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1. Introduction:

A ~arg~ body of digital signal processing problems can be abstracted into a single one
which IS to select from a prescribed class S an object y which is the closest, in some sense,
to a fixed element z , In the mathematical literature, such a problem is often referred to as
a best approximation or a nearest projection problem. In signal processing, projections are
frequently used. For instance the notion of projections onto subspaces is central to any
least-squares prediction procedure: in adaptive signal processing, the update of the filters
are based on projections onto subspaces spanned by data points. Projections can also be
used in digital filtering: suppose that x represents an autoregressive filter that has been
computed and that turns out to be unstable. The problem is to stabilize this filter, i.e.
find a best approximation y to x in the class S of stable filters.

The projection problem can be stated as follows: given a point z and a set S in a metric
space (2, d), determine a point y of S of minimum distance from z , There are three basic
questions which arise in connection with this problem:
- Does such a y exist?
- Is such a y unique?
- What characterizes such a y?

Although projection techniques have come to play an increasing role in digital signal pro
cessing, their mathematical properties remain widely unknown and the purpose of this
report is to give a general a.ccount of this subject. In particular the three questions men
tioned above will be answered in detail and new results will be established. The applica
tion of projection methods to set theoretic estimation will also be addressed. Most of the
materials presented herein will be purely mathematical and will be introduced in a unified
and systematic manner, which should promote a better understanding. Although no men
tion will be made of any particular signal processing problem, the reader should con
stantly bear in mind the geometrical interpretation of the results and should make the
natural connection with potential applications.

The report is organized as follows: Section 2 provides results which are needed in the
remainder; Section 3 addresses the basic properties of projections in metric spaces; Section
4 is devoted to the study of projections in the Cartesian space Rk

; Section 5 focuses on
the application to set theoretic estimation. The reader who is not familiar with some of
the notations or notions used in this report is referred to the appendix, where the neces-
sary background is provided.

2. Preliminary results:

2.1. Remarks on closedness, compactness, and convexity:

Since the notions of closedness, compactness, and convexity are central to projection
methods we give some useful criteria under which one of these properties can easily be
identified (one may also refer to the appendix for defining properties).

Proposition 1: A nonempty subset S of a metric space 3 is closed if any of the follow

ing conditions holds:
(i) S is a finite reunion or an arbitrary intersection of closed sets.
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(ii) There exists a real-valued continuous functions I defined on E and a closed sub
set C of R such that: S = {xES I/(x)EC}. In particular, C is of the form {13},
]- 00,13], [13, +00[, or [a,I3].

Proof: (i) see Appendix; (ii) is proven by writing S as 1- 1(0 ) where 0 is closed in Rand
/ continuous.

We shall often use the following theorem in connection with compactness:

Theorem 1 [Schw80]: In a metric space :2 every compact set is closed and bounded.
Conversely, every closed and bounded set of 2 is compact if and only if the closed balls of
E are compact (if E is a normed vector space, this holds if and only if its dimension is
finite ).

Proposition 2 [Schw80]: A nonempty subset S of a metric space E is compact if any of
the following conditions holds:

(i) All the closed balls in E are compact and S is closed and bounded.
(ii) S is a closed subset of a compact set.
(iii) S is a finite reunion or an arbitrary intersection of compact sets.
(iv) There exists a continuous function / of a real variable mapping into E and a
compact subset K of R such that: S = f (K).

Proposition 3 [Bour81]: A nonempty subset S of a vector space E is convex if any of
the following conditions holds:

(i) S is an arbitrary intersection of convex sets.

(ii) 8 is closed and: ('u'(z ,y) E8 2
) ~ (x+y) E 8.

(iii) There exists a real-valued convex function f defined on E and a real number ~

such that S can be written either as /-1(]-00,(3]) or f-l(]-oo,~[).

(iv) Let S' be another vector space and let f be a linear mapping from S into S'. S
is the image of a convex set of E under / or the inverse image of a convex set of E'
under f. A special case is E' = R, where it is known that the intervals are the only
convex sets.

2.2. Bounded and approximative compactness:

A set in a metric space is said to be boundedly compact if its intersection with an arbi
trary closed ball is empty or compact; a set in a normed vector space (n.v.s.) is said to be
boundedly weakly compact if its intersection with an arbitrary closed ball is empty or
weakly compact [Bros69],[Vlas73].

Approximative compactness was introduced in [Efim61] for real Banach spaces and was
then trivially extended to arbitrary metric spaces in [Sing64]: let S be a nonempty subset
of a metric space (E,d) and let x be a point in E. A sequence {Yn}n~O of points in S is

said to be minimizing for x in S if: lim d(z,yn) = <t>s(z) [Yosi80]. A set S in a metric
n -++00

space E is called approximately compact if for every point z in =any minimizing
sequence of elements in S contains a subsequence converging to a point in S [Efim61].
A set S in a n.v.s. E is called approximately weakly compact if for every point x in E any
minimizing sequence of elements in S contains a subsequence converging weakly to a
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point in S [Brec68],[Vlas73]. It is readily noted that in a metric space:
compact > boundedly compact > approximately compact > closed,
and that in a n.v.s.:

weakly compact > boundedly weakly compact > approximately weakly compact
> closed.

Moreover, it follows from the definitions that in a n.v.s, a type of compactness implies its
weak counterpart; in finite dimensional spaces, the distinction disappears. Oonditions
under which an approximately weakly compact set is approximately compact in infinite
dimension can be found in [Brec68].

2.3. Complements on Banach spacees

(1)x = y;.>II~II=1
2

Let (3, I1.11) be a Banach space. The unit ball in E is denoted by B ={x EEl 1Ix II :5 1}.
The unit sphere in E is denoted by U={xEE IlIxll = 1}. E is said to be strictly convex
if [Goeb84]:

(U'(x , y )EU2
)

3 is said to be uniformly convex if [Goeb84]:

('~i"ER~)(38..,ER~)('u'(x,Y)E U2) Ilx-y 11<==" :> II X;y 11$1-8.., (2)

A uniformly convex Banach space E is strictly convex; if the dimension of E is finite the
converse is also true. Hilbert spaces and LP(fl.) spaces, with 1 <v <+00, are uniformly con
vex [Raom87]. E is said to be locally uniformly convex if [Daym73]:

('~i" ER~)('trx EU)(38..,,2: ER~)('try EU) Ilx - y II;:::" :> II x; y 11:51-8..,,2: (3)

Finally, a uniformly convex Banach space E is said to be smooth if its dual E' is strictly
convex [Daym73].

2.4. Upper semi-continuity of set-valued maps:

We review here a few facts about set-valued maps. For a full account, see Kuratowski
[Kura66],[Kura68] and Berge [Berg59].

Let 2
1

, 2 2, and 2 3 be spaces. A set-valued map from 2 1 into t=2 is a map T which
assigns to each point of 2 1 a subset of 2 2. By the image of a set S of 3 1 we mean the

subset of 2
2

defined by: TS = U T(x). If Tl:21~t=2 and T2:22~t=3 are two set-
2:ES

valued maps, the composition T = T20 T 1 is defined by:

x ~ T 2T1(x) = U T 2(y)
JlE T 1(2:)

(4)

(--- ) d (--- ) b t topological spaces. _ Following K. KuratowskiLet =1,71 an =2,72 e wo
[Kura66],[Kura68], a set-valued map T from 2 1 into 2=2 is said to be upper semi-
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continuous [u.s.c.] if the set {xES I I T(x)CQ} is open in 8 1 for any open set Q in 8 2,

that is:

('u'QET2) {xES I T(x)CQ} E TI (5)

In [Berg59], C. Berge defines u.s.c. maps in a slightly different manner by imposing that,
in addition to (5), the set T(x) be compact in 2 2 for all x in 8 1• Thereafter, we shall call
such a map upper Berge semi-continuous (u.B.s.c.).
If T is u.a.c. and if we further assume that 8 2 is a metric space, then T is closed in the
sense that the set {(x,y)EE1xE2 lyE T("z)} is closed in the topological product 2 1 XE 2

[Kura66]. Consequently if T is closed the following property holds at any point z in 2 1:

let {z,,},,~o be an 5 1-sequence converging to x and {Yn}n~O be an 5 2-sequence converging
to y with: ('u'n EIN) y" ET(x,,), then we have: y ET(x). We have: u.B.s.c. > u.s.c.

