
Roundoff Error Problems and
Solutions for Conventional Recursive

Least Squares Filters

Gregory E. Bottomley

Center for Communication and Signal Processing
Department of Electrical and Computer Engineering

North Carolina State University
Raleigh, North Carolina

November 1989

CCSP TR-89/26



A second problem, weight lock-up, results in a loss of

ABSTRACT

BOTTOMLEY, GREGORY E., "Roundoff Error Problems and Solutions for

Conventional Recursive Least Squares Filters," under the direction of

S. T. Alexander.

Recursive least squares filters are not widely used in adaptive

signal processing applications because of instability problems

resulting from finite precision implementation. One problem, explosive

divergence, is characterized by a sudden deviation in filter

performance.

adaptivity.

This dissertation provides a novel fixed point analysis of the

conventional recursive least squares (CRLS) algorithm. The analysis

completely models all roundoff errors associated wi th multiplication

and division. The analytical resul ts serve two important functions.

First, they are used to develop an understanding for how roundoff error

can accumulate to cause explosive divergence. Second, the results

identify which specific roundoff errors are contributing to the

divergence problem. This information is then used to develop

techniques which bias the algorithm towards stable performance.

Explosive divergence is also shown to result from overflow of

certain algorithmic quantities. The weight lock-up problem is shown to

be an underflow problem. A fixed point implementation of the CRLS

algorithm is designed so that underflow and overflow are minimized.

The stabilization techniques are integrated into the fixed point

implementation to produce a robust finite precision implementation of

the CRLS algorithm. While stability is not guaranteed, stable

performance is demonstrated under a variety of signal environments.
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CHAPTER 1 - INTRODUCTION

Within the last three decades, adaptive filtering has emerged as a

powerful tool for many signal processing applications. Adaptive

filters provide greater flexibility because of their ability to adapt

to unknown or time-varying situations [ALEX 86]. As a result,

performance can be optimized even when operating condi tions are not

known in advance.

Applications for adaptive filters can be found in a many different

disciplines. In telecommunications, adaptive filters are used to

provide echo cancellation for long distance calling. Also, data

transmission systems using the telephone network rely on adaptive

channel equalization to minimize distortion. In sonar signal

processing, adaptive beamforming is used to minimize side-lobe

interference. In control eng i neer Ing , adaptive fil tering is used to

identify unknown system parameters. Many other applications exist

[WIDR 85, GIOR 85].

1. 1 Background

The basic adaptive fil tering structure is shown in Figure 1-1.

The filter operates on input data, xtn I, to produce an output y(n).

This output is then compared to a desired signal, den). The

difference, e(n), Is the error signal. The filter parameters, denoted

by the vector wen), are modified or updated each time iteration n so as

to minimize the error signal in some way.
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Figure 1-1. Adaptive FIR filter

The most common adaptive filtering structure is the finite impulse

response (FIR) filter. The output of the adaptive filter is simply a

weighted sum of the input signal as indicated by the following

equations:

x(n-2) T
(1-1)x(n) = [x(n) x(n-1) ... x(n-N+1)]

w
1

(n) w
2

(n ) T (1-2)wen) = [wo(n) ... wN-1 (n l l

yen) T
wen) (1-3)= x (n)

e(n) = den) yen) (1-4)

where x(n) is a vector of most recent input data values.

The most commonly used method for updating the weight vector is

known as the Least Mean Square (LMS) algori thrn. This algori thm is

based on an iterative technique for minimizing the expected value of

the error squared. Because of its relative simplicity and robustness,

the LMS algorithm is Widely used in adaptive signal processing

applications.

Another approach for updating the weight vector is to use a

Recursive Least Squares (RLS) algorithm. This family of algorithms is

based on minimizing the following error criterion [ALEX 86]:



n

e In ) = I «n-i [ dt i )

1=1

T ]2x (i) wen)

3

(1-5)

The criterion is a weighted sum of squared errors, giving rise to the

name "Leas t squares." Each error consists of the difference between

the desired signal and the filter output using the most recent weight

vector. The factor «, known as the forgetting factor, allows for the

filter to place more importance on errors resulting from recent data.

The conventional recursive least squares (CRLS) algorithm is one

member of the RLS family of algorithms [GOOD 77, PICI 78, JOHN 82, LJUN

83, PROA 83, GOOD 84, COWA 85, ALEX 86, HAYK 86, BELL 87b, LJUN 87].

The algorithm is specified as follows [ALEX 86]:

Initial conditions:

w(O) = x(O) = 0

C(O) = o I (0 » 1)

For n = 1 , 2, do:

e(n:n-l) den) T w(n-l)= x (n)

Jl(n)
T zen)= x (n) C(n-l)

g(n)
C(n-1) zen)= ex + #len)

wen) = w(n-1) + g(n) e(n:n-1)

1
[ C(n-l)

T crn-i : ]C(n) = g(n) x (n)
ex

(optional)

yen) = xT(n) wen)

(1-6a)

(1-6b)

(1-7a)

(1-7b)

(1-7c)

(1-7d)

(1-7e)

(1-7f)

e In ) = den) yen) (1-7g)
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The notation lI e (n : i ) " is used to indicate that the error is computed at

iteration n using the weights from iteration i. The vector g ln ) is

sometimes referred to as the Kalman gain or simply gain. The scalar «,

the same forget t ing factor as g1ven in (1-5), is a design parameter

chosen between 0 and 1, usually close to 1.

The matrix C(n) can be viewed as a scaled estimate of the inverse

autocorrelation matrix of the data [COWA 85, HAYK 86]. As a result, it

has the properties of symmetry and positive definiteness [COWA 85].

Compared wi th the LMS algori thm, RLS algori thms require

more computations per iteration. However, RLS algorithms provide faster

convergence of the weight vector to some optimal set of weights [ALEX

86, HAYK 86]. Unfortunately, these filters have not gained widespread

use due to serious instability problems which occur when these filters

are implemented in finite precision [ClOF 87].

1.2 Finite precision effects

When implemented in finite precision, several RLS filters,

including the CRLS fil ter, deviate significantly from optimal

performance [CIOF 87]. Two major problems arise as a result of finite

precision effects: explosive divergence and weight lock-up.

When explosive divergence occurs, the weights diverge away from

the optimal least squares solution. This divergence occurs when

accumulation of roundoff error causes the C(n) matrix in (1-7e) to lose

the property of being positive definite [HSU 82, FABR 85, COWA 85, ClOF

87, BELL 87b].
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The second problem, weight lock-up, occurs when the weights cease

to adapt. This can resul t from the property that the C(n) matrix

converges to a zero matrix when the forgetting factor is 1 [GODA 74].

Consequently, the Kalman gain in (1-7c) approaches zero, and the weight

vector in (1-7d) remains unchanged. Thus, the filter loses the ability

to adapt to changing conditions. This problem can occur even when the

forgetting factor is less than 1.

1.3 Purpose and overview

The purpose of this dissertation is to study the fixed point

arithmetic implementation of the CRLS algorithm. The first goal is to

uncover the specific underlying mechanisms which cause these fini te

precision problems to occur. The second goal is to develop techniques

which overcome these problems without significantly degrading RLS

performance.

To meet these goals, the dissertation is organized as follows.

First, Chapter 2 provides a review of previous research on the finite

precision problems in RLS filtering. The problems of explosive

divergence and weight lock-up are identified and characterized. It is

shown that most analytical work does not deal directly wi th these

problems.

A detailed fixed point analysis of the conventional RLS (CRLS)

algorithm is presented in Chapter 3. Results indicate that explosive

divergence is caused by a roundoff error bias in the finite precision

C(n) matrix. The analysis also predicts a scenario for divergence

which agrees with previously published experimental results.
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In Chapter 4, a symmetry preserving form of the CRLS algorithm is

selected for implementation. It is shown that this form is also

susceptible to explosive divergence. Specific roundoff errors

contributing to the problem of explosive divergence are identified.

Techniques are developed which bias these roundoff errors so that

explosive divergence can be prevented.

Chapter 5 addresses the problems of underflow and overflow.

Underflow causes weight lock-up, and overflow can lead to explosive

divergence. A detailed 16-bit fixed point design which prevents

underflow and overflow is presented.

In Chapter 6, the results of Chapters 4 and 5 are integrated

together to form a robust fixed point implementation of the CRLS

filter. Simulation results are used to show that the problems of

explosive divergence and weight lock-up have been prevented while still

preserving the least squares performan~e of the CRLS algorithm. While

stabili ty is not guaranteed, stable performance under diverse signal

environments is demonstrated.

Chapter 7 presents conclusions and areas of future research. The

main conclusion is that analysis can be used to identify and largely

overcome the roundoff error mechanisms which lead to explosive

divergence and weight lock-up. Future work Is needed to apply this

novel approach to the fast RLS filters.
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CHAPTER 2 - LITERAl1JRE REVIEW

Fini te precision effects have long been of interest to those

implementing adaptive filters. For the conventional recursive least

squares (CRLS) filter, there has been disagreement on how the filter

performs when implemented in fini te precision. The purpose of this

chapter is to summarize previous work related to the numerical

stability of the CRLS algorithm and related algorithms.

The earliest finite precision work in this area can be found in

the Kalman filtering literature. This body of work is summarized in

section 1. Section 2 discusses work specifically addressing the

numerical stability of the CRLS algorithm. Finally, since the fast RLS

algorithms also suffer from similar numerical instability problems,

section 3 provides a summary of finite precision problems with fast RLS

algorithms.

2.1 Kalman filtering finite precision problems

The CRLS filter can be viewed as a special case of the

conventional Kalman filter (CKF) [GENI 68, ASTR 71]. In fact, the CRLS

algori thm was derived directly from the Kalman fil ter for use in

adaptive equalization (GODA 74]. As a result, both filters exhibit

similar finite precision problems. Since these problems were

documented in the Kalman filtering literature well before they appeared

in the RLS literature, a discussion of the Kalman filtering literature

is pr-ov Lded first. The discussion consists of three sub-sections:

experimental results, analytical results, and solutions.
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2.1.1 Experimental results

An early reference on finite precision effects [SORE 66] discusses

two problems that occur in Kalman fil tering: 1) the autocorrelation

matrix pen) (corresponding to Cfn ) in the CRLS filter) can lose the

property of nonnegative definiteness. and 2) the Kalman gain can go to

zero. causing the estimates (weights) to freeze or lock up. These are

the problems of explosive divergence and weight lock-up discussed in

Chapter 1.

Later work concentrates on explosive divergence. Several examples

of this type of divergence were collected by Leondes [LEON 70].

Bierman and Thornton [BIER 77al emphasize the numerical instability of

the conventional Kalman filter, providing simulation results

demonstrating explosive divergence. They also list other simulation

work performed in the late 1960s. Bierman's text [BIER 77b] provides

additional simulation references.

2.1.2 Analytical results

Analysis of finite precision problems occurs much later [VERH 86].

Analysis of the fini te precision problem is broken down into three

steps: 1) bounding the error that occurs in each iteration, 2)

determining how that error propagates in subsequent iterations, and 3)

determining how the errors interact and accumulate. In all three

steps, the authors make several assumptions, including a) small error

bounds (based on several approximations) and b) no interaction of
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errors (total error is simply the sum of each propagated error). The

results of the analysis are bounds on the errors of the various filter

quantities. Simulation results are used to confirm these bounds. The

authors only analyze a form of the CKF which preserves symmetry,

stating that loss of symmetry can lead to divergence.

2.1.3 Solutions

Several solutions to the problem of numerical instability in the

conventional Kalman filter have been proposed:

1. Use a square root factorization algori thm [SORE 66, BIER 77a,

BIER 77b, VERH 86] or U-D factorization [BIER 77a].

2. Include input noise in the state update model [SORE 66, BIER

77b] .

3. Preserve symmetry in the pen) matrix [BIER 77b, VERB 86] by:

a. averaging the off-diagonal elements of the updated matrix

[BIER 77b, VERB 86];

b. only computing half of the entries in the pen) matrix [BIER

77b, VERH 86]; or

c. using Joseph's stabilized Kalman filter, which preserves

symmetry [VERH 86]. This technique is questionable since

simulation results show this algorithm to be numerically

unstable [BIER 77a].

4. Replace the expression for updating pen) with a longer, but

numerically more stable, expression [BIER 77b].

5. Use more precision [BIER 77b].
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6. Bound the diagonal elements of pen) from below, and bound the

magnitude of the off-diagonal elements of pen) from above [BIER

77b] .

Of these techniques, square root factorization appears to be most often

recommended. Several of these techniques are explored again later in

works concentrating on the numerical instability of the CRLS and fast

RLS algorithms.

2.2 CRLS filtering finite precision problems

This section deals specifically with finite precision work on the

CRLS fil ter. The discussion consists of four sub-sections:

experimental results, analytical results, general statements, and

solutions.

2.2.1 Experimental results

Many researchers have published experimental resul ts using the

CRLS algori t hm. Early publications demonstrate stable performance

using various levels of precision [SARI 74, ISER 74, GODA 74, GITL 77,

GRAU 80, MUEL 81]. All of these results, except for one [MUEL 81], use

the forget t ing factor (l equal to one. Based on these resul t s , many

researchers recommended the CRLS algori thm for implementation.

However, later experimental works demonstrating numerical stabili ty

state that extreme precision is necessary for stable performance [GIOR

85, LING 86].

More recent experimental results show that the CRLS filter suffers

from the same finite precision effects found in the conventional Kalman
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filter. The first examples of finite precision problems with the CRLS

filter are explosive divergence examples. Hsu [HSU 82] states that, in

simUlating the exponentially weighted CRLS filter (a less than 1) using

fixed point precision, performance degrades wi th word size. Hsu

observes that C(n) loses positive definiteness at the time of

divergence. Loss of positive definiteness is blamed primarily on the

fact that the C(n) matrix is updated as the difference of two positive

semi-definite matrices, reducing numerical accuracy at each iteration.

Cioffi [ClOF 87] points out that this is more of a problem when C(n) is

near singular and the number of iterations is large.

Explosive divergence was also observed by Cioffi and Kailath [ClOF

84], using 32-bit floating point precision and a forgetting factor of

0.98. While the CRLS algorithm was stable for the first 2000

iterations, divergence eventually occurred.

Actual graphs showing explosive divergence of the weights were

presented by Fabre and Gueguen [FABR 85]. They observe that the

quantity l/(a + ~(n» becomes negative Just before divergence. From

equation (l-7b), this implies a loss of positive definiteness. The

authors blame the problem on loss of symmetry in the C(n) matrix. They

suggest two ways of preserving symmetry, and they claim that the

problem is solved when symmetry 1s preserved.

Experimental evidence of weight lock-up Is also available. When

the forgetting factor is equal to one or very close to one, weight

lock-up has been observed [ARDA 86, ARDA 87].
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Thus, both explosive divergence and weight lock-up have been

observed in experimental results using the CRLS filter. The results

indicate that divergence is more likely with less precision and more

iterations. This would explain why early results using a high degree

of precision and relatively few iterations did not have divergence

problems.

2.2.2 Analytical results

Within recent years, much work has been done to analyze how the

CRLS filter performs in finite precision. A brief summary of each work

is provided, along with a discussion of the results.

1. Ljung and Ljung [LJUN 85]: LJung and Ljung provide analyses of

several RLS algorithms, including CRLS. Their approach is to model the

algorithm as a nonlinear dynamical system and to determine how

perturbations in the state variables (the weight vector wen) and the

C(n) matrix) propagate in an infinite precision implementation. Since

infini te precision is used, the authors claim that the CRLS and U-D

factorization methods will have the same propagation characteristics as

the mathematically equivalent RLS algorithm. This algorithm updates an

estimate of the data autocorrelation matrix R(n) (the inverse of C(n»

by:

R(n) = a R(n-l) + zen) xT(n) (2-1)

where a is the forgetting factor and zen) is the vector of current data

values. The authors then show that the RLS filter damps out

perturbations in both R(n) and the weights. From this, they conclude
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that all three algorithms, the RLS, CRLS, and U-D algorithms, are

exponentially stable, with the propagated error in one iteration being

a times the original error.

By showing that small perturbations are damped out by an infinite

precision algorithm, this analysis helps explain the stable performance

observed in early experimental works. However, this analytical

approach does not predict the explosive divergence and weight lock-up

phenomena. Explosive divergence is not predicted because:

1. interaction and accumulation of mul tiple errors is not

considered.

2. loss of positive definiteness from a finite amount of accumulated

error is not considered.

Weight lock-up is not predicted because conditions leading to a zero

C(n) matrix are not considered.

2. Ling et ala [LING 84, LING 86]: Ling et al. specifically

analyze the mechanism for updating the C(n) matrix, as opposed to the

mechanism in (2-1). By making various approximations and assumptions,

they show that the propagation of the error in C(n), denoted oC(n),

follows:

~C(n) = a 8C(n-l) (2-2)

which agrees with [LJUN 85]. From this, they conclude that the

algorithm is numerically stable as long as the forgetting factor a is

less than one. Simulation results using 22-bit floating point

mantissas, running 10
6

iterations with a between 0.85 and 0.999,

support the stability claim. The filter order used is not indicated.
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However, they claim their results only hold if roundoff error is

small. Indeed, they were unable to provide stable simulation results

for either fixed point or floating point precision using word lengths

less than 16 bits. Clearly, this weakens the claim that the CRLS

filter is numerically stable. But, it does indicate that stability is

a function of the precision used.

3. Ljung [LJUN 86]: Ljung extends previous work [LJUN 85] to the

case of nonpersistent excitation. Persistent excitation is a

requirement for convergence of the infini te precision CRLS algori thrn

[JOHN 82, ISER 82]. Persistent excitation means that the input data

must have a certain spectral richness [KUBI 88], so that the sample

autocorrelation matrix has full rank [SLOe 88]. Explicit mathematical

defini tions of persistent exci tation can be found in the Ii terature

[JOHN 82, GOOD 84]. To provide filter convergence when persistent

excitation is not available, regularization techniques are used [LJUN

86, KUBI 88].

Ljung provides a novel form of regularization and shows that the

resul ting algori t hm is exponentially stable. Since the analytical

approach is the same as that found in the previously discussed work

[LJUN 85], the same comments are applicable. Neither explosive

divergence nor weight lock-up are addressed. However, unlike the

previous work, the author recognizes that only the second of the

following three problems is being addressed: the size of instantaneous

roundoff error, the propagation of errors, and the accumulation of

errors.
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4. Ardalan [ARDA 86]: Ardalan examines how floating point roundoff

error affects RLS fil tering in general. This analysis models the

errors made in some of the computations and determines how the weight

error variance is affected by error accumulation. Resul ts show that

there is a tradeoff between two sources of error depending on the

choice of the forgetting factor u. If a is one, exponential divergence

of the weights can occur. However, this may be prevented by weight

lock-up, which prevents the weight error variance from growing without

bound. If 0: is less than one, the weight error variance is bounded,

allowing for stable performance.

