ABSTRACT

MAINELLIS, ERIK KARSTEN. Factor Systems and Schur Multipliers for the Algebras of
Loday. (Under the Direction of Ernest Stitzinger).

The dissertation concerns extension theory and second cohomology for several classes of
Loday algebras (diassociative, Leibniz, dendriform, and Zinbiel algebras). Using group and
Lie theory as a guide, we first develop a theory of factor systems, or nonabelian 2-cocycles,
for the algebras under consideration. Factor systems give rise to a characterization of the
second cohomology group by extensions. We apply our theory of factor systems to prove a
criterion for the nilpotence of certain related extensions. Notably, we obtain its associative
analogue as a special case of diassociative algebras. We then narrow our focus to the case
of central extensions and their corresponding central factor systems, or 2-cocycles. We
investigate analogues of the group-theoretic Schur multiplier and the related notion of
covers in the contexts of Leibniz and diassociative algebras. We start with the Leibniz
setting and construct a Hochschild-Serre type cohomological sequence of low dimension.
We then use this sequence to characterize the multiplier by the second cohomology group
with coefficients in the field. Finally, we develop criteria for when the center of a cover
maps onto the center of a Leibniz algebra. Along the way, we obtain a brief theory of
unicentral algebras and stem extensions. We focus on diassociative algebras for the rest
of the dissertation. Our first efforts here are to prove the uniqueness of the cover, as well
as to obtain a characterization of the multiplier in terms of a free presentation. These
results, which were already known in the Leibniz case, are used to develop diassociative
analogues of our Leibniz investigation of multipliers and covers. We carry our diassociative
theory further, focusing on the multipliers and covers of perfect algebras. Here, we examine
universal central extensions and their relation with perfect algebras. We prove that the
cover of a perfect diassociative algebra is itself perfect and has trivial multiplier. Finally, we
consider the multipliers of nilpotent diassociative algebras. We first prove an alternative
method for extending our Hochschild-Serre sequence. This result is applied to obtain
another extension as well as a series of dimension bounds on the multiplier of a nilpotent
diassociative algebra. We briefly explore the associative specialization of these results, and
conclude with an example that demonstrates some of the dimension bounds. In particular,
we consider an associative algebra and compute its multiplier as an associative algebra and

as a diassociative algebra.
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CHAPTER

INTRODUCTION

The objective of the research contained in this dissertation is to advance extension theory
in the context of several classes of Loday algebras. In particular, the results herein concern
noncentral factor systems, extensions of nilpotent algebras, multipliers and covers, stem
extensions, unicentral and perfect algebras, and exact sequences involving the second co-
homology group. In this introduction, we discuss several areas of context and preliminaries.
Along the way, we establish an overview of the dissertation.

1.1 The Algebras of Loday

Let F be a field. Throughout this paper, all algebras will be F-vector spaces equipped with
bilinear multiplications that satisfy certain identities. We first recall that a Lie algebra L
has multiplication that is alternating and satisfies the Jacobi identity. Respectively, this
means that xx =0and that(xy)z+(yz)x+(zx)y =0forall x, y, z € L. Lie algebras are the
most famous example of nonassociative algebras, and have been studied since the 1800s.
In the early 1990s, Jean-Louis Loday generated interest in another class of nonassociative
algebras, Leibniz algebras, as a generalization of Lie algebras [10]. We define a (left) Leibniz
algebra L to be equipped with a multiplication that satisfies the (left) Leibniz identity

x(yz)=(xy)z+ y(xz)forall x, y,z € L. Leibniz algebras are famously seen as the non-



anticommutative generalization of Lie algebras, since the Leibniz identity can be rearranged
to form the Jacobi identity under skew-symmetry. Loday also defined dual Leibniz algebras
[11], which later took the name Zinbiel algebras based on Loday’s pen name, G. W. Zinbiel,
or “Leibniz" backwards. He wrote under this name in [24], an “encyclopedia” that lists
various algebras and some of their properties from an operadic point of view. The operad
that encodes Zinbiel algebras is dual to that of Leibniz algebras under the notion of Koszul
duality, that was formulated for operads in the celebrated and highly-referenced work of
Ginzburg and Kapranov [5]. For the present paper, we define a Zinbiel algebra Z as having
multiplication that satisfies what we will call the Zinbiel identity (x y)z = x(y z)+ x(z y) for
all x, y, z € Z. Finally, Loday introduced the notions of diassociative algebras (or associative
dialgebras) and dendriform algebras in the context of algebraic K -theory [12]. The operads
that encode these algebras are also Koszul dual. Diassociative and dendriform algebras are
classes of dialgebras, or algebras having two multiplications. In particular, a diassociative
algebra D is a vector space equipped with two associative bilinear products 4 and |- that
satisfy

x4(ydz)=x-H(yFz) D1
(xFy)dz=xF(y-Hz) D2
(xdy)Fz=(xFy)Fz D3

for all x, y,z € D. A dendriform algebra E is a vector space equipped with two bilinear

products, that we will denote as < and >, that satisfy

(x<y)<z=x<(y<z)+x<(y>z) El
(x>y)<z=x>(y<z) E2

(x<y)>z+(x>y)>z=x>(y>z) E3

forall x,y,z€E.

These algebras of Loday fit nicely into a butterfly diagram (Figure 1.1) of inclusion
functors between the categories of Zinbiel, dendriform, commutative, associative, diasso-
ciative, Lie, and Leibniz algebras. Said diagram depicts the symmetry of their corresponding
operads under Koszul duality, reflected across a vertical line through As.

One powerful aspect of this diagram is that any northeast movement along its arrows
corresponds to a generalization of algebra type. This fact can be reasoned by seeing each
algebra as a special case of its northeast-adjacent category. Besides the aforementioned Lie
to Leibniz comparison, any Zinbiel algebra can be seen as a dendriform algebra in which



Dend Dias

Zinb As Leib
Com Lie
Figure 1.1 Butterfly diagram.

x < y =y > x. Next, any commutative algebra is simply an associative algebra in which
xy = y x. Finally, any associative algebra can be seen as a diassociative algebra in which
x 1y = x F y. Thus, any result that holds for the Leibniz, diassociative, and dendriform
cases must necessarily hold for all seven algebras.

We use the following notation throughout this dissertation. Given subsets A and B of
a diassociative algebra D, denote by AQB the ideal A4 B+ AF B in D. In the dendriform
context, we allow for the natural variant AOB = A < B+ A > B. For any algebra L, we
denote by L’ the derived subalgebra generated by all products in L. In the cases of Leibniz,
associative, and Zinbiel algebras, this takes the form L’ = L L. In the dialgebraic cases, we

require L’ = LY L to account for both products.

1.2 Extension Theory

Consider a pair of & algebras A and B. Here, & can be thought to range over the seven
classes of algebras in the above butterfly diagram. An extension of A by B is a short exact
sequence 0 — A L L5 B—0of homomorphisms for which L is a & algebra. A section of
the extension is a linear map u : B— L such that Ty =idp. The extension is called central if
o(A)is contained in the center Z(L) of L. The extension problem concerns the classification,
or, more broadly, the investigation, of all L such that 0 — A— L — B — 0 is an extension.
A formal approach to extension theory can be traced back to Otto Schreier’s 1926 paper [18],
as discussed in the introduction of [2]. In the former, Schreier developed factor systems, also
known as nonabelian 2-cocycles, as a tool for working on the extension problem of groups.
Beyond groups, they have since appeared in other algebraic contexts. Given our algebras A
and B, factor systems are, loosely, a tuple of maps that allow B to interact with A, and that
satisfy some identities unique to each class of algebra. They are naturally in one-to-one
correspondence with extensions, and give rise to the second cohomology group 2#?(B, A).

In Chapter 2 of this dissertation, we establish an explicit theory of factor systems for the

algebras under consideration. This forms a foundation for the rest of the thesis. We take



our methodology from a chapter in W. R. Scott’s Group Theory [20], in which the author
investigates the correspondence between factor systems and extensions of groups. It should
be noted that the research contained in this dissertation began as an effort to develop a
Leibniz analogue of said chapter in order to work on extensions of nilpotent algebras. We
later discovered that Leibniz factor systems had already been obtained in a 2018 paper
[9]. We then turned to the diassociative, dendriform, and Zinbiel cases. We have decided,
however, to review the Leibniz case in explicit detail. The purpose is to provide a systematic
approach to this theory as well as a self-contained paper with consistent notation. After the
Leibniz case, we derive the diassociative analogue. We note that the dendriform case follows
by a similar process, replacing 1 with < and - with >, although the identities that appear
are uniquely determined by the different algebra structures. We provide the definitions
of all seven factor systems for the sake of structural comparison. These appear in the
same sections as their generalizations. Unlike many results, factor systems are a case in
which generalizing algebra type gives rise to considerably more complicated structures. For
example, a Leibniz factor system consists of three maps and seven defining identities, while
a Lie factor system has only two maps and three identities. Chapter 2 concludes with a brief
discussion of cohomology and how 5#?(B, A) arises from extension theory. We include a
list of 2-cocycles and their defining identities.

The applications of factor systems are numerous and well-known. For example, their
identities appear frequently in Lie theory. One appearance is in Nathan Jacobson’s Lie
Algebras [7], in its section on the theorems of Levi and Malcev-Harish-Chandra. For more
appearances of Lie factor systems, see [21], and the references therein. More generally,
applications of factor systems have primarily involved the special case of central extensions
and their corresponding central factor systems. In [4], for instance, the author classifies
nilpotent associative algebras of low dimension using central factor systems. Furthermore,
in the present thesis, we use central factor systems to work with the multipliers of algebras
as well as with their second cohomology in general.

There are also strong applications of the more general noncentral factor systems. In
particular, let A and B be & algebras. An extension 0— A— L — B — 0 is called nilpotent
if L is nilpotent as an algebra. Generally, supposing A and B are nilpotent, an extension
0— A— L — B — 0 is not necessarily nilpotent. However, it has been shown in [22] that,
if A and B are Lie algebras, and if L, and L, are extensions that correspond to lifts of a
map ® : B— Out(A), then L, is nilpotent if and only if L, is nilpotent. This criterion was
based on the group analogue from [17], and its proof relies on noncentral factor systems of
Lie algebras. In Chapter 3 of this dissertation, we prove analogous criteria for the algebras

of Loday via the work of Chapter 2. As an important consequence, we thereby obtain its



associative analogue as a special case of diassociative algebras. We detail several examples
that highlight important intricacies in the results.

We now note that, given a pair of & algebras A and B, and an extension 0 — A L5
B — 0 of A by B, one may assume that o is the identity map. We make this assumption in
Section 2.4, as well as in all chapters following Chapter 3, and think of A as being contained

in L. Consequently, the extension is central if A C Z(L).

1.3 The Schur Multiplier

In 1904, Schur introduced his multiplier in the study of group representations [19]. “Schur
multipliers,” along with the related notion of covers, have been of interest ever since. A great
reference source is Karpilovsky’s The Schur Multiplier [8]. Analogous notions have since
been studied for Lie algebras, where there are major differences from the group case. Unlike
the latter case, each algebra has a unique cover [1] and nilpotent algebras have nontrivial
multiplier [15]. The uniqueness of covers has also been shown for Leibniz algebras [16].

Fora & algebra L, multipliers and covers are defined as follows. A definining pair (K, M)
of L is itself a pair of &2 algebras that satisfies K/M = L and M C Z(K)N K’. Such a pair is
called a maximal defining pair if the dimension of K is maximal. In this case, we say that K
is a cover of L and that M is the multiplier of L, denoted by M(L). The multiplier is abelian
and thus unique via dimension.

In Chapter 4 of this dissertation, we generalize a series of Lie-algebraic results from
Chapters 3 and 4 in [1]. For a Leibniz algebra L, we begin by constructing a cohomological

Hochschild-Serre type spectral sequence of low dimension

Tra Inf,

0— Hom(L/Z, A) X Hom(L, A)~ Hom(Z, A) > #%(L/Z, A)—> #*(L, A)

where Z is a central ideal of L and A is a central L-module. Specializing to A = F, the
sequence is used to characterize the multiplier in terms of the second cohomology group
with coefficients in the field, and we obtain M (L) = 5¢?(L,F) when L is finite-dimensional.

The sequence is then extended by a map
6: 4% LF)—L/L'®Ze®ZQL/L

and an analogue of the Ganea sequence is constructed for Leibniz algebras. The maps
involved with these exact sequences, as well as a characterization of the multiplier, are used
to establish criteria for when a central ideal Z is contained in the set Z*(L), denoting the

intersection of all images w(Z(E)) such that 0 — kerw — E ~, L — 0 is a central extension



of L. While it is easy to see that Z*(L) C Z(L), we say that a Leibniz algebra L is unicentral
if Z(L)=Z*(L). The aforementioned criteria are specialized to the case Z = Z(L), and we
obtain conditions for when the center of a cover maps onto the center of the algebra. In
particular, our criterion Z C Z*(L) becomes Z(L) € Z*(L), or when the algebra is unicentral.

We then turn to the diassociative setting. In Chapter 5, we establish a similar extension-
theoretic crossroads between multipliers and covers, cohomology, and unicentral algebras.
We first prove that covers of diassociative algebras are unique and obtain a characterization
of the multiplier in terms of a free presentation via the methodology of [1]. In particular, it

is shown that
F'NR

M(L)E ————
(L) FOR+ROF
where 0 — R — F — L — 0 is a free presentation of a diassociative algebra L. We then

12

develop a diassociative analogue of the results from Chapter 4. In the diassociative context,
our Hochschild-Serre sequence is extended by

6: %L, F)—(L/L'®Z&ZQL/L')?

because diassociative 2-cocycles are more complicated than Leibniz ones. It is remarkable
that the diassociative analogue of Chapter 4 holds in its entirety, despite the significant
structural differences between (di)associative algebras and Lie (or Leibniz) algebras. The
same can be said for the final two chapters of this dissertation, which also take place in the
diassociative setting. Notably, since diassociative algebras generalize associative algebras,
we automatically obtain associative analogues of these three chapters.

In Chapter 6, we focus on the subclass of perfect diassociative algebras, i.e. algebras
that are equal to their derived subalgebra. It is known that the multipliers, covers, and
universal central extensions related to perfect Lie algebras have exceptional properties [1].
Some were generalized to Hom-Leibniz algebras in [3]. The objective of Chapter 6 in this
dissertation is to obtain similar properties for diassociative algebras. Using Chapter 6 of [1]
as a guide, we first establish a series of lemmas that relate universal central extensions to
perfect algebras. For any universal central extension 0 — A— H — L — 0 of diassociative
algebras, it is shown that both L and H are perfect. Given a perfect diassociative algebra L,
we also prove that the extension 0 — 0 — L — L — 0 is universal if and only if every central
extension of L splits. We then turn to the multipliers and covers of finite-dimensional
perfect diassociative algebras. Given such an L, and using the characterization of M(L)
in terms of a free presentation 0 — R — F — L — 0 of L (from Chapter 5), we prove
that F’/(FOR + ROF)is a cover of L. It is then shown that the cover is perfect and that the



extension
0—M(L)= FInR F L—0
— = — — . —
FOR+ROF  FOR+ROF

is universal. Next, given a universal central extension 0 — A— L* — L — 0 of a perfect

algebra L, we obtain A = M(L), and prove that L* is a cover of L. We also consider what
happens when L has trivial multiplier. Finally, we use our extended Hochschild-Serre type
spectral sequence, as established in Chapter 5, to prove that C = C’ and M(C)=0 for any
cover C of a finite-dimensional perfect diassociative algebra L.

In Chapter 7, we investigate the multipliers of nilpotent diassociative algebras. Following
(primarily) a similar methodology to [23], we begin by extending our Hochschild-Serre se-
quence under alternative conditions. This automatically yields a new proof for the previous
extension in the nilpotent case. As further applications, we obtain a handful of dimension
bounds on the multiplier of a nilpotent diassociative algebra as well as another extension of
our sequence. It is particularly interesting to consider an associative algebra and compare
its multiplier as an associative algebra to its multiplier as a diassociative algebra. Such
a phenomenon has been explored in the context of Lie and Leibniz multipliers [16]. We
compute an example that highlights the associative to diassociative comparison as well as

a couple of our dimension bounds.



CHAPTER

2

FACTOR SYSTEMS

Before studying factor systems, we first need to review some basic extension theory. Con-
sider a pair of & algebras A and B. Two extensions 0 — A AN L, . B—0and0— A
L, 5 B—00ofA by B are called equivalent if there exists an isomorphism 7 : L, — L, such

that the diagram

00— A—"3L —B—>0
idy lf lidB
0—>A——> L, —>B—>0

T

Figure 2.1 Equivalence of extensions.

commutes, i.e. such that to, =0, and 7,7 = 7,. An extension 0 — A L L5 B—0ofA
by B is said to split if there exists a homomorphism u : B — L that is also a section. An
extension is called abelian if L is abelian. It is readily verified that equivalence of extensions
is an equivalence relation. Furthermore, let 0 — A Z L, 2, B—o0bea split extension that

is equivalent to another extension 0 — A 2, L, =, B — 0 via the isomorphism 7. Then



there is a homomorphism yu; : B— L, such that 7, u, =idy, which implies that u, = Tu,
defines a homomorphism from B into L, satisfying m,u, = 7,7y, = m;u; = idp. Thus, if
an extension splits, then so does every equivalent extension. Since an equivalence is an
isomorphism, it is straightforward to verify that extensions equivalent to abelian extensions

are abelian, and that extensions equivalent to central extensions are central.

2.1 Factor Systems of Leibniz Algebras

Recall that ad’ and ad” denote the left and right multiplication operators respectively; ad’

is simply called ad in the Lie case since ad” =—ad.

Definition 1. Let A and B be Leibniz algebras. A factor system of A by B is a tuple of maps
(¢, ¢’, f)where

¢ : B— Der(A) is linear,
¢': B— £(A)is linear,
f:BxB— Ais bilinear
such that
L. m(p(i)n)=(¢'(i)m)n+ p(i)(mn)
2. m(g'(i)n)=¢'(i)(mn)+n(p’'(i)m)
3. adyy, ,+¢())= ¢'()¢'()+ (D' ()
4. p(i)(mn)=(p(i)m)n+m(p(i)n)
5. p(i)p(j)=p(i )+ p(j)p(i)+ady,
6. o)’ ()= (Ne(D)+¢'(ij)+ad, ;
7. fU jR)+ e f(J, k)= f(i], k) + ' (k) f(i, )+ f(,ik)+@(j)f (i, k)

are satisfied for all m,n € Aand i, j, k € B. Note that the fourth identity allows for ¢ : B—
Der(A).

Definition 2. Let A and B be Lie algebras and Der(A) be the Lie algebra under the commu-
tator bracket. A factor system of A by B is a pair (¢, f) of functions

¢ : B— Der(A) linear,



f: B x B— Abilinear
such that
1. f(i,i)=0
2. p(ij)=le),e(j)]—ady; ;
3. (k)f(@, )+ f(j, k) + (N f(k,i)=f(ij, k) + f(jk, i)+ f(ki, j)

foralli, j, k€ B.

2.1.1 Belonging

Our first aim is to construct a correspondence between factor systems and extensions.
Consider an extension 0 — A~ L - B — 0 of A by B and a section i : B— L. Consider
also the linear maps

p : L — Der(o(A)),
p':L— Z(o(A)

defined by p(x) = ad; loay and p’(x) = ad’ |54 respectively for x € L. Put simply, these
maps denote the left and right multiplication operators that act on the image of o in L. We
next use p and p’ to define the maps

P: L — Der(A),
P L— Z(A)

by P(x)=0"'p(x)o and P’(x) =o' p’(x)o respectively, effectively formalizing a way for L
to act on A. To work explicitly with these maps, one computes P(x)m =o' p(x)o(m)=
o~ Y(xo(m))and P'(x)m=0"1p’(x)o(m)= o (o(m)x) for any m € A. The maps ¢ and ¢’
of a factor system are ways for B to act on A. It is thus natural to compose P and P’ with
u, as well as to define f in terms of u, which leads to Definition 3. The subsequent pair of

converse results form the framework for our correspondence.

Definition 3. A factor system (¢, ¢’, f) of A by B belongs to the extension 0 — A L5
B—O0and uif o =Pu, ¢’=P'u,and o(f(i, j)) = u(i)u(j)—u(ij) forall i, j € B.

Theorem 2.1.1. Given an extension0— A~ L— B —0 of A by B and sectionu: B— L,

there exists a unique factor system (@, ¢’, ) of A by B belonging to the extension and U.
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Proof. Let ¢ = Pu and ¢’ = P’u. To define f, one notes that u(i)u(j)—u(ij) € ker r for any
I, J € B. By exactness, there exists an element ¢; ; € A such that o(c; ;) = u(i)u(j) —u(i j).
Let f be defined by f(i, j) = ¢; ;. One may verify that f : B x B— A/is bilinear by applying
o to perform the computation and then applying o~'. It remains to verify that (¢, ¢’, f)is a
factor system. The seven axioms follow by direct computation via the Leibniz identity. [

Theorem 2.1.2. (Converse to Theorem 2.1.1) Let(p, ¢’, f) be a factor system of A by B and
let L denote the vector space A® B with multiplication (m,i)(n, j)=(mn+¢(i)n+¢'(j)m+
fi,j),ij)form,neAandi,jeB.Leto:A— L byo(m)=(m,0),7:L— B byn(m,i)=1i,
andy:B— L by u(i)=(0,i). Then

1. L is a Leibniz algebra,

2. 0AS L5 B—0isan extension,

3. mu=ids,

4. the factor system (p, ¢’, f) belongs to the extension and u.

Proof. For part 1, the multiplication defined on L is clearly linear, and so it suffices to
show that the Leibniz identity holds. One computes (m1, i)((n, J)p, k)) =((m,1i)(n, j))(p, k)+
(n, j)((m,i)(p, k)) via the Leibniz identities on A and B and the axioms of the given factor
system. Hence L is a Leibniz algebra.

For part 2, we first compute o(mn)=(mn,0)=(m,0)(n,0)=o(m)o(n) and

m((m, i)(n, j))=n(mn+e(n+¢' (m+ f(,]), i])
=ij

=n(m,i)n(n, j)

which implies that o and = are homomorphisms. Moreover, the exactness of 0 — A LS

B — 0 s trivial. Part 3 is also immediate. For part 4,let m € Aand i, j € B. Then

Pu(i)m=07"((0,)(m,0))
=0 (p(i)m+ f(i,0), 0)
= p(i)m
implies that Pu = ¢. The equality P’u = ¢ holds by similar computation. Finally, o(f (i, j)) =

(f(i,7),0)=(0,7)0,j)—(0,ij)= u(i)u(j)—u(ij). Hence our factor system belongs to the
extension and u. O

11



2.1.2 Equivalence

We now define a relation between factor systems under which a change in section (to an
equivalent extension) corresponds to a change in factor system to an equivalent one. Such
a notion establishes equivalence classes of factor systems that correspond to equivalence
classes of extensions. Thus, Theorem 2.1.3 strengthens the correspondence of the first two

theorems.

Definition 4. Factor systems (¢, ¢’, ) and (y,’, g) of A by B are called equivalent if there
exists a linear transformation € : B— A such that

N . 1

L y(i)=¢(i)+ad,;,

2. Y(i)=y'(i)+ady,,

3. g(i, ))=f(i, )+ ¢'(Je(i)+ p(i)e(f) +e(i)e(j)—e(i j)
forall i, j € B. The function ¢ is called an equivalence.

Theorem 2.1.3. If the factor system (p,, 7, f;) belongs to the extension 0 — A AN L, 2 B—0
and u, and the factor system (,, p,, f>) belongs to the extension 0 — A 2, L, = B—0and

U», then the factor systems are equivalent if and only if the extensions are equivalent.

Proof. (=) Assume the factor systems are equivalent and let € be the corresponding equiv-
alence. Recall that an equivalence of extensions requires an isomorphism 7 : L, — L, such
that to, = 0, and 7,7 = 7,. We know that any element in L, has a unique representation of
the form u,(i)+ o,(m) for i € B and m € A. Define t(u,(i) + 0,(m)) = u,(i) + o,(—e(i)+ m).
Clearly 7 is linear. To show that 7 preserves multiplication, consider elements a, b € L,

with unique representations a = u,(i)+o,(m) and b = u,(j)+ o,(n). We first compute

t(ab)=(p (D () + o1 (m)ps () + pa (Do (n) + o1 (m)o, (n))
= T(Tl(ij)+crl(f1(i,j)+ goi(j)m +pi(i)n+ mn)) belonging
= T,(i j)+ 05 —e(i j)+ fili, )+ @1 (j)m + ¢, (i))n + mn).