> closed. Moreover, if the metric space 2 2 is compact, T is u.s.c. if and only if it is
closed [Kura68].

Theorem 2: Let 2 1 and 52 be two topological spaces and let T be a u.s.c. [respectively

u.B.s.c.] set-valued map from 2 1 into 2=:1. Then the restriction Ts of T to a nonempty

subset S of 2 1 is a U.S.c. [respectively u.Bis.c.] map from S into 2=8.

Proof: Let T l and T2 denote the respective topologies of 3 1 and 3 2• Then S is also a topo
logical space with the relative topology Ts={Sna I GETl} [Bour71]. Since T is u.s.c. (5)
holds. Hence, it follows that:

('u'QET2) {xES I Ts(x)CQ} = {xE2 I T(x)CQ} n SETs (6)

which proves that Ts is u.s.c, from S into 2=2. Now if we suppose that T is u.B.s.c., to
show that Ts is u.B.s.c. it remains to show that, for an arbitrary x in S, Ts(x) is com
pact in 2 2• This clearly holds since by assumption T( x) is compact subset of 2 2 for all x. ~

In =1.

Theorem 3 [Berg5~]: Let 2 1 and 3 2 be two topological spaces and let T be a u.B.s.c.

map from 2 1 into 2=51. Then the image TK of a compact set 'K of 2 1 is compact in =2.

Theorem 4: Let 2 1, 2 2 and 2 3 be topological spaces. Let T 1 be a u.s.c, [respectively

u.B.s.c.] set-valued map from _2 1 into 2=2 and let T 2 be a u.s.c. [respectively u.B.s.c.] set

valued map from 3 2 into 2=3. Then the composi~ion product T = T 20 T 1 is a u.s.c.
[respectively u.B.s.c.] set-valued map from 2 1 into 2=3.

Proof: Let Q be an arbitrary open set in 2 3• We need to show t,h(ltl th~ set
A={xE21 I T(x)CQ} is open in 3 1. We can write A={xEE I 11'1(X)CQ'} where:
Q'={yEE2 1 T 2{y )C Q}. But since T 2 is u.s.c, and Q is open in 2 3, Q' is open in =2.

Consequently, since T 1 is u.s.c., A is open in 2 1 and T is u.s.c, from 2 1 into 2=8. Now,

let z be an arbitrary point in =1' If T1is u.B.s.c. then K = Tl(Z) is compact in =2' If T2
is u.B.s.c. then, by Theorem 3, the set T(z ] = T2K is compact in 2 3, which proves that
T is u.B.s.c. from 2 1 into 2=3.

3. Projections in metric spaces:
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In this section, unless otherwise stated, a s= (a,d) is a metric space.

3.1. Distance to a set:

Let 8 1 and 8 2 be two nonempty subsets of (a,d). We shall call distance between 8
1

and
S 2 the number:

d(8 1,82) = Inf { d(x 1,x 2) I x1 E81 , x2 E82 } (7)

The reader should not be misled by this notation: d(.,.) does not define a metric on tE X tE
[KeI155].

Theorem 5 [Bour74]: Let 8 1 and 8 2 be respectively a compact and a closed nonempty
subset of (E,d) such that d(Sl,S2) = o. Then Sln S 2 "* (/).
Let S be a nonempty subset of (E,d). The distance from a point of E to S is determined
by the functional:

<Ps: S -+ R+

x ~ d(x ,8) = d({x},8) = Inf { d(x ,y) lyE 8 }

Theorem 6 [Bour74]: Let S be a nonernpty subset of a metric space (E,d). Then:
(i) <p s is continuous.
(ii) <Ps is nonexpansive: (~(x,y)EE2) I<ps(x) - <Ps(y)1 :5 d(x,y).

(iii) (~xEE) <Ps(x) = ° < > xES.

It is noted that for all x in E: <Ps(x) = <PS(x).

(8)

Theorem 7: Let Sand S 1 be respectively a nonempty bounded and a nonernpty bound
edly compact set in a metric space and let ex be a positive real number. Then the set
{x ES 1 I <Ps(x) :5 ex} is compact.

Proof: Let A={xES11<Ps(x):5O:}. We can write A=Sln<t>i1([0,0:]). Since [0,0:] is closed
and since, by Theorem 6, <f> s is continuous, A is closed. Since S is bounded it is contained
in a closed ball centered at some point z in S, say B[z,r]. Now let x be an arbitrary point

in A and let y be an arbitrary point in S. Then we can write:
d(z,x)~d(z,y)+d(y,x)~r+<f>S(x)=r+<f>s(x)=r'. Therefore x belong to the closed ball
B of center z and radius r '; and it follows that A CB nS 1. Hence A is a closed subset of
B ns1 which is compact since S1 is boundedly compact. Thus A is compact.

3.2. Projection maps:

For any point x in (E,d), we shall call a projection of x onto a subset S of (E,d) a point
y of S which assumes the greatest lower bound in (8), i.e. a point y in S such that
<f>s{x) == d{x,y). In particular, by a projection of a vector x onto a subset S of a D.V.S.
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(9)

(2,11.11), we mean a vector y of S such that:

IIx - y II = Inr { Ilx - z II I z ES }

We strongly stress the fact that a projection may not exist or may not be unique. The
set-valued projection map ns which assigns to each point x in (E,d) the set of its projec-
tions onto a subset S is defined by:

os: E ~ (S
x t-+ yES I <l>5(x) = d(x,y) } (10)

Theorem 8: Let S be an arbitrary set in a metric space E. Then:

('u'xEE) Ds(x) = B[x,<t>s(x)]nS (11)

Proof: Let B = B[x,<f>s(x)]. Then ns(x) C SnB follows from (8) and (10). Conversely,
let zESnB. Then z belongs to Sand: d(x,z) ~ Inf{ d(x,y) I yES} = <1>s(x). But since
z also belongs to B: tPs(x) ~ d(x,z). Hence: zEns(x).

Theorem 9: Let S be an arbitrary nonempty set in a metric space E and let Ds denote
the projection map onto S. Then if z is an arbitrary point in E:

(i) ns(x) is bounded.
(ii) ns(x) is closed if S is closed.
(iii) Il 8 (x) is compact if S is boundedly compact.

Proof: (i) obvious from (11); (ii) because from (11), it is the intersection of two closed sets;
(iii) obvious from (11) and the definition of bounded compactness.

Following I. Singer [Sing74], given a nonempty subset S of 5, we can also define a point
valued operator 11"8 which is a selection of ns, i.e, any mapping:

1Ts:D ~ S

z ~ y ETIs(x)
(12)

where the domain of 11"8 is given by: D = {xES I ns(x) =F 0}. If D = E and TIs(x)
reduces to a singleton {1Ts(x)} for all x in D, then 11" S will be called the projection opera
tor of E onto S. As usual, the inverse image of a point y of Sunder 1T s is denoted by:

('u'yES) '1Ti 1(y) = { xEE I d(x,y) = <l>5(x) } (13)

3.3. Existence of a projection:

Let S be a nonempty subset of a metric space E. We say that S is an existence set if
every point in 5 has at least one projection onto S, that is: ('u'x EE) ns(z ] =1= 0. It is

noted that an existence set is necessarily closed since no point in S - S has a projection,

which forces S=8. Therefore if 8 is an existence set, ns(x) will be nonernpty, closed and
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bounded by Theorem 9, and the map Os defined in (10) actually maps E into 2s .

