
ABSTRACT 

SAN, HALIL IBRAHIM. Global Sensitivity Analysis of TRACE Time-dependent Simulation 

Data with Deep Neural Network (DNN) based Surrogate Models. (Under the direction of Dr. Xu 

Wu). 

The TRACE thermal-hydraulics (TH) system code is used in this study to demonstrate the 

capabilities of DNN and a global sensitivity analysis (GSA) methodology in the context of 

selected flooding experiments with blocked arrays reflood experiments. The suggested GSA 

approach focuses on functional outputs (temperature profiles). It seeks to quantify how sensitive 

a specific feature of the reflood curve (its amplitudes and phases) is to the TRACE physical 

model parameters. There are several steps to perform the GSA to TRACE data; firstly, curve 

registration is applied on the Square Root Slope Function (SRSF) transform to separate the 

amplitude and phase of the temperature profile. The second step is dimensionality reduction with 

Principal Component Analysis (PCA) to reduce the number of responses to very small values. 

The final step is using the DNN model as a surrogate model to perform Sobol sensitivity indices.  

Using the TRACE TH system code shows the applicability of the suggested methodology to 

analyze a 4-input parameter reflood experiment simulation model. With the use of the PCA-

derived quantity of interest on the time-dependent cladding temperature, it was allowed to gain a 

better understanding of the specific modes of variation that the model displayed throughout the 

whole reflood transient. In other words, the two landmarks of the cladding temperature transient, 

the reversal, and the downward phases, could be easily separated. The variation of the reversal 

phase landmark was attributed to changing the model parameters utilizing the used SA approach 

using DNN as a surrogate model. It was found that DNN model perfectly generates the data to 

perform SA. Also, three of the parameters have a considerable effect on the maximum cladding 

temperature. Investigation of this specific case demonstrates that a DNN surrogate model can be 

used to reduce the computational cost of TRACE code and SA process.  
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1. INTRODUCTION 

A two-phase flow system is one challenging area in the nuclear engineering community. 

Both doing an experiment and running computational modeling are expensive and complicated. 

Effectively characterizing and comprehending the influence of model parameter changes on the 

model predictions is a crucial component of model development and assessment. From that 

perspective, Sensitivity Analysis (SA) is a crucial methodological step. However, performing the 

SA with TRACE code is computationally expensive and time-consuming. On the other hand, 

using a surrogate model eliminate these problems. This procedure is both computationally less 

expensive and faster. Therefore, this study aims to perform SA with DNN surrogate model for 

TRACE TH system code. 

1.1. Sensitivity Analysis 

SA is a type of analysis that determines how much changes in the input values for a 

particular variable will affect the outcomes of a mathematical model. Business analysis, 

investment, environmental studies, engineering, physics, and chemistry are just a few of the 

fields where SA can be use [1]. There are numerous categories of SA approaches in the literature 

[2].  

SA provides information on the degree to which a particular input parameter or group of 

input parameters affects the output variability of the model. SA application can be summarized 

[3] as follows:  

1.) Comprehending how inputs and outputs relate to each other. 

2.) Evaluating the contribution of the model parameter uncertainty to the output variability. 

3.) Examining the important variables that dominate model outputs and magnitudes. 
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In a review of the SA approach [2][3], the classification is based on the parameter space of 

interest, with implicit assumptions about the statistical framework derived from the experiment 

design (local versus global). Characterization in statistical global approaches aims to quantify 

output dispersion based on variance [3][4]. In some situations, alternative methodologies can 

produce varying and inconsistent parameter importance rankings [3][4]. The analysis's findings 

may also be significantly influenced by the probability distribution of the assumed input 

parameters and/or the range of possible distributions [5]. 

SA is performed [8] with the Morris screening method to identify and eliminate non-

influential parameters concerning TH system code (TRACE) model output. Based on [8] results, 

they ranked the ten most influential parameters among the 26 input parameters. Also, the heat 

transfer and hydrodynamic parameters of the Dispersed Film Flow Boiling flow regime model 

accounted for the majority of the extremely significant parameters. In another work, the authors 

[9] studied global SA using the Morris Screening method and the Sobol’ Saltelli method. In 

order to calculate the Morris method, 40 trajectories are used, and to compare it to Sobol’s 

method, 1000 samples are generated to calculate the main effect indices. Also, three distinct 

sample sizes were used to produce empirical convergence research (250;  500;  1,000). Those 

two results were consistent, especially in the first top ten ranks.  

A comprehensive global SA [10] is performed with the TRACE code. The author analyzed 

the Morris screening and Sobol’ indices SA, and the results were consistent with each other. The 

study discovered [10] that during the transient, key variables and the way in which they 

interacted were changing. The simulation model demonstrated weak interactions among the 

important parameters during the early stages of the transient (while the temperature was rising 

and during the early reflooding phase). However, the majority of the variation in the cladding 
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temperature transient throughout the temperature drop and near quenching could only be 

attributable to parameter interactions. Another work [21] performed the GSA for TRACE output 

with different methods. They discovered that the Sobol' sensitivity indices based on the first 

principal component's (PC) score and those generated from the maximum cladding temperature 

are identical. 

This study's TRACE model data contains four input parameters with 490 samples. We are 

interested in learning which particular variable, or set of variables, would have the most 

significant impact on the result. The evaluation of the model parameter or combination of 

parameters that has the largest impact on the model output can be made through SA.  

In order to measure the effectiveness of each parameter in TRACE data and the interactions 

between parameters with respect to the output of the trained DNN, a variance-based SA is 

performed in this study.  

1.2. Deep Neural Network 

DNNs are effective tools for addressing computationally demanding real-world issues, 

including physics, language processing, automated picture classification, and human action 

identification. Deep learning is frequently performed in supervised and unsupervised 

applications. DNNs have outstanding performance in solving problems in many science, 

business, and government domains. In the study of classification and regression application, it 

was found to produce desirable results [11]. Every neuron will create a series of real-value 

activations. Neurons are linked processors that make up a typical neural network. In a DNN, the 

calculation from one layer to the next is typically written as follows: 

 𝑦 = 𝑤𝑇𝑋 + 𝑏 (1) 
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Where there are output vector, weight matrix for input X, bias vector, and input vector are 

represented here y, w, b, and X, respectively. Each node contains a nonlinear activation function 

that can approximate functions of any complexity. Sigmoid, tanh, and ReLU are the three most 

often utilized activation functions for DNN. ReLU activation function is applied to DNN model 

while performing the reduced data by PCA. The main difference in this study from the other 

works is using DNN as a surrogate model. SA is performed with TRACE data, but it is 

computationally expensive and time-consuming. Each run takes a couple of minutes for TRACE 

code. On the other hand, with the DNN model, thousands of results can generate in less than 

minutes with a high accuracy rate. 

1.3. Data and Registration 

Based on TRACE model of Flooding Experiments with Blocked Arrays (FEBA) experiment 

[18], some SA was performed by [10]. In this study, the data comes from the TH system code 

TRACE of FEBA experiment to perform PCA. 

Since the outputs of TH codes are often functions (such as time-dependent temperature 

profiles), it is complicated to define their sensitivity indices. Initially a method is suggested [13], 

still used today, that entails extending the output on a PC basis in order to reduce its size. The 

majority of the output variability is included in the first components, which can be used to derive 

variance-based sensitivity indices, such as Sobol's indices, from their scores [7].  The physical 

significance of the PCs to which the scores are connected, however, is not always simple. This is 

especially accurate for transients whose amplitude and phase change at the same time. To some 

extent, phase and amplitude variability can be separated with registration strategies [7]. Several 

registration strategies have been done in the literature. One is studied landmark registration [10] 

to separate amplitude and phase variation. Another one studied arguably the best registration 
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algorithm, which is the SRSF [21], and compared results with previous landmark registration 

studies. They found that the temperature profiles can be appropriately aligned using SRSF 

registration so that their amplitude variability can be directly measured using a cross-sectional 

mean and a standard deviation on the aligned profiles. We present the SRSFs framework for the 

registration process in this study based on a literature review. 

1.4. Principal Component Analysis 

A well-known unsupervised dimensionality reduction technique, PCA, creates pertinent 

features and variables by linear or nonlinear combinations of the initial variables [7]. PCA is a 

dimensionality-reduction technique that is frequently used to reduce the dimensionality of big 

data sets. The PCA technique is especially effective when analyzing data with multiple features 

or variables. 

