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Abstract

This paper is concerned with the mean delay and the loss probability that bursty and
correlated arrivals incur in a discrete-time polling system with limited-M cyclic-service where
the server serves only a maximum of M customers during each visit to a certain queue. The
arrival process to each input port of the system is modeled by a Markov Modulated Bernoulli
Process (MMBP) which is able to describe the bursty and correlated nature of the traffic in
high-speed communication networks. A practical polling system with finite capacity, as the
one we deal with here, does not lend itself to an exact solution. In this paper, we introduce
a tractable approach to providing an analytical approximation. This approach is validated
extensively by comparing it against simulation results under different configurations. It is
shown that both the mean delays and the loss probabilities obtained from this analysis provide

accurate estimates.
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1 Introduction

In the literature, multiqueue systems served by a single server have been the subject of numer

ous investigations (see [1] [6], and references therein). Such considerable research attention

is due to the wide applicability of these models in communication, computer, and production

systems. Various polling strategies like cyclic or priority service and different types of service

disciplines, e.g. exhaustive, gated, or limited service, have been considered. In most of these

investigations, the input processes are assumed to be Poisson, and the queues of the polling

system are assumed to have infinite capacity. In order to include more realistic modeling

elements in the class of polling systems, we consider bursty and correlated arrival processes

as inputs into the polling system, which has a finite buffer capacity.

In recent years, the need for performance evaluation of Asynchronous Transfer Mode

(ATM) networks has generated a widespread interest in the analysis of discrete-time queueing

systems. In an i\T1'I network the size of a packet (commonly known as celD is constant,

and therefore the transmission (service) time is constant and defined over a slotted time axis.

In view of this application, we present a discrete queueing model to compute the mean de

lay and loss probability that arrivals incur in the finite capacity polling system. This model

will assume symmetric traffic load, zero switchover time, and limited-M cyclic-service where

the server serves only a maximum of M customers during each visit to a certain queue. In

accordance with the terminology of ATM networks, we shall refer to a customer as a cell.

In Section 2 we describe in detail the model we propose. This model will require analysis

of the aggregate queue (or system) length distribution of the polling system which is presented

in Sections 3. To compute this queue length distribution, it is necessary to take the blocking

effect into account which will be described in Section 4. In Section 4, we treat the polling

system as a multiple urn model and compute the blocking probability by two assumptions. It is

assumed that, first, the occupancy of each queue is independent from that of every other queue

and, second, each queue can accommodate any number of cells up to its capacity with equal

probability. The cell loss probability obtained from the second assumption overestimates,

and the mean delay underestimates the simulation results. To have better accuracy, we use

the queue length distribution of a single queue in the polling system as the probability for
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a particular queue to accommodate a certain number of cells. In Section 5, we obtain the

vacation time distribution to solve an M M B P / G/1/L queue with vacation time and limited

M service discipline. The obtained single queue length distribution is incorporated into the

setup in Sections 3 and 4 to refine the desired performance measures. Extensive numerical

results validated by computer simulations are given in Section 6. It is shown that both the

mean delays and the loss probabilities obtained from this analysis provide accurate estimates.

Finally, Section 7 presents our conclusions.

2 Model description

In this section we describe in detail the arrival process and the queueing models which we

propose.

2.1 Arrival process

Since most of the traffic sources that an ATM network supports are bursty and correlated,

a Poisson process may no longer be suitable for describing the network traffic. For instance,

interactive data and a compressed video generate cells at a near-peak rate for a very short

period of time. Immediately following a near-peak rate, such a source may become inactive,

thus generating no cells. With this scenario, the usual approximation of arrival process by a

Poisson process will fail to capture the bursty nature of input traffic and may result in a quite

dramatic error in the performance estimation. Kuehn [8] has shown that the system behavior

is much more sensitive to arrival processes than to service processes. Knowing the bursty

and correlated traffic nature in ATM networks, we propose to model the arrival process by a

Markov Modulated Bernoulli Process (MMBP) or Switched Bernoulli Process (SBP) to have

a better description of the traffic behavior.