Theorem 10: Let S be a nonempty set in a metric space E. Then S is an existence set if
any of the following conditions holds:

(i) S is approximately compact.
(ii) S is boundedly compact.
(iii) S is compact.
(iv) S is closed and all the closed balls are compact in E.

Proof: (i) see [Efim61]; (ii) see [Laur72] or regard it a special case of (i) [Efim6I]; (iii) see
[Bour74] or regard it as a special case of (ii); (iv) see [Schw80] or regard it as a special case
of (ii): if B is an arbitrary closed ball in E, then S nB is a closed subset of B, and B is
compact. Thus if SnB is not empty it is compact, which makes S boundedly compact.

In the special case of n.v.s.'s, several additional existence criteria can be established:

Theorem 11: Let S be a nonempty set in a n.v.s, E. Then S is an existence set if any of
the following conditions holds:

(i) S is approximately weakly compact.
(ii) S is boundedly weakly compact.
(iii) S is weakly compact.
(iv) S is a finite dimensional vector subspace.
(v) S is sequentially weakly closed and E is a uniformly convex Banach space.
(vi) S is closed and E has finite dimension.

Proof: (i) see [Brec68]; (ii) special case of (i); (iii) special case of (ii); (iv) see
[Laur72],[Sing74]; (v) because then S is approximately compact [Efim61],[Brec68]; (vi) by
Theorem 1, this is a special case of (iv) in Theorem 10 (hence, such an S is boundedly
compact).

Theorem 12: In a finite dimensional n.v.s, a nonempty set S is an existence set if and
only if it is closed. Then S is boundedly compact.
Proof: An existence set is necessarily closed, as was seen earlier. Sufficiency and bounded
compactness of S come from (vi) in Theorem 11.

3.4. Uniqueness of a projection:

A subset S of a metric space (2,d) is called a Chebyshev set if every point of the space
has exactly one projection onto S. Thus, if S is a Chebyshev set, the operator 1r S defined
in (12) may be referred to as a projection operator.

Theorem 13 [Goeb84]: Let S be a nonernpty closed and convex set in a uniformly convex
Banach space. Then:

(i) S is a Chebyshev set.
(ii) "IT s is continuous.

Theorem 14 [Bour81],[Tiss85]: Let S be a nonempty convex and complete subset of a
pre-Hilbert space. Then:

(i) S is a Chebyshev set.
(ii) 7Ts is continuous and nonexpansive: (\I(x,y)ES 2

) II7Ts(x)- 7Ts(y)ll:5 IIx-yll.
(iii) Characterization of 1r s: ('u'x E2)('u'yES) Re( <x -11s(z ),y -11s(x)» ~ o.
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In particular, this theorem applies when S is closed and convex and E is a IIilhert space;
when S is a Banach subspace and E is a pre-Hilbert space; when 5' is a closed vector sub
space and E is a Hilbert space (in particular S is a finite dimensional vector subspace].
The properties of the operator 1TS in that latter case are the object of the next theorem.

Theorem 15 [Bour81]: Let S be a closed vector subspace of a Hilbert space E. Then:

(i) ('tIxEE)(3!yES)(3!z 1 S) x = y+z, furthermore y = 11"s(x).
(ii) 1T5 is nonexpansive, linear, and idempotent: 1T~ = 11"s·
(iii) S =1= {O} > 111T s II = 1.
(iv) 11"s is self-adjoint: ('tI(x,y)EE2

) <1Ts(x),y> = <x,1Ts(Y»·

Let 11"1 and 1T2 be respectively the projection operators onto the closed vector subspaces 8 1

and 8 2 of E and let V={x+y I xES! , yE82} . Then:
(v) If 1T17r2 = 11'211'1' then V is closed and we have: 11"v = 11'1 + 1T2 - 1I'11T2·

(vi) 7r(1T2 = 0 < > 8 1 1 8 2• If so, V is closed and we have: 1Tv = 11"1 + 11'2·

3.5. Some remarks on Chebyshev sets:

Upon reading the previous section, it is legitimate to ask whether a Chebyshev has to be
convex. The answer is negative, for nonconvex Chebyshev sets can be constructed
[John87]. However, T. Motzkin has showed that in the Euclidean plane a set is a Che
byshev set if and only if it is closed and convex [Motz35]. Motzkin's result was then gen
eralized to the Euclidean space in [Jess40]. It was then established that in a finite dimen
sional Banach space E, the class of Chebyshev sets coincide with the class of closed and
convex sets if and only if 8 is strictly convex and smooth [Efim59]. In infinite dimensional
spaces, the discussion is more involved and the reader is referred to [Klee61], (AspI69],
(Vlas73], (Sing74], and (Bala82].
It also is worth noting that a Chebyshev set need not be approximately compact. How
ever, a Chebyshev set in a uniformly convex smooth Banach space is convex if and only if
it is approximately compact [Efim61].

3.6. Continuity of projections:

Let S be an existence set in a metric space 8. In section 3.3 it was noted that the range of
the projection map onto S is in fact 25 . Hence, from this point on, by projection map
onto 8 we mean the set-valued projection map with domain E and range 25 of (10).
When we say that the projection map onto S is u.s.c, [respectively u.B.s.c.] it is under
stood that we mean u.s.c. [respectively u.B.s.c.] relative to the respective topologies of E
and S.

Theorem 16: Let S be an arbitrary nonempty set in a metric space. The projection map
onto S is denoted by ns and, if S is a Chebyshev set, the projection operator onto S is
denoted by 11's. Then:
(i) ns is closed if S is an existence set.
(ii) TIs is u.s.c, if 8 is approximately compact.
(iii) ns is u.B.s.c, if S is boundedly compact.
(iv) 71' s is continuous if S is an approximately compact Chebyshev set.

Proof: (i), (ii) and (iv) see [Sing64]; (iii) TIs is already u.s.c. by (ii) and ns{x) is compact
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for all x from Theorem 9.

3.7. Characterization of a projection:

By a ~xed point of a set-valued mapping T, we mean a point x such that z ET( x). The
f~lowlng characterization is given in [Bros69]. Let S be a nonempty subset of a n.v.s.
(t:t,II.II), Yo a point in S and x a point in S", Then Yo belongs to ns(x) if and only if it is
a fixed point of the mapping r 2: where:

(14)

Moreover, in this case, we have: r 2:(Yo)Cns(x). The problem of characterizing a projec
tion in a n.v.s. is also addressed in [Laur72], where specific cases are studied.

3.8. Projections onto monotonic sequences of sets:

Theorem 17 [Schw80]: Let {Sn}n~O be a sequence of nonempty closed and convex sets in
a Hilbert space E. Then we have:

(U'xEE) lim <f>s (x) = <f>s(x)
n -++00 r\

and lim 7rs (x) = 7rs(x)
n -++00 r\

(15)

whenever either one of the following propositions holds:
(i) {8n}n~O is a decreasing sequence with 8 = n Sn*(/;,

n~O

(ii) {8n}n~O is a increasing sequence with S = U Sn .
n~O

3.9. A property of the points with multiple projections:

Let S be an existence set in a locally uniformly convex Banach space E and let M denote
the set of points with have more than one projection onto S. Then M is a set of the first
category, i.e, a countable union of nowhere dense sets [Vlas73]. Therefore, since E is a
complete metric space, it may be concluded that the set M C of points with exactly one
projection onto S is everywhere dense: the smallest closed set containing M C is E itself.

