
ABSTRACT 

COPPOLA, STEPHEN W. Isotropy, Viscosity, and Heat Conduction in Particle Modeling. 

(Under the direction of Dr. Lawrence Silverberg). 

 

The dissertation introduces the R2 Fill method, which is an algorithm for filling a 

region with particles isotropically. The method’s isotropy is tested geometrically and then 

mechanically with the Discrete Element Method (DEM). The DEM formulation used in this 

paper provides a way to model solid materials and eliminate residual stress created in particle 

packing algorithms. The R2 Fill method was tested over ranges of particle size distributions. 

At large size ranges the method generated a higher coordinate number and denser particle 

packing, with 79.718% fill at the maximum tested size range. The geometric isotropy was 

improved at higher size ranges yielding less than a 1% isotropic error. Lastly, we tested 

mechanical isotropy by using our DEM formulation to measure the stress-strain response 

under a tensile load at different orientations. The R2 Fill method produced mechanical 

isotropy within 2% error for the elastic moduli, shear moduli, and Poisson ratio.  

The second aim of the dissertation is to explore viscous damping and Dissipative 

Particle Dynamics’s (DPD) weighted damping effects on terminal velocity. We setup our 

simulation to match an experiment from Kelessidis [48] of a glass bead being dropped in 

water.  A modified DPD formulation is outlined with parameter constants from Groot RD 

[51] that are a function of sigma. We found the solid-fluid viscoelastic damping had almost 

no effect on the terminal velocity. The model produced wake formation and pressure changes 

around the glass bead. The terminal velocity of the three sized glass beads tested decreased 

with increasing sigma & damper values non-linearly. The terminal velocities were 

independent of the viscous damping constant when  > 7 and had an asymptote at  = 10. 



Lastly the simulation had an error of 1.88% compared to experimental data at  = 8.5 and 

2.48% average error from 8.5 <  < 9.5. 

The third aim was motivated by the low performance of contact-based heat 

conduction methods in low density particle packings, we developed the Smoothed Particle 

Conduction (SPC) formulation. SPC is a light-weight thermodynamic particle interaction law 

that can be used on its own to simulate heat conduction in particle methods or added with 

convection or radiative heat transfer models. The formulation was found to not need 

recalibration with varying: material properties or geometry, particle radii ratio, scale, 

boundary conditions, and packing density. The particles in the model also use the same 

material constants as the macro-level structure being simulated, freeing the need for 

microlevel analysis to determine particle parameters conversion formula from the macro 

level material constants. To test SPC, we ran 6 simulations covering 1D and 2D heat flow in 

Copper and Aluminum, at different boundary temperatures. Of the trials we ran, we had 

average L2 errors between 0.74% and 0.97%, and maximum errors between 2.99% and 

5.39% when compared to FEM. We used just around 5,000 particles in the simulations 

leaving room for higher accuracy with more particles.  
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CHAPTER 1 

Introduction 

With advances in processer speed, computer memory, and parallel processing, 

particle-based mesh-free simulations are advancing as a computational modeling tool1, that 

have a niche of problems where they can out preform or complement computational fluid 

dynamics [1, 2], finite element [3, 4], and other [5, 6, 7] continuous modeling methods. 

Particle modeling simulates large-scale properties with an abundant number of small-scale 

particles. The method is naturally discrete which makes it well fit in modeling large-scale 

discrete phenomenon, such as fracture mechanics [8, 9, 10, 11] and granular materials [12, 

13, 14]. It can also handle large deformation processes, moving boundary problems, complex 

and irregular geometries with applications in biological materials [15, 16], fluid flow [17, 

18], multiphase problems [19, 20], and multiscale and combined modeling [21, 22, 23, 24]. 

Isotropy is an important characteristic in many fluid and solid systems but is not 

easily modeled by particles. One does not find isotropic behavior in nature in small-scale 

grains, but in their distribution at the large-scale does their random packing produce isotropy. 

Following this idea, engineers have come up with a variety of approaches to particle packing 

with the aim that the small-scale particles will have isotropic properties on the whole. 

Packing algorithms can be broken up into two categories. 

The first, dynamic packing, consists of using physical models to aid the construction 

of particle distribution. Particles are placed by a geometric algorithm and then moved or 

expanded using physical forces. Some common examples are wall compression [25], particle 

radius expansion [26, 27] and gravity deposition [25, 28, 29, 30]. While dynamic packing 

produces the most dense, isotropic, and physically stable systems, they can take days to 
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generate a particle configuration and require physical interaction laws to define the particle 

collisions. 

The other type is geometric packing. These methods do not require physical modeling 

to generate a particle distribution and they are solely reliant on geometry. These algorithms 

are much faster than the dynamic ones at the cost of density and stability but can be used to 

fill any geometry, noting that dynamic models struggle with complex geometries. Some 

common geometric algorithms are ballistic deposition [31, 32, 33], tetrahedral algorithm [34, 

35, 36], and advancing front algorithm [12, 37, 38, 39, 40, 41, 42, 43].  

With these methods considered, we propose the R2 Fill method, which is simple 

geometric particle packing method focused on producing isotropic and high-density particle 

packings. The method randomizes particle size, which is a common way to keep the system 

from collapsing into an ordered packing sequence once physical modeling begins, making 

the particle network anisotropic as a whole [44]. This tenet and the random particle 

placements, motivate the proposed R2 Fill method, which randomizes both. Since the method 

doesn’t rely on physical properties, it can be used in solid-mechanic, hydrodynamic, 

thermodynamic, and in other applications. To test the fill algorithm, we first compared the 

geometric results to a similar Advancing Front algorithm [45], then to mechanical examine 

the isotropy we used the Discrete Element Method (DEM) [14] to simulate a tensile and 

shear load on a block of material in two orientations. The isotropic error was found by 

reviewing the difference in the load responses. We also compared the sample to one made 

using a close-packed particle network as a base line.  

With a dense isotropic packing algorithm in place, the second aim of the dissertation 

is to explore particle damping formulations’ effect on the viscosity of fluids. The viscosity of 
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a fluid is a defining attribute and relations between it and common particle damping formulas 

has not been well detailed. To calculate the fluid viscosity, we simulated a laboratory 

experiment by Kelessidis VC [48] of dropping glass beads in water and measuring the 

terminal velocity of the beads. From the terminal velocity, we calculated the viscosity of the 

fluid [48]. To model the fluid, we used a popular hydrodynamic particle method, Dissipative 

Particle Dynamics (DPD) [49, 50], consisting of many smaller fluid particles and one large 

solid particle. We tested two types of damping found generally in particle methods and one 

specific to DPD. The first two damping types are velocity dependent dampers that act when 

there is a collision of fluid-fluid or fluid-solid particles. The third type of damping is a 

function of particle velocity and position and is the defining feature of Dissipative Particle 

Dynamics. DPD couples this damper with a random acceleration force at every particle 

collision so that the energy of the system remains relatively constant given enough particle 

collisions. This in effect dissipates the energy from the high velocity solid particle to the 

lower fluid particles while conserving momentum and system energy. We compared terminal 

velocities with the experiment for model accuracy and found trends relating changings in 

damping to viscosity.  

The third aim of the dissertation is to develop a smoothed particle heat conduction 

formulation, which can be added to hydrodynamic or solid mechanical models or used on its 

own. A common approach to heat transfer in particle methods is to represent each particle as 

an isothermal disk or sphere [52] with each pair of contacting particles having an equivalent 

thermal resistance bar or pipe, making the system a thermal resistance network. One 

approach to determine the heat transmission surface area and particle volume fraction is to 

use Voronoi cells [53]. A cell is defined around each particle which is an area or volume 
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consisting of all points that are closer to that particle than to any other particle. This method 

requires a tight packing to avoid irregular shaped cells and shifting of the volume center. An 

alternative method represents each particle as a regular polyhedron [54]. The polyhedron has 

sides equal to the number of neighboring particles, with the area of the sides being used as 

the heat transmission surface area. This is quicker than forming Voronoi cells but accuracy 

falls as the particle sizes vary. Interpolation is also required for many number of sides where 

a regular polyhedron doesn’t exist. In a combined Particle-FEM method [55], the particles 

are broken up into finite elements with unique contact temperatures for each particle pair. 

