
ABSTRACT

WRIGHT, ANDREW ARMEAN. Mathematical Models of Various Effects on a Normal Menstrual Cycle.
(Under the direction of Mette Olufsen.)

Since the rise of our understanding of the hormonal dynamics within the menstrual cycle, there

have been investigations into altering the behavior of these dynamics through introduction of

exogenous hormones with the aim of achieving a contraceptive state. Since the 19th century these

hormonal contraceptives have been studied for efficacy and safety. Large changes have been made

throughout that time mostly in adjusting dosages to more safe levels than where they began. An

important new tool in studying these interactions is mathematical modeling in an attempt to capture

a system’s behavior and predict some drug behavior before applying it to biological specimens. In

recent history study of menstrual cycle dynamics and the effect of hormonal contraceptives have

expanded largely. Most research on contraceptive drugs has taken place since the 19th century.

There has been a rise in the need for understanding of the hormonal dynamics and the specific

effect of hormonal treatments aimed at contraceptives. The main topic of this dissertation is a

discussion of three mechanistic models of the menstrual cycle: a model of follicle waves in cycling

women, an analysis of parameters in the cycle possibly associated with a stress reaction, and a model

of hormonal contraceptives applied to the system. The first chapter gives an overview of general

biology for the menstrual cycle and a brief discussion of how the models are formulated from these

dynamics. The second chapter discusses the phenomenon of follicle waves. In this system multiple

waves of follicular stimulating hormone (FSH) during the cycle can lead the the selection of more

than one dominant follicle. This model also includes a term for atresia a process not considered in

the other two formulations. Results of both a two and three follicle wave cycle are discussed. The third

chapter concerns the relationship between the hypothalamus-pituitary-ovarian axis (HPO axis) and

the hypothalamus-pituitary-adrenal axis (HPA axis). It has been observed that stress can alter the

natural balance of the menstrual cycle leading to dysfunctional cycles. Parameters associated with

luteinizing hormone (LH) synthesis were suspected as likely places the body’s main stress hormone

(cortisol) may affect the biology. Dynamical analysis of three parameters associated with the LH

synthesis was performed and discussed. The fourth chapter in the dissertation provides an example

of the effects of hormonal contraceptives in the model. Relative data for a progesterone based

contraceptive and a combined estrogen-progesterone contraceptive was used to tune the model

though it was used for overall behavior and not for specific optimization. Additional components in

the model in the form of two autocrine effects were added to account for dynamics important in

the administration of hormonal contraceptives. Important considerations in this model included

model behavior when contraceptives were applied, the efficiency of a combined low dose, as well as

a return to a normal health cycle once the dosing was removed.
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CHAPTER

1

INTRODUCTION

The menstrual cycle is the periodic cycle existing in mammalian females. The human cycle is ap-

proximately 28 days. This process is the result of a complex interaction between ovarian hormones

and pituitary hormones that have a distictive cycle. A significant body of research examines how to

disrupt or extend this cycle leading to a contraceptive state. An emerging method of studying these

interactions is to model them mathematically. This dissertation expands and examines the body of

work devised by Selgrade et al. [Sel99; Sel09; Sel10]. We discuss these topics in five chapters. The

main focus of these studies are follicle waves a unique phenomenon of the menstrual cycle (chap-

ter 3), the impact of stress on the system (chapter 4), and the effects of hormonal contraceptives

(chapter 5). A description of general model composition throughtout the dissertation is also shown.

The last chapter contains a discussion of the three papers and their results.

Chapter 2: Menstrual Cyle

This chapter discusses the associated biology of the menstrual cycle including the relevant hormones

from the ovaries, hypothalamus, and pituitary. General biological mechanisms and relationships are

discussed. The formulation of the mechanistic model of the mestrual cycle is explained. A lumped

model of the hypothalamus and pituitary is presented combined with a model of the ovarian cycles

and resulting hormone production are combined to the full model [Sel99].
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Chapter 3: Follicle Waves

The second chapter includes the paper by Panza NM, Wright AA, Selgrade JF (2016). Delay differ-

ential equation model of follicle waves in women. J Biol Dyn 10(1):200–221. This study discusses

modeling follicle waves, a phenomenon that can lead to multiple primary follicles being selected.

My role consisted of adapting the model for use with DDEBifTool a MATLAB package for use in

dynamical analysis of delay differential equations. I contributed to the parameter analysis including

sensitivity analysis and dynamical analysis [Pan16].

Chapter 4: Stress

The third chapter aims to investigate the effects of stress on the menstrual cycle model. This was

accomplished by dynamical analysis of parameters in the Selgrade model that may be associated

with stress effects that can lead to dysfunctional cycles. The hyopthalamus-pituitary-adrenal (HPA)

axis interaction with the hypothalamus-pituitary-ovarian (HPO) axis can cause dysfunctional cy-

cles. Various parameters associated with the synthesis of luteinizing hormone (LH) were analyzed

using DDEBifTool for dynamical behavior. Of concern mainly is reduction in LH surge to non ovu-

latory levels and existence of two stable cycles in some situations, one ovulatory and one anovulatory.

Chapter 5: Contraception

This chapter provides a brief discussion of the history and development of contraceptives is given

before the presentation of the model. The rest of the section is taken from the paper Wright AA,

Fayad, GN, Selgrade JF, Olufsen MS (2020). Mechanistic model of hormonal contraception. PLoS

Comp Biol. 16(6):e1007848. My role in this paper consisted of: model modification from original

model in [Mar11], optimization and sensitivity analysis of new model, dynamical analysis of dose

response using DDEBifTool, and primary contribution to writing of the paper. The focus of the paper

was to apply a hormonal based contraceptive to an existing mechanistic menstrual cycle model. A

progestin based, and estrogen based, and a combined treatment of hormonal contraceptives were

considered, and the progestin and combined were compared with data.
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CHAPTER

2

MENSTRUAL CYCLE

2.1 Hormonal Interactions in the Menstrual Cycle

The menstrual cycle refers to the period between menstruations mammals depicted characteristi-

cally in Fig 2.1. This section based on material from [Fri11] is dedicated as describing the complex

hormonal interaction generating the cycling dynamics. A representation of the menstrual cycle

phases is shown in Fig 2.1 including associated hormones with direction from site of production to

site of action. The menstrual cycle arises from a complex interaction between the hypothalamus

and pituitary in the brain, and the ovaries.

The brain. In the brain a system of capillaries forms a small portal system that flows from the

hypothalamus to the anterior pituitary directly below. The portal circulation gives the hypothalamus

means to communicate with the pituitary as there is no direct nervous connection. The hypothala-

mus secretes gonadotropin releasing hormone (GnRH) into this portal system in accordance with

stimulation from ovarian hormones as well as feedback from pituitary gonadotropins. Because the

half life of GnRH is very small (2-4 minutes), it is only in the portal system that effective levels are

found. This means that GnRH must be constantly released, and is done so in a pulsatile fashion

with changes in both magnitude and frequency in response to feedback from ovarian hormones

and pituitary gonadotropins. These pulsatile secretions are relatively fast taking place every 1-3

hours depending on menstrual cycle phase, and a wide variability exists amongst individuals. The

3



pulsatile stimulation from GnRH influences the anterior pituitary in both synthesis and release of

gonadotropins which results in pulsatile release of pituitary gonadotropins (including luteinizing

hormone (LH) and follicular stimulating hormone (FSH)) which influence the ovaries.

The ovaries. The menstrual cycle is made of of two phases: the follicular phase and the luteal

phase. In the weeks after a woman is born her ovaries produce a large mass of germ cells (6-7

million). These are the full amount the ovaries will ever contain, and will decrease as they are

transformed by mitosis and a meiotic division into an oocyte. Pre-granulosa cells envelope an

oocyte and the resulting unit is called a primordial follicle. This process will eventually happen to

all oocytes. As the follicle grows and the surrounding granulosa cell layer proliferates, it becomes a

primary follicle. From primary follicle stage it is believed that about 85 days pass before ovulation;

most of this time is spent without the influence of pituitary gonadotropins. The follicular phase

begins when multiple follicles are "recruited" and begin expressing FSH receptors which when

stimulated support the follicle’s growth. Further growth gives rise to LH receptor expression, and

follicles produce ovarian hormones (including progesterone (P4), estradiol (E2), and inhibin A

(InhA)) dependent on stimulation by FSH and LH, and follicle maturity. The follicles compete for

FSH (and later LH) and a single follicle if sufficiently stimulated by gonadotropins will advance to

ovulation. Follicles may become arrested at any point during this process through a process of atresia

consisting of a break down in granulosa activity eventually ending in apoptosis. All follicles that

were "recruited" and unable to reach ovulation (all but one in a normal situation) will go through

this process. During ovulation the follicle ruptures and releases the oocyte through complex and

not well understood mechanisms. The granulosa cells on the ruptured follicle are luteinized and

the structure becomes the corpus luteum. This marks the beginning of the luteal phase. During

the luteal phase the oocyte (now called an ovum) is ready for fertilization and the corpus luteum

produces P4 and E2 with support from low levels of LH. After about 14 days if fertilization has not

taken place, menstruation occurs and the cycle begins again.

In the beginning of the follicular phase, follicles produce small amounts of E2 inhibiting LH re-

lease. As a follicle develops into a dominant follicle, it begins producing E2 in much larger quantities,

and at a critical point of E2 concentration in the blood, the inhibitory effect E2 has on LH release

becomes overwhelmed by a rapid increase in LH synthesis also due to E2. This massive change

in synthesis is called the LH surge and is necessary for ovulation to occur marking the end of the

follicular phase. Near the end of the follicular phase InhA is secreted by the follicles which reduces

production of FSH and aids entering the luteal phase. After ovulation the corpus luteum begins

producing large amounts of P4 and InhA. In the late luteal phase production of InhA decreases

allowing for increase production in FSH and production of E2 begins, both priming the cycle for the

next follicular phase.
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2.2 Formulation of Menstrual Cycle Model

Several mathematical studies have examined the dynamics of the menstrual cycle varying in the num-

ber of details included to descibe the hormonal interactions [Bog72a; Bog72b; LP92; HC03; Rei07;

Sel99; Rob13; Che14]. A more detailed review of menstrual cycle modeling literature is included

in the following chapters describing specific instances of this model. One of the more prominent

contributions include work done by Selgrade et al.[Sel99; Sel09; Sel10]. The work presented in this

dissertation uses model formulations taken originally from [Sel99]. The formulation of the Selgrade

models begins with two seperate models: one of the hypothalamus and pituitary and one of the

ovaries. The two basic sub-models depicted in Fig 2.2 form the menstrual cycle model. The first

is a lumped model of the hypothalamus and the pituitary which predicts synthesis and release

of gonadotropins based on circulating concentrations of ovarian hormones (E2, InhA, P4). The

second models the ovaries, accounting for ovarian phases in conjunction with auxiliary equations

predicting ovarian hormone production. In Fig 2.2 the ovarian phase model shows the two phases

of the menstrual cycle into multiple stages representing amount of active tissue in that stage. This

distribution is used to predict production of ovarian hormones in the auxiliary equations.

2.2.0.1 Hypothalamus and pituitary model

The lumped model (Eqs (2.1)-(2.4)) of the hypothalamus and pituitary predicts synthesis and release

of FSH and LH as a function of serum concentrations of E2, P4, and InhA. Dynamics of each pituitary

hormone consists of two equations (Eqs (2.1)-(2.2) for LH and Eqs (2.3)-(2.4) for FSH). The reserve

pool of hormone H (either FSH of LH) designated R PH tracks the mass of stored gonadotropin H

within the pituitary. This is where synthesis occurs and hormones are stored before release. Once

released, the mass is scaled by blood volume v . The reserve pool is described by two factors, a

positive synthesis term and a negative release term. The hormone concentration H consists of

a positive term, denoting the release term from the reserve pool scaled by blood volume, and a

negative linear term representing clearance of the hormone from the blood. Also present in the

synthesis term for F SH is a delay for I nh . The biological process for inhibin’s effect is lengthy and

we account for this by blood levels taking over a day to have an effect [Fra89].
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d

d t
R PLH = synthLH (E2, P4)− relLH (E2, P4, R PLH ) (2.1)

d

d t
LH =

1

v
relLH (E2, P4, R PLH )− clearLH (LH ) (2.2)

d

d t
R PF SH = synthF SH (I nh (t −τ))− relF SH (E2, P4, R PF SH ) (2.3)

d

d t
F SH =

1

v
relF SH (E2, P4, R PF SH )− clearF SH (F SH ) (2.4)

(2.5)

During a normal cycle estrogen exhibits a 2-stage effect on LH synthesis. Low levels of estrogen

will inhibit LH release, but high levels strongly stimulate production. This 2-stage behavior is

represented in Eq (2.1): the synthesis term contains a Hill function dependent on E2 which at a

critical level of E2 will increase LH synthesis, and in the release term E2 inhibits LH release. The Hill

function is the main biological mechanism of the hypothalamus/pituitary model as it is responsible

for the mid-cycle LH surge in response to rising E2 levels.

In Eqs (2.1)-(2.4) there are important relationships between E2 and P4 in the synthesis and release

of gonadotropins. Although E2 is responsible for simulating synthesis through the Hill function, it

also inhibits the release of both LH and FSH which is a secondary mechanism of estrogen based

contraception. In this sub-model we also include the secondary contraceptive effect of progestin

which inhibits the synthesis of LH. Each model presented in this dissertation uses a various form of

these synthesis equations.