12



On the other hand, one computes

T(a)T(b) = o (D)a(7) + 2(i)oa(—€(f)) + pa(i)oz(n) + oo (—(i))ua(5)
+0,(m)ua(j)+ oy(—(i))os(—€(f)) + 02(m)o,(—e())
+0,(—¢(i))o,(n)+o,(m)o,(n)

= (i )+ 05 fold, )= pa(D)e()) + pa(i)n — 3 )e(i) belonging
+ @y (j)m+e(i)e(j)—me(j)—e(i)n+mn)
= Uo(i j)+05(p)

where p € A is the expression in the argument of o,. Since u,(i j) is the only u, term on

both sides, it remains to check the o, parts. Compute

p=fili, )+ (e(d)+ ¢ (D)e(j) +e(i)e(j)—eli)) equivalence axiom 3
—@1()e(j)—e(@)e(j)+pi()n+e(i)n equivalence axiom 1
— @ (Ne(@)—e(De(j)+ ¢ (jIm + me(f) equivalence axiom 2

+e(i)e(j)—me(j)—e(i)n+mn

= fi(i, j)—e(i j)+ @i (D)n+ @1 (j)m+ mn.
Thus 7 preserves multiplication. The computation

() +0,(m) =i
= 1y (o(0) + 0 (2 (i) + m))

=7, T(u (i) + 0, (m))

implies that 7, = 7, 7. Finally, 70,(m) = 0,(m) for all m € A by the definition of 7. Hence
T0, = 0, and the extensions are equivalent.

( <) Conversely, assume that the extensions are equivalent. Then there exists an
isomorphism 7 : L, — L, such that 7o, = 0, and 7,7 = 7,. The equality 7,7 u,(i) =
Touo(i) = (i) holds for any i € B, yielding an element 7' u,(i) — u,(i) € kerr,. By
exactness, kert; = Imo;, and so there exists an element n; € A such that 77! u,(i) = u, (i) +
0.(n;). Define € : B— A by &(i) = n;. By direct computation, ¢ is an equivalence. Thus the

factor systems are equivalent. O

Two results follow easily from Theorem 2.1.3. The proofs are stated as one because they

are so short.
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Corollary 2.1.4. Given an extension 0 — AS LS B—0, lety,:B— L andu,:B— L be
linear maps such that Ty, = idg = mu,. Suppose also that (¢, @', f) is a factor system of A by
B which belongs to the extension and u,, and (Y,y’, g) is a factor system of A by B which
belongs to the extension and u,. Then (@, ¢’, f) is equivalent to (Y, ', g).

Corollary 2.1.5. Equivalence of factor systems is an equivalence relation.

Proof. For Corollary 2.1.4, note first that any extension of A by B is equivalent to itself. By
Theorem 2.1.3, factor systems belonging to this extension (and differing u;) are equivalent.
Corollary 2.1.5 follows from Theorem 2.1.3 and the fact that equivalence of extensions is an

equivalence relation. O

We now look to ¢. Given equivalent factor systems, there may be multiple equivalences
between them. On the other hand, any linear transformation ¢ : B— A defines an equiva-

lence of factor systems, as demonstrated by Theorem 2.1.6.

Theorem 2.1.6. If(p, ¢’, f) is a factor system of A by B and ¢ is a linear transformation from
B to A, then there exists a factor system (y,V)’, g) such that € is an equivalence of (¢, ¢’, f)
with (Y,y’, g). Furthermore, if € is an equivalence, then (Y,\)’, g) is unique.

Proof. Let (y,v’, g) be defined by
i Y(i)= (i) +ady,,

ii. y/(j)='(j)+ad,

iii. g(i, )= 0, )+ (Je(@)+e(D)e(j)+e(i)e(j)—eli))
for i, j € B. It is straightforward to check that ¢, " : B— £(A) are linear transformations
and that g : B x B — A is a bilinear form. By direct computation, (y,v’, g) is a factor
system. By construction, the two factor systems are equivalent with ¢ as their corresponding
equivalence. It is straightforward to verify the uniqueness of (y, ', g). O
2.1.3 Split Extensions

We now discuss conditions under which ¢ : B— Der(A) is a homomorphism. Let (¢, ¢’, f)

be a factor system of A by B. By axiom 5 of factor systems, we have
p(Dp(j)= i ) +e(e()+ady,

for all i, j € B. Regarding multiplication on Der(A) as the usual commutator bracket, the
equality ¢(i j) = [¢(i), ¢(j)] holds if and only if f(i, j) € Z!(A) for all i, j € B. Hence ¢ is
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a homomorphism if and only if f : B x B— Z!(A). Furthermore, if Z!(A) =0, then ¢ is a
homomorphism if and only if f = 0. Finally, if A is abelian, this ensures that adin =0forall
m € A. Hence axiom 5 of factor systems again implies that ¢ is a homomorphism.

Next, recall that if an extension splits, then so does every equivalent extension. We say
that a factor system splits if and only if its corresponding extension splits. Therefore, if
a factor system splits, then so does every equivalent factor system. Now consider a split
extension0 — A— L — B—00f A by B with associated homomorphism y : B— L and let
(¢, ¢’, f)be afactor system belonging to this extension. Then o (f (i, j)) = u(i)u(j)—u(ij)=0
forall i, j € B, which implies that f =0 since o is injective. Axiom 5 of factor systems then
implies that ¢ is a homomorphism.

The following theorem will be quite useful for later proofs.

Theorem 2.1.7. Let(p,¢’, f) be a factor system of A by B. The following are equivalent:

a. (p,¢’, ) splits,
b. (¢,¢’, f) is equivalent to some factor system (y,y’, g) such that g =0,

c. thereexists a linear transformation € : B— A such that f (i, j) =—¢'(j)e(i)—p(i)e(j)—
e(i)e(j)+e(ij) foralli,jeB.

Proof. (a.=b.) We know (¢, ¢’, f) belongs to a split extension 0 — A S L5 B—0. By
definition, there is an associated homomorphism u : B — L such that Ty = id. Hence
there exists a factor system (,1’, g) belonging to 0 — A = L5 B — 0and p which is
equivalent to (¢, ¢’, f) by Corollary 2.1.4. Since u is a homomorphism, we have g =0.

(b.=c.) Let ¢ : B— A be an equivalence of (¢, ¢’, f) with (y,y’, g) where g =0. The
third axiom of equivalence gives 0=g(i, j)= f(i, j)+ ¢’(j)e(i)+ @(i)e(j)+ e(i)e(j)—e(i )
for all i, j € B, which implies the desired equality.

(c.=a.) Let ¢ be as in c. By Theorem 2.1.6, ¢ is an equivalence of (¢, ¢’, f) with another
factor system (10,1, g) which belongs to an extension 0— A— L -+ B—0andu: B — L.
Onehas g(i, j)=f(i, j)+¢’'(jle(i)+p(i)e(j)+e(i)e(j)—e(i j) = 0 by assumption. Then, since
o(g(i,j))=0forall i, j € B, the third axiom of belonging implies that y is a homomorphism.
Also, u is injective since Ty = idz. Hence the extension splits and, therefore, so does the

original factor system. O

It is clear that every semidirect sum yields a split extension. The converse is also true
in that every split extension of A by B is equivalent to a semidirect sum. Indeed, let 0 —
A— L — B — 0 be a split extension of A by B. By Theorem 2.1.7, there is an equivalent
extension 0 — A— L, — B — 0 with associated linear map u, : B— L, and a factor system
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(y,y’, g) belonging to this extension and u, such that g(i, j)=0forall i, j € B. Thus ¢ is a
homomorphism. The Leibniz algebra construct in Theorem 2.1.2 is then a semidirect sum
of A by B with factor system (¥, ¢, g). By Theorem 2.1.3, the extension built in Theorem

2.1.2is equivalentto0— A— L, — B— 0 and henceto0— A— L — B — 0.

2.1.4 Abelian A

Let A be an abelian Leibniz algebra and (¢, ¢’, f) be a factor system of A by B. Then ¢ is
a homomorphism. Moreover, suppose a factor system (y,v’, g) of A by B is equivalent to

(¢,¢’, f)via equivalence ¢. Then
p(i)=y(i)+ adi(i) =y(i),
o'(i) = /(i) +adly, = YD)

for all i € B, which implies that ¢ =) and ¢’ = )’. We thus fix ¢ and ¢’ and define the
following constructs.

Let Fact(B, A, ¢, ¢’) be the set of bilinear maps f : B x B— A such that (¢, ¢’, f)isa
factor system and let 7(B, A, ¢, ¢’) be the set of bilinear maps f : B x B — A such that
(¢, ¢, f)is a split factor system. We denote by Ext(B, A, ¢, ¢’) the set of equivalence classes

Fact(B,A, ¢, ")/ T(B,A ¢, ")

with fixed ¢ and ¢’.

Theorem 2.1.8. If A is abelian, then
1. Fact(B, A, ¢, ’) is an abelian Leibniz algebra,
2. 7(B,A, ,¢") is an ideal in Fact(B, A, ¢, ¢’),

3. factor systems(p,¢’, f) and(p, ¢’, g) are equivalent if and only if f and g are in the
same coset of Fact(B, A, , ¢’) relative to 7 (B, A, ¢, ¢’),

4. the quotient Leibniz algebra Ext(B, A, ¢, ¢’) is in one-to-one correspondence with the

set of equivalence classes of extensions to which ¢ and ¢’ belong.

Proof. Let f,g €Fact(B, A, ¢, p’) and ¢ be a scalar. We know f —cg : B x B— A and want
to show that (¢, ¢’, f — cg) is a factor system. Axioms 1, 2, and 4 are trivial since they do

. . . ! _ r —
not involve f or g. Axioms 3, 5, and 6 hold since ad, Fce)iy) =0 and ad Fce)i) =0 for any
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i, j € B. Finally, axiom 7 holds by the following computation:

(f —cg)i, jk)+ @) f —cg)j, k)= f(i, jk)+ (i) f(j, k) —c(g(i, jk)+p(i)g(}, k)
=f(ij, )+ @' ()G, )+ fj,ik)+ () f (i, k)
—c(g(ij, k) +¢'(k)g(i, ) +8(j. ik)+ ¢ (j)g(i, k)
=(f—cg)ij, )+ @' f —cg)i, ) +(f —cg)j, ik)
+o()f —cg)i, k).

Hence Fact(B, A, ¢, ¢’) is a vector space. One easily checks that (¢, ¢’, f g) is a factor sys-
tem (here juxtaposition denotes f(i, j)g(i, j)); indeed, fg = 0 since A is abelian. Thus
Fact(B, A, ¢, ') is a Leibniz algebra with trivial multiplication.

To show that 7(B, A, ¢, ¢’) is an ideal, it suffices to verify that it is a subspace. Let
f,.8€7(B,A, ¢, ¢’). We want to show that (¢, ¢’, f —cg) is a split factor system for scalar c.
By Theorem 2.1.7, since (¢, ¢’, f) and (¢, ¢’, g) split, there exist linear maps &,,&,: B— A
such that

FG, ) ==¢(f)ei(i)—p(i)e(j)—ei(i)e(j) + (i ),
8(i, J)=—p(j)ex(i)— p(i)ex(J) —ea(i)ea(]) + €21 )

foranyi, je€ B. Definee: B— Abye=¢,—cé¢,. Then
(f —cg)i, j)=—p(j)e(i)+ ' (D)e(j) —e(i)e(j) +&(i j)

and so (¢, ¢’, f —cg) splits by Theorem 2.1.7.
Suppose factor systems (¢, ¢’, f) and (¢, ¢’, g) are equivalent via € : B — A. Then

g, j)=f0, j)+¢'(jle(i)+¢(i)e(j) +e(i)e(j)—e(i j) implies that
(f —8)i, j)=—¢'(j)e(i)— p(i)e(j)—e(i)e(j) + &(i j)-
By Theorem 2.1.7, factor system (¢, ¢, f —g) splits, and so
f+T(B,A ¢, ¢")=g+T(B,A ¢, ¢".

Conversely, if (¢, ¢’, f —g) is a split factor system, then there exists alinear map ¢: B— A
such that (f —g)(i, j) =—¢'(j)e(i)—p(i)e(j)—e(i)e(j)+&(i j) for all i, j € B (by Theorem
2.1.7). Thus ¢ satisfies the third axiom of equivalence between factor systems (¢, ¢’, f) and
(¢, ¢’, 8). The first two axioms of equivalence hold trivially with ¢ = ¢ and ¢’ = ¢’ since
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adin =0and ad’ =0 forall m € A.

The final statement follows from Theorem 2.1.3 and part 3 above. Indeed, part 3 says
that two elements of Ext(B, A, ¢, ') are equal if and only if their factor systems with fixed
@, ¢’ are equivalent, and Theorem 2.1.3 guarantees that the latter statement is true if and

only if the two extensions are equivalent. O

2.1.5 Central Extensions

Recall that an extension which is equivalent to a central extension is itself central. One
may thus refer to equivalence classes of central extensions and to central factor systems, i.e.
factor systems that belong to central extensions. Once again, let A be an abelian Leibniz

algebra and (¢, ¢’, f) be a factor system of A by B.
Theorem 2.1.9. (¢, ¢’, f) is central if and only if p =0 and ¢’ = 0.

Proof. By Theorem 2.1.2, (¢, ¢’, f) belongs to an extension0— A— L — B — 0 where L =
A B with multiplication (m, i)(n, j)=(mn+@(i)n+¢’(j)m+ f(i, j), i j). The extension is
central if and only if (m, i)(n,0) =(mn+ ¢(i)n,0)=(0,0) and (n,0)(m, i) = (nm+¢’(i)n,0) =
(0,0) for all m,n € A and i € B. This happens if and only if ¢ and ¢’ are zero. O]

Theorem 2.1.10. The classes of central extensions of A by B form a Leibniz algebra, denoted
Cext(B, A).

Proof. By Theorem 2.1.8 and Theorem 2.1.9; we set Cext(B, A) := Ext(B, A, 0,0). O

Theorem 2.1.11. Let A and B be abelian Leibniz algebras and let(y, @', f) be a central factor
system of A by B. Then (y, ¢’, f) belongs to an abelian extension if and only if f =0.

Proof. Since (yp, ¢’, f)is central, we know ¢ = ¢’ = 0. In the forward direction, the factor
system belongs to an extension 0 — A— L — B — 0 and section u. Since L and B are both
abelian, one has o(f(i, j)) = u(i)u(j)—u(ij)=0for all i, j € B. Conversely, if f =0, then
the construction of L in Theorem 2.1.2 has multiplication (m, i)(n, j)=(0,0) forall m,n € A
and i, j € B. O]

2.2 Factor Systems of Diassociative Algebras

This section mimics the structure of the Leibniz case. We begin by stating the definition of
factor systems for diassociative algebras as well as for the special cases of associative and
commutative algebras. We proceed to construct diassociative analogues of the results from
[20].
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Definition 5. Let A and B be diassociative algebras. A factor system of A by B is a tuple
(94 00, 9% 0L, f1, f-) of maps such that

01 P @ pf : B— £(A) are linear,
f4 fr: Bx B— A are bilinear,
and the following five sets of identities are satisfied forall m,n,p€ Aand i, j, k € B:

1. Those resembling D1:

(@ mA(ps(j)p)=m(e(j)p)

(b) mH(¢,(k)n)=m(p/(k)n)

© mAf(j, k) +@i(jAkm=mAf(j, k)+ ¢ (jFk)m
(d) p(i)ndp)=p4(i)nkp)

(€) @()ps(7)p)=ps(i)p(i)p)

) 4@ (k)n) = p4(i)p (k)n)

@ (A, k) + fili, j k)=o) f(j, k) + £, j + k)

2. Those resembling D2:

@ (p(n)dp = (iln-p)

(b) (p/(jim)4p=mt(ps(j)p)

© (G, NAp+eiit jp=e(i)e4(i)p)

(d) pl(k)mtn)=mk(p/(k)n)

() @(k)p-(i)n)=p(i)(¢ (k)n)

®) (k)@ (jIm)=p (j T k)m

@ LK), J)+ LG E k)=o) f(), k) + f(i, j k)

3. Those resembling D3:
@ (p4(i)n)kp=(pi)n)kp
(b) (p(JIm)k-p=(p (j)m)tp

© fili,)epto(idjp=f>GJFp+elitfp
(d) @/ (k)mAn)=¢/(k)mtn)

(@) @l(k)p(i)n)= ¢ (k)¢-(i)n)
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6 @ (k) (jIm)= @[ (k)(p/(j)m)
@) @l(kK)f(E, )+ fli 4 j, k)= ol (k)f(i, j)+ fi(iF j, k)

4. Those resembling the associativity of :

@ mA(p4(j)p)=(¢ (jIm)-p
(b) mH(¢,(k)n)=/(k)m-n)
© mH fi(j, k) +¢i(j A k)m = (k)@ (j)m)
(d) ¢
@ ey(i)p4(Pp)=4(i 4 jp+ £ H-p
) (D)@ (k)n)= ¢! (k)p4(i)n)
oD f3(J, k) + £, j A k)= (k) fi(d, j)+ fii H j, k)

i)nAp)=(p4(i)n)4p

()

5. Those resembling the associativity of -

@ mb(p(j)p)= (P (jIm)Fp
(b) mk(p/(k)n)= p/(k)imt n)

(© mkb fi(j, k)+¢l(jF k)m=p/(k)p/(j)m)

d) @ (i)nkp)=(p(i)n)Fp

) (@)l (k)n)= @/ (k)(p(i)n)

or(
@ p()e(Ip)=¢litjp+ (i, j)Ep
or(
@ e k) + (i, j k)= (K) (i, j)+ f(iFj, k)

Definition 6. Let A and B be associative algebras. A factor system of A by B is a tuple of
maps (¢, ¢’, f) where

@, B— Z(A) are linear,
f : Bx B— Aisbilinear
such that
L @li)p(j)=plij)+ad, |
2. Q') ='(ji)+adl,

3. (D)’ (j)=¢'(j)e(i)
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1SN

. @(D)mn)=m(y’'(i)n)
5. p(i)(mn)=(p(i)m)n
6. (¢'(i)m)n=m(p(i)n)

- e@Of (k) + f(i, jk) = (k) f (i, j)+ f(i], k)

\]

are satisfied forall m,n€ Aand i, j, k € B.

Definition 7. Let A and B be commutative algebras. A factor system of A by B is a tuple of
maps (¢, f) where

¢ : B— %(A)is linear,
f : Bx B— Aisbilinear
such that

L fG, ))=f(j, 1)

\S}

- p(@Dp(f)=w(ij)+ady; )
3. p(i)(mn)=m(p(i)n)=(p(i)m)n

- p@f (G k) + f(i, jk)=@(k)f (i, j)+ fi ], k)

15N

are satisfied forallm,n€ Aand i, j, k € B.

Definition 8. Let A and B be diassociative algebras. A factor system (¢, ¢y, gag, cpﬁ, fi f) of
A by B belongs to an extension 0 — A = L5 B — 0 and section y if

4= Py, ¢-=Ru,
¢’ = Piu, ¢l =Pu,
o(fi(i, ) =p(@) A u(j)—ui@ 4 j), o(fr(i, )))=p()Fu(j)—u(iF j)

forall i, j € B, where
P(x)ym=0cY(x do(m)), R(x)ym=0c7Y(xFo(m)),
P(x)m=07"(o(m)-x), P(x)m =07 (o(m)F x)

forany xe L, me A.
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Theorem 2.2.1. Let A and B be diassociative algebras. Given an extension(0— A — L 5
B — 0 of Aby B and section . : B— L, there exists a unique factor system (¢, or, 0%, ¢l fo )
of A by B belonging to the extension and .

Proof. Set ¢, = Pyu, ¢y = Ru, ¢/, = Pju, and ¢/ = P’u. Next, it is easily checked that
p(i)Au(j)—u(i-j)and u(i)F u(j)—u(i - j) are in the kernel of 7 for all i, j € B. We define

frand f by o(f(i, )= (i) p(j)— (i 4 j) and o(fi(i, ) = (i) - p(j)— i b j) which are
clearly bilinear maps B x B — A. It is straightforward to verify that (o, ¢, ¢/, ¢/, i, i) isa
factor system. O

Theorem 2.2.2. Let (o, ¢r, ¢/, 0., f1, f) be a factor system of A by B and let L denote the
vector space A® B with multiplications

(m,i)-(n, j)=(mEn+e(n+e (jm+ fi@Q,]), i+ ),
(m,i)(n, j)=(mAn+e(n+ei(jm+ fii,j), i4))

form,neAandi,jeB.Letoc:A— L byo(m)=(m,0),n: L — B byn(m,i)=1i, and
u:B— L byu(i)=(0,i). Then

1. L is a diassociative algebra,

2. 0— A5 LS B— 0 isan extension,

3. mu=ids,

4. the factor system (@4, o, @', 0/, i, f-) belongs to the extension and (.

Proof. It takes five direct computations to verify that the vector space L = A® B, with mul-
tiplications defined in the statement of the theorem, is a diassociative algebra. In particular,
one must check D1, D2, D3, and the associativity of both 4and I-. Said computations follow

via the axioms of factor systems and the diassociative structures on A and B. ]

We now define a notion of equivalence for factor systems so that equivalence classes of
factor systems will correspond to those of extensions. The subsequent corollaries hold by
the same logic as their Leibniz analogues.

Definition 9. Two factor systems (¢, o, ¢/, ¢/, fy, fr) and (Y, P, Y7, Y], 84,8 ) of Aby B
are equivalent if there exists a linear transformation € : B— A such that

1. (i) = p.(i)+ad’(e(i)),

2. Y (i)= /(i) +ad)(&(1),
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3. (i) = (i) +ad! (i),

4. YL(i)= /(i) +ad/(e(i)),

5. g4(i, )= fii, )+ @ ())e(i)+ o(i)e(j) + (i) Fe(j)—e(i H ),

6. g (i, /)= fili, )+ @[ ())e(i)+ o (i)e(j) + (i) F e(j)—e(it j)
for all i, j € B where adﬂ(e(i))m =e¢(i)dm, adﬁ(e(i))m = ¢(i)F m, ad/|(e(i))m = m - &(i),
and adﬁ(s(i))m =ml g(i)for all m € A.

Theorem 2.2.3. If the factor system (-, @i, 0’ ¢!, f1, f) belongs to the extension 0 — A AN
L, B —0and U, and the factor system (Y4, Y, Y., Y[, g, &) belongs to the extension
0— A L, = B —0and U,, then the factor systems are equivalent if and only if the
extensions are equivalent.

Proof. In the forward direction, one defines 7 in the same way as the Leibniz case and
computes 7(a 1b)=7(a)47(b)and t(at b)=7(a)F 7(b) via the axioms of equivalence
for diassociative factor systems. In the other direction, define £(i) = n; where 771 u,(i) =
u1(i)+0,(n;). There are six axioms to check when verifying that € is an equivalence of factor
systems. Otherwise, the theorem follows by similar logic. O

Corollary 2.2.4. Given an extension )0 — A L L5 B—0, let U :B— Landu,:B— L
be linear maps such that mp, = idg = mu,. Suppose also that (-, i, 0, @/, f1, f) is a factor
system of A by B which belongs to the extension and u,, and (Y, Y, ., Y/, g4,8) isa
factor system of A by B which belongs to the extension and p,. Then (¢, i, ¢, ¢/, fu, i) is

eqUil/alent to (l/)—h l/jl—’ lp,_p w(_r 8+ gl—)

Corollary 2.2.5. Equivalence of factor systems is an equivalence relation.

Theorem 2.2.6. If (¢, ¢r, ., 0., i, f) is a factor system of A by B and ¢ is a linear transfor-
mation from B to A, then there exists a factor system (Y, Y, ", 4/, g4, ) such that & is an
equivalence between them. Furthermore, if € is an equivalence, then (Y 4, ., Y, , &4, &)
is unique.

