
ABSTRACT 

ZRIDA, MARWEN. Portfolio Management and Asset Pricing amid Contagion and Illiquidity 

Risks: A Stochastic and Deep Learning Approach. (Under the direction of Dr. Negash G. Medhin). 

 

This research document addresses issues relating to some current optimal portfolio 

problems. Portfolio management under illiquidity and contagion default loop models are discussed 

separately and analyzed before modeling the combined risks model. Mono-risk and multi-risk 

model results will be presented and compared to establish the relevance and need for modeling 

multiple risk factors at the same time. The optimal portfolio problems will be modeled and solved 

using deep learning algorithms, which were proven powerful in successfully reaching near optimal 

investment strategies and, more importantly, overcoming the curse of dimensionality. The 

presence of risk factors, modeled by jump diffusion processes, will instigate a discussion about the 

additional mathematical features that need to be included in the corresponding neural networks.  

To improve the robustness of our portfolio model, this research project will also explore 

alternative asset pricing techniques.  Specifically, we will assess the Brownian motion assumption 

and will construct two machine learning models that predict illiquid and liquid asset prices using 

current datasets. We train a classifier to predict daily price movements of NASDAQ, DOW, and 

S&P 500 using daily financial/political news, presidents’ tweets, and recent historical data. We 

also construct a ML model that predicts House Price Index for different US cities using historical 

data. These machine learning models will be used, alongside Brownian motion processes, to 

construct a comprehensive investment algorithm that determines optimal investment strategies 

under market risks and that helps investors acquire the “right” liquid and illiquid assets.  
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Chapter 1 

1. Introduction 

Portfolio management has been getting more attention and was the subject of several 

research projects during the past few decades. The early work of (Bachelier, 1900) and (Merton, 

1969) defined the problem of Portfolio Management as a purely mathematical issue and has 

instigated a series of research projects that made Portfolio Management one of the hottest topics 

in Financial Math. It became obvious, early on, that modeling risk was a key factor in successfully 

approaching portfolio management problems. As a matter of fact, the 40/60 rule of thumb used by 

most financial advisors as the optimal asset allocation strategy was heavily criticized in the 

literature judged as utopian and baseless. Placing 40% of total resources in risk-free assets and 

60% in risky assets accounts for nearly none of the market risks and could result in dire 

consequences. Recent papers moved away from risk free portfolio management and rather focused 

on optimizing portfolios under market risks. 

Portfolio management problems have largely been solved using Dynamic Programming 

methods. (Bellman, 1957)’s contribution has paved the way for major findings in the area of 

portfolio management, often leading to closed form solutions. More recently, analytical and 

simulation techniques have been developed and widely used to address computation and 

convergence issues; solving optimal portfolio problems is now possible using 

discretization/simulation techniques as well as Deep Learning algorithms. 

Deciding on how financial asset prices should be modeled is perhaps the most crucial step 

in portfolio management. Although solving portfolio problems using the Dynamic Programming 
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Principle and modeling asset prices as Geometric Brownian motions go hand in hand, literature 

has put the latter assumption to the test and explored alternative ways of modeling asset prices. 

Numerous papers opted out of modeling prices as geometric Brownian motions and relied on 

statistical and machine learning techniques to perform the same task, suggesting that optimal 

portfolio models could use some improvements. 

The first section of this research document will be devoted to exploring the concepts 

introduced above. The literature will be heavily searched to gain familiarity with the different 

aspects involved in modeling portfolio management problems. This section is also dedicated to 

identifying the weaknesses of the current models and presenting a roadmap to address these flaws. 

1.1 Portfolio management in the literature 

Portfolio management is the science of allocating resources on various financial assets to 

optimize a certain outcome. Financial assets differ in nature and could be risky/risk-free as well as 

liquid/illiquid. Investors perceive risk in the market differently: some are risk averse while others 

might be defined as risk tolerant investors. The outcome to be optimized is generally tightly related 

to investor’s consumption or final wealth. Modeling portfolios and optimizing them is the task of 

translating market risks, financial assets, and investors’ preferences to mathematical equations. It 

all started with (Bachelier, 1900)  who was the first to introduce the diffusion process that will 

inspire most of asset price prediction models. Later, the random walk model and its improved 

version (modeled by (Mandelbrot, 1963)) was constructed and has ultimately led to the first 

optimal portfolio model: The Merton Problem.  

In (Merton, 1969) and (Merton, 1971), the author has introduced the two-asset allocation 

problem which looks at optimal lifetime asset allocation for one risky and one risk-free asset. 
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Although quite a few papers have previously looked at portfolio problems, such as (Tobin, 1965) 

and (Samuelson, 1969), the results found by Merton, commonly known as the Merton benchmark, 

are one of the most influential contributions in portfolio optimization. This has instigated a long 

series of papers tackling similar problems. Recent work was centered upon the idea of adopting 

and improving the Merton model by including market risks such as illiquidity and Loop contagion 

default risks. This research singles out the effects of both illiquidity and contagion loop risks on 

portfolios due to their importance and relevance. 

1.1.1 Portfolio management under illiquidity risk 

Investors sometimes find difficulties liquidating their assets even at a cheaper price due 

to the inability to find a counter party. This problem is particularly frequent when the asset is not 

traded in a centralized market (real estate, as an example). This was defined as the illiquidity risk 

and was given close attention in literature. The Merton problem has failed to address the illiquidity 

issue which left room for major improvements. Illiquidity risk was heavily studied in literature and 

several rectified Merton models have emerged. (De Roon, et al., 2009) have modeled the illiquidity 

risk through temporary lockups and explored its impact on portfolio equilibriums. Temporary 

lockups are an important illustration of illiquidity problems that have gained more relevance after 

the 2008 financial crisis. The results show lower illiquid investment when lockups are introduced, 

which is mainly explained by investor’s risk aversion and the uncertainty factor introduced by 

lockups.  (Dai, et al., 2012) looked at illiquidity from a different angle and investigated its effects 

through market closures during which the entire market is completely closed at deterministic times. 

(Cao & Teïletche, 2007) have also mentioned the importance of reconsidering optimal portfolio 

policies when illiquid assets are part of our portfolio. Another way of modeling illiquidity was 

presented by (Vayanos, 1998) who considered transaction costs as a source of illiquidity. 
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Transaction costs have a strong impact on the optimal portfolio as investors do not trade as often 

as they like to because of transfer costs. (Longstaff, 2001) defined illiquidity risk differently, by 

making all assets only partially marketable at times. Finally, (Ang, et al., 2010) took a more 

straightforward approach and solved the optimal asset allocation problem and consumption 

policies for a Constant Relative Risk Aversion utility investor who holds permanently marketable 

liquid assets, as well as an illiquid asset that can only be traded at randomly infrequent Poisson 

distributed times. The times during which it is possible to invest/sell illiquid assets is modeled by 

(Ang, et al., 2010) as a stochastic jump process.  

This literature survey has made it clear that illiquidity risk is now recognized as an 

important component in Portfolio management. Literature is now looked at to find out if Loop 

Contagion Default risk was given the attention it deserves. 

1.1.2 Portfolio management under contagion loop risk 

Contagion loop risk represents the downward/upward jump in an asset’s value after the 

default of another asset. Surprisingly, literature paid little attention to Contagion Loop default 

risks. This is perhaps due to the difficulty of establishing correlations between financial assets. 

However, ever since the financial crisis of 2008 put the spotlight on the Contagion Loop Risk, this 

phenomenon has been more carefully studied. Events such as the jump downward of the values of 

several banks in Wall Street after the Lehman Brothers bankruptcy has made it clear that the impact 

of contagion loop can no longer be ignored while constructing portfolios. 

(Jarrow & Yu, 2001) was one of the first papers that explored the contagion aspect of 

bankruptcies. They noticed that the downfall of few firms in the US and East Asia had an impact 

on the entire economy. The paper used correlated default intensities to model contagion loop risk 
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and studied its impact on asset pricing (correlated intensities means that the intensity of one stock 

jumps when another stock defaults). Results showed that correlated intensity processes have an 

impact on defaultable bond and credit derivatives’ prices. More recently, (Jiao & Pham, 2011) and 

(Jiao, et al., 2013) investigated portfolios that are subject to contagion loop risk and solved the 

post default problem for a power utility using the so-called convex duality method. (Jiao, et al., 

2013) solved an optimal portfolio problem under contagion loop risk for which multiple jumps 

and defaults are possible. The problem is solved for an exponential utility function and the dynamic 

programming method is used to prove the existence and uniqueness of the solution. (Bo & 

Capponi, 2016) modeled a market where a risk-free bank account, a stock index and a set of CDS 

are traded. The default of one stock has an immediate impact on the intensity process of another 

stock in the portfolio. This in turn induces jumps in the CDS market values and impacts the optimal 

trading strategy. (Bo & Capponi, 2016) solved the problem using DPP (dynamic programming 

principle) and found the optimal trading strategy for power utility. (Jia, et al., 2019) solved a utility 

maximization problem with defaultable stocks and looping contagion risk. The default of one 

company induces immediate drops in the stock prices of the surviving companies. The paper 

proved that the value function is the unique viscosity solution of the HJB equation.  Contagion 

loop risk has, fortunately, been given the attention it deserves after the 2008 financial crisis. It is 

particularly important to investigate the effect of contagion loop on investors’ portfolios because 

while defaults are rare, their impact could be catastrophic. 

Before identifying the strengths and weaknesses of the existing portfolio models, it is 

worth looking at how portfolio problems are solved and how financial assets are priced. Gaining 

knowledge about these two key aspects of portfolio management will facilitate the process of 
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correctly assessing the current state of knowledge and suggesting the right additions and 

contributions. 

1.1.3 Asset price prediction 

Asset price prediction is a tedious task that has long been the center of interest of several 

research projects. Accurately predicting asset prices enables investors to strengthen their portfolios 

and increase their revenues. Predicting prices is also a way to hedge against previously discussed 

risks; a good price model might be able to predict defaults and jumps in asset prices, for example. 

Browsing the literature confirms how important and difficult price prediction has been 

for the last few decades. (Bachelier, 1900) first introduced a diffusion process that will inspire 

most of asset price prediction models. The construction of the random walk model and its improved 

version (modeled by (Mandelbrot, 1963)) has long been used for security and commodity markets. 

In addition to geometric Brownian motions, time series models have been extensively used to 

predict liquid assets (stocks, for example). (Adebiyi, et al., 2014) built a stock price predictive 

model using the autoregressive integrated moving average (ARIMA) method. The model was 

tested on stock data obtained from New York Stock Exchange (NYSE) and Nigeria Stock 

Exchange (NSE). Results obtained revealed that the ARIMA model has a strong potential for short-

term predictions. (Liden, 2018) used Geometric Brownian motions to predict closing prices of the 

Apple stock price and the S&P500 index. (Liden, 2018) also predicted closing prices by using 

mixed ARMA(p,q)+GARCH(r,s) time series models using 10 years of historical closing prices 

between 2008-2018.  Results show an accuracy rate of slightly above 50% of predicting an up or 

a down move in the price. Despite all the research on stock market price prediction, accuracy is 

still relatively low and the task of correctly predicting future prices remains one of the most 

challenging problems. As a matter of fact, asset prices depend on so many variables that it is almost 
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impossible to construct a comprehensive predictive model. (Ormos & Vázsonyi, 2011) 

investigated the potential impacts of publicly available news on daily returns. Sentiment Analysis 

algorithms were tested on a 10-year period using seven news journals and daily closing stock 

prices. Results show approximately 70% precision and 50% recall indicators on S&P500. 

(Bialkowski, et al., 2006) investigated a sample of 27 OECD (The Organization for Economic Co-

operation and Development) countries and found that national elections induce higher stock 

market volatility. Factors such as a narrow margin of victory, lack of compulsory voting laws, 

change in the political orientation of the government, or the failure to form a coalition with 

majority of seats in parliament significantly contribute to market volatility. (Riley & Luksetich, 

1980) even linked stock prices to the political party in power.  

The literature shows that the same conclusions could be reached when investigating how 

illiquid assets are priced. Although early publications model illiquid asset prices as geometric 

Brownian motions, the emergence of machine learning algorithms introduced a new way of 

predicting prices. (Truong, et al., 2020) investigated different models for housing price prediction. 

Random Forest, XGBoost, and LightGBM were tested on the “Housing Price in Beijing” dataset 

which contains more than 300,000 data with 26 variables representing housing prices traded 

between 2009 and 2018. (Lu, et al., 2017) used a hybrid Lasso and Gradient boosting regression 

model to predict individual house prices. (Li & Leatham, 2011) used Dynamic Factor Models 

(DFM) and Large-scale Bayesian Vector Autoregressive (LBVAR) models to investigate the 

recent moving trends of house prices in 42 metropolitan areas in the United States. (Ahmed & 

Moustafa, 2016) collected a dataset composed of 535 houses from the state of California, USA. 

The dataset includes both textual and visual data. (Ahmed & Moustafa, 2016)  constructed a multi 

input neural network that shows that visual data adds to the accuracy of the model. 
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If this extensive literature survey about asset pricing shows anything, it would be that this 

task is most probably one of the hardest puzzles that has yet to be solved. Adventuring in assuming 

that any model could guarantee a high accuracy is nothing short of wishful thinking. One thing is 

for certain, virtually any variable and any event could have an impact on asset prices. If the late 

Socrates himself had been asked about financial asset pricing, his answer would have been “I know 

that I know nothing”. It is worth noting, however, that current events, datasets, circumstances tend 

to influence current prices suggesting a slight time sensitivity and dependency.  

It is now time to study the methods used in solving portfolio management problems. The 

study of literature is done not only to gain familiarity with the mathematical methods, but also to 

investigate their applicability to other potential new portfolio models. 

1.1.4 Solving the portfolio management problem in the literature 

Solving stochastic control problems, in general, and optimal portfolio problems, in 

particular, was made possible by the groundbreaking work of (Bellman, 1957) which introduced 

the idea of breaking down the dynamic programming problems into a sequence of sub-problems 

and constructed the Hamilton-Jacobi-Bellman equation. The Dynamic Programming Principle was 

the method that was used the most to solve the optimal portfolio problems discussed previously in 

this chapter. The DPP derived a closed form solution for the finite horizon Merton two-asset 

problem. The same method led to the same outcome for the modified Merton Consumption 

problem and, in some cases, for portfolio management problems under illiquidity and contagion 

loop risks. Although the elegance of this method is undeniable, the DPP was criticized for its lack 

of efficiency. Bellman himself recognized that his method suffers from “the curse of 

dimensionality”. The computation time of solving for the optimal investment strategies grows 

exponentially with the number of variables, which renders the DPP useless in practice since most 
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portfolios are highly multidimensional. This limitation has also been discussed at length in 

(Powell, 2010) who dedicated an entire book to approximation techniques that tackle the curse of 

dimensionality and applied various methods to stochastic dynamic programming problems. To 

tackle the curse, (Kushner & Dupuis, 1992) presented numerical methods capable of efficiently 

solving stochastic control problems. They discretized problems using the Markov Chain 

Approximation method as a first step, before implementing classical iterative methods such as 

Approximation in Policy and Value Space, Accelerated Jacobi and Gauss-Seidel methods as well 

as the multi-grid method. (Boyan & Moore, 1995) used Reinforcement learning algorithms to 

approximate value functions and still obtain near optimal control solutions. (Baird, 1995) used 

both Q-Learning and value function approximations to efficiently solve stochastic control 

problems. (Han & Weinan, 2016) have discussed the issue of the curse of dimensionality from a 

different angle and suggested that Deep learning techniques could solve this problem. The authors 

took a different approach than (Powell, 2010) and used Deep Learning techniques to approximate 

the optimal controls and solve the stochastic dynamic problems. 

The literature shows that mathematicians heavily relied on the DPP to solve portfolio 

management problems. This literature survey also shows that mathematicians have successfully 

vanquished the curse of dimensionality by resorting to approximation and simulation techniques. 

Deep learning techniques emerge as one of the most powerful tools used to overcome the curse of 

dimensionality. It has been used to solve both Merton portfolio problems and reached satisfactory 

results. It remains unclear, though, whether Deep Learning models are applicable to portfolio 

problems which involve jump processes (as it is the case for portfolio problem under illiquidity 

and contagion loop risks).  
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Now that all aspects of portfolio management problems have been carefully studied, it is 

time to assess the current state of knowledge and identify its strengths, but most importantly, its 

weaknesses.   

1.1.5 Conclusion: Strengths/Weaknesses of the current models and contributions 

The first chapter of this research document gives a detailed report about all the 

components that are involved in modeling and solving an optimal portfolio problem. While 

significant achievements have been made throughout the last few decades, the volatility of the 

market leaves the door wide open for additional improvements. 

The literature review also sheds the light on major weaknesses that need to be addressed 

in this research document: 

• Although illiquidity and contagion loop risks have been getting the attention they deserve, 

the importance of associating both risks in the same model has been completely ignored. 

• While Deep Learning techniques were able to put an end to the curse of dimensionality in 

the case of regular simple portfolio problems (example: the Merton problem), very little 

has been done to verify the effectiveness of these techniques on Portfolio management 

problems with jump processes (example: Portfolio management problem under illiquidity 

and contagion loop risk). 

• The criticism directed towards the geometric Brownian Motion is justified. The current 

state of knowledge also suggests that there is a clear potential from exploring new datasets 

to predict financial asset prices. 
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• The validity of both using machine learning techniques and geometric Brownian motions 

to predict asset prices suggests that there is a potential benefit from constructing hybrid 

optimal portfolio management models. 

After identifying these four major flaws in the current models, the rest of this document 

is dedicated to addressing these weaknesses, leading to the four following contributions: 

• Most portfolios are prone to both illiquidity and contagion loop risks which magnifies the 

importance of the risk component. A new multi-risk Optimal Portfolio model will be 

presented in this document. This new model will account for both illiquidity and contagion 

loop risks, something that has been ignored by previous work. 

• Deep Learning techniques have proven their effectiveness in ending the curse of 

dimensionality for stochastic control problems with no jump processes. This document 

investigates the efficacy of the same methods when jump processes are involved and 

determines the changes that need to be considered while solving Jump Processes problems, 

making this the second contribution of this document. 

• Inspired by the criticism of the Geometric Brownian Motion assumption, this document 

investigates the impact of current political and worldwide events on liquid and illiquid asset 

pricing. Existing machine learning techniques will be used on newly created datasets 

(President Trump’s tweets, current news headlines…) to predict stock and illiquid asset 

price movements. To the best of our knowledge, the impact of some of the independent 

variables presented in this document was never investigated before, making this the third 

contribution of this research work. 
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• The Machine Learning models discussed above will pave the way to the fourth and final 

contribution of this research document. A portfolio Management problem will be modeled 

using a hybrid pricing assumption (relying on both Geometric Brownian Motions and 

Machine Learning Algorithms). This has been given virtually no consideration in the 

existing models. 

The rest of the document will be organized as follows: chapter 2 will be dedicated to 

constructing a neural network capable of solving stochastic control problems when jump processes 

are involved (One Neural network for Portfolio Management under Illiquidity risk and one more 

for Portfolios under Contagion Loop risk). A deep Learning algorithm will then be constructed to 

solve the newly modeled Multi-risk Portfolio problem (prone to both illiquid and contagion risks). 

Chapter 3 will lay the foundation for the final two contributions of this research. The liquid/illiquid 

asset pricing machine learning algorithms will be discussed in details and the corresponding new 

datasets will be presented. This will open the door to the construction of an algorithm that solves 

optimal portfolio problems under risk that also helps investors make optimal liquid and illiquid 

asset acquisitions. 

