
A COMPOSITE MODEL AND
CONVEX SET CODING TECIINIQUE

FOR TIivlE-VARYING IMAGES

by

Peter Santago, II

Center for Communications and Signal Processing

Department of Electrical Computer Engineering
North Carolina State University

May 1986

CCSP-TR-86/11



ABSTRACT

SANTAGO II, PETER. A Composite Model and Convex Set Coding Set Coding

Technique for Time-Varying Images. (Under the direction of Sarah A. Raj ala.)

A coding technique is developed which uses convex sets to define image

characteristics. The method of alternating projections onto convex sets is then

employed to reconstruct images which exhibit the desired characteristics. A model

for time-varying image difference pictures is also derived together with its rate dis

tortion function and this model is used for testing the coder.

Synthetic images generated from the model are presented. These images are

shown to be in good agreement with actual images both visually and statistically.

The rate distortion function indicates that most of the information of the

difference picture is contained in the values of the moving pixels and not in their

locations.

Coding results are given for actual and synthetic still frames as well as for

actual image sequences. The new coder is shown to produce improved mean square

error and visual quality. In addition, an optimal solution for two convex sets is

given using the method of alternating projections onto non-intersecting convex

sets.
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CHAPTER 1

MOTIVATION

1.1. Introduction

This dissertation addresses two basic problems. The first involves the

compression and transmission of time-varying images; in particular the compres

sion and transmission of digitized time sequences of monochrome images. The

second problem is to determine an appropriate model which can be used to analyze

and test the proposed coding algorithm.

The proposed solution for the compression problem is to utilize the method of

projection onto convex sets (POeS) and an extension of this method to incorporate

both frequency and pixel domain information. The modeling problem involves

segmenting an image into changed and unchanged regions thereby forcing some

nonstationarity in the scene.

The interest in this research stems from the fact that images require a large

bandwidth for transmission, i.e., a large expense, if they are to be transmitted, as

is, with no regard to inherent redundancy or physical properties such as motion.

(This concept may also be extended to image sequence storage.) The first question

then, is to decide if the problems presented are of a worthwhile nature. Secondly,

it must be determined if the problems can indeed be solved. These questions are

examined for the compression problem first followed by a similar discussion for the

model. After these questions are answered, a general description of a proposed
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solution for each problem is presented.

1.2. Compression problem

At this point it might be stated that the increased use of optical fibers elim

inates bandwidth as a major concern. This viewpoint ignores the fact that there is

a large existing investment in older transmission media which can be used more

effectively if the bandwidth is exploited more efficiently. Moreover, as with most

new technologies, the bandwidth provided by optical fibers will no doubt soon be

in much demand. In addition to this, satellite communication systems do not

enjoy the luxury of connections to earth stations via hard links. It may be the

case, however, that in short haul or local communication systems fibers may pre

clude the use of exotic compression algorithms.

Many factors indicate that as more bandwidth is provided, either by new

technologies or by better compression methods, applications will be found to utilize

this capability. Some of these uses include video teleconferencing, an increased

number of television channels, and remotely piloted vehicles. It is also of little

doubt that many other applications for time-varying image transmission will be

discovered, both military and commercial [55].

Image transmission techniques are used to decrease bandwidth requirements

or increase fidelity (decrease distortion) for a given bandwidth. No matter which

approach or view one takes, they are equivalent to shifting the rate distortion

curve toward the theoretical optimum.
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The rate distortion function defines the minimum rate, typically in bits/time,

at which a certain type of signal needs to be transmitted in order to achieve a

given fidelity criteria [8]. This function is based on the probability distribution of

the various images which are to be transmitted and a measure of the quality of the

received images. Using rate distortion theory, the theoretical limit for transmission

can be determined for a given stochastic process which generates images or for an

image model. The rate distortion function can be found for various image models

and can then be compared with the distortion produced by the algorithms in ques

tion. Rate distortion functions have been found for some systems, for example see

[61], and are used in this dissertation for comparison and to analyze results.

If certain levels of distortion are allowed, as assumed above, then it is easily

seen that this is one way of achieving bandwidth reduction. Compression can also

be achieved by exploiting the redundancy in an image sequence, both within a

frame as well as between frames. IT one simply examines an image sequence visu

ally or actually calculates the correlation, it is obvious that there is much inter

frame and intraframe redundancy. This redundancy property has been used by

many coders to reduce bit rates [65], and it is also utilized by the coder proposed in

this dissertation. Another important compression method is to predict motion

from frame to frame, and this technique may be used in conjunction with many of

the other coders including the one proposed here.

The reasonableness and realizability of the primary problem, compression, is

then established, albeit in a somewhat informal sense. A more thorough
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justification can be obtained by reading the background material in Chapter 2. In

addition, compression has been achieved using both mathematical and subjective

distortion measures.

1.3. Modeling

New coding techniques should offer advantages over existing methods. These

advantages may provide a better rate distortion function for a given sequence type,

may be more easily implemented, or may perform faster. In any event, the user

must somehow be convinced of these properties. This may be accomplished empir-

ically by coding various sample sequences and comparing results. Indeed, this pro-

vides a useful and necessary test for any new system. However, in conjunction

with this should be some form of algorithm analysis which is born out by these

experiments

In order to perform the analysis, general statements about the class of images

that are to be coded need to be made. These general statements describe the

image model and are usually in the form of image statistics. These models are nor-

malty agreed upon by visual comparison with expected actual images, by checking

the statistics of the model with those of actual images, or by showing that the

model is mathematically tractable and seems to provide reasonable coding agree-

ment when compared to coding actual image sequences. More likely a combination

of reasons is used to arrive at a model. Regardless of how one decides, a model is
•

needed to provide a sound basis for analysis and comparison.
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Given the need for a model, is it reasonable to assume that appropriate

models can be found? The following discussion shows that it is. By examining

Jain's review [3.8], it is obvious that many mathematical models are available.

Further, many of these have been used successfully to produce and test compres

sion algorithms. Another useful model can be derived by describing a time-varying

image sequence using translational motion as the basis. This representation has

been utilized to produce many motion compensation compression algorithms [51].

The secondary problem addressed by this dissertation is to derive a model which

faithfully depicts the type of image sequences being coded, those containing inter

frame difference pictures. Next a proposed solution to the compression and model

ing problems is outlined in general terms.

1.4. Proposed solution

The solution proposed for the compression problem is initially derived by

visually examining interframe difference pictures, recognizing some significant pro

perties, and utilizing the method of projection onto convex sets (POeS) to force

the transmitted images to display these properties. In particular, interframe

difference pictures have large zero intensity regions and impulse-like nonzero

regions. By using interframe transform coding in conjunction with transmitting

the locations of the zero intensity regions, transmissions have been obtained with

significantly lower distortions than with interframe transform coding alone. In

short, the new system is an interframe hybrid transform coder which incorporates

pixel domain information. Distortion measures used for the comparisons were
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both the square error and simple subjective viewing quality. The initial image

sequence used was the head scene of a newscaster speaking and moving his head.

As stated, experimental results are promising and a full analysis of the

method is presented in this dissertation. Also, work done by Roese and Pratt [67]

shows that interframe hybrid coding can produce better results than three dimen

sional transform coding. This provides further justification for improving this cod

ing technique. In addition, transmitting the pixel domain information for the new

coder seems adaptable to the use of run length coding. This is covered more

throughly in Chapter 2.

In this dissertation, the use of poes has also been extended to nonintersect

ing convex sets to produce an optimal least squares solution. This optimal pro

cedure also presents less of a computational burden by requiring iteration only at

the transmitter.

Determining a suitable model is in some ways more difficult than producing

the new coding algorithm. The model must be analytically manageable and must

represent an image sequence which "looks like" difference pictures as well as exhi

bits appropriate statistics. Simply matching the statistics of the model to the

difference images is not good enough. If this is done in usual ways (assuming sta

tionarity), the statistics are spread over the entire image, when in fact the model

actually needs to be much less spatially stationary. A trade-off is derived by using

a limited stationarity model. In essence, a binary mask is produced indicating the

changed and unchanged regions of the image from frame to frame. This may also
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be thought of as the moving and nonmoving areas of the scene. Mathematical

measures are defined which can be used to test the appropriateness of the model.

Synthetic images were generated and coded using the new method. The

results of coding these synthetic are close to the results produced by coding actual

image sequences. A complete analysis is given in Chapter 6.

1.5. Outline of ehapbera

The next chapter covers the prerequisite background material emphasizing

work which is pertinent to the methods used in this research. Chapter 3 covers

various image models and introduces and analyzes the model chosen for this work.

This topic is covered before the coder is discussed so that the model can be used for

analysis and comparison. Chapter 4 covers the rate distortion theory necessary for

this research and in it is derived the rate distortion function for the model.

Chapter 5 develops and discusses the coding method covering also some general

ideas using POCS for coding. This chapter also derives the optimal solution for

using two convex sets for coding. Chapter 6 presents coding results for synthetic

and actual images. Chapter 7 provides general conclusions and gives suggestions

for further research.
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CHAPTER 2

BACKGROUND

2.1. Introduetion

Image sequence compression research has produced a tremendous amount of

literature over the past ten to fifteen years, and any detailed review of all of this

work is beyond the scope of this dissertation. There are many good reviews on the

topic including Jain [38], Habibi [28], Netravali [55], and Pratt [65]. The paper by

Hsing and Tzou [34] is particularly concise and provides an excellent quick over

view of the topic. The background report given here reviews the basic concepts of

various types of compression techniques which are most pertinent to this disserta

tion and references some of the basic research on these topics. In particular the

system presented here utilizes a mixed coder which combines interframe hybrid

transform and pixel domain coding techniques for time-varying image sequences.

2.2. Coding

3.2.1. Transform coding

The following sections contain a discussion of transform coding techniques.

An important conclusion of this discussion is that the type of transform and the

block size used for coding are not critical factors in the research done in this disser

tation.
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2.2.1.1. Introduetion

A digitized NxN image can be viewed as a vector in R Nl. In the pixel domain

each pixel intensity value is a component of the vector or can be considered as the

coefficient for a standard basis vector representation of the image. A discussion of

vector space formulation for images can be found in Pratt's paper [63]. A

transform coder effectively performs a change of base on the image vector. That is,

the N 2 transform components are coefficients for a new set of basis vectors or basis

images. A transformation is done in order to gain some coding advantage by com

pacting energy or information into fewer components or by making the coded

image less susceptible to errors. Typically the transforms used are unitary for the

basis orthogonality, the ease of calculating the coefficients, and for having an easily

defined inverse. Also, such a transform is energy and information preserving [6].

2.2.1.2. Seleeting the basis veetora

A fundamental problem in transform coding is to find the best basis set to

use. The term "best" here refers to providing the best error reduction or compac

tion for the number of coefficients (bits) transmitted. If the desired property of the

basis is to produce the minimum mean square error for any L <N 2 transmitted

coefficients, then the solution is given by the Karhunen-Loeve transform. The

basis vectors of this transform are the eigenvectors of the covariance matrix of the

image sequence. The L coefficients to transmit are those which correspond to the

eigenvectors with the largest L associated eigenvalues. This transform is also

known as the Hotelling transform due to the original work by Hotelling (33]. A
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derivation of this transform can be found in [18]. The difficulty with this

transform is that it is computationally burdensome and requires statistics of the

sequence. To see this, one only needs to recognize that the covariance is N 2xN2
.

Another transform which is optimal in the least squares sense is given by

singular value decomposition. In this method, an NxN image is represented by the

weighted sum of N rank one matrices (images). If L<N of these images are

transmitted, the sum of these L images minimizes the error between the actual

image and the sum of any other L rank one images. These basis matrices must be

transmitted for each frame since they are not a function of the sequence statistics.

Being rank one, however, each basis image can be written as the outer product of

two length N vectors. The performance of this coding method generally is not as

good as for transform coding [64].

Two dimensional transform coding was first introduced by Andrews and Pratt

[5]. In this work a Fourier transform is performed on an entire image for coding.

It was shown that errors (channel or quantization) in the coefficients were less

noticeable since they tended to be distributed over the entire image. It was also

noted that more energy in the image was compacted into fewer coefficients than in

the pixel domain representation. This observation addresses the exact problem

posed by the Karhunen-Loeve formulation. Further, the Fourier transform has a

fast implementation.

After the Fourier transform was shown to be useful for coding, similar types

of transforms were derived which were computationally more efficient or had other
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advantages. For example, the cosine transform eliminated the blocking problem

by forcing symmetry in the image to be transformed [65]. Examples of more

efficient transforms are the slant, Haar, and the Hadamard and a review of these

can be found in [64). More information on general orthogonal transforms and gen

eral fast transforms are in [19], [21], and [20].

Since transforms which were computationally feasible were shown also to be

useful, it remained to be shown how good they were. In particular, how did these

fast transforms compare to the Karhunen-Loeve transform? One basic drawback of

transform coding is the blocking effect caused by Gibb's phenomenon at the image

edges as stated above. Forcing symmetry by unfolding the image produces

significant improvement. This was shown by using the cosine transform on the

symmetric version [2). Perhaps more importantly, however, is that the cosine

transform was shown to approach the Karhunen-Loeve under certain practical

assumptions [65]. In light of this result, it does not seem advantageous to continue

the search for further transform types [65]. The next question which was asked is

what is the effect of transforming blocks of the image instead of one entire NxN

frame is discussed?

2.2.1.1. Bloek transform eoding

Habibi and Wintz [26] showed that transforming by blocks can still produce

compression. Further, block transforming can be more efficient since the

transforms can be done with fewer computations and in parallel. Also, some have

stated that there is nothing to be gained by having blocks larger than a reasonable
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spatial correlation distance in the image. However, as Pratt [65] points out, this is

not valid since it ignores the correlation between adjacent blocks at common edges.

The problem, then, is to define a valid tradeoff between computation and compres

sion. Tables comparing the effects of various block sizes can be found in [64]. In

fact, the cosine and the Karhunen-Loeve transforms give practically identical

errors for a Markov image model and very small block sizes, say 8x8 pixels. As the

block size increases slightly, as low as 16x16, the Fourier, slant, Haar, and

Hadamard are shown to be within 1% of the Karhunen-Loeve mean square error.

As stated earlier, the pertinence of these facts to this dissertation is that the type

of transform and the block size are not the most important factors for the algo

rithm being analyzed.

Although this overview represents only the basics of transform coding, there

have been many refinements and improvements. The list of references in [38] as

well as the other reviews contain most of the important references in the area. One

notable enhancement is that of adaptable transform coding [38]. In this technique

the bit assignments, quantization levels, type of transform, etc. are adjusted

dynamically from frame-to-frame or block-to-block. In a sense, the proposed algo

rithm in this dissertation is adaptive in one form since it selects various combina

tions of transform coefficients and pixel values for the transmission of each block.

Hybrid coding, another modification to transform coding, is is covered in the next

section.
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2.2.1.4. Hybrid Coding

Hybrid coding, also referred to as hybrid transform/predictive or hybrid

transform/DPCM coding, is a combination of transform and predictive coding

methods. The transform coefficients of a block are predicted using coefficients of

nearby blocks in space or in time. Using spatially related blocks is known as

intraframe hybrid coding and was introduced by Habibi [27]. Using temporally

adjacent blocks is called interframe or hybrid transform/DPCM and was first used

by Roese [67]. The method presented in this dissertation is a type of hybrid coder

since it operates on the difference picture. The prediction is then the previous

frame and so only the errors in the coefficients need to be transmitted which is

identical to sending the coefficients of the difference picture as the transforms used

are linear. Some general results concerning hybrid coders have been found and

these are stated next.

Typically, intraframe hybrid coding does not provide performance which is as

good as two-dimensional transform coding, but requires simpler hardware. In

comparison, interframe hybrid coding improvement can perform better than two

dimensional transform as well as three-dimensional transform coding (apply the

transform in the temporal as well as in the two spatial directions) [67]. However,

using a Gauss-Markov model, Pratt [64] indicates that three-dimensional

transform coding should theoretically be better than hybrid interframe coding.

Any coding technique must also address block size and quantization problems

and good reviews and reference lists can be found in [38] and, [36]. The approach
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to these problems is much the same as for other coding methods. The main ques

tion to be answered for hybrid coders is that of determining the temporal and spa

tial correlation of various coefficients. Analysis and some results of this problem

can be found in [67] and [61]. Pearlman [61] states that there seems to be room for

improvement at intermediate rates, and this is the region for which the coder

described in this dissertation shows a gain.

2.2.1.5. Coeflieient seleetion and quantisation

The final issues in the design of a transform coder are those of selecting and

quantizing the L out of N 2 coefficients to be transmitted. The selection should be

of those coefficients which will produce the minimum mean square error, the L

largest. The method which uses this approach is called threshold sampling. The

drawback is that an address indicating which coefficients are being transmitted

must also be sent, thereby reducing the number of bits available at a fixed

transmission rate for the coefficients themselves.

A second technique, zonal sampling, requires the transmission of coefficients

whose positions are agreed upon a priori by the transmitter and the receiver. For

tunately, for most practical images, the high energy, or larger, coefficients are

located in the lower frequencies of the transformed image, and so good compression

can be achieved by simply transmitting these coefficients. Typically a zig zag

selection pattern is used to select the coefficients [64] [38]. The method of selection

for this research is via the bit assignment procedure discussed next.
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Quantization of the coefficients addresses the problem of how many bits

should be assigned to each coefficient, given a fixed number of bits for transmitting

each frame or image, in order to minimize the error at the receiver. This problem

was solved by Max [48] for average error over all of the components of a vector and

for each component by Huang [35]. These problems were expanded upon by Segall

[75]. For un correlated coefficients, the number of bits assigned to each coefficient

is a function of the log of the variance of that coefficient [64] and [75]. Many

transform coders use an a priori bit assignment related to the zig zag selection pat

tern mentioned earlier which is easy t? implements and performs well [64]. In gen

eral, a fixed level quantizer performs well when compared with the optimum mean

square error quantizer [80]. This research employs a uniform quantizer with bit

assignment for various transmission rates which is a function of the variance of the

coefficient. This assignment, then, also performs coefficient selection.

2.2.2. Pixel domain eodees

2.2.2.1. Introduetion

Pixel domain coders transmit images by operating directly on the pixel inten

sity values. This is contrasted with the transform method described in the previ

ous section which operates on a representation of the image by a new set of basis

vectors. A good background review of the subject is in [63]. Pixel domain coders

most often attempt to exploit the inherent redundancy in the image sequence.
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2.2.2.2. Predictive coders

Better pixel domain coders than the one just mentioned attempt to predict

pixels values from spatially and/or temporally adjacent pixels. In this way the

coders need only transmit the error sequence which generally requires fewer bits

than the full intensity sequence. For examples see [57] and [9].

One issue concerning this coding technique is to decide, for each pixel, which

of its neighbors to use as predictors. That is, should spatially or temporally related

pixels or both be used? Further, one could ask which pixels in each one of these

dimensions should be used, although the nearest pixels to the one being predicted

are the most reasonable. O'Neal [57], using DPCM techniques, shows little gain by

using spatially related pixels more than 1 pixel away. Alexander [4] uses linear

predictive coding (LPC) and three neighborhood pixels to predict and shows simi

lar results for a two pixel neighborhood. If a first order Markov process is used to

model the image, then it is obvious that only one pixel in each dimension is needed.

Maragos [46] also produces good reduction using two-dimensional LPC and an

adaptive quantizer. He shows than three coefficients are sufficient to achieve good

rate distortion characteristics applied over blocks of 16x16 pixels. The paper also

gives a good overall analysis of two dimensional linear prediction.