After registering the data, the next step is dimensionality reduction which is the PCA. PCA is 

a statistical method that transforms potentially correlated data into a set of values for linearly 

uncorrelated variables using an orthogonal transformation. Generally, the number of uncorrelated 

variables is frequently less than the original variables, and the variation of the original data can 

be preserved during the data reduction process. PCA is necessary to reduce the dimension of the 

problem; since our output is time-dependent, we want to decrease the dimension and keep as 

much variance (information) as possible. The python scikit-learn PCA package is used for this 

step. 

1.5. Case Study 

In a Large-Break Loss-of-Coolant Accidents (LBLOCA) of a Pressurized Water Reactor 

(PWR), the accident transient is started by a double-ended break in the primary circuit's cold leg. 

The Emergency Core Cooling System (ECCS) of the power plant is built to preserve core 
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geometry and cool ability in compliance with a set of acceptance requirements due to the 

seriousness of LBLOCA results, including the risk of leaking a considerable amount of 

radioactive materials.  The blowdown, refill, and reflood phases are typically used to categorize 

the phenomenology of LBLOCA. 

A safety analysis's reflood phase is particularly crucial since some of the important 

acceptance criteria, like the peak cladding temperature or the fuel cladding oxidation layer, are 

anticipated to be particularly difficult at this phase. The LBLOCA in the PWR is a design basis 

Accident.  The reactor core will be at low pressure, filled with steam, and warming up as a result 

of decay heat after the initial blowdown. There will be fuel-clad temperatures that are higher than 

the point at which spontaneous quenching can happen. Reflood refers to the subsequent refilling 

of the pressure vessel with fluid from the Emergency Core Cooling System in order to cool and 

quench the core. The hydraulic fluxes in the primary circuit, the heat transfer in the core, and the 

feedback between the two are crucial factors to consider while reflooding [39]. Therefore, it is 

necessary to properly comprehend and characterize the reflood phenomenology. 

Reflood separate-effects test facilities have historically conducted experimental projects with 

double aims [18][37]. The first was to learn more about the reflood's phenomenology.  The 

second involved creating and evaluating TH reflood models for use in computer programs for 

safety analysis. In this study, A deeper understanding of the relationship between the reflood 

model's parameter values and the pertinent model output can be achieved by using SA with a 

DNN surrogate model. The main reason for using the DNN model is to reduce the time-

consuming and computational expense. 

The FEBA facility's reflood experiment inspired the model that formed the basis of this 

investigation [18]. The system TH code TRACE was used to model the facility [31].
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2. DEMONSTRATION PROBLEM: FEBA BENCHMARK 

2.1. FEBA Experimental Facility 

At the Karlsruhe Institute of Technology (KIT), a series of FEBA experiments were carried 

out in the 1980s to further understand the heat transfer mechanism during reflooding [18], 

including the effects of spacer grids and flow blockage from fuel rod ballooning. The facility's 

data were also used to validate the TH models and codes used at the time. The large break Loss-

of-Coolant Accident in the PWR is a Design Basis Accident. 

The building included a test area with a total height of a 5 × 5 bundle of PWR fuel rod 

simulators in Figure 2-1 (a) housed inside a rectangular stainless-steel casing in Figure 2-1 (b)). 

Over the fuel rod simulators' height, a general cosine power profile was projected in Figure. 2-1 

(c). Seven spacer grids mechanically support the fuel rod simulators (Figure. 2-1 (d)). 

 

Figure 2-1. Fuel rod simulators used in FEBA separate-effects test facility [18] 
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The test area was heated up during the experiment's setup phase at low nominal power (200 

kW) to reach a specific initial heater rod temperature without any liquid present. The 

experiment's transient phase was started by ramping up to power 120% following the American 

National Standard decay heat power curve and injecting subcooled liquid from the test section's 

bottom simultaneously. During each transient test, a number of temperature data at the heater 

rods' outer surface—referred to as the cladding temperature—were taken at various axial points. 

Figure 2-2 illustrates the typical behavior of the evolution of the clad temperature during the 

reflood test at the mid-assemble together with the phenomenological flow regimes indicated in 

the evaluation report. Since temperature reversal occurs (owing to the conflict between heating 

caused by the power ramp-up and cooling caused by the steam produced at the assembly's lower 

level and by entrained droplets as well) in the mist cooling regime, this is regarded as the most 

crucial. Because the film boiling flow regime is a more effective cooling process, the subsequent 

temperature decrease is more dramatic. The temperature drops as the quench front advance 

upward until it reaches the quench temperature, and the rod surface is quenched at the 

measurement point. 

In the FEBA facility, eight different test series were conducted. There were two distinct 

numbers of spacer grids used in the first two test series (I and II), seven and six, respectively. In 

test series II, the middle spacer grid was taken out to observe the impact of spacer grids during a 

reflood transient. The effect of rod ballooning of various diameters was examined in the other 

test series using various flow area blockage sizes at the mid-height of the test section. 

Combinations of two separate inlet liquid velocities and three various system backpressures were 

imposed in each test series. 
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Figure 2-2. A typical max peak cladding temperature profile [18] 

In this study, only one reflood experiment from test series I, test 216, was examined. All 

seven spacer grids were mounted during the base experimental setup's test run, and there was no 

flow area blockage. The liquid inlet velocity was set at 3.8 × 10−2 𝑚 ∙ 𝑠−1 and the system 

backpressure to 4.1 bars. 

The KIT library website has many reports that compile the facility specification and the test 

data. Since the FEBA experiment is not included in the code's initial validation matrix, the 

specifications and data are helpful information for evaluating the TRACE code. Reference [18] 

has additional information. 
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2.2. TRACE Model of FEBA 

The U.S. Nuclear Regulatory Commission (NRC) created the best-estimation system TH 

code, TRACE, as a light-water reactor transient analysis tool in both typical and accident 

scenarios [31]. All earlier NRC TH codes developed separately for different reactor types are 

being integrated and modernized into a single software package as part of its ongoing 

development. In the end, this would make the code more adaptable for end users and more 

convenient for the developer to maintain. 

 The hydraulic module of TRACE uses a two-fluid, six-equation model to solve the mass, 

momentum, and energy conservation equation for the coolant's liquid and vapor phases. A set of 

applicable constitutive equations and the equation of state (for the working fluid and non-

condensable gases) conclude the resulting system of equations (or closure laws). The closure 

laws explain how the phases interact, exchanging mass, momentum, and energy through the 

interface together with the phases' respective momentum and energy with the wall. These closure 

laws depend on the flow regimes and were created using either an empirical correlation, or 

mechanical model, or a combination of them [31]. 

With the help of the TH system code TRACE, the FEBA facility was modeled. The model 

contains a one-dimensional VESSEL component (to model the bundle test section), a PIPE 

component (upper plenum of the test section), a FILL component (inlet flow and temperature 

boundary conditions), a BREAK component (outlet pressure boundary condition), two HTSTR 

components (heater rod simulator and nonpowered test section housing), and a POWER 

component (imposed electrical power boundary condition). 

The vessel was divided into 28 hydraulic nodes ranging from 60 to 315 mm. Additionally, 

an equal number of coarse axial conduction nodes were formed by nodalizing HTSTR 
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components. However, the fine mesh reflood flag in TRACE was activated since a high axial 

temperature gradient is foreseen in a reflood transient. Thus, each coarse conduction node is 

equally split by 5, resulting in 142 fine axial conduction nodes. Table 2-1 summarizes the 

essential geometrical parameters and experimental settings utilized to create the FEBA input 

model, and Figure 2-3 shows how the model is nodalized. 

Table 2-1. Geometrical Parameters and Experimental Condition for the FEBA 

Model in TRACE [31] 

Parameter Value Parameter Value 

Test Section Total 

Length (m) 

4.114 Pitch-to-diameter ratio 1.33 

Total heated length (m) 3.9 Number of spacer grids 7 

Flow area (𝐦𝟐) 3.901 × 10−3 Spacer grid flow obstruction 20% 

Hydraulic diameter 

(mm) 

13.45 Number of hydraulic nodes 28 

Rectangular housing 

width (mm) 

78.55 Number of conduction nodes 170 

Rectangular housing 

thickness (mm) 

6.5 Inlet flow velocity (m ∙ s−1) 3.8 × 10−2 

Number of rods 25 Inlet liquid temperature (K) 312 

Rod outer diameter 

(mm) 

10.75 System backpressure (bar) 4.1 
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2.3. Quantities of interest 

The evolution of the cladding temperature at a specific point is a significant variable in the 

reflood simulation. Since the cladding temperature is given as a time-dependent curve, the peak 

temperature and the quenching time are frequently chosen as the two features that best 

parsimoniously explain the prediction. As shown in Figure 2-4, the evolution of the cladding 

temperature can be used to determine these two quantities of interest. The reflood curve is the 

term used in this study to describe how the cladding temperature evolved. 

