 _—
We also again set b;, = a, + a, + as, b, = b,y = by, = a,, b/, = b,, = by = ay, by, = ay,

b, = a,+as, by, = ay+a,, b, = as, and b, = a,+a, +a,.. Then we check that each b;; € Z,
b11: bl’l+a1+a2+a320<:>a1+612+d32—b11

b, =b/,+a,>0< a,>—by,
bis=bl,+a, >0 a, >—b],
buu=b/,+ay>0 a,>—by,

by, = b, +a,+a; >0 a,+a;>—by,
b3 =b,,+a,>0 < a,>—by;
by=b),+a, >0 a,>—b,,

b25:b2/5+a0+a120<:>a0+a12_b2/5
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bs3 = b, + a3 > 0 < a3 > —ba;
bsy=b;,+a,>0< a,>—bs,
bss = by +a,>0< a, >—b,;
by =bj,+ap+a,+a, >0 ay+a,+a,>—bj,
Therefore, b = (b, j) € Zs,- Now we show that the other conditions for our crystal hold. First,

i+3 i+3 i+3

we know that Z b;;= Z b/ it Z bl.oj = [+ 0= Now we check the following relations
j=i j=i j=i

1. by > by,
2. by + by, > by, + by
3. D11+ D1+ D13> Doy + bog + by
4. by > b
5. Dy, + by3 > by3+ by
6. Doy + D3+ Doy = b3z + b3y + bss
7. by = bsg+ b3y + bss
8. bzg=Dbio+ b3+ Dby
9. by, = by3+ by,
10. bys=Dby3+ byy
Now we prove these relations hold:
1. by =b,+b),=b/ +a,+a,+as=Db] +a,+b,,>b/,—b, +b,,+b),=by,

2. by +Dbyy=b +b) +Db/,+Db),=b] +a,+a,+a;+ b/, +a,=b],+b],+a, + b)), + b,
/ / / / / / 0 0
> b, +b),— b/, — b/, + b,, + b,, + b, + b, = by, + b3

3. by + by, + by =b/ +Db/,+b/,+2a,+2a,+ a3 = b/, + b/, + b/, +a,+ b), + b, + b)),
/ / / / / / / / / 0 0 0
> b, +b/,+b/,—b),—b/,—b/,+ b, + b, + by, + by, + b,y + b,, = by, + D3+ by,

4, b22 == b2,2+a2 + a3 2 b2/2_ b2/2 + b?:3 + b??3 = b33

5. b22 + b23 = b2/2 + b2/3 + 202 + a3 2 b2/2 + b2/3 — b2/2 — bZ/S + bés + bf:’:4 + b??3 + b304 = b33 + b34
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6. by + by3 + by = b,, + by, + by, + a, +2a,+as > by, + b,, + by, — b,,— b,, — b,, + b, +
b;,+ b + b, + b)), + by, = bs3 + b3y + bss

7. by =Db{ +b), = bi+b;,+ b +a,+a,+a; = bl +b;,+ b+ b+ b))+ b = bs3+bsy+ bss
8. by =Dbj+b), = b/, +b/,+b/,+ay+a,+a,= b}, +b/,+b;,+b’,+ b’ +b}, = by, +by3+ by,
9. by =b,,+a,+a;= by, + b, + b+ bl = bys+ bs,

10. bys = by, +ag+a, = b/;+ b/, + b, + b}, = by5+ by,

Therefore, b’ € U(l,b)e] Imfj; ), s0 3. is proven. O

Cf) Perfect Crystal

The Langlands Dual of Cf) is DS(Z). We can parametrize the perfect crystal B(/A,) and its

limit B**° as follows:

( i+4 } 3
(bij)EZZO’Zj:i b;;j=1,1<i<4
1 ,
b= b 1<i<3,1<1<5

byy = byy + bys + byg + byz, byg = byp + Dy + byy + bys, }
- byy = byy + bys5+ byg, b3; = b3+ byy+ bys,
by + by3 = by3 + b3y + b5, bsg+ b3y = Doy + Dos + bag,

L b33 = Dys+ bys, by =byy+ bis )
( (bi)€Z,> " by;=0,1<i<4 )
by = by + Dys + Dyg + byz, bag = bro + D1+ by + bys,
B =1 (bijhsissicjsita | b = baa+ bys + byg, byz = bis+ byy + bys, '
by + by3 = b3z + D3y + D35, bsg+ D3y = byy + b5 + Do,
b33 = bys+ bys, Dys = b1y + bys

We have the following actions and relations of this perfect crystal: For0 < k <4, b € B**
(B4'l)7 ék(b) = (bl/])’ where
FOI‘kZO blll = bll_l’ b4:8: b48+1 and
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b{2:b12+1, b2/3:b23+]., b3/4:b34+1, b2/2:b22_1, b3/3:b33_1 b/ :b44_]. (Al

by, )
bl,=bys+1, b, =byu+1, bl,=by;+1, bl =byy—1, bl,=bsyy—1,b,,=by;—1 (A2)
bl,=by+1, b),=by+1, bl=bss+1, bly=by—1, bl,=by—1, b/, =b;g—1 (A3)
bl,=byp+1, bly=by+1, bl,=bss+1, bjy=by—1, bly=bs—1, bl.=bs—1 (A4)
bl,=by+1, bl =bys+1, bly=bss+1, bly=by—1, bls=bs;—1, b, =big—1  (A5)
bl,=bu+1, bjy=by+1,b},=by;+1, b}, = byy—1, bl =bss—1, b, =bz—1  (A6)
bl,=bys+1, bl =bys+1, bl,=by;+1, bly=by—1, bl =bys—1, bl =b;—1 (A7)

)

\bll5:b15+1, b2,6:b26+1’ b:_;7:b37+1, b2,5:b25_1, b§;6:b36_1’ b£7:b47_1 (A8

(A1) =byy + bys + b3g > bys + byg + byz, Doz + bss > bys + Dyg, b3y > bys, Doz + boy > bys + byg,
biy + bi3 + Dys > bys+ byg+ by7, bro + Doy + b3g > bys + by + byz,
by, + by3+ byy = bys + byg+ byz, (b1 >0, byy >0, by3 > 0, by, > 0)

(A2) =Dbys5+ byg+ by7 > biy + bss + Dsg, bos+ by7 > by + bsg, bay + byg+ by7 > byy + bss + bag,
bys + Doy + Dy > by + bss + bsg, b1+ Dos > Dys+ byg, boy > bss, bys+ byy > bss + bsg,
by3 + Doy + by > byy + bss + Dag O byg + by > by + bsg, (by, > 0, bys >0, by, >0, by; > 0)

(A3)=Dby5+ byg > by3 + b3, byy+ byg > bys + by7, b3y + byg > by3 + b5, byy > bss,
bys + by3 + bys > by3 + bss + byz, biy+ bis+ byy > boz + bss + bys,
biy + Doy + b3g > Doz + bss + by7, by + bsg > Dos + byz, Doy + b3g > bys+ bys,
(b1, Dyo, bgy, byg > 0)

(A4)=Dby5> b3y, byy+ D35+ b3g > b3y + Dyg + Dy7, Dog+ Dys > byy + Dug, Dog+ Doy > by + Dy,
by + by3+ Dys > b3y + byg+ by7, bio + Doy + byg > byy + by + by,
bys + b3+ by = byy + byg + by7, (D11, Doy, b3, bys > 0)

(A5) =bys5+ byg > by3 + boy, Do+ bys+ byg > Dyg + Doy + byz, Dys > Doy, Day+ Dyg > bog + byy,
by, + by3+ bys > bys + Doy + by, byy+ b3g > bys + byy, biy+ biz+ byy > bys + byy + by,
byy + b3 > Doz + by7, OF by + b5+ b3g > Day + byg + byz, (bry, Doy, bss, byg > 0)
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(A6)=Dbys5 + byg+ by7 > byy + b3+ Dys, bys+ by > b+ bys, Dys + bys + byy > by + b3+ Dbys,
b3y + byg+ Dy7 > biy + bis+ bos, Doz + Doy + by7 > biy+ bis + Dos, Doy + byg > b3+ bys,
b4 = bys, (b1, Doy, bsg, by7 > 0)

(A7) =by5+ byg + by7 > byy + Doy + bsg, bss > Doy, bog+ bys + by7 > by + Doy + by,
Dyy+ by + by > b1y + Doy + byg, bog + by > by + bsg, bys+ bos > by + by,
bi3+ biy = Doy + bsg, byy+ bug < bog + b5, (by1, bas, bss, by > 0)

(A8) =by5+ by + by7 > byy + Dy3+ Dy, D35+ bsg > bis+ Dy, Doz + bys+ byy > byo + bys + by,
by + by + by7 > by + b3+ Dyy, Doz + Doy + by > byy + bis + byy, bys > byy,
by + byy > by3+ by, (by1, bos, bsg, by; > 0)

For k=1, b;, = b,y +1, b, =b;,—1, b, = by; +1,and b,; = byg—1andif b € B*! we have

the additional conditions b,,, b,g > 0.
For k=2,

bl/Z == b12+ 1, b1/3 = b13_ ]., b3/6 == b36+ 1, b3{7 = b37_]. b23 + b47 S b12+ b36,(b13, b37 > 0)
bzlz - b22+ 1, b2/3 = b23_ 1, bﬁiﬁ == b46+ 1, b£7 - b47— 1 b23 + b47 > b12+ b36,(b23, b47 > 0)

For k =3,

by, =bs3+1, by, = b3y —1, b, =bys+1, b, =bys—1 Dby5+ bs5 < by + by

bs5 < Dyg, (D34, byg > 0)
\ Dys = bos+1, by, = by —1, by, =bss+1, by, =Dbyg—1 by5> byg, bi3 < by, (Dag, by > 0)
bl,=bi3+1, b),=biy—1, by, =bys+1, by;=bys—1 by3> by

a5 + D35, = bsg + byg, (D14, Dog > 0)
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For k=4,

(b7, = by +1, b, = bis—1  byy> by, bys+ by > bys+ bas, by + bog+ byy = bys + bas + bys,
(b;5>0)

b, =byu+1, ble=Dbys—1 by < bys, by bss, by + by > by + bys, (bys>0)

b;, = by +1, byy=bss—1  Dyy+ bsy < bas + bss, by < bss, bsy > bys, (bys > 0)

b, =bu+1, bls=bis—1  byy+ byy+ bsy < bys + b5 + bys, byy+ by < bss + by, by < by,
(bys > 0)

For0<k <4, b€ B4, ﬂ(b) :(bi’j), where For k=0 b/, = by; +1, b4’8 =b,s—1 and

(bl,=bio—1, bl =by—1, bl,=bsy—1, bly=bp+1, bly=by+1,b,,=by+1 (B
bl,=by—1, bl,=by—1, bl =by—1, bly=by+1, bl,= by +1,b, = by +1 (B2
b/, =byy—1, by =by—1, by =by—1, bly=bp+1, bl,=by+1, bl,=bg+1 (B3
bl,=by—1, by =by—1, bli=bs—1, bl,=by+1, b, =by+1, bl.=bs+1 (B4

b1/2 = b12_17 b2/5 == b25_1, b5{6 = b36_]" bZ/Z == b22+ 1, b:){5 = b35+ ]., bﬁ;ﬁ == b46+1 (.BS
b1/4 = b14_1, bZ/G == b26_1’ b?:7 == b37_1, b2/4: b24+ 1, b?jﬁ = b36+ 1, b£7 = b47+ 1 (B6

b1/3 = b13_1, b2,5: b25_1, b3/7: b37_1, b2,3: b23+1, b3/5 = b35+1, b£7: b47+1 (B7
bl/5 = b15_]., bZ/G == b26_1’ b3/7 = b37_]., b2/5 == b25+ 1, bS{B = b36+ ]., b£7 = b47+1 (BS

(B1) =Dy + bss + b3g > bys + byg + Dy7, Doz + D35 > bys + Dag, D3g > bys, Doz + Doy > bys + by,
D1y + by3 + Dys > bys + byg + Dyz, brp + Doy + Dyg > bys + Dy + byz,
by + D3+ b1y > Dys + byg + bz, (Dyg, by2, Doz, b3y > 0)

(B2)=bys5 + bys + by7 = b1y + D35 + bsg, bag+ byy > brp + bsg, Dyy+ byg+ byy > brp + bss + by,
Do3 + by + byy > brp + D35 + bsg, big+ bas > bss + bsg, Doy > bss, byz+ byy > bss + b,
Dys + by + by7 = byp + bss + bsg OF byg + byy > by + bsg, (Dag, by, bay, bz > 0)
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(B3)=Dbys5 + byg = by3 + D35, byp+ byg > bys + by, Dy + byg > bog + bgs, Doy > bys,
biy + by3+ bos > Dos + bss + byz, byp+ b+ by > boz + bys + by,
by + Doy + b3 > Dy3 + bss + by7, by + bsg > Dog + by, Doy + Dy > by3 + bys, (Dyg,
by, by4, byg > 0)
(B4)=by5 > by, Dyy+ bss+ byg = by + byg + Dy7, bog + D35 = byy + byg, Dog+ Doy > by + by,
by + big+ bos > by + byg+ byz, biy+ Doy + byg > byy + byg+ byz,
by + bi3+ byy > byy + by + by7, (Dag, Dr2,y Do, b3s > 0)
(B5)=Dbys5+ by = Doz + Doy, b1y + D35+ b3g = Doz + Doy + by7, D35 > Doy, b3y + byg > bog + Doy,
by + b5+ Dys > by + Doy + Dy7, byo+ bsg > Dog + by7, Do+ Dy + byy > by + Doy + by,
by + b3y > by3 + by7, OF by + bss + byg > byy + byg + by7, (Dag, bya, bos, byg > 0)
(B6)=Dby5+ byg+ by7 = byp + bi3+ bys, bys+ b3g > b3+ bos, Doz + bys+ by = by + by3 + bys,
byy + byg+ by = byy + bi3+ bys, Dos+ Doy + by = biy+ bis+ Dys, Doy + byg > b3+ bys,
by > bys, (byg, b1y, b6, bs7; > 0)
(B7)=by5+ byg+ by7 > byy + Doy + bsg, D35> Doy, Dog+ D35+ byy > by + Doy + bag,
b3y + bys+ Dy7 = byy + Doy + bsg, Doz + by > bro + bsg, byz+ Dos > Doy + bsg,
b3+ by > byy + bsg, b3y + byg < bos + D35, (Dag, by3, Dos, b3; > 0)
(B8)=Dby5+ byg+ by7 = byp + bi3+ by, D35+ b3g > b3+ by, Doz + D35+ by = by + bis + by,
by + byg+ by = byy + bis+ by, bys+ Doy + by7 = bio+ bis+ by, bos > by,
bsg + Doy > by3+ byy, (byg, bys, bog, bg; > 0)

Fork=1,b/ =b,—1,b/,=b,+1, b, =b;;—1, and bj, = byg+ 1 and if b € B*' we have

> 47
the additional conditions b,;, by; > 0.

For k=2,

(b1, =bi—1, bl,=bis+1, bly=byg—1, bl, = by +1 by + byy < by + b
(Byy, by > 0)

bl =by—1, bly= by +1, bl = bys—1, b}, = byr+1 by + byr > by + b
(B, by > 0)
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For k=3,

rb3:3 =bys—1, by, =byy+1, byy=bys—1, bjs=byg+1 Dys+ b35 < bss+ byg
bss < byg, (b33, bys > 0)
{ by, =by3—1, by, = by +1, bjy=Dbss—1, byy=Dbss+1 bss> by, bis < bay, (by3, bs5 > 0)
b{;=bi3—1, b),=byy+1, bys=bys—1, by, =bys+1 Dby5+ b5 > byg+ by
b3 > by, (Dy3, bos > 0)

For k =4,

b{,=biy—1, bjy=Dbi5+1 byy> bys, Diy+ brg > bas+ bz, byy+ Doy + byy > bys + bas + bys
(b, >0)
by, = byy—1, by;=bys+1 Dy < bys, byy > bss, byy+ b3q > bss+ bys, (byy > 0)
by, = b3y —1, byy=bs5+1  Dyy+ by < bys + bss, Doy < by, byy > bys, (byy > 0)
by, =bu—1, byy=Dby5+1  Dbiy+ by + b3y < o5+ bas + bys, Doy + b3y < b5+ bys, byy < bys,
L (byy >0)

Then we have the following formulas for ¢;(b).

—byy —min{bys + bys + byz, b3y + bug + bz, by + bys + bsg, b + by b € B4

oo(b)= 1 +by7, bos + Doy + byz, byy + brs + bos, byy + bay + bsg, byp + by + by}
o(b)=

+b47, Dy3 + Doy + byz, D1y + brs + Ds, Dyp + Doy + bsg, Dr1p + by3 + Dy}
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And the following formulas for ¢;(b).

p
_b48 - mln{ b45 + b46 + b47, b34 + b46 + b47, blz + b35 + b36’ b23 + b35 b E B4’C>O
) +Dy7, Dog + Doy + Dy7, D1y + brs + Ds, iy + Doy + byg, Do + byg + byg}

I — byg—min{bys + by + by7, bsy + bag + byz, bio + bss + bsg, by +bss b € B!

L+b47’ bys + by + by7, byy + by + bs, byy + Doy + bsg, byo + byz + by}

&

)

b)= by,
b)= b3 +max{by; — by,,0}

(
o
£3(b) = byy + max{ by — by3, boy + b3y — by3— b3, 0}

(

£4(b) = b5+ max{bys — b1y, bys5 + bys — boy — by g, bos + D35 + bys — b1y — byy — b3y, 0}

Finally, the formulas for wt;(b) are:

3

o(b) = byg— by,
1(b)=by7— Dy,

2(D) = bys— D13+ b1y — bog
(

(

= 3 2

3(b) = bys— D1y + by3— byy + bos— by,
4(b) = byy— b5+ b1y — bys + boy— bys + by — bys

3

Note that (B*") i, = {b € B*!|b1y = by3 = b3y = bys, by = byy = b5 = byg, byy = bys = by = by7}
For A € P, we consider the crystal T, = {t,} with é.(¢;) = fi(£;,) =0,
()= @i(t)) =—00, and wt(f;) = A for k=0,1,2,3,4. For \,u € P, T, ® B*' ® T, is a crystal

given by:
ék(tk b ® t?t): [l® ék(b)® [A

e(t®b®t,)=¢er(b)—(dx, A)
wt(; ® b®t,)=A+u+wt(b)

febe )= filb)®t,

v

Ce(ta® b ® 1,)= pi(b)+(dy, u)

Theorem 4.2.7. B*! is a coherent family of perfect crystals and the crystal B4 is its limit

with the vector by, = (0),.g.

Proof. 1.Foreach k=0,1,2,3,4, €.(Doo) = Y1(Doo) =0, S0 (Do) = €(Doo) = Wt(boo) =0
2. We need to check the embedding. To do this, we parametrize elements b° = (bl.oj) € (B*)min
Wlth ak S ZZO S.t. ao +2a1 +2@2 + 2a3 + 6l4 = l and (P(bo) = aoAO + alAl + azAZ + agAg + a4A4
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and £(b°) = a,Ay+ a; A, + a,A, + a, A5 + ayA,. Then we have the following:
b =a,+a,+as+ay b),=b),=b), =b) =as, b, =b), = bl =b),=a,b’,=b).=b) =
b} = ay, b}, = ay, b,, = a, + as + a,, by, = ay+ ay, by, = a; + a,, by, = ay+a, + a,, by, = ay,
and b48—a0+a1+a2+a3.

For b € B*!, we define

. 4,1 4,
Jup): Ty ® BY ® T ) > BH

by fi1,1)(Lep) ® b ® 1)) = b’ = (b;;) where bi’j =b;;— bl.oj We can see easily that

£o(b") = &o(b)—€o(b°) = €y(b)— a, = &y(b)— (dig, £(b°))

£1(b")=£,(b)—&,(b°) = £,(b)—2a5 = &,(b)—(a;, &,(b°))

£x(b") = €5(b) — £5(b°) = £5(b) —2a, = £5(b) — (&, £,(b°))

£5(b") = €5(b)—€5(b°) = £5(b)—2a, = £5(b) — (&3, £5(b"))

€4(b")=¢4(b)—£4(b°) = &4(b) — ag = £4(b) — (a4, £4(b°))
Po(b")= (D)= po(b°) = po(b) — ao = po(b) + (o, —po(b°))
@1(b") = p1(b)—p1(D°) = p1(b)—2a; = p1(b) + (a1, —p: (b))
)+ (&2, —p2(D°))

—2a3 = p3(b)+ (a3, —s(b?))
—a, = @4(b)+ (a4, —p4(b°))
(p(b")—e(b)Ar =wt (b)+&(b°)—(b").

It can be easily shown that the conditions for the actions é.(b’) and f,.(b’) only depend
on the conditions for the actions é.(b) and fk(b) So ek(b ) = é.(b)— b°. Then we can
see that fl ) ek( 0 ® bet_ o(b0) ) = fl bo e(b) ® é(b)® ) = é.(b)— b° = é.(b) =
€c(fi1,p0)(Le(po) ® D ® T_y(0))). Similarly, we see the same is true for fk for k =0,1,2,3,4. Finally,

clearly f,,bo is 1n1ect1ve with fi; yo)((£e(p0) ® b® ® t_y(p0)) = Doo. This proves 2.
i+4 l+4 i+4

Now we prove 3. First, we seethath Zb,] Zbo =]/—[=0fori=1,2,3,4.
j=i
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Now we check that the other relations of a perfect crystal hold.

blll = bu_blol =byy+bys+byg+ by —a,—a,—as—a, = b44_bf4+b45_b25
+by—b+b;—Db),=b,,+b,.+ b, +Db,,
b4/8=b4s—bfgzb12+b13+b14+b15_“0_dl_d2_03:blz_bfz"'bw_blos
+byy— b}, + bis— by, = b),+ b/, + b, + b,

b,,= bzz—b202: by + bys+ byg—a,—as—ay = b44_bf4+b45_bfs+b46_bf6
=by,+ b+ Dby

b3/7: b37_b307: b13+b14+b15—a0—611—a2= blg_bl(]3+b14_b104+bl5_b105

g/ / /

- b13 + b14+ b15
0 0 0

b3/3: bgg_bsaz b44+b45—d3—(14= b44+b45_b44_b45: bz;4+b4/5
0 0 0

b2/6: b26_b26: b14+b15—a0—d1 == b14+b15_b14_b15: b1/4+b1/5

b2/2 + b2/3 = b22 + b23 - bzoz_ bZOS = b33 + b34 + b35—a2—203—6l4 = b33 - b303 + b34_ b??4
0 _ 1.7 / /

+ D35 — by = by, + by, + by

b3/6 + b?:7 == b36 + b37 - b306 - b:)?7 = b24 + b25 + b26_ a0—2a1 —a, = b24 - b204 + b25 - b205

0 _ 1,/ / /
+ bys— b, = b,, + b, + b,

Therefore, | ), ., Im fi,5) S B*.
Now we want to show that B**° C |}, .., Imf; ;). We know b*° € ; ., Im f; ). So we
just need to check other b’ € B+, Let bl.’]. + bl.oj = b;;. Also, we set

_ / / / / / / / / / / / / / /
a, —rnax{—b14,—b25,—b36, ’_b47’_b26 + b15’_b11 + bzz’_b37 + b15 + blB’_b37 + b15 + b24'
/ / / / / / / /
— b37 + b5+ b35,—b37 + b5+ b46,—b11 — b12 + b22 + b23,
—-b/. —b.,—b.+b. +b..+b.,—b/ . —b.,—b.—b/, +b. +b..+b. +b..,0}
11 12 13 22 23 240 Y11 12 13 14 22 23 24 257
_ / / / / / / / / / / / / / / /
a, —max{—blg, _b24'_b35'_b46’_b22 + bgs’_bzz - b23 + b33 + b34’ _bzz - bzs - b24 + bss + b34
+ b3/5’_b2/2 - b2/3 - b2/4 - bzls + bsfs + b?:4 + b3f5 + bsle’ 0}
_ / / / / / / / / / / / / /
as —max{—blz, _b23'_b34’_b45’_b33 + b44’_b33 - b34 + b44 + b45’ _b33 o b34 - b35

/ / / / / / / / / / /
+ b44 + b45 + b46’_b33 - b34 - b35 - bsa + b44 + b45 + b46 + b47’ 0}

/ / / /
a, =max{—b,,,—b,, —as,,—b,, — a, — az,—b;, — a, — a, — as, 0}

22
/ /
_bze _al’_b37

/

ay =max{—Db,,,

/
_al_aZ))_b48_al_a2_a3!0}
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We also again set b, = a, + a, + a; + a,, b), = b), = b), = b, = as, b}, = b), = b)), =

— — 10 — — —
bl = a,,b), = b)), = b), = b} = a,, b}, = ay, by, = a, + as + a,, b, = a,+ a,, b, = a; + a,,

b), = ay+ a, + a,, by, = a,, and by = a, + a, + a, + a;. Then we check that each b;; € Z,

bu=bll1+a1+a2+6l3+a420<:>a1+a2+a3+d42—b11

bi,=b,+a; >0 a;>—
bis=b,+a, >0 a,>
bu=b,+a,>0=a,>—
bis=b/ +a,>0= a,>
by=b),+a,+as+a, >0 a,>
byy=by,+a;> 0 az>
bu=b,,+a,>0=a,>
bys=b.+a, >0 a,>—

by =Dby,+ay+a, >0 ay>—
by3=by,+as+a,>0a,>
byy=Db;,+a;> 0 a;>
bys=b+a, >0 a,>—
bis=b+a, >0 a,>—

bs; =b +ay+a,+a,>0 a,>
bu=b,,+a,>0=a,>
bis=b,;+a;>0= a;>
bis=by+a,>0a,>—
byy=b,+a, >0 a,>—

b48=b;8+a0+a1+a2+a320<:>a02

b/

_b13

b/

—bys
—byy—a,—a;
—Dbys

_b24

b/

A

/
—b33 —as

b/
b/

b/

/
—b,,—a,—a,

b/

—bys

b/

b/

/
—b,,—a,—a,—a;

Therefore, b = (b, j) € Zs,. Now we show that the other conditions for our crystal hold. First,
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i+3 i+3 i+3

we know that Z b;; = Z bl.’]. + Z bl.oj = [+ 0= Now we check the following relations
=i j=i =i

1. by, = by
2. by + by, = by + bys
3. by + by + b3 > by + bos + by
4. by + by + b3+ by = Doy + boz + Doy + bys
5. by, > by
6. b+ by3 > b3z + by
7. by + by3+ byy > D33+ by + bss
8. Doy + Do+ Doy + Dys > by3 + b3y + bss + bsg
9. by3> by,
10. b33+ b3y > by + bys
11. by3+ by + D35 > byy+ bys + byg
12. bsz+ b3y + bss + byg > byy + bys + byg + by
13. by1=Dbyy+ bys+ by + by
14. byg= by, + b3+ b+ bis
15. byy = byy + by5 + by
16. by; = b3+ by + by
17. byy + by3 = b3z + b3y + bss
18. bsg+ b3 = Doy + Dys + bog
19. b33 = by + by
20. by = by, + bys

Now we prove these relations hold:
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10.

11.

12.

13.

14.

15.

16.

— 1./ 0 — 1,/ 1./ 0 / / / 0
by, =b/,+b),=b/,+a,+a,+as;+a,=b; +a,+b,,>b/,—b/,+b,,+b,,= by,

1.7 0 / 0 _ 1,/ / 1./ / 0 0
. b11+b12—bn+bu+b12+blz—bn+a1+a2+a3+a4+blz+a3—bu+b12+a1+b22+b23

/ / / / / / 0 [0 —
> b),+b/,—b],— b}, +Db,,+ b,,+ b,, + b,y = by + by3

1/ / / — 1/ / / 0 0 0
. b11+b12+b13—bll+b12+b13+al+26lz+2a3+a4—bll+b12+b13+a1+b22+b23+b24

/ / / / / / / / / 0 0 0
> Db, +b/,+b/,—b/,—b,—b/,+b,,+ b, + b,, + by, + b,y + b,, = Dy + Dy3+ by

by1+Dbip+bi3+biy = b +b],+ b/, +b{,+2a,+2a,+2a;+a, = b +b],+b],+ b1, +a,+ by, +

0 0 / / / / / / / / / / / / 0 0 0 _
b23+b24 2 b11+b12+b13+b14_b11_b12_b13_b14+b22+b23+b24+b25+b22+b23+b24 -

by + Dys + Doy + bys
b22: b2/2+az+a3+a42 bzlz_b2/2+b3/3+b??3 = b33
b22+b23 = b£2+b2/3+a2+2d3+a42 b2/2+b2/3_b2/2_b2/3+b3:3+b?j4+b£3+b:?4: b33+b34

by, + by3 + byy = b,, + by, + by, +2a, +2a;+ a, = b, + b,, + b,, — b,, — b, — b,, + by, +
by, + by + byy + by, + by = by + by + bss

by, + by3 + byy + bys = by, + by, + by, + b, +ay +2a, +2a; +ay > by, + by, + b, + b, —
b,,—b,,—b,,— b, + by, + b;, + bi; + bss + by, + by, + by, + by, = b33 + by + bss + bsg

— / / / / 0
. byy=by+as;+a,>by,— by, +b,,+ b, =Dby

1.7/ / / / / / / / 0 [V —
bys+ b3y = by, + by, +2a3+ ay > by, + by, — by, — by, + by, + b, + b)) + by = byy + bys

bss + b3y + bss = by, + by, + by, + a, +2a; + ay > by, + by, + by, — by, — by, — by, + b, +
b£5+ b4/6+ bf4+ b‘?5 + bfe = b44+ b45 + b46

bss + b3y + bss + by = byy + by, + by + by + ay + ay +2as + ay > by, + by, + by, + by —
bl,—b;,—b;.—b;.+Db,,+ b, + b}, + by + b+ b+ Db+ D) = by + bys+ bys+ byy

—_ / 0 / / / / — / / / / 0 0
by, = b11+b11 = b44+b45+b46+b47+a1+a2+a3+a4— b44+b45+b46+b47+b44+b45+
b£6+ b£7 = b44+ b45+ b46+ b47

by = b+ b, = b/, + b/, + b/, + b/, +ay+a, +a,+as = b, + b/, + b/, + b/, + b, + b}, +
blo4+ b105 = b12+b13+b14+b15

by, =b),+a,+as+a,=b,,+ b+ b+ b + Db+ Db = by + bys+ bys

b37:b?:7+ao+a1+a2:bl/3+b1/4+b1/5+b103+b104+b105:b13+b14+b15
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17. by + by = by, + by, + a, +2a3+ a, = b, + by, + b, + b, + b, + b, = by + by, + bss
18. bsg + by; = by, + by, + ag+2a, + a, = by, + by + by + b)), + bl + b)), = bsy + bos + bag
19. byy=bj,+as+a,=b,,+bj,+b),+ b= Dby, +bys
20. bys=byg+ag+a, =b/,+ b/ + b’ +b). = b4+ b5

Therefore, b’ € U(l,b)e] Imfj; ), s0 3. is proven.
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CHAPTER

5

GEOMETRIC CRYSTALS

5.1 Kac-Moody Groups

We will present the theory of Kac Moody groups and geometric crystals following [2, 19, 23,
30, 33]. Consider the Kac-Moody algebra g with root data (h,II,11). Associated with g is a
generalized Cartan matrix A =(a;;); j¢; and an index set I = {0, 1, ...n}. Recall that b is the
Cartan subalgebra of g. Also, let g’ =[g, g] be the derived algebra of g.