2.2.2.1. Quanti.ation

Quantizing pixel or error values for transmission can be accomplished in a

number of ways. Jain [38] reviews these. The Lloyd-Max quantizer gives the

minimum mean square error for a fixed number of levels and bits [48]. This
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allocation seems to be a good choice for comparing coding algorithms objectively.

A uniform quantizer is more easily implemented and can be made non-uniform

with a compander design. Quantizing with respect to visual error criteria has also

been done by Scoville [74] and Netravali [52]. This method seems reasonable for

implementing a real system if the criteria are not too complex. It can, however, be

more difficult to analyze or to compute a rate distortion function for these

methods. There are certain cases of visual fidelity criteria which do not present

undo analysis problems such as weighted frequency measures. When this type of

error criterion is used for an image model, such as the Gauss-Markov, the rate dis

tortion function can still be determined in a straightforward manner [16]. As in

transform coding, equilevel quantizing performs well [80].

Predictive or adaptive quantization takes advantage of the error sequence

redundancy by adjusting the quantization levels dynamically. The choice of

quantization strategy seems to be dictated by need as well as the allowed complex

ity of the system. This dissertation utilizes the more simple quantization schemes

for the mathematical tractability as well as for comparison with other coding sys

tems. Also, as stated above, little is gained by employing exceedingly complex

quantization schemes.

2.2.2.4. Binary images

When there are large areas of equal valued pixels, they can often be coded

efficiently by indicating the location and extent of such areas. This method seems

particularly attractive for this dissertation since part of the coder is to indicate the
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zero and nonzero regions of the difference picture. This binary type of sequence is

often well suited to run length coding. A chapter by Arps in [65] reviews tech

niques of errorless coding for images. The proposed coder makes use of existing

methods for coding the zero regions of the difference picture rather than attempt

ing to define new techniques. Pratt [64] summarizes expected results of run coding

under various conditions and states the possibility of a ten to one bit reduction for

two dimensional run length coding on binary images.

2.2.3. Mixed domain coders

Coders which utilize both pixel and frequency domain information have

received little study. This idea has gotten much attention in the field of image

reconstruction [85]. One attempt at this type of coding was done by Yan and

Sakrison [84] using a two component image model. A straight line fit was formed

for sections of each scan line and transmitted. This fit was subtracted from the

original line and the remainder was transform coded. The receiver then combined

the two transmitted signals. Experimental results are given showing subjective

improvement as well as mean square error and weighted mean square error reduc

tion. There is no rate distortion calculation or synthetic image coding.

A coder using sets to combine pixel and transform domain coding is given by

Santago and Rajala [71]. This is very general since even a transform coder can be

viewed in the same fashion where the basis vectors are considered to be the convex

sets. The paper gives examples using pixel and transform domain information as

well as other. Research by Civanlar and Santago [14] applied this idea to
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difference pictures and this dissertation extends that work. The paper shows

significant improvement over interframe transform coding for some bit rates.

2.2.4. Other coding teehniques

There have been many coding techniques proposed and tested over the past

years for video sequences and the summaries listed in the reference section cover

the important ones. .Perhaps the most widely used and studied is motion compen

sation coding. In short, pixel intensities are assigned by attempting to predict the

motion in the image sequence. Moorhead [51] gives a good up-to-date background

study of these algorithms. A nice feature of this method is that it can be incor

porated into other methods such as the one in this dissertation. The motion pred

iction can improve the coder by giving a better initial estimate. Further, if back

ward motion compensation is used, this improvement can be achieved without

additional bandwidth requirements [71].

Frame replenishment coding only transmits those pixels which have changed

significantly from one frame to the next. This means that the addresses of the

changed pixels must also be sent. Compression can achieved using this technique

down to one bit per pixel with excellent results except for periods of excessive

motion [64]. One problem with this method is that the method normally requires a

variable bit rate.

Human visual system (HVS) coders incorporate subjective quality measures

into the transmission. In essence, the HVS does not perceive all of the information

in an image. Therefore, these characteristics of the scene can be filtered out or not
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transmitted. By filtering according to HVS parameters before coding, the amount

of information to be transmitted can be reduced and conventional coding schemes

be used after the filter. It seems probable that HVS coding will have to be utilized

to achieve very low bit rate transmission. See [30] and [78] for discussions of this

topic.

2.2.6. Comparison or eoding methods

Comparing the various coding systems is difficult to say the least. In order to

get a common denominator, a distortion measure must be agreed upon so that rate

distortion functions, discussed in Chapter 4, can be derived for each coding

method. Also, an appropriate image model which is mathematically tractable and

provides a faithful representation of image sequences must be found. Typically the

square error criteria and a Gauss-Markov random field are used. The square error

measure is also used in this dissertation, however, actual image results are given so

that the subjective quality can be seen. The Gauss-Markov model is of question

able value to the new coding technique to be presented and is discussed more com

pletely in the next section and in Chapter 3.

Pratt's summary of the coding methods [64] is concise and allows some gen

eral results to be easily seen. In general, transform is better than pixel domain

coding such as predictive and frame replenishment and adaptive is better than

nonadaptive coding. In addition, interframe is better than intraframe. Human

visual system coding shows a rate distortion curve considerably better than the

Karhunen-Loeve transform [30].
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The relative position of motion compensation coding is a little more difficult

to define. However many low bit rate coders have been implemented using this

procedure [34]. In this same reference, Hsing concludes that motion compensation

techniques as well as hybrid transform/predictive coding are promising for further

compression. The proposed coder improves the hybrid method for certain rates.

More importantly, it seems to be very well suited to perform in conjunction with

motion compensation coders, since these types of coders produce a difference pic

ture which should be even more amenable to coding by the new mixed coding

method.

2.3. Modeling

In his paper on mathematical image models, Jain [39] states that the type of

model needed for compression studies is one which deals with distortion criteria

and images as information sources. In [70] the authors indicate that specifying a

distortion measure that is meaningful and tractable is a major difficulty. This may

also be stated for an image model as well. It must be a faithful representation of

the desired sequence type yet must also be analyzable. Further, the model should

allow for synthetic sequence generation so that actual coding results may be

obtained. In addition to Jain's review on models, Rosenfeld and Davis [68] also

cover the area.

For the purpose of this dissertation, the model should, as Jain states, regard

images as an information source. That is, the spatial and temporal relation among

pixels needs to be specified. Perhaps one of the most popular models for this
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purpose is the three dimensional homogeneous Gauss-Markov representation [39].

Pearlman [61] uses this model with a separable correlation to analyze interframe

hybrid coding algorithms and to derive rate distortions functions for these. O'Neal

[58] has an analysis for an isotropic correlation.

Although these models are useful for analyzing many compression schemes,

they are not appropriate for the proposed coder. The problem is that the statistics

are spread over the entire frame, and therefore the images do not contain the

correct properties of difference pictures: large zero regions and impulse-like

nonzero regions. For this reason, the new coder will not perform well on these

models although good results are obtained for actual image sequences. A thorough

investigation of this problem is given in Chapter 3.

Non-stationary models have been used in image segmentation research [68].

Rajala [17] segments an image for restoration purposes based on intensity slopes

within regions of the image. The difficulty with these schemes for coding purposes

is that they are not directed toward calculation of rate distortion functions or gen

erating synthetic images.

Non-stationarity could be achieved by generating an image by sub-blocks and

requiring stationarity within these blocks. That means, however, that the total

rate distortion function for the image would be a combination of the rate distor

tion for each block. The statistics for each block would be a random variable and

block independence would no doubt have to be assumed for a manageable model.

This approach would be of questionable validity and in addition would be difficult
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to analyze.

The approach taken here is to generate a binary mask based on the amount of

motion in a scene indicating changed and unchanged areas. The statistics are dis

tinct between regions and the same within a region. This solution presents a tract

able compromise and is discussed fully in Chapter 3. Cafforio and Rocca [11] used

this approach for segmenting an image into moving and nonmoving regions. They

assumed each pixel was in one of these two states, moving or non-moving, and that

the state of the next pixel was determined by a Markov process. That is, they

assigned probabilities for moving from one state to the other or staying in the same

state. Additional information on segmenting images using Markov models can be

found in Hansen and Elliott's paper [31].

2.4. Summary

This purpose of this section was to summarize the relationship between the

existing research and the research described in this dissertation. The use of hybrid

interframe coding appears to have room for improved techniques. It also produces

some of the best compression rates and can be used in conjunction with motion

compensation methods, and the mixed coder seems to be especially applicable as a

backend coder for motion compensation. Further, the technique of combining

information from various domains has not been researched to any great extent.

This leaves open the questions of compression capabilities both for strict

mathematical error criteria as well as for subjective quality. The transform section

of the mixed coder is not particularly sensitive to the transform used, the
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quantization method, or the block size. This allows the research to concentrate on

the proper trade-offs between domains.

For the pixel domain section of the coder, techniques should concentrate on

those used for binary image transmission. The method chosen should be one that

already has been developed; perhaps adapted to the statistics of the binary images

expected. Again this allows the research effort to be on the new coding method.

There are many models from which to choose for general images. As informa

tion sources, those models defining the correlation structure are the most pertinent.

In order to achieve mathematical tractability and meaning with respect to

difference pictures, a limited stationarity representation is used.
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CHAPTER 3

IMAGE MODELING

3.1. Introduetion

This chapter contains development and discussion of the image model which

will be used later for analysis of the new coding algorithm. The purpose of this

development is to derive an appropriate model which can be used to produce a

meaningful analysis of the rate distortion limits of the mixed coder. Appropriate

in this sense means both a mathematically tractable analysis tool and a faithful

representation of the difference picture which contains large zero regions and

clustered non-zero regions.

The first part of this chapter covers some preliminaries concerning the actual

image sequences used for this research. Also discussed is how the percentage of

motion is calculated and distributed within frames. Following this, the difference

picture model is presented.

The commonly used Gauss-Markov model is studied initially. Its shortcom

ings are investigated and a composite model using the Gauss-Markov as the first

stage is presented. This is done by generating a mask which indicates the changed

and unchanged pixels. It is through this mask that nonstationarity may be intro

duced into the image sequence. In the areas indicated as changed, pixel values

with any desired statistics may be entered.



28

The appropriateness of the model is examined initially by showing how the

probability of changed values can be matched to the motion percentage. The clus

tering effects of these changed pixels are then presented and compared with actual

sequences using a probability and a correlation measure. A section is then

included which used the Gauss-Markov model to generate statistics for the moving

regions in a sequence. Finally, an explanation is given on how to use the composite

model in order to produce synthetic images.

3.2. Aetual sequenees

1.2.1. Noise estimation

The two real sequences used in this research were made at N.e.S.V. using a

Picture Element Limited Video Sequence Processor system. The frame rate is 30

full frames per second. The first sequence is called BOBSJOB and contains 60

frames of a head and shoulder scene of a speaker talking and moving his head.

Two frames from this sequence are shown in figures 3.1a,b. The second sequence,

also 60 frames and referred to as MAP, is a speaker pointing to a map and moving

his hand and head. Two frames from this sequence are given in figures 3.1b,c.

pixel intensities are recorded on a scale from 0 to 255. Noise statistics were calcu

lated for both and are given in figures 3.2a,b. Note that the mean and variance are

for the noise in the difference picture and not for the original sequence. The mean

would not be different for the actual sequence, but the variance for the origin-al

would be one half of the given value if the noise is independent and identically dis-



Figure 3.1a: Frame 0 of BOBSJOB.

Figure 3.1b: Frame 30 of BOBSJOB.
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Figure 3.1c: Frame 0 of MAP.

Figure 3.1d: Frame 30 of rvtAP.
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tributed.

These statistics were generated by examining the difference pictures in regions

where there was known to be no motion; thus all changes should be due only ~o

noise. This was done by taking the difference between adjacent frames for the

specified region. Any nonzero values should be due to noise, so the sample mean

value and variance were calculated using these difference values. The noise vari-

ance for "the MAP sequence is somewhat higher than for BOBSJOB. The MAP

sequence, however, has a textured background and therefore any camera jitter

would contribute much more to increasing the variance in this sequence versus

BOBS JOB. A simple block matching motion compensation scheme was employed

in an attempt to correct any possible jitter problem. The correction scheme did

not affect the statistics for either sequence.

In both sequences the noise appears to have a Gaussian shape, and when a

true Gaussian with zero mean and the same variance is plotted with the sample

noise graphs, there is no noticeable difference. The autocorrelation was also deter-

mined and is given for various lags in table 3.1 .. The autocorrelation is defined by

the following:

Rn (k' ,I' ) = E {n (k ,I )n (k +k' ,I + I' )} (3.1)

where k' ,I' ,t' are the two spatial and one temporal lag, n() is the noise, and E is

the expectation operator. These values for the autocorrelation are fairly low

except for the lag of (0,0,1), or temporal only. This is no doubt due to power line

noise. For these reasons the noise used for analysis will be assumed to be uncorre-



Table 3.1a. BOBSJOB difference sequence noise covariances.

(k' ,I' ,t') (0,0,0) (0,1,0) (l,O,O) (I, 1,0) (0,0,1) (0,1,1) (1,0,1) (1,1,1)

covariance 2.417 -.2422 -.0251 -.0380 -1.228 .1408 .0529 .0307

Inormalizedl 1 .1002 .0104 .0157 .5078 .0582 .0219 .0127

Table 3.1b. MAP difference sequence noise covariances.

[k' ,I' ,t') (0.0,0) (0,1,0) (1,0,0) (1,1,0) (0,0,1) (0,1,1) (1,0,1) (1,1,1)

covariance 4.248 -.3153 -.0100 -.0193 -2.115 .2087 -.0103 .0019

bormalizedl 1 .0742 .0023 .0045 .4979 .0491 .0024 .0004

0;
t-'
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lated and Gaussian.

3.2.2. Motion Estimation

Motion is normally found by counting the number of changed pixels which are

probably not changed due to noise. That is, a change in pixel intensity higher than

say twice the noise standard deviation. The percentages, given in figure 3.3a,b, are

based on a changed value of more than 3 in magnitude from frame-to-frame and a

frame size of 282x484, and are due to [51]. For the case of the BOBSJOB sequence,

this change of 3 amounts to about twice the standard deviation of the noise in the

difference picture; for the MAP sequence it is somewhat less. Further there could

also be changes due to motion with values :::;131. In fact, using this value has a

much to do with representing perceivable changes, being consistent with other

research, and to keep the coding algorithm simple as it does with being a true

representation of motion. Possibly a better approach would be to first median

filter the difference to eliminate isolated changes which are likely due to noise. In

any event, these percentages give reasonable approximate values to use when gen

erating an image model and synthetic images.

The motion percentages in figures 3.3a,b are based on a 282x448 frame size.

If these values are normalized to a 512x512 frame, they must be multiplied by .52

or about half as much motion. Using a 512x512 frame size, only 10% motion is

near the high end for both BOBS JOB or MAP. This suggests that it may not be

necessary to utilize entire 512x512 or even 282x484 images for simulation or

analysis. Most of the motion can be contained in a 256x320 region for the
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BOBS JOB and the MAP sequence. Examples of the windows of this size are shown

in figure 3.4 The 256x320 window allows for the motion to be fully contained and

still have enough background to be in agreement with normal teleconferencing

type sequences. The percent of motion found in the sequences for the windows is

given in figure 3.5a,b and all further motion percentages will be given with an

image size of 256x320. Also, when reference is made to BOBSJOB and MAP, this

will now imply the sequence formed by the 256x320 window of the original

sequence.

Perhaps smaller windows could be employed with even higher motion percen

tages for analysis and simulation and this would certainly reduce the computa

tional load. It was found, however, that the statistics generated for much smaller

windows were not very robust for the necessary correlations. A smaller window

also produces artificial clustering effects which are not found in the actual

sequences used.

In addition to the question of the amount of motion is the question of the clus

tering of the moving regions. By examining these sequences, it is easily seen that

the motion is not spread evenly over the entire frame but that there are areas of

local motion and larger regions of no motion. Figure 3.6 contains difference pic

ture masks for BOBSJOB and MAP. In these masks the dark regions indicate a

change with magnitude greater than 3 and the light regions indicate no such

change. The clustering which is evident in these frames should be accounted for in

the model.