This modeling of errors is more sophisticated than previous works,

and the results help to quantify how the choice of a affects the amount

of weight error due to precision effects. Also, recognition is given

to the problem of weight lock-up. However, as wi th the previously

discussed analyses, no cons Iderat Ion is given to loss of positive

definiteness in the C(n) matrix (explosive divergence).

S. Ardalan and Alexander [ARDA 87]: This work is similar to the

one above, providing similar results for the fixed point implementation

of CRLS. Divergence of the weights is described as a random walk

phenomenon, occurring when a is one, or the quantization noise in the

Kalman gain and the input data variance are high. The authors conclude

that, in general, the algorithm is stable if a is less than one.

As with the previous work, this work helps quantify the amount of

weight error due to fini te precision implementation. Again, weight

lock-up is recognized when a is one or very close to one. As with
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previous works, loss of positive definiteness is not considered.

6. Slack and Kailath [SLOe 88]: This paper analyzes the CRLS

algorithm by assuming that roundoff error is so small, that a

linearization of the error propagation mechanism can be used. Using

this approach, the algorithm is shown to be exponentially stable under

persistent excitation. When persistent excitation is not present, the

weights exhibit the random walk phenomenon.

The comments of Ljung and Ljung's work [LJUN 85] are also

applicable here. Linearization of the error propagation does not allow

for error interaction. Also, loss of positive definiteness of C(n) due

to roundoff error accumulation is not considered. Finally, weight

lock-up is not considered.

7. Verhaegen [VERB 89]: Verhaegen studies the problem of explosive

divergence, attributing it to the loss of symmetry in the C(n) matrix.

First, two forms of the CRLS algorithm are considered. While neither

guarantees a symmetric C(n) matrix under finite precision, one form is

shown to be better at preserving symmetry than the other.

The paper then presents a theorem which states that preserving

symmetry also guarantees positive definiteness, preventing explosive

divergence. The theorem is based on the assumptions that 1) the total

roundoff error at time iteration n is the sum of the propagated error

from previous iterations, and 2) the instantaneous errors at each

iteration satisfy certain bounds.

The paper's analysis is one of the first to consider the problem

of maintaining positive definiteness in the C(n) matrix. However, the
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conclusion that preserving symmetry preserves positive definiteness

only holds under the assumptions listed. Interaction of roundoff

errors is not modeled, and weight lock-up is not addressed. In Chapter

4, it will be shown both analytically and experimentally that

preserving symmetry does not guarantee positive definiteness.

2.2.3 General statements

Much of the literature contains statements concerning numerical

stabili t y , wi th or wi thout the support of simulation or analytical

results. Statements can be found claiming numerical stability, warning

about weight lock-up, and warning about explosive divergence.

First, there are a few claims that the CRLS algorithm is

numerically stable. Based on analysis, several authors have concluded

that the CRLS algorithm is stable [LJUN 85, LING 84, LING 86].

Graupe's text [GRAU 84] recommends the CRLS algorithm as being

numerically robust.

However, the majority of statements point out that the CRLS

algori thm has problems when implemented in fini te precision. Some

researchers simply state that the algorithm is sensitive to roundoff,

resulting in instability [PROA 83, CIOF 84, CIOF 85, ELEF 84, ELEF 86,

GIOR 85, HAYK 86, MANO 87]. Others specifically discuss the loss of

positive definiteness [COWA 85, CIOF 87, BELL 87b]. Cioffi [CIOF 87]

actually lists three effects caused by fini te precision: 1) error

accumulation leading to an indefinite solution, 2) additional noise in

the weights, and 3) amplification of numerical effects when a < 1.
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Reasons given for loss of positive definiteness or explosive

divergence include: 1) C(n) is updated as the difference of two

matrices [HSU 82, CIOF 87] leading to loss of precision, and 2) loss of

symmetry in the C(n) matrix [FABR 85, VERB 89]. The possibility of

weight lock-up when a is one is discussed by Godard [GODA 74]. Lack of

persistent excitation (PE) has also been blamed for numerical

instability [CIOF 87, SLOC 88]. However, Verhaegen [VERB 89] points

out that lack of PE also causes the infini te precision algori thIn to

diverge. He comments that the roundoff error does grow larger without

PE, but that the size of the error relative to the diverging

theoretical values remains the same. Recent work [KUBI 88] suggests

that a signal with PE in infinite precision may appear to lack PE when

quantized and manipulated using finite precision.

2.2.4 Solutions

Several solution techniques, some similar to those suggested for

the Kalman filter, have been recommended to prevent explosive

divergence:

1. Use a factorization algorithm which factors the C(n) matrix, such

as square root factorization [PROA 83, COWA 85, GIOR 85], U-D

factorization [HSU 82, HAYK 86, CIOF 87], or QR factorization

[CIOF 87]. The Modified Gram-Schmidt algor1 thm has also been

proposed [MANO 87].

2. Force symmetry in the C(n) matrix [FABR 85, VERH 89].
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3. Add a small value periodically to the diagonal of the equivalent

R(n) matrix [CIOF 87], or use some other form of regularization

[LJUN 86, KUBI 88].

To avoid weight lock-up, the following have been suggested:

1 · Freeze the Kalman gain before it goes to zero, then use a

steepest descent algorithm [GODA 74].

2. Require a large input noise variance [ARDA 87].

The use of a factorization algorithm is highly recommended. Since this

technique was successful when used with the more general Kalman filter,

it should also be effective in RLS fil tering. In Chapter 4 of thi s

dissertation, preserving symmetry in the C(n) matrix is shown both

analytically and experimentally to be ineffective in preventing

explosive divergence. More informati~n on regularization can be found

in the references cited. Finally, the schemes recommended to prevent

weight lock-up appear impractical for many applications.

2.3 Fast RLS filtering finite precision problems

Several other RLS algor i thins, known collect i ve ly as fast RLS

algorithms, also exhibit numerical instability. Explosive divergence

has been observed in the fast Kalman filters [MUEL 81, HSU 82, CIOF 84,

LIN 84, FABR 85, FABR 86], the FAEST filter [CIOF 84], the FTF filter

[CIOF 84, CIOF 87. KIM 88, BOTO 89], and other related forms [CIOF 84,

CIOF 85, FABR 86, CIOF 87].
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At the time of divergence, the angle parameter 7(n), an

algori thmic quanti ty that normally takes on values between 0 and 1

[ALEX 86], becomes negative [CIOF 84, LIN 84, FABR 86, HAYK 86]. The

corresponding parameter in the CRLS algorithm is [HAYK 86, BELL 87b,

KUBI 88]:

(2-3)a.
+ Il(n)

7(n) = ---~-=
a

though earlier references appear to omit the a. in the numerator [FABR

85, FABR 86]. The expression in (2-3) can be easily derived using

standard filter relationships. In Chapter 3, it is shown that ~(n) in

the CRLS algorithm behaves in the same manner as 7(n) is the fast RLS

algorithms when explosive divergence occurs.

Analytical work with fast RLS algorithms has concentrated on

showing that the algorithms are unstable [LJUN 85, CIOF 87, KIM 88,

SLOC 88]. As for preventing divergence, the most recommended solutions

are periodic re-initialization [CIOF 84, LIN 84, ELEF 84, FABR 86, ELEF

86, HAYK 86, CIOF 87, KIM 88] and the use of error feedback techniques

[BOTO 87, BOTO 89, BELL 87a , BELL 87b , CIOF 87, SLOC 88 , BENA 88].

None of these techniques guarantees stability [BOTO 89, CIOF 87].

Techniques for prolonging the period between re-ini tialization have

also been suggested [CIOF 84, BELL 87b, KIM 88] . Finally, weight

lock-up is also a problem for the fast RLS algorithms [BOTO 87, BOTG

89] .

Since this dissertation concentrates on the CRLS algori thm, the

interested reader is referred to the references ci ted above for more

information on the fast RLS algorithms.
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2.4. Conclusion

The literature contains sufficient evidence to show that the CRLS

filter suffers from the finite precision problems of explosive

divergence and weight lock-up. Explosive divergence is linked to loss

of positive definiteness in the C(n) matrix, and weight lock-up is

likely to occur when the forgetting factor is 1.

However, most analytical works do not address these problems.

Analysis has concentrated on error propagation properties, basing

stability claims on exponential error decay. Other work has quantified

fini te precision effects under stable operation. The only work that

has addressed explosive divergence appears to be incomplete.

Several solutions to the divergence problem have been presented.

The most effective solution appears to be to use a factorization

algorithm instead of the CRLS algorithm. Finally. fast RLS algorithms

suffer from the same finite precision problems.
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CHAPTER 3 - COMPLETE ERROR MODELING ANALYSIS OF CRLS

In this chapter, a fixed point analysis of the CRLS algorithm Is

performed. The goal is to provide an analytical explanation for why

and how explosive divergence occurs. Also, qualitative relations

between instability and numerical precision, filter parameters, and

signal statistics are derived. These relations allow environments

which are prone to instability to be identified.

The chapter is organized as follows. First, recursion equations

for accumulated roundoff error are derived. Second, these equations

are manipulated to determine how errors propagate and to identify

biases. These results are then used to explain how explosive

divergence occurs, predicting behavior that agrees with previously

published results. Sensitivity of instability to the forgetting

factor, signal statistics, and numeric~l precision is discussed. Next,

simulation results demonstrating the divergence behavior of the CRLS

algori thrn are presented. Finally, 1t is concluded that analytical

results can be used to explain explosive divergence.

3.1 Derivation of error recursions

In this section, recursive equations describing how roundoff error

accumulates in the fixed point CRLS algorithm are derived. A few

relatively minor assumptions are made: 1) the operations of addition

and subtraction do not introduce any roundoff error, and 2) the desired

signal den) and data signal xf n ) are fixed point signals. The first
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assumption, commonly used in fixed point analyses [SAMS 83, ARDA 87],

holds as long as overflow does not occur. As will be shown in Chapter

5, overflow can be prevented by various scaling techniques. The second

assumption is made to separate the problem of quantization introduced

in the AID converter from the performance of the fixed point adaptive

filter.

The analysis approach taken is to account for all errors

introduced in a fixed point implementation of the CRLS algori thin.

There are basically two types of error: instantaneous roundoff error

and accumulated roundoff error. Instantaneous roundoff error occurs

whenever a mul tiplication or division is performed [BARN 85]. The

following notation is used to express the roundoff error,

introduced by rounding the product of ..a" and "b'":

r [a,b],
m

r [a,b] = ab
m

Q[ab] (3-1)

where ab denotes the infinite precision product and Q[ab] denotes the

rounded product. Similarly, the roundoff error, rd[a,b], introduced by

rounding the quotient alb, is given by:

rd[a,b] = a/b Q[a/b] (3-2)

The second type of error, accumulated roundoff error, represents

the total error introduced by not using an infinite precision

implementation. Each quantity in the CRLS algorithm (equation 1-7) has

an accumulated error associated with it. For notation purposes, the

subscript q is used to denote fixed point quantities, and the letter d

is used to represent accumulated error. For example, the fixed point

filter's weight vector at iteration n, denoted wq(n), differs from the



(3-3)
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infinite precision filter's weight vector, wen), by an error dw(n) such

that:

d (n ) = wen) - w (n )w q

This error includes instantaneous errors as well as interaction and

accumulation of all past errors resulting from the fixed point

implementation. Unlike past analyses [SLOe 88, VERB 89], the

assumption that roundoff error accumulation is additive is not made.

Similar definitions can be made for the other accumulated error

quantities: de(n:n-l), d~(n), dg(n), and DC(n).

Wi th this notation, a fixed point implementation of the CRLS

algorithm specified in equation (1-7) can be expressed as [ALEX 86]:

Initial conditions:

w (0) = x(O) = 0q

C (0) = ~ I (0 » 1)
q

For n = I, 2, do:

e (n:n-1) den) T
w (n-1)= o[ x (n )q q

p (n ) = O[ C (n-I) zen)q q

IJ. (n) O[ T p (n )= x (n)q q

[ p (n) ]g (n) = o q
q

a, + Il (n)q

w (n ) = w (n-I) + O[ g (n) e (n l n-L) ]q q q q

bT(n) T C (n-I)= Q[ x (n)
q q

(3-4a)

(3-4b)

(3-Sa)

(3-Sb)

(3-Sc)

(3-Sd)

(3-Se)

(3-Sf)



[

C (n-1) - O[ g (n ) b T (n ) ] ]
C (n) = 0 q q q

q
a
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(3-Sg)

Some forms of the CRLS algori thrn do not implement (3-Sf), replacing

This is valid when C (n) 1s
q

symmetric, which holds in infini te precision. Since symmetry is not

guaranteed in the above fixed point implementation (see Chapter 4),

(3-Sf) has been included. Forms of the CRLS algorithm which preserve

symmetry even in finite precision are considered in Chapter 4. In the

above form, it is assumed that a and <5 have been chosen so that no

error occurs in converting them to fixed point quantities.

Using the infinite precision CRLS definition (1-7), the

fixed point precision CRLS definition (3-5), and the notation given in

equations (3-1) through (3-3), error recursions for the accumulated

error in each algorithmic quantity can be derived.

As a complete example of the procedure, the recursion for

d (n:n-l) is presented in detail.
e

The procedure starts with the

infinite precision expression for e(n:n-1) given by equation (1-7a):

e(n:n-l) = den)
T][ (n) w(n-1) (3-6a)

Substituting (3-3) for wen) in (3-6a) gives:

e(n:n-l) = den) xT(n) w (n-l) xT(n) d (n-l)
q w

Expanding w (n-l) using (3-3) and applying (3-1) gives:
q

T T
e(n:n-l) = den) - Q[ x (n) wq(n-l) ] - T m1(n ) - x (n) dw

where, for simplicity of notation,

T
m1

(n) = T
m

[ xTCn), wq(n-l)

(3-6b)

(n-l)

(3-6c)

(3-6d)
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Using (3-Sa) in (3-6d) then gives:

e(n:n-1) (3-6e)

Therefore, using the definition for accumulated error in (3-3) in

(3-6e) gives:

d (n:n-1)e = (3-6f)

Using this approach, error recursions for all algorithmic

quantities can be derived. Detailed derivations of the other error

recursions are provided in Appendix A. The resulting error recursions

are summarized below.

Initial conditions:

d (0) = 0,
w

(3-7)

For n = 1, 2, ... do:

(3-8a)

d (n )
1.1.

T
= x (n) D

C
(n- 1 ) x(n) T

+ ~ (n) r
m2(n)

+ (3-8b)

C(n-1) zen) C (n-1) x(n) r
m2

(n )
d (n ) = q

r d 1 (n)+ +s
0: + lJ(n) 0: + 1.1. (n) 0: + fJ. (n)q q

(3-8c)

d (n) = d (n-1) + r m4(n) + g(n) e(n:n-1) - g (n) e (n:n-l)w w q q

(3-8d)

Dc(n) = Rd2(n) + 1/0: [ Dc(n-1) - R
m6(n) - g (n) Tr m5 (n)q

1/0: [ T T+ g (n ) x (n ) Cq(n-1) - g(n) x (n) C(n-l) ] (3-8e)q

where



r m1 (n)

r
m2(n)

r d1(n)

r
m4(n)

=

=

=

=

=

=

=

T
r [ x (n), w (n-I) ]m q

r d [ Pq(n), a + ~q(n)

r [ g (n), e (n:n-l)
m q q

r [ g (n). b T(n)
m q q
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(3-9a)

(3-9b)

(3-9c)

(3-9d)

(3-ge)

(3-9f)

(3-9g)

= TQ[ g (n) b (n)],«]
q q (3-9h)

General closed form solutions of (3-7) and (3-8) are probably

impossible, due to the nonlinear and stochastic nature of (3-8).

However, it is clear that accumulated error is passed from one

iteration to the next through the terms d (n-I)
w

Consequently, the error recursions for dw(n) and DC(n) determine the

propagation characteristics of roundoff error in the CRLS algorithm.

3.2 Propagation and bias analysis

The goal of this section is to use the results in section 3.1 to

determine the underlying mechanism by which errors propagate from one

iteration to the next in the CRLS algorithm. A conditional expected

value wi 11 be used to determine any error biases. As discussed in

section 3.1, errors are propagated from iteration n-1 to iteration n

through the d (n-1)w
error terms. Consequently, the
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recursions for these two error terms are studied in this section.

The analysis consists of three steps: 1) expanding expressions

(3-8d) and (3-8e) in terms of instantaneous and accumuIat.ed error

terms, 2) taking a conditional expected value with respect to

instantaneous roundoff error, and 3) assuming steady-state performance

of the infini te precision CRLS fil ter to simplify the expressions.

Expression (3-8d) for the weight error is analyzed first, followed by

analysis of (3-8e).

3.2.1 Analysis of the weight error recursion

Starting with expression (3-8d) for the weight error, the

following substitutions are made:

g(n)g (n ) =
q

e (n:n-l)q =

d (n )
g

e(n:n-l) d (n:n-l)
e

(3-10a)

(3-10b)

Then, the expressions for d (n:n-l) and d (n) in (3-8a) and (3-8c) are
e g

used. After some algebraic manipulation, the following resul t is

obtained:

d (n) = [I 1
[ C(n-l) - Dc(n-l) 1zen) zT (n) ] d (n-1)w p. (n) wex +

q

+ [1 -
a + p.(n) 1g(n) e(n:n-l) +

Dc(n-l) zen) e(n:n-1)

a + IJ. (n) Q: + P. (n)q q

+ [ r dl (n ) +

r
m2

(n )
1[ zT (n) d (n-1) + e(n:n-l) + rm1(n) 1

a + 11 (n) w
q
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+
a +

_____1 [C(n-1) - D
C(n-1)

] zen) r
m1(n)~ (n)q

(3-11)

where

~ (n) = ~(n)q d (n)
~

(3-12)

At this point, it is assumed that the instantaneous roundoff error

terms are zero mean and uncorrelated with each other as well as the

other terms in (3-11) and (3-12). With these assumptions, the last

three terms in (3-11) can be eliminated by taking the following

conditional expected value:

d (n) = E { d (n) I C(n-1), w(n-1). x(n), den) }w w
(3-13)

where the overbar is used to denote a conditional expected value. The

conditional expectation is well defined [PAPO 65] and has been employed

in other analyses [VlTE 66]. The expectation is approximate for (3-11)

because instantaneous roundoff terms appear in ~ (n), which appears in
q

the denominator of some of the terms. The result is:

[

~ + lI(n) ] (X + u(n)+ 1 - ~ ~ g(n) e(n:n-1) + ~ Dc(n-l)
(X + ~ (n) « + ~ (n)

q q

zen) e(n:n-1)

(3-14)

where
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(3-15)

The next step is to assume that the data are stationary and that

the 1teration number n is sufficiently large so that the infini te

precision quantities in (3-14) and (3-15) have reached steady-state.

This approach has been used in past analyses to simplify results [SAMS

83, LING 84, LING 86].

made:

The following steady-state assumptions are

C(n) (1-a) R- 1
xx (3-16)

•
wen) - w (3-17)

•where R is the true data autocorrelation matrix and w is the truexx

weight vector. Assumption (3-16) was used in [LING 84] and [LING 86].