Conclusions and possible future works will be presented in Chapter 4. 
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Chapter 2 

2 Portfolio Management under illiquidity and default loop 

contagion risks: A Deep Learning Approach 

2.1 Introduction 

This chapter is organized as follows: The first part will be dedicated to modeling the 

multi-risk portfolio model. At first, a portfolio problem with illiquidity risk is recalled, its model 

is constructed, and the optimal portfolio management problem is addressed with respect to this 

risk. Secondly, a portfolio with contagion loop risk is also recalled, its model is developed, and the 

corresponding optimal problem is addressed in face of this contagion loop risk. An optimal 

portfolio management problem is then proposed which combine both risks, the illiquidity risk and 

the contagion loop one. The corresponding model is detailed and adapted in order to handle both 

of these risks simultaneously. 

The second part of this chapter will introduce Deep Learning techniques to tackle 

stochastic control problems with jump processes (portfolio problems under risks). Neural 

Networks are constructed to model and solve each of the three risk-prone Portfolio problems, 

discussed in the first section of this chapter. The detailed architecture for the neural networks and 

the methodologies used to solve the approximated portfolio problems are presented. The 

simulation results will also be discussed for each of the portfolio problems. 

2.2 Modeling the multi-risk optimal portfolio problem 

The literature review has established the need to pay closer attention to market risks when 

modeling optimal portfolio problems. Despite the increasing awareness of the impact of market 
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risks, existing models fall short of faithfully representing reality. This is mainly due to the fact that 

most models do not address more than one risk at a time. While it is undeniable that Portfolio 

management under illiquidity risk and portfolio management under contagion loop risk models do 

a significantly better job than the simple Merton problem, combining the two risks can only 

increase the trustworthiness of the portfolio model. This assumption is the main topic of this 

chapter. The two mono-risk problems are revisited before constructing the combined risk model 

that aims at better reflecting the market reality, as most real-life portfolios are subject to both 

illiquidity and default contagion loop risk simultaneously. 

2.2.1 Recalling the optimal portfolio problem under illiquidity risk 

Investors face several market risks that could jeopardize their position and weaken their 

portfolio. An investor must take into consideration the fact that not all assets are as liquid as stocks. 

For instance, people seeking to buy and sell real estate can face difficulties finding a counterparty. 

Buyers are unable to immediately liquidate their wealth to meet their daily consumption needs. 

Therefore, investors find themselves forced to adjust their portfolio to hedge against the illiquidity 

risk. An optimal portfolio problem was therefore constructed to investigate the effect of illiquidity 

risk on investment strategies. The case of a CRRA (Constant Relative Risk Aversion) investor who 

trades in two risky assets (liquid and illiquid) and one risk-free asset is studied. Similarly to the 

(Ang, et al., 2010) model, the illiquid asset can only be rebalanced at infrequent stochastic 

intervals. It can only be traded at times which follow a Poisson process with intensity 1/𝜆. When 

trading is allowed, the illiquid asset is fully marketable. The investor can therefore freely rebalance 

his portfolio in order to maximize his consumption utility function. 

The Model: 
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The information structure obeys standard technical assumptions. We define a complete 

probability space (𝛺, 𝐹𝑡, 𝑃) supporting two independent Brownian motions 𝑍𝑡 = (𝑍𝑡
1, 𝑍𝑡

2) and an 

independent Poisson process (𝑁𝑡). 

The investor allocates resources in three kinds of assets. He can invest money in a risk-free liquid 

asset (i.e., bonds) that appreciates at a constant rate 𝑟: 

𝑑𝐵𝑡 = 𝑟𝐵𝑡𝑑𝑡 

The investor can also acquire risky liquid assets that follow a geometric Brownian motion: 

𝑑𝑆𝑡
𝑆𝑡
− = 𝜇𝑑𝑡 + 𝜎𝑑𝑍𝑡

1 

where  𝜇 is the drift and 𝜎 is the volatility. 

These assets are fully marketable at any time, thus the name liquid assets. The investor can also 

place a portion of his wealth on illiquid risky assets whose price follows a geometric Brownian 

motion as well: 

𝑑𝑃𝑡
𝑃𝑡−

= 𝑣𝑑𝑡 + 𝜓⍴𝑑𝑍𝑡
1 + 𝜓√1 − ⍴2𝑑𝑍𝑡

2 

where 𝑣 is the drift, 𝜓 is the volatility and ⍴ captures the correlation between the liquid and illiquid 

risky assets. This illiquid asset can only be rebalanced at infrequent intervals. These intervals can 

be deterministic, or they can follow a Poisson distribution with mean 
𝟏

𝝀
.  

Let  𝑋𝑡  and 𝑊𝑡 be the current liquid and illiquid wealth held by the investor at time t, 

respectively. The liquid wealth 𝑋𝑡 includes the value invested in the risk-free asset as well as in 

the risky asset. The illiquid asset consists of the value invested in the illiquid asset which cannot 
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always be transferred to liquid nor consumed.  The joint time-evolution of the liquid and the 

illiquid wealth of the investor is given by:  

{
 
 

 
 
𝑑X𝑡
𝑋𝑡− 

= [𝑟 + (µ − 𝑟)𝑢𝑡 − 𝑐𝑡]𝑑t +  𝑢𝑡𝜎𝑑𝑍𝑡
1 − 

𝑑𝐼𝑡
𝑋𝑡−   

𝑑𝑊𝑡

𝑊𝑡−
= 𝑣𝑑t + 𝜓⍴𝑑𝑍𝑡

1 +𝜓√1 − ⍴2𝑑𝑍𝑡
2 + 

𝑑𝐼𝑡
𝑊𝑡−

     

 

The investor puts a fraction 𝑢𝑡 of his liquid wealth into the liquid risky asset. The reminder 1 − 𝑢𝑡 

is put in the bond. On the other hand, as the investor consumes out of the liquid wealth, this liquid 

wealth devaluates at a rate 𝑐𝑡 = 𝐶𝑡/𝑋𝑡, with 𝐶𝑡 being sequences of consumptions of the investor.  

In addition, the movement in the illiquid wealth is governed in the following way:  When a trading 

opportunity arrives, the investor can rebalance his holding of the illiquid asset by investing 𝐼𝑡 in it.  

By this operation, the investor will transfer an amount 𝐼𝑡 from the liquid wealth into the illiquid 

one.  Note that 𝐼𝑡 = 0 whenever no jumps occur, and 𝐼𝑡 ∈ [−𝑊𝑡 , 𝑋𝑡]. 

The investor is modeled as a risk averse investor CRRA: Constant Relative Risk 

Aversion. The investor maximizes his cumulative consumption utility through his investment, 

consumption and rebalancing policies.  

He puts his money in the three different kinds of assets mentioned above and seeks to maximize 

his utility over sequences of consumption 𝐶𝑡 given by: 

max
{𝑢𝑡,𝐼𝑡,𝑐𝑡}

 𝐸 [∫ 𝑒−𝛽𝑡𝑈(𝐶𝑡)𝑑𝑡

𝑇

0

+ 𝑒−𝛽𝑇𝑈(𝑋𝑇)] 

where U is some utility function and 𝛽 is a discount rate. 
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CRRA utility means that the investor expresses a constant risk aversion towards 

consumption. The investor feels less satisfaction as he consumes more and eventually reaches 

complete satisfaction (lim 𝑈(𝐶) = 0 when 𝐶 → ∞). It is important to state that the investor can 

only use his liquid wealth for his consumption needs. It is therefore worth noting that even if 

illiquid assets are usually more profitable, the investor does not put all his money in them. A 

portion of the total wealth needs to be invested in liquid assets, at all times, to satisfy consumption 

needs.  

The utility function is defined as: 

𝑈(𝐶) = {

𝐶1−𝛾

1 − 𝛾
 

if
 

𝛾 > 0 𝑎𝑛𝑑 𝛾 ≠ 1 
 

log(𝐶) if 𝛾 = 1

 

where  𝛾 is defined as the relative risk constant. 

This utility function reflects the constant relative risk aversion discussed above. 

 

Figure 2- 1 The consumption utility function 
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Note that this is just an example of an investor utility function. General utility functions and 

corresponding optimal portfolios may also be considered. The utility function used in (Ang, et al., 

2010) is adopted in order to easily compare results and check for convergence. 

Note that only positive values of liquid and illiquid assets are considered. This can be 

explained as follows: if liquid wealth drops to a negative level before final time T, consumption 

will be equal to zero until the next rebalancing opportunity, which leads to a negative infinity 

utility. If the illiquid asset drops to zero before final time T, there is a positive probability that the 

liquid asset hits 0, leading to 0 consumption and negative infinity utility. Therefore, the following 

assumption is made: 

(𝑋𝑡 ,𝑊𝑡) ∈ [0,∞) × [0,∞)   𝑓𝑜𝑟  𝑡 ∈ [0,𝑇]  

As previously mentioned, this model does a better job than the Merton problem reflecting reality, 

by considering the effects of illiquidity risks. Unfortunately, this illiquidity model stops short in 

its effort and leaves out the impact of the default contagion loop risk, which is discussed below. 

2.2.2 Recalling the optimal portfolio problem under Default Contagion Loop risk 

After the financial crisis of 2008, the Default Contagion Loop risk is finally getting the 

attention it deserves. Investors need to take into consideration this “contagion loop” risk before 

buying stocks. This additional source of risk could have an impact on investor’s portfolios. This 

effect will be studied for an investor who can allocate resources in a risk-free liquid asset B and 

two defaultable stocks with prices S and P.  His objective is to maximize his logarithmic total 

wealth for a determined amount of time (finite time horizon). 

The Model: 
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The information structure obeys standard technical assumptions. A complete probability 

space (𝛺, 𝐹𝑡, 𝑃) supporting two correlated Brownian motions 𝑍𝑡 = (𝑍𝑡
S, 𝑍𝑡

P), and two standard 

exponential random variables 𝜒 = (𝜒1, 𝜒2) are defined. The 𝜒’𝑠 are assumed to be independent of 

the 𝑍𝑡’s and among themselves.  We also define 𝜏1 and 𝜏2  to be nonnegative random variables, 

representing the default time of the stocks S and P, respectively, defined by 

𝜏𝑖: = inf {𝑘 ≥ 0 ∶ ∫ℎ𝑢
𝑖 𝑑𝑢 ≥ 𝜒𝑖

𝑘

0

}      ;     for 𝑖 = 1,2 

where  (ℎ𝑡
𝑖)
𝑡≥0

 is an intensity process which may depend on 𝑍𝑆 𝑎𝑛𝑑 𝑍𝑃, leading to the concept of 

contagion loop. The default time 𝜏𝑖 is thus the time at which the stock defaults and after which, its 

value becomes permanently 0. 

The intensity process (ℎ𝑡
𝑖)
𝑡≥0

 is defined to be a function of the surviving stock prices. It 

may be modeled to be inversely proportional to a linear combination of the stock prices as in: 

{
ℎ𝑡
1(𝑆𝑡 , 𝑃𝑡) := 𝑚𝑖𝑛{𝑚𝑎𝑥{ℎ0(𝑘1𝑆𝑡 + 𝑘2𝑃𝑡)

−1, ℎ𝑚} , ℎ𝑀}

ℎ𝑡
2(𝑆𝑡 , 𝑃𝑡) := 𝑚𝑖𝑛{𝑚𝑎𝑥{ℎ0(𝑘1𝑃𝑡 + 𝑘2𝑆𝑡)

−1, ℎ𝑚} , ℎ𝑀}
 

with ℎ0, ℎ𝑚 , ℎ𝑀 , 𝑘1, 𝑘2 being parameters to be decided on. 

For positive parameters, this intensity process (adopted by (Jia, et al., 2019)) reflects reality. It 

increases when both stock prices go down (contagion effect). Note that other forms of intensity 

processes are possible. Some models even consider constant intensity processes that do not 

necessarily reflect reality well but might be useful for analysis purposes. 

Define now (Ht)t≥0 to be the filtration generated by the default indicator process (𝐻𝑡)𝑡≥0 ≔

(𝐻𝑡
𝑆 , 𝐻𝑡

𝑃)𝑡≥0
𝑇 , where each of the default process 𝐻𝑡

𝑆 , 𝐻𝑡
𝑃 is associated with the intensity process 
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(ℎ𝑡
1)𝑡≥0, (ℎ𝑡

2)𝑡≥0 and defined by 𝐻𝑡
𝑆 ≔ 𝕀{𝜏1≤𝑡}, 𝐻𝑡

𝑃 ≔ 𝕀{𝜏2≤𝑡}  , the indicator function that equals 0, 

if 𝜏𝑖 > 𝑡  and 1 otherwise. The value of this indicator process is denoted by 𝑧 ∈ 𝐼 ≔ {0,1}2. The 

indicator process can only jump from 𝑧 ≔ (𝑧1, 𝑧2) to one of two neighboring states 𝑧1 or 𝑧2 

defined by 

{
𝑧1 ≔ (1 − 𝑧1, 𝑧2)

𝑧2 ≔ (𝑧1, 1 − 𝑧2)
 

with a rate, for 𝑧1 and 𝑧2 , of (1 − 𝑧1)ℎ𝑡
1 and (1 − 𝑧2)ℎ𝑡

2, respectively. 

It is supposed that the risk-free liquid asset (i.e., bonds) appreciates at a constant rate 𝑟 according 

to 

𝑑𝐵𝑡 = 𝑟𝐵𝑡dt 

The two risky liquid stocks S and P that are subject to the contagion loop risk are driven by the 

SDE 

{
 
 

 
 𝑑𝑆𝑡
𝑆𝑡
− = 𝜇𝑆dt + 𝜎𝑆𝑑𝑍t

𝑆 − 𝑑𝐻𝑡
𝑆 − 𝐿𝑆𝑑𝐻𝑡

𝑃

𝑑𝑃𝑡
𝑃𝑡
− = 𝜇𝑃dt + 𝜎𝑃𝑑𝑍t

𝑃 − 𝑑𝐻𝑡
𝑃 − 𝐿𝑃𝑑𝐻𝑡

𝑆

 

where  𝜇𝑆 , 𝜇𝑃 are drifts of stock 𝑆 𝑎𝑛𝑑 𝑃 and 𝜎𝑆 , 𝜎𝑃 are the stocks volatilities. 

The contagion loop is guaranteed through 𝐿𝑝  and 𝐿𝑆, which are the default impact on each stock 

(given the default of the other stock).   The two parameters need to verify the conditions  𝐿𝑝 <

1 and 𝐿𝑆 < 1, in order to prevent the total wealth from falling below zero. 

An investor puts his money on these three assets and seeks to maximize the expected 

value of his final log wealth: 
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max
𝜋𝑡
 𝐸[log(𝑋𝑇)] 

where 𝑋𝑇 is the final total wealth at the terminal time T.  Recall that the total wealth 𝑋𝑡 is governed 

by the SDE 

𝑑𝑋𝑡
𝑋𝑡−

= 𝜋𝑡
𝑃𝑑𝑃𝑡 + 𝜋𝑡

𝑆𝑑𝑆𝑡 + 𝜋𝑡
𝐵𝑑𝐵𝑡 

with 𝜋𝑡 being the control vector whose components 𝜋𝑡
𝑆, 𝜋𝑡

𝑃  and 𝜋𝑡
𝐵 represent the proportion of 

wealth invested in stock 𝑆, 𝑃 and the riskless bond, respectively. 

The control variables belong to the following admissible control set: 

𝐴 ≔ {𝜋 ∈ 𝑂 | 𝑎𝑆 ≤ 𝜋𝑡
𝑆 < 𝑏𝑆  and 𝑎𝑃 ≤ 𝜋𝑡

𝑃 ≤ 𝑏𝑃  }  

where 𝑂 is a bounded set in 𝑅2 and the parameters  𝑎𝑆, 𝑏𝑆 , 𝑎𝑃 , 𝑏𝑃  𝜖 ℝ are chosen such that 

1 − [𝜋𝑆𝐿𝑆 𝜋𝑃𝐿𝑃] ≥   𝜖𝐴  for all  𝜋 𝜖 𝐴. 

Note that 𝜋𝑡
𝐵 = 1 − 𝜋𝑡

𝑆 − 𝜋𝑡
𝑃 and 𝜖𝐴 is strictly positive and generally chosen to be a small value. 

This admissible control set enables the investor to take short and long positions in the market 

which faithfully reflect reality, adding to the relevance and accuracy of the model. 

This model is a clear step up from the Classical Merton problem as it takes into 

consideration one of the market risks that has been long ignored in the literature. On the other 

hand, the omission of illiquidity risk constitutes a clear weakness that needs to be addressed. The 

absence of crucial risk components in the two portfolio models discussed above, makes them 

necessarily inaccurate and incomplete. This paves the way for the first contribution of this 

research: The construction of a combined risk Portfolio management problem. 
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2.2.3 Modeling the optimal portfolio problem under both illiquidity and contagion 

Loop risks 

This section is devoted to modeling and solving an optimal portfolio problem when 

exposed, simultaneously, to the two risks discussed above (illiquidity and contagion loop risk). 

Modeling this problem is presented as the first contribution of this research, which attempts to 

better reflect reality. As a matter of fact, most portfolios are made of riskless liquid assets (i.e., 

bonds), risky liquid assets (stocks) that are subject to default risk and illiquid assets that can only 

be traded at random times. Therefore, it was deemed necessary to consider modeling this situation 

and optimizing a portfolio management problem, prone to both risks simultaneously, for a CRRA 

investor. 

The Model: 

The investor puts his money in a bond that follows the same equation as in Sections 2.2.1 

and 2.2.2: 

𝑑𝐵𝑡 = 𝑟𝐵𝑡𝑑𝑡 

The investor can also invest in two risky liquid assets that are subject to the contagion loop risk 

{
 
 

 
 𝑑𝑆𝑡
𝑆𝑡
− = 𝜇𝑆dt + 𝜎𝑆𝑑𝑍t

𝑆 − 𝑑𝐻𝑡
𝑆 − 𝐿𝑆𝑑𝐻𝑡

𝑃

𝑑𝑃𝑡
𝑃𝑡
− = 𝜇𝑃dt + 𝜎𝑃𝑑𝑍t

𝑃 − 𝑑𝐻𝑡
𝑃 − 𝐿𝑃𝑑𝐻𝑡

𝑆

 

where  𝜇𝑆 , 𝜇𝑃 are drifts of stock 𝑆 𝑎𝑛𝑑 𝑃 and 𝜎𝑆 , 𝜎𝑃 are the stocks volatilities. The default jump 

process and the contagion parameters are defined exactly as in 2.2.2.  The investor can also place 

a portion of his wealth on illiquid risky assets that follow a Geometric Brownian Motion: 



   

23 

 

𝑑𝑅𝑡
𝑅𝑡−

= 𝑣𝑑𝑡 + 𝜓𝑑𝑍𝑡
𝑅 

where  𝑣 is the drift, 𝜓 is the volatility of the illiquid asset.  