Proof. Define
i (i) = p4(i)+ad’ (e(1),
i, (i) = @ (i) +ad’ (e(i)),

iii. (i) = (i) +ad’(2(D)),
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iv. Yl (i)= @/ (i)+ad (e(i)),
v. g6, )= fali, )+ ol(7e(@) + o(De(f) +e(@) He(j)—e(i A ),
vi. g4, /)= fr(i, )+ (j)e(@)+ o (De(j)+e(i)Fe(j)—e(i F j)

forall 7, j € B. It is straightforward to verify that v, Y, Y’ and v/ are linear transfor-
mations and that g, and g, are bilinear forms. One checks that (¢, Y, Y%, Y/, g4, 8 )isa
factor system via the identities of (¢, ¢r, ¢/, ¢/, f, i) and the axioms of diassociative alge-
bras. By construction, the two factor systems are equivalent with ¢ as their corresponding

equivalence. It is straightforward to verify uniqueness. O

Theorem 2.2.7. Let (¢, o, 9., ¢/, f4, i) be a factor system of A by B. The following are

equivalent:

a. (9 0% 9L, fou f1) splits,

b. (04, 0,0 0!, f1, ) is equivalent to some factor system (Y, Y, Y, Y, g4, &) such
thatg,=0and g =0,

c. there exists a linear transformation € : B— A such that

Proof. (a.=b.) We know (¢, ¢y, cpg, gaﬁ, f4 f-) belongs to a split extension 0 — A AN LN
B — 0. By definition, there is an associated homomorphism u : B— L such that ru =idg.
Hence there exists a factor system (¢4, -, Y’ 3}, g4, &) belonging to the extension and u
which is equivalent to (o, ¢, ¢/, ¢/, f4, f-) by Corollary 2.2.4. Since u is a homomorphism,
we have g, =g =0.

(b.= c.) Let £ : B— A be an equivalence of factor systems (¢, ¢, ¢/, ¢/, 1, f-) and
(V4 e, Y, YL, 84, &) where gy =g = 0. Then 0=g4(i, j) = f3(i, j) + ¢/ (j)e(i) + p-(i)e(j) +
e(i)He(j)—e(i j)and 0= g (i, j)= fi, )+ ¢l (j)e(D) + o (ie(j) +e(i) F e(j)—e(i - j) for

all i, j € B by the axioms of equivalence, which implies the desired equalities.

(c.=a.) Let £ be as in c. By Theorem 2.2.6, ¢ is an equivalence of (¢, @i, ¢/, ¢/, f1, f)
with another factor system (Y4, Y, %, Y/, g4, &) which belongs to an extension 0 — A =
L—»B—>0and,u B— L.Onehas g (i, j) = fi(i, j)+ ¢/ (j)e(i)+@4(i)e(j)+e(i) He(j)—e(i

J)=0and g (i, j)= fr(i, ))+ @ (je(@)+ ¢r(i)e(j) + £(i) - e(j)—&(i F j) =0 by assumption.
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Then, since o(g(i, j)) =0 for all i, j € B, the axioms of belonging imply that u is a homo-
morphism. Also, u is injective since mu =id 3. Hence the extension splits and, therefore, so

does the original factor system. O

Let A be an abelian diassociative algebra and let (¢, ¢}, gaq, (,0{_, f4, fi-) be a factor system
of A by B which is equivalent to another factor system (v, Y, ¢’ 4}, g4, &). Since A is
abelian, all adjoint operators on A are equal to zero. Thus, by the axioms of equivalence for
factor systems, ¢ =14, ¢, =y, ¢/, =y’, and ¢/ =1/ . We now fix the first four maps of
factor systems and narrow our focus to pairs of bilinear forms. Let Fact(B, A, ¢, ¢}, gog, 90;)
denote the set of all pairs (f, f) such that (o, o, ¢/, ¢/, 3, f) is a factor system and let
T (B, A, o4, ¢, 0", ¢/ ) denote the set of all pairs (f}, f°) such that (¢4, i, ¢/, ¢/, f1, fr) is a
split factor system. For ease of notation, let ¢ denote the fixed tuple (¢, ¢y, ¢7, ¢/) and let
(@, fi, f1) denote the factor system (¢, ¢y, 7, [, f3, f-). We abbreviate the previous sets by
Fact, and 7, respectively and denote by

Ext(B, A, ¢, ¢, ¢’ ¢!

the set of equivalence classes Fact,, /7. For the rest of this subsection, A is abelian.
Theorem 2.2.8. If A is abelian, then

1. Fact(B, A, ¢, o, ¢!, ¢/) is an abelian diassociative algebra,

2. T(B,A, ¢, 9,0, pl) is anideal in Fact(B, A, o, ¢, ', p),

3. factor systems(p, i, 0’ 9!, f1, ) and (@4, o1, 07 9!, 84, &) are equivalent if and only
if(fs ) and (g, g-) are in the same coset of Fact,, relative to 7,,

4. the quotient diassociative algebra Ext(B, A, 9, ¢, ', ¢! ) is in one-to-one correspon-
dence with the set of equivalence classes of extensions to which ¢, ¢y, ', and ¢/
belong.

Proof. For (f, f-) and (g4, &) in Fact,, one verifies (f;—cg-, fr —cg) € Fact,, via the axioms
of the factor systems (¢, f, f-) and (¢, g4, g-) and the fact that multiplication in A is trivial.
For the second statement, it suffices to verify that 7, is a subspace. Consider elements
(f» f-)and (g, &) in 7, which form split factor systems (¢, f, f-) and (p, g, g+ ) respectively.
By Theorem 2.2.7, there exist linear transformations &, &, : B— A such that

[, ) == (Dep(i)— pa(Dep(j)—ep(i) Hep(j)+ &40 H ),
f, ))=—0l(ep()—pr(ies(j)—ep(i) - ep(j) + €5 (i F )
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and

81, )=—¢"()eg(D)— p(i)eg(j)— () A &, (j) + £5(i H ),
81, ) =—¢/())eg(D)—pr(i)eg(j)— 4 (D) F £, (j) + £5(i = ).

Letting ¢ =&, — c&,4, one has

(fi—cgi, ))=—¢(j)e(i)— p(D)e(j)—e(i) He(j) + (i 4 J)
(fr—cg )i, ) =—¢/(Ne(i)— o (e(j)—e(i) - e(j)+e(it j)

which implies that (¢, f;—cgy, fr — cg-) splits. For the third statement, one observes that
the last two axioms of equivalence for factor systems hold if and only if the third condition
of Theorem 2.2.7 holds for the factor system (¢, f;— g, fr — &) Since A is abelian, adjoint
operators on A are trivial. The final statement holds as in the Leibniz analogue. O

Theorem 2.2.9. (¢, o, 0, @7, f1, i) is central if and only if ¢, or, ¢!, ¢/ =0.

Proof. By Theorem 2.2.2, the factor system belongs to an extension0—A— L— B—0
that is central if and only if (m,7) 4 (n,0) =(n,0) 4 (m,i)=(m,i)F (n,0)=(n,0)F (m,i) =
(0,0) for all m, n € Aand i € B. But this happens if and only if ¢, ¢y, ¢/, p/ =0. O

Theorem 2.2.10. The classes of central extensions of A by B form a diassociative algebra,
denoted Cext(B, A).

Proof. By Theorem 2.2.8 and Theorem 2.2.9; we set Cext(B, A) := Ext(B, A,0,0,0,0). O

Theorem 2.2.11. Let A and B be abelian diassociative algebras and let (yp, 5, f.) be a central
factor system of A by B. Then (p, f3, fi-) belongs to an abelian extension if and only if ;=0
and f-=0.

Proof. Since (yp, f3, f) is central, we know all ¢ maps are zero. In the forward direction,
(¢, f4, f) belongs to an abelian extension 0 — A— L — B — 0 and section u. Since L and
B are both abelian, one has o (f4(i, j)) = u(i) 1 u(j)—u(i 4 j)=0and o(f-(i, j)) = u(i) -
u(j)—u(i j)=0forall i, j € B. Conversely, if f;and f are trivial, then the construction of

L in Theorem 2.2.2 has trivial multiplications. O

2.3 Factor Systems of Dendriform Algebras

The dendriform versions of these results follow by the same logic as the diassociative case

with the substitutions of < and > for multiplications - and |- respectively.
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Definition 10. Let A and B be dendriform algebras. A factor system of A by B is a tuple
(0<r 05y 02,92, f, £) of maps such that

Oy Psr 9L, 9. 1 B— £L(A) are linear,
f<, f~ : Bx B— A are bilinear,
and the following three sets of identities are satisfied forall m,n,p€ Aand i, j, k € B:

1. Those resembling E1:

@ (pli)n)<p=pli)n<p)+oli)ln>p)

(b) (pL(jIm)<p=m<(p(j)p)+m <(p(j)p)

© [, ))<p+oi<jlp =)o f)p)+pi)e-(/)p)

(d) pL(k)m<n)=m<(p.k)n)+m<(p.(k)n)

@) (k) p(i)n)= @ ()¢ (k)n)+ ¢ ()¢l (k)n)

() @Lk)pL(j)m)=m < f(j, k)+¢_(j <k)m+m < £.(j, k)+¢_(j > k)m

(@) ¢l(R)f(i, )+ i< j, k)=o) f(j, k) + (i, j < K)+ o (DL, k) + f<(i, j > k)

2. Those resembling E2:

@ (p=(i)n)<p=gp.(i)(n<p)

(b) (pL(jIm)<p=m>(p(j)p)

© A£G J)<p+eli>jp=e-(i)e(i)p)
d) ¢.(k

Jim>n)=m>(p.(k)n)

() @.(k)(ps(i)n)=@.(i)¢.(k)n)

) pLk)Npl(jim)=l(j<k)m+m> f(j, k)
)

@ ¢l )+ (> j, k)= () f(j, k) + (i, j <k)
3. Those resembling E3:
@ (p(i)n)>p+(p.(i)n)>p=p.(i)n>p)
(b) (pZ(jIm)>p+(pl(jim)>p=m>(¢.(j)p)
© [ )>p+e-(i<jp+ £ ])>p+e.(i> j)p=¢.(D)-(j)p)
(d) @l(k)(m <n)+@l(k)m>n)=m>(p.(k)n)
@ @Lk)p(i)n)+ @l (k) ps(i)n) =@ (i)p.(k)n)
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6) @L(k)@L(j)m)+ @ (k) (j)m)=m> £.(j, k)+ ¢ (j > k)m
@ @lR)f(i, )+ Ll <, k)+ ol (KA, )+ (> ], k)= - (D) L], k) + £(i, ] > k)

Definition 11. Let A and B be Zinbiel algebras. A factor system of A by B is a tuple of maps
(¢, ¢, f)where

0,9’ : B— %£(A)are linear,
f:Bx B— Aisbilinear
such that
L (p(D)n)p =¢(i)(np)+¢(i)(pn)
2. (¢'(j)m)p =m(p(j)p)+m(¢’(j)p)
3. ¢'(k)Ymn)=m(p(k)n)+m(y'(k)n)
4. f(@, p+eljp=e)e()p)+ei)e'(jp)
5. @'(k)(p(i)n) = p(i)¢(k)n)+ ¢(i)¢'(k)n)
6. @' (k)¢'(j)m)=mf(j, k)+mf(k, )+ ¢ (jk)m+¢'(kj)m
7.9 RGN+, R) = @) f(j, k)+ @) f(k, ))+ f(i, jk)+ f(i, k f)

are satisfied forall m,n,p€ Aand i, j, k € B.

2.4 Cohomology

We now discuss how second cohomology characterizes extensions, using the Leibniz case
as a model example. Given a central extension 0 — A— L — B — 0 of Leibniz algebras A
by B, the general construction of cohomology begins with the set 6”(B, A) of n-linear maps
f:Bx---x B— A.Elements of ¢"(B,A)=Mult(B x --- x B, A) = Homg(B®", A) are called
n-cochains. The usual Leibniz coboundary map d” : 6"(B, A)— €"*1(B, A) is defined by

(A" )Xoy Xi) = D (D F e By Xyt XXy Xty K1)
1<i<j<n+l
for f € €"(B, A). Note specifically that (d*f)(i, j, k) = —f(ij, k)+ f(i, jk)— f(j,ik). We
denote by Z"(B, A) the set of all f € ¢"(B,A) such that d” f =0 and by "(B, A) the set
of all f € 6€"(B, A) such that d"'¢ = f for some ¢ € 6¢"'(B, A). Elements of Z"(B, A) are
called n-cocycles, while elements of " (B, A) are called n-coboundaries. It is well known that
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d"d" ! =0 and thus 8"(B, A) C Z"(B, A). Therefore " (B, A)= Z"(B,A)/ 8"(B, A) is the
nth cohomology group. We refer the reader to Loday’s [12] for constructions of (co)homology
in the diassociative and dendriform settings.

Continuing with our Leibniz discussion, we narrow our focus to second cohomology
and recall the construction Fact(B, A, 0,0) from Theorem 2.1.8. Given our central extension
0— A— L — B — 0, the axioms of its corresponding factor systems become trivial except
for the seventh one, which reduces to f(i, jk)= f(ij, k)+ f(j,ik). Thus Fact(B, A,0,0) is
the set of all bilinear f : B x B— A such that d?f = 0. Moreover, 7 (B, A,0,0) is the set of
all bilinear f : B x B— A such that f(i, j) =—¢(i j) for some linear transformation ¢ : B —
A. These sets are thus precisely the 2-cocycles and 2-coboundaries of our cohomology
respectively, with 2?(B, A) = Fact(B, A,0,0) and 82(B,A)= 7 (B, A,0,0), making Cext(B, A)
the second cohomology group (B, A). For any section u, we can thereby define a bilinear
form f: Bx B— Aby f(i, j)=u(i)u(j)—u(i j) that is automatically a 2-cocycle of Leibniz
algebras. Furthermore, any f and g in Z?(B, A) belong to equivalent extensions if and
only if they differ by a 2-coboundary. Therefore, extensions of A by B are equivalent if
and only if they give rise to the same element of 5#?(B, A). Finally, the work of the current
chapter also guarantees that each element f € #%(B, A) gives rise to a central extension
0— A— L — B — 0 and section u such that f (i, j)= u(i)u(j)—ulij).

Similarly, 2-cocycle identities for other classes of algebras are the central simplifica-
tions of their specific factor system identities. The following table lists these identities for
each & algebra, as well as the total numbers @(#?) of noncentral factor system identi-
ties. By construction, each set of cocycle identities resembles the defining identities of the

corresponding & structure.
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Table 2.1 2-cocycles.

P @(2?) | 2-cocycle form 2-cocycle Identities
Associative 7 f flj,k)=f(,jk)
Leibniz 7 f fla,jk)=fGj, k)+f(j,ik)
Zinbiel 7 f fljk)=fG, jk)+ f(i, k)
Diassociative 35 (5 ) k)= fii,jFk)
Flikj, k)= fi(i, jAk)
fidj, k)= f(it j, k)
i, jrk)=f(Fj k)
Dendriform 21 (fo, f5) fli<j,k)=f[i,j<k)+f(i,j>k)
fi>j, k)= £, j<k)
f>(i < j’k)+f>(i > j’k):f>(irj> k)
Lie 3 f f(i,i)=0
Flajk)+f(jk, i)+ f(ki, j)=0
Commutative 4 f fG, j)=r>,1)
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CHAPTER

3

EXTENSIONS OF NILPOTENT ALGEBRAS

Recall that an extension 0 — A— L — B — 0 of & algebras is nilpotent if L is nilpotent
as a & algebra. In [22], the author proved a criterion for the nilpotency of certain related
extensions of Lie algebras. The objective of the present chapter is to develop analogues of
this criterion for the algebras of Loday, and thus for all seven algebras under consideration.
To this end, it suffices to prove the Leibniz and diassociative cases. In particular, the dendri-
form case of these results follows similarly to the diassociative case after replacing 4 and I-
by < and > respectively, as well as replacing Lemma 3.1.2 by the analogous Lemma 3.1.3. As
mentioned in the introduction, the main result of the current chapter is a direct application
of noncentral factor systems, and thus relies on Chapter 2. We begin by discussing notions

of nilpotency.

3.1 Nilpotency

There is a well-known sequence of ideals called the lower central series that is defined
recursively, for a Leibniz algebra L, by L° = L and L**! = LL* for k > 0. We note that the
product algebras LLF are usually denoted by bracket algebras [L, L¥] in the Lie case. A
Leibniz algebra is called nilpotent of class u, denoted nil L = u, if L =0 and L“! # 0 for
some u > 0. The following lemma holds via induction and repeated application of the
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Leibniz identity.
Lemma 3.1.1. Let L be a Leibniz algebra. Then L"L C LL" for alln.

For dialgebras, the definition of nilpotency is more involved. The following concepts
and notations concerning the nilpotency of diassociative algebras are taken from [14]. Let
A and B be subsets of a diassociative algebra D and recall the ideal A)B=A-1B+AF B
in D. There are notions of left, right, and general nilpotency for D that are based on the ¢

operator. We define three sequences of ideals in D:
i. DY =p, Dkt = poDY,
ii. D<®>=p, Dk*+1> = p<k>4p.
iii. D°=D, D¥'=D°D*+ D'OD*'+..-+ D*OD°,
A diassociative algebra D is called
i. left nilpotent if D'} =0,
ii. right nilpotent if D<"> =0,
iii. nilpotentif D*=0

for some u > 0. We say D is nilpotent of class u if D* =0 and D% # 0. The following lemma

from [14] is crucial for the diassociative case in this section.
Lemma 3.1.2. Let D be a diassociative algebra. For all k €N, D' = D<k> = D*,

The same definitions can be stated for dendriform algebras with the simple substitutions
of < and > for 4 and I- respectively. Let A and B be subsets of a dendriform algebra E. The
dendriform analogue of Lemma 3.1.2 was shown in [13], where the same three sequences
E®} E<k> and E* of ideals in E are defined based on AOB=A< B+ A> B.

Lemma 3.1.3. Let E be a dendriform algebra. For allk €N, E¥ = E<k> = E¥,

3.2 Leibniz Case

Consider a pair of nilpotent Leibniz algebras A and B and let 0 — A L L5 B—0bean
extension of A by B with section u : B— L. We first define two ways for B to act on A. Let
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¢ : B— Der(A) by p(i)m = o~ (u(i)o(m)) and ¢’ : B— L(A) by ¢/()m = o~ (a(m)p(i))
fori € B, m € A. Next, let

g : Der(A) — Der(A)/ad'(A),
q": %(A)— £(A)/ad’(A)

denote the natural projections and define a pair of maps (®,9") =(q ¢, g’ ¢’). We say that
the pair (¢, ') is a lift of (®,®’). Any two lifts (¢, ¢’) and (v, y’) of (®,®’) are thus related by

p(i)=y(i)+ad,,,
@'(i)=y’'(i)+ad],
for i € B, and some elements m;, m. € A that depend on i. Our first proposition develops

a criterion for when L is nilpotent that is based on the following recursive construction.
Define Ay=Aand A, =0 (0(A;)L + Lo (Ay)) for k > 0.

Proposition 3.2.1. Let B be a nilpotent Leibniz algebra of class s. Then L**$ C o(A,) C L*
forallk > 0. Hence L is nilpotent if and only if A, =0 for some k.

Proof. Since t: L — B is a homomorphism, one computes 7(L°) = B® =0, which implies
that LS Ckern = 0(A) = o(A,). Also, 0(A,) =0 (A) € L = L°. We therefore have a base case
LS Co(Ay) C L for k =0. Now suppose L"*S C o (A,) € L" for some n > 0. Then

Ln+1+s — LLn+s

CLo(A,) by induction
Co(A,)L+Lo(A,)

CL"L+LL" by induction
=LL"

— Ln+1

where g(A,))L+ Lo(A,) = 0(A,,,) and the equality * follows by Lemma 3.1.1. Thus L$** C
o(Ay) € L¥ for all k > 0 via induction. For the second statement, we first note that if L
is nilpotent, then o(4;) € L* = 0 for some k > 0. This means A; = 0 since o is injective.
Conversely, if A, =0 for some k >0, then o(A;) =0 and thus L¥+s =0. Hence L is nilpotent.

]

Again, let (¢, ¢’) be a lift of (¢, d’).
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Definition 12. An ideal N of A is (¢, ¢’)-invariant if p(i)n, ¢’(i)n € N for all i € B and
neNn.

Lemma 3.2.2. Let(p,¢’) and(y,y’) be lifts of (®,’). Then N is(p, ¢’)-invariant if and only
if N is(y,y’)-invariant.

Proof. Let i € B. Since we have two lifts of the same pair, they are related by

Y(i)= (i) +ad!, ,
¢'(i)= Spl(i)‘i‘ad:n;
for some m;, m; € A. In one direction, assume N is (¢, ¢’)-invariant. Then ¢(i)n, ¢’(i)n € N

for all n € N by definition. Also, m;n, nml’ € N for all n € N since N is an ideal. Thus
Y(i)n,yY'(i)n e N and so N is (1, y’)-invariant. The other direction is similar. O

Definition 13. Anideal N of A is B-invariant if N is (¢, ¢’)-invariant for some, and hence
all, lifts of (®,®’).

In particular, A itself is B-invariant since (i), ¢’(i) € Z(A) for all i € B. Consider a
B-invariant ideal N of A and let (¢, ¢’) be a lift of (®,®’). We define I'(NV, ¢, ¢’) to be the
B-invariant ideal of A generated by AN, NA, and {¢(i)n,¢'(i)n | i € B,n € N}. Then
I(N, ¢, ") € N and we reach the following lemma.

Lemma 3.2.3. If(p, ¢’) and (y,y’) are lifts of (®,9’), thenT(N, ¢, ¢')=T(N,y, ).

Proof. It again suffices to show one direction. First note that AN and N A are contained in
both sides of the equality by definition. For i € B and n € N, we know

Y'(in=9¢'(i)n+nm;

for some m;, m; € A. These expressions clearly fall in I'(N, ¢, ¢’) and therefore I'(N, ¢, ')
is contained in (N, ¢, ¢’). O
We now fix a lift (¢, ¢’) of (®,®’) and denote TN =T(NV, ¢, ¢’). Given B and A, as well as

maps

®: B— Der(A)/ad!(A),
@' : B— £(A)/ad’(A),
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and a B-invariant ideal N of A, define a descending sequence of B-invariant ideals I’ N of
N by[EN =N and I N =T(I2N) for k > 0.

Theorem 3.2.4. Consider the extension0— A— L— B — 0 and our pair of maps (®,®’). If
Ay=Aand Ay, =0 (0(A)L+ Lo(Ay)), then A, =TP A for all k > 0.

Proof. By Theorem 2.1.1, there exists a unique factor system (¢, ¢’, f) belonging to the
extension 0 — A — L — B — 0 and section u. By construction, ¢ and ¢’ are the maps
of our lift (¢, ¢’). By Theorem 2.1.2, there exists another extension 0 — A —L,—B—0
of A by B to which (¢, ¢’, f) belongs. Here, L, is the vector space A® B equipped with
multiplication (m,i)(n, j)=(mn+e(i)n+¢'(j)m+ f(i, j),ij), where f : Bx B— Aisa
bilinear form. Also t(m)=(m,0). Since (¢, ¢’, f) is equivalent to itself, the extensions are
equivalent, and thus there exists an isomorphism 7 : L — L, such that to =1.

We will now prove the statement via induction, first noting that the base case A, =
A =TPAholds trivially. Assume that A, = T®A for some n > 0. By definition, it suffices
to show the inclusion of generating elements for each side of the equality. Generating
elements of A,,.; have the forms o~!(o(m)x) and 0~} (xo(m)) for x € L and m € A.. Denote

17(x)=(m,,i,)€ L,. We compute

o Y om)x)=oc 't (ro(m)t(x))
=17 ((m,0)(my, i,))
= (mmy+¢'(i,)m,0)

=mmy,+¢'(i,)m
and

o Y (xo(m)=oc 17 (t(x)to(m))
=17 ((m,, i,)(m,0))
=" (mym+ (i, )m,0)

=m,m+ p(i,)m.

Since A, =T?A, one has m,m € A(T? A) and mm, € (I® A)A, which are both included in

I'5 Asincel’? Aisthe B-invariant ideal generated by (T*A)A, A(T®A), and

{o(i)m,¢'(i)m | meTPA,ieB}.
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Thus ¢’(i)m, ¢(i,)m €T?,  Aas well, and so A,,; CT?  A. Conversely, one computes

PA)A=0" (oPA)o(A) S o (0(A)L) S Ay
AP A)= 0™ (Ao (TP A) S0 (Lo(A,) € Ay,

Also, let i € Band m € TPA = A,. Then ¢(i)m = o~ '(u(i)o(m)) € A,,; and ¢’(i)m =
o~ Y(o(m)u(i)) € A, since u(i) € L. Therefore >, ACA,,,. O

Given B, A, ®: B— Der(A)/ad'(A), and & : B— £(A)/ad’(A), we define a new notion
of nilpotency for A.

Definition 14. A is B-nilpotent of class u, written nily A= u, if T’ A=0andI”? | A# 0 for
some u > 0.