Let G be a Kac-Moody group associated with g and the weight lattice P of g. One way to
construct G is as follows: We start with G*, which is the free product of g, where a € A™,
the set of real roots. There is a clear inclusion map i, : g, < G*. Also, for every g’-module
V, there exists a map 7 : ¢ — End(V') and a corresponding map 7* : G* — Aut(V). Now
m*(i,(e)) =exp(n(e)). f we let N* = ﬂkerﬂ* for all *, then G = G*/N*.

Now U, := exp(g,) where a € A™ is defined to be the one parameter subgroup of G,
which generates G. Let U* be the subgroup generated by U.,, where a € A™. The group

SL(2,C) is a subgroup of any Kac-Moody group, and so their exist unique homomorphisms

¢; :SL(2,C) — G such that ¢; (((1) i)) =exp(te;) = x;(t), ¢; (C (1))) =exp(tf;):=y(t)
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0
where t € C. Let d;(c) = ((C) _1). Let G; := ¢;(SL,(C)), and let T be the subgroup of G
c

with lattice P, which is called the maximal torus of G. Let T; := ¢;({diag(c, c1)|c € C*}),
and N;(T) := N;,(T;), where Ng (T;) is the normalizer of T; in G~ Let N be a subgroup of G
generated by the N;’s. B*= U*T is the Borel subgroup of G. Then ¢ : W — G /N defined

by ¢(s;)=N;T/T is an isomorphism between N /T and the Weyl group of g, W, and s; is a
simple reflection in W.

5.2 Definition

The simple reflections s;, generate the Weyl group, and are defined on h* as s;(A) = A—A(&;)a;.
We define R(w), the set of reduced expressions of w as follows:

R(w):={(iy, iy, ... ;) e I'|lw = Siy-eSi}

where [ is the length of the reduced expression of w.

Now let X be an ind-variety, v; : X — C, and ¢; : X — C be rational functions, and
ef :C* x X — X be C* actions on X.

Definition 5.2.1. A quadruple(X,{e;}, {r.},{€;}) is a g-geometric crystal if:
1. {1} x X Nndom{e;} is open densein {1} x X foranyiel
2. rilef(x))=cy;(x)
3. gilef(x))=c"e;(x) and si(ejc(x)) =¢g/(x)ifa;;=a; =0

4. The e; satisfy:

e'e=ej’e ifa;;=a; =0
e'e/'“e*=ele'%e" ifa;;=a;;=—1
eim ejclz c eicl e ejCz _ eng eicl c ejclz e eirn if a;=-2, aj;=—1
ic1 ejC1302 eiclzcz ejcfczz eiclcz e] _ e ecl [ e]cfc; eiclzcz ejcf'cz eiCI ifaij =-3, aji =—1

Now let us consider a specific instance where we can obtain explicit formulas, as
presented in [2, 30]. Let w = s, ...s; be an element of the Weyl group with the given
reduced expression. Let X := G/B be the flag variety which is also an ind-variety and
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X, := BwB/B c X be the Schubert cell associated with w. X,, has a natural geometric

crystal structure and is isomorphic to B;” defined as follows:
B ={Y; (c))...Y; (c)lcy,y ...,y €C C BT}

wherei=(iy,...,i;) and Y;(c) = J/i(%)d,-(c). Then the explicit formulas for e/, ¢;, and y; are

given by
c
ei (Yi(CI) e Ck) = Yi(cl’ ---’Ck)
where
c 1
Z. iy iyt + . Z iy iyt
C . 1<m<j,ip=i €} "'Cm—l Cm j<msk,ip=i C; "'Cm—l Cm
i=C c 1
Z. iy iyt + . Z iy iyt
1<m<jim=i C; =~ «..Cpy 1 Cpy  j<m<kin=i C;  ...C, 1 Cpy
1
Si(Yi(Cl"--’Ck)): E aiy,i [
1<m<k,ip=i ©1  +Cm—1 CEm
Ay i A, i

7i(¥(cr e ) = ¢

Let g, be the subalgebra of g associated with the index set I/{0} and g,, be the subalgebra
of g associated with the index set I /{n}. Using the explicit formulas above, we can construct
the geometric crystals associated with g, and g,,. With the geometric crystals corresponding
to its subalgebras we can construct the geometric crystal associated with the affine algebra
g. In the rest of the section, we give the explicit constructions for the affine geometric
crystals corresponding to the affine algebras Cz(l), Cgm, and Cf).

Notice that the element w of the Weyl group we are interested in is a translation corre-
sponding to the highest weights of the g,,-module V(A,) and g,-module V(A,,).
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5.3 Construction

First we consider the Affine algebra in question, C,(l“. The generalized Cartan matrix is

( 2 -1 0 .. 0 0 \
-2 2 -1 0 0
0 -1 2 -1 .. 0
A=
0 .. 0 —-1 2 =2
\ 0 0 .. 0 —-1 2 }

CW has simple roots @y, aj,...,&,, null root § = ay + 2a,... + 2a,_, + @, and central
element ¢ = hy+ h, +...+ h,_, + h,,. It has the following Dynkin diagram:

O=>0— +«+ — 0 &0

We will compute the geometric crystals corresponding to g,, g, and use them to compute

the geometric crystal corresponding to g.

Cz(” Geometric Crystal

First we compute the actions of the simple reflections s, s;, and s, and then we will compute

the translation. From the Cartan matrix, we have
ao = 2A0_2A1 + 5

(Zl = 2A1 _AO_A2
az == 2A2 —2A1

From this, we know the simple reflections act as:
So(Aoy A1y Az) = (Ao, A1, A2) —(2,—2,0)Ag = (—Ag, 240 + A1, A)

31(10: )('1) A2) = (Ao; Alr A2)_(—1; 2»—1)11 = (Ao + A1»_11, }'1 + Az)

52(10, )Ll» A2) = (Ao; Al) A2) - (0, -2, 2)12 = (AO’ A1 + 212, _Az)
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We show below that t(w,) =05, 5,5, and t(w,) = 0 5,5, 5, where o is the diagram automor-
phism 0 «— 2.

0 $818:(Ag, A1, A)

=058 (Ag, A1 +2A,,—A,)

=08(Ag+ AL +24,,,—A; =25, A, + A,)
=0(Ag+ A +24,,A,,—A1—A,)

=(=A1— Ay Ay, A+ A +24,)

=(Ag, AL A2)+ (Ao + A1+ A5)(Ar—Ay)

0 Sp8150(Aos A, A)

=0 8581(—Ag, A1 +22¢, A,)

=0 8(Ao+ AL —240— 21,240+ A1+ Ay)
=0(—Ag—AL, AL, 240+ A+ 4,)
=(2A0+ A+ 45,4, —A—Ay)

=(Apy AL A2)+ Ao+ A1+ A)(Ag—Ay)

The sz fundamental representation V (A, —A,) = V(@) has basis
{(1,2),(1,2),(2,2),(2,1),(2,1)} with respective weights {A, —Ag,2A; —Ag— A, 0,Ag + A; —
2A,, Ay — A,}. Therefore, for g,,, the highest weight vector is (2,1) and for g, the highest
weight vector is (1,2). The fundamental representation crystal graph is pictured below.

53



2
LN
oy 2] o 2
2 2

= N

Figure 5.1: Crystal graph of V/(A, —Ay)

We now calculate the varieties Vj(x) and V,(y). We have

Yo (X0) Y1 (211) Yo (%1 )(1,2)

(e V() )1+ 2201, 2)

Xo1
= Y5(X50) Vi (x1)[ %21(1,2) +(1,2)]

2
= Y, (x) a1 (x1,)(1 + i + f—lz)[xm(l»z)‘*‘(l,z)]

X21 X1
= V(X[ X21(1,2) + x7,(1,2) + x11(2,2) +(2,1)]

= d,(x0)(1+ 1{—2)[%1(1,2)‘*‘ xfl(1,§)+ x11(2,2)+(2,1)]
22
2
= [ (1, 2)+ (14 (1L D)4 2, (2,2)+ (2, )+ 2T
22
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and for V5(y) we have:

Yo(y02) Yi(11) Yo()’m)(z» 1)

= i) K1+ 20 T
01

= Y()(J’OZ)Y(J’U)[J’M(E 1)+(1,2)]
L I

= Y5(Yo2)ad (X)) (1 + —+ —-
o\vyo2 1 11 xll 2 121

= YO(J/OZ)[yOI(z’T) + ylzl(l’ 2) + J’11(2»§) + (Zri)]

)[Ym(zj) + (175)]

Gt o)1 + f @ D+12(1LD + m@ D)+ 2 1)
02

= [Yo1Y02(2, 1) + (Jor + h)(Lz) + 111(2,2) + y02(2,1) +(1,2)]
02

Setting Vi(x)-a(x)= V,(y), we obtain the following relations:
L=a(x): Xy Xz

Yo1 Yoz = a(x)

xpa(x)=yn
X22a(X) = Yoo

with the following solutionS' a(x)= @, Y= ﬁ, Yoo = 3~ and )y = 5-. We can also

x21
see that x,; =

ﬁ, Xpy = y1 and x,; = Tor ;02 Let V, be the geometric crystal correspondlng to

go and V, be the geometric crystal corresponding to g,,. This map is clearly birational and
bipositive, and defines the isomorphism @ : V;, — V, and 01 : V, — V).

Now we compute the actions e/, ¢;, and 7, from the general formula in section 5.2. First we

compute e and e;’.

Xoz LXop LXop
c _ X11 X11 X11 _
€, (Vi(x22, X11, Xp1)) = (xzz (E) » X11 (—@ ),le (_cxzz )) = (Xp1, € X11, Xp2)
X11 X11 X11
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o 4 < X L
Xo2 | X2, X, Xo2 | X2, X Xo2 | X2, X
c — 22 22 22
e, Vi X, X)) = | X2 | ——— |hxn | —— [ x| ——
R S | I Ot B £ 4
X22 x222 X21 X22 )6222 X21 X22 x222 Xo1
We define , ,
c_ + xll cx22x21+x11 2
o X U xhxy  Xnam C X1 Xpp + X7,
2 2 T 2
1 bl X22 X1+ X713 le sz + x121
X2 ' xZ,Xp X2, X1
Then

c C
e, (Vi(xp2, X117, Xp1) = szzz’xu»c_le
2

Now the formulas for ¢, and ¢, are the following:

X2
£1(Xa2, X117, X1) = —
11
1 x2 X1 Xpp + X2,
82(x22!x11rx21): — 2 = 2
Xoo  XypXp1 Xop Xo1

And the formulas for 7, and 7, are as follows:

2
11

X1 X22

X
Y1(X22, X191, Xp1) =

2 2
X, X
_ Aty
To(X22, X11, X21) = —=5

n
To get the formulas for ¢/, £, and y, we first must get the formulas for e_oc, goand 7, in Vo(y).

These are as follows:

c Yh c Yh . ey
- Yoo o Y dor Yoz o Yidon Yoo o Yo
c — 02 02 02
e Yo Yo )= Yoo | — || ———= Y| —
1 N . i . Y1
Yoo o Yg o Yoo o Yo Yoo o Y& yo
We define , ,
c m CYo2Yo1+)n1 9
T oy vewm _ CYndet Vi
0— 2 2 T 2
L4 o Yoo Jor )i, Yo1Yo2 + M1
Yoz Yoz Yo1 Yoz Yo1
Then

— _ C
ey (Yoz» 11> Yor) = (Co Yoz, Y11 E—J’m)
0
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And the formulas for £, and 7, are

_ Vi Yor Yoz + V4
€ (J/ ) y ) J/ ) = =
Rz S Sl Yoz J/ozz Yo J’022 Yo1

24,2
y01y02

Yo(Yoz2» V11> Yo1) = 2
i

Now ey, &y and 7, are defined as follows:

es (Vi(x) =0 Toef oa(13(x))
To(Vi(x))=7,(a(Vi(x))
&o(Vi(x)) = go(a(V1(x))

Now we find ey

— (1 wm 1

C
€y (Xa2, X11, Xp1) =0~ 1060 00 (X, X11, Xp1) =0 1o e —
)’01 J’(nyoz Yoz

:__1( 1 yn 1 ):F( C Yor Yoo + Vi3 A4N Yor Yoz + V5 )
ymc%, CYor1 o2 Yo2Co ¢ Yo1(Yo1 Yoo + J/lzl), Vo1 Yoo Y02(€ Yor Yoz + 1)

2 2 2 2
c bl X1t 1 X1 C X1 Xgp X1 1 X1 Xpp+ %1 1
X21X22 X2, x2 X21X22 x2, x2 X2, x2 X X2 x2
_ 217422 X21 X22 21%22 = x 21 %22 11 X 21%22
- ’ ’ - o X 7
1 x121 c 1 ¢ x2 22 ¢ xy) Xop+C X, 12 C C X1 Xpp+x112
( 3 ) Xp1 X2 _( + == ) x2 x2 x2 x2
x22 lexzz x21x22 X21 * X21X22 X571 X5 21722 21722
X1 X1
= (_xzzr y—)
C C

And then we compute ¢, and 7,

*11
I xp 1 1 22 xZ
30(‘/1(X)) 50(0'(‘/1(.7(3)))—80( ):_ 211 2 _ L+
x21 lexzz Xo2 ™ 2 -

1
1 X11 1 )_ x221x222 1

— | =2 —
Xoo Xp1Xgy X1 i 1

Yo(Vi(x) = To@ (Vi (x) = 7’0(

=

X5 X5,
Theorem 5.3.1. V, =(Vj(x),ef,¢;, ;) fori =0,1,2 is a positive geometric crystal.

Proof. Clearly this is positive, since all coefficients are positive. Then we need to check the
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following relations:

rilef(x))=c"y;(x)

ezc eod = (flezc

elc eoczdelcdeod — eod elcdeOCZdelc
elc eZCZdCICdQZd — egd elcdezczdelc
eief(x)=c""g;(x)

We actually only need to check the relations involving ey Yo and g, since by [2, 30] we
already know V, = (Vj(x),ef,¢;, p;) for i = 1,2. First we check the relations y;(ef(x)) =

¢y i(x):

C x; 1 c? ,
e (x)=7o(— X0, —, —X1) = — = CYo(x
Tole, (X)) 7’0(0 27 & 21) 2 Yo(X)
1 _
Yo(elc(x)):To(xzz,cxlple):—2 > =C 27’0(35)
c2xy,
c ¢ 1 0
Yole, (%)) =7ro(Caxo) X11, — X21) = —5 = € 7o(X)
Cy X0
X 1 cxy 4
e (x)=r(=xp,—,— X)) =————=¢ X
r1(e, (X)) Tl(c 227, Py 21 2%y Xy 71(x)
C, x; 1 c’x; Xy,
el(xX))=7,(=Xpp, —, — X)) = —==2=¢ X
7’2(0( ) Tz(c 220 =2 o 21) Clezl 72(X)

Then we will check the relations &;(e/(x)) = cle;i(x), go(e, (x))=go(x) and &,(e; (x)) = £,(x).

2 2
c G X1 X1, Xp Xjp  CXppXopy + Xy
oley (X)) =eo(—Xp, —,—)=— 50 =
c c’ ¢ C, €22 Xy € CyXpo
2 2 2
(XpoXo1 +x7,) (KXo +X7))  xp X5 )
= T = = + =c SO(X)
cX € X1 X2+ X7y C.x22 C Csz
22 x21x22+x121
. c CXy1 XL CXpyXpp+ X[ x2
go(e, (X)) = €5(Cr X0, X11, — Xp1) = + = pS—— = Xp1 + — = &o(x)
C2 G GXp  x,,22To0 X22
x21x22+x11
2 2
c C X1 X1 C X1 Xpp + X1 X1 X2 + X}
£y(ey (X)) = &(—xpp, —,—) = = =£,(x)
2(€, 2 22 pES— 5 2
C C C2 x222 21 21422 211 x22 le
x21x22+x11
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Now we check the relation ef el =ef el

2 2
c,d _ C _ ¢ xzz(dx21x22+x11) dle(x21x22+xu)
€ 6, (X2, X117, Xp1) = (o (dy X0, X115 = Xp1) = € > » X115 5

dz X1 Xpp + X1 delJng + X1
cF Xop(d Xpy Xpp +X2) X1 1 d Xy (X Xpp + X))

2 ’ ’ Lk 2
C XXyt Xy C € dXyXpt Xy

We will solve for ¢, to substitute it in:

(dx21x22+x121)x22 (dx21x22+x121)x22 2
( : )+x11_Cde1xZ2+x121

C* _ dx21x22+x121 x21x22+x121
2 (d 221 Xpp+x,)d X1 . d X1 (Xp1 X0 +x7)) + x2 dx21x22 + xlzl
X21 x22+x12] d)Czl x22+x12] 11

Substituting this in, we obtain the following

c, d
eo eg (x22’x11! x21)
2 2 2 2
CAd Xy Xop + X7, Xpp(dXp1 Xpp + X7)) X1y AXp X+ X7, d Xp1(X1 X0 + X))
2y 2 T 2 2
c(d x5, X5 + x77) X1 Xpp + X1 C  cdXyXp+ Xy d Xp1 X0 + X7
2 2
Xop(Cd X1 Xpp + X7,) xy; A X1 (X1 Xpp + X7)
= 2y "¢ cd 2
c(Xo1 X0 + x77) c  cdXxy X+ Xy,

Now we calculate the other side of the equation:

X22(€ X1 Xpp + xlzl) X X1 (X1 Xp + x121)

dc _ ,d
32 e() (x22!x11)x21)_ 32

2y 0 2
C(Xo1 X +X77) € CXpXpp+ X[y
2 2

Xp2(€ X1 Xop + X7,) Xy d Xo1(X21 X220 + X75)

2 ) L 2
(X1 X+ X57) € dy CXpXpo+ X5,

=(da:

We solve for ¢, to substitute it in:

((Cx21x22+x121)x22 i (x21x22+x121)x21)+ x_121 2

d* _ c(x21x22+x121) cx21x22+x121 c? _ cd Xo1 X202 + xu

2 (cx21x22+x121)dx22 . x21(x21x22+x121) + x_121 C Xp1Xpp + x121
C(x21x22+x121) cx21x22+x121 c2
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Then we have:

d
e, eoc(xzz’ X115 X21)

2 2 2 2
_ Cd Xy Xop + X5 Xpo(C X1 Xpp + X)) Xqy A(C X1 Xpp+ X7) Xo1(X01 X0 + X7)

2 2 ) ’ d + 2 + 2

C Xp1 Xpp + X1 c(xp1 X0 + x77) C  cdXyXyp+ X C X1 Xpp + X7
2 2
Xop(Cd Xpy Xpp + X71) X1y d X1 (X1 Xpp + X))

2 ) ) 2
(X1 X0 + x77) c cd X1 Xop + X7}

Both sides are equal, so the relation holds. Finally, we check the last relation:

2 2
c c%d cd d c c%d cd x22(dx21x22+x11) X11 x21(x21x22+x11)
e ey ‘e el (X, X1y, X)) =€ € T
b o1 A(Xp X +x2) "~ d’ dxyXpy+ x>
214422 11 21422 11
2 2
_ gl pctd Xoo(d X1 X35 + X7;) cx X1 (X1 X0 + X7
- 2 ) 11»
d (X1 X0 + X71)

170

d Xy Xpp + X7,
[ (c?dy . Xoo(d Xy Xpp + XF) X 1 X1 (X1 Xpp + X))
L\ c2d A(X1 X+ x2) " cd’ (c2d)  dxy xp+ X4

Then we solve for (c¢?d)*

2 %22(d Xp1 Xpp+X7) x21(x21x22+x121)) 2..2 c2dx
. 21 X22 242 2 2
¢ d( (%91 Xpp+x7,) d Xp) X2+ X7, tce 1 _ d +c X1 _ c d(x21x22+x11)
xzz(dx21x22+x121) X x21(x21x22+x121)

2 2
d(x21x22+x11) dx21x22+x11

(c*d) =

T XX 22 2 2
+sz121 L2+ c2xyp Xp1X0p + C2d X7,

Then we have

oc c?d( Xy Xpp + X7,) xzz(dlexzz‘i‘xlzl)& Xo1 Xpp + CPAX] X1 (X Xpp + 7))
P\ c2d(xp Xpp +c2dx2)  d(Xp X+ x%) " cd’ c2d (X, Xy + x7)
o[ X22(d X1 X0 + X7,) X Xo1(Xp1 Xpp + €*d X7,)

P\ d(xp X0+ c2d x3) cd’ c2d(d Xy Xy, + X2)

Xoo(d X1 Xpp + X7,) X Xo1 (X1 Xpp + €*d X7,)
A(Xy1 Xpp + c2d x?) d’ c2d(dxy Xy + x2)

2
d X531 Xop + X7,
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Now we evaluate the other side of the relation:

d cd c%d ,c _d _cd  c%d
€ € € € (X22, X11, X21) = €, € € (X22, € X171, X21)
2 2.2
d Cd(xzz(dxmxzz"‘xn) Xy Xor(Xp X+ C xn))
= eO el —

A(Xy1 X0+ c2x%) cd’ c2(d Xy Xz + X3)
d Xop(d Xpy Xpp + X7,) X1 (X1 X0 + €2 X2)
(d(x21x22+(:2x121) A c2(d X1 X + X2) )
d; Xop(dXo  Xpp+Xx2) X1 1 Xp(Xpy Xpp + €2 X2)
(E d(x21x22+02x121)’7'd_§' c2(d Xy, Xpp + X7) )

We solve for dy:

dxgz(dx21x22+x121) x21(x21X22+02x121) 2
. + X d xp1 Xp 2 2 2
d* = d(xp1 xp2+c2x8)  c2(dxp1 Xp2+x5) 11 ~ag +X11 _ dx21x22+ c dxn
2 xzz(dx21x22+x121) . x21(x21x22+62x121) + xz xil;(;zz + x121 X1 Xop + czdxlzl
d(x21x22+02x121) 02(dx21x22+x121) 11

Substituting this expression in, we get:

(dx21x22+02dx121 'x21(dx21x22+x121) X X1 Xpp + C2d X7, .xzz(x21x22+czx121))
A(Xp1 X0y + c2d x2)  d(Xp1 Xpp+ €2x%) " d A Xy Xpp+ c2dx?,  c2(d Xy Xpp + X7)
_(xzz(dlexzz"‘xlzl) X1 x21(x21x22+02dx121))

\d(X X+ c2dx?) d’ c2d(d xy Xpp + X7)

Since all of these as satisfied, V;(x) along with the relations e/, y; and ¢; for i =0,1,2 is
a Cz(l) geometric crystal. O

Cél) Geometric Crystal

We start by computing the following actions of simple reflections: sy, §;, $,, s3. From the
Cartan matrix, we know that

00=2A0—2A1+5
al :2A1_A0_A2
a2:2A2_A1_A3

a3 = 2A3 - 2A2
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Then the simple reflections act as:
So(Ao, A1y Azy A3) = (Ao, Ay, Az, A3) —(2,—2,0,0)A0 = (=29, 249 + Ay, Az, A3)

SI(AO’AIJAZ’AS) = (AO’AIJ AZ’AB)_(_]-) 2’_1) 0))('1 = (AO + )('1!_}'1) )('1 +A’2)A3)
So(Ag, A1y Ay Az) = (Ag, A1, A, A3) —(0,—1,2,—1)A, = (Ag, Ay + Ay, —A5, Ay + As)
$3(Ags A1, Aoy Ag) = (A4, A1, Agy A3)—(0,0,—2,2)A5 = (Ag, Ay, Ay ++243,—A3)

We show below that #(w3) = 0 535, 835; 5,83 and £(@3) = 0 5y$; 5,51 Sy where o is the diagram

automorphism 0 «— 3 and 1 «— 2.

O 83,8351 8253(Ag, A1y Agy A3)

= 08358381 5(Ag, A1, Ay +245,—A3)

=08385881(Agy A+ Ay +243,—A, —243, A, + A3)

=083583(Ag+ A+ A+ 2435, —A1 — A, —2A5, A1, A, + A3)

=038 Ao+ A1+ A, +2A3,—A, — A, —2A3, A + 24, +243,—A, — A3)
=0S3(Ag+ AL+ A, +2A3, A5, — A1 —24, =223, A1 + A, + A3)
=0(Ag+ A+ A +2235, A5, A1, —A1 — Ay — A3)

=(—A— A= A3, A1, A0, Ag+ A + A, +2A5)

=(Ag, AL, Ao, A3) H(Ag+ A1+ Ay + A3)(A3 —Ay)

O 5051505251 So(Ag, A1, Ag, As)

=088, 50881 (—Agy A+ 244, Ay, Ag)

=088 508 (Ag+ A, —2A0—A1,240+ A, + Ay, Ag)

=085 (Ao + A1, Ay, =240 —A1 — A5, 220+ A, + A, + Ag)

=088 (—Ag— 21,240+ 24, + Ay, —2A0—A; — A5, 240+ A, + Ay + A3)
=0Sy(Ag+ AL+ Ay, 20 =24, — Ay, A1, 240+ A+ A+ A3)
=0(—Ag— A1 — A5, Ap, A1, 240+ A+ A+ A3)

=(2Ag+ A+ A, + A5, A, A, —Ag— A — A3)

= (Ao A1, Az A3) + (Ao + Ay + Ay 4+ A3)(Ag — Ag)
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Now we compute Vi(x) and V,(y).

Y5(X33) Yo (X22) Y3(X32) Y1 (X11) Yo (X1) Ya(x51)(1, 2, 3)

= Y3(33) Yo X2) Y3 (X32) Y (11) Ya (221 )[ %51 (1, 2, 8) +(1, 2, 3)]

= Y3(%33) Yo X2) Y3 (X32) Y (211 [ a1 (1,2, 3) + x3(1, 2, 3)

+ x,1(1,3,3)+(1,3,2)]

= Y3(X33) Yao(X0) Ya(32)[ %31 (1, 2, 3) + 2, (1, 2,3) + X1 X11(1,3,3) + x7,(1,3,2) + x,,(2,3,3)

1
+x11(2,3,2)+(2,3,1)]
x? _ _ _ _
= Y3(X33) Ya(X00)[ X531 X32(1, 2, 3) + (x5, + x_21)(1’2’3) + X1 x11(1,3,3) + x121x32(1,3,2) + x121(1,3,2)
32
+351(2,3,3)+ X1; %32(2,3,2) + x32(2,3, 1) + x,,(2,3,2) +(2,3,1)]
2

X _
= Y3(x33)[ X531 X32(1,2,3) + (x5, + x_21)x222(1’ 2,3)+ (%1 %17 +
32 32

x2 x X2 2x, X _ __ _ X1 X
(2 g+ 22 2T 39) 4 %2 (1,3,2) 4+ X1 20(2,3,3) + (0 + o2

22 X32 X22 X2
+ X32(2, 3!1) + x11x22(2r §! z) + xll(g) §, z) + x222(2) 5! T) + x22(3) §, T) + (3,5, T)]

2
x31 ng

X2 Xy _
2 4 X5, %02,)(1,3,3)

)(2,3,2)

) 2
X5 X _ X5 X _
217122 21722
)(1,2,3) + (X1 X137 + ——— + X3; X2,)(1,3,3)+
X33 X32 X33 X32
x2 x x2 2 x2 x x2 2 x?
1132 21 X21X11 5 11%32 21 Xo1X11 0
(=g + 2+ : +
X5 X32 X22 X9 X32 X2 X33

X1 X _ X __
- 32)x33(2,3,2)+(x21+ + )(2,3,2)+ X35 x33(2,3,1)
22 Xo2 X33

= [x37 X3 X33(1, 2, 3) + (X3 X3 +

+ x21x22(2, 3,§) + (le +

2

X33
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And Vy(y):

Yo(103) Yi(312) Yo(Yo2) Ya(321) Yi (311) Y()(Ym)(§ 2, T)

= Y5(303) Y (12) Yo 302) Yo (321) i (1110 (3,2, 1) + (1, 3, 2)]
= K)(yOB)Yl(ylz)YO(.VOZ)YZ(.VZI)[J/OI(&2’ 1)+ y11(1;3»2)+ J’11(2»§,§)+(2,§;T)]
= Y()(y03)Yl(yIZ)YE)(yOZ)[yOI(gyz’T) + ylzl(l’g)z) + J’11J’21(2»§»§) + ygzl(z)g’i) + yll(syg’z)

+ 11(3,3,1)+(3,2,1)]
—— y2 _ L L ~
= Y0(303) Vi (112 Y01 Y62 (3,2, 1) + (Jon + =2)(1,3,2) + 111 11(2,3,2) + ¥, 102(2,3, 1) + ¥/, (1,2, 3)
02
+ J/11(3,§,§)+ y21J’02(3,§,T)+ y21(1,3,§) + y02(3,§j) +(1,3,2)]
2

Y, == Yoy
y—u)yli(1,3,2)+(yuy21+y01y12+ 1772
02

Yoz

= Y5(303) Yo Y02(3, 2, D)+ (3iou + )(2,3,2)

2 2 — _ —_
Yular + Yo+ h + J/ZI;’oz )2,3,1)+ y221(1,2,3) + 111 212(3,3,2)+ (11 + You oz

+(
Yi2 Yoz 12 Y2

+ y21J/12(1» 3!§) + J’21(2, 3’§) + J’o2(3;§, T) + y122(1; S)E) + J’12(2; 3;5) + (2’ 3) 1)]

)3,3,1)

g Yol | YaVay . =5 Vi, ==
=[Yo1Y02%03(3,2, 1) + (Jo1 Yoo + = 12+M)(1,3,2)+(J’11J’21+J’01J/12+ H 12)(2,3,2)
Yos Yoz Vo3 02
2 2 2 __ 2
+( Y1) +y01+b+ J’212’02)y03(2,3’1)+( Y1) +y01+b—|— J’glJ’oz y21)(1 2,3)
Yi2 Yoz Yi2 Y12 Yoz J’12 Jos
+1912(3,3,2)+ (g + 2222)30.3,3, T+ (222 1y 22090y 3.3)1y, (2,3,3)
Y12 Yos Y12
— V2
+ Y02)03(3, 2, 1)+ (Yoo + y“ )(1,3,2)+ 112(2,3,2) + 105(2,3, 1) +(1,2,3)]
03

Now we solve for the coefficients in terms of one another using the equation: Vi(x)a(x)=

: : . _ 1 X1 X2 _ 1
V5(y) We get the following solution: a(x) = Tt V21 T Toixmag Y03 = % — and yp, = v
_ 1 __ X21Xpp+X1) X32 X11 X202 — 1 — 1
Yor = X33 Y12 = X31 X32 X2 and Jn = X33( X1 X2+ %11 X32) * - We can also see that X31 Yo3’ X32 Yoz’
_ 1 Yo1)12 — YaYoetYui iz — e
X33 = Yor’ Xo1 = Yo3(y21 Yoot y1112)” X22 Yo1Yo2 12 and i Yo1Yo2 o3 *

From the general formula, we need to compute the maps for this geometric crystal: e/, ¢;
andy; fori=0,1,2,3.
First we compute ef, ezc and eSC.