The investor’s maximization problem is subject to two constraints: A liquid wealth constraint that 

is given by 

𝑑𝑋𝑡 = 𝑋𝑡−𝜋𝑡
𝑃𝑑𝑃𝑡 + 𝑋𝑡−𝜋𝑡

𝑆𝑑𝑆𝑡 + 𝑋𝑡−𝜋𝑡
𝐵𝑑𝐵𝑡 − 𝐶𝑡𝑑𝑡 − 𝑑𝐼𝑡 

where  𝜋𝑡
𝑆, 𝜋𝑡

𝑃  and 𝜋𝑡
𝐵 are the control variables (proportion of wealth places on stock S, P and the 

bond, respectively) that belong to the admissible control set: 

𝐴 ≔ {𝜋 ∈ 𝑂 | 𝑎𝑆 ≤ 𝜋𝑡
𝑆 < 𝑏𝑆  and 𝑎𝑃 ≤ 𝜋𝑡

𝑃 ≤ 𝑏𝑃  }  

where 𝑂 is a bounded set in 𝑅2 and the parameters  𝑎𝑆, 𝑏𝑆 , 𝑎𝑃 , 𝑏𝑃  𝜖 ℝ are chosen such that 

1 − [𝜋𝑆𝐿𝑆 𝜋𝑃𝐿𝑃] ≥    𝜖𝐴  for all  𝜋 𝜖 𝐴. 

As in 2.2.2, 𝜋𝑡
𝐵 = 1 − 𝜋𝑡

𝑆 − 𝜋𝑡
𝑃 and 𝜖𝐴 is strictly positive and generally chosen to be a small value. 

This admissible control set enables the investor to take short and long position in the market as 

explained in the section 2.2.2. 

The variable 𝐶𝑡 represent the sequences of consumptions of the investor. The control 

variable 𝑐𝑡 = 𝐶𝑡/𝑋𝑡  is utilized for convenience (instead of 𝐶𝑡) and represents the rate with which 

liquid wealth devaluates. The control variable 𝐼𝑡 translates the effect of the illiquidity risk. When 

a trading opportunity arrives, the investor transfers an amount 𝐼t  from liquid assets to the illiquid 

ones.  Note that 𝐼𝑡 = 0 when no jump occurs, and 𝐼𝑡 ∈ [−𝑊𝑡 , 𝑋𝑡]. After rebalancing, a new liquid 

to total wealth ratio 
𝑋𝑡

𝑊𝑡+𝑋𝑡
 is obtained. This ratio will replace 𝐼𝑡 as the control variable, for 
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convenience (the ratio is easier to model, as it is in the interval [0,1]). This illiquid asset can only 

be rebalanced at infrequent deterministic/stochastic intervals. If rebalancing opportunities are 

stochastic, the asset can only be traded at times which follow a Poisson process with intensity 

1

𝜆
 (same setup as in 2.2.1). 

The illiquid wealth of the investor is driven by the SDE 

𝑑𝑊𝑡 = 𝑊𝑡𝑣𝑑t +𝑊𝑡𝜓𝑑𝑍𝑡
R + 𝑑𝐼𝑡  = 𝑊𝑡𝑑𝑅𝑡 + 𝑑𝐼𝑡  

The investor maximizes his cumulative consumption utility through his investment, consumption, 

and rebalancing policies.  

This model represents a clear improvement from the mono-risk portfolio problems 

discussed above. It allocates more importance to the volatility of the market by modeling two risks 

at the same time. It also opens the door to more contributions, where more risks could be added to 

this model. This contribution directly serves the purpose of reliably representing reality in the 

market. Investors are often faced with multiple and simultaneous risks, when constructing 

portfolios. More comprehensive models are believed to be more effective in reaching optimal 

investment strategies. Accounting for more risks also represents an opportunity for investors to 

increase their utility; modeling more risks means an increasing market knowledge, which could 

lead to more profits. This will be demonstrated by the simulations results later in this document by 

comparing investor utilities between the mono/multi risk models. 

The individual acquiring assets in the market is modeled as a risk averse investor. He puts 

his money on the four different kinds of assets mentioned above. The investor has CRRA utility 

over sequences of consumption 𝐶𝑡 given by: 
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max
{𝑐𝑡,𝜋𝑡,𝐼𝑡}

 𝐸 [∫ 𝑒−𝛽𝑡𝑈(𝐶𝑡)dt + 𝑒
−𝛽𝑇𝑈(𝑋𝑇)

𝑇

0

] 

The utility function is defined as in Section 2.2.1 by: 

𝑈(𝐶) = {

𝐶1−𝛾

1 − 𝛾
 

if
 

𝛾 > 0 𝑎𝑛𝑑 𝛾 ≠ 1 
 

log(𝐶) if 𝛾 = 1

 

It is now time to move on to the methodologies used in solving optimal portfolio 

problems. The essential goal of the next section is to address the problem of the curse of 

dimensionality of traditional mathematical algorithms, while keeping in mind the importance of 

the needed additional attention required to tackle stochastic control problems with jump processes. 

2.3 Solving Optimal Portfolio problems when Jump Processes are involved: A Deep 

Learning approach: 

Deep Learning and Reinforcement Learning techniques have proven their effectiveness 

in overcoming the issue of the curse of dimensionality. As previously discussed in the literature, 

(Powell, 2010) used Deep learning techniques to approximate the optimal controls and solve the 

stochastic dynamic problems. His book proves that Deep Learning models reach near optimality, 

when they are applied to solve stochastic control problems that admit a closed form solution. The 

book also discusses the case when an optimal solution is not available. Thanks to the gradient 

descent methods adopted by neural networks, one is guaranteed to, at least, reach a local optimum. 

(Han & Weinan, 2016) have reached the same conclusion, when they solved stochastic control 

problems and compared it to closed form optimal solutions. Browsing the literature leads to the 

conclusion that Deep Learning models seem to be an ideal cure to the curse of dimensionality, 

when solving stochastic control problems. However, it was deceiving to observe the lack of 
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attention that was given to stochastic control problems, when jump processes are involved. 

Especially when Deep Learning techniques have been used, for years now, in predicting stochastic 

jump processes (Junteng Jia, Austin R. Benson (2020) and Jeonggyu Huh (2018), for example).  

This section of this research document is devoted to addressing this weakness and 

establishing the second contribution of this thesis. The three portfolio problems defined earlier will 

be approximated and modeled using Deep Learning techniques. The tools involved in building 

neural networks for stochastic control problems with jumps will be detailed and tested on specific 

examples. The results of the simulations will be presented and compared to closed form solutions, 

whenever they exist. By the end of this chapter, the additional features that need to be added to the 

Neural network in order to model stochastic control problems with jump processes will be clear to 

the reader. For each of the portfolio problems, the procedure to be conducted is as follows: 

1- Discretize the stochastic continuous processes and value function. 

2- Build a neural network that represents the discretized problem and its jump processes. 

3- Solve the problem and compare it to the DPP method, when possible, to validate the model. 

2.3.1 Solving Optimal Portfolio problems under illiquidity risks using the Deep 

Learning approach: 

The illiquidity model defined in section 2.2.1 is solved using the Deep Learning approach, 

following the three steps discussed above. Discretization of the stochastic processes as well as the 

value function is an important step that enables to get rid of the curse of the dimensionality. 

Finishing this task will lead to the following results: 

https://arxiv.org/search/cs?searchtype=author&query=Jia%2C+J
https://arxiv.org/search/cs?searchtype=author&query=Benson%2C+A+R
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Discretizing intervals of size 
𝑇

𝑁
 are defined. The continuous time will be discretized using 

these intervals. For simplicity, discrete times t such as 𝑡𝑛 =
0

𝑁
,
1

𝑁
, … ,

𝑛

𝑁
. Although this step is 

devoted to discretizing continuous processes, it is worth deriving closed form solutions for asset 

prices at each t. Deriving these solutions using the Ito’s lemma is fundamental for this method 

(price processes will be simulated and fed to the neural network, and the expected optimal solutions 

will be derived). 

Bonds follow the differential equation: 

𝑑𝐵𝑡 = 𝑟𝐵𝑡dt 

Given an initial price 𝐵0, the closed form solution of the bond price is given by: 

𝐵𝑡 = 𝐵0𝑒
𝑟𝑡. 

Liquid Stocks follow the SDE: 

𝑑𝑆𝑡

𝑆𝑡
− = 𝜇𝑑𝑡 + 𝜎𝑑𝑍𝑡

1. 

Given an initial price 𝑆0, the closed form solution of the stock price is given by: 

𝑆𝑡 = 𝑆0𝑒
(𝜇−

1

2
𝜎2)𝑡+𝜎𝑍𝑡

1

. 

Illiquid assets follow the SDE: 

𝑑𝑃𝑡
𝑃𝑡−

= 𝑣𝑑𝑡 + 𝜓⍴𝑑𝑍𝑡
1 + 𝜓√1 − ⍴2𝑑𝑍𝑡

2 

Given an initial price 𝑃0 and assuming that ⍴ = 0, the closed form solution of the illiquid asset 

price is given by: 
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𝑃𝑡 = 𝑃0𝑒
(𝑣−

1
2
𝜓2)𝑡+𝜓𝑍𝑡

2

 

The processes can now be safely discretized, the liquid wealth process follows the SDE: 

𝑑𝑋𝑡 = 𝑋𝑡((𝑟 + 𝑢𝑡(𝜇 − 𝑟) − 𝑐𝑡)𝑑𝑡 + 𝑢𝑡𝜎𝑑𝑍𝑡
1) + 𝑑𝐼𝑡

 = 𝑋𝑡𝑢𝑡𝑑𝑆𝑡 + 𝑋𝑡(1 − 𝑢𝑡)𝑑𝐵𝑡 + 𝑑𝐼𝑡 − 𝑋𝑡𝑐𝑡𝑑𝑡
 

The illiquid wealth process follows the SDE: 

𝑑𝑊𝑡 = 𝑊𝑡𝑣𝑑𝑡 +𝑊𝑡𝜓⍴𝑑𝑍𝑡
1 +𝑊𝑡𝜓𝑑𝑍𝑡

2 − 𝑑𝐼𝑡 = 𝑊𝑡𝑑𝑃𝑡 − 𝑑𝐼𝑡 

The discretized liquid and illiquid wealth processes give the following results: 

𝛥𝑋𝑡 = 𝑋𝑡𝑢𝑡(𝛥𝑆𝑡) + 𝑋𝑡(1 − 𝑢𝑡)(𝛥𝐵𝑡) + 𝛥𝐼𝑡 − 𝑋𝑡𝑐𝑡𝛥𝑡 

𝛥𝑊𝑡 = 𝑊𝑡(𝛥𝑃𝑡) − 𝛥𝐼𝑡 

The investor is trying to maximize the following discretized utility function: 

max
{𝑢,𝑐,𝐼}

𝐸0 [∑𝑒−𝛽𝑠𝑈(𝐶𝑠)

𝑇

𝑠=0

+ 𝑒−𝛽𝑇𝑈(𝑋𝑇)| 𝑋0 = 𝑥0] 

For each time step, the Neural Network will attempt to solve for the following control variables: 

𝑢𝑡: proportion of liquid wealth invested in the risky asset. 

𝑐𝑡: proportion of liquid wealth dedicated to consumption (𝑐 =
𝐶

𝑋
). 

𝑋
𝜏+

𝑊𝜏++𝑋𝜏+
: the liquid to total wealth ratio after transferring 𝐼 from illiquid to liquid 

wealth. 
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Note that all these control variables are in the interval [0,1] which will facilitate the modeling 

process. 

The discretization task has been mostly straightforward. The difficulty now is in finding 

an adequate neural network that can represent this portfolio problem. The difficulty is even higher 

with the presence of jump processes. The neural network needs to consider each of the following 

features: 

- The Neural Network’s output needs to respect all feasibility conditions and constraints: 

Liquid and illiquid wealth cannot be negative values and all control variables need to be in 

the interval [0,1]. This is made possible through Sigmoid activation functions and special 

Lambda layers (discussed later in this section). 

- Rebalancing portfolios can only be done when a jump occurs. The neural network must 

somehow be able to model the ratio  
𝑋
𝑡+

𝑊𝑡++𝑋𝑡+
 jump, only when a trading opportunity shows 

up. 

- The neural network must connect state and control variables for each time step. This can 

be done by constructing a series of interconnected sub-networks. 

Keeping these requirements in mind, the neural network can be constructed following the 

simplified following architecture (Figure 2- 2): 

 



   

30 

 

  

Figure 2- 2  Illiquidity Model architecture. 

 

The neural network takes the simulated price processes for both assets (liquid and illiquid) as well 

as the initial wealth as input. That input is then fed to optimizing layers that determine control 

variables in order to output the problem’s value function. Optimizing layers are defined by a set 

of variable parameters 𝜃. The parameters are fine-tuned during the optimization process in order 

to reach the optimal value. 

The neural network is composed of interconnected sub-networks (for each time step) that 

collectively serve the same purpose of maximizing the utility function: 

 max
{𝑢,𝑐,𝐼}

𝐸0 [∑𝑒−𝛽𝑠𝑈(𝐶𝑠)

𝑇

𝑠=0

+ 𝑒−𝛽𝑇𝑈(𝑋𝑇)| 𝑋0 = 𝑥0, 𝑊0 = 𝑤0] 

The optimal investment policy u, the optimal consumption policy 𝑐 and the optimal rebalancing 

ratio 
𝑋𝑡

𝑊𝑡+𝑋𝑡
 are determined through the hidden optimizing layers and their variable parameters 𝜃. 

The 𝜃’s can be considered as the new decision variables and the objective function becomes 

max
𝜃
𝐸0 [∑𝑒−𝛽𝑠𝑈(𝐶𝑠)

𝑇

𝑠=0

+ 𝑒−𝛽𝑇𝑈(𝑋𝑇)| 𝑋0 = 𝑥0,𝑊0 = 𝑤0, 𝜃] 
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The architecture of the neural network is the most crucial factor to take into consideration when 

modeling and solving each portfolio problem. Every problem comes with a unique set of variables, 

constraints, and value functions. It is therefore implied that every problem should be associated 

with a unique Neural Network. Careful consideration will be given to every layer of the neural 

network which will be constructed as follows: 

The initial wealth and price simulations are fed to the optimizing layers. This collection of layers 

is responsible for maximizing the objective function. Each layer has decision parameters 𝜃 

(randomly initialized at first) that need to be optimized. To solve the portfolio problem, hidden 

optimizing layers with Relu activation functions are used. Relu hidden layers are then connected 

to three Sigmoid layers that determine the three control variables 𝑢, 𝑐 and  
𝑋
𝑡+

𝑊𝑡++𝑋𝑡+
. 

 

Figure 2- 3 Partial neural network architecture. 

 

The Relu layers is a key component of this Neural Network. Their mechanisms are worth taking a 

closer look at. 𝑋0 and 𝑊0 representing the initial liquid/illiquid wealth are multiplied by a vector 

𝜃 before being fed to the Relu Layers as input. This input, defined by 𝑍𝑅𝑒𝑙𝑢, is calculated as 

follows: 

𝑍𝑅𝑒𝑙𝑢 = 𝜃10𝑋0 + 𝜃11𝑊0 
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where  𝜃10, 𝜃11 ∈  ℝ represent the neural network parameters that need to be fine-tuned as 

explained above. 𝑍𝑅𝑒𝑙𝑢 can now be passed to the Relu activation function (more details are 

available in Figure 2- 8): 

𝑟 = 𝑜𝑢𝑡𝑝𝑢𝑡𝑟𝑒𝑙𝑢 = 𝑅𝑒𝑙𝑢 (𝑍𝑟𝑒𝑙𝑢) 

Where: 

𝑅𝑒𝑙𝑢(𝑍𝑟𝑒𝑙𝑢) ∶= {
0 if 𝑍𝑟𝑒𝑙𝑢 ≤ 0

𝑍𝑟𝑒𝑙𝑢 if 𝑍𝑟𝑒𝑙𝑢 > 0
 

and is depicted Figure 2- 4 just below. 

 

Figure 2- 4 The Relu activation function. 

 

The Relu is then connected to three Sigmoid layers (one for each control variable). This layer 

outputs a value between 0 and 1 and will thus determine the proportion of the wealth invested in 

the risky asset 𝑢, the proportion of wealth dedicated to consumption 𝑐, and the optimal rebalancing 

ratio 
𝑋
𝑡+

𝑊𝑡++𝑋𝑡+
 at a given time 𝑡. 
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Figure 2- 5  Complete subnetwork architecture. 

 

This is done by following the next two steps: 

The output of the previous Relu layer is fed to the sigmoid layers and the following quantities are 

computed: 

{

𝑍𝑢 = 𝜃20 × 𝑟
𝑍𝑐 = 𝜃30 × 𝑟
𝑍𝐼 = 𝜃40 × 𝑟
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where  𝜃20 , 𝜃30  𝑎𝑛𝑑 𝜃40  ∈  ℝ  are neural network parameters that need to be optimized. The output 

is then passed to the sigmoid layers and the risky proportion investment 𝑢0 , rebalancing proportion 

𝑋
𝜏+

𝑊𝜏++𝑋𝜏+
 as well as the consumption proportion 𝑐0 are calculated as follows: 

{
 

 
𝑢0 = sigmoid(𝑍𝑢)
𝑐0 = sigmoid(𝑍𝑐)
𝑋𝑡+

𝑊𝑡+ + 𝑋𝑡+
= sigmoid(𝑍𝐼)

 

where the sigmoid function is depicted in Figure 2- 6 and is defined by 

𝑠𝑖𝑔𝑚𝑜𝑖𝑑(𝑍) ∶=
1

1+𝑒−𝑍
 ;    for any given 𝑍 ∈ 𝑅. 

 

Figure 2- 6 The Sigmoid activation function. 

 

Updating state variables 𝑋1and  𝑊1: 

After 𝑢0, 𝑐0 and 
𝑋
𝑡+

𝑊𝑡++𝑋𝑡+
 are determined, Lambda layers are used to update 𝑋1 and  𝑊1. Lambda 

layers do not have any variable parameters thus they are not part of the optimization process. The 

lambda layers follow the equations 
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𝑋1 = 𝑙𝑎𝑚𝑏𝑑𝑎(𝑋0) = {

𝑋0𝑢0(1 + 𝛥𝑆0) + 𝑋0(1 − 𝑢0)(1 + 𝛥𝐵0) − 𝑋0𝑐0             if no jump

(𝑋0 +𝑊0)
𝑋0+

𝑊0+ + 𝑋0+
                                                            if jump

 

𝑊1 = 𝑙𝑎𝑚𝑏𝑑𝑎(𝑊0) = {

𝑊0(1 + 𝛥𝑃0)                                        if no jump

(𝑋0 +𝑊0) (1 −
𝑋0+

𝑊0+ + 𝑋0+
) if jump

 

The lambda layers for the wealth processes need to be given additional consideration when jump 

processes are involved. An “if” operator will be implemented within the lambda layers to 

accurately represent the Portfolio Model under Illiquidity risk. 

 

Figure 2- 7  Architecture of the portfolio model under illiquidity. 

 

The architecture of the neural sub-network is now established. Before moving on to solving the 

problem, two remarks must be made. This is a simplified sub-network: In practice, the sub-network 

has several more hidden layers composed of several hidden units, resulting in several thousand 𝜃 

parameters to be fine-tuned, as in Figure 2- 8 below. This is done to optimize the computation and 
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convergence process: more agents (𝜃) looking for the optimal solution means higher chances of 

quickly finding it. 

 

Figure 2- 8 Detailed illiquidity neural network architecture. 