This has proven to be accurate but computationally expensive. The Boundary Element 

method optimizes this idea by only placing finite elements along the boundary of the 

particles, where the particles have the largest temperature gradient, but still is 

computationally taxing compared to the other methods. 

Classically particle heat conduction is contact based, like the methods presented 

above, with long range or interphase heat transfer being modeled by convection or radiation 

[56]. In this paper we propose the Smoothed Particle Conduction (SPC) method, which is a 

longer-range conduction formulation while being distinct from convection or radiation. The 

particles are considered smoothed because they interact with other particles in an extended 

zone around the particle instead of just on contact. SPC is a general and robust formula that 

can be used in low density particle packings, where contact-based models suffer most28. 

Smoothing the particles to have an area of influence has been done in the popular Smooth 

Particle Hydrodynamics (SPH) [56] method but this method’s focus is on modeling 

hydrodynamic or solid mechanic phenomenon. SPC is light-weight and can be quickly used 

on its own, added to other particle simulations, or paired with convection or radiative heat 
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transfer formulations. We validated the method with a comparison to analytical and FEM 

heat conduction results for box and wedge geometries. 

In chapter 2, we first introduce the R2 Fill method as a geometric particle packing 

algorithm and then the Discrete Element Method (DEM) formulation for modeling a 

continuous solid material. Next, we outline the Dissipative Particle Dynamics (DPD) 

hydrodynamic formulas and the simulation of Kelessidis’s experiment [48]. Lastly in chapter 

2 the Smoothed Particle Conduction thermodynamic formula is proposed and its own 

simulation setup. In chapter 3, the geometric results for the R2 Fill are compared to the 

Advancing Front algorithm [45] and then the load responses are reviewed to determine 

isotropy. Then results are reviewed between DPD and the ball drop experiment with 

damping’s effect on terminal velocity summarized. SPC’s performance review follows, by 

comparison to FEM over 6 different simulations. In chapter 4 the dissertation is summarized 

and concluded.  
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CHAPTER 2 

R2 Fill Method 

Crystalline configurations with repeating elements produce orthotropic systems. As 

stated, isotropy requires a level of randomization in the placement and size of the elements. 

Also, as described above, R2 Fill is a geometric algorithm, independent of material behavior. 

Therefore, the method can be paired with any physical particle model as well as non-physical 

models.  

Figure 1 below, shows a summary flow chart of the R2 Fill method. The method 

initializes by placing the first sphere, or circle in 2D, anywhere in the fill region with a 

random radius 𝑟 =   𝑟𝑚𝑖𝑛 + rand[0,1] ∗ ( 𝑟𝑚𝑎𝑥 −  𝑟𝑚𝑖𝑛). A maximum and minimum radius are 

set which will control the variation between the particle sizes, with the effects of this being 

outlined in the chapter 3. Eq. (1) can be used to gain an estimate of the average particle  

(1)                          𝑟𝑎𝑣𝑔  =  𝑟𝑚𝑎𝑥 [0.023978 (
 𝑟𝑚𝑎𝑥

 𝑟𝑚𝑖𝑛
)

2
− 0.31376

 𝑟𝑚𝑎𝑥

 𝑟𝑚𝑖𝑛
+ 1.2898  ] 

radius before placing any particles, helping to choose a  𝑟𝑚𝑎𝑥 and  𝑟𝑚𝑖𝑛. Eq. (1) is a second 

order curve fit developed from R2 Fill method run data using Eq. (2), defined below. After 

initialization, R2
 Fill creates a candidate particle with a random radius and places it adjacent 

to a random placed particle, where adjacent means the sphere surfaces are touching. It then 

checks to see if the candidate particle overlaps any other placed particle and is contained 

inside of the fill region. If it passes this check it is placed and the process repeats with a new 

candidate particle, if not it tries to replace it until it passes the check. Ending the program can 

be triggered from a variety of conditions depending on the interest, such as number of 

particles, fill density, computation time, and number of candidate particles generated. We 

recommend and use a specific number of candidate particles generated which can guarantee a 
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Figure 1: Flow chart of R2 Fill method 

 

high fill density while not wasting time generating candidate particles in a full region, given  

(2)                                             𝑁𝑐 = 𝐶 𝐹 
2 𝑟𝑚𝑎𝑥

 𝑟𝑚𝑎𝑥+ 𝑟𝑚𝑖𝑛
  

 

 

  

Figure 2: R2 Fill Method Number of Candidate Particles 
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in Eq. (2). In the equation, 𝐹 = 
𝑉𝑜𝑙

4

3
𝜋𝑟𝑎𝑣𝑔

3
 is a ratio of fill volume to average particle volume, 

where Vol is the volume of the region. In the planar case, one replaces the volume with an  

area A and 𝐹 =
𝐴

𝜋𝑟𝑎𝑣𝑔
2. We let  𝐶 =  1.3 ∗ 103 in this paper, which can be adjusted for the amount 

of computation time desired. The last term accounts for the better ability to fill gaps as the 

particle radius range grows wider. Figure 2 illustrates the R2 Fill method as it fills from the 

first particle placed in the center, with each box showing a percent of the recommend value 

from Eq. (2). As shown, when reaching 1% of NC, the fill has spread over the entire fill area, 

meaning that for 99% of the fill, the method will place particles equally throughout the fill 

area, producing a uniform density. Figure 3 below illustrates the same process for seven 

different max/min particle ratios, with the fill becoming denser with increasing particle 

radius ratios and 𝑁𝑐. Eq. (2) gives our number of candidate particles corresponding to 100% 

𝑁𝑐 in Figures 2 & 3. Notice that the fill percent has diminishing gains at higher 𝑁𝑐, which is 

why we recommend the 100% 𝑁𝑐 given in Eq. (2). 

 

   

Figure 3: Fill Percent with 𝑅 = 𝑀𝑎𝑥/𝑀𝑖𝑛 𝑃𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑅𝑎𝑑𝑖𝑢𝑠   
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DEM Solid Mechanical Formulation 

For this article we paired R2 Fill with the Discrete Element Method which is a type of 

particle model with the aim to simulate isotropic materials. The DEM model will account for 

Figure 4: DEM Particle 

normal and tangential viscoelastic forces in tension and compression with the use of springs 

and dampers. Figure 4 shows the set up with arbitrary particles i and j. Each particle has 

geometric properties: radius 𝑟, position 〈𝑥, 𝑦〉, velocity 〈𝑣𝑥, 𝑣𝑦〉, angle 𝜃, and angular velocity 

. The particles also have mechanical properties: mass 𝑚, normal spring coefficient 𝑘, shear 

spring coefficient 𝑠, damper coefficient 𝑐, and mass moment of inertia 𝐼.  

After defining these initial parameters, a list is made for each particle of which other 

neighboring particles it is bonded to. For this paper bonded particles are determined by the 

distance between particle centers, where 𝐷𝑖𝑗 < 𝛾(𝑟𝑖 + 𝑟𝑗), 𝛾 = 1.2. The bond factor 𝛾 can be 

altered to change the brittleness of the material. A zero bond factor 𝛾 produces a purely 

granular structure and as the bond radius increases, the material becomes more ductile. There 

are normal and transverse forces that act between two particles. For the normal forces there 
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are compressive and tensile forces, which both act along the collision line shown in Figure 4. 