X22 X22 X22 CXop CXpp CXpp

c X11 X11 X11 X11 X11 X11
) (X33, X202, X32, X11, X21, X31) = (x33 Top %22 T 0 X32 555 1 K11 Ty 7 K21 Tz K31 Tg )

X1 X1 X11 X11 X X1

= (X33, X22, X3, C X117, Xp1, X31)
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c
62 (X33, X2, X325 X115, X215 x31)

CX33 X33 X32 X11 CX33 X33X32X11 CX33 X33X32 X11 CX33 C X33 X32 X11
X2 X3, X1 Xp2 X3, X1 X2 X2 X1 X2 X3, X21
= | X335 X22 X33 | X33X3pX11 » X32 CX33 | X33X3pX1) X1 CX33 | X33X3p%1) X21 CXz3 | X33X3pX11 » X31
X2 X3, X1 Xp2 x%, X1 X22 X3 X1 X2 X3, X21

c
= (X33, €2 Xp2, X3, X11, C_le, X31)

2
where
CX33 X33 X32 X11
_ X922 x222x21 _ C.le x22 + x32x11
6= X33 | XszXzpXii Xt Xy + X X
P . 21 X2 + X3 X131
— 12 2 2 42 — 2 2 2 42 —
Now let ¢3 = x2, X3, X33 + X2, X3 X3p + X2, X2, C31 = C X2, X31 X33 + X2 X3, X35 + X2, x2 and ¢, =
C X2, X1 X33 + € X2, X3 X3 + X5, x2,. Then

¢ [ Ca1 C32 C-C3
e, (X33, X22, X325 X171, Xp1, X31) = | —— X33, Xa2, — X3, X117, Xp1, — X31
C3 Cs1 C32

Then we compute the ¢; and y; actions fori =1,2,3

_ X2
£1(X33, X202, X3, X11, Xp1, X31) = P
11

_ Xop | X3pXgzXyp | X33XppXpp t X3z X3pXyg
&5(X33, X, X32, X11, Xo1, X31) = —— + =

2 2
X33 X)oXo1 X5oX21
2 2 .2 2 2 2,2
_ 1 X5, Xy Xyy  XggXgpXa + X5, X35 X31 + X5, X5
83(X33,x22,x:;2,x11,x21,X31)— + 2 + 2 .2 - 2 .2
X33 X333z X33X35X31 X33 X35 X31
_x
Y1(X33) X202y X32, X1, X1, Xg1) = ———
X1 X22
XX
Y2( X33, X2, X325 X117, Xp1, X31) = ——————
X31X32 X33X11
_ x§1x§2x§3
T3( X33, X22, X3, X11) X1, X31) = —5 5
X271 X2

To get the formulas for ¢, £, and y, we first must get the formulas for e_oc, goand 7, in Vy(y).
These are as follows:
1 V5 VoVE _ Vo3 Yo Yor + Vs Yoo Yor + V3 005

€0(Yoz> V12> Yo, Yo, V11> Yor) = — + +
OR0S Jizn Joz Jeb AL S0 Yos3 yO23YOZ yo%;)’o%J’m yosz’ozzJ/m

_ Vo1 Vi Vor
Yo(Yos» Yiz» Yoo Vo1, V11> Yor) = T 202203
e
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Let ¢y = J’03y022y01 + V5 Yo Yor + V5 Vi € = Cy03y022y01 + V5 Yo Yor + V5 Vi Co2 = Cy03y022y01 +
Cy122y02y01 + y122y121 Then

v _ [ Co1 Co2 -G
€y (Yoz» 12> Yoo Vo1, V11> Yor) = | — Yo3» Yiz» — Yoz» Yo1» Vit —— Y
Co Co1 Co2

Now ej, &y and 7, are defined as follows:

es (Vi(x) =0 Toef oa(1(x))
To(Vi(x))=7,(a(Vi(x))
&o(Vi(x)) = go(a(V1(x))

Now we find 7,

—— — Yor Yoo Yo x§1xi22x323 1
Yo(Vi(xX)) =7o(T(Vi(x))) =T0(Jo3» Y125 Yoz, Vo1, Yi1s Yo) = > 2 - z.2 o
Vi St Xy

x32 1 x§2 x323 x5

1 2 2y2 X1 Xoo + X1 X30)2 X2

£o(Vi(x) = — + 2/12 " 2’112/12 =x31+( 21 222 11X32) il

Yos  YosYoo  Yo3Vo2Yor X5 X32 X33

¢ _—( o Co2 C-C
€y (Yoz» V12> Yoo Yo, V11> Yo1) = O C_yosy Y12, C_YOZ» Yevr N11» o Yo1
0 01

02

xZ X2 x; x? x2 x2 x x2
We define ¢ = x3; + 2‘+m+ﬂ+£ Cpp = CXgy + 32+ Zuiu p Je 2o =

X22 x2, X33’ X2 x2, X33’ 724
2 x% x. x2
CX31+ €32 ) L+ o= x“x“ + oL +x—;;.
C
€y (X33, X2, X32, X11, X1, X31)
/ / / / / /
Coy X1 X22Coy + X11X32C,p €y X11 (X21 X2 + X11X32) - €, ¢,
= X33, X22 7 X32, T X2l 7 %31
2 (X1 X0 + X11X32)C - Cy Cyy c Xp1XppCoy + X171 X32C5) Cpy

Theorem 5.3.2. V, = (Vi(x), ef, &;, p;) fori =0,1,2,3 is a positive geometric crystal associated
with C3

Proof. This is clearly positive as all the coefficients are positive. We already know that )/, is
a geometric crystal without the additionally 0-actions, so we only need to check relations
with the 0 index:

L. rolef (Vi(x))) = c“oyo(Vi(x))

2. 7i(eg(Vi(x))) = cry;(Vi(x))
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3. £o(eg (Vi(x))) = c™'eo(Vi(x))
4. &(e5 (Vi(x))) = e2(Vi(x))

5. &3(e5 (Vi(x))) = £5(W(x))

6. £o(e; (Vi(x))) = go(Vi(x))

7. go(eg (Vi(x))) = £o(W())

8. efef=eflef

9. efel =efef

2 2
10. efef decded :edecdec dec

L. 7oley (Vi(x)))

/ / / /
.y ( c,, X1 X2y, + X1 X32C)) €
— /0

— X33, X22
0y T (X X + X1y Xgp)C - €5 €y
1 c?
2
46
L X
o2

7’0(6‘16(‘/1(36))) — To(x33’ X290, X302, C X11, Xo1, JC31) = —C g

%)
C31

3 C31

67
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C32 C-
7’0(‘336(‘/1(x))) =7Yo (c_ X33y X22) —— X32, X11, X1, ——

X11

)

X2

/ /
(X21 X2 + X11 X32)C - €, ¢,

1 / VA
X21X02Coy + X11X32C51  Cpy

x31)



2. 71(e; (M(x))

/ / / / /
—y ( Coy X1 X2Cyy + X11X32C5; €y X1 (X1 X2 + X1 X32)C - €, €, )
=7 ;7 v, A31

— X33, X22 y = X3, — Xo1
/ / / / /
Cy (X1 X2 + X171 X30)C - €5 Cyy X21X22Coy + X11X32C51  Cpy
xZ
n
e |
T Xo1Xoo Y YI(‘/I(x))
c
C
72(e, (Vi(x)))
/ / / / / /
_ Cyy X1 Xp2Cyy + X11X32Cy; €y X11 (X1 X2 + X11 X32)C - €, ¢,
=Y2| = X33, X2 7 X3z T X1 / PR
G (%21 X2 + X1 X30)C - €5 €y X1 X2 Coy + X11 X326y Gy
x221x222
_ c? _
T X11X31 X3 X33 _YZ(Vl(x))
CZ
C
73(e, (Vi(x)))
/ / / / / /
_ G,y X21Xp2Cyy + X11X32C5; €y X11 (X21 X0 + X11 X32)C - €, ¢,
=V3| 7 X33 X2 7 T X T X2 7 PR
c-C (%21 X0 + X1 X30)C - €y Cyy c X1 Xp2Coy + X11X32Co1 €y
x321x322x§3
c?
=—— =r3(V(x))
x221x222 r
CZ

Now we prove 3.:

. _f(c C c-C
50(900(‘/1(35))) =2,00-1¢,0(Vi(x)) =5, (ﬂyos» W12, EJ’oz, Yoo —Oym)
Co Co1 Co2

2 2
Y03 Yoz Y1 € Co2+ Y1 €+ Co Yoz Yo1 2 .,2 2 2 24,2
( o +YLY)6 _ (o3 Vg2 Y1 € * Coz + V5 * CoYor Yor + Vi3 Vi1 €o1)Co

€~ Co2 Vo1 Yoz Voa € * Co2 Co1 Yo1 Yoo Vs
2 2 2.2 2 2 2 2.2
(Y03 Yoo Yor + Vi Yoz Yor + Vi3 V11L€ Yo3 Yo Yor (€ Yoz Yoo Yor + € Vi3 Yoo Yor + Vi Vi
€ Y3 Yoz Yor (€ Yos Yoz Yor + Yiz Yoz Yor + ¥i2 Vi )(€ Yos Voo You + € ¥ia Yoo Yor + Vi i1)
¢ ¥ Yoo Yor (o yong’m + Y5 Yoo Yor + V5 VE) + VE V5 (€ Yos y022 Yor + Y5 Yo Yo + V5 ¥13)
€ Yoa Yoz Yo1(€ Yoz Yz Yor + Vi Yoo Yor + Vi V(€ Yos Yoo Yor + € Vi Yoo You + Vi iz
oK _ o _ YoV Yor + ¥y Yoo You + Vi1 Vi

0 _ =¢85 (Wa(y)) = ¢ eo(Vi(x))
ckK ¢ C Vs Yoo Yor o o

)

Where K = ¢y yp Vi + (€24 )y Vo3 Vo Vi + 2€ Y5V Yo3 Vo Yor + (€ + 1)V ¥ Yoo Yor +
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44,2 4,2 4 4,4
Cy12y02y01+y11y12'

4. (e (Vi(x)))

Cyy X1 X2 Cpy + X11 X32C,y €y X1 (X1 X2 + X1 X32)C - €, (32’
=&y —— X33, X2 7 7 X32, —» Xo1
c-C (X1 X2 + X1 X32)C - €5 €y

7 7 Xs1
Xp1 Xpp Coy + X11 X32Cy) Cy
02/4 X33 X21 x22+02/1 X32 X33 X11
_ c2c)  X33( X1 Xpp + x11x32)

; , ; £,(Vi(x))
x21x22(x21x22024+x11x32021) x22 Xo1
(%21 Xp2+X11 x32)02'02/

5. &(e; (Vi(x))

/ / / / / /

Cyy Xp1Xp2Cyy + X11X32C5; €y X1 (X1 X2 + X171 X30)C - €, 3

=E&3| —5 X33, X2 70—, %32, T Xo1 =~ X31
c-C (X1 X2 + X1 X32)C - €5 €y X1 Xpp Coy + X11 X325y Cy

’ 2 2 ’ ’ 2 .2
Cy1 X31 X35 X33 X32 %31 X5 (X21 Xp2 €4+ X11 X32 €51 ) + X211 X%
CyyeC

/ /
(X521 Xp2+X11 X32)C54 €y C2

c?

2 2
X31X35 X33
2 /
c2c;

By substituting the expressions c¢,, ¢,;, and ¢,, and factoring, we get £;. Now we move on to
the proofs of 6. and 7.:

2 2
c X (€ Xp1 Xop + X171 X32)
¢ 11 21 X22 11X32
6. £o(e, (Vi(x))) = &o( X33, €2 %22, X32, X11, e Xo1) X31) = X31 + vy S h(cay ot v
(X021 Xpp+2x17 X32)2
2
X (X1 Xy + Xp1 X35 )
= X3 + —+ = &o(Vi(x))
X33 xzzxsz
C31 C32 C-C3
7. So(egc(vl(x))) =& (_xss» Xo2, —— X325 X11), X215 —x?,l)
C3 31 32
2 2 2
C-C3 X6 X5C31  2X11Xy  X{C32X32
== X31 + + + 2
C32 X33C31  C32X32 X22 C31 X5

Now the term zx“x”

is already the same as it would be if we had ¢,(V;(x)). So we focus only
on the rest of the terms.

2
C- Cg X Cg
X3 + 11

2 2
X C X1 C39 X
21 %31 11 ¥32432
+ +
C32 X33C31

C32 X3
_ CC3C31 X3 x32x33x + xZ

21 3IX33 +X 03032)632)6 +x11 32x32x33

2
C31 xzz

C31C3p X3 X33 xzz

2 2
If we expand these terms and factor, we get x;; + 22 + x‘;—fz 7t. Along with the term we
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removed earlier, M

» we get £(V;(x)).
Before proving the last 3 identities, we prove a useful statement: 0o e’ =e;;° o0 we

prove this for 1 <i <2. Fori=1:

go ef(‘ﬁ(x)) =0 (X33, X22, X32, € X11, X21, X31) = (Jo3» V125 Yoz, € Vo1, V11> You)

e, 0T (Vi(x)) =2 (303> V12> Yoz» Y21, Ya1» Yor) = (Jo3» V12 Yoz, € Vo1, V11> Vo)

For i=2:

C
goe, S (Vi(x)) = 0(X33, € X20, X3, X171, — c X1, X31) = (J’(B»C Y125 Yo2, Yo1» ,yn»J’m)
) G

—_ — —C / c
e; oo(Vi(x))=¢ (J’os,J’12»J’02»J’21»yn’ym):(J’os»01Y12:J/02»J’21»?J’11»J’01)
1

Vi1 + Voo Vo
Where ¢/ = 22ulel Thig also implies that ef oo—1 =01 0¢,,_;° for i=1,2. Using these
1 N2ynt+Yoz Yo

identities and the fact that V,(x) is a geometric crystal, we can prove 8. and 10.
_ 3 _ 0595~ _ ,d 5 15/ —
e, =07ley oe, =07le, e, o=0"le ey 0=e,07le, 0= ee

For 9, we used a computer algebra system to confirm the identity held. And finally for 10.:

———2d— cd T —d— _ ——o—c—c2d 2d—
efo-1e)" oe”iafleo c=0-10e" 0o e'c=0"16"e" e e'T

Zd__ —_— J—
—aleoe eo e 0= 0'1806 aale “Te

d_
o-le, “Oef = eod efdeoc def

c
1

=o1g Tel o1

Therefore, all relations hold, so it is a geometric crystal. O

Cf) Geometric Crystal

This case is the first case where the representation is not multiplicity free. The two vectors
(3,4,4,3) and (2,4, 4, 2) both have weight 0. As a result, we used the global base to consider
the e and f actions. By direct computation, we see that f,(2,4,4,3) = (2,4,4,2) +(3,4,4,3).
All other actions are the same for the global and crystal bases. Additionally, we note that
if f? # 0, then we have f?*(b)=2b’. Before we compute the variety, we must compute the
translations. We first compute the following actions of simple reflections: s, s, $,, S3, and
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s,. From the Cartan matrix, we know that
ao = 2A0_2A1 + 5

a,=2A—Ay—A,

Ay =2MN,— A, — A

a3 =2A3— AN, — A,
a,=2MN,—2A;

From this, we know the simple reflections act as:
SO(AO» )Llr AZ» )('3’ A4) = (A’O’ A'1’ AZ’ )('3’ A4) - (Zr _2’ 0’ 0’ O)AO = (_A'O’ 2)LO + Al’ AZ’ 7('3’ A4)

$1(Agy A1, Aoy Az, Ay) = (Ao, Ay, Ag, Ag, Ay) —(—1,2,—1,0,0)A; = (Ao + A1, —A, A+ A5, A3, Ay)

So(Agy A1y Ay Az, Ay) = (Ao, Ay, Az, Ag, A4)—(0,—1,2,—1,0)A, = (Ag, Ay + Ay, —As, Ay + A3, Ay)

S3(Ag, A1y Ay Az, Ag) = (A0, A1, Ap, A3, A4)—(0,0,—1,2,—1)A3 = (Ag, Ay, Ay + A3,—A3, A3 + Ay)
Ss(Ag, A, Aoy Az, Ag) = (A0, A1, Ay, A3, A4) —(0,0,0,—2,2)A, = (Ag, Ay, Ay, A3+ 244, —Ay)

We show below that 7(w3) = 0 5,555,5,555, 5, 5,838, and £(3) = T Sy S; Sp'S» 1 S S35, 51 So Where

o is the diagram automorphism 0«— 4, 1+ 3, and 2 «— 2.

O 5483515283545, 88384 ( Aoy Aty Any Agy Ay)

= 05;53515535,81583(Ag, A1, Aoy Ag +2A44,—Ay)
= 0818555158381 S2(Agy A, A+ As + 24,4, — A3 — 244, A5+ Ay)
=08853518 838,51 (Agy AL+ A+ A3+ 244, — Ay — A3 —2A4, As, A3+ Ay)
=088 838 (Ao + A+ A+ A3+ 24, — A — A, — A3 —24,, A1, A, A3+ Ay)
=088 83(Aog+ A1+ A, + A3 +24,,—A, — A, — A3 —2A,, A1, A, + 243+ 24, —A3—Ay)
=084838, (Ao + A+ A+ A3+ 24, — A — Ay — A3 =24, A1 + A, + 2434+ 24,
— Ay —2A53 =224, A0 + A3+ Ay)
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=088 Ao+ A+ A+ A3 +2A4, Ag,— A, — A —2A3— 244, A1, A, + A5+ Ay)

=08;83(Ag+ A+ A+ A3 +2A,, A3, — A, — A, —2A3 =244, A1 + 2, + 225+ 24, — A, — A3 — Ay)
=05,(Ag+ A+ Ao+ A3 +244, Agy Ay, —A — 22 — 23— 244, A, + Ay + A3+ Ay)

=0Ag+ A+ Ao+ A3 +24, Ag) Aoy A=A — Ay — A3 — Ay)

=(—A = A= A3 — A A, Ag, Ag, Ag+ A + A+ A3 +24,)

= Aoy Ay Ao,y Agy Ag) + (Ao + A1+ A, + A5+ A) (A, —Ay)

O Sp81 505251 50535251 S0(Ags A1y Ay Az, Ay)

=0 8)51 50525150535 S1(—Ag, A1 +244, Ap, A3, Ay)

=0S)81 508281508382 (Ag + A1, =240 — A1, 240+ A + Ay, Ag, Ay)

=08)81 508 515083( Ao+ A1, Ap, =240 — A1 — A0, 20+ A+ Ao + A5, Ay)

=0S8)81 50581 S0(Ag + A1, Aoy Ag,—2A0— A1 — Ay — A3, 240+ A+ A+ A3+ Ay)

=085 59%5 (Ao —A1,240+ 24, + A, A3, 24— A, — A, — A3, 240+ A + A + A3+ Ay)
=05558Ag+ A1+ Ay, =240 —2A, — A5, 240+ 24, + Ay, + A3, 24— A, — Ay, — A3,
20+ A+ A+ A3+ Ay)

=088+ A+ A5, A3, =240 =241 — Ay — A3, A1, 2 0+ A+ A + A3+ Ay)

=088 (—Ag— A1 — A2, 240+ 24, + 24, + A3, 240 —2A, — A, — A3, A1, 2A0+ A+ A, + A3+ Ay)
=0S(Ag+ A+ A+ A3, 245 —2A, =24, — A3, A5, 4,20+ A+ A, + A5+ Ay)
=0(—Ag—A 1 — Ay — A3, A3, A5, 41,240+ A, + A, + A5+ Ay)

=2Ag+ A+ A+ A3+ AL AL A —Ag— A — A —A3)

=(Ag A Ag, Az, Ag) + (Ao + A+ A, + A3+ A4)(Ag—Ay)
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Now we compute V;(x).

Y3 (%44) Y3(33) Y3 (X43) Yo (X22) Y (X3) Ya(42) Y2 (211) Yo (%01 ) Y (X31) Yo (%41 )(1, 2, 3, 4)

= Y3(%44) Ya(X33) Ya (a5) Ya(%20) Y (232) Ya(X2) Y (11) Y (5021 Ya (251 ) 4n (1, 2, 3, 4) + (1, 2,3, 4)]
= Y3(X44) Y3(%33) Ya(Xa3) Ya(222) Y3 (3) Ya(X2) Vi (511) Yo )[ X (1,2, 3, 4) + x5, (1, 2, 3, 4)

+ x51(1,2,4,4)+(1,2,4,3)]

= Y3(%44) Y3(X033) Y (X43) Yo (X22) Y3(x32) Ya(X40) Y1 (x11)[ %41 (1,2, 3, 4) + x;l(l,Z,S,Z)

+ X3 X21(1,2,4,4) + x2,(1,2,4,3) + x3,(1,3,4,4) + x,(1,3,4,3) +(1,3,4,2)]

= Y3(X44) Y3(X33) Ya(X43) Yo (X22) Ya(X32) Ya(X42)[ %41 (1,2, 3, 4) + x321(1,2’3»1)

+ X3 %21(1,2,4,4) + x2,(1,2,4,3) + X3, %11(1,3,4,4) + x5, %11(1,3,4,3) + x7,(1,3,4,2)

+ X31(2, 3’ 4)1) + x21(2’ 3) 4y§) + xll(z) 3) 4)5) + (2! 3; 4)T)]
2

X. _
= Y)(x44) Y3(x33) Yi(x43) Yo(22) Y5(X30) = [ X41 X42(1, 2,3, 4) + (x_31 +x41)(1,2,3,4)
42

+ X351 %1(1,2,4,4) + X2, x42(1, 2,4, 3) + X3 X11(1, 3,4, 4) + X X1, X45(1, 3,4, 3)
+ X7 %5(1,3,4,2) + X31(2,3,4,4) + X1 X45(2, 3,4, 3) + 11 X42(2, 3,4, 2) + x45(2,3,4, 1) + x

(1, 2,4, 3) + x21x11(1,3,4,3) + xll(l, 3,4, 2)+ x21(2,3,4,3) + x11(2, 3,4, 2)+ (2,3,4, 1)]
x?2 _
= Y3 (%44) Ya(33) Yi(243) Yo(200)[ %41 X42(1, 2,3, 4) + (2 + x41)x322(1, 2,3,4)+ (x31 X

Xy

2

2
X371 X32 X5, Xa2 231 X

_ x?2 _ _
)(1,2,4,4) + (25— + x4 + ——— + —21)(1,2,4,3) + X3, %11 X3,(1,3,4,4)
X2 X3 X32 Xa2

+( + X3, x1,)(1,3,4,3)+ x121x42(1,3;4,§) + X31 %32(2,3,4,4) +(
X32 X32

+ X11X02(2,3,4,2) + x15(2,3,4, 1)+x (1,2, 4,3) 4 Xp1 X1 %30(1,3,4, 3)+x11x32(1,3,1,§)
+x21x32(2,3,4,3)+x11x (2,3,4, 2)+x ,(2,3, 4,1)+ X1 x11(1,4,4, 3)+x11x32(1,4,1,§)
+x121(1,4,§,§)+x21(2,4,4,3)+x11x32(2,4,4,2)+x11(2,4,3,2)+x32(2,4,4,1)+(2,4,§,f)]

+ X41 X32 +

Xo1X11 X2 Xo1X42

+ x31)(2,3,4,3)

x? _
= Yi(x44) Y5(x33) Ya(43)[ X471 X42(1, 2,3,4) + (—xsl + x41)x322(1,2,3,4) + (X31 X1 + X471 X32
42

2 2 2
X3, X3o — X7 X2 2X31 X X3 X X
+ 230 2000 (1, 2,4, 8) + (FE o+ xy + —— 2+ e (1, 2,4,3)+ (L2 oy
X42 X35 X32 Xg2 X22

x31 32

2
X1 X711 X42 X571 X2 X2 2X31 X1 X2
)(1,3,4,4)+ (—+x31x11+—2+x41x22+—
Xy2 X32 X32 X32

2 2 2

x?2 X& X 2X1 X1 X 2X31X X5 X 2X31 X X

1 X22 1142 21 V11 A42 31411 91 V42 31421 1
+29(1,3,4,3) +(H—+ + + =g+ ——+ -2
X2 X5 Xoo X3 Xoo X3 X32 X2

+ X41 X32 +
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X1 X402 X2 x11x42+ Xo1 X2

(1,3,4,2)+ X3, x32(2,3,4,4) +( + X31 X%2,)(2,3,4,3) +( X31)
.X:32 x22 x32

2 4.2

i) 2 a3y, St o
x5(1,2, 4,3)+(x21x11x32+x21x22)(1,3,4,3)+(—x2 + X5,
22

(2,3,4,2)+ x,2(2,3,4, 1)+ x2, x2,

2 X1 X171 X —_ —_ Xy X2
L 32)(1,3;4,2)‘*‘x21x32x22(2»3,4,3)+( S
sz x22

+ x21 X32)(2, SrZ) E) + x322(27 3)Zr T)

— . x? - — -
+ X1 X1 %20(1,4,4,3) + (L2 +x11%1)(1,4,4,2) + x7,(1,4,3,2) + X, X,,(2,4,4,3)

22
+ (X1 X33 + X X25)(2,4,4,2)

+ X1 X%25(3,4,4,3) + X51(3,4,4,2) + X1, X25(2,4,3,2) + 111(3,4,3,2) + X3, (2, 4,4, 1)
+X32(3,4,4, 1)+ x2,(2,4,3,1) + x,(3,4,3,1)+(3,4,2,1)]

2

x x X4 X

31732 41732
+ X

= Yy (X44) Y3 (X33)[ X41 X42 X43(1, 2, 3, 4) + (41 Xgp + 1,2,3,4) + (X3, Xa) + Xy X35
X42X43 X43

x2 x2 x, 2X41 X0 X2, X2 X2 _

)X25(1,2,4, 4)+(M+X41x222+ S 2)x45(1,2,4,3)

X492 x3 2 X32 Xyg2

2
Xa X
31732
+

2
X31X11X32 31 X32 Xo1X11X42 X51Xa2X22
+( _+X31xZ1+X41x32+ )(1 3 4 4)+(—+X31x11+—2

x22 x42 X32 x32
2x31x21x22 x2 x22 x42 2xZ1X11X42 2.X31x11 x X42

+ X4y Xop + + 21 x,5(1, 3,4, 3)+( LS + +

X32 Xa2 X5 X2 X32 X2 x5
ZX31x21 x2 — _
31

+ X+ ————+ —=)x43(1,3,4,2) + X3, X35(2,3,4,4) +
x32 x42 .X:32

X1 Xg2 X2 =
(——— + x31X22)x43(2,3,4,3)

2
2x31x21x22

2
X11Xgp  Xo1 X4 21 XooXa2
+ + X31)%43(2,3,4,2) + x40 X45(2,3,4, 1)+(—+x41x222+
X22 X32 X5 X32
2 .2 2
X5 %5, XX - = Xo1 X11X3p  Xo1 X2z Xoy Xy Xap x 1%Xa2 X022
2z 4 210 22)(1,2,4,3) +( +E =y + X3 %), + S ——
X4 Xy3 Xy3 Xy3 X3 X35
2 2
X, 2Xp1 X1 X350 X[ Xz 2Xp1 Xq1 Xgp
+ 2 + =

+(

+ X41 X0

1
+ +

2
X32 X2 XooXaz  X43 Xoo Xy3 X5 Xoo X39

2
2X31 X1, XZ Xgo 2X31%; X X1 Xap X X1 Xg0 X
1 21/N32 422 21N42 422

+ X31 Xp5)
X22 X3 X32 Xy Xy3 X32

I
+ X1 X171 X00(1,4,4,3) +(
Xoo

+ (201 Xgp + X1 X22)(2, 4,4, 2) + X1 X25(3, 4,4, 3) + X1(3, 4,4, 2) + X1 X0 X43(2, 4,3, 2)
+ X711 %43(3,4,3,2) + X35 X00(2,4,4, 1) + x3,(3,4, 4, 1)+x ,X43(2,4, 3,1)+ xp0%43(3,4,3,1)
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+x43(3’4y§ri)+xlzl(l!zrgyz)-i_x11x22(271!§r§)+xll(g!zrgyz)-i_xgzz(zrz!gri)+x22(3!1r§)T)
+(3,4,2,1)]
X2, X2 x41x x§1x322x33