 

The updated 𝑋 𝑎𝑛𝑑 𝑊 are used as input for the next sub-network. Several sub-networks, following 

the exact same architecture discussed for 𝑡 = 0, are constructed. For each sub-network, 

𝑢𝑡, 𝑐𝑡 𝑎𝑛𝑑 𝐼𝑡 are determined before updating the wealth state variables 𝑋𝑡 𝑎𝑛𝑑 𝑊𝑡  which will be 

used as input for the subnetwork for 𝑡 = 𝑡𝑛+1. This process is repeated until the end of the 

investment period (𝑡 = 𝑇) is reached. A final Lambda layer is then added to the neural network. It 

represents the objective function 

max
𝜃
𝐸0 [∑𝑒−𝛽𝑠𝑈(𝐶𝑠)

𝑇

𝑠=0

+ 𝑒−𝛽𝑇𝑈(𝑋𝑇)| 𝑋0 = 𝑥0,𝑊0 = 𝑤0, 𝜃] 
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Once the model is constructed, it is trained using the backpropagation and forward propagation 

technique that will be discussed in detail below. The objective is to minimize a predetermined cost 

function. This cost function is defined to be the squared difference between the value function and 

a target value: 

𝑚𝑠𝑒 = (𝑡𝑎𝑟𝑔𝑒𝑡 − 𝐸0 [∑𝑒−𝛽𝑠𝑈(𝐶𝑠)

𝑇

𝑠=0

+ 𝑒−𝛽𝑇𝑈(𝑋𝑇)| 𝑋0 = 𝑥0, 𝑊0 = 𝑤0, 𝜃])

2

 

where  𝑡𝑎𝑟𝑔𝑒𝑡 is a large positive value that cannot be achieved, i.e., 

𝑡𝑎𝑟𝑔𝑒𝑡 ≥ sup(𝐸0 [∑𝑒−𝛽𝑠𝑈(𝐶𝑠)

𝑇

𝑠=0

+ 𝑒−𝛽𝑇𝑈(𝑋𝑇)| 𝑋0 = 𝑥0,𝑊0 = 𝑤0, 𝜃]) 

The model is now ready to be trained. Its architecture is depicted just below. 

 

Figure 2- 9 Complete neural network model architecture. 
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The model is trained by passing the input through the neural network to generate an 

output. This output is then optimized by fine tuning the neural network’s parameters. This 

technique is called the forward propagation/back-propagation and is worth explaining in detail to 

fully comprehend the optimization mechanisms. 

Forward and back-propagation: 

Feedforward/back-propagation is a specific architecture of neural networks. Given an 

input, the feedforward neural network will execute the following algorithm: 

 

Initialize the neural network parameters 𝜃0 

Generate the first output by moving the input forward throughout the Neural Network: 

𝑚𝑠𝑒0 = (𝑡𝑎𝑟𝑔𝑒𝑡 − 𝐸0 [∑𝑒−𝛽𝑠𝑈(𝐶𝑠)

𝑇

𝑠=0

+ 𝑒−𝛽𝑇𝑈(𝑋𝑇)| 𝑋0 = 𝑥0,𝑊0 = 𝑤0, 𝜃0])

2

 

For i in #epochs: 

          For t in [0, T]: 

                   Determine gradient descent direction d for each 𝜃 parameter and use a learning rate lr: 

                   𝜃𝑖𝑡 = 𝜃(𝑖−1)𝑡 + 𝑑 × 𝑙𝑟 

          After fine tuning 𝜃𝑖 for all t, generate the new output by going forward again: 

 

          𝑚𝑠𝑒𝑖 = (𝑡𝑎𝑟𝑔𝑒𝑡 − 𝐸0[∑ 𝑒−𝛽𝑠𝑈(𝐶𝑠)
𝑇
𝑠=0 + 𝑒−𝛽𝑇𝑈(𝑋𝑇)| 𝑋0 = 𝑥0, 𝑊0 = 𝑤0, 𝜃𝑖])

2
 

 

Stop algorithm at the end of last epoch and get the final following output depending on 𝜃𝐹𝑖𝑛𝑎𝑙 : 

𝑚𝑠𝑒𝐹𝑖𝑛𝑎𝑙 = (𝑡𝑎𝑟𝑔𝑒𝑡 − 𝐸0 [∑𝑒−𝛽𝑠𝑈(𝐶𝑠)

𝑇

𝑠=0

+ 𝑒−𝛽𝑇𝑈(𝑋𝑇)| 𝑋0 = 𝑥0, 𝑊0 = 𝑤0, 𝜃𝐹𝑖𝑛𝑎𝑙])

2

 

𝑢𝑡(𝜃𝐹𝑖𝑛𝑎𝑙),  𝑐𝑡(𝜃𝐹𝑖𝑛𝑎𝑙) 
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Before running simulations, few parameters need to be specified. Every Neural Network requires 

an optimization engine that guarantees convergence. The TensorFlow and Keras python libraries 

include a variety of optimization engines. (Kingma & Ba, 2014) proved both the effectiveness and 

efficiency of the Adam optimizer. They tested it on several dataset such as MNIST and showed 

that Empirical results demonstrate that Adam works well in practice and compares favorably to 

other stochastic optimization methods. This provides enough evidence in favor of Adam to be used 

as the model’s optimization engine. In addition to the optimizing engine, Batch Normalization 

layers and default neural network hyper-parameters are used as recommended by (Ioffe & 

Szegedy, 2015), and (Kingma & Ba, 2014). One hyper-parameter needs to be given more attention: 

The Learning Rate. A large learning rate may lead to faster convergence but could also overshoot 

the optimal solution. A low learning rate may lead to a slower convergence but is highly unlikely 

to overshoot the optimal solution. Low learning rates may also cause convergence problems, as 

we might be stuck in a local minimum (see Figure 2- 10 below): 

 

Figure 2- 10 Large versus small learning rate. 
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Simulation Results:  

A simulation is now conducted to investigate the impact of illiquidity on portfolio 

strategies. A set of 30000 prices processes are generated for the liquid and illiquid asset (few are 

represented in Figure 2- 11), before being fed to the Neural Network and solved for the optimal 

solution. 

 

 

Figure 2- 11  Simulated wealth processes. 

 

The results are reported for several initial conditions and the optimal strategies are analyzed. For 

the sake of interpretation, the jump process is set to be deterministic. The purpose behind this 

choice is driven by the desire of analyzing the investors’ behavior when Jumps are less/more 

frequent.  
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Table 2- 1  Illiquidity Model optimal Results 

Jump frequency Mean 
Utility(gamma=0.4) 

Standard Deviation 

No Jumps 177.2898 12.7816 
Jump every 23 time steps 269.3437 34.2326 

Jump every 50 timesteps 268.0743 42.9299 
 

Table 2- 2  Illiquidity Model optimal Strategies. 

System 
parameters 

Theoretical 
optimal 
policy 𝑢𝑡  
(no jump) 

Simulated 
optimal 
policy 𝑢𝑡 
(no jump) 

Simulated 
optimal 
policy 
𝑢𝑡 (Jump 
every 23 
time steps) 

Simulated 
optimal 
policy 
𝑢𝑡 (jump 
every 50 
time 
steps) 

Rebalancing 

ratio 
𝑋𝑡

𝑊𝑡+𝑋𝑡
  

(jump every 
23 time 
steps) 

Rebalancing 

ratio 
𝑋𝑡

𝑊𝑡+𝑋𝑡
  

(jump every 
50 time 
steps) 

𝑟 = 0.07, 
µ = 0.12, 
𝜎 = 1., 
𝛼 = 0.6 

0.125 0.1185 0.1641 .1551 0.9971 0.9992 

𝑟 = 0.08, 
µ = 0.11, 
𝜎 = 0.3, 
 𝛼 = 0.6 

0.833 .822 .993 .9621 0.9965 0.9993 

𝑟 = 0.07, 
µ = 0.12, 
𝜎 = 0.4, 
 𝛼 = 0.1 

0.3472 0.3394 0.5529 0.4481 0.9893 0.9909 

 

     

The results shown Table 2-1 and Table 2-2 above show a clear correlation between the 

jump process and the optimal investment policies. Encouraged by the presence of additional funds 

in the form of illiquid assets, the investor is willing to take riskier bets on the liquid assets. When 

the jumps are less frequent, the investor compensates by decreasing his holdings in risky assets.  

Given the finite horizon investment timeline as well as the nature of the bequest function, the 

investor choses to convert most of his illiquid assets into liquid ones as soon as a jump occurs. The 
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investors’ behavior shows a preference towards immediate consumption utility rather than 

accumulation of illiquid wealth: This is best explained by the combination of the finite horizon 

timeframe, the scarcity of rebalancing opportunities, and the bequest function. 

The case where no jumps occur is added to validate the accuracy of the neural network. As a matter 

of fact, the power consumption utility (under no jump regime) admits a closed form solution, as 

presented in the following theorem: 

Theorem: For the power consumption utility, the no-jump optimal investment policy is given by 

𝑢𝑡
∗ =

µ − 𝑟

(1 − 𝛼)𝜎2
 

The results in the table show that near optimality is reached for the no jump case, which validates 

the model’s accuracy (highlighted in red in the table). 

The case of a particular price process samples, shown below in Figure 2- 12, is now presented to 

explain what happens when the optimal strategy is implemented. 

 

Figure 2- 12 Illiquidity sample processes. 

 

The results are shown in Figure 2- 13 below for different initial liquid/illiquid wealth. The Jumps 

can clearly be seen (at time 𝑡 = 50). As seen in the table, the investor transfers almost all his 
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illiquid wealth to liquid assets. The investor then uses most of his liquid wealth for consumption. 

This shows that the investor shows almost no preference for savings: The bequest function does 

not provide enough incentives to save some of the liquid assets. 

  

Figure 2- 13  Illiquidity simulation results. 

 

It is also worth analyzing the impact of the presence of rebalancing opportunities on the 

consumption strategies. It has already been established that the investor is willing to take more 

risks when rebalancing opportunities are available. The same can be said about consumption 

strategies: the investor increases his pre-jump consumption ratio which aligns with the previous 

observations, as the investor is willing to take more risks for both his investment and consumption 

strategies (see Figure 2- 14). 
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Figure 2- 14 Illiquidity simulation Results: consumption. 

 

Conclusions: 

Using the flexibility of Neural Networks architectures, Optimal Portfolio Problems under 

illiquidity risk was modeled and solved. The results show near optimality for the no jump case, 

which validates the model. Although closed form solutions are not available for the Jump case, the 

results align perfectly with what happens in real life. The investor takes advantage of the 

rebalancing opportunities and places more wealth on consumption and risky assets. When these 

rebalancing opportunities are less frequent, the investor shows more moderation in his behavior 

(more risk aversion as rebalancing opportunities get scarce). 

Validating the model’s accuracy on the classic Merton case: 

Before moving on to the next section, it was deemed useful to verify the effectiveness of 

such neural network on problems that have a closed form solution. An adequate neural network is 

constructed to model and solve the following Merton problem: 

The investor allocates resources on two liquid assets: 

One riskless liquid asset (i.e., Bonds, savings account, etc.): 
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𝑑𝐵𝑡 = 𝑟𝐵𝑡dt 

One risky liquid asset (i.e., stocks): 

𝑑𝑆𝑡
𝑆𝑡
− = 𝜇𝑑𝑡 + 𝜎𝑑𝑍𝑡 

where  𝜇 is the drift and 𝜎 is the volatility. 

The investor seeks to maximize the following utility function: 

max
𝑢
𝐸[𝑈(𝑋𝑇)|𝑋0 = 𝑥0] 

𝑢: The proportion of wealth invested in the risky asset (control variable). 

𝑋: Total wealth that obeys the following process: 

𝑑𝑋𝑡 = (1 − 𝑢𝑡)𝑋𝑡𝑟𝑑𝑡 + 𝑢𝑡𝑋𝑡(𝜇𝑑𝑡 + 𝜎𝑑𝑍𝑡)

 = 𝑋𝑡 ((𝑟 + 𝑢𝑡(𝜇 − 𝑟))𝑑𝑡 + 𝑢𝑡𝜎𝑑𝑍𝑡)
 

Theorem: For 𝑈(x) = log𝑥, the problem has an explicit solution and optimal policy given by 

𝑢𝑡
∗ =

µ − 𝑟

𝜎2
,    for all 𝑡 ∈ [0, 𝑇]. 

The value function corresponding to the optimal policy is given by 

𝑉(0, 𝑥0, 𝑢
∗) = log(𝑥0) + (𝑟 +

µ − 𝑟

2𝜎2
) 𝑇 

with 𝑥0 being the initial wealth. 
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Following the 3-step procedure, the problem is discretized, and the neural network is constructed. 

Simulations are conducted following the same set of recommendations discussed previously. The 

simulation results are compared to the closed form solution found by the above theorem. 

Simulation:  

The problem is solved for the logarithmic utility problem with the following initial 

conditions: 𝑋0 = 500.0, 𝑁 = 200 discretization steps and 𝑇 =
200

200
= 1. 30000 different 

trajectories for the wealth process are simulated for a different set of parameters and the results are 

presented and compared to the optimal solution, as it shows in Error! Reference source not f

ound.. 

Table 2- 3  Merton simulation results. 

 
System parameters 

Theoretical 
optimal 
policy 

Theoretical 
optimal value 

function 

Simulated 
optimal 
policy 

Simulated 
optimal value 

function 

𝑟 = 0.07, µ = 0.25, 𝜎 = 1. 0.18 6.4646 0.1804 6.30188 

𝑟 = 0.08, µ = 0.1, 𝜎 = 0.4 0.125 6.3571 0.1220 6.2953 

𝑟 = 0.07, µ = 0.1, 𝜎 = 0.2 0.75 6.6596 0.754 6.2960 

𝑟 = 0.07, µ = 0.09, 𝜎 = .2 0.5 6.5346 0.497 6.2899 
 

Table 2-3 above shows that near optimality is reached just by simulating 30000 price processes. 

The slight difference between the simulated and theoretical solution is explained by the 

approximation process. The 200 discretization steps prevent the investor from continuously 

rebalancing his portfolio. This is a proof that Deep Learning techniques are effective for stochastic 

control problems. Note that this doesn’t represent a contribution, it is solely done to validate the 

relevance and the effectiveness of this neural network method. 
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2.3.2 Solving Optimal Portfolio problems under Default Contagion Loop risks 

using the Deep Learning approach: 

Now that the basic concepts of modeling Deep Learning models for Jump processes are 

established, the same methodology is used to model and solve portfolio management problems 

under default contagion loop risks. The three steps, presented in section 2.3.1, are followed to 

discretize, construct, and solve the problem. 

The discretization process is identical to the one discussed in section 2.3.1. After the step size is 

determined, the price and wealth processes are discretized. 

Bonds follow the differential equation 

𝑑𝐵𝑡 = 𝑟𝐵𝑡dt 

Given an initial price 𝐵0, the closed form solution of the bond price is given by 

𝐵𝑡 = 𝐵0𝑒
𝑟𝑡 

Liquid Stock 𝑆 follows the SDE 

𝑑𝑆𝑡
𝑆𝑡
− = 𝜇𝑆dt + 𝜎𝑆𝑑𝑍t

𝑆 − 𝑑𝐻𝑡
𝑆 − 𝐿𝑆𝑑𝐻𝑡

𝑃  

Given an initial price 𝑆0, the closed form solution of stock price 𝑆 is given as follows (ignoring 

the jump processes): 

𝑆𝑡 = 𝑆0𝑒
(𝜇𝑆−

1
2
 (𝜎𝑆)2)𝑡+𝜎𝑆𝑍𝑡

𝑆

 

The same technique is applied to the second stock 𝑃: 

𝑑𝑃𝑡
𝑃𝑡
− = 𝜇𝑃dt + 𝜎𝑃𝑑𝑍t

𝑃 − 𝑑𝐻𝑡
𝑃 − 𝐿𝑃𝑑𝐻𝑡

𝑆  
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Given an initial price 𝑃0 and ignoring the jump processes, the closed form solution is given by: 

𝑃𝑡 = 𝑃0𝑒
(𝜇𝑃−

1
2
 (𝜎𝑃)2)𝑡+𝜎𝑃𝑍𝑡

𝑃

 

The discretized liquid wealth process follows the SDE: 

𝛥𝑋𝑡 = 𝑋𝑡−𝜋𝑡
𝑃𝛥𝑃𝑡 + 𝑋𝑡−𝜋𝑡

𝑆𝛥𝑆𝑡 + 𝑋𝑡−𝜋𝑡
𝐵𝛥𝐵𝑡 

The investor is trying to maximize the following utility function: 

max
𝜋𝑡
 𝐸[log(𝑋𝑇) | 𝑋0 = 𝑥0] 

The neural network will attempt to solve for the optimal investment strategies: 

𝜋𝑃: proportion of liquid wealth invested in the risky asset 𝑃. 

𝜋𝑆: proportion of liquid wealth invested in the risky asset 𝑆. 

Note: in accordance with the admissible control set, 𝑎𝑆 ≤ 𝜋𝑡
𝑆 < 𝑏𝑆  𝑎𝑛𝑑 𝑎𝑃 ≤ 𝜋𝑡

𝑃 ≤ 𝑏𝑃, which 

means the SIGMOID layer is not the adequate choice for the neural network. Modeling this 

constraint is even more complex when the jump process is taken into consideration. The use of 

custom activation functions, made possible and easier through machine learning python libraries, 

will solve this issue. 

The model will have this simplified architecture: 
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The Model’s architecture 

input layer data:                                                                                                              prediction layer: 

initial wealth 𝑋0                                                                                                                Value Function 

and Price samples 𝑆 𝑎𝑛𝑑 𝑃                                                                                                               

 

Figure 2- 15 Contagion Loop Model architecture. 

 

The optimal investment policy vector 𝜋𝑡 is once again determined through the hidden optimizing 

layers and their variable parameters 𝜃’s. the objective function becomes 

max
𝜃
𝐸[log(𝑋𝑇) | 𝑋0 = 𝑥0, 𝜃] 

As it has been done for the illiquidity model, Price processes for both stocks are simulated and 

fed to the neural network (as well as the initial wealth 𝑋0).  For the hidden optimizing layers, the 

choice remains the same. Several Relu layers are stacked as in the following figure: 

 

Figure 2- 16  Partial subnetwork architecture. 

 

Hidden 

optimizing layers 

with parameters 𝜃 
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Identically to the illiquidity model, the Relu layers follow the same activation procedure. 𝑍𝑟𝑒𝑙𝑢 is 

first obtained as follows: 

𝑍𝑟𝑒𝑙𝑢 = 𝜃10𝑋0 

where  𝜃10 ∈  ℝ represent the neural network parameter that needs to be optimized as defined 

before calculating the output of the activation function: 

𝑟 = 𝑜𝑢𝑡𝑝𝑢𝑡𝑟𝑒𝑙𝑢 = 𝑅𝑒𝑙𝑢 (𝑍𝑟𝑒𝑙𝑢) 

It is important to explain how 𝜋𝑡
𝑆, 𝜋𝑡

𝑃, and 𝜋𝑡
𝐵 are obtained. Before the default of a stock, the 

control variables belong to admissible control set:  the interval [𝑎𝑆, 𝑏𝑆] for 𝜋𝑡
𝑆,  and the interval  

[𝑎𝑃 , 𝑏𝑃] for 𝜋𝑡
𝑃. After the stock default, the proportion of wealth dedicated to the defaulted stock 

must be 0. Modeling this situation requires the use of hidden layers with customized activation 

functions. This is done following the procedure explained below. 