The total force between particle i and j is given by Eq. (3). The first term 𝐹𝐶𝑖𝑗 is the normal  

(3)                                               𝐹𝑁𝑖𝑗 = 𝐹𝐶𝑖𝑗 + 𝐹𝐵𝑖𝑗 , 𝐹𝑇𝑖𝑗 = 𝐹𝑆𝑖𝑗  

collision force that acts between two particles. This force pushes overlapping particles away 

from each other but only acts while the particles are touching, as defined in Eq. (4). The 

(4)   𝐹𝐶𝑖𝑗 = 𝑘𝑖𝑗(𝐷𝑖𝑗 − 𝐷0𝑖𝑗  ) +  𝑐𝑖𝑗�̇�𝑖𝑗                                  𝐷𝑖𝑗 < 𝐷0𝑖𝑗 

(5)                              𝑘𝑖𝑗
−1 = 𝑘𝑖

−1 + 𝑘𝑗
−1 , 𝑐𝑖𝑗

−1 = 𝑐𝑖
−1 + 𝑐−1 

repulsive force consists of a particle pair spring constant 𝑘𝑖𝑗 and damper coefficient 𝑐𝑖𝑗 which 

allows each particle to have individual stiffness and damping properties, but also take both 

particles into account, as per Eq. (5). The initial distance at the start of the simulation 𝐷0𝑖𝑗 is 

set to 𝑟𝑖 + 𝑟𝑗 for non-bonded particles. The change in the distance from the simulation start 

𝐷𝑖𝑗 − 𝐷0𝑖𝑗 is used instead of the actual distance 𝐷𝑖𝑗  in order to remove residual stress in the 

particle packing algorithm. This defines the system in equilibrium at simulation start which 

saves computation time and makes the system more stable. This relative distance method also 

stabilizes systems with initial particle overlap allowed. In effect, the relative distance distorts 

the geometric representation of the particles as circles or spheres but fills in empty space 

mechanically. The damping term 𝑐𝑖𝑗�̇�𝑖𝑗is typically a small term that serves to stabilize the 

system, in which  the relative velocity is  �̇�𝑖𝑗 =
1

𝐷𝑖𝑗
[(𝑥𝑗 − 𝑥𝑖)(𝑣𝑥𝑗 − 𝑣𝑥𝑖) + (𝑦𝑗 − 𝑦𝑖)(𝑣𝑦𝑗 −

𝑣𝑦𝑖)]. 

The second term 𝐹𝐵𝑖𝑗 is the bond force that pulls bonded particles together. Without 

this force the system would behave as a granular material rather than a continuous solid. 

Particles are bonded at the start of the simulation. These bonds can be broken if the 𝐷𝑖𝑗 >
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𝛾(𝑟𝑖 + 𝑟𝑗) at which point the bond force is zero. The bond force also only acts when the 

particles are not touching but still bonded, as indicated in Eq. (6). The bond force elastic 

(6)   𝐹𝐵𝑖𝑗 = −𝑘𝑖𝑗(𝐷𝑖𝑗 − 𝐷0𝑖𝑗  ) +  𝑐𝑖𝑗�̇�𝑖𝑗                                  𝐷𝑖𝑗 > 𝐷0𝑖𝑗 

component is the negative of the collision force, while the viscous damping component is 

identical. Lastly in Eq. (3) the shear term acts transverse to the particle collision and makes it 

harder for particles to move around each other. The macro scale Poisson effect decreases 

with an increasing shear stiffness coefficient 𝑠. The shear force is given by: 

(7)                   𝐹𝑆𝑖𝑗 = −𝑘𝑆𝑖𝑗ℎ𝑖𝑗 

ℎ𝑖𝑗 =
𝑟𝑖

𝑟𝑖 + 𝑟𝑗

𝐷0𝑖𝑗  sin (𝜃𝑖 − (
𝑖𝑗

− 
𝑖𝑗0

)) +
𝑟𝑗

𝑟𝑖 + 𝑟𝑗

𝐷0𝑖𝑗  sin (𝜃𝑗 − (
𝑗𝑖

− 
𝑗𝑖0

)) 

where the angles for the shear deformations are illustrated in Figure 4. Relative angles 
𝑖𝑗

−


𝑖𝑗0

 are used like the normal case to set the initial configuration as the equilibrium state. For 

numerical purposes, one avoids angles since they are multivalued and, instead, expresses 

them in terms of their cosines and sines. Thus, one rewrites the shear deformations as   

ℎ𝑖𝑗 =
𝑟𝑖

𝑟𝑖 + 𝑟𝑗

𝐷0𝑖𝑗  (𝑠𝑖Δ𝑙𝑖𝑗 + 𝑙𝑖Δ𝑠𝑖𝑗) +
𝑟𝑗

𝑟𝑖 + 𝑟𝑗

𝐷0𝑖𝑗  (𝑠𝑗Δ𝑙𝑗𝑖 + 𝑙𝑗Δ𝑠𝑗𝑖) 

in which 

Δ𝑙𝑖𝑗 = 𝑙𝑖𝑗𝑙𝑖𝑗0 + 𝑠𝑖𝑗𝑠𝑖𝑗0    Δ𝑠𝑖𝑗 = 𝑠𝑖𝑗𝑙𝑖𝑗0 − 𝑙𝑖𝑗𝑠𝑖𝑗0 

𝑙𝑖𝑗 =
𝑥𝑗−𝑥𝑖

𝐷𝑖𝑗
, 𝑠𝑖𝑗 =

𝑦𝑗−𝑦𝑖

𝐷𝑖𝑗
   𝑙𝑖 = cos𝜃𝑖 , 𝑠𝑖 = sin𝜃𝑖 , 

Finally, the governing equations are (planar case):  

(8)                   𝑚𝑖�̈�𝑖 = ∑ 𝐹𝑥𝑖𝑗
𝑗=𝑛
𝑗=1  ,  𝑚𝑖�̈�𝑖 = ∑ 𝐹𝑦𝑖𝑗

𝑗=𝑛
𝑗=1  ,   𝐼𝑖�̈�𝑖 = ∑ 𝐹𝑆𝑖𝑗𝑟𝑖𝑗

𝑗=𝑛
𝑗=1  

where 

𝐹𝑥𝑖𝑗 = 𝑙𝑖𝑗(𝐹𝐶𝑖𝑗 + 𝐹𝐵𝑖𝑗) − 𝑠𝑖𝑗𝐹𝑆𝑖𝑗 ,  𝐹𝑦𝑖𝑗 = 𝑠𝑖𝑗(𝐹𝐶𝑖𝑗 + 𝐹𝐵𝑖𝑗) + 𝑙𝑖𝑗𝐹𝑆𝑖𝑗 
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DPD Hydrodynamic Formulation 

For this article we used Dissipative Particle Dynamics [49, 50] which is a type of 

particle modeling with the aim to simulate a glass sphere dropping in a water. Our model 

used a single large solid particle as the glass sphere and many smaller fluid particles to  

 

Figure 5: Solid & Fluid Particle 

simulate water. The solid particle has a gravitational and buoyancy force as well as normal 

viscoelastic forces between it and colliding fluid particles. Figure 5 shows the setup of the 

solid particle s with a hitting fluid particle j. 

In this study the solid particle has geometric properties: radius 𝑟, position 〈𝑥, 𝑦〉, and 

velocity 〈𝑣𝑥, 𝑣𝑦〉. It also has mechanical properties: mass 𝑚, spring coefficient 𝑘, and damper 

coefficient 𝑐. The total force on the solid particle 𝐹𝑠 is defined below in Eq. (9), where 𝑛 is  

(9)                                                      𝐹𝑠 = −𝐹𝐺𝑠 + 𝐹𝐵𝑠 + ∑ 𝐹𝐶𝑠𝑗

𝑗=𝑛

𝑗=1
 

the number of colliding fluid particles. When the solid is not in contact with another particle 

it only has the force of gravity 𝐹𝐺𝑠 = 𝑚𝑆 ∗ 𝑔 accelerating it down and the buoyancy force 

pushing it up. In our simulation we did not add the gravitational force to the fluid particles 
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and instead captured the change in pressure of the fluid with depth, in the buoyancy force, 

shown in Eq. (10), with ρ𝑓 and ρ𝑠 being fluid & solid density and 𝑔 being the acceleration of 

gravity. Also the buoyancy force is not a function of dynamic properties, making it is easily  

(10)                                                             𝐹𝐵𝑠 = 𝑚𝑠𝑔
ρ𝑓

ρ𝑠
 

calculated. The advantaged to not having fluid particle gravity is that there is no need for pre-

processing to let the particles settle after placement, since they are placed in equilibrium, 

further discussed later. 