2.2.0.2 Ovarian model

The ovarian model tracks sensitive follicle mass as it moves through the biological phases of the

menstrual cycle: follicular phase and luteal phase (see Fig 2.1). To simulate a delayed effect the model

breaks each of the phases into multiple stages and adds two compartments as a transition from

the follicular to luteal phase labeled Sc1 and Sc2 which represent the scarring of the follicle during

ovulation. Ovarian hormone production is calculated as a result of the amount of mass in each

stage in the auxiliary equations. It is assumed that serum concentrations of the ovarian hormones

are at a quasi-steady state, i.e. the hormone concentration is proportional to the masses. This is an

assumption formulated in [Bog72a] and used in model construction in the original menstrual cycle

model from [Sel99].

A set of structure example equations for the ovarian stages is listed in Eqs (2.6a)-(2.6i) and asso-

ciated auxiliary equations can see seen in Eqs (2.6j)-(2.6m). The follicular phase is broken into 3

stages: recruited follicle (R c F ), growing follicle (G r F ), and dominant follicle (D o m F ). The mass

tracked cannot be thought of directly as mass of the follicles, but as mass of follicle contributing to
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corresponding hormone production. For instance, estrogen is produced by follicles in the mid to

late follicular phase and in the late luteal phase, so the auxiliary equation for estrogen (Eq (2.6j))

is proportional to mass in the G r F , D o m F , and Lu t4. Ovulation is broken into two stages (S c 1

and S c 2) and the luteal phase into four stages (Lu t 1 through Lu t ). Equations calculating ovarian

hormones (E 2, P 4, and Inhibin A (I nh)) assumed proportional to masses in different stages are

shown in Eqs (2.6j)-(2.6m). Also in Eq (2.6j) and Eq (2.6k) are where an exogenous doses of estrogen

(ed o s e ) and progestin (pd o s e ) respectively are added. It is assumed that the added hormone (pro-

gestin or estrogen) acts as the endogenous hormone would. Also described in Eq (2.6l) is a term

representing the applied progesterone (Pa p p ) to the system. The applied progesterone is meant to

encompass dynamics involving progesterone receptor expression due to estrogen. It is in the model

everywhere progesterone has an effect. This will be discussed in more detail in the contraceptive

components section.

The model equations listed in equations (2.6) contain various parameters we do not discuss in

detail here. Later chapters discuss the parameters explicitly that are used in the submodel.
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State Variables

d

d t
R c F =

b F SH + c1F SH

(1+Pa p p/K iR c F,P )ξ
R c F − c2LH αR c F (2.6a)

d

d t
G r F = c2LH αR c F − c3LH ·G r F (2.6b)

d

d t
D o m F = c3LH ·G r F − c4LH γD o m F (2.6c)

d

d t
S c1 = c4LH γD o m F −d1S c1 (2.6d)

d

d t
S c2 = d1S c1−d2S c2 (2.6e)

d

d t
Lu t1 = d2S c2−k1Lu t1 (2.6f)

d

d t
Lu t2 = k1Lu t1−k2Lu t2 (2.6g)

d

d t
Lu t3 = k2Lu t2−k3Lu t3 (2.6h)

d

d t
Lu t4 = k3Lu t3−k4Lu t4 (2.6i)

Auxiliary Equations

E2 = e0+ e1G r F + e2D o m F + e3Lu t4+ ed o s e (2.6j)

P4 = p0+p1Lu t3+p2Lu t4+pd o s e (2.6k)

Pa p p = P4

 

.5+ .5
E
µ
2

K m
µ
Pe f f
+E

µ
2

!

(2.6l)

I nh = h0+h1D o m F +h2Lu t2+h3Lu t3 (2.6m)
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CHAPTER

3

FOLLICLE WAVES

3.1 Introduction

This chapter includes the manuscript Panza NM, Wright AA, Selgrade JF (2016). Delay differential

equation model of follicle waves in women. J Biol Dyn 10(1):200–221. My role in this paper consisted

of adapting the model for use with DDEBifTool, sensitivity analysis, and dynamical analysis. The

following material is taken verbatim from this paper.

Deterministic, mathematical models consisting of systems of differential equations have been

used to describe hormonal regulation of the human menstrual cycle, e.g., Bogumil et al., 1972a, 1972b

[Bae03b; Bae03a], Plouffe and Luxenberg, 1992 [LP92], Harris-Clark et al., 2003 [HC03], Reinecke

and Deuflhard, 2007 [Rei07], Pasteur and Selgrade, 2011 [Pas11], Roblitz et al., 2013 [Rob13], and

Chen and Ward, 2014 [Che14]. This physiological system may be considered dual control because

hormones secreted by the hypothalamus and the pituitary glands affect the ovaries and the ovarian

hormones affect the brain, see Figure 3.1. Gonadotropin releasing hormone (GnRH) produced by

the hypothalamus promotes the synthesis in the pituitary of follicle stimulating hormone (FSH) and

luteinizing hormone (LH), which control ovarian activity and ovulation, see [Hot94; Yen05; Zel94].

In turn, the ovaries produce estradiol (E2), progesterone (P4), inhibin A (InhA) and inhibin B (InhB)

which influence the synthesis and release of FSH and LH, see [Kar73; Liu83; Wan76].

The menstrual cycle consists of the follicular phase, ovulation and the luteal phase (Figure 3.1)

with average duration of 28 days [Tre67]. During the follicular phase, FSH initiates the development
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Figure 3.1 The menstrual cycle is controlled by hormones secreted by the hypothalamus and the pituitary
and by the ovaries. The cycle begins with menstruation and then follicles develop during the follicular
phase. Ovulation occurs followed by the luteal phase during which hormones are secreted for pregnancy.
The solid arrows indicate the effects of the gonadotropin hormones (red arrows) on the ovaries and the
effects of the ovarian hormones (blue arrows) on the brain during the phases of the cycle.
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of 6 to 12 follicles and a dominant follicle is selected to grow to maturity [Ode79; Oje92]. These

follicles produce E2 which primes the pituitary to secrete LH in large amounts. At mid-cycle, a rise

and fall of LH over a period of 5 days causes the dominant follicle to release its ovum and this LH

surge is necessary for ovulation. The dominant follicle becomes the corpus luteum, which produces

E2 and P4 in preparation for pregnancy. If fertilization does not occur, the corpus luteum atrophies

which signals the end of one cycle and the beginning of the next.

In mammals such as cows, horses and sheep, it has been known (Fortune [For94]) that multiple

follicles of ovulatory size develop during a single reproductive cycle but only one releases an ovum.

Because these follicles grow sequentially (e.g., Figure 3.2, Panel a), they are described as follicle

waves (Ginther et al. [Gin05]). The growth of two or three follicle waves of this sort is stimulated by

separate waves of FSH. Because luteal P4 suppresses a LH surge, the ovulatory follicle arises from

the cohort that matures after the corpus luteum has atrophied and P4 has diminished. Baerwald

et al. [Bae03a; Bae03b] have observed follicle waves in normally cycling women. In Baerwald et al.

[Bae12], two or three follicle waves were illustrated during one menstrual cycle. These waves are

initiated by rises in FSH levels. Specifically, for a two wave cycle, the first wave is produced by the

early follicular phase rise in FSH and the second wave, by the sharp FSH spike concurrent with the

LH surge at mid-cycle (see Figure 3.2, Panel b). The follicle wave corresponding to the mid-cycle FSH

spike develops during the luteal phase of the cycle but does not ovulate because of the absence of a

luteal LH surge (suppressed by luteal P4) and possibly because the follicle does not reach ovulatory

size. When the third wave appears, it develops in response to an unusual late luteal/early follicular

rise in FSH (see Figure 3.3, Panel e) as reported by Baerwald et al. [Bae12].
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Figure 3.2 Graphs are taken from Baerwald et al. [Bae12], based on results from Baerwald et al. (2003a,b)
[Bae03a; Bae03b]. Panel (a) depicts 2 follicle waves per cycle and the corpus luteum (yellow body). Panels
(b) and (c) graph corresponding LH, FSH, E2, and P4 concentrations. Two-thirds of the women studied
had cycles exhibiting 2 follicle waves per cycle and their results are shown. Note that 2 follicle waves per
cycle corresponds to 2 rises in FSH. From A.R. Baerwald, G.P. Adams, and R.A. Pierson, Ovarian antral fol-
liculogenesis during the human menstrual cycle: a review, Human Reproduction Update, 2012, volume 18,
issue 1, pages 73-91 by permission of Oxford University Press. Human Reproduction Update is published
on behalf of the European Society of Human Reproduction and Embryology (ESHRE).
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Figure 3.3 Graphs are taken from Baerwald et al. [Bae12], based on results from Baerwald et al. (2003a,b)
[Bae03a; Bae03b]. Panel (d) depicts 3 follicle waves per cycle and the corpus luteum (yellow body). Panels
(e) and (f ) graph corresponding LH, FSH, E2, and P4 concentrations. One-third of the women studied had
cycles exhibiting 3 follicle waves per cycle and their results are shown. Note that 3 follicle waves per cycle
corresponds to 3 rises in FSH. From A.R. Baerwald, G.P. Adams, and R.A. Pierson, Ovarian antral follicu-
logenesis during the human menstrual cycle: a review, Human Reproduction Update, 2012, volume 18,
issue 1, pages 73-91 by permission of Oxford University Press. Human Reproduction Update is published
on behalf of the European Society of Human Reproduction and Embryology (ESHRE).
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In this study, we illustrate follicle waves in normally cycling women by modifying the mathemat-

ical model introduced in Harris’ thesis [Har01] and Harris-Clark et al., 2003 [HC03], which consists of

13 nonlinear, delay differential equations. We alter this system by including a single FSH threshold

function to stimulate the growth of the first stage of follicular development as suggested by Zeleznik

[Zel04]. With a FSH threshold, the follicular phase rise in FSH and the mid-cycle surge in FSH will

both promote the development of dominant follicles and the possibility of dual ovulations. To pre-

vent a second dominant follicle, we add follicle atresia which depends on LH and this suppresses the

development of a dominant follicle stage during the luteal phase. In her thesis, Margolskee [Mar13]

was the first to experiment with FSH thresholds and atresia and to demonstrate the possibility of

follicle waves in a mathematical model.

The parameters of our system of differential equations are estimated here using the data of

McLachlan et al. [McL90a]. These data resemble the Baerwald hormone profiles in Figure 3.2 but also

include inhibin A which is needed in our model because of its effect on FSH synthesis (see Section

3.2.1). Simulations of our model approximate well the pituitary and ovarian hormone profiles in

McLachlan et al. [McL90a]. Also, simulations of the different stages of follicle development exhibit

a follicle wave resulting in a dominant follicle during the follicular phase and a second wave of

nonovulatory follicles during the early luteal phase similar to those depicted in Figure 3.2, Panel

(a). Numerical experiments are carried out to show that this model may also produce three follicle

waves per cycle. In particular, we input a FSH profile similar to that in Panel (e) of Figure 3.3 to

illustrate that our model can produce three follicle waves like those in Panel (d) of Figure 3.3.

An interesting biological question is what conditions permit an ovulation from the second folli-

cle wave and, hence, the possibility of fertilization of two ova at different times during the same

menstrual cycle. The occurrence of dizygotic twins [Hal03] in such a case is referred to as superfe-

cundation [Jam80; Wen92]. Our model may be used to illustrate the possibility of superfecundation.

By removing the atresia term and making some other parameter modifications, we show that the

second follicle wave can result in a second dominant follicle which will elicit a second LH surge and

another ovulation.

3.2 Model Development

Many mathematical models for hormonal control of the menstrual cycle track blood levels of

hormones produced by the brain and the ovaries during the follicular and luteal phases of the

cycle using systems of differential equations. Our model is based on a nonlinear system of 13

delay, differential equations first presented in Harris-Clark et al. [HC03] which includes the five

reproductive hormones LH, FSH, E2, P4, and InhA. Model parameters are estimated using data for 33

normally cycling women in McLachlan et al. [McL90a]which provides average daily blood levels of

the 5 hormones over a 31 day month. Because the ovaries respond to daily averages (Odell [Ode79]),
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our model lumps the effects of the hypothalamus and the pituitary together and we consider ovarian

hormone regulation of the synthesis and release of FSH and LH on a time scale of days (see Section

3.2.1). In addition, because the clearance of the ovarian hormones from the blood is rapid compared

to the clearance of the pituitary hormones and compared to the time scale for ovarian development,

we assume that the blood levels of the ovarian hormones are at quasi-steady state [Kee09]. Hence,

their concentrations are expressed as linear combinations of ovarian stages of the cycle (see Section

3.2.2). These simplifications permit the use of a daily time scale to track hormonal variation during

the cycle. Finally, similar to the approach of Harris-Clark et al. [HC03], we construct our model in

three steps: a pituitary system, an ovarian system, and the full system.

