ABSTRACT

HU, HENGRUI. A Hybrid Finite-Volume-Finite-Difference Scheme and Augmented Method
for Chemotaxis System. (Under the direction of Alina Chertock.)

In this dissertation, we work on the numerical solutions for two models which are
encountered in biological studies.

We start with the Patlak-Kelle-Segel chemotaxis system and related models, and develop
both the second-order and fourth-order positivity-preserving hybrid finite-volume-finite-
difference scheme for this type of system. The new schemes combined the finite difference
scheme and the finite-volume scheme which based on modifications of a Godunov-type
upwind method. We demonstrate high-accuracy, stability and computational efficiency of
the proposed schemes in a number of numerical examples.

In the second part, we focus on the chemotaxis-fluid model defined in an irregular
domain (the domain with curve boundary) and derived a second-order positivity-preserving
finite-volume-finite-difference scheme for this system. A finite-volume upwind scheme is
applied to evolve the chemotaxis part of the system, while the fluid equations are solved by
a finite-difference scheme, and both of the finite-volume and finite-difference schemes
involved in the proposed scheme are modified by the immersed interface method and
augmented technique to work for the irregular domain problem. The performance of the

new scheme is studied by a number of numerical examples.
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CHAPTER

INTRODUCTION

In this dissertation, we study two different sets of systems which encountered in biological
studies.

The first part of the dissertation is devoted to the development of the finite-volume-
finite-difference (FVFD) method for the Patlak-Keller-Segel (PKS) chemotaxis system and
related models. In the second part, we focus on a different type of system called chemotaxis-
fluid system, which models the motion of swimming bacteria, so called Bacillus subtilis,
living in fluid and consume oxygen. In this chapter, we briefly introduce the overview of

these two models and the idea of numerical schemes for these models.



1.1 Patlak-Keller-Segel model

Chemotaxis refers to mechanisms by which cellular motion occurs in response to an exter-
nal stimulus, usually a chemical one. Chemotaxis phenomenon plays an important role
in bacterial aggregation and pattern formation mechanisms, as well as in tumor growth.
The description of chemotaxis was first made by T W. Engelmann (1881) and W.E Pfeffer
(1884) in bacteria and H.S. Jennings (1906) in ciliates. The well-known Patlak-Keller-Segel
(PKS) system introduced in (67; 68; 69; 110) is widely used for chemotaxis, this classic PDE
model is governed by a system of advection-diffusion-reaction equations, which in the
two-dimensional (2-D) case read as:

pP:+V-(xpVe)=ulp,
(x,y)€QCR? >0, (1.1)

ac,=DAc—y.c+7,p,

where p(x, y, t) stands for the density of the bacteria, c(x, y, t) denotes the concentration of
the chemoattractant, y > 0 is a chemotactic sensitivity constant, u and D are the diffusion
coefficient for bacteria and chemoattractant respectively, y, > 0 and y. > 0 are the reaction
coefficients represent the production and degradation rate of the chemoattractant. The
parameter « is equal to either 1 or 0, which correspond to the parabolic-parabolic or reduced
parabolic-elliptic coupling, respectively.

The PKS system Eq. 1.1 can be generalized by taking into account additional factors
such as growth and death of the bacteria, presence of food or other chemicals in the system
and production of the chemoattractant by the bacteria (see, e.g., (123; 122)). One may also
consider a more realistic and complicated chemotactic sensitivity function y = y(p, c) as
in (57; 67) instead of just using a sensitivity constant.

Chemotaxis systems have been widely used and extensively analyzed (see, e.g., (56; 58;



63; 64; 112) and references therein) in the past few decades. An important common property
of all the chemotaxis models is their ability to model a concentration phenomenon that
mathematically leads to rapid growth of solutions in small neighborhoods of concentration
points. The solutions may blow up or exhibit a very singular, spiky behavior depend on
the spatial dimension and the total mass, which is conserved under the assumption that

no-flux boundary conditions are imposed:

M ::f p(x,y t)dxdy :f plx,y,0)dxdy. (1.2)
Q Q

In one-dimensional space case, the global solution of Eq. 1.1 exists, and converges to
a stationary solution as ¢ — oo. In two-dimensional space, it was proved that, provided
the total mass of cells is below a critical threshold M_, the solution of Eq. 1.1 exists globally
in time. Otherwise, the solution blows-up in finite time (see, e.g., (19; 63; 64; 111)). In the
parabolic-elliptic case (a = 0), the threshold M, = 87” In the parabolic-parabolic case (@ = 1),
the solution globally exists in time and its L°°—norm is uniformly bounded for all time
if the total mass M < 47”, if the total mass 47" <M< 8}(—”, the solution may blow up at the
boundary of the domain (2, and the blow-up may occurs in the solution if the total mass
M > 87” This blow-up of solution is termed as chemotatic collapse, and it mathematically
describes a bacteria concentration phenomenon that occurs in real biological experiments
(see, e.g., (1;12; 17; 18; 24; 30; 104; 113)).

While the blow-up is a reasonable model of the bacterial aggregation, it creates enor-
mous challenges to both numerical and analytical study. And in order to get rid of the
blow-up in solution, a lot of regularizations of the PKS model Eq. 1.1, which admit bounded

and global-in-time solution, have been introduced in the literature. Most of the regularized



models can be read as the following form:

P:+V-(g(p)Qy,Ve))=ulp,
(1.3)

ac,=DAc—y.c+7,p,

where g > 0 and Q are some smooth functions (see, e.g., (58; 63; 64; 23) and references
therein).

For example, the signal-dependent sensitivity model can be obtained by taking

xVe

= d , =, 1.4
glp)=p and Q(y,Vc) +rcp (1.4)

the density-dependent sensitivity model can be obtained by setting
g(p) and Q(y,Vc)=yVe, (1.5)

:1+Kp

where k is a small regularization parameter and these models converges to the PKS system
Eqg. 1.1 as k — 0. There exists a global bounded solution for these models, and the regu-
larization parameter k makes it possible to conduct a detailed analysis and investigate
properties of solutions (see, e.g., (127; 128)).

A saturated chemotactic flux model was introduced in (23), with the following g and Q:

xVe, if [Vc|<s7,
g(p):p! and Q(Z!VC): Z'Vcl_s* . V¢ . (]-6)
( +s )—, otherwise,
V1+(y|Ve|—s*)? Vel

where s* is a switching parameter that defines small gradient values. so that the saturated

chemotactic flux function affect only large gradient regimes. For small gradient regimes, the



system Eq. 1.6 reduces to the PKS model Eq. 1.1. The solution for this saturated chemotactic
flux model is spiky but bounded (see, e.g., (23; 75)).

The multi-component chemotaxis model is also widely discussed (see, e.g., (41; 42; 43;
130)). A mathematical model for two noncompetitive species was propose in (130), in two

dimensional case, this two species chemotaxis model is written as following:

(P +V-(1p1Ve)=uApy,

(02), +V - (1202V¢) = AP, (x,y)€QCR? >0, (1.7)

ac,=DAc+7,,P1+7p,P2—YcC)

Here in Eq. 1.7, p;(x, y, t) and p,(x, y, t) denote the cell densities of the first and second
species, c(x, y, t) stands for the chemoattractant concentration, y, > y; are the chemotactic
sensitivities, positive constants u, and u, are diffusion coefficients, y,, and 7,, are the
production rates for the first and second species, 7. is the consumption rate.

Performing a dimensional analysis introduced by ESpejo in (44), the system Eq. 1.7

reduces to .

(P +V-(1p1Ve)=pu18p5,

1(02), + V- (20, C)=Ap,, (x,y)€QCR? 20, (1.8)

€c,=Ac+7, 01+ 7p,P2—7cC)
where € = %. On the other hand, the molecular diffusion is much faster than the cell

diffusion (u; < D), so it’s natural to assume that € ~ 0 and obtain the following system:

(1) +V-(x1ip1Ve)=uApy,

$(p2), 4V (12p.VE)=Ap,, (X, ¥)EQCR?, >0, (1.9)

(AC+Yp,P1+Yp,P2=TcC=0,



Like the classical PKS system, solutions of Eq. 1.9 may either remain smooth (with decaying
maxima of both p, and p,) or blow up in a finite time. Moreover, only simultaneous blowup
ispossible (see, e.g. (41; 43)). However, in the blowup regime p, and p, may develop different
types of singularities depending on the values of y; and y, and on the total mass of each
species:

m, ::Jpl(x,y,o)dxdy and m, :=fp2(x,y,0)dxdy. (1.10)
Q

Q
It was proven in (41; 43) that the global solution exists if
8y, my N 8mtm, 87

—(my+m,)*>0 and m, < —, (1.11)
X1 X2 X2

that the solution p, blows up faster than p, if

8ntum 8mtm 81
e 2 —(my+my)?<0 and my+m, < —, (1.12)
V4! X2 Y4

that the solutions p; and p, blow up at the same rate if

81
m,+m,>—, (1.13)
X1
and for
8mtum 8mtm 8
i | 2 —(my+m,)*>0 and m,>—, (1.14)
y4 X2 X2

the question on the behavior of the solution remains open.

The chemotaxis term in PKS model Eq. 1.1 and Eq. 1.7 is highly nonlinear, and the diffu-
sion term has infinite propagation speed in the context of the solution, therefore capturing
blowing up or spiky solutions numerically is a very challenging task. It’s difficult to guaran-

tee nonlinear stability of the numerical method since the convective part of chemotaxis



system may loose hyperbolicity. In many other models, appearance of small negative values
is numerically acceptable, but in the chemotaxis models, even the small negative values in
numerical solution p will lead to the spikes of negative bacteria density, which makes the
numerical solution totally irrelevant. So preserving positivity in the numerical solutions
is crucial for a good numerical scheme since it is the only way to enforce the nonlinear
stability. At the same time an accurate and efficient numerical method is important for the
modeling and analysis of chemotaxis systems. Let us briefly review some of the numerical
methods that have been proposed in the literature.

A finite-volume, (47), and finite-element, (100; 117), methods have been proposed for
the PKS system with the parabolic-elliptic coupling, that is, the system Eq. 1.1 with ¢ =0
using an assumption that the chemoattractant concentration ¢ changes over much smaller
time scales than the bacteria density p. A fractional step numerical method for fully time-
dependent chemotaxis system from (123; 131) has been proposed in (124). However, the
fractional step (operator splitting) approach may not be applicable for the system Eq. 1.1
since the convective part of the chemotaxis system may loose the hyperbolicity. As it has
been demonstrated in (22), the latter is a generic situation for the PKS model with parabolic-
parabolic (¢ = 1) coupling. Several methods for the parabolic-parabolic PKS system have
been recently proposed: a family of high-order discontinuous Galerkin methods has been
designed in (39; 40); an implicit flux-corrected finite-element method has been developed
in (119). These methods achieve high-order of accuracy, but their high memory usage and
computational costs are of obvious drawbacks. A simpler and more efficient second-order
finite-volume central-upwind scheme has been derived in (22) for the PKS system with
a =1 and extended to several more realistic chemotaxis and related models. Finally, in (38)
a modified version of the scheme from (22) is extended to PKS system in irregular geometry

by employing the idea of the difference potentials.



1.2 Chemotaxis-Fluid model

Bioconvection patterns are a collective phenomenon and usually appear in shallow suspen-
sions of upward swimming micro-organisms that are a little bit denser than water. When
the upper regions of the suspensions becomes sufficiently dense due to the gathering of
the micro-organisms, Rayleigh-Taylor-type instability occurs and the micro-organisms fall
down. Oxytactic bacteria, such as Bacillus subtilis, which can swim up oxygen gradients, is
commonly used in bioconvection experiments.

The chemotaxis-fluid system has been proposed in (60) to describe the bio-convection
in modestly diluted cell suspensions under the assumptions that the contribution of the
bacteria to the density of the suspension is small and the interactions between cells are
neglected. This model couples a convective chemotaxis system with the incompressible
Navier-Stokes equation. In the two-dimensional (2-D) case, the chemotaxis-fluid system

can be written as:

p:+u-Vp+yV-[pr(c)Vc]=D,Ap,

c;+u-Vec=D.,Ac—pkr(c),
X (x,y)€QCR? >0, (1.15)

plu,+u-Vu)+Vp=nAu—-pVveo,

V-u=0,

where p(x, y, t) stands for the concentration of bacteria, c(x, y, t) denote the chemoattrac-
tant (oxygen) concentration, y > 0 is a chemotactic sensitivity constant, k is the oxygen
consumption rate, and u is the velocity field of the fluid flow, with fluid density p, pressure p
and viscosity 1),D, and D, are the diffusion coefficient for bacteria and oxygen, respectively.
The source term pV® := p V,, g(p;, — 0 )z in the fluid equation describes the gravity exerted

by the bacterium onto the fluid, which is along the upward direction z and proportional to



the volume of the bacterium Vj,, g =9.8m/s? is the gravitation acceleration and the density
of bacteria is p;, which is a littler denser than water.

In Eq. 1.15, the oxygen concentration ¢ and the bacterial concentration p diffuse with
their diffusion constant D, and D, arise from the random swimming trajectories respec-
tively, and convected with the fluid. The dimensionless cut-off function r(c) models the
inactivity threshold of the bacteria due to the low oxygen concentration, approaching unity
for large ¢ and vanishing rapidly for ¢ below the inactivity threshold c*. Experiments con-
ducted by Tuval (see, e.g., (121)) suggest that we can use a step function r(c)= 0(c —c*)
to model the cut-off function. The oxygen consumed is proportional to this function r(c)
and the concentration of bacteria p. In chemotaxis, the bacteria swim to the high oxy-
gen concentration region with a velocity proportional to the gradient of the oxygen, and
depending on the chemotactic sensitivity y and motility function r(c). We remark that,
unlike the Keller-Segel model, that the oxygen is consumed by the bacteria in this model
Eqg. 1.15, instead of produced by the bacteria. In particular, the system Eq. 1.15 describes
the experiments conducted by Hillesdon et al. (see, e.g., (60)) with a suspension of Bacillus
subtilis in a water chamber. In these experiments, the initial suspension is well stirred, the
oxygen diffuses through the top water-air surface, the oxytactic bacteria, which consume
oxygen, will swim up the oxygen gradient and concentrate below the surface, so a high con-
centration layer can be observed near the top water-air surface. The bacteria consume the
oxygen and ,in some areas, the oxygen concentration will fall below the threshold c¢* and the
bacteria become inactive in these areas. Since the bacteria are a little bit denser than water,
instabilities occur in the high concentration layer and will form some mushroom-shaped
plumes that sink downward. The linear stability of the system Eq. 1.15 was discussed in
(59) and the the weakly nonlinear stability was analyzed in (103) .