The following two corollaries hold similarly to the Lie case. For their proofs, simply
replace Proposition 2.1 and Theorem 3.1 of [22] by the analogous Proposition 3.2.1 and
Theorem 3.2.4 of the present work. The subsequent theorem is the main result, which

follows from these corollaries and the same logic as the Lie proof.
Corollary 3.2.5. L is nilpotent if and only if B is nilpotent andT® A= 0 for some u>1.
Corollary 3.2.6. max(nilz A,nil B) < nil L < nilz A+ nil B.

Theorem 3.2.7. Let(p,¢’) and (y,y’) be lifts of (®,®’) corresponding to extensions0 — A —

L, ,n— B—0and0— A— L, ,)— B — 0 respectively. Then L, is nilpotent if and

®.9)
only if Ly is nilpotent.

3.3 Diassociative Case

Consider a pair of nilpotent diassociative algebras A and B and an extension 0 — A Z
L5 B—00ofA by B with section u : B— L. Throughout this subsection, we let x range
over -1 and |- for the sake of brevity. We consider four natural ways for B to act on A. Define
O Qs 07y 0t B— ZL(A) by @, (i)m = o (u(i)x o(m)) and ¢/ (i)m = o~ (o(m)« u(i)) for
ieB, meA.Let

g, £L(A)— £(A)/ad(4),
q.: L(A)— Z(A)/ad(A)

be the natural projections and define a tuple of maps ® =(®,,®,,®’,®/) by ®, = q,¢, and
@ = q/p.. We say that the tuple ¢ = (¢, ¢, ¢/, p/) is a lift of ®. Two lifts ¢ = (¢, ¢y, ¢, p[)
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and ¢ = (Y4, Y, 7,3} ) of ® are related by

(i) = (i) +ad!(m,)),

Yi(i)= (i) +ad;(m, )
for i € B, and some m,;, m;’i € A that depend on i. Finally, let A, = A and define A;,, =
o o(A)OL + LOo(A,)) for k> 0.

Proposition 3.3.1. Let B be a nilpotent diassociative algebra of class s. Then L**S C a(A;) C
L for all k > 0. Hence L is nilpotent if and only if A, =0 for some k.

Proof. As with the Leibniz case, the base case k = 0 follows by our definitions and the
properties of extensions. Suppose L"** C g(A,,) € L" for some n > 0. We recall that L" =

L<"> = L' by Lemma 3.1.2, and thereby compute

Ln+1+s _ L<n+1+s>

= L"OL

Co(A,)QL by induction
Co(A)OL+LOo(A,)

CL"™OL+ LOLM by induction
— Ln+1

where o(A,))0L+ LOo(A,)=0(A,,). Thus Ls** C o(A,) € L* for k > 0 via induction. The

second statement follows by the same logic as the Leibniz case. O
Once more, let ¢ = (-, v, p’, /) be alift of ®.

Definition 15. Anideal N of Ais p-invariant if ¢, (i)n, p/(i)n € N foralli€ B, n€ N.

Lemma 3.3.2. Let @ andy) be lifts of®. Then N is g -invariant ifand only if N is) -invariant.

Proof. Let i € B. Since ¢ = (¢4, i, ¢, ;) and Y = (Y, ., Y7, y]) are lifts of the same
tuple, they are related by

w*(l) = 80*(1) + adi(m*,i))
Yl(i)= p.(D)+ad](m!)

for some m, ;, m; ; € A. In one direction, suppose N is @-invariant. Then ¢ (i)n,y (ijJn € N
forall n € N since N is a p-invariant ideal in A. Therefore N is y-invariant. The converse

is similar. [
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Definition 16. Anideal N of Ais B-invariant if N is ¢-invariant for some, and hence all,
lifts of ®.

In particular, A is B-invariant since ¢,(i), ¢.(i) € £(A) for all i € B. Now let N be a B-
invariantideal in A and ¢ be alift of ®. We denote by I'(IV, ) the B-invariant ideal generated
by NH4A, NFA A4 N, AF N, and the set {¢.(i)n,¢.(i)n | i € B,n € N}. We thus have

['(N, ¢) € N as well as the following lemma.
Lemma 3.3.3. If ¢ andy are lifts of ®, thenT(N, ¢)=T(N, ).

Proof. Tt suffices to show that I'(\V,y) C T(N, ¢). We first note that N 1A, NF A, AN,
and A - N are contained in both sides by definition. Similarly to the Leibniz case, the
expressions for y,(i)n and y/(i)n are clearly contained inI'(N, p) foralli € Band n € N.

The converse holds without loss of generality. O

Fix a lift ¢ of ® and denote 'N =TI(N, ¢). Given B, A, ®, and a B-invariant ideal N
of A, define a descending sequence of B-invariant ideals I’ N of N by I’ N := N and

[ N :=TI(EN)for k>0.

Theorem 3.3.4. Consider0— A— L— B — 0 and let® be defined as above. If Ay = A and
App1 =0 (0(AOL+ LOO(AL)), then Ay =TP A for all k > 0.

Proof. Asin the Leibniz case, our work with factor systems in Chapter 2 yields an equivalent
extension 0 — A — L,— B—0.Let 7:L— L, be the equivalence. Here, L, is the vector
space A® B equipped with multiplications (m, i)x(n, j)=(msn+g,(i)n+@.(j)m+f.(i, ), i*
j), and ¢(m)=(m,0). Moreover, ¢, and ¢’ are the same maps as in our lift ¢ while f,and f
are the bilinear forms in some factor system of diassociative algebras.

The base case of this result is trivial since A, = A = I'’ A by definition. Now assume
A, = FfA for some n > 0. Also by definition, it suffices to show the inclusion of generat-
ing elements for each side of the equality. Generating elements in A,,,; have the forms
oY (o(m)xx)and o~} (x xo(m)) for m € A, and x € L. Denote 7(x) = (m,,i,) € L,. We

compute

o om)xx)=0c 't (to(m)*1(x))
=17 ((m, 0)%(m,, i,))

=msm,+¢.(i,)m
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and

o Y xxo(m)) =0t (r(x)xT0o(m))
=17 ((my, i,)*(m,0))

=m,xm+pi,)m.

Since A, =TP A, one has m, xm € Ax(I'®A) and m « m, € (T A)x A, which are included in
I8 Asincel’” Aisthe B-invariant ideal generated by (T*A)x A, A% (I'? A), and

. . B .
{p.(iYm, @ (i)m | meT; A,ieB}.
Thus (i, )m, p.(i,)m e FfHA as well. Therefore A,,,, € F,?HA. Conversely, one computes

PA)xA=0" oPA)xo(A) Co ™ (0(A)* L) S Ay,
Ax([TPA)=0""(0(A)*o(PA)Co (Lx0(A,) S Ay

Also, let i € Band m € l"fA = A,. Then ¢, (i)m = o~ (u(i)xo(m)) € A, and ¢/(i)m =
o~ Y(o(m)xu(i)) € A, since u(i) € L. ThereforeI'> ACA,,;. O

Definition 17. Given B, A, and the tuple ®, we say that A is B-nilpotent of class u, written
nilg A= u,ifTPA=0butT? A#0.

The following results hold similarly to the Lie and Leibniz cases. Here, nil L is used to

denote the nilpotency class of a diassociative algebra L.
Corollary 3.3.5. L is nilpotent if and only if B is nilpotent andT® A= 0 for some u>1.
Corollary 3.3.6. max(nilz A, nil B) <nil L <nilz A+nil B.

Theorem 3.3.7. Let ¢ and ) be lifts of (9., ®,, 9, ®]) corresponding to extensions0— A—
L,— B—0and0— A— L, — B — 0 respectively. Then L, is nilpotent if and only if L,
is nilpotent.

We now state the associative case as a corollary. Let A and B be associative algebras and
consider a pair of maps (®,9’) such that ®: B — £ (A)/ ad'(A) and @ : B — £(A)/ad’(A).
Let lifts (¢, ¢’) and (v, y’) of (®,9’) be defined similarly to the Leibniz case and consider
their corresponding extensions 0 — A — L, ,y— B—0and 0 — A— L, )y — B—0

respectively.

Corollary 3.3.8. L, . is nilpotent if and only if L, ;. is nilpotent.
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3.4 Examples

The first two examples demonstrate that extensions corresponding to lifts of the same tuple
need not have the same nilpotency class. We provide an example for the non-Lie Leibniz
case as well as for the diassociative case.

Example 3.4.1. Let A= (x, y,z) and B = (w) be abelian Leibniz algebras and consider two
extensions L; and L, of A by B. Let L, = (x, y, z, w) have nonzero multiplications given
by w* = x, wx = y,and wy = z. Then L} = (x,y,2), L} = (y,z), L} = (z), and L> =0,
making L, nilpotent of class 5. Now let L, = (x, y, z, w) have nonzero multiplications given
by wx =y and wy = z. Then L =(y, z), L} = (z), and L} = 0, making L, nilpotent of class
4. Observe that L, and L, correspond to lifts of the same tuple, yet have different nilpotency
classes. Indeed, A is abelian, and hence ad’(M) and ad” (M) are zero, making (®,9") = (p, ¢’)
for any lift of (®,®’). In this case, ®(w)x = p(w)x = y and ®(w)y = p(w)y = z for both. Also
®'(w)=0.

We would also like to compute A; and F,fA. Note that, since A*> = 0, one needs only
consider the actions of ¢ and ¢’ on A when computing I’ A. As predicted, A, =T} A for all
k. One has

Ay=A=TITA,

A =(y,z)=TA,
A, =(z) =T} A,
A;=0=T/A,

and A, =0=T/A otherwise.

Example 3.4.2. Now for a diassociative example. Let A= (x, y) and B = (u, v) be abelian
algebras and L, be an extension of A by B having nonzero multiplications u - u = x,
uFu=x+y,vdv=y,vFv=x+y,and vk u=x+y = ul v. This diassociative algebra
is a special case of the isomorphism type Dias, in Theorem 4.2 of [14]. One computes
Li =(x,y)and pr = 0; hence L,, is nilpotent of class 3. We also note that the action of B
on A is entirely zero, i.e. ¢ = ¢ = ¢/, = ¢/ =0. Moreover, A is again abelian, and hence all
lifts of the natural ® tuple are equal. To finish the point, the abelian extension L,, of A by B

corresponds to the same zero-lift, but has nilpotency class 2.

We conclude with an example in which A is nonabelian and hence the lifts are allowed
to vary by adjoint operators. In this example, however, our nilpotency classes turn out to be
the same. We note that the algebras in this case are both associative and Leibniz.
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Example 3.4.3. Let A=(x, y,z) and B = (w) be the associative algebras with only nonzero
multiplications x* = y* = z. Consider two extensions L, and L, of Aby B. Let L,
have nonzero multiplications given by x* = y* = xw = z, wx = —z and let L, have
nonzero multiplications given by x? = y? = z. These algebras are clearly nilpotent of class 3
since both have center (z) equal to their derived subalgebras. One computes ¢(w)x =—z,
¢'(w)x =z, and p(w)y = ¢'(w)y = p(w)z = ¢'(w)z = 0. Also Y(w) = Y’(w) = 0. Thus
o(w)= t/)(w)—adl(x) and ¢’'(w)=vy’(w)+ad’(x), and so we have lifts (¢, ¢’) and (y, ')
that vary by adjoint operators.
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CHAPTER

4

MULTIPLIERS AND COVERS OF LEIBNIZ
ALGEBRAS

Given a finite-dimensional Leibniz algebra L, the overarching objectives of this chapter
are to characterize M(L) by 2#?(L,F) and then to obtain criteria for when the center of a
cover maps onto the center of the algebra. We take our methodology from Chapters 3 and 4
of [1], in which the author developed the Lie case of these results. The work of the current
chapter relies! on the Leibniz version of the culminating result from the first chapter of [1],
as proven in [16]. This result guarantees the uniqueness of the cover, as well as characterizes
the multiplier in terms of a free presentation. We state it here as Theorem 4.0.1. As in the
Lie case, C(L) is used to denote the set of all pairs (/, A) such that A: ] — L is a surjective
homomorphism and ker A C J'NZ(J). An element (T, 7) € C(L) is called a universal element
in C(L)if, for any (J,A) € C(L), there exists a homomorphism 3 : T — J such that Aff = 7.

Theorem 4.0.1. Let L be a finite-dimensional Leibniz algebra and let0— R— F — L —0
be a free presentation of L. Let

R F F'NR
B=———— C=———— D=—
FR+RF FR+RF FR+RF

1The work of the present chapter also relies on the theory of factor systems. Specifically, the reader will
recall Section 2.4 on cohomology and its relation with extensions.
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Then

1. all covers of L are isomorphic and have the form C/E where E is the complement to D
inB,

2. the multiplier M(L) of L is D = B/E,

3. the universal elements in C(L) are the elements (K, A) where K is a cover of L.

4.1 Hochschild-Serre Spectral Sequence

Our first effort is to construct a five-term cohomological sequence that we refer to as the
Hochschild-Serre spectral sequence of low dimension. The sequence is pivotal to this
chapter. Let H be a central ideal of a Leibniz algebra L and

0—H—LLL/H—0

be the natural central extension with section u of . Let A be a central L-module.

Theorem 4.1.1. The sequence
0— Hom(L/H, A)% Hom(L, A) % Hom(H, A) 2% #2(L/H, A) 2% #2(L, A)

is exact.

Before proving exactness, we need to define the maps of this sequence and check
that they make sense. The first inflation map Inf, : Hom(L/H, A)— Hom(L, A) is defined
by Inf,(y) = y B for any homomorphism y : L/H — A. Next, the restriction mapping
Res : Hom(L, A) — Hom(H, A) is defined by Res(7t) = mt where ¢ : H — L is the inclusion
map. It is readily verified that Inf, and Res are well-defined and linear.

Third is the transgression map Tra: Hom(H,A) — s*(L/H,A). Let f : L/H x L/H —
H be defined by f(x,y) = u(x)u(y)— u(xy) and consider y € Hom(H, A). Then y f €
¥*(L/H,A)since y f(x,7z)— y f(xy,2)— x f(¥,xz) = y(0)=0forall x,y,z € L. If vis
another section of 3, let g(x,y) = »(x)»(y)— »(xy). Then f and g are cohomologous in
#*(L/H, H), which implies that there exists a linear transformation ¢ : L/H — H such
that f(x,y)—g(x,y)=—¢e(xy).Clearly ye: L/H — Ais also a linear transformation, and
therefore y f and y g are cohomologous in S#*(L/H, A). Letting

Tra(y)=y f,
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we have shown that Tra is well-defined. It is straightforward to verify that Tra is linear.
Finally, let Inf, : #*(L/H,A) — 2¢?(L, A) be defined by Inf,(f + B%(L/H,A)) = '+
B?(L,A), where f'(x,y)= f(B(x),B(y)) for x,y € L and f € Z*(L/H, A). It is straightfor-

ward to verify that Inf, is linear. To check that Inf, maps cocycles to cocycles, one computes

0=f(B(x), B(y)B(=)—f(B(x)B(y) B(2)—f(B(y), B(x)p(2))
:f/(xr yz)—f’(xy,z)—f’(y,xz)

for all x,y,z € L since f is a 2-cocycle. Hence f’ € Z?*(L, A). To check that Inf, maps
coboundaries to coboundaries, suppose f € %2(L/H, A). Then there exists a linear trans-
formation ¢: L/H — Asuch that f(x,y)=—¢(xy)for x,y € L. Note that f(x)=x+H =X
for any x € L. Therefore f'(x, y)= f(B(x), B(y)) =—eB(x y), yielding f’' € B*(L, A).

Proof. Once again, we are concerned with the central extension0— H — L i L/H—0,a
section u of B, and a central L-module A. One has f € Z*(L/H, H) for f(x, )= u(x)u(y)—
u(xy). To show exactness at Hom(L/H, A), it suffices to show that Inf; is injective. Suppose
Inf,(y)=0for y e Hom(L/H, A). Then y f(x)=0for all x € L, which means that y =0 since
p is surjective.

To prove exactness at Hom(L, A), first consider an element y € Hom(L/H, A). One
computes Res(Inf;(y))=Res(y )= y Bt =0since ¢ includes H into L and 3 sends elements
of H to zero in L/H. Thus Im(Inf;) C ker(Res). Conversely, consider an element y < ker(Res).
Then yt =0implies that H C ker(y ). By the fundamental theorem of homomorphisms, there
exists y € Hom(L/H, A) such that 78 = y. ButInf,(7)= 78 = y. Hence ker(Res) C Im(Inf;).

To show exactness at Hom(H, A), first consider a map y € Hom(L, A). Then

xF(xY) = xux)yuy)— xuxy)
=—xuxy)

by centrality, which implies that y f € 8%(L/H, A). Thus
Tra(Res(y))=Tra(yt) = )(Tf =0

and so Im(Res) C ker(Tra). Conversely, let 8§ € Hom(H, A) be such that Tra(6) = W =0.Then
0 f € B*(L/H, A) which implies that there exists a linear transformation ¢ : L/H — A such
that 0 f(x,y) = —¢e(xy). Let x = u(x)+ hy and y = u(y)+ h,. Then xy = u(xy)+hy, =
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u(x)u(y) implies that

O0(hyy) = 0(u(X)u(y)—uxy)=0f(x,y)=—e(xy). (4.1)

Now let o(x)=0(h,)+&(x). Since Imo C A, o(x)o(y)=0 by centrality. By (4.1), o(xy) =
0(h,,)+e(xy)=0.Hence o € Hom(L,A) and o(h)=6(h)+¢e(h+H)=0(h)forall h € H,
which means that Res(o) = 8 and thus ker(Tra) C Im(Res).

To show exactness at #*(L/H, A), first consider a map y € Hom(H, A). Then Tra(y)=
v f where, as before, f(X,7)=u(X)u(y)—u(xy)and y f € Z%(L/H, A). By definition of Inf,,

Infy(y f)=(x f

where (y f)(x,y) =y f(X,¥). We want to show that (y f) is a coboundary in (L, A). To
this end, we once again consider x = u(x)+ h, and y = u(y)+ h, with product xy =
uEUF) = WE) — hyy. Then y f(X,7) = 7 (u@uF) - u(x7) = z(h,,). Define e(x) =
—x(h,). Then ¢ : L — A and is linear. One computes &(xy) = —y(h,,) = —¢ f(x,y) =
—(x f)(x, y) which implies that (y ) € %%(L, A). Therefore

(xfy=0

and we have Im(Tra) C ker(Inf,). Conversely, suppose g € Z*(L/H, A) such that g € ker(Inf,).
Theng(x,y)=g'(x,y)=—¢e(x y)forsomelinear ¢ : L — A.Since ¢ islinear, & f € Z*(L/H, A).
As before, let x = u(x)+ h, € L with x y = u(x)u(y) the product of two such elements. Then

g'(x,y)=8x7)
=—e(u(x)u(y))
=—¢f(x,y)—eu(xy)

where eu: L/H — A. Thus g =—¢ f =—Tra(¢) which implies that ker(Inf,) € Im(Tra). O

4.2 Relation of Multipliers and Cohomology

The objective of this section is to prove that the multiplier M (L) of a finite-dimensional
Leibniz algebra L is isomorphic to the second cohomology group #?(L,F), where F is
considered as a central L-module.

Theorem 4.2.1. Let Z be a central ideal in L. Then L' N Z is isomorphic to the image of

Hom(Z,F) under the transgression map. In particular, if Tra is surjective, then L' N Z =
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(L) Z,F).

Proof. Let0— Z — L — L/Z — 0 be the natural exact sequence for a central ideal Z in L.
Then the sequence
Hom(L, F) X5 Hom(Z,F) % #%(L/Z, F)

is exact by Theorem 4.1.1. Let J denote the set of all homomorphisms y : Z — F such that y
can be extended to an element of Hom(L, F). Then J is precisely the image of the restriction
map in Hom(Z,F), which is equal to the kernel of the transgression map by exactness. This
means that Hom(Z,F)/J = Im(Tra) and thus it suffices to show that Hom(Z,F)/J = L'NnZ.
Consider the natural restriction homomorphism

Hom(Z,F) 2% Hom(L' N Z, F).

Since Z and L’ N Z are both abelian, Res, is surjective and Hom(L’' N Z,F) is the dual space

of L’N Z. Therefore
Hom(Z,F)

Keor(Ros) Hom(L'nZ,F)~L'nZ

and it remains to show that J = ker(Res,). For one direction, consider an element y € J with
extension 7 € Hom(L,F). Then L’ C ker § since F is abelian, which implies that L'NZ C
ker y. Thus y € ker(Res,) and we have J C ker(Res,). Conversely, let y € ker(Res,). Then

y € Hom(Z,F)is such that L'nNZ C ker y, which implies that y induces a homomorphism

;2 F
N —
L Tnz
defined by y’(z + (L' N Z))= y(z). Since
zZ JZ+L
nz L’
there exists a homomorphism
s Z+L
r F

defined by y”(z + L) = y'(z + (L' N Z)). But y” can be extended to a homomorphism
"+ L/L’—F thatis defined by y"”/(x+ L")= y”(x+ L’) for all x € Z. Since L/L’ is abelian,
x"" can be extended to a homomorphism 7 : L — F that is defined by g(x)= y”(x+ L’).
Therefore y € J and the first statement holds. The second statement holds since Tra maps
Hom(Z,F)to %L/ Z,TF). ]

Let L be a Leibniz algebra with free presentation 0 — R — F — L — 0. The induced
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sequence
R

— — —
FR+RF FR+RF

is a central extension since RF and FR are both contained in FR + RF. It is not unique,

0 L—0

but has the following property.

Lemma 4.2.2. [et0 — A— B 2, C — 0 be a central extension and a : L — C be a
homomorphism. Then there exists a homomorphism 3 : F /(FR+ RF)— B such that the
diagram

~
a
~
o

Figure 4.1 Showing (3.

is commutative, wherey is the restriction of f to R/(FR+ RF).

Proof. Since F is free, there exists a homomorphism o : F — B such that

h

L)

o

N

oy
@)

Figure 4.2 Showing ¢ o =aw.

is commutative. Let r € R C F. Then w(r) =0 since ker w = R. Therefore 0 = aw(r) = ¢ o(r)
and so o(R) C ker¢. We want to show that FR+ RF C kero. If x € F and r € R, then
o(xr)=o0(x)o(r)=0and o(rx) = o(r)o(x)=0since o(r) e ker¢p) = A C Z(B). Now o
induces a homomorphism f : F/(FR + RF)— B. The left diagram commutes since we
may take A— B to be the inclusion map. ]

Lemma 4.2.3. Let0 — R — F — L — 0 be a free presentation of L and let A be a central
L-module. Then the transgression map Tra: Hom(R/(FR + RF), A) — (L, A) associated
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with
R F ¢

0— — — L —0
FR+RF FR+RF

is surjective.

Proof. Consider g € #?*(L,A) andlet0 — A — E %, L — 0 be an associated central
extension. By Lemma 4.2.2, there exists a homomorphism 0 such that

R F ¢
0 ? FRIRF ? FRIRF » L > 0
\L}/ \Lg id
\ \ LN \
0 7 A 7 E 7 L 4 0

Figure 4.3 Invoking Lemma 4.2.2.

is commutative and y = 0|grr+rr)- Let u be a section of ¢. Then pOu=¢pu=id; and so
O is a section of ¢. Let A = O u and define B(x, y) = A(x)A(y)—A(xy). Then p € Z?(L, A)
and B is cohomologous with g since they are associated with the same extension. One
computes

B(x,y)=0(u(x))0(u(y)—0(u(xy))
= 0(u(x)u(y)—ulxy))
=r(p(x)uly)—ulxy))
=71(f(x,¥))

where f(x, y)=u(x)u(y)—pu(xy) and since y = 0|rr+rr)- Thus Tra(y) =yf=p=g. O
Lemma4.2.4. [fCCAandC C B, then A/CNB/C=(ANnB)/C.

Proof. Clearly (ANB)/C CA/CNB/C.Let x€ A/CNB/C.Then x =a+c, = b+ ¢, for
ac€A, beB,and ¢,c,€C.Since CC B,a=Db+ c¢,—c; € B, which implies that a € AN B.
Then x=a+ce€(AnB)/Candso A/CNB/C C(AnB)/C. O

Theorem 4.2.5. Let L be a Leibniz algebra over a field F and0— R — F — L — 0 be a free
presentation of L. Then
F'NR
FR+RF’
In particular, if L is finite-dimensional, then M(L) = #*(L,TF).