3.10. A few counterexamples:

In this section we have gathered a few cases which illustrate the necessity of the assump
tions on which the theorems rest, and the fact that in some respects the results cannot be
improved.

- Two disjoint sets 81 and 82 in a metric space such that d(8 1,82) = 0: take 8 1 an hyper
bola, and 82 one of its asymptote in the Euclidean plane (compare with Theorem 5).
- A point x with no projection onto a bounded set in a finite dimensional metric vector
space: take the Euclidean space R, S = ]-1,1[, and x = 2. Then cPs(x) = 1 but z has no

projection onto S.
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_ A point x with infinitely ma.ny projections onto a closed and convex R1Jh~~t S in a
Banach space: take R2 with the distance d1 defined in (16), S=B[O,l), and x=(1,1). Then

ns{x )={(a,l-a) I 0:5a:51}
- A point with no projection onto a closed set: see [Tiss85].
- A point with no projection onto a closed and bounded set: see [Schw80].
- An existence set in a real Hilbert space which is not approximately compact and a pro-
jection mapping onto it which is not u.s.c.: see [Sing64].
- 'A Chebyshev set in a real pre-Hilbert space which is nonconvex and for which the pro-
jection operator is continuous: see [John87].
- A projection operator 'Trs which is not continuous, where S is a Chebyshev vector sub-
space in a Banach space: see [Holm68].
- A projection operator 'Trs which is not nonexpansive, where S is compact and convex in
a finite dimensional n.v.s.: see [deFi67].

4. Projections in the Cartesian space:

4.1. Gener-alit.leer

Let k be a positive integer. The Cartesian space Ric is the space of real k-tuples
(xl' · · · ,xA:) and has the structure of a k-dimensional vector space over R, where addition
and scalar multiplication are defined in the usual manner. For any positive extended real
number p, (Rk,d p ) possesses the structure of a complete metric space with:

Ie

~ IXi-yil
p

i=l
if: O<p <1

if: 15p <+00

if: p =+00

(16)

For 15p 5 +00, the distance induces a norm and (Rle ,dp ) is a Banach space. In particular,
(RIc,dp ) is a uniformly (and therefore strictly) convex Banach space for 1 <r <+00
[Yosi80]. For p = 2 it becomes a Hilbert space which is referred to as the k-dimensional
Euclidean space E /c

• It is worth noting that a broader class of Hilbert spaces can be
obtained on Rle with the following distance:

Ie Ie

('u'(x,y)ERIcXR Ie
) d(x,y) = ~ ~ Xi aijYj (17)

i= Ij= 1

where raij J is a symmetric positive definite k X k matrix. Figure 1 represents the sphere

[z ER2 ~ dp(O,x)= I} for various values of p . It is clear that the notion of proximity
strongly depends on the metric. Figure 1 also provides an illustration of the notion of
strict convexity: if 1 <v <+00, every open segment (as defined in (18)) in the unit ball is
disjoint from the unit sphere.
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Figure 1. Points at distance 1 from the origin for various p's

4.2. Ordinary and multifurcation points:

Historically, G. Bouligand has been the first to study the properties of points with multi
ple projections onto a closed subset in the Euclidean space E lc [BouI32]. Upon becoming
aware of their importance in Euclidean geometry, he proceeded to categorize the points in
the space into what he calls ordinary points} i.e. points with a unique projection, and mul
tifurcation points} i.e. points with more than one projection (in section 3.9, the set of mul
tifurcation points was denoted by M). A few years later, T. Motzkin gave a characteriza
tion of closed and convex subsets of the Euclidean plane (and by straightforward exten
sion, in the Euclidean space) in terms of multifurcation points [Motz35]. Then C. Pauc
gave a more detailed geometrical analysis for the case of the Euclidean plane [Pau39a] and
subsequently for the Euclidean space [Pau39b]. The next major contribution is due to P.
Erdos who approached the problem from a measure theoretic point of view [Erdo45].

4.3. Existence, uniqueness, and continuity of a projection:

If l=5p:5+ 00 , Theorem 12 states that the class of nonempty closed subsets, the class of
boundedly compact sets, and the class of existence sets coincide in (Rk,dp ) . Then the pro
jection map onto a closed subset is u.B.s.c. on account of Theorem 16. For 1 <p <+00,
(Rk ,dp ) is a uniformly convex Banach space and therefore, by Theorem 13, any point has
a unique projection onto a nonempty closed and convex subset S and the projection
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operator "n's is continuous. But in this case the dual of (RJc,dp ) is (RJc,dq ) , where
p-l+q-l=l, and it is a strictly convex Banach space as well. Hence (RJc,dp ) is a strictly
convex smooth finite dimensional Banach space and, by a result of section 3.5, the only
Chebyshev sets are the closed and convex sets. In addition, 'TT s is nonexpansive for p = 2.

4.4. The reach, the convex deficiency, and the skeleton of a set:

The concepts of reach, convex deficiency and skeleton will be introduced here because of
their important connection with nonunique projections. S is a nonempty set in the
Euclidean space E Jc

•

The notion of the reach of a set was introduced by H. Federer in [Fede59]. The reach of S
is the largest 'Tl (possibly + (0) such that if x is a point of the space such that <p s (x) <'Tl,
then x is an ordinary point with respect to·S. We have:

(i) reach(S) > 0 <:> S is closed
(ii) reach(S) = +00 < :> S is closed and convex

Loosely speaking, a point is within the reach of a set if it can be projected unambiguously
onto it.

Now we suppose that S is closed and we denote by C its convex hull, i.e, the smallest
convex set containing S. The convex deficiency of S is defined as [Oala68]: D = C - S. A
point z in S" is called a skeletal point of S if B [x ,$ s(x)] is contained in no other
B[x',<ps(x')] [Cala68]. The skeleton of S is the set of all its skeletal points and is denoted
by K.

4.5. Properties of ordinary and IDultifurcation points in the Euclidean space:

In this section, we shall provide some interesting properties of the projections onto a
nonempty closed subset S of the Euclidean space E k • The terms projection, ordinary and
multifurcation points are relative to the set S. K is the skeleton of Sand M the set of its
multifurcation points. The Lebesgue measure in R k is denoted by ~. We denote by
seg( x, y) the open segment defined by x and y:

(~(x,y)EEkXEk) seg(x,y) = {<Xx + (l-<X)y I o<<X <I} (18)

The following properties are useful and can be inferred from the materials in the preceed
ing sections.

(i) Let x be an arbitrary point in E k and y one of its projections. Then any point in
seg(x,y) is an ordinary point: seg(x,y)nM = 0.
(ii) Let Xl and x2 be two rnultifurcation points and let YI and Y2 be one of their
respective projections. Then: seg(x 1'YI)nseg(x 2'Y2) = 0.
(iii) The multifurcation points x such that there is no (n -1)-dimensional hyperplane
containing all the segments {seg(x,y) I yEIls(x)} are at most countable.
(iv) M = 0 < :> S is convex.
(v) M is dense in K.
(vi) A point Y in S is an interior point of 'TT i 1(y) if and only if it is isolated in S
(there exists an open ball B centered at y such that S n B = {y}).
(vii) For all y in S, 'TT i l(y) is closed and convex and contains y.

(viii) For all y in S, 'TT i l(y) is bounded if and only if y is an interior point of the
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convex hull of S.
(ix) 'Trs is a continuous projection operator on Me.
(x) Any selection 'TrS is A-a.e. differentiable.
(xi)(tfrER~) A({xER k I <f>s(x) = r})=O.
(xii) A(Uns(x)) = o.

zrs
(xiii) A(M) = O.