Equations (3-16) and (3-17) imply:

C(n) - C(n-1)

wen) - w(n-1)

(3-18)

(3-19)

Applying equations (3-16) through (3-19) to the infinite precision CRLS

algorithm (1-7). the following results can be derived (see Appendix B):

g(n) T C(n-1) (1 - a)2 R- 1x (n ) = (3-20a)xx

zen) T][ (n)
e: R (3-20b)

ex + #len) xx

g(n) e(n:n-1) ,.., 0 (3-20c)

zen) e(n:n-1) ,.., 0 (3-20d)
ex + #len)

Applying equations (3-20c) and (3-20d) to (3-14) eliminates the

last two terms in (3-14). Using (3-16) and (3-20b) gives:
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d (n)
w [

1 - (1 - ex) a + lJ(n) ]
ex + ~ (n)

q

d (n-l)
w (LINEAR TERM)

+
ex + f..L(n)

DC(n-1) R d (n-1)
0: + Ilq(n) xx W

(INTERACTION TERM)

(3-21)

which consists of two terms. The first term, denoted the linear term,

is a scalar times the previous error vector. The second term, denoted

the interaction term, involves interaction with the DC(n-l) error

matrix.

First, consider the linear term. For stable propagation of error,

the scalar multiplier should be less than one in magnitude. This is

clearly true for the case of ~ (n) = lJ(n).
q In this case, the scalar

multiplier is simply a, the forgetting factor. Thus, considering only

the linear term, errors are exponentially damped according to cx. This

result agrees with previous analytical ·work [LJUN 85].

Now consider the interaction term. This term does not appear in

[LJUN 85] because, in analyzing the weight error, it was assumed that

the C (n) matrix is computed with infinite precision. Using a Schur
q

decomposi tion for symmetric matrices [GOLU 83], R can be expressed
xx

as:

(3-22)=Rxx
where A is a diagonal matrix whose diagonal elements are the

eigenvalues of Rxx
Assuming the data satisfy persistent exci tation

conditions, then R is positive definite and has real, positive
xx

eigenvalues. Factoring out the largest eigenvalue of R , denoted
xx
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Amax ' gives:

R = A MT K M
xx max

(3-23)

where K is a diagonal matrix whose elements are contained in the

interval (0,1]. Substituting (3-23) into (3-21) gives:

d (n ) [1 - (1 - 0:) 0: + fJ.(n)
] ~w(n-l)-w

~ (n )0: + q

a + #-L(n) DC(n- 1 )
T -

+ A M K M d (n-1)
max

0: + #-L (n)
w

q

(LINEAR TERM)

(INTERACTION TERM)

(3-24)

which reveals that the elements in the interaction term vector are

proportional to A . Thus, if the elements in the DC(n-l) matrix are
max

large and A is large, then this term can become significant.
max

3.2.2 Analysis of the C matrix error recursion

Starting with expression (3-8e), for the C matrix error, the

following substitutions are made:

g (n ) = g(n) d (n )
q g

C (n) = C(n) - Dc(n)q

Then, the expression for d (n )
g

in (3-8c) is used.

(3-25a)

(3-25b)

After some

algebraic manipulation, the following result is obtained:

= + 1/0:
DC(n-l) zen) xTCn) DcCn-l)

u + 1..1 (n)
q
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- 1/ex
( T T]C n-l) xCn) x Cn) DcCn- l ) + DcCn- l ) xCn) x en) CCn-l)

ex + Ilq(n)

+ l/ex [ ex + fl(n)

ex + 1.1. (n)
q

+
a + 1.1. (n)

q

D (n-1) - C(n-1)C
--]xcn)+ 1/0:

(3-26)

where fl (n) is given in (3-12).
q

Again, it is assumed that instantaneous roundoff error terms are

zero mean and uncorrelated wi th each other as well as the other

quanti ties in the above expression. The same type of condi tional

expectation given in (3-13) is taken. The result is:

TDe(n-1) zen) z (n) De(n-1)
0: + ~ (n)

q

- 1/0:

T TC(o-1) zen) x (n) De (n- 1 ) + Dc (n- 1 ) zen) z (n) C(n-l)

0: + it (n)
q
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+ 1/« [ « + ~Cn) - 1] g(n) xT(n) C(n-1) + 1/a
« + ~ (n)

q

(J' 2 I
r

a + ~ (n)
q

(3-27)

where ~ (n) is given in (3-15).
q

T
Notice that E{r

m2
(n ) r mS Cn)} has been

replaced with (J' 2 I, where (J' 2 is the variance of a zero mean roundoff
r r

error. This is because r m2 Cn ) and r m5 (n ) are identical if Cq (n- 1 ) is

symmetric. Whi Le thi s form of CRLS does not guarantee symmetry,

it does appear to be quite good at keeping C (n) symmetric [VERB 89].
q

T T
If bq (n ) had been replaced by Pq (n ) in (3-Sg). then r mS (n ) would

exactly equal r
m2

(n ) .

The third step in this process is to assume that the infini te

precision quantities in (3-27) have reached steady-state. Using

expressions (3-16), (3-20a) and (3-20b) gives:

De(n) - 1/«
[ 1 2 (1 - a) [a + ~(n) ] De Cn- 1 )

a + ,... (n)
q

1/«
[:

+ ~(n)] DC(n-l)+ Rxx DC(n- 1 )
+ ~ (n)q

(LINEAR)

(QUADRATIC)

+ l/a [: + ~(n) - 1] (1 - a)2 R~
+ ~ (n)

q

(SHIFT)

(ROUNDOFF)(J' 2 I
r

1

a + ~ (n)q

+ 1/0: ~----

(3-28)



The expression in (3-28) consists of four terms.

35

The first term,

denoted the linear term, 1s a scalar times the previous error matrix.

The second term, denoted the quadratic term, involves a quadratic

interaction of the error matrix wi th the true data autocorrelation

matrix. The third term, denoted the shift term, is a bias proportional

-1
to (1 - a)R , the steady-state value for C(n). The fourth term,xx

denoted the roundoff term, is a bias along the diagonal, causing C (n),
q

which equals C(n) - De(n), to have smaller diagonal elements.

First, consider the linear term. For stable propagation of error,

the scalar multiplier should be less than one in magnitude. This is

clearly true for the case of ~ (n ) == u In ) . In this case, the scalarq

multiplier is 2 - 1/a which equals a - (1-a)2/a. This is approximately

equal to a when a is very close to one. Thus, considering only the

linear term, errors are exponentially damped according to a. This

result agrees with previous ana Iyt I ca.l work [LJUN 85, LING 84, LING

86] . Also, if ~ (n) == fJ.(n) , the scalar multiplier is positive,
q

preserving the sign or definiteness of the error matrix.

Next, consider the quadratic term. This term is always positive

semi-definite, unless a + ~ (n) is negative. Substituting (3-23) for
q

R
xx

would reveal that this term is proportional to Amax , the largest

eigenvalue of Rxx · Thus, if the accumulated error 1s significant

(D
C(n-1)

contains large elements) and ~max is large, then this term can

be large.

The third term, the shift term, causes a scaling shift or bias in

the C (n) matrix.
q

In infinite precision at steady-state, C(n)



If the shift term were the only error term present, then-1
(l-o:)R .

xx

C (n)
q

would also be proportional to
-1

Rxx ' but with a
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different

proportionality factor. As long as this new factor is positive, then

C (n ) will be positive definite. The shift error term is positive
q

definite if ~q(n) < ~(n). which according to (3-15) occurs when DC(n-l)

is positive definite.

Finally the fourth term, the roundoff term, is a bias resulting

from roundoff errors being squared when forming the diagonal of the

C (n) matrix. This bias causes the diagonal elements of C (n) to be
q q

smaller than those of C(n). This roundoff term is always posi tive

definite, unless a + ~ (n) is negative.q

3.3 Explosive divergence

In this section, the analytical results in section 3.2 are used to

develop a scenario for explosive divergence. As discussed in Chapter

2 , explosive divergence is 1inked wi th C (n) losing the property of
q

positive definiteness. Specifically, the angle parameter 7 (n), given
q

as «I(a + ~ (n» according to (2-3), becomes negative (implying ~ (n)
q q

becomes negat i ve ) . Consequently, this section begins by examining

under what conditions loss of positive definiteness occurs.

3.3.1 Loss of positive definiteness

This sub-section explores how loss of positive definiteness occurs

in the fixed point CRLS implementation. First, conditions under which

loss of positive definiteness and the start of explosive divergence
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Then, the resul ts of section 3.2 are used to

(3-29)

show that such conditions can be met by the fixed point implementation.

First, the error matrix DC(n-l) is defined such that:

C (n-l) = C(n-l)q

If De(n-l) is positive definite, then it 1s possible for C (n-l) to not
q

be positive definite, even though C(n-1) is positive definite. This

relationship is best understood by considering the scalar ~ (n). From
q

(3-15) and (l-7b):

IJ. (n) T C(n-l) x(n) T De(n- 1 )= x (n) x (n) x(n)q

Also,

~ (n )
T C (n-1) x(n)= x (n )q q

(3-30)

(3-31)

It is

where C (n-l) is the conditional expected value of C (n-1). The first
q q

term in (3-30) is always positive and equals ~(n). The second term in

(3-30) can be positive when De(n- 1 ) is not negative definite.

always positive when De(n-1) is positive definite. If the second term

is larger than the first, then ~ (n) is negative. From (3-31), this
q

implies C (n-1) is no longer positive
q

theoretically always non-negative, the

definite. Since ~(n) is

event that ~ (n) becomes
q

negative can be considered the start of explosive divergence.

Thus, the conditions under which ~ (n) becomes negative are the
q

following:

a) the second term in (3-30) is positive, indicating that the

error matrix De(n-l) contains at least one positive eigenvalue,

b) the second term in (3-30) is large, indicating that the error

accumulated in DeCn-1) is significant, and
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c) the first term in (3-30) is small. This term is smallest when

the data vector zen) aligns with the eigenvector of the

smallest eigenvalue of C(n-1). Using (3-16), this minimum

eigenvalue is (l-a)/A ,where A is the maximum eigenvaluemax max

of R
xx

as discussed in section 3.2. Thus, the larger Amax' the

smaller the first term in (3-30) can become.

So, C (n-i) can lose the property of positive definiteness if a)
q

DC(n-l) is positive definite, b) the elements of DC(n-l) are

significant in magnitude, and c) A is large. The last condition ismax

a function of the signal statistics, although scaling of the data can

be used to alter it. The first two conditions depend on how errors

propagate in the fixed point CRLS algorithm. Equation (3-28) is now

used to test whether conditions a) and b) are possible.

First, examination of (3-28) replacing n wi th n-l reveals that

DC(n-l) is biased towards being positiye definite. Two of the terms in

(3-28), the quadratic and roundoff terms, are positive semi-definite

and positive definite respectively under stable operation (Il (n ) is
q

positive) . Once these error terms are introduced, the linear term

preserves the definiteness of DC(n-1). From (3-15). this causes ~q(n)

to become less than ~(n), causing the shift term to also be positive

definite. Thus, all four terms in (3-28) become either positive

definite or positive semi-definite, causing De(n-l) to be positive

definite.

Second, the terms in (3-28) become significant when small word

lengths are used. Assuming roundoff errors are uniformly distributed
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If b bi ts are used to

represent fractions in

-2b
2 2

tF =r
12

the fixed point arithmetic, then ~ = 2-b and:

(3-32)

Thus, if b is small, then O'r
2

in the roundoff driVing term in (3-28) is

large. This causes the linear and quadratic terms on subsequent

iterations to be large as well.

Finally, the quadratic term in (3-28) can become significant when

A is large, as discussed in section 3.2. Thus, the three conditionsmax

under which loss of positive definiteness occurs are satisfied when the

fixed point precision is low and the maximum eigenvalue of R is
xx

large.

3.3.2 Prior to explosive divergence

When the conditions above are met, eventual loss of positive

how, over successive iterations, error

dffi7iteness

iM'lght into

is possible. Examination of equation (3-28) provides

accumulates to

produce loss of positive definiteness.

First, consider the fact that DC(n-1) is biased to becoming

positive definite. From (3-30), this causes ~ (n) to be less than
q

~(n). As a result, the coefficients of the four terms in (3-28) change.

The coefficient of the linear term actually becomes smaller, providing

more damping of previous error. However, the coefficients of the

remaining three terms in (3-28) become larger, magnifying their effect

on the total error. Under the conditions for loss of positive
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definiteness, these three terms can dominate the first term, causing

the entries in De(n-1) to grow from iteration to iteration.

results in Il (n ) becoming smaller and smaller with each iteration,
q

eventually becoming negative.

3.3.3 Explosive divergence

When ~ (n) becomes negative, it is clear from (3-31) that C (n-1)q q

is no longer positive definite. At this time, the coefficients of the

three terms in (3-28) driving DC(n) positive definite continue to grow

larger. When Il (n) becomes less than -a, then the nature of the error
q

terms in (3-28) changes significantly.

When ~ (n) becomes less than -a, then the term a + ~ (n) becomesq q

negative. First, this causes the linear term's multiplier to become

suddenly greater than one. However, if the other three error terms

have been dominating this term, then this should not be significant.

Second, the large quadratic term becomes suddenly negative

semi-definite. Thirdly, both the shift and roundoff terms become

suddenly negative definite. Thus, the three terms which were driving

DC(n) positive definite suddenly change to driving the error negative

definite. If these three terms dominate the linear term, then the

resul ting error matrix 1s suddenly negative defini teo Thus, if a. +

~q(n) becomes negative at iteration n1, then De(n
1)

would be suddenly

negative definite.

Now consider the next iteration, n
1

+ 1.

definite, ~q(n1 + 1) would sUddenly be positive and greater than ~(n),
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In this case, the linear term would

dampen DC(n1) term slightly and remain negative definite. The other

three terms would return to being positive definite or semi-definite,

canceling out some of the negative definiteness of the linear term. In

subsequent iterations, the linear term would dampen the negative

definite error, and the other three terms would continue to drive DC(nl

positive definite. As a result, the whole explosive divergence

scenario just described would eventually re-occur.

This completes the explosive divergence scenario with regards to

the C matrix. Now consider the behavior of the angle parameter 1 Cn)
q

during this scenario. Since ~ Cn) ~ ~ Cn), the conditional expected
q q

value notation has been dropped. As ~ Cn) becomes small, 1 Cn) growsq q

in value. When ~ (n) becomes negative, considered the start of
q

explosive divergence, then 1 (n ) exceeds one. This is exactly whatq

happens when the fast RLS algorithms diverge. While this behavior has

not been pointed out until very recently [BELL 87b], it is apparent

from published plots of r (n) showing explosive divergence [FABR 86].
q

The scenario continues with ~ (n) decreasing in value until a + ~ Cn)
q q

is negative. This results in r (n) becoming suddenly negative. Again,
q

this agrees exactly wi th previously published observations regarding

the fast RLS algori thms [CIOF 84, LIN 84, FABR 86]. Finally, the

algorithm recovers on the next iteration with flq(nl returning to a

positive value. This results in a positive 7q (n l less than one.

Next, consider the behavior of the weight error described by

(3-21). Again, the conditional expected value notation has been
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dropped. Initially, when De(n) is small, the linear term dominates

(3-21). As a result, the weight error is damped out. As DC(n-1) grows

posi tive defini te, the interaction term becomes significant. This

significance grows as Jl (n ) grows smaller, eventually dominating the
q

linear term and causing weight divergence. When a + Jl (n ) becomes
q

negative, the interaction term suddenly switches sign.

time, the linear term suddenly becomes unstable.

At the same

On the next

iteration, with Jl (n) large and positive, the interaction term becomes
q

smaller and the linear term becomes stable.

3.3.4 Sensitivity considerations

The likelihood of explosive divergence is affected by signal

statistics, the precision, and the forgetting factor. First, one of

the condi tions contributing to the start of explosive divergence is

when the maximum eigenvalue of R ,denoted A ,is large. The largerxx . max

A is, the larger the entries in the quadratic term of (3-28). Also,max

the larger A , the smaller the error matrix elements need to be formax

Jlq(n) to become negative. Thus, the likelihood of explosive divergence

is related to the maximum eigenvalue of the data autocorrelation

matrix. If the minimum eigenvalue is small, then this condi tion is

equivalent to ill-condi tioning or near singulari ty, which has been

linked to finite precision problems [CIOF 87].

Second, the amount of precision used determines the relative size

of all errors, especially the roundoff term in (3-28). The less

precision used, the larger the roundoff variance u 2 in (3-28) and the
r
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more likely divergence will occur.

Finally, the forgetting factor a can affect the likelihood of

divergence. First, if a is very small, then the effective window of

data used to form C(n) is smaller. This can cause C(n) to deviate

significantly from the statistical value of (1-a) R- 1 leading to thexx '

possibility of an even lower minimum eigenvalue (effectively a larger

A ). On the other hand, as a becomes very close to one, the elementsmax

in C(n), and hence C (n), become small. This allows roundoff errors to
q

have more impact on the positive definiteness of the matrix. If C (n )
q

is normalized in some way (as is the case in floating point), then

making a close to one should make explosive divergence less likely.

This agrees with observations made concerning the fast RLS algorithms

[CIOF 84, FABR 85, FABR 86]. If 0: is chosen to be unity, then C(n)

will tend towards zero and either weight lock-up or weight error growth

will be a problem [ARDA 87].

3.4 Simulation results

To test the accuracy of the divergence scenario developed in

section 3.3, a fixed point simulation capabili ty was developed. The

simulation software was written in IICII language on an AT&T PC 6300.

All fixed point operations are performed with integer arithmetic using

16-bit storage and 32-bit accumulation. The rounding and quantization

routines are based on those in [ARDA 87]. However, unlike the

simulation results in [ARDA 87], all filter quantities were computed

and propagated in fixed point arithmetic.
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For this example, the one-step linear prediction application was

simulated. The data were generated by passing a white zero-mean

Gaussian sequence v(n) through a deterministic one-pole filter to

generate a first-order auto-regressive (AR) process. Mathematically:

z (n ) = 0 n < 0 (3-33)

zen) = ao z(n-1) + v(n) n ~ 0 (3-34)

where a
O

is the first order AR coefficient. The resulting signal was

then quantized to fixed point values for processing by a fixed point

CRLS filter:

den) = Q

x(n) = Q

zen) ]

z(n-1)

(3-35)

(3-36)

The first-order AR coefficient was set to 0.93, and the white Gaussian

driving process standard deviation was set at unity. yielding a

theoretical data variance of 7.4019.

The CRLS fil ter was implemented entirely in fixed point

arithmetic. The CRLS parameters were set at ~ = 13.51 (based on

standard guidelines [COWA 85, BELL 87b]) and a = 0.98 (represented as

0.98046875). In both data quantization and the CRLS filter, 8 of the

16 data bits were used to represent fractions. Two's complement

representation and ari thmetic were employed. While saturation logic

was available in case of overflow, overflow never occurred.