3.2.1 The Pituitary System

Four differential equations are used to represent the synthesis, release, and clearance of LH and

FSH from the pituitary into the blood under control of the ovarian hormones (Figure 3.4). These

equations were derived in Schlosser and Selgrade [Sch00] where the state variables, R PLH and

R PF SH , represent the amounts of LH and FSH in the pituitary reserve pool and the state variables,

LH and F SH , represent concentrations in the blood. Assuming V is constant blood volume, the

four equations take the general form:

d

d t
R PLH = synthLH − relLH (3.1)

d

d t
LH =

1

V
relLH − clearLH (3.2)

d

d t
R PF SH = synthF SH − relF SH (3.3)

d

d t
F SH =

1

V
relF SH − clearF SH (3.4)

Synthesis and release rates for LH and FSH are described as rational functions of ovarian hormones

in which stimulatory effects appear in the numerators and inhibitory effects appear in the denomi-

nators. Clinical research has indicated that P4 stimulates the release of LH and FSH into circulation

(see [Cha78]) and that low levels of E2 inhibit the release of LH and FSH (see [Tsa71]). Also, it has

been shown [Liu83; Yen05] that the high levels of E2 produced by the dominant follicle elicit the

mid-cycle LH surge, so the numerator of the LH synthesis term contains a Hill function of E2 to

reflect this effect on LH. The inhibins inhibit FSH synthesis [Yen05].
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These features are discussed in detail in Schlosser and Selgrade [Sch00] and Harris-Clark et al.

[HC03]where the following system expands eqs.(3.1)-(3.4):

d

d t
R PLH =

v0LH +
v1LH E2(t −dE )a

K m a
LH +E2(t −dE )a

1+
P4(t −dP )

K iLH ,P

−
kLH (1+ cLH ,P P4)R PLH

1+ cLH ,E E2
(3.5)

d

d t
LH =

1

V

kLH (1+ cLH ,P P4)R PLH

1+ cLH ,E E2
−aLH LH (3.6)

d

d t
R PF SH =

vF SH

1+
I nh A(t −dI nh A)

K iF SH ,I nh A

−
kF SH (1+ cF SH ,P P4)R PF SH

1+ cF SH ,E E 2
2

(3.7)

d

d t
F SH =

1

V

kF SH (1+ cF SH ,P P4)R PF SH

1+ cF SH ,E E 2
2

−aF SH F SH (3.8)

Figure 3.4 The brain and the blood compartments for the pituitary model are illustrated. E2, P4, and InhA
stimulate (+) and/or inhibit (-) the synthesis and/or release of the pituitary hormones. Clearance from the
blood is linear.

The data of McLachlan et al. [McL90a] for the ovarian hormones are used to obtained statistical

fits for input functions E2(t ), P4(t ), and I nh A(t ) in eqs.(3.5)-(3.8). Thus, in this step of the modeling

process, eqs.(3.5)-(3.8) are time-dependent ordinary differential equations which are linear in the

state variables, R PLH , LH , R PF SH and F SH . The parameters dE , dP , and dI nh A denote the period
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of time between when changes in E2, P4, InhA blood levels occur and changes in the synthesis rates

of LH and FSH result. These time-delays are used only in the synthesis terms because we assume

that hormone synthesis is a more complicated biological process than hormone release. Then the

data of McLachlan et al. [McL90a] for LH and FSH are used to estimate the 16 unknown parameters

of eqs.(3.5)-(3.8) as was done in Harris-Clark et al. [HC03].

3.2.2 The Ovarian System

The ovarian model, first developed by Selgrade and Schlosser [Sel99], describes nine stages in the

monthly growth and development of the ovaries. FSH and LH promote the growth of follicular tissue

within a stage and the transfer of follicular tissue from one stage to the next. The capacity to produce

hormones at each stage of the cycle is assumed to be proportional to the mass of the ovarian follicles

or corpus lutea at that stage. The nine stages are:

• (R c F ) Recruited Stage: FSH induced recruitment from the preantral pool

• (G r F ) Growing Stage: FSH sustaining growth of cohort

• (D o m F ) Dominant Stage: Selection of a dominant follicle

• (O v F1) First Ovulatory Stage: Follicle ovulation

• (O v F2) Second Ovulatory Stage: Follicle luteinization

• (Lu t1−4) Luteal Stages: Four stages of corpus luteum decay.

The increase of mass and transfer of mass for each stage is described by a differential equation which

is linear in the state variables with coefficients depending on the pituitary hormones. A transfer

term in one equation appears as a growth term in the next equation as follows.
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d

d t
R c F = b · F SH +

c1 F SH p

K m
p
F + F SH p

R c F − c2 LH αR c F (3.9)

d

d t
G r F = c2 LH αR c F + (c3 LH β − c4 LH )G r F (3.10)

d

d t
D o m F = c4 LH ·G r F − c5 LH γD o m F −

ca t r D o m F

1+ (LH /K ia t r )q
(3.11)

d

d t
O v F1 = c5 LH γD o m F −d1 O v F1 (3.12)

d

d t
O v F2 = d1 O v F1−d2 O v F2 (3.13)

d

d t
Lu t1 = d2 O v F2−k1 Lu t1 (3.14)

d

d t
Lu t2 = k1 Lu t1−k2 Lu t2 (3.15)

d

d t
Lu t3 = k2 Lu t2−k3 Lu t3 (3.16)

d

d t
Lu t4 = k3 Lu t3−k4 Lu t4 (3.17)

Applying the quasi-steady state assumption as did Bogumil et al. [Bog72a; Bog72b], we write ovarian

hormone concentrations as linear combinations of the stages that secrete these hormones:

E2 = e0+ e1 G r F + e2 D o m F + e3 Lu t4 (3.18)

P4 = p0+p1 Lu t3+p2 Lu t4 (3.19)

I nh A = h0+h1 D o m F +h2 Lu t2+h3 Lu t3+h4 Lu t4 (3.20)

The ovarian system of previous models [Sel99; HC03; Sel09; Mar11] used first order FSH terms

to initiate follicular growth. However, Zeleznik (2004) [Zel04] suggests that FSH levels must exceed a

threshold to initiate follicular development. Such a threshold effect may be captured mathematically

using the Hill function of FSH in eq.(3.9):

c1 F SH p

K m
p
F + F SH p

.

This function of FSH has an increasing sigmoidal shaped graph. The Hill coefficient p determines the

steepness of the graph, the parameter c1 is the limiting value of the function, and the half-saturation

parameter K mF is the FSH value giving a function value of 0.5 c1. Here we show that parameters

may be found so that this single Hill function as it appears in the differential equation (3.9) results

in the appearance of two follicle waves.
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For a normally cycling woman, only the wave occurring in the folliclular phase will result in an

ovulating follicle. To prevent a second dominant follicle, we add follicle atresia in eq.(3.11) which

depends inversely on LH:

ca t r D o m F

1+ (LH /K ia t r )q
.

Because luteal P4 inhibits LH synthesis, LH is low during the luteal phase resulting in a larger

atresia term. Hence a luteal phase follicle wave does not produce a dominant follicle and no second

ovulation occurs. In Section 3.5, we show that the removal of this atresia term does result in a second

ovulation and the possibility of fraternal twins.

In eqs.(3.9)-(3.17), F SH (t ) and LH (t ) are explicit functions of time t obtained statistically from

the pituitary hormone data of McLachlan et al. [McL90a]. Then the McLachlan data for E2, P4, and

InhA are used to estimate the 32 parameters in eqs.(3.9)-(3.20) as was done in Section 3.2.1.

3.2.3 The Merged System

The third and final step of model construction is to merge the pituitary system and ovarian system

together to create a single 13-dimensional system of differential equations (3.5)-(3.17) with three

auxiliary equations (3.18)-(3.20). The nonlinear coefficient functions of the inputs in Sections 3.2.1

and 3.2.2 now become nonlinear functions of state variables so the system is highly nonlinear. The

parameters dE , dP , and dI nh A are discrete time-delays so (3.5)-(3.17) are delay differential equations.

The 51 parameters of (3.5)-(3.20) must be re-estimated using the data of McLachlan et al. [McL90a]

but the parameters found in Sections 3.2.1 and 3.2.2 are good starting values. Optimized parameters

are obtained using least squares and the Nelder-Mead Simplex method implemented in MATLAB

[Nel65] (see Panza [Pan01] for details). These parameters are listed in Table 3.1.

3.3 Model Simulations – Two Follicle Waves

Numerical solutions to eqs.(3.5)-(3.20) are computed using the delay equations solver DDE23 in

MATLAB. Testing a variety of initial conditions indicates that solutions approach a unique stable

solution of period approximately 31.5 days. Initial conditions for this stable cycle are listed in Table

3.2 and are used to plot the follicle stages for two complete cycles in Figure 3.5 and the four hormones

LH, FSH, E2, and P4 against the data of McLachlan et al. [McL90a] in Figures 3.6 and 3.7. The left

panel of Figure 3.5 displays the first 3 ovarian follicle stages, the recruited stage R c F , the growing

stage G r F , and the dominant stage D o m F . R c F and G r F exhibit two follicle waves – a large

follicular phase wave which becomes the dominant, ovulatory follicle and a smaller luteal phase

wave. The atresia term in eq.(3.11) eliminates a luteal phase dominant follicle. In fact, the atresia
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is so successful at reducing the dominant stage after midcycle that all subsequent stages, O v F1

through Lu t4, are quite small (see the right panel in Figure 3.5).
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Figure 3.5 All ovarian follicle stages for the merged model eqs.(3.5)-(3.20) with parameters of Table 3.1 are
shown for two cycles. The model maintains two follicle waves for the recruited RcF and growing GrF stages
(left panel). The atresia term reduces the dominant stage DomF after midcycle and effectively results in
small subsequent ovarian stages (right panel).

From eqs.(3.18)-(3.20) for the ovarian hormones, note that the second follicle wave affects only

E2 and this is because of the G r F term in eq.(3.18). As a result, the luteal E2 peak is higher than the

data and almost 80% of the follicular E2 peak (see Figure 3.6, left panel). Because E2 promotes LH

synthesis, eq.(3.5), there is additional LH in the luteal phase appearing as a small bump in the LH

profile (see Figure 3.7, left panel). P4, which depends on the luteal stages, does not reach the luteal

data peak (see Figure 3.6, right panel) because these stages are small.

3.4 Three Follicle Waves

Baerwald et al. [Bae12] illustrated three follicle waves per cycle depicted in Figure 3.3, Panel (d).

Each wave corresponds to a different peak in FSH as observed in Figure 3.3, Panel (e), where a late

luteal rise in FSH is interrupted by an early follicular dip in the FSH graph followed by its normal

follicular phase rise. Daily FSH data for such a FSH profile are not available for us to use in a full

model simulation. However, in order to test if our model can generate three follicle waves from this

type of FSH profile, we use the ovarian model component discussed and implemented in Section

3.2.2. An input function LH (t ) is obtained from the data of McLachlan et al. [McL90a] as done in

Section 3.2.2 but a new input for F SH (t ) is defined using negative exponential functions of t to
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Figure 3.6 Ovarian hormones E2 and P4 for the merged model eqs.(3.5)-(3.20) with parameters of Table 3.1
are plotted against the McLachlan data [McL90a] for two cycles.
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Figure 3.7 Pituitary hormones LH and FSH for the merged model eqs.(3.5)-(3.20) with parameters of Table
3.1 are plotted against the McLachlan data [McL90a] for two cycles.
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position three appropriately spaced rises as follows:

F SH = 82.5+190e
−
(t −8)2

10 +180e
−
(t −0.3)2

0.4 +400e
−
(t −15.2)2

3 −20e
−
(t −24)2

15 . (3.21)

This FSH profile is scaled to be consistent with the McLachlan data and is plotted in Figure 3.8.
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Figure 3.8 The FSH input function (3.21) has three distinct rises during one cycle and is used to produce
three follicle waves.

These input functions for LH (t )and F SH (t )are inserted into the system of differential equations

(3.9)-(3.17) with auxiliary equations (3.18)-(3.20) to produce three follicle waves per cycle (Figure 3.9).

The data for E2, P4, and InhA from McLachlan et al. [McL90a] are used to optimize the parameters

(see Panza [Pan01] for details) and these parameters are listed in Table 3.3. Figure 3.10 plots model

simulations of the ovarian hormones against the data of McLachlan et al. [McL90a]. Notice that

three waves occur for the first two ovarian stages R c F and G r F but the atresia term eliminates the

first and third waves in the dominate stage (Figure 3.9, left panel). To prevent an early follicular rise

in E2 (Figure 3.10), we reduce the parameter e1 in eq.(3.18) to one-half of its value for the two wave

model (compare Tables 3.1 and 3.3).
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Figure 3.9 Follicle stages are plotted for eqs.(3.9)-(3.20) where the FSH input (3.21) has three distinct rises.
The parameters are given in Table 3.3. The left panel depicts the first three stages of follicle growth and
isolates waves in the recruited RcF (-) and the growing GrF (-) stages. Note that DomF (-) exhibits only one
wave. The right panel gives the complete set of nine follicle stages.

3.5 Superfecundation

Dizygotic twinning may happen when multiple ovulations occur during a single or consecutive

menstrual cycles and two oocytes are fertilized [Hal03]. In recent years, the incidence of this has

increased partially due to more women receiving fertility treatments and more older women be-

coming pregnant [Bor99; Wes97]. Though rare, dizygotic twins via superfecundation could be a

direct consequence of multiple follicle waves per cycle. Superfecundation is the ovulation and

fertilization of two oocytes at different times during the same menstrual cycle [Jam80]. This may

occur if two follicle waves result in two dominant, ovulatory follicles during the same cycle. Most

cases of superfecundation are noticed only when the twins have different fathers because they look

drastically different or by chance a paternity test is conducted. A recent child support case was

deemed ‘groundbreaking’ because the paternity test on twins showed that they had different fathers

and the father who was being sued only had to pay support for one of the twins [Mue15].