= Y3 (X44)[ X41 X42X45(1, 2,3, 4) + (X4; X4p + %2y ) (1 2,3,4) + (X4, X4p X33 +
Xg2 Xy3 X43 Xg2 Xy3

2 2
x41x 5 X33 X371 X32 X2 x31x32 Xy1X3,
5 o Xy Xy X + Xy X3p Xgp + ——)(1,2,4,4) + (41 X4 + +

X43 X2 Xg2 X3 Xy3

2
" 2X31 X1 X2 + 2 X4 X530 X2 + 25, X32 X0 4 x21x22x42x43 x41x 2 X43 4 23531352135 2 X43

2
X33 X33 Xy X33 xsz X33 x33 X3z x33

2
X2 X2, Xy3 X X5 X30 — Xa1 X711 X
+ 3225001, 2,4, 3) 4 (Bt 32 Xg1 Xy + Xgy Xgp + —)xa5(1, 3,4, 4) + (T2
Xy xss Xo2 Xy X2

2 2
X5 X Xo1 X711 X420 X, X31 X711 X, X5 X490 X0 X, X471 X0 X
1432 21 X11 X42 X43 31X11 X43 42 X22 X3 41 X022 X43
+ Xg1 Xy + Xgq X3p + —— + + + 2 +
X2 X32 X33 X33 X39 X33 X33
x42 2Xp1 X11 Xgp 231 X1y x 1X42
)(1,3,4, 3)+( LS + + =L

X3 X33 X4 X33 xzz Xoo X302 X2 X35
Xo1Xg2 X2 Xy3 " X31X22 X3

2 X31 Xp1 X Xy3 X2, Xp Xy3
+ +-2

+ X4

2X31 X1

2
i)x@(l, 3,4,2) + x31 X3, %33(2,3,4,4) +( + X31 X35)

X32 Xy X32 X33 X33

2 .2
X11Xg2  X21X42 ~ T X1 X5 X42
+ + X31)X%43(2,3,4,2) + X4pX45(2,3,4, 1)+ (———
X22 X32 X32
2X3 X X2, X2 x2  x2x2 X Xy Xap X2 Xy Xp X1 X
— 21 %11 X32 22 21 %11 X42
22 3722 ) 21722y 54 3)+( + A + X31 X1
X32 X2 Xy3 Xy3 x43 X32
2 2 2
X571 X442 X0 ZX31xZ1x22 Xa7 Xoo x x X 2x21x11x32
A Xy Xy + 2 )x55(1,3,4,3)+ (52 + R+ ———
X3 X32 X2 x22 Xg3  Xy3 Xoo Xy3

(2»3)4!§)+( +x41x222

2 2 2
X5 Xgy 22X X1 X 2X31X X5 Xao 2X31 X X3 X
11 + 21 V11442 + 31411 + 212 +X41+ 31421 4581 ) (1 3 4 2) ( 21 32 22

2
X5 X2 X32 X2 X3 X32 X2 Xy3

2

— = X1 Xgy  Xoy Xy X11X3,  Xp1X32, - =

+ X371 X2) X33(2, 3,4, 3) + ( + + X3 + + )X45(2,3,4,2)
X32 Xoo X32 Xoo Xy3 X43

2 2 2
X - — Xo1X11 X Xo1 X171 X X5 X Xo1 X711 X X5 X4 X
32 2 21 X711 X22 21X11 X32 21 %22 21X11 X42 21 Xa2 X22
+(—+x42)x33(2,3,4,1)+( + + + + X5 X+ ———
Xy3 X33 x43 Xy3 X32 X3

Xo1Xyg2 X2
+ P —

2x31x21x22 x2 X2 x X33 x2 X33 2x21x11X32.7C33 x2 Xg2 X33
+ X4y Xop + +3179(1,4,4,3) +( 11 %3 I S 4ot
X32 X2 xzz Xa3 Xy3 X2 Xy3 X5

2Xp) X0 1 Xgp Xg3 | 2Xg1 Xy Xgz | X3 Xap X 2X31 Xp1 X X3 X X7 X

21 X42X33 31 X21 X33 33 11 %32
+ + + X471 X33+ + + +x11x21)
X2 X32 X2 X3 X32 Xq2 X2

2 2
- = x5 X X5, 2Xp1 X1 X3 X Xaz 2Xp1 Xy1Xgp  2X31 X1 x 1%X42
(1,4,4,2)+(5—2+ 2 + + =+ + + 2=+ xy
xzz Xaz  X43 X2 Xy3 X590 Xoo X32 X2 X35
== Xo1X32X22 X1 X42 X2
>—)(1,4,3,2)+( + + X31 X2
X32 Xgp  Xpp X33 X33 X33 Xy3 X32

2X3 % X3 2x%x XX X% X
1 32 11421 43
_ + _3 + 11 + + 11
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2 2
X1 X - = X11X40X33  Xp1 X4 X33 X11 X35 X33
= )(2,4,4,3)+ (X1 X35 + Xp1 Xpp + + + X31 X33 + —2=
X33 Xoo X32 Xoo Xy3
2 2
X1 X, - = X11X42 X33 X1 X2 X33 X11X3, X33
———22)(2,4,4,3) + (1 X35 + Xp1 Xpp + + + Xg) Xgz + ———
X33 X2 X32 X2 Xy3
Xo1X32 X33 - = X11 X0 Xg3 X1 Xgp  2Xp1 Xopo
+ =202, 4,4, 2)+x21x22(3 4,4,3)+ x,,(3,4,4, 2) ( + +
Xy3 x33 X33 X33
2
X1 Xy Xo1 Xy X11Xg,  Xo1 X3 == == S
+ + + X3+ + )(2,4,3,2) + x11x43(3,4,3,2) + X35 %05 X33(2,4,4, 1)
X2 X32 Xoo Xy3 X43

+ X X3(3,4,4,T) + 2; = 4 2)2,4,3, D+ (22 4 1,)(3,4,5,1) + 20(3,4.2T)
33 33

+X ( 1,4,3,2) + X1, %22(2,4,3,2) + x11 X35(3,4,3,2) + xgzz(Z,Z, 3, 1)+ X X35(3,4,3,1)
( Z z T) + x11(4)z) §; z) + x22(4)Z» §» T) + X33(4, Z» E} T) + (4!§) z; T)]

2
X41 X420 X. x2 x2 x2, x4 x2 x2
33 , 731732733 | 32 33)(1 2,3,4)
Xaq Xg2 X43X44 Xy3Xg4
2
X x X X x x X5 X
317v32"33 41 33 31732 X22
+ + X31 X Xop + Xy X3 Xgp + ————)(1,2,4,4)
x42x4s X43 X4z

2 2
x x X41 X 2X31 X071 X 2X4 X30 X 2X5 Xg0 X x x X2 X
17732 41-'32 31421422 41 V32422 1732422 42 V43
31773 3 3 217722

= [X41 X420 X43X44(1,2,3,4) + (X41 X4 X435 +

+(X41 X4 X33 +

+(X41 X420 + 2
X42X43 X43 X33 X33 X42 X33 X3 X35

2 2
Xy1 X5y Xas | 2X31 %51 X5, Xz | Xg) Xy Xz 7y (et Xse
e + P ol )%44(1,2,4,3) +( P
33 32 X33 42 X33 22

+ X31X21

2 2
X5 X — Xa1 X711 X X5 X Xo1X11 X400 X,
3132 31411432 317+32 21 411442 443
+ X471 X30 + ———)x33(1,3,4,4) + (———— + X371 X0 + X4 X350 + +
Xyg2 X22 Xy X32 X33
2 2
X31X11Xa3 Xy XapXppXgg Xy XopXy3  2X31 Xpy XopXgg X33 X2 Xy3 —
+ + A + + + 3 )X44(1,3,4,3)

2
X33 X3 X33 X33 X302 X33 X0 X33
2 2 2
x11x42+2x21x11x42+2x31x11 +x21x42+x +2x31x21 +x31)x %u(1,3,4,2)
T+ ) X4z Xy
X3 X2 X32 X22 X5 X32 X4 T
X1 Xg2 X2 X3 " X31X22 Xy3

+(

X11X42 Xy3

+ X31 X32)%44(2,3,4,3) +(
X32 X33 X33 X2
2 2
X1 Xg2 X43 = - X51 xgg Xgp XXy, 2X31Xp X5,
+ + X31.7C43)JC44(2, Sr 4; 2) + Xy X43X44(2, 3» 4» 1) +( 2 + +
X32 X35 X4 Xag X32 X4
2 2
X2 x2,  xZx? X2 X2, X X3, 2Xg Xy Xpp  2Xqy XgpXpy  2X2 X3p X
31722 | 21 22+x41x42+ 31732 | 32 n il
XgpXyg  Xy3Xyq Xg2 Xy3 Xy3 X33 X33 Xg2 X33

2 2
x21 xzz Xgp X3 Xg1 Xy Xy3 n 2 X631 Xp1 X5y Xg3 x31 xzz X43 X1 X711 X32 X33

+ X31 X33 X33(2,3,4,4) +(

+

+

- - )(1,2,4,3)+(
X5 X33 X33 X32 X33 Xyp X3y X43X44

2 2
X5, X X33 N Xo1 X171 X402 X33 + X371 X171 X33 + X5, X42 X292 X33 + Xyq1X22 X33 n 2X31 X1 X3 X33

2
Xg3 X4 X320 X4 X4 X3o X44 Xyg X32 X4
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x 1X22X33  X31X11X32 x 1%32  Xo1Xq1XgpXg3 X371 X11X43
x42 X44 Xoo X2 X32 X33 X33

2
X5 Xap Xpp Xag n Xq1 Xop X43 + 2X31 Xp1 X3 X43 + X371 X22X43

)(1,3,4,3)+(
xsz X33 X33 X32 X33 X402 X33 X5

22Xy X11 XgpXaz  2Xg1 X1 Xaz X2 Xgo Xy 2X31 X1 X X2 X x% x2, x2
21 3 31421443 3143 1177327733

+ + + S+ Xy Xg3 + + +
X2 x32 X22 xg 2 x32 Xyg2 x2 2 Xy3Xg4

2 2 2 2 2 2 2 2
lex33 2Xp1 X1 X3p Xy Xy XapXyy  2Xo1 X1 Xgp Xy, 2Xg1 X1 X5y X5 XapXgy X X3,
+ + +— + + +—= +
X43X44 X22X43X44 Xoo X Xo2X32 X4 Xo2X44 X3 X44 Xa4
2
231 Xy X3,

)

X3 X — = X1 X Xop X3 X31XppX43
31 33)(1 3.4 2)+( + +.7C31.)C32

X390 X4 Xgp Xg4 X32 X33 X33

Xo1X32 X0 X33 X1 Xygp Xpp X33 X371 Xpp X33 X11Xa2Xy3 X013 X402 X43
+ + + )(2,3,4,3)+( + + X31 X3

Xy3 X4 X32 X4 Xaq X2 X32

2 2 2 2
XiXgpXgz  XoaXapXg3  Xg1Xg3  Xnp xsz xss X21X32 xss 19 xsz x33 X2 X33
+ + + + + )(2,3,4,2)+( -
Xoo Xyq X3p X4 X4 Xop Xg3X44 X43 X4 X43 X4 Xaq

2
- = Xo1X11Xop  Xp1Xy11X3p X Xop  Xp1 Xpp X2 x 1Xa2 X220
+ X0 X43)(2,3,4,1) +( + + + +x31x11+—2

x33 Xy3 x43 X32 X3

2x31x21x22 x x22 —- = x x x33 x x33 2xZ1X11X32x33 x2 X42x33
+ X41 Xpo + + )(1,4,4,3)+ (L322 4 + + L .
X32 Xyg2 xzz Xy3 Xy3 X2 X3 X5

2X1 X11 Xgp X33 2X31 X1 X33 X3, Xyp X33 2 X31 X1 X33 X2 X33 XP X3

+ + + B Xy X + 3 T X X)
Xoo X32 Xoo X35 X32 X4 X2

) 2 2 2

_ X5 X X 2X1 X1 X X5 X, 2Xo1X11 X 2X31X X5 X,
11%32 21X11X32 42 21X11 X4 31X11 42

(1,4,4,2)+ (52 + 2+ +1—=+ + + 2
XopXg3  Xy3 X2 X43 X5 X2 X32 X22 X3,

2Xg1 Xy X2, 2XE X3y XXy XP Xa3
e +-H

+ X41

=5 Xo1Xg2Xpo  Xo1 Xy Xoo
)X44(1,4,3,2) +( + + X371 X20
X3 Xy Xop X33 X33 xgg Xy3 X3

X21%5, =5 X11X4p X33 Xp1 Xgp X33 X11 x 5 X33
+——=)(2,4,4,3) + (X1 X350 + Xp1 Xpp + + + X3 X33+ —————
X33 X2 X32 X0 Xy3

X017 X30 X I I - X171 X0 X, X1 X 2X51 X
+ 222, 4,4, 2) + X1 %50(3,4,4,3) + %, (3,4, 4, 2) + (— 222 e
X43 X33 X33 X33

+ + + Xy, +
X2 X3z Xoo X43 Xy3

2
X11Xg0  Xp1Xgo X1 X X1 X32 == ==
2 4+ )X44(2,4,3,2) + X1 X43X44(3,4,3,2) + X35 Xpp X33

R AP T 5Ty, X22Xa3 2T
(2,4,4,1) + X3, X35(3,4, 4, 1)+(x— + Xgp X2)X44(2,4,3, 1)+ (—— P + X32)%44(3,4,3,1)
33 33

2 2
__ X; x2 x2 x 2X X1 X xx42 2Xp1 X11 X 2X31X
x43x44(3’4,2’1) ( 11 32+ 21 21411432 21 M1 V42 31411

x44 ng Xaz  X43 Xoo Xy3 ng Xoo X3 Xoo

2 2 2 2
X5, X4z 2X31X X5, 2X; X2 Xy1Xpp Xy Xa3 X11 X Xp1X22X43
gt —— 4+ + -1 -

)(1,4,3,2)+( 5
X3 X32 Xg2  Xo2X33 X33 X33 Xyq X33

2
X1 X3 2Xp1Xpp X1 Xy Xy Xgo XX Xo1 X32
+ + + + X3+ ——2= +

X33 X33 X2 X3z X2 X43 Xy3
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X11Xgp  2Xp1Xpp X1 Xgp  XppXgp 11X35 X1 X32 -5 = X11X33
31+ )(2,4,3,2)+( + X711 X43)
X33 X33 X2 X32 22 X43 Xa3 X4

2 2
o X X5 X, - — X0 X, Xo0 X - — =

22 22743 22433 22 X43

(3! 4’ 3! 2) +( + x32x22)(2, 4v 3! 1) ( + 32)(3! 4» 3; 1)
Xag X33 X4 X33

Now we compute V,(y):

Yo(304) Y (113) Yo(303) Yo 122) Y (12) Yo o) Y (331) Yo 321) Y (311) Yo (301 )(4, 3, 2, 1)

= Yo(30a) Y1 (313) Yo(303) Yo 122) Y (112) Yo o) Y (351) Ya(321) Vi (310) e (4,3, 2,1) + (1, 4,3, 2)]

= Yo(304) Yi (913) Yo(Jos) Yo (352) Y4 (312) Yo (32) Ya (31 Yo (31 ¥ (4, 3,2, D) + 373 (1, 4, 3,2)
+y11(2,4,3,2) (2,4,3,1)]

= YO(J’04)Y1(J’13)Yo(J’os)Yz(J’zz)Yl(}’lz)Yo(J’oz)Yé()’m)[)’m(zrg,zj) + yﬁ(1,z,§,§) + Y1 ya(2,4 4,3,2)
+¥2(2,4,3, 1)+ y1(3,4,3,2)+ 1,1(3,4,3,1) +(3,4,2,1)]

= Yo(¥0a) Y1 (13) Yo(303) Yo 122) Vi (112) Yo 3o [ 10 (4, 3,2, 1) + +n 3(1,4,3,2)+ 111 21(2,4,
+ 152,43, 1)+ ¥ 151(3,4,3,2) + ¥ 31(3,4,3, 1)+ 12(3,4,2, 1)+ y1,(4,4,3,2) +
+131(4,4,2,1)+(4,3,2,1)]

3,2)
(4,4,3,1)

yll VERED)

= KJ(J’M)K(J’B)K)(J’OE;)Yé()’zz)K(Jﬁz)[)’m)’oz(z,g»zi) (J/_ +y01)(1 1,4,3,2)+ N1)21(2,4,3,2)
02

+ yz21 Y0o(2,4,3, 1)+ y11 151(3,4,3,2) + o1 V31 402(3,4,3,1) + y321 Y02(3,4,2,1)+ y1,(4,4,3,2)
+ o1 Y02(4,4,3, )+ 131 )02(4,4,2, 1) + y0(4,3,2, 1) + y221(1,2,1,5)+ Vo1 ¥51(1,3,4,3)
+12(1,3,4,2)+ y(1,4,4,3)+ y5,(1,4,4,2) +(1,4,3,2)]

I I — = VY
= Yo (o) Yi (713) Yo(bo3) Yo 322) o1 Yo (8,3, 2, 1)+ (2L + 101 )¥2(1,4, 3, 2) + (P12

Yoz Yoz

+ Yo 2

)(2,4,3,1)+ J/11)’31Y12(3,Z,§,§)+(M
12 Yoz Yi2 W12

" J’21y02+y )4 L_Lgi)
Y12

+ 131 )02(4,4,2,1) + ¥%2(4,3, 2, 1)+y21(1 2,4, 3)+J’21)’313’12(1 3,4, 3)"‘)’313’12(1 3,4
+J’21Y12(1,4,4,3)+J’31y12(1»4,4;2)+y12(1r4,3;2)+J’21J’31(2»3r4,3)+y31hz(2 3 Z
+ 152,34, 1)+ 101(2,4,4,3)+ 151 112(2,4,4,2) + 131(2,4,4,1) + 12(2,4,3,2) + (2,4,

T s VY
= Yo(Yo4) Yi(13) Yo( Vo3 ) Yor Yo2(4,3,2, 1) + (£+J’01)J’122(1’4»3,2)+( 11772

Yoz Yoz

,2)
2)

3,1)]

+ Yo1 Y12 + Y11 )21)
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2 2 S {
yZIZOZ + b + Y+ Hutal )J’222(2, 4,3, 1)+(y11y31y12 + Yuhe + Yo1 )z

V2 Yoz 12 Voo Yoz

2
2 ___
)3, 13, 2)+(y21y02y22 Vi1 V2o o1 Yoo+ J’n;’zlJ’zz + Vo151 )02 + yy5)(3,3,3,T)

12 02 12 Yi2

y22(2! Z’ §! z) + (

J’31J’02 + J/21J’02 + h - 2ynya n 2 Y51 Y51 Yoo n 2)’113/31)(
J’22 J’12 Yo2 W2 V2o Yoo

y21y°2+yu)y22(4431)+(y3y1y°2 yzyly"z WAL+ 004,321+ 2 ¥2(1,2,,3)
12 22 12

y321 y122 n 201 Y51 Y12

y222 Vo2

J’slylzz - = 2 == - = J’3ZIJ/12
+( ) + ¥ n2)(1,4,4,2) + y,5(1,4,3,2) + ¥o1 Y51 22(2,3,4,3) +( y
22 22

+ y321(2’ 3,41)+ J/21y222(2’4;1 3)+ (112 + 101 02)(2,4,4,2) + o1 120(3,4,4,3) + 121(3,4,4,2)
+ 31 02(2,4,4, 1)+ 131(3,4,4, 1)+ 12 155(2,4,3,2) + 112(3,4,3,2) + y222(2;4,§, 1)+ 15,(3,4,3,1)
+(3,4,2,1)]

( 3»Z;§»T)+Y1IJ’12(4;Z»§,§)

+(

+ (1 Y1 V2 + y221y22)(1! 3,4,3)+( + ygzl)(lyghlz) + Yo V2 ¥o(1, 4,4,3)

+ y21Y31)(2»3,Z»§)

2 2 2 2
Yo + Yo1 1o )(I’Z’§’z)+(yny12
Yo2 Vo3 Yos3 Yoz

oo VYV | Vi Vs 2y1¥01 Y5, -
Yy Pel@8,3,2) 4 (RTT T2y g2y SRR 0 33, T) 4 (20U
y12 yOZ y12 J/zz

2 2 2
__ _ 2
Yiihe Yo Vo + Y1701 )(3, 5,3, 2) (J’zlJ’OZZJ/zz Vi1Ve2 YoV Y1 de1Yo2 = Vo1 V51 o2

Yoz Yi2 Yoz Y12 W2

__ _ 2 2 2 2
+y11y31)y03(3,4’3,1)+(y312’02 n y212/02 y11 o1 + 2112 + Vo151 Y02 + J’11J’31)y03
Vo2 Yi2 Yoz W12 Y12)o2 Yoo

Vo1 Y02)o2 ) Yos (4, 13 1)+(J/31J/02 Vo1 Vo2

12 Yoo Y12

2 2
T 32T+ (ke Yl Wl e 20Oy g 3
Yos J’12 Yoz Y12

Vo151 )12 J’221 Yoo yz1y02J’22 J’lzl Voo 2V o1 Vee  Vor Va1 Voo
+( + + + + N )
Yo3 Yo3 V5 Vo3 y02 Yos Yorz2 Vs iz s

Vi Yo J’21YO2+E+J}01+2J’11Y21 +2J/21J’31J/02+2J/11J’31 Vi Vi

.sz Y122 Yoz Yi2 Y222 Yoo J’22 Yos3
" 201 Y51 Y12 + yizl)(l,g,z, E) +( Vo1 V1222 J/ZIYOzJ’zz ylzlJ/zz T Yor Yo+ 2Y11 00120
Y22 Vo3 Yos JYos y 12 Yoz Yi2

+y21y31y02+y11y31)(1,4,Z,§)+(y31y02 J’21J’02+y11+J’31Y12 y21J/12)(1 4,3,2)+ (3

Y12 Yoo Y12 Y22 Vo3 o3

= Y5()o4) 171()’13)[)’01)’02)’03(1 3,2, T) + (o1 Yoz + + YoMz

™

(3,4,

T)+J’11J’12(4,Z;§yz)+( + 1) Y03

=
Ll
N

(1,3,4,3)+(
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Y ~ = — = VaY
+ﬁ)(1,4,3,2)+J/21Y31Y22(2;3,4,3)+( 81712
Jos3 Yoo

+ J’21J’222(2»4;Z» 3)+ (151012 + V21 122)(2,4,4,2) + o1 122(3,4,4,3) + 121(3,4,4,2)

+ 131 Y02 Y03(2,4, 4, 1) + Y51 J03(3,4,4, 1) + 112 122(2,4,3,2) + 112(3,4,3,2) + y222y03(2, 4,3,1)
+ Y2 Y03(3,4,3, 1)+ 103(3,4,2, 1) + 12 (1,2,3,4) + 5, 10(1,2,4,4) + y5,(1,3,4,4)
+15(1,2,4,3)+ 1»(1,3,4,3)+(1,3,4,2)]

YaYh Yol R YaYhy
=12 +—01 2 yz(l 4,3, 2)"‘(J/01y02y13"‘—11 12750
Yo2 Yos Yos Yo2 Yos

J’01y2y13 sz/1zJ’22 - == yzyz J’01y2
+ 12— 4 U + Yor iz Yoo + V11351 Y22)(2, 4,3, 2) + (Jo1 Yoo + 2 + 2
Jos Yoz JYo2 Yos Yos

n 2y121y12J’22 + 2Yo1 Y12 Y02 + 211 Y1 Y02 yglJ’ozyng/os 4 J’lzlyzng’Oa n y01y222y03
Yoo V13 W3 W3 JﬁzJ’ls .VOZJ/123 J’123

2 o o 2
y11y21y22y03 )2,1.3, 1)+(Y11J/31J’12 + J’HJ’lz Yoo +J/11J/21)J’13(3’4,3’2)+(y21y022y22y03
%2)”13 Yoo Yoo Y23

+ Vi3 Vo2 Yos 4 Yo1 Y22 Y03 + 211 Y21 Y02 Y03 + Y2151 Y02 Vo3 + Y1151 Vo3 + Yy iz + Y
Yo V13 W13 Yi2Vis YieVis Wi Yoo Yoz

y321YO2+y2212’02 yu +y01+2y11YZ1 +2J/21Y31J’02+ZJ/113/31)

J’222 Y2 Vo2 W2 Y1222 Voo

yog(S,Z,z,T)+y11y12y13(4,1,§,§)+(y21y°2y22y03 n W11 Y22 Yo3 +ynylz)(4,Z,§,T)+(y31y02
Y213 Vi3 Voo

—— o= VaVe VaYouYe  VVs
+J’21J’02+y11)y03( 4,2,71)+ Yoo Yos(4,3,2,T) + (221222 4 221 02732 , 711 22+y01y222
Yo Yos ¥ Yoz

+zyllJ/Zlyzzz)(1,2’Z’§)+(J/21J/31J’12 + V5 Vo2 y21yozy22 y11y22 Vo1V F 2Y11Yo1)02

Yi2 Jos Yos J/12 Yos YOz Jos Yi2

_ 2 2 2
n Yo1)31 )02 +J/11Y31)J/13(1;3,4,3)+(y31i/02 4 y212/02 J’H Yo + Y11)e1 " Yo1)31 )02
Y12 Voo Yi2 Yoz W2 Y12)o2

+2y11y31 VEVS 2y21y31y12 +J/izl y123(1,3,4_1,§)+(y21y12y22 J/21J’02Y22 Y3 Vo2 + Yo

Yoo J/22 J’os Vo2 Vo3 Yos JYos J’lz Yoz

2 e 2
n N1Yo1)22 n Vo131 o2 +J/11J/31)y13(1,4,4,3)+(y31y02 + Vo1 Vo2 P Va1 )15 n y21J’12) 123
Yi2 Y12 Yoo Yi2 Vo2 Yo3 Yos

(1,4,4 §)+(J’02+y_122)y2(1 4,3 §)+(y21y31y22 n Vo131 )12 + Yo Yoo Y21y02J’22 y121y22
Yos 13 W3 Vo3 Yos J’lz Vo3 y02 Vo

2 o 2 2
oy Yoo+ Yi1Yo1)22 + Vo131 Yoz + J’11y31)(2»3,4,3)+(y31y12 - y31y022Y13 + Vo1 Yoo Vi3
e Yiz 22 22 Yi2

n J’121Y13 T You s + 2y Y Nis " 2¥51 Y51 Yo2 13 n 2ynYa i3 y31y12J/13 4 201 Y51 Y1213

Yoz Y2 Y12 Y2 Yoo J’22 Yos Vo2 Vo3

+ Y21J’31)(2, 3,1,5) + y321y03(2, 3,1, T)

= Yo(Jou)[ Vo1 Yoz Yo3(4 4,3,2, T)"‘(3’013’02 +

+ Yor Viz + Y11 121)(3,4,3, 1) +(
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+y221y13)(2,3,1§) +(y3%yos +2y§1yu L 2¥ y31y02+y221y02 v2 2¥11 Y1

+ Lty +
Yos J’123 Vo2 V13 W3 J/22 J’122 Yoz Yor Y12
N 2 Y51 Y31 Yoz + 21151 J/31J’12 2}’21)’31)’12 + ﬁ)(z,B’Z’TH(J’mJ’mJ’zz y21YOzJ’22 y121YZ2
Y12)o2 Yoo J’zz J/03 Y22 o3 JYos Jos J/12 Yoz
2 2 __
Yoy Vs + N1Ye1 Y2 + Vo1 Y31 Y02 e+ Vo155 )(2’4,4,3)+(J’31YO2J/13 " Vo1 Y02 13 Y Yis
12 Y12 Y13 Yoo Y12
Yy - . -
+ 2270 + Yor Jiz Jhs + Va1 V12 o1 ¥22)(2,4,4,2) + 51 122(3,4,4,3) + 21 115(3,4,4,2)
Y22 Yos Jos
(J’31Y22J’03 V3102 + Yo1Yo2 + o+ y31y122y n Vo1 Y12 + 2)51 012 2)’21)’22 2,4, 4,T)
J/13 Yoo Y2 Y22 Vo3 Yos W13 Y13
Y31 ) g VY =5 O o
+(ﬁ+YZ1)(3’4 4,1)+ (V2 Yoa + Yoo iz + 13)(2»4;3»2)"")/12)/13( 4,3, 2)+(L203
13 03 Vi3
2 2 — — —— _
+ y;zy Z 4 Yoo t %)(2,4,3, 1)+ (% Z;y ® 1 12)3,4,3, 1)+ )03(3,4,2, 1)+ ¥2(1,2,3,4) + 31 1
13 03 13

(1,2,4,4)+ ¥y 113(1,3,4,4) + 15,(2,3,4,4) + yzzz(l, 2,4,3)+ ¥ 113(1,3,4,3) + 122(2,3,4,3)
+ y12(1’3’4’§) + y13(2!3)4)§) + (273)4rT)]

S — YooYy VAYEVE  YaVhVi. o
= [ Y0102 Y03 Y04(4,3, 2, 1) + (Y01 Yo2 Yos + DN Juledis ) DL )(1,4,3,2) + (Yo Yo V13

Yoa Yo2Yos J/04 Yo3Yoa

+ y121 y122y13 + J/01J/122Y13 + J’lzl 1222 J/121 Jﬁzz
Yoz Vo3 Jos Yoz Yo2 Yos
n y01y122 N 2)’1213/123’22 + 2Yo1 Y1202 + 211 Y1 Y02 yz1J’02yzzJ/03 4 J/lzlyzzgg’os 4 YOlyzng/os
Yos3 Yo2 )13 W13 W13 y123’13 Vo213 N3
23’11)’21)’223’03)y04(2’1§j)+(J/11J’31Y12 + ylzlJ’lz
J’12Y13 Yoo Yoz
+(y21YOzzJ’22J’03 + J/121 Y22 Vo3 + Yo1 Y22 o3 n 211 Y21 Y22 Y03 n Y2131 Y02 Vo3 n J11)31)o3
YiaNis Yo2 V13 W3 Yi2 V13 Yi2 V13 W3
2
+ J’nfl)’lz + yl;/hz +Yo1 Y2 t J’11J’21)J/04(3,Z;§ T)‘i‘(yglyoz y21y02 + h TVt —— 2
22 02