The output of the previous Relu layer is fed to the custom layers and the following quantities are 

computed: 

{
𝑍𝜋𝑡𝑆 = 𝜃20 × 𝑜𝑢𝑡𝑝𝑢𝑡𝑟𝑒𝑙𝑢

𝑍𝜋𝑡𝑃 = 𝜃30 × 𝑜𝑢𝑡𝑝𝑢𝑡𝑟𝑒𝑙𝑢
 

where  𝜃30  𝑎𝑛𝑑 𝜃40  ∈  ℝ are neural network parameters that need to be optimized. The output is 

then passed to the custom layers and the 𝜋𝑡
𝑃  and 𝜋𝑡

𝑆 are calculated as follows: 

{
 𝜋0
𝑃 = 𝐶𝑢𝑠𝑡𝑜𝑚𝑃(𝑍𝜋𝑡𝑃)

 𝜋0
𝑆 = 𝐶𝑢𝑠𝑡𝑜𝑚𝑆(𝑍𝜋𝑡𝑆)

 

where the custom activation functions are defined as follows: 
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𝜋𝑡
𝑃 = 𝐶𝑢𝑠𝑡𝑜𝑚𝑃(𝑍𝜋𝑡𝑃) ∶= {

𝑡𝑎𝑛ℎ (𝑍𝜋𝑡𝑃) × 𝑎
𝑃 if 𝑍𝜋𝑡𝑃 ≤ 0    

𝑡𝑎𝑛ℎ (𝑍𝜋𝑡𝑃) × 𝑏
𝑃 if 𝑍𝜋𝑡𝑃 > 0    

0 if 𝑃 defaults

 

𝜋𝑡
𝑆 = 𝐶𝑢𝑠𝑡𝑜𝑚𝑆(𝑍𝜋𝑡𝑆

) ∶= {

𝑡𝑎𝑛ℎ (𝑍𝜋𝑡𝑆) × 𝑎
𝑆 if 𝑍𝜋𝑡𝑆 ≤ 0    

𝑡𝑎𝑛ℎ (𝑍𝜋𝑡𝑆) × 𝑏
𝑆 if 𝑍𝜋𝑡𝑆 > 0    

0 if 𝑆 defaults

 

For example, if 𝑎𝑃 = 𝑎𝑆 = −0.7 and 𝑏𝑃 = 𝑏𝑆 = 0.7, the custom functions would have the shape 

in Figure 2- 17. 

 

Figure 2- 17 The Custom activation function. 

 

After determining 𝜋𝑡
𝑆 and 𝜋𝑡

𝑃, 𝜋𝑡
𝐵 is simply determined by a lambda layer: 

𝜋𝑡
𝐵 = 𝐿𝑎𝑚𝑏𝑑𝑎(𝜋𝑡

𝑆, 𝜋𝑡
𝑃) = 1 − 𝜋𝑡

𝑆 − 𝜋𝑡
𝑃 

A lambda layer is then added to update the wealth process: 

𝑋1 = 𝑙𝑎𝑚𝑏𝑑𝑎(𝑋0, 𝜋0
𝑃 , 𝜋0

𝑆, 𝜋0
𝐵) = 𝑋0𝜋0

𝑃(1 + 𝛥𝑃0) + 𝑋0𝜋0
𝑆(1 + 𝛥𝑆0) + 𝑋0𝜋0

𝐵(1 + 𝛥𝐵0) 
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Figure 2- 18  Final architecture of our portfolio model under contagion loop risk 

 

The building block of the neural network is represented in Figure 2- 19. 

 

 

Figure 2- 19  Detailed contagion loop neural network architecture. 
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The same procedure is then repeated for each time t until the investment period is over (𝑡 = 𝑇). 

As explained in the previous section, this is done by stacking several interconnected sub-networks 

(See Figure 2- 20). The Neural Network ends with a final lambda variable that represents the 

difference between a predetermined target value and the objective function defined by the optimal 

portfolio problem 

𝑚𝑠𝑒 = (𝑡𝑎𝑟𝑔𝑒𝑡 − 𝐸[log(𝑋𝑇) | 𝑋0 = 𝑥0, 𝜃])
2 

where  𝑡𝑎𝑟𝑔𝑒𝑡 is a large positive value that cannot be achieved, i.e, 

𝑡𝑎𝑟𝑔𝑒𝑡 ≥ 𝑠𝑢𝑝(𝐸[𝑙𝑜𝑔(𝑋𝑇) | 𝑋0 = 𝑥0, 𝜃]) 

 

Figure 2- 20 Contagion Loop Model Architecture. 
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The Model is compiled following the same recommendations as in Section 2.3.1. Adam will be 

used as the optimization engine to minimize the function mse. The simulation aims at investigating 

the impact of contagion default loop risk on the investment strategies.  

Simulation Results: 

In this section, 30000 price processes for both stocks and their corresponding jump 

processes are simulated. Few of these price processes are represented in Figure 2- 21. Jump 

processes are defined as exponential random variables. The admissible control set parameters will 

be set at 𝑎𝑃 = 𝑎𝑆 = −0.7 and 𝑏𝑃 = 𝑏𝑆 = 0.7. 

Some of the initial conditions will be fixed for all simulations: 

𝑟 = 0.12, 𝜇𝑆 = 0.15,  𝜇𝑃 =0.2, 𝜎𝑆 = .12, 𝜎𝑃 = .15 

Simulation results will be discussed for several 𝐿𝑆 𝑎𝑛𝑑 𝐿𝑃contagion coefficient and investment 

strategies and utilities will be compared. 

 

Figure 2- 21  Sample contagion loop stock prices. 
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Table 2- 4  Contagion Model optimal Results 

Contagion Coefficient Mean Utility Standard Deviation 

𝐿𝑆 = 0.5, 𝐿𝑃 = 0.6 5.3985 0.4671 

𝐿𝑆 = 0.5, 𝐿𝑃 = 0.1 5.3722 0.4388 

𝐿𝑆 = 0.1, 𝐿𝑃 = 0.1 5.3196 0.4155 
 

As predicted, Table 2-4 confirms that higher contagion coefficients open the door to potential gains 

from hedging against contagion loop risks. These high coefficients make the scenario where both 

stocks default more likely, which leads to a higher expected utility. Lower coefficients make the 

market more stable (the scenario where both stocks default is less likely), thus expected utility is 

lower. 

 

Figure 2- 22  Contagion loop average proportion simulation results 

 

Figure 2- 23  Contagion loop average wealth simulation results. 
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The optimal strategy dictates that the investor shorts both stocks since they are both expected to 

depreciate/default. As time passes, stocks start to default. This takes away the possibility of 

investing in dying stocks. This is shown in the graphs as both proportions 𝜋𝑡
𝑆 and 𝜋𝑡

𝑃 slowly 

approach 0.  

The average wealth is multiplied by nearly 2.4. This is because the investor hedged well against 

contagion loop risks. Shorting both stocks, before they default, enables the investor to cancel some 

of his debt and dramatically increase the value of his portfolio (Figure 2- 23). 

It is interesting to move away from analyzing the average portfolio equilibriums and focus on 

specific examples. The three possible scenarios are illustrated via examples: 

Scenario 1: Applying the optimal investment strategies when only one stock defaults: 

 

Figure 2- 24  Intensity samples: S defaults. 
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Figure 2- 25  Price samples: S defaults. 

 

Figure 2- 26 Contagion simulation results: Scenario 1. 

 

According to Figure 2- 26, the total wealth shows a jump, immediately after stock S defaults. The 

jump is not only explained by the cancelation of stock S debts, but also stock P debts since the 

value of this stock jumps downwards (contagion effect).  

Scenario 2: Applying the optimal investment strategies when both stocks default: 
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Figure 2- 27  Intensity samples: S and P default. 

 

 

Figure 2- 28  Intensity samples: S and P default. 

 

Figure 2- 29  Contagion simulation results: Scenario 2. 
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Looking at Figure 2- 29, it is seen that the total wealth value jumps upwards twice. The first jump 

is due to the cancelation of all debts related to stock P and a portion of the debt from shorting stock 

S. The second jump is due to the cancelation of the rest of stock S debts. 

Scenario 3: Applying the optimal investment strategies when both stocks survive: 

 

Figure 2- 30  Intensity samples: No defaults. 

 

Figure 2- 31  Price samples: No defaults. 
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Figure 2- 32 Contagion simulation results: Scenario 3. 

 

Shorting both stocks does not payout in this situation. The price of S and P increase over time, 

which leads to a very low intensity for both stocks (thus no defaults occur). This shows the 

expected optimal strategy does not always work well. However, the investor multiplies the value 

of his portfolio by 2.4 on average, as shown by Figure 2- 323. 

Conclusions: 

Neural Networks have once again proven their effectiveness in solving optimal control 

problems when jump processes are involved. In this section, jump processes were used to represent 

the default contagion loop risks. The use of layers with special activation function facilitated the 

modeling process. The optimal investment strategies show that investor, who appropriately hedge 

against contagion loop risks, can dramatically increase the value of their portfolios. Hedging is 

even more important when stocks are highly correlated. The results of the simulation perfectly 

align with what happens in real life. As a matter of fact, few wall street investors took advantage 
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of highly correlated stocks and default risks to make huge amounts of money during the 2008 

financial crisis. 

Modeling risks in optimal portfolio problems has proven its worth once again. This 

suggests that modeling both risks at the same time would lead to similar conclusions. 

2.3.3 Solving Optimal Portfolio problems under combined risks using the Deep 

Learning approach: 

The combined risk Problem (contagion and illiquidity risks) is modeled and solved using 

the same procedure that was discussed in the previous 2 sections. The discretization, modeling, 

and solving processes can be established by combining the tasks from section 2.3.1 and 2.3.2. 

Therefore, the discretization and modeling tasks will not be explained in as much details as in the 

previous sections and will be limited to presenting major findings. The simulation results, on the 

other hand, deserves a lot of attention: analyzing the results in detail will help understanding the 

impact of both risks on portfolio strategies. 

Firstly, the discretization task is performed as follows: 

Bonds follow the SDE 

𝑑𝐵𝑡 = 𝑟𝐵𝑡dt 

Given an initial price 𝐵0, the closed form solution of our bond price is given by 

𝐵𝑡 = 𝐵0𝑒
𝑟𝑡 

The first Liquid Stock 𝑆 follows the SDE 

𝑑𝑆𝑡
𝑆𝑡
− = 𝜇𝑆dt + 𝜎𝑆𝑑𝑍t

𝑆 − 𝑑𝐻𝑡
𝑆 − 𝐿𝑆𝑑𝐻𝑡

𝑃  
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Given an initial price 𝑆0, the closed form solution of the stock price is given as follows (ignoring 

the jump processes): 

𝑆𝑡 = 𝑆0𝑒
(𝜇𝑆−

1
2
 (𝜎𝑆)2)𝑡+𝜎𝑆𝑍𝑡

𝑆

 

The second Liquid Stock 𝑃 follows the SDE 

𝑑𝑃𝑡
𝑃𝑡
− = 𝜇𝑃dt + 𝜎𝑃𝑑𝑍t

𝑃 − 𝑑𝐻𝑡
𝑃 − 𝐿𝑃𝑑𝐻𝑡

𝑆  

Given an initial price 𝑃0, the closed form solution of the stock price is given as follows (ignoring 

the jump processes): 

𝑃𝑡 = 𝑃0𝑒
(𝜇𝑃−

1
2
 (𝜎𝑃)2)𝑡+𝜎𝑃𝑍𝑡

𝑃

 

Illiquid assets follow the SDE: 

𝑑𝑅𝑡
𝑅𝑡−

= 𝑣𝑑𝑡 + 𝜓𝑑𝑍𝑡
𝑅 

Given an initial price 𝑅0, the closed form solution of the illiquid asset price is given by: 

𝑅𝑡 = 𝑅0𝑒
(𝑣−

1
2
𝜓2)𝑡+𝜓𝑍𝑡

𝑅

 

The discretized liquid wealth process follows the SDE: 

𝛥𝑋𝑡 = 𝑋𝑡−𝜋𝑡
𝑃𝛥𝑃𝑡 + 𝑋𝑡−𝜋𝑡

𝑆𝛥𝑆𝑡 + 𝑋𝑡−𝜋𝑡
𝐵𝛥𝐵𝑡 + 𝛥𝐼𝑡 − 𝛥𝐶𝑡  

The discretized illiquid wealth process follows the SDE 

𝛥𝑊𝑡 = 𝑊𝑡𝛥𝑅𝑡 − 𝛥𝐼𝑡  

The investor is trying to maximize the following utility function: 
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max
{𝜋𝑡 ,𝑐𝑡,𝐼𝑡}

𝐸0 [∑𝑒−𝛽𝑠𝑈(𝐶𝑠)

𝑇

𝑠=0

+ 𝑒−𝛽𝑇𝑈(𝑋𝑇)| 𝑋0 = 𝑥0,𝑊0 = 𝑤0] 

At each time step t, four control variables are determined by the neural network: 

𝑐𝑡: proportion of liquid wealth dedicated to consumption. 

𝐼𝑡: amount of money transferred from illiquid to liquid wealth. 

𝜋𝑃: proportion of liquid wealth invested in the risky asset 𝑃. 

𝜋𝑆: proportion of liquid wealth invested in the risky asset 𝑆. 

The control variables belong to the admissible control sets as explained in the previous two 

sections.  The neural network needs five major inputs in order to solve the optimal portfolio 

problem. The general simplified architecture is depicted in the figure below. 

 

input layer data:                                                                                                              prediction layer: 

initial wealth 𝑋0, 𝑊0                                                                                                          Value Function 

and Price samples 𝑆, 𝑃 𝑎𝑛𝑑 𝑅                                                               

                                                 

Figure 2- 33 Combined risks Model architecture. 

 

The Deep Learning model is a collection of interconnected sub-networks that aim at maximizing 

the following utility function: 

Hidden 

optimizing layers 

with parameters 𝜃 
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max
{𝜋𝑡 ,𝑐𝑡,𝐼𝑡}

𝐸0 [∑𝑒−𝛽𝑠𝑈(𝐶𝑠)

𝑇

𝑠=0

+ 𝑒−𝛽𝑇𝑈(𝑋𝑇)| 𝑋0 = 𝑥0,𝑊0 = 𝑤0] 

The optimal investment policies 𝜋𝑡 , 𝑐𝑡  𝑎𝑛𝑑 𝐼𝑡 are determined through the hidden optimizing layers 

and their variable parameters 𝜃’s. the objective function could, alternatively, be modeled as 

max
𝜃
𝐸𝑡 [∑𝑒−𝛽𝑠𝑈(𝐶𝑠)

𝑇

𝑠=0

+ 𝑒−𝛽𝑇𝑈(𝑋𝑇)| 𝑋0 = 𝑥0,𝑊0 = 𝑤0, 𝜃] 

As discussed in 2.3.1 and 2.3.2, Relu layers will be used as the neural network’s optimizing hidden 

layers. Sigmoid layers will be used for consumption and rebalancing control variables, and 

customized layers will be used for the stock proportions 𝜋𝑃  and 𝜋𝑆. The building block of the 

neural network can then be represented in Figure 2- 34. 

 

 

Figure 2- 34 Detailed combined risk neural network architecture. 
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The updated wealth processes (𝑋1and 𝑊1) are used as input for the next sub-network. 

Several sub-networks are constructed following the exact same architecture discussed for 𝑡 = 0. 

For each subnetwork, the decision variables are determined (𝜋𝑡
𝐵 , 𝜋𝑡

𝑆, 𝜋𝑡
𝑃 , 𝑐𝑡 and 

𝑋𝑡

𝑊𝑡+𝑋𝑡
) and wealth 

state variables 𝑋𝑡 ,𝑊𝑡  are updated and used as input for the sub-network at 𝑡 = 𝑡𝑛+1.  This process 

is repeated until the end of the investment period is reached (𝑡 = 𝑇). The neural network ends with 

a final Lambda layer representing the objective function 

𝐸𝑡 [∑𝑒−𝛽𝑠𝑈(𝐶𝑠)

𝑇

𝑠=0

+ 𝑒−𝛽𝑇𝑈(𝑋𝑇)| 𝑋0 = 𝑥0,𝑊0 = 𝑤0, 𝜃] 

Once the model is constructed, the feedforward algorithm is used to train the model. The objective 

is to minimize the cost function which is defined as follows: 

𝑚𝑠𝑒 = (𝑡𝑎𝑟𝑔𝑒𝑡 − 𝐸0 [∑𝑒−𝛽𝑠𝑈(𝐶𝑠)

𝑇

𝑠=0

+ 𝑒−𝛽𝑇𝑈(𝑋𝑇)| 𝑋0 = 𝑥0, 𝑊0 = 𝑤0, 𝜃])

2

 

where  𝑡𝑎𝑟𝑔𝑒𝑡 is a large positive value that cannot be achieved, i.e., 

𝑡𝑎𝑟𝑔𝑒𝑡 ≥ sup(𝐸0 [∑𝑒−𝛽𝑠𝑈(𝐶𝑠)

𝑇

𝑠=0

+ 𝑒−𝛽𝑇𝑈(𝑋𝑇)| 𝑋0 = 𝑥0,𝑊0 = 𝑤0, 𝜃]) 

The model, whose architecture is shown in Figure 2- 35 , is now ready to be trained. 
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Figure 2- 35 Combined risks model architecture. 

 

After determining the architecture for the multi-risk model, it is trained using the same optimizing 

engine and parameters discussed in this chapter. Adam is used to execute the feedforward 

algorithm and minimize the function mse. 

Simulation results: 

A set of 30000 price processes for both stocks and the illiquid asset are simulated. Few 

samples of which are represented in Figure 2- 37. The default jump process is defined as an 

exponential random variable. For the sake of interpretation, the rebalancing opportunities will be 

deterministic. The generated data will be passed to the neural network and the optimal logarithmic 

utility will be solved for. Note that 200 discretization steps are used and 𝑎𝑃 = 𝑎𝑆 = −0.7, 𝑏𝑃 =

𝑏𝑆 = 0.7 which is in accordance with the admissible controls sets. 
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The following parameters will also be set at  

𝑟 = 0.12, 𝜇𝑆 = 0.15,  𝜇𝑃 =0.2,  𝜎𝑆 = .12, 𝜎𝑃 = .15, 𝐿𝑆 = 0.5 , 𝐿𝑃 = .6 

The purpose of this simulation is not only to solve for the optimal utility and investment strategies. 

A comparison between results for mono-risk and multi-risk models will also be performed. This 

is an attempt to demonstrate the usefulness of incorporating new risks into portfolio models. 

 

Figure 2- 36  Stoch price samples. 

 

 

Figure 2- 37  Sample liquid and illiquid asset prices. 
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Table 2- 5  Comparison 1-risk vs 2-risk models. 

Jump frequency 
Mean Utility 1 

risk(gamma=0.4) 

Standard 
Deviation 1 

risk 

Mean utility 2 
risks(gamma=0.4) 

Standard 
Deviation 

2 risks 
No Jumps 178.2002 9.5861 193.0244 17.7677 

Jump every 23 time steps 270.7941 12.8576 299.7507 36.3793 

Jump every 50 time steps 271.7666 11.6734 298.0161 30.1697 

 

 

 

Figure 2- 38  The two-risk optimal consumption Results. 

 

Table 2-5 above compares the results of the two portfolio models (1 risk vs 2 risks). 

Results clearly show the benefits of including more risks into the portfolio model. The investor 

has more knowledge about the market. He is able to adjust his portfolio strategies in order to make 

more profits (higher utility). Some investment strategies remain unchanged: when a rebalancing 

opportunity arrives, the investor choses to transfer most of his illiquid wealth to liquid possessions. 