Here we show that removing the atresia term from eq.(3.11) and changing some parameters

cause a luteal phase dominant follicle which secretes enough E2 to elicit a second LH surge and a

second ovulation. If both oocytes are fertilized then dizygotic twins may result. First, setting the

parameter ca t r to zero removes the atresia term in eq.(3.11). This permits the growth of a dominant

follicle stage during the luteal phase (Figure 3.11) and the resulting secretion of large amounts of

25



0 10 20 30 40 50 60
0

100

200

300

400

  
E

2

 

 

E2 model

E2 data

0 10 20 30 40 50 60
0

5

10

15

20

  
P

4

 

 

P4 model

P4 data

0 10 20 30 40 50 60
0

500

1000

1500

  Time (days)

  
In

h
A

 

 

InhA model

InhA data

Figure 3.10 The data of McLachlan et al. [McL90a] for the ovarian hormones is compared to simulations of
eqs.(3.9)-(3.20) with parameters of Table 3.3. The FSH input function (3.21) with three distinct rises is used.
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luteal E2 (Figure 3.12). E2 promotes the synthesis of LH but P4 inhibits LH (see the first term in eq.

3.5). To guarantee a luteal LH surge (Figure 3.12) we diminish luteal P4 via eq.(3.19) by decreasing

parameter p1 slightly and parameter p2 by a factor of 10, (compare Table 3.1 and Table 3.4). Other

ad hoc parameter adjustments are made to insure two LH surges of comparable strength, e.g., v1LH

is increased and v0LH is decreased. Then the data for FSH, E2, and InhA from McLachlan et al.

[McL90a] are used to optimize remaining parameters (see Panza [Pan01] for details).
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Figure 3.11 The first 3 stages of ovarian development for the model of follicle wave superfecundation are
plotted for two cycles. The parameters are given in Table 3.4. The luteal phase DomF (-) stage produces
large amounts of luteal E2 which causes a second LH surge, Figure 3.12.

3.6 Sensitivity and Bifurcation Analyses

Sensitivity analysis measures changes in system behavior with respect to changes in parameters

[Yue06]. The purpose is to identify the parameters that have the largest impact on the dynamical

behavior of the system. The parameters that greatly affect the model output when changed slightly

are known as sensitive parameters while the parameters that have little effect on the model output are

known as insensitive parameters [Pop09]. Local sensitivity analysis examines the effects the system

undergoes when each parameter is changed one at a time. Here model outputs of crucial importance

are the follicular phase E2 peak because it affects the LH surge and the FSH profile because it

determines the follicle waves. So Panza [Pan01] computes a normalized sensitivity coefficient for

each model parameter measuring changes in E2 for four days centered at the E2 peak (ranked in
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Figure 3.12 E2 and LH from the model of follicle wave superfecundation is compared to the McLachlan
data [McL90a] for two cycles. During one cycle, a second LH surge is present due to increased luteal E2
levels produced by a second dominant follicle. A second LH surge allows for ovulation of the second domi-
nant follicle for potential fertilization resulting in superfecundation.

Table 3.5, column 2) and another coefficient for changes in FSH for one complete cycle (ranked in

Table 3.5, column 3). The five most sensitive parameters are ranked in Table 3.5 with vF SH being

the most sensitive for both model outputs. Notice that the five most sensitive parameters are the

same for both outputs. The parameters vF SH , v0LH , and K mLH affect the synthesis of the pituitary

hormones, which control ovarian development. K mF is the half-satuation for the Hill function

which promotes the growth of the first follicle stage R c F and α affects the transfer of mass from

R c F to G r F (see eq.(3.9)). These two are the stages which exhibit follicle wave behavior.

Numerical simulations of eqs.(3.5)-(3.20) with parameters from Table 3.1, which were optimized

using the data of McLachlan et al. [McL90a], indicate that the stable cycle is unique (Figures 3.6

and 3.7). If the sensitive parameters in Table 3.5 are varied near their best-fit values, the unique

stable cycle appears to persist. Using the bifurcation software for delay differential equations,

DDEBIFTOOL [Eng00], confirms this suspicion by displaying a simple continuation curve through

the best-fit value and no bifurcations nearby (see Figure 3.13 for the parameter K mF ). Hence, a

woman whose reproductive cycle is determined by this parameter set would cycle normally and

small perturbations would not significantly disturb her cycle.

The superfecundation system, eqs.(3.5)-(3.20) with parameters from Table 3.4, produces dom-

inant follicles D o m F in both the follicular and luteal phases of the cycle primarily because of

the absence of atresia. Introducing atresia by permitting the atresia coefficient ca t r to be nonzero

and by taking q = 2.36 and K ia t r = 4.69 results in interesting dynamical behavior. Increasing ca t r

diminishes the dominant follicle and the LH surge during the follicular phase but not the luteal

phase (Figure 3.14). For ca t r near 20, the follicular phase LH surge is clearly too small to cause
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Figure 3.13 This bifurcation diagram plots the maximal LH value along a periodic solution of eqs.(3.5)-
(3.20) against K mF with the remaining parameters from Table 3.1. SN denotes a saddle-node bifurcation
and the ∗ indicates the position of the cycle for best-fit K mF = 115.18. The solid blue curve represents
stable cycles and the dashed red curve, unstable cycles.

ovulation so ovulation occurs only during the luteal phase and the possibility of superfecundation is

lost. For a woman whose cycle is described by this situation, her cycle length is normal (here about

30 days) but ovulation occurs much later than mid-cycle. Observe the LH profile in Figure 3.15, left

panel, where the LH surge occurs at day 19 instead of day 15.

As ca t r increases above 20, a cascade of period-doubling bifurcations occurs. At ca t r ≈ 22.654, the

cycle of period 30 days becomes unstable and a stable cycle of about 60 days appears as observed by

comparing the LH profiles for ca t r = 22.6517 and ca t r = 22.7841 (Figure 3.15). Then at ca t r ≈ 22.785,

a second period-doubling bifurcation occurs and a stable cycle of approximately 120 days appears.

A portion of the bifurcation diagram showing these two period-doubling bifurcations is drawn in

Figure 3.16.

The sequence of bifurcations as ca t r increases from 22.5 to 23 resembles the standard period-

doubling route to chaos [Dev92]with a chaotic cycle at ca t r = 22.85 and a period-6 window around

ca t r = 22.894 (Figure 3.17). The left panel of Figure 3.17 plots a menstrual cycle which is not exactly

periodic but there are 12 LH surges per year. The right panel of Figure 3.17 plots a stable cycle of

period about 180 days which is roughly six times the period of the cycle at ca t r = 22.6517. Such a

interval in a bifurcation diagram is referred to as a period-6 window. A woman whose reproductive

cycle is represented by this parameter regime could experience unpredictable cycles. This indicates

the the two models corresponding to the parameters of Table 3.1 or of Table 3.4 with atresia are quite

different. The model corresponding to Table 3.1 depicts a normally cycling woman with hormone
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Figure 3.14 DomF and LH for the superfecundation model for three values of ca t r show a diminishing
dominant follicle and LH surge during the follicular phase. If ca t r ≈ 20, there is just one ovulation per
cycle.
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Figure 3.15 LH profiles for ca t r = 22.6517 and ca t r = 22.7841 illustrating that the period of the stable cycle
doubles between these values, i.e., a period-doubling bifurcation occurs.
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Figure 3.16 The maximal LH value along a periodic solution of eqs.(3.5)-(3.20) is plotted against ca t r

with q = 2.36, K ia t r = 4.69, and the remaining parameters from Table 3.4. PD denotes period-doubling
bifurcations which occur at ca t r ≈ 22.654 and ca t r ≈ 22.785. The solid blue curves represent stable cycles
and the dashed red curves, unstable cycles.

levels consistent with data in the literature [McL90a] and exhibiting two follicle waves per cycle.

The model corresponding to Table 3.4 with atresia added represents a woman who may experience

superfecundation but also whose cycle is easily disturbed by small variations in follicle atresia.

3.7 Summary and Discussion

This study describes a system of 13 nonlinear, delay differential equations with 51 parameters which

models the phenomenon of follicle waves in normally cycling women first observed by Baerwald

et al. [Bae03a; Bae03b; Bae12]. Using model eqs.(3.5)-(3.20), we exhibit menstrual cycles with two

or three follicle waves corresponding to the number of rises in blood levels of FSH. Simulations

with the parameters of Table 3.1 depict two follicle waves per cycle and resulting hormone profiles

accurately approximate the data of McLachlan et al. [McL90a] (Figures 3.6 and 3.7). Data with three

distinctive rises in FSH are not available but we use the input function plotted in Figure 3.8 with

three FSH hills timed to correspond to the hills of Panel (e) in Figure 3.3 from Baerwald et al. [Bae12].

This input function in eqs.(3.9)-(3.20) with the parameters of Table 3.3 causes the formation of three

follicle waves as depicted in Figure 3.9 and the resulting ovarian hormones are plotted against the

data of McLachlan et al. [McL90a] in Figure 3.10. We conjecture that variations in InhB levels during

the late luteal to early follicular transition might cause a FSH profile like Figure 3.3, Panel (e), but we

do not have data to substantiate this conjecture. Since InhB inhibits FSH synthesis and is prominent

during the late luteal to early follicular transition, decreases in InhB would result in increases in
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Figure 3.17 The left panel illustrates the LH profile of a stable, chaotic cycle at ca t r = 22.85. There are 12 LH
surges per year but they do not have the same magnitude. The right panel plots the LH profile of a stable
cycle of period approximately 180 days at ca t r = 22.894. This indicates the presence of a period-6 window
in the ca t r bifurcation diagram.

FSH.

The inclusion of an atresia term in eq.(3.11) prevents more than one ovulation per cycle. We show

that removing this term and making some parameter adjustments permit two ovulations per cycle

and, hence, the possibility of dizygotic twins via superfecundation. Simulations of eqs.(3.5)-(3.20)

with parameters of Table 3.4 exhibit two dominant follicles per cycle (Figure 3.11) and two LH surges

(Figure 3.12, right panel). This situation results in two ovulations per cycle. Introducing atresia back

into the superfecundation system by taking q = 2.36 and K ia t r = 4.69 and increasing ca t r from zero,

causes the loss of superfecundation and a cascade of period-doubling bifurcations. This system

may produce erratic menstrual cycle behavior. Hence, although model equations are the same, the

two models corresponding to the parameters of Table 3.1 or of Table 3.4 with atresia have different

dynamical behavior and represent women with noticeably different reproductive hormone profiles.

Research on this project was made possible by a grant from the NSF and with help and guidance

from Angela Baerwald.
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Table 3.1 Parameters for the merged, two-wave model eqs.(3.5)-(3.20) fitting the McLachlan data [McL90a].
All of the following optimized parameters were truncated to two significant decimal digits.

Param. Value Units
a 11 dimensionless
V 2.5 L
aLH 14 1/day
aF SH 8.21 1/day
v0LH 1577.78 µg /day
v1LH 25,288.06 µg /day
K mLH 228.65 ng/L
K iLH ,P 3.01 µg /L
kLH 12.26 1/day
cLH ,P 0.085 L/ µg
cLH ,E 9.22E-08 L/ng
dE 0.47 days
dP 0.80 days
vF SH 5190.68 µg /day
K iF SH ,I nh A 654.11 U/L
kF SH 12.83 1/day
cF SH ,P 2.46 L/ µg
cF SH ,E 0.0019 (L/ng)2

dI nh A 1.66 days
α 0.31 dimensionless
β 0.022 dimensionless
γ 0.011 dimensionless
b 0.60 L/day
c1 1.59 1/day
c2 0.51 (L/µg)α(1/day)
c3 0.057 (L/µg)β (1/day)

Param. Value Units
c4 0.025 (L/µg)(1/day)
c5 0.30 (L/µg)γ(1/day)
d1 0.70 1/day
d2 0.59 1/day
k1 0.66 1/day
k2 0.63 1/day
k3 0.60 1/day
k4 0.80 1/day
K mF 115.18 µg/L
p 19.80 dimensionless
ca t r 615.89 1/day
K ia t r 4.69 µg/L
q 2.36 dimensionless
e0 0.00 ng/L
e1 0.023 1/kL
e2 0.025 1/kL
e3 0.14 1/kL
p0 0.00 µg/L
p1 0.0063 1/L
p2 0.0025 1/L
h0 208.76 U/L
h1 0.0040 (U/L)/ µg
h2 0.00 (U/L)/ µg
h3 0.66 (U/L)/ µg
h4 0.00098 (U/L)/ µg
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Table 3.2 Initial conditions for the two-wave merged model eqs.(3.5)-(3.20) used for simulations plotted in
Figures 3.5, 3.6, and 3.7.

State Value Units
R PLH(0) 83.43 µg
LH(0) 25.34 µg/L
R PFSH(0) 442.29 µg
FSH(0) 142.50 µg/L
R c F (0) 790.68 µg
G r F (0) 1160.43 µg
D o m F (0) 113.01 µg
O v F1(0) 24.77 µg
O v F2(0) 15.19 µg
Lu t1(0) 14.94 µg
Lu t2(0) 37.76 µg
Lu t3(0) 104.52 µg
Lu t4(0) 140.12 µg
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Table 3.3 Parameters for the three-wave ovarian component model eqs.(3.9)-(3.20) fitting the McLachlan
data [McL90a]. All of the following optimized parameters were truncated to two significant decimal digits.