J’22 12 Joz2 Yi2
2 2 ___
n Yo1Y31 )02 n Y11Y31)y03y04(3’4,2’1)+y11y12y13(4 i3, 2) (YZ1YO2Y2ZYO3 Y11 Y22 o3
Y12)o2 Yoo Y213 Y13

T3 Ty (P | Yl — == S Vi
+ Y1 12)¥a(4,4,3, 1)+(ﬂ + 2222 Y1) Yos Yoa(4, 4,2, 1)+ Yoo Yoz Yoa(4,3,2, 1) + (222
Yoo Y12 Yo3Yoa

y21y<>zy22 yﬁyzi N Yor Vs +2yuy21y222 N +yﬁyfz +y01y122 +2y121J’12J/22

J’lz Yoa J/oz Yoa JYoa Y12 Yoa b1 Joz Yo2 Yos Yos Yoz V13
L 2oYiade | 2Vn¥n Y y21y02y22y03 N VaYsYos  YorVeYos N 211 Y21 Vi Yo
N3 W3 J’12y13 J/on’123 J’123 J’12J’123

+ Yo1 Y1222 T J/11J’21J/2z)(2:1 3,2)+ (Yo1 Y02 +

+ Yo Yz + Y1) s(3,4,3,2)

)(1,2,4,3)
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+(J/21J’31Y12Y13 n Y Vo2 s y21y02J’22J’13 ylzlJ’22y13 + Yo1Y22)13 + 2Y11 )21 Y02 013
Vo3 You Yo3You Vi Yo3 You J’02 Vo3 You You Y12 Vo4

" Y2151 Y02 )13 " Y1)z 03 y21J’OZJ’2zJ’03 y121y22y03 + Yo1Y22 Y03 " 211 Y21 Y22 Y03
Y12 o4 Joa Yihs Yo2 )13 W3 Y1213

" Yo1Y31 Yo2 Vo3 n W11Ys1 Vo3 n N1 Ys1 )12 + y121y12 o1 ia + ynyﬂ)(l’g,zg)+(y321y022y03
Y23 N3 Yo2 Yoz Voo

J/glJ/02YO3 ylzlJ’OB +y01y03+2J’11YZ1J’03 +ZJ’21Y31J/023/03 +ZJ/11YB1YO3 y31y02y13

y12 Yoz W2 N2 Yoo Yoo Y22 Yoa
y21yozy13 Yavs N YoV N 2y Vi N 2301 Va1 Yoo Vi N 20y y31y12y13
y12 JYoa J/oz Yoa Yoa Y12 Yoa Y12 Y22 Yoa Vo2 Yoa J’22 Yo3 Yoa

+ZYZ1J’31Y12J/123 " J’221Y123 )(1’3’Z,§)+(y21J’OZJ’22J’03 n Y11 )22 Vo3 T Vo1 Y12 Y22 Y13

o2 Vo3 Yoa Jo3 Joa Y123 N3 Yo3 Joa

" J’221 Yo2Yo2 013 + J’121J/22J/13 " Yo1)o2 )13 + 2Y11 Y01 Y22 )13 " Yo1Y31 Y02 013 + J/11J’31Y13)
¥l You Yo2 Yoa Yoa Y12 Yoa V12 Yoa Yoa

(1,4,3,3)+ (P0Yodbs | Pndoodbs Va1 Yo Vi N Vo1 Yoo Vi N Yy N YV

Vo2 W12 Vo2 Yoa Y12 oa ! Vo2 Vo3 Yoa

2 2 2,2 2
+ y21y12y13)(1’4’1,z)+(y02y03 + y02y13 + y12y13 )(1,43,5)_'_()/21)/31)’22 + Vo1 Vs1 e + y21y22
JYo3 Yoa JYoa JYo3 Yoa Y13 Jos Jos3

J’21J’OZJ/22 J’lzl Vo2 2ynyader Yo )si Yoo ySl

+ + + + )2,3,4,3)+(

JﬁzJ’os J’on’03 YorJez Y12 Yi2 Vs Yoo

y31y02Y13 n yz21YO22J/13 n y121Y13 Y1 i+ 21 Y3 4 2101 Y51 Yo2 13 n 2yn¥s1 )13
J’22 N2 Vo2 W12 W12 Yo2 Vo2

yglyuym 251 Y51 V1213 +y221y13)(2,3,1§) N (ygizyos +2y§1yu AN Y3 Yoo
.V2zJ/03 V22 Y03 Vo3 W3 Yoo Y13 W3 J’zz

J’21J’02 +h+y01+2%1yg1 +ZJ/21)’31)’02 +ZJ/11J/31 y31y12 201 V1 V12 +@)y04

¥ 12 Yoz Wiz W12 Yoo Vo2 J’zz J/os Y22 Vo3 Yos3

)+(J’21J’12YZ2 J’glJ’on’zz Vi1 Yoo T Jor s + 2Y11 )01 )2 4 Y2 )s1 Ve Y Vs
Yos Vi Yoz Yz Nz

2
)(2’4’15)4_(}’31)’02}/13 n Yo1Yo2 013 i 7s)+ Va1 Vo Mis n Vo1 Y1213 Y1 Vi
W3 Yoo Yi2 Y22 Y03 JYos

+ J’21J’22)(2»4,Z,§) + J/21Y22(3»4,Z,§) + J/21Y13(3;4,Z,§) +(y31y222y03 + Yo Yoo + Yor Yoo
M3 Vo2 N2

4 J/31.V122 + Va1 Vi + 251 12 + 2)’21)’22)y04(2,4’1j)+(J’31J’03
Y22 Yo3 Yos W3 Wi Wis
y122y13 J/222J’03 212 )02 J’12

)(2,4,3,2)+ y12115(3,4,3,2) + —+ + Yoz + —)104(2,4,3,1)
03 M3 N3 Yo3

+ Yo1)51

+

+ 51)Y04(3, 4,4,1)+ (M12)2

+ Yo Y13+
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L o 2 2 272 2
(y22y03 + 112)104(3,4,3, 1) + Y03 04(3,4, 2, 1)"‘(k + y312/03 + Yo iz + Yor Yo y31y02
N3 Yoa Wi Yo2 13 W3 J’zz
y21YO2+h+y01+2J/11Y21 +2y21J/3lJ’02 +2J/11Y31 Y Vi 2)’213’31)’12 +yi21)(1,2,3,71)
y 12 Yoz Y2 Y12)o2 Yoo J’zz J/03 Y22 o3 JYos
+(J’31Y22 V31 )22 Vo3 J’31YO2+ yzlJ’02+y11+ J/31y122+J/21J’12+ZYS1J’12 +ZY21)’22)(1,2’4,L—1)
Yoa J’13 Vo2 Y12 Vo2 Vo3 Yos W3 W3
2 2
+(Y31Y13 4 31)os V51 )03 +1,)(1,3,4, 4)_+_y31(2 3.4, 4)+(y J’;ggJ’os 4 J/12J’22+y02+&)
Yoa W13 Yoa y13 W3 Yos

Yoo Vis Vo2 Vo3 = > Y 123 > 5
+ + y12)(1) 3’ 4) 3) + )/22(2» 3! 4) 3) + (_ + J/03)(1;3, 4; 2) + J’13(2» 3; 4; 2)
Yoa W3 Yoa

+ %04(2,3,4,1)+(1,2,3,4)]

(1,2,4,3)+(

We solve for the coefficients in terms of one another using the equation: V;(x)a(x)= V,(y)
and get the following solution:

1

a(x)= ——,

Xg1 Xg9 Xg3X44

1 1 1 1
Yo=" Voo=" Yo3= > Yu=_>

Xag Xa3 X2 Xq1
1
= p )
43 X1
(JC33 + x + XH)
X301 Xpp Xy Xy Xgp X33 + Xo) X X33)
12 =

)
X33 X43(X11 X3 Xgp + Xp1 Xpp Xgp + X31 X32 X22)
X1 Xo1 X31
+ +

N3 = )
Xg1Xo2  Xg1Xzp Xy Xy
_ X1 X32 X33 X0
Vo1 = > )
Xg4( X1 Xpp Xgp Xa3 + Xg1 Xpp X3 X3 + X33 X35 X33)
X31X32 X31X22 X1 X22
y22 = + + ’
Xy1Xg2Xg3 X33 Xy1Xg2  X32X33Xy)
_ X31X32X33
V=
Xy1 X402 X43 Xgq
We can also see that x,, = 1 Xy = 1 Xya = 1 Xgg = 1 Kan = — Y31 Y02 Y12+ o1 Yoo Yor Y11 V12 Yoo ) Xap =
417 gy A2 T g ATy’ AT g T8 12 Y22 Yo1 Yoz 32
(131 Y03 Y22+ 131 V12 Y13+ Vo1 Vo2 V13) 12 X J31)22)13 Xpp = _ Yo1 Y2 )o2 Yos+ Y11 Y12 Y2 Yos+ V11 Vi i)
Y03 13(31 Yo2 Y12+ Y21 Y22 Yoot 11 V12 V22)’ 31~ Yoa (131 Y03 Y22+ 331 V12 Via+ Y1 Yoo 13) 0 722 Y1213 Yo1 Yoz Yo3 ’
X Y21)22 Y1213 and Xy = N1)i2 Y13
217 Yoa(¥21 Y22 Yoo Yo+ Y11 Y12 Yoz Yos+ 11 Vi i3) L™ 301 Yoo Yos Yoa *
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Now we need to compute the actions of the geometric crystal. First we compute e/, e,,

[ c
ey, and e;.

C
e (X44, X335 Xa3, X225 X3, Xa2, X115 X21, X31, X41)

X22 X22 X22 X22 X22 X22 CXg2
_ X11 X11 X11 X11 X11 X11 X11
= (X44 T |0 %33 3 X3 3 | X22| T | Ms2| T M2 & K| ms )0
X1 X11 X11 X X1 X11 X11
C Xo2 C X22 C X22
X11 X11 X11 ) _ ( )
X21| Ta |1 X31| T [ K41 T |) T (Xaas X335 Xy3) X2y X325 Xyg2) € X115 X215 X315 X41
X1 X11 X11

c
ez (X44, X33, X43, X225 X325 X42, X115 X215 X315 X41)

X33 X33 X32 X11 X33 X33 X32 X11 CX33 X33 X32 X11
X22 x222 X21 X22 )6222 X21 X22 )6222 X21

= (%1 | % T || T mmmnr |0 X3 X22 | Em  mmamn | Xs2 Xazs X110,
X22 x222 X21 X22 )6222 X21 X22 x222 X21

CX33 € X33 X32 X11
X22 x222 X21

X: e v X31, X
21| cxs3 X33XzpXn |’ 73D 41)
X22 x222x21
Cx33x22x221+x32x33x11
G Y92 X21 — CXpp X1+ X35 X131
Let Cy X332 XM1TX32X33X11 T Xy Xp +X3p X1 Then
x99 X21

c
e, (X44s X33, Xa3, X225 X32, Xa2, X115 X1, X31, X41)

Co1 cey
= (X44) X33, X43, = X2, X32, X425 X171, — Xp1, X31, X41)
G Cn

2
XaaX43Xap Xpp X1 _ (X44 X33 X5, X31+X44 X43 Xp2 X3 X31 +X44 X43 X2 X22 X21)

— Xa4 X44X43 X0
Letc3—x + X2, X + X2, x2, x; x2,x2, x; ’
33 , 32 33X32X31 33X32 %31
Car = (€ X44 X33 X355 X31 X4 X43 X2 X3 X31+X44 X43 X42 X22 X21)
31 — 2 2
) X33 X33 X31
(€ X433 X35 X317+ C X4q X43 X22 X32 X31+X44 X43 X42 X022 X21)
and ¢;, = — . Then
X33 %32 %31
el (Xy4, X33, Xa3) X2y X305 X425 X11, X21, X31, X41)
3 \ 44y Y33y 43y 422> 432y 42> M1y 221 431 41
_ C31 C3o CC3
= (X440 —— X33, Xa3, X22) —— X32, Xa2, X11, X21, — X31, Xa41)
C3 C31 C32
2 2 .2 2 .2 2 ) 2 2 2 .2 2 2 2
Let ¢, = 1 + X33 X33 X35 X33X3pX3) __ Xa1 Xyp Xz Xag+ X33 X3 Xg Xa1+ X33 X3, Xap X471+ X33 X35 X3
= 2 7 2 7.2 2 = 2 2 2 ’
A7 x| xg Xag o XgaXyzXaz o Xgy Xz Xgp Xay Xgy Xy3Xyo Xa1
€ X41 X2, X2% Xga+ X2, X4z X2, Xa1+ X2 X2, Xgp Xaq + X2 X2, X2 € X41 X2 X2 Xga+C X2, X453 X2, X414+ X2 X2, X40 X471+ X2 X2, X2
Cpy = STa1Yap Xag Xaa T Xy Xa3 Xyp X1 T Xy Xgp ap X1 T35 5o X3y, . £ X1 Xap X3 X4 7 Xy a3 Xyp X1 X35 Xgp X X1 X35 X5 X3
41 — 2 2 2 y L42 — 2 2 2 »
Xy4 X3 %42 X41 X4 Xg3 Xy X41
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2 .2 2 2 2 .2 2 .2 .2
_ cx41x42x43x44+cx33x43x42x41+cx33x32x42x41+x33x32x31
and ¢35 = g . Then
44743442 441

c J—
e, (X44, X33, X435 X2y X3y Xa2) X115 X1, X31, X41) =

Cy Cy2 Cy3 CCy
— Xyq) X33, —— X43, X2y X32, — X42, X11, X21, X31, —— X41
Cy Cy Cy2 Cy3

Now we define ¢; and y; for i =1..4.

X2
£1(X4q, X33, X435 X225 X325 Xa25 X115 Xp1, X31, Xg1) = —

11

X33 X33X3pdnn
£2(X44, X33, X43) X2, X32, X425 X11, Xo1, X31, Xg1) = — + ——5——

2
Xoo X9o X21
_ Xag | XgaXy3Xop | XgqXg3Xgp X X1
€3(Xa4) X33, Xa3) Xo) X302, Xa2, X11, X21, X31, X41) = — + —— + 5 2
X33 X33X32 X33 X35 X31
2 ) 2 .2 .2
1 X33 X33X3) X33X35 X3y
£4(X44) X33, X43) X2, X325 X425 X11, X21, X31, Xg1) = — + 2 ) 7 2 .2
Xgg  Xg3Xgy  XggXg3Xyp Xy Xyz Xy Xg
2
X
Y1(X44, X335 X435 X2, X325 Xa2, X11, X21, X31, Xg1) = ———
X1 X22
_ L Xhxp
Y2 X4y X33, Xa3, X025 X32, X425 X115 X21, X31, Xg1) = —————
X11X31 X32 X33
X xpxh
Y3(X44, X335 X435 X2, X325 X425 X11, X215 X31, X41) =
X1 Xoo Xg1 Xy Xg3X44

X2 X2 X2 x?2
__ T741774277437744
Y a(Xaa) X33, Xag) X22, X32) X2, X11, X1, X31, X41) = — 555
X31X32 X33
To get the formulas for e, £, and y, we first must get the formulas for e, £, and 7 in V,(y).
These are as follows:

e_oc(J/o4: W13» Yo3» Yo20 V12> Yoo V31> Y15 Ya1» Yo1)

_Co1 Co2 Co3 CCy
= (—Yoa V13> — Yo3» Yo2» Y120 — Yo2» Y31, Vo1, Vi1, — Yo1)
Co Co1 Co2 Cos3
2 2 4,2 2,2 ,,2 2 2 4,2 24,2 4,2 c 2
Where Co = 1 + i3 Yz Vi2 Yis Vip iy — Yi3 Y32 YizVi2 _c CVi3

You U Yades | ¥AYEYe | ¥EYEYEYo' OV T Yoo T yEves  ¥EIEYee | YEYEYEY T92 T ou T yEws
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2 2 ,,2 2,2 .2

_C N3 Vst i3V

and ¢33 = -~ + .
037 you ' yEyos | YEIEY2 | YEYEYE Yo

Vs ¥ Yayh i
2.2 2,2 4,2
Yoa Yoz Yo2 Yoa Yoz Yo2 Yo1

2 24,2
y13 y13y12

_ 1
£0(Yoa» V13> Yos» Yo2r V12> Yoor Va1 Vo1, Vi1s Y1) = — + +

Yoa J’o24%3 J’oZA,J’o%J’oz

2 1,2 1,2 4,2
_ y01y02y03y04

Yo(You» Y13) Yos» Yoo V12> Yoo Y10 Yo, Y Yor) =
o0\J)o4» JV13» J03» 22> V12> J02» J31» J21» J11» JO1 y121y122y123
Now ej, £, and 7, are defined as follows:
e (Vi(x))=0Toef oa(Vi(x))

To(Vi(x))=7o(a(Vi(x)))
&(Vi(x)) =&o(a (V1 (%))

Using this formula, we obtain 7,:

yo(‘/i(x)): y021y022y023y024 _ x424x423x422xfl — iz

222 22 .22 22
I Via s X1 X4 Xy3 Xgp Xg1  Xqg

Next we obtain &:

1 y2 y2y2 y2y2y2
eo(Vi(x) = 4 oy ke | il
You  Yoados  YoaYozYo2 o YoaYozVo2)or

X11X42 X21 X42 2 X11X43 X11X3232 2
( X22 + X32 + x31) (x21 + X33 + X22 X

=Xg t + +—

X42 X43 X4q
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Finally we compute e/

1 o1 Ja1 1 Y12 W11)e2
eoc(‘/l(x)) (O 1060( + + ) ) +
J/01 JYorYo2  Vi2Yor  Ve2dor Vo2 Yo1o2doz  Viso1)oz2
Jo1 112 )31 1
Vo2 Yo3 V22 Yo2 Yo3 J’13J’02 Juyiz2hs Yo1)o2
Ju 4 Ya Va1 Y11)22 Yo3 Y21 )22 Yo2 Yo3
Yo T e T e " Yoz Yor Yoz Vo3 Yo J/04(J’11 Vot =57 T30, )’
Ys1 1 )
112 ¥31J03 )’
Yoa(yo1 + 2 T s ) Yoa
— 1 Y11 Co2 Co3 )1 V31Co3 Co2  CoiYuhz . )e2Co2
=04 + + , , +
s Dy CCYorYoz  CCoYizYor  CCo¥nYor CosYor YorYoros  YisYoi Yoz
J21C01 Co1)31)12 )31 Co2
Y2122 Co3 €03 Y02 Jo3 €03 )22 Y02 Jo3 Y0213 Co3 Co1 Yuhiz s
’ W11 Co2 o1 31 ’ ’ ’
€ CoY12)13 Y01 e T e T Co2Y03 € Yo1Yo2 o3 Yoa
Yo1Y22Co3 Ys1Cos Gy )
Y11 )22 Yo3 Co2 Y21 Y22 Yo2 Y03 €03\’ Y31)12 J31)03C02 \’
€ CoYoa(Y1 Yz + oyt + BB Co Yoa(Vor + 555 + 5 T0E) Cot You
Lot o/ g B P G YRy
4 B 41 X11 X, X §42 X11 X, X43;C X x44 ’
C/ _ Cx + ( 1)612242+ 2;3242 +X31) (xz + 1)33343_’_ 1)612232 )2 xlgl
41 B 41 X11 X, x?(ﬁz x)?3 X171 X X44 '
C/ _ Cx + ( 1)612242+ 2;3242 +JC31)2 (x21+ 153343 + 1)612232 )2 + X_121 and
42 B 41 X11 X, §C42 X, X x)?3 X171 X X44 '
c/ _ C x + ( 1)612242 + 2;3242 +X31)2 (x21+ 1)33343 + 1%2232 )2 X_121
43 — 41 X4 X43 X44°
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Then we have

et (Vi(x) = (x4 S5
0 1 - 44 7’ / ) 7
ccy ccy X11 X002 X3 + X1 Xpp X33 + X171 X32 X33 Cy3

/(2
Cyy (X5, Xpp X530 Xgp Xy5 + X

/ / /
Xa3  X11XppX43Cy, + (X1 Xop X33 + X171 X32X33)Cp3 Xa3Cy,y

)

2 2
11 X3 X33 Xg2 + X11 Xp1 Xpp X32 X33 Xy5)
/
(X171 X3 Xgp + X1 Xpp Xgp + X3 Xpp X31)(X11 Xpp X3 + X11 X3p X33 + X1 Xp X33)C €4
/ 2 2 2
€1 (X101 X1 X5, Xgp Xg3 + X1 X5, X1 Xgp Xg3 + X11 X X3 X5, X33)

X2

+
/
(X171 X3 Xgp + X1 X2p Xgp + X3 Xpp X31)( X171 Xop X3 + X171 X3p X33 + X1 Xp X33)C €4

/ 2 .2 2
4 Cy5(X11 X1 X0 X35 X33 Xap + X X5 X33 Xgp + Xpy Xy, X1 X3 X33)

/,
(X11 X2 X2 + X1 Xpp X + X3 Xpp X31)(X11 X2 Xg3 + X1 X532 X33 + X1 Xpp X33)C €4
/ / / /
(€41 X11 X320 Xgp + €y Xy Xop Xgp + €y X3p Xp X31) (X171 Xp Xa3 + X171 X32 X33 + X1 Xop X33) €4y Xap Xpy

)

. (%11 X32 X4z + X1 Xpp Xy + X3 Xpp X31)(Cp X1y Xop Xz + CpgX11 X3p X33 + Cpg Xoy X X33) Cpp €
X1(C, (X171 Xgp Xz + Xy Xop Xgp + X3p Xpp X31)( X7 Xpp X3 + X117 X3 X3+ X X X33))
(Céil(xlzl Xop X3p Xg2 X3 + x121 x322 X33 X4p + X171 Xo1 Xop X3 X33 X4) + Céig(xu X1 xzzg X4 Xy3
+ X1 x222 X31 X33 X43 + X171 X2 X33 x322 X33) + Cig(xll X1 Xpp X32 X33 X402 + x221 x222 X33 X4
C, (X101 X30 X + X1 Xpp Xgp + Xpp X531 X3p)  Xa1C,

2 1
+ Xp1 X,y X31 X32 X33)) "5 X31— 7 7 y—
Cy1 X11X32 X420 T €41 Xo1 Xop Xgp + Cpp X020 X31 X35 Cyy

Theorem 5.3.3. V, =(Vj(x),ef,&;, ;) fori =0,1,2,3,4 is a positive geometric crystal associ-
ated with Cf).

Proof. We know this is positive because all of the coefficients are positive. We already know
that V), is a geometric crystal without the additionally 0-actions, so we only need to check
relations with the 0 index:

L. yolef (Vi(x))) = c“oy(Vi(x))
2. 1ileg(Vi(x))) = c®iy(Vi(x))
3. golef(Vi(x))) = ¢ go(Vi(x))
4. g(eg (Vi(x))) = &,(Vi(x))
5. &3(e5 (Vi(x))) = e3(Vi(x))
6. e4(eg (Vi(x))=£4(V1(x))
7. go(ey (Vi(x))) = g(V(x))

8. go(ey (Vi(x))) = &o(Vi(x))
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9. &o(e; (Vi(x))) = &(Vi(x))

c,d _ ,d,cC
10. e, e =e) e
c,d — ,d,c
11. e, 6 =e'e
c,d _ ,d,c
12. e, e =e e

2 2
13. efef delcded :edecdec dec

We first check 1.

|
o
|
(9]
[\
-
(=)
—
=
—
=
N—r
—

* roleg(K(x)=
* Tolef (M) = 2 = e 27g((x)
* Toles (G = & =ro(K(x)
* roleS (G = & =7o(K(x)
* Tolef (K= & =o(K(x)

Thus, 1 is satisfied. Next we check 2:

2
*1n

o 71(ef(Vi(x)) = 555 = ¢ 1o Vi(x))

c

2 2
X21%5

o 7a(ef(Vi(x) = s = Y2(Vi(x))

c2
2 .2 .2
X31 %32 X33

o ralef (Vi) = smerer = T3(Vi(x))

c2
2.2 .2 .2
Xay Xap Xa3Xay

* Yaleg (M) = — 5 =1a(W(x)

Now we check 3. We can see that this relation is equivalent to another relation as follows:
go(ef(Vi(x)))=Eg0oT 00 Toe, 00 =gy0e, oT(Vi(x))=E,0ey(Vs(y)) So we can just consider
ggoe (Va(y))

Co1 o4 Co2 Yo3 Co3 Yoz C Cy o1

&o( » N1y » Yoo Viov = Va1 Yoy iy ————)
Co Co1 Co2 Co3
3 2,2 cColos 4,2 2 €y 2 1,2 24,2 .,2
_ Co y04y03y02y01 + Co1Co2 y13y03y02y01 + Coo y13y12y02y01 + y11y12y13
- CCo3

2,22
o Y04Yo3o2Yo1
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If we expand the ¢y, ¢y, ¢y3 terms and factor, we obtain

 YoaYos YepYor + Y5 Yos Voo Yor + Vi Vi Yoo Yor + VA Vi Vi
- 24,2 4,2
Y04 Y03 Yo2Yo1

=£(V2(y))

Next we check 4. For the following relations we assign the following:

A= X1 X X3 Ciz + C;;g X1 X2 X33 + 04/3 X11X32 X33

B = X1 X0 X435 + Xp1 X3 X33 + X11 X32 X33

C= 04:1 X11X32X42 + Qil Xo1 X2 Xgp + Q:z X2 X31 X32

D = X1 X35 X42 + Xp1 X3 X4 + X0 X31 X320

G= (x 1 X22X32 X2 X43 + xH 32x33x42 + X11 X271 X2 X35 X33 X42)
+ Cz; (x11x21x 5 X42X43 + X171 X, x31 X3p Xy3 + X11 Xpp X31 x322x33)

/ 2
+ €15(X11 X201 Xp X3 X33 X0 + X. 21 22x33x42 + X1 X, X31 X32 X33)

X33 Xpp Xp1 A 4 X112 Xs3 C

(e (K(x))= Be2c] 2 c2¢[D :x33x22x21AD +2x11x32x333C
xil )fzzc X1 X5o G
c2¢,BD
X3 (C4zx11x21x222x32x42x43+c 2 X11 X5, X3y Xap X435+ Cpp X11 X X3, X3 X32 X3
- X35 %21 G
+C 3 X101 X3, X3, X3p Xgg Xgp + €1y X3, Xy, Xy X3 X33 + Cpp X1y X1 Xy X31 Xy Xz + €1y Xy Xy X3 X
G
+c43 X2 Xy Xpp X2, X33 Xz + €1 Xy X2, X2, X3 X33 Xgp + Cf XD X X2, Xgp Xgz + € X2 X3, X33 X4
G
+c41x11x21x22x ) X33 Xaz + €y X2\ Xpy X2, X35 Xgp Xg3 + € X11 X2, X2, Xigp X33 X
G
+C42x11x22x31x ) Xg3 + Cf | XF) Xy Xop X2, Xg3 X+ Cip X1 Xy Xy X1 Xy X33+ €1y X117 X0 X31 X5, X33

G
 Xa3( X1 Xp + X1 X3,)G

2
G X5 X1

= &,(Vi(x))
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Now we check the fifth relation.

/ 2
X44Cy3 X33 X3, X31 C B

/ /7 /
+ X44X43C4p X32 X31 €, BX22 G + X44 X43 X42 Cyy X2 X21

c2¢c]AD cc,ABDcc] c2c]
C — 4 4 4 4
&3(ey (Vi(x))) = T
X31 X35 X35, C
c2¢,D
2 ’
X44 043 X33X35,X31CB X44X43 Cap X32 X31 X22 G /
D + 2D Tt X44X43X42 Cyy Xop X1
X31 X2, x5 C
D

Expanding the first two terms in the numerator and factoring, we get

X44Cpy X33 X2, X31 C B + X440 X43C,, X35 X31 X0 G
AD
_ Al Cil X11X22 X31 xg?g XypXg3Xgq + Cil X11X31 xg?z X33 Xgp Xgq + Céil X21 X2 X31 xg?z X33 X42 Xa4)
B AD
A€y X1 X3, X31 X3 Xz X3 Xaa + C1y Xty X33 X5, Xg3 Xga + Cpy Xop X Xy X33 Xsg)
AD
_ Cil X11 X2 X31 x§2 Xyp Xg3Xgq + szl X11X31 x§’2 X33 Xgp Xgq + C‘II X21 X2 X31 xg?z X33 Xg2 X44
B D
Cip X1 X2, X31 X3 X4 X3 X + €1y Xy X3 X3 X3 X + €1y X0 X357 Xy X33 X4

D

+

Putting this expression back in the above expression we get

/ 2 / 3 / 2
Cyq X11 X022 X31 X35 Xgp Xg3 Xgq + €4y X11 X31 X3, X33 Xg0 Xgg + €4y Xo1 Xop X31 X, X33 X2 Xy

2 2
C X3, X5, X35
’ 2 4+ x2 x2 x2 +c! 2 .3
Cyp X1 X5y X31 X3p Xyp Xy3 Xgq T Cyp Xop Xoy Xg5 Xg3 Xgq T Cyp Xpp X3 X3, X33 Xy
2 .2
C x31 X5, X35

/
+ Xp4 X3 Xa2 Xop Xp1 €y (X11 X0 Xap + X1 Xpp X + X X3 X32)

2 .2
C X3, X5, X35
2
_ Clx9pX3) X3 Xa3 X4 + X31 X3, X33 Xag + Xoy Xpp Xap Xa3Xas)
- C 2 .2 - 83( ‘/1(.7(:))
X31 X33 X33
Next we check 6.
Xyg XX Xq1 Gy | X AP Xa3 X Xan €y €p | X535 CPxy Xap gy n X5 X5 X3
7/
e (eC(V(x)))_ CCy3 2’ Bcyscpy c2¢;”D2cy, c?
4\%q 1 - 2,2 42 /
Xyg Xy3 X4 %41 C4q
c2c,

2 .2 / 2 42 2 ’ 2 .2 2 2 2 2
Xga Xz Xip Xa1Cyy | XggA"Xag Xpp Xg1 Cpy | X3 X5 CoXgnXgp | X5 X35 X33
/ 2 / / 7/ 2 7/
Cy3 B2cyzc4,c ceyD2¢yy c

= = £,(V(x))

2 2 2 7
Xy X3 Xy X41Cyy

/
cey
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We obtain £,(V;(x)) by expanding the terms and factoring the expanded rational function.