Figure 3.4a: Windowed BOBSJOB frame.

~~~__ Figure 3.4b: Windowed MAP frame.
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Figure 3.6a: Actual mask for BOBSJOB, threshold=3.

Figure 3.6b: Actual mask for ?vfAP , threshold=3.
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3.3. Stationary Gauss-Markov

3.3.1. Introduction

The model to be analyzed in this section is well known and is given by a three

dimensional, separable, homogeneous Gauss-Markov process [61]. An image

sequence can be described by a random field, x , where the x(k,l,t) are random

variables indicating the pixel intensities at location k,l,t, the two spatial and one

temporal direction, respectively (k,I, and t are integers appropriate for the bounds

of the image sequence). They are assumed to be identically distributed jointly nor-

mal variates with the joint density function given by the following (the random

field x of size N is indexed here by a single value).

-N

pz(x) = (21r) 2 ICI-1exp{-lh[x-fLz]TC-1[x-p.z]} (3.2)

where superscript T indicates transpose, C is the covariance, ILz is the mean vec-

tor, kJl is its determinant, and x= [X1X2 ... XN]t. Being jointly normal, the members

of x are also marginally normal [59], i.e., x(k,l,t) E N( .... %,O'z). The autocorrela-

tion of this process is given by:

Rz(k',l',t') = E{x(k,l,t)x(k+k' ,1+1' ,t+t')}

(3.3)
where k' and I' are spatial displacements and t' is the temporal displacement"

The value of this model is that it allows for a straightforward calculation of the

rate distortion function, and therefore has a theoretical bound to use for com-

parison with the actual coder. The rate distortion is defined parametrically by the

following [8]:
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(

1 ]3 1i' rr 1i

s, = 21T !'lr.L.Lmax[0,lhlog2S(Wl,W2,W3)/O)dwldw2dw3

where SO is the spectral density of the random field x given by:

(3.4)

(3.5)

(3.6)
2 3 ( (l- a

i
2
) lS(w1, W2, w 3 ) = uz.n -1T~(J)i:51T

• = 1 (1 - 2a .cosw .+ a .2)
I I I

and 0<9 <ess sup S(Wl,W2,W3)' where ess sup is the essential supremum. The

rate distortion function is covered completely in Chapter 4.

This model is also valuable since a synthetic image displaying these statistics

can be generated using the following autoregressive process [61].

x(k,l,t) = a1x (k - I ,1,t )+ a2x (k ,I - 1,t )+ a3x (k ,l ,t - l )

- al a2x( k -I,l-l,t)- a l aax(k -1,I,t -1)- a2aax(k ,1-I,t -1)

+ al a2 aax (k -I,I-I,t -1)+ bn(k,1 ,t)

where n (k,l, t) is white Gaussian noise and b is chosen such that

(3.7)

(3.8)

In order for the random field to have the proper variance. The question now

becomes, can a good model be derived for the difference picture using the Gauss-

Markov model as the starting point? The term "good" here is defined as providing

the characteristics laid out in the introduction to this chapter.

To form an interframe difference picture sequence, a new random field, z, 1S

formed according to the following:

z(k,l,t) = x(k,l,t) - ax(k,l,t-l)

where a is a constant. If (1= 1, then

(3.9)
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(3.10)

This produces a zero mean field as may be desired for the difference picture but

leaves correlation in the temporal direction, i.e.,

Rz(k',I',t') = cr;[2Rz(k' ,I' ,t' )-R%(k' ,l' .t' +l)-R%(k' ,I' ,t' -1)]

= CJ';a~A:'laJl'l (2aJ"l- aJt'+11_aJ"-11) (3.11)

where R; is the autocorrelation. It should also be noted that the random field z in

this case is not Gauss-Markov [42]. The temporal correlation can be removed if

Rz(k',I',t') = (1-a:)CJ';a~A:'latI8(t') (3.12)

where 8() is the unit sample function. This form for z , however, does not have

zero mean, i.e.,

z(k ,I ,t) E N((1- a3)f.Lz ,0" %(1- al )~)

As will be seen, though, f.L z is close to zero for useful values of a3.

(3.13)

In both cases, the z(k,l,t) are jointly normal random variables since they are

linear combinations of jointly normal variables [42]. Given the autocorrelation in

equation (3.12), a rate distortion function can be derived for the model rather

easily as it was above for the Gauss-Markov model for the images themselves since

equation (3.12) defines a Gauss-Markov field as well. This correlation structure

also brings out the first problem with this model. Note that the spatial correlation

for t' = 0 is the same for the difference picture as for the original sequence. This is

not the case in general and will be seen when actual statistics are presented and

motion region statistics are derived later in this chapter.
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3.3.2. Motion percentage

Once a model has been chosen, it is necessary to check whether or not the

difference picture sequence produced by this method is useful for analyzing the

proposed coder. In this section, the probability of nonzero pixel values is examined

for the coder to see if it agrees with that produced by actual image sequences.

Usually a zero is considered to be a pixel which has not undergone a significant

change from one frame to the next. "Significant" is normally defined in terms of

the noise in the sequence. If white Gaussian noise is present, say n E N(O,an), then

a significant change may be a pixel which has changed in magnitude by more than

20' n' particularly if the pixel intensity changes due to motion are high relative to

the noise. In the present case, noise is not considered and so a significant change

may be thought of as a pixel intensity magnitude in the difference picture of one or

more since all changes will be due to motion. It may seem that a change of any

amount should be included, however, the pixel intensities are scanned as integer

values. By adding noise, the results in the next paragraph are not significantly

altered.

If there is 10% motion between two frames, then 90% of the pixels should be

unchanged or 90% of the difference picture pixels should have the value of zero (in

the open interval (-1,1)). Suppose an image sequence is generated using the

Gauss-Markov model with al =a2= a3=O.9 and x(k,l,t) E N(128,SO) (these values

are not atypical for a sequence with moderate motion and constant background

and have been used by others [61]). Some calculated values for these parameters
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(actually the correlation coefficients) from actual sequences and difference picture

sequences are given in table 3.2. If ex=1, from equation 3.9, then z(k,l,t) E

N(O,22.36) and the probability of getting a value in the interval (-1,1) is only 0.036.

This estimate is also somewhat generous in that it assumes truncation of intensity

values rather that rounding which would give the interval for the probability to be

only (-.5,.5).

The reason for this low probability is that the model tends to spread the

correlation evenly over the entire image when in fact the difference picture is

highly nonstationary. As it stands, this model is just not a very good one for gen

erating difference pictures. Even if the statistics are calculated for the difference

pictures directly and the model used with these, the correlation is still too evenly

distributed. Even with the drawbacks of this model, it is possible to correct the

problem with the percent of motion. That is, the correct probability of an

unchanged element can be forced by adjusting various parameters of the density or

correlation functions of the pixel intensities.

Using the temporally decorrelating form for producing the difference picture,

a= aJ' then z is as in equation (3.12). Given a mean and variance for the actual

image sequence, fixed IJ.% and (J' z» the only parameter which can be altered to affect

the probability of zero intensity pixels in the difference picture is a3. Letting M

represent the fractional amount of motion in the image, the value of a3 is adjusted

in the following way.



Table 3.2a. BOBSJOB sequence covariances.

(k',l',t') (0,0,0) (0,1,0) (1,0,0) (1,1,0) (0,0,1) (0,1,1) (1,0,1 ) (1,1,1)

covariance 2676 2645 2632 2611 2648 2623 2630 2612

lnormalizedJ 1 .9882 .9832 .9756 .9892 .9800 .9827 .9761

Table 3.2b. MAP sequence covariances.

(k',I',t') (0,0,0) (0,1,0) (1,0,0) (1,1,0) (0,0,1) (0,1,1) (1,0,1) (1,1,1)

covariance 1697 1677 1667 1653 1648 1653 1635 1637

~ormalizedl 1 .9882 .9822 .9740 .9711 .9742 .9635 .9646

Table 3.2c. BOBSJOB difference sequence covariances.

(k' ,l',t') (0,0,0) (0,1,0) (1,0,0) (1,1,0) (0,0,1) (0,1,1) (1,0,1) (1,1,1)

covariance 55.32 49.13 36.43 34.87 19.60 22.1.) 31.07 30.73

lnormalizedJ 1 .8880 .6585 .6303 .3542 .4003 .5617 .5555

Table 3.2d. MAP difference sequence covariances.

[k ',I' ,t') (0,0,0) (0,1,0) (1,0,0) (1,1,0) (0,0,1) (0,1,1) (1,0,1) (1,1,1)

covariance 91.95 79.26 57.98 53.50 15.63 25.24 21.86 24.78

Inormalizedl 1 .8619 .6306 .5818 .1700 .2744 .2377 .2695

..
co
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Pr{Iz I;;::: I} = M or Pr{z ;;::: I} = M
2

Let w be a random variable such that w E N(O,l). Then find a3 such that

(3.14)

1-(l-a3)J.Lx M
Pr{w~ } = -

(J%(1-a:)~ 2

This is found be solving

(3.15)

l-(l-a )110 M
1 - er] ( 3 r-z ) = -

(J%(l-aiYJ2 2
(3.16)

where

(3.17)
t 2

2 dt
x

erf(x) = 1 f e
(21T)~ -00

This can be most easily solved using tables for the standard normal distribution, in

which case the solution for a3 becomes

(3.18)
1-(l-a3)J.Lz = R

(J%(l-ai)l4

where R is found in the tables working backwards from the given probability.

That is, R is the value on the Gaussian tail which corresponding to having the

proper motion percentage under the tail. Using the quadratic formula

J.Lz (J.L% -1) + ~;(muz -1)2 - (R 2(7: + ,...;)(1- 2J.Lz + I.L; - R 2(1 ;YI2
R 2cr2+ 11.

2
% ,-z

Some typical values of a3 are given below for 15% motion.

(3.19)

I.L% =128

J.Lz =128

Jel% = 128

(J z =20

{1 z =40

(7 % = 60

a3= .999095

a3= .999730

a3=·999875

Note that moderate changes in {1 % require very small changes in a3. Also, the

values for a3 are quite near 1.0. This high correlation is very difficult to achieve in
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synthetic images and retain other necessary statistics. Further, it is nearly impos

sible to control the value of a3 to the four significant accuracy needed to produce

the proper values of cr:z: •

Although a3 can be found and the correct probability achieved, the (J" z pro

duced is not typical for a motion sequence. In a 15% motion frame with the mean

square change for pixel intensities equal to 225, crz would be 5.8. Using the model

with al=a2=0.9, J.Lx=128, and (1%=40, then a , should have the value 0.93. If

noise is present with a reasonable variance, say (J" n = 1.5 as determined for one

actual sequence, this noise would completely dominate the motion changes. The

value of a z could be made more reasonable by altering cr:z:. This would, however,

force the value of (J':z: not to be representative of actual image sequences. In addi

tion, the correlation would not be correct since it would still be stationary over the

entire image. The correct correlation for the difference picture should have one

form for the changed region and uncorrelated for the zero or noise only area. As

stated before, the model is not very effective in its present form even if the image

sequences were normalized to these lower values for z.

l.a.l. Composite Model

It is possible to use the previous model as the first stage of a more complex

one, thereby retaining some of the analytic simplicity of the Gauss-Markov form.

As stated in the introduction to this chapter, a binary mask is generated which

introduces nonstationarity into the image sequence. Values for pixels which

represent moving region difference pictures are put into the areas indicated as
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changed. The mask can be produced by first generating a two-dimensional ran-

dom field, z, using the autocorrelation as in equation (3.12) but without the time

subscript since there is no temporal dependence. The values of a 1 and a2 are set as

needed for the clustering effect for the moving regions.

Binary mask values are generated by assigning either a one or a zero to each

pixel in the field z indicating its presence or absence in the changed region. This

can be done by determining a negative and positive cutoff point on the normal

curve so that the area under the remaining tails is equal to the motion percent (see

figure 3.7). These cutoffs are assumed to be equal in magnitude. The generated

mask, m, is given be the following:

{
I , Iz(k,I)I>cutoff

m k I -( , ) - 0, IZ(k,I)1 <cutoff
(3.20)

For example, if the random field contains variates in N(O,l) and 15% motion

is desired, then, using tables for the normal distribution, all values outside the

interval [- .19,.19] would be assumed changed and all others unchanged. Masks

using this approach are shown in figures 3.8. These masks assume 18.1% motion.

The values of al and a2 are equal in each mask and are 0.85,0.90,0.95, and 0.99.

The dark regions indicate the changed or moving regions.

Once a mask has been produced, pixel values whose statistics are representa-

tive of moving regions can be generated in those locations indicated as changed by

the mask. The unchanged regions may be set to zero values or noise may be added

to the entire image.
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Figure 3.7: Gaussian tail cutoffs for 18.1% motion.



Figure 3.8a: Synthetic difference mask, at =a2=O.85

Figure 3.8b: Synthetic difference mask, a l =a2=O.90
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Figure 3.8c: Synthetic difference mask, at = G2=O.95

49



60

To proceed with this approach, the following issues must be addressed.

1) Is the mask appropriate?

2) What is the clustering effect?

3) What are statistics of moving regions?

Item 1 is difficult to determine. Certainly the correct percentage of zero pixels

can be generated, but do the changed and unchanged regions as indicated by the

mask correspond to reasonable difference pictures? This question has a lot to do

with item 2. The clustering in an actual image is a function of the types and

number of objects moving in the sequence. In the model, the values of al and a2

can be altered to adjust the clustering to an extent and this is illustrated in figure

3.8 where higher values for a 1 and a2 produce more clustering. This issue is

covered more thoroughly in the next section.

The statistics of the moving region can be derived from a Gauss-Markov spa

tial model for the image sequence, and this is covered in section 3.5

In the end, each issue has to do with the appropriateness of the model for this

coder and the sequences for which it will be used. This is effectively covered by

comparing the statistics and the coding properties of synthetic images with those

of actual sequences. The probability of a changed pixel has already been covered.

The next section on clustering compares the clustering effect of the generated

masks with the masks from the actual sequences. Chapter 6 covers coding com

parisons with this model.
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3.3.4. Clustering effect of the mask

3.3.4.1. Discussion

The clustering effect in the mask represents the non-stationarity in the

difference pictures for time-varying image sequences and accounts for the size,

shape, and motion of the objects in the frames. This section covers two topics

related to the clustering. The first is to define the clustering effect quantitatively.

The second is to measure this clustering effect as determined by this model. While

doing so, clustering statistics for the actual sequences used, BOBSJOB and MAP,

will be produced for comparison.

One measure of the clustering effect is the probability of the expected number

of changed pixels in a given size block. The underlying probability density will be

referred to as p (k, n) where this indicates the probability of exactly k changes in a

block of size n. The blocksize used must be large enough to give meaningful statis

tics as well as being in agreement with the blocksize used for the coder. In this

case blocks of 8x16 pixels are used.

If the intensity values within a block were independent, the solution to this

problem would simply be the binomial distribution. They are not independent,

but it is informative to start with this approach. For independent random vari

ables, the probability of exactly k successes (changes in this case) out of N trials is

given by:



(3.21)
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[k!(:~k)! I[pk(l_p)N-k ]

where p is the probability of success. The first bracketed factor defines the

number of events in which exactly k successes can occur in N trials, call this Mk •

The second bracketed factor is the probability of each event. Since the trials are

independent, the probability of each event is identical.

With dependent trials, the number events with k successes does not change,

but the probability of each event may be different and in this model that is the

case. If Ei
k represents one of the MIc events with k successes out of N trials, then

the probability of exactly k successes in N trials is

MIc

Pr(k ,n) = L Pr{El"t
i=1

(3.22)

Referring to the formulation of the mask, equation (3.20), Eic represents an

event in which exactly k of the items produced in a block of the random field has a

magnitude greater than the cutoff. The problem of finding the overall probability

for the model now becomes that of finding the probabilities for all of the events for

each possible k .

As an example, consider only one event, E~ , the event in which the first k ele-

ments of the block are changed and the rest are not. The first k elements can be

defined by unwinding the block into a single vector of length N with row number

one being first, row number two second, and so on. Let this vector be given by
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Pr{E~} = 2N f f f f
c

f

63

Z I = C Z 2 = C Zl =C Zl - I =0 Zl _ ~ =0

c

f pZ( t 1,t2, .. ·,tN )dt1dt2•.. dtN
ZN=O

(3.23)

where pz() is the joint density for z and c =cutoff from equation (3.20). In this

case Pz is assumed to be jointly normal from the mask generation procedure. For

this particular event a simplified form may be possible to derive.

In general, however, the probability for any event is difficult to analyze, par-

ticularly for all of the events for each Q$: k -sN. One approach could be to whiten

the data thereby obtaining independent variables. This would, in part, involve the

determination of eigenvalues and eigenvectors for an NxN covariance matrix. Due

to the. complexity of this problem, the clustering effect is determined using the

same probability measure, but the probabilities are produced by actually finding

histograms from synthetically generated images. These histograms are compared

with those from actual image sequences for visual similarity and agreement in

mean and variance. In addition, chi square tests were performed. For these tests,

the hypothesis that the values came from the same distribution could not be

rejected at commonly accepted confidence levels.

A second measure of the clustering is the autocorrelation of the masks them-

selves. These values are also calculated for the actual and synthetic images and are

presented in the next section.



54

3.3.4.2. Clustering results of mask generation

In order to obtain the most correct measure of the clustering, it would be

necessary to count the changes in every possible block of size N. This is not only a

computational burden, but it also is unnecessary in light of the block coding

method used. Instead, the frames for the model images and the actual image were

segmented into size N blocks with fixed length sides, in this case N=8x16, giving

640 blocks to use for the histogram. This sampling strategy is in exact agreement

with the blocking used by the coder.

There are two mask types employed here to establish the clustering effect of

the difference picture masks, and these correspond to whether a zero or nonzero

threshold is used in order to determine the change status of a pixel. The first mask

type includes any nonzero pixel in the difference frame as a valid change, and

would indicate agreement in the statistics between the model and actual sequences

regardless of how motion is determined. This then will include all changes due to

noise as well as motion. The second mask type uses the a non-zero threshold of 3

which should include, for the most part, motion only changes. This method

corresponds more to the clustering which would be encountered by the coder.

Both methods are discussed beginning with the zero threshold.

1.1.4.2.1. Zero threshold elustering

Four Gauss-Markov, 256x320 images were produced with the elements of each

members of N(O,l). These images, referred to as Gl,G2,G3, and G4, are to be

used for mask generation and have the statistics given in table 3.3.
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Table 3.3: Synthetic image covariances.
[k' ,I') (0,0) (0,1) (1,0) (1,1)
G1 1.000 0.953 0.955 0.911
G2 1.000 0.904 0.907 0.820
G3 1.000 0.852 0.856 0.730
G4 1.000 0.989 0.991 0.979

Figure 3.9 shows the zero threshold clustering distribution of the masks generated

by three difference frames of BOBSJOB representing 12.3%, 18.1%, and 25.3%

motion as determined earlier in the chapter (clustering for the MAP sequence is

similar). Note the bimodal shape and the fact that the right hand tail tends to

stay up, particularly for the higher motion. The bimodal shape is due to the distri-

bution being a combination of the clustering due to noise as well as that due to

motion each with a difference mean. As an aside, the density for the number of

changes was derived for the case of independent pixel intensities. Recall that this

assumption was rejected earlier in the chapter. The density derived looked

remarkably similar to the ones generated here and the cause of the bimodal shape

could be easily determined from the density formula.

Figure 3.10 contains the same statistics using masks generated from the four

synthetic images and 18.1% motion to agree with figure 3.9b. The masks were

generated by forcing the proper percent of motion and by adding noise in the non-

motion regions (the noise statistics were those determined for the BOBSJOB

sequence). The addition of noise is necessary, since with a threshold of 3, noise

plays a major part in the clustering statistics of the actual images. The values
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were truncated to integers and all nonzero values were counted as changes. The

mean and variance are in fair agreement with the actual images and the tails tend

to stay up, especially for the higher values of a 1 and a2. The bimodal shape, how

ever, is not present except for image G4 and it is not as pronounced as it is for the