It has been shown in (98) that, in the three-dimensional case, the weak solutions for



system Eq. 1.15 exist locally, while in the two-dimensional case, the local existence of the
weak solutions is proved under the assumption that the motion of the fluid is slow, which
is for Stokes equation instead of Navier-Stokes equation. Global existence of the weak
solutions for system Eq. 1.15 was proved in (Duan et al.), in the three-dimensional case, the
global existence result was obtained, while in two dimensional case, the global existence is
proved for Chemotaxis-Stokes system with finite bacteria mass M,, := f oP(x,y,0)dxdy
and small initial oxygen concentration c. Global existence and the asymptotic behavior
of the Chemotaxis-Stokes system with nonlinear bacteria diffusion term was discussed
in (Di Francesco et al.). Global existence for Chemotaxis-Navier-Stokes system in two-
dimensional case with large date was obtained in (96).

Several numerical methods for chemotaxis-fluid system have been proposed in the
literature. A conservative finite-difference method for a narrow, tall domain with a rigid
bottom, a stress-free top and lateral boundaries in two-dimensional space has been devel-
oped in (49). A particle method coupled with a finite-volume method has been proposed
in (62), which discretely represents the bacteria by individual particles instead of by con-
tinuous bacteria concentration and numerically solves the chemical transport equation
and Navier-Stokes equation by a finite-volume method. A finite-volume-finite-difference
method for the chemotaxis-fluid system Eq. 1.15 in a rectangular two-dimensional domain
has been derived in (21), which discretizes the chemotaxis equations by a finite-volume
upwind scheme, and solves the Navier-Stokes equations in vorticity form by applying a
finite-difference method.

Particularly, in this dissertation, we focus on the the system Eq. 1.15 defined in a two-
dimensional domain €2 with a curved boundary on the top part (see figure Fig. 1.2). This sys-
tem was proposed in Tuval et al.(121) to describe experiments with a quasi-two-dimensional

suspension of the swimming bacteria Bacillus subtulis in a water drop on a piece of glass

10



(see figure Fig. 1.1).

Figure 1.1: Experimental observation of stages to self-concentration in a sessile drop from
Tuval et al.(121). Initially it’s a well-mixed drop on a piece of glass. First, the bacterials swim
up to the fluid-air surface form a high-concentration layer near the surface. Later, due to
the gravitational force and consumption of the oxygen, the instabilities form at the this
layer and plumes begin to sink downward.

At the top fluid-air surface 012,,,, there is no flux of bacteria through this fluid-air
interface, the oxygen concentration is assumed to be the same as the oxygen concentration
in air c,;, since the oxygen diffuse much faster in the air than in the fluid (about three orders
of magnitude faster), and the surface is stress free, which leads to the normal direction fluid

velocity, and the tangential fluid stress equal to zero:

xpr(c)en—D,pn=0, c=cz, u-n=0, (n-(Vu+Vu'))xn=0, V(x,y)€0Q,,,. (1.16)

In Eq. 1.16, n and 7 are the unit normal and tangential direction respectively. At the bottom

11



fluid-glass interface 912, ;, there is no fluxes of both bacterial and oxygen, and the fluid

velocity is assumed to be zero:

py=c,=0,u=0, Y(x,y)€0Q,,. (1.17)
9Q0p
Q
aQbot

Figure 1.2: The exact domain 2 of the chemotaxis-fluid system Eq. 1.15 introduced in
(121) with curve top boundary 92,,,

1.3 Finite-volume method for conservation/balance law

Finite-volume methods are widely used to numerically solve hyperbolic conservation/balance
laws. Solutions of such systems may break down and develop nonsmooth structures such
as shock waves, rarefaction waves and singular 6—shocks even when the initial data are
smooth. The finite-volume method is a reconstruction-evolution-projection method, at
some certain time ¢, reconstructs a global solution from the cell-averages, evolves in time
based on the integral form of the conservation law and then projects back to the original

grid to get the solution at next time level.
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As a simple example, consider the one-dimensional conservation law:

q(x,t);+f(q)y=0, x€R, t>0. (1.18)

Introduce small scales in both space (Ax) and time (At), and integrate the conservation

law with respect to x and ¢ over the control volume [x — %, X+ %] x[t,t+At]:

R tHAT pxt+BE
f f q(i,f)fdidﬂf J flagm).dgar. (1.19)
t -5 t -5

Define the cell averages of g:

1 x+55
q =— , , 1.2
q(x,1) Axe N q(&,t)ds (1.20)
and the averaged fluxes:
1 t+At
F(x,t)::—f f(q(x,f))df, (1.21)
At |,

then Eq. 1.19 gives us the finite-volume scheme:

At Ax Ax
gx,t+At)=qg(x,t)——|F(x+—,t)—F(x——,t)). (1.22
qlx,t + AN =q(x, 0)= —(F(x+ = )= F(x ===, 1) )

Introducing a spatial grid {x j} such that
Ax Ax
Xjp1—X;=AX, Xjy == xj+%:xj+7 (1.23)
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and the computational cells

The finite-volume schemes can be mainly split into two cases, central and upwind, depend-

ing on the setting of control volume.

t»I’H-l ,,,,,,,,,,,,,,,,,,,,,,,, tn+l ,,,,,,, 1

|
|

tn »—7‘ ,,,,,,,,,,,,,,,,,,
I

1 x]'+1 X

Figure 1.3: Space-time control volumes: upwind (left) and central (right) settings

For any time ¢ = t", define t"*! = t" + At, in the upwind schemes, choosing the control

volume [x]_; j+%] x[t", t"*1], the cell averages ﬁ;’“ at time ¢! can be obtained by:

—n+1 —n

At
q;, =9;— I _Fril)’ (1.24)

Ax( itz =2
where

(1.25)

tVH-l

1
q;l A—f q(x,t”)dx
1
1

F}Z NE f ]+1,t)d[

Since the solution cell averages g 7 are constant in each computational cell I}, and discon-

tinuous at cell interface x = x;, 1, the numerical fluxes F ", can be obtained by solving a

+1
+2

Riemann problem at each cell interface (see, e.g., (51; 50; 71; 118; 13)). Thus, these upwind

schemes are restricted to the systems for which an explicit formula for the solutions of the

14



Riemann problem is available.
On the other hand, the central schemes allow one to solve the system without solving
Riemann problem. It is obtained using the same finite-volume evolution equation Eq. 1.22,

but the space-time control volumes are [x;, x;,,] % [t", AR

tn+1

1 x].Jr%N xj+1~ 1
71 =l J Cl,.”(x)dx+f G (x)dx) = f [Flatyn, )= Flatx, )]z,

X. 1 n
J j+1

(1.26)
where ﬁ;’(x) is a piecewise function constructed from the cell averages. As long as a suitable
CFL condition is chosen and no waves generated at the cell interfaces will reach the verti-
cal segment, the solution remains constant at x = x;, so the flux integrals can be exactly
evaluated, and it is clear that the space integrals can be also exactly computed in a straight-
forward manner. The central scheme is simple and universal to solve hyperbolic systems of
conservation laws due to the feature that no Riemann solver is required, but it may have a
larger numerical dissipation and excessive numerical diffusion since it does not catch the
resolution of nonlinear waves. Central schemes have been broadly developed including
higher-order methods, multidimensional generalizations and staggered and nonstaggered
grids (see, e.g., (48; 84; 105; 3; 66; 97; 10; 86; 95; 72; 76; 81; 82; 77; 107; 93; 116; 108; 109; 28)).

Recently, a new Godunov-type finite-volume method, central-upwind (CU) scheme,
has been developed. The central-upwind scheme combines the high accuracy and low
dissipation of the upwind scheme with the universality and simplicity of the central scheme.
The key idea of the CU schemes is to select space-time control volumes in the evolution
step adaptively depending on the size of Riemann fans generated at each cell interfaces,
more precisely the speeds of propagation of waves at each cell interface. Based on these
propagation speeds, one can choose two sets of control volumes (see figure Fig. 1.4). One

contains the smooth part of the solution (the red part in Fig. 1.4), and the other contains all
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nonlinear waves from each cell interface (the blue part in Fig. 1.4). Same as central schemes,
one can always choose a proper time step which guarantee that no waves generated at cell
interfaces reach the boundaries of the control volumes, thus the evolution in the control

volume remains central and can be obtained in a straightforward manner.

t n+l |- 1__ . 1

|

|
.

|

Figure 1.4: Space-time control volumes for central-upwind method

The central-upwind schemes for systems of hyperbolic conservation laws were initially
posted in (81), and have been developed including multudimensional and higher-order
methods (see, e.g., (77; 16; 78; 15; 79; 32; 80; 73)). These CU schemes can capture the
resolution of nonlinear waves and reduce the numerical dissipation, and can be widely
applied to solve the hyperbolic systems of conservation laws due to the Riemann-solver-free

feature.

1.4 Immersed interface method and augmented technique

Interface problems occur in a lot of applications, for example, when there are two different
kinds of materials or the same material at different states, we are dealing with an interface
problem. Mathematically, the interface problem is usually modeled by a partial-differential-

equation (PDE) system defined on a domain divided into several parts by some interfaces.
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The input data such as the parameters and source terms in the PDE system may be discon-
tinuous or even singular across the interfaces. Due to these irregularities, the solution to an
interface problem is typically non-smooth or even discontinuous.

Immersed interface methods (see, e.g., (87; 85; 89; 90)) are developed to numerically
solve PDE systems defined in an interfaced domain or a domain with irregular bound-
arys. For example, consider a Poisson equation defined in a domain Q2 ¢ R? with a curved
boundary 9

Ap(x,y)=f(x,y), (x,y)€QCR?, (1.27)

subject to a Dirichlet boundary condition:

o(x,y)=g(x,y), (x,y)edq. (1.28)

In order to apply the immersed interface method, we first embed the domain (2 into a
rectangular computational domainQ =[a, b] x[c, d] which contains Q as Figure Fig. 1.5
and treat the domain boundary 12 as an interface inside the rectangular computational

domain Q. In the region Q\Q, we assume the function ¢ (x, y) satisfies the equation

A¢(x,y)=0. (1.29)

This extension leads to an interfaced domain problem:

flx,y) x€Q,
Agp(x,y)= (1.30)

0, xeN\Q,

with the interface condition Eq. 1.28. For simplicity, we denote the solution ¢(x, y)= ¢ y

inside domain Q, and ¢(x, y) = ¢ *(x, y) in the complement of the domainQ\Q2. The solution
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o0

Q

Figure 1.5: The rectangular computational domain Q which contains the exact elliptic
domain 2 of the equation Eq. 1.27.

of this interfaced domain problem Eq. 1.30 may have a discontinuity across the interface

012, thus we difine jump conditions at a point X on the interface 92 as follows:

[Phx:= lim ¢"(x)— lim ¢ (x)

x—X,xeN
x—»X,er\Q (1 3 1)
[‘pn]x:X = hm_ ¢:1—(X) — lim ¢;(X)’
XXX GQ\ Q x—X,xeN

where ¢,(X) = g—ﬁ(X) =V ¢(X)-nis the normal derivative of ¢ at control point X.

We consider the interfaced domain problem Eq. 1.30 in the computational rectangular
domain Q c R?, where we introduce a Cartesian mesh with Ax = (b —a)/n, and Ay =
(d —c)/n,, where n, and n, are the numbers of grid points used in the x and y direction,
respectively. A grid point (x;, ;) is called regular if all the neighborhood grid points (x;.;, yi)
and (x;, yx+;) are located at the same side of the interface, otherwise, the grid point is
irregular.

At a regular grid point (x;, y;), we approximate the Laplacian by the standard 5-points
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stencil, and write a numerical scheme for problem Eq. 1.30 as:

¢;+1,k_2¢;k+¢;—l,k ¢jk+l ¢]k+¢]k1

fj,k} lf(x]) yk)e Q

(Ax)? (Ay)?
(1.32)
205+ 95 20t +07 B
]+1 k j—Lk J» k+1 jk—1 .
(Ax) (Ay) =0, if(x;, y) €Q\Q,

where (P]fk = ¢*(x;, yi) and fj . = f(x;, ¥i)-
At an irregular grid point (x;, y), we assume the interface 92 and the mesh intersect at

(@, yx) and (x;, ) as shown in Figure Eq. 1.6.

Q\Q

W\k

(%, yx) (X415 k)

Figure 1.6: The irregular grid point (x;, y;), the interface 012 intersect with the mesh at
(a) yk) and (x]!ﬁ)

The central difference approximation for ¢ (x;, yi) is

¢]+1k ¢jk+¢] lk
(Ax)?