 

Figure 2-3. Nodalization of FEBA experimental facility in TRACE [31] 
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Maximum cladding temperature is one of the primary acceptance criteria in a PWR 

evaluation model for LBLOCA. The quenching time is when steady contact between the heated 

cladding surface and the liquid phase can be maintained. The change from the film boiling flow 

regime to the nucleate boiling flow regime corresponds to this. According to Figure. 2-4, the 

quenching time is theoretically defined as the reflood curve's maximum negative curvature. 

 

Figure 2-4. The evolution of cladding temperature in a reflood transient (reflood 

curve) 

2.3.1. Selected Model Parameter Perturbation Factors 

Selected model parameters' nominal values are altered by the corresponding perturbation 

factors. These perturbation factors are represented mathematically as random variables with a 

predetermined probability density function (pdf). Based on a SA study [38], 36 input parameters 

firstly decreased the eight influential parameters performing the Morris screening method. Then 
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performing the Sobol indices, the most effective four input parameters are concluded [38]. In this 

study, these four-input parameter is considered four input parameters to calculate their impact on 

the TRACE model output. Table 2-2 presents the selected model parameters, their uniform 

ranges, and nominal values. 

Table 2-2. Selected TRACE model parameter and range of variations 

Calibration parameters 

(multiplication factors) 

Representations Uniform 

Ranges 

Nominal 

Values 

Single phase vapor to wall heat transfer 

coefficient. 

singlePhaseVapWallHTC (0.0, 2.0) 1.0 

Film to transition boiling 𝑻𝒎𝒊𝒏 criterion 

temperature. 

filmTransBoilTMin (0.0, 2.0) 1.0 

Dispersed flow film boiling heat 

transfer coefficient. 

dispFlowFilmBoilHTC (0.0, 2.0) 1.0 

Interfacial drag (dispersed flow film 

boiling) coefficient. 

dffbIntDrag (0.0, 2.0) 1.0 

 

 



   

15 

3. METHODOLOGIES 

3.1. Global Sensitivity Analysis 

SA can be described as "The study of how uncertainty in the output of a model (numerical or 

otherwise) can be apportioned to different sources of uncertainty in the model input [4]." SA 

ranks the input parameters according to their effect on the output, showing the input parameters' 

importance. GSA can be defined when all the input parameters are varied singly or in 

combination with others, and sensitivity is calculated over the whole domain of each input 

parameter. 

3.1.1. Variance-Based Sensitivity Analysis (Sobol Indices/Method) 

Numerous SA techniques are based on examining the model output variance. The theoretical 

basis of several of these methods is variance decomposition. The Fourier Amplitude Sensitivity 

Test [23], High Dimensional Model Representation [24], Random Balance Designs [26], and 

Conventional ANOVA Methods [27] are some examples of these procedures. Variance-based 

methods rely on variance to define a measure of the input parameter effect on overall output 

variation. The Sobol sensitivity indices are ratios of partial variances to the total variance, and 

independent variables satisfy the relationship: 

 

1 = ∑ 𝑆𝑖

𝑑

𝑖=1

+ ∑ 𝑆𝑖𝑗

1≤𝑖<𝑗<𝑑

+ ⋯ + 𝑆12…𝑑 (2) 

All of the sensitivity indices in Eqn. (2) are positive; none is greater than one. 𝑆𝑗 is referred to 

as the first-order or main effect sensitivity index for any input 𝑗. The output's sensitivity to 

changes in input 𝑗 alone is shown by the symbol 𝑆𝑗. The rest of the terms, with multiple 

subscripts, in the Eqn. (2) are called interaction terms. For interaction terms, subscript order is 

not essential; hence by convention, numerical order is utilized. 
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The total of all terms in Eqn. (2) containing the subscript 𝑗 is the total effect index 𝑇𝑗  for a 

given input 𝑗. By attributing the whole impact of all pertinent interactions to a particular input, 

the total effect establishes an upper bound on its significance. As long as the interaction terms 

are positive, 𝑇𝑗 ≥ 𝑆𝑗 for any input 𝑗. The ability to compute any total effect without assessing the 

interaction terms separately is demonstrated below. This is important when 𝐽 is large. For 

numerous inputs, total effects may alternatively be defined: The total of all terms in Eqn. (2) that 

have either 𝑗, 𝑘, or both as subscripts is known as 𝑇𝑗𝑘. 

A study [17] discussed total effects using the notation 𝑆𝑇𝑗, whereas another one [25] used 𝑆𝑗
𝑇. 

In this study, 𝑇𝑗 symbol is used to make it simpler.  It is impossible for the total sum 𝑆𝑗  over all 

inputs 𝑗 to be greater than one, and it cannot be equal to one unless all interaction terms are zero. 

The sum of 𝑇𝑗  overall, 𝑗, in contrast, can never be less than one and can only be equal to one if all 

interaction terms are zero. This is because the sum of 𝑇𝑗 over 𝑗 contains both each main effect 

and each interaction term several times. 

The dimensionality curse is a phenomenon where the number of inputs grows, and the 

number of sensitivity indices rapidly becomes unmanageable. For instance, there are too many 

indices even with 𝐽 = 50 (more than 1015) to allow for a proper evaluation. This amount is 

easily exceeded by many models, especially if random sample spatial or temporal vectors are 

needed for each iteration for a particular modeling variable. In order to use the variance 

decomposition practically, most of the terms must either be dropped or grouped together to allow 

for the collective evaluation of entire groups rather than single inputs. It may be risky to drop 

terms without first examining them because you never know if they are indeed small enough to 

ignore. Although Sobol's method does not eliminate terms, it can decrease the number of words 
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that grouping inputs must assess. Grouping can be used with terms of any size and does not 

affect the model's independence or the independence of its inputs. 

Each user-specified input group is assigned to one of two classes in each model run 

according to [36] introduction of the second level of grouping. A collective sensitivity index 𝐶𝑘 

for each class 𝑘 is equal to the total of all sensitivity indices in Eqn. (2) with subscripts 

exclusively on the class 𝑘. Assigning one group, 𝑗, to one class (with 𝐶𝑗 = 𝑆𝑗) and all other input 

groups to the −𝑗 class is the most practical method of class division. The total of all terms in 

Eqn. (2) that are missing 𝑗 is equal to the collective index 𝐶−𝑗. Since each term in Eqn. (2) 

belongs to either 𝑇𝑗 or 𝐶−𝑗 (but not both), therefore for any group j, 

 𝑇𝑗 + 𝐶−𝑗 = 1  (3) 

Statement 2, below, is directly derived from this. As previously mentioned by reference [29], 

𝐶𝑗  and 𝐶−𝑗 are just the Pearson correlation coefficients between the output vectors from pairs of 

model runs in the limit of large 𝑁. As summarized by [16], here are the two statements: 

Statement 1. For any input group 𝑗, the main effect 𝑆𝑗 equals to the expectation value of the 

correlation coefficient 𝐶𝑗 of the output vectors from two model runs in which the realizations of 

all inputs in 𝑗 are common to both runs, while all other inputs use independent samples in the 

two runs. 

Statement 2. For any input group 𝑗, the total effect 𝑇𝑗 equals one minus the expectation value 

of the correlation coefficient 𝐶−𝑗 of the output from two model runs which use independently 

sampled values for inputs in 𝑗, but use the same realization in both runs for all other inputs.  

Table 3-1. List of symbols and representations 

Symbols Representation 
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𝑺𝒋 The main effect sensitivity index 

𝑻𝒋 The total effect index 

𝑪𝒋, 𝑪−𝒋 The Pearson correlation coefficients between the output vectors from pairs of 

model runs 

𝒇 Vector of model output 

𝝆𝒋𝒌
′′  The Pearson correlation coefficient between the pair of output vectors 

𝒈𝒋𝒏 Standardized model output vector 

𝒎𝒋
′ The mean of the output vector 

𝝂𝒋
′ The variance of the output vector 

 

All of the sensitivity indices for the group with input 𝐽 can be numerically estimated using 

these statements as the foundation. A relatively small number of model runs can produce all 𝐶𝑗 

and 𝐶−𝑗, and hence all the main and total effects, by methodically altering the classes to isolate 

each input group 𝑗 in turn. 

The sensitivity indices can be calculated analytically for relatively simple models by 

integrating the output function over chosen input axes. However, explicit formulas were 

improved over several studies since, for the majority of models, it is necessary to estimate the 

indices numerically.  