The last force 𝐹𝐶𝑠𝑗 is the viscoelastic collision force, which is formulated from a 

spring and damper and simulates fluid particle collisions with the solid. This force acts along 

the collision line shown in Figure 1 and pushes the two particles away from each other while 

they overlap. Eq. (11) outlines the force for particles initially overlapping and Eq. (12) for 

(11)                       𝐹𝐶𝑠𝑗 = 𝑘𝑠𝑗(𝐷𝑠𝑗 − 𝐷0𝑠𝑗  ) +  𝑐𝑠𝑗�̇�𝑠𝑗                                     𝐷𝑠𝑗 < 𝐷0𝑠𝑗 

(12)                    𝐹𝐶𝑠𝑗 = 𝑘𝑠𝑗(𝐷𝑠𝑗 − (𝑟𝑠 + 𝑟𝑗) ) +  𝑐𝑠𝑗�̇�𝑠𝑗                             𝐷𝑠𝑗 < 𝑟𝑠 + 𝑟𝑗 

those that are not. This force consists of a particle pair spring constant 𝑘𝑠𝑗 = √𝑘𝑠𝑘𝑗 and 

damping coefficient 𝑐𝑠𝑗 = √𝑐𝑠𝑐𝑗 which allows for each particle to have individual stiffness 

and damping properties but for the collision to take both into account. From Groot RD [48] 

the spring stiffness is given by 𝑘𝐹 = 75/ρ̂𝑓 for water. The non-dimensional fluid density 

ρ̂𝑓 = 3 was also recommended by them, meaning that at any point 3 particles on average will 

be touching it. The non-dimensional solid spring constant is calculated from the ratio of bulk 

modulus of the solid/fluid material giving  k̂𝑠 = 𝐾𝑆 𝐾𝐹⁄ ∗ k̂𝑓. The glass has 17.63 times larger 

value then the water spring constant. 
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Eq. (11) is used instead of Eq. (12) for particles that were initially overlapping in 

order to remove residual stress from the particle placement. This defines the system in 

equilibrium at simulation start which removes the need for pre-processing and makes the 

system more stable but in effect distorts the geometric representation of the particles as 

circles or spheres. The damping term 𝑐𝑠𝑗�̇�𝑠𝑗 stabilizes the system and effects the terminal 

velocity with the relative distance being �̇�𝑠𝑗 =
1

𝐷𝑠𝑗
[(𝑥𝑗 − 𝑥𝑠)(𝑣𝑥𝑗 − 𝑣𝑥𝑠) + (𝑦𝑗 − 𝑦𝑠)(𝑣𝑦𝑗 −

𝑣𝑦𝑠)]. 

The fluid to fluid particles collisions are similar the solid to fluid collisions but they 

have an additional dispersion force 𝐹𝑖𝑗 given from DPD [49, 50]. The modified force is 

given in Eqs. (13 & 14) for initially overlapping and non-overlapping particles, where i & j 

are two  

(13)                   𝐹𝐶𝑖𝑗 = 𝑘𝑖𝑗(𝐷𝑖𝑗 − 𝐷0𝑖𝑗  ) +  𝑐𝑖𝑗�̇�𝑖𝑗 + 𝐹𝑖𝑗                                 𝐷𝑖𝑗 < 𝐷0𝑖𝑗 

(14)                  𝐹𝐶𝑖𝑗 = 𝑘𝑖𝑗(𝐷𝑖𝑗 − (𝑟𝑖 + 𝑟𝑗) ) +  𝑐𝑖𝑗�̇�𝑖𝑗 + 𝐹𝑖𝑗                      𝐷𝑖𝑗 < 𝑟𝑖 + 𝑟𝑗 

arbitrary fluid particles colliding. The dispersion force 𝐹𝑖𝑗 is made up of a damping and 

acceleration component. In effect the force removes energy from high speed particles and 

then random adds acceleration in every particle collision so that the energy and momentum 

are conserved. The force is given in Eq. (15), with 𝑑𝑒𝑙𝑡𝑎𝑇 as the stepsize, sigma  as the  

(15)               𝐹𝑖𝑗 = 𝑐ij�̇�𝑖𝑗𝑤𝑑 + 𝑤𝑟𝑑𝑒𝑙𝑡𝑎𝑇−0.5 

dispersion constant, and  as a random number with Gaussian statistics, zero mean, and unit 

variance. The collision damping constant, is from DPD [51] and with increasing sigma   

constants the system will disperses the energy more quickly. Note that the fluid particles 

(16)                                                             𝑐ij =
2

2
√𝑚𝑖𝑚𝑗  
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have both traditional damping 𝑐𝑖𝑗�̇�𝑖𝑗 and DPD’s weighted damping 𝑐ij�̇�𝑖𝑗𝑤𝑑 terms. This 

would be redundant for many simulations but for this paper we inspected the combination 

effects of the two as well as comparing them individually. Lastly the DPD weight terms are 

derived by Espanol [49] to keep the energy in the system constant for initial overlapping and 

non-overlapping particles in Eqs. (17 & 18). The weight functions are somewhat flexible in  

(17)                          𝑤𝑑 = 𝑤𝑟
2 = (1 − (𝐷𝑖𝑗 − 𝐷0𝑖𝑗  ))

2

 

(18)                          𝑤𝑑 = 𝑤𝑟
2 = (1 − (𝐷𝑖𝑗 − (𝑟𝑖 + 𝑟𝑗)  ))

2

 

DPD and further study would be needed to explore other variations, we used one the more 

popular formulations from Groot RD [51]. Finally, the governing equations for solid and 

fluid particles are in the planar case:  

(19)                              𝑚𝑠�̈�𝑠 = ∑ 𝐹𝑥𝑠𝑗
𝑗=𝑛
𝑗=1  ,   𝑚𝑠�̈�𝑠 = −𝐹𝐺 + 𝐹𝐵 + ∑ 𝐹𝑦𝑠𝑗

𝑗=𝑛
𝑗=1  

(20)                               𝑚𝑖�̈�𝑖 = ∑ 𝐹𝑥𝑖𝑗
𝑗=𝑛
𝑗=1  ,   𝑚𝑖�̈�𝑖 = ∑ 𝐹𝑦𝑖𝑗

𝑗=𝑛
𝑗=1  

with the cartesian terms being calculated from. 

𝐹𝑥𝑠𝑗 =
𝑥𝑗−𝑥𝑠

𝐷𝑠𝑗
𝐹𝑠𝑗 ,   𝐹𝑦𝑠𝑗 =

𝑦𝑗−𝑦𝑠

𝐷𝑠𝑗
𝐹𝑠𝑗 

 

Bead Drop Simulation Setup 

In our simulation we aimed to replicate the terminal velocities from three glass beads 

falling in water from Kelessidis [48]. The bead properties and terminal velocities in water 

from the experiment are given in Table 1. For our simulation we placed the glass bead 1 bead 

diameter below the top of the cylinder. The cylinder had a diameter 4.46 times the diameter 

of the bead so wall effects would be minimal. We used a water density ρ𝑓 = 0.997 𝑔 𝑐𝑚3⁄ , 

stepsize of 1.6*10-5 sec, and around 5,772 fluid particles for each glass bead drop. 
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Table 1:  Glass Bead Properties 

 Diameter (mm) Density (g/cm3) 
Terminal Velocity 

(mm/s) 

Large: 3.16 2.506 369.2 

Medium: 2.24 2.668 293.5 

Small: 1.22 2.314 176.3 

 

The fluid particles were placed using the R2 Fill Method19 which randomly fills a 

region with particles so that they have isotropic properties as a whole. The placement method 

works by randomly selecting a particle already placed and placing the next particle adjacent 

to it. It then checks to see if it is within the allowed overlap of other particles or boundaries. 

If it fails the check the placement is redone. This process continuous until a generous number 

of attempts is made leaving the region filled with particles with tight packing. 

 

Smoothed Particle Heat Conduction 

In this dissertation we propose the Smoothed Particle Conduction (SPC) formulation. 

It simulates heat transfer conduction and can be added to particle-based simulations or used 

on its own. The method requires particles to be defined with geometric properties: radius 𝑟 

and position. The particles need a defined density 𝜌, as well as thermodynamic properties: 

temperature T, thermal conductivity k, and specific heat 𝑐𝑝. SPC is a top-down method, 

structured in a way that the density, thermal conductivity, and specific heat for each particle 

matches the macro material constants that are being simulated. This removes the need for a 

conversion formula between the particles and simulation material. An example of 2D 

particles i and j with heat flow 𝑄𝑖𝑗 between them is shown in Figure 6. We start our 

formulation with two equivalences. First, Fourier’s Law 𝐪 = −𝑘𝛁𝑇 which states that the time rate  
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Figure 6: Thermodynamic Particle 

of heat transfer is proportional to the temperature gradient multiplied by the cross-

sectional area through which the heat flows. Secondly, we equate the change in energy 

to temperature with the heat capacity equation 𝑑𝑄 = 𝑐𝑃𝑑𝑇. Using the law of 

conservation of energy, we can equate the two getting the transient heat conduction 

equation, written below. For computational simulation we use discretization to  

(21)                                                           𝛁 · (𝑘𝛁𝑇) = 𝜌𝐶𝑃

𝜕𝑇

𝜕𝑡
  

approximate the derivative as the difference in temperature over a small timestep Δ𝑡 and 

applying it to the SCP particle outlined above we get Eq. (22). Rearrange the equation, we can  

(22)                                                    (𝑇𝑗 − 𝑇𝑖)𝐴𝑖𝑗𝑘Δ𝑡 = 𝜌𝑖𝑐𝑝𝑖𝑉𝑖𝐷𝑖𝑗Δ𝑇𝑖 

solve for the change in temperature between two particles over a timestep in Eq. (23). 