2.1.1 Generating function of the interarrival time distribution

Hashida ei ale [9] have characterized the counting process of the Switched Batch Bernoulli

Process (SBBP) and derived the probability generating function of the cumulative number of

arriving cells during (0, t], which was used to evaluate several important statistical character

istics. In this paper, we provide another approach to characterize the autocorrelation of the
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Figure 1: The Markov chain of a two-state MMBP

MMBP. We specifically consider a two-state MMBP which is characterized by the transition

probability matrix P t and the arrival rate matrix A defined as the following:

Pt==[ p 1- P]
1 - q q

and

The duration for a two-state MMBP to stay in either state is geometrically distributed.

Arrivals occur in a Bernoulli fashion with parameters 0: and f3 when the process is in states 1

and 2, respectively. Given that the process is in state 1 (or state 2) at slot i, it will remain

in the same state in the next slot i + 1 with probability p (or q), or will change to state 2 (or

state 1) with probability 1- p (or 1- q). The transitions between these two states are shown

in figure 1, where 7rl and 7r2 are the probabilities that the Markov chain is in states 1 and 2,

respectively.

Let t be the interarrival time between two successive arrivals and ti, i == 1or 2, be the

time interval from the moment when the process is in state i until the instant when an arrival

O:(l-q)

(3(l-p)

w.p.
occurs. We have

w.p. O:(l-q) + (3(l-p)·

The time intervals t 1 and t 2 can be expressed as the following:

t l = { 1 ~
w.p. ccp + f3(1 - p)

t 1 w.p. (1 - o:)p

1 + t 2 w.p. (1 - f3)(1 - p),

and

t 2 = {
1 ui.p, f3q + a(l - q)

1 + t 1 w.p. (1 - 0:)(1 - q)
1 + t 2 w.p. (1 - f3)q.

(1)

(2)
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By taking the z-transform of t 1 and t 2 , we get

A1(z) - E(zt 1
) == z[ap + ,8(1 - p) + (1 - a)pA1(z) + (1 - ,8)(1 - p)A2 (z )], (3)

A2(z ) E(zt2
) == z[,8q+ a(l- q) + (1- 0)(1 - q)A1(z) + (1- ,8)qA2(z)]. (4)

Hence, the generating function of the probability distribution of the interarrival time is

where £.., is a vector of probabilities that an arrival occurs in state 1 and state 2, respectively.

We rewrite equations (3) and (4) in a matrix form as follows:

[
l-(l-O:)pz -(l-,B)(l-P)Z] [Al(Z)] _z[O:P+,8(l- P)].

-(1 - 0:)(1 - q)z 1 - (1 - ,B)qz A2(z ) - 0:(1 - q) +,8q ,

therefore,

where X= [ ; ] . (5)

Nilsson and Cui [10] have shown that by differentiating equation (5) and taking z == 1, we can

easily compute the derivatives of A(z) in a recursive manner, i.e.,

and

[ A~l)(l)] == [I-P (I-A)]-l [Al(l)] == [I-P (I-A)]-l [1]
A~l)(l) t A2 (1) t 1 '

(6)

[
A (k)( ) ] [ (k-l)()]1 1 _ k I _ P I _ A -1 _ I A1 1
A~k)(1) - {[ t( )] } A~k-1)(1) , where k 2: 2. (7)

After we obtain the derivatives of A(z), it is a simple routine to compute the moments and

the squared coefficient of variation (0 2
) of the interarrival time.

In this paper, we assume 0: equals 1 which will generate the most bursty traffic. By varying

P, q, and ,8, we can have different traffic loads and at the same time change the burstiness

and correlation of the arrival process.
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2.1.2 Autocorrelation of the interarrival time of an MMBP

Define t i j as the time interval starting from a particular slot when the arrival process is in

state i and ending at a slot when the next arrival occurs and the arrival process is in state j.

Therefore,

t ll = { 1 .' tll
w.p. ap
ui.p, (1 - a)p

1 + t 21 w.p. (1 - ,8)(1 - p),

t 2l = { ~
1 w.p. a(1 - q)

+ tIl w.p. (1 - a)(l - q)
+ t 21 w.p. (1 - ,8)q,

i l2 = {
1 w.p. ,8(1 - p)

1 + t l 2 w.p. (1 - a)p
1 + t 22 w.p. (1 - ,8)(1 - p),

in = { ~
1 w.p. ,8q

+ t l 2 w.p. (1 - a)(l - q)
+ t 22 ui.p, (1 - ,8)(1 - q).