In this study, uppercase symbols stand for the model itself, while equivalent lowercase letters 

stand for numerical estimations of these quantities. Equations with uppercase terms represent 

exact relationships between properties, but equations with lowercase terms could be considered 

definitions. In contrast to earlier articles, this study uses correlations rather than the integral-
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based technique to calculate the sensitivity indices. Certain approaches incorporate correction 

terms for spurious correlation, enhancing estimates without requiring additional model runs. 

In order to perform the Sobol indices, first, generate two sets of N sample values (or 

realizations) at random for every input parameter. The names sample and resample are more 

frequently used in the literature; however, they are referred to as the unprimed and primed sets 

(or 𝑢𝑗  𝑎𝑛𝑑 𝑢𝑗
′) because of their symbolism. The 𝑢 symbol refers that these are quasi-random 

samples, as Sobol’ suggested, that are distributed more regularly than real random numbers. 

A group of 𝐽 + 2 distinct model runs can be used to evaluate all first-order main and total 

effects. The analyst chooses the number of iterations N for each run; a greater N results in 

estimates with lower error but requires more computation time to create. One of these runs 

utilizes 𝑢𝑗  for all groups, while the other utilizes 𝑢𝑗
′. For the remaining 𝐽 runs, class 𝑗 uses the 𝑢𝑗

′ 

samples while class −𝑗 uses the 𝑢𝑗  samples, where 𝑗 loops over the 𝐽 variable groups. On the 

other hand, 2𝐽 + 2 runs can be used to produce double estimates, which are more precise [15]. 

These need for additional 𝐽 runs in which the class 𝑗 class utilizes the 𝑢𝑗  samples and the class −𝑗 

class utilizes the 𝑢𝑗
′ samples. In a study [35], this design is referred to as "radial sampling" and is 

favored over the "winding stairs" design. Additionally, [35] advises against using more than two 

base sets of random samples (the primed and unprimed). 

Let 𝑓 represent the vector of model output from a particular run, which contains one element 

every iteration. Identify the samples utilized for the −𝑗 class by the existence or absence of a 

prime. Using a subscription will help to identify which group 𝑗 forms the other class. For clarity, 

subscript zero is used when class 𝑗 is empty. As illustrations, 𝑓𝑗 is the result of the run where 𝑢𝑗
′  

was used for input group 𝑗 and 𝑢𝑗  was used for all other variables, and 𝑓0
′ is the result of the run 

where 𝑢𝑗
′ was used for all inputs. The entire output from each run of the 2𝐽 + 2 model is captured 
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by the set of vectors (𝑓0, 𝑓0
′, 𝑓𝑗, 𝑓𝑗

′) with 𝑗 running through all 𝐽 groups. Between the two vectors 

𝑓𝑗
′ and 𝑓𝑘

′, The Pearson correlation coefficient can be defined as: 

 

𝜌𝑗𝑘
′′ = (

1

𝑁
) ∑

(𝑓𝑗𝑛
′ − 𝑚𝑗

′)(𝑓𝑘𝑛
′ − 𝑚𝑘

′ )

√𝜈𝑗
′𝜈𝑘

′

𝑁

𝑛=1

 (4) 

The output vectors' mean, and variance are shown here by the letters 𝑚 and 𝜈, respectively. 

The first superscript and subscript pair on 𝜌 in this notation refers to one model run, whereas the 

second pair refers to the other run. Since correlation is independent of run order, put the primed 

run first when both types are present. 

An option to utilize Eqn. (4) directly is first to establish a set g of standardized model output 

vectors: 

 𝑔𝑗𝑛 = (𝑓𝑗𝑛 − 𝑚𝑗)/√𝜈𝑗 (5) 

Utilize the uncorrected variance to ensure that the mean of each 𝑔 vector is zero and the sum 

of its squares is 𝑁. The correlation coefficients have a straightforward form using this notation. 

For instance: 

 𝜌𝑗𝑘
′ = ∑ 𝑔𝑗

′ 𝑔𝑘/𝑁 (6) 

The model iterations from 𝑛 = 1 to 𝑁 are summed, and these iterations are often suppressed 

to reduce clutter. Each run is independently standardized in Eqn. (5) using only its results. When 

utilizing Eqn. (4), it is possible to pool the outputs to get more accurate estimations of the true 

mean and variance. 

According to Statement 1, 𝜌𝑗0
′  and 𝜌0𝑗

′  are both estimates of 𝑆𝑗. Even though they are not 

entirely independent, the average of the two yields a more accurate estimate than either one by 

itself. Therefore, an improved estimate of 𝑆𝑗 is obtained given the entire set of 2𝑗 + 2 runs: 
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𝑆𝑗 =

1

2𝑁
∑(𝑔𝑗

′ 𝑔0 + 𝑔0
′ 𝑔𝑗) (7) 

The total effect can be defined mathematically: 

 
𝑇𝑗 = 1 −

1

2𝑁
∑(𝑔𝑗𝑔0 + 𝑔0

′ 𝑔𝑗
′) (8) 

These formulas could perform even better if correction terms were added.  

It is expected that there will be no correlation between any two vectors of length N from 

separate random samples; however, this is not always the case. The estimations of the sensitivity 

indices will be inaccurate because two model runs with spurious correlation in their input vectors 

will also have some in their output vectors. By making 𝑁 big enough, this can be decreased to 

any level we want, but it will be computationally expensive. The best estimates of the sensitivity 

indices that can be obtained with a certain number of model assessments are what one usually 

desire. A correction term is defined to decrease the error minimum: 

 
𝑝𝑗 =

1

2𝑁
∑(𝑔0

′ 𝑔0 + 𝑔𝑗
′𝑔𝑗) (9) 

𝑝𝑗 has a zero-expectation value; however, any realization will typically be non-zero. A 

different estimation of the index 𝑆𝑗 with correction term is: 

 
𝑆𝑗 =

1

2𝑁
∑(𝑔𝑗

′ 𝑔0 + 𝑔0
′ 𝑔𝑗 − 𝑔0

′ 𝑔0 − 𝑔𝑗
′ 𝑔𝑗) (10) 

The corresponding formula for the total effects is: 

 
𝑇𝑗 = 1 −

1

2𝑁
∑(𝑔𝑗𝑔0 + 𝑔0

′ 𝑔𝑗
′ − 𝑔0

′ 𝑔0 − 𝑔𝑗
′𝑔𝑗) (11) 

3.2. Deep Neural Network 

The deep fully connected neural network architecture to predict TRACE Simulation data is 

shown in this section. The inputs consist of four-dimensional data from the TRACE Simulation. 

The output values are warping function and warped data after performing the PCA. 
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Fully connected DNNs have the potential to determine nonlinear relationships between 

inputs and outputs. It aims to learn successive layers of increasingly relevant representations 

from data, which is a representation learning approach. In order to create a correct mapping from 

input features to their output, it must dig deeper before it can recognize higher-level 

representations. The suggested deep learning neural network has three levels: one input layer, 

two hidden layers, and one output layer. We present a few notations that are utilized in neural 

networks. A two-dimensional matrix with N data samples and D characteristics is an example 

supplied into the neural network. For our situation, the number of samples and features are 490 

and 4, respectively. For our situation, the batch size is 10, and due to the shape of the input, D is 

4. The first hidden layer contains 50 nodes, a sufficient quantity to capture all of the data present 

in the input layer. For the next hidden layer, the numbers of nodes are 25. Since our data 

decreased to 2 PC scores, only two nodes exist in the output layer, as shown in Figure 3-1. An 

activation function known as rectified linear function (ReLU) has been set for each node in 

hidden layers.  

3.2.1. Feed Forward 

Feedforward is the first stage of the training process, where input is fed into the network 

layer by layer but only forward direction. The basic concept of the feedforward neural network is 

quite simple: the network is supplied with both a set of input data to be learned and the desired 

output response for each data sample [33]. Weights, essentially numbers, vectors, or matrices, 

will be used to parameterize the input data when it enters a layer. Each node from the previous 

layer adds up its output times weights and passes them to each node from the subsequent layer as 

part of the path operation between layers. It has the following mathematical description: 
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𝑦𝑗 = ∑(𝑤𝑖𝑗𝑥𝑖 + 𝑏𝑖)

𝑛

𝑖=1

 (12) 

where 𝑛 stands for the number of nodes in the layer before, the output of the preceding layer is 𝑥𝑖 

(𝑥𝑖 is a feature if the previous layer is the input layer), 𝑤𝑖 is the weight, 𝑏𝑖 is the bias term. For 

the node in the following layer, the output 𝑦𝑗  can be treated as the input value. 