Two quantities were monitored: the angle parameter , (n) and the
q

normalized weight error [LIN 84] e (n).
w The angle parameter for the

fixed point algori t.hm, '1 (n ) , is defined similarly to r(n) in (2-3)
q

with ~(n) replaced by ~ (n). The normalized weight error is given by:
q
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N-1 M-1

L [ -. (n ) - ]2 + L 2a. a.

1(~)
1 1

e (n ) = 10 log10
1=0 l=N

w M-1 (3-37)

L 2a.
1

i=O

where wi (n) are the elements of the CRLS weight vector, N is the order

of the CRLS filter, M is the order of the true process, and a. are the
1

true parameters.

Figures 3-1 and 3-2 show plots of 7 (n )
q and e (n)

w for the

fixed point simulation. Explosive divergence occurred twice in the

first 300 iterations. The scenario predicted in the previous section

is clearly evident. In Figure 3-1, at the time of divergence, 7 (n)
q

exceeds one, becomes negative, then returns to a value between 0 and 1.

At the same time, the weight error grows significantly.

3.5 Conclusion

From the results of this chapter, several conclusions can be made.

First, under reasonable assumptions, analytical results explaining the

explosive divergence phenomenon of the CRLS filter can be obtained.

These resul ts accurately predict the behavior of the fil ter during

divergence. They also indicate that divergence is most likely when the

maximum eigenvalue of the data autocorrelation matrix Is large, the

forgetting factor is small, and the fixed point word length used is

small. Finally, experimental resul ts support the analytical resul ts

obtained.
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Figure 3-1. Fixed point simulation example of explosive divergence,

plotting the angle parameter r (n) as a function of iteration n.q
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Figure 3-2. Fixed point simulation example of explosive divergence,

Pl ot t i ng the weight error e (n) as a function of iteration n.. w
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CHAPTER 4 - PREVENTING EXPLOSIVE DIVERGENCE

The goal of this chapter is to prevent explosive divergence in a

practical fixed point implementation of the CRLS algorithm. The

analytical approach and resul ts of Chapter 3 are used to develop

techniques which prevent explosive divergence by preserving the

positive definite nature of the C (n) matrix.q

The first step is to select a practical fixed point implementation

of the CRLS algorithm, considering those implementations which

guarantee symmetry in the C (n)q matrix. Second, the particular

implementation selected is analyzed and shown to possess the same

propagation characteristics as the original implementation studied in

Chapter 3. Simulation resul ts are used to support the analytical

conclusion that symmetry preserving algorithms also suffer from

explosive divergence. Next, the analytical results are used to develop

techniques for preventing explosive divergence in the particular

implementation selected. Finally, simulation results are used to

demonstrate the effectiveness of the techniques developed.

4.1 Algorithm selection

In this section, a practical implementation of the CRLS algorithm

is selected and specified for implementation. First, a new symmetry

preserving form of the CRLS algori thm is chosen for implementation.

Second, an intermediate quanti ty is introduced into the algori thm to

replace costly divisions by multiplications.

specification of the implementation is given.

Finally, a complete
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4.1.1 Selection of CRLS implementation

The form of the CRLS algorithm analyzed in Chapter 3 is incapable

of preserving symmetry in the C (n ) matrix. Since a) symmetry is
q

preserved in the infinite precision algorithm and b) loss of symmetry

has been blamed for loss of positive definiteness [FABR 85, VERB 89],

two forms of the CRLS algorithm which preserve symmetry in C (n) are
q

considered. One form is selected because it introduces fewer errors in

the C (n) update equation than the other form.
q

First, in infinite precision, the C(n) matrix in the CRLS

algorithm has the property of being symmetric for all iterations [HAYK

86]. However, when implemented in finite precision, the form specified

in (1-7) of Chapter 1 does not guarantee this property. This is

because the term g(n)xT(n)C(n-l) in (1-7e) is not necessarily symmetric

in finite precision. In the analysis of Chapter 3, asymmetry in C (n)
q

appears as asymmetric error terms in (~-26).

By simply re-arranging the terms in (1-7e). the following symmetry

preserving form is obtained [BOTT 89]:

C(n) = 1/« [ C(n-1)

pen) = C(n-l) zen)

1pen) pT(n) 1]
ex + fl(n)

(4-1)

(4-2)

Another symmetry preserving form was developed by Fabre and Gueguen

[FABR 85]:

C(n) = 1/« [ C(n-1) (<< + ~(n)) ( g(n) gT(n) ) ] (4-3)
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Both forms preserve symmetry by first

performing an outer product of two vectors, which 1s symmetric even in

finite precision. The outer product is then scaled by a scalar, which

preserves symmetry even in finite precision.

The form in (4-1) is selected over the form in (4-3) because the

form in (4-1) introduces fewer roundoff error terms into the C(n)

update equation. The outer product in (4-1) is created using p In ) ,

which is formed using only one multiplication. In contrast, the outer

product in (4-3) is created using g In ) , which is formed using one

mul tiplication, one division, and several operations to form u In}.

Thus, using the analytical approach in Chapter 3, the form in (4-1)

introduces fewer error terms when updating C(n) than the form in

(4-3) . Therefore, the form given in (4-1) was selected for

implementation.

4.1.2 Reduction of the number of divisions performed

In current practical hardware implementations, performing a

division requires significantly more clock cycles than a

multiplication. In this sub-section, the number of divisions in the

CRLS form selected in section 4.1.1 is reduced by introducing an

intermediate quantity into the algorithm.

If (4-1) is implemented exactly as specified, the outer product

matrix is divided by the scalar term u + Il(n) · This requires N
2

divisions, where N is the order of the CRLS filter. To avoid such a

large number of divisions, the following modified form is proposed:



~(n) = 1/(<< + ~(n»

C(n) = 1/0: [ C(n-1)

51

(4-4)

(4-5)

where l3(n) is an intermediate scalar quanti ty. By using (4-4) and

(4-5) , the N2 divisions are replaced by 1 division and N2

multiplications. Unfortunately, additional roundoff error is

introduced when forming ~(n). The intermediate ~(n) term can also be

used when computing the Kalman gain g(n) for updating the weight vector

wen) .

Finally, the division by a in (4-5) can be replaced by a

multiplication by 1/«. The term 1/« can be pre-computed and stored

before filtering begins.

multiplications.

This converts N2 divisions into N2

4.1.3 Implementation specification

In this sub-section, the form of the CRLS algori thm selected in

section 4.1.1, with the modifications suggested in section 4.1.2, is

completely specified. First, using the notation of Chapter 3, a fixed

point implementation of the symmetry preserving CRLS algorithm in

(4-2), (4-4) and (4-5) is given by:

Initial conditions:

w (0) = z(O) = 0
q

c (0) = a I (a » 1)
q

For n = 1, 2, do:

den)
T w (n-1)e (n:n-l) = - Q[ x (n)

q q

(4-6a)

(4-6b)

(4-7a)



p (n ) = Q[ C (n-I) x(n) ]
q q

Il (n) Q[ T p (n )= x (n )
q q

f3 (n ) = o[ a + : (n ) ]q
q

g (n ) = Q[ f3 (n ) p (n )
q q q

w (n ) = w (n-i) + Q[ g (n) e (n:n-I) ]
q q q q
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(4-7b)

(4-7c)

(4-7d)

(4-7e)

(4-7f)

(4-7g)

An equivalent specification, defining all intermediate terms, is

given below. This form will be useful when computing operations counts

as well as when specifying stabilization techniques.

Initial conditions:

w (0) = x (0) = 0q q

C (0) = 0 I (0 » 1)
q

For n = 1, 2, A •• do:

A o[ zqT(n) ]d (n) = w (n-l)q q

e (n:n-1) = d (n ) - d (n )
q q q

p (n ) = o[ Cq(n-U zen) ]q

Il (n ) = o[ xT(n) Pq(nl ]q

~ (n ) = Q. + Il (n )
q q

(4-8a)

(4-8b)

(4-9a)

(4-9b)

(4-9c)

(4-9d)

(4-ge)
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e (n ) = Q[ l/~q(n) ] (4-9f)q

g (n ) = Q[ ~q(n) Pq(n) ] (4-9g)q

f (n ) = Q[ g (n ) e (n:n-l) ] (4-9h)q q q

w (n) = w (n-1) + f (n) (4-9i)q q q

H (n) = Q[ Pq(n) PqT(n ) ] (4-9j)q

J (n) = Q[ ~q(n) Hq(n) ] (4-9k)q

M (n) = C (n-l) J (n ) (4-91)q q q

C (n ) = Q[ (l/a) Mq (n ) ] (4-9m)q

Note that 1/a is pre-computed only once, then used in (4-9m) at each

iteration.

The equations above can be used to compute an operations count per

iteration. Since symmetry is pr-eserved, only the lower triangular

elements in (4-9j) through (4-9m) need be calculated. This reduces the

2 2number of elements computed from N to N + 0.5 (N - N) or simply

0.5 (N2
+ N). The total operations count is 2.5 N2

+ 5.5 N

multiplications, 1 division, and 1.5 N2
+ 2.5 N additions/subtractions.

For large N, the total number of operations is less than those quoted

in [ALEX 86] because of the computational savings described in section

4.1.2.

Equations (4-6) and (4-7), or equivalently equations (4-8) and

(4-9), completely specify the efficient symmetry preserving algorithm

selected for implementation. This form will be referred to as SCRLS.
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4.2 Analysis of algorithm selected

In this section, the SCRLS algori thm in section 4.1 1s analyzed

using the approach detailed in Chapter 3. The propagation of error

resul ts are shown to be identical to those for the implementation

studied in Chapter 3. A similar analysis of the other symmetry

preserving algorithm considered in section 4.1, though not presented,

also yields identical error propagation characteristics.

The analysis proceeds as follows. First, error recursions are

derived for each algorithmic quantity. Second, propagation analyses of

the error recursions for the weight vector and C matrix are presented.

It is shown that the SCRLS form has the same underlying error

propagation mechanism as the form analyzed in Chapter 3.

4.2.1 SCRLS error recursions

Error recursion equations for t he SCRLS algorithm are derived

using the same approach detailed in Chapter 3 and Appendix A. The

detailed derivations are presented in Appendix C. The resulting error

recursions for the SCRLS algorithm are summarized below.

Initial conditions:

d (0) = 0,w (4-10)

For n = 1,2, ... do:

d (n:n-l)e = (4-11a)

T][ (n) r
m2(n)

d (n)
p

d (n)
Il

=

=

r
m2(n)

+ DC(n- l ) zen)

Tx (n) Dc(n- l ) x(n) + +

(4-11b)

(4-11c)
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1
d

f3(n) = r d1(n) + f3(n)
a. + J.L (n)

q

d (n) = r
m4(n) + g(n) - f3 (n) p (n )g q q

(4-1Id)

(4-1Ie)

d (n) = d (n-1)w w + g(n) e(n:n-l) - g (n) e (n:n-l)
q q

(4-11f)

DC(n) = RmS(n) + 1/a [ Dc(n-1) - R
m7(n)

- ~q(n) R
m6(n)

+ 1/a [ ~ (n) p (n) p T(n) - ~(n) pen) pT(n) ]
q q q

(4-llg)

where

r
m1

(n) r [ T
]= x (n ) , W (n-1) (4-I2a)m q

r
m2(n) = r [ C (n-I), x(n) ] (4-12b)rn q

r m3(n) r [ T= x (n ) , p (n ) (4-I2c)m q

r
d1(n) = r

d[ 1, a. + 11 (n) (4-I2d)q

r m4(n) = r [ f3 (n) , p (n ) (4-12e)m q q

rmS(n) = r [ g (n l , e(n:n-l) (4-12f)m q

R
m6(n)

r [ p (n ) ,
T ] (4-12g)= P (n)

m q q

R
m7(n)

r [ e (n) , Q[ p (n) T (4-I2h)= P (n )m q q q

RmS(n) r [ (1/a:).{ C (n-I) - Q[ f3 (n) Q{ p (n) T ] ]} ]= p (n)
m q q q q

(4-12i)

As in the analysis in Chapter 3, accumulated error is passed from one

iteration to the next through d (n-l) and DC (n-l ) · Consequently, thew
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error recursions for these two error terms are studied in the next

sub-section.

4.2.2 Propagation analysis

In this sub-section, the error recursions for the weight vector

and C matrix errors are analyzed to determine how errors propagate from

one iteration to the next. The analysis consists of the same three

steps used in Chapter 3. The analysis of the weight error recursion is

performed first.

The recursion for the weight error is given in (4-11f). First,

the substitutions given in (3-10a) and (3-10b) are employed along with

the following:

(3 (n ) = f3(n)
q

p (n ) = pen)
q

d (n )
p

(4-13)

(4-14)

Second, the expressions for d (n:n-1)t d (n), dQ(n), and d (n) given in
e p p g

equations (4-11a), (4-11b), (4-11d), and (4-11e) respectively are used.

After much algebraic manipulation, the following result is obtained:

_______1 [ C(n-1) - D
C(n-1)

1zen) zT(n) ] d (n-1)
u + ~ (n) W

q

+ [ 1 - u + ~(n) 1g(n) e(n:n-l)
u + ~ (n)q

+
DC(n-l) zen) e(n:n-l)

u + ~ (n)
q
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ex +
_____1 [C(n-1) - D

C(n-1)
] zen) r

m1(n)
1.1 (n)

q

(4-15)

where fJ. (n ) is given in (3-12). Equation (4-15) contains two moreq

terms than (3-11) because the SCRLS form introduces an intermediate

quantity ~(n) into the weight update.

Next, using the same analytical approach to derive (3-14), the

conditional expected value given in (3-13) is taken. The result is:

_______1 [ C(n-1) - D
C(n-1)

] zen) xT(n) ] ~w(n-l)
ex + ~ (n)

q

[
ex + fJ.(n) ] ex + Il(n)+ 1 - g(n) e(n:n-1) + Dc(n-1)
ex + ~ (n) ex + ~ (n)

q q

zen) e(n:n-1)

0: + lJ(n)

(4-16)

which is identical to (3-14). Consequently, employing the assumption

of steady-state would give (3-21). Thus, the average weight error

propagation characteristic at steady-state for srnLS is identical to

the one for the original CRLS algorithm analyzed in Chapter 3.

Next, the recursion for the error in the C matrix given by (4-11g)

is analyzed. First, (3-25a) and (3-25b) are used along with (4-2) and



58

(4-14). Second, the expressions derived for dp(n) and d~(n) given by

(4-11b) and (4-11d) respectively are employed. After some algebraic

manipulation the following result is obtained:

= 1/0: D
C(n-1) +

+

+

1/0: [ a + ~(n) - 1 - (a + ~(n)) r
d1

(n) ] g(n) xT(n) C(n-1)
0: + IJ. (n)

q

- l/a ~q(n) RaG(n) - l/a Ra7(n) + 'RaS(n)

where

(4-17)

f3 (n )
q = (3(n) =

1

0: + IJ. (n)
q

(4-18)

and IJ. (n) is given in (3-12).
q

Taking the same type of conditional expected value given in (3-13)

of (4-11) and (4-18) and combining the results gives:

1/0: D
C(n-1) + 1/0:

TDe(n-l) x(n) x (n) De(n-l)
0: + ~ (n)

q
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- 1/a
C(n-l) x(n) xT(n) DC(n-l) + DC(n-l) x(n) xT(n) C(n-l) 1

a + Jl (n)q

tr 2 I
ra + Jl(n) 1 T [- 1 g(n) x (n) C(n-1) + 1/a

a + ~ (n)
q

+ 1/« [ ------

(4-19)

which is identical to (3-27). Consequently, employing the assumption

of steady-state would give (3-28). Thus, the average C matrix error

propagation characteristic at steady-state for SCRLS is also identical

to the one for the original CRLS form analyzed in Chapter 3.

Thus, the resul ts of analysis indicate that the SCRLS algori t.hm

has the same underlying error propagation mechanism as the CRLS form

analyzed in Chapter 3. Since the error propagation mechanisms are the

same, the SCRLS form also suffers from explosive divergence, following

the scenario described in Chapter 3. A similar analysis of the

symmetry preserving form suggested by Fabre and Gueguen [FABR 85],

though not presented here, indicates that it also has the error

propagation characteristic described in Chapter 3.

Thus, preserving symmetry in the C matrix does not guarantee that

positive definiteness 1s preserved. This conclusion appears to

contradict earlier results [FABR 85, VERH 89]. However, these earlier

results appear to be based on large word lengths (in excess of 16 bits)

and well-conditioned data. In the next section, simulation results are

presented which demonstrate explosive divergence for the symmetry

preserving algorithms considered when the wordlength used is 16 bits.
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4.3 Simulation results

The SCRLS form was simulated under the same conditions described

in section 3.4.

iterations.

Figure 4-1 shows a plot of r (n) for the first 500
q

Clearly r (n ) exceeds 1 and becomes negative several
q

times. The original symmetry preserving algorithm, without the

introduction of l3(n), was also simulated under the same condi tions.

Explosive divergence was still a problem. Finally, the symmetry

preserving form in [FABR 85] was simulated under the same conditions.

Again, the results, which are plotted in Figure 4-2, indicate that

explosive divergence is a problem.

Thus, the simulation results support the analytical conclusion of

the previous section that the symmetry preserving forms of CRLS still

suffer from the explosive divergence problem.

4.4 Preventing explosive divergence

In this section, the analytical results of section 4.2 are used to

develop techniques which prevent explosive divergence. By biasing the

errors introduced into the C (n) matrix, positive definiteness can be
q

preserved. Also, by making the biases as small as possible,

least squares performance 1s preserved.

4.4.1 Stabilization concept

First, the analysis in Chapter 3 indicates that divergence occurs

because DC(n) becomes positive definite, which in turn causes the error

terms in (3-28) to become larger. Thus, to prevent explosive
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Figure 4-1. Fixed point simulation example of explosive divergence in

the SCRLS algorithm.

function of iteration n.

Plotted is the angle parameter r (n) as a
q
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Plotted is the angle parameter 1 (n) as a function of iteration n.
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divergence, De(n) must be biased negative definite. This implies that

C (n) must be biased positive definite.q

To determine how to bias De(n) to be negative definite, the

driving terms in (4-17) are examined. Note that (4-17) is an exact

result for the SCRLS form, derived from simple algebraic manipulation

of the original error recursion in (4-11g). To concentrate on the

driving error terms only, De (n- 1 ) is set to zero. Using (4-2), this

gives:

l/~ [ r d 1 (n l ]

T
a + f..l(n)

pen) p (n)
Dc(n) = - 1 - (0: + u tn l )

a + ~ (n ) a + Il(n)
q

~ (n ) ( T T )1/a r
m2

(n ) p (n) + pen) r
m2

(n )
q

~ (n ) r
m2

(n ) T
+ 1/a r

m2
(n )

q

- 1/a ~ (n) R 6(n)q m

(term 1)

(term 2)

(term 3)

(term 4)

(term 5)

(term 6)

(4-20)

where the - is used to indicate that previously accumulated error has

been set to zero and

T r
m3(n)it (n ) = fl(n) x (n) r m2(n)q

1

~ (n) = r
d 1(n)q a + il (n l

q

(4-21)

(4-22)
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The expression in (4-20) is the driving error assuming no past

accumulated error or negligible accumulated error. The premise of this

sub-section is that by biasing the terms in (4-20) to be negative

definite. the SCRLS algorithm can be biased towards stable performance.