Let Sn denote the state of the arrival process when the nth arrival occurs. Also, define Tn as

the interarrival time between the (n - l)th and nth arrivals, and let Tn,j be the interarrival

time between the (n - 1)th and nth arrivals while the nth arrival occurs in state j. If we define

then from the definition of tij and Tn,j we have

where 1::; i, j < 2.

Therefore,

A 11 ( Z )

A 21 ( z)

A 12 ( z)

A 22 ( Z )

Let

apz + (1 - a)pzA11 ( Z ) + (1 - ,8)(1 - P)ZA21(Z), (8)

a(l - q)z + (1 - a)(l - q)ZA11(Z) +(1 - ,8)QZA21( Z ) , (9)

,8(1 - p)z + (1 - a)pzA12 ( Z ) + (1 - ,8)(1 - P)ZA22 ( Z ) , (10)

,8qz + (1 - a)(l - q)ZA12(Z) + (1 - ,8)qZA22(Z). (11)
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Hence,
2

Ci(Zl' Z2) == L Aij(Zl )Bj(Z2).
j=l

Define

we have

Equations (8) to (11) we rewrite in a matrix form as follows:

[
1 - (1 - a)pz -(1 - ,8)(1 - p)z ] [All(Z) A12(Z)] _ [ apz ,8(1- p)z ] .

-(1 - a)(l - q)z 1 - (1 - ,B)qz A21(Z) A22(Z) - a(1 - q)z ,8qz '

therefore,

[1 - zPt(I - A)]A(z) == PjAz. (13)

The term P t (1 - A) in equation (13) represents a transition without an arrival and will be

denoted as P t w o a . Similarly, the term PtA represents a transition with an arrival and will be

denoted as P twa. Hence, A(z) can be expressed as

Notice that

Therefore, we have

( ) [
1 ~B Z I - zPt(I - A)]- PtAZ

-1 ~[1 - zPt w oa ] PtAZ,

From the definition of Ci(Zl, Z2) in equation (12), we get

where X= [ ; ] .
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MMBP

MMBP

MMBP

Each queue with capacity I

Figure 2: Multiqueue System Served by a Single Server.

where

r, =[P(Sn-2 = 1) P(Sn-2 = 2) ] = [(a(l~H~~~l-P) (a{1~H~;~l-P)].

Finally, E[Tn-1Tn] is readily obtained through E[Z,[n.-l zfn] as

r, d~(Zl) d~(Z2) /Zl=l,Z2=1
Zl Z2

Pa(I - Ptwoa)-2Ptwa(I - Ptwoa)-2Pt'x.

The autocorrelation coefficient of the interarrival time of MMBP with lag 1 is given by

(14)

'l/J1 ==
Cov(Tn- 1 Tn)

Var(Tn )

E[Tn- 1 Tn] - E(Tn- 1)E(Tn)
Var(Tn )

a(3(a - (8)2(1 - p)(l - q)(p + q - 1)2
C2(2'- p - q)2[a(1 - q) + ,8(1 - p) + a(3(p + q - 1)]2·

(15)

As mentioned earlier in this section, an MMBP is a generalization of a Bernoulli process.

In fact, an MMBP has two special cases. When a equals (3, the process, in essence, only

has one single state and becomes a Bernoulli process. If we let either a or (3 be zero, an

MMBP is degenerated to an Interrupted Bernoulli Process (IBP). In both special cases, the

autocorrelation of the interarrival time is zero which can be easily validated in equation (15).

2.2 Queueing rnodel

The polling system we study is shown in figure 2. Instead of considering the queue lengths

of the multiqueue system individually, we will call the distribution of the total number of
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cells in the polling system as the aggregate queue length distribution. In order to obtain this

aggregate queue length distribution, it is necessary to consider the blocking effect due to the

finite buffer space.