actual image with the same amount of motion. A13 an aside, note that there is a

higher percentage of changed pixels in the synthetic image than in the actual. This

may very well indicate that the noise variance as calculated is too high. The lack

of a bimodal shape may also be due to the fact that the correlation in the synthetic

masks may be too low. It may be informative to check both of these possibilities at

this time beginning with the correlation.

To check the hypothesis that the correlation may be too low, the mask corre

lation coefficients are given table 3.4 for an actual image mask and for the syn

thetic image masks using 18.1% motion. These coefficients are given for a lag of

one pixel in each direction. The correlation goes up for higher motion, though not

significantly. The correlation for the synthetic masks is not significantly different

from those of the actual images, and so not too much is can be inferred from this

statistic.
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Table 3.4: Zero threshold mask correlation
with 18.1% motion.

(k' ,1') (0,0) (0,1 ) (1,0) (1,1)

BOBSJOB 1.000 0.796 0.796 0.796
Gl 1.000 0.812 0.810 0.810
G2 1.000 0.807 0.807 0.806
G3 1.000 0.804 0.804 0.800
G4 1.000 0.811 0.810 0.810

In order to produce a more bimodal shape, higher values for a 1 and a2 could

be tried. This was done with these parameters set to .999 for each. A problem was

uncovered in that· the statistics for images of the size used here with these high

correlation values were very good. In particular, the mean and variance were not

close to the desired and the high correlation was not achieved.

The second possibility for the lack of bimodal shape may be due to the fact

that the noise variance used is too large as was stated above. This means that the

motion percentages are too low if the same amount of change is to be preserved

between frames.

The easiest way to check this is to assume that the motion percentage is

underestimated and to adjust the noise variance to give the same total amount of

change desired. In the 18.1% motion image, 78% of the pixels are changed by at

least one. Assuming that the motion is underestimated by 4%, clustering plots are

given in figure 3.11 for masks generated by Gl and G4, the synthetic images with

the highest correlations, and 22.1% motion. The noise variance was set to 1.38 in

order to give the same total amount of changed pixels. The correlation results are
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given in table 3.5 The clustering for the mask from G1 is still not as good as for G4

with 18.1% motion. The clustering for G4 is somewhat better than it was before

the motion percentage adjustment, however, the mask correlation values are not

significantly changed. Given this lack of improvement by increasing the motion,

the motion percentages, as calculated, will be retained for now. In fact, the next

section uses a non-zero threshold and suggests that motion may be overestimated.

Table 3.5: Zero threshold mask correlation
with motion correction.

(k' ,1') (0,0) (0,1) (1,0) (1,1)

Gl 1.000 0.807 0.807 0.805
G4 1.000 0.808 0.806 0.807

The model, then, seems to be able to produce reasonably good agreement in

zero threshold clustering if appropriate correlations are used, such as for image

G4, and if motion percentages are assumed in the usual way, i.e., all magnitude

changes greater than 3. It is clear that better statistics are needed for the noise

and motion for the actual sequences. The next question to be addressed is that of

the clustering effect of the model using a magnitude threshold of 3.

1.1.4.2.2. Non-aero threshold elustering

In this section the clustering effect will be examined assuming a changed pixel

is one which has an intensity magnitude change greater than 3. Changes per block

histograms for masks using this threshold are given in figure 3.12 for some
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BOBSJOB frames. As may well be expected, the mean is much lower and the

entire distribution is skewed to the left. Correlation values of the masks produced

by an actual image are given in table 3.6 (the row labeled G4 corrected will be

explained shortly).

Table 3.6: Non-zero threshold mask correlation
with 18.1% motion.

(k' ,I') (0,0) (0,1 ) (1,0) (1,1)

BOBS JOB 1.000 0.746 0.711 0.688
G1 1.000 0.787 0.787 0.705
G4 1.000 0.878 00879 0.831
G4 corrected 1.000 0.684 0.683 0.646

Synthetic masks were generated using G1 and G4 with 18.1% motion. Since

it is assumed that all changes due to noise are eliminated, no noise was added.

Clustering histograms are given in figure 3.13. The shape is generally in good

agreement with the actual images, but the mean and variance are high, especially

for G4. Note that the G4 histogram has the high peak at the right end which

explains, at least graphically, these higher values. Also the mask correlations are

shown in table 3.6. They too are higher for the synthetic images than for the

actual with 18.1% motion. These high values may be due in part to the fact that

there are a significant number of changes greated than 3 due to noise. If the noise

variance is 1.552
, as was calculated, then there would still be potentially about 5%

of the non-moving region changed to due noise after filtering those changes greater

than 3, provided that the noise and motion regions do not coincide. Although
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these regions are sure to overlap in places, these high noise changes could still alter

the histograms and the correlation values.

This hypothesis can be checked by accounting for the noise when determining

the motion percentage. Let Pn be the probability of a change greater than 3 due

to noise, PTn be the probability of changes greater than 3 due to motion (i.e., the

motion percent), and Pr be the total probability of a change greater than 3. Pn is

known if the known statistics are known. Therefore, Pm can be calculated as fol-

lows:

(3.24 )

In the current example, Pn=.05 and Pr=.181 giving a value of Pm=.138.

The synthetic image G4 was used with this percentage and the clustering histo-

gram is given in figure 3.14. The values for c and J.1 are much closer and the corre-

lations, given in the last line of table 3.6, are slightly lower than the actual. The

correct motion amount is no doubt somewhere between the values determined by

the two methods. This would account for noise and motion changes being coin-

cident.

Although the above correction could be incorporated, given the reasonable

agreement between the actual images and the synthetic ones using the standard for

motion calculation, this method will be used.
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3.3.5. Motion region statistics

The statistics of the moving region in the difference picture can be calculated

from those of the original sequence. At first it was thought that these statistics

needed to be derived via the motion parameters in order to produce the rate distor-

tion function. However, if one assumes a Gauss-Markov form for the pixel values

in the moving region, then the statistics of the original sequence can be used

directly to determine those for the difference picture in the moving region. This

method is discussed first.

Following this discussion, a Gauss-Markov image model is used in conjunction

with motion parameters to derive motion region statistics. This form is further

divided into two possibilities to form a model with the appropriate statistics and

one of these is used. for the actual coding tests in Chapter 6.

The final method requires statistics of the motion vectors themselves. Given

these in an appropriate form, a method is outlined to derive a rate distortion func-

tion for motion compensation coders.

I.J.5.1. Using a Gauss-Markov image model

In the moving region, the pixels are assumed to have the following commonly

used Gauss-Markov form:

R (k' r t') = (J2 a Ik' la II' la It' I (3 25)M', xl 23 •

where each pixel in the region is indicated by x(k,l,t)EN(f.Lz,(J:z:). The parameters

used can be determined from table 3.2. Using this Gauss-Markov form, the tem-
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poral correlation accounts for the fact that successive frames are generated from

the previous ones via object motion. This equation for R M , then, gives a correla

tion structure for the difference picture in the motion region as in equation (3.12).

This formulation has some drawbacks. Primarily, the problem is that there

are actually a number of sources corresponding to the number of moving objects.

In addition, these objects are of finite extent (width and length) so that the correla

tion does not extend beyond these limits.

The problem due to multiple sources does not pose a serious difficulty for the

rate distortion function calculation since, in this case, it would be the same as for a

single source with the same statistics [8].

The problem of the finite extent is more of a problem for small motion, since

the moving regions would then extend over fewer pixels. For small displacements,

only narrow edges are seen in the difference picture, whereas, for larger motion,

entire objects may be displaced. This problem is compounded by small or narrow

moving objects as well as by the type of covered and uncovered background.

A possible solution for this finite extent is to use nearest neighbor correlation

or clipped Markov, where the correlation becomes zero after a fixed correlation dis

tance. This distance could be a function of object velocity and size. In this case,

the composite source model would have to be used since each object could have

different statistics. Given the probability of each object type, this approach could

be used to determine the rate distortion function.
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This method for deriving the motion region statistics does not provide good

coding agreement when compared to actual image sequences. This is mainly due

to the fact that it does not provide a good model for low motion amounts. The

model presented next gives much better results.

3.3.5.2. Gauss-Markov model with motion parameters

As before, let x be the random field describing the image sequence with

known f.L z ' (J' z' and Rz • The field x is related in the temporal direction via linear

translation which can be defined as follows:

z (k ,I ,t) = z (k + t' d/c ,I + t' dt , t - t' ) (3.26)

Assumed here is a constant velocity and that the field extends past the image

boundaries to allow for shifting into a frame edge. This formulation is commonly

used and is described more completely in the original work [11] and [54].

Before continuing onto the difference picture derived from this model, it is

advantageous to examine the autocorrelation structure of x. The spatial correla-

tion is assumed to be as for a two dimensional Gauss-Markov model. In this case

R (k' I' 0) = (J'2 a Ik' la 1/'1
% " % 1 2 (3.27)

The inherent temporal correlation, however, is derived solely from the motion rela-

tionship given above. This leads to the following result:

R%(k' ,I' ,t') = E{x(k,l,t)x(k+k' ,1+1' ,t+t')}

= E{x(k,l,t)x(k+k' -t'd/c,I+1' -t'dl,t)}

= R%(k-t'd/c,l' -t'dl,O)
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(3.28)

At each frame, then, the spatial correlation in the moving region is the same

as for every other frame but the sequence is not Gauss-Markov in three dimensions

although it is Gauss-Markov spatially (t' = 0). A synthetic sequence can be gen-

erated from a single frame by applying shifts and a difference picture formed by

subtracting adjacent pixels in time as done earlier. The process, not being Gauss-

Markov, presents a problem when the rate distortion function needs to be calcu-

lated, and so it may be easier to deal with the difference picture in the moving

region directly.

The difference picture is a random field, z, formed by:

z(k,l,t) = x(k,l,t)-x(k,l,t-l)

= x(k,l,t)-x(k-d",I-d"t) (3.29)

The autocorrelation is then given by:

Rz (k' ,I' ,t' ) = E {z (k ,I ,t )z (k + k' ,I + I' .t + t' )}

= E{[x(k,l,t)-x(k-dk,l-d/,t)]·

[z (k + k' ,I+ I' ,t + t' )- z (k + k' ,I+ l' ,t + t' - 1)]}

= E{[x(k,l,t)-x(k - dk,l- df,t)]·

[z (k + k' + t' die, I + I' + t' d/ ,t )

-x(k+k' +(t' -l)dk,I+I' +(t' -l)d"t)]}

= 2Rz(k' + t'd/pl+ t'd"O)-Rz(k' +(t' -l)dk,l' +(t' -l)d"O)

-Rz(k' +(t' +l)dk,I' +(t' +l)d"O) (3.30)

IT t' = 0, then the spatial correlation alone is given by:
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(3.31)

This two-dimensional form can be used since the correlation in the temporal direc-

tion for the difference pictures is very close to zero. Like x, z is not Gauss-Markov

in three dimensions and as stated and this can present problems for rate distortion

function determination. In fact, z is not even Gauss-Markov spatially.

To more easily calculate a rate distortion function, it would be convenient to

approximate this correlation with a Gauss-Markov form. In order to approximate

equation (3.30), a constrained minimization problem is derived. This problem

must minimize the error between equation (3.30) and a Gauss-Markov approxima-

tion for all k and I. The most reasonable approach for this problem is to solve it

numerically, An alternative approach is to determine the correlation coefficient for

Rz{l,O) and for Rz(O,l), which are the only two values needed for the Markov

correlation other than the variance, and to insert these into the Gauss-Markov

equation.

Both approaches were attempted using statistics from a BOBSJOB frame

with 18.1% motion and a mean pixel velocity magnitude of 2.2 for dk and dl _ A

simple motion compensation algorithm was implemented to determine the pixel

velocity and it was assumed that the velocity was the same in each direction. This

assumption does not cause problems, since an isotropic model can always be used

which is sensitive only to the velocity magnitude. The variance used was 2676 and

the correlation of 0.985 was assumed to be the same in both directions. This is

consistent with the statistics in table 3.2a.
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For the minimization problem, some tests were performed using a least

squares fit. That is, actual correlations were produced using equation (3.30 and a

Gauss-Markov curve was fit to this data assuming the same correlation in each

spatial direction. For low values for die and d/, the fit was not very good, the corre

lation being too low for small lags in k and 1 and too high otherwise. As the

motion increased past a magnitude of four in each spatial direction, however, the

correlation in the temporal direction approached zero and the spatial correlations

approached those of the original field. Note that this is much the same as the

Gauss-Markov form chosen in the previous section. There seems to be little to gain

by using this much more difficult analysis. However, this method could be made

more robust by calculating a curve fit for the smaller lags in k and I only. In this

way the problem of finite extent motion regions can be addressed.

Using the Gauss-Markov form directly is much like the method just discussed

but forces agreement exactly with the (1,0) and (0,1) correlations. The higher spa

tial lags are not in as good agreement as may be desired, but, again, this is a way

to address the issue of finite extent. As in the curve fit approach, high motion

tends to agree with the strict Gauss-Markov method.

This method produces reasonable coding agreement with actual images and is

easily dealt with from rate distortion calculations. For these reasons, this model is

used in Chapter 6.
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3.3.6.3. Motion veetor approximation

As an alternative to introducing uncertainty via the image field directly, one

can use use a random motion vector field. In this case, the frame-to-frame uncer-

tainty is introduced via the motion vector field. If the motion vectors have a

Gauss-Markov distribution, then the rate distortion function for this field can be

found. The distortion in the motion vectors can then be related to the distortion

in the image itself. If the image is modeled by a Gauss-Markov field, this is shown

to be:

~%(~k'~/) = E"{[x(k,l,t)-x(k+~k,I+~/)]2}

= 2a; - 2R%(~k,f3l'O) (3.32)

where f3% is the distortion in the image and ~kand~l are the distortions in the vert-

ical and horizontal motion vectors. Note that the error is only related to the spa-

tial correlations. In fact, if the image is assumed to be an isotropic field with

R% (k ,I ,t) = a(k
2+12

+ t
2

) 14 (3.33)

then ~% is only a function of the magnitude of the motion vectors, i.e., (~l+ ~lYJ2.

This approach is viable if the statistics of the motion vector field can be found

and perhaps approximated with a Gauss-Markov field or some other random pro-

cess with a calculable rate distortion function. The contribution of such an

approach, is that it would provided a rate distortion function for motion compen-

sation algorithms, particularly if uncovered background and edge effects can be

simply modeled such as by additive noise. No further research on this topic has

been performed.
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3.3.8. Synthetic image generation

One method for producing synthetic images for the Gauss-Markov model is

now apparent. A difference picture is produced with the correlation structure

given for the moving region. This can be done by shifting an image by some

desired amount and then subtracting it from the first image or by direct Gauss

Markov approximation using equation (3.12). After this, a mask, as generated by

equation (3.20), is applied to this difference picture by either zeroing a pixel or

retaining its value according to the mask. Noise may be added if desired. Gen

erated images are not shown since they look very much like the masks only with

various gray levels within the changed clusters.

3.4. Conelusions

The basic question which should have been answered was posed in section 3.3

and concerned the appropriateness of the model for difference pictures. This was

shown with the mask images and the measures presented. No doubt better models

will be developed or could be developed now with much increased complexity. The

composite presented model, however, is an improvement over existing ones and

allows for the rate distortion calculation as will be seen in Chapter 4.

The improvement can be seen by visual examination of the clustering effect.

The synthetic images contain similar clustering regions to those of the actual

difference pictures. In addition, the probability measures are in generally good

agreement with the same measures applied to actual images. Also, as was stated

earlier in the chapter, chi square tests were run and gave no reason to reject the
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hypothesis that the clustering histograms were from the same distributions.

There are some issues which could still be addressed and left for further study.

The first is the acceptability of the moving region statistics. The use of the Gauss

Markov model with the motion parameters for this tends to spread the correla

tion, however, it does so only in the moving clusters.

A second issue is the comparison of the model with a strict Gauss-Markov

source [25]. It may be possible to show that the composite model is closely related

to this type of source, in which case the rate distortion function may be more easily

derived.

Given all of the considerations brought out in this chapter, the model pro

vides a reasonable tool for studying the difference picture sequences presented here.
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CHAPTER 4

RATE DISTORTION CALCULATIONS

4.1. Introduetion

One aspect of rate distortion theory deals with the question of received signal

fidelity as related to the number of symbols transmitted. In other words, if a sig

nal is transmitted with a given number of bits, what is the minimum possible

expected error in the received signal. This problem requires, of course, a well

defined error measure such as the mean square error used in this research as well as

a source description which is the composite model in this case. The usefulness of

this theory is that it provides a lower bound on the error for any given rate which

can be compared with the achieved error for a particular coder using various

transmission rates. The function which relates the theoretical minimum error to

the transmission rate is appropriately called the rate distortion function. This

function has been derived for some statistical models, and approximations have

been found for many others. Generally, however, the more complex models still

lack rate distortion functions. General references for this material are by Berger

[8] and Gallagher (22]. Another good overview of the usefulness of the theory is

given by Davisson[16].

In this chapter, an approximate rate distortion function (rdf) for the compo

site image model presented in Chapter 3 is determined. This rdf will be used in

Chapter 5 to compare with actual coding results of synthetic and actual images.
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The calculation of the rdf is in three parts. The first part is to determine the rdf

for the image due to the mask. This is accomplished by using the well known rdf

for a Gauss-Markov field and mapping the distortion in the mask to the probabil

ity of an error in the mask. This probability of error in the mask as a function of

rate is referred to as the rate probability of error function, "rpf", and can be useful

in its own right. This probability of error is then mapped to the rnse which it

introduces into the actual image.

The second part uses the Gauss-Markov model derived in Chapter 3 for the

moving region in order to determine the rdf. This distortion is then adjusted

according to the percent of motion. Finally, these two parts are combined in such

a way as to find the total rdf for the model.

4.2. Rate distortion funetion for the mask

The rate distortion function for the image due to the mask is found in the fol

lowing way. First, the rdf for the underlying Gauss-Markov field is determined.

This produces a total mask distortion Dr. This is commonly extended to the per

pixel distortion, ~2, by dividing Dr by the number of pixels.

Secondly, this distortion must be mapped to the probability of an error in the

mask. This probability determines the expected number of mask pixels which will

be wrong, and, as was stated, can be used as a distortion measure for the mask.

Finally, the expected error in an image pixel must be derived given that its mask

pixel is incorrect so as to produce an rdf for the image due to the mask.
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The rdf for the Gauss-Markov field was given in Chapter 3 and reproduced