An activation function is applied to the node's input during the process known as activation 

inside the nodes. The ReLU function is utilized in this study. Activation is demonstrated below: 

 𝑦𝑗
′ = 𝑅𝑒𝐿𝑈(𝑦𝑗) (13) 

where 𝑦𝑗
′ is the output of a node after activation, and 

 
𝑅𝑒𝐿𝑈(𝑥) = {

0, 𝑖𝑓 𝑥 < 0.
𝑥, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

 (14) 

This option presents us that only partial nodes in each layer will be activated, not being 

squashed into a certain range, which is widely used for regression problems. The ReLU 

function's derivative has the following form: 

 𝑑

𝑑𝑥
𝑅𝑒𝐿𝑈 = {

0, 𝑖𝑓 𝑥 < 0.
1, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

 (15) 

 

 

The ReLU function's derivative is continuous and straightforward to compute, making it 

appropriate for the backpropagation process.  
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Figure 3-1. Illustration of deep learning neural network structure 

3.2.2. Loss Function 

In this study, minimizing the discrepancy between the actual target value and the output 

value of the network is one of the most crucial training period goals in supervised learning. The 

training step uses the mean squared error (MSE) loss, just like conventional multi-layer 

perceptron training for regression tasks. The MSE measures network quality and indicates the 

mean squared deviations between the actual and predicted values. It is always positive, and 

numbers closer to zero are preferable. MSE can be expressed as follows: 

 

𝑀𝑆𝐸 =
1

2𝑁
∑(𝑦𝑖 − �̂�𝑖)2

𝑁

𝑖=1

 (16) 

where 𝑦𝑖  is the actual target value, and �̂�𝑖 is the output value of the network. 



   

25 

3.2.3. Gradient Descent 

To decrease the MSE, we must update the weights in the network after each iteration to bring 

the predicted value closer to the actual value. The gradient descent optimization algorithm is 

applied in this study. The weight update rule is illustrated below: 

 
𝜃𝑡+1 = 𝜃𝑡 − 𝛼

𝜕𝑀𝑆𝐸(𝑋, 𝜃)

𝜕𝜃
 (17) 

where 𝜃 indicates the neural network parameters (weights and biases) at iteration 𝑡 in 

gradient descent, and 𝛼 is the learning rate, which controls the step size of updating the weights. 

3.3. Functional Data Analysis 

The statistical discipline of functional data analysis (FDA) examines data to reveal 

information about curves, surfaces, or anything else that varies along a continuum. The term 

"FDA," which stands for statistical analyses of data that are functions, was popularized by 

reference [5]. The FDA's primary premise is that the data are sufficiently smooth, which is 

determined by the existence of derivatives up to a specific order. 

3.3.1. Curve Registration 

The goal of registration is to separate phase and amplitude variabilities. In order to align the 

realization of time for each realization, warping functions accelerate/decelerate are used. The 

warping (phase change) may indicate an inherent variability in the process or may be due to 

uncertainty in the measurement process. There are several ways to register a curve, and one of 

them is aligning the curve at a specific landmark. If the landmarks have a physical meaning, then 

it justifies the alignment. For our case, maximum cladding temperature and quenching time are 

two landmarks. 

Assume that 𝑓 is a real-valued function with the domain [0,1], and this domain can be easily 

transformed to other intervals. Functions that will be considered are certainly continuous on 
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[0,1], and the set of all functions we call is ℱ. In reality, this assumption is not a limitation, as the 

observed data are discrete. Also, let Γ be the set of boundary-preserving diffeomorphisms of the 

unit interval [0, 1]: Γ = {𝛾: [0,1] → [0,1]| 𝛾(0) = 0, 𝛾(1) = 1, 𝛾 is a diffeomorphism}. Elements 

of Γ represent the warping functions. For any 𝑓 ∈ ℱ and 𝛾 ∈ Γ the combination 𝑓 ∘ 𝛾 specifies 

𝑓's time-warping with 𝛾. By the composition operation, we can have the identity element 

𝛾𝑖𝑑(𝑡) = 𝑡, which is the set of Γ. 

In a binary alignment problem, the aim is to align any two functions 𝑓1 and 𝑓2. Most past 

methods used cost terms of type (𝑖𝑛𝑓𝛾∈Γ‖𝑓1 − 𝑓2 ∘ 𝛾‖) to accomplish this alignment. Here, ‖∙‖ 

represents the standard 𝐿2 norm. Nevertheless, this alignment is neither positive definite nor 

symmetric. Another study [6] proposed a mathematical model for managing these and related 

problems to represent a function. This function, 𝑞: [0,1] → ℝ, is called the square-root slope 

function or SRSF of 𝑓, and is defined in the following form: 

 
𝑞(𝑡) = 𝑠𝑖𝑔𝑛(𝑓̇(𝑡))√|𝑓̇(𝑡)| (18) 

If the function 𝑓 is continuous, then the resulting SRSF can be shown to be square-integrable. 

Thus, 𝐿2 will be defined as the set of all the SRSFs. For each 𝑞 ∈ 𝐿2 and fixed 𝑡 ∈ [0,1], 𝑓 

function can be attained accurately help of the equation: 𝑓(𝑡) = 𝑓(0) + ∫ 𝑞(𝑠)|𝑞(𝑠)|𝑑𝑠
𝑡

0
, since 

𝑞(𝑠)|𝑞(𝑠)| = 𝑓̇(𝑠). As a result, the mapping from ℱ to 𝐿2 × ℝ given by 𝑓 → (𝑞(𝑓(0)) is a 

bijection. The essential feature of this framework is that when we warp a function 𝑓 by γ, the 

SRSF of 𝑓 ∘ 𝛾 will be �̃�(𝑡) = (𝑞, 𝛾)(𝑡) = 𝑞(𝛾(𝑡))√�̇�(𝑡). With the help of this expression any 

𝑓1, 𝑓2 ∈ ℱ and 𝛾 ∈ Γ, we can show that we have 

 ‖𝑞1 − 𝑞2‖ = ‖(𝑞1, 𝛾) − (𝑞2, 𝛾)‖ (19) 



   

27 

where 𝑞1, 𝑞2, are SRSFs of 𝑓1, 𝑓2, respectively. This is the isometry feature and is central to 

proposing a new cost term for the binary registration of functions: 𝑖𝑛𝑓𝛾∈Γ‖𝑞1 − (𝑞2, 𝛾)‖. To 

obtain registered functions, this equation suggests first registering (or aligning) the SRSFs of any 

two functions and then mapping them back to ℱ. Symmetric, positive definite, and satisfaction of 

triangle inequality are the advantage of this choice. This cost function does not require any 

additional penalty term since it has a regularization term built into it. In Eqn. (19), the isometric 

property leads to a distance between functions that is independent of their random warping’s. 

The amplitude or y-distance 𝐷𝑦 of any two functions 𝑓1, 𝑓2 ∈ ℱ and their accompanying 

SRSFs, 𝑞1, 𝑞2, ∈ 𝐿2, is defined as: 

 𝐷𝑦(𝑓1𝑓2) = 𝑖𝑛𝑓
𝛾∈Γ

‖𝑞1 − (𝑞2 ∘ 𝛾)√�̇�‖ (20) 

Therefore, for any 𝛾1, 𝛾2 ∈ Γ, there is 𝐷𝑦(𝑓1 ∘ 𝛾1, 𝑓2 ∘ 𝛾2) = 𝐷𝑦(𝑓1𝑓2). 

We require a concept of the mean of functions to separate phase and amplitude variability in 

functional data. In essence, we first compute a mean function and, as a result, warp the given 

functions to math this mean function. We may use 𝐷𝑦 to determine this mean because it has a 

correct distance and is stable to random warping. Let 𝑞1, 𝑞2, … , 𝑞𝑛 denote the SRSFs of a given 

set of functions 𝑓1, 𝑓2, … , 𝑓𝑛. The Karcher mean of a function is defined as the local minimum of 

the following cost functions: 

 
𝜇𝑓 = 𝑎𝑟𝑔𝑚𝑖𝑛

𝑓∈ℱ
∑ 𝐷𝑦(𝑓, 𝑓𝑖)2

𝑛

𝑖=1

 (21) 

 
𝜇𝑞 = 𝑎𝑟𝑔𝑚𝑖𝑛

q∈𝐿2
∑ (𝑖𝑛𝑓

𝛾𝑖∈Γ
‖𝑞 − (𝑞𝑖 ∘ 𝛾𝑖)‖2)

𝑛

𝑖=1

 (22) 

This is a pair of equivalent formulations, one in function space ℱ and the other in SRSF 

space 𝐿2. 
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3.3.2. Principal Component Analysis 

Cladding temperature from the FEBA experiment is used as experimental data for PCA 

method. Making a unique DNN model for each variable would be excessively time-consuming 

and expensive, given that cladding temperature is time-dependent, which accounts for 

multidimensional output. This problem was solved by reducing the dimension of the simulation 

output using the PCA method [32]. PCA is a statistical procedure that uses an orthogonal 

transformation to convert possibly correlated data into a set of values of linearly uncorrelated 

variables while the number of uncorrelated variables is often less than the original variables, 

which means data reduction is possible while preserving the variance of the original data.  