¢ (X, v)= (1.33)

As shown in Figure Fig. 1.6, the grid point (x;,,, yi) is located outside the domain 2, and

the solution ¢~ at this point ¢ . is not defined. So, we expand ¢ . . at the intersection

j+Lk j+Lk
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(a, y;) by the Taylor expansion, and approximate it using ¢f+1, » Which is defined, and jump
conditions at point (a, y;):

_ _ _ (-7Cj+1_05)2
¢,~+1,k =¢~(a, y) +(xj . —a)p (@, yi)+ — 5

=(¢" (@, y) =[P ), y)) + (xj11 — @)@ (@, yi) =[P M@, yi))
(xj+1_a)2
2

=0 e~ ([P, y)+ (xj — ), 1)+

¢;x(a’ yk) + O(Axg)

((p;x(ar yk) - [(pxx](a’ yk)) + O(Axs)

(xj+1 -

a)? .
5 [9)(@ 7))+ 0(Ax°).

(1.34)

Then the central difference approximation for ¢/ (x;, y,) in Eq. 1.33 can be rewritten as:

(@110 — Clxj, @) =205+ 97,

D () Vi) = TS , (1.35)
where
C(xje1,@) =[Pl yi) +(xj0 — )@, yo)+ (x’“ qux](a ). (1.36)
Similarly, the approximation for ¢;y(x ;, i) can be computed as:
(P;y(xj,yk):( en = P y(::;3 205 Oiir, (1.37)
where
OB, o) =19 15y, B) + s — B M, )+ L =Py, (138)

The numerical scheme for the domain interface problem Eq. 1.30 at an irregular grid point
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(X}, ¥&) can be written as:

k20 D 205 T 0

= f . +Ciyp, (1.39)
@xp @yy Tt G
where the correction term is:
C(xj41,a) C(/j’yk+1)
Cip=—7 + . 1.40
WS Taxe T (Ayp (1.40)

Combining Eq. 1.32 and Eq. 1.39, and using the proper jump conditions, the IIM method

for the domain interface problem Eq. 1.30 yields:

Qi k2@ kTP j1k N Qi1 2@+ Pjr

(Ax)? (Ay) =fix+Cir (1.41)

where

fx, 3 (x5, 7)€,
fix= B (1.42)
0» (Xj,yk)EQ\Q,

and C; ; is the correction term corresponding to the irregular grid point (x;, y;), while for
regular grid point, C; , =0.

The approximation Eq. 1.41 is defined provided the jump conditions Eq. 1.31 are known.
However, in our case, the proper jump conditions should be determined numerically
according to the boundary condition Eq. 1.28 using the augmented technique (see, e.g.,
(88; 90; 91)). To this end, we assume that the jump conditions are [¢p] =0 and [¢,] = g(x, )
on d1, and define the augmented variable at selected control points (usually the orthogonal

projections of all the irregular grid points on the interface 02 or the intersections of the
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interface /2 and the mesh), X=[X,,X,,---,X,,,]*:

Q:[Oh’CIz;'“,qm], (]-43)

where q; =[¢,](X;) = g(X;) is the discrete value of the jump condition [¢,] at control point
X;. This augmented variable Q becomes a part of the solution for the interface problem
Eq. 1.30, and should be calculated numerically. To do so, we can observe that the correction
terms C; s in Eq. 1.41 are linear combinations of the jump conditions, so we can write
Eq. 1.41 in the matrix form:

Ad+BQ=F, (1.44)

where A and B are sparse matrices, @ is a vector whose components are ¢ , the approxi-
mate solution to the interfaced domain problem Eq. 1.30 and F is a vector consist of f; x,
the discrete values of the source term.

On the other hand, we can interpolate ® and obtain ¢ ~(X), which provide an approxi-
mation to the boundary condition Eq. 1.28 as limit values of ¢ (X) from Q~ side. The inter-

polation scheme depends on ® and Q linearly, so we can write

Pp(X)=Ce+DQ=g(X), (1.45)

where C and D are two sparse matrices. Combining Eq. 1.44 and Eq. 1.45, we obtain the

following system of equations:

= . (1.46)

Then the solution ® of the linear system Eq. 1.46 gives us a discrete approximation of the
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exact solution ¢(x, y) which satisfy the equation Eq. 1.27 in the domain 2 and the Dirichlet
boundary condtition Eq. 1.28 on 9.

Next, we eliminate ® from Eq. 1.46 and solve the resulted linear system for Q:

(D—CA'B)Q=g(X)—CA'F. (1.47)

To do so, we define the residual of the boundary condition Eq. 1.28 corresponding to the

augmented variable Q as:

R(Q):=R(®(Q))=C®+DQ—g(X). (1.48)

If we set the augmented variable Q =0, the equation Eq. 1.44 yields

d(0)=A"'F, (1.49)

and the right hand side of the Schur-complement equation Eq. 1.47 can be computed as:

gX)—CA'F=g(X)—CA'F
= g(X)— C®(0) (1.50)

=g(X)—(C®(0)+ D0)=—R(0).

For arbitrary augmented variable Q, we can easily compute the left hand side matrix-vector
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multiplication of Eq. 1.46 as follows:

(D—CA'B)JQ=DQ—-CA'BQ
=DQ—CA™'(F - A9(Q))
=DQ— C®(0)+ CH(Q) (1.51)
=(DQ+ C2(Q)—g(X))—(D0+ C®(0)—g(X))

= R(Q)—R(0).

Thus, Eq. 1.51 gives us a way to compute the matrix-vector multiplication of the Schur-
complement equation Eq. 1.47, so we can solve it for the augmented variable Q by GMRES
method which only requires to compute the matrix-vector multiplication to solve a linear
system. We can also easily construct the Schur-complement matrix D—C A™! B by setting the
augmented variable Q as zero and unit vectors e;, e,, -+, e,,, and calculate the corresponding
residual R(0) and R(e;) fori =1,2,---, m, then difference of the residuals R(e;)—R(0) gives us
the i-th column of the Schur-complement matrix. Once we constructed the matrix, we can
apply any linear solver to solve for the suitable augmented variable Q. Once the augmented
variable Q is obtained, we can apply the IIM scheme, and plug it back into Eq. 1.44 to solve

for ¢.

1.5 Particle method

In the past several decades, particle methods have been applied to solve a broad class of
problems arising in fluid dynamics, solid state physics, medical physics and astrophysics
(see, e.g., (25; 27; 45; 55; 101; 61)). In these methods, the numerical solution is sought as a

linear combination of Dirac delta-functions whose positions and coefficients represent
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the locations and weight of the particles. The locations and weights of particles are first
chosen to approximate the initial data and then evolved in time according to the system of
ODEs obtained from a weak formulation of the problem. The point values of the computed
solution at time ¢ > 0 are obtained by regularizing the particle solution.

Particle methods are most naturally applied to solve transport equations, but over
the years, these methods have beed extended to a larger class of equations that include
dispersion, diffusion and other nonlinear terms. In particular, we are interested in the
application of the particle methods for convection-diffusion equations. As an example, we

consider the following two-dimensional convection-diffusion equation:

u(x,y,t (f(x y,t)u) ( (x,y,t)u)szu, >0, (x,y)€QCR? t>0, (1.52)

subject to the initial condition:

UO(X,J/): u(xr y,O), (153)

where u is an unknown function, the velocities f(x, y, t), g(x, y, t) and the diffusion coeffi-

cient v are given. The particle solution is a linear combination of Dirac delta-functions,

NN Zw(t (x = x(£), y = yi(0)) (1.54)

for some set (x;(t), y;(t), w;(t)) of points (x;(¢), y;(¢)) and coefficients w;(t), where N is the
total number of particles, w;(t) is particle weight representing the amount of the quantity
u carried by the ith partitcle and (x;(¢), y;(¢)) is location of the ith particle. As mentioned

above, in order to apply the particle methods, the location (x;, ;) and weight w; need to be
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properly chosen to approximate the initial condition Eq. 1.53 at time ¢ =0:

o (x, y)= Zw &(x — x,(0), y — y,(0)). (1.55)

There are many ways to determine these coefficients w;(0) and initial locations (x;(0), y;(0)),
and we do this by following the steps introduced in (20). First of all, we divide the computa-

tional domain 2 into N non-overlapping subdomains €2;:

N
Uai=a ;[ ;=0,Vi#. (1.56)
i=1

The location of the ith particle, (x;(0), y;(0)) is set to be at the center of mass of 2; and the
initial weight is the entire mass of uy(x, y) in £2;, which leads to the following formula for
w;(0):

wl-(O):f Ug(x,y)dxdy. (1.57)

&
The initial locations and weights of the particles will be evolved in time according to the
system of ODEs obtained by considering a weak formulation of the problem Eq. 1.52. The
ODE system corresponding to the convection-diffusion equation Eq. 1.52, reads (see, e.g.,
(20)) as follow:
dx;(t)
dt

d
Y _ o) o), ),

dt
(1.58)
dw;(t
=it

dt
Emi(tn—(fx 1), yi(1), 1)+ g, (x,(£), y:(£), 1)) 19:(2)],

= f(xi(2), yi(2), 1),
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where

N

Bi= EZ%(xi(t)—xj(t), Yi(6) = y; (e w; ()1 ()] — wi(2)I€2;(2)1},
= (1.59)

1 x vy

Vla(x’J’) —TI( E)
Here n € L'(R?) is an even function, and o is a characteristic length. Once the particle
solution Eq. 1.54 has be obtained, we need to recover the point values of the computed
solution from its particle distribution. There are many different ways to perform such a

regularization. One of the most widely used methods is based on taking a convolution

product with a mollification kernel, ¢.(x, y), satisfying the following properties
1 x vy
Se(x,y)=—¢(=,7) and fg(x,y)dxdyzl, (1.60)
R2

where € is a characteristic length of the kernel ¢.(x, y) (see, e.g., (115)). Then the regularized

solution can be defined as

Mz

u(x,y,t w;(1)ge(x —x;(1), y — yi(2)). (1.61)

i=1

There are many different kinds of mollification kernel like Gaussian, generalized Gaussian
and compactly supported mollifiers have been derived in the past decades, and there
is a lot of discussion in the literature on the selection of a mollification kernel (see, e.g.,
(2; 6; 7; 8; 26; 29; 33; 34; 35; 54; 102; 106; 114; 115)). And particularly, in our investigation,
we applied the inverse distance weighting interpolation to recover the point values of the

computed solution from the particle solution (see, e.g., (129; 99)).
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CHAPTER

HIGH-ORDER POSITIVITY-PRESERVING
HYBRID
FINITE-VOLUME-FINITE-DIFFERENCE

METHODS FOR CHEMOTAXIS SYSTEMS

In this chapter, we develop and study hybrid finite-volume-finite-difference (FVFD) schemes

for the Patlak-Keller-Segel chemotaxis system Eq. 1.1 and related models. Our FVFD method
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solve the bacteria density equation in Eq. 1.1 using a (high-order) positivity-preserving
finite-volume method, while a much simpler chemoattractant concentration equation is
solved by a simple (high-order) centered-difference scheme. The new schemes are highly
accurate, computationally efficient and robust.

This chapter is organized as follows. First, in §2.1.1 we design a second-order positivity-
preserving hybrid FVFD scheme for the PKS system Eq. 1.1. In §2.1.2, we develop a fourth-
order positivity-preserving hybrid FVFD method. Finally, in §2.2 we illustrate the perfor-
mance of the proposed schemes in several numerical experiments. To conduct the exper-
iments in §2.2 we extend the developed methods to the two-species chemotaxis system

Eq. 1.7 that was originally proposed and analytically studied in (31; 41; 42; 43; 44; 46; 83; 130).

2.1 Hybrid Finite-Volume-Finite-Difference Schemes

To derive high-order positivity-preserving numerical schemes for the chemotaxis system

Eq. 1.1, we first rewrite it in the following equivalent form:

pi+(xpu—py)+(xpv—p,), =0,
U:=c, V:=c,, (2.1)

ac,=Ac—y.c+7,pP,

where 1 and v are the chemotactic velocities.
We consider the system Eq. 2.1 in a square domain Q2 c R?, where we introduce a

Cartesian mesh consisting of the cells / k= [x 1 X; +%] x [ Yieb» Yiew ], which, for the sake of

J

simplicity, are assumed to be of the uniform size AxAy, thatis, x;,1 — x;

j—%

=Ax forall j

1
2

and y;,1— y,_1 =Ay for all k. On this mesh, a general semi-discrete hybrid FVFD scheme
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for the PKS system Eq. 2.1 will have the following form:

APk _ gk =T bk ik} —Yjny

Zi Ax Ay 2.2)
a dl' _A]kc Ye ]k+7’pp]k

Here, the cell averages of the density, p; () ~ 5757 Ay .”1 (x,y,t)dxdy, and the point
values of the chemoattractant concentration, ¢ i )~ c(x i Vier t), are the evolved quantities,

F

j+3c and ¢; 1 are the numerical fluxes in the x- and y-directions, respectively, A; ;. is a

discrete Laplacian, and p ; ,(#) ~ p(x;, yi, t) are the approximate point values of the density.
In what follows, we construct the second- (§2.1.1) and fourth-order (§2.1.2) hybrid FVFD
schemes. In order to distinguish between the second- and fourth-order numerical fluxes

(gII AH and glv

v v
jk+ 1) (g 1)A

and discrete Laplacians, we will denote them by 7 I 10 G B
2

1 k!
respectively.
2.1.1 Derivation of the Second-Order Scheme

In this section, we present a detailed derivation of the second-order hybrid FVFD scheme
of the form Eq. 2.2.