here in two dimensions for reference.

De = (2~ rJ-rr£min[6,S(wl,W2)] dwl dw2

n, = (2~ rJ-rrImax[O,~og2(S(wl1w,)/6)]dwldw2

(4.1)

(4.2)

where Ra is in bits per pixel, D is the mse per pixel, ~2, and S() is the spectral den-

sity of the mask field given by:

(4.3)

The parameter 9 produces a rate and its given distortion. This distortion,

either D or ~2, must then be mapped to the probability of error in the mask.

4.2.1. Probability of a mask error

In order to produce the probability of error in the mask, a calculus of varia-

tions problem is derived. An error in the mask may be made in one of the follow-

ing four ways:

Event I: m~c and m+d<c and m+d>-c

Event 2: m < - c and m + d >- e and m + d <c

Event 9: m:> - c and m S c and m + d > c

(4.4)

(4.5)

(4.6)

Event l: m~-c and mSc and m+d<-c (4.7)

where c is the cutoff point for the mask, m is the underlying Gauss-Markov field

value at a pixel, and d is the distortion for the pixel for a given rate. In words,

these events represent a distortion in a mask value which would incorrectly assign
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a 1 (0) to a mask location instead of correctly a 0 (1). These regions are shown

graphically in figure 4.1. The probability of error due to event or region 1 can be

found via the following double integral:

00 c-z

f f Pd,m(x,y)dydx
z=c y=-C-%

(4.8)

where Pd,m () is the joint density of the mask and the distortion. The total proba-

bility of error is found by summing similar integrals over all four regions. If

independence is assumed, then the integral becomes:

00 c-z

f (4.9)
z=cy=-C-%

The probability density for the mask Pm () is known, and is simply the underlying

Gaussian. The problem is that the density function for the distortion is unknown.

In this case, one must find the density which would minimize the probability of

error. This does not necessarily mean that the mse distortion in the image will be

minimized. However, the calculation of the total rdf for the image used later

employs the rpf for the mask to determine the number of bits necessary to

transmit it. In order to accomplish the minimization more readily, the probability

of error as a function of the distortion density should be written as follows:

-2c c-t 0 c-l

!(Pd) = f f Pm(y)dy Pd(t)dt + f f Pm(y)dy pd(t)dt +
t=-oo y=-c-t t=-2c y=c

2c -c 00 c-t

f f Pm(y)dy Pd(t)dt + f f Pm(y)dy pd(t)dt +
t=o y=-c-t t=2c y=-c-l
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Figure 4.1: Error regions for mask errors.
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(4.10)

f f Pm(y)dy Pd(t)dt + f f Pm{y)dy pd(t)dt +
t=o y=c-t t=2c y=-c

-2c c 0 -c-t

f f Pm(y)dy pd(t)dt + f f Pm(y)dy pd(t)dt
t=-~ y=-c t=-2c y=-c

If it is assumed that Pd() is symmetric about zero with zero mean, the probability

of error can be rewritten as (in fact this assumption does not have to be made and

the final probability of error does not change. This assumption is made to simplify

the form):

2c ex:

f (Pd) = 2f(<Pl,l( t)+ <Pl,2( t ))x( t )dt + 2f( cf>2,1( t)+ Q>2,2( t ))x( t )dt
o 2c

(4.11)

where x( t) is substituted for the desired probability density for the distortion.

Each <Pi,j is a continuous, increasing, and non-negative function. Therefore, they

may be combined, and the probability of error can be written as a function of x as

follows:

2c 00

f(x) = 2fcf>l(t)X(t)dt + 2f<tJ2(t)x(t)dt
o 2c

(4.12)

where 4>1 and <P2 are continuous, increasing, and non-negative functions. Further,

<Pl(2c )=<P2(2c), so the probability of error becomes:

I (x) = 2f 4>( t )x(t )dt
o

where <t> is continuous, increasing, and non-negative.

(4.13)

The calculus of variations problem is now to minimize the probability of error

with respect to z subject to the constraint that x() is a density function and its

second moment is equal to some amount of image distortion. The second moment
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represents the expected error or distortion in the entire mask. This distortion

value is what is determined by the rate distortion function. By assigning this

moment as a constraint, the density function would be found for the particular dis-

tortion in question as well as for the percent of motion implied by the cutoff c •

Before giving the proper form of the desired minimization problem, two

difficulties must be addressed. First, in order to allow for the possibility of impul-

-
sive density functions, the proper setting for the solution is that of the space of

functions of bounded variation. The integrals must then be written as Stieltjes

integrals. Secondly, the limit of integration is made finite which is normal in

Stieltjes integration. This presents no problem since the limit can be made as large

as necessary for any reasonable solution. The problem can then be written as:

T

minimize I(v) = f <f>(t)dv(t)
o

subject to

T

2fdv( t) = 1
o

(4.14)

(4.15)

T

2Jt2dv(t) = ~2 (4.16)
o

where ~2 is the expected per pixel distortion, and dv(t) is the desired probability

measure. In this case, it is assumed that the expected value of the per pixel distor-

tion is simply the total distortion divided by the number of pixels. Note that the

symmetry and mean value assumptions are not directly entered. These are forced

at the end by mirroring the solution about the origin.
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In addition to the constraints, the function v must be a member of the closed

convex set n such that

n = {vlv is nondecreasing} (4.17)

where n~~¥, X being the functions of bounded variation. The solution to this

problem in all of its mathematical rigor is extremely complex. Instead of attempt-

ing to produce such a rigorous proof, general methods of constrained optimization

will be used in order to find a possible solution. The measure found, if not the

actual minimizer, forms a sufficiently tight bound on the solution.

To begin, a saddle point for the Lagrangian must be found [45]. The Lagran-

gian is given by:

T T T

L(V,AI,A2) = 2fcf>(t)dv(t) + ~12fdv(t) -AI +- A22ft2dv(t) - A2~2
o 0 0

T

L(V,AI,A2) =! [2cf>(t)+2AI+2A2t2 ]dV(t) - Al - A2~2 (4.18)

The Lagrangian is convex with respect to v. In order to locate the saddle

point of the functional, it is first necessary to minimize the Lagrangian with

respect to v. By theorem [45], a necessary and sufficient condition for "o to minim-

ize the Lagrangian given on the convex set n is that

8L(vo;v- vo» O (4.19)

for v EO. The value on the left hand side of the inequality is the Frechet derivative

of L() calculated at Vo in the direction of v - "o- For the present case, this is given

by:
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where

87

(4.20)

(4.21 )

It is now necessary to examine the possibilities for <t>l(t). If <Pl(t»O on an

interval, then dvo must be identically zero. This does not satisfy the constraints.

If <b 1( t) <0, then dvo is unbounded. This cannot occur since the function must

have has a minimum or an rdf does not exist. This leaves the case of <t>l(t)=O

which implies the following:

(4.22)

The left hand side is a parabola and the right hand side is a decreasing function.

By taking the derivative of both sides, the lhs is linear and the rhs is an exponen-

tial (see equation 4.10 and recall that Pm ( ) is a Gaussian). Thus <Pl(t) cannot be

zero on an interval. The two curves can intersect, then, in, at most, two places.

Further, there must be at least one intersection, otherwise dvo{ t) will be identically

zero which does not satisfy the constraints.

In order for <PI(t) not to become negative, the parabola must stay on one side

of the 4>() curve (see figure 4.2). This means that there is exactly one zero for <Pl()

and it is non-zero everywhere else in the interval [O,T]. This fact leave no choice

for the density function Pd() other than an impulsive probability, that is, a point

evaluation functional.

Given now that Pd() is a delta functional, Pd(t)=a&(t-~), the location of the

impulse must be determined, i.e., find Ct and -y. This could be accomplished by
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Figure 4.2: Graphic representation for the Langrangian.
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rewriting the original problem using the impulsive form of the density function

instead of a general pdf. Another method would be to solve for the optimum

values for Al and A2· However, it can easily be seen then the impulse must exist at

13 in order that the constraints in equations 4.15 and 4.16 be satisfied. The proba-

bility density function, Pd() is now given by:

1 1Pd(t) = -8(t+~) + -8(t-~).
2 2 (4.23)

As was stated earlier, the symmetry and zero mean do not have to be constraints.

This can be seen by allowing the entire error to exist at 13 or -13. In either case,

the probability of error in the mask will be the same.

Now that Pd() is known, it is clear that all mask pixels have the same square

error. Thus, the only mask pixels which can be in error must be within ~ of the

cutoff point, c. Referring to equation 4.10, the probability of error is given by:

{
Q(C + I~ I) - Q(C - I~ I) ,I~ I<2c

PemlUlc = 2Q(c)+Q(c-I13I)+Q(c+I13I)-2,1131>2c (4.24)

where Q is the distribution function for the Gaussian probability with zero mean

and unit variance. Note that either form given may be used for I~ 1= 2c.

This solution contains an inconsistency. That is, at the maximum distortion

of ~ = 1, PemfU/c is higher than its maximum allowed value. This maximum should

be no greater that the percentage of motion. This value can always be obtained by

assigning all zeroes to the mask at the receiver. The assumption here is that the

percent of motion is never too high, less than 35%. In this case c is always less

than unity and thus p<2c in all cases. These facts produce the following form for
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the probability of error (for a given distortion and percent of motion represented

by ~ and c respectively.

Pemeuk(C ,r3) = maximum { percent of motion, Q(c + ~) - Q (c - ~)}

= max{2{1-Q(c)), Q(c+~)-Q(c-f:3)}

4.2.2. Mapping a mask error to image distortion

(4.25)

In order to produce an rdf for the image due to the mask, the probability of

error in the mask must be mapped to a pixel error in the image. The distortion in

the image due a mask pixel error comes from assuming that motion took place

when there was none or vice versa. The error, then, is given by:

(4.26)

where

( ) - 2 Idkl Id,l (4 27)R; dJc,d"O - <1 z a tJl a2 ·

and die and dl are the expected values of vertical and horizontal motion in the

moving region. In Chapter 3, these were both set to 2.2 as determined by a motion

compensation coding algorithm. If <1;=2676 and at = a2=O.985, then the expected

square error in an image pixel is 344 or a pixel gray level error of 18.56.

To summarize, the rdf in the image due to the mask is found in the following

way:

1) Determine the rdf for the Gauss-Markov field.

2) For each R 9 and De pair, find PemfUlc,e
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3) Determine the expected image pixel error for the expected motion and a mask

error.

4) Per pixel distortion is then Pemtulc,a times the value found in step 3.

In Chapter 3, the G4 image was found to produce the best mask representa-

tiona An rdf for an image due to mask errors is given in figure 4.3 for an image

with 18.1% motion. It is also possible to use the probability of error as the distor-

tion measure and this may be useful in some case. As stated earlier, this function

is referred to as the "rate probability function" or rpf.

Recall that rdf shown in figure 4.3 may not be the true rdf due to liberties

taken in solving for the density function in the previous section. However, any

correction can only move the curve toward the origin showing that the rdf found is

indeed a tight bound on the actual. This can be seen even more so when the total

rdf is found in section 4.4 where it is shown that the mask rdf adds little to the

total.

4.3. Rate distortion funetion for the moving region

The model to be used for the moving region was given in Chapter 3 and was

derived from a Gauss-Markov image model and the mean value of the motion vec-

tors. Using information from table 3.2, the correlation is given by:

RM(k' ,I') = 18.552·0.7651Ic'I·O.765Ir I (4.28)

These values are derived from an original Gauss-Markov image model with

Cll=Cl2=0.985 and (7;=2676 and mean motion vectors of dk=dl=2.2. The rdf for
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Figure 4.3: Mask rate distortion function.
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this region is easily found using equations (4.1) and (4.2) which give the per pixel

distortion, dm , for the pixels which are in a field with the given statistics. To

determine the per pixel distortion for the entire image due to the moving region

distortion, simply multiply dm by the motion percentage. An rdf for 18.1%

motion is given in figure 4.4. Note that this rdf assumes reception of a correct

mask. In actuality, the motion region rdf is dependent on the mask distortion.

That is, the rdf calculated here is only relevant to the pixels which are correctly

classified by the mask. In the next section this problem is resolved and this rdf is

combined with that of the mask to produce the total rdf.

4.4. Total rate distortion runetion

The total distortion for the composite model is found by combining the rdf

curves for the mask and the moving regions in the following way. Let 811 82, and e

be the rdf parameters for the mask, the moving region, and the total image model

respectively. Given a rate, R a, the problem is to find Rei and R e2,9, such that

their sum is equal to R 9 and the sum of D 9, and D e~,91 is minimized. Alterna

tively, one can be given De and then minimize R asubject to De=De.+D e2,6,· The

distortion and rate for the moving region are written as functions of 91 and 92 to

indicate the dependence of the moving region on the distortion of the mask.

Reviewing the complex forms for the rdf''s of both the mask and the moving

region, it can be seen that this presents a difficult minimization problem. Instead

of attempting to solve this problem, the rdf for the mask is examined for a point
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where additional bits do not produce a significant reduction in error. This tech

nique has some intuitive appeal, since if the mask is not mostly correct, the sending

of motion region information which gets put in the wrong image locations simply

compounds the error.

The total rdf can now be viewed as the rdf for the moving region but with the

rate and distortion adjusted to account for the amount of distortion allowed in the

mask. If the total rate cannot achieve the desired mask distortion, then it is

understood that all of the bandwidth is used for mask transmission.

The allowable distortion in the mask can be defined by the probability of

error in the mask, Pt. Mask pixels which are in error can be one of two types. A

type 1 error classifies non-moving pixel as a moving pixel. A type 2 error occurs

when a moving pixel is classified as non-moving. The type 2 error is not com

pounded by the moving region information which is transmitted and so its distor

tion is just that as previously calculated for the mask. The distortion in type 1

error pixels is compounded by the moving region information and is dependent

upon the proportion of type 2 and type 1 errors.

The proportion of each error type may be based upon the percent of motion

transmitted. This value is in general not the same as the frame motion since the

mask is transmitted with some error and this causes the received percent of motion

to be incorrect. For type 1 errors, the distortion is assumed to be the sum of the

distortion due to a mask error and the per pixel distortion in the moving region at

the assigned rate. For a given rate and Pe , then, the total per pixel distortion
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becomes:

dr = (l-(M-Pe))Peodm + (M-Pe)dM + Pe(M-Pe)(dm+dM) (4029)

where M is the percent of motion, dm is the distortion due to the mask and dM is

the distortion in a field with the moving region statistics. (M - Pe ) is the received

percent of motion. This formulation is consistent at the boundaries, Le., P, =0,

Pe=M, M=O.

An alternative assignment of type 1 and type 2 errors is to allocate one half of

the total to each type. This method, perhaps less intuitively appealing, may be

closer to the truth. It is probable that the errors in the mask will tend to be close

to motion areas in which case the probability of each error type would be about

equal. This assignment is the one used for this research and is given by:

dr = lhPe·dm + (M-lhPe)dM + lhPe(dm+dM) (4030)

A total rdf for 18.1% motion and P, =0.005 using this assignment is given in figure

4.5. This probability of error corresponds to a per pixel mse and a per pixel bit

rate of 2.5 and .005 respectively.

4.&. Conelusion

The rdf for image sequences derived in this chapter provides a bound for com-

parison with the rate distortion characteristics of various coding algorithms.

Although certain simplifying assumptions were used, they do not appear to be

overly restrictive. The use of a 2 stage source such as the composite model intro-

duces much additional complexity into the rate distortion derivation, and more

research is needed in this area if more general results are desired.
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CHAPTER 5

MIXED CODER

6.1. Introduetion

In this chapter, the new interframe mixed coder is presented. The procedure

used by this coder is the method of alternating projections onto convex sets, and

this topic is reviewed first as it pertains to the coding problem. Following the dis

cussion of convex sets, the new coder is described. An optimal solution in the sense

of a minimum least squares error is then given for the coder.

6.2. Convex sets

6.2.1. Introduetion

Convex sets and functions have received much attention in the areas of image

restoration procedures and optimization problems. In this research, convex sets

offer a way of utilizing or visualizing information much as in image restoration

problems. For image coding, these sets may be employed at the receiver to invoke

a priori information in order to reduce distortion in the received image. A basic

drawback of the approach is that most of the images in the sequence will have

similar characteristics which can be assumed in advance. An extension of this pro

cedure, which proves more useful, is that of transmitting information about convex

sets which contain the desired image.
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A convex set is defined in the following way [45j. Let V be a vector space and

let C C V. C is convex if for every x,y E C, it is also true that [ax+(l-a)yjEC

for Q<a::; 1. Less formally, C is convex if the line segment connecting any two ele-

ments in C is also in C (see figure 5.1).

Following are some examples of convex sets.

1 All vectors in R n (real digital signals with n components) such that all of the

components of the vectors are non-negative.

Cp = {xERnlxi~O}

where Xi is the i'th component of x.

2 All vectors in R n which have energy bounded by a given constant.

(5.1)

CB = {xERnlxtx~k} (5.2)

where x t is the transpose of x. This set defines an n-ball around the origin.

3 All vectors in R n with some given components equal to known values.

CE =[z ERn IXi =ki , i EI}

where k, is a known constant and I is a given index set.

4 All vectors in R n with some transform coefficients equal to known values.

(5.3)

(5.4)

where T is a linear transform, [TX]i is the i'th transform coefficient, z, is a

known constant, perhaps complex, and I is a given index set.

It is not difficult to see that C, in the last example is related to transform cod-

ing. If L out of N possible coefficients are transmitted, all of the signals with these

L coefficients form a closed convex set. The receiver, then, must accept any
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member of this set as feasible given no additional information. Typically the unk-

nown coefficients are assigned the value of zero. An alternative solution is to pro-

ject the previous frame onto this set in which case the untransmitted coefficients

are set to the same values for the previous frame [71].

5.2.2. Projeetion

The projection of a vector onto a closed convex set is the vector in the set

closest to this given vector. More formally, let x be in the vector space V and let K

be a closed convex subset of V. The projection of x onto K is the solution to the

following problem.

mInImIze Ilx - y II for all y E K. (5.5)

The minimizing vector y is indicated by [Px]. P is a mapping from V into K, i.e.,

P: V-K, and is referred to as the projector onto K.

Referring to the examples of the convex sets already given, it is informative

now to give the projectors onto these sets.

1 Let Pp be the projector onto c.,

{

XI ' xi~O

[Pp z], = 0, xi:S O (5.6)

That is, if a component of x is already non-negative, leave it alone, otherwise

assign it to the nearest non-negative value, which is clearly zero.

2 Let PB be the projector onto GB ·
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X,
PBX = k2

-t- X , xtx>k
X X

(5.7)

(5.8)

The energy set defines an n-ball with center at the origin and radius k. If x is

inside the ball, then the projection is itself. Otherwise, the projection is the

closest vector to x on the surface of the ball.

3 Let PE be the projector onto GE .

{
ki ' i EI

P x . =[ E 1. z. otherwiseI ,

If the value of the component is known, then assign this value, otherwise leave

it alone.

4 Let Pt be the projector onto C,

{

Zi ' i EI

[PE Tx1i = [Tx1i' otherwise

If the transform coefficient is known, assign it, otherwise leave it alone.

(5.9)

It is not always clear what the convex set looks like, especially if it is defined

in one domain, such as Ct , and visualization is necessary in another domain such

as the pixel representation. This presents the problem of understanding the

expected quality of images within a set. That is, if any member of a set is must be

accepted as the original, then how good is this representation"? The problem has

not been solved in general and is touched on slightly after the following section.
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6.2.3. Method of Alternating Projections

Suppose that various characteristics are known about a certain image which is

to be transmitted. If these properties define convex sets, then there is a procedure

to a determine an image which exhibits all of these attributes. In short, an image

must be found which is in the intersection of these convex sets. The procedure for