Proof: (i), .(ii) and (iii) see [BouI32]; (iv) and (v) see [Motz35J; (vi), (vii) and (viii) see
[Pau39b]; (IX) see [Fede59]; (x) see [AspI73]; (xi), (xii) and (xiii) see [Erdo45].

The last property is due to P. Erdos and is certainly the most remarkable: in the
Euclidean space, the projections onto a closed set are Lebesgue almost everywhere unique.
Loosely speaking, M can be covered by a countable number of k-dimensional cubes whose
total volume is arbitrarily small. We can also give a probabilistic interpretation of this
result: consider a bounded region !1 of the Euclidean space which, for simplicity, we
choose to be a closed cube of k-dimensional volume v , however large. Let 2 represents the
a-algebra of Borel subsets of O. It is natural to choose P = l/v.A as a probability meas
ure on (!1,L). Then (O,L,P) is our probability space. In this context, a point x in n has a
unique projection with probability one. We could also restate this result by saying that a
closed subset of E k is almost surely a Chebyshev set (the probability of the event "x is a
multifurcation point" is zero).

5. Application to set theoretic estimation:

5.1. Introduction:

Most signal processing problems are, in fact, estimation problems: the goal is to estimate
an object y (which generally represents a finite collection of parameters) which lie in a
solution space E. In many cases, this process takes place in a multi-constrained environ
ment: typically each constraint corresponds to some piece of knowledge about the true
solution y which is available a priori.

Set theoretic estimation techniques associate with each of say m known properties of the
true solution a set Si in a solution space a and define as a feasible solution any member
in the intersection S of these sets, i.e. an object consistent with all the available a priori

m

information. If the problem is well defined we have: S = n Si:1= (j). Hence, the main prob-
i=1

lem in set theoretic estimation is to find a common point of a finite class of sets. We know
that a projection of a given point onto a set, if it exists, will give us a best approximation
of x by an element of that set. In most situations, although the task of projecting directly
onto the intersection set S is impracticable, it is possible to project onto each set indivi
dually. We shall see that under certain hypotheses, one can obtain iteratively a point in S
by constructing a sequence a successive projections onto the Si's.

5.2. The convex case in Hilbert spaces:

For sake of convenience, we shall say that a collection of sets {8 1,8 2, .. ·,Sm} satisfies

hypothesis H if:
(H) The intersection of the 8i 's is nonempty and, for all i in {1,2,... ,m}, 8, is a closed
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and convex subset of a Hilhert space E.

Let {8 1,82, ... ,Sm} be a collection of sets which satisfies hypothesis H and let S denote
their intersection. Then, by Theorem 14, each S, is a Chebyshev set and we denote by 1T ..
the projection operator onto it. Moreover, we shall denote by 11' the composition of these
individual projection operators, i.e, 11' = 11'1011'20 ••• 011'm. Given a point Xo in E, one can
generate a sequence of points in S1 by projecting successively onto each set in the follow-

ing manner:

('u' n EIN) xn+1 = 1T(xn) = 11'n + I(xo) (19)

The sequence {xn}n~O thus defined is referred to as the sequence of successive projections.

Hereafter we introduce two propositions pertaining to the convergence of the sequence of
successive projection to a solution point:

(PI) For any Xo in E, the sequence {xn}n~O converges strongly to a point in S.
(P2) For any Xo in E, the sequence {xn } n 2:0 converges weakly to a point in S.

Theorem 18 [Halp62]: Let {S1,,,.,Sm} be a collection of vector subspaces that satisfies H.
Let 11's denote the projection operator onto S. Then the sequence {1T

n}n2:0 converges
strongly to 'fr S and hence PI holds.

Theorem 19 [Stil65]: If a collection of sets {S 1, ••• ,Sm} satisfies H and if at least one of
them is boundedly compact, then PI holds.

Theorem 20 [Breg65]: If a collection of sets {S1,,,.,Sm} satisfies H, then P 2 holds.

Some general remarks regarding the method of successive projections under hypothesis H
are in order:
1. The operator 11' is nonexpansive. This fact is easily established by noting that by
Theorem 14 each 11'i is nonexpansive.
2. A point is a solution if and only if it is a fixed point of 11' [YouI82]. In other words:
S = {xES I X=11'(X)}.
3. The three above theorems fit into the general problem of the convergence of a sequence
of successive approximations {Tn (xo)}n2:0 to a fixed point of T, where T is a nonexpan
sive mapping. Such convergence properties are discussed in [Petr73].
4. For m =2 Theorem 18 is known as the alternating projection Theorem and was esta
blished by Von Neumann in [Vonn49].
5. By straightforward extension of the proof given in [Halp62], Theorem 18 can be gen
eralized to linear varieties [i.e, images under translation of a vector subspaces).
6. Theorem 18 states that for any point Xo in E, the sequence of successive approxima
tions converges to the projection of Xo onto the intersection set S. This is not necessarily
the case in Theorem 19 and 20.
7. If the dimension of E is finite, Theorem 19 and 20 are equivalent because then a closed
set is boundedly compact and the notions of weak and strong convergence coincide.

In order to improve the speed of convergence of the algorithm in Theorem 20, a relaxed
version was proposed in [Gubi67] where the projections are extended beyond the boundary
of the sets:
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(21)

Theorem 21 [Gubi67]: Let {S l"",Sm} be a collection of sets that satisfies H. For all i in
{l ,... ,m}, let Ti denote the relaxed projection operator onto Si' i.e.:

(~xEE) Ti(x) = z + ~i(1Ti(x) - x) where: 0 < Ai < 2 (20)

Let T = T 10T2o ...OTm. Then for any Xo in S, the sequence {Tn(XO)}n~O converges weakly to
a point in 8.
It is noted that the Ai's are restricted to lie in ]O,2[ to ensure that each Ti, and therefore
the composition product T, is nonexpansive. If all the Ai's are equal to 1, the result is
Theorem 20. Conditions for the strong convergence of the method are also established in
[Gubi67].

In [Otta88], N. Ottavi presents a unified framework for the problem of obtaining a com
mon point of closed convex sets in a Hilbert space, along with criteria for the strong con
vergence of a very broad class of projection algorithms. Two salient features characterize
these algorithms: at each step a convex linear combination of the projections onto selected
sets is formed and an optimal relaxation coefficient is computed. By updating these
parameters at each step the speed of convergence is optimized.

The general version of the algorithm is as follows [Otta88]: Let {Sn}uEA be an arbitrary
collection of closed and convex sets in a Hilbert space (3,11.11) whose intersection S is not
empty. The projection operator onto Su is denoted by 1Tu. Let e and "l be two real
numbers in ]O,I[ and let J3 be a real number in [1,+00]. For each x in a, A(x) is a finite
nonempty subset of A containing the indices of the sets to be activated and x is a
weighted average of the corresponding projections:

x = L ei(x )1Ti(x)
iEA(z)

where the weights are determined by:

L ei(x) = I, (~i EA (x)) ei(x)E [0,1] and: x f S, > ei(x) ~ e (22)
i EA(2:)

A set-valued map T is defined by:

('VxEE) T{x) = {x + A(X)(X - x)}

where A( x) is a relaxation parameter such that:

(23)

A(X) 2: "

x =1= x

L e.. (x)llx -1T ..(X )11
2

> ,,~A(x) -s Inf J3 , i. ..:,..EA.,-l(.......z)"-------
Ilx-X"112

(24)

The successive projection algorithm is then defined by an init.ial point. Xo in :2 and the
recursion: ('V n E IN) Xn +1 ET( xn). Sufficient conditions for the strong convergence of
{x

n
}n 2:0 are given in [Otta88]. It is noted that the algorith~ of Theorem 21 is a particu~ar

case of the above: suppose that {8n}aEA is a finite collection of sets {5'17· ..,Sm} and write
each n in rN as: n = km + i, where k is in IN and i in {O, ... ,m -l}. Then proceed by
cycles of length m: at each step n activate only the (m- j)-th.se~: xn .= 'Tl'm-j(x n ) and fix
A(X

n)
= Am-j in ]0,2[. Then if x=xo' the sequence {xkmh2:0 IS Identical to the sequence

{Tn x}n~O of Theorem 21.