(23)                                                           Δ𝑇𝑖 =
(𝑇𝑗 − 𝑇𝑖)𝐴𝑖𝑗𝑘Δ𝑡

𝑐𝑝𝑖𝜌𝑖𝑉𝑖𝐷𝑖𝑗
 

For two dimensional simulations the volume 𝑉𝑖 and cross-sectional area 𝐴𝑖𝑗 can be thought of 

to have a unit thickness, meaning you would need to provide and area and distance instead. 

Lastly in the formulation, we sum the temperature changes for particle 𝑖 from each 
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neighboring particle that its interacting with. With enough particles and small timestep, this 

simulates heat diffusion in a continuous material. The difference in our method is how we  

(24)                                                                     ΔT𝑖 = ∑ Δ𝑇𝑖
𝑁𝑖
𝑖=1  

define the cross-sectional surface area 𝐴𝑖𝑗 between particles. In a traditional contact-based 

conduction method, the area could be defined by the overlap between the two particles. A 

constant value based off the particle radii has also been used. Here there is a large range of 

options depending on the application and what the particles represent. Our Smoothed Particle 

Conduction formula defines the cross-sectional area in Eq. (25) using the particle radii,  

(25)                                                             𝐴𝑖𝑗 = 𝐶
𝑟𝑖 𝑟𝑗

𝐷𝑖𝑗

1

𝑛𝑖
                                          𝐷𝑖𝑗 ≤ (𝑟𝑖 + 𝑟𝑗)𝑅 

distance, and number of neighboring particles as the prominent factors. Eq. (25) is 

formulated with a top-down design approach, opting to generally and robustly achieve macro 

thermodynamic performance rather than replicate micro level behavior. First, with the 

inclusion of the distance between particles, the area shrinks as a multiplicative inverse as the 

particles get further away. In order to localize this effect, we cut off the maximum range of 

heat transfer using a neighbor range 𝑅 = 2, which doubles the range of heat transfer 

compared to the classic contact heat conduction method. This makes the simulation much 

more robust, especially in low density particle packings, because the particles have a higher 

coordination number. For the 2D circular particles, we found a 𝐶 = 12.35 value to optimize 

the results. The model’s calibration constant C was found to be independent of the: material 

properties or geometry, particle radii ratio, scale, boundary conditions, and packing density. 

For unique particle shapes or other untested criteria, the constant may have to be optimized 

from iteration. 
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Heat Conduction Simulation 

In order to validate the Smoothed Particle Conduction formula, we simulated 1D and 

2D heat conduction and compared to analytical and FEM results. We used the R2 Fill method 

to randomly generate and place particles in the fill space without overlap. The particle 

network must be isotropic as a whole for the SCP constant to not have to be recalibrated, but 

the packing density, scale of particles, and particle radii ratio are free parameters. We 

conducted 6 simulations testing varying parameters outlined in Table 2. The first simulation 

was done of a 1 by 1 meter copper box with constant temperature and adiabatic boundary 

conditions. We used 5,962 and 4,469 particles for the box and wedge in Figure 7. The 

constant temperature boundary conditions are emulated by a wall of fixed temperature 

particles, shown on the left as red particles at 100° C and on the right as blue particles at 20° 

C. 

Table 2:  Heat Simulation Properties 

Simulation 

# 

Medium 

Geometry 

Max 

Particle 

Radius (m) 

Volume 

Density 
Material 

Boundary 

Condition 

(°C)  

1. Box 0.0059 0.68 Copper 100, 20 

2. Wedge 0.0059 0.68 Copper 100, 20 

3. Wedge 0.0175 0.68 Copper 100, 20 

4. Wedge 0.0059 0.68 Copper 100, -60 

5. Wedge 0.0059 0.68 Aluminum 100, 20 

6. Wedge 0.0175 3.19 Copper 100, 20 
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(A) Simulation 1                                  (B) Simulation 2 

Figure 7: Box & Wedge Particle Setup 

The blue middle non-boundary particles start at 20° C for all our simulations. We 

found that the boundary particles gave the best results when their radii matched the average 

radius of the non-boundary particles. While less sensitive, the boundary particles’ volume 

density should also be similar to those of the non-boundary particles. For the adiabatic 

boundary condition we found having no particles satisfactory. As stated earlier, the particles 

density 𝜌, thermal conductivity 𝑘, and specific heat 𝑐𝑝 match those of the material being 

simulated. The values used for copper and aluminum in the simulations are given in Table 3 

below. For the 1D heat conduction simulation we compared results to the analytical solution, 

derived in the appendix. For the 2D cases we compared to FEM results using a thin depth 

assumption and a conservative 6273 nodes. 

Table 3:  Material Constants 

 

 

 

 

 

Material 

Thermal 

Conductivity k 

(W/m K) 

Specific 

Heat cp 

(J/Kg K) 

Density 𝜌 
(Kg/m3) 

Copper 390 390 8900 

Aluminum 170 1000 2700 
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CHAPTER 3 

Geometric R2 Fill Results 

The R2 Fill performance varies over the range of 𝑟𝑚𝑎𝑥 𝑟⁄
𝑚𝑖𝑛

 with uniform sized 

particles giving the worst performance. But, as the radius ratio increases the median particle 

size becomes closer to the minimum, as shown in Figure 8. This means that a larger 

percentage of the particles are close to the minimum size, which is inefficient for 

computational purposes and makes choosing a particle radius distribution a tradeoff. One of 

the benefits from a larger size ratio is having a higher average coordinate number. The 

coordinate number for an individual particle is the number of neighboring particles around it. 

In DEM the macroscopic stiffness is dominated by the average coordinate number [43] 

making  

Figure 8: Particle Size Distribution 
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Figure 9: 2D Average Coordinate Number 

 

it an important packing characteristic. For this paper bonded particles are determined by the  

distance between particle centers, where 𝐷𝑖𝑗 > 𝛾(𝑟𝑖 + 𝑟𝑗), 𝛾 = 1.2. Shown in Figure 9, the 

rate at which the average coordinate number increases slows down as the radius ratio 

increases. One seeks a large coordinate number but also a low particle count. We will see 

later in Fig. 11 that the particle count increases with the radius ratio.  

We then compared R2 Fill to a similar but more complex geometric front line 

approach by Yongjun Li [58]. We both used a particle maximum diameter of 0.5 cm inside of 

a box with 10 cm side lengths. Figure 10 shows the percent of the volume/area filled by the 

non-overlapping particles in the box for each method. This geometric density quantifies how 

tightly packed the particles are, where tighter packing improves mechanical stability and 

stiffness in simulations [29]. Like the average coordinate number, the higher the size ratio the 

better the fill with a maximum fill of 79.718% at a radius ratio of 7. Lastly since the 

simulations are done with different number of dimensions, this is not a direct comparison, but 

is enough to show the competitiveness of the R2 Fill method. 
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Figure 10: Percent of Region Filled 

Next, we tested the geometric isotropy of R2 Fill. While different from mechanical 

isotropy, which depends on physical properties, geometric isotropy is necessary in order to 

achieve it. Geometric isotropy is related to the distribution of contact orientations [46] and 

can be quantified with a fabric tensor [47]. Eq. (3) defines the second-order invariant of the 

fabric tensor, where 𝑁𝑏 is the total number of bonded particles, 𝑛𝑎 is the directional unit 

vector of the bond a, and superscripts i and j represent spatial directions with values 1 and 2 

for a 2D system. This fabric tensor generates a 2 by 2 real symmetric matrix in 2D and a 3 by 

(26)                                               𝜑𝑖𝑗 =
1

𝑁𝑏
∑ 𝑛𝑖

𝑎𝑛𝑗
𝑎𝑁𝑏

𝑎=1  

3 in 3D. The matrix also has the characteristic of its eigenvalues summing to 1, where in 

perfect geometric isotropy each eigenvalue would be 1 2⁄  in 2D and 1 3⁄  in 3D. Figure 11  

gives the eigenvalues of R2 Fill in 2D. The geometric isotropy is worse with uniform particle 

sizes and improves at varied sizes with around a 1% difference between their eigenvalues. 
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Yongjun Li [58] had the same improvements at higher size ratios with around 0.3% 

difference between their eigenvalues in 3D. 