S?(L,F)=
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Proof. Denote

— R — F
R:— F:—
FR+RF FR+RF

Then 0 — R — F — L — 0 is a central extension. By Lemma 4.2.3, Tra : Hom(R,F) —
#¢?(L,T) is surjective. By Theorem 4.2.1,

F NR2#%F/R,F)2 2L, F).

By Lemma 4.2 .4,
— = F’ R F'NR
FR+RF FR+RF FRNRF

Therefore, when L is finite-dimensional,

F'NR

M(L)= ——
)= FR¥RF

~ #%(L,F)

by the characterization of M (L) from Theorem 4.0.1. ]

We conclude this section with the Leibniz analogue of a corollary that appears at the
end of Chapter 3 in [1].

Corollary 4.2.6. For any cover E of L and any subalgebra A of E satisfying
1. ACZ(E)NE’,
2. A2 M(L),
3. LEE/A,

the associated transgression map Tra: Hom(A,F) — M(L) is bijective.

Proof. First note that 0 — A — E — L — 0 is a central extension of L. Invoking the

Hochschild-Serre spectral sequence yields

Ilfz

0— Hom(L, F) 2 Hom(E, F) 2% Hom(4, F) 2% #2(L, F) 2% #2(E, F)

with Im(Res) = ker(Tra). Furthermore, any 8 € Hom(E, F) yields Res(8) € Hom(A, F). Now let
a € AC E’.Thena = e, e, for some e, e, € E which implies that Res(6(a)) = Res(0(e;)0(e,)) =
Res(0) = 0. Thus Im(Res) = 0, making ker(Tra) = 0, and so Tra injective. Since Hom(A,F) =
A= M(L), Tra is bijective. O
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4.3 Unicentral Leibniz Algebras

Let Z be a central ideal of a finite-dimensional Leibniz algebra L and let Z*(L) denote the
intesection of all w(Z(E)) such that 0 — kerw — E 5 L — 0 is a central extension of L. We
recall that a Leibniz algebra L is unicentral if Z(L)= Z*(L).

The objective of this section is to determine a set of equivalent conditions for when the
center of the cover maps onto the center of L. This result follows from a four-part theorem
that gives equivalent statements to Z € Z*(L). The first of these statements involves a new
map

6: 4L F)—L/L'®Z&ZQL/L

that extends our Hochschild-Serre spectral sequence. The second involves another map
B :M(L)— M(L/Z), called the natural map, that appears in the Ganea sequence.” In this
section, we will construct these sequences and then prove the equivalence of the following

statements:
1. 6 is the trivial map,
2. B isinjective,

3. M(L)= M2

4.3.1 More Sequences

To extend our Hochschild-Serre sequence, consider the natural central extension 0 — Z —
L — L/Z — 0. To define our 6 map, consider a cocycle f’ € Z?(L,F) and define two bilinear
forms f": L/L'xZ —Fand f,”: Zx L/L'"—F by

(x+L,2)=f(x,2),
(2, x+L")=f"(z,x)

for x € L and z € Z. To check that they are well-defined, one computes

flﬁ(xy +L/’Z) :f/(xy’ Z)
=f'(x,yz)—f(y,xz2)
=0

2The sequence was constructed for groups by Ganea in 1968 and for Lie algebras by Batten in 1993 [1].
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and

(z,xy+L)=f(z,xy)
=f'(x,zy)—f(xz,y)
=0

since z € Z(L). Hence (f”, f,;/))€BIil(L/L'x Z,F)®Bil(Z x L/L",F) = L/L'® Z&Z® L/L’. Now
consider a coboundary f’ € %2(L,F). By definition, there exists a linear map ¢ : L — I such
that f'(x, y) =—&(x y). One computes

f(x+L',z)=f'(x,2)=—¢(x2)=0,
f(z,x+L)=f"(z,x)=—¢(zx)=0

since z € Z(L). Hence, amap 6 : f'+ B*(L,F) — (f”, f,) is induced which is clearly linear
since f’, f;”, and f,” are all in vector spaces of bilinear forms and the latter two are defined

by f”.
Theorem 4.3.1. Let Z be a central ideal of a Leibniz algebra L. The sequence

AL Z,F) S L F) S L/ e ZeZo L)L

is exact.

Proof. Let f € Z*(L/Z,F). Then Inf(f + B?(L/Z,F))= '+ B*(L,F)where f’ is the cocycle
defined by f'(x,y)= f(x+Z,y + Z). We also have 6(f'+ B*(L,F))= (", f,”) where, for all
xe€elLandzeZ,

0,
0,

fl”(x+L/,Z)=f/(x,z)=f(x+Z,z+Z)
2z, x+L)=f'(z,x)=f(z+Z,x+ Z)

which implies that 6(Inf(f + B*(L/Z,F))) =(f,", f,;) = (0,0). Therefore Im(Inf) C ker .

Conversely, suppose f’ € Z*(L,F)is such that 6(f"+ B*(L,F))=(f", f,;’)=(0,0). Then,
forall x e L and z € Z, one has

0=f(x+L,2)=f'(x,2),
0=f/(z,x+L)=f'(z, x).
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Hence, for all z,z’ € Z and x, y € L, one computes

fx+z,y+2)=f'(x, )+ f(x+L,2)+ 1 (z,y+ L)+ f/'(z+ L, 2)
=f(x,y),
which yields a bilinearform g: L/Z xL/Z — T, definedby g(x+Z,y+Z) = f'(x, y), thatis

well-defined. Furthermore, g € Z%(L/Z,F) since f”is a cocycle. Thus Inf(g + B2(L/Z,F)) =
f'+ $B?(L,F) and so ker 6 € Im(Inf). O

Theorem 4.3.2. (Ganea Sequence) Let Z be a central ideal in a finite-dimensional Leibniz

algebra L. Then the sequence
L/I'®Z&Z®L/L' — M(L)— M(L/Z)— L'NZ —0

is exact.

Proof. Let F be a free Leibniz algebra such that L= F /R and Z = T /R for some ideals T
and R of F. Since Z € Z(L),onehas T/R C Z(F/R)and FT + TF C R. Inclusion maps
B:RNF'— TNF and$:TNF — T N(F +R) induce homomorphisms

RNF' p TNF , TN(F'+R)
— —
FR+RF FT+TF R

—

Since R C T, one has

TN(F'+R) (T+R)N(F'+R) _(TNF)+R
R h R a R
which implies that y is surjective. By Theorem 4.0.1,
~ RnF ~ TnF’
M(L)Z ———= and M(L/Z)E ——=.
FR+RF FT+TF

Also
F'+R AT ~(F'+R)NT

L'NnZZ(F/RYN(T/R)= - == -

Therefore, the sequence M(L/Z) L 1’nZ — 01is exact. Since

(TNF’)NR _ RNF’ q
FT+TF FT+TF

kery = mp,

the sequence M(L) 2, M(L/Z) L 1'nZ is exact.
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It remains to show that L/L'® Z& Z® L/L'— M(L) LN M(L/Z)is exact. Define a pair

of maps
F T RNF’ T F RNF’

R+F' "R FR+RF >R R+F  FR+RF

by 0,(f +(R+F’),t+R)=ft+(FR+RF)and 0,(t +R, f +(R+ F’))=t f+(FR+RF). Both
are bilinear because multiplication is bilinear. To check that 8, and 6, are well-defined,
suppose (f +(R+F'), t +R)=(f'"+(R+F’),t’+R)fort,t’e Tand f, f'e F.Thent—t'€R
and f — f’ € R+ F/ which impliesthat t =t'+rforreRand f = f'+ x for x e R+ F’. One

computes

1-

tf—t'f'='+r)f +x)—t'f’

=t'x+rf'+rx
and

fr—f't'=(f"+x)t'+r)—f't

=xt'+f'r+xr

which both fall in FR + RF by the Leibniz identity and the fact that FT + TF C R. Thus 6,
and 6, are well-defined, and so induce linear maps
— F T RNF’ — T F RNF’

0, : 8————  0,:—8 —
R+F' R FR+RF R R+ F/ FR+RF

These, in turn, yield a linear transformation

- F T T F RNF’
@—d—® —
R+F R R R+F FR+RF

defined by 0(a,b)=0,(a)+ 0,(b). The image of 6 is

FT+TF
FR+RF

which is precisely equal to {x +(FR+ RF)| x € RNF’, x € FT + TF}=kerf. Thus the

sequence

F T T F , , RNF" F'nT
—R—P—® ZL/L'®Z&ZQL/L' > ——=M(L)— ———=M(L/Z)
R+F R R R+F/ FR+RF FT+TF
is exact. O
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Corollary 4.3.3. (Stallings Sequence) Let Z be a central ideal of a Leibniz algebra L. Then

the sequence

M(L)—M(L)Z)—Z—L/L —

—0

Z+L

is exact.

Proof. Let F be a free Leibniz algebra such that L = F /R and Z = T /R for ideals T and R of
F.Then FT+ TF C R since Z C Z(L). The inclusion maps RNF'—-TNF'—T—F —F

induce the following sequence of homomorphisms:

RNF p TnNF’
— —
FR+RF FT+TF

a F w F Y
— — —0
R+ F/ T+ F’

T
R
To prove exactness for our desired sequence, we make use of the following facts:
~ RNF’
L. M(L)= 7577

2. M(L/Z)= 208

3. Z=ZT/R,
F ~
4. 77 = L/L,
5, F __F o~ (F/R)/(T+F'+R) ~ F/R ~ L
* THF’ — T+F+R — R = T/R+(F'+R)/R — Z+L'"

Thus do the following equalities suffice for this proof:

i. ker@ ={x+(FT+TF)|xeTNF/, xeR}=10E0k - R0l —1mp,

ii. kera={x+R|xeT, xe(R+F)}= T”(ffp/) = RH;”F/) =Im@,

iii. kerw={x+(R+F)|x€eF xe(T+F)}=00 _T+0 _1m g,

iv. keryz % =Imow.

4.3.2 The Main Result

The following pair of lemmas shows that our first three conditions are equivalent.

Lemma4.3.4. Let Z be a central ideal of a finite-dimensional Leibniz algebra L and consider
the map
60:M(L)—L/L'®Z&Z®LJL
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from Theorem 4.3.1. Then

ifand only if & is the trivial map. Here, we have identitfied L' N Z with its image in M(L/Z).
Proof. We invoke Theorems 4.1.1 and 4.3.1, yielding an exact sequence

Inf,

Hom(L/Z,F) 2% Hom(L, F) % Hom(Z, F) 22 M(L/2) 2% ML) S L/ e Ze Z e L/ L.

In one direction, suppose 0 is the zero map. Then M (L) = ker 6 = Im(Inf,). Since

M(L/Z)

Im(Inf,) = ———
m(Int,) ker(Inf,)
and ker(Inf,) =Im(Tra) = L’ N Z by Theorem 4.2.1, we have

M(L/Z
Mz MEZ)
Lnz

Conversely, the isomorphism

M(L/Z) , M(L/Z)
L'0nZ  ker(Inf,)

12

M(L)

= Im(Inf,) = kero

implies that ¢ is trivial. O

Lemma4.3.5. Let Z be a central ideal of a finite-dimensional Leibniz algebra L and consider
the natural map 3 : M(L)— M(L/Z) from Theorem 4.3.2. Then

if and only if B is injective.

Proof. By Theorem 4.3.2, the sequence M(L) LA M(L/Z)5 L'nZ 2 0is exact. Suppose 3

is injective. Then ker =0, which implies that

M(L/Z) M(L/Z)  M(L/Z)

M(L)=ZImpf =kera =

Ima  kerw =~ L/'NZ°
Conversely, the isomorphism
M(L/Z
M(L)= (L/ )élmﬁ
L'nz
implies that 3 is injective. ]
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Once more, our objective is to find conditions for when w(Z(E))= Z(L), where E is the
cover of L and 0 — kerw — E — L — 0 is a central extension. Such an extension is called
a stem extension, i.e. a central extension 0— A— B — C — 0 in which A C B’. To this end,
we will show that the preceding three conditions are equivalent to Z € Z*(L) for a general
central ideal Z in L. The special case of Z = Z(L) will lead to our main result.

Consider the free presentation 0 — R — F =, L—0 of L and let X denote the quotient
algebra FRXW for any X such that FR+ RF C X C F.Since R=kertand FR+RFCR,
induces a homomorphism 7 : F — L such that the diagram

L)L
A

Figure 4.4 Induced 7.

T — T

commutes. Since R C Z(F), there exists a complement 1777 10 parer in 77ap7 yielding

the diagram

R
FR+RF
s RNF’
FR+RF FR+RF
0

Figure 4.5 Complement S in R.

Here, S C R Ckerm and S C R Cker7, and thus 7 induces a homomorphism 75 : F /S — L
such that the extension0— R/S — F/S X% L — 0 s central. This extension is stem since

R/S= 0L = kermg implies that F /S is a cover of L.

Lemma 4.3.6. For every free presentation 0 — R — F S L—0 of L and every central

extension 0 — ker w — E ~ L — 0, one has T(Z(F)) € w(Z(E)).
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Proof. Since the identity map id : L — L is a homomorphism, we can invoke Lemma 4.2.2,
yielding a homomorphism S : F — E such that the diagram

0 ’ FRfRF ’ FRiRF — L > 0
Lok b
0 —— kerw s E —“ > L s 0

Figure 4.6 Invoking Lemma 4.2.2 again.

is commutative (where y is the restriction of 8 to R).

Let A=ker w. Our first claim is that £ = A+ f3 (F).Indeed, let e € E. Then w(e)= 7(f) for
some f € F, and so w(e) = wp(f) by diagram commutativity. This implies that e — 8(f) €
ker w = A, meaning e — (f) = a for some a € A. Thus e = a + B(f).

Our second claim is that (Z (F)) centralizes both A and /3(?). To see this, one first
computes B(Z(F)B(F) = B(Z(F)F) = B(0) = 0 and B(FB(Z(F) = BFZ(F)) = p(0) =
Next, we know that AE and E A are both zero, and so AB(Z(F)) and B(Z(F))A are zero as
well. But thlS 1rnp11es that g(Z (F)) centralizes E by the first claim. Hence (Z(F)) (F)) S Z(E)
and wpB(Z(F)) € w(Z(E)), which yields 77(Z(F)) € w(Z(E)). O

Theorem 4.3.7. For every free presentation0) — R — F S L—0 of L and every stem
extension 0 — ker w — E — L — 0, one has Z*(L) =T(Z(F)) = w(Z(E)).

Proof. By Lemma 4.3.6, T(Z (F)) is contained in w/(Z(E")) for every central extension
0—kerew — E' 5L —0

of L. Thus 7(Z(F)) € w(Z(E)) for our stem extension. We also know that Z*(L) is the in-
tersection of all images «’(Z(E’)), and that 7T(Z(F)) is one of these images since 0 — R —
F 5 L — 01s central. Therefore 7(Z(F)) = Z*(L). Since this equality holds for all F, we
can assume that 0 — R/S — F/S I I — 0 is a stem extension where S is defined as
above. Since the cover F/S is unique up to isomorphism, it now suffices to show that
ns(Z(F/S))=T(Z(F)).

Let T be the inverse image of Z(F /S) in F and consider the commutative diagram
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Figure 4.7 Showing 73 = 1,71;.

where all mappings are the natural ones. Then T = 7t,(T) by definition and
mo(T) = m,m\(T) = 5(T) = Z(F/S),

yielding the diagram

= Z(F/S)

T
ﬂll
U
T
Figure 4.8 Restrictions of 73 = 757, .

where all maps denote their restrictions. Now let x € Z(F). Then 7,(x) € Z(F/S), which
implies that there exists y € T such that 75(y) = m,(x). The resulting equality m,7,(y) =
m,(x) yields an element 7,(y)— x € kerm, = S C T, where S C T since S C T. Therefore
x € T and Z(F) C T. For the reverse inclusion, we first note that T/S = Z(F/S), and so
FT+TFCS. Thus FT+TF CS.Also FT+TF CRsinceSCRand FT+TFE CF by
definition. Hence FT+TF € SN(RNF )= 0 which implies that T € Z(F) and thus T = Z(F).
Hence, the commutative diagram
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Figure 4.9 Showing 7, 7, and 7g.

yields the equality 7T(Z(F)) = 7(T) = ng(T/S) = mg(Z(F /S)) by the definition of T. O

Lemma4.3.8. Let Z be a central ideal of a finite-dimensional Leibniz algebra L and consider
themap p: M(L)— M(L/Z) from Theorem 4.3.2. Then Z C Z*(L) ifand only if B is injective.

Proof. Inthe proof of the Ganea sequence, we saw that ker 8 can be interpretedas FT+TF.
If B is injective, then F T + T F =0, which implies that T € Z(F). By the proof of Theorem
4.3.7, Z C Z*(L). Conversely, if Z C Z*(L), then T C Z(F), which implies that FT + TF =0.
Thus ker f =0 and S is injective. O

Theorem 4.3.9. Let Z be a central ideal of a finite-dimensional Leibniz algebra L and
6:M(L—L/L'®Ze&Z®L/L’

be as in Theorem 4.3.1. Then the following are equivalent:

1. 0 is the trivial map,

2. the natural map B is injective,
3. M(L)= M2,

4. Z CZ*(L).

We conclude this chapter by narrowing our focus to when the conditions of Theorem
4.3.9 hold for Z = Z(L). Under this assumption, we show that the center of the cover maps
onto the center of the algebra, which happens when L is unicentral.

Theorem 4.3.10. Let L be a Leibniz algebra and Z (L) be the center of L. If Z(L) € Z*(L), then

w(Z(E))=Z(L) for every stem extension 0 — kerw — E = L—0.

Proof. By definition, Z*(L) € w(Z(E)) € Z(L) for any stem extension 0 — kerw — E Sal
L — 0. By hypothesis, Z(L) € Z*(L). Therefore Z*(L) = w(Z(E))=Z(L). O
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CHAPTER

5

MULTIPLIERS AND COVERS OF
DIASSOCIATIVE ALGEBRAS

Let L be a finite-dimensional diassociative algebra. In this chapter, we first prove the
uniqueness of the cover and obtain a characterization of the multiplier M (L) in terms
of a free presentation. We then characterize the multiplier by the second cohomology
group ¢2(L,T). Finally, we establish a diassociative analogue of the four-part equivalence
theorem from Chapter 4, and obtain conditions for when the center of the cover maps onto
the center of L. Some of the results hold by the same logic as their Lie or Leibniz versions,
and so we will sometimes refer to those proofs rather than rewriting them. As before, we
use AQB to denote the algebra A4 B+ AF B.

5.1 Existence of Universal Elements and Unique Covers

This section follows the methodology of Chapter 1 in [1], that was generalized to Leibniz
algebras in [16]. Our initial dimension bounds are notably different from the Lie and Leibniz

cases, as there are simply more possible multiplications for which to account.

Lemma 5.1.1. For any diassociative algebra K , if dim(K /Z(K)) = n, then dim(K’) < 2n?.
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Proof. Let {X;,X,,...,X,} be a basis for K/Z(K). Then {x; 4 x;,x; - x; |1<i,j<n}isa
generating set for K’. Thus dim(K’) < 2n?. O

Lemma 5.1.2. Let L be a finite-dimensional diassociative algebra with dim L = n and let K
be the first term in a defining pair for L. Thendim K < n(2n+1).

Proof. We know that dim(K/Z(K)) < dim(K/M)=dim L = n since M C Z(K). Therefore,
dimM < dim(K’) < 2n? via Lemma 5.1.1 since M C K’. We thus have dimK = dim L +
dimM <n+2n?>=n(2n+1). O

These facts ensure that the members of any defining pair for a finite-dimensional
diassociative algebra L have bounded dimension. Example 5.1.3 illustrates that the highest

possible dimension bounds of Lemmas 5.1.1 and 5.1.2 can always be obtained.

Example 5.1.3. Let L be the n-dimensional abelian diassociative algebra with basis

{m;;,sij}i j=1,..- Let K denote the vector space M & L with only nonzero multiplications
givenby x; 4 x; =m;;and x; - x; =s;; for i, j =1,...,n. Then K is a diassociative algebra of
dimension n+2n?and M = Z(K)= K’. Clearly K is a cover of L and M is the multiplier since

we have maximal possible dimension. Noting that L = K /Z(K), we also obtain dim K’ =2n?.

Let C(L) denote the set of all pairs (/,A) such that A : ] — L is a surjective homomor-
phism and ker A C J'NZ(J). An element (T, 7)€ C(L) is called a universal element in C(L)
if, for any (J, A) € C(L), there exists a homomorphism f : T — J such that the diagram

L
B

;>
A

Figure 5.1 Showing A = 7.

—

commutes, i.e. such that Aff = 7.

Defining pairs for L correspond to elements of C(L) in a natural way. Indeed, any
(K,A) € C(L) gives rise to a defining pair (K, ker A). Conversely, any defining pair (K, M)
yields a surjective homomorphism A : K — L such thatkerA =M € Z(K)N K’, and thus
(K,A)e C(L). We will show that a pair (7, 7) € C(L) is a universal element if and only if T is

a Cover.
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Lemma5.1.4. Let K be a finite dimensional diassociative algebra. Then Z(K)N K’ is con-

tained in every maximal subalgebra of K .

Proof. Let M be a maximal subalgebra of K and let A= Z(K)N K’. Then A+ M is also
subalgebra of K, which implies that A+ M = K or M. Suppose A+ M = K. Then

K'=K4K+KFK
=AQ0A+AOM + MOA+ MOM
=MAM+MFM
=M'CM.
Therefore Z(K)N K’ € M, a contradiction. O

Lemma5.1.5. Let(J,A)e C(L) andu : K — L be a surjective homomorphism. Suppose there
is a homomorphism 5 : K — ] such that the diagram

LN
A

Figure 5.2 Showing A3 = u.

=

L
B

——

commutes, i.e. such that A = u. Then [ is surjective.

Proof. Let j € J and A(j) = u(k) for some k € K. Then the equality u(k) = AB(k) = A(j)
yields an element (k)— j € ker A and so J =ker A +Im 3. By assumption, kerA € Z(J)N J’,
where Z(J)N J’ is contained in every maximal subalgebra of J by Lemma 5.1.4. Suppose
that Im 8 # J. Then Im f is contained in some maximal subalgebra M of ] that is not equal
to J,and so Imf +(Z(J)Nn J’) € M. But this implies that M = J, a contradiction. Thus
Imp=]. ]

Suppose there is an element (K, n) € C(L) such that, for all (J,A) € C(L), there exists
a homomorphism p : K — ] that satisfies Ap = . Then Lemma 5.1.5 implies that p is
surjective, and so dim J/ < dim K. Hence K is a cover of L since its dimension is maximal.
Moreover, any other cover of L has the same dimension as K and is the homomorphic
image of K, and so must be isomorphic to K. We have thus shown the following statement.
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Lemma 5.1.6. If there exists a universal element (K,n) € C(L), then all covers of L are

isomorphic.

It remains to show that universal elements exist in the diassociative setting. We begin

by fixing a free presentation0— R — F 5 L—0o0f Land assigning

. R co F be F'NR
"~ FOR+ROF ~ FOR+ROF " FOR+ROF

for ease of notation. Then COB + B{OC =0 and D is a central ideal in C. Thus 7 induces a

homomorphism 7t : C — L with kernel B. We will show that there is a central ideal

N

E=——F—"—
FOR+ROF

of C, complementary to D in B, such that (C/E, g) € C(L)is a universal element, where 7t
is induced by 7. Consider (/, A) € C(L). By the universal property of our free diassociative

algebra F, there exists a homomorphism o : F — J such that the diagram

iy

NI

~

Figure 5.3 Showing 7= Ao

commutes, i.e. such that 7 = Ao, as seen in the Lie and Leibniz cases. The following lemma

yields a commutative diagram

a

N

~

Figure 5.4 Showing 7 = Ao

where ¢ is induced by o.
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Lemma 5.1.7. Let x € F. Then x € R ifand only ifo(x) € ker A. Also, FOR+ ROF Ckero,

and thus o induces a homomorphism o : C — ] which is surjective and satisfies A\o =Tt.

Proof. Let x € F. If x € R, then x € ker 7, which implies that 0 = 7(x) = Ag(x). Therefore
o(x)e€kerA. Conversely, if o(x) € ker A, then 0 = Ao (x) = 7t(x), which implies that x is an
element of kert = R. Now consider r 1 f € FOR+ ROF. Theno(r 4 f)=0o(r)4o(f)=0
since o(r)ekerAC Z(J)nJ' and o(f)€ J. Thecasesof r+ f, f 4 r,and f F r are similar,
and so we have our homomorphism ¢ : C — J, induced by o, which is surjective since o

is surjective. One computes

AT (f+(FOR+ROF))=Ao(f)

=7(f)
=7(f +(FOR+ ROF))

and thus Ao =T. O
Lemma 5.1.8. o(B)=kerA=a(D), from which it follows B= D +kerc.