Now we check 7.

C2X11X42 X21X42CC + 2 CCrXp1 X11X43 C2X11X32\2 2
( X51)° + y x
c _ C21X22 C21X32 €21 X33 C21X22 11
gole, (Vi(x))) = x4 + +
X42 X43 Xa4

CoX11 X4 X21X42CCp
€21 X22 C21X32

+ X3, and Cszzl + X11X43 + CoX11X32

We focus on the terms =
33 C21X22

Then we can simplify the first expression as follows:

Cp X1 Xy 4 X1 X42C Cp 4 = Cy X1 X3p Xygp + € Cp X1 Xpp Xygp + C21 X X31 X3
31 =
Co1 X2 C21 X32 Co1 X2 X3

(X1 X0 + X011 X30) X1 Xap Xap + X1 X202 X2 (€ X1 X2 + € X11 X30) + X3 X0 X2 € Xy Xp + X117 X3)

(€ Xp1 X + X171 X32) X0 X3

Xgp+ C X3, X3, Xap + € Xy Xgp Xpy Xpp Xgp + € Xp1 X3, X31 X3

(€ X1 Xpp + X1 X32) X5 X35

X1 X1 Xop X3 Xgp + X7 X3,

2
+ X11 X22 X531 X3 (€391 X090+ X1 X32)(X01 Xp Xgp + X1y Xgp Xgp + Xpp X31 X30)
(€ X1 Xpp + X1 X32) X0 X32 (€ Xp1 Xpp + X1 X32) X2 X32
X11Xg2  Xo1Xg2
= + + X31
X2 X32

And the second expression as follows:

CCa X1 " X11X43 n CoX11X3p € CyXpy Xpp Xg3 + X131 Xpp Xg3Co1 + Cp X1 X3 X33

Ca1 X33 Ca1 X2 Co1 X22 X33
Cx21x22 X33+ € X171 Xp1 X2p X35 X33 + € X1y Xy X2, X3 -+ X7, X X3 X3 + X11 X201 X202 X37 X33
(€ Xp1 Xpp + X1 X32) X2 X33
X7 X3, Xag (€21 X5 4 X11 X32)( X1 X2 X33 + X1 X3 X3 + X1 X202 X43)
(€ X1 Xpp + X1 X32) X2 X33 (€ Xp1 Xpp + X1 X32) X2 X33
= X + X11X43 n X11X32
X22 X22

Substituting these expressions into our earlier computation we obtain

(x11X42 4 Xertaz X21X42 +X31)2 (x2 4 Xutas X11X43 + x11x32)2 xz

X22 X32 X33 X22 11
=Xy t+ + +— =¢)(Vi(x))
X4 X43 Xy4
Next we check 8.
X11X42 C31 X21 X42 CC3X31 )2 (x + X11X43C3 X11X32C32 \2 xz
c _ X22 X32C32 C32 €31 X33 X22C31 11
goley (Vi(x))) = x4 + + +—
Xy2 Xy3 Xyq
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The first and last terms are already equal to the terms in £,(V;(x)), so we focus on the middle

two terms. We will expand and simplify =72 4 222212 4 £8%0 and X, + SR8 4 AU We

can look at only the components of these expressions that contain c;, ¢33, Or C3,. Thus we

will rewrite and simplify “=222 + S20 gnd S50 4 A2 The first expression simplifies

as follows:

C31 X201 X42 " CC3X3)  C31Xp1 Xgp + CC3X31 X3p

X32C32 C32 X32C32
(C Xg4 X33 x 5 X31 T Xgq X43 X0 X3 X31 + Xgq X43 Xg2 X2 X1 )X21 X420

(€ X44X33 xsz X371+ € X4q X43 X2 X35 X31 + Xgq X43 X42 X2 X01) X3
(€ X44X33 x ", X531+ C Xgq X453 Xpp X3 X31 + € Xaq Xg3 Xgp Xpp Xp1) X31 X3

(€ X44X35 x32 X1+ € Xgq X3 Xpp X3p X31 + Xga Xg3 X4 Xpp X21) X3
_ C Xy Xy X33 X2, X31 X1 + X4 X143 X2 X1 X203 X3 X31 + Xga Xg3 X5, X3 Xpp 4 € Xgg X33 X3, X2,

(€ X44%33 xsz X31 + € X4q X43 Xpp X3p X31 + Xgq X43 X420 X22 X01) X3

C X4 Xy3X22 x32 31 + C Xgq X43 X2 X33 X31 X2 X1

(€ X44 X3 X35 X31 + € Xaq X43 Xpp Xz X31 + Xaq X43 X4 X2 Xp1) X3
(x21 Xap  Xa1 X32)(€ X4q X335, X31 + € X4q Xg3 X35 X35 X31 + X4g Xa3 Xap X0 X51) Xy X

(€ X4q X33 x32 X31 + C Xgq Xg3Xop Xgp Xg1 + Xgq Xg3 X420 Xpp Xp1) X30 X32

And the second simplifies as follows:

X11X43C3 n X11X32C32  X11 Xg3XppC3+ X3 X33C3p
C31 X33 X22C31 xss X22 C31
X11 Xpp X43( X4 X33 x o X31 + X44 X3 X2 X35 X371 + Xaq Xg3 X42 X2 Xp1)

X33 X020 (€ X4q X33 xsz X371 + Xg4X43 Xpp X3p X31 + Xgq X43 X42 Xpp Xp1)
X3 X33(C X44 X33 x 5 X31 T C Xgq X43 Xpp X3 X31 + K44 X43 X2 X2 X1 )

(€ X44 X33 X3, X31 + Xy Xy3 X3 X33 X31 + Xgq Xg3Xg0 X x21 )
X ( X4 X43 X33 X35, Xg1 Xop + Xgg X3 X2, Xgp Xg1 + X X2y X4 X3y Xy + € Xgg X3 X3, X3
Xpp X33 (€ X44 X33 X2, X31 + X4 X43 X9 X3 X31 + X Xg3X42 X2 X1)

C X44X43 X029 X33 x 5 X31 T Xgq X43 Xg3 X33 X33 X0 X1

(€ X4q X33 x32 X3 + XgqXg3 Xpp X3p X31 + Xgq Xg3 X420 Xpp Xp1)
X1 (xzz Xg3 + X32X33)(C Xgq X33 x ", X31 + Xaq Xg3 Xpp X3p X371 + X4 Xg3X42 X0 Xp1)

X0 X33 (€ Xgq X33 X2y X3) + Xgq Xg3Xpp X3p X31 + Xgq X43X42 X33 X7
X11Xa3  X32X1
+

X33 X2
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Substituting these reduced expressions into &y(e;’) we get:

X11X42 C31 X21 X42 CC3X312 X11X43C3 X11X32C32 \2 2
X
Xo + ( X22 + X32C32 + C32 ) ( 21 + C31X33 + X22 €31 xll
41
Xa2 X43 Xa4
X11X42 X1 X42 2 X11X43 X11X322 2
— ( X22 + X32 + 31) ( 21 + X33 + X22 ) xll _ 174
=Xyt + + — =¢)(Vi(x))
X42 X43 Xa4

This proves relation 8. Next we prove 9.

X11X42Cgq X1 X42Cp 2 X11X23Ch | X11X3212 o/
/ —_— pas =SSy 2 /
c C, Xq1 ( Chp X2 A X ) ey (ot chrm T Ve X506
gle, (Vi(x)=——+ 7 + / /
Cy Cy1Xa2 X43Cq X44Cy3

If we expand and factor these terms, the result is £,(V;(x)).

To prove 10, 11 and 13, we need the following identity: o o ef = e,_; o0.Itcanbe shown

by direct calculation that this relation is true. As a result, ef co0—1 =0~10%,;*. Using this
identity, we can prove 10, 11 and 13.

e 10.efel=01g‘Tel =01 ¢ c=0"16"¢ T=clo e, T=0Cfef
—— 4 mTe—d— _ —ede—— _ Ao

* llefel=0-le,'Oel =0-1g, e C=0"e,"e,T=elole, T=elef

e 13.

2 ———d— cdo T od— _ o= d——[=—cd—d—
Cletdeld —efa-lg “Teflo-lee, T=0"16¢" ‘Tole T

e 1 0

e

c
170
— c—?d——cd—d— _ ———d—cd—c2d—c— _ ———d—cd—~——T—c’d—c—
ole;‘e el T=0"1¢,e; "¢, “e; T =0"1e, e;“cole, ‘o0

———d— _cd —c?d— ¢ d_cd c?%d c
] =] _
o-le,"oe"0-le, “Te =ele e ‘e

The final relation, e; ef = e4d e, can be shown via direct computation. Thus, since all of the
relations hold, V,(x) is an affine geometric crystal. O

Now we have constructed the affine geometric crystals for each case. In the next chapter
we will apply the ultra-discretization functor to these crystals.
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CHAPTER

6

ULTRA-DISCRETIZATION

We will define the ultra-discretization functor following [20]. Let R := C(c) and define

v:R/{0} > Z
fle)—deg(f(c))

where deg is the degree of the pole at ¢ = oo [20]. Notice for f;, f, € R/{0} we have

v(fif)=v(H)+v(f)

o= v(f)= v(f)

2

We can observe that f(c) is positive if f can be expressed as the ratio of polynomials
with positive coefficients. If f;, f, € R are positive, then

v(fi + f)=max(v(f)), v(f>))

Now let T = (C*)! be an algebraic torus over C and X*(T) := Hom(T, C*) be the lattice of
characters of T and X,(T) := Hom(C*, T') be the lattice of cocharacters of T [20]. A nonzero
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rational function on T is called positive if it can be written as g/h where g and & are positive
linear combinations of characters of T [20].

Definition 6.0.1 ([2]). Let f : T — T’ be a rational mapping between 2 algebraic tori T and
T’. We say f is positive if y o f is positive for any character y : T’ — C.

We let Mor*(T, T’) be the set of positive rational mappings from T to T".

Lemma6.0.2 ([2]). Forany f € Mor* (T, T;) and g € Mor*(T,, Ty). Then the composition g o f
is well defined and g o f € Mor* (T, T3).

As a consequence of this lemma, we can define 7, as the category of algebraic tori over
C with positive rational mappings as morphisms.
Let f: T — T’ be a positive rational mapping from T to T’. We define
fX(T) - X(T)
L fE)=v(yofod)

where y € X,(T’) and & € X,(T) [20, 2].

Lemma 6.0.3 ([2]). For any algebraic tori T, T,, T; and positive rational mappings
f € Mor*(T,, T,) and g € Mor*(T,, T), theng/ﬁ =gof.

From this lemma we obtain the functor
UD:T, — Set

T — X,(T)
(f:T—T)—(f: X(T)— X,(T")

Now that we have built this framework, we can connect these ideas to geometric crystals
and Kac-Moody Groups presented in Chapter 5. Let G be a Kac-Moody group and T be its
Cartan subgroup.

Definition 6.0.4 ((2]). Let y = (X,{e;},{r;:},{¢:}) fori € I be a G -geometric crystal, T' an
algebraic torus and 0 : T’ — X be a birational mapping. The mapping 0 is called a positive
structure on y if it satisfies:

1. foranyiel,y;00:T'"—=Cande;o0:T — C are positive

96



2. foranyi € I therational mappinge; o : C*x T’ — T’ defined bye; g(c,t)=0""oefo0(t)
are positive

Let 8 : T’ — X be a positive structure on y. Then applyingtDto e; 5, y;06,and ¢;0 0
we obtain

& =UD(e,g): Zx X,(T") = X,(T")
Wti ZUD(}’, [¢] 0) . X*(T,)_) Z
&; ZUD(E,- o 9) : X*(T,)—) Z

Thus, (X,(T’), {&:}, {wt;},{¢;}) is a precrystal structure which we will denote by Dy 7.( ).
This leads to the following theorem:

Theorem 6.0.5 ([2],[30]). For any geometric crystal y and a positive structure @ : T’ — X,
the associated precrystalUUDy 1.(y ) is a crystal.

Because of this theorem, we see that there is a clearly defined relationship between
geometric crystals and crystals. Let GC* be the category whose object is the triple (y, T”, 6)
where y is a geometric crystal, T’ is an algebraic torus, and 6 is a positive structure on .
The morphism f : (;, T}, 1) — (x2, T,), 0,) is given by the morphism of geometric crystals
¢ : X; — X, such that

f=0"0¢0b:T -1

is a rational mapping. Let CR be the category of crystals. Then

Corollary 6.0.6 ([20]). UD defines a functor

UD:GCT—-CR
(1, T',0)— X,(T")
(f (T, 00) = (22 T, 0))— (f : X,(T) — X,(T}))

UD is called the ultra-discretization functor or tropicalization functor. In our context,
n(n+1)

the positive structure is 8 : T’ := (C*) "z

— ) where x — V;(x). From the corollary, we

n(n+1)

get that y =UD(V, T’,0) is a crystal which is isomorphic to Z ™

as sets. In this case, the
Ultra-Discretization functor maps positive rational functions in the following way:

XxXy—=x+y, §—>x—y,x+y—>max{x,y}
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Then we have the following correspondence between geometric crystals and Kashiwara

crystals as presented in [20]:

wt;(x)=UD(y;)
e, =UD(¢;)
( ) Z/{D C)|cl

é;
filx)=uD(ef).—,

In the following sections we will apply the ultra-discretization functor to the positive geo-

metric crystals constructed in Chapter 5.

6.1 Ultra-Discretization for n=2 Case

Explicitly, for sz, if X = UD(V) then X = Z3 as sets, and UD(V) is equipped with the
following functions:
—2X, i=0
Wt (X) = 22Xy, — X1 — Xpp i=1

2x21+2x22—2x11 l:2

max{xy;,2X;; — X} i=0
€i(x):< Xoo — X711 i=1

max{—Xy,2X;; —2Xp — X5} =2

]
(C+xp—C,X11— €, % —C) i=0

eic(x):< (X22, € + X1, Xp1) i=1

(Co 4 X2, X711, C + X3 — ) =2

where C, = max{c + X,; + Xy, 2X;;} —max{x,; + X,,,2X;; }.
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When we restrict ¢ to compute é; and f; for k =0, 1,2, we get the following actions:

()= (X2 + 1, %07 +1, %) if 2% — X5 < Xy
(%)=
(X0, X1+ 1, X1 +1) i 2X7; — X > X

Fi(x) = (x22, 11 — 1, Xp1)

Blx)= (X2, X171, Xp1 — 1) i 2X; — Xpp > Xy
()=

(X2 —1, X131, Xp1)  iE2X; — Xpp < Xy

_ (X2 —1, %11 —1, %) if2%7; — X0 > Xy
é(x)= )
(X202, X101 —= 1, X1 — 1) if 22, — Xy < Xy

é1(x) = (X2, X1 +1, x3)

- (%22, X171, Xo1 + 1) 277 — X5 > X
é&(x)= )
(X2 +1, X1, X1) 127 — X0 < Xy

6.2 Ultra-Discretization for n=3 Case

For Cgfl), if X = UD(V) then X = Z° as sets, and UD(V) is equipped with the following

functions: .
—2x11 i == 0

2x11—x21—x22 l:].
wt;(x) = 5 _
2X01 +2Xpp — X1 — X3y — Xzp— X33 1=2

L2.)(:314‘2.%32‘|‘2.7C33_2x21_2.7(:22 l:3

p
max{xs;,2Xy; — X3, X1 + X171 — X0, 2X11 + X3p —2Xp9,2X1; — X33} 1=0
sz - xu l = 1
£i(x) =+
max{ X33 — Xpp, X33 + X3p + X171 —2Xp0 — Xp1 } =2
max{—Xs3,2Xy) —2X33 — X33, 2Xpp + 2Xp) — 2 X33 — 2 X35 — X31} i=3
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e, (x)=(C,, + x33— ¢ — C,, Xpp + max{xy, + X, + C,,, X1 + X3+ C, } —c — C,

/ / /
—max{Xy; + Xy, X1 + X32}, C,, + X3, — C,,, X1 — €, Xpy —max{xy; + Xp, + C

04 X111 X32

+C, } 4 C) +max{xy, + Xpp, X11 + X0}, C, + X3 — C, )

where C; = max{xs;, 2max{xy; + X3, X11 + X32} — 2X5 — X3, 2X17 — X33},
C,, =max{c + X33, 2max{x,; + Xy, X33 + Xgp} —2Xpp — X3, 2X; — X33} and

C,, =max{c + X3, ¢ +2max{xy; + Xz, X11 + X32} —2Xp — X32,2X17 — X33}

c

e, (x) = (X33, X2, X3, X171 + C, X1, X31)

c —
e, (X) = (X33, Co + Xpp, X3, X117, € + Xp1 — G, X31)
where C, = max{c + Xy, + X5, X1 + X350} —max{x,; + Xy, X;; + X350}

ey (x)=(Csy + X33 — G, Xp0, Csp + X3 — Csy, X1, Xp1, € + G — G52+ x3:)
where C; = max{2xs,+ X3, + X33, 2 Xop+ X351+ X3, 2X0, +2 X0 }, C3; = max{c+2 Xzp+ X531+ X33, 2 Xp0+

X31 + X32,2X5; +2X5}, and Cs, =max{c +2x3, + X371 + X33, € +2Xp + X371 + X30, 2%, +2 X5}
We show the simplification of e;(x) when we set ¢ = 1. Plugging in, we get

(Cyy+ X33—1—C,, Xpp + max{xy; + X35+ C, |, X1 + X5, + C, } —1—C,

/ / /
—max{xy + Xy, X171 + X32}, C,, + X350 — C,,, X113 — 1, Xp3 —max{xy; + xp, + C,

/
oy X111+ X3 + Gy}

+ C, +max{xy; + X, X1, + X3}, C, + %3, — C;)

along With CZ/ == I‘IlaX{x31,2x21 — X32,2xl1 —2x22 + X32, 2x11 —_ x?,g}, (72/1 = InaX{x31 + 1,2x21 -

X325 2X11—2 X5+ X352, 2 X1 — X33} and C,, = max{xs; +1,2Xxy; — X5 +1,2X1;—2 X+ X3p+1,2 X1, —

100



X33}. Then based on which of the 4 components is maximal, we get 4 cases for ¢&,.

r(3533y Xozy X300 X11— 1, X1 — 1, X351 — 1) Xy > 2X51 — Xgp, X31 > 22X — 2 X5 + Xgp,
X31 > 2%y — X33
(X33, X2y Xgo — 1, 11— 1, X1 — 1, X31) 201 — X3 = X34,
2391 — X3p > 2X1) — 2 X0y + X3,
- 2% — X3p > 2%y — X33
é(x)=1
(X33, Xoo — 1, Xgo — 1, X1 — 1, Xp, X31) 2007 —2X90 + Xgp = X35,
211 —2Xg + X3p 22X — X3,
2X11—2Xp0 + X30 > 22X — X33

(X33 =1, X2 —1, X3, X171 — 1, Xp1, X31)  2X17 — X33 = X31,2X37 — X33 = 2Xp; — X3p,

L 2X11 — X332 2X11—2Xpp + X3

When we restrict ¢ to compute €, and fk for k = 0,1,2,3, we get the following actions

(besides €, which is given above):

é1(x) = (X33, X2, X32, X171 + 1, Xp1, X31)

- (X33, Xpp + 1, X3, X131, X21, X31) X1 + Xpp = X171 + X3

é(x)=
(X335 X202y X2, X117, X1 + 1, X31)  Xp1 + Xpp < Xq1 + X3

.

(X33 + 1, X220, X3, X11, Xp1, X31)  2X3p + X31 + X3 = 2Xpp + X31 + X3,

2X3p + X371+ X33 = 2Xp0 +2Xy;

5 (x) { (X335 X2, X32 + 1, X311, Xp1, X31)  2Xpp + X33 + Xgp > 2X3p + X31 + X33,
63 X)=

2X9p + X371+ X390 = 2X90 + 2%y,

(X335 X202y X2, X115 X201, X31 + 1) 2Xpp +2Xp, > 2X3p + X31 + X33,

L 2X90 +2X01 > 2X00 + X371 + X3
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(X33, X022, X305 X171+ 1, Xp1 + 1, X3+ 1) X312 2Xp — X0, X317 22X —2Xpp + X3,
X31 22X — X33

(X33, Xp2) Xgo + 1, X011 + 1, X1 + 1, X31) 201 — X3 > X371, 2X0) — Xgp = 2X11 — 22X + X3,
2Xp — X3p 2 2X1) — X33

JolX)=1 (%33 Xon + 1, X3+ 1, X1 + 1, Xoq, X31)  2X5; — 2X00 + X0 > X3,

2X11 —2Xp + X3p > 2Xp) — X3,

2X11 —2Xpp + X3p 2 2X1; — X33

(X33 + 1, Xpp +1, X3, X33 + 1, Xp1, X31)  2X11 — X33 > X33, 2X17 — X33 > 2Xp; — X3y,

2X11 — X33 > 2X1; — 2 X5 + X3,
fi(x)=(x33, X2, X35, X117 — 1, X1, X37)

f(x)— (X33) X202, X32, X117, X1 — 1, X31)  Xp1 + X = Xp1 + X3
(%)=

(X33, Xp2 — 1, X3, X1, X21, X31) X1 + Xpp < X971 + X3p

.
(X33 —1, X2, X530, X171, X1, X31)  2X30 + X371 + X33 > 2Xpp + X371 + X3p,

2X30 + X317+ X33 > 2 X090 + 2 X5
f( )= | (X335 Xa2y X3p — 1, X11, X1, X31)  2Xpp + X371 + X3p = 2 X35 + X371 + X33,
3\X)=

2X50 + X371+ X390 > 2 X090 +2Xy;

(X335 X2, X32, X171, X1, X31— 1) 2Xpp + Xp1 = 2 X35 + X3y + X33,

L 2Xpp + Xp1 = 2Xpy + X371 + X3

6.3 Ultra-Discretization for n=4 Case

For CV, if X = UD(V), then X = Z'° as sets and UD(V) is equipped with the following

functions:

[
—lel ZZO
lel_le_sz i:].

th(x) = { 2x21 +2x22—x11 — X31 - X32_X33 i = 2

2X31 +2X3 +2X33— Xo1 — Xpp— Xg1 — Xgp— Xy3— Xgg 1=3

\2x41+2x42+2x43 +2X44—2X51 —2X30 —2X33 i=4
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max{x;, 2X,; — Xag, 2X31 — Xy, 2X1) + Xgp — 2 X0, i=0

2Xp1 + Xgp — 2 X3, 2Xp1 — Xy3, 2X11 + Xg3 — 2 X33, 2X11 +2X30 — 2 Xpp — Xy3}

Xo2 — X11 i=1

max{ X33 — Xpp, X33 + Xzp + X113 —2Xp0 — X1} i=2
g;(x)=+

max{ X,y — X33, Xgq + Xg3 + Xpp — 2 X33 — X35, i=3

Xgq+ Xg3+ Xgp + Xpp + Xp) —2 X33 — 2 X350 — X31}

max{—Xyq,2X33 — X43 — 2X44, 2 X35 + 2 X33 — 2X45 — 2 X43 — X42, i=4

2X31+2X3 +2X33 =2 X4 —2Xy3— 2 X4 — X1 }
For i = 1, we compute the ultra-discretization of e
(UD)(elc(x)) = (X44) X33, X43) X2y X302y X2, X11 + C, Xp1, X31, X41)
By restricting ¢ to -1 and 1, we get f; and é;.

€1(x) = (X44, X33, Xa3, X2, X325 Xa2, X11 + 1, Xp1, X31, X41)

J1(x) = (X44, X33, X435 X2, X3, X425 X171 — 1, Xp1, X31, X41)
Now fori =2

UD(e, (x)) = (X44, X33, Xa3, Xpp +MAX{ Xpp + Xp1 + C, X17 + Xzp} —maAX{ X5 + X1, X1 + X350},

X32, X425 X11, Xo1 + € + MaAX{ Xpp + Xp1, X171 + X3} —mMaX{Xpp + Xp; + €, X11 + X3}, X31, X47)
Again, restricting ¢ we obtain f, and é,

(X4 X33, Xa3, X0 + 1, X3, X4, X11, Xp1, X31, Xa1)  Xp1 + Xpp = X1 + X3
& (x)=
(X445 X33, X43, X225 X325 X42, X115 Xo1 + 1, X531, Xg1) X1 + Xpp < X7 + X3

f( | (X44, X33, X43, Xo0 — 1, X302, X4, X11, X1, X31, X41)  Xop + Xpp > X1 + Xa3p
A X )=

(X445 X33, X43, X225 X325 X2, X115 X1 — 1, X31, Xg41) X1 + Xpp < Xyp + X3
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For i =3, we have

UD(e; (x)) = (X44, X33 + MaX{ Xgg — X33 + C, Xgq + Xy3 + Xpp — 2X35— X32, Xgq + Xg3+ Xgp
+ Xop + Xp1 — 2 X33 — 2X3p — Xg1} —MaX{ Xyq — X33, Xgg + Xa3 + Xpp — 2 X33 — Xgp, Xgg + Xa3 + Xy
+ X+ X1 —2X33 — 2 X35 — X31}, X4z, Xp2, X3p +MAX{ Xy — X33+ €, Xgg + Xyg + Xpp —2X35

— X3p+ €, Xgq + Xgz + Xgp + Xpp + Xy — 2 X35 — 2 X35 — X33 } —Max{Xyy — X33+ €, Xgg + X3 + Xpp
—2X33— X3, Xgg + X3+ Xgp + Xop + X1 —2X33 —2X30 — X31}, Xa2, X11, X21, X31 + € + max{xyy

— X33, Xg4 + X453+ Xpp — 2 X33 — X3, Xgq + Xg3 + Xgp + Xpp + Xp1 — 2 X33 — 2X3p — X3} —max{ Xy

— X33+ C, Xgq + Xg3+ Xpp — 2 X33 — X3p + C, Xgq + Xg3+ Xgp + Xpp + Xp1 — 2 X33 — 2X30 — X3}, Xg1)

Restricting ¢ we obtain f; and &,

]
(X445 X33+ 1, X43, X22, X32, X42, X115 X1, X31, X41) 0> X453+ Xpp — X33 — X3,

02> X453+ x40+ X0 + X
—X33— 2 X3 — X3
(Xa4) X33, Xa3, X202, X320 + 1, Xap, X11, Xo1, X31, Xa1) 0 < Xg3+ Xpp — X33 — X3,
02 X5 + X1 — X350 — X3
(X44) X335 Xa3y X22, X32, Xa2, X115 Xo1, X31 + 1, X41) 0 < Xyg+ Xgo + Xpp + Xy

—X33—2X3— X3

0 < Xgp+ Xo1 — X3p— X33

(Xaa, X33 — 1, Xa3, Xoy X325 Xap, X11, Xo1, X31, Xa1) 0> Xg3+ Xpp — X33 — X3,
0> X453+ x40+ X0 + X3
—X33—2 X3, — X3

~ (Xaa) X33, Xa3, X202, X3 — 1, Xap, X11, Xo1, X31, Xa1) O < Xg3+ Xpp — X33 — X3,
0> X4p + X1 — X350 — X3

(X44) X33y X453y X22, X32, Xa2, X115 X1, X31 — 1, Xg1) 0 < Xyg+ Xy + Xpp + X

—X33—2X35— X3

\ 0 < Xy + X1 — Xgp — X33
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For i =4, let

UD(cy) = & =max{—2Xyy, 2Xg3 — 2X4q — X43,2X3p + 2 X35 — 2X44 — 2Xy3 — Xy2,
2Xg, +2X30 +2X33—2X44 —2X43 —2X4p — X41}
UD(c41) = C4n =max{c — Xyy, 2X33 — 2 X4 — X3, 2X3p + 2 X33 — 2 X4 — 2 X43 — Xy,
2X31 +2X30 +2X33 —2X44 —2X43—2X4p — Xa1 }
UD(cyp) = Cpp =max{c — Xyy, C +2X33—2X44 — X43,2X30 + 2 X33 — 2 X454 — 2 X453 — Xy2,
2Xg, +2X30 +2X33—2X44 —2X43 —2X4p — X41}
UD(cy3) = Cig =max{c — Xyy, C +2X33—2X44 — X43, C +2 X35 +2 X33 — 2 X5 — 2 X435 — Xy2,

2X3 +2X30 +2X33—2X44 —2X43—2X40 — X4 }
Now we have
rn o (x A . . -
UD(e, (x))=(Cy1—Cqt Xaa, X33, Cap—Cu1+ Xu3, X22, X32, Ca5—CaoF+ Xap, X11, Xo1, X31, €+ C4—Caz+ Xy1)

Let L= —X44, M = 2x33 _2x44 - X43, N = 2x32 + 2x33 _2x44 _2x43 — X492, and P= ZX31 +
2 Xgp 4 2 X33 — 2 X4 — 2X43 — 2X4p — X41. Restricting ¢ we obtain &, and f;

.
(X440 +1, X33, X43, X2, X32, X42, X11, X1, X31, X41) L>M,L>N,L>P

(X44s X33, Xa3, X0y X32, X4p + 1, X11, Xp1, X31, Xg1) N>L,N>M,N>P

)

(X44) X33, Xa3 + 1, X2, X3p, Xa2y X11, Xo1, X31, X41) M >L,M>=N,M > P
)
)

(X44) X33, X43, X2, X32, X42, X11, X1, X31, X4y +1) P>L,P>M,P>N

r

Xga— 1, X33, Xy3, X2y X3y X4y X11) Xo1, X31, X91) L>M,L>N,L>P

filx) =

X4a) X33, Xa3y Xo2, X390, Xg2 — 1, X131, Xp1, X31, Xgy) N =2L,N>M,N>P

P>L,P>M,P>N

( )
(Xa4s X33, Xa3— 1, X2, X3, X2, X11, Xp1, X31, Xg1) M >L,M >N,M > P
( )
( )

L Xya) X33, Xa3y X225 X32, X42, X115 X215 X31, X417 — 1

Finally, we need to find &,(x) and fy(x). Let A =2X;; —2Xy; + X42, B =2X5; —2X30 + Xy,
C = ZX31 - X42, X == 2’x21 - X43, Y == 2x11 _ZX33 + X43, and Z == 2x11 + 2.X:32 _Zsz - X43. By

simplifying the inequalities A > B and X > Z, we can see that these inequalities are mutually
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exclusive.