We model the queues in the multiqueue system as multiple urns which have the same

limited capacity. Given the number of cells waiting in the system, it is assumed that the occu

pancy of each queue is independent from that of every other queue and the cells are uniformly

distributed in any queue, i.e., each queue is equally likely to accommodate any number of

cells, from 0 up to its full capacity. With this model, we can compute the weighting of the cell

occupancy configuration which might cause cell loss and then establish the transition matrix

which allows us to compute the aggregate queue length distribution. After this distribution

is obtained, the mean delay and cell loss probability follow readily.

Notice that given R cells in the system, the occupancy of these cells in reality will more

likely be evenly distributed among these queues because in general the server will more fre

quently visit the queues with longer queue sizes than the queues with shorter queue sizes.

Therefore, given the number of cells in the polling system exceeding a single queue capacity,

the occupancy configuration which has at least one full queue is less likely to occur. Hence,

the assumption of uniform occupancy will give us a conservative estimate. This result can

serve as an upper bound for the cell loss probability of the polling system.

In order to provide better approximation, we refine the uniform assumption such that the

probability for a certain queue to accommodate a certain number of cells is according to the

queue length distribution of a single queue in the polling system. Based upon this refined

assumption, we propose a queueing model, MMBP/G/l/L queue with vacation time and

limited-M service discipline, to obtain the queue length distribution of a particular queue in

the polling system. This queue length distribution will serve as a basis for computing the

weighting of all the possible configurations. The total weighting of all the cell occupancy

configurations can be found by a technique originating from a closed queueing model. We

use the sum of these weightings as a normalization factor to modify the weighting of the

configurations which could cause cell loss. This refined weighting is to be incorporated in the

steady state equations to compute the aggregate queue length distribution which enables us

to obtain highly accurate performance measures.



Discrete-Time Queueing Analysis of a Finite Capacity Polling · · · Jou, Nilsson, and Lai. 9

Potential anival points

Potential departure points

Figure 3: Potential arrival and departure points.

3 Aggregate Queue Length Distribution

In our model, we assume that arrivals can only occur at the beginning of each slot and that

departures leave the system at the end of each slot. This arrangement, as illustrated in figure

3, is called an early arrival system according to Hunter [11]. During a slot period, one cell

may arrive on each input link, and one cell may be transmitted, given that the system is not

empty. The state change, from state 1 to state 2 or vice versa, only occurs at the slot point.

Next, the cell arrival process is analyzed for the cells arriving from all inputs in a slot time.

We assume that there are N queues in the multiqueue system. The number of input links in

state 1, K, and arrival cells, M, in a unit time can both vary from zero to N. The probability

that the number of input links in state 1 is k is

() ( N) k N-kPK k:= k 7r 1 7r 2 ,

where 7rl and 7r2 denote the probabilities that an input link is in state 1 or state 2, respectively,

If the number of input links staying in state 1 is k, then m cells will arrive in a unit time

with the probability

The state transition probability of having k' lines in state 1 in a slot given k lines in state 1

in the previous slot is given by

(16)
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In order to describe the blocking effect, we extend the concept introduced in [12] and define

a conditional probability P(m"1m', qsize) as

P{ m" cells accepted I m' cells arrived and qsi ze cells in the system before arrivals }.

This probability will be further described and computed by a multiple urn model which is

discussed in the next section.

Next, we define a two dimensional state variable (K, Q) such that the queue length becomes

Q as the result of having M' cells arrive and M" cells accepted in a slot, given that K input

lines are in state 1. The state probability PK,Q(k, q.size) can be obtained by a numerical

solution of the following steady state equations:

N k' Q7TL

PK,Q(k',qsize') == L L L PK,Q(k,qsize)PK'IK(k'lk)PMIK(m'lk')P(m"lm',qsize"), (17)
k=O m'=O q6ize=O

N Q7TL

L L PK,Q(k, qsize) 1,
k=O q6ize=O

where Qm is the total capacity of the multiqueue system. In equation (17), qsize" and

qsize' are given by qsize" == max(qsize - 1,0) and qsize' == m" + qsize", respectively. From

PK,Q(k, qsize), we can sum over K and find the queue length distribution PQ(qsize). Since we

have assumed zero switchover time in the system, the mean output rate Aout can be determined

as

Therefore, the cell loss probability Pl066 is obtained as

Aout
Plou = 1--r-"

In

After we compute the mean queue length L, the mean delay W can be determined by using

Little's result as

w
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4 Conditional Blocking Probability

The conditional blocking probability P(m" 1m', qsize) defined in the last section can be com

puted through a multiple urn model which was proposed in [13]. This conditional probability

can also be obtained through a more general algorithm by using the concept originating from

a closed queueing model (see [14]).