We first write the second-order numerical fluxes in Eq. 2.2 as follows:

11 II 11 II I 11
g]+2 Xp]+ k ]+ k (px j+3.k’ (g] k+3 }(pj k+3 jk+ (py)j,k+%' (2.3)

The cell density derivatives, (px);I and (p y)H » and velocities, u and v}lk#, are
K+3

]+% k
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approximated using the central differences:

l_)j+1,k _ﬁj,k ﬁj,k+1 _ﬁj,k
(px)I]'I+lk:—! (py)l-lk_‘_l -
2 Ax ULLS: Ay 2.4)
S o Gk T Gk g Gk TGk '
jrak T Ax ! jk+i T Ay !
while the point values p}il . and p}l .1 are computed in an upwind manner:
2 Kts
E : II N : II
11 _ pj,k’ if uj+%,k >0, I _ pj,k’ if Uj,k+% >0, 2.5)
Piix =) . Pikey ™) : '
Piip otherwise, P s otherwise.
In Eq. 2.5, the one-sided point values at the interfaces, Pf,k’ P}{L,k’ p;\fk and p]S.,kH, are
calculated using a second-order piecewise linear reconstruction
P, y)=p;ct(Pdj(x—=x)+(py)jxly—w) (x,¥)€li (2.6)
as follows:
B . _ AXx
pjyk = p(x]Jr% -0, yk) :pj,k + 7(px)j,k;
Ax
W ~ p—
Pinx= P(xj+% +0, yi) =P sk~ 7(px)j+1,k;
A (2.7)
N _ o~ = y
P =P Yery =0)=p i+ —=(0))jk0

~ _ Ay
p]S"k+] = P(xj, Vir1 0) =Pjk+1— T(f)y)j,kﬂ'

In order to ensure that the point values in Eq. 2.7 are both second-order and nonnegative,

31



the slopes in Eq. 2.6 are calculated adaptively using

‘= . _ . _ .
Pivik—Pjk .._ AX Pjnk—Pjak _ Pivix—Pjk
, f ot - =0 _ > 0,
(0= 1 2AXx BPje=7 2Ax Pk 4
xJj,k — — — — — — —
. Pinik—Pjk Pjrik—Pj-rk Pjrk—Pj-1k .
d 2 ) ) 2 ) th )
\mlnmo ( A A Ax ) otherwise e
(P k1P j k-1 it + Ay .ﬁj,k+1 —P 1 5 iﬁj,k+1 —P -1 - .
2Ay 7 TR 2Ay Ik 4 -
minmod(z il ]'k, Pkl Fikl 2 Pk ]’k_l), otherwise.
\ Ay 2Ay Ay
Here,

min(z,, z,,...), ifz;>0Vi,

minmod(z,, zy,...) =\ max(z,, z,...), ifz; <0Vi,

0, otherwise,
and the positivity of reconstructed point values is ensured by the positivity-preserving
generalized minmod limiter, (94; 105; 120; 126), under the assumption that the cell averages

of p are nonnegative.

Remark 2.1.1 We note that the minmod limiter used in Eq. 2.8 can be replaced with another

(positivity-preserving) nonlinear limiter; see, e.g., (94; 105; 120; 126).

Next, we use the standard five-point stencil to obtain a second-order approximate

Laplace operator in Eq. 2.2:

Citik—2Cjk+Cjik + Cik+1—2Cjk+Cj i1
(Ax)? (Ay)?

Al c= (2.9)

This completes the derivation and the resulting second-order semi-discrete hybrid
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FVED scheme is

— gl I _ ¢gll

dpivk__gﬂ%,k gj—%,k_(gj,k% G-

Zt Ax Ay 2.10)
C;:
ok —

a—= :Aljlykc—yccjyk+yppjyk,

We now consider the cases a =1 and a = 0 separately.

Parabolic-Parabolic Case (@ = 1). In this case, the obtained scheme Eq. 2.10 is a system of
time-dependent ODEs, which has to be numerically integrated using a stable and accurate
ODE solver. In our numerical experiments, we use strong stability preserving Runge-Kutta
methods (SSP RK); see, e.g., (52; 53). The SSP property is essential for the resulting fully
discrete scheme to preserve positivity of both {p; ; } and {c; ;} as stated in the following
theorem. We prove this result for the first-order forward Euler discretization, but it is also
valid for the SSP methods, whose time steps are convex combinations of several forward

Euler steps.

Theorem 2.1.1 Assume that the system of ODEs Eq. 2.10 with a =1, Eq. 2.3-Eq. 2.9 is inte-

grated using the forward Euler method:

D t+AD)=p;(1)—A( ].Ii%'k(t)—gjli%,k(t))—u(%}.l'lk%(t)—%].I'Ik_%(t)), 2.11)
ci(t+At)=(1 —Atyc)cj,k(t)+AtAI].fkc(t)+Atypﬁjvk(t), (2.12)

where A .= At/Ax and u := At/Ay. Then, the evolved cell densities, ﬁj,k(t + At), and
chemoattractant concentrations, ¢; (¢ +At), will be nonnegative for all j, k providedp ; (t)

and c; (t) are nonnegative for all j, k and the following CFL-like condition is satisfied:

Ax Ay AxA 1
* o) XAy } 2.13)

AtSmin{—, ) )
8a 8b 4K "max{Ki,¢}
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where
—— II — 11
a.—)(n}yaxlu.#’kl, b.—)(rr];%xlvj'k%l,

. Ax LAy Ay . ( (2.14)
=— = max
Ay Ax’ Tet

2K TP j,k)
AxAy  cix )

Proof: We follow the lines of the positivity proof in (22). We begin with the cell density
equation Eq. 2.11 and note that the positivity-preserving property of the interpolant Eq. 2.6
will guarantee that the reconstructed pointvalues p7,, ', p}'; and p} , will be nonnegative
providedp; ()= 0, Vj, k. We then use Eq. 2.3-Eq. 2.5 and the conservation property for
the cell densities, p; , = %(p?k +pl PSP+ 30 j 1 to regroup the terms in Eq. 2.11

as follows:

_ L Ax( u it w 1 Ay E
Pf,k(“f“):[g‘7(|“1—;,k|‘”f—;,k)]Pf.ﬁ[g—?('”ﬁ iy k)]f’j,k

Ay Ax
W 11 E
+— (lu,+ W= k)pj+1vk+7(|uj—%vk|+uf—%yk)pf_l”“

+[% MZUV el J,k—é)]pfs'ykJr e+ Vi )]p?k

uy
+ 7(| vl =l )P e (e b v}}k—l)p?k—l

N ()[1 ZKA::] [ﬁ,+1k AP k(1) Pyt )+ﬁj,k_1(t)]
P53~ Axay (Ax) (Ayy

As one can see, ﬁj’k(t + At)is a linear combination of the cell averages ﬁj,k(t), ﬁjﬂ,k(t),
P j r1(t) and the reconstructed point values p}’f’k, p]]?:’k, pﬂl,k’ p]]?il,k, pjs.yk, p?k, pjs.'kﬂ, p?kw
which are nonnegative. The coefficients of this linear combination are also nonnegative
under the CFL-like condition Eq. 2.13, which guarantees thatp; ,(f + At)>0forall j, k.
Finally, the CFL-like condition Eq. 2.13 ensures that all of the terms on the right-hand
side (RHS) of Eq. 2.12 are nonnegative and thus c;, W(t+At)>0forall j, k, which completes

the proof of the theorem. O
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Parabolic-Elliptic Case (2 =0). In this case, the scheme Eq. 2.10 is a system of differential-
algebraic equations (DAEs). The second equation in Eq. 2.10 now reduces to a system of
linear algebraic equations for ¢; ;, which is to be solved by an accurate and efficient linear
algebric solver. It should be observed that the matrix of this linear system is diagonally
dominant, which would guarantee the positivity of ¢, while the positivity of p is enforced
the same way as in the parabolic-parabolic case, but with a different CFL-like condition as

summarized in the following theorem.

Theorem 2.1.2 Assume that the first equation of the system of DAEs Eq. 2.10 with a =0,
Eq. 2.3-Eq. 2.9 is integrated using the forward Euler method resulting in equation Eq. 2.11,
while the system of linear algebraic equations for c; . is solved exactly. Then, the evolved cell
densities, p i «(t +At), and chemoattractant concentrations, ¢ i, «(t +At), will be nonnegative
forall j, k providedp ; (t) and c; () are nonnegative for all j, k and the following CFL-like

condition is satisfied:

{Ax ﬂ AxAy }’

At <min{—, ,
8a 8b 4K

wherea, b and K are given by Eq. 2.14.

2.1.2 Derivation of the Fourth-Order Scheme

In this section, we present a detailed derivation of the fourth-order hybrid FVFD scheme of
the form Eq. 2.2.

We first write the fourth-order numerical fluxes as follows:

T e=xewi, — o G =2v) e — ) (2.15)

As in the case of the second-order scheme, the cell density derivatives are approximated
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using the central differences:

v Pk 150 H 150 0 =P ok
(px)ﬂ_%’k - 4

12Ax (2.16)
PV = Pk =150+ 150 ki1 =0 j k2 '
Py = 12Ay
while the chemotactic flux terms are computed in an upwind manner:
NE E SE :
pu)V, = P Uiy iy T 405 Uy g i H PG U k) if uj,30>0,
jtzk NW w sw :
Pk Uisd ksl TP Uil kP Uyl i1, Otherwise,
(2.17)

NW N NE ;
v ) Pjk Vi-Lk+l +4pj,k Vik+l TPk Vitd kb if Vjik+d > 0,
(pv Jik+3

SW S SE :
P Vi-tkes TAOT e Vike s TP Vi d kb otherwise.
The velocities u and v in Eq. 2.17 are obtained using the fourth-order central differences:

Cim1k—27Cjx +27Cj1 1k — Cjiak

U, 1, =
j+zk 24Ax ’
—27c; . +27 — (2.18)
) Gk Cik Cik+1— Cjk+2
Pty T 24Ay ’
and
jihked = A 301k~ Crin + €= Cre)

—3(Cj41,k42— Cj k2t Cjst,k—1— Cjk—1) — (Cjszk1— Cjmt k1 + Ciao e — Cj—l,k)]r
1 (2.19)
Vil ksl = m[30(6‘j+1,k+1 —Cjs1k+ Cjka1— Cjk)
—3(Cjtakr1— Cjrzk T Cjmrk+1— Cjmrk) — (Cjr k2 — Cjur k-1 + Cikz — Cj,k—l)]-

The discrete point values of the cell density along the interfaces, p7 ., o1, P30, P50 P71
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p k , p] . and pj +» are calculated using a fourth-order piecewise polynomial reconstruction

Px,y)=D 2%, Y)Lj (%, y) (2.20)
Jk

as follows:

E

pj,k :ﬁ(x]-k% —0, yk)! p;/t[k :ﬁ(x]_% +0, yk)’ pfk :ﬁ(xj’ yk_'_% _O)’

pjs',k :ﬁ(xj’ y]c—% +0)) pﬁ]f :ﬁ(x]-r% _0) J/k+% _0); pi\DCN :ﬁ(x]_% +0, yk+% —0)’ (22]_)
p?i:ﬁ( —0, Y—1 +0), P —ﬁ(xj,%+0,yk7%+0),

In Eq. 2.20, 1 1 (x, y) is the characteristic function of cell /; ;, and the polynomials 2; ;(x, y)

are

P Y)=pj e ()X —x)+(0,) k(¥ — W)

1
+_(pxx)j,k(x_xj)2+(pxy)j,k(x_x )(y yk)+ (pyy)] k(y yk)

1
+ _(pxxx)j,k(x_ xj)3 + E(IOxxy)j,k(x_ xj)z(y _yk)

| — = DN

1
(pxyy)j,k(x _xj)(y _yk)2 + g(pyyy)j,k(y _yk)3

1
(pxxxx)] k(x Xj ) + (pxxyy)] k(x X; ) (_V yk) + 24(pyyyy)] k(y yk)
(2.22)

[\Jl,_,

with the coefficients calculated from the following 13 conservation requirements (see (74)
for details including the precise expressions for the reconstructed point values of p in terms

of its cell averages):

JJ Pikx,y)dxdy =p; 1 ML EZ: |m[+]l]| <2} (2.23)

Ljsm,k+e

AxAy

Next, we use the nine-point stencil to obtain a fourth-order approximate Laplace oper-
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ator,
—Cjpk+16¢;_1x—30C; r+16C; 11— Cjak
12(Ax)?
N —Cjk—2+16Cj 1 —30C; 1 +16C} 41— Cj k42
12(Ay ) ’

IV _
AjkC=

which can be rewritten in terms of diffusion fluxes as

%IV _%IV gIV zIV

v jtz.k j—pk T jk+g k=1
A c= Ax Ay
with
oV = —c]-_l,k+150j,k—150j+1,k+c]-+2’k’
rak 12Ax
oV —Cj 1+ 15¢; 1 —15€C) 11+ Cj k12
pk+s 12Ay '

The obtained fourth-order semi-discrete hybrid FVFD scheme is

— IV v v v
dpj,k __9 - 9 -9

jrpk  Tjmpk Tikty  Tjk—g
dt Ax Ay ’
v IV _ IV
dcjy _ *%0]+2 %—l k "%] K+ ‘ZJ k—1
a ar Ax Ay —YcCik T YpPjks

where p ; , is a point value of p at the center of cell [; ; given by

Pjx=

— 368(/5]-71’,C +,5j,k,1 +/5j,k+1 +ﬁj+1,k) + 7084ﬁj,k:|'

(2.24)

(2.25)

(2.26)

1 _ _ _ _ _ _ _ _
5760 [27(p 2k TP k2P j itz +pj+2,k) + 10(Pj-1,k—1 t0 1 k1 TPk +pj+1,k+1)

(2.27)

As in the case of the second-order scheme, we consider the cases @ =1 and a = 0 separately.

Parabolic-Parabolic Case (¢ =1). In this case, the obtained scheme Eq. 2.26 is a system

of time-dependent ODEs, which, as before, has to be numerically integrated. Unfortunately,

even if one uses an SSP ODE solver, positivity of p and ¢ cannot be guaranteed. We therefore
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modify the numerical fluxes following the approach proposed in (11) in the context of
shallow water models.