However, awareness about Loop Contagion default risk pushes the investor to short his liquid 

assets (especially early on). This leads to the cancelation of some his debts when stocks start to 

default. This induces a jump upward in the investor’s liquid wealth, an increase in his consumption, 
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and a higher final optimal utility. The results shown in the table above represent an undeniable 

proof of the importance modeling additional risk factors: it increases market knowledgeability and 

confirms that “knowledge is power”. Note that adding risk factors increases the likelihood of 

jumps, which makes the result more volatile, hence the higher standard deviation for the 2-risk 

model. 

After analyzing the optimal strategies and the average expected utilities, it is worth 

looking at specific samples and their corresponding results when optimal strategies are 

implemented. 

Scenario1: Only one stock defaults (rebalancing opportunities every 50-time steps): 

  

Figure 2- 39  Two-risk intensity simulation results: Stock P defaults. 

 

  

Figure 2- 40  Two-risk price simulation results: Stock P defaults. 
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Figure 2- 41  Combined risks simulation results: Scenario 1. 

 

The investor shorts both stocks (optimal strategy). The total liquid wealth shows two 

jumps: The first jump is the result of debt cancelation due to the default of stock S and the jump 

downward in stock P value. The second jump happens at time 𝑡 =
50

200
  which signals the arrival of 

a rebalancing opportunity. The investor transfers most of his illiquid wealth and uses it for 

consumption. Knowledge about the contagion loop risk has enabled the investor to increase his 

liquid wealth (first jump), consumption, and final utility. 

Scenario 2: both stocks default (rebalancing opportunities every 50-time steps): 

 

Figure 2- 42  Two-risk intensity simulation results: Stock P and S default. 
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Figure 2- 43  Two-risk price simulation results: Stock P and S default. 

 

 

Figure 2- 44  Combined risks simulation results: Scenario 2. 

 

The total liquid wealth shows 3 jumps in this scenario: one jump for each stock default and one 

for the rebalancing opportunity (note that there is a fourth very small jump at time 𝑡 =
100

200
). 

Awareness about both market risks have generated a significant additional profit for investors, 

which will be used towards consumption utility. This shows, once again, how beneficial the 2-risk 

model is for investors. 

Scenario 3: None of the stocks default (rebalancing opportunities every 50-time steps): 
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Figure 2- 45  Two-risk intensity simulation results: No defaults. 

 

 

Figure 2- 46  Two-risk price simulation results: No defaults. 

 

 

Figure 2- 47  Combined risks simulation results: Scenario 3. 
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Both stocks survive which means the total liquid wealth will only jump once (when the rebalancing 

opportunity occurs). This specific scenario does not show the benefits of modeling both risks. On 

average, it is still worth incorporating both risks in the model (see the Table 2-5 above). 

Conclusions: 

It should, finally, be clear to the reader that modeling both risks does not only reflect 

reality better, but also represents an opportunity for investors to make additional profits. Deep 

Learning has once again proven useful in modeling and solving the portfolio problems with 

multiple jump processes. This last section of this chapter, groups together most of the contributions 

of this research document: it showed the potential benefit from adding additional risks factors, 

demonstrated the ability of Deep Learning in tackling both “the curse of dimensionality” and 

modeling portfolio problems subject to jump processes. 

The next chapter is dedicated to criticizing the asset pricing assumptions made for the 

previous portfolio management problems. And proposing a new framework to complement the 

portfolio problems we discussed in this chapter. 
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Chapter 3 

3. Financial asset pricing: A Deep Learning Approach: 

3.1. Introduction: 

This research is designed to provide investors with a complete investment guide. After 

tackling portfolio problems and highlighting the importance of hedging against different market 

risks, we dedicate this chapter to the improvement of previously used techniques and answering 

compelling follow-up questions investors might have. This part of the dissertation will specifically 

tackle two of these potential follow-up questions: Is Brownian motion the most accurate way of 

pricing liquid/illiquid assets and what specific liquid/illiquid assets should we include in our 

portfolio? 

The Black Scholes formula has recently been criticized in the literature citing accuracy 

problems. (Mitra, 2012) criticized the Brownian motion assumption and its use for option price 

estimation. The paper explains the systematic bias associated with the Black Scholes assumption 

(Constant drift and variance do not reflect the volatile nature of asset prices) and attempts to 

eliminate these biases using Neural Networks and Artificial Intelligence techniques. (Janková, 

2018) also criticized the Black Scholes assumption and pointed out that constant volatility 

generally leads to inaccurate price estimation. The paper addresses this limitation by using 

deterministic and stochastic volatilities that lead to more accurate results. (Kaushik, 2017) went 

into more details about criticizing the Black Scholes and proposed Levy models to address our 

assumption’s weaknesses.  
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Although literature shows undeniable skepticism about the Brownian Motion assumption, 

there is no consensus about which model better estimates option prices. This is due to the 

complexity of the modeling task: liquid/illiquid asset prices could be influenced by virtually 

anything. No mathematical model can capture every important aspect in asset pricing. Therefore, 

Brownian Motion is still widely used despite its flaws. Nevertheless, Analytical and Machine 

Learning techniques seem to be gaining popularity since more data and computation power are 

available. As we discussed in the literature review, several models were constructed using 

historical data, daily news, political events etc.  This dissertation will use similar techniques and 

novel datasets to predict the price of liquid and illiquid assets and assist investors in further 

improving their portfolios. 

3.2. Machine Learning for classification problems and related concepts 

This section of the chapter is devoted to introducing our two machine learning models: 

Our first model will use textual and historical datasets to predict liquid assets daily price 

movements, and the second model will use historical data to predict illiquid monthly price 

movements. 

3.2.1 Predicting liquid asset price movements: 

Our first machine learning algorithm is a binary classifier. Classification is a task that 

requires the use of machine learning algorithms that learn how to assign a class label to examples 

from the problem domain. A famous example is classifying emails as “spam” or “not spam.” 

Classification tasks can be binary where target values are 0 or 1 (spam classification) or multiclass 

classification (Image labeling). 
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The architecture of classification in machine learning is similar to the deep neural networks we 

discussed in chapter two. The only difference is the output layer. 

 

Figure 3- 1 Architecture for classification tasks 

 

1- The Dataset: 

Our model will use textual and historical datasets to predict stock movements. We first 

collect daily opening and closing prices for NASDAQ, S&P 500, and DOW. This dataset is 

publicly available on https://finance.yahoo.com/. 

 

 

Figure 3- 2  DOW, and S&P historical prices. 

https://finance.yahoo.com/
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Figure 3- 3 NASDAQ historical prices. 

 

Note that a market index is a hypothetical portfolio of investment holdings that represents a 

segment of the financial market. Computing the index value comes from the prices of the 

underlying holdings. There are different ways of calculating stock market indexes based on 

market-cap weighting, revenue-weighting, float-weighting, and fundamental-weighting. 

We also collect daily news about US equities that are publicly traded in NYSE/NASDAQ which 

has a price higher than 10$ per share. This dataset provides useful information about the financial 

market in the US and can prove to be useful while making stock market predictions. This data is 

made available thanks to investing.com. 

https://www.investopedia.com/terms/p/portfolio.asp
https://www.investopedia.com/terms/f/financial-market.asp
http://www.investing.com/
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Figure 3- 4 Business News Data Sample. 

 

In addition to financial news, literature shows that stock market is also influenced by other daily 

news: Political, international news etc.  Our model will try to capture this impact by collecting 

daily news headlines from USATODAY. 

http://www.usatoday.com/
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Figure 3- 5 USA Today daily news Sample. 

 

Finally, we investigate the impact Presidential tweets had on the stock market. This 

dataset is unique, rich and provides us with a lot of useful information. There were always 

questions about the impact of Trump’s tweets on daily events and on financial markets. We include 

this dataset in our model to investigate the extent of this impact. Note that the data was parsed and 

saved before Trump’s twitter got permanently banned. Although we cannot reproduce this 
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experiment in the future, it is very interesting to study this dataset and extract insights about how 

social media can affect the stock market. 

 

Figure 3- 6 Trump's tweets sample. 

 

After collecting these datasets, we construct our Target variable 𝑦. 𝑦 is the daily 

movement of our liquid assets: NASDAQ, DOW, and S&P 500. It is a binary variable that takes 

the value 1 if the stock goes up and 0 otherwise. 

2- The Model: 

Our machine learning tool will be a multi-input neural network that reads our textual as 

well as our collected historical data and outputs a prediction 𝑝 such that: 

𝑝 = 𝑝𝑟𝑜𝑏(𝑦 = 1) 

We obtain this prediction by having the last layer activated by a Softmax/Sigmoid function. 

The objective of our neural network is to pick 𝑝 such that it minimizes the cross-entropy loss 

function: 
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𝑙𝑜𝑠𝑠 = −𝑦 log(𝑝) + (𝟏 − 𝑦) log(𝟏 − 𝑝) 

The objective of the machine learning algorithm is to beat the accuracy of a given benchmark. A 

strong predictive model will be able to beat the accuracy of an optimistic investor (one that assumes 

the stock market will go up every day: predicted target value always equals 1). For the studied 

timeframe, the optimistic investor will have 55% accuracy for S&P 500 and 59% accuracy for 

NASDAQ and DOW. Therefore, our Machine Learning model must produce higher accuracy 

levels in order to be retained by our investor. 

Our predictive model will make use of Recurrent Neural Networks as well as Natural Language 

Processing techniques in order generate price movement predictions. The architecture of our 

Machine learning tool is best described by the following diagram: 

 

Figure 3- 7 Model architecture for asset price prediction. 

 

3- Dealing with sequential textual and historical data and addressing overfitting issues: 
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To construct our neural networks, we will have to deal with textual and historical data 

that is time and order dependent. It is then necessary to get familiar with recurrent neural networks 

and their features. RNN is a class of artificial neural networks where connections between nodes 

form a directed or undirected graph along a temporal sequence. This allows it to exhibit temporal 

dynamic behavior. One particular class of RNN is LSTM layers (long short-term memory). LSTM 

layer has 4 gates:  

• Learn gate that accumulates useful short/long term predictions,  

• Forget gate that gets rid of useless information for short/long term predictions,  

• Remember gate to be used for long term prediction, and  

• Output gate for immediate predictions.  

LSTM layers are widely used in recurrent neural networks when we have historical data. 

We will see how these layers work through an example in the next subsection. 

 

Figure 3- 8  LSTM Architecture 

 

One more layer that is worth mentioning is the embedding layers. Embedding layers are 

widely used for textual datasets. Through those layers, we seek to extract semantics and 

https://en.wikipedia.org/wiki/Artificial_neural_network
https://en.wikipedia.org/wiki/Directed_graph
https://en.wikipedia.org/wiki/Graph_(discrete_mathematics)
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relationships between a vocabulary of words. Words are represented by dense vectors where a 

vector represents the projection of the word into a continuous vector space. The vectors are then 

fed to the rest of the layer of our neural network to predict our target variables. 

 

Figure 3- 9  Embedding example. 

 

In this chapter, we deal with limited and scarce data that will hinder our predictive task. 

Scarcity of data will result in a very slow training. To boost the predictive power of our models, 

we can compensate for the lack of data by using pretrained frozen layers as we will see later with 

GloVe for treating textual data. Pre-trained layers enable us to extract information from networks 

that have been trained on similar datasets but with different tasks. That is why we usually add extra 

untrained layers at the end of our neural network to solve the specific tasks at hand. We will see 

how this technique helps us train the model relatively fast and reach decent accuracy levels. 

 

Figure 3- 10 Pre-trained Neural Network Architecture 
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  Another recurrent problem when constructing predictive models is overfitting issues 

where models aren’t able to preserve their training predictive ability come the testing phase (seen 

in figure: overfitting vs perfect fit).  

 

Figure 3- 11 Overfitting vs Perfect fit. 

 

In order to successfully tackle overfitting issues, there are few techniques we can use: 

• Reduce the network's complexity by removing layers or reducing the number hidden 

layers. 

• Apply regularization techniques (L1, L2 regularization) which add a cost to the loss 

function for large weights. 

• Use Dropout layers, which will randomly remove certain node and weights by setting them 

to zero, forcing the network to diversify its sources of information. 

• Adding new sources of information which will implicitly reduce the networks complexity 

and diversify learning sources 
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Boosting and regularization techniques will also be extensively used in this chapter to increase the 

accuracy of our models. 

4- Understanding LSTM through an example: 

Before diving into the different neural networks architectures that have been tested for 

our prediction task, we explain how LSTM layers work through an example. 

For this example, we assume that we are dealing with a sentence that is represented by a sequence 

of 3 words: 

𝑠𝑒𝑛𝑡𝑒𝑛𝑐𝑒 = 𝑋 = [𝑋0, 𝑋1, 𝑋3] 

Every word 𝑋𝑡 is defined by a vector obtained through the embedding process (we determine the 

size of the embedding arbitrarily vector to be 4): 

𝑋𝑡 = [𝛳𝑡
1, 𝛳𝑡

2, 𝛳𝑡
3, 𝛳𝑡

4] 

where 𝛳 are embedding vector parameters to be optimized during the training phase. 

Therefore, our dataset is as follows: Textual data 𝑋 as independent variable and Target 

variable 𝑌 which is defined as next day’s stock movement (𝑌 = 1 if stocks go up and 𝑌 = 0 if 

stocks go down). To summarize things, we will construct a machine learning algorithm that reads 

X: daily news, trump tweets… and predicts next day’s stock movement Y. Our task can be 

summarized by the diagram below: 



   

86 

 

 

Figure 3- 12  NLP simple architecture. 

 

To complete our task, we will use LSTM Layers: Long-short term memory layers. The purpose is 

to decide on an optimal probability 𝑝 such that 

𝑝 = 𝑝𝑟𝑜𝑏(𝑦 = 1) 

And so that we minimize the cross-entropy loss function 

𝑙𝑜𝑠𝑠 = −𝑦 𝑙𝑜𝑔(𝑝) + (1 − 𝑦) 𝑙𝑜𝑔 (1 − 𝑝) 

Our task could then be summarized by the diagram 

 

Figure 3- 13  NLP using LSTM layers. 
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Figure 3- 14 Detailed architecture of the LSTM layer. 

 

The LSTM layer contains the following 6 components: 

• Forget Gate ′𝑓𝑡′ which is a neural network with a sigmoid activation function σ. 

• Candidate layer ′𝐶′𝑡′ which is a neural network with a Tanh activation function. 

• Input Gate ′𝐼𝑡′ which is a neural network with a sigmoid activation function σ. 

• Output Gate ′𝑂𝑡′ which is a neural network with a sigmoid activation function σ. 

• Hidden state ′𝐻𝑡′ which is a vector: represents the short-term memory. 

• Memory state ′𝐶𝑡′ which is a vector: represents the long-term memory. 

At time 𝑡 = 0, we initialize our long-term memory state 𝐶0 𝑎𝑛𝑑 ℎ𝑖𝑑𝑑𝑒𝑛 state 𝐻0: 

𝐶0 = 𝐻0 = [0,0,0,0]  

Note that the length of long-term and hidden state vector is the same as the length of our 

embedding vectors that we used to define our words: Our LSTM stores information about words 

in our sentences, therefore the length of their vectors should be the same. 
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After initialization, our LSTM reads the first word in our sentence 𝑋0 as well as the hidden 

state and short-term memory state 𝐻0 and decides on the % of information that needs to be 

forgotten from the long-term memory state 𝐶0 given this new information. This is done through 

the forget gate thanks to the following equation: 

𝑓0 = σ(𝑋0 ∗ 𝑈𝑓
0 + 𝐻0 ∗ 𝑊𝑓

0) 

where * is element-wise multiplication, + is element-wise addition, and 𝑈𝑓
0,𝑊𝑓

0 are weight vectors 

for forget gate that must be optimized by our neural network. Note that these weight vectors are 

different for each time t. The output of this gate is a vector (of length 4) of real values between 0 

and 1: a vector of 0’s means that we want to forget all the information we accumulated in 𝐶0 and 

a vector of 1’s means that we want to keep all that information moving forward. We now can go 

ahead and forget a portion of the information available in 𝐶0, 

𝐶0 ∗  𝑓0 

where, once again, ∗ is element-wise multiplication. The architecture of our LSTM cell can be 

represented, after going through the forget gate, as follows: 

 

Figure 3- 15  LSTM architecture after forget gate. 
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The next step is to decide what new information we’re going to store in the cell state 𝐶1 

after reading the current word 𝑋0 and the hidden state 𝐻0.  This has two parts: first, a sigmoid layer 

called the “input gate layer” decides which values we’ll update and by how much (percentage 

wise): 

𝐼0 = 𝜎(𝑋0 ∗ 𝑈𝐼
0 +𝐻0 ∗ 𝑊𝐼

0) 

where 𝑈𝐼
0, 𝑊𝐼

0  are weight vectors for input gate that must be optimized in our learning phase. 𝐼0 

is also a vector of length 4 (similarly to the embedding, and forget gate length). 

After determining the % of the information to be added, we determine what information is passed 

to 𝐶1. This is done by reading current word 𝑋0, current short-term memory 𝐻0 and passing a filtered 

version of that information using Tanh layer. Tanh helps us avoid problems during the learning 

phase such as (exploding and vanishing gradient). We call this gate a new candidate, 𝐶′0, that 

could be added to the state 𝐶1: 

𝐶′0 = 𝑡𝑎𝑛ℎ(𝑋0 ∗ 𝑈𝐶
0 + 𝐻0 ∗ 𝑊𝐶

0) 

where 𝑈𝐶
0 𝑎𝑛𝑑 𝑊𝐶

0 are neural network weights to be optimized during the learning phase. 

We are now ready to update the long-term memory 𝐶1. After reading current word 𝑋0, 

current short-term memory 𝐻0, deciding what % of current long-term memory to forget 𝑓0, and 

what new information to input to the long-term memory thanks to 𝐼0 and 𝐶′0, we update our vector 

𝐶1: 

𝐶1 = 𝐶0 ∗ 𝑓0 + 𝐶′0 ∗ 𝐼0 
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where * is element-wise multiplication, + is element-wise addition. The updated architecture of 

our LSTM layers after using these gates is given below: 

 

Figure 3- 16  LSTM architecture after input gate. 

 

Finally, we need to calculate what we’re going to output. This output will be based on our cell 

state 𝐶1 but will be a filtered version (to avoid vanishing and exploding gradient problems). 

Therefore, we apply Tanh to 𝐶1 then we do element wise multiplication with the output gate 𝑂0. 

𝑂0 determines the % of that information to be output (though the use of a sigmoid layer). This will 

give us our current hidden state 𝐻1. The output and current hidden short-term state are calculated 

as follows: 

𝑂0 = 𝜎(𝑋0 ∗ 𝑈𝑂
0 + 𝐻0 ∗ 𝑊𝑂

0) 

𝐻1 = 𝑂0 ∗ 𝑡𝑎𝑛ℎ(𝐶1) 

where 𝑈𝑂
0 and 𝑊𝑂

0 are neural network parameters to be optimized. This completes the architecture 

of our LSTM cell for a given time t: 
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Figure 3- 17  Complete LSTM architecture. 

 

To summarize, our LSTM layer takes 3 inputs at each time t: our current word vector 𝑋𝑡, 

current long-term memory state vector 𝐶𝑡−1, and current hidden short-term memory state vector 

𝐻𝑡−1. Thanks to forget, Input, and output layers, our LSTM is able to release an output for each 

time t: Updated long-term memory 𝐶𝑡 and current short-term memory state vector 𝐻𝑡. We then 

pass 𝐶𝑡 and 𝐻𝑡 to the next time step and repeat the same process. The architecture of our LSTM 

neural network for a 3-word sentence looks as follows: 

 

Figure 3- 18  LSTM for 3-word sentence example. 