 

Figure 11: Geometric Isotropy Eigenvalues 

Lastly the number of particles generated in the filling methods is compared which is 

the determining factor in computation time. Figure 12 shows the number of particles in the 

two methods filling the same area. An estimate of Yongjun Li’s 2D particle count was found  

  

Figure 12: Particle Growth Comparison 



25 

 

by raising their values to the 2 3⁄  power, which converts their volume fill region into an area 

fill. A direct 3D comparison would be needed for precise result assessment, but generally the 

R2 Fill method had a lower initial particle count as well as a slower particle growth as the 

radii ratio increased with 3,928 particles at a ratio of 7. 

 

 Mechanical Isotropy Testing 

Next, we tested the mechanical isotropy of R2 Fill with the use of DEM. We 

determine Young’s moduli in the longitudinal and transverse directions, corresponding 

Poisson ratios, and shear moduli by loading a test specimen longitudinally and in shear. At 0° 

load orientation we determined the Young’s modulus Ey, the Poisson ratio vxy, and the shear  

  

Figure 13: R2 and Close-Packed Stress Configurations 
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modulus Gxy. Then, the load was rotated 90° to determine Ex, vyx, and Gyx. We define an 

isotropy difference as the percent difference between the longitudinal and transverse Young’s 

moduli, expressed as PΔI = 200
|𝐸𝑥−𝐸𝑦|

𝐸𝑥+𝐸𝑦
. We used this formula, not only for the Young’s 

moduli, but also for the shear moduli and for the Poisson ratios. For the testing we set the 

radii ratio to 7 and filled a 100 by 100 cm box with 13,057 particles. Shown in Figure 13, we 

applied external normal loads to the black circles located along the top and bottom edges of 

the specimen, and the shear loads to the black circles all along the edges. 

We used a fourth-order Runge-Kutta numerical integrator with a time step of 𝛥𝑇 =

1

50
(2𝜋 𝜔0⁄ ) where 𝜔0 = √𝑘/𝑚𝑚𝑖𝑛. Because the interest lies in assessing equilibrium states, 

mass and damping do not affect the equilibrium states. Therefore, to minimize response time, 

we critically damped the system. We let 𝑐𝑖 = 2√𝑘𝑚𝑖. We also matched the test specimen’s 

physical parameters with those considered in another study [44], letting 𝑘 = 106, 𝑘𝑆 =

0.769𝑘, and  𝛾 = 1.2. We calculated the Poisson ratios by checking width W across the 5% 

most left particles and the 5% most right particles, letting 𝜈 =
𝑊−𝑊0

𝑊0
. Figure 14 shows 

longitudinal linear stress versus strain in the R2 and close-packed test specimens, for both 0° 

& 90° loading. From the figure, R2 Fill shows great improvement in isotropy over the Close 

Packed with the results laid out in Table 4, with the Possion ratio also improving. For the 

close packed configuration the shear modulus is already isotropic from the 60° symmetry of 

the packing leading it to have zero isotropic difference. R2 Fill produced shear isotropy 

within 2% error. 
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Table 4.  Mechanical Isotropy Results 

 
Elastic Modulus 

% Difference 

Poisson Ratio 

% Difference 

Shear Modulus 

% Difference 

R2 Fill: 1.98 0.67 2.01 

Close Packed: 49.13 1.71 0.00 

 

 

Figure 14: Tensile Loading Response 

 

DPD Results 

With the aim of following the DPD setup from Groot RD [51], we allowed 57.5% 

overlap during placement to get the non-dimensional density ρ̂𝑓 = 3. We used fluid particles 

with a uniform diameter 5 times smaller than the solid particle. Figure 15 & 16 show the 

setup & motion for the medium size glass bead with sigma   = 8.5, which defines the 

weighted damper, and 𝑐𝑚𝑎𝑥 = 1.761 𝑁𝑠 𝑚⁄ , which defines the regular damper. We ended up 

not having any damping between the solid and fluid particles for the results presented. This 

damping had almost no effect on the terminal velocities and no notable interactions with the 

other damping. The systems critical damping coefficient can be estimated using 𝑐𝑐𝑟𝑖𝑡 =
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√4𝑚𝑘 = 25.746 𝑁𝑠 𝑚⁄ , this makes the 𝑐𝑚𝑎𝑥 value 6.84% of 𝑐𝑐𝑟𝑖𝑡 for the regular velocity 

damper. Figure 2 shows the wake behind the solid particle get narrower and longer as its 

                                             𝒕 = 𝟎                 𝒕 = 𝟎. 𝟎𝟒𝟓𝒔           𝒕 = 𝟎. 𝟎𝟗𝒔    

 

Figure 15: Simulation Snapshots. Red Fast & Blue Slow Particles 

 

speed increases, as well as the wake having the fastest moving fluid particles. We also found 

that there is a compression region in a cone in front of the solid that grows in size with 

increasing damping. Lastly the red areas besides the wake in figure 15 show the 

decompression of the particles as they pass the green particle, which depends on the ratio of 

the green sphere radius to the radius of the tube.  

The recorded motion of the solid particle is displayed in Figure 16. From the figure 

the terminal velocity of the solid particles can be found when the accretion goes to zero. We 

also found for all three glass bead sizes the shape of the velocities were similar and they all 

approached a constant value. While the size of the radii of the glass beads grew linearly 

between the small, medium, and large sizes, the terminal velocities had a decayed growth.  

Lastly the acceleration of the beads start lower than 9.81 𝑚 𝑠2⁄  because of the buoyancy 



29 

 

force and are different values because the glass beads had slightly different densities detailed 

in Table 1 earlier. 

With the aim of exploring different damping’s effect on terminal velocity we ran 

simulations with a mix of linear velocity damping and DPD’s weighted damping which is a 

function of sigma shown before in Eq. 18. Figures 17 and 18 show average results from the 

small, medium, and large glass bead sizes totaling at 126 solid bead drops. The results given  

 

Figure 16: Acceleration, Velocity, Displacement vs Time for 3 Glass Beads 

   

 

Figure 17: Terminal Velocity for Regular & Weighted Damping 
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in Figure 17 illustrate that the terminal velocity is lowered with both types of damping non-

linearly, with the DPD damping approaching an asymptote around a sigma of 10. Remember 

that the sigma value increases the random force as well as the weighted damping making it 

more complex than the regular damping. When using both DPD and regular velocity 

damping in conjunction, the DPD damping dominates the system at high sigma values. This 

can be seen at  > 7 where the three damping constants approach the same terminal velocity. 

While also important in some applications the average time to terminal velocity for the three 

sized glass beads is shown in Figure 5. Little data has been published on transient effects 

because of its difficultly to procure with experiments. Our simulation for time to terminal 

velocity followed the trends from Figure 17, with both damping lowering the time as well as 

the regular damping becoming non-relevant at higher sigma values. 

 

Figure 18: Terminal Velocity Time for Regular & Weighted Damping 

Lastly Figure 19 shows average percent error of our simulated terminal velocities to 

the experimental results from Kelessidis [48]. The error was calculated by finding the 

absolute percent difference for each sized glass bead and then averaging them. For the range 

of sigma and c values we tested, 8.5 <  < 9.5 gave the best results for glass beads dropped 

in water using our formulation. The simulation had an error of 1.88% compared to 
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experimental data at  = 8.5 and 2.48% average error from 8.5 <  < 9.5.Extrapolating 

from the figure, very high c values with little or no sigma values would likely give you 

accurate results to the experiment as well. Further work is needed to explore this and 

simulation with other materials & fluids. 