Parameter Value Units
α 0.31 dimensionless
β 0.20 dimensionless
γ 0.035 dimensionless
b 1.86 L/day
c1 1.31 1/day
c2 0.42 (L/µg)α(1/day)
c3 0.14 (L/µg)β (1/day)
c4 0.035 (L/µg)(1/day)
c5 0.39 (L/µg)γ(1/day)
d1 0.59 1/day
d2 0.56 1/day
k1 0.56 1/day
k2 0.63 1/day
k3 0.60 1/day
k4 0.58 1/day
K mF 122.10 µg/L
p 19.09 dimensionless
ca t r 285.45 1/day
K ia t r 8.58 µg/L
q 1.83 dimensionless
e0 16.00 ng/L
e1 0.01 1/kL
e2 0.045 1/kL
e3 0.13 1/kL
p0 0.00 µg/L
p1 0.011 1/L
p2 0.001 1/L
h0 188.05 U/L
h1 0.087 (U/L)/(µg)
h2 0.01 (U/L)/(µg)
h3 0.95 (U/L)/(µg)
h4 0.18 (U/L)/(µg)

35



Table 3.4 Superfecundation parameters for the merged, two-wave model fitting the McLachlan data
[McL90a]. All of the following optimized parameters were truncated to two significant decimal digits.

Param. Value Units
a 11 dimensionless
V 2.5 L
aLH 14 1/day
aF SH 8.21 1/day
v0LH 212.68 µg/day
v1LH 35,656.90 µg/day
K mLH 170.00 ng/L
K iLH ,P 2.81 µg/L
kLH 11.41 1/day
cLH ,P 0.084 L/µg
cLH ,E 0.0020 L/ng
dE 0.50 days
dP 1.00 days
vF SH 4500.00 µg/day
K iF SH ,I nh A 646.30 U/L
kF SH 11.55 1/day
cF SH ,P 3.16 L/µg
cF SH ,E 0.0023 (L/ng)2

dI nh A 1.74 days
α 0.30 dimensionless
β 0.020 dimensionless
γ 0.010 dimensionless
b 0.60 L/day
c1 1.56 1/day

Param. Value Units
c2 0.55 (L/µg)α(1/day)
c3 0.051 (L/µg)β (1/day)
c4 0.027 (L/µg)(1/day)
c5 0.60 (L/µg)γ(1/day)
d1 0.70 1/day
d2 0.70 1/day
k1 0.60 1/day
k2 0.65 1/day
k3 0.70 1/day
k4 0.80 1/day
K mF 115.00 µg /L
p 15.00 dimensionless
e0 0.00 ng/L
e1 0.025 1/kL
e2 0.047 1/kL
e3 0.060 1/kL
p0 0.00 µg/L
p1 0.0047 1/L
p2 0.00016 1/L
h0 140.00 U/L
h1 0.020 (U/L)/µg
h2 0.00 (U/L)/µg
h3 0.63 (U/L)/µg
h4 0.020 (U/L)/µg

Table 3.5 The five most sensitive parameters ranked in order for model eqs.(3.5)-(3.20) with parameters
from Table 3.1. The model output for the second column is E2 peak and for the third column is FSH cycle
profile. The five most sensitive parameters are the same for both outputs.

Rank E2 Peak FSH Cycle
1 vF SH vF SH

2 K mF v0LH

3 v0LH K mF

4 α K mLH

5 K mLH α
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CHAPTER

4

STRESS

Of interest in this section is the relationship between the hypothalamic-pituitary-ovarian (HPO)

axis and the hypothalamic-pituitary-adrenal (HPA) axis. The introduction of stress to a normal

cycling female has been shown to stunt and/or delay the preovulatory LH surge [Bre04; Pie09; Bre06;

Wag05]. The introduction of even a regimented exercise routine can alter a normal cycle into a

dysfunctional one with reduced LH pulse frequency [Lou89; Sou93]. Various definitions of stress exist

creating difficult metrics in which to measure response. Stress can be of a physical, psychological, or

immunological nature which have all been shown to reduce the levels of gonadotropins such as LH

[Bre06]. To simplify this situation we define "stress" as an alteration in circulating cortisol. This is a

reasonable use since altered cortisol is indicative of an active stressor on a system and considered

the primary stress hormone in humans [Bre04].

The mechanism by which cortisol affect the menstrual cycle is not entirely understood. Sugges-

tions consist of cortisol acting at the pituitary level reducing sensitivity to GnRH or at the hypothala-

mic level reducing the frequency or amplitude of pulsatile GnRH secretions. In ovariectomized ewes

is has been concluded that LH suppression is due to a decrease in pituitary responsiveness to GnRH

[Bre04]. Other studies have discussed the conclusion that cortisol acts directly on the hypothalamus

suppressing GnRH secretion [Sak93].

In this study we explore possible parameters within an existing mathematical model of the

menstrual cycle which when shifted can elicit behavior analogous to the introduction of cortisol to

a normal cycling female. We use a model presented in [Cla03] and data from [Wel99]which we will
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describe as the Welt data. In this model the hypothalamus and pituitary are a lumped model coupled

with a model of ovarian stages and relative ovarian hormone production. We explore parameter

changes in the hypothalamus-pituitary lumped model that we believe cortisol could be affecting

and giving rise to abnormal cycles.

4.1 Modeling

To study the effect or stress on the menstrual cycle we study how cortisol would affect certain

parameters within the model presented in [Cla03]. This model differs from the core model presented

in chapter 1 in that progesterone does not affect the recruited follicle and we are using actual

progeterone instead of applied progesterone in the system. The formulation of Eqs (4.1) follows

what is outlined in section 2.2 with slight changes in the pituitary-hypothalamus model, and the

ovarian model changed to not account for the autocrine effect of progesterone on the recruited

follicle. Originally this formulation was presented in [Cla03]. The sub-model given by Eqs (4.1a)-

(4.1d) lumps the hypothalamus and pituitary interactions together, so we are not concerned with

the effects of cortisol on either of them separately. Generally, we are interested in parameters that

modulate the action of the ovarian hormones on the synthesis of LH and FSH. By manipulating

these parameters, we indirectly affect the "sensitivity" of the hypothalamus and/or pituitary to the

ovarian hormones. We propose that such parameter variations mimic the effect of cortisol either at

the level of the hypothalamus via GnRH pulsatility and/or amplitude, or at the level of the pituitary

via sensitivity to GnRH.
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State Variables

d

d t
R PLH =

v0,LH + v1,LH
(E2(t −de )/K mLH )a

1+ (E2(t −de )/K mLH )a

1+
P4(t −dp )

K iLH ,P

−kLH ·
1+ cLH ,P ·P4

1+ cLH ,E ·E2
·R PLH (4.1a)

d

d t
LH =

1

v
·kLH ·

1+ cLH ,P ·P4

1+ cLH ,E ·E2
·R PLH − rLH · LH (4.1b)

d

d t
R PF SH =

vF SH

1+
I h (t −dI h )
K iF SH ,I h

−kF SH ·
1+ cF SH ,P ·P4

1+ cF SH ,E ·E 2
2

·R PF SH (4.1c)

d

d t
F SH =

1

v
·kF SH ·

1+ cF SH ,P ·P4

1+ cF SH ,E ·E 2
2

·R PF SH −aF SH · F SH (4.1d)

d

d t
R c F = b · F SH + (c1 · F SH − c2 · LH α) ·R c F (4.1e)

d

d t
G r F = c2 · LH α ·R c F + (c3 · LH β − c4 · LH ) ·G r F (4.1f)

d

d t
D o m F = c4 · LH ·G r F − c5 · LH γ ·D o m F (4.1g)

d

d t
O v F 1= c5 · LH γ ·D o m F −d1 ·O v F 1 (4.1h)

d

d t
O v F 2= d1 ·O v F 1−d2 ·O v F 2 (4.1i)

d

d t
Lu t 1= d2 ·O v F 2−k1 · Lu t 1 (4.1j)

d

d t
Lu t 2= k1 · Lu t 1−k2 · Lu t 2 (4.1k)

d

d t
Lu t 3= k2 · Lu t 2−k3 · Lu t 3 (4.1l)

d

d t
Lu t 4= k3 · Lu t 3−k4 · Lu t 4 (4.1m)

Auxiliary Equations

E2 = e0+ e1 ·G r F + e2 ·D o m F + e3 · Lu t 4 (4.1n)

P4 = p 1 · Lu t 3+p 2 · Lu t 4 (4.1o)

I h = h0+h1 ·D o m F +h2 · Lu t 2+h3 · Lu t 3 (4.1p)

The primary hypothalamus and pituitary parameters we test here are K mLH , a , and v1,LH .

These parameters are found in the equation for LH synthesis Eq (4.1a) and all associated with the

39



E2
50 100 150 200 250 300 350

L
H

 S
y
n
th

e
s
is

500

1000

1500

2000

2500

3000

3500

4000

4500

5000

Figure 4.1 Normal LH synthesis. LH synthesis due to E2 levels in the blood under normal conditions using
parameters taken from [Har01]. Values represent the amount of LH produced in the reserve pool of the
pituitary. The stiff E2 activation of this synthesis is the main mechanism contributing to the LH surge
dynamic.

E2 induced LH surge. The LH surge occurs primarily in our model due to a positive feedback of E2

that is represented in the model by a Hill function for LH synthesis. This Hill function is in Eq (4.1a)

and is shown separately in Eq (4.2).

LHs y n t h = v0,LH + v1,LH
(E2(t −de )/K mLH )a

1+ (E2(t −de )/K mLH )a
(4.2)

Parameter values for our best fit to the Welt data can be found in Table 4.1. The Hill function

(Eq (4.2)) representing LH synthesis due to E2 can be seen in Fig 4.1. Any of these values can be

altered to change LH synthesis due to E2, and examples of parameter changes to reduce LH synthesis

during the LH surge are shown in Fig 4.2. There are qualitative changes in relative LH synthesis

due to reduction in either a or v1,LH , or an increase in K mLH . Decreasing v1,LH lowers the curve

entirely below normal production levels as does the increase in the half max of the Hill function

K mLH . The behavior of a however actually raises LH synthesis for low to middle values of E2, but

there is decreased synthesis at the higher values of E2 which is critical for inducing a surge.

Parameter values for matching Welt data were taken from [Pas08] and are listed in Table 4.1.

Using these values the model generates output matching data shown in Fig 4.3.
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Figure 4.2 Altered LH synthesis. LH synthesis curves under normal conditions, reduced a , reduced v1,LH ,
and increased K mLH . Any of these parameter manipulations are targeted at reducing the LH surge by
reducing the effectiveness of E2 to contribute to LH synthesis within the pituitary.

Parameter Value Parameter Value Parameter Value
v0,LH 500 cF SH ,E 0.0018 α 0.79
v1,LH 4500 dI h 2.0 β 0.16

K mLH 180 aF SH 8.21 γ 0.02
K iLH ,P 12.2 b 0.05 e0 40

kLH 2.42 c1 0.09 e1 0.11
a 8 c2 0.09 E2 0.21

cLH ,P 0.26 c3 0.13 e3 0.45
cLH ,E 0.004 c4 0.027 p1 0.048

dE 0.2 c5 0.51 p2 0.048
dP 1.0 d1 0.50 h0 0.4
rLH 14 d2 0.56 h1 0.009

v 2.5 k1 0.55 h2 0.029
vF SH 375 k2 0.69 h3 0.018

K iF SH ,I h 3.5 k3 0.85 cF SH ,P 12
kF SH 1.90 k4 0.85

Table 4.1 Parameter values. Parameter values fitting data from [Wel99]. Model formulation is from [Cla03].
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Figure 4.3 Normal cycle. Model simulations (blue curves) of model Eqs (4.1) using parameter values of
Table 4.1 are plotted for variables LH, E2, and P4 against the Welt data repeated for 3 cycles. These model
solutions have a period of 28 days.
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Figure 4.4 Bifurcation for v1,LH . Bifurcation diagram for v1,LH with a Hopf bifurcation designated by a
green circle and the best fit designated by the red circle. As we decrease v1,LH there is a marked decrease
in the amplitude of the LH surge eventually reaching a space of solutions that are period, but lack a high
enough LH surge to cause ovulation. Decreasing further ultimately reaching a Hopf bifurcation where the
periodic solution disappears and gives way to a stable steady state solution.

4.2 Results

For each of the parameters associated with the Hill function (K mLH , a , and v1,LH ) we create a bifur-

cation diagram using the amplitude of the LH surge as a metric. We are most interested in shutting

off or stunting this mechanism to produce a non-ovulatory state like induced by physiological stress.

4.2.1 Variation of v1,LH

A bifurcation diagram for v1,LH is shown in Fig 4.4. As we decrease v1,LH , our LH surge amplitude

also decreases becoming anovulatory somewhere near v1,LH = 2000 though there is no specific

threshold for this distinction. Another effect is an increase in latency to peak and cycle length in

general. We calculate the cycle length over the periodic solutions for v1,LH and obtain Fig 4.5. We see

that as expected, decreasing v1,LH decreases the LH surge and increases cycle length dramatically

once v1,LH falls below the near non-ovulatory values.

4.2.2 Variation of a

The bifurcation diagram for a is shown in Fig 4.6. As we decrease a from the best fit value depicted

by a red circle, the amplitude of the LH surge begins to decrease. The parameter a is the exponent in
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Figure 4.5 Cycle length for v1,LH . Cycle Length for v1,LH with the best fit marked by a red circle. As v1,LH

is decreased, the cycle length grows longer. All values of v1,LH have reasonable cycle lengths, they become
longer at lower values but not outside of physiological reasonability.

our Hill function and controls how E2 contributes to LH synthesis at certain levels. The LH synthesis

due to E2 under normal conditions and with a decreased a is shown in Fig 4.2. We see that when

a is decreased higher values of E2 do not stimulate as much LH synthesis. This inability of E2 to

stimulate LH synthesis at the higher values dampens the surge to non-ovulatory levels as we see

in the bifurcation diagram shown in Fig 4.6. Once a is decreased sufficiently the solution passes

through a Hopf bifurcation depicted by a green circle. Again we show a plot of cycle length of the

period solutions for a depicted in Fig 4.7. The cycle length initially moving from best fit decreased

slightly, but then as expected begins to increase rapidly when nearing non-ovulatory values.