Given R cells in a polling system with N queues, the stationary distribution of the system

state r == (Tl,T2'··· ,TN) is equal to

P(r1,T2,··· ,TN)
1 N

G UPq(Ti)'
1=1

(18)

where the states of the various queues are assumed to be independent. Pq ( Ti) in equation (18)

denotes the probability of having Ti cells in the ith queue. This setup is exactly the same as

the case in a closed queueing network except that we have finite capacity in each queue, i.e.

r, ~ L, rather than r; ~ R in the general cases.

Define Gi'Y (R) as the normalization factor when there are Z queues in the system, and

each queue contains at most X and at least Y cells with a total of R cells present in the system.

Following the same form, we extend the derivation given in [14] to compute the normalization

factor GI;;°(R) recursively. In particular, we first assume that each queue can accommodate

up to L cells with equal probability, i.e. Pq ( k) == l~L' 0 :S k ::; L. Hence, we have

Gf,o(R)

G~,o(R)

Pq(R)
min(L,R)

I: Pq (T2)Gf·O(R - T2)
r2=max(O,R-L)

min(L,R)

I: Pq ( TN )Gr;;~l(R - TN )

r N=max[O,R-(N -1) x L]

o<R :S L, (19)

o< R ~ 2L, (20)

o:S R < N x L. (21)

This recurrence relation allows GI;;° (R) to be computed in O( NR2
) steps.

Define Pj ull (k, R) as the probability of having R cells in the polling system and k out of

N queues full. Therefore, it follows

Gt-1,O(R)
Pjull(O, R) = G~/(R)'
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( ~ ) G~,O(k x L)Gt__1i,°(R - k x L)

G~O(R) ,
1 < k < N.

Notice that G~'Y(R) == 0 if R 2 X x Z, or R <Y X Z. The conditional blocking probability

P(m" 1m', R) can be expressed as

P(m"lm', R)

5 Refinement of the Approximation

From the computations in Sections 3 and 4, we find that the cell loss probabilities obtained

from the analytical model overestimate the results obtained from simulation. On the other

hand, the mean delays tend to underestimate. These phenomena are due to the assumption of

equal probability among the configurations of occupancy in the polling system. Based upon

this observation, we solve an M M B P / G/1/L queue with vacation time and limited service

discipline. This queue length distribution will be used in equations (19) to (21) in Section 4 to

refine the conditional blocking probability. In turn, this new conditional blocking probability

will be used in equation (17) to refine the desired performance measures.

5.1 MMBP/G/l/L queue with vacation t irne and Iirnited service
discipline

If we focus on a specific queue in the polling system, the queueing model of this particular

queue can be identified as an M M BP/G/l/L with vacation time and limited service discipline,

where L denotes the capacity of this queue. The vacation refers to the time interval that the

server takes to serve the rest of the queues in the system. When the server finds an empty

system, the server waits one slot to start the next service cycle.

To solve this queueing model, we use the aggregate queue length distribution of the polling

system to characterize the vacation time distribution of this single queue. To better describe

the vacation time distribution, we divide it into two cases. When the server sees an empty

queue, the vacation time distribution is denoted by vo(k), where 1 ::; k ::; M X (N - 1).
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Otherwise, we denote the distribution with a service as v1(k), where 0 :::; k :::; M X (N - 1).

The vacation time in each service cycle is of course varying dynamically. Here we approximate

it by taking its average in a static fashion. When the server is about to leave a certain queue

(service or not), it takes a snapshot of the other N - 1 queues and decides the duration of its

vacation before the next service cycle.