Consider selecting 𝑟 points (𝑟 = 1000) from each TRACE simulation outcome. The TRACE 

model is run 𝑁 times to generate a 𝑟 × 𝑁 data matrix 𝐴, which can be used to learn the pattern of 

simulation outcomes. To create the 𝑟 × 𝑟 linear transform matrix 𝑃, the data matrix is applied to 

a singular value decomposition (SVD). The 𝑟 × 𝑁 data matrix 𝐵 is known as the PC after the 

linear transformation 𝑃𝐴 = 𝐵. Below is a short description of the PCA methodology. 

1) Subtract the average of each row from each column in the original data matrix 𝐴 to center 

it. 

2) Find the 𝐴𝑐𝑒𝑛𝑡𝑒𝑟𝑒𝑑 (𝑟 × 𝑁) SVD: 

 𝐴𝑐𝑒𝑛𝑡𝑒𝑟𝑒𝑑 = 𝑈Λ𝑉𝑇 (23) 

where 𝑈 denotes the 𝑟 × 𝑟 orthogonal matrix and 𝑉 denotes a 𝑁 × 𝑁 orthogonal matrix.  

3) Selecting 𝑃 = 𝑈𝑇 results in: 

 𝑃𝐴𝑐𝑒𝑛𝑡𝑒𝑟𝑒𝑑 = 𝑈𝑇𝐴𝑐𝑒𝑛𝑡𝑒𝑟𝑒𝑑 = Λ𝑉𝑇 = 𝐵 (24) 

where, 𝑃 (𝑟 × 𝑟) represents the linear transform matrix. The matrix B (𝑟 × 𝑁) is a loading 

matrix since it gives a linear transformation from the actual data to the PC basis. The 
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original data 𝐴𝑐𝑒𝑛𝑡𝑒𝑟𝑒𝑑 PC basis is represented by the converted variables (rows of B), 

known as PC scores.   

4) Using the total variance explained by these principal subspaces, choose the dimension of 

the principal subspace 𝑟∗, which may be considerably smaller than 𝑟. Because the 

original data are highly correlated, the PC variances generally drop sharply; only a few 

PCs can account for 95% to 99% of the total variance. A 𝑃∗ transformation matrix can be 

used to produce the first 𝐵∗. 

 𝑃∗𝐴𝑐𝑒𝑛𝑡𝑒𝑟𝑒𝑑 = 𝐵∗ (25) 

Here, 𝑃∗(𝑟∗ × 𝑟)  and 𝐵∗(𝑟∗ × 𝑁)   has the new dimensions with principal subspace that 

we decided it.  

5) We have the following relation to reconstructing the data series using the PC 𝑏∗: 

 𝑎𝑐𝑒𝑛𝑡𝑒𝑟𝑒𝑑 = (𝑃∗)𝑇𝑏∗ (26) 

6) Finally, the original data series is created by adding the mean vector that was defined in 

step 1 to 𝑎𝑐𝑒𝑛𝑡𝑒𝑟𝑒𝑑. 

We may use the PCA method to minimize the dimensions in simulation and experimental 

data from over a thousand to only two PCs. 
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4. RESULTS and DISCUSSION 

4.1. TRACE Model Data 

Figure 4-1 shows the results of the TRACE model data at z=2225mm clad height. X label 

shows the time (s), and the y label shows the cladding temperature (°C). There are 490 samples 

here, and the data is generated from the TRACE model for every 0.5 (s). In order to generate the 

data from TRACE, randomly generated 490 samples with four parameters according to their 

nominal values. With that input data, the results are generated in Figure 4-1. 

 

Figure 4-1. Illustration of the TRACE model data 

To perform the DNN at that data, first, we need to register (align) the data. At first glance, we 

can see fluctuations on the lines. Curve registration is complex due to fluctuations in functions. 

First, we will prepare the data for curve registration by smoothing the curves, as shown in Figure 

4-2.  
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Figure 4-2. Illustration of the smooth TRACE model data 

Now, we can perform the curve registration for our functions to separate phase and amplitude 

variabilities. 

 

4.2. Curve Registration 

Figures 4-3 (a) and (b) show warped data and warping functions after separating phase and 

amplitude. This data shows the aligned functions. Figure 4-3 (a) points out that all the maximum 

cladding temperatures and quenching times set the same value, 57s for peak clad temperature 

and 278s for the quenching time. 
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  (a)          (b) 

Figure 4-3. (a) Illustration of warped data (b) Illustration of the warping function 

Figure 4-3 shows phase separation, with two sharp changes in the graph. These are our 

landmarks’ peak clad temperature and quenching time from the original TRACE model data.   

Now, our output data has 1000 × 490 matrices. We then need to apply PCA to reduce the 

dimension to perform SA using DNN-based surrogate models. 

4.3. Principal Component Analysis 

We apply the PCA method to reduce the dimension into the principal subspace. Figure 4-4 

shows the explained variance and total variance by several PCs. As can be seen from the graph, 

the first couple of PCs has the almost 95% of the variance of the TRACE data.  

Table 4-1 demonstrates that the first two PCs have the more than 95% of the variance 

(information) for equal samples of 1000 points on the temperature function. Instead of using the 

1000 × 490 matrix to perform the DNN and SA, we can have similar results with only the 2 × 490 

matrix. After PCA, the data’s dimension decreased from 1000 × 490 to 2 × 490, with around 

96% of the variance (information) from our TRACE model data. Warped data has the most 

variance (99%) among the other PC transformation. 
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      (a)           (b) 

Figure 4-4. (a) Variance explained by each PC. (b) Total variance explained by PC. 

Table 4-1. Explained variance for the first two PCs. 

 PC1 PC1 + PC2 

TRACE DATA 0.916 0.967 

WARPED DATA 0.941 0.995 

WARPING FUNCTION 0.799 0.953 

 

 

4.4. Deep Neural Network  

In this section, before presenting the predicted data, we would like to start showing the DNN 

hyperparameter tunning steps.  

4.4.1. Number of Hidden Layers 

The first hyperparameter to tune is hidden layers. We aim to make our model as simple as 

possible to be well-generalized and fast while our data is regularized. Figure 4-5 shows with  
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Figure 4-5. Comparison of Hidden Layers 

different numbers of hidden layers. The number of hidden layers varied from 2 to 10 and 

observed a change of loss. Increasing the hidden layer is not always the best solution for our 

case, as we can see from the above figure. After four hidden layers, our loss increases. While 

four hidden layers have the best solution for the model, we chose the two hidden layers option 

since it makes our model simple and fast. Fasting the model overweighs the decreasing the 

training loss of the data since our model is multidimensional; every layer increases the time 

significantly. 

4.4.2. Number of Neurons 

Another hyperparameter is the number of neurons. A node, also known as a neuron or a 

perceptron, is a computational component with an output connection, a transfer function that 

somehow mixes the inputs, and one or more weighted input connections. There is no easy way to 
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decide the number of neurons in layers. We will use methodical testing to determine the optimal 

number of neurons to decide. 

 

Figure 4-6. Number of neurons comparison 

Figures 4-6 illustrate how the training loss changes with varying neurons. Increasing the 

number of neurons is not always to find the best solution. We need to make an optimization to 

decide our number of neurons. As we can see from Figure 4-6, while two hundred neurons have 

the lowest error, its learning time is higher than 50 neurons. Also, when we have multiple layers 

in our model, the number of neurons will be more significant to decrease the learning time. The 

optimum number is for learning time and low error; 50 which were chosen for our model. 

4.4.3. Number of Epochs 

Next is deciding the number of epochs for our model. It indicates how many times we want 

to run our algorithm on the entire dataset. The goal of deciding the epoch is to establish a 
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restriction that causes epochs to end when the error is around zero. Figure 4-7 demonstrate how 

training loss is affected according to the epoch numbers.  

 

Figure 4-7. Comparison of Epochs 

From Figure 4-7, increasing the epochs decreases the loss until 1000 epochs. After that point, 

epochs not only decrease the error they also increase the training time substantially. Based on the 

results, the training loss difference between the results for 1000 and 2000 epochs are limited, 

1000 epochs is chosen here to make model fast. 