UD(e; (X44) =X4a— ¢ + max{xy + c,max{A, B, C}+ c,max{X, Y, Z} + ¢, 2x;; — X4}
—max{x,;,max{A, B,C},max{X,Y,Z},2x,, — X4}

UD(e; (Xx33) =x33 — ¢ —max{x,, max{A, B, C},max{X, Y, Z},2x;; — X4}
+max{x,; +c,max{A,B,C}+c,max{X,Y,Z}+c,2x;, — X4}

UD(e, (x43) =X43 + max{xy + c,max{A, B, C} + c,max{X, Y, Z},2x;; — X4}
—max{x, +c,max{A,B,C}+c,max{X,Y,Z}+c,2x;; — Xu4}

UD(e; (X2) =X, — ¢ —max{xy, max{A, B, C},max{X, Y, Z},2x;; — X4}
+max{x,; +c,max{A,B,C}+c,max{X,Y,Z}+c,2x,,— X4}

UD(e; (x32)) =X3, + max{x,; + ¢, max{A, B, C}, max{X, Y, Z},2x;; — X4}
—max{x, +c,max{A,B,C}+c,max{X,Y,Z}+c,2x;, — X44}

UD(e, (x45)) =X4p + max{x, + ¢, max{A, B, C},max{X, Y, Z},2x; — Xy}
—max{x, +c,max{A,B,C}+c,max{X,Y,Z},2x;; — x4}

UD(eOC(xn)) =Xn—¢

UD(e; (x21)) =Xp; + max{x,;, max{A, B, C}, max{X, Y, Z},2x; — X4}
—max{x,; + c,max{A,B,C}+c,max{X,Y,Z}+c,2x;; — X4y}

UD(e; (x31)) =x3; + max{x,;, max{A, B, C}, max{X, Y, Z},2x;; — X4}
—max{x,; +c,max{A,B,C},max{X,Y,Z},2x,;, — X4}

UD(e, (x41)) =Xx4 +max{x,;, max{A, B, C}, max{X, Y, Z},2x;; — Xy}

—max{x,; +c,max{A, B, C},max{X,Y,Z},2x;; — Xus}

From this, we can consider the different cases that occur based off which elements are

maximal. Coupled with the fact that certain options are mutually exclusive, 8 cases for &,
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and f; are possible. These are as follows:

(X445 X33, X43, X225 X325 Xg2, X11— 1, Xp1 — 1, X3, — 1, X473 — 1)

(X445 X33, X3, X025 X3 — 1, Xgp — 1, X371 — 1, X1 — 1, X1, X41)

(X44) X33, X43, Xpp— 1, X35 — 1, X4p — 1, X117 — 1, Xp1, X31, X41)

(X44) X33, X43, X2, X30, Xgo— 1, X171 — 1, X1 — 1, X31 — 1, X41)

(X44) X33, X43— 1, X0, X35 — 1, X2, X171 — 1, Xp1 — 1, X3, X41)

(X44) X33— 1, X43— 1, X0 — 1, X32, Xg0, X117 — 1, X1, X371, X41)

(X445 X33, Xg3— 1, Xpp — 1, X5p — 1, Xgp, X171 — 1, Xp1, X31, X41)

(x40 =1, X33 =1, X43, X0 — 1, X30, X42, X11 — 1, X01, X371, X41)
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X =>A,x0=2B,x,472C,
X=X, xy2Y, x5 22,
Xg1 22X — Xyy
B>x,,,B>AB>C,
B>X,B>Y,B>Z
B>2x1—x44,X2>Y,
X>Z
A>x,,A>2B,C,X,Y,Z,
AZ2X11— Xy
Y>XorZ>X
C>x4,A B,
C>2X,Y,Z,2x;,— Xy
X >x4,A,B,C
X2>2Y,Z,2x;,— X4y
B,C=A

Y >x,,ABC, X
Y>Z7,2%x1— X4
Z>x0,A,B,C, X, Y
Z 22X — Xyq
A>BorC=>B
22X, — X44 > X141, A, B, C,

lel_x44>X, Y,Z



‘

(X445 X33, X43, X225 X325 Xg2, X171+ 1, X1 +1, X351 + 1, X47 + 1)

(X4q) X33, X43) X, X32 + 1, Xgo + 1, X171 + 1, X1 + 1, X1, Xy1)

(X44 X33, Xa3, Xop + 1, X3+ 1, Xgp + 1, X17 + 1, X1, X371, X41)

(X44, X335 Xa3, X022y X530, Xap + 1, X17 + 1, X1 + 1, X7 + 1, Xy3)

(X4 X33, Xg3 + 1, Xpp, X320+ 1, Xgp, X7 + 1, X1 + 1, X37, Xy1)

(X44) X33+ 1, X453+ 1, Xpp + 1, X33, Xy, X171 + 1, X1, X371, X41)

(X445 X33, X435+ 1, Xop + 1, Xgp + 1, Xgp, X131 + 1, Xp1, X1, X41)

(X4a+1, X33+ 1, Xy3, Xop + 1, X3, Xg2, X131 + 1, Xp1, X1, X41)
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xn>AB,CX, Y, Z,
Xg1 > 2X11 — Xyq
B>x,,AB>C,X,Y,Z
B>2x)1— X, X>Y,Z
A>x4,A>B,C,X,Y,Z,
A>2X11— Xy
Y>XorZ>X

C > x4,A, B,
C>X,Y,Z,2x)1— Xy
X >x4,A,B,C
X>Y,Z,2x1,— Xy
B,C>A

Y >x,4,AB,C, X
Y>Z,2%x1— Xy
Z>x41,A,B,C,X,Y
Z>2X11— Xy
A>BorC>B
2X11 — X4 2 X1, A, B, C,

2x11_x442X, Y,Z



CHAPTER

7

ISOMORPHISM

7.1 Conjecture

In [20], Kashiwara, Nakashima and Okado conjectured the following:

Conjecture 7.1.1 (Kashiwara, Nakashima, Okado, 2005). For any i € 1\{0}, there exist a
unique variety X endowed with a positive g-geometric crystal structure such that the ultra-
discretization of X is isomorphic to the crystal B> of the Langlands dual g*.

In Chapter 4 we have constructed the limit of the coherent family of perfect crystals
B(IA,) corresponding to the Langlands dual Dr(le’ B™*°, for n = 2,3,4. In Chapter 5, we
constructed the positive geometric crystals corresponding to the affine algebra C,(l” for each
of these cases, and in Chapter 6 we computed the Ultra-Discretization of the geometric
crystals for each case. To prove Conjecture 7.1.1 for each of these cases, we need to find
an isomorphism. In the following sections we construct these maps and prove they are

isomorphisms for each case n =2, 3, 4.
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7.2 Isomorphsim for n=2 Case

Theorem 7.2.1. LetQ:UD(V)— B> be given by

byy = x11, by = Xp— x5
bi3=—Xp, by =Xy

Doz = X117 — X1, by =—X13
and ™' : B> - UD(V) be given by
X11 = b1, X21 = by, Xpp = by + by,

Q is an isomorphism of crystals.

Proof. Clearly we see that the map is bijective. We need to prove the following conditions

to show that 2 is an isomorphism:
1. Q(fi(b)= filUb)
2. Q(é(b)=é6.9(b)
3. wiy(Q(b)) =wt,(b)
4. £,(UDb)=e4(b)

Clearly if these hold, then ¢ (b)) = £ (SA b))+ Wt (D)) = €r(b) + Wt (b) = i (b), which
will prove the isomorphism. Now we check the above conditions for k =0, 1, 2.

1. Fork=0

b2/3:b23+]. b/ _b13_1 b232b12,b23>0

» P13 T

b2/2:b22+1,b1/2:b12_1 b23<b12,b22>0

blll = b11+]. b/ = b24_].and

» P24

Applying the isomorphism we get:

/ ;
/ / bzg—xu—x21+1,b13——x22—1 2x11—x22§x21
b11:x11+1,b24=—x11—1and

/I /
b22_x21+1’b12_x22_x11_1 2x11—x22>x21
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This is equivalent to

(X2 +1, X1+ 1, X01) 22X — Xpp < Xy

(X2 X1+ 1, X0 +1) 2%y — X > X

FOI‘ k = 1, ﬁ(b) = b/ SUCh that blll = bll_libllz = b12+ 1 = b23_]. b/ = b24+

» ¥23 T » M4
1 by3, by; > 0. Applying the isomorphism, we get b, = X, —1, b}, = Xp, — X1, + 1, b,, =
X113 — X1 — 1, by, =—x;; + 1. This is equivalent to Fi(x)= (%0, X1 — 1, Xpy).

For k =2, f,(b)= b’ such that

b{3:b23+1,b1/2:b12_1 b12>b23, b12>0
bZ/ _b23+]. b/ :b22_1 blzsbzg,b22>0

3 »F22
Applying the isomorphism, we get

b/

— /
3 =—Xp+1,b Xpp— X1 — 1 2X11— X < Xy

12—

A A—
b23 — xll _le + 1, b22 — le_]. lel_sz 2 le

This is equivalent to the action we get from the ultra-discretized geometric crystal.

. Fork=0

b..,=by;—1,b/,=b;3+1 by3> by, byy >0
b1/1:b11_1,b2/4=b24+1and 2 23 13 13 23 12 =23
by, = by, —1,b;,=b1;+1 by < byy, by >0

» 12
Applying isomorphism we get:

/

I — oy v _
by, = X1 — X — 1, 13 =

23 —Xoo+ 1 2X;1— Xp > Xy

blll == XH - ]., b2/4 =—x11 + 1 and

/A [
by, =Xy —1,b, = Xpo— X113 +1  2X31— X < Xy
This is equivalent to

(X2 =1, %11 —1,X1)  2X31— Xpp > X

(X2 X131 =1, X1 — 1) 2X37— Xpp < Xy
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POI‘ k = 1, él(b) = b, Such that bl/l = bll + ]., bI/Z = blz_]., b2,3 = b23+ ]., andb2/4 = b24_].

with b3, by, > 0. Applying the isomorphism, we get b, = x;,+1, b}, = Xp,—X,—1, b,, =

’
» P24 T

For k =2, é,(b)= b’ such that

X —X +1 —x;, — 1. This is equivalent to f;(x) = (X, X17 + 1, X51).

b{3:b23_1,b1/2:b12+1 b122b23, b12>0
b2/3:b23_]. b/ :b22+]. b12<b23,b22>0

» P22
Applying the isomorphism, we get

/I /
biy=—Xp—1,b],=Xp— X1+ 1 2X;1— Xp0 2 Xpy

/I /A
by, = X113 — X1 —1,b,, = X5 + 1 2311 — Xoo < X1

This is equivalent to the action we get from the ultra-discretized geometric crystal.

Q&1(b)) =Q(byp) = X9 — X11

e,(b) = b3 by3 < by, _ —X2 2X11 — Xpp < X1 — Q(e,(b)
bi3+ bos—Dbyy  byp < by 2X11—2Xp0 =2y 2X11— Xpp 2 Xy
—byy— b1y by3> by, 2X11— Xop  2X01— Xpp > Xy
gb)={ = =Q(eo(D))
—byy— by by3 < by, X21 2X11 — Xpp < Xy
4. Finally we check wt;(b).
Qwty(b)) = Ubpy— byy) =—2x1,
Qwty (b)) = Ubys — byp) = 2X17 — Xpp— Xpy
AWty (b)) = QUDbyp + by — by — Do) = 2 X0 + 2 X —2X3
Since all 4 conditions hold, 2 is an isomorphism. O
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7.3 Isomorphism for n=3 Case

Theorem 7.3.1. LetQ:UD(V)— B> be given by

by = X115 b= X — Xy
bi3 =—Xp5 + X33, Dy1s=—X33
Doy = Xp1, bog =—Xp1 + X3,
Doy = Xpp — X33, b5 =—Xp,
bss = X31, b3y = X1 — X3,

bss = x11— X1, b3g =—X1
and Q' : B¥*° - UD(V) be given by
X11 = Dby, X1 = byp, Xop = Dyy+ Dig, X310 = b33, X33 = Dyp+ by3, Xg3=—byy

Q is an isomorphism of crystals.

Proof. Clearly we see that the map is bijective. We need to prove the following conditions

to show that Q is an isomorphism:
L Qfi(b)= fifb)
2. Q(é(b)= €. QD)
3. wt (b)) =wt(b)
4. £(Ub)=€,(D)

Clearly if these hold, then ¢ (Q2(b)) = &, (AD)) + Wt (AD)) = €r(b) +wti(b) = ¢r(b). Now
we check the above conditions for each k =0, 1, 2, 3. First we check 1. There are 4 cases for

fo(b).

1. b, =by+1, byy=bys—1, b),=b;,—1, b,,=by+1, by, =by3—1, by, = bs3+1if b3 >
D34, bip+bi3> byy+ bss, 201, > bys+ by, Applying the isomorphism, we get thatall x;
stay the same except x;, = x;; + 1, X;, = X;; + 1 and x;, = x5, + 1. The inequalities give
us the following: by3 > by, <= X351 > 2X51 — X30, D12+ D13 > D3y + Dys <= X351 > 2%, — X33
and 2by, > bys + by &> X3, > 2X1; —2 X5 + X30.
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2. b, =by+1, byy=Dbss—1, b, =b;,—1, by,=byp+1, by, =byy—1, by, = by, +11if
by < b3y, by + b1z > by3 + bgs, by + by > by3 + bys. Applying the isomorphism, we
get that all x;; stay the same except x|, = x;; + 1, x;, = X,; + 1 and x;, = x3, + 1. The
inequalities give us the following: b,; < by, <= X3, < 2X51— X33, D12+ D13 > Dy3+bys <
2Xp) — X3p > 2X1; — X33 and by + Doy > Dyg + bys <= 2Xp; — Xg0 > 2X1; —2 X5 + X30.

3. b/, =b;1+1, byy=Dbys—1, b, =bs—1, by, = by3+1, by; = by;—1, by, = bys +1
if b3 > Doy, b1y + boy < byy + bss, byy+ by < byz + bss. Applying the isomorphism,
we get that all x;; stay the same except x|, = x;; + 1, X;, = X, +1 and x;, = x5, + 1.
The inequalities give us the following: b;3 > b,y <= 2x;; —2Xy, + X3, > 2X); — X33,
Do+ by < Dyy+ by <= 2X1; —2Xp0 + X350 = X371 and Dyp + Doy < Dy3+ bys <= 2 Xy — X35 <

2X11 —2X50 + X3o.

4. b, = b, +1, by =bys—1, b/, =byy—1, by, = byy+1, by. = bys—1, byy = bs3s+1
if b3 < boy, by + bi3 < b3y + bys, 2bss > bis + by, Applying the isomorphism, we
get that all x;; stay the same except x;; = X;; +1, X;, = X, + 1 and x5, = X33 + 1.
The inequalities give us the following: b3 < b,y <= 2x;; —2Xy, + X3, < 2X; — X33,
b2+ i3 < D3y + b3y <= 2% — X33 > X3; and 2bz5 > Dyg+ byy = 2% — X33 2 2 X5 — X3

Next we look at f;(b). We have b, =b;;—1, b],= by, +1, b, =Dbss—1, by, = bys+1. This
gives x;, = x;; — 1. Every other x;; stays the same. Next we consider the two cases of f(b).

1. b1/2 = b12_ 1, b1/3 = b13 + 1, b2/4 = b24— 1, b2/5 = b25 +1if blZ + b24 > bgg + b35. Apply1ng
the isomorphism, we have x,, —1 all others remaining the same if x,; + x5, > x;; + Xa.

2. b2/2 = b22— 1, b2/3 = b23 + 1, b3/4 = b34— 1, b3:5 = b35 +1if blZ + b24 < b23 + b35. App1y1ng
the isomorphism, we have x,, —1 all others remaining the same if x,; + x5, < x;; + Xa,.

Finally we consider the three cases of f;(b).

1. b1/3 = b13_1’ b1/4 == b14+1 if b13+ b23 > b24+ b34 and b13 > b24. Applyil‘lg the isomorphism,
we get X, = X33 — 1 and everything else stays the same. The inequalities give us: b3 >

2. b2,3 = b23 — 1, b2,4 = b24 +1 if b23 > b34 and b13 < b24. App1y1ng the isomorphism, we get
X3, = X3, — 1 and everything else stays the same. The inequalities give us:b,3 < b,y <

Xgp + X33 < 2X9p and Doy > b3y <= 22X, < X3 + X3.
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3. b?:?) = b33_]., bé4 = b34+1 if b13+b23 S b24+ b34 and b13 S b24. Applying the isomorphism,
we get x;, = X33 — 1 and everything else stays the same. The inequalities give us:b,; <
b3y <= X35+ X33 < 2X9p and D3+ Dy3 < Doy + D3y > X310 + 2 X35 + X33 < 2% +2Xp5.

This proves that Q(f.(b) = fi D).
Now we consider 2. There are 4 cases for &,(b).

1. b),=b;1—1, bj;=bys+1, b,=b,+1, by,=by,—1, byy=by3+1, b, = by —1if
by3 > b3y, byy+ b3 > b+ bys, 2by5 > by3+ by, Applying the isomorphism, we get that
all x;; stay the same except x|, = x;;—1, X, = X,;—1 and x;, = x3;—1. The inequalities
give us the following: by; > b3y <= X3; > 2Xp; — X3, Dyo + D13 > b3y + b3s <= X357 >
2X1,— X33 and 2b,, > byg + by <> X371 = 2X;; —2X9 + X3,. The final inequality repeats

these conditions.

2. b, =by—1, byy=Dbys+1, b, =b;,+1, by, =by—1, by, =byy+1, by, = by, —11if
bz, > by3, by + byy = by3 + b5, by + b1z > by3 + bys. Applying the isomorphism, we
get that all x;; stay the same except x;, = x;; — 1, x;, = X;; — 1 and x;, = x3, — 1. The
inequalities give us the following: b, + sy > Dy3+ D35 > 2 X1 — X35 = 2 X1 — 2 X5 + X35,

blz + bl?) 2 b23 + b35 R 2x21 - .X:32 2 2x11 - X33 al’ld b34 > b23 — 2.X:21 - X32 > X31.

3. by =byy—1, bjg=Dbys+1, bj; = bjz3+1, by, = bys—1, bys = bys+1, by, = bys—1
if b3 > byy, by + byy < byy + bss, byy + by < byz + bys. Applying the isomorphism,
we get that all x;; stay the same except x|, = x;; — 1, X;, = X — 1 and x;, = x5, — 1.
The inequalities give us the following: b3 > by, <= 2Xx;; —2X + X3 = 2X;; — X33,
bys+ by < Dyy+ bys <= 2X1; —2Xp0 + X390 > 2 Xy, — X3p aNd Dyy+ Dyy > Dy + bys &> X35, <

2X11 —2X59 + X35.

4. b), =b;—1, byy=Dbys+1, b/, =byy+1, b, = byy—1, by, = bys+1, byy = by5—1
if b3 < by, biy+ biz < bgy + bss, bis+ by < 2bss. Applying the isomorphism, we
get that all x;; stay the same except x;, = x;; — 1, X;, = X — 1 and x;, = X33 — 1.
The inequalities give us the following: b5 < b,y <= 2x;; —2Xy, + X3, < 2X)] — X33,
Do+ b3 < D3y + bys &= 2% — X33 > X3; and Doy < bys <= 2X7; —2 X0 + X30 < 2X7; — X33.

NeXt we 1001( at él(b). We haVe blll = bll + 1, bI/Z = blz_ 1, b?jS = b35 + ]., b3/6 = b?)ﬁ_ 1. ThiS
gives x,, = x;; + 1. Every other x;; stays the same. Next we consider the two cases of &(b).

1. bI/Z = blz + 1, b1/3 = bl?)_ ]., b2/4 = b24 + ]., b2,5 = b25 —1 if blz + b24 > b23 + b35. App].ying
the isomorphism, we have x,, + 1 all others remaining the same if x,; + x5, > x1; + Xa,.
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2. b2,2 == b22 + 1, b2/3 = b23_ ]., b5{4 = b34 + ]., b?:s - b35 - 1 if blz + b24 < b23 + b35. Applying
the isomorphism, we have x,, —1 all others remaining the same if x,, + x5, < X;; + Xa».

Finally we consider the three cases of &(b).

1. bjy;=Dby3+1, b{,=by,—1if by; > by, and by3 > b,,. Applying the isomorphism, we get
X5, = X33+ 1 and everything else stays the same. The inequalities give us:b,3 > b,y <=
X3 + X33 = 2Xp, and by3 + Dyg = Doy + b3y <= X371 + X35 = 2 X5

2. byy=Dby3+1, by, = byy—1if by3 > by, and b5 < byy. Applying the isomorphism, we get
X, = X3, + 1 and everything else stays the same. The inequalities give us: b5 < by, <
X33+ X390 = 22Xy, and byz > by <> 25, < X3; + X35.

3. by, = bys+1, by, = by, —1if by3+by3 < byy+bsg and b,y > by3. Applying the isomorphism,
we get x;, = X33 + 1 and everything else stays the same. The inequalities give us: b3 +

Therefore, Q(é.(b) = €.2(b)
Now we show 3.

This proves wt; (€2(b)) = wti(b). Finally we show 4.

r—b%—blz—b13 A<B,C,D,E
—bys—by3—b,y, B>A, B<C,D,E
eo(b)=1{ —bsg—byy—by; C>ABC>D,E
—bys—by,—byy, D>AB,C,D>E
| —bss— by —bss E>AB,C,D

Whel‘e A= b12 + b13, B= b23 + b24, C= b34 + b35; D= b12 + b24) aIld E= b23 + b35.
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Applying the isomorphism, we see this is equivalent to

(2, x, (1)> (2),(3), (4),(5)
bt (25, (2)>3),4)06)
eo(b) =1 x, (3)<(1),2), 3)> (), (5)
2X;,—2X0+ X3, (4)<(1),(2),(3), (4)>(5)
20— 2 5)<(1),2),(3),4)

Where (1) =2x,; — X33, (2) = X1 + Xo1 — Xpp, (3) = X371, (4) = 2X11 — 25 + X33, (5) = 2%, —

£1(b) = b1y = Xpp — X171 = £, (D))

bys— b4 by3 > by,
Dys— b1y + bys— D1y by < by,

&,(b)=

Applying the isomorphism, we see this is equivalent to

X33 — Xoo Xp1 + Xpp > X1 + X3
£,(b)=
X33+ X3+ X1 —2Xp0— Xo1 X+ X < Xpp + X3
by, b,y < b3, b3y < by
&3(D)=1 b+ byy—by3 byy > b3, b3y < by

Dyy+ Doy — by3+ D3y — by D3y > bog, Doy > byg

Applying the isomorphism, we see this equivalent to

— X33 X32 F X33 2 2Xp0, X33+ X32 22Xy
£3(D) = 23— 235 — X3, X3+ X33 <2Xpp, X3+ X3p 22Xy

—2X33+2Xy) +2X0p —2X30 — X317  Xgp+ X33 < 2Xpp, X371+ X390 <2X9

Therefore all of the conditions are satisfied, so 2 is an isomorphism.
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7.4 Isomorphism for n=4 Case

Theorem 7.4.1. LetQ:UD(V)— B** be given by

by, = x11, bip = Xpo— X171, D13 = X33 — Xp2, D1y = Xgq— X33
bys =—X44, Do = X1, Doz = X35 — X371, Doy = Xy3— X3
b25 = X33 — X43, b26 =—X33, b33 = X31» b34 = Xy — X31
bss = X35 — X2, b3g = Xop— X3, D37 =—Xp3, byy =Xy

bys = X351 — Xa1, by = Xp1 — X31, by7 = X113 — X1, byg =—X1

and Q' : B¥**° - UD(V) be given by xy, = byy, Xp1 = by, Xpp = —bs7, X371 = bs3, X3 = Dyp +
Dys, X33 =—Dyg, X471 = Dasy Xap = D33+ D3g, Xy3= Doy + Dy3+ b2y, Xga=—Dys
Q is an isomorphism of crystals.

Proof. Clearly we see that the map is bijective. We need to prove the following conditions

to show that 2 is an isomorphism:
L. Q(fi(b)) = fib)
2. Q(&.(b)) = 6.(b)
3. wiy(Q(b)) = wt,(b)
4. £,(UADb)=£4(b)

Clearly if these hold, then ¢ (Q(b)) = £,(Qb)) + Wt (b)) = £(b) + Wt (b) = 0 (b). Now we
check the above conditions for each k=0, 1,2, 3,4. First we check 1. There are 8 cases for

fo(b).

L. b}, =by+1, bg=Dbyg—1, b),=b,—1, by,=by3—1, by, =bs, =1, b,,=by+1, by, =

bss+1, b,, = by + 1if by + b3s + bsg > Dys + byg + byz, bys + 35 > bys + bug, b3y > bys,
bys + b3y > bys + byg, bro+ bis+ bos > bys + byg + by7, Dyo + Doy + b3g > bys+ byg + by, and
by + b3+ by > bys+ byg+ byy.
Applying the isomorphism, we end up with the action x|, = x;; +1,x,, = x5, +1,,
X5, = X3;+1,and x,; = x4 +1 along with the following conditions: x,; > 2x;;—2 X, + Xy,
Xg1 > 2Xp1 —2X3p + Xy Xq1 > 2X31 — Xgpy Xg1 > 2Xp1 — Xy3y Xg1 > 2X11 — 2 X33 + Xy3, Xg1 >
2X11 —2X9 +2 X35 — Xy3, and x,; > 2x;; — x44. These exactly correspond to the first case
of (D).
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2. bl,l = bll + ]., b4/8 = b48_ ]., bl/?) = bl?)_ ]., b2/4 = b24_1, b?:7 = b37_1, b2/3 = b23+
1, b§4 = b34 + 1, b4/7 = b47 +1 if blZ + b35 + b36 < b45 + b46 + b47, b23 + b47 > blz + b36’
b3y + Dys + by > bra + bss + bsg, Doz + D3y + baz > bry + bss + bsg, byz + bos > bss + b,
b24 > b35, b13 + b14 > b35 + b36’ and bzg + b24+ b47 > b12+ b13 + b25 or b23 + b47 > b12 + b36 .

Applying the isomorphism, we end up with the action x|, = x;; + 1,x,, = x5, + 1,
X, = X3 +1,and x,, = x4, +1 along with the following conditions: x,; < 2x;;—2 X5+ Xy,
2X11—2Xpp + Xgp > 2X97 — 2X3p + Xyp, 2X17 — 2Xpp + Xgp > 2 X371 — Xgp, 2X17 — 2Xpp + Xyp >
2Xp1—X43, 2X11—2 XppF X4 > 2X11—2 X33+ Xy3, 2X11—2 Xpp+ X490 > 2X11—2 Xpp+2 X30— X3, and
2X11—2Xop+ Xgp > 2X1] — Xaa, ANA 2X)1—2 X33+ X435 = 2 X7 — X435 OT 2X1 1 +2X30—2 Xpp— X435 >

2X,, — X,43. These exactly correspond to the second case of f,(2(b)).

3. blllzbll'i‘l, b4/8:b48_1’ b{2:b12_1, b2/4:b24_1, b:_;ﬁzbgﬁ_l, b2/2:b22+1, b:_;4:
by4 > D35, D1y + Dy3+ bys > Doz + Dys + Dy, Dy + Doy + byg > bog + Dys + by, byp+ by + byy >

Applying the isomorphism, we end up with the action xl’l =X, + l,xz’1 =X, +1,
X, = X3 +1,and x,, = x,,+1 along with the following conditions: x,; < 2x,;—2 X35+ Xy,
2X11—2X90 + X4p < 2X97 —2X30 + Xyp, 2Xp1 — 2 X35 + Xgp > 2X31 — Xgp, 2Xo] — 2Xzp + Xgp >
2Xp1— X3, 2Xp1 —2X30+ Xyp > 2X11 —2 X33+ X3, 2Xp1 —2X3p + Xgp > 2X17 —2Xpp +2X30 — Xy3,
and 2x,; —2X3 + Xgo > 2X);] — Xga, 2X1] — 2 X33 + Xag = 2X1 + 2X30 — 2Xpp — Xy3, and
2Xy — X3 > 22X + 2X3, — 2X,, — X43. These exactly correspond to the third case of

Qb))

4. b, =by+1, byy=Dby—1, b,=b,—1, byy=Dby3—1, by, =bsys—1, b,,=by,+1, by, =
by +1, by = bys+ 1if bys > b3y by + D35+ by > by + by + Dy, boz + bys > by + by,
bys + b3y > b3y + Dyg, byy + Di3+ bos > bay + byg+ by7, iy + boy + D3g > b3y + byg + by, and
by, + by3+ by > by + byg+ by;.

Applying the isomorphism, we end up with the action xl’l =X, + l,xz’l =X, +1,
X3, = X3 + 1, and x,, = x4, + 1 along with the following conditions: x4 < 2x3 — Xy,
2X1) = 2Xp + Xy S 2X31 — Xypy 2Xp) — 235 + Xy S 2X31 — Xypy 2X31 — Xgp > 2Xp) — Xy3,
2Xg1—Xap > 2X1;—2 X33+ X3, 2Xg1—Xap > 2X11—2 X0 +2 Xgp— Xy3, AN 2 X3, — Xgp > 2X1;—Xya.

These exactly correspond to the fourth case of f,(Q(b)).