For simplicity of presentation, we consider the forward Euler time discretization of

Eq. 2.26:
Pt +A0)=p,; ()=AF ) ()=F ) () —p(9)},, (-9, (0),
cip(t+AD)=(1=Aty)e;i(t)+Aty,px(F) (2.28)

—Ae, (D=, () —u(2], (=2, 1)

]k+

where At is selected according to the CFL-like condition similar to Eq. 2.13. In order to

design a positivity-preserving algorithm, we first introduce “draining” time steps:

AxAyp. . (1) AxAy[(1—Aty.)c; (1) + At et
ALP, = J//O,;c and Al = VI CY)J,k(C) TPk )]’ (2.29)
j_kAy +gj,kAx ’ j,kAy +gj,kAx
where
f]pk —max(9+ o 0)+max(— 37“’1 ©0), gjf’k ::max(%].ly\,i+l,0)+max( %Ik T 0), 2.30)
fi —max(%ﬁV .»0)+ max(— %I 1k,O), 8k —max(.,%jl‘]i+1,0)+max(—.,‘£lk 1,0).
We note that one can easily show that under the following time step restriction:
At<m1n{m1n(At]pk,At )}, (2.31)

Jk

the fully discrete scheme Eq. 2.28 is positivity preserving. However, the time step bound
Eqg. 2.31 is too severe and impractical since it may lead to appearance of very small and
decreasing time steps, which will not only make the scheme inefficient, but may simply

not allow the code to run through the final computational time.
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We therefore follow the idea in (11) and define the following quantities:

1 Sgn(gwl )
At? | =min(Ar, AP ), m=j+-— +zk
JT3, ,

+ok 2 2 ’
v
1 sen(¥. 1)
At? | =min(At,ALP),  (=k+-——
Jrk+3 I 2 2
v (2.32)
c . c - Sgn(ﬁipf"‘%vk)
Atj%yk :=m1n(At,Atp,k), p=]+5—f,
v
_ 1 sgn(ff},yk%)
Atﬁk+% = mln(At,At]fq), q:k+§—T,
and use them to replace the numerical fluxes in Eq. 2.28 with
IV tﬁri k o1v Z1V Atfk+% v
sk =™ ap bk LT Tap G 533
p Age (2.33)
P72 ok, v 72 - bk+3 L1V
J+3.k At j+5.k Jik+3 At Jok+3"
The modified version of the fully discrete scheme Eq. 2.28 then reads as
— _ = ZFIV ZFIV 7\ 7\
pt+A1)=p j,k(t)—l(ﬁﬂ%yk(t)—ﬁj_%,k(t))—,u(%j’k%(t)— %j’k_%(t)), (2.34)
Cir(t +AD)=(1—Aty )c;(t)+ ALy, 0;k(1)
IV IV 72\ 72\

We now prove its positivity-preserving property.

Theorem 2.1.3 The cell densities p i «(t +At) and chemoattractant concentrations c;, (¢ +
At), computed by the fully discrete scheme Eq. 2.34, Eq. 2.35, Eq. 2.29, Eq. 2.30, Eq. 2.32,

Eq. 2.33, Eq. 2.15-Eq. 2.25 will be nonnegative providedp ; (t) and c; () are nonnegative
forall j, k.
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Proof: In order to prove positivity of p, one needs to consider different cases depending on
the sign of the fluxes 9}2@ . and %j“,/ﬁ; given by Eq. 2.15. We will only consider one of these
2 )

cases, namely, assuming that

Fie>0 FL >0 and 95, <0, 95 <O0. (2.36)

J+3.k

in the cell I; ;.. All of the other cases can be analyzed in a similar way.

First, we use the definitions in Eq. 2.30 to obtain

b _ glv P _ v
fj,k_‘gj.%,k’ gj,k__(g- -1 (2.37)

and then substituting Eq. 2.37 into Eq. 2.29 results in

AxAyp 1)
At =— o > 0. (2.38)
J ﬁj%kAy — %j]k_%Ax

It also follows from Eq. 2.36 and Eq. 2.32 that

Arf,  =min(Ar,Arf),  Ar?, =min(Af AL ),

ok ok (2.39)
P i p P i p
Atj'“% =min(At, Atj’kﬂ), Atj'k_% =min(At, Atj’k).
We now rewrite the cell density equation Eq. 2.34 as
At}il k g1v Atll')kJrl v At]l')k*l v Atﬁl k g1v
— = 2 _ ) 2 4 2 _ 2
Pit+Ar)=p; (1)+ Ay 9"j_%,k Ay %].‘H% + Ay %j,k_% Ax gzﬁ%,k,
(2.40)
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and show that the RHS of Eq. 2.40 is positive. To this end, we first note that Eq. 2.36 implies

Atf L Atfk+1
% v K+e gV
Ax Tt Ay G es1 >0 (2.41)

We then note that Ar? , == Atf 1 < At?,, and therefore using Eq. 2.38, Eq. 2.40 and
k=3

+3.k Jk

Eq. 2.41, we conclude with

Atfk ) At]'f’+1 .
_ — K—73 v 2’ v
Pialt AP+ =5 = Gy ™ ay v
Axp . (1) Ayp (1)
Z2p (1) Pik gV YP ik gV, =0,

+ el i+1 Kk
FV Ay—9V Ax ik FNV Ay—@lV Ax  Jtzk
™Y T ™Y T

which shows thatp; (¢ +Ar)>0forall j, k, provided thatp ;  (Ar)>0forall j, k.
The positivity proof for the ¢ component of the solution can be obtained similarly, and

the proof of the theorem will be completed. O

Remark 2.1.2 We would like to emphasize that unlike Theorem 2.1.1, Theorem 2.1.3 guar-
antees positivity of p and ¢ independently of the CFL condition. However, taking large At
will affect the stability of the fourth-order scheme. In practice, we have used the same CFL

condition Eq. 2.13 when implemented the fourth-order method.

Remark 2.1.3 Note that the positivity-preserving property of the second-order scheme
can be also enforced using the “draining” time step technique instead of the adaptive

reconstruction approach implemented in §2.1.1.

Parabolic-Elliptic Case (¢ =0). In this case, the scheme Eq. 2.26 is a system of DAEs. The
second equation in Eq. 2.26 is a system of linear algebraic equations for c;;, which, as

before, is to be solved by an accurate and efficient linear algebra solver. However, the matrix
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of this linear system is no longer diagonally dominant, and thus the positivity of ¢ is not
guaranteed (the positivity of p is enforced the same way as in the parabolic-parabolic case).
At the same time, in our numerical experiments, we have never observed any negative
values of c¢. We would also like to stress that even if some small negative values of ¢ appear,
this would not lead to any negative blowup similar to the ones observed in (22), where
appearance of small negative values of p led the computed cell density to a meaningless

negative blowup.

2.2 Numerical Experiments

In this section, we test the developed second- and fourth-order hybrid FVFD schemes on
two numerical examples. In all of the examples, we have employed the zero Neumann
boundary conditions implemented using the standard ghost cell/ghost point technique.
The second-order scheme is implemented using the three-state third-order SSP RK method,
while the fourth-order scheme is realized using the five-stage fourth-order SSP RK method.
In both cases, time steps were chosen to ensure the positivity of the computed densities
and changed adaptively according to the CFL conditions identified in Theorems 2.1.1 and

2.1.2 for the second-order scheme and in Theorem 2.1.3 for the fourth-order scheme.

Example 1—Fast Blowup in the PKS Chemotaxis Model

In the first example taken from (22), we consider the initial-boundary value problem (IBVP)

for the PKS system Eq. 1.1 with y =7y, =7, = @ = 1 in a square domain [—3, 3] X [—3, 3

subject to the radially symmetric bell-shaped initial data:

p(x,7,0)=1000e "0+ ¢(x, y,0) =500 e 20+, (2.42)
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As it was demonstrated in (22), the solution of this IBVP is expected to develop a 0 -type
singularity at the center of the computational domain in a very short time.

We first implement the proposed second- and fourth-order hybrid FVFD schemes on
a uniform mesh with Ax = Ay =1/201. The cell densities computed at two pre-blowup
times t =107% and 5 x 107%, at which the solution still preserves its initial shape, are shown
in Figure 2.1. We also compute the solution at near-blowup ¢ =7.5 x 10~ and past-blowup
t =1.5x 107* times, and plot the obtained cell densities in Figure 2.2. As one can see, the
obtained solutions are oscillation-free and the spiky structure is quite accurately resolved by

both schemes, but the blowup phenomenon is better resolved by the fourth-order method.

2000 2000
1500 1500
1000 4 1000 4

500 | 500 |

08 08
2000 2000
1500 1500
1000 | 1000 |

500 | 500

08 08

0.5

Figure 2.1: Example 1: p computed by the proposed second- (left column) and fourth-
order (right column) schemes on a uniform mesh with Ax = Ay =1/201 at pre-blowup
times ¢t =107 (top row) and 5 x 10~® (bottom row).

Next, we conduct a comparison study of the second- and fourth-order schemes. We
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Figure 2.2: Example 1: The same as in Figure Fig. 2.1, but at near-blowup 7.5 x 107° (top)
and past-blowup 1.5 x 10~ (bottom) times.

first perform the accuracy test at a small pre-blowup time ¢ = 1075, at which the solution
of the IBVP Eq. 1.1, Eq. 2.42 is smooth. In order to measure the convergence rate, we
compute the solutions on a five different grids and compare the obtained results with the
reference solution, computed by the proposed fourth-order method on a fine mesh with
Ax =Ay =1/801. The results are presented in Table 2.1, where one can clearly observe an
expected or even higher order of convergence for both p and c.

Finally, we numerically investigate the blowup in the PKS system by plotting the time
evolution of ||p||, computed by both the second- and fourth-order schemes on three con-
secutive meshes; see Figure 2.3. The vertical lines in these figures indicate the numerical
blowup times that are the times by which the value of ||p||., increases by a factor of four as
the grid is refined since the magnitude of finite-volume approximations of a 6 -type singu-

larity is always proportional to 1/(AxAy). As one can observe, the numerical blowup times
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Table 2.1: Example 1: L°°-errors for p and ¢ and experimental rates of convergence for
the second- (left) and fourth-order (right) schemes.

grid p-error | rate | c-error | rate grid p-error | rate | c-error | rate
101 x 101 | 2.88E-1 2.44E-4 101 x 101 | 7.56E-4 1.59E-6
201 x 201 | 6.90E-2 | 2.09 | 6.18E-5 | 2.00 201 x 201 | 1.26E-5 | 5.94 | 1.01E-7 | 4.00
301 x 301 | 3.04E-2 | 2.03 | 2.76E-5 | 2.00 301 x 301 | 1.15E-6 | 5.95 | 1.99E-8 | 4.04
401 x 401 | 1.71E-2 | 2.01 | 1.55E-5 | 2.00 401 x 401 | 2.07E-7 | 5.96 | 6.03E-9 | 4.16
501 x 501 | 1.09E-2 | 2.01 | 9.95E-6 | 2.00 501 x 501 | 5.34E-8 | 6.09 | 2.24E-9 | 4.46

for the second- and fourth-order schemes are quite different: the solution computed by the

second-order scheme blows up at about ¢ ~ 1.2 x 107, while its fourth-order counterpart

blows up at an earlier time # ~ 1.1 x 10~*. This together with the fact that the magnitude

of the fourth-order solution is about twice larger than the magnitude of the second-order

one at the time of blowup, indicate that the use of a higher-order scheme is advantageous

when the blowup time should be estimated numerically.

0.0
0

% 107

I[- - Ax=Ay=1/201
—-—- Ax=Ay=1/401
L[ Ax=Ay=1/801

il

7

25710 -
- - Ax=Ay=1/201
—-—- Ax=Ay=1/401 H
o [+ Ax=Ay=1/801
1.5+
|
0.5} o
[
-".':.
0 '_,»""‘- rU0TT- T
0 0.5 1.1 15 2

Figure 2.3: Example 1: Time evolution of ||p||, for the second- (left) and fourth-order
(right) schemes on three consecutive meshes. The numerical blowup times are indicated

by the corresponding vertical lines.
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Example 2—Slow Blowup in the PKS Chemotaxis Model

In this example also taken from (22), we consider the same IBVP as in Example 1, but with

the uniform initial condition for the chemoattractant concentration:

c(x,y,0)=0.

According to (22), the solution of this IBVP develops the same 0-type singularity as in
Example 1, but at a much later time.

We implement the proposed second- and forth-order hybrid FVFD schemes on a uni-
form mesh with Ax = Ay = 1/201. The cell densities computed at a pre-blowup time
t =0.3 and a past-blowup time ¢ = 0.4 are presented in Figure 2.4. One can observe that the
obtained solutions are oscillation-free, and both of the second- and fourth-order scheme
can capture the spiky structure of the solutions. The blowup phenomenon is however better
resolved by the fourth-order scheme. This can be seen if the maximum cell density values
are compared: while for the second-order results, max, p(x,0.3) ~ 1626.7, the fourth-order
maximum is substantially larger, max, p(x,0.3)~ 1713.9.

We also numerically study the blowup phenomenon by plotting the time evolution
of |pllec computed by both the second- and fourth-order schemes on three consecutive
meshes with Ax = Ay =1/101, 1/201 and 1/801; see Figure 2.5. The numerical blowup
time for both schemes are measured based on the way the magnitude of p increases (as it
has been explained in Example 1): the second-order solution blows up at ¢ ~ 0.375, while
the fourth-order solution blows up at an earlier time ¢ ~ 0.35. One can also see that the
magnitude of the fourth-order solution is about twice as large as the magnitude of the
second-order one at the past-blowup time. These two facts confirm the advantage of the

higher-order scheme when the blowup time should be estimated numerically.
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Figure 2.4: Example 2: p computed by the proposed second- (left column) and fourth-
order (right column) schemes on a uniform mesh with Ax = Ay =1/201 at pre-blowup
t = 0.3 (top row) and past-blowup ¢ =0.4 (bottom row) times.