4.2.3 Variation of K mLH

The bifurcation diagram for K mLH is shown in Fig 4.8. This parameter determines the location

of half maximum synthesis of LH due to E2. Increasing this parameter will shift the curve to the

right, meaning that for the same values of E2 we are operating at a lower LH synthesis. A shifted

curve and normal curve are depicted in Fig 4.2. When increasing K mLH we see a slight decrease

in LH surge until the emergence of a saddle node near K mLH = 300, but not displaying the same

magnitude of decrease as either v1,LH or a . There is a second stable periodic solution of very low

amplitude around K mLH = 250 . This is of interest possibly suggesting that at these values of K mLH

a large perturbation in the system could move a person from a near normal cycle to a low amplitude

non-ovulatory cycle. The two stables cycles at K mLH = 249 are depicted in Fig 4.9. Another possible
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Figure 4.6 Bifurcation for a . Bifurcation diagram for a with a Hopf bifurcation designated by a green circle
and the best fit designated by the red circle. As a decreases the amplitude of the LH surge decreases and
reaches non-ovulatory values and then passes through a Hopf bifurcation where the periodic solutions
changes to a stable steady state.
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Figure 4.7 Cycle length for a . Cycle Length for a with the best fit marked by a red circle. The range of
explored values for a all lead to reasonable cycle times. The primary effect was on the amplitude of the LH
surge.
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Figure 4.8 Bifurcation for KmLH . Bifurcation diagram for K mLH with Hopf bifurcations designated by
a green circle and the best fit designated by the red circle. The two Hopf bifurcations give rise to periodic
behavior within a range of values for K mLH . Near the middle of this range is our best fit to our data from
[Wel99]. At higher levels of K mLH are two saddle nodes leading to a hysteresis behavior. Note that K mLH

has to be raised a fairly significant amount to prevent ovulation. The normal value for K mLH is 226.

behavior is if K mLH were pushed past the saddle node near K mLH = 300, reducing it would first

default to an abnormal cycle until K mLH was pushed below about 245. This behavior is known as

hysteresis and saddle nodes are often associated with this behavior.

4.3 Discussion

Although the model is able to take into account several factors, there is room for improvement. As

mentioned above such minor stress as daily exercise can cause a dysfunctional cycle. More research

needs to be performed and more data needs to be collected to be able to tie these mechanisms

together to the other pathways they are involved in. For instance, in this model we have considered

the hypthalumus and pituitary to be lumped. A more specific model incorporating GnRH and

the possible effect cortisol has on sensitivity, synthesis, and release may be necessary. Ideally the

future model will be more quantitative and react more realistically to changes in concentration,

and therefore, input variables. This would require a more solid understanding of the mechanism

through which cortisol is acting on the system to reduce LH synthesis and data from women in a

stress induced dysfunctional cycle. Moreover it would be benificial to couple the menstrual cycle

model to an HPA axis model for example the models by Ottesen et al. [Vin11; Ban17; And13].
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Figure 4.9 Example of bi-stability. Two stable solutions for K mLH = 249. This indicates that a large
enough change in a natural state can leave in individual on an abnormal cycle despite seemingly nor-
mal conditions. This could happen due to a large change in K mLH , mainly increasing it past the saddle
node, and then lowering it, past the Hopf bifurcation, but not to the other saddle node. This behavior is
known as hysteresis.
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CHAPTER

5

CONTRACEPTION

5.1 Note

The paper "Mechanistic model of hormonal contraception" was published open access to PLOS

Computational Biology, e1007848 in June 2020. My role in this paper consisted of: model modifica-

tion from original model in [Mar11], optimization and sensitivity analysis of new model, dynamical

analysis of dose response using DDEBifTool, and primary contribution to writing of the paper. Most

sections and results are taken verbatim from this paper.

5.2 Introduction

The menstrual cycle involves a complex interaction between the ovaries and the hypothalamus

and pituitary in the brain. During the cycle, gonadotropin releasing hormone (GnRH) produced

by the hypothalamus and ovarian hormones affect the anterior pituitary. In response the pituitary

releases gonadotropins including luteinizing hormone (LH) and follicular stimulating hormone

(FSH). These gonadotropins stimulate the ovarian system controlling follicle growth and hormone

production. The hormones produced by the follicles, notably estradiol (E2), progesterone (P4), and

inhibin A (InhA), feedback onto the brain influencing pituitary hormone production [Fri11].

Hormonal contraception has been in development since the early 20th century with the first FDA

approved contraception appearing in 1960 [CM13; Bur11]. Hormonal contraceptives were mainly
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composed of synthetic progesterone (a progestin) or a progestin and a synthetic estrogen such as

ethinyl estradiol. If these hormones are introduced individually, each can cause contraceptive effects,

but high doses of hormonal contraceptives increase the risk for cardiovascular events most notable

venous thromboembolism (VTE) and myocardial infarction (MI)[Bur11; Dol76; Man75; Man76;

Slo81; Pow75; Ves70; Wil88]. Combined hormonal contraceptives (ethinyl estradiol and progestin

together) were discovered during testing of a progestin based contraceptive that was accidentally

contaminated with a form of estrogen and shown to increase cycle stability and decrease unwanted

bleeding patterns [Che92]. One way to study the effect of administering a combined dose is to use

mathematical modeling, which can provide additional insight into effects of varying progestin and

synthetic estrogen type and dose.

A number of mathematical models capture dynamics of normal cycling, many of which are

based on the formulation by Schlosser and Selgrade [Sel99; Sch00]. These models are on a time scale

of days and predict mean levels of hormone [Cla03; Mar11]. To our knowledge there have been no

adaptations of mathematical models to predict contraceptive effects of exogenous progesterone

and estrogen. Specifically, the original menstrual cycle models by Clark et al. [Cla03] and Margolskee

and Selgrade [Mar11] do not include ovarian autocrine effects, and therefore they cannot predict

the contraceptive response to exogenous administration of progestins.

The model developed in this study, including ovarian autocrine effects, is used to test hormonal

contraceptive treatments via oral administration of ethinyl estradiol and progestin. These treatments

are modeled by modifying state variables for blood concentrations of E2 and P4. The model does not

include a pharmacodynamic component determining how much or how long it takes for specific

amounts of oral contraceptives to produce specific changes in the amount of E2 and P4. Therefore,

we administer ethinyl estradiol and progestin as concentrations and assume that contraception is

attained if model simulations show a reduction in the LH surge to non-ovulatory levels and/or in P4

levels throughout the cycle.

Model simulations confirm that low and high doses of exogenous progestin reduce the LH

surge to non-ovulatory levels as suggested by clinical data [Obr06; Dui18] for progestin treatments.

Also low and high doses of exogenous estrogen reduce the LH surge to non-ovulatory levels. And a

combination of low dose estrogen and low dose progestin administered together result in constant

non-ovulatory hormone levels. The model may be used to predict which dosing levels of estrogen

and progestin produce contraceptive cycles. In addition, model simulations indicate how quickly

a combined contraceptive treatment produces a non-ovulatory menstrual cycle and how fast the

cycle returns to normal after the treatment ends. These simulations were done to motivate clinical

experimentation with similar contraceptive combinations.
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5.3 History of Contraceptive Development

It is estimated that the average woman would bear 15 children in her reproductive lifetime assuming

she is fertile. The expected live births in pre-modern society ranged from 4.5 to 6.5. With high

mortality rates on average only two children would survive per couple [Bon83]. It was not until more

modern medicine and techniques that the number grew substantially. With the tumultuous nature

of child birth in early society however, so called postnatal adjustments of family size acted in place

of contraception. Postnatal adjustments include things such as child abandonment, infanticide,

adoption, release of young children for apprenticeships and labor [Mas97]. These were not active

forms of contraception, but evolved from social necessity of needing to balance out a family that

was perhaps to large or small.

Despite birth control not becoming widely acceptable and effective until the 20th century, there

have been examples through human history of contraception being experimented with. The earliest

depiction is in a cave in France. The painting shows a man engaged in sexual intercourse and using

what appears to be a condom [CM13]. The earliest civilization recognized as implementing birth

control is the ancient Egyptians [ST05]. Devices called vaginal pessaries or sponges were composed

of crocodile dung, honey, and sodium bicarbonate. These could be soaked in acai berry juice that

had been fermented. The environment created by the fermented juice was too acidic for sperm to

survive [ST05]. Later in history, reference to contraception can be found in Graeco-Roman texts and

mediaeval Arabic writings [McL90b]. The first greek writer to discuss contraception was Aristotle

and described a method of using olive oil on the womb to prevent pregnancy [CM13]. In addition

Greek women were known to use plants such as pomegranates, pennyroyal, and pine as elements in

contraceptive techniques [Rus94]. It has been proposed that in classical times herbal contraceptives

intended to be taken orally were effective and widely used [Rid97].

It is not until the late 19th century that modern well-known contraceptive techniques were

adapted [Coa86]. These did not include hormonal treatments that we know of today, but were more

related to the diaphragm and condom. Condoms made from fish or animal gut had been in use

in Europe since the 16th century. Initially used to curb the spread of syphilis and then later as a

contraceptive device [CM13]. The major change came in 1944 when Charles Goodyear patented the

vulcanization of rubber which allowed for mass production of rubber condoms. Until this point in

the 20th century contraception was achieved mainly through abstinence, infrequent coitus, coitus

interruptus, breastfeeding, and induced abortions [CM13]. Coitus interruptus was responsible

for reduction in unintended pregnancies in the UK, but condoms and spermicide became more

prominent early in the 20th century [Lan91]. In the United States coitus interruptus was less popular

than in the UK with diaphrams and periodic abstinence being used in favor [Fre59]. It was not until

the mid to late 20th century that hormonal birth control was discovered and became prominent.

The main name in the development of birth control is American Margaret Sanger. Planned
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Parenthood was originally known as The American Birth Control League which Sanger founded.

She and her sister opened a birth conrtol clinic in 1916 in Brooklyn which they were arrested for

and jailed for 30 days [Cle02]. Ultimately in an appeal she was allowed to keep her clinic open with

her being allowed to spread information about illness or disease resulting from pregnancy. She was

passionate about change to contraceptive attitudes and poilcy. She once said "No woman can call

herself free who does not own and control her body. No woman can call herself free until she can

choose consciously whether she will or will not be a mother" [Che92]. This represented the new

view forming worldwide about women’s personal control over their body. Up until this point the

most common contraceptives (coitus interruptus and condoms) were male implemented forms

of contraception. With the advent of hormonal contraceptives the power was placed with women

instead, giving rise to new attitudes and standards.

Margaret Sanger had two prominent allies during the rise of contraception. The first was

Katharine McCormick whom Sanger met through involvement in women’s rights. McCormick was

married to the inventor of the automatic harvester. In the mid 20th century, McCormick’s husband

had died leaving a vast fortune that she invested into the development of the first hormonal birth

control [Con99].

Sanger and McCormick enlisted the help of reproductive biologist Dr. Gregory Pincus. The

goal was a non-mechanical form of contraception for women. McCormick funded a great deal

of the project with the total of her contribution exceeding $2 million. The research began with

animal trials of progesterone conducted by Pincus. Eventually more potent synthetic progestins

were developed for oral use. These synthetic progestins caused unacceptable levels of bleeding.

Through a mistake where progestins were contaminated with menstranol, it was discovered that

an estrogen component reduces problematic bleeding [CM13]. This lead to the development of a

combined hormonal treatment containing both a progestin and an estrogen component.

In 1957 the FDA approved a combined hormonal pill to be used to menstrual disorders. It was

two years later before a hormonal pill that would be marketed as a contraceptive was submitted to

the FDA. The next year in 1960 the FDA approved the very first hormonal birth control pill [CM13;

Bur11]. Around this same time similar hormonal pills were approved in many European countries

[Cle02].

The pill became extremely popular amongst contraceptive users. In a ten year period from 1955

to 1965 females using contraceptives began using the pill more prominently. In that decade the

portion of non-Hispanic White contraceptors using the pill went from 0 to 24% [Ryd67]. With the

rise of the pill the popularity of diaphragms and condoms amongst contraceptors fell. By 1982 the

proportion of contraceptors using condoms and diaphragms were 7% and 4% respectively [Pic98]. A

similar reaction to the introduction of the pill was happening in the UK. By 1976 38% of married

contracepting women were using the pill. The introduction of the pill had a large impact on the

fertility of developed countries. In 1950 the expected births per woman was 2.8, and in 2005 it was
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1.5 births per woman [Wes76]. Having this number below 2 allows for population stability or even

shrinkage.

There were drawbacks to the pill when initially introduced. Some mild adverse effects included

breakthrough bleeding, nausea, headaches, and weight gain. This could often lead to discontinued

use of the contraceptive. Clinical research performed in the years after the pill was approved also

showed troubling results. The pill caused increase risk for cardiovascular events most notable venous

thromboembolism (VTE) and myocardial infarction (MI) due to progestin type and estrogen dose

[Ves70; Bur11]. Multiple studies report that the risk of MI is increased by a factor or 2 to 4 for women

using the pill [Slo81; Man75; Pow75; Man76; Dol76; Wil88].