Proof. Thislemma combines the results of Lemmas 1.7, 1.8, and 1.9 in [1], which follow

similarly to the Lie case. O

Lemma 5.1.9. (C/E, B/E) is a defining pair for L, where E is a central ideal in C that is

complementary to D in B.

Proof. We first compute

C/E
———=C/B=F/R=L
B/E / /

and thus the first axiom of defining pairs is satisfied. Next, we know that B € Z(C), and so

B/E € Z(C/E).

Finally,
_ F'NR c F’ g( F )/: ,
FOR+ROF ~— FOR+ROF \‘FQR+ROQF
implies that Dol 4B
~ @ /+ ~ /
B/EZ= E - I =(C/E).
Therefore B/E C Z(C/E)N(C/EY. ]

Lemma 5.1.8 allows us to choose a subspace E, complementary to D in B, which is
contaied in kero. Thus, given an element (J,A) € C(L), our ¢ induces a homomorphism
os: C/E — ] such that the diagram
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Ts

C/E —

| A

J

L

Figure 5.5 Showing Ao g = 7.

commutes, i.e. such that Ao g = 5. Furthermore, by Lemma 5.1.9, (C/E, B/E) is a defin-
ing pair for L. Specializing this discussion to when ] is a cover of L, we now prove that
C/E is a cover and thereby obtain a characterization of the multiplier in terms of the free

presentation.

Lemma 5.1.10. Given a cover K of L, the corresponding C/E is also a cover of L and the
multiplier of L is

F'NR
" FOR+ROF’
Proof. If K is a cover of L, then dimK > dim(C/E) since C/E is the first member of a
defining pair for L. Since K is the homomorphic image of C/E, we also have dimK <
dim(C/E) and thus dim K = dim(C/E). This means C/E is a cover of L. Finally, since
C/B=Land

M(L)

B/E= F'NR
~ FOR+ROF’
we have the desired expression for M(L). O

Since E Ckero, E necessarily depends on ¢ and thus on J. As in [16] and [1], we will
show that there is a single C/E which works for all (/,A) € C(L), i.e. a universal element
of the form (C/E, tg) € C(L). It suffices to show that all C/E’s are isomorphic. To this end,
we first state the following cancellation lemma, which holds by the same logic as its Lie

analogue. We will then specialize F so that said lemma can be applied.
Lemma5.1.11. Let L=B® D =B, D,. If B= B, and B is finite-dimensional, then D = D,.

Denote n = dim L. Noting that L is the homomorphic image of F, let F be generated by

n elements. Then
R _F'+R

F'NR_ F/
where F /F’ is abelian and generated by n elements, and thus E is finite dimensional. Next,

EXB/DY CF/F

consider (/,A) € C(L). As above, one obtains a central ideal E; in C, complementary to D

in B, and a homomorphism o : C — J such that E; Ckero and Ao =7. Since EN C’ and
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E, N C’ are both zero, we may extend D in two different ways. First, extend D to a space G
such that C = E ® G. Second, extend D to a space G, such that C = E; ® G;. Since both E
and E, have the same finite dimension and are abelian, we know E = E;. By Lemma 5.1.11,
G=G,.Thus C/E=C/E,.

In conclusion, we have shown that, given a free presentation 0 — R — F 5 L—0
and any (J,A) € C(L), one can choose a subspace E in C and induce a homomorphism
os: C/E — ] such that Ao = 7g. By Lemma 5.1.5, 0 is surjective. Thus (C/E, ntg) is a
universal element of C(L) and C/E is a cover of L. Furthermore, each cover K of L is the
homomorphicimage of C/E and has the same dimension, and so every cover is isomorphic
to C/E. Finally, for any (J,A) € C(L) and a cover K of L, there exists a homomorphism
B : K — J such that A =7, where (K, 7)€ C(L). Thus, K is a cover of L if and only if (K, 7)
is a universal element in C(L).

Theorem 5.1.12. Let L be a finite-dimensional diassociative algebra and let0— R — F —
L — 0 be a free presentation of L. Let

B R co F be F'NR
"~ FOR+ROF ~ FOR+ROF ~ FOR+ROF

Then

1. all covers of L are isomorphic and have the form C/E where E is the complement to D
in B,

2. the multiplier M(L) of L is D = B/E,

3. the universal elements in C(L) are the elements (K, A) where K is a cover of L.

5.2 Diassociative Cohomology

Given a pair of diassociative algebras A and B, consider a central extension 0 — A —
L — B — 0 of A by B and section u : B — L. Define a pair of bilinear forms (f;, f.) by
) =p@)Au(j)—u(i4j)and f(i, j)=u(@)Fu(j)—u(i F j) for i, j € B. By our work on
factor systems, (f3, f) is a 2-cocycle of diassociative algebras, meaning that these maps
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satisfy the 2-cocycle identities

A, jk)=fG,jFk) C1
fAliEjk)=f(,j1k) C2
fridj,k)=f(i+j k) C3
f,jAk)=fGi-4j,k) C4
fili,jEk)=f(i+j, k) C5

for all i, j, k € B. We note that a 2-cocycle (f}, f) is a 2-coboundary if there exists a linear
transformation ¢ : B— A such that f4(i, j)=—¢&(i 1 j) and f.(i, j)=—¢(i I j). Furthermore,
any elements (f, f.) and (g5, g) in Z?(B, A) belong to equivalent extensions if and only
if their corresponding bilinear forms differ by a coboundary, i.e. if there is a linear map
€ : B — Asuch that fi(i,j)—g4y(i,j) = —€(i 4 j) and f.(i, j)—g-(i, j) = —¢(i I j) for all
i, j € B. Therefore, extensions of A by B are equivalent if and only if they give rise to the
same element of 5#2(B, A). The work of Chapter 2 guarantees that each element

(fy fL) € #%(B, A)

gives rise to a central extension 0 — A — L — B — 0 with section u such that fi(i, j) =
p(i) A u(j)—p@ - j)and f(i, j)=p@) Fulj)—ui F j).

5.3 Hochschild-Serre Spectral Sequence

The remainder of this chapter relies on the exactness of the following Hochschild-Serre
type spectral sequence of low dimension. Let H be a central ideal of a diassociative algebra

L and consider the natural central extension
0—H— L5 L/H—0

with section u of §. Let A be a central L-module.

Theorem 5.3.1. The sequence

Inf; Tra Inf,

0— Hom(L/H, A) I, Hom(L, A)~= Hom(H, A) =5 #%(L/H, A)— #*(L, A)

is exact.

We first define the maps in the sequence and verify that they make sense. For any
homomorphism y : L/H — A, define Inf, : Hom(L/H,A) — Hom(L, A) by Inf,(y) = yB.
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Next, for 1 € Hom(L, A), define Res : Hom(L, A) — Hom(H, A) by Res(n) = tt, wheret : H —
L is the inclusion map. It is readily verified that Inf, and Res are well-defined and linear. To
define the transgression map, let f;: L/H x L/H — H and f. : L/H x L/H — H be defined
by £, 7) = u(®) 1 pF)—u(F 47) and £.(%,7) = u(X)+ u(7)—u(T - ) for x, y € L. Consider
y €Hom(H, A). Then (y f3, y f.) € Z*(L/H, A) since y is a homomorphism. Given another
section v of 3, define a pair (g5, g-) of bilinear forms by g,(x,y)= v(x)4 »(y)— v(x 47y) and
g(x,y)=v(x)F v(y)—v(x+y)for x,y € L. Then (f}, f.) and (g, g&-) are cohomologous in
#¢?(L/H, H), which implies that there exists a linear transformation ¢ : L/H — H such that
f(x,y)—g4x,y)=—e(xdy)and f(x,y)—g-(x,y)=—e(x F7y). Therefore, ye: L/H— A
is a linear map by which (y f3, y ) and (y g4, y g-) differ. In other words, (y f, ¥ f-) and
(x &+ x &) are cohomologous in 2#?(L/H, A), and so we define

Tra(y)=(x f5 x F)-

It is straightforward to verify that Tra is linear.
Finally, we define the second inflation map Inf, : 2#%(L/H, A)— *(L, A) by

Infy((fy f2)+ B*(L/H, A) = (f], £) + B*(L, A)

where f(x,y) = fi(B(x),B(y) and f/(x,y) = £(B(x), B(y)) for (f,, ) € ZXL/H,A) and
x,y € L. Itis straightforward to verify that Inf, is linear. To check that Inf, maps cocycles to

cocycles, we first compute

forall x, y, z € L, which holds since (f}, f-)isa2-cocycle. Thus, ( j:’ , ﬁ’) satisfies the first axiom
of 2-cocycles. The other axioms hold by similar computations, and hence (f3, f/) € Z 2(L, A).
To check that Inf, maps coboundaries to coboundaries, suppose (f}, f.) € B%(L/H, A).
Then there is a linear transformation ¢ : L/H — A such that fi(x,y) = —&(x 1y) and
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fi(x,y)=—e(xFy)forall x,y € L. Here, B(x)=x+ H =X for any x € L. One has

fix, y)= f(B(x), B(¥))
—&(B(x)4B(y))
=—¢f(x-y)

and, similarly, £'(x,y)=—¢B(x + y). Therefore (f7, f') € B*(L, A).

Proof. Given our section y of0 — H — L L, L/H — 0, let (f, f.) € Z*(L/H, H) be the
cocycle defined by (%, 7) = u(®) 4 u(7) — u(x 17) and £(%,7) = p@) F u7)— u(x - 7)
for x, y € L. We first note that Inf; is injective by the same logic as the Leibniz case. Thus
the sequence is exact at Hom(L/H, A). Exactness at Hom(L, A) also follows similarly to the
Leibniz case.

For exactness at Hom(H, A), first consider a homomorphism y € Hom(L, A). Then

xHY)=yuX) A yuy)—yux4y)
=—yu(x-y)

and, similarly, y f.(x,y) =—yu(x F ). This implies that (y £, ¥ f.) € B*(L/H, A). Thus

Tra(Res(y))=Tra(yt)=(ytfy ytf)=0

and so Im(Res) C ker(Tra). Conversely, suppose there exists a homomorphism 8 : H — A
such that
Tra(0)=(0f,0f)=0,

i.e.suchthat (0 f,, 0 f.) € B2(L/H, A). Then there exists a linear transformation&: L/H — A
such that 0 f4(x,y)=—¢(Xx 4y) and 0 f.(x,y) =—&(x Fy). For any x, y € L, we know that
x =u(x)+ h, and y = u(y)+ h, for some h,, h, € H. Thus, x 4y = u(x 4y) + h,q, = u(x) -
u(y)and x Fy =u(x =y)+ hy, = u(x) F u(y), which implies that

O(hyy) = 0(u(x) A u(y)—pulx 1y) =0 fi(x,

) 5.1)
O(hyy) = 0(u(x)F u(y)—pu(x-y) =0 fi(x,y) X '

Define a linear map o : L — Aby o(x) = 0(h,)+ ¢(x). Then o(x) 1o(y)=0and o(x) -
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o(y)=0since Imo C A. By (5.1),

o(x _|J/)= H(hx—iy)+£(x _|y):0;
o(xtFy)=0(hy,)+e(xty)=0.

Thus, o is a homomorphism. Moreover, o(h) = 8(h)+ ¢(h) = 6(h) for all h € H, which
implies that Res(o) = 6. Hence, ker(Tra) € Im(Res) and ker(Tra) = Im(Res).
For exactness at #°*(L/H, A), first consider a map y € Hom(H, A). Then

Tra(y)=(x fo x f)+ B*(L/H, A)
where (y fi, ¥ fi) € Z*(L/H, A). One computes
Infy((y fi, x )+ B*L/H, A) = (1 £, (2 f))+ B*L, A)

where

))
)

), y)=xfixy
), y)=xfixy

for x,y € L. To show that Im(Tra) C ker(Inf,), we need to find a linear transformation
€:L— Asuchthat (y f)(x,y)=—¢e(xdy)and (y f.)(x,y)=—¢e(x F y). Let x = u(x)+ h,
and y = u(y)+ h,. Again, the equalities x 1y = u(x 4y)+ h,y, =u(x)du(y)and x F y =
ux Ey)+ hyy = p(x) Fu(y) yield

1Y) = (X Ay —u(x AY) = y (),
1Y) =y (wx Y —u(x Fy))= g (A y).

Define ¢(x)=—y(h,). Then ¢ is linear and
e(xAy)=—x(heyy) =1 fi(x,7)=—(x [ (x,¥),
e(xty)=—x(hy,))=—x f(x,7)=—(x £)(x, ).

This implies that (¥ f1),(x f.)) € B*(L, A), and hence Im(Tra) C ker(Inf,).
Conversely, suppose (g, g.) € Z*(L/H, A) is such that

(8, 8+) € ker(Inf).
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Then there exists a linear transformation ¢ : L — A such that g,(x,y)=g/(x,y)=—&(x 1y)
and g (x,y)=g/(x,y)=—¢(xF y)forall x,y € L. Since ¢ is linear, (¢ f}, £ f{) € Z?(L/H,A).
Asbefore, x = u(x)+h, and y = u(y)+h, for some h,, h, € H. Therefore x 4y = u(x) 4 u(y)
and x F y = u(x)F u(y). Now

gg(x! y) = g—|(f! ?)
=—¢(xy)
=—e(xy)
=—ef{(x,y)—eu(x4y)

where eu: L/H — A. Similarly, g/(x, y)=—¢f(x,y)—eu(x ). Therefore

(81 8-)=(—¢ef,—¢ef)=—Tra(e

which implies that ker(Inf,) C Im(Tra). O

5.4 Relation of Multipliers and Cohomology

Let L be a diassociative algebra and let F be considered as a central L-module. The following
theorem holds similarly to its Leibniz analogue.

Theorem 5.4.1. Let Z be a central ideal in L. Then L' N Z is isomorphic to the image of

Hom(Z,F) under the transgression map. In particular, if Tra is surjective, then L' N Z =
(L) Z,T).

Now consider a free presentation 0 — R — F — L — 0 of L. The sequence

FOR+ROF FOR+ROF

— [ —0

is a central extension sinceallof R4 F,RF F, F 4R, and F I R are containedin FOR+R{F.

Lemma 5.4.2. Let0 — A — B 2, C — 0 be a central extension and a : L — C be a
homomorphism. Then there exists a homomorphism f : F /(FOR + ROF)— B such that
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F

R

0 > FOR+TROF > FORTROF > L > 0
I I :

0 > A > B > C > 0

Figure 5.6 Existence of 3.

is commutative, wherey is the restriction of f to R/(FOR + ROF).

Proof. Since F is free, there exists a homomorphism o : F — B such that

_ﬁ+

by

N

Q
Q(T[“

ool

Figure 5.7 Showing ¢ 0 = aw.

is commutative. Let r € R € F. Then w(r) =0 since ker w = R. Therefore 0 = aw(r)=¢o(r)
and so o(R) € ker ¢. We want to show that FOR+ ROF Ckero.If x € F and r € R, then

oxdr)=oc(x)do(r)=0, oxkFr)=oc(x)Fo(r)=0,
o(rdx)=0o(r)do(x)=0, o(rkx)=0o(r)Fo(x)=0

since o(r)eker¢ = A C Z(B). Now o induces a homomorphism 3 : F/(FOR+ ROF)— B.
The left diagram commutes since we may take A— B to be the inclusion map. O

Lemma 5.4.3. Let0 — R — F — L — 0 be a free presentation of L. Let A be a central L-
module. Then the transgression map Tra: Hom(R /(FOR + ROF), A)— #*(L, A) associated

with
R F ¢

0— — — L —0
FOR+ ROF FOR+ROF

is surjective.

Proof. Consider (g4, 8.) € #*(L,A)andlet0 - A— E ~“, L — 0 be a central extension

associated with (g5, gi-). By the previous lemma, there exists a homomorphism 6 such that
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R F

o

0 > FOR+ROF > FOR+ROF > L > 0
I I e

0 s A s E —2 3 [ 5 0

Figure 5.8 Invoking Lemma 5.4.2.

is commutative and y = 0|z ror+ror)- Let u be a section of ¢. Then pOu=¢u=id;, and
so Qu is a section of . Let A = O u and define

Ax)AAMy)—Ax y),
Ax)FAY)—Alx F p).

hy(x,y)
hl—(x’y)

Then (hy, h.) € Z*(L, A) and (hy, h.) is cohomologous with (g, g.) since they are associated

with the same extension. One computes

hy(x,y)=0(u(x)) =0 (u(y))—0(u(xy))
=0(u(x)duly)—ulxy))
=r(p(x) A uy)—ulx 4y)
=71(fi(x, y))

where f(x, y)=u(x)1u(y)—u(x - y), and since y = 0| ror+ror)- Similarly, one computes
h(x,y)=r(f-(x,y)) for fi(x,y)=pu(x)Fu(y)—ulxF y). Thus

Tra(y)=(r f5, v ) =(hy, ) = (84, &)

and Tra is surjective. O
Lemma5.4.4. [fCC Aand C C B,then A/CNB/C=(ANB)/C.
Proof. Follows by the same logic as Lemma 4.2.4. O

Theorem 5.4.5. Let L be a diassociative algebra over a field F and0— R— F — L — 0 be

a free presentation of L. Then

F'NR

2 ~
AL F)= FOR+ROF

In particular, if L is finite-dimensional, then M(L) = #*(L, ).
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Proof. Let

_ R — F
R=———  F=— -
FOR+ROF FOR+ROF

Then 0 — R — F — L — 0 is a central extension. By Lemma 5.4.3, Tra : Hom(R,F) —
#¢%(L,F) is surjective. By Theorem 5.4.1,

F NR2#%F/R,F)2 #%L,F).

By Lemma 5.4.4,

7 nF F’ - R _ F'nR
FOR+ROF FOR+ROF FOR+ROF’

12

Therefore, when L is finite-dimensional,

M(L)= F'OR >~ 7#*(L,F)
~ FOR+ROF ’
by the characterization of M (L) from Theorem 5.1.12. O

5.5 Unicentral Diassociative Algebras

For a diassociative algebra L, let Z*(L) denote the intersection of all images w(Z(E)) such
that 0 — kerw — E — L — 0 is a central extension of L. It is easy to see that Z*(L) C Z(L).
We say that a diassociative algebra L is unicentral if Z(L)= Z*(L).

5.5.1 More Sequences

Given a central ideal Z in L, consider the natural extension0— Z — L — L/Z — 0. We
now extend our Hochschild-Serre sequence by a term

6: 4 L,F)—(L/L'®Z&ZQL/L').

To define this 6 map, consider a 2-cocycle (7, ) € Z*(L,F) and define four bilinear forms

f/:L/L' xZ—F, f":L/L' xZ —F,
g/:ZxL/L'—TF, g':ZxL/L'—F
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flx+L,2)=f(x,2), [x+L,2)=f(x,2),
gl(z,x+L)=fl(z,x), g'(z,x+L)=f/(z,x)

for x € L, z € Z. To check that these four maps are well-defined, one computes

flxAy+L,2)=flxy,2)Z flx,yH42)=0,
flxby+L,2)=flxky,2)Z f(x,yH2)=0,

gg’(z,x—|y+L’)zfj(z,x—|y)C:4f4’(z—|x,y):0,
gz, xky+L)=Fflz,xFy)= fllz,x4y)Z flz4x,y)=0,

ﬂ’(x—|y+L’,z):ﬁ’(x—|y,z)g’ﬁ’(xl—y,z)czsﬁ’(x,yI—z):0,
ﬂ’(xI—y+L’,z)=ﬁ’(xI—y,z)cz5ﬁ/(x,y}—z):0,

gz, x4y +L)=fz,x4y)E fl(zF x,y)=0,
gz, xky+L)=f(z,xFy)E f(zF x,y)=0

since z € Z(L). Hence

(f7. g/ f" g)eBi(L/L' x Z,F)@Bil(Z x L/L’,F))*
~(L/L'®Ze®Z®L/L).

Now let (17, £') € (L, F). Then there exists a linear transformation ¢ : L — F such that

filx,y)=—e(xdy)and f’(x,y)=—¢(x - y) forall x, y € L. One computes

flx+L,2)=f(x,z2)=—¢e(x142)=0, [(x+L,2)=f'(x,2)=—¢(xF2)=0,
gl(z,x+L)=f(z,x)=—¢e(z4x)=0, g'(z,x+L)=f(z,x)=—¢(zF x)=0

since z € Z(L). Hence,amap 6 : (f], ')+ B*(L,F)— (", g/, £”,g") is induced that is clearly
linear since f3, f”, f1’, g7, /', and g/ are all in vector spaces of bilinear forms and the latter

four are defined by the first two.
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Theorem 5.5.1. Let Z be a central ideal of a diassociative algebra L. The sequence

Inf

AL Z,F) 2 (L, F) S (L)L @ Z@ Z® L)LY

is exact.

Proof. Let (f, i) € Z*(L/Z,F). Then Inf((f, f)+ B*(L/Z,F)) = (f], ) + B*(L,F) where
fix,y)=filx+Z,y+Z)and f’(x,y)=f(x+Z,y + Z) for x, y € L. Moreover,

5((f_|,» ﬂ) + 932([4’ F))= (ﬁ(r & ’ﬁ_//»

where

)

Flx+L,2)=fl(x,2)=f(x+Z,z+Z)
glz,x+L)=fz,x)=fi(z+Z,x+Z)
flx+L,2)=f(x,2)=f(x+Z,z+Z)
gz, x+L)=f(z,x)=f(z+Z,x+Z)

)

0
0
0,
0

/7
1V

forall x € L and z € Z. Thus,

6(Inf((f), 1)+ B*(L/Z,F)=6((f], f)+ B*(L,F))

= (7,85, 1".80)
:(0?0’0’0)

which implies that Im(Inf) € ker 6.
Conversely, suppose that 6((f], f/)+ B*(L,F)) = (£, g1, 1", &) = (0,0,0,0) for some
cocycle (f], /) € Z*(L,F). In other words,

0=f/(x+L,2)=f(x,2), 0=f"(x+L,2)=f(x,2),
0=g"(z,x+L")= f{(z,x), 0=g"(z,x+L")=f'(z, x)

forall x € L, x € Z. One computes

f(x+z y+z

N=Fflx, )+ fi(x,2")+ fi(z,y)+ fi(z,2))= fi(x,y),
N=F(x

flx+z,y+z2 x, )+ f(x,2)+ (2, y)+ f(z,2))=f(x,y)

for all z, z’ € Z, which implies that the bilinear forms g,: L/Z xL/Z —Fand g-: L/Z x
L/Z — T, definedby g\(x+Z,y+Z)=fi(x,y)and g.(x+Z,y + Z) = f!(x, y), are well-
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defined. Furthermore, (g5, g-) € Z*(L/Z,F) since (f], f’) is a cocycle. Thus,
Inf((gy, g )+ B*(L/Z,F) =(f}, )+ B*(L,F),

which implies that ker 6 € Im(Inf). ]

Theorem 5.5.2. (Ganea Sequence) Let Z be a central ideal of a finite-dimensional diassocia-

tive algebra L. Then the sequence
(L/L'®Z®Z®L/L')?— M(L)— M(L/Z)— L'nZ—0

is exact.

Proof. Let F be a free diassociative algebra such that L= F /R and Z = T /R for ideals T and
R of F.Since Z C Z(L),we have T/R C Z(F /R), and thus FOT + TOF C R. Now inclusion
maps B:RNF'— TNF andy: TNF — T N(F’+ R) induce homomorphisms

RNF’ B TNF’ y TN(F'+R)
—_ —_
FOR+RQF FOT+TOF R

— ().

Since RCT,
Tn(F'+R) (T+R)N(F'+R) (TNF')+R

R R R
which implies that y is surjective. By Theorem 5.1.12,

M(L) RnE’ and M(L/Z)= ok
~ FOR+ROF T FOT+TOF'

Also
F'+R A T (F'+R)NT

L'NZ=(F/R)N(T/R)= N -

Therefore, the sequence M(L/Z) L 1’'nZ — 0/is exact. Since

(TNF)NR  RNF’
FOT+TOF FOT+TOF

kery = =Imp,

the sequence M (L) L M(L/Z) L 1'nZ is exact.