5.3. The general cases
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To date, no result has been established toward the problem of obtaining a point in the
intersection S of a finite collection of sets {8 1, ... ,8m } by projection methods outside the
case when hypothesis H is satisfied. In this section we present a new method for finding a
common point of a finite collection of sets in a metric space. First the method of succes
sive projections is generalized to a collection of existence sets. Then conditions under
which a sequence of successive projections would converge to a solution, i.e. a point in the
intersection of these sets, are established.

First, we need the following definition: let {81,8 2,,,.,Sm} be an ordered collection of
existence sets in a metric space. For all i in {1,2,... ,m -I} we denote by n.. the restriction
to 8.. +1 of the projection map onto 8.. , and by nm the restriction to 8 1 of the projection
map onto Sm. The composition map n=n1oTI2o...on m will be called the cyclic projection

map onto {SI,S2, ...,8m}. By construction it is a set-valued map from 8 1 into 251
•

Let Il be cyclic projection map onto an ordered collection of existence sets {8 1,82, ... ,Sm}
in a metric space E, whose intersection S is not empty, and let Xo be a point in 8 1• One
can construct a sequence {xn}n~O of points in S 1 according to the algorithmic rule:

(25)

As in (19), the sequence {xn}n~O is called a sequence of successive projections. It is noted
that such a sequence exists for ('\7'xES 1) n(x)*0. However the sequence may not be
unique because in general the n.. 's are multi-valued maps. It is desired to determine those
properties of nand Xo that will guarantee the convergence of the sequence of successive
projections to a point in 8.

First of all let us notice that if Il is closed from 8 1 into 25 1 the sequence of successive pro
jections {xn}n~O can only converge to a point in {xES I I xEn(x)}, i.e. a fixed point of n.
Indeed, suppose that {xn}n~O converges to z , Then {xn+l}n~O converges also to X; by (25),
since n is closed, we get that z En(z ].

It is clear that each point in S is a fixed point of TI. However, the converse statement is
false, as illustrated by the following example in the Euclidean plane where the sequence of
successive projection terminates at a fixed point of n which is not in S:
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It is seen that, for the set of fixed points of n to coincide with S, one can impose the fol
lowing condition:

(C) (~xE{y ES1-S I <f>s{Y) -s <f>s{xo)})(~x'En{x)) <f>s{x') < If>s{x)

The above condition will be referred to as condition C. Loosely speaking, condition C
req~ires that n bring strictly closer to S any point of S 1 which is not a solution point and
which is at least as close to 8 as %0. Under condition C, if the sequence of successive pro
jections converges, it is necessarily to a point in S. It is noted that for all Xo in Sl' if
{%n}n~O is a sequence generated by a set-valued map n satisfying C according to (19),
then the sequence {~S(xn)}n2::0 is convergent for it is strictly decreasing and bounded from
below by zero. It may however not converge to zero. Even if it did, it is not guaranteed
that {xn } n 2::0 would converge to a point in S, as illustrated by the following example in
the Euclidean plane: let S be the unit square S={(X l ,x 2)ER2 I Sup{lxll,lx21}~1},
%0={2,1), and let xn=(1+2-n'(-1)n) for all positive integer n. Then the sequence {x n}n2::0
admits (1,1) and (1,-1) as cluster values and hence it does not converge.

The following theorem will be needed subsequently.

Theorem 22: The cyclic projection map onto an arbitrary ordered collection of approxi
mately [respectively boundedly] compact sets {S l, ... ,8m } in a metric space is a u.s.c.

[respectively u.B.s.c.] map from S1 into 2
s

J •

Proof: Let TI=n1o ...on m be the cyclic projection map onto {SI,,,.,Sm}. From Theorem 16
and Theorem 2 it is known that if the Si's are approximately [respectively boundedly]

compact, the restricted maps TIi are U.S.c. [respectively u.B.s.c.] from 8i+l into 2
5

; if

1$ i $ m -1, and f~om 8 ~ in~o 2
5

," if i = m. For all i in. {O, ... ,m -I} we define a set-va.lued

map T. from 8 1 Into 2 rn-, by T.=nm-io ...on m • It IS noted that Tl= Tm- 1• For t=O,
To=TI m is U.S.c. [respectively u.Bis.c.] from 8 1 into 2

5
," . For any integer i in {O, ... ,m-2}

such that T, is U.S.c. [respectively u.Bvs.c.] from 81 into 2
5

," " " since TIm- i - 1 is U.S.c.

[respectively u.B,s.c.] from 8m - i into 2
5

," - ; 0' , the composition product Ti+l=TI m - i - loT i

is U.S.c. [respectively u.B.s.c.] from 8 1 into 2
5

," + 1, on account of Theorem 4. This com

pletes the proof by induction.

Before we present the main result, let us recall that an ultrametric space is a metric space

(3,d) such that [Bour74]:

('~f(x,y,z)EE3) d(x,z) $ Sup {d(x,y),d(y,z)} (26)

Theorem 23: Let {S1,,,.,Sm} be an ordered collection of approximately compact sets in a
metric space 3 whose intersection S is nonempty and bounded, and such that S 1 is
boundedly compact. Let n be the cyclic projection map onto {81l ... ,8m } and suppose that
given a point Xo in S1 condition C holds. Then the limit of any convergent subsequence
of the sequence of successive projections {x,Jn2:0 is a point in 8. Moreover, the sequence of
successive projections converges itself to a point in 8 if any of the following conditions

holds:
(i) E is an ultrametric space.

(ii) ~ <f>s(xn ) < +00.
n~O
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Proof: Since condition C holds, the sequence of successive project.ions {x" }":;:.:o Ii~R in the
set A = {x ES 1 I cP s(x)::s cP s(xo)}, which is compact on account of Theorem 7. Therefore we
can extract a subsequence {xnk}"~O converging to a point Y in A. Since Y is a cluster value

of {xn}n~O' 4>s{Y) is a cluster value of {<f>S(xn)}n2:0 by continuity of <t>s [Bour71]. For all
nonnegative integer k , let y" denote the successor of xnk in the main sequence {xn}n2:0' i.e.:

(~k EIN) y" = xnk+1. Then {Y"}"2:0 also lies in A and it thereby possesses a subsequence