accomplishing this was first given by Bregman [10] and is described next.

Let C1,C2, ... ,Cn. be closed convex sets in a finite dimensional vector space V

with P l'P 2, ... ,P n. their respective projectors. Then the iterative procedure

(5.10)
• n

converges to a vector z EC/ = n Ci . The starting vector, Xo, may be any point
i=1

in V. This procedure is called the method of alternating projections and is dep-

icted graphically in figure 5.2. It is interesting to note that Cr is also a closed con-

vex set.

This theory has been used to good advantage in restoration problems where a

priori information can be employed to constrain the size of the feasible solution set

[85] [13]. In image coding, the convex set information can be transmitted and used

by the receiver. This is much the same as transform coding in which the convex

sets are hyperplanes. In this case the solution found by alternating projections

onto convex sets, POCS, is also the least squares solution in the following sense.

n

x· minimizes II Xo - v II lor all yEn c,
i= 1

(5.11)

That is, x· is the projection of Xo onto the intersection of the given sets. There-
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Figure 5.2: Method of successive projections.
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fore, if Xo is the zero vector, the alternating projections solution is identical to that

obtained by the usual transform methods. Better results may be obtained by using

the previous image as the starting estimate, at least for a short time within a

sequence [71].

6.2.4. Projected Image Quality

Before proceeding to the idea of a coder using convex set projections in gen

eral, something needs to be said about the expected quality of the solution found

via alternating projections. As stated, the solution is only guaranteed to be in the

intersection of the given sets. Further, the fixed point reached can be affected by

the starting estimate and the order of projection. Generally, the following infor

mation would be helpful when attempting to determine the value of including vari-

ous sets.

- intersection or set size (volume)

- intersection or set shape

- expected distance of the solution to the original

_ information theoretic content of the set

- the effect of combining sets

These parameters can be difficult if not impossible to analyze in closed form,

especially when examining the effects of various set combinations. A useful tech

nique for analyzing this type of problem is Monte Carlo simulation [141· It would

be better, however, to be able to make general analytical statements about the pro-
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jection procedure, and this area needs more research. In this dissertation, only the

effects of the sets used are demonstrated.

5.3. Convex set eoders

A general convex set coder, shown in figure 5.3, was first presented by Rajala

and Santago [71]. An initial problem for this type of coder is to determine what

constitutes the description of a convex set. As stated in [45], a convex set can be

completely defined within closure by its support functional. Since the main con

cern here is with closed sets, this functional completely defines the set. Although

this form of a convex set has a geometric interpretation, a more useful definition is

given next.

An alternative representation for convex sets is via the Minkowski functional

associated with the set [45]. This functional defines a type of distance measure

from an interior point of the set. As presented in [45], this point is the origin but

can be modified by simple coordinate translation. The Minkowski functional can

also be viewed as the amount of expansion of the convex set necessary to include a

given vector in the set (see figure 5.4). In the case of linear hyperplanes, the func

tional gives the amount of translation needed to contain the vector in the desired

hyperplane.

As an example, if the set is the unit ball, then the Minkowski functional is the

Euclidean norm or two-norm. In any case, it is unlikely that these functionals

would be transmitted. This would be analogous to transmitting the basis vectors

as well as the coefficients in a transform coder. A more likely approach would be
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for the receiver and the transmitter to agree on the convex set shapes and to indi

cate the size necessary to include the desired image via the Minkowski functional.

Again, if the set is an n-ball, the value transmitted is the energy or two-norm rela

tive to the center of the ball.

Finding convex sets in general is not a difficult problem. Selecting the best

sets in the sense of compression capability is not so easy, however. In the case of

transform coders, the optimal representation via orthogonal bases is well defined as

are the projectors. In the case of projectors for general convex sets, the forms may

be quite different from set to set. It was initially thought that using n-balls with

different centers, i.e., translated energy sets, might prove enlightening. In fact,

finding the optimum n-balls is equivalent to determining the optimum linear basis

functions. This is shown in the appendix.

Using the approach of translated energy sets, one can only find an image

inside the intersection of the balls when in fact the original image will be on the

intersection of their surfaces. Obviously, this surface intersection is much smaller

than the intersection of the sphere interiors and their surfaces. However, even if

the poes technique were not used and a solution were found in the surface inter

section, the optimum in this case is still identical to that of linear basis functions.

Further, these results, presented in the appendix, are true for linear distortions of

a-balls.

For general convex sets, the question of the optimal sets to choose has not

been answered. If the sets are all linear varieties (hyperplanes), then the optimum
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is just that as determined for ordinary transform coders. This, of course, assumes

optimality to be defined in the sense of minimum expected square error.

If the sets are not defined by linear hyperplanes, then the set constraints are

In the form of inequalities rather than equalities. An inequality constraint typi

cally defines a much larger region than does a hyperplane. This can, however, be

misleading in some instances. E.g., the energy set in R 2 defines the interior and

surface of a circle with center at the origin. If only the energy value were sent,

then the signal is known to be inside the circle and both coordinate components

are bounded. If, instead, one component of the signal were sent, Le., a linear

variety as the convex set as in transform coding, then the second component could

take on any value. In most real applications, however, the untransmitted com

ponents in the second example would be bounded by certain practical limits of the

problem.

Another view for comparing general convex sets with linear ones is to assume

that a convex set boundary can be approximated by a finite number of hyper

planes. This can be envisioned in two dimensions by approximating a circle with a

finite number of straight lines. The projection of a vector onto such a set is

approximately given by the projection onto one of these hyperplanes. Using this

approach is related to the problem of coding with a mixed basis. That is, given a

number of possible bases for the signal space, choose the one for the current signal

which gives the lowest error. This can be extended to choosing a mixed set of basis

vectors from the various bases for the current signal. The possible bases are
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defined by the h.yperplanes which enclose the sets. In this research, a mixed basis

set is used, but the bases are chosen a priori, i.e., pixel and frequency sets. The

general problem remains open.

In any event, being able to choose and analyze convex sets for image coding

presents a much different problem than using whatever sets are available as is the

case for reconstruction problems. Additional research is needed in this area before

further generalizations can be made.

6.4. Mixed Coder

6.4.1. Deseription of the implemented eoder

The new mixed coder design is based on various attributes of interframe

difference pictures. First is the fact that large zero regions or areas of unchanged

pixels may allow the transmission of many pixel values with very little bandwidth

requirement. This can be seen by recalling the rate distortion function derived for

the mask in Chapter 4. Secondly, there may be regions of uniform intensity which

can also be transmitted with little bandwidth requirement. In this research, how

ever, the major concerns are with transmitting the mask and the changed regions

as indicated by the mask.

As will be shown, it is possible to combine this pixel domain description of the

difference picture with transform coding in order to improve received image qual

ity. Transform coding is a robust and easily implemented coding technique. How

ever, as the coefficient frequencies become higher, the information content is, on
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average, reduced. Also, the eye is less sensitive to very rapid spatial changes.

Therefore, by combining these domains, coded images may be better subjectively.

(In fact, the human visual system is most sensitive to mid range frequencies.

Therefore, another primary reason for retaining the lower frequency coefficients is

to have a reasonable comparison among different coding techniques.) Given these

facts, it may then be possible to utilize the bits normally assigned to these higher

frequencies for transmitting pixel domain information directly in order to achieve

reduced image error or improved subjective quality. This may be particularly

applicable in the higher bandwidth systems where additional frequency coefficients

do not add significantly to image quality.

The previous discussion suggests that information about the image can be·

transmitted in two different domains. The problem then is to utilize this data to

reconstruct an image at the receiver. If the information defines convex sets, then

alternating projections, poes, can be employed to a recover an image which is

consistent with the received data. This is the case for the mixed pixel and fre

quency domain values as defined above which in fact define linear varieties.

A coder which implements this technique is given in figure 5.5 The image is

segmented into fixed size blocks and each block is coded separately. This allows

more flexible operation as well as the possibility of utilizing parallel processing ele

ments in a dedicated system. The pixels whose values are known by both the

transmitter and receiver are referred to as the region-or-support, ROS. These

values can be transmitted via a bit pattern which indicates whether the value of an
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image pixel has changed from the previous frame in the sequence. This is in effect

transmitting the mask. Reductions in this one bit per pixel rate can be gained by

run length coding, subsampling the mask, or other binary compression techniques

and this topic is covered in more detail later in the chapter.

The transform coefficients which are to be transmitted are selected and quan-

tized in any manner desired by the coder. The method employed is discussed in a

-
later section. Once the mask and the coefficients are received, poes may be used

to reconstruct the frame.

The previous form of the mixed coder can produce improved quality and

reduced error, but an extended version, which is block adaptive, may achieve

better results with very little increase in bandwidth. In some blocks it may be

advantageous to use the entire bandwidth for frequency coefficients whereas in

other blocks better results may be achieved by utilizing the available bandwidth to

transmit frequency and pixel information. These options are known as options 1

and 2 respectively. The transmitter can make this decision and indicate the mode

to the receiver for each block. By implementing this coder, comparisons can be

derived for the transform coder, the mixed coder, and the block adaptive coder.

This coder is the one implemented for the research and it is shown in figure 5.6.

Extensions can be made to the adaptability by adding additional convex sets, and

a few of the possibilities are discussed next.
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Figure 5.6: Implemented mixed coder using poes.
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5.4.2. Extended mixed eoder

In addition to the two options just presented, a third option has been used to

achieve even better results in some cases. An implementation of such a coders has

been tested [14], and its description is included here only for completeness. In

order to analyze this coder entirely, a somewhat different model and rate distortion

function would have to be derived. This third mode, option 3, further reduces the

bandwidth used for the frequency coefficients and utilizes these bits to transmit the

sign of the changed pixel values as indicated by the bits. Note that this is, in real

ity ,a very rough quantization of these changed pixels. This option can be made

more effective by making all of the difference pixel values positive before transform

coding. This is possible since the receiver knows the proper sign for all of the

changed pixel values via the mask and sign bit transmission. The improvement

using this positivity feature has been shown empirically and can possibly be

explained by the fact that more information is put into the mean value or zero

transform coefficient.

A fourth option, option 0, is to send no bits for a particular block. This is the

case when a block is unchanged or has minimum error when left as is.

To summarize, two bits are needed to indicate one of the. four options which

correspond to the use of various combinations of convex sets. These convex sets

are CE , Ct , and Cp as defined earlier in the chapter. Option 1 uses set C, and

sends no mask information. Option 2 uses sets C, and CE , i.e., sends frequency

and mask information. Option 3 uses sets Ct , CE' and Cp' i.e., sends frequency,
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mask, and sign bit information. In addition, the absolute value of the signal is

transmitted. Option 0 is used when there is no change or the error is minimum

without sending any of the convex set information. A diagram of the coder is

given in figure 5.7.

5.4.3. Frequency coefficient quantisation and selection

The coefficient selection and quantization aspects of the coder were discussed

in Chapter 2. It was determined that these factors are not of critical importance if

reasonable techniques are used. For the implemented coder, a bit assignment for

each coefficient based on the variance of the coefficient is used. The variances of

the coefficients were determined by collecting data over a ten frame sequence of

BOBSJOB. These statistics are given in the appendix along with the bit assign-

ments for various transmission rates. In a real coder, these statistics may be based

on a reference frame and perhaps updated periodically. Since both the transform

coder and the new coder use the same assignments, the comparison should be fair

as is. The bit assignments were done using the following formula [64]:

NT 2 N N
NB ( U, v) = N

2
+ 21og10 [ V( U, v)] - N 2 1I~1b~lloglO[ V( a ,b)]

where the image is N by N, NT is the desired total number of bits, and NB(u,v) is

the number of bits assigned to the (u, v) coefficient (real and imaginary parts are

assigned separately. The coefficient variances are contained in V( u ,v). The deci-

sian levels assume a uniform quantizer.
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When coding the coefficients. various adaptive schemes can be used to reduce

the bit requirement for the coder. Since the purpose here is to compare the new

coder with the transform, these methods were not implemented since the reduction

would apply to both coders. However, by ignoring these techniques completely the

new coder can give results which are, in a sense, artificially much better than the

transform coder. This is true when there are very few changes in a block and it is

possible to send the actual addresses and values for the block. The problem is dis

cussed more thoroughly when the coding results are presented.

5.4.4. Mask coding

Coding the mask involves simply coding a binary image. In early experi

ments, one bit bit per pixel was sent to indicate the mask [71] [14]. Even at this

rate, reductions were shown over transform coding alone. Some rate reduction was

effected by subsampling the mask bits [71]. 1\13 was stated in Chapter 2, however,

compression rates of as high as ten to one have been achieved using two dimen

sional variations of run length coding for binary images. In this research, experi

ments using Huffman coding were performed.

These experiments coded vertical runs with a maximum length of 128 mask

pixels corresponding to the image column lengths. Reduction of about four to one

were typical giving a value of 0.25 bits per pixel to send the mask. This is well

above the rate distortion expectations presented in Chapter 4 and it is probable

that further reductions could be achieved using more sophisticated techniques.

Results showing the effects of up to an 8:1 reduction in coding the mask are given.
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004.6. Optimal solution

0.4.6.1. Dlseusalon

In this section, a new solution using a variation of POCS is developed which

makes the new coder more realizable and gives a better theoretical basis for the

technique. Consider a transform coder as previously described which transmits m

frequency coefficients out of n possible coefficients. Assume, also, that the

transmitter and receiver have knowledge of the values of a subset of the pixels via

the mask transmission or for any other reason. These known pixels are defined, as

before, to be the region of support (ROS).

Since components of the signal to be transmitted which are in the ROS will be

assigned their exact values at the receiver, they become free variables or "don't

care" elements when performing the transform at the transmitter. Therefore, the

transmitter can assign values to these components so that when the transform is

performed, and only a subset of the coefficients are chosen for transmission, the

signal recovered by the receiver has the error minimized only for the non-ROS

components. It should be noted that this algorithm is appropriate for use with

transform coders which operate on fixed size blocks. If a variable number of non

contiguous pixels are allowed to be transformed coded, then the ROS pixels can be

left out since they simply constitute unneeded constraints in a system of linear

equations. This may not necessarily be the case, however, if the sets are not also

subspaces as they are here.
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Allowing the ROS values to be "don't cares" can be defined by the following

constrained minimization problem:

minimize IIA (Hx - x )11 w.r.t. x
subject to Ax = b

H is a mapping from R n to R n, where the mapping includes a transform, filter,

and an inverse transform. Hz is the received signal. For example, H = F· LF ,

where F and F· are the transform and its inverse, and L is a low pass filter. A is a

mapping from R n to R Ie, k = n - m with nand m as before, which forms a vector

whose components are those not in the ROS. That is, A is a selection operator

which alters the cost function to only measure the error in the non-ROS com-

ponents. The b is a constant vector containing the correct non-ROS values. The

constraint equation forces the the non-ROS components of the solution to be

correct while the ROS elements are allowed to vary. This constrained problem can

certainly be solved, but a simpler problem which leads to a better solution is given

next.

On closer examination, there is no need to force the solution to retain exact

values in the non-ROS components, only that the received signal has minimum

error in this region. This may be stated as the following unconstrained minimiza-

tion problem:

minimIze IIAHx - b II w.r.t. z (5.14)

where A,H, and b are as previously defined. This involves solving for a general-

ized inverse. However, an iterative solution can be obtained by applying the

method of successive projections for two non-intersecting convex sets, NPOCS.
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The theorem was first presented and proven by Cheney and Goldstein [12]. A for

mal statement of a similar theorem, which may be more applicable to the problem

at hand, and its proof are also given in the Appendix. A less formal, and hopefully

more informative, description follows.

6.4.6.2. Projection onto non-intersecting convex sets

Assume a transform coder is available which transmits m out of n coefficients.

Without loss of generality, it can be assumed that these are the m low pass

coefficients and that the receiver will assign zeros to the untransmitted coefficients.

Define a set, CF' to be all x ERn such that the m low pass transform coefficien ts

are bounded in magnitude, and the m-n remaining coefficients have assumed

values, typically zero. CF is a closed, bounded, convex set. The magnitude

bounds for the m transmitted coefficients can be any real numbers reasonable for

the application. The m-n untransmitted coefficients need not be zero, but the

values which they are assumed to have must be known by the transmitter and the

receiver.

Define another set, Cp , to be all x ERn such that x has correct values in the

non-ROS components, and the remaining components are bounded. Cp is also

closed, bounded and convex, and the bounds for the ROS components can be any

real numbers reasonable for the application.

Any received signal which is a member Cp has zero error since the ROS will

be assigned exact values. Further, any signal in CF can be transmitted. The prob-
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lem, then, is to find a signal in CF • x·, which is closest to Cpo This idea can be

more readily visualized by referring to figure 5.8.

By the theorem mentioned for successive projections onto non-intersecting

convex sets, the signal x· in figure 5.8 can be found by using the following method

of successive projections for non-intersecting convex sets. Let PF and Pp be the

projectors onto CF and Cp , respectively. Then the iterative procedure,

Xk+l = PFPp(Xk) (5.15)

will converge to a vector in CF closest to Cp (x· in the case of figure 5.8) with any