It remains to show that

(L/L'®ZeZeL/L'} — ML) M(L/Z)—1'nZ
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is exact. Define four maps

0. r _F RNF’ 0. r _F RNF’

RYR+F  FOR+ROF’ " RYR+F  FOR+ROF
F T RNF’ F T RNF’

Oy —— X —— ——————, i ———— X —
R+F' R  FOR+ROF R+F' R  FOR+ROF

by

0,(t,f)=tf+(FOR+ROF), 0.(t,f)=tF f+(FOR+ROF),

af,)=f4t+(FOR+ROF), a(f,t)=fFt+(FOR+R{F)

fort €T, f € F. These maps are bilinear since multiplication operations are bilinear. To
check that they are well-defined, suppose (t + R, f +(R+ F’))=(t'+R, f'+ (R + F’)) for
t,t’eTand f,f '€ F.Then t —t’€ R and f — f’ € R+ F’, which implies that t = t'+ r and
f=f"+xforsomereR and x € R+ F’. One computes

EAf—t A f =t +r)A(f +x)— ' A f
=rdf +rdx+t'4x
€(RAF)+(RAF)+(TAR+THF

which is contained in FOR + RO F since

TAF =TA(FAF)+TH(FFF)
=(THF)4F+TH(FAF)
=(THF)4F+(THAF)4F

and T 4 F C R. Next,

thf—t b f =+ (f4x)—t'F f
=rtf'+rkx+t'Fx
€(RFF)+(RFF)+(TFR+TFF

which is also contained in FOR + ROF since

THE' =TH(FAF)+TF(FFF)
=(T+F)4F+(TFF)FF
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and T+ F C R. Expressions f 41t —f'-Ht’and fF ¢t — f'F ¢’ fallin FOR + ROF by similar
manipulations, via the identities of diassociative algebras and the factthat F 4T, F- T,
T HF,and T I F are contained in R. Thus our bilinear forms 6,, a, 6., and a, are well-

defined, and so induce linear maps

— T F RNF’ — T F RNF’
94:—® — y 0}_:—® b y

R R+F/ FOR+ROF R R+F/ FOR+ROF
__ F T RNF’ _ F T RNF’
as: @ —— — a-: ® —

R+EF' R  FOR+ROF’ R+F' R  FOR+ROF

These, in turn, yield a linear transformation

_( F T T F )2 RNF’
6: ®—®—-08 —
R+F" R R R+F FOR+ROF

defined byg(a, b,c,d)=a4(a)+ 04b)+a(c)+6.(d). The image of 0 is

FOT+TOF
FOR+ROF

which is precisely equal to {x + (FOR+ ROF)| x€ RNF’, xe FOT + TOF}=ker . Thus

the final part of our sequence is exact. ]

Corollary 5.5.3. (Stallings Sequence) Let Z be a central ideal in a finite-dimensional diasso-

ciative algebra L. Then the sequence

M(L M(L/Z Z— L/l 0
(L= M(L/Z)—Z— LI — =

is exact.

Proof. Follows by the same logic as the Leibniz case with the replacements FOR + ROF for
FR+RFand FOT+TQF for FT+ TF. ([

5.5.2 The Main Result

We refer to the map  that appears in the Ganea sequence as the natural map. Let Z be a
central ideal in a finite-dimensional diassociative algebra L. We will prove the equivalence

of the following statements:
1. 0 is the trivial map,

2. [ is injective,
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3. M(L)= ML)

/nZ )
4. Z C Z*(L).

The following two lemmas form the equivalence of our first three statements. Both hold

similarly to their Leibniz analogues.

Lemma 5.5.4. Let Z be a central ideal in a finite-dimensional diassociative algebra L and
consider the map
M(L)—(L/L'®Z&Z®L/L?
from Theorem 5.5.1. Then
My ML/2)
L'nz
ifand only if 6 is the trivial map.

Lemma 5.5.5. Let Z be a central ideal in a finite-dimensional diassociative algebra L and
consider the natural map  : M(L)— M(L/Z) from Theorem 5.5.2. Then

if and only if B is injective.

It remains to show that these conditions are equivalent to Z € Z*(L). As in Chapter
4, we say that a central extension 0 — A— B — C — 0 is stem if A C B’. Consider a free
presentation 0— R — F — L — 0 of L and let X denote the quotient algebra w52z for
any X such that FOR+ ROF C X C F. Since R =kerm and FOR + ROF C R, w induces a
homomorphism 7 : F — L such that the diagram

L)L
A

Figure 5.9 Induced 7.

T <— T

/

commutes. Since R € Z(F), there exists a complement jxzom57 10 7ot 1D FommoF

where S C R Ckerm and S € R C ker7. Thus 7 induces a homomorphism g : F/S — L
such that the extension0— R/S— F/S IS, . — 01s central. This extension is stem since

R/S= m =ker rg implies that F /S is a cover of L.
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Lemma 5.5.6. For every free presentation )0 — R — F S L—0 of L and every central
extension 0 — ker w — E — L — 0, one has T(Z(F)) € w(Z(E)).

Proof. Since the identity map id : L — L is a homomorphism, we can invoke Lemma 5.4.2,
yielding a homomorphism f : F — E such that the diagram

R F id

0 > FOR+ROF > FOR+ROF > L > 0
\L}/ \Lﬁ id

0 —— kerw s E o § 5 0

Figure 5.10 Invoking Lemma 5.4.2 again.

is commutative, where 7 is the restriction of f to R. As in the Leibniz case, we obtain
E = A+ B(F), where A=Xker w. It remains to show that 8(Z(F)) centralizes A and B(F). We
first compute

0,
0

B(Z(F))*B(F)=B(Z(F)xF)=p(0)
B(F)*B(Z(F))=pB(F xZ(F))=p(0)

where % ranges over - and I-. Next, we know that Ax E and E x A are zero, and so Ax 3(Z(F))
and B(Z(F))* A must be zero as well. Thus, B(Z(F)) centralizes E, which implies that
B(Z(F)) C Z(E). Therefore, wpB(Z(F)) C w(Z(E)), or T(Z(F)) C w(Z(E)). O

The rest of this chapter follows similarly to its Leibniz case via simple replacements.
By applying the preceding results and above discussion (concerning F /S as a cover), we
thereby complete the diassociative analogue.

Theorem 5.5.7. For every free presentation) — R — F S L—0 of L and every stem
extension 0 — ker w — E — L — 0, one has Z*(L) =T(Z(F)) = w(Z(E)).

Lemma 5.5.8. Let Z be a central ideal of finite-dimensional diassociative algebra L and
consider themap p : M(L)— M(L/Z) from Theorem 5.5.2. Then Z C Z*(L) if and only if B
is injective.

Theorem 5.5.9. Let Z be a central ideal of a finite-dimensional diassociative algebra L and

§:M(L)—(L/L'®Z&Z®L/L)
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be as in Theorem 5.5.1. Then the following are equivalent:
1. 0 is the trivial map,

2. the natural map B is injective,

3. M(L)= YA,

4. Z C Z¥(L).

We conclude this chapter by narrowing our focus to when the conditions of Theorem
5.5.9 hold for Z = Z(L). Under this assumption, the center of the cover goes onto the center

of the algebra.

Theorem 5.5.10. Let L be a diassociative algebra and Z(L) be the center of L. If Z(L) € Z*(L),

then w(Z(E))= Z(L) for every stem extension 0 — kerw — E = L—o.
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CHAPTER

6

MULTTPLIERS AND COVERS OF PERFECT
DIASSOCIATIVE ALGEBRAS

Recall that a diassociative algebra L is perfectif L =L’, where L’ = LOL.

6.1 Universal Central Extensions

The aim of this section is to establish connections between perfect diassociative algebras
and universal central extensions. Consider a finite-dimensional diassociative algebra L, an
L-module A, and two central extensions E:0—A— H — L—0and E;:0— A, — H, —
L — 0. We say that E covers E, if there exists a homomorphism 7 : H — H, such that the

diagram

~
(=]

~

N —

]

d
E :0 sy A

H
s
H

\
4
\
4

~
(=)

\
/4

—
—

Figure 6.1 Showing E covers Ej.
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commutes, where the unmarked map is 7|,. If 7 is unique, then E uniquely covers E,. An

extension E is universal if it uniquely covers any central extension of L.

Lemma6.1.1. IfE : O—»A—>Hi> L—0andE,:0— A, — H, 2, L — 0 are universal

central extensions of L, then there exists an isomorphism H — H, which carries A onto A,.

Proof. Since both extensions are universal and central, there exist homomorphisms 7 :
H — H, and 7, : H, — H such that the diagrams

0—3A—3H-2s1 50 0—— A — H 251 —30
N AR
0 > A > H ¢>L > 0 0 > A > H > L > 0
: P

Figure 6.2 Showing 7 and 7.

commute. We thus have a mapping 7,7 : H — H such that ¢ 7,7 = ¢,7 = ¢. Since 7 is
unique, 7,7 =idy. Similarly, 77, = idy,. Therefore, 7 is an isomorphism and 7|, maps A
onto A,. O

Lemma6.1.2. fE:0—A—H i» L — 0 is a universal central extension, then both H and
L are perfect.

Proof. Consider the central extension
0— AxH/H — HxH/H' Y5 L—0
where (a,b)=¢(a)forac H and b € H/H’. For i = 1,2, define homomorphisms
T, H— HxH/H’

by 7,(h) = (h,0) and 7,(h) = (h,h+ H/H’). Then Y 7,(h) = y(h,0) = ¢(h) and Y 1,(h) =
Y(h,h+ H/H’)= ¢(h), which implies that )7; = ¢ for i = 1,2. Since E is universal, we
have 7, =7,. Thus H/H’ =0, and so H = H’. One computes

H’+A_ H+A

L'=(H/Af =— o

=H/A=L
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and therefore H and L are perfect. ]

Lemma 6.1.3. LetE:O—>A—>Hi>L—>0andE1:0—>A1—>Hlﬂ>L—>0becentml

extensions and suppose H is perfect. Then E covers E, if and only if E uniquely covers E,.

Proof. The reverse direction is clear. In the forward direction, suppose E covers E,. Then

there exists a homomorphism 7 : H — H, such that the diagram

¢

0 > A > H > L > 0
\L T\L id
0 > Ay > H > L > 0
1
Figure 6.3 Showing 7.

commutes. Suppose there is another homomorphism 5 : H — H, such that the diagram

~
=
~
B~
~
[e)

o

0 y A, s H, > L

~
o

Figure 6.4 Showing f3.

commutes. It remains to show that 7 = 3. Let x, y € H. Then

G1(B(x)—7(x)) = @:1(B(x))— @1 (7(x))
=¢(x)—¢(x)
=0

implies that (x)—7(x) e ker ¢, = A, C Z(H,). Similarly, one obtains g(y)—7(y) € Z(H,),
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and so B(x)=7(x)+a and B(y)=7(y)+ b for some a, b € Z(H,). We compute

B(xAy)=px)4B(y)
=1(x)d7(y)+7(x)db+a-dt(y)+a-b

=1(x-y)

since a, b € Z(H,). Similarly, B(x+ y)=7(xF y), and thus 7 and f are equal on H’. Since
H is perfect, we have 7 = f3. O

Lemma 6.1.4. Let L be a finite-dimensional perfect diassociative algebra. Then the extension

E:0— 0— L— L— 0 is universal if and only if every central extension of L splits.

Proof. In the forward direction, let £, : 0 — A— H L 0 be a central extension of L.

Then there exists a unique homomorphism 7 : L — H such that the diagram

E:0 s 0 s L —4s s 0
l T id
E:0 s A s H s L 5 0

Figure 6.5 Showing 7.

commutes. Therefore ¢ 7 =id;, which implies that E, splits.
Conversely, suppose every central extension of L splitsandlet E,: 0 — A— H Ay 0
be a central extension. Then there exists a homomorphism 8 : L — H such that ¢ 8 =id;,

which implies that the diagram

t
(=]
~
a
~
~
~
o

~

> o
=
—
B

~
=
~
~
~
o

Figure 6.6 Showing (3.

commutes. Thus E covers E;. Since L is perfect, Lemma 6.1.3 guarantees that E uniquely

covers E;, and therefore E is universal. O
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Lemma 6.1.5. LetEI:O—>B—>Gi>L—>OandE2:0—> C—>Li>H—>Obecentral
extensions and let t =y ¢ and A=kern. If G is perfect, then E;:0— A— G S H—0isa

central extension.

LN
AN

Figure 6.7 Interaction of E;, E,, and Ej.

Proof. For any a € A =kerm, one has Y ¢(a)= n(a) = 0. Therefore, for any x € G, ¢(a
x)=¢(a)d¢(x)=0since ¢(a) € kery. Similarly, ¢(a 4 x), ¢(x 1a), and ¢(x F a) are all
zero. For a € A, let A7, A", p, p" be adjoint operators on G defined by A*(x) = a * x and
P:(x) = x xa, where x ranges over - and . Since ¢(A*(x)) = 0 and ¢(p%(x)) = 0, we get
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Ax(x),pi(x)ekergp € Z(G). Nowlet y,z € G. Then

>

S

Mydz)=a-(ydz)=(a4y)H4z=0,
Myrz)=ad(yFz)Za-(yH2)=(
A(yHz)=ar(y4z)Z(aky)4z=0,
(

A(ykz)=ak(yFz)=(ak y)Fz=0,

e

)
a-y)dz=0,

)

)

plyHz)=(y42)H1aZy-H(z-a)

plytz)=(yFz)HaZy+(z-a)
pryHz)=(yH2)Fa=(yrz)FaZyt(zta)
( )

)

)

’

0
0
0

prlyF2)=(yF2)FaZyt(zFa)=0

sincea-y,aty,z-a,zlF aeZ(G), where “As” denotes the associativity of the diasso-
ciative multiplications. Therefore A and p* are trivial maps on G’ = G, and so a € Z(G),
which implies that E; is central. O

Lemma6.1.6. Let E,, E,, E;, and their involved maps be as in Lemma 6.1.5. If E, is universal,
then so is E;.

Proof. Suppose E, :0— B — G !, L — 0 is a universal extension. By Lemma 6.1.2, G
and L are perfect. Since H is the homomorphic image of G, H is also perfect. Let E, : 0 —
D — S H — 0 be another central extension of H. Let T = {(a,b)e LxS|yY(a)=w(b)}
and define multiplications on T by (a,b)-(c,d)=(a-1c,bdd)and (a,b)F (c,d)=(al
¢,b F d). Then T is closed under multiplication since y(a - ¢) = y(a) 4 yY(c) = w(b) -
w(d)=w(bdd)and Y(at c)=w(b | d) similarly. Thus T is a subalgebra of L x S. Let A
be the projection of T onto L. Since E| is universal, there exists a unique homomorphism
a: G — T such that the diagram

E,:0 s B LN

> G
\L al id

0 —— 0xD > T /1>

B~
~
o

B~
~
o

Figure 6.8 Showing a.
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commutes, i.e. such that Aa = ¢. Lety : T — § be the natural projection given by y(a, b)=b.
Let B = yva. Given g € G, set a(g) = (a, b). Then B(g) = ya(g) =7y(a,b) = b and ¢(g) =
Aa(g) = Ala, b) = a, which implies that wf(g) = w(b) = Y(a) = Y ¢(g) = n(g). Thus the
diagram

~
~
~
o

T T

d

A
L
D

9 @
(e}

~
~

Figure 6.9 Showing 7w = wf.

commutes, and so E; covers E,. Since G is perfect, we know that E; uniquely covers E,.

Therefore, E; is universal. O

The proof of the following lemma holds by the same logic as its Lie analogue (Lemma
6.7 in [1]), but we provide it here for the sake of completeness and to detail how it fits in

with the previous lemmas.

Lemma 6.1.7. Let L be a finite-dimensional perfect diassociative algebra. If0 — 0— H 2,

L — 0 is a universal extension, then sois0—0— L— L — 0.

Proof. Let0— A— L* 2, L—0bean arbitrary central extension of L. Then there exists a
unique homomorphism 6 : H — L* such that the diagram

0 > 0 > H ¢>L > 0
\L B\L id
0 > A > L w,L > 0

Figure 6.10 Showing 0.

commutes. In other words, ¢ =16. However, since ¢ is an isomorphism, let § = 8 ¢! be

the homomorphism from L to L*. One computes / =0 ¢ = ¢ ¢! =id;, which means
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B is a section of Y that is also a homomorphism. Thus, our central extension
x ¥
0—A—L"—L—0

splits. By Lemma 6.1.4, and since L is perfect, we know that0 — 0 — L — L — 0 is
universal. O

6.2 Multipliers and Covers

We now return to multipliers and covers. Let L be a finite-dimensional perfect diassociative

algebra with free presentation 0 — R — F — L — 0 and consider the central extension

R F n

00— — — . —0.
FOR+ROF FOR+ROF

We compute

Ll

F /
Im(FOR+R<>F)
. F'+ FOR+ROF
m( FOR+ROF )

12

F/
=Im| —————
( FOR+ ROF )
which implies that the restriction 7| ror+ror) induces a central extension

F'NR F’
— — —
FOR+ ROF FOR+ROF

L—0

since L is perfect. By the work in Chapter 5, we know that the algebra (F'NR)/(FOR+ ROF)
is precisely the multiplier M(L). Our aim is now to show that F’/(FOR + ROF) is a cover of
L and that the above extension is universal.

Theorem 6.2.1. Let L be a finite-dimensional perfect diassociative algebra and 0 — R —
F — L — 0 be a free presentation of L. Then F'/(FOR + ROF) is a cover of L.

Proof. Since M(L)=(F'NR)/(FOR+ ROF)and

F'/(FOR+ROF)

L= (F'NR)/(FOR+ROF)
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it remains to prove that

F'NR ’ F’ ’
cZzZ N .
FOR+ROF (FOR+R(}F) (FOR+R<}F)

Clearly

F'NR CZ( F’ )
FOR+ ROF — FOR+ ROF
and
F'NR c F’
FOR+ROF — FOR+ROF’

It thus suffices to show that

F’ T F’
(FOR+R<>F) ~ FOR+ROF’

We first note that

F’ " F"+FQR+RQOF
(FOR+R<>F) "~ FOR+ROF

and that F”+ FOR+ ROF C F’. Since L = L’, we know that F/R = (F/R) = F/R%R. This

implies that, for all x; € F, x; = y; + r; for some y; € F’ and r; € R. We compute

x1—|x2=y1—|y2+y1—|T2+l’1—|y2+l‘1—|1‘2,
nbEx=nkFr+nktn+tntyp+ntn,

which both fallin F”+ FOR+ ROF.Thus, F"C F”+ FOR+ ROF,andso F'/(FOR+ ROF)
is a cover of L. O

Corollary 6.2.2. Let L be a finite-dimensional perfect diassociative algebra with free presen-
tation0— R— F — L — 0. Then F’/(FOR + RQF) is perfect.

Proof. By the proof of Theorem 6.2.1, we have (F’/(F(}R + R(}F))/ =F'/(FOR+ROF). [

Theorem 6.2.3. Let L be a finite-dimensional perfect diassociative algebra with free presen-
tation0 — R — F — L — 0. Then the extension
F'NR F’

FOR+ROF FOR+ROF

L—0

is universal.

Proof. Let E; : 0 — A— H — L — 0 be a central extension of L. By Lemma 5.4.2, it is

covered by a natural exact sequence, call it E,, making the diagram
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R F

E,:0 ? FORLROF ? FORTROF > L > 0
\L ﬁl id
E,:0 s A s H s L — 0

Figure 6.11 E, covers E;.

commute. Since the diagram

. F'NR F’
EO ) FOR+ROF > FOR+ROF > L > 0
| o| It
E :0 > A s H s L > 0

Figure 6.12 E covers E;.

commutes, where 0 = Bz ror+ror) We know that E; is covered by E. Since F’/(FOR+ROF)

is perfect, Lemma 6.1.3 implies that E uniquely covers E,. Thus, E is universal. O

Theorem 6.2.4. I[f0 — A— L*— L — 0 is a universal central extension and L is perfect,
then A= M(L) and L* is a cover of L.

Proof. We know that

F'NR F’

00— — — L. —0
FOR+ ROF FOR+ ROF

is universal. By Lemma 6.1.1, there exists an isomorphism

F/
L' ———
FOR+ROF
which carries A onto
F'NR
FOR+ROF
Thus A= M (L) and L* is a cover of L. O

=M(L).

Theorem 6.2.5. Let L be a finite-dimensional perfect diassociative algebra and let M (L) =0.
Then *(L, A)=0 for any central module A of L.
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Proof. Since M(L)=0, Theorem 6.2.3 implies that the extension

F/

0—0—b—-
" FOR+ROF

L—0

is universal. By Lemma 6.1.7, the extension 0 — 0 — L — L — 0 is also universal. By
Lemma 6.1.4, every central extension of L splits, and thus #?(L, A)=0. O

Theorem 6.2.6. Let L be a finite-dimensional perfect diassociative algebra and let M (L) =0.
IfZ is a central ideal of L, then Z = M(L/Z) and L is a cover of L/ Z.

Proof. By the proof of Theorem 6.2.5, the extension 0 — 0 — L — L — 0 is universal. Since
L is perfect, Lemma 6.1.5 implies that 0 — Z — L — L/Z — 0 is also universal. Thus, by
Theorem 6.2.4, M(L/Z)= Z, which implies that L is the cover of L/Z. O

Theorem 6.2.7. Let L be a finite-dimensional perfect diassociative algebra and C be a cover
of L. Then C =C’ and M(C)=0.

Proof. Let A=M(L). Then L=C/Aand AC Z(C)N C’. One computes

L/L’z C/A ~ ~
~(CJ/AY  (C'+A)JA C'+A

C/A C

~

Since L=L"and A € C’, wehave C = C’'+ A= C’. Thus C is perfect. We now invoke our

extended Hochschild-Serre sequence that was obtained in Chapter 5.

0— Hom(L, F) > Hom(C, F) % Hom(4, F) = M (L)~ M(C) 2 (C/C'® A® A® C/C')
Here, the term (C/C’® A® A® C/C’)* must be zero since C = C’, which yields M(C) =
ker 6 = Im(Inf,). Next, we also know that Hom(C,F) = 0 since C is perfect. This implies
that 0 = Im(Res) = ker(Tra). Then Im(Tra) = Hom(A,F) = A= M(L) and therefore M(C) =
Im(Inf,) = M(L)/ker(Inf,) = M(L)/Im(Tra)= M(L)/M(L)=0. O
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CHAPTER

7

MULTIPLIERS OF NILPOTENT
DIASSOCIATIVE ALGEBRAS

In this chapter, we prove an alternative way to extend the Hochschild-Serre sequence from
Chapter 5 and apply it to study the multipliers of nilpotent diassociative algebras. We
compare this theory to its associative specialization and explicitly compute the multipliers
of an associative algebra as an associative algebra and then as a diassociative algebra.

Recall the sequences of ideals from Section 3.1. For a diassociative algebra L, we will
refer to L* as the kth term in the lower central series of L. For the present section, we say
that a diassociative algebra L is nilpotent of class n if L™ # 0 and L"*! = 0. If L is nilpotent of
class n, it induces a central extension 0— L" — L — L/L" — 0. We also define the upper
central series of L by Z, = Z(L) and

Ziw={x€eL|VIeL, x4, xt1,I4x,lF-x€Z;}

for j > 1. In particular, for a nilpotent diassociative algebra L of class n, onehas Z,, = L,
andthus L'C Z,_,.

Lemma 7.0.1. Let L be a diassociative algebra and Z; denote the jth term in the upper
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central series of L. Then
L0Z+Z,0L° C Z;_,

foralli>s.

Proof. We proceed by induction on s. For the base case s =1, one has LOZ; + Z,0L C Z;_,

by definition. Now assume that the statement holds for some s > 1. We compute

LN Z 4+ Z,0L ™ = (LOLY)YOZ; + Z,O(L°OL) by Lemma 3.1.2
=LO(L°0Z;)+(Z,OL°)OL (%)
CLOZ;_+7Z;_ QL by induction
CZ by definition

where (%) follows via the diassociative identities and the associativity of the multiplications.
0

7.1 The Main Result

The form (X ® Y @ Y ® X)? will continue to denote (X ® Y ® Y ® X)® (X ® Y ® Y ® X). This
is not to be confused with the terms L” in the lower central series of an algebra L. We will
use L’ to denote the second term L? in the lower central series.

Theorem 7.1.1. Let L be a nilpotent diassociative algebra and let A and B be ideals in L
such that L’ CAand B C Z(L). If f4(A,B)=0, fi(B,A)=0, f.(A,B)=0, and f.(B,A)=0 for
all(f, f.) € Z*(L,F), then there exists a homomorphism & such that

Inf

A#4L/B,F) 2 #2(L,F)> (L/A® B® B® L/A)

is exact.