The six terms in (4-20) will be referred to as terms 1-6 as labeled.

For each term. techniques are developed which bias the term to be

negative defini teo Each technique is made as simple as possible and

the bias is made as small as possible so that implementation is

straightforward and least squares performance is preserved.

4.4.2 Term 1

Since 1/a p(n)pT(n)/(a + ~(n») is always positive semi-definite.

term 1 in (4-20) is biased negative definite by making the scalar in

parentheses in term 1 of (4-20) negat i ve. This can be done by a)

making r
d 1(n)

positive, and b) making ~q(n) > ~(n).

First. consider making r d1 (n ) positive. To make r d1 (n ) positive

implies rounding down so that the quantized value is less than the

unquantized value (refer to equation (3-2». Thus, rd1(n) can be made

positive (or zero if no rounding takes place) when ~ (n) is computed
q

using a rounding down operation. Since ~q(n) is always positive, this

can be done using truncation.

Second, consider making ~q(n) > ~(n). From (4-21) this implies

a) making r m3(n) negative, and b) making x
T

(n l r m2(n) negative. The

first can be done by rounding up the computation of ~ (n). The second
q

can be done by rounding when forming p (n) in such a way that the
q
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roundoff error has the opposite sign of the corresponding term in the

zen) vector. Denoting x.(n) and p .(n) as the ith components of zen)1 ql

and Pq(n) respectively, then the rounding rule for biasing xT(n) r
m2

(n )

negative is as follows:

if x. (n ) > 0, round up when forming p .(n)1 ql

if x. (n ) < 0, round down when forming p .(n)1 ql

Note that if x. (n ) = 0, then no rounding occurs.
1 One disadvantage of

this approach is that the bias introduced is a function of N, the order

of the filter. The higher the order, the more bias introduced. Making

~ (n) > Il(n) also reduces the magni tude of roundoff error terms 2q

through 4 in (4-20).

4.4.3 Term 2

Since ~ (n) is always positive, the second term in (4-20) can be
q

biased to be negative definite by biasing the matrices r m2 (n ) pT(n) and

T
pen) r m2 (n ) to be positive definite. Since the trace of a matrix is

the sum of its eigenvalues, a matrix can be biased to have positive

eigenvalues (positive definite) by biasing the diagonal elements to be

positive. Denoting r m2 i(n) and Pi(n) as the ith components of r m2(n )

and pen), a positive bias on the diagonals of the two matrices can be

achieved by forcing r m2i(n) to have the same sign of Pi(n). Assuming

that the fini te precision p . (n) has the same sign as the infini teql

precision Pi(n), the bias can be created using the following rule:

if P . (n) > 0,ql

ifp.(n)<O,
ql

then round down when forming Pqi(n)

then round up when forming p .(n)ql
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Note that if p . (n ) = 0, no rounding occurs.
ql

This technique can be

termed "r-oundIng In" since the rounded value is smaller in magnitude

than the original value.

Observe that this technique may conflict with the technique given

in the previous sub-section for forming PqiCn). This conflict can be

The first vector, denotedavoided by forming two p (n ) vectors.
q

p~qCn), is formed according to the rule of the previous sub-section and

is used only when computing ~qCn). The second vector, denoted PHqCn),

is formed according to the rule given in this sub-section and is used

when forming H (n) given in (4-9j).
q

While this technique produces a desired diagonal bias,

larger errors are introduced on the off-diagonal when forming the

off-diagonal entries of Hq(n). To prevent this problem, PHq(n) is only

used when forming the diagonal entries of H (n) , The off-diagonal
q

entries are forming using P (n) , which is formed using conventionalq

rounding.

4.4.4 Term 3

Unfortunately. since u and ~ (n) are always positive and
q

r
m2Cn)rm2

TCn) is always positive semi-definite, term 3 in C4-20) cannot

The

be biased negative definite. It is possible to form H (n) in (4-9j)
q

using two different p (n) vectors, denoted p (n) and p b(n).
q qa q

vectors would be computed such that the roundoff error vectors, denoted

r m2a(n) and r m2b(n), had opposite signs. This would change term 3 to

- T1/« f3 (n Ir- 2 (n lr- 2b (n ) , which would be biased negative definite.q m a m
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However, the property of symmetry in CqCn) would be lost.

A better approach is to introduce an new additive term which will

always compensate for term 3. Consider the new term, denoted term a,

given by:

term a = - 2- 1/« f3 (n) f:" I
q (4-23)

where ~ is the fixed point step size for representing p (n). Combining
q

this term with term 3 gives:

term 3 + term a = 1/a ~qCn) [ r m2Cn) r
m2

TCn) - ~2 I 1

= 1/« ~ (n) A(n)
q

where

(4-24)

A(n) = (4-25)

(4-26)

Thus, to bias the combined term negative definite, the diagonal

elements of A(n) should be biased to ~e negative. If r
m2

(n ) is formed

by rounding in, as described in section 4.4.3, then the elements of

r m2 (n ) satisfy:

- ~ < r m2i(n) < ~

Thus, the diagonal elements of A(n) are biased to be negative as

desired.

This technique is implemented by subtracting 111 11 from the least

significant bit of the accumulator for the diagonal elements of H (n).q

However, if the accumulator is zero, then this subtraction Is not

neceasar'y, since theoretically the diagonal elements of H (n ) shouldq

always be non-negative.
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4.4.5 Term 4

This term can be biased negative definite by biasing the diagonal

elements of R
m6(n)

to be positive. These values can be biased positive

by rounding down the diagonal elements of H (n). Since these elements
q

are always non-negative, this can be accomplished by simple truncation.

4.4.6 Term 5

This term is biased negative definite by biasing the diagonal

elements of Rm7(n) to be positive. This can be done by rounding down

or truncating the diagonal elements of J (n) in (4-9k).
q

4.4.7 Term 6

Finally, this term can be biased negative definite by biasing the

diagonal elements of RmS(n) to be negative. This implies rounding up

when forming the diagonal elements of C (n).
q

4.4.8 SUlllDary

Based on the analysis of section 4.2, techniques were derived to

stabilize the SCRLS algorithm. The techniques are identified using the

label "a.b", where "all indicates which term in equation (4-20) is being

addressed and "b" is used to enumerate Ilul tiple techniques. The

techniques are summarized below.

1.1 Round down or truncate when forming ~ (n).
q

1.2 Round up when forming ~ (n).
q
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1.3 When forming p (n) to compute ~ (n), denoted p (n), use:
q q ~q

if xi (n) > 0, round up

if x.(n) < 0, round down
1

2.1 When forming p (n) to compute the diagonal elements of H (n),
q q

denoted PHq(n), round in (round down in magnitude),

3.1 When forming the diagonal elements of H (n), subtract "1" from
q

the accumulator if the accumulator is nonzero.

4.1 When forming H (n ) t round down on the diagonal.q

5.1 When forming J (n) in (4-9k) , round down on the diagonal.q

6.1 When forming C (n ) t round up on the diagonal.q

Preserving positive definiteness in C (n) should prevent the problem of
q

loss of nonsingularity during initialization [MEND 87]. Also,

technique 6.1 prevents the problem of loss of adaptivity on the

diagonal of C (n) [BOrT 89].
q

4.5 Simulation of stabilization techniques

The effectiveness of the stabilization techniques developed in

section 4.4 is demonstrated in this section through simulation. The

stabilization techniques were incorporated into the SCRLS algorithm

previously described. Under the same conditions described in section

3.4, the modified SCRLS algorithm was simulated. The result, shown in

Figure 4-3, indicates that explosive divergence Is not a problem.

Figure 4-3 shows a plot of the angle parameter lq(n), which remains in

the range (0,1] as desired.
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Unfortunately, the problem of explosive divergence is not

yet completely solved. Implicit in the development of the

occur.

stabilization techniques is the assumption that overflow does not

If overflow occurs in forming ~q(n), then techniques 1.1 - 1.3

are ineffective in biasing ~ (n) > ~(n). Also, if overflow occurs inq

the final scaling by 1/« of the diagonal elements of Cq(n), then 6.1 is

ineffective. Under similar simulation conditions, the modified SCRLS

filter diverged shortly after overflow in C (n).
q

Underflow can also be a problem. If all the elements in C (n)
q

underflow to zero, then the filter "locks up," and the weights cease to

adapt (weight lock-up). In fact, if e (n:n-l), p (n), ~ (n), g (n), orq q q q

f (n ) , given in equations (4-9b) t (4-9c), (4-9f), (4-9g), and (4-9h)
q

respectively, underflow, then weight lock-up will occur.

Thus, underflow and overflow need to also be examined in order to

provide a stable adaptive fixed point implementation.

problems are addressed in the next chapter.

4.6 Conclusion

These two

In this chapter, a symmetry preserving form of CRLS is specified

for fixed point implementation. The form is analyzed and shown to

suffer from explosive divergence. Using the analytical results,

techniques are developed to prevent explosive divergence. Simulation

results are used to demonstrate the effectiveness of the stabilization

techniques.
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CHAPTER 5 - PREVENTING UNDERFLOW AND OVERFLOW

The goal of this chapter is to design a fixed point implementation

of the SCRLS algori thm which minimizes the problems of underflow and

overflow. Underflow and overflow can lead to weight lock-up and

explosive divergence. By normalizing certain algori thmic quanti ties

and carefully choosing how each algori thmic quanti ty is represented,

underflow and overflow problems can be minimized.

As discussed in Chapter 4, underflow and overflow can cause weight

lock-up and explosive divergence. If certain quanti ties related to

updating w (n) underflow, weight lock-up occurs. If certain quantitiesq

related to updating C (n ) overflow (i.e. saturate), then explosiveq

divergence can occur. Thus, a careful design of the fixed point

implementation of SCRLS is needed to prevent weight lock-up and to

ensure that the techniques derived in Chapter 4 are effective in

preventing explosive divergence.

This chapter is organized as follows. First, fixed point

arithmetic and implementation practices used in this dissertation are

presented. Second, normalizing the C matrix of the CRLS algorithm is

discussed. A design for implementing a normalized version of the SCRLS

algorithm is developed, detailing how each algorithmic quantity 1s to

be computed and stored. Finally, the impact of normalization and other

design choices on explosive divergence and weight lock-up is discussed.
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5.1 Fixed point implementation practices

In this section, fixed point arithmetic and implementation

conventions used in this dissertation are given. Background

information can be found in a recent tutorial article on programmable

DSP chips [LEE 88], as well as a standard text on computer architecture

[MAND 76]. Two's complement arithmetic is assumed throughout.

Application to 16-bit data storage is discussed, since most current DSP

chips have at least 16 bits for data storage [LEE 88].

5.1.1 Storage

In fixed point arithmetic, values are stored in a register or

memory location consisting of bd bits.

used to represent the sign of the value.

The most significant bi t is

The next b. significant bits
1

are used to represent the integer part of the value, and the remaining

b
f

bits are used to represent the fractional part of the value. This

yields the following relationship [ARDA 87]:

= 1 + b.
1

+ (5-1)

To denote how a value is stored (i.e. the format used), the notation

b
i

. b
f

will be used. For example, storing a value using 7.8 format

means that 7 bits are used for the integer part and 8 bits are used for

the fractional part. It is possible for b i or bf to be negative. For

example, -2.17 format implies that the most significant data bit (to

the right of the sign bit) Is used to represent the 1/4's coefficient.

Underflow occurs when the value being represented is so small that

the number of bi ts used to represent the fractional part (b f ) is
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inadequate. As a result, the number is represented as zero. Overflow

occurs when the number of bits used to represent the integer part (b i)

is inadequate. Saturation logic [LEE 88] will be used when overflow

occurs.

When specifying a fixed point quantity, several conventions may be

used. The 16-bit value 0000000011110000 may specified as:

a. 08140 4 , where the power indicates the number of consecutive

l's or O's [BERT 87].

b. integer 240, where the bit pattern is interpreted as a 16-bit

integer.

c. binary 0000000011.110000, assuming 9.6 format.

d. decimal 3.75, assuming the value is in 9.6 format.

These forms are used throughout this chapter.

5.1.2 Addition and subtraction

In fixed point ari thmetic, addi tion is performed as if the two

binary representations were integers. Thus, the two quantities being

added must have the binary point in the same place.

complement arithmetic, subtraction is similar to addition.

In two's

5.1.3 Multiplication

Multiplication of two N-bit numbers is usually performed using an

accumulator with 2N or more bits [LEE 88]. Thus, a 32-bit accumulator

would be used when computing the product of two 16-bit data values. To

store the product as a 16-bit quantity, the accumulator is shifted so
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that the 16 bi ts to be stored appear in the lower 16 bi ts of the

accumulator.

Which 16 bits should be kept depends upon a) the number of bits

used to represent the fractional part of the multiplicand (b ) b) the
fa '

number of bits used to represent the fractional part of the multiplier

(b f b), and c) the number of bits used to represent the fractional part

of the product (b
f c). It can be shown that for given values of bfa'

bf b 7 and bf c' the accumulator should be shifted right by the following

amount (s ) to obtain the 16-bit quantized product in the lower 16 bitsr

of the accumulator:

s
r

= + (5-2)

If the value in the accumulator is non-negative, then 0' s should be

shifted in from the left. Otherwise, to preserve the sign, l's should

be shifted in from the left.

Simply shifting the accumulator by sr results in the product being

truncated. To perform rounding, the accumulator is right shifted by

s -1. Then, the 32-bit value 0311 is added to the accumulator. The
r

accumulator is then shifted once to the right. This is the technique

used by Ardalan and Alexander [ARDA 87].

It is possible for s to be zero or negative. In this case, there
r

is no roundoff error. When sr is negative, the right shift by sr is

performed as a left shift by -s .r
Care must be taken when left

shifting to avoid accumulator overflow.
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5.1.4 Division

Division is usually performed by dividing a 2N bit dividend by an

N bit divisor to produce an N bit quotient [MOTO 85]. The dividend and

divisor are treated as integers, and simple integer division (using

truncation) is performed. To mimic standard division of two numbers,

the dividend must be converted from its N-bit value to a 2N-bit value

such that the N bit quotient is that desired. To do this, the dividend

is left shifted by the following amount:

= + (5-3)

where b
f r,

b
f q

and bfd are the number of bits used to represent the

fractional parts of the divisor, quotient, and dividend respectively.

In the case of rounding, an extra shift left of the dividend must

be performed. The resulting quotient is then treated as an accumulated

product and 0311 is added before right shifting by one.

This completes the discussion of fixed point practices. Equations

(5-2) and (5-3) will be used to calculate the accumulator shifts for

each computation in the fixed point implementation of SCRLS.

5.2 Normalization

In this section, normalization of the CRLS algorithm is discussed.

The C(n) matrix 1s normalized by a scalar factor so that underflow

(which causes weight lock-up) and overflow (which causes explosive

divergence) can be prevented.

First, an argument must be made for the necessi ty of

normalization. Allocation of bi ts to represent the fractional and
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integer parts of C(n) is determined by the range of values C(n) can

take. Consider just the possible steady-state values given by (3-16):

C (n ) e: -1(1 - (X) R
xx (5-4)

Depending on the elements of Rxx' the elements of C(n) could be very

large or very small. In many applications, R is either not known in
xx

advance or changes with time. Thus, it may be impossible to know in

advance how best to choose b i and bf for storing the elements of the

C(n) matrix. However, by normalizing the C(n) matrix in some way, the

elements of the normalized C(n) matrix may be constrained to take on

values that neither underflow nor overflow a certain bi.bf combination.

This is the motivation for normalizing the CRLS algorithm.

Equation (5-4) can also be used to explain when weight lock-up

will occur. Consider the case where the elements of C(n) are so small

that they are represented as zeroes in fixed point precision. The

algorithmic description of CRLS given in (1-7) reveals that if C(n) is

replaced by a zero matrix, the weight vector wen) will cease to adapt

(weight lock-up). Equation (5-4) indicates when this underflow problem

will occur. This equation can be rewritten as:

(5-5)C(n) 1 - ex -1
- 2 Rxx

tT
x

where tT 2 is the data variance (assuming the data has zero mean) and
x

R- 1 is the inverse of the normalized data autocorrelation matrix (R is
xx

normalized to have unity on the diagonal).

Equation (5-5) indicates that the elements of C(n) become small

when either a) the forgetting factor (X is close to unity, or b) the
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2data variance ~ is large. Thus, weight lock-up can be a problem when
x

either of these conditions is met. Weight lock-up has been linked with

the first condition, a forgetting factor close to unity, in past

research (GODA 74, ARDA 86, ARDA 87].

An example of weight lock-up is given in Figure 5-1. The

simulation condi tions were almost the same as those in section 3.4.

The filter order is 1 instead of 3, the standard deviation of the white

Gaussian driving process is 2.0 instead of 1.0, and the initialization

constant ~ is 3.3775 in accordance with [COWA 85, BELL 87b]. Plotted

is the single weight value as a function of iteration. Observe that

the weight stops adapting.

Normalization can be used to combat the problems of underflow and

overflow in the C matrix. Normalization is achieved by factoring the

C(n) matrix as:

C(n) = s C(n) (5-6)

where s is a scalar, and C(n) is the normalized matrix. The scaling

factor s can be made adaptive, as long as for each change in s, C(n) is

re-scaled so that (5-6) holds.

The "parent" algorithm of the CRLS algorithm, the order N3 general

RLS algori thm, is used in Appendix D to derive four normalized CRLS

forms. Two of these forms, denoted form Ib and form 3, are used in the

next section as part of the. fixed point CRLS implementation design.
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5.3 Fixed point implementation design

This section summarizes the fixed point implementation design of

the SCRLS algorithm specified in Chapter 4. Normalization is used to

prevent underflow and overflow in the C matrix. Also, the storage

format for each algorithmic quantity is chosen so that the problems of

underflow and overflow are minimized. The design is for a fixed point

implementation wi th 16-bi t data and 32-bi t accumulation.

design issues are discussed below.

5.3.1 Normalization approach

The main

The first major design issue is the choice of normalization

scheme. Normalization form 1b was chosen for dynamic range purposes,

since s1/2 is used each iteration instead of s .. The scaling factor s

was made adaptive (s(n)), so that the largest element in C (n) is a
q

fraction (0.15 format) that makes f'u l I use of the 16 bits available

(preventing both underflow and overflow). To make scaling and

re-scaling operations simple, sen) was constrained to the form:

sen) = (5-7)

where men) is an integer. Using this form of normalization, (5-6) can

be interpreted as using a simple block floating point representation

for C(n). However, the form lb equations separate sen) (the exponent

term) from C(n) (the mantissa term).

5.3.2 Computation of men)

It is necessary to compute men) at the end of each iteration. The
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updated men) should satisfy the following criteria:

1. the largest element in C (n ) is a fraction close to 1 in
q

magnitude, allowing full use of the 15 storage bits.