4.4.4. Number of Batch Size 

The batch size defines the number of samples that will be propagated through the network. 

When the data is too large, deciding the batch size is one of the vital hyperparameters to make 

the model learn faster. Utilizing a batch size has the benefit of requiring less memory. The whole 

training process uses less memory since we train the network with fewer samples. The 

disadvantage of batch size is that when it is smaller, the model will be take too much time.  
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Figure 4-8. Comparison of batch size 

Figure 4-8 illustrate the numbers of batch sizes varying from 2 to 25. As we mentioned, 

increasing the batch size increases our loss, which means our accuracy decreases. On the other 

hand, if we decrease it too much, it will affect the learning time and will not be very sensitive to 

our model. Predicated on the above results, 5 batch size is selected for our model. 

4.4.5. Learning Rate 

The learning rate controls the weight at the end of each batch, and decay indicates the 

learning rate decay over each update. The learning rate, in other words, determines how rapidly a 

network updates its parameters. Low learning rates cause the learning process to progress more 

slowly but smoothly. A higher learning rate accelerates learning but may not lead to 

convergence. 
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Figure 4-9. Learning rate comparison 

Figure 4-9 shows different learning rate results. The learning rates varied from 1e-2 to 1e-5 

and observed a change of loss. Choosing the optimum learning rate is one of the most significant 

hyperparameter. In this figure, there are several lines with low loss; however, they have lots of 

fluctuations. We want our loss decrease smoothly; therefore, 1e-5 is chosen since it is the 

smoothest line than the others. 

4.4.6. L1 & L2 Regularization 

In regression applications, L1 regularization, commonly referred to as L1 norm or Lasso, 

prevents overfitting by reducing the parameters to 0. For the same purpose, L2 regularization, the 

L2 norm, or Ridge, forces weights to be low but not exactly 0. One of the differences between 

these two norms is the total of the weights' absolute values is penalized by L1 regularization, but 

the sum of the weights' squares is penalized by L2. 
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Figure 4-10. L1 & L2 regularization comparison 

Figure 4-10 demonstrate the difference between the two regularization methods. We can see 

that L2 regularization has less error than L1 regularization for our data, and L2 regularization is 

chosen for our model. 

4.4.7. Optimized DNN Model Results  

The goal of a DNN is to produce a final model that performs well on both the training data 

and the new data that will be utilized to generate predictions with the model. We demand that the 

model learn from existing examples and extrapolate from those existing examples to upcoming 

cases. It's challenging to learn new information while also generalizing it to new situations. We 

simply apply techniques to evaluate the model's ability to generalize to new data. 

An indicator of how well a deep learning model fits the training data is the training loss. In 

other words, it evaluates the model's error on the training set. The training set is a part of a 

dataset used to initially train the model. The total of errors for each sample in the training set is 
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used to calculate the training loss. Pointing out the fact that the training loss is measured after 

each batch. 

On the other hand, a deep learning model's performance on the validation set is evaluated 

using a metric called validation loss. The validation set is a part of the dataset set aside to 

validate the performance of the model. Similar to the training loss, the validation loss is 

determined by summing the errors for each sample in the validation set. After each epoch, the 

validation loss is calculated. 

 The validation loss shows how well the model fits new data, while the training loss shows 

how well it fits training data. The model will perform poorly both on the training dataset and new 

data if there is insufficient learning, called underfitting (validation loss << training loss). If a 

model learns too much, it will perform well on training data but poorly on new data, called 

overfitting (validation loss >> training loss). The model has not generalized in either situation. 

Our aim is to make validation loss and training loss the same and as low as possible.    

 

(a)                                                                      (b)  

Figure 4-11. (a) and (b) Training and validation loss of warped data and warping 

function 
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Figure-11 shows whether our data is overfitting. Figure (a) shows the results for warped data 

and (b) shows the results for warping function. It can be seen that Figure (a) has lots of 

fluctuations, but when we compare the results, the fluctuation difference is only 0.02. As we can 

see from both (a) and (b), the validation loss is higher than the training loss, which is the 

overfitting result. However, the difference is only 0.15. This is exactly what we were looking for 

well-designed DNN model. 

Figure 4-12 shows the results of DNN model after PCA. The first two figures show the 

results for warped data, amplitude variation, and the rest for the warping function, which is the 

phase variation. Xlabels show the DNN prediction based on our model, and the ylabels show the 

test data to compare it. These graphs demonstrate that our model is well trained and can predict 

the output with high performance. Based on the results, the mean absolute error (MAE) is around 

0.1 and 𝑟2 the score is around 0.98. That means our model is perfectly designed and generates 

the data. 
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Figure 4-12. DNN prediction and test data for warp data and warping function. 

4.5. Variance-Based SA 

The final step of this study is showing the variance-based sensitivity indices with two 

different solutions.  We are interested in determining which of the four variables makes the most 

significant difference in the model's output. The first order Sobol indices are calculated for four 

input parameters. Python’s own library is used to calculate the Sobol indices. Also, a second 
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method is used to compare the results with the python library, which is the new correlation for 

calculating Sobol indices [4].  

This article [4] presents several ways to calculate the Sobol indices until now and find new 

correlations by adding new terms. When it compares the results with all Sobol methods, it finds 

the best solution with a new correlation [4]. Therefore, that new correlation method is used in 

this study to compare results.  

The following are the general steps for calculating Sobol indices with the python library 

SALib: 

1) Choose the model's variables that need to be changed. 

2) The parameter range should be determined, including the lower and upper 

boundaries. 

3) Generate samples predicated on the problems that were presented in the first two 

steps. 

4) Feed the generated samples into the established model to obtain the result 

5) The first-order sensitivity indices will be computed using the output. 

The produced sample size for a reliable Sobol analysis often depends on the number of 

parameters investigated and how complicated the model is. However, there isn’t a standard 

procedure to follow when finding out the sample size. In this study, the convergent method is 

applied. Based on this method, seven different samples size, which are 100, 200, 500, 1000, 

1500, 2500, and 5000, respectively, with the boundaries [0.0, 2.0], are generated to observe how 

the main effect converges to a value.  The trained model's Sobol SA highlights the essential 

TRACE variables that lead to predicted maximum cladding temperature changes. The Sobol 

sensitivity study results are shown in Tables 4-2 and 4-3. 
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Table 4-2. Main effects of warped data with Python Library for PC1 

Parameters/ 

Samples 

100 

Samples 

200 

Samples 

500 

Samples 

1000 

Samples 

1500 

Samples 

2500 

Samples 

5000 

Samples 

singlePhaseVapWallHTC 0.127 0.085 0.102 0.145 0.156 0.162 0.143 

filmTransBoilTMin 0.057 0.033 0.023 0.005 0.005 0.002 0.001 

dispFlowFilmBoilHTC 0.60 0.582 0.803 0.781 0.782 0.753 0.753 

dffbIntDrag 0.003 0.035 0.042 0.010 0.049 0.029 0.036 

Total 0.787 0.735 0.97 0.941 0.949 0.946 0.933 

 

Table 4-2 and Table 4-3 show the effect of each input parameter on the warped data with 

PC1. The input parameter dispFlowFilmBoilHTC is the most dominant on the output data with 

around 75% main effect for both cases. This result shows that changing the flow film boiling 

parameter significantly impacts the output data compared to the other three input parameters.  

 

      (a)           (b) 

Figure 4-13. (a) Main effect of warped data with SALib for PC1 (b) Main effect of 

warped data with correlation for PC2  

 

 

Table 4-3. Main effects of warped data with new correlation for PC1 
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Parameters/ 

Samples 

100 

Samples 

200 

Samples 

500 

Samples 

1000 

Samples 

1500 

Samples 

2500 

Samples 

5000 

Samples 

singlePhaseVapWallHTC 0.085 0.13 0.119 0.122 0.123 0.122 0.131 

filmTransBoilTMin 0.074 0.042 0.004 0.007 0.005 0.004 0.004 

dispFlowFilmBoilHTC 0.686 0.71 0.705 0.759 0.78 0.759 0.751 

dffbIntDrag 0.015 0.047 0.023 0.02 0.025 0.030 0.030 

Total 0.860 0.929 0.851 0.908 0.933 0.905 0.916 

 

Based on Table 4-2 and 4-3 results, they are consistent with each other with the high number 

of samples. With the low number of samples, the differences are considerable, especially 

considering their total effect. On the other hand, when we increase the number of samples, the 

results are converging each other. Both results agree that dispFlowFilmBoilHTC has the highest 

effect on determining the maximum cladding temperature. Also, dffbIntDrag has the lowest 

impact on the output data, with around 0.03 percent. 