Proof. Consider elements x € L, b € B, and (f7, f’) € Z*(L,F). We define the bilinear forms

fI':L/Ax B—TF, g!:BxL/A—F,
f":L/Ax B—TF, g’ :BxL/A—F
by
[/(x+Ab)= f(x,b), gi(b,x+A)= (b, x),
f/(x+ADb)=f/(x,b), g'(b,x+A)=f'(b, x).
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Since f{(A,B) =0, f{(B,A) =0, f/(A,B) =0, and f’(B, A) = 0, all of these maps are well-
defined. We define 6" : Z*(L,F)— (L/A® B& B® L/ A by &'(f, f)=(f/. g1, 1", &"). Now
consider an element (f7, f") € (L, F). Then there exists a linear transformation ¢ : L —F
such that f{(x,y)=—&(x 4 y)and f’(x,y)=—&(x F y)forall x, y € L. For b € B, however,

we compute

f/(x+ADb)=f(x,b)=—e(x4b)=0, g/(b,x+A)=f/(b,x)=—e(b1x)=
F(x+ADb)=f(x,b)=—e(xFb)=0,  g/(b,x+A)=f(b,x)=—e(bF x)=

since B C Z(L). Thus, 6(f7, f/) = 0 for any coboundary ({7, f*), and so 6’ induces a well-
defined map 6 : #*(L,F)— (L/A® B& B® L/ Ay by o((f, f)+ B*(L,F) =1, g, . 8")

Now that we have established our 0, it remains to show that the sequence is exact.
Consider a cocycle (f}, f.) € Z*(L/B,F) and set f{(x,y) = f{(x+ B,y + B)and f'(x,y) =
fi(x+ B, y + B). We first recall (see Chapter 5) that Inf: 2#2(L/B,F) — 2¢?(L,F) is defined by
Inf((fy, f)+ B*(L/B,F))=(f], ')+ B*(L,F). To show that Im(Inf) C ker §, consider (f;, f.) €
%?(L/B,F). Then (f}, f.) induces tuples (f{, 1) and (f), g5, £, &), as defined previously.
For x € L and b € B, one computes

fl(x+Ab)=f{(x,b)
g/ (b,x+A)=f(b, x)
f(x+Ab)=f/(x,b)
g'(b,x+A)=f'(b, x)

fi(x+B,b+B)=0,
fib+B,x+B)=0,
f(x+B,b+B)=0,
fi(b+B,x+B)=0

(
(
(
(

and so 6(Inf(( £, f)+ B*(L/B,F)=0((f], £/)+ B*(L,F))
Im(Inf) C keré.

Conversely, consider a cocycle (f], /) € Z*(L,F) such that (f], ')+ $B*(L,F)ckeré. In
other words, 6((f7, )+ B2(L,F))=( .80 1”,8/)=(0,0,0,0), where f, g”, f”, and g are
defined using (f7, /) as above. This implies that

(f. g} 1.8)=(0,0,0,0). Thus,

fix,b)=f"(x+ADb)=0
f(x,b)=f"(x+ADb)=0

fi(b, x)=g/(b, x + A)=0,
(b, x)=g"(b,x+A)=0

forall x € L, b € B. Define a pair (f3, f) of bilinear forms L/BxL/B — Fby f4(x+B,y+B) =
fi(x,y)and f.(x+B, y+B)= f/(x, y)forany x, y € L. Toshow that f,and f_ are well-defined,
consider elements x+ B=x;+Band y+B=y);+B.Then x; =x+b and y;, =y + ¢ for
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some b, ¢ € B. We compute

fi(x,+ B, y1 + B)= f(x1, 1)
=fi(x+b,y+c)
= fi(x,y)+ fi(x,c)+ f{(b,y)+ fi(b,c)
= fi(x,y)
=fi(x+B,y+B)

and, similarly, f-(x; + B, y; + B)= f.(x + B, y + B). Moreover, (f, f-) satisfies the diassocia-
tive cocycle identities since (f7, /') does. We thus obtain an element (f;, f.) € Z*(L/B,F)
such that Inf((f,, )+ 8*(L/B,F)) = (fL 1)+ %B?(L,F). Therefore, ker 6 € Im(Inf), and the

sequence is exact. O

7.2 Applications

Our first application of Theorem 7.1.1 is an alternative proof of Theorem 5.5.1 in the case
when L is a nilpotent diassociative algebra. Letting A= L’ and B =Z C Z(L), we obtain the
following.

Proposition 7.2.1. Let L be a nilpotent diassociative algebra and Z be a central ideal in L.
Then

Inf

AL Z,F) 2 (L, F) S (L)L @ Ze Z® L)LY
is exact.

Proof. Toinvoke Theorem 7.1.1, it suffices to show that f,(L’, Z)=0, fi(Z,L")=0, f.(L’,Z)=
0, and f(Z,L’) = 0 for all (f,, f.) € Z?*(L,F). But this holds by the diassociative cocycle

identities and their ability to associate products within the bilinear forms. For example, we

compute
fill,Z)=f((L4L,Z)+ f(L+L,Z)
=f(L,L4Z2)+ f(L,L+42)
=0
via C4 and C2 respectively. O

The following corollary is the diassociative analogue of a result that was proved in [6],

and we use a similar approach to our proof.
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Corollary 7.2.2. Let L be a nilpotent, finite-dimensional diassociative algebra and Z C
Z(L)NL' be an ideal such thatdimZ = 1. Then

dim (L, F)+1 < dim#?*(L/Z,F)+4dim(L/L).
Proof. We may invoke our extended cohomological five-sequence regardless of dim Z.

0 — Hom(L/Z,F)— Hom(L, F)—> Hom(Z, F) —> #*(L/Z,F)

M (L, F) S (L)L @ Ze Z o L)L)

Since Z C L’, we obtain Res = 0. This follows since Res simply restricts any homomor-
phism : L — F to 7|, and any product in F is zero. By exactness, Tra is injective. Thus,

dim(Im(Tra)) = 1 since dim(Hom(Z, F)) = 1. Also by exactness, we know that
dim(Im &) + dim(Im(Inf)) = dim >#*(L, F)

and
dim(Im(Inf)) + dim(Im(Tra)) = dim #*(L/ Z, F).
We therefore compute
dim s#%(L,F)+ 1 = dim 5¢*(L, F) + dim(Im(Tra))

=dim(Im 0) + dim(Im(Inf)) + dim(Im(Tra))
=dim(Im6) + dim #*(L/Z,F)
<dim(L/L'® Z®Z®L/L')?*)+dim.#*(L/Z,F)
=4dim(L/L")+dim #*(L/Z,F).

Theorem 7.2.3. Let L be a nilpotent diassociative algebra of class n. Then
AL L F) 2 (L F) 2 (L) Z, @ L e L"® Z, )

is exact.

Proof. Supposing that L is nilpotent of class n, we first note that L” € Z(L)and L' € Z,,_, via
our preliminary discussion. To invoke Theorem 7.1.1, it suffices to show that f(Z,_,, L") =
(L™ Z, )= f(Z,_y, L") = fi(L", Z,_)=0forall (f,, fi) € Z*(L,F)and n > 1. For n=1, we
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have f(Z,, L) = f4(0, L)= 0 and, similarly, fi(L, Z,)= f.(Z,, L)= f-(L,Z,)=0. For k > 1, we
compute

Fi(Ze, LYY = £1(Z,, LFOL)
= f(Z, L"4L)+ f(Z, L*F L)
= f(Z L5, L)+ f(Z,, LF 4 L)
C f(Zoy L)+ f(Z 4 LF, L)
<€ fi(Zo, L)
=0

via Lemma 3.1.2, C4, C1, and Lemma 7.0.1. The other computations follow similarly, and
thus the result holds by Theorem 7.1.1. O

Remark. The Lie analogue of Theorem 7.2.3 relies on induction, but we note that the
diassociative version is attainable without it. This reveals that, while the diassociative

cocycle identities lack an anticommutative-type property, they are actually more powerful
than the Lie conditions in some ways.

Corollary 7.2.4. Let L be a nilpotent, finite-dimensional diassociative algebra of class n.
Then

dim s#*(L,F) < dim s*(L/L",F)+4dim(L")dim(L/Z,_,)—dim(L").
Proof. Consider the terms in our extended sequence

Inf

Hom(L, F) =% Hom(L", F) 2% #2(L/ L™, F) 25 % (L,F) > (L) Z,_ @ L"® L"® L/ Z,_,)*
and denote

q =dimHom(L",F),

r =dim.#*(L/L",F),

s =dim (L, F),

t=dim(L/Z,_,® L"®L"®L/Z, ).

We first note that F” = 0 for n > 2, and thus any homomorphism f : L” — F”, as the
restriction of some f € Hom(L,F), is the zero map. Therefore Res = 0, and so Tra is injective.
It follows that g = dim(Im(Tra)) = dim(ker(Inf)), which implies that

r —q =dim »¢*(L/L",F)—dim(ker(Inf)) = dim(Im(Inf)) < s.
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On the other hand, we know that
dim s#?(L,F)—dim(ker §) = dim(Imé) < ¢,

and so s —dim(ker6) < t. Finally, the equality r — g = dim(Im(Inf)) = dim(ker o) yields
s —(r—gq) < t. We thus obtain

dim s*(L,F)<dim #*L/L",F)+dim((L/Z, ,® L"®L"® L/ Z,_,)*)—dimHom(L",F)
=dim#*(L/L",F)+4dim(L/Z,_,)dim(L")—dim(L")
froms<t+r—gqg. O

Corollary 7.2.5. Let L be a nilpotent, finite-dimensional diassociative algebra. Then
dim »¢*(L,F) < dim #*(L/L’,F)+dim(L’)[4dim(L/Z(L))—4dim((L/Z(L)))—1].

Proof. We proceed by induction on the nilpotency class of L. As a base case, if L is nilpotent
of class 1, then L’ =0 and the result holds trivially. Suppose now that the result holds for all

nilpotent diassociative algebras of class less than 7. We note the following facts:
1. L/L" is nilpotent of class n—1,
2. L"C Z(L),
3. L'CZ, (L),
4. (L/L™Y=L"/L",
5. Z(L)/L"C Z(L/L").

Denote A=(L/L")/Z(L/L")and B=L/Z(L)=(L/L")/(Z(L)/L"). By fact 5, A is a homo-
morphic image of B, and so dim(A/A’) < dim(B/B’). We thus have

dim s*(L/L",F) < dim *(L/L")/(L/L"Y,F)+dim((L/L"Y)[4dim(A/A")—1]
<dims*(L/L,F)+dim(L’/L™)[4dim(B/B’)—1]

by induction, and

dim s#*(L,F) < dim s¢*(L/L",F)+4dim(L/Z,_,)dim(L")—dim(L")
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by Corollary 7.2.4. Furthermore,
dim(L/Z,_ ;) <dim(L/(L'+ Z(L)))= dim(B/B’)
since L'+ Z(L) € Z,_,. Combining these inequalities, we compute

dim .#?(L,F) < dim.#*(L/L",F)+4dim(L/Z,_,)dim(L")—dim(L")
<dim.#*(L/L',F)+dim(L’/L™)[4dim(B/B’)—1]
+4dim(B/B’)dim(L")—dim(L")
=dim #*(L/L’,F)+[dim(L")—dim(L")][4 dim(B/B’)—1]
+4dim(B/B’)dim(L")—dim(L")
=dim.#?*(L/L’,F)+dim(L")[4dim(B/B’)—1]

which yields the desired result. O

Noting that dim(B/B’) < dim(L/L’), the next corollary is an immediate consequence of
the previous one. What follows is an alternative way of writing our bound on dim #?(L, F)
that is based on the dimensions of L and L/L’.

Corollary 7.2.6. dim s#%(L,F) <dim . #*(L/L’,F)+dim(L")[4dim(L/L")—1].
Corollary 7.2.7. Letn=dim L and d =dim(L/L’). Then

dim #*(L,F)<—2d*+d +4nd —n.

Proof. We first note that, since L/L’ is abelian, its multiplier #%(L/L’,F) has the maximal
possible dimension of 2d? (a bound obtained in the proof of Lemma 5.1.2). Using Corollary

7.2.6, we compute

dim #2(L,F) < 2d2 + (n— d)[4d —1]
=2d*’+4nd—n—4d*+d

since dim(L/L")=dim L —dim(L’) implies that dim(L")=n—d. ]

7.3 Associative Case

We now consider the special case of associative algebras, as any associative algebra L can be

thought of as a diassociative algebra in which x 4 y = x I y. Indeed, this condition allows
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us to denote multiplication by x y without distinction, and the axioms of the diassociative
structure condense down to x(yz)=(x y)z. Next, consider a pair of associative algebras A
and B, and a central extension 0 — A— L — B — 0 of Aby B. A 2-cocycle f € Z*(B,A) s
a bilinear form f : B x B— A that satisfies f(i, jk)= f(ij, k) for all i, j, k € B. Recall that
any diassociative cocycle (f}, f-) may be defined by a section u : B— L, of some equivalent
extension. In particular, f5(i, j)=u(i) 1u(j)—p(i 4 j)and f(i, j)=p(i)Fu(j)—u(@F j). In
the associative case, one computes f4(i, j) = f(i, j), and we may thus think of our cocycle
as a single bilinear form.

The five-term cohomological sequence is extended by L/A® B® B ® L/A for the asso-
ciative analogue of Theorem 7.1.1, which need only require that f(A, B)=0and f(B,A)=0
for all cocycles f € Z?(L,F). Moreover, our 6 map is defined by 6(f’'+ %%(L,F))=(f",g"),
where f”: L/Ax B—F and g”: B x L/A— F. In the context of the diassociative to asso-
ciative simplification, this pair would arise by computing equalities f' = £ and g/ = g/
via f{ = f’. Similarly, our other results that extend the sequence by a term of the form
(X®Y @Y ® X)? need only extend by the term X ® Y @ Y ® X (as in the Leibniz sequences
of Chapter 4). The associative analogue of Corollary 7.2.2 is thus the inequality

dim s*(L,F)+1 <dims*(L/Z,F)+2dim(L/L’)

since dim(L/L’'® Z& Z ® L/L’) = 2dim(L/L’) in the case of dimZ = 1. The associative
analogue of Corollary 7.2.4 is

dims#*(L,F) < #*(L/L",F)+2dim(L")dim(L/Z,_,)—dim(L"),
that of Corollary 7.2.5 is
dims#*(L,F) < dim s¢*(L/L’,F)+dim(L")[2dim(L/Z(L))—2dim((L/Z(L)))—1],
and that of Corollary 7.2.6 is
dim »#*(L,F) < dim s*(L/L’,F)+dim(L)[2dim(L/L")—1].

For our last corollary, we obtain dim #*(L,F) < —d?+d +2nd — n, where n = dim L and
d=dim(L/L").
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7.4 Example

We denote by M,(L) the multiplier of L as an associative algebra, and by Mp;,,(L) the same
for L as a diassociative algebra. Recall that M,(X) = (X, F), where x ranges over the
categories As and Dias. As with the Leibniz multiplier, the dimension of the associative
multiplier is bounded by n? for an algebra of dimension n (by the same logic used in
Lemmas 2.0.2 and 2.0.3 of [16]). The dimension of the diassociative multiplier is bounded

by 2n? (see Chapter 5). These bounds are reached exactly when the algebra is abelian.

Example 7.4.1. Let L be the 2-dimensional associative algebra with basis {x;, x} and
nonzero multiplication given solely by x; x; = x.

Associative Extension. We first compute the multiplier M,4(L) of L as an associative algebra.
Let K be the cover M & L of L with multiplications given by

xlxl = x+m11,

xlx == mlz,
xxl = m21,
XX = My,.

To simplify, we let x, = x + m;; = x; x;, and thus multiplication in K becomes

X1 X1 = Xy,

X1 X2 = My,
Xo Xy = My,
XoXp = My

where M is generated by m,,, m,;, m,, and K is generated by m,,, m,,, m,,, x;, x,. To find
bases for our multiplier and cover, it remains to check linear relations between our gen-
erating elements. We note that any product of four or more elements in K is zero, and, in

particular, that m,, = x,X, = X, X, X, = x;m;, = 0. It thus suffices to plug our x,’s into the
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associative identity. We compute

0=As(x;, X1, x1)
= x1(x %) — (X1 %) %
= X1 Xp — Xp Xy

=My — My

which implies that m,, = m,,. We let m,, # 0 to obtain the maximal possible dimension of
our defining pair, and thus {m,,} forms a basis for M = M,(L). In other words, dim M,,(L) =
1.

We now verify that the inequality

dim (L, F)+1 <dim#*(L/Z,F)+2dim(L/L’)

holds. Let Z = (x), noting that Z € Z(L)N L’ and dim Z = 1. Since L/Z is abelian, we know
that dim M,((L/Z) = dim(L/Z)? = 1. Moreover, dim(L/L’) = 1, and thus the inequality is
computed as 1 +1<1+2(1), or 2 < 3. We can also check

dim (L, F) < dim #*(L/L’,F)+2dim(L))dim(L/Z(L))—dim(L’)

for the associative analogue of Corollary 7.2.4, since L is nilpotent of class 2. Since L' =
Z(L)=(x), we have dim M, (L/L")=(1)* =1 and dim(L’) = dim(L/Z(L)) = 1. The inequality
thus becomes 1 <1+2(1)(1)—1,or1<2.

Diassociative Extension. Our algebra L can be thought of as the diassociative algebra with
basis {x;, x} and nonzero multiplications given solely by x; 1 x; = x = x; I x;. Let K be the

cover M & L of L with multiplications denoted by

x,dx;,=x+my, X Fx,=x+s,
xdx=my, xkEx=sp,
xdx,=my xkFx =5,
xdx=m,, xFx=s,.

Letting x, = x; 1 x; = x + m;;, we obtain x, - x; = x + §;; = X, — m;; + §;; = X, + m for some
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m € M. Thus, multiplication in K is given by

X dx,=x, X Fxi=x+m

xl'_|x]':mij xiFXj:Sij

for (i, j) # (1,1). Now M is generated by m, m,,, My, My, $12, S21, S20. As in the associative
case, we need to verify linear relations in K based on the five axioms of diassociative
algebras. Noting that any four-product is zero, we get m,, = s,, =0, and it remains to plug
X,’s into the diassociative identities. We compute

0=As(x;, X1, x;)
=X _|(x1 _| xl)_(xl _| xl)_| X1
=x,dx,—x1x

=My, — Ny
and

0=As(x, X1, x,)
= xl |—(x1 |_ xl)_(xl |_ xl)l_ x1
=xF(x,+m)—(x,+ m)F x;

=S12— %1

which yields m,, = m,, and s;, = $,;. In a similar fashion, plugging x;’s into axioms D1 and
D3 yields trivial equalities. Finally, axiom D2 yields m,, = s;,, and thus {m, m,,} forms a
maximal basis for M. Therefore, dim Mp;,s(L) = 2, which is notably different from M, (L).
To verify Corollary 7.2.2, let Z = (x), which is again 1-dimensional and falls in Z(L)N L’.
Since L/Z is abelian, we have dim Mp;,(L/Z)=2dim(L/Z)? = 2(1)?> = 2. Our inequality

dim #%(L,F)+1 <dim s*(L/Z,F)+4dim(L/L")
is thus satisfied, with 2+ 1 <2 +4(1), or 3 < 6. For Corollary 7.2.4, we want
dim (L, F) < dim #*(L/L’,F)+4dim(L")dim(L/Z(L))—dim(L’)

since L is nilpotent of class 2. Since L’ = Z(L) = (x), we have dim Mp;,((L/L’)=2(1)* =2 and
dim(L)=dim(L/Z(L)) = 1. The desired inequality is thus 2 <2 +4(1)(1)—1, or 2 <5.

105



[1]

[2]

[3]

[4]

[5]

[6]

[7]
[8]
[9]

[10]

[11]

[12]

[13]

[14]

[15]

BIBLIOGRAPHY

Batten, P. “Covers and multipliers of Lie algebras”. PhD thesis. North Carolina State
University, 1993.

Brown, R. & Porter, T. “On the Schreier theory of nonabelian extensions: generalisa-
tions and computations”. Proceeding Royal Irish Academy 96A (1996), 213—227.

Casas, J. M., Insua, M. A. & Rego, N. P. “On universal central extensions of Hom-Leibniz
algebras”. Journal of Algebra and Its Applications 13 (2014).

De Graaf, W. A. “Classification of nilpotent associative algebras of small dimension”.
International Journal of Algebra and Computation 28.1 (2018), 133—161.

Ginzburg, V. & Kapranov, M. “Koszul Duality for Operads”. Duke Mathematical Journal
76.1 (1994), pp. 203-272.

Hardy, P. & Stitzinger, E. “On characterizing nilpotent lie algebras by their multipliers,
t(L)=3,4,5,6”. Communications in Algebra 26.11 (1998), pp. 3527-3539.

Jacobson, N. Lie Algebras. Dover, 1962.
Karpilovsky, G. The Scur Multiplier. Oxford, Claredon Press, 1987.

Liu, J., Sheng, Y. & Wang, Q. “On non-abelian extensions of Leibniz algebras”. Com-
munications in Algebra 46.2 (2018), pp. 574-587.

Loday, J.-L. “Une version non commutative des algébres de Lie: les algébres de Leib-
niz”. Enseign. Math. 39.3-4 (1993), 269—293.

Loday, J.-L. “Cup-product for Leibniz Cohomology and Dual Leibniz Algebras”. Math-
ematica Scandinavica 77.2 (1995), pp. 189-196.

Loday, J.-L. “Dialgebras”. Dialgebras and related operads. Berlin: Springer, 2001,
pp. 7-66.

Rikhsiboev, 1., Rakhimov, I. & Basri, W. “The Description of Dendriform Algebra
Structures on Two-Dimensional Complex Space”. Journal of Algebra, Number Theory:
Advances and Applications 4.1 (2010).

Rikhsiboey, 1., Rakhimov, I. & Basri, W. “Four-Dimensional Nilpotent Diassociative
Algebras”. Journal of Generalized Lie Theory and Applications 9.1 (2015).

Riyahi, Z. & Salemkar, A. “A remark on the Schur multiplier of nilpotent Lie algebras”.
Journal of Algebra 438 (2015), pp. 1-6.

106



[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

Rogers, E. “Multipliers and covers of Leibniz algebras”. PhD thesis. North Carolina
State University, 2019.

Schafer, J. “Extensions of Nilpotent Groups”. Houston Journal of Mathematics 21.1
(1995), pp. 1-16.

Schreier, O. “Uber die Erweiterung von Gruppen, I”. Monatschefte fiir Mathematik
und Physik 34 (1926), pp. 165-180.

Schur, I. “Uber die Darstellung der endlichen Gruppen durch gebrochene lineare
Substitutionen”. Journal fiir die reine und angewandte Mathematik 127 (1904), pp. 20—
50.

Scott, W. R. Group Theory. Dover, 1964.

Shukla, U. “A cohomology for Lie algebras”. Journal of the Mathematical Society of
Japan 18.3 (1966).

Yankosky, B. “On Nilpotent Extensions of Lie Algebras”. Houston Journal of Mathe-
matics 27.4 (2001).

Yankosky, B. “On the Multiplier of a Lie Algebra”. Journal of Lie Theory 13.1 (2003),
pp. 1-6.
Zinbiel, G. W. “Encyclopedia of types of algebras 2010” (2011).

107



	LIST OF TABLES
	LIST OF FIGURES
	Introduction
	The Algebras of Loday
	Extension Theory
	The Schur Multiplier

	Factor Systems
	Factor Systems of Leibniz Algebras
	Belonging
	Equivalence
	Split Extensions
	Abelian A
	Central Extensions

	Factor Systems of Diassociative Algebras
	Factor Systems of Dendriform Algebras
	Cohomology

	Extensions of Nilpotent Algebras
	Nilpotency
	Leibniz Case
	Diassociative Case
	Examples

	Multipliers and Covers of Leibniz Algebras
	Hochschild-Serre Spectral Sequence
	Relation of Multipliers and Cohomology
	Unicentral Leibniz Algebras
	More Sequences
	The Main Result


	Multipliers and Covers of Diassociative Algebras
	Existence of Universal Elements and Unique Covers
	Diassociative Cohomology
	Hochschild-Serre Spectral Sequence
	Relation of Multipliers and Cohomology
	Unicentral Diassociative Algebras
	More Sequences
	The Main Result


	Multipliers and Covers of Perfect Diassociative Algebras
	Universal Central Extensions
	Multipliers and Covers

	Multipliers of Nilpotent Diassociative Algebras
	The Main Result
	Applications
	Associative Case
	Example