2. at iteration n+1, the updated Cq(n+l) matrix does not overflow.

This implies that the largest element in C (n) should not be
q

made too close to 1.

To satisfy the second criterion, the maximum possible change in

the largest element of C(n) due to updating must be known. Simulation

experience suggests that the element with the largest magnitude always

lies on the diagonal of C(n), whether normalized or not. There is an

analytical result to support this observation. Under certain

conditions, the C(n) matrix is the weight error covariance matrix [MEND

87]. Second, since C(n) is positive definite, all the diagonal values

are positive [GRAH 87]. Thus, it is reasonable to assume that the

Thus, to

largest element of C(n) is one of the positive diagonal elements.

Next, consider how the diagonal elements of C(n) are updated.

From (4-5), the largest Ci i (n ) can be is 1/0: Ci i (n-1).

satisfy the two cri teria above, men) should be chosen so that the

largest diagonal element of C (n) is less than 0:. The stabilization
q

techniques derived in Chapter 4 will eventually be incorporated into

the algor i thm. These techniques could cause Ci i (n) to exceed 1/0:

e
i i

Cn- 1 ) . For this reason the largest value for the re-scaled CqCn) is

chosen to be O.7S
t

which is much less than typical values of Cl.

Because of the discrete nature of sen) given in (5-7), it is not

possible to make the largest element in cq(n) exactly equal to 0.75.
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However, if the largest element in the unsealed C (n) falls below oneq

fourth of 0.75 (0.1875), then clearly, from (5-7), men) can be set to

m(n-l) - 1 to make elements in the re-scaled C (n) larger. With (5-7),q

re-scaling requires multiplication by either 4 (two left shifts) or 1/4

(one right shift, addition of 0151, then another right shift).

5.3.3 Storage of ~ (n) and ~ (n)q q

Another major design issue is the storage of ~ (n) and ~ (n) givenq q

in (4-9d) and (4-ge) respectively. If these quantities overflow, then

explosive divergence can occur. To prevent overflow, the number of

bits integer used to store these quantities, denoted ~(n), is computed

each iteration such that overflow is prevented. While overflow of the

final 16-bit quantity is prevented, overflow of the 32-bit accumulator

prior to storage can still be a problem.

Computation of ~ (n ) is also an issue. This term is computed
q

using:

~ (n ) = a + Il (n ) (5-8)
q q

where a is the forgetting factor. To add two fixed point quantities,

they must be stored using the same format. Since the format for

storing ~ (n) is adaptive, the representation for a in (5-8) must alsoq

be adaptive. Since a is usually a fraction close to one, u will have

different representations depending on how many bits fraction are

available. This problem is overcome by incorporating normalization

form 3, with the scal~ng factor s set equal to u.

now normalized to ~ (n), is given by:
q

As a result, ~ (n),
q
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~ (n)
q = 1 + ~ (n)

q (5-9)

The value "1 11 be can exactly represented under a variety of formats.

5.3.4 Computation of w (n)
q

The next major design issue is the computation of w (n) such that
q

weight lock-up does not occur. The weight vector w (n) is stored using
q

wfrac bits fraction and is updated as:

w (n ) = w (n-l) + f (n)q q q

where

f (n) = Q[ g (n) e (n:n-l) ]
q q q

(5-10)

(5-11)

Second, storage of g (n) is carefully
q

chosen so that underflow is not a problem. This leaves the computation

First, e (n:n-l) is computed with an adaptive number of bits fractionq

efrac(n), preventing underflow.

and storage of f (n). Since the weight vector w (n) is stored using
q q

wfrac bi ts fraction, f (n ) is also stored using wfrac bi ts fraction.
q

It is possible then for f (n ) to underflow when wfrac is not large
q

enough to represent the product g (n) e (n:n-l). As a result, weightq q

lock-up occurs.

This problem can be alleviated by forcing the entries in f (n) to
q

be nonzero. When the rounded value of an entry in f (n) is computed to
q

be zero, the value is re-computed so that the magnitude 1s effectively

rounded up. This rule is referred to as rounding out. Note that f (n)
q

is computed using the regular rounding rule when the final result is

nonzero.
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This approach is similar to one presented by Sakurai [SAKU 84].

Sakurai quantized f (n ) using an off-set truncation rule, which does
q

not allow the quantized value to take on the value of O. This is

effectively rounding out when computing all values of f (n) , Theq

technique used in this dissertation uses rounding out only when needed

to prevent underflow.

5.3.5 Overflow prevention

Finally, storage formats were chosen so that overflow resul ting

from the product of two scalars would not be a problem. However, the

quantities p (n) and ~ (n) are formed by accumulating multiple scalar
q q

products. Overflow of ~ (n) is prevented by increasing the number of
q

bits integer, ~(n), until overflow is not a problem. It is assumed

that the order of the fil ter is small enough so that overflow when

forming p (n) is not a problem. Should the filter order be large or
q

the data values be extremely large, then the storage of p (n) should be
q

modified to accommodate larger values. Also, overflow of the

accumulators for p (n ) and Il (n ) can be a problem.q q Using DSP chips

which have extra accumulator bits can alleviate this problem [LEE 88].

This completes the discussion of the major design issues. The

resulting fixed point design is summarized in the next sub-section.

5.3.6 Design summary

The normalized fixed point implementation of the SCRLS algorithm

is given by:
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Initial conditions:

w (0) = x(O) = 0
q

C (0) = 1/« 2-2m(0) ~ I
q (~ » 1)

(5-12a)

(5-12bJ

where m(O) is chosen such that 0.1875 < 1/« 2-2m(O) 0 ~ 0.75.

For n = 1,2, ... do:

i(n) = 2m(n-1) x(n)

compute efrac(n) so d (n) and e (n:n-1) do not overflow
q q

d (n) = 2efrac(n)-15 den)
q

dq(n) = Q[ xT(n) wq(n-l) ]

(S-13a)

(S-13b)

(S-13c)

(S-13d)

e (n:n-1)
q

p (n )
q

= d (n) - d (n)
q q

= Q[ Cq(n-l) iCCn) ]

(S-13e)

(S-13f)

compute .p(n) so that ~ (n ) and ~ (n) do not overflow
q q

~ (n) [ -T ~ ]= Q x (n) Pq(n)
q

~ (n ) = 11 + ~ (n)
q q

~ (n) = Q[ 12 / ~q(n) ]q

[ 1/2 - P (n ) ]g (n) = Q s (ri-L) I3q (n)
q q

fq(n) = o[ gq(n) eq(n:n-l) ]

if f len) = 0, f (n) = Q [ g (n) e (n:n-1) ]
q q 0 q q

w (n) = w (n-1) + f (n)
q q q

(S-13g)

(S-13h)

(5-131)

(S-13j)

(S-13k)

(5-131)

(S-13m)



86

Ii (n) o[ Pq(n) - T ] (5-13n)= P
q

(n)
q

J (n ) = o[ ~q(n) Hq(n) ] (5-130)
q

M (n) = C (n-l) - J (n ) (5-13p)
q q q

C (n) = o[ 0/0:) M
q

(n) ] (5-13q)
q

update men) and re-scale C (n ) (S-13r)
q

(optional)

y (n) = xT(n) w (n)
q q

e (n) = den) - y (n )
q q

where Q [.] denotes rounding out.o

(5-13s)

(5-13t)

Note that (5-13a) requires no

computation because of the way i(n) is stored. The subscripts on 1 in

(S-13i) and (S-13j) indicate different storage formats for unity.

As a resul t of normalizing using forms 1a and 3, the overall

scaling factor is equal to:

sen) = a 22m(n-l) (5-14)

Ignoring roundoff errors, the normalized quantities are related to the

original CRLS quantities as follows:

pen) = 1/« 2-m(n-l) pen) (5-15a)

~(n) = 1/« Il(n) (5-1Sb)

~(n) = 1/« ~(n) (S-15c)

~(n) = « /3(n) = 'len) (5-15d)

H(n) = 1/0:2 2-2m(n-1) H(n) (5-15e)
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J(n) = 1/« -2m(n-1)
J(n)2 (5-15f)

M(n) = 1/« -2m(n-1)
M(n)2 (5-15g)

C(n) = 1/« 2-2m(n-1) C(n) (S-15h)

The computation and storage requirements are summarized in Tables

5-1 and 5-2. First, Table 5-1 details the number of bits fraction for

each quantity in the normalized fixed point SCRLS algorithm. Second,

Table 2 indicates the right or left shift required for each equation in

(5-13) . These shifts were computed using (5-2) and (5-3). This

completes the fixed point design specification for the normalized SCRLS

algorithm.

5.4 Impact on divergence and lock-up

The normalized fixed point implementation of the SCRLS algorithm

specified in the previous section impacts the likelihood of both

explosive divergence and weight lock-up. In this section, the impact

of the design on these two problems is discussed.

First, consider the results of Chapter 3 with regards to explosive

divergence. Recall that the likelihood of divergence increases as the

number of bits allocated to fractions decreases. Normalization allows

all 15 data bits available for representing C(n) to be allocated for

fractions. Second, despite a wordlength of 16 bits, the effective

wordlength, in terms of number of bits actually used, may be much less

without normalization. If the effective wordlength is small, the

relative size of roundoff errors can be large. Normalization allows
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QUANTITY BITS QUANTITY BITS

x(n) 15 ~ (n ) 13 + t/J(n)
q

den) 15 g (n) 14 + t/J(n) - 2m(n-l)
q

i(n) 15 - m(n-1) f (n ) wfracq

efrac(n) 0 w (n ) wfrac
q

d (n ) efrac(n) ii (n) 15 - t/J(n)q q
A

J (n )d (n ) efrac(n) 15q q

e (n:n-1) efrac(n) M (n) 15q q

p (n) 15 - m(n-l) C (n ) 15q q

~ (n ) 15 - .p(n) 1/0: 14q

~ (n) 15 - t/J(n) y (n ) 15q q

11 15 - t/J(n) e (n) 15q

1
2 0 men) 0

t/J(n) 0

Table 5-1. Number of bits fraction allocated to each quantity in the

normalized SCRLS algorithm.
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EQUATION SHIFT EQUATION SHIFT

(S-13a) (S-13k) 14

(5-13b) (5-131) 14 + t/J(n) - 2rn(n-1)

+ efrac(n) - wfrac

(5-13c) 15 - efrac(n) (S-13rn) 0

(5-13d) 15+wfrac-efrac(n) (S-13n) 15 + .p(n) - 2rn(n-1)

(S-13e) 0 (5-130) 13

(5-13f) 15 (S-13p) 0

(S-13g) (S-13q) 14

(5-13h) 1S+t/J(n)-2rn(n-1) (S-13r)

(S-13i) 0 (S-13s) wfrac

•(5-13j) 28 (5-13t) 0

Table 5-2. Amount to right shift after accumulation for each equation .

• - amount to left shift dividend before division.
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the effective wordlength to be large, making roundoff errors relatively

small.

Finally. overflow of certain quanti ties introduces large errors

which bias the algorithm towards explosive divergence. Specifically,

if Pq(n), ~q(n), or cq(n) overflow, then explosive divergence can

occur. Normalization prevents overflow of p (n) and C (n). Using anq q

adaptive representation for ~ (n)q
prevents this quanti ty from

overflowing. Thus, the fixed point design presented in section 5.3

should be less susceptible to explosive divergence.

Now, consider the problem of weight lock-up. Weight lock-up

occurs when f (n) remains zero over successive iterations. By
q

inspection of (5-13), weight lock-up occurs if any of the following

underflow: xf n l , e (n:n-1), C (n), p (n), ~ (n), g (n), or f (n).q q q q q q As

for x(n), underflow is prevented by setting the AID voltage range such

that the 16 bi t dynamic range of the A/D output is fully utilized.

Assuming x(n) does not underflow, the normalized SCRLS implementation

helps prevent underflow of the remaining quanti ties in the following

ways:

1. By setting efrac(n), the number of bits fraction for e (n:n-l),
q

to 15 and only decreasing it in the case of overflow, the

quantitye (n:n-1) should not underflow.
q

2. By normalizing C (n) , underflow is prevented.
q

should not underflow.

Also, p (n)
q

3. By normalizing ~q(n), ~q(n), and ~q(n) using ~(n), underflow in

~ (n) is prevented.q
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underflowing.

and .p(n) prevents g (n )
q
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from

5. By choosing wfrac (number of bi ts fraction for w (n ) large
q

enough, £q(n) should not underflow. However, even if wfrac is

small, the technique of rounding out an element of f (n) when
q

it is equal to zero will keep f (n) from underflowing as longq

as g (n) and e (n:n-l) are nonzero.
q q

Thus, the fixed point design presented in section 5.3 prevents

underflow, which is the cause of weight lock-up in the CRLS algorithm.

5.5 Conclusion

In conclusion, this chapter presents a detailed design for

implementing the SCRLS algorithm in fixed point hardware.

Normalization of the C(n) matrix is developed and used to prevent

underflow and overflow problems. Si~ple floating point schemes are

used where necessary to prevent other underflow/overflow problems. The

resulting design makes efficient use of the bits available while

minimizing underflow and overflow problems. This in turn prevents the

problems of explosive divergence and weight lock-up.
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CHAPTER 6 - INTEGRATION AND TESTING

In this chapter, the stabilization techniques of Chapter 4 are

integrated into the fixed point implementation designed in Chapter 5.

The integrated design is tested under a variety of conditions to show

that explosive divergence and weight lock-up can be effectively

prevented. Finally, the chapter concludes that increased stability can

be achieved with small cost in performance.

6.1 Integration

The previous chapter detailed the design for a 16-bit fixed point

implementation of the SCRLS algorithm. In this section, the

stabilization techniques of Chapter 4 are integrated into the fixed

point design.

First, the techniques listed in ~ection 4.4.8 must be applied to

the normalized quantities given in (5-13). This results in the

following stabilization techniques:

1.1 Round down or truncate when forming ~ (n).
q

1.2 Round up when forming ~ (n).
q

1.3 When forming Pq(n) to compute ~q(n), denoted p~q(n), use:

if xi(n) > 0, round up

if xi(n) < 0, round down

2.1 When forming p (n) to compute the diagonal elements of H(n),
q q

denoted PHq(n), round in (round down in magnitude).
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3.1 When forming the diagonal elements of H (n ) , subtract "1" fromq

the least significant bit of the accumulator if the

accumulator 1s nonzero.

4.1 When forming Ii (n) , round down on the diagonal.q

5.1 When forming J (n ) , round down on the diagonal.q

6.1 When forming C (n ) , round up on the diagonal.q

Most of the stabilization techniques simply change a rounding

operation, previously denoted Q[.], to either rounding up or rounding

down. These operations will be denoted Qur·] and Qd[·] respectively.

The operations of rounding in (rounding down in magnitude) and rounding

out (rounding up in magnitude) will be denoted Q. [ .] and Q r:
1 0

respectively. Technique 6.1 also applies to re-scaling C (n).
q

Adding the above techniques to the fixed point design specified in

(5-12) and (5-13) gives a stabilized fixed point implementation of the

SCRLS algorithm, which will be referred to as the SSCRLS filter. The

filter is specified as follows.

Initial conditions:

w (0) = z(O) = 0
q

(6-1a)

C (0)
q

= 1/« 2-2m(0) a I (~ » 1) (6-1b)

where m(O) 1s chosen such that 0.1875 < 1/« 2-2m(0) ~ ~ 0.75.



For n = 1, 2, ... do:

zen) = 2m(n-l) x(n) (not implemented)

A

compute efrac(n) so d (n) and e (n:n-1) do not overflow
q q

d (n) = 2efrac(n)-15 den) (right shift with rounding)
q

dq(n) = Q[ xT(n) wq(n-1) ]

e (n:n-l) = d (n) - d (n)
q q q

p (n ) : p . (n ) = Q [ C (n-l) x(n) ] if x. (n ) > 0
flq flql U q 1

P . (n) = Qd [ Cq (n- 1 ) x(n) ] if x . (n ) < 0flql 1

compute ~(n) so that ~ (n) and ~ (n) do not overflow
q q

~ (n ) = Q [ iT(n) p (n l ]q u q

~ (n ) = 11 + ~ (n)
q q

~ (n ) = Qd [ 12 / ~q(n) ]q

g (n ) [ 1/2 ~ ~ ]= Q s Ln-T) f3 (n ) p (n )
q q q

f (n l = Q[ gq(n) eq(n:n-1) ]q
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(6-2a)

(6-2b)

(6-2c)

(6-2d)

(6-2e)

(6-2f)

(6-2g)

(6-2h)

(6-2i)

(6-2j)

(6-2k)

if fqi(n) = 0, f q i (n) = Q [ g (n) e (n:n-l) ] (6-21)o q q

w (n) = w (n-I) + f (n) (6:"2m)q q q

PHq(n) = Q. [ C (n-1) x(n) ] (6-2n)1 q
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Ii (n ) : H.. = Qd [ PHq(n) - T ] if PH . (n )q 11 PHq (n) = 0
q1

= [ ~ ~ T
0

3 11
] if PH . (n )Qd PHq(n) PHq (n) ~ 0

q1

H.. [ ~ ~ T ]= Q Pq(n) Pq (n) i ~ j (6-20)1J

i * j (6-2p)

Cq(n): C•.
11

M (n )
q = C (n-I) J (n)

q q

= Q
u

[ (1/0:) M
q

(n) ]

(6-2q)

i ~ j (6-2r)

update men) and re-scale C (n)
q (6-2s)

(optional)

y (n) = xT(n) w (n)
q q (6-2t)

e (n) = den) - y (n)
q q (6-2u)

where 11 is unity stored in ~(n).15-~(n) format, and 1
2

is unity stored

in 15.0 format.

Equation (6-2b) consists of computing efrac(n), the number of bits

To dofraction for e (n:n-1), such that e (n:n-l) does not overflow.
q q

this, efrac(n) is first set to 15.
A

If d (n) or e (n: n-l) overflow,
q q

A

then efrac tn) is decremented and the terms d (n ) and e (n l n-L) are
q q

re-computed. This process continues until overflow is not a problem.

Equation (6-2g) requires computing ~(n)t the number of bits
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fraction for ~ (n) and ~ (n), so that the terms ~ (n) and ~ (n) do not
q q q q

overflow. To do this, ~(n) is initially set to one, and the two terms

are computed. If overflow occurs, I/J(n) is incremented, and the two

terms are re-computed. This process continues until overflow 1s not a

problem.

Finally, equation (6-2s) requires updating men) and re-scaling

C (n). First, the largest diagonal entry of C (n) is extracted
q q

(denoted cmax) , and men) is initially set to m(n-1). If cmax falls

below the representation for 0.1875, then men) is decremented and each

entry of C (n ) is left shifted by two places (i.e. multiplied by 4).
q

The process repeats until the maximum diagonal entry of C (n) is at
q

least 0.1875. Then, a similar procedure is used to ensure that the

maximum value of C (n) is not greater than the representation for 0.75.
q

Simulation results using the SSCRLS filter for the examples given

in Chapters 3, 4 and 5 are presented. Shown in Figure 6-1 is a plot of

the angle parameter l' (n ) under the condi tions described in section
q

3.4. Clearly, '1 (n ) stays within its theoretical range of (0,1].q

Thus, explosive divergence, as shown in Figure 3-1, has been prevented.