{YA:j}j~O converging to a point y' in A. But by construction <f>s(Y') is also a cluster value

of {<f> s(xn ) } n ~o. This sequence was seen to be convergent and hence it admits a unique
cluster value, which yields: <f>s(Y ')=<f>s(Y). For all nonnegative integer i, let Zj denote the
predecessor of Ylc

j
in the main sequence {xn }n 2= O. Then {Zj}j2=O is a subsequence of {xnk}"~O

and must converge to y. On the other hand, {Y"j}j2:0 converges to y' and moreover (~

jE IN) Y" En(zj). By Theorem 22, Il is u.s.c, and a fortiori closed, which forces: y'En(y).
Now suppose that Y is not in S. Then condition C yields: cPs(Y') <<f>s(Y)' which contrad
icts a previous equality statement. Whence Y must belong to 8 and the first assertion is
proved.
We have just shown that {xn}n~O has a cluster value in S. Hence to prove that {xn}n~O

converges to a point in 8, it is enough to show that {xn}n2:0 is a Cauchy sequence (for if a
Cauchy sequence admits a cluster value y, it converges to Y [Bour71]). We have:
n=n1o ...onm • Let n be fixed in IN and let Yo=xn • For all j in {O, ... ,m -I}, we denote by
Yj+l the projection of Yj onto 8m - j which has been selected in the process of obtaining
xn +1• We have xn +1= ym • It is noted that S is boundedly compact as a closed subset of
8 1 and hence, by Theorem 10, there exists a point z in S which is a projection of Yo onto
8. Since z belongs to S, it also belongs to all the 8m _ j 's, and hence:

(V' j E{O, ...,m -I}) d(Yj,Yj+l) = Inf {d(Yj'Y) lyE 8m - j } -s d(Yj'z) (27)

Let d=d(yo,z). Let us prove that:

(V'jE{O,...,m}) d(yj,z):5 2jd (28)

The statement is clearly true for j=O. For any integer j in {O, ... ,m -I} for which (28)
holds, (27) yields:

d(Yj+l'Z) 5;; d(Yj,Yj+l)+ d(Yj'z) -s 2d(yj'z) ~ 2;+ld (29)

which completes the proof by induction. By using (27) and (28), we get:
m-l m-l m-l

d(xn ,xn+ 1 ) ~ L d(Yj,Yj+l) -s L d(Yi'z) -s L 2j d = (2m-I)d (30)
;=0 j=O ;=0

It is easy to see that d = <Ps(xn ). Therefore:

(V'n EIN) 0:5 d(xn,xn +1) :5 (2m-l)cPs(x
n ) (31)

But {xn } n ~o admits a cluster value in S and therefore the limit of {<f> s(xn )} n ~o is in fact
zero. Therefore, by (31), d(xn,xn +1) converges to zero as n goes to infinity. In an
ultrametric space, this condition guarantees that {xn}n~O is a Cauchy sequence [Bour74],
which proves (i). To prove (ii), let p and q be any two nonnegative integers such that
p <q. We have:

q-l +00 +00
0:5 d(xp,xq)::s L d(xn,xn+1) :5; L d(xn,xn+ 1) :5 (2m-I) L <Ps(xn)

n=p n=p n=p
(32)
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Since the rightmost expression in (32) is nothing but the tail of a convergent series, it
must go to zero as p goes to infinity. Consequently d(xp,xq} goes to zero as p and q go to
infinity and {xn}n2:0 is a Cauchy sequence.

Corollary: Let {S1,.",Sm} be an ordered collection of closed sets in a finite dimensional
normed vector space E whose intersection S is nonempty and bounded. Let n be the
cyclic projection map onto {S1,,,,,Sm} and suppose that given a point Xo in S 1 condition C
holds. Then the strong limit of any convergent subsequence of the sequence of successive
projections {xn}n2:0 is a point in S. Moreover, the sequence of successive projections con
verges strongly itself to a point in S if any of the following conditions holds:

(i) E is an ultrametric space.
(ii) ~ <Ps{xn ) < +00.

n~O

Proof: By Theorem 12, Theorem 23 applies.

Comment: In a practical situation, given a collection of sets {S1,.",Sm} and an initial
point Xo which satisfy the conditions of Theorem 23, a sequence is generated according to
the algorithm:

('\7' n EIN) {
Stop if: ('\ii E{l, ... ,m}) Xn E Si

xn +1 E n(Xn ) else
(33)

In words, the iterations are stopped if the algorithm produces a solution in a finite number
steps. If not, the algorithm gives a solution in a limiting sense; namely, a solution is any
cluster value of {xn}n~O or its limit itself if either (i) or (ii) holds.
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APPENDIX: ET~EMENTSOF MATHEMATICS

The purpose of this appendix is to provide the basic mathematical notions which are
involved in this work along with some notations and references.

1. Set theory:

Let 8 be a space, i.e. a nonempty abstract set composed of elements called points. The
relation x EE means that x is an element of E. Its negation is noted x f E. If S is another
set, the relation 8 cE means that every element of S is an element of E. Then, one says
that E contains S or that S is a subset of E. The subset of E which contains no element
is denoted by ¢ and is called the empty set. The class of all subsets of 2 is denoted by
tEo

Let A be a nonempty index set and let {8 n}n EA be any class of E-subsets. We define set
union, intersection, and complementation as:

USa = {xES I (3aEA) xESo.}
o.EA

n 8 0. = {x EEl (~aEA) x E8a}
o.EA

(A.I)

(A.2)(n So.)C = U 8~
o.EA o.EA

(U 80. ) C= n8~
o.EA o.EA

If S2CSI then SInS; is denoted by 81-82• De Morgan's laws read:

and:

The Cartesian product of two nonempty spaces 3 1 and 2 2 is defined as:

S1 xE2 = {(x1,x2) I x1E3 1 , x2EE2} (A.3)

If f is a function from a space 2 1 to a space 2 2, the inverse image of a set 8 of 3 2 is
defined as:

(A.4)

Furthermore, for any class of 3 2-subsets {80.}a EA' we have:
(i) f-l( n 80.) = n ,-1(80.)

aEA aEA
(ii) f-l( USa) = U f- 1(Scx )

aEA o.EA

(iii) (\iaEA) l-l(S~) = (f-l(Sa))c

A system of E-sets {Sa}exEA is said to cover the set S if: sc: U Sex. A sequence of of E
exEA

sets {Sn}n~O is said to be increasing [respectively decreasing] if:

(~n EIN) s, e Sn+l [repectively Sn+l e Sn] (A.5)

References: N. Bourbaki [Bour70], F. Hausdorff [Haus37].
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2. Topological spaces - Metric spaces:

Let a be a space. A class 7 of subsets of E is said to be a topology if:
(i) 0 E7, and: 2 E7.
(ii) 7 is closed under finite intersection.
(iii) 7 is closed under arbitrary union.

The class 7 is also called the class of open sets of the topological space (3,7). A subset V
of (2,7) is said to be a neighborhood of x if there exists an open set T such
that: x ETc V. A subset of (2,7) is open if and only if it is a neighborhood of each of its
points. The interior of 8 is the largest open set 8° contained in 8. A subclass J3 of sub
sets of the topology 7 of E is said to be a base for T if for every point :r in E and each
neighborhood V of z there exists a set B in J3 such that: z EBC V. A sequence {xn}n~O in
(2,7) is said to converge to a point x in E if for every neighborhood V of x there exists an
m in IN such that for any integer n greater than m, xn EV. The topological space (3,T) is
said to be a Hausdorff space if every pair of distinct points has disjoint neighborhoods. It
is assumed that all the topological spaces considered in this work are Hausdorff. The dual
class of complements of open sets is called the class of closed sets and is closed under arbi-

trary intersections and finite unions. The closure of a set 8 is the smallest closed set S
containing S. A subset 8 of (2,7) is said to be dense in a if S =E. The class of all
nonempty closed subsets in E is denoted by 2=. Let (3 1,Tl ) and (3 2,7 2) be two topological
spaces. Then the product topology on E1xE2 has {T1x T 2 I T 1 ET1 , T2ET2} as a base.

Let (=1,T1) and (2 2,7 2) be two topological spaces and f be a function from 3 1 to 2 2,

Then f is continuous if the inverse image of any open set is an open set:

(A.6)

A subset S of (E,7) is called compact if every system of open sets covering S contains a
finite subsystem also covering S.