35700 : : 72100 :
rrrrrrrr A x=A y=1/101 A X=A y=1/101
3l |- - Ax=Ay=1/201 6L|- - Ax=Ay=1/201
A x=A y=1/401 A x=A y=1/401
2.5} 5
w2 L
= 15} = 3}
1 2t
0.5f ; 1 X
LR .I
[ . L ) I A
0 0.1 0.2 0.3 0375 0.5 0 0.1 0.2 0.3 0.35 0.5
t t

Figure 2.5: Example 2: Time evolution of ||p||s, for the second- (left) and fourth-order
(right) schemes on three consecutive meshes. The numerical blowup times are indicated
by the corresponding vertical lines.

It would also be instructive to look at the actual time-step size At used in the numerical

simulations. To this end, we provide Figure 2.6, where we plot At as a function of time
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t computed by both the second- and fourth-order schemes with Ax = Ay =1/201. The
time-step size is chosen according to the CFL condition specified in Eq. 2.13 to guarantee
the positivity of the computed solution for both the second- and fourth-order schemes (see
Remark 2.1.2). As one can see, the upper bound on the time step in Eq. 2.13 is a minimum
of four terms: The first two, Ax/(8a) and Ay /(8b), are related to the chemotaxis flux in the
first equation in Eq. 1.1, while the third and fourth ones are due to the parabolic terms in
the system Eq. 1.1. In the (near) blowup regime, a and b in Eq. 2.13 become large and thus
the first two terms determine the size of time steps, in which case an explicit method is
efficient enough. However, when a and b are small, the third and fourth terms in Eq. 2.13
dominate, which reduces the efficiency of the explicit method. One of the ways to overcome
this difficulty is to use positivity preserving implicit-explicit (IMEX) methods (4; 5; 65) as
long as a and b remain relatively small; see, e.g., (22). The implementation of an IMEX

algorithm is outside the scope of the current study.
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Figure 2.6: Example 2: Time step size At as a function of time t computed by both the
second- and fourth-order schemes with Ax = Ay =1/201.
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Example 3—Blowup in the Two-Species Chemotaxis Model

In this example, we consider the IBVP for two-species chemotaxis model

(P +V-(1p1Ve)=Apy,

2(02): +V-(1202V¢) = Ap,, (X, ¥)EQCR?, £>0, (2.43)

kAc+p1—|-102—c=0,

which was proposed in (130) and then further studied both analytically, (31; 41; 42; 43; 44;
46; 83), and numerically, (75). In Eq. 2.43, p(x, y, t) and p,(x, y, t) denote the cell densities
of the first and second non-competing species, c(x, y, t) stands for the chemoattractant
concentration, y, > y; > 0 are the chemotactic sensitivity constants for the first and second
species, respectively.

As it was proven in (41; 43), solutions of Eq. 2.43 may either remain smooth (with
decaying maxima of both p, and p,) or blow up in a finite time. Moreover, only simultaneous
blowup is possible. However, in the blowup regime p, and p, may develop different types of

singularities depending on the values of y; and y, and on the initial mass of each species:
my = f pi(x,y,00dxdy and m,:= f pPo(x,y,0)dxdy.

In particular, if
8tm, 8mtm, 2 8m
+ —(m1 + mz) 2 0 and m2 2 ) (244)
X1 A2 X2

then p, is expected to develop much stronger singularity than p;.
We now numerically study a specific example taken from (75), where the system Eq. 2.43

with y, =1 and y, =20 was considered on the domain 2 =[—3, 3] x [-3, 3] and subject to
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the bell-shaped initial data:

P1(x,7,0)= p,(x, ,0) =500+, (2.45)

In this case, the total masses are m, = m, ~ /2 and the condition Eq. 2.44 is satisfied.

Although the schemes presented in §2.1 have been derived for the one-species PKS
model, they can be straightforwardly extended to the two-species system Eq. 2.43 since the
equations for p; and p, are only coupled through the c-equation. We note that a detailed
description of the second-order hybrid FVFD scheme for the two-species model can be
found in (75).

We first conduct numerical simulations using both the second- and fourth-order schemes
on a uniform mesh with Ax = Ay =6/201. The cell densities p, and p, computed at time
t =3.3 x 1072 are presented in Figure 2.7. As in Example 1, one can observe that while both
schemes accurately capture the spiky structure of the solution, the fourth-order scheme
achieves a higher resolution of the blowup phenomenon.

Next, we numerically investigate the blowup behavior of the system Eq. 2.43 by plotting
the time evolution of ||p,||e. and ||p,|lcc computed by both second- and fourth-order
schemes on the four consecutive uniform meshes with Ax = Ay =6/201,6/401,6/801 and
6/1601; see Figures 2.8 and 2.9. We measure the numerical blowup time for both schemes
based on the way the magnitude of p, increases (as it has been explained in Example 1) and
observe that the second-order solution blows up at about ¢ =3.8 x 1073, while the fourth-
order solution blows up a little earlier at about ¢ = 3.3 x 1073, However, ||0,||o, behaves
completely different from ||p,||: it first decreases, then increases and at the blowup time
the maximum of p, is significantly smaller than the maximum of p,. Looking at the results

in Figure 2.8, one may conclude that only p, blows up, but the analytical results proved in
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Figure 2.7: Example 3: p; (top row) and p, (bottom row) computed by the second- (left
column) and fourth-order (right column) schemes on a uniform mesh with Ax = Ay =
6/201 at time t =3.3 x 1073,

(41; 43) state that only simultaneous blowup is possible, which suggests that the maximum
of p, should also blow up at about ¢ = 3.3 x 10~ though at a much slower rate than the
maximum of p,. In order to numerically verify this, we perform a mesh refinement study
and monitor || ;|| and || || as functions of Ax, which is equal to Ay in this numerical
experiment. These functions are presented in Figure 2.10. As one can see from Figure 2.10
(left), the maximum of p, computed by the second-order scheme behaves like the function
fH(Ax)=9(32 +90)'/4, while the maximum of p, computed by the fourth-order scheme
behaves like the function f;'V(Ax)=11.15(32 + 25)"/%. This shows that p, blows up at the

rate of

11011loo m

52



At the same time, Figure 2.10 (right) illustrates that |p,||., behaves like f;'(Ax) = 0756 > for

1 656 6 for the fourth-order ones. This indicates

the second-order results and like f,'V(Ax)=

that p, collapses to a 0 -type singularity as

llp2lloo ~

AxAy

= = Ax=Ay=6/201 = = Ax=Ay=6/201
10t —-=-Ax=Ay=6/401 || 10+ —-=-Ax=Ay=6/401 |]
Ax=Ay=6/801 Ax=Ay=6/801
—— AXx=Ay=6/1601 —— Ax=Ay=6/1601
0 ! : 0 ! L
0 0.0038 0.01 0 0.0033 0.01

t t

Figure 2.8: Example 3: ||p,||o, as a function of £ computed by the second- (left) and fourth-
order (right) schemes. The numerical blowup times are indicated by the corresponding
vertical lines.

We would like to emphasize that even though both the second- and fourth-order
schemes asymptotically behave in a similar way in the blowup regime, the magnitude
of both p, and p, are substantially larger in the fourth-order computations; see Figures
2.8-2.10. This clearly demonstrates the main advantage of using higher-order methods
for the two-species chemotaxis system. At the same time, it seems to be necessary to use
either adaptive mesh refinement or adaptive moving mesh technique to numerically detect

the blowup in p, in a more convincing way. Development of adaptive techniques for the
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Figure 2.9: Example 3: || p,||o, as a function of £ computed by the second- (left) and fourth-
order (right) schemes. The numerical blowup times are indicated by the corresponding

vertical lines.
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Figure 2.10: Example 3:||p,(x, ¥,0.0033)||o, computed by the second- and fourth-order
schemes plotted along with the functions f;/(Ax)=9(32 +90)"/* and f!"(Ax)=11.15(32

25)/4 (left) and ||p,(x, y,0.0033)||, computed by the second and fourth order schemes
plotted along with the functions f,//(Ax) =

6/101,6/201,...,6/1601.
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chemotaxis systems is beyond the scope of this paper and is left for future studies.
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CHAPTER

POSITIVITY-PRESERVING HYBRID
FINITE-VOLUME-FINITE-DIFFERENCE
METHODS FOR CHEMOTAXIS-FLUID

SYSTEMS

In this chapter, we derive and study a hybrid finite-volume-finite-difference scheme for

the chemotaxis-fluid systems Eq. 1.15 defined on the domain with a curved boundary.

55



Our FVFD method is a splitting method which evolves the velocity filed of the fluid by
solving the incompressible Navier-Stokes equation using the projection method (see, e.g.,
(92)), then solves the oxygen concentration equation by a finite-volume upwind scheme to
update the oxygen concentration c. Lastly, the bacteria concentration equation is solved
by a finite-volume method.

This chapter is organized as follows. First, in §3.1 we introduce a dimensionless sys-
tem Eq. 3.3 which is obtained by rescaling the chemotaxis-fluid system Eq. 1.15. In §3.2,
we develop a FVFD scheme for the chemotaxis-fluid system Eq. 3.3, in §3.2.1 we briefly
introduce the projection method we applied to evolve the incompressible Navier-Stokes
equations in system Eq. 3.3, in §3.2.2, we illustrate the finite-volume upwind scheme for the
chemoattractant (oxygen) concentration equation and the finite-volume upwind scheme
for the bacteria concentration equation was derived in §3.2.3. Finally, in §3.3, we implement

the proposed scheme on several numerical examples.

3.1 Scaling and numerical set-up

In this dissertation, we consider the chemotaxis-fluid system Eq. 1.15 proposed in (121),
which is defined in a two-dimensional domain with a curved boundary on the top (see
Fig. 1.1 and Fig. 1.2) and subject to the boundary conditions Eq. 1.16 and Eq. 1.17. We denote
a characteristic length (for example, the depth of the fluid drop) by L and the characteristic
bacteria concentration by p,, and rescale the variables in system Eq. 1.15 according to

Tuval et al. (121):

L
p, u=—u (3.1)
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This rescaling of variables will nondimensionalize the system Eq. 1.15 and give us five

dimensionless parameters to characterize it:

. L2 Vi —p)L3 D
q = }(Cazr’ /5 = KQPr , 7= bprg(pb p) , o= —C, Sc:= n,\ (32)
D, CairDp nb, D, Dy

where Sc is the Schmidt number and c,;, is the oxygen concentration in the air surround
the fluid drop. Three of these parameters, ¢, 6 and Sc, are determined by the properties
of bacteria, fluid and air, particularly for Bacillus subtilis in water, we have ¢ =10, 6 =5
and Sc =500 (see, e.g. (121; 21)). The remaining two parameters 8 and y depend on the
characteristic length L and the characteristic bacteria concentration p,, and will vary
in different examples. Using these dimensionless parameters and the rescaled variables

without the prime notation, the chemotaxis-fluid system can be written as:

(p[+V-(up)+aV-[pr(c)Vc]:Ap,

c;+V-(uc)=0Ac—pr(c)p,
{ (x,y)€QCR? t>0. (3.3)

u, +u-Vu+ScVp =ScAu—7yScpz,

kV-uzO,

The rescaled boundary conditions for the system Eq. 3.3 are:

apr(c)ca—pPn=0, c=1,u-n=0, (n-(Vu+Vu’))xn=0, Y(x,y)€0Q,,, (3.4)

and

py=c,=0,u=0, V(x,y)€9Q,,. (3.5)
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3.2 Derivation of the finite-volume-finite-difference scheme

In this section, we derive a finite-volume-finite-difference method for chemotaxis system
Eq. 3.3 defined in a domain 2 with curve boundary (see Fig. 1.2). The system Eq. 3.3 can be

written in coordinate form as follows:

pt+[(u+ar(c)cx)p]x+[(v+ar(c)cy)p]y:Ap,
¢, +(uc)y+(ve),=06Ac—pr(c)p,
{ u;+uu,+vu,+Sep, =ScAu, (x,y)€QCR? t>0. (3.6)

v, tuv,+vv,+Scp, =ScAv—Scyp,

&ux+vy:0,

where u and v are the horizontal and vertical component of the velocity field u. In this
system Eq. 3.6, the oxygen concentration c is convected by the flow, diffused and affected
by the oxygen uptake source term —fr(c)p. The bacteria concentration p is governed
by convection chemotaxis fluxes, (u + ar(c)c,)p and (v +ar(c)c,)p, and the diffusion
term. As shown in Fig. 1.2, the domain of the system (2 is irregular (has a curved boundary
on the top part), so we apply the augmented method to solve the system Eq. 3.6. In the
numerical scheme presented, instead of just solving the system Eq. 3.6 in its exact domain
2, we embed the the domain 2 in to a rectangular computational domainQ=[a, b]x[c,d]
which contains €2 and the bottom side coincides with the solid surface (the no-slip bottom
boundary 89,,, of the exact domain). And for (x, y) in the domain Q\Q, we assume that

the bacteria concentration p, oxygen concentration ¢ and the fluid velocity u = (u, v)"
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satisfy the following equations:

p:=Ap,

¢, =0Ac, _
< (x,y)eQ\Q, t>0. 3.7
u; =ScAu,

v, =ScAv,

Then, we can treat the problem as an interfaced domain problem defined in the rectangular
computational domain 2 and we can treat the top boundary of the exact domain 95, , p as
an interface inQ and apply the immersed interface method to evolve the systems Eq. 3.6
and Eq. 3.7 on the entire computational domain Q.

From one time level to the next, a splitting method was applied to evolve the velocity u,
oxygen concentration ¢ and bacteria concentration p separately. We evolve the velocity u
in time by solving the incompressible Navier-Stokes equation in Eq. 3.6 using the projection
method (see, e.g., (92)). The oxygen-concentration equation and bacteria-concentration
equation are solved by a finite-volume upwind method.

To apply the splitting method, we divide the system Eq. 3.6 into three different parts.