To obtain the vacation time distributions, we can exhaust every possible occupancy config

uration and decide its respective vacation time. However, the complexity of this approach is

at the order of O(N!) and is cost-prohibitive to implement. The other way of obtaining these

distributions is to approach from the reverse direction, namely, for each vo(k) or v1(k) we

exhaust all possible configurations which can contribute to these vacation time distributions.

This second approach can be realized through a similiar computation as given in Section 4 as

follows, where 1 < M < L,

(22)1 < k < M x (N - 1),+ l{k=l} (N-1)xL P. ( )'
L::n==O Q n

UB
1

l~J (N i 1 ) G7,M(i - k + j x M)G1jJ~J~Ol(k - j x M) PQ(i)

L L GL,o (.) (N-1)xL D ( )
i==k j==LB 2 N -1 2 L::n==O c o n

PQ(O)

vo(k)

and

L UB
1

l~J (Nil )G7'M(i-k+jXM)G~~~01(k-jXM)

~1 Pq(m)~ j];2 G~o(i +m) - G~~l(i + m)Pq(O)

PQ (i +m ) 0 :::; k :::; M x (N - 1), (23)
x 1 _ PQ(O) 1

where

UB 1 l~j x L + k mod M,

r
i - (N - 1) X (M - 1)1)

LB2 max(O, L-(M-1) ,

{
I k = 1,

l{k=l} == 0 otherwise.

Notice that we have the initial conditions G~-1'°(0) = 1, and G~·M(0) = 1. UB1 is the upper

bound or the maximum number of cells which are present in the rest of N -1 queues to cause
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k slots of vacation time before the server starts its next service cycle. LB2 is the minimum

number of queues that each one of them has buffered at least M cells.

To understand equation (22), we assume that the server finds i cells in the rest of N - 1

queues after it leaves a typical queue, say queue T, without service and has to take k slots

before it comes back to visit queue T. If there are j queues, each accommodating at least

M cells, then these j queues will account for j x M slots of vacation time. The server will

spend k - j x M slots to serve those remaining N - j - 1 queues, each accommodating at

most M - 1 cells. Through simple arithmetics, we know that there are i - (k - j x M) cells

buffered in those j queues. The second line of equation (22) explains one of the operational

assumptions that when the server finds an empty system, it waits one slot to serve queue T

which starts another service cycle. Equation (23) can be understood by the same arguments.

We now proceed to solve the queueing model of M M B P/ G/1/L with vacation time and

limited-M service discipline. The basic techniques used in this derivation are similar to those

used in [15]. The steady state distribution of queue length is computed by the embedded

Markov chain approach. Cells arrive at the system in accordance with an MMBP with pa

rameters a, {3, p, and q. There is a single server whose service time on a specific queue can

be up to M slots. If an arriving cell finds exactly L cells in the system, then this cell is lost

without being served.

The system will be examined at time epochs {to, t 1 ,. • • } of service completion or vacation

termination. The state space of the system is {1Ji, ei, R}, defined as follows. The state of

the arrival process at the embedded point ti is denoted by 1Ji, where 1]i is 1 if the MMBP

is in its state 1, or 2 if it is in state 2. If the point ti is a vacation termination instant,

i.e., the point when the server starts to scan this particular queue, then ei == 0; otherwise

ei == m, m == 1,···, M, indicating that the point ti is the service completion instant of the

m t h cells in the present busy period. R is the number of cells in the system at the embedded

point tie The state transitions occur at cell departure instants or vacation termination instants.

Let Xi,m,l and li,l represent the limiting probability distributions defined as follows

X· I],m, o::; I :S L - 1,

o< I < L.
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When the system is under steady state, these limiting probability distributions satisfy the

following equations:

Xj,l,l-l

X· 1J,Tn,

Yj,l, j == 1,2; 1:S t s. L,
1+1 2

L L Ci,j,l-k+lXi,m-l,k, j == 1,2; 2:S m :S M; 0:::; 1< L - 2,
k=l i==l

2

L Ci,j,l ..Yi,m-l,L-l, j == 1,2; 2:S m :S M,
i=l

(24)

(25)

(26)