5. blll = bll + ]., bﬁ;S == b48_ ]., bl/Z == blz_ ]., b2/5 == b25_1, b3/6 = b36_1’ b2/2 = b22+
1, b?:S = b35+ 1, bAiG = b46 + 1 lf b45 + b46 > b23+ b24 b12 + b35+ bBG > bzg + b24+ b47,
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bss 2 Doy, Dsy + by = Dy3 + Doy, Dio + Dig + Dys > Dy + Doy + Dyg, iy + bDyg > Dy + by,

Applying the isomorphism, we end up with the action x|, = x;; +1,x,, = X, +1,,
X3, = X3+ 1, and x, = x43 + 1 along with the following conditions: x;; < 2Xy; — X3,
2X11 = 2Xpp + Xyp S 2Xp) — Xyz, 2X91 — 235 + Xyp < 2Xp1 — Xz, 2X31 — Xy S 2Xp1 — Xy3,
2Xp) = Xy3 > 2X11 —2X33+ Xy3, 2X) — Xy3 > 2X11 —2Xpp + 2 X35 — Xy3, 2Xp1 — X3 > 2X11 — Xy,
and 2X,; —2 X35 + Xyo > 2X11 — 2 X5 + X0 OF 2X31 — Xyp > 2X1; — 2 X, + X4. These exactly
correspond to the fifth case of f,(Q(b)).

. blll = b11+]., b4/8 = b48_]" bll4 = b14—]_, b2/6 = b26_17 b?:7 = b37—1, b2/4 = b24+
1, b?:G = b36 + 1, bli7 = b47 + 1 lf b45 + b46 + b47 2 b12 + b13 + b25 b35 + b36 2 b13 + b25,
Dys+Dss+Dy7 = Dip+Dis+Dos, bay+byg+Dyz > Do+ big+bos, Do+ bi3+bas < Doz +boy+ by,

Applying the isomorphism, we end up with the action x|, = x;; + 1,x,, = X, + 1,
X453 = X33+1,and x,, = x43+1 along with the following conditions: x,; < 2x;;—2 X33+ Xy3,
2X11—2Xpp + Xgp < 2X77 —2X33 + Xy3, 2Xp] —2X3p + Xgp < 2X77 — 2X33 + Xy3, 2X37 — Xgp <
2X1) —2X33+ X3, 2X51 — X43 S 2X01 —2X33F Xy3, 2X11 —2 X33+ Xy3 > 22X —2 X5 + 2 X35 — X3,
and 2, —2 X33+ X43 > 2%, — X44. These exactly correspond to the sixth case of f;((b)).

. bl/l = b11+1, bé:S = b48_1’ b1/3 = blg_l, b2/5 = b25_1, b£7 = b37_1, b2/3 - b23+1, b?:S =
D34+ byg+Dy7 = Dyp+boy+bsg, Do+ by7 > Dio+Dsg, Doy+bsg < Dy3+Das, big+Dyy > Doy +bsg,
and bys + bys > by + Dyg.

Applying the isomorphism, we end up with the action x{, = x;; +1,x,, = X5, +1,, X3, =
X3, +1, and x,, = x,3+1 along with the following conditions: x4; < 2X;;+2X3,—2X5,—Xy3,
2X11—2Xp0 + Xgp S 2X11 +2X30 —2X00 — Xy3, 2Xp] — 2Xzp + Xy L 2X11 +2X30 — 2 K95 — Xy3,
2X31— X4 S 2X1) +2 X3 =2 X0 — X3, 2X1 — X3 S 2X11 F2 X35 =2 X0 — Xy3, 2X11 =2 X33+ Xy3 <
2X11—2 X0 +2 X30—Xy3, 2X11F+2 X302 Xpp—Xuz > 2X11—Xag, ANA 2 X3, — Xgp > 2 X0 —2 X350+ Xyo.

These exactly correspond to the seventh case of f,(Q(b)).

. bl/l = bll + ]., bﬁ;S == b48_ ]., b1/5 == b15_ ]., b2/6 == b26_1’ b3/7 = b37_1, b2/5 = b25+
1, b?:G = b36 + 1, b;7 = b47 + 1 lf b45 + b46 + b47 2 blZ + b13 + b14 b35 + b36 2 b13 + b14,
Dys+ D5+ Dy7 = Dip+Dis+Dyy, bayt+bygt+byz = bra+big+biy, bag+boy+ bz > byp+by3+ by,
by + b3g < by + by, and bys > byy.

Applying the isomorphism, we end up with the action x|, = x;; + 1,x,, = X, + 1,,
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Xs3 = X33+ 1, and x,, = x4y + 1 along with the following conditions: x4 < 2x;; — X4,
2X11 = 2% + Xyp S 2X1) — Xygy 2Xp1 — 235 + Xyp < 2X1) — Xygy 2X31 — Xy < 2X1) — Xag,
2X91—X43 < 2X11— X4, 2X11—2 X33+ Xg3 < 2X)1—Xaa, ANA 2X1; +2 X30—2 Xop— X435 < 2X11— Xag-
These exactly correspond to the eighth case of f,((b)).

Now we show that Q(f;(b)) = /ib). The perfect crystal has b, =b;,—1, b/,=b;,+1,
b,, = b;;—1, and b,, = bys + 1. Applying the isomorphism, we can see that this corresponds

with x{, = x;; —1 and all other x;; remaining the same.

tj

There are 2 cases for f:

1.

b1/2 = blZ_ 1, bS{G = b36_ ]., b1/3 = b13 + ]., and b3/7 = b37+]. if blz + b36 > b23 + b47. Applying
the isomorphism, we get that this case corresponds to x,, = x,, —1 along with the

condition X,; + X,, > x;; + X3,. This corresponds to the first case of f;((b)).

b2,2 = b22_ 1, b4/6 = b46_1’ b2,3 = b23+ 1, and b£7 = b47+1 if b12+ b36 < b23+ b47. Applyn’lg
the isomorphism, we get that this case corresponds to x,, = x; — 1 along with the
condition X,; + X,, < X;; + X3,. This corresponds to the second case of f,((b)).

There are 3 cases for f3:

1.

bég = b33_]., b4/5 = b45_]., b?:4 = b34+]., and b‘:6 = b46+]‘ if b25+b35 S b36+b46 and bgs S b46'
Applying the isomorphism, we see that these correspond to x;, = x3; — 1 along with
the conditions Xy, + X3+ Xap + Xop + Xo; —2 X33 —2X30 — X31 = Xag + Xag + Xpp —2 X33 — X3

and Xy + X3 + Xgp + Xpp + Xp) — 2 X33 — 2X3p — X31 = X4 — X33.

b2/3 = bzg_ 1, b?:S = b35_ 1, b2,4 = b24+ 1, and b?:ﬁ = b36+ 1 lf b35 > b46 and b13 S b24
Applying the isomorphism, we see that these correspond to x;, = x3, — 1 along with
the conditions X, + Xy3 + X40 + Xop + Xp1 — 2 X33 — 2 X390 — X371 < Xgg + Xa3 + Xop — 2 X33 — Xa3o

and X4 + X435+ Xop — 2 X33 — X390 = Xgq — X33.

. b1/3 = b13_1’ b2/5 = b25_]., b1/4 = b14+ 1, and b2/6 = b26+ ]. if b25+ b35 > b36+ b46 and

b5 > by, Applying the isomorphism, we see that these correspond to x;, = x33—1 along
with the conditions X, + X3+ X4o + X0+ Xp; —2 X33 —2 X30— X3; > Xgq+ Xy3+ Xpp—2 X33— X3

and X4 + X453+ Xago + Xop + Xp] —2 X33 —2Xgp — X317 > Xygg — X33.

These all correspond to the cases of ﬁ,(Q(b))

Finally we consider f;, which has 4 cases:
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1. bj, = byy—1, b/, = b1s+1if b1y > bss, bis+bs4 > bos+bss, and byy+byy+bsy > Dys+Dbys+bys.
Applying the isomorphism, we see that this corresponds to x,, = x,, —1 along with
the conditions —x4 > 2X33 — 2X44 — X4z, —X4q > 2X30 + 2 X33 — 2X44 — 2X43 — X40, and
—Xg4 > 2X37 +2X30 +2X33 —2X44 — 2 X453 —2X40 — X4

2. b2/4 == b24 - 1, b2/5 == b25 +1 if b14 S b25, b24 > b35, al’ld b24 + b34 > b35 + b45. Applying the
isomorphism, we see that this corresponds to x,, = x,;3 — 1 along with the conditions
—Xgg S 2X33 — 2 X4y — Xag, 2X33 — 2X4q — X3 > 2X30 + 2 X33 — 2X4q — 2 X453 — Xap, and 2Xx35 —

2X44— X43>2X31 +2X30 +2X33 —2 X404 —2X43— 2 Xap — X4y

3. b?:4 = b34 - 1, bb’/S = b35 + 1 lf b14 + b24 S b25 + b35, b24 S b35, and b34 > b45. Apply1ng the
isomorphism, we see that this corresponds to x,, = x,, — 1 along with the conditions
—X4q S2X3p +2X33—2X44 —2Xy3— X2y 2X33 — 2Xy4 — X3 S 2X3p + 2 X33 = 2X44 — 2Xy3 — X,

and 2x3, +2X33 —2X44 — 2 X453 — Xap > 2X3; +2 X350 + 2 X33 —2X4q — 2 X435 —2X40 — Xg3

4. by, = by —1, by = bys + 1if b1y + by + b3y < b5 + bss + bys, boy + by < bss + bys, and
bs, < bys. Applying the isomorphism, we see that this corresponds to x,;, = x,; —1
along with the conditions —x, < 2X3,+2X3,4+2X33—2X44—2X43—2X40— X4, 2X33—2Xs4—
Xy3 S 2X31 +2X30 +2X33—2X44 — 2 X453 —2X40 — X41, AN 2 X350 +2 X33 —2X4g — 2 X453 — Xgo <
2X31 +2X30 +2X33—2X44 —2X43—2X40 — X1

This corresponds to all of the cases of f,(Q(b)). Thus 1. is proved.
Next we check 2. There are 8 cases for £,(b).

1. b),=b;1—1, bjy=by+1, b),=bi,+1, by, =Dby+1, by, =bs,+1, b,,=by,—1, by, =
bz —1, by, = by — 1 if by + D35 + by = bys + bys + a7, Dys + bys = bys + bys, bsy > bys,
Dy3 + b3y > bys + byg, by + Dy3+ Dos > bys + byg + by7, byp + Doy + D3g > bys + byg + byz, and
bys + bi3+ byy > bys+ by + byr.

Applying the isomorphism, we end up with the action x{l = X3 — l,xz’1 = X, —1,,
X3, = X3;—1,and x,, = x4;—1 along with the following conditions: x;; > 2x;;—2 X, + Xy2,
Xy 2 2Xp1 —2X3p + Xy, X4y = 2X3) — Xgpy Xyg1 = 2Xp1 — Xy3y Xg1 2 2X11 — 2 X33+ Xy3, Xyg1 =
2X11 —2 X9 +2 X35 — X43, and x4, > 2x;; — X4 These exactly correspond to the first case
of &,(Xb)).

2. blll = bll — ]., b‘:8 == b48 + ]., bl,S = b13+ 1, b2/4 = b24+ 1, b3/7 = b37+ 1, b2/3 = b23_
1, by, = b3y —1, b, = by; — 1 if b1y + bss + bsg < bys + bys + bz, bag + by > by + bsg,
D3y + byg + by7 = byy + D35 + bsg, bag + by + by = by + bys + bsg, bys + bys > bys + bsg,
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Applying the isomorphism, we end up with the action x|, = x;; —1,x,, = X, —1,,
X5, = X3—1,and x,, = x,,—1 along with the following conditions: x,; < 2x;;—2Xp,+ Xy,
2X11—2X90 + Xap = 2X97 — 2 X390 + Xap, 2X11 — 2 X090 + Xgp = 2X31 — Xap, 2X11 — 2 X0 + Xgp 2=
2Xp1—Xy3, 2X11—2XppF X4 = 2X)1—2 X33+ X3, 2X11—2 Xpp+ X490 = 2X11—2 Xpp+2 X30— X3, and
2X11—2X0p+ Xgp = 2X1; — Xag, AN 2X1—2 X33+ Xy3 > 2 X9, — Xy3 OT 2X1; +2X30—2 Xpp— Xy3 >

2x,; — x43. These exactly correspond to the second case of &,(2(b)).

. bl/l = bll_l’ bﬁ;fi = b48+1’ b1/2 = b12+]., b2/4 = b24+1, bf){fi = b36+1’ b2,2 = bzz_l, b3/4 =
bsy—1, by = bys— 1 if bys + byg > bag + b3s, D1y + bsg > by3 + byz, bsy + bag > bz + by,
Dyy > Dy, byp + Dig+ bas > bag + Das + Dyz, D15 + Doy + b3g = Doz + bys + Dyz, byp+ big+ byy >
Dy3 + bss + Dy7, Doy + bsg = Dy3 + bos, and by + byg > Dyg + by

Applying the isomorphism, we end up with the action x|, = x;; —1,x;, = x,; — 1,,
X,, = X3,—1,and x,, = x4,—1 along with the following conditions: x,; < 2x,;—2 X35+ Xy,
2X11—2Xpp F Xy < 2Xp1 —2X3p + Xyo, 2Xp] —2X3p + Xgp = 2X31 — Xgp, 2X07 —2X30 + Xyp >
2Xp) = Xy3, 2Xp1 —2 X35+ Xgp 22X —2 X33+ Xy3, 2Xp1 —2 X35+ Xyp 2 2 X1 —2 Xy +2 X35 — X3,
and 2Xxy; —2Xgp + Xgp = 2X1] — Xggy 2X1; — 2X33 + Xy > 2Xq; + 2X30 — 2X90 — Xy3, and
2Xy — Xy43 = 2X17 + 2X3, — 2X,, — X43. These exactly correspond to the third case of

&(AD)).

. bl/l = bll_l’ bA;B = b48+]" b1/2 = b12+]., b2/3 = b23+1, b3{5 = b35+]., b2/2 = b22_1, b3/3 =
bys—1, b,, = bys —1if bys > b3y byp + bss + bsg > b3y + byg + byz, bog + by5 > bsy + by,
Dy3 + b3y > b3y + Dyg, Drp + Di3 + Dos > b3y + Dyg + by7, Dip + Doy + bsg > by + byg + by, and

Applying the isomorphism, we end up with the action x|, = x;; —1,x;, = x,; — 1,,
X3, = X33 —1, and x;, = x5, — 1 along with the following conditions: x;; < 2X3; — Xy,
2X11 = 2Xpp + Xy < 2X31 — Xypy 2Xp1 — 235 + Xy < 2X31 — Xypy 2X31 — Xgp 2 2Xp) — Xy3,
2X31—Xgp 2 2X11—2 X33+ Xy3, 2X31—Xgo = 2X11—2 X0 +2 X30— X3, ANA 2 X3, — Xgp = 2X)1— X4

These exactly correspond to the fourth case of &,(2(b)).

. blll = bll _1, b4:8 == b48 + 1, b1,2 = b12+ 1, b2,5 = b25+ 1, b?:ﬁ = b36+ 1, b2/2 = b22_
]., bf;S - b35 - ]., b4/6 = b46 —1 if b45 + b46 > bzs + b24 blz + b35 + b36 > bzs + b24 + b47,
D35 > Doy, D3y + Dyg > Dog + boyy D1y + Dig+ bos = Doy + Doy + Dy7, byp + byg = Doy + bz,
Applying the isomorphism, we end up with the action x{l = X3 — l,xz’1 = X, —1,,

X3, = X3 — 1, and x,, = x45— 1 along with the following conditions: x;; < 2x,; — X,3,
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2X11 = 2Xp + Xyp < 2Xp) — Xz, 2Xp1 — 235 + Xyp < 2Xp) — Xz, 2X31 — Xygp < 2X31 — Xy3,
2Xp1— X432 2X1) —2X33F X3, 2Xp1 — Xy3 2 2X11 — 2 X0 + 2 X35 — Xy3, 2X1 — Xy43 2 2X11 — X,
and 2X,; —2X3p + Xyp = 2X11 — 2 X5 + X4 OF 2X31 — Xgp > 2X1; — 2 X, + X4 These exactly
correspond to the fifth case of &,(2(b)).

. b/, =by—1, by=Dby+1, b, =by+1, byy=by+1, by, = by; +1, by, = by —
1, by, = bys—1, by, = byy — 1 if bys + by + byz > by + bi3 + bys bys + bsg > bis + bys,
b3+ b5+ by7 > Do+ D3+ Dys, bay+ Dyt Dy > bro+Dig+Dys, bro+Dig+ D5 < Daz+ Doy +byz,
by + bsg > by3+ bys, and by, > bys.

Applying the isomorphism, we end up with the action x|, = x;; —1,x,, = X, —1,,
X3, = X33—1,and x,, = x43—1 along with the following conditions: x,; < 2x;;—2 X33+ X,3,
2X11—2Xp0 + X4p < 2X77 —2X33 + Xyz, 2Xo1 — 2 X390 + Xgp < 2X17 — 2 X33 + Xy3, 2X37 — Xg2 <
2X11—2X33+ Xy3, 2Xp1 — Xy3 < 2X17—2 X33+ X3, 2X11 —2 X33+ Xy3 = 2X17 — 2 Xpp +2 X390 — Xy3,

and 2x,;—2x33+ X3 > 2 X, — X44. These exactly correspond to the sixth case of &,(£2(b)).

. blll = bll_]" bﬁ;B = b48+]" bllg = b13+]., b2/5 = b25+]., bé7 = b37+]., b2/3 = bzg_l, bS/S =
bss—1, b,, = by;—1if bys+by+Dby7 > bro+boy+bsg bss > Doy, Dog+b35+Dy7 > brot+byy+bsg,
Dsy+ Dyt Dy7 > Dip+ Doyt Dsg, Dog+Dy7 > D1yt Dsg, boy+bsg < big+bos, big+b1g > Doy +bsg,
and b23 + b35 2 b34 + b46‘

Applying the isomorphism, we end up with the action x|, = x;; —1,x,, = X5, —1,, X3, =
X3,—1, and x,, = x,3—1 along with the following conditions: x; < 2x;;+2X3,—2 X5,—Xy3,
2X11—2Xp0 + Xygp < 2X17 +2X30 —2X9p — Xy3, 2Xp1 — 2X3p + Xgp < 2X71 +2X30 — 2 X0 — Xy3,
2X31— X2 <2X114+2X30—2X00—Xy3, 2Xo1— Xag < 2X11+2X30—2X00—Xy3, 2X11—2 X33+ X453 <
2X11—2X00+2X30—X43, 2X11+2 X302 Xpp—Xaz = 2X11—Xaa, ANA 2 X3;— Xgp = 2 X1 —2 X350+ Xy9.
These exactly correspond to the seventh case of &,(2(b)).

. bl,l = b11_17 b4;8 = b48+]" bl,5 = b15+1, b2,6 = b26+1’ b?j7 = b37+1, b2/5 = b25_
]., bﬁ;G = b36 - ]., b4/7 = b47 - ]. if b45 + b46 + b47 > b12 + b13 + b14 b35 + b36 > b13 + b14,
bos+bss+Dby7 > Do+ D3+ D1y, b3yt bag+Dbyg > Do+ Diz+Diy, bos+boy+byg > bro+biz+by,
b24 + b36 > b13 + b14, and b25 > b14.

Applying the isomorphism, we end up with the action x{l = X3 — 1,x2’2 = Xy —1,,

/
X33
2X11 = 2Xp + Xy < 2X17 — Xyqy 2Xp1 — 2 X35 + Xygp < 2X1) — Xggy 2X31 — Xgp < 2X11 — Xya,

= X33 —1, and x,, = x4, — 1 along with the following conditions: x;; < 2x;; — X4,

2X91—Xy3 < 2X11— X4, 2X)1—2 X33+ Xg3 < 2X)1—Xag, ANA 2 X1 +2 X530 —2 Xop— X3 < 2X11— Xs4-
These exactly correspond to the eighth case of &,(2(b)).
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Now we show that 2(é;(b)) = &,Xb). The perfect crystal has b], = by; +1, b], = b;,—1,
b,, = by;+1, and b,; = by — 1. Applying the isomorphism, we can see that this corresponds
with x], = x;; + 1 and all other x;; remaining the same.

There are 2 cases for é,:

1. bl/Z = b12+ 1, b?:ﬁ = b36+ 1, bll3 = b13_1, and b3/7 = b37_1 if b12+ b36 > b23+ b47. Applylng
the isomorphism, we get that this case corresponds to x,, = X, + 1 along with the

condition x,; + X,, > X;; + X3,. This corresponds to the first case of &,(2(b)).

2. b2/2 = b22+ ]., bﬁ;ﬁ = b46+ ]., b2/3 = b23_1, and b£7 = b47_]. if b12+ b36 < b23+ b47. Applying
the isomorphism, we get that this case corresponds to x,, = x,; + 1 along with the

condition x,; + X,, < X;; + X3,. This corresponds to the second case of &,(2(b)).
There are 3 cases for é;:

1. b3/3 = b33+1, b‘;5 = b45+]., b?:4 = b34_1, and bﬁ;ﬁ == b46_]' if b25+b35 < b36+b46 and b35 < b46'
Applying the isomorphism, we see that these correspond to x;, = x5, + 1 along with
the conditions X, + X3 + X4 + Xop + Xp; — 2 X33 — 2 X390 — X371 > Xgg + Xag + Xop — 2 X33 — X

and X4 + X435+ Xgo + Xop + Xp) —2 X33 —2Xgp — X317 > Xgg — X33.

2. b2,3 = b23 + ]., b?f5 = b35 + ]., b2/4 = b24_ ]., and b?jﬁ = bsﬁ_ 1 if b35 2 b46 and b13 < b24.
Applying the isomorphism, we see that these correspond to x;, = x3, + 1 along with
the conditions Xy, + X3+ Xap + Xop + Xo; —2X33 —2X30 — X31 < Xag + Xag + Xpp —2X33— X3

3. b1/3 = b13 + 1, b2/5 = b25 + 1, b1/4 = b14_ 1, and b2/6 = b26_1 lf b25 + b35 2 b36 + b46 and
b5 > by, Applying the isomorphism, we see that these correspond to x;, = x33+1 along
with the conditions x4+ X3+ X5+ Xpp + Xp1 —2 X33—2 X3 — X371 = Xgq+Xg3+Xpp—2X33— X3,

and X4 + Xa3+ Xap + Xoo + Xp; —2 X33 —2 X390 — X37 = X4 — X33.

These all correspond to the cases of &;(Q(b))

Finally we consider é,, which has 4 cases:

1. b1/4 = b14+1, b1/5 = b15_1 if b14 2 b25, b14+b24 Z b25+b35, and b14+b24+b34 2 b25+b35+b45.
Applying the isomorphism, we see that this corresponds to x;, = x4, + 1 along with
the conditions —x,4 > 2X33 —2X44 — Xy43, —X44 = 2X30 + 2 X33 — 2X44 — 2 X453 — Xap, and

—Xgq = 2X31 +2X30 +2X33—2X44 —2X43— 2 X4 — Xa3
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2. by, = Dby +1, by, = bys—1if by < bys, byy > by5, and byy + by > b5 + bys. Applying the
isomorphism, we see that this corresponds to x,, = x,3 + 1 along with the conditions
—X44 < 2X33—2X44— Xy3, 2X33—2X44 — X43 = 2X3p + 2 X33 — 2 X4 — 2 X43 — Xgp, aNd 2X33 —
2X44— X432 2X31 +2X30 +2X33 —2 X4 — 2 X453 — 2 X490 — Xg3

3. by, = by, +1, by = bss — 1if iy + byy < bos + bss, byy < b5, and bz, > bys. Applying the
isomorphism, we see that this corresponds to x,, = x4, + 1 along with the conditions
—X44 <2X3p+2X33 —2X4y —2X43— Xyp, 2X33 —2X4q — Xy3 < 2X35 +2X33 = 2Xy4 —2X43 — Xg2,

and 2Xx3y +2X33 —2X44 — 2X43— Xap 2 2X31 +2X30 +2 X33 —2Xgq — 2 X435 —2Xap — Xa;

4. by, = by +1, by, = bys—1if b1y + by + b3y < b5 + bs5 + bys, boy + by < b5 + bys, and
bs, < bys. Applying the isomorphism, we see that this corresponds to x;; = x4, +1
along with the conditions —x,, < 2X3,+2X3,4+2X33—2X44—2X43—2X40— X4, 2 X33—2Xs4—
Xy3 <2X31 +2X30 +2X33—2X44 — 2 X453 —2X40 — X41, AN 2 X359 +2 X33 — 2 K44 — 2 X453 — Xy <

2X31 +2X30 +2X33—2X44 —2X43—2X40 — X1

This corresponds to all of the cases of &,(€2(b)). Thus 2. is proved. Now we prove wt (b)) =
wti(b)for k=0,1,2,3,4.

)= byg— b1y =—2x1;, = Wty(QUD))

)= by7— b1y =2X1, — Xp1 — Xpp = Wt (D))

Wty (D) = b1y — bog + Dyg— Dy3 =2 X1 + 2 X0 — X1 — X371 — X3 — X33 = Wi, (D))
)= bys — by + bz — Doy + bos — b3y

=231+ 2X30 + 2 X33 — Xoy — Xop — Xg1 — Xao — Xa3— Xag = WE3(2(D))

Wty (D) = byy — b5+ b3y — bys + Doy — bys + by — bys

=2X4 +2X40 +2X43+2X45 —2X31 — 2 X35 — 2 X33 = W, (D))

This proves 3. Finally, we need to show &,(2(b)) = €.(b).
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For k =0, we have

ex(b)= 1

—Dbyg— by — byg— bys
—Dbyg — b1y — D35 — Dy
—byg— by7 — b3s— by3
—byg— by; — byg— b3y
—Dbyg— by7 — Doy — bo3
—byg— bys— b3 — by,
—Dbyg— bzg— Doy — by,

1<2,3,4,5,6,7,8

2>1,2<3,4,5,6,7,8
3>1,2,3<4,5,6,7,8
4>1,2,3,4<5,6,7,8
5>1,2,3,4,5<6,7,8
6>1,2,3,4,5,6<7,8
7>1,2,3,4,5,6,7<8

k_b48_ byy—b;3—b;, 82>1,2,3,4,5,6,7

where 1 = b45+b46+b47, 2= b12+b35+b36, 3= b23+b35+b47, 4= b34+b46+b47, 5= b23+b24+ b47,
6 = b12 + b13 + b25, 7= b12 + b24 + b36; and 8 = b12 + b13 = b14. Apply1ng the isomorphism, we
get the following, which is the same as &,(€2(b))

,

x41 X41>A,B,C,Xy Y)Z}lel_x44

2X11—2Xp0 + Xy A>x,A>B,C,X,Y,Z,2X1— Xy
2X9, —2X30 + Xy» B> x4,A,B>C,X,Y,Z,2%1; — Xy
22X, — X4 C>x4,ABC>X,Y,Z,2x,—Xy4
22Xy — Xy3 X2>2x0,AB,C,X>Y,Z,2x1,— Xy
22X — 2 X33 + Xy3 Y>x4,ABC,X,Y>Z,2X),— Xy

2x11 +2.X32_2x22—X43 Z 2 X4];A;B) C)X) Y)Z > 2x11 _x44

szu_x44 2X11— X4y = X4,A,B,C, X, Y, Z

where A = 2x1; —2Xp, + X4, B = 2Xp; —2X35 + X3, C = 2X31 — Xgo, X = 2Xp; — Xy3, ¥ =
2X;;, —2X33+ Xy3, and Z =2X;; +2 X350 — 2 Xpp — Xy3.

For k =1, €,(b) = b,,. Applying the isomorphism, we get x,, — x;; which is equal to
£1(82(b)).

For k=2,

b3+ bys—byy;  by3—b1, >0
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Applying the isomorphism, we get exactly &,(€2(b)) as follows:

X33 — X2 X33 — Xpp > X3z + Xgp + X1 — 22X — Xy
£,(8b)) =
X33+ X3p+ X1 —2Xp0 — Xp1 X33 — Xop < Xag + Xgo + Xp1 — 2 X0 — X3
For k=3,
by, Dyy— b3 <0, Doy + b3y — b3 —Dby3 <0
&3(b)= 1 b+ byy— b3 by3—b15 20, b3y —by3<0

Diy+ bys—Dis+ b3y —Dbys b3y —Dbyg >0, byy+ bgy—bi3—by3 >0
Applying the isomorphism, we get exactly &;(€2(b)) as follows:

X44 — X33 D>E,F
83(Q(b)): X44+x43+x22_2.7C33_X32 DLE,E>F
Xgq+ Xgg+ Xgp+ Xp1 + Xpp —2X33—2X3p— X33y F>D,E
WheI‘e D = X44_.X33, E = X44+X43+XZ2_2.X:33_X32, and F = X44+ X43+ X42+ .le + sz_ZX33_

2X39— X31.

Finally we check the relation for k =4.

bis (1)>(2),(3),(4)
b5+ by, — by (2)=(1),(2)>(3),(4)
£4(b) =+
D15+ bos — by + b3s — by (3)=(2),(1),(3)>(4)
\ b5+ bys — b1y + bss— Doy + bys — b3y (4)2(3),(2),(1)

where (1) = b5, (2) = by5 + bys — byy, (3) = bys + Dys — byy + bss — byy, and (4) = bys + bys — by, +
D35 — boy + g5 — bsy.
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Applying the isomorphism, we get exactly &,(€2(b)) as follows:

(
—Xyq A>B,C,D
2 X33 — 2 X4 — Xa3 B>A,B>C,D
£4(Ub)) = {
ngs +2.X:32_2x44_2.X43_X42 CZA, B,C>D
\ZX33 +2x32+2x31_2x44_2x43—2.7C42_x41 D ZA, B,C

where A=—x,4, B=2X33—2X4,— X3, and C =2X33+2X30—2 X34 —2X43— X9, D =2X35+2X5,+
2X31 —2X44 —2X43—2X40 — X41-

This proves 4. Therefore, (2 is an isomorphism. l

We have shown in this section that Conjecture 1 is true for the positive geometric crystal
associated with Dynkin node i = n for Cand n =2,3,4.
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