Table 4-4. Main effects of warped data with Python Library for PC2 

Parameters/ 

Samples 

100 

Samples 

200 

Samples 

500 

Samples 

1000 

Samples 

1500 

Samples 

2500 

Samples 

5000 

Samples 

singlePhaseVapWallHTC 0.003 0.002 0.001 0.002 0.0004 0.0008 0.0004 

filmTransBoilTMin 0.62 0.72 0.87 0.92 0.96 0.97 0.99 

dispFlowFilmBoilHTC 0.003 0.01 0.005 0.01 0.01 0.013 0.0019 

dffbIntDrag 0.003 0.01 0.002 0.002 0.02 0.003 0.0005 

Total 0.656 0.742 0.878 0.934 0.9904 0.9868 0.9928 

 

 

 

Table 4-5. Main effects of warped data with new correlation for PC2 
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Parameters/ 

Samples 

100 

Samples 

200 

Samples 

500 

Samples 

1000 

Samples 

1500 

Samples 

2500 

Samples 

5000 

Samples 

singlePhaseVapWallHTC 0.23 0.17 0.13 0.35 0.23 0.20 0.18 

filmTransBoilTMin 0.75 0.80 0.86 0.63 0.75 0.78 0.80 

dispFlowFilmBoilHTC 0.00005 0.0006 0.0002 0.0004 0.003 0.0006 0.0006 

dffbIntDrag 0.0003 0.0005 0.0003 0.002 0.001 0.001 0.0009 

Total 0.9835 0.9731 0.9905 0.9824 0.984 0.9816 0.9815 

 

Table 4-4 and Table 4-5 demonstrate the effect of each input parameter on the warped data 

with PC2. These results are different from the PC1. Even though the difference between the 

results for PC2, overall, we can say that results are consistent. filmTransBoilTMin has the 

highest effect on the output data. SinglePhaseVapWallHTC has a similar effect on the output for 

PC1 and PC2. 

 

      (a)            (b) 

Figure 4-14. (a) Main effect of warped data with SALib for PC2 (b) Main effect of 

warped data with correlation for PC2  
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Table 4-6. Main effects of warping function with Python Library for PC1 

Parameters/ 

Samples 

100 

Samples 

200 

Samples 

500 

Samples 

1000 

Samples 

1500 

Samples 

2500 

Samples 

5000 

Samples 

singlePhaseVapWallHTC 0.008 0.004 0.004 0.004 0.0005 0.003 0.005 

filmTransBoilTMin 0.97 0.96 0.93 0.99 0.98 0.98 0.97 

dispFlowFilmBoilHTC 0.003 0.003 0.008 0.001 0.008 0.01 0.007 

dffbIntDrag 0.006 0.006 0.001 0.002 0.0008 0.0005 0.004 

Total 0.987 0.973 0.943 0.997 0.9893 0.9935 0.986 

Table 4-7. Main effects of warping function with new correlation for PC1 

Parameters/ 

Samples 

100 

Samples 

200 

Samples 

500 

Samples 

1000 

Samples 

1500 

Samples 

2500 

Samples 

5000 

Samples 

singlePhaseVapWallHTC 0.40 0.23 0.29 0.46 0.28 0.21 0.22 

filmTransBoilTMin 0.58 0.74 0.67 0.51 0.68 0.77 0.75 

dispFlowFilmBoilHTC 0.01 0.015 0.012 0.015 0.01 0.0084 0.012 

dffbIntDrag 0.0001 0.0001 0.0002 0.0004 0.0002 0.0002 0.0002 

Total 0.9901 0.9851 0.9722 0.9854 0.9702 0.9886 0.9822 

 

 

     (a)        (b) 

Figure 4-15. (a) Main Effect of warping function with SALib for PC1 (b) Main Effect 

of warping function with correlation for PC1  
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Table 4-6 and Table 4-7 illustrate the effect of each input parameter on the warping function 

with PC1. Warped data PC2 and warping function PC1 results are almost the same. Based on the 

results, while filmTransBoilTMin has the most significant input parameter among others, 

singlePhaseVapWallHTC has the second most significant one. 

Table 4-8. Main effects of warping function with Python Library for PC2 

Parameters/ 

Samples 

100 

Samples 

200 

Samples 

500 

Samples 

1000 

Samples 

1500 

Samples 

2500 

Samples 

5000 

Samples 

singlePhaseVapWallHTC 0.16 0.17 0.18 0.19 0.20 0.21 0.19 

filmTransBoilTMin 0.013 0.07 0.001 0.03 0.04 0.03 0.03 

dispFlowFilmBoilHTC 0.75 0.71 0.69 0.69 0.69 0.68 0.70 

dffbIntDrag 0.008 0.04 0.03 0.03 0.02 0.02 0.018 

Total 0.931 0.99 0.901 0.94 0.95 0.94 0.938 

Table 4-9. Main effects of warping function with new correlation for PC2 

Parameters/ 

Samples 

100 

Samples 

200 

Samples 

500 

Samples 

1000 

Samples 

1500 

Samples 

2500 

Samples 

5000 

Samples 

singlePhaseVapWallHTC 0.22 0.10 0.24 0.16 0.26 0.13 0.16 

filmTransBoilTMin 0.02 0.02 0.02 0.02 0.02 0.03 0.03 

dispFlowFilmBoilHTC 0.68 0.79 0.68 0.72 0.63 0.76 0.73 

dffbIntDrag 0.014 0.02 0.02 00.02 0.02 0.03 0.03 

Total 0.934 0.93 0.96 0.92 0.93 0.95 0.95 

 

The final results, Table 4-8 and Table 4-9 present the effect of each input parameter on the 

warping function with PC2. These results are consistent with PC1 warped data. The trend is the 

same.  While dispFlowFilmBoilHTC is essential for the output data, singlePhaseVapWallHTC has a 

minor effect.  
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     (a)        (b) 

Figure 4-16. (a) Main Effect of warping function with SALib for PC2 (b) Main Effect 

of warping function with correlation for PC2  

Overall, GSA is performed for time-dependent TRACE data. Their Sobol indices are calculated with 

different samples to observe where they converge. Three of the four input parameters strongly affect the 

output parameter depending on the PCs.
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5. CONCLUSION 

The optimum way to conduct SA on time-dependent outputs produced by a TH system code 

simulating a reflood transient is investigated in this research. Using the TRACE code to simulate 

the test, we screen the four input parameters that have the most influence using variance-based 

SA.  

The main goal of the analysis is to derive the sensitivity indices from the temperature profile 

output obtained by TRACE at mid-bundle elevation. The process starts with a registration step to 

distinguish between phase and amplitude variations, followed by a PC analysis to decrease the 

output's dimension and identify pertinent scalars for SA. Using the SRSF registration framework 

during the registration process enables us to automatically register curves without having any 

prior knowledge of any landmarks. 

In this study, GSA was performed predicated on FEBA experimental data in TRACE model. 

Unlike the traditional Sobol’ indices, new correlation variance-based sensitivity indices were 

calculated.  By performing the PCA approach to minimize the dimension of the simulation result, 

it is possible to avoid examining the output's high dimension but highly correlated 

characteristics. As a result of the findings, we can state that for the considered reflood transient, 

the temperature profiles were accurately aligned using SRSF registration.  In other words, just 

two PCs are required to explain the amplitude variability of the aligned curves fully. 

With the results of the PCA, DNN was performed to apply the SA. This step differs from 

other works using the DNN as a surrogate model to perform the SA. It is less computationally 

expensive and much faster than TRACE code. DNN is performed with high efficiency based on 

hyperparameter tuning. Almost all the hyperparameters were optimized to create a model of 

DNN to get the highest efficiency from our data. Each hyperparameter is analyzed with its own 
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variables and chosen with the fastest and best efficient value. Training and validation loss values 

proved that our model is well designed with little overfitting. Also, predicted and test values 

almost point to the same, which is another way to compare our results.  

 Finally, when we applied the sensitivity indices for the four input parameters, we used two 

different methods to calculate the Sobol’ indices. One of them was pythons own library SALib, 

the program used to perform all this study. The other method is a correlation depending on an 

article [4]. Those two methods have similar results, and one input parameter has a considerably 

dominant effect on the output compared to the others. 

The primary conclusion of this research is the usage of DNN as a surrogate model to 

calculate the SA. The results proved that a well-designed DNN model could ideally generate 

time-dependent TRACE model simulation data.  

In future work, we would like to create a model for Gaussian Process and compare the results 

with the DNN model. Also, for SA, performing the Morris Screening method could be an option 

to see the difference between the results.
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