2 M-l 2 1 2

Yj,l L gi,j,l L Xi,m,O +L L gi,j,l-kXi,M,k +L hi,j,IYi,O,
i==l m=l i=l k=O i=l

j == 1,2; O:S I <L - 1, (27)

2 [ M -1 L-l ]

Yj,L = ?= gi,j,L L Xi,m,O + L gi,j,L-kXi,M,k + h~,j,LYj,O' j = 1,2, (28)
t=l m=l k=O

where Ci,j,Je is a one slot transition probability that the arrival process starts at state i and ends

at state j and there are k cells, either 0 or 1, arriving during this one slot transition. Parameters

9i,j,k and hi,j,k denote the transition probabilities that k cells arrive during a vacation time after

the server visits queue T with a service and without a service, respectively, The transition

b bilit.i e d he · e ,,(N-l)xM d he ,,(N-1)xM hpro all res 9i,j,k an i,j,k are gIven as 9i,i,k == LJm=k 9i,j,m, an i,j,k == LJm=k i,j,m e

We have

C1,1,a p(l - a), Cl,l,l pee,

Cl,2,O (1 - p)(l - (3), C1,2,1 (l-p),B,

C2,1,a (1 - q)(l - a), C2,1,1 (1 - q)a,

C2,2,a q(l - (3), C2,2,1 q,B.

The transition probabilities 9i,j,k and hi,j,k can be obtained as follows. Define !(j, nli,k)

as the probability of having n slots in state 1 among k transition slots with the arrival process

starting at state i and ending at state j between two immediate vacation termination instants.

This probability can be obtained recursively by the following equations:

f(1,nI1,k)

f(2,n/1,k)

/(1, n/2, k)

f(2, n12, k)

(1- q) f(2,n - 111,k - 1) + P 1(I,n - 11 1,k - 1),

q f(2,n/l,k -1) + (1- p) f(1,nI1,k -1),

(1 - q) 1(2,n - 112, k - 1) + P 1(1,n - 112, k - 1),

q 1(2,n!2,k -1) + (1- p) 1(I,nI2,k -1),
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where the initial conditions are given by

f(l, 011,1) 0, f(l, 111, 1) p,

f(2, 01 1,1) 1- p, 1(2,111,1) 0,

f(l, 01 2,1) 0, f(l, 112, 1) 1 - q,

f(2, 012,1) q, f(2,112,1) 0.

We further define F(j, Iii, k) as the probability of having I cells arriving in k transition slots

with the arrival process starting at state i and ending at state j during a vacation period.

The probability F(j, Iii, k) can be expressed in terms of f(j, nli, k) as

From the definition of 9i,j,l and hi,j,l, we have

(N-l)xM

9i,j,l L F(j,lli,k)v~(k),
k=l

(N-l)xM

hi,j,l == L F(j,lli,k)vo(k),
k=l

where v~(l) == Vl(O) + vl(I), and v~(k) == vl(k), 2 ::; k ::; (N - 1) X M. Combining the steady

state equations (24) and (28) together with the normalization equation

we can easily solve for Xi,j,k and Yi,ke The single queue length distribution PMMBP_Q is readily

found to be

PMMBP_Q(k) = t, (t, Xi,i,k +Yi'k) , 0 < k ~ L.

(For simplity, we assume Xi,j,L == 0.) This queue length distribution PMMBP_Q(k) is to be

used in Section 4 as Pq ( k) to refine the conditional blocking probability.

6 Numerical Results

In this section, we examine several configurations where the presented approximations are

compared against the simulation results. The performance measures, mean delay, and cell
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loss probability are affected by the burstiness and correlation of the arrival processes as well

as the buffer capacity of the polling system. It is assumed that there are eight queues in the

multiqueue system.

In order to show the effect of the arrival burstiness, we vary the squared coefficient of

variation (C2
) of the arrival processes from 1, to 20, to 200. These three kinds of burstiness

represent three typical cases. When C 2 equals 1, we can regard the arrival process as being

smooth. The burstiness of voice is represented by the case where C2 equals 20.. We use

C 2 == 200 for the burstiness of data traffic. Also, to illustrate the impact of the autocorrelation

of the arrival processes, we vary the autocorrelation coefficient of the interarrival time from 0

to 0.4. In terms of queue capacity, we present two cases where the buffer sizes are 4 and 8,

respectively.