Even with a low dose estrogen component there is still an increased risk for cardiovascular

events specifically VTE, however relative risk of VTE is reduced if estrogen dose is lowered from

100mcg to 50mcg [Blo95; Smi86]. Progestins are in large derived from testosterone and can cause

issues in the body through androgenic behavior and other mechanisms. This can cause interactions

other than those intended by progesterone. These interactions are associated with a number of

adverse events [SW06]. To counter this the dose of progestin given has also substantially decreased

by near a factor of 10 for some progestins [Bur11]. In addition a wide variety of progestins have been

developed. These differ in androgenic behavior, interaction with progesterone receptor, interaction

with estrogen, and other sometimes significant ways.

5.4 Contraceptive Mechanisms

There is not a specific clinical marker of contraception although many indicators can be used: lack

of LH surge, a lack of rise in luteal phase progesterone, or incomplete follicle development. Since it

is not feasible to determine cycle timing if ovulation does not occur, contraceptive studies measure

progesterone daily, and if P4< 5 ng/mL it is assumed that ovulation is suppressed [Obr06], i.e.,

P4 can be used as a surrogate marker for contraceptive efficacy. Low progesterone levels or the

absence of an LH surge indicates that ovulation and luteinization have not occurred or have not

occurred properly. In addition to hormonal effects [Obr06; Mul01], there are physical indicators such

as increased cervical mucus viscosity, which can prevent sperm mobility leading to a contraceptive

state.

Physiologically, progestin can cause a contraceptive state through multiple mechanisms. The

primary is prevention of ovulation, but secondary effects such as thickening of cervical mucus

also cause a contraceptive state [Dru06; Obr06; Cro02]. According to [Obr06] ovulation prevention

occurs if there is not enough estradiol production to stimulate positive feedback mechanisms

necessary for the LH surge. The lack of estradiol production is due to poor follicle development from

inadequate LH and FSH support. Progestin reduces LH synthesis directly [Fri11] and by limiting

follicular sensitivity to FSH in the early follicular phase [Hei95; Obr06]. The original models by Clark
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et al. [Cla03] and Margolskee and Selgrade [Mar11] include progesterone’s effect on LH synthesis but

do not include progesterone’s limiting effect on follicle development via sensitivity to FSH. As a result

the original models fail to reproduce contraceptive behavior when administration of exogenous

progestins. To capture this effect, our new model introduces a growth limiting factor affecting

the early follicle development. Similar to progestins, estrogens act through multiple mechanisms.

The primary mechanisms are suppression of LH release by the pituitary [Yen05], included in the

models [Cla03; Mar11], and bolstering progesterone’s contraceptive effect [Sta13; Fri11], which is

not accounted for in the original models. In the model presented here, the latter is included by

multiplying progesterone, P4, by an increasing function of estrogen, E2.

The major machanism of progestin in a combined hormonal contraceptive treatment is the

same, limiting the sensitivity of follicles to gonadotropins. Estrogen serves two purposes: to limit

gonadotropin secretion from the pituitary [Gol08; Fri11], which is effective enough to cause a

contraceptive state from estrogen only dosing, and to increase progesterone receptor expression,

which increases progesterone’s effectiveness [Fri11].

In summary, contraception can be achieved either by administering exogenous progestins,

estrogen, or a combination of the two. This study uses modeling to illustrate that the combined

treatment is advantageous because contraception can be achieved by administrating significantly

lower doses of each hormone.

5.5 Hormonal Contraception Data

Model results are compared with data taken from [Mul01; Obr06; Wel99]. Data for a normal menstrual

cycle is taken from [Wel99]. Mean daily hormonal values were measured for a group of 23 younger

cycling women and 21 older cycling women. Simulations are compared with the data from the

younger set. Data for progestin based contraception is from [Obr06], and contains resulting hormone

values for three doses of Org 30659, a progestin of interest in the study. The progestin is administered

daily for 21 days while also collecting hormonal concentration data. Simulations for our model are

compared with data from the highest dose of Org 30659 given to 17 women. From this data, we have:

mean maximum P4, mean E2, mean maximum FSH, and mean maximum LH and corresponding

standard deviations over the 21 day treatment period. The combined hormonal contraception

simulations are compared with data from [Mul01] which tests effectiveness on ovarian function

of a vaginal ring, NuvaRing®, containing both a progestin and an estrogen. The study contained

two groups: a group switching from an oral combined hormonal treatment to a vaginal ring (group

1) and a group switching from a vaginal ring to an oral combined hormonal treatment (group 2).

Model simulations are compared with the median maximum hormonal levels during day 8-14 of

treatment for group 1.
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5.6 Modeling

Progestin and estrogen act through different pathways and mechanisms to cause a contraceptive

state. Progestin acts by limiting follicular sensitivity to FSH and by inhibiting LH synthesis, whereas

estrogen inhibits LH release. Two important autocrine effects in the model capture the basic dynam-

ics of both combined hormonal contraceptives and progestin only treatments. The first is contained

in Eq (5.4e) via inhibition of FSH at the ovarian level due to Pa p p . The second, described by Eq (5.5c),

enhances the effect of P4 in the presence of estrogen.

It should be noted that the model tracks blood concentrations of ovarian hormones, exogenous

progestin and estrogen levels.

Therefore contraceptive "doses" always refer to concentrations. To analyze model dynamics for

each contraceptive treatment, model simulations must have reached stable behavior (cyclic or steady

state) ensuring that effects of initial conditions have dissipated. To achieve this, we administered

the contraceptive drugs three months prior to analyzing simulation results.

The new model studied here is based on the model in Margolskee and Selgrade [Mar11], which

cannot predict contraceptive behavior. For instance, if a progestin dose of 1.3 ng/mL is administered

to the Margolskee and Selgrade model [Mar11], it results in a slightly higher LH surge than the

normal. This occurs because a small additional amount of P4 is more effective at increasing FSH

production (see Eq (5.4d)) than inhibiting LH production (see Eq (5.4a)). More FSH causes increased

early follicular growth (Eq (5.4e) without the Pa p p term) resulting in more early follicular E2 and

hence a slightly higher LH surge. Including the Pa p p term without the E2 enhancement of Eq (5.5c)

in Eq (5.4a) dampens this growth and decreases the LH surge but it still is at an ovulatory level.

Thus in order to model progestin’s contraceptive effect both the inhibition of P4 on early follicular

development and the enhancement due to E2 are needed to predict contraception.

In the following we describe how the new model components achieve contraception by progestin,

estrogen, and the combined treatments.

5.6.1 Progestin Based Contraception

The major mechanism of interest is the inhibiting effect progestin has on FSH’s ability to produce

follicular tissue that is sensitive to LH. A secondary effect present in Eq (5.4a) is P4’s inhibition of

LH synthesis. It is believed that the hormonal contraceptive effect of progestin is inhibiting growth

of active follicular tissue during the early follicular phase by reducing follicular sensitivity to FSH

[Obr06].

This effect is included by introducing Pa p p in Eq (5.4e), which inhibits R c F growth due to FSH.

Under normal conditions, the P4 concentration is very low during this part of the cycle, so the

inhibitory effect on follicle growth is negligible. Two growth terms proportional to FSH in Eq (5.4e)

are divided by a term including the applied progestin. As a result, FSH has less of a stimulatory effect
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on follicle growth if the applied progestin is high, such as during treatment with a contraceptive

drug or during the luteal phase. These abnormal conditions diminish follicle tissue sensitivity to LH,

which inhibits the follicle tissue movement through the normal stages. In addition, the progestin

effect is increased by E2 via the Hill function in Pa p p (see Eq (5.5c)). Thus little appreciable follicular

mass can reach the growing follicle stage G r F , preventing the mid-cycle rise in E2. Without the rise

in E2, the LH surge does not happen and ovulation cannot occur.

5.6.2 Estrogen Based Contraception

Estrogen is contraceptive as well. This comes from inhibiting the release of both LH and FSH from the

pituitary, modeled by Eqs. (5.4a) and (5.4c). The end result is the same as with progestin. Insufficient

gonadotropins from the pituitary prevent a LH surge. The addition of estrogen to the treatment

allows for a smaller dose of progestin.

5.6.3 Combined Hormonal Contraception

In the combined treatment with estrogen and progestin, estrogen serves to bolster progesterone’s

effect but also inhibits LH release [Fri11]. The presence of estrogen upregulates progesterone receptor

expression, which increases P4’s effectiveness. This has been shown in ovine and rat uterine cells

[Fri11; Tor97]. A possible secondary effect of the the mid-cycle rise in estrogen is to prime P4

receptors for the luteal phase [Tor97]. To represent this dynamic we have added Eq (5.5c), which

scales circulating P4 in the body with a steep Hill function dependent on estrogen. The resulting

Pa p p is used as the active progesterone in the system. Without estrogen Pa p p is half of the produced

P4. At a certain level of estrogen the receptor expression is assumed higher and Pa p p approaches P4.

In addition, the Hill function in Eq (5.5c) depends on estrogen causing progestin to be effective at

lower doses if there is also an estrogen component.

5.6.4 Model Summary

The model described above is formulated as a system of 13 delay differential equations of the form

d x

d t
= f (x , y , t , t −τ), (5.1)

where

x = {R PLH , LH , R PF SH (t −τ), F SH , R c F,G r F, D o m F,S c1,S c2, Lu t1, Lu t2, Lu t3, Lu t4} (5.2)

with four auxiliary equations for the ovarian hormones

y = {E2, P4, Pa p p , I nh A} (5.3)
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and 46 parameters given in Table 1. Estimated parameters are marked in bold and the remaining

parameters are from [Mar11]. New parameters are marked by a *.The clearance rate for FSH is from

[Cob69]. The clearance rate for LH is from [Koh68]. Equations are solved with MATLAB using the delay

differential equation solver (dde23) and bifurcation analysis is done using DDE-BIFTOOL [Eng00].

State Variables

d

d t
R PLH =

V0,LH +
V1,LH E 8

2

K m 8
LH+E 8

2

1+Pa p p/K iLH ,P
−

kLH [1+ cLH ,P Pa p p ]R PLH

1+ cLH ,E E2
(5.4a)

d

d t
LH =

1

v

kLH [1+ cLH ,P Pa p p ]R PLH

1+ cLH ,E E2
−aLH LH (5.4b)

d

d t
R PF SH =

VF SH

1+ I nh (t −τ)/K iF SH ,I nh
−

kF SH [1+ cF SH ,P Pa p p ]R PF SH

1+ cF SH ,E E2
(5.4c)

d

d t
F SH =

1

v

kF SH [1+ cF SH ,P Pa p p ]R PF SH

1+ cF SH ,E E2
−aF SH F SH (5.4d)

d

d t
R c F =

b F SH + c1F SH

(1+Pa p p/K iR c F,P )ξ
R c F − c2LH αR c F (5.4e)

d

d t
G r F = c2LH αR c F − c3LH G r F (5.4f)

d

d t
D o m F = c3LH G r F − c4LH γD o m F (5.4g)

d

d t
S c1 = c4LH γD o m F −d1S c1 (5.4h)

d

d t
S c2 = d1S c1−d2S c2 (5.4i)

d

d t
Lu t1 = d2S c2−k1Lu t1 (5.4j)

d

d t
Lu t2 = k1Lu t1−k2Lu t2 (5.4k)

d

d t
Lu t3 = k2Lu t2−k3Lu t3 (5.4l)

d

d t
Lu t4 = k3Lu t3−k4Lu t4 (5.4m)

(5.4n)
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Auxiliary Equations

E2 = e0+ e1G r F + e2D o m F + e3Lu t4+ ed o s e (5.5a)

P4 = p0+p1Lu t3+p2Lu t4+pd o s e (5.5b)

Pa p p = P4

 

.5+ .5
E
µ
2

K m
µ
Pe f f
+E

µ
2

!

(5.5c)

I nh = h0+h1D o m F +h2Lu t2+h3Lu t3 (5.5d)
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Figure 5.1 Normal cycle. Results for a normal cycle with no exogenous estrogen or progestin. Model out-
put is the solid blue line and the connected points are data taken from [Wel99]

.

5.7 Results

This study presents a mathematical model of the menstrual cycle that functions properly in a normal

cycling case and behaves appropriately when dosed with exogenous progestins and estrogens. There

are four meaningful cases to consider: a normal contraceptive free cycle, progestin only based con-

traception, estrogen only based contraception, and combined hormonal contraception. Simulations

for a low and high dose for progestin only and estrogen only are presented. The combined hormonal

treatment is achieved with two low doses from the single hormone treatments.

Fig 5.1 shows the model’s fit to data of normal cycling women taken from [Wel99]. The data

is for a single cycle and we have concatenated it for the number of cycles necessary to compare

simulations. The model reaching a steady state from contraceptive treatment we define as "total

contraception." While biological contraception is achieved before this extreme point, quantitatively

it is useful to look at where total contraception takes place for comparative analysis. In all plots

unless otherwise stated, asymptotic solutions of a stable cycle or a steady state are displayed. Dosing

happens 3 months before time zero and continues throughout the simulations.
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Figure 5.2 Progestin low dose. Model result with low dose (pd o s e = 0.6ng/mL). The solid blue line is the
model output. The solid red horizontal line is the mean maximum hormonal value over the 21 day pro-
gestin treatment with the standard deviation being represented by the horizontal dotted lines. The mid-
cycle LH surge has been eliminated. With this dose we have reached biological contraception by prevent-
ing the LH surge, but we have not reached our defined total contraception.