A nonnegative real-valued function d(.,.) with domain axE is called a distance or a

metric if:
(i) ('u'(x,y)EE 2) d(x,y) = 0 < ;> x = y
(ii) ('u'(x,y)EE 2

) d(x,y) = d(y,x)
(iii) ('u'(x,y,z)EE3

) d(x,z) -s d(x,y) + d(y,z)
Then (E,d) is called a metric space. The diameter of a nonempty set S in (E,d) is the
number 8 in [0,+00] defined by: 8 = Sup {d(x,y) I xES, yES}. We say that a nonempty

set is bounded if its diameter is finite.

Let a be in E and r be a positive real number. The open ann closed balls of ('~nt.pr a and

radius r in (E,d) are respectively defined as:

B[a,r[ = {xES I d(a,x) < r} and: B[a,r] = {xES I d(a,x) ~ r} (A.7)

The topology of a metric space is determined by the requirement that the class of all open
balls be a base. Hence, in (E,d), a set S is said to be open if:

(\iaES)(3rER~) B[a,r[CS (A.B)

Moreover, a sequence {xn } n 2:0 in (E,d) converges to a point z in E if:
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lim d(x",x) = 0
n -.+00

It is said to be a Cauchy sequence if:

lim d(xn ,xm ) = 0
m,n~+oo

(A.9)

(A.IO)

A metric space E is called complete if any Cauchy sequence in E converges to a point in
E. A set S in a metric space is closed if every convergent sequence with elements in S has
its limit in S. Let {z,,},,~o be a sequence of points in a metric space E and let z be a
point in E. Then z is called a cluster value of {z"}"2:0 if there exists a subsequence
{Z"k}k2:0 of {z,,}n2:0 converging to z , A set S in a metric space is compact if any sequence

with elements in S admits at least a cluster value in S.

References: N. Bourbaki [Bour71],[Bour74], J. L. Kelley [Ke1l55], K. Kuratowski
[Kura66],[Kura68], L. Schwartz [Schw80].

3. Normed vector spaces:

In this section E is a vector space over K (R or (0) and the zero element for addition is
denoted by O. A nonempty subeet S of 2 is said to be a vector subspace if:

CtfaEK)('\7'(x,y)ES2
) ax + yES

A real-valued function f defined on 2 is convex if:

(V'aE]O,1[)Ctf(x,y)E32
) f(ax + (l-a)y) ~ af(x) + (l-a)f(y)

and it is concave if - f is convex. A subset S of :s is convex if:

(V'aE]0,1[)('\7'(z,y)ES2
) ax + (l-a)y E S

(A.II)

(A.12)

(A.13)

An arbitrary intersection of convex sets is a convex set. The convex hull of a set S is the
smallest convex set containing S.

A nonnegative real-valued function 11.11 is called a norm on E if:
(i) (V'xE2) IIxll=o < >x=O
(ii) ('\fa EK)('\7' x E2) lIax II = la 1.llx II
(iii) (V'(x,y)E3 2

) IIx+yll -s IIxll + lIyll
Then (2,11.11) is called a normed vector space [n.v.s.], For any norm 11.11, the relation:

('Q'( x,y)E2 2
) d(z,y) = IIx - y II (A.14)

defines a distance. Thus any n.v.s, is a metric vector space. Conversely, only tlho~~ metric
vector spaces (E,d) where:

{
('\7'(Z,y,Z)EE 3

) d(x+z,y+z) = d(x,y)

('Q'aEK)('\t(x,Y)EE 2) d(ax,ay) = lald(x,y) (A.15)

are n.v.s.'s . The norm must then be defined as:

('u'xEE) Ilxll = d(x,O) (A.16)

In a n.v.s., convergence as defined in (A.9) is often called strong convergence: a sequence
{xn}n~O in a n.v.s, E converges strongly to a point z in E if the real sequence
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converges to o. A complete n.v.s, is called a Banach space.

A scalar product <.,.> on a vector space E is a positive-definite hermitian form. That is:
(i) (V'(x,y)E2 2

) <y,x> = <x,y>
(ii) ('u'(x,y,z)EE3

) <x+y,z> = <x,z> + <u,»>
(iii) ('VcxEK) ('V(x,y)EE2

) <o.x,y> = 0. <x,Y >
(iv) ('u'xEE) x =1=0 > <x,x»O

A pre-Hilbert space is a vector space E endowed with a scalar product <.,.>. In a pre
Hilbert space, the scalar product induces a norm as follows:

('trxES) Ilxll = V <x,x> (A.17)

Thus a pre-Hilbert space is a n.v.s.; conversely, only those n.v.s.ls (2,11.11) where the
parallelogram property:

(A.IS)

(A.21)

holds a.re pre-Hilbert spaces. The scalar product is then given by the polarization identity:

(V'(x,y)E32) «»,u >» ~ (lIx+ yIl2- l lx - y I12+ i llx+ iy I12- i l lx - iy I12) (A.l9)

Two vectors z and yare said to be orthogonal if <x, y > = 0, and we note x 1 y. A Hil
bert space is a complete pre-Hilbert space. Alternatively, a Hilbert space is a Banach
space whose norm has the parallelogram property.

References: N. Bourbaki [BourS1], L. Schwartz [Schw80], K. Yosida [Yosi80].

4. Functional analysis:

In this section E is a vector space over K (R or <D). A functional is an operator T from E
into K. T is a linear functional if: .

(V'(a,J3)EK2)(V'(x,y)E22) T(ax + J3y) = aT(x) + J3T(y) (A.20)

The dual space of a n.v.s, (2,11.11) is denoted by S' and is the collection of all continuous
linear functionals defined on S. It is a Banach space with the norm:

(V'TES') IITII = SUP{ IT(x)11 xES, IIxlls l }

A sequence {xn}n~O in a n.v.s, E is said to converge weakly to a point z in S if for all T
in 2', the sequence {T(xn)}n~O converges to T(x). Then x is called the weak limit and we

note:

w-lim x = xn
n -++00

(A.22)

If a sequence converges strongly to a point, it converges weakly to that point. In finite
dimensional spaces, the converse is also true. A set S in a n.v.s, E is sequentially weakly
closed if the weak limit of any sequence with elements in S belongs to S. A set S in a
n.v.s. E is weakly compact if any sequence {xn}n~O with elements in S has a subsequence
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{Xn }A:~O converging weakly to an el~ment in S. If E is a Hilbert space with scalar product
Ie

<.,.>, {xn}n~O converges weakly to z if and only if {<xn,Y >}n~O converges to <x,y>
for all y in E.

References: N. Bourbaki [Bour81], M. Day [Daym73], K. Yosida [Yosi80].

5. Measure theory:

A class L of sets in a space 0 is said to be a rr-algebra if:
(i) 0 EL, and: OEL.
(ii) L is closed under complementation.
(iii) L is closed under countable unions.

Let L be a rr-algebra of subsets of O. Then (fl,L) is called a measurable space and the sets
in L are said to be measurable. If 7 is a topology on 0, the smallest cr-algebra containing
T is called the Borel rr-algebra, A nonnegative real-valued set function f.1 is called a meas
ure on (n,L) if:

(i) ~(0)=o.
(ii) ~( USa) = ~ ~(Sn)'

a~O n~O

where {Sn}n~O is any countable class of pairwise disjoint !1-sets. (!1,L,fl.) is then called a
measure space. A property is said to hold fl.-a.lmost everywhere (f.1-a.e.) if it holds every
where expect on a set S such that ~(S) = o. If f.L(n) = 1, then f.L is called a probability
measure and (n,L,~) is called a probability space.

References: P. Halrnos [Halrn50), M. Rao [Raorn87).
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