 

In practice, LSTM reads our sentence and updates its memory with new information. The 

Neural Network gets rid of words and information that is no longer relevant and remembers 
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words/information that is relevant to our prediction task. In doing so, LSTM tries to mimic the 

human brain.  

At the end of our sentence, we obtain the final long-term memory cell 𝐶𝑇 and 𝐻𝑇  (T=2). 

The 𝐻𝑇 cell contains all the necessary information that was accumulated by reading our sentence. 

To make a prediction about stocks going up/down, we feed 𝐻𝑇 to a sigmoid layer to determine the 

probability 𝑝 of stocks going up (a value between 0 and 1): 

𝑝 = σ(𝐻𝑇  ·  𝑊𝑝) 

where 𝐻𝑇  ·  𝑊𝑝  is a dot product and where 𝑊𝑝  is the neural network parameters to be optimized. 

If 𝑝 > 0.5, the neural network predicts that stocks will go up the next day. Otherwise, the neural 

network will predict a decrease in price for stocks. The following graphs show neural network 

predictions for S&P, DOW, and NASDAQ for 50 days. 

 

Figure 3- 19  Predicted vs Real NASDAQ and S&P500 daily movements. 
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Figure 3- 20  Predicted vs Real DOW daily movements. 

 

During the training process, we perform forward and back propagation iteration to learn 

the optimal neural network parameters. After predicting 𝑝 (probability of 𝑦 = 1), we evaluate the 

following loss function: 

𝑙𝑜𝑠𝑠 = −𝑦 ∗ 𝑙𝑜𝑔(𝑝) + (1 − 𝑦)𝑙𝑜𝑔 (1 − 𝑝) 

This loss function is minimized thanks to backpropagation. Forward and backpropagation 

are repeated several times to minimize the loss function and increase the accuracy of our 

predictions. For all the architectures we present below, we train our Neural Networks on 80% of 

the data and validate it on 20% of the data using cross validation techniques. 

After training, we freeze our learned parameters and we test if our neural network is able to predict 

next day (t+1) stock movements (S&P, DOW, and NASDAQ) after reading social media, daily 

news, and historical data at any time t (past, present, or future). 

5- Neural networks architectures: 

Now that our objective is well defined and that our data is clean and ready for use, and 

now that we clearly explained how LSTM layers work, we construct our Neural Networks. The 
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Machine Learning Python library Keras facilitates the construction of Neural Networks with 

flexible architectures to exactly fit our objective’s requirements. In order to illustrate the 

importance of each collected dataset, we will try different architectures and progressively increase 

the complexity of our models. During this task we will get familiar with Deep Neural Network 

techniques, word embeddings, NLPs, regularization techniques etc. 

In this subsection we will show in detail how all these models are constructed, and we 

will discuss all the aspects involved in our modeling task. 

• Model_0:  

Model_0 is the least complex model we will consider for our task. This model omits 

Trump’s tweets dataset and only consider historical and news data. Furthermore, Model_0 

searches text data for significant words and does not investigate the importance of word 

ordering in our sentence (No use of recurrent neural networks). For the historical data, 

Model_0 uses recurrent neural networks to make predictions. The architecture of Model_0 is 

shown below: 

 

Figure 3- 21  lvl0 model architecture. 
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In addition to the layers we introduced previously, we use Dense Layers Before making our 

prediction, we pass the concatenated data to a “Relu” dense layer to extract further features. Such 

that Relu is defined as follows: 

𝑅𝑒𝑙𝑢(𝑧) = 𝑚𝑎𝑥(0, 𝑧) 

 The lack of complexity in Model_0’s architecture, the absence of regularization, and the omission 

of important dataset results in overfitting problems (discussed later in this subsection).  

Next, we try to increase the accuracy of our neural network by taking into consideration the order 

in which words appear in our sentences.  

• Model_1:  

Model_1 will use both Embedding and LSTM layers to treat our text data, this will enable 

us to investigate the meaning conveyed by each sentence in our dataset and is therefore 

expected to increase the accuracy of our neural network and reduce overfitting. The 

architecture of Model_1 is very similar to Model_0: 

Although Model_1 is expected to perform better than Model_0, there is still room for a lot of 

improvement. Overfitting is still expected to be an issue and the need for additional sources of 

data is investigated in the next model. 
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Figure 3- 22  lvl1 model architecture. 

• Model_2:  

Model_2 incorporates trump tweets into our model. The text dataset is treated separately 

using Embedding and LSTM layers. The 3 sub neural networks are merged using a concatenate 

layer and further treated using dense layers. 

Although Model_2 is exploring new data and might identify new trends that help us make more 

accurate predictions, inaccuracy persists because of the limited number of observations 

(around 750 data samples only). Other models must be implemented to address this limitation 

and compensate for the lack of data. Note that we also expect overfitting issues because of the 

absence of regularization techniques. 
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Figure 3- 23  lvl2 model architecture 

 

• Model_3, Introducing GloVe: 

To address the issue of lack of data and its impact on validation inaccuracy, we resort to 

pretrained neural networks that can offer insights about our data in a general context. Hence 

the introduction of the GloVe model into the architecture of our neural network.  

GloVe (stands for Global Vectors) was first introduced by (Jeffrey Pennington, 2014). It is a 

word embedding technique that uses a word-word co-occurrence statistics from a very large 

corpus. Individual components of the word vectors, although not necessarily meaningful, can 

help us get the semantics of sentences. The Glove model is trained on billions of datapoints 

and is worthy of consideration when trying to boost our training task. The idea is to replace 

our untrained embedding layers in Model_0, Model_1 and Model_2 by the trained GloVe 

embedding layers. We download the GloVe embeddings from the official webpage 

(https://nlp.stanford.edu/projects/glove/) and download the version trained on Tweets and 

https://nlp.stanford.edu/projects/glove/
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transformed to 100 long vectors (2B tweets, 27B tokens, 1.2M vocab, uncased, 100d vectors). 

The architecture of our neural network is then modified as follows: 

 

Figure 3- 24  lvl3 model architecture 

 

Although Model_3 is expected to boost our training process, there is still work to do in order to 

eliminate overfitting. Therefore, we construct one final neural network that attempts to address 

overfitting by using both GloVe and regularization techniques. 

• Model_4, GloVe + regularization: 

Model_4 is very similar to Model_3. The only difference is the addition of the dropout 

feature for our LSTM layers. The dropout parameter determines the fraction of the units to 

drop for the linear transformation of the inputs. It eliminates a portion of the information 

learned by the neural network during the training phase and hence has the potential to reduce 

overfitting. The architecture of Model_4 is as follows: 
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Figure 3- 25  lvl4 model architecture. 

 

Model_4 is expected to outperform previous models thanks to regularization techniques. However, 

outperforming the benchmark is not as easy as it seems and still needs to be proved. Note that other 

architectures and layers were considered as well (CNN, Bidirectional LSTM, etc..) but accuracy 

was low, and these models were not given further consideration in our research.   

After constructing all our models, we train them using the Python library Keras. Similarly to our 

portfolio models, we use the Adam optimization engine. The metric we use is accuracy.  We train 

our neural networks on 80% of the data and validate on 20% (cross validation technique). We 

compare validation accuracy levels of Model_0, Model_1, Model_2, Model_3, and Model_4 for 

our 3 stocks (NASDAQ, S&P 500, and DOW) and check if any model outperforms our benchmark 

(optimistic investor). 

6- Results: 
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After training our neural networks, we plot the validation accuracy results for comparison. 

We can conclude that Model_4 is not only outperforming other models, but also outperforming 

our benchmark model. This suggests that Model_4 was somewhat successful in tackling overfitting 

and reducing it to an acceptable level. It is also clear that despite our effort to increase the 

complexity (boost training) of our model and using regularization techniques, it is impossible to 

eliminate overfitting. This is because stock market movements depend on so many factors that 

cannot be encapsulated in a single model. Another interesting finding is that, given the optimal 

hyperparameters and regularization features, President Trump’s tweets seem to be improving our 

accuracy level. 

The results we found suggest that Model_4 could be used as a way of determining which 

stock to invest in. Validation accuracy for Model_4 was well above 60% for all 3 stocks. This is 

significantly higher than all other validation accuracies reached by the other models. Most 

importantly, Model_4 validation accuracies outperform our benchmark. This means that our ML 

tool is worth considering when investing in the stock market. Note that this method can also be 

used for other datasets and on other stocks in the market. It provides investors with an additional 

tool that facilitates the task of asset selection. 
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Figure 3- 26  Comparing Validation results for our models: DOW and S&P500. 

 

 

Figure 3- 27 Comparing Validation results for our models: NASDAQ. 

 

This machine learning tool is a great complement to our optimal portfolio model. While 

the second algorithm determines what proportions to invest in liquid vs illiquid assets, the first can 

help pick which liquid asset would generate more profit. A natural question would be to ask if we 

could construct similar tools to determine which illiquid assets should be considered for our 

portfolio. Such tools will further strengthen this research and increase its appeal. 
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In the next subsection we work on a Machine Learning algorithm that helps investors 

make illiquid assets acquisitions that maximize their total return. This last subsection does not 

present any novel contribution. However, we deemed necessary that such models are constructed 

for the sake of obtaining a complete portfolio management algorithm. 

3.2.2 Machine Learning techniques for Illiquid assets, Housing as an example: 

1- Problem description: 

The question we are trying to answer is the following: if you had money to invest in real 

estate, which US city would experience the highest increase in value and thus increase investors’ 

net wealth. In order to answer this question, we will construct a neural network that predicts future 

house index prices based on historical data. This study is conducted for 14 cities around the US. 

Since illiquid assets cannot be bought/sold continuously (rebalancing opportunities follow a 

Poisson arrival process as discussed earlier). We will concern ourselves with not only immediate 

future predictions but also price predictions until the next rebalancing opportunity. Accounting for 

this important aspect will help nicely merge all previously discussed portfolio problems in one 

complete and efficient algorithm that takes into consideration market risks, liquid, and illiquid 

asset optimal acquisitions. 

Note that no contributions will be made in this subsection. However, this work constitutes 

the missing piece of the puzzle that lays the foundation for the final contribution of this 

dissertation. We now proceed to discuss all the components involved in the construction of our 

illiquid asset price predictive model.  

2- The Dataset:  
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We will use the US house price index (Case-Shiller). Data comes from S&P Case-Shiller 

data and includes both the national index and the indices for 20 metropolitan regions. The indices 

are created using a repeat-sales methodology. The data can be found in https://datahub.io/. 

The Standard & Poor's CoreLogic Case–Shiller Home Price Indices are repeat-sales house price 

indices for the US. There are multiple Case–Shiller home price indices: A national home price 

index, a 20-city composite index, a 10-city composite index, and twenty individual metro area 

indices. The indices are calculated from data on repeat sales of single-family homes in an effort to 

study home pricing trends. According to data, HPI also shows a slight negative correlation with 

the stock market. 

3- The model: 

Our objective is to make future prediction about house price index for a given city by looking 

at the last 6-month historical price data for all cities. We will construct 2 neural networks: a short-

term (next month’s prediction) and a long-term (6-month prediction) predictive model.  

We first clean the date using the python library Pandas by eliminating rows containing Nan values. 

We then construct our 3-d training dataset (number of observations, 6: last 6 monthly historical 

data, 20: number of cities): In order to make a prediction for one city, we want to look at data from 

all 20 cities to investigate possible correlations. Our target value will depend on the model used: 1 

real valued variable for the next month’s prediction in the case short term predictive models and a 

real valued vectors for the long-term predictive model (we predict house pricing index for the next 

6 months) 

https://datahub.io/
https://en.wikipedia.org/wiki/Standard_%26_Poor%27s
https://en.wikipedia.org/wiki/Standard_%26_Poor%27s
https://en.wikipedia.org/wiki/Standard_%26_Poor%27s
https://en.wikipedia.org/wiki/House_price_index
https://en.wikipedia.org/wiki/House_price_index
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Now that our objective is well defined and that our data is clean and ready for use, we 

construct our Neural Networks. As usual we construct our models using Keras. As discussed 

earlier, we will design 2 models: 

• Next month prediction model:  

As done for the stock market model, we use recurrent neural network to train historical data. 

To avoid overfitting, we will add dropout layers and we will end our neural network with a 

dense “linear” layer to make house pricing index prediction. The architecture of the model is 

as follows: 

 

Figure 3- 28 Neural Network architecture for next month HPI prediction. 

 

 

Figure 3- 29 Linear activation function 
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• 6-month prediction model:  

This model is constructed to account for illiquidity risk. Buying and selling houses cannot be 

done continuously. One must wait for an opportunity to do so (Poisson arrival process as 

discussed earlier in this research). Therefore, it is useful to provide investors with long-term 

predictions given historical data. Our model will predict price index evolution for the next 6 

months, but the architecture could easily be adapted to fit our Poisson arrival process (long-

term range can be determined after estimating the Poisson parameter 𝞴). The only difference 

in this model is the fact that the linear layer is now a real valued linear vector of dimension 6 

(one for each future prediction): 

 

 

Figure 3- 30  Neural Network architecture for next 6-month HPI prediction. 

 

4- Understanding LSTM for HPI prediction through an example: 

Before training our model and presenting the results we will explore the architecture of 

our neural network and will take a data sample to illustrate the mechanisms of our Model. 

We define our data point 𝑋 = (𝑋1, 𝑋2, 𝑋3, 𝑋4, 𝑋5, 𝑋6) as being the historical House price indices 

for the past 6 months. Note that every 𝑋𝑖 is a vector of HPI’s for all cities considered at time i. 
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We read the last 6-month HPI values to predict HPI for next month/next 6 months. We define this 

variable as 𝑇𝑎𝑟𝑔𝑒𝑡, where 𝑇𝑎𝑟𝑔𝑒𝑡 is any real value such that: 

𝑇𝑎𝑟𝑔𝑒𝑡 = {
𝑋7 if next month prediction

(𝑋7, 𝑋8, 𝑋9, 𝑋10, 𝑋11, 𝑋12) if 6 −month prediction
 

At any given time t, the following happens: 

Our LSTM layer reads the current word 𝑋𝑡 and the hidden state 𝐻𝑡−1 representing the 

short-term memory (information about the previous HPI price 𝑋𝑡−1). Based on this new 

information, our LSTM layer decides on what information to forget from the memory state 𝐶𝑡−1 

which contains information about the whole HPI historical data up to time t-1. This is done thanks 

to the forget gate: 

𝑓𝑡 = σ(𝑋𝑡 ∗ 𝑈𝑓 +𝐻𝑡−1 ∗ 𝑊𝑓) 

where * is element-wise multiplication, + is element-wise addition, and 𝑈𝑓, 𝑊𝑓   are weight vectors 

for forget gate. Note that these weight vectors are different for each time t. The output of this gate 

is a vector of real values between 0 and 1: a vector of 0’s means that we want to forget all the 

information we accumulated in 𝐶𝑡−1 and a vector of 1’s means that we want to keep all that 

information moving forward. 

The next step is to decide what new information we’re going to store in the cell state 𝐶𝑡 

after reading the current HPI price 𝑋𝑡 and the hidden state 𝐻𝑡−1  This has two parts. First, a sigmoid 

layer called the “input gate layer” decides which values we’ll update and by how much (percentage 

wise): 

𝐼𝑡 = σ(𝑋𝑡 ∗ 𝑈𝐼 +𝐻𝑡−1 ∗ 𝑊𝐼) 
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where 𝑈𝐼 , 𝑊𝐼   are weight vectors for input gate that must be optimized during the learning process.  

Next, a Tanh layer creates a vector of new candidate values, 𝐶′𝑡, that could be added to the state 

𝐶𝑡. In the next step, we’ll combine these two to create an update to the state. The use of tanh helps 

us avoid the vanishing gradient problem during the learning process: 

𝐶′𝑡 = 𝑡𝑎𝑛ℎ(𝑋𝑡 ∗ 𝑈𝐶 + 𝐻𝑡−1 ∗ 𝑊𝐶) 

We are now ready to update the long-term memory 𝐶𝑡. After reading current HPI price 𝑋𝑡, current 

short-term memory 𝐻𝑡−1, deciding what % of current long-term memory to forget 𝑓𝑡, and what 

new information to input to the long-term memory thanks to 𝐼𝑡 and 𝐶′𝑡, we update our vector 𝐶𝑡 

as in: 

𝐶𝑡 = 𝐶𝑡−1 ∗ 𝑓𝑡 + 𝐶′𝑡 ∗ 𝐼𝑡 

Finally, we need to calculate what we’re going to output. This output will be based on our cell 

state 𝐶𝑡 but will be a filtered version. Therefore, we apply Tanh to 𝐶𝑡 then we do element wise 

multiplication with the output gate 𝑂𝑡, That will be our current hidden state 𝐻𝑡. The output and 

current hidden short-term state are calculated as follows: 

𝑂𝑡 = σ(𝑋𝑡 ∗ 𝑈𝑂 +𝐻𝑡−1 ∗ 𝑊𝑂) 

𝐻𝑡 = 𝑂𝑡 ∗ 𝑡𝑎𝑛ℎ(𝐶𝑡) 

To summarize, our LSTM layer takes 3 inputs at each time t: our current HPI price 𝑋𝑡, current 

long-term memory state vector 𝐶𝑡−1, and current hidden short-term memory state vector 𝐻𝑡−1. 

Thanks to forget, Input, and output layers, our LSTM is able to release an output for each time t: 
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Updated long-term memory 𝐶𝑡 and current short-term memory state vector 𝐻𝑡. We then pass 

𝐶𝑡 and 𝐻𝑡 to the next time step and repeat the same process. 

In practice, LSTM reads current price and updates its memory with new information: The Neural 

Network gets rid of historical information that is no longer relevant and remembers information 

that is relevant to our prediction task. In doing so, LSTM tries to mimic the human brain.  

At the end of our LSTM layers, we obtain the final long-term memory cell 𝐶𝑇 and last hidden state 

𝐻𝑇. The 𝐻𝑇 cell contains all the necessary information that accumulated by observing historical 

HPI prices. To make a prediction about next month HPI price, we feed 𝐻𝑇 to a linear layer to 

determine the price that we set as  𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑖𝑜𝑛: 

𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑖𝑜𝑛 = 𝐿𝑖𝑛𝑒𝑎𝑟(𝐻𝑇  ·  𝑊𝑝𝑟𝑒𝑑) 

where 𝐻𝑇  ·  𝑊𝑝𝑟𝑒𝑑  is the dot product and where 𝑊𝑝𝑟𝑒𝑑  are neural network layers that have be 

optimized. 

During the training process, we perform forward and back propagation iteration to learn the 

optimal neural network parameters. Note that the length N of 𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑖𝑜𝑛 depends on the 

prediction horizon: N = 1 for next month prediction and N = 6 for 6-month long prediction.  After 

predicting 𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑖𝑜𝑛 we evaluate the following loss function: 

𝑚𝑠𝑒 =∑(𝑇𝑎𝑟𝑔𝑒𝑡𝑗 − 𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑖𝑜𝑛𝑗)
2

𝑁

𝑗=1

 

This loss function is minimized thanks to backpropagation. Forward and backpropagation are 

repeated several times to minimize the loss function and increase the accuracy of our predictions. 
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For all the architectures we present below, we train our Neural Networks on 80% of the data and 

validate it on 20% of the data using cross validation techniques. 

After training, we freeze our learned parameters and we want our neural network to be able to 

predict next month/ or future 6-month HPI in a given city, after reading HPI for all US cities in 

our data set at any month t (past or future). 