 

 

Figure 19: Percent Error for Regular & Weighted Damping 

 

 

SPC Thermodynamic Results 

We first tested the SPC method with simulation 1 from Table 2. The problem consists of a 

2D box, but only contains 1D heat flow from the constant temperature hot left wall to the 

cool right wall. Figure 20 plots the temperature across the domain at three different times. 

We chose to run all the simulations to 2,000 seconds with 0.1 second timesteps so we could 

see transient and steady state behavior. For the plots, the particle temperature data is fit to a 

polynomial using the least squares method. We compared 1,000 points on the two curves at 

each time to calculate an L2 mean error. A maximum error is also computed, which is the 

greatest error of all the data points examined. For simulation 1 we got an average and max  
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Figure 20: Simulation 1. Box 

error of 0.53% and 2.11% between the SPC method and 1D analytical theory, derived in the 

appendix, which encompasses transient and steady state behavior. From the figure most of 

the error seems to be from the boundary conditions. Next for simulation 2, we constructed a 

wedge to test 2D heat flow, keeping all parameters constant. A heat map of the wedge is 

presented in Figure 21. While it is hard to pull out details from the heat maps, it does show a 

strong agreement between the methods during each stage. To get more detail we plotted the 

temperature across the domain again, but since the heat flow is more complex than in 1D, we  

 

Figure 21: Simulation 2. Heat Map 
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Figure 22: Simulation 2. Wedge 

created three curve fits instead of just one. The curve fits are from particles that have y values  

within the ranges 0.75 ±0.01, 0.5±0.01 and 0.25±0.01 meters, for the top, middle, and bottom 

curves shown in Figure 22. Here, the error is calculated from FEM results shown as dotted 

lines and the SPC as solid lines with an average and max error of 0.84% and 2.99%. Because 

the particle placement is stochastic there is a level of anisotropy or imperfections associated 

with each build, which we believe to be in this 0.84% error range. Depending on the 

application, one can reduce this by increasing the particle count and lowering the timestep 

 

Figure 23: Simulation 3. Low Fidelity Wedge 
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Figure 24: Simulation 4. Cold Boundary Condition 

In figure 23 we illustrate this in a low fidelity model of 1,113 particles with an 

average and max error of 1.22% and 6.77%. For the next simulation we set the right wall 

particles to -60° C instead of 20° C. We were able to get an average and max error of 0.94% 

and 3.97% shown above in Figure 24. While the simulation is using the same type of 

boundary conditions, this shows that SPC can handle different temperature gradients. 

Simulation 5 models aluminum instead of copper. Aluminum has a much lower thermal 

conductivity  

 

Figure 25. Simulation 5: Aluminum 
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Figure 26: Simulation 6. High Volume Density 

leaving it to not reach steady state in the 2,000 second run shown in Figure 25. The model 

had an average and max error of 0.74% and 2.46%. Likely because of the smaller thermal 

gradients this simulation it gave the best results. Lastly, we look at the effect of high fill 

densities on SPC. While SPC can handle low density particle packings, unlike contact-based 

models, it can still handle dense packings as well, as shown in Figure 26. Note that 

simulations 6 and 3 have the same maximum particle size but with the increased density, 

simulation 6 out preforms it with an average and max error of 0.97% and 5.39%. 
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CHAPTER 4 

R2 Fill & DEM Isotropy Conclusion 

Motivated by the irregular grains in solid materials and their random distribution, this 

dissertation formulated the R2 Fill method and tested it geometrically and then mechanically 

with DEM. The method is purely geometric and so can be used in physical or non-physical 

particle simulations and can be applied to both planar and three-dimensional problems. We 

sought a filling algorithm that would be simpler to implement than others with only two 

tuning parameters, a maximum and minimum radius and also with the aims of high density 

and average coordinate number as well as an isotropic distribution. The R2 Fill method 

placed circles (spheres) in a given region in succession, with each new particle adjacent to a 

randomly previously placed particle. This paper also provided a formula for the average 

particle size and algorithm ending criteria to help pick the starting parameters (See Equations 

(1) and (2)). The DEM formulation outlined a straightforward way to model solid materials 

and eliminate residual stress created in any particle packing algorithm.  

R2 Fill was tested over ranges of particle sizes. It was found that the distribution 

skewed more towards the minimum radius at larger size ranges, which is inefficient for 

computational time but is typical of packing algorithms. At large size ranges the method 

generated a higher coordinate number and denser particle packing, with 79.718% fill at the 

maximum tested size range, which is considered a dense fill without overlap. The geometric 

isotropy also was better at higher size ranges within 1% isotropic error. We also compared 

our method to a similar and more complex particle fill method by Yongjun Li [58], and 

found ours was denser with less particles. 
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Lastly, we tested our method’s mechanical isotropy by creating a sample using our 

DEM formulation and then measuring the strain response under a tensile load at different 

orientations. Our DEM formulation had a linear stress-strain response and isotropic percent 

difference between the two loading orientations greatly improved when comparing to the 

Close Packed particle packing method. R2 Fill produced mechanical isotropy within 2% error 

for the elastic moduli, shear moduli, and Poisson ratio. The method is simpler than other 

particle filling algorithms and is able to produce dense particle packing with geometric and 

mechanical isotropy in 2D or 3D. 

The method can be used in a wide range of simulations, and tailored to specific 

applications. In future studies, changing the uniform randomizer when generating potential 

particles to the normal distribution or to others could be beneficial, as well as allowing 

particle overlap during the fill process. For particle or DEM applications, differentiating the 

collision and bond spring constants would allow the user to tune the strength of the forces 

within these regions. Setting the bond spring constant to zero would make the model more 

like a granular or fluid like system instead of a solid. Also using non-linear forces instead of 

the linear visco-elastic spring force could give the model a non-linear stress-strain response.  

 

Damping & Viscosity in Hydrodynamic DPD Conclusion 

This dissertation also explored regular velocity damping and Dissipative Particle 

Dynamics’s (DPD) weighted velocity damping effects on terminal velocity. Where terminal 

velocity is an important parameter because it can used to calculate viscosity and drag 

coefficients [48]. To explore this, we simulated a glass bead being dropped in water with one 

large solid particle and many smaller fluid particles. Our simulation followed the setup from 

Kelessidis’s [48] experiment so that we could compare to our simulation results. We outlined 
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the equations of motion for the solid and fluid particles following Groot RD’s [51] 

recommended fluid density and DPD weight function. We added a regular velocity 

dependent damper to the DPD formulation so that we could compare the two types of 

damping as well as see their combination effects. 

For our results we excluded the solid-fluid damping because it had almost no effect 

on the terminal velocity and no interactions with DPD. In Figure 15 we were able to show 

wake formation and pressure changes around the glass bead. Our paper did not explore other 

hydrodynamic phenomenon like sheading vortices or surface tension which could be possible 

from the DPD simulation but was not noticeable at our timescale. Figure 16 showed the 

acceleration of the solid approach zero and lead to a terminal velocity. The average terminal 

velocity of the three sized beads decreased with increasing sigma & 𝑐 values non-linearly. 

The terminal velocities asymptoted at a sigma of ten meaning further increase in sigma 

would not lower the average terminal velocity. This could be useful if modeler wanted very 

high energy dissipation but not viscosity. The terminal velocities for the three damping 

constants approached the same value at  > 7, meaning that DPD weighted damping has a 

much stronger effect on the average velocity in this range. The time to terminal velocity 

followed similar trends. They all decreased with increasing damping and the regular damping 

mattered less at  > 5. Lastly using the recommended damping values from Figure 19 the 

time to terminal velocity will be under 0.1 seconds for beads drop in water with a similar or 

higher density than glass. This means for many applications terminal velocity can be 

assumed if it is longer than this timeframe. 

In comparing our simulation to the experimental results we got the best values at 

8. 5 <  < 9.5 with 1.88% error. It is also very likely to get accurate results with higher c 
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values and lower sigma values, give the modeler many choices on how to combine these 

damping. Also using  = 0, making the simulation a classical particle model, could work, 

but would require possible overdamping the system. 

This work laid the foundation for understanding classic and DPD weighted damping’s 

effect on terminal velocity of spheres as well as simulating the experiment from Kelessidis’s 

[48] of glass beads falling in a fluid. Extending the range of solid densities and fluid 

mediums could add onto this work. Also we only covered three common types of damping 

used in particle models where there are other popular formulations which could have unique 

trends. 