The bacteria concentration equation:

pi+[(u+ar(c)e)p] +[(v+ ar(c)cy)p]y =Ap, (3.8)

with boundary conditions:

aPr(C)Cn—PnZO» V(x!y)eaﬂtop’ (3.9)
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and

Py =0, v(x’y)eaﬂbot-

The oxygen concentration equation:

¢, +(uc),+(ve),=6Ac—pBr(c)p,

with the boundary conditions:

c=1, V(x»y)eagtop’

and
¢, =0, V(x,y)€0Q,,.
And the fluid equation:

p
u;+uuy+vu,+Scp, =ScAu,

u,+v,=0,

with boundary conditions:

u-n=0, (n-(Vu+Vvu'))xn=0, V(x,y)€,,,

and

u=0, v=0, Y(x,y)€odQy,,;.

\ Ve + uv,+vv,+Scp, =ScAv—Scyp,

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

Given the solutions u(x, y, t), v(x, y,t), c(x,y,t)and p(x, y, t) at time t, we first solve
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the incompressible Navier-Stokes equation Eq. 3.14 to obtain the solutions at time  + At
by the projection method proposed in (92).

For the oxygen concentration equation Eq. 3.11, we use the evolved velocity at time
t + At, take care of the diffusion term implicitly and discretize the equation in time by

forward Euler. This leads to an elliptic equation. In the exact domain €2, we have:

1
0Ac(x,y, t+At)— Ec(x, y,t+At)= [u(x, ¥, t+At)c(x,y, t)]x +[v(x, ¥, t+At)c(x,y, t)]y

1
+ﬁr(c(x)y; t))P(x»J’» t)_A_tC(x)y) t),
(3.17)

while in the domain Q\(, the equation is:
oAc( t+At) ! ( t+At)= ! ( t) (3.18)
c(x,y, A7y, =37y, :

At last, we use a similar strategy to solve the bacteria concentration equation Eq. 3.8
based on the updated solutions u(x, y, t + At), v(s,y,t + At)and c(x, y, t + At), which

gives us:

1
Ap(x,y, t+At)— Ep(x, vt +AL)= {[u(x, y,t+Af)+ar(c(x,y, t+At)c(x,y, t +Af)]p(x,y, t)}
+ {[v(x, vt+At)+ar(c(x,y, t +At)c,(x,y,t +At)]p(x, Y, t)}
1

y
__tp(x)y)t))
(3.19)
for (x,y)€, and when (x, y) eQ\Q, the elliptic equation is:
Ap(x,y,t+At) ! (x,y,t+At)= ! ( t) (3.20)
P\X, Y, Atp ' Vs = Atpx,y, . .
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3.2.1 Projection method for the fluid equation

In this section, we briefly illustrate the numerical method we used to solve the fluid equa-
tions Eq. 3.14 in the chemotaxis-fluid system. There are many different versions of the
projection method for the incompressible Navier-Stokes equations (see, e.g. (9; 14; 125; 70)
and references therein), and the one we used is originally posted in (14) and modified for
irregular domain case in (92) which is based on the pressure increment formulations. We
consider the equation Eq. 3.14 in the computational rectangular domainQ =[a, b] x [c, d],
where we introduce a Cartesian mesh consisting of cells I; ; := [x;_1, x; 1] X [¥i_1, Vi1

with uniform size AxAy for simplicity, thatis x;,1 —x;_1

i+ =Ax and yj,1 — y—1 =Ay for

[N

all j, k. On this mesh, given the velocities (u", v™), the pressure p™ at time level t”* and an
initial guess of augmented variable """ = (q,, ¢,), the solutions at time ¢”*! are evolved by
the following steps.

Step 1: Prediction step

uj,k—u;f’k —Sc(p;")j_k—u;’fk(u;”)]-’k—vj’,”k(u;")j'k+ScAj'ku*, x€q,
At ScAu™, xeQ\Q,
Vi~ ]Tk_ —Sc(py’")j,k—u;.f’k(v;")jyk—v]fflk(vym)jyk+ScAj'kv*—Scyp;?fk, xeq,
At ScAv™, xeQ\Q,
(3.21)

with jump conditions

ou* ov*
[t*]oq,,, =0, [V*]og,,, =0, [ ] =q,;", [—] =q,"", (3.22)
Q40 EIoI

and boundary conditions

| ==0. (3.23)
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Step 2: Projection step
(u;)j,k+(y;)j,k _

Aj ™ = ScAr ' X<9 (3.24)
with jump conditions
[¢m+l] _0 a¢m+l _0
OQop — on — Y (325)
%0
and boundary conditions
a m+1
(gn 2@:0. (3.26)
u;j,jlzu;k—SCAt((pZHl)j,k, XEQ,
vj’,"k“ = U].*,k—ScAt((,Z);”l)j,k, xeQ (3.27)
Vplt=Vpl + Ve, xeq.

Step 3: Interpolation and computing the residual of the boundary conditions

E"'=u-n, and E/""' =(n-(Vu+Vu'))xn on 99Q,,,. (3.28)

Step 1 and step 2 are the traditional steps of the projection method for the Navier-Stokes
equation in an interfaced domain. The augmented variables q”"*' and q"*' defined only
along the top boundary of the exact domain 942, ,,, are introduced in the prediction step and
must be properly chosen to guarantee that the boundary conditions Eq. 3.15 and Eq. 3.16
are satisfied at time ¢*!, which means the residuals E/"*! and E,;"*' computed in step 3
will equal to 0. Then, the obtained the velocity u”*! = (u™*!, v™*!) will satisfy the equation

Eq. 3.14 in the domain 2 and the boundary conditions Eq. 3.15 and Eq. 3.16.

63



3.2.2 Finite-volume upwind scheme for the oxygen concentration equa-
tion
In this section, we introduce the second-order finite-volume scheme for the oxygen con-

centration equation Eq. 3.11. The discrete finite-volume upwind scheme for Eq. 3.17 and

Eq. 3.18 can be written in the following form:

G, =G Y Y
jt3k j—a.k Jk+3 Jrk=3 —m \=m _L—m
GA, gL gmi_ Ax - Ay TPy G XS0
Ik .k
At ) 1 _
-“m
—Ecj,k, XEQ\Q.
(3.29)
with jump conditions
m+1 dcmtl m+1
[c"™ aq,,, =0, =q] (3.30)
’ on |,
top
where the cell averages of the concentrations, ¢ (t) = 5757 Ay f fz c(x,y,t)dxdy, are the

evolved quantities, 47 ,
]+§,k

and ¥ ]y .1 are the numerical fluxes in the x- and y-direction for
KT 3

oxygen concentration c, respectively, and q”**' is the augmented variable defined along

0%,,, which can be chosen properly by the IIM and augmented method (see §1.4). The

numerical fluxes ¢*

, and ¢’ |, are computed as follows:
jt+a.k Jik+3

X y
(g ]+%chj+%yk, (gj,k+% U]]H_IC] k+2 (3.31)

]+k

At aregular cell interfaces, which means both of the cells corresponding to the interface

are regular cell, the velocities ;1 , and v; ;.1 are computed by mid point rule:

Ujep == Vg = (3.32)
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and for the irregular cell interface, we approximate the velocities as:

Ujkr if Ij+1,k ES_Z\Q; Vi k> if Ij,k+1 GQ\Q,
u]-_'_%’k: _ Uj,k+% = _ (3.33)
u]'_,_lyk, if Ij,/c EQ\Q, vj,k+1’ if Ij,k EQ\Q
Atregular cell interface, the point values c;,1 , and ¢; .1 can be computed in an upwind

manner:

E . N .
) cie if Ujpl > 0, O if Vj kel > 0,
Civlk = Cik+t = (3.34)
C]\'/YH . otherwise, c].S w4 Otherwise.

In Eq. 3.34, the one-sided point values at cell interface c]E,zN NS are calculated using a second-

order piecewise linear reconstruction:

E(-x’ J’) :Ej,k +(Cx)j,k(x_xj)+(cy)j,k(y _yk)’ (X»J/) € Ij,k’ (335)
as follows:
~ _ Ax - _ Ax
CjE,k = C(xj+% —0, %) =Cjrt T(Cx)j,k’ C}f\;c = C(xj—% +0, yi) =Cjr— T(Cx)j,k’ (3.36)
N o~ — Ay S _ ~ — Ay .
Cip=C(X} Vg1 —0)=Cjp + T(Cy)j,k’ € =0Cx; Y1 +0)=C— T(Cy)j,k
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In order to guarantee that the point values computed by Eq. 3.36 have second-order accuracy

and nonnegative, we numerically calculate the slopes in Eq. 3.35 adaptively using:

(Cis1k—Cj1k _ Ax Cjnx—Cj1k _ Citk—Cj 1k
L T St AL LA i Ly S AL LR LY |
(C )k:< ZAX 2 ZAX 4
e minmod(ZCjH’k_Cj’k Gtk Cim1k ch'k_cj_l'k) otherwise
Ax 2AXx ’ AXx ’ ’ 537
(Ciks1—Cjra .. _ Ay Cijr1—Cjr—1 _  Cig1—Cjrn (3.37)
T; lfcj,ki_.T:Cj.ki 20,
(c)) _{ 2Ay 2 2Ay 4
vk Civ1—Cik Cips1—C; Cix—C;
. K+l & K+l k-1 k k-1 .
mlnmod(Z ! L L I ! ), otherwise.
L Ay 2Ay Ay

While for irregular cell interface, similar to the velocities, we easily approximate the point

values ¢;,1 ; and ¢; .1 as following:

cﬁk, if I;,, €Q\Q, cfk if I; 1, €Q\Q,
Cj+%,k: w _ Cj,k+% = q _ (3.38)
cj+l,k lfI]yk EQ\Q, Cj,k+l lfI],k GQ\Q

3.2.3 Finite-volume upwind scheme for the bacteria concentration equa-
tion
In this section, we introduce the second-order finite-volume scheme corresponding to the

bacteria concentration equation Eq. 3.8. The discrete finite-volume upwind scheme for

Eq. 3.19 and Eq. 3.20 can be written in the following form:

X T . g)’ _gy

1 prik bk Tk Tikes  Low L oq

J— — .,k, ’

A" = P = 1 o Ay o o
_E_;nk’ x€Q\Q,
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with jump conditions

0
[plsq,,, =0, [%LQ =q;", (3.40)

where the cell averages of the bacterial concentration, p ; . (¢) = ﬁ f f I p(x,y,t)dxdy,
’ b

is the evolved quantity, 9']?:1 . and 9‘;’ ... are the numerical fluxes of p in the x- and y-
2 ,

2
direction, respectively, and q;’j“ is the augmented variable defined along 22,,, which can
be properly computed by the IIM and augmented method (see §1.4). The numerical fluxes
X y : .
33']#%1 . and Fi},y pe) QTE computed as following:
— vy
ek = et ar(eg e ldp e T =Wkt 1€ )e))j e 1P e
(3.41)
The velocities ;1 , and v; ;1 are computed using Eq. 3.32 and Eq. 3.33, which is exactly
the same as what we do for the oxygen concentration equation. For regular cell interfaces,
we calculate the point values of the oxygen concentration ¢;,1 ; and ¢; 1 in Eq. 3.41 as

J

follows:
E w N S
kT Cikn Gk T Ckn
Claph == Gy = (3.42)

while for the irregular cell interfaces, these point values are computed as:

cﬁk, if I, €Q\Q, c}.ﬁk, if I; 1, €0\Q,
C., 1 = C: 1= (343)
Jjt3.k W ) _ Jrk+3 s ) _

Cj+l,k’ lij,k EQ\Q; Cj,k+1’ lflj,k EQ\Q

Atregular cell interfaces, the derivatives of oxygen concentration (c,);,1 , and (¢;); .1 are

approximated using central difference:

Cik—Cj c c
__vYj+Lk j.k _ R
(edjmye=—"ry @iy == (3.44)
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while at irregular cell interfaces, we approximate (c,);,1 , and (c,); r,1 as

Cip—Ci_ _ Cjk—Cji1 . —
S IR T, €0\, ]A—’ if I 1 €\,
_ Ax ’ _ y
(Cx)j+%,k_ Ciror—Citix - Cik+l = Citir—Cips1 _
%, if I, . €Q\Q, L < L i e\
X y
(3.45)

The point values of the bacteria concentration at cell interfaces, p;,1 , and p; 1, are ap-
proximated by the same method which is applied to approximate the oxygen concentration.

Atregular cell interfaces the point values p;,1 , and p; ;1 are approximated in an upwind

manner:
E .
) P Mg etar(en e >0,
Pjtie= w
P otherwise,
(3.46)
N .
] P if v 1 +ar(c; i 1)(cy)j ey >0,
pj,k+% = s
P ks otherwise.

In Eq. 3.46, the one-sided point values at cell interface p?’,‘c’v’N's are calculated using a second-

order piecewise linear reconstruction

ﬁ(xr J’) :ﬁj,k +(px)j,k(x_ x])+(py)],k(y _yk)! (xr Y) € Ij,k! (347)
as follows:
~ _ Ax - _ Ax
Pre=P(x;1—0,3)=p;,+ — Pk PLe=P(x;1+0,3)=p;— — 00 548)

~ _ Ay ~ ~ Ay
p;\f,c =p(X, Vs s —0)=p  + T(py)j,k; P}Q-’_k =P (X}, Vi +0):pj,k_7(py)ka’
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To guarantee that the point values computed by Eq. 3.48 have second-order accuracy and

nonnegative, we numerically calculate the slopes in Eq. 3.47 adaptively using:

(01— i Ax Diir—Di Py,
p]+1,;Ap] l,k’ i ﬁj,kiTX'pﬂ-l;Ap] Lk :ﬁj‘kipﬂ—l,k 4:0] 1k >0,
(3= N Bix—Pik Pros—Prar PP
minmod(z Lk ]'k, JrLk ]71’k,2 Pk jfl’k), otherwise,
Ax 2Ax Ax
(D1 —0 0 AV Dirai—D 1 P
p],k+1 p],k 1’ if ﬁj’kﬂ:—y .p],kJrl p],k 1 :ﬁjykip],kﬁq p],k 1 > 0’
()= 2Ay 2 2Ay 4
ik = 5 —B.. §....—D 5. .—5
P Pir Pj Pik—1 Pk Pji
minmod(z Pk ]'k, il Pk 1, 2 Pk Pk 1), otherwise,
L Ay 2Ay Ay

(3.49)
While for irregular cell interface, we approximate the point values p;,1 , and p; ;.1 as

following:

Pf'k; if Iy g €N\, P?k if I i €O\,
Pjric= w _ P+l = S _ (3.50)
Py 1 €O\, Pl if 1 €Q\Q.