Our model could be thought of as a nonlinear regression where parameters are learned through our 

neural network. 

5- Results: 

After training our neural network and plotting few results, we can make several 

conclusions. As expected, our short-term predictive model does a better job and suffers from 

virtually no overfitting issues. The error is quasi null, and predictions are almost exact. This 

suggests that next-month house index predictions can be entirely explained by the historical data. 

As we move on to long-term predictions, we see that overfitting becomes an issue. Nevertheless, 

thanks to regularization techniques, we still reach decent prediction accuracy.  

 

Figure 3- 31  Prediction errors: Chicago. 
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Figure 3- 32  Results for next month HPI predictions: Chicago and Charlotte. 

 

 

Figure 3- 33 Results for next month HPI predictions: Las Vegas. 
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Figure 3- 34  6-month prediction errors: US and Las Vegas. 

 

 

Figure 3- 35  Results for 6-month HPI predictions: Chicago and Charlotte. 

 

 

Figure 3- 36  Results for next 6-month HPI prediction: Las Vegas. 
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Overfitting can be explained by the uncertainty introduced when we extend our predictive 

horizon. HPI few months from now is likely to depend on factors other than historical data 

(Economic growth, inflation, interest rates…). However, we still reach satisfying accuracy levels 

thanks to historical data alone. The interested reader can attempt to decrease overfitting by adding 

other datasets to this machine learning tool. 

Since our tool produces accurate results, we can use it to help investors acquire illiquid 

assets that maximizes their net worth. It is also obvious that if we combine this tool with the other 

models discussed earlier, we can further optimize investors’ portfolio by not only hedging against 

market risks, but also by investing in the “right” assets. 

In the next subsection we combine all the tools we developed to design a comprehensive 

algorithm that helps investors account for market risks while making lucrative liquid and illiquid 

placements at the same time. This algorithm is the last contribution of this document. It 

summarizes all the previous contributions we made earlier and serves the ultimate purpose of this 

research: Constructing a decision support system for investors. 

3.3. Optimal portfolio problem using both Brownian motion and Machine Learning 

techniques: 

This last section of our research document illustrates the last contribution of our work. It 

accumulates all previous contributions into one investment algorithm. This algorithm aims at 

helping investors hedge against the market risks we discussed in the first chapters. It determines 

the optimal investment and consumption strategies under illiquidity and contagion default risks. 

In addition to the determination of optimal strategies, our algorithm helps investors optimize asset 

selection through machine learning tools as done in this section.  
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The purpose of this last model is to merge all previously discussed tools to serve one 

ultimate objective: construct an investment guide. We hope this tool could alleviate the burden of 

investors by decreasing volatility and provide insights about the complex financial markets. Our 

algorithm is also highly flexible and can be modified to include any market risks and any 

liquid/illiquid asset. The following algorithm summarizes our proposed framework: 

Optimal portfolio management and asset allocation under illiquidity/ contagion loop risks: 

-Initialize liquid and illiquid wealth 𝑋0, 𝑊0. 

-Construct the risk profile of our investor. 

-Determine control variables 𝜋𝑡 , 𝑐𝑡 , 𝐼𝑡  (investment and consumption strategies under 

illiquidity/default risks) using deep neural networks. 

-Estimate illiquid asset opportunity parameter 
1

λ
. 

-Run offline continuously (every day): 

Read daily news, social media posts, historical data and invest in the liquid assets that’s expected 

to appreciate the next day 

IF jump occurs (illiquid asset acquisition opportunity): 

Invest in the city which House index price is expected to increase the most until next jump 

(t+ 𝞴): Construct ML algorithm that reads historical data and predict HPI for the next 
𝞴 months.  

The algorithm can be further explained through the following Diagram:  
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Figure 3- 37  Comprehensive investment algorithm: descriptive diagram. 

 

3.4. Conclusion: 

In this chapter, we browsed the literature to check the accuracy and reliability of the 

previously used Geometric Brownian motion assumption. We quickly realized that, although 

widely used, several models consider alternative ways of pricing assets. Relying on new advances 

in machine learning and the availability of interesting and intriguing datasets, we construct two 

models that help investors decide on what liquid and illiquid assets to acquire. Instead of Brownian 

motions, we use recent data to predict price movements.  

Our models showed strong accuracy results when compared to benchmarks found in the 

literature: Our first model was able to accurately predict daily price movements for major stock 

market indices, while our second model was able to reliably predict House Pricing index for about 
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20 US cities. In addition to proving correlation between price movements and novel datasets such 

as Trump twitter feed, our models can be used as a complimentary tool that further strengthens the 

relevance of our portfolio problems. 

The algorithm presented at the end of this chapter illustrates the power of combining all 

these tools (discussed in chapter 2 and 3) into one comprehensive investment tool that not only 

determines optimal investment and consumption strategies, but also helps investors acquire liquid 

and illiquid assets that maximizes their net worth. Our proposed framework is also highly flexible 

and enables the inclusion of different market risks, different specific liquid/illiquid assets, and 

different datasets to use for our ML tools. 
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Chapter 4 

4. Conclusions: 

After a careful literature survey, the importance of the area of portfolio management was 

quickly established. The literature shows the evolution of portfolio models that demonstrated a 

clear awareness about the importance of market risk factors. The simple Merton Model was 

quickly criticized and improved to better reflect reality. Although financial markets are particularly 

volatile, this thesis has focused on two sources of risks: illiquidity and contagion loop default risks. 

Both of which have gained an increasing importance in today’s portfolio models. The literature 

review has helped us identify major weaknesses and possible areas of improvements. The current 

state of knowledge recognized the importance of each market risk. However, little is said about 

combining both risks and studying their joint effects on the optimal portfolio strategies. 

The tools used to solve stochastic optimal control problems have also been extensively 

studied throughout the literature. Although recent methodologies have been successful in 

improving convergence and computation time issues (especially the curse of dimensionality), little 

has been said about the effectiveness of these methods when jump processes are involved. 

Various Pricing assumptions were studied throughout the last decades, and although the 

geometric Brownian motion has been criticized, the alternative pricing methods were rarely 

implemented for optimal portfolio problems. 

After identifying the previous weaknesses, this research document was dedicated to 

improving the current state of knowledge through four main contributions: 
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• A new multi-risk Optimal Portfolio model was modeled and solved. This new model 

accounted for both illiquidity and contagion loop risks. The simulation results showed the 

importance of modeling both risks, not just to increase the reliability of the model, but also 

to improve the investor’s outcome. 

• Deep Learning techniques and special neural network architectures have been used to solve 

our optimal portfolio problems when jump processes are involved: This was mainly done 

through special custom activation functions and neural network custom layers. 

• We used novel datasets to predict stock and illiquid asset price movements. These models 

investigate the impact of political and financial news on financial math. These models have 

also confirmed the need to not fully trust the Brownian motion assumption and explore 

alternative ways to predict asset prices. 

• After the construction of machine learning tools to predict liquid and illiquid asset pricing, 

we design a comprehensive investment guide algorithm that not only helps investors 

determine optimal investment strategies while hedging against important market risks but 

also assist investors in dynamically acquiring the liquid and illiquid assets that maximizes 

our investors’ net wealth. 

We are hoping that the framework presented in this thesis could lay the ground for future 

optimal portfolio models that account for more market risks and that use more recent data to predict 

asset price dynamics. 

This research also leaves plenty of room for improvement. In future work, we will focus 

on improving the current portfolios by including more market risks and exploring different assets. 
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We will also try to automate our asset allocation algorithms and use up to date datasets that enables 

asset price predictions anytime in the future. 

Future work will also investigate correlations between specific tweets, words, and 

sentences and their impact on the stock market. The purpose is to release a qualitative analysis of 

stock market movements and explore social media impact on financial markets. 
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1. Solving the two-asset Merton problem for the optimal investment strategies: 

 

Theorem. For 𝑈(x) = log𝑥, the problem has an explicit optimal value function and optimal policy 

such that: 

𝑢𝑡
∗ =

µ − 𝑟

𝜎2
,     𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 ∈ [0, 𝑇]. 

The value function corresponding to the optimal policy is as follows: 

𝑉(0, 𝑥0,  𝑢
∗) = log(𝑥0) + (𝑟 +

µ − 𝑟

2𝜎2
)𝑇 

𝑥0: initial wealth. 

Proof: We want to find a solution for: 

𝑑𝑋𝑡 = 𝑋𝑡 ((𝑟 + 𝑢𝑡(𝜇 − 𝑟))𝑑𝑡 + 𝑢𝑡𝜎𝑑𝑍𝑡) 

If 

𝑋𝑡 = 𝑥0 𝑒𝑥𝑝{∫ 𝑔𝑠𝑑𝑠
𝑡

0
+ ∫ ℎ𝑠𝑑𝑍𝑡

𝑡

0
} , 

then the Ito-formula leads to: 

𝑑𝑋𝑡 = 𝑋𝑡𝑔𝑡𝑑𝑡 + 𝑋𝑡ℎ𝑡𝑑𝑍𝑡 +
1

2
𝑋𝑡𝑔𝑡

2𝑑𝑡 =  𝑋𝑡((𝑔𝑡 +
1

2
ℎ𝑡
2)𝑑𝑡 + ℎ𝑡𝑑𝑍𝑡)  

This, in turn, will lead to 

𝑋𝑡 = 𝑥0 𝑒𝑥𝑝{∫ (𝑟 + (𝜇 − 𝑟)𝑢𝑠 − 
1

2
𝜎2𝑢𝑠

2) 𝑑𝑠
𝑡

0

+∫ 𝜎𝑢𝑠𝑑𝑍𝑠

𝑡

0

}  

Note that our objective is to maximize: 
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max
𝑢
𝐸[𝑈(𝑋𝑇)|𝑋0 = 𝑥0] 

Overall admissible strategies: 

𝐴(𝑥0) = {𝑢: 𝐸∫ (|𝑏𝑢𝑡| +  |𝜎𝑢𝑠|
2) 𝑑𝑡 < ∞,𝑋𝑡

𝑢 > 0,
𝑡

0

 𝐸[(𝑙𝑜𝑔𝑋𝑇)
−] < ∞}.  

As ∫ 𝜎𝑢𝑡𝑑𝑍𝑡 is a martingale, 

𝐸[∫ 𝜎𝑢𝑡𝑑𝑍𝑡

𝑇

0

] = 0 

So, for every 𝑢 𝜖 𝐴(𝑥0): 

𝐽(𝑥0, 𝑢) = 𝑙𝑜𝑔 𝑥0 + 𝐸[∫ (𝑟 + (𝜇 − 𝑟)𝑢𝑠 − 
1

2
𝜎2𝑢𝑠

2) 𝑑𝑠]
𝑇

0

 

We verify that (𝑟 + (𝜇 − 𝑟)𝑢𝑠 − 
1

2
𝜎2𝑢𝑠

2) is strictly concave by calculating derivatives: 

𝜕

𝜕𝑢
(𝑟 + (𝜇 − 𝑟)𝑢𝑠 − 

1

2
𝜎2𝑢𝑠

2) = 𝑢 − 𝑟 − 𝜎2𝑢 

𝜕2

𝜕𝑢2
(𝑟 + (𝜇 − 𝑟)𝑢𝑠 − 

1

2
𝜎2𝑢𝑠

2) = −𝜎2 < 0 

Setting 𝑢 − 𝑟 − 𝜎2𝑢 = 0, we get the optimal control 𝑢𝑡
∗ as 

𝑢𝑡
∗ =

µ − 𝑟

𝜎2
,     𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 ∈ [0, 𝑇]. 

The value function corresponding to the optimal policy is as follows: 

𝑉(0, 𝑥0,  𝑢
∗) = log(𝑥0) + (𝑟 +

µ − 𝑟

2𝜎2
)𝑇 
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2. Solving for asset prices that follow a geometric Brownian motion: 

 

If we have an asset with a price that follows a geometric Brownian motion, then 

𝑑𝑆𝑡
𝑆𝑡
− = 𝜇𝑑𝑡 + 𝜎𝑑𝑍𝑡 

where 𝜇 is the drift and 𝜎 is the volatility. 

Using the Ito’s lemma and given initial prices 𝑆0 𝑎𝑛𝑑 𝐵0, our asset prices at a given time t is given 

as follows: 

𝑆𝑡 = 𝑆0𝑒
(𝜇−

1
2
𝜎2)𝑡+𝜎𝑍𝑡 

If we define 𝑓(𝑆𝑡) = 𝑙𝑜𝑔(𝑆𝑡), then 

𝑓(𝑆𝑡) = 𝑓′(𝑆𝑡)𝑑𝑆𝑡 +
1

2
𝑓′′(𝑆𝑡)(𝑑𝑆𝑡)

2 =
1

𝑆𝑡
𝑑𝑆𝑡 +

1

2
(−𝑆𝑡

−2)(𝑆𝑡
2𝜎2𝑑𝑡)

=
1

𝑆𝑡
(𝜎𝑆𝑡𝑑𝑍𝑡 + 𝜇𝑆𝑡𝑑𝑡) −

1

2
𝜎2𝑑𝑡 = 𝜎𝑑𝑍𝑡 + (𝜇 −

𝜎2

2
)𝑡 

It follows that 

𝑙𝑜𝑔(𝑆𝑡) = 𝑙𝑜𝑔(𝑆0) + 𝜎𝑑𝑍𝑡 + (𝜇 −
𝜎2

2
)𝑡 

Applying exponential, we get the expression for 𝑆, 

𝑆𝑡 = 𝑆0𝑒
(𝜇−

1
2
𝜎2)𝑡+𝜎𝑍𝑡 
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3. Solving the two-asset consumption Merton problem for the optimal investment 

and consumption strategies: 

 

Our objective function is                 

𝑚𝑎𝑥
{𝑢,𝑐}

𝐸𝑡 [∫ 𝑒
−𝛽𝑠𝑈(𝐶𝑠)𝑑𝑠

𝑇

𝑡

+ 𝑒−𝛽𝑠𝑈(𝑋𝑇)] 

where,                                                             

𝑈(𝐶𝑠) =
𝐶𝑠
𝛼

𝛼
 ;  𝛼 < 1,  𝛼 ≠ 0 

Theorem: For the power consumption utility, the pair of optimal policy (𝑐𝑡
∗, 𝜋𝑡

∗)  is given by 

𝑐𝑡
∗ = 𝑒−

𝛽𝑡
1−𝛼  ℎ(𝑡)−1𝑋𝑡

∗ 

𝜋𝑡
∗ =

(µ − 𝑟𝟏)

(1 − 𝛼)
(𝜎𝜎𝑇)−1 

Proof.  We use dynamic programming for our proof. 

ℒ (𝜋,𝑐)𝑣(𝑡, 𝑥) = 𝑣𝑡(𝑡, 𝑥) + ((𝑟 + 𝜋
𝑇(µ − 𝑟1))𝑥 − 𝑐)𝑣𝑥(𝑡, 𝑥) +

1

2
𝜋𝑇𝜎𝜎𝑇𝜋𝑥2𝑣𝑥𝑥(𝑡, 𝑥)  

The Hamilton-Jacobi-Bellman equation states that 

𝑠𝑢𝑝
{𝜋,𝑐}

𝐸𝑡 [∫ 𝑒
−𝛽𝑡

𝑐𝛼

𝛼

𝑇

𝑡

+ ℒ (𝜋,𝑐)𝑉(𝑡, 𝑥)] = 0. 

When 𝑉 is increasing and concave and 𝑥 positive, it comes that 
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𝑐(𝑡, 𝑥) = (𝑒𝛽𝑡𝑉𝑥(𝑡, 𝑥))
1

1−𝛼 

𝜋(𝑡, 𝑥) = −(𝜎𝜎𝑡𝑜𝑝)−1(µ − 𝑟1)
𝑉𝑥(𝑡, 𝑥)

𝑥𝑉𝑥𝑥(𝑡, 𝑥)
 

Plugging these equations into the HJB equation, the problem is to solve 

1 − 𝛼

𝛼
𝑒−

𝛽𝑡
1−𝛼  𝑉𝑥

1−𝛼
𝛼 + 𝑉𝑡 + 𝑟𝑥 𝑉𝑥 +

1

2
(µ − 𝑟1)𝑇(𝜎𝜎𝑇)−1(µ − 𝑟1)

𝑉𝑥
2

𝑉𝑥𝑥
= 0 

At time 𝑇, we have the boundary condition 𝑉(𝑇, 𝑥) = 𝑒−
𝛽𝑇𝑥𝛼

𝛼 . We guess that 

𝑉(𝑇, 𝑥) = ℎ(𝑡)1−𝛼
𝑥𝛼

𝛼
 

We get ℎ(𝑇) = 𝑒−
𝛽𝑇

1−𝛼 boundary condition at terminal time ℎ and: 

𝑒−
𝛽𝑇
1−𝛼 + 𝑐ℎ(𝑡) + ℎ′(𝑡) = 0 

where 

𝑐 =
1 − 𝛼

𝛼
(𝑟 +

1

2(1 − 𝛼)
(µ − 𝑟1)𝑇(𝜎𝜎𝑇)−1(µ − 𝑟1))  

If 𝛽 − (1 − 𝛼)𝑐 ≠ 0, this linear ODE has for a solution 

ℎ(𝑇) = 𝑒−𝑐𝑡(1 + 𝑇 − 𝑡) 

This solution is strictly positive for every 𝑡. Then since 𝑉(𝑇, 𝑥) = ℎ(𝑡)1−𝛼
𝑥𝛼

𝛼
, if the equation for 

the controlled process has a positive unique solution, then the value function 𝑉 is also positive. 

This means that 𝑉𝜖𝐶1,2, we also get monotonicity and concavity of 𝑉 from the derivatives: 
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 𝑉𝑥(𝑡, 𝑥) = ℎ(𝑡)
1−𝛼𝑥𝛼−1 > 0 

 𝑉𝑥𝑥(𝑡, 𝑥) = −(1 − 𝛼)ℎ(𝑡)
1−𝛼𝑥𝛼−2 < 0 

By substituting 𝑉(𝑇, 𝑥) = ℎ(𝑡)1−𝛼
𝑥𝛼

𝛼
 into the equations of 𝑐 and 𝜋, we obtain 

𝑐𝑡
∗ = 𝑐(𝑡, 𝑥) = 𝑒−

𝛽𝑡
1−𝛼 ℎ(𝑡)−1𝑋𝑡

∗ 

𝜋𝑡
∗ = 𝜋(𝑡, 𝑥) =

(µ − 𝑟𝟏)

(1 − 𝛼)
(𝜎𝜎𝑇)−1 

We get the controlled process 𝑋𝑡
∗ of the form 

𝑑𝑋𝑡
∗ = ((𝑟 + 𝜋𝑡

𝑇(µ − 𝑟𝟏))𝑋𝑡
∗ − 𝑐𝑡)𝑑𝑡 + 𝑋𝑡

∗𝜋𝑡
𝑇𝜎𝑠𝑊𝑡

= 𝑋𝑡
∗((𝑟 + 𝜋𝑡

𝑇(µ − 𝑟𝟏)) − 𝑒−
𝛽𝑡
1−𝛼  ℎ(𝑡)−1)𝑑𝑡 + 𝜋𝑡

𝑇𝜎𝑠𝑊𝑡) 

The unique strong solution for this SDE is a stochastic exponential, and strictly positive. All 

conditions for the verification theorem are verified. This means that the pair (𝑐𝑡
∗, 𝜋𝑡

∗)  is indeed the 

optimal strategy. 

 

 

 

 

 

 