z ERn. This fixed point actually minimizes the function

f(x) = IIx-pp(x)ll./orallxECF (5.16)

It should be noted that x· may not be unique and CF nCp need not be empty.

The transmitter sends x· and the receiver projects this signal onto Cp by assigning

the ROS values.

This procedure is optimum in the sense given. That is, the signal recon-

structed using only the m transmitted coefficients as determined by equation (5.15)

will have minimum error between it and the original signal in the non-ROS com-

ponents. In all of the simulations using this optimal method as well as normal

poes, both solutions give the same error. Further, the convergence rates of the

two methods are practically identical as is demonstrated by the coding results.

This is also shown in [72] along with some examples of the use of the 000-

intersecting method.



Figure 5.8: Method of successive projections for two

non-intersecting convex sets.
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The method of alternating projections onto non-intersecting convex sets also

converges for more than two convex sets as proven in the Appendix. The

significance of the fixed point in this case is unknown. For the two set case, the

procedure does provide an optimal solution in the sense given and only necessitates

iteration at the transmitter. Further, by using NPOCS, more decisions, such as

number of iterations and allowable error in certain pixels, can be made by the

transmitter before any transmission is done [72].

6.5. Conclusions

The method of alternating projections onto convex sets provides a new way in

which to view the coding problem. Although many options are available with such

a general technique, the use of pixel and frequency domain information provides an

easily implemented first case. Also, with these two sets, the new method of alter

nating projections onto non-intersecting convex sets can be utilized with the

inherent advantages discussed.
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CHAPTER 6

CODING RESULTS

8.1. Introduetion

This chapter contains the results of various coding simulations. Presented

first are coding results for single frame difference pictures. Included with these are

coding simulations for comparable synthetic images and the results are compared

with the rate distortion function derived in Chapter 4. Following this section,

results are given which show the effects of error propagation over a short sequence

of a time-varying image sequence.

Some general statements should be made first which apply to all of the simu

lations. First, the only comparisons are among the transform coder alone, the

NPOCS coder, and the rate distortion bound derived in Chapter 4. The mixed

technique which chooses the best error from between the transform and NPOCS

coders did not prove to be useful. In almost all cases the NPOCS coder was supe

rior and when it was not, the improvement for the transform coder was not

significant.

For the NPOCS algorithm, five iterations were used in all cases since addi

tional iterations did not provide significant error reduction. Often, fewer iterations

could have been used. This adaptation is easily implemented by the NPOCS algo

rithm since the receiver can make the decision to stop at any point. The NPOCS

algorithm was chosen over ordinary POCS since both provide the same error and
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convergence rates.

8.2. Ac:tual image single frame eoding

The first image to coded is a difference picture from BOBSJOB with 18.1%

motion. Table 6.1 shows the comparison in mse between transform and mixed cod

ing for transmission rates. (These values are not plotted since, as is discussed, the

results are somewhat artificial. In fact, some of the errors exceed the variance of

the difference picture itself.) Note that for 1.0 bpp, the NPOCS method uses no

frequency information. Although these rates seem high when compared to other

coders, recall that no compression is assumed for the coefficient information. That

is, there is no attempt to optimally encode the bits which are sent for the

coefficients or to use a block adaptive approach. This is not realistic since many of

the coefficients may not change significantly between frames. Thus both the

transform and NPOCS coders may take advantage of any coefficient compression.

The NPOCS method has significant improvement in mse in all cases. One rea

son for the improvement is that there are many blocks to be coded which have

very few errors (recall the clustering histograms in Chapter 3).The transform coder

performs poorly for these blocks while the mixed coder effectively produces zero

error. The problem here is that all changes in many of these blocks could be

transmitted via conditional replenishment. Also, for very small numbers of

changes, it may be better to send no frequency coefficients at all. Part of this prob

lem can be traced to the fact that coefficient bit assignments were based on statis

tics of all of the blocks in the image. A block by block adaptive assignment would



Table 6.1: Coding results for BOBSJOB with 18.1% motion and
low change blocks coded.

Coer. Transform NPOCS

bits mse err>O err>3 entropy SNR mse err>O err>3 entropy SNR

0 24.02 63113 11029 3.08 35.36
16 82.13 77725 56496 5.05 29.02 23.32 63096 10895 3.07 34.49
32 81.08 77742 56930 5.05 29.08 23.10 63132 10931 3.07 34.53
48 78.70 77731 56857 5.04 20.20 22.48 63118 10944 3.06 34.65
64 76.75 77628 56070 5.01 29.31 22.05 63085 10845 3.05 34.73
96 72.07 77638 55351 4.97 29.59 21.30 63096 10730 3.04 34.88

128 67.94 77346 54596 4.93 29.84 20.50 63081 10651 3.03 35.05
192 59.15 76967 52228 4.80 30.45 18.87 63009 10389 3.00 35.41
256 55.69 76867 52065 4.75 30.71 18.32 62974 10189 2.98 35.54
320 54.24 76852 50793 4.72 30.82 17.99 62976 10092 2.98 35.61
384 53.73 76840 50385 4.75 30.86 17.89 62998 10038 2.97 35.64
448 53.12 76579 50055 4.69 30.91

512 53.03 76578 49705 4.69 30.91

~

~

00
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certainly go far to remedy this situation and would also provide bit reduction for

both coders. This scheme, however, is more complex but would no doubt allow the

transform coder to have small error as well in these low change blocks.

The NPOCS coder does have an advantage for coding low change blocks in

that it handles these blocks automatically without changing the coding scheme.

However, for this type of block, the NPOCS could be replace by a conditional

replenishment coder, as stated

Another method to eliminate many of the low change block problem is to

median filter the difference before coding since many of the changes in these blocks

are due to high noise pixels rather than motion.

In order to produce a more reasonable comparison between the transform and

NPOCS coders, simulations were performed which allow low change blocks to be

transmitted exactly. Before giving the results, however, a "low" number of changes

must be defined.

It was assumed that these blocks could be sent via conditional replenishment

and that the locations (addresses) of the non-zero errors could be sent with the

same number of bits as the mask. Thus, the conditional replenishment technique

takes advantage of the same amount of compression as the NPOCS coder. Also

assumed was that the error values could be sent with six bits on average. This may

be slightly high, but, even at four bits, the results are not changed much. Finally,

assume that the coefficient bits could be compressed with a four-to-one ratio. This

could be done by adaptive block coding which both the transform and NPOCS
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coders could utilize.

Now a breakeven point must be found where the number of bits for condi-

tional replenishment will exceed the number of coefficient bits. This breakeven is

given by:

b k coefficient bits - address bits
rea even =

bits per error value

For the coding cases used here, the highest breakeven is for 512 coefficient bits.

Assuming a' four-to-one mask compression and 6 bits per error value, the

breakeven for 512 coefficient bits is 20 non-zero errors. This value was used for all

coding cases which certainly is more than fair to the transform coder.

The results for the 18.1% motion BOBSJOB image using mask compression

rates of 1:1, 2:1, 4:1 and 8:1, and a breakeven of 20 are given in table 6.2 and figure

6.1. Images for corresponding to these results are shown in figure 6.2. A ratio of

4:1 should be easily attainable as discussed in Chapter 3. Note that for compres-

sian rates of 1:1 and 2:1, the transform coder is given even more of an advantage at

this breakeven yet the NPOCS still performs better.

For high change blocks, the NPOCS performs better as well, but not in such a

dramatic fashion. Figure 6.3 shows the percent improvement in mse for the

NPOCS coder for various numbers of changes per block. The improvement is not

shown for fewer than 20 changes per block since, as discussed, it is artificially high.

Even for moderately high changes, the NPOCS has a consistently lower error. This

percent improvement values is typical for all coding runs.



Table 6.2: Coding results for J3()IJS.}()ll with 18.1% motion and low
change blocks « =20 changes] transmitted exactly.

Coer. Transform NPOCS

bits mse err>O err>3 entropy SNR mse err>O err>3 entropy SNR
0 21.29 21392 9491 1.90 34.88

16 31.79 23283 1671 :1 2.28 :J:J.14 20.61 21370 9397 J.H9 :Jtj.02

32 31.49 23279 16746 2.28 33.18 20.42 21382 9406 1.89 35.06

48 30.59 23269 16698 2.27 33.31 19.84 21362 9379 1.89 35.19

64 29.85 23221 16586 2.27 33.42 19.45 21330 9289 1.88 3.5.28

96 28.66 23243 16375 2.25 33.59 18.78 21355 9208 1.88 35.60

128 27.41 23197 16201 2.24 33.79 18.07 21347 9122 1.87 35.60

192 24.74 23131 15536 2.20 34.23 16.61 21296 8812 1.84 35.96

256 23.81 23045 15311 2.17 34.40 16.13 21260 8646 1.83 35.09

320 23.29 23058 15137 2.17 34.49 15.81 21256 8581 1.82 35.18

384 23.11 23078 15066 2.16 34.53 15.72 21276 8548 1.82 36.20

448 22.97 23016 14964 2.16 34.55

512 22.92 23044 14930 2.16 34.56

....
~
~
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Figure 6.1: Coder comparisons for BOBSJOB with 18.1% motion.

Mask compressions of 1:1, 2:1, 4:1,8:1.



Figure 6.2a: Actual BOBSJOB difference frame.

Figure 6.2b: Transform coded difference frame, 1.0 bpp.
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Figure 6.2c: NPOCS coded difference frame, 1.0 bpp, 1:1 mask compression.

Figure 6.2d: NPOCS coded difference frame, 1..0 bpp, 2:1 mask compression.
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Figure 6.2e: NPOCS coded difference frame, 1.0 bpp, 4:1 mask compression.
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Figure 6.3a: Improvement for NPOCS over transform for BOBSJOB with 18.1%

motion. Mask compression of 1:1 and 1.5 bpp.
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Figure 6.3b: Improvement for NPOCS over transform for BOBSJOB with 18.1%

motion. Mask compression of 2:1 and 1.0 bpp.
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The number of errors is not plotted since the number remains consistent

throughout the various transmission rates (see tables 6.1 and 6.2). Without using

the breakeven for exact transmission, the number of errors greater than zero was

around 76000 for the transform coder and 63000 for the NPOCS coder. Again,

many of the high error counts can be traced to low change blocks. However, for

high change blocks, the NPOCS method still has a reduction in the number of

errors greater than 3 of about two to one. For the number of errors greater than 3,

the value was about 50000 for the transform coder and 10000 for the NPOCS

coder. This statistic is important, since it is somewhat indicative of the number of

pixels which must be corrected if this is desirable, perhaps for periodic update. It

also has an effect on error propagation in sequences as will be shown in the next

section. For the simulations using the breakeven of 20 changes per block, the

number of errors is also given in table 6.2. There is only a significant improvement

for the NPOCS coder for errors greater than 3.

The idea of reduced bit rate for error correction can also be seen in the zero

order entropy of the error image for both coders. For the NPOCS coder using the

breakeven, the entropy was consistently at least 1.5 bits below the transform. The

entropy is not plotted since there was very little change for various rates. This may

seem somewhat contradictory, but the measure of zero order entropy is sensitive to

binning of the error values. That is, an error may not have to be sent exactly, only

enough to produce a pixel value within certain bounds of the actual.
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6,,3. Synthetic single frame coding

This section compares coding results for a synthetic image corresponding to

18.1% motion with the rate distortion bound for the composite model. Tables 6.3

and 6.4 contain the same type of information as tables 6.1 and 6.2 for the

BOBSJOB coding results. The statistics contained in the tables are near those for

the BOBSJOB frame giving further evidence than the model is at least reasonable.

The low change block problem is still evident as is the mse improvement for the

NPOCS coder (see also figure 6.5).

Figure 6.4 gives the coding comparison for both methods with the rdf from

Chapter 4. Figure 6.3a uses only a 4:1 mask compression. Figure 6.3b uses this

same compression as well as a 4:1 coefficient compression. Figure 6.6 shows the

synthetic difference pictures which correspond to the results just discussed. At

very low bit rates, the actual coding approaches the rdf. This is somewhat artificial

in that the error would quickly be maximized for actual coding at these rates. Also,

at these levels, the rdf calculation is not very robust due to numeric error in the

integration with the high correlation values.

From this comparison, a few observations can be made. First, the shape of the

actual coding rdf suggests that at the higher bit rates, the additional bandwidth is

not used very effectively. This could improved by implementing a hybrid, per

block transform coder which would shift the curves for both coders toward the rdf

leaving the comparison results intact.



Table 6.3: Coding results for synthetic image with 18.1% motion and

low change blocks coded.

Coer. Transform NPOCS
bits mse err>O err>3 entropy SNR mse err>O err>3 entropy SNR

0 18.45 14412 9572 1.52 3.5.S0
16 77.73 79048 52961 4.97 29.26 17.69 14401 9459 1.52 :J5.69
32 76.94 77044 53355 4.96 29.30 17.50 14414 9441 1.51 35.73
48 74.52 77678 53544 4.96 29.44 16.86 14386 9370 1.51 35.90
64 72.11 76971 53744 4.93 29.58 16.39 14377 9353 1.50 36.02
96 67.85 76627 52783 4.86 29.85 15.71 14409 9280 1.50 36.20

128 63.61 77182 52475 4.85 30.13 15.00 14361 9191 1.49 36.40
192 55.05 77710 49147 4.73 30.76 13.57 14341 8992 1.47 36.84
256 51.63 76295 48392 4.67 31.03 13.12 14335 8853 1.47 36.98
320 50.18 78284 46721 4.65 31.16 12.76 14361 8838 1.46 37.11

384 49.72 77621 47349 4.63 31.20 12.66 I{1337 8825 1.46 37.14

448 48.73 77200 46454 4.61 31.29

512 48.98 76250 46076 4.62 31.26

...
~
co



Table 6.-1: Coding results for synthetic image with 18.1% motion and low
change blocks (<=20 changes) transmitted exactly.

Coer. Transform NPOCS

bits mse err>O err>3 entropy SNR mse err>O err>3 entropy SNR

0 17.18 13502 8974 1.44 35.81
16 28.14 22746 16595 2.23 33.67 16.48 13499 8873 1.44 :35.99
32 27.92 22774 16601 2.23 33.70 16.33 13515 8868 1.44 36.03
48 27.01 22738 16506 2.22 33.85 15.77 13500 8798 1.43 36.19
64 26.24 22742 16435 2.21 33.98 15.34 13848 8782 1.43 36.31
96 25.16 22737 16274 2.20 34.16 14.74 13500 8712 1.42 36.48

128 23.92 22665 16111 2.19 34.38 14.01 13470 8627 1.41 36.68
192 21.49 22641 15711 2.15 34.84 12.80 13438 8452 1.39 37.09
256 20.71 22542 15471 2.14 35.00 12.39 13441 8320 1.39 37.24
320 20.14 22569 15373 2.13 35.12 12.06 13455 8321 1.39 37.35
384 19.98 22563 15370 2.13 35.16 11.97 13437 8314 1.38 37.39
448 19.82 22516 15296 2.12 35.19
512 19.79 22560 15254 2.13 35.20

...
•o
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Figure 6.6a: Original synthetic image.

Figure 6 .6b: Transform coded synthetic image at 1.0 bpp .
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Figure 6.6c: NPOCS coded synthetic image at 1.0 bpp and 4:1 mask compression.
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Secondly, the rdf may be a bit optimistic, a possibility which can probably be

traced to a moving region correlation which is too high. Also, the mask rdf is prob

ably not exactly realistic. This is may be evident from the synthetic versus the

actual masks. The synthetic, although in good statistical agreement with the

actual (see Chapter 3), has fewer and larger moving clusters. More research is

needed in designing and analyzing composite models of this sort in order to make

completely-general statements.

8.4. Aetual sequenee coding results

Two sequences were coded using both the transform and the NPOCS coders.

Each coder assumed a correct reference frame for a starting estimate. The first

sequence contains 20 frames of BOBS'JOB with the motion percentages varying

from 17% to 21%. Compression assumed for the mask is 4:1 and the bit rate for

each coder is 1.0 bpp. The error comparison is given in figure 6.7. The NPOCS

coder has about one half of the mse as the transform coder alone, and also con

verges more rapidly though not significantly. Figure 6.8 contains the final image

from the sequence comparing the original to the coded versions.

The second sequence contains the first 17 frames of MAP sequence. The total

bit rate is the same as for the first, 1.0 bpp, but the mask compression is only 2:1.

The frames contain motion varying from 13% to 30%. Error comparisons are given

in figure 6.9 and the final image from the sequence are shown in figure 6.10.

The large jumps at frames six and eight are due to about ten rows of the

frames which have incorrect data. The reason for these errors is unknown, but the
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Figure 6.7: BOBS JOB sequence coding error.



.
Figure 6.8a: BOBSJOB sequence original frame 20.

Figure 6.8b: BOBSJOB sequence frame 20 transform coded at 1.0 bpp.
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Figure 6.8c: BOBSJOB sequence frame 20. NPOCS coded at 1.0 bpp

and 4:1 mask compression.
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Figure 6.9: M.A.P sequence coding error.



Figure 6.IDa: M.AF sequence original frame 17.

Figure 6.1Gb: MAP sequence frame 17 transform coded at 1.0 bpp.
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Figure 6.10c: MAP sequence frame 17. NPOCS coded at 1.0 bpp

and 2:1 mask compression.
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sequence was used in any event since this situation may well represent a realistic

possibility. Both coders recovered well from the problem. The improvement for the

NPOCS coder is not as great as for the BOBSJOB sequence which is to be expected

since, with the assumed compression, the mask required more bandwidth for MAP.

In general, the NPOCS coded frames have better detail in the moving regions.

In particular, moving edges are not as noisy. This is accounted for by the fact that

the unchanged pixels are known exactly, thereby allowing the transform

coefficients to be uses only for to transmit changed information.

S.5. Diseussion and eoncluelons

The NPOCS coder performs better than the transform alone in both mse and

visual quality. The amount of the expected improvement needs to be addressed if

this technique is to be studied further. This could perhaps be done analytically via

the model or empirically by examining the percent improvement statistics in this

chapter and the clustering histograms in Chapter 3.

Taking the empirical approach, the percent improvement graphs are exam

ined first (figures 6.3 and 6.5). The improvement is 100% or greater for the

number of changes roughly less than 40 and falls to 0% at 128 changes. These

statistics could be modeled linearly by allowing 100% improvement at the

breakeven point of 20 changes and 0% at 128 changes. For fewer than 20 changes,

the percent improvement is 0%. This gives the following form for the percent

improvement.
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Pj(X) = -(lOO/108)x+1l8.5 (6.2)

where x is the number of changes in the block. Using a somewhat rougher estimate,

a simpler form is given by:

Pj(X) = 120- x

and this form will be used. The total error improvement is now given by:

128
t, = LP(i)PJ(i)

i=O

128
= L p( i)(120- i)

i =21

(6.3)

(6.4)

where p (i) is the probability of i changed pixels in a block. Note that over the

specified region for i , that p (i) is relatively constant, thus the mean value for p (i)

is used in the equation. For the 18.1% motion BOBSJOB frame this value is

0.0058. The expected total improvement can then be written as:

128
E{Ie } = (107)(120)(0.0058) - 0.0058 L i

i=21
(6.5)

which gives a value of 27.9%. Referring to table 6.2, at 1.0 bpp and a 2:1 mask

compression, the percent improvement is about 29%. At a mask compression of 4:1

and a rate of 1.0 bpp, the improvement is about 21%. The empirical estimate

appears to be within the proper range, and a conservative estimate would be

expected mse improvement of 25%. Similar results can be seen for the synthetic

image coding by examining table 6.4.

For the sequence coding, the mse improvement is greater after convergence.

For the BOBSJOB sequence, a 50% improvement is achieved, while for MAP,

around 30% is shown. These differences are due to many factors which include the
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type of moving objects, the percent of motion, and different mask compressions.

In order to determine a closed form for the expected improvement, a much

more complex analysis is needed for the model and the information content of the

transform and pixel domains. This is suggested as further research in Chapter 7.
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CHAPTER 7

CONCLUSIONS AND FURTHER RESEARCH

'1.1. Summary of researeh

The major contributions of this research fall into two categories, image

modeling and image coding. A new image model was derived based on the attri

butes of time-varying image difference pictures and a composite source. This

model was shown to be in good agreement with actual difference pictures statisti

cally, visually, and in coding results. A rate distortion function bound for the

model was found and shown to very tight. This rate distortion bound indicated

that most of the information in the difference picture tends to be in the changed

pixel values and not in their locations.

A new mixed coder was developed based on the use of convex sets and the