Figures 4 and 5 show the mean delay times that the arrivals incur under different bursti

nesses when the queue capacities are 4 and 8, respectively. The worst case is where C 2 equals

200 and the arrival rate is 0.9. In this worst case, the relative errors between the analytical

results and the simulations are 1.1% and 3.0%, when the queue capacities are 4 and 8, respec

tively. It is clearly shown that the analysis follows the simulation closely. From these figures,

we see that for the larger queue capacity, the bursty effect becomes more obvious.

The impact of the burstiness toward the cell loss probability can be seen in figures 6 and

7 where the buffer capacities vary from 4 to 8. From these figures, we see that the analysis

traces the simulation nicely when C 2s are 20 and 200.

Figures 8 to 9 compare the mean cell delay and loss probability when queue capacity is 8,

C 2 is fixed at 20 and autocorrelation coefficient of the interarrival time is either 0 or 0.4. This

comparison clearly illustrates that the impact of the autocorrelation is very significant.

When we vary the service discipline from limited-1 to limited-3, we see that generally the

cell loss probability becomes higher and mean delay becomes smaller. However, the differ

ences are not significant, especially when the queue capacity is increased. The results of this

experiment are shown in Figures 10 and 11 when the buffer capacity is 4. The approximation

tends to overestimate the cell loss probabilities when the value of M is increased. Generally,

our analysis provides very accurate estimates in mean cell delays.
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7 Conclusion

Due to the practical applicability, polling systems have been the subject of numerous investi

gations in the literature. Many exact analyses have been reported when the queue capacity

is assumed to be infinite. However, a realistic polling system with finite capacity does not

lend itself to an exact analysis. In this paper, we have presented an effective approach to

provide analytical approximations. For the arrival processes, we take into account the effect

of bursty and correlated arrivals which is an essential feature in ATM networks. Also, this

paper provides an analytical structure to consider limited service discipline.

It is shown that the analytical model works well with different burstiness and traffic loads

of the arrival process as well as the queue capacity of the polling system. The analysis is

also computationally effective. The major portion of the computation time of this analysis is

devoted to solving the steady state equations in order to obtain the aggregate queue length

distribution. It is our experience that the speedup of the analysis over simulation on average

is more than two orders of magnitude.
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Discrete- Time Queueing Analysis of a Finite Capacity Polling · . · Jou, Nilsson, and Lai. 22

10 -..----------------------,

2
Buffer capacity: 8
C_square: 20
Correlation: 0.4 & 0

1.00.80.60.4

O-+-----r----,.----.--~-__--_,._--r__-__t

0.2

Arrival rate (cells/slot)

Figure 8: Mean delays incurred in a polling system with different arrival correlations when
the queue capacity == 8.

0.950.850.75

~ Simulation(Corr: 0.4)

• Analysis(Corr: 0.4)

• Simulation(Corr: 0)

o Analysis(Corr: 0)

0.650.55

Buffer capacity: 8
C_square: 20
Correlation: 0.4 & 0

10 - 2..,.- .......

10- 7-t--+-----,r--~---r--~-~-__- ___....-_-__I

0.45

Q)

o

Arrival rate (cells/slot)

Figure 9: Cell loss probability incurred in a polling system with different arrival correlations
when the queue capacity == 8.



Discrete-Time Queueing Analysis of a Finite Capacity Polling · · · Jou, Nilsson, and Lai. 23

6 ....---------- ~

1.00.8

Butter capacity: 4
C_square: 20
Correlation: 0
Limited-M: 1 & 3

0.60.4

--e-- Simulation(M: 1)

• Analysis(M: 1)

• Simulation(M: 3)

o Analysis(M: 3)

1-+-----,.---,.------..........-----~- __-~
0.2

5

2

-f/)
'0
~ 4

Arrival rate (cells/slot)

Figure 10: Mean delays incurred in the polling system when queue capacity == 4, and service
up to 1 and 3 cells, respectively.
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Figure 11: Cell loss probability incurred in the polling system when queue capacity = 4, and

service up to 1 and 3 cells, respectively.