3.3 Numerical example

In this section, we test the developed numerical scheme on some numerical examples. We
first design two test cases to test that our numerical scheme presents a correct numerical
solution, and performed a mesh refinement test to obtain the accuracy order. Then we

would apply the developed numerical scheme on an experimental example.
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Example 1—Test Function Defined on a Half Circle

In the first example, we designed test functions defined on a half unit circle domain, 2 =

{(x,y)| x>+ y? <1, y >0}, and we set up the test functions u, v, p, ¢ and p as following:

u(x,y,)=y(x*+y*=1)1+1),

v(x,y, t)=—x(x*+y*=1)1+1),

1 p(x,y, 1)=1+1, (3.51)
c(x,y,)=1—y*(x*+y*=1)(1+1),

plx,y, 0)=(x*+y*)1+1).

These test functions are solutions for the following modified chemotaxis-fluid system:

p,+[(u+ar(c)cx)p]x+[(v+ar(c)cy)p]y:Ap +S,,
¢, +(uc)y+(ve),=6Ac—pr(c)p +S.,
\ U+ Ul +vu,+Scp, =ScAu+S,, (x,y)€Q, t>0. (3.52)

v+ uv,+vv, +Scp, =ScAv—Scyp +S,,

These source terms S, S,, S, and Sp corresponding to u, v, ¢ and p, respectively, are

computed by plugging Eq. 3.51 into the chemotaxis-fluid system Eq. 3.6:

Sy=y(x*+y*—1)—x(x*+ y*—1*(1+ t)*—8Scy(1+ 1),

Sy=—x(x*+y*—1)—y(x*+y*—1)*(1+t)*—8Scx(1+ t)+Scyp,
(3.53)

S, =—yix*+y =1 +2xy(x*+y*—1P(1+t)*—6(2x* +14y* —2)(1 + 1),

S

L =(x"+y2) =41+ 1) — 1+ 1) (24x*y* +22y* —6y* +2x* —2x?).

70



In order to apply the IIM scheme, as described in previous section §1.4, we embed the
half circle domain into a rectangularﬁ =[-1.5,1.5] x [0, 1.5], and choose proper function
values in the region outside the half circle 2\ to make our test function to be continuous
across the boundary 9. The the extended test functions defined on the domain () are as

following:

y(x*+y*=1)(1+1), if x*+y*<1,
u(x,y, t)=

0, otherwise.

—x(x*+y*=1)(1+1), if x*+y*<1,
v(x,y,t)=

0, otherwise.

(3.54)

1—y2(x*+y2=1)(1+1), if x*+y%<1,
c(x,y, t)=

1, otherwise.

(x*+y3)(1+1), if x*+y*<1,
px,y,t)=

1+1¢, otherwise.

We first implement the proposed numerical scheme on a uniform mesh with Ax =
Ay = 3/128 at time t = 0.05, the solutions are plotted in figure Fig. 3.1 and Fig. 3.2. As
one can see, the obtained solutions can preserve the positivity and match with the exact
solutions pretty well.

Next, we conduct the accuracy test at a small time, in order to measure the conver-
gence rate, we perform a mesh refine test and compare the obtained results with the exact

solutions. The results are presented in Table 3.1
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Figure 3.1: Example 1: velocities u (top row) and v (bottom row) computed by proposed
numerical scheme (left column) on a uniform mesh with Ax = Ay =3/128 compare with
the exact values of the test case (right column) at time r =5 x 1072,

Table 3.1: Example 1: L*°-errors for u, v, ¢ and p computed by the proposed scheme.

grid u-error | rate | v-error | rate | c-error | rate | p-error | rate

64 x 32 | 1.25E-3 2.08E-3 2.76E-4 4.23E-2
128 x 64 | 5.15E-4 | 1.28 | 5.40E-4 | 1.95 | 6.92E-5 | 2.00 | 2.59E-2 | 0.71
256 x 128 | 1.69E-4 | 1.61 | 1.39E-4 | 1.96 | 1.79E-5 | 1.95 | 1.39E-2 | 0.90
512 x 256 | 5.71E-5 | 1.57 | 3.49E-5 | 1.99 | 4.78E-6 | 1.90 | 7.51E-3 | 0.89

Example 2—Test Function Without Given Pressure p

Normally in practice, the given initial conditions for the IBVP Eq. 3.6 will only have the
value of velocity filed © and v, and the densities ¢ and p at time ¢ = 0. We need to solve the
Pressure Poisson Equation (PPE) corresponding to the incompressible NS equation with
some proper chosen boundary conditions to get the pressure information p. While the

projection method we applied to evolve the NS equation does not require an exact initial
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Figure 3.2: Example 1: ¢ (top row) and p (bottom row) computed by proposed numerical
scheme (left column) on a uniform mesh with Ax = Ay =3/128 compare with the exact
values of the test case (right column) at time t =5 x 1072.

value for p, even if we input a initial guess for p at beginning, the solution z and v we
obtained for small time ¢ may have some oscillation, but as time goes on, when ¢ becomes
larger, that oscillation will be smoothed out and give us a good numerical solution. In order

to test this property, we design the following test functions defined in the half unit circle
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domain, and investigate the solutions with different input p at different times.

u(X,J/; t):%t;

v(x,y,t) =—§(1 —x9)t,

3, 3
p(x,y, t)=(—Zx3+§x)y, (3.55)

c(x,y,t)=1+(x*+y*—1)t,
plx,y,t)=(x*+y)t.

Same as in the previous Example 1, we embed the half unit circle domain 2 into the rectan-

gular domainQ =[—1.5,1.5] x [0, 1.5], and extend the test functions to Q:

Yy if x*+y*<1,
u(x,y,1)={ 4
%(x2+y2)t, otherwise.
X 2 . 2 2
—Z(l—x)t, if x*+y°<1,
v(x,y,t)= £
~ t, otherwise.
3 3
(—x*+=x)y, if x*+y*<1,
plryn=1 * 8 (3.56)
0, otherwise.
1+(x*+y* =1, if x*+y%*<1,
clx,y, t)=
1, otherwise.
(x*+y3)t, if x*+y*<1,
plx,y t)=
t, otherwise.

We compute the source terms S, S,, S, and S, corresponding to our test functions 3.56
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and the IBVP Eq. 3.6, Eq. 3.7:

x(1—x? 9 3
X—¥t2+80(——x2+—)y, if x*+y*<1,
Su(x’y’t):< (4x2+y2§6 ! 8
1 y—2Scyt, otherwise.
X 3x2—1 3 3 3
——(1—x2)+ut+8c(——x3+—x)—8c—xt, if x*+y*<1,
v xy? x .
T +Sc5 t, otherwise.
(x*+y*—1)+—=t*—46t, if x*+y*<1,
Se(x,y,1)=1 2
LO’ otherwise.
x3
(x2+y2)+(8x2+8y2+—y)t2—4t, if x*+y*<1,
Sp(x,y,1)= 2
1, otherwise.

(3.57)
We first implement the scheme on a uniform mesh with Ax = Ay =3/128, and evaluate
the system at a small time ¢ = 1.37 x 1073 using the exact initial values of pressure p. The
solutions are shown in figure Fig. 3.3 and Fig. 3.4, and we can observe that the numerical
solutions agree with the exact solutions.
We next implement the numerical scheme on the same mesh, but with initial condition
p =0, and plot the solutions in figure Fig. 3.5. We can clearly observe some oscillation in the
numerical solution for © and v, so they do not match with our test case plotted in Fig. 3.3.
While we keep the same initial setting and evaluate the numerical solutions at a later time
t =5 x 1072, plotting the solutions in figure Fig. 3.6 and Fig. 3.7, we can observe that the
oscillation has been smoothed out and the obtained numerical solutions converge to the

exact solutions.
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Figure 3.3: Example 2: velocities u (top row) and v (bottom row) computed by proposed
numerical scheme (left column) on a uniform mesh with Ax = Ay =3/128 compare with
the exact values of the test case (right column) at time ¢ =1.37 x 1073,

Example 3—Chemotaxis-Fluid system With Experimental Data

In this example taken from (21), we investigate the chemotaxis-fluid system Eq. 3.6 with

a=10, =100, 6 =5 y=10000 and Sc=500, (3.58)

in a flat drop-like domain, which can be described as a half ellipse:

x2 1
Q={(x,y)| = +y*<-, y>0} (3.59)
{(xy)|64+y 7Y }
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Figure 3.4: Example 2: ¢ (top row) and p (bottom row) computed by proposed numerical
scheme (left column) on a uniform mesh with Ax = Ay =3/128 compare with the exact
values of the test case (right column) at time ¢ =1.37 x 1073,

and subject to the initial data:

u=0, v=0 c=1,

0.5, if y< ‘/ 0.352 —(g)2 —0.01cos(2mx), (3.60)

p=
1, otherwise.

In practice, we found that the the non-linear chemotaxis term in bacteria equation, the
large parameter y and schmidt number Sc will lead to some stability issue close to the curve
boundary, the numerical solution obtained by our proposed finite-volume upwind scheme
will blow-up at the center of the top boundary. So practically in this example, we applied a

particle method to evolve the bacteria equation. We embed the half ellipse domain 2 into
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Figure 3.5: Example 2: velocities u (top-left), v (top-right), ¢ (bottom-left) and p (bottom-
right) computed by proposed numerical scheme on a uniform mesh with Ax =Ay =3/128
attime r =1.37 x 1073,

a rectangular domain Q =[—5,5] x [0, 1], implement the numerical scheme on a uniform
mesh Ax = 53+ and Ay = 35, and compute the solutions at different times. The bacteria
concentration p, the oxygen concentration ¢ and the velocity field («, v) computed at a
small time ¢ =1.2 x 1073 are presented in figure Fig. 3.8. We can observe that the bacteria
are moving toward the top boundary and form a higher concentration layer near the top
boundary, and in this layer, the oxygen consumption is larger due to the higher bacteria
concentration, so we have smaller oxygen concentration value ¢ corresponding to this
layer.

We also computed the solutions for later time r = 8 x 1073, and plot the solutions in
figure Fig. 3.9, we can observe that as time goes on, the oxygen concentration ¢ will become

smaller and gravity start to be dominant, so the bacteria will fall down and form a high
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Figure 3.6: Example 2: velocities u (top row) and v (bottom row) computed by proposed
numerical scheme (left column) on a uniform mesh with Ax = Ay =3/128 compare with
the exact values of the test case (right column) at time r =5 x 1072,

concentration part close to the corner, and the large oxygen consumption in this region
leads to a low oxygen concentration ¢ until it reaches the threshold value c,,;; = 0.3 which
the bacteria will become inactive.

Some physical experiments suggest that in some case, the bacteria will swim toward
the top boundary and form a high concentration layer, but instead of falling down along
the boundary, the bacteria may sink downward at the middle and present some finger
like plumes. In our numerical experiment, we did not get a numerical solution which can
simulate this process. However, the chemotaxis-fluid system is complicated, and pretty
sensitive to the shape of top curve boundary and the parameters. Thus, one needs to
work with scientist in biology and modeling to investigate a proper shape of domain and

corresponding parameters, and perform more experiment to capture these phenomena.
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Figure 3.7: Example 2: ¢ (top row) and p (bottom row) computed by proposed numerical
scheme (left column) on a uniform mesh with Ax = Ay =3/128 compare with the exact
values of the test case (right column) at time t =5 x 1072.
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Figure 3.8: Example 3: velocity field («, v) (top), oxygen concentration ¢ (mid) and bacteria
concentration p (bottom) computed at time ¢ =1.2 x 1073,
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Figure 3.9: Example 3: velocity field (u, v) (top), oxygen concentration ¢ (mid) and bacteria
concentration p (bottom) computed at time ¢t =8 x 1073,
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CHAPTER

CONCLUSIONS AND FUTURE WORK

In this thesis, we developed finite-volume-finite-difference schemes for approximating
the chemotaxis system and related models. The major contributions of two projects are

following:

¢ First we derived and implemented a second-order and fourth-order hybrid FVFD
schemes for chemotaxis equations, and performed 3 numerical experiments to
demonstrate that the developed numerical schemes can preserve the positivity of the
solutions and capture the blow-up phenomenon of the PKS model. We also extended

the developed schemes to the two-species chemotaxis system and investigated the
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different types of singularities of each specie for the multi-species system.

¢ Second, we developed and study a hybrid FVFD scheme for the chemotaxis-fluid
system defined on the domain with a curved boundary. In our developed numerical
scheme, we applied the immersed interface method and the augmented method to
treat the (irregular) grid points near the curved boundary. We presented 2 numerical
results for the numerical scheme, demonstrating that the numerical scheme is smooth
in the domain with a curved boundary and the numerical solutions converge to the
exact solutions. We also performed a numerical experiment to investigate behavior

of the bacteria in Bacillus subtilis suspension in a thin chamber.

In the future, we plan to work with scientist in biology and modeling to investigate the
chemotaxis-fluid model, figure out proper domains and parameters corresponding to vari-
ety of collective phenomenon of the bacteria, and perform more experiment to simulate
the bioconvection patterns. More over, we intend to investigate additional numerical ap-

proaches and computational techniques to simulate chemotaxis and related phenomenon.
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