method of alternating projections. Some general developments concerning convex

set coders were presented and an actual coder was implemented using these

methods. An optimal solution for the projection algorithm was derived for two

convex sets using the method of alternating projections onto non-intersecting con

vex sets. The coder showed improved visual quality and reduced mean square

error when compared to a transform coder at the same rate.
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7.2. Conclusions

One major conclusion that may be derived form this dissertation is that more

research is needed in order to completely understand and utilize the mixed or

NPOCS coder and the composite model. In regard to the model, the composite

approach provides a method for introducing global nonstationarity while still

being tractable by examining its component models. The model derived gives good

results when comparing it statistically and by comparing coding simulations with

an actual image sequence.

The mixed coder itself can give' reduced error over strict transform coding

when implemented in the form presented in this research. The improvement for

single frame coding may not be as significant as for sequence coding where the

error can compound more quickly for the transform coder. Also, the NPOCS

coder can automatically account for such problems as low change block coding

although this may be handled in other ways as discussed in Chapter 6. To analyze

the coders in the most reliable way, a sophisticated transform coder should be

implemented for both methods so that more robust comparisons can be made.

The method of projections onto non-intersecting convex sets gives the

transmitter the ability to change convergence criteria and relieves the receivers of

the computational of burden of projection iterations. The method may also have

other advantages and applications which need to be studied.



157

7.3. Further research

The topics uncovered by this dissertation are numerous and many of these

could be considered for further study. The model needs to be analyzed more com

pletely, especially for the total rate distortion function. This would require some

simplifications, no doubt in the mask rdf. The correlation the moving region

should also be changed to nearest neighbor. This correlation problem is covered in

Chapter 3.

A simpler model could be used for difference pictures by generating blocks

with various numbers of changes as dictated by the clustering analysis in Chapter

3. Images produced using such an approach, however, contain pixels that are not

correlated with the pixels of neighboring blocks. This is not a problem when deal

ing with strict block coders, but can be undesirable if a good global model is

desired. Also, this approach does not specify the grouping within the changed

blocks.

As for the coder itself, the optimum bandwidth split for frequency and pixel

domain coding needs to be established. This could be done with an information

theoretic approach in the same way that Fourier phase and magnitude information

has been analyzed. The problem is that the composite model needs to be used for

the analysis, and its form is complex.

The expected quality of the received image should be determined. Some of

this analysis should follow from a bandwidth split study. Initial work on this topic

has been done by Rajala [66].
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If general convex set coding is to be understood and utilized, it needs to be

researched much more completely. In particular, the idea of optimum convex sets

for coding should be investigated. In addition, the NPOCS technique could be

analyzed for the case of more than two sets as well as for other applications. The

effects of a better starting estimate such as might be produced by a motion com

pensation coder could also be considered.
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CHAPTER 9

APPENDIX

9.1. Appendix A: Optimal eenters for translated energy sets

In Chapter 5, it was stated that using n-balls at various centers as convex sets

for coding is equivalent to finding the optimum basis vectors for transform coding.

This is shown in the following discussion

Assume that the image to be coded is a vector in R ". This vector, y, is to be

coded by transmitting its distance from a set of given vectors, '1'1''1'2'''·''1' m'

m <n. If this vector is '1', then the distance is given by 11'1' - y II where 11·11 is the

two-norm. This distance defines an n-ball around '1', the center of the ball, which

is a closed convex set. An n-ball with center at 'I' and radius r 2 is a set, B, such

that

B = [z ERn I 11'1' - z II < r 2} (9.1 )

If distance of y from each of the 'I' i is transmitted, then y is known to be in the

intersection of all of the indicated n-balls. The actual values to be transmitted are

(9.2)

An image in the intersection of the a-balls is found using poes. The projec-

tor onto the i'th ball is given by
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{
ki Y+ (l - ki )'I' , ,11'I'i-xrl~r2 (s.a)

Py=
I Y .otherunse

where ki=d./II'I'I-yl'. Let ci=(l-ki ) . Then Pty=ktY+C1'l'1. In typical coding

applications such as transform coding, the initial vector is the zero vector, 0. Let

y=0, then

(9.4)

or

(9.5)

if already inside of the ball around 'I'2. As can be seen, this form repeats so that

the projection of y onto the intersection is just a weighted sum of the 'l'i vectors.

Thus, to choose the 'l'i so that the expected mean square error is minimized, the

same procedure is followed as for transform coding. If y is not chosen to be the

zero vector, then the projection onto the intersection is given by a weighted sum of

y plus the 'I' i ·

An extension of this procedure is to use a linearly distorted n-balls with center

at 'l'i. A linearly distorted n-ball with center at 'I' and radius r 2 is a set, B J such

that

B = [z ERn I IIA ('I' - x ) II < r 2} (9.6)

where A is a matrix (as will be seen, (1+A t A) must be invertible, I being the

identity matrix). The projection onto this type of set is given by

p = {(I+AAtA)-l(X+AAtA'I') ,IIA('I'-y)ll>r2

'J y .oiherunse
(9.7)

where A is a scalar which is a function of the distorted distance. This can be writ-



(9.8)

111

ten more simply as

p = {AUX + AV'I',IIA('1'-Y)Il2:r2

Y y .otherunse

~ in the case of the undistorted n-balls, the projection onto the intersection is the

sum of weighted vectors. The sum can be optimized for minimum expected mean

square error for all 'Vi and Ai. The solution is still the same as transform coding.
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9.2. Appendix Bl Convergence and minlmlaat.lon properties for non-intersecting

convex sets

The method of successive projections is used to locate a vector in the intersec-

tion of closed convex sets [10]. This appendix deals with using successive projec-

tions for closed bounded convex sets whose intersection may be empty. The

theorem presented shows that the fixed point reached minimizes the distance

between the set for which the fixed point is determined and one other nonintersect-

ing set. Before the basic theorem is given, a number necessary lemmas are

presented. Some of the proofs or similar ones can be found in Youla's work [85]

which provides a good reference for this paper. The main theorem and its proof is

given in [12].

Let C l' C2' ... , em be closed bounded convex subsets of R Fa, and

PI' P2' ... , Pm be the the projectors onto these sets. That is, given x ERn and

minimum is guaranteed to exist [45].

Lemma o. IT P is the projector onto the closed convex set C, then the follow-

ing statements are true.

Ilx-Pxll < Ilx-yll for all yEC and,

<x-Px,y-Px> -s O/orallyEC

where <:;> indicates an inner product. Proof: [45].

Lemma 1. Let P be a projector onto a closed convex set C, then P is nonex-

pansive. That is,
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IIPx-pyll -s Ilx-yll for all x,yER ri

Proof: By lemma 0, write the following [45]:

<x-Px,Py-Px> -s 0

<y-Py,Px-Py> -s 0

Add the above two

<x-Px,Py-Px> + <y-Py,Px-Py> -s 0

Rearrange terms

<x-Px-y+Py,Py-x> -s 0

<Py-Px,Py-:Px> + <x-y,Py-Px> <: 0

Ilpy-Pxl1 2 S <x-y,Py-Px>
Apply Schwartz's inequality

II Py - Px 11 2
<: II x - y II IIPy - Px II

Then, if Ilpy-Pxll =1= 0

II Py - Px II <: IIz - vII

If Ilpy - Pz II =0, then the inequality in the lemma clearly holds.

It is now shown that the composition of a finite number of convex set projec-

initial vector in em can always be found by applying Pm to any vector in R n •

Lemma 2. Tm is nonexpansive.

Proof (by induction): T 1 is nonexpansive by lemma 1. Assume Tm - 1 is nonexpan-

sive.

IITm(x)-Tm(y)11 = IIPmTm-l(X)-PmTm-l(y)11

<: IITm-1(x)-Tm-1(y)11

S Ilx-yll

This is derived by applying lemma 1 and the inductive hypothesis.
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Lemma 3. If em is a nonempty closed bounded convex set, then Tm' as

defined above has at least one fixed point.

Proof: [85].

-Lemma 4. The sequence {xn}, where %n+l = Tm(xn ) , converges strongly to x ·

Proof: Tm:em -em and em is a closed and bounded subset of a finite dimensional

Hilbert space. Therefore {x,,} has a strongly convergent subsequence (see any

advanced calculus text). But {xn}"'x - strongly if and only if {xn } has a subse-

quence which converges strongly [85].

The question still remains as to the significance of the fixed point reached.

Further, since there may be more than one fixed point, do all the fixed points have

the same significance?

Define the functional/ :R n --R as follows:

m-l
/(x) = ~ Ilx-pixll, Pi as be/ore

i=l

So / defines a kind of total distance from x to the m-l convex sets

Cm-I, Cm- 2, ..., CI· If f is minimized for all xE Cm' then, if x· is this minimizing

vector, f(x -) defines the minimum total distance from em to the remaining m-l

sets in the least squares sense given by the expression for f(x).

As presented in Chapter 5, this was the exact problem, for m=2, which

needed to be solved. If the intersection of the C, is not empty, then I (x -)=0, and

•an z can be found by the method of successive projections. It is reasonable to

hope, then, that if the intersection of the C, is empty, the fixed point reached by
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Tm minimizes /. This will be shown for two nonintersecting sets by the final

theorem of this appendix and is the direction taken now. In fact, the theorem is

not true for m>2 which can be shown by counterexample. In general this does not

mean that the fixed point found is insignificant, and indeed may be a minimum

under certain conditions and projection orders. The following lemmas will be

given for any m, however, for the sake of generality.

Lemma 5. The function / defined above is convex. That is

f(ax+(l-a)y) <: a/(x) + (l-a)/(y), O<a<l

Proof:

m-l
f(ax+(l-a)y) = 2, Ilax+(l-a)y-Pj(ax+(l-a)y)11

i=1

m-l
< 2, Ilax + (l-a)y - [a(Pj(x)+ (l-a)Pj(y )111

i=l

m-l
= 2, Ila(x-Pj(x))+(l-a)(y-Pj(y))11

i=1

m-l m-l
-s 2,= 1 allx-Pj(x)11 + 2, (l-a)lIy-Pj(y)11

i i=l

= af(x)(l-a)f(y)

Lemma 6. H z • minimizes f , then x· is a global minimum.

Proof: [45]

Lemma F. The function f is continuous.

Proof: P, is continuous which can be seen by the nonexpansive property of P,
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Since the norm is continuous [45], f is a continuous function of a continuous func-

tion and is therefore itself continuous.

Lemma 8. The function f achieves a minimum on em.

Proof: [45].

Theorem (for m=2). Let eland c2 be closed bounded convex subsets of a

finite dimensional Hilbert space and P 1:H-C l' P 2:H-c2 be the respective projec-

tors onto these sets. Define I: C l ..R as follows:

f(x) = IIx-P1(x)11
The vector x • minimizes the functional/if and only if z • = T 2X • = P 2P I x·. That

is, if and only if x • is a fixed point for T 2.

Proof:

I. Show x • =P 2PI »' implies I (x -) is minimum.

Let y be any member of C2' and, for ease of notation, x =x·. By lemma 0 we get

the following two expressions:

<X-P1x,P1y-P1X> s 0

<Plx-P2Plx,y-P2Plx> = <P1x-x,y-x> ~ 0

add the above two expressions

<x- P l x,P 1y - Plx>+ <P1x-x,y-x> S 0

<x-P1x,PIY>+ <x-P1x,-P1x>+ <P1x-x,y>+ <P1x-x,-x> <: 0

<x-P1x,x-P1x>+ <x-P1x,P1Y-Y> S 0

Ilx-P1x112- <x-P Ix,y-P1Y> <: 0

by Schwartz '8 inequality

Ilx-PIXI12 S Ilx-PIxll · lIy- PIyll
Ilx-P1xll S Ily-Plyll
Therefore x·=x' is a minimizer.
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II. Show x • minimizes f (x) n implies n x· =P 2P 1x·.

IIP2PIX*-PIP2PIX*11 -s Ilp2P 1X· - P IX· II, by lemma 0

-s Ilx" -Plx·ll, by lemma 0

If strict less than holds, then x' is not minimum. Therefore, equality must hold,

and, by the uniqueness of the projection, it can be concluded that z • = P 2P I X •
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9.3. Appendix C: Coefficient assignments

The bit assignments for the Fourier transmission coefficients as derived in

Chapter 5 for various transmission rates are given in the following tables. The first

table lists various statistics for 8x16 pixel blocks. The statistics were calculated

using the values for a ten frame difference sequence of BOBS JOB (difference

frames 39 through 48).

For the statistics table, no values are given for coefficients whose statistics are

implied by the symmetry of the Fourier transform. For the bit assignment tables

the bits assignments for the real and imaginary part of the coefficient are given in

parentheses. The sum of all of the bits in the table will not give the total since, by

symmetry, some are redundant and are indicated only for convenience.



Table 9.1: Coefficient statistics for 8x16 pixel blocks.
Real Imaginary

Coeff Min Max Mean Var Min Max Mean Var
0 0 -4437 4005 -21 271088 0 0 0 0
0 1 -1703 1954 6 35566 -1952 1953 4 56654
0 2 -1155 1114 0 12952 -1249 1257 1 17829
0 3 -894 720 0 5382 -679 765 0 6527
0 4 -459 494 0 2746 -480 738 0 2879
0 5 -435 406 0 1746 -290 266 0 1083
0 6 -393 383 0 1438 -188 161 0 533
0 ". -378 322 0 1238 -99 108 0 130,
0 8 -364 331 0 1148 0 0 0 0
1 0 -1294 2136 2 16144 -2287 2309 0 27603
1 1 -1783 1005 0 11814 -1144 1271 2 11942
1 2 -870 717 0 4719 -682 758 0 4470
1 3 -496 522 0 1937 -550 412 0 1985
1 4 -371 359 0 1086 -342 377 0 1131
1 5 -214 296 0 604 -256 191 0 675
1 6 -106 187 0 401 -156 184 0 484
1 7 -116 257 0 210 -136 123 0 268
1 8 -122 184 0 135 -115 100 0 181
2 0 -880 981 0 5930 -826 795 0 5402
2 1 -595 586 0 2641 -658 823 0 2630
2 2 -313 437 0 1300 -406 583 0 1568
2 3 -305 300 0 773 -344 368 0 871
2 4 -175 156 0 459 -193 253 0 570
2 5 -261 163 0 349 -164 195 0 420
2 6 -163 161 0 308 -180 119 0 328
2 7 -113 103 0 134 -98 150 0 156

2 8 -90 58 0 67 -78 149 0 70

3 0 -1038 894 0 4911 -1079 679 0 2576

3 1 -592 569 0 2111 -496 771 0 2293

3 2 -308 325 0 1206 -313 326 0 1283

3 3 -259 216 0 692 -333 208 0 705

3 4 -250 213 0 489 -201 166 0 484

3 5 -124 126 0 347 -105 141 0 361

3 6 -106 105 0 301 -122 94 0 309

3 7 -59 50 0 126 -76 85 0 125

3 8 -65 49 0 58 -58 63 0 53
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Table 9.1 (continued).

Real Imaginary

Coeff Min Max Mean Var Min Max Mean Var

4 0 -1042 704 3 4514 0 0 0
4 1 -435 418 0 1495 -470 397 0 1726
4 2 -420 500 0 1506 -530 516 0 1545
4 3 -375 392 0 1048 -353 364 0 991
4 4 -273 273 0 713 -270 265 0 629
4 5 -203 147 0 413 -162 165 0 381
4 6 -132 131 0 335 -140 132 0 284
4 7 -89 102 0 184 -41 78 0 72
4 8 -99 108 0 116 0 0 0 0
5 1 -735 829 0 2616 -631 544 0 2298
5 2 -413 352 0 1062 -275 299 0 885
5 3 -198 247 0 511 -257 350 0 535
5 4 -178 131 0 387 -213 217 0 418
5 5 -131 170 0 329 -181 171 0 319
5 6 -118 105 0 291 -96 84 0 277
5 7 -83 46 0 127 -64 53 0 121
6 1 -688 911 0 2824 -606 730 0 2834
6 2 -640 532 a 1656 -688 283 0 1340
6 3 -457 499 0 840 -435 445 0 726
6 4 -523 202 0 582 -299 271 0 484
6 5 -172 209 0 396 -142 131 0 302
6 6 -105 108 0 316 -130 107 0 285
6 7 -98 85 0 155 -156 59 0 125
7 1 -1565 1320 0 12009 -1065 1245 2 10817
7 2 -1045 727 0 5305 -791 831 0 4662
7 3 -497 739 0 1952 -723 578 0 1781
7 4 -474 371 0 1028 -474 420 0 923
7 5 -260 185 0 603 -250 199 0 568
7 6 -208 130 0 468 -153 133 0 459
7 7 -134 137 a 213 -206 109 0 260
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Table 9.2: Bit assignment at 0.125 bits per pixel.

° 1 2 3 4 5 6 7 8
0 (3,0) (2,2) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
1 (1,2) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
2 (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
3 (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
4 (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
5 (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
6 (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
7 (1,2) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0) (0.0) (0,0)

Table 9.3: Bit assignment at 0.25 bits per pixel.
0 1 2 3 4 5 6 7 8

° (4,0) (2,3) (2,2) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0)
1 (2,2) (1,1) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
2 (1,1) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
3 (1,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
4 (1,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
5 (1,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
6 (1,1) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
7 (2,2) (2,1) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)

Table 9.4: Bit assignment at 0.375 bits per pixel.
0 1 2 3 4 5 6 7 8

0 (5,0) (3,3) (2,2) (1,1) (1,1) (0,0) (0,0) (0,0) (0,0)
1 (2,3) (2,2) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
2 (1,1) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
3 (1,1) (0,1) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
4 (1,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
5 (1,1) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
6 (1,1) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
7 (2,3) (2,2) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
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Table 9.5: Bit assignment at 0.5 bits per pixel.
0 1 2 3 4 5 6 7 8

0 (5,0) (3,4) (2,3) (2,2) (1,1) (1,0) (0,0) (0,0) (0,0)
1 (3,3) (2,2) (1,1) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0)
2 (2,2) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
3 (1,1) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
4 (1,0) (0,1) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
5 (1,1) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
6 (2,2) (1,1) (1,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
7 (3,3) (2,2) (2,1) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0)

Table 9.6: Bit assignment at 0.75 bits per pixel.
0 1 2 3 4 5 6 7 8

° (5,0) (4,4) (3,3) (2,2) (1,2) (1,1) (1,0) (1,0) (1,0)
1 (3,3) (3,3) (2,2) (1,1) (1,1) (0,0) (0,0) (0,0) (0,0)
2 (2,2) (1,1) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
3 (2,1) (1,1) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
4 (2,0) (1,1) (1,1) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0)
5 (2,1) (1,1) (1,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
6 (2,2) (1,2) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
7 (3,3) (3,3) (2,2) (1,1) (1,1) (0,0) (0,0) (0,0) (0,0)

Table 9.7: Bit assignment at 1 bits per pixel.
0 1 2 3 4 5 6 7 8

° (6,0) (4,5) (3,3) (2,3) (2,2) (1,1) (1,0) (1,0) (1,0)
1 (3,4) (3,3) (2,2) (2,2) (1,1) (1,1) (0,0) (0,0) (0,0)
2 (3,2) (2,2) (1,1) (1,1) (0,1) (0,0) (0,0) (0,0) (0,0)
3 (2,2) (2,2) (1,1) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0)_
4 (2,0) (1,1) (1,1) (1,1) (1,1) (0,0) (0,0) (0,0) (0,0)
5 (2,2) (2,2) (1,1) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
6 (3,2) (2,2) (1,1) (1,1) (1,0) (0,0) (0,0) (0,0) (0,0)
7 (3,4) (3,3) (2,2) (2,1) (1,1) (1,1) (0,0) (0,0) (0,0)
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Table 9.8: Bit assignment at 1.5 bits oer pixel.
0 1 2 3 4 5 6 7 8

0 (6,0) (5,5) (4,4) (3,3) (2,2) (2,2) (2,1) (2,0) (2,0)
1 (4,4) (4,4) (3,3) (2,2) (2,2) (1,1) (1,1) (0,0) (0,0)
2 (3,3) (2,2) (2,2) (1,1) (1,1) (1,1) (0,1) (0,0) (0,0)
3 (3,2) (2,2) (2,2) (1,1) (1,1) (1,1) (0,1) (0,0) (0,0)
4 (3,0) (2,2) (2,2) (2,2) (1,1) (1,1) (1,0) (0,0) (0,0)
5 (3,2) (2,2) (2,1) (1,1) (1,1) (1,1) (0,0) (0,0) (0,0)
6 (3,3) (2,2) (2,2) (1,1) (1,1) (1,0) (1,0) (0,0) (0,0)
7 (4,4) (4,4) (3,3) (2,2) (2,1) (1,1) (1,1) (0,0) (0,0)

Table 9.9: Bit assignment at 2 bits per pixel.

° 1 2 3 4 5 6 7 8

0 (7,0) (5,6) (4,5) (4,4) (3,3) (3,2) (2,2) (2,0) (2,0)
1 (5,5) (4,4) . (3,3) (3,3) (2,2) (2,2) (1,1) (1,1) (0,1)
2 (4,4) (3,3) (2,3) (2,2) (1,2) (1,1) (1,1) (0,1) (0,0)
3 (4,3) (3,3) (2,2) (2,2) (1,1) (1,1) (1,1) (0,0) (0,0)
4 (3,0) (2,3) (2,2) (2,2) (2,2) (1,1) (1,1) (1,0) (0,0)
5 (4,3) (3,3) (2,2) (2,2) (1,1) (1,1) (1,1) (0,0) (0,0)
6 (4,4) (3,3) (3,2) (2,2) (2,1) (1,1) (1,1) (1,0) (0,0)
7 (5,5) (4,4) (4,3) (3,3) (2,2) (2,2) (1,1) (1,1) (0,1)

Table 9.10: Bit assignment at 2.5 bits per pixel.
0 1 2 3 4 5 6 7 8

0 (7,0) (6,6) (5,5) (4,4) (3,3) (3,3) (3,2) (3,1) (3,0)
1 (5,5) (5,5) (4,4) (3,3) (3,3) (2,2) (2,2) (1,1) (1,1)
2 (4,4) (3,3) (3,3) (2,2) (2,2) (2,2) (2,2) (1,1) (0,0)
3 (4,3) (3,3) (3,3) (2,2) (2,2) (2,2) (2,2) (1,1) (0,0)
4 (4,0) (3,3) (3,3) (3,3) (2,2) (2,2) (2,1) (1,0) (1,0)
5 (4,3) (3,3) (3,2) (2,2) (2,2) (2,2) (2,1) (1,1) (0,0)
6 (4,4) (3,3) (3,3) (2,2) (2,2) (2,2) (2,1) (1,1) (0,0)
7 (5,5) (5,5) (4,4) (3,3) (3,3) (2,2) (2,2) (1,1) (1,1)
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Table 9.11: Bit assignment at 3 bits per pixel.

0 1 2 3 4 5 6 7 8 .

0 (8,0) (6,7) (5,6) (5,5) (4,4) (4,3) (3,3) (3,1) (3,0)
1 (6,6) (5,5) (4,4) (4,4) (3,3) (3,3) (2,2) (2,2) (1,2)
2 (5,5) (4,4) (3,4) (3,3) (2,3) (2,2) (2,2) (1,2) (1,1)
3 (5,4) (4,4) (3,3) (3,3) (2,2) (2,2) (2,2) (1,1) (1,1)

4 (4,0) (3,4) (3,3) (3,3) (3,3) (2,2) (2,2) (2,1) (1,0)
5 (5,4) (4,4) (3,3) (3,3) (2,2) (2,2) (2,2) (1,1) (1,1)
6 (5,5) (4,4) (4,3) (3,3) (3,2) (2,2) (2,2) (2,1) (1,1)
7 (6,6) (5,5) (5,4) (4,4) (3,3) (3,3) (2,2) (2,2) (1,2)

Table 9.12: Bit assignment at 3.5 bits per pixel.
0 1 2 3 4 5 6 7 8

0 (8,0) (7,7) (6,6) (5,5) (4,4) (4,4) (4,3) (4,2) (4,0)
1 (6,6) (6,6) (5,5) (4,4) (4,4) (3,3) (3,3) (2,2) (2,2)
2 (5,5) (4,4) (4,4) (3,3) (3,3) (3,3) (3,3) (2,2) (1,1)
3 (5,4) (4,4) (4,4) (3,3) (3,3) (3,3) (3,3) (2,2) (1,1)
4 (5,0) (4,4) (4,4) (4,4) (3,3) (3,3) (3,2) (2,1) (2,0)
5 (5,4) (4,4) (4~3) (3,3) (3,3) (3,3) (3,2) (2,2) (1,1)
6 (5,5) (4,4) (4,4) (3,3) (3,3) (3,3) (3,2) (2,2) (1,1)
7 (6,6) (6,6) (5,5) (4,4) (4,4) (3,3) (3,3) (2,2) (2,2)

Table 9.13: Bit assignment at 4 bits per pixel.

° 1 2 3 4 5 6 7 8
0 (9,0) (7,8) (6,7) (6,6) (5,5) (5,4) (4,4) (4,2) (4,0)
1 (7,7) (6,6) (5,5) (5,5) (4,4) (4,4) (3,3) (3,3) (2,3)
2 (6,6) (5,5) (4,5) (4,4) (3,4) (3,3) (3,3) (2,3) (2,2)
3 (6,5) (5,5) (4,4) (4,4) (3,3) (3,3) (3,3) (2,2) (2,2)
4 (5,0) (4,5) (4,4) (4,4) (4,4) (3,3) (3,3) (3,2) (2,0)
5 (6,5) (5,5) (4,4) (4,4) (3,3) (3,3) (3,3) (2,2) (2,2)
6 (6,6) (5,5) (5,4) (4,4) (4,3) (3,3) (3,3) (3,2) (2,2)
7 (7,7) (6,6) (6,5) (5,5) (4,4) (4,4) (3,3) (3,3) (2,3)
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