 

SPC Thermodynamic Conclusion 

Motivated by the low performance of contact-based heat conduction methods in low 

density particle packings [55], we developed the Smoothed Particle Conduction (SPC) 

formulation. We outlined the basic particle requirements to use SPC and detailed the formula 

in Equations. (23 & 25). SPC is a light-weight thermodynamic particle interaction law that 

can be added to other simulations or used on its own. SPC could also be complemented with 

convection or radiative heat transfer models. The model’s calibration constant C was found 

to be independent of the: material properties or geometry, particle radii ratio, scale, boundary 

conditions, and packing density. For unique particle shapes or other untested criteria, the 

constant may have to be optimized from iteration, but we have tested many of the important 

model parameters making the formula general and not require calibration. 

To test SPC, we simulated 1D and 2D heat flow in Copper and Aluminum, at 

different boundary temperatures. Of the trials we ran, we had average L2 errors between 
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0.74% and 0.97% and maximum errors between 2.99% and 5.39%, excluding the low fidelity 

simulation. We used just around 5,000 particles in the simulations leaving room for higher 

accuracy with more particles if desired. We found using the method that the error decreases 

non-linearly to increasing particle count with diminishing returns. SPC is structured in a way 

that the density, thermal conductivity, and specific heat for each particle matches the macro 

properties of the material to be simulated. In other methods translating the macro material 

properties to the particle properties could require calibration, but with our SPC formula they 

are equivalent. This is a key feature of the formulation skipping the need to calibrate or 

analytically determine the particle constants from the material constants. 

Smoothed particle contacts laws generally model continuum better than close range 

contact-based laws [24]. But because of their long range nature, they blur sharp boundaries 

and corners and make applying boundary conditions much harder. While our simulations 

didn’t require special care with the boundaries a popular idea in Smoothed Particle 

Hydrodynamics is to apply ghost particles at the boundary. In a thermodynamic model, ghost 

particles could be applied at the adiabatic boundary and would have zero thermal 

conductivity and add to the number of neighbors for particles near the boundary. This and 

making the constant temperature boundaries several particles thick could lower error for 

applications with complex boundaries. 

Lastly the simulations done in this study were all of 1D and 2D heat flow. While the 

SPC formula is written as a 3D equation and we suspect that it will apply to 3D heat transfer, 

we have not confirmed that behavior. Exploring this could add to the credibility of the 

method. For future work, one would like to verify the method works for more types of 
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boundary conditions, such as moving ones, multi phase or scale, or other complex non-

classical thermodynamic models.  
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APPENDIX A 

Solution to the 1D Transient Heat Conduction Problem 

 

We give the solution to the transient heat conduction problem in Table 5 and Table 6.  

Line 1 of Table 5 gives the equation that governs transient heat conduction along with its 

boundary conditions and initial conditions. We first seek to change the formulation to eliminate 

its non-zero boundary condition at x = L. Toward this end, Line 2 gives the steady-state 

solution and defines relative to it the relative temperature u. Substituting u into Line 1 yields 

the reformulated governing equation given in Line 3. As shown, the boundary conditions are 

all zero.  

Table 5: 1D Transient Heat Conduction Equations (A) 

1 
Governing 

equation 

 

∂2𝑇

∂𝑥2
= 𝑐

𝜕𝑇

𝜕𝑡
, 

𝑇 = 𝑇1  𝑎𝑡  𝑥 = 0, 𝑇 = 𝑇2  𝑎𝑡  𝑥 = 𝐿, 

𝑇(𝑥, 0) = 𝑇0  𝑎𝑡  𝑡 = 0 

𝑐 = 𝜌𝐶𝑝/𝑘 

 

2 
Steady-state 

solution 
𝑇𝑠𝑠 = 𝑇1 +

1

𝐿
(𝑇2 − 𝑇1)𝑥 𝑢 = 𝑇 − 𝑇𝑠𝑠  

3 

Reformulated 

governing 

equation 

∂2𝑢

∂𝑥2
= 𝑐

𝜕𝑢

𝜕𝑡
, 𝑢 = 0  𝑎𝑡  𝑥 = 0, 𝐿 

𝑢(𝑥, 0) = 𝑇0 − 𝑇1 −  
1

𝐿
(𝑇2 − 𝑇1)𝑥   𝑎𝑡  𝑡 = 0 

 

 

 

 

 

 
 

 

 

Next, we consider Table 6. Line 1 of Table 2 expresses the relative temperature in terms 

of its modes 𝜙𝑟(𝑥) and modal coordinates 𝑢𝑟(𝑡). The goal is now to find them. First, in Line 

2, we obtain the initial modal coordinate from Line 1 of Table 5 and Line 1 of Table 6. Next, 
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we separate variables in Line 3 and determine the modes and modal coordinates in Line 4. 

Finally, in Line 5, we obtain the temperature distribution.  

Table 6: 1D Transient Heat Conduction Equations (B) 

1 
Modal 

expansion 

𝑢(𝑥, 𝑡) = 𝜙1(𝑥)𝑢1(𝑡) + 𝜙2(𝑥)𝑢2(𝑡) + ⋯ 

∫ 𝜙𝑟(𝑥)𝜙𝑠(𝑥)𝑑𝑥 = 0  ( 𝑟 ≠ 𝑠
𝐿

0

), ∫ 𝜙𝑟
2(𝑥)𝑑𝑥 = 𝑀  ( 𝑟 = 𝑠)

𝐿

0

 

𝑢𝑟(𝑡) =
1

𝑀
∫ 𝜙𝑟(𝑥)𝑢(𝑥, 𝑡)𝑑𝑥, 𝑟 = 1, 2, 3, …

𝐿

0

 

2 
Initial modal 

coordinate 

𝑢𝑟(0) =
1

𝑀
∫ 𝜙𝑟(𝑥)𝑢(𝑥, 0)𝑑𝑥

𝐿

0

 

=
1

𝑀
[(𝑇0 − 𝑇1) ∫ 𝜙𝑟(𝑥)𝑑𝑥 −

1

𝐿
(𝑇2 − 𝑇1) ∫ 𝑥𝜙𝑟(𝑥)𝑑𝑥

𝐿

0

𝐿

0

] 

3 
Separation of 

variables 

𝑢(𝑥, 𝑡) = 𝜙𝑟(𝑥)𝑢𝑟(𝑡) 

 𝜙𝑟
′′𝑢𝑟 = 𝑐𝜙𝑟�̇�𝑟 ,

 𝜙𝑟
′′𝑢𝑟

𝜙𝑟𝑢𝑟
=

𝑐𝜙𝑟�̇�𝑟

𝜙𝑟𝑢𝑟
= −𝛽𝑟

2 

 𝜙𝑟
′′ + 𝛽𝑟

2𝜙𝑟 = 0, �̇�𝑟 +
𝛽𝑟

2

𝑐
𝑢𝑟 = 0 

4 

Finding the 

modes and the 

modal 

coordinates 

𝜙𝑟 = 𝐴𝑟 cos(𝛽𝑟𝑥) + 𝐵𝑟 sin(𝛽𝑟𝑥) = sin(𝛽𝑟𝑥) ,
(𝐴𝑟 = 0, 𝐵𝑟 = 1) 

𝛽𝑟 =
𝑟𝜋

𝐿
, 𝑟 = 1, 2, 3, … 

𝑢𝑟 = 𝑢𝑟(0)𝑒−𝛼𝑟𝑡, 𝛼𝑟 =
𝛽𝑟

2

𝑐
=

1

𝑐
(𝑟𝜋)2 

𝑀 = ∫ 𝜙𝑟
2(𝑥)𝑑𝑥

𝐿

0

= ∫ sin2 (
𝑟𝜋𝑥

𝐿
) 𝑑𝑥

𝐿

0

=
𝐿

2
 

5 The solution 

𝑇(𝑥, 𝑡) = +𝑇1 +
1

𝐿
(𝑇2 − 𝑇1)𝑥 

+ sin (
𝑟𝜋

𝐿
𝑥)

2

𝑟𝜋
[
(𝑇0 + 𝑇2 − 2𝑇1) cos(𝑟𝜋) − 𝑇0

+𝑇1
] 𝑒

−
1

𝝆𝐶𝑝

𝑘

(𝑟𝜋)2𝑡

 

 