Shown in Figure 6-2 are the normalized weight error trajectories for

the SSCRLS fil ter and a double precision implementation of the CRLS

fil ter. The trajectories show close agreement, indicating that least

squares performance is still preserved in the SSCRLS filter.
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Figure 6-1. SSCRLS simulation example demonstrating that explosive

divergence 1s prevented.

function of iteration n.

Plotted is the angle parameter 'I (n l as a
q
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Figure 6-2. Comparison of normalized weight error trajectories for

SSCRLS filter and double precision floating point CRLS filter. Results

for explosive divergence example in Chapter 3.
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Next, the weight lock-up example of Figure 5-1 was simulated using

the SSCRLS filter. Shown in Figure 6-3 are the weight trajectories for

the SSCRLS filter and a double precision floating point CRLS

implementation. Weight lock-up is not a problem, and the weight

trajectories show close agreement, indicating preservation of least

squares performance.

More extensive tests were performed to determine the effectiveness

of the SSCRLS des ign. Test cases prone to explosive divergence and

weight lock-up are developed in the next section.

6.2 Simulation test cases

In this section, two test scenarios are developed to test the

effectiveness of the SSCRLS design. The scenarios incorporate

condi tions that are known to cause explosive divergence and weight

lock-up.

Conditions leading to explosive divergence in the CRLS algorithm

are:

1. Near singular C(n) [CIOF 87]. This occurs when the data

It can alsoautocorrelation matrix, Rxx' is ill-conditioned.

occur when the maximum eigenvalue of R is large, as discussedxx

in Chapter 3.

2. A large number of iterations [CIOF 87]. Explosive divergence

in CRLS occurs after 1000's of iterations.
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Figure 6-3. Comparison of a SSCRLS simulation example demonstrating

weight lock-up prevention with a double precision floating point

simulation. Plotted are the weight value w (n) trajectories as a
q

function of iteration n.
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In this dissertation, the

wordlength has been fixed at 16 bits, which is relatively small

compared to recent Motorola DSP chips [LEE 88].

An additional factor known to contribute to explosive divergence in

fast RLS filters is:

4. Small forgetting factor (a) [ClOr 84, FABR 85, FABR 86], around

0.95 [FABR 85].

Conditions leading to weight lock-up are the following:

1. The forgetting factor equal to 1 [GODA 74, ARDA 86, ARDA 87],

or very close to 1 [ARDA 87, BOTT 89]. A value of 0.999 was

shown to lead to weight lock-up [ARDA 87].

2. Low addi tive noise in the system identification application

[ARDA 87].

3. Large data variance (actually data mean square value) [BOTT 89]

(see section 5.1).

Based on these conditions, two test scenarios were developed.

6.2.1 Test scenario 1

The first scenario is the one-step linear prediction application

described in section 3.4. The auto-regressive (AR) generating process

is first-order, wi th the AR coefficient set to 0.98 and the driving

noise variance set to 1. This gives a data variance of 25.25.

For a three tap adaptive filter, this process has a data

autocorrelation matrix R with a condition number of 219.3 and a
xx

maximum eigenvalue of 74.42. Thus, condition 1 leading to explosive
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divergence is satisfied by this scenario.

6.2.2 Test scenario 2

The second test scenario simulates the systems identification

application [ARDA 87].

generated as follows:

The system is a moving average (MA) process,

zen) = 0

zen) =
•

w a v(n) +
•

. .. + w M-l v(n-M+l) + n(n)

n ~ 0

n > 0

(6-3)

• •where w . are the system parameters, denoted collectively as w , and
1

the processes v(n) and n(n) are independent zero-mean, white Gaussian

sequences such that:

v In l = a

nfn) = 0

n ~ 0

n ~ 0

(6-4a)

(6-4b)

The quantized signals used by the adaptive filter are formed as

follows:

den) = Q[ zen)

x t n ) = Q[ vf n )

(6-Sa)

(6-Sb)

For this scenario, the variance of v(n), denoted ~ 2, is set to 1, and
v
•a third order system is used with parameter vector w set to:

•w = 0.8 0.0 0.6]T (6-6)

As a result, both zen) and v(n) have a variance of 1. The variance

of the additive noise, n(n), is set to 0.1, satisfying condition 2 for

weight lock-up.
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6.2.3 Data quantization

As indicated in the previous two sub-sections, the data are

quantized to 16-bit values to be processed by the 16-bit fixed point

SSCRLS filter. This models the effect of an analog-to-digital or AID

converter. How the data are quantized depends upon two selectable

parameters: a) the number of bits to be used to quantize the fractional

part of the data (vfrac), and b) the total number of bits to be used to

quantize the data.

With a 16-bit SSCRLS filter, the maximum number of total data bits

is 16. However, the AID converter may not produce that many bits. As

a result, the data bits are treated and stored as the least significant

bits of a 16-bit word.

For simulation purposes, there is a need to use less than 16 bits

to represent the da ta. In many standard nsp chips, the accumulator

used to accumulate multiple scalar products consists of more than the

number of bi ts necessary to store a single scalar product [LEE 881.

For example, the AT&T DSP16 has a 36-bit accumulator for accumulating

the 32-bi t products of two 16-bi t quanti ties. The four extra bi ts

prevent overflow of the accumulator before quantization to 16 bi ts

takes place. These four headroom bits provide for 2
4

- 1 or 15 scalar

products to be accumulated without overflow [LEE 88].

Unfortunately, the largest integer quantity available to the

simulation software is 32 bits long. Consequently, accumulator

overflow can occur when simulating a SSCRLS filter order greater than

1. To overcome this problem, the data are quantized to 12 bits. As a
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result, each scalar product is 12 + 16 = 28 bits long, giving the 32

bit accumulator 4 headroom bits. Thus, filters up to 15 taps long can

be simulated without risk of accumulator overflow.

For test case 1, the data are quantized to 12-bit values using 6

bits for fractions. For test case 2, the data are quantized to 12-bit

values using 9 bits for fractions.

6.2.4 Filter parameters

For all simulations, the number of iterations generated is

1,000,000. The large number of iterations satisfies condition 2 for

explosive divergence. The adaptive filter is run with several

combina t ions of forget t ing factors and f i 1ter orders. To satisfy

condition 4 for explosive divergence and condition 1 for weight

lock-up, forgetting factor values of 0.9, 0.95, 0.98, and 0.999 are

used. Filter orders of 1, 3, and 15 ,are used to simulate both small

and large order fil terse Fifteen is the largest order filter that

guarantees prevention of accumulator overflow with 12-bit data.

The adaptive filter is initialized with 0 chosen according to

the following criterion [CaWA 85, BELL 87b]:

o =
100

2
t1'

X

2(l/volts ) (6-7)

The SSCRLS treats den) and xf n) as if 15 bits are being used to

represent fractions. If the data are not quantized using 15 bits for

fractions of volts, then effectively the units for the data have been

changed. Consequently, the value for 0 must be scaled to be in the



corresponding units. This scaling is given by:

~' = ~ 22(15 - vfrac)
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(6-8)

where vfrac is the number of bits used to represent the fractional part

of the original voltage waveform.

6.2.5 Test case effectiveness

Detailed above are two test scenarios. For each scenario,

combinations of 3 possible fl1 ter orders and 4 possible forget ting

factors are simulated. This gives a total of 24 simUlation runs, each

for 1, 000, 000 iterations. To efficiently run such simulations, the

simulation program code was transferred from the AT&T PC to a VAX 3100.

To test whether explosive divergence and weight lock-up are

problems under these test condi tions, the test scenarios were first

simulated using a simple fixed point CRLS filter. Seven of the 15 data

bits were used to represent fractions for all quantities. Ten thousand

iterations were generated for each case. For test scenario 1,

explosive divergence was a problem for fil ter orders of 3 and 15,

regardless of forgetting factor. Weight lock-up occurred when the

filter order was 15 and the forgetting was 0.999, 0.95. or 0.90. For

test scenario 2, weight lock-up was a problem for all filter order and

forgetting factor combinations. Explosive divergence only occurred

when the filter order was 15. Thus, the two test scenarios clearly

provide examples of both explosive divergence and weight lock-up.
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6.3 Simulation test results

This section reports the results of simulation tests performed to

demonstrate the performance of the SSCRLS design. The main result is

that explosive divergence and weight lock-up were effectively

prevented. Comparisons to double precision floating point simulations

of the original CRLS algorithm show that the SSCRLS filter performance

agrees closely with the ideal least squares recursive filter.

To make the conditions for the SSCRLS filter the same as for the

simple fixed point filter of the previous section, the number of bits

used to represent the fractional part of w (n), wfrac, was set to 7.
q

Then, the 24 simulation tests were performed. For all 24 runs, neither

explosive divergence nor weight lock-up occurred. Thus, the techniques

developed in Chapters 4 and 5 effectively prevented these problems from

occurring.

To check whether least square~ performance was also being

achieved, comparisons of the normalized weight error trajectories of

the SSCRLS fil ter and a double precision floating point CRLS fi Iter

were made. To distinguish multiple curves on the same plot, only the

first 100,000 iterations are shown. For plotting purposes, only every

1000th value 1s plotted.

Shown in Figure 6-4 are results for test scenario 1 with a filter

order of 3 and a forgetting factor of 0.98. Clearly, there is good

agreement in the two normalized weight error trajectories. Thus, the

stabilization techniques had little impact on least squares performance

for this example.



,.......
CO
~
'""-of

-10.0,.......
c

'""-of

:I
Q)

~

0
~ -20.0L..
Q)

....,

..c::
eo
.~

Q)

:l

-30.0

o 50 000

iteration n

107

100 000

Figure 6-4. Comparison of normalized weight error trajectories for

SSCRLS filter and double precision floating point CRLS filter. Results

for test scenario 1, filter order 3, and forgetting factor 0.98.
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Shown in Figure 6-5 are results for test scenario 2, modified to

use a 12-tap HA filter with filter taps given by:

T
a = [0.10.2 0.3 0.4 0.5 0.4 0.3 0.2 0.2 0.2 0.2 0.2 ] (6-9)

The adaptive filter also had 12 taps, a forgetting factor of 0.999, and

a weight vector stored with 12 bits for fractions. Since both filters

converged fairly rapidly, only the first 500 iterations are plotted.

The agreement in the two trajectories indicates that the SSCRLS can

provide least squares convergence and performance properties.

The differences between the double precision floating point

results and the 16-bit fixed point SSCRLS results are not entirely due

to the stabilization techniques introduced in Chapter 4. Part of the

difference is simply due to the fact that the fixed point

implementation has much fewer bi ts of precision to work wi the Thus,

part of the difference is simply due to the lack of precision available

to the SSCRLS filter.

6.4 Limits to stable performance

The simulation examples presented in the previous section all

demonstrate the ability of the SSCRLS filter to provide stable least

squares performance under a variety of conditions. In general, the

stabilization techniques in Chapter 4 do not guarantee stability.

Also, the fixed point design in Chapter 5 is not entirely immune to

overflow.
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To demonstrate the latter, a simulation for test case 2 (N = 16, a

= 0.9) was run using 16-bit data instead of 12-bit data (i.e. no

headroom bits available in the accumulator). To keep the same

non-saturation range, the AID converter parameter vfrac was set to 13.

Wi thout any headroom bi ts for the accumulator, accumulator overflow

occurred when computing Il (n )q
at iteration 18,238, resulting in

explosive divergence.

Demonstrating explosive divergence in the absence of overflow

proved to be difficult. Using test case 1 with a forgetting factor of

0.9, a 31-tap filter processing 11-bit data remained stable for all

1,000,000 iterations. Explosive divergence in the absence of overflow

was eventually achieved using a constant signal quantized at the

maximum 12-bit level with N = 15 and a = 0.9. Such da ta has an

infinite condition number (since its autocorrelation matrix is

singular) and lacks persistent exci t.at i on , a condi tion necessary for

the convergence of the infinite precision CRLS algorithm [JOHN 82].

Despite this extreme situation, the 1S-tap SSCRLS filter with

forgetting factor 0.9 converged to one of the infini te ideal weight

solutions, and ~ (n) remained positive until iteration 158,597.
q

Thus, stability of the SSCRLS filter is not guaranteed. However,

the likelihood of stable performance is greatly increased over the

original CRLS filter.
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6.5 Conclusion

In this chapter. the results of Chapters 4 and 5 are integrated

together to form a stabilized fixed point implementation of the CRLS

algorithm, referred to as the SSCRLS filter. Simulation tests are used

to demonstrate the effectiveness of the techniques developed in

Chapters 4 and 5 for preventing explosive divergence and weight

lock-up. Comparisons to a double precision floating point

implementation of the original CRLS filter indicate that least squares

performance is only slightly degraded by the stabilization techniques

introduced. While stability cannot be guaranteed. the SSCRLS filter

greatly increases the set of conditions under which stable fixed point

least squares filtering is possible.
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CHAPTER 7 - CONCLUSION

Recursive least squares (RLS) filters lack widespread application

because of the finite precision problems of explosive divergence and

weight lock-up. Previous research has documented the behavior of the

RLS filter when these problems occur, but little work has been done to

determine the underlying mechanisms causing these problems.

This dissertation provides a detailed fixed point roundoff error

analysis of the conventional RLS (CRLS) algorithm. The analysis shows

exactly how roundoff error, including overflow errors, can accumulate

to cause explosive divergence. The analytical results provide a basis

for a set of stabilization techniques which bias the roundoff errors so

that stable performance can be achieved. Thus, the solution for the

problem of explosive divergence is based directly on an analytical

understanding of the problem.

The problem of weight lock-up is shown to result from underflow in

certain algorithmic quantities. Also, explosive divergence can result

from overflow of other algorithmic quantities. This dissertation

provides a detailed fixed point implementation design of the CRLS

algori thm which prevents both underflow and overflow. As a resul t ,

weight lock-up and explosive divergence resulting from overflow are

prevented.



113

The stabilization techniques and fixed point design are integrated

together to provide a robust fixed point CRLS filter. While stability

is not guaranteed, stable least squares performance has been

demonstrated under extremely ill-conditioned signal environments.

Future work should concentrate on applying the analysis and

synthesis techniques developed in this dissertation to stabilizing the

fast RLS filters. So far, these filters have been stabilized using

indirect means of controlling roundoff error accumulation. Also, the

stabilization techniques developed in Chapter 4 should be extended to

floating point implementation. Floating point has the advantage of a

much simpler implementation design.
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APPENDIX A - DERIVATION OF CRLS ERROR RECURSIONS

In section 3.1, the complete derivation of the error recursion for

the error in e (n:n-l), denoted d (n:n-1), is presented. The complete
q e

derivations of the remaining error terms are given in this appendix.

A.1 Error recursion for d (n)
~

The derivation of the error term d (n) given in (3-8b) starts with
~

the infinite precision expression for ~(n) in equation (1-7b):

~(n)
T= x (n) C(n-I) x(n) (A-la)

Based on the order of operation specified by (3-Sc), an intermediate

term pen) is computed first. This term is defined as:

pen) = C(n-1) x(n)

Applying the form of (3-3) to (A-1b) yields:

pen) = C
q(n-1)

x(n) + Dc (n- 1 ) x(n)

Expanding C (n-I) zen) using (3-1):q

pen) = Q[ Cq(n-l) x(n) ] + r m2(n) + Dc(n-l) zen)

where

r
m2(n)

= r [ C (n-l), zen)m q

Using (3-Sb) in (A-Id) gives:

pen) = PqCn) + r m2Cn) + DcCn-l) zCn)

From the form of (3-3), equation (A-1f) implies:

dpCn) = pCn) - PqCn) = r m2(n) + DcCn-l) zCn)

Substituting (A-If) for pen) into (A-Ia) (based on (A-1b»:

T
~(n) = x (n) [ Pq(n) + r m2(n) + DCCn-l) x(n) ]

(A-1b)

(A-Ie)

(A-1d)

(A-Ie)

(A-If)

(A-lg)

(A-lh)



T
Expanding x (n) p (n) using (3-1) in (A-1h):q

~(n) = Q[ xT(n) Pq(n) ) + r
m3(n)

+ xT(n) r
m2

(n l

T
+ x (n) D

C
(n- 1 ) zen)

where
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(A-1i)

T= r [ x (n l p (n ) ]
m q (A-lj)

Using (3-Sc) and the form of (3-3), (A-1i) yields:

T T
d~(n) = x (n) DC(n-l) zen) + x (n) r

m2
(n ) + r

m3(n)

which is (3-8b) in the text.

(A-lk)

A.2 Error recursion for d (n)
g

The derivation of the error term d (n) given in (3-8c) starts with
g

the infinite precision expression for g In) in equation (1-7c) with

(A-lb) substituted for C(n-l) x(n):

pen)
g In ) =

ex + #len)

Adding and subtracting the same term in (A-2a) yields:

(A-2a)

g(n) =
pen)

ex + f.l(n)
+

p (n )
q

ex + f.l (n)
q

p (n )
q

ex + f.l (n)
q

(A-2b)

Expanding (A-2b) using (3-2) and (3-Sd):

g(n) = Q
p (n )

q

ex + f.l (n)
q

pen)
+ rd1(n) +

ex + Il(n)

p (n)
q

ex + Il (n)
q

pen)
= gq(n) + r d1 (n) +

ex + #len)

p (n)
q

(X + 1.1. (n)
q

(A-2c)
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where

r d1(n) = r d [ Pq(n), a + ~q(n) ]

Thus, based on the form in (3-3), (A-2c) implies:

(A-2d)

d (n)
g

pen)
= rd1(n) +

a + fl(n)

p (n )
q

a + fl (n)
q

(A-2e)

Substituting (A-lb) and (3-Sb) into (A-2e):

d (n )
g

= r
d1

(n) +
C(n-1) x(n)

a + fl(n)

Q[ C (n-1) x(n)
q

a + fl (n)
q

(A-2f)

Expanding (A-2f) using (3-1) and (A-1e):

C(n-1) x(n)
d (n )

g

C (n-1) x(n) - r Zen)q m

ex + Il (n)q

C(n-1) x(n)
= r d1 (n ) + ------ + ----

ex + fl (n)
q

C (n-1) x(n)
q

a + IJ (n)
q

C(n-l) x(n)
=

ex + fl(n)

which is (3-8c) in the text.