5.7.1 Progestin Based Contraception

With the addition of exogenous progestin, the model approaches a contraceptive state in a dose-

dependent manner. Data for a contraceptive state due to progestin is taken from [Obr06]. The

data displays the mean maximum and standard deviation of the hormonal values over the 21 day

treatment of a progestin based contraceptive. The mean maximum value is denoted with the red

solid horizontal line and the standard deviation is represented by the red dotted horizontal line in

Fig 5.2 and 5.3. Data from [Wel99] for a normal cycle is plotted for reference in the figures. Results

from both a low and a high dose of progestin are shown. The low dose case (pd o s e = 0.6ng/mL) is

depicted in Fig 5.2. This dose does not reach total contraception, but the LH surge has been effectively

eliminated likely causing biological contraception. In Fig 5.3 the high dose case (pd o s e = 1.3ng/mL)

is displayed and steady state has been reached, i.e. our defined total contraception.
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Figure 5.3 Progestin high dose. Model results with high dose pd o s e = 1.3ng/mL. The solid blue line is
the model output. The solid red horizontal line is the mean maximum hormonal value over the 21 day
progestin treatment with the standard deviation being represented by the horizontal dotted lines. We have
reached a steady state here and thus total contraception as we have defined it.
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Figure 5.4 Estrogen low dose. Model results with ed o s e = 40pg/mL. The solid blue line is the model output.
The LH surge has been mostly eliminated, but hormones still have a large amplitude during the cycle.

5.7.2 Estrogen Based Contraception

While estrogen only contraceptives are not normally used in practice, a high enough dose of estrogen

results in contraception. As with progestin, two cases are considered: a low dose that does not cause

total contraception and a higher one that does. The low dose case is seen in Fig 5.4. Again, the

low dose does not achieve total contraception, but the LH surge has been reduced to a level that

would indicate biological contraception. The dose that accomplishes total contraception is seen in

Fig 5.5. In both figures, we have plotted data from [Wel99] for reference to a normal cycle. Data for

an estrogen only based contraceptive on humans is unavailable, but hormonal values fall within

reasonable biological range for a contraceptive state.

5.7.3 Combined Hormonal Contraception

Model hormone predictions are compared with median maximum values taken from [Mul01].

Applying the two low doses to the model at the same time yields the results seen in Fig 5.6. The

dotted horizontal line is the median of the max concentration of the hormone between days 8 and 13

of treatment taken from [Mul01]. The solid horizontal line is the predicted hormone concentration

output from the model.
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Figure 5.5 Estrogen high dose. Model results with ed o s e = 92pg/mL. The solid blue line is the model
output. For this high of a dose a state of total contraception has been reached.
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Figure 5.6 Combined low dose. Model results with pd o s e = 0.6ng/mL and ed o s e = 40pg/mL. The solid blue
line is the model output. The dotted red line is the median maximum hormonal value during days 8-14 of
combined hormonal treatment. These are the two low doses that did not reach total contraception when
used individually. The application of both low doses though has achieved total contraception.
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5.7.4 Bifurcation Analysis

A bifurcation is a change in qualitative behavior of a system and occurs as a parameter of the system

crosses a critical value. A Hopf bifurcation occurs when moving over this critical value causes a

change from cyclic behavior to steady state behavior or vice versa. If the model is in a cyclic state a

significant enough increase in pd o s e , ed o s e , or both will move the model over a Hopf bifurcation from

the cyclic region into steady state region. The curve in the (ed o s e , pd o s e ) space of Hopf bifurcations

then illustrates where total contraception is achieved.

A bifurcation curve shown in Fig 5.7 disaplys Hopf bifurcations in the (ed o s e , pd o s e ) space il-

lustrating the relationship between doses and total contraception. Below the curve are periodic

solutions to the model and above the curve are steady state solutions. The normal state of the model

is at (0,0) where there is no dose of either type. The Hopf bifurcations define the doses at which

total contraception takes place: the exact point at which the periodic solution becomes a steady

state solution. The high dose cases for estrogen and progestin are shown as stars on the x and y

axis respectively. The combination low dose is marked just above the Hopf curve in the steady state

solution space in red. The two high dose treatments can be found along either axis where the Hopf

curve intersects: for progestin only at pd o s e ≈ 1.3ng/mL and for estrogen only at ed o s e ≈ 92pg/mL.

5.7.5 Return to Normal Cycling

All results presented up to this point have been asymptotic solutions that have allowed time for the

model to reach a stable cycle or steady state solution. It is imperative, however, in contraceptive

design that introduction of a contraceptive quickly cause a non-ovulatory state and removal of the

contraceptive results in return to normal cycling. To demonstrate this behavior the model simulates

the time for nine cycles to take place assuming cycles are 28 days. The first 3 cycles are normal,

the next 3 cycles have a combined low dose of estrogen and progestin, and the last 3 cycles have

the dose in the blood exponentially decay due to the drug’s half-life. Both half-lives of the drugs

are short compared to the model time scale: the progestin has a half-life of a day and estrogen

has a half-life of two days. The resulting simulation is shown in Fig 5.8. The vertical dotted lines

represent the beginning and end of dosing. The simulation transitions from a normal cycling state

to a contraceptive state and back to normal cycling within one to two cycles of the treatment’s

removal. The contraceptive portion of the simulation does not have time to reach a steady state,

but is completely devoid of an LH surge. The combined dose given is strong enough to cause total

contraception if treatment was applied for a longer window.
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Figure 5.7 Hopf bifurcations. Bifurcation diagram representing location of Hopf bifurcations in the
(ed o s e , pd o s e ) space. Solutions below the curve of Hopf bifurcations are periodic and solutions above the
curve are steady state. Our total contraception as we have defined it then occurs along this curve of Hopf
bifurcations. Any doses falling above the line are totally contraceptive and any below are not. The low dose
combination that we tested is shown with a star and falls just into the steady state region. The progestin
and estrogen only doses can be seen by where the Hopf curve intersects the axes.

66



0 50 100 150 200 250
0

100

200

300

E
2
(p

g
/m

L
)

0 50 100 150 200 250
0

5

10

15

20

P
4
(n

g
/m

L
)

0 50 100 150 200 250

time(days)

0

10

20

30

F
S

H
(I

U
/L

)

0 50 100 150 200 250

time(days)

0

50

100

150

L
H

(I
U

/L
)

Figure 5.8 Temporary dose. Simulation of a temporary treatment of a low dose combined hormonal
contraceptive. Dosing begin at day 84 and ends at day 168 at which point the dose decreases exponentially
due to the half-life of the drug. A nearly instant contraceptive effect after dosing is observed and once the
drug is removed, return to ovulation occurs within 1-2 cycles.
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5.8 Discussion

In this study, we present a system of 13 nonlinear differential equations which models the men-

strual cycle dynamics and basic effects of several contraceptive hormone treatments. The model

from [Mar11]was modified to include two ovarian autocrine effects: progesterone inhibiting growth

of the recruited follicle and estrogen amplifying the effects of progesterone shown in Eq (5.4e) and

Eq 5.5c respectively. Data from the biological literature [Wel99] are used to identify model parameters

and the resulting model simulations approximate well the hormonal profiles of normally cycling

women (Fig 5.1).

Then the model is used to test the effects of five different hormonal contraceptive treatments. It

is assumed that the doses of exogenous hormones are added directly to the blood and act as the

natural analogues in the body. Low and high doses of exogenous progestin reduce the LH surge to

non-ovulatory levels (Fig 5.2 and Fig 5.3) and reflect clinical data [Obr06] for progestin treatments.

In fact, the high dose progestin results in total contraception, which means that hormonal levels are

at steady-state because the solutions to the differential equations are constants. Also, low and high

doses of exogenous estrogen reduce the LH surge to non-ovulatory levels (Fig 5.4 and 5.5). The high

dose estrogen causes steady-state hormone levels. When low dose estrogen and low dose progestin

are administered together, this combined hormonal treatment achieves total contraception (Fig 5.6)

compared with clinical data from [Mul01].

In order to determine which dosing pairs result in total contraception, a Hopf bifurcation curve

(Fig 5.7) is drawn in the (ed o s e , pd o s e ) plane which separates the plane into a region of steady-state

solutions and a region of nonconstant periodic solutions. For dosing pairs near this curve, LH and

P4 levels are low so the menstrual cycles are non-ovulatory. As both dosing amounts decrease,

the LH surge increases and the contraceptive effect is gradually lost. If a non-ovulatory LH level

is assumed, the model may be used to predict which dosing pairs result in contraceptive cycles.

Results presented here showed that there can be a minimum dose. This can be further reduced with

optimal control to determine when dosing should be done. This work can be seen in the [Gav22].

Also, model simulations indicate how quickly a combined contraceptive treatment produces a

non-ovulatory menstrual cycle and how fast the cycle returns to normal after the treatment ends.

For example, Fig 5.8 shows that the treatment pair (ed o s e , pd o s e ) = (40 pg/mL, 0.6 ng/mL) results in

a contraceptive state in the first cycle after dose application and an ovulatory cycle returns within

one or two cycles after the treatment ends.

A deficiency of the current model is the predicted FSH response to hormonal treatment. Eq 5.4c

indicates that FSH synthesis only depends on Inhibin A. When a contraceptive state is reached,

luteinization does not occur and so Inhibin A is diminished. Because Inhibin A inhibits FSH synthesis,

the model predicts that in a contraceptive state FSH is produced at a high level. However, this is

not observed biologically [Mul01]. To improve the model, Eq 5.4c needs to be modified so that FSH
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synthesis depends on more reproductive hormones.

Finally, for each synthetic exogenous hormone, the addition of a model accounting for its

pharmacokinetics and its specific activity in relation to the corresponding natural hormone would

allow for more detailed representation of different treatments. Further adaptation of the model

combined with sufficient data could provide a useful tool for pre-clinical trial phases.
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CHAPTER

6

DISCUSSION

In this dissertation I have presented an overview of current mechanistic modeling of the menstrual

cycle and three realizations of this structure applied to different situations. The first model presented

is a model of follicle waves taken from [Pan16], a phenomenon where a second large wave of FSH can

lead to additional primary follicles being recruited. The model can exhibit menstrual cycles with two

or three follicle waves corresponding to the numbers of rises in the cycle of FSH. The inclusion of an

atresia term in this model prevents more than one ovulation per cycle. In the abscence of this term it

is possible for a second ovulation to occur in a cycle resulting in dizygotic twins via superfecundation.

Dynamical analysis of the atresia term shows a cascade of period doubling bifurcations resulting

in possibly chaotic cycles. The beginning of the period doubling cascade is shown in Fig 3.16. The

presence of this atresia term changes the dynamical behavior in the model and could produce

erratic menstrual cycle behavior.

The second model presented is taken from [Cla03]. Of interest in the analysis was the effect of

various parameters related to LH synthesis on the behavior of the cycle. It is believed the primary

stress hormone cortisol may act at the level of the hypothalamus or the pituitary affecting sensitivity

to ovarian drugs or GnRH or secretion of GnRH. Three parameters were analyzed that could be

related to cortisol’s affect on synthesis of LH. These parameters are all associated with the Hill

function in the LH synthesis term responsible for the LH surge. The first parameter discussed v1,LH

does not produce very interesting results. This parameter is the scale of the Hill function and as it

decreases so does the synthesis due to E2. The second parameter discussed a is the exponent of
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this Hill function. Reducing this value will decrease the amplitude of the LH surge but increases

values when E2 is below the half max K mLH . The half max of the Hill function K mLH is the last

parameter discussed. In the bifurcation diagram shown in Fig 4.8 we see that raising K mLH from

our best fit will reach a saddle node and fall to a steady state solution. A second saddle node results

in hysteresis behavior and we have two stable cycles: one ovulatory and one anovulatory. This

analysis shows possible places cortisol may be affecting a healthy menstrual cycle. More behavior

data of these hormones during a cycle affected by stress is necessary for further study into which

of these parameters are relevant in capturing that behavior. In addition the model may need to

incorporate other important interactions by including GnRH models or receptor sensitivity to some

of the hormones. Further analysis to the model can be done as shown in [Gav22] in which an optimal

control scheme is used in order to limit doses further by timing the introduction of the dose.

The last model presented is a model exhibiting cyclic behavior under dosing of hormonal

contraceptives: progestin based, estrogen based, and combined treatment. A model from [Mar11]

was modified with the addition of two autocrine effects within the ovaries that are important in

capturing dynamics of a contraceptive state. Progesterone inhibits through two effects in the mode:

progesterone inhibits the growth of the recruited follicle and is more effective in the presence

of estrogen. Five cases were shown of hormonal contraceptive dosing: a low and high dose of

progesterone, a low and high dose of estrogen, and a combined low dose of both. A simulation

shown in Fig 5.8 demonstrates the model’s ability to be dosed, reach a contraceptive state, and

return to normal cycling after the dose is removed. Results for a dose reaction are show in Fig 5.7. In

the figure the high dose of estrogen and progestin are show, and a low dose combination is show in

the same anovulatory space. The curve of Hopf bifurcations represent where "total contraception"

has occured. The model supports that lower doses can be used in a combined treatment to achieve

contraception. Further work in the model will require structural considerations such as the synthesis

term for FSH needs to be changed to have FSH synthesis dependent on something not present

during a contraceptive state. More comparison to data and the inclusion of some pharmakokenetic

would need to be considered to apply specific contraceptive drugs as the model currently considers

the contraceptive drugs the same as endogenous cycling hormones.
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