A.3 Error recursion for d (n)w

C (n-1) x(n)
q

ex + fJ. (n)
q

ex + IJ (n)
q

(A-2g)

The derivation of the error term d (n) given in (3-8d) starts withw

the infinite precision expression for wen) in equation (1-7d):

wen) = w(n-l) + g(n) e(n:n-l)

Adding and subtracting the same term in (A-3a) gives:

(A-3a)
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wen) = w(n-I) + g (n) e (n:n-I) + g(n) e(n:n-I) - g (n) e (n:n-I)
q q q q

(A-3b)

Expanding (A-3b) using (3-1), (3-3), and (3-Se):

wen) = w (n-1) + d (n-1) + Q[ I (n ) e (n:n-1) ] ( )q w q q + r m4 n

+ I(n) e(n:n-l) - I (n) e (n:n-l)
q q

= w (n) + d (n-l) + r 4(n) + I(n) e(n:n-l) - I (n) e (n:n-l)
q w m q q

(A-3c)

where

r m4 (n ) = r [ g (n), e (n:n-l)
m q q

Thus, equation (A-3c) gives:

which is (3-8d) in the text.

(A-3d)

(A-3e)

A.4 Error recursion for De(n)

The derivation of the error term DC(n) given in (3-8e) starts with

the definition of bT(n):

Substituting this expression into (1-7e) gives:

(A-4a)

C(n) = 1/« [ C(n-1) T- g(n) b (n) ] (A-4b)

Adding and subtracting the same term in (A-4b) yields:

C(n) = I/a [ C(n-I) - g (n) b T(n) + g (n) b T(n) - g(n) bT(n) ]
q q q q

(A-4c)

As far as b (n) is concerned, applying form (3-3) to the definition of
q

bT(n) in (A-4a) gives:



bT(n) = xT(n) [ Cq(n-l) + DC(n-l)

Expanding (A-4d) using (3-1) yields:

bTCn) = Q[ xTCn) CqCn-l) ] + rmsTCn) + xTCn) DCCn-l)

where

rmsTCn) = r m[ xTCn), CqCn-l) ]

Substituting (3-Sf) in (A-4e) gives:

bTCn) = bqTCn) + rmsTCn) + xTCn) DCCn-l)

From the form of (3-3), (A-4g) gives:

T T Tdb (n) = r mS (n) + x (n) DC(n-1)

Next, applying the form of (3-3) and (3-1) to (A-4c):
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(A-4d)

(A-4e)

(A-4f)

(A-4g)

(A-4h)

CCn) = l/a CqCn-l) + DCCn-l) - Q[ gq(n) bqTCn)] - Rm6Cn) ]

+ 1/a. g (n ) b T(n) - g In ) bT(n) ] (A-4i)
q q

where

R
m6(n)

= r [ g (n) b T(n)
m q q

Expanding (A-4i) using (3-2) yields:

[

C (n-1) - Q[ g (n)
C(n) = Q q q

a

b T (n ) ] ]
q + R (n)

d2

(A-4j)

+ l/a [ DCCn-l) - Rm6Cn) + gqCn) bqTCn) - gCn) bTCn)]

(A-4k)

where

T= r
d

[ C (n-1) - O[ g (n) b (n)], U ]
q q q (A-41)

Using (3-Sg) and the form in (3-3), (A-4k) implies:

= 1/a. [ DC(n- 1 ) - R 6Cn) + g Cn) b TCn) - gCn) bTCn)]m q q

(A-4m)
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Substituting (A-4a) and C3-5f) in (A-4m) gives:

+

+ 1/« [ g (n) { Q[ xT(n) C (n-1) ]} - g(n) xT(n) C(n-1)]q q

(A-4n)

Expanding (A-4n) using (3-1) and (A-4f) gives:

+

+ 1/a [ g (n) { xT(n) C (n-l) - rTs(n) }
q q m

T- g(n) x (n) C(n-l)]

+

+ 1/a [ g (n) xTCn) C (n-l)
q q

1/a g (n) rTs(n)
q m

T- g(n) x (n) C(n-l)

(A-4o)

Re-arranging terms in (A-4o) gives:

+

• T+ l/a [ g (n) x (n) C (n-1)
q q

Tg(n) x (n) C(n-l) ] (A-4p)

which is equation (3-8e) in the text.

This completes the derivations of (3-8b) through (3-8e).
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APPENDIX B - DERIVATION OF STEADY-STATE APPROXIMATIONS

In this appendix, the steady-state approximations given in (3-20)

are derived, using (3-16) through (3-19). First, equation (1-7e) is

manipulated to obtain:

g(n) xT(n) C(n-1) = C(n-1) - a C(n)

Using (3-16) and (3-18) on the right side of (B-1) gives:

T (1 - a)2 R- 1g(n) x (n) C(n-1) - xx

which is (3-20a) . Using (3-16) and (3-18) in (B-2) gives:

T - (1 - a) Ig In ) x (n )

(B-1)

(B-2)

(B-3)

Finally, substituting (1-7c) for g(n) into (B-3) and using (3-16) and

(3-18) gives:

T
x(n) x (n)/ (a + ~(n» - Rxx (B-4)

which is (3-20b). Using (3-17) and (3-19) with (1-7d) gives:

g(n) e(n:n-1) = 0

which is (3-20c). Substituting (1-7c) for g(n) into (B-S) gives:

C(n-1) zen)
---------- e(n:n-1) - 0

a + #len)

Using (3-16) and (3-18) in (B-6) gives:

(1 - a) -1
R z(n) e(n:n-1)xx

0e
a + Il(n)

Left multiplying both sides by (1
-1

- a) R gives:xx

zen) e(n:n-1)
e: 0

which is (3-20d).

(B-S)

(B-6)

(B-7)

(B-8)



127

APPENDIX C - DERIVATION OF SCRLS ERROR RECURSIONS

In this appendix, the error recursions for the SCRLS algorithm are

derived. First, the derivation of d (n tn-L) is the same as that
e

presented in Chapter 3, section 3.1. Also, the derivations for d (n)
p

and d (n) are the same as those given in Appendix A. Thus, the first
J.L

new error recursion to be derived is for d~(n).

C.l Error recursion for d~(n)

An expression for d~{n) is derived by starting with (4-4):

/3(n) = 1/(a. + f.L(n» (C-la)

Adding and subtracting the same term on the right side of (C-la) gives:

(3(n) = 1/(a + f.L (n» + I/(a + J.L(n» - I/(a + f.L (n»
q q

(C-1b)

Expanding (C-lb) using (3-2) gives:

Q[ 1 ]
1 1

l3(n) = + r
d 1(n)

+

a + f.L (n) a + f.L(n) a + J.L (n)
q q

(C-1c)

where

=r
d1(n)

From (4-7d), the first term

(C-1d)

on the right side of (C-1c) 1s f3 (n) .q

Substituting (C-la) in (C-lc) and using the form in (3-3):

d~(n) = + ~(n) 11 (a + J.L (n)
q

(C-le)
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C.2 Error recursion for d (n)
g

The derivation of d (n) starts with the expression for g(n) based
g

on (4-7e):

g(n) = ~(n) pen) (C-2a)

Adding and subtracting the same term on the right side of (C-2a) gives:

g(n) = ~ (n ) p (n l
q q

+ ~(n) pen) - ~ (n ) p (n )
q q

(C-2b)

Expanding (C-2b) using (3-1) and (C-2a),

g (n ) = Q[ 13q (n ) Pq (n )] + r m4 (n )

where

+ g(n) - ~ (n) p (n)
q q

(C-2c)

r
m4(n)

= r[ I3q (n ) Pq(n) ]

Substituting (4-7e) in (C-2c) and using the form in (3-3),

(C-2d)

- ~ (n ) p (n )
q q

(C-2e)

C.3 Error recursion for d (n)w

The derivation of d (n) starts with the infinite precision
w

expression for wen) based on (4-7f):

wen) = w(n-l) + g(n) e(n:n-l) (C-3a)

Adding and subtracting the same term on the right side of (C-3a) gives:

wen) = w(n-l) + g (n) e (n:n-l)
q q

+ g(n) e(n:n-l) - g (n) e (n:n-l)
q q (C-3b)



Expanding (C-3b) using (3-1) and the form in (3-3) gives:

wen) = wq(n-1) + o[ gq(n) eq (n :n- 1 ) ] + rmS(n)

+ I(n) e(n:n-l) - I (n) e (n:n-l)
q q

where
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+ d (n-l)w

(C-3c)

rmS(n) = r [ I (n) e (n:n-l) ] (C-3d)m q q

Substituting (4-7f) in (C-3c) and using the form in (3-3) gives:

d (n l = d (n-l) + r (n)
w w mS

+ g(n) e(n:n-l) - g (n) e (n:n-l)
q q (C-3e)

C.4 Error recursion for DCCn)

The derivation of the error recursion for DC(n) starts with the

infinite precision equivalent of (4-7g):

C(n) = 1/« (C(n-1) - ~(n) pen) pT(n) ) (C-4a)

Adding and subtracting the same term on the right side of (C-4a) gives:

( C(n-l) f3 (n) p (n )
T )C(n) = 1/0: - P (n)

q q q

( ~q(n)
T

f3(n) pen) pT (n ) ) (C-4b)+ 1/0: P (n ) p (n ) -
q q

Expanding the first p (n) p T(n) term in (C-4b) using (3-1) gives:
q q

C(n) = 1/« (C(n-1) - ~q(n) o[ Pq(n) PqT(n) ] - ~q(n) Rm6(n) )

where

+ 1/0: ( ~ (n) p (n) p T(n)
q q q

= r [ p (n) p T(n)
m q q

(C-4c)

(C-4d)
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Expanding (C-4c) using (3-1) again and the form in (3-3) yields:

C(n) = 1/0: ( Cq (n-l) - Q[ f3 (n ) Q[ P (n ) P T(n) ]])q q q

+ 1/0: ( DC(n-l) - R
m7

(n ) - f3q(n) Rm6 (n ) )

( f3 (n ) p (n) T T ) (C-4e)+ 1/0: P (n) - l3(n) pen) p (n)
q q q

where

T= r [ f3 (n ) Q[ p In) p (n)] ]
m q q q

(C-4f)

(C-4g)

Applying (3-1) one last time to (C-4e) gives:

C(n) = Q[ l/a (cq (n- l ) - Q[ f3q(n) Q[ Pq(n) PqT(n) ] ] ) ]

+ RmS(n) + l/a (Dc(n-l) - Rm7(n) - f3q(n) Rm6(n) )

+ 1/« ( f3 (n) p (n) p T(n) - l3(n) pen) pT(n) )
q q q

where

= r [ (1/0:), { C (n-L) - Q[ e (n) Q[ p (n) p T (n) ] ] } ]
m q q q q

(C-4h)

(C-4i)

From (4-7g) and (3-3), equation (C-4g) implies:

DC(n) = RmS(n) + l/a (Dc(n-l) - Rm7(n) - f3q(n) Rm6(n) )

+ l/a ( f3q (n ) Pq(n) PqT(n) - f3(n) pen) pT(n) )
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APPENDIX D - NORMALIZATION THEORY

In this appendix, several normalizations of the CRLS algorithm

with respect to the C matrix are derived. Normalizing the C matrix is

used to prevent underflow (causing weight lock-up) and overflow

(causing explosive divergence) . Starting with the general RLS

algorithm (order N
3)

, four equivalent normalized forms of CRLS are

derived. The relationship between the normalized forms and the

original form is discussed.

The CRLS algorithm can be normalized by considering its II parent II

3algorithm, the order N general RLS algorithm. This algorithm is given

as follows [ALEX 86]:

Initial conditions:

R(O) = 1/0 I

reO) = 0

For n = 1, 2, ... do:

a R(n-1) x(n) T
R(n) = + x (n)

r(n) = a r(n-1) + den) :K(n)

-1
wen) = R (n) r(n)

(D-1a)

(D-lb)

(D-2a)

(D-2b)

(D-2c)

To derive the CRLS algorithm, the matrix inversion lemma is applied to

(D-2) [ALEX 86].

To derive normalized forms of CRLS, the equations in (D-2) are

manipulated slightly before applying the matrix inversion lemma.

The manipulation is such that the solution for wen) at each iteration

is the same as that given above. First, the right side of (D-2c) is
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multiplied by 1, represented as sis, where s is a nonzero,

positive scaling value. This gives:

wen) =
-1

= (s R(n») sr(n)

= R- 1(n) r(n)

where

R(n) = s R(n)

r(n) = s r(n)

Using (D-4a) and (D-4b) with (D-2a) and (D-2b) gives:

R(n) a. R(n-1) T= + s x(n) x (n)

( Sl/2 xfn) ) (
T

= a. R(n-1) + sl/2 x(n) )

~(n) = a. r(n-l) + s den) x(n)

= a. ~(n-l) + ( s1l2 den) ) ( sl/2 xf n ) )

From (D-1a) and (D-4a), R(n) is initialized to s/~ I.

(D-3)

(D-4a)

(D-4b)

(D-Sa)

(D-Sb)

To derive a normalized CRLS algorithm, the matrix inversion lemma

and steps detailed in [ALEX 86] are applied to (D-Sa), (D-Sb) and

(D-3). An equivalent derivation results from recognizing that these

equations are almost identical to (D-2a), (D-2b), and (D-2c), except

that the quantities den) and zen) have been replaced by s1/2 den) and

s1/2 zen) respectively. Making the same substitution into (1-7), with

slight manipulation, yields:

Initial conditions:

weD) = x(n) = 0

CeO) = l/s 0 I (0 » 1)

(D-6a)

(D-6b)
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For n = 1, 2, ... do:

i(n) 1/2
zen)= s

den) = s1/2 den)

e(n:n-1) - -T= den) - x (n ) w(n-l)

fl(n) -T -= x (n) C(n-1) x(n)

g(n) = C(n-l) x(n)
a. + Il(n)

wen) = w(n-1) + g(n) e(n:n-1)

- 1
[ C(n-l) - -T ]C(n) = - g(n) x (n) C(n-1)a.

(D-7a)

(D-7b)

(D-7c)

(D-7d)

(D-7e)

(D-7f)

(D-7g)

where the normalized values are related to the original values in (1-7)

as follows:

~(n:n-1) = sl/2 e(n:n-1) (D-Sa)

C(n)

=

=

-1/2 ( )S g n

l/s C(n)

(D-8b)

(D-8c)

This form, referred to as form la, indicates that normalization can be

performed by simply scaling the incoming data and desired signals. The

1/2 -scaling by s of the data causes the computed C(n) matrix to be the

original C(n) matrix scaled by l/s.

By using (D-Sa) and (D-Sb) to manipulate (D-7c) and (D-7e), the

following equivalent form, denoted form lb, can be obtained:

Initial conditions:

w(O) = zen) = 0

C(O) = l/s 0 I (0 » 1)

(D-9a)

(D-9b)



For n = I, 2, ... do:

i(n) 1/2 x(n)= s

e(n:n-l) den) T w(n-l)= - x (n )

,.,.(n) -T - i(n)= ][ (n ) C(n-I)

g(n) 1/2 C(n-I) x(n)
= s

(X + Il(n)

wen) = w(n-I) + g(n) e(n:n-I)
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(D-IOa)

(D-IOb)

(D-IOc)

(D-IOd)

CD-IDe)

C(n) - ~ [ C(n-l) S -1/2 g In ) iT (n ) C(n-l) ] (D-10f)

Equation (D-8c) still indicates how the normalized C matrix relates to

the original C matrix. Since den) is not used, equation CD-7b) has

been omitted.

The same normalization approach in forms la and Ib can be applied

to the SCRLS algorithm given by (4-1) and (4-2). Equations CD-7e) and

(D-7g) can be manipulated to obtain:

pen) = C(n-l) i(n)

pen) -T

CCn) 1 [-
p (n )

]= ex C(n-l)
a. + lJ(n)

where CD-8c) holds and

pen)
-1/2

pen)= s

The same equations apply to form lb.

CD-Ila)

(D-llb)

(0-12)

Another equivalent form can be derived by manipulating (0-10) so

that the powers of s appear next to the C(n-l) terms.

referred to as form 2, is given by:

This form,
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Initial conditions:

w(O) = zen) = 0

C(O) = 1/s a I

For n = 1, 2, ... do:

e(n:n-1) = den)

(0 » 1)

Tx (n) w(n-1)

(D-13a)

(D-13b)

(D-14a)

lJ.(n) T
= x (n ) s C(n-1) x(n)

g(n) =
s C(n-1) x(n)

(X + #len)

wen) = w(n-1) + g(n) e(n:n-1)

(D-14b)

(D-14c)

(D-14d)

C(n) = ~ [ C(n-l) (D-14e)

where (D-8e) still holds. But (D-14) is simply (1-7) with (D-8e)

substituted for C(n). Thus, normalization can be viewed as factoring

out s from C(n) to give C(n). This factor need not be the same at each

iteration. However, if s is made adaptive (s(n». then C(n) must he

re-scaled at eaeh iteration such that (D-8e) holds.

The same normalization approach in form 2 can also be applied to

the SCRLS algorithm. Equation (D-14e) can be manipulated to obtain:

pen) = s C(n-I) zen) (D-15a)

T

1 [- -1 pen) p (n ) ]
C(n) = « C(n-I) s (D-ISb)

a + fl(n)

where (D-8e) holds and pen) is not normalized.

Finally, (D-14b) and (D-14c) can be manipulated to obtain form 3:

Initial conditions:

w(O) = x(n) = 0 (D-16a)



C(O) = lis ~ I (~ » 1)
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(D-16b)

For n = 1, 2, ... do:

e(n:n-1) den) T w(n-1)= - x (n )

~(n) T - x(n)= x (n) C(n-1)

g(n) C(n-1) zen)
=

ClIs + jj(n)

wen) = w(n-1) + g(n) e(n:n-1)

(0-17a)

(0-17b)

(D-17c)

(D-17d)

C(n) = ~ [ C(n-l)

where (D-Sc) holds and

~(n) = lis ~(n)

(D-17e)

(O-lS)

Notice that this form is the same as (1-7), except the initialization

of C(n) and the denominator of gfn I. This indicates that the term

added to ufn ) in the denominator of g In l does not have to be the

forgetting factor a. Changing this value simply scales the C(n) matrix

according to (D-Sc). The exponential weighting of past errors given in

(1-5) is still preserved. Thus, the "t.rue" forgetting factor appears

only in (D-17e) in the term 11a.

Applying the same normalization approach to the SCRLS algori thm

yields:

pen) = C(n-l) zen)

pen) -T

C(n) 1 [ -
p (n )

]= a C(n-l)
a./s + ~(n)

where

pen) -1 pen)= s

and (D-8c) holds.

(D-19a)

(D-19b)

(D-20)



137

In summary, four equivalent ways of normalizing the C matrix

in the CRLS algor i thm have been der i ved.

been drawn:

Several conclusions have

1/21. Scaling the data by a factor s effectively scales the C(n)

matrix by a factor l/s.

2. The scaling factor can be changed at each iteration as long as

C(n) is re-scaled so that (D-8c) holds.

3. In the original CRLS algorithm given in (1-7), the 0: that

appears in the denominator of g In ) can be replaced by an

arbitrary nonzero positive constant. The effect is simply to

scale C(n). The exponential weighting and least squares

solution are both preserved.

It should be noted that s could be a negative number. However, this

-would cause the normalized C matrix to be always negative definite

instead of positive definite. To keep the property of positive

definiteness, only positive values for